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ABSTRACT

We consider two problems in high-dimensional inference. We first establish an invariance

principle for quadratic forms of sample mean vectors under Lyapunov-type conditions that

involve a delicate interplay between the dimension p, the sample size n and the moment con-

dition. Under proper normalization, central and non-central limit theorems are obtained.

The latter invariance principle is applied to test for mean vectors of high-dimensional data.

To obtain cutoff values of our tests, we introduce a plug-in Gaussian multiplier calibra-

tion method and normalized consistency, a new matrix convergence criterion. We also pro-

pose a sub-sampling and a half-sampling procedures to approximate the distributions of the

quadratic forms that do not need estimation of the underlying covariance matrices.

The second part deals with the estimation of time-varying networks from high-dimensional

time series. Two types of non-stationarity are investigated: structural breaks and smooth

changes. Our approach can achieve consistent detection of the change points and simul-

taneous estimation of the piece-wisely smooth-varying networks. Rates of convergence for

estimating change point and networks are obtained under mild moment and dependence

conditions.
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CHAPTER 1

INTRODUCTION

The advances in data collection tools and computing technologies have given rise to the

high dimensional data in many scientific fields. A wide range of classical statistical tools no

longer work in the modern problems. For example, when the dimension is large compared

to the sample size, the sample covariance matrix may not be a consistent estimator of the

true covariance (see for example Marčenko and Pastur [1967], Bai and Silverstein [2010]); the

inverse of the sample covariance matrix may not exist; the multivariate central limit theorem

can be invalid (Portnoy [1986]). Despite the tremendous exploration and ever-increasing

development in the high-dimensional models, real-world applications still induce considerable

challenges to statistical methods and theory. In this thesis we deal with two problems in

high-dimensional inference: the L2-type test without assumptions on the covariance matrix,

and the simultaneous estimation of dynamic networks using time-series data.

The classical Hotelling’s T 2 multivariate mean test loses power in the high-dimensional

context (c.f. Bai and Saranadasa [1996]) and can be even undefined. In seeking of solutions,

researchers established asymptotic normality for various L2 statistics under conditions that

the largest eigenvalue of the covariance matrix should be much smaller than the Frobenius

norm; see Bai and Saranadasa [1996], Chen and Qin [2010], Chen et al. [2011], to name a

few. This rules out a remarkable amount of real-world applications such as the factor model

and long-range dependence among the covariates. In Chapter 2, we develop an invariance

principle for the distribution of the quadratic form of the sample mean, which imposes no

condition of the true covariance. In linear process models, our asymptotic theory holds with

no limit on the dimension, given that the sample size is sufficiently large.

In addition, we investigate into a plug-in calibration, a subsampling procedure and a half-

sampling procedure to estimate the distribution, which involves the true covariance matrix as

an unknown high-dimensional parameter. The latter two procedures avoid the estimation of
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the covariance matrix and are consistent as long as the conditions for the invariance principle

holds.

In Chapter 3, we consider the joint estimation problem of time-varying networks, which

is central in visualizing the relational information in many complicated high-dimensional

systems. It is well known that edges in the undirected graphs have meaningful statistical

interpretation corresponding to non-zero partial correlations, which corresponds to the non-

zero entries in the inverse covariance matrix (precision matrix) (c.f. Lauritzen [1996], Peng

et al. [2009]). A huge volume of literature is dedicated on estimating the high-dimensional

static network from independent observations; see Meinshausen and Bühlmann [2006], Fried-

man et al. [2008], Yuan and Lin [2007], Banerjee et al. [2008] among many others. However,

the assumption of time-invariance and time-independence is restrictive in practice. In fact,

data collected from many fields such as economics, finance, geography and genetics is of

non-stationary nature and has both cross-sectional and serial dependence. In addition, it

can be heavy tailed, which is also neglected by most of the previous study.

Recent successful attempts allow the more flexible time-varying models (see Zhou et al.

[2010], Kolar and Xing [2011], Kolar et al. [2010], Kolar and Xing [2014], Qiu et al. [2015], Lu

et al. [2015], Ahmed and Xing [2009]). However, there are still a number of major challenges

in the current high-dimensional literature such as abrupt breaks, temporal dependence and

heavy tails.

we focus on recovering the time-varying undirected graphs based on regularized esti-

mation of the precision matrices in Chapter 3. Our study allows two types of dynamics:

unknown number of abrupt changes and gradual varies between the change points. In partic-

ular, we study high-dimensional piecewise locally stationary processes in a general nonlinear

temporal dependency framework, where the observations are allowed to have only polyno-

mial moments up to a finite order. Consistency of the change points estimation and uniform

convergence rate of support recovery are developed.
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CHAPTER 2

ASYMPTOTIC THEORY FOR HIGH-DIMENSIONAL L2

STATISTICS AND RESAMPLING METHODS

2.1 Introduction

Multiple hypothesis testing is a basic problem in statistics. Let X,Xi, i ∈ Z, be independent

and identically distributed (i.i.d.) p-dimensional random vectors with mean EXi = µ and

covariance matrix Cov(Xi) = Σ. Given the sample X1, . . . , Xn and a pre-specified vector

µ0, we aim to test the hypothesis

H0 : µ = µ0 vs H1 : µ 6= µ0. (2.1)

As a popular classical approach, one uses the Hotelling T 2 statistic

Tn = n(X̄n − µ0)>Σ̂−1
n (X̄n − µ0), (2.2)

where X̄n =
∑n
i=1Xi/n, Σ̂n = (n−1)−1∑n

i=1(Xi−X̄n)(Xi−X̄n)> is the sample covariance

matrix. In the high dimensional setting with p > n, Σ̂n is singular and Tn is thus not well-

defined. There is a large literature accommodating the Hotelling T 2 statistic into the high-

dimensional situation; see for example, Bai and Saranadasa [1996], Chen and Qin [2010],

Srivastava et al. [2013], Chen et al. [2011] among others. Most of the existing work assumes

that Xi is Gaussian or has a linear form and central limit theorems are derived for various

quadratic forms of the sample. For example, by Bai and Saranadasa [1996], one can prove

that the central limit theorem holds for nX̄>n X̄n − tr(Σ̂n), where Xi has a linear form,

assuming that p/n tends to a finite constant and the largest eigenvalue of Σ is negligible

relative to its Frobenius norm. The latter condition can be violated in cases such as factor

models, as discussed in Katayama et al. [2013], who studied the asymptotic distribution of
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Z>Z − tr(Σ) over different types of Σ with Z ∼ N(0,Σ).

A primary goal of the chapter concerns the asymptotic distribution of |X̄n − µ|2 =

(X̄n−µ)>(X̄n−µ), where for a vector x = (x1, . . . , xm)>, the Euclidean norm |x| = |x|2 =

(x>x)1/2 = (
∑m
i=1 x

2
i )

1/2. The asymptotic theory for |X̄n − µ|2 can be applied to test the

hypothesis (2.1). Unless otherwise specified, assume throughout the chapter that µ = 0.

In the classical setting with fixed dimension p, due to the Central Limit Theorem, we have

the distributional convergence
√
nX̄n ⇒ N(0,Σ). Hence, letting Y ∼ N(0,Σ), we have by

Slutsky’s Theorem that

sup
u∈R
|P(nX̄>n X̄n ≤ u)− P(Y >Y ≤ u)| → 0. (2.3)

In this chapter we shall discuss the validity of (2.3) in situations in which p can be unbounded.

In modern problems, the dimension p can be larger than the sample size n. In this case,

the traditional methods may not work. For example, Portnoy [1986] showed that the CLT

√
nX̄n ⇒ N(0,Σ) is generally not valid when p is large such that

√
n = o(p). However,

interestingly, (2.3) can still be valid, by using different methods.

In this chapter, we shall develop an asymptotic theory for X̄>n X̄n for a generally dis-

tributed X, without requiring normality or linearity assumption. In particular, we shall

apply the normal comparison method of Stein type and show that X̄>n X̄n can be approx-

imated by a mixture of independent χ2
1 distributions. Differently from the classical CLT

results (cf. Bai and Saranadasa [1996], Chen and Qin [2010], Srivastava et al. [2013], Chen

et al. [2011]), the approximate distribution here may or may not be asymptotically normal.

Specifically, we shall establish the following analogous form of (2.3):

sup
u∈R
|P(nX̄>n X̄n ≤ u)− P(nȲ >n Ȳn ≤ u)| → 0, (2.4)

where Yi, i ∈ Z, are i.i.d. N(0,Σ) random vectors and Ȳn =
∑n
i=1 Yi/n. We can view

4



(2.4) as a quadratic form invariance principle since the distributions of quadratic functionals

of non-Gaussian random vectors can be approximated by those of Gaussian vectors with

the same covariance structure. The invariance principle in the traditional sense refers to

the Gaussian approximation of partial sum processes of non-Gaussian random variables; cf

Berkes et al. [2014].

As an immediate application of (2.3) or (2.4), one can perform test for the hypothesis

(2.1). Given the significance level α ∈ (0, 1), let u1−α be the (1 − α)th quantile of Y >Y .

Namely

P(Y >Y ≤ u1−α) = 1− α. (2.5)

Then H0 is rejected if nX̄>n X̄n > u1−α. By (2.3), the latter test has an asymptotic level α.

If Σ is known, the cutoff value u1−α can be easily computed, either numerically or

analytically, since the distribution of Y >Y is completely known. In most applications,

however, Σ is not known. As a natural solution, one uses a covariance matrix estimate Σ̃

(say), generates Ỹ ∼ N(0, Σ̃) given Σ̃, and then obtains the estimated cutoff values ũ1−α. To

evaluate the validity of this plug-in procedure, we shall introduce a new matrix convergence

criterion: the normalized consistency. It is closely related, but different from the widely

used spectral norm convergence. From modern random matrix theory, it is now well-known

that the sample covariance matrix Σ̂n is not a (spectral norm) consistent estimator of Σ

when p is large; see Marčenko and Pastur [1967], Bai and Silverstein [2010], to name a few.

However, our results indicate that in certain situations the sample covariance matrix can

be normalized consistent, and hence the corresponding estimated cutoff value is consistent.

Details are given in Section 2.3.1.

As another contribution, we introduce a subsampling technique to estimate the distribu-

tion function F (u) = P(nX̄>n X̄n ≤ u), which avoids estimating Σ or its eigenvalues. The
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subsampling empirical distribution function is defined as

F̌ (u) =
1

J

J∑
j=1

1m|X̄Aj−X̄|
2
2≤u(1−m/n), (2.6)

where Aj , j = 1 . . . , J , are i.i.d. samples from the set {1, . . . , n} with cardinality
∣∣Aj∣∣ = m

and 1B is the indicator function for event B. The sampling process of the subsets (Aj)j≥1

is independent of (Xi)i≥1; see Section 2.3.2 for details. The subsampling procedure avoids

estimating Σ or its eigenvalues. We shall show that the subsampling approach leads to

a consistent estimate of the distribution function F (·). The only assumption needed is a

Lyapunov-type condition for the invariance principle.

Another type of approach for testing (2.1) is to use the maximum or L∞ norm |X̄n|∞ =

maxj≤p |X̄nj | or the studentized version maxj≤p |X̄nj |/σ̂j , where σ̂2
j are estimates for the

marginal variances σ2
j = var(Xij). Kosorok and Ma [2007] considered the uniform con-

sistency problem. Fan et al. [2007] performed the L∞ test via Bonferroni correction, thus

completely ignoring dependencies among entries of Xi. In a recent work, Chernozhukov et al.

[2013] derived a Gaussian approximation for |X̄n|∞ in the high-dimensional setting. In com-

parison with the marginal testing procedures, the procedure in Chernozhukov et al. [2013] is

dependence-adjusted. Liu and Shao [2013] established a deep Cramér-type moderate devia-

tion principle for Hotelling’s T 2 statistic under mild moment condition. The L2-based test

can be more powerful if the alternative consists of many small but non-zero signals that are

of similar magnitudes. Assuming sparseness, Fan et al. [2013b] proposed a power boosting

test procedure based on a modified quadratic form. Their method requires an L2-type test

statistic that has an asymptotic correct size.

This chapter is organized as follows. In Section 2.2, we present the invariance principle re-

sult. Section 2.3 provides a plug-in Gaussian multiplier calibration procedure, a subsampling

procedure and a power analysis. In evaluating the plug-in method, we introduce normalized
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consistency, a new matrix convergence criterion. Section 2.6 assesses finite sample perfor-

mance via a simulation. Section 2.7 contains a real data application. Proofs are given in

Sections 2.8.

We now introduce some notation. Let X be a random vector. Write X ∈ Lq, q > 0,

if ‖X‖q := (E|X|q)1/q < ∞. For a matrix A = (ajk)j,k, ρ(A) = maxx |Ax|/|x| (resp.

|A|F = (
∑
jk a

2
jk)1/2) denotes its spectral (resp. Frobenius) norm. Denote by C a positive

constant whose value may vary from place to place.

2.2 An Invariance Principle

Our testing procedures are based on the invariance principle (2.3). In this section we shall

present a rigorous theoretical result. Consider i.i.d. random vectors Xi ∈ Rp, i ∈ Z, with

EXi = 0 and covariance matrix Cov(Xi) = Σ. Let λ1 ≥ . . . ≥ λp ≥ 0 be eigenvalues of Σ

and

Σ = QΛQ>, where Λ = diag
(
λ1, . . . , λp

)
, (2.7)

be the eigen-decomposition of Σ. Here Q is an orthonormal matrix with Q>Q = Idp, the

p× p identity matrix. Recall that Y, Y1, . . . are i.i.d. N(0,Σ) and Ȳn = n−1∑n
i=1 Yi.

Our main result is Theorem 2.2.2 which asserts that under suitable conditions the dis-

tributions of quadratic forms X̄>n X̄n and Ȳ >n Ȳn are asymptotically close. In our asymptotic

relation, we let n → ∞ and allow the dimension p = pn → ∞ as n → ∞. To state the

theorem, we need to impose the following condition on X.
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Assumption 2.2.1. Let δ > 0. Assume that

Kδ(X)2+δ := E

∣∣∣∣∣ |X1|22 − tr(Σ)

|Σ|F

∣∣∣∣∣
2+δ

<∞; (2.8)

Dδ(X)2+δ := E

∣∣∣∣∣X>1 X2

|Σ|F

∣∣∣∣∣
2+δ

<∞. (2.9)

In Condition 2.2.1, (2.8) and (2.9) are the Lyapunov-type conditions for the distribution

of the sample. Here Kδ(X) and Dδ(X) depend on the distribution of X. In the sequel for

notational convenience we abbreviate them as Kδ and Dδ, respectively. Note that D0 = 1.

Proposition 2.2.1 shows that for Gaussian vectors we can have explicit upper bounds.

Proposition 2.2.1. Let Yi be i.i.d. N(0,Σ) and δ ≥ 0. Then

E

∣∣∣∣∣Y >1 Y1 − tr(Σ)

|Σ|F

∣∣∣∣∣
2+δ

≤ c2+δ
δ ; (2.10)

E

∣∣∣∣∣Y >1 Y2

|Σ|F

∣∣∣∣∣
2+δ

≤ d2+δ
δ , (2.11)

where cδ = (1 + δ)1/2‖ξ2 − 1‖2+δ, dδ = (1 + δ)1/2‖ξ‖22+δ and ξ ∼ N(0, 1).

Based on (2.8) and (2.9), we have the following asymptotic result, which provides a rate

of convergence of the invariance principle (2.4).

Theorem 2.2.2. Assume that (2.8) and (2.9) hold with 0 < δ ≤ 1. Then

sup
t

∣∣∣P(nX̄>n X̄n ≤ t
)
− P

(
Y >Y ≤ t

)∣∣∣ = O(ψ
−1/2
n ), (2.12)

where ψn is the solution to the equation Lδ(n, ψ) = ψ−1/2 with

Lδ(n, ψ) = ψ2(
K̃2

0

n
+

K̃0

n1/2
) + ψq[

K̃
q
δ

nq−1
+

E(X>1 ΣX1)q/2

nδ/2|Σ|qF
+
D̃
q
δ

nδ
],
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where q = 2 + δ, K̃δ = Kδ + cδ, D̃δ = Dδ +dδ, and cδ and dδ are given in Proposition 2.2.1.

In particular, we have ψn →∞ if

K̃2
0

n
+

K̃
q
δ

nq−1
+

E(X>1 ΣX1)q/2

nδ/2|Σ|qF
+
D̃
q
δ

nδ
→ 0 as n→∞. (2.13)

Consequently the left hand side of (2.12) converges to 0.

Remark 1. Since X>1 ΣX1 = E(X>1 X2X
>
2 X1|X1), by Jensen’s inequality,

E(X>1 ΣX1)q/2 ≤ E(|X>1 X2X
>
2 X1|q/2) = E(|X>1 X2|q) = D

q
δ |Σ|

q
F . (2.14)

So (2.13) follows from K̃2
0/n+K̃

q
δ/n

q−1+D̃
q
δ/n

δ/2 → 0 as n→∞. Namely if n is sufficiently

large such that K̃2
0 + K̃

q/(q−1)
δ + D̃

2q/δ
δ = o(n), then the left hand side of (2.12) holds with

rate ψ
−1/2
n → 0.

Remark 2. If conditions (2.8) and (2.9) hold with Kδ and Dδ bounded, then we can choose

ψn � nδ/(5+2δ) and the corresponding convergence rate in (2.12) is O(n−δ/(10+4δ)).

2.2.1 Central and non-Central Limit Theorems

Theorem 2.2.2 clarifies an important issue in the literature. In early studies, the primary

focus is on the central limit theorem

Rn :=
n|X̄n|22 − tr(Σ)

|Σ|F
=
nX̄>n X̄n − tr(Σ)

|Σ|F
⇒ N(0, 2) (2.15)

or its modified version (cf. (2.18)); see for example Bai and Saranadasa [1996], Srivastava

[2009], Chen and Qin [2010]. Note that Y >Y has the same distribution as
∑p
j=1 λjηj , where

9



ηj are i.i.d. χ2
1. Since E(ηj − 1)2 = 2, by Lindeberg’s Central Limit Theorem,

V :=
Y >Y − tr(Σ)

|Σ|F
=D

p∑
j=1

|Σ|−1
F λj(ηj − 1)⇒ N(0, 2) (2.16)

holds if and only if λ1/|Σ|F = ρ(Σ)/|Σ|F → 0. Let ζ ∼ N(0, 1). By the Berry–Esseen

theorem, the accuracy of the Gaussian approximation

sup
t
|P(V ≤ t)− P(

√
2ζ ≤ t)| ≤ C0

p∑
j=1

(|Σ|−1
F λj)

3 = C0
tr(Σ3)

|Σ|3F
, (2.17)

where C0 is an absolute constant. The ratio tr(Σ3)/|Σ|3F quantifies the goodness of the

Gaussian approximation. As a rule of thumb, we regard the Gaussian approximation rea-

sonable if tr(Σ3)/|Σ|3F ≤ 0.1. Under λ1/|Σ|F → 0, by Theorem 2.2.2 and (2.16), (2.15)

holds. In general, if λ1/|Σ|F does not converge to 0, then Rn does not have an asymptotic

Gaussian distribution. When the dependence between entries of X is strong, the asymp-

totic distribution of Rn can be non-normal. For example, suppose Y ∼ N(0,Σ) and Σ is

Toeplitz with diagonal 1 and σj,k ∼ |k − j|−D for some 0 < D < 1/2 as |k − j| → ∞. Then

(Y >Y − tr(Σ))/|Σ|F ⇒
∑∞
j=1 cj(ηj − 1), the Rosenblatt distribution, with cj ∼ cjD−1 as

j →∞, and c is a constant; see Veillette and Taqqu [2013]. In this latter non-Gaussian limit

case, a test based on nX̄>n X̄n with cutoff values obtained from CLT can have a wrong size

and a wrong power.

An Invariance Principle without Condition (2.8)

The expression Rn in (2.15) involves the trace tr(Σ). A natural estimate for the latter is

tr(Σ̂n), where Σ̂n = n−1∑n
i=1XiX

>
i . Replacing tr(Σ) by tr(Σ̂n), Rn becomes

R̃n =

∑
i6=j≤nX

T
i Xj

(n− 1)|Σ|F
. (2.18)

10



If µ = EXi 6= 0, then based on i.i.d. vectorsX1, . . . , Xn, the statistic (n(n−1))−1∑
i6=j X

T
i Xj

is an unbiased estimate of the quantity |µ|22 = µ>µ, while the natural plug-in estimator

X̄>n X̄n is biased; see also Chen and Qin [2010]. Using the arguments in the proof of Theo-

rem 2.2.2, without essential extra difficulties, we have the invariance principle result:

Corollary 2.2.3. Assume Condition (2.9) and µ = 0. Further assume

L
†
δ :=

E(X>1 ΣX1)q/2

nδ/2|Σ|qF
+
D̃
q
δ

nδ
→ 0. (2.19)

Then ψn := (L
†
δ)
−1/(q+1/2) →∞ and, recall V =

∑p
j=1 |Σ|

−1
F λj(ηj − 1),

sup
t
|P(R̃n ≤ t)− P (V ≤ t) | = O(ψ

−1/2
n )→ 0. (2.20)

By (2.14), a simple sufficient condition for (2.19) is D
q
δ = o(nδ/2). Then the rate in (2.20)

becomes D
q/(5+2δ)
δ n−δ/(10+4δ). Notice that in Corollary 2.2.3 Condition (2.8) is not needed

since R̃n does not involve the diagonal terms XT
i Xi. Consequently the weaker moment

condition Xi ∈ L2+δ suffices. In comparison, (2.8) necessarily requires the stronger moment

condition Xi ∈ L4+2δ.

Optimality of the Conditions for the Invariance Principle

Condition (2.19) requires that, to ensure the invariance principle

sup
t
|P(R̃n ≤ t)− P (V ≤ t) | → 0, (2.21)

the sample size n needs to be sufficiently large such that L
†
δ → 0, namely

E(X>1 ΣX1)q/2

|Σ|qF
= o(nδ/2) and D̃

q
δ = o(nδ). (2.22)
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In general the condition L
†
δ → 0 in (2.19) is not relaxable. Let ` = pβ , β > 1/2, and let

Bij , i, j ∈ Z, be i.i.d. Bernoulli(`−1) random variables; let Xij = (`Bij − 1)(` − 1)−1/2.

Then EXij = 0, EX2
ij = 1, E|Xij |q ∼ `q/2−1, Σ = Idp and |Σ|2F = p. By Burkholder’s

inequality, E|X>1 X1|q/2 ≤ cqE|
∑p
j=1X1j |q. By Rosenthal’s inequality (Rosenthal [1970]),

E|
∑p
j=1X1j |q ≤ cq(pE|X11|q+pq/2) and E|X>1 X2|q ≤ cq(pE|X11X21|q+pq/2). Then (2.19)

requires that

` = o(np1/2), or pβ−1/2 = o(n). (2.23)

We remark that Condition (2.23) is also necessary for (2.21). By (2.21),

(n− 1)|Σ|F R̃n
np1/2

=

∑p
l=1Ql

np1/2
⇒ N(0, 2), where Ql =

∑
i6=j≤n

XilXjl. (2.24)

By the Linderberg-Feller central limit theorem, (2.24) holds if and only if

pE{[Q1/(np
1/2)]21|Q1|≥θnp1/2} = E{n−2Q2

11|Q1|≥θnp1/2} → 0 (2.25)

holds for every θ > 0. Note that W :=
∑n
i=1Bi1 is binomial(n, `−1). If

np1/2 = O(`), (2.26)

then for all large n, the event {|Q1| < θnp1/2} implies {W ≤ 1}, and

E{n−2Q2
11|Q1|<θnp1/2} ≤ E{n−2Q2

11W≤1} ≤
n2

`2
+
n

`
→ 0, (2.27)

by noting that E{n−2Q2
11W=0} ≤ n2`−2 and E{n−2Q2

11W=1} ≤ n`−1. Clearly (2.27)

violates (2.25) since n−2EQ2
1 → 2.
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2.2.2 High Dimensional Cramér-von Mises Test

The classical Cramér-von Mises test is widely used for testing distributions based on empirical

distribution functions. Consider the problem of testing whether the sample (i.i.d. random

variables taking values in [0, 1]) U1, . . . , Un follow the standard uniform(0, 1) distribution.

Then one can use the Cramér-von Mises statistic

Ω =

∫ 1

0
[F̂ (u)− u]2du, where F̂ (u) =

1

n

n∑
i=1

1Ui≤u, (2.28)

or the following version based on (2.18) with diagonal elements deleted:

Ω0 =
1

n(n− 1)

∑
i6=j≤n

∫ 1

0
(1Ui≤u − u)(1Uj≤u − u)du

=
1

n(n− 1)

∑
i6=j≤n

[
U2
i + U2

j

2
−max(Ui, Uj) +

1

3
]. (2.29)

Under the null hypothesis that Ui are i.i.d. uniform(0, 1), we have

nΩ0 →
∞∑
h=1

h−2π−2(ηh − 1), where ηh are i.i.d. χ2
1. (2.30)

The above test statistic can be easily generalized to high dimensional vectors. Let Wi =

(Ui1, . . . , Uid)
>, i = 1, . . . , n, be i.i.d. random vectors, d ∈ N. Consider for example testing

the hypothesis that Uil, 1 ≤ l ≤ d, follow uniform(0, 1). Similarly as (2.29), we define

ΩW0 =
1

n(n− 1)

d∑
l=1

∑
i6=j≤n

∫ 1

0
(1Uil≤u − u)(1Ujl≤u − u)du. (2.31)
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The above statistic concerns testing marginal distributions. Similar statistics can be defined

for testing joint distributions. Define

Ψ =
d∑
l=1

∫ 1

0
(1U1l≤s − s)(1U2l≤s − s)ds (2.32)

and ψ2 = E(Ψ2) with

ψ2 =
d∑

l,l′=1

∫ 1

0

∫ 1

0
[P(U1l ≤ s, U1l′ ≤ s′)− ss′]2dsds′. (2.33)

Assume that n is sufficiently large such that

E|Ψ/ψ|2+δ = o(nδ/2). (2.34)

To apply Corollary 2.2.3, let K be a large integer and AK = {(k/K, l) : k = 1, . . . , K; l =

1, . . . , d}. Let A = {(u, l) : 0 ≤ u ≤ 1; l = 1, . . . , d}. For α = (u, l) ∈ A, let Xiα =

1Uil≤u − u, γαβ = E(XiαXiβ) and the covariance matrix ΣK = (γαβ)α,β∈AK . Clearly,

as K → ∞, we have K−1∑
α∈AK X1αX2α → Ψ and K−2∑

α,β∈AK γ
2
αβ → ψ2. For

α = (u, l) ∈ A and β ∈ A, define the linear operator L by Lf(β) =
∑d
l=1

∫ 1
0 γαβf(α)du. By

Corollary 2.2.3, under condition (2.34), we have

sup
t
|P(nΩW0 ≤ t)− P(

∞∑
h=1

λh(ηh − 1) ≤ t)| → 0, (2.35)

where λh, h ≥ 1, are the eigenvalues of the linear operator L. In the special case with

d = 1, under the hypothesis that Ui ∼uniform(0, 1), we have |Ψ| ≤ 1 and (2.34) trivially

holds. The covariance function φ(u, v) = min(u, v) − uv and the linear operator Lf(v) =∫ 1
0 φ(u, v)f(u)du has eigenvalues λh = h−2π−2, h = 1, 2, . . . (cf. (2.30)) and eigenfunctions

fh(v) = sin(hvπ). For details see Chapter 5 in Shorack and Wellner [1986].
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2.3 Estimating Distributions of Quadratic Forms

In Section 2.2 we shall present an asymptotic result for (2.3) (cf. Theorem 2.2.2). To

apply (2.3) for testing the hypothesis H0 : µ = 0 (say) at level α ∈ (0, 1), we need to

estimate the distribution of Y >Y or compute u1−α, the (1 − α)th quantile of Y >Y . Let

λ1 ≥ λ2 ≥ . . . ≥ λp ≥ 0 be the eigenvalues of the covariance matrix Σ. Then

Y >Y =D

p∑
j=1

λjηj = V |Σ|F + tr(Σ), (2.36)

where η1, η2, . . . , are i.i.d. χ2
1 random variables, =D denotes ”equality in distribution”, and

V =

p∑
j=1

|Σ|−1
F λj(ηj − 1) (2.37)

is the normalized version. Let v1−α be the (1−α)th quantile of V . Then u1−α = v1−α|Σ|F +

tr(Σ). In practice, however, Σ and hence λj are not known. To deal with this, we shall

propose two re-sampling calibration procedures: a plug-in calibration and a subsampling

approach, which are discussed in Sections 2.3.1 and 2.3.2, respectively, where asymptotic

justification for the validity of those methods are also discussed.

2.3.1 A Plug-in Procedure

Let Σ̃ be an estimate of Σ based on the data Xn = (X1, . . . , Xn). Let λ̃1 ≥ . . . ≥ λ̃p ≥ 0

be the eigenvalues of Σ̃ and |Σ̃|F = (
∑p
j=1 λ̃

2
j )

1/2. As (2.37) let Ṽ =
∑p
j=1 |Σ̃|

−1
F λ̃j(η

∗
j − 1),

where η∗j are i.i.d. χ2
1 random variables that are independent of Xn. Let ṽ1−α be the (1−α)th

quantile of Ṽ , given λ̃1, . . . , λ̃p. Note that ṽ1−α can be obtained either numerically or by

extensive simulation. Then we reject H0 at level α if R̂n := (n|X̄n|22 − t̂r(Σ))/̂|Σ|F > ṽ1−α,

where t̂r(Σ) and ̂|Σ|F are estimates of tr(Σ) and |Σ|F , respectively.

To ensure the validity of the above procedure, we need to impose suitable conditions so
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that the following requirements are met:

(i) the estimated quantile ṽ1−α is close to v1−α;

(ii) ratio consistency: ̂|Σ|F /|Σ|F → 1 in probability and t̂r(Σ)− tr(Σ) = oP(|Σ|F ).

As will be discussed in Section 2.3.1, (i) requires that Σ̃ is a normalized consistent estimate

of Σ in the sense that

ρ(Σ̃/|Σ̃|F − Σ/|Σ|F ) = oP(1). (2.38)

In Section 2.3.1 we shall also discuss its relation with the classical spectral norm convergence

ρ(Σ̃ − Σ) = oP(1). Under structural assumptions such as bandedness or sparsity, various

regularized procedures have been proposed so that the spectral norm consistency holds; see

Wu and Pourahmadi [2003], Bickel and Levina [2008b,a], Fan et al. [2013a] among many

others. We leave it as a future research problem on whether those regularized estimates

are normalized consistent. In this chapter we shall consider (2.38) for sample covariance

matrices.

For (ii), various estimators for |Σ|F exist in the literature. For example, Chen and Qin

[2010] proved that ̂|Σ|F = ({n(n − 1)}−1tr[
∑n
j 6=k(Xj − X̄j,k)X>j (Xk − X̄j,k)X>k ])1/2 is

ratio-consistent in the sense that ̂|Σ|F /|Σ|F − 1 = oP(1) for linear processes under suitable

conditions, where X̄j,k = (n−2)−1∑
i 6=j,kXi. See also Bai and Saranadasa [1996]. Note that

tr(Σ) can be simply estimated by tr(Σ̂n), where Σ̂n = (n− 1)−1∑n
i=1(Xi− X̄n)(Xi− X̄n)>

is the sample covariance matrix. Assume µ = 0 and write Σ̂n = (n − 1)−1∑n
i=1XiX

>
i −

(n − 1)−1nX̄nX̄
>
n . If n is sufficiently large such that E(X>1 X1 − tr(Σ))2 = o(n|Σ|2F ), we

have t̂r(Σ)− tr(Σ) = oP(|Σ|F ).
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Normalized Consistency

As a natural way to approximate the distribution of V , one can employ the plug-in procedure

in Section 2.3.1. Let λ̃1 ≥ . . . ≥ λ̃p ≥ 0 be eigenvalues of the covariance matrix estimate Σ̃.

By Lemma 2.3.1, if

max
j≤p
||Σ|−1

F λj − |Σ̃|−1
F λ̃j | → 0 in probability, (2.39)

then with probability converging to 1, we have

sup
t
|P(V ≤ t)− P∗(Ṽ ≤ t)| → 0, (2.40)

where P∗ is the conditional probability given Xn. With (2.40), the distribution of V can be

approximated by that of Ṽ .

Lemma 2.3.1. Let ap,1 ≥ ap,2 ≥ . . . ≥ ap,p ≥ 0 and bp,1 ≥ bp,2 ≥ . . . ≥ bp,p ≥ 0 be two se-

quences of real numbers satisfying
∑p
j=1 a

2
p,j =

∑p
j=1 b

2
p,j = 1. Assume maxj≤p

∣∣ap,j − bp,j∣∣→
0 as p → ∞. Let ηj be i.i.d. χ2

1 random variables and η′j = ηj − 1. Let Va =
∑p
j=1 ap,jη

′
j

and Vb =
∑p
j=1 bp,jη

′
j. Then as p→∞,

sup
x

∣∣P (Va ≤ x)− P (Vb ≤ x)
∣∣→ 0. (2.41)

Interestingly, there is a simple sufficient condition for (2.39). By Weyl’s theorem (Golub

and Van Loan [2013, Theorem 8.1.5]), (2.39) follows from

ρ(Σ̃/|Σ̃|F − Σ/|Σ|F ) = oP(1). (2.42)

We say that an estimate Σ̃ of Σ is normalized consistent if (2.42) holds. It is closely related
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to, but different from the classical definition of spectral norm consistency in the sense of

ρ(Σ̃− Σ) = oP(1). (2.43)

Normalized consistency does not generally imply the spectral norm consistency (2.43). For

example, let n = p and Xi be i.i.d. standard N(0, Idp) random vectors. By the random

matrix theory, (2.43) does not hold for Σ̂n, which is not a consistent estimate of Σ = Idp; see

Marčenko and Pastur [1967], Wachter [1978], Geman [1980]. Indeed, the largest eigenvalue of

Σ̂n converges to 4, while the smallest one converges to 0. However the normalized consistency

(2.42) holds since both ρ(Σ/|Σ|F ) = p−1/2 → 0 and ρ(Σ̂n/|Σ̂n|F ) = OP(p−1/2)→ 0. With-

out further conditions, the spectral norm consistency (2.43) does not imply the normalized

consistency either. Proposition 2.3.2 relates these two types of convergence.

Proposition 2.3.2. For an estimate Σ̃ of Σ, assume that |Σ̃|F /|Σ|F → 1 in probability.

Then the normalized consistency (2.42) holds if and only if ρ(Σ̃− Σ) = oP(f).

We now apply Theorem 2.2.2 and approximate the (1−α)th quantile of Y >Y by that of∑p
j=1 λ̃j η̃j (cf. (2.36)). Assuming |Σ̃|F /|Σ|F → 1 in probability, tr(Σ̃) − tr(Σ) = oP(|Σ|F )

and normalized consistency of Σ̃, we have by Lemma 2.3.1 that

sup
t
|P(Y >Y ≤ t)− P∗(λ̃1η̃1 + . . .+ λ̃pη̃p ≤ t)| → 0 (2.44)

holds with probability converging to 1. The latter shows the validity of the plug-in method.

Theorem 2.3.3 concerns the normalized consistency of the sample covariance matrix.

Assume µ = 0 and let Σ̂n = n−1∑n
i=1XiX

>
i .

Theorem 2.3.3. Assume E[(X>1 X1)2] = o
(
n|Σ|2F

)
. Then |Σ̂n|F /|Σ|F → 1 in probability,

E|Σ̂/|Σ̂n|F − Σ/|Σ|F |2F = o(1), (2.45)
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which further implies the normalized consistency (2.42).

Theorem 2.3.3 requires that n is big enough such that E[(X>1 X1)2]/|Σ|2F = o(n). The

latter condition trivially holds if the entries of X1 are strongly dependent in the sense that

|Σ|2F =
∑
j,k≤p σ

2
j,k � p2 and, for some constant C <∞, maxj≤p ‖X1j‖4 ≤ C. In this case

E[(X>1 X1)2] ≤ p2C4 and the condition E[(X>1 X1)2]/|Σ|2F = o(n) reduces to the natural one

n → ∞. As a simple example, let X1j = ajZ + ξj , where Z, ξ1, . . . , ξp are i.i.d. N(0, 1)

and aj ’s are real coefficients. If
∑p
j=1 a

2
j � p, then E[(X>1 X1)2]/|Σ|2F � 1 and the condition

n→∞ suffices. In this case Σ has p− 1 eigenvalues 1 and 1 eigenvalue 1 +
∑p
j=1 a

2
j , hence

V ⇒ χ2
1 − 1. Let aj = p−δ with 0 < δ ≤ 1/4. Then |Σ|2F = (p1−2δ + 1)2 + p − 1 � p2−4δ

and E[(X>1 X1)2] � p2. If n is sufficiently large such that p4δ = o(n), then E[(X>1 X1)2] =

o
(
n|Σ|2F

)
and Theorem 2.3.3 is applicable. On the other hand, if n = o(p4δ), then elementary

but tedious calculations show that limp→∞ ρ(Σ/|Σ|F ) > 0, while tr(Σ̂4
n) = oP(|Σ̂n|4F ). Hence

(2.39) does not hold for the sample covariance matrix estimate, suggesting that the condition

E[(X>1 X1)2] = o
(
n|Σ|2F

)
in Theorem 2.3.3 is sharp. We shall leave it as a future research

problem whether regularized covariance matrix estimators (cf. Bickel and Levina [2008b,a],

Fan et al. [2013a]) are normalized consistent in the setting where ρ(Σ) = o(|Σ|F ) is violated.

2.3.2 A Subsampling Procedure

Estimation of high-dimensional covariance matrices or their eigenvalues is highly nontrivial.

In this section we shall provide a subsampling approach which can avoid such estimation

problems. For a subset A ⊂ {1, 2, . . . , n}, let |A| be its cardinality and X̄A =
∑
a∈AXa/|A|.

Let |A| = m and r = m/n. Note that
√
m(X̄A − X̄n) has mean 0 and covariance matrix

(1 − r)Σ, while
√
n(X̄n − µ) has mean 0 and covariance matrix Σ. This motivates us to

introduce the empirical cumulative distribution functions (2.46) and (2.47) and the following

subsampling based procedure for estimating the distribution function F (t) = P(n|X̄n−µ|2 ≤

t):
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1. Let m = mn ∈ N be such that m → ∞ and m = o(n); let A1, . . . , AJ be i.i.d.

uniformly sampled from the class A := {A : A ⊂ {1, . . . , n}, |A| = m}. Assume that

the sampling process (Aj)j≥1 is independent of (Xi)i≥1. Define

F̂r(t) =
1

J

J∑
j=1

1m|X̄Aj−X̄|
2
2≤t(1−r)

. (2.46)

Obtain the (1− α)th empirical quantile F̂−1
r (1− α) from (2.46).

2. Reject H0 : µ = 0 at level α if nX̄nX̄n > F̂−1
r (1− α).

See Politis et al. [1999] for a detailed discussion of subsampling techniques in the low

dimensional setting, where it can serve as an alternative to bootstrap when the latter is

inconsistent. As a slightly different version, one can also employ the following procedure.

Let the index set Bj = {l ∈ Z : (j − 1)m < l ≤ jm}, j = 1, . . . , L, where L = bn/mc and

buc = max{k ∈ Z : k ≤ u}. Define the subsampling empirical distribution function

F̌r(t) =
1

L

L∑
j=1

1m|X̄Bj−X̄|
2
2≤t(1−r)

. (2.47)

Based on the invariance principle result (2.3), we can show that the subsampling approach

is asymptotically valid; see Theorem 2.3.4 for details. The subsample proportion r is a tuning

parameter. Theoretically we only require m→∞ and r → 0.

Validity of the Subsampling Procedure

In this section we shall study the validity of the subsampling method introduced in Section

2.3.2. Theorem 2.3.4 shows that the empirical distribution functions defined in (2.46) and

(2.47) both converge to the distribution function F (t) = P(n|X̄ − µ|22 ≤ t).
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Theorem 2.3.4. Let 0 < δ ≤ 1. Assume (2.8), (2.9), m→∞, m = o(n), and (2.13) holds

with n therein replaced by m. Then (i)

sup
t
|F̌r(t)− P(n|X̄ − µ|22 ≤ t)| → 0 in probability. (2.48)

(ii) If J →∞, then the convergence (2.49) also holds for F̂r(t).

Theorem 2.3.4 suggests that sample quantiles of F̂r(·) or F̌r(·) can be used to approximate

those of F (t) = P(n|X̄−µ|22 ≤ t). Given a level α ∈ (0, 1), let ǔ1−α be the (1−α)th quantile

of F̌r(·). Then at level α we can reject the null hypothesis H0 : µ = 0 if n|X̄|22 ≥ ǔ1−α.

2.3.3 A Half-Sampling Procedure

A particularly interesting special case of subsampling is when m = bn/2c, which in this

thesis is called half-sampling. Half-sampling can be dated back to as early as the 1940s,

when Mahalanobis proposed the idea in the context of sample survey (Mahalanobis [1946]).

Early contributors include McCarthy [1969], Hartigan [1969, 1975] among others. A brief

review can be found in Hall [2003]. In the one dimensional case p = 1 with asymptotic

Gaussian limit, Wu [1990] showed that, with sample size n, the error bound of the delete-d

jackknife histogram estimate has the form O(d−1/2 + (n − d)−1/2). The latter bound is

minimized when d = O(n) and n− d = O(n). If we take d = n/2, the latter is equivalent to

half-sampling. In the literature, half-sampling is shown to be capable in estimating sampling

variance (Shao and et al. [1989]), constructing the confidence sets and performing hypothesis

test (Wu [1990]); see also Shao and Tu [2012]. These conclusions, however, are only shown

to hold when the underlying limiting distribution is normal. In the high-dimensional setting

the asymptotic distribution can be non-normal or even non-existence.

In the rest of this subsection we denote F̂ (·) ≡ F̂1/2(·), where F̂r(·) is defined in (2.46).
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Theorem 2.3.5. Let 0 < δ ≤ 1. Assume (2.8), (2.9), and (2.13) holds. Let J →∞. Then

sup
t
|F̂ (t)− P(n|X̄ − µ|22 ≤ t)| → 0 in probability. (2.49)

The half-sampling scheme can be viewed as a balanced Rademacher multiplier bootstrap,

namely, F̂ (t) is the empirical distribution of T>BRTBR conditional on (Xi)
n
i=1, where

TBR = n−1
n∑
i=1

εiXi, (2.50)

where εi, i = 1, . . . , n are Rademacher random variables that are independent of the samples

and satisfy the constraint
∑n
i=1 εi = 0.

Below we briefly describe the intuition for the half-sampling procedure based on Hadamard

matrices. A formal mathematical argument is postponed to Section 2.8. At the outset as-

sume that the data is multivariate Gaussian and n is a multiple of 4, namely n = 4bn/4c.

For j = 1, . . . , J , denote

Tj =
√
r(1− r)−1(X̄Aj − X̄). (2.51)

Define

κj(t) = I
{
|Tj |22 ≤ t

}
− F (t),

Fix Aj , the random vector Tj has mean 0 and covariance n−1Σ for all 1 ≤ j ≤ J , thus

having same distribution as T0. Let H = (hjk) ∈ Rn×n be a Hadamard matrix, namely its

entries are either 1 or −1, and HH> = nIdn. See Hedayat et al. [1978], Georgiou et al.

[2003], Yarlagadda and Hershey [2012] for a detailed discussion of Hadamard matrices. We

fix the first column to be all 1s. Let J = n − 1. Consider the situation where we force the

half-samples to be balanced by letting the jth realization of (ε1, . . . , εn) in (2.50) both take
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values of hj for j = 1, 2, . . . , J , where hj is the (j − 1)th column of H. Then h>j hk = 0 if

j 6= k and h>j hj = n. Then vectors Tj = n−1X>hj , j = 1, . . . , J are i.i.d. N(0, n−1Σ),

where X = (X1, . . . , Xn)>. Hence (2.63) easily follows from the classical Glivenko-Cantelli

theorem on uniform consistency for empirical distribution functions.

In combinatorial design the problem of constructing Hadamard matrices is still open. It

is unclear whether Hadamard matrices exist for any n which is a multiple of 4. As a simple

way out, our half-sampling scheme can achieve approximate orthogonality in the sense that

ε>j εk/n is close to the delta function δjk = I {j = k}, where εj = (ε1,j , . . . , εn,j), j = 1, . . . , J

and εi,j = 2I
{
i ∈ Aj

}
−1. The latter implies that the covariance between I

{
T ′jTj ≤ t

}
and

I
{
T ′kTk ≤ t

}
is generally small for j 6= k. To see this, for given sets A1, A2 ∈ A with

m = n/2, let

H1 = A1 ∩ A2, H2 = A1 ∩ Ac2, H3 = Ac1 ∩ A2, H4 = Ac1 ∩ A
c
2.

Then |H1| = |H4|, |H2| = |H3| = n/2− |H1|. Let

δ = (4|H1| − n1)/n1.

In the appendix, we show that

sup
t

∣∣∣P(R(1)
0 ≤ t, R

(2)
0 ≤ t

)
− P2

(
R

(1)
0 ≤ t

)∣∣∣ ≤ C
(
‖δ1‖

2/5
2 + ‖δ2‖

2/5
2

)
, (2.52)

where

R
(j)
0 =

n|ξ̄Aj − ξ̄|
2
2 − f1

f
. (2.53)

If δ is small, meaning approximate orthogonality that |H1| ≈ n/4, (2.52) suggests that for

Gaussian data I{T ′jTj ≤ t} and I
{
T ′kTk ≤ t

}
are asymptotically independent. For half-
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sampling or Rademacher schemes, we indeed have

δ = OP (n−1/2).

The above argument does not apply to non-Gaussian data directly. To this end, we present

joint Gaussian approximation under Condition in Section 2.8. With the latter results, the

validity of the half-sampling approach is guaranteed for non-Gaussian data.

2.4 Extension of Half-Sampling to Two-Sample Problem

The half-sampling procedure can be extended to the two-sample hypothesis testing problem

of comparing the mean vectors of high-dimensional data. Let Xi, i ∈ Z, (resp. Yi, i ∈ Z) be

i.i.d. p-dimensional random vectors with mean µX (resp. µY ) and covariance matrix ΣX

(resp. ΣY ). Assume that (Xi)i∈Z and (Yi)i∈Z are also independent. Given the observations

X1, . . . , Xn1 and Y1, . . . , Yn2 , we are interested in testing the hypothesis

H0 : µX = µY v.s. HA : µX 6= µY . (2.54)

The above testing problem appears frequently in many applied areas. In our setting the

dimension p is allowed to be much larger than the total sample size n = n1 + n2. Let

X̄ = n−1
1

∑n1
i=1Xi and Ȳ = n−1

2

∑n2
i=1 Yi be the sample mean estimates of µX and µY ,

respectively.

We consider the distribution of the test statistic

Q = T>T, where T = X̄ − Ȳ , (2.55)
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and reject H0 if Q exceeds some cutoff value. Let the cumulative distribution function

F (t) = P(T>0 T0 ≤ t), where T0 = X̄ − µX − (Ȳ − µY ). (2.56)

For α ∈ (0, 1) let u1−α be the (1− α)th quantile of F , namely F (u1−α) = 1− α. Then we

can reject H0 at level α if Q > u1−α. The fact that ΣX and ΣY may be unequal induces

challenge in the hypothesis test. In this section we extend the half-sampling method into

the two-sample scenario.

We first fix the notation before proceeding. Denote

Σ̄ =
ΣX
n1

+
ΣY
n2

,

which is the covariance matrix of T = X̄ − Ȳ . Let f̄1 = tr(Σ̄) and f̄ = |Σ̄|F . Let ξi ∼

N(µX ,ΣX), ζj ∼ N(µY ,ΣY ), and they are mutually independent for i = 1, · · · , n1, j =

1, · · · , n2. Let ξ̄ and ζ̄ be the average of (ξi)1≤i≤n1 and (ζi)1≤i≤n2 respectively.

For a positive integer n denote the set [n] = {1, 2, . . . , n}. Let the classes A◦ :=

{A : A ⊂ [n1], |A| = m1} and B◦ := {B : B ⊂ [n2], |B| = m2}. For A ⊂ [n1], let SXA =∑
a∈AXa and X̄A = SA/|A|. The quantities SYB and ȲB are similarly defined. In the

subsampling procedure, we take m1 = brn1c,m2 = brn2c as the subsample sizes for the

two samples respectively, where r ∈ (0, 1) is the subsample proportion. The subsampling

estimator of F (t) = P(T>0 T0 ≤ t) is

Fr(t) =

(
n1

m1

)−1(n2

m2

)−1 ∑
A∈A◦,B∈B◦

I
{
T (A,B)>T (A,B) ≤ t

}
, (2.57)

where I {·} stands for the indicator function.

For practical implementation, since the denominator in (2.57) can be very large, we shall

apply random sampling to approximate Fr(·). Let A1, . . . , AJ and B1, . . . , BJ , independent
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of (Xi)i≥1 and (Yi)i≥1, be i.i.d. uniformly sampled from A◦ and B◦, respectively, where J

is a large positive integer. For each 1 ≤ j ≤ J , let

Tr,j = Tr(Aj , Bj) :=
√
r(1− r)−1[X̄Aj − ȲBj − (X̄ − Ȳ )]. (2.58)

Then we estimate F (t) by

F̂r(t) =
1

J

J∑
j=1

I
{
T ′r,jTr,j ≤ t

}
, (2.59)

To test (2.54), we reject the null hypothesis H0 at level α ∈ (0, 1) if T>T = (X̄−Ȳ )>(X̄−Ȳ )

is larger than the (1 − α)th empirical quantile of F̂r(t). In practice where n is moderately

large, the rounding down procedure of mi = bnirc, i = 1, 2 may induce additional error

to the subsampling procedure such that m1/n1 6= m2/n2. In this sense half-sampling is

preferred. Again, we denote the half-sampling estimator of (2.56) as F̂ (t) ≡ F̂1/2(t).

Now we present theoretical results for the half-sampling procedure without assuming

ΣX = ΣY . Let λX1 ≥ · · · ≥ λXp and λY1 ≥ · · · ≥ λYp be the eigenvalues of ΣX and ΣY ,

respectively. Let fX1 =
∑p
j=1 λ

X
j = tr(ΣX) and fX = (

∑p
j=1(λXj )2)1/2 = (tr(Σ2

X))1/2.

Similarly we define fY1 and fY . In the rest of this section we assume that µX = µY = 0.

Assumption 2.4.1. Let 0 < δ ≤ 1 be a constant and q = 2 + δ. Assume that

K
q
X,q := E

∣∣∣∣ |X1|22 − f
X
1

fX

∣∣∣∣q <∞;

K
q
Y,q := E

∣∣∣∣ |Y1|22 − f
Y
1

fY

∣∣∣∣q <∞;

D
q
X,q := E

∣∣∣∣X>1 X2

fX

∣∣∣∣q <∞;

D
q
Y,q := E

∣∣∣∣Y >1 Y2

fY

∣∣∣∣q <∞;

D
q
XY,q := E

∣∣∣∣ X>1 Y1√
fXfY

∣∣∣∣q <∞. (2.60)
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For notational simplicity, we drop the subscript q. Let

K̃δ = max(KX , KY , cq) and D̃δ = max(DX , DY , DXY , dq).

We use K̃0 to denote K̃δ with δ = 0. Note again for the linear process model, there exists

an upper bound for the latter quantities that does not depend on its loading matrices.

Theorem 2.4.1. Let Condition 2.4.1 be satisfied and δ = q − 2. Assume that

K̃0(n
−1/2
1 + n

−1/2
2 ) → 0,

K̃
q
δ (n
−(1+δ)
1 + n

−(1+δ)
2 ) → 0,

D̃
q
δ(n
−δ
1 + n−δ2 ) → 0, (2.61)

and

n
1−q
1 E(X>1 Σ̄X1)q/2 + n

1−q
2 E(Y >1 Σ̄Y1)q/2 = o(f̄q). (2.62)

Then we have that

sup
t
|F̂ (t)− F (t)| →P 0. (2.63)

2.5 Power Analysis

In this section we shall present an asymptotic expression for the power function of the test

based on Theorem 2.2.2. Assume that X1, . . . , Xn are i.i.d. with mean µ = EXi and

covariance matrix Σ. Based on Theorem 2.2.2, we reject the null hypothesis H0 : µ = 0

at level α ∈ (0, 1) if nX̄>n X̄n > u1−α, where the cutoff value u1−α is defined in (2.5). Let
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Y ∼ N(0,Σ) and define

gα(µ) = P
(
(Y +

√
nµ)>(Y +

√
nµ) ≥ u1−α

)
. (2.64)

A similar argument as Theorem 2.2.2 reveals that under (2.13), we have

|P
(
nX̄>n X̄n ≥ u1−α

)
− gα(µ)| = o(1). (2.65)

Note that v1−α = |Σ|−1
F

(
u1−α−tr(Σ)

)
= O(1) and E(µ>Y )2 = µ>Σµ ≤ ρ(Σ)µ>µ. Elemen-

tary manipulations show that the asymptotic power function gα(µ)→ α if nµ>µ/|Σ|F → 0,

and gα(µ)→ 1 if nµ>µ/|Σ|F →∞.

If we were to apply the central limit theorem (2.15) or its variants (see for example Bai

and Saranadasa [1996], Srivastava [2009], Chen and Qin [2010]) to perform the test, one may

obtain an erroneous power. Specifically, with the CLT (2.15), instead of the cutoff value

u1−α, one use tr(Σ) +
√

2|Σ|F z1−α, where z1−α is the (1 − α)th quantile of the standard

Gaussian distribution. Then one obtains the asymptotic power expression

g∗α(µ) = P
(
(Y +

√
nµ)>(Y +

√
nµ) ≥ tr(Σ) +

√
2|Σ|F z1−α

)
. (2.66)

As pointed out in the discussion following Theorem 2.2.2, the difference between g∗α(µ)

and the asymptotically correct power gα(µ) can be substantial if entries in Xi are strongly

dependent. As a numerical example, let α = 0.01, n = 100, p = 100, Σ = Idp + 11>, where

1 = (1, 1, · · · , 1)>, and µ = a1. For a = 0.2, we have g∗α(µ) = 0.572, while the correct power

gα(µ) = 0.278, and a = 0.02, we have g∗α(µ) = 0.074, while gα(µ) = 0.011.
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2.6 A Simulation Study

In this section we shall provide a simulation study for the finite sample performances of

the invariance principle Theorem 2.2.2 (Oracle hereafter), the plug-in and the subsampling

procedures described in Sections 2.3.1 and 2.3.2, respectively. We also compare their perfor-

mance with the methods proposed by Gregory et al. [2015] and Srivastava et al. [2013] (GCT

and SK hereafter, respectively). We consider the following two data generating models.

Model 1 (Linear Process Model): Let ξi,k, i, k ∈ Z are i.i.d. Student t5; let

Xi,j =
∞∑
k=0

(k + 1)−βξi,j−k, where β > 1/2, 1 ≤ i ≤ n, 1 ≤ j ≤ p. (2.67)

If β < 1, then the process (Xi,j)j is long memory, thus having a strong cross-sectional

dependence. In our simulations we choose p = 200 and n = 20, 200 and truncate the sum in

(2.67) to
∑2000
k=0 . We consider two levels of β: β = 2 and β = 0.6, which correspond to short

and long memory, respectively.

Model 2 (Nonlinear Factor Model): Let

Xi,j = (ξij + aZi)
3, 1 ≤ i ≤ n, 1 ≤ j ≤ p, (2.68)

where ξi,j , Zk ∼ N(0, 1) and they are mutually independent. We consider two cases: a = 0.1

and a = 1, which imply weak and strong factors, respectively. We also let p = 200 and

n = 100 and 200.

Figure 2.1 and Figure 2.2 display the empirical cumulative distribution functions (CDF)

of the p-values under the null, should be uniform if the distribution theory is accurate. We

report the p-values of the tests obtained from 1,000 simulations. The number of resampling

in the subsampling, half-sampling, plug-in calibration are also taken to be J = 1000. In the

subsampling procedure, we choose r = 1/ log n. To obtain the oracle distribution and verify
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the invariance principle theorem, we plug-in the true covariance matrix into the Monte-Carlo

simulation. The number of independent standard normal vectors is also J = 1, 000 in each

realization. In the plug-in approach, the scalars f1 and f are simply estimated by the tr(Σ̂n)

and |Σ̂n|F , respectively.

From Figure 2.1 - Figure 2.2 we conclude that all the methods produce p-values that are

close to uniform for data generated from the short-range dependent linear model and the

weak nonlinear factor model. However, a clear non-uniform empirical CDF can be observed

for the method GCT and SK under the factor model and the long-range dependence setups.

In contrast, the p-values obtained by the half-sampling method are quite close to uniform

distribution.

2.7 A Real Data Application

In this section we shall apply the subsampling method to a microarray dataset of pancreatic

ductal adenocarcinoma (PDAC), one of the most lethal cancers. To better understand the

complex nature of processes in PDAC on a genetic basis, Zhang et al. [2012, 2013] collected

gene expression profiling of pancreatic tumor and adjacent non-tumor samples from 45 PDAC

patients using Affymetrix GeneChip Human Gene 1.0 ST arrays. We use the preprocessed

data from NCBI’s Gene Expression Omnibus (Barrett et al. [2013]), accessible through GEO

Series accession number GSE28735 (http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?

acc=GSE28735). Our goal is to test whether the gene is differentially expressed between

uninvolved and involved skin from psoriatic patients.

The dataset consists of n = 45 gene expression arrays, and each array has p = 28, 869

genes. In Zhang et al. [2012], 36 genes were selected based on their expression level, survival

status of the subjects and their potential association with cancer-related pathways. However,

our analysis reveals statistical significance of many of the individually unidentified genes

when they function as a group.
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We first test the overall difference between the gene expression levels of tumor and non-

tumor samples excluding the 36 genes detected in Zhang et al. [2012]. Due to the dependence

of the gene expression differences, the normal approximation of Rn in (2.15) does not ap-

pear to be reasonable: the Lyapunov normalized third moment tr(Σ3)/|Σ|3F is estimated as

tr(Σ̂3
n)/|Σ̂n|3F = 0.662. Thus we shall resort to the invariance principle Theorem 2.2.2. We

shall apply the subsampling method and take m = bn/ log nc = 12 and J = 10, 000 and

perform the test via the subsampling procedure. We obtain |X̄|22 = 2461.30. The cutoff

value with respect to the significance level 0.001 is 563.54, and the p-value is ≈ 0, which

suggests that the genes are differentially expressed as a whole on involved and noninvolved

skin, even without the genes identified in Zhang et al. [2012].

We then investigate into the roles of genetic pathways (Kanehisa et al. [2014]) in PDAC.

According to the KEGG database, the pathway “hsa05212” is relevant to pancreatic cancer.

Among the 28, 869 genes, 66 are mapped to this pathway. The estimate tr(Σ̂3
n)/|Σ̂n|3F =

0.807, again suggesting that the normal approximation of Rn is not satisfactory. Using our

subsampling technique, we perform the proposed test on this pathway and conclude that it

is significant, where the test statistic is 11.399 and the cutoff value with respect to the 0.001

significance level is 3.072, and the p-value is ≈ 0.

On the other hand, there are totally 229 pathways known for the genes of interest. The

largest one is mapped to 1, 046 genes in the dataset. Interestingly, pathways are found to

be highly significantly associated with the disease even if they harbors a very small amount

of the individually significant genes. For example, the pathway “Olfactory transduction”

(ID “hsa04740”) is mapped to 381 genes. We apply the FDR procedure on the p-values

obtained from the 381 marginal t-tests with respect to a significance level 0.01, where only

16 (4.2%) of the genes were selected. We further performed the L∞ type test (Chernozhukov

et al. [2013]) via Gaussian multiplier calibration on the rest genes in this pathway and obtain

a p-value of 0.07 (We persist on a significance level of 0.01 and conclude that there is no
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strong association). This suggests that non of the rest 365 genes can be further selected

as individually significant. However, our L2-based test leads to the opposite claim. For

this pathway, the estimated tr(Σ̂3
n)/|Σ̂n|3F = 0.757, so we again perform a subsampling test

(m = 12, J = 10, 000), which indicates that the rest of the genes are still significantly

associated with the disease (with a p-value of 0.003).

2.8 Proof of the Results

For ease of notation, we write

fk := [tr(Σk)]1/k and f̂k := [tr(Σ̂k)]1/k, k = 1, 2, . . . .

Then fkk =
∑p
i=1 λ

k
i and f̂kk =

∑p
i=1 λ̂

k
i . For the Frobenius norm with k = 2, we simply

write f = f2 and f̂ = f̂2.

Proof of Proposition 2.2.1. Note that ξ = Λ−1/2Q>Y1 ∼ N(0, Idp). Then Y >1 Y1 =
∑p
j=1 λjξ

2
j ,

where ξj are entries of ξ and are i.i.d. N(0, 1). Let q = 2 + δ. By Burkholder’s inequality

(Chow and Teicher [1997]),

∥∥∥Y >Y − f1

∥∥∥2

q
≤ (q − 1)

p∑
j=1

λ2
j‖ξ

2
j − 1‖2q .

Then (2.10) holds. Let ζ = Λ−1/2Q>Y2. Then Y >1 Y2 =
∑p
j=1 λjξjζj and (2.11) similarly

follows.

In Lemma 2.8.1 and in the proof of Theorem 2.2.2, we define

g0(u) = (1−min(1,max(u, 0))4)4. (2.69)

Any non-increasing function g0(·) with g0(·) ∈ C3, g0(u) = 1 if u ≤ 0, and g0(u) = 0 if
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u ≥ 1, will meet our requirements. To make the calculations explicit, we can choose g0 in

the form of (2.69). Then

g∗ = max
u

[|g′0(u)|+ |g′′0 (u)|+ |g′′′0 (u)|] <∞. (2.70)

Proof of Theorem 2.2.2. Let Yi ∈ Rp be i.i.d. N(0,Σ) random vectors and Ȳ =
∑n
i=1 Yi/n.

Then
∑p
j=1 λjηi and n|Ȳn|22 are identically distributed. Note that f1 =

∑p
j=1 λj . Hence, to

show (2.12), since Lδ(n, ψ) is increasing in ψ, it suffices to prove the following relation holds

for every ψ:

sup
t
|P (Rn ≤ t)− P (R�n ≤ t)| = O(Lδ(n, ψ) + ψ−1/2), (2.71)

where R�n is the Gaussian version of Rn in (2.15):

R�n =
n|Ȳn|22 − f1

f
. (2.72)

Recall (2.69) for g0. We first approximate the indicator function h(x) = I {x ≤ t} by the

C3 function gψ,t(x) = g0(ψ(x− t)) for t fixed. By (2.70),

I {x ≤ t} ≤ gψ,t(x) ≤ I
{
x ≤ t+ ψ−1

}
,

sup
x,t
|g′ψ,t(x)| ≤ g∗ψ, sup

x,t
|g′′ψ,t(x)| ≤ g∗ψ2, sup

x,t
|g′′′ψ,t(x)| ≤ g∗ψ3.

Then P (Rn ≤ t) ≤ Egψ,t (Rn). By Lemma 2.8.1,

Egψ,t (Rn) ≤ Egψ,t (R�n) + CLδ(n, ψ)

≤ P
(
R�n ≤ t+ ψ−1

)
+ CLδ(n, ψ). (2.73)
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The reverse direction is similar: by applying Lemma 2.8.1 again, we have

P (Rn ≤ t) ≥ P
(
R�n ≤ t− ψ−1

)
− CLδ(n, ψ). (2.74)

By (2.73), (2.74) and (2.80) in Lemma 2.8.2, we have (2.71).

Lemma 2.8.1. Assume (2.8) and (2.9). Let K̃δ and D̃δ be specified as in Theorem 2.2.2.

Let gψ,t(x) = g0(ψ(x − t)), where g0(·) is given by (2.69). Recall (2.72) for Rn and R�n.

Then we have

sup
t

∣∣Egψ,t (Rn)− Egψ,t (R�n)
∣∣ = O[Lδ(n, ψ)]. (2.75)

Proof of Lemma 2.8.1. Let Hi =
∑i−1
j=1Xj +

∑n
j=i+1 Yj and

Li =
H>i Hi − (n− 1)f1

nf
,

∆i =
2H>i Xi +X>i Xi − f1

nf
,

Γi =
2H>i Yi + Y >i Yi − f1

nf
.

Note that Hi is independent of Xi and Yi. Let

I = g′ψ,t(Li)(∆i − Γi),

II =
1

2
g′′ψ,t(Li)(∆

2
i − Γ2

i ),

III =
[
gψ,t (Li + ∆i)− gψ,t (Li + Γi)

]
− I− II.
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Note that Xi and Yi both have mean 0 and covariance matrix Σ. Then

EI = EE
[
g′ψ,t(Li)(∆i − Γi)

∣∣Xi, Yi]
=

1

nf
E
[
2(X>i − Y

>
i )E(g′ψ,t(Li)Hi) + (X>i Xi − Y

>
i Yi)Eg

′
ψ,t(Li)

]
= 0.

For II, by (2.70), |g′′ψ,t(u)| ≤ g∗ψ2. Then for C1 = g∗/2,

|EII| =
∣∣∣∣12E[g′′ψ,t(Li)(∆

2
i − Γ2

i )]

∣∣∣∣
=

1

2

∣∣∣E [g′′ψ,t(Li)E(∆2
i − Γ2

i

∣∣∣Hi)]∣∣∣
≤ C1ψ

2E
∣∣∣E(∆2

i − Γ2
i

∣∣∣Hi)∣∣∣ .
The term n2f2E

(
∆2
i − Γ2

i

∣∣Hi) can be decomposed into

4E
[
H>i XiX

>
i Hi −H

>
i YiY

>
i Hi

∣∣∣Hi]+ E
[
(X>i Xi − f1)2 − (Y >i Yi − f1)2

]
+ 4E

[
H>i Xi(X

>
i Xi − f1)−H>i Yi(Y

>
i Yi − f1)

∣∣∣Hi] ,
where E

(
H>i XiX

>
i Hi −H

>
i YiY

>
i Hi

∣∣∣Hi) = 0. By (2.8),

E
∣∣∣(X>i Xi − f1)2 − (Y >i Yi − f1)2

∣∣∣ ≤ f2(K2
0 + c20) ≤ f2K̃2

0 .

Since Yi is Gaussian, E
[
H>i Yi(Y

>
i Yi − f1)

∣∣∣Hi] = 0. By the Cauchy-Schwarz inequality and

(2.8), since ‖H>i Xi‖
2 = (n− 1)tr(Σ2) = (n− 1)f2,

E
∣∣∣E(∆2

i − Γ2
i

∣∣∣Hi)∣∣∣ ≤ K̃2
0

n2
+

E|E[H>i Xi(X
>
i Xi − f1)

∣∣∣Hi]|
n2f2

≤
K̃2

0

n2
+
‖H>i Xi‖‖X

>
i Xi − f1‖

n2f2

≤
K̃2

0

n2
+

K0

n3/2
.

35



So

|EII| ≤ Cψ2(n−2K̃2
0 + n−3/2K̃0). (2.76)

Since 0 ≤ g(t) ≤ 1 for all t, and |g′′′ψ,t(u)| ≤ g∗ψ3. We have that

E |III| ≤ Emin
{

1 + |I|+ |II|, g∗ψ3(|∆i|3 + |Γi|3)
}

≤ CEmin
{

1 + ψ(|∆i|+ |Γi|) + ψ2(|∆i|2 + |Γi|2), ψ3(|∆i|3 + |Γi|3)
}

≤ Cψq(E |∆i|q + E |Γi|q),

where q = 2 + δ. Let x ∈ Rp be a fixed vector. By Rosenthal’s inequality,

E |Hix|qq ≤ cq[i‖X>1 x‖qq + (n− i)‖Y >n x‖qq + nq/2(x>Σx)q/2], (2.77)

where cq and cq,1, . . . hereafter are constants only depend on q and they may take different

values at different appearances. Note that Y >n x ∼ N(0,x>Σx). Let cq,1 = ‖ξ1‖
q
q, ξ1 ∼

N(0, 1). Then E|Y >n x|q = cq,1(x>Σx)q/2 and

‖H>i Xi‖
q
q ≤ cq(n

∥∥∥X>1 X2

∥∥∥q
q

+ nq/2E(X>1 ΣX1)q/2) (2.78)

Hence by (2.9) and (2.11), we have

E|∆i|q ≤ C
E|H>i Xi|

q + E|X>i Xi − f1|q

nqfq

≤ C
nD̃

q
δf
q + nq/2E(X>1 ΣX1)q/2 +K

q
δ f

q

nqfq
. (2.79)
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By (2.77), ‖H>i Yi‖
q
q ≤ cq(nE(X>1 ΣX1)q/2 + nq/2fq), which implies that

E |Γi|q ≤ cq(nE(X>1 ΣX1)q/2/(nf)q + n−q/2).

Observe that (|Hi +Xi|22−nf1)/(nf) = Li + ∆i and (|Hi +Yi|22−nf1)/(nf) = Li + Γi. We

write the telescope sum

gψ,t (Rn)− gψ,t (R�n) =
n∑
i=1

[
gψ,t(Li + ∆i)− gψ,t(Li + Γi)

]
,

which entails (2.75) in view of (2.76), (2.79) and EI = 0.

Lemma 2.8.2. Let a1 ≥ . . . ≥ ap ≥ 0 be such that
∑p
i=1 a

2
i = 1; let ηi be i.i.d. χ2

1 random

variables. Then for all h > 0,

sup
t

P
(
t ≤ a1η1 + . . .+ apηp ≤ t+ h

)
≤ h1/2

√
4/π. (2.80)

Proof of Lemma 2.8.2. Write V =
∑p
i=1 aiηi. Assume a1 ≤ 1/2. Then its characteristic

function φV (s) = E exp(
√
−1sV ), s ∈ R, satisfies

|φV (s)| =

∣∣∣∣∣∣
p∏
j=1

(1− 2
√
−1ajs)

−1/2

∣∣∣∣∣∣
=

p∏
j=1

(1 + 4a2
js

2)−1/4

≤ (1 + 4s2 + 8b4s
4 + 32/3b6s

6)−1/4, (2.81)

where b4 =
∑
j 6=k a

2
ja

2
k = 1−

∑p
k=1 a

4
k ≥ 1− a2

1 ≥ 3/4 and

b6 =
?∑
j,k,l

a2
ja

2
ka

2
l = 1− 3

∑
j 6=k

a4
ja

2
k −

p∑
j=1

a6
j

37



≥ 1− 3

p∑
j=1

a4
j

∑
k 6=j

a2
k + a2

j

 ≥ 1− 3a2
1 ≥ 1/4.

By the inversion formula and (2.81), the density function fV (·) of V satisfies

fV (v) =
1

2π

∫ ∞
−∞

e−
√
−1vsφV (s)ds ≤ 1

2π

∫ ∞
−∞
|φV (s)|ds < 1

Now we shall deal with the case that a1 > 1/2. Note that for all w > 0, supu P(u ≤ η1 ≤

u + w) ≤ w1/2
√

2/π. Then supt P (t ≤ V ≤ t+ h) ≤ (2h)1/2
√

2/π. Combining with the

case a1 ≤ 1/2, we obtain the upper bound max(h1/2
√

4/π, h). Note that (2.80) trivially

holds if h ≥ 1.

Proof of Proposition 2.3.2. Note that ρ(Σ/f) ≤ |Σ/f |F = 1. Since f̃/f − 1 = oP(1),

ρ(Σ/f)(f/f̃ − 1) = oP(1). Hence for the ”if” part,

ρ(Σ̃/f̃ − Σ/f) ≤ ρ(Σ̃− Σ)/f̃ + ρ(Σ/f)|f/f̃ − 1| = oP(1)

The ”only if” part can be similarly proved.

Proof of Lemma 2.3.1. Let ρp = maxj
∣∣ap,j − bp,j∣∣. Choose an integer sequence K = Kp

such that Kp → ∞ and Kpρp → 0. Let W =
∑K−1
j=1 ap,jη

′
j , W

◦ =
∑p
j=K ap,jη

′
j , S =∑K−1

j=1 bp,jη
′
j , S

◦ =
∑p
j=K bp,jη

′
j , w = 2

∑p
j=K a2

p,j and s = 2
∑p
j=K b2p,j . Let uK = a

1/4
p,K .

By the Gaussian approximation result in Sakhanenko [2006], on a richer probability space,

we can construct a random variable Z ∼ N(0, 1), independent of (ηi)
K−1
i=1 , such that

P(|W ◦ − w1/2Z| ≥ uK) ≤ c4

u4
K

p∑
j=K

a4
p,j ≤

c4

u4
K

a2
p,K = c4u

4
K , (2.82)
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where c4 > 0 is an absolute constant. Since uK → 0, by Lemma 2.8.2,

sup
x
|P(|W +W ◦| ≤ x)− P(|W + w1/2Z| ≤ x)| → 0. (2.83)

Similarly, for vK = b
1/4
p,K , we can also construct a probability space with a r.v. Z∗ ∼ N(0, 1)

such that P(|S◦ − w1/2Z∗| ≥ vK) ≤ c4v
4
K , and

sup
x
|P(|S + S◦| ≤ x)− P(|S + s1/2Z∗| ≤ x)| → 0. (2.84)

Let T = (W + w1/2Z)− (S + s1/2Z). Since w − s = 2
∑K−1
j=1 (b2p,j − a

2
p,j),

E|T | ≤ 2(K − 1)ρp + |w1/2 − s1/2|

≤ 2Kρp + |w − s|1/2 ≤ 2Kρp + (4Kρp)
1/2 → 0. (2.85)

Hence, by (2.83), (2.84) and Lemma 2.8.2, (2.41) follows.

Proof of Theorem 2.3.3. Since Xi are i.i.d., we have

E|Σ̂− Σ|2F = E
p∑

j,k=1

(σ̂jk − σjk)2

=
1

n

p∑
j,k=1

E
(
X2

1jX
2
1k − σ

2
jk

)

=
1

n
E
[( p∑
j=1

X2
1j

)2]− 1

n
f2

=
1

n
E[(X>1 X1)2]− 1

n
f2,

which, by the assumption E[(X>1 X1)2] = o
(
nf2

)
, implies E|Σ̂−Σ|2F = o(f2). Then ‖|Σ|F −
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|Σ̂|F ‖2 ≤ ‖|Σ̂− Σ|F ‖2 = o(f), or ‖f − f̂‖2 = o(f), and

‖Σ̂/f̂ − Σ/f‖F ≤ ‖(Σ̂− Σ)/f‖F + ‖|Σ̂/f̂ |F |1− f̂/f |‖ = o(1).

Proof of Theorem 2.3.4. (i) Assume without loss of generality that µ = 0. For a set B ⊂

{1, . . . , n} define W ◦B = (|B||X̄B |22 − f1)/f and WB = [|B||X̄B − X̄|22/(1− |B|/n)− f1]/f .

Using the identity nX̄ = |B|X̄B + (n − |B|)X̄Bc , where Bc = {1, . . . , n} − B, we have by

elementary manipulations that

WB =
n− |B|

n
W ◦B +

|B|
n
W ◦Bc − 2|B|n− |B|

n

X̄>B X̄Bc

f
. (2.86)

Then for any θ > 0, we have by the triangle inequality that

P(W ◦Bj ≤
t− θ

1−m/n
)− τ ≤ P(WBj ≤ t) ≤ P(W ◦Bj ≤

t+ θ

1−m/n
) + τ, (2.87)

where τ = P(|Rj | ≥ θ), Rj = (m/n)W ◦Bcj
− 2m(1 − m/n)−1f−1X̄>BjX̄B

c
j
. Note that

E|X̄>BjX̄Bcj |
2 = f2/(m(n−m)). Since m = o(n), by Theorem 2.2.2, we have Rj = oP(1) and

τ → 0. Hence by Theorem 2.2.2, Lemma 2.8.2 and (2.87),

P(WBj ≤ t)− P(W ◦Bj ≤ t)→ 0. (2.88)

A similar argument implies that, for j 6= j′, the joint probability

P(WBj ≤ t,WBj′
≤ t)− P(W ◦Bj ≤ t,W ◦Bj′

≤ t)→ 0. (2.89)

Therefore, by Theorem 2.2.2, we have E|F̌r(t)− P(V ≤ t)|2 → 0, which implies the uniform

version (2.49) via the standard Glivenko–Cantelli argument in view of the continuity result
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Lemma 2.8.2.

We now prove (ii). Following the argument in (i), it suffices to show that

E|P(W ◦Aj ≤ t,W ◦Aj′
≤ t)− P2(V ≤ t)| → 0. (2.90)

For sets A,A′ ∈ A, let A ∩ A′ = D1, A−D1 = D2 and A′ −D1 = D3. Then

W ◦A = (1− k/m)W ◦D2
+ (k/m)W ◦D1

+ 2k(1− k/m)
X̄>D1

X̄D2

f
,

where k = |D1|. A similar expression exists for W ◦A′ . Choose a sequence ρn → 0 with

m/n = o(ρn). If k ≤ mρn, similarly as in part (i), we have |P(W ◦A ≤ t,W ◦A′ ≤ t)−P(W ◦D2
≤

t,W ◦D3
≤ t)| → 0 and |P(W ◦D2

≤ t) − P(V ≤ t)| → 0. Note that E|Aj ∩ Aj′| ≤ m2/n.

Then P(|Aj ∩ Aj′| ≥ mρn) ≤ m/(nρn) → 0. Then (2.90) follows by conditioning on

|Aj ∩ Aj′| ≤ mρn.

Proof of Theorem 2.3.5. We omit the proof of Theorem 2.3.5 and show Theorem 2.4.1 as

the one sample result is a special case of the two sample result.

The following notation is used in the proof of Theorem 2.4.1.

Denote

T =
SXH1
− SXH4

n1
−
SYM1

− SYM4

n2
, V =

SXH2
− SXH3

n1
−
SYM2

− SYM3

n2
,

τ =
S
ξ
H1
− SξH4

n1
−
S
ζ
M1
− SζM4

n2
, ν =

S
ξ
H2
− SξH3

n1
−
S
ζ
M2
− SζM3

n2
. (2.91)

Note that given the sets A1, B1, A2, B2, the random variables T ,V , τ, ν are independent,
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and

R
(1)
0 =

(τ + ν)>(τ + ν)− f̄1

f̄
, R

(2)
0 =

(τ − ν)>(τ − ν)− f̄1

f̄
, (2.92)

R
(1)
1 =

(T + V)>(T + V)− f̄1

f̄
, R

(2)
1 =

(T − V)>(T − V)− f̄1

f̄
. (2.93)

Proof of Theorem 2.4.1. Given Aj , Bj , X̄Aj−X̄ = n−1
1 (SXAj

−SXAcj ) and ȲBj−Ȳ = n−1
2 (SYBj

−

SYBcj
). By Lemma 2.8.3, we have that for all Aj ∈ A◦, Bj ∈ B◦,

sup
t∈R
|P(R

(j)
1 ≤ t|Aj , Bj)− P (R0 ≤ t) | = o(1),

sup
t∈R

∣∣P (R1 ≤ t|Aj , Bj
)
− P (R0 ≤ t)

∣∣ = o(1).

Consequently,

sup
t
|Eκj(t)| ≤ E[sup

t
|E(κj(t)|Aj , Bj)|] = o(1). (2.94)

On the other hand, Lemma 2.8.4 shows that for any A1, A2 ∈ A◦, B1, B2 ∈ B◦,

sup
t

∣∣∣P(R(1)
1 ≤ t, R

(2)
1 ≤ t|A1, A2, B1, B2

)
− P

(
R

(1)
0 ≤ t, R

(2)
0 ≤ t|A1, A2, B1, B2

)∣∣∣ = o(1),

which implies that

sup
t

∣∣∣P(R(1)
1 ≤ t, R

(2)
1 ≤ t

)
− P

(
R

(1)
0 ≤ t, R

(2)
0 ≤ t

)∣∣∣ = o(1).

By Lemma 2.8.6 and Lemma 2.8.3, we further have

sup
t
|Cov (κ1(t), κ2(t))| = sup

t

∣∣∣P(R(1)
1 ≤ t, R

(2)
1 ≤ t

)
− P2

(
R

(1)
1 ≤ t

)∣∣∣ = o(1). (2.95)
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Therefore, we obtain from (2.94) and (2.95) that

E

J−1
J∑
j=1

κj(t)

2

= o(1).

The uniform convergence (2.63) is obtained via the standard Glivenko-Cantelli argument.

Lemma 2.8.3. Let Condition 2.4.1 be satisfied. Let Z ∼ N(0, Ip). Then we have

sup
t∈R

∣∣∣F (t)− P
(
Z>Σ̄Z ≤ t

)∣∣∣ ≤ C[Lδ(n1, n2, ψ) + ψ−1/2], (2.96)

for some constant C that does not grow with n or p,

Lδ(n1, n2, ψ) =ψ2
[
K̃2

0(n−1
1 + n−1

2 ) + K̃0(n
−1/2
1 + n

−1/2
2 )

]
+ ψq

{(
n−δ1 + n−δ2

)
D̃
q
δ

+
(
n

1−q
1 + n

1−q
2

)
K̃
q
δ + f̄−q

(
n

1−q
1 E(X>1 Σ̄X1)q/2 + n

1−q
2 E(Y >1 Σ̄Y1)q/2

)}
.

Furthermore, if (2.61) and (2.62) hold, then

sup
t∈R

∣∣∣F (t)− P
(
Z>Σ̄Z ≤ t

)∣∣∣ = o(1).

Proof of Lemma 2.8.3. The lemma can be proved in a similar way as Theorem 2.2.2. Details

are omitted.

Lemma 2.8.4. For j = 1, 2, fix Aj, Bj. Recall (2.53) for R
(j)
0 , and denote

R
(j)
1 =

|X̄Aj − X̄ − ȲBj + Ȳ |22 − f̄1

f̄
. (2.97)

Assume that (Xi)1≤i≤n1, (Yj)1≤j≤n2 are independent, and that the conditions in Theorem
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2.4.1 are satisfied. We have that

sup
t

∣∣∣P(R(1)
0 ≤ t, R

(2)
0 ≤ t

)
− P

(
R

(1)
1 ≤ t, R

(2)
1 ≤ t

)∣∣∣ = o(1). (2.98)

Proof of Lemma 2.8.4. We approximate |x| by the function

l(x) =


−16−1

(
5x8 − 21x6 + 35x4 − 35x2

)
, if |x| ≤ 1;

|x|, otherwise .

Then we have for some constant Cl, we have that

sup
x
|l′(x)|+ sup

x
|l′′(x)|+ sup

x
|l′′′(x)| < Cl.

Let lψ(x) = ψ−1l(ψx), then

|x| − ψ−1 ≤ lψ(x) ≤ |x| ≤ lψ(x) + ψ−1.

Recall gψ,t(·) in the proof of Theorem 2.2.2. Define

hψ,t(x, y) = gψ,t
(
x+ 2lψ(y)

)
,

It follows that

I {x+ 2|y| ≤ t} ≤ hψ,t(x, y) ≤ I
{
x+ 2|y| ≤ t+ 3ψ−1

}
. (2.99)
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Recall (2.91) for T, V, τ and ν. Let

ρ0 =
τ>τ + ν>ν − f̄1

f̄
, %0 =

τ>ν
f̄

, (2.100)

ρ1 =
T >T + V>V − f̄1

f̄
, %1 =

T >V
f̄

. (2.101)

Then we have

P
(
R

(1)
1 ≤ t, R

(2)
1 ≤ t

)
= P (ρ1 + 2|%1| ≤ t) ,

P
(
R

(1)
0 ≤ t, R

(2)
0 ≤ t

)
= P (ρ0 + 2|%0| ≤ t) .

So by Lemma 2.8.5, (2.99) and Lemma 2.8.2, we get

P
(
R

(1)
1 ≤ t, R

(2)
1 ≤ t

)
≤ P

(
R

(1)
0 ≤ t+ 3ψ−1, R

(2)
0 ≤ t+ 3ψ−1

)
+ CLδ(n1, n2, ψ)

≤ P
(
R

(1)
0 ≤ t, R

(2)
0 ≤ t

)
+ C1Lδ(n1, n2, ψ) + C2ψ

−1/2.

Similarly,

P
(
R

(1)
1 ≤ t, R

(1)
2 ≤ t

)
≤ P

(
R

(1)
0 ≤ t, R

(2)
0 ≤ t

)
− C1Lδ(n1, n2, ψ)− C2ψ

−1/2.

The proof is completed.

Lemma 2.8.5. Assume the conditions in Theorem 2.8.4 are satisfied. Recall (2.100) and

(2.101). There exists a constant C > 0 such that

sup
t

∣∣Ehψ,t (ρ1, %1)− Ehψ,t (ρ0, %0)
∣∣ ≤ CLδ(n1, n2, ψ).
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Proof of Lemma 2.8.5. Note that there exists a positive constant Ch such that

sup
x,y,t

∣∣∣∣∂hψ,t(x, y)

∂x

∣∣∣∣ ≤ Chψ, sup
x,y,t

∣∣∣∣∂hψ,t(x, y)

∂y

∣∣∣∣ ≤ Chψ,

sup
x,y,t

∣∣∣∣∣∂2hψ,t(x, y)

∂x2

∣∣∣∣∣ ≤ Chψ
2, sup

x,y,t

∣∣∣∣∣∂2hψ,t(x, y)

∂x∂y

∣∣∣∣∣ ≤ Chψ
2,

sup
x,y,t

∣∣∣∣∣∂2hψ,t(x, y)

∂y2

∣∣∣∣∣ ≤ Chψ
2, sup

x,y,t

∣∣∣∣∣∂3hψ,t(x, y)

∂x3

∣∣∣∣∣ ≤ Chψ
3,

sup
x,y,t

∣∣∣∣∣∂3hψ,t(x, y)

∂x2∂y

∣∣∣∣∣ ≤ Chψ
3, sup

x,y,t

∣∣∣∣∣∂3hψ,t(x, y)

∂x∂y2

∣∣∣∣∣ ≤ Chψ
3,

sup
x,y,t

∣∣∣∣∣∂3hψ,t(x, y)

∂y3

∣∣∣∣∣ ≤ Chψ
3.

We can prove the lemma by expanding hψ,t(ρ1, %1) − hψ,t(ρ0, %0) similarly as in Lemma

2.8.1. The details are omitted.

Lemma 2.8.6. Recall R
(j)
0 from (2.53) for j = 1, 2. There exists some constant C > 0 such

that

sup
t

∣∣∣P(R(1)
0 ≤ t, R

(2)
0 ≤ t

)
− P2

(
R

(1)
0 ≤ t

)∣∣∣ ≤ C
(
n
−1/5
1 + n

−1/5
2

)
. (2.102)

Proof of Lemma 2.8.6. Let δ1 = (4|H1| − n1)/n1, δ2 = (4|M1| − n2)/n2, and

β1 = ξ̄A1
− ξ̄, β2 = ξ̄A2

− ξ̄, $1 = ζ̄B1
− ζ̄ , $2 = ζ̄B2

− ζ̄ .

Observe that τ + ν = β1 −$1 and τ − ν = β2 −$2. Let $ = β2 −$2 − δ1β1 + δ2$1, and

a simple calculation leads to

cov(β1 −$1, $|A1, A2, B1, B2) = 0.
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We define

R$ =
|$|22 − f

$
1

f̄
,

where f$1 = tr(Σ$) and Σ$ = (1 − δ2
1)ΣX/n1 + (1 − δ2

2)ΣY /n2. Then for any ι > 0, we

have

PE (R
(1)
0 ≤ t, R

(2)
0 ≤ t) ≤PE (R

(1)
0 ≤ t, R$ ≤ t+ ι) + PE (|R(2)

0 −R$| > ι)

=PE (R
(1)
0 ≤ t)PE (R$ ≤ t+ ι) + PE (|R(2)

0 −R$| > ι)

≤PE (R
(1)
0 ≤ t)PE (R

(2)
0 ≤ t+ 2ι) + 2PE (|R(2)

0 −R$| > ι).

Here the subscript PE and EE denotes conditional probability and expectation givenA1, A2, B1, B2.

For the first term on the right hand side of the inequality above, by Lemma 2.8.2, we have

PE (R
(1)
0 ≤ t)PE (R

(2)
0 ≤ t+ 2ι) ≤ PE (R

(1)
0 ≤ t)PE (R

(2)
0 ≤ t) + ι1/2

√
8/π. (2.103)

For the second term, we have

R
(2)
0 −R$ =

|δ1β1 − δ2$1|22 − f̄1 + f$1
f̄

+
2$>(δ1β1 − δ2$1)

f̄
.

Observe that

EE

∣∣∣∣∣ |δ1β1 − δ2$1|22 − f̄1 + f$1
f̄

∣∣∣∣∣
2

2

= 2
tr((δ2

1ΣX/n1 + δ2
2ΣY /n2)2)

f̄2
≤ 4(δ4

1 + δ4
2),

EE

∣∣∣∣∣2$>(δ1β1 − δ2$1)

f̄

∣∣∣∣∣
2

2

= 4f̄−2tr
[
Σ$

(
δ2
1

ΣX
n1

+ δ2
2

ΣY
n2

)]
≤ 4(δ2

1 + δ2
2).

Then we have ‖R(2)
0 −R$‖

2
2 ≤ C(δ2

1 +δ2
2) for some constant C independent of A1, A2, B1, B2.
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Thus

PE (|R(2)
0 −R$| > ι) ≤ C

δ2
1 + δ2

2

ι2
.

Balancing the above inequality with (2.103), we take ι = δ
4/5
1 + δ

4/5
2 and obtain

PE (R
(1)
0 ≤ t, R

(2)
0 ≤ t) ≤ PE (R

(1)
0 ≤ t)PE (R

(2)
0 ≤ t) + C(δ

2/5
1 + δ

2/5
2 ).

Since

E
[
PE (R

(1)
0 ≤ t)PE (R

(2)
0 ≤ t)

]
= E

[
P(R

(1)
0 ≤ t|A1, B1)P(R

(2)
0 ≤ t|A2, B2)

]
,

the lemma follow from the fact that ‖δj‖2/5 ≤ ‖δ1‖2 = O(n
−1/2
1 ) for the hypergeometric

random variable δj , j = 1, 2.
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Figure 2.1: The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 1. The data are generated with β = 2 and β = 0.6 in the left and
right panels respectively.
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Figure 2.2: The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 2. The data are generated with a = 0.1 and a = 1 in the left and
right panels respectively.
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CHAPTER 3

ESTIMATING HIGH-DIMENSIONAL DYNAMIC GRAPHS

3.1 Introduction

Networks are useful tools to visualize the relational information among a large number of

variables. Edges in the partial correlation network have meaningful statistical interpretation

corresponding to non-zero partial correlations, which corresponds to the non-zero entries in

the inverse covariance matrix (precision matrix) (c.f. Lauritzen [1996], Peng et al. [2009]).

There is a large volume of literature on estimating static network or precision matrix in the

high-dimensional context min(n, p) → ∞, where n is the sample size and p is the number

of variables; see Meinshausen and Bühlmann [2006], Friedman et al. [2008], Banerjee et al.

[2008], Rothman et al. [2008], Yuan [2010], Yuan and Lin [2007], Ravikumar et al. [2008],

Candès and Tao [2007], Cai et al. [2011], Cai and Liu [2011], Fan et al. [2009], Basu et al.

[2015], Loh and Bühlmann [2014], Loh et al. [2013] among many others.

Most of the earlier work in graphical modeling assumes that the underlying network is

time-invariant, which can be quite restrictive in practice. It rules out many real-world ap-

plications in systems such as gene networks, social networks, and stocking market, where

the underlying data generating mechanisms are dynamic (c.f. Lèbre et al. [2010], Przytycka

et al. [2010], Khandani and Lo [2011], Chi et al. [2010]), with potential slow-varying feature

and abrupt changes. Despite the recent successful attempts towards the more flexible time-

varying models (Zhou et al. [2010], Kolar and Xing [2011], Kolar et al. [2010], Kolar and Xing

[2014], Qiu et al. [2015], Lu et al. [2015], Ahmed and Xing [2009], Tibshirani et al. [2005]),

there are still a number of major challenges in the current high-dimensional literature. First,

theoretical analysis were performed under the fundamental assumption that the observations

are either independent, or the temporal dependence has very specific forms such as Gaus-

sian processes or vector autoregression (e.g.Zhou et al. [2010], Kolar and Xing [2011], Basu

51



et al. [2015], Cho and Fryzlewicz [2015], Roy et al. [2014], Qiu et al. [2015], Zhou [2014]).

Second, few existing results consider distribution of the data heavier than sub-Gaussian.

For continuous observations, sub-Gaussian tails were extensively assumed by Zhou et al.

[2010], Kolar and Xing [2011], Cho and Fryzlewicz [2015]; for discrete observations, Markov

random fields, a special case of sub-Gaussian distributions, were exclusively considered in

Roy et al. [2014], Kolar and Xing [2014]. Both requirements are unduly demanding in view

that a lot of time series encountered in real applications are nonlinear Tong [1993], Fan and

Yao [2003]. Third, in addressing the change-point estimation problem in high-dimensional

time series, piecewise constancy that is widely assumed (e.g. Roy et al. [2014], Cho and

Fryzlewicz [2015], Fryzlewicz [2014], Kokoszka and Leipus [2000]) can be violated easily. For

instance, financial data often appears to have time-dependent cross-volatilities with struc-

tural breaks (Aue et al. [2009]). For resting-state fMRI signals, correlation analysis reveals

both slowly varying and abrupt changing characteristics corresponding to modularities in

brain functional networks Chang and Glover [2010], Hutchison et al. [2013].

Explorations in high-dimensional (stationary) time series have been increasing recently;

see Qiu et al. [2015], Wiesel et al. [2013], Qiu et al. [2014], Basu et al. [2015], Zhou [2014],

Chen et al. [2013], Bhattacharjee and Bose [2014], Shu and Nan [2014] among many others.

In Chen et al. [2013], Bhattacharjee and Bose [2014], Shu and Nan [2014], the authors

considered the theoretical properties of regularized estimation of covariance and precision

matrices, based on various dependence measure of high-dimensional time series. Lu et al.

[2015] considered the non-paranormal graphs that evolves with a random variable. Qiu et al.

[2015] discussed the joint estimation of Gaussian graphical models based on a stationary

VAR(1) model with special coefficient matrices, which may also depend on certain covariates.

The authors applied a CLIME estimator with a kernel estimator of covariance matrix and

developed consistency in the graph recovery at a given time points. Basu et al. [2015] studied

the recovery of granger causality across time and nodes assuming a stationary Gaussian
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vector autoregressive model with unknown order. They applied a bi-level threshold group

lasso-type estimator and discussed support recovery assuming restricted eigenvalues and

irrepresentative condition.

In this chapter, we focus on recovering the time-varying undirected graphs based on

regularized estimation of the precision matrices. Our study allows two types of dynamics:

unknown number of abrupt changes and gradual varies between the change points. In partic-

ular, we study high-dimensional piecewise locally stationary processes in a general nonlinear

temporal dependency framework, where the observation are allowed to have only polynomial

moments up to a finite order. The ultimate goal is to simultaneously recover the time-varying

undirected graphs, where edges have meaningful statistical interpretation corresponding to

non-zero partial correlations (c.f. Lauritzen [1996], Peng et al. [2009]). Our method has two

steps. In the first step, the maximum norm of the local difference matrix is computed at each

time point and the jumps in the covariance matrices are detected at the location where the

maximum norms are above a certain level. In the second step, the precision matrices before

and after the jump are estimated by a regularized kernel smoothing estimator. A boundary

correction procedure is applied to reduce the bias near the change point.

We provide an asymptotic theory to justify the proposed method in high-dimensions:

point-wise and uniform rates of convergence are established for the change-point estima-

tion and graph recovery under mild and interpretable conditions. The rates are determined

by subtle interplays of the sample size, dimensionality, temporal dependence, moment con-

dition, and choice of bandwidth. They are significantly more involved than problems for

sub-Gaussian tails and independent samples. Uniform consistent recovery of time-varying

network structures is more challenging and difficult than point-wise consistency. For the mul-

tiple change point detection problem, we characterize the sharp threshold of the difference

statistic that gives consistent selection of the number of change points.

We now introduce some notation. Positive constants, independent of n and p, are denoted
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by C,C1, C2, · · · and their values may differ from line to line. For the sequence of real

numbers, an and bn, we write an = O(bn) or an . bn if lim supn→∞(an/bn) ≤ C for some

constant C <∞ and an = o(bn) if limn→∞(an/bn) = 0. We say an � bn if an = O(bn) and

bn = O(an). For a sequence of random variables Yn and a corresponding set of constants

an, denote Yn = OP(an) if for any ε > 0 there is a constant C > 0 such that P(Yn/an >

C) < ε for all n. For a vector x ∈ Rp, we write |x| = (
∑p
j=1 x

2
j )

1/2. For a matrix Σ,

|Σ|1 =
∑
j,k |σjk|, |Σ|∞ = maxj,k |σjk|, |Σ|L1

= maxk
∑
j |σjk|, |Σ|F = (

∑
j,k σ

2
jk)1/2 and

ρ(Σ) = max{|Σx| : |x| = 1}. For a random vector z ∈ Rp, write z ∈ La, a > 0, if

‖z‖a =: [E(|z|a)]1/a <∞. Let ‖z‖ = ‖z‖2. Denote a ∧ b = min(a, b) and a ∨ b = max(a, b).

3.2 Time Series Model and Assumptions

We first introduce a class of causal vector stochastic process. Let εi ∈ Rp, i ∈ Z be indepen-

dent and identically distributed random vectors and Fi = (. . . , εi−1, εi) be a shift process.

Let (X◦i (t))i∈Z be a p-dimensional stationary process, and X◦i (t) = (X◦i1(t), · · · , X◦ip(t)) is

generated as

X◦i (t) = H(Fi; t), (3.1)

where H(·; ·) =
(
H1(·; ·), . . . , Hp(·; ·)) is an Rp-valued measurable function. We rescale the

time index to ti = i/n and view Xi = Xi,n = X◦i (ti), i = 1, 2, · · · , n. In other words,

Xi,n = H(Fi; i/n). (3.2)

We drop the subscription n in Xi,n in the rest of the chapter. Without loss of generality,

the data is assumed to be preprocessed and has mean zero. Our focus is on the second-order

properties.

Model (3.1) is introduced in Draghicescu et al. [2009]. The processes
(
X◦i (t)

)
i∈Z,t∈[0,1)
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constitute a triangular array, double indexed by i and t, and the observations (Xi)
n
i=1 are

taken from the diagonal of the array. Fixing the time index t, the process
(
X◦i (t)

)
i∈Z is

stationary. On the other hand, since H(Fi; ti) is allowed to vary with ti, the form (3.2) is

able to take into account of non-stationarity.

The process (Xi)i∈Z is causal or non-anticipative as Xi is an output of the past inno-

vations (εj)j≤i and does not depend on the future innovations. In fact, it covers a broad

range of linear and nonlinear, stationary and non-stationary processes such as vector auto-

regressive moving average processes, locally stationary processes, Markov chains, nonlinear

functional processes, etc. (Draghicescu et al. [2009], Zhou and Wu [2009, 2010], Chen et al.

[2013]).

In application, non-stationary time series data can involve both abrupt breaks and smooth

varies between the breaks. To model the non-stationarity, we assume the underlying pro-

cesses are piecewise locally stationary with a finite number of structural breaks, defined as

below.

Definition 3.2.1. PLSι([0, 1], L) is said to be the collection of zero-mean piecewise locally

stationary processes on [0, 1], if for each (X(t))0≤t≤1 ∈ PLSι([0, 1], L), there is a nonnegative

integer ι such that X(t) is piecewise stochastic Lipschitz continuous in t with Lipschitz

constant L on the interval [t(l), t(l+1)), l = 0, · · · , ι, where 0 = t(0) < t(1) · · · < t(ι) <

t(ι+1) = 1. A vector process (X(t))0≤t≤1 ∈ PLSι([0, 1], L) if all coordinates belong to

PLSι([0, 1], L). For the process (X◦0 (t))0≤t≤1 defined in (3.1), this means that there exists

a non-negative integer ι and a constant L > 0, such that

max
1≤j≤p

∥∥Hj(F0; t)−Hj(F0; t′)
∥∥ ≤ L|t− t′| for all t(l) ≤ t, t′ < t(l+1), 0 ≤ l ≤ ι.

If we assume (X◦i (t))0≤t≤1 ∈ PLSι([0, 1], L), i ∈ Z, then it follows that for each i′ =
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i− k, . . . , i+ k, where k/n→ 0, and that t(l) ≤ i, i′ < t(l+1) for some 0 ≤ l ≤ ι, we have

max
1≤j≤p

‖Hj(Fi′ ; i/n)−Hj(Fi′ ; i′/n)‖ ≤ Lk/n = o(1).

In other words, within a locally stationary time period, in a local window of i, (Xi′j)i−k≤i′≤i+k

can be approximated by the stationary process (X◦i′j(i/n))i−k≤i′≤i+k for each j = 1, . . . , p.

The covariance matrix function of the underlying process is Σ(t) =
(
σjk(t)

)
1≤j,k≤p,

t ∈ [0, 1], where σjk(t) = E
(
Hj(F0; t)Hk(F0; t)), and the precision matrix function is Ω(t) =

Σ(t)−1 =
(
ωjk(t)

)
1≤j,k≤p. The graph at time t is denoted by G(t) = (V , E(t)), where V is

the vertex set and E(t) = {(j, k) : ωjk(t) 6= 0}. Note that (X◦i (t))t ∈ PLSι([0, 1], L), i ∈ Z

implies piecewise Lipschitz continuity in Σ(t) except at the breaks t(1), · · · , t(ι). In particular,

if sup0≤t≤1 max1≤j≤p
∥∥Hj(F0; t)

∥∥ ≤ C for some constant C > 0, we have that

|Σ(s)− Σ(t)|∞ ≤ 2CL|s− t|, ∀s, t ∈ [t(l), t(l+1)), l = 0, . . . , ι. (3.3)

The other direction is not necessarily true, i.e., (3.3) does not indicate (X◦i (t))t ∈ PLSι([0, 1], L),

i ∈ Z in general. As a trivial example, let εij = 2−1/2 with probability 2/3 and
√

2 with

probability 1/3 i.i.d for all i, j. At time tk = k/n, let X◦ij(tk) = (−1)k
√
tkεij . Then we

find that for any k and k′ such that k + k′ is odd, |Σ(tk) − Σ(tk′)|∞ = |tk − tk′| but

‖X◦01(tk)−X◦01(tk′)‖2 =
√
tk +

√
tk′ .

Assumption 3.2.1. (i) Assume (X◦i (t))0≤t≤1 ∈ PLSι([0, 1], L) for each i ∈ Z, where L > 0

and ι ≥ 0 are constants independent of n and p.

(ii) For each l = 0, . . . , ι, and 1 ≤ j, k ≤ p, we have σjk(t) ∈ C2[t(l), t(l+1)).

Now we introduce the temporal dependence measure. We quantify the dependence of(
X◦i (t)

)
i∈Z by the dependence adjusted norm (DAN); c.f.Wu and Wu [2016]. Let ε′i be an

i.i.d. copy of εi and Fi,{m} = (· · · , εi−m−1, ε
′
i−m, εi−m+1, · · · , εi). Denote X◦

i,{m}(t) =(
X◦
i1,{m}(t), . . . , X

◦
ip,{m}(t)

)
, where X◦

ij,{m}(t) = Hj(Fi,{m}; t), 1 ≤ j ≤ p. Here X◦
i,{m}(t)
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is a coupled version of X◦i (t), with exactly the same generating mechanism and input, except

εi−m being replaced by its iid copy ε′i−m.

Definition 3.2.2. Let constants a ≥ 1, A > 0. Assume sup0≤t≤1 ‖X◦1j(t)‖a < ∞, j =

1, . . . , p. Define the uniform functional dependence measure for the sequences (X◦ij(t))i∈Z,t∈[0,1]

of form (3.1) as

θm,a,j = sup
0≤t≤1

‖X◦ij(t)−X
◦
ij,{m}(t)‖a, j = 1, · · · , p,

and Θm,a,j =
∑∞
i=m θi,a,j . The dependence adjusted norm of (X◦ij(t))i∈Z,t∈[0,1] is defined

as ∥∥X·,j∥∥a,A = sup
m≥0

(m+ 1)AΘm,a,j ,

whenever
∥∥X·,j∥∥a,A <∞.

Intuitively, the physical dependence measure quantifies the adjusted stochastic difference

between the random variable and its coupled version by replacing past innovations. In-

deed, θm,a,j measures the impact on X◦ij(t) uniform over t by replacing εi−m while freezing

all the other inputs, while Θm,a,j quantifies the cumulative influence of replacing ε−m on

(X◦ij(t))i≥0 uniform over t. DAN
∥∥X·,j∥∥a,A controls the uniform polynomial decay in the

lag of the cumulative physical dependence, where a depends on the the tail of marginal

distributions of X◦1,j(t) and A quantifies the polynomial decay power, and hence the tempo-

ral dependence strength. It is apparent that
∥∥X·,j∥∥a,A is a semi-norm, i.e., it has absolute

scalability and satisfies the triangular inequality.

Assumption 3.2.2. Let X◦i (t) be defined in (3.1) and Xi in (3.2). There exist q > 2 and

A > 0 such that

ν2q := sup
t∈[0,1]

max
1≤j≤p

E|X◦j (t)|2q <∞ and NX,2q := max
1≤j≤p

∥∥X·,j∥∥2q,A <∞. (3.4)
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We let MX,q :=
(∑

1≤j≤p
∥∥X·,j∥∥q2q,A)1/q

and write NX = NX,4, MX = MX,2. The

quantity MX,q and NX,2q measures the Lq aggregated effect and the largest effect of the

element-wise DANs respectively. Both quantities play a role in the convergence rates of our

estimator.

Apparently we have that ‖Xij −Xij,{m}‖a ≤ θm,a,j and that max1≤j≤p E|Xij |2q ≤ ν2q

for all 1 ≤ i ≤ n. In contrast to other works in high-dimensional covariance matrix and

network estimation, where sub-Gaussian tails and independence are the keys to ensure con-

sistent estimation, Assumption 3.2.2 only requires that the time series have finite polynomial

moment and allows linear and nonlinear processes with short memory in the time domain.

Example 3.2.1. Consider the following linear process model

H(Fi; t) =
∞∑
m=0

Am(t)εi−m,

where εi = (ε1, . . . , εp) and εij are iid with mean 0 and variance 1, and ‖εij‖q ≤ Cq for each

i ∈ Z and 1 ≤ j ≤ p with some constant q > 2 and Cq > 0. The linear process is commonly

seen in literature and application. It includes the vector autoregressive model as a special

example. Assume the coefficient matrices Am(t) = (am,jk(t))1≤j,k≤p,m = 0, 1, . . . satisfy

the following condition.

(A1) For each 1 ≤ j, k ≤ p, am,jk(t) ∈ C2[0, 1].

(A2) For each 1 ≤ j ≤ p, there is a constant CA,j > 0 such that for each t ∈ [0, 1],∑p
k=1 am,jk(t)2 ≤ CA,j(m+ 1)−2(A+1) for all m ≥ 0.

(A3) For any t, t′ ∈ [0, 1],
∑∞
m=0

∑p
k=1[am,jk(t) − am,jk(t′)]2 ≤ L2|t − t′|2 for each j =

1, . . . , p.
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We have that

σjk(t) =
∑
m≥0

A>m,j·(t)Am,k·(t),

Θm,q,j ≤ 2Cq
√
q − 1

∞∑
m=0

(A>m,j·Am,j·)
1/2,

‖X◦ij(t)−X
◦
ij(t
′)‖2 =

∞∑
m=0

Am,j·

p∑
k=1

[am,jk(t)− am,jk(t′)]2,

where Am,j·(t) is the jth row of Am(t).

Under condition (A1)-(A3), one can easily verify that for each 1 ≤ j, k ≤ p, the process

has (1) σjk(t) ∈ C2[0, 1]; (2) ‖X·,j‖q,A ≤
√

(q − 1)CA,jCq by the Burkholder inequality

(Chow and Teicher [1997]); and (3) ‖Hj(F0; t)−Hj(F0; t′)‖ ≤ L|t− t′|.

Conditions (A1)-(A3) implicitly assume smoothness in each entry of the coefficient ma-

trices, sparseness in each column of the entry and evolution, and polynomial decay rate in

the lag m of each entry and its derivative.

For 1 ≤ l ≤ ι, let δjk(t(l)) := σjk(t(l)) − σjk(t(l)−) and ∆(t(l)) =
(
δjk(t(l))

)
1≤j,k≤p,

where σjk(t(l)−) = limt→t(l)− σjk(t) exists as a consequence of (3.3). We assume that the

change points are distinguishable and separated.

Assumption 3.2.3. There exist positive constants c1 ∈ (0, 1) and c2 > 0 independent of n

and p such that max0≤l≤ι(t
(l+1) − t(l)) ≥ c1 and δ(tl) := |∆(tl)|∞ ≥ c2.

In the high-dimensional context, we assume that the inverse covariance matrices are

sparse in the sense of their L1 norms.

Assumption 3.2.4. The precision matrix |Ω(t)|L1 ≤ κp for each t ∈ [0, 1], where κp is

allowed to grow with p.

If we further assume that the eigenvalues of the covariance matrices are bounded from

below and above, i.e., there exists a constant 0 < c < 1 such that c ≤ inft∈[0,1] |Σ(t)|2 ≤
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supt∈[0,1] |Σ(t)|2 ≤ c−1, then the covariance matrices and precision matrices are well-conditioned.

In particular, as |Ω(t) − Ω(t′)| ≤ c−2|Σ(t) − Σ(t′)|, a small perturbation in the covariance

matrix would cause no big jump in the precision matrix (in the sense of the spectral norm).

3.3 Method: Change Point Detection and Support Recovery

In Gaussian graphical models, the network structure is a second-order feature of the data.

Specifically, the appearance of edges coincides with the support of the inverse covariance

matrix. Same thing happens in the context of partial correlation graph. Detection of the

potential change points is necessary in view of |Ω(t)−Ω(t−)|∞ ≥ |Σ(t)|−1
L1 |Σ(t−)|−1

L1 |∆(t)|∞,

i.e., a non-negligible abrupt change in the covariance matrix will result in a substantial change

of the graph structure for sparse covariance matrices. More importantly, recovering the graph

structure using time series data that has abrupt jumps in the covariance matrix will induce

remarkable error, as the estimates of the covariance components are themselves inaccurate.

In other words, local smoothness in the covariance matrix is required for the inference of the

graphical structure via constraint l1 minimization estimator.

Proposition 3.4.1 and 3.4.2 in Section 3.4 show that under appropriate conditions, if each

element of the covariance matrix varies smoothly in time, one can obtain accurate snapshot

estimation of the precision matrices as well as the time-varying graphs with high probability

via a kernel smoothed constrained l1 minimization approach. As a consequence, our graph

recovery method consists of two steps: change point detection and support recovery.

Let h ≡ hn > 0 be the bandwidth such that h → 0 and n−1 � h as n → ∞, and

Dh(0) = {h, h+ 1/n, · · · , 1− h} be the search grid. Define

D(s) =
1

n

hn−1∑
i=0

Xns−iX
>
ns−i −

hn∑
i=1

Xns+iX
>
ns+i

 , s ∈ Dh(0). (3.5)

60



To estimate the change points, compute

ŝ1 = argmaxs∈Dh(0)|D(s)|∞. (3.6)

The following steps are performed recursively. For l = 1, 2, . . ., let

Dh(l) = Dh(l − 1) ∩ {ŝl − 2h, · · · , ŝl + 2h}c, (3.7)

ŝl+1 = arg maxs∈Dh(l) |D(s)|∞, (3.8)

until the following criterion is attained:

max
s∈Dh(l)

|D(s)|∞ < ν, (3.9)

where ν is the early stopping threshold. Here ν is taken according to the error level, which

as described in Section 3.4, depends on the dimension and sample size, as well as the serial

dependence level, tail condition and local smoothness. Since our method only utilizes data

in the localized neighborhood, ranked multiple change points can be estimated in a single

pass, which offers the computational advantage than the binary segmentation algorithm Cho

and Fryzlewicz [2015], Fryzlewicz [2014].

Once the change points are claimed, in the second step, we apply a time-varying (tv-

) CLIME estimator for the covariance matrix functions of the multiple pieces of locally

stationary processes before and after the structural breaks (Cai et al. [2011]). Let

Σ̂(t) =
n∑
i=1

w(t, ti)XiX
>
i , (3.10)

61



where

w(t, i) =
Kb(ti, t)∑n
i=1Kb(ti, t)

(3.11)

and Kb(u, v) = K(|u − v|/b)/b. The bandwidth b satisfies that b → 0 and n−1 � b as

n → ∞. Also denote Bn = nb. The kernel function K(·) is chosen to have properties as

follows.

Assumption 3.3.1. The kernel function K(·) is non-negative, symmetric, and Lipschitz

continuous with bounded support in [−1, 1], and that
∫ 1
−1K(u)du = 1.

Assumption 3.3.1 is a common requirement on the kernel functions and can be fulfilled

by a range of kernel functions such as the uniform kernel, triangular kernel, Epanechnikov

kernel, etc.

The tv-CLIME estimator of the precision matrix Ω(t) is defined by Ω̃(t) =
(
ω̃jk(t)

)
1≤j,k≤p,

where ω̃jk(t) = min(ω̂jk(t), ω̂kj(t)), and Ω̂(t) ≡ Ω̂λ(t) = (ω̂jk(t))1≤j,k≤p,

Ω̂λ(t) = arg min
Ω∈Rp×p

|Ω|1 s.t. |Σ̂(t)Ω− Idp|∞ ≤ λ. (3.12)

Then, the network is estimated by the “effective support” defined as follows.

Ĝ(t;u) = (ĝjk(t;u))1≤j,k≤p, where ĝjk(t;u) = I
{
|ω̃jk(t)| ≥ u

}
. (3.13)

It should be note that the kernel smoothing estimator of the covariance matrix does not

reflect the abrupt jump in the covariance matrix at each change point (c.f. Assumption

3.2.3), as it element-wisely smoothly spreads the point mass around the investigated time

point. In addition, in the neighborhood of the change points, non-negligible bias will be

induced in estimating Σ(t) by Σ̂(t) due to the jump. As a simple remedy, we apply the

following reflection method for boundary correction. Suppose t ∈ T̂b+h2(j) for 1 ≤ j ≤ ι,
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Denote T̂d(j) := [ŝj − d, ŝj + d) for d ∈ (0, 1). We replace (3.10) by

Σ̂(t) =
n∑
i=1

w(t, ti)x̆ix̆
>
i ,

and then apply the rest of the tv-CLIME approach. Here

x̆i =


xi if (i− ŝjn)(t− ŝjn) ≥ 0;

x2ŝjn−i otherwise.

(3.14)

3.4 Theoretical Results

Our first result is that under appropriate conditions, element-wise local smoothness of the

covariance matrix is sufficient for the consistency of support recovery via tv-CLIME. The

latter observation motivates us to first identify the abrupt changes in covariance matrices in

the sense of the max norm.

Define Jq,A(n, p) = MX,q(p$q,A(n))
1
q , where $q,A(n) = n, n(log n)1+2q, nq/2−Aq if A >

1/2− 1/q, A = 1/2− 1/q, and 0 < A < 1/2− 1/q, respectively.

Proposition 3.4.1. Suppose Assumptions 3.2.2, 3.2.4 and 3.3.1 hold with ι = 0. Let

Bn = bn for n−1 � b � 1. Choose the parameter λ◦ ≥ Cκp(b
2 + B−1

n Jq,A(Bn, p) +

NX(log p/Bn)1/2) in the tv-CLIME estimator Ω̂λ◦(t) in (3.12), where C is a sufficiently

large constant independent of n and p. Then for any t ∈ [b, 1− b], we have

|Ω̂λ◦(t)− Ω(t)|∞ = OP(κpλ
◦). (3.15)

Furthermore, if we choose λ� ≥ Cκp

(
b2 +B−1

n Jq,A(n, p) +NXB
−1
n (n log(p))1/2

)
, then

sup
t∈[b,1−b]

|Ω̂λ�(t)− Ω(t)|∞ = OP(κpλ
�). (3.16)
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The optimal order of the bandwidth parameter b = b] is the solution to the following

equation

b2 = B−1
n max(Jq,A(n, p), NX(n log(p2))1/2).

In fact, closed-form expression for b] is available. For constants C1 and C2 that are inde-

pendent of n and p, take

b] = C1
(
n−1Jq,A(n, p)

)1/3
+ C2N

1/3
X n−1/6 log(p)1/6.

Given a finite sample, to distinguish the low entries in the precision matrix from the

noise is challenging. In addition, a low magnitude of a certain element of the precision

matrix implies weak connection of the edge in the graphical model. As a result, we only

consider the estimation of significant edges in the graphs. Define the set of significant edges

at level u as E∗(t;u) =
{

(j, k) : g∗jk(t;u) 6= 0
}

, where

g∗jk(t;u) = I
{
|ωjk(t)| > u

}
.

Then, as an immediate consequences of (3.16), we have the following support recovery con-

sistency result.

Proposition 3.4.2. Choose u as u] = C0κ
2
pb

2
] , where C0 is taken as a sufficiently large

constant independent of n and p. Suppose that u] = o(1) as n, p → ∞. Then under

conditions of Proposition 3.4.1, we have that as n, p→∞,

P
(

sup
t∈[b,1−b]

∑
(j,k)∈Ec(t)

I
{
ĝjk(t;u]) 6= 0

}
6= 0
)
→ 0, (3.17)

P
(

sup
t∈[b,1−b]

∑
(j,k)∈E∗(t;2u])

I
{
ĝjk(t;u]) = 0

}
6= 0
)
→ 0. (3.18)
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Proposition 3.4.2 states that the pattern of significant edges in the time-varying true

graphs G(t), t ∈ [b, 1 − b], can be correctly recovered with high probability. However, it is

still an open question to what extent the edges with magnitude below u can be consistently

estimated. Hypothesis test for the partial correlation graph in the non-stationary high-

dimensional time series is rather challenging. We leave it as a future problem.

Propositions 3.4.1 and 3.4.2 yield that consistent estimation of the precision matrices and

the graphs can be achieved before and after the change points. Now we provide theoretical

result of the change point detection. Theorem 3.4.3 shows that if the change points are

distinguishable and separated, then we can consistently identify them via the single pass

segmentation approach under regular conditions. Denote

h� = C1
(
n−1Jq,A(n, p)

)1/3
+ C2N

1/3
X n−1/6 log(p)1/6,

where C1 and C2 are constants independent of n and p.

Theorem 3.4.3. Assume Xi ∈ Rp admits the form (3.2). Suppose that Assumptions 3.2.2

to 3.2.3 are satisfied. Choose the bandwidth h = h�, and ν = (1 + L)h2
� in (3.5) and (3.9)

respectively. Assume that h� = o(1) as n, p → ∞. We have that there exist constants

C1, C2, C3 independent of n and p such that

P(|ι̂− ι| > 0) ≤ C1
(p$q,A(n)M

q
X,qν

q
2q

nqc
q
2

)1/3
+ C2p

2 exp
(
− C3(

n log2(p)

N2
X

)1/3). (3.19)

Furthermore, on the event {ι = ι̂}, the ordered change-point estimator (ŝ(1) < ŝ(2) < · · · <

ŝ(ι̂)) defined in (3.7) satisfies

max1≤j≤ι |ŝ(j) − t(j)| = OP(h2
�). (3.20)

Proposition 3.4.2 and Theorem 3.4.3 together indicate the consistency in the snapshot
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estimation of the time-varying graphs before and after the change points. Around the change

points, we have the following result for the recovery of the time-varying network. Denote

S :=
[
b], 1 − b]] ∩ (∪1≤j≤ι̂T̂ ch2�+b](j)

)
as the time intervals between the estimated change

points, and N := [0, b])∪
(
∪1≤j≤ι̂ (T̂h2�+b]∩T̂

c
h2�

)
)
∪(1−b], 1] as the recoverable neighborhood

of the jump.

Theorem 3.4.4. Let Assumptions 3.2.2 to 3.3.1 be satisfied. We have the following results

as n, p→∞.

(i) For t ∈ S, take b = b] and u = u], where b] and u] are defined in Proposition 3.4.2.

Suppose u] = o(1) as n, p→∞. we have

sup
t∈S

max
j,k
|σ̂j,k(t)− σj,k(t)| = OP(b2] ). (3.21)

Choose the penalty parameter as λ] := C1κpb
2
] , where C1 is a constant independent of

n and p. Then

sup
t∈S
‖Ω̂λ](t)− Ω(t)‖∞ = OP(κ2

pb
2
] ). (3.22)

Moreover,

P
(

sup
t∈S

∑
(j,k)∈Ec(t)

I
{
ĝj,k(t;u]) 6= 0

}
= 0
)
→ 1, (3.23)

P
(

sup
t∈S

∑
(j,k)∈E∗(t;2u])

I
{
ĝjk(t;u]) = 0

}
= 0
)
→ 1. (3.24)

(ii) For s ∈ N , take b = b? := C1
(
n−1Jq,A(n, p)

)1/2
+ C2N

1/2
X n−1/4 log(p)1/4, and u =

u? := C0κ
2
pb?, where C0, C1 and C2 are constants independent of n and p. Suppose
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u? = o(1) as n, p→∞. We have

sup
t∈N

max
j,k
|σ̂j,k(t)− σj,k(t)| = OP(b?). (3.25)

Choose the penalty parameter as λ? := C1κpb?, where C1 is a constant independent of

n and p. Then

sup
t∈N
‖Ω̂λ?(t)− Ω(t)‖∞ = OP(κ2

pb?). (3.26)

Moreover,

P
(

sup
t∈N

∑
(j,k)∈Ec(t)

I
{
ĝj,k(t;u?) 6= 0

}
= 0
)
→ 1, (3.27)

P
(

sup
t∈N

∑
(j,k)∈E∗(t;2u?)

I
{
ĝj,k(t;u?) = 0

}
= 0
)
→ 1. (3.28)

Note around the jump points, the convergence rates for the covariance matrix entries

and precision matrix entries in case (i) are slower than that of the between jump intervals in

case (ii). This is because on the boundary due to the reflection, the smooth condition may

no longer be true. Indeed, we only take advantage of the Lipschitz continuous property of

the covariance matrix. Thus the bias term b2 in the convergence rate of the between-jump

area becomes b around the jumps. We note that around the smaller neighborhood of the

jump J := ∪1≤j≤ι̂T̂h2� , due to the error in the change point detection, consistent recovery

the graphs is not achievable.

3.5 A Real Data Application

In this section, we apply our method to a real financial dataset from Yahoo! Finance

(finance.yahoo.com). The data matrix contains daily closing prices of 452 stocks that
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are always in the S&P 500 index between January 1, 2003 through January 1, 2008. In

total, there are n = 1258 time points. We select 50 stocks with the largest volatility and

consider their log-returns; that is, for j = 1, · · · , 50,

Xij = log
(
pi+1,j/pij

)
,

where pij is the daily closing price of the stock j at time point i. For each stock, the log-

returns Xij are then standardized to zero mean and unit variance. We first compute the

statistic (3.5) and (3.6) for the change point detection. We look at the top three statistics

for different bandwidths. For bandwidth nk = 15, we rank the test statistic and find that

the top three locations for the change points are: May 26, 2006 (nŝ1 = 858), May 10, 2007

(nŝ2 = 1097), and June 12, 2003 (nŝ3 = 113). The detected change points are quite robust

to a variety of choices of bandwidth, except that as the bandwidth becomes larger, the test

statistic is more clustered together. Our result is partially consistent with the change point

detection method in Aue et al. [2009]. In particular, the two breaks in 2006 and 2007 were

also found in Aue et al. [2009] and it is conjected that the 2007 break may be associated

to the U.S. house market collapse. Meanwhile, it is interesting to observe the increased

volatility before the 2008 financial crisis.

Next, we estimate the time-varying networks before and after the change point at May

26, 2006 with the largest jump size. Specifically, we look at four time points at: 813, 828,

888, and 903, corresponding to March 23, 2006 April 13, 2006, July 11, 2006, and August

1, 2006. We use tv-CLIME (3.12) with Epanechnikov kernel with the same bandwidth as

in the change point detection to estimate the networks at the four points. Optimal tuning

parameter λ is automatically selected according to the stability approach Liu et al. [2010].

The following matrix shows the number of different edges at those four time points. It is

observed that time the first two time points (813 and 828) and the last two (888 and 903)

have higher similarity than across the change point at time 858. The estimated networks
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Figure 3.1: Break size |Ds|∞. From January 1, 2003 to January 1, 2008.

are shown in Figure 3.2. It is observed that at each time point the companies in the same

section tend to be clustered together such as companies in the Energy section: OXY, NOV,

TSO, MRO and DO (highlighted in cyan).

Distance matrix of estimated networks:



0 332 350 396

332 0 394 428

350 394 0 234

396 428 234 0


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Figure 3.2: Estimated networks at time points 813, 828, 888 and 903, corresponding to
March 23, 2006, April 13, 2006, July 11, 2006, and August 1, 2006. Networks in the first
and second row are estimated before and after the estimated change point at time 858,
respectively. Different colors correspond to the nine sections in the S&P dataset.
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3.6 Proof of the Results

3.6.1 Preliminary Lemmas

Lemma 3.6.1. Let (Yi)i∈Z be a sequence that admits (3.2). Assume Yi ∈ Lq for i =

1, 2, · · · , and the dependence adjusted norm (DAN) of the corresponding underlying array

(Y ◦i (t)) satisfies ‖Y·‖q,A < ∞ for q > 2 and A > 0. Let (ω(t, ti))
n
i=1 be defined in (3.11)

and suppose that the kernel function K(·) satisfies Assumption 3.3.1. Denote $q,A(n) =

n, n(log n)1+2q, nq/2−Aq if A > 1/2 − 1/q, A = 1/2 − 1/q, and 0 < A < 1/2 − 1/q,

respectively. Then there exist constants C1, C2 and C3 independent of n, such that for all

x > 0,

sup
t∈(0,1)

P

(∣∣∣∣∣
n∑
i=1

w(t, ti)
(
Yi − E(Yi)

)∣∣∣∣∣ > x

)
≤ C1

$q,A(Bn) ‖Y·‖qq,A
B
q
nxq

+ C2 exp

(
−C3Bnx

2

‖Y·‖22,A

)
.

(3.29)

P

(
sup

t∈(0,1)

∣∣∣∣∣
n∑
i=1

w(t, ti)
(
Yi − E(Yi)

)∣∣∣∣∣ > x

)
≤ C1

$q,A(n) ‖Y·‖qq,A
B
q
nxq

+ C2 exp

(
−C3B

2
nx

2

n ‖Y·‖22,A

)
.

(3.30)

Proof. Let Si =
∑i
j=1

(
Yi − E(Yi)

)
. Note that

sup
t∈(0,1)

∣∣∣∣∣
n∑
i=1

w(t, ti)Yi

∣∣∣∣∣ = sup
t∈(0,1)

∣∣∣∣∣
n∑
i=1

w(t, ti)(Si − Si−1)

∣∣∣∣∣
≤ sup

t

∣∣∣∣∣
n−1∑
i=1

[(
w(t, ti)− w(t, ti+1)

)
Si
]∣∣∣∣∣+ sup

t
|w(t, 1)Sn|

. B−1
n max

1≤i≤n
|Si|,

where the last inequality follows from the fact that supt
∑n
i=1 |w(t, ti)−w(t− ti+1)| � B−1

n
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due to Assumption 3.3.1.

To see (3.30), it suffices to show

P
(

max
1≤i≤n

|Si| > x

)
≤ C1

$q,A(n) ‖Y·‖qq,A
xq

+ C2 exp

(
−C3x

2

n ‖Y·‖22,A

)
. (3.31)

Now we develop a probability deviation inequality for max1≤i≤n |
∑i
j=1 αjYj |, where

αj ≥ 0, 1 ≤ j ≤ n are constants such that
∑

1≤j≤n αj = 1. Denote P0(Yi) = E(Yi|εi)−E(Yi)

and

Pk(Yi) = E(Yi|εi−k, . . . , εi)− E(Yi|εi−k+1, . . . , εi).

Then we can write

max
1≤i≤n

|
i∑

j=1

αjYj | ≤ max
1≤i≤n

|
i∑

j=1

αjP0(Yj)|+ max
1≤i≤n

|
n∑
k=1

i∑
j=1

αjPk(Yj)| (3.32)

+ max
1≤i≤n

|
∞∑

k=n+1

i∑
j=1

αjPk(Yj)|.

Note that (P0(Yj))j∈Z is an independent sequence. By Nagaev’s inequality and Ottaviani’s

inequality, we have that

P( max
1≤i≤n

|
i∑

j=1

αjP0(Yj)| ≥ x) .

∑n
j=1 α

q
j

∥∥P0(Yj)
∥∥q
q

xq
+ exp

(
− C3x

2∑n
j=1 α

2
j‖P0(Yj)‖22

)
(3.33)

.

∑n
j=1 α

q
j

xq‖Yj‖q
+ exp

(
− C3

x2∑n
j=1 α

2
j

)
,

where the last inequality holds because ‖P0(Yj)‖q ≤ 2‖Yj‖q by Jensen’s inequality. Since∑∞
j=i+1 αjPk(Yj) is a martingale difference sequence with respect to σ(εi+1−k, εi+2−k, . . .),

we have that |
∑∞
k=1+n

∑n
j=i+1 αjPk(Yj)| is a non-negative sub-martingale. Then by Doob’s
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inequality and Burkholder’s inequality, we have

P
(

max
1≤i≤n

|
∞∑

k=n+1

i∑
j=1

αjPk(Yj)| ≥ x
)

≤ P
(
|
∞∑

k=n+1

n∑
j=1

αjPk(Yj)| ≥
x

2

)
+ P

(
max

1≤i≤n
|
∞∑

k=n+1

n∑
j=1+i

αjPk(Yj)| ≥
x

2

)

.

∥∥∥∑∞k=1+n

∑n
j=1 αjPk(Yj)

∥∥∥q
q

xq

.
(
∑n
j=1 α

2
j )
q/2Θ

q
n,q

xq
≤

Θ
q
n,qn

q/2−1∑n
j=1 α

q
j

xq
. (3.34)

Now we deal with the term max1≤i≤n |
∑n
k=1

∑i
j=1 αjPk(Yj)|. Define am = min(2m, n) and

Mn = dlog n/ log 2e. Then

max
1≤i≤n

∣∣ n∑
k=1

i∑
j=1

αjPk(Yj)
∣∣ ≤ Mn∑

m=1

max
1≤i≤n

∣∣ di/ame∑
l=1

min(lam,i)∑
j=1+(l−1)am

am∑
k=1+am−1

αjPk(Yj)
∣∣. (3.35)

Let Aodd = {1 ≤ l ≤ di/ame, l is odd} and Aeven = {1 ≤ l ≤ di/ame, l is even}. We have

P
(

max
1≤i≤n

∣∣ di/ame∑
l=1

Zl,m,i
∣∣ ≥ x

)
≤ P

(
max

1≤i≤n

∣∣ ∑
Aodd

Zl,m,i
∣∣ ≥ x/2

)
+ P

(
max

1≤i≤n

∣∣ ∑
Aeven

Zl,m,i
∣∣ ≥ x/2

)
,

where we have that Zl,m,i :=
∑min(lam,i)
j=1+(l−1)am

αjPamam−1(Yj) is independent of Zl+2,m,i for 1 ≤

l ≤ di/ame, 1 ≤ m ≤ Mn, 1 ≤ i ≤ n, as Pamam−1(Yj) :=
∑am
k=1+am−1

Pk(Yj) is am-dependent.

Therefore, we can apply Ottaviani’s inequality and Nagaev’s inequality for independent

variables. As a consequence,

P
(

max
1≤i≤n

∣∣ di/ame∑
l=1

Zl,m,i
∣∣ ≥ x

)
.

∑
1≤l≤dn/ame ‖Zl,m,n‖

q
q

xq
+exp

(
− C3x

2∑
1≤l≤dn/ame ‖Zl,m,n‖

2
2

)
.
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Again, by Burkholder’s inequality, we have that for q ≥ 2,

‖Zl,m,n‖q ≤
am∑

k=1+am−1

‖
min(lam,n)∑
j=1+(l−1)am

αjPk(Yj)‖q

. (

min(lam,n)∑
j=1+(l−1)am

α2
j )

1/2(Θam−1 −Θam).

Note
∑min(lam,n)
j=1+(l−1)am

α2
j ≤ a

(q−2)/q
m (

∑min(lam,n)
j=1+(l−1)am

α
q
j)

2/q. Let τm = m−2/
∑Mn
m=1m

−2, and

we have τm � m−2 as 1 ≤
∑Mn
m=1m

−2 ≤ π2/6. In respect to (3.35), we have that

P
(

max
1≤i≤n

∣∣ n∑
k=1

i∑
j=1

Pk(Yj)
∣∣ ≥ x

)
≤

Mn∑
m=1

P
(

max
1≤i≤n

∣∣ di/ame∑
l=1

Zl,m,i
∣∣ ≥ τmx

)
(3.36)

.

∑n
i=1 α

q
j

xq
‖Y·‖qq,A

Mn∑
m=1

τ
−q
m a

(1/2−A)q−1
m +

Mn∑
m=1

exp
(
− C3x

2τ2
ma

2A
m∑n

j=1 α
2
j‖Y·‖

2
2,A

)
.

Note
∑Mn
m=1 τ

−q
m a

(1/2−A)q−1
m � n−1$q,A(n), and

Mn∑
m=1

exp
(
− C3x

2τ2
ma

2A
m∑n

j=1 α
2
j‖Y·‖

2
2,A

)
. exp

(
− C3x

2∑n
j=1 α

2
j‖Y·‖

2
2,A

)
.

Combining (3.32), (3.33), (3.34) and (3.36), we obtain

P
(

max
1≤i≤n

∣∣ i∑
j=1

αj
(
Yj − E(Yj)

)∣∣ > x
)

≤ C1

$q,A(n)
∑n
j=1 α

q
j ‖Y·‖

q
q,A

nxq
+ C2 exp

( −C3x
2∑n

j=1 α
2
j ‖Y ‖

2
2,A

)
. (3.37)

Now we have (3.31) by taking αj = n−1 for j = 1, . . . , n. Note that since K(·) has bounded
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support, for any given t ∈ [b, 1− b], we have

P
(∣∣ n∑
i=1

w(t, ti)(Yi − EYi)
∣∣ > x

)
≤ P

(∣∣ Bn∑
i=−Bn

w(t, ttn+i)(Ytn+i − EYtn+i)
∣∣ > x

)
≤ C1

$q,A(Bn)
∑Bn
i=−Bn w(t, ttn+i)

q ‖Y·‖qq,A
Bnxq

+ C2 exp
( −C3x

2∑Bn
i=−Bn w(t, ttn+i)2 ‖Y·‖22,A

)
.

Therefore (3.29) follows from (3.37) by taking αj = w(t, tn+ j) and note that Note that for

any t ∈ [b, 1− b],
∑Bn
i=−Bn w(t, ttn+i)

β � B
1−β
n for a constant β ≥ 2.

Lemma 3.6.2. Suppose (Xij)i∈Z,1≤j≤p satisfy Assumption 3.2.2. Also let Assumption 3.3.1

hold. Let $q,A(n) be defined as in Lemma 3.6.1. Then there exist constants C1, C2 and C3

independent of n and p, such that for all x > 0, we have

sup
t∈(0,1)

P
(∣∣ n∑
i=1

ω(t, ti)
(
XiX

>
i − E(XiX

>
i )
)∣∣
∞ ≥ x

)
≤ C1ν

q
2q

p$q,A(Bn)M
q
X,q

B
q
nxq

+ C2p
2 exp

(
−C3

Bnx
2

ν2
4N

2
X

)
, (3.38)

and

P
(

sup
t∈(0,1)

∣∣ n∑
i=1

w(t, ti)
(
XiX

>
i − E(XiX

>
i )
)∣∣
∞ ≥ x

)
≤ C1ν

q
2q

p$q,A(n)M
q
X,q

B
q
nxq

+ C2p
2 exp

(
−C3

B2
nx

2

nν2
4N

2
X

)
. (3.39)

Proof. For 1 ≤ j, k ≤ p, let Yi,jk = XijXik. We now check the conditions in Lemma 3.6.1 for

(Yi,jk)1≤i≤n. Denote Yi,jk,{m} = Xij,{m}Xik,{m}. Then the uniform functional dependence
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measure of (Yi,jk)i is

θYm,q,jk = sup
i
‖Yi,jk − Yi,jk,{m}‖q

= sup
i
‖XijXik −Xij,{m}Xik,{m}‖q

≤ sup
i
‖Xij(Xik −Xik,{m})‖q + sup

i
‖Xik,{m}(Xij −Xij,{m})‖q.

Thus the DAN of the process Y·,jk satisfies that

‖Y·,jk‖q,A ≤ sup
i
‖Xij‖2q ‖X·,k‖2q,A + sup

i
‖Xik‖2q ‖X·,j‖2q,A ≤ νq(‖X·,k‖2q,A + ‖X·,j‖2q,A).

The result follows immediately from Lemma 3.6.1 and the Bonferroni inequality.

Lemma 3.6.3. We adopt the notation in Lemma 3.6.2. Suppose Assumptions 3.2.2, 3.2.1

and 3.3.1 hold with ι = 0. Recall Bn = nb, where b→ 0 and Bn/
√
n→∞ as n→∞. Then

there exists a constant C independent of n and p such that Σ̂(t) in (3.10) satisfies that for

any t ∈ [c, 1− c],

|Σ̂(t)− Σ(t)|∞ = OP
(
b2 +MX,qν2qB

−1
n (p$q,A(Bn))1/q + ν4NX(log p/Bn)1/2

)
. (3.40)

Furthermore,

sup
t∈[c,1−c]

|Σ̂(t)− Σ(t)|∞ = OP
(
b2 +MX,qν2qB

−1
n (p$q,A(n))1/q + ν4NXB

−1
n [n log p]1/2

)
.

(3.41)

Proof. First we have

Eσ̂jk(t)− σjk(t) =
n∑
i=1

w(t, ti)[σjk(ti)− σjk(t)].
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Approximating the discrete summation with integral, we obtain for all 1 ≤ j, k ≤ p,

sup
t∈[b,1−b]

∣∣∣∣Eσ̂jk(t)− σjk(t)−
∫ 1

−1
K(u)[σjk(ub+ t)− σjk(t)]du

∣∣∣∣ = O
(
B−1
n

)
.

By Assumption 3.2.1, we have

σjk(ub+ t)− σjk(t) = ubσ′jk(t) +
1

2
u2b2σ′′jk(t) + o(b2u2).

Thus we have supt∈[c,1−c] |Eσ̂(t)−σ(t)|∞ = O
(
B−1
n + b2

)
, in view of Assumption 3.3.1. By

Lemma 3.6.2, we have

sup
t∈(0,1)

P
(∣∣∣Σ̂(t)− EΣ̂(t)

∣∣∣
∞
≥ x

)
≤ C1pν

q
q

M
q
X,q$q,A(Bn)

B
q
nxq

+ C2p
2 exp

(
−C3

Bnx
2

N2
X

)
.

Denote u = C4
(
MX,qν2qB

−1
n (p$q,A(Bn))1/q + ν4NX(log p/Bn)1/2

)
for a large enough con-

stant C4, then for any t ∈ (0, 1),

∣∣∣Σ̂(t)− EΣ̂(t)
∣∣∣
∞

= OP(u).

Thus (3.40) is proved. The result (3.41) can be obtained similarly.

3.6.2 Proof of the Main Results

Proof of Proposition 3.4.1. Given (3.40) and (3.41), the proof of (3.15) is standard. (See,

e.g. [Cai et al., 2011, Theorem 6]). For λ◦ and λ∗ given in Proposition 3.4.1, by Lemma

3.6.3, we have that respectively,

λ◦ ≥ sup
t

E
(
κp|Σ̂(t)− Σ(t)|∞

)
, (3.42)

λ� ≥ E
(
κp sup

t
|Σ̂(t)− Σ(t)|∞

)
. (3.43)
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Then note that for any t ∈ [0, 1], for any λ > 0,

|Ω̂λ(t)− Ω(t)|∞ ≤ |Ω(t)|L1
|Σ(t)Ω̂λ(t)− Idp|∞

≤ |Ω(t)|L1

[
|Σ̂(t)Ω̂λ(t)− Idp|∞ + |(Σ(t)− Σ̂(t))Ω(t)|∞ + |Ω̂λ(t)− Ω(t)|L1 |Σ̂(t)− Σ(t)|∞

]
where by construction, we have |Σ̂(t)Ω̂λ(t) − Idp|∞ ≤ λ and |Ω̂λ(t) − Ω(t)|L1 ≤ 2κp. Con-

sequently,

|Ω̂λ(t)− Ω(t)|∞ ≤ κp
(
λ+ 3κp|Σ̂(t)− Σ(t)|∞

)
. (3.44)

Then (3.15) and (3.16) follow from (3.42) to (3.44).

Proof of Proposition 3.4.2. Theorem 3.4.2 is an immediate result of (3.16).

Proof of Theorem 3.4.3. Denote rj , 1 ≤ j ≤ ι as the time point(s) of the time of jump

ordered decreasingly in the sense of the infinite norm of covariance matrices, i.e., |∆(r1)|∞ ≥

|∆(r2)|∞ ≥ . . . ≥ |∆(rι)|∞ ≥ |∆(s)|∞ for s ∈ (0, 1) ∩ {r1, . . . , rι}c. (Temporal order is

applied if there is a tie.) Let Th(j) = [rj−h, rj +h). For h = o(1), as a result of Assumption

3.2.3, Th(j) ∩ Th(i) = ∅ if i 6= j for n sufficiently large. That is to say, each time point

s ∈ (0, 1) is in the neighborhood of at most one change point.

For any s ∈ [t(j), t(j+1)), j = 0, 1, . . . , ι, denote D(s) = E[D(s)] and

D�(s) =


(h− s+ t(j))∆(t(j)), t(j) ≤ s < t(j) + h

0, t(j) + h ≤ s < t(j+1) − h

(h+ s− r)∆(t(j+1)), t(j+1) − h ≤ s ≤ t(j+1).

(3.45)

Then, for s ∈ ∪1≤j≤ι[t(j) + h,< t(j+1) − h), by (3.3), we have

|Σ(s+ t)− Σ(s)|∞ ≤ Lt, ∀|t| ≤ h,
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we can easily verify that

sup
s∈[0,1]

|D(s)− D�(s)|∞ ≤ Lh2. (3.46)

Note that |D�(s)|∞ is maximized at s = r1 and |D�(r1)|∞ = h|∆(r1)|∞. By the triangle

inequalities, we have that for some positive constant C, for any s ∈ [0, 1],

|D(r1)|∞ − |D(s)|∞ ≥ hc2 − |D(r1)− D�(r1)|∞ − |D�(s)|∞ − |D(s)− D�(s)|∞

≥ hc2 − |D�(s)|∞ − 2Lh2

≥ c2(|s− r1| ∧ h)− 2Lh2. (3.47)

On the other hand, since |D(r1)|∞ ≤ |D(ŝ1)|∞, we have

|D(r1)|∞ − |D(ŝ1)|∞ ≤ |D(r1)|∞ − |D(ŝ1)|∞ + |D(r1)−D(r1)|∞ + |D(ŝ1)−D(ŝ1)|∞

≤ |D(r1)−D(r1)|∞ + |D(ŝ1)−D(ŝ1)|∞. (3.48)

Denote the event A := {sups∈[h,1−h] |D(s) − D(s)|∞ ≤ h2
�} and let Yi = (Yi,jk)1≤j,k≤p,

Yi,jk = XijXik − σi,jk. Note that

|Djk(s)− Djk(s)| = 1

n

∣∣∣∣∣∣
hn∑
i=1

Yns+1−i,jk −
hn∑
i=1

Yns+i,jk

∣∣∣∣∣∣ . (3.49)

By Lemma 3.6.2, we have for any x > 0,

P

(
sup

s∈[h,1−h]
|D(s)− D(s)|∞ ≥ x

)
≤ C1

p$q,A(n)M
q
X,qν

q
2q

nqxq
+ C2p

2 exp

(
−C3

nx2

N2
X

)
.

(3.50)

It follows that

|D(r1)|∞ − |D(ŝ1)|∞ = OP
(
h−1Jq,A(n, p) +NXh

−1(n−1 log(p))1/2).
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Taking h = h�, we have

|ŝ1 − r1| = OP(h2
�).

Furthermore we have

P(A) ≥ 1− C1
(p$q,A(n)M

q
X,qν

q
2q

nqc
q
2

)1/3 − C2p
2 exp

(
− C3(

n log2(p)

N2
X

)1/3).
Let Ak := {max1≤j≤k |ŝj − rj | ≤ c−1

2 2(L+ 1)h2
�} for some 1 ≤ k ≤ ι. Assume Ak ⊂ A.

Under Ak we have that [rj − h�, rj + h�) ⊂ T̂2h�(j) =: [ŝj − 2h�, ŝj + 2h�) for 1 ≤ j ≤ k

and rk+1 /∈ ∪1≤j≤kT̂2h�(j) as a consequence of Assumption 3.2.3. According to (3.47) and

(3.48), we have if A is true, |ŝk+1 − rk+1| ≤ c−1
2 2(L+ 1)h2

�, which implies Ak+1 ⊂ A. The

result (3.20) follows from deduction.

Suppose A holds. By the choice of ν, as a consequence of (3.46) and (3.50), and that

ν � h�, we have that

sup
s∈[0,1]

|D(s)− D�(s)|∞ ≤ ν.

As a result,

min
1≤j≤ι

|D(rj)|∞ ≥ c2h� − ν ≥ ν,

i.e., ι̂ ≥ ι. On the other hand, since ∪1≤j≤ιT̂2h�(j) is excluded from the searching region for

sι+1, we have

sup
s∈
(
∪1≤j≤ιT̂2h�(j)

)c |D(s)|∞ ≤ ν.

In other words, {ι̂ = ι} ⊂ A. Thus (3.19) is proved.

Proof of Theorem 3.4.4. We adopt the notations in the proof of Theorem 3.4.3 and assume
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that E holds. Similar as in Lemma 3.6.3, we have that by Lemma 3.6.2, for any t ∈ (0, 1),

∣∣∣Σ̂(t)− EΣ̂(t)
∣∣∣
∞

= OP(u),

where u = C4
(
MX,qν2qB

−1
n (p$q,A(Bn))1/q + ν4NX(log p/Bn)1/2

)
for a large enough con-

stant C4.

Since under E , Tb(j) ⊂ T̂b+h2�(j). For t ∈
(
∪1≤j≤ι T̂b+h2�(j)

)c ∩ [b, 1 − b], we have that

for all 1 ≤ j, k ≤ p,

∣∣Eσ̂jk(t)− σjk(t)
∣∣ =

∫ 1

−1
K(u)[σjk(ub+ t)− σjk(t)]du+O

(
B−1
n

)
= bσ′jk(t)

∫ 1

−1
uK(u)du+

(1

2
b2σ′′jk(t) + o(b2)

) ∫ 1

−1
u2K(u)du+O

(
B−1
n

)
= O(b2 +B−1

n ).

On the other hand, for t ∈ ∪1≤j≤ι
(
T̂b+h2�(j) ∩ T

c
h2�

(j)
)
∪ [0, b] ∪ [1 − b, 1], due to reflection,

we no longer have that differentiability. As a result of the Lipschitz continuity, we get

∣∣Eσ̂jk(t)− σjk(t)
∣∣ =

∫ 1

−1
K(u)[σjk(ub+ t)− σjk(t)]du+O

(
B−1
n

)
= O(b+B−1

n ).

The result (3.25) follows by the choices of b. The rest of the proof are similar as in that of

Proposition 3.4.1 and Theorem 3.4.2.
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