THE UNIVERSITY OF CHICAGO

TWO PROBLEMS IN HIGH DIMENSIONAL INFERENCE: L? TEST BY
RESAMPLING AND NETWORK ESTIMATION FROM NON-STATIONARY TIME
SERIES

A DISSERTATION SUBMITTED TO
THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES
IN CANDIDACY FOR THE DEGREE OF
DOCTOR OF PHILOSOPHY

DEPARTMENT OF STATISTICS

BY
MENGYU XU

CHICAGO, ILLINOIS
AUGUST 2016



Copyright (©) 2016 by Mengyu Xu
All Rights Reserved



To My Parents



TABLE OF CONTENTS

LIST OF FIGURES . . . . . . . e v
ACKNOWLEDGMENTS . . . . . . e vi
ABSTRACT . . . . vii
1 INTRODUCTION . . . . s e e 1
2 ASYMPTOTIC THEORY FOR HIGH-DIMENSIONAL L? STATISTICS AND RE-
SAMPLING METHODS . . . . . . . . e 3
2.1 Introduction . . . . . . ... 3
2.2 An Invariance Principle . . . . . . . . ... 7
2.2.1 Central and non-Central Limit Theorems . . . . . . .. .. ... ... 9
2.2.2  High Dimensional Cramér-von Mises Test . . . . . . .. ... .. .. 13
2.3 Estimating Distributions of Quadratic Forms . . . . . . .. .. .. ... ... 15
2.3.1 A Plug-in Procedure . . . . . .. ... ... ... ... ... 15
2.3.2 A Subsampling Procedure . . . . . .. ... ... 19
2.3.3 A Half-Sampling Procedure . . . . .. ... ... ... ... ... 21
2.4 Extension of Half-Sampling to Two-Sample Problem . . . . . . .. . ... .. 24
2.5 Power Analysis . . . . . ... 27
2.6 A Simulation Study . . . . . ... 29
2.7 A Real Data Application . . . . . . . . ... ... 30
2.8 Proof of the Results . . . . . . . . .. ... . 32
3 ESTIMATING HIGH-DIMENSIONAL DYNAMIC GRAPHS . .. ... ... .. 51
3.1 Introduction . . . . . . . . . . . o1
3.2 Time Series Model and Assumptions . . . . . . .. .. ... ... ...... 54
3.3 Method: Change Point Detection and Support Recovery . . . . .. ... .. 60
3.4 Theoretical Results . . . . . . . .. ..o 63
3.5 A Real Data Application . . . . . . . .. ... 67
3.6 Proofofthe Results. . . . . .. .. . ... ... ... 71
3.6.1 Preliminary Lemmas . . . . . . . .. .. .. 0oL 71
3.6.2 Proof of the Main Results . . . . . ... ... ... ... ....... 7
REFERENCES . . . . . 81

v



2.1

2.2

3.1
3.2

LIST OF FIGURES

The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 1. The data are generated with = 2 and 5 = 0.6 in the
left and right panels respectively. . . . . . . . . . ...
The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 2. The data are generated with a = 0.1 and a = 1 in the
left and right panels respectively. . . . . . . . .. ... ... ... ... ...

Break size |Dg|oo. From January 1, 2003 to January 1, 2008. . . . .. ... ..
Estimated networks at time points 813, 828, 888 and 903, corresponding to March
23, 2006, April 13, 2006, July 11, 2006, and August 1, 2006. Networks in the
first and second row are estimated before and after the estimated change point
at time 858, respectively. Different colors correspond to the nine sections in the

S&P dataset. . . . . ..,



ACKNOWLEDGMENTS

First and foremost, I am deeply grateful to my advisor, Professor Wei-Biao Wu, who has
continuously guided, supported and encouraged me throughout my graduate studies with
his patience and insight. I am indebted to him and will be forever thankful.

I greatly appreciate Professor Tracy Ke and Professor Per Mykland for being my thesis
committee members, for their valuable suggestions and close attention on my research. I
thank Professor Xiaofeng Shao and Professor Mei Wang for their great help and support
during my job-hunting. I am grateful to Professor Xiaohui Chen for his valuable comments
and helpful discussions. I would also like to express my sincere gratitude to all the faculty,
staff, and students of the Department of Statistics at the University of Chicago. I have been
very fortunate to study in such an intellectually stimulating environment.

I would like to thank my dearest friends who were the source of help and encouragement
for all these years. Many thanks to my dear aunts, uncle, grandpa and grandma who support
me.

I especially thank my father, Bingzhen Xu; my mother, Yan Zhang; for their uncondi-
tional love and endless support through my entire life. Without their love and encourage-

ment, [ would not have completed my graduate program. I dedicate this thesis to them.

vi



ABSTRACT

We consider two problems in high-dimensional inference. We first establish an invariance
principle for quadratic forms of sample mean vectors under Lyapunov-type conditions that
involve a delicate interplay between the dimension p, the sample size n and the moment con-
dition. Under proper normalization, central and non-central limit theorems are obtained.
The latter invariance principle is applied to test for mean vectors of high-dimensional data.
To obtain cutoff values of our tests, we introduce a plug-in Gaussian multiplier calibra-
tion method and normalized consistency, a new matrix convergence criterion. We also pro-
pose a sub-sampling and a half-sampling procedures to approximate the distributions of the
quadratic forms that do not need estimation of the underlying covariance matrices.

The second part deals with the estimation of time-varying networks from high-dimensional
time series. Two types of non-stationarity are investigated: structural breaks and smooth
changes. Our approach can achieve consistent detection of the change points and simul-
taneous estimation of the piece-wisely smooth-varying networks. Rates of convergence for
estimating change point and networks are obtained under mild moment and dependence

conditions.
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CHAPTER 1
INTRODUCTION

The advances in data collection tools and computing technologies have given rise to the
high dimensional data in many scientific fields. A wide range of classical statistical tools no
longer work in the modern problems. For example, when the dimension is large compared
to the sample size, the sample covariance matrix may not be a consistent estimator of the
true covariance (see for example Marcenko and Pastur [1967], Bai and Silverstein [2010]); the
inverse of the sample covariance matrix may not exist; the multivariate central limit theorem
can be invalid (Portnoy [1986]). Despite the tremendous exploration and ever-increasing
development in the high-dimensional models, real-world applications still induce considerable
challenges to statistical methods and theory. In this thesis we deal with two problems in
high-dimensional inference: the L2—type test without assumptions on the covariance matrix,
and the simultaneous estimation of dynamic networks using time-series data.

The classical Hotelling’s 7% multivariate mean test loses power in the high-dimensional
context (c.f. Bai and Saranadasa [1996]) and can be even undefined. In seeking of solutions,
researchers established asymptotic normality for various L? statistics under conditions that
the largest eigenvalue of the covariance matrix should be much smaller than the Frobenius
norm; see Bai and Saranadasa [1996], Chen and Qin [2010], Chen et al. [2011], to name a
few. This rules out a remarkable amount of real-world applications such as the factor model
and long-range dependence among the covariates. In Chapter 2, we develop an invariance
principle for the distribution of the quadratic form of the sample mean, which imposes no
condition of the true covariance. In linear process models, our asymptotic theory holds with
no limit on the dimension, given that the sample size is sufficiently large.

In addition, we investigate into a plug-in calibration, a subsampling procedure and a half-
sampling procedure to estimate the distribution, which involves the true covariance matrix as

an unknown high-dimensional parameter. The latter two procedures avoid the estimation of
1



the covariance matrix and are consistent as long as the conditions for the invariance principle
holds.

In Chapter 3, we consider the joint estimation problem of time-varying networks, which
is central in visualizing the relational information in many complicated high-dimensional
systems. It is well known that edges in the undirected graphs have meaningful statistical
interpretation corresponding to non-zero partial correlations, which corresponds to the non-
zero entries in the inverse covariance matrix (precision matrix) (c.f. Lauritzen [1996], Peng
et al. [2009]). A huge volume of literature is dedicated on estimating the high-dimensional
static network from independent observations; see Meinshausen and Biithlmann [2006], Fried-
man et al. [2008], Yuan and Lin [2007], Banerjee et al. [2008] among many others. However,
the assumption of time-invariance and time-independence is restrictive in practice. In fact,
data collected from many fields such as economics, finance, geography and genetics is of
non-stationary nature and has both cross-sectional and serial dependence. In addition, it
can be heavy tailed, which is also neglected by most of the previous study.

Recent successful attempts allow the more flexible time-varying models (see Zhou et al.
[2010], Kolar and Xing [2011], Kolar et al. [2010], Kolar and Xing [2014], Qiu et al. [2015], Lu
et al. [2015], Ahmed and Xing [2009]). However, there are still a number of major challenges
in the current high-dimensional literature such as abrupt breaks, temporal dependence and
heavy tails.

we focus on recovering the time-varying undirected graphs based on regularized esti-
mation of the precision matrices in Chapter 3. Our study allows two types of dynamics:
unknown number of abrupt changes and gradual varies between the change points. In partic-
ular, we study high-dimensional piecewise locally stationary processes in a general nonlinear
temporal dependency framework, where the observations are allowed to have only polyno-
mial moments up to a finite order. Consistency of the change points estimation and uniform

convergence rate of support recovery are developed.



CHAPTER 2
ASYMPTOTIC THEORY FOR HIGH-DIMENSIONAL L2
STATISTICS AND RESAMPLING METHODS

2.1 Introduction

Multiple hypothesis testing is a basic problem in statistics. Let X, X;,7 € Z, be independent
and identically distributed (i.i.d.) p-dimensional random vectors with mean EX; = p and
covariance matrix Cov(X;) = 3. Given the sample X1, ..., X, and a pre-specified vector

1o, we aim to test the hypothesis

Ho :p=po vs Hy @y # pio. (2.1)
As a popular classical approach, one uses the Hotelling T? statistic
_ T—1
Tn =n(Xn — po) X, (Xn — ko), (22)

where X, = Y1 X;/n, Sp = (n—1)"1 " (X;—Xn)(X;—Xp) T is the sample covariance
matrix. In the high dimensional setting with p > n, S, is singular and 77, is thus not well-
defined. There is a large literature accommodating the Hotelling 72 statistic into the high-
dimensional situation; see for example, Bai and Saranadasa [1996], Chen and Qin [2010],
Srivastava et al. [2013], Chen et al. [2011] among others. Most of the existing work assumes
that X; is Gaussian or has a linear form and central limit theorems are derived for various
quadratic forms of the sample. For example, by Bai and Saranadasa [1996], one can prove
that the central limit theorem holds for nX,] X,, — tr(3,), where X; has a linear form,
assuming that p/n tends to a finite constant and the largest eigenvalue of X is negligible
relative to its Frobenius norm. The latter condition can be violated in cases such as factor

models, as discussed in Katayama et al. [2013], who studied the asymptotic distribution of
3



Z1Z — tr(X) over different types of ¥ with Z ~ N(0,X).

A primary goal of the chapter concerns the asymptotic distribution of |X,, — ,u]2 =
(Xn — ) T (Xy — 1), where for a vector x = (1, ...,2m) |, the Euclidean norm |x| = |x|y =
(x"x)1/2 = ooy x%)l/z The asymptotic theory for | X, — p|?> can be applied to test the
hypothesis (2.1). Unless otherwise specified, assume throughout the chapter that pu = 0.
In the classical setting with fixed dimension p, due to the Central Limit Theorem, we have
the distributional convergence v/nX, = N(0,%). Hence, letting Y ~ N(0,X), we have by

Slutsky’s Theorem that

sup [P(nX,] Xp <u) —P(YTY <u)| - 0. (2.3)
u€ER

In this chapter we shall discuss the validity of (2.3) in situations in which p can be unbounded.
In modern problems, the dimension p can be larger than the sample size n. In this case,
the traditional methods may not work. For example, Portnoy [1986] showed that the CLT
VnXy = N(0,Y) is generally not valid when p is large such that \/n = o(p). However,
interestingly, (2.3) can still be valid, by using different methods.

In this chapter, we shall develop an asymptotic theory for X,—Lr X, for a generally dis-
tributed X, without requiring normality or linearity assumption. In particular, we shall
apply the normal comparison method of Stein type and show that X’J X,, can be approx-
imated by a mixture of independent X% distributions. Differently from the classical CLT
results (cf. Bai and Saranadasa [1996], Chen and Qin [2010], Srivastava et al. [2013], Chen
et al. [2011]), the approximate distribution here may or may not be asymptotically normal.

Specifically, we shall establish the following analogous form of (2.3):

sup [P(nX,) X, <u) —P(nY, Y, <u)| -0, (2.4)
ueR

where Y;,i € Z, are i.i.d. N(0,%) random vectors and Y, = > i'; Y;/n. We can view

4



(2.4) as a quadratic form invariance principle since the distributions of quadratic functionals
of non-Gaussian random vectors can be approximated by those of Gaussian vectors with
the same covariance structure. The invariance principle in the traditional sense refers to
the Gaussian approximation of partial sum processes of non-Gaussian random variables; cf
Berkes et al. [2014].

As an immediate application of (2.3) or (2.4), one can perform test for the hypothesis
(2.1). Given the significance level a € (0,1), let u1_g be the (1 — a)th quantile of YTV

Namely
PY'Y <uj_o)=1—a. (2.5)

Then Hj is rejected if n)?g)?n > u1_q. By (2.3), the latter test has an asymptotic level a.

If ¥ is known, the cutoff value u;_, can be easily computed, either numerically or
analytically, since the distribution of Y'Y is completely known. In most applications,
however, ¥ is not known. As a natural solution, one uses a covariance matrix estimate )
(say), generates Y ~ N(0, %) given %, and then obtains the estimated cutoff values i1 _,. To
evaluate the validity of this plug-in procedure, we shall introduce a new matrix convergence
criterion: the normalized consistency. 1t is closely related, but different from the widely
used spectral norm convergence. From modern random matrix theory, it is now well-known
that the sample covariance matrix ¥, is not a (spectral norm) consistent estimator of X
when p is large; see Marcenko and Pastur [1967], Bai and Silverstein [2010], to name a few.
However, our results indicate that in certain situations the sample covariance matrix can
be normalized consistent, and hence the corresponding estimated cutoff value is consistent.
Details are given in Section 2.3.1.

As another contribution, we introduce a subsampling technique to estimate the distribu-

tion function F(u) = P(nX, X, < u), which avoids estimating ¥ or its eigenvalues. The



subsampling empirical distribution function is defined as

J

1

j Z 1m|XAj —X|%§U(1—m/n)’ (26)
j=1

Fu) =
where A;,7 =1...,J, are i.i.d. samples from the set {1,...,n} with cardinality ‘Aj’ =m
and 1p is the indicator function for event B. The sampling process of the subsets (A4;);>1
is independent of (X;);>1; see Section 2.3.2 for details. The subsampling procedure avoids
estimating Y or its eigenvalues. We shall show that the subsampling approach leads to
a consistent estimate of the distribution function F(-). The only assumption needed is a
Lyapunov-type condition for the invariance principle.

Another type of approach for testing (2.1) is to use the maximum or L norm |X,|co =

max<y | X, ;| or the studentized version max;<, |X,,;|/d;, where 632- are estimates for the
marginal variances a? = var(X;;). Kosorok and Ma [2007] considered the uniform con-

sistency problem. Fan et al. [2007] performed the L°° test via Bonferroni correction, thus
completely ignoring dependencies among entries of X;. In a recent work, Chernozhukov et al.
[2013] derived a Gaussian approximation for | Xy |~ in the high-dimensional setting. In com-
parison with the marginal testing procedures, the procedure in Chernozhukov et al. [2013] is
dependence-adjusted. Liu and Shao [2013] established a deep Cramér-type moderate devia-
tion principle for Hotelling’s T2 statistic under mild moment condition. The L%-based test
can be more powerful if the alternative consists of many small but non-zero signals that are
of similar magnitudes. Assuming sparseness, Fan et al. [2013b] proposed a power boosting
test procedure based on a modified quadratic form. Their method requires an L2—type test
statistic that has an asymptotic correct size.

This chapter is organized as follows. In Section 2.2, we present the invariance principle re-
sult. Section 2.3 provides a plug-in Gaussian multiplier calibration procedure, a subsampling

procedure and a power analysis. In evaluating the plug-in method, we introduce normalized



consistency, a new matrix convergence criterion. Section 2.6 assesses finite sample perfor-
mance via a simulation. Section 2.7 contains a real data application. Proofs are given in
Sections 2.8.

We now introduce some notation. Let X be a random vector. Write X € L9, ¢ > 0,
if [|X][, = (E]X!q)l/q < oo. For a matrix A = (aj;)jr, p(A) = maxx |Ax|/|x| (resp.
Alp = 5k a?k)lﬁ) denotes its spectral (resp. Frobenius) norm. Denote by C a positive

constant whose value may vary from place to place.

2.2 An Invariance Principle

Our testing procedures are based on the invariance principle (2.3). In this section we shall
present a rigorous theoretical result. Consider i.i.d. random vectors X; € RP, i € Z, with
EX; = 0 and covariance matrix Cov(X;) = X. Let Ay > ... > A, > 0 be eigenvalues of ¥

and
Y =QAQ", where A = diag (A1, ..., \p), (2.7)

be the eigen-decomposition of ¥. Here Q is an orthonormal matrix with QTQ = Idy, the
p x p identity matrix. Recall that Y,Y7,... are iid. N(0,%) and ¥, = n~! v Y

Our main result is Theorem 2.2.2 which asserts that under suitable conditions the dis-
tributions of quadratic forms )_(71— X, and }772— Y,, are asymptotically close. In our asymptotic
relation, we let n — oo and allow the dimension p = p, — oo as n — oco. To state the

theorem, we need to impose the following condition on X.



Assumption 2.2.1. Let 6 > 0. Assume that

244
|X1[3 — tr(%)
Ks(X)**0 .= E # < o0;
245
XX
2 2
Ds(X)*H0 .= E |§|F < .

In Condition 2.2.1, (2.8) and (2.9) are the Lyapunov-type conditions for the distribution

of the sample. Here K5(X) and Dg(X) depend on the distribution of X. In the sequel for

notational convenience we abbreviate them as Ks and Dg, respectively. Note that Dy = 1.

Proposition 2.2.1 shows that for Gaussian vectors we can have explicit upper bounds.

Proposition 2.2.1. Let Y; be i.i.d. N(0,X) and § > 0. Then

244
VY] — tr(%) o 243,
13|p BRI
244
< d§+5

Y Vs
XlF

where ¢5 = (L+0)M2[1€? = 1lpy5, d5 = (1+6)/2€]5, 5 and & ~ N(0,1).

(2.10)

(2.11)

Based on (2.8) and (2.9), we have the following asymptotic result, which provides a rate

of convergence of the invariance principle (2.4).

Theorem 2.2.2. Assume that (2.8) and (2.9) hold with 0 < § < 1. Then

Sltlp ‘IP’ <nX7IXn < t> -P (YTY < t)‘ = O(@Z)?;l/z)a

where 1y, is the solution to the equation Lg(n,v) = ¢—1/2 with

q
K5
nd—1

S
Ly(n,v) = 03 (2 + ) + 1]

E(X| ©X7)4/? Dg]
n5/2’2|% nd "’

+

(2.12)



where ¢ = 2+6, K5 = K5+ cs5, Ds = Ds+dg, and c5 and dg are given in Proposition 2.2.1.
In particular, we have 1, — oo if

2 4 T 2 N4

K§ ~Kj EX[Txp)? D

7+n‘1_1 + n5/2|2|% +ﬁ_>0 as n — oo. (2.13)

Consequently the left hand side of (2.12) converges to 0.

Remark 1. Since XlTEXl = IE(XlTXQXQTXﬂXl)7 by Jensen’s inequality,
E(X] $X1)7? < E(1X] X2X) X1]9?) = B(IX] Xo|7) = D|5|%. (2.14)

So (2.13) follows from f(g/n—i—f(g/nq_l —I—f)g/né/2 — 0 as n — oo. Namely if n is sufficiently
large such that K7 + f(g/(qfl) + ng/é = o(n), then the left hand side of (2.12) holds with

rate ¢51/2 — 0. O

Remark 2. If conditions (2.8) and (2.9) hold with K5 and Dgs bounded, then we can choose

Y < n%/(+20) and the corresponding convergence rate in (2.12) is O(n*‘s/ (10+45)). O

2.2.1 Central and non-Central Limit Theorems

Theorem 2.2.2 clarifies an important issue in the literature. In early studies, the primary

focus is on the central limit theorem

o n| Xp|3 — tr(2) _ nX, X, —tr(2)
n = =
XlF XlF

= N(0,2) (2.15)

or its modified version (cf. (2.18)); see for example Bai and Saranadasa [1996], Srivastava

[2009], Chen and Qin [2010]. Note that Y TY has the same distribution as E§:1 Ajnj, where



nj are i.i.d. X%- Since E(n; — 1)2 = 2, by Lindeberg’s Central Limit Theorem,

.
T Y| 0 Z|2|F — 1) = N(0,2) (2.16)

holds if and only if A\1/|X|p = p(X)/|X|p — 0. Let ( ~ N(0,1). By the Berry-Esseen

theorem, the accuracy of the Gaussian approximation

P tr(23)
sup |[P(V < t) — P(V2¢ <t)| < C Z (1Z1510)% = Cy (2.17)
t :

< |2|?j7 )
where C( is an absolute constant. The ratio tr(33)/ |E|% quantifies the goodness of the
Gaussian approximation. As a rule of thumb, we regard the Gaussian approximation rea-
sonable if tr(2%)/|Z[3, < 0.1. Under A1/|S|p — 0, by Theorem 2.2.2 and (2.16), (2.15)
holds. In general, if A{/|X|p does not converge to 0, then R;, does not have an asymptotic
Gaussian distribution. When the dependence between entries of X is strong, the asymp-
totic distribution of Rj can be non-normal. For example, suppose Y ~ N(0,3) and X is
Toeplitz with diagonal 1 and o}, ~ [k — j|7P for some 0 < D < 1/2 as |k — j| — co. Then
YTY —te(2)/|Z]p = Z;il cj(nj — 1), the Rosenblatt distribution, with ¢; ~ cjP~1 as
Jj — 00, and ¢ is a constant; see Veillette and Taqqu [2013]. In this latter non-Gaussian limit
case, a test based on nX,] X, with cutoff values obtained from CLT can have a wrong size

and a wrong power.

An Invariance Principle without Condition (2.8)
The expression Ry, in (2.15) involves the trace tr(X). A natural estimate for the latter is

tr(3y), where 3, = n =131 X;X.T. Replacing tr(3) by tr(Xy), Rn becomes

h o Zizien X0 X
" (-DElp

10
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If 4 = EX; # 0, then based on i.i.d. vectors X1, ..., Xy, the statistic (n(n—1)) " Ditj XZ-TX]-
is an unbiased estimate of the quantity ]u@ = u'p, while the natural plug-in estimator
)_(J X, is biased; see also Chen and Qin [2010]. Using the arguments in the proof of Theo-

rem 2.2.2, without essential extra difficulties, we have the invariance principle result:
Corollary 2.2.3. Assume Condition (2.9) and = 0. Further assume

T 2 N4
. B X9 D
no

0 né/Q,g,%

— 0. (2.19)

Then by, = (L})—l/(‘frl/?) — 0o and, recall V = Z§:1 |Z|}1>\j(77j —1),

sup |[P(Bn < 1) —P(V < )| = O(n '} = 0. (2.20)
t

By (2.14), a simple sufficient condition for (2.19) is Dg = 0(n5/2). Then the rate in (2.20)
becomes D(q;/(5+26)n_5/(10+45). Notice that in Corollary 2.2.3 Condition (2.8) is not needed
since R, does not involve the diagonal terms XiT X;. Consequently the weaker moment

condition X; € £219 guffices. In comparison, (2.8) necessarily requires the stronger moment

condition X; € £420,

Optimality of the Conditions for the Invariance Principle

Condition (2.19) requires that, to ensure the invariance principle
sup [P(Rp, <t) —P(V <t)| = 0, (2.21)
t

the sample size n needs to be sufficiently large such that L:g — 0, namely

E(X| £X1)1/?
q
XI5

= o(n®/2) and DI = o(n°). (2.22)

11



In general the condition Lg — 0 in (2.19) is not relaxable. Let ¢ = PP 8> 1 /2, and let

Bjj,i,j € Z, be i.id. Bernoulli(¢~!) random variables; let X;; = (¢B;; — 1)(¢ — 1)~ /2,

Then EX;; = 0, IEXZ?J. = 1, E[X;;]9 ~ ¢4/>71) 5 = 1dp and |Z|% = p. By Burkholder’s

inequality, ]E|Xi|—X1|q/2 < ¢4E| Z?:l X1;|9. By Rosenthal’s inequality (Rosenthal [1970]),

E|>0_) X119 < cq(pEIX11|7+p¥?) and E[X{ Xa|? < cq(pE|X11 X91/9+p%/2). Then (2.19)

requires that
(= 0(np1/2), or pP=1/2 = o(n).

We remark that Condition (2.23) is also necessary for (2.21). By (2.21),

(n=DIElpRn _ X7,
npl/2 npl/2

i#j<n

By the Linderberg-Feller central limit theorem, (2.24) holds if and only if
pE{[Ql/(npl/Q)]Ql\Ql‘Zgnpl/Z} = E{”_ZQ%1|Q1|29W1/2} —0
holds for every 6 > 0. Note that W := 3%, B;; is binomial(n, £~1). Tf
np!/? = 0(0),

then for all large n, the event {|Q1]| < anl/z} implies {W < 1}, and

2

—212 —212 n n
E{n""Q11 g, |<conpr/2t < Ein "Qilw<1} < 2ty 20

= N(0,2), where Q; = Z XX

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

by noting that E{n‘QQ%lwzo} < n?0~2 and E{n‘QQ%lwzl} < nt~l. Clearly (2.27)

violates (2.25) since n_QEQ% — 2.

12
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2.2.2  High Dimensional Cramér-von Mises Test

The classical Cramér-von Mises test is widely used for testing distributions based on empirical
distribution functions. Consider the problem of testing whether the sample (i.i.d. random
variables taking values in [0,1]) Uy,..., Uy follow the standard uniform(0, 1) distribution.

Then one can use the Cramér-von Mises statistic

0= / — u]?du, where F(u Z 1y, <u; (2.28)

or the following version based on (2.18) with diagonal elements deleted:

1 1
% = = Y [ - 0z - uda
n(n —1) ihie 0
T 2
1 U; +Uj 1
— mi;n[T—max(Uz,Uﬂ—kg]. (2.29)

Under the null hypothesis that U; are i.i.d. uniform(0, 1), we have

(0]
ny — Z h=2x72(n;, — 1), where n, are iid. x3. (2.30)
h=1

The above test statistic can be easily generalized to high dimensional vectors. Let W, =
(Uit - - -, Uid)T, t=1,...,n, beiid. random vectors, d € N. Consider for example testing

the hypothesis that U;;, 1 <[ < d, follow uniform(0, 1). Similarly as (2.29), we define

QgV:;lZ S /0(1%@ u)(Ly <y — u)du. (2.31)

13



The above statistic concerns testing marginal distributions. Similar statistics can be defined

for testing joint distributions. Define

\Ij Z/ 1U11<S - 1U21<S - )dS (232)

and ¢? = E(¥?) with

/ / (U < 5,Upp < 8') — ss')2dsds’. (2.33)

Li'=1

Assume that n is sufficiently large such that
E|W /420 = o(nd/?). (2.34)

To apply Corollary 2.2.3, let K be a large integer and A = {(k/K,l): k=1,...,K; 1l =

Sdy. Let A ={(u,]) : 0 <u<1;l=1,...,d} Fora=(u4l) € A let X;o, =
1y <u — U Yo = E(X;qX;5) and the covariance matrix Yg = (V48)a,gedy - Clearly,
as K — oo, we have K1 EaEAK X1aX92q — ¥ and K2 ZaﬁGAK 726 — wz. For
a=(u,l) € Aand § € A, define the linear operator £ by Lf () = Z?:l fol Yapf(a)du. By

Corollary 2.2.3, under condition (2.34), we have

sup IP(nQY < t) Z Ap(ny, — 1) < )] = 0, (2.35)
h=1
where A\, h > 1, are the eigenvalues of the linear operator £. In the special case with
d = 1, under the hypothesis that U; ~uniform(0,1), we have || < 1 and (2.34) trivially
holds. The covariance function ¢(u,v) = min(u,v) — uv and the linear operator Lf(v) =
fO w)du has eigenvalues A\, = h 2772, h =1,2,... (cf. (2.30)) and eigenfunctions
frnv) = sin(hmr). For details see Chapter 5 in Shorack and Wellner [1986].
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2.3 Estimating Distributions of Quadratic Forms

In Section 2.2 we shall present an asymptotic result for (2.3) (cf. Theorem 2.2.2). To
apply (2.3) for testing the hypothesis Hy : u = 0 (say) at level a« € (0,1), we need to
estimate the distribution of Y'Y or compute uj_, the (1 — a)th quantile of YTY. Let

A1 > A2 > ... 2> Ap = 0 be the eigenvalues of the covariance matrix . Then

p
Y'Y =p Y Ny = VIS|p + (), (2.36)
j=1
where n1,m9, ..., are i.i.d. X% random variables, =p denotes ”equality in distribution”, and
d 1
V=> IS - 1) (2.37)
j=1

is the normalized version. Let v1_, be the (1—a)th quantile of V. Then uj_, = v1_o|X|p+
tr(X). In practice, however, 3 and hence A; are not known. To deal with this, we shall
propose two re-sampling calibration procedures: a plug-in calibration and a subsampling
approach, which are discussed in Sections 2.3.1 and 2.3.2, respectively, where asymptotic

justification for the validity of those methods are also discussed.

2.3.1 A Plug-in Procedure

Let ¥ be an estimate of ¥ based on the data X,, = (X1,...,Xp). Let A > > ;\p >0
be the eigenvalues of ¥ and |S|p = ( ?:1 5\?)1/2. As (2.37) let V = 2?:1 \i\;lj\j(n; —1),
where 77;.‘ are i.i.d. X% random variables that are independent of X,,. Let 91 _,, be the (1—a)th
quantile of V, given 5\1, e ,5\p. Note that ©1_, can be obtained either numerically or by
extensive simulation. Then we reject Hy at level o if Ry, := (n\)?n]% — tr/(\E))/]g]\F > U1_q,

where tr(X) and |§|\F are estimates of tr(2) and |X|p, respectively.

To ensure the validity of the above procedure, we need to impose suitable conditions so
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that the following requirements are met:
(i) the estimated quantile 01_, is close to v]_g;
(ii) ratio consistency: |§|\F/|E|F — 1 in probability and tr(/i) —tr(X) = op(|X|p)-
As will be discussed in Section 2.3.1, (i) requires that ¥ is a normalized consistent estimate

of ¥ in the sense that

p(E/1ElF — 2/Z|F) = op(1). (2.38)

In Section 2.3.1 we shall also discuss its relation with the classical spectral norm convergence
p(X — %) = op(1). Under structural assumptions such as bandedness or sparsity, various
regularized procedures have been proposed so that the spectral norm consistency holds; see
Wu and Pourahmadi [2003], Bickel and Levina [2008b,a], Fan et al. [2013a] among many
others. We leave it as a future research problem on whether those regularized estimates
are normalized consistent. In this chapter we shall consider (2.38) for sample covariance
matrices.

For (ii), various estimators for |X|p exist in the literature. For example, Chen and Qin
2010] proved that [S[p = ({n(n — 1)} e[S (X — Xj0)X] (X5, — X)X, DY is
ratio-consistent in the sense that |§|} /|1X|F — 1 = op(1) for linear processes under suitable
conditions, where X , = (n—2)~" >_i+j i Xi- See also Bai and Saranadasa [1996]. Note that
tr(X) can be simply estimated by tr(3%,), where 3, = (n— 1) 327 (X; — X)(X; — Xp) T
is the sample covariance matrix. Assume g = 0 and write 3, = (n—1)"1 " XZ-XZ-T —
(n—1)"nX, X, . If n is sufficiently large such that E(X{ X1 — tr(£))? = o(n|S|%), we

—

have tr(X) — tr(X) = op(|X|p).
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Normalized Consistency

As a natural way to approximate the distribution of V', one can employ the plug-in procedure
in Section 2.3.1. Let 5\1 > ... > 5\p > 0 be eigenvalues of the covariance matrix estimate 3.

By Lemma 2.3.1, if
rjnga;; ||E|;1/\j - |ZN]|;715\]| — 0 in probability, (2.39)
then with probability converging to 1, we have
sup IP(V <t)—P*(V <t)| =0, (2.40)

where P* is the conditional probability given X,,. With (2.40), the distribution of V' can be

approximated by that of V.

Lemma 2.3.1. Let ap1 > apo > ... > app >0 and bp1 > bpo > ... > bpp > 0 be two se-

2 p b2

quences of real numbers satisfying Z?:l ay i = 225=1 0y

= 1. Assume max;<, ‘ap,j — bp,j‘ —
0 as p — oo. Let n; be i.i.d. X% random variables and 773 =n;— 1. Let Vg = Z§:1 apJ-n;-
and Vi, = Z§:1 bp’jn;. Then as p — oo,

sup |P (Vg < 2) —P(V < 2)| — 0. (2.41)
X

Interestingly, there is a simple sufficient condition for (2.39). By Weyl’s theorem (Golub
and Van Loan [2013, Theorem 8.1.5]), (2.39) follows from

p(E/1ElF — B/Z|F) = op(1). (2.42)

We say that an estimate 3 of ¥ is normalized consistent if (2.42) holds. It is closely related
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to, but different from the classical definition of spectral norm consistency in the sense of
p(X—X) =op(1). (2.43)

Normalized consistency does not generally imply the spectral norm consistency (2.43). For
example, let n = p and X; be ii.d. standard N(0,Idp) random vectors. By the random
matrix theory, (2.43) does not hold for f]n, which is not a consistent estimate of X = Idy; see
Maréenko and Pastur [1967], Wachter [1978], Geman [1980]. Indeed, the largest eigenvalue of
I converges to 4, while the smallest one converges to 0. However the normalized consistency
(2.42) holds since both p(X/|S|p) = p~1/2 = 0 and p(Sn/|Snlp) = Op(p~/2) = 0. With-
out further conditions, the spectral norm consistency (2.43) does not imply the normalized

consistency either. Proposition 2.3.2 relates these two types of convergence.

Proposition 2.3.2. For an estimate ¥ of ¥, assume that |X|p/|S|p — 1 in probability.
Then the normalized consistency (2.42) holds if and only if p(X — ) = op(f).

We now apply Theorem 2.2.2 and approximate the (1 — a)th quantile of Y TY by that of
21;:1 S\jﬁj (cf. (2.36)). Assuming |X|p/|S|p — 1 in probability, tr(X) — tr(X) = op(|Z|p)

and normalized consistency of ¥, we have by Lemma 2.3.1 that
sup [P(YTY <) = P*(A1ijy + - + Apijp < )| = 0 (2.44)
t

holds with probability converging to 1. The latter shows the validity of the plug-in method.
Theorem 2.3.3 concerns the normalized consistency of the sample covariance matrix.

Assume =0 and let 3, = n ! v Xl-XZ-T.

Theorem 2.3.3. Assume E[(X{ X1)?] = o (n|2|%,) Then |Sp|p/|S|p — 1 in probability,

EIS/[SnlF = /[SlF[F = o(1), (2.45)
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which further implies the normalized consistency (2.42).

Theorem 2.3.3 requires that n is big enough such that E[(XFXl)Q]/|E|% = o(n). The
latter condition trivially holds if the entries of X are strongly dependent in the sense that
]Z@, = k<p Jj%k = p? and, for some constant C' < oo, max ;< || X1;[j4 < C. In this case
E[(X{ X1)?] < p?C* and the condition E[(X;X1)2]/|Z|% = o(n) reduces to the natural one
n — 0o0. As a simple example, let X1; = a;Z + §;, where Z,&1,...,&p are iid. N(0,1)
and a;’s are real coefficients. If Z?Zl a? = p, then E[(XFX1)2}/|Z|% = 1 and the condition
?:1 a?, hence
V=21 Letaj =p° with0 < § < 1/4. Then [E[2 = ("2 +1)2+p— 1 < p>~ ¥

n — oo suffices. In this case 3 has p — 1 eigenvalues 1 and 1 eigenvalue 1+ >

and E[(XFXl)Q] = p2. If n is sufficiently large such that p* = o(n), then E[(XFXl)Q] =
0 (n]Z]%) and Theorem 2.3.3 is applicable. On the other hand, if n = 0(p45), then elementary
but tedious calculations show that limy, o0 p(X/[X|F) > 0, while tr(23) = OP(|in|%) Hence
(2.39) does not hold for the sample covariance matrix estimate, suggesting that the condition
E[(XlTXl)Q] =0 (n|2|%) in Theorem 2.3.3 is sharp. We shall leave it as a future research
problem whether regularized covariance matrix estimators (cf. Bickel and Levina [2008b,a,

Fan et al. [2013a]) are normalized consistent in the setting where p(X) = o(|X| ) is violated.

2.8.2 A Subsampling Procedure

Estimation of high-dimensional covariance matrices or their eigenvalues is highly nontrivial.
In this section we shall provide a subsampling approach which can avoid such estimation
problems. For a subset A C {1,2,...,n}, let |A| be its cardinality and X4 = > ,c 4 Xa/|A|.
Let |A] = m and r = m/n. Note that v/m(X4 — X;) has mean 0 and covariance matrix
(1 — 7)3, while \/n(X,, — i) has mean 0 and covariance matrix . This motivates us to
introduce the empirical cumulative distribution functions (2.46) and (2.47) and the following
subsampling based procedure for estimating the distribution function F(t) = P(n|X, —pu|?> <

t):
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1. Let m = my € N be such that m — oo and m = o(n); let Ay,..., Ay be ii.d.
uniformly sampled from the class A := {A: A C{l,...,n},|A| =m}. Assume that
the sampling process (A4;);>1 is independent of (X;);>1. Define

J
1
Fr(t) = 7 1m|XAj —X[2<t(1-r)" (2.46)
j=1

Obtain the (1 — a)th empirical quantile F;71(1 — o) from (2.46).
2. Reject Hy : ;o= 0 at level o if nX, X, > F1(1 — a).
See Politis et al. [1999] for a detailed discussion of subsampling techniques in the low
dimensional setting, where it can serve as an alternative to bootstrap when the latter is
inconsistent. As a slightly different version, one can also employ the following procedure.

Let the index set By ={l € Z: (j —1)m <1 < jm}, j=1,...,L, where L = [n/m]| and

|u] = max{k € Z : k < u}. Define the subsampling empirical distribution function

L
1
Fr(t) =7 > LinXp, —XB<t(1—r) (2.47)

Based on the invariance principle result (2.3), we can show that the subsampling approach
is asymptotically valid; see Theorem 2.3.4 for details. The subsample proportion r is a tuning

parameter. Theoretically we only require m — oo and r — 0.

Validity of the Subsampling Procedure

In this section we shall study the validity of the subsampling method introduced in Section
2.3.2. Theorem 2.3.4 shows that the empirical distribution functions defined in (2.46) and

(2.47) both converge to the distribution function F(t) = P(n|X — p,|% <t).
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Theorem 2.3.4. Let 0 < 6 < 1. Assume (2.8), (2.9), m — oo, m = o(n), and (2.13) holds

with n therein replaced by m. Then (i)
sup | Fr(t) — P(n|X — u3 < t)| — 0 in probability. (2.48)
t

(ii) If J — oo, then the convergence (2.49) also holds for Fy(t).

Theorem 2.3.4 suggests that sample quantiles of F}.(-) or F(-) can be used to approximate
those of F(t) = P(n|X — |3 < t). Given alevel a € (0,1), let @i, be the (1—a)th quantile

of E(-). Then at level o we can reject the null hypothesis Hp : = 0 if n|)_(|% > Ul—q-

2.3.8 A Half-Sampling Procedure

A particularly interesting special case of subsampling is when m = |n/2], which in this
thesis is called half-sampling. Half-sampling can be dated back to as early as the 1940s,
when Mahalanobis proposed the idea in the context of sample survey (Mahalanobis [1946]).
Early contributors include McCarthy [1969], Hartigan [1969, 1975] among others. A brief
review can be found in Hall [2003]. In the one dimensional case p = 1 with asymptotic
Gaussian limit, Wu [1990] showed that, with sample size n, the error bound of the delete-d
jackknife histogram estimate has the form O(d~Y/2 + (n — d)~Y/2). The latter bound is
minimized when d = O(n) and n — d = O(n). If we take d = n/2, the latter is equivalent to
half-sampling. In the literature, half-sampling is shown to be capable in estimating sampling
variance (Shao and et al. [1989]), constructing the confidence sets and performing hypothesis
test (Wu [1990]); see also Shao and Tu [2012]. These conclusions, however, are only shown
to hold when the underlying limiting distribution is normal. In the high-dimensional setting
the asymptotic distribution can be non-normal or even non-existence.

In the rest of this subsection we denote F/(-) = Fl/Q(')v where Fy.(-) is defined in (2.46).
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Theorem 2.3.5. Let 0 < 6 < 1. Assume (2.8), (2.9), and (2.13) holds. Let J — oo. Then
sup |F(t) — P(n|X — ,u|% <t)| — 0 in probability. (2.49)
t

The half-sampling scheme can be viewed as a balanced Rademacher multiplier bootstrap,

namely, F'(t) is the empirical distribution of TERTB r conditional on (X;)" ;, where

n
Tpr = nt Z €X;, (2.50)
=1
where ¢;,7 = 1,...,n are Rademacher random variables that are independent of the samples

and satisfy the constraint > ;' ; ¢ = 0.

Below we briefly describe the intuition for the half-sampling procedure based on Hadamard
matrices. A formal mathematical argument is postponed to Section 2.8. At the outset as-
sume that the data is multivariate Gaussian and n is a multiple of 4, namely n = 4|n/4].

For j =1,...,J, denote

Tj = \/7“(1—7’)_1()_(14]. - X). (2.51)

Define

j(t) = ]1{|Tj|§ < t} ~F(t),

Fix Aj, the random vector T )i has mean 0 and covariance n~ 1% for all 1 < j < J, thus
having same distribution as 7. Let H = (h;;) € R"*" be a Hadamard matriz, namely its
entries are either 1 or —1, and HH ' = nld,. See Hedayat et al. [1978], Georgiou et al.
[2003], Yarlagadda and Hershey [2012] for a detailed discussion of Hadamard matrices. We
fix the first column to be all 1s. Let J = n — 1. Consider the situation where we force the

half-samples to be balanced by letting the jth realization of (e, ..., €,) in (2.50) both take
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values of h; for j = 1,2,...,J, where h; is the (j — 1)th column of H. Then h;-l—hk =0 if
j # k and h]Thj = n. Then vectors T; = n_lXThj, j=1,...,J are iid. N(0,n"1%),
where X = (X1,...,X,)". Hence (2.63) easily follows from the classical Glivenko-Cantelli
theorem on uniform consistency for empirical distribution functions.

In combinatorial design the problem of constructing Hadamard matrices is still open. It
is unclear whether Hadamard matrices exist for any n which is a multiple of 4. As a simple
way out, our half-sampling scheme can achieve approximate orthogonality in the sense that
e}—ek/n is close to the delta function d;, = I{j = k}, where €; = (€1,5,...,€,5),0=1,...,J
and ¢; ; = 2l {Z € Aj} — 1. The latter implies that the covariance between I {TJ/-T]- < t} and
H{TIQTk < t} is generally small for j # k. To see this, for given sets A1, A2 € A with

m=n/2, let
Hy =A1NAy, Hy=A1NAS, Hy3=A]{N Ay, Hy= A{N AS.
Then |Hy| = |Hyl, [Ha| = [H3| = n/2 — |Hy|. Let
o = (4/H1| —n1)/n1.
In the appendix, we show that
2/5

sup )P (rE” <t R(Y <t) - P2 (R < t)‘ <c (185" + 1515°) (2.52)

where

. q _£2_
R(()J) _ nléa, fﬂg fl.

(2.53)

If ¢ is small, meaning approximate orthogonality that |Hq| ~ n/4, (2.52) suggests that for
Gaussian data ]I{T]’Tj < t} and I {T];Tk <t} are asymptotically independent. For half-
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sampling or Rademacher schemes, we indeed have
§=0p(n1?).

The above argument does not apply to non-Gaussian data directly. To this end, we present
joint Gaussian approximation under Condition in Section 2.8. With the latter results, the

validity of the half-sampling approach is guaranteed for non-Gaussian data.

2.4 Extension of Half-Sampling to Two-Sample Problem

The half-sampling procedure can be extended to the two-sample hypothesis testing problem
of comparing the mean vectors of high-dimensional data. Let X;,i € Z, (resp. Y;,i € Z) be
i.i.d. p-dimensional random vectors with mean gy (resp. py) and covariance matrix ¥ x
(resp. ¥y ). Assume that (X;);cz and (Y;);cz are also independent. Given the observations

X1,...,Xp, and Y7, ..., Yy, we are interested in testing the hypothesis

Hyo:px =py vs. Hp:px #py. (2.54)

The above testing problem appears frequently in many applied areas. In our setting the
dimension p is allowed to be much larger than the total sample size n = ny + no. Let
X = nl_l Sl X and Y = n2_1 >°i2,Y; be the sample mean estimates of py and py,
respectively.

We consider the distribution of the test statistic

Q=T'T, where T=X -V, (2.55)
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and reject Hy if () exceeds some cutoff value. Let the cumulative distribution function
F(t) =P(Ty Ty < t), where Ty = X — pux — (Y — py). (2.56)

For a € (0,1) let uj_, be the (1 — a)th quantile of F', namely F(uj_o) =1 —a. Then we
can reject Hy at level a if @@ > u1_,. The fact that X x and ¥y may be unequal induces
challenge in the hypothesis test. In this section we extend the half-sampling method into
the two-sample scenario.

We first fix the notation before proceeding. Denote

o Sx v
ni nQ
which is the covariance matrix of T = X — Y. Let f; = tr(X) and f = |S|p. Let & ~
N(px,¥Xx), ¢j ~ N(py,Xy), and they are mutually independent for i = 1,--- ,ny, j =
1,---,no. Let € and ¢ be the average of (§i)1<i<n, and (¢j)1<i<n, respectively.

For a positive integer n denote the set [n] = {1,2,...,n}. Let the classes A° :=
{A:AC[n],|Al =my} and B° := {B: B C [ng],|B| =mg}. For A C [nq], let Sif =
>acaXa and X4 = S4/|A|l. The quantities S}é and Yp are similarly defined. In the
subsampling procedure, we take mi = |rni],mo = [rna] as the subsample sizes for the

two samples respectively, where r € (0, 1) is the subsample proportion. The subsampling

estimator of F(t) = P(T) Ty < t) is

Fr(t):<:;1>_1<:122)_1 S {7 T(A.B) <t} (2.57)

AeA°,BeB°

where I {-} stands for the indicator function.
For practical implementation, since the denominator in (2.57) can be very large, we shall

apply random sampling to approximate Fy.(-). Let Aq,..., Ay and By, ..., By, independent

25



of (X;);>1 and (Y;);>1, be i.i.d. uniformly sampled from A° and B°, respectively, where J

is a large positive integer. For each 1 < j < J, let

Tr,j = TT(A]‘,B]'> = T(l — T)_l[XAj — YBj — (X — Y)] (2.58)

Then we estimate F'(t) by
1 J
; /
B =3 1:11 {Tme < t} , (2.59)
J:

To test (2.54), we reject the null hypothesis Hg at level « € (0, 1) if 77T = (X =Y)T (X =Y
is larger than the (1 — a)th empirical quantile of Fr(t). In practice where n is moderately
large, the rounding down procedure of m; = |[n;r|,i = 1,2 may induce additional error
to the subsampling procedure such that mq/ny # ma/no. In this sense half-sampling is
preferred. Again, we denote the half-sampling estimator of (2.56) as F(t) = [} /Q(t).

Now we present theoretical results for the half-sampling procedure without assuming
Sx = Sy. Let AL > > A and A > -+ > Al be the eigenvalues of Xy and Sy,
respectively. Let f{* = S°F_ AX = tr(Zy) and fX = (3F 1()\§()2)1/2 = (tr(E%())l/Q.

=17 J=
Similarly we define fly and fY. In the rest of this section we assume that py = py = 0.

Assumption 2.4.1. Let 0 < 6 <1 be a constant and ¢ =2+ 9. Assume that

K%, = ]ElXHJ%C—;leq<oo;

K%q = E w%—;"ﬁy ! < o0;

Dg{,q = ]EX;)?(Qq<oo;

Dy = ]EY}T;2q<oo;
ngq = E % ' (2.60)



For notational simplicity, we drop the subscript ¢. Let
K5 = max(Ky, Ky, ¢g) and Dg = max(Dx, Dy, Dxy, dg).

We use Kq to denote [N((; with 6 = 0. Note again for the linear process model, there exists

an upper bound for the latter quantities that does not depend on its loading matrices.

Theorem 2.4.1. Let Condition 2.4.1 be satisfied and 6 = q — 2. Assume that

Koy 403" = 0,
~q, —(1+6) . —(1+9)

K{(n, + g ) — 0,
D% +ny%) — 0, (2.61)
and
ny TB(X] £X1)72 40y B, EY)Y? = o(f9). (2.62)
Then we have that
sup |E(t) — F(t)| —=p 0. (2.63)

2.5 Power Analysis

In this section we shall present an asymptotic expression for the power function of the test
based on Theorem 2.2.2. Assume that Xi,..., X, are i.i.d. with mean py = EX; and
covariance matrix . Based on Theorem 2.2.2, we reject the null hypothesis Hy : 4 = 0

at level a € (0,1) if n)_(;{Xn > u1_q, where the cutoff value uy_, is defined in (2.5). Let
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Y ~ N(0,%) and define
ga (1) = P((Y + ) ' (Y + Vip) > u1q). (2.64)
A similar argument as Theorem 2.2.2 reveals that under (2.13), we have
P(nX] Xn > w1a) — gali)] = o(1). (2.65)

Note that v{_, = |E|;71 (u1—q—tr(X)) = O(1) and E(u'Y)? =p"Sp < p(2)u" p. Elemen-
tary manipulations show that the asymptotic power function go () — o if np' p/|%|p — 0,
and go(p) — 1if np' /]S p — oo.

If we were to apply the central limit theorem (2.15) or its variants (see for example Bai
and Saranadasa [1996], Srivastava [2009], Chen and Qin [2010]) to perform the test, one may
obtain an erroneous power. Specifically, with the CLT (2.15), instead of the cutoff value
U1 _q, one use tr(X) 4+ v/2|L| pz1_q, where z1_g is the (1 — a)th quantile of the standard

Gaussian distribution. Then one obtains the asymptotic power expression

g (1) = P((Y + Vi) (¥ + /) = () + VIS p21-0)- (2.66)

As pointed out in the discussion following Theorem 2.2.2, the difference between g (1)
and the asymptotically correct power gq(p) can be substantial if entries in X; are strongly
dependent. As a numerical example, let o = 0.01, n = 100, p = 100, ¥ = Id,, + 117, where
1=(1,1,---, 1)T, and = al. For a = 0.2, we have ¢}, (1) = 0.572, while the correct power
ga(p) = 0.278, and a = 0.02, we have g, () = 0.074, while gq(p) = 0.011.
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2.6 A Simulation Study

In this section we shall provide a simulation study for the finite sample performances of
the invariance principle Theorem 2.2.2 (Oracle hereafter), the plug-in and the subsampling
procedures described in Sections 2.3.1 and 2.3.2, respectively. We also compare their perfor-
mance with the methods proposed by Gregory et al. [2015] and Srivastava et al. [2013] (GCT
and SK hereafter, respectively). We consider the following two data generating models.

Model 1 (Linear Process Model): Let & 1,7,k € Z are i.i.d. Student t5; let

Xij= i(/ﬂ + 1)_ﬁ5i,j—ka where §>1/2,1<i<n,1<j<p. (2.67)
k=0
If B < 1, then the process (Xi,j)j is long memory, thus having a strong cross-sectional
dependence. In our simulations we choose p = 200 and n = 20,200 and truncate the sum in
(2.67) to Z%(B(? We consider two levels of 5: =2 and 8 = 0.6, which correspond to short
and long memory, respectively.

Model 2 (Nonlinear Factor Model): Let
(s )3 ; ;
Xl,j - (52_7 + aZZ) ) 1 S [/ S n, 1 S .7 S p: (268)

where §; ;, Zj, ~ N(0,1) and they are mutually independent. We consider two cases: a = 0.1
and a = 1, which imply weak and strong factors, respectively. We also let p = 200 and
n = 100 and 200.

Figure 2.1 and Figure 2.2 display the empirical cumulative distribution functions (CDF)
of the p-values under the null, should be uniform if the distribution theory is accurate. We
report the p-values of the tests obtained from 1,000 simulations. The number of resampling
in the subsampling, half-sampling, plug-in calibration are also taken to be J = 1000. In the

subsampling procedure, we choose r = 1/logn. To obtain the oracle distribution and verify
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the invariance principle theorem, we plug-in the true covariance matrix into the Monte-Carlo
simulation. The number of independent standard normal vectors is also J = 1,000 in each
realization. In the plug-in approach, the scalars fi and f are simply estimated by the tr(f]n)
and |2y |p, respectively.

From Figure 2.1 - Figure 2.2 we conclude that all the methods produce p-values that are
close to uniform for data generated from the short-range dependent linear model and the
weak nonlinear factor model. However, a clear non-uniform empirical CDF can be observed
for the method GCT and SK under the factor model and the long-range dependence setups.
In contrast, the p-values obtained by the half-sampling method are quite close to uniform

distribution.

2.7 A Real Data Application

In this section we shall apply the subsampling method to a microarray dataset of pancreatic
ductal adenocarcinoma (PDAC), one of the most lethal cancers. To better understand the
complex nature of processes in PDAC on a genetic basis, Zhang et al. [2012, 2013] collected
gene expression profiling of pancreatic tumor and adjacent non-tumor samples from 45 PDAC
patients using Affymetrix GeneChip Human Gene 1.0 ST arrays. We use the preprocessed
data from NCBI’s Gene Expression Omnibus (Barrett et al. [2013]), accessible through GEO
Series accession number GSE28735 (http://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?
acc=GSE28735). Our goal is to test whether the gene is differentially expressed between
uninvolved and involved skin from psoriatic patients.

The dataset consists of n = 45 gene expression arrays, and each array has p = 28,869
genes. In Zhang et al. [2012], 36 genes were selected based on their expression level, survival
status of the subjects and their potential association with cancer-related pathways. However,
our analysis reveals statistical significance of many of the individually unidentified genes

when they function as a group.
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We first test the overall difference between the gene expression levels of tumor and non-
tumor samples excluding the 36 genes detected in Zhang et al. [2012]. Due to the dependence
of the gene expression differences, the normal approximation of Ry, in (2.15) does not ap-
pear to be reasonable: the Lyapunov normalized third moment tr(%3)/ |Z|?1’7 is estimated as
tr(i%)/\inﬁ’; = 0.662. Thus we shall resort to the invariance principle Theorem 2.2.2. We
shall apply the subsampling method and take m = |[n/logn| = 12 and J = 10,000 and
perform the test via the subsampling procedure. We obtain |X |% = 2461.30. The cutoff
value with respect to the significance level 0.001 is 563.54, and the p-value is ~ 0, which
suggests that the genes are differentially expressed as a whole on involved and noninvolved
skin, even without the genes identified in Zhang et al. [2012].

We then investigate into the roles of genetic pathways (Kanehisa et al. [2014]) in PDAC.
According to the KEGG database, the pathway “hsa05212” is relevant to pancreatic cancer.
Among the 28,869 genes, 66 are mapped to this pathway. The estimate tr(i%)/\in\% =
0.807, again suggesting that the normal approximation of R, is not satisfactory. Using our
subsampling technique, we perform the proposed test on this pathway and conclude that it
is significant, where the test statistic is 11.399 and the cutoff value with respect to the 0.001
significance level is 3.072, and the p-value is =~ 0.

On the other hand, there are totally 229 pathways known for the genes of interest. The
largest one is mapped to 1,046 genes in the dataset. Interestingly, pathways are found to
be highly significantly associated with the disease even if they harbors a very small amount
of the individually significant genes. For example, the pathway “Olfactory transduction”
(ID “hsa04740”) is mapped to 381 genes. We apply the FDR procedure on the p-values
obtained from the 381 marginal t-tests with respect to a significance level 0.01, where only
16 (4.2%) of the genes were selected. We further performed the Lo type test (Chernozhukov
et al. [2013]) via Gaussian multiplier calibration on the rest genes in this pathway and obtain

a p-value of 0.07 (We persist on a significance level of 0.01 and conclude that there is no
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strong association). This suggests that non of the rest 365 genes can be further selected
as individually significant. However, our L2-based test leads to the opposite claim. For
this pathway, the estimated tr(f]%) / |fln|% = 0.757, so we again perform a subsampling test
(m = 12, J = 10,000), which indicates that the rest of the genes are still significantly

associated with the disease (with a p-value of 0.003).

2.8 Proof of the Results

For ease of notation, we write
£ o= [t (S)YE and £, = [eSOVE k=12, ..

Then fk = Zp )\k and fllj =>4 M For the Frobenius norm with k = 2, we simply

1=1""
write f = fo and f = fo.

Proof of Proposition 2.2.1. Note that & = A_1/2QTY1 ~ N(0,Idp). Then YlTYl = ?:1 >\j§2-,
where {; are entries of £ and are i.i.d. N(0,1). Let ¢ = 2+ 0. By Burkholder’s inequality
(Chow and Teicher [1997]),

[yy-al <@-v me — 117

Then (2.10) holds. Let ¢ = A=Y/2Q"Y,. Then Y'Y = >h 1 Aj€i¢s and (2.11) similarly
follows. [

In Lemma 2.8.1 and in the proof of Theorem 2.2.2, we define
go(u) = (1 — min(1, max(u, 0))4)%. (2.69)

Any non-increasing function go(-) with go(-) € C3, go(u) = 1 if u < 0, and go(u) = 0 if
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u > 1, will meet our requirements. To make the calculations explicit, we can choose gg in

the form of (2.69). Then

g+ = max|gg(u)| + lgg ()| + 95" (w)]] < 0. (2.70)

Proof of Theorem 2.2.2. Let Y; € RP be i.i.d. N(0,X) random vectors and Y = > 1" ; Y;/n.
Then Z§:1 Ajn; and n|Yy |3 are identically distributed. Note that f = Z§:1 Aj. Hence, to
show (2.12), since Lg(n, 1)) is increasing in 1), it suffices to prove the following relation holds

for every :
sup [P (R, < t) — P (RS, < t)] = O(Ls(n,v) + v~ 1/, (2.71)
t

where Rf, is the Gaussian version of Ry, in (2.15):

_ n|Yn‘% - fl

R;, 7

(2.72)

Recall (2.69) for gg. We first approximate the indicator function h(z) = I{zx <t} by the

C3 function 9y.t(r) = go(Y(z — 1)) for ¢ fixed. By (2.70),

1{z <t} < gyy(2) g]l{azgter‘l},

2
sup 19,4 (@)] < 940, sup 9.4 (@)] < 907, sup 194 (2)] < git®.
w? x7 x?

Then P (R, <t) <Egy ¢ (Rn). By Lemma 2.8.1,

Egyt (Rn) < Egyt(Ry) + CLs(n,v)

< P (Rg <t+ w‘l) + CLg(n, ). (2.73)
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The reverse direction is similar: by applying Lemma 2.8.1 again, we have
P(Ry, <t)>P (Rg <t- ¢—1) — CLg(n, ). (2.74)

By (2.73), (2.74) and (2.80) in Lemma 2.8.2, we have (2.71). O

Lemma 2.8.1. Assume (2.8) and (2.9). Let K5 and D be specified as in Theorem 2.2.2.
Let gy 4(x) = go(¥(z — 1)), where go(-) is given by (2.69). Recall (2.72) for Ry and Ry.

Then we have

sgp ‘Egi/,’t (Rp) Eg¢t ‘ = O|Ls(n,¥)]. (2.75)
Proof of Lemma 2.8.1. Let H; = ;;11 X+ Z?:Hl Y; and

H'Hi—(n—1)f

L, =

2 nf 9
A:QHZTXﬁXiTXi—fl
1 nf 9
L2V YTY -
(3 Tlf .

Note that H; is independent of X; and Y;. Let

I = gy 4(Li)(A; = Ty),

1
= S0y (Li) (A7 = TF),

T = [gy¢ (Li + A3) = gyg (Li +T)] =T 1L
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Note that X; and Y; both have mean 0 and covariance matrix ¥. Then

EI = EE |}, (L)(A; = T)| X;, Y]
1

= 7E 20 = Vi )E(g), (L) Hy) + (X[ X = Y, Y)Eg), (L) = 0.

For II, by (2.70), |ggt(u)| < g%, Then for C1 = g4/2,

1
IEI| = ‘EE[g{Lt(Li)(A? - F?)]’
1

HZ->

The term n? f2E (A? — FZQ‘ HZ-) can be decomposed into

)]

< CW?E [E (a7 - 17

1B | 1] XX H; - 1Y

Hi| +E (XX, - 1) = (Y = h)?

+4E [H;Xi(XZ-TXZ- — f1) = H Y;(Y;"Y; - f1)’ Hz} :

where E (1,1 X, X, H; — H VY, H,

HZ-> — 0. By (2.8),
B[4 X — f1)2 = 057V = )% < £ + ) < 2R3,

Since Y; is Gaussian, E [H;Yi(YZ-TYi - fl)‘ HZ} = 0. By the Cauchy-Schwarz inequality and
(2.8), since HHZ.TXZ'H2 = (n—Dtr(X?) = (n—1)f2,

K2 EE[H X;(X X; — f1)| H]]

E‘E(Af—l“zz HZ-> < 9+ e
K§ | IH Xl X X = Al
< S 2 £2
n n“f
K2 K
< 0, -8
< 2T
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So
IEIL| < Cy?(n 2K + n 32 Ky). (2.76)
Since 0 < g(t) < 1 for all ¢, and |g;/’}’,t(u)| < g« We have that

E I < Emin {1+ (1] + 10, g3 + T3f) }
< CEmin {1+ (12| + [Til) + 0218 + [0:f2), 03 (A + 1) }

< CYUE AT +E[Ty]7),
where ¢ = 2 4+ 9. Let x € RP be a fixed vector. By Rosenthal’s inequality,
E|Hix|? < cqlil| X] x| + (n — )|V, x]|d +n®/?(x T £x)9/2], (2.77)

where c¢q and ¢y 1, . .. hereafter are constants only depend on ¢ and they may take different
values at different appearances. Note that YnTX ~ N(O,XTZX). Let cg1 = H&HZ, & ~

N(0,1). Then E|YnTx|q = cq71(x—|—§]x)‘Z/2 and
q

|H Xl < cqln || X7 ||| + 0t/ 2B 230)92) (278)
q

Hence by (2.9) and (2.11), we have

E|H X7+ E|X X; — f1]9

.|q
E|A )Y < C —
DIfa 4 nd2E(X$Xx)4/? + K174
< DT nTTEW BXY) al” (2.79)
anq
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By (2.77), | HYill§ < ¢q(nE(X] £X1)¥/? + n/? f7), which implies that
E[T;|7 < cq(nE(X] SX1)?2/(nf)1 +n~1/2).

Observe that (|H; + X;|3—nf1)/(nf) = Ly + A; and (|[H; + V|3 —nf1)/(nf) = L; +T;. We

write the telescope sum

n
Gyt (Bn) = gyt (B5) = (g4 (Li + ;) = gy (Li +T3)]
1=1
which entails (2.75) in view of (2.76), (2.79) and EI = 0. O

Lemma 2.8.2. Letayp > ... > ap > 0 be such that Zle al2 =1; let n; be i.1.d. X% random

variables. Then for all h > 0,
supIP’(tSa17]1+...+apnp§t+h) §h1/2\/4/7r. (2.80)
t

Proof of Lemma 2.8.2. Write V = Zle a;n;. Assume a; < 1/2. Then its characteristic

function ¢y (s) = Eexp(v/—1sV), s € R, satisfies

ov(s) = (T -2v/Ta;s)1/2

L=

(1+ 4a232) 1/4

J
(1 + 452 + 8bys* + 32/3bgs0) /4, (2.81)

IN

where b4—2]¢ka ak_l k: lak 1—a?>3/4 and
*

bg = Z kljakal—1—32a ak Za

J7k
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>1—3a? > 1/4.

AV
Sk
S
TN
_I_
2

By the inversion formula and (2.81), the density function fy (-) of V satisfies

1 0 1 o0
fr) = o /_ (s < /_ levsls <1

Now we shall deal with the case that a; > 1/2. Note that for all w > 0, sup,P(u < n1 <
u+w) < w2 V/2/m. Then sup;P(t <V <t+h) < (2h)1/2\/2/_7r. Combining with the
case a; < 1/2, we obtain the upper bound max(h!/2 V/4/7, h). Note that (2.80) trivially
holds if h > 1. O

Proof of Proposition 2.3.2. Note that p(X/f) < |S/f|lp = 1. Since f/f —1 = op(1),
p(2/F)(f/f —1) = op(1). Hence for the "if” part,

p(E/F =S/ < p(E =)/ f+p(S/HIf/f = 1] =op(1)

The ”only if” part can be similarly proved. O]

Proof of Lemma 2.5.1. Let pp = max; !apJ — bpj|. Choose an integer sequence K = K
such that K — oo and Kpp, — 0. Let W = Zj 1 apjnj, We = zg_Kapjn;-, S =

K-1 o _ p ! 1/4
Z bpjnj,So—Zj:Kbp’]nj, 223 Kapj andS—QZ] % pj Let UK = ) pe-

By the Gaussian approximation result in Sakhanenko [2006], on a richer probability space,

we can construct a random variable Z ~ N(0, 1), independent of (m) , such that
= c
P(W° —w!/?2] 2 ug) < = 3 ap; < —pap o = cqu, (2.82)
UK =K UK
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where ¢4 > 0 is an absolute constant. Since ug — 0, by Lemma 2.8.2,
sup |P(|W + W°| < z) — P(IW +w'/2Z| < 2)| = 0. (2.83)
X

Similarly, for vy = b}l){ 14(, we can also construct a probability space with a r.v. Z* ~ N(0, 1)

such that P(|S° — w/22*| > vp) < 041/[1(, and
sup |P(|S + S°| < z) — P(|S + s'/22%| < 2)| — 0. (2.84)
X
Let T = (W +w/22) — (S + s/2Z). Since w — s = 22?:_11([’?73‘ —a? ),

b.J

E|T| < 2(K —1)pp+ |w'/? = s'/?
2K pp+ |w — 5|2 < 2K p, + (4K pp) 2 0. (2.85)

IN

Hence, by (2.83), (2.84) and Lemma 2.8.2, (2.41) follows. ]

Proof of Theorem 2.3.3. Since X; are i.i.d., we have

p
EX-S5=E Y (65— oji)’
k=

1 S 0v2] Lo
= B[S X)) - s
j=1
= Bl x-S

which, by the assumption E[(X] X1)?] = o (nf2), implies I['Z‘,|§AJ—Z|%7 = o(f?). Then |||%|F —
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Slpll < 115 = Slplle = o(f), or |f = fll2 = o(f), and
I£/F =S/ flr < 1S =)/ flle + 1/ FlpIL = F/ 1l = o(1):

O

Proof of Theorem 2.3.4. (i) Assume without loss of generality that ¢ = 0. For a set B C
{1,...,n} define W = (|B||Xp|5 — f1)/f and Wp = [|B|Xp — X[3/(1 — |B|/n) — f1]/[.
Using the identity nX = |B|Xp + (n — |B|)Xge, where B¢ = {1,...,n} — B, we have by

elementary manipulations that

—|B B B X Xpe
Wp = 1 ’|WB+uWBc—2|B| ‘| fB (2.86)
Then for any 6 > 0, we have by the triangle inequality that
t—0 t+0
P(W — ) =7 <PWpg. <t) <P(W —_— 2.87
(W, < fom) =7 < BV, <0 SPOVG < Ty (280)

where 7 = P(|R;| > 0), R; = (m/n)Wpe — 2m(1 — m/n)*lffl)_(gj)_(Bg;. Note that
J
E|ngXBJ¢|2 = f2/(m(n—m)). Since m = o(n), by Theorem 2.2.2, we have Rj = op(1) and

7 — 0. Hence by Theorem 2.2.2, Lemma 2.8.2 and (2.87),
P(Wp. <t)—P(Wg. <t)—0. (2.88)
A similar argument implies that, for j # 5, the joint probability
P(Wp, <t.Wp, <t) ~P(Wp <t.Wp <t) 0. (2.89)

Therefore, by Theorem 2.2.2, we have E|E(t) — P(V < t)|? = 0, which implies the uniform
version (2.49) via the standard Glivenko—Cantelli argument in view of the continuity result
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Lemma 2.8.2.

We now prove (ii). Following the argument in (i), it suffices to show that
E[P(W3, <t,Wq, <t)— P2(V < t)| — 0. (2.90)
i

For sets A, A" € A, let ANA"= Dy, A— Dy = Dy and A’ — Dy = D3. Then

Xg Xp,
Wi =(1—k/mWp, + (k/m)Wp +2k(1 - k/m)lT,
where k& = [D1]. A similar expression exists for W3,. Choose a sequence p, — 0 with

m/n = o(pp). If k < mpy, similarly as in part (i), we have [P(W3 < ¢, W3, <t) —]PKVVB2 <
t, WBB < t)] — 0 and |IP)(VVB2 <t)—P(V <) = 0. Note that E[4; N Ay| < m?/n.
Then P([A; N Ayl = mpp) < m/(npp) — 0. Then (2.90) follows by conditioning on

|Aj N A]’| < mpnp,. L]

Proof of Theorem 2.3.5. We omit the proof of Theorem 2.3.5 and show Theorem 2.4.1 as

the one sample result is a special case of the two sample result. O

The following notation is used in the proof of Theorem 2.4.1.

Denote
X X Y Y X X Y Y
T:SH1_5H4_SM1_SM4 V:SH2—5H3_5M2—SM3
ny noy ’ ny no ’
§ € ¢ o€ § _ of ¢ o€
ni na ni na

Note that given the sets Ay, By, Aa, By, the random variables 7, V, 7, v are independent,

41



and

R (r+ V)T(}Jr v)—fi R® _ (T - V)T(;_— M=l (g
RV _ (T + V)T(;(JrV) - f17 R = (7 - V)T<;:_ V) - f (2.93)

Proof of Theorem 2.4.1. Given A;, B;, XA].—X = nl_l(Sif—Sifc) and YB].—Y = nz_l(SE—
j j j

qu). By Lemma 2.8.3, we have that for all A; € A°, B; € B°,
j

sup [P(RY) < 1]4;, Bj) — B (Ry < 1)| = o(1),

teR
sup |P (Ry < t[A;,B;) —P(Ry <t)| = o(1).
teR
Consequently,
sup B (1) < Elsup [B(s; (014, 55)] = o{0). (2.04)

On the other hand, Lemma 2.8.4 shows that for any A;, Ay € A°, By, By € B°,
sup ‘IP’ (RP <t,RY <t|Ay, Ay, By, BQ) _Pp (R(()l) <t,RP) <]y, Ay, By, Bg) ‘ — o(1),
which implies that

sup ‘IP’ (RP <t,RP? < t) _P (R(()l) <t,R? < t)‘ = o(1).

By Lemma 2.8.6 and Lemma 2.8.3, we further have

sup |Cov (k1(t), ko(t))| = sup ‘]P) (Rgl) <t, R?) < t) — P? <R§1) < t>’ =o(1). (295
t t
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Therefore, we obtain from (2.94) and (2.95) that

7 2
E(J7NY k)] =o(D).
j=1
The uniform convergence (2.63) is obtained via the standard Glivenko-Cantelli argument. [

Lemma 2.8.3. Let Condition 2.4.1 be satisfied. Let Z ~ N(0,1,). Then we have

sup | F(t) = P (27£2 < t)| < C[Ls(mr,no, ) + Y2, (2.96)
teR

for some constant C' that does not grow with n or p,

Ls(n1,ng, ) =1 [f(g(nl_l + n2_1) + f(o(nl_l/2 + n2_1/2)] + wq{ (n1—5 + nQ_‘S) Dg

+ (T oy ) K P (R XY 40y B E0)Y)
Furthermore, if (2.61) and (2.62) hold, then

jg}g F(t)—P (ZTEZ < t)‘ = o(1).

Proof of Lemma 2.8.3. The lemma can be proved in a similar way as Theorem 2.2.2. Details

are omitted. O

Lemma 2.8.4. For j = 1,2, fix A;, B;. Recall (2.53) for Réj), and denote

1 = ]F :

(2.97)

Assume that (X;)1<i<n,, (Yj)1<j<ny are independent, and that the conditions in Theorem
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2.4.1 are satisfied. We have that
sup ‘IP (Rg” <t,r% < t> P (Rgl) <t,RP? < t)‘ — o(1). (2.98)
t
Proof of Lemma 2.8.4. We approximate |z| by the function

1671 (5x8 — 2125 4 3524 — 35x2) , if |z < 14
l(z) =

|z|, otherwise .

Then we have for some constant Cj, we have that
sup |I'(z)] + sup |I” (z)| + sup [I"” ()| < C.

X X X
Let l(x) = ¢~ (yx), then

o] =71 <y () < o < ly(a) + 071
Recall gy ;(-) in the proof of Theorem 2.2.2. Define

hyp 1 (x,y) = gy 1 (2 + 2 (y))

It follows that

T{z +2ly| <t} < hyylz,y) <T {x oy <t+ 3¢—1} . (2.99)
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Recall (2.91) for 7, V, 7 and v. Let

TT’T -+ VTI/ — fl TTV
= = , 00 = —, 2.100
P0 7 0= "7 ( )
TIT+VIv-—f TV
p1 = 7 fl, o= (2.101)

Then we have

P(RY <t R <t) =P (o1 +2a1] < 1),

1 2
P(RY <t R <t) =P(po+2lo0l <1).
So by Lemma 2.8.5, (2.99) and Lemma 2.8.2, we get

p(RY <t.R? <t)
<P (Rg“ <t+3p 1 RP <4 3w—1) + CLs(ny, n2,v)

<P (R(()l) <t, R(()Q) < t) +C1Lg(n1,ng, ¥) + Cov™ Y2,
Similarly,
P (Rgl) <t, Rél) < t) <P (R(()l) <t, R(() < t) — C1Ls(n1,n9,v%) — OQ@D_l/Q.

The proof is completed. O

Lemma 2.8.5. Assume the conditions in Theorem 2.8.4 are satisfied. Recall (2.100) and

(2.101). There exists a constant C' > 0 such that

Sup [Ehy ¢ (p1,01) — Bhy 1 (p0, 00)| < CLgs(n1,m2,¢).
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Proof of Lemma 2.8.5. Note that there exists a positive constant (Y, such that

sup
z,y,t

sup
z,y,t

sup
z,y,t

sup
z,y,t

sup
z,y,t

We can prove the lemma by expanding hy, ;(p1,01) — hy t(po, o) similarly as in Lemma

ahw,t<x7 y)
ox

a2hw,t($7 y)

Ox?

a2h1/),t(x7 y)

Oy?

aghd),t<x7 y)

0220y

agh't/),t<x7 y)

Oy

< Cpy,
< Cpy?,
< Cpv?,
< Cp,

< P

2.8.1. The details are omitted.

Lemma 2.8.6. Recall R(()j) from (2.53) for j = 1,2. There exists some constant C' > 0 such

that

sup
z,y,t

sup
x,y,t

sup
x,y,t

sup
x,y,t

dy

82h1/),t(x7 y)
0xdy

agh’L/J,t(x? y)
Ox3

83 hl/),t (33, y)
0x0y?

ahw,t<x7 y)

‘ < Oy,
< Opy?,
< Oy,

< Cp®,

sup P (RS <t R <t) -2 (R <t)| <€ (0740,

Proof of Lemma 2.8.6. Let 01 = (4|H1| — ny)/n1, d2 = (4| M1| — n2)/ng, and

Blngl_gv B2:§A2_ga wlngl_éa wQZEBZ_C'

Observe that 7 +v =01 —w) and 7 — v = 89 — wy. Let w = By — w9y — 6161 + dowy, and

a simple calculation leads to

cov(f1 — wi,w|A1, Ag, By, Ba) = 0.
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We define

p_ [EB ST
w r )
f

where {7 = tr(¥) and Y = (1 — 5%)2)(/711 + (1 - 6%)23//712. Then for any ¢ > 0, we

have

Pe(R\Y <t, R < 1) <Pe(RV <t, Ry <t +1) + Pe(|BY — Ry| > 1)
—Pg(R\Y < )Pg(Ry <t +1) + Pe(|RY) — Ry| > 1)

<Pg(R\Y < t)Pe(RP < t+20) +2Pc (IR — Ry| > 1),

Here the subscript P¢ and E¢ denotes conditional probability and expectation given Ay, A, By, Bs.

For the first term on the right hand side of the inequality above, by Lemma 2.8.2, we have
Pe(RLY < t)Pe(RP <t+2) <Pe(RY <t)Pe(RP <t)+1/2/8/x.  (2.103)

For the second term, we have

B R, - 0181 — Saemnl5 — f + /T N 2w ' (8181 — dow1)

f f

Observe that

_ 2
0181 — do1|3 — f1 + fF tr((63% x /n1 + 635y /na)?)
E, Jg (I LS 7 2 < 4(51 + 63),
9
5
—I— —_ —
E, |27 00 = 0om) | pny [zw (5%—2)( +552_Y>} < 4(5% + 63).
f ) ni ng

Then we have HR(()2) —RWH% < C’((S%+(5%) for some constant C' independent of Ay, Ag, By, Bo.
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Thus
62 + 63
2

Pe(|RY — Ryl > 1) < C

4/5

Balancing the above inequality with (2.103), we take ¢ = §;"" + 63/5

and obtain
Pe(RY <, RY <) < Pg(RY < t)Pe(RP) < t) + C(67° + 62/°).
Since
E [Pe(Ry < OPs(RY <1)] = E [BRY <141, BURES <t]42,By)|

the lemma follow from the fact that [[6;([o/5 < [[01]]2 = O(nl_l/z) for the hypergeometric

random variable d;, j = 1, 2. n
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Figure 2.1: The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 1. The data are generated with § = 2 and § = 0.6 in the left and
right panels respectively.
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Figure 2.2: The empirical cumulative distribution function of the p-values based on 1000
simulations from Model 2. The data are generated with a = 0.1 and a = 1 in the left and
right panels respectively.
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CHAPTER 3
ESTIMATING HIGH-DIMENSIONAL DYNAMIC GRAPHS

3.1 Introduction

Networks are useful tools to visualize the relational information among a large number of
variables. Edges in the partial correlation network have meaningful statistical interpretation
corresponding to non-zero partial correlations, which corresponds to the non-zero entries in
the inverse covariance matrix (precision matrix) (c.f. Lauritzen [1996], Peng et al. [2009)]).
There is a large volume of literature on estimating static network or precision matrix in the
high-dimensional context min(n,p) — oo, where n is the sample size and p is the number
of variables; see Meinshausen and Biithlmann [2006], Friedman et al. [2008], Banerjee et al.
[2008], Rothman et al. [2008], Yuan [2010], Yuan and Lin [2007], Ravikumar et al. [2008],
Candes and Tao [2007], Cai et al. [2011], Cai and Liu [2011], Fan et al. [2009], Basu et al.
[2015], Loh and Biithlmann [2014], Loh et al. [2013] among many others.

Most of the earlier work in graphical modeling assumes that the underlying network is
time-invariant, which can be quite restrictive in practice. It rules out many real-world ap-
plications in systems such as gene networks, social networks, and stocking market, where
the underlying data generating mechanisms are dynamic (c.f. Lebre et al. [2010], Przytycka
et al. [2010], Khandani and Lo [2011], Chi et al. [2010]), with potential slow-varying feature
and abrupt changes. Despite the recent successful attempts towards the more flexible time-
varying models (Zhou et al. [2010], Kolar and Xing [2011], Kolar et al. [2010], Kolar and Xing
[2014], Qiu et al. [2015], Lu et al. [2015], Ahmed and Xing [2009], Tibshirani et al. [2005]),
there are still a number of major challenges in the current high-dimensional literature. First,
theoretical analysis were performed under the fundamental assumption that the observations
are either independent, or the temporal dependence has very specific forms such as Gaus-

sian processes or vector autoregression (e.g.Zhou et al. [2010], Kolar and Xing [2011], Basu
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et al. [2015], Cho and Fryzlewicz [2015], Roy et al. [2014], Qiu et al. [2015], Zhou [2014]).
Second, few existing results consider distribution of the data heavier than sub-Gaussian.
For continuous observations, sub-Gaussian tails were extensively assumed by Zhou et al.
[2010], Kolar and Xing [2011], Cho and Fryzlewicz [2015]; for discrete observations, Markov
random fields, a special case of sub-Gaussian distributions, were exclusively considered in
Roy et al. [2014], Kolar and Xing [2014]. Both requirements are unduly demanding in view
that a lot of time series encountered in real applications are nonlinear Tong [1993], Fan and
Yao [2003]. Third, in addressing the change-point estimation problem in high-dimensional
time series, piecewise constancy that is widely assumed (e.g. Roy et al. [2014], Cho and
Fryzlewicz [2015], Fryzlewicz [2014], Kokoszka and Leipus [2000]) can be violated easily. For
instance, financial data often appears to have time-dependent cross-volatilities with struc-
tural breaks (Aue et al. [2009]). For resting-state fMRI signals, correlation analysis reveals
both slowly varying and abrupt changing characteristics corresponding to modularities in
brain functional networks Chang and Glover [2010], Hutchison et al. [2013].

Explorations in high-dimensional (stationary) time series have been increasing recently;
see Qiu et al. [2015], Wiesel et al. [2013], Qiu et al. [2014], Basu et al. [2015], Zhou [2014],
Chen et al. [2013], Bhattacharjee and Bose [2014], Shu and Nan [2014] among many others.
In Chen et al. [2013], Bhattacharjee and Bose [2014], Shu and Nan [2014], the authors
considered the theoretical properties of regularized estimation of covariance and precision
matrices, based on various dependence measure of high-dimensional time series. Lu et al.
[2015] considered the non-paranormal graphs that evolves with a random variable. Qiu et al.
[2015] discussed the joint estimation of Gaussian graphical models based on a stationary
VAR(1) model with special coefficient matrices, which may also depend on certain covariates.
The authors applied a CLIME estimator with a kernel estimator of covariance matrix and
developed consistency in the graph recovery at a given time points. Basu et al. [2015] studied

the recovery of granger causality across time and nodes assuming a stationary Gaussian
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vector autoregressive model with unknown order. They applied a bi-level threshold group
lasso-type estimator and discussed support recovery assuming restricted eigenvalues and
irrepresentative condition.

In this chapter, we focus on recovering the time-varying undirected graphs based on
regularized estimation of the precision matrices. Our study allows two types of dynamics:
unknown number of abrupt changes and gradual varies between the change points. In partic-
ular, we study high-dimensional piecewise locally stationary processes in a general nonlinear
temporal dependency framework, where the observation are allowed to have only polynomial
moments up to a finite order. The ultimate goal is to simultaneously recover the time-varying
undirected graphs, where edges have meaningful statistical interpretation corresponding to
non-zero partial correlations (c.f. Lauritzen [1996], Peng et al. [2009]). Our method has two
steps. In the first step, the maximum norm of the local difference matrix is computed at each
time point and the jumps in the covariance matrices are detected at the location where the
maximum norms are above a certain level. In the second step, the precision matrices before
and after the jump are estimated by a regularized kernel smoothing estimator. A boundary
correction procedure is applied to reduce the bias near the change point.

We provide an asymptotic theory to justify the proposed method in high-dimensions:
point-wise and uniform rates of convergence are established for the change-point estima-
tion and graph recovery under mild and interpretable conditions. The rates are determined
by subtle interplays of the sample size, dimensionality, temporal dependence, moment con-
dition, and choice of bandwidth. They are significantly more involved than problems for
sub-Gaussian tails and independent samples. Uniform consistent recovery of time-varying
network structures is more challenging and difficult than point-wise consistency. For the mul-
tiple change point detection problem, we characterize the sharp threshold of the difference
statistic that gives consistent selection of the number of change points.

We now introduce some notation. Positive constants, independent of n and p, are denoted
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by C,Cq,C9,--- and their values may differ from line to line. For the sequence of real
numbers, a, and by, we write ap = O(by) or ap < by, if limsup,, o (an/bn) < C for some
constant C' < oo and ay, = o(by,) if limy,—so(an/bp) = 0. We say a, < by, if a, = O(by) and
bp, = O(ay). For a sequence of random variables Y, and a corresponding set of constants
ap, denote Yy, = Op(ay) if for any € > 0 there is a constant C' > 0 such that P(Y},/ap >
:?:1 x?)l/Q. For a matrix X,
Sl = 3k logkls [Sloo = max; e ojpl, 2]z, = maxg, 35 lojkl, [Z]p = (2 0%)Y? and

C) < e for all n. For a vector x € RP, we write |x| = (

p(¥) = max{|Xx| : |[x| = 1}. For a random vector z € RP, write z € L% a > 0, if

Iz]la =: [E(|2|%)]Y/* < co. Let ||z|| = ||z||. Denote a A b = min(a,b) and a V b = max(a, b).

3.2 Time Series Model and Assumptions

We first introduce a class of causal vector stochastic process. Let €; € RP i € Z be indepen-
dent and identically distributed random vectors and F; = (..., €;_1,€;) be a shift process.
Let (X7 (t));cz be a p-dimensional stationary process, and X7 (t) = (X7 (), - ,Xfp(t)) is

generated as
X3 (t) = H(F;; t), (3.1)

where H(+;+) = (Hi(+),..., Hp(+;-)) is an RP-valued measurable function. We rescale the
time index to t; = i/n and view X; = X, ,, = X?(t;), 1 = 1,2,--- ,n. In other words,

X, = H(F; i/n). (3.2)

)

We drop the subscription n in X; ,, in the rest of the chapter. Without loss of generality,
the data is assumed to be preprocessed and has mean zero. Our focus is on the second-order
properties.

Model (3.1) is introduced in Draghicescu et al. [2009]. The processes (X?(t))
o4
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constitute a triangular array, double indexed by i and ¢, and the observations (X;)i’, are
taken from the diagonal of the array. Fixing the time index ¢, the process (X7 (t))Z ez s
stationary. On the other hand, since H(F;;¢;) is allowed to vary with ¢;, the form (3.2) is
able to take into account of non-stationarity.

The process (X;);c7z is causal or non-anticipative as X; is an output of the past inno-
vations (€;);<; and does not depend on the future innovations. In fact, it covers a broad
range of linear and nonlinear, stationary and non-stationary processes such as vector auto-
regressive moving average processes, locally stationary processes, Markov chains, nonlinear
functional processes, etc. (Draghicescu et al. [2009], Zhou and Wu [2009, 2010], Chen et al.
[2013]).

In application, non-stationary time series data can involve both abrupt breaks and smooth
varies between the breaks. To model the non-stationarity, we assume the underlying pro-
cesses are piecewise locally stationary with a finite number of structural breaks, defined as

below.

Definition 3.2.1. PLS,([0, 1], L) is said to be the collection of zero-mean piecewise locally
stationary processes on [0, 1], if for each (X (¢))o<t<1 € PLS,([0, 1], L), there is a nonnegative
integer ¢ such that X(t) is piecewise stochastic Lipschitz continuous in ¢ with Lipschitz
constant L on the interval [t(l),t(“’l)),l = 0,---,1, where 0 = t0) <« M)« ) <
ttt1) = 1. A vector process (X(t))o<t<1 € PLS,([0,1],L) if all coordinates belong to
PLS,([0,1], L). For the process (X(j(t))o<t<1 defined in (3.1), this means that there exists
a non-negative integer ¢ and a constant L > 0, such that

max || H;(Foit) — Hj(Fo; )| < L|t — '] for all 1) < 1,4/ <¢+D 0 <1<,
1<j<p

If we assume (X9 (t))o<t<1 € PLS,([0,1],L),i € Z, then it follows that for each ¢/ =
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i—k,...,i+k, where k/n — 0, and that ¢(0) <i,i < t0+1) for some 0 <1 <, we have

11%1]@1%{]? | H;j(Fir;i/n) — Hj(]:i/;i//n)H < Lk/n = o(1).

In other words, within a locally stationary time period, in a local window of 7, (Xz"j)i— L<i'<itk

can be approximated by the stationary process (Xi?j(i/n))i,kgxgprk for each j =1,...,p.

The covariance matrix function of the underlying process is X(t) = (0j(t)), <jk<p
t €[0,1], where 0(t) = E(H;(Fo;t)Hy(Fo;t)), and the precision matrix function is Q(t) =

»(t)~t = (wjk(t))1<j k<p- Lhe graph at time ¢ is denoted by G(t) = (V,E(t)), where V is
the vertex set and £(t) = {(j, k) : wj(t) # 0}. Note that (X7 (¢)): € PLS,([0,1], L), € Z
implies piecewise Lipschitz continuity in 3(¢) except at the breaks ¢ ... () In particular,

if supp<¢<1 maxj<j<p HHj (Fo; t)” < C for some constant C' > 0, we have that
15(s) = S()oo < 2CL|s—t|,  Vs,te [t Dy =0, . . (3.3)

The other direction is not necessarily true, i.e., (3.3) does not indicate (X7 (t)); € PLS,([0,1],L),
i € Z in general. As a trivial example, let ¢;; = 2-1/2 with probability 2/3 and /2 with
probability 1/3 i.i.d for all 4,j. At time ¢, = k/n, let XZ.Oj(tk) = (—1)k\/¥ksij. Then we
find that for any k and k' such that k + k' is odd, |S(t) — X(tp)|eo = |t — tr| but
1X01 (tk) — X1 (Ern)ll2 = Vi + Vg

Assumption 3.2.1. (i) Assume (X7 (t))o<i<1 € PLS,([0,1], L) for each i € Z, where L >0
and v > 0 are constants independent of n and p.

(i) For each 1 =0,...,t, and 1 < j,k < p, we have 0(t) € c2(h) ¢(+1)y,

Now we introduce the temporal dependence measure. We quantify the dependence of
(X;’(t))iGZ by the dependence adjusted norm (DAN); c.f. Wu and Wu [2016]. Let &} be an
ii.d. copy of g; and ]:z,{m} = ( L Eim—1, E;-_m, Eimm+1," " 752-), Denote X;? {m}(t) —

(XZ?’L{m}(t), . ,X§p7{m}(t)), where ij,{m}(t) = Hj(F; fmyit), 1 < j < p. Here X;”{m}(t)
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is a coupled version of X?(t), with exactly the same generating mechanism and input, except

€;_m being replaced by its iid copy E;_

m-

Definition 3.2.2. Let constants a > 1,A > 0. Assume supp<;<] ||ij(t)\|a < 00,) =
e]

1,...,p. Define the uniform functional dependence measure for the sequences (X; j (1)) i€Z.te[0,1]

of form (3.1) as

— °(t) — X° =1
9’”’“’]‘0221”){”“) iy Olla, G =1---,p,

and O, 4 j = 372, 0; o j- The dependence adjusted norm of (Xloj (t))iez,te(0,1] is defined
as

HX'JHa,A - ;é%(m + 1)A@m,a,j>

whenever HX~,J" ad <00

Intuitively, the physical dependence measure quantifies the adjusted stochastic difference
between the random variable and its coupled version by replacing past innovations. In-
deed, 0y, 4 j measures the impact on ij (t) uniform over ¢ by replacing &;_,, while freezing
all the other inputs, while ©y, , ; quantifies the cumulative influence of replacing e_, on
(ij (t))i>0 uniform over ¢. DAN HX'JH@, 4 controls the uniform polynomial decay in the
lag of the cumulative physical dependence, where a depends on the the tail of marginal
distributions of X i j (t) and A quantifies the polynomial decay power, and hence the tempo-

ral dependence strength. It is apparent that HX'J”a 4 Is a semi-norm, Le., it has absolute

scalability and satisfies the triangular inequality.

Assumption 3.2.2. Let X7(t) be defined in (3.1) and X; in (3.2). There exist ¢ > 2 and

A > 0 such that

Voq 1= Sup max E|X;?(t)]2q < 00 and  Nx g, := max ||X.;

<oo. (34
t€[0,1] 1<j<p 1<j<p ‘2(]714 ( )
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1/q ,
. A) and write Nx = Ny4, My = My The

We let My i= (S1<jep ||
quantity My , and Ny 9, measures the LY aggregated effect and the largest effect of the
element-wise DANs respectively. Both quantities play a role in the convergence rates of our
estimator.

Apparently we have that [|.X;; — Xij,{m}Ha < Op,q,; and that maxlgjng|Xij|2q <y
for all 1 < ¢ < n. In contrast to other works in high-dimensional covariance matrix and
network estimation, where sub-Gaussian tails and independence are the keys to ensure con-
sistent estimation, Assumption 3.2.2 only requires that the time series have finite polynomial

moment and allows linear and nonlinear processes with short memory in the time domain.

Example 3.2.1. Consider the following linear process model
o0
H(F;;t) = Z Am(t)€i—m,
m=0

where g; = (£1,...,¢&p) and g;; are iid with mean 0 and variance 1, and ||&;;||q < Cy for each
i € Zand 1 < j < p with some constant ¢ > 2 and C; > 0. The linear process is commonly
seen in literature and application. It includes the vector autoregressive model as a special
example. Assume the coefficient matrices Ap(t) = (a,, ji(t))1<jr<p,m = 0,1,... satisfy

the following condition.
(A1) For each 1 <j,k <p, ap, j1(t) € C2[0,1].

(A2) For each 1 < j < p, there is a constant C'4 ; > 0 such that for each ¢ € [0,1],

22:1 am,jk(t)2 < Cyj(m+ 1)_2(‘4+1) for all m > 0.

(A3) For any ¢,t' € [0,1], >00_ Zi:ﬂam,jk(t) - am,jk(t’)]2 < L2|t — t')? for each j =

1,...,p.
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We have that

= A i (A (1),
m>0
0

Omgj < 2Cqv/a—1 Z (A Am iV

P

155 (8) = X5 ()P = Z Ao D lam jr(t) = am i (),
k=1

where Ay, ;.(t) is the jth row of Ap,(t).

Under condition (A1)-(A3), one can easily verify that for each 1 < j, k < p, the process
has (1) oj,(t) € C2[0,1]; (2) X jllga < \/ma] by the Burkholder inequality
(Chow and Teicher [1997]); and (3) || H;(Fo;t) — H;(Fo;t')|| < Lit —t/].

Conditions (A1)-(A3) implicitly assume smoothness in each entry of the coefficient ma-
trices, sparseness in each column of the entry and evolution, and polynomial decay rate in

the lag m of each entry and its derivative.

For 1 < 1 < 1, let §j3(tW) = o3 (tW) — 0.tV ~) and AW = (5jk(t<l>>)1<j k<p
where Ujk(t(l)—) = lim,_,,q)_ ojk(t) exists as a consequence of (3.3). We assume that the

change points are distinguishable and separated.

Assumption 3.2.3. There ezist positive constants ¢1 € (0,1) and ca > 0 independent of n

and p such that maxoglg(t(Hl) —tWY > ¢1 and 5(t)) = |A®t)) |0 > o

In the high-dimensional context, we assume that the inverse covariance matrices are

sparse in the sense of their L1 norms.

Assumption 3.2.4. The precision matriz |Q(t)|;1 < Ky for each t € [0,1], where Ky is

allowed to grow with p.

If we further assume that the eigenvalues of the covariance matrices are bounded from

below and above, i.e., there exists a constant 0 < ¢ < 1 such that ¢ < infycp 1) [E(f)]2 <
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SUD4e(0,1] I2(t)|2 < ¢!, then the covariance matrices and precision matrices are well-conditioned.
In particular, as [Q(t) — Q(t')] < ¢2|2(t) — 2(')], a small perturbation in the covariance

matrix would cause no big jump in the precision matrix (in the sense of the spectral norm).

3.3 Method: Change Point Detection and Support Recovery

In Gaussian graphical models, the network structure is a second-order feature of the data.
Specifically, the appearance of edges coincides with the support of the inverse covariance
matrix. Same thing happens in the context of partial correlation graph. Detection of the
potential change points is necessary in view of |Q(t) — Q(t—)|co > |2(t)]£11 ]Z(t—)|zll|A(t)|Oo,
i.e., a non-negligible abrupt change in the covariance matrix will result in a substantial change
of the graph structure for sparse covariance matrices. More importantly, recovering the graph
structure using time series data that has abrupt jumps in the covariance matrix will induce
remarkable error, as the estimates of the covariance components are themselves inaccurate.
In other words, local smoothness in the covariance matrix is required for the inference of the
graphical structure via constraint /; minimization estimator.

Proposition 3.4.1 and 3.4.2 in Section 3.4 show that under appropriate conditions, if each
element of the covariance matrix varies smoothly in time, one can obtain accurate snapshot
estimation of the precision matrices as well as the time-varying graphs with high probability
via a kernel smoothed constrained [; minimization approach. As a consequence, our graph
recovery method consists of two steps: change point detection and support recovery.

Let h = hy > 0 be the bandwidth such that » — 0 and n=! < h as n — oo, and
Dy (0) ={h,h+1/n,--- ,1 — h} be the search grid. Define

hn—1 hn
1
D(s)=— | Y XpsiXpei = D XnspiXperi |+ s€DR0. (35
1=0 1=1
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To estimate the change points, compute

§1 = argmax,cp, ()| D(5)]cc- (3.6)

The following steps are performed recursively. For [ =1,2,..., let
Dy(l) =Dyl —1)N {8 — 2h, -, 8 + 2h}°, (3.7)
Si+1 = argmaxep, ) [ D(s)]oo, (3.8)

until the following criterion is attained:

D(s)|oc < v, :
sérzl)i}fz)’ (s)oo < ¥ (3.9)

where v is the early stopping threshold. Here v is taken according to the error level, which
as described in Section 3.4, depends on the dimension and sample size, as well as the serial
dependence level, tail condition and local smoothness. Since our method only utilizes data
in the localized neighborhood, ranked multiple change points can be estimated in a single
pass, which offers the computational advantage than the binary segmentation algorithm Cho
and Fryzlewicz [2015], Fryzlewicz [2014].

Once the change points are claimed, in the second step, we apply a time-varying (tv-
) CLIME estimator for the covariance matrix functions of the multiple pieces of locally

stationary processes before and after the structural breaks (Cai et al. [2011]). Let

S(t) = iw(t, )X X (3.10)
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where

_ Kb(t’bt)
>y Kp(t,t)

w(t, i) (3.11)

and Kp(u,v) = K(|u — v|/b)/b. The bandwidth b satisfies that b — 0 and n™! < b as
n — oo. Also denote By, = nb. The kernel function K(-) is chosen to have properties as

follows.

Assumption 3.3.1. The kernel function K(-) is non-negative, symmetric, and Lipschitz

continuous with bounded support in [—1,1], and that f_ll K(u)du = 1.

Assumption 3.3.1 is a common requirement on the kernel functions and can be fulfilled

by a range of kernel functions such as the uniform kernel, triangular kernel, Epanechnikov

kernel, etc.
The tv-CLIME estimator of the precision matrix Q(t) is defined by Q(t) = ((I)Jk(t)) 1<jk<p’
where @5 (¢) = min(@; (), b (1)), and Qt) = Qy(t) = (@;x(t))1<j.k<p:
Q\(t) = in [Q; st |2 - Idpleo < A 12
A0 =arg _min (20 st SO0 - Tyl < (3.12)
Then, the network is estimated by the “effective support” defined as follows.
G(t;u) = (gip(tu)1<jh<p,  Where gp(tiu) =T{|@;(t)| > u}. (3.13)

It should be note that the kernel smoothing estimator of the covariance matrix does not
reflect the abrupt jump in the covariance matrix at each change point (c.f. Assumption
3.2.3), as it element-wisely smoothly spreads the point mass around the investigated time
point. In addition, in the neighborhood of the change points, non-negligible bias will be
induced in estimating () by f](t) due to the jump. As a simple remedy, we apply the

following reflection method for boundary correction. Suppose t € 72 p2(g) for 1. <5 <,
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Denote T;(j) = [8; —d,3; +d) for d € (0,1). We replace (3.10) by

and then apply the rest of the tv-CLIME approach. Here

X; if (i —s;n)(t —s;n) > 0;
% =4 ’ ’ (3.14)

X945 n—i otherwise.
3.4 Theoretical Results

Our first result is that under appropriate conditions, element-wise local smoothness of the
covariance matrix is sufficient for the consistency of support recovery via tv-CLIME. The
latter observation motivates us to first identify the abrupt changes in covariance matrices in
the sense of the max norm.

Define J, 4(n,p) = Mxyq(pwqﬂ(n))%, where @, 4(n) = n,n(log n)it20 pa/2-Aqif 4 >

1/2—1/q, A=1/2—1/q, and 0 < A < 1/2 — 1/q, respectively.

Proposition 3.4.1. Suppose Assumptions 3.2.2, 3.2.4 and 3.3.1 hold with « = 0. Let
By = bn forn~! < b < 1. Choose the parameter \° > Crp(b? + Bgqu,A(Bn,p) +
Nx (log p/By)Y?) in the tv-CLIME estimator Q\o(t) in (3.12), where C is a sufficiently

large constant independent of n and p. Then for any t € [b,1 — b|, we have
[e(t) = Qt)]oo = Op(rpA°). (3.15)
Furthermore, if we choose X° > Ckp <62 + B;qu’A(n,p) + NxB;l(n log(p))1/2), then
sup  |Qyo(t) — Qt)|oo = Op(kpA°). (3.16)

te[b,1-0b]
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The optimal order of the bandwidth parameter b = by is the solution to the following

equation
¥ = Bylmax(Jy a(n,p), Nx(nlog(p®)/?).

In fact, closed-form expression for by is available. For constants C7 and C9 that are inde-

pendent of n and p, take

1/3

by = C1(n" 1y a(n,p) " + CQN)I(/BH_UG log(p)/°.

Given a finite sample, to distinguish the low entries in the precision matrix from the
noise is challenging. In addition, a low magnitude of a certain element of the precision
matrix implies weak connection of the edge in the graphical model. As a result, we only
consider the estimation of significant edges in the graphs. Define the set of significant edges

at level u as E*(t;u) = {(j, k) g;.‘k(t;u) # 0}, where

Gip(tiu) = T{|wjk(t)] > u} .

Then, as an immediate consequences of (3.16), we have the following support recovery con-

sistency result.

Proposition 3.4.2. Choose u as uy = C()lil%bg, where Cqy is taken as a sufficiently large
constant independent of n and p. Suppose that up = o(1) as n,p — oo. Then under

conditions of Proposition 3.4.1, we have that as n,p — 00,

P( sup Z [{g5(t;ug) # 0} #0) =0, (3.17)
b1t G eee)
P( sup > I{gjrtiug) =0} #0) = 0. (3.18)

LEDI=] (j 1y eg* (t:2uy)
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Proposition 3.4.2 states that the pattern of significant edges in the time-varying true
graphs G(t),t € [b,1 — b], can be correctly recovered with high probability. However, it is
still an open question to what extent the edges with magnitude below u can be consistently
estimated. Hypothesis test for the partial correlation graph in the non-stationary high-
dimensional time series is rather challenging. We leave it as a future problem.

Propositions 3.4.1 and 3.4.2 yield that consistent estimation of the precision matrices and
the graphs can be achieved before and after the change points. Now we provide theoretical
result of the change point detection. Theorem 3.4.3 shows that if the change points are
distinguishable and separated, then we can consistently identify them via the single pass

segmentation approach under regular conditions. Denote
— 1/3 1/3 —
he = Cq (n 1Jq,A(n>p)) / + CQNX/ n~1/6 log(p)l/ﬁ,

where C7 and (9 are constants independent of n and p.

Theorem 3.4.3. Assume X; € RP admits the form (3.2). Suppose that Assumptions 3.2.2
to 3.2.3 are satisfied. Choose the bandwidth h = he, and v = (1 + LYh2 in (3.5) and (3.9)
respectively. Assume that he = o(l) as n,p — oo. We have that there exist constants

C1,Cq,C3 independent of n and p such that

q g
pwq,A(”)MX,qVQq ) 1/3

T 10, 2
nch log (p))1/3)' (3.19>

2
NX

P(li — ¢ > 0) < Oy ( + Cop® exp (— C3(

Furthermore, on the event {v = i}, the ordered change-point estimator (5(1) < §(9) < -+ <

S(i)) defined in (3.7) satisfies
maxi<j<, |[$(;) — tY)| = Op(h3). (3.20)

Proposition 3.4.2 and Theorem 3.4.3 together indicate the consistency in the snapshot
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estimation of the time-varying graphs before and after the change points. Around the change

points, we have the following result for the recovery of the time-varying network. Denote

S = [bﬁ,l — byl N (U1<j<2’77102+bﬁ (7)) as the time intervals between the estimated change
- o

points, and NV := [0, by) U (U1§j§5<771§+bﬁ 077%)) U(1—by, 1] as the recoverable neighborhood

of the jump.

Theorem 3.4.4. Let Assumptions 3.2.2 to 3.3.1 be satisfied. We have the following results

as n,p — 0.
(i) Fort € S, take b = by and u = uy, where by and uy are defined in Proposition 3.4.2.

Suppose uy = o(1) as n,p — oo. we have

supmax |6 1 (t) — 5 (1) = Op(12). (3.21)
teS gk

Choose the penalty parameter as Ay := Cllipbg, where C7 1s a constant independent of

n and p. Then
sup (|2, (1) = Q(1)lsc = Op(rph}). (3.22)
teS
Moreover,
P(sup Y I{gjiltiuy) #0} =0) =1, (3.23)
15 (jk)ege(t)
P(sup Z T{g;(t;uy) =0} =0) — 1. (3.24)

1€S ( kyee= (t;2uy)

(i) For s € N, take b = by, := O (n_qu,A(n,p))l/2 + CQN)1(/2n_1/4 log(p)Y/4, and u =

Uy = Colil%b*, where Cqy, C1 and Cy are constants independent of n and p. Suppose
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ux = 0(1) as n,p — oco. We have

sup max 3 1 (t) — 0; 1 (t)] = Op(by). (3.25)
teN Ik

Choose the penalty parameter as A := C1kpbs, where C7 is a constant independent of

n and p. Then
sup [, (£) = 1)l = Op(rbs). (3.26)
teN
Moreover,
P( sup Z I {gjk(t; uy) #0} =0) — 1, (3.27)
N (jryege()
P(sup > I{gjxtiux) =0} =0) - 1. (3.28)
PN (ke (1:2u)

Note around the jump points, the convergence rates for the covariance matrix entries
and precision matrix entries in case (i) are slower than that of the between jump intervals in
case (ii). This is because on the boundary due to the reflection, the smooth condition may
no longer be true. Indeed, we only take advantage of the Lipschitz continuous property of
the covariance matrix. Thus the bias term b2 in the convergence rate of the between-jump
area becomes b around the jumps. We note that around the smaller neighborhood of the
jump J = Uléjﬁiﬁzga due to the error in the change point detection, consistent recovery

the graphs is not achievable.

3.5 A Real Data Application

In this section, we apply our method to a real financial dataset from Yahoo! Finance
(finance.yahoo.com). The data matrix contains daily closing prices of 452 stocks that
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are always in the S&P 500 index between January 1, 2003 through January 1, 2008. In
total, there are n = 1258 time points. We select 50 stocks with the largest volatility and

consider their log-returns; that is, for j =1,--- , 50,

X;j =log (pit1,3/pij) -

where p;; is the daily closing price of the stock j at time point 7. For each stock, the log-
returns Xj; are then standardized to zero mean and unit variance. We first compute the
statistic (3.5) and (3.6) for the change point detection. We look at the top three statistics
for different bandwidths. For bandwidth nj = 15, we rank the test statistic and find that
the top three locations for the change points are: May 26, 2006 (n§1 = 858), May 10, 2007
(ng, = 1097), and June 12, 2003 (ng, = 113). The detected change points are quite robust
to a variety of choices of bandwidth, except that as the bandwidth becomes larger, the test
statistic is more clustered together. Our result is partially consistent with the change point
detection method in Aue et al. [2009]. In particular, the two breaks in 2006 and 2007 were
also found in Aue et al. [2009] and it is conjected that the 2007 break may be associated
to the U.S. house market collapse. Meanwhile, it is interesting to observe the increased
volatility before the 2008 financial crisis.

Next, we estimate the time-varying networks before and after the change point at May
26, 2006 with the largest jump size. Specifically, we look at four time points at: 813, 828,
888, and 903, corresponding to March 23, 2006 April 13, 2006, July 11, 2006, and August
1, 2006. We use tv-CLIME (3.12) with Epanechnikov kernel with the same bandwidth as
in the change point detection to estimate the networks at the four points. Optimal tuning
parameter A is automatically selected according to the stability approach Liu et al. [2010].
The following matrix shows the number of different edges at those four time points. It is
observed that time the first two time points (813 and 828) and the last two (888 and 903)

have higher similarity than across the change point at time 858. The estimated networks
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Figure 3.1: Break size |Dg|oo. From January 1, 2003 to January 1, 2008.

are shown in Figure 3.2. It is observed that at each time point the companies in the same

section tend to be clustered together such as companies in the Energy section: OXY, NOV,

TSO, MRO and DO (highlighted in cyan).

0 332 350 396

332 0 394 428
Distance matrix of estimated networks:
350 394 0 234

396 428 234 0
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813.pdf 828.pdf
(a) Time 813. (b) Time 828.

888.pdf 903.pdf
(c) Time 888. (d) Time 903.

Figure 3.2: Estimated networks at time points 813, 828, 888 and 903, corresponding to
March 23, 2006, April 13, 2006, July 11, 2006, and August 1, 2006. Networks in the first
and second row are estimated before and after the estimated change point at time 858,
respectively. Different colors correspond to the nine sections in the S&P dataset.
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3.6 Proof of the Results

3.6.1 Preliminary Lemmas

Lemma 3.6.1. Let (Y;);cz be a sequence that admits (3.2). Assume Y; € L9 for i =
1,2,---, and the dependence adjusted norm (DAN) of the corresponding underlying array
(Y°(t)) satisfies ||[Yo||lg4 < oo for ¢ > 2 and A > 0. Let (w(t,t;))i_; be defined in (3.11)
and suppose that the kernel function K(-) satisfies Assumption 3.3.1. Denote wy 4(n) =

n(logn)tt20 nd/2=A40 jf A > 1/2 —1/q, A = 1/2 = 1/q, and 0 < A < 1/2 — 1/q,

respectively. Then there exist constants C1,Co and Cg independent of n, such that for all

@g.A(Bn) [IY-][] —C3B,a?
>a:‘>§C’1 a T; q’A—i-CgeXp S—an )
Bt 1113, 4

(3.29)

@g.A(n) YIS —C3B2a?
>x | <O a 7 q’A—l—C’gexp 3—336 .
Bt n Y-z 4

x>0,
n

sup P
te(0,1) (;

1=1

w(t, ;) (Y; — E(Y;))

w(t, t;)(Y; — E(Y;))

Pl sup
(te(o,l) ;

Proof. Let S; = Z§:1 (Y; —E(Y;)). Note that

n n
sup w(t,t;)Y;| = sup w(t, t;)(S; —S;—1)
te(0,1) i=1 te(0,1 i=1
n—1
< sup D [(wlt,t;) = w(t,tip1))S;]| + sup |w(t, 1)S)
1=1 t
S Bn 1I£1a<x S,

where the last inequality follows from the fact that sup; S 1 |w(t, t;) —w(t —t;41)| < By !
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due to Assumption 3.3.1.

To see (3.30), it suffices to show

A Y15 4 —C3a?
P ( max |S;| > £L‘> < (1 Fad + Coexp C—3x2 : (3.31)
1<i<n 4 n Y3 4

Now we develop a probability deviation inequality for maxj<;<y, | 29:1 a;Y;|, where

j = 0,1 < j < nare constants such that } 3, ;—,, aj = 1. Denote Py(Y;) = E(Y;|;) —E(Y;)

and
Pr(Yi) = E(Yileig, .- - e) — E(Yilei_pyr, -, 60)-
Then we can write
121;2(” | ZO@Y | < max | Z a;jPo(Y;)] + 1réla<xn | 2:1; o Pr(Y; (3.32)

AP LTS

k=n+1j=1

Note that (Py(Y}))jez is an independent sequence. By Nagaev’s inequality and Ottaviani’s

inequality, we have that

! Yo ad [Py Caa?
P(max | a;Py(Y;)| > z) < = 9 4 exp (- 5 (3.33)
1<i<n 2::1 JTEN ad ( Z?:la?”PO(Yj)H%)
Z pof 2
=l g +exp(—03 d ),

< -’Eq”Y g

>yl

where the last inequality holds because ||Pg(Y; < 2||Y;||q by Jensen’s inequality. Since
J/1q Jnq
Z] i1 Pr(Y;) is a martingale difference sequence with respect to o(g; 41—, €i42—k>---);

we have that | Y 721, z] _i+1 @jPr(Y;)] is a non-negative sub-martingale. Then by Doob’s
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inequality and Burkholder’s inequality, we have

Pl 3 om0z

k= n+1] 1
Z Zaﬂ’k > 5) + F(max | Z Z aPy(Yy)] > 3)
k=n+17=1 k=n+1j=1+1
q
szim i aijoz«)H
< q
_ (Siaied)iPen, _ ehnt* T T of
S 7 < 7 (3.34)
X X

Now we deal with the term maxj<j<p | > r_; Zé’:l ajPi(Y;)|. Define ay, = min(2™,n) and

My, = [logn/log2]. Then

M, [i/am] min(lam,i) am
max IZZM ngag‘\ >, 2 > aP(Y)] (335)
e m=1"="""" 121 =14 (—1)am k=1+am_1

Let Apgq = {1 <1< [ifam],lis odd} and Aepen = {1 <1 < [i/am],l is even}. We have

[i/am]
Pl | 2 Zimil 20) <P(uax | 2 Zinal 2 0/2) + P(max | 2, Zinal 2 2/2)
Aodd Aeven
il
where we have that Z ,, ; = Z?_I?(J:El_zl)) a;Pam_ (Y;) is independent of Zj 9, ; for 1 <

< [i/am],1 <m < Mp,1<i<mn,as Pgm (Yj):=> " a1 P (Y;) is am-dependent.
Therefore, we can apply Ottaviani’s inequality and Nagaev’s inequality for independent

variables. As a consequence,

[i/am] Z q )
1<i<|[n/am ||Zl7m,n||q 0313
Z Zlmz|>3’j ~ ’— /xq] +exp (— )

max |

1<Z<n Si<i<infam] 1Zimnlls”
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Again, by Burkholder’s inequality, we have that for ¢ > 2,

am min(lam,n)

1 Zimnlls < D> 1 > aPu¥)llg

k=14+am—-1 j=1+(I-1)ap
min(lam,n)

5 ( Z a?)1/2(@am—1 - @am>

j=1+(-1)am
min(lam,n) 2 (¢—2)/q /—~min(lam,n) a2 =2 —2
Note Z —14(-1)a a; <apy (Z] L Dan j) /4. Tet Tm =m /Zm 1m~ %, and

we have 7, < m ™2 as 1 < 2%21 m ™2 < 72/6. In respect to (3.35), we have that

M, [i/am]
< P 2y il = .
P | Z Zm 2o) < ), Pl | Z} Lm| = ) (3.36)
My, 2.2 24
i—1 j q —q (1/2—A)q Caa’tinam
S 1Yl a P ) exp ).
Z T L P TS g,
Note Z%Zl Tn_lqa%m_A)q_l = nilwq,A(n), and
n Claz72 q24 Clax?
Z exp (— n3x ;mam ) Sexp(— = 3296 5—)-
>oig a3lIYAl5 4 > =151V I5 4
Combining (3.32), (3.33), (3.34) and (3.36), we obtain
fgfgan% (¥; —E(¥))| > 7)
@g,a(n) i1 o] Y- —C3a?
<O 9 J J A + C9 exp ( 3% ) (3.37)

2
nad Sy a2 [YIB 4

Now we have (3.31) by taking a; = n~!for j=1,...,n. Note that since K(-) has bounded
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support, for any given ¢ € [b, 1 — b], we have

n By
P(| D w(t,t)(V; —EY;)| > 2) <P(| Y w(t,tinsi) YVingi — EYipas)| > )
1=1 1=—DBp
@ a(Bn) S0 w(tstin ) VI _Cya?
1 By 2 + Coexp ( B, ).

)
>t g, w(t tnti)* [Yll5 4

Therefore (3.29) follows from (3.37) by taking a;; = w(t,tn + j) and note that Note that for

any t € [b,1 — bl ZQL_B w(t, tpgi)? = B;L_B for a constant 3 > 2. O

Lemma 3.6.2. Suppose (X;;)icz,1<j<p satisfy Assumption 3.2.2. Also let Assumption 3.3.1
hold. Let wq’A(n) be defined as in Lemma 3.6.1. Then there exist constants C1,Coy and Cg

independent of n and p, such that for all x > 0, we have

sup P Zw(t,ti)(XiXZT — ]E(XZXZT)) }OO > 1)
te(0,1) i—1

q
Pwyq A(Bn)MX Bpa?
< C q ’ ,q +O 26 _O n— s 3.38
=12 Bl S ) )
and
n
IP( sup | E w(t,ti)(Xz’Xz—’F_E(Xin—'r)HooZx)
te(0,1) ;=1
q
pwg Aln) My B22
= 120 Bl IR NG -

Proof. For 1 < j,k <p,letY; ;; = X;;X;;. We now check the conditions in Lemma 3.6.1 for

(Y; jk)1<i<n. Denote Yi ik fmy = Xij fm} Xik,{m}- Then the uniform functional dependence
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measure of (YZ?]/@)Z is
Y
Ok = Sl;p 1Y gk = Yi gk, (milla
= sup || X Xip — Xij tm) Xik, fm} la
1

< sup || X5 (Xig — Xig ) lg + sup [ Xip 11 (Xij — X555 6mp)llg-
2 2

Thus the DAN of the process Y. ;. satisfies that

1Y jrllga < sup [ Xijllog X kll2g,a + sup [ Xikllog 1X. jll2g,.a < vg(IX. ll2g.a + 12X jll2g,4)-
1 7

The result follows immediately from Lemma 3.6.1 and the Bonferroni inequality. O

Lemma 3.6.3. We adopt the notation in Lemma 3.6.2. Suppose Assumptions 3.2.2, 3.2.1
and 3.3.1 hold with . = 0. Recall By, = nb, where b — 0 and By /\/n — oo asn — co. Then
there ezists a constant C independent of n and p such that 3(t) in (3.10) satisfies that for

any t € [e,1 — ¢,
S(t) = (O)loo = Op (V2 + Mx guag By (0.4 (Ba))/? + vaNx (log p/Ba)/2) . (3.40)
Furthermore,

o [50) - 50} = Op (87 + M groy By (o2 a(m) V4 + vaNy By [ log p] 7).
te|c,1—c

(3.41)

Proof. First we have

E6 1 (t) — ok (t) = Zw(tati>[0jk(ti) — 0k (1)]-
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Approximating the discrete summation with integral, we obtain for all 1 < j, k < p,

-0 (Bg1> .

1
o B30 = o) - [ Klwlajutub+ ) = ool

By Assumption 3.2.1, we have

1
ok (ub+ 1) — 0, (1) = ubo’ (1) + §u2b203’k(t) + o(b?u?).

Thus we have supye(. 1 [E6(t) — o(t)|cc = O (Bgl + b2), in view of Assumption 3.3.1. By

Lemma 3.6.2, we have

. . M @q.4(Bn) Bpa?
sup P (‘E(t) - EE(t)‘ > x) < Cypvf X1 qq’ A Cop® exp [ —C3 ni; .
tG(O,].) o Bn$q NX

Denote u = Cy (MXHVQqul(pquA(Bn))l/q + 1/4NX(logp/Bn)1/2) for a large enough con-

stant Cy, then for any ¢ € (0, 1),

Thus (3.40) is proved. The result (3.41) can be obtained similarly. O

3.6.2 Proof of the Main Results

Proof of Proposition 3.4.1. Given (3.40) and (3.41), the proof of (3.15) is standard. (See,
e.g. [Cai et al., 2011, Theorem 6]). For A\° and A* given in Proposition 3.4.1, by Lemma

3.6.3, we have that respectively,

A° > sng(/ﬁp@(t) — 3(t)]oo), (3.42)
A° > E(kp sup 1S(t) — S(t)]oo)- (3.43)
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Then note that for any ¢ € [0, 1], for any A > 0,

A

() = Q)00 < 1Q(8)] £, IE@)Q2 () — Ldplo

<1900z, [[EOA () — Idploo + [(2(8) = St oo + 2 () = Q1) 11 [2(1) — 2 (1) 0]

where by construction, we have |3(£)Q)(¢) — Idp|oo < A and 1 (t) — Qt)| ;1 < 2kp. Con-

sequently,

Q00 (1) — Q)00 < Fip( A+ 3rp|S(t) — B(t)]0o)- (3.44)
Then (3.15) and (3.16) follow from (3.42) to (3.44). O
Proof of Proposition 3.4.2. Theorem 3.4.2 is an immediate result of (3.16). [

Proof of Theorem 3.4.8. Denote rj,1 < j < ¢ as the time point(s) of the time of jump
ordered decreasingly in the sense of the infinite norm of covariance matrices, i.e., |A(r1)]co >
IA(T9)]|oc = oo = |A(r)|oo > |A(S)|eo for s € (0,1) N {ry,...,r}¢ (Temporal order is
applied if there is a tie.) Let Tj,(j) = [rj —h,7j+h). For h = o(1), as a result of Assumption
3.2.3, Th(7)) N Tp(i) = 0 if @ # j for n sufficiently large. That is to say, each time point
s € (0,1) is in the neighborhood of at most one change point.

For any s € [tU) tU+1)) j=0,1,..., ., denote D(s) = E[D(s)] and

(h— s+ tU)A@EW), t0) < s < t0U) £ p
D°(s) = 0, t0) 1 h<s<tUt) _p (3.45)

(h+s—r)AQEUHDY, U+ —p < g < U+,

Then, for s € Ulgjgb[t(j) +h, < ¢(+1) h), by (3.3), we have

S(s+6) - S(s)lso < Lt, VIt <h,
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we can easily verify that

sup |[D(s) — D°(s)|oo < Lh2. (3.46)

Note that |D®(s)|co is maximized at s = r; and |D°(r1)|oc = h|A(71)|co- By the triangle

inequalities, we have that for some positive constant C, for any s € [0, 1],

ID(r1)|oo — D(s)loc = heg — [D(r1) — D°(r1)]oo — D(s)|oo — [D(s) — D(s)]oc
> heg — |D°(s)|oo — 2LA2
> ¢o|s — 1| A h) — 2LR2. (3.47)

On the other hand, since |D(r1)]co < |D(51)|00, we have

ID(r1)]oo — ID(31)[oc < [D(r1)]oo — [D(51)|oo + [D(r1) — D(r1)|oo + [D(31) — D(51)|oo

< D(r1) = D(r1)]oo + [D(81) — D(51)]o0- (3.48)

Denote the event A := {SuPse[h,l—h] |D(s) — D(5)|oo < A2} and let Y; = (Yi jk)1<jk<p:

Yi,jk; = Xinik = 0 jk- Note that

hn hn

1
[Djr(s) = Djr(s)] = - Y Vosioijr— Y Yoerikl|- (3.49)
1=1 1=1
By Lemma 3.6.2, we have for any = > 0,
pw, A(n)M% v 2
P( sup [D(s)—D(s)oo > 7 | < C1— L2 Copexp [ ~Cyoy |
dx4d 2
selh,1—h) nlx N%
(3.50)

It follows that

ID(r1) o0 — [D(31) |00 = Op (R Iy a(n.p) + Nxh™ (™ Hog(p))/?).
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Taking h = he, we have

41 —r1| = Op(h?).

Furthermore we have

pagA(M)My V3, /s nlog?
n C2 X

Let Ay == {maxj<j<p[8; — ;| < 02_12(L + 1)h2} for some 1 < k < 1. Assume Aj C A.
Under Aj, we have that [r; — he, 7 + ho) C %ho(j) =: [8j — 2ho, 8 + 2ho) for 1 < j < k
and rpy 1 ¢ Ulgjglﬂzho (7) as a consequence of Assumption 3.2.3. According to (3.47) and
(3.48), we have if A is true, |31 — 7pp1| < c5 "2(L + 1)h2, which implies A1 C A. The
result (3.20) follows from deduction.

Suppose A holds. By the choice of v, as a consequence of (3.46) and (3.50), and that
v < he, we have that

sup |D(s) — D°(s)|oo < 1.
s€]0,1]

As a result,

in |D(r; > cohe — v >
11%1.71'%’ (oo 2 e2ho —v 2 v,

i.e., 2 > ¢. On the other hand, since Ulgjgﬁého (7) is excluded from the searching region for

S,+1, we have

sup |D(s)|oo < v.
S€(U1§j97'2h<>(j))c

In other words, {i = ¢} C A. Thus (3.19) is proved.
[

Proof of Theorem 3.4.4. We adopt the notations in the proof of Theorem 3.4.3 and assume
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that £ holds. Similar as in Lemma 3.6.3, we have that by Lemma 3.6.2, for any ¢t € (0, 1),

where u = Cy (Mx,qyqugl(pwq,A(Bn))l/q + Ny (logp/Bn)l/Q) for a large enough con-
stant Cy.

c

Since under &, Tp(j) C 72+h<2>(j). For t € (Ui<j<, ﬁ)+h§(j)) N [b,1 — b], we have that

forall 1 < 7,k <p,

1
|E6jk(t) - Ujk(t)’ = /1 K(u)[ojp(ub+1t) — 0 (t)|du + O (Bgl>
1

1
:ba}k(t)/ uK (u)du + (%b2031k<t>+0(b2>)/

o _1u2K(u)du+O (Bgl)

= 0(* + B b,

On the other hand, for ¢ € U1<j<L(7AE)+h<2>(j) NT5 (7)) U[0,b] U [1 —b,1], due to reflection,
- o

we no longer have that differentiability. As a result of the Lipschitz continuity, we get

1
[E i () — o (t)| = /1 K(ojp(ub+1) = o5 (O)du+ 0 (By) = 0+ By ).

The result (3.25) follows by the choices of b. The rest of the proof are similar as in that of

Proposition 3.4.1 and Theorem 3.4.2. O
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