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ABSTRACT

Quantum information science has gained significant attention in recent years, particularly

due to the growing interest in quantum computing. In particular, computational tasks

that are believed to take classical supercomputers years to complete have been executed

in minutes with currently available noisy quantum computers, which refutes the extended

Church-Turing thesis and has a monumental significance in theoretical computer science.

Since we are still at the infancy of quantum computation, tremendous effort in simulating

quantum systems with classical computers is needed to further our understanding of quan-

tum information science. In this thesis, we focus on tensor network methods, and challenge

some previous quantum supremacy claims. Specifically, we simulate Gaussian boson sam-

pling quantum supremacy experiments on a classical supercomputer. Additionally, we show

another numerical study that investigate the complexity of random quantum circuits. These

exercises are crucial to the field as it elucidates the real requirements of achieving quantum

supremacy.

xii



CHAPTER 1

INTRODUCTION

Quantum technologies are positioned to revolutionize areas of science ranging from compu-

tation, cryptography, communication, and metrology to energy, pharmaceuticals, finance,

and medicine. As the law that governs the fundamental interactions of the smallest parti-

cles of nature, quantum mechanics is the foundational theory that enables us to understand

interactions and properties from electrons, atoms, and ions in the nanoscopic world to novel

materials such as superconductors and topological insulators in the macroscopic world. More

exhilarating, however, is the possibility for us to go beyond mere understanding of the nature,

and leap to utilize the novel properties of quantum matters to achieve previously unimag-

inable scientific and engineering feats that can have monumental real-world impact. For

example, superconductors allows currents to flow without resistance, which can be found

in systems that require continuous large magnetic field generated by electrical current such

as nuclear magnetic resonance (NMR) for medical imaging and the Large Hadron Collider

(LHC) for particle physics. In the domain of communication, the quantum mechanical

properties of light can be exploited to ensure that two parties can communicate securely,

and intercepting information by the eavesdropper is forbidden by the laws of physics. In

the domain of metrology, the sensing sensitivity can be improved by utilizing multiparty-

entanglement between measurement nodes, surpassing the limit of classical measurement.

The most exciting domain of quantum information science, however, is perhaps quantum

computing, in which quantum mechanics enables a new computational model that encompass

and exceeds the classical computational model, hence opening up the possibility of solving

problems that would be otherwise impossible with only classical computational capabilities.

First proposed by Richard Feynman [6], quantum computers are posited to be able to sim-

ulate quantum systems exponentially more efficiently than classical computers. Since then,

numerous application beyond simulation has been discovered, and active research efforts

1



remain strong to broaden the range of applicability of quantum computing. Applications

for future full-scale fault-tolerance quantum computers include factoring large integers [7],

unstructured search [8], Hamiltonian simulation [9, 10, 11, 12], solving linear systems [13],

and more [14]. For near-term devices that are limited by device noise and imperfections, pro-

posals to achieve quantum enhancement include combinatorial optimization [15], quantum

chemistry [16], machine learning [17, 18, 19, 20, 21], protein docking [22], are more [14].

Understanding of the fundamental physics underpinning these potential applications de-

pends on theoretical analysis, experimental investigations, and numerical simulations. For

proposals investigating future technologies that are not available today, theoretical and nu-

merical tools are necessary, and numerical tools becomes even more important when ana-

lytical methods are intractable for complex systems. However, due to the exponential size

of the Hilbert space, naive methods of simulating quantum systems is impossible for sys-

tems of even moderate sizes. Therefore, novel numerical protocol that exploit the structure

of the quantum states in which we are interested, such as ground states of Hamiltonians,

states of shallow circuits, etc., are necessary to reduce the computational complexity. With

the advancement in quantum simulation theories and high-performance computing technolo-

gies, large quantum systems simulations are feasible in many interesting cases. Specifically,

tensor network methods, a class of state-of-the-art simulation technique applied to many

quantum systems, have substantial potential. Although there has already been substantial

understanding in these methods, the research field is still rapidly evolving. This thesis ex-

plores the many tensor network methods in which large quantum systems can be efficiently

simulated, and address questions in several areas of quantum information theory including

quantum supremacy.

2



1.1 Review of quantum information

1.1.1 Pure states

We start with a brief review of quantum mechanics. A physical quantum state is a ray

living in the Hilbert space H equipped with a complex inner product ⟨·, ·⟩. For two elements

x, y ∈ H, the following properties must be satisfied:

⟨x, y⟩ = ⟨y, x⟩, (1.1)

⟨ax1 + bx2, y⟩ = a⟨x1, y⟩+ b⟨x2, y⟩, (1.2)

⟨x, x⟩ > 0 if x ̸= 0 (1.3)

⟨x, x⟩ = 0 if x = 0. (1.4)

For physical states, the norm must be 1. As a result, all physical states only differ in

their ‘direction’ and are therefore considered as ‘rays’ in H. It is convenient to use the ‘bra-

ket’ notation to represent physical states. For example, |x⟩, |y⟩ ∈ H are two physical state

vectors, and their dual vectors are ⟨x|, ⟨y| ∈ H∗, where H∗ is the dual space of H. In our

case, H∗ defines a set of linear maps ϕ = ⟨x| : H → C, and ϕ(y) ≡ ⟨x, y⟩ ≡ ⟨x|y⟩. This also

defines a bijective mapping between the two spaces.

A d-dimensional space H has an orthonormal basis of d vectors. For a 2-dimensional

systems, this represents a ‘qubit’ since it is like a quantum ‘bit’, where a bit can take on

one of two values. A state of a qubit is an element in the 2-dimensional Hilbert space which

has basis {|0⟩, |1⟩}, and any normalized linear combinations of the basis states are physical.

Therefore, a qubit state can be written in general as

|ψ⟩ = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩, (1.5)

3



where θ ∈ [0, 2π), and ϕ ∈ [0, π). For d > 2, such systems are called ‘qudits’ in general.

If multiple qudits are present, the total system state resides in the Hilbert space that is

the tensor product space of all individual Hilbert spaces of the composing subsystems. For

example, the Hilbert space of a 2-qubit system with qubit A and B with local Hilbert

spaces HA and HB is HA,B = HA ⊗ HB . The joint system Hilbert space has four basis

vectors, which can be denoted as {|0⟩, |1⟩, |2⟩, |3⟩} or {|0, 0⟩, |0, 1⟩, |1, 0⟩, |1, 1⟩}, where |i, j⟩ ≡

|i⟩A ⊗ |j⟩B .

However, in more complex cases where the subsystems are composed of indistinguish-

able particles instead of distinguishable qudits, further restrictions on physical states are

necessary. Exchange of identical particles must not change the state vector up to a phase

factor, and this phase factor is +1,−1, eiθ for bosons, fermions, and anyons, respectively.

This restriction leads to different statistics of identical particles of different types.

Quantum states can be transformed using linear operators. Physical transformations are

represented by unitary operators U : U† = U−1. The quantum state |x⟩ becomes U |x⟩ after

transformation by U , whose dual vector is ⟨x|U†. It can be easily seen that a change of basis

by transforming the entire Hilbert space by U preserves the structure of the Hilbert space

since ⟨x|y⟩ → ⟨x|U†U |y⟩ = ⟨x|y⟩.

Observables such as energy, momentum, and position, which can in principle be measured

for a state if sufficiently many copies are provided, correspond to Hermitian operators Ô :

Ô = Ô†. In the laboratory, a measurement on a quantum state would randomly ‘collapse’

the state to an eigenstate |a⟩ of Ô with probability |⟨a|ψ⟩|2 and the measurement outcome

is the eigenvalue. Observables have have real eigenvalues, which is sensible as any real-world

measured quantities should be real. The expectation value of an observable is given by

⟨Ô⟩ = ⟨ψ|Ô|ψ⟩ since ⟨ψ|Ô|ψ⟩ = ⟨ψ|
∑
a λa|a⟩⟨a|ψ⟩ =

∑
a λa|⟨a|ψ⟩|2, the mean value of the

eigenvalues of the measurement outcomes. The uncertainties in the observable is given by

∆O =

√
⟨ψ|Ô2|ψ⟩ − |⟨ψ|Ô|ψ⟩|2.
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Given a Hamiltonian Ĥ, which is the Hermitian operator corresponding to the energy

observable, the system evolves according to the Schrodinger equation

iℏ
d

dt
|Ψ(t)⟩ = Ĥ|Ψ(t)⟩, (1.6)

whose solution is

|Ψ(t)⟩ = e−iĤt/ℏ|Ψ(0)⟩. (1.7)

Since Ĥ is Hermitian, e−iĤt/ℏ is unitary. If Ĥ changes with respect to time, the unitary

describing the transformation from the initial state to the final state is more complex, but

given by the Dyson series.

1.1.2 Mixed states

Above is a completely quantum mechanical description of any system where no classical

randomness is present. However, in the case where there is classical randomness or only

a subsystem is available, the above picture may not be sufficient. For example, if a qubit

is prepared by a device with 50-50 chance in state |0⟩ or |1⟩, how do we characterize the

quantum state? Ideally, we would like to do whatever we have to do to the quantum state

separately for each distinct possibility.

Another example is when qubit A is entangled with qubit B, and an example state is

given by |ψ⟩ = 1√
2
(|0, 0⟩+ |1, 1⟩). This is entangled because if A is in state |i⟩, then B is also

in state |i⟩. This entangled system correlation is different from classical correlation where

qubit A and B are prepared with the same state randomly. For example, if consider the

{|+⟩, |−⟩} basis where |+⟩ = 1
2 (|0⟩+ |1⟩) and |−⟩ = 1

2 (|0⟩ − |1⟩), the entangled state can be

written as |ψ⟩ = 1√
2
(|+,+⟩+ |−,−⟩), and measurement outcomes in the new basis is still

correlated. However, the 50-50 preparation case would give us uncorrelated outcomes. In

the entangled case, if only subsystem A is accessible, the experimentalist would not be able
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to tell apart if A is prepared with classical randomness or entangled with another system

that is not accessible.

As a result, we would like a convenient way to describe states with classical correlation.

These are called mixed-states, as opposed to state vectors described in the previous sub-

section which are called pure states. Specifically, given a quantum system with a Hilbert

space, a mixed state is represented by a density operator ρ̂ which is a positive semi-definite

Hermitian operator with unit trace. Expectation of observables are given by ⟨Ô⟩ = Tr(ρ̂Ô),

and probability of measurement is ⟨a|ρ̂|a⟩ with post measurement state |a⟩⟨a|. This explains

why ρ̂ must have unit trace due to probability conservation. More generally, measurement

could collapse a state onto a subspace when the observable has degenerate eigenvalues and

O =
∑
i λiPi, where Pi’s are projection operators onto the subspace spanned by the eigen-

vectors corresponding to λi. The post measurement state is then Piρ̂Pi
Tr(ρ̂Pi)

with probability

Tr(ρ̂Pi). It is easy to check that for with classical probabilities of the system being in pure

states |ψi⟩, the corresponding predictions of the probabilities and density operators obtained

from ρ̂ =
∑
i P (i)|ψi⟩⟨ψi|, where P (i) is the probability for the state to be in state |ψi⟩, is

consistent with what we would get by adding the probability contribution from each case.

If a unitary process is applied to the quantum state, the density operator simply becomes

Uρ̂U†. One can also easily check that this is sensible for the pure state case. However, since

classical randomness is included in the discussion, we need to capture the possibility of the

transformation of the quantum state. What we need is a general linear map Φ : L(H) →

L(H) from the space of linear operators on H onto itself, where H is the space of all density

operators. It is, however, possible to also define linear maps that more generally map onto

linear maps of a different Hilbert space. Moreover, we need the linear map to map density

operators to density operators, so they have to preserve Hermiticity, positivity, and trace.

Moreover, if the map extends its action onto a second Hilbert space with trivial action, this

map should remain positive. Such maps are called completely positive and trace preserving
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(CPTP) maps, and admits the Kraus operator representation

E(ρ̂) =
∑
i

Kiρ̂K
†
i , (1.8)

where
∑
iK

†
iKi = I. The Kraus representation of the quantum channel E does not have to

be unique. E is called a superoperator.

1.2 Models of quantum computation

Much of this thesis will be in the context of quantum computing, so models of quantum

computation will be discussed. The most widely used formalism is the circuit model, which

is the standard language for universal quantum computers. Another model is continuous

variable quantum computing, which is universal, and contains the computational task called

boson sampling, which is not universal but of theoretical and experimental importance.

Although other models of computation such as measurement based quantum computing,

quantum annealing, and adiabatic quantum computing exist, we focus this thesis on the

circuit model and continuous variable systems.

1.2.1 The circuit model of quantum computation

In classical computing, information is stored in bits, which can take on values of 0 or 1.

Further, the physical medium of information is electricity, and computation is done using

electrical circuits with transistors. Therefore, classical computation is often represented as

circuit diagrams, where the flow of information of bits is shown by wires and operations are

represented by gates. For example, Fig. 1.1 represents a circuit for classical computing. The

classical information is stored in two bits, and each row of the circuit represents one bit. The

bits start from the left, and go into an exclusive-or (XOR) gate, which takes the the values

of the bits as input from the left, and produces one bit of information as the output. For the
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Figure 1.1: An XOR gate.

XOR gate, the output bit is 1 only if the two input bits have different values. We illustrate

all the combinations of input bits and the corresponding output bit in a truth table Table

1.1.

Input 1 Input 2 Output
T T F
T F T
F T T
F F F

Table 1.1: Truth table of an exclusive-or (XOR) gate.

There are many other types of gates other than the XOR gate, and they have different

truth tables that describe the outputs depending on the inputs, and they are represented

by different symbols. Outputs from one gate can be fed into another gate as inputs, and

this allows information to flow between gates and get processed, describing the process of

computation. As an example, Fig. 1.2 describes a classical computational circuit used for a

binary full adder. It takes two bits (A, B) and a carry bit (C) as input, and computes the

binary addition result. The S bit is the normal output of the sum, and the Cout bit is the

carry bit of the output. Information flows from the inputs through one gate to the next,

eventually going to the output.

We notice that the number of bits at every instance of time can change, and the XOR

gate is obviously not reversible (there are two combinations of input bits that produce the

same output bit, so we cannot take the output bit and inversely deduce what the input bits

are). However, our linear algebraic, pure state formalism of quantum mechanics does not

change the dimension of the Hilbert space that the quantum state lives, and is completely
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A
B
Cin

Cout

s

Figure 1.2: Circuit for a binary full adder.

Figure 1.3: CNOT circuit. The left side is the representation used in quantum computation.
The right side shows the classical logical gate equivalent.

reversible since unitary matrices are reversible. As a result, we would like to discuss a picture

of classical computation that is more similar to our quantum formalism so that we can more

easily generalize to quantum computation later. We introduce reversible circuits.

Take our XOR gate as an example. We can add an output bit to the gate by simply

copying the value of the first input bit. In this case, we can view the effect of the XOR gate

not as producing an output bit depending on the input bits, but conditionally flipping the

second bit depending on the state of the first bit. The second bit is flipped only if the first

gate is in state 1, and nothing happens to the first bit. In this case, we can deduce the input

bits give two output bits. This is called the controlled-not (CNOT) gate, which is illustrated

in Fig. 1.3 and the truth table is in Table 1.2.

Input 1 Input 2 Output 1 Output 2
T T T F
T F T T
F T F T
F F F F

Table 1.2: Truth table of an controlled-not (CNOT) gate.
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Cin
0

A

B

Cout

S

Figure 1.4: Full adder using only reversible gates [1].

The CNOT gate is nice due to its reversibility. In general, we can rewrite any classical

computational program into circuit composed of reversible gates, with the same number of

bits from start to end as shown in Fig. 1.4. Each gate acts on bits that are connected to

them. The three-bit gates are called Toffoli gates, where a NOT operation is only applied

when both bits of the solid dots are True. We can now apply the same picture to a quantum

system, where each wire represents the change of qubit states in time, and gates are unitary

operations that act on the connected qubits. What is different from the classical circuit

model, however, is that the value of each qubit associated with each wire is no longer a

deterministic classical value. First, each qubit can be an arbitrary normalized superposition

(sum with complex amplitudes) of the states {|0⟩, |1⟩}. Second, the M -qubit system is in a

2M dimensional Hilbert space, and the state can be an arbitrary normalized superposition of

all M -qubit states {|0, 0, . . . , 0⟩, . . . , |1, 1, . . . , 1⟩}. These M -body states cannot, in general,

be written as tensor product states, which only delineates a tiny subset of physical states.

The quantum correlation between qubits in general does not allow us to define the state of

individual qubits.

It turns out that any arbitrary M -qubit unitary can be decomposed into only the two-

qubit CNOT gate and all single qubit gates [23]. Further, the Solovay-Kitaev theorem states

that the set of all single qubit unitaries can be efficiently approximated with an appropriately

chosen set of single-qubit gates [24]. For example, the {CNOT, H, S, T} gate set, where the
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unitary matrices describing their actions on qubits are given by

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 , H =
1√
2

(
1 1

1 −1

)
, S =

(
1 0

0 i

)
, T =

(
1 0

0 eiπ/4

)
, (1.9)

can be used to efficiently approximate any unitary. There are different set of gates that can

be combined to form arbitrary unitaries, and such sets are called universal gate sets. If a

quantum computational device can manipulate the Hilbert space with a universal gate set,

we can perform universal computation, meaning any pure-state quantum transformation is

possible in principle.

1.2.2 Quantum information processing with continuous variable systems

We have introduced quantum computing with qubits, each of which lives in a two-dimensional

Hilbert space, the full system lives in a finite-dimensional Hilbert space, and the measure-

ment outcomes of these qubits take on discrete values. In some sense, one can understand

this approach of quantum computing as digital. We now introduce quantum information

processing with continuous variable systems, which can be understood as an analog version

of quantum computing. Specifically, the observables we use (e.g. the strength of an electro-

magnetic field) take on continuous values, and the local Hilbert space is infinite dimensional.

It is commonly realized using quantum optical systems. In this subsection, we follow the

introduction outlined in [15], although notations and conventions may be slightly different.

The full system is composed ofM modes, and we have a basis {|nj⟩}, where nj = 0, 1, . . . ,

for the Hilbert space of the jth mode. Operator a†j is the input creation operator for mode

j, and |0⟩ is called the vacuum state. For photonic systems, each application of the creation

operator raises the number of photons in the optical mode by one. Similarly, we have the

annihilation operators aj which reduce the number of photons by one. This is expressed in
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the following equations:

a†|n⟩ =
√
n+ 1|n+ 1⟩ (1.10)

a|n⟩ =
√
n|n− 1⟩ for n > 0 (1.11)

a|0⟩ = 0 (1.12)

N |n⟩ = a†a|n⟩ = n|n⟩, (1.13)

and it is easy to check that commutation relations [ai, a
†
j ] = δi,j , [N, a

†] = a†, [N, a] = a

hold.

We have thus far been working with discrete observables still (the number of photons N),

but we can define continuous observables for this infinite dimensional system. For photonic

systems, each optical mode has creation and annihilation operators a†, a, and the position

and momentum-like operators are:

q =
1

2
(a+ a†), p =

1

2i
(a− a†). (1.14)

It is easy to check that [qi, pj ] = i
2δi,j . The non-commutivity between q and p means

that they do not have simultaneous eigenvectors, and therefore no state can have precisely

determined p and q values at the same time, which is precisely the origin of the famous

Heisenberg uncertainty principle. Specifically, ∆q∆p ≥ 1
4 .

ForM -mode systems, one can introduce the vector of operators S = (q1, . . . , qM , p1, . . . , pM )T ,

and the commutation relations can be rewritten as:

[Sk, Sl] =
i

2
Jkl,J =

(
0 −IM
IM 0

)
. (1.15)

To capture the covariance between the quadrature variables, we have the following covariance
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matrix:

Vkl ≡ [V]kl =
1

2
⟨{Sk, Sl}⟩ − ⟨Sk⟩⟨Sl⟩, (1.16)

where the curly brackets indicate the anticommutator, and the angle bracket represents

expectation value of the operator for the state, which is given by the trace for a mixed

state. We can also look at the covariance of the mode operators, which is described by the

covariance matrix σ:

σkl = [σ]kl =
1

2
⟨{Rk, Rl}⟩ − ⟨Rk⟩⟨Rl⟩ =

1

2

(
IM iIM
IM −iIM

)
V

(
IM IM

−iIM iIM

)
, (1.17)

where R = (a1, . . . , aM , a
†
1, . . . , a

†
M ). Unlike V, σ is complex-valued. We can also convert

σ into V using the above equation.

For a particle with a pair of continuous conjugate observables (e.g. position and momen-

tum) with density operator ρ̂, these two variables form a phase space, and we can find a

quasiprobability distribution of the particle in this phase space called the Wigner function:

W (x, p) ≡ 1

πℏ

∫ ∞

−∞
⟨x+ y|ρ̂|x− y⟩e2ipy/ℏdy. (1.18)

One can similarly have a symmetrical definition of the Wigner function as an integral over

the momentum space. It is called a quasiprobability because integration gives the correct

marginal probability: ∫ ∞

−∞
W (x, p)dp = |ψ(x)|2. (1.19)

It is not an actual probability distribution because conjugate variables cannot both be well

defined. In fact, the Wigner function can take on negative values.

Wigner function can be defined over the q and p operators defined above for photonic

systems. For a vacuum state |0⟩, the uncertainties in the two variables are Heisenberg limited

(smallest product of uncertainties), and therefore has the smallest spread Wigner function.
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Specifically, all operator expectation values are zero except the second moment, and the

covariance matrix therefore gives a complete description of the state with V = 1
4I2M . There

are other Heisenberg limited state as well, which corresponds to displacing and/or squeezing

the state, which we will explain later.

Interaction Hamiltonians that are linear and bilinear in the optical modes are crucial to

quantum information processing in such systems. In the context of boson sampling, both

squeezing (used to produce the Gaussian input states) and beam splitter operations are such

operations. The most general Hamiltonian is therefore:

H =
n∑
k=1

g
(1)
k a

†
k +

n∑
k>l=1

g
(2)
kl a

†
kal +

n∑
k,l=1

g
(3)
kl a

†
ka

†
l + h.c.. (1.20)

Evolutions generated by such Hamiltonians are symplectic. Specifically, the coordinates

transforms as:

S → QS+ ds, (1.21)

where Q is symplectic and ds is real. The covariance matrix evolves as:

V → QVQT . (1.22)

The reason why symplectic transforms are interesting is because they preserve the com-

mutation relations and equations of motion of the new coordinates, and Hamiltonians that

generate them are experimentally realized in numerous ways.

The first term in the Hamiltonian is linear in the mode operators, and they generate the

so called displacement operators:

D(λ) =
n⊗
k=1

Dk(λk), (1.23)
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where λ = (λ1, . . . , λn)
T , λk ∈ C, and Dk(λk) = exp(λka

†
k − λ∗kak). It is called the

displacement operator because

ak → ak + λk, (1.24)

S → S+K, (1.25)

where K = (a1, . . . , an, b1, . . . , bn)
T and λk = ak + ibk. Therefore, the Wigner function gets

displaced after the displacement operator. Single mode coherent states |α⟩, commonly used

as an idealized description of laser and can often be analyzed using classical descriptions,

can be obtained by applying displacement on a single mode vacuum state:

|α⟩ = e
−1

2 |α|
2∑∞

k=0
αk√
k!
|k⟩

= D(α)|0⟩. (1.26)

Since displacement only shifts the Wigner function and the vacuum state is a minimum

uncertainty state, coherent states are also minimum uncertainty states.

The second term in the Hamiltonian describe mixing of two modes, where creation of

photons in one mode must be accompanied by destruction of photons in another (the total

photon number is conserved). This can be realized by a beam splitter, and is called two-mode

mixing. For mixing between mode j and k, the evolution is

U(ζ) = exp(ζa†jak − ζ∗aja
†
k), (1.27)

where ζ = ϕeiθ ∈ C. The transformation of the mode operators and the phase space
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coordinates are:

(
aj
ak

)
→ Bζ

(
aj
ak

)
, (1.28)

S → NζS, (1.29)

Nζ =

(
ℜ[Bζ ] −ℑ[Bζ ]
ℑ[Bζ ] ℜ[Bζ ]

)
, (1.30)

Bζ =

(
cosϕ eiθ sinϕ

−e−iθ sinϕ cosϕ

)
. (1.31)

The final term is of the form g(3)a
†2
j +h.c. and g(3)a†ja

†
k+h.c., which describe single-mode

and two-mode squeezing, respectively. The evolution of single-mode squeezing is

S(ξ) = exp(
1

2
ξa†2 − 1

2
ξ∗a2). (1.32)

Evolution of the phase space coordinates is given by:

S → ΣξS, (1.33)

Σξ = µI2 +Rξ (1.34)

Rξ =

(
ℜ[ν] ℑ[ν]
ℑ[ν] −ℜ[ν]

)
, (1.35)

where µ = cosh r, ν = eiψ sinh r, ξ = reiψ, and the mean photon number is |ν|2. Application

of squeezing to the vacuum state results in the so-called squeezed vacuum state:

|ξ⟩ = 1
√
µ

∞∑
k=0

(
ν

2µ

)k √(2k)!

k!
|2k⟩. (1.36)
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The evolution of two-mode squeezing is

S2(ξ) = exp(ξa†ja
†
k − ξ∗ajak), (1.37)

where we can similarly define µ, ν, ψ, r as in the single mode squeezing case. Evolution of

the phase space coordinates is given by:

S → P23Σ2ξP23S, (1.38)

Σ2ξ =

(
µI2 Rξ

Rξ µI2

)
, (1.39)

P23 =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 , (1.40)

where Rξ is from E.q. 1.35.

1.2.3 Boson sampling

Although the gate based circuit model of quantum computation is highly useful, implement-

ing universal quantum computation using gates is challenging due to the need to precisely

manipulate an experimental quantum system as described by the target unitaries. It is sen-

sible to consider the possibility of exploring models of quantum computation that are more

restrictive such that they are experimentally achievable. One prominent example is boson

sampling, where only linear operations on bosons are considered, and the computation is

not universal [25]. Despite the lack of universality, boson sampling is proven to be hard

to simulate under plausible complexity theoretic conjectures [25, 26, 27]. Therefore, boson

sampling is a very promising way to achieve near-term quantum supremacy.

We consider boson sampling where N independent input optical modes are sent into a

linear optical interferometer. The interferometer has M modes, which can be larger than
17



N , making M −N modes at the input vacuum states. As photons interact throughout the

interferometer, the quantum state gets transformed according to a unitary matrix describing

the interferometer, and photons eventually exit the M optical modes with non-trivial corre-

lation. For boson sampling, the claim is that this process is hard to simulate for a sufficiently

random unitary describing the interferometer.

Formally, the quantum state of N independent and identical modes can be written as:

|ψin⟩ = ⊗Nj=1|ψ⟩j = ⊗Nj=1

 ∞∑
n=0

cn
a
†n
j√
n!

 |0⟩. (1.41)

The action of an M -mode beam splitter array is to transform input creation operators:

a
†
j → b̂

†
j =

M∑
k=1

Ujka
†
k, (1.42)

where the subscript j means they are operators on the jth optimal mode, and the b† operators

are creation operators on the output optical modes.

After the interferometer, the output state’s photon numbers (n = {n0, n1, . . . nM}) at

each mode are measured. Computing the output probability of boson sampling is #P-hard

[25, 26]. For Fock state boson sampling, the initial quantum state is |s1, s2, . . . , sM ⟩, which

corresponds to csj = 1 and all other coefficients are zero for each mode j. The probability

of measuring the output state |n1, n2, . . . , nM ⟩ is given by the permanent of a matrix:

p(n) = ⟨n1, n2, . . . , nM |U |s1, s2, . . . , sM ⟩ =
|Per(US,T )|2

t1! . . . tM !s1! . . . sM !
, (1.43)

where Per(X) is called the permanent of an N ×N matrix X:

Per(X) ≡
∑
σ∈SN

N∏
i=1

Xi,σ(i), (1.44)
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and SN is the symmetric group. The matrix US,T is obtained from U by repeating the jth

column of U tj times to construct UT and then repeat the jth row of UT sj times.

For Gaussian boson sampling, we have instead single-mode or two-mode squeezed vacuum

states as the initial state. The state before measurement can be described by a quadrature

operator covariance matrix V or a mode operator covariance matrix σ. The probability is

given by the hafnian of a matrix:

p(n) =
haf(An)

n1! · · ·nM !
√

det(Σ)
(1.45)

A = X[I−Σ−1] (1.46)

Σ = σ +
1

2
I (1.47)

X =

(
0 I
I 0

)
, (1.48)

where Σ is called the Husimi covariance matrix, and haf(X) is called the hafnian of a 2N×2N

matrix X:

haf(X) ≡ 1

N !2N

∑
σ∈S2N

N∏
j=1

Xσ(2j−1),σ(2j), (1.49)

and An is the matrix obtained by repeating the ith row and columns of the matrix A ni

times.

However, measuring the photon number at each output mode is not always possible.

One class of experiments use threshold detectors, where the detectors can only differentiate

between the presence or absence of photons, and n > 0 is always registered as 1. In this

case, the probability is given by the torontonian of a matrix.

p(n) =
tor(O)√
det(Σ)

(1.50)

O = I−Σ−1, (1.51)
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where tor(X) is called the torontonian of a 2N × 2N matrix X:

tor(X) =
∑

σ∈P ([|N |])

(−1)|σ|√
det(I−Xσ)

, (1.52)

where P ([|N |]) is the power set of [|N |] = {1, 2, . . . , N} and Xσ is the sub matrix of X with

rows j and j +N and columns j and j +N , for all j in the set σ.

We have discussed the evolution of the covariance matrix under squeezing and two mode

mixing, which is sufficient for describing lossless GBS. However, lossless GBS is unrealistic,

and the difference between the two is significant. To incorporate photon loss into the descrip-

tion, a different approach is used to compute the probability. Let us first consider photon

loss as coupling from the detectable system subspace to the undetectable environment. We

can write a unitary matrix U =

(
T P

Q R

)
including these effects, where T describes the

coupling between input modes and output modes in the detectable subspace. Therefore,

T is non-unitary. By considering the environment input modes as having vacuum states,

we can write down the overall system-environment final covariance matrix and obtain the

detectable subspace covariance matrix by tracing out the environment. This leads to the

final detectable subspace Husimi covariance matrix:

Σ = I− 1

2

(
T 0

0 T ∗

)(
T † 0

0 TT

)
+

(
T 0

0 T ∗

)
σin

(
T † 0

0 TT

)
, (1.53)

where σin is the covariance matrix after single-mode or two-mode squeezing.
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CHAPTER 2

TENSOR NETWORKS

With the formalism of representing and manipulating both pure and mixed states, it is

in principle possible to simulate any quantum state and quantum processes on a classical

computer. However, as we will discuss, this becomes impossible for large systems.

Consider a quantum system consisted of M qubits. The local Hilbert space of each qubit

is 2-dimensional, and the M -qubit Hilbert space is the tensor product of all the local Hilbert

spaces. Therefore, the total Hilbert space H is 2M -dimensional. As a result, H has 2M basis

states forming the basis set {|i0, i2, . . . , iM ⟩ : ∀i0, i2, . . . , iM ∈ {0, 1}}. An arbitrary state in

H is a normalized superposition of the 2M basis states

|Ψ⟩ =
∑

i0,i2,...,iM∈{0,1}
ci0,i2,...,iM |i0, i2, . . . , iM ⟩, (2.1)

and requires 2M complex amplitudes to describe. We see that if we scale up the system

size, the memory required to store the quantum state in the classical computer would grow

exponentially, and only small systems can be simulated in this way.

While multiple methods can simulate quantum systems efficiently, we focus on tensor net-

works in this thesis. A d-dimensional tensor has d indices, and can be graphically represented

by a node with d bonds labeled by the respective index label. For example, a 1-dimensional

tensor/vector x has 1 index i taking different values, enumerating all elements xi. This is

graphically represented as a node with name x and a bond i. Similarly, a 4-dimensional

tensor Ti,j,k,l has four indices and is represented by a node named T with bonds i, j, k, l.

Contraction of tensors sums indices with the same name. For example, matrix multiplica-

tion E = CD can be written in index notation as Ei,k = Ci,jDj,k, where the shared index

j is summed over. Graphically, this is represented by joining the j bond between the C,D

nodes. Unsummed indices are open bonds. Fig. 2.1 provides a graphical representation of
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Figure 2.1: Graphical representation of a vector, a rank four tensor, and matrix multiplica-
tion.

i A
k B

l
j C

i D=
Figure 2.2: Tensor network of E.q. 2.2.

the above.

Tensor contractions generally results in tensors as well, which could be a constant as

well in the case of 0-dimensional tensors. Since contraction of tensors can be represented by

connecting shared bonds, this can be represented by a network of connected nodes, and we

therefore obtain a tensor network. A tensor network is a graph that represents an equation

of tensor contraction. An example of such an equation is

Di =
∑
j,k,l

Ai,j,kBk,lCj,l, (2.2)

where three tensors A,B,C are contracted at their shared indices j, k, l, resulting in the

output tensor D with one index i. One can see that matrix multiplications are a special kind

of tensor contraction. The graphical representation of E.q. 2.2 is shown in Fig. 2.2.

An M × M unitary matrix can be expressed as matrix multiplications of individual

unitaries acting on different subspaces. It is therefore possible to write the unitary of the

quantum circuit as a contraction equation of individual gate unitaries and graphically repre-

sent it as a tensor network. It is instructive to consider the M -qubit unitary that corresponds

to the product of unitaries on subsets of qubits. More concretely, U =
∏
i U

(i), where U (i)
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Toffoli

Toffoli

CNOT

CNOT

CNOT

B

A
UA,B

(0)

Figure 2.3: Left: graphical representation of U (0) = U
(0)
A,B ⊗ I⊗M−2 acting non-trivially on

qubit A and B. Right: graphical representation of the circuit in Fig. 1.4, oriented vertically.

acts non-trivially on a subset of qubits. For example, if U (0) only acts on qubit A and B,

U (0) = U
(0)
A,B ⊗ I⊗M−2, where U (0)

A,B is a 2-qubit unitary describing the action on qubit A

and B. Therefore, U (0) can be graphically illustrated as in the left of Fig. 2.3, where lines

represent identities. Layers of unitaries can be connected since all indices are contracted

in matrix multiplication. As a result, the resulting unitary can be expressed as a tensor

network of individual non-trivial sub-unitaries acting on subsystems. As an example, the

right of Fig. 2.3 illustrates the tensor network corresponding to the quantum circuit of Fig.

1.4, oriented vertically.

2.1 Matrix product states and operators

This section is based heavily on [28, 29]. As we discussed earlier, the classical memory cost

of an M -body pure state grows exponentially with M . One method of circumventing this

issue is to representing the state efficiently using a tensor network. More explicitly, given an

M -body pure state

|Ψ⟩ =
d−1∑

i1,...,iM=0

ci1,...,iM |i1, . . . , iM ⟩, (2.3)
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≈
...

i1 i2 i3 iM-2 iM-1 iM

c
i1 i2 i3

α1
Γ[1]
α1 α2 α3
Γ[2] Γ[3]

iM-2 iM-1 iM

...

αM-1 αM
Γ[M-2] Γ[M-1] Γ[M]

αM-2

Figure 2.4: Matrix product representation of the M -body quantum state amplitude tensor
c in E.q. 2.4. The graphical representation ignores the λ tensors since they can be easily
absorbed into neighboring tensors.

we can efficiently represent it via its corresponding matrix product state (MPS) [30]

ci1,...,iM =

χ−1∑
α0,...,αM−1=0

Γ
[1]i1
α1 λ

[1]
α1Γ

[2]i2
α1α2

λ
[2]
α2 × . . . λ

[M−1]
αM−1

Γ
[M ]iM
αM−1

, (2.4)

where d is the local Hilbert space dimension (a fixed property of the individual bodies) and

χ is called the bond dimension. The MPS is graphically represented in Fig. 2.4 The tensor

ci1,...,iM fully characterizes the state |Ψ⟩, but is M dimensional with d indices each, leading to

Md entries in storage. The MPS, however, represents this large tensor as a contraction (sum

over the dummy or virtual α indices) of a chain of tensors, making it especially suitable for

one-dimensional systems. One can observe that the i indices representing the physical degrees

of freedom remain open (unsummed). The memory complexity of the MPS is O(χ2dM)

[28, 29], and χ can be adjusted to represent c with the desired accuracy. Further, one can

efficiently perform local unitary operations on the MPS and calculate expectation values

of local observables with complexity O(d4χ3) [28, 29], allowing efficient simulation of one-

dimensional systems.

For systems with low entanglement growth following area laws such as ground states

of local Hamiltonians in D-dimensions with M ∝ lD bodies, the entanglement grows as

O(lD−1) [31]. MPS also follows 1-dimensional system area law (constant) with S = log(χ)

[30], so to model higher dimensional systems, χ need to scale appropriately to capture the

entanglement of the system.
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The MPS formulation is especially convenient for quantifying entanglement. If we per-

form the Schmidt decomposition on the quantum state, which is to express the wavefunction

as the sum of tensor products of states of two subsystems A and B

|Ψ⟩ =
∑
α

λα|αA⟩|αB⟩, (2.5)

where {|α⟩} forms a basis set for each subsystem, we reveal the entanglement between the

two subsystems, and the entanglement entropy (EE) given by

−
∑
α

λ2α log λ
2
α (2.6)

quantifies how much entanglement there is. Conveniently, if the subsystems are bipartitions

of the MPS at site ℓ, the λα’s would be λ[ℓ]αℓ , allowing us to compute the MPS EE.

For a mixed state described by the density operator ρ̂, the exact tensor is 2-dimensional

with incoming and outgoing indices for rows and columns. The resulting graphical represen-

tation, therefore, has M input bonds and M output bonds. Similar efficient representation

can be achieved via the matrix product operator (MPO) tensor network as illustrated in Fig.

2.5. We can similarly quantify entanglement in a mixed state. Specifically, we can treat all

input bond the same way as output bonds, which results in an MPS with local dimension

d2. This corresponds to obtaining a state vector by flattening the density operator. We can

formally perform Schmidt decomposition on the vectorized mixed state, identify the singular

values λα with λ
[ℓ]
αℓ in the matrix product opoerator (MPO) representation, and similarly

compute the MPO EE.

If unitary updates are applied to the MPS, the resulting wavefunction can be graphically

represented as a tensor network in Fig. 2.6. To obtain the final state, one could proceed

to contract the tensor network. However, it is easy to see that the MPS quickly becomes

a high-rank tensor, incurring large costs. Therefore, we would like to maintain the low-
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Figure 2.5: Matrix product operator of the M -body density operator ρ. The dual indices are
denoted as primed indices i′. We can alternatively treat the dual indices as normal indices
by vectorization, which changes i′ into ī′.

... ... ... ... ...

Γ[1] Γ[2] Γ[3] Γ[4] Γ[5]

U(0) U(1)

U(3)U(2)

contract contract

... ... ... ... ...

Γ[5]

U(3)U(2)

SVD SVD

Θ(1) Θ(1)

... ... ... ... ...

U(3)U(2)

Γ[1] Γ[2] Γ[3] Γ[4] Γ[5]

contract contract

Figure 2.6: Time evolution of the approximate state vector by applying a sequence of uni-
taries. The tensors in the MPS are contracted with the unitaries, and the MPS form is
restored by SVD. Singular values are truncated to keep at most χ bonds.

rank MPS structure throughout contraction and the desirable linear cost in M . For a local

two-qudit unitary, the two tensors contracts with the 4-dimensional unitary, resulting in a

4-dimensional tensor. The total memory cost of the resulting tensor is d2χ2 instead of 2dχ2

before contraction (the cost of the unitary is d4 and therefore ignored for large χ). We

can restore the low linear memory cost by decomposing the 4-dimensional resulting tensor

into two 3-dimensional tensors with a shared bond like in the original MPS. This can be

accomplished via singular value decomposition (SVD). The full procedure is illustrated in

Fig. 2.6.
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We now mathematically describe the procedure discussed above. To apply a local unitary

update on particle k and k + 1 in an MPS, the unitary matrix needs to be contracted with

the wavefunction at the physical indices, leading to the resulting tensor

Θ
jk,jk+1
αk−1αk+1

=
d−1∑

ik,ik+1=0

χ−1∑
αk=0

U
jk,jk+1
ik,ik+1

λ
[k−1]
αk−1

Γ
[k]ik
αk−1αkλ

[k]
αkΓ

[k+1]ik+1
αkαk+1

λ
[k+1]
αk+1

, (2.7)

where the lower and upper indices of U represent input and output degrees of freedom,

respectively.

The result of this computation is a single tensor of size d2χ2, which should be used in

the new representation of the wavefunction to replace λ[k−1],Γ[k]ik , λ[k],Γ[k+1]ik+1 , λ[k+1].

However, this is no longer in the form of an MPS. To restore the MPS form, singular value

decomposition (SVD) is performed on Θ to produce

Θ
jk,jk+1
αk−1αk+1

=

dχ−1∑
βk=0

V(jk,αk−1),βk
λ̃
[k]
βk
Wβk,(jk+1,αk+1)

. (2.8)

By retaining only the χ largest singular values, we can identify new Γ tensors as

Γ̃
[k]ik
αk−1αk = V(jk,αk−1),βk

/λ
[k−1]
αk−1

(2.9)

Γ̃
[k+1]ik+1
αkαk+1

= Wβk,(jk+1,αk+1)
/λ

[k+1]
αk+1

, (2.10)

which restores the MPS form.

On the other hand, simulation of the evolution of mix states via MPOs require the use

of quantum channels, which can be described by Kraus operators. Once again, if we only

consider location operations on two qudits, the Kraus operators would contract with the

local MPO tensors by summing over the input and output bonds. Further, unlike the MPS

case, an additional bond connects the two Kraus operators due to the sum in the action

of the quantum channel. Decomposition of the resulting tensor is similarly carried out to
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restore the MPO form in order to control the complexity.

2.2 Circuit tensor network contraction

We discussed two important classes of tensor networks used in many-body physics, and they

are especially suitable for 1-dimensional systems. We now discuss the simulation of arbitrary

quantum circuits through tensor network contraction, which is similar to the aforementioned

tensor network formalism but also has important differences.

As we discussed earlier, the unitary composed of local unitaries can be represented by a

tensor network. If we want to compute the probability of measuring a bit-string sout given

the input bit string sin and the unitary, it can be written as follows

P (sout|sin, U) = ⟨sout|U |sin⟩, (2.11)

where |sin⟩, |sout⟩ are the input and output states. Since the input and output states are bit

strings, this is nothing but the sin, sout-th entry of the unitary matrix Usin,sout , which can

be found by setting the input and output bonds of the tensor network according to the bit

strings as shown in Fig. 2.7. If we want to compute this quantity, we can contract the tensor

network. For shallow circuits, we can find orders of tensor network contraction that allows

us to incur minimal computational cost. For example, by contracting the tensor network in

the order as shown in Fig. 2.7, the largest tensor that a classical computer needs to store has

only a number of bonds proportional to the circuit depth and independent on the number of

qubits. In general, circuits with limited connectivity and depth can be efficiently contracted

if an appropriate contraction order is found.

This is in contrast to the MPS/MPO approach, where the contraction order is in time,

and SVD is used to control the computational cost. The advantage of this approach is

that it is exact and not limited to 1-dimensional systems. Although tensor networks like
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Sin,1
Sin,2
Sin,3
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Sin,5
Sin,6
Sin,7
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Sout,6
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Figure 2.7: A good contraction order of a tensor network corresponding to the transition
amplitude of a shallow quantum circuit is lateral.

MPS and MPO exist for higher dimensional systems, they are limited to use cases they are

designed for if computational efficient is to be maintained. The disadvantage of the arbitrary

circuit tensor network contraction approach, however, is that it is limited to shallow depth

systems and cannot control the cost by approximation or exploiting limited entanglement.

For circuits with large depths, the best contraction order leads to a cost comparable to a

statevector simulator with additional overheads.
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CHAPTER 3

EARLY EVIDENCE FOR EFFICIENT TENSOR NETWORK

SIMULATION OF GAUSSIAN BOSON SAMPLING

This chapter is based heavily on [28]. Minzhao Liu is the primary author, who is responsible

for the theoretical derivation of the entanglement entropy scaling, as well as the implemen-

tation of the custom GPU kernel and high performance parallelization simulation algorithm,

building on Changhun Oh’s previous CPU based algorithm.

As discussed in Chapter 1.2.3, boson sampling is a quantum computational model that has

the potential of realizing quantum supremacy with noisy hardwares. It is non-universal, but

has been proposed as a platform for practical applications such as calculating the molecular

vibronic spectra [32, 33], molecular docking [22], and solving graph theory problems [34].

To demonstrate quantum supremacy with boson sampling, scientists at USTC [2] and

Xanadu [4] performed Gaussian boson sampling in 2020 (Jiuzhang) and 2022 (Borealis),

respectively. Additionally, USTC performed another boson sampling quantum supremacy in

2021 (Jiuzhang2.0) [3], and their most recent experiment is performed in 2023 (Jiuzhang3.0)

[5]. All of the experiments are believed to require an astronomical amount of time to simulate

on the most powerful classical supercomputer. However, other scientists immediately started

to build better classical algorithms to simulate these quantum experiments and challenged

the quantum supremacy claims to vary degrees. Specifically, our recent work shows that

Gaussian boson sampling quantum supremacy experiments can in fact be simulated fairly

quickly on a classical supercomputer, and the quality of the simulation is higher than the

experiment under all thus far testable metrics [35]. This work will be discussed in depth in

Chapter 4.

The workhorse of our algorithm is the MPS (MPO) tensor network. If photon loss in the

system scales sufficiently rapidly with the system size, efficient classical simulation is possible

in the asymptotic sense. Namely the crucial scaling that separates efficient and inefficient
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classical simulation (at least for the best known classical algorithms [36, 37, 38, 39, 29, 28, 35])

is Nout ∝
√
Nin, meaning the number of photons surviving the interferometer scales as

the square root of the number of input photons. For approximate tensor networks to be

efficient, the entanglement entropy cannot increase too rapidly. Oh et al. [29] numerically

and analytically show that the MPO entanglement entropy scales logarithmically for single

photon boson sampling when photon loss is higher than the aforementioned scaling, which

strongly suggest that efficient simulation may be possible.

We extend this result to the more experimentally relevant case of Gaussian boson sam-

pling [28], which is the defacto scheme due to its scalability and is the currently dominant

approach for demonstrating quantum supremacy. Specifically, an analytical derivation of the

MPO entanglement entropy is provided, as well as numerical simulations to provide more

evidence for the simulation complexity.

3.1 Analytical derivation of MPO entanglement entropy

In this section, we discuss the derivation of the operator EE scaling. We consider boson sam-

pling where N independent input optical modes are sent into a linear optical interferometer.

The interferometer has M modes, which can be larger than N , making M −N modes at the

input vacuum states. As photons interact throughout the interferometer, the quantum state

gets transformed according to a unitary matrix describing the interferometer, and photons

eventually exit the M optical modes with non-trivial correlation. For boson sampling, the

claim is that this process is hard to simulate for a sufficiently random unitary describing the

interferometer.

Formally, the quantum state of N independent and identical modes can be written as:

|ψin⟩ = ⊗Nj=1|ψ⟩j = ⊗Nj=1

 ∞∑
n=0

cn
a
†n
j√
n!

 |0⟩, (3.1)
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where a†j is the input creation operator for mode j. The corresponding density operator is

ρ̂in = ⊗Nj=1|ψ⟩j⟨ψ|j = ⊗Nj=1ρ̂j,in, (3.2)

where the single input mode density operator is

ρ̂j,in =
∞∑

n,m=0

cnc
∗
m|n⟩j⟨m|j . (3.3)

The action of an M -mode beam splitter array is to transform input creation operators:

a
†
j → b̂

†
j =

M∑
k=1

Ujka
†
k, (3.4)

where b̂†j is the output creation operator for mode j. To study the entanglement entropy

between bipartitions separated at the l-th mode, we can define the normalized up and down

bipartition creation operators B̂†
u,j , B̂

†
d,j as

cos θjB̂
†
u,j =

l∑
k=1

Ujka
†
k, sin θjB̂

†
d,j =

M∑
k=l+1

Ujka
†
k, (3.5)

with normalizations

cos2 θj =
l∑

k=1

|Ujk|2, sin2 θj =
M∑

k=l+1

|Ujk|2. (3.6)

In the collision-free cases where M ≥ N2, the bipartition creation operators satisfy the

canonical commutation relations

[B̂u,j , B̂
†
u,k] = δjk, [B̂d,j , B̂

†
d,k] = δjk, (3.7)

[B̂u,j , B̂d,k] = 0, [B̂u,j , B̂
†
d,k] = 0.
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As a result, one can define the mutually orthogonal bipartition number states

B̂
†k
side,j |0⟩ =

|k⟩side,j√
k!

, side ∈ {u,d}. (3.8)

The above formalism, described in [29], allows us to calculate the MPO EE without

explicitly constructing the output state given the unitary representing the interferometer.

Specifically, the details of the unitary matrix are hidden in the |k⟩side,j states constructed

to satisfy orthogonality.

In this picture, the action of the unitary is to transform the input basis in the following

way:

|n⟩j →
n∑

kj=0

√(
n

kj

)
coskj θj sin

n−kj θj |kj⟩u,j |n− kj⟩d,j , (3.9)

and therefore (omitting the j index),

⟨ku, kd|U |n⟩ =

√(
n

ku

)
cosku θ sinkd θδ(ku + kd − n). (3.10)

If we apply this basis transform due to the unitary to the input lossless density operator

ρ̂int, each single mode input density operator ρ̂j,in in Eq. 3.2 would transform independently.

The full density operator remains a product of input modes in the new basis, and we have

ρ̂out = ⊗Nj ρ̂j,out. (3.11)

Although each ρ̂j,out can be identified with an input mode j, ρ̂j,out is no longer a single

mode state, and is instead supported over all modes. Each ρ̂j,out has some EE because it

describes a state over both partitions, and the full system EE is additive in j due to the

tensor product structure of ρ̂out. Therefore, the system EE scales linearly with the number

of input modes N , and classical simulation of lossless boson sampling is always inefficient in

N .
33



We can extend this analysis to lossy cases. Assuming that loss is uniform throughout the

interferometer, loss commutes with all linear optical transforms and can be applied to the

initial pure state. The basis transform 3.9 due to the unitary is still independent on j, and

the total output density operator is still in a product form with

ρ̂j,out = UEloss(ρ̂j,in)U
†. (3.12)

Therefore, the linear scaling of EE in N remains, and MPO simulations of lossy boson

sampling is also inefficient in N .

However, as the number of input modes N increases, the complexity of the interferometer

must grow as well in order to maintain reasonable randomness in the interferometer unitary

and hardness of classical simulation. As a result, the depth of the interferometer should

scale with the N , which leads to scaling of the transmission rate µ in N . The entanglement

entropy for each ρ̂j,out decreases as N increases, leading to an overall entanglement entropy

that grows sublinearly, potentially allowing efficient simulation. To understand the scaling in

loss and transmission, consider the Kraus operators corresponding to the single input state

photon loss channel in the limit of small µ (from now on we ignore the mode index j)

ρ̂lossy = Eloss(ρ̂in) =
nmax∑
nloss=0

K(nloss)ρ̂inK
(nloss)†, (3.13)

K(nloss) =

nmax∑
nout,nin=0

K
(nloss)
nout,nin |nout⟩⟨nin| (3.14)

K
(nloss)
nout,nin =


√( nin

nout

)
µnout(1− µ)nloss if nin − nout = nloss

0 otherwise,
(3.15)

where K(nloss) ∈ Cnmax+1,nmax+1 captures processes that lose nloss photons, and we limit

the maximum photon number to nmax. The lossy density operator can be given in the input
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|n⟩ basis in index notation:

ρlossy m,n =

nmax∑
nloss=0

∑
k,l

K
(nloss)
m,k ρin k,lK

(nloss)†
l,n

=

nmax∑
nloss=0

O(µ
m
2 )ρin m+nloss,n+nlossO(µ

n
2 )

= O(µ
m+n
2 ), (3.16)

where the second line is due to the requirement that k −m = nloss and l − n = nloss from

non-zero Kraus operator elements.

We can now apply the basis transform due to the unitary as described in Eq. 3.9:

ρ̂out = Uρ̂lossyU
†

= U

 nmax∑
m,n=0

|m⟩ρlossy m,n⟨n|

U†. (3.17)

In index notation in the bipartition number state basis,

ρout ku,kd;k′u,k
′
d
= ⟨ku, kd|ρ̂out|k′u, k′d⟩

=

nmax∑
m,n=0

⟨ku, kd|U |m⟩ρlossy m,n⟨n|U†|k′u, k′d⟩. (3.18)

Substituting Eq.3.10 and 3.16 into the above expression yields

ρout ku,kd;k′u,k
′
d

=

nmax∑
nloss=0

ρin ku+kd+nloss,k′u+k
′
d+nloss

O(µ
ku+kd+k′u+k′d

2 ). (3.19)

To compute the contribution to the full system MPO entanglement entropy from ρ̂j,out,

we need to vectorize the density operator to obtain |ρ̂j,out⟩⟩ so that we can pretend it is a
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pure state and compute its entanglement entropy. The standard procedure of computing the

entanglement entropy of a pure state is to obtain the density operator by taking the outer

product, obtain the reduced density operator by taking the partial trace over one subsystem,

find the reduced density operator’s eigenvalues, and take the log average of the eigenvalues.

The only difference for the MPO entanglement entropy is that our ‘pure’ state is actually a

vectorized density operator, and the eigenvalues may not be normalized since the vectorized

state is not L2 normalized.

Vectorization of the density operator, which corresponds to flattening of the matrix and

changing kets into bras, is defined as:

ρ̂out =
∑

ku,kd,k′u,k
′
d

|ku, kd⟩ρout ku,kd;k′u,k
′
d
⟨k′u, k′d|

→|ρ̂out⟩⟩ =
∑

ku,kd,k′u,k
′
d

ρout ku,kd;k′u,k
′
d
|ku, kd; k

′
u, k

′
d⟩

=
∑
Ku,Kd

ρout Ku,Kd |Ku, Kd⟩, (3.20)

where Kside is defined as the combined index of kside and k′side. Next, we take the partial

trace of its outer product over one bipartition to obtain ρ̂′ = tru(|ρ̂j,out⟩⟩⟨⟨ρ̂j,out|), yielding

ρ′
Kd,K̄d

=
∑
Ku

ρout Ku,Kd ρ
∗
out Ku,K̄d

=
∑
ku,k′u

O(µ
ku+kd+k′u+k′d

2 )O(µ
ku+k̄d+k′u+k̄′d

2 )

= O(µ
kd+k′d+k̄d+k̄′d

2 ), (3.21)

where K̄ is the dual of K, and ku, k′u = 0 terms are dominant.

The above analysis is general and independent of the input states. From now on, we

will use the fact that the input state is a squeezed state. In GBS, ρin m,n = 0 if either m
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or n is odd. Therefore, looking at Eq. 3.19, ku + kd + nloss and k′u + k′d + nloss (or, more

concisely, ku+kd and k′u+k′d) must have the same parity for ρin ku+kd+nloss,k′u+k
′
d+nloss

to be

non-zero. This means that we do not have to consider terms like ρout 0,0;0,1, ρout 1,0;0,0, etc.

As a result, no half-integer powers of µ occur in any terms of the output density operator

ρ̂out or the reduced density operator ρ̂′ of the vectorized state.

In this case, it turns out that ρ̂′ has exactly one constant order eigenvalue, no first order

eigenvalues, and all other eigenvalues are at least second order. To show this, it is sufficient

to find all eigenvalues to the first order. Let us write down the form of ρ̂′ to the first order,

with the first row corresponding to Kd = kd = k′d = 0 and the first column corresponding

to K̄d = k̄d = k̄′d = 0:

ρ̂′ =



ρ̂′1,1 ρ̂′1,2 ρ̂′1,3 · · ·

ρ̂′∗1,2 0 0
...

ρ̂′∗1,3 0 0
...

... · · · · · · . . .


, (3.22)

which has eigenvalues

λ2 =
1

2

ρ̂′1,1 ±
√√√√√ρ̂′21,1 + 4

(nmax+1)2∑
n=2

|ρ̂′1,n|2

 , (3.23)

and all other eigenvalues are 0. Note that we call the singular values of the Schmidt decom-

positions λ and the eigenvalues of the reduced density matrices λ2. However, |ρ̂′1,n|
2 is at

least O(µ2), and the Taylor expansion of the square root will be dominated by the constant

and first order contributions from ρ̂′1,1. Therefore, the only non-zero first order eigenvalue is

λ21 = ρ̂′1,1, which is O(1).

The above analysis shows that to the second order, the eigenvalues are

{a+ bµ+ cµ2, O(µ2), O(µ2), O(µ2), · · · }. (3.24)
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After normalization of the eigenvalues, the entropy contribution due to λ21 is

− a+ bµ+ c1µ
2

C
log

a+ bµ+ c1µ
2

C

=
(d− c1)µ

2

a ln 2
+O(µ3) = O(µ2), (3.25)

where ci is the second order coefficient of λ2i , d =
∑
i ci, and C = a + bµ + dµ2 is the

normalization that must be treated explicitly and not as as a constant. Contribution of

other eigenvalues are

−ciµ
2

C
log2

ciµ
2

C
= O(−µ2 log2 µ). (3.26)

Overall, the entanglement entropy scales as O(µ2 log µ). We would like to understand the

scaling of the MPO EE under various loss scalings with the number of input optical modes.

Generically, one can consider the situation where the number of surviving photons scales

as Nout ∝ Nγ , making the transmission rate µ = βNγ/N . Since the total entanglement

entropy is the sum of all N input modes, we obtain

S1(|ρ̂⟩⟩) = O

(
N

(
βNγ

N

)2

log2

(
βNγ

N

))

= O(N2γ−1 log2N). (3.27)

Similarly, for the Rényi entropy, contribution from a single ρ̂j,out is

1

1− α
log2

(a+ bµ+ c1µ
2

C

)α
+
∑
i̸=1

(
ciµ

2

C

)α
≈ 1

(1− α) ln 2

−d− c1
a

αµ2 +
1

a

∑
i ̸=1

cαi µ
2α

 . (3.28)

38



Therefore, for α < 1, the second term dominates, and we have the familiar

Sα = O(N1−2(1−γ)α). (3.29)

Similarly, for α > 1, the first term dominates, and we have

Sα = O(
α

1− α
N2γ−1). (3.30)

In the case where Nout ∝
√
Nin which is γ = 1/2, EE only grows logarithmically.

This has a significant consequence in the simulation complexity. For an MPS algorithm, a

logarithmic scaling of the MPS EE already rigorously implies a polynomial time complexity

for the tensor network algorithm at fixed 2-norm distance between the ideal and approximate

state. This implies efficient fixed fidelity simulation. The situation for the MPO algorithm

is trickier. The logarithmic MPO EE now implies efficient simulation for fixed 2-norm

distance between the vectorized states, which is also the 2-norm distance between the density

operators. However, for fixed fidelity, one needs to bound the 1-norm distance, and the

relationship K||A||2 ≥ ||A||1, where K is the dimension of the Hilbert space, means that

the one norm cannot be efficiently bounded. In some cases, the MPO EE decreases as the

system size increases, reducing the required bond dimension to bound the 2-norm distance,

but the required bond dimension to bound the 1-norm distance may still increase. This is

the case for a sufficiently low γ such as γ = 1
4 . Overall, our result is evidence for efficient

simulation when loss is greater than γ = 1/2, but it is not rigorous. As a result, we later

provide numerical evidence on the simulation complexity directly.

3.2 Numerical simulation of MPO

We estimate the asymptotic MPO EE under photon survival scaling Nout ∝ Nγ with γ =

1
4 ,

1
2 , 1. To make a fair comparison against SPBS, the squeezing parameter is fixed at r = 0.88,
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which averages to approximately one photon per squeezed mode.

Fig. 3.1 shows the asymptotic estimates with nmax = 8 (maximum number of photons

per density operator ρj that is simulated) for large system sizes. Similar to what is observed

in SPBS simulations, GBS shows MPO EE reduction when the loss is sufficiently high for

γ = 1
4 , logarithmic scaling for γ = 1

2 , and linear scaling for γ = 1. A similar linear increase

in MPO EE with β is also observed in all three cases. Further, we also show the numerical

convergence of our asymptotic MPO EE estimates by increasing the cut-off of the initial

maximum photon number nmax for the squeezed states.

(a) (b)

(c) (d)

Figure 3.1: Operator entanglement entropy vs. the number of input squeezed modes for
different photon survival scaling Nout = βNγ at r = 0.88. (a) γ = 1

4 . (b) γ = 1
2 . (c) γ = 1.

(d) Convergence of MPO EE with increasing nmax for N = 50, β = 1, γ = 1
2 , r = 0.88.

We further conduct full MPO simulations of GBS using U(1) symmetry and numerically

calculate the MPO EE. The simulation algorithm is described in detail in Appendix A. As

discussed in the analytic derivation of the MPO EE, all photon loss can be applied to the

initial MPO, and the simulation afterwards is lossless. Therefore, the total photon number

is preserved in the system. This leads to the so called U(1) symmetry of time evolution,

which can be exploited to reduce the memory and time cost of the simulation. We discuss
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out=βN
1/4N out=βN

1/2N out=βNN

0.6
0.4
0.2

Figure 3.2: Operator entanglement entropy vs. the number of input squeezed modes for dif-
ferent photon survival scaling Nout = βNγ at r = 0.88. Details of experiment configurations
can be found in Methods. (a) γ = 1

4 . (b) γ = 1
2 . (c) γ = 1. Dots are results obtained

from full simulations using U(1) symmetry. Dashed lines are estimates using asymptotic
assumptions.

Figure 3.3: Operator entanglement entropy vs. the number of input squeezed modes for
different squeezing parameters r. Dashed lines are guides to the eye. (a) r = 0.88, averaging
approximately 1 photon per mode. (b) r = 1.146, averaging approximately 2 photons per
mode. (b) r = 1.44, averaging approximately 4 photons per mode.

U(1) symmetry in detail in Appendix A. The MPO EE obtained from the full simulations

and asymptotic estimates agree quantitatively, as shown in Fig. 3.2. However, we observe

that the quality of agreement is poor when MPO EE is small such as in many γ = 1
4

data points when the number of input squeezed states N is small. In the regime of small

MPO EE but large N , we attribute the disagreement to the formal differences between

regular MPOs and MPOs in a U(1) symmetric form. For small N , we expect the quality

of the approximation to be poor because we are no longer in the asymptotic limit. Further

disagreement can also be attributed to the fact that the full simulations are limited by the
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bond dimension. We ensure that all plotted data points are simulated to 1 − Tr(ρ̂) < 0.1,

which previous work established as a good proxy to the fidelity and the total variation error

that is computationally lightweight [40, 29].

Lastly, we investigate the effect of squeezing on MPO EE with our full simulations. We

choose to investigate γ = 1
4 for easier simulation. Fig. 3.3 shows an increase in MPO EE

with increasing squeezing parameter r. It is important to note that the average number

of output photons scales with the average number of input photons N , not the number of

squeezed states. This means that for the same number of input squeezed states and β, a

higher squeezing parameter has a higher loss. Increasing the average number of photons

per squeezed mode from 1 to 2 and 4 only moderately increases the MPO EE compared

to increasing N . This observation is similar to the previous finding for Fock state boson

sampling: if the number of input modes stays the same and the number of photons per

mode increases, the MPO EE grows slowly and can be efficiently simulated [29].

Our numerical findings on the MPO EE growth for different loss scalings have complexity

implications, but there is a lack of rigorous correspondence between MPO EE and simula-

tion time. To make the statement on simulation complexity more direct, we validate the

bond dimension growth explicitly. This is helpful in particular because the computational

complexity is qubic in the bond dimension, both due to SVD and matrix multiplication.

We show in Fig. 3.4 the growth of bond dimension in the system size for fixed accuracy

of 1 − Tr(ρ̂) = 0.02. Previous work has established that 1 − Tr(ρ) is a good proxy for the

fidelity [40] and the total variational distance [29], which is the gold standard benchmark

for boson sampling sample quality. It is clear that constant loss leads to exponential growth

in the bond dimension. In higher loss cases, growth is much more moderate and appears

sub-exponential. We also validate that increasing the bond dimension efficiently reduces

the simulation error. We choose three experiments and simulated them with different bond

dimensions.
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(a) (b)

Figure 3.4: Analysis of bond dimension, system size, and error. Details can be found in
Methods. (a) Bond dimension needed to reach accuracy 1−Tr(ρ̂) = 0.02 vs. the number of
input squeezed modes photon survival scaling Nout = 0.4Nγ at r = 0.88. Dots are individual
estimates of the bond dimension obtained from full simulations using U(1) symmetry. Dashed
lines are the means. (b) Reduction in 1− Tr(ρ̂) error as bond dimension increases for three
different experimental configurations.

43



CHAPTER 4

SIMULATION OF SUPREMACY-SCALE GAUSSIAN BOSON

SAMPLING EXPERIMENTS

This section is heavily based on [35], which is forthcoming in Nature Physics. Minzhao

Liu is an equal contribution author, responsible for vectorization of the MPS construction

scheme, implementation on GPU and high performance computing platforms, and conduct-

ing intermediate to large-scale simulations. He is responsible for testing and improving the

time-evolution based MPS construction approach, conceptualizing and implementing the

conversion between U(1) symmetric tensor network and regular tensor networks to improve

the efficiency, which did not make into the final published approach. He is also responsible

for devising but not implementing the method of efficiently estimating the singular values

of very large tensor networks, which is used to generate plots of the quantum supremacy

frontier.

The results in the previous section is very encouraging to the efficient simulation of

lossy GBS using tensor networks, which inspired our subsequent work that uses MPS for

simulating lossy GBS. Although we have obtained evidence that under sufficiently high loss,

namely Nout ∝
√
Nin, tensor network simulation of GBS is efficient, this algorithm is not

capable of simulating supremacy-scale experiments. The photon loss in these experiments

are only around 0.4, so the bond dimension required is still very large. Further, we have to

model the density operator, which means we need to have a quadratic cost over the cost of

representing the state vector. To combat this, we develop a novel algorithm that separates

a lossy GBS state into a lossless pure state with much fewer photons and a classical part

that contains most of the photons [35]. This means that we can simulate the lossless pure

quantum state without the quadratic cost penalty for dealing with the density operator, and

we also reduce the number of photons required for the quantum simulation and the bond

dimension of the corresponding MPS. As a result, we demonstrate that this decomposition
44



algorithm achieves higher benchmark scores compared to the largest quantum supremacy

experiments.

4.1 The decomposition method

Recall that GBS states with squeezed vacuum states as input followed by an interferometer

implementing numerous two-mode mixing operations can be described by a covariance ma-

trix. Let us first consider a highly classical state of light, the thermal state. An example of

thermal state is light produced by a light bulb. The emission process is highly random, and

there is little preference of one wavelength over the other. Light at different wavelengths

oscillate at different frequencies, and it does not make sense to have coherence between dif-

ferent frequencies. This is because the relative position of each wave in their oscillation (at

peak or trough) will change rapidly as space and time goes due to the difference in frequen-

cies, so interference between the two waves is unpredictable. Therefore, thermal light can be

understood as a classical statistical mixture of coherent light at different frequencies, which

means the density operator of a thermal light can be written as a sum of density operators

of coherent light. In the quadrature formalism, a coherent state is obtained by displacement

on the vacuum, and the Wigner function becomes a displaced minimum envelope Gaussian.

Since the Wigner function (as well as the covariance matrix) is linear in the density operator,

the thermal state Wigner function is a sum of infinitely many displaced Gaussian envelopes,

resulting in a sum that is another Gaussian with a larger spread in the quadrature. There-

fore, the covariance matrix of the thermal state is the same as a vacuum except the variance

is larger.

To simulate a thermal state, one can start with a vacuum state represented by a tensor

network. Since the thermal state is a classical mixture of vacuum with displacements, we can

apply random displacements to the vacuum. A random displacement operation can be rep-

resented as an operator, which can be applied to the tensor network. Further, displacement
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operators are local, so applying displacements to tensor networks is cheap. The further ad-

vantage is that the number of photons in the state represented by the tensor network before

displacement is smaller, so the correlation in the system that needs to be captured should be

smaller, reducing the bond dimension requirement. We should note that simulating sampling

for a thermal state is trivial since there is no correlation between optical modes. However,

this serves as an illustrative example to convey the intuition of our decomposition scheme.

Let us now consider a general lossy state described by a covariance matrix. How can we

separate it into a quantum part represented by a tensor network, and a classical part that can

be added back in with random displacement? First, we need to note that the tensor network

must represent a physical state, and the corresponding Wigner function must satisfy the un-

certainty principle. The great property of Gaussians is that the convolution of two Gaussians

is another Gaussian. Therefore, a final large spread Gaussian state Wigner function can be

thought of as the convolution between a smaller spread Gaussian satisfying the uncertainty

principle and a different Gaussian. The first Gaussian is the state of the tensor network, and

the second Gaussian is the probability distribution of the random displacement. Therefore,

to find a decomposition that minimize the number of photons, we find the Wigner function

that is physical and can be convolved with another Gaussian to yield the final Gaussian.

We now introduce a formal description of the algorithm. First, let us consider a single-

mode squeezed state with the following covariance matrix:

V = ηV0 + (1− η)I2 =

(
e2s 0

0 e−2s

)
+

(
ηe2r + 1− η − e2s 0

0 0

)
≡ Vp +W (4.1)

where V0 is the covariance matrix of a squeezed state with squeezing parameter r, η is the

photon survival probability, and e−2s ≡ ηe−2r + (1 − η). The first part Vp decomposition

is the same as a squeezed state with a different squeezing parameter s, and the second

part W can be understood as classical displacement. This choice of the quantum state for

the decomposition actually has the minimum number of photons. First, all eigenvalues of
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W must be greater than zero since is describes the covariance matrix of the probability

distribution of random displacements. Second, to minimize the number of photons in Vp,

the effective squeezing parameter s must be minimized. Together, the two requirements yield

the above decomposition. It should be noted that any pure Gaussian state has minimum

uncertainty in a sense that:

Det[V ] = 2−4n, (4.2)

as described in E.q. 2.6 of [15]. Therefore, to minimize the number of photons, we wish to

find the Gaussian with the minimal spread and as little variation in the uncertainties in any

direction as possible.

More generally, for any Gaussian state on M optical modes, we aim to find the decom-

position with the following constraints:

minTr[Vp]Vp with V − Vp ≥ 0, Vp ≥ iJ, (4.3)

where minimization of the trace minimizes the number of photons, the first constraint en-

sures physical displacement, and the second constraint ensures a physical covariance matrix.

This optimization problem can be easily solved with semidefinite programming. Overall, we

illustrate our decomposition scheme in Fig. 4.1.

4.2 Reduction in the number of quantum photons after

decomposition

Recent experiments aimed to increase the classical simulation hardness by increasing the

number of photons. While increasing the number of input optical modes is difficult, in-

creasing the number of photons per input mode by increasing squeezing is not too difficult.

Although hardness does increase, this increase is minor as the previous MPO method sug-

gests that the increase the the MPO EE is minor. We now analyze the effect of high squeezing
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Figure 4.1: (a) Gaussian boson sampling with input squeezed vacuum states that pass
through a lossy beam splitter network. (b) Using the decomposition introduced in the main
text, we decompose the output state as pure input squeezed states with reduced squeezing,
followed by a lossless beam splitter network and Gaussian random displacement channel.
Note that the random displacement follows a Gaussian distribution that is generally corre-
lated over different modes.

on the number of photons in the quantum part of our decomposition.

Consider our single mode decomposition the limit where input squeezing r is infinite,

which results in single mode effective squeezing

s = −1/2 log(1− η) (4.4)

after the decomposition. Therefore, as the transmission η decreases, the effective squeezing

strength decreases rapidly, which means that the number of photons is very low. This effect

is illustrated in Fig. 4.2. For the actual quantum supremacy experiments, we show the

number of photons and number of photons in the quantum part of the decomposition (so

called actual squeezed photons) in Table. 4.1.
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Figure 4.2: Characteristics of the squeezed state Vp from the decomposition for single-mode
cases. Actual squeezing parameter and squeezed photon numbers when the input squeezing
parameter is infinite. The dots represent the Borealis, Jiuzhang2.0, and Jiuzhang3.0’s cir-
cuit’s transmission rate and their largest actual squeezing and squeezed photons, assuming
that infinite input squeezing is used.

4.3 Benchmarking

In order to evaluate the sample quality of the experiment and the simulation, we use several

benchmarks. The simulation implementation is discussed in Appendix B.

A sampling task seeks to produce samples x based on an ideal target probability dis-

tribution p(x), where producing the outcome x has probability p(x). For boson sampling,

this probability distribution is given by the probability of measuring bitstring n from the

quantum device, which is given in E.q. 1.43, 1.46, and 1.51 for the different cases. Note that

in the context of benchmarking lossy boson sampling, the ideal probability distribution is

computed using Σ that incorporates the effect of photon loss obtained via E.q. 1.53. How-

ever, due to various imperfections other than photon loss, the actual experimental sampling

process may deviate from the ideal case. One example is partial distinguishability of the

photons, where photons that should interfere do not, potentially due to reasons such as spa-

tial mismatch, frequency mismatch, temporal mismatch, etc. The input photon source may

also be imperfect due to various reasons. Therefore, the sampler has a different probability
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Dataset Experiment Input
squeez-
ing

Input
pho-
tons

Trans.
rate

Actual
squeezing

Output
photons

Actual
squeezed
photons

Ratio

M16 Borealis 0.88-0.89 16.248 0.368 0.14-0.22 5.98 0.549 0.0917
M72 Borealis 0.88-0.89 72.77 0.317 0.093-0.2 23.056 1.74 0.0755
M216 (low) Borealis 0.52-0.54 67.38 0.321 0.06-0.154 21.622 3.09 0.143
M216 (high) Borealis 1.09-1.11 388.57 0.324 0.087-0.235 125.85 6.54 0.052
M288 Borealis 1.00-1.02 407.64 0.362 0.102-0.247 147.65 10.687 0.0724
M100 Jiuzhang1.0 1.35-1.84 277.64 0.283 0.08-0.26 78.62 1.5 0.019
M144 (P125-1) Jiuzhang2.0 0.47-0.56 14.593 0.539 0.16-0.255 7.87 2.337 0.297
M144 (P125-2) Jiuzhang2.0 0.72-0.94 43.09 0.538 0.215-0.342 23.189 4.281 0.1846
M144 (P65-1) Jiuzhang2.0 0.4-0.545 13.415 0.476 0.124-0.217 6.39 1.628 0.255
M144 (P65-2) Jiuzhang2.0 0.56-0.76 28.267 0.476 0.154-0.270 13.454 2.53 0.188
M144 (P65-3) Jiuzhang2.0 0.80-1.08 65.86 0.476 0.18-0.32 31.34 3.62 0.115
M144 (P65-4) Jiuzhang2.0 1.04-1.41 133.75 0.476 0.20-0.36 63.636 4.385 0.069
M144 (P65-5) Jiuzhang2.0 1.34-1.81 295.15 0.476 0.212-0.379 140.38 4.965 0.035
M144 (low) Jiuzhang3.0 1.14-1.26 113.04 0.424 0.185-0.299 47.93 3.08 0.064
M144 (median) Jiuzhang3.0 1.33-1.47 183.46 0.424 0.193-0.314 77.80 3.37 0.043
M144 (high) Jiuzhang3.0 1.49-1.66 274.22 0.424 0.198-0.323 116.29 3.556 0.031

Table 4.1: Parameters of different Gaussian boson sampling experiments from Refs. [2, 3, 4,
5]. We display the actual squeezing parameters and the actual squeezed photons for each
experiment obtained by the optimal decomposition introduced in the main text.

distribution q(x). A classical simulation method such as ours may also include approxima-

tion errors, which means that it will also have a slightly different probability distribution.

When evaluating if a sampler indeed performs the desired sampling task, one seeks to evalu-

ate the difference between the two distributions. The simplest measure is the total variation

distance (TVD):

TVD =
∑
x

|p(x)− q(x)|. (4.5)

However, evaluating the TVD is very challenging. We first need to obtain the probability

distribution q(x). For the experiment, we need to measure sufficiently many samples such

that all possible outcomes occur sufficiently many times to estimate q(x) with small error

for all x. Then, all exponentially many subtractions and additions need to be performed.

For a large experiment with many optical modes, photons, and therefore possible outcomes,

this measure is impossible to compute.

One experimentally feasible metric to compute is cross-entropy benchmarking (XEB).
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Provided that the experiment produces K samples, forming the set {Si}Ki=1 where each Si

is a measurement outcome (could repeat), we can commpute the XEB:

XEB({Si}Ki=1) =
1

K

K∑
i=1

log p(Si). (4.6)

This metric is sample efficient since it provides a statistical estimate and does not require

the estimation of q(x). Consider the limit where K → ∞, the above expression becomes:

XEBK→∞ =
∑
x

q(x) log p(x) (4.7)

This reveals the reason for the name cross-entropy. A normal entropy is the log average of

the probability of a distribution, but here two probability distributions are ‘crossed’ together.

However, the computation of p(x) for each x is still is exponentially hard. The full

distribution p(x) captures the nontrivial correlation between the photon numbers on all

output ports. However, we may not need the full correlation to capture the quantum state.

In fact, the marginal probability distributions of GBS are far from uniform. Specifically, to

compute the marginal probability of a subset of optical modes, we use the expressions in

E.q. 1.46 and 1.51, except the only part of the Husimi covariance matrix Σ that corresponds

to the subset of modes should be used. We can then compute the k-th order correlation of

photon numbers:

κ(n1, n2, . . . , nk) = E(n1, n2, . . . , nk)−
∑
p∈Pk

∏
b∈p

κ[(ni)i∈b], (4.8)

where Pk is the set of all partitions of {1, 2, . . . , k}, and expectation values are taken from the

ideal distribution or estimated from the samples. If we capture all M orders of correlation,

the full probability distribution is captured. However, it is argued that capturing the first

few orders of correlation may already capture the true distribution quite well. Specifically,
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the correlation vanishes exponentially with k.

In order to benchmark the quantum supremacy experiments and the our simulations

of these experiments, we can only calculate the k-th order correlation. However, we do

not know that having good agreement on the correlations imply low TVD. Therefore, we

use small and intermediate size experiments to construct an argument for the validity of

using correlation as a benchmark. With small size experiments, we confirm that low TVD

corresponds to high XEB in our algorithm; with intermediate size experiments, we confirm

that high XEB corresponds to high agreement with the second-order correlation. Finally, we

show our simulation performs better on correlations upto the 5th order for the supremacy

experiments.

4.3.1 Small size

We first simulate the small-size experiment from Ref. [4] which has 16 optical modes. Since

the experiment’s Hilbert space dimension is small, we can compute all the probabilities and

the TVD between the probability distributions obtained by samples and the ground-truth

distribution. We implement the MPS simulation with different bond dimensions and show

the estimated probability distributions in Fig. 4.3 (a) and (b). We now study the relation

between TVD and XEB to justify using XEB for larger systems as a proxy of TVD in Fig.

4.3 (c) and (d). The photon number sector refers to conditioning on the measuring different

numbers of photons, so the probability distributions we use are normalized by the probability

to measure the number of photons in the sector. They clearly show that XEB and TVD

are well correlated: when the MPS’s TVD is larger than the experiment, its XEB is smaller

than the experiment, and vice versa. Using this observation for our cases, we will use the

XEB as a proxy of TVD for intermediate scales.
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Figure 4.3: (a)(b) Example output probability distributions. (c) The TVD and (d) the XEB
for different photon number sectors. Here, for the TVD we use the empirically obtained
probability distribution with 10 million samples for each sector, and we use 10,000 samples
for XEB for each sector. The error bar is obtained by 1,000 bootstrapping resamples. They
clearly show the agreement between the XEB and TVD.

4.3.2 Intermediate size

Unlike the previous small-size case, we can no longer compute the TVD because the number

of outcomes is too large. Therefore, based on the observation that the XEB may be a proxy

of TVD, we will focus on the XEB. We focus on Borealis’s intermediate-scale experiment

with M = 72. We choose various bond dimensions with local dimension d = 6. After

sampling, we compute XEB for different photon number sectors, as shown in Fig. 4.4 (a).

One can clearly see that, overall, the bond dimensions we chose render larger XEB scores

than the experiments do.

We then analyze the second-order correlation functions of all pairs of 72 modes and

compare them with the ground-truth values, presented in Fig. 4.4(b). Each data point
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corresponds to a possible subset of two optical modes, for which we compute the ideal and

sample second-order correlation. If the samples reproduce the ideal correlations well, the

data points should be close to the diagonal line with slope 1. We see that as the bond

dimension increases, the second-order correlations become closer to the ideal cases. By

examining the slopes of linear fits, we can say that the simulation starts to achieve better

second-order correlation with χ larger than 160. Further, MPS samples with worse second-

order correlations still achieves better XEB than the experiment. This gives us the confidence

that if MPS samples have better second-order correlations, the XEB is likely also better than

the experiment.

We also analyze other statistical quantities such as Pearson correlation of second-order

correlations and two-norm distance of correlations between a sampler and the ground-truth’s.

As shown in Table 4.2, from χ = 160, the MPS algorithm achieves a larger correlation and

smaller distance. The additional quantities may explain the reason that the XEB of the

MPS with χ = 120 is better than the experiment, even though the former has a smaller

slope in the two-point correlation’s linear fit.

4.3.3 Largest scale

We now simulate the largest Borealis, Jiuzhang2.0, and Jiuzhang3.0 experiments, which

were used to claim quantum computational advantage. For the benchmark we use kth-order

correlation functions because of the computationally large cost for XEB and the fact that

they generally agree. Here we choose the bond dimension χ = 10000 for all the cases and

the cutoff d = 4 for the MPS construction and d = 10 for sampling. For second-order

correlations, Fig. 4.5 clearly shows that our classical algorithm performs significantly better

than the experiments in terms of the slope of the linear fit.

For higher order correlations, we present the Spearman correlation instead of Pearson

correlation for consistency with Refs. [3, 5]. Up to the 5th order, the MPS samples’ corre-
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Dataset Bond
χ

Slope
(Exp./MPS)

Correlation
(Exp./MPS)

Distance
(Exp./MPS)

Truncation
error

B-M72 120 0.877/0.861 0.977/0.984 0.049/0.049 0.048
B-M72 160 0.877/0.884 0.977/0.989 0.049/0.043 0.040
B-M72 200 0.877/0.899 0.977/0.990 0.049/0.039 0.032
B-M72 240 0.877/0.907 0.977/0.991 0.049/0.036 0.026
B-M216-l 600 0.919/0.935 0.936/0.952 0.021/0.018 0.012
B-M216-h 10000 0.935/0.972 0.964/0.980 0.199/0.151 0.006
B-M288 10000 0.887/0.937 0.960/0.970 0.207/0.197 0.017
J2-P65-1 1000 0.943/0.943 0.977/0.991 0.007/0.005 0.008
J2-P65-2 2000 0.936/0.939 0.981/0.993 0.015/0.010 0.017
J2-P65-3 10000 0.927/0.968 0.986/0.996 0.030/0.017 0.014
J2-P65-4 10000 0.927/0.972 0.988/0.997 0.048/0.025 0.025
J2-P65-5 10000 0.902/0.980 0.989/0.998 0.067/0.029 0.036
J3-high 10000 0.954/0.982 0.993/0.998 0.048/0.026 0.014

Table 4.2: Second-order correlation function benchmarking for different scales of experi-
ments. We present the slope, the Pearson correlation, and the two-norm distance to the
ground-truth distribution’s second-order correlations. We highlight the better scores.

lations manifestly correlate more with the ground-truth values. For the 6th order, although

Jiuzhang3.0’s case has a slightly larger correlation than the MPS samples have, the difference

still lies within the error bar. Therefore, up to the 6th order, we did not observe a clear

advantage from experiments over our classical simulator. We did not conduct the same anal-

ysis of higher-order correlations for Borealis experiments because the number of provided

samples in Ref. [4] is insufficient for higher-order correlation analysis.

4.4 Measuring the randomness of the experimental unitary

Although Borealis has significantly more optical modes and comparable transmission com-

pared to Jiuzhang, the simulation hardness is not significantly different. It is therefore

interesting to understand why Borealis is not as hard to simulate as expected. It turns out

that this is due to the limited connectivity of the Borealis device, where all optical modes

indirectly interact with each other but not directly interact with each other. Specifically, all
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pulses are generated by a single source but are separated in time, forming time-separated

optical modes. Interactions between optical modes is accomplished by splitting light into

two paths with a beam splitter. Photons in one path goes through, and photons in the other

goes through an optical delay loop. This delay allows earlier optical modes to interact with

later optical modes. There are three loops with delay time equivalent to the time between

1, 6, and 36 pulses, respectively. As a result, there is non-trivial correlation between all 216

optical modes, but the interaction is limited.

On the other hand, Jiuzhang’s connectivity is better, although it is still to generate fully

random unitary transformations. A random unitary can be sampled from all unitaries that

are valid operators between two Hilbert spaces, and the natural uniform measure in this

case is the ‘Haar measure’, which samples the unitary group U(M) uniformly for an M -

mode optical system. If a device has limited connectivity, the entanglement it can generate

is similarly limited. Therefore, to study the effect of not having Haar random unitaries

on the MPS algorithm bond dimension requirement, we plot the bond dimensions required

to achieve different levels of singular value truncation error for the Jiuzhang and Borealis

quantum state, as well as the respective states if the unitaries were Haar random. To do this,

we compute the singular values of a bipartition of the state, which is easy for Gaussian states

with known covariance matrices that can be obtained from the input state and the unitary.

Fig. 4.7 shows that Borealis has a very high bond dimension requirement if the unitary was

Haar random, but the actual experimental unitary generates low entanglement due tot he

limited connectivity and can be simulated with significantly smaller bond dimension. On the

other hand, the difference between the experimental and the Haar random bond dimensions

for Jiuzhang is very small, indicating that the connecitivity is sufficiently good, at least for

the purpose of simulation hardness against our MPS algorithm. Overall, this indicates that

simply increasing the number of optical modes is not sufficient, and the connectivity can

have a significant impact of the simulation hardness.
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(a)

(b)

Figure 4.4: Simulation results of Borealis M = 72 case with the MPS algorithm. (a) XEB;
(b) two-point correlation with different bond dimensions χ = 120, 160, 200, 240. For the
two-point correlation function calculation, we have used 1 million samples for all cases. The
inset of (a) represents the total photon number distribution, and the shaded region is the
sectors we used for XEB.
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Figure 4.5: Second-order correlation functions of experiments and our MPS sampler for
Jiuzhang2.0’s P65-5 with M = 144, Jiuzhang3.0’s high with M = 144, and Borealis M = 216
(high) and M = 288. We use 1 million samples.
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(a) (b)

Figure 4.6: Spearman correlation of samples’ higher-order correlations to the ground-truth
correlations. We use 20 million samples for both samplers; and for each order, up to 20,000
randomly chosen subsets of modes out of M = 144 modes were considered. For the first and
second orders, we used all subsets. The error bars are the standard deviation obtained by
1,000 bootstrapping resamples.

Figure 4.7: Comparison of required bond dimensions from the implemented experiments’
circuits (solid curves) and when a global Haar-random circuit is implemented (dashed curves).
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CHAPTER 5

COMPLEXITY OF QUANTUM CIRCUITS

This chapter is heavily based on [41]. Minzhao Liu is the primary author, responsible for

conceptualizing and implementing the method of estimating the frame potential by Monte-

Carlo sampling and contracting tensor networks, and results synthesis and interpretation.

The preceding chapter concluded by emphasizing the importance of sampling from a

global Haar-random unitary when performing sampling based quantum supremacy experi-

ment. This is true for both boson sampling and random circuit sampling. If only a small

number of gates are applied or if the connectivity is poor, only a small fraction of the Hilbert

space of the unitary can be sampled, meaning that the ensemble of circuits is far from Haar

random. On the other hand, if the circuits are almost Haar random, it should be the case

that synthesizing them generically requires many gates.

Given a random unitary, one may ask the following question: how many quantum gates

does it take to construct this unitary? The precise answer depends on the target accuracy,

the available gate set, as well as the connectivity of the qubits. However, researchers have

been able to reveal some basic properties that are general to these specific considerations.

For an n-qubit system, the Haar measure is the unitary group U(2n). We know that a

generic Haar random unitary requires exponentially many (in n) gates to synthesize. This

is easy to see as an exponentially large number of parameters are needed to specify an

arbitrary unitary. It is more interesting, therefore, to consider the number of gates required

to approximate a random unitary sampled from other ensembles, which one considers as the

‘complexity’ of the unitary. For example, we can choose a set of rules of generating random

quantum circuits, whose corresponding unitaries form the ensemble that we sample from.

This set of rules is usually called an ‘ansatze’, with the gate set, parameters, and qubit

connectivies specified. As concrete examples, we introduce three ansatzes that have one-

dimensional connectivity: local random unitary ansätze, parallel random unitary ansätze
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and hardware efficient ansätze, which are illustrated in Fig. 5.1.

...

...

...

...

a b

layer 1 2 3 4 5 layer 1 2 3 4 5
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×l  layers
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RY(π/4)
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RY(π/4)

RY(π/4)

RY(π/4)

RP1,n-1(θ1,n-1)
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RP1,3(θ1,3)

RP1,4(θ1,4)

RP1,n(θ1,n)

c

Figure 5.1: Illustration of ansätzes used in this work. All ansätzes assumes 1D nearest-
neighbor connectivity. (a) Parallel random unitary ansätze. Each layer is a wall of two-qudit
Haar random unitaries on neighboring qudits, and the next layer is offset by 1 qudit. This
creates a brickwork motif, and the gate count scales as O(ln). (b) Local random unitary
ansätze. Each layer is a single two-qudit Haar random unitary between a pair of randomly
chosen neighboring qudits. The gate count scales as O(l). (c) Hardware-efficient ansätze.
A wall of RY (π/4) rotations is followed by alternating layers of random Pauli rotations and
controlled-NOT gates, all independently parameterized.

The complexity of unitaries from an ensemble specified by an ansatze captures how

chaotic the system is, as well as how much of the Hilbert space can be explored. The smaller

the frame potential (which we will introduce shortly), the more chaotic and complicated the

ensemble, and the easier it is to achieve quantum advantage [42, 43]. This is of tremendous

interest in the area of black-hole physics, variational quantum algorithms, and quantum

supremacy experiments.

In the context of holography in high-energy physics, the ‘wormhole-growth paradox’ ap-

parently violates the anti-de-Sitter space/conformal field theory (AdS/CFT) correspondence,

which can be resolved if most unitaries cannot be ‘compressed’ or represented with a shorter

quantum circuit, motivating the ‘Brown-Susskind conjecture’ [44, 45], which states that the

complexity of random quantum circuits grows linearly. In the context of variational quantum

algorithms, a quantum state is parameterized by an ansatze whose parameters are optimized

such that the quantum state becomes the target state. An ensemble that explores more of

the Hilbert space can therefore approximate the target state with higher fidelity, potentially

leading to better algorithm success.
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In our work, we provide numerical evidence that the complexity grows linearly in the

size of the random quantum circuit by computing the so called ‘frame potential’ [46, 47, 48],

given by [49]

F (k)
E =

∫
U,V ∈E

dUdV |Tr(U†V )|2k. (5.1)

We have the following condition for the ensemble to be an ϵ-approximate k-design:

√
F (k)
E(l) −F (k)

Haar ≤
ϵ

qnk
, (5.2)

where the ensemble E(l) depends on the number of layers l. Since there is a linear relationship

between k and complexity [50], a long-term open problem is to prove that depth O(nk) is

required to approach approximate k-designs [51, 42, 52, 53, 54, 55, 56, 57, 58, 59, 50].

Assuming an exponentially decreasing frame potential approaching the Haar value, we have

F (k)
E(l) −F (k)

Haar ∝ A2e−2l/C (5.3)

⇒Ae−l/C ≤ ϵ

qnk
(5.4)

⇒l ≥ C(kn log q + logA+ log 1/ϵ). (5.5)

Under this assumption, A and C could still have n and k dependence. Therefore, for there

to be linear scaling in n and k, A cannot be exponential, and C must be sublinear.

5.1 Algorithm

The unitary ensembles we are interested in are parameterized by a large number of param-

eters. Therefore, evaluating the integral is a high-dimensional integration problem, and a

numerical Monte Carlo approach is suitable. We approximate the frame potential as the
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mean value of the trace,

F (k)
E ≈ 1

N

∑
|Tr(U†V )|2k, U, V ∈ E . (5.6)

Therefore, we need to evaluate the trace of the sampled unitaries on n target qudits.

A quantum circuit unitary U = U1U2U3 . . . is a tensor Uαβγ...ijk... , where i, j, k are input

qubit indices and α, β, γ are output qubit indices. The trace of the unitary is

Tr(U) =
∑

ijk...αβγ...

U
αβγ...
ijk... δiαδjβδkγ · · · . (5.7)

This is a tensor contraction operation that can be expressed as the tensor network in Fig.

5.2. The circuit shown here is a parallel random unitary circuit with 8 qubits. For effi-

cient contraction, when the number of qubits is large, the contraction order is along the

direction indicated in the Fig. 5.2 such that the maximum number of exposed indices in all

intermediate tensors is minimum.

Figure 5.2: Graphical tensor network representation of the trace of a quantum circuit
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5.2 Verifying the Brown–Susskind conjecture from frame

potentials

Local and parallel random unitaries are commonly discussed in the context of quantum

circuit complexity and the Brown-Susskin conjecture. For both ansätzes, the composing

random unitaries are drawn from the Haar measure on U(d2).

5.2.1 Parallel random unitaries

The exponential decay of F (2) for the parallel random unitary ansätze is given by [59]

F (2) < 2

(
1 +

(
2q

q2 + 1

)2(l−1)
)ng−1

, (5.8)

where ng = ⌊n/2⌋. This is plotted in Fig. 5.3. For fixed ϵ, this leads to a linear scaling of l

in n, given by

l ≥ C(2n log q + log n+ log 1/ϵ), (5.9)

where C =
(
log q

2+1
2q

)−1
is independent of n. We emphasize that linear scaling in n is for

fixed ϵ, not fixed F .

Numerical simulation results from Monte Carlo integration of the trace for parallel ran-

dom unitaries are presented in Figs. 5.4 and 5.5. In Fig. 5.4, The frame potential shows a

super-exponential decay in the regime of a few layers and converges to exponential decay as

the number of layers increases, just like the theoretical prediction in Fig. 5.3.

To obtain the layer scaling for reaching ϵ-approximate designs, we fit F (k)
E − F (k)

Haar to

an exponential function according to Eq. 5.3, and l is estimated using Eq. 5.5. Note that

our numerical results are in the regime of large ϵ but we are extrapolating to small ϵ values,

the validity of which depends on a tightly exponentially decaying F . The number of layers

needed to reach ϵ < 0.1 shown in Figs. 5.5. We observe a linear scaling of the number of
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Figure 5.3: Theoretical fractional deviation of the k = 2 frame potential from the Haar
value as a function of layers for the parallel random unitary ansätze. In this plot, the layer
required to reach a fixed F does not scale linearly with n. The linear scaling is only for fixed
ϵ.

needed layers in n, which agrees with the theoretical prediction.

Further, we compare the theoretical predictions in Eq. 5.9 against our numerical findings.

Figure 5.5 shows the experimental and fitted k-design layer scaling as a function of the

number of qubits. Specifically, we fit a linear curve, ignoring the log n and the constant

log 1/ϵ terms. We find a slope of 4.38 in the case of k = 2, which is lower than the theoretical

value 6.2 as predicted by Brandao et al. [59]. We note, however, that the theoretical value

gives an upper bound, which accounts for the discrepancy between the theoretical values

and the experimental values.

In the inset of Fig. 5.5, we show the slopes of the scaling curves with different k values.

It is predicted that there is a linear O(nk) scaling in k for the number of layers l (or O(n2k)

scaling for the circuit size T ) needed to approach k-designs [59], and a linear relationship

between k and complexity is established in [50]. Together, these findings imply that com-

plexity grows linearly in the circuit size [50, 60]. Our results support the linear scaling of T

in k, which predicts that the slope grows linearly in k.
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Figure 5.4: Fractional deviation of the k = 3 frame potential from the Haar value as a
function of layers for the parallel random unitary ansätze. Error bars correspond to the
standard errors. As shown in Fig. 5.3, we do not expect linear scaling of l in n with fixed
F .

5.2.2 Local random unitaries

Results for local random unitaries are presented in Figs. 5.6 and 5.7. Since each layer in

the local random circuit has only one gate, we simulate layers proportional to the number

of qubits and plot layers/qubits on the x-axis to maintain a linear scaling. We observe that

this layer/qubits ratio scales linearly with the number of qubits. This is the same gate count

scaling as the parallel random unitary ansätze, both quadratic in n. The scaling in k is close

to linear, but the confidence is lower due to a lack of data points for k = 4, 5 at large n.

5.3 Hardware-efficient ansätze as approximate k-designs

Originally proposed as an ansätze for variational quantum eigensolvers [61], hardware-

efficient ansätze utilize gates and connectivity readily available on the quantum hardware and

are attractive because of their relaxed hardware requirements [62, 63, 64]. In addition, the

ansätze are simulated in the context of the barren plateau problem [65], where the variance

of gradients vanish exponentially with the number of qubits in sufficiently deep circuits. In

fact, the proof of the barren plateau problem assumes that circuits before and after the gate
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Figure 5.5: Layer scaling as a function of the number of qubits for the parallel random
unitary ansätze on a violin plot. Solid points are medians of the bootstrap sample, and
the vertical shadows represent the sample distribution where the width corresponds to the
density. Dotted lines are linear fits. The inset shows the fitted slopes for different k values.

whose derivative we are computing are approximate 2-designs, which is especially suitable

for the hardware efficient ansätze because they are believed to be efficient at scrambling. We

simulated these circuits with controlled-phased gates and controlled-not gates as two-qubit

gates, respectively. Figure 5.8 shows that the controlled-not gate based ansätzee approaches

the Haar measure sooner, and therefore future analysis is conducted on CNOT based ansätze

only. Figure 5.9 shows a linear dependence on the number of qubits, as well as a positive

dependence on k.

We note that these ansätze reach lower frame potential values with much fewer layers,

albeit having much fewer parameters per layer. This result is partially explainable through

the observation that each layer in the hardware-efficient ansätze contains two layers of two-

qubit gate walls, whereas each layer in the parallel random unitary ansätze contains only

one wall. Further, random unitaries from U(d2) are not all maximally entangling. The

hardware-efficient ansätze can therefore generate highly entangled stages much more effi-

ciently, exploring a much larger space with fewer parameters.

Further, unlike the previously discussed ansätze where the frame potential decay rate is

constant, the hardware-efficient ansätze decay rate increases with n as shown in the inset
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of Fig. 5.8. This does not contradict the observed linear scaling as long as the decay rate

scaling is sublinear.

This observation confirms that hardware-efficient ansätze are highly expressive, a con-

cept that is crucial to the utility of variational quantum algorithms. Ansätze with higher

expressibility are able to better represent the Haar distribution and, therefore able to bet-

ter approximate the target unitary or minimize the objective. This links the expressibility

to the frame potential [66]. The high expressibility of hardware-efficient ansätze and their

close relatives, and consequently the desirable noise properties due to their shallow depths,
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are precisely the argument in favor of these ansätze over their deeper and more complex

problem-aware counterparts [67]. With the recent discovery of the relation between express-

ibility and gradient variance [68], the analysis of frame potentials can play an important role

in theoretically and empirically determining the usefulness of various ansätze for variational

algorithms.
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CHAPTER 6

CONCLUSIONS

We have given several examples of the ways in which tensor network algorithms can help

advancing our understanding of quantum information science. For boson sampling, we show

that previous quantum supremacy experiments can be simulated with classical supercom-

puters with better benchmarking results. This is specifically due to the high photon loss

and low connectivity of the experiments, and future improvements should focus on these

areas. This result also serves as a motivation to introduce our study on the randomness of

random quantum circuit ensembles, which has implications on quantum computational ad-

vantage, black hole physics, and variational quantum algorithms. Notably, we find that the

complexity of random quantum circuits grows linearly with the circuit depth as conjectured

by many.

It is important for us to continue improving tensor networks. In the area of quantum

supremacy, tensor networks are the dominant method for efficient simulation [69, 70? ].

Since the initial 2019 result on quantum supremacy, numerous improvements have reduced

the initially claimed classical simulation time [71, 72, 73, 74, 75, 76, 77, 78, 79]. In a most

recent work, a six second simulation of the initial experiment is considered possible [69].

This constant tug-of-war between quantum experiments and classical simulations constantly

modify the status of claims of quantum computational advantage, which is necessary for the

healthy progress in our understanding of related important scientific questions in this area.

On the other hand, it calls for significant caution in making scientific claims as well.

Recently, researchers have conducted a large simulation of quantum many-body physics on

a quantum computer [80]. Although the authors are very careful in not explicitly claiming

quantum computational advantage, this is the center of much of the discussion. Specifically,

it is claimed that approximate tensor network methods cannot simulate the experiment on

the largest supercomputers. Together with the fact that the paper is on the cover of Nature
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and the plethora of media coverage including an article by the New York Times, this has

led to a strong impression that quantum computational advantage is claimed. As a result,

the subsequent classical simulations of the experiment on a single laptop and similarly small

computational resources within merely two weeks of the publication of the experimental

article cast serious doubt on the quantumness of the experiment [81, 82, 83].

The use of error mitigation, near-Clifford two-qubit gates, and the locally tree-like qubit

connectivity, although perfectly valid and scientifically important to investigate, are not well-

understood in terms of their effect on classical simulability. These are exactly the structures

that the new classical algorithms exploit to make classical simulation tractable [81, 82, 83].

Further, unlike random circuit sampling where the fidelity is approximate the product of

all two-qubit gate fidelities, this experiment has an observable fidelity orders of magnitude

higher than the fidelity predicted for a random circuit, indicating that the correlation spread

is slow and that the quantumness is low [83]. Overall, this example shows that it is crucial

to improve our understanding of classical simulation techniques for us to be able to make

accurate and careful statements regarding quantum computational advantage.

71



APPENDIX A

SUPERCOMPUTING U(1) SYMMETRIC TENSOR NETWORK

An important class of quantum systems have global U(1) symmetry, which arises when the

system has some kind of conserved charge [84]. Examples of such systems include the hard-

core Bose Hubbard model [85], the spin-1/2 XXZ quantum spin chain [86], boson sampling

[25], quantum walk [87, 11, 88, 89, 90], and monitored quantum circuits [91]. A model is

said to be U(1) symmetric if the Hamiltonian commutes with the total charge operator [84]

[Ĥ, N̂ ] = 0. (A.1)

As a result, evolution under such Hamiltonian must preserve the charge number operator.

More generally, systems can preserve a global U(1) symmetry if the applied unitaries preserve

the global charge. In the case of boson sampling, the global charge is the total number of

photons, which is preserved under lossless linear optic transformations.

Another example is the hardcore Bose Hubbard model, whose Hamiltonian is given by

ĤHCBH =
M∑
k=1

(â
†
kâk+1 + âkâ

†
k+1 + γn̂kn̂k+1 − µn̂k), (A.2)

where â†, â are hardcore bosonic creation and annihilation operators, and n̂ = â†â. Since

all terms have an equal number of creation and annihilation operators, the total number of

particles in the system is preserved. Moreover, the hardcore Bose Hubbard model can be

mapped to the spin-1/2 XXZ quantum spin chain by defining

n̂ =
I− σ̂z

2
, â =

σ̂x + iσ̂y
2

, (A.3)
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which yields the Hamiltonian that preserves the total up spins:

ĤXXZ =
M∑
k=1

(σ̂
(k)
x σ̂

(k+1)
x + σ̂

(k)
y σ̂

(k+1)
y +∆σ̂

(k)
z σ̂

(k+1)
z ). (A.4)

Another example of systems with U(1) symmetry is quantum walk (QW), where particle

number is naturally preserved. QW is most commonly discussed in the single-particle discrete

time setting, where the system has position and spin degrees of freedom. At each time step,

a unitary evolution U(θ) = TR(θ) is applied to the system, where

T =
∑
x

(|x+ 1⟩⟨x| ⊗ | ↑⟩⟨↑ |+ |x− 1⟩⟨x| ⊗ | ↓⟩⟨↓ |) (A.5)

R(θ) = cos θ(| ↑⟩⟨↑ |+ | ↓⟩⟨↓ |) + sin θ(| ↓⟩⟨↑ | − | ↑⟩⟨↓ |).

Notably, the system is shown to be universal for quantum computation [88]. Further, the

discrete-time evolution can be viewed as a stroboscopic view of continuous evolution under

an effective Hamiltonian such that U(θ) = e−iH(θ)δt [87]. The system can be modified and

generalized to realize numerous classes of topological phases in one and two dimensions.

In the multiparticle and continuous time setting, QW has been proposed as a method for

quantum sensing [89]. Further, multiparticle quantum walk can be used to explore interacting

bosonic and fermionic systems.

Although MPS can efficiently represent many-body systems with controlled entangle-

ment, it does not utilize any symmetry to further reduce the computational cost. To effi-

ciently simulate U(1) symmetric systems, we need to modify the MPS formalism [92, 93, 29].

We denote the total number of particles to the right of position k corresponding to bond
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αk as c[k]αk , then the probability amplitude tensor can be expressed as

ci1,...,iM =

χ−1∑
α0,...,αM=0

Γ
[1]
α0α1λ

[1]
α1Γ

[2]
α1α2 . . . λ

[M−1]
αM−1

Γ
[M ]
αM−1αM

M∏
k=1

δ
(
c
[k−1]
αk−1

− c
[k]
αk − ik

)
.

(A.6)

The δ function essentially determines the correct local particle number based on the charge

value difference. Updating the wavefunction according to the unitary can be done with the

following procedure. We first realize that a local two-site update does not change the charges

at k − 1 or k + 1, and we can therefore compute the results for different resulting values of

c[k]. For each chosen value of c[k], c[k−1] ≥ c[k] and c[k+1] ≤ c[k], we can select a subset of

bonds αk−1 ∈ Ak−1, αk ∈ Ak, αk+1 ∈ Ak+1 that satisfy the conditions on the three charges.

We can then obtain the Θ tensor similar to the normal MPS algorithm:

Θαk−1αk+1(c
[k]) =

d−1∑
ik,ik+1=0
jk,jk+1=0

∑
αk∈Ak

U
ik,ik+1
jk,jk+1

λ
[k−1]
αk−1

Γ
[k]
αk−1αkλ

[k]
αkΓ

[k+1]
αkαk+1

λ
[k+1]
αk+1

× δ
(
c
[k−1]
αk−1

− c
[k]
αk − jk

)
δ
(
c
[k]
αk − c

[k+1]
αk+1

− jk+1

)
× δ

(
c
[k−1]
αk−1

− c[k] − ik

)
δ
(
c[k] − c

[k+1]
αk+1

− ik+1

)
, (A.7)

where 0 ≤ c[k] ≤ N and the δ function determines which entry of the unitary matrix to look

up. Additionally, examining the U(1) symmetric MPS tells us that the Γ tensors lost their

i indices corresponding to the physical degree of freedom (local particle number), reducing

the memory complexity by a factor of d. This is instead captured by the size χ 1-d charge

tensors c. Second, the size of the Θ matrices that we decompose with SVD is also reduced

to at most χ× χ instead of χd× χd.

We similarly need to compress the new two-site tensor and restore the MPS representation

as in the regular algorithm. The full Θ matrix capturing the result of the contraction should

be a block-diagonal matrix with Θ(c[k])’s as composing blocks. Therefore, performing SVD
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on the full matrix can be achieved by decomposing individual Θ(c[k]), which is the source

of the computational complexity reduction of the U(1) symmetric algorithm. Our algorithm

performs SVD on all Θ(c[k])’s and keep the χ largest singular values.

State-of-the-art simulations using tensor networks typically employ hardware accelera-

tion, including the use of novel hardware platforms such as graphical processing units (GPUs)

[94, 95, 96, 97]. However, symmetry-preserving tensor network algorithms [92, 84, 93] are

highly specialized and require data-dependent array entry look up for the unitary matrix.

This is an unusual requirement that is not commonly needed in normal tensor operations

such as contraction, reshaping, index permutation, etc. As a result, no highly optimized

hardware acceleration is readily available for our algorithm. In this work, we aim to bridge

this gap in hardware acceleration for the algorithm by optimizing a subroutine on GPU, and

also target our implementation to supercomputing resources.

It is hard to improve SVD as it is a well-researched and optimized routine. The naive

implementation of computing Θ also requires looping over all possible values of c[k−1] and

c[k+1], which introduces an additional O(d2) complexity compared to SVD. Therefore, we

focus our discussion on the Θ computation subroutine and how we optimize it.

A.1 CPU implementation

For a given center charge c[k], the CPU-based implementation loops through all possible left

and right charge values c[k−1] and c[k+1] and selects a subset of left and right bonds αk−1

and αk+1 that satisfy the charge requirement. Since c[k] is fixed for each Θ(c[k]) submatrix,

the only term that the delta function affects given the charges is U through jk, jk+1, ik, ik+1.

With the correct unitary matrix value identified, the remaining computation is simply tensor

contraction. Each iteration partially fills the Θ(c[k]) matrix at bonds αk−1, αk+1. Iterating

over all possible left and right charges fills the entire matrix.

For large total particle number d, the O(d2) complexity due to the nested loop can
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significantly increase the computational time. Tensor contraction calculations that would

otherwise be parallel has to be broken down into pieces. Therefore, the ability to parallelize

across different left and right charges and unitary matrix entries is highly desirable, which is

exactly what our GPU algorithm accomplishes. The differences between the CPU and GPU

implementations are illustrated in Fig. A.1.

(a) (b)

Figure A.1: Algorithms for computing Θ matrices. (a) CPU-based implementation. A
subset of bonds are selected from Γ[k],Γ[k+1] that have the correct selected charge values
c[k−1], c[k+1]. A subset of Θ is computed. (b) GPU-based implementation. All bonds are
used and the entire Θ matrix is computed at once.

A.2 Hierarchical GPU implementation

A naive parallel implementation of Θ matrix computation would assign the computation of

a single array entry to a single thread. For example, the Θi,j can be calculated by a single

thread that computes the inner product between the ith row of the first matrix and the jth

column of the second matrix. However, this approach has several limitations, and a non-

trivial hierarchical algorithm is used in reality for matrix multiplication. For a pedagogical

introduction to the hierarchical approach in the context of matrix multiplication, see the

work by Kerr et. al. [98]

Consider multiplication of A ∈ CM×K and B ∈ CK×N . The two matrices are stored

in the global memory of the GPU, which every thread can access at any time. During

inner product calculation of a single thread, the thread needs to read the global memory
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2K times to complete the row and column vectors. Computing the whole matrix requires

2MNK reads of global memory, which turns out to be a limiting factor. Global memory is

physically located far away from the compute cores of the GPU, and only a limited amount

of memory can be fetched per second. The naive implementation would actually starve the

compute cores due to a lack of data, leaving them idling most of the time.

Alternatively, we can replace element-wise inner products with the accumulation of outer

products to reduce the memory read requirement, and Fig. A.2 illustrates the differences

between the two approaches. If a whole row/column of A/B is saved in some memory

that is closer to the compute cores but have less capacity, all the threads can accumulate

Ai,kBk,j once with an outer product. This can be repeated K times to complete matrix

multiplication. On a GPU, this closer memory is called shared memory, which is shared by

threads in its thread block of at most 2048 threads. Each thread block has its owon shared

memory. Each outer product requires transfer of data from global to shared memory with

M+N global reads, and the entire algorithm only needs K(M+N) global reads and 2MNK

shared memory reads. In reality, since a thread block has a limited number of threads and

shared memory, we cannot fit everything in a single block and must compute the entire

output matrix by sub-blocks.

The strategy of shifting the need for high memory access from large capacity broad access

slow memory to small capacity local access fast memory can be repeated on lower levels.

At the lowest level, a single thread actually computes multiple entries of the matrix, where

data is stored in registers which are the fastest memory available and are private to each

thread. Our GPU algorithm for the Θ computation subroutine only differs from matrix

multiplication by U and λ value look up. Therefore, our implementation adopts all the

techniques mentioned above to maximize performance.
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(a)

(b)

Figure A.2: Matrix multiplication with (a) inner products and (b) outer products.

A.3 Memory alignment in GPU implementation

The charge data-dependent access of U poses difficulties in efficient GPU parallelization. In

optimized numerical routines, threads access memory in an aligned manner, where consecu-

tive threads access consecutive memory addresses, which allows data to be sent in chunks.

Sending data chunks allows multiple units of data to be sent in a single clock cycle, otherwise

only one unit of data is sent in a given cycle. In a GPU, this can lead to a 32-fold memory

bandwidth reduction. If the charge values are completely unpredictable, the memory address

of U that needs to be accessed will not be aligned.

This issue can be easily addressed by sorting the bonds according to the charge values.

This leads to aligned memory access as illustrated in Fig. A.3 and significantly improves

performance. Additionally, since each thread calculates multiple entries, it might need to

access multiple unitary values even after sorting. Due to the limited number of registers

available to each thread, we cannot afford to store redundant unitary values. Therefore, we

insert empty bonds to ensure that only one value of the unitary matrix corresponding to a
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single charge c and physical state i value is stored per thread. This scheme is illustrated in

Fig. A.4.

c[k-1]
c[k]=4

i=c[k-1]-c[k]

Threads

Memory

c[k]=4

4 6 5 4 4 6 9 6 5 9

0 2 1 0 0 2 5 2 1 5

U ik+10,
jk+1jk, U ik+11,

jk+1jk, U ik+12,
jk+1jk, U ik+13,

jk+1jk, U ik+14,
jk+1jk, U ik+15,

jk+1jk,

4 4 4 5 5 6 6 6 9 9c[k-1]

i=c[k-1]-c[k] 0 0 0 1 1 2 2 2 5 5

Threads

U ik+10,
jk+1jk, U ik+11,

jk+1jk, U ik+12,
jk+1jk, U ik+13,

jk+1jk, U ik+14,
jk+1jk, U ik+15,

jk+1jk,

Memory

(a)

(b)

Figure A.3: Memory access pattern (a) without sorting and (b) with sorting.

Additionally, bond indices are sorted such that c[k]αk only increases as the bond index

increases. For small d, this means that c[k]αk is the same for many consecutive indices. This

eliminates the need for threads to look up new U elements, except at boundaries where c[k]αk

changes. This further reduces the need for memory access and reduces latency.

A.4 High-level parallelization

Besides the numerical parallelization of individual SVD and Θ matrix computations through

the use of GPUs, additional parallelization is explicitly implemented on the algorithmic

level. Further, for systems with large bond dimensions, storing the entire tensor network on

a single-GPU or even a single node may become prohibitive. We distribute the storage of

individual Γ tensors to different nodes.

First, we parallelize independent two-site unitary updates. A host node identifies all par-
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Figure A.4: Illustration of insertion of empty bonds. (a) Worst case scenario of charge value
changes within a single fragment without empty bond insertion. The thread has to store 16
values of the unitary. (b) Generic case of a fragment at a charge change boundary. Less
than 16 values need to be stored, but this is not known a-priori and 16 values of the unitary
still needs to be stored. (c) With empty bond insertion, each thread only needs one unitary
value.

allel local unitary updates and keeps track of a list of available and busy nodes. Local unitary

updates are allocated as soon as a node is available. During allocation, the compute process

of the computational node requests the needed Γ, λ, c tensors from the storage processes of

the corresponding storage nodes. Similar communication takes place after the computation

to update the stored tensors. Second, for a single beam splitter MPO update, the overall Θ

matrix is broken up into Θ(c[k])’s, which we compute and decompose in parallel. After the

computation node receives the data needed, the data needed for each Θ(c[k]) is distributed

to individual GPUs.

With the high-level parallelization discussed above and illustrated in Fig. A.5, the al-

gorithm can be easily scaled to supercomputers with multiple nodes and GPUs, especially

when the system size is large. However, there are smaller systems that do not require multi-

node parallelization, and we provide implementations with intermediary parallelism as well

to avoid the communication overhead of the fully parallel algorithm. On the lowest level,

only one GPU is considered, and no distributed memory or computation is used. On the
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second level, all memory is managed by a single node, and unitary updates are distributed

to individual GPUs instead of nodes.

U1 U2 U3

Θ(1) Θ(2) Θ(3) ......

... ...

......

Figure A.5: High-level parallelization. Independent unitary gate updates are distributed to
different nodes. Within each unitary update, Θ(c[k])’s are computed and decomposed with
SVD independently on different GPUs.

A.5 Run time reduction

We evaluate the performance of our GPU supercomputing algorithm against the CPU-only

implementation at the Argonne Leadership Computing Facility (ALCF). All CPU simula-

tions are performed with a single node of the Bebop system with a 2.10 GHz Intel Xeon

E5-2695v4 32-core CPU, and GPU simulations are performed on the Polaris system. A

single node of the Polaris system has 4 Nvidia A100 GPUs. Table I shows the simulation

time in seconds of different implementations for a lossy boson sampling experiment with 12

modes, 10 input squeezed modes, bond dimension 1024 and 8192, photon loss rate 0.55, and

local Hilbert space dimension 15. Increasing the bond dimension χ increases the simula-

tion accuracy and time. Moreover, lossy boson sampling requires the density matrix instead
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CPU single-GPU One node Six nodes
χ = 1024 7966 126 60 42
χ = 8192 >259000 2066 1045 322

Table A.1: Simulation time in seconds.

of the state vector, and the generalized algorithm is described in detail in by Oh et. al.

[29] The consequence of the density matrix generalization is that each charge can take on

152 = 225 values instead of only 15, which means that the CPU-based algorithm needs to

perform 2252 = 50625 iterations to fill the Θ matrix. On the other hand, our GPU algorithm

computes all entries of Θ in parallel.

For the small χ experiment, we ar able to simulate using only CPUs in a reasonable

amount of time for comparison. Encouragingly, the single-GPU algorithm achieves a dra-

matic 63-time speedup even with a single-GPU. We further test the unitary-level parallel

algorithm on one node and observe a further two-fold speedup. Lastly, we use the fully par-

allel algorithm on 6 nodes, observing an additional 43% increase in the computational speed.

We observe that the gain in computational speed by switching from less parallelized to highly

parallelized implementation is less than the increase in computational resources. Higher-level

parallelism incurs significant overhead, which indicates that there is still significant room for

optimization.

Fortunately, this payoff in higher parallelism is more pronounced in the setting of larger

system sizes. The CPU implementation failed to complete the simulation within the maxi-

mum allowed wall time of 72 hours. This means that our single-GPU implementation achieves

at least a 125-fold speed up. The computational time is further reduced two-fold when going

from the single-GPU implementation to the unitary-level parallel algorithm on one node,

similar to the small bond dimension case. However, changing to the fully parallelized algo-

rithm with 6 nodes further reduces the time more than three-fold compared to a fractional

reduction in the small bond dimension case. Overall, the fully parallel implementation on

six nodes is on the order of a 1000 times faster than the 32-core CPU implementation.
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The exact speed up depends on the system size, so we show more experiments with

different configurations. All the following experiments are performed with N = 5,M =

32, µ = 0.5, r = 0.88 on a single 32-core CPU or a single A100 GPU. We show the CPU

and GPU simulation time for various systems in Fig. A.6a. For system sizes that the CPU

can reasonably complete, we observe over 10 times speed up on a single GPU. Further, Fig.

A.6b shows that tensor contraction time dominates the overall run time due to the highly

inefficient double nested loop. Fig. A.7 shows contributions to the GPU simulation time

from subroutines. We see that the contribution from the tensor contraction step is minimal

compared to the total simulation time thanks to the efficient custom kernel. Further, SVD

takes up the majority of the simulation time, meaning that the overhead of tensor sorting,

alignment, and storage is acceptable.

CPU GPU d
6
8

10
12
14
16

O(10) reduction

(a) d=8(b)

Figure A.6: (a) CPU and GPU simulation time. Traces have higher simulation time in
ascending order in d. (b) Contribution to the CPU simulation time from subroutines.
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χ=4096 d=14(a) (a)

Figure A.7: Contribution to simulation time of the GPU algorithm from subroutines. (a)
Bond dimension χ = 4096. (b) Local Hilbert space size d = 14.
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APPENDIX B

IMPLEMENTATION OF THE MPS ALGORITHM FOR GBS

B.1 MPS construction

We provide the method for MPS construction of Gaussian states based on Ref. [99]. While

the method in that reference is typically inefficient, we employ the property of Gaussian

states to make it efficient so that we can efficiently find the reduced density matrix of a

bipartition A : B and its spectral decomposition because the reduced density matrix is still

a Gaussian state and Gaussian states can always be written as a product of thermal states

ρ̂T followed by a Gaussian unitary operation [100]:

ρ̂B = TrA[|ψ⟩⟨ψ|] = ÛB ρ̂T Û
†
B =

∞∑
n=0

pT (n)ÛB |n⟩⟨n|Û
†
B , (B.1)

where pT (n) =
∏
i∈B n̄

ni
i /(n̄i+1)ni+1 and n̄i is the mean photon number of the ith mode’s

thermal state. One can easily find ÛB and {n̄i}i∈B by Williamson decomposition of the

covariance matrix of the state in the B part [100]. Hence, the eigenstates of the reduced

density matrix are always a number state followed by a Gaussian unitary operation.

Here we recall the method of constructing an MPS proposed in Ref. [99] with adapting

Gaussian states’ properties. First, we apply the singular value decomposition along the first

mode and the rest of the modes with a prechosen bond dimension χ:

|ψ⟩ ≈
χ−1∑
α1=0

λ
[1]
α1|Φ

[1]
α1⟩|Φ

[2···M ]
α1 ⟩ (B.2)

=
d−1∑
n1=0

χ−1∑
α1=0

Γ
[1]n1
α1 λ

[1]
α1 |n1⟩|Φ

[2···M ]
α1 ⟩ (B.3)

=
d−1∑
n1=0

χ−1∑
α1=0

A
[1]n1
α1 |n1⟩|Φ

[2···M ]
α1 ⟩, (B.4)
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where

A
[1]n1
α1 = ⟨n[1]1 |⟨Φ[2···M ]

α1 |ψ⟩ (B.5)

= ⟨n[1]1 |⟨n[2···M ]
α1 |Û [2···M ]†Û |n = 0⟩. (B.6)

Here the approximation is due to truncation from the predetermined bond dimension, and

the state |ψ⟩ can always be written as |ψ⟩ = Û |n = 0⟩ by Williamson decomposition of

a pure Gaussian state; and, as emphasized before, the singular values λ[1]α1 can be easily

found by performing the Williamson decomposition for the marginal covariance matrix over

the bipartition between the first mode and the rest of the modes as in Eq (B.1). Also,

the eigenstates {|Φ[1]
α1⟩}, {|Φ

[2···M ]
α1 ⟩} are always photon number states followed by Gaussian

unitary operations. Thus, we can characterize the eigenstate |Φ[2...M ]
α1 ⟩ = Û [2···M ]|n[2···M ]

α1 ⟩

as {Û [2···M ],n
[2···M ]
α1 }. We then rewrite it in number basis |n[2]2 ⟩ as

|Φ[2···M ]
α1 ⟩ =

d−1∑
n2=0

|n[2]2 ⟩|τ [3···M ]
α1n2 ⟩, (B.7)

where

|τ [3···M ]
α1n2 ⟩ = ⟨n[2]2 |Φ[2···M ]

α1 ⟩, (B.8)

where we expand by the eigenstates of the reduced density matrix {|Φ[3···M ]
α2 ⟩}χ−1

α2=0

|τ [3···M ]
α1n2 ⟩ ≈

χ−1∑
α2=0

A
[2]n2
α1α2 |Φ

[3···M ]
α2 ⟩ =

χ−1∑
α2=0

Γ
[2]i2
α1α2λ

[2]
α2|Φ

[3···M ]
α2 ⟩ (B.9)

A
[2]n2
α1α2 = ⟨n[2]2 |⟨Φ[3···M ]

α2 |Φ[2···M ]
α1 ⟩, (B.10)

where A[2]n2
α1α2 = Γ

[2]n2
α1α2λ

[2]
α2 , and |Φ[3···M ]

α2 ⟩ is the eigenstate of the reduced density matrix of

86



the [3 · · ·M ] part and λ[2]α2 are the singular values, which can be easily identified. Practically,

we need only to compute matrices A by

A
[2]n2
α1α2 = ⟨n[2]2 |⟨Φ[3···M ]

α2 |Φ[2···M ]
α1 ⟩ (B.11)

= ⟨n[2]2 |⟨n[3···M ]
α2 |Û [3···M ]†Û [2···M ]|n[2···M ]

α1 ⟩ (B.12)

= ⟨n[2]2 |⟨n[3···M ]
α2 |V̂ [2···M ]|n[2···M ]

α1 ⟩, (B.13)

where V̂ [2···M ] ≡ Û [3···M ]†Û [2···M ]. By iterating this procedure, we obtain all the matrix

elements, which is summarized as

A
[1]n1
α1 = ⟨n[1]1 |⟨n[2···M ]

α1 |Û [2···M ]†Û [1···M ]|n = 0⟩, (B.14)

A
[k]nk
αk−1αk = ⟨n[k]k |⟨n[(k+1)···M ]

αk |Û [(k+1)···M ]†Û [k···M ]|n[k···M ]
αk−1

⟩

for 1 < k < M, (B.15)

A
[M ]nM
αM−1

= ⟨n[M ]
M |Û [M ]|n[M ]

αM−1
⟩, (B.16)

and

Γ
[1]n1
α1 = A

[1]n1
α1 /λ

[1]
α1 , (B.17)

Γ
[k]nk
αk−1αk = A

[k]nk
αk−1αk/λ

[k]
αk for 1 < k < M, (B.18)

Γ
[M ]nM
αM−1

= A
[M ]nM
αM−1

/λ
[M−1]
αM−1

. (B.19)

Therefore, the remaining calculation to obtain all the matrix elements is ⟨n1|V̂ |n2⟩, for

number states |n1⟩ and |n2⟩ and a Gaussian unitary operator V̂ . This quantity has already

been studied in Refs. [101, 102] by noting that any Gaussian unitary operation can be

decomposed as V̂ = Û2Ŝ(r)Û1, where passive unitary operations Û1 and Û2 and single-mode
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squeezers Ŝ(r) = ⊗iŜ(ri):

⟨n1|Û2Ŝ(r)Û1|n2⟩ =
haf(Σn1,n2)√

n1!n2!
∏
i cosh ri

, (B.20)

where U2 and U1 correspond to the unitary matrix that characterize the unitary operators

Û2 and Û1, and Σ is a matrix obtained by

Σ =

U2 0

0 UT
1


tanh r sech r

sech r − tanh r


UT

2 0

0 U1

 , (B.21)

where Σn1,n2 is obtained by repeating Σ’s block matrices by n1 and n2 times. Hence,

the complexity of obtaining all the matrix elements of A, or equivalently Γ and λ, is

O(Mdχ2 × (hafnian of Σn1,n2)), and the complexity of computing the hafnian of Σn1,n2

is Õ(2(n1+n2)/2) [103, 104]. Therefore, two crucial factors determine the complexity: the

bond dimension χ and the maximum of |n1 + n2| ≡
∑
i((n1)i + (n2)i). Both the bond

dimension and the maximum |n1 + n2| are affected by the amount of entanglement. The

former is evident, and the latter is because for a pure multimode Gaussian state, the reduced

state on part B over a bipartition A : B becomes more thermalized when the parties A and

B are highly entangled. For example, if they are a product state, the reduced state is still a

pure state. Also, we emphasize that the matrix size of Σn1,n2 is much smaller than the ma-

trix size for computing the output probability of the actual output state, which includes the

random displacement. Hence, our MPS construction is, in general, much more efficient than

directly sampling from the output state using the best-known classical algorithm [105, 106]

when the loss rate is large.
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Here, marginal probabilities can be computed as

p(m1, . . . ,mk|β) = Tr[D̂(β)|ψ⟩⟨ψ|D̂†(β)|m1, . . . ,mk⟩⟨m1, . . . ,mk| ⊗ ⊮] (B.22)

=
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And we iterate this, for example,

|Φ[(k+2)···n]
αk ⟩ =

d−1∑
ik+1=0

|ik+1⟩|τ
[(k+2)···n]
αkik+1

⟩, (B.25)

where

|τ [(k+2)···n]
αkik+1

⟩ =
∑
αk+1

A
[k+1]ik+1
αkαk+1

|Φ[(k+2)···n]
αk+1

⟩ (B.26)

⟨in|Û [n]|n[n]
αn−1⟩. (B.27)

To construct the output state’s MPS description, we employ the time evolution method.

More specifically, we first prepare squeezed vacuum states as input and then apply beam

splitters. To do that, for a given unitary M×M matrix, we decompose it by one-dimensional

local beam splitters by using the technique introduced in Ref. [107]. It is worth emphasizing

that although we consider one-dimensional systems to employ an MPS, it does not lose gener-

ality becauseM -mode linear-optical systems can always be decomposed into one-dimensional

beam splitter networks with O(M2) depth. Thus, our algorithm is applicable to any M ×M
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linear-optical circuits. When we apply beam splitters on the MPS, we update the corre-

sponding tensors. During the update, we truncate the singular values by a predetermined

bond dimension χ. Hence, depending on the bond dimension, the MPS accumulates a dif-

ferent amount of simulation error. Here, the complexity of the MPS depends on the bond

dimension and the local Hilbert space dimension T = poly(χ, d).

B.2 Implementation

We implement our simulation algorithm using Python. Specifically, GPU computations are

optimized by using the CuPy library, and distributed computation is achieved by using the

Message Passing Interface (MPI) using the MPI for Python library. We also develop a custom

CUDA kernel for a minor subroutine in CUDA C++, which interfaces with Python through

CuPy. Part of the algorithm is taken or modified from the source code of the Strawberry

Fields library [108] as well as The Walrus library [109].

The simulation algorithm uses a single GPU for the computation and storage of a single-

mode MPS tensor. During the MPS calculation, all tensors are computed independently

on different GPUs, which fills tensor entries with appropriately calculated hafnian values.

Hafnians of equal-sized square matrices are computed in parallel for numerical efficiency,

and this is possible because the hafnian calculation algorithm is data independent. To avoid

impractical memory costs, we limit the maximum number of parallel hafnians to a value

dependent on the size of the input matrices, and we loop over subbatches to complete all

hafnians. After a tensor is completed, the tensor is saved to the local SSD for later use

during sampling.

Additionally, since the computational cost for different modes varies dramatically, GPUs

that completed the designated tensor calculations are used to accelerate the computation of

more costly tensors. Specifically, when challenging tensors have too many parallel hafnians

to compute and other GPUs are available, subbatches are sent via the communication fabric
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for computation, and the results are later collected.

For the sampling algorithm, the computed single mode MPS tensors are loaded to each

GPU. During the sampling procedure, a vector is passed from one mode to the next via the

communication fabric after some operations with local tensors for sampling. After the vector

is sent to the next GPU, a new tensor is received from the previous GPU for new samples,

resulting in a stream of samples that propagate through the chain. This process is also

performed in a parallel manner via batch parallel random displacement generation, matrix

multiplications, and weighted random choices. For the largest simulations, 100 samples are

processed in parallel on a single GPU for numerical efficiency and reasonable memory costs.

Therefore, 100×M samples are processed in parallel on M GPUs.
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