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ABSTRACT

In this work, we consider two nonlinear, nonlocal, parabolic equations and show that under
appropriate growth assumptions, solutions regularize. The first is the 2d Muskat problem,
which models the evolution of the interface between oil and water in a tar sand. In the
stable regime, the equation was known to be well-posed for smooth, flat initial data, but the
slope can blow up in finite time for some large initial data [CCFT12]. It was conjectured
that slope 1 was the cutoff for global existence of graphical solutions. We resolve half of this
conjecture, proving that the equation is globally well-posed whenever the initial data has
slope less than 1. This work was originally published in [Cam19].

The second equation we consider is fractional mean curvature flow, which is a nonlocal
fractional order analogue of the usual mean curvature flow. As with the local case, the
regularity of general solutions of fractional mean curvature flow is very difficult to study.
Without some form of star convexity or graphical assumption, solutions are known to pinch
and develop singularities [CSV18, CDNV18|. Despite this, we prove that if our initial set Ej
is bounded between two Lipschitz subgraphs, then the minimal viscosity solution becomes
a Lipschitz subgraph itself in finite time. This is a purely nonlocal phenomena, as the
corresponding theorem is false for classical mean curvature flow.

For both equations we prove our results by showing that under our assumptions, evolving
a solution over time quantitatively improves its modulus of continuity. This general method
of proof was developed independently by Ishii-Lions in [IL90] for fully nonlinear elliptic

equations and Kiselev, Nazarov, and Volberg in [AKV07] for active scalar equations.



CHAPTER 1
INTRODUCTION

In this work, we prove that two nonlinear nonlocal parabolic equations are regularizing
under appropriate assumptions. While there will be many technical details and calculations
throughout the proofs, the essential idea underlying our method in both cases is a very

simple parabolic estimate:

Theorem 1.0.1. (Propagation of uniform continuity) Let u : [0, 00) X RY — R solve the

heat equation

deu(t,x) — Agu(t,z) =0,  (t,z) € (0,00) x RZ. (1.1)
If u(0, ) has modulus of continuity w : [0,00) — [0,00), then so does u(t,-) for allt > 0.

Proof. Let h € R%. Then as (0, -) has modulus of continuity w, we have that
w0, + h) <u(0,z) +w(|h]) zeR (1.2)

As both (t,z) — u(t,z + h) and (¢,x) — u(t, z) + w(|h|) are solutions to the heat equation,

we then have by the comparison principle that
u(t,z +h) <u(t,z) +w(h|), ()€ 0,00) x R (1.3)
As h was arbitrary, we then have that w(¢,-) has modulus of continuity w for all times

t>0. [l

The key thing to note is that we only rely on two properties of the heat equation to prove

the propagation of continuity. Namely,
1. Comparison principle

2. Translation invariance.



Any equation which has those two properties will automatically propagate the uniform
continuity of initial data. Note though that the comparison principle and translation invari-
ance don’t give any improvement of regularity by themselves, as can be seen by considering

solutions to the transport equation

Opu(t,z) +b- Vyu(t,x) =0, (1.4)

where b € R? is a constant. Then u(t, ) has precisely the regularity of the initial data u.
However, if our parabolic equation has some uniform ellipticity, then the proof of propa-

gation of regularity can easily be altered to instead give generation of regularity.

Theorem 1.0.2. (Generation of Holder continuity) Let u : [0,00) x R? — R solve the heat

equation with u(0,-) = uy € L°(R%). Then for any a € (0,1) and t > 0,

u(t, ) —u(t,y) < ( 1 )a/2

1 /2
Proof. To begin, let C' > 2||ug]| 0 (4(1—)> and define w : (0,00) x [0,00) — R by
-«

«

w(t,r) = C;W' (1.6)

Note that by this choice of constant C, it follows that whenever w(t,r) < 2||ug|| 700 we have

the inequality

re—2 9 o re
—2@(1 — a)C tOé/2 = 28Tw(t, 7") < atUJ(t, 7“) = _§Ct1+—04/2 (17)
We will show that for all t > 0 and x # y € R,
U(t,.CE) o U(t, Z/) < W(t, |l‘ - y|) (18>



Suppose not. Then we claim that there must be a first crossing point. L.e., there exists

some tg € (0,00) and zg # yg such that

u(t,x)—u(t,y) §w(t,\:v—y\), te <07t0]7x>y€Rd7 (1 9>

u(to, o) — u(to, yo) = wlto, [zo — yol)-
We will finish the proof assuming the existence of this crossing point. Details about how to
guarantee the existence of a first crossing point can be seen in the break through arguments
of Chapter 2.2.

At the crossing point, we have a number of differential inequalities. In particular, we get

immediately the bound on the time derivatives

(u<t7 QZ()) - u(ta yO)) : (11())

Sl

dw(to, lro — yol) <
t=to

We can also bound the second derivatives in space. Note that for any [ & 541 with

I L (xg—yg), we have that the map
s — u(tg, xg + sl) — u(ty, yo + sl), (1.11)
has a global max at s = 0. Hence,
0l2u(t0,a:0) — 8l2u(t0, yo) < 0. (1.12)
For any x € ]Rd, we have that

u(to, z) < w(to, |z —yol) + ulto, yo), (1.13)



’I [—
with equality at x = x(. Letting e = 070 it then follows that

|70 — Yol
dzu(to, ) < 07 . (w(to, |x = yol)) = Fw(to. lzo — yol)- (1.14)
=10
The same argument also gives that
D2 ulto, yo) > —Orw(to, |0 — ol ). (1.15)
Hence,
Aulty, x0) — Aulty, yo) < 20;w(to, |0 — vol). (1.16)

As at the touching point we have that w(tg, |zg — yo|) = u(to, z0) — u(to, vo) < 2||ugl||r~, it

follows by (1.7) and the heat equation that

d
— (u(t, z) — ul(t,y0)) = Aulty, z0)—Aulty, yo) < 202w(to, |ro—yol) < drw(to, [zo—0l),

dt |y,
(1.17)
contradicting (1.10). Thus (1.8) holds whenever C' > 2||ug|| (m) , S0 the result
-«
follows.

]

1.1 Discussion of the basic estimate

In the later chapters of this work, we will be applying the essential proof scheme we used in
the proof Theorem 1.0.2 in more complicated, nonlinear, nonlocal settings. As such, we first
take some time to go over the qualities of the proof in detail.

The first thing to note is that this proof at its core is generalizing the comparison principle
and as such is a proof for viscosity solutions. Indeed, this proof scheme seems to have first
appeared for elliptic equations in the foundational work of Ishii-Lions [IL90]. In the proof,

essentially what we do is double the spatial variables and consider du(t, z,y) = u(t, z)—u(t, y)

4



as a viscosity solution to
Opou(t, x,y) — Ay you(t, z,y) = 0. (1.18)
We then use that w(t,r) is a supersolution to
Ayw(t,r) — 202w(t,r) > 0, (t,r) s.t. w(t,r) < 2||ugl|ee, (1.19)

in order to guarantee that there can be no crossing point of w(t, | — y|) and du(t, z,y). The
fact that w(0,7) = oo and the maximum principle then guarantees that we can apply this
comparison for any bounded initial data.

A priori it is surprising that w(¢,r) satisfying (1.19) was enough to make the argument
of Theorem 1.0.2 go through. Naively one would expect to need instead the much stronger
condition that w(t, |z — y|) was a supersolution to (1.18), when in fact for dimension d > 1
w(t, |x — y|) is a strict subsolution of (1.18). But by taking full advantage of the fact that
w(t,-) is a function of |x — y| and we were evaluating at a touching point, we were able to
refine the calculation and show that a simpler equation (1.19) holding in a much smaller
region sufficed.

Another point we would like to stress is that Theorem 1.0.2 is about how a growth
condition like ug € L°° transfers to a regularity statement u(t,-) € C® for positive time.

Given any uniform sublinear growth condition
supug(z + h) — up(z) < C(1+ |h|)?, 0< /<1, (1.20)
T

we could prove a corresponding uniform Holder regularity estimate for ¢ > 0. The comparison

principle and translation invariance imply that for all later times t,

supu(t,z + h) — u(t,z) < C(1 + |h|)P. (1.21)



For o > (3 its then straightforward to construct a modulus w(t,r) = C(¢)r® that will be a
supersolution to (1.19) whenever w(t, ) < C(1+|r|)?. So the modulus of continuity method
allows us to turn our fixed long range growth bounds into short range regularity.

Finally, as mentioned in the previous section, the three essential elements to get the gain

in regularity using the modulus of continuity method are
1. Comparison principle,
2. Translation invariance,
3. Uniform ellipticity.

These three elements combined allow us to prove a quantitative gain in regularity like
Theorem 1.0.2. However, once we have a quantitative estimate for a base equation, we can
make quantitative alterations to that equation and still preserve the essential estimate. For
example, given a b € L%((0,00) X ]Rd;]Rd), we can easily alter the argument of Theorem

1.0.2 to work for the drift diffusion equation
Opu(t,x) + b(t,z) - Vu(t,z) — Au(t,z) = 0, (1.22)

which is no longer translation invariant. We simply treat the term b(t,z) - Vu(t, ) as an

error term, and then take care to alter the definition of w so that it instead satisfies
Ayw(t, 1) — 2||b|| oo Orw(t, 1) — 202w(t,7) > 0, (t,r) s w(t,r) < 2||ugl|fee- (1.23)

One particular feature of this proof scheme is that it pairs very well with certain kinds
of nonlinearities, such as those from active scalar equations. This is covered very well in
[Kis11] and we shall talk about it in more detail in the next section. But now for illustrative

purposes, consider Burger’s equation with an added diffusive term,

Aeu(t, ) + u(t, 2)dpu(t,z) — B2u(t,z) =0,  (t,x) € (0,00) X R. (1.24)
6



While this is of the same form as (1.22) for initial data ug € L°°(RR), we can take advantage of
the fact that our drift b(¢,-) = u(t, ) now has modulus of continuity w(t,-). This essentially
allows us to do an implicit bootstrapping argument, reducing the requirement on our modulus

w to
Brw(t,r) — w(t, r)Opw(t,r) — 202w (t, ) > 0, (t,7r) : w(t,r) < 2||ug||foe- (1.25)

As w(t,r) < 2||ug||fee = 2||b|| 0, this significantly weakens the requirements on w.

1.2 History of the proof technique

The general strategy of showing an equation generates a modulus of continuity seems to
have originated in the work of Ishii-Lions [IL90]. There, the authors considered viscosity

solutions u to the fully nonlinear elliptic equations
F(z,u(z), Du(z), D*u(z)) = 0, zeQCRY (1.26)

Under uniform ellipticity and mild regularity assumptions on F', they prove Holder regularity
of w in the interior of {2 with Hélder constant depending on [|ul o0 (q), and uniform up to
the boundary when U‘E)Q e C*(00N).

The method of Ishii-Lions has since been used to establish basic Holder and Lipschitz
bounds for a number of general nonlinear problems. It was used to give Lipschitz bounds on
the prescribed mean curvature problem in [Bar91], give C Le hounds under natural assump-
tions in [Che93], give Holder regularity for the Neumann problem in [BS06], Lipschitz bounds
with superquadratic gradient growth in [LN17], and nonlocal equations in [GBI10, GBI11].

With the exception of [Bar91], the rest of the results above are all for rather general
nonlinear elliptic/parabolic equations. The essential assumptions in each are some form of

uniform ellipticity, and continuity/growth bounds on F in z. Reducing the proof to just a



few requirements on your equation F' of course allows this estimate to be used in a large
variety of settings. However, this very broad point of view misses how this proof technique
synergizes very well with certain kinds of quasilinear equations.

Independently of Ishii-Lions, this general proof strategy was rediscovered in 2006 by
Kiselev, Nazarov, and Volberg in [AKV07]. There, the authors were trying to show global

wellposedness for the 2d critical surface quasi-geostraphic equation
00, x) — u(t,z) - VOt z) + (=A)Y20(t,z) =0,  (t,2) € (0,00) x R, (1.27)
with the drift u = u[f] given by
u = (uy,ug) = (—Rab, R10), (1.28)

where Ry, Ro are the usual Riesz transforms in R2. The main ingredient to show global
well-posedness is some kind of Holder a priori estimate on 6, as ||u(t)||ca < Cul|0(t)||ca-
However, the only bounds available at the time were ||6(¢)||rr < ||0g||zp for all 1 < p < oo
due to the divergence free structure of u, and thus correspondingly v € BMO.

Caffarelli and Vasseur were able to show in [CV10] that these a priori estimates were
in fact sufficient, proving that for any solution # to a drift diffusion equation is Hoélder
continuous for positive time whenever (1.27) with u divergence free and u € Ly°(BMO,).
However, Kiselev, Nazarov, and Volberg were able to give a much more elementary proof in
[AKVO07] by using the modulus of continuity method and the structure of u (1.28).

In [AKV07], they show that if (¢, -) has uniform modulus of continuity w(r), then u has

modulus of continuity

lz—y| 00
lu(t,z) —u(t,y)| < C / #dn + Clz —y / %dn. (1.29)
0 |z—y]



They then show that at a point where we have equality (g, zg) — 0(tg, z9) = w(|xg — yol),

we have a bound on the difference in half-Laplacians

r

w(r+mn)+w(r—mn)—2w(r)

(~2)"26(t0,0) — (~2)"*0(t0, ) < | 5 i
L (1.30)
+/w(77+r) —wE;—r) —2w(r)dn <0,

r

so long as w is concave. Combining (1.29) and (1.30), it then follows that any modulus of

continuity w : [0,00) — [0, 00) satisfying

r o0 r

C/#dnjLCT/%dn arw(r)+/w(r+77)+w§77“2—n)—2w(r)dn
0 r 0
» (1.31)
\ Jetnni sty -,

(1.32)

Or(r) = Sriogirey) "

and any rescaling of satisfy (1.31) for appropriate constants d,7. Any smooth initial data
0 C’OO(TQ) satisfies some rescaling of w, hence giving an a priori Lipschitz estimate on
(t,-) and thus proving global well-posedness.

Since that first paper, this proof strategy has been applied by Kiselev et al in a number

of active scalar equations with fractional diffusions. That is, equations of the form
00 —u-VO— (—A)*0 =0, (1.33)

where a € [0,1] and u = u[f] is some function of . The classic examples are the SQG



equation where u satisfies (1.28), Burger’s equation where u(z) = 6(x), and 2d Euler where
0 is the vorticity and u = V+(—A)~14.

For Burger’s equation, it was proven in [AKS08] that solutions to (1.33) are smooth for
1/2 < o < 1 in the subcritical-critical case, but that shocks develop when o < 1/2 in the
supercritical regime. Regularity for logarithmically supercritical Burgers, SQG, and Euler’s
was proven in [MDV14].

Another fascinating result is the finite time Holder regularization for the supercritical
Burger’s and SQG equations proved in [Kis11]. There Kiselev shows that in the supercritical
regime 0 < o < 1/2, there exists a time T"= T'(«, 3, ||0g|| ;.00 ) such that for any solution € of
(1.33) has [|0(t)|| s < C for t > T. This is particular surprising for Burger’s equation as we
know there is finite time blow up for these norms from [AKSO08]. For the proof, he showed

that the equation propagated a family of moduli of continuity
w(t,r) ~ 6(t) + CrP, (1.34)

where §(0) > 2||0|| e and 6(T) = 0. Thus the moduli of continuity gives no new information
at time ¢t = 0, controls the size of shocks and large scale growth for 0 < ¢t < T, and then

forces the solution to become S-Hoélder continuous at time ¢ = T

1.3 Our contributions

In this work, we apply the modulus of continuity method of Ishii-Lions and Kiselev et al on
two nonlinear, nonlocal parabolic equations.

The first is the 2d Muskat problem in the stable regime,

Ouf(t,x) = /ftHh f(t2) = uf(t 2)h ) (1.35)

t,o+h) — f(t,2))% + h2

10



The Muskat problem linearizes around a flat solution to the fractional heat equation
Ouf(t,x) = —(=2)'2f(t, ), (1.36)

showing the parabolicity of the problem for small sloped data. The problem has a maximum
principle for the slope 0 f when ||0z fol|fo < 1 [CCGS13], however the equation is known
to have finite time blow up for the slope for some large initial data [CCF*12]. These results

lead to a conjecture in the Muskat community:

Conjecture 1.3.1. The 2d Muskat problem s globally well-posed for initial data fo €
WL (R) with |0z follpee < 1. Conversely, for any € > 0, there is initial data fy with

1102 follpee < 1+ € but O f blows up in finite time.
We will resolve half of Conjecture 1.3.1. Namely, we will show in Chapter 2 that

Theorem 1.3.1. The Muskat equation (1.35) is globally well-posed for initial data fo €

W2 with ||0x follfeo < 1.

This work was originally published in [Cam19]. We prove Theorem 1.3.1 by using the
modulus of continuity method on 9, f, proving the instantaneous generation Lipschitz bounds
for the slope 0, f (¢, ). By combining the local well posedness of the Muskat problem [CGO7]
with the continuation criteria of [CGSV17], the instantaneous generation of continuity for
the slope 0, f then gives global well-posednesss.

One way to see the importance of the continuity of the derivative is to examine the

nonlinearity in (1.35). The function

1 1

(f(t,x+h) — f(t,2))> + h2> - <f(t7x+h})l|—f(t7x)>2 4

w%m:#( , (1.37)

is nonegative and bounded from below so long as d, f is bounded. And it will be continuous
in x with a modulus of continuity depending on the modulus w of 9, f. Thus with control over

11



both of these properties, we would expect our equation to be well behaved. The assumption
1102 fol] < 1 gives us the control over the size of 91, and the modulus of continuity method
allows us to assume that DM(z, h) is continuous in x while we prove that same continuity
estimate, essentially giving us an invaluable bootstrapping argument.

The second equation we shall study is fractional mean curvature flow in Chapter 3. Given
an s € (0,1) and sufficiently nice open set £ C RY, we define the s-fractional mean curvature

at a point X € OF by

Hy(X,FE) =

/ (X +2) —lep(X+7) (1.38)

|Z’d+s
d

where 1, 1o are the indicator functions of E and its compliment of CE. We can then

define the s-fractional mean curvature flow ¢t — FE; by
X () = —Hy(X (1), E)v(X(),  X(t) € 0. (1.39)

As s — 1, fractional mean curvature converges to the classical local mean curvature [CV11].
Thus s-mean curvature can be thought of as a nonlocal, fractional order analogue of the
normal mean curvature.

In the case that your initial set Ej is the subgraph of a smooth Lipschitz function
up : R — R, then fractional mean curvature flow exists for all time[SV15] and can

be equivalently described by

Bu(t, ) = s(1 — 8)\/1 +IVult, 2)|? / u(t,z +z) — u(t,x)A (u(t,:v +2z)— u(t,x)) i

4 |Z|d+8 |Z|
Rd—
(1.40)

12



L
1
where the nonlinearity A(L /

l—i-z d+s/ dzd. Thus
u(t,x +z) —ult,x
A(||Vu||ps) < A( ( ’;‘ ( >) <2, (1.41)

so this is a nonlinear parabolic equation of order 1+ s, with the ellipticity constant depending
on the Lipschitz constant of u. From this parabolicity, we see that fractional mean curvature
flow is regularizing on Lipschitz subgraphs. And in Chapter 3, we shall show that the same

is true for sets bounded between Lipschitz subgraphs.

Theorem 1.3.2. Let Ey C R%e an open set and ug € Wl’OO(Rdfl) be a Lipschtiz function

with ||V gugl| e = L and

{0

for some R > 0. Let Ey be the minimal viscosity supersolution of the flow (3.4), in the sense

ze Rz < up(x) - g} C Ey C {(%Id)

R
z e R 2y < ugla) + 5},

(1.42)

of Definition B.0.2. Then for allt > RYTST(d, s, L), Ey will be a (1+ L)-Lipschitz subgraph.

The time T'(d, s, L) can be bounded explicitly, with

C(d)(1+ L)4+s

T(d,s, L) <
(d:s. L) < s2(1—s)

(1.43)

for some dimensional constant C(d).

We stress that there is no initial regularity assumption on E( in Theorem 3.1.1. The
boundary 0F( can have positive measure, and the set Ey does not even need to be connected.
Our only assumption is that Ej is a finite distance in the Hausdorff metric from a Lipschitz

subgraph, which amounts to assuming some uniform long range growth bounds

EyC Ey+ (2, R+L|z|), VzeR‘L (1.44)

13



Our proof of Theorem 1.3.2 is inspired by Kiselev’s proof of long finite time Holder
regularization for supercritical Burger’s equation [Kis11], which we discussed in the previous
section. We show that the fractional mean curvature flow propagates a time dependent
modulus of continuity w(t,r). We discuss what it means for a set to have a modulus of
continuity more in Chapter 3. But essentially, at time ¢ = 0 our modulus w(0,7) = R+ Lr
matches our long range growth bounds (1.44). For times 0 < ¢t < T, our modulus w(t,-)
controls our distance from a Lipschitz subgraph, and then at time t = T it forces our set
to becomes a Lipschitz subgraph itself. Thus modulus of continuity argument allows us
to transform these long range bounds into short distance regularity, giving us a Lipschitz
subgraph in finite time.

Finally, the last thing we would like to note is that Theorem 1.3.2 is an inherently nonlocal
in nature, with the time 7'(d, s, L) — oo as s — 1. This is a necessity, as the theorem is

false for classical mean curvature flow. The set
Ey={(z,zg)lxg < —1lor0<zy <1}, (1.45)

is fixed by local mean curvature flow and hence never becomes graphical. In this case, it’s
clear that the barrier to regularity is multiplicity, as the problem is that 0F is a disjoint
union of hyperplanes. But because of the nonlocal nature of fractional mean curvature,
the points on the disjoint hyperplaces {z; = £1} can still sense each other, and are no
longer fixed. Direct calculation shows that flowing under fractional mean curvature flow,

Er — {(z,z24)|zy < 0} in finite time T" ~ for any 0 < s < 1.

L
s(1—s)

14



CHAPTER 2
THE MUSKAT PROBLEM

2.1 Introduction

The material in this chapter was first published in Analysis & PDE in vol. 12 (4) 2019,
published by Mathematical Sciences Publishers [Cam19].

The Muskat problem was originally introduced by Muskat in [Mus34] in order to model
the interface between water and oil in tar sands. In general, it describes the interface between
two incompressible, immiscible fluids of different constant densities in a porous media. The
fluids evolve according to Darcy’s law, giving an evolution of the interface (see [CGO7] for
derivation of equations), and in 2D is analogous to the two phase Hele-Shaw cell (see [ST58]).
In the case that the two fluids are of equal viscosity and the interface is given by the graph

y = f(t,x) with the denser fluid on bottom (i.e. the stable regime), the function f satisfies

_ (fx(t,y)—fx(t,x))(y—x)
pit) = [ Gty) — Tt )2+ (g — a2 (2.1)

after the appropriate renormalization. By making a change of variables, (see the proof of

Lemma 5.1 of [CG09]) we get the equivalent system

o f(t,y)—f(t,x)—(y—x)fx(t,x)
filt,) ‘R/ OB (22)

which will be more useful for our purposes. Since the function f is Lipschitz, the above
integral can be viewed as a nonlinear perturbation of the half Laplacian. In fact, it is easy

to see that linearizing around a flat solution gives

filt,x) = ()2 f (1, ), (2.3)
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demonstrating the natural parabolicity of the problem.

The Muskat problem is known to be locally well-posed in H k for k > 3 with solutions
satisfying L and L2 maximum principles, but neither imply any gain of derivatives (see
[CGO0Y9], [CCGS13)).

Under the assumption ||f)||zeo < 1, there have been a number of positive results. In
[CCGS13] the authors prove an L maximal principle for the slope f, along with the ex-
istence of global weak Lipschitz solutions using a regularized system. Recently, [Ganl7]
improved the L? energy estimate of [CCGS13] (which holds for any solution) to one analo-
gous with the energy estimate from the linear equation under this assumption on the slope.
When the initial data fy € H2(R) with ||foll1 = || |§]f0(§)HL% less than some explicit
constant &~ 1/3 (which implies slope less than 1), [CCGS16] proves that a unique global
strong solution exists. In this case [PS17] proves optimal decay estimates on the norms
£ s = || 1€15F (8, £)HL%, matching the estimates for the linear equation.

Recently, [DLL17] was also able to prove the existence of global weak solutions for ar-
bitrarily large monotonic initial data. They did this using the regularized system from
[CCGS13] to prove that both f and f; still obey the maximum principle under this mono-
tonicity assumption.

Because solutions to (2.2) have the natural scaling % f(rt,rz), we see that L or sign
bounds on the slope f; are scale invariant properties. We fit these two types of assumptions
into the same framework by showing that the critical quantity is in fact the product of the

maximal and minimal slopes,

B(fy) == (sup fé(x))(sgp —fo(y))- (2.4)

As we shall see in section 3, the derivative f, obeys the equation

dh + /5hfx(t,:c)K(t,x, h)dh. (2.5)
R

oltn) = oclt) [ 5
R
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where p,f(t,z) :== f(t,x + h) — f(t,x) and the kernel K is uniformly elliptic of order 1
whenever [5( fé) < 1. Thus we naturally get regularizing effects from the equation whenever
the initial data satisfies this bound. It’s clear that || f)||reo < 1 implies 8(f) < 1, and for
bounded monotonic data we get that [§( fé) = 0 since either sup fé = 0 or inf f(/) = 0. Thus
this B( f(’)) < 1 provides a natural interpolation between these two types of assumptions.

In contrast to the positive results, [CCFT12] shows that there is an open subset of initial
data in H* such that the Rayleigh-Taylor condition breaks down in finite time. That is,
. gg)li || fz(t,)||foc = oo for some time g, after which the interface between the fluids can
no longer be described by a graph.

The authors of [CGSV17] made great progress towards proving global regularity. They
proved that if the initial data fo € H k then the solution f will exist and remain in H* so
long as the slope f;(t,-) remains bounded and uniformly continuous. Thus the natural next

step is to prove the generation of a modulus of continuity for f,, hence

Theorem 2.1.1. Let fy € WH(R) with

B(fY) = (St;p fé(fc))(sgp —foly)) < 1. (2.6)
Then there exists a classical solution

FeC(0,00) x R)NCH*((000) x R) N LS ((0, 00); 1LY, (2.7)

loc loc

to (2.2) with f; satisfying both the mazimum principle and

) = ot < p (E51) s 002y em 28)

for some Lipschitz modulus of continuity p depending solely on B(f(),]| fil| oo -
In the case that fy € C’l’e(R) for some € > 0, then the solution f is unique with f €
159([0, 00); 1),
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The uniqueness statement follows essentially from the uniqueness theorem of [CGSV17].
We note in the appendix the few small changes needed to their proof in order to apply it
here.

The most vital part of Theorem 2.1.1 is the spontaneous generation of the modulus
p(-/t), as everything else will follow from that. The spontaneous generation/propogation
of a general modulus of continuity has old roots as classical Holder estimates, but its only
recently that the idea to tailor make moduli for specific equations emerged. The technique
first appeared in [AKVO07|, where the authors used it to prove global well-posedness for
the surface quasi-geostraphic equation. It has had great success at proving regularity for a

number of active scalar equations, that is equations of the form
O + (u-V)0+ L0 =0, (2.9)

where u is a flow depending on # and L is some diffusive operator. See [Kis11], [MDV14] for
a good overview of results using this method.

To date, these tailor made moduli have only been applied to cases where all the nonlin-
earity has been in the flow velocity u, and the diffusive term £ has been rather nice (typically
(—A)® or at least a Fourier multiplier). We will be applying this method to f;;, which solves
the active scalar equation (2.5). Note that in this equation, the kernel K defined in (2.25) is
a highly nonlinear function of f, f,. Thus this is the first time the method has been applied
in a fully nonlinear equation.

We prove Theorem 2.1.1 by deriving a priori estimates for smooth solutions to (2.2)
with initial data fo € C2°(R) depending primarily on S(f(),||f||z. We prove enough
estimates that by approximating in V[/llofo with smooth compactly supported initial data,
we get solutions f¢ which will converge along subsequences in Clloc to a solution f solving
(2.2) for arbitrary initial data fo € W1H™°(R) with B(fy) < 1.

The rest of the paper is organized as follows. We begin by repeating the breakthrough
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argument of [AKVO07] in Section 2. In Section 3, we differentiate (2.2) to derive the equation
for f,, showing that it satisfies the maximum principle when f( fé) < 1. In Section 4, we
state how a modulus of continuity w interacts with the equation in our main technical lemma.
In Sections 5 and 6 we then derive the bounds on the drift and diffusion terms necessary to
prove that lemma. In Section 7, we apply our main technical lemma to a specific modulus
of continuity, and finally in Section 8 we complete the proof of (2.8) by choosing the correct
modulus p. In Section 9, we then use (2.8) to prove a few estimates on regularity in time,
guaranteeing enough compactness to prove that there are classical solutions for rough initial

data. Finally in the appendix, we give a quick outline for how to modify the uniqueness

proof of [CGSV17] to work for initial data fy € C1¢(R) with B(f)) < 1.

2.2 Breakthrough Scenario

Assume that fo € C2°(R) with 3(f{)) < 1, so that there exists a solution f € CL((0,Ty); HF)
for k arbitrarily large and some T4 > 0 by [CG09]. Note that under the assumption that
B( f(’)) < 1, we will show that the maximum principle holds (see Section 3 Proposition 2.3.1)
and hence || fz|| oo (0,7, )xR) < |1 fol| e is uniformly bounded. Fix a Lipschitz modulus p
which we will define later. For sufficiently small times, f(¢,) will have modulus p(-/t) since
it is smooth and bounded. It then follows by the main theorem of [CGSV17] that as long as
fz(t,-) continues to have modulus p(-/t), the solution f will exist with T4 > ¢.

So, we proceed as in [AKV07|’s proof for quasi-geostraphic equation. Suppose that f; (¢, -)

satisfies (2.8) for all t < T. Then by continuity,

JalT.2) = fo(T,) SP(‘x;y‘)a Vo #yeR (2.10)

We first prove that if we have the strict inequality f(7T,z) — fo(T,y) < p(|x — y|/T), then

fz(t, ) will have modulus p(-/t) for t < T +e.
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Lemma 2.2.1. Let f € C’([O,T+);C’8’(R)), and T € (0,T4). Suppose that f(T,-) satisfies

for some Lipschitz modulus of continuity p with p”(0) = —oo. Then
Jo(T+ex) = fo(T + €, y) < plle —yl|/(T +€)), Vo #y €R, (2.12)

for all € > 0 sufficiently small.

Proof. To begin, note that for any compact compact subset K C R2 \ {(z,z)|z € R},

Jo(T,x) = fo(Ty) < plle —yl/T) V(x,y) € K

=  fo(T+ex) = fo(T+ey) <plle—yl/(T+¢€)  V(z,y) €K,

(2.13)

for € > 0 sufficiently small by uniform continuity. So, we only need to focus on pairs (z,y)
that are either close to the diagonal, or that are large.
To handle (z,) near the diagonal, we start by noting that f(7,-) € C3(R) and p"(0) =

—00. Thus for every x we get that

| fza (T, )| < p';o). (2.14)

Since f € C([0,T4); C’S’(R)), fzx(T,x) — 0 as © — oo. Thus we can take the point where
max | fzz (T, z)| is achieved to get that
T
¢'(0)

| faw (T )| Loo < =5 (2.15)

/
0
By continuity of fy, we thus have || fyr(T + €, -)||fo < ijL—i—) for € > 0 sufficiently small.
€
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Hence,

fx(T—l—e,:c)—fx(T—i—e,y)<p<| —y€|>7 lr —y| <0, (2.16)

for €, 0 sufficiently small.

Now let Ry, Ro > 0 be such that
p(B1/(T +€)) > oscr fo(T + ¢, -), (2.17)

and that |z| > Rg implies

_ PO/ +e)

12T + 2] —, (218)

for € > 0 sufficiently small. Taking R = Rq+ Ro, it’s easy to check that |x| > R implies that

[fo(T+62) = fo(T+ € y)| < plle —yl/(T +€), Vy#u (2.19)
Finally, taking K = {(x,y) € R? : |# —y| > 6,2,y € Bg}, we're done.
[

Thus by the lemma, if f, was to lose its modulus after time 7', we must have that there

exist x # y € R with

fo(Tox) = fo(Ty) = p (@) : (2.20)

We will show for a smooth solution f of (2.2) and the correct choice of p that in this case

()

contradicting the fact that f; had modulus p(-/t) for time ¢ < T.

d

E (fsr:(t7x> - fl‘(tvy))

: (2.21)
t=T

Thus we just need to prove (2.21) to complete the proof of the generation of modulus of

continuity (2.8) of Theorem 2.1.1.
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2.3 Equation for f,

So, we just need to prove (2.21). To begin, we need to examine the equation that f; solves.
Since everything we will be doing is for some fixed time T > 0, we will suppress the time

variable from now on. Differentiating (2.2), we see that f; solves

_ r—Y
(f2)e(z) = fxx(I)R/ (Fly) — f@)2 + (y — :L’)Qdy
2((f(y) = f(@) fa(x) + (y — 2))
+ [ (fly) — f(z) — (y —2) fo(x d
R/< )= 0= (=)t = =L e
(2.22)
To simplify notation, we reparametrize (2.22) by taking y = x + h, and letting
opf(x) = flz+h) - f(z),
we get
—h
() = faale) | s
R
(2.23)
e 20T @) () + )
+ R/ B0 = hfota)) = 2 B
Note that
h
S f@) ~ hiale) = [ Bufulards,
0
for h > 0, and
0
ot @) = hisle) = = [ dfala)as
h
for h < 0.
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With that in mind, define

o) = 2O )+ 5)
(65f ()% + s2)
and -
[ k(z,s)ds, h>0
K(z,h)y={ [ .
[ —k(z,s)ds, h<0

Then integrating (2.23) by parts, we have that f, solves the equation

R

opf(x)= +

As
—B(fs) _ fo(@)dsf(x) _ [IfallFoc

S - S - S

Y

we see that

2(1 = B(fz)) 1 2(1+ || fol|2s0)
ENTATISEIRE < sgn(s)k(z,s) < ME ,

and hence
1=B(f) 1

1+ || fol 200
(1+ || f2l3)? B2

h2

< K(z,h) <

—h
R

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

Thus in the case that 5(f;) < 1, we then have that the kernel K is a nonnegative, from

which we get immediately

Proposition 2.3.1. (Mazimum Principle)

Let fo be a sufficiently smooth solution to (2.26) with B(fé) < 1. Then for any 0 < s < t,

we have that

inffx(say) < 1nff$(t>y) < Supfﬁﬂ(tay) < Supf$(87y>'
Y Yy Y Y

23
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In particular, since f( f(’)) < 1 the maximum principle tells us that

B(fz) < B(f)) < 1, | fllzoo < (| follpoe < 0. (2.30)

Thus we get that

A A
where
1—B(fp)
e A=1+Ifl1 (2.32)

(L+ 1511 00)
Thus K is comparable to the kernel for (—A)l/ 2 5o f solves the uniformly elliptic equation

(2.26). Note that the sole reason we require 5(f{)) < 1 is to ensure this ellipticity of K.

2.4 Moduli Estimates

Our goal is to show that if f,.(7,-) has modulus p(-/7") and equality is achieved at two points
(2.20), then (2.21) must hold, contradicting the assumptions of the breakthrough argument
(see section 2). To that end, we first need to understand how a modulus of continuity

interacts with the equation for f; (2.26). Hence,

Lemma 2.4.1. Let f : [0,00) xR — R be a bounded smooth solution to (2.2) with 3(f})) < 1,
and w : [0,00) — [0,00) be some fized modulus of continuity. Assume that at some fized

time T that

Op (T, x) < w(|h]),

Jo(T,6/2) = fo(T, =£/2) = w(¢),

(2.33)
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for all h € R, and for some & > 0. Then

%(fx(t,w) fa(t, —€/2)) }(LZ) dh +In(M + 1)w(€)

¢
< Aw /w(h
0

. e
00 M
iy (g)/ ) g 4 oA — ) / w<€))+dh
Wi ¢
oo IOl Telh 8w —w@),,
Juiospnis, , Juneo
(2.34)

for any M > 1, where A depends only on ||fj||pe and X\, A are as in (2.32).

This is the main technical lemma that we need. Since solutions to (2.2) are closed under
translation and sign change, it suffices to consider the above situation for our proof of (2.21).

Note that (4.2) holds for any value of the parameter M > 1. Later in Lemma 6.1, we will
essentially use two different values of M depending on the size of £. In the small £ regime we
can simply take M = 1, but in the large ¢ regime we will need to take M to be a sufficiently
large constant depending only on initial data (but not on exact size of £) in order to control
the size of the error term w(§) 70 %dh.

The proof for Lemma 2.4.1Mi§ essentially a nondivergence form argument; our function

fz is touched from above at /2 by our modulus w, and its touched from below at —£/2 by

—w. Specifically,

Opfz(§/2) < pw(§),  Vh> =,

Opfu(=8/2) 2 =0_pw(E),  Vh <&

(2.35)

From (2.35), we want to derive as much information as we can and bound ( fz(&/2) —

fz(=£/2)). To that end, by dividing (2.35) through by h and taking the limlt as h — 0, we
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then get that

f:m:(f/Q) = fxx(_§/2> = w,<§>~ (236)

Hence by our equation for f; (2.26), we have that

d , —h —h
L (1ale/2) - Fol-/2) = (© R/ (e - srcesr ) @
+ / 5 S (/2K (€/2.1) — 6 f(—€/2) K (—€/2, h)dh
R
, —h —h
=wio) R/ (5hf(£/2)2 TR a2 T h?) ah
ME¢
+u/(6) / (hK(€/2,h) — hE (~€/2, b)) dh
—M¢
Mg
" / (5 1 (€/2) — hiod (©))K (€2, h) — (Spfiu(—E/2) — i (€))K (—€/2, h)dh
—M¢
+ / 5 f(€/2) K (62, h) — Oy fu(—E/2) K (—€ /2, h)dh,
|h|>M¢

(2.37)

for any M > 1. The first two terms of the RHS of (2.37) act as a drift, giving rise to the
first two error terms of (2.34). The latter two terms of (2.37) act as a diffusion, giving rise
to both the helpful (negative) terms in (2.34), as well as additional error terms (the middle
terms of (2.34)) arising from the difference in the kernels, |K(£/2,h) — K(—£/2,h)]|.

2.5 Bounds on Drift terms

We begin proving Lemma 2.4.1 by bounding the drift terms of (2.37), starting with

Lemma 2.5.1. Under the assumptions of Lemma 2.4.1,
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3 0
‘/5hff/2 2102 6, f(— 57; 22 ‘ (O/# /}E— )

3
(2.38)

Proof. We want to bound (2.38) by symmetrizing the kernels for |h| < £, and and then using

the continuity in the first variable for |h| > £. To that end,

, “h “h
o) R/ <5hf<s/2>2 T2 (g2 h?) ah

dh

3
< () / Bl Of&/2° =0 nf(€/22 ef(=€/2)° — o pf(=E/2)?
T OS2+ GRS E/27 4 BP) Gnf (/2 + (6 pS(=/2)7 + 1)
e ) W’ onf(§/2)° — onf(=£/2)*
e Onf(£/2)2 4 12) (05 f(—=€/2)% + h?)
(2.39)
We bound the first integral using
(64 f ()] < |hl,
h (2.40)
50 0) + 6.0 @) = | [ Jalo+5) = fala+ 5= 1)ds| < (hin
0
Thus get that for 0 < h < &,
opf (@)% = 0_pf (x) w(h)
GrT @+ R f T 18|~ 12 241)
and hence
P a2 — (/2 )
B o [w(h)
O/ "G E/2 + I (/27 + h2>dh‘ s [ S (242)
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For [h] > ¢, we bound |8,f(¢/2) + 8,/(~¢/2)| S || and

h
5612~ S -5/ = | [ 1oe/2+9) = g2+ 9
0 (2.43)

< &w(|h]),

_ ‘ [ el = /24 5) = fal=g/2+ 9)ds
0

in order to get

Shf(E)2)% = 6, f(—€/2)? % o
K gh’ onf 5/2) +h2)(§hf( 5/2 +h2 !T (2'44)
>

Putting (2.42) and (2.44) together, we thus have

§ o0
/ —h —h . w(h) w(h)
w (€>R/ (5hf(§/2)2+h2 - 5hf(—£/2)2+h2> dh < W'(€) (O/Tdh+§€/—2dh> |

That leaves us with the second drift term of (2.37),

Lemma 2.5.2. Under the assumptions of Lemma 2.4.1, for any M > 1

@dhﬁ/%dhﬁn(MJr 1)w(£)) :

S — .

Me
‘ / K ()2, h)—hEK (—€)2, h)dh’ < W/(©) (
—Me (2.46)
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Proof. To begin, we note

M¢
w(g)‘ / hK(é/Q,h)—hK(—&/Zh)dh‘

—M¢

/ \K €/2,1) — K(€/2,—h) — K(~&/2,h) + K(~€/2, —h)|dh

(2.47)
Recall the definition of K, (2.25),
j‘ok<x78)d37 h>0
K($, h) = fil 7
J Hm s =0 (2.48)
k(s 5) = 2 (0sf(x) fo () +25)‘
(0sf(2)? + s?)

So, to control (2.47) we first need to bound |k(x, s)+k(z, —s)| for 0 < s < &, and |k(£/2,s) —
k(—=£/2,s)| for |s| > . For the first, using the bounds (2.40) we see that

k(2. 5) + k(x '2 L) +9) | 20-5] @ele)
+8> (6—sf ()2 + )
< 209 f<rv>+6 sf( ) - | fa ()]
T (osf(@)? 4 82)

(S5 /()2 + 52)7 = (6_s f(2)2 + 52)° (2.49)
2

(55 /()2 + 52) (5_s f(2)? + 52)

+ 2[0s f () fu () + 5]

< ws(rf) L |0 f @t = o5 f (@) +i22(5sf(x)2 —0_sf(2)?)
< ()
~ 53 :
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For the second, using (2.40), (2.43), and (2.33) we get that

2(0:f(§/2)f2(§/2) +5)  2(0sf(=€/2)f2(=€/2) + )
k(&£/2,s8) — k(=&/2,8)| = —
e/ = e/ (d5£(€/2)% + 52)° (ds/(—€/2)2 + s2)°
< 1051 (€/2) f2(€/2) — s f(=€/2) fa(—€/2)]
(0s1(~€/2)2 + 52)°
(61 (6/2)* + 5%)° — (6:(=€/2)% + 5°)°
+ 2|05 f(&£/2) f2(£/2) + s
| (/ ) ( / ) | ((55f(£/2)2+82)2(5sf(_€/2>2+52>2
< |5sf<§/2) - 5sf(_§/2)| : |fx(§/2)| + |5sf(_§/2)| ) |fx(£/2) - fx(_§/2)|

84 84
| S €/ = 0 F(L/2) 4 5 (0 £(6/2)° — 05/ (¢/2)%)
58

(2.50)

So using (2.49) and (2.50), we can first bound

€
/h‘K(f/Zh) —K(&/2,—h) — K(—=¢/2,h) + K(—£/2, —h)‘dh
0

(2.51)
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For the rest of (2.47), we use (2.50) again to also bound

M
[ | - eamlms [ 28, &,
ME>|h|>¢ ¢

Mg M¢

<w(€)/%dh+§/$dh (2.52)
§ 3

Snule) +¢ [ San

¢

2.6 Bounds on Diffusive Terms

Now we move on to proving an upper bound for the diffusive terms of (2.37). We can rewrite

them as

M¢
[ @nsal€/2) — 1 €)KIE/2.1) = (B fal—€/2) — W) K (~¢/2. )
—M¢
+ /ﬁéwﬁﬂ%K@ﬂﬁ%JMM—ﬂﬁKFﬂlmM

|h|>M¢
Mg

= / (0nf2(§/2) = W () K (&/2,h) — (0 fa(=8/2) — he' (€) K (=¢/2, h)dh

—M¢

n / O fe(€/2) — Opfu(—E/2)] K (€2, h)dh
|h|>M¢E
T / 5 S (—€/2) [K(€/2,1) — I (—€/2,h)] dh.
|h|>M¢E
(2.53)

We begin by bounding the last term, which is an error term.
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Lemma 2.6.1. Under the assumptions of Lemma 2.4.1,

[ ez - ke nlan s [ i e [
|h|>M¢ Mg 3
(2.54)

[ ast-erezn - kegamiang [ o [ 25 g
h

|h|>M¢ M¢

5 w(g) / %dh + w(h) / £W(§) +€‘:4(§)(3 B €>d8dh
M¢ M¢ h

e [ E) o) o T wlh)

S w(é) 32 dh + w(§) 03 dh +w'(§)§ % dh
M¢ M¢ M¢E

S w(©) / %dh +w’(§)5/&3)dh
Mg 3

(2.55)

For the other two terms in (2.53), we bound them in two stages.
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Lemma 2.6.2. Under the assumptions of Lemma 2.4.1,

Mg

[ Gnfile/2) = S OVKIE/2.1) = Gufo(~€/2) — 1 €)K (~¢/2 by

—M¢

n / O fe(/2) — O fo(—€/2)] K (€2, h)dh

h|>M
Ihj>M e (2.56)

<o [RSNG8/ gy A/ SRS I

R

w@ [ \h[K(ﬁ/&h)—K(—s/wJ\dh.

e<|hl<M¢

Proof. We can bound the second term of (2.56) rather easily. Since

5hfx(€/2) - 5hfx(_§/2) = (fx(h + 5/2) - fx(h - 5/2)) - w(f) <0, (2-57)
by the uniform ellipticity of K,

O fo(E/2) — 6y, f(—E/2
nt (5/)h2hf( £/2) o

/ Onfe(€/2) — Sy ful—€/2)] K (€/2, W) < X /
|h|>M¢ |h|>M¢
(2.58)

To bound the first term, we first define

G(&,h) = (OS2 (§/2) — hw'(€)) K (§/2,h) — (O Ju(—€/2) — ho(§)) K (=€/2,h).  (2.59)
Note that since w is concave and touches f; from above (see (2.35)), it follows that

Opfz(€/2) = W' (Oh < Gw(€) — (<0, h>—¢

S fe(=€/2) — W' (Oh > =6_pw(&) — hu'(€) >0, h<E

(2.60)
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Thus for |h| < &, by the uniform ellipticity of K we have the bound

5hfx(€/2> - (5hfx<_€/2)

G(&h) < A 2

. (2.61)

That just leaves us with the case £ < |h| < M¢ to analyze. Note that we can write G in

two distinct ways:

G(E ) = (BhF(E/2) — ol ~6/2)K (5,1) + (Onfo(~€/2) ~ ) (K (5. ) — K (S 1)
= (00 Fe(6/2) — T fa(—E/2D)K (T2 ) + (3 fal€/2) — bl O)K (S, ) — K(T5, ).

(2.62)

h) — K(

By (2.60), 6, f2(€/2) — ho'(€) < 0 for all h > £, Thus if K(£/2,h) — K(—&/2,h) > 0, then

Onfz(§/2) = Onfa(=€/2)

G(€.h) < A = ,

i K(¢/2.h) — K(~=€/2,0) >0 (2.63)
On the other hand, since

Opfr(=€/2) = op—e f(§/2) + w(§) = —w(h = &) +w(E) (2.64)

for h > &, we see that
e n) < APV IA S 5 g, () — o (€0) (5 (€2, B) — K(~€/2,1)

BB BE |y O @)

+hw'()IK(€/2,h) — K(=€/2,h)],

if K(£/2,h) — K(—¢/2,h) < 0.

(2.65)
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Putting these two together, we get that

O fe(€)2) — Op fu(— - , _
(2.66)
for h > £. A similar argument can be made in the case that h < —¢&.
Putting this all together,
Mg
[ Genans [ e/ - susel-/2) K (€2 by
—M¢ |h|>M§
Sfel€/2) — 3nfu(=€/2) eth - - w©)
hJx 2) — hJx\— 2 W — — W +
gA/ 2 dh+2(A—)\)/ 12 dh
R 3
vde [ |nimerzm - kg
E<[h|<M¢
(2.67)
O

It’s clear that we can bound / ‘h [K(£/2,h) — K(—=£/2,h)] ‘dh as in (2.52). Thus

§<|h|<M¢
the only thing remaining to prove (2.34) is

Lemma 2.6.3. Under the assumptions of Lemma 2.4.1,

¢ 00
nfol€/2) = Onfo(=€/2) 1 _ o [ OO+ 6 4l©) ) o [wlE+h) =) —w()
A [Fee

(2.68)

Proof. To see this, note that formally we should have

opfa(€/2) — 5hf:c —£/2) 1 w(€)
}R/ " /fm (y £/2)? (y+§/2)2>_y_2dy- (2.69)
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Thus in order to get an upper bound on (2.69), we should be taking an upper bound on

fz(y) when y > 0 and a lower bound when y < 0. Note by (2.35) that

fa(y) < f2(§/2) +wly +&/2) —w(§) = fa(=€/2) +w(y +&/2), y>—£/2,
fe(y) > fo(=€/2) —w(=y +£/2) + w(&) = f2(£/2) —w(=y +£/2), y<&/2.

(2.70)

In particular, using the upper bounds bounds on 6y, f,:(+£/2) for h > 0 and the lower bounds

for 0y, f2(+£/2) for h < 0 give the result. To rigorously justify this though, we will bound

/ (5hfa:(§/2) _hfhfx(_f/Q) dh
from above. Taking ¢ — 0, we’ll get
00 13 00
Opf2(€/2) — Opfu(=E/2) 0pw(€) +0_pw(§) w(§+h) —w(h) —w(E)
O/ % dh < O/ % dh+/ % dh.
3

(2.71)
0
The bound for [ follows from identical arguments.
—00
So, fix some € << &. By splitting the integral into a several pieces and reparameterizing,

we get that
Fonfole/ —onful=¢/2) T fly) T Rl [w(©
/ h2 dh = / (y—€/2)2dy / (y+§/2)2dy /y2 ay
€ e+£/2 €—§/2
7 ! ! oo T nw
o B _ CU_ _ z\Y
- / fx(y)(w—g/z)z <y+5/2>2>dy / 2 / + &/
e+¢/2 ¢ —¢/2

(2.72)

In the first integral of the second line, since y > £/2 we have that (y —5/2)_2 > (y+§/2)_2.
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So applying the upper bound in (2.70) gives an upper bound on the integral,

| 5 (<y g <y+1§/2>2) W

€e+£/2
i 1 1
< [ e ot -0 (=g~ o)
€+f/2
Jol€/2) + ly + €/2) — ) [ F(€)2) +wly +€/2) —w(©)
/ (y — &/2)2 4y = / (y+£/2)2 i
e+£/2 e+£/2

(2.73)

By reparametrizing back, we get that

7 fo(€/2) +oly +€/2) ~w(©), 7 fo(€/2) +wly +€/2) ~(©), 7°w<§> “

(y —€/2)? (y+¢/2) y
e+3¢/2 e+&/2 e+&
T w(€+h) — wh) — w(e
By EEUEF UL
e+¢&

(2.74)
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Hence combining (2.72),(2.73), and (2.74) gives us

JRECE R AT Py T U R UL
€ ere
T et n) -2, [ halh— &)
T / = dh / =
i w h) —w(h) —w
Ny SUESUEEGH
e+&
e+¢&
By RS AU S AT LR Y

(2.75)

Now for h < £, we have that fz(£/2) — fz(h —&/2) < w(€ — h), and thus

¢ £
/5hw(§)+fx(£/2) - Jelh=€/2) =l /%w(&) Z;Lhw(f)dh, (2.76)

€ €

Taking the limit as € — 0, we then get

00 & 00
Onfae(€/2) — 0pfa(—€/2) opw (&) +0_pw(§) w(€ +h) —w(h) —w(§)
0/ % dh < 0/ % dh+€/ 2 dh.
(2.77)
]

38



2.7 Modulus Inequality

Combining all the estimates from the previous two sections, we get a proof of Lemma 2.4.1.

Thus under the assumptions (2.33), we have that

13 00
d , h h
Crle/D) - pat=gr2) <ad(@) | [“anve [ERan+moar + e
0 3
00 M¢
+ Aw(€) / igh)dh +2(A = \) / “@)ﬂzh
Mg 3
3 00
o [ B ), 0 el ek,
0 3
(2.78)
for any M > 1, where A is a constant depending only on || f)]| .
In [AKV07], the authors showed that the modulus
W) =¢-€¥2 0<E<s
, y : (2.79)
SO ey ©7
satisfies
futh et
p w w
0 3
(2.80)

for all £ € R so long as 6,y are sufficiently small.

With that in mind, we will show that
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Lemma 2.7.1. Under the assumptions of Lemma 2.4.1 for the modulus w defined in (2.79),

CUE/2) ~ o(~E/2)) <~ (©(E), (2:81)

as long as 6,7 are taken sufficiently small depending on B(fé), ||f6||Loo
Proof. By the Lemma 2.4.1 and (2.80) which was proven in [AKV07], it suffices to show

00 Mg
A (€) In(M + 1)w(€) + Aw(E) / }Eg)dh +2(A = )) /
M¢ €

: o 2.82
oa [ RO IO,y [l O = ulh) —ele), (2:82)
0 §

wh—§&) —w
(=0~

h2 h2
< -/ (E)w(§)

for the correct choices of M, and ¢, v sufficiently small.
We proceed very similarly to [AKV07]|. To begin, for £ < ¢ we take M = 1. Then we

just need to show that

oo

A (£)w(€) + Aw(€ / % /5hw<f>+];26_hw<f> e /w<h+£>—hc;<h>—w<f) "
§ £

o

(2.83)
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In this regime, note that we have the bounds

%dh <log(d/¢),

[\D‘
Q.
=

w(d) ¥ 1 :
T+7gmdhgl+%§21fyoutakefy<45,

(2.84)

h2

3
bfw(§+h)+w(f_h)_2w(f) < £w//(£) _ _%55—1/2_

Putting this all together, we get that

(A+ Do (E)wl() + Aw(€ @dh+/\/w(§+h)+w(§_h)_2w(§)dh

h? h?

0 (2.85)

(0. ¢]

Y EELETOREL

dh < ¢ ((A +1)(3 + log(6/€)) — ;/\5_1/2> <0,
3

assuming that ¢ is sufficiently small.

Now assume that £ > . Then what we need to show is

00 Mg

A (&) 1n(M+1)w(§)+Aw(§)/ éh)dhw A=) /
M¢ 3

é- (6.9]
o [l [0 ) =0 ey
2 ¢

We first bound our new error terms. Using the definition of w and integrating by parts,
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we see that

Me i
¢ 5
- . (2.87)
< 2(A — )\)g/h2<4+log(h/5)) "
24 =Ny Awld) Aw(E)
< ¢ T4 T4 g

assuming v < 8(/\#—/\)6‘)(6)'
In order to bound our other new error term, we will be taking M sufficiently large and
then 7 sufficiently small depending on M, §. Noting that w(§) < 2||f{| e, we can bound

our other new error term by integrating by parts

oo o
w(h) 2A||fpl| Lo w(ME) / / v
A —5-dh < 2A oo dh
M¢ Mg
_ 2Allfpllzee w(Mg) N 24| fpll e v (2.88)
- M £ M€
L A wlME) | Aw()
— 16 ¢ 8 ¢
assuming that
ar s 2L
A
and then v is sufficiently small so that
2|l follzeeA A A
R < S < Zw(8).
NS gw(0) = qw(§)

Note that this is where we set a value for M, and that v is taken sufficiently small depending

on M. Now that the value for M is fixed, we can also control the value w(M¢) by taking
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sufficiently small that

Mg

MO =+ [ e < wl€) + 7 In(M) < wl6) + (0 e
< 2w().
Hence,
Aw(€) 7%% < 116”(]?5) + gw(f) < 2@ (2.90)
Mg

Using the same integration by parts tricks, we can also show

)\/w(h+§) —w(h) —w(E) ., < _ZA@' (2.91)
3

for v sufficiently small.

So combining these together, we get that

00 M¢ 00
w(h) w(h — &) —w(§) w(h +¢§) —w(h) —w(§) —Aw(§)
Aw(é) / S dnra(a-y) / = e / = i< =8
M¢ 2 3
(2.92)
Since w'(&)w(€) < %@, we finally get that
(Aln(M + 1) + 1w’ (§)w(é) — 2% < @ (Aln(M +1) + 1)y —A/4) <0, (2.93)

if v is taken sufficiently small. O
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2.8 Our choice for the modulus p

We’ve now shown that for the modulus defined in (2.79) that if the assumptions (2.33) hold

that

%%“75/2) —fat, =€/2)) | < =W (Ow(8). (2.94)

t=T
We claim that in fact (2.94) will hold for any rescaling wy.(h) = w(rh) as well. To see this, fix
some 7 > 0, and suppose that f(t,x) satisfies the conditions of Lemma 2.4.1 for w, at time
T and distance &. Take f(t,2) = rf(t/r,z/r), which is also a solution of (2.2). Then f, is a
solution of (2.26) with B(fé) = B(fp); Hf(’)||Loo = ||fpll oo, and satisfying the conditions of

Lemma 2.4.1 for w at time 71" and distance r§. Hence by Lemma 2.7.1

& el 6/2) ~ ot /)| = (ol r/2)  fult,—r/2)

t=T t=rT (2.95)

< =1 (rE)w(r€) = —wh(©wr (€).

So, (2.94) will hold for any rescaling w;-. Also note that for f,.(T,&/2) — f(T,—&/2) = w(§)

to hold, we must necessarily have w(§) < 2||fx(T,-)||goe < 2||f}||zoo. Thus taking

he_w '@l )

= sup = : (2.96)
0<h<w1(2/|f4]|zo0) @ () 2/ foll Lo
we see that
h
h) > —. 2.97
w(h) = 7 2.0)
for all relevant A. Define
p(h) :=w(Ch), (2.98)
so that
p(h) > h, (2.99)

for all h € [0, 5~ L(2I|fpl o).
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Now, suppose that at time T, f satisfies the assumptions (2.33) for p(-/T"). Then since

p(-/T) is a rescaling of w, we have that

%gﬁﬂ&@—h@;ﬂ%<—%MWﬂLfﬁﬁ%¥%ﬂgﬂM“m (2100

< sz "(&/T) = tp(S/t)

t=T

Thus we’ve constructed a modulus p which satisfies (2.21), completing the proof of the

generation of a Lipschitz modulus of continuity (2.8) in our main theorem.

2.9 Regularity in Time

With the construction of the modulus p, we get universal Lipschitz bounds in space for

fz(t,-). By the structure of (2.2), we also get regularity in space for f;.

Proposition 2.9.1. Let f : (0,7) xR — R be a classical solution to (2.2) with || f(t,-)||y1.00

bounded and || frz(t,)|| e S 1/t.. Then fi(t,-) is Log-Lipschitz in space with

()] S max{—log() 1}, [fultsa) — fult.)] < —log(lz — Dl — ] (1 n %)

0<|z—y|<1/2

(2.101)
Proof. For t < 1, we have that
onft,x) hfx (t, ) pflt,x) +0_pf(t,x)
t(t,2) ‘/) o f(t, )2 + B2 ‘ ‘/‘ hf )2+ 12 W4
[ O (1) = hfa(t,2)) (G f (1,02 = 6_p f (¢, 2)2)
! ‘0/ R R e

t

</l
~J)t
0

bl'—‘

fis

T 1
/—2 —dh< —log(t) + 1.
1
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For ¢ > 1, you can similarly show |f¢(¢,z)| < 1, proving the first bound.
For regularity in space, we see that
Opf(t,x)? + h? Onf(t,y)? + h?

_ / 5hf(t,$€) — hfx(t7x> — (5hf(t7y> B hfI(tv y>)dh
onf(t,y)% + h?

fi(t,z) — felt,y) = /
R

R
(G (t.) — bt 2) 0 f (1.2)2 — 5 f (1,9)2)
vf Gl o) + D)oty t b

AR

|h|<|z—y]| lz—y|<|h|<1 |h[>1

(2.103)

For |h| < |x — y|, we can bound similarly to before to get that

lz—y

< / %dh: |$;y|. (2.104)

|h|<|z—yl 0

For midsize |z — y| < |h| < 1, we have that

h
opf(t,x) —hfx(t,x) — (6pf(t,y) — hfz(t.y))| = ‘ /5sfz(tax) — 0sf2(t,y)ds| S _|I — yl_h7
0

h
x —ylh
‘5hf(t7l‘)—5hf(t,y)‘ = /fx(t,x+8)—fm(t,y—|—s)d3 < %
0
(2.105)
Thus :
— 1 —1 — _
| gzl [ 1y —ble—sble=y] 2.106)
t h t

lz—y|<[h|<1 lz—y|
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Finally, we use L°° bounds on f to get that

’/ g‘ / 5hf(t,x)—5hf(t,y)+(5hf(t,x)—hfx(t,x))(ahf(t,xﬁ—5hf(t,y)2)dh

onf(t,y)? + h? (O f (t, )% + h2)(dp.f (t,y)? + h?)
hj>1 Ihj>1
Flfetta) = faltl | [ 5
o ny Onf(t,y)? + N2
|h|>1
T1 1 Je—yl [ 1 1
r—y
<l — —+ = — [ wdh < [14 - —yl.
<z y|/h2+h3dh+ ; h3th( +t>|x Y|
1 1
(2.107)
Putting this all together, we thus have that
1
£t 2) = filt, y)l S —In(je —y)le —yl {1+ 5 ). (2.108)
[

Recall that in section 2, we assumed that our initial data fy € CZ°(R) so that by
the local existence results of [CG09], there is a unique solution f € C1((0,T4); H) for k
arbitrarily large and some 7'y > 0. We were then able to prove the existence of the modulus
p as in Theorem 2.1.1 depending only on S(f)),||f)||re, and hence with the solution f
existing for all time by the main theorem of [CGSV17]. For an arbitrary fo € WL (R)
with f( f(')) < 1, the same result holds true by compactness. Let n € C2°(R) be a smooth
mollifier, and ¢ € C2°(R) be a smooth cutoff function. For fi € WH°(R) with B(fh) <1,
take /3 () = (fo *ne) (#)d(ex). Then f¢) — fo in W, with B(F). 11557 ypioe ) =
B0, ||f0||W1700(R) respectively as € — 0. Thus for e sufficiently small, B(fée)/) < 1 and
the results of the previous section hold for the solution to the mollified problem f (€). The
L°° bound on ft(e) proven above along with the maximum principle for fée) is enough to
ensure that there a subsequence f(€) converging in C,.([0,00) X R) to a Lipschitz (weak)

solution f to the original problem. In order to get a classical C' solution, we need regularity
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estimates for fée), ft(€) in both time and space. The modulus p and Proposition 2.9.1 give

the regularity in space that we need for f,, f;. All that leaves is to prove regularity in time.

Proposition 2.9.2. Let f be a sufficiently smooth solution to (2.2) with B(fy) < 1. Then
fu, fr € C2 ((0,00) x R) with

Hf$||CO‘(Qt/4(t7x))7 ”ftl‘ca(Qt/4(t,x)) < O(B(fé)v ||‘f||L?O((t/2,3t/2);W12’OO(R))) max{t_a, 1}7

(2.109)
where Qr(s,y) = (s —r,s] x By(y), and a > 0 depends only on B(f§), || fil| oo
Proof. We have that f; solves
—h
(F)e(t2) = Foult, 7) / s e / 5y Fo (b, 2) K (1, 2, h)dh, (2.110)
R R

A A
where 72 < K(t,z,h) < 72 is uniformly elliptic with ellipticity constants A\, A depending

on B(f}), || fil|Lee. Rewriting this, we have that f; satisfies

(o= [ttt (SO — ) [ i n
R R
+/5hfx(t,$) (K(t,x, h) —2K(t,x,—h)) ih.
R

(2.111)

Let F(t,z) denote the righthand side of (2.111). Then F(¢,x) is locally bounded with
|F(t,z)| controlled by ||f(t,-)||yj-2.00- Then since (K (t,z,h)+ K(t,z,—h))/2 is a symmetric
uniformly elliptic kernel, it follows that we have local C'* bounds for a < « for some «
depending on ellipticity constants (see [Silll]).

So, all we have to do is give bounds on F(t, z) depending only on ||f(t,-)||jj2,00. Similar
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to proof of Lemma 2.5.1,

h o ol = () fon [0
— pf(tx)e—o_pf(t,x / /
dh= [ h dh < | 1dh —dh < 1.
/ Onf(t, )% + h? / (Onf (8, 2)2 + h2)(0_pf(t,2)2 + h%) "~ T s
R 0 0 1
(2.112)
Also similar to the proof of Lemma 2.5.2 (specifically (2.49)), we have that
.11
|K<t,$,h> —K<t,$,—h)| §m1n{ﬁ7m}7 (2113>

S
1

(0]
‘/5hfx(t,:c) (K(t’x’m _QK(t’x’_h)> dh‘ < /1dh+/%dh§ 1. (2.114)
R 0 1

Thus since we've bounded the right hand side of (2.111) depending only on || f(, -)||}32.00,
we have our local C® bounds for f, for all « sufficiently small. A C'* bound that is uniform
in x for f, then gives a log C® estimate for f;, similar to the proof for regularity in space in

Proposition 2.9.1. Thus we have C'“ estimates for both f,, f;.
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CHAPTER 3
FRACTIONAL MEAN CURVATURE FLOW

3.1 Introduction

For sufficiently regular set £ C RY and s € (0,1), we define the s-fractional perimeter of F

[1p(X) — 1Y)
Py(E) = 5(1 = )L glyar = s(1 = 5) / [ e axay
RARS Xlen(¥) (3.1)
CE
dXdY.
// X — y[dts ’
R4 R4

where 1, 1o are the characteristic functions of £ and its compliment CE. The s-fractional
perimeter interpolates between our usual notions of perimeter and Lebesgue measure, with

lim Py(E) = CyP(E),  lim Py(E) = ched(B), (3.2)

s—0

for bounded regular sets (see [CV11], [SDV13]). The s-fractional perimeter was first intro-
duced in [CRS10] where the authors studied the regularity of minimizers, known as nonlocal
minimal surfaces. Minimizers satisfy the Euler-Lagrange equation

+
Hy(X,E) := —s(1 — s)P.V. / %dz =0, (3.3)

Rd
for all points X € OFE, where ]1% = 1 — 1¢g is the signed characteristic function. The
quantity Hy is called the s-fractional mean curvature, and it converges to the classical mean
curvature as s — 1 [CV11], so fractional mean curvature can be thought of as a nonlocal,
fractional order analogue of local mean curvature.

We are interested in studying the regularizing effects of the flow

X () = —Hy(X, E)v(X), X(t) € OE}. (3.4)
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Solutions to the flow (3.4) are translation invariant, satisfy the comparison principle, and
1
have natural rescaling t — }—%E Ri+s; for any R > 0.
In the case that Ej is the subgraph of a smooth Lipschitz function u : RA-1 R), the

flow exists for all time [SV15] and can be equivalently described by

Opu(t, z) = s(1 — S)\/l + |Vu(t, z)|2 / uft,z + 2) — uft, x)A (u(t,x +2) - U(t7$)) dz.

EEE E
Rd-1
(3.5)
L
1
here th li ity A(L) = — dzg. Th
whnere € nonlinearity L/ 1+Z d+8/ Zd us
—L
u(t,x +z) —ult,x
MIVsulle) < 4 (HETE =10 < 36)

so this is a nonlinear parabolic equation of order 1+ s, with the ellipticity constant depending
on the Lipschitz constant of u. From this parabolicity, we see that fractional mean curvature
flow is regularizing on Lipschitz subgraphs.

While in general smooth solutions t — FE; of (3.4) do not exist for all times ¢ for non-
graphical initial data, it’s possible to define weak viscosity solutions via the level set method
which will exist for all time. See [Imb09, CS10, CMP15, ACP19] or the appendix for details.
In this article, we shall show that for any initial data Ey that is bounded between two Lips-
chitz subgraphs, the minimal viscosity supersolution will itself become a Lipschitz subgraph

in finite time.

Theorem 3.1.1. Let Eg C R? be an open set and ug € Wl’oo(Rd_l) be a Lipschtiz function

with ||V gugl|fe = L and

{(IL“, q)

for some R > 0. Let Ey be the minimal viscosity supersolution of the flow (3.4), in the sense

z e R 2y < ugla) +

R
x € Rd_l,xd < wug(z) — E} C Ey C {(x,xd)

R
2 )

(3.7)
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of Definition B.0.2. Then for allt > RYTST(d, s, L), Ey will be a (1+ L)-Lipschitz subgraph.

The time T can be calculated explicitly, with

C(d)(1 + L)d+s
s2(1—s)

T(d,s, L) < (3.8)

for some dimensional constant C(d).

We stress that there is no initial regularity assumption on Ej in Theorem 3.1.1. The
boundary 0E( can have positive measure, and the set Ey does not even need to be connected.
Our only assumption is that Ej is a finite distance in the Hausdorff metric from a Lipschitz
subgraph. This finite distance allows us to recover the regularizing effects of fractional mean
curvature flow on Lipschitz functions (3.5).

Taking ug = 0 and R = 2, we get the immediate corollary

Corollary 3.1.1. Let Ey C R be an open set with

{0

Let Ey be the minimal viscosity supersolution of the flow (3.4), in the sense of Definition

Tq < —1} CEyC {(x,wd)

g < 1} : (3.9)

B.0.2. Then for allt > T(d,s), Ey will be a 1-Lipschitz subgraph.

From Corollary 3.1.1 it’s clear that Theorem 3.1.1 can be viewed as a parabolic version of
the “flat implies smooth” result of [CRS10] for nonlocal minimal surfaces. One key difference
between these results is that the proof of flat implies smooth in [CRS10] is by compactness,
with non explicit constants. Conversely, our proof is constructive, giving a explicit modulus
of continuity for the set F;. See Subsection 3.1.2 for a more detailed discussion of our
approach.

Lastly, we wish to stress that the result Theorem 3.1.1 is inherently nonlocal in nature,

with the time T'(d,s,L) — oo as s — 1. This is a necessity, as the theorem is false for
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classical mean curvature flow. The set
Ey={(z,zg)lxg < —1or0<zy <1}, (3.10)

is fixed by local mean curvature flow and hence never becomes graphical. In this case, it’s
clear that the barrier to regularity is multiplicity, as the problem is that 0F is a disjoint
union of hyperplanes. But because of the nonlocal nature of fractional mean curvature,
the points on the disjoint hyperplaces {x; = +1} can still sense each other, and are no
longer fixed. Direct calculation shows that flowing under fractional mean curvature flow,

Ei — {(z,x24)|zrg < 0} in finite time T" ~ for any 0 < s < 1.

1
s(1—s)
3.1.1 Background

Nonlocal perimeters arises naturally in the context of phase transition problems with very

long range interactions. In [SV12], the authors consider the energies

EU) i= €U gz + [ WECO)AX, (3.11)
Q
where s € (0,2) and W is a standard double well potential. They show that after appropriate
rescaling, the functionals I'-converge as ¢ — 0 to classical perimeter functional for s € [1,2),
but converge to the s-fractional perimeter in the more nonlocal case s € (0, 1).

The s-fractional mean curvature flow was first defined in [CS10], where the authors were
investigating the convergence of the threshold dynamics for the fractional heat equation
Ui+ (—Ax)%/2U = 0. In the case that s € [1,2), the evolution of the interface {U(t,-) = 0}
converged to classical mean curvature flow, but for s € (0,1) it instead converges to s-
fractional mean curvature flow.

Motivated by these applications and the parallels to classical minimal surfaces, there has

been a sustained effort over the past 10 years to study the regularity of local minimizers of
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fractional perimeter, s-minimal surfaces. [CRS10] began the study, recovering a number of
the tools from classical minimal surfaces such as density estimates, monotonicity formula,
and the improvement of flatness argument. Nonlocal minimal surfaces are known to be
smooth whenever they are Lipschitz [FV17], smooth outside of a set of codimension 2 for any

€ (0,1) [CRS10], and for s sufficiently close to 1 the singularity set in fact has codimension
at least 8 [CV13], matching the regularity theory for the local case.

There are however key differences between the regularity theory for the nonlocal and
the local cases. Stable nonlocal minimal surfaces satisfy a universal BV estimate [ECV19],
which is false without additional assumptions for classical minimal surfaces, and an important
unsolved problem with the appropriate additional assumptions when d > 3. There is also
an example of a nontrivial stable s-minimal cone in R” for small s [DAPW18], showing the
regularity of nonlocal minimal surfaces is different than the classical case for s bounded away
from 1. It is still an open problem though if this is the case for minimizing nonlocal minimal
surfaces.

Since nonlocal mean curvature flow’s introduction in [CS10], properties of smooth solu-
tions have been studied in [SV15] and radial self-shrinkers in [CN18]. Most work however
on fractional mean curvature flow has focused on the study of weak solutions via the level
set method and the singularities they develop.

The level set method was popularized in [OS88], where it was used as a numerical tool
to study the evolution of classical mean curvature flow past the point of singularities. This
was made analytically rigorous by [ES91], and is an invaluable tool in the study of mean
curvature flow. The key insight of the level set method is to replace the evolution of the
boundary t — JF; with the evolutions of the zero level set of a function ¢t — {U(t,-) = 0},
where U now solves a degenerate parabolic equation based on the original flow.

The existence, uniqueness, and comparison principal for global viscosity solutions defined
via the level set method for fractional mean curvature flow was first shown by [Imb09], and

then later expanded to more general nonlocal and even crystalline flows in [CMP15, ACP19].
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We review the definitions and essential results in the appendix.

One type of singularity particular to level set flows is “fattening.” It refers to when the
level set {U(t,-) = 0} which represent our “boundary” develops a nonempty interior which
corresponds to a lack of uniqueness in the geometric flow. As at most countably many level
sets {U(t,-) = v} can fatten, it is in some sense a rare phenomena. However there has a been
an intense study to see what kind of properties of the initial set Fj rule out the possibility.
For fractional mean curvature flow, it was shown in [CSV18] that a smooth simple closed
curve can fatten, in contrast to Grayson’s theorem for classical mean curvature flow. The
preprint [CDNV18]| goes through a number of illustrative examples of when fattening does
or does not occur for nonlocal flows, proving smooth strictly star convex sets don’t fatten.
The “strictness” on the strictly star convex assumption is necessary though, as [CDNV1§]
also gives an example of a star convex set which does fatten.

In this paper, we circumvent the issue of fattening by instead showing that the two sets

0{U(t,-) <0} and O{U(t,-) > 0} each independently regularize.

3.1.2  Argument Outline

Our proof of Theorem 3.1.1 is inspired by Kiselev’s proof of eventual Holder regularization
for solutions to the supercritical Burger’s equation in [Kisl1]. There, Kiselev shows that
solutions to

Oru(t, x) + u(t, )0pu(t, z) + (—A)u(t,z) = 0,
(3.12)

a € (0,1/2).

becomes Holder continuous in finite time. A priori, this is surprising as solutions to the
equation are known to develop shocks [AKS08]. For the proof, he showed that the equation

propagated a family of moduli of continuity

w(t,r) = o(t) + C’rﬁ,
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where 0(0) > 2||ugl|fec and 0(T, g) = 0. Thus the moduli of continuity gives no new
information at time ¢ = 0, controls the size of shocks for 0 < ¢ < T, g, and then forces the
solution to become fS-Holder continuous at time ¢ = Tj, 3.

Allowing w(t,0) > 0 lets us apply the concept of a modulus of continuity to a discon-
tinuous function. But it makes just as much sense to apply it in this case to a multivalued
function like the boundary of a set which can fold over itself. Then at time t = T, satisfying
the modulus forces the boundary to be graphical. Our goal is to construct an explicit time
dependent family of moduli of continuity and show that exactly this occurs for fractional
mean curvature flow.

In order to make our proof the most clear and understandable, we first prove Theorem
3.1.1 in the case that the flow ¢t — E; is smooth. We begin by defining what it means for a
set to have a modulus of continuity in Section 2, and showing that our assumption (3.9) is
equivalent to assuming our initial set has a Lipschitz modulus of continuity. In Section 3, we
repeat the breakthrough argument of [Kisl1] to set up an eventual proof by contradiction.
In section 4, we make a number of curvature estimates and reduce the proof by contradiction
to the construction of a modulus of continuity satisfying an integral inequality. In section 5,
we construct that modulus of continuity and finish the proof by contradiction, completing
the proof in the smooth case.

In sections 6 and 7, we extend the smooth proof to work in the viscosity solution frame-
work. In section 6, we prove a number of technical lemmas in order to formally justify the
break through argument of section 3 and estimates of section 4 for almost every level set
{U(t,-) =~} under the additional assumption that our initial set Ey is asymptotically flat.
In section 7, we then apply limiting arguments to apply the result to the boundary of every

level set without the flatness assumption, completing the general proof.
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3.2 Moduli of Continuity for Sets

Our first step is to extend the idea of a modulus of continuity to a nongraphical set E. With

that in mind, we define what we call the upper and lower boundaries of a set by

Definition 3.2.1. (Upper and lower boundaries) Let E C R?. Assume that for any x €
Rd_l, the sets

{z4|(z,zq) € B}, {z4l(z,2q) € CE}, (3.13)
are bounded and nonempty. Then we define the upper and lower boundaries of E in the
xq-direction u,u R S R to be

u(x) = sup{zy|(z,24) € B}, u(r) := inf{z4|(x,24) € CE}. (3.14)

Upper and lower boundaries could analogously be defined for any direction e € gd-1,
Without loss of generality, we restrict ourselves to the positive z-direction, which corre-
sponds to thinking of our set E as close to a subgraph.

Note that equivalently

u(r) = max{xy|(z,z,4) € OF}, u(z) = min{zy|(z,z4) € OF}, (3.15)

once we know that our set F both contains and is contained by a subgraph.

Definition 3.2.2. Let E C R? be a set with upper and lower boundaries in the g -direction,
and w : [0,00) — [0,00) be a continuous function. Then we say that E has modulus w in the

xq-direction if for all x,y € R

u(z) — u(y) < w(lz—yl). (3.16)

Note that we don’t force w(0) = 0 in our definition of a modulus of continuity, which

allows for this definition to make sense when OF is not graphical. Indeed, if £ has modulus
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w with w(0) = 0, then necessarily we have that
u(x) = u(r) Vo € R = 9E = graph(u : R R). (3.17)

To begin, we first note that u, v always have some underlying continuity:

Proposition 3.2.1. Let £ C R? be a set with upper and lower boundaries uw,u. Then u,u

are upper/lower semicontinuous respectively.

Proof. We show that @ is upper semicontinuous. Fix xg € R4 and let z,, — xg. Without

loss of generality, by passing to a subsequence we may suppose that lgn u(xy) = L. Thus
n—oo

as (zn,(xy)) € E for all n, we have that (zg, L) € E as well. But then by the definition of

u, U(xg) > L. Thus u(zg) > limsup@(x), so it is upper semicontinuous. O
T—T(

A modulus of continuity can also be equivalently described on the level of sets as

Definition 3.2.3. Let w : [0,00) — [0,00) be a continuous function. Then we say that
an open (or closed) set E C RY has modulus of continuity w in the xg-direction if for all
(z,2q) € RY with z5 > w(|z]),

E—(z,23) CE. (3.18)

Proposition 3.2.2. Let £ C R be an open set with upper and lower boundaries in the

xq-direction. Then definitions 3.2.2 and 3.2.3 are equivalent.

Proof. Assume u(z) — u(y) < w(|z — y|) for all z,y, and fix some Z € R? with z; > w(|z|)

and point (z,z4) € E. Then by our assumption and the definition of @ we have that
rg <u(x) <ulr—2)+w(lz|) <ulz —2) + 24 (3.19)

As x5 — zg < u(xr — z), we thus have by the definition of u that (x — 2,24 — 24) € E. As
(x,z4) € FE was arbitrary, we have that F — (z, z4) C E. Thus F has modulus w in the sense

of Definition 3.2.3.
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Conversely, suppose that u(zg) — u(yg) = w(|xg — yo|) + € for some zq,yy € R41 and
e > 0. As (zg,u(xg)) € OF and w is continuous, we can find a point (z,x;4) € E such that
[u(zg) — x4 < €/2 and w(|z — yo|) — w(lzo — yol)| < €/2. Taking Z = (x — yo, z4 — u(yo)),

we have that

zq — u(yo) > U(zg) — u(yo) — €/2 = w(|rg — yol) + €/2 > w(|z — yol), (3.20)

but that (z,z;) — (z — yo, g — u(yo)) = (yo,u(yg)) € E. Thus E does not have modulus w
in the sense of Definition 3.2.3.

[]

For most of our purposes, we’ll be thinking about moduli of continuity in terms of the
upper and lower boundaries, but the set definition works particularly will with the compar-
ison principle and provides the easiest way to rigorously prove propagation of moduli for

viscosity solutions.

Proposition 3.2.3. Let t — E; be the minimal viscosity supersolution . Then Ei has

modulus w for all time t.

Proof. The proof follows by translation invariance and the comparison principle for the
minimal viscosity supersolution, which we prove in Proposition B.0.1 in the appendix.

Fix Z = (z,2) € R? with z; > w(|2|), and let Ey(Z) = E; + Z. Then by translation
invariance, t — F¢(Z) is the minimal viscosity supersolution of fractional mean curvature
flow for the initial data Ey(Z).

As Ey C Ey(Z) by Definition 3.2.3, it follows by the comparison principle that F; C
Ey(Z) for all t > 0. Since Z € R? with z; > w(|z|) was arbitrary, we thus have that E; has

modulus w for all times ¢. O

Thus as in the graphical case, comparison principle and translation invariance imply that
any modulus of continuity is propagated. Rather than just propagation though, our goal is

to show an improvement in our modulus of continuity.
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We now turn our attention to Theorem 3.1.1. There we assume that our initial set Ej is
bounded between two Lipschitz subgraphs. Since our plan is to describe an improvement in
the modulus of continuity of E}, it will be more convenient for us to translate this assumption

into one about the modulus of continuity of Eq directly. Luckily, these are equivalent notions.

Proposition 3.2.4. Let E C R% be an open set. Then E has modulus of continuity w(r) =
R+ Lr in the x4-direction if and only if there exists a Lipschitz function u € WLOO(Rd_l)

with ||Vul||fee < L and

{a

R
x@w4n@<mm—5}gEg{mw@

R
ze R 2y < u(z) + 5} , (3.21)
Proof. To begin, suppose that £ has modulus w(r) = R+ Lr. Then define u : R SR by

R
w(x) ==+ inf w(y)+ Lz —y|. (3.22)
2 yeRd—l

Note that u is a well defined function, as for any y € R4—!
u(y) + Lz —y| =2 u(z) —w(le —y|) + Llz —y| 2 u(z) - R. (3.23)

Hence u(z) exists with

> u(z), (3.24)

SO

g < u(x)+ —} . (3.25)

{(x,xd) g < u(z) - g} CE. (3.26)

Finally as u is the infimum of L-Lipschitz functions, it follows that w is L-Lipschitz itself.
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Thus we’ve shown the first direction.
For the converse, suppose that u € WH(RI1) with ||Vu||f~ < L satisfies (3.21).

Then since u is continuous, it follows that

EC {(x>$d)

xdgu(x)+§}, {(iﬂ»ﬂfd)

g > u(x) — g} CCE. (3.27)

R R
Hence, u, u are well defined with 7w < u + o) and u > u — R Thus for any x,y € ]Rd_l,
u(z) —u(y) < u(@) —u(y) + R< R+ Lz —yl. (3.28)

Thus E has modulus of continuity w(r) = R+ L|z — y|. O

To make our strategy for the proof of Theorem 3.1.1 more clear and understandable, let’s

first consider the case that we have a smooth, open initial data Ey which has modulus
w(r) =R+ Lr. (3.29)

1
and the flow t — E; is smooth and exists for all time ¢. By rescaling the flow t — }—%E Rl+sts
we can assume without loss of generality that R = 1. Our goal then is to find a time

dependent family of moduli of continuity w : [0, 00) x [0,00) — [0, 00) satisfying

1). w(0,7) > 1+ Lr for all » and w(t,r) > 1+ Lr for all » > 2 and times ¢ € [0,T)
2). w(t,-)is CH1 0 < dpw(t,-) <1+ L,w(t,0) >0, and drw(t,0) =0 for all t € [0,7T),

3). w(T,-)is (1 + L)-Lipschitz with w(7,0) = 0,
(3.30)

for some time 7. Then proving E; has modulus w(t,-) for all ¢ € [0,7] would prove the

Theorem 3.1.1 for smooth flows.
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3.3 Breakthrough Argument

Let w(t,r) be a time dependent family of moduli of continuity satisfying out assumptions
(3.30).
Let Ey C R be a smooth open set satisfying the modulus 1 + Lr, and assume the flow

t — FEy is smooth and exists for all time ¢. Assume additionally that Ej is flat at infinity, so
OEy\ (Bt x R) = {(2,0) : 2| > M}, (3.31)

for some M > 0. Letting u(t, ), u(t,-) denote the upper and lower boundaries of Ey, it then

follows by Proposition 3.6.2 that

lim u(t,z) = lim wu(t,z) =0, uniformly for ¢ € [0, 7. (3.32)

|x]—o00 |x]—00

Furthermore by the Proposition 3.2.3, E; will have modulus 1 4+ Lr for all times t.

By assumption 1). in (3.30), we know automatically that Ey has modulus w(0, -). Since
the flow is smooth, it follows by continuity that £ will have modulus w(t,-) for sufficiently
small times t.

Suppose that E; loses the modulus w(t, -) before time 7'. Let
to = sup{t € [0, 7] : E¢ has modulus w(t,-)}. (3.33)

Then since have the modulus of continuity w(Z,-) is a closed condition, we know that FEy,
has modulus w(tg, -).

Suppose that Ey, strictly had the modulus w. That is, for any z,y € RI-1

E(to,l‘) - Q(t()ay) < w<t07 ‘33‘ - yD (334>

We will show that in this case that Fy, ¢ has the modulus w(tp +e¢, -) for € sufficiently small,
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contradicting the definition of t.
Let 6 = min{w(¢,0) : 0 <t < H;F;T} By (3.32) we have that there is some R > 0 such

that for |z, |y| > R,
Uty +e,x)—0/3<0<u(ty+ey)+d/3, (3.35)

forany[)geg%.
Now suppose that |z| > R+ 2. Then for any y € R9~!, we have that either |y| > R or

|z —y| > 2. If |x — y| > 2, then by assumption 1). of (3.30)
u(to+€,2) —u(tg+ey) <1+ Lz —y| <w(tg+e |z —1y|), (3.36)
for any €. If |y| > R, then similarly we have for any 0 < e < Lﬁ
u(tyg +e,2) —u(ty + €,y) <2§/3 <w(ty+¢€0) <w(ty+e |z —1y|). (3.37)

A symmetric argument clearly works in the case that |y| > R + 2. Thus the only thing
that remains to show that Fj 1. has modulus w(ty + ¢, -) is to consider the case when both
2], ly| < R+ 2.

We know from Proposition (3.2.1) that w(t, ), u(t, ) are upper/lower semicontinuous in

space respectively. Since by assumption the flow t — E; is smooth, they will be semicontin-

uous in time as well. Thus by uniform semicontinuity,
u(to +€,x) — uty + €,y) <w(to + ¢ |z —yl), (3.38)

for e sufficiently small when |z|, |y| < R + 2. Hence, Ey,4¢ has modulus w(ty + ¢,-) for €
sufficiently small, violating the definition of ¢y (3.33).

Thus if the set Ey was to lose the modulus w(¢,-) before time 7', then necessarily there
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must be two points z,y € R4 such that

U(t(% l’) - Q(t07y) = w(th |I’ - y|) (339)

We will show in sections 3 and 4 that in this case for the right choice of family w(¢,r),

opu(ty, x) — dru(to, y) < dw(to, |z —yl), (3.40)

contradicting the fact that £y had the modulus before time .

3.4 Curvature Estimates

Everything from now on will be at a fixed time ¢ty € (0,7, so we will simply suppress the
time variable. Our standing assumption is that the open set E = Ey, has some modulus

w(+) satisfying

( 1). w(0)>0and w(r) > 1+ Lr for r > 2,
is CL1 wi w and w'(0) =
2). w(+)is CH! with 0 < W'(-) < (1 + L) and o'(0) =0, (3.41)
3). (z) —uly) Sw(lr—yl), VayeR,
4). (5) —u(5) = w(l)),

for some ¢ € R with 6] <2 .

Our goal is to use our assumptions (3.41) and the equation (3.4) to bound the difference
between Oy (£/2) — Opu(—E£/2) from above in terms of w.

To begin, we're first going to derive the proper equation for uw,u. Note that they are
respectively upper and lower semicontinuous, and locally smooth (since F is smooth) when-

ever the outward unit normal doesn’t lie in the R4~! plane. As w is touched from above by
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w and u is touched from below by —w, this is necessarily the case so we thus have that

v (&) = vu (=) =) S (3.42)
2 2 el

0) =0 by 2) in (3.41), this is still valid when £ = 0.

g | (/) & 1)

u(3)) € OF thus has outward unit normal =
V1€

Note that as w’

[\Jlm _

The point (3, so from the

fractional mean curvature flow equation (3.4) we get that

¢
+z u + 24
am( ) s)y/ 1+ w'(|€])2P.V. / / |Z|2+Z )gd+>5>/2 )dzddz, (3.43)

-1 R

where I%(X ) =1g(X) —1og(X) is the signed characteristic function. Similarly,

e [ () )
atu<2)—s (1—s)\/14+w'(|€]) 2PV// ]z]2+z)(d+3)/ dzgdz. (3.44)

Taking the difference and moving like constants to the other side, we thus have that

onff) () | pr(ees()en) S ) e),

s(1— 9)v/1+ o ([€])2 (212 + 22)(@+)/2

R4
(3.45)

Remark. [ts important to note that here we are implicitly taking advantage of the fact that
in the smooth case, Hs(X, E) = Hg(X, E). This will no longer be true in general for viscosity
solutions, and that difference is the source of most of the extra technical difficulties in that

regime.
Lemma 3.4.1. Let E C R? be an open set with modulus w satisfying (3.41). Then

17 (g +2,T <§) + zd> ~1% (76 +2,u (%) + Zd) <0. (3.46)
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Furthermore, for any 0 # z € RI-1

/]1§<5+z u(5>+zd)—]1i< =+ 2 u(%)Jrzd)

(|z|2+z )(d+s)/2

dzd
R

IN

dzq

By i) ) G alF)

(122 + w(]z))2)(d+s)/2
(3.47)

Proof. To begin, note that the fact that F has modulus w and 4). in (3.41) immediately

implies

and hence (3.46).
This is just a reflection of Proposition 3.2.3. In order to turn this into a quantitative

statement, we’ll have to rely on the definitions of u, u ( see Definition 3.2.1 ) and assumption

3). of (3.41).

Dol

Now fix some z # 0. By (3.46), we get immediately that if ]ljE < +z
1 then 1%( §+z u( 5)—|—zd> = 1, and if ]li< f+z u<75>+zd
]l% (% +z,u (%) + zd> = —1. In particular, by the definition of u (% + > .U (;} + z)

this implies that

(3.49)

As g(%—l—z) — ﬂ(%) > —w(|z|) and ﬂ(%f—i—z) — g(%) < w(|z]) by 3). in (3.41),
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combining (3.46) and (3.49) gives us

/]F (5+z u<5>+zd>—ﬂi( =4z, u(75>+zd>

(|z]2+z )(d+s)/2

dzd
R

dZd

) “<f“}“<f)ni (5.7 (5) + 20) — 12 (554 2 (55) + =)
)

(5:)-a(5) (gt (3.50
U §+Z —Uu 3
s (54 ;
E +zu<§>—|—zd>—]l ( §+zu<7§>~l—zd>
< CREFERIGRE o

Lemma 3.4.2. Let E C R be an open set with modulus w satisfying (3.41). Then

o [ RO ) B ),

(|2]2 + 22)(d+s)/2

. /w<|s|> (m(§+2)-u (%“Z))d (3.51)

SBOELE S w0 )

Rd—1 R

-2 u(z) —u(2)
* (3(1+ L))d—i—st/ max(|z + 'f|2 w(o)?) (d+s)/ dz.
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Proof. By Lemma 3.4.1 it suffices to show that

(1212 + w(]2)2)(d+s)/2 dzq | dz

/ / E<§+z,ﬂ<§>+zd>—1§(§+z,g<%€>+zd>
)

w9l ),

R4 2
(3.52)
Fix some z # 0. Using the definitions of @, u, we can more precisely bound
a2 —u =
F 1) 2 (5o () ma) = 12 (554 2 (5) 4 20)
/ =g (3.53)
(|22 + w(|=])?)(dFe)/2
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Thus we can bound (3.53) by

/ <f+zu(§>+zd>—ﬂi< 5+zu<75>+zd>

d
(22 + w(]2)2)[T+9)/2 .

< / —2 dz
- ( (12 + w22

N / §<5+zu(§)+zd)—]1i< §+zu<75)+zd)

d
(22 + w(]2)2)[@+9)/2 .

el3t= u(%) +zd> ~ 1% (Tf+z u(Tf) +Zd>
(|2]2 + w(]z])2)(d+s)/2 dzg.

(3.55)

Using 4). in (3.41) we can rewrite the first integral on the right hand side of (3.55) as

(121 + w(|2])2)(d+=)/2

7 PN IS ECES)]
(5)

(3.56)
As for the other two integrals on the right hand side of (3.55), by translating our z,4
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bounds and using that @ (%) —u (%5) = w(|¢]) we get that

- / ]l% (% + z, zd> - ]l% (_76 + 2,29 — w(|§|)) dzg (3.57)

To go from line 2 to line 3, note that z; < ﬂ(% +z> < g(%f —|—z> + w(|¢]). Hence,

15 (55 42,20 — (i) = 1.

By a symmetric argument,
(3.58)

= / —1—]1% (%g—i-z,zd) dzg.

Shifting the value of z in (3.57) and (3.58) by F¢£/2 and adding them together thus gives
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that

u/z (z,29) — 1 —-1- ]li(z Z4)
(I5=3 P+wv SR " (o s P+ allz + 2R

dzd
z

—2 u(z) —u(z)
S/ €12 S - Y €12 £\2)(d+s)/2
miax(]zjzg\ + w(|z £ 3) )( +s)/ mﬁx(|zi§] + w(|z £ 3) )( +s)/

u(z

(3.59)

Plugging in (3.59) and (3.56) into (3.55) and integrating in z thus gives us that

P.V'//]lﬁc—l—zu(f)—i-zd) 1i<5+zu< 5>+zd>d2d2d

(|z]2+z )(d+s)/2

w(l€l) = (ﬂ (% +Z> —H<_T§ +Z>>dz (3.60)

- (1212 + w(|2])2)(d+5)/2

(z) — u(2)
-2
(/I@Mvi§P+Mvi 51)2)(d+9)/2

RI-1 R

Rd-1

Finally, the proof is complete using that w is (1 + L)-Lipschtiz by assumption 3). in (3.41),

SO

(121> + w(li\)2)<d+s>/2 G L)\zl\ + w(0))2)(@+9)/2
S CREYA 1)|z\12 2w (0)2)(d+s) /2 (3.61)

— (3 +1L))d+8 (|22 + w(é)?)(c”s)/?'
0

Combining (3.45) with Lemma 3.4.2 thus gives us that
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w —(a(§+z2)—u(=5+2
i | (3) (( (+2)-u(5+2))

1212 + w(0)2)(d+5)/2 & (3.62)

u(z) —u(z)
B £12 2 (d+5),2 dz
i miax(]z + 3] +w(0)?)
In order to remove the dependence on @, u from (3.62) and get an upper bound depending

only on w, we now alter a useful integral rearrangement argument of [MDV14] to get

Lemma 3.4.3. Let E be an open set with modulus w satisfying assumptions (3.41). Then

[0 2 ), s
max(

i (12]2 + w(0)2)(d+s)/2 e 2+ %2 + w(0)2)(d+s)/2

1 w(le]) — w(l€] +27) — wlé] — 29)
/ (n? + w(0)2)(2+5)/2 i (3.63)

0
7 w(le) +w(2n — &) —wntle)
J (72 +w(0)2) B2

2

r
where C(d, s) = ( ) for d >3, and C(2,s) = 1.

Proof. We prove Lemma 3.4.3 in the case that d > 3. The case when d = 2 follows from a
clear simplification.
We write z € R4 as 2 = (n,v) € R x Rd_Q, and without loss of generality assume that
= (I¢],0).
To begin, let

(3.64)



As K(n,v) is radial, we have that

[ [ (ss
e

o) e

(5

l\’)|E

0 )| K vina
INE R

(3.65)

Fix some v € R%~1 Then breaking up the 7 integral, rearranging, and adding terms

s

) -~

/ {w(|§|) —T (% +, 1/) +u (—@ - nw)} K(n,v)dn

—5 - n, y)] K(n,v)dn

K_, )] (5 (g, v) — K (€] + n.v))d

_7&(@%)_@(@%)%(_@—@ u ()] i+ ma

— [ Sl )+ K(el +n.0)

(8

- / [u(n,v) — u(n,v)] min
R

(3.66)



The last integral is the only real difference between the argument we give and the one

[IMDV14] gives, and it arises naturally out of the fact that OF is not the graph of a function.

However, noting that

: 5) 1
Klz£3)= 3.67
ES (Z 2 max(|z £ %|2 + w(O)z)(‘“‘S)/?’ (3.67)

we see this term is precisely

/ / . v) =l v)| min{ K (ni 5 )MWV: / (|2 :;2); fgg;)(dm/zd”z

Rd—2 R RA—
(3.68)

Integrating in v, taking into account this cancelation, adding/subtracting w(|¢| 4+ 27),

and using that K is nonincreasing, we get that

/ 7{ (5 —u(|£| W)w( e, )]K(n,v)dndu
_lel

w [ [ = unmingsc (= 5L ) yanas

- / / WD (1,) + K(E] + 1, ) — w(l€] + 20)(E (0, v) — K (€] + 0, ))dndv

+ 7[ (|§|+2n)—u(|§| W) +u( 1§ o )] (K () — K (€| + m.))dnd

> [ [ WD) + (el + n.0)] = wlle] + 2K 0,) = (€] + . v)Ndnd

(3.69)

74



It then follows identically to the argument in the appendix of [MDV14] that

oo

|| e, v) + KQel+ 0] = (i + 20K .0) = K]+ 0,0

RI-2 _ ¢
2
l¢]

- / (2w(1€]) = w(I€] + 2n) = w([€] — 20)) K ()dn (3.70)
0

/ (w((€]) + w(2n — [E]) — w2 + [€])) K (n)dn,
1€l

where

Note that

-2,

2 72 d+ ’
J ﬂ(jﬁ)

where B(x,y) is the Beta function.
Thus

IE ()~ (@ (5+2) ~u(F+2) | N
i (12]2 + w(0)2)(d+s)/2 e max(|zi§\2+w(0)2)(d+s)/2
: w(l€]) — w(lé] +2n) — w(lig] — 20)
/ (n? +w(0 )(2+s)/2 dr (3.73)

0
/ K|+w2n—ED—w@n+KDd
(2 + w(0)2)2+s)/2 -
|
2

5



3.5 Construction of modulus and completion of break through
argument
Combining (3.45) with Lemmas 3.4.2 and 3.4.3, we have under the assumptions of (3.41)
that

1€l
2

_(, & |€|+27I + w(l€] = 2n) — 2w(|¢])
oru (to, 5) oru (to, ) / 77 —w(0) )(2+8)/ dn

(3.74)

0
7° (16D = — € ~2u(l)
J (n? + w(0)2)Z+3)/2

2

As the right hand side of (3.74) only depends on w, we can now make our choice of a
family of moduli of continuity w : [0,00) x [0,00) — [0,00) to complete the breakthrough

argument. With that in mind, define

w(t,r) =0() +{ 1+ L)r— L, () <r <2, (3.75)

where 0 < ¢ << 1, and

1+L 1+s

— 2\s
A0) = 5o — s (€07)° -
(1+L)es®> 1—s '
B(8) = S~ (c6?)1Fs.
are chosen so that w(t,-) is C1, and & : [0,7] — [0,1] is a to be determined non increasing

function with §(0) = 1 and §(7") = 0. The function §(¢) ~ w(t,0) and essentially represents

how far the boundary of our set Ey is from being a graph.
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Lemma 3.5.1. For w(t,r) as defined in (3.75), Ow(t,r) > 28'(t) for 0 < ¢ < ﬁ

Proof. Examining the formula in (3.75) and the fact that ¢'(¢) < 0, its clear that it suffices

to show
2
A 24 B 1 <r< 2 0<e< —= . .
(0(t))r= 4+ B'(4(1)) < 1, 0<r<ct), 0<c< 50+ 1) (3.77)
Differentiating B and using that 0 < § < 1, we have that
/ (1 =8)1+8) 1451425 2
Similarly, as
—3(1+L) (1+s)(3—2s)
/ _
A <6) - 2¢63 22+8,1—5453—2s (3'79)
and 0 <r < 052, we have that
/ (1+5)(3—2s) 2 3 s sl+2 3 3
A'(6)r? < ST d—s53-2s" < 5¢ ST < —e< 5 (3.80)
O

Thus Gyw(t, -) will always be comparable to §(t). Our goal now is to bound

7

JEAEEI R LRSI P 7" 20+ ) =it 20~ €) 2006 ),
I€]
2

J (72 4 w(t,0)2)2+s)/2 (72 + w(t,0)2)2F9)/2

(3.81)

in terms of 0(t) ~ w(t,0).
If w(t,-) was a concave function, then both of the integrals in (3.81) would be nonpositive.
However because we needed 0,w(t,0) = 0 in our construction of w in case the touching point
€ =0, w(t,-) will be convex near 0. Thus the first integral of (3.81) can be positive. However,

we will show that as long as c¢ is taken small, it will be under control.
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Lemma 3.5.2. Let w(t,r) be as defined in (3.75) and |{| < 2. Then

[

2
w(t, |€|+277 ) +w(t, |5|—277)—2w(t |€|) 2
1+ L
Proof. We claim that
0, om — |€| > ¢o?,

w(t, [€] +2n) + w(t, [§] = 2n) — 2w(Z, [¢]) <
(1+ L)eé?,  otherwise

Given (3.83), it follows immediately that for [¢] < 62

il cd(t)?
/thmm coltld )2kl o f (1+ Dyest)?
0

(02 + w(t,0)2)(2+5)/2 §(t)2+s

= (14 L)c*o(t)**

For |€| > ¢(t)?, we similarly have that

1|
/2 ot +20) (€] = 20) 2, ]
(n? + w(t, 0)2)(2+5)/2

0 —c
2

— (14 L)26(t)>*

(1 —I— L)co(t
2+3

1€l
2
S(t

As 0 <1 always, we thus have that

1€1
/2 oo+ 20) (e 6] = 20) — 20t
(2 +w(t,0)2) 2772

< (1+ L)
0

for all [¢| < 2.
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All that remains is to prove the claim (3.83). Consider the function

~ 14 Lr, r>2
o(t,r) =0(t) + s : (3.87)
(1 + L)T - gl?? 0<r

IA
)

Then for fixed ¢, &(t,-) is a concave function of 7. Thus whenever |¢| — 21 > ¢d(t)2, we have

that

w(t, [§]+2n) +w(t, €] =2n) —2w(t, [§]) = @(, [€]+2n) +@(t, [§] —2n) —20(1, [€]) < 0. (3.88)

As we also have that

(1+ L)es(t)?

0 <w(t,r) —at,r) <wt,0)—a(t,0) = B((t) < : : (3.89)
it follows that when |£| — 21 < ¢6(t)?
w(t, €] +2n) + w(t, €] — 2n) — 2w(t, [€])
< O, |€] +2n) + @(t, [€] — 2n) — 20(t, |€]) + (1 + L)ed(t)? (3.90)
< (14 L)ed(t)?
]

With Lemma 3.5.2, we can bound the first integral in (3.81) by an arbitrarily small
constant as ¢ — 0. All that remains now is to get a good, negative upper bound on the

second integral.

Lemma 3.5.3. Let w(t,r) be as defined in (3.75) and || < 2. Then

(3.91)

7 olt:20 +1€) — it 20— €) 20t €, o
/ (n? +w(t,0)2) ()2
2
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Proof. Again, take ©(t,7) to be

14 Lr, r>2

S (3.92)
(1+ Lyr = Tre, 0<r<2,

o(t,r) =0(t) +

Then we claim that for n > = |§|

ot 20 €) ot 22t ey < | 1D =D = 2(iED: €1 > 53

iEaalt
(1), €l < 1y
(3.93)
To see this, note that (¢, r) < w(t,r) with equality for r > ¢d(t)? by the definition of &
(3.87). Thus in the case that || > Q(f(—j-)[,) n > |§| we have that 2n+ [£| > 5(t)L > c6(t)?
0 (3.93) follows immediately. And when [{| < o)

< m, we then have that

w(t, 2n + [€]) — w(t, 2n — [€]) — 2w(t, [§]) < 2/¢[(1 + L) — 2w(t,0) < —4(t). (3.94)

Thus we’ve proven (3.93). Note that as

w(t, 20+ [€]) — w(t, 20 — [€]) = 20(t, [€]) < w(t,2n) — w(t, 2n) — 20(1,0) < =25(¢), (3.95)

we always have that

w(t, 2n +[€]) — w(t, 2n — [€]) — 2w(t, [§]) < =6(1). (3.96)

Now to prove (3.91), we will consider three cases. First consider small £, where |£] < §(t)
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Then using (3.96) we get that

<
(2 + w(t, 0) 2)(2+5)/2 Ll BN TOREE

7 olt,20 1 1) — it 21— €] — 2u(t €]
J st (3.97)
3 2

as 0 < 1.
1
For the second case, we consider midsize & where 0(t) < [£] < 3" Then using (3.93), we

have that

[t 20+ !€| —w(t, 20— |]) — 2wt €D , o [ =0+ gD + (20— |Eh)TE + 20
5/ (02 4 w(t,0)2)(2+s)/2 77"“/ n2+s g
1§

—2n+ D) 4 (27— 1) 42
7”7'2—1—3

dn

< ﬁ2+3 di
1
p)
—olts 19 —21n(2)s
< / 772—|—s dij < / ﬁ2+3 d
1 1
P P
< =5
(3.98)
. : 1 1
Finally, suppose that ¢ is large so 2 > [§| > 5 Then w(t, |£]) > Yl LIE|, so
7 2 2 2 T 2
w(t, — wl(t, — t —2w(t
/ n+[€) +;u((t 0)77)(2519))/2 wit:lel) 4, 5/ :2(#8|€!)dn
i (r? 2 (3.99)

—1

AN

81



T—1.
i

and 0(t) =

Take ¢ << . j 7 n (3.75) for some

Tz

3 I d—|—sr d+s s
(3(1+1L)) (T) o (140> dzg) (3.100)

s2(1— s)T (%)r(w) =3 <TN s2(1—s)

2

Then combining Lemmas 3.4.2 through 3.5.3, we have under the assumptions of the break

through argument at the end of Section 2 that

oru (to, g) — Ou (to, _75)

= 5(1— 8)V/1 + Oyuw? / /1§<§+z,ﬂ<§>+zd>—1i(i+z,g(‘75>+zd>d2d2d

(|z]2+z )(d+s)/2

RI-1 R
€]

2
a1y [ 2L ERI ol 20 20l
0

(2 + w(0)2) )72

r (2 16D = =€) 2],
cldnt) £/ CERNOBIERE
2

(3.101)

a contradiction. Thus for any smooth flow ¢ — E; with with initial data Fq satisfying the
modulus 1+ Lr and flat at infinity, we have that E; has modulus w(t,-) for all ¢ € [0,7]. In
particular, OEp is a (1 + L)-Lipschitz graph.

3.6 Viscosity Solutions and Technicalities

Sections 3 through 5 gave the proof of Theorem 3.1.1 in the case that we have a smooth

flow. But even for smooth initial data, there’s no guarantee a unique, smooth solution of
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fractional mean curvature flow exists. So instead we work with viscosity solutions. See the
appendix or [Imb09, CMP15] for appropriate definitions and details.

Fix a tuple (EO_,FO,ESF) with EOi C R? open, Ty € R? closed, all are disjoint and
Ey ulyu ET = R? We then have that there is a unique viscosity solutions (Ey Ty, Et+ )
of (3.4) in the sense of Definition B.0.2 for all times ¢.

If we knew a priori that Cd(Ft) = 0 for all times ¢, then we could repeat the same
argument as in the smooth case with only minor alterations. However that is not the case
in general, so we must adjust.

Our first goal is to prove Theorem 3.1.1 under the assumptions that

1)E0i have modulus (1 — n) + Lr,
2).0 € Ty (3.102)

3).00 \ (BT x R) = {(2,0) : € R |z| > M},

for some 0 < << 1and 1 << M < oo. We will later be able to remove the last condition
and let n — 0. But for now these are convenient assumptions.
Let Uy : R% — R be the signed distance function
min{d(X,Ty), 1}, XeE]f,

Up(X) = : (3.103)
max{—d(X,Iy), -1}, X € Ejy

and let U(t, X') be the unique viscosity solution to the level set equation (B.5) for the initial

data Uy. Then for any v € [—1, 1], we can define the tuple (Eg_, FZ, E?Jr) by
- +

Note that (E? -, Fg, Eto+) = (£, Ty, E;r ) is our original viscosity solution triple.

Lemma 3.6.1. Let (EO_,FO,ES') satisfy (3.102) and (EZ_,FZ,E;H) be as in (3.104). Then

7
V1+12Z

Egi have modulus of continuity 1+ Lr for all times t and |y| <

83



Proof. Let A = {(z,2q) : vg < 1 —n+ L|z|} and B = {(y,yq) : yg > 1+ L|y|}. Direct
calculation then gives that

d(A, B) = ﬁ (3.105)

Using the set formulation of a modulus of continuity (Definition 3.2.3), checking cases then

gives you that Eg £ have modulus 1 + Lr for || < . Proposition 3.2.3 then implies

n
V1+ L2

that this remains true for all ¢ > 0. O

Proposition 3.6.1. Let (B, T, Et%L) be as in (3.104). Then for almost every vy € [—1,1],
/Jd(FZ) = 0 for almost every time t > 0. (3.106)

Proof. This follows easily from the fact that there are at most countably many v € R such

that

LU ) =) =5 Uy <17 | #0 (3.107)
t>0

]

As a slight abuse of notation, we define ©”?,u” : [0, 00) X R 5 R by
' (t,x) = max{zg|(z,z4) € )}, u(t,2) = min{zy|(z,z4) € I}}. (3.108)

Our goal now is to show that for any  such that Lemma 3.6.1 and (3.106) hold, F;y

becomes a (1 + L)-Lipschitz graph in finite time. Explicitly,

Lemma 3.6.2. Assume (Ej T, EJ) satisfy (3.102). Then for any |y| < — with

V14 L?

Ed(FZ) =0 for almost every time t > 0, (3.109)
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FZ has modulus w (%, ) for times t € [0,2T]. That is,

Wﬁﬂﬁ—wﬁw)ﬁw(gm—yo, (3.110)

for all (t,z,y) € 0,27 x R4~ x RI=1 where w is as in (3.75) and T is as in (3.100).

Remark. For simplicity we prove that E;Y * have modulus w(%, -), but similar arguments can
be made to show that Egi has modulus w((1—e)t,-) for any € > 0, and hence modulus w(t, -)

by continuity.

Note that by continuity, it suffices to prove that F? has modulus w(%, -) at times t < t,

for some arbitrary tg < 27". The key advantage to proving this is that

/ ¢ ¢
inf{w (§,r> :r20,0§t§t0} — (é’,o) za(EO) > 0. (3.111)

The w bound from below and Proposition 3.6.2 then allows us to rule out any crossing

points at infinity.

Proposition 3.6.2. Suppose that our initial data Uy : RY — [—1,1] is as in (3.103) for
some tuple (E , Ty, EO+> satisfying (3.102) Then for any 6 > 0 and ty < oo, there exists an

r=r(M,d,ty) < oo such that
\U(t,z,xq) — Up(z,2q)] < 9/2, |z| > r(M,d,ty), t €0, (3.112)

Proof. Let ¢ € C°(R) with ¢ >0, ¢ =1 on [—1/2,1/2], and supp(¢) C [—1,1]. Let

Vit ,0) = —t + 20 ('“””’

s ) min(a + 1) - 1,13 (3113)

7
Then for r > 2M, we have that V;.(0, x, z) > Uy(z, z). Since ¢ € CZ°(R), we have that if we

)
take r sufficiently large depending on 7 then V. will be a supersolution to (B.3). Thus by
0
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the comparison principle Theorem B.0.1, for any ¢ € [0,¢g] and |z| > r and x5 € R

4 ) )
Ult,X) <Vp(t,X) = %t—l—min{(wd—l—l)Jr—l, 1} < §—|—min{(a:d—l—1)+—1, 1} = §+U0(X).
(3.114)

A symmetric proof works for the opposite inequality. n

The fact that we are restricting ourselves to times 0 < t < ty < 27 and Proposition
3.6.2 effectively allows us to redo the breakthrough argument of section 2. However, when
we try to redo the estimates from section 3, we run into a problem because our “boundary”
Tz might have positive measure.

Again, if we knew in fact that L’d(Fg) = 0 for all times ¢, then the argument from the
smooth case would work with minor alterations. The main problem when we only have
Cd(FZ) = 0 for a.e. time ¢ is that at the breakthrough argument relies on having an open
interval of times where we can run it. Else at the crossing time ¢y we have no guarantee that
cirl)=o.

Thus in order to deal with this, we're going need to adjust the modulus estimates in
Section 3 to work when we only have that Ed(F Z) is small. Luckily, that will be true on an

open interval of times.

Proposition 3.6.3. Let vy € R and R > 0. Then the function
t — £41Y N BY) (3.115)
18 upper semicontinuous. In particular, for any € > 0 the set of times
{te(0,7): £4T) N BE) < ¢} (3.116)

18 open.

Proof. Let € >0 and ¢ € [0,00). Then it suffices to show that there is some ¢ > 0 such that
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if |t —t| <& then

Uy nBY) < L4 N BE) +e. (3.117)

Let N,(I')) = {X € R : d(X, I')) < r}. Then for r sufficiently small,
LYN(r)) N BE) < £4T) N BE) + e (3.118)

Let K = {t} x (B_%\ Ny(T})). Then K is compact with K N U~(y) = (. Hence,

d(K,U71(y)) = ¢ > 0 for some 8. In particular, [t —#'| < & implies that (B%\NT(F;Z))OFZ, =

(. Thus

) nBY) < LYNNTY) N BE) < £UT) N BE) +e. (3.119)
0

Now with Proposition 3.6.3, we first make our choice of R = R(tg) as

R(to) = r (M,(S (’%) ,t0> 34 LM+ <8(2 - L)1<1 - 5)T>_1/S' (3.120)

t
where r (M, ) (50) , t0> is as in Proposition 3.6.2. With this choice of R(t(), by Proposition

3.6.3 we have the set of times

_ . pdmY A RA etg) ™ _
T(to) = yt € (0:t0) : L4T] N Biyy) < gy o o7 =Jlai,b),  (3.121)

is an open set of full measure on (0, ty), where

(02 \ T
e(to) = <%> . (3.122)

The breakthrough argument of section 2 is designed to work on an open interval of

times. However, a finite union of open intervals works just as well. For N € N, define
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ay : [0,t] — [0, %] by an(0) =0 and

1 .
, t€(a;,b;) fori=1,..., N,
() =4 2 (@3, 5:) . (3.123)
0, otherwise

t
Note that Nlim an(t) = 2 for t € [0,%0] as T (tp) has full measure. Thus it would suffice to
—00
show that I’/ has modulus w(ay(t),-) for every t € [0,#] to prove Lemma 3.6.2.

With all of this set up, we can now define our test function

®:[0,t)] x RITI X Rx R R 5 R

¥ ap ) = (ont)le—o) = e+ )+ (12

The function ® encodes that I') has the modulus w(apy(t),), in the sense that

Lemma 3.6.3. T} has modulus w(ap(t), ) if and only if for all X,Y € RY,

1 (X) =1, (Y) <Dt X,Y). (3.125)

E)~ury B~

Simalarly, Fz only has the modulus strictly if the inequality above is strict.

Proof. We simply show the first statement, as the second follows similarly.
One direction is straightforward, as if we take X = (z,u”(t,2)) and Y = (y,u(t,y))

then

=1 (X) = 1= (V) SO, X,Y) = wlan(t), [z —yl) — @' (t, 2) —u(t,y)) + 1,

E]"ury E]”
= ul(t,x) —u(t,y) < wlan(t), [z —yl).

(3.126)

As for the converse, suppose that uw?(t,z) — u7(t,y) < w(ay(t),|]z — y|) for all z,y €

R1. Then since indicator functions can only take the values 0 or 1 and ® > 0, it follows

88



immediately that if ]lE;Y*UFz (X) — ]lng(Y) # 1 then
]IEQ*UFZ(X) - ]lng(Y) <0< Pt X,Y). (3.127)
In the case that ]lEg*UFZ(X) - ]lE;,f(Y) =1, we have that X € £/ U} and Y ¢ E] .

Using the monotonicity of ® in the x4, y, variables we have that

Ly ) = Iy () =1 S Trslen@) e —al) =@ (e0) — o)

<w(an(@),lr —yl) = (zg —ya) +1= 2, X,Y).

Thus in order to prove Lemma 3.6.2 it suffices to show that

1 (X) =1, (Y)<®(tX,Y), forall (t,X,Y)e0,to] xRS xRL  (3.129)

E}~ury E]”

With the help of our assumptions (3.102), Proposition 3.6.2 and the definition (3.75) of
w, we can now formally justify a large portion of the breakthrough argument by showing

that

Ui

V1+L?2

Lemma 3.6.4. Let ® be as in (3.124). Then for |y| <

d(0,X,Y) > 1 (X)=1,,-(Y), X,Y eR?,

Ej ury E]~

(1, X,Y)>1 (X) =1 ,,-(Y), te[0,t],z,y € R |zg] or |yql > 1+ LM,

E)ury B~
(I)(taXa Y) > ]lE’Y—UF’Y<X) - ]IEV— (Y)> te [07t0]7 ’33‘ or |y| > T<Ma5(t0/2)>t0) + 2.

t t t
(3.130)

Proof. When t = 0, by Lemma 3.6.1 and the definition (3.75) we have that E;Yi strictly has

the modulus w(0,7) > 1+ Lr. Thus by Lemma 3.6.3

B0, X,Y) > 1 (X) =1, (Y). (3.131)

= Y
EJury
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Note that our assumptions (3.102) on (E , 'y, Ea') imply that

{fog>1-n+ LM} C Ey (3.132)
Ui
Thus for < ————, we have that
il (e

(g > 1+ LM} C E)*. (3.133)

By the comparison principle, this remains true for all later times. So if z4 > 1+ LM or

yqg < —1 — LM, then

@(t,x, L y7yd) >02 ]IE;Y_UF;/(m’xd) - ]lE;Y— (y7yd)' (3134)

On the other hand if x4 < —1 — LM and yq > —1 — LM, then r4 < y; and hence

Oty 24,5, y0) > oy (t), o —y) 1> 1o o(@ag) =10 (ua)  (3135)
t t t

The same of course holds if y; > 1+ LM and x5 <1+ LM.
Finally, suppose that |z| > r(M,d(tp/2),t9)+2. Then by Proposition 3.6.2, we have that

for any t € [0,¢g] and x4 € R that

d(tg/2
Ut 2.20) ~ Ul )| < 02, (3.136)
In particular,
d(to/2

Let Y = (y,yg) € RE Then either |y| > r(M,8(tg/2),t) or |z —y| > 2. If |y| >
6(to/2)

r(M,0(tg/2),tg), then by the same argument ]lE]’(y’yd) = 0 implies yg > v — —
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Hence,

Lo (@, 2q) = Lo (y,yq) =1 <146(to/2) — (2q — ya) < ®(t,2,24,y,yq). (3.138)
t t t

On the other hand, if |z — y| > 2, then w(ay(t),|r —y|) > 1+ Ljz —y|. Thus if x4 —yg <

1+ L|z — y|, then by comparison principle and the definition of w

1= o (@24) = Lpo-(y,90) < 1< (Wlan (), |z = y)) = (x4 = ya)) +1 < (8, 2,24, 9, Ya)-
t t t

And if 4 — yg > 1+ L]z — y|, then by Lemma 3.6.1

]lE,?’uFZ(l“afd) - ]IEQ’(y,yd) =0 < ®(t, z,29,9,Ya)-

Thus |z| > r(M,(ty/2),tg) + 2 implies that

]lE;Y*UI‘z (aj, IL‘d) - ]lE;Y* (y7yd) < (I)(tv T, Tqg,Y, yd)

A symmetric argument clearly works in the case that |y| > r(M,d(tg/2),tg) + 2.

Combining Lemmas 3.6.3 and 3.6.4, we now just have to show that

t € [0,to], ||, ly| < r(M,d(to/2),t0), lzal,lyal <1+ LM

= CD(t,x,:vd,y,yd) > ﬂE?‘qu(xwxd) - ]lE;Y_ (y>yd)

To do this, we need to use our equations. By Theorem B.0.2 that 1 BT
t t

(3.139)

(3.140)

(3.141)

(3.142)

(X) is a viscosity

subsolution to (B.1) and that 14— (Y) is a viscosity supersolution to (B.3). By standard
t

viscosity solution arguments, it then follows that
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Lemma 3.6.5. The function 1 (X)—1

(Y) is a viscosity subsolution to

EJur) E}™

OV, X,Y) < — Ho(X, {V({t,-Y)>V(t, X, Y))Vx V(L X,Y)| .
FH(Y, VX, ) > VX, Y)DIVyV(E X, Y. |

In particular, if U crosses 1 1, - at (t,X,Y) with Vx WU, Vy WU £ 0, then for any

E]7Ur] K

e>0
at\:[j(taX7 Y) <
1= (X+2) 15 (X + 2)
s(1— 8)|V 50| / AL PV / i 07
Z|>e |Z|<e
1= (Y +2) 1t Y+ 2)
E;y {\Il(tha')>\Ij(t>XaY)}
Z|>e |Z|<e
(3.144)

We leave the proof of Lemma 3.6.5 to the appendix.

Our plan now is to show that (3.154) can never hold.

3.6.1 Proof of Lemma 3.6.2

We now prove that for any initial data (EO_,FO,EBL) satisfying (3.102) and any v €
sl n .
, with
(\/1—|—L2 \/1+L2)

Ed(F?) = 0 for almost every time ¢ > 0, (3.145)

that I} has modulus w(ay(t),-) for times ¢ € [0, o] where ¢y < 27 is arbitrary. By taking
N — oo and then tg — 2T, it then follows that FgT will have modulus w(7',-) and thus be

(1 + L)-Lipschitz.
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By Lemma 3.6.3, it suffices to show that

]]_Et»yfurz ([L‘, l’d) — ]].E;yf (y, yd) < q)(ty T, Td,Y, yd)

(3.146)
= (wtonto)le = s = ca=)+5) +3

for all (t,X,Y) € [0,%9] x R? x R?. By Lemma 3.6.4, we need only consider the case that

tel0.to) ol Iyl < r(M,8(0/2),t0) + 2, foalslyal < 1+ LM, (3.147)
N
Recall that oy (t) # 0 only for ¢ € U (aj,b;), where
1=1

e(to)d+8
82+ L)s(1 = S)T} (3149

@i, b;) = T(to) = {t € (0,tg) : LYT] N le%(to)) <

1
and

[ cd(tn/2)?
(to) = (8(2 + L)sT

—1/s
82+ L)(1— 5)T>
(3.149)

1/(1-5)
) R(tg) :== T(M,§(t0/2),t0)+3+LM—|—(

Without loss of generality, by reindexing we may assume that 0 < a1 < by <ag < ... <

by < tg. It follows by the comparison principle and Lemma 3.6.4 that

1 (X) =1, (Y) < ®(0,X,Y)

v 2
EJury

(X) = - (Y) < 2(0.X,Y) = (1, X, Y), t€[0,a].

-
Eqo (3.150)

= HE?’UFZ

By induction, suppose that 1 .- (X)) =1 1Y) < &, X,Y) for t € [0,a;]. As
t Urt Et

1 (X) = 19— (Y) is upper semicontinuous and @ is continuous, by Lemma 3.6.4
¢

E}~ur)

we get that

]lE;“UF,?(X) - ]lEt%(Y) < ®(t, X)Y) for t € (a;,a; + €), (3.151)
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for some € > 0. Thus there are two cases. If 14— 1o (X) = 10— (Y) < @(¢, X,Y) for
¢ UL By

t € (aj,b;], then by the same argument as above

Loy (X) =1 = (Y) < @b, X, Y)
Ep, U, Ey; (3.152)
= ]]'Ez_UF,tY(X) - ]IE;Y_ (Y> < (I)(b27 X7 Y) = (I)(ta X7 Y)v te [bZ7 ai+1]'
Else, we must that that ® crosses ]}.E'y— ~ — 1, for some t € (a;,b;]. If the crossing
r ULy By

point was at time b;, then by replacing ®(¢) with ®(t — €) > ®(¢) for some arbitrary € > 0,
we can regain the strict inequality. Following the rest of the argument, we then get that at
time ¢, FZO has modulus w(ap(tg — Ne), ) for an arbitrary e > 0. Hence, FZO has modulus
wlan(to), ).

So without loss of generality, we may assume that any crossing point happens in the open

interval (a;,b;) C T (tg). We will show that this is not possible, proving that 1 E-ur? —
t t

L- <@ for all times ¢t € [0, tg] and thus completing the proof of Lemma 3.6.2 by Lemma
t

3.6.3.
So now assume that ® crosses 1 Eymury T 1 B for some time ¢ € (a;,b;). By Lemma

3.6.4 we can thus assume our crossing point (¢, z,x4,y,y,) satisfies
te (apb), lellyl < P(M,8(t0/2),t0) + 2, legl,lyal < 1+ LIM. (3.153)

At the crossing point, we necessarily have that 1 B ul“z(x’ xg)—1 B (y,yq) = 1. The strict
monotonicity of ® in x4, y4 then implies that x4 =@ (¢, z) and y; = w7 (¢, y).

By the definition of ® (3.124) we have that ® is C1 in time and C%! in XY on a
neighborhood of the set ®~1(1) C [0,#] x R x R%. Thus @ is a valid test function for our

purposes. Taking X = (z,u"(t,x)) and Y = (y,u”(t,y)), applying Lemma 3.6.5 gives us
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that

h®(t, X,Y) <
1= X+2Z +
(1 _ )|v CI>| Et%UFtv( + )dZ + ﬂ{é(t,.’Y)Z(I)(t,X,Y)}(X + Z) dZ
5 S/IVX |Z‘d—|—s |Z‘d—|—3
Z|>e(to) | Z|<e(to)
1= (Y +2) 1t Y + Z)
E? {q)(t7Xa)>q>(taX7Y)}
(1= 5)|Vy 0| /ﬁ e / i iz
Z|>e(to) |Z]<e(to)
(3.154)
We will show that (3.154) is not possible, thus ruling out any crossing points.
From the definition of ® (3.124), we can immediately calculate that
1 -1
OOt X,Y) = Sow(an(b), v - yl) > §'(t)2) = - (3.155)
and
IVx®(t, X,Y)| = [Vy®(t, X, Y)| = /1 + drw(an(t), [z — y])?, (3.156)
= 1< |Vx®(t, X,Y)| = |Vy®(t, X,)Y)| <2+ L
As [[@(t, -, Y)lljj2e0 < llw(an(t), Iy < (8(t0/2)%) 7", we have that
15 (X +2)
{q)(t,-,Y)ZCI)(LX,Y)}
PV. dz
yz|d+s
|Z|<e(to)
(cd(to/2)*)~Hz[*/2
< dzgdz
(12[2 + 23)(d+9)/2 (3.157)

|2|<e(to) —(cd(to/2)?)~|2I?/2

(c3(to/2)?) ! (to) "
ol<ko) T2 S T )02

1
82+ L)s(1 —s)T"
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The same holds for the Y integral as well, so combining (3.157) with (3.156) gives

sox v X +2)

yz|d+s

’]]-:I:
s(1— )|V x®(t, X, Y)I'P.v. / {2(,Y) dZ‘

|Z|<e(to)
17 Y + Z)
(X, )>B(t,X,Y 1
+s(1—s)|Vy<I>(t,X,Y)|'P.V. / {o@t.X,) |Z(|d+s )} dZ‘ <
|Z|<e(to)
(3.158)
Plugging in (3.158) and (3.156) into (3.154) we get that
+ +
OOt X,Y) — 17 < / ]lE}‘uFQ(X +2) - ]lEg— (Y'+2) 07
s(1 —8)\/1+ orwlay(t), |z —y)?2 ~ | Z|d+s
|Z|>€(to)
(3.159)

As

+ _qx _ + 4%
]lEg—urz(X+Z) ]1E?_(Y+Z) 21F3(X+Z)+]1E3_(X+Z) ]lEg—(Y+Z) (3.160)

we then have that

O0(t, X, Y) < £+ 25(1 = )1+ Bpwlan(t), |z — y) g
|Z|>€(to)
]1;* (X +2) - ]%f(y + 7)
b= a1 otan (0 ey [ z.
| Z|>€(to)
(3.161)
1 —1/s
Letting rg = (8(2 T s)T> and noting that

| X|+rs <7r(M,6(to/2),to) + 3+ LM +rs = R(to), (3.162)
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by Lemma 3.6.4, we can bound the integral of the boundary term using (3.148) as

]le (X +2) 1 —(d+s)
/ ‘Z|—d+st < / |Z|—d+st +e€ / ]lrtv(X + Z)dZ

|Z|>e(to) | Z|>7s |Z|<rs
o

< / 11+sdr+e(t0)_(d+5)£d(BﬂS(X) nry)
.

Ts

1 — S
< — +eto) LB, NTT)

 osry
1 1

< +

“ 82+ L)s(1—=s)T 82+ L)s(1—s)T
1

12+ L)s(1— )T
Plugging (3.163) back into (3.161) then gives us

+ gt
e (X 2) =1, (V Z)dZ

h2(t, X.Y) — - /

s(1 = s)y/1+ Orw(ay(t), [z —y))2 ~ 7|4+

|Z|>€(to)
Now the only thing that remains is to bound

]1;_ (X +2) - ]1;_ Y + 2)
L L dz.
/ ‘Z’d+s

|Z|>¢(to)
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Applying Lemma 3.4.1, we get

]1]3, (X +2) - ]%7, Y +2)
t t dZ
/ |Z|d+s

|1 Z|>€(to)

Wy = ENE (12, D () + 2g) — 15, (y+ 2,00 (8 y) + 29)

E]” B u
= t ‘ dzd
) / / (|22 + wlay (t), |2])2)d+s)/2 0%

TS (a4 2@ (1) + 2g) = L (y+ 2,00 (6 y) + 2)

B t : dzgd
/ / (|22 + w(an(t), |z])2)(d+s)/2 zqdz

RA=1L u? (t,242)—u (t,7)
u” —uY + +
P01 (a4 2,0 (@) + 2g) = Loy (y + 2,07 (1Y) + 2q)

_ t t d d
/ (122 + (e (2), [2])2) )2 E
|z|<e(to) wY (t,z42)—u" (t,x)

(3.166)
We can bound that last error term rather easily by

H’Y(t,y+2)—u”(t7y)]% (x + 2,0 (t,x) + 24) — ]l (W + 2,07 (Ey) + 24)
_ 14 dzd
SR TNRIEITE o

|z|<e(to) wY (t,z+2)—u? (t,x)

(an(t),z])
. alan (). 07 0t
|z|<e(to) —w(an(t),z])
dw(an(t),e(to)) LHBEY
ST wpte
dw(an (1), e(to) L4 1BIY) [ eb(te/2)2\ 4/ 1=2)
- 3(to/2) T+ ( 1657 )

Sasrm O(to/2)4 ¢

(3.167)

Thus as long as we take t( sufficiently close to 27" and thus 6(¢(/2) sufficiently small, we can
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guarantee that

/ TN (24 2,00 (8 2) + 2) = L (y + 2,07 (1Y) + 29)
_ t t

dz,d
(1212 + wlan (t), |2])2)(d+)/2 zadz
|z|<e(to) Y (t,x+2) =T (t,z)

1
S 1CHDs(—9)T

(3.168)
Since we care about that limit as tyg — 27, this isn’t an issue.
Plugging (3.166) and (3.168) into (3.164) we get that
Oh(t, X,Y) —
s(1 = s)V1+ gwlay(t). Jv — yl)?
m(t,ym)fm(t,y)]%% (z + 2, W (t, @) + 2g) — ]1;7 (y + 2z, (t,y) + 2)
< ! : dzgdz
(122 + wlan (1), |2])2)(d+5)/2
RA=1 Y (t,x+2)-u (t,2)
(3.169)

Now after all of this setup, we have essentially returned to smooth case. Indeed, all of
our integral bounds in sections 3 and 4 never used that the flow t — E; was smooth. So we

can apply Lemmas 3.4.2 through 3.5.3 to get that just as in the smooth case,

15 e+ 2,00t 2) +29) — 15 _(y+ 2,07 (ty) + 24)
v ) ) v y W )
s(1—8)V 1+ Opw? / / Ei Ei dzgdz

/) (7 +olan (0, DT

R~
—2
< —.
- T

(3.170)
Recalling (3.155), we thus have that

1

-1
<
- T

o®(t, X,Y) = = &' (t/2) < oy (H)Ow(an(t), |r —y|) = P (t, X, Y), (3.171)

N[ o
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a contradiction. Thus we could not have a crossing point for times ¢ € (a;, b;). By induction,

it then follows that there is no crossing point for any time ¢ € [0, tg], so

1 (X)=1,,-(Y) < ®(t, X,Y), for all (£, X,Y) € [0,to] x RE x RY. (3.172)

E}~ury E;

Hence, I'} has modulus w(ap(t),-) for all times ¢ € [0, o). Letting N — oo and ¢ty — 27,

we then have that I} has modulus w(t/2,-) for all times ¢t € [0,27]. Thus I'). is (1 4+ L)-
t 2T

Lipschitz.
3.7 Proofs by Approximations
Corollary 3.7.1. Let (Ea,FO,Ear) satisfy  (3.102). Then for every -~ €
=1 n
, ,OE)Y is (1 + L)-Lipschitz.
(\/1+L2 \/1+L2) g (L L)L

Proof. Without loss of generality, we will simply prove in the case that v = 0 that 0F, . is

(1 + L)-Lipschitz. Let Xo € OF, - be arbitrary, and consider a sequence (vp);2 1 such that
-1

<< <...
V14 L?

< vn — 0 and 7y, satisfies
Ed(T?") =0, for almoset every t. (3.173)
For each n € N, let X,, € F% be a point closest to Xg. Then

1 X, — Xo| > [ Xni1 — Xo| = 0. (3.174)

By Lemma 3.6.2, F;% = graph(u? : R9~1 — R) is a (1 4+ L)-Lipschitz graph with E;%_

{(z,2q)|xg < uln(x)}, it follows that

{Xn—(2,29) 1 2 € R 2y > (1+ L)|2|} C B C By (3.175)
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Thus taking the union we get

(0.}
{Xo—(2,29) 1 2 € RTY 2y > (14L)|2]} € | J{Xn—(2,20) 2 € R 2y > (14L)|2]} € Egppe.
n=1

(3.176)

As X( € O, was arbitrary, we thus have that O, is a (1 + L)-Lipschitz graph. ]

We’ve now proven Theorem 3.1.1 under the assumptions that

1)EOjE have modulus (1 —n) + Lr,
2).0€Ty (3.177)
3).00\ (BY ' x R) = {(,0) : » € R |z > M},

for some 0 < << 1land 1 << M < oco. Our next goal is to remove the flatness assumption
and allow more arbitrary behavior at infinity by letting M — oo, but in order to justify that

we need some compactness.

Lemma 3.7.1. (Compactness) Let Uy : RY 5 R be 1-Lipschitz. Then the unique viscosity

solution U : [0, 00) X R? 5 R s 1-Lipschitz in space with

X)— "X
s [UEX) U X)

< (14 s)Hg(BY
XeRAtt'>0 \t—t”l/(l—i-s) ( )Hs(BY)

]1/(1+s) (3 178)

Proof. By Theorem B.0.1 we have that the viscosity solution U (t, -) will be 1-Lipschitz for all
times t, so we only need to prove the C' 1/(1+5) estimate in time. Without loss of generality,

assume that t < ¢/ U(t', X) =0, and U(t,X) > 0. As U(t,) is 1-Lipschitz, we have that
d(X,Ty) > U(t, X). (3.179)

Thus B4X,U(t, X)) C B Let HS(Bf) be the s-fractional mean curvature of Bf. Then

7 — BYUX, |U(t, X)' — (14 s)Hs(BD)T 1/(HS)) (3.180)
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U(t,X)!+s
(1+5)H8(Bfl)

principle (Proposition B.0.1), we then have that X € E;f _for all such 7. As ¢/ > t and

is smooth fractional mean curvature flow for 0 < 7 < . Thus by comparison

t+7
/ — !/ > U(taX)1+s
U(t', X) =0, we thus have that |[t' —¢| > (i) Ho (BT Thus
U, X)-U{, X)| a1/ (1+s)
< |(1 Hs(B . 3.181
e < [T ] (3-181)
[

3.7.1 Proof of Theorem 3.1.1

Proof. Tt suffices to show that if (£, I'g, Ea' ) is such that ES—L have modulus of continuity
1 —n+ Lr for some n > 0, then aEti are (1 + L)-Lipschtiz graphs for ¢t > 27'(d, s, L).

Without loss of generality, we may assume that 0 € I'g. To begin, let U be the viscosity
solution of the level set equation (B.5) for the initial data Uy as in (3.103), the signed distance
function of I'y.

For a set A C R% and € R let A(2) = {24](z,24) € A}. Then for M >> 1, we
(M)

+
define the sets F by
)
+
EO (I), |'T| S M
+ -
L) Ey(Ma), M <|z| < M?)2,
Ex(x) = (3.182)
0 2(M?—a)) ot p 7 2 2
== By (Mz), M=/2< x| < M7,
| {£2q4> 0}, |z > M?

x
where & = —. The sets E(j)[ are open and disjoint, and have modulus of continuity 1— g +Lr

x|
for M sufficiently large. Taking F(()M) = R%\ (EO_(M) U EJ(M)) and UéM) to be the

signed distance function of F(()M), we then have a unique viscosity solution U (M )(t, X) with

uM)(0,0) = 0.

By Lemma 3.7.1 we have that (UM)(-,.));; is precompact in C,.([0,00) x R%). By
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classical viscosity solution arguments, we have that any limit will also be a viscosity solution.
As lim UM (X) = Up(X), we have by the uniqueness of viscosity solutions that there is
M—o00 0
a sequence M}, — oo such that UMK (¢, X) — U(t, X) in Cjp(]0,00) x RY).
Now fix some time ¢ > 27(d, s, L) and point Xg € 0B, = 0{U(t,-) < 0}. Let ()52,
- Tn
be such that —————= <71 < < ... < — 0, and let X,, € I')/* ={U(¢,:) = be
NIt L2 Y i Tn n t {U,-) =m}
a point closest to Xy. Without loss of generality, we can assume that | X7 — Xg| < 1, and
hence

1> |Xp — Xo| = | Xna1 — Xo| — 0. (3.183)
As UME)(t,.) = U(t,-) in Cjpe, we can find a k(n) € N such that
U (1, X)~U(t, X)| < —n/2, [X=Xo| <n = —n < 29 < UM (1, X)) < /2.

(3.184)

By Corollary 3.7.1 applied to level sets of U (Mk), we have that

{Xn—(2,2q) - 2 € RTL 2y > (14 L) 2)nBE(Xg) € {UM)(¢,) < 7 /2}0BL(X0) C By
(3.185)

Thus taking the union it follows that

{Xo— (z,24) iz € RT™Y 2y > (14 L)|2]}
(0.
c U (13— (z20) s 2 € R 2y > (14 D)2} 0 BE(X0)) € B
n=1

(3.186)

As Xy € OE; was arbitrary, we thus have that 0E, is a (1 4 L)-Lipschitz graph. ]
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APPENDIX A
APPENDIX A: UNIQUENESS FOR THE 2D MUSKAT
PROBLEM

We now prove that if our initial data fo € C1¢(R) with 3( fé) < 1, then the solution f given
by Theorem 2.1.1 is unique with f € L®([0,00); C1€). As mentioned before, this essen-
tially follows from the uniqueness theorem given in [CGSV17], which under our assumptions

simplifies to

Theorem A.0.1. (Constantin et al) Let f € L*([0,T]; W5 be a classical, C solution
to (2.2) with initial data f(0,z) = fo(x). Assume that hﬁrn f(t,x) = 0, and that there is
T—00

some modulus of continuity p such that

Then the solution f is unique.

The authors of [CGSV17] note that the uniform continuity assumption should be the
only real assumption; the decay is assumed for convenience in their proof. So, we start by
proving that if fo € CL¢(R), then the solution f € L*([0,00); C'1€). To begin, suppose
that fo € CH1(R). Then necessarily f§ has modulus p(-/) for some 0 > 0 sufficiently small.
The same proof for the instantaneous generation of the modulus p will give that f5(t,-) has
modulus p(-/t + §). Hence f,(¢,) has modulus p(-/0) for all £ > 0.

If fpedl 1’6(R), we can make the same essential argument by changing the definition of

p , w. You can repeat the arguments of section 7 and 8 for the modulus

Wl (&) = ¢, 0<E<0 o)
. 2
(€) 1(e) — v
O = AT sEy f 20

All the error terms for £ < § are of order £2¢71, while the diffusion term is of the order
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¢€=1 g0 there are no problems as long as § is sufficiently small. The argument for & > § is
identical to the original. Taking p(e) to be some suitable rescaling of w(e), we then have that
if f} has modulus pl)(-/8), then fy(t,-) will have modulus p(€)(-/t + §).

Thus if fy € CL¢(R), then the solution f given by Theorem 3.1.1 will satisfy the main
uniform continuity assumption of Theorem A.0.1. Our solution f will not decay as x — oo,
but that assumption isn’t truly necessary.

Let f1, fo be two uniformly continuous, classical solutions to (2.2) with the same initial
data, and let M (t) = ||f1(t,-) — fa(t,-)||fo. With the decay assumption, the authors of

[CGSV17] are able to assume that for almost every ¢, there is a point z(t) € R such that

M) = ta(0) = hltal)l, 00 = (1A~ bl Gat). (A3

They then bound %|f1 (t,z(t)) — fa(t, z(t))| using equation (2.2), p, and W1 bounds.

Without the decay assumption, you instead use that

d

CM) < sl Sl 2) — ol )] [al0) — ol 2)] = M) -5, (A4

where 0 > 0 is arbitrary. When you go to bound %|f1 (t,z) — fa(t,z)|, you then get new

error terms which can be bounded by

C(p, max || f;(t, )llwr.00, M(t)) O+ fra(t,2) = fou(t,2)]) - (A.5)

Since f; ;(t, ) is bounded and has modulus g, it then follows that

|f1,x(t7x) - f2,x<t7x)| = 05<1)' (A6>

Thus by taking ¢ sufficiently small depending on p, max || f;(t,)||y1,00, M (t), we can guar-
1

antee that the new error terms < M (t). Then the original proof of [CGSV17] goes through.
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APPENDIX B
APPENDIX B: VISCOSITY SOLUTIONS FOR FRACTIONAL
MEAN CURVATURE FLOW

In this appendix, we review the necessary definitions and essential existence/uniqueness
results for defining weak solutions via the level set method. For more details, we refer the
reader to [Imb09, CMP15, ACP19], or [ES91] for details about level set method for classical

mean curvature flow.

Definition B.0.1.
1). An upper semicontinuous function U : (0,T) X RY SR is a viscosity subsolution to the

level set equation

Ut X) < —Hs(X, {U(t,-) > U(t, )NV xU(t, X)| (B.1)

if whenever ¥ is a smooth test function such that crosses U from above at (t,X), then

OV (t, X)<0if VxU(t,X)=0 orelse

VU (L, X) <
1t (X + 2) 1% (X +2)
/ {U(t,-)ZTJZ(?]ji)S} a7+ / {W(t")zfz(jﬁ,} az | |[Vx¥(t, X)l,
Z‘>€ IZ‘<€
(B.2)
for any e > 0.

2). A lower semicontinuous function U : (0,T) X RY 5 R is a viscosity supersolution to the

level set equation

U (t, X) > —Hy(X, {U(t,-) > Ut, X)N|VxU(t, X)|, (B.3)
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if whenever ¥ is a smooth test function such that crosses U from below at (t,X), then

OV(t, X)>0if VxU(t,X)=0 orelse

0V (t,X) >
17 (X +2) 17 (X +2)
/ {U(t,)fzﬁﬁs} 07+ / “’“"”T’éjﬁf dZ | [V x¥(t, X)),
Z|>¢ |Z|<e
(B.4)
for any € > 0.

3). We say that a continuous function U : (0,T) x RT3 R isa viscosity solution to the

level set equation
U, X) = —Hs(XAU(t,) 2 U(t, X)}|VxU(t, X)), (B.5)

if U 1s both a subsolution and a supersolution.

Theorem B.0.1. [Imb09] Let Uy € WHo(RY), and suppose that U,V : [0,T] x RY — R
are sub/super solutions respectively to (B.1),(B.3) with U(0,X) < Uyp(X) < V(0,X). Then
Ut,X) < V(t,X) for all (t,X) € [0,T] x RZ,

In particular, there is a unique viscosity solution U : [0,00) x RY — R to (B.5) with

U(0,X) =Uy(X). Furthermore,

IV xUll £oo((0,00) xRy = IV x Vol oo (e (B.6)

The sets
{U(t,) <0}, {U(t-) =0}, {U{-)>0} (B.7)

depend only on the initial sets

{Up < 0}, {Uy =0}, {Uy> 0}. (B.8)
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Definition B.0.2. Let (£, Iy, Ea') be such that ES—L are open, I'g is closed, all are mutually
disjoint with Ey UT'gU Ef =R Then we define the wviscosity solution to fractional mean

curvature flow (3.4) as follows. Let Uy € WH°(R®) be such that that
Ey ={Uy<0}, To={Uy=0}, EJ ={U>0}, (B.9)
and U(t, X) be the unique viscosity solution to (B.5) with initial data Uy. Then the sets
E; ={U(t,-) <0}, Ty={U{t-) =0}, E ={U({,,-) >0} (B.10)

are independent of the choice of Uy. We call t — (Et_,Ft,E;r) the wiscosity solution to
Jractional mean curvature flow. The flowst — E, UT'y and t — E, are called the mazimal

subsolution and minimal superoslution of the flow (3.4) respectively.

The names maximal subsolution and minimal supersolution are quite nature for £, UI';

and F, , as in fact

Theorem B.0.2. [Imb09] Let (E; Ty, E}Y) be the viscosity solution of fractional mean cur-
vature flow for the initial data (Ey ,To, By ). Then the indicator functions ]lE;UPt’]lE;
are the mazimal subsolution and minimal supersolution to (B.1),(B.3) for the initial data

Up=1 and Uy = 1 - respectively.
0 0

Ey Ul
While the comparison principle on the level of sets is proven in [Imb09], for our purposes

it is more useful to apply it to just the minimal superosolutions. Hence,

Proposition B.0.1. (Comparison Principle) Let Eq, Fy C R% be open sets with Ey C Fp,
and Ey, Fy be the minimal viscosity supersolutions of the flow. Then Ey C Fy for all times

t>0.

Proof. Note that as Ey C Fy,
1g,(X) < 1 (X). (B.11)
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Thus as 1, is the minimal supersolution of (B.3) with respect to the initial data Uy = 1,

and 1, is a supersolution, we have by minimality that
15,(X) < 15,(X). (B.12)

for all ¢, and hence E; C Fy. O

Proposition B.0.2. Basic properties of fractional mean curvature:

Let E CRY with 0 € OF and Hg(0, E) well defined.

1. Translation invariance: for anyY € RY, Hy(Y,E+Y) = Hy(0, E).
2. Symmetry: Hs(0,—F) = Hs(0, E)

3. Scaling: for any r >0, r*Hg(0,rE) = Hs(0, E).

4. Monotonicty: if E C F is with 0 € OF, then Hg(0, F) < Hg(0, F).

Proof. 1-3. follow by making a simple change of variables to

15(2)
E
Rd

4. follows from noting that 15(Z) < 15(Z) for all Z € R, O
Corollary B.0.1. Let U(t, X) be a viscosity subsolution to (B.1). Then so is

1. U, X+Y) for fited Y € R,

2. U(t,—X),

3. U(r'*st,rX) forr > 0.
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Lemma B.0.1. Suppose that Fy, € Cj,.((0,T); W22(R®)) and Fy, — F in Cp,.((0, T) xRY).
Then for any (t,X) € (0,T) x RY,

limsup —Hs(X, {Fn(t,-) > Fu(t, X)}) < —Hg(X, {F(t,") > F(t,X)}) (B.14)

n—oo

In particular, for fived F € C((0,T); W2®(R®) the function
(t,X) = —Hs(X,{F(t,) > F(t,X)}), (B.15)

1S upper semicontinuous.

Proof. Fix some point (¢, X) € (0,T) x R? and let € > 0. As (F},)%, is uniformly ¢l in

n=1

space for times ¢/ € (%, #), we have that

1 (X +2)
F(t,)>F,(t,X
s(1—s) {Fn(ty) |Z(|d+8)} dZ‘ <7 (B.16)
|Z|<r
uniformly in n. Taking rg < €, we thus have that
L s Eaexy (X +2) ¢
s(1—s) / 7| dZ’ < = (B.17)
| Z|<ro
for all n.
Now take Ry > 0 large enough so that
1 ]l{iF"(t")>F"(t’X)}<X+Z)dZ < s(1 L _iz7<¢ Bas
s(1—s) |Z|d+s <s(l-s) ’Z‘—dﬂ =5 (B.18)
RNBE RNBE,
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Combining (B.17) and (B.18) gives us that

_H$<X7 {FTL(ta' > Fn(t7X)}) + HS(Xa {F(tv ) > F(th)})

dz.

<4 +s(1—s)
—€ S — S
-5 |Z|d+s

d d
BRO \B’I’O

Note that as n — 04, we have the convergence

1

H:I: Lloc ]li
Hence for some 7y > 0 sufficiently small,
+ gt
-9 [ Yrezrex)mwt = Hrezray™@ T2 e
|Z|d+s 5"

d
BRO\BgO

As F,, — F in C},., we have that for n sufficiently large that

{Z:Fo(t, X +2) > Fu(t, X)} N Bh C{Z: F(t, X + 2) > F(t,X) —ng} N B .

In particular, we then have that
+ +
Yrazrex)y X+ 2) S Hpazpex) -y Ko+ 2, 121< Ro.
Plugging in (B.23) and (B.21) into (B.19) then gives us that
_HS(X? {F(ta C 2 F(t7X>}) + HS<X0a {F(t(Ja ) > F(t()?XO)}) <€,

whenever n is sufficiently large.
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Lemma B.0.2. Let Up, Uy € L®((0,T); Wh°(R%)) n LR, ¢V A+ (0, 7)) with Uy «a
subsolution to (B.1) and Uy a wviscosity supersoltuion to (B.3). Then Ui(t,X) — Us(t,Y) is

a viscosity subsolution to (3.143).

Proof. Our goal is show that V (¢, X,Y) = Uy(t, X) — Ua(t,Y) is a subsolution of (3.143).
Suppose ¥ : (0,7) x R? x RY — R satisfies

W(tg, Xo, Yy) = V(tg, X0, Yo),
(to, X0, Yp) (to, X0, Y0) (B.25)
\I/(t,X, Y) > V(t,X, Y), (t,X, Y) #+ (tO,XO,YO)

In fact, without loss of generality we may assume that
U(t, X,Y) — (Uy(t, X) = Us(,Y)) > amin{|t — to|> + | X — Xo|? + |Y — Yp|?, 1}, (B.26)

for some o > 0 arbitrarily small.

t t — s|?
+S’X’Y)_|_Q

Consider V¢(t,s, X,Y) = ¥( . Then

€

\Ije(t7 s, X, Y) - (Ul(t7X) - U2<S7Y>>

t+s It — 5|2

t t
X,Y) + e s

(Ul(Tvx)_UQ(( 9 7Y))

£ o[ (B.27)
—T(HUlH %ﬁ"‘HUQH 1%8)
LZC; LCy

>

t+s t—s|? 1
> amin{|% —to?+ |X = XoP+ Y - Y2 1) + % — Ot — |+
€
Taking € << amin{+/?g, /T — tg}, we can guarantee then that

Ue(t, s, X,Y) — (U1(t, X) — Us(s,Y)) >0, t=0,T ors=0,T. (B.28)

As the RHS of (B.27) — oo as [(X,Y)| — oo, we thus have that a global minimum
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(te, Se, Xe, Ye) exists. Since

t— s|? - Lis
=5l o) > et
2¢ (B.29)

We(to, to, Xo, Yo) — (Ur(to, Xo) — Ua(to, Yp)) = 0,

Ue(t, s, X,Y) — (Uy(t, X) — Us(s,Y)) >

it then follows that at the minimum

~ 14s
CE 1+2s

2x

| Xe — Xo, |Ye — Yp|2 < (B.30)

Thus the sequence (te, se, X¢, Ye) is bounded. Passing to a convergent subsequence, the

uniqueness of the minimum for W(¢, X,Y) — (Uy(¢t, X) — Ua(t,Y)) then implies that

(t€7867X€7Y%) — (t07t07X0aY0) (B31)

Now, assume that V x¥(tg, Xq, Yp), Vy V(t9.Xg,Yy) # 0. Then by continuity, for e
sufficiently small

VX\Ije(tEaSerEaYe)aVY\Ije(tEaSEaXEaYe) 7& 0. (B-32)

As Uj is a subsolution to (B.1) and Uy a viscosity supersoltuion to (B.3), it follows that
at\IJE(tév 367 X67 n)"’aS\De(t& SEa X67 Yve) S
- HS(X€7 {\Ije(ta Sey s Ye) > \I’e(ta ¢, Xe, Ye)})’vX\Pe(tea Se, Xe, Y€)|

+ Hs<Yea {\Ije(ta Se, Xe, ) > qje(t@ Se; Xe, Ye)})va\Pe(t@ Se; Xe, Ye)‘

(B.33)
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We have by continuity that

at\Il(t€7 X€7 }/:E) + at\ll(867 X€7 }/:E)
2

|VX\II€(t€7 Se, Xe, Ye)| — |VX\I/(t07 X0, YO)|,

atqje(tea Se;, Xe, Ye) + 8S\P€(t6, Se, Xe, Ye) =

— 6t\11(t07 XO> Y0)7

|VY\I/e(tea Se, X€7 Ye)‘ — |VY\I/(tO, X07 YO)|,

(B.34)

As the s-mean curvature of closed superlevel sets Hg(X, {F(-) > F(X)}) is upper semicon-

tinuous by Lemma B.0.1, it then follows that

8t\11(t07 X, YO) = elg% at\I'e(t67 Se¢, Xe, Ye) + as\pe(te, Se¢, Xe, Ye)

S llm Sup _Hs(Xg, {\Ije(te, 867 ) K) Z \Ij€<t6, 867 Xe, }/;)})‘VX\I]€<tE7 567 XE? }/6>|

e—0

+ HS(Y€7 {\pé(t& Se, Xe, ) > ‘Ije(ta Se, Xe, Ye)})‘vY‘Ije(te, Se, Xe, Ye)’
< —Hg(Xo, {¥(to-, Yp) > V(t, X0, Y0) }|Vx¥(ty, Xo, Y0)]
+ Hs (Yo, {¥(to, Xo, ) > ¥(to, Xo, Y0) )| Vy ¥ (to, X0, Yo)l,

(B.35)

thus proving the lemma. O
Proof of Lemma 3.6.5

Proof. Let (E; T, E;r ) be our viscosity solution. Forn € N let U ("i)(t, X) be the viscosity

solution of (B.5) for the initial data

=T
U(gn—'_)(X) _ 0, X eEy,

Y

min{1,nd(X,Tg)}, X € Ey UTY, (B.36)

Uy () = 0y )

By Lemmas B.0.2 and 3.7.1, we have that U(”+)(t,X) — U("_)(t, Y') is a viscosity sub-
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solution of the doubled equation (3.143).

(V) = lim sup U (4, X)) — U (2, 7)), (B.37)
(tn,Xn,Yn)—(,X,Y)

1 (X) -1

E; ul'y

we have that 1 By ur, (X)—-1 By (Y) is the upper semicontinuous envelope of subsolutions,
and thus is a subsolution itself by standard viscosity solution theory. See Theorem 1 (Dis-

continuous Stability) of [Imb09] for the essential details. O
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