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Supporting Information Text

Below, we outline the structure of the rest of the supplement. Section S1 introduces the proposed trajectory inference method,
while the specifications of certain algorithm details are deferred to Section S2. The details of simulation datasets, evaluation
metrics, and experiment procedures are presented in Section S3. The details of case studies on mouse brain datasets are
provided in Section S4. The sensitivity of hyperparameters and computational efficiency are analyzed in Section S5. Lastly, the
supplementary tables and extra experimental results on real data are included in Section S6 and Section S7, respectively.
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S1. Methods
S1.1. Model.

A hierarchical mixture model for the trajectory structure  Inspired by the common trajectory model proposed in (1), we start with
the trajectory backbone defined on a complete graph G = (N, £) with vertices N (G) and edges £(G). Let the k vertices in
N(G) be the distinct cell states. We use an edge between two vertices to represent the transitioning between two states. To
model the scenario that one cell either belongs to a specific state or is developing from one to another, we assume that each cell
is positioned either on one vertex or an edge. Specifically, let w; € [0, 1]k be the position of cell ¢ on the backbone, we have

e if cell ¢ is on vertex j € {1,--- ,k}
wiej; + (1 —w;)ej, if cell 7 is on the edge between vertices j1 and j2 (j1 # j2)

where e; is a one-hot vector with jth element 1 and all other elements 0, and w; € [0, 1] describes the relative position of cell
if it is on an edge.

The basic goal of our trajectory inference is to infer the trajectory backbone B - a subgraph of G - whose edges have positive
proportions of cells:

E(B) =< (j1,72) € EG) > Lay, >0,8,5,50) > 0
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Meanwhile, we also aim to estimate the relative positions w; of each cell on this trajectory backbone and, as in other TI
methods, the pseudotime order of the cells along the trajectory. Intuitively, the pseudotime corresponds to the biological
progression of a cell through the dynamic process that results in the trajectory structure (2).

Here, we give a formal definition of the pseudotime in our framework. Assume that each edge £ € £(B) is associated with
a duration (an edge weight) b,. Without external information, we set by = 1. Given a root vertex ko, we first generate a
directed trajectory backbone E), by giving each edge in £(B) a direction. We start with finding the connected components
A C N(B) containing ko on the undirected trajectory backbone B. Any edges that do not connect to a node in A become a
bi-directional edge in ? If the subgraph of B with nodes in A forms a tree, then given the root ko, we turn it into a directed
tree starting from ko. However, if the undirected subgraph of B with nodes in .4 contains any cycles, we can not automatically
determine the directions of all edges on the subgraph given the root. Our current implementation has two options. By default,
we automatically find the minimum spanning tree of the subgraph of B on A into a tree by finding the minimum spanning tree
of the subgraph and then subsquentially turn it into a directed tree. Alternatively, we ask the user to specify the direction of
every edge through a networkx.DiGraph object.

The pseudotime for vertex j is defined as:

max { b LC 5(?) forms a simple path from ko to j}
0j =

tec (1]
oo if no such L exists
where a simple path is a path that does not have any repeating vertices. Let o = (o1, - ,0x), then the pseudotime of the cell ¢
is defined as
Ti = OT'LI}Z‘ [2]

which equals the pseudotime of the vertex that the cell is on or the weighted average of the pseudotime of the two vertices of
the edge that the cell belongs to.

By our definition, any vertex that precedes another vertex on a simple path that starts from ko has a smaller pseudotime
than the other vertex. Thus our definition guarantees a meaningful ordering of the cells when the directed trajectory backbone

does not contain any cycles. If 5 contains cycles, the pseudotime of the cells remains well-defined under our definition but
may not be biologically meaningful.

Now, we relate the observed single-cell sequencing data with the underlying trajectory backbone graph B. Let Y; =
(i1, ,¥ic) be the observed counts of G features in cell i. Though Y; is the vector of observed counts with complicated
dependence across features, we assume that the dependence can be explained by latent Gaussian variables Z; € R?, which is in
a space with a much lower dimension and associated with the trajectory backbone B. We also take into account the effects of
known confounding covariates X; € R® (such as cell-cycle or batch effects, which we take as deterministic variables) on Yj.
Specifically, we assume the following latent variable model on the observed counts:

Zi|w; ~ Ny(U;, 1)

in [3]
YiolZi, Xi " NB (1 fy(Zi, Xi),05), 9=1,2,---,G

Here U € R?** is the unknown matrix of the vertices positions which, together with the cells’ relative positions on B, determines
the means of Z;. Then, we assume that the observed counts Y; nonlinearly depend on the latent variables Z;. The scalar
l; is the known library size of cell i, and each fy : R¥** — R,g=1,2,---,G is an unknown nonlinear function involving
the confounding covariate vector X;. The unknown parameters 6, are feature-specific dispersion parameters of the Negative
Binomial (NB) distribution. Notice that though the edges are assumed to be linear lines in the latent space, they are likely
curves in the observed data space via the nonlinear mappings {f¢(-), ¢ =1,2,--- ,G}.

The assumption of using NB distributions to model single -cell sequencing data is based on a detailed review and discussion
in (3). Specifically, for scRNA-seq with the unique molecular identifier (UMI) counts, NB distributions can describe the
stochasticity in scRNA-seq, accounting for both biological and technical noise. However, they may not be adequate for
sequencing data where the non-zero counts are large, such as scRNA-seq data without UMI. In that scenario, we assume that
the observed counts follow zero-inflated Negative Binomial (ZINB) distributions, as in (4):

ind

YiglZi, Xi ~ ¢igbo + (1 — ¢ig) N B (li f4(Zi, X:), 0,) (4]

where ¢,y = hy(Z;, X;) is the zero inflation probability with hy(-) an unknown non-linear function for g =1,--- ,G.

The above model defines the trajectory backbone B, cell positions w;, and pseudotime 7T; that are identifiable from single-cell
sequencing data. However, estimating these quantities is still challenging as the vertices and edges are defined on a latent space.
Thus, we further impose a hierarchical model on w; to simplify model estimation. First, we introduce a latent categorical
variable ¢; as the index of all edges and vertices. Specifically, let ¢; take values in {1,2,..., K} where K = k(k + 1)/2 is the
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number of all possible edges and vertices in G. For the complete graph G, define the categorical assignment symmetric matrix,

1, 2 -k
2 (2 k+1 - 2k-1

C= [5]
kN 26—1 -+ K

When ¢; equals to Cj, j, for ji # j2, the cell ¢ is at the edge between vertex ji1 and vertex jo. When ¢; equals to Cjj;, the cell 4
is at the vertex j. We let Cj,j; = Cj 5, = j1 + (jo — 1)k for j1 < jo and set ¢; = Cj,,, if cell ¢ is at the edge between vertex j1
and vertex jo, or if cell ¢ is at the vertex j1 when j2 = j1. Then we assume the following mixture prior on w;:

w; R Uniform(0, 1)

i K Multinomial(1, ), = € [0,1]*
Wy iR C;

w; = W;Ac; + (1 — wi)bci

(6]

where a. = e;; and b, = e, if ¢ = C},j, for j1 < ja.

To summarize, combining models Eq. (3) and Eq. (6), we obtain a hierarchical mixture model with an underlying trajectory
structure. The unknown parameters are the mean positions of the k cell types in the latent space U, the prior probabilities of
the K categories 7, the mapping functions f4(-),g =1,2,--- ,G and the dispersion parameters 4 (and also hy(-) for the ZINB
model).

VAE for approximating the posterior distributions  To introduce a wide class of non-linear mapping functions, we model f,(-) by a
neural network and further combine our model with the variational autoencoder (VAE) (5) for approximating the posterior
distributions. Following the variational Bayes approach in VAE and the conditional VAE (6), we use Gaussian distributions to
approximate the intractable posterior distribution of Z; given the observed data Y; and confounding variables Xj:

ZilYs, Xi ~ N (py; x;, By, x,) - 7l
Here the “posterior” mean py, x, and covariance Xy, x, = diag(0y, x, 1, , 0y, x,.4) are functions of (Yi, X;). To guarantee

flexibility, they are also modeled by a neural network. The neural network for py,; x, and Xy; x; is the encoder, and the
network for f4(Z;, X;) is the decoder. For non-UMI data, as in (4), the functions hy(-) for zero-inflation parameters are also
modeled in the decoder and share the same hidden layers as fq(+).

With the above setup, we can lower bound the log-likelihood of each observation Y; as

log p(Y;|X;) = log [Ep(z, x,)p(Yi| Zi, Xi)]
> Eq(z;|v;.x;) log p(Yil Zi, X:) — Dxr(q(Z:|Ys, Xi)|Ip(Z:)), (8]

where p(Y;|Z;, X,;) is the true conditional distribution in model Eq. (3) or Eq. (4), and ¢(Z;|Y;, X;) is the Gaussian approximation
of the posterior distribution in Eq. (7). This lower bound is often referred to as the evidence lower bound (ELBO) (5), where
the first term Eq(z,|v;, x,) log p(Yi| Zi, X;) denotes the reconstruction likelihood and the second term —Dxkuw(q(Z:|Yi, Xi)||p(Z:))
behaves as a regularizer. The difference between Eq. (8) and regular conditional VAE is that we have a mixture model for the
trajectory structure encoded in the term p(Z;), which encourages the posteriors of Z; to lie along linear edges and vertices.
The resulting loss function for one cell is defined as the negative modified ELBOs in (8),

L(Y:; X;,0) = —Ey(z,)v;,x,) log p(Yi| Z;, X;) + BDx1.(q(Z:|Y3, Xi)||p(Z:)), 9]

where © represents all unknown parameters, including U, 7, the unknown weights in the encoder and the decoder, and the
dispersion parameters 6. The tuning parameter 3, introduced in (7) as the S-VAE, is to balance the reconstruction error and
regularization. To better adjust for the confounding X; and increase robustness, we add three extra (optional) penalties to
obtain our final loss function aggregated over all IV cells as:

N
LY, Yvi X, XN, 0) == (1= ) ) Eyz,v,.x, logp(Yil Zi, X))

i=1

N N
- QZIOgP(Yi|Zi =04,X;) + BZDKL(q(Zim,Xi)HP(Zi))
i=1 i=1
+ 7 Qacobian (Y1, , Yn; X1, - Xn) + £ Qump (Y1, -+, YN; X1, - - Xv). [10]

where a is a tuning parameter for “soft” batch adjustment (8), Qmump is the MMD loss to remove the difference of cells from
different sources, and Qjacobian is the Jacobian regularizer to stabilize the optimization processes (see Section S2.1 for more
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details). Setting @ > 0 (o = 0.1 by default) encourages our decoder to reconstruct Y; using only information from X;, which
can help to decorrelate X; from Z; so that one can remove the confounding effects of X; in Z; more thoroughly. We set
v =1,k =0 as default.

All the terms in Eq. (10) can be approximated by the Monte Carlo method efficiently, as we show in Section S2.1. Specifically,
though the marginal density function p(Z;) is involved in a complex hierarchical mixture model Eq. (6), it still has a closed-form
representation. The optimization minimizing the loss function Eq. (10) can be efficiently done via stochastic backpropagation
(9) (10) on mini-batches of data, with the commonly used amortized variation inference (11) for VAE.

S$1.2. Trajectory Inference from Posterior Approximations. After the training step, the model returns the estimated parameters,
including (7, 7, the encoder q(Z;|Y;, X;), and the decoder ]/‘\(Zi\Yi, X). Replacing the true posterior density p(Z;|Y;, X;)
with the approximate posterior density g(Z;|Y:, X;), we can also obtain an approximation of the posterior distribution of
(ws, ¢;) for each cell. Specifically, let zﬁl), e 7z£L) be L (L = 300 by default) random samples from q(Z;|Y;, X;), and use the

fact that (ws,c;) WL (Y3, X;)|Z;, we can approximate the posterior density of (w;,¢;) as

L

~ 1 ~

Dlw,¥i, Xi) = 2 plw,c|Z: = 2")
1=1

where p(w, | Z;) is obtained by plugging in U and 7 into the true posterior density of (ws,c;) given Z;. Similarly, we can get

the approximate posterior distributions of c¢;, the edge or vertex the cell belongs to, as

L

Ples = ¥i, X0) = 7 3 fler = lZi = =)
1=1

For the cell position w; on the graph G, as it is a function of w; and ¢; as defined in Eq. (6), we can also efficiently obtain the

mean pp, and the diagonal elements of the covariance matrix Y, of its posterior distribution p(1;|Y;, X;). For details in

calculating the approximate posterior distributions, see Section S2.2. Now, we discuss how to infer the trajectory backbone and

cell positions along the trajectory with these posterior approximations.

Infer the trajectory backbone 3  The total number of categories K = O(kQ) can be large, even with a moderate number of k.
While the trajectory backbone B typically only sparsely involves a few edges, the estimated 7 may be dense on the unpruned
entries. Inspired by (12) on Bayesian Gaussian mixture models, to encourage sparsity, we infer the nonzero edges a posteriori
from the data. Specifically, we define a score for each edge, quantifying the strength of the evidence that the edge exists:

[{i:ci = Cill
[{i: e] w; > 0.5 or e ; > 0.5}]

Sj1j2 =

where the denominator is added to make sure that we can capture the continuous transitions between cell states even when
these states only involve a small proportion of cells in the cell population. Even though 7 is dense, s;, 4, can be significantly
nonzero for much fewer edges. From another point of view, an edge score is some “test statistics” to evaluate whether the
edge exists. To make our algorithm scalable, in practice, instead of obtaining the posterior distributions of s;,;, to determine
whether it is significantly nonzero or not, we simply use a deterministic version of the edge score as

{i: & =Cijnll
{i:e) pna, >0.5o0re] pp, > 0.5}

Sjrje =

where ¢; = arg MaX,c (12, K} f)\(cl = c|Y;, X;) and W, is the approximate posterior mean of w;. Other edge score choices
are discussed in Section S2.3.

A larger §j, j, indicates higher confidence assuring that the edge exits in the trajectory backbone B. In practice, we include
an edge (j1,72) into the estimated backbone Bif Sj1jo = So, where the cutoff sg is 0.01 by default. When we are certain that
there are no loops in the trajectory, inspired by (2), we further prune B as the MST of the unpruned graph with 3;,;, as edge
weights. This typically results in a cleaner shape of our estimated trajectory.

Project cells onto the inferred trajectory backbone  To obtain the position of each cell on the inferred trajectory, we further project
w; onto B. Given the approximate posterior distributions of w;, we would find a point estimate for the best position of each
cell i on B. Specifically, for each cell, we aim to solve the following optimization problem:

W; = arg min }Dp\(w‘y_ Xv)”ﬁ’i — w3
" il Y3, X5
s.t. support(w) C B, |lwl: =1, w > 0. [11]

Since the support of w; is restricted to the inferred trajectory backbone B\, only one or two entries of w; can be nonzero,
depending on whether the cell is at the vertex or edge of B. Though the L2 loss in the objective function of optimization
problem Eq. (11) is not the only choice, it can result in a closed-form solution that allows fast computation.
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Proposition 1. The optimization problem (11) is equivalent to finding
w; = argmin || pa, —wlf3
w
s.t. support(w) C B, lwl: =1, w >0, [12]

where W, is the mean of p(w;|Y;, X;). Denote the jth component of pw, as p; and let 5/\/([5’\) = E(B’\) U {(],]) 1j € N(B\)},

then the best projection is given by

(]Ta]g) € arg maXA (1, — “j2)2 +2(pgy + pg,) — Liji=jo3
(J1,J2)EEN(B)

and the corresponding solution proj (pw,;) has entries

3t.33)
. 5 (1= g — gy + Lgr—ys € {41,735
rojis; gy o))y = 105+ 7 (7t~ i) J € Ui 52)
112 0 otherwise,

for 3 =1,...,k. The best projection reduces to be a vertex if ji = j.

The proof of Proposition 1 is included in Section S2.4. Intuitively, finding the optimal projection of w; minimizing the Lo
loss is equivalent to simply projecting the posterior mean pt3,. In addition, as shown in our proof of Proposition 1, most cells
will either project onto an edge or an isolated vertex. Notice that the solution for the optimization problem Eq. (12) may not
be unique. However, it is generally unique due to floating-point computation in practice.

Next, we also want to quantify the uncertainty of the projected position W; as an estimate of w;. A general metric to evaluate
the uncertainty is given by ]&p(wim,xi)[d({é“ ab;)], where d(-,-) is a metric or distance function. When d(w,w’) = ||w — w’||3
is also the Lo loss, we obtain the projection mean square error (MSE) as

B 1wy (Wi, 00)] = ([0 — pra |15 + tr (B, [13]
which is easily computable. Notice that our projection MSE ignores the uncertainty in B and the approximation error in
p(w;|Y;, X;), so it is an underestimate of the true uncertainty. However, we think that the relative magnitude of our projection
MSE would still be a useful quantity to compare the projection accuracy across cells. Another pattern is that the projection
MSE is typically smaller when the cells are near vertices. We provide our understanding and a detailed discussion of this
pattern in Section S1.5. R

Finally, we obtain the point estimate of each cell’s pseudotime T; defined in Eq. (2). Given the inferred trajectory B,
the user can assign a root vertex based on prior biological knowledge. We also provide an automatic root selection step
following Tempora (13) when cells are collected from a series of time points. The idea is to choose the vertex with the earliest
collection time as the root. Specifically, let r; be the collection time of cell i, we calculate the “collection time” of vertex j as
wj =y, Wijri/ Y, Wij, a weighted average of the collection time of the cells near the vertex. A vertex ko € N(B) is chosen as
the root if it has the smallest collection time w; and is not an isolated vertex.

Once the root vertex of the trajectory backbone Bis obtained, it is straightforward to obtain o, the estimated pseudotime
of the vertices, by plugging in B into the definition of 0 in Eq. (1). Then, a point estimate of the pseudotime T; of cell i can be
given as ﬁ = ET@i.

S1.3. Differential gene expression along the trajectory. We provide a polynomial regression approach to find differentially
expressed genes along our inferred trajectory backbone. We focus on finding genes that are associated with the pseudotime
ordering after adjusting for confounding covariates and provide a scalable way to obtain the p-values of the genes, taking into
consideration that the pseudotimes of the cells are estimated.

In particular, to find genes that are differentially expressed along the pseudotime ordering for a subset of cells S, we work
with the following polynomial regression for each gene g:

Yig = Bog + Brgrank(Ti) + - - - + Bregrank(T))™ + X,  Bxy + €ig, E(eig) =0, Vie S [14]

where Y;q is the log-transformed and normalized count for cell ¢ and gene g, rank(7;) is the rank of true pseudotime T; of cell
i, and the linear term X" Bx, is to adjust for the confounding effects of known covariates. We allow e;,’s to have unequal
variances as Yjg’s are log-transformed and normalized counts. K is the degree of the polynomials and by default, is chosen as 2
to allow both linear and quadratic change of the gene expression along pseudotimes. For each gene, we aim to test for the
global null Hog : f14 = -+ - = Brg = 0. We use rank(7;) in the regression model so that the results will not be affected by the
scaling of pseudotimes. N

The challenge here is that the true pseudotime T; is not observed. Instead, we only have estimated pseudotime T; from the
data, which has unknown uncertainty and is correlated with Y;4. As a consequence, the p-value for Hog, ignoring the fact that
the pseudotimes of the cells are estimated is likely invalid. To adjust for this, we take a simple p-value calibration approach
following (14). To get an initial p-value, we plug in T; after normalizing and centering each rank(Ti)k, and we estimate the
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coefficients fSig via the ordinary least squares. Treating ﬁ as the true T;, we obtain the variances of Ekg through the sandwich
estimator, allowing for heterogeneity in e;y. The t-statistics is then defined as txy = Ekg/é(\i(,/ﬁ\kg). To calibrate the p-values,
instead of assuming tr, ~ A(0,1) under the null, we assume that tx, ~ N(0,0%) where o} is estimated from the median
absolute deviation (MAD) of {txy, g =1,2,---,G}. Then we use the Bonferroni combination approach across k to obtain
a combined p-value for the null Hyoy. To select differentially expressed genes, these p-values are further adjusted with the
Benjamini-Hochberg procedure for multiple testing corrections.

There are other approaches to detecting differentially expressed genes along estimated pseudotime. For instance, tradeSeq
(15) employs a generalized linear regression model on raw scRNA-seq counts, assuming a Negative Binomial distribution of
the data. They regress Yiy on the smoothing splines of ﬁ PseudotimeDE (16) uses a sophisticated approach to calibrate
the p-values in differential testing with estimated pseudotime. To adjust for the bias treating ﬁ as the true pseudotime,
PseudotimeDE employs cell subsampling and permutation of estimated pseudotime to generate a null distribution for the
regression test statistics of each gene. Compared to tradeSeq and pseudotimeDE, our approach sacrifices some rigor for
increased computational efficiency. See Section S3.3 for an empirical comparison of our differential testing approach with
PseudotimeDE and tradeSeq.

S1.4. Model estimation with practical considerations. Instead of using all the genes, by default, we select highly variable genes
and preprocess the gene expressions by scanpy (17). Then the normalized, log-transformed, and scaled gene expressions are
provided as the inputs of our VAE.

As the optimization of our loss Eq. (10) generally results in a locally optimal solution, we need a good initialization of our
parameters, especially for U and 7 defined in Eq. (3) and Eq. (6). Also, our framework requires a pre-determined number of
states k. Inspired by other existing TT methods, we design a three-step algorithm for model initialization and estimation.

The first step is pretraining, where we train the model with 5 = 0, to only minimize the reconstruction loss, which does not
involve the unknown parameters 7 and U. The Jacobian and MMD regularizers can also be used in this stage. The purpose of
this step is to obtain better weights for the encoder and the decoder and to get an initial low-dimensional representation, which
can be used to initialize U and determine k.

The second step is to initialize the latent space after pretraining. In our experiments, we use annotated cell types to initialize
the latent space and set k to be the number of cell types. However, one can also perform cell clustering with the Louvain
algorithm (18) on the estimated posterior means fiy;, x; of Z; to determine k. We initialize U with the cluster centers. As 7
involves both the k vertices and k(k — 1)/2 edges, we have no information yet and just uniformly initialize 7 in this step. We
introduce a pruning mechanism for better estimating 7. Specifically, we set those ;’s corresponding to edges with the top 50%
lengths (the distance between the initial centers) as 0 and freeze them when training.

The last step is to train our whole network, optimizing the loss function Eq. (10) with 8 = 1. During both the pretraining
and training steps, the optimization is early stopped when the evaluation loss decreases sufficiently slowly.

Finally, to make VITAE scalable to handle large datasets and have a comparable computational cost as other TI methods,
we accelerate VITAE for large datasets by reducing the dimension of the input. We replace the G features with its top R
(R = 64 by default) principle component (PC) scores F;. The output of the decoder is also replaced by the reconstruction of Fj,
and the likelihood of p(Y;|Z;, X;) in the loss function Eq. (10) is replaced by Gaussian densities assumed on F; (Section S2.1).
As we will show in the Result Section, the accelerated VITAE with Gaussian densities provides results comparable to our
original likelihood-based VITAE in general, while it can be much faster than the original scheme. By default, both the encoder
and decoder have one hidden layer, with 32 and 16 units for the accelerated and likelihood-based VITAE, respectively. The
bottleneck layer only has a dimension of 8. The hidden layers are all fully connected with the leaky rectified linear activation
function (19) and Batch Normalization (20).

S$1.5. Discussion on Uncertainty Quantification. We observed in praactice that our calculated projection MSE is always smaller
for the cells near vertices. Why do we observe such a pattern? Is it due to the estimation bias in our approximation of
the posterior distribution, or is it an intrinsic property of the L2 loss under our mixture model? In order to answer these
questions, we consider the case where we observe the latent space Z;, so that we can compute the true posterior distributions
of Z;|w;. Also, we focus on tr(X.s,), as from our observations it is typically the leading term in (12). Specifically, we define

005 2) . The defined

our hierarchical model with observed Z; following (3) and (5) by setting d = 2, k = 3 with U = (2 05 0

backbone is shown in Figure S0.1a and we choose vertex 1 as the root of the trajectory.

First, we take w = (é % 0 é é %), so that the edges and vertices have equal probabilities. As Z; is observed, we
can compute the true posterior mean and variances from Section S2.2 for any given Z;. Here we show the posterior variances
given Z; = Uw; which are exactly on the trajectory, and discuss how the variances change with 7; = o' ;. The cell i is at the
vertices when T; = 0,1 or 2. Figure S0.1b shows how the posterior variances of each w;; change with T;. The leading term of
the projection MSE tr(X.;) summing up the three terms in Figure S0.1b has an M-shape as shown in Figure S0.1c, indicating
that the cells indeed have smaller projection uncertainties when they are near the vertices.

One explanation of the above phenomenon is that as there are nonzero probabilities exactly at the vertices, the distribution
is denser near the vertices. As a consequence, there is less uncertainty on w; if it is closer to a vertex. However, what we find

1 1

surprising is that when we set ™ = (O 5 0 0 3 0), where the cells can only be on the edges, we still observe an M-shape

for the change of tr(X.s,) along 7;. In other words, the projection MSE from true posteriors is smaller near the vertices no
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matter whether the vertices have nonzero probabilities or not, though the difference is smaller when the vertices have zero
probabilities. As a consequence, we believe that this pattern is an intrinsic property of the Lo loss under our mixture model.

20 a Backbone b Var(#;|Z)) c tr(Var(;|z;)
)@ 0.200
0175
/\ oo
15
0.150
0.125 038
10 N E] )
N T 0.100 o
0.075 036
05 o
0.050
034
0025
0
0o [ 2 00 05 10 15 20 00 05 10 15 20
zy
d [
— j=1lvertex1 0230
— j=2vertex2 010
j=3 vertex 3

0.225

0.08 —\
0.220

0.215

value

0.04 0210

0.02 0.205

0o 05 15 20 0.0 05 15 20

10 1.0
pseudotime pseudotime

Fig S0.1. (a) The underlying backbone of the assumed model colored by pseudotime. (b) The values of Var(iw; ;| Z;) along the trajectory and (c) the values of tr(Var(w;|Z;))
along the trajectory are for the case when =« = (0.2,0.2,0,0.2,0.2,0.2). (d-e) are the same as (b-c) for the case when = = (0, 0.5,0, 0, 0.5, 0).

S$2. Technical details
S2.1. Loss Function.
Basic loss function. Note that the loss for each cell in Eq. (10) takes the form
['(Yvi; X, @) = _(1 - O‘)Eq(zilYi,Xi) 1ng(}fi|zi7 XZ)
— alogp(Yi|Z; = 04, Xi) + BDx1(¢(Zi|Y:, Xi)|p(Z:))
—(1 = a)Eqz,1v;.x,) log p(YilZi, X;) — alog p(Yi| Zi = 04, X:i)
+ BBq(z:1v;, x:) 108 4(Zi|Yi, Xi) = BEq(z;)v; x;) log p(Zi),

when Qvvp = Qacobian = 0. Next, we show how to compute the above terms efficiently.

L. Eqz,v;,x;) logp(Yi| Zi, Xi)

L G
1
Eq(z,1v:,x:) Ing(YViIZhXi) ~ T § § Ing(Yig|Zi = zil)?Xi)
=1 g=1

where zil), RN sz) are Monte Carlo samples from the approximate posterior distribution ¢(Z;|Y;, X;). Here p(Yig|Z;, X;)

depends on the distribution assumptions of Y.

(1) For scRNA-seq with UMI, Y;4|Z;, X; follows a Negative Binomial distribution N B(\ig,64) with a probability mass

function,
0 Y
0, +y—1 0 g i
ZZ‘,Xi — g g g ,
iz x) = (") () (e

for i =1,...,N. It is noted that only A;y dependent on Z; and X;.
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(2) For non-UMI data, Y;4|Z;, X; follows a zero-inflated Negative Binomial distribution ZZNB(Xig, 04, ¢ig) with the
probability mass function,

Pig + (1 — ¢ig) pnB(0; Xig, 05) ify =0

(1= ¢ig) PnB(Y; Aig, 0g) ify >0,

where pn B (y; Aig, 0y) is the probability mass function of N'B(Aig,0,).

(3) For the accelerated VITAE with a Gaussian model, Y; is replaced by the PC scores F;. We assume that each
Fi4|Z;, X; follows a Gaussian distribution A (v, 77) with probability density function,

0123 = e (52

p(ylZi, X;) = {

2. Eq(zi1v;,x;) log p(Z:)

Eq(z,1v:,x1) 108 (Z:) = Eq(z,1v;,x,) llog (szm—c )] Zlog <Zp (zVei = o) <>>.

When ¢ € N(G), the conditional density of Z;|c; = ¢ is given by

1 1
p(zle; = ¢) = / p(zle; = o, wydw = —— / e 3ETUR T qy = o (Ub,).
0 (2m)2 Jo

where @q4(-) is the probability density function of the standard d-dimensional multivariate Gaussian distribution.

When ¢ € £(G), the conditional density of Z;|c; = c is given by
1
p(zlei =¢) = / p(z|ei = ¢, w)dw
0

1 1
/ efé(zfuwﬁ(zfum)dw

(2m)%
aze=U(bc.—ac) 1
Bzc=2_Ubc 1 / 8_%(wazc“’ﬂzc)T('wazc‘Fﬁzc)dw
d
en? Jo
1
_ ! / - b@lancu? 20l BrcwtB.5x0) gy
(2m)% Jo
te
“oomr () e ()]
o 1 o))
with
T T
— _azcﬁzc 2 1 to. = _ﬂ—r/@ + (azcﬂzc)2
Vze = T y Ore = = zc — zcPzc S —
AzcOlzc QzcOzc QzcOzc

where ®(-) is the cumulative density function of the standard Gaussian distribution.

Therefore, the marginal density of Z; is given by

K tzc
TMeOzc€ 2 1—v.e Vze
2= piEle=0m= > mpaUb)+ Y. — [@( -~ ) - ® (—U—)] .
c=1

ceN(G) c€E(G) (271—) 2

3. Eq(z,1vi.x,) log q(Zi|Yi, Xii)
Since the approximate posterior density q(Z;|Y;:, X;) is NV (py;, x,;, Xv;,x; ), we have
Eq(z,v.x) log 4(Zi]Yi, Xi)

d
d 1 (Zii—py, x, )2
=Eq(z;v;,x:) log (27) E logay Xii T E 7]052){‘“] ‘|
X7

. d 1 (Zij—ty, x;,3)°
=—= log (2m) Zloga X0~ ZEq(z\w) (Z yix“

j=1
d
d 1
=— = log(27r) o (loga%yxi,i +1).

=1
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a4« Jacobian regularization for stabilizing optimization.  To stabilize the training process and make the model robust against noises, we
as  adopt the Jacobian regularization method from (21, 22). Suppose Z; € RY,Y; € RY, Z;; is the j-th coordinate of vector Z;
a6 and Yig is the g-th coordinate of vector Y;. Then we control the Frobenius norm of the Jacobians of the output of the encoder

a7 Z; with respect to the input Y;:
2
8Z,-]-
. 15
(22)] .

N d &
348 QJacobian(ljh s 7YN§ X17 T XN) = Z Z ZEQ(ZMYmXﬁ

i=1 j=1 g=1
ass  MMD regularization for removing conditional differences. =~ We can also include the maximum mean discrepancy (MMD) loss as
a0 utilized in SAUCIE (23) and scArches (24), which explicitly penalizes the distances between cells from any pairings we want to
st adjust in the latent space. Let Z1, Z1, Z2, Z5 be independent samples from to two distributions P, P2, then the MMD for
sz these two distributions is:

359 D(P1, P2) = Bz, 71 k(Z1, Z1)] + Eg, 724 [k(Z2, Z3)] — 2Bz, 2, [k(Z1, Z2)]

s« where k(+,-) is a kernel function. Empirically, if we want to integrate data from any two cell groups P; and P2 which have n
35 and ng cells respectively, we punish large MMD in the latent space. The MMD loss for two groups can be defined as follows:

1 1 2
as6 Lynp (P, P2) = = —5 Z k(Ziy, Ziy) = — Z k(Zi,, Zi,) + p— Z k(Zi,, Zi,)
i1,i2€P1 11,12 E€Po 11 EP1,igEP2

where Z; is the latent vector for cell ¢. In practice, we employ a multi-scale RBF kernel, proposed in trVAE (25). The multi-scale
RBF kernel is defined as k(Z;,, Z;,) = El k(Zi,, Ziy, \i) where k(Ziy, Ziy, \i) = exp(=\i||Zi, — Zi,||?) and \; is a hyper-

i=1
parameter. We set [ = 19 by default and let {\;}\_; = [1075,107%,107*,107%,1072,0.1, 1, 5, 10, 15, 20, 25, 30, 35, 100, 10, 10*, 10°, 10°].
Then, the MMD penalty for the whole dataset can be defined as:

QmMp = Z Lyivp (Ps, Pe).

(s,t)€all pairs

37 Suppose we wish to apply the MMD penalty to a set of k cell groups (such as replicates) denoted by {P1, P2, ..., Pr}. We can
ass  define a set of pairs as pairs = {(¢,7) | 1 < ¢ < j <k} to represent all possible pairwise combinations of the k groups.

59 S2.2. Posterior Estimation.

360 1. Z;|Y:, X,

361 Since the approximate posterior distribution of Z;|Y;, X; is Ny (py; x;, Xv;,x;), We can use Wy, x; as the latent
362 representation of Y;.

363 2. Ci|)/i7Xi

364 It is worth noting that a useful property of our model is Y; 1L (wjs, ¢;)|Z;, X, which is due to the fact that the probability
365 mass function of Y;g|Z;, ws, ci, X; is p(y|Z;, ws, ci, Xi) = p(y|Z;, X;), which only depends on Z; and X;. Note that we
366 have already derived the formula for p(z|c; = ¢) in Section S2.1, we have
367 p(C|K,X1) = -/p(c,z\Y;7X¢)dz
R
w68 YilZ;, X AL (w;,¢i)|Zi, X /p(C|Z¢ — 2)p(2|Y;, Xi)dz
z
369 =FE (Z;1Y;,X3) p(z‘ci =6 Xz)p(C,X’L)
P (4| Y4, X4 p(z7 Xz)
. (Zied) 4 Xi p(2]ci = c)p(c)
- Z'i }/;axz
p(Z;| ) p(z)
p(zWe; = o). —~
ar ZZ — 2 B(cVi, X5).

Z (l>|Ci = c’);'r\c/

a72 So we can obtain the predicted category of cell i by computing the MAP estimator ¢; = argmax p(c|Y;, X;).
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3. wi|Y:, X
Note that

LD e — _ R
plw, dYi, X,) Z Pl o= eows =R & 5y, of;, X),
=S 0l = )

Let pp;, and X, denote the mean and the covariance matrix for the estimated distribution of w;|Y;, X;. We have

K
P, = Z /[wac + (1 — w)be]plw, | Y;, Xi)dw

~,

) KM p(z (l)|cl =c,w; = 151)%\6
~ M § E Mac ( Z § I
== = POl = o)

/=1

KMo . 2 p(z0e; = c,w = L7, 2
diag(Zw,) ~ 77 ZZ [ﬁac + (1 — ﬁ) bc] 1 Z M —
& =1

Bz0e; = )

iy

Here, as the integration over w is intractable, we approximate the integral by the rectangular rule with equally spaced M
points in [0, 1].

S2.3. Edge Score. Below, seven kinds of edge scores are presented.

1. Edge Score Based on Posterior Mean of c.

N
The first edge score is based on the posterior mean % Z p(ci|Yi, X;). Let
i=1

Cirjo = {i: P(ei € {Cj1j1, Cingar Ciagn HYi, Xi) > 1}
where t1 = 0.5 is the threshold parameter. We are considering C;, ;, instead of the full data set because not every cell

contributes to the existence of the edge e;, ;,. Within the set C;, ;,, proportion of cells at the edge e;, j, gives us one score

1 5( j1j2|y2'7X')
p(cj1jl|YiuXi)+ ( J1J2|Y1’X)+ ( J2J2|E7X)

E JIFS
Gl 2 M

~—=<
i€C; | j1j2| . ’\‘ .
Jj1d2 J132
mean

Jij2

Cirjs = {1 : D(Cj1j1 [Yi, Xi) + D(Cjy 3| Vi, Xi) + D(Ca | Vi, Xi) > ta}

which is denoted by s where

2. Edge Score Based on Modified Posterior Mean of c.

mean

A modified version of 53,5

is given by

Z P (Cj1j»|Yi, Xi)
zEC

rlnoldiﬁcdimcan — Jj1J2
e [P(Cj1 1 |Yi, Xi) + P(Cij | Yi, X)) + D(Clajs | Yi, Xi)]
1€Cjy jo
where an first-order approximation E (%) = %—5 is used.

3. Edge Score Based on Raw MAP of c.

Alternatively, we can also compute the edge score based on the MAP of ¢;’s,

¢ = argmax p(c = c|Y:, X;).
ce{1,2, K}

Then an edge score can be defined as the proportion of the number of cells at the edge e;, j, to the number of cells at the
vertices j1, j2 or the edge ej, j,:

sr‘avyimap — |{7’ : EZ = Cj1j2}|
1 {i: & € {Cjijainia }}
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4. Edge Score Based on MAP of c.
We can also define the edge score of ¢; as the proportion of the number of cells at the edge e;, j, to the number of cells at
the vertices j1, j2 or the edge ej, j,:

map __ |{7/ : &1 = lejQ}l

7192 i & € {Cirjr Cirias Craga
5. Edge Score Based on Modified MAP of c.

Since the assigned categories by MAP of ¢ are generally at the edges instead of the nodes, the estimated denominator

will be smaller than the real one, and s;.nl?z’ will be large when the number of cells in nodes j; and j2 is small. To address

this problem, we further modify the denominator to get the modified MAP edge score:

S

r_no_diﬁedimap — |{Z : 51 = Cj1j2}|
e [{i: e] pa, > 0.5 or ] pg, > 0.5}

6. Edge Score Based on MAP of 4, .

Sometimes the large number of cell type k will boost the dimension of p(c; = c|Y;, X;) to @, which may cause the

edge score inference sensitive to p(c; = c|Yi, X;) estimation. Therefore, in the dataset containing lots of cell types, we
can compute the edge score from pg,;, which only has k& dimension and also contains the position information. First,
define a set M AP(j1,j2) containing the cells that have the largest j5, value in the vertices j1, jo dimension.

MAP(j1, j2) := {i : argmax e] s, = (j1 or j2)}
J
Then, the edge score can be defined by the proportion of the number of cells that lie in the middle of two vertices to the
number of cells that have the largest g, value in these vertices’ dimensions:

w base _ {0 abs(ef, ps, — €jy 1) < 01,0 € MAP(ju, j2)} |

sVt —
71,52 |MAP(]17]2)‘

7. Edge Score Based on Modified MAP of g, .

When there exists some unbalanced cell type categories, M AP(j1, j2) that only care about the 1st rank dimension of p,
may cause the edge score unexpectedly small when one of the vertices has a large number of cells while the other only
has a small number. Then we can modified M AP(j1,j2) to consider the largest 2 dimension of p,.

MAP2(j1,52) := {i: argmax Zearﬂu’mjl = {j1,72}}
ielRLl =2

Then, the edge score can be defined by the proportion of the number of cells that lie in the middle of the two vertices
Jji,j2 to the number of cells that belong to M AP2(j1,j2):
o Miimag efpa, <055 (e + e52)" pan) i € MAP2(ju, j2)} |
[MAP2(j1, j2)]

By default, the package uses edge scores based on the modified MAP of c.

S2.4. Proof of Proposition 1.

Proof. Note that

- 2 _ TN o T T
B wiven 10 = Wl =By 1y, ey (Wi ) = 2w i w0

. 2 SNT . T, T
E~ w; — w3 = (E~ w; - W; — 2w W; +w w
s w30 @1~ 2 = B s ) P By iy ’ ’
we have
B @i — w3 = |E~ . Wi — wlf3
p(w;Y;,X;) p(w;]Y;,X;)
~ N\ T ~ ~ T ~
— (E~ _ w; B w; + E~ _ W, W;
( p(w;|Y;,X;) i) p(w; Y5, X;) P(wi|),i7xi)( i Wi),
where the last two terms do not involve w. So, minimizing E~ _ |l®; — w|3 is equivalent to minimizing ||E~ _ w; —
p(w;|Y;,X5) p(w;|Y3,X;)

w||3 over w. The optimization problem (10) is thus equivalent to the optimization problem (11).
We divide the problem into two cases: finding the best projection onto edges and the best projection onto vertices.
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(1) For projection onto edges, the original problem becomes
min N (wj, — lu’j1)2 + (wj, — :uj2)2 - (/’L?I + /‘?2)
(41,32)€E(B)

st Jlw|i =wj +wj, =1, w > Oy

Notice that for any edge (j1,72) € 5(3\), the objective function is quadratic in wj, (and wj,) since

(wjl - lLle)2 + (wjz - /sz)Q - (/“LJ2'1 + :u?2)
=(wj, — .“j1)2 + (1 —wj — ,“jz)2 - (“?1 + :”'?2)
o \2 1— i — wil)?
_ (wj1_1+ﬂjl Ngz) +( Pir = fhia)

2 2
> (1 — pjy — /’(‘72) 7
- 2
with equality holds if and only if w;;, = uj;; + 17““%”12 That is, for each edge (j1, j2) € E(E), the solution
Mgy + — H“ Mj27 K =g
Wrr = 4 Py + S PR | = g,
0, otherwise,

achieves minimum projection error
1— gy, — 1y 2
o — = 3w+ Lt b )

k'#j1.52

If we want edge (j1,72) to have the smallest projection error, then for any other edge (m1,ms2) € S(E), we need to have

Hproj(jl gg)(IJ‘ﬂ’) - uﬁ’zHg < Hproj('ml,'mg)(“w) - ll"'i’z”g

W= By — Mo ) NJ2) 2 (1 = pmy — Umz)Q
— Z i + 2 < Z Hir & 2
k'#j1.52 k'#my,ma
2 2
— (/’le - sz) + 2(#11 + :u]"z) > (Mml - :umz) + 2(:“'7711 + /Lmz)'

Thus, the best-projected edge can be obtained by computing

(G1,53) = argmax_ (ujy — ps)” + 2(ujr + pjs)-
(41,32)€E(B)

(2) For the vertex j € N(E), the problem becomes
min  (w; — p;)° st. Jwlhi =w; =1, w = 0,
w
and the solution is proj; (1w) = ej. The projection error for the vertex i is given by
2
Iproj, (ma) — palls = > pi + (s — 1),
k' #j

Then j3 € argmin ||proj, (p#w) — |3 gives the best projection onto vertices.
JEN(B)
(3) Consider the following case,

A

. 2 2
l[projjx (1) — pa, ll2 < [IProjjx ) (Ha) — pa, 12

2 2 2 (17”];F 7/141'2*)2
A Zuk"f‘(l_ﬂjg) < Z Mo + =5 —
k' #53 k' £5T 55
(1= pjx — pjz)?
= M?;+M?;+(1—Mj§)2§/~t§§+#7
= A — 1> (njr — pgz)” + 2(usr + pyz)
= (miz = i) + 205 + ) — 1= (ugr — 1gz)* +2(ugr + pgp)-

Define EN(G) = E(G) U{(4,7) : € N(G)}, then

2
argmax (tr = 142)7 + 2(050 + pgz) — Lijy=jay
(J1,32) EEN (B)

gives solutions to both optimization problems.
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S§3. Benchmarking

S3.1. Benchmarking Datasets. Following the settings in (1), which provided a comprehensive overview and guideline for
TT methods, we evaluate VITAE’s performance in recovering six types of trajectory topologies, as shown in Fig. S1. Our
benchmarking datasets include 10 real scRNA-seq data and 15 synthetic datasets, summarized in Table S1.

The datasets from real scRNA-seq studies include 9 datasets from (1). Among them, 5 datasets have “gold standard” labels
according to (1) and are included to cover all trajectory types with at least 200 cells. As most “gold standard” datasets are
small, we also include 4 extra datasets (dentate, fibroblast, planaria__muscle, planaria_ full) with “silver standard” labels. The
datasets and labels are all extracted from the Dyno platform (1), except for the dataset dentate, whose cells are mislabeled, and
we directly extract the labels from the GEO database (accession number: GSE95315). For each dataset, the Dyno platform also
provides its reference trajectory backbone and cell positions, from which we calculate reference pseudotime by our definition. In
addition, to evaluate TI methods on a dataset with disconnected states, we create the dataset immune by combining purified
10085 B cells, 8385 CD56 NK cells, and 2612 CD14 Monocytes cells from (26).

The drawback of using real datasets for benchmarking is that only discrete cell labels are available, though the cells are
experiencing continuous transitions. In other words, the true cell positions and ordering along the trajectory are only known at
a low resolution. To better evaluate VITAE’s performance in estimating the cell positions and pseudotime, we also include
synthetic datasets for evaluation. We consider two different simulation approaches. One simulator we use is dyngen (27), a
multi-modal simulation engine for studying dynamic cellular processes at single-cell resolution. dyngen is also used in (1) and
provides a delicate way to generate scRNA-seq data starting from gene regulation and transcriptional factors. However, it is
limited to generating only a few hundred genes. Thus, we only generate 1000 genes for each dyngen dataset and treat the
dyngen datasets as non-UMI data as the generated counts are typically large.

We also generate four synthetic datasets from our own model framework. First, we train the model on a real data set to
obtain a decoder and U. Then, we generate each w; and Z; and Athe observed UMI counts Y; following the hierarchical models
(Eq. (3) and 6). Specifically, we treat the estimated decoder and U as the true fy(-) and U and design a trajectory backbone by
connecting some edges between the vertices. In the four generated datasets, we do not include any confounding covariates X;.
‘We use real dataset dentate to generate synthetic datasets linear and bifurcation, and the real dataset fibroblast to generate
synthetic datasets multifurcating and tree.

S§3.2. Evaluation metrics. We use five different scores to measure T1 methods’ accuracy in recovering the true trajectory, cell
positions, and pseudotime. All these scores range from 0 to 1, and a larger value indicates better performance.

First, to measure the difference between an estimated trajectory backbone B and the true trajectory backbone B3, we compute
two scores: the GED score and the IM score, both of which evaluate the difference between two graphs and are invariant to the

permutation of vertices. The graph edit distance (28) is defined as GED(B B) = min 1 s €PEB) I , c(e;) where P(B B)
3 he , 1=

denotes the set of edit paths transforming graph B to the graph B and c(e;) > 0 is the cost of an operation e;. In other words,

GED is a symmetric distance measure that quantifies the minimum number of graph edit operations needed to transform B
into an isomorphic graph of 3. We then standardize the GED as

sGep = 1 — min {GED(@, B)/k, 1} ,

so that it ranges between 0 and 1. Besides, following (1), we also compute the IM score based on the Ipsen-Mikhailov
distance (29), IM(B, l?), between the estimated and reference trajectory backbone. The IM distance is symmetric, measures
the dissimilarity of adjacency matrices’ spectra of the two graphs, and is bounded between 0 and 1. Our IM score is further
defined as sim = 1 — IM(B, B).

Next, we measure the error of the estimated cell position w; for each cell i. We use two scores, the adjusted rand index
(ARI) and the generalized rand index (GRI), both of which are invariant under the permutation of vertices and allow an
unequal number of vertices. The ARI (30) is a commonly used symmetric measure for the similarity between two clustering
results. Following (1), the cells are assigned to their nearest discrete state based on their estimated @; and true values of w;,
and the two groupings are compared using ARI. Since such discretization only compares the accuracy of w; at a low resolution,
we also define a GRI score that directly compares w; with w;, which is an extension of the rand index (RI). For any two pair of
cells 41 and iz, we define its “true” similarity as pi;i, = (/Wi , VWi, ) where /v = (/v1, -+ ,/Uk) for a vector v of length k.
The square-root operation is to guarantee that p;,;, = 1 if and only if Ww;, = W;,. Similarly, we define the estimated similarity
between the two cells as pj,i, = (V/ 1.AD¢1, V 'LADQ) Then to compare the similarities between the estimated and reference cell
positions on the trajectory backbone, the GRI is defined as

GRI = z_: Z (1 - |pi1i2 - ﬁnw)/(i)

i1=1ig=i1+1

The rand index is a special case of GRI when all cells are positioned exactly on vertices.
Finally, we also measure the similarity between the reference and estimated pseudotime of cells along the trajectory, which is
simply the Pearson correlation between the estimated pseudotime 7; and the reference pseudotime T; across cells. Specifically,

we define the PDT score ranging between 0 and 1 as sppT = (CO]r(T7 ’f) + 1) /2.
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S3.3. DE analysis. We compare VITAE with tradeSeq (15) and PseudotimeDE (16) on differentially expressed testing. Similar
to (15), we use package dyntoy from dynverse toolbox (27) to generate linear trajectories. We perform 10 simulations. For each
simulation, we generate a synthetic scRNA-seq dataset with 5000 genes and varying numbers of cells in n € {250, 500, 750, 1000}.
We set the differentially expressed rate to be 0.2, so that 20% of the genes are active. Then, we apply both Slingshot and
VITAE on the simulated datasets to infer trajectory and estimate the pseudotime for all cells. We next apply DE test methods
VITAE, tradeSeq, and PseudotimeDE on the estimated pseudotime with BH procedure and significance level 5%. We provide
the details of the configuration below.

For Slingshot, we follow the usual preprocessing procedure to use all the genes for dimension reduction with PCA and
clustering the cells with the default parameters of Seurat. Then we extract the principle components, cluster assignment for all
cells, and the initial cluster as the input to Slingshot. For tradeSeq, we follow their workflow to call £itGAM function with
nknots=4 and use associationTest function with contrastType=‘consecutive’, which returns the adjusted p-values for all
genes. For PseudotimeDE, we use 50 random subsampled raw count datasets of size 0.8n, and apply Singshot to estimate
the pseudotime for each of the datasets. Then, we call runPseudotimeDE function with parameter model = ‘nb’ and 10 CPU
cores to obtain the adjusted p-values. We evaluate the three DE test methods using pseudotime estimated from trajectory
inference methods Slingshot and VITAE. We did not explore PseudotimeDE based on VITAE’s estimated pseudotime due to
the computational cost. Therefore, our comparison consists of five combinations of TT and DE methods: Slingshot+VITAE,
Slingshot+tradeSeq, Slingshot+PseudotimeDE, VITAE+VITAE, and VITAE+tradeSeq.

The results of the false discovery rate (FDR) and true positive rate (TPR) are shown in Fig. S2. The signals are strong in
the synthetic data (the signal strength is not adjustable in dyntoy), so all methods have powers of almost 1. In terms of FDR
control, we have better control than tradeSeq. Compared with PseudotimeDE, our method has similar FDR control but is less
computationally expensive. In terms of computational complexity, for a dataset with 1000 cells and 5000 genes, it took about
1 min, 2 min, and 2 h for VITAE+VITAE, Slingshot+tradeSeq, and Slingshot+PseudotimeDE to perform both trajectory
inference and testing.

S4. Real data

S4.1. Experiments on mouse brain datasets. To adjust for the confounding batch effect, we conducted 10 random trials on the
joint analysis of two mouse neocortex datasets (Yuzwa and Ruan datasets), both with (v = 1) and without (y = 0) this loss,
keeping all other hyperparameters at their default settings. As a stability measure of the estimated cell state centers in the
latent space (denoted as U) and the estimated probabilities for a cell to choose a vertex/edge (denoted as ), we calculated
the standard deviation of the pairwise distances between columns of U (pairwise distances between cluster centers) and the
standard deviation of each entry in 7 across the 10 trials. In Fig. S3, we observe a substantial improvement in the stability of
our estimates with the Jacobian regularizer.

S4.2. Experiments on the integration of three mouse brain datasets.

Experiment setup.  To adjust for confounding batch effect, we include the dataset ID of each cell (whether it is from Di Bella’s,
Yuzwa’s, or Ruan’s dataset) as covariates. In addition, as the Apical Progenitors are experiencing cell division, we also adjust
for the cell-cycle effects by adding the cell-cycle scores (S.Score and G2M.Score) provided by their own datasets. To perform
the joint trajectory analysis, we apply VITAE_Gauss with the aforementioned covariates. We provide the annotated cell types
to initialize the latent space after the pretraining step. For the model hyperparameters, we use 96 PCs, two hidden layers with
units 48 and 24 for the encoder, a symmetric structure for the decoder, and 16 units for the latent space. Since the dataset is
larger and more complicated, we retain more PCs as input and use a wider network structure. For pre-training and training,
we set v = 1 for the Jacobian regularizers.

Integration. We further evaluated the integration capabilities of VIATE against other baseline methods, including Seurat
CCA (31), Monocle 3 (32), scVI (33), and Scanorama (34). The latter two are among the leading integration methods that
are suitable for downstream trajectory inference (35). The VIATE model setup is detailed in the preceding section. For
Seurat CCA, we employed the Seurat V3 R package and the RunCCA function. With Monocle 3, the align_cds function was
utilized. For scVI, source information was incorporated using the batch_key parameter in the scvi.model.SCVI function.
Lastly, Scanorama integration was achieved through the scanorama.correct_scanpy function. All integration processes are
succeeded by the application of UMAP to derive a 2-dimensional embedding of the integrated dataset.

Evaluation metric for integration. ~ We construct a mixing score based on the reduced UMAP space to measure the mixing effect
of Day E18 Replicate, Day P1 Replicate, different days, and different cell types within the same day. We first calculate the
KNN graph in UMAP space. Suppose we have n categories, and we want to quantify how these n categories are mixed. In the
k neighbors of a cell, assume there are x cells that have the same category as this cell; then, for each cell, the mixing metric
can be calculated by

(=5 +k—L5—(k—a)F
21— )k ’

n

mixing score =1 —
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where (z —a)™ = max{x —a,0}. The score reaches 1 when x < k/n and reaches 0 when = = k. The denominator 2(1 —n~ ")k is
used to normalize the score between 0 and 1. This score can also be converted to quantify the separation of different categories:

separation score = 1 — mixing score.

Consequently, we use the mixing score to measure the mixing effect of Day E18 Replicate, Day P1 Replicate, and different
days. The separation score is applied to quantify the biological cell type conservation on different days.

S$4.3. Experiments on multi-omic human hematopoiesis datasets. To adjust for confounding batch effect, we include the
sequencing technique of each cell (scRNA-seq or scATAC-seq) and also use MMD loss calculated within each annotated cell
type to remove effects from different sequencing techniques better. For the model hyperparameters, we use 128 PCs, two
hidden layers with units 32 and 16 for the encoder, a symmetric structure for the decoder, and 8 units for the latent space. For
pre-training, we set v = k = 0.6 for the Jacobian and MMD regularizers. For training, we set v = k = 1 for the Jacobian and
MMD regularizers.

We compare the trajectory results of VITAE to VIA (36) v0.1.96. Following the procedure in the original VIA paper, which
involves employing Seurat CCA for cross-modality data integration and subsequently applying VIA to the merged dataset
for trajectory analysis, we compare the visualization, inferred trajectory structure and pseudotime results between VIA and
VITAE. As shown in Figure S8c, the inferred trajectory of VIA is less interpretable compared to VITAE. This is partially
contributed by the Seurat’s CCA integration method, which tends to overcorrect the cell embeddings, particularly affecting cell
types with a limited number of cells, such as in the B cell lineage. Additionally, VIA fails to provide meaningful separations
between some cell types even though the annotated cell types are provided as the input. Moreover, even when two cell types
are visually distinct to each other, such as Baso.Eryth and Pre.B, VIA still incorrectly infers a connection between them.

S5. Analysis of hyperparameters sensitivity and computational efficiency

S5.1. Hyperparameter ~ for Jacobian regularization. We conducted 10 random trials on the joint analysis of the two mouse
neocortex datasets (datasets from Yuzwa et. al (37) and Ruan et. al (38)), both with (v = 1) and without (v = 0) this loss,
keeping all other hyperparameters at their default settings. As a stability measure of the estimated cell state centers (U) in the
latent space, we calculated the standard deviation of the pairwise distances between columns of U (pairwise distances between
cluster centers) across the 10 trials. We also measure the stability of the estimated prior probabilities for a cell to choose
each vertex/edge (), by calculating the standard deviation of each entry of 7 across the 10 trials. In Fig. S3, we observe a
substantial improvement in the stability of our estimates with the Jacobian regularizer.

S5.2. Hyperparameter « for the Soft penalty term. We vary the value of the hyperparameter a on the soft penalty term in the
joint analysis of the two mouse neocortex datasets (datasets from Yuzwa et. al (37) and Ruan et. al (38)), keeping all other
hyperparameters in their default values. Fig. S0.2 shows the embedding of cells and the inferred trajectory after training with
different « values: o = 0,0.1,0.15,0.2,0.5,1. We observe that, with the soft penalty terms, VITAE is more accurate in learning
the shared trajectory of the two datasets. Its performance is relatively robust to minor adjustment of «.

Consistent Trajectory © Ruan Yuzwa

Source

Trajectory

*  Endothelial Cell % Intemeurons s  Layer V-VI NEC Pia
* IPC * Layer! Layer V-VI (Hippo) oPC RGC
% Immature Neuron s Layer IV *  Microglia Pericyte

Fig S0.2. Sensitivity of VITAE on parameter o of soft penalty term.
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S§5.3. Hyperparameter « for MMD regularization. We investigate the effect of varying the MMD loss penalty x in the joint
trajectory analysis of sScATAC-seq and scRNA-seq hematopoiesis data where the MMD loss is used to encourage the merging of
two datasets. Fig. S0.3 shows the embedding of cells and the inferred trajectory after training with s values ranging from 0 to
1.5, keeping all other hyperparameters unchanged. Without MMD loss, the cells from the scRNA-seq and the scATAC-seq
datasets cannot merge well. On the other hand, if & is too large, even though the cells can merge well, the latent representations
are less dispersed, making it hard to infer the trajectory correctly. VITAE is relatively insensitive to x if k varies within a
certain range.
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Fig S0.3. Sensitivity of VITAE on parameter « of MMD loss.

S5.4. Computation efficiency and memory usage. We compare the computational efficiency of VITAE and alternative approaches
when performing joint trajectory analysis on multiple datasets. Because Slingshot takes the dimension-reduced object as the
input, it relies on data integration methods, such as Seurat’s CCA, to adjust for potential batch effects. Therefore, it is more
reasonable to compare the time complexity of both integration and trajectory inference.

To this end, we compared four different approaches:

1. VITAE that adjusts for both the data source differences and cell cycle scores;

2. Monocle with data source correction but no cell cycle score adjustments (as it can not adjust for continuous cell cycle
scores);

3. Seurat that adjusts for both the data source differences and cell cycle scores to integrate the two datasets;

4. Seurat with data source correction but no cell cycle score adjustments.

The last two methods above provide an estimate of the shortest time for running Slingshot on the data integrated by Seurat.
To evaluate these methods on different sizes of data, we subsampled cells from the joint datasets from Yuzwa et. al (37) and
Ruan et. al (38), and generated a sequence of datasets of increasing cell numbers n = 1000, 2000, . .., 15000, 16651. As shown
in Fig. S0.4, though VITAE is slightly slower than Monocle, it is faster than Seurat when adjusting for both batch effects and
cell cycle scores.

Comparison of Time vs Number of Observations

—4— Seurat: Correct Batch and Score
—e— VITAE

—— Seurat: Correct Batch

—=— Monocle

2
&
8

w
g
8

Running Time (seconds)
3
8

S
8

2000 4000 6000 8000 10000 12000 14000 16000
Number of Observations

Fig S0.4. Computational time in the size of datasets for different methods.
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625 We also record the memory usage of VITAE in real data analysis. The joint analysis of the two mouse neocortex data
e (Yuzwa et. al (37) and Ruan et. al (38)) is successfully executed on an 11th Gen Intel Core i7 CPU with 16 GB of RAM. The
7 joint trajectory analysis of three datasets from Di Bella et. al (39), Yuzwa et. al (37), and Ruan et. al (38) can be performed
e2s on an Intel Xeon Gold CPU with 32 GB of RAM and a total running time of approximately 27 minutes.

]
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e S6. Supplementary tables

Table S1. Detailed summary of datasets used in experiments, including trajectory topology, number of cells NV, number of genes G, number of

cell types k, and sources of the dataset.

Type Name Count Type Topology N G k Source
aging non-UMI linear 873 2815 3 (40)
human_embryos non-UMI linear 1289 8772 5 (41)
germline non-UMI bifurcation 272 8772 7 (42)
mesoderm non-UMI tree 504 8772 9 (43)
real cell_cycle non-UMI cycle 264 6812 3 (41)
dentate umi linear 3585 2182 5 (44)
fibroblast non-UMI bifurcation 355 3379 7 (45)
planaria_muscle UMI bifurcation 2338 4210 3 (46)
planaria_full UMl tree 18837 4210 33 (46)
immune UMI disconnected 21082 18750 3 (26)
linear_1 non-UMI linear 2000 991 4 dyngen
linear_2 non-UMI linear 2000 999 4 dyngen
linear_3 non-UMI linear 2000 1000 4 dyngen
bifurcating_1 non-UMI bifurcation 2000 997 7 dyngen
bifurcating_2 non-UMI bifurcation 2000 991 7 dyngen
bifurcating_3 non-UMI bifurcation 2000 1000 7 dyngen
trifurcating_1 non-UMI multifurcating 2000 969 10 dyngen
synthetic trifurcating_2 non-UMI multifurcating 2000 995 10 dyngen
converging_1 non-UMI bifurcation 2000 998 6 dyngen
cycle_1 non-UMI cycle 2000 1000 3 dyngen
cycle_2 non-UMI cycle 2000 999 3 dyngen
cycle_3 non-UMI cycle 2000 999 3 dyngen
linear UMl linear 1900 1990 5 our model
bifurcation umi bifurcation 2000 606 6 our model
multifurcating umi multifurcating 2000 606 6 our model
tree umi tree 2000 606 6 our model
Table S2. Number of cells on different embryonic days.
E'"';Z;"'c ‘ E10.5 E11.5 E125 E135 E145 E155 E165 E17.5 E185
Ruan’s Dataset 1172 0 2668 0 3742 1014 387 0 1278
Yuzwa’s Dataset ‘ 0 1418 0 1137 0 2955 0 880 0

dJin-Hong Du, Tianyu Chen, Ming Gao, Jingshu Wang
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e S7. Supplementary figures
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Fig. S1. Six different topologies of the underlying trajectories in real and synthetic datasets.
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Fig. S2. Differential expressed testing results on simulated datasets generated by dyntoy. The false discovery ratio (FDR) and true positive ratio (TPR) are shown in the left and

right panels, respectively.
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Fig. S3. Comparison of stability with/without the Jacobian regularization. VITAE is applied to perform a joint analysis of Yuzwa and Ruan datasets with 10 repeated trials
with random initialization. Top left: standard derivations across 10 trials for the pairwise distances of the estimated cluster centers U in the latent space. Top right: standard
derivations across 10 trials for the estimated probabilities being assigned to each edge and vertex (7). Bottom left: standard derivations across 10 trials for the evaluation
metric values between each trial’s final result and the illustrated trajectory inference result in Figure 3. Bottom right: mean across 10 trials for the evaluation metric values

between each trial’s final result and the illustrated trajectory inference result in Figure 3.
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Fig. S4. UMAP visualizations of VITAE’s low-dimensional cell representations on the joint analysis of Yuzwa and Ruan datasets. (a) Low-dimensional embeddings
colored by the projection uncertainty estimated by VITAE. When projected to the inferred trajectory, Cells colored in red have higher uncertainties compared to cells colored in
blue. (b) Low-dimensional embeddings colored by collection days. (¢) Low-dimensional embeddings colored by the pseudotime estimated by VITAE. Cells not in the inferred
trajectory are colored in gray. (d) Low-dimensional embeddings highlighting the NEC-RGC-OPC sub-trajectory where the cell types NEC, RGC, and OPC are highlighted.
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Fig. S5. UMAP visualizations of the joint analysis of Di Bella, Yuzwa and Ruan datasets. Each column represents a method. For the first column, cells are normalized
and then concatenated to perform a joint PCA analysis before UMAP. In the first row and last row, cells are colored by their collection days and sources. In the second and third
rows, cells from the two replicates at E18 and two replicates at P1 from the Di Bella dataset are highlighted.
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Fig. S6. UMAP visualizations of the integration of Di Bella, Yuzwa and Ruan datasets using scVI and Scanorama.
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Fig. S7. Additional results for joint trajectory analysis of Di Bella, Yuzwa and Ruan datasets. (a) The violin plots of the top 10 differentially expressed gene expressions
between the APs in the glial and neuronal branches in Fig. 4c. Tests are done by combining all three datasets while gene expressions are visualized for each dataset separately.
(b) Locations of the cluster centers before and after VITAE training for the joint analysis of Di Bella, Yuzwa, and Ruan datasets. VITAE uses the reference cell types to initialize
the locations of the vertices before training, and then the vertices will change locations and give new clustering results after training. The left and the right panels show the initial
and trained cluster centers, respectively. For interneurons, though only one vertex (cluster 13) is initialized, VITAE can automatically learn four cluster centers after training. (c)
Interneurons colored by collection days.
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Fig. S8. Integrative trajectory inference of multi-omic human hematopoiesis data. (a) UMAP visualization of VITAE’s low-dimensional embedding of cells, colored by cell
populations (‘BMMC’, ‘CD34’, and ‘PBMC’ stand for bone marrow mononuclear cells, CD34 T -enriched bone marrow mononuclear cells, and peripheral blood mononuclear
cells, respectively), tissues, replicates, and collection days. VITAE merges the gene expressions (scRNA) and the gene activities (SCATAC) score, retains meaningful biological
variations and correctly infers the developmental trajectory. (b) Distribution of pseudotime of the monocytic lineage for scRNA-seq and scATAC-seq cells. (c) Trajectory inference
results of VIA (36).

Jin-Hong Du, Tianyu Chen, Ming Gao, Jingshu Wang

27 of 29



631

632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690

691

References

1.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

28.

29.

30.

31.

32.
33.

W Saelens, R Cannoodt, H Todorov, Y Saeys, A comparison of single-cell trajectory inference methods. Nat. biotechnology
37, 547-554 (2019).

. C Trapnell, et al., The dynamics and regulators of cell fate decisions are revealed by pseudotemporal ordering of single

cells. Nat. biotechnology 32, 381 (2014).

. D Agarwal, J Wang, NR Zhang, Data denoising and post-denoising corrections in single cell RNA sequencing. Statistical

Science 35, 112-128 (2020).

. G Eraslan, LM Simon, M Mircea, NS Mueller, FJ Theis, Single-cell RNA-seq denoising using a deep count autoencoder.

Nat. communications 10, 1-14 (2019).

. DP Kingma, M Welling, Auto-encoding variational bayes in 2nd International Conference on Learning Representations,

eds. Y Bengio, Y LeCun. (2014).

. K Sohn, H Lee, X Yan, Learning structured output representation using deep conditional generative models in Advances

in neural information processing systems. pp. 3483-3491 (2015).

. I Higgins, et al., beta-vae: Learning basic visual concepts with a constrained variational framework in International

Conference on Learning Representations. (2016).

. M Huang, Z Zhang, NR Zhang, Dimension reduction and denoising of single-cell RNA sequencing data in the presence of

observed confounding variables (2020).

. DP Kingma, J Ba, Adam: A method for stochastic optimization. Int. Conf. on Learn. Represent. 0 (2015).
10.

DJ Rezende, S Mohamed, D Wierstra, Stochastic backpropagation and approximate inference in deep generative models
in International Conference on Machine Learning. pp. 1278-1286 (2014).

A Stuhlmiiller, J Taylor, N Goodman, Learning stochastic inverses. Adv. neural information processing systems 26,
3048-3056 (2013).

S Frihwirth-Schnatter, G Malsiner-Walli, From here to infinity: sparse finite versus dirichlet process mixtures in
model-based clustering. Adv. data analysis classification 13, 33-64 (2019).

TN Tran, GD Bader, Tempora: Cell trajectory inference using time-series single-cell RNA sequencing data. PLoS
computational biology 16, €1008205 (2020).

J Wang, Q Zhao, T Hastie, AB Owen, Confounder adjustment in multiple hypothesis testing. Annals statistics 45, 1863
(2017).

K Van den Berge, et al., Trajectory-based differential expression analysis for single-cell sequencing data. Nat. communica-
tions 11, 1-13 (2020).

D Song, JJ Li, Pseudotimede: inference of differential gene expression along cell pseudotime with well-calibrated p-values
from single-cell rna sequencing data. Genome biology 22, 124 (2021).

FA Wolf, P Angerer, FJ Theis, Scanpy: large-scale single-cell gene expression data analysis. Genome biology 19, 1-5
(2018).

VD Blondel, JL. Guillaume, R Lambiotte, E Lefebvre, Fast unfolding of communities in large networks. J. statistical
mechanics: theory experiment 2008, P10008 (2008).

AL Maas, AY Hannun, AY Ng, Rectifier nonlinearities improve neural network acoustic models in International conference
on machine learning. Vol. 30, p. 3 (2013).

S Ioffe, C Szegedy, Batch normalization: Accelerating deep network training by reducing internal covariate shift in
International conference on machine learning. (pmlr), pp. 448-456 (2015).

S Rifai, P Vincent, X Muller, X Glorot, Y Bengio, Contractive auto-encoders: Explicit invariance during feature extraction
in Proceedings of the 28th international conference on international conference on machine learning. pp. 833-840 (2011).
D Jakubovitz, R Giryes, Improving dnn robustness to adversarial attacks using jacobian regularization in Proceedings of
the European Conference on Computer Vision (ECCV). pp. 514-529 (2018).

M Amodio, et al., Exploring single-cell data with deep multitasking neural networks. Nat. methods 16, 1139-1145 (2019).
M Lotfollahi, et al., Mapping single-cell data to reference atlases by transfer learning. Nat. Biotechnol. 40, 121-130 (2022).
M Lotfollahi, M Naghipourfar, FJ Theis, FA Wolf, Conditional out-of-distribution generation for unpaired data using
transfer vae. Bioinformatics 36, i610-i617 (2020).

GX Zheng, et al., Massively parallel digital transcriptional profiling of single cells. Nat. communications 8, 1-12 (2017).
R Cannoodt, W Saelens, L. Deconinck, Y Saeys, dyngen: a multi-modal simulator for spearheading new single-cell omics
analyses (2020).

7 Abu-Aisheh, R Raveaux, JY Ramel, P Martineau, An exact graph edit distance algorithm for solving pattern recognition
problems in 4th International Conference on Pattern Recognition Applications and Methods. (2015).

G Jurman, R Visintainer, M Filosi, S Riccadonna, C Furlanello, The HIM glocal metric and kernel for network comparison
and classification in 2015 IEEE International Conference on Data Science and Advanced Analytics. (IEEE), pp. 1-10
(2015).

L Hubert, P Arabie, Comparing partitions. J. classification 2, 193-218 (1985).

T Stuart, et al., Comprehensive integration of single-cell data. Cell 177, 1888-1902 (2019).

J Cao, et al., The single-cell transcriptional landscape of mammalian organogenesis. Nature 566, 496-502 (2019).

A Gayoso, et al., A python library for probabilistic analysis of single-cell omics data. Nat. biotechnology 40, 163-166
(2022).

28 of 29 Jin-Hong Du, Tianyu Chen, Ming Gao, Jingshu Wang



692
693
694
695
696
697
698
699
700
701
702
703
704
705
706
707
708
709
710
71
712
713
714

715

34.

35.
36.

37.

38.

39.
40.

41.

42.

43.

44.

45.

46.

B Hie, B Bryson, B Berger, Efficient integration of heterogeneous single-cell transcriptomes using scanorama. Nat.
biotechnology 37, 685—691 (2019).

MD Luecken, et al., Benchmarking atlas-level data integration in single-cell genomics. Nat. methods 19, 41-50 (2022).
SV Stassen, GG Yip, KK Wong, JW Ho, KK Tsia, Generalized and scalable trajectory inference in single-cell omics data
with via. Nat. communications 12, 5528 (2021).

SA Yuzwa, et al., Developmental emergence of adult neural stem cells as revealed by single-cell transcriptional profiling.
Cell reports 21, 3970-3986 (2017).

X Ruan, et al., Progenitor cell diversity in the developing mouse neocortex. Proc. Natl. Acad. Sci. 118, e2018866118
(2021).

DJ Di Bella, et al., Molecular logic of cellular diversification in the mouse cerebral cortex. Nature 595, 554-559 (2021).
MS Kowalczyk, et al., Single-cell RNA-seq reveals changes in cell cycle and differentiation programs upon aging of
hematopoietic stem cells. Genome research 25, 1860-1872 (2015).

S Petropoulos, et al., Single-cell RNA-seq reveals lineage and X chromosome dynamics in human preimplantation embryos.
Cell 165, 1012-1026 (2016).

F Guo, et al., The transcriptome and DNA methylome landscapes of human primordial germ cells. Cell 161, 1437-1452
(2015).

KM Loh, et al., Mapping the pairwise choices leading from pluripotency to human bone, heart, and other mesoderm cell
types. Cell 166, 451-467 (2016).

H Hochgerner, A Zeisel, P Lonnerberg, S Linnarsson, Conserved properties of dentate gyrus neurogenesis across postnatal
development revealed by single-cell rna sequencing. Nat. neuroscience 21, 290-299 (2018).

B Treutlein, et al., Dissecting direct reprogramming from fibroblast to neuron using single-cell RNA-seq. Nature 534,
391-395 (2016).

FA Wolf, et al., PAGA: graph abstraction reconciles clustering with trajectory inference through a topology preserving
map of single cells. Genome biology 20, 1-9 (2019).

Jin-Hong Du, Tianyu Chen, Ming Gao, Jingshu Wang 29 of 29



	Methods
	Model
	Trajectory Inference from Posterior Approximations
	Differential gene expression along the trajectory
	Model estimation with practical considerations
	Discussion on Uncertainty Quantification

	Technical details
	Loss Function
	Posterior Estimation
	Edge Score
	Proof of Proposition 1

	Benchmarking
	Benchmarking Datasets
	Evaluation metrics
	DE analysis

	Real data
	Experiments on mouse brain datasets
	Experiments on the integration of three mouse brain datasets
	Experiments on multi-omic human hematopoiesis datasets

	Analysis of hyperparameters sensitivity and computational efficiency
	Hyperparameter  for Jacobian regularization
	Hyperparameter  for the Soft penalty term
	Hyperparameter  for MMD regularization
	Computation efficiency and memory usage

	Supplementary tables
	Supplementary figures

