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Abstract
A well-known theorem of W. Fischer and H. Grauert states that analytic fiber spaces with all
fibers isomorphic to a fixed compact connected complex manifold are locally trivial. Moti-
vated by this result, we show that if k is an algebraically closed field of infinite transcendence
degree over its prime field, then every smooth projective family over a reduced k-scheme of
finite type with isomorphic fibers having reduced automorphism group schemes is locally
trivial in the étale topology. We do so by reducing the problem to the case when the base
is a smooth integral curve, and then, using the vanishing of the Kodaira–Spencer map, we
prove formal triviality of such families at every geometric point of the base. We also pro-
vide examples of smooth projective fibrewise trivial families in positive characteristic whose
Kodaira–Spencer map are nowhere vanishing.

1 Introduction

Suppose f : X → S is a morphism of complex manifolds such that for every s ∈ S, the
fibre Xs := f −1(s) is analytically isomorphic to a fixed complex manifold X . It is natural to
investigate to what extent the family f is, locally on S, isomorphic to the trivial family. In
1965, Wolfgang Fischer and Hans Grauert gave the following answer to this question.

Theorem 1.1 [7] Let f : X → S be a proper submersion of complex manifolds. Suppose
that the fibres Xs are analytically isomorphic to a fixed complex manifold X. Then, f is
locally trivial, i.e. for every s ∈ S there exists an open neighborhood s ∈ Us ⊂ S such that
XUs := f −1(Us) and X ×Us are isomorphic as analytic fibre bundles over Us.

Generalizations of this result are known in the context of complex spaces (in the sense of
Grauert). An analogous statement when f : X → S is a flat proper morphism of complex
spaces with S reduced was proved Schuster [26, Satz 4.9]. Other results may also be found
e.g. in a work of Donin [4, 3.1, 3.2] and in a work of Hauser–Muller [14].

One may expect that a theorem of this kind should have an analog in algebraic geometry.
In this paper, we show that it is indeed the case. Before we state our main result, let us
introduce some terminology that we use throughout this work.

Definition 1.2 Let k be an algebraically closed field and let X be a k-scheme. A flatmorphism
of finite type k-schemes f : X → S is fibrewise trivial (with fibre X ), if there exists an
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isomorphismXs = X ×S s � X for every s ∈ S(k). A fibrewise trivial family f with fibre X
is trivial ifX and X ×k S are isomorphic as S-schemes. A family f isZariski-locally trivial
if for every s ∈ S(k) there exists an open neighborhood s ∈ U ⊂ S such that fU : XU → U is
trivial. We say that a morphism of finite type k-schemes f : X → S is isotrivial at s ∈ S(k)
if there exists an étale neighborhood V → S of s such that fV : X ×S V → V is trivial. We
call f isotrivial if it is isotrivial at every s ∈ S(k).

It is well-known that an analog of Theorem 1.1 does not hold if we interpret the concept
of local triviality in the naïve manner, i.e. a fibrewise trivial family f : X → S may not
be Zariski-locally trivial. A standard example is to take S = Spec k[t, t−1] and consider an
elliptic S-scheme p : E ⊂ P

2
S = ProjOS[X , Y , Z ] → S cut out by the equation Y 2Z − X3−

t Z3 = 0. Clearly E /S is fibrewise trivial. The generic fibre Eη of E is an elliptic curve over
C(t) defined by the equation Y 2Z = X3 − t Z3 and it is not isomorphic to the base change
E1 ×C C(t) of the fibre of p [23, Exercise 4.D],1 so p isn’t Zariski-locally trivial.

Although the Zariski topology is too coarse for our purposes, the above example suggests
thatwe could obtainmore satisfying resultswhenworking infinerGrothendieck topologies, in
particular in the étale topology of the base of considered family. FromDefinition 1.2, it follows
that when S is connected, an isotrivial family f : X → S is fibrewise trivial. In this paper,
we investigate whether the converse statement holds under some reasonable assumptions
about the family f . This topic appears to be well-known to experts. In [17, Remark 1.4], the
author mentions briefly the fact that projective families over C with isomorphic fibers are
generically locally trivial with respect to the étale topology.2 In [2, Section 1], authors claim
that an algebraic variant of Theorem 1.1 should follow from [27, Proposition 2.6.10] which
states that isotriviality is equivalent to formal triviality (6.1) for flat projective families.

That being said, none of the sources listed above provides a precise statement of a variant
of Theorem 1.1. Nor is it immediately clear what assumptions about a fibrewise trivial family
f : X → S are sufficient to deduce formal triviality of f at every closed points of its base. To
the author’s knowledge, both an explicit statement and a proof of such a result appear to be
missing from the literature. In what follows, we attempt to fill the gap by providing a precise
statement of an algebraic variant of Theorem 1.1 (Theorem 1.3) for fibrewise trivial families
of projective k-varieties in the case when k is a sufficiently large algebraically closed field,
and all varieties and morphisms are algebraic, together with a detailed proof of this assertion.
Namely, our main result is the following theorem.

Theorem 1.3 Let k be an algebraically closed field of infinite transcendence degree over its
prime field. Suppose that f : X → S is a smooth, projective, fibrewise trivial morphism of
finite type k-schemes with fibre X. Suppose furthermore that S is reduced, and that the auto-
morphism group scheme (Proposition 2.5) AutXk of the fibre is reduced. Then f is isotrivial.

Note that the assumption about AutXk being reduced is automatic when char k = 0 [21,
Theorem 3.23].

Let us present a brief outline of the proof of Theorem 1.3 when char k = 0. First, we prove
generic isotriviality (Theorem 3.2), a minor generalization of the result mentioned in [17],
where the author considers only schemes over complex numbers. This is the only step in the
proof where we make use of the condition tr. deg(k/F) = ∞ for F being the prime field of k.

1 But they become isomorphic after passing to the extension C(t
1
6 ) of C(t).

2 Note, however, that the notion of isotriviality in op.cit. differs from the one being used throughout this paper:
compare [17, Definition 1.2] with Definition 1.2.
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We use this result to show that the relative Kodaira–Spencer map KS f : TS/k → R1 f∗TX /S

associated to f vanishes on S (Proposition 4.2). Next, we reduce Theorem 1.3 to the situation
when S is a smooth integral curve of finite type over k, using a variant of the valuative criterion
of flatness (Proposition 5.1). Finally (Sect. 6), we prove formal triviality at every closed point
of the base with an explicit calculation, using the vanishing of KS f .

The strategy behind the proof of Theorem 1.3 in positive characteristic (Sect. 7) is the
same except for a few caveats—the final calculation done in the proof of the char k = 0
case relies heavily on this assumption. Hence, assuming char k = p > 0, we prove formal
triviality using the fact that now our schemes are equipped with Frobenius morphism. We
apply a variant of Ogus’ lemma (Proposition 7.2), which originally states that the vanishing
of the Kodaira–Spencer map guarantees that a smooth proper family X → S = Spec k[[t]]
descends along Frobenius FS : S → S (Lemma 7.1). In our setting, when S is a smooth curve
over k, we show that the descent can be done in an appropriate étale neighborhood of any
given point s ∈ S(k). We deduce this fact from the original result of Ogus by approximating
the scheme Spec ̂OS,s with smooth S-schemes [28, Tag 07GC].

Lastly, we show how to construct a fibrewise trivial family with nowhere vanishing
Kodaira–Spencermap (Sect. 8), thereby proving thatX/Smaynot even be generically isotriv-
ial in the case when AutXk is non-reduced.

We think that an interesting question that we didn’t find an answer to is whether we can
remove the assumptions about the scheme AutXk by working with fppf topology.

Question 1.4 Let k be an algebraically closed field of infinite transcendence degree over its
prime field. Suppose that f : X → S is a smooth, projective, fibrewise trivial morphism of
finite type k-schemes with S reduced. Does it imply that f is fppf-locally trivial?

2 Preliminaries

2.1 Notation

Throughout, k always denotes an algebraically closed field. Given a scheme S, we denote the
category of S-schemes by SchS . When S = Spec A is affine, we write SchA for SchSpec A.
An opposite category to category C is denoted by Cop. We often write X/S for an S-scheme
X → S, provided that the structure morphism is clear from the context. Given X/S and
φ : T → S, we write φ∗X for a choice of pullback of X along φ. When the structure
morphism T → S is clear, we also denote φ∗X with XT .

Given a scheme S, we denote with Coh(S) the category of coherent sheaves on S. When
F ∈ Coh(S) and s ∈ S is a point, we denote with Fs the stalk of F at s and by F (s) the
fibre of F at s, i.e. F (s) = Fs/msFs , where ms ⊂ OS,s is the maximal ideal.

Given a ring A and r ∈ A, we denote r -torsion of A by A[r ]. We also write A[r∞] :=
⋃

n≥0 A[rn].
A few times, e.g. in the proof of generic isotriviality (Theorem 3.2) and of étale local

Frobenius descent (Proposition 7.2) for families with vanishing Kodaira–Spencer map, we
will make use of the fact that a finite type morphism f : X → Spec A can be described
with finitely many equations only, hence can be defined over a finitely generated Z-algebra
B ⊂ A, see [16, II.5.10].
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Definition 2.2 Suppose S = Spec A is affine, let B ⊂ A be a subring, and let X ∈ SchS . We
say that X is defined over B if there exists a model of X over B, i.e. X (B) ∈ SchB of finite
type such that X is isomorphic to X (B) ×Spec B S as S-schemes.

2.3 Hom, Isom and Aut schemes

From now on, let S be a finite type k-scheme and X , Y be two S-schemes. We define the
functors HomX ,Y

S of morphisms and IsomX ,Y
S of isomorphisms between X and Y . Using

the theory of Hilbert scheme [10], one can show that these functors are representable by a
locally finite type S-schemes HomX ,Y

S and IsomX ,Y
S respectively. The existence of IsomX ,Y

S

will be the main tool in our proof of Theorem 1.3 and we will use the existence of HomX ,Y
S

in Sect. 8.

Definition 2.4 Suppose that X and Y are S-schemes. We define the functor of morphisms
HomX ,Y

S : SchopS → Set as follows: given T ∈ SchS we set

HomX ,Y
S (T ) =

{

φ : XT −→ YT

∣

∣

∣

∣

φ is a morphism
of T -schemes

}

.

We also define the functor of isomorphisms IsomX ,Y
S : SchopS → Set as follows: given

T ∈ SchS we set

IsomX ,Y
S (T ) =

{

φ : XT −→ YT

∣

∣

∣

∣

φ is an isomorphism
of T -schemes

}

.

Also, we define AutXS := IsomX ,X
S .

Let X ∈ SchS . Then we define the Hilbert functor HilbXS : SchopS → Set associating
to S′ ∈ SchS the set of S′-flat closed subschemes of X ×S S′ [10, p. 265]. When X/S is
projective, then HilbXS is representable by an S-scheme, denoted HilbXS (op.cit.).

Proposition 2.5 [10, 4.c] SupposeX/S andY/S are projective. ThenHomX ,Y
S and IsomX ,Y

S
are representable by schemes, locally of finite type over S. We denote these scheme with
HomX ,Y

S and IsomX ,Y
S respectively.What’smore, the obvious functor IsomX ,Y

S → HomX ,Y
S

induces an open embedding IsomX ,Y
S → HomX ,Y

S of S-schemes and similarly the functor

HomX ,Y
S → HilbX×SY

S associating morphisms to their graphs [27, 4.6.6] induces an open

embedding HomX ,Y
S → HilbX×SY

S of S-schemes.

Corollary 2.6 Suppose that X/S is projective. Then the functor AutXS is representable by a
locally of finite type group S-scheme, denoted AutXS .

Now suppose X → S is projective and fix a relatively very ample line bundle OX (1) on
X . LetF ∈ Coh(X ). Given a point s ∈ S, writeFs forFXs . Then,OX (1) restricts to a very
ample line bundle OXs (1) on the projective k(s)-scheme Xs . Thus, for every point s ∈ S,
we obtain a Hilbert polynomial pF s (m). In case F = OZ for some subscheme Z ⊂ X , we
denote pOZs

with pZs .

Consider the function s 
→ pF s (m) for s ∈ S(k). In case F is S-flat, this function is
locally constant on S. Given P ∈ Q[y], we define the subfunctor HilbX ,P

S of HilbXS as
follows

HilbX ,P
S (T ) =

{

Z ⊂ X ×S T

∣

∣

∣

∣

Z is a T -flat closed subscheme of X×ST ,
and pZt =P for all t∈T

}

.
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Then

HilbXS =
⊔

P∈Q[y]
HilbX ,P

S (2.6.1)

and when X/S is projective, each HilbX ,P
S is representable by a projective S-scheme.

2.7. As a result, when X/S and Y/S are projective, by Proposition 2.5 and (2.6.1), we find
that IsomX ,Y

S = ⊔

n∈N
In is a countable disjoint union with each In quasi-projective over S.

In particular, for p : IsomX ,Y
S → S denoting the structure morphism, we deduce from the

Chevalley Theorem that each p(In) is constructible in S.

2.8 Exponential law

LetHomX ,Y
S be the functor as in Definition 2.4. Then, treating schemes as functors of points,

we find that we have an isomorphism

HomS(T ,HomX ,Y
S )

∼−→ HomS(T ×S X ,Y) = HomT (T ×S X , T ×S Y) (2.8.1)

which is natural in T ∈ SchS . In (2.8.1), HomS denotes morphisms in the category of
sheaves on SchS with fppf topology. When X and Y are projective over S, then HomX ,Y is
representable by an S-scheme so (2.8.1) induces a bijection

HomS(T ,HomX ,Y
S )

∼−→ HomS(T ×S X ,Y) (2.8.2)

between sets of morphisms of S-schemes. We call it the exponential law.

2.9 Deformation theory

Let k be an algebraically closed field. Denote Artk the full subcategory of the category of
k-algebras, consisting of local Artinian k-algebras with residue field equal to k.

Definition 2.10 (see [27, 1.2.1]) Let X ∈ Schk . A deformation of X over A ∈ Artk is a
Cartesian diagram

X X

Spec k Spec A

j

π

with π flat.

We denote the set of isomorphism classes of deformations of X over A by DefX (A). The
association A 
→ Def X (A) defines a functor DefX : Artk → Set. In particular, notice that
here, a deformation is the data of an A-scheme X and an isomorphism X

∼−→ X ×A k.

Definition 2.11 [27, p. 44] Suppose X ∈ Schk . We say that DefX is pro-representable if
Def X (·) = Homk−alg(R, ·) for some complete local noetherian k-algebra Rwith residue field
k. We say X ∈ Schk has pro-representable deformations when Def X is pro-representable.

The common tool for determining whether X has pro-representable deformations is
Schlessinger’s criterion [25, Theorem 2.11]. Standard examples of schemes with pro-
representable deformations include smooth projective connected curves over k [27, Corollary
2.6.6] and abelian varieties [24, Theorem 2.2.1].
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3 Generic isotriviality

The first step in our proof of Theorem 1.3 is showing that our claim holds generically on (i.e.,
over an open dense subset of) S. The proof of this part relies on the following well-known
lemma from the theory of constructible sets.

Proposition 3.1 Let k be an algebraically closed field of infinite transcendence degree over its
prime field F, and let S be an irreducible k-scheme of finite type. Suppose that C = {Ci }i∈N is
a countable family of constructible subsets of S, satisfying S(k) ⊂ ⋃

i∈N
Ci (k). Additionally,

assume that there exists an intermediate extension F ⊂ � ⊂ k with tr. deg(�/F) < ∞ such
that S admits a model S� over � and all Ci ∈ C admit models C�

i which are constructible
subsets of S�. Then there exists C ∈ C dense in S.

Proof Let η ∈ S be the generic point of S. Every constructible set is a union of finitely
many constructible irreducible sets. Therefore, by replacing each Ci with the collection of
its irreducible components, we may assume that C is a countable family of constructible
irreducible subsets of S. If dim S = 0 then |S| is a single point so there is nothing to prove.
Hence we may suppose dim S ≥ 1. We prove the assertion in three steps.

Step 1: Suppose that S = A
1
k = Spec k[T ]. Replacing � with �, we may assume that � is

algebraically closed (preserving the condition tr. deg(�/F) < ∞). By assumption there exist
constructible subsets C�

i ⊂ A
1
l such that Ci = C�

i ⊗� k. If none of Ci is dense in S, then each
Ci is a finite union of closed points, thus so is each C�

i . For λ ∈ k \ �, let m = (T − λ) and
suppose p = [m] ∈ A

1
k belongs to some Ci . Then the image of p in A

1
� is the generic point

of A
1
� , hence C

�
i is dense, a contradiction.

Step 2: S = A
d
k . We proceed by induction on d . The base of induction d = 1 is done in

Step 1. Let d > 1 and suppose A
r
k satisfies the assertion of the proposition for all 1 ≤ r < d .

Suppose that none of theCi ’s contain η. Then dimCi ≤ d−1 for all i ∈ N. Since everyCi is
assumed to be irreducible, there exists at most one hyperplane Hi ⊂ S contained in Ci . Let
H ⊂ A

d
k be a hyperplane different from Hi ’s (such an H exists because each Hi is defined

over � hence it suffices to choose H which is not defined over �) with generic point ξ . By
our assumptions, Ci ∩ H � H is a proper closed subset of H , so ξ /∈ Ci ∩ H . The family
C|H := {Ci ∩ H}i∈N consists of countably many constructible subsets of H , with none of
Ci ∩ H dense in H . By the inductive assumption, H(k) �⊂ ⋃

i∈N
(Ci ∩ H). Then, for every

p ∈ H(k)\ (⋃i∈N
(Ci ∩ H)

)

we have p ∈ S(k) \ (⋃

i∈N
Ci

)

, a contradiction.
Step 3: Let S be an arbitrary irreducible k-scheme of dimension d ≥ 1. We may assume

that S is affine. By Noether’s Normalization Lemma [28, Tag 0CBI] there exists a finite
surjective map π : S → A

d
k . For the generic point μ ∈ A

d
k , we have η = π−1(μ). Write

Zi = π(Ci ). Each Zi is irreducible and by Chevalley’s Theorem it is also constructible.
Surjectivity of π implies A

d
k (k) ⊆ ⋃

i∈N
Zi . By Step 2, there exists i0 ∈ N such that Zi0 is

dense in A
d
k , meaning that μ ∈ Zi0 . Then η ∈ Ci0 , proving that Ci0 is dense in S. ��

We apply this result to the scheme of isomorphisms IsomX ,X×S
S to show that one of its

components dominates S.

Theorem 3.2 Suppose that k is algebraically closed, of infinite transcendence degree over
its prime field F. Let f : X → S be a smooth, projective, fibrewise trivial morphism of finite
type k-schemes with S reduced and with fibre X. Then there exists an open dense subset U
of S such that fU : XU → U is fppf-locally trivial. If we assume furthermore that the group
scheme AutXk := IsomX ,X

k is reduced, then XU/U is isotrivial.
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Proof It is enough that we restrict ourselves to the case when S is affine. Let F ⊂ � ⊂ k be an
algebraically closed subfield of k satisfying tr. deg(�/F) < ∞, such that there exist models
(Definition 2.2) S�,X �, X� and f � : X � → S� over � of S,X , X and f respectively (see [16,
II.5.10]), with the property that f � is fibrewise trivial with fiber X�. Since tr. deg(�/F) < ∞,
we find that tr. deg(k/�) is infinite.

By Proposition 2.5, I = IsomX ,X×k S
S and I� = IsomX �,X�×k S�

S� are schemes locally of

finite type over S and S� respectively. Moreover, we have I� ⊗� k � I and the structural
morphisms p : I → S and p� : I� → S� satisfy p� ×S� S = p. By 2.7, I� = ⊔

i∈N
I�
i with

each I�
i locally of finite type over S

�. Since f is fibrewise trivial, Is � IsomXs ,X
k � AutXk is

nonempty at every s ∈ S(k). Thus S(k) ⊆ p(I) = ⋃

i∈N
p(Ii ) with Ii = I�

i ×S� S. Again
by 2.7, each p(Ii ) is constructible in S, and since each Ii is defined over �, it follows that
each p(Ii ) is defined over � as well. Hence by Proposition 3.1 for some j ∈ N and I := I j ,
the image p(I ) contains an open dense subset of S. Since S is reduced, by [28, Tag 052B]
there exists U ⊆ p(I ) nonempty and open in S such that p : IU → U is faithfully flat.
Then (idIU : IU → IU ) ∈ IsomXU ,X×kU

U (IU ) viewed as a morphism ofU -schemes gives an
isomorphism XIU � X ×k IU of IU -schemes, proving that XU/U is fppf-locally trivial.

Suppose furthermore that Is = AutXk is reduced. Then Is is smooth over k by [21, Proposi-
tion 1.28], hence p|IU : IU → U is smooth. By [13, 17.16.3], there exists an étale surjective
morphism V → U such that the restriction IV → V admits a section σ : V → IV . Then
σ ∈ IsomXV ,X×kV

V (V ) proving that XV � X ×k V . Therefore fU : XU → U is isotrivial. ��

Remark 3.3 The above step is the only one in the proof of Theorem 1.3 where the assumption
about k being large is used. Once the generic isotriviality holds for fibrewise trivial families
over F-varieties for F being a prime field, so does Theorem 1.3, but the author does not know
how to get rid of the assumption tr. deg(k/F) = ∞.

4 Global vanishing of the Kodaira–Spencer map

In this short section we review the construction of the Kodaira–Spencer map and prove that
the Kodaira–Spencer map for fibrewise trivial families f : X → S satisfying assumptions
as in Theorem 1.3 vanishes.

4.1 Review of the Kodaira–Spencer map

Let f : X → S be a smooth fibrewise trivial morphism of schemes with S reduced. Recall
that the cotangent sequence

0 f ∗	1
S/k 	1

X /k 	1
X /S 0 (4.1.1)

is exact [13, 17.2.3]. The cotangent sheaf 	1
X /S is locally free, which implies that

Ext1(	1
X /S ,OX ) is trivial, hence the dualization of (4.1.1)

0 TX /S TX /k f ∗TS/k 0

123
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is also exact. After applying the left-exact functor f∗, we obtain a long exact sequence of
OS-modules

0 f∗TX /S f∗TX /k f∗ f ∗TS/k R1 f∗TX /S · · ·δX /S
(4.1.2)

Denote the composition of δX /S with the adjunction unit

TS/k −→ f∗ f ∗TS/k
δX /S−−−→ R1 f∗TX /S (4.1.3)

by KS f . Note that fibrewise triviality of X/S implies s 
→ h1(Xs,TXs/k) is a constant func-
tion on S(k). It follows from Grauert’s Semicontinuity Theorem [11, 7.8.4] that R1 f∗TX /S

is locally free and that the natural morphism

R1 f∗TX /S(s) −→ H1(Xs,TXs/k)

is an isomorphism. Therefore, the map KS f specializes at a point s ∈ S(k) under the above
isomorphism to KS f (s) : TS/k(s) −→ H1(Xs,TXs/k).

Proposition 4.2 Assume f : X → S satisfies conditions of Theorem 1.3. The Kodaira–
Spencer morphism KS f vanishes on S.

Proof By Proposition 3.2, there exists an open dense subsetU ⊂ S such that fU is isotrivial.
By [27, Corollary 2.6.11], KS f (s) = 0 for all s ∈ U (k). Since KS f is a morphism of locally
free sheaves and S (hence U ) is reduced, it follows that KS f |U ≡ 0. Hence, the image of
KS f is a torsion subsheaf of R1 f∗TX /S . Since R1 f∗TX /S is locally free, it follows that the
image must be trivial. ��
Remark 4.3 In fact, the assumption that AutXk is reduced is crucial for KS f = 0. Later, in
Sect. 8, we show the existence of fibrewise trivial families with nowhere vanishing Kodaira–
Spencer maps.

5 A variant of the valuative criterion of flatness

Our intermediate step in the proof of Theorems 1.3 is the reduction to the case when S
is a smooth curve. As we show in Proposition 6.4, isotriviality of a family f : X → S
is equivalent to flatness of IsomX ,X×S

S . It turns out that it is sufficient to check the latter
condition only on smooth curves mapping to S. This is captured in the main result of this
section, Proposition 5.1. This proposition is inspired by Grothendieck’s valuative criterion of
flatness [12, 11.8.1], as well as notes of McKernan [20, Lemma 4.10], but it appears that one
cannot simply apply this result here, since not all valuation rings arise as stalks of structure
sheaves of smooth k-curves.

Proposition 5.1 Let p : I → S be a finite type morphism with geometrically reduced fibers
with S reduced and of finite type over k. Suppose furthermore that for every smooth integral
curve C over k and k-morphism C → S, the base change pC : IC → C is flat. Then p is
flat.

While for simplicity of the argument we prove this claim as stated, we also want to
announce that the assumption about geometrically reduced fibers is in fact redundant. An
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alternative proof of the variant of Proposition 5.1 where condition on fibers is dropped will
appear elsewhere.

The idea behind our proof below is as follows: first, by blowing up singularities of S we
show that it is enough to restrict ourselves to morphisms with smooth targets. Then, working
via induction on dim S we reduce the problem of flatness to the case when S itself is a
smooth integral curve. The key tool in the inductive step is the slicing criterion of flatness [5,
Cor. 6.9] and the assumption on geometrically reduced fibers allows us to apply it without
complications.

Another key ingredient in the proof of Proposition 5.1 is the following fact.

Proposition 5.2 [12, 11.6.1] Let A be a local, integral, geometrically unibranch [28, Tag
06DT] ring. Let S = Spec A and f : X → S be a finitely presented morphism. Let A′ be a
local ring and S′ = Spec A′. Suppose u� : A → A′ is a local injective homomorphism and
let u : S′ → S be the associated morphism of schemes. Let x ∈ X with s = f (x) closed in
S. Suppose x ′ ∈ X ′ = X ×S S′ is a point whose image in X is equal to x and whose image
in S′ is the closed point s′ ∈ S′. If X ′ is S′-flat at x ′, then X is S-flat at x.

Our proof of Proposition 5.1 consists of the following two lemmas.

Lemma 5.3 Suppose Proposition 5.1 holds when S is smooth over k. Then Proposition 5.1
is true for an arbitrary reduced S of finite type over k.

Proof Let {Si }mi=1 be the set of irreducible reduced components of S, let S′ = ⊔m
i=1 Si and

write Ii = I ×S Si . The canonical map g : S′ → S is finite (hence in particular proper),
surjective, and since S is reduced, it follows that for every s ∈ S, the associated morphism
OS,s → (g∗OS′)s is injective. Therefore, by applying [12, 11.5.3], it suffices to prove that
I ⊗S S′ is S′-flat, i.e. that each Ii is flat over Si . In other words, we may assume that S is
integral.

Let ν : S′ → S be the normalization of S in the function field K (S). ByNoether’s theorem
[5, Corollary 13.13] ν is a finite surjective morphism. By [12, 11.5.3], it is enough to show
that the base change p′ : I ′ = I×S S′ → S′ of p is flat. Hence, we may additionally assume
that S is normal.

Let y ∈ I(k) and p(y) = s ∈ S. Since S is normal, OS,s is geometrically unibranch. Let
ρ : ˜S → S be a normalization in K (S) of a blow-up of S at s. Then ρ−1(s) is a codimension
1 subset in˜S. Denote the smooth locus of˜S by˜S◦. Since˜S is normal,˜S\˜S◦ is a codimension
≥ 2 subset. Hence there exists s̃ ∈ ˜S◦ satisfying ρ(̃s) = s. By assumption p

˜S◦ : I
˜S◦ → ˜S◦

is flat. Since ρ is birational, OS,s → O
˜S◦ ,̃s is a local injective ring homomorphism. By

Proposition 5.2, since I
˜S◦ is ˜S◦-flat at ỹ for any ỹ lying above y such that p

˜S◦(ỹ) = s̃, it
follows that I is S-flat at y. ��
Lemma 5.4 Suppose that Proposition 5.1 is true in case when S is smooth of pure dimension
1 over k. Then Proposition 5.1 is true for every smooth S of finite type over k.

Proof We induct on dim S. The case dim S = 1 is automatic. Suppose the claim holds for all
smooth S′ of finite type over k satisfying dim S′ < d . Let S be as in the lemma’s statement
and such that dim S = d . Since S is smooth, it is a disjoint union of smooth integral schemes,
hence we can reduce to the case when S is smooth of dimension d and integral.

We show first that p is an open morphism. Since p is of finite type, by Chevalley’s
Theorem the image p(I) is constructible in S. Since S is integral, in order to show that it is
open, it suffices to prove that dim p(I) = dim S. If dim p(I) < dim S, we can cut S down
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to a smooth curve C such that I ×S C is non-empty and supported at only finitely many
points of C , which contradicts flatness of pC . This proves that p is an open morphism. As a
consequence, we may further assume that p is surjective onto S.

Flatness of a morphism is a local condition the target – write S(s) := SpecOS,s ; in order to
prove that p is flat, it suffices to show that for all s ∈ S, the base change p(s) : I×S S(s) → S(s)

is flat at every x ∈ I ×S S(s) mapping to s, so we may further reduce to the case when p
is surjective and S is local, i.e. S = Spec R for R a regular local ring. Denote by m the
maximal ideal of R and let x ∈ I be such that p(x) = s. Since flatness is also Zariski-local
on the source, we may replace I by an affine connected open neighborhood x , and write
A := �(I,OI), which a finite type R-algebra. Then I → S remains surjective (the image
of p(I) is open and contains the only closed point of S) and since R is an integral domain,
the corresponding ring homomorphism R → A is injective.

Let r ∈ m \ m2, so that R/r is regular. Since p is assumed to be surjective, by inductive
hypothesis, A/r is faithfully flat over R/r . Therefore, by the slicing criterium of flatness [5,
Corollary 6.9], in order to conclude that A is R-flat, it is enough to show that A is r -torsion-
free. Observe that since geometric fibers of p are reduced, by [9, Prop. 14.57] we know that
A/r is reduced.

To prove that A[r ] = 0, it is sufficient to show the inclusion A[r∞] ⊂ r A. Indeed this
inclusion implies that A[r∞] is r -divisible, so in particular A[r∞] ⊂ ⋂

n∈N
rn A. Since

Spec A is connected, we are done by the Krull’s Intersection Theorem [28, Tag 00IP].
We prove the inclusion A[r∞] ⊂ r A. Let a ∈ A[r∞] and n ∈ N be such that arn = 0.

Let r ′ ∈ m\m2 be such that r , r ′ form a regular sequence. By inductive hypothesis A/r ′ is
faithfully flat over R/r ′. The latter is a domain, R/r ′ → A/r ′ is injective and rn �= 0 in
A/r ′. Thus A/r ′ is rn-torsion-free, hence the equality arn = 0 in A/r ′ must imply a ∈ r ′A.
Since this holds for infinitely many such r ′, we deduce that a must be nilpotent in A. Indeed,
we have V (a) ⊃ ⋃

r ′�r V (r ′A) = ⋃

r ′�r p
−1(V (r ′)). To show nilpotence of a, it suffices to

show that
⋃

r ′�r V (r ′A) is dense in I. This holds because ⋃

r ′�r V (r ′) is dense in S and p
is an open morphism. Therefore V (a) = I as topological spaces, which implies our claim.
Finally, since A/r is reduced and a is nilpotent in A, it follows that a ∈ r A proving that
A[r∞] ⊂ r A and completing the proof of the lemma. ��

Proof of 5.1 Clearly the result holds in the case when S is a smooth, integral curve. Now,
combine Lemma 5.3 with Lemma 5.4. ��

6 Proof of Theorem 1.3 when char k = 0

In this section we prove Theorem 1.3. Using global vanishing of Kodaira–Spencer map KS f ,
we show formal triviality of f at every geometric point of S. We do so by reducing the
problem to the case when S is a smooth curve. Then we prove the desired result by lifting
idX inductively to Sn-isomorphisms XSn → X × Sn for all n ≥ 1.

6.1 Formal triviality

First, let us recall the notion of formal triviality and how formal triviality implies isotriviality
in the case of projective families. Let f : X → S be amorphism of schemes and let s ∈ S(k).
Denote the maximal ideal ofOS,s withms and write Sn = SpecOS,s/m

n+1
s . TakeXn := XSn ,

in particular X0 = Xs . Then, each fn : Xn → Sn is a local deformation of f0 : X0 → S0.
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These mappings are compatible, i.e. the following diagram

· · · Xn−1 Xn Xn+1 · · ·

· · · Sn−1 Sn Sn+1 · · ·
fn−1 fn fn+1

commutes. Passing to the colimit, it gives an adic morphism of formal schemes X → ̂Ss .

Definition 6.2 We say that X/S is formally trivial at s ∈ S(k) if for all n, fn : Xn → Sn is
a trivial deformation of f0.

Clearly, if a family X/S is isotrivial at s ∈ S(k), then it is formally trivial. The converse
holds as well, provided the family in question is projective. Our proof of this fact is a variant
of [27, Corollary 2.6.10].

Proposition 6.3 Suppose f is a flat projective family which is formally trivial at s ∈ S(k).
Then f is isotrivial at s.

Proof The functor F = IsomX ,X×S
S is locally of finite presentation. Since f is formally trivial

at s ∈ S, the formal completions ofX and X×S along s are isomorphic as formal schemesover
Spf ̂OS,s . By Grothendieck’s Existence Theorem ([6, Corollary 8.4.7], see also [27, Theorem
2.5.11]), this isomorphism is induced by a unique isomorphism ξ : X

̂O S,s
→ X × Spec ̂OS,s

of ̂OS,s-schemes. Hence ξ ∈ F(̂OS,s). By Artin’s Approximation Theorem [1, Theorem
1.12], there exists˜ξ ∈ F(˜OS,s) with ξ ≡˜ξ (mod m) for ˜OS,s the henselization of OS,s . Let
ϕ : S′ → S be an étale neighborhood of s such that˜ξ is the image of an element ξ ′ ∈ F(S′).
Then XS′ and X × S′ are isomorphic as S′-schemes. The result follows. ��

As announced in Sect. 5, we show that under assumptions of Theorem 1.3, isotriviality is
equivalent to flatness of IsomX ,X×k S

S .

Proposition 6.4 Let f : X → S be a smooth, projective, fibrewise trivial morphism with
fiber X. Suppose AutXk is reduced. Then f is isotrivial if and only if IsomX ,X×S

S is flat over
S.

Proof By our assumptions AutXk is k-smooth [21, Proposition 1.28], thus IsomX ,X×S
S is flat

over S if and only if it is smooth over S.
If I = IsomX ,X×S

S is smooth over S, then by [13, 17.16.3 (ii)] there exists an étale
surjective morphism S′ → S and an S-morphism σ : S′ → I, proving that XS′ � X × S′.

Conversely, suppose that f is isotrivial. Let φ : S′ → S be an étale surjective morphism
such that XS′ � X ×S S′ as S′-schemes. Then IS′ � IsomX ,X×S

S ×S S′ � AutXk ×k S′ is
obviously S′-flat. We have a Cartesian diagram

IS′ I

S′ S

ψ

p′ p

φ

Clearly ψ is flat and so is the composition φ ◦ p′ = p ◦ ψ . The result follows from [28, Tag
02JZ] applied to X = I, Y = IS′ and G = OI . ��
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Now we are ready to prove our main result, under the assumption char k = 0.

Proof of Theorem 1.3 in the case char k = 0 By Proposition 6.4 it suffices to show that
IsomX ,X×S

S is flat over S. By Proposition 5.1 it is enough to prove it under the assump-
tion that S is a smooth integral curve. Fix s ∈ S(k). By Propositions 6.3 and 6.4, it suffices
to show that X/S is formally trivial at s. Write ̂OS,s = k[[t]], let Sn = Spec k[t]/(tn+1),
Xn = XSn and fn : Xn → Sn .

We proceed by induction on n. When n = 0, there is nothing to prove. Suppose that
n ≥ 1 and that we are given an isomorphism φ : Xn−1 → X × Sn−1 of Sn−1-schemes.
Let U = {Ui } be an affine open cover of Xn , Ui = Ui ×Sn S0. Then {Ui } is an affine open
cover of X0 and each Ui → Sn is a deformation ofUi → S0. Thus there exist isomorphisms
φi : Ui → Ui ×Sn [27, Theorem 1.2.4], each being a lift of the restriction of φ to Ui ×Sn Sn−1

for every i ∈ I .
Denote Ui j = Ui ∩U j andUi j = Ui ∩Uj . Since allXm are separated,Ui j and Ui j are also

affine. Write φi j = φ−1
i |Ui j ◦ φ j |Ui j and let ψi j be the automorphism of Ui j × Sn making

the following diagram of isomorphisms

Ui j Ui j × Sn

Ui j Ui j × Sn

φi j

φ j

ψi j

φ j

commute. An explicit calculation shows that ψi j = (

φ j |Ui j

) ◦ (

φi |Ui j

)−1. By our inductive
assumption each ψi j descends to identity on Ui j × Sn−1 under the base change Sn−1 → Sn .
For π : Spec B → Spec A, let π� : A → B denote the associated homomorphism of rings.
By inductive assumption ψ

�
i j is the identity modulo tn we obtain ψ

�
i j = id�

Ui j×Sn
+tndi j for

some function di j : �(Ui j × Sn,OUi j×Sn ) → �(Ui j × Sn,OUi j×Sn ). Explicit calculation (cf.

[27, Lemma 1.2.6]) shows that forψ�
i j to be a ring homomorphism, di j must be a k-derivation,

hence, slightly abusing notation, we can associate it with a section di j ∈ �(Ui j ,TUi j×Sn )

of the tangent bundle, and φ
�
i j = id�

Ui j
+τ nφ∗

j di j for τ = f ∗
n t , the image of t under the

homomorphism �(Sn,OSn ) → �(Xn,OXn ), and φ∗
j di j := φ−1

j ◦di j ◦φ j . Also, observe that

the equality φi j = φ−1
j i implies that di j = −d j i for all i, j .

Since f is smooth, we have a short exact sequence

0 TXn/Sn TXn/k f ∗
n TSn/k 0. (6.4.1)

The existence of isomorphisms φi implies that the above short exact sequence is locally split.
For each Ui , consider the section σi : f ∗

n TSn/k
∣

∣Ui
→ TXn/k

∣

∣Ui
given by the composition

f ∗
n TSn/k |Ui ↪→ φ∗

i (pr
∗
1i TUi /k ⊕ pr∗2i TSn/k) � TXn/k |Ui . (6.4.2)

with pr1i : Ui × Sn → Ui and pr2i : Ui × Sn → Sn projections and the first arrow in (6.4.2)
being the inclusion of the second direct summand. In particular, fn |Ui = pr2i ◦φi . Consider
the Čech complex associated to (6.4.1) and the covering U:
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0 0 0

0
⊕

i �(Ui ,TXn/Sn )
⊕

i �(Ui ,TXn/k )
⊕

i �(Ui , f ∗
n TSn/k ) 0

0
⊕

i, j �(Ui j ,TXn/Sn )
⊕

i, j �(Ui j ,TXn/k )
⊕

i, j �(Ui j , f ∗
n TSn/k ) 0

.

.

.
.
.
.

.

.

.

δ

Let
[(

τ d
dτ

) |Ui

]

i ∈ ⊕

i �(Ui , f ∗
n TSn/k) be the product of restrictions of the global sec-

tion τ d
dτ = f ∗

n

(

t d
dt

) ∈ �(Xn, f ∗
n TSn/k) to each of Ui ∈ U. By the above observations,

the considered 0-cocycle lifts via chosen sections σi ’s to the element
[

φ∗
i pr

∗
2i

(

t d
dt

)]

i ∈
⊕

i �(Ui ,TXn/k). Write ti = pr∗2i t ∈ �(Ui × Sn,OUi×Sn ). We have OUi×Sn �
OUi [ti ]/(tn+1

i ). It follows that pr∗2i
( d
dt

) = ∂i := ∂
∂ti

, which is the OUi –derivation with
respect to the variable ti .

The map δ sends
[

φ∗
i pr

∗
2i

(

t d
dt

)]

i to the element of
⊕

i, j �(Ui j ,TXn/k) given by

δ

[

φ∗
i pr

∗
2i

(

t
d

dt

)

i

]

i j
= φ∗

i pr
∗
2i

(

t
d

dt

)∣

∣

∣

∣Ui j

− φ∗
j pr

∗
2 j

(

t
d

dt

)∣

∣

∣

∣Ui j

= φ∗
i (ti ∂i )

∣

∣Ui j
− φ∗

j
(

t j ∂ j
)

∣

∣

∣Ui j
.

Now, observe that

φ∗
i (ti∂i )

∣

∣Ui j
− φ∗

j

(

t j∂ j
)

∣

∣

∣Ui j
= φ∗

i

(

ti∂i − (φ jφ
−1
i )∗

(

t j∂ j
)

)∣

∣

∣Ui j

= φ∗
i

(

ti∂i − ψ∗
i j

(

t j∂ j
)

)

.

Therefore, we obtain

ψ∗
i j

(

t j
∂

∂t j

)

= ψ
�
i j ◦

(

t j
∂

∂t j

)

◦ ψ
�
j i

= ψ
�
i j

(

t j
∂

∂t j

(

id−tnj di j
)

)

= ψ
�
i j

⎛

⎜

⎜

⎜

⎝

t j
∂

∂t j
− ntnj di j − tn+1

j di j ◦ ∂

∂t j
︸ ︷︷ ︸

=0

⎞

⎟

⎟

⎟

⎠

= t j
∂

∂t j
− ntnj di j = t j

∂

∂t j
+ ntnj d j i .

Since fn |Ui j = pr2i ◦
(

φi |Ui j

) = pr2 j ◦
(

φ j |Ui j

)

, we get

φ∗
i

(

ti
∂

∂ti

)∣

∣

∣

∣Ui j

− φ∗
j

(

t j
∂

∂t j

)∣

∣

∣

∣

Ui j

= φ∗
i

[(

ntnj d j i

)

|Ui j

]

= nτ nφ∗
i d j i .

As a result, we obtain a 1-cocycle
(

nτ nφ∗
i di j

)

i, j ∈ ⊕

i, j �(Ui j ,TXn/Sn ). It is the image

of τ d
dτ ∈ H0(Xn, f ∗

n TSn/k) under the map H0(Xn, f ∗
n TSn/k) → H1(Xn,TXn/Sn ) arising
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from the long exact sequence. This is the morphism of �(Sn,OSn )-modules that makes the
diagram

˜H0(Xn, f ∗
n TSn/k)

˜H1(Xn,TXn/Sn )

( fn)∗ f ∗
n TSn/k R1 f∗TXn/Sn

� �
δX /S

commute. Furthermore, τ d
dτ ∈ �(Xn, f ∗

n TSn/k) = �(Sn, ( fn)∗ f ∗
n TSn/k) is clearly in the

image of TSn/k → ( fn)∗ f ∗
n TSn/k . Therefore, since S is smooth, δXn/Sn = δX /S |Sn and by

Proposition 4.2, δXn/Sn

(

t d
dt

) = 0. As a result, the cohomology class of
(

nτ nφ∗
i d j i

)

i, j ∈
⊕

i, j �(Ui j ,TXn/Sn ) is trivial. Thus, since char k = 0 and n is invertible, the class
[φ∗

i di j ]i, j = −[φ∗
i d j i ]i, j is also a 1-coboundary. However, by the construction of deriva-

tions di j , this implies that fn is trivial as a deformation of fn−1. In other words φ lifts to a
morphism ˜φ : Xn → X × Sn which completes the inductive step and proves that X/S is
formally trivial at s. ��
Remark 6.5 Observe that the last part of the proof of Theorem 1.3 relies on the assumption
that char k = 0.

7 Proof of Theorem 1.3 when char k = p > 0

In this section, we prove Theorem 1.3 in the case when char k = p > 0. Our main idea is the
same as in the proof of characteristic zero case, i.e. we deduce the result from vanishing of
KS f : TS → R1 f∗TX /S . However, in order to prove formal triviality of X/S, we observe
that étale locally, our family can be descended along the absolute Frobenius FS : S → S(1).
This is inspired by the following result appearing in the work of Ogus.

Lemma 7.1 [22, Lemma 3.5] Suppose f : X → S = Spec k[[t1, t2, . . . , tr ]] is smooth and
proper, let FS : S → S(1) be the Frobenius map. Suppose that the Kodaira–Spencer class
ξ ∈ H1(X ,TX /S)⊗	1

S/k is trivial. Then X/S can be descended to S(1), meaning that there

exists X (1)/S(1) and a Cartesian square

X X (1)

S S(1).

f f (1)

FS

Yet, the above cannot be applied directly to X/S with S (locally) of finite type over k.
For the purpose of isotriviality, however, it is enough to descend along Frobenius only étale-
locally on S. Also, in order to apply this technique inductively, we need to ensure that there
exists an étale neighborhood of any given point s ∈ S(k), such that we can force our local
Frobenius descent of X to be smooth projective and fibrewise trivial. Combining Lemma 7.1
with Popescu’s Theorem, we propose the following workaround of this issue.

Proposition 7.2 Let S be a smooth curve, s ∈ S(k) and f : X → S be a smooth projective
morphism. Suppose the Kodaira–Spencer mapKS f : TS → R1 f∗TX /S vanishes. Then there
exists an étale neighborhood s → U → S such that fU : XU → U descends to a smooth,
projective, fibrewise trivial family f (1) : X (1) → U (1) along the Frobenius FU : U → U (1).
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Proof We may assume that S is affine, say S = Spec A. By Popescu’s Theorem [28, Tag
07GC] the ring homomorphism

�(S,OS) =: A → ̂OS,s

is a colimit of a filtered diagram D of smooth A-algebras. By [12, 8.9.1.(iii)] there exists
R0 ∈ D and a model ̂f (1)

0 : X0 → Spec R(1)
0 of ̂f (1). Then ̂OS,s is a filtered colimit of

R0-algebras Rα which are smooth A-algebras. Let

Xα := X0 ⊗
R(1)
0

R(1)
α

̂f (1)
α−−→ Spec R(1)

α .

Then, by [12, 8.10.5.(xiii)] and [13, 17.7.8.(ii)] there existsα such that ̂f (1)
α : Xα → Spec R(1)

α

is smooth and projective with ̂f (1)
α ⊗

R(1)
α

̂O
(1)
S,s = ̂f (1). Denote R = Rα and X (R) = Xα .

Next, letDR/ be the coslice category corresponding to R ∈ D. SinceD is filtered, we have
colimD = colimDR/. Consider the functor I = IsomXR ,F∗

RX
(R) which is locally finitely

presented. Recall that we are given an isomorphism

ι =
(

XR ⊗R ̂OS,s
∼−→ ̂X ∼−→ F ∗̂

S
X

∼−→ (F∗
RX

(R)) ⊗R ̂OS,s

)

∈ I(̂OS,s) = I(colimDR/).

Since I is locally of finite presentation, we have I(colimDR/) = colim I(DR/), so ι is the
image of an element ιC ∈ I(C) for some C ∈ DR/. In other words, after pulling backX (R)

along R → C , we obtain an isomorphism

ιC : XC
∼−→ XR ⊗R C → (F∗

RX
(R)) ⊗R C

∼−→ F∗
C (X (R) ⊗R(1) C (1))

satisfying ιC ⊗C ̂OS,s = ι. Denote X (C) := X (R) ⊗R C . Finally, take U → S to be
an étale neighborhood of s which admits a section U → SpecC over S. Then X (1) :=
X (C) ×C(1) U (1) and ιU := ιC ⊗C U : XU

∼−→ F∗
UX (1) satisfy the desired properties. ��

Now we can finish the proof of Theorem 1.3.

Proof of Theorem 1.3 in the case char k = p > 0 Again, proving isotriviality is equivalent
with proving that IsomX ,X×S is S-smooth and by Proposition 5.1, it is enough to prove
that when S is a smooth curve, so let us reduce to this case. It suffices to show that X/S is
formally trivial at every point s ∈ S(k). Fix such a point s, let ms be the maximal ideal in
OS,s , and let Sn = SpecOS,s/m

n+1
s . By Theorem 3.2, the family X/S is generically isotriv-

ial, hence the Kodaira–Spencer map KS f : TS → R1 f∗TX /S vanishes (Proposition 4.2).
By Proposition 7.2 we find that there exists an étale neighborhood U → S of s such that
XU descends to some smooth, projective and fibrewise trivial f (1) : X (1) → U (1) with fibre
X along Frobenius FU : U → U (1). Repeating the above argument, we find a sequence of
étale neighborhoods

· · · → Um+1 → Um → Um−1 → · · · → U1 → S

of s such that XUm descends to some f (m) : X (m) → U (m)
m along mth-power of Frobenius

Fm
Um

: Um → U (m)
m . This in particular shows that X ×S Spm−1 � X ×k Spm−1 for all m ∈ N.

Therefore X is formally trivial at s. ��
In particular, we obtain the following result.

Corollary 7.3 Suppose k = k, tr. deg(k/F) = ∞ and f : X → S is smooth, projective,
fibrewise trivial family with fibre X. Suppose furthermore that Def X is pro-representable.
Then X/S is isotrivial.
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This follows easily from the following lemma.

Lemma 7.4 Suppose X is smooth projective k-scheme such that the functor Def X : Artk →
Set is pro-representable. Then the group scheme AutXk is smooth.

Proof Let DefX be prorepresentable by Spf R for R a complete local k-algebra R and û :
X → Spf R be the universal formal family. By [27, Prop 2.6.2] it follows that the functor
of automorphisms of û is prorepresentable by an affine formal scheme Autû such that the
obvious morphism Autû → DefX is formally smooth. Let Spec k → Def X be the inclusion
of the closed point which corresponds to the trivial deformation X → Spec k. Then the fiber
product Autû ×DefX Spec k is formally smooth over Spec k, both treated as formal schemes
over k in the sense of [3, Chapter I.6], and it coincideswith the formal completion (in the sense
of loc.cit.) of AutXk . Since Aut

X
k is also locally of finite presentation over k (Corollary 2.6),

it follows that AutXk is smooth [28, Tag 02H6]. ��

Proof of Lemma 7.3 It is a formal consequence of Lemma 7.4 and Theorem 1.3. ��

8 Fibrewise trivial family with non-vanishing Kodaira–Spencer map.

In this section, we employ quotients of trivial families by a group action in order to construct
fibrewise trivial families f : X → S over a smooth curve such that the Kodaira–Spencer
map KS f (s) : TS(s) → H1(Xs,TXs ) is nonzero at every s ∈ S. In particular, such a family
is not isotrivial, thus showing that the assumption that AutXk is reduced in Theorem 1.3 is
necessary.

8.1 Quotients of trivial families by diagonal group actions

Let S and X be two k-schemes such that X is smooth and projective. Then the group scheme
AutXk exists. Let G be a group scheme with a group scheme homomorphism ι : G → AutXk ,
which in turn [by the exponential law (2.8.2)] induces a left group action μ : G × X → X .
Given g : T → G, we write ι(g) : T × X → T × X the T -automorphism associated to
ι ◦ g : T → AutXk . Then, by the adjunction (2.8.2) we have that the square

T × X T × X

G × X X

g×idX

ι(g)

pr2

μ

commutes. Let S′ → S be an fppf G-torsor, m : S′ × G → S′ be the associated right
G-action on S′. Then, we equip S′ × X with diagonal (right) action of G: ((s′, x), g) 
→
(s′g, ι(g)−1x). Suppose furthermore that the fppf quotient (S′ × X)/G is representable by a
scheme X . Observe that we have the following commutative square

S′ × G × X S′ × X

S′ × X X .

idS′ ×μ

m×idX π

π

(8.1.1)
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Denote by f : X → S the induced map on quotients so that the following square

S′ × X X

S′ S

π

pr1 f

q

commutes with the horizontal arrows being quotient maps. Then, denoting q∗X the pullback
of X along q , we find that the induced canonical morphism φ : S′ ×k X → q∗X is an (G-
equivariant) isomorphism, i.e. the above square is cartesian.

Similarly, it is clear that the morphism q∗ f : q∗X → S′ is G-equivariant as well. The
isomorphism φ induces a morphism [φ] : S′ → I := IsomS×X ,X

S of S-schemes. We know

that S′ is equipped with right G-action and at the same time, H := HomS×X ,X
S is equipped

with right AutXk -action ν : H ×k AutXk → H defined as follows: for σ ∈ AutXk (T ) and
(α : T × X → T ×S X ) ∈ H(T ) we take

ν(α, σ ) : T × X
σ−→ T × X

α−→ T ×S X . (8.1.2)

This action obviously restricts to I = IsomS×X ,X
S which is an open subscheme of H. This

AutXk -action on I makes I into AutXk -torsor, as it is trivialised by the fppf cover S′ → S.
With a slight abuse of notation, we will denote this action by ν as well. We claim that the
two group actions on S′ and I are compatible with respect to [φ] : S′ → I and ι.

Proposition 8.2 Under the assumptions made in 8.1, the morphism [φ] : S′ → I is equiv-
ariant with respect to ι : G → AutXk , i.e. the following square

S′ × G I ×k AutXk

S′ I

([φ],ι)

m ν

[φ]

(8.2.1)

is commutative.

Proof Since I ⊂ H is a monomorphism, to prove the desired claim it suffices to show that
the composition of the two squares below

S′ × G I ×k AutXk H ×k AutXk

S′ I H

([φ],ι)

m ν ν

[φ]

is commutative. This in turn, by Yoneda’s lemma, is equivalent with proving that

HomS(T , S′) × HomS(T ,G) HomS(T ,H) × HomS(T ,AutXk )

HomS(T , S′) HomS(T ,H)

([φ],ι)

m ν

[φ]

123
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commutes for every T ∈ SchS , which, due to the adjunction (2.8.2), is equivalent with
proving the commutativity of the square

HomS(T , S′) × HomS(T ,G) HomS(T × X ,X ) × HomS(T ,AutXk )

HomS(T , S′) HomS(T × X ,X ).

([φ],ι)

m ν

[φ]

(8.2.2)

for every T ∈ SchS . Here, the upper horizontal arrow sends (s′, g) ∈ Hom(T , S′) ×
Hom(T ,G) to the pair

T × X S′ × X S′ ×S X X , ι ◦ g : T AutXk ,
s′×idX φ

∼
pr2

and the action (right vertical arrow) sends (� : T × X → X , σ ∈ AutXk (T )) to the
composition

T × X T × X X .
σ �

Therefore, the clockwise composition sends (s′, g) to the composition

T × X T × X S′ × X S′ ×S X X .
ι(g) (s′×idX ) φ pr2

Meanwhile, the counter-clockwise composition sends (s′, g) to

T × X S′ × G × X S′ × X S′ ×S X X .
(s′,g)×idX m×idX φ pr2

These two compositions are equal because π : S′ × X
φ−→ S′ ×S X pr2−→ X is G-invariant,

i.e. for any (s′, g) ∈ S′(T ) × G(T ) the diagram

T × X S′ × G × X S′ × X

S′ × X X

(s′,g)×idX

(s′,pr2 ◦ι(g))

idS′ ×μ

m×idX π

π

commutes (see (8.1.1)). This proves commutativity of (8.2.2) for all T ∈ SchS which
completes the proof. ��

Recall that given a group scheme G and S equipped with a Grothendieck topology τ ,
isomorphism classes of G-torsors with respect to τ on S are classified by classes in H1

τ (S,G)

[28, Tag 03AJ].
A formal consequence of this correspondence and Proposition 8.2 is the following state-

ment.

Corollary 8.3 With notation as above, the image of G-torsor S′/S under the map

H1
fppf (ι) : H1

fppf (S,G) → H1
fppf (S,AutXk )

coincides with I = IsomX ,X×k S
S .
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8.4 Fibrewise trivial families with nowhere vanishing Kodaira–Spencer map

Suppose that char k = p > 0 and let X ∈ Schk be a smooth projective scheme such that
the connected component of AutXk containing 1 is isomorphic to μp =: G. For instance,
one can set char k = 2 and choose X to be a generic supersingular Enriques surface [19,
Example 5.6]. Take S = Gm , S′ = Gm , and let S′ → S be the pth power map, which makes
S′ into a nontrivial μp-torsor over S. Then the quotient (S′ ×k X)/G by the diagonal action
is representable by a scheme X [29, Section 4]. Again, let f : X → S be as in 8.1.

Proposition 8.5 Consider the setup as in 8.4. Then the Kodaira–Spencer map of f : X → S
is nowhere vanishing. In particular, f is not isotrivial.

Proof Pick s ∈ S(k). To show that KS f does not vanish at s, it suffices to show that KS(×s)∗ f

does not vanish at s = 1 for (×s)∗ f : (×s)∗X → S being the pullback of f along S
×s−→ S,

so we may simply assume that s = 1.
Let v : Spec k[ε]/(ε2) =: D → Gm = Spec k[t, t−1] be given by t 
→ 1+ ε. It is enough

to show that v∗X → D is a non-trivial deformation of X/k. For this to hold, it suffices to prove
that Isomv∗X ,D×k X

D = v∗I → D does not admit a section, where I = IsomX ,S×X
S → S. If

it did have a section then v∗I � AutXk ×k D and its cohomology class [v∗I] would be zero
in H1

fppf (D,AutXk ). However, we have the commutative diagram

H1
fppf (S,G) H1

fppf (S,AutXk )

H1
fppf (D,G) H1

fppf (D,AutXk )

H1
fppf (ι)

v∗ v∗

H1
fppf (ι)

(8.5.1)

and by Corollary 8.3 we see that [v∗I] = H1
fppf (ι)(v

∗[S′]). Clearly the image v∗[S′] ∈
H1
fppf (D,G) corresponds to the morphism Spec k[ε′]/((ε′)2p) → Spec k[ε]/(ε2) given by

ε 
→ (ε′)p which is a nontrivialG-torsor. It remains to show that the bottommap in (8.5.1) has
trivial kernel—note that since G = (AutXk )0 and Gred is trivial, it follows that (AutXk )red �
π0(AutXk ). This is because the composition (AutXk )red ⊂ AutXk → AutXk /G = π0(AutXk )

[21, 2.37] is bijection on topological spaces, both sides are disjoint unions of k-points, so
it must be an isomorphism of schemes. Since both sides carry a k-group scheme structure
and the isomorphism respects the group law, it is a k-group scheme isomorphism. Thus the
epimorphism in the exact sequence from loc.cit.

0 → G
ι−→ AutXk

q−→ AutXk /G → 0 (8.5.2)

admits a section. For every T ∈ Schk , we have the induced exact sequence of pointed sets
[8, Ch. III, Prop 3.2.2]

0 → H0(T ,G) → H0(T ,AutXk ) → H0(T ,AutXk /G)
d−→ H1

fppf (T ,G) → H1
fppf (T ,AutXk ).(8.5.3)

Suppose that T ′/T ∈ H1
fppf (T ,G) induces the trivial AutXk -torsor. By (8.5.3) there exists a

section s : T → AutXk /G such that d(s) = [T ′]. By (8.5.2) s lifts to s̃ : T → AutXk , so that
qs̃ = s. Therefore [T ′] = d(q∗s̃) = ∗ by exactness of (8.5.3), proving the triviality of T ′.
Apply this to T = D. ��
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Remark 8.6 We briefly remark on a slightly different example of a fibrewise trivial family
which is not isotrivial. Let X be a surface with ample canonical divisor KX , and such that
H0(X ,TX ) �= 0. Then the scheme of automorphisms AutXk is finite and non-reduced. Sup-
pose furthermore that AutXk contains μp = Spec k[t]/(t p − 1) as a subgroup. Here, one can
take for instance p = 5 and a hypersurface in P

3 of degree 5 (which is automatically of gen-
eral type), invariant under the Godeaux action on P

3 [18, 1], and on which the restriction of
μ5-action is free. Then for theμp-torsor S′ → S as in 8.4 and the quotientX := (X×S′)/μp

by diagonal action ofμp , the induced fibrewise trivial family f : X → S is nowhere isotrivial
- one uses [15, Prop. 6] to show that I = IsomS×X ,X is finite over S and, using the same
technique, one can prove that isotriviality would in fact imply that S× X � X . However, we
don’t know if its Kodaira–Spencer map is nowhere vanishing.
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