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ABSTRACT

The Pauli Exclusion Principle ensures that orbital occupations arise from a physically real-
istic quantum system. There are additional conditions, motivated by quantum information
theory, that are necessary for electron occupations to arise out of pure quantum states that
are said to generalize the Pauli principle. Our work with Generalized Pauli conditions has
lead us to develop electronic structure theories that are able to, i) recover many-body correla-
tion energies, ii) derive sufficient conditions for openness in a quantum system, éi7) formulate
a geometric perspective on energy transfer, and, 7v) highlight the structural complexity of

excited state spectra, from one-electron theories.
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CHAPTER 1
THE GENERALIZED PAULI EXCLUSION PRINCIPLE

This chapter contains excerpts from the following published articles:

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Phys. Rev. A, 89, 042505

(2014)]. Copyright 2014, American Physical Society.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Phys. Rev. A, 91, 010101
(2015)]. Copyright 2015, American Physical Society.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Int. J. Quantum Chem., 116,

784 (2016)]. Copyright 2016, John Wiley and Sons.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, J. Chem. Phys., 146, 184101

(2017)]. Copyright 2017, American Institute of Physics.

1.1 Introduction

The Pauli exclusion principle states that two identical fermions cannot occupy the same
quantum state [1]. Postulated by Pauli in 1925 to explain atomic transitions [2], this principle
plays a key role in predicting electronic configurations of atoms and molecules. Stated
otherwise, the Pauli principle says that the fermion occupation numbers \; of a quantum
system must lie between 0 and 1

0< )\ <1 (1.1)

Subsequent work by Dirac [3] and Heisenberg [4] showed that this principle arises from the
antisymmetry of the fermion wave function.

As discussed by von Neumann [5], a general N-fermion quantum state is expressible by



an N-fermion ensemble density matrix

ND(1,2,.,Ni1,2, . N) = w;¥(1,2,..,N)¥;(1,2,..,N) (1.2)
7

where w; are non-negative weights that sum to unity, ¥;(1,2,.., N) are N-fermion wave
functions, and each number denotes the spatial and spin coordinates of a fermion. Integration
of the N-fermion ensemble density matrixz over the coordinates of all fermions save one yields

the one-fermion reduced density matrix (1-RDM)
Ip;1) = /ND(1,2,..,N;1,2,..,N)d2d3..dN. (1.3)

Like the N-fermion density matrix, the 1-RDM must be (i) Hermitian, (ii) normalized, and
(ili) positive semidefinite. However, the 1-RDM must also obey additional constraints to
ensure that it is derivable from the integration of an N-fermion ensemble density matrix
ND. These additional constraints are known as ensemble N-representability conditions [6].
The eigenfunctions of the 1-RDM are known as natural orbitals while the eigenvalues of the
1-RDM are known as the natural occupation numbers. Coleman showed that the Pauli ex-
clusion principle applied to the natural occupation numbers imposes necessary and sufficient
ensemble N-representability conditions on the 1-RDM, that the eigenvalues of the 1-RDM
must lie between 0 and 1 [6]. While the Pauli conditions of the 1-RDM are complete en-
semble N-representability conditions, additional conditions on the 1-RDM are required to

ensure that it arises from the integration of an N-fermion pure density matriz
Np(,2,..,N:1,2,..,N) = ¥(1,2,..,N)¥*(1,2,..,N) (1.4)

where the D can be spectrally resolved in terms of the single N-fermion wave function

U(1,2,..,N). These additional 1-RDM constraints are known as pure N-representability

conditions or generalized Pauli conditions [6-11]. The pure N-representability conditions
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Figure 1.1: The sets of (a) ensemble and (b) pure N-representable 1-RDMs are shown for a
general three-electron (N = 3) and six-orbital (r = 6) quantum system. The plane defined
by the Borland-Dennis equalities in Eq. (1.6) causes the pure N-representable set of 1-RDMs
in (b) to be significantly smaller than the ensemble N-representable set of 1-RDMs in (a).
The sets are shown in terms of the first three natural occupation numbers, A, A9, and
A3, ordered from highest to lowest, relative to a fixed set of natural orbitals. These three
occupation numbers provide a complete three-dimensional description of the pure 1-RDM
spectra because the other occupation numbers are determined from the Borland-Dennis
equalities in Eq. (1.5); they provide a partial description of the full five-dimensional ensemble
1-RDM spectra.

of the 1-RDM depend only on its natural occupation numbers [6], and hence, we will use

the terms N-representability of the 1-RDM and N-representability of the 1-RDM spectrum,

3



interchangeably. Smith showed that pairwise degeneracy of occupation numbers are sufficient
to ensure pure N-representability of the 1-RDM [7]. Furthermore, he showed that such
degeneracy occurs naturally in even-N quantum systems with time-reversal symmetry. In
1972 Borland and Dennis reported pure N-representability conditions for active space of
three fermions in six orbitals denoted by A3[Hg], on the basis of numerical calculations [8].

For an ordered set of occupation numbers A; > A; 1, their conditions are given by

MFAN=A+A5=A3+ =1 (1.5)

A5+ g — A > 0. (1.6)

Until recently, a systematic enumeration of generalized Pauli constraints has been elusive.
Based on work in quantum marginal theory, Klyachko was able to list the necessary and
sufficient constraints for N fermions in r orbitals [9]. These constraints are expressible in

the form of linear inequalities in the occupation numbers {\;}

Ko + K1ng + -+ + Kpng > 0, (1.7)

which can be visualized as a convex polytope in R”. The polytope for N = 3 and r = 6,
whose boundary is defined by the Borland-Dennis inequalities in Egs. (1.5) and (1.6), is
shown in Fig. 1.1.

We outline the pure N-representability problem in section 1.2, and define metrics to asses
constraint saturation in by 1-RDM spectra in section 1.3. 1-RDM pure N-representability
conditions for finite Hilbert spaces given by Klyachko [9, 46] gives rise to selection rules
for N-electron configurations (determinants) that may contribute to wavefunctions that lie
on the boundary of the set of pure N-representable 1-RDMs. Physical systems that are
found to quasi-saturate (quasipin) these 1-RDM pure N-representability conditions can be
reconstructed from the set of extremal 1-RDMs, giving correlated many-fermion energies

from single-party information. In section 1.6 we derive theorems that are sufficient to certify

4



openness of a many-electron quantum system from knowledge of its occupation spectrum,
finally finishing with structural simplifications for pure-state representability constraints for

a system of N qubits in section 1.7.

1.2 The Pure N-Representability Problem

Pure N-representability conditions are able to distinguish between pure and ensemble (mixed)
quantum systems from their reduced descriptions. The density matrix ND for a pure N-
fermion quantum state |¥ (1 --- N)) is given by the outer product Wy (1--- N)U%(1--- N)
of the wavefunction and has information about spatial and spin co-ordinates of N particles.
Any measurement on the quantum state realizes copies |¥;) of the wavefunction resulting in

an ensemble (mixture) of quantum states whose density matrix ND is now given by

D@ NiT-N) = w¥y(1-- N)UF(I--- N), (1.8)

where w;’s are non-negative weights that sum to unity. Integrating N D over all co-ordinates

but one gives the one-electron reduced density matrix (the 1-RDM)
ID;1) = /ND(1,2,--- ,N:;1,2,--- ,N)d2d3---dN, (1.9)

which, like its N-particle counterpart, must be Hermitean, normalized and positive semi-
definite [12, 13]. In the finite dimensional one-particle Hilbert space AN 7—[7(~1), the 1-RDM is

diagonalizable with a suitable unitary transformation
T
Ut DU =Y nglil, (1.10)
7=1

giving as its eigenfunctions of natural orbitals and as its eigenvalues, the natural orbital

occupations {n;,j = 1,---,r} that give the probability of finding an electron in the jth



spin orbital for all possible configurations of the other (N — 1) electrons. Coleman showed
in 1963 that the N-representability problem is invariant under unitary transformations and
that representability criteria for reduced descriptions of a quantum system may be written
in terms of eigenvalues of its reduced density matrices [6, 14]. He showed furthermore
that the Pauli Exclusion principle, which bounds fermion occupations between zero and
one, is necessary and sufficient to ensure that electron occupations arise from at least one
physically realizable N-electron ensemble density matrix [1, 2, 4, 6, 15]. This ensemble N -
representability criterion defines the set 5]1\7774 of physically realistic ensemble 1-RDMs that
are derivable from the N-particle density matrix. Additional conditions apply on election
occupations that arise out of pure quantum states that are said to generalize the Pauli
principle [7-9, 16]. Borland and Dennis were able to enumerate these constraints for three
electrons in six spin orbitals (the state space /\37-[6) in 1972 while working as computer
scientists at IBM [8]. In their pathbreaking work from 2006-2008, Klyachko and Ahltunbalak
formulated an algorithm to solve for these constraints using Schubert calculus to enumerate
single-particle marginals of symmetric permutation groups in Lie algebra [9, 46].

These pure N -representability conditions are affine inequalities

,

('10c) = ko + Y Kjn; >0 (1.11)
j=1

on the monotonically decreasing spectrum of natural orbital occupations {nj, nj > nj+1};

k’s are integer constants and 10, is the single particle operator whose expectation value gives

a measurable definition for constraint saturation for single-particle spectra [10-13, 17-22].

For the finite dimensional single-particle Hilbert space ANV ’Hq(nl) there are n. such constraints

that define the set of generalized Pauli conditions (GPCs) B]l\, , for a given single-particle

basis. The set le\fr of pure N-representable 1-RDMs comprises of 1—RDMs that obey



inequalities (1.11),
P, = {1D| Tr(l01D) > 0 v 10, € B}w} , (1.12)

and contains all 1-RDMs that have at least one wavefunction pre-image [12, 13, 17, 21, 23].
Geometrically, 77]1\, . assumes a convex polytope in the space R" of natural orbital occupations
formed from the intersection of n. hyperplanes, each representing a GPC facet [12, 13, 22]

: 1
in BN,r‘

1.3 Spectral Pinning

In section 1.3.1 we discuss a necessary 2-RDM condition for pinning of the 1-RDM to the
boundary of pure N-representable 1-RDMs. In section 1.3.2 we compute the minimum
Euclidean distances to the boundaries of the sets of N-representable 1-RDMs that are pure
and ensemble, respectively. These Euclidean distances are useful for both measuring and
classifying electron correlation and entanglement. Finally, in section 1.3.3 we discuss the

pure N-representable 1-RDM set for even-N quantum systems with time-reversal symmetry.

1.3.1 Necessary 2-RDM Condition

Spectral pinning of the 2-RDM is necessary for extremality of ground-state occupation spec-
tra. This necessary criterion for 1-RDM pinning is investigated in Ref. [12] with supporting
numerics on ground and excited states of atoms and molecules. The ground-state energy of
an N-electron system can be expressed as a functional of the 2-RDM

—2_ 1>Tr(2K2D) (1.13)



where 2D is the 2-RDM
2D(1,2:1,2) = /ND(1,2,..,N;I,Q,..,N)dg..dN (1.14)
and 2K is the two-electron reduced Hamiltonian

_ 1 1. Z 1
2 2 k
K12'12:—E —= ‘—g— — 1.1
=1 k
Minimization of the energy over the convex set E]2V of ensemble N-representable 2-RDMs

yields the ground-state energy Ej of the N-electron quantum system [6, 15]

Ey= min E(’D). (1.16)
2DeFE%

Because the energy is a linear functional of the 2-RDM, the optimal 2-RDM for a non-
degenerate ground state lies on the boundary of the convex set EJQV—

A 2-RDM that is ensemble N -representable must be derivable from the integration of at
least one N-electron density matrix. The 2-RDM that is pure N-representable must also
be derivable from the integration of at least one pure N-electron density matrix. From
these definitions it follows that the set P]2V of pure N-representable 2-RDMs is contained
in the set EJQV of ensemble N-representable 2-RDMs, that is PJ% C EJQ\, By the energy
minimization discussed above, the 2-RDM of a non-degenerate ground state lies on the
boundary of the ensemble set EJ2\I Because the 2-RDM of a non-degenerate ground state is
pure N-representable and P]%f C E? , it also lies on the boundary of the pure set P]%,. In
contrast, while an excited-state 2-RDM is pure N-representable, it generally lies inside the
ensemble set EJQV of 2-RDMs.

Because a 1-RDM arises from the integration of a ground-state 2-RDM over the co-
ordinates for electron two, the ground-state 1-RDM can lie in the boundary of its pure

N-representable set le\f only if it derives from a 2-RDM that lies on the boundary of its pure
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N-representable set PJQ\,. Hence, the 2-RDM contains a necessary condition for the pinning of
the 1-RDM spectra to the generalized Pauli conditions. This result also provides important
information about the potential difference in pinning of the ground-state and excited-state
1-RDM spectra. Because the ground-state 2-RDM lies on the boundary of the ensemble
N-representable 2-RDM set EJQV— and hence, on the boundary of the pure N-representable
2-RDM set P2, it is possible for the ground-state 1-RDM to lie on the boundary of the
pure N-representable 1-RDM set P}\,. In contrast, because an excited-state 2-RDM does not
necessarily lie on the boundary of EJQV or P2 , it may not be possible for the excited-state

1-RDM (of a given spin symmetry) to lie on the boundary of le\f'

1.5.2 Distance Metrics

Optimization programs for computing constraint saturation by 1-RDM spectra were de-
veloped (see Ref. [12]). The minimum Euclidean distance from a given 1-RDM’s the r-
dimensional spectrum of natural occupation numbers 7 = {);} to three other points in
the Euclidean space of spectra: (i) the nearest point p on the boundary of the set of pure
N-representable 1-RDMs, (ii) nearest point € on the boundary of the set of ensemble N-
representable 1-RDMs, and (iii) the nearest point § corresponding to a 1-RDM with a Slater
determinant pre-image, were computed. These three distances are useful in assessing a quan-
tum system’s electron correlation as well as its purity. A quantum system is pure if and only
if it is described by a single wave function rather than an ensemble of wave functions.
Firstly, we can compute the minimum distance of the spectrum 7 to the boundary of pure
N-representability 1-RDMs or in other words the minimum distance of 7 to the polytope
facets defined by the generalized Pauli conditions Mp > b, the Pauli conditions 0 < p; < 1,
the trace condition ) ,p; = N, and a condition ordering the occupation numbers from

highest to lowest in magnitude p;;1 < p; where p'is any point in the d-dimensional Euclidean



space R":

min min ||77 — pl|
. T

such that Zpi =
)

Pit+1 =<

< pi

Mp =

> Mp; =
)

N
Di
<
b

b

for all 7 € [1,7 — 1]

1 forallie[l,r]

(1.17)
(1.18)
(1.19)
(1.20)
(1.21)

(1.22)

The algorithm works by (i) minimizing the Euclidean distance to each facet j and (ii) mini-

mizing over the results from (i). For N = 3 the constraints Mp > b represent the Borland-

Dennis constraints, and for N = 4 the constraints represent either the Klyachko or Smith

constraints. We shall refer to the set of pure N-representable 1-RDMs as the pure set and

the minimum Euclidean distance to the boundary of the pure set as the pure distance.

Secondly, we can compute the minimum Euclidean distance to the boundary of the set of

ensemble N-representable 1-RDMs, defined by the Pauli principle and the trace condition,

as follows:

min _ min ||7 — €]
j,pe{0,1} GeRr

such that Z €;

2

€i+1
0<

€j

N
e; foralli e [1,r — 1]
<1 foralliell,r

b

(1.23)
(1.24)

(1.25)
(1.26)

(1.27)

where € = {¢;} is any point in the ensemble set. We shall refer to the minimum Euclidean

distance to the boundary of the ensemble set as the ensemble distance.
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Finally, the natural occupation numbers of a non-interacting 1-RDM, the 1-RDM that
derives from a Slater determinant, are either fully occupied or empty. These eigenvalues

defined the components of a Slater point § in Euclidean space
§=(1,1,---,0,0). (1.28)

The minimum Euclidean distance from a given 1-RDM’s spectrum 7 to the nearest Slater

point can be computed from the following minimization:

min ||7 — § 1.29
iy [ — 5 (1.20)
where S” denotes the set of all Slater points. The Euclidean distance ||7i— 5]| of the spectrum
from the Slater point gives a useful measure of electron entanglement and correlation that

equals zero in the absence of correlation.

1.3.3  Time-Reversal Symmetry

As shown in Ref.[12], consideration of time-reversal symmetry is important in assessing
spectral pinning. Smith proved two key results in the study of the pure N-representability
conditions of the 1-RDM [7]. Firstly, for an even-N quantum state, if all of the eigenvalues of
the state’s 1-RDM are evenly degenerate, then the 1-RDM is pure N-representable. Secondly,
if an even-N quantum state has time-reversal symmetry, then all of the eigenvalues of the
state’s 1-RDM are evenly degenerate. Hence, if an even-N quantum state has time-reversal
symmetry, the degeneracy of the eigenvalues of the 1-RDM 1is necessary and sufficient for
the 1-RDM to be pure N -representable.

Smith’s set of pure N-representable 1-RDMs with time-reversal symmetry S]l\, is a subset
of the pure N-representable set of 1-RDMs P}V, that is Sjlv C P]{[. Importantly, any 1-RDM
from a pure state with time-reversal symmetry is pinned to the boundary of the Smith set

Sjl\f' For example, for N = 4 and r = 8 the Smith set is characterized by the four equalities
11



between natural occupation numbers

M= Ao (1.30)
A3 = M (1.31)
A5 = Xg (1.32)
A7 = g (1.33)

Each equality can be viewed as two inequalities; for example, the first equality can be

expressed as the following two inequalities

A

IN

Ao (1.34)

A <A (1.35)

Because these inequalities are always saturated, any 1-RDM in the Smith set is pinned to
the boundary of the Smith set. More generally, this result is true for any even N and r.

For N = 4 and r = 8 the generalized Pauli inequalities on the natural occupation
numbers of the 1-RDM, determined computationally by Borland and Dennis [8] and derived
by Klyachko [9], are

8
4= "MiN > 0 (1.36)
1=1
8 .
4+ M ;N > 0 (1.37)
1=1

Seven sets of coefficients Mf are given in Table 1.1 for a total of 14 inequalities. When
time-reversal symmetry is imposed on the 1-RDM by forcing its eigenvalues to be evenly
degenerate, these generalized Pauli inequalities reduce to the traditional Pauli exclusion

principle. Consequently, a 1-RDM with time-reversal symmetry is pinned to the Klyachko

12



Table 1.1: For N = 4 and r = 8 the generalized Pauli inequalities on the natural occupation

numbers of the 1-RDM, shown in Eqgs. 1.36 and 1.37, have seven sets of coefficients MZJ
displayed below where j labels the set and ¢ labels the coefficient within a set.

Coefficients in Egs. (1.36) and (1.37)

J J J J J J J J
Ml M2 M3 M4 M5 M6 M7 M8
-3 1 1 1 1 -3 -3
1 -3 1 1 -3 1 -3

J

1 5

2 5

3 5 1 1 -3 1 -3 -3 1
4 5 1 1 -3 -3 1 1 -3
5 1 3 1 -3 1 -3 1 -3
6 1 1 d -3 1 1 -3 -3
7 1 1 1 1 ) -3 -3 -3

inequalities if and only if it is pinned to the traditional Pauli conditions, meaning the bound-
ary of the ensemble N-representable 1-RDM set. The 1-RDM with time-reversal symmetry
has a spectrum that is typically not pinned to the convex Klyachko set P}\, because P]{[ con-

tains additional 1-RDMs than the convex Smith set SJIV that break time-reversal symmetry.

1.4 Selection Rules

The wavefunction of the N-fermion quantum system is a linear combination of all possible
N-electron configurations (slater determinants) which can be written in the basis of natural

orbitals as

Un(L---N) = D clsp), (1.38)
Sk)EFN,»

T . 4 :
— 1 2 e 1.
|5k) m(ljl( ) AL322) A Agie(r))) (1.39)
where complex coefficients ¢; are contributions due to each slater determinant |s;) and
natural orbitals ({|j;),i =1,---,r}) are indexed such that their respective occupations
({njln; > n;oq1 Vi€ [l,(r—1)]}) are non-decreasingly ordered. Permutation operator o

generates the set of configurations Fy , that contains ( ]7\}) determinants, encompassing all

13



Table 1.2: Selection rules for pinned spectra in the state space A*Hg for M. = 0 shows slater
determinants that contribute to 7 unique GPC facets. Constraints {1, 2,3} are pinned by 10
determinants while {4,5,6,7} are pinned by 9, compared to 36 possible determinants with
MZ = 0.

p Operator (*Op) Pinned Determinants (OP,)

1 alag+ata, +alag —alas {]1234),[1458), [1256), [1356), [1257), |1357),|2456), |3456), [2457), |3457)}
2 aba, +ala, +akag —ala, {]1234),[1236), |1245),1256), [1357), [3456), |1348), |1368), |1458), |1568)}
3 ala, +ala, +akag —akas,  {]1234), [1345), |1256), |1368), [1237), [1357), [2346), |3456), |2367), |3567)}
4 alas +alag + akag —ala, {]1234),11238), |1256), |1247), [1278), |1356), |1347), |1378), [1567)}

5 alay +akag +ala, —ala, {1234), [1236), |1237),|1245), [1256), |1257), |1248), [1268), [1278) }

6 aha, +alas +akag —ala, {|1234), [1256), |1258), |1267), [1278), |1345), |1347), [1567), |1578) }

7 ahay + alag + asag — adas {1234), [1245), |1345),|1236), |1256), |1356), |1278), [1378), |1578)}

possible N-electron configurations in ANH,.. For each configuration |s;.) € F N, the first
N natural orbitals are occupied and rest are unoccupied virtuals. Fp ;. defines the full
configuration interaction (FCI) ansatz that takes into account multi-reference (static) cor-
relation between all configurations and dynamic correlation due to the concerted movement
of electrons in a finite basis.

Ground-state wavefunctions that are pinned to the polytope boundary 877]1\“ are eigen-
functions of at least one of the operators lép € B]l\,m with eigenvalue zero. The boundary
set of extremal 1-RDMs is defined by the set of operators 1Op that expose the convex set

77]1\, ,» of pure N-representable 1-RDMs
877; = {1D] Tr(léplD) =0 for some IC)p € Bll\I,r} : (1.40)

This boundary set defines the set 377]% C Fn, of slater determinants that can contribute to
the pth facet. Since operators lép are diagonal, their expectation value for the N-fermion
wavefunction (|¥y)) and the 1-RDM (1D) are equivalent, and pinned wavefunctions are

pre-images of extremal 1-RDMs, i.e

it (Un['Op|TN) = Tr <1dp1D) ~0 (1.41)
N
then 1D = <1> Trn_q (|\I/N><\I/N|) € 8791[1) (1.42)
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Table 1.3: A summary of spin selection rules for determinants pinned spectra in state spaces
ANH,. with even r. While the total number of determinants contributing to the wavefunction
(Notal = (x)) reduces to Ngpin for a given My, pinned spectra can have contributions from
fewer configurations. N;in
determinants for a given state space and total spin M.

= maxp(Ngin) in the table is the maximum number of pinned

State Space Number of Determinants
/\N%T <SZ> NTotal NSpin N;()in
A3Hg é 20 9 3

2 1 1
A3 Hg t 56 24 24
% 4 4
A3H1o 7 120 50 30
5 10 3
AHg 0 70 36 10
1 16 10
2 1 1
A 0 210 100 30
1 50 30
2 5 3
APHio é 252 100 40
S 25 17
§ 1 1

For wavefunctions that are pinned to the boundary set P! the necessary and sufficient
criterion for pure N-representability is met by the truncated ansatz 8P}} and only those
configurations |s;) € 873; may contribute to the pinned quantum state. The set exclusion
FNr\ 873]% comprises of configurations that may not contribute to a wavefunction pinned
to facet p, giving rise to selection rules for slater determinants. Importantly, this necessary
criterion for purity of an N-fermion quantum state is obtainable from single-party measure-
ments.

Slater determinants |s;) have each natural orbital either completely filled or empty with

a spectrum of natural occupations that is given by the r-dimensional vector

sp. =op(1,1,---,0,0). (1.43)
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Each slater determinant |s;) € 8Ppl that contributes to extremal spectra must saturate the
GPC operator 1Op. Additionally, the local spins of m = {m;,i = 1,--- ,r} of single particle

orbitals must total the global spin M, of the N-electron quantum state,

m.sj, = (S3), (1.44)
Kop + Kp-s; = 0, and (1.45)
where Kp = {nl’p, Kopy ,K,r’p} is the vector of integer coefficients that define the affine

inequality constraint 1Op and m carries information about local spins on each orbital. State-
ments (1.45) and (1.44) form the basis of a spin selection rule for slater determinants for
extremal spectra.

Table 1.2 lists determinants that constitute each pinned facet for singlet states (M, = 0)
in the state space /\47{8, for which there are 14 GPCs that reduce to 7 unique constraints due
to particle-hole symmetry outlined in [22]. The total number (Z) (= 70) possible determinants
reduces to ((3) (%)) = 36 when one takes into account the total spin M,. GPC facets {1, 2, 3}
are composed of 10 determinants that make up their pinned ansatz whereas facets {4,5,6,7}
are constituted by 9 determinants each. The table lists boundary sets of slater determinants
for each of the 7 unique facets, named by the canonical ordering of natural orbitals. A
summary of spin selection rules for all even r state spaces for which the GPC are known
is outlined in Table 1.3. In state space AN ‘H,, the total number contributing determinants
(NTotal = (1{1)) reduces to Ngpi,, = ((Kf;) (1{166 )) for a given total spin My, and pinning to
GPC facets further reduces the number of determinants that can contribute. In the Borland-
Dennis setting (N = 3, R = 6), the total of 9 possible configurations reduce to 3 when one
considers the generalized Pauli conditions. In state space /\37-[8 there is a single facet that
encodes information about all the 24 possible determinants for doublet states.

There are multiple GPC facets in each state space and we report here the maximum

16



number of pinned determinants

Npi, = 1Om€aé<1 (Ngin). (1.46)

PEON
among all GPC facets for a given state space. In this way we obtain the minimum reduction
in determinants (Ngp;, — Np;,) for pinned spectra. For instance, the ground state doublet
(M, = %) in A°H;0 can have a-priori contributions from 100 different configurations. Since
the maximum number of pinned determinants N;in to the GPCs facets in this state space
is 40, pinning to GPCs obviates contribution from a minimum of 60 slater determinants.

Similarly, consideration of GPCs results in savings of 26 determinants out of a total of 36 in

/\47-[8, and 70 determinants out of a total of 100 in /\47-[10 for M, = 0.

1.5 Correlated Energies from Extremal Occupation Spectra

The energy of an N-electron system can be written as a linear functional of its 2-electron

reduced density matrix (2-RDM) [14],
E = (‘];]) Tr (K2D). (1.47)

The reduced two-particle Hamiltonian 2K encodes information about energetic relations

between every particle-pair,

2

1 1 Z; 1
27 — 2:__ 2 2: ik
_N—1< g Vi <k rik)>+7"12’ (1.48)

=1

and the 2-RDM, that is obtained by integrating out all but two coordinates from the N-

fermion density matrix,

N
2D(1,2;1,2):/ D(1,2,---N;1,2,--- ,N)d3---dN, (1.49)
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gives the statistical dependance between all possible two-particle orbitals. Since electrons
interact two at a time, the energy obtained in (1.47) is exact provided one is privy to
conditions that ensure the 2-RDMs come from pure N-fermion quantum states (2D € P?).
Necessary conditions for pure N-representability of the 2-RDM have been proved by one of
the authors [22], and extensive studies have confirmed that the variational minimization of
energy over the ensemble representable set £2 of 2-RDMs gives chemical accuracy in the
calculation of ground state energies [14, 24-34]. Since functional (1.47) is linear, the non-

degenerate ground state invokes extremality conditions on the set P2 of pure N-representable

2-RDMs [12].
Eg4s = min Tr(2K2D), and, (1.50)
2DeP?
N
2Dys = (2) Tr(|Wgs)(Wys]) € OP2. (1.51)

Variational minimization over the set P? of pure N-representable 2-RDMs in (1.50) is then
equivalent to diagonalizing the FCI Hamiltonian for finding the energy of a non-degenerate
ground state, with the former yielding the 2-RDM, and the latter the wavefunction for the
ground state. Necessary and sufficient conditions for pure N-representability of the 2-RDM
have been elusive but, as outlined in the introduction, conditions on the 1-RDM that ensure
that the wavefunction has at least one N-electron wavefunction as its pre-image are now

known. Since the 1-RDM is obtained by integrating our coordinate 2 from the 2-RDM,

2
'D(1;1) :/ D(1,2:1,2)d2, (1.52)
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pinning of ground-state spectra to the boundary of the set of pure N-representable 1-RDMs

is sufficient to ensure extremality of the 2-RDM, i.e,

if (lf) Try_1 ([ Wgs) (T s]) € OP (1.53)

then (2) Tin_o(|Wgs) (Ugs|) € OP. (1.54)

The single-particle marginal is defined by the the polytope boundary 9P that comprises of
ne hyperplanes in the space of R” of natural orbital occupations for state space ANH,.. The
set of configurations that constitute each pinned facet p is given by (1.40). Diagonalization of
the FCI Hamiltonian, analogous here to the variational minimization of the functional (1.47)
over all configurations |s;) € 873]%, gives energy FE), for ground-state wavefunctions that
saturate the pth boundary of the pure set 73]1\[77, Minimizing the energy Ej, obtained over
all such facets p € [1,n.| gives the optimal facet p* and the best energetic approximation
| W 87?;*> (referred to from here on as simply [¥))) to |Wgs) that can be reconstructed from

knowledge of single-particle marginals.

mln(Ea,Pl) — 1DH€11611P1 TI'( K D) (155)
such that Tr(lOA})D) = 0. (1.56)

Since the pinned ansatz for extremal 1-RDMs is a subset of the full-CI ansatz (87{% C Fny)s
the energy of each pinned wavefunction is bounded from below by the Full-CI energy for
the ground state (E, > Eys). The percentage correlation energy recovered from the set of
extremal 1-RDMs on facet p is given by

Ep — Egr
% CE), = —2 1 10, 1.57
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where the Hartree-Fock energy E g is the energy due to the best single-determinant approx-
imation of the N-body wavefunction. When a pinned facet contains only one determinant,
the Hartree-Fock energy Fgp < Ej and the value (1.57), may in principle, be negative.
Analytical and numerical investigation into the extent of saturation of pure set boundary
opl [10, 12, 17-20, 35-39] has yielded consensus for their quasi-saturation for physical
systems, now phenomenologically termed quasipinning. Furthermore, the reconstruction of
quasipinned wavefunctions in terms of extremal 1-RDMs has very recently been proved to be
energetically stable, i.e, the error in correlation energy (1.57) recovered from pinned ansatzes
is bounded from above by the distance of quasipinned pure-state spectra from the pure set
(polytope) boundary P! [39]. Constraints of the form (1.11) have been used recently in 1-
RDM functional theories [40-42] and as initial guess in Lagrangian energy minimization [43].
With the optimization program (1.55), which gives the minimal energy facet for the boundary
set of 1-RDMs 9P in the basis of canonically ordered natural orbitals, we can probe the

energetic proximity of quasipinned wavefunctions to their pinned approximations.

1.6 Sufficient Criterion for Openness

Conditions for pure N-representability given in section 1.2 are necessary and sufficient for
the 1-RDM to have as its pre-image at least one N-fermion wavefunction. In Ref. [13]
we have formalized the use of pure-state N-representability constraints (GPCs) to derive
sufficient conditions for openness of an N-electron quantum system from sole knowledge of
its occupation spectrum.

Theorem 1: For N electrons in r orbitals a diagonal, eigenvalue-ordered 1-RDM D,
constrained to trace to N, is derivable from the integration of at least one pure N-electron

density matrix (pure N-representable) if and if Ip ¢ P(lN ") where P(lN,r) is the convex

)

polytope whose facets are defined by Pauli and generalized Pauli conditions.
Proof: The proof is given by Klyachko in Ref. [9].

Similarly, the solution of the ensemble N-representability problem for the 1-RDM [6] can
20



be summarized as follows:

Theorem 2: For N electrons in 7 orbitals a diagonal, eigenvalue-ordered 1-RDMs 1D,
constrained to trace to N, is derivable from the integration of at least one ensemble N-
electron density matrix (ensemble N-representable) if and if 1D e E(lN,r) where E(lN,r) is
the convex polytope whose facets are defined by Pauli conditions.

Proof. The proof is given by Coleman in Ref. [6].

We present a corollary to these two theorems for open N-electron quantum systems.
Because the N-representability of an RDM is invariant to unitary transformations of the
orbitals, this corollary can be applied to an arbitrary non-diagonal 1-RDM by its unitary
transformation to a diagonal eigenvalue-order 1-RDM [6]:

Corollary: If 1D € E(IN,r) \ P(lN,r)’ then the 1-RDM is only derivable by integration from
an ensemble (open) N-electron density matrix.

Proof The set inclusion 'D € E(lNﬂa) \ P(lNﬂa) implies from Theorems 1 and 2 that the
1-RDM is ensemble N-representable but not pure N-representable.

To use the generalized Pauli conditions to quantify a quantum system’s interaction with
its environment, we introduce a Euclidean metric § to compute the shortest distance of a
given set of orbital occupation numbers to the boundary of the convex polytope of pure
N-representable occupation numbers. Occupation numbers are pure N-representable if and

only if they represent at least one pure N-electron quantum system. We will refer to 0 as

the pure distance. For a system of 3 electrons in 6 orbitals we compute the § by solving the
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following constrained optimization by sequential quadratic programming [44]:

0(t) = o min ||7— p]| (1.58)
pERS
such that pi+1 < p; for all 4, (1.59)
>_pi=3 (1.60)
0 <p; <1 for all 7, (1.61)
p; + p7—; = 1 for all i, (1.62)
pa —p5 —pe = 0. (1.63)

Egs. (1.59) and (1.60) represent the ordering and trace conditions, respectively. Eq. (1.61)
contains the Pauli exclusion principle for each of the occupation numbers. Finally, Eqgs. (1.62)
and (1.63) express the generalized Pauli conditions for a system of three electrons in six
orbitals. RS is the space of real vectors of length six. The symbol o is chosen as either +1
or —1 to denote whether the distance to the boundary is from a set of occupation numbers
inside the polytope or outside the polytope, respectively. While the metric above caters
to the Borland Dennis setting, similar considerations of Generalized Pauli conditions for
bigger system sizes can provide sufficient conditions for openness in N-fermion systems from
knowledge of its 1-RDM. In Ref. [23], we have studied one such case where the structural
simplicity afforded by an entangled p-qubit system allows an extension of Generalized Pauli

conditions to p-qubits with arbitrarily large p.

1.7 Generalized Pauli Constraints for Qubits

If a system of N fermion particles and N fermion holes is restricted to N qubits, then the

natural-orbital occupations, ordered from largest to smallest, obey the following sum rules
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Substitution of these restrictions into the generalized Pauli constraints for 3, 4, or 5 fermions,
derived by Klyachko and Altunbulak, [9, 46] generates a single constraint corresponding
to the constraint on 3, 4, or 5 qubits given by Higuchi et al. [45] For any number N of
fermions, restricted to satisfy Eqgs. (1.64), the generalized Pauli constraints are equivalent to
the following single inequality constraint, derived by Higuchi et al. [45] for a network of N

entangled qubits:

r

Z n; - TL(N+1) Z 0. (165)
1=N+2

For the three qubit system the Higuchi inequalities are of the form

ns +ng—mng >0 (1.66)

n;+mn7_; =1V 1€{l,23} (1.67)

which are just the Borland-Dennis constraints that ensure pure N-representability of three-
electron states [8]. For the four-electron system there are 14 generalized Pauli inequalities [8,
9, 46], but with structural constraints in Eq. (1.64), we can reduce them to a single Higuchi

condition
ng + ny +ng —ng >0 (1.68)

and the Pauli criteria. The generalized Pauli constraints increase in number and complexity
with increasing system size. For 5 electrons in 10 spin orbitals (state space /\57-110) there
are a total of 161 generalized Pauli constraints. When restricted by equalities (1.64), we
have observed that the 161 constraints reduce to the single constraint for the 5-qubit system
in Eq. (1.65). Identifying the hierarchical structure of significant constraints that apply to
a general N-fermion pure state has been the focus of recent work [38, 47]; furthermore,
enumerating the general Pauli constraints for larger systems (N > 5) is ongoing [48].

Violation of the inequalities in Eq. (1.65) ensures that electron occupations can only come
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from a mixed (ensemble) state with the nature and the extent of this violation serving to

quantify correlation and entanglement in many-electron quantum domains [12, 13].
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CHAPTER 2
APPLICATIONS

This chapter contains excerpts from the following published articles:

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Phys. Rev. A, 89, 042505
(2014)]. Copyright 2014, American Physical Society.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Phys. Rev. A, 91, 010101

(2015)]. Copyright 2015, American Physical Society.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, Int. J. Quantum Chem., 116,

784 (2016)]. Copyright 2016, John Wiley and Sons.

e Reproduced from [R. Chakraborty and D. A. Mazziotti, J. Chem. Phys., 146, 184101

(2017)]. Copyright 2017, American Institute of Physics.

2.1 Methodogy

Selection rules (summarized in table 1.3) that enforce the generalized Pauli exclusion prin-
ciple were employed to enumerate slater determinants that contribute to each facet for all
even r state spaces for which 1-RDM pure N-representability conditions are known. GPCs
number 31 in A3Hg, 103 in A3H g, 14 in A*Hg, 125 in A*H 1o and 161 in ASH g [1]. Using
particle-hole symmetry, we were able to calculate pure N-representability constraints for
state spaces AT"NH, provided GPCs for AN, were known [2]. A program that calcu-
lates the ground state energy of an N-electron system for the FCI ansatz and for truncated
ansatzes for pinned approximations to the wavefunction for all facets 1C5p € BJI\/',r was writ-
ten in Maple [3]. Diagonalization of the configuration interaction Hamiltonian was carried
out with a QR decomposition code with numerical precision of upto 50 places of decimal.
Optimization program (1.55) gave the minimal energy facet p* for each species for a given

state space, taking into account the entire polytope boundary 9PL. Euclidean distance to
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boundaries of the pure set was calculated using optimization algorithms described in detail
in [4] with sequential quadratic programs that were seeded with a random initial guess. The
software package GAMESS [5, 6] was used to evaluate two-electron integrals and to compute
Hartree-Fock orbitals and their energies.

For each atom or molecule the 1-RDM’s spectrum of occupation numbers was obtained
by computing the wave function from a full configuration interaction (FCI) calculation in
arbitrary-precision floating-point arithmetic. For comparison the 1-RDMs of several four-
electron molecules were also computed without the wave function from the variational 2-
RDM method with approximate ensemble N-representability conditions on the 2-RDM [7—
9]. The pure, ensemble and Slater distances were calculated in arbitrary-precision arithmetic
by the constrained optimizations described in section 1.3.2. Unless otherwise specified, all
molecules were treated in the Slater-type-orbital (STO-3G) basis set in which each Slater
function is expanded in three Gaussian functions [10]. The number 7 of orbitals is always
set to be twice the number N of electrons. To achieve either N = 3 and N = 4 with 2N
orbitals, we froze core and virtual orbitals in atoms and molecules, as needed. Equilibrium
geometries were obtained from the Computational Chemistry Comparison and Benchmark
Database [11].

The following sections summarize computational results compiled from previous work [4,
12-14]. In Ref. [4], we assessed constraint saturation by 1-RDM spectra for ground and
excited states of atoms and molecules with the consideration of time-reversal symmetry for
even N systems. Excited state spectra, and the nature of their pinning to the generalized
Pauli conditions, were investigated in Ref. [13]. Pinned approximations to wavefunctions that
are quasipinned allowed us to capture correlation energies from extremal occupations (see
Ref. [15]). Violation of generalized Pauli conditions give sufficient conditions for openness
in a many-electron quantum system from sole knowledge of its 1-RDM. In Ref. [12], and
in Ref. [14] we have formulated a kinematic viewpoint for noise-assisted energy transfer in

photosynthetic light harvesting in terms of the set expansion of one-electron reduced density
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matrices.

2.2 Pinning in Atoms and Molecules

We evaluate the deviation of the 1-RDM spectrum in atoms and molecules from the boundary
of the ensemble N-representable 1-RDM set and boundaries of the pure N-representable 1-

RDM sets both with and without time-reversal symmetry.

2.2.1 Lithium

For the three-electron lithium atom the Euclidean distances of the 1-RDM’s spectrum to
the pure and ensemble boundaries and the nearest Slater point were computed. Previous
calculations on the lithium atom were inconclusive about whether the 1-RDM’s spectrum was
pinned or only nearly pinned (quasi-pinned) to one of the generalized Pauli constraints [16].
To resolve the issue, we performed both the FCI and the Euclidean-distance calculations
with high-precision floating-point arithmetic with as many as 35 digits of precision. Table 2.1
shows the pure and Slater distances as functions of the floating-point precision. While the
Slater distance remains constant at 8.53 x 107° as the precision is increased, the logarithm of
the pure distance decreases linearly with the precision (also refer to Fig. 2.1). These results
demonstrate within the limit of numerical precision that the ground-state 1-RDM spectrum
for the lithium atom is pinned to the boundary of the pure set.

Table 2.2 shows the Euclidean distances of ground- and excited-state 1-RDM spectra
of the lithium atom from the pure and ensemble boundaries and from the Slater point.
Calculations of the 1-RDMs and the Euclidean distances were performed with a numerical
precision of thirty decimals. While the spectra of the ground states of a given spin symmetry
were always found to be pinned to the boundary of the pure set, the spectra of the excited
states were not necessarily pinned. For example, the spectrum of excited state 3 lies well

within the boundary of the pure set. The difference in pinning between the ground and
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Table 2.1: For the ground state of lithium the pure and Slater distances of the 1-RDM spec-
trum of natural occupation numbers are shown as functions of the floating-point precision.
While the Slater distance remains constant at 8.53 x 107 as the floating-point precision is
increased, the logarithm of the pure distance decreases linearly with the precision. These
results demonstrate that the ground-state 1-RDM spectrum of lithium is pinned to the
boundary of the pure set.

Precision Pure Slater
5 1le-05 8.00e-05
10 le-10 8.53e-05
15 le-15 8.53e-05
20 1e-20 8.53e-05
25 le-25 8.53e-05
30 1e-30 8.53e-05
35 le-35 8.53e-05

1 [ T T T T T T T
16-005 | ° ° ° ° ° ® |
v f :
2 1e-010 | A ]
8 i ]
7)) L |
5 1e-015 A 1
c z |
% 1e-020 | A .
S le025 f— A :
1e-030 Pure 4 “
. Slater e ]

1e-035 ' ' ' ' ' ' A

5 10 15 20 25 30 35

Numerical Precision

Figure 2.1: For the ground state of the lithium atom the logarithm of the pure distance
decreases linearly with the precision of the floating-point calculations. The plot demonstrates
that the ground-state 1-RDM spectrum of lithium is pinned to a facet to at least 35 digits
of floating-point precision.

excited states was foreshadowed by the discussion in section 1.3.1 of the necessary 2-RDM

condition for pinning. A 1-RDM spectrum can be pinned to a facet of the generalized Pauli
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Table 2.2: For the ground and excited states of the lithium atom, Fuclidean distances of the
1-RDM spectra from the pure and ensemble boundaries and from the Slater point are shown.
While the spectra of the ground states of a given spin symmetry were always found to be
pinned to the boundary of the pure set, the spectra of the excited states were not necessarily
pinned. For example, the spectrum of excited state 3 lies well within the boundary of the
pure set. Calculations of the 1-RDMs and the FEuclidean distances were performed with a
numerical precision of thirty decimals.

Euclidean distance

State S, Energy (a.u) Pure  Ensemble Slater
0 0.5 -7.316 1.00e-30  1.00e-30  8.53e-05
1 -7.230 1.00e-30  4.10e-05 1.41e-04
2 -5.264 1.00e-30  1.00e-30 1.75e-01
3 -5.244 2.72e-01  3.65e-01 8.16e-01
4 1.5 -5.244 1.00e-30  1.00e-30  1.00e-30

condition only if the 2-RDM is pinned to the boundary of the pure N-representable 2-RDM
set. While a ground-state 2-RDM is always on the boundaries of the ensemble and the pure
N-representable sets of 2-RDMs, an excited-state 2-RDM is not necessarily on the boundary
of either the ensemble or pure sets. Hence, the spectrum of an excited-state 1-RDM is not

necessarily on the boundary of the pure set of N-representable 1-RDMs.

2.2.2  Strongly correlated systems

The neutral triatomic hydrogen molecule is strongly correlated due to multi-reference effects
that arise due to degeneracy in electronic configurations [17, 18]. The spectrum of the
ground-state 1-RDM, we find, is on the boundary of the pure set for all molecular geometries.
This constitutes the first numerical evidence of pinning of the 1-RDM spectra in a strongly
correlated molecule. Table 2.7 gives a summary of the results for linear and triangular
geometries of H3. The spectra of the excited-state 1-RDMs are not necessarily on the
boundary of the pure set, as demonstrated for both molecular geometries by state 2. As
functions of the bond angle in ground-state Hs, (a) the Hartree-Fock and correlation energies

as well as (b) the minimum Euclidean distances to the boundaries of the pure and ensemble
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Table 2.3: Euclidean distances to the pure and ensemble boundaries and the Slater point
for linear and equilateral configurations of neutral triatomic hydrogen H3. The spectrum
of the ground-state 1-RDM, we find, is on the boundary of the pure set for both molecular
geometries. The spectra of the excited-state 1-RDMs are not necessarily on the boundary
of the pure set, as demonstrated for both molecular geometries by state 2. The distance to
the nearest Slater point, which represents a completely uncorrelated system, shows that the
Hj is significantly correlated, especially in the vicinity of the equilateral geometry.

Occupation numbers Euclidean distance
Configuration State S, Energy(a.u) A1 Ao A3 Pure  Ensemble Slater
Linear 0 0.5 -2.958 0.9902 0.9789 0.9691 1.0e-30 1.1e-02  5.5e-02
1 -2.666 1.0000 0.6479 0.6479 1.0e-30 1.0e-30 7.0e-01
2 -2.448 0.6667 0.6667 0.6667 2.7e-01 3.7e-01 8.2e-01
3 -2.358 1.0000 0.6530 0.6530 1.0e-30 1.0e-30  6.9e-01
4 1.5 -2.448 1.0000 1.0000 1.0000 1.0e-30 1.0e-30 1.0e-30
Equilateral 0 0.5 -3.308 0.9929 0.9909 0.9838 1.0e-30  7.7e-03  2.8e-02
1 -3.304 1.0000 0.9835 0.9835 1.0e-30 1.0e-30  3.3e-02
2 -2.652 0.6667 0.6667 0.6667 2.7e-01 3.7e-01 8.2e-01
3 -2.368 1.0000 0.5182 0.5182 1.0e-30 1.0e-30  9.6e-01
4 1.5 -2.652 1.0000 1.0000 1.0000 1.0e-30 1.0e-30 1.0e-30

sets and the nearest Slater point are shown in Fig. 2.2. Both the ensemble and Slater
distances are greater than 0.01 for all bond angles while the pure distance is zero for all angles.
The large distance to the nearest Slater point shows that Hg is significantly correlated. The
vanishing pure distance shows that the generalized Pauli conditions can be saturated even
when the traditional Pauli conditions are far from being saturated.

Euclidean distances of the 1-RDM spectra to the boundaries of pure (Smith), pure (Kly-
achko), and ensemble (Pauli) sets and the Slater point are shown in Table 2.4 for the ground
states of several four-electron molecules in eight spin orbitals (A4[#g]). Because the ground-
state 1-RDM spectra in all cases are pairwise degenerate, they are pinned to the boundary
of the Smith set. The Euclidean distances of the 1-RDM spectra to the pure (Klyachko)
and ensemble (Pauli) boundaries are found to be the same in all cases. The pure (Klyachko)
distances are nonzero because the generalized Pauli conditions describing the boundary of
the Klyachko polytope break time-reversal symmetry.

The rectangular Hy molecule, comprised of two Ho monomers, has well-documented

multi-reference correlations effects in the form of pronounced diradical character [19]. As
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Figure 2.2: As functions of the bond angle in H3, (a) the Hartree-Fock and correlation
energies as well as (b) the minimum Euclidean distances to the boundaries of the pure and
ensemble sets and the nearest Slater point are shown. Both the ensemble and Slater distances
in (b) are greater than 0.01 for all bond angles while the pure distance is zero for all angles.
The large distance to the nearest Slater point shows that Hg is significantly correlated. The
vanishing pure distance shows that the generalized Pauli conditions can be saturated even
when the traditional Pauli conditions are far from being saturated.

Table 2.4: Euclidean distances of the 1-RDM spectra to pure (Smith), pure (Klyachko),
and ensemble (Pauli) sets and the Slater point are shown for the ground states of several
four-electron molecules. Because the ground-state 1-RDM spectra in all cases are pairwise
degenerate, they are pinned to the boundary of the Smith set. The Euclidean distances
of the 1-RDM spectra to the pure (Klyachko) and ensemble (Pauli) boundaries are the
same in all cases. The pure (Klyachko) distances are nonzero because the generalized Pauli
conditions describing the boundary of the Klyachko polytope break time-reversal symmetry.
All molecules except Hy are treated in their equilibrium geometries from the Computational
Chemistry Comparison and Benchmark Database [11]. The H4 molecule is treated with the
four hydrogen atoms in a square with sides of 1.058 A.

Molecule Occupation numbers Pure Ensemble  Slater

M=X AN=XN A5=2X A7=Ag Smith Klyachko

LiH 1.0000  0.9985  0.0013  0.0002 0.00000 0.00002 0.00002  0.00281
BH 0.9991  0.9260 0.0375  0.0375 0.00000  0.00098 0.00098  0.12876
BeH» 0.9957  0.9938  0.0068  0.0037 0.00000 0.00398 0.00398  0.01527
Hy 0.9694  0.5000  0.5000  0.0306 0.00000 0.03270 0.03270  1.00187

functions of distance between Ho dimers, Fig. 2.3 shows (a) the potential energy surfaces
from FCI and the variational 2-RDM method as well as (b) the minimum Euclidean distances
from the 1-RDM spectra to the ensemble set and a Slater point from FCI and the variational
2-RDM method. The peak in the Slater distance at a dimer distance of 1 A shows that the
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Figure 2.3: As functions of the distance between Ho dimers, the figure shows (a) the potential
energy surfaces from FCI and the variational 2-RDM method as well as (b) the minimum
Euclidean distances from the 1-RDM spectra to the ensemble set and a Slater point from
FCI and the variational 2-RDM method. The peak in the Slater distance at a dimer distance
of 1 A shows that the maximum electron correlation occurs when the two Ho dimers form
a square Hy molecule. While the ensemble distance is about 0.01 or larger for all dimer
distances, the 1-RDM spectra are pinned to Smith’s set of pure N-representable 1-RDMs
with time-reversal symmetry. The figures also show that the FCI and variational 2-RDM
methods give similar results for both energies and Euclidean distances.

maximum electron correlation occurs when the two Hy dimers form a square diradical Hy
molecule. While the ensemble distance is about 0.01 or larger for all dimer distances, the 1-
RDM spectra are pinned to Smith’s set of pure N-representable 1-RDMs with time-reversal
symmetry. The figures also show that the FCI and variational 2-RDM methods give similar

results for both energies and Euclidean distances.

2.3 Excited States

We explore the proximity of the 1-RDM to the boundaries of the sets for excited states in
three-and four-electron atoms and molecules, the five-electron cyclopentadienyl radical, and

the seven-electron Fenna-Matthews-Olson complex.
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Figure 2.4: Pure distances for the ground and excited states of Lithium (25, /2)- The excited
state 1-RDM, unlike the ground state, is not pinned to generalized Pauli conditions.

2.3.1 Atoms and Molecules

For the ground and excited states of the lithium atom the Euclidean distances of the 1-
RDM’s natural occupation numbers to the pure and ensemble boundaries and the nearest
Slater point were computed [4]. The occupation numbers in this calculation, as well as all
other calculations, were obtained by computing the 1-RDM from the wave function of a full
configuration interaction calculation in a Slater-type orbital basis set with three Gaussians
(STO-3G) [10]. Figure 2.4 shows the pure distances for the ground- and excited-state 1-
RDMs as functions of floating-point precision. These two states have energies of -7.32 a.u.
and -5.24 a.u., respectively. While the logarithm of pure distance for the ground state
decreases linearly with the precision, pure distance for the excited state remains constant at
2.71x 10~ as floating-point precision of the occupation numbers and the computed distances
is increased. These results demonstrate that while the ground-state 1-RDM of three-electron

atoms and molecules have been consistently pinned to the generalized Pauli conditions to
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35-or-more digits using arbitrary floating-point precision [4], the excited-state 1-RDMs of
three-electron atoms and molecules are not necessarily pinned to these conditions. The
excited-state 1-RDMs of 3-electron atoms and molecules can lie within the convex polytope
described by the generalized Pauli conditions. In another 3-electron example, the ground-
state 1-RDM of the strongly correlated H3 molecule is pinned to the pure set as shown in
table 2.5 [4]. The first excited-state 1-RDM like the ground-state 1-RDM is also pinned to
the boundary, but the 1-RDM of state 3 lies a considerable distance from the facets of the
pure set.

By Smith’s theorem, for systems with time reversal symmetry, pairwise degeneracy of
natural occupations is sufficient, although not necessary, for pure N-representability [20]. Be-
cause the generalized Pauli conditions define facets that break time-reversal symmetry, they
define a pure set of 1-RDMs that is larger than the set of evenly degenerate 1-RDMs [4].
In closed-shell species like LiH, BeHy and H4 we observe that the spectra of ground-state
occupation numbers are quasi-pinned, which is to say are close but not exactly on the bound-
ary of the pure set. For the ground states of these molecules where the natural occupation
numbers are pairwise degenerate the generalized Pauli conditions reduce to the usual Pauli
exclusion principle, and hence, the pure and ensemble distances are equal [4]. Excited states
which unpair the electrons break the time-reversal symmetry, opening again the possibility
for pinning. In fact, the first excited states (labeled state 1) of LiH, BeHy and Hy with
spin symmetry S, = 1.0 in the STO-3G basis set are pinned to generalized Pauli conditions.
Pure distances for excited states 2 and 3, shown in table 2.5, reveal that these states are
not pinned. The pure distance for some excited states like state 2 of BeHo (pure distance of
0.0349) and states 2 and 3 for Hy (pure distances of 0.04901 and 0.22301, respectively) show
considerable deviation from the generalized Pauli conditions. The variety of pinning, quasi-
pinning, and non-pinning of excited-state 1-RDM spectra reflects the structural complexity

of excited states, which can be highly correlated and entangled.
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Table 2.5: For the ground and excited states of Hg, LiH, BeHs, and Hy the Euclidean
distances of the 1-RDM’s natural occupation numbers to the pure and ensemble boundaries
and the nearest Slater point are reported. While the Slater distances are nonzero in all cases,
reflecting the presence of electron correlation, the pure distances are zero for the ground-state
of H3 as well as for the first excited states of Hs, LiH, BeHs, and Hy. Other higher-in-energy
excited states are far from pinned, showcasing the range of pinning (or non-pinning) that is
possible.

Molecule State Energy (a.u) Spin (Sz) Euclidean distance
Pure  Ensemble  Slater
Hj (triangular) 0 -3.308 0.5 0.00000  0.00775  0.02817
1 -3.304 0.5 0.00000  0.00000  0.03296
2 -2.652 0.5 0.27217  0.36515  0.81650
LiH (12) 0 -8.855 0.0 0.00002  0.00002  0.00281
1 -8.714 1.0 0.00000  0.00000  0.00007
2 -8.701 0.0 0.00003  0.00003  0.77307
3 -8.678 0.0 0.00004  0.00004  1.00000
BeHs (1Eg) 0 -15.565 0.0 0.00009  0.00009  0.01147
1 -15.286 1.0 0.00000  0.00000  0.00653
2 -15.286 0.0 0.00349  0.00349  1.00002
3 -15.260 0.0 0.00035  0.00035  1.00000
Hy (square) 0 -4.654 0.0 0.03226  0.03226  0.91365
1 -4.636 1.0 0.00000  0.00337  0.07488
2 -4.502 0.0 0.04901  0.04901  0.91990
3 -4.279 1.0 0.22301  0.22301  0.78672

2.3.2  Cyclopentadienyl Radical

The cyclopentadienyl is a symmetric five-membered radical subject to Jahn-Teller distortion.
Here we consider the correlation of the 5 7 electrons in the 10 7 spin orbitals spanning
the space /\5’}-[10. We computed the ground- and three excited-state wave functions with
doublet spin symmetry (Sz) = 0.5 from full configuration interaction calculations in the
basis of Slater determinants from a ground-state multi-configuration self-consistent field
calculation. Calculations for the cyclopentadienyl radical were carried out in the Dunning-
type Correlation Consistent basis set (cc-pVDZ).

For each state Figure 2.5 shows the Euclidean distance to each facet of the 1-RDM
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Figure 2.5: The Euclidean distance to each facet of the 1-RDM set is shown for the following
doublet states: (a) ground state, (b) first excited state, (c) second excited state, and (d)
third excited state. We find that the ground-state 1-RDM is not exactly pinned to any of the
generalized Pauli conditions. The ground state and the first two excited states have 1-RDMs
that are far from a selected number of facets to which the Euclidean distances greater than
0.8. In contrast, the third excited state’s 1-RDM does not have any facets further than 0.6
even though it is farther than 0.2 from most of its facets except a small number clustered
around 0 and 100.

set generated by a generalized Pauli condition. We find that the ground-state 1-RDM is

not exactly pinned to any of the generalized Pauli conditions. Likely, the exact pinning
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of the 1-RDM to the generalized Pauli conditions in the case of three-electron atoms and
molecules like Li and Hj is special to the case of three electrons in six orbitals where the
quantum system does not have many degrees of freedom. Similarly, the three excited states
of the cyclopentadienyl radical also do not exhibit exact pinning of the 1-RDM to any of the
generalized Pauli conditions. Nevertheless, the comparison of the four graphs in Fig. 2.5,
which serve as fingerprints for each of the states in terms of the generalized Pauli conditions,
reveals qualitative differences. For example, the ground state and the first two excited states
have 1-RDMs that are far from a select number of facets to which the Euclidean distances
are greater than 0.8. In contrast, the third excited state’s 1-RDM does not have any facets
farther than 0.6 even though it is farther than 0.2 from most of its facets except a small
number of nearly pinned facets clustered around 0 and 100.

The differences between the lowest three states and the third excited state reveal that it
is important to consider the distances to all of the facets from the generalized Pauli condi-
tions to construct a complete fingerprint from the information available in these conditions.
This conclusion is especially true for N > 5 where the number of facets becomes quite large.
For the ground state and the three excited states Table 2.6 reports not only the minimum
distance to a facet of the pure 1-RDM set (pure distance) but also the harmonic, geometric,
and arithmetic means of the Euclidean distances to each facet of the set. While the harmonic
mean is similar to the minimum distance, the geometric and arithmetic means provide infor-
mation about the distance to the majority of facets. For example, while the harmonic-mean
distance and the minimum distance are smallest for the ground state, the first and the third
excited state, the geometric- and arithmetic-mean distances are largest for the third excited

state, reflecting that its 1-RDM is far from the majority of the generalized Pauli facets.

2.3.83 FMO complex

The Fenna-Matthews-Olson (FMO) complex in green-sulfur bacteria consists of three parts,

each with seven chromophores embedded in a protein matrix. As in previous work [9, 21-25],
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Table 2.6: The minimum distance to a facet of the pure 1-RDM set (pure distance) as well
as the harmonic, geometric, and arithmetic means of the Euclidean distances to each facet
are reported for the doublet ground state and the first three doublet excited states. While
the harmonic mean is similar to the minimum distance, the geometric and arithmetic means
provide information about the distance to the majority of facets. For example, while the
harmonic-mean distance and the minimum distance are smallest for the ground state and the
third excited state, the geometric- and arithmetic-mean distances are largest for the third
excited state.

Means of Pure distance

Molecule State Harmonic Geometric Arithmetic Std dev. Minimum
CsHy Ground 0.0037 0.0103 0.0907 0.2566 0.0001
b&?e@
) Excited 1 0.0044 0.0303 0.1014 0.2366 0.0001
2B1, Coy 2 0.0206 0.0516 0.1157 0.2425 0.0005
3 0.0023 0.2178 0.3119 0.0952 0.0001

we model the seven chromophores as a single-electron two-level system. Due to environmental
differences, each of the seven chromophores has a slightly different energy. If we restrict the
model to the single-excitation manifold, then the Hamiltonian is a 7 x 7 matrix where have
been determined from computational and experimental data [22, 24]. Diagonalization of the
Hamiltonian generates seven stationary excited-state wave functions. Each 1-RDM is readily
computed from contraction of its corresponding wave function. While the generalized Pauli
conditions have not been previously applied to a 7-electron quantum system, for a two-level
excitonic system the conditions significantly simplify to a single generalized Pauli condition
(or facet) [26].

Table 2.7 shows the minimum distances to the pure, ensemble, and Slater boundaries for
the ground and excited states of the seven-site FMO complex. Because the ground state
in this model is a Slater determinant, its Slater, ensemble, and pure distances vanish. In
contrast, the Slater distances of all seven excited states are nonzero (> 0.85), reflecting the
presence of electron correlation. The ensemble distances of all seven excited states are also
nonzero, indicating that the 1-RDMs of these states do not lie on the ensemble boundary. The

pure distances, however, for all the excited states except states 3 and 6 are zero to arbitrary
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Table 2.7: Minimum distances to the pure, ensemble, and Slater boundaries for the ground
and excited states of the seven-site FMO complex are shown. Because the ground state
in this model is a Slater determinant, its Slater, ensemble, and pure distances vanish. In
contrast, the Slater distances of all seven excited states are nonzero (> 0.85), reflecting the
presence of electron correlation. The ensemble distances of all seven excited states are also
nonzero. The pure distances, however, for all the excited states except states 3 and 6 are
zero to arbitrary digits of precision.

Euclidean distances
FMO State Energy (em~!) Pure Ensemble Slater

Ground 0 0.00 0.0000  0.0000  0.0000
Excited 1 -23.74 0.0000  0.0005  0.8876
2 101.97 0.0000  0.0048  0.8528
3 120.96 0.0020  0.0085  0.9958
4 268.37 0.0000  0.0141  0.9246
Y 307.13 0.0000  0.0001  0.9320
6 332.00 0.0003  0.0003  0.9784
7 513.32 0.0000  0.0003  0.8797

digits of precision. States 3 and 6 have the greatest Slater distances, indicating that they
have the highest level of electron correlation of the seven excited states. Interestingly, state
3 is nearly degenerate with state 2, and states 6 is nearly degenerate with state 5. States
3 and 6 have the higher energies in these energetically quasi-degenerate pairs. Pinning to
the generalized Pauli conditions in the FMO complex gives a glimpse into the structural
complexity of excited state 1-RDMs which can either be pinned, quasi-pinned, or buried
deep inside the pure set.

While the ground state 2-RDM is always on the boundary of the ensemble N-representable
set of 2-RDM, excited-state 2-RDMs can lie on the boundary or inside the ensemble N-
representable set [4]. The ability of excited state 2-RDMs to lie inside the set reflects the
potential of excited states to exhibit even greater complexity in their electron correlation
than ground states. The location of the 2-RDM in it N-representable set also imposes con-
straints on the position of the 1-RDM in its set. For example, as we previously showed [4],
the 2-RDM lying on (or near) the boundary of its pure set is a necessary condition for the

1-RDM to lie on (or near) the boundary of its set, that is for the 1-RDM to be pinned
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(or quasi-pinned) to a generalized Pauli condition. Consequently, the 1-RDMs of excited
states can be expected to exhibit a range of behaviors including pinned, quasi-pinned. and
unpinned.

Although the ground-state 1-RDM in three-electron systems in six orbitals is pinned to
the generalized Pauli conditions, the excited-state 1-RDMs of these systems are not necessar-
ily pinned. At least one of the excited-state 1-RDMs of Hj is pinned to the boundary of the
set, but other excited-state 1-RDMs of Hjg lie significantly within the set. We also presented
some of the first calculations of the generalized Pauli conditions for five-electron molecules in
10 orbitals. We found that neither the ground- state 1-RDM nor any of the excited-state 1-
RDMs of the five-electron cyclopentadienyl radical is exactly pinned to the generalized Pauli
conditions. While further calculations are necessary, this result indicates that the pinning
of the ground-state 1-RDM in three-electron systems is likely the exception rather than the
rule due to the small number of quantum degrees of freedom in three-electron systems in
six orbitals. Nevertheless, for the ground and excited states of the cyclopentadienyl radical
the spectrum of Euclidean distances to each facet provides a unique identifier of the state.
Comparison of the spectra of distances between states reveals important information about
the similarities and differences between states. For example, we observe that the third is
excited state is significantly different from either the ground state or the first two excited
states.

Molecular systems with even numbers of electrons are special in that their 1-RDMs can
be made pure N-representable by selecting the natural occupation numbers to be pairwise
degenerate which enforces time-reversal symmetry [20]. Because the generalized Pauli con-
ditions break time-reversal symmetry, the 1-RDMs from four-electron singlet states are not
pinned to the generalized Pauli conditions. However, these systems can be excited to non-
singlet states that break the time-reversal symmetry. We found, in particular, that the
first excited states of several four-electron molecules have 1-RDMs that are pinned to the

generalized Pauli conditions. Other higher-lying states are not pinned to these conditions.
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Table 2.8: Table enumerates pinned ansatzes and their correlation energy recovery due to 5
minimal energy facets for the ground state ]\72Jr (Doons Ag) in state space A2H 1.

p Coefficients (i) Pinned Ansatz (0P, ) %CE

1 {15, -7,-7,3,3,-7,-7.3,3,13,3} _ {|12345), |12457), [12578), |12367), |12468), _ 92.41
113568), |14567)}

2 {15,-7,-7,-7,3,3,3,3, ~7,13,3} {|12345), |12578), [12367), |12468), |13568)}  89.01

3 {15,-3,-3,-3,-3,-3,-13,7,7,7,7} {|12345), |12367), |12468), |13568), [14567)}  85.65

4 {15,-7.-7,3,-7,3,3,-7.3,13,3}  {|12345), |12578), |12367), |12468), [14567)} 84.82

5 {15,-7,-7,-7.3,3,-7,13,3,3,3) {|12345), |12367), |12468), |13568), [2369(10))}  83.54

Therefore, the four-electron systems manifest a full range of potential behaviors from pinning
and quasi-pinning to non-pinning.

A seven-electron model of the Fenna-Matthews-Olson complex in green-sulfur bacteria
was also examined with respect to the generalized Pauli conditions. While the ground state
of the model is a Slater determinant by definition, each of the seven excited states exhibits
nontrivial correlation with a non-vanishing Slater distance. Furthermore, none of the excited
states is pinned to the boundary of the ensemble N-representable set of 1-RDMs, and yet
five of the seven excited states are exactly pinned to the pure N-representable set of 1-
RDMs. The two states that do not exhibit pinning also show the greatest degree of electron
correlation as measured by the Slater distance. These results for the FMO complex as
well as the results for the three-, four-, and five-electron atoms and molecules highlight the
important information contained in the generalized Pauli conditions as well as demonstrate
their applicability to understanding the structure and correlation of both ground and excited

states.

2.4 Correlation Energies from Extremal Occupations

In this section, we apply our formalism for the reconstruction of quantum states from ex-
tremal occupation spectra to the atomic isoelectronic sequence of boron, dissociation path-
ways in hydrogen chains, and in conjugated 7 electrons in cyclic planar ring systems that

display (non, anti- and) aromatic behaviour.
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Figure 2.6: Correlation energy recovered by GPCs in A%Hjg for the boron isoelectronic
sequence in the 6-31G basis. GPCs recover between [99.84%,99.99%| of the correlation

energy from B to K31, The slight kink in the curves are due to screening effect of the d
shell added to Na®t6 in the third period.

2.4.1 Atoms and Diatomics

Knowledge of pure N-representability conditions in A°Hg allows correlation energy capture
beyond the Hartree-Fock limit in the boron isoelectronic sequence (figure 2.6). Absolute value
of correlation energy decreases steadily down the sequence as electrons become less correlated
on being more tightly held by the increased nuclear charge (left). The percentage correlation
energy recovered (right) shows improvement due to GPCs over the Hartree-Fock limit, which
lies in the range [99.84%,99.99%)] for all atoms between B and Kr3'" in the second, third
and fourth periods of the periodic table. Calculations reported her were performed in the
split valence 6-31G basis, which explains the slight kink in the curves for correlation energies
recovered as extra shells are added, starting with Na®0 in the third period.

Electron correlation plays a major role in determining the equilibrium geometry of the
the dinitrogen molecule that shares three pairs of electrons between the two nitrogens [27].

The singly charged cation N; has bond order %, sharing 5 electrons between the two nitrogen

46



0.5 -1.5
-1.61
0.4
-1.74
0.3 = -
2 2718
p )
ac
<> 0.2] g -1.97
@
_2_
0.1 UHF
-2.1- - GPC(E.E)
o — GPC(E)
-2.2 —  FullCI
1 2 3 4 5 1 2 3 4 5
R (Angstroms) R (Angstroms)

Figure 2.7: Dissociation curve for the linear hydrogen chain Hy shows correlation energy
recovered by GPC facets { E1, Fo, F3} in green that are bounded from above by the Hartree-
Fock energy (blue) and from below by the FCI curve in red.

atoms. Correlation energy of N; in its equilibrium geometry was calculated to be —0.083 a.u
in the minimal STO-3G basis. Table 2.8 enumerates pinned ansatzes and their correlation
energy recovery for the 5 minimal energy facets for the ground state of N2+ (Dooh»> Ag) in state
space APH1g. The full-CI ansatz has 13 determinants which reduces to 7 for the minimal
energy GPC facet p*. The best pinned approximation to the wavefunction is able to recover
92.41% of the correlation energy and the 4 other facets, that have similar structure in terms
of the integer coefficients &j but comprise of fewer (five) determinants are able to recover

between 89.01% and 83.54% of the correlation energy.

2.4.2  Hydrogen Chains

The dissociation pathway of linear hydrogen chains involves multi-reference effects as the
polymer becomes maximally entangled in the dissociative limit due to interchangeable spins
of electrons on each hydrogen [28]. Strong correlation in the linear hydrogen tetramer Hy is

evident in the correlation energy that increases almost 60-fold from —0.0078 a.u at 0.5 A to
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Figure 2.8: Natural Orbitals in the 7w-space of ground state cyclobutadiene (C4Hy, D2h,1 Ag).

—0.4633 a.u at 5.0 A. Figure 2.7 shows minimum distance to the boundaries of the pure
set (left) and the energy recovered by GPC facets (right) comparing them to the FCI and
the unrestricted Hartree-Fock (UHF) Energies. Ordering of facets is as per table 1.2 and
facets 1,2 and 3 are reminiscent of the Higuchi inequality [26] for 4-qubit systems (see also
table 1.2), each of which allow a priori contribution from 10 out of a total of 36 determinants
allowed for the ground state singlet. GPC facets 1 and 3 are isoenergetic and reproduce
qualitatively the dissociative process, while being bounded from below by the full-CI energy
and from above by the Hartree-Fock energy. The pure distance increases as the system
becomes more entangled, reaching its maximum value % in the dissociative limit. GPC
facets capture correlation energy above and beyond the Hartree-Fock limit even in the limit

of dissociation, facet (the curve E3) giving the best energetic approximation to the FCI

wavefunction.

2.4.8 Conjugated m Systems

Planar systems with conjugated 7 electrons constitute strongly correlated electronic quantum
domains that exhibit non-, anti- and aromatic behavior. Table 2.9 lists GPC saturation
and correlation energy recovered by minimal energy facets for the ionization sequences for
cyclic conjugated 7 systems. The cyclopropenyl cation (C3H§', (Coy,} A1) is the smallest
compound that exhibits aromatic behavior with 2 7 electrons in a conjugated trigonal planar

ring. For two electrons in six spin orbitals (/\27-[4), pairwise degeneracy of orbital occupations
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Table 2.9: Table shows correlation energies recovered by the optimal pinned ansatz for
ionization sequences of conjugated cyclic hydrocarbons that display non-, anti- and aromatic
behavior.

Species State Space Number of Facet CE %CE
ETA Determinants Distance (a.u)
Cgng A2 Hg 3 (3) 0.00000  -0.02735 100.00
CsHjy AN3Hg 3 (3) 0.00000  -0.04550 100.00
CgHy AHg 3 (3) 0.00000  -0.04209 100.00
C4HI ASHg 6 (6) 0.00000  -0.04054 100.00
CqHy  AYHg 6 (12) 0.09999  -0.09664 57.06
C4H;  AOHg 10 (10) 0.00000  -0.04381 100.00
CsHEt  A3Hyg 13 (24) 0.00120  -0.05364  98.18
C5H5Jr AYH 1 16 (52) 0.03587  -0.08447 61.23
CsHy AH10 11 (48) 0.05656  -0.09642 55.71
CsH-  ASHyqq 22 (52) 0.04502  -0.07171 52.23
CsH:™ AHi1p 13 (24) 0.00102  -0.05059 97.84

is necessary and sufficient to ensure pure N-representability of the 1-RDM [20] and the
spectrum is pinned to GPC boundaries. Ground state of the free radical CgHj is pinned to
Borland-Dennis constraints in the state space A3Hg. Due to conditions (1.53) and (1.54) all
of the correlation energy (100%) is recovered for pinned spectra for which dpyre = 0. The
anion C3Hg', on the other hand is similarly pinned to the Smith constraints. Figure 2.8
shows the CI natural orbitals of the anti aromatic 7 system in the cyclobutadiene. GPCs are
able to recover only 57% of the correlation energy of the strongly correlated neutral C4Hy
with a correlation energy of —0.09664 a.u. For even N systems, while pairwise degeneracy of
occupations ensures pure N-representability of the 1-RDMs, GPCs due to Klyachko [29, 30]
contain 1-RDMs that break time reversal symmetry of the Hamiltonian, a property that
could be useful in the study of these species in the presence of a magnetic field. Both the
cyclobutadienyl cation and anion (C4HZ, C4H} ) are pinned to GPC boundaries in state
spaces ASHg and APHg, recovering all of the correlation energy. The ionization sequence of
the cyclopentadienyl radical highlights the potential of GPCs in simplifying the electronic
structure of correlated molecules by reducing the number of configurations that contribute

to pinned approximations of a quasi-pinned wavefunction. The ionization sequence of C5Hj
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has each of the species quasipinned. While the optimal facet is able to recover 98.18%
and 61.23% of the correlation energy in the doubly and singly charged cation, the pinned
ansatz for the free radical recovers 55.71%. Optimal facets for quasipinned anions C5Hy
and C5H%_ were found to recover 52.23% and 97.84% of the correlation energy. The table
shows an interesting trend of being less pinned (and hence recovering a smaller percentage
of the correlation energy) on approaching half-filling. The number of configurations for a
many-electron quantum system are maximum at half-filling and for the strongly entangled 7
system in our example, boundary set 1-RDMs are not able to capture all correlation effects

and one needs to resort to higher p-RDMs to recover entanglement in the system.

2.5 Open Quantum Systems

Correlation and entanglement play a key role in the energy transfer dynamics of excitons.
For many-electron systems, the exciton is entangled not only with electrons within a single
molecule or moiety [9], but also with molecular complexes in different spatial domains [19,
19, 21, 22]. Our simple model for the entangled many-electron system has N electrons,
each with access to states ground and excited. When limited to its intrinsic (spin) degree
of freedom, excitations in electrons can be viewed as spin states that couple to an external
magnetic field like in qubits. While there are 2N spin orbitals in the system the wavefunction
may have contributions from an exponentially scaling number (2N ) of slater determinants.
We first look at the three chromophore subsystem of the Fenna-Matthews-Olson (FMO)
complex which has been shown to have a quantum efficiency similar to that of the full
seven chromophore network [24]. We are then able to extend our formalism to study noise
and entanglement in the full 7-chromophore network using generalized Pauli constraints for
qubits.

In light harvesting antennae complexes such as the Fenna-Matthews-Olson (FMO) com-
plex, the excitation is channelled towards the reaction center (sink) when entangled chro-

mophores begin to interact with the surrounding protein matrix [23, 31]. The FMO is
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comprised of three monomers, each consisting of a seven chromophore network, which serve
as light harvesting antennae in green sulphur bacteria. The Hamiltonian for the system is

given by a 7 x 7 matrix derived from previous work by Adolphs and Renger [32] that is given

by:
M
H = Z hwjaja._ + Z hvj,l(aj_af + ajal_), (2.1)
j=1 J#l
where 0;-“ (aj_) creates (annihilates) a single excitation on chromophore j. The site energy

of each chromophore is fuw; while the coupling constant between the pair of chromophores j
and [ is hv;;. The form of our Hamiltonian, as in Ref. (CM15), restricts the system to the
manifold of single excitations.

The time evolution of the system’s density matrix is governed by the quantum Liouville

equation
d i .
—D =——|H,D|+ L(D 2.2
=D = —2 [, D] + L(D) 22)
where D is the density matrix
D= pf[Up) (T, (2.3)
k,l

pf are the elements of the density matrix D in the basis set of wavefunctions {W¥}, rep-
resenting an excitation on the kth chromophore,, and L is the Lindblad operator, which
accounts for interactions of the M < 7 chromophores with the environment. The Lindblad
operator is chosen as the sum of three operators that account for dephasing, dissipation, and

loss to the reaction center (sink)

~

L<D) = f’deph(D) + f/diss(D> + f’sink(D> (24)

o1



where

Lacpn(D) = ay  2(k[D[k)|k) (k| — {|k) (K], D}, (2.5)
k

Lyis(D) = B 2(k[DIk)lg)(gl — {IF)(k], D}, (2.6)
k

Lgu(D) = 2y(3|DI3)s)(s| = v{I3)(3]. D}. (2.7)

The |g) denotes the state in which each of the M chromophores is in its ground state, the
|k) represent the M excited states with each state having a single excitation on one of the
M chromophores, the state |s) denotes the reaction center (sink), and |3) indicates the
excited state of the third chromophore multiplied by the ground states of the other M — 1
chromophores.

The model incorporates two types of noise that affect the energy transfer. First, dis-
sipation transfers energy from the chromophores back into the environment, wasting that
energy. Second, dephasing dampens the coherence within the chromophore system. Finally,
the Lindblad operator Lgi (D) is responsible for transferring energy from the third chro-
mophore into reaction center, which acts as an energy sink and becomes site 8 in the density
matrix. Details of the Lindbladian formalism for the M < 7 chromophore network can be
found in the appendix and in refs. [9, 12, 24]. Unless otherwise noted, the rate parameters
in the Lindblad operators for dephasing («), dissipation (), and the sink () are chosen to
be 7.26 x 107°,1.21 x 1078 and 1.52 x 10~% a.u respectively in atomic units of inverse time.
The protein matrix that surrounds the chromophore network in the FMO interacts with it
through dispersion forces that arise from instantaneous dipole-dipole interactions. Phonon
modes of the bath couple to the chromophore network and the system has finite-temperature
effects at physiological temperatures. All these environmental influences can be modeled in
the Lindbladian formalism. Although the Linbladian operators are Markovian in time, non-
Markovian effects will not significantly affect the results presented here on the relationship

between the violation of the generalized Pauli constraints from quantum noise and energy
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Figure 2.9: Site and sink populations in the FMO. Coherence lifetime between chromophores
in is of the order of 1 ps after which the system relaxes back to its ground state as the
excitation leaves the network having transferred energy to the reaction center.

transfer in quantum systems.

As an incident photon excites an electron on site 1, a delocalized exciton oscillates be-
tween sites, interacts with the surroundings, and finally reaches the reaction center where
light reactions commence. Fig. 2.9 shows with femtosecond resolution the site and sink pop-
ulation in the FMO for the duration of 1 ps. The excitation initially bounces back and forth
between sites 1 and 2 but with the combination of entanglement between chromophores in
the network and noise on coupling with the surrounding proteins it finds a way to the sink
whose population (shown by the curve in green) gradually increases. Coherence lifetime
between chromophores in is of the order of 1 ps after which the system relaxes back to its

ground state as the excitation leaves the network.
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Table 2.10: The 1-electron and N-electron indicators of environmental effects, the pure
distance §(t) and the idempotency criterion 7(¢), are shown in the presence and the absence
of environmental interactions. In the presence of environmental effects the system becomes
open (ensemble) for ¢t > 0 which is reflected in both the nonzero idempotency ~(¢) and the
negative pure distance 6(t).

Idempotency criterion v(¢)  Pure distance 6(t)

Time (fs) No Bath Bath No Bath ~ Bath
0 1x 10715 0.0000 1x 1071 0.0000
100 1x 10715 0.3777 1x 10715 -0.0231
200 1x10°15 0.5408 1x 107 -0.0695
300 1x 10715 0.6107 1x 10715 -0.1139
400 1x 10715 0.6405 1x107¥ _0.1515
500 1x 10710 0.6603 1x1071% _0.1454
1000 1x 10715 0.6712 1x 10715 -0.0072
10000 1x 10715 0.0089 1x 1071 0.0003

2.5.1 Noise and Transport

The degree to which the system interacts with its environment can be examined from the

idempotency of the N-electron (exciton) exciton density matrix:
2
A1) = [TV D)) - (¥ D)) 2.5)

The v(t) is nonzero if and only if the quantum system is open. While v(¢) provides a
definitive answer to whether the system is open, it requires knowledge of the N-electron
(exciton) density matrix. The N-electron density matrix can be readily computed for some
model quantum systems, but its cost for many realistic quantum systems scales exponentially
with system size.

Table 1 shows the 1-electron and N-electron indicators of environmental effects, the
pure distance §(t) and the idempotency criterion y(¢), in the presence and the absence of
environmental interactions. At t = 0, just after the first chromophore is excited, the three-
chromophore network is in a pure (closed) state. In the absence of environmental effects

the system remains inside the pure set for all time ¢. In fact, its spectrum of occupation
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numbers lies on the boundary of the set except when strong correlation due to degeneracy
in the populations of sites 1 and 2 pushes the occupation spectrum inside the set. In the
presence of environmental effects the system becomes open (ensemble) for ¢ > 0 which is
reflected in both the nonzero idempotency ~y(t) and the negative pure distance 0 (). At 500 fs,
for example, the idempotency - is positive with a value of 0.6603 and the pure distance ¢
is negative with a value of —0.1454. By 10 ps, when the N-electron density matrix begins
to regain idempotency with v decreasing to 0.0089, ¢ shows that the spectrum of natural
occupation numbers reenters the polytope of pure 1-RDMs with 6 = 0.0003. Importantly,
can be positive for nonzero v because the negative pure distance J is a sufficient but not a
necessary condition for openness.

Figure 2.10 compares the pure distance (t) as a time-dependent indicator of the openness
of a quantum system for both closed (no bath) and open (with bath) quantum systems for
times in the range 0-3 ps. In the closed system the pure distance is always nonnegative, and
in the open system the pure distance is frequently negative. An important feature of Fig. 2.10
is that positive spikes in pure distance, representing the movement of occupation numbers
inside the polytope, occur at times when the entanglement between sites 1 and 2 is maximal.
This coincidence demonstrates the interplay between openness and entanglement [33, 34].
The openness of quantum systems (namely, its interaction with the environment) is typically
evident in the occupation numbers of the 1-RDM, but when a quantum system is strongly
entangled, the evidence of openness in the 1-RDM disappears. Higher RDMs are required
in such cases to obtain a certificate for the openness of the system. Systems with greater
entanglement between homogeneous components, previous results indicate, require greater
environmental noise for maximal efficiency [35]. The present results indicate that in systems
that are strongly correlated or entangled greater noise is required to force the 1-RDM to
explore the larger set of occupation numbers associated with open quantum systems.

The system’s trajectory in population space (the space of natural occupation numbers)

provides a dynamical map of quantum information as it flows though the system, which
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Figure 2.10: The pure distance (¢) is compared for closed and open quantum systems for
a time range of 0-3 ps. In the closed system the pure distance is always nonnegative, and
in the open system the pure distance is frequently negative. An important feature is that
positive spikes in pure distance, representing the movement of occupation numbers inside
the polytope, coincide with the times when sites 1 and 2 are maximally entangled.

can be analyzed for openness with the generalized Pauli conditions. In Fig. 2.11, we see
the trajectory with femtosecond resolution for the duration of 10 ps for (a) closed and (b)
open systems. Each axis represents the population in the excited states of one of the three
chromophores (sites). Even though there are 6 occupation numbers, only three of them are
unique since on each chromophore the occupation numbers of the orbital pairs are constrained
by the exciton Hamiltonian to sum to one. The trajectory in time starts with the excitation
at site 1, denoted in the figure by the big green sphere at the coordinate (1,0,0). Points along
the trajectory are color coded in green and red to denote points that lie inside and outside
of the polytope of pure occupation numbers, respectively. The closed system in (a) remains
pure (closed) throughout its trajectory (note that all points on the trajectory are green);

the exciton in (a) oscillates between sites 1 and 2, never reaching the reaction center. When
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environmental noise is added through dissipation, dephasing, and sink terms, we observe in
(b) that the quantum system moves immediately from a closed 1-RDM (green) to an open
1-RDM (red).

The trajectory of occupation numbers provides a visual demonstration of how environ-
mental noise facilitates the transport of the exciton to site 3 from which it can enter the
sink. Environmental noise, it has been observed, can enhance exciton transport in a quan-
tum system [21, 22, 36]. Typically, the enhancement is characterized by the dynamics of the
quantum system. The pure and ensemble sets of the 1-RDM provide a kinematic, rather
than a dynamic, interpretation of the enhancement. From the 1-RDM perspective we ob-
serve that the role of the noise is to increase the size of the set of 1-RDMs that is accessible
to the quantum system. The enlargement of the set of 1-RDMs arises from the violation of
the generalized Pauli conditions in the presence of environmental interactions. Importantly,
the change in set size is kinematic, and yet it facilitates the dynamic transfer of exciton

population through the system to the sink.

2.5.2  Energy Transfer

Trajectories of the chromphore network in the space of electron occupations allows us to
characterize the exciton transfer pathway with respect to the violation of GPC in the FMO.
Figure 2.12 shows, for the 7-chromophore network, excited orbital occupations of sites 1,2
and 3 for 10 ps. Points are colored green (orange) as and when the spectrum is inside
(outside) the set of allowed 1-RDMs for pure quantum states. The ground state is depicted
by the Slater point (0,0,0) and the points (1,0,0), (0,1,0) and (0,0, 1) correspond to Slater
determinants with the excitation on sites 1,2 and 3, respectively. The system is left in
an ensemble of stationary states at infinite time in the presence of purely dephasing noise
(8 = v = 0), the system staying within the pure set at all times as indicated by points
in green (see figure 2.12a). Dephasing noise dampens coherences between eigenstates of

the chromophore network but there is no net transfer of energy to the reaction center.
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1
Site 3 Site 1

Figure 2.11: The system’s trajectory in the exciton population space is shown for (a) closed
and (b) open systems. Points along the trajectory are color coded in green and red to
denote points that lie inside and outside of polytope of pure (closed) occupation numbers,
respectively. While the closed system in (a) remains pure (close) throughout its trajectory,
the open system explores a larger space of occupation numbers than the closed system as it
relaxes to its ground state.

The final state of the system at 10 ps, shown by the green sphere at (%, %7 %), is purely
classical with no coherence between chromophores and the excitation is distributed evenly
between the seven sites. With quantum noise (Fig. 2.12b), the FMO system begins to
interact with the surrounding protein matrix and the generalized Pauli constraints relax
to the Pauli constraints. As indicated by the points in orange, the spectrum of 1-RDM
occupations exits outside the pure set on exposure to the environment, although it reenters
the set intermittently and finishes inside the set at large times as the system relaxes to its
original ground state. Transfer of energy occurs as the set of pure states relaxes to the set of
ensemble states, thereby accommodating a larger set of feasible occupations. Site populations
of chromophores 1,2 and 3 are from the full 7-chromophore FMO monomer whose spectral
characterization with respect to violation (satisfaction) or of generalized Pauli constraints
was performed.

The nature and the extent of deviation of the spectrum from the facets of the pure
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Figure 2.12: Femtosecond trajectories of the FMO for purely dephasing noise (a) and with
quantum noise where there is energy transfer to the reaction center. The spectrum is colored
green (orange) when its inside (outside) the set of allowed N-electron pure states.

Site 2
Site 2

Site 1 Site 3 Site | Site 3

Table 2.11: Table quantifies geometry relaxation of pure quantum states during energy
transfer in the FMO. With quantum noise, the pure distance (dp) goes from 0 to negative at
50,100 and 325 fs. The relative dilation of pure set boundaries compared to that for mixed
states, shown by (), turns sharply negative in the interval between 0 to 325 fs when energy
transfer takes place. For purely dephasing noise, where there is no energy transfer, the pure
distance stays positive and (0 < Q(t) < 1) at all times.

Dephasing Noise Quantum Noise
Time (fs) dp(t) dp(t) Q@) dp(t) dp(t) Q)
0 0.0000  0.0000 1.0000 0.0000 0.0000 1.0000

20 0.0000 0.0025 0.0000 -0.0010 0.0025 -0.5140
100 0.0000 0.0019 0.0000 -0.0096 0.0018 -5.0797
325 0.0056 0.0387 0.1835 -0.0226 0.0235 -0.9621
1000 0.1101  0.1101 1.0000 0.0207 0.0207 1.0000

10000 0.1429 0.1429 1.0000 0.0009 0.0009 1.0000

set gives a quantitative estimate of the degree of interaction of a quantum system with its
environment. Using a Euclidean distance metric, we measure the distance of the spectrum
of occupations from the facets of the convex polytope defining the pure set [12]. This
distance is positive or negative when the spectrum is inside or outside the convex polytope of
occupations. For comparison we also compute distance to the ensemble boundaries given by

the polytope 1E(771 1) defined by the Pauli principle on an ordered spectrum of occupations [4,
59



12]. Energy transfer occurs when the geometry of occupation numbers is relaxed from the
pure N-representable set defined by 1P<7’1 4) to 1E(7’14) . The extent of this relaxation is

given by the ratio of pure (dp) and ensemble (dg) distances, @ [37]

dplt) if g (8) > 0
Q) - { 0 TEO> (29)
0,  ifdg(t) =0.

which gives information, over and above the Pauli exclusion principle, about entanglement,
correlation and noise in the N-electron (fermion system) [4, 12, 13, 37]. The metric @
compares the relative distance of the spectrum to the boundaries of pure and ensemble sets
as a function of time and is defined to be zero for a slater determinant which is pinned to
both pure and ensemble boundaries. The dimensionless quantity ) reflects the extent of
violation of generalized Pauli conditions relative to the Pauli criterion and highlights the
effect of the dilation of the set of occupation numbers from pure to ensemble in energy
transfer. While we use the Euclidean metric to define distance to the pure set boundary,
other metrics such as the trace distance or the Bures metric (related to quantum fidelity)
could also be employed [38]. To remove ambiguity about saturation of GPCs calculations
on the FMO were performed to a the precision of 15 decimal places.

Table 2.11 quantifies the extent of geometry relaxation of pure set 1-RDMs during energy
transfer in the 7-chromophore FMO. Energy transfer occurs primarily between 0 and 1 ps
after which there is little or no coherence between the chromophores. The pure distance
turns negative (it is zero initially) at 50,100 and 325 fs and turns back positive (0.0207 at
1 ps) as the system begins to regain purity. The relative dilation of pure set boundaries
relative to that for an ensemble (mixed) state is given by Q(t). @ goes from goes from 1 for
the original excited configuration to below zero (—0.51) at 50 fs, turning sharply negative
at 100 fs (—5.0797) then back up to —0.9621 at 325 fs. Pure distance (dp) of the system

in presence of quantum noise regains positivity at longer times, reaching 0.0009 at 10 ps
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(with @ = 1) as the system begins to relax back down its the ground (pure) state after

having transferred energy to the reaction center. With purely dephasing noise, where there

is no energy transfer, the pure distance stays positive at all times and 0 < Q(¢) < 1. The

system is left in an ensemble of equiprobable stationary states that are equidistant to pure

and ensemble boundaries at infinite time (dp(00) = dg(c0) = %) In this way the geometry

relaxation of 1-RDMs representing pure many-electron states in the presence of quantum

noise is shown to be quantified in terms of the metric ) that turns markedly negative during

energy transfer in the FMO.
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CHAPTER 3
CONCLUSIONS

Generalized Pauli conditions arise due to the global antisymmetry of the N-fermion wave-
function and antisymmetry is the active constraint vis-a-vis energy minimization for quantum
states that saturate them. At the beginning of our inquiry into their relevance for physical
systems, we defined distance metrics that quantified their saturation as part of a concerted
effort between 2013-2016 that has yielded consensus for the phenomenon of quasi-pinning,
their quasi-saturation for harmonic and spin systems, and in atoms and molecules [1-3]. For
open quantum systems, we defined similar saturation metrics with the additional considera-
tion of the spectrum approaching the boundary set both from inside, as would be the case for
pure states, and from outside like any measurable quantum system with noise artifacts [2].
The ratio of constraint saturation with respect to pure and ensemble N-representability con-
ditions gave us (), a quality factor we found to be useful in describing energy transfer in
terms of dilation of the set of 1-RDMs [2, 3]. Understanding the degree to which a quantum
system interacts with its environment is critical because this interaction can significantly
influence its energies and properties. The openness of a quantum system can be computed
through its N-electron density matrix. Determination of the N-electron density matrix by
either theory or experiment, however, is challenging and difficult because the matrix scales
exponentially with the system size. Using pure-state N-representability conditions (GPCs),
we have shown that the openness of a quantum system is encoded directly in the 1-RDM.
Unlike the N-electron density matrix the 1-RDM scales as a polynomial in the number of
electrons in the quantum system. While for an open system the occupation numbers of the
1-RDM are bounded by zero and one by the well-known Pauli exclusion principle for a closed
system the occupation numbers of the 1-RDM are bounded by a more stringent set of in-
equalities known as generalized Pauli conditions. Importantly, these generalized conditions
significantly restrict the physically realistic occupation numbers for closed quantum systems

beyond the usual Pauli conditions. By studying their violation for an open quantum system,
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we are able to ascertain the openness of a quantum system from the 1-RDM alone.

The role of environmental interactions or quantum noise is to relax the generalized Pauli
conditions, allowing the quantum system to explore a much larger set of trajectories in
the natural-orbital occupation numbers. Traditionally, noise is viewed in terms of its effect
on the dynamics of the system. The present work, however, shows that there is also a
fundamental kinematic interpretation in terms of the geometry of the 1-RDM sets. As seen
in the application to photosynthetic light harvesting, the noise expands the set of allowable
1-RDMs from its pure N-representable set to its ensemble N-representable set [1], which
significantly expands the set of trajectories in orbital occupations by which the exciton can
move through the chromophore network and thereby allows the exciton to travel efficiently
to the reaction center for its conversion to chemical energy. The sufficient condition encoded
in the 1-RDM for an open quantum system provides physical insight through its orbital
occupations into the ramifications of environment interactions and openness in quantum
mechanics. Experimentally, it may be possible to apply generalized Pauli conditions to probe
the system-bath interactions in a variety of physical and chemical systems. The present work
represents a step towards a broader use of the 1-RDM and its occupation numbers in the
study of the interaction of open quantum systems with their environments.

With knowledge of GPCs, we were able to capture many-electron correlation energies
from extremal single-particle occupation spectra. Pinning of the wavefunction to the bound-
ary set 9P of one-electron reduced density matrices provides a sufficient condition for the
extremality of the 2-RDM which is a key variable is the computation of ground state energies
of many-electron systems [4, 5]. This analytic a priori is validated by our numerical a pos-
teriori presented here in that with the optimization program (1.55) that scans the pure set
(polytope) boundary for the best pinned approximation to the wavefunction, we are able to:
(i) recover correlation beyond the Hartree-Fock limit in the boron isoelectronic sequence, (ii)
recover > 92% of the correlation energy in N; in its equilibrium geometry, (4ii) qualitatively

describe static correlation in linear hydrogen chains that become maximally entangled in the
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dissociative limit, and, (i) capture correlation in strongly entangled 7 systems in planar,
cyclic hydrocarbons. Reconstruction of many-body states which are able to describe corre-
lation from muti-reference effects from knowledge of single-particle marginals is significant
in that it paves the way for energetic simulations of quantum states from knowledge of its
1-RDM [6, 7]. The initial success of pure state N-representability constraints in describing
correlation in electronic quantum domains has inspired efforts to and formulate an efficient
algorithm to enumerate GPCs for bigger systems [8, 9], an open problem at the interface of
algebraic geometry and many-body physics, that will have major repercussions in quantum
information theory.

We have inspected carefully the extent of GPC saturation for single-particle spectra
in the electronic structure of atomic and molecular ground and excited states [1, 10, 11],
and shown their violation to be sufficient to ensure openness of the many-electron quantum
system [2, 3]. Using GPC facets that expose the set of pure N-representable 1-RDMs, we have
shown that extremal 1-RDMs give a sufficient criterion for extremality of the 2-RDM, a key
variable in quantum chemistry [5], and are able to define an energy functional that describes
many particle correlation from single-particle spectra. In addition to providing a useful
measure and classification of electron correlation and entanglement, the generalized Pauli
conditions also offer insights into the improvement of electronic structure methods based on
wave functions as well as 1- and 2-RDMs. The theorem of Hohenberg-Kohn [12] at the heart
of density functional theory [13] intimates that the 1-RDM contains key elements of an atom
or molecule’s electronic structure including possible signatures for strong electron correlation.
The generalized Pauli conditions further demonstrate that key features of electron correlation
and entanglement are encoded within the 1-RDM. The definition of the set of pure N-
representable 1-RDMs by the generalized Pauli conditions may provide new insights into
the development of practical 1-RDM-based electronic structure methods. The generalized
Pauli conditions are useful in the measurement and classification of electron correlation and

entanglement, and more generally, these conditions provide fundamental insight into the
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structure of many-electron quantum systems, which has been useful for both the classification

and the computation of strong electron correlation.
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