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ABSTRACT

Computational modelling of molecules and materials with strongly correlated electrons has
been a long-standing challenge in the field of theoretical chemistry. While, conventional
multireference wave function methods provide a robust way to account of strong electron
correlation, the high cost associated with them prohibits their application even for moder-
ately sized systems.

This dissertation focuses on development and application of low-cost, chemically-guided
multireference methods. The primary emphasis is on the localized active space self-consistent
field (LASSCF) method. This method is designed for systems with strongly correlated or-
bitals that are localized in different regions of the system. LASSCF scales better than the
conventional complete active space (CAS) method and gives qualitatively accurate results
for various classes of compounds. To extend the applications of LASSCF beyond capturing
qualitative behavior, we developed methods that account for further electron correlation.
The LAS-PDFT (pair density functional theory) method is less susceptible to approxima-
tions of the wave function and shows better agreement to the corresponding CAS results
even for systems for which LASSCF fails to do so. The LAS-State interaction method sys-
tematically restores entanglement between the fragments and provides better insights for
practical applications. The LAS-Unitary coupled cluster (UCC) method (chapter 5) is de-
signed for fault-tolerant quantum computers in order to leverage their power to do unitary
operations in order to rebuild correlation between LAS fragments. Lastly, we discuss the
hybrid multiconfiguration pair-density functional theory (HMC-PDFT) that provides a sig-
nificant improvement over the conventional PDFT in calculating excitation energies for a
wide range of systems.

These methods greatly extend our reach to get qualitatively accurate wave functions and
quantitatively accurate energies for a wide range of challenging systems at a significantly

lower computational cost.



CHAPTER 1
INTRODUCTION

1.1 Motivation

Computational chemistry aims at developing simple and ingenious mathematical models of
the chemically interesting systems and phenomena present around us. Today these models
are used in most fields of experimental chemistry to not only gain fundamental understanding
of the chemistry but also to provide significant advantage and acceleration in the large-scale

[3-7]

processes like material design and drug discovery. The rapid advancement in computing

technology has allowed us to formulate more rigorous models as well as extend our reach

to more complex systems. [8-14]

One significant barrier in modeling the electronic structure
of increasingly larger systems is the exponentially increasing cost of computing all electron
interaction energies. Even though quantum mechanics provides the fundamental laws to
model these interactions, the difficulty, as Dirac points out in his famous quote, “lies only in
the fact that application of these laws leads to equations that are too complex to be solved.”
The pursuit to overcome these limitations has spawned many approaches that introduce
various approximations to make the equations easier to solve. These approximations are often
based on the observations and assumptions about the specific domains of systems to which
the method is to be used for. The severity of these approximations determines the accuracy of
the method. Numerous efforts have been made in the past few decades to effectively capture
15-17]

this electron correlation! . Wave function based methods like multiconfiguration self-

consistent field (MC-SCF)[8 coupled cluster (CC)1921 and perturbation theory20:22]

have been shown to be successful in approximating this interaction. Kohn-Sham DFT [23,24]
introduces many simple and versatile ways to model the exchange and correlation interactions
of electrons (2528,

MC-SCF methods uses chemical knowledge of the systems being studied to simplify the

1



computation- the most common of which is the complete active space self-consistent field
(CASSCEF). (18] This method captures a significant part of the static correlation and the re-
sulting wave function provides a good qualitative description of the system. The wave func-
tion also serves as a reference for many post-SCF methods that attempt to account for the

correlation energy of the electrons outside the active space - like the second-order perturba-

22,29] 30,31]

tion theory and multiconfiguration pair-density functional theory (MC-PDFT).
A common approach, generally, is to obtain a qualitatively accurate wave function using these
MC-SCF methods and use the post-SCF methods for further quantitative accuracy. This

approach has proven to be highly useful in modeling various systems and phenomena - like

[32-35] [36-38]

charge transfer in conjugated organic molecules , electronic excitations in DNA ,

[39-41]

spin interactions in single molecular magnets and mechanisms of biochemical reac-

tions. [4245]

The exponentially scaling cost of methods like CASSCF with the active space of the
molecule restrict their applicability to relatively small systems. To bypass this high cost
without compromising on the multireference character of the wave function, we developed
the localized active space self-consistent field (LASSCF) method. [146] The LAS wave func-
tion is obtained by decomposing the active space into multiple subspaces that are localized
in different parts of the molecule and solving for the exact wave function in each of the
smaller subspaces separately. This method is designed for systems with strongly correlated
orbitals that are localized in different regions of the system. In Chapter 2 lays the foun-
dation of LASSCF and studies its performance for modeling bond dissociation in organic
compounds and spin state ordering in bimetallic complexes. The LAS wave function proves
to be a good approximation to the CAS wave function in many cases without incurring
the high cost associated with the CASSCEF. In other cases, however, the variational penalty

of fragmenting the active space compromises the LAS energies significantly. In order to

ameliorate this problem we study three post-LASSCF methods that aim to capture further



electron correlation. We do this in the following three chapters. Chapter 3 discusses the
LAS-PDFT (pair density functional theory) that attempts to account for electron correlation
beyond the LASSCF method. It computes the energy of the system based on the density and
pair-density of electrons obtained from the reference LAS wave function. We demonstrate
that LAS-PDFT energies are less susceptible to approximations of the LAS wave function
and gives more accurate results even for systems for which LASSCF fails. Chapter 4 uses
a systematic approach to introduce inter-fragment correlation through a state-interaction
(SI) formalism of LASSCF that selectively restores some entanglement between the frag-
ments. This method allows us to calculate excitation energies in highly conjugated organic
compounds and magnetic coupling constants in multi-metallic systems with lower costs -
extending the range of application for LAS based methods to systems that are not usually
thought of as fragmentable. Moreover, we were able to demonstrate the use of these meth-
ods for insights in practical applications in spin coupling in magnets and charge transfer in
organic molecules. In Chapter 5, we propose the “local active space unitary coupled clus-
ter” (LAS-UCC) ansatz. This is a hybrid classical-quantum algorithm that leverages the
power of quantum computers to do unitary operations in order to improve upon the LAS
wave function. This scales linearly with system size for certain geometries, providing a poly-
nomial reduction in the total number of gates compared to the quantum phase estimation
(QPE), while providing accuracy above that of the variational quantum eigensolver (VQE)
using the UCCSD ansatz as well as the classical LASSCF. To complement the efforts to
lower the cost of obtaining multireference wave functions, accurate and efficient post-SCF
methods need to be developed as well. Chapter 6 focuses on the development of hybrid
multiconfiguration pair-density functional theory (HMC-PDFT) that provides a significant
improvement over the conventional PDFT in calculating excitation energies for a wide range
of systems. The methods can be used with any multireference wave function including but

not limited to LASSCF. The remaining portion of the chapter establishes a background of



the fundamental concepts of electronic structure theory this work is based on.

1.2 Theoretical Background

The quantum mechanical Hamiltonian that is most commonly used for electronic structure
calculations includes energy contributions of the inter-nuclear repulsion, the kinetic energy
of the electrons, their interaction with the nuclei, the inter-electronic interaction. This ex-
cludes the effects like the coupling between the nuclear degrees of freedom from the electronic
ones (Born-Oppenheimer approximation), spin-orbit coupling and scalar relativistic contri-

(47 48]

butions. . The inter-electronic interaction term in the Hamiltonian couples the degrees

of freedom of all N electrons. This makes an analytical solution impossible for all but hy-

[49], The problem is not that we lack the mathematical adroitness

drogen atom like systems
to figure out a clever analytical solution but that the inherent structure of the model is
such that the terms in the operator are defined in terms of the solution of that operator -
i.e. we need one to get the other. A conventional approach used to solve such problems

50, n this case, the

is through self-consistent iterations starting from a good initial guess
exact wave function is expressed as an optimal linear combination of all possible electronic
configurations that span the same Hilbert space as the wave function. These configurations
can be represented by occupation number vectors (ONVs) in the second quantization for-

51,52]

malism. | For a system with M electrons and N spin orbitals an example of a single ONV

would be

k) =1,1,...,1,0,0,0,...0) (1.1)
—_——— ——
12,..M M+1,..M

where the 1s indicate that orbitals 1 through M are occupied and the 0Os indicate that
orbitals M+1 through N are unoccupied.[48]. Figure 1.1 shows all singlet configurations
of two electrons occupying four spin orbitals. With each spin orbital having two possible

occupation numbers, a space having N spin orbitals has 2V possible basis vectors. Out of



which only ( ) have a total of M electrons. The exact wave function, |¢)), can then be

|¢0 |¢1 |¢2> |¢3>
|1100) |0110) [1001) [0011)

Figure 1.1: The exact wave function (in brown) of 2 electrons in 4 spin orbitals is a linear
combination (with coefficients ¢; of all the configurations (in green). The ONVs of each
configuration are printed below.

written as a linear combination of these ONVs.

W) = exlk) (1.2)

k

where cj, is the contribution of each configuration. The expression in equation 1.2 indicates
that exact wave functions can be obtained by calculating the coefficients ¢;. for all possible
configurations. We can obtain these ‘best’ set of coefficients using the variational principle [48]
which states that the exact solution will be a stationary point (unchanged by first order
perturbations) of the expectation value of the energy. In other words, the coefficients should

be optimized to get lowest possible value for the energy F.

(| H|Y)

oy (13)

E = mm{ck}

Generally, more the configurations, more is the variational freedom enjoyed by the system
resulting in a better solution. If all possible configurations in a given set of orbitals are
considered, the solution is called a full configuration interaction (FCI) wave function [48]

In order to systematically enumerate all these configurations, they are categorized based

on how different they are compared to a reference. The reference configuration is typically
5



chosen to be the one that has the N lowest energy spin orbitals occupied by the N electrons.
The configurations that can be obtained by moving one electron from an occupied to an
unoccupied orbital are classified as singly excited. The ones that have two electrons moved
into unoccupied orbitals are called doubly excited and so on. It is to be noted that the
term ‘excited’ is not used in a strict spectroscopic sense but only because it appears like the
electron has ‘excited’ from a lower orbit to a higher one. It is generally true that the lower
order excitations have higher contributions compared to the higher order ones [53],

The formal and conceptual simplicity of this approach, however, belies the difficulty in

54 The number of configurations to be

its application even to moderately large systems
considered for a FCI solution increases factorially with the size of the system. In most cases
the vast majority of the configurations contribute very little to the wave function. This
allows us to come up with more affordable and yet reliable approaches if we identify the
important configurations over the ‘deadwood’. [55]

One of the first and the simplest approaches - the Hartree-Fock method - expresses the
wave function only as a single configuration and accounts for the electronic interaction by
approximating it as an effective mean field. While this model does a reasonable job in some
cases, it fails to account for some key aspects of the electron interactions. These effects that

[56]

it fails to capture are generally defined as electron correlation!®®!. It is useful to quantify

the severity of the HF approximation using the correlation energy FEcorr which is formally

defined as the difference between the exact energy and the HF energy [56]

Ecorr = Fexact — EHF (1-4>

All the various post-HF methods try to approximate this Ec.qpr in various ways. The cor-
relation energy recovered by any other method is similarly defined as the difference between
its energy and Egp. This will be smaller in magnitude than the total Ecopr for all post-HF

variational wave function methods. The correlation energy is further classified in two concep-

6



tual types, dynamic and static correlation, based on two reasons why the HF energy is higher
than the exact one. The first reason is the treatment of inter-electronic interactions using a
mean field and the lack of explicit interaction between all electron pairs. This effect is called
the dynamic correlation. The second reason is the description of the wave function using
only a single configuration rather than as a linear combination of multiple configurations.
The effect of this often termed as static correlation. There exists, however, no clear way to
isolate the effects of either of these types of correlations - i.e. we cannot rigorously quantify
the energy contribution of each type of correlation separately. Any conceptual distinction
between the two is made even more ambiguous by noting that the recipe to account for more
static and dynamic correlation is to express the wave function in terms of more electronic
configurations. This distinction, however, useful to understand the performance of some
methods and to improve them in systematic ways. Often some methods are referred to as
capturing static correlation or others include more dynamic correlation. This description,
though not formal, is useful in deciding which methods should be uses in which case and
what can be done to improve it.

CASSCF, a method which aims at capturing significant static correlation, is a middle
ground between expressing the wave function using all the configurations (like FCI) and
expressing it with only one of them. In CASSCF specific orbitals selected by the user are
allowed to have variable occupancies (different than those in the HF wave function) and all
possible excitations within those orbitals are allowed. An active space of N, electrons in
N, orbitals is commonly reported using the compact notation (N, Ny). Figure 1.2 shows a
schematic of the differences in the HF, CASSCF and FCI methods.

The wave function is expressed as

[Yeasscr) = exp(— ZC ki) (1.5)

The operator exp(—#) performs a unitary transformation among the spin orbitals to obtain

7



|HF) = [©y)  |CAS) = [Yo) A|DPy)  |FCI) = [¢)

Figure 1.2: Schemes of wave function methods: The HF method (left) has only one electronic
configurations with orbitals having fixed integer occupancy (shown in green and with clear
arrows). The FCI (right) is a weighted average over all possible configurations with none
of the orbitals having fixed integer occupanices (shown in brown and with blurred arrows).
The CASSCF in the middle has a subspace with FCI within it (blurred arrows) with the
rest similar to HF with clear arrows.

the optimal set of orbitals and expansion coefficients, Cj;, are normalized to unity. The
wave function is optimized variationally by self-consistently improving the orbital rotation
operator exp(—&) and the contributions {C;} of the configurations.

CASSCEF calculations are well suited to obtain a good multiconfiguration wave functions
and thus capture a significant amount of static correlation. This is necessary to describe
systems where there is degeneracy or low-lying unoccupied orbitals like in case of a homolyt-
ically cleaved bond or a transition metal with a partially filled d-shell etc. In its extreme
limit where all orbitals are active and all electrons are included, we reach the FCI limit.
The objective, then, is to use the smallest possible number of active orbitals that capture
as much static correlation as possible. Since the results depend significantly on the choice
of the active orbitals, which is a choice made by the user, this method demands a certain
level of expertise from the user. Efforts to establish a standard programmable protocol for
choosing these active spaces, not only for CASSCF but for other such methods too, is an

[67-59]

active field of research . Various techniques have been used to overcome or avoid this



exponential scaling of the computational cost with respect to the active space. The restricted
and generalized active space (RAS [60.61] and GAS [62]) approaches consider only a subset of
the configurations from CASSCF by classifying the active orbitals in subspaces based on
chemical information. In RAS, orbitals that are expected to be ‘mostly’ occupied or ‘mostly’
unoccupied are categorized in spaces from which the user control the maximum number of
holes and electrons respectively. In the GAS method multiple sub-spaces are defined by the
user such that all possible excitations are considered within the subspaces and only a few
(if any) excitations across the subspaces are considered. Methods like occupation-restricted
multiple active space (ORMAS) [63], generalized valence bond (GVB) [64’65}, separated pair
(SP) approximation [66] also reduce the number of configurations using chemical knowledge
of the orbitals. These approaches, while more affordable than CASSCF, still do not overcome
the exponential scaling completely and cannot be applied to cases where the user defined
chemical intuition is unreliable. Methods like the density matrix renormalization group

(DMRG) 1671 doubly occupied configuration interaction [68,69]

[70]

, and active-space two-electron
reduced-density-matrix!’*! methods scale polynomially.

Even for the multireference calculations performed with these methods, where the num-
ber active orbitals and electrons are significantly smaller than those required to reach a FCI
limit, dynamic correlation is still, for the most part, unaccounted for. Multireference many-
body perturbation theory has been a popular technique to compute the additional (dynamic)
correlation energy beyond that of the multireference wave functions - particularly the com-
plete active space second-order perturbation theory (CASPT2) and n—electron valence state
second-order perturbation theory (NEVPT2). These methods, however, scale poorly with
the size of the system and thus are too expensive for large systems. A recent alternative to
these methods is the multiconfiguration pair-density functional theory. [30,31] This method

blends multiconfiguration wave function theory and density functional theory in order to

quantitatively model the static and dynamic correlation. The Kohn-Sham density func-



23,24 that uses a single Slater determinant to represent the electron density is

tional theory[
not appropriate for inherently multireference systems. While the use of broken symmetry
Slater determinants with approximate density functionals can sometimes predict reasonable
energies, the solutions are unphysical and cannot be interpreted easily. This motivates the
need for MC-PDFT that uses the physically sound multireference wave functions. This
methods takes the kinetic energy, total electron density (the probability density of finding
an electron at a point in space) and the on-top pair density (the probability density of finding
two electrons at a point in space) from the reference wave function. These serve as inputs to
an ‘on-top’ functional that gives the total energy of the system. It is worth noting that unlike
perturbation theory that calculates a correction to the total energy, MC-PDFT recomputes
the total energy based on the density and pair density. PDFT has been shown to be ap-
plicable and effective in many applications for calculating both ground- and excited-state

30] 66,71]

properties including potential energy curves!°¥!, main-group bond energies, chemical

32)

reaction barrier heights, [72] charge-transfer Complexes[ , atomic and molecular excitation

energies [30,73,74]
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CHAPTER 2
THE VARIATIONAL LOCALIZED ACTIVE SPACE
SELF-CONSISTENT FIELD METHOD

2.1 Introduction

Current targets of quantum chemical simulation such as lanthanide/actinide-ligand com-

plexes [75-77] and metal-organic frameworks, [78-83] frequently contain a large number of
strongly-correlated electronic degrees of freedom in their wave functions, which renders tradi-
tional multiconfiguration self-consistent field (MC-SCF) approaches like the complete active
space self-consistent field (CASSCF) method (18] problematic due to the factorial explosion
of the computational cost of the latter with respect to the size of the active space. However,
in many of these systems, the strongly-correlated electronic degrees of freedom are centered

around separable units, for example distant transition metal nuclei 2] or weakly-entangled

84] 85]

monomers,[ and a low-scaling local correlation 39 or fragmentation [86] approach to the
MC-SCF framework may generate realistic chemical models.

Along these lines, we recently introduced the localized active space self-consistent field
(LASSCF) method [!] for strongly-correlated systems characterized by weakly-entangled sub-
units. LASSCF was originally conceived as a generalization of density matrix embedding
theory (DMET),[SPQO] but unlike the latter, LASSCF generates a true wave function for
the whole molecule and provides an upper bound to CASSCF and full configuration in-
teraction (FCI) energies. LASSCF produces a localized active space (LAS) wave function,
which is an approximation to a CASSCF wave function in which the active space is split
into one or more non-overlapping, unentangled subspaces. This approximation to CASSCF
eliminates the inherent factorial operation and storage cost explosion with increasing system

size that is associated with handling a single configuration interaction (CI) vector spanning

a direct-product basis of orbitals. Initial tests of LASSCF showed that it reproduces the
11



results of comparable CASSCF calculations, as long as the strong electron correlation of
the test system was localized and short-range; whereas the more general DMET method
using a CASSCF solver fails dramatically. (1] Further tests showed that LASSCF is an at-
tractive alternative to CASSCF in determining spin-state energy ladders for organometallic
compounds, especially multinuclear compounds. [2]

Equivalents to the LAS ansatz have been explored before in the literature. For example,
the LAS wave function can be understood as a form of the cluster mean-field wave function

explored by Jiménez-Hoyos and Scuseria in the context of 1D or 2D Hubbard model sys-

[91]

tems, or as a ‘rank-one basis state” defined by Nishio and Kurashige in their studies of

84]

molecular aggregates,[ or as the bond dimension = 1 case of an active-space decompo-

[92-95] ohtained using the density matrix renormalization group

sition (ASD) wave function
(DMRG) extension. %] Among these works, the cluster mean-field method described in Ref.
91 and the ad hoc protocol employed for one particular test system in Ref. 84 are variational.
All others leave the orbitals, CI vectors, or both constrained indirectly by orbital localiza-
tion schemes in one way or another. When the orbitals are variationally optimized,[84795]
the authors tend to utilize a standard CASSCF orbital-optimization algorithm, which is ma-

[18,97]

ture with many acceleration schemes and approximations to the general second-order

approach having been explored. [98-104]

LASSCF as explored in Refs. 1 and 2 is not truly variational in the sense that not all of
its wave function parameters minimize the energy. One consequence of this is that analytical
molecular gradients are less straightforward to implement. Although analytical gradients are
usually still possible, by using, for instance, Lagrange’s method of undetermined multipli-

ers, [105]

this requires that the method be represented as a constrained energy minimization.
In the case of LASSCF, the constraints on the orbital optimization are provided indirectly
by the initial guesses for the active orbitals as well as the orbital-localization scheme used to

split the atomic orbital (AO) space of the molecule into non-overlapping fragments. Strong

12



dependence of total energies and other observables on these initialization parameters is ob-
served even for systems with only one physically reasonable state. Not only does this make
the implementation of analytical molecular gradients more problematic, it impairs the re-
producibility of total energies and density matrices calculated with the LASSCF method.
Initial guess states are manifold, especially in the field of MC-SCF calculation, where workers
are accustomed to exploring a wide variety of ad hoc protocols for generating initial guesses
in the pursuit of elusive states; [101,106-109] ;5 yseful MC-SCF method should depend on the
initial guess only inasmuch as the choice of the guess should allow the user to select a desired
state from among a finite number of energy minima in the wave function parameter space.
Further steps in reference 46 developed an algorithm of LASSCF which fully minimizes
the energy with respect to all possible transformations of the orbitals and CI vectors of
a LAS wave function. This extension improves the robustness and reproducibility of the
LAS wave function and energy, makes the method energetically equivalent to CASSCF and
Hartree—Fock (HF) in the limits respectively of one active subspace and one determinant in
the active superspace, and does not incur substantial additional computational cost. In this
chapter, we compare the the performance of these algorithms with respect to the CASSCF
reference. When comparing the two versions of the LASSCF, the one that fully minimizes
the energy is referred to as “variational LASSCF” or vLASSCF in order to distinguish it
from the method described in Ref. 1. In subsequent chapters, however, vVLASSCF replaces
LASSCF entirely- i.e. only the algorithm that minimize the total energy is used and thus

the preceding v’ is dropped.

2.2 Theory

The formulation of LASSCF is motivated by the observation that static correlation is often

localized on different parts of the molecule. The corresponding wave function and energy

13



are defined as

ILAS) = (/\I‘I’m)/\l@D), (2.1)

K
Eras = (LAS|H|LAS), (2.2)

where H is the standard molecular Hamiltonian, |W 4, is a general correlated state describ-
ing Ny, electrons occupying the My, active orbitals (laf,,)) of the Kth fragment, and

|®p) is a single determinant of doubly-occupied inactive orbitals (|dy)).

2.2.1 Obtaining the LAS wave function

A LASSCF calculation requires the user to categorize the atoms of the molecule into frag-
ments and provide an initial guess for the active orbitals and size of each subspace. The
active orbitals of each subspace are expected to be localized on these fragment atoms in
the converged LAS wave function. In order to obtain the many-body wave functions of
the subspaces using existing electronic structure codes, we need to construct an effective
Hamiltonian for each fragment. The “fragment orbitals” (indicated by f) are obtained by
orthogonalizing the atomic orbital basis (using the meta-Lowdin method[llo’lll]) and then
grouping the orthogonalized AOs of the atoms assigned to each fragment. These orbitals
by themselves, however, are not sufficient to define a physical wave function since they are
entangled to other orbitals in the system - as underscored by the observation that the frag-
ment orbital space does not even have an integer number of electrons. This space needs to
be augmented by including all the entangled orbitals in order to have a well-defined wave
function of its own. This collective space is called the impurity space (indicated by ). The
impurity orbitals are obtained by combining Mp, “fragment” orbitals with up to Mp,. en-

tangled partner orbitals via the Schmidt decomposition [i.e., singular value decomposition

14



(SVD) of the density matrix]: [112:113]

My,

(1 B clﬁﬂcg;ﬂ) D%(z - Z “5§0p3115§{27 (2.3)
p3

{Ifknd} U{lp1) upg} — Aliga)}, (2.4)

where p belongs to a general molecular orbital space, CZEﬂ is an element of a unitary trans-
formation matrix between fragment orbitals and some general set of molecular orbitals, and
only the left-singular vectors (u%é) corresponding to nonzero singular values (op,) are re-
tained. The role of the Schmidt decomposition is to augment the fragment orbitals, which
are entangled to the rest of the molecule and cannot be assigned a wave function on their
own, with additional degrees of freedom that account for all entanglement and therefore en-

87.88] this allows

sure that the impurity space is occupied by an integer number of electrons; [
Eq. (2.6) to be solved with standard implementations of CASSCF. 1] The fragment orbitals
themselves are non-overlapping sets of localized orbitals which collectively span the whole

AO space and which each must enclose at most exactly one set of active subspace orbitals:

> Hagilfr)* = ki (2.5)
f11

The fragment orbitals are chosen to resemble a set of orthogonalized AOs as closely as
possible while satisfying Eq. (2.5). The LASSCF method obtains |[LAS) (as defined in eq.

2.1) in several overlapping sets of impurity orbitals (|ig,)):

Uy,.) = argmin(glin>((I>IK|/\(\IIAK|I:[]K|\I/AK>/\|(I>IK>>. (2.6)
WA ) I
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where |® [K) is a single determinant of doubly-occupied linear combinations of impurity

orbitals, and the impurity Hamiltonian (H Ig) 18

F . ZKl ZKI self 1K1 AT N
HIK - ( +{ } { Vo }'LK2> a@'Klo—a’iKQO'
L
K1iK3 51 AT
+ 2gZK2’LK4 lKlaalKgTaZK47—aZK2U’ (27)

omitting an irrelevant constant, where

{ = %llﬁ)DMg - guiﬁg{%f}mu (2.8)
( elf) K1 TK1UK3 MUK3 IK1LK3
{ Yo }ZKQ - glK;ZK4DiK4 gZKiZ {70}7,1(4 (29)

.|.

and where ;g (@jj, o) creates (annihilates) an electron at the ig,th orbital with spin o,
h and g are respectively the one- and two-electron molecular Hamiltonian matrix elements,
D and 7, are respectively the spin-summed and spin-separated one-body reduced density
matrices (1-RDMs; D = 4 +7 ), and we again sum over repeated internal indices including
the spin indices o and 7 (which take the values 1 and |), but not the fragment subindices K
le.g., ix3 in Eq. (2.9) ranges over the impurity orbitals of the Kth subspace only|. Since the
active orbitals in each impurity interact with all other active subspaces through this mean
field, the LAS wave function is simultaneously equivalent to the wave function in the impurity
space at convergence. In a single cycle of the LASSCF iteration, Egs. (2.3)—(2.9) are used
for each fragment to obtain an updated guess for the active orbitals and CI vectors. The
active orbitals will tend to develop nonzero overlaps across fragments from being optimized
asynchronously and must be explicitly orthogonalized once per cycle. They are then frozen
along with the CI vectors while the whole-molecule inactive orbitals (|d,)) are optimized.

The cycle repeats until fragment orbitals, density matrices, and energies stop changing.

16



2.2.2 LASSCF and spin

The standard (nonrelativistic) molecular Hamiltonian commutes with both 52 and S, and
so the corresponding exact wave functions can always be represented as eigenstates of these

two operators,

S2I0) = s(s+1)|0), (2.10)

SN0 = my W), (2.11)

with half-integer quantum numbers s denoting the magnitude and —s < mg < s the projec-
tion onto the z-axis of the total spin angular momentum.

The many-electron spin operators are

I I
A 1/~ - A
= 843 (845 +8-8+). (2.12)

N 1 /4 A

Sy = 5( ++S_>, (2.13)

N 1 /- A

S, = Z(S+—S_>, (2.14)

where, in second quantization,

6 1 . PO

S, = §§<amam—amap¢>, (2.15)

Sy = Yalay, (2.16)
p

N B 4. (a T

S_ = Zamam— <S+) s (2.17)
p

The LAS wave function is obtained by constrained energy minimization [i.e., constrained

to the functional form of Eq. (2.1)], which inherently introduces the possibility of unphysical

17



symmetry breaking. [114] The individual factors of ILAS) all satisfy both Egs. (2.10) and
(2.11) so long as spin-restricted, RHF-type orbitals and a spin-symmetry-observing FCI

solver are used:

SPWa) = sg(sg+1)|Va,), (2.18)
SZ ‘\IJAK> = Msg |\IIAK>’ (219)
S?|®p) = S:|@p) =54 |Pp) =9 |®p) =0. (2.20)

Since S is a one-electron operator which is diagonal in any orbital basis [Eq. (2.15)], |[LAS)

itself also satisfies Eq. (2.11):
S |LAS) = (Z m5K> ILAS) = ms |LAS) (2.21)
K

but since S2 is a non-local two-electron operator, which contains linked excitations across
active subspace parts which describe coupled spin-flips [compare the second line of Eq. (2.12)
to Egs. (2.16) and (2.17)], [LAS) itself does not generally satisfy Eq. (2.10).

To evaluate the amount of spin contamination in a LAS wave function (using RHF-type
orbitals), let us separate the generators S., S;, and S_ into terms addressing each active

subspace as

k) _ 1 4 g4

S = 52<%K1T‘IGK1T_%K1¢%K1¢>’ (2.22)
aK1

a(K) .

S0 = D g fanad (2.23)
aK1

§(K) 4 .

S5 = D g Gt (2.24)
aK1

with S, = YK S’gK), etc., and the inactive electrons can be ignored because of Eq. (2.20).
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Then, for the expectation value of the total spin magnitude, we have

N N A 1 - N
8% = 3 (80950 + 150950 4

<S<K)S*(f)>) , (2.25)
K.L

where (O) = (LAS|O|LAS). The diagonal case of the sum in Eq. (2.25), K = L, clearly
corresponds to the total spin eigenvalue for the K'th active subspace, sg (sg+1). For the off-
diagonal case, the second and third terms in the summand vanish because they correspond
to the above-mentioned linked double excitations which are excluded by construction from
ILAS), but the first term survives because each active subspace part is individually an

cigenstate of S,. Therefore Eq. (2.25) simplifies to

(8% = ZSK sg+1) Z Mg Mg (2.26)
K K4L

which should be compared to mg(ms + 1) to evaluate the amount of spin contamination.
There are a number of ways in which the limitations of the LAS wave function in the
context of spin symmetry might be addressed. Just as a small number of ROHF-type single
determinants with the same electron configuration and same total mg can be combined with
Clebsch-Gordan coefficients to construct CSF's with good spin magnitude quantum numbers,
s > |ms],7 so0 too can LAS states with the same set of s and same total ms but different
individual mg, be combined to construct post-LAS states with good s. This is what is
done in, for instance, Nishio and Kurashige’s study ®4 of “rank-one basis states” (= |[LAS)
states). It preserves the total spin quantum numbers of the individual subspaces, sf, al-
though the corresponding spin orientations, myg, , are no longer good quantum numbers. It is
also possible to generalize in the other direction, deliberately lifting spin symmetries by uti-
lizing spin orbitals of the generalized-Hartree-Fock (GHF) [115] o1 unrestricted-Hartree-Fock
(UHF) type in vVLASSCF calculations. The advantage of this is that, in principle, local spin

orientations (ms, ) and/or spin magnitudes (sx) no longer need to be specified by the user
19



but can be directly explored by the variational protocol itself. However, this sacrifices the
corresponding whole-molecule quantum numbers, mg and/or s, and the processes of evaluat-

ing spin contamination and restoring spin symmetry are more computationally involved. [116]

93,94] i1y which to

A third approach is to use the LAS states themselves as a diabatic basis!
directly evaluate Hamiltonian matrix elements for characterizing charge transfer or spin-spin
interactions. This last approach, which is specially facilitated by the LAS form of the wave

function, is attractive from the point of view of chemical interpretation and intuition.

2.3 Results and Discussion

All electronic structure calculations, including the impurity model CASSCF steps [Eq. (2.6)]
carried out within LASSCF and vLASSCF, were performed using PYSCF version 1.7.0a. [111]
We implemented LASSCF and vLASSCF in the mrh software package.[lm The testbed
systems we use to explore VLASSCEF are depicted in Fig. 2.1. The equilibrium geometries of
test systems labeled a), b), ¢) were obtained respectively from Refs. 1, 2, and 118. In the
case of system c), we replaced each amino ligand of the structure in Ref. 118 with ammonia
and optimized the geometry of the ammonia hydrogens (with all other atoms frozen) with
spin-unrestricted Kohn-Sham density functional theory in the septet spin state using the
MO06-L exchange-correlation functional [28], the Def2-TZVP basis set119:120] and SDD12Y
pseudopotential for the transition metal atoms, and the Def2-SVP basis set for all other
atoms. For the LASSCF and vLASSCF calculations of system a), we used 6-31G; for system
b), 6-31G(d), and for system c), cc-pVDZ. [122,123] Tpe purpose to study systems a) was to

explore how well the vLASSCF wave function can reproduce the CASSCF wave function.

2.8.1 Bisdiazene double-double bond dissociation potential energy curve

The bisdiazene [system a) in Fig. 2.1] was partitioned into fragments and assigned active

subspaces as in Ref. 1: two fragments consisting of the pairs of nitrogen bonds and their
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Figure 2.1: Test systems: a) 2-diazenylethyldiazene (“bisdiazene”), model bimetallic com-
pounds b) [Fe(Hy0)]obpym**, and ¢) [Mn(NH3)4]oxamide[Cu(NH;z)9]?t.

terminal hydrogens, and one fragment consisting of the central CoH4 unit. Active spaces of
(4,4) were assigned to the terminal diazene fragments and no active space was assigned to
the central unit, for an overall CAS of (8,8). The potential energy surface was scanned along
the simultaneous stretching coordinate of the two N=N double bonds from the reference
equilibrium geometry, which is reported in Ref. 1.

Figure 2.2 shows the difference between the LASSCF and vLASSCF energies and the
CASSCF reference along this potential energy curve. Because there are two active subspaces
with non-trivial wave functions, LAS and CAS wave functions are not formally equivalent.
Nevertheless, because the two active subspaces are physically separated and not entangled
(e.g., via a connecting m-orbital system), the LAS wave function is only a mild approxima-
tion to the CAS wave function. For this reason, both LASSCF and vLASSCF predict total
electronic energies within a few mFj}, throughout most of the potential energy surface. How-
ever, the LASSCF potential energy curve is significantly less smooth (as well as everywhere
higher) than the vLASSCF potential energy curve. Near the equilibrium geometry, the curve
is reasonably smooth, but past Ry_N = 3.0 A, it becomes highly erratic and discontinuous,

despite the fact that orbitals from converged LASSCF calculations at one point were used
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Figure 2.2: Energy difference between LASSCF(8,8), vLASSCF(8,8), CASSCF(8,8) models
of bisdiazene in the 6-31G basis across the simultaneous nitrogen-nitrogen double-bond disso-
ciation coordinate. The LASSCF data is taken from Ref. 1. Inset: the CASSCF(8,8)/6-31G
potential energy curve.

to initialize calculations at another point only 0.1 A further out or in. The discontinuities
in the LASSCF curve demonstrate the consequences of the use of ill-defined, self-referential
constraints in variational optimizations.

The vLASSCF extension entirely cures these defects of the LASSCF potential energy
curve. Three regions are visible, corresponding to 1) the neighborhood of the equilibrium
geometry, where the molecule is weakly correlated and vLASSCF and CASSCF are nearly
indistinguishable, 2) a plateau at about Erag — EFcag = 0.7 mE), near the potential energy
maximum along the dissociation coordinate, and 3) a second plateau of about 1.3 mEy, in
the dissociation limit (confirmed out to Ry_y = 100 A). The transition between the first
plateau and the second corresponds to the transition in the character of the CASSCF natural
orbitals between pairs of bonding and anti-bonding ¢ and 7 orbitals at shorter distances, and
isolated nitrogen p orbitals with more entanglement across the central fragment at longer

distances, as depicted in Fig. 2.3. In the first plateau, around Ry_yn = 2.5 A, the natural
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Figure 2.3: Selected CASSCF(8,8)/6-31G natural orbitals and their occupancies for bisdi-
azene at two geometries along the simultaneous nitrogen-nitrogen double-bond dissociation
coordinate.
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orbitals consist of four pairs of bonding and anti-bonding orbitals with NO occupancies
differing by 0.03 to 0.04 between the in-phase combination (first and third orbitals in the
top row of Fig. 2.3) and the out-of-phase combination (second and fourth). On the other
hand, in the dissociation limit, one pair of CASSCF natural orbitals consist of the in-phase
and out-of phase combinations of two nitrogen atom p orbitals in the two different fragments,
with a difference in natural occupancies of more than 0.2. This greater difference in natural-
orbital occupancies implies greater entanglement, and consequently that localization and
approximation as unentangled fragments is a slightly more severe approximation in the
latter case than in the former, corresponding to an additional variational penalty of about

0.6 mE,.

2.3.2  Spin-state energy gaps of bimetallic compounds

Systems b) and c) of Fig. 2.1 are bimetallic complexes in which the electrons occupying the
3d-orbitals of the iron atoms can be characterized by their local spin. However, the CASSCF
wave function obscures this information, whereas the LAS formalism makes it straightfor-
ward to explore, albeit by requiring the user to manually explore different local-spin states.
The LASSCF and vLASSCF calculations reported in this section assigned each metal atom
an active subspace consisting of the 3d orbitals and their corresponding electrons. The
electron configurations of the iron, manganese, and copper atoms are respectively [Ar]3d6,
[Ar]3d®, and [Ar]3d?, corresponding to (6,5), (5,5), and (1,1) active subspaces respectively
(the last is energetically equivalent to, and more computationally efficient than, specifying
(9,5) because the wave function in a (9,5) active space will always be single-determinantal in
the natural-orbital basis due to particle-hole symmetry). The corresponding CASs for these
two molecules are respectively (12,10) and (6,6). The vLASSCF energies of the high-spin
nonet and several quasi-singlet states for system b) are reported in Table 2.1 and compared

to CASSCF and LASSCEF energies previously reported in Ref. 2. Here those energies are
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Table 2.1: Spin states energies (eV) of system b) ([Fe(HpO)4]obpym?*) at the CASSCF,
LASSCF, and vLASSCF levels relative to the CASSCF singlet energy, as well as the spin
contaminations <<§2>LAS - <SZ>CAS) of the LASSCF and vLASSCF wave functions. The
CASSCF and LASSCEF results are from Ref. 2.

s ms Mme | Eoas  Eras  Bypas | (%pas — (5% cas
4 2 2 0.00040 0.06443 0.00040 0
0 2 -2 0.06431 0.00058 4
0 1 -1 ref 4.30955 4.30953 2
0 0 0 5.61790 5.60176 0

reported to a precision of 107° eV in order to confirm the variational-principle energy or-
dering of Foag < Eypas < Epag (the total energy in all calculations was converged to at
least 1079 ev). The most dramatic improvement (in the variational sense) of vLASSCF over
LASSCEF is seen in the energies of the quintet and antiferromagnetic singlet states. Both
vLASSCF and LASSCF reproduce the CASSCF degeneracy between the overall singlet and
overall quintet states to a high precision, but LASSCF overestimated the total energy thus
calculated by more than 60 meV, whereas vVLASSCF agrees with CASSCF to within 1 meV.
This reinforces the conclusion of Ref. 2 that the spin singlet of this molecule is antiferromag-
netic in character, an observation that is straightforward to make in LASSCF and vLASSCF
but somewhat obscured in the details of the CASSCF wave function. Furthermore, if one
had only calculated the energy of the antiferromagnetic singlet and not the energy of the
nonet, one might have mistakenly analyzed the 60 meV difference between the LASSCF
antiferromagnetic singlet energy and the CASSCF singlet energy as a measurement of the
non-antiferromagnetic character of the CASSCF singlet. But in fact, this energy difference
was due to the poorly-defined constraints on optimization of the active orbitals under the
old LASSCF algorithm, and the vLASSCF results show that the energetic effect of what-
ever small amount of non-antiferromagnetic character the CASSCF singlet has is orders of
magnitude lower.

One price of this kind of chemical intuition is that total spin symmetry is broken in

the LAS wave function. The amount of spin contamination in any given LAS state can
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Table 2.2: Spin states energies (eV) of system ¢ ([Mn(NHz)4]oxamide[Cu(NH;z)9)?* ) at the
CASSCF and vLASSCEF levels relative to the CASSCEF singlet energy, as well as the spin
contaminations ((S?); ag — (S%)cag) of the VLASSCF wave functions.

s msyy Mse, | EBcas  Eypas | (9%)pas — (5%)cas
3 25 0.5 |-4.18901 -4.18901 0
2 25 205 ~4.18850 1
2 15 0.5 -4.19060 -1.08835 0
1 15 -05 ~1.08792 1
1 05 0.5 -1.12813 -0.00004 0
0 05 -05 ref 0.00008 1

be computed by hand, as explained in section 2.2.2, and is also tabulated for the di-iron
complex in Table 2.1. Here, we see that the total energy for the three models of an overall
singlet is inversely correlated to the magnitude of spin contamination; the pure diamagnetic
singlet is more than 5 eV higher-energy than the CASSCEF singlet.

The issue of spin contamination in the LAS context is also seen in the results for system
c), the heterobimetallic complex, whose spin-state energies at the CASSCF and vLASSCF
levels are reported in Table 2.2. A total spin of s = 1 or 2 for system c) can be modeled
by either a ferromagnetic state, which has no spin contamination, or an antiferromagnetic
LAS state, which has (S‘ 2> 1 greater than it should be. In every case, the spin-contaminated
antiferromagnetic LAS state is nearly degenerate with the ferromagnetic model of the next-
highest spin state, which in CASSCF are separated by at least 1 eV. On the other hand,
the antiferromagnetic LAS energies differ from the CASSCEF energies by no more than a few
hundredths of an eV. This negative correlation of spin contamination and total energy in

both systems is a demonstration of the symmetry dilemma, [114]

whereby variational energy
minimizations within the constraint of some definite form of the wave function [i.e., Eq.
(2.1)] can often only reach good total energies only by breaking some symmetry of the true
Hamiltonian and thereby sacrificing good quantum numbers.

The CASSCF spin-state energy ordering for system c) is not entirely reproduced by

vLASSCEF, as the nearly-degenerate quintets and septets are in opposite orders. However, the
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energy differences in question are less than 2 meV, and this is a very unbalanced active space:
the CAS has only one determinant in the septet case and 36 determinants in the quintet
case. The LAS, on the other hand, has 1 determinant per subspace in both the septet and
antiferromagnetic quintet cases. Whether this “balance” corresponds to improved predictive
power awaits more comprehensive explorations of the accuracy of vLASSCEF calculations with

respect to the size of the active space and AO basis and is a matter for future investigation.

2.4 Conclusions

Our recently-developed LASSCF method defeats the exponential cost scaling of CASSCF
with respect to the size of the active space by splitting the active space into unentangled
fragments and uses a DMET-inspired algorithm to additionally break the orbital optimiza-
tion process into many short steps. However, in the original theory and implementation,
an ill-defined system of constraints on the optimization of the active orbitals limits its ro-
bustness and reproducibility. The variational version of the method, which is referred to as
vLASSCEF in this chapter, cures these deficiencies and is truly variational in the Hellmann-
Feynman sense, which improves upon the consistency and transferability of the method and
allows for more trustworthy analysis of small energy differences. We have therefore jetti-
soned some of the baggage of DMET (i.e., dependence on user choice of orbital localization
protocol) while retaining the attractive feature of splitting an MC-SCF orbital optimiza-
tion problem into several small coupled optimization problems. The superior smoothness
of the bisdiazene potential energy curve, the confirmation of energetic equivalence between
CASSCF and vLASSCF in the appropriate limit, and our formal and analytical operation
cost analyses collectively demonstrate that we have succeeded in having our cake and eating
it too.

In addition to the improved quality of the vVLASSCEF results compared to LASSCF,

vLASSCF is amenable to the straightforward calculation of molecular gradients using the
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Hellmann-Feynman theorem. We have already shown that LASSCF is an attractive alter-
native to CASSCF in the calculation of spin-state energetics, 2] in which the separable form
of LASSCEF facilitates chemical interpretation of the wave function in a manner that is often
obscured by the CAS formalism. The variational formalism and forthcoming gradient imple-
mentation will allow LASSCF to explore the relationship between spin state energetics and
molecular geometries as well. Finally, LAS wave functions of more robust accuracy offered
by vLASSCF are expected to be critically important in the context of post-SCF methods
such as MC-PDFT[B0:3LTL124,125] oo well as post-LAS wave function formalisms such as
ASD.[92-96] 1t will be interesting in the future to test the method on systems containing

multiple metal and/or lanthanide/actinide centers.
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CHAPTER 3
LOCALIZED ACTIVE SPACE PAIR-DENSITY FUNCTIONAL
THEORY

3.1 Introduction

Quantum mechanical electronic structure methods for making quantitative predictions of the
properties of molecules and materials often present a tradeoff between accuracy and cost in
computing electron correlation. Many approaches have been developed to account for static

[56.126-129] There is not a unique

and dynamic correlation at a reasonable computational cost.
way to decompose the electron correlation energy into these two contributions, [130] hut the
distinction is useful for understanding the performance of various methods and improving
them in systematic ways. A useful key to distinguishing different kinds of correlation ef-

[131] Multiconfiguration self-consistent field

fects is provided by the concept of entanglement.
(MCSCF) methods are often used as a first step when dealing with systems that have sig-
nificant static correlation. The complete active space SCF (CASSCF) method expresses the
wave function as a linear combination of all electronic configuration state functions that can
be generated by allowing a set of active electrons to occupy a set of active orbitals in all
possible ways that are consistent with selected space and spin symmetry choices. 18] With
practically affordable active space sizes, CASSCF recovers only a relatively small portion of
the dynamic correlation energy, and post-CASSCF methods are needed to make quantitative
predictions. CASPT?2 is a popular post-CASSCF method used to add dynamic correlation
energy to the CASSCF energy, 22] hut accurate CASPT?2 calculations are prohibitively ex-

[132,133] Ope post-SCF treatment that is more affordable

pensive except for small molecules.
than CASPT2 and that has proven to be useful is multiconfiguration pair-density functional
theory (MC-PDFT). 301 Instead of computing perturbation-theory corrections to the wave

function, the MC-PDFT method involves an expression for the total energy as a functional of
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the kinetic energy, electron density, and on-top pair density of an unmodified multiconfigu-
ration wave function. 124134 MC-PDFT has been shown to give CASPT2-quality results for

many quantities like spin-state gaps, excitation energies, and binding energies for a variety

of systems. [30,31,44,124]

Although CAS-PDFT allows us to tackle larger systems that are not affordable with
CASPT?2, obtaining the reference CASSCF wave function remains computationally chal-
lenging for large systems. Various methods have been proposed to address the difficulties
related to the exponential cost scaling of CASSCF with respect to the size of the active space.
The restricted active space (RAS)60:61] and generalized active space (GAS) 62 approxima-
tions allow the user to reduce the number of configurations by defining subspaces based on

(67]

chemical intuition. The density matrix renormalization group (DMRG),!®/} doubly occupied

configuration interaction, [68,69]

[70]

and active-space two-electron reduced-density-matrix meth-
ods can be implemented with polynomial, rather than exponential, cost scaling. The
MC-PDFT has also been successfully employed with other reference wave functions, such
as RASSCF, 135 GASSCF, [136-138] DMRG-SCF, [139:140] and RASCIB4 (where RASCI de-
notes RAS configuration interaction).

Although approximating the wave function using the above methods allows us to study
increasingly large molecules and active spaces, they still suffer from the computational
effort scaling exponentially with system size, and this limits their application. We re-
cently proposed a method to obtain a new kind of multiconfiguration wave function called
LASSCF.[1:46] T understand the motivation for this method, we may categorize the types
of interaction between subsystems by using the concept of entanglement. In many cases, a
system may be theoretically decomposed into fragments with little entanglement between
the fragments, but high static correlation within one or more of the fragments. LASSCF

is designed for this kind of system, and with LASSCF, the entire active space is decom-

posed in multiple unentangled active subspaces that are localized on user-defined fragments.
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Since these subspaces are unentangled, the wave function for each of them can be well ap-
proximated by treating the interaction with other subspaces as a mean field. This means
that the method scales exponentially only with the size of each individual active subspace,
while it scales linearly with the number of subspaces. The LASSCF energy is a variational

[46] Tn this work, we introduce a new

upper bound to the corresponding CASSCF energy.
method called localized-active-space pair-density functional theory (LAS-PDFT), which uses
LASSCF wave functions as reference wave functions for PDFT calculations. We investigate
if the modest sensitivity of the MC-PDF'T energies to the ‘quality’ of the reference MCSCF
wave function applies also to fragmented, unentangled active spaces. The new LAS-PDFT
method is tested for calculating the spin-state energetics of conjugated organic molecules and
bimetallic complexes. We investigate the differences in LASSCF and LAS-PDFT energies
as compared to the corresponding CASSCF and CAS-PDFT energies, respectively. We also

explore the effects of varying the sizes of the active spaces and basis sets.

3.2 Methods

In this section we briefly review LASSCF and MC-PDFT. More detailed treatments of both

1,30,31,46]

these methods are already in the literature. | We consider the case of multiple ac-

tive subspaces and one inactive subspace. The inactive subspace is described by a closed-
shell-singlet determinant. The LASSCF wave function is formulated as an antisymmetrized

[141,142] ) of wave functions, 1, of the various

product (a.k.a. a generalized product function
active subspaces, A, and the single-determinant wave function ¢g; of the inactive electrons

(the inactive subspace) as

ILAS) = A [¢k) A lou) (3.1)
K

where A denotes the antisymmetrized tensor product given mathematically by the Grassman

143]

wedge product.[ The wave function is optimized variationally to minimize the energy
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given by

Eras = (LAS|H|LAS) (3.2)

In practice, a LASSCF calculation is initialized by orthogonalizing the atomic orbital basis

[110,111] apq selecting the orthogonalized AOs of various

using the meta-Lowdin method
collections of atoms as “fragment orbitals” of the groups on which the user chooses to localize
the active subspaces. Then, either an initial guess of the active orbitals (which typically
are delocalized over the entire molecule) is projected on to these fragment orbitals, or the
fragment orbitals are projected onto the initial guess. (The latter projection leads to faster
SCF convergence if the initial guess is very near to the converged result; otherwise, the former
is preferred.) In subsequent iterations, the energy is minimized with respect to orbitals and
configuration interaction vectors without any constraint or any further orbital projection.
The locality of the converged active orbitals is therefore due entirely to the initial guess.
While this means there is no absolute guarantee that a physically meaningful LAS wave
function can be obtained for any arbitrary combination of subspaces, we have observed that
the orbitals deviate minimally from the initial guess provided the initial assignment to the
fragments has been done reasonably well. This might not be the case when the subspaces are
unphysical or when modeling some high-energy LAS state (e.g., a charge transfer from one
subspace to another). We note that a LAS calculation requires the user not only to decide
the active space, which is not always an intuitive task, but also to divide it in subspaces and
assign properties (such as total charge, total spin, and spin-component quantum number)
to each subspace. However, making these decisions can reduce the cost of the computation
immensely, and it is fairly straightforward in most cases for which LASSCF is designed. In
cases where chemical intuition is unable to provide clear enough guidance, for instance when
exploring high-spin states that may be characterized by spin density localized in more than

one possible way, one may choose among these possibilities by comparing the converged
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LASSCF energies; the state with the lowest energy is likely to be the most reasonable,
although this depends on the nature of the states the user is interested in exploring. The
choices made for each system studied in this work are further elaborated in the discussion.
The total LAS wave function, however, is not a spin eigenstate when multiple subspaces
have non-singlet spins that are not mutually collinear (i.e., not all Mg = +S or all Mg = -S,
where S and Mg refer here to the spin and spin component quantum numbers of a subspace),
no matter what selection the user makes when distributing spins among fragments.

MC-PDEFT calculates the total energy as [30]

Enic—ppFT = Ve + Y {hqupq + %(pq\?”S)quDrs + Eor [p, 1] (3.3)
pq

where Viyyc is the nuclear repulsion, p, g, ... are indices of general orbitals, Dpq = (MaLCLqW)
(where al and a are creation and annihilation operators) is an element of the one-electron
reduced density matrix (1-RDM), hpq a matrix element of the electronic kinetic energy plus
the electron—nuclear attraction, (pg|rs) is a two-electron integral in the Mulliken notation,
and IT is the on-top pair density (probability density of finding two electrons at a point in
space). The functional Eq is called the on-top functional which is a functional of p and the
and on-top pair density 7 of ¥\;c. PDFT differs from methods that compute a correction
to the CASSCF energy, which already includes some electron correlation effects (a prospect
can possibly lead to electron-correlation double-counting when one adds a correction to the
CASSCF energy), in that PDFT replaces the energy calculation of CASSCF entirely. As
in Kohn-Sham theory, we do not know an exact functional form for the density functional,
but various approximate functionals are available; the translated PBE (tPBE) functional is
used in the present study. In this work, we use LASSCF wave functions for ¢pjc. We also
compare the spin density[144] and unpaired density [145-147] of the underlying LASSCF wave

function to those of the CASSCF wave function to get insight into the electronic structure
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on individual subspaces. For each atom we report the Mulliken spin density, obtained from
the difference between the o and [ densities localized on each atom. The unpaired density

on atom A, is

ua= Yy (D/u/ - D;mSmDAu> (3.4)
KA

HEA V

where S is the overlap matrix, D is the spin-summed one-body reduced density matrix,
and u, v,k and A are indices of basis functions, where i spans only basis functions centered
on atom A. This quantity gives the number of unpaired electrons of either spin, which is
different from the spin density, and can be used to detect unpaired spins in hyper open
shells, such as open-shell singlets, doublets with three unpaired electrons, triplets with four
unpaired electrons, etc. Unlike the spin density, the unpaired density of the entire system
does not integrate to any specific number, it is bounded from below by the net spin density
and from above by the total number of electrons. All calculations reported in this work

have been performed on a locally modified version of the mrh code. 7] The 6-31G basis

123] 122]

set! was used for systems 1-3, and the cc-pVDZ basis set! was used for system 4. The
geometries for systems 1 and 2 were optimized for each dihedral angle in Gaussian 09 [148] by
freezing the dihedral angle and relaxing the rest of the degrees of freedom with a singlet spin
at M06-L [28]/ Def2TZVP [119:120] Jovel. The geometries for systems 3 and 4 were obtained
from reference 46. Details about the active space and their partitioning into subspaces for

each system are reported in their respective section.

3.3 Results and Discussion

The performance of LAS-PDFT was tested by computing absolute energies and spin-state

energy gaps for four molecules and comparing them to the corresponding CAS-PDFT results.
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Figure 3.1: The systems studied in this work: (a) bibenzyl, (b) stilbene, (c) 1,2-bis (diazenyl)
ethene, (d) ([Mn(NH;3)4)oxamide[Cu(NHgz)9]?T).

The molecules are 1,2-bibenzyl (i.e., 1,2-diphenylethane), stilbene (i.e., 1,2-diphenylethene),
1,2-bis(diazenyl)ethene, and the bimetallic complex [Mn(NHjz)4]oxamide[Cu(NHs3)]?T), and

they are shown in Fig. 3.1

3.3.1 Bibenzyl

The active space considered for the CASSCF calculation of bibenzyl has 12 active electrons
in the 12 7 and 7* orbitals (12,12). The two phenyl rings in this molecule are connected by a
C—C single bond. An intuitive LASSCF scheme to decompose this active space is to localize
an active subspace of 6 electrons in 6 orbitals on each phenyl ring (6,6). Thus, there are two
active subspaces and one inactive subspace; note that, as usual in LASSCF calculations, the
inactive subspace is delocalized over the whole system. With this scheme, we calculated the
lowest singlet and triplet energies as a function of the internal rotation of the central C-C
bond by changing the dihedral angle from 55° to 180°). The triplet configuration in the
LASSCF wave function was obtained by imposing a triplet spin in one of the (6,6) subspaces

while the other was kept as a singlet.
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Figure 3.2: Difference in singlet (in red) and triplet (in green) LASSCF (dotted lines) and
LAS-PDFT (solid lines) absolute energies for bibenzyl, computed as the difference with the
corresponding CASSCF and CAS-PDFT energies, respectively.

Fig. 3.2 shows that the difference in LASSCF and LAS-PDFT energies with respect to
their CAS equivalents is less than 0.5 kcal/mol for both the singlet and the triplet states
along the entire curve. This confirms that the scheme of unentangling the active space
into two subspaces is a reasonable approximation in this case. It is also to be noted that
the difference for LAS-PDFT is always smaller than for LASSCF. The strong agreement
in the triplet energies in spite of the fragmentation is due to the fact that even in the
CASSCF wave function, the two unpaired electrons are localized on only one of the two
chemically equivalent phenyl rings. Thus, the unentanglement of the subspaces in LASSCF
does not cause a heavy energy penalty as it would if the unpaired electrons were delocalized.
This result is particularly appealing because of the significant reduction in the cost of the
computation in LASSCF. The number of configuration state functions (CSFs) is 226512 for
the singlet and 382239 for the triplet CASSCF wave function, whereas it is 350 and 364 for
the singlet and the triplet LASSCF wave functions, respectively. We note that bibenzyl is a
case where one probably would have anticipated that separating the whole-molecule active
space into subspaces would not be harmful and that, although the difference reduces with

PDFT, the agreement between CAS-PDFT and LAS-PDFT is largely due to the agreement
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between the starting wave functions.

3.3.2 Stilbene

A more difficult test for the theory is a case where unentangling of the active subspaces
imposes a high variational penalty on the energies calculated — for example when active
orbitals are highly delocalized. An example of such a case is stilbene. In stilbene the two
phenyl rings are connected through a C—C double bond and thus the 7 and 7* orbitals in this
molecule are not as localized as in bibenzyl. We study the relative energies (potential energy
curves relative to the respective trans singlet) and spin gaps along a cis to trans dihedral
scan using two active spaces (see Fig. 3.3) - an active space containing all 7 and 7* orbitals
(of 14 electrons in 14 orbitals) and a smaller one of 10 electrons in 10 orbitals because
this has been shown to be a useful active space for this molecule. [149] 1y, addition to the
MCSCF and MC-PDFT calculations we also perform second order n-electron valence state
perturbation theory (NEVPT2) [29] calculations at both these active space. These methods
have different sensitivities to active space and basis set sizes. The potential energy curves
from CAS-PDFT (14,14) and NEVPT2 (14,14) have a mean absolute deviation (MAD) of
1.1 kcal/mol with respect to each other. The CAS-PDFT (10,10) curve has a MAD of 0.23
kcal/mol with respect to the (14,14) curve, while that of NEVPT2 is 1.25 kcal/mol. We
compare the LASSCF energies to the CASSCF energies and LAS-PDFT energies to the
CAS-PDFT and NEVPT?2 at a given active space.

Since the molecule is conjugated, the scheme to decompose the active space into subspaces
is not as obvious as for bibenzyl. We decomposed the (10,10) active space into three active
subspaces where a (4,4) subspace is localized on each phenyl ring and a (2,2) subspace on
the central CH-CH unit. We compare the singlet and triplet energies as the dihedral angle
changes from 0 ° to 180 °, going from cis to trans stilbene. The LASSCF triplet is an

example of the aforementioned case where chemical intuition does not decisively inform us
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Figure 3.3: The (14, 14) active space for stilbene of which the (10,10) active space (shown
inside the dotted box) is a subset. Shown here are the natural orbitals for a singlet CASSCF
calculation at the trans geometry.

of the most appropriate subspace in which to impose a triplet. The lower-energy state is
obtained by imposing a triplet spin on the (2,2) subspace. The other possible configuration
— obtained by imposing a triplet on one of the (4,4) subspaces — was found to be higher
in energy by 4-10 kcal/mol. This choice is also supported by the spin densities seen in the
CASSCF wave function in fig.3.7. Fig. 3.4 shows the CAS and LAS energies with the (10,10)
active space along the dihedral scan relative to the singlet CAS energy at the global minimum
trans geometry. The triplet CAS energy is also reported relative to the same reference. This
shows that LASSCEF, in spite of the drastic unentanglement of subspaces, gives a reasonably
accurate description for both spin states. The CASSCF vs. LASSCF energy difference for
the triplet is higher than that for the singlet for most geometries. This is can be attributed
to the energy penalty imposed by the unentanglement of the active unpaired electrons that
would otherwise be more delocalized.

The (14,14) active space, which includes all the 7 and 7* orbitals of stilbene, is also
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Figure 3.4: The singlet (blue) and triplet (red) energies (kcal/mol) with a (10,10) active
space relative to the CASSCF (left) and CAS-PDFT (right) singlet for global minimum
trans-stilbene calculated using LAS (dashed lines) and CAS (solid lines) wave functions.

decomposed in three active subspaces with a (6,6) subspace on each phenyl ring and a (2,2)
subspace on the CH-CH unit. This leads to an even more drastic reduction in the cost.
While the (14,14) CASSCF singlet and triplet have 2760615 and 5010005 CSF's respectively,
the corresponding LASSCF wavefunctions have only 353 and 351 CSFs. The LASSCF and
LAS-PDFT curves with a (14,14) active space show trends similar to the (10,10) case, but
with larger errors as shown in Fig. 3.5.

In all cases the disagreements between CAS and LAS are greater for the (14,14) active
space than for the (10,10) active space. However, for both active spaces, the LAS-PDFT ap-
proximates the corresponding CAS-PDFT much better than LASSCF agrees with CASSCF.
We note that unlike CASSCF and NEVPT2, MC-PDFT does not reproduce FCI in the
limit of a large active space; disagreement between LAS-PDFT and CAS-PDFT in the case

of a large active space does not always imply inaccuracy in the former. For the remainder
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Figure 3.5: The singlet (blue) and triplet (red) energies (kcal/mol) with a (14,14) active
space relative to the CASSCF (left) and CAS-PDFT (right) singlet for global minimum
trans-stilbene calculated using LAS (dashed lines) and CAS (solid lines) wave functions.

of this section, we will analyze the results for the (10,10) active space. The difference in
the LASSCF singlet peaks at around 90° because the wave function becomes more mul-
tireference near that geometry as compared to the cis or trans geometries. This is evident
from the weight of the dominant (closed-shell singlet) configuration in the CASSCF wave
function. It is nearly 91% at cis and trans geometries, while only 66% at 90°, where the
wave function is more poorly described as a product of active subspaces. This is reflected in
a higher variational penalty on the LASSCF energy at the 90° geometry compared to the
cis or trans geometries. The agreement between the LAS-PDFT and CAS-PDFT energies
is better than the one between the LASSCF and CASSCF energies for both spin states.
Similarly, a faster convergence — with the size of the active space and bond dimension —
was detected in previous work for the DMRG-PDFT energy and the CAS-PDFT energy as

compared to the DMRG energy and the CASSCF energy. [139]
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Figure 3.6: The two natural orbitals from the CASSCF (10,10) calculation at the 90° dihedral
angle that are mostly singly occupied (top panel a); the natural orbitals from the (2,2)
subspace in the singlet LASSCF(10,10) calculation (bottom panel b).

While the difference between LAS-PDFT and CAS-PDFT is nearly zero for the singlet
state at most geometries, some difference still persists at around 90°. To further investigate
this difference (and the parent wave functions), we inspected the natural orbitals and their
occupancies. At the 90° geometry there is a near degeneracy in the 7w and 7* orbitals of
the central C—C bond, and the singlet wave function has an open-shell character. This can
be seen in Fig. 3.6 where the occupancy of both these natural orbitals is close to 1. The
LASSCF wave function, which includes the singlet (2,2) localized subspace, shows an open-
shell character as well. The natural occupation numbers of these orbitals are reasonably
close to those in the CASSCF wave function. The orbitals, however, are significantly more
localized.

We also observe that the difference between LAS-PDFT and CAS-PDFT energies for
the triplet is higher than that for the singlet. This trend occurs also in the LASSCF versus
CASSCF energies. More interesting, however, is the observation that the difference in the
triplet curve of LAS-PDFT is lowest at around 90°. To further investigate this, we explored
the unpaired density (for the singlet) and the spin density (for the triplet) localized over the
three units (two phenyl rings and the C2H2 group) as seen in fig. 3.7.

We notice that the LAS unpaired density for the singlet is quantitatively similar to the
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CAS unpaired density at the equilibrium geometries, and the difference is greatest around the
90° angle. This also demonstrates that the LAS wave function does capture the open-shell
character at the 90° angle, but it has the unpaired electrons localized on the C—C bond. In
the triplet case, however, since we impose a triplet on (2,2) subspace that is localized on the
CH-CH unit for all the geometries, nearly the entire spin density of 1.8 electrons is localized
in the CH-CH unit at all the angles in LASSCF. The “correct” CASSCF densities over each
unit are not the same for all the angles. The cis and trans geometries have only about 1
electron worth of spin localized over the CH-CH unit while the other two phenyl rings have

about 0.5 electrons each.
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Figure 3.7: Unpaired density of the singlet (left) and the spin density of the triplet (right)
wave functions localized on the phenyl (red) and CH-CH (blue) units in CASSCF (solid
lines) and LASSCF (dotted lines) calculations

We can correlate the disagreement between the LASSCF and CASSCF energies at specific
geometries for both spin states to the disagreement in the corresponding spin (for triplet) and
unpaired (for singlet) densities that are delocalized in the entire molecule in CASSCF, while
are restricted on the central CH-CH unit in LASSCF. When the LASSCF spin/unpaired
densities are closer to the CASSCF ones, LAS-PDFT agrees with CAS-PDFT even more
strikingly than LASSCF with CASSCF, perhaps indicating that LAS-PDFT energies are

more immune to the changes in density as compared to the LASSCF energies.

42



3.3.8  Concerted dissociation of the N-N bonds in 1,2-bis(diazenyl)ethene

We explored the performance of LAS-PDFT for the concerted dissociation of 1,2-bis (di-
azenyl) ethene, previously studied using LASSCEF. [46] This is an example where LASSCF
fails to quantitatively predict the dissociation energy because there are two N—N double
bonds connected by a central C—C double bond, so overall the 7 system is highly delocal-
ized. Following our previous work, the (10,10) active space of this molecule is decomposed
in three localized active subspaces with a (4,4) subspace on each NoH unit and a (2,2) sub-
space on the C9Hsg unit. Fig. 3.8 shows the energy difference along the dissociation reaction
coordinate between LASSCF and CASSCF (Erasscr — Ecasscr) and between LAS-PDFT

and CAS-PDFT (Epas—pprT — ECcAS—PDFT)-
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Figure 3.8: Difference (kcal/mol) between the LASSCF and CASSCF absolute energies (red)
and LAS-PDFT and CAS-PDFET absolute energies (black) along the dissociation curves and
break down of the LAS-PDFT difference in its components.

As the multireference character of the wave function increases with the N-N bond dis-
tance, (Erasscr — Ecasscr) and (Epas—pprT — EcAs—pDET) are about 45 keal /mol. This
was further investigated by plotting the differences in the components of the PDFT energies

— namely the on-top energy and the MCSCF terms (sum of kinetic energy, nuclear electron
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attraction, and classical Coulomb repulsion). The 45 kcal/mol difference at dissociation can
be decomposed into the difference in the on-top energy (-25 kcal/mol) and in the MCSCF
wave function part (70 kcal/mol). This shows that both components of energy have a sig-
nificant difference. The LAS wave function itself is highly approximate at the dissociation

limit, and thus it does not serve as a good reference for PDFT.

3.3.4 Spin state ordering in bimetallic compounds

Predicting the spin-state energy gaps of metal complexes with several metal centers is a
challenge for electronic structure theories. In many complexes the metal centers have a
high degree of intraatomic electron correlation due to the low-lying virtual d-orbitals being
localized around them, but the correlation between two metal centers is not always high. In
such cases partitioning the active space results in a substantial reduction of the computational
cost without affecting the quality of the results, and, when several metals are present, only
partitioning methods may be affordable. We studied the spin state ordering of a bimetallic
complex containing a Cu and Mn atom, and we showed that LASSCF is able to qualitatively
predict the spin ladder in agreement with CASSCF. [46]

The minimal active space (see Fig. 3.9) of the six electrons in the five 3d Mn orbitals
and one electron in the Cu 3d orbitals is considered. The LAS wave function has two active
subspaces — one with 5 electrons in 5 orbitals localized on the Mn and the other with 1
electron in 1 orbital localized on the Cu. (This is not intended to be an ideal active space for
capturing the majority of electron correlation). The energies for all possible spin states are
reported relative to the CASSCF septet state. Since the LAS wave function is not necessarily
a spin eigenfunction in these cases, we classify the wave functions based on the expectation
value of the spin projection operator, because Mg (defined above) is still a good quantum
number while S is no longer a good quantum number.

LASSCEF captures the near degeneracy of the septet and the quintet seen at the CASSCF
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Figure 3.9: The active orbitals in the minimal active space of the bimetallic complex

level and also reproduces the relative energies of the higher-energy spin states, namely the

triplet and the singlet. Consequently, LAS-PDFT reproduces the CAS-PDFT gaps with a

difference much lower than one kcal/mol.

Table 3.1: Energy differences (kcal/mol) for different spin states and local spin orientations
relative to the respective septet CASSCF or CAS-PDFT energies, calculated using different

methods
Spin (Mg) | CASSCF | CAS-PDFT | Local Spin orientation | LASSCF | LAS-PDFT

Septet 0.0 (ref) 0.0 (ref) ferromagnetic 0.0 0.0

. anti-ferromagnetic 0.0 0.0
Quintet 0-0 01 ferromagnetic 71.5 43.1

. anti-ferromagnetic 71.5 43.1
Triplet 70.6 423 ferromagnetic 96.6 55.8
Singlet 96.6 55.8 anti-ferromagnetic 96.6 55.8

A key advantage of the LAS-PDFT method is that it allows us to compute electron corre-
lation beyond the LASSCF needed for reliable energies of the spin states and also the relative
energies of spin couplings that are not accessible (or separable) using CASSCF wave func-

tions. The relative energetics of the ferro- and antiferromagnetic states demonstrate that the
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true quintet and triplet ground states are almost certainly dominated by antiferromagnetic
interactions between the two metal centers. The LAS form of the wave function exposes this
information straightforwardly to the user, and the LAS-PDFT extension incorporates the

effects of dynamic electron correlation into the analysis.

3.4 Conclusion

The LASSCF algorithm can be used to obtain a good reference wave function for post-
MCSCF calculations, like PDFT, especially when the variational penalty of unentangling the
subspace is not drastic. Not only does the LAS-PDFT method account for more correlation
than the LASSCF itself, but it also reduces the disagreement between the CAS and LAS
energies. In other words, MC-PDFT is in most cases more immune to the unentangling of
the active space than is MCSCF. This expands the opportunity to use PDFT for systems
for which the reference CASSCF calculation is not affordable. In addition to the favorable
scaling, LASSCF also provides us with greater control on the local spin in different subspaces.
While the current implementation does not guarantee that any arbitrary spin coupling will
result in an overall spin eigenfunction, the different LAS wave functions provide a possible
starting point for spin-adapting the wave function. Analysis of the spin density and the
unpaired density in the various subspaces elucidates the effects of unentangling the active

subspaces on the wave functions.
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CHAPTER 4
CHEMICAL INSIGHTS FROM USING LOCALIZED ACTIVE
SPACES BASIS FOR STATE INTERACTION

4.1 Introduction

Modeling chemically interesting phenomena like charge transfer, magnetic interactions, and
excited states has long been an important objective for developments in electronic structure
methods. Single-reference methods like density functional theory, popular for their ease
of use, are poorly suited for systems with strong multireference character - i.e. significant
non-dynamical correlation. Instead, multireference methods are required for such problems.
A commonly used multireference method, the complete active space self-consistent field
(CASSCF) model, provides a qualitatively correct description of the system that captures

[18] This method requires the user to define the active space - a set

so-called static correlation.
of active orbitals and the number of electrons collectively occupying these orbitals. The CAS
wave function is then expressed as a linear combination of all electronic configurations that
can be obtained from all possible excitations of the active electrons in these active orbitals
(within a given spatial and spin symmetry).

The exponentially growing cost of considering all possible configurations prevents CASSCF
from being used for large systems with many strongly correlated electrons. Several cost-
effective approximate methods have been developed based on the key insight that most of
these configurations contribute very little to the wave function of the ground and low-lying
excited states. Methods like the restricted (RAS)60:611 or generalized active space (GAS)[62
models achieve this by limiting the number of electrons or holes in pre-defined subspaces.
Alternatively, methods like density matrix renormalization group (DMRG) [67] iteratively

optimize the matrix-product state representation of the wave function. Another popular

approach, the selected configuration interaction (SCI) [150-155] model, usually starts with a
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small number of configurations and dynamically and iteratively expands the configuration
space, either perturbatively (CIPSI [156’157]), adaptively (ASCI),[158’159] or stochastically
(heat-bath CT160-162] o pCI-QMC [163.164])

The framework of using a basis of localized or fragment wave functions to obtain the
overall wave function has been explored previously through various different approaches. In
1979, Liu and McLean proposed the interacting correlated fragment (ICF) [165,166] 1ethod
that can incrementally introduce levels of electronic correlation between fragments in weakly
interacting multireference systems. The active space decomposition (ASD) introduced by
Parker and Shiozakil929496] in 2013 uses a similar approach to efficiently compute the
CASSCF wave function using direct products of localized, orthogonal fragment states. An-
other recent approach, rank-one basis states by Nishio and Kurashige, also uses similar ideas
and has been shown to work for large 7- stacked systems. [84,167)

The LAS approach is equivalent to the cluster-based mean-field (¢cMF) [91] approach by

Jimenez-Hoyos and Scuseria that expresses wave functions as a tensor-product state (TPS).

The exact wave functions can be expressed in the basis of these correlated states using ansatze

168,169 170]

like couple cluster! , perturbation theory,[ and many-body expansions 17 The
TPSCI algorithm by Abraham and Mayhall uses selected-CI methods to obtain the wave
function in the basis of the TPS basis. 172l

While it is paramount that the cost of accurate multireference methods be lowered enough
to be affordable for interesting systems, it is also important that we obtain substantial in-
formation from such calculations. For applications like computationally-guided materials
design, or the study of site-site spin interactions in molecular magnets and environmentmen-
tal effects thereupon, calculations must not only give quantitatively accurate results, but
to make progress they must also provide a better understanding of the system in terms of

simpler chemical models used to interpret trends in properties and behavior. These models

often use concepts that are easy to envision even if not accurate representations of under-
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lying fundamental physics. For example, bonding in molecules is usually interpreted using
concepts from valence bond theory (like bonding/anti-bonding orbitals, bond orders, etc.)
even if the methods used for the calculations are not tied to such a representation. Similarly,
reaction dynamics is often more easily interpreted by using diabatic surfaces. A noteworthy
example is the J coupling parameter that is used to explain spin-spin coupling in magnets
and the mechanisms by which that occurs: While a distinction between direct exchange and
superexchange mechanisms may be useful for chemical interpretation, their effects are often
difficult to quantify with electronic structure calculations. Instead, in many applications, the
results from state-of-the-art electronic structure methods are fitted to these simple models
to extract these parameters. In some simple cases, however, by comparing results from mul-
tiple cleverly selected active spaces one can directly obtain quantitative estimates for such
parameters. There however is a need for a multireference method whose results are easy to
interpret directly and is widely applicable to various problems.

As we continue to pursue multireference models that are widely applicable to various
problems and whose results are easy to interpret, in this chapter we explore the new state
interaction (SI)-LASSCF formalism that builds on the LAS approach. The LASSI wave
function is defined as a linear combination of multiple LAS states that form eigenfunctions
of the molecular Hamiltonian. The choice of the LAS wave functions as a basis specifically
allows us to selectively introduce coupling between the various subspaces. This framework
fits well with the conceptual descriptions of many phenomena that rely are described by
such interactions, like charge transfer and spin-spin coupling. We show that many impor-
tant parameters can be calculated directly in this framework rather than extracting them
by fitting CASSCEF results to model Hamiltonians. Section 4.2 establishes the theoretical
foundation and technical aspects of LASSI. Section 4.3 discusses the application performance
of LASSI to intra-molecular charge transfer in an organic cation, the spin-spin coupling in a

di-chromium complex and the singlet-triplet gap in a growing series of conjugated polyenes.
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4.2 Theory

4.2.1 LASSCF

The multireference LAS wave function decomposes the active space of the entire molecule
into various subspaces. The wave function is then expressed as an antisymmetrized product
of the full configuration interaction (FCI) wave functions of the individual subspaces and the
single determinant wave function of the inactive space. The active subspaces are localized
over the distinct user-defined fragments of the molecule while the inactive space is delocalized

over the entire molecule. A general LAS wave function can be expressed as

[LAS) = (/\|‘1’AK>>/\|CI)U>7 (4.1)
K

where W 4. is the multi body (generally FCI) wave function of the K th Jocalized subspace
and Py is the single-determinantal wave function delocalized over the entire molecule. This

is obtained by variationaly optimizing the energy (Ep,ag) in equation 4.2
Eras = (LAS|H|LAS) (4.2)

where H is the molecular Hamiltonian.

In a typical LASSCF calculation, the user specifies the number of electrons (N), magne-
tization (Mg), spin (S), and spatial symmetry point group (I') for each subspace rather than
for the entire molecule. A LAS state is uniquely defined by the set of these 'local quantum
numbers’ for all fragments {(Ng, Mg,.,Sk , ') VK}. Changing any one of these quantum
numbers (within allowed values) creates different LAS states. In our previous work we have
used this flexibility to change S and Mg for specific subspaces to model ground and excited

[46.173] For example the ferromagnetic and anti-ferromagnetic

spin states of the molecule.
coupling of locally high-spin (quintet) Felll centers were used to model the nonet and open-
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shell singlet states of the bimetallic [[Fe(Hy0)4]obipyrimidine] 4 bimetallic molecule studied
in references 46 and 2. In selected cases like the nonet, the LAS states can be accurate (if
not exact) approximations. In other cases, however, a single LAS state can be only a crude
approximation to the full molecular wave function. For instance, in the aforementioned case,
the open-shell singlet is modeled using only one of many configurations that have an overall
Mg = 0. As a consequence, these LAS wave functions are not eigenfunctions of the 52 oper-
ator in cases where multiple active subspaces have non-singlet spins that are not aligned to

[46] This requires the generation of symmetry adapted molecular wave functions

each other.
as linear combinations of multiple LAS states.

Moreover, while the LAS approach has proven to be useful in studying localized exci-
tations, it cannot be used directly to study delocalized excitations or strong inter-fragment

2,46,173] LASSCF accounts for the inter-fragment interaction only through a spin

coupling.[
polarized mean-field. Further two-body interactions between the subspaces are often neces-
sary for calculating quantities such as spin state ordering in strongly coupled multi-metallic
compounds. In other words, the exact correlated wave functions for such systems cannot be
expressed as a single tensor-product state, but instead need to be expanded as linear com-
binations of multiple states that couple to each other through such two-body interactions in
the molecular Hamiltonian. In the limit of including all possible LAS states in the expan-
sion, the resulting wave function accounts for the ezact electron interaction. In many cases,

however, even with a smaller number of LAS states, chosen based on chemical intuition, one

can recover a significant part of this additional electron correlation.

4.2.2  Multiple LAS states

Similarly to state-average CASSCF, wave functions for multiple LAS states can be obtained

in the same set of localized orbitals using the SA-LASSCF method by minimizing the energy
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expression:

Ega_ras =y w; (LASYA|LAS®). (4.3)
1

where |LAS®) corresponds to the i LAS state with weight w; The SA-LASSCF wave
functions are orthogonal, i.e. they diagonalize the LASSCF effective Hamiltonian, but can
have off-diagonal elements (coupling) in the full-molecule Hamiltonian. In other words, these
SA-LAS states are not eigenfunctions of the full-molecule Hamiltonian and suffer form the
same problem highlighted in the previous section - namely the spin contamination and lack
of inter-fragment coupling. These wave functions, however, are an excellent basis for the
molecular wave function. The LAS state interaction (LASSI) method proposed in this work
diagonalizes the molecular Hamiltonian constructed in terms of the SA-LAS states, to obtain
molecular wave functions as linear combinations of LAS states (rather than that of n-particle

excited states) as shown in equation 4.4.

[LASSL) = > Gy |LASY), (4.4)
J
The LASSI wave functions are eigenfunctions of the Hamiltonian in the given LAS state

basis:
ALASSE) = BV oo [LASSE) (4.5)

In general these can be solutions to any arbitrary Hamiltonian in the basis of SA-LAS
states. In this study we use only the exact electronic Hamiltonian of the entire molecule, but
in principle any other electronic structure method can be used to obtain this Hamiltonian
(effective potentials, PDFT, etc.) and effects like spin-orbit coupling can also be included

to couple the LAS states. The LASSI is a one shot diagonalization of the full-molecule
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Hamiltonian in a basis much smaller than that of all configurations within the complete
active space. Similar to methods like RAS/GAS-SCF, which approach the exact solution
(CASSCF) as we increase the number of configuration state functions (CSF), the LASSI
wave function also approaches the exact solution in the limit of including all possible LAS
states in the LASSI. However, a LAS state typically includes more correlation than a CSF
and thus the CI vector of the exact solution can be significantly more compact in this basis.
This means that as we expand the basis of the wave function we can account for more
correlation faster when expanding in the LAS basis than expanding in the CSF basis.
While the primary motivation of this method is the restoration of inter-fragment coupling,
one can think at LASSI also in the context of diabatization. This perspective is particularly
helpful when computing potential energy surfaces for chemical reactions. The LAS states do
not change chemical character imposed on them along a reaction coordinates are analogous
to diabatic states, while the LASSI wave functions are solutions of the Hamiltonian and are
the adiabatic states. The LASSI procedure is simply a transformation of the LAS states
(model diabatic states) - that are comparatively straight forward to compute- to obtain
the LASSI states that correspond to the uniquely defined eigenfunctions of the molecular

Hamiltonian that conserve symmetries across the potential energy surface.

4.2.8 Selecting the LAS states for state interaction

Form most chemical systems the choice of the LAS states is non trivial and a protocol that
automates this choice is needed. We propose a scheme that incrementally includes different
types of states to systematically improve the quality of the solution depending on the problem
in hand. [117:174]

Each LAS calculation is initialized with a certain number of active electrons occupying the
active orbitals in each subspace. Using these as a reference we can allow up to n excitation

from one fragment to the other to obtain charge-transfer (CT) states. All possible states that
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can be reached by having up n CT excitations are considered - including states with multiple
concerted excitations - in order to achieve size consistency. For example for n = 1 (single
charge transfer excitations) we also include states that have concerted single excitations in
multiple different pairs of subspaces.

For any LAS state, the net difference in the active electrons belonging to a subspace in
that state with respect to the reference LAS state is termed as the charge on the subspace.
This charge defines only the total number of electrons in each active subspace. This can, in
principle, allow a large number of spin states. Some of these spin states may be very high
in energy and may not be of particular interest. Depending on the chemical characteristics
of the subspace the user has an option to limit the spin (S) of each fragment to a certain
range. For instance, in a subspace of 6 electrons in 6 orbitals localized on a phenyl ring, one
might choose to only include singlet and triplet states and exclude the quintet and septet
states that are technically possible but unlikely to contribute to the wave function. The spin
projection quantum number (Mg) is the other quantum number that uniquely characterizes
a LAS state. All Mg values ranging from -S to S for each spin for each subspace are included
in the SI Hamiltonian. While it is possible to include only a subset of the Mg values in the
state average manifold, we do not recommend this choice for it might result in the LASSI
states not being proper spin eigenfunctions.

In general, the states included in the SI Hamiltonian are not necessarily low-lying states.
In some cases, the inclusion of high-energy states (like a charge-separated state or an excited
spin state) in the SI Hamiltonian may be necessary if they couple strongly with the ground
or low-lying excited states. It can, however, be detrimental to include them in the state-
average manifold while optimizing the orbitals. Since the orbitals in SA-LAS are optimized
to minimize a collective energy, the description of the ground state (or the particular state
of interest) is compromised by these states. To avoid this, we can exclude the high energy

states from the orbital optimization procedure. This is similar to the strategy often used

o4



in SA-CASSCF - where the orbitals optimized from a calculation with a fewer states are
used to perform a CASCI calculation for a larger number of roots. Specific details of the
state selection schemes used in each application are provided in the respective sections.
It must be noted that in the limiting case of approaching CASSCF - i.e. considering all
possible CT excitations and spins - the method also scales exponentially with respect to the
size of the active space like CASSCF. Although reducing the size (and thus increasing the
number of fragments) always reduces the cost of the computation for a single-state LASSCF
calculation, that is not the case for LASSI since the number of states to be considered for
SI increases with the number of fragments. Thus it is important to strike a balance in the
fragmentation schemes used in LASSI such that the subspaces are not too large for the FCI
solver in subspace but also not so numerous that the exponential scaling of the size of the

SI Hamiltonian can be handled.

4.3 Applications and Discussion

We demonstrate the scope and performance of LASSI in three different applications.

4.3.1 Charge transfer

Charge transfer plays an important role in many chemical and biological processes. [175-180]

The process of charge transfer is often modeled with two approaches: either by constructing
the Hamiltonain in a basis of diabatic, charge-separated states and then diagonalizing it to get
the adiabatic states or to obtain the adiabatic ground and excited states (with an electronic
structure method of choice) to begin with and then assign charge-transfer character to them.
While the later approach is more popular because of its generality, the former is often used
to interpret results and understand mechanisms of charge transfer. A key challenge for the
former approach, however, is to obtain this chemically intuitive diabatic basis in an efficient

way. Approaches such as valence-bond theory and constrained density functional theory
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Figure 4.1: The systems studied: (1) is 2,2’,6,6’-tetrahydro-4H,4"H-5,5"-spirobi[cyclopenta-
[c]pyrrole] cation, (2) the [Cro(OH)3(NH3)g]T3and (3) represents a the trans-polyenes
ConHan 4o The fragmentation scheme for their active space shown by dotted lines.

have been used previously for this purpose. In this section we highlight that LAS states
can be an excellent choice for the diabatic basis, especially when the donor and acceptor
species involved are multireference in nature. Moreover the adiabatic surfaces that can be
easily obtained from these LAS states after state interaction, are just as good as the surfaces
obtained from more expensive methods like CASSCEF.

The 2,2°,6,6’-tetrahydro-4H,4"H-5,5’-spirobi[cyclopenta- [c|pyrrole] cation, system 1, is of-
ten used as a prototype to study the performance of electronic structure methods describing
charge transfer. The compound consists of two cyclopentalc|pyrrole rings that are perpen-
dicular to each other. While the neutral compound is highly symmetric with a Dy; point
group, the cation has most of the positive charge localized on one of the rings thus breaking
the symmetry in its equilibrium structure. Since the two states of charge being localized
on the two rings respectively are non-degenerate at the equilibrium geometry, there exists

a finite barrier for this charge migration to happen. We study the potential energy surface
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(fig 4.3) for this charge migration using CASSCF, LASSCF and LASSI with an active space
containing the 11 m electrons in the 10 7 orbitals. The LAS subspaces are composed of the 6
7 orbitals localized on each ring with 5 electrons in one and 6 in the other. The other charge
separated state is obtained when the number of electrons in each subspace is interchanged.
The geometries along the potential energy surface were obtained from reference 181 that
uses a unitless progress variable, &, to linearly parameterize the Cartesian coordinates along
the reaction pathway. In this work, we consider ¢ from -0.8 to +0.8 where -0.5 and 0.5 are
the equilibrium structures corresponding to the charge being localized on the left and right

side respectively. The potential energy curves for the two LASSCF states show a crossing

Figure 4.2: Active orbitals for the subspace localized on one of the cyclopenta-[c]pyrrole in
system 1.

at £ = 0. This is expected because the LAS states do not interact with each other. We
consider only the LAS states corresponding to one subspace in a doublet spin-state (for the
ring with the positive charge) and the other with a singlet spin in the LASSI calculation.
Exited states with other spin-states or with more than one electron migrating between the
subspaces are ignored.This only nominally adds to the computational cost of the problem
but almost fully recovers the coupling between the states. The LASSI energies are identical
to the larger CASSCF, showing that only these two states dominate the coupling term.

The Hamiltonain matrix element H,, that couples the diabatic states is an important
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Figure 4.3: (a) Potential energy surface for the charge migration in 1 obtained from LASSCF,
LASSI and CASSCF as a function of the dimensionless reaction coordinate (§). (b) The fitted
quadratic curves (dotted lines) for the LASSCF and CASSCF energies along with their R?
values. (c) a magnified plot of the PES on the left around the crossing point along with the

gap indicating H .

quantity that is used to classify and study charge transfer. This quantity is not explicitly
computed using methods like CASSCF. The gap at the avoided crossing is often used to
estimate H,,. The gap with CASSCF is 0.16 eV. Since this is equal to 2 x H_, for a two-
state model (fig. 4.3c) the coupling element (H,;) is 0.8 eV. While LASSI reproduces this
energy surfaces well and also gives a H,p, of 0.75 eV, LASSI arrives at this result in a different
way. It explicitly calculates this coupling matrix in the basis of the LAS states and then
mixes them to give the gap. This shows that the LAS states are good candidates for the
diabatic states that provide interpretability as well as good accuracy. Another parameter
that is needed for analyzing CT is A, the stiffness of the parabola of the diabatic curve. The
A value along with the H, is used to calculate the rates for charge transfer. As seen in figure
4.3b, the LASSCF curves fit perfectly to a parabola and give a A of 0.53 eV. If however, one
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were to extract this number from the adiabatic CASSCF curves ( or even LASSI) it would
have some anharmonicity and give a A of 0.42 eV. While this estimate for CASSCF can
be made better by performing a finer scan in the region close to the equilibrium geometry,
no such calculations are required for LASSCF. Any three points along the scan give similar
value for A.

The method of finding the CT state in CASSCF also involves significant trial-and-error in
choosing sufficiently many excited states in the averaging manifold. Since we can selectively
include only charge-states in the LASSI Hamiltonain, this approach does not suffer from the
need to include all excited states lower than the CT states in the state-averaging manifold
that might compromise the description of the CT states. This becomes helpful when studying
systems like DNA base pairs and mixed-valency metal complexes that can have multiple

excited states lower than the CT states.

4.3.2  Bimetallic compounds

[182-184] e coupling be-

Multi-metallic compounds are interesting for many applications.
tween their spin centers is modeled using the effective Hamiltonian from the Heisenberg-
Dirac-Van Vleck model. 185187 This invokes a magnetic coupling parameter, .J,p, that cou-
ples the spins localized on the two centers a and b and characterizes the type and extent of
coupling between them. By convention, a negative J indicates antiferromagnetic coupling
and a positive J indicates a ferromagnetic one. The higher the magnitude of J, the stronger
the coupling between the spin centers. Most computational methods calculate J using the

Yamaguchi formula (4.6), that expresses it in terms of the energy difference between the

high-spin and low-spin states:

Lrs — Frs (4.6)
(5% s — (%) ms
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To avoid the spin-symmetry breaking that occurs in DFT (and other single-determinant
methods) to compute Ffg, multireference methods are needed. For quantitatively accurate
spin gaps, however, large active spaces are required to model the interactions in such com-
pounds. This becomes prohibitively costly in the presence of more that two metal centers.
The coupling between the multiple metal centers is affected my many factors. Some of these
are understood through different conceptual mechanisms like direct exchange/through space
coupling or superexchange, etc. Most multireference methods, even with approximate solvers
that allow us to go to larger systems, do not offer easily interpretable quantitative insights
into the contributions of these mechanisms and in such situations, on the other hand, LASSI

can be very useful.

Figure 4.4: Active orbitals for the subspace localized on one Cr ion.

We consider the coupling between two high spin metal centers in compound 2. This
compound is a model for a tris-(p-hydroxo)-bridged chromium compound studied experi-

mentally and theoretically 185192

. The ligands were truncated at coordinating nitrogen
and were capped with hydrogen atoms. The two chromium [III] ions have three unpaired
electrons each. The active space we consider is that of 6 electrons in 12 orbitals that corre-
sponds to all the singly occupied 3d orbitals on the Cr centers and their corresponding 4d
(correlation pair) orbitals ( see Fig. 4.4). The CASSCF (6,12) calculations predicts a Jy,

of -16.7 cm™1. This indicates that the compound is anti-ferromagnetic. The spin ladder for
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CASSCF in figure 4.5 shows that the singlet (S = 0) state is about 200 cm™! lower than
the septet (S = 3) state. The experimental value for the J-coupling constant is -66 cm ™.
Previous investigations have shown that a quantitative prediction of the constant will not
only require a much larger active space but also needs to include post-MCSCF methods to

192,193] The purpose of this study is not to reproduce the

include more dynamic correlation. |
experimental value, but to analyze how LASSI can approach the CASSCF limit.
The overall coupling captured in CASSCF is mainly affected by two conceptual mech-

[194.195] Note that superexchange

anisms - the 'direct’ exchange and the ’kinetic’ exchange.
mechanism is not captured here since we do not include the any linker orbitals in the ac-
tive space. The ’direct’ exchange contribution arises from the coupling elements emerging
from direct exchange integrals between orbital pairs with one orbital localized on one spin
center and the other on another spin center. Since these integrals are always positive they
contribute to a positive value of J i.e. ’direct’ exchange favours the high-spin state. The
kinetic exchange, however, accounts for the coupling of the ground state with configurations
involving excitations from one spin center to another (ionic configurations). It’s magnitude
depends on coupling between neutral and ionic configurations (hopping integral). This cou-
pling favours an antiferromagnetic ground state and contributes to the lowering of the J.
Thus the overall sign of J is determined by how large the kinetic exchange terms is. These
concepts and relations are derived and explained for the case of two (S = %) doublets in
two orbitals in references 195 and 194. The negative sign of the CASSCF J means that the
compound is antiferromagnetic and thus that the kinetic exchange dominates the coupling.
There, however, is no simple way to quantify this contibution the CASSCF wave function.
This is where LASSI comes in - by selectively including the states corresponding to each
of the mechanisms in the LASSI we can ‘switch-on’ or ‘switch-off’ different mechanisms of
coupling between the fragments.

We perform LASSI calculations where we divide the (6,12) active space into two subspaces
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Figure 4.5: Spin ladder for the bimetallic compound calculated using various methods relative
to the septet energies for the respective method. The number of purple dashes indicates the
multiplicity of the state. The J value calculated using the singlet-septet gap is shown for
each ladder.

of (3,6) localized on each Cr atom ( see Fig. 4.4). If the SI Hamiltonian is constructed only
in the space of the neutral states, the only off-diagonal terms are the direct exchange terms.
This gives a wrong spin state ordering. The J value is positive as expected and significantly
so at 15.4 cm™1. As seen in figure 4.5, the singlet (S = 0) state is about 185 cm ™1 higher
than the septet (S = 3) state. This scheme of state interaction is not reliable since it accounts
only for direct exchange and will always give a positive J.

When we include the states with inter-fragment electron hopping, however, the spin state
ordering is correct and the J is lowered to -10.5 ~1. This means that the kinetic exchange
terms, that are now introduced in the SI Hamiltonian, contribute about -25 cm™1. In such
a way we were able to quantify the two contributions separately. Figure 4.5 shows the

qualitative similarity in the spin ladder predicted by CASSCF and LASSI with CT states.
62



By including the CT states in the SI Hamiltonian we have not only computed the correct
spin state ordering but have reduced the disagreement with CASSCF in the J value from 30
cm ! to 6 cm~L. This calculation is, in principle, cheaper than CASSCF, but also provides
more information and insight into the system. This J value however is still not the same
as the CASSCF value because the LASSI even with all possible electron hopping and all
possible spin states is approximate. This is because the CASSCF still included more terms

- in particular the excitations within the same active subspace.

4.3.8 Delocalized spin states: Case study in polyenes

Methods to accurately predict singlet-triplet (S-T) gaps for long conjugated compounds are

[136,196-200] A chemically intuitive fragmentation

interest for a wide rage of applications.
scheme, with a set of m and 7* orbitals localized on smaller units like CoHg or C4Hy4, would
in principle provide a significant advantage in terms of number of configurations needed
with increasing size of the molecule. State-specific LASSCF with such a fragmentation
describes reasonably well the ground-state singlet which is dominated by the closed shell
configuration. However, it is not suited for calculating the S-T gaps as it is not able to
capture the delocalized nature of the unpaired electrons of the triplet. Since only one of the
active subspaces can have a triplet spin, the two unpaired electrons are localized only on
that fragment. This is a nonphysical description since the true triplet has the two electrons
delocalized over the entire molecule. This is a typical situation where LASSI is superior to
LASSCF and more affordable than CASSCEF.

Table 4.1 shows the singlet-triplet gaps computed with CASSCF, LASSCF and LASSI
for four linear polyenes Coj,Hoj, 19 with n = 2,34 and 8 The complete active space of
size (2n,2n) composed of the m and 7 orbitals is divided into n subspaces of (2,2) for
n=2,3,4 (\,,(2,2) fragmentation) and into n/2 subspaces of (4,4) for n = 4 and 8 (/\n/2(4, 4)

fragmentation). Two schemes have been used to construct the LASSI Hamiltonian: one
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n | CASSCF | Subspace decomposition | LASSCF - C%Asxzvsiih T Experiment

2 | 342 (4,4) = No(2,2) 4.29 4.62 3.43 3.22[201]

31 280 (6,6) = A3(2,2) 4.10 4.79 2.86 2.611202]
8,8) — A4(2,2 4.01 4.8 2.48

4023 és, 8% = %54, 43 3.30 341 2.66 2.10

8 - (16,16) — Ay(4,4) 3.16 3.53 2.10 -

12 - (24,24) — A4(6,6) 2.62 2.37 1.93 -

Table 4.1: Singlet triplet gaps from CASSCF , LASSCF and the various schemes of LASSI

where only neutral configurations with singlets and triplet spins are used and the other
where charge-transfer configurations with one electron hopping were also included. The
orbitals for LASSI were obtained by state-averaging over the singlet ground state and states
with up to two triplet fragments. This truncation of the space was used only for the orbital
optimization for computational efficiency, while all possible states states were considered
when constructing the LASSI Hamiltonian. The results for the gaps calculated using only
the ground state singlet orbitals are reported in the SI and are compared to the CASCI gaps.

We observe that the CASSCF gap reduces with increasing length of the conjugated chain.
The LASSCF with the triplet localised on one fragment not only gives the wrong quantitative
gap but also shows minimal change with increasing chain size. The gap stays around the
same as that of a single ethylene molecule for the A, (2,2) fragmentation.

In the LASSI calculations, the cases without the charge transfer (hopping) states included
in the SI Hamiltonian show poor performance. This accuracy of the singlet-triplet gaps is
due to the treatment of the two spin states at equal footing and not because the LASSI states
(and absolute energies) are necessarily individually close to their CASSCF equivalents. This
is the reason we do not observe the gap for the octa-ene predicted by LASSI gets slightly

worse w.r.t experiment and CASSCF when we have larger subspaces.
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4.4 Conclusions

We presented an extension of the LASSCF methods, LASSI that overcomes some of the
challenges associated with LASCSF by constructing eigenfunctions of the molecular Hamil-
tonian in the basis of LAS states. LASSI not only allows us to systematically improve the
wave function - eventually approaching the CASSCF limit - but also provides a chemical in-
terpretation of the results. We demonstrated how the control over the interactions between
the fragments can be leveraged to study phenomena like charge transfer and spin-coupling
in detail. In future work this method can be applied to larger systems with several locally
correlated fragments to study phenomena like intravalent charge transfer in organometallic
compounds and superexchange mediated J-coupling in multi-metallic compounds. Further
improvements in scaling can be achieved by using other approaches to couple the subspaces
like DMRG or (unitary) coupled cluster. Moreover, better quantitative predictions of the
method can be achieved by including more electron correlation using methods like pertur-

bation theory and pair-density functional theory.
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CHAPTER 5
LOCALIZED QUANTUM CHEMISTRY ON QUANTUM
COMPUTER

5.1 Introduction

Chemical systems with many close-lying electronic states or, more generally, strongly cor-
related electrons pose a significant challenge for modern electronic structure theories in

[56,203-206]  \When transition metals or heavier elements

computational quantum chemistry
are involved, degenerate and nearly degenerate electronic states are common, and single-
reference electronic structure methods such as Kohn-Sham density functional theory often

fail [195,207.208] "1y, these situations one has to use multireference methods to generate multi-

configurational wave functions and accurately describe these near degeneracies[126’127’209].
Scientists also want to compute properties of large chemical systems or solids with ac-

curate quantum chemistry methods, in spite of steep computational requirements. One way

to achieve such computations is to use fragmentation methods. Many variations of fragmen-

tation methods exist [86:210-212]

, but the common feature is that a large molecular system is
divided into fragments and quantum-mechanical calculations are performed on the fragments.
An especially important case is the application of fragmentation methods to multireference
wave functions because of the exponential explosion of the computational cost with respect
to the size of the active space of electronic configurations.

In the complete active space self-consistent field (CASSCF) method 18] all the electronic
configurations that can be formed for a given number of active electrons distributed in a
given number of active orbitals are included in the wave function. Thus, the wave function

scales exponentially with the number of active electrons and orbitals, and the method has

only limited application to chemically relevant systems. If one wants to study systems con-

[76,194,213-215] [159]

taining, for example, several transition metals , the active site of a protein ,
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139’159], more affordable mul-

or extended organic chains in their ground and excited states!
tireference methods have to be developed. This is one of the major challenges of modern
electronic structure theory.

Reducing the computational cost of CASSCF or other multiconfiguration self-consistent
field calculations is pursued both in the development of new well-motivated theoretical ap-
proximations and in the application of new developments in computational hardware [216,217]
On the theoretical side, one strategy is to identify subspaces of the CAS that can be treated

60,61] [62,63,84,93,218] ' Thg Jocal-

on different footings or interact with one another only weakly
ized active-space self-consistent field (LASSCF) method [1:246:173] " al50 known as the cluster
mean-field (¢cMF) method, O is an example of such a strategy. LASSCF is designed for ap-
plications in which electrons are strongly correlated in different weakly interacting physical
regions of a molecule and approximates the strongly correlated part of the wave function as
a single antisymmetrized product of subspace wave functions. The computational cost of
LASSCEF is a linear function of the number of such unentangled subspaces.

Some of the authors have recently shown that LASSCF accurately reproduces the CASSCF
spin-state energy gaps of bimetallic compounds and the simultaneous dissociation of two
double bonds in bisdiazene at a significantly reduced cost [2.46] However, LASSCF fails to
recover any electron correlation between fragments, for example in the cis-trans isomerization

[173]

of stilbene and similar systems . Moreover, methods to restore the missing correlation

[219] 91,220]

variationally , perturbatively , or via the coupled-cluster (CC) approach 221] oy

classical computers must usually enumerate a general many-body basis for each fragment.
That is, they inherit the complications of multireference perturbation and CC theorym?’?m
over traditional single-reference perturbative or truncated coupled-cluster (CC) corrections
based on second quantization 223,224]

Recently, the development of quantum computers has led to an increased interest in

novel quantum algorithms, especially for computational quantum chemistry, which is widely
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[225-227]

seen as a potential "killer app” of quantum computers . The quantum phase estima-

228]

tion (QPE) quantum algorithm [ can potentially offer exponential speedups when large

[229,230]

fault-tolerant quantum computers are available , under the assumption that an ini-

231,232 Additionally, the variational

tial state with non-negligible overlap can be prepared[
unitary coupled cluster (UCC) requires only a polynomial number of gates to represent on
a quantum computer, whereas representing the same ansatz classically has no known poly-

[233,234] ' For the noisy, intermediate-scale quantum (NISQ) [235] devices that

nomial solution
we have today, these algorithms are not tenable, since they require coherence times far be-
yond what is available. Variational algorithms, such as the variational quantum eigensolver
(VQE) [234], have been used to perform calculations of the ground state energy of small
molecules, with limited accuracy, on NISQ devices [236-238] Quantum algorithms that have
less stringent requirements compared with full QPE, and at the same time accuracy beyond
that demonstrated by variational algorithms such as VQE, will be required to productively
use the progressively larger and higher-quality quantum devices as they become available in
the next few years.

In this chapter we describe a framework for such quantum algorithms, inspired by classical
LASSCF. The wave function within a fragment is solved by using one method (e.g., QPE),
and correlation between fragments is encoded variationally by using an ansatz that entangles
the fragments. This approach goes beyond what can be achieved with classical fragment
methods, such as LASSCF, by providing additional correlation between fragments, while
significantly reducing the total computational time (estimated via the number of gates)

compared with full QPE.
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5.2 Theory

5.2.1 Multireference Methods with Exponential Scaling

We seek to find the ground state of the second-quantized molecular Hamiltonian for a given

number of M electrons,

A o 1 TR
H= Z hga}:aq + 1 Z hgga;[,a,tasaq, (5.1)
pq pars

T

where @), (ap) creates (annihilates) an electron in spin orbital p; hf and hig are the one-
and antisymmetrized two-electron Hamiltonian matrix elements, respectively; and repeated
internal indices are summed. Generally, for N spin orbitals, H has a sparse-matrix represen-
tation in a space of size O ( ]\]\/;) and has O(N?) elements. Full-configuration interaction (FCI)
determines the exact energy within a given one-electron basis set (the FCI energy) at expo-
nential cost. Methods such as CASSCF (and its restricted [60.61] and generalized (62:239] active

240,241]

space approximations) or selected configuration interaction , can go beyond FCI in

system size, maintaining comparable accuracy, but still scale exponentially. The density ma-

[242-245] [224]

trix renormalization group and coupled cluster methods can scale polynomially

but introduce (sometimes uncontrollable) approximation errors. Here we briefly describe
the LASSCF algorithm[l’%], which will serve as the basis for our fragment-based quantum

algorithms.

5.2.2 LASSCF

In LASSCF, the wave function of a molecule is approximated as

ILAS) = \ [Wk) A @), (5.2)
K

69



where |U ) is a general many-body wave function describing M electrons occupying Ny
active orbitals of the KB “fragment” or “active subspace,” |®) is a single determinant
spanning the complement of the complete active space, and the wedge operator (“A”) implies
an antisymmetrized product.

[46]

In the variational **! implementation of LASSCEF, this wave function is obtained by min-

imizing the LAS energy,
Erag = (LAS|H|LAS), (53)

with respect to all orbital rotations and configuration interaction (CI) vectors defining |[LAS).
This is accomplished by introducing a unitary operator (see the Supporting Information of
Ref. 46) that is parameterized in terms of all nonredundant transformations of the orbitals

and CI vectors,

ILAS) = Ugn, | [ Uct, i |HF), (5.4)
K

where |HF) is the Hartree-Fock wave function used as the initial guess and

A~

Uy, = expal (aLal—aja@, (5.5)

Ucre = expag (1K) (Wil = W) (H]), (5.6)

where k, [ index individual spin orbitals in two different subspaces (including the inactive
and virtual subspaces outside of the CAS) and where |l¥> is a determinant or configura-
tion state function. First and second derivatives of Eq. (5.3) with respect to the generator
amplitudes (xéC and :U]—C') are obtained by using the Baker—-Campbell-Hausdorff (BCH) expan-
sion, and the energy is minimized by repeated applications of the preconditioned conjugate

gradient (PCG) method (246:247],

A~

The orbital unitary operator, Uy, corresponds to the UCC correlator truncated after
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the first (“singles”) term:

Uuce = exp(Tyce), (5.7)
. 1
Tuce = af (azal - h.c.) + g (azajnandl - h.c.> +o (5.8)

The use of the more general cluster operator, Eq. (5.8), in place of the orbital rota-
tion unitary operator, Eq. (5.5), corresponds to a multireference unitary coupled cluster
method 48] built on top of a |ILAS) reference wave function. Such a method is expected
to more flexible than LASSCF itself, in that doubles and higher-order cluster amplitudes
could encode electron correlation and entanglement between active subspaces. This would
require the reference wave function, |LAS), to be updated by explicit exponentiation of the
general cluster operator, Eq. (5.8), after each execution of the PCG algorithm. On classical

computer hardware, however, this is not an efficient way to extend LASSCF.

5.2.83  Quantum Algorithms

Here we describe two quantum algorithms that serve as the primary components for our

fragment-based quantum algorithm.

Quantum Phase Estimation

The quantum phase estimation algorithm solves for the eigenvalue, A\, for an eigenvector
|vg) of some unitary matrix, U. In addition to its use in quantum chemistry, it forms
the basis for many important quantum algorithms, such as Shor’s prime number factoring

[249]

algorithm and the Hassidim—Harrow—Lloyd algorithm for inverting matrices 2501 For

quantum chemistry problems, the unitary matrix U is generated by the Hamiltonian, H
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(eq. (5.1)), over time steps 7:
Ulor) = ¢ Tlop) = €™ up), (5.9)

and the desired energy is mapped to the phase acquired, £ = —2m¢/7, where units have
been chosen such that & = 1. By combining real-time evolution of the Hamiltonian, H, with
application of the quantum Fourier transform (QFT) [251], the value of the energy can be
obtained in polynomial time using a quantum computer.

The computational complexity of the QPE is directly related to the complexity of im-

plementing the unitary propagator U = e 7. Many strategies for implementing U exist,

252,253 [254] [255]

including Trotterization | , Taylorization , and qubitization . The Hamiltonian,
Eq. (5.1), has O(N*%) terms, where N is the number of spin orbitals. Each term in the
Hamiltonian can be transformed into a Pauli string (that is, a product of Pauli operators

X, Y, Z, or I) via one of the many fermion-to-spin transformations, such as the Jordan—

[256] 257] [258]

Wigner , parity , and Bravyi-Kitaev transformations. In this work we focus on
QPE using Trotterization with the Jordan-Wigner transformation since they serve as stan-
dard reference points for the other variations. The complexity of QPE for the Hamiltonian,
Eq. (5.1), using Trotterization with the Jordan-Wigner transformation is O(N®): N4 arising
from the number of terms in the Hamiltonian and an additional N from the Jordan—Wigner
transform. Although QPE can obtain estimates of the ground state energy with only a poly-
nomial number of quantum gates, the overheads are still too large for near-term quantum
computers. The success of the QPE algorithm directly depends on the overlap of the initial
state (which is often taken to be the Hartree-Fock state) and the true ground state. Realistic
estimates, taking into account overheads such as quantum error correction, put the needed
number of qubits to perform QPE on interesting molecules in the millions [259-261]

QPE is analogous to a Fourier analysis of a correlation function; and, for a given energy

accuracy, €, it requires propagation efforts (maximum times) on the order of O(1/¢)[227:262]
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Since the circuit depth for evaluating the propagator for individual fragments will naturally
be lower than for the full system, the QPEs involved in our LAS approach will be significantly
cheaper than full QPE.

Variational Quantum Eigensolver

The variational quantum eigensolver is a hybrid quantum-classical algorithm that relies on
the variational principle to find an estimate of the ground state energy of a given molecule.
A circuit with variable parameters, 6, serves as an ansatz, whose energy is evaluated on a
quantum computer and whose parameters are iteratively optimized by a classical computer.

For a circuit ansatz [1(0)), VQE estimates the energy as

E = min (W(0)[H[(0)) . (5.10)

The Hamiltonian, H , is transformed into a sum of Pauli strings via a fermion-to-spin trans-
formation, and the expectation value of each term is measured from the quantum computer
separately and summed on the classical computer. VQE has much less stringent quantum
resource requirements than QPE has, since it offloads much of the work (such as optimiza-
tion) to the classical computer. Hence, VQE has been used in proof-of-principle calculations

for small molecules 263-265]

The accuracy of VQE is determined by the quality of the ansatz, |¢(0)). The UCCSD
ansatz is an interesting choice as wave function for VQE since there is no known way to

[266-268)

efficiently implement UCCSD on classical computers , but it can be implemented

with O(N®) gates on quantum computers [287.269,270] ' The UCCSD ansatz is

[Yucesp) = Uucesp |HF) = exp Tycesp [HF), (5.11)

where Tyccsp is defined by truncating the more general cluster operator of Eq. (5.8) at
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the second term. While the UCCSD ansatz can be implemented on NISQ devices for small

238,271]

molecules! , it is limited in its accuracy because of only including up to doubles exci-

tations.

5.2.4 LAS Methods on Quantum Computers

Here we describe an algorithm for molecular calculations that goes beyond the limited accu-
racy of standard VQE [237’238], while having dramatically reduced computational complexity
compared with QPE. The algorithm exploits the structure of the molecule by separating it
into coupled fragments, as is done in the classical algorithm, LASSCF. The quantum algo-
rithm, however, goes beyond classical LASSCF by providing some degree of entanglement
between the fragments.

The algorithm begins by segmenting the orbital active space of a given molecule into
distinct fragments defined by non-overlapping orbital subspaces, as in classical LASSCF. For
instance, orthogonalized atomic orbitals generated by using the meta-Lowdin method [110]
can be sorted into localized fragments and then projected onto a guess for the CAS of a

given molecule to produce localized active orbitals. We construct an effective Hamiltonian

that omits non-mean-field interfragment interactions, resulting in a sum of local fragment

Hamiltonians,
nf 1
T o — Pkt - kikg 1 At ~ 4
Heg = Z (hkgakla/@ + th2k4ak1ak3ak4ak2>7 (5_12)
K
where k1, ks, ... index distinct active orbitals of the Kth fragment and where
Tk _ ki kyi kil I
th - th +hk2i + Z hk212%27 (5.13)
L£K

where i and [, index respectively inactive orbitals [i.e., those defining |®) in Eq. (5.2)] and

active orbitals of the Lth fragment and where ’yll; is a one-electron reduced density matrix
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element for spin orbitals /; and [o,

l AT A AT A
YL = (LAS|a] 41, |LAS) = (W p[a] ay, | ¥y) . (5.14)

Given a set of localized active orbitals that minimize the LASSCF energy, if the density
matrices in Eq. (5.13) are obtained from a classical LASSCF calculation on the same system,
then the QPE algorithm applied to ﬁ[eff generates the active-space part of the LASSCF wave
function, |QLAS) = Ax |¥Yk), on the quantum computer. The same result is achieved if
density matrices are obtained self-consistently from the QPE evaluation. If the density
matrices are obtained in some other way, for instance from |HF), then an approximation to
the LASSCF wave function is obtained.

The QPE step provides the initial |QLAS) for each fragment step by repeating the mea-
surement of the phase until it is consistent with the phase representing the ground state
energy, which collapses the system into the ground state wavefunction. This introduces
some overhead, as each fragment will need to be in the ground state to continue to the next
step. Furthermore, a full QPE solve, estimating the ground state energy, must be performed
initially to provide a comparison value.

A sequence of UCC with singles and doubles (UCCSD) circuits, with variable parameters,
is then applied across m fragments each (which we term m-local), leading to the LAS-UCC

wave function,

[QLAS(2)) = | [ Uuccesp.c(@) [QLAS), (5.15)
¢

where UUCCSD,C(‘”) is the UCCSD ansatz including only creation/annihilation operators
within the m fragments that it spans, ( is a list of fragment indices of size m, and x are
the associated singles and doubles cluster amplitudes. The factorization of Eq. (5.8) implied

by Eq. (5.15) is based on the intuition that physically adjacent active subspaces are likely
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Figure 5.1: Diagram of example circuit using LAS-UCC. The system of interest is first
separated into distinct fragments. QPE is used on each fragment to solve for the approximate
unentangled ground state. Correlation between fragments is then added in, variationally,
through a unitary coupled cluster ansatz.

to be more strongly entangled to one another than subspaces on opposite ends of a large
molecule. The parameters of the UCCSD circuit are varied to minimize the total energy of

the full system, as in VQE:
E = min (QLAS(x)|H|QLAS(z)) . (5.16)

A schematic representation of the described circuit is shown in Fig. 5.1. This provides
electron correlation between the fragments, in a way that scales exponentially on classical
computers, but only polynomially on quantum computers. Moreover, this procedure provides
a better estimate of the ground state energy than the product wave function or the UCCSD
would provide alone. Note that, unlike LASSCF, this method is not strictly variational
(despite the use of VQE) because the initial product-state wave function, A |[¥ ), is not
variationally reoptimized in the presence of the UCCSD correlators. The QPE circuits could
also be replaced with a local variational ansatz, leading to a fully variational algorithm,
which we term LAS-VQE and describe in section 5.4.1.

To understand the large improvement in computational complexity of our approach, we
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focus on a system of ny fragments, with the number of orbitals per fragment, N, constant
as the number of fragments grows. The total system size is defined by N = Ngn ¢ orbitals.
We also assume that each fragment interacts with only the m geometrically nearest fragments
and that m does not grow with ns. These are reasonable assumptions for many interesting
molecules and mirror the assumptions made in classical LASSCF. Under these assumptions,
the QPE solver for the unentangled fragments does not grow with N, since N is assumed to
be fixed while n s grows. The number of small QPE sections grows linearly with the number of
fragments, of course. Typically, the Jordan—Wigner transformation would introduce an O (V)
term to enforce the anticommutation relations among the orbital creation and annhilation
operators. However, in the case of linear chains, as we study here, ordering the orbitals
such that all up and down occupied and virtual orbitals in a given fragment are close, the
high-weight Z part of the Jordan—Wigner transformation effectively cancels out, causing no
scaling with total number of orbitals.

Together, this leads to an overall O(n fN}l() ~ O(N) (linear) number of gates to solve for
the n; unentangled product wave functions. The UCCSD correlator, which is then applied,
has O(m4N}l() terms in the cluster operator for each correlator, because the UCCSD circuit
spans only m fragments. Neither m nor N grows with the total size (number of spin
orbitals) of the system, N. The number of m-local correlators grows as O(ny). Again, by
careful ordering of the orbitals, the Jordan-Wigner transformation does not introduce any
scaling overhead. The complexity of the m-local UCCSD correlator is then O(n fm4N?{) R~
O(N) (linear). This creates an overall linear scaling in the number of gates for linear chain
geometries, with respect to only the total size of the system, N, and is polynomially (O(N%))
better than performing QPE alone, while providing accuracy above VQE using the UCCSD
ansatz and classical LASSCF. Many of the gates can be done in parallel, such as the local
QPE circuits and the different m-local UCCSD correlators, leading to an expected overall

sub-linear depth. If the fragments are coupled in a geometry more complicated than a

7



o

Figure 5.2: Two model systems used for testing. (a) The asymmetric hydrogen dimer, (Ho)s.
Each Ho molecule is a fragment described by a 2-electron, 2-spatial orbital or (2,2) active
subspace in the dimer’s LAS wave function. The potential energy surface is scanned along
the distance between the two Ho bond midpoints, indicated by the black double line. (b)
The trans-butadiene molecule at its CASSCF(8,8) /6-31G ground-state equilibrium geometry.
Dashed boxes depict the two notional fragments containing the two (4,4) active subspaces
in the LAS wave function. Black double lines indicate the internal coordinate along which
the potential energy surface is scanned; the two terminal methylene units are simultaneously
removed from the central acetylene unit.

linear chain, the UCCSD correlator will potentially incur the O(N') Jordan-Wigner overhead,

leading to an overall O(N?) scaling for arbitrary geometries with an expected O(N) depth.

5.3 Computational Methods and Models

5.8.1 Illustrative Molecular Systems

In the calculations discussed below, we consider two systems, depicted in Fig. 5.2. The first,
shown in Fig. 5.2(a), is a simplistic model of weakly interacting fragments, consisting of
two Ho molecules at various distances between their two midpoints using a minimal STO-
3G atomic orbital (AO) basis set, and the two active subspaces in the LAS wave function
correspond to the active spaces of the two Hoy molecules. We use this small basis set because
of the size limitations of today’s quantum computers and simulations. The bond lengths and

internal angles of this system are set arbitrarily to remove point group symmetry so that
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differences between various methods are not obscured by the simplicity of a symmetrized
electronic wave function. The interaction between the two fragments in this model system
are weak, and the LAS wave function is therefore expected to provide an excellent model of
the FCI wave function except when the distance between the two molecules is very small.
We additionally extend this system up to 20 Hy in a linear chain, where we estimate only
the total number of quantum resources necessary.

The second system, depicted in Fig. 5.2(b), is the trans-butadiene molecule. The poten-
tial energy surface of this molecule is scanned along the internal coordinate corresponding
to the simultaneous stretching of both the C=C double bonds, leading to the removal of two
methylene units from a central CoHy (distorted acetylene-like) unit. In the LAS wave func-
tion, the molecule is divided into two fragments split across the central C—C bond, and each
fragment is described by a (4,4) active subspace. Several molecular orbitals are therefore
left inactive, described by an unfragmented single determinant. We employed the 6-31G AO
basis set in this case.

The trans-butadiene system is a chemical model of the case of two strongly interacting
units in a system, where the value of the stretching internal coordinate is a proxy for the
strength of electron correlation. Near the equilibrium geometry, dividing the active space into
two fragments is chemically reasonable: each fragment encloses one 7w-bond, and inasmuch
as electron correlation affects the system at all, it is a reasonable approximation to consider
it only locally. However, as the C=C double bonds are elongated, electrons from the two
broken 7 bonds recouple across the central CoHo unit, which spans the fissure between the
two LAS fragments. The LAS wave function cannot model a 7 bond in this position, and

the LASSCF method breaks down.
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5.3.2  Computational Methods

To calculate the accuracy of the proposed method for small molecules, we use the following

strategy. We first use a classical LASSCF solver, as implemented in the mrh package[117], t

0
find the best product wave function. This effectively provides an equivalent solution to that
of the QPE step of our proposed algorithm. We then represent this product wave function
as a CI vector in the complete active Fock space and apply a UCCSD correlator, as well
as its derivatives with respect to all amplitudes, to this reference CI vector. We employ

272] £ avoid the BCH expansion and its inevitable

the factorization reported by Chen et al.|
approximate truncation. The resulting |QLAS) CI vector and its derivatives (|0QLAS))
with respect to the unitary coupled cluster amplitudes are used to compute the energy,
(QLAS|H|QLAS), and its derivatives, (JQLAS|H|QLAS). We then minimize the former
using the latter and the Broyden—Fletcher--Goldfarb--Shanno algorithm. We find that this
approach is more efficient than directly simulating the quantum circuits. We note that this
method scales exponentially on classical computers.

[273]

To provide gate count estimates, we use the Q# package , generally following the

framework of Ref. 274. The full and reduced Hamiltonians are produced by using the mrh

[117], and both Hamiltonians are then passed to the Q# package to estimate the

package
number of CNOT gates using the QPE algorithm with a single Trotter time step for each.
Additionally, we estimate the number of CNOT gates necessary to calculate various UCCSD
ansatzes, including a global UCCSD ansatz over the whole unfragmented molecule and mul-
tiple 2-local ansatzes that span only two fragments. We count only the number of logical
quantum gates needed. Real quantum computers will require additional overheads, owing
to limited connectivity and the need to use expensive quantum error correction protocols

260,261] Furthermore, we provide gate counts only; no at-

to deal with inevitable errorsl
tempt was made to count gate depth, which is typically smaller, because many gates can be

implemented in parallel.
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5.4 Results and Discussion

54.1 LAS-VOQE

Here we describe a more approximate approach than LAS-UCC wherein the QPE circuits
for the fragments are replaced by UCC ansatzes, leading to a fully variational method.
The chemical knowledge that guides us in defining subspaces of the LAS wave function can
also be used to reduce the size of the unitary operator for the UCC ansatzes. It suggests
that operators corresponding to the higher excitation from one fragment to another do not
affect the wave function significantly. Thus, we introduce a modified ansatz for truncated
UCC circuits where we consider the “locality” of the excitation. An excitation involving
only orbitals localized on a particular fragment—that is defined by the user—is classified
as a “local excitation.” In this modified UCC ansatz the user not only can truncate the
UCC excitation to a certain maximum number (doubles, triples, etc.) but also can impose a
constraint of locality on the higher excitations. We develop here the theory and the algorithm
of this method and name it LAS-VQE. In LAS-VQE, all the singles excitations are included
while only the local ones are included for the higher excitations. This corresponds to having
a mean-field interfragment interaction and allowing all possible orbital rotations. This does
not reduce the number of qubits required to represent the system, but it does lower the
complexity of the circuit as discussed below. In principle, one could use the locality argument
to include only local excitations, allowing us to reduce the number of qubits required. This
separate-fragments VQE approach, however, fails to account for any interaction between the
fragments. We choose to always include the singles excitations (orbital rotations) across the
entire system to account for some interfragment correlation and to make the method less
sensitive to the localization schemes used.

We also choose to perform in the singles excitation among spin-restricted orbitals. We

achieve this by using the same parameter to control the alpha and beta excitations corre-
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Figure 5.3: Energy difference (in Hartree) between FCI and the approximate methods as a
function of the distance between the midpoints of the two Hg molecules
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Figure 5.4: Percentage of correlation energy accounted for by the various methods for dif-
ferent intermolecular distances

sponding to a given pair of spatial orbitals. This is necessary to avoid artificial lowering
of energies due to spontaneous symmetry breaking (the spin unrestricted solution). An ex-
ample of the effect of this is seen for the hydrogen dimer shown in Figure 2 of the main
text. The nonspin adapted UCCS energy is about 0.2 mHartree lower than the Hartree—
Fock and has an spin contamination of 0.09, showing the symmetry breaking. Working with
spin-restricted orbitals not only allows us to prepare symmetry preserving states for the sub-
sequent excitations, but also lowers the number of parameters at the singles level by a factor
of 2. This becomes a significant advantage for the classical optimizer in VQE as the size
of the system gets larger. We study the ground state electronic structure of the hydrogen
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dimer in various conformations with the STO-3G basis set. We use CASSCF with a (4,4)
active space and LASSCF with a ((2,2),(2,2)) active space, UCCSD and LAS-VQE. Each Hg
molecule is considered as one fragment on which the molecular orbitals are localized. As one
would expect, the performance of LASSCF with respect to CASSCF (which is also FCI in
this case) worsens with decreasing distance between the two Ho molecules. Figure 5.3 shows
the energy difference between the various methods and the FCI/CAS(4,4) absolute energies.
UCCSD in this case is not exactly FCI but does give accurate results. LAS-VQE is close
to (but slightly lower than) the LASSCF energy. The LAS-VQE energy is not variationally
bound by the LASSCF that it is based on. In contrast to the LAS-UCC method discussed
in this chapter, this method uses a single determinant Hartree—Fock reference state. The
UCCSD energy is a variational lower bound to the LAS-VQE method. There is, however, a
significant advantage when it comes to the computational cost: gate count and the depth of
the circuit. The number of doubles operators scales linearly with the number of fragments.
The Table 5.1 shows the number of gates and parameters required for the various calculations
for a system with increasing number of Ho molecules with the same fragmentation scheme.
LAS-VQE in considerably lower in both circuit depth and number of parameters, compared
with full UCCSD.

Table 5.1: Circuit depth and number of parameters for the various methods for an increasing
number of Hy fragments

Circuit Depth Parameters
UCCS | LAS-VQE | UCCSD | UCCS | LAS-VQE | UCCSD
1 x Ho 14 97 97 1 2 2
2 x Ho 58 141 1791 4 6 22
3 x Hy | 147 230 11206 9 12 108
4 x Hy | 296 379 42789 16 20 344
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Figure 5.5: Energies for (Hg)o calculated by CASCI, LASSCF, and LAS-UCC. The inset
shows the error, with respect to CASCI, of LASSCF and LAS-UCC. The black dashed line
represents chemical accuracy. LAS-UCC is able to obtain chemical accuracy, with respect
to CASCI, at all distances. LASSCF cannot obtain chemical accuracy at sufficiently short

distances.
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Figure 5.6: Energies for C4Hg calculated by CASCI, LASSCF, and LAS-UCC. The inset
shows the error, with respect to CASCI, of LASSCF and LAS-UCC. The black dashed
line represents chemical accuracy. LAS-UCC obtains chemical accuracy across the potential
energy surface, whereas LASSCF, which cannot accurately represent the correlation between
the fragments, fails to obtain chemical accuracy for most points.
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5.4.2 LAS-UCC

We demonstrate the efficacy of our framework by simulating the two benchmark molecules,
(H9)2 and trans-butadiene, described above. We compare three methods: LASSCF, CAS
configuration interaction in the basis of LASSCF orbitals (CASCI), and our new algorithm,
LAS-UCC. LASSCF represents the best unentangled set of wave functions and is equivalent
to the solution after the QPE circuits but before the use of the UCCSD ansatz. Note that
CASCl is slightly different from CASSCF since the orbitals are not variationally reoptimized.
CASCI solves for the FCI wave function within the active space; in this case, it is equivalent
to using QPE across the whole molecule and represents the reference result in these studies.

Figure 5.5 shows the results of applying the methods to the hydrogen dimer as the two
Hy molecules are pulled apart. We see that LASSCF, CASCI, and LAS-UCC agree except
for very small distances where LASSCF no longer provides accurate energies.

Figure 5.6 shows the results for trans-butadiene, a model of strongly correlated fragments.
Here, as the terminal methylene units are removed, the interfragment correlation grows as a
double bond is formed between the fragments. The UCCSD ansatz can accurately represent
this level of entanglement, allowing LAS-UCC to achieve nearly CASCI accuracy, whereas
LASSCEF fails to account for this entanglement. With a standard Hartree-Fock initial state,
as is typically done in VQE, the UCCSD ansatz is unable to obtain chemical accuracy for the
large distances. We also attempted to use the so-called ‘hardware-efficient” ansatz [238], but
were unable to obtain results significantly better than Hartree-Fock using depths up to 10

(which corresponds to a similar number of parameters as the UCCSD ansatz) at equilibrium.

5.4.3 Resource Estimates

To demonstrate the scaling advantage of our method, we perform resource estimation for

the number of logical quantum gates necessary for several different quantum algorithms: the

QPE algorithm over the full unfragmented molecule; the UCCSD ansatz over the full un-
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fragmented molecule; and the two steps of our proposed LAS-UCC method, the fragmented
QPE and the 2-local UCCSD (which corresponds to the circuit depicted in Fig. 5.1). We
estimate the number of resources needed for the QPE algorithm if only a single Trotter time
step were needed; O(1000) time steps will be needed for typical systems to get to chemical

227,262 Note that these estimates represent only the number of two-qubit CNOT

accuracy
gates, which we use as a primary gauge of the number of total resources. We also note
here that we are only comparing the scaling number of gates; QPE, with a sufficiently good
initial state and enough Trotter states, will of course be the most accurate of all compared
algorithms.

We use a model system of an increasing number of Hy molecules and look at how the
number of CNOT gates increases as the number of molecules increases, as shown in Fig. 5.7.
As the number of Hy molecules increases, the number of gates needed for all methods also
increases. As predicted in the complexity analysis of QPE [see Methods section], the total
number of gates for a single Trotter step in the QPE algorithm grows as O(N 5). Similarly,
the number of gates needed for a global UCCSD ansatz also grows as O(N 5), as expected [237],
This result is compared with the much smaller number of gates necessary to implement the
two steps of our LAS-UCC algorithm. As expected, both the QPE and UCCSD parts of
LAS-UCC provide dramatic scaling advantages, with the 2-local UCCSD ansatz and the
QPE of the reduced Hamiltonian both scaling as only O(/N). We note that, in addition to
evaluating the quantum circuits here, an additional optimization loop is needed when using
the UCCSD ansatz, whether it is global or 2-local. Using a 2-local UCCSD ansatz also

greatly reduces the number of parameters that need to be optimized compared with a global

UCCSD ansatz.
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Figure 5.7: Estimated two-qubit gate counts using various algorithms. The QPE estimates
assume only a single Trotter step; O(1000) will need to be taken to obtain chemical accuracy.
Polynomials of various orders have been plotted to demonstrate the scaling. Our algorithm,
LAS-UCC, requires both the LAS-QPE and 2-UCC circuits and thus has an overall O(N)
scaling, compared with the O(N®) scaling of UCC and QPE.

5.4.4 Discussion

Here we compare LAS-UCC with the two quantum algorithms that it is composed of: QPE
and variational UCCSD. Compared with global QPE, LAS-UCC reduces the total quan-
tum resource cost by approximating the system with noninteracting fragments and adding
in some interaction between fragments (those described by a UCCSD ansatz spanning the
fragments). This in general reduces the accuracy; but as shown in the preceding sections,
LAS-UCC provides accuracy comparable to CASCI (and therefore global QPE) for the sys-
tems considered here. The trans-butadiene molecule is a model for larger, more complicated
systems of strongly interacting units. Many single molecular magnets have such pockets
of strong correlation localized on the metal centers, which moderately interact with each
other[275:276]  With LAS-UCC we not only can obtain the wave function efficiently but also

can selectively couple the fragments with the UCC correlator, offering further insight into the
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nature of these interactions. Affordable and accurate modeling of phenomena such as singlet

fission [277,278]

in molecular crystals of conjugated organic compounds can be performed with
LAS-UCC, as fault-tolerant quantum computers become available. This approach will also
be used to study chemical processes involving interfragment bond formation and breaking
while still treating all points on a potential energy surface at comparable footing.

Compared with standard UCCSD, LAS-UCC can be seen as augmenting UCCSD with a
multireference initial state. Instead of using single-determinant Hartree—Fock, as is standard
in VQE demonstrations of UCCSD [2387263_265’271], LAS-UCC uses the unentangled product
state of the ground state wave functions of each fragment (which is also the LASSCF wave-
function). This provides additional accuracy, above standard single-reference UCCSD, at a
negligible increase in cost. When using a global UCCSD ansatz, the increase in the number
of gates is negligible, even when taking into account the O(1000) time steps that would be
needed to implement the QPE step. Using the m-local ansatz provides further reduction.
There have been other proposals for preparing interesting, multireference initial state in con-
text of efficiently finding states with large overlap with the true ground state [279,280] These
algorithms could be used in-place of the QPE part of LAS-UCC to provide the initial state
and potentially adapted to give similar LASSCF-like states with similar overhead reductions
as shown for QPE.

Moreover, recent advances in VQE algorithms have developed various ways to reduce the

225,227,281-284]

cost associated with the UCC correlator | . As presented in the Theory section,

LAS-UCC can also be seen as a post-LASSCF method that recouples select fragments at
a level of theory beyond the mean field. The addition of the doubles or higher terms in
the cluster operator provides a way to systematically improve the accuracy beyond the

LASSCEF reference. On classical computers, such an approach requires truncating [248] op

[285]

approximating the non-terminating BCH expansion in a more or less arbitrary way.

Not every system will be accurately described by LAS-UCC, of course, but one can
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systematically increase the accuracy in several ways, while increasing the total resource cost.
Increasing the size of each fragment (which in turn decreases the number of fragments)
gradually increases the accuracy, until the limit of a single fragment, where the UCCSD
ansatz becomes redundant and the algorithm becomes simply global QPE. On the UCC side,
the order of the ansatz can be increased. Triples, quadruples, and so on can be included at
increasing cost. If using an m-local ansatz, the scaling is unaffected, but the total number
of gates increases. The locality of the ansatz, m, can also be increased, providing explicit

correlation between more geometrically distant fragments.

5.5 Conclusions

We introduced LAS-UCC, a quantum algorithm that combines a fragmentation of the wave
function of a chemical system with QPE and variational UCCSD to compute the ground state
energy of such a system. LAS-UCC can describe compounds containing strongly interacting
fragments, and it provides a polynomial scaling advantage in the number of quantum gates
compared with other quantum algorithms such as QPE and UCCSD. Since the fragments’
reduced Hamiltonians have fewer terms and by ensuring the locality of the Jordan-Wigner
transform, the overall gate count will be O(NN) with respect to the total size of the system
N for for linear geometries and O(N?2) more generally, compared with O(N®) requirements
for QPE. We also demonstrated the accuracy of LAS-UCC on (Hg)9 and trans-butadiene
molecules and performed resource estimations of larger systems to provide evidence for po-
tential scaling advantages.

As larger fault-tolerant quantum computers are developed, we expect that our algorithm
will be able to provide accurate calculations of large and useful chemical systems, such as
molecular magnets and qubits, photovoltaic materials, and large biomolecules that are out

of reach of classical computing algorithms but for which QPE would be too expensive.
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CHAPTER 6
A NEW MIXING OF NONLOCAL EXCHANGE AND
NONLOCAL CORRELATION WITH
MULTICONFIGURATION PAIR-DENSITY FUNCTIONAL
THEORY

6.1 Introduction

30,31] combines the ex-

Multiconfiguration pair-density functional theory (MC-PDFT) theory[
plicit treatment of static correlation by multiconfiguration self-consistent field (MC-SCF) cal-
culations with the efficiency of density functional theory for modeling dynamic electron cor-
relation. In Kohn—Sham density functional theory (KS theory), the non-Coulomb (exchange
and correlation) part of the electron-electron interaction energy is expressed as a functional
of up-spin and down-spin densities, whereas MC-PDFT uses a functional (called an on-top
functional) of both the total electron density and the on-top pair density. [30,286-288] pyrther-
more, practical KS theory uses a density optimized by employing an exchange—correlation
functional that has self-interaction errors and involves modeling the density of open-shell
systems with broken-symmetry Slater determinants, whereas MC-PDFT models the density
using spin eigenfunctions that have the explicit multiconfigurational character required to
reperesent static correlation (also called strong correlation) and that are determined by wave
function theory without self-interaction error.

The on-top functionals used so far in MC-PDFT have been obtained by translating

local exchange-correlation functionals from KS theory, [30,71]

and they inherit some of the
diffficulties of KS theory, for example, spin-changing atomic excitation energies are less ac-
curate on average than those calculated by complete-active space 2nd-order perturbation

theory (CASPT2) and only slightly better than those computed by complete-active-space
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self-consistent-field (CASSCF) theory. [74] Reference 74 explored the possibility of improving
the accuracy of MC-PDF'T in this case by applying scaling factors to the exchange and cor-
relation terms of the MC-PDFT on-top exchange-correlation energy functional (cf. the high
local exchange [HLE] scaling in KS-DFT [289:2901) ‘bug the improvement was only modest. 74

An alternative approach is to import the concept of “hybrid” functionals from KS theory,
in which the nonlocal “exchange energy” term from the electron-electron interaction energy
of the underlying wave function representation of the density is added to the local exchange-
correlation energy expression of KS theory, and the terms in the combined expression are

291]

weighted. Progress in KS theory has involved both global Weighting[ and range-separated

[202-295]

weighting of the local and nonlocal components. Here we extend the “global hybrid”

approach to MC-PDFT.

6.2 Theoretical background

The original hybrid KS (HKS) theory was obtained [291] by linearly combining the Hartree-

Fock energy expression Fgp and the KS energy expression Fkg to obtain
Euks = AEpp + (1 — A)Eks (6.1)

where \ is a parameter (originally taken as 0.5). By analogy, and with the same justifi-
cation, we define our version of hybrid MC-PDFT (HMC-PDFT) by linearly combining a

multiconfiguration wave function (MCWF) energy and the MC-PDFET energy expressions

Exymc—pprT = MEMewE + (1= A)Ey\ic—PDFT (6.2)

where )\ is again a parameter.

For comparison to previous work it is useful to write Eq. (6.2) in another way. First

291] the sum of the kinetic energy and the nucleus-nucleus,
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nucleus-electron, and electron-electron classical Coulomb energies. Then we write

Exicwr = EMC class T EMeXC (6.3)

Enxic—PDFT = EMC.cass + Ex + Ec (6.4)

where E\[¢ class 18 the classical energy of the MC wave function, Eyjc xc is introduced in
Eq. (6.3), Fx is the exchange portion of the on-top density functional energy, and E is the

correlation portion of the on-top density functional energy. Then Eq. (6.2) becomes

EuMc—PDFT = EMC class T AEMe,xc + (1 = A (Ex + Eg) (6.5)

A hybrid MC-PDFT method already in the literature is the A—MC-PDFT global hybrid

296]

method proposed by Mostafanejad et al. That method was developed in the context of

variational 22RDM CASSCF [70,297.298] 414 was tested for ground-state reactions, but not for
excited electronic states. The A—MC-PDFT method was inspired by the multiconfiguration
one-parameter hybrid (MC1H) method developed by Sharkas et al',[299} which in turn is
a generalization of their earlier one-parameter doubly hybrid (1DH) method3% (see also
Refs. 301-304). These methods, like Eq. (6.1), are all formally based on the adiabatic

305]

connection of density functional theory. By manipulation of the Levy-Lieb universal

306-309)

functional,[ Mostafanejad et al. obtained

Ex_MC—PDFT = BMC.class + AEMC.xc + (1= A)(Ex) + (1= A?)(Ec)  (6.6)

where EC is the correlation energy of a scaled density. Sharkas et al. omit the scaling of

the density and the A-MC-PDFT method by Mostafanejad et al. also makes this approxi-
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296]

mation, yielding

Ex_MC_PDFT = BMCelass T MEnoxc + (1= N (Ex) + (1= ) (Eg) (6.7

The omission of scaling is based on computational convenience and a small set of nu-
merical tests which were carried out during the development of a doubly hybrid density

299,300

functional approximation. In the present work, we consider alternative approxima-

tions to the final term in Eqgs. (6.5), (6.6), and (6.7). In their derivation of scaling relations

310]

for the unknown exact density functional, Levy and Perdew 310 established the inequalities

E. < M'E, A>1 (6.8)

which, given that the correlation energy is negative, suggests a possible practical scheme

with
E. ~ M72E, k>1 (6.9)

where both A and k are determined semiempirically. This motivates a method we will call

two-parameter hybrid MC-PDFT (2HMC-PDFT) with the energy expression

EspMC-PDFT = BMCclass + AEac.xc + (1= N (Ex) + (1 - M) (Eg)  (6.10)

where A = 0 gives the original MC-PDFT energy expression, k = 2 corresponds to A-MC-
PDFT method of Mostafanejad et al. and k = 1 gives HMC-PDFT. Levy and Perdew show

310] that k = 1 is not accurate in the context of an adiabatic connection between

specifically
the exact functional and the exact wave-function solution to the Schrodinger equation. How-
ever we use it here as a practical approximation with non-exact energy functionals and an

approximate multiconfiguration wave function.
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6.3 Results and discussion

In order to explore the effect of different choices of hybridization parameter and exponent
in Eq. (6.10), we perform 2HMC-PDFT calculations on four datasets: the lowest eight
m,m" singlet and triplet excitation energies in benzene, the SFAEE11 datasets of 11 spin-
flip atomic excitation energies, the EE27 dataset of 27 first excitation energies of organic
molecules, and the DBEG dataset of 6 diatomic bond energies. These datasets have been

31,74,77]

studied previously using MC-PDFT with varying basis sets and active Spaces.[ In

this study we use more recent theoretical reference values for the excitation energies. [311,312]
The choices of basis sets and active spaces for the present tests are based on this previous

work and are given in section 6.4.1. All MCWFs in the present chapter are complete active

space self-consistent-field 313] (CASSCF) wave functions.

00 02 04 06 08 10 00 02 04 06 08 10
hybridization (A) hybridization (A)
Figure 6.1: Singlet (left) and triplet (right) excitation energies in benzene calculated in the
(6,6) active space with the tPBE functional for £ = 1 (solid thin curve), & = 2 (dashed
curve, and k = oo (dotted curve) along with the reference values (solid horizontal lines in

the middle of the panels). Note that the solid curves obscure large portions of the dashed
curves because the k£ = 2 and k£ = oo results are close to one another.

First we consider the excitation ladder of the m,7* excitations of benzene as a follow-up
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to the work in Ref. 77. In that work, MC-PDFT using the tPBE and ftPBE functionals
were found to give only slightly better agreement with experiment overall than CASSCF,
especially when compared to the performance of CASPT?2; in order to rival the performance
of the latter, MC-PDFT required a very large (6,24) active space in combination with the
HLE scaling discussed above.

By contrast, 2-HMC-PDFT with a range of choices of A and k decisively improves the
quality of MC-PDFT results for all active spaces explored. Figure 6.1 shows the energies
and the ordering of the singlet and triplet excited states in a (6,6) active space. Similar data
for the (6,12) and (6,24) active spaces are presented in Figs. 6.2 and 6.3 respectively. In all
cases, the excited states are in the correct energy order for most choices of \; the closest
agreement with experiment is obtained in the region of A = 0.5.

Of special note is the profound effect of hybridization upon the excitation energies of the
ionic states, 1By, 1E1y, and 3Bgy. Some caution is warranted in drawing too emphatic a
conclusion about these states from Fig. 6.1 alone, because it is known that the CASSCF(6,6)
model of these states is qualitatively incorrect due to the lack of Rydberg orbitals in the active

314,315] However, although tPBE without hybridization already reproduces the correct

space.[
energy ordering in the larger (6,12) and (6,24) active spaces, hybridization still profoundly
improves the quantitative accuracy of the ionic excitation energies in these cases, as shown
in Figs. 6.2 and 6.3.

The value of (k) has almost no effect on the results for benzene excitations; k = 1, k = 2,
and k = oo are all almost indistinguishable on the scales of Figs. 6.1, 6.2, and 6.3.

We next consider broader data sets as explored previously in Ref. 74, beginning with the
spin-flip atomic excitation energies in SFAEE11. Figure 6.4 shows the heat map of mean
unsigned errors (MUESs) of these excitation energies as a function of A and k using the tPBE

functional with minimal active spaces in the left panel and larger active spaces in the right

panel. Notice that the minimal and larger active spaces are different from case to case in the
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Figure 6.2: Singlet (left) and triplet (right) excitation energies in benzene calculated (with
A%° ) in the (6,12) active space with the tPBE functional.
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Figure 6.3: Singlet (left) and triplet (right) excitation energies in benzene calculated (with
A% ) in the (6,24) active space with the tPBE functional.

data set, as described in section 6.4.2. (Similar data using the tBLYP functional is reported
in the reference 316, and the analysis presented here of the tPBE data holds equally well
for the tBLYP case.) We find that hybridization consistently reduces MUE of the excitation
energies across a wide range of parameter choices and for both the minimal and larger active
spaces. The optimal A\ value has a weak positive correlation to the value of k; except in the
case of very large k, the optimal A falls in the range of 0.5-0.6. In particular, the difference

between k = 1 (weighted averaging of CASSCF and MC-PDFT energies) and k = 2 (the
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A-MC-PDFT method) is negligible.

For the minimal active spaces, increasing k£ while optimizing A decreases the MUE; for
the larger active spaces, doing the same increases it. This observation can be rationalized in
that larger active spaces include more of the dynamic correlation in the CASSCF energy, but
dynamic correlation is already included in E, whereas larger k implies that more density
functional correlation energy is included in the Eo term of Eq. (6.10). Therefore, a large

active space runs a risk of double counting a portion of the correlation energy.
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Figure 6.4: A heat map of mean unsigned errors (eV) for the SFAE11 data set for various
values of A and k for the small active space (left) and the larger active space (right)

Next consider the molecular excitation energies of the EE27 data set and the diatomic
bond energies of the DBEG6 data set; the MUEs for which are shown on the left and right,
respectively, of Fig. 6.5 . In both of these cases, MC-PDF'T itself already gives a dramatic
improvement over CASSCF, much more than for the SFAEE11 case. Nevertheless, the
accuracy of MC-PDFT is consistently improved by hybridization, although usually with a
smaller optimal A value than in previous examples.

The EE27 and DBEG6 results differ in their dependence of the MUE upon k. The EE27
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Figure 6.5: A heat map of mean unsigned errors for the EE27 data set (left) and the DBE6
data set (right) for various values of A and k

results are very insensitive to this parameter. The DBEG6 results, on the other hand, show a
more intricate relationship between k, A\, and the MUE: for very small A, results are insensi-
tive to k; for larger A, results resemble the SFAEE11 large active space case discussed above,
except that the covariance of A and k is more pronounced. The optimal parametrization for
this case lies within the second “feature” of the heat map on the right-hand side of Fig. 6.5.
DBEG6 furnishes the only counterexample to the general observation in this work that the
value of k (at least in the range [1,2]) has at most a minor impact upon success for any given
fixed A\. For DBE6 and k£ = 1, the optimal A lies near 0.3; while for k£ = 2, the optimal \ is
closer to 0.5 and A = 0.3 actually leads to larger MUE than unhybridized MC-PDFT. The
optimal MUE in these two cases, however, is very similar.

Figures 6.1-6.5 collectively show that HMC-PDF'T offers consistent and significant im-
provements of the accuracy as compared to either MC-PDFT or CASSCF for both same-spin
and spin-changing excitations) as well as bond energies. They also show that no system-
atic improvement is possible by going to 2HMC-PDF'T provided A is chosen optimally for
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a given k. Therefore, we propose to use simpler HMC-PDFT [Eq. (6.5)] for future studies
with global hybrid MC-PDFT.

Table 6.1: The mean unsigned errors (eV) with respect to experimental measurements for
each data set using CASSCF, MC-PDFT and the tPBEO Hybrid PDFT — i.e. using A =
0.25and k =1

Dataset CASSCF | MC-PDFT/tPBE | HMC-PDFT/tPBE0®
Benzene Excitations (6,6) 0.78 0.69 0.34
SFAE11 [small active space] 0.35 0.32 0.24
SFAEL11 [larger active space] 0.22 0.26 0.18
EE27 0.63 0.31 0.21
DBEG6 0.83 0.34 0.32

% The tPBEO notation implies A = 0.25, and the HMC prefix implies k = 1. b Some
reference excitation energies in the EE27 data set are accurate theoretical estimates. See
table S5 in reference 316, table 6 in reference 311 and table 11 in reference 312

As a final example of HMC-PDFT, we test the theory using the same value of A (namely
0.25) as used n the PBEO functional [317,318] f hybrid KS theory. We give the shorthand
name tPBEO to this choice. The MUEs of HMC-PDFT /tPBEO for each of the datasets
explored are presented and compared to CASSCF and MC-PDFT/tPBE in Table 6.1. The
comparison provides a test of whether a single “standard” choice of A\ can provide good
results for diverse properties (spin-changing excitations, spin-conserving excitations, and
bond energies). In all cases of Table 6.1, tPBEO offers a lower MUE than both CASSCF and
tPBE - this is true even in the one case where tPBE has a larger MUE than CASSCF. For
the minimal-active-space benzene calculations, the error is decreased by about a factor of
2.0 with respect to tPBE and a factor of 2.3 with respect to CASSCF. Overall, our results
indicate that a weighted average of CASSCF and MC-PDF'T energies provides a promising
way to extend the hybrid strategy of KS theory to MC-PDF'T theory, and we find improved

accuracy for both bond energies and excitation energies.
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6.4 Appendix

0.4.1 Basis sets

The aug-cc-pVT 7.319] basis set was used for all the calculations in SFAEE11, the maug-cc-
pVTZ [320] hasis set was used for the 87 to m* excitation energies in benzene and the jul-cc-
pVTZ [321] basis set was used for most of the systems in EE27 with the following exceptions.

G** 322,323 a6is set was

The aug-cc-pVTZ basis set was employed for water, the 6-31+
employed for para-nitroaniline (pNA) and 4-(dimethylamino)-benzonitrile (DMABN), and
the aug-cc-pVDZ basis set was used for the benzene—tetracyanoethylene (B-TCNE) complex.
The calculation of the dissociation energies of main group element diatomics and CaO were
done using the cc-pVTZ basis set. The calculations for Cro and NiCl were done using
cc—pVTZ—DK[?’%} and ANO-RCC-VTZP 325 basis set respectively. The the second order

326,327]

Douglas-Kroll-Hess Hamiltonian! was used to account for relativistic effects in these

two molecules.

6.4.2 Active space choice

For the small active space in SFAE11, the 2s and 2p orbitals were considered for the main
group elements . The 3d and 4s orbitals were considered for the first row transition elements
with the addition of the 4p orbitals for Mn. The 4d and 5s orbitals were included for the
second row transition elements. The larger active space was considered by including the
correlating orbitals - outer shell orbital - for each orbital in the minimal active space. The

details about the active space for the systems in EE27 and DBE6 are given in table 6.2
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Table 6.2: Details about the type of excitation and the active space used for the molecules
in EE27 and DBE6 datasets

Compound Excitation Active space Active orbitals
Be Is 51 P(s — p) (2,4) 2s,2p
Ny My(og — mg) (6,6) T, 02, 0,
Ny Lom (my — Tg) (6,6) T, T, o9, agp
Acetaldehyde TA"(n — 7%) | SA(2)-(12,12) | =, 7%, 2(n,n*),3(0,0%)
Acetone TAo(n — 7*) | SA(2)-(12,12) | =, 7%, 2(n,n*),3(c, %)
Formaldehyde TAg(n — 7%) | SA(2)-(12,10) Full valence
Pyrazine IBs,(n — *) | SA(3)-(10,10) 3(m, 7*),2(n,n*)
Pyridazine IBi(n —7*) [ SA(2)-(10,10) 3(m, ), 2(n,n*)
Pyridine IBi(n — %) SA(3)-(8,8) 3(m, ), n,n*
Pyrimidine IB1(n — n* SA(2)-(10,10) 3(m, ), 2(n,n*)

s-tetrazine

3(m, "), 4(n,n*)

m, 7, o,0% 4Ryd,

Ethylene 1Bl (m = 7)) | SA(5)-(4,10) 5 correlating r*
* *
Butadiene Bu(r— %) | sA@)-(10,15) | 207 i;’t’iig)?fyd’
Cyclopentadiene | By(m — %) (4,4) 2(m, ")
Benzene 1By (m = 7*) | SA(2)-(6,13) 3(m, "), Tm*
Napthalene IBs,(r — 7*) | SA(2)-(10,10) 5(m, )
Furan IBy(m — 7%) SA(2)-(6,10) 2(m, ), (n,n*), 47"
Hexatriene IB.(m — ) | SA(2)-(6,12) 3(m, ), 67"
Water (2pz — 39) SA(2)-(8,9) 2(o,0%),2(n,n*),3s
pNA A (m = 7)) | SA(3)-(12,12) 5(m, ), (n,n*)
DMABN TAl(m = 7%) | SA(3)-(12,12) 5(m, ), (n,n*)
B-TCNE TA (m — %) SA(2)-(4,4) 2(m, 7*)
Hy dissociation (2,2) valence orbitals
Ny dissociation (6,6) valence orbitals
Fy dissociation (10,6) valence orbitals
Cro dissociation (12,12) 3d and 4s orbitals
CaO dissociation (8,8) hyl;f11ccll1sse’d2;’r2b;’tz;lnog‘(]a
NiCl dissociation (11,12) 3d,4s and 3d’ on Ni

and one 2p orbital for CI
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CHAPTER 7
CONCLUSION

This dissertation has primarily explored the localized active space method and its deriva-
tives that leverage the chemical knowledge about the targeted system to simplify the costly
wave function ansatzes like the complete active space methods. LASSCF is based on the
observation that the strongly correlated electrons in many molecules are often localized in
pockets of correlation that, although strongly correlated withing themselves, are only weakly
correlated to each other. This enables us to fragments the active space of the molecule into
multiple active sub-spaces that are localized on different parts of the molecule and express the
wave function as an anti-symmetrized product of the many-body solutions of the individual
subspaces.

We demonstrated that LASSCF is able to accurately reproduce the CASSCF results in
cases where the fragments were well-separated from each other. The agreement shown be-
tween the two for computing localized spin-changing excitation energies in various bimetallic
complexes opens up the opportunity to model larger systems at a much lower cost. It also
shows good performance for systems like the bibenzyl molecule where the multireference frag-
ments are connected to each other only through saturated bonds. The same performance
is, however, not observed when the system has chemical bonds that conjugate across the
fragments - as in the case of stilbene or polyenes. This motivated the methods that include
more correlation across the fragments. The LAS-PDFT method uses the density and pair
density obtained from the LAS wave function to recompute the total energy. The excitation
energies and potential energy surfaces obtained using this method showed better agreement
with there corresponding CAS counterparts. This method relies on the PDFT energy being
less susceptible to approximations in the reference wave function rather than explicitly re-
constructing correlation between the subspaces and thus cannot be systematically improved.

This is addressed using the LASSI methods that constructs a compact Hamiltonian in the
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basis of multiple LAS states. The LASSI solutions are linear combinations of the LAS states
and can thus have entanglement across the fragments. This allows us to systematically and
selectively reconstruct the bonds between fragments. The easily interpretible nature of the
LAS states allows us to study phenomena like charge transfer in organic compounds and
spin coupling in bimetallic compounds in greater detail than easily possible with methods
like CASSCF. The cost scaling of LASSI in the limit of including all possible inter-fragment
excitations approaches that the CASSCF. Thus a radically new algorithm is required to
break the exponential wall in this limit. We proposed the LAS-UCC algorithm that lever-
ages the power of quantum computers to overcome this exponential scaling. The unitary
coupled cluster method is used to selectively correlate the fragments. This approach shows
better performance compared to the conventional wave function ansatzs for quantum com-
puters. The tests performed on simulators showed promising results and will help model
complex systems on the fault-tolerent quantum computers of the future. Beyond the efforts
to improve upon LASSCF to achieve results at par with CASSCF, we also explored ways to
improve the post-MCSCF methods. The HMC-PDFT method improved the performance of
the MC-PDFT in a wide range of testbeds. This helped us compute accurate excited states
properties using PDFT, which has been a long-standing challenge and has found application
in many ongoing investigations.

Altogether, the studies presented in this thesis open up many new directions for further
explorations. The LASSCF method, though significantly cheaper than CASSCF, can be
further improved upon. As a fragmentation-based method, it can benefit from the use of
highly parallel computer architectures. The many-body wave functions of each subspace
are obtained in independent processes within each iteration. While this is currently done
serially, this task can be distributed over multiple processors to gain substantial reduction
in computational time. Another aspect of this method that is yet unexplored is the stan-

dardization/automation of the fragmentation schemes. Many algorithms and protocols for
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selecting active spaces have been developed based on various parameters. [58,107,328,329] Qych

techniques for further decomposing the active space into fragments that can be unentangled
will take away the need for substantial effort and chemical intuition required from the user for
each LAS calculation. This will facilitate the use of LAS methods in high-throughput screen-
ings for materials. The LASSI method can be improved in future works by changing the
Hamiltonian used for state interaction. The use of a PDFT Hamiltonian will allow quan-
titative predictions of molecular properties. Furthermore, the incorporation of spin-orbit
coupling effects in future work will enable the study of magnetic properties of multi-metallic
compounds.

Overall, the research highlighted in this dissertation has focused on the development and
application of cost efficient multireference methods for computing properties of strongly cor-
related molecules. These methods use chemical intuition to overcome the crucial barrier of
the scaling of the cost for modelling molecules on classical and quantum computers. Partic-
ular emphasis was given on the use of these methods for insights in practical applications
like spin coupling in organometallic compounds and charge transfer in organic molecules.
We hope that this research will not only benefit the greater community of computational
chemists and scientists but also prove useful in the broader effort of chemical and material

discovery.
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