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Abstract

This paper develops a tractable model of dynamic network formation with heterogeneous forward-
looking agents. The model bridges the gap between recent Macroeconomic models with exogenous
production networks and static econometric models of networks formation games. I model network
formation as a sequence of Bayesian incomplete information games in which the dynamic state
dependencies of agents’ strategies are Markov. This feature of aggregate state dependence allows
me to investigate the role of network externality through a global interaction channel. I characterize
the Bayesian Markov Perfect symmetric equilibrium by a set of fixed-point equations in conditional
choice probabilities. I motivate this approach by developing a second-stage general equilibrium
model of production networks in an open economy. This second stage model provides the payoff
structure for the network formation and relevant Markov sufficient statistics. I propose a simple
two-step maximum likelihood estimator and develop its asymptotic properties for a single large
network. I apply this model to US input-output data. In counterfactual experiments, I find that
network externality is quantitatively important for endogenous network formation. Furthermore,
negative network externality provides an alternative explanation for network persistence. In an
extension, I show how endogenous entry and exit of nodes be can jointly be formulated with

endogenous network formation.
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Chapter 1

Introduction

1.1 Motivation and Literature Review

This paper studies dynamic network formation in the propagation of macroeconomic shocks in
both theoretical and empirical context. There is a growing literature on the interplay between
macroeconomics and production networks since the seminal works of Gabaix (2011) and Ace-
moglu et al. (2012). However, this literature has largely ignored the endogenous network adjust-
ments from forward-looking agents’ optimal network formation problems. This paper addresses
this insufficiency, and I show how uncertainty can affect the macroeconomic through the network
adjustment channel. This feature allows researcher to answer questions such as how a future China
shock could impact on the US economy through the production network.

On the other hand, recent development on the estimation of network formation games has
generally overlooked network dynamics and aggregate state dependence of links (Leung, 2017;
Graham, 2017; Mele, 2017). Moreover, the payoff structures of these models and their dependence
on network sufficient statistics are not economically informed. In this paper, I address network
dynamics, network state dependence, and network externalities by exploiting the Markov structure
and the continuum of agents. In addition, the payoff structure of my network game is micro-

founded by a simplified version of Eaton and Kortum (2002) general equilibrium model of an



open economy. I propose a likelihood-based approach for estimating the underlying structural
parameters that governs the adjustment cost of network formation.

Therefore, this framework bridges the gap between the economic and econometric aspects of
dynamic network formation by combining techniques in conditional independent network forma-
tion models, stochastic games with incomplete information, and estimations of dynamic discrete
choice models. In simulation exercises, I find that network externality has a sizable effect on the
macroeconomic impact, accounting for up to 50% of the total network effect on welfare in response
to an aggregate productivity shock.

To understand the framework’s core idea, consider the following decomposition of the net-

work effect on aggregate welfare to productivity shocks to individual firms or sectors

Network effect = Granularity + Higher order fixed network effect + Endogenous network effect

Each of the terms on the right-hand side corresponds to a strand of recent literature investigating
the role of network structure in macroeconomics. I refer to the first two terms as exogeneous
network effect. First, granularity refers to the relevance of network structure regarding aggregating
idiosyncratic shocks. Lucas (1977) argues that sectorial shocks get averaged out in the aggregate in
the absence of input-output linkages!. Acemoglu et al. (2012) explore how intersectoral networks
could create "cascade" effects that deviate from Lucas’ network irrelevance result. In particular,
they find that the decay rate of aggregate volatility is related to sectors’ degree. Gabaix (2011)
micro-founded aggregate shocks using the concept of granularity: granular (large) firms’ volatility
can explain aggregate shocks. Gabaix (2016) argues that network structure is a particular case
of granularity. Network irrelevance still holds when idiosyncratic shocks of infinitesimal firms
average out in the aggregate. In this paper, firms are infinitesimal but shocks are sectorial. I define
the granularity term as the effect caused by asymmetric input-output linkages of large sectors.
Second, higher-order network effects can be present even when the network is exogenous.

In the classical Hulten (1978) "network irrelevance" result, the input-output network structure is

I'The diversification argument would still work with symmetric input-output linkages
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irrelevant for the aggregate impact of a sectorial productivity shock once the sector’s sales share
has been accounted for. Baqaee and Farhi (2019) explain why Hulten’s theorem only describes
the first-order effect. Higher-order network effects disappear under Cobb-Douglas technology and
exogenous network because shares of sectors’ sales are unresponsive to shocks. Therefore for
constant-elasticity-of-substitution (CES) technology, network structure may affect how idiosyn-
cratic shock propagates through higher-order effects.

Finally, the endogenous network adjustments in response to idiosyncratic shocks provide an
additional channel for network effects. Lim (2019) proposed a dynamic network formation model
in a nested CES economy and quantified the network adjustment size to be 4% of observed out-
put fluctuations, using Compustat firm-level data. Huneeus (2018) extend Lim’s framework to a
small open economy and quantified the welfare impact of production network adjustment cost in
response to an international trade shock. For tractability, both Lim (2019) and Huneeus (2018) as-
sume that sellers in the intermediate goods market form links subject to exogenous probability of
altering links. Tintelnot et al. (2018) consider instead the sourcing problem in which buyers in the
intermediate goods market form links. For tractability, Tintelnot et al. (2018) restricts the network
to be acyclical. Using Belgium firm-level data, they also find that production network adjustment
to be quantitatively important for a given foreign price shock. This paper extends Lim (2019) and
Huneeus (2018) to a richer network formation game setting in which sellers form links freely with-
out restrictions on the aggregate network. In particular, this model implies a decomposition of the
endogenous network adjustment effect into a isolated adjustment component and a novel network

externality component.

Network adjustment effect = Isolated adjustment effect + Network externality effect

I define the isolated adjustment effect as the network adjustment effect when global interaction is
shut down, i.e, when firms ignore the equilibrium impact of network formation on the aggregate

network.



In this model, each sector comprises a continuum of infinitesimal firms so that sectorial shocks
are relevant for the aggregate shock in the same way as in Acemoglu et al. (2012). The linkages
between sectors are weighted by the matching probability between firms in each respective sector.
This matching probability is also a sufficient statistic for the production network in the economy.
In addition, this sufficient network statistic is Markov and follows the law of motion that depends
on the equilibrium of an underlying network game. Unlike Tintelnot et al. (2018), Lim (2019), and
Huneeus (2018), this model allows for game-theoretical interdependence of individual strategies.
This Markov aggregate network state serves two critical functions in this model: first, it reduces
the dimension of the symmetric equilibrium strategies as functions of the entire network; second,
agents use this aggregate network state to make a forecast of their future payoff. Therefore, net-
work externality emerges through dependence on this aggregate network state even though each
firm is infinitesimal. In this paper, I quantify this novel externality component of the endogeneous
network adjustment effect. I gain tractability by exploiting the additive separable utility function
and continuum of firms.

The network formation model in this paper belongs to the class of conditional independence
network formation model (Chandrasekhar, 2016) that builds upon the Erdds-Rényi random graph
model (Erdos and Renyi, 1959). In essence, this paper explores ways to endogenize and micro-
found the linking probability p in the Erdos-Rényi model through p’s dependence on dyad-specific
characteristic, individual network state, and aggregate network state. The conditional dyad-link
formation is also related to stochastic block models studied extensively in the statistics literature
(Snijders and Nowicki, 1997; Daudin et al., 2008) , statistical exponential random graph models
in (Chandrasekhar and Jackson, 2014), and fixed effect econometric models of network formation
(Graham, 2015, 2017). It is common in the peer-effect literature (Goldsmith-Pinkham and Imbens,
2013; Blume et al., 2015; Auerbach, 2018) to formulate a network formation model as the first
stage and an economic model conditional on the fixed network as the second stage, which is also
the strategy adopted in this paper. This paper’s econometric techniques are closely related to the

econometrics of dynamic discrete choice models (Hotz and Miller, 1993; Aguirregabiria and Mira,



2007) and the econometrics of static network formation game with incomplete information (Leung,

2017; Ridder and Sheng, 2020).

1.2 Outline

The outline of this paper is as follows. I first describe the general equilibrium model of open
economy in section 2, which provides the payoff structure for the network formation game. Then
I present the endogenous network formation model and existence results in section 3. In section 4,
I describe how to estimate the key structure parameter using nested pseudo likelihood estimation.
In section 5, I conduct various counterfactual analysis to study the role of network adjustment in
aggregate open economy in response to aggregate shocks. In section 5, I show how to extend the
baseline network formation model in order to feature endogenous entry and exit decision. Section

6 concludes the paper.



Chapter 2

General Equilibrium Model with

Exogeneous Network

The open economy has a representative household who consumes final goods and supplies a fixed
labor supply of L and a continuum of heterogeneous firms ¢ € I who are differentiated by finite
discrete productivity types ¢ € ® and choose to produce an unique variety at each discrete time
t = 0,1,.... Let v denote the time invariant total measure of firms and II(¢) denote the time
invariant proportion of firms with type ¢ (or ¢-firms for short). Then vII(¢) is the total measure of

¢-firms.

2.1 Household

The representative household has the following CES (constant elasticity of substitution) period

utility function

o

up = (7 > TI(G)[Cil(9)] 7 + ’VM[C,:M]T) -

ped
where o is the demand elasticity of substitution across varieties and Cy(¢) is the consumption of a

final good variety produced by a ¢-firm at t. Due to symmetry, C;(¢) is identical for all firms with



type ¢ and all variables depend only on ¢ instead of 7. C{ is the consumption of imports. At each

period t = 1,2, ..., the representative household maximizes the expected discounted utility

Ut = Et (i ﬁktut> .

k=t

The household’s period by period utility maximization gives domestic final goods demand for a

variety produced by a ¢-firm is given by
Ci(¢) = pf (¢) P, " E;. @.1)
Define the aggregate demand shifter
AP =P/ °E,.

Let pM be the exogeneous price of import, then the demand for imported final good is given
by

Cl =" 7Ap

Then P, is the ideal price index that is give by

1

P = (7 > I(@)py ()7 + M (pi”)l‘”) h (2.2)

ped

With aggregate demand shifter AP and aggregregate consumption C;(¢) defined, I can now fully

describe the environment and profit maximization problem for each firm in the economy.

2.2 Firms

Let D;j; be the indicator of whether firm 7 sells/links to j at time ¢. {Dijt}(,-J)e 72 describes the

complete production network at ¢, which is exogeneously given in this general equilibrium model.



Ateach periodt = 1,2, .. ., each ¢-firm 7 hire ¢(¢) unit of labor from the labor market taking price
at w; and ! (¢, ¢) unit of intermediate goods at price p!(¢', ) from each ¢’'-firm j that links to
i, that is, ¢ buys z!(¢;, ¢;) from each j € I with D;;; = 1. This model assumes that firms cannot
buy factors or inputs from foreign market. Then, all the intermediate goods z! are aggregated

according to CES technology into an input bundle x”

g _
o—1

= (/jEI Dijiy (¢, (bj)acldj)

Note that this can be written equivalently as

fed

(’Y Z IT;(¢ my Cb ¢)xt (¢, ¢) )U_ . (2.3)

¢ D

where the matching probability m, (¢, ¢') is defined as

mi(0.6) = PO [ [ Du{s,= 0)1{e; = #)didy

A key feature of this model is that m, = {m.(¢, ¢')}(s,¢)ca2 is the sufficient aggregate network
statistic for the network {D;j; }(; j)cs> in this general equilibrium model under the following as-

sumption

Assumption 1 (Initial Condition). The network {D;;:};; at ¢ satisfies the following: if for any pair

of firmsi,7' € I,i # 4’

b=y = geI ZJtl{(bJ (Z)’}dj = fje[ Di/jt1{¢j = ¢/}dj 7 v¢, c o

fje[ Djil{¢; = ¢'}dj = ]EI Djinl{¢; = ¢'}dj

This assumption guarantees symmetry for ¢ and ¢’ with the same type ¢ in the general equi-
librium model so that the model can be analyzed at aggregate type level. Note that the assumption

does not rule out the possibility that ¢ and i’ have different local networks {D;;; } jer and { D1 }jer-



It only imposes restrictions on the aggregate behaviors of these network that is sufficient for cal-
culating the general equilibrium model.

In later sections, I will show that the equilibrium network generated by the endogeneous
network formation model satisfies this assumption. In addition, I will show that m; is also a
Markov state whose transition function is determined by the equilibrium in the network formation
model. m; reduces the dimension of the aggregate state space significantly.

Having obtained factor /;(¢) and input 22 (¢), firm produce goods at period ¢ according to

the following CES production function

0(9) = (a2dlu(9) 7 + (1 = a)af(6) 7).

« is the labor intensity. o is the constant elasticity of technical substitution which coincides with
demand elasticity of substitution for the varieties.

Firms sell on three types of markets: domestic final goods market, foreign final goods market,
and domestic intermediate goods market. A ¢-firm has e(¢) probability of selling on the foreign fi-
nal goods market. Let A" denote the exogeneous foreign aggreagte demand shifter. Then standard

CES results give us the conditional factor demand functions

b(o) = (o™ (15) o) 4
at(68) = 1oy (H28)) 25
and the following final goods demand functions
Ce(9) = pi (6) A7 (2.6)
Cf(0) =y (9)"Af 2.7

Given these demand functions, CES standard results gives the following optimal price setting



conditions

K0 =pf (@) = pl(6.0) = (=7 ) al®) )
f
=u
where the marginal cost ¢,(¢) is given by
c(9) = (7 (we/20)™7 + (1 )P (8) ) 7 2.9)
(7 ST )ymu(d, d)pi (¢, d)' ) 7 (2.10)
ped

Each ¢-firm set the same price across all markets because there is no heterogeneous markup in
this model. The constant demand elasticity of substitution and the constant price elasticity of
demand is assumed to be the same o across all market. However, there is price heterogeneity across
different types of firms because the more productive type has lower marginal cost. In addition, high
productivity types does not always have lower marginal cost than the low productivity types. It also
depends on how well connected the type is in the production network. Better connected type has
greater access to varieties of the intermediate inputs and hence has a lower marginal cost due to
the complementarities of intermediate inputs. The precise measure of this "well-connectedness" is
characterized in the following section.

Each firm receive profit form the intermediate goods market and the final goods market. De-

fine the firm-specific demand shifters

Firms’ revenue is linear in revenues obtain from selling to other firm

r(@) = (@) +r(0)"  +v D] (¢ )mu(e, ) (¢,¢)

¢'ed

revenue from final goods market

revenue from intermediate goods market

(6, ¢') = (1= a)7p;(¢,¢)) "7 Au(¢)

10



The total revenue function can also be written as

(@) = per(9)ye(0) = 2/ =7 pHi () w, 7 Ay(¢) (2.11)

By standard CES result, the realized profit for a ¢-firm selling to a ¢'-firm is given by

T (0.¢) = 07 (1= a)7py (0, ¢) T A(). (2.12)

This profit function for ¢-firm selling intermediate input to ¢’-firm is the main component of the

payoff between a ¢-firm and ¢’-firm in the first stage network formation game.

2.3 Market Clearing

Let L; denote the exogeneous total costs of maintaining firm-to-firm links in terms of labor at time

t. The labor market clearing condition is

L— L=~ @) (2.13)

$'ed

This implies the following expression for the real wage

W = 20 (L Lt)ZH )67 A (0) (2.14)

PP

Suppose that there is no trade deficit, then the current account balance condition is

P CM =Y T(@)e(d)p; (0)CF (¢) (2.15)

ped

Normalize p™ = 1, then the current account balance condition immediately gives us the solution

11



for the aggregate demand shifter

AP = (wi/z) 7 yp 7 > 1(¢ HE (o) A (2.16)

ped

EHtF

Combine the above equation with the wage equation (2.14) and equation for firm-specific demand

shifter (2.22) yield the following equation that determines the wage

uf =2 (20 ) A T N i(0) Y 00 2 @)t

Pped Pped

o—1 F o—1 17AF
bz (L L)A q;pn Vo LHAT () (2.17)

This equation has a unique strictly positive for the real wage for o > 1. The rest of the models can

be solved using this wage solution.

2.4 Marginal Cost and Upstream Network Centrality

Combining the price for the bundle (2.10), firms’ marginal cost equation (2.9) and optimal pricing

equation (2.8) yields a fixed point equation in the marginal cost

(@) ™7 = a(w/zd) 7+ (L= )7 =7y Y T )ymu(¢, @)ee(d) 7 (2.18)

¢'ED
which leads to the following proposition

Proposition 1. The solution for the marginal cost given wage w; is

¢ €D

(@) ™7 =a” (Z )7 12 ¢, ¢)) (we/2)' ™7 (2.19)

=H{(¢)

where k¢ and By are defined in the Appendix.

12



The term H{(¢) is a Bonacich centrality measure for the "well-connectedness" of type ¢-firm
in the upstream network: it is the mass of all paths leading into the ¢-firm weighted inversely to the
distance d by the decay rate ¢, summed across productivity types ¢ and weighted by productivities
¢ (Jackson 2010; Huneeus 2018). Note that the effect of productivity of type ¢ is captured in the
terms with distance 0. This centrality measure captures the idea that the marginal cost of one firm
depends the marginal costs of all other firms in the upstream production network both directly and
indirectly. The network decay rate x° is governed by 1) the intensity of intermediate input bundle
1—a (increasing); 2) the constant markup . (decreasing); 3) total mass/size «y of firms (increasing);
4) constant elasticity of technical substitution o.

Let w = w;/z denote the productivity adjusted wage. Hf(¢) characterizes completely the
well-connectedness of ¢-firm in the upstream network as well as the network effect of a shock to

the fundamental factor price w; on marginal cost

dey(9)

dwy

= Hy(¢)' 7.

H{(¢) depends on ¢ only through dependence on the sufficient network statistic ;. Therefore, the
type with greater H;(¢) has greater marginal cost response to an aggregate supply. Hence, network

connenctedness amplifies both positive and negative aggregate supply shocks.

2.5 Firm specific Demand Shifter and Network Connectivity

For each firm, the following total production identity must be satisfied

Yi(0) = Co(®) + () CF (¢) + Z (¢ )mi(9, @)z (0, ') (2.20)

9'ed

Combining the total production identity (2.20), final goods demand function (2.1), intermediate

goods demand function (2.5), the input bundle demand function (2.3), and the price setting condi-

13



tions yields the following recursion in y;(¢)

ye(0) = c(9)"TuTAY + e(9)ce(d)TnTTAY
+(1 =)™ Y () me(¢, ¢ )e(@)Tye(¢)en(d) ™7 (2:21)

P'ed
which leads to the following proposition

Proposition 2. The solution for firm’s demand shifter for a given aggregate demand shifter AP is

A (Z S (k)UBH (g, ¢>>) AP +ue (Z ex(¢) i(m@')dw?)(d)w, ¢’>) AF
¢'e€P d=0 p'eD d=0
=HE(9) =HPF (¢)

(2.22)

where kY and B®, and B~T are defined in the Appendix.

Similar to the marginal cost, the Bonacich centralities H(¢) and H/F measures ¢-firm’s
demand shifter’s exposures to aggregregate domestic demand AP and aggregate foreign demand
AF | respectively. The network decay rate <Y is governed by 1) the intensity of intermediate input
bundle 1 — « (increasing); 2) the constant markup 4 (decreasing); 3) total mass/size +y of firms

(increasing); 4) constant elasticity of technical substitution o.

2.6 General Equilibrium

I now define the dynamic general equilibrium of the model described in this section for exoge-

neously given {m;}, L, and z;.

Definition 1 (Exogeneous Network Equilibrium). The dynamic general equilibrium of the econ-
omy described in this section for a given sequence of exogeneous network {m;}, exogeneous

period relationship costs L;, aggregate productivity z;, and aggregate foreign demand shifters AL,

14



and parameters o, «, 7, L, {¢} sca, {€(0) }pea. {I1(#) } pca are the set of prices

{p{(ﬁb, ¢,)7ptB(¢)a ptc(gb)v pf(¢)7 Pt; wt}t,¢€q>7¢'€¢

and allocations

{‘Itl(gba gb,)» ItB((b)’ Ct(¢)7 CtF(qb)’ Et(qb)v yt(¢)’ AtD}t@Eq),(b/E@

such that for every ¢t = 0, 1, ..., representative households maximize expected utility so that final
goods demand equations (2.1) and (2.2) are satisfied; each firm sets prices in both intermediate
goods and final goods market in each region to maximize total profit so that demand functions for
immediate goods (2.5), demand functions for input bundles (2.3), labor demand functions (2.4),
constant markup pricing equations (2.8) are satisfied. Finally, the labor market clearing condition
(2.13) and total production identity (2.20) must satisfy. In addition, intermediate goods and final
goods market for all varieties must clear. We call such a equilibrium exogeneous network Markov
equilibrium when each of the pricing and allocation function g;() can be written as g(-, s;) where

sy is a Markov state.

Assumption 2 (Parameter Restrictions). The parameters o, v, 7y, L, {¢} pca. {€(@) }pca, {11(@) }oca

satisfies the following restrictions V¢ € &
co>1, >0, ¢>0, L> m?x(LtL ae (0,1), e(¢)€][0,1], II(¢) € [0,1].

The static equilibrium can be solved using equation (1)-(2.16) once equilibrium wage is
solved. Equation (2.17) yield a unique and strictly positive solution for the equilibrium wage.
Since firms and the representative household optimize period by period, the exogeneous network

(dynamic) Markov equilbrium exist when the state variables s, = (my, Ly, 2, Af ) are Markov.

Proposition 3. Suppose Assumption 2 hold and s; = (my, Ly, 21, AF) is Markov, then the exoge-

neous network Markov equilibrium defined by equation (1)-(2.22) exists and is unique.

15



Given the equilibrium profit function, I can now fully describe the network formation problem

that governs evolution of the aggregate state s;.

16



Chapter 3

Endogeneous Network Formation Model

Environment and Timing For every ¢t = 1,2, ..., there are two stages of decision making for
each agent. In the first stage, each firm choose optimally buyers in the intermediate inputs market
given the aggregate state of the previous period s; ; and their idiosyncratic draw of relationship
cost €;; in a dynamic Bayesian incomplete information game. At the end of the first stage, ag-
gregate productivity z; evolves independently according to an exogeneous process. The optimal
equilibrium linking strategies give rise to the matching probability m; and the relationship cost L,
given the draw of z;. The foreign aggregate demand shifter AL is assumed to be constant at A”
over time. In the second stage, firms behave in the same way as described in the previous section,
taking the Markov state s, = (my, Ly, z;) as given. The equilibrium in the first stage network for-

mation game is defined in a way such that m, is Markov.

Each firm ¢ draws an iid idiosyncratic asymmetric linking cost ¢;; ~ G for each other firms j
in the network. ¢;; = {eijt} jer 1s the private information in this incomplete information game. This
is the key assumption that guarantees that optimal linking decision D;; are independent conditional

on the Markov state s;_; at time ¢.

Assumption 3 (Conditional Independence). The dyad specific relationship cost €;;; ~ G for some
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absolute continuous distribution G. is independent across all dyads and across time

€iji AL €pns, V(i,7) € I?, (k,h) € I’ t # s

€ijt i €kht; \V/(Z,j) 7& (ka h) < I2a vt = 1a 27 B

By imposing Assumption (3), this model belongs to the class of conditional independence net-
work formation models that have been widely studied since the Erdos-Renyi model. There are two
important consequences of this assumption: 1) when agents are forming expectations of other’s ac-
tions in equilibrium, with the absence of network externality, it suffice to use the identical marginal
distribution G .. This feature improves the tractability of the model; 2) the likelihood function can
be easily using conditional independence assumption, which naturally leads to likelihood-based

efficient estimation procedure.

Given this setup, I focus on symmetric equilibrium Markov pure strategy of the following

form

X*(p, ¢, d, s, €) € {0,1}, P*(p,¢,d,s) = E[X* (¢, ¢, d, s, ¢€)]

where d is an indicator of whether ¢-firm linked to the ¢'-firm in the previous period; m is a
sufficient statistic for past network peer of the firm. X and P are the strategy and the corresponding
conditional choice probability (CCP) for linking decisions between a specific pair of firms with the
type dyad ¢¢’, conditional on the whether this ¢-firm linked to the ¢’-firm in the previously period
or not and the event that the aggregate state in the previous period is s. For example, P*(¢, ¢, 1, s)
is the equilibrium probability of a ¢-firm links or sells to a ¢’-firm given that ¢-firm has previously
linked to the ¢’-firm when the previous aggregate state is s. In this section, I describe the firms’
network formation problem and define the equilibrium concept that determines the equilibrium

CCPs P* then I show their existence and construction.
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3.1 Firms’ Network Formation Problem

Let P denote the conditional choice function P(¢, ¢, d,s). Ateacht = 1,2,.... Firm ¢ choose
D;, = {Djjnlj € I...} in order to maximize its expected present value discounted profit given
believes P*

EP" h—t i Dip. D1 €, . -
Dihe{l(l]’%?}}%’tht (s5€)5t ;6 ﬂ-(¢ » Shy h> h—1,€ h) ( )

E(s,¢),+ denote expectation with respect to s;, and ¢;;, given the information at time ¢ and 7’s belief
for the conditional choice probability P. In equilibrium, the sufficient statistic for information at
time ¢ is the aggregate state s; = (m;_1, 2;—1). Period profit function 7 are determined by optimal

price setting in the second stage as described by the previous section, taking aggregate states m,

2, and L, as given,

(¢, 8¢, Dit, Dig—1, €i) = / D;j Efi (7! (i, @5, Se11)|8¢e] — p(1 — Dyje_y) +eije | dj

jel

network intermediate good sunk cost

where p is the measure of “stickiness” of network or the measure of sunk cost of establishing a
link. Operator E¥ i [-|s;] means taking expectation with respect to some Markov transition proba-

bility 77" (s,41|s:), which depends on the (belief of) conditional choice probabilities P.

The tractability of this model comes from the following property for the payoff function 7

Definition 2 (Network Additive Separability). The Markov period payoff function (D, Dj;_1, 8¢, P*)

is network additive separable if there exists functions 7 (D;;, D1, 8¢, P?) such that
W(Dz‘nDit—l,SmPi) :/ IDz‘jtﬂ'ij<DitaDit—lvstupi)dj
je

and

7Tij<Dita Ditflysta Pi) AL Dikta Wij(DitaDitfla St:Pi) s Dik:tfla k % i
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Network additive separability rules out direct network externalities among ¢’s local out-network
Dy = {D;jt|j # i}. The ij specific payoff does not depend on any link other than ij. However, ij
specific payoff depend on the realization of aggregate state s, and the belief P over the strategies

of all dyads ij € I?. This generates interdependence of the CCP for all dyad ij € I? in equilibrium.

The intermediate profit function 7! is given by equation (2.12). Although the period profit
function depends on decision D;; and D;; 1, the associated Bellman equation can be written in a
way that does not depend on D;;_1, D;;_1. The payoff relevant information in the past network is

encoded in the network sufficient statistic m;_1.

3.2 Markov Transition Probability

A key feature of this model is that the transition probability Q' (s'|s) for the aggregate Markov state
depends on the conditional choice probabilities P. Each agent use her belief P? in order to forecast
the evolution of aggregate Markov state and to calculate expected payoffs. Let s, = (m;_1, 2,1).

Given a exogeneous transition probability @), for 2’|z
P
Q7 (#'z,m) = Q=(2']2)
The transition function (@),,, for m/|m can be derived from the following law of motion F™

mt(¢v QS/) = mt—l(gba ¢/)P(¢7 Qb,, 1a St) + mt—l(gba ¢/)P(¢7 ¢/7 Oa St)v V(gb, le) S (I)Q (32)
m' = FF(m, 2) (3.3)

It follows that

Q.(#|z) ifm' = FF(m,z)
QU (s']s) = Q7 (M|, z,m)Q" ('|z,m) = (3.4)
0 if m’ # EL(m, 2)
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The conditional choice probabilities P governs the deterministic transition of the network sufficient
statistic m. The aggregate productivity state z controls the random switching between different

deterministic paths of transition dynamics.

3.3 Bellman Equation

The Bellman equation for firm ¢ with belief 7 and network formation problem described in equation

(6.1) is defined as follows

Vpi(@, Dji_1, St) =F

max ( o D;j [Ef [WI(@‘, G5, 5e41)|5¢) — p(1 = Dije—1) + eijt] dj)
j

DitE{O,l}I

+ ﬁEfi [Vpi(@', Dy, 3t+1)|5t]] (3.5)
It is simply to verify that the Blackwell condition is satisfied. Now I introduce the solution concept
which determines the equilibrium CCP P*.

Definition 3. A symmetric Bayesian Markov perfect equilibrium in the open economy with en-
dogenous network described in this section and the previous section is the set of condition choice

probabilities { P*(¢, ¢, d, s)} that satisfies

1. Rationality: the associated Markov perfect strategies >* of P* satisfies
th :E*(¢z,¢J, th—178t7€ijt>7 Vi € ]7t: ].,2,...

which solves the Bellman equation (3.5).
2. Consistency: P = P* foralli € I.

Note that if the distribution G, is the common prior, then Bayesian Markov perfect equi-
librium coincide with Bayes Nash equilibrium for each static subgame at ¢ defined by a given

continuation value V" (¢;, Dy, s¢+1). Consistency condition on the prior beliefs of other agents’
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distribution of idiosyncratic relationship cost is weaker than the common prior assumption. In
addition, Bayesian Markov perfect equilibrium nests pairwise stability commonly used in the lit-
erature of strategic network formation, when the a undirected link between ¢ and j is defined as

The Bellman equation (3.5) is equivalent to a set of “mini” Bellman equations that are easy

to solve individually.

Proposition 4. Suppose that Assumption (2) is satisfied and the value function V¥ satisfies equa-

tion (3.5).. Then there exists v(f(b, such that V¥ can expressed as

Ve =5 > (¢ [m(e, ¢ )U¢¢'(1 s) + (1 —m(¢, ¢’))v£¢,(0,s)].

P ED

where v}, (0, s) is given by

'Uéiz)'(da s) = E. L’%{%ﬁ}d ( '\s[ "¢, ¢',8")] = p(1 —d) + 6) + BE, /\S[U¢¢/(d s)] (3.6)

3.4 Existence of Bayesian Markov Perfect Equilibrium

Solving each “mini" Bellman in Proposition 2 yields fixed point equations that determines the

equilibrium CCP P.

Proposition 5. Suppose that profit functions 7' is given by equation (2.12). Then an associated
Bayesian Markov perfect equilibrium P* is characterized by the following system of fixed point

equation

P*(¢7¢/7d7 5) = G < /\s[ (¢ ¢ )] (1 - )+6E’\s[v¢¢/(1 S) Udlj’;’(owsl)}) (37)

The following proposition shows that solution to equation (3.7) exists.
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Proposition 6 (Existence of BMPE). When s is discrete, a Bayesian Markov Perfect equilibrium
exists. When s has continuous support, suppose that the profit functions ' is Lipschitz continuous
in s some constant M™ > 0 and bounded from above by 7. Suppose also that € ~ Logistic(0, v)
and Q).(2'|z) is Lipschitz continuous in z with constant M? > 0. Then there exists (componentwise)
Lipschitz function P* in s for all (¢, ¢',d) € ®* x {0, 1} with sufficiently large Lipschitz constant

M > 0 that satisfies the fixed point equation (3.7).

When s is discrete, existence can be shown by applying Brouwer’s fixed point theorem to the
fixed point equation (3.7) on the compact product space of [0, 1]. When s has continuous support,
the key to showing existence is to make sure that the right hand side functional preserve Lipschitz
continuity with a common constant. Then one can apply Schauder’s fixed point theorem to show
existence of a Lipschitz continuous P*. Uniqueness requires contraction mapping which imposes

stronger condition on the right hand side continuous functional of P*.
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Chapter 4

Estimation

In this section, I discuss how the model can be estimated using US input-output table in a two-step
likelihood estimation. The main difficulty for estimation is to estimate the equilibrium CCP P
using just input-output account. I show how this can be done by imputing the aggregate network

sufficient statistic using the first-stage general equilibrium model.

4.1 Specification

4.1.1 Productivity Process

Recall that z,¢ is the labor augmenting productivity at ¢. I consider two different processes for

aggregate productivity. In the simple case, z; is binary with values zy and z;, and transition matrix

In the second case, the aggregate productivity shock z; evolves according to the following autore-
gressive process

Inz =p°lnz | +e°, E(*)=0, Var(e®) =12
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Note that in both cases, the productivity type ¢ determines the long run expected productivity level.

4.1.2 The Likelihood Function

When the sequence of firm-to-firm production network (Dy, Dy, ..., Dr) and firm-to-firm profits
(nf 7k ... wL) are observed!, by the fixed point equation (3.7)
R 1 N T .
QN,T(D|D07 P;v, P) = TN2 ZZ{Z Dijt 1HG(V_1P[5F2P(¢2‘7 ¢j7 fd(5t>) + (Dijt—l - 1)]
i=1 j#i \t=1

+ v Y BT (4, b5, fUse)) + ”ZIJt>)

(1= Dy |1 = G (BT 00 00 + (D — 1)

T (6 65, () +w{j,t>)]}

where v is the standard deviation of ¢, f? is a discretization function defined in Appendix A.2, G
is the cdf of standard logistic distributed random variable, coefficient matrices F{S and Ff defines

the solution for the difference of mini value functions?

V(6,6 1,87) — 0P (6, 8,0,57) =TL (¢, ¢, %) + pTL (6, ¢/, s7)

'nf ={nl }i;

2The formula for I'* (¢, ', s7) and T (¢, ¢/, s7) are given in Appendix
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In the case of two types ¢ € {¢r, ¢y}, the above likelihood function can be rewritten in terms of

sufficient network statistic m;

. 1 T .
Qr(mlmo, Piv,p) = = > >, IO D mesmpe 1 I P(6,¢, 1, f(s,);v,p)
T
¢{or.0u} ¢'€{dr,¢u} t=1

T
+ Z m¢¢/7t(1 - m(]ﬁ(]ﬁ’,t—l) In P(¢, ¢/7 07 fd(st); v, p)

~
[y

(1 - m¢¢’,t)m¢¢’,t—1 ln(l - P(Cb’ ¢,7 L fd(St); v, /)))

M=

_|_

H
Il
.

_I_
M=

(1 - m¢¢’,t)<1 - m¢¢/,t71) ln(l - p(¢7 ¢/7 07 fd<3t); v, p))) (41)

il
I

where

P(6,6,d, *(s)iv.p) = G plBTE (6,6, [*(50) + (d= 1))+ (B0T (9,6, £ (50)) +7hr )

4.2)
v, p are identified and therefore can estimated using conditional MLE. I show how to discrete the
state s; in Appendix A.2 and how to estimate P, Ff , and Ff in the following implementation

section.

4.2 Implementation

4.2.1 Data Description and Estimation Procedure

The dataset used in this section is the merged input output accounts for the year 1964-2018 from
the Bureau of Economic Analysis. The dataset contains yearly value of the use of commodities by
one industry from another industry in millions of dollars. All industries are identified by NACIS
code. While the dataset does not provide details information of firm level production network, it
provides the most comprehensive coverage of the US economy which is important for studying
aggregate economic implications of network adjustments. In addition, I make use of the GDP

deflator and average earning time series from FRED for inflation adjustment and constructing real
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wage.

The main challenge with this dataset is that production network is not directly observed. After
identifying the productivity type ¢, the network sufficient statistic m(¢, ¢') is also not directly
available. To solve this data problem, I propose an imputation procedure to map the total use value
between types R;(¢, ¢') into aggregate network states m, (¢, ¢’) and the productivity state z; using
the general equilibrium model. The details of the imputation procedure described in Appendix
Al

After obtaining {rn;}; and {Z;}, I then proceed to estimate the implicit conditional choice
probabilities that is consistent with both the imputed 772,(¢, ¢’) and the law of motion for m,, that

is, find P that solves the following problem

The solution give us the nonparametric estimate P for the equilibrium conditional choice proba-
bilities.?

An overview of the estimation procedure is described as follows
1. Discretize the state space of s, = (my, ;) using methods in Appendix A.2.
2. Identify the productivity types and calibration standard parameters (section 4.2.2)
3. Impute {772, }; and {2, }; using observations { R, }; and methods in Appendix A.1.
4. Estimate P using {/,}, and {2}, and the method in section 4.2.3.
5. Calculate the mini value functions using value function iteration (4.3) in section 4.2.4.
6. Estimate v using scaling method in section 4.2.5.

7. Estimate p using NPL estimation (Definition 4) and likelihood function (4.1).

3With firm-level data, I can estimate P directly using standard nonparametric estimator.
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4.2.2 Identification of types and Calibration

The number of types and the type of industries are identified directly. I consider two types: manu-
facturing ¢y and non-manufacturing ¢;,. Industry 7 has type ¢; = ¢y if its NACIS code has format
3XX and has ¢; = ¢, otherwise. The observed total use value by ¢’ from ¢ is interpreted as total

sales revenue from ¢’ to ¢, that is,

Rt(¢7 ¢/) = 72H(¢)H(¢/)mt(¢a ¢/> Tt(¢7 ¢/)

total measure of ¢p— ¢’

is directly observed from the data. Exporting probabilities: e(¢) are identified directly from the

data by comparing the average total value of output vs total value of export for ¢

é(oy) = 0.090, é(¢r) = 0.025.

The macroeconomic parameter are identified with standard calibration o following Lim (2019)
* Elasticity: 0 = 2,3,4
e Labor share: o = 2/3
* Discount factor: 5 = 0.95

The estimation routine will be carried out with different values of 0. The foreign demand shifter

AF is normalized to 1.

4.2.3 Identification and Estimation of Conditional Choice Probabilities

Using the input-output table, only the sufficient network statistic m, is identified instead of the
actual firm-to-firm links. Suppose that {ri;} and {2, }; are imputed by using Appendix A.1, the
conditional choice probabilities of each pair of firm types can be estimated by using the law of

motion equation (3.2)
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Suppose that m; is discretized using a discretization function f¢ : [0,1] — D, described in

section A.2. Suppose that z; is binary with values zy and z;, and transition matrix

Then the discrete Markov state can be enumerated as s', 52, ..., s32. Run the following LS regres-

sions for k =1,2,...,16,

mt(¢> Qb,) = Qgg' k + b¢¢/,kmt—1(¢a Qb/) + €44/ kit V(mt—h Zt—l)l(fd(mt—l)a Zt—l) = 5"

where €44 1, 1s the measurement error

Epe kit = [mt(ﬁba ¢/) - mt<¢7 ¢/)] + b¢¢’,k[mt—1(¢v QZ)/) - mt—1(¢, Cb,)]

with the following constraints

Aok € [0, 1], o' ko T b¢¢/,k S [O, 1].

Suppose that measurement error is independent of imputated network sufficient statistic m;_.

Assumption 4 (Random Measurement Error). For all (¢, ¢') € ®?* and k = 1,2,... K,

77(%715 = mt(¢7 ¢/) - mt(¢7 ¢/)7 COV(W%/,U ms(¢7 ¢,>) = O: Vt7 §= 17 27 s

Under Assumption (4), unbiased estimators for a4 1 and bgg , can be obtained using con-
strained OLS estimators and quadratic programming provided that there are at least two data points
foreachk=1,2,... K.

The CCPs are identified through the individual Markov state dependence: when the depen-

dence on d is large, then P(¢, ¢, 0, s,)—P(¢, ¢, 1, s1.) is large which means that network evolution
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has greater dependence on the ¢ — 1 network statistics 1m;_;, conditional on ¢, ¢', s*. Given the
scarcity of yearly data when the state is large, the above regressions are mostly saturated. Then we

obtain the following estimates for the CCPs for all ¢, ¢/, sk

A

P<¢7 ¢/7 Oa Sk) - CAL¢¢/7]<;,

P(¢, ¢, 1,8%) = gy s + by -

By contrast, when firm level data {D,;;}, ;, is observed, the equilibrium CCP can be estimated

nonparametrically

s o iy Dipl{i = ¢, 65 = ¢/, Diji1 = d, s = s}
P 7 /,d, k — t=2 j J j j : '
A Yo i > Hoi= 0,6, = ¢, Diji1 = d, 57 = si}

The value function can be constructed a function of structure parameters* using Hotz and Miller

(1993) type argument once we have estimated P.

4.2.4 The Value Function Iteration

Using the law of motion (3.2) for m; and ()%, the transition matrix QP for the discretized aggregate
state s* can be obtained by simulating a long Markov chain. Similarly, the payoff function can be

calculated
0__1 Z?:l Rt(¢7 gb/)l{(sh St—l) - (Sk’ Sj)}

I kT
™ (¢7¢78 783) - Zle 1{(8t78t—1) - (8k78j)}

“The structural parameter in this model is § = (p, /) where p is the parameter of relationship sunk cost and v is
the standard deviation of the idiosyncratic dyad-specific relationship cost €;;;.
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By the mini Bellman equation (3.6)

(6,0 d sy = > Qs (ﬁw, ¢, d, ) (6,0, 55, 57) = p(1 — d)
ke{1,2,. K}
+ Ele|%(¢, ¢, d, 87, €) = 1]]
+B8[P(6,0,d, W0 (6,8,1,8) + (1= P(6,¢/,d,s)0"(6,',0,5")] )
4.3)

By stacking the value function v*" as a vector, v¥’ can be solved and we can write

(0,8, 1,57) = v7(6,0,0,8") =TT (6,6, s7) + pT5 (6, ¢/, )
for some F{s and I‘f that can be calculated using formulas in Appendix A.3.

4.2.5 Scaling

Note that ! have to be applied when forming Ff in the step of solving for the value function,
since I have to choose a scaling for 7/ from the GE model to match the expected relationship cost

Ele|X(¢, ¢, d,m,e) = 1] where € is standard logistic. This suggests the iterative process:
1. guess v and construct Ff
2. perform CMLE to obtain estimate for
3. if ¥ > 1 then repeat step 1 by decreasing v; if © < 1 then repeat step 1 by increasing v
4. stop when 7 is sufficiently close to 1

When 7 = 1, this suggests that the original guess of scaling in step 1 is correct because the

estimated standard error for the relationship cost is standard logistic.
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4.2.6 Multiple Equlibria and NPL Estimation

Since Proposition (6) does not guarantee uniqueness, there could be multiple Bayesian Markov
perfect equilibria and the model is incomplete (Aguirregabiria and Mira, 2019). To complete the
model, I assume a selection mechanism. Let £(m”, 2T, 6,) be the set of BMPE®. By Proposi-
tion (6), £(m?”, 2T 6y) is nonempty. Define the selection mechanism A\r : (v?,6y) — PT €
E(mT, 2T 0y) where v” is the auxiliary random public signal from which the agents coordinate

and 0T 1l e

Assumption 5. There exists a sequence of selection mechanisms {A7}3°_; and public signals
{vT}2_, such that

P(m”, 27) = > P(Ar(v', 6p) = PT)

PTe&(mT 2T 6p)

Assumption 5 implies that the observed network sufficient statistics {m;}L_, together with
the aggregate productivity state {2;}._, is rationalized by a symmetric BMPE. I assume that the
same equilibrium P is played for a given sequence of observed Markov states (m?, z1), (m?, 2%),
.... This would guarantee point identification of 6y = (v, p).

I use the nested pseudo likelihood (NPL) estimator for the second step. The NPL estimation

generates a sequence {éK , PK } according to Step 1:
O = arg max Qr(m|mo, Px_1;0)
Then the CCP estimate is updated in Step 2:
Py =T, Prc-1)

with P, = P obtained in section. Define the NPL estimator as the fixed points to the above

procedure.

SNote that m” = {m;}1_; and 27 = {2z},
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Definition 4 (NPL Estimator). Let P = I'(#, P) denote the fixed point equation (3.7) for the
conditional choice probabilities and () denote the conditional log-likelihood function defined in
equation (4.1). Then the nested pseudo likelihood estimator (éNpL, ﬁNpL) for (0, P) is defined as

the solution to
Ppr, = F(QNPLa PNPL): OnpL = arg I&a& QT(m|m07 Pr_q; 9)

Convergence is not guaranteed. Proposition 2 in Aguirregabiria and Mira (2007) establishes

asymptotic properties NPL estimators.
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Chapter 5

Counterfactual Experiment

5.1 Uncertainty Shock to Productivity Process

In this section, I decompose the network effect on aggregate welfare of the general equilibrium
economy in response to an uncertainty shock to the aggregate productivity process by performing
simulation exercises. The model described by section 2 and 3 are simulated for a large number
of period (T = 5000) in order to numerically integrate future Markov state s, = (my, z;) on
discretized aggregate state space. Here I interpret the discretization as being exact: I assume that
firms are making linking decisions based on the discretized aggregate state m¢. This implies that
firms have bounded rationality.

Let the values of aggregate productivity state z; take discrete values on a uniform grid of the
interval [z, z] with V¥ number of states. For example, take z = 0.5, z = 1.5, and N* = 6, then the

productivity states z takes the following values
2z €40.5,0.7,0.9,1.1,1.3,1.5}.
In addition, I parameterize the Markov transition matrix by persistence parameter p~.

Q:=[p"— (1 =p°)/5] x Isxs + (1 = p*) /5 X J5x5
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where J5,5 1s a 5 matrix of 1s and p® controls the uncertainty of the productivity state z. A greater
p? implies less aggregate macroeconomic uncertainty. Let the discretized aggregate network suffi-

cient statistic m¢ € {L, H} be defined as

. L Zeeetonony (0, ¢) <2
m, =

H i Y 0ctop.0my2 M(0,0') > 2

m¢ = L corresponds to a low network connectivity state whereas m¢ = H corresponds to a low
network connectivity. Firms are only using the discretized network state m¢ in their first stage
network formation problem. They know the 12 x 12 transition probability Q% of (z;, m¢) for
each equilibrium CCP P, which in turns depends on the aggregate states (z, m?). Then they form
expectation using ()° in formulating the individual link formation problem in (3.6). The actual
Markov network state m; follows a law of motion Q¥ . For the second stage profit maximizing
problem, firms know the realized m; € [0, 1]*.

The endogenous network state m; serves two important functions in the model. First, it is
the network sufficient statistic for the general equilibrium model described in section 2. Most
importantly, m, determines how central or granular each sector ¢ is in the production network.
Second, m, affect equilibrium CCP P through global interaction. Firms must consider the impact
of other players’ equilibrium strategies on the aggregate network sufficient state m; in their net-
work formation games. This dependence of P on m, creates network externality through global
interaction.

Multiple equilibria do arise in this setting, but it can be addressed precisely in practice. Let
de denote the stationary distribution of the discretized aggregate network sufficient statistic m;
induced by transition probability Q*F. Call an equilibrium P degenerated when Q™ (m?) = 0
for some m? € {L,H}. In practice, I find multiplicity arises precisely due to this degeneracy.
Intuitively, it is common to have multiplicity with externality. In this case, a degenerate equilib-

rium corresponds to a network equilibrium without externality since there is no global interaction
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through network state m¢ with probability 1. Hence, nondegenerate equilibrium and degenerate
equilibria may exist at the same time. However, I find that nondegenerate equilibrium is always
unique in practice, provided that it exists!. Therefore, I will focus only on counterfactual analysis
in which nondegenerate equilibrium exists.

Consider an uncertainty shock p* from 0.3 to 0.7 so that each productivity state will become
more persistent ex-post. There are three different margins to consider: 1) the counterfactual with
the sequence of aggregate network sufficient statistics m; fixed; this is the exogeneous network
effect; 2) the counterfactual with a sequence of m; flexible, but each firm takes m; as fixed in its
network formation problem; this measures the endogenous network effect without the external-
ity through the aggregate state; 3) the counterfactual with fully flexible network adjustment; this

margin gives me the externality effect.

v ¢ L v o éw) oér  éu  »°
0025 -2 10 10 2/3 0.5 1.14 232 03
0025 -2 10 10 2/3 0.5 1.14 232 0.7

Parameter Values p o
Simulation Ex ante 1 2
Simulation Ex post 1 2

0.
0.
Table 5.1: Parameter Values for Different Simulations

The parameter values used in the counterfactual analysis is reported in Table 1. The long-run
productivity type ¢, and ¢y are obtained from empirical exercise. Note that the aggregate welfare

in the general equilibrium model described in section 2 is given by the simple relation
Uy = E/P°

Both the aggregate earning [, and the ideal price index P; depend on the Markov network state

m; and aggregate productivity state z;.

I'The set of nondegenerate equilibria is either a singleton set or an empty set.
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(zt,mf) Ex-ante Ex-post (fixed) Ex-post (no externality) Ex-post

0.5,L 124.12 72.06 82.12 79.68
0.7,.L 112.16 93.55 99.55 96.61
09,L 116.29 114.95 116.79 118.62
1.1,L 129.92 132.02 137.53 131.18
1.3,L 129.92 151.71 137.53 155.39
L.5,L 136.52 168.53 176.71 169.21
0.5,H 113.11 78.68 83.82 79.99
0.7,H 118.28 96.80 99.18 99.61
0.9.H 123.40 113.87 118.61 120.65
1.1,H 126.04 133.75 138.20 138.50
1.3, H 132.00 150.73 158.54 157.30
1.5,H 138.21 168.72 179.39 177.56

Table 5.2: Average Welfare across Aggregate States

For the first margin, I first compute the average welfare U°(z, m?) over each aggregate state
(2¢, md) using p* = 0.3. This is reported in the first column under the name of "Ex-ante" in Table 2.
Then I calculate the average welfare U (z, m?) over each aggregate state (z;, m¢) using p* = 0.3
and fixing the network statistics m, at ex-ante value for all ¢. This is reported in the second column
under the name "Ex-post (fixed)." The difference between these two is the exogenous network
effect

exogeneous network effect = U'(z, m®) — U°(z, m%).

The exogenous network effect is reported in column 2 of Table 3 under the name "Fix Network."
From Table 2 and 3, it is clear that the uncertainty shock increases the persistence of both good
and bad states, which leads to greater dispersion of welfare across states.

For the second margin, I compute the average welfare U%(z, m?) by using p* = 0.7 and by
solving for the Bayesian Markov perfect equilibrium P, using the fixed point equation in CCP (3.7)
while holding fix the aggregate network state m, at the ex-ante level. By doing this, the equilibrium
P, is computed without considering how P, could affect the distribution of m,. The actual Markov
network state m, is allowed to adjust according to P, and to equation (3.2). Hence U? measures

the average welfare of the ex-post economy with the Markov network states adjusting according to
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the new equilibrium P,, but without network externality through m,. U?(z, m?) is reported in the
third column of Table 2. The increase in the aggregate productivity state z;’s persistence leads to
greater dependence on the average welfare on z;.

For the third margin, I compute the average welfare U>(z, m?) by using p* = 0.7 and letting
both the equilibrium CCP P; and the Markov network state m, adjust freely. This is reported in

the fourth column of table 3.

(2, mf) Total Effect Endogenous Network Adjustment
Fixed Network Endogenous Network Network Externality Without Externality
0.5,L -52.06 7.62 -2.44 10.05
0.7,L -18.61 3.06 -2.95 6.00
0.9,L -1.34 3.67 1.82 1.84
1.1, 2.10 -0.84 -6.35 5.51
1.3,L 13.50 3.57 0.02 3.55
1.5,L 31.90 0.79 -7.49 8.28
0.5,H -34.43 1.31 -3.83 5.14
0.7,H -21.49 2.81 0.42 2.39
0.9.H -9.54 6.70 1.96 4.74
1.1,LH 7.71 4.75 0.30 4.45
1.3,H 18.72 6.58 -1.24 7.82
1.5,H 30.51 8.96 -1.71 10.68

Table 5.3: Decomposition of Impact on Welfare

Therefore, the total effect, reported in column 1 of table 3, is given by

total effect = U?(z,m*) — U°(z, m*%).

The total effect is negative for low productivity states and positive for high productivity states due
to a higher state persistence. The total effect is also slightly higher for high discretized network
state H than for L, since higher persistence of productivity state implies higher persistence of the
discretized network state my.

The endogenous network adjustment effect, reported in column 2 of Table 3, is given by

endogeneous network adjustment effect = U>(z, m?) — U'(z, m?).
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The endogeneous network adjustment leads to higher welfare in general. In the case of (2, m?) =
(0.9, H) for example, network adjustment offsets more than 70% of the negative exogeneous
network effect. Network adjustment effect also appear to be greater at the extreme low state
(2, md) = (0.5, L) and extreme high state (z;, m?) = (1.5, H).

The network externality effect, reported in column 3, is given by

network externality effect = U*(z, m?) — U?(z, m?).

The network externality effect is negative in general. In the state (z,m?) = (1.1, L), the network
externality effect is substantial and offsets the isolated network adjustment effect completely. The
network externality effect is reported in column 4 of Table 3.

I define the network adjustment effect in the absence of network externality as

isolated adjustment effect = U?(z,m%) — U (z,m?).

The isolated adjustment effect is reported in column 5 of Table 3. The isolated adjustment effect is
all positive since firms cannot do worse than keeping their linking probability fixed when they can
optimize their conditional choice probabilities.

To get a sense of the relative magnitudes of different network effects, I graph the decom-
position of an uncertainty shock’s total effect in absolutely in Figure 1. The decomposition for
low L and high H network states are graphed separately in figure 1(a) and figure 1(b). The y-
axis corresponds to the aggregate welfare level, and the x-axis corresponds to different aggregate
productivity states. The region represents the exogenous network effect; the green region repre-
sents the magnitude of the network externality effect through global interaction; the blue region
represents the magnitude of the endogenous network effect without global interaction.

By comparing figure 1(a) and 1(b), I find that the network externality effect appears to be
greater in the low aggregate network state L. In the ex-post economy with a higher productiv-

ity persistence level, the equilibrium CCP varies more with the productivity state z;. When the
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Figure 5.1: Decomposition of Network Effects in Absolute Values

equilibrium linking probability is high ex-ante, then the uncertainty shock would lower the linking
probability for low productivity states than it raises the linking probability for the high productivity
states. This means a greater impact on the network sufficient statistic m; in the low connectivity
region L than on the m, in the high connectivity region H. Therefore, this impact raises the
stationary probability of staying in the network state? L. Taking into account the lower network
connectivity in the ex post economy, each firm’s incentive to link is dampened due to such global
interaction. This explains why the network externality effect is negative and appears to be greater
in the low aggregate network state L.

From the results obtained from this counterfactual exercise, I find that the endogenous net-

work adjustment could have a sizable effect on the aggregate welfare, accounting for up to 100%

’In the simulation exercise, the uncertainty shock raises the stationary probability of being in L from 0.12 to 0.14.
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of the total welfare effect of an uncertainty shock, counteracting the exogeneous network effect
in certain states. Additionally, network externality through global interaction is also crucial for
understanding the endogenous effect. When an uncertainty shock raises the aggregate productiv-
ity state’s persistence, network externality dampens the endogenous network adjustment effect.
Knowing that their re-optimization would lead to less aggregate network connectivity, firms adjust
their linking probability less. In some instances, this network externality effect completely offsets

any positive welfare gain from re-adjusting production networks.
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Chapter 6

Extension: Network Formation with

Endogenous Node Entry and Exit

In this section, I present an extension of the endogenous network formation model described in
section 2 and 3. Specifically, this extension endogenizes both the entry and exit problem and
export decisions all in an unified framework with the network formation game. By allowing for
entry and exit decision, this model becomes the first strategic network formation model to feature
endogeneous birth and death of nodes as well as growth of local out-networks. In addition, the
endogeneous entry and exit decision introduces another source of interdependence among network
links, since each link between firm ¢ and j depends on the fact that both 7 and j decides to be present
in the market, which in turn, depend on whether the sum of payoffs from 7 and j’s respective links
justify the entry cost. Another consequence of this extension is that firms are distinguishable within
the same type by the amount of period they have stayed in the market. In this case, the relevant
network sufficient statistic is the distribution of out-degrees across individual agents.
Environment and Timing Forevery ¢ = 1,2, ..., there are two stages of decision making
for each agent. In the first stage, each firm choose optimally buyers in the intermediate inputs
market given the aggregate state and their idiosyncratic draw of relationship cost in a dynamic

Bayesian incomplete information game. Firms also decide 1) whether to stay or to enter the mar-
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ket; 2) whether to export or not given their idiosyncratic draw of fixed costs. Firms are forward
looking and fully rational. At the end of the first stage, the optimal linking decisions and exporting
decisions then yield the matching probability m, as well as other Markov states at ¢ according to
law of motions. In the second stage, firms behave in the same way as described in the previous
section, taking my, e;, y;, and I1; as given.

Foreveryt = 1,2, ..., there are v — 7;_; potential entrants and ~;_; incumbent firms. Each
firm ¢ draws an iid idiosyncratic asymmetric linking cost €;; ~ G, for each other firms j in the
network, an iid idiosyncratic fixed sell-off value or entry cost fZ ~ G s depending on whether it
is a incumbent firm or a potential entrant!, an iid idiosyncratic fixed exporting cost f£ ~ G se. 1

focus on symmetric equilibrium Markov strategy of the following form

Link: Y*(¢,¢',d, s, €) € {0,1}, P*(¢,¢,d,s) = E[X"(¢,¢',d, s,¢€)]
Export:  ¥*(¢,m, s, f7) € {0,1}, P*(¢,m,s) = Epe[E*(¢,m, s, 7))

Entry: 2*(¢,m,5,fs) € {0, 1}, P*(¢,m, s) = Eys [2*(¢, m, s,fs)]

where d is an indicator of whether ¢-firm linked to the ¢’-firm in the previous period; m is a
sufficient statistic for past network peer of the firm. X and P are the strategy and the corresponding
conditional choice probability (CCP) for linking decisions, conditional on the event that the both
firms of the link decide to be present in the market and that the ¢-firm decides to export if the link is
between firms in different regions; 3. and P are the strategy and corresponding CCP for exporting
decisions conditional on the event that the ¢-firm decides to be present in the market; finally, 3
and P are the strategy and corresponding CCP for the entry and exit decision of the ¢-firm. It
suffices to characterize the equilibrium entirely using P, P P. To illustrate, P*(¢,¢',1,s) is the
equilibrium probability of a ¢-firm links or sells to a ¢/-firm given that ¢ type firm has previously

linked to the ¢’ type firm for a given aggregate state s. In this section, I describe the firms’ network

formation problem and define the equilibrium concept that determines the equilibrium CCPs P~,

'In this framework, I assume that both the sell-off value and the entry cost are fully independent and are drawn
from identical distributions. Thus there is no reason to distinguish the two or to keep track of the incumbent state
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]5*, and P, then I show their existence and construction.

6.1 Firms’ Network Formation Problem

Forevery t = 1,2, ..., in a first stage, each firm ¢ draws independently idiosyncratic private costs
{eijelj € Ji}, [, and fE. €3, [, and fF are fully independent from one another across i, j, and
t. Let D;;; be the indicator of whether firm ¢ links to or sells to j at time ¢ and D, be the indicator
of whether firm ¢ exports at ¢. Since firm ¢ do not observe ¢, for j # 4, firm ¢ do not observe D i,

so that 7 has believes P’ where
E!Djiildis drs Djgi, st) = P(95, bk, Digi—1,5), Vi € Jp.
Similarly, 7 has believes P! and P! where

Ejs[Djil ¢, dn, Dje-1, 81 = P (5, mjs, 5¢),

Eo[Djil ¢, dr, Die—1, 8] = P(d5,mje,s0), Vj € J

In order to mitigate the curse of dimension, I formulate the network formation problem so that out
of the three CCPs, only the CCP for linking decisions P depends on linking decision Dj;;_; of the
previous period. Ateacht = 1,2,.... Firm i choose {Di;n|j € Ju,h = t,t +1,...}, {Din|h =
t,t+1,...},and {D;|h = t,t +1,...} to maximize its expected present value discounted profit

given believes P, P’, and P’

mMaxXp,, (0,1}, vh>t MAXpP,\ c10,1},vh>t AKX D, c(0,1}7h Wh>t Es s 1204 {Z;O:t Bt (¢, sn, Din, P, PP z%7f£7€’ih)} -
(6.1)
The period profit function 7 are determined by optimal price setting in the second stage as de-
scribed by the previous section, taking matching probability m,, exporting probability e;, and

type-specific measures of firms II; as given. The ex-post (realization of private costs) period profit
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7 is given by?

. 2 . 2 i Pt pt S rE
71-(¢i7$tal)ital)t?l)ihl)itflal)itflal)’itfbP7P7P7 it it?eit):

Dit Wg(qbiamihstapiapi?pi)_}—
~~~

incumbent domestic final good

. 1 i pi D - - . S
/ Djt Dijt ™ (Cbivgbj»mihshp>P7P)_p¢i(1_Djt—lDit—lDijt—1>+€ijt dj — it
J€Jt,Rj=R; ~~
network intermediate good sunk cost
- C i Pl pi
-+ Dit WE(qb’iaStaP?P?P)
~—

export exported final good

+L€Jt772j7é7zi Djt Dyt 7TI(¢¢-, G5, Mit, St, Piypia ]51) —Pm(l - Djt—IDit—IDit—lDijt—l) +eige | dj — f” .

network intermediate good sunk cost

where py, is the measure of “stickiness” of network and exporting. 7¢ and 7! are given by equa-
tion (2.11) and (2.12). The network stickiness is heterogeneous across type ¢. This allows for
heterogeneous network response to aggregate shocks, since types with low p can adjust their net-
work more freely than types with high p. Although the period profit function depends on decision
D, D, D made in the present and previous period, the associated Bellman equation can be written
in a way that does not depend on D;; 1, Dz-t_l, ﬁit_l, and Djt—l by introducing a firm specific

sufficient statistic.

6.2 Law of Motions

First, I introduce two new aggregate state 71,(¢) and m;(¢) that keeps track of the proportion of

the population of firms that 1) made the entry/staying decision D;;; 2) made the exporting decision

ZNote that the total ex-post profit function 7 depend on both the measure of the incumbent firms +;_; and the
measure of all firms 7,_; but profit functions for specific markets 7€ and 7! do not depend on y;_; and 7,1 given
the optimal decisions in the first stage. This is due to the scale-invariant nature of the second stage model. Therefore,
the long run growth of the global economy (growth rate of ~, and 7;) affects the short run equilibrium only through
the endogeneous network channel.
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it-

_ Jies Dil{9; = ¢} _ qulL(9)

Jies Wb = ¢}dj V()
 Jies DD 1{¢; = ¢}dj
ey Dil{o; = ¢}dj

where 7;(¢) is the measure of all incumbent and potential firms for a given type ¢ at t whereas
v11;(¢) is the measure of all incumbant firms for a given type ¢ at ¢ (entering the second stage of
decision making). Next, I introduces a private state m;;_1(¢’) that acts as a sufficient statistic for

each firm ¢’s realized past network peers D;;_4

Djt—1D;ji—1Ds_11{¢;=¢'}dj

jed r_
/ Ye—11I—1(¢") ’ R R
mig-1(¢") = . . - o
jEJDjt—leijt—lDit—lDit—l1{¢j:¢ +dj R —R
Ye—11Te—1(¢") ’ o

mis—1(¢’) is the average out-degree of i to ¢/-firms at ¢ — 1. Let f7";, , ,(mi 1) denote the out-
degree distribution of the private state m;;1(¢') attime t —1 for ¢; = ¢. { £, 1 (Mir—1)}(p,9).¢ 19
both common knowledge and an aggregate state that is sufficient statistic for the entire production
network. Since firms are infinitesimal, each firm can use fJ’;, ;| (my 1) to integrate out the private
states of other firms when forming believes about their actions. For instance, define the entry

probability P average over Dl-t_l, f)it_l, and m;; across all firms

< 1.
P(o.50) = [ P(om.si)fy s (m)dm

P and P can be defined analogously. Then the equilibrium CCPs P*, P*, P*, m;, and the aggre-

gate state s;° are sufficient statistics for the production network D. The aggregate measure of firms

38y = (Y1, U4—1, 41, f™1). Note m;_1 is also redundant once both m;;_; f™, are known.
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evolves according to the following equations

=3 P (¢, 5)7-1(9) 6.2)
ped

() = 7 ' P* (¢, 5:)7-1(9) 6.3)

5:(8) = 3(9) (6.4)

The firm-specific private state (conditional out-degree) m;;(¢) is Markov and evolve according to

mit(Qb/) = H(Cb,, Ditu Ditu Myt—1, St) (6.5)
= Ditﬁ(éb/, St) lP(Qba ¢/a 1,m_q, St)mit—l(ﬁb/) + P(¢7 ¢/7 0, M1, St)[l - mit—1(¢/)]]
mit(¢/) = H(Cb/, Dita Dita mMit—1, St) (6.6)

= Dit[)itf;@l, St) [P(Qﬁ, ¢’: 1,myq, St)mitfl(ﬁﬁ/) + P(¢7 ¢I, 0, M1, St)[l - mit1(¢/)]]

The variation in m;; across ¢ and ¢ comes from the variations in the initial conditional out-degree

mio and the variation of the realized path D! = (D, ..., Dy_1) and D! = (D, ..., Dy_1). Note

that without the binary decision Dit and Dit, f™ becomes degenerate and m;; = m; for all i.
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Next, the following law of motions for the Markov states 1, 772, and must satisfy*

Frlm) =30 [ Vi =myds
::}/(¢)71 Z ﬂd)(Dt)Dt;St)/ 1{H<Dt7Dt,mit71’St) = m}dZ
(Dt,Dy)€{0,1}2 i€J|pi=¢

=3(¢)"" > %Dy, Dy, St)/

L /1{mit—1 = mf}didmf
(Dy,Di)€{0,1}2 m~€H~1(Dy,Dy,m,s¢)

= (Dtﬁbgej{mp %Dy, Dyysi) | R U L (6.7)
(6,6 = bl(@) ! [ frmmdm, R =R ©3)
(@) = [ £ s (m)P(6.m, s)dm = P(6,5) (69)
() = [ £ r(m)P(o.m, s)dm = P(6,5) (6.10)

where

ﬁ¢(Dt, Dn St) = DtDtmtmt +[1— Dt]Dt(l — Thy)my

+ Dy[1 = DiJrig[1 =] + [1 = Dy [1 = DiJ(1 = ring) (1 — 1) (6.11)

The probability of exporting for a ¢-firm is redundant once 1, (¢) is included in the aggregate state

S¢

era(9) =1u(g), R #R
era(9)=1, R =R 6.12)

“Note that m, is now effectively the matching probability taking into account both the entry decisions of both
parties

ma(6, ') = P21 (BT (6/)] " / / Dt D2 DY didi
icJ,pi=¢ JjcJ,pj=0¢’

for R;=R; and the exporting decision m. (¢, ¢') = [yIL ()L (&) " [ic 6, —0 et b= D};,D;, Dy D%, djdi for
R; # R;, since I can freely set D, =
is embedded in the laws of motions.

0 when either one of D;‘t, Dy, D;-‘t is zero to avoid ambiguity. This convention
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To understand these laws of motions intuitively, let P4 ; denote the probability measure of events
on the measure of firm dyads with a given pair of types ¢-¢’ at t and let Py, denote the probability

measure of events on the measure of firms with types ¢ conditional on s;, then

Py 1{Dijr = 1Dy =1, Djt =1} = my(¢, ¢")
Pyi{ Dy = 1|Dy = 1} = iy (¢)

P¢,t{Dit =1} = 1iu(9)

Given the public network statistic m,, private network statistic m;, export probability e; or
1y, and aggregate states -y, I1;, equilibrium profits 7¢ and 7! at ¢ are determined by profit functions
without the knowledge of f7;. Recall that the firm-specific demand shifter satisfies the following

modified version of recursion (2.21)

) Z T(R, R/)_UQ%TI(PR%)UURQFF
R'e{FW,H}

o

e Y M(@)mir(¢, ¢') (1 — o) (

¢'ed

>U7‘(R,R’)_0yt(¢')ct(¢')a (6.13)

oc—1

The firm-specific term y;;(¢)c;t ()7 is now i-specific instead of ¢-specific due to the heterogeneity
in 4’s local network m;;(¢’) instead of the aggregate matching probability m, (¢, ¢’). To obtain the
original recursion, simply integrate out ¢ using the condition out-degree distribution [, for type
¢ at time t. Therefore, the second stage equilibrium can be solved in the same way to derive the
original profit functions 7/ and 7 (does no depend on m,,), which are now interpreted as profit
functions aggregated at the type-level with local network m,; averaged out. Firm ¢-specific profit

functions 7! and 7¢ (depends on m;;) can therefore be derived using equation (6.13).
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6.3 Bellman Equation

Let P denote firm i’s belief functions of other firms’ strategies (P?, P, P?). The Bellman equation

for the ¢-firm’s linking problem described in equation (6.1) is as follows

V (¢, Dit—1, Dit—1, Dig—1, Mt 1, 5¢) = E(e,fs,fE) . max max  max Dy
D;€{0,1} Dit€{0,1} Dy e{0,1}

(/jeJD Dithjt [WI(@, Gy St M1, P') — pi(1 — Dijt—lDit—lbjt—l) — fijt‘|
+ Dy (Wg(ébi, 5, P") + (/jeJE Dithjt[WI(ﬁbi, Gis M1, 56, P) — pi(1 — Dijt—lbit—lbit—lbjt—l)
+ BE[V (¢, Dit, Dis, Dig,m’, 8", P')| Dy = 1, Dy = 1] — ff))
+ 75 (¢, 8, P') + (1 = Dyy) BE[V (¢4, Dig, Dy, Dig,m’, s/, P))| Dy = 1, Dy = 0] — {g}
+ (1 = Dy)BE[V (i, Dit, Dig, Dig,m’, s, P')| Dy = 0, Dy = 0]] (6.14)
where

JP=Jn{j:R; =R}
TP =T0{j:R; # Ry}
Dit(j):Dijt

Dt(J) = Djt

The states Dit,l, Dit,l and Dj;_; are encoded in m;_;. Now I introduce the solution concept

which determines the equilibrium CCP P*, 15*, and P*.

Definition 5. A symmetric Bayesian Markov perfect equilibrium in the open economy with en-
dogenous network described in this section and the previous section is the set of condition choice

probabilities { P*(¢, ¢/, d, s)}, {P*(¢,m,s)}, and { P*(¢, m, s)} that satisfies
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1. Rationality: the associated Markov strategies >.*, f]*, and 2* of P*, P*, and P*

D:jt = *(Cbi, ¢j, Dijt—ly Myit—1, St, eijt)
D;'kt = 2*(¢’L’ Mit—1, St, fz?)

D;-kt = 2* (Cbz, Mit—1, St, f{?)

solves the Bellman equation (6.14) for every 7 € J and for every .
2. Consistency: Pt = P*, Pt = P* and P' = P* foralli € Jand forallt = 1,2, ...

Note that the equilibrium strategy functions X%, %%, $* are all Markovian and only de-
pend on sufficient statistics ff ,}4 of the past network included in the aggregate state s; =
(ve-1, i1, {f3%_1}¢) and private sufficient statistic m;_; of the local network. In particular,
the information in D;j;_; is completely encoded in private sufficient statistic m;,_;. This feature
mitigates the curse of dimensionality of dependence on past networks when estimating P*, P* and

P* nonparametrically.

The Bellman equation (6.14) is equivalent to a set of “mini” Bellman equations that are easy

to solve individually.

Proposition 7. If the value function V' satisfies equation (6.14) then there exists V¢]:,)¢’ and Vfd,,

such that V' can expressed as

Vig,m,s,P)= Y TP°(¢,d, m)\Vo,(d,m,s,P)+ > (¢, d, m)V,5,(d,m,s,P)
(¢, d)]R'=R (¢, d)|R'=R

EVf(m,s,P) EVf (m,s,P)
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where V(fd) and Vfd take the following forms

V(z)?d)/ (d, m, S, ]P)) - Ee

max {P((b,m, s)ﬁ’(qzﬁ',s)

d’'e{0,1}
x (d'w«za &, 5. B) = p(1 — d) — € + (6,81, dy m, $)ELFS| s = 1] + BEIVD, (&', o/, P, = 11)

+P(¢,m, $)[1 = P(&/,8)|BE[V.L, (0,m), ', B)| Dy = 1] + [1 — P(¢,m, 5)|BE[V.L, (0,m', s/, P)| D}, = 0] H (6.15)

and

E _
Viw(d,m, s, P) = E. Jhax,

max {P(gb,m, S)]S(¢/,S)P(¢, m,s)
x (dl[ﬂl(¢, ¢ m',s,P) = p(1 —d) — ] + (¥(6, ¢',d,m, ) (x5 (6, 5,P) — E[f|D;, = 1])
+ BEVE, (d,m/, s, P)|Dj, = 1,D}, = 1])

+ P(¢7m7 S)P((b’ma 8)[1 - P(¢/7 S)]BE[V¢?¢>’<07 mla 8/7P)‘D:t = 17 D:t = 1]

+ 1= P(d,m, 5)P(o,m, $)BEVLE, (0, m', 8 ) DDy, = 01}] (6.16)

where (P and (¥ satisfies

> 2(¢',m, s)CP (¢, ¢, d,m,s) =1, Yo, € d,seS,mel0,1]®
(¢/,d)e®x{0,1}|R'=R

> (¢, m, )¢ (6, ¢, dym,s) = 1, Vo, € B,s € S,m € [0,1]®
(¢',d)e®x{0,1}R'#R
and TP and TIZ are defined as
2(¢', d,m) = 3(¢)[dmu(¢) + (1 — d)(1 — mu(4))], R =R,

(¢’ d,m) = (&) [dma(¢) + (1 = d)(1 — mau(¢))], R'#R.

Although VP/V¥ are unique only up to some functions (¥/¢? that can be freely chosen, the
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linking decision problems do not depend on the form of (£/¢”. In addition, note that agents are
infinitesimal so that the probability of s’|s does not depend on each individual firm’s choice D,
D,,, and D;,. This is the key assumption that give rise to additive separability of the value function.
However, the continuation value still depends on the choice D;;; through the term that captures the

sunk relationship cost and the private state m,; also depend on Dit, and Dit in a simple way.

6.4 Fixed Point Equations for the Equilibrium CCPs

Solving each “mini" Bellman in Proposition 2 yields fixed point equations that determines the

equilibrium CCP P, P, and P.

Proposition 8. Suppose that profit functions ©* and 7§, are given by the equilibrium define in econ-
omy described in section 3.1 with the law of motions defined in section 3.2. Then the associated
Bayesian Markov perfect equilibrium (P*, P*, 15*) exists and is characterized by the following

system of fixed point equations
P*(p,¢',d,m,s) =G, (WI(¢, ¢ m’ s, P*) — p(1—d)+ BEVL, (1, m/,s',P) = VL, (0,m/, s\ P)| D, = 1]) (6.17)
for R =R and

P*(¢,¢',d,m,s) = G, <7r1(¢>, ¢, m',s,P*) — p(1 —d) + BE[VE,(1,m/,s',P) = VE,(0,m/,s',P)| D}, = 1, D;y = 1]> (6.18)
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for R # R and

15*<¢,m7s>=GfE(m€<¢,s,P*>+ > ﬁE<¢’,m,s>[P(¢',5>P*<¢,¢',d,m’,s>

(¢, d)|R'#R

[71(p, ¢, m, 5, P*) — p(1 —d) — E.[e|]2* (¢, ¢, d,m, 5,€) = 1]]1

ot

+BE[VE(m/, s\ P*)|Df =1,Dy = 1] — BEVE(m, s\ P*)|Di =1,Dy = o]) (6.19)

and

P*(gbvma S) = Gfs (Wg(gb,S,P*) + Z ﬁD(¢/am7 5) lP(qb/,S)P*(Qb, ¢/7d78)

(¢/,d)edx{0,1}|R'=R

[T‘J(¢7 ¢/>m/7 3>P*) - p<1 - d) - Eﬁ[dz*(¢7¢lad7m7 876) = 1]

+BEVE, (1,m!, s, P) = V2, (0,m',s',P)|Dj, = 1]]]

+ P*(¢,m, s){ﬂg(qﬁ, s, P*) + Z ﬁE(qb’, m,s) llg(gb/, s)P*(¢,¢',d, m, s)

(¢/,d)|IR'#R

[ﬂj(gb’ ¢/7m/’ 37]P)*) - p(l - d) - EE[€|Z*(¢7 ¢/, d7m7 S,E) = 1”]

+BEWVS (', s, P*)|Df, = 1, Diy = 1] = BEIVF (', ', P*)| D, = 1, Diy = 0] + E[f*|D;;, = 1]}) (6.20)

For nonparametric estimation of P*, P*, and 15*, the state space S is discretized so that both
ng, and Vqﬂ, can be solved directly by inverting the Markov transition probability matrix for state
s. Link decisions to foreign firms are interdependent through the export decision captured by the
equilibrium CCP P*. This means that international trade shocks to one region of the world affect

firms’ link decisions to other foreign regions by shifting the overall values of exporting.

The continuation value of production link is captured in the value differential term

BV (Lm! ' P* PP =V P (0,m o/ P* P PY)|d =1,d = 1].
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For a given pair of types (¢, ¢'), this term is large when there is a high probability that the econ-
omy will transition into a favorable aggregate state s’ in which the sunk relationship cost is more
relevant for linking decision, i.e., when the long run profit from selling in the intermediate market
is high. When the expected profit from intermediate market is low, the probability of establishing
a link in the next period is also low, which implies that the sunk cost saved from pre-establishing a
link in the current period is also low. Therefore, the model suggests that the production network re-
acts to anticipated shocks. In addition, the persistence of favorable or unfavorable state also affects
for the size of this value differential. As a result, the production network responds to permanent

shocks more than to transitory shocks.

The value differential term also differ across the sufficient statistic for the local network m.
This implies that incentive for new entrants to form link is lower than the incentive for firms which
have stayed in the market for a long time. To see this, note that it is harder to the new firms to stay

in the market next period because they are less connected.

6.5 Existence of Bayesian Markov Perfect Equilibrium

Proposition 9 (Existence of BMPE). Suppose that the profit functions 7!, 7%, 7% are all Lipschitz

continuous in s and P with some constant M™ > 0 and bounded from above by 7. Suppose also
that € ~ Logistic(0,0.), f¥ ~ Logistic(0,0z), 5 ~ Logistic(0,0s), and the state transition
function ¢¥ (s'|s) is Lipschitz continuous in s for all s' € S with some constant M7 > 0. In addition,

the following condition on the parameter bound satisfies
I.opp > (4=7)" 7+ p+W[Ge(=p)] " +235(1 — B) 7]
2. 045 >3(4—37) 77+ p+ Wn[G T (—p)] 7+ 2¢8(1 — B) 7]

Then there exists (componentwise) Lipschitz function P* in s for all (¢, ¢',s) € ®* x {0,1} with
sufficiently large Lipschitz constant M > 0 that satisfies the fixed point equation defined by equa-

tions (6.17)-(6.20).
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Proposition 9 with normally distributed costs ¢, ¥, f¥ can be proven analogously following
the proof strategy described in the appendix. The law of motion described by equations (6.2)-(6.12)
also satisfies the conditions on the state transition function ¢* (the transition probability for most
of the state are degenerate). Moreover, for sufficiently large o» and o=, the pair of conditions on

the parameter bounds always satisfies.

6.6 Conclusion

In this paper, I developed a tractable network formation model that extends the existing static
Bayesian network formation model with incomplete information to a dynamic Markov setting. I
apply this model to study endogenous production networks’ role in terms of shock propagation
in an open economy. This approach’s significant new feature is that the equilibrium conditional
choice probabilities depend on both individual and aggregate network state. This feature allows
me to investigate the importance of network externality through global interaction. I show how
this model can be estimated using a two-steps likelihood approach with US input-output data. In a
counterfactual experiment, I find both endogenous network adjustment and network externality to
be quantitatively relevant in the context of the aggregate welfare effect of an uncertainty shock to
the aggregate productivity process. Most importantly, network externality could potentially offset
the welfare gain from endogenous network adjustment. Therefore, network externality could offer
an alternative explanation for observed network persistence. Moreover, I show how the model can
be extended to account for both endogenous entry and exit of nodes. This novel framework paves

the way to study the endogenous growth of network jointly with endogeneous network formation.
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Appendix

A.1 Imputation of Aggregate States

In this appendix, I show how to impute aggregate network state 77,(¢, ¢’) and aggregate produc-

tivity state 2, using observations { R;(¢, @) }+.sca ¢/ co-

A.1.1 Identification and Estimation of proportion of types

Define m (¢, ¢') = ymy(¢, ¢') as the matching measure. In the GE model, the equilibrium only

depend on the matching measures m;(¢, ¢') instead of v and m;(¢, ¢') separately.

Let R;(¢) denote the total revenue of all ¢-firms, then

Ry(¢) = Y Ri(¢,¢).

$'ed

By equation (2.11)

H(gb) o Zt_URt(Cb)

AN Ztl_aRt(qs/)
@A) )

R ACHTRNCD

By imposing I1(¢) 4 I1(¢’) = 1, I can solve for

y = e By(¢)/[HE(¢") Au(¢)] i Ry(¢)/[HE(¢)Au(¢)]
pawg '
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It follows immediately that

Ry(0)/[H (9)Au(9)]

B (
M) = R V@) 5] + Rl [T DA D)]

In the GE model, both H;(¢') and A;(¢) depends on II(¢), 7, and z; for a given set of parameters,

so IT can be expressed in terms of a fixed point equation of 7, and data R, (¢)

i i~ — Rt(¢)/[HC(¢7mt7ﬂ)A(¢7mt7wt7‘zt7ﬁ)]
L, 1T W 20) = B T e A o, 0} () 1 6 A Gzt A D)

Note that by using the real wage data w;, the equilibrium calculation in equation (2.17) and L; can
be avoided. A,(¢) is proportional to zy " which cancels out. Solution 11 to equation (A.1) only

depends m;, z;, and w;. In practice, the solution is unique and converges fast for a given m; and z;.

A.1.2 Identification and Estimation of aggregate productivity shock

The challenge in solving fixed point equation (2.17) is that we do not observe z;. The goal is to

express z; in terms of 7, wy, and I1. This can be done by imposing the constancy of I1(¢)

ﬂ<¢,mt,wt,2t) :H((b), vVt = 172,...

and set the initial condition z; = 1 to be the steady state. Then the solution to equation (A.1) at

t=1,

H(¢a ml) = ﬂ(¢, my, wr, 1)

can be solved for a given my. Fort > 1, 2, = z(my, wy, I1) is obtained by solving

1 y — Rt(¢)/[Hc(¢7mt’ﬁ)A(¢’mtthrzt’ﬁ)]
1@, 71) = B G i@ T (6 e et O+ R (9)/ TH (e DA ez ] (A2
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A.1.3 Identification and Estimation of matching measures

Form the normalized total revenue shares

D / Rt(¢7 Qy) mt(¢7 ¢/)T(¢7 ¢,7 mta W, 1:[)
Ri(o, @) = - _ A3
)= S R0 )~ 3y (@i, (o i) )

where the GE revenue function is given by equation (2.12), (2.22), and (2.16)

r(¢, @' 1, we) o< HE(9, i, ID)[HA (', iy, D] HY (wy/ 2, wy, 11)) + HA (¢, 17y, 1D)]

with z(myq, wy, ﬁ) = 1. The network centrality terms H¢, H2>, H~F and H} depends (contin-
uously) on ﬁ(d), m1) and m, for a given set of parameters. Moreover, the centrality terms are
strictly increasing in 7(¢, ¢'). Therefore, m; can be solved from following system of equations

(A.3) along with matching the following two ratios

R(¢) @) (A4
Z(;S Rt(qb) Z¢ Rt(¢) (AS)

Yo Bu(9,¢) g Bel(6#)

for all (¢7 ¢/) € {¢L7 ¢H}2'
Provided that the solution to this nonlinear system is well behaved, this gives us the imputed
(¢, ). Note that to solve for 1y, I1(¢, 721 ) must be solved for each guess of 772, using the fixed

point equation (A.1). In practice, this fixed point problem of II converges fast. For ¢ > 1, this

nested fixed point problem becomes unnecessary by exploiting the constancy of f[(gb, my).
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A.1.4 Identification and Estimation of Network Sufficient Statistic

Having imputed m;, the following quantities can be calculated

HE(¢) = H (¢, 1y, TL($,171))

At(‘b) = A(¢7 mh We, 2157 ﬁ(¢> ml))

21& - Z(mtv W, ﬁ(¢7 ml))

The total measure of firms 7 is over identified by

4, = 51 BOVILN A + Ri(9)/1HF () A1(9)
pawy '

And the estimator for the total measure of firms -y is

Finally, by definition of matching measures m,(¢, ¢’), the network sufficient statistics can be re-

covered using

mt(¢7 ¢/) = mt(¢7 ¢/)/’S/

A.1.5 Identification and Estimation of long run productivity levels

Using the marginal cost equation (2.9) and the total revenue function (2.11)

%_1 Ri(or)/ Ao
() () i — (1= abyrma] | OO

%—1 Rt(¢H)/At(¢H)
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where

H(pr)me(dr, or) (om)my(dm, 1)
W(or)mi(or, du) (o) mi(du, om)

Mt:

Intuitively, marginal cost can be estimated using R:(¢)/A:(¢) and (w;/z;) on the right hand side.
The empirical counterpart of equation (A.6) is

%_1 ~ | Re(or A1t L
¢ = (™) (wy/2)° T — (1 — ™) =74 M (92)/ e(0r) (A.7)

o7 Ri(ou)/Ai(bm)

where 7, Z, A and M are given by the previous steps for given values of (¢, ¢y). Denote the

solution to equation (A.7) {(¢1+, dr4)}, then
- 1 K. ~ 1 K
L= bre Ou =) P
Ti= T=

Note that each iteration for equation (A.7) calls for evaluation of M,, which can be computationally

heavy.

A.2 Discretization of Continuous State

For estimation and simulation, the aggregate continuous state is infeasible. There are two ways
to deal with this challenge: 1) divide the continuous support of s and replace each region of the
support with discrete states; 2) use partial sums of basis function in s expansion to approximate

each function continuous in s.

First, I show how to divide the continuous support. For exposition purposes, let s; include the
aggregate network sufficient statistic m;_;. I show existence for a sequence of approximate models
indexed with N in which a discretization function fV(-) : [0,1] — Dy is applied to each of the

continuous states in s, where Dy is a finite set contained in [0, 1]. The discretization function f~
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satisfies the following condition

fN(s) =5, N — oo.

For instance, I set Dy to be set of 2%V points obtained from the uniform partition of [0, 1]. The CCPs
associated with the Nth approximate model are denoted P*™), Fix a discrete state (¢, ¢, d) and

consider P to be a function of s indexed by (¢, ¢, d). Let D(P) be the domain of P. Then P*®)

1D(

. . . *(IN . .
can be either represented as vectors in Euclidean space [0, 1]/P(” “Nlor piecewise constant func-

tions in the space of real regulated functions defined on D(P), denoted by Reg(D(P)). Reg(D(P))
equipped with sup norm is a complete metric space by standard analysis. The following theorem

justifies this approximation.

Proposition 10 (Convergence of Approximating Models). Let P* be a fixed point that solves the

fixed point equations defined by (3.7)

P*(s) = T(P*)(s).

Let fy : [0,1] — Dy with |Dy| = 2V be a sequence of discretization functions such that

fN(s) —s, N—= o0

and define the Nth approximation of the fixed point equations (3.7) by applying f~ (-) to s so that

Then P*N) that satisfies the above fixed point equation exists for every N € N. In addition, if T

is a contraction mapping, i.e., T is Lipschitz continuous in P with constant K € (0,1), then P* is
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unique and there is a sequence of { P*™)}35_, such that
PN s pr N5 oo

in Reg(D(P)).

Note that in Proposition (10), the Markov transition probability Q7" (s'|s) is not discretized
even if P(N) has discrete support. In practice, I replace Q¥ ) (s'|s) with the induced transition
matrix Q" (s?'|s%) where s? € Dy. The main difficulty of applying Proposition 5 is to show that

T is a contraction in P.

Alternatively, consider the following mixed approach for approximation. Since the evolution
of m,_1 is deterministic and high dimensional compared to z;, i, I discretize the support [0, 1]“1"2
for m;_, and use series approximation for dependence for z; ;. Then consider the following

approximations

N
PO Am (1) = 3" al (¢, ¢, d, m?)T(2)
=1

where T;(z) is the ith Chebyshev Polynomial of the first type. Chebyshev Polynomials has several
good properties when approximating a Lipschitz function. Fix a set of coefficients {7 (¢, ¢', d,m)} ¥,
that determines an approximation PV of P. There is an induced transition function for discretized

. 2
sufficient network statistics m?, m* € ]D‘ﬁ‘

QP(Zamk|mj) ~ al aT mj mk: (2

QY™ (mk|md, 2) =
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Similarly, consider the following approximations

Enl(m?,mF, ) Zoz (m?, m™)T;(z)
Ele; (¢, ¢, d,m?, z,¢) = 1] Zomrcbfb d, m")T;(z)
Wl 2) Y (6,6 dy T2
=1
Then suppressing the type dyad ¢¢, the product of terms such as
QY™ (m¥|mi, 2) PN (d,m?, 2) E [z (m?,m*, )| ]
can be written as

> i a5 of T(2)T;(2)Ti(2)

/L'7.j7k:

TPm

Denote o

(m?,m*,d,m) = o] afaf, then apply the product rule
1
Ti(2) * Tj(2) = (T (2) + Tiy)(2))-

The coefficient on the linear term 77(z) can be shown to be

~ T 3 ™ ]‘ s
Oé?P _4 {ﬁ +4 g}ﬁ + - Z Za(k+1k+1

k dd T
+ - Z Z O[Tiﬂ—l E=1p + += Z Z Olezgl
4o T ? 247
1 N-1 Tp 1 N N—-k+1
T Z Z aT(k?k‘H )0) +7 Z Z Z aT(z i+k—1)k)
4107 415 ALk T

1N2Nk1

+ - Z Z za’r(z i+k—1)k

kO i#£k T

Apply analogous argument to all terms to the right hand side the Bellman equation (3.6) and

let a¥(d,m’) denote the coefficient on Tj(z) of the series approximation of the value function
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P (d, m’, z). The Bellman equation can be expressed in terms of coefficients on the basis func-

tions

a’(¢,¢') = MY (6, ¢')a" (¢, ¢)

where a”(¢, ¢') is the stacked vector of a¥(¢, ¢, d, m’) and for example

a¥(d,m?) = Z mF) + & P (m? ,mF) + dpa™" (m?,m"*)
k

+ 8@ (@0 (0,m")) + a7V (af (1,mb))).

If a Lipschitz solution exists for the Bellman equation v = Tv in equation (3.6), then

,,,,,

which implies

The product rule of the Chebyshev polynomial implies that the part of T (error) in the approximat-

ing space is of minimal order NV — N + 1. Hence, & — v as (NV — N) — oo.
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Value Funct

ini

A.3 Expression for the Difference of M

Equation (4.3) can be written in the following stacked form for a given pair (¢, ¢')

<Sk7 Sl) + E[€|S¢¢’(O7 Sl? 6) - 1]]

(s*, st

I
g
I

Dk QP(Sk‘Sl)p@/(O, sh)[r

(1,s',¢) = 1]]

A

)+ Ele|Xgy

<Sk7 82) + E[Eli@b’(O? 527 6) = 1“

oo’
I

Sk QP (5581 Py (1, 81) [

oy
I

A

(L5 = 1]

A

)+ Ele| gy

(s*, s

ol

Sk QP (5%]5%) Py (1, 82) [

P
T¢¢’71

UP(¢, ¢',0,s)

P (o, ¢/, 1,5

vP (6, ¢8,0,52) | = |20 QF(5]52) Py (0, s2) [

P (6, /)1, 52)

P
V¢>¢'

A

S QF (s*[") Pygr (1, 51)

A

Zk; Q}S(Sk|52)P¢¢/(1, 82)

Toora
(0,5)Q" (s']s")

(0,51))QP(s*|s") -+

) (1= Py
) (1= Py
) (1= Py
) (1= Py

(0,51)Q"(s']s"

Py

(1— Py

(1,5)QP(s%[s") -

(1.sN))QP(s']s") Py (1. sHQP (s']s"

(1— Py

(0, 32))QP(52|52)

P,

o (0,57)Q (5152

(0,5%)Q" (s']s%)
o (1,52)Q7 (ss?)

(1— Py

(L #NQP(?) -

P,

o (L, QP (517

(1= P,

$¢’,0

+

vP(6,¢',0, %)

vp(gb, ¢, 1,sh)

vp(gb, ¢, 1, 5%

X v (6,¢',0, %)

VP

P9’
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Provided that F§¢/,0 is invertible', the above can be solved as
Vd)j:;/ — (Ff;j)’,(])_lel)Z)/,l + p(rg¢/70)_1ng§/’1.
Let S* denote the vector fori = 1,2, ..., 16.

Gi—|0 -~ 01 —10 -+ 0

ith pair

Then the value difference can be written as

"UP(Cba ¢’ 1, mi) - UP(¢> ¢',0, mz) = Si(rgw,o)_lTﬁyJ +p Si(rgw,o)_nggyJ .

TP (¢,¢/,mi) T2 (¢,¢/,mi)

A.4 Decomposition of Continuation Value Difference

The continuation value of forming a link is captured in the value difference term

EL by (1,8") — vl (0,8)].

s'|s

Fix a given pair of types (¢, ¢’) and suppress ¢¢’ in the notation. Denote both the CCP and the

value difference term with respective to individual network state d

§aP(s) = P(1,5) — P(0,s), dqv7(s) =07 (1,5) — 0" (0, 5)

'Fg .0 is singular if there are degenerate state sk i.e., state with zero stationary distribution. In such cases, the
degenerated states should be merged to reduce the state space.
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The value difference term satisfies the following Bellman equation

67 (s) = 64P(s)EL [11(s) ]+ pP(0,s) +[P(1,5)£7(1,s) — P(0,s)£7(0, 5)]

s'|s
network access benefit sunk cost saving idiosyncratic cost adjustment
P P
+ 55dp(8> Es’\s[(sdv (S )]
—_———

effective discount factor

This decomposition shows that the continuation net benefit from forming a link today consist
of (discounted sum of) three terms. The first term is the benefit from having better access to
the payoff provided by the network. The term 0,P(s) is expected to be positive since having
established link in the previous period lower the relationship cost and raises uniformly in s the
probability of accessing the payoff provided by the link in this period. §,P(s) is increasing in p
and tends to zero when p — 0. It is also governed by the size of expected payoff E5|S[7TI ()]
When the aggregate state is expected to be favorable in the next period, the network access benefit
term will increase.

The second term is the saving from not having to pay the sunk cost for establishing a link in
the current period. Holding P fixed, this term is increasing in the sunk cost or network stickiness
parameter p. However, in equilibrium, P(0, s) is smaller when the network stickiness p is large
to avoid paying the sunk cost frequently. Moreover, when an expected favorable aggregate state
s creates strong incentive for establishing a new link, that is, when P(0, s) is large, the sunk cost
saving term also create incentive in the previous period to establish a link through the continuation
net benefit term d,v”(s). Therefore, network formation is more active in periods that anticipates
favorable aggregate states instead of being in periods with favorable aggregate states.

The third term is the expected difference in idiosyncratic cost. The term £7(d, s) is the ex-

pected idiosyncratic relationship cost conditional on the state of the previous link d

£(d,s) = Ele; 2(d, s,¢) = 1] = /02—1(P(d ) edG.(€)

Note that £7(1,s) < £7(0,s) when P(1,s) > P(0, s) because agents are able to pay more id-
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iosyncratic relationship cost when they don’t have to pay the sunk cost due to having established a
link in the previous period d = 1. For standardized symmetric distribution G, the size of this term
depends on §4P(s) and the sign of this term is ambiguous. The term £F(d, s)P(d, s) is bounded
within [0, P?] where P satisfies

]5:/00 _ edG.(e)

~G(P)
For example, when G, is standard logistic, P?> ~ 0.42. The marginal agent pays the same rela-
tionship cost regardless of their individual network state d but it is less likely to be on the marginal
when d = 0. This implies that the expect total cost saving for the agent with the previously
established link d = 1 is still higher than the agent without the established link d = 0.

Finally, 0,P(s) determines the effective discount factor for the continuation value difference
term. When 0,P(s) is small, there is only a small difference in chances of continuing with a link
established versus continuing without a link established. Forming a link today has small impact
on the continuation value for all states and therefore d,P(s) effectively "discount" the difference
of continuation values with respect to the individual network state d.

From the analysis above, one can see that main incentives for the marginal agent to take a
temporary loss in order to establish a link today is 1) the agent anticipate that the payoff from
[71(s")] ; 2) establish

network access will be great in the future with favorable aggregate state £

s'|s

link today leads to greater probability of forming links d,P(s) and receive benefits in the future.
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A.5 Proofs

A.5.1 Proof of Proposition 1

This proposition follows immediately by recursive substitution with £¢ and By defined as belows.

K= (1—a)7ut ™7y

H(¢1)mt(¢1: ¢1) H(%)mt(@, ¢1) T H(¢K)mt(¢K7 ¢1)
Be— H(¢1)me(¢1, ¢2)  W(g2)mu(go, d2) - H(dx)mu(dx, d2)
H(p1)me(o1, ¢x) H(p2)mu(d2, 0x) - H(ox)mu(dx, dx)
1{¢1 = ¢} 0 e 0
0 1=} - 0
(B = | {¢. o} | |
0 0 - ok = o}

(BE)% (s, ¢;) is ijth element of (Bf)?, which is proportion to the measure of ¢; — ¢; path of

distance d > 0. O
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A.5.2 Proof of Proposition 2

This proposition follows immediately by recursive substitution with k¢ and B2, and B~Y defined

as belows.
K= (1—a™)7 oy

H(¢1)mt(¢1, ¢1) H(¢2)mt(¢1: ¢§) H(¢K>mt(¢17 ¢K)
BA — (p1)me(@2, ¢1)  L(P2)mu(d2, @) -+ W(dr)mu(¢2, dx)
H(p1)my (o, ¢1) H(p2)my(dr, d2) -+ H(dx)mu(dr, dx)

o1 = o1} o2 =1} Hox = 1}

(B2 = H{or = ¢ot  1{d2 = o} H{orx = ¢2}

Hor = odx} o2 =0r} -+ Hox = o}

(A.8)

(A9)

(A.10)

where (B¢)* (¢, ¢;) is ijth element of (Bf*)?, which is proportion to the measure of ¢; — ¢; path

of distance d > 0.

A.5.3 Proof of Proposition 3

O

Follows immediately by applying contraction mapping theorem to equation (2.14). The rest of the

model can be solved using the unique wage solution.
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A.5.4 Proof of Proposition 4 and 7

The proof for proposition 4 and proposition 7 are analogous. It suffice to prove the general case

(Proposition 7). First, I establishes identities to simply the original Bellman equation

/ max ( it (61, 05,8, P', PP PY) — pi(1 = Dyj1) —%‘tD dj >

jeJP D;j1€{0,1}

o Dl (01005, PP P = i1 = Digi) = eyl

for all D}, € {0,1}" so that

/ max ( it (i, 05,8, P', PP PY) = pi(1 — Dyjyy) — Gz'th dj =

je€JP Dij:€{0,1}

max /EJD m[ (@,@,3 Pl P Pl) Pi(l - Dijtfl) - th]dj

D
Dne{0,1}7t 7J

and

/jeJE Digleé?él}( zgt[ (¢z>¢j>37PZ P Pl) - Pz(l Dijt—l) - eijt]) dj =

max _f Dz’jt[ﬂj((biu <Z5j> S’pi, Pi, ]51‘) - Pi(l - Dz‘jtq) - Eijt]dj-
Dy ef{0,1}7t JI€J;

Next, note that by the independence of ¢;;; across j and by the law of large number

/jGJtD D;?é}iil} ( zgt[ (¢27 Cb, S, P P P ) pl(l - d) - Eijt]) 1{Dmt ¢}d] -
L@gihﬁ%u(ﬂ w@spwmﬁwwu—w—wDﬂlwm = 6}
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Moreover, note that by the full independence of fZ, we have

Es
I Dite{o,l}

max Dit (Wg(gbZ?S?PZ?PZ?ﬁl)
- E. [Dii?eéi{%(VI}(Dijt[771<¢ia 8, P', P', P') = pi(1 = Dyji—1) = %’t])] dj — 5)1

= ﬁ((b, S) (Wg(¢i7$7pi7piapi)

+ Ee[ max <Dz‘jt[7TI(¢z‘a¢jaSypiapi,pi)—Pi(l—Dijt1)—€ijt]>]dj—E[f£|Dit = 1])

jeJpP D;;:€{0,1}

Next, I establish the law of motions for I[1*2/Z for a given ¢ € ® and a given (d, d, d). By the law

of total probability, we have

H¢7D/E(¢/7 dla dl? J,7 St-‘rl)

ﬁ<¢/78t) X Z {[d,P(¢7¢/ad7 da da st) + (1 - d,)[l - P(¢7¢/ad7 d) da st)“

(d,d,d)e{0,1}3

x [d'P(¢,d,d,s;) + (1 —d)[L — P(6,d,d, )]

[ dP(6.d.dos) + (1— d)[1— P(6.d.d.s)|[TIP/E (G d .. st)}d’[l B )]

X 3 {[d’P(gb, ¢ d,d d s)+ (1 —d)1—Po,¢,d dds)]

(d',d,d,d)€{0,1}*

x [d'P(¢,d,d,s;) + (1 —d)[L — P(,d,d, ;)]

[ dP(6.d.ds) + (1— d)[1— P(6.d.d.s)|[TIP/E(G ' d.d. st>}

It can be easily verified that the Bellman equation (6.14) satisfies the Blackwell condition,
thus V' exists and is unique. Proposition 2 follows immediately from direct substitutions for V'
and the expressions of V¢’?¢ and V¢E,¢ and making use of the identities above. In particular, the

total weighted sum of coefficients on continuation value term ES/‘SVﬁz)//E(d’ d'.d, s, IP) for each
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(d',d',d") matches TI*P/F (¢ d' d',d, s') according to the law of motion. O

A.5.5 Proof of Proposition 5 and 8

The proof for proposition 4 and proposition 7 are analogous. It suffice to prove the general case
(Proposition 8). The expressions for P*(¢, ¢, d, d,d, s) are derived directly from solving the ‘mini
Bellman equations’ of V¢]?¢, for R = R and VZ(¢,¢') for R' # R. The expressions for P
and P follows immediate by applying the law of large numbers to replace D;*jtl{gbi = 0,0; =
¢, Diji—1 = d, sy = s} with P*(¢, ¢/, d, d,d, s) in the inner maximization problem s D;; and D;,.

O

A.5.6 Proof of Proposition 6 and 9

The proof for proposition 4 and proposition 7 are analogous. It suffice to prove the general case

(Proposition 9). I show that the fixed point equation
P* = T(P*)

described by (6.17)-(6.20) has a fixed point P* in a suitably defined space. Note that the state space
is now S = [0, 1]'+21®1+121* where |®| is the cardinality of the type sapce ®. It suffices to show the
existence of fixed point P* for a given (¢, ¢',d) € ®* x {0, 1}.Consider the space of continuous
functions that maps from S to [0, 1]* equipped with the sup norm, denoted by C,(S; [0, 1]?), I show
that the functional 7" maps the subset of Lipschitz functions that are uniformly bounded by some
Lipschitz constant M > 0, denoted C}(S; [0, 1]%), into CM(S; [0, 1]*). Note that CM(S; [0, 1]?)
is a closed, convex, and compact subset of complete metric space C(S; [0, 1]®). The goal is to
use Schauder fixed point theorem to show existence of a fixed point P*. The proof consists of the

following steps: 1) 7" maps CM(S; [0, 1]) into CM(S; [0, 1]*); 2) T is continuous in P with the sup
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norm; 3) a fixed point P* € CM(S; [0, 1]3) exists.

Step I: T maps CM(S;[0,1]3) into CM(S; [0, 1]*). For P(¢,¢’,d, s), denote the inner term of
G in equation (6.17) by X} . 4(s,P)

’X;,W,d(s% ]P)) - Xq15,¢’,d<81’ ]P))| < |7TI(¢7 ¢/, 52, ]P)) - ﬂj(¢7 ¢,7 51, ]P)|

term I
+ 5/|V¢?¢/(1, s\ P) — V¢?¢,(O, s', P)||q(s'|s2) — q(s']s1)|ds’

term II

Term I: by the assumption of 7/, we have

term I < M™ - |sy — s1].

Term II: note that V", (1, s, IP) is bounded by (1 — )~ times the upper bound on profit 7. By the

assumption of ¢, we have

term I1 < B(1 — B) 17 M7 - |sy — 5.

Adding the terms together and apply G, we see that P = T} (IP) is Lipschitz in s with constant
0.250 1 M™ + B(1 — 3)~'7M?) where T; (P) is the right hand side of equation (6.17). I have used
the fact that the derivative of a G, with ¢ ~ Logistic(0, 1) is at most 0.25 (at 0). Analogously,
P = Ty(P) is Lipschitz in s with constant 0.250'[M™ + 23(1 — )7 M) where Ty(P) is
the right hand side of equation (6.18). For M sufficiently large, 77 (IP) and 7;(P) always lies in
CM(S;[0,1]%). Next, for P(¢, s) = T3(PP) from equation (6.19), denote the inner term of G's» in
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equation (6.19) by X?(s, ), then we have

|X£(827P) - X;(Sla]P)” S |7Tg(¢’ ¢/7327P) - ﬂ-g<¢7 ¢/7 817]P))|

term [

+ Z(r{)’.d)‘R/#R {‘ﬁ0(01~ d: SZ)P*(Q O~ dv 52>7‘J(¢7 ¢)/~, 52, ]P) - 1:[«‘7(@‘/7 d7 S1 )P*(O7 O~ d7 51 )ﬂ-l(gﬁf @’7 S1, ]P))‘

term IT

+ |ﬁ¢(¢,7 d7 SQ)P*(¢7 ¢7 d7 51) - ﬁ¢(¢,7 d7 SI)P*(¢7 ¢7 d7 52)|p(1 - d)

term IIT

+|T9(¢), d, 52) P* (¢, b, d, 52) Ee| (6, ¢, d, 52, €) = 1]

term IV

_ﬁ¢(¢/7 d7 SI)P*(QSa ¢7 d7 51>Ee[6|2(¢7 ¢/7 d7 51, 6) = 1]|
term IV

8 [IVEL S BIIC, d, 52) P (6,6, . s2)a('|}2)

term V
_ﬁ¢(¢/> d7 Sl)P*(¢v ¢7 da 31)q<8/’51)‘d8/

term V
+8 [IVE/0,8 BN, d,52)[1 = P*(6,0,d, 52)]a(s']s2)
term VI

—ﬁﬂddﬁﬂU—PW¢¢dﬁMMﬂﬁwﬁ}

term VI

Note that I1%(¢', d, s) is Lipschitz with constant 1 since all the terms in I1%(¢/, d, s) are bounded

and also

> I%(¢,ds) <1

(¢, d)IR'#R

Term I: by the assumption of 7€, we have

termISM”-|82—51.
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Term II-V: for € ~ Logistic(0, o), we have
Ele|X(¢, ¢ ,d, s,€) = 1] = yo —In P(¢, ¢',d, s)
where 7 is the Euler-Mascheroni constant. We can write
I P(¢,¢',d,s3) = P(¢, ¢, d,s1)| = In P(¢, ¢, d, 52) ™" = In P(, ¢, d. 1) 7' < |52 — 54

Term II-V is the difference of the products of Lipschitz function I1%, P*, and ex ante period payoff

function. It follows that

term I+ - - -+ term V <

([Frro+p1—d)+ P +g8(1 - )77 [Spamer 1 + M|+ [M™+ 14 8(1 = B)7'7MT)) - |3 — 51].
Term VI: Term VI is the difference of the products of Lipschitz function 1:[‘7’, 1—P* and q. Therefore

term VI< S(1 = B)7 ([ MY+ qM +q > 1| -|ss—s1].
(6.d)|R'#R

Adding the terms together and apply G, we see that P = T 3(IP) is Lipschitz in s with constant

less than M (sufficiently large) if
0.250 7 [7? +y0pe +p(l —d)+ In P~ +2gB(1 — 5)—17?} <1

Now by comparing equation (6.20) and (6.19), P = T,(P) is Lipschitz in s with constant less than
M for M sufficiently large if

3 x 0.250 74 [ +Jops +p(1—d) + m P~ +2q8(1 - B)'7| < 1

with P > G-1(—p).
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Step II: T is continuous in P. 1t suffices to show that V.2, (d,s)(-) : CY(S;[0, P]*) —
CMY(S; [0, P?) and VE, (d, s)(-) : CM(S;[0, P]?) — C(S; [0, PJ?) are both continuous in P.
Consider the following distance

Su§!V¢’f’¢/(d7 5,P2) — Vi (d, 8, P1)| < suplfators)Paf,0'.d )71 (6,0, 5, B) = Pi(0,5)Pi(0,6' d.s)7! (0,6 d.5,Py)
s€ s<

term I

+ sup[Ps(¢, s) — Pr(¢, 5)][p(1 — d)]

seS

term II

+ SEIS)[PZ(¢7 S)E[FIEZ(O ¢,7d7 576) = 1} - P1(¢781)E[6|21(©7¢/7d7 876) = IH

term ITI

+ 6Psup|V¢l?¢,(d, s'\Py) — V¢l?¢,(d, s Py

seS

term IV

which implies that

sug|V¢?¢,(d, s,IPy) — Vf(b,(d, s,P1)| < (1 — BP)"'[term I + term II 4 term IIT].
s€

Note that term I and III are the norms of the differences of products of continuous functional in [P.
Then let [P, — Py || — 0, term I-IIT all vanishes, which establishes the continuity of V.7, (d, s)(-)

and V", (d, s)(-) analogously.

Step III: a fixed point P* € CM(S;[0,1]) exists. 1 have shown thus far that under cer-
tain parameter conditions, the continuous map 7" maps a closed convex set CM(S; [0, 1]?) into a
compact set CY(S; [0, 1]*) embedded in the complete metric space Co(S; [0, 1]3). A fixed point

P* € CM(S; [0, 1]?) exists by Schauder fixed point theorem, which states the following

Theorem 1 (Schauder Fixed Point Theorem). If K is a nonempty convex closed subset of a Haus-
dorff topological vector space V and T is a continuous mapping of K into itself such that T'(K) is

contained in a compact subset of K, then 'I' has a fixed point.
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Note that compactness of C{Y (S; [0, 1]?) in C(S; [0, 1]3) follows directly from Arzela Ascoli

theorem. This completes the proof.

A.5.7 Proof of Proposition 10

First consider the Nth approximate model in which all continuous states are discretized by f%,
that is, PV (¢, ¢, d, s) = P(¢, ¢,d, fV(s)) where f~ : [0,1] — D" with finite DV C [0, 1] is the
discretization function. I first establish that V.2, (P*()) and V.7, (P*(")) are uniformly continuous

in P*™) for every N € N.

Note that in the discretized version of ‘mini Bellman’ equations (6.15) and (6.16), the expec-
tation Fy |, operator can be equivalently replaced by its associated finite state Markov transition
matrix @ ¢~ (5| (s)- This implies that both V¢>],D¢>’ and Vf(z,, can be directly solved from equations
(6.15) and (6.16). Let [V, (P)], s~ (s) denote the stack vector of V.7, (d, f"(s),P) over DV for a

given d € {0, 1}. Then in the Bayesian Markov perfect equilibrium the following must hold

Vi B a gy = (1= BIP(, £ (5))/ P(&, FY ()Qpv (o153 ) 55 51, 61) ™
x [P(¢, ¢ d, fN(s), P*N)
{w! (0.6, d, f¥ (), ")) — p(1 = d) = Be[(¢, ', d, £V (5), PN, €) = 1Y)

for d € {0,1}. When ¢ has either Gaussian or logistic distribution, the term

B[S (6, ¢, d, £ (s), "™, ¢) = 1]

is continuous in P*. For instance, when € ~ Logistic(0, o),
Ele[s(6,¢,d, [N (s),P*™ e) = 1] =y = In P*(¢, ¢, d, f (), P*V)
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(N)

where 7 is the Euler-Mascheroni constant. Thus, V&,, is continuous in P***). By analogous ar-

(N)

gument, we have established that both V,”;, and V%, are uniformly continuous in P*(" for every

N e N.

Next, I show that equilibrium exists for the Nth approximate model using discretization func-
tion fV forall N € N. Note that equations (6.17)-(6.20) defines the following fixed point equation
in P*(V)

Pr() — (V) (IP*(N))

where T™N) is uniformly continuous in P*(™¥) by what we have established before. Here I represent
P*™) as a vector in [0, 1]P® ™)l where | D(P*(™)| is the cardinality of the compact domain of
P*™M). 1t is also clear that ™) maps [0, 1]P® ™)l into [0, 1]PE ) by construction. For PV
that contains zero, 7™ (P*(™)) maybe undefined due to division by zero or taking log of zero. I
instead can define TXY) (P*V)) by the limit of T (P*(N)) as n — oo for some sequence P*) in
(0,1]'P E ) that converges to P*("), Therefore, by Bouwer’s fix point theorem, the equilibrium

(N)

solution P*N) exists for every choice of discretization function f¥ and N € N.

Finally, to show that P*(™) — P* in the space of regulated functions equipped with the sup

norm, it suffices to show that
PN — PN o =0, N — oo,

since by Proposition 4, P* is Lipschitz continuous in the state and f~(s) — s by assumption. We

have the following inequalities

P — P f¥ oo < I T () = T(P*) (f*) [l

< TN @) = TE ) () loo + I TE)(FY) = TRl
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The first term is governed by the following difference
D/E;; i 3 D/E;; i 3 ;5
| Eaipv o ViiF (d,d, d, s B)] — Epvayvio Vol (dodyd, Y (), P)][leos Vd,d,d € {0,1}°.

It is easy to verify that the above difference vanishes N — oo since 1) the law of motions for
most states are deterministic except for w’; 2) I have established in the proof of proposition 4 that
the “mini” value functions Vfdf,E are Lipschitz continuous in s. By assumption, 7" is a contraction

mapping so that
IT@E () = TE) (V) loo < KPP, K € (0,1).
Therefore as N — oo,
[P — P ¥ oo < (1= K)~H{ITY (@) = TE ) () oo + 1PV = Pl | = 0.

This completes the proof. l
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