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LIST OF FIGURES

2.1 Free running clocks and damped ‘hourglass’ clocks are equally good time-keepers
in noiseless conditions but internal and external fluctuations reveal significant
differences. (a) Free running circadian clocks, such as the KaiABC protein clock
in S. elongatus, show rhythms in both oscillating and constant light (top) or dark
(bottom) conditions. (b) In contrast, damped circadian clocks, such as that in
P. marinus which lacks Kai A, show rhythms only in changing light conditions
and decay to a fixed state in constant conditions. (c) When subject to external
noise (i.e., weather-related amplitude fluctuations in light), simulations of the free
running clock show low population variance while the damped clock shows high
variance. In contrast, Gillespie simulations with high internal noise due to low
copy number of Kai molecule reveals that damped clocks are much more robust
than free running clocks. (d) A systematic study of clock precision (i.e., mutual
information between clock state and time) at fixed external noise but decreasing
Kai protein copy number N reveals that free running clocks are preferred at low
internal noise but damped clocks are preferable at sufficiently high internal noise. 7

2.2 A diverse range of biochemical oscillators show the trade-off between resistance
to external and internal noise. For each oscillator, the regime (green) of largest
free running amplitude relative to the driving strength is most robust to external
fluctuations but is most fragile to internal noise. In contrast, damped oscillations
(red) are robust to internal noise and thus preferable at sufficiently high internal
noise. Regimes (purple) of intermediate free running amplitude are preferred
at intermediate internal noise levels. (a-g) Diverse biochemical oscillators from
the literature were simulated with increasing internal noise εint = 1/

√
N while

driven by a periodic square wave light signal with fixed strength external noise,
using the external coupling and parameters specified in the original publications
[1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Clock precision is defined as mutual information
between outputs and time. The original publications identified a Hopf bifurcation
parameter in these models, with free running oscillations on one side and damped
oscillations on the other. Green and purple data correspond to parameter regimes
with large and smaller amplitude free running oscillations relative to driving
amplitude while the red data corresponds to a damped oscillator. Details in
Appendix A.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
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2.3 Experiments and models of biological clocks show that external driving can be
viewed as a switch between distinct day-time and night-time dynamics. (a) Exper-
iments on the Kai system at distinct ATP levels corresponding to day and night
conditions reveal limit cycles shifted relative to each other in a phosphorylation
space for Kai (reproduced from [11]). Similar behavior[12] is seen in models of
diverse biochemical oscillators studied in Fig.2.2. (b) We build a minimal model
of such driven clocks as a limit cycle of radius R whose center is shifted by a
distance L between day and night. In cycling conditions (see signal in (d)), an
entrained clock’s state executes a trajectory that encompasses both limit cycles
as shown (bottom). (c) For damped clocks [13], phenomenology suggests that the
day and night limit cycle dynamics are replaced by a point attractor whose po-
sition changes between day and night. The relaxation time between the day and
night attractors is comparable to ∼ 12 hours, giving rise to the trajectory shown
in cycling conditions. (d) The plot shows cycling conditions of light intensities
that couple to (b) and (c). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 External weather-related light fluctuations are filtered out by limit cycle attrac-
tors but not by point attractors. (a) Light intensity levels fluctuate on a range of
time scales due to weather (power spectrum reproduced from [14]). (b) A popu-
lation of limit cycle clocks of identical fixed geometry, subject to different realiza-
tions of weather conditions, show non-overlapping distributions (purple blobs) at
different times of the day. Point attractor clocks form larger and more overlapping
distributions. (c) A single representative dark pulse of ∼ 2.4 duration causes only
a ∆Φ ∼ 30 min phase lag in limit cycles since the trajectory’s deviation (purple)
is fundamentally bounded by the circular attractor. In contrast, ∆Φ ∼ 4 hr for
the point attractor since the trajectory is in free-fall towards the blue night-time
attractor. (d) The geometrically computed ∆Φ2 phase shift for a dark pulse of
any fixed duration and time of occurrence (see Appendix A.4) drops rapidly as
(R/L)−2 for large-R/L limit cycles; this theoretical prediction agrees well with
the population variance gain over a day in simulations. (e) Consequently, weakly
driven limit cycles (i.e., high R/L) can tell time with high precision. . . . . . . . 15

vii



2.5 Internal fluctuations severely affect continuous attractors but not point attractors.
(a) We model fluctuations due to finite copy number N as Langevin noise with
mean zero and standard deviation εint, resulting in a diffusion constant ε2int ∼ 1/N
for the clock state. (b) The flat direction of limit cycles cannot contain diffusion,
leading to large increases ε2intTday in population variance of clock state during each
day (and night). In contrast, point attractor dynamics have constant curvature at
all times, leading to a constant population variance over time. (c) The variance
drops σ2 → σ2/s2 at dawn and dusk for limit cycles during the off-attractor
dynamics between the day and night cycles. As with external noise, the variance
drop is predicted by the slope dP (θ)/dθ of the circle map between the cycles. This
dawn/dusk drop goes to zero for large R/L limit cycles but variance still increases
during the day and night. (d) The variance for point attractors is Dτrelax, a
constant determined by the curvature τ−1

relax of the harmonic potential. (e) Thus,
with only internal noise present, the precision of limit cycle clocks increases with
increasing separation L/R, asymptotically approaching the performance of point
attractors. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6 Large-R/L limit cycle attractors, which correspond to large amplitude free run-
ning clocks, outperform all other oscillators in projecting out external noise but
are least robust to internal noise. (a) Point attractors and smaller R/L limit cy-
cles (red and purple curves) show low precision (i.e., low mutual information) but
do not degrade as much as large-R/L limit cycles with increasing internal noise
εint. Thus this simple dynamical systems model of clocks reproduces and explains
the trade-off seen in the complex biochemical clocks shown in Fig.2.1,2.2. (b,c)
Speed-precision trade-off. (b) With external noise alone, the most precise clocks
(i.e., large R/L limit cycles) average over longer signal history and are thus the
slowest to entrain, i.e, slow to transform a population with uniform phase distri-
bution to the steady state distribution. (c) However, with internal noise alone,
there is no trade-off between speed and precision; faster entraining clocks (i.e.,
point attractors) are more accurate since slow clocks are exposed to more internal
noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.1 Simulations predict that weak (sub-threshold) cytokine inputs may evoke a strong
NF-κB response upon addition of chemical noise to those inputs. (a) Extra-
cellular environments are subject to chemical fluctuations, which make signals
between cells to become noisy. Signal receiving cells process such noisy inputs. (b)
NF-κB pathway has complex non-linear dynamics on a wide range of timescales,
from fast receptor dynamics to the slower pulse-like nuclear translocation of NF-
κB. (c) Dynamic input profiles used for simulations with the mathematical model
of NF-κB pathway, under both constant (blue) and fluctuating (red) input levels
from the cytokine TNF. (d, e) In simulations, fluctuating TNF levels cause strong
activation of NF-κB nuclear translocation in all cells. However, constant TNF
inputs induce lower NF-κB activity and in fewer cells, despite the fact that TNF
dose they see exceed maximum of the fluctuating input. . . . . . . . . . . . . . . 30
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3.2 Live-cell stimulation experiments show that addition of white noise to a weak
TNF input causes NF-κB to respond very sensitively to that input. (a) Microflu-
idic live cell stimulation experiments allow analysis of single cells in precisely
controlled dynamic environments. Cells cultured under dynamic chemical signals
are automatically tracked via live cell microscopy, and NF-κB nuclear localization
is analyzed in individual cells over time. (b) Cells are exposed to signals gener-
ated by the combination of several TNF concentrations, producing 154 variable
exposures at 0.5 second timesteps. Actual picture of the microfluidic device is
shown on the left. Colors indicate controllable valves that regulate input media.
(c) Gaussian white noise with 5:1 signal to noise ratio (red) is added to the con-
trol TNF signal with a mean at 0.05 ng/mL (blue), and this chemical signal is
delivered to hundreds of live cells. (d) Fluorescent images of mouse fibroblast
cells expressing dsRed-p65 reporter that are exposed to noisy (red) or noise-free
(blue) signals. Activated cells, showing nuclear NF-κB localization, are indicated
with arrows. Noisy signal causes strong NF-κB activation in individual cells. (e)
Activated single cell traces measured under noisy stimulus. (f) Single cell traces
under constant TNF exposure show significantly less NF-κB translocation to the
nucleus. (g) Population fraction of activated cells under different constant doses
of TNF, measured in the same device. Blue and red arrows indicate the dose
perceived by cells in stimulation experiments with constant and noisy inputs in
(e) and (f). The noisy input is perceived by cells to be at a much high dose than
the constant input. (h) NF-κB response time at different constant doses of TNF.
Both noisy and noise-free inputs lead to the same response time. (i) Comparison
of activation fraction for noisy vs. constant signals. Noisy input induces more
cells to activate in the population, despite that fact that both inputs have the
same mean TNF dose. (j) Comparison of peak height normalized to maximum
peak value for noisy vs. constant exposure. (k) Comparison of integrated area of
fluorescent readout for nuclear translocation normalized to maximum integrated
area for noisy vs. constant exposure. (l) Peak timings for activated cells remain
the same despite variation in peak height and integrated area. . . . . . . . . . . 33

3.3 Sequencing of stimulated cells shows noise dependent gene expression. (a) Cells
were loaded and stimulated in microfluidic chambers, then extracted and pooled
for SMART-sequencing. (b) Heatmap of significantly different gene expression
responses for each timepoint shows that noise results in different gene expression
response (p ¡ .01, fold-change ¿.5) (c) Gene Ontology for early and late noise-
upregulated genes show cell cycle and chromosome related gene expression. Late
noise responsive genes show increased transcription regulator activity (d) Tran-
scription factors that were identified as the expression effectors include NF-κB
coregulators (shown with red arrow) as well as crosstalk transcription factors lef1
and Hdac3. (e) Expression of cell growth and cell death gene markers are both
upregulated under noisy stimulation. . . . . . . . . . . . . . . . . . . . . . . . . 36
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3.4 NF-κB responsive genes show divergent noise sensitivity across different timescales.
(a) NF-κB associated genes were isolated and compared across stimulation pat-
terns and time. Genes that respond within the first 90 minutes show similar
expression profile between noisy and constant stimulation. Gene expression di-
verges between noise amplified and noise dampened genes at 180 minutes and
300 minutes (b) Mapping the highest confidence interactions between NF-κB re-
sponsive genes shows that the noise amplified genes stem from Cxcl2 interacting
partners, whereas noise dampened genes are affiliated with p53 inhibition and
canonical NF-κB response. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.5 Rectified adaptation leads to stochastic resonance. (a) The Incoherent Feed For-
ward Loop, shown in the schematic on the left, demonstrates adaptation. A
step-like change in the input produces a transient response in Y that dies out
and the system returns to the resting level. Such motifs are found in the NF-κB
pathway and molecules like IKK are known to show an adaptive response to step
changes in TNF. (b) Rectified adaptation, where step ups produce a response,
but step downs produce no response because the output molecule Y is already at
near-zero levels in steady state. (c, d) When subject to fluctuating input signals,
the response of the conventional adaptive circuit to step ups and downs cancel
each other out. However, the output of the rectified adaptation circuit builds up
over time, since it only responds to step ups of TNF input. Consequently, active
IKK levels rise with time, causing nuclear translocation of NF-κB in simulations. 40

3.6 Periodic stimulation uncovers time-scales behind stochastic resonance. NF-κB
shows resonance under fast oscillating TNF inputs. (a) Model simulations al-
lows deriving predictions for response to different periodic inputs. Simulations
show NF-κB activation only for periods comparable of faster than the adapta-
tion timescale τ0. For longer periods, the IKK response to different cycles of
TNF input do not build on each other and there is no NF-κB activation. (b)
The model also predicts that the fraction of cells activated saturates at a high
fraction for frequencies higher than the adaptation timescale. (c) Experimental
stimulation profiles for cosine exposure at different periods ranging from 2s to
30s. (d) Activated single cell traces in live cell imaging experiments show simi-
lar profiles for exposures under 30second period, but dramatically reduced peak
height for 30second period (mean of populations in red). (e) Low period cosine
stimulation increases fraction of activated cells in the population but increasing
period of cosine stimulation after cutoff reduces activated fraction. (f) Cells ex-
posed to slow periods behave as an intermediate between cells exposed to fast
periods and constant signals. There is a 10-fold increase in the perceived dose
with the addition of fast fluctuations to the signal. . . . . . . . . . . . . . . . . 42
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4.1 (a) The model takes in an input text and outputs one number, predicting the
class of the text. The 1D convolutional network takes in five letters at a time,
and the softmax layer summarizes the outputs from all the positions and filters
to one number. (b) The weight vectors (Wi) reveal the learned features. Each
row is a vector Wi consisting of parameters for each English alphabet. The colors
indicate the relative responses toward each letter (x-axis) at each position (y-axis)
of the kernel. High values signify that the filter is scanning through the texts for
these letters. In particular, this filter responds to the letters ‘NEWS’. . . . . . . 48

4.2 (a) Our algorithm trains the network with data from two domains. Each text of
the teacher class has the same 45% probability of containing the word ‘UCLA,’
‘NEWS,’ and ‘PROF,’ so the chance that the network learns each keyword is
around 33%. On the right, the algorithm trains the networks with the data only
from one domain at a time. The algorithm switches the training data’s domains
every half period. At period = 20 epochs, the network mostly learns the ‘PROF’
keyword, which is the common keyword among the two domains. At period =
200 epochs, the network learned the ‘PROF’ keyword but at a slower rate. . . . 49

4.3 This SVM model has 5 parameters: a, b, T1, T2, and T3. The input is (x1,
x2, x3) and the outputs is axk + b, where k is the maximum index of Ti. This
argmax function for k forces the nonlinearity into the model, allowing a simple
loss landscape with 3 minima, one for each k = 1, 2, and 3. . . . . . . . . . . . . 51

4.4 In each plot, I trained 400 SVMs. Then, I classified each SVM based on which
of the three features it responds most strongly with. Switching between two
datasets in the right time scale helps evolve the solutions toward the generalist
feature. ‘Mix of 2 datasets’ represents the traditional method of sampling from
the entire training data. As expected, the model only learns the generalist 1/3
of a time. The figures in the blue background represent the switching meth-
ods described above. With the slow enough time scale of switching, the model
eventually converges to learn the generalist. . . . . . . . . . . . . . . . . . . . . 53
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A.1 Explicit biochemical KaiABC model simulated using the Gillespie algorithm. (a)
The experimentally well-characterized clock in S. elongatus consists of a negative
feedback-enabled self-sutained oscillator. KaiBC complexes sequester KaiA, pre-
venting runaway KaiC molecules from going through the cycle independently. (b)
The genome of P. marinus lacks kaiA. We assume a minimal model consistent
with known facts [15] about this clock; KaiC phosphorylation proceeds without
KaiA and hence different KaiC hexamers can proceed independently through the
cycle. (c) We combine both clocks in one model with an interpolating param-
eter γ that selects between an S. elongatus-like KaiA-dependent pathway and
an P. marins-like KaiA-independent pathway. All reactions shown are assumed
to be first order mass-action kinetics. We simulate such a system at different
overall copy numbers N using the Gillespie algorithm. (d) We find limit cycles
for γ > 0.9. The resulting limit cycles for γ = 1, 0.95 violate the simplifying
assumptions used in our dynamical systems (e.g., non-circular cycles of different
size); and yet our results are qualitatively validated by this model (Fig.1d from
the main text). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

A.2 Mutual information MI(~c, t) between clock state ~c and time t is only affected
by the variance of the clock state distribution p(~c|t) at a given time t along the
direction of motion and not orthogonal to it. In this toy example, we assume the
distribution p(~c|t) to be supported on a rectangle of size ax and ay in a 2d clock
state space. The clock state moves at a speed u in the x-direction. Time telling
quality is affected by how much the population at different times overlap with
each other. Consequently, clocks with large ax and small ay (bottom) have lower
mutual information MI(~c, t) relative to clocks with small ax and large ay (top).
Consequently, we use the population variance along the direction of motion as an
instantaneous measure of time-telling ability in the paper. . . . . . . . . . . . . 77

A.3 The population variance of clock states is reduced by dusk and can be computed
geometrically. (a) A population of clocks near state θ on the day cycle is mapped
to the neighborhood of state φ on the night cycle by the dusk transition. We
define φ = P (θ) to be the map relating the clock state θ on the day cycle just
before dusk to its eventual position φ on the night cycle after dusk (assumed
greater than the relaxation time). (b) This map can be analytically computed
for circles of size R with centers separated by length L. (c) For a given R/L = 2
, we obtain P (θ) shown here. Since θ = π/2 corresponds to the dusk time of the
entrained trajectory, the slope s−1 = dP/dθ at θ = π/2 determines the change
in population variance of clock states at dusk. (d,e) The variance drop s2 at
dusk, defined as σ2 → σ2/s2 at dusk, seen in both the external (averaging over
weather) and internal noise (averaging over Langevin noise) simulations agree
well with the geometrically computed s(R/L), especially at large R/L. We find
that s2 − 1 ∼ L/R for large-R/L limit cycles. . . . . . . . . . . . . . . . . . . . 85
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A.4 Increase in population variance due to random weather conditions can be esti-
mated from the phase shifts ∆Φ due to dark pulses (i.e., the Phase Response
Curve). (a) A single dark pulse administered during the day shifts the phase of
a clock (purple) relative to a clock that experiences no such dark pulse (black).
(b) We can compute the phase shift ∆Φ due to such a dark pulse geometrically
by computing the deviation in trajectory. Assuming a dark pulse of length τ , the
clock evolves for a time τ according to the night cycle dynamics. At the end of
such a pulse, we switch back to the day limit cycle and compute the resulting
phase shift ∆Φ. (c) The resulting phase shift ∆Φ due to a pulse of length τ = 2.4
hrs, depends on the time θ when it is administered but is generally smaller for
larger R/L. (d) We find that ∆Φ2 for a specific τ = 2.4 hrs dark pulse ad-
ministered at the same time (8 AM) falls as (L/R)2 for large-R/L limit cycles.
This trend matches the variance gain σ2

clouds seen in stochastic simulations that
average over random weather conditions (pulses of different length, intensity and
time of application). The broken brown curve shows a theoretical prediction for
such an average 〈∆Φ2〉, obtained by sampling the curve shown in (c) at different
points of application and differing intensity. Despite the presence of a variance-
reducing zero around mid-day in (c), σ2

clouds drops as (L/R)2, much as ∆Φ2 for
any particular pulse. (Brown theory curves translated together using one fitting
parameter.). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

C.1 Each small block show the plot of accuracies over time for 49 different train-
ings. These are 3 kinds of accuracies toward dataset with features ‘NEWS’
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ABSTRACT

Driven nonlinear dynamical systems are everywhere in biology. Powerful mathematical tools

like Fourier analysis or the principal of superposition are not available in nonlinear systems.

This thesis investigates three different dynamical systems drawn from biology and machine

learning as a function of the ratio of the system’s response timescale to the signal’s timescale.

Chapter 2 analyzes driven circadian rhythms. Many organisms have free running 24

hour internal clocks to estimate the time of the day. These biochemical clocks are self-

sustained limit cycles that are ‘entrained’ by 24 hour external signals such as temperature

or light changes. The quality of internal clock time is thus affected by two kinds of noise:

fluctuations intrinsic to the chemical dynamics that implement a limit cycle, and fluctuations

in the external driving signal such as weather-induced fluctuations in light intensity. We

examine all possible clock architectures from a dynamical systems perspective and find that

robustness against external noise implies vulnerability to internal noise and vice-versa. We

are able to explain the differing clock architectures in different species of cyanobacteria

through this mechanism.

Chapter 3 analyzes a stochastic resonance-like phenomenon in mammalian cell signalling.

Our experimental collaborators found that the NF-kB signaling pathway in mammalian cells

is activated by fluctuations of an external signal (here, concentration of a molecule TNF). In

contrast, even 20 times the same total amount of TNF is unable to activate the cells in the

absence of fluctuations. We explained these observations using a phenomenological model

of rectification; using this insight, we were able to predict NF-kB activation in terms of the

timescale of external fluctuations and the timescale of internal rectification processes in the

cell.

Chapter 4 introduces a new learning paradigm by viewing the training of neural networks

with different streams of data as driven dynamical systems. A core problem in machine

learning involves generalizing from training data to test data, i.e., to ignore idiosyncratic
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features in the training data that may not be informative in any test data set. Researchers

have proposed multiple regularization methods to modify the loss landscape and solve such

overfitting problems. However, no universal regularization can solve every data and neural

network. This chapter suggests an alternative regularization without modifying the loss

function but by simply switching between different data streams during training. We find

that generalization is optimal when data streams are switched at a timescale comparable to

the timescale of gradient descent.

We have analyzed three separate driven nonlinear systems in regimes where the timescale

of the external driving signal is comparable to the timescale of internal responses. The

methods of analyses here may not solve every driven nonlinear problem because no universal

method likely exists for strongly driven non-linear systems. Nevertheless, the results will

help solve future similar challenges.
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CHAPTER 1

INTRODUCTION

The field of dynamical systems is simply the study of how things change over time. It covers a

broad range of phenomena: from the grand motions of stars in the universe to the minuscule

chemical reactions inside bacterias. Understanding how the stars move was the beginning

of classical mechanics in the 17th century. A better grasp of chemical reactions inside

cells helps scientists understand enzymes and gene functionalities. The study of dynamical

systems gives insight into how we should mathematically model these phenomena based on

past observations. The field of dynamical systems will continue to be applicable as long as

people still want to know how any systems will evolve.

Most systems in nature are nonlinear. Each part of the system often interferes with

the others, so we cannot decompose the solution into smaller bits. The second bowl of

ice cream does not give us the same pleasure as the first because it already made us less

appetized. Since the superposition principle does not apply, critical mathematical tools like

Fourier analysis or Laplace transform becomes useless. We can use numerical simulations to

obtain an accurate quantitative prediction of the systems. However, we often want to have a

qualitative understanding, which leads us to the geometric way of thinking about dynamical

systems.

The geometric way of thinking is about interpreting differential equations as a vector field

[19]. Even though nonlinear differential equations are rarely solvable, the positions of “fixed

points” where the vector fields become zero give valuable qualitative solutions. Each fixed

point can be classified into several classes using linear stability analysis. For instance, if all

the eigenvalues from the stability analysis are negative, then it is a stable fixed point where

all nearby vector fields point inward. It will asymptotically pull in all nearby particles. On

the other hand, if all the eigenvalues are positive, then it is an unstable fixed point where

all nearby vector fields point outward. The positions and classes of these fixed points allow
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researchers to gain qualitative information about the nonlinear system.

However, many dynamical systems do not have fixed equilibrium positions as we de-

scribed. The classic example of these is the Kuramoto model [20]:

dθi
dt

= ωi +
K

N

N∑
j=1

sin(θj − θi) + ζi, i = 1..N

where N oscillators are coupled together with the coupling constant K. Thetai and zetai

are the phase and the fluctuation of the oscillator i. In the simple case that ωis are the

same, when all oscillators are synchronized, thetai are the same for all i. The system moves

in a circle with a steady angular velocity omega, but it is in stable equilibrium because small

phase displacements tend to decay back to zero.

Driven dynamical systems

Many dynamical systems relevant to biology are externally driven. Organisms need to process

the signals from their surrounding in real-time to adapt to changes in the environment. For

example, cells need to measure the chemical concentration of their surroundings, so they

have surface receptors that can bind to specific ligand molecules for a certain amount of

time. These receptors must compute the average binding time over the irregular arrival of

diffusing molecules [21]. A simple setup of this mechanism is:

d∆X

dt
=

1

τ0
(∆X − s) (1.1)

where s(t) is the concentration of the external ligand and X tracks the moving average of

s(t) in the timescale τ0. τ0 depends on the receptors’ average binding time. Larger τ0 allows

for better noise filtering, but the system is less responsive to the concentration change.

Another example is motivated by a circadian rhythm. A plant has an internal clock that

can anticipate the time of sunrise. However, the weather can delay the necessary sunlight
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for several hours. So, the plant needs to correct its clock with the Sun as much as possible.

A circadian rhythm can be modelled with the Stuart-Landau equation:

dz

dt
= Az − bz2 + f(t)z (1.2)

where f(t) is the external driving signal and z is the position in a complex plane [22, 23]. This

equation captures the behavior of any non-linear oscillator in the weakly driven limit. The

force amplitude and the period difference dictate the speed of approaching synchronization.

This thesis presents the progress on three different driven dynamical systems using our

analytical process: comparing the system’s response time to the signal’s time required for

the change. Suppose the system is in an equilibrium state when the driven signal is F0.

When the signal changes to F1, the ‘response time’ τ0 is the time the system takes to return

close to the equilibrium. The ‘signal time’ τf is the amount of the time the signal takes to

change from F0 to F1. Surprising nonlinear behavior often occurs when τ0/τf ∼ 1, defined

as the intermediate timescale. Our analytical process begins by first analyzing the system

at the two opposite limits: τ0/τf � 1 and τ0/τf � 1. These analyses hint at the qualitative

solution when τ0/τf ∼ 1. Our method may not apply to every nonlinear system, but it

is practical because driven nonlinear systems are challenging and do not have a universal

mathematical tool.

Chapter 2 serves as the first application of our method to solve the driven dynamical

system. Here, we study the dynamical system model of the clock inside cyanobacteria. The

model consists of a limit cycle attractor, driven by a time-dependent force. The crucial

response time τ0 is the time it takes for the phase difference between the system and the

periodic input to go down by a constant factor, or the entrainment time. The higher the

input force, the smaller the entrainment time.

There are two kinds of noises affecting the circadian rhythms: internal and external noise.

Internal noise comes from the small copy numbers of the clock protein, while external noise
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comes from the daylight’s fluctuation. From rationalizing on different timescales, we show

that the clock is vulnerable to internal noise when the entrainment time is high and vulnerable

to external noise when the entrainment time is low. The robustness of the biological clock

depends on the ratio of the internal and external noise. This chapter is the reprint of [24].

Chapter 3 is about the noise correlation time in a noise-induced activation system. The

significant timescale in this system is the timescale T of the adaptive circuit. If the noise

correlation time is much shorter than T, then the signal will be perceived as a constant signal.

On the other hand, if this correlation time is much larger than T, then the system is fast

enough to adapt and filter out the noise. Intriguing phenomena of noise-induced activation

happens when the correlation time is about the same as the adaptation time. This chapter

is the reprint of [25].

Chapter 4 is about the gradient descent of a neural network. The classification of texts

and images has been advancing rapidly and becoming a part of our everyday technology. For

example, driverless cars have to distinguish a road from a building. Also, the email services

become safer as they can often separate normal texts from scams. Neural networks play an

important role to the classification problems. The biggest problem of using data to train

neural networks is overfitting. Most popular methods apply static regularization to the loss

function such as L1 and L2 norms. The training will repeat on the same training dataset

until reaching the desirable cross-validation accuracy. In this nonlinear system, the number

of passes on the entire dataset (the epoch) is the response time of the neural network. Our

research finds that swapping the stream of training data at around the response time can

help train the parameters toward the minimum, common among all datasets.
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CHAPTER 2

BIOPHYSICAL CLOCKS FACE A TRADE-OFF BETWEEN

INTERNAL AND EXTERNAL NOISE RESISTANCE

Many organisms use free running circadian clocks to anticipate the day night cycle. However,

others organisms use simple stimulus-response strategies (‘hourglass clocks’) and it is not

clear when such strategies are sufficient or even preferable to free running clocks. Here,

we find that free running clocks, such as those found in the cyanobacterium Synechococcus

elongatus and humans, can efficiently project out light intensity fluctuations due to weather

patterns (‘external noise’) by exploiting their limit cycle attractor. However, such limit

cycles are necessarily vulnerable to ‘internal noise’. Hence, at sufficiently high internal noise,

point attractor-based ‘hourglass’ clocks, such as those found in a smaller cyanobacterium

with low protein copy number, Prochlorococcus marinus, outperform free running clocks. By

interpolating between these two regimes in a diverse range of oscillators drawn from across

biology, we demonstrate biochemical clock architectures that are best suited to different

relative strengths of external and internal noise.

Extracting information from a noisy external signal is fundamental to the survival of

organisms in dynamic environments [26]. From yeast anticipating the length of starvation

[27] and bacteria estimating sugar availability[28], to dictyostelium counting cAMP pulses

[29], organisms must often infer properties of the environment that are masked by noisy

irregular fluctuations in order to be well-adapted [30, 31].

A striking example of regularity in environmental stimuli is the daily day-night cycle

of light on earth; organisms from all kingdoms of life use circadian clocks to synchronize -

or ‘entrain’ - in phase to these 24-hour periodic signals in order to anticipate and prepare

for future changes in light [12]. The most remarkable and well-studied examples of clocks

are free running circadian clocks, found in organisms ranging from the cyanobacterium S.

elongatus to insects, plants and humans. Such clocks use non-linear dynamics to generate
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self-sustained 24-hr rhythms of a preferred amplitude even in the absence of external driving.

Many salient properties have been ascribed to such free running internal rhythms [32, 12].

However, several organisms have only damped clocks or ‘hourglass clocks’; their response

to daily changes in light is not a self-sustaining oscillation, but rather a physiological program

that decays to a steady state over a day. For example, some strains of P. Marinus, a smaller

0.5µm cyanobacterium with an estimated 50× smaller protein copy number than S. elongatus

[33, 34, 35, 36, 37], appear to have such a damped ‘hourglass’ clock, despite the clock being

constituted from Kai proteins similar to those in S. elgonatus.

The potential benefits and drawbacks of these timing systems are not immediately obvi-

ous. In particular, it is unclear when an ‘hourglass’ clock might be sufficient or even preferred

over free running clocks.

Here, we compare such classes of clocks when driven by the day-night cycle of light in

fluctuating conditions. One source of fluctuations are amplitude fluctuations in the external

day-night signal due to weather patterns[14] or other environmental disturbances. Phase

entrainment to such fluctuating environmental signals is a challenge because while ampli-

tude fluctuations are uninformative of phase, an entrainment mechanism looking for dawn-

dusk transitions might conflate such amplitude fluctuations with true variations in phase.

Biomolecular clocks also face an internal source of fluctuations [38], due to various causes

like finite copy number effects [39], bursty transcription, interactions with the cell cycle and

cell division [40]. It is clear that the inability to deal with either of these fluctuations will

lead to poor phase entrainment, with a host of associated fitness costs in cyanobacteria [41],

plants, rodents and humans[42]. However, it is not clear what kinds of clock architecture

are best at dealing with internal and external fluctuations and whether these demands are

compatible.

We find that free running clocks, based on limit cycle attractors, are a double edged

sword when subject to such internally and externally fluctuating conditions. The flat direc-
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Figure 2.1: Free running clocks and damped ‘hourglass’ clocks are equally good time-keepers
in noiseless conditions but internal and external fluctuations reveal significant differences.
(a) Free running circadian clocks, such as the KaiABC protein clock in S. elongatus, show
rhythms in both oscillating and constant light (top) or dark (bottom) conditions. (b) In
contrast, damped circadian clocks, such as that in P. marinus which lacks Kai A, show
rhythms only in changing light conditions and decay to a fixed state in constant conditions.
(c) When subject to external noise (i.e., weather-related amplitude fluctuations in light),
simulations of the free running clock show low population variance while the damped clock
shows high variance. In contrast, Gillespie simulations with high internal noise due to low
copy number of Kai molecule reveals that damped clocks are much more robust than free
running clocks. (d) A systematic study of clock precision (i.e., mutual information between
clock state and time) at fixed external noise but decreasing Kai protein copy number N
reveals that free running clocks are preferred at low internal noise but damped clocks are
preferable at sufficiently high internal noise.

tion along such continuous limit cycle attractors can selectively project out external ampli-

tude fluctuations while retaining phase information. However, the flat direction along the

attractor makes these continuous attractor-based clocks susceptible to internal fluctuations

(e.g. low protein copy number [43]). In contrast, point attractor-based damped clocks are

relatively resistant to internal fluctuations because they have no flat directions. Hence such

‘hourglass’ clocks out-perform free running clocks at sufficiently high internal noise.

We first demonstrate our results in diverse biochemical oscillators, drawn from the lit-

erature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 44] on clocks in cyanobacteria, plants and mammals to
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cell cycle and synthetic oscillators. We complement this detailed network-based study with

dynamical systems theory that explains the same trade-off in terms of the broad features

common to the diverse models studied here. In all cases, our approach involves system-

atically deforming the dynamics to interpolate between free running and ‘hourglass’ clocks

and using information theoretic measures to quantify clock performance in the presence of

fluctuations.

By continuously interpolating between these clock architectures, our work predicts that

a survey of clock systems in different environmental niches will reveal that clock architec-

ture vary systematically with the relative strength of external and internal fluctuations[45].

Further, our work suggests intriguing forward evolution experiments in the lab where the

same structured external environment can nevertheless result in distinct regulatory systems,

depending on the size of internal fluctuations. Finally, the existence of ‘hourglass’ clocks

are easier to overlook experimentally than free running oscillations. Hence our theoretical

demonstration that ‘hourglass’ clocks have functional benefits in specific conditions high-

lights the importance of experiments that specifically look for such damped clocks. More

broadly, our work highlights the need to experimentally probe regulatory strategies by vary-

ing different kinds of noise independently when possible, since the strategies to deal with

different kinds of noise are not equivalent and can be in conflict.

2.1 Free running clocks and damped ‘hourglass’ clocks

Many organisms like humans and rodents have free running clocks that show self-sustained

24 hr rhythms even in constant dark or light conditions. A particularly simple and well-

characterized free running clock is that found in S. elongatus where the clock dynamics can

be reproduced by the post-translational dynamics of Kai ABC in vivo as well. Measuring the

phosophorylation state at any one of several sites on KaiC reveals an orderly phosophoryla-

tion reaction with a period of 24 hours. As shown in Fig 2.1a, oscillations of a characteristic
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external noise, using the external coupling and parameters specified in the original publica-
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amplitude are sustained even in constant darkness or constant light, i.e., in the absence of a

periodic external drive.

Not all organisms have a free-running clock; e.g., many insects [13] have damped ‘hour-

glass’ clocks that decay to a fixed point under constant light or constant dark conditions but

show oscillatory dynamics under day-night cycling (see Fig 2.1b). In fact, a sister cyanobac-

terial species P. marinus has a KaiBC-protein based clock. While the details of this clock

are not fully characterized, the clock lacks the KaiA-mediated negative feedback [36, 35]

loop that enables free running oscillations in S. elongatus. Consequently, in constant light or

dark conditions, the clock’s state decays to a distinct day or a night state respectively [35].

Thus, both classes of clock show regular oscillations when externally driven. With cloud-

less day-night cycling, both systems can synchronize in phase with the external signal (i.e.,

‘entrain’) and show distinct clock states at distinct times of the day. In this way, the clock

state provides the rest of the cell with an estimate of the time of the day. However, while

the free running clock has a natural amplitude relatively independent of the external drive,

the damped clock’s amplitude is directly set by the external drive.

External fluctuations:

The day-night pattern of light on earth does not resemble the clean square wave shown in

Fig.2.1a but is rather subject to large amplitude fluctuations during the day due to weather

patterns. Such amplitude fluctuations and their spectrum have been quantified [14] and

also identified as playing a critical role in several studies on the evolution and performance

of circadian clocks [46, 32]. The biological impact of such changes in light intensity in

cyanobacteria have been quantified recently [40]. The clock must entrain in phase to the

external signal while ignoring such amplitude fluctuations.

Internal fluctuations In addition to external fluctuations, circadian clocks also deal

with the intrinsically noisy nature of biochemical reactions[47]. Sources of internal noise

for clocks include finite copy number effects, bursty transcription, cell division and other
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sources[39]. In particular, based on their relative sizes[36, 35, 33], P. marinus is thought

to have far fewer copies of the Kai clock proteins (e.g., ∼ 500 of KaiC ) than S. elongatus

(∼ O(10000) copies of KaiC [34, 37]). Such finite numbers of molecules is known to create

significant stochasticity in oscillators in the absence of an external signal [43].

Noise resistance of Kai-based clocks:

We tested the impact of such external and internal fluctuations on the contrasting clock

architectures in S. Elongatus and P. Marinus through simulations. We set up explicit

Gillespie simulations[48] of explicit biomolecular models of the post-translational Kai clock

that captures the known biochemistry[15] of S. elongatus ’s clock and the putative KaiBC

clock[33, 35] in P. marinus (Fig.2.1). We do not include transcriptional coupling [49] of the

clock here and focus on the core post-translational oscillator. See Appendix 5 for details.

The ATP levels in these models [50] were were coupled to an external square wave input of

period 24 hours, representing the day-night cycle of light. To model external fluctuations,

we modulated the amplitude of the input square wave over a broad range of frequencies,

reflecting the broad frequency spectrum quantified by the Harvard Forest database [51]. To

model internal fluctuations, we varied the copy number in these Gillespie simulations.

With only external fluctuations but suppressing internal fluctuations using high copy

numbers, we find that the damped oscillator develops a much larger population variance

than the free running clock. In contrast, at low copy number (i.e., high internal noise) but

with a noiseless external signal, we find the situation is reversed; the free running clock has

significantly higher population variance. See Fig.2.1c.

To study this effect quantitatively, we fixed the strength of amplitude fluctuations and

increased the internal noise by decreasing the copy number of all Kai proteins in the Gillespie

simulation. We measured the resulting mutual information between clock state and objective

time of day. (Mutual information is intuitively a measure of population variance along the

most informative directions; see Appendix A.3 for more.)
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We see that the free running clock has higher precision than the damped clock at low

internal noise (high copy number). However, as the internal noise is increased, the precision

of the free running clock drops earlier and consequently, the damped oscillator has higher

precision at sufficiently high internal noise (low copy number). This is shown in Fig. 2.1d,

where the precision measures the mutual information between the clock state and the time.

For a fair comparison, in undriven conditions, different clocks are assumed to lose information

at the same rate.

2.2 Noise resistance in other biochemical clocks

While our study here was motivated by the contrasting Kai protein-based clocks in the two

cyanobacterial species S. Elongatus and P. Marinus, we sought to test the broader validity

of our results. Hence we analyzed the internal and external noise resistance in a range of

eight well-studied biochemical oscillators in the literature.

These models range from circadian clocks in numerous organisms - Neurospora[1], Ara-

bidopsis [2, 3], mammalian cells [4]) - to other oscillators such as cell cycle models [5], the

Goodwin [6, 7] oscillator, the Brusselator [8] and the synthetic repressilator [9, 10] - see

Fig.2.2. While the internal noise properties of these oscillators in undriven conditions have

been studied before [52], here we analyzed the contrasting internal and external noise proper-

ties of these oscillators under externally driven conditions. The results are shown in Fig.2.2.

In each case, we set all kinetic parameters to values specified in the original publications

and coupled the external driving signal in the way specified in those original publications.

As in the Kai clock simulations, the external signal was a square wave with amplitude

fluctuations of fixed strength. Finally, we add Langevin noise to the equations to simulate

internal noise; when available, we followed the finite volume prescription for rates in the

original publications or related papers to set the size of Langevin noise for each reaction.

Simulation and model details are in the SI.
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These models here all exhibit a Hopf bifurcation as kinetic parameters are tuned. The

publications [1, 2, 3, 4, 5, 6, 7, 8, 10] identified a parameter which when tuned leads to a

Hopf bifurcation; i.e., on side of the bifurcation, we find damped oscillations while on the

other side, we find free running oscillations of increasing amplitude. We picked three points

along this parameter; the green and purple data correspond to free running oscillations

of large and smaller natural amplitude relative to the size of the external drive. The red

data corresponds to a choice of parameters on the other side of the Hopf bifurcation, i.e.,

to damped oscillations. For the red data, we chose µ such that the relaxation timescale

was comparable to the period of the external driving force, much as in the Kai model of

P. Marinus. The damped oscillator is a useful clock only when the relaxation timescale is

comparable to the period.

In each case, we observed the same trade-off as seen in the Kai system; free running

oscillations of large amplitude relative to the external drive (green) were most precise when

only subject to external noise but are most fragile to internal noise. Damped oscillations in

the same oscillator models are more robust and thus are preferable at sufficiently high internal

noise. We find that intermediate amplitude free running oscillations show intermediate

noise properties. Consequently, we can continuously trade-off resistance to internal noise for

resistance to external noise by changing the amplitude of free running oscillations relative

to the strength of the external drive.

2.3 Dynamical systems theory of noise resistance

We have demonstrated a trade-off between external and internal noise resistance in diverse

clocks. While it is possible to trace the origin of this trade-off to specific features of each

clock, here, we take a different approach based on dynamical systems theory. Dynamical

systems theory has been use to make fruitful general predictions about biological clocks since

Winfree’s analysis of phase singularities [12]. In a similar vein, we use dynamical systems
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Figure 2.3: Experiments and models of biological clocks show that external driving can be
viewed as a switch between distinct day-time and night-time dynamics. (a) Experiments
on the Kai system at distinct ATP levels corresponding to day and night conditions reveal
limit cycles shifted relative to each other in a phosphorylation space for Kai (reproduced
from [11]). Similar behavior[12] is seen in models of diverse biochemical oscillators studied
in Fig.2.2. (b) We build a minimal model of such driven clocks as a limit cycle of radius
R whose center is shifted by a distance L between day and night. In cycling conditions
(see signal in (d)), an entrained clock’s state executes a trajectory that encompasses both
limit cycles as shown (bottom). (c) For damped clocks [13], phenomenology suggests that
the day and night limit cycle dynamics are replaced by a point attractor whose position
changes between day and night. The relaxation time between the day and night attractors
is comparable to ∼ 12 hours, giving rise to the trajectory shown in cycling conditions. (d)
The plot shows cycling conditions of light intensities that couple to (b) and (c).
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Figure 2.4: External weather-related light fluctuations are filtered out by limit cycle at-
tractors but not by point attractors. (a) Light intensity levels fluctuate on a range of time
scales due to weather (power spectrum reproduced from [14]). (b) A population of limit
cycle clocks of identical fixed geometry, subject to different realizations of weather condi-
tions, show non-overlapping distributions (purple blobs) at different times of the day. Point
attractor clocks form larger and more overlapping distributions. (c) A single representative
dark pulse of ∼ 2.4 duration causes only a ∆Φ ∼ 30 min phase lag in limit cycles since the
trajectory’s deviation (purple) is fundamentally bounded by the circular attractor. In con-
trast, ∆Φ ∼ 4 hr for the point attractor since the trajectory is in free-fall towards the blue
night-time attractor. (d) The geometrically computed ∆Φ2 phase shift for a dark pulse of
any fixed duration and time of occurrence (see Appendix A.4) drops rapidly as (R/L)−2 for
large-R/L limit cycles; this theoretical prediction agrees well with the population variance
gain over a day in simulations. (e) Consequently, weakly driven limit cycles (i.e., high R/L)
can tell time with high precision.

theory to show this trade-off emerges due to basic features of free running and damped clock

dynamics and can thus be expected to hold broadly.

2.3.1 Limit cycle clocks and point attractor clocks

Free running clocks are phenomenologically well-described by a limit cycle attractor, a non-

linear oscillator of fixed amplitude[12]. While such descriptions have been used for numerous

biochemical oscillators, limit cycle dynamics can be experimentally seen in molecular detail

for the KaiABC clock in S. elongatus as shown in Fig.2.3a (reproduced from [11]). The

clock follows distinct limit cycle dynamics during the day (orange data) and night (black
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data) [11, 50], with the day cycle positioned at higher phosphorylation levels due to a higher

ATP/ADP ratio.

The Kai model and indeed the diverse range of biochemical oscillators in Fig.2.2 show

such a change in the limit cycle between day and night conditions. Here, we build a minimal

model of such free-running clocks using circular day and night limit cycles of radius R in a

plane. The limit cycle is defined by the dynamics τrelaxṙ = r − r3/R2, θ̇ = ω about its own

center; but the center of the limit cycle itself moves along the x axis in Fig.2.3b as (ρ(t)L, 0)

where ρ(t) ∈ [0, 1] is the normalized light intensity level at time t and L is a measure of the

physiological changes between day and night (e.g., ATP/ADP ratio change in S. elongatus).

Thus, e.g. in Fig.2.3b, the system follows the blue dynamics at night and then after dawn

it relaxes to the orange day attractor on a time scale τrelax. Note that R represents the

amplitude of free-running oscillations while L represents the strength or amplitude of the

external driving signal.

In contrast, damped clocks are phenomenologically well-described by a day-time and a

night-time point attractor with slow relaxation dynamics between them (Fig. 2.3c), modeled

as ṙ = −r/τrelax, θ̇ = ω about an attractor point whose location varies with current light

levels as (−ρ(t)L, 0). Here we assume 2τrelax ∼ 24 hrs as in P. marinus [35]; if relaxation

were faster and completed before the day is over, the clock cannot resolve all times of the

day.

Here, we will also consider a family of limit cycle clocks of varying R/L to interpolate

between large-R/L limit cycles and point attractors (approximated by R/L = 0).

2.3.2 External noise

We begin with the performance of different clocks in the presence of external intensity fluc-

tuations. Weather patterns cause large fluctuations in the intensity of light over a wide range

of time-scales as shown in Fig.2.4a. Much like with biochemical circuits, we subject an in
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silico population of dynamical system clock models to different realizations of such noisy

weather patterns.

When subject to weather fluctuations, we see in Fig.2.4b that the population variance

of clock states for limit cycles at given times (purple) is fundamentally limited by the spac-

ing between the day and night limit cycles. Point attractors develop larger overlapping

population distributions at different times.

We can geometrically understand the daytime phase variance increase σ2
clouds in terms of

the phase lag ∆Φ due to a single, say 2.4 hr dark pulse, administered during the day. Fig.2.4c

shows that the deviation in trajectory for limit cycle clocks (purple) is fundamentally limited

by the presence of a continuous attractor. In contrast, for the point attractor, the trajectory

is in free fall towards the night point attractor, with no limit cycle to arrest such a fall.

Consequently, the geometrically computed phase shift ∆Φ due to the particular dark pulse

shown in Fig.2.4c is much smaller for limit cycles (∆Φ ∼ 0.5 hr for the R,L geometry shown)

than for point attractors (∆Φ ∼ 4 hr) (see Appendix A.4).

In fact, this contrast in ∆Φ between limit cycles and point attractors holds for dark pulses

of any duration and time of occurrence. The contrast is even greater at small L/R since

(∆Φ)2 ∼ (L/R)2 for small L/R, as shown geometrically in the Appendix A.4 and confirmed

in simulations that average over random weather conditions (Fig.2.4d). Hence, limit cycles

are more resistant to external fluctuations than point attractors.

To complete the analysis, we note that phase variance increases additively during the

day and falls multiplicatively at dusk (and dawn), i.e.,

σ2 day−−→ σ2 +σ2
clouds

dusk−−−→ (σ2 +σ2
clouds)/s

2 night−−−→ (σ2 +σ2
clouds)/s

2 dawn−−−→ (σ2 +σ2
clouds)/s

4

. Solving for steady state phase variance (σ2 = (σ2 + σ2
clouds)/s

4), we obtain

σ
2,ext
limit cycle ∼ ∆Φ2/(s4 − 1). (2.1)
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where we have equated σ2
clouds to ∆Φ2 for a typical dark pulse Here, s2 represents the

variance drop during a dawn/dusk entrainment. As shown in the Appendix A.4 for external

noise (and in Fig.2.5 for internal noise), this factor s, can be geometrically explained by the

slope of the circle map relating the two cycles [11]; we find that s2− 1 ∼ L/R for large-R/L

limit cycles. Plugging this and ∆Φ2 ∼ (L/R)2 into Eq.2.1, we see that σ2 → L/R → 0 for

large-R/L cycles.

Fig.2.4e shows that the precision (i.e., mutual information between clock state and time)

computed from random weather simulations agrees with this theory; clock precision drops

as we interpolate from limit cycles to point attractors by changing L (with equivalent results

for changing R).

2.3.3 Internal noise

Internal noise due to finite copy number effects in biochemical networks can be modeled

exactly using the Gillespie method used in Fig.2.1. In the context of our dynamical systems

model, we follow [48] and add Langevin noise to all dynamical variables of the system of

strength εint ∼ 1/
√
N , where N is the overall copy number, with the ratios of different

species assumed fixed (see Appendix A.2.7). Such a Langevin approach is an approximation

[48] to the exact Gillespie method used in Fig.2.1.

We simulated a population of clocks in externally noiseless day-night light cycles but with

internal Langevin noise. We see in Fig.2.5b that limit cycle populations have significantly

higher variance of clock state due to internal noise than point attractors, in contrast to

Fig.2.4b with external noise alone.

We can understand the weakness of limit cycle attractor relative to the point attractor in

terms of diffusion during day/night balanced by dawn/dusk transitions. The flat direction

along the limit cycle attractor cannot contain diffusion caused by the Langevin noise during

the day/night; hence the phase variance increases by σ2 → σ2 + ε2intTday during a day of
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Figure 2.5: Internal fluctuations severely affect continuous attractors but not point attrac-
tors. (a) We model fluctuations due to finite copy number N as Langevin noise with mean
zero and standard deviation εint, resulting in a diffusion constant ε2int ∼ 1/N for the clock
state. (b) The flat direction of limit cycles cannot contain diffusion, leading to large increases
ε2intTday in population variance of clock state during each day (and night). In contrast, point
attractor dynamics have constant curvature at all times, leading to a constant population
variance over time. (c) The variance drops σ2 → σ2/s2 at dawn and dusk for limit cycles
during the off-attractor dynamics between the day and night cycles. As with external noise,
the variance drop is predicted by the slope dP (θ)/dθ of the circle map between the cycles.
This dawn/dusk drop goes to zero for large R/L limit cycles but variance still increases
during the day and night. (d) The variance for point attractors is Dτrelax, a constant de-
termined by the curvature τ−1

relax of the harmonic potential. (e) Thus, with only internal
noise present, the precision of limit cycle clocks increases with increasing separation L/R,
asymptotically approaching the performance of point attractors.

length Tday (and similarly at night).

Dawn and dusk times reduce the phase variance σ2 → σ2/s2 as the trajectories originat-

ing on, say, the day cycle converge on the night cycle (see Fig. 2.5c and [11, 53]). In fact,

we can compute this variance drop s2 entirely through geometric considerations. We define

the circle map φ = P (θ) as relating originating points θ near dusk on the day cycle to final

points on the night cycle φ after relaxation (experimentally characterized in [11]). Then

s−1 = dP (θ)/dθ. Fig.2.5c shows that this slope s−1 = dP (θ)/dθ, geometrically computed

in the SI, agrees with the dawn/dusk variance drop in Langevin simulations and scales as

s2 − 1 ∼ L/R for large R/L.
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Thus, the population phase variance changes as σ2 Day−−−→ σ2 + ε2intTday
Dusk−−−−→ (σ2 +

ε2intTday)/s2 Night−−−−→ . . . where the night adds another +ε2intTnight and so on. Assuming

T = Tday = Tnight and solving for steady-state phase variance (σ2 = ((σ2 + ε2intTday)/s2 +

ε2intTday)/s2), we obtain

σ
2,int
cycle ∼

ε2intT

s2 − 1
(2.2)

Consequently, as the cycles become large (large R/L), the dawn/dusk variance drop vanishes

as s2 − 1 ∼ L/R→ 0 while diffusion along the flat direction still adds ε2intT to the variance

during each day and each night; hence large-R/L limit cycles have large σ
2,int
cycle and thus

low precision. (Unlike with external noise, internal noise introduces a diffusion length scale

and hence changing L and R are not equivalent. To make a fair comparison, we fix R and

internal noise while changing L in Fig. 2.5e; see Appendix A.2.7 for more detail about other

equivalent choices).

Note that Eqn.2.2 is invalid for strictly undriven clocks (i.e., s = 1); such clocks show a

variance that increases indefinitely with time. Here, we focus on driven clocks, which always

settle to the finite variance given by Eqn.2.2.

In contrast, for point attractors, the population variance stays constant during the day-

night cycle and is shown to be

σ
2,int
point ∼ ε2intτrelax

in the SI, which matches Langevin simulations (Fig.2.5d). Since τrelax ∼ Tday to have

distinct clock states through the day (Fig.2.3)), we find σ
2,int
cycle ≥ σ

2,int
point.

In summary, in both cases, population variance is reduced by the geometric ‘curvature’ of

the dynamics, i.e., convergence of nearby trajectories. Point attractor trajectories experience

a constant curvature of 1/τrelax. But limit cycle clocks experience such ‘curved’ off-attractor

dynamics only at dawn and dusk, which is offset by dephasing[54, 52] during long periods

of zero curvature on the limit cycle (day/night). Hence limit cycles underperform point
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attractors under high internal noise.

2.3.4 Combination of external and internal noise

We now subject the clock systems to both internal and external noise at the same time. We

find results (see Fig.2.6a) that parallel those for explicit molecular models of biochemical

oscillators studied in Fig.2.2. Large-R/L limit cycles outperform other clocks in filtering out

external noise when internal noise is low but their precision degrades more rapidly than other

clocks as internal noise ε2int ∼ 1/N is increased. Point attractors have poor precision with

only external noise but do not significantly degrade with internal noise and outperform all

other clocks at high internal noise. At comparable strengths of internal and external noise,

limit cycles with an intermediate value of R/L are most precise. In the SI, we show that the

optimal geometry is set by the ratio of internal and external noise strength,

(L/R)optimal =
εint
εext

. (2.3)

In the SI, also we show that, under certain simplifying assumptions, Eqns. 2.1 and 2.2

can be combined to give an explicit trade-off relationship,

σ2
intσ

2
ext ∼ Q (2.4)

where Q = ε2intε
2
ext and where σ2

int is the population angular variance of the clock state due

to internal noise when driven by a noiseless external signal and σ2
ext is the population angular

variance in the absence of internal noise due to amplitude fluctuations of the external signal.

Note that angular variance is a better indicator than variance because we want to know how

well the system can tell time.

Eqn.2.4 makes our trade-off explicit and also clarifies which parameters are varied and

which parameters are held fixed in this trade-off. As long as Q is held fixed, we allow all
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other parameters to vary – e.g., the overall strength of the external drive L, the size of the

cycle R, and as discussed in the SI, all other parameters characterizing the normal form of

limit cycles near a Hopf bifurcation.

However, in holding Q fixed, our trade-off does assume that the strength of the external

fluctuations εext – i.e., the fractional size of amplitude fluctuations in the external signal

– is held fixed. Similarly, we hold ε2int, the phase diffusion constant, fixed – i.e., we are

comparing clocks that would show the same population phase variance (in units of radians)

over the same time in undriven conditions. See Appendix A.2.7 for alternative comparisons

and other details.

2.3.5 Speed-precision trade-off

Another measure of clock quality is the entrainment speed, i.e., the time taken to reach

steady state population variance, starting from a population uniformly distributed in clock

phase. In Fig.2.6b, we see that with external noise only, the most precise clocks (i.e., small-

L/R limit cycles) are the slowest to entrain because they retain a longer history of the

external signal, allowing them to average out external noise better.

But strikingly, such a speed-precision trade-off is absent if internal noise is high. In

Fig.2.6c, only internal noise is present and the external signal has no fluctuations. We see

that clocks most robust to internal noise are also the fastest to entrain. Intuitively, the

phase of slow entraining clocks is affected by the cumulative effect of internal fluctuations

over a longer period of time. With both external and internal noise present, clocks with

intermediate entraining speed - i.e., intermediate (L/R)optimal = εint/εext - will have the

highest precision.
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Figure 2.6: Large-R/L limit cycle attractors, which correspond to large amplitude free run-
ning clocks, outperform all other oscillators in projecting out external noise but are least
robust to internal noise. (a) Point attractors and smaller R/L limit cycles (red and purple
curves) show low precision (i.e., low mutual information) but do not degrade as much as
large-R/L limit cycles with increasing internal noise εint. Thus this simple dynamical sys-
tems model of clocks reproduces and explains the trade-off seen in the complex biochemical
clocks shown in Fig.2.1,2.2. (b,c) Speed-precision trade-off. (b) With external noise alone,
the most precise clocks (i.e., large R/L limit cycles) average over longer signal history and
are thus the slowest to entrain, i.e, slow to transform a population with uniform phase dis-
tribution to the steady state distribution. (c) However, with internal noise alone, there is
no trade-off between speed and precision; faster entraining clocks (i.e., point attractors) are
more accurate since slow clocks are exposed to more internal noise.

2.4 Discussion

Free running circadian clocks are a remarkable result of evolution in a changing but pre-

dictable environment and are thought to provide numerous benefits[32]. Here, we showed

that the limit cycle attractor underlying such a clock is able to effectively project out weather-

related amplitude changes that are perpendicular to the flat direction of the attractor. Sim-

ilar roles for the flat direction of continuous attractors in projecting out external (or input)

fluctuations have been explored in neuroscience [55, 56], e.g., for head and eye motor con-

trol and spatial navigation. However, we also found that the same flat direction becomes

a vulnerability with internal fluctuations since such fluctuations cannot be restricted to be

perpendicular to the attractor.

We confirmed the trade-off between resistance to external and internal noise in diverse

models of biochemical clocks and oscillators, using parameters inferred from experimental

data by the original publications [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. The trade-off in each of these
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models can be given explanations that are specific to those models; for example, one can

identify specific bottlenecks for external and internal noise in these models[57]. However,

we have provided an alternative kind of analysis based on the geometry of the dynamical

systems involved. Such an explanation misses aspects specific to each clock - e.g., how

specific biologically tuneable parameters in each model affect internal and external noise

resistance. However, the dynamical systems picture has the advantage in that it identifies

the common origin of the trade-off across these systems. Such a dynamical systems picture

has been fruitful in making other general but falsifiable predictions in biology[58, 11, 59],

going back to Winfree’s phase singularity [12].

Our dynamical systems theory shows that the critical parameter for noise resistance is

the strength of the external driving relative to the amplitude of free running oscillations,

captured by the geometric ratio L/R in our analysis. Weak driving provides resistance to

external noise while strong driving provides resistance to internal noise. While our dynamical

systems theory involve planar circular limit cycles, the models in Fig.2.2 have complex non-

planar non-circular limit cycles and yet reproduce our trade-off. Finally, while the internal

noise discussed here is set by finite copy number, this dependence is not essential to the

results here. Any source of disturbance (e.g., bursty transcription) that perturbs the phase

of the oscillator in constant light conditions is equivalent to internal noise. Similarly, external

noise can involve any kind of fluctuation (e.g., multiplicative fluctuations, phase fluctuations)

of the external signal that does not result in a persistent phase shift of the external signal

itself.

Our work suggests that the damped oscillators are not merely poor cousins of the remark-

able free running oscillators found e.g., in S. elongatus. At the low protein copy numbers

such as those found in P. marinus, damped clocks keep time more reliably than free running

clocks. (Low copy number has been linked to a trend towards reduced genome size and cell

size in P. marinus [33].) In addition to the noisy internal environment of P. marinus, the
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external environment might also play a role in selecting a damped clock; P. marinus is typi-

cally found in the open ocean, where the external environment may be more regular than the

fresh water habitat of S. elongatus. In addition to P. marinus, damped oscillators are found

elsewhere in biology, often in specific physiological conditions [13, 60]. Understanding the

benefits and drawbacks of such damped oscillators in different conditions is critical since such

oscillations are easily overlooked experimentally, in comparison to free running oscillations.

While numerous upstream and downstream considerations can modify [61, 46] the ulti-

mate biological impact of fluctuations, we find that the core oscillator’s geometry in itself can

continuously trade off protection against external fluctuations for protection against internal

fluctuations in the diverse range of models studied here.
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CHAPTER 3

ENVIRONMENTAL NOISE ENABLES SENSITIVE

DETECTION AND TRANSCRIPTIONAL DECODING OF

CYTOKINE INPUTS

Cells communicate effectively in noisy biochemical environments despite the detrimental ef-

fect of noise on information transfer. Understanding how cells deal with environmental noise

– chemical fluctuations- when detecting and transcriptionally decoding external signaling

inputs has immense importance for studies of healthy and dysregulated signaling. Here, we

use microfluidic live-cell experiments and mathematical modeling to study NF-κB pathway’s

ability for detecting, discriminating and transcriptionally interpreting noisy immune inputs.

Surprisingly, we find that single-cell NF-κB activation is dramatically enhanced through the

addition of noisy fluctuations to an otherwise constant cytokine signal. Theoretical analysis

shows and experiments confirm that the noise-enhanced sensitivity is explained by nonlin-

ear adaptive dynamics – rectified adaptation – in the NF-κB network. Our results show a

surprising role for external fluctuations in enabling the detection of otherwise undetectable

signals and demonstrate how cells exploit non-trivial molecular mechanisms to thrive in noisy

environmental conditions.

Cells are exposed to randomly fluctuating levels of signaling molecules in their natural

environment [62, 63, 64, 65, 66]. Noisy transcription, burst-like protein secretion, thermal

fluctuations and interference from other cells all contribute to the noisiness of the extracel-

lular signaling environment [67, 68]. Noise is considered detrimental to information transfer

and signaling, both in biological and physical systems. Despite constant influence of noise on

cellular inputs, signaling network somehow create robust and finely tuned gene expression

profiles [69]. How cells deal with external (environmental) fluctuations and create appropri-

ate signaling responses is not well understood, and it is central to many signaling problems
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in health and disease. The well curated cellular responses can be the result of noise damp-

ening features of gene regulatory network motifs [18]. These network motifs can potentially

reduce the detrimental effects of noise and limit the response to input fluctuations through

mechanisms like time-averaging [18, 70]. However, such features rely on reducing the re-

sponsiveness (sensitivity) and speed of signaling systems through time averaging. On the

other hand, many cellular signaling pathways manage to combine high sensitivity and speed

with noise tolerance, which are seemingly conflicting properties to exist in the same signaling

system. Here, we carefully examine such a sensitive and dynamic signaling system central

to immunity, the NF-κB system, which we show to take advantage of noisy fluctuations in

a cytokine signal to enhance its sensitivity and detects an otherwise undetectable signal in

the environment. NF-κB is an important example of a dynamically regulated transcriptional

network that responds to a range of signaling inputs [69]. NF-κB controls the expression

of hundreds of genes in response to a wide range of immune stimuli including signaling

molecules secreted by host cells and from pathogens such as bacteria and viruses11. NF-κB

coordinates many basic functions like innate immunity, immune development, and is involved

in pathophysiological outcomes including autoimmune disorders and cancer [71]. Cells in the

resting (unstimulated) state contain cytoplasmic NF-κB transcription factors, including p65.

Upon cellular stimulation, NF-κB transcription factors rapidly shuttle to the nucleus and

activate downstream gene expression. One of the transcriptional targets of NF-κB is its

own inhibitor IκB. Newly synthesized IκB causes NF-κB to shuttle back to the cytoplasm,

thereby creating oscillations in nuclear NF-κB and in target gene expression. NF-κB ac-

tivation is digital at the single cell level: cells that are exposed to TNF or LPS activate

in an all-or-none fashion [69, 72], resulting in total localization of NF-κB to the nucleus in

responding cells. Increasing signal dose causes more cells in the population to activate and

in a faster way compared to lower doses. NF-κB has been a model system for understanding

the role of protein dynamics in signal specific gene regulation [73, 74, 16], and the influence
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of cellular variability and internal transcriptional fluctuations on dynamic NF-κB signaling

has been studied [69, 75, 17]. However, the effect of noisy external inputs to an immune

signaling pathway like NF-κB has not been studied to date, and how cells robustly operate

in noisy signaling environments remains an important open question (Figure 3.1a).

The addition of noise to a signal typically degrades the transfer of information to the

output, both for physical and biological signaling systems [67, 76, 77]. Here, we ask how

biological systems deal with signal input noise and address whether signaling pathways like

NF-κB can actually utilize noise in the input to improve signaling fidelity. We investigate how

environmental noise influences the detection and transcriptional decoding of cytokine inputs

received by cells. Theoretically, the sensitivity of a system to small signals can be improved by

addition of white noise through a range of effects collectively called stochastic resonance [78].

In stochastic resonance, frequencies in the input noise spectrum amplify similar frequencies

in the responding system and create greater output [77]. The precise mechanism of stochastic

resonance varies, but in general, noise induces a state change (Figure 3.1b) or excitation [77]

that would not happen in the absence of noise. Further, stochastic resonance requires a

strongly non-linear system. We reasoned that biological signaling systems like NF-κB could

exhibit stochastic resonance since they are non-linear and exhibit dynamics of different time

scales. In particular, NF-κB has multiple nested feedback loops leading to oscillations, and

exhibits digital activation [69, 72]: an obvious example of nonlinearity that could benefit

from noise. Despite the favorable theoretical arguments, stochastic resonance has not been

experimentally seen in living cells, and whether it plays a role in immune signaling is not

known.

28



3.1 Dynamic modeling predicts that input noise enhances

NF-κB activation in single cells

We hypothesized that the multiple feedback time-scales in the NF-κB network could resonate

with various frequencies in random noise in biochemical inputs and create a more robust

activation effect in live cells (Figure 3.1c). To explore this possibility, we first simulated the

mathematical model of the NF-κB network in single cells under both constant and fluctuating

(noisy) concentration of the inflammatory cytokine TNF (Figure 3.1d). The simulated input

signal, when supplied at a constant (noise-free) concentration below the activation threshold,

does not result in NF-κB translocation and cellular activation (Figure 3.1e). Surprisingly, a

noisy signal at the same mean dose causes cells to robustly activate, with 100% of cells in

the population activating the NF-κB pathway. To confirm that cells were not responding to

the maximum TNF values in the fluctuating noisy signal, we modeled a noisy TNF signal

at an even lower level than the constant signal and observed that the cells still activated

(Figure 3.1f). Our simulations predicted that a noisy input will activate a much larger

fraction of cells in the population than a constant input dose, even at the maximum value

of the noisy input. Thus, our simulations suggest that despite being below the all-or-none

threshold for digital NF-κB activation, a low dose input can activate cells with the addition

of chemical noise, and that this enhanced response cannot be explained by the maximum

dose alone. Such simulations show subthreshold signal detection with the addition of noise,

a characteristic signature of stochastic resonance, and imply that noise can help increase the

sensitivity of NF-κB response in single cells.
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Figure 3.1: Simulations predict that weak (sub-threshold) cytokine inputs may evoke a strong
NF-κB response upon addition of chemical noise to those inputs. (a) Extra-cellular envi-
ronments are subject to chemical fluctuations, which make signals between cells to become
noisy. Signal receiving cells process such noisy inputs. (b) NF-κB pathway has complex non-
linear dynamics on a wide range of timescales, from fast receptor dynamics to the slower
pulse-like nuclear translocation of NF-κB. (c) Dynamic input profiles used for simulations
with the mathematical model of NF-κB pathway, under both constant (blue) and fluctuating
(red) input levels from the cytokine TNF. (d, e) In simulations, fluctuating TNF levels cause
strong activation of NF-κB nuclear translocation in all cells. However, constant TNF inputs
induce lower NF-κB activity and in fewer cells, despite the fact that TNF dose they see
exceed maximum of the fluctuating input.

3.2 Live-cell experiments reveal that noisy cytokine inputs

create increased NF-κB activation in single cells

To experimentally test whether addition of chemical white noise to a cytokine input would

indeed enhance the activation of NF-kB in live cells, we studied nuclear localization dy-

namics of NF-κB in response to real-time fluctuations of TNF. We cultured 3T3 mouse

fibroblast cells with p65-dsRed reporter in an automated microfluidic cell culture platform,

and quantitatively measured single cell NF-κB nuclear translocation in live-cell imaging ex-

periments under a range of time-varying TNF concentrations (Figure 3.2a). Our automated

microfluidic device can deliver time-varying dynamic chemical signals to cell culture cham-
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bers, including signals that contain predetermined levels of chemical fluctuations. The device

creates 154 pre-determined concentration levels between 0.01 ng/mL and 0.11 ng/mL TNF

with 0.5 second timesteps[79] (Figure 3.2b), which is much faster than the typical timescales

of NF-κB activation dynamics measured in live cells (tens of minutes). Cells were incubated

in this device and exposed to constant TNF signals whose concentrations range from 0.001

ng/ml to 1ng/mL (Supplementary Video 1; Supplementary Figure 1; Supplementary Figure

3.2) and a noisy signal (Gaussian white noise) with mean concentration of 0.05ng/mL and

Signal to Noise Ratio (SNR) of 5/1 (Figure 3.2c; Supplementary Video 2; Supplementary

Figure 3). During stimulation experiments, cells were imaged with time-lapse fluorescence

microscopy, and individual cells were tracked using custom image processing software[80].

We found that the cells responded much more sensitively to the noisy input: The fraction

of responding cells in the population as well as the nuclear NF-κB amplitude of individual

cells showed significant enhancement under the noisy signal when compared with an equiva-

lent dose constant signal (constant dose at 0.05ng/mL) (Figure 3.2d; Supplementary Video

3; Supplementary Figure 3). A randomly selected set of activated single-cell traces show

this dramatic increase in NF-κB activity (Figure 3.2e and 2f). In control experiments with

constant TNF at 0.05 ng/mL, only 33% of cells are activated, but under the Gaussian white

noise stimulation at the same time-integrated TNF dose, 85% of the single cells in the popu-

lation are activated (Figure 3.2i). Single cell NF-κB traces measured under the noisy signal

are similar to those stimulated with much higher constant doses of TNF (mean integrated

TNF dose for noisy signal is 0.05ng/mL). Furthermore, the fraction of responding cells is

also significantly higher under the noisy input. To achieve 80% activated fraction we needed

to use 1 ng/mL constant TNF, which is a 20-fold dose increase over the mean profile and

10-fold increase over the max value of the noisy signal (Figure 3.2g). These results clearly

show that individual cells perceive a noisy signal to be more than 10-fold more potent and

respond accordingly. There are several components of the single cell NF-κB localization dy-
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namical profiles that are relevant when comparing NF-κB activation. First peak height and

integrated area of nuclear fluorescence are linked to target gene expression; different levels

of NF-κB in the nucleus are correlated with different phenotypic gene response [69, 81]. For

a noisy stimulus, while the normalized NF-κB peak height and integrated area is consistent

with a dramatically higher dose (Figure 3.2j and 3.2k), we found that the response time

to first peak is similar to the noise-free stimulation. Both noisy and noiseless signals show

the same response time, with the same single-cell distribution and mean around 65 mins,

which is consistent with activation at a constant dose of 0.05ng/mL (Figure 3.2h and 3.2l).

This result shows that while noisy fluctuation of TNF signal increases the perceived dose for

NF-κB activation and amplitude, the speed of NF-κB activation is not increased due to pres-

ence of noise. Overall, our experiments confirmed the theoretical prediction of dramatically

increased noise-induced activation of NF-κB in living cells; further, the activation arises as

a cellular response to input fluctuations and cannot be simply explained as a perception of

the maximum dose. To our knowledge this is the first experimental demonstration of noise

enhanced immune signaling activation in living cells, and highlights how biological systems

can exploit non-trivial physical effects to take advantage of noisy environments.

3.3 Gene expression response to cytokine noise shows switching

of transcriptional programs to anti-cancer responses

To evaluate the functional effects of input noise, we probed gene expression response in cells

under both noisy and constant TNF stimuli. We stimulated cells again through our auto-

mated microfluidic cell culture platform, then extracted cells at 90min, 180min and 300min

timepoints. Approximately 150 cells were lysed and frozen for pooling in RNA sequencing

(SMART-sequencing) for each timepoint in triplicate (Figure 3.3a). Analyzing the gene ex-

pression differences between the two conditions reveals many differences across a range of

transcriptional programs. We looked at the all genes that were significantly upregulated
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Figure 3.2: Live-cell stimulation experiments show that addition of white noise to a weak
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live cell microscopy, and NF-κB nuclear localization is analyzed in individual cells over time.
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the same mean TNF dose. (j) Comparison of peak height normalized to maximum peak value
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exposure. (l) Peak timings for activated cells remain the same despite variation in peak
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and downregulated (pval < 0.01, and foldchange > 0.5) through noisy stimulation compared

to noise-free stimulation, and found 2540 genes that had significant variation (Supplemen-

tary Table 1) of which a majority are upregulated in response to noise. This indicates that

cytokine noise largely enhances or broadens gene expression response compared to a con-

stant signal. We narrow down our analysis to the two broad categories of noise sensitive

gene expression response using hierarchical clustering with two different time scales (early

and late). Gene ontology (GO) of these significant genes show upregulation of cell cycle,

ribonucleotide binding, anti-cancer and chromosome modifying genes across both early and

late response under noisy stimulation. It is of note that at the late timepoint, there is also

an increase in transcription regulator and protein phosphorylation and modification activity

(Figure 3.3b). At the early timepoint there is upregulation of NF-κB coregulator binding:

transcription factors with > 15% of total upregulated target genes include Jdp2, Mta1, Mzf1,

Sall4, Hdac3, e2f and Klf13 [82, 83, 84, 85, 86]. This transcription factor response alongside

broadly enhanced DREAM complex and p53 program response indicate a cellular effort to

limit differentiation and proliferation while preparing to address DNA damage within the cell

[87]. This coordinated response at the early 90min timepoint suggest that a noisy environ-

ment could induce a programmed response to prevent cancer and proliferation of damaged

cells [88].

While some of the early transcription factors continue to be upregulated highly at the

300m timepoint (Hdac3, Klf13, Sal4, JDP2) several new transcription factors emerge in-

cluding Lef1from the WNT pathway (Figure 3.3c). The chromatin regulating protein Morc2

also appears upregulated in both early and late noise upregulated genes (Supplementary

Table 2, Supplementary Table 3). Morc2 is responsible for many gene silencing effects via

modification of chromatin through interaction with the HUSH [89]. While many of the cel-

lular programs point towards increased cell cycle regulation, there is also upregulation in

anti-cancer markers to limit proliferation as well [90, 91, 92] (Figure 3.3d). Exposure to

34



noisy stimuli thus evoke enhanced expression of anti-proliferation and anti-differentiation

gene expression programs and likely also prime these cells for immune cell interference.

These programs combined suggest that noise in the signaling environment may play a role

in creating a more robust anti-cancer response for an inflammatory event. The significant

difference in phenotype of cells when comparing different noise levels in the environment is

consistent with the pleotropic response of NF-κB under different physiological conditions [93].

It has been shown that different temporal dynamics create different gene expression responses

, so this noise-responsive phenomenon is an extension of NF-κB gene expression studies and

shows the power and adaptability of innate immune response to different environmental

signals.

3.4 Noisy cytokine stimulation induces non-canonical

alternatives to NF-κB signaling

Next we analyzed expression differences between noisy and constant stimulus on genes with

NF-κB specific binding sites [94, 95] (Supplementary Table 4). We used hierarchical cluster-

ing to cluster genes that have expression levels that are amplified by and dampened by noise

(Figure 3.4a). Interestingly, genes that typically respond within the first 90 minutes show

similar expression profile between noisy and constant stimulation (Junb, Tnfaip3, Stat5a)

which differs from a broad analysis of gene expression. At the later time points, however, the

NF-κB transcriptional response diverges between the noisy and constant stimulation groups

at 180 minutes and 300 minutes. This behavior suggests that the broad gene expression

activity that occurs in the early 90 min timepoint, primes the specific NF-κB response for

later time points. Classic NF-κB target genes show upregulation upon noisy stimulation at

later time points (Supplementary Figure 4). Although the TNF dosage that cells perceive

is increasing with the addition of noise (Figure 2g), not all NF-κB responsive genes show

increases given a noisy signal. Instead, it appears that the pathway is accessing different pro-
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Figure 3.3: Sequencing of stimulated cells shows noise dependent gene expression. (a) Cells
were loaded and stimulated in microfluidic chambers, then extracted and pooled for SMART-
sequencing. (b) Heatmap of significantly different gene expression responses for each time-
point shows that noise results in different gene expression response (p ¡ .01, fold-change ¿.5)
(c) Gene Ontology for early and late noise-upregulated genes show cell cycle and chromosome
related gene expression. Late noise responsive genes show increased transcription regulator
activity (d) Transcription factors that were identified as the expression effectors include NF-
κB coregulators (shown with red arrow) as well as crosstalk transcription factors lef1 and
Hdac3. (e) Expression of cell growth and cell death gene markers are both upregulated under
noisy stimulation.
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grams leading to a different NF-κB gene expression outcome at different times in a manner

similar to our whole transcriptome analysis [96, 97]. The chromatin is being primed by early

transcription factor response via chromatin remodeling and is shifting the NF-κB-specific

response [98]. To understand where NF-κB specific response functionally changes with the

addition of noise, we mapped the interactions of the response genes to each other using

STRING[99]. We then look at the differences between noise dampened and noise induced

genes in the NF-κB pathway. High confidence protein interactions are shown in a map of NF-

κB response proteins and we then use the clusters generated through hierarchical clustering

to assign each protein in the interaction network a grouping based on expression behavior

given noise (Figure 3.4b). Graphing the network of these response genes shows that the

noise amplified genes stem from Cxcl cytokines and Nfkb1, whereas noise dampened genes

are affiliated with canonical NF-κB response given TNF and p53 inhibition (Myc, Bcl2).

Our analysis of the general whole transcriptome programs given noisy stimulation add in-

sight on this result as well. Release of these Cxcl cytokines is used in neutrophil recruitment

[100, 101] and lef1 is also known for mediating cell-cell communication. This programmed

behavior suggests that a noisy TNF signal can be used to prepare a microenvironment for an

inflammatory response through immune cell engagement while limiting the growth potential

of the effected cell. The overexpression of p53, e2f related genes and Nfkb1/ CXCL related

proteins interestingly also hints at a branch point in NF-κB noise regulation. The IKK

family proteins are known mediators for p53 and e2f as well as activators for non-canonical

Nfkb1 signaling [102, 103, 104, 105].

3.5 Rectified adaptation is the likely mechanism for noise

enhanced sensitivity in NF-κB

To understand the mechanisms behind stochastic resonance in NF-κB, we theoretically eval-

uated how fundamental components of the NF-κB signaling network respond to fluctuating
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inputs. In particular, adaptive dynamics [106, 107, 18, 70], known to be present in the NF-

κB pathway [108, 109] and also widely across biology, show a large response to a change in

input but the output soon returns to its prior resting value. Hence, the output of adaptive

dynamics is naturally more sensitive to input fluctuations than to the steady state level

of that input. Adaptive dynamics are commonly implemented by either Incoherent Feed-

Forward Loops (iFFLs) or negative feedback loops. Since iFFLs are known to occur in the

NF-κB pathway [108, 109, 110], we simulated a general iFFL in a simple input-output model

upstream of IKK (Figure 3.5a). We found that upward and downward fluctuations in the

input signal cause equal and opposite changes in the response, thus cancelling each other.

Consequently, noise in the input has no net impact on the output for a regular iFFL network

(Figure 3.5c). However, we found that a simple modification of the iFFL led to a dramat-

ically different conclusion (Figure 3.5b); if protein concentration (Y) in the network has a

natural floor, the response to positive and negative input changes is asymmetric. Such a

node in the network acts much like a diode or a ‘rectifier’ in an electrical circuit, allowing

responses to only upward but not downward fluctuations in the input. Such rectification in

the presence of noise leads to counterintuitive behaviors in physical systems, from molecular

motors to Feynman’s ratchet [111]. In the NF-κB signaling context, we find that such a

floor-rectified iFFL responds predominantly to upward fluctuations in the input, and thus

can lead to a higher sensitivity to noise as seen in experiments (Figure 3.5d).

3.6 Sinusoidal input dynamics can decouple noise sensitivity

timescales

To evaluate the timescales involved in noise sensitivity, we derived a prediction for NF-κB

response to periodic single frequency stimulation. In stochastic resonance, the response is

highest when the input timescale matches the corresponding timescale in the responding

system. Our simulation suggested that NF-κB activation should be the highest for inputs
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Figure 3.5: Rectified adaptation leads to stochastic resonance. (a) The Incoherent Feed
Forward Loop, shown in the schematic on the left, demonstrates adaptation. A step-like
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are known to show an adaptive response to step changes in TNF. (b) Rectified adaptation,
where step ups produce a response, but step downs produce no response because the output
molecule Y is already at near-zero levels in steady state. (c, d) When subject to fluctuating
input signals, the response of the conventional adaptive circuit to step ups and downs cancel
each other out. However, the output of the rectified adaptation circuit builds up over time,
since it only responds to step ups of TNF input. Consequently, active IKK levels rise with
time, causing nuclear translocation of NF-κB in simulations.
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whose period match the timescale of the adaptive response. For longer input periods, cells

are expected to behave like they are simply experiencing periodic stimulation at the max-

imum seen dose (Figure 3.6a). The model also predicts that cell activation will saturate

at frequencies higher than the adaptation timescale (Figure 3.6b). To experimentally test

our predictions, we measured single cell activation probabilities using a periodic cosine TNF

stimulus at different periods, ranging from 2 s to 30 s (Figure 3.6c; Supplemental Video 4).

These chemical stimuli are generated using our microfluidic device, and cells were imaged

by time-lapse microscopy during stimulation. Activated single-cell traces show higher peak

heights for stimulation periods under 30 s (Figure 3.6d; Supplemental Figure 4) and faster

response times with shorter periods (Supplemental Figure 5). For 30s and higher, cells fail

to show the significant activation seen under stimuli with shorter periods. When comparing

activation profiles under different time-scales, we find that cells perceive fast time scales (¡15

sec period) at an effective constant dose greater than 1 ng/mL TNF, which is much higher

than the actual used mean dose of 0.05 ng/mL in these experiments. These results show that

NF-κB resonated at the input periods shorter than 15 seconds. As we increase the timescale

to above 15 sec, cells perceive the stimulus at an effective dose of approximately 0.1 ng/mL

TNF (Figure 3.6e and f). Similar misperception of oscillatory signals on a minutes timescale

has been previously observed in yeast [112, 113]. Our experimental results here confirm the

predictions from the model and suggest that noise perception at fast time scales ( 5 s to

15 s) via a rectified Incoherent FeedForward Loop is contributing to the increased NF-κB

activation observed in experiments with gaussian white noise.

3.7 Discussion

In summary, our results show that input noise can enhance the strength of NF-κB response to

weak environmental (cytokine) signals via a mechanism that resembles stochastic resonance,

and offer a novel mode of cellular regulation for this important transcription factor. We find
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Figure 3.6: Periodic stimulation uncovers time-scales behind stochastic resonance. NF-κB
shows resonance under fast oscillating TNF inputs. (a) Model simulations allows deriving
predictions for response to different periodic inputs. Simulations show NF-κB activation
only for periods comparable of faster than the adaptation timescale τ0. For longer periods,
the IKK response to different cycles of TNF input do not build on each other and there is no
NF-κB activation. (b) The model also predicts that the fraction of cells activated saturates
at a high fraction for frequencies higher than the adaptation timescale. (c) Experimental
stimulation profiles for cosine exposure at different periods ranging from 2s to 30s. (d)
Activated single cell traces in live cell imaging experiments show similar profiles for exposures
under 30second period, but dramatically reduced peak height for 30second period (mean of
populations in red). (e) Low period cosine stimulation increases fraction of activated cells
in the population but increasing period of cosine stimulation after cutoff reduces activated
fraction. (f) Cells exposed to slow periods behave as an intermediate between cells exposed
to fast periods and constant signals. There is a 10-fold increase in the perceived dose with
the addition of fast fluctuations to the signal.
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that NF-κB is sensitive to the dynamics of a pleiotropic factor like TNF, and temporally

random modulation of the TNF signal can create significantly different phenotypic responses.

This raises the intriguing possibility that biological noise can help discriminate regulatory

signals. For example, the noise level in TNF could serve as a proxy for the number of

signaling cells in the environment, where higher noise corresponds to higher number or

density of surrounding cells. In such a scenario, the NF-κB signaling properties uncovered

here would serve as an quorum sensing-like mechanism72, with distinct activation programs

only at high cell density for weak signals. Or more generally, a noisy environmental signal

could mimic an intrinsic biological phenomenon. For example, immune regulatory cells such

as natural killers have cell membrane associated TNF73, and it is possible that attracted

natural killers could reproduce such noisy signaling. Input noise perception as an unexplored

regime in cellular regulation may play an important physiological role in communication and

signaling in fluctuating environments for many additional regulatory systems. The gene

expression differences from NF-κB specific transcription of noise-stimulated cells show how

adaptable the NF-κB pathway is to dynamic stimuli. Not only does the signal enhance NF-

κB activation, but also leads to alternative response upon a secondary stimulation. Changes

due to transcription of proteins involved in regulation of the pathway will lead to alternative

outcomes given a secondary stimulation. More generally, we found that cytokine noise

induces a broad anti-cancer transcriptional response by limiting the growth potential of cells

and activating anti-cancer transcriptional programs. It also prepares cells for the further

recruitment of neutrophils. Interestingly, the behavior and expression patterns that we find is

also a signature in tumorigenesis74,75. It is possible that key oncogenic mutations could lead

to the dysregulation of this program and as a result, induce cancer instead protecting against

it. Transcription factor dynamics in gene network regulation and signaling is an important

element in mammalian cell response to many agonists - many of these transcription factors

do behave non-linearly and rely on surpassing concentration thresholds of ligand molecules to
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produce all-or-none responses76. We found that noisy fluctuations of an inflammatory signal

causes cells to perceive this signal to be much more potent. Our discovery of noise enhanced

signal sensitivity in living cells, which was theoretically predicted in many settings but was

not experimentally observed. This behavior emerges from the interaction of noisy cytokine

inputs, NF-κB pathway resonance at fast time-scales, and rectified adaptation in the NF-κB

pathway. These results thus demonstrate how biological systems can exploit highly non-

trivial and interesting physics to turn a limitation such as environmental fluctuations into a

strength.

44



CHAPTER 4

DOMAIN GENERALIZATION USING TEMPORAL

DYNAMICS DURING LEARNING

Generalizing from training to testing data is fundamental to the success of any machine

learning algorithm. This success often assumes that both training and testing data come

from the same distribution. However, in some data-limited problems,the distribution of

the testing data is systematically different from all available training data because training

data comes from a fundamentally different domain. For example, the training domain might

involve hand-drawn sketches or watercolor paintings of cats and dogs while the testing domain

might involve photographs of cats and dogs. Carelessly optimizing training error can lead

the algorithm to learn “specialist” features with predictive power on training domains but

ineffective on test domains. Instead, training should emphasize learning “generalist” features

with potentially lower predictive power in training domains but with more consistent (i.e.,

less variable) predictive power across training domains. Our work focuses on the supervised

classification problem where multiple sources of training data with distinct distributions are

available. We present a training algorithm suggesting that switching between data domains

during training increases the probability of the algorithm learning generalist features over

specialists.

In machine learning, a “domain” is a set of data whose underlying distributions are the

same. For example, we may generate a dataset of real numbers consisting of two different

domains. One domain comes from the normal distribution, but the other comes from the

uniform distribution between 0 and 1. Machine learning techniques work best when the

training data and the testing data come from the same domain. Nonetheless, this assumption

may not always hold. One of the reasons is that the cost of collecting the target data

can be prohibitive. For example, the number of patients with newly discovered cancer

subtypes is much smaller than the number of patients with other common subtypes. Domain
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generalization is a field in machine learning, aiming to create algorithms trained on a multi-

domain dataset that can maintain high predictive power over the target data from different

domains.

Previous papers show that regularizing feature spaces can improve generalization. Adam

Kalai shows that features with the lowest variance of correlations in multi-domain datasets

tend to have the highest performance on unseen testing data [114]. Another group put

particular regularization ( Global Class Alignment and Local Sample Clustering objectives)

on the feature spaces to encourage the universal features and suppress idiosyncratic ones

[115].

Other researches show that training the model while temporally hiding some parts of the

dataset can improve the generalization. A standard training algorithm uses a fixed amount

of data repeatedly over multiple epochs. Da Li splits each batch of data randomly into two

parts: meta-train and meta-test [116]. The algorithm optimizes the objective function of

the meta-train and the meta-test alternatively. This process stimulates the domain shift and

helps increase generalization, as demonstrated in the paper.

Another research on the time-varying training methods reveals that dynamical loss func-

tion can lead to better generalization. Parameters in the loss functions are often static for

a conventional approach. Miguel Ruiz-Garcia periodically changes the loss function to em-

phasize one class at a time [117]. This algorithm increases the validation accuracy from 0.73

to 0.79 on the benchmark CIFAR10 dataset.

We propose a model-agnostic training on the multi-domain dataset that increases gener-

alization. At any particular epoch, the model is trained only by the data from one domain.

The algorithm periodically rotate the domain of the training data to lead the loss func-

tion toward discovering the features common between all domains. This paper show the

applications on a convolutional neural network and a Support Vector Machine (SVM).
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4.1 Convolutional Neural Network on a text dataset

4.1.1 Dataset

Many universities have webpages for their faculties and students. Human can distinguish

between the faculty and the student webpages by looking at important clues, such as the

graduation date, the title, etc. Nevertheless, a machine learning algorithm may instead focus

on idiosyncratic clues useful only in some universities. For example, in the webpages dataset

gathered by [114]1, the word ‘19’ consistently appears in the student webpages, because the

web headers include the download time and the student data were coincidentally downloaded

at 7pm for many universities. We want to avoid this type of features and only select features

common in most universities (or domains).

Inspired by the above dataset, we design artificial text data with two domains. One

domain features the word ‘UCLA,’ and the other features ‘NEWS’. The common feature in

both is ‘PROF’ because the word ”professor” in a webpage is a universal indicator. ‘UCLA’

comes from the acronym for the University of California, Los Angeles, and the word ”news”

could be included only in some universities’ webpages.

Each text data consists of 400 consecutive English alphabets. The Student texts are

just random letters, while the Faculty texts include the above feature words with some

probabilities. The specialist features ‘UCLA’ and ‘NEWS’ occur with a 90% chance in its

specific domain and a 0% chance in the other. On the opposite, ‘PROF’ is included with

a 45% chance in both domains. Thus, in a combined dataset, all three features are equally

predictive of Faculty webpages.

1. avaliable at http://www.cs.cmu.edu/afs/cs/project/theo-20/www/data/
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Figure 4.1: (a) The model takes in an input text and outputs one number, predicting the
class of the text. The 1D convolutional network takes in five letters at a time, and the
softmax layer summarizes the outputs from all the positions and filters to one number. (b)
The weight vectors (Wi) reveal the learned features. Each row is a vector Wi consisting of
parameters for each English alphabet. The colors indicate the relative responses toward each
letter (x-axis) at each position (y-axis) of the kernel. High values signify that the filter is
scanning through the texts for these letters. In particular, this filter responds to the letters
‘NEWS’.

4.1.2 Model

We consider a 2-layer neural network where the first layer is the 1-dimensional convolutional

network and the second layer is the softmax (see Fig. 4.1). The algorithm converts the

input text of length L into a hot-vector of size (L,Nα) where Nα is the number of English

alphabets. The kernel of the convolutional network checks the existence of a word of length

5 (see 4.1)b.
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Figure 4.2: (a) Our algorithm trains the network with data from two domains. Each text
of the teacher class has the same 45% probability of containing the word ‘UCLA,’ ‘NEWS,’
and ‘PROF,’ so the chance that the network learns each keyword is around 33%. On the
right, the algorithm trains the networks with the data only from one domain at a time. The
algorithm switches the training data’s domains every half period. At period = 20 epochs,
the network mostly learns the ‘PROF’ keyword, which is the common keyword among the
two domains. At period = 200 epochs, the network learned the ‘PROF’ keyword but at a
slower rate.

4.1.3 Result

In each plot of Fig 4.2, we trained 49 convolutional neural networks separately and catego-

rized each of them according to its responses toward the keywords ‘UCLA,’ ‘NEWS,’ and

‘PROF.’

In the traditional training, we combine the two domains. As a result, each feature appears

at the same probability, so it is impossible to distinguish between specialist and generalist

features. As demonstrated in Fig. 4.2a. On the other hand, the switching training increases

the likelihood to learn the common feature. In the appendix, we simulate and show that

the model takes about two epochs to learn a new features. When the domain is shifted, the

models are encouraged to forget about the specialist features. As shown in the blue lines in

Fig. 4.2b, all models are able to learn the common feature within ten periods of switching.
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In Fig. 4.2c, the period is much higher than the response time of two epochs (see

Appendix). The models show gradual progress toward learning the generalist feature. Nev-

ertheless, the rates are much slower than those in Fig. 4.2b. The plot shows that the fraction

is already in a plateau when each switching happens.

4.2 The support-vector machine on a 3-dimensional dataset

We want to demonstrate the application of this switching algorithm in a model as simple as

the Support-vector machine (SVM). Thus, we abstract the Student and Faculty dataset by

[114] from texts into three numbers because texts can be converted to one-hot vectors. We

represents the three feature words as three binaries.

4.2.1 Dataset

Each data point has three binaries and belongs to one of the two classes: Student or Faculty.

Similarly, the dataset has two domains. The first feature only appears in one domain. The

second feature only appears in the other, but the third appears in both.

All three binaries of Student data are zeros, while some binaries of Faculty are ones. The

two specialist binaries in the first and second dimensions have 90% chance to be one in its

specific domain and 0% chance in the other. The common binary in the third dimension

becomes one with 45% chance in both domains. Thus, in a combined dataset, all three

binaries are equally predictive of Faculty webpages.

4.2.2 Model

We restrict our SVM model to only one dimension. In addition to the weights of the SVM,

the model needs the ”Trust” variables Ti to select which dimension to fit (see Fig4.3). If

the selected dimension gives accuracy higher than a random model, then the corresponding
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Trust increases. Algorithm 1 describes the mathematical details of the training.

Input

Trust Variables

a xk + b

SVM Variables

1 2 3T T T

argmax iTi Є {1,2,3} k =a b

Output

1 2 3x x x

Figure 4.3: This SVM model has 5 parameters: a, b, T1, T2, and T3. The input is (x1, x2,
x3) and the outputs is axk + b, where k is the maximum index of Ti. This argmax function
for k forces the nonlinearity into the model, allowing a simple loss landscape with 3 minima,
one for each k = 1, 2, and 3.
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Algorithm 1: Training while switching with period P between 2 datasets

Initialize a, b randomly;

Initialize Trust T ≡ {T0, T1, T2} randomly;

for iteration i do

if (i mod P ) < P/2 then

D ← train1;

else

D ← train2;

Obtain m pairs of (data X, targets y) from D;

j ← the maximum index of T;

Compute M(j,X) = aXj + b;

Update Tj by descending its stochastic gradient:

1

m

m∑
k=0

(
loss(M(j,X(k)), y(k))− log(2)

)
;

where the loss function is simply the binary cross entropy loss

loss(x, y) = y log(x) + (1− y) log(1− x)),

and the log(2) is loss if the model M is random.

4.2.3 Result

In each plot of Fig 4.4, we trained 400 models and categorized each of them according to its

responses toward the specialist and generalist features. With a mixed dataset, the models

learn specialists about 66% of the time because there are 2 specialist features while there is

only one generalist feature. With a period of 20 epochs, almost all models learn the generalist

feature.

52



Mix of 2 datasets Too Fast Slow Enough

Switching between 2 datasets

Figure 4.4: In each plot, I trained 400 SVMs. Then, I classified each SVM based on which
of the three features it responds most strongly with. Switching between two datasets in the
right time scale helps evolve the solutions toward the generalist feature. ‘Mix of 2 datasets’
represents the traditional method of sampling from the entire training data. As expected, the
model only learns the generalist 1/3 of a time. The figures in the blue background represent
the switching methods described above. With the slow enough time scale of switching, the
model eventually converges to learn the generalist.

4.3 Discussion

Swapping between domains of the training data helped our algorithm avoid domain specific

features and learn the common ones. Two study cases are presented in this chapter. One is

inspired from the classification problem between teachers and students webpages. The other

is a classification of binary data in three dimensions. The challenge of this regularization

techniques is in tuning the swapping time to be close to the response time of the neural

network. The response time can be inferred from the amount of epochs a network required

to learn a new feature, but this value is sensitive to changes in the learning rate and the

parameters of the neural networks (see Appendix).

When the domain of the training data shifts, the model is forced to learn new features.

If the domain switch back too quickly, the model may not have enough time to acquire these

features. If the time of switching is more than the time required to learn new features, then
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the model can gradually acquire the generalist features. The more periods have passed, the

better chance that the final features in the model are generalists, because they work well in

all domains.

The results in this chapter may be limited to artificial data. Given more time and

resources, investigation of this technique on real dataset for the Domain Generalization

problem like PACS or rotated MNIST are required [118, 119].
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CHAPTER 5

DISCUSSION AND OUTLOOK

We have investigated diverse dynamic non-linear phenomena in biology and machine learning

by focusing on two parameters: the timescale of changes in an external signal and the

timescale of the system’s internal response. In the regime where the signal time is much

larger than the response time, the system may change the equilibrium state. On the other

hand, if the response time is much larger than the signal time, the system often remains in

the same equilibrium state. The insights on the two different regimes of parameters offer

clues toward the intermediate regime when the ratio of the times is close to one. For the

biological clocks in chapter 2, we learn the trade-off principle for the robustness against

internal and external noise. For the noise activation phenomena in chapter 3, we can explain

why the cells only respond to noise with a particular correlation time. For the gradient

descent dynamics in chapter 4, we obtain a novel regularization method by tuning the signal

and the response time. Since the systems we consider are highly non-linear, both timescales

need to be measured at the specific signal change because the behavior of driven nonlinear

systems depends on the strength of the external signal.

Our analytical process of considering the ratio of the response time to the signal time

may not apply to every system. If the system does not have a stable solution, for example, a

chaotic system like the Lorentz attractor, then the response time is ill-defined. Besides, the

response times sometimes need to be computed numerically for different values of the signal

changes. Therefore, this process is not always analytical.

Future works involve finding more applications of these time regime analyses. More

applications would give better insights about comparing the signal and the system time.

Furthermore, a mathematical study on the necessary conditions for this time regime analysis

will the application of the analysis more credible.
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APPENDIX A

BIOPHYSICAL CLOCKS

A.1 Trade-off in Kai-based clocks

We demonstrate our trade-off using Gillespie simulations of an explicit biomolecular KaiABC

model of the post-translational clocks in S. elongatus and P. marinus.

S . elongatus clock - hexamers with collective KaiA feedback

The S. elongatus clock has been well-characterized experimentally [33, 34, 36, 37] - see

Fig.A.1a. The clock is fundamentally based on the ordered phosphorylation and dephos-

phorylation of KaiC [15]. Phosphorylation of KaiC is KaiA-dependent which allows for

feedback that enables collective coherent oscillations in a cell. After complete phosphoryla-

tion of KaiA-C complexes (usually by the end of the day), KaiC forms a KaiB-C complex

which then dephosphorylates in an ordered manner. Crucially, the KaiB-C complex also

sequesters KaiA in a KaiABC complex, reducing the pool of available KaiA for phosphory-

lation of other KaiC hexamers. This negative feedback enables coherent oscillations of the

population of KaiC molcules in a single cell[15].
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Figure A.1: Explicit biochemical KaiABC model simulated using the Gillespie algorithm. (a)
The experimentally well-characterized clock in S. elongatus consists of a negative feedback-
enabled self-sutained oscillator. KaiBC complexes sequester KaiA, preventing runaway KaiC
molecules from going through the cycle independently. (b) The genome of P. marinus lacks
kaiA. We assume a minimal model consistent with known facts [15] about this clock; KaiC
phosphorylation proceeds without KaiA and hence different KaiC hexamers can proceed
independently through the cycle. (c) We combine both clocks in one model with an interpo-
lating parameter γ that selects between an S. elongatus-like KaiA-dependent pathway and
an P. marins-like KaiA-independent pathway. All reactions shown are assumed to be first
order mass-action kinetics. We simulate such a system at different overall copy numbers
N using the Gillespie algorithm. (d) We find limit cycles for γ > 0.9. The resulting limit
cycles for γ = 1, 0.95 violate the simplifying assumptions used in our dynamical systems
(e.g., non-circular cycles of different size); and yet our results are qualitatively validated by
this model (Fig.1d from the main text).

P. marinus model - independent hexamers

P. marinus lacks the kaiA gene but possesses and expresses kaiB and kaiC. While the

details of the protein clock dynamics are not as fully known as with S. elongatus, gene

expression shows cycling in cycling conditions but decays in constant conditions [35]. A
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conservative model, consistent with all these known facts about P. marinus, is shown in

Fig.A.1b; without KaiA feedback, different hexamer units phosphorylate independently and

settle to a hyperphosphorylated state at the end of the day. At night, they dephosphorylate

along a distinct pathway (homologous to that used by S. elongatus but without KaiA) and

reach a hypophosphorylated state by dawn.

Hybrid model

We created the following hybrid model that includes S. elongatus and P. marinus models

as different limits. In our model, shown in Fig.A.1c, KaiC has a KaiA-dependent phospho-

rylation pathway, much like in S. elongatus, that is used during the day and driven forward

by ATP.

But to also include P. marinus-like behavior in the model, we allow for a second parallel

phosphorylation pathway for KaiC that is independent of KaiA. The relative access of these

two pathways is controlled by a parameter γ. When γ = 1, only the S. elongatus-like KaiA

dependent pathway is accessible. When γ = 0, only the P. marinus-like KaiA independent

pathway is accessible. Collectively, we call these states along these phosphorylation path-

ways, the UP states of KaiC - phosphorylation are going UP along these pathways which

are usually used during the day.

After maximum phosphorylation (usually at dusk), KaiA unbinds (if present) and a KaiB-

based dephosphorylation pathway takes over (common to both systems). We call these states

the DOWN states of KaiC.

Critically, KaiA is assumed to be sequestered through the formation of KaiABC com-

plexes during this dephosphorylation stage. In S. elongatus, reduced KaiA availability pre-

vents other KaiC hexamers from proceeding independently through the UP stage while most

of the population is in the DOWN state. Such negative feedback is critical in maintaining

free-running limit cycle oscillations in S. elongatus.
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However, as γ → 0, the KaiA-independent pathway is more active and thus the system

effectively has no feedback. In fact, we find that at about γ ≈ 0.82, sustained oscillations

disappear (for kinetic parameters used here and reported below). Hence we chose γ =

1, 0.95, 0 as representative of two limit cycle-based free running clocks and one point-attractor

based damped clock respectively. In this way, we can view the clock dynamics of S. elongatus

and P. Marinus can be viewed as being on either side of the Hopf bifurcation that occurs at

γ ≈ 0.82.

Gillespie simulations

We ran explicit Gillespie simulations corresponding to the deterministic equations above at

different overall copy number N with fixed stoichiometric ratios of the molecules KaiA,B,C.

We simulated external input noise by varying the ATP levels during the day. External

noise in these simulations were implemented by changing ATP levels in the following way: we

fluctuated the ATP levels fATP = ATP/(ATP + ADP ) during the day between the f
day
ATP

and f
night
ATP +(f

day
ATP−f

night
ATP )/3, where f

day
ATP , f

night
ATP are the ATP values during a cloudless day

and night respectively. We used different day and night ATP levels for different γ that ensure

that the limit cycles had periods comparable to 24 hours. For γ = 1, we used ATP/ADP

ratios of f
day
ATP = 0.55, f

night
ATP = 0.45. For γ = 0.95, we used f

day
ATP = 0.57, f

night
ATP = 0.17 and

for γ = 0, f
day
ATP = 0.8, f

night
ATP = 0.2. The corresponding limit cycles and point attractors are

shown in Fig.A.1d.

We used the following kinetic parameters in all simulations: dt = 0.01 hr, k+ = k− = 2m·

0.04932 hr−1, kAon = 0.2466 µM−1hr−1, kAoff = 0.02466 hr−1, kC→C∗ = 0.2466 hr−1,

kC∗→C = 0.1 kC→C∗, kABC = 123.30 hr−1,m = 18. We set up Kai C and Kai A in a 1 : 1

stoichiometric ratio, each present at a copy number N where N was varied systematically.

These rates are consistent with those measured in [120, 121, 122].

Much like with Langevin simulations of dynamical systems performed in this paper, we
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run the Gillespie simulation until equilibration of the population. However, the system

appears to reach the equilibrium state much faster (only over 5 light-dark cycles of 12h:12h).

We extracted one day of such a trajectory on day 6 and repeated the simulation 100-400

times. We repeat 400 times when the copy number is low (< 1200) since the spread will be

big and we found that the probability distribution is not smooth. We run only 100 times

for the high copy number (> 1200). Pooling together these trajectories, we computed the

mutual information between clock state (i.e., (u, d) where u is the net phosphorylation state

of KaiC in the up-pathways and d is the net phosphorylation state of KaiC in the KaiB-

bound ‘down’ pathways in Fig.A.1c ) and time of day. The (u, d) space was binned using

bins of fixed size of dimension (0.05, 0.05) while the 24 hr time-of-day was binned with bins

of size 0.5 hrs.

Phase portrait

With these choices, we see in Fig.A.1d, that this model has limit cycles of different position

during the day and night. The corresponding experimental data, reproduced from [11], is

presented in the main paper.

A.2 Other oscillators

Here, we study the effect of internal and external noise on a diverse array of biochemical

oscillator models from the literature in the parameter regimes described in the original

publications. We confirm the same trade-off described in the paper in these models; a

summary of our results is presented in the main paper.

In all of the models described below, we set all parameters to values used in the original

or cited papers with only two exceptions: (a) the parameter identified as coupling to external

signals in these publications is varied over time as a square wave with amplitude fluctuations

added, (b) the parameter designated by the relevant original publication as controlling the
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distance from the Hopf bifurcation was used to simulate a point attractor-based ‘hourglass’

oscillator (red lines in Fig. 2.2 of the main paper) and limit cycles of different free running

oscillation amplitude (green and purple lines in Fig. 2.2 of the main paper). This latter

parameter roughly corresponds to R, the size of limit cycle, while the amplitude of square

wave coupled to the former parameter corresponds to L, the separation of the limit cycles,

in our dynamical systems theory, i.e., the separation of the ‘day’ and ‘night’ limit cycles.

(In several papers, these two are the same parameter, in which case the day-night difference

reflects L while the mean value reflects R.) Finally, we add Langevin noise to the equations

to simulate internal noise; when available, we followed the finite volume prescription for rates

in these papers to set the size of Langevin noise for each reaction.

We keep the strength of external noise εext, defined as the noise-to-signal ratio of the

amplitude fluctuations in the external signal, fixed. We varied internal noise εint along the

x axis of plots in Fig. 2.2 of the main paper. Here, εint is defined as the phase diffusion

constant of a clock in undriven conditions (see how we define internal noise in the section on

Neurospora and Drosophilia below); this normalization, which depends on the Hopf bifur-

cation parameter in (b) above, allows us to make a fair comparison between different clocks

since they develop the same phase variance over the same time in undriven conditions.

As seen in Fig. 2.2 of the main paper, these diverse models agree with the trends found

in our analysis of dynamical systems and with simulations of the KaiABC system, showing

that our results are not tied to any particular molecular model.

A.2.1 Neurospora and Drosophilla circadian clocks by Goldbeter

The circadian clock in Neurospora has been modeled [1] as arising from interactions between

mRNA (M) and a protein that can shuttle in and out of a nucleus (PN , PC). The equations
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used in [123] to model this are,

dM

dt
= vsΩ

(KIΩ)n

(KIΩ)n + PnN
+ vmΩ

M

KmΩ +M

dPC
dt

= ksM − vdΩ
PC

KdΩ + PC
− k1PC + k2PN

dPN
dt

= k1PC − k2PN (A.1)

where νs is an mRNA transcription rate that is modulated by external signals [1, 123], and

Ω is the volume of the system which in turn determines the strength of stochastic noise.

(A model with very similar equations has also been suggested as a model of the Drosophila

circadian clock [1]. )

We use the same parameters used in the Ref. [1, 123]: KI = 1 nM, n = 4, vm = 0.505

nM/h, Km = 0.5 nM, ks= 0.5 1/h, vd = 1.4 nM/h, Kd= 0.13 nM, k1 = 0.5 nM/h, k2 =

0.6 nM/h, and assume the volume Ω dependence of these parameters to be exactly as used

in [123]. We add internal stochasticity by adding Langevin noise with a diffusion matrix

[123] :

dX

dt
= µ(x, t) + Σ(x, t)η(0, 1) (A.2)

where µ(x, t) is the RHS of Eqn.A.1, η(0, 1) is a vector whose entries are independent stan-

dardized Gaussian noise (mean 0, variance 1), and
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Σ(x, t) =

�����������������������

√
A
√
B 0 0 0

0 0
√
ksM −

√
k1PC

√
k2PN

0 0 0
√
k1PC −

√
k2PN

 (A.3)

=


√
A
√
B 0 0 0 0 0

0 0
√
ksM

√
k1PC

√
k2PN 0 0

0 0 0 0 0
√
k1PC

√
k2PN

 (A.4)

where A = vsΩ
(KIΩ)n

(KIΩ)n+Pn
N

and B = vmΩ M
KmΩ+M . This is how internal noise get

added into other oscillators models as well. However, for the system of equations that

use concentration instead of the number of molecules, the equation has to be modified to

dX
dt = µ(x, t) + 1√

Ω
Σ(x, t)η(0, 1).

As in [1, 123], we take νs to be modulated by the external signal (light). As shown in

[1, 123], a Hopf bifurcation occurs at νs = 0.57 nM/h. Hence, in Fig. 2.2 from the main

text, we used ν
Day
s = 0.55 nM/h,ν

Night
s = 0.05 nM/h for the point attractor (red). For the

two limit cycles, we used ν
Day
s = 0.9 nM/h,ν

Night
s = 0.6 nM/h (green), and ν

Day
s = 0.705

nM/h,ν
Night
s = 0.695 nM/h (purple). The driving period is 18 h, similar to the driving

period of the system at v1 = 0.7 nM/h

A.2.2 Arabidopsis circadian clock by Millar et al

A model of the circadian clock in Arabidopsis thaliana was introduced in [3]. While many

biologically important features have been added in the years since, the original model was

based on a single negative feedback loop and involves two transcription factors (LHY and

CCA1) that inhibit their activator TOC1. A reduced model with the same phenomenology

was presented in [2], in which LHY and CCA1 are combined into one variable, representing

their mRNA and protein levels by ML(t) and PL(t) respectively. Denoting the mRNA and
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protein levels of TOC1 by MT (t) and PT (t), [2] presents a reduced version of the model in

[3] as:

dML

dt
= L(t) + v1

P aT
ga1 + P aT

−m1
ML

k1 +ML

dPL
dt

= p1ML −m2
PL

k2 + PL

dMT

dt
= v2

gb2
gb2 + P bL

−m3
MT

k3 +MT

dPN
dt

= p2MT −m4
PT

k4 + PT
(A.5)

where L(t) is a light input function, and other parameters except the variables specified on

the left hand sides are constant.

To simulate this system, we use the parameters used in [2]: a = 2, b = 2, g1 = 0.5 nM,

g2 = 0.1 nM, m1 = 0.4 nM/h, m2 = 0.6 nM/h, m3 = 0.6 nM/h, m4 = 0.3 nM/h, k1 = 1

nM, k2 = 0.5 nM, k3 = 1 nM, k3 = 1 nM, p1 = 0.5 1/h, p2 = 0.3 1/h, v2 = 0.6 nM/h. With

other parameters fixed, the system undergoes Hopf bifurcation at v1 = 0.194 nM/h We use

v1 = 0.26 nM/h for limit cycles and v1 = 0.05 nM/h for point attractor. L(t) is a light input

function. For the two limit cycles in Fig. 2.2 in the main text, we set LDay = 0.05 nM/h

and LNight = 0 (green data) and we set LDay = 0.01 nM/h and LNight = 0 (purple data).

For point attractor, we set LDay = 0.2 nM/h and LNight = 0 (red data). The period of

the driving signal is 24 h, which is around the natural period of the system when v1 = 0.26

nM/h and L = 0.

A.2.3 Mammalian Per-Cry circadian clock by Leloup et al

The circadian clock in mammalian cells was modeled in detail [4] by LeLoup and Goldbeter,

using 19 equations representing the interactions between Per, Cry and other genes. We

simulate this entire system explicitly with the parameter values specified in the original
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publication [4]. To introduce Langevin noise, we use a simplified diagonal diffusion matrix

with entry
√
DXi for species Xi. We do not reproduce these 19 equations or parameter

values used from [4] here in interest of space; the only modification we made is to introduce

Langevin noise to each of the 19 equations.

LeLoup and Goldbeter [4] identified parameter vsP (a transcriptional rate) to be the

light input function. We use v
Day
sP = 1.09 nM/h and v

Night
sP = 1.07 nM/h for the purple

limit cycle data in Fig 2.2, v
Day
sP = 1.15 nM/h and v

Night
sP = 1.07 nM/h for the green limit

cycle data. For the point attactor data (red), we set v
Day
sP = 1.5 nM/h and v

Night
sP = 0.

In addition, [4] identified parameters KAC, vmB as controlling the distance from the Hopf

bifurcation. For the point attractor, we used KAC = 0.4 nM, and vmB = 0.9 nM/h (also

used in [4]). For the limit cycles, we used KAC = 0.6 nM, and vmB = 0.8 nM/h, which lies

on the other side of the Hopf bifurcation. The period of the input signal is at 21.5 h, which

is around the natural period of the system when vsP = 1.07 nM/h.

A.2.4 cdc2-cyclin cell cycle by Goldbeter

A classic model of the cell cycle was proposed by [5]. While many additional details have

been added on since, the model captures the essential mechanism behind the self-sustained

nature of cell cycles.

dC

dt
= viΩ− kdC − vdXΩ

C

KdΩ + C

dM

dt
= v1

C

KCΩ + C

1−M
K1 + (1−M)

− V2
M

K2 +M

dX

dt
= v3M

(1−X)

K3 + (1−X)
− V4

X

K4 +X
(A.6)

where Ω is the size of the system and other parameters are constants. The three variables

are the cyclin concentration C, the fraction of active cdc2 kinase M , and the fraction of

active cyclin protease X. For C, the internal noise is proportional to the square root of
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the rates, but for M and X, it is proportional to the square root of the rates divided by Ω

because they are fractions and not concentrations (following the prescription in [123] for a

similar model). Parameter values were taken from [5]: Ki = 0.1 (i = 1-4), VM1 = 0.5 min−1,

V2 = 0.167 min−1, VM3 = 0.2 min−1, V4 = 0.1 min−1, vd = 0.1 µMmin−1, KC = 0.3µM ,

Kd = 0.02 µM , kd = 3.33× 10−3 min−1.

Goldbeter [5] suggested that vi is modulated by external signals. So, we use v
Day
i =

0.0106 µMmin−1 and v
Night
i = 0.0105 µMmin−1 for small L/R limit cycle, v

Day
i =

0.0111 µMmin−1 and v
Night
i = 0.0105 µMmin−1 for large L/R limit cycle, and v

Day
i =

0.009 µMmin−1 and v
Night
i = 0 for point attractor. The bifurcation from point attractor

to limit cycle happen around vi = 0.01 µMmin−1. The period of the driving signal is 35

minutes.

A.2.5 Goodwin oscillator

One of the earliest models of biochemical oscillators was proposed by Goodwin [6] (later

corrected). We use the simplest widely-studied version of such a Goodwin oscillator [7, 124],

dX

dt
=

α(t)

1 + Zn
−X

dY

dt
= X − Y

dZ

dt
= Y − Z (A.7)

When n = 9, the limit cycles disappear at a Hopf bifurcation found at α ≈ 7. As

is commonly done [124], we couple the external signal to the bifurcation parameter α(t).

We use αDay = 120, αNight = 80 for the green limit cycle in Fig.2.2c of the main paper,

αDay = 108, αNight = 92 for purple limit cycle data, and αDay = 2.5, αNight = 1 for the red

point attractor data. The input signal has a period of 4, which is roughly the natural period

of the limit cycle at α = 100. X, Y are taken to the output of the clock for computing MI.
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A.2.6 Repressilator

The repressilator is a model of an early synthetic biology system [9] that demonstrated

oscillations in a synthetically wired gene regulatory circuit. While resembling the Goodwin

oscillator in topology, the network has the total non-linearity spread equally amongst all

three reactions, lowering the requisite Hill coefficient of any one reaction to a biochemically

realistic n = 3. Repressilator circuits are not usually driven by an external signal, except in

a few theoretical analyses (e.g., [125, 126]). We use the simplest version of these, with the

driving signal modulating the transcription rate of only one of the proteins

dX

dt
=

α ∗ (1 + s(t))

1 + Y n
−X

dY

dt
=

α

1 + Zn
− Y

dZ

dt
=

α

1 +Xn − Z (A.8)

where α is the bifurcation parameter and s(t) is the variable coupled to the input signal. In

a non-driven repressilator, s(t) = 0. When n = 3, the Hopf bifurcation occur at α ≈ 2.5, so

for limit cycles, we use α = 5.2 and for point attractor we use α = 1.9.

We use sDay = 0.7/5.2, sNight = −0.7/5.2 for the green limit cycle in Fig.2.2g in the

main paper, sDay = 4.8/5.2, sNight = −1.7/5.2 for the purple limit cycle data, and sDay =

0.5/1.9, sNight = −1.9/1.9 for the point attractor (red). The input signal has a period of 4,

which is roughly the the natural period of the limit cycle at α = 5.2 and s(t) = 0. X, Y are

taken to the output of the clock for computing MI.

A.2.7 Brusselator

The Brusselator is a model of autocatalytic reactions that show limit cycle oscillations. This

model has been extensively studied over the years; while the explicit biochemical reactions
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can be found in [8], these reactions are modeled by the ODEs:

dX

dt
= 1− (1 + b(t))X +X2Y

dY

dt
= b(t)X −X2Y (A.9)

where b has been identified as a bifurcation parameter [8]. Most studies do not consider

driven Brusselator models; we follow the driving prescriptions of the Goodwin model and

couple the external light to the bifurcation parameter, converting the constant b into b(t).

The bifurcation point is at b = 2. For b < 2, we have a point attractor and for b > 2 we

have a limit cycle. We use bDay = 2.25 and bNight = 2.2 for the purple limit cycle data in

Fig.2.2f from main text. We use bDay = 2.8 and bNight = 2.2 for the green limit cycle data.

Lastly, we use bDay = 1.8 and bNight = 0.5 for the point attractor (red). The signal has a

period of 6.4 which is around the natural period of the system when b = 2.2.

A.3 Optimal Dynamical system and trade-off

To complement our study of detailed biochemical implementations of such systems, we study

two kinds of dynamical systems in this paper; limit cycles and point attractors. The min-

imal model of limit cycles and point attractors is given by the ‘normal form’ near a Hopf

bifurcation:

ṙ = α

(
r − r3

R2

)
(A.10)

θ̇ = ω (A.11)

For α > 0, the above equation describes a circular limit cycle of radius R and frequency

ω. This equation undergoes a Hopf bifurcation at α = 0, where the limit cycle shrinks

to zero and resulting in point attractor for α < 0. The ‘normal form’ can be seen as the
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universal simple form – e.g., circular limit cycles of radius R – that any limit cycle and point

attractor will reduce to in the neighborhood of a Hopf bifurcation. We add White noise

in the Cartesian space representation of the Dynamical equations to represent the internal

noise as follows:

dx =

(
α

(
1− x2 + y2

R2

)
x− ωy

)
dt+

√
2D dW (A.12)

dy =

(
α

(
1− x2 + y2

R2

)
y + ωx

)
dt+

√
2D dW (A.13)

where D ∼ R2ε2int is the diffusion constant, dW is a Wiener process, and here we assume

that the internal noise is a homogeneous white-noise in the 2-dimensional space. (Similar

assumptions are made in reference [43].)

While we assume this simple form here as a minimal model, we do not assume that the

oscillator is weakly driven. Instead, based on experimental observations of the Kai clock [11]

and models of numerous other clocks [12], we assume that the origin of the limit cycle or point

attractor equations above moves by a finite amount L as the external light signal switches

between day and night values. In fact, we move the origin along the x-axis as a function of

time as (Ls(t), 0) where s(t) is the external light signal, assumed to be of amplitude 1. Thus

we are assuming a simple circular form of limit cycles and point attractors but do not restrict

to weak driving. (In the limit of weak driving, i.e., small L/R, our model can be shown to

reduce to the universal Stuart-Landau model of weakly driven oscillators as a special case.)

In Eqn. A.11, τrelax ∼ 1
|α| is the relaxation time for perturbations away from the limit

cycle or point attractor. For limit cycles, perturbations away from the limit cycle tend to

decay fast relative to the period 2π/ω, typically on the order of hours [11].

In contrast, the point attractor in damped ‘hourglass’ clocks P. marinus needs to have

relaxation τrelax ∼ 1
|α| ∼ 2π/ω comparable to the period of the day-night cycle itself. As

explained in the main paper, if relaxation were much faster, the clock state would decay to a

fixed point before the end of the day (or night) and thus not show distinct states at distinct
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times of the day-night cycle.

Simulations

For both limit cycles and point attractors, we simulate a population of clocks, each rep-

resented by a particle in the given dynamical system, subject to external and/or internal

noise.

We use α = 5 for limit cycle system and α = −5 for point attractor system where ω = 2π

in these units. For point attractors, we set R = 1000L, where L is the separation of the

day and night attractor. In such a limit, the point attractors are quadratic potentials with

linear restoring forces since r3

R2 is small. The center of the cycle and point attractors during

the day are assumed to be at (−L, 0) and at (0, 0) at night; or more generally at (−Ls(t), 0)

were s(t) the light signal (assumed to be of amplitude 1).

To simulate external noise, we use a square wave signal s(t) of amplitude 1 with amplitude

fluctuations set by εext. As explained in the Appendix A.3 on external noise, we take the

fluctuations in s(t) to have a correlation time of 2.4 hours.

To simulate internal noise, we add Langevin noise to Eqns. A.11 as described in the

Appendix A.6 on Langevin noise. As explained in that Appendix A.6, our measure of

internal noise ε2int is a measure of phase diffusion, independent of limit cycle size. In other

words, ε2int is a measure of the population phase variance (i.e., variance in θ) developed by

limit cycles of any size in undriven conditions in a given period of time.

To interpolate between limit cycles and point attractors, we systematically change L

holding R fixed. For limit cycle simulations, changing L and R are equivalent. To see

this for external noise simulations, note that L/R is the only dimensionless parameter. For

internal noise, our definition of ε2int above as the phase diffusion in undriven conditions for

limit cycles of any size, ensures that changing L and R are equivalent for limit cycles.

For point attractors, we set the separation L be the diameter of the limit cycles simulated
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in the same plots to keep the size of the resolvable chemical spaces roughly comparable for

limit cycles and point attractors. While this precise choice is arbitrary to some extent, note

that the point attractor results for external noise do not depend on this parameter at all

since L is the only relevant length scale in external noise simulations. The separation L does

affect the clock precision with internal noise (of fixed absolute strength εint) but the mutual

information changes only logarithmically with L.

We evolve our dynamical system using the Euler method with time step dt = 0.001 days

until the value of mutual information from one day to the next does not change by more

than 2-3% - i.e,. the system has reached steady state. Reaching steady-state usually takes

around 200 days, but if the ratio of L/R is smaller than 0.1, then we may need to run the

simulation until day 500 to reach an equilibrium (See speed-error tradeoff in Fig. 2.6b and

c in the main text).

For limit cycles, we initialize the population of 104 particles by uniformly distributing

them along the perimeter of the night cycle. In the point attractor system, we initialize a

population of 105 at the night-time point attractor.

We use a larger population with point attractors since the particles tend to be distributed

over a larger area of the dynamical system. Note that we bin the population by position

to compute mututal information between position in the 2d state space and time. Doing so

reliably requires a smooth distribution after binning. For limit cycles, the particles usually

stay close to attractor and thus provide sufficient count in each bin. However, for the point

attractor, the population is usually spread over the entire 2d area between the two point

attractors. Therefore, we need 105 particles to get an accurate value of mutual information

of point attractor system.
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Trade-off

To find the optimal dynamical system geometry that operates with best accuracy when both

internal noise and external noises are present, recall that we derived the following equations

for strongly-driven limit cycles,

σ2
int ∼

ε2intT

s2 − 1
(A.14)

σ2
ext ∼

∆Φ2

s4 − 1
(A.15)

For a small L/R, we had found that ∆Φ ∼ εextL/R where ε2ext is a measure of the

variance of light during the day. Further, we showed that s2− 1 ∼ L/R in this limit. Hence,

in the small L/R (‘Stuart-Landau’) regime, the above equations reduce to,

σ2
int ∼ ε2intR/L (A.16)

σ2
ext ∼ ε2extL/R (A.17)

The population variance when both noises are present is approximately given by

max(ε2intR/L, ε
2
extL/R). This variance is minimized when the two terms are equal, giving

(
L

R

)
optimal

∼ εint
εext

,

which defines the optimal geometry of the dynamical system for given strength of internal

and external noise.

In contrast, by taking the product of the equations above, we find the trade-off relation-

ship,

σ2
extσ

2
int ∼ Q ≡ ε2extε

2
int (A.18)
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The trade-off relationship above clarifies which parameters are held fixed and which

ones are varied in our trade-off. If Q is held fixed, this trade-off relationship holds under

variations of all the parameters of the normal form of limit cycles (Eqn.A.11). (While L/R

allows us to navigate the trade-off by increasing one of σ2
ext, σ

2
int and decreasing the other,

other parameters such as the relaxation time leave both σ2
ext, σ

2
int relatively unaffected.)

Holding Q fixed does involve holding the strength of external εext and internal εint noise

fixed. In all the models studied here, εext is simply defined as the size of the amplitude

fluctuations in the external signal relative to the amplitude of the external signal itself - i.e.,

the noise-to-signal ratio of the external signal - with no reference to the clock dynamics.

Changing L/R and other parameters can strength or weaken the coupling of this noisy

external signal to the clock but do not affect the signal-to-noise ratio of the external signal

itself.

Analogously, the strength of internal noise ε2int is defined as the diffusion constant for the

phase of a clock (e.g., in radians2) in the absence of an external driving signal. As discussed

in Appendix A.2.7, this definition ensures that limit cycles of different sizes develop the same

phase variance over the same time when subject to the same εint.

For some purposes, it may make sense to hold the dimensionful diffusion constant Dint =

ε2intR
2 fixed while making comparisons. In this case, in addition to the trade-off effect

discussed in this paper, large limit cycles are given an additional robustness to internal

noise, trivially by virtue of their size, since the diffusion constant Dint in chemical space

is held fixed (instead of the dimensionless diffusion constant ε2int for clock phase). In this

case, it is insightful to re-write Q = ε2extε
2
int = ε2extDint/R

2 and recognize that P = Q−1

is a measure of the power needed to maintain free running clock oscillations [127] - larger

cycles cost more energy per cycle to maintain. Thus, in this case, our trade-off should be

understood as one at fixed power.
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A.4 Modeling noise

Modeling external noise (weather fluctuations) We generate a square wave of period

24 hours to model the day-night cycle of light on Earth with the day length of 12 hours.

However, such a square wave is modulated by weather fluctuations, e.g. periods of reduced

intensity due to passing clouds during the daytime. We model such fluctuating intensity as

follows. We assume each weather condition lasts a random interval of time drawn from an

exponential distribution of mean 2.4 hrs (1/10 of a day). During a given weather condition,

we set the intensity of light to a random value, drawn uniformly from [1− noiseext, 1] where

noiseext is the strength of the external noise: 0 means no external noise and 1 means full

external noise. This random value will range from 0 to 1 where 1 represents the maximum

intensity during the day. (At night, the intensity is held at zero with no fluctuations). In

the simulation of our limit cycle model, we set noiseext to 1. However, in our simulations for

8 different models of biological clocks, noiseext ranges from 0.5 to 1 because when noiseext is

too high, the system may not get entrained due to the difference in the natural and driving

frequencies.

This noisy external signal is coupled to the diverse range of systems studied here in differ-

ent ways as described in the respective sections. For each system, we simulate a population

of organisms where each individual is subject to a different realization of the weather condi-

tions described above. (a) In the Kai clock, the light signal is taken to affect the cellular ATP

levels. (b) In the other eight diverse oscillators in the main paper, we coupled the light signal

to the parameter specified as coupled to external signals in the original publications. (c) For

the dynamical systems model, we assume that the position of the limit cycle is moved by

the light signal. When the light intensity is reduced during the day to a value ρ ∈ [0, 1], we

switch the dynamics to an alternative limit cycle (or point attractor) at a fractional distance

ρ between the ideal day and night cycles. For example, assume the night cycle is centered

at (0, 0) and the day cycle is centered at (−L, 0). During a weather condition with intensity
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ρ ∈ [0, 1], we follow dynamics due to a limit cycle located at (−ρL, 0). We follow the same

rules for the point attractor.

Note that we have used a square wave to approximate the natural cycle of light on earth.

The square wave also allows for an intuitive derivation of Eqns. 2.1, 2.2 by dividing up the

day-night cycle into four parts: diffusion during the day and during the night, contracting

variance during dawn and dusk. For other waveforms, such a clear separation is not possible

and all these processes occur concurrently. However, Eqns.2.1, 2.2 are expected to still hold

up to O(1) prefactors. Numerically, we tested sinusoidal inputs and verified our trade-off

relationship.

Modeling internal noise The internal noise represents any source of stochasticity in-

trinsic to a single cell that would exist even in constant conditions. Such noise could be due

to finite copy numbers of molecules, bursty of transcription etc.

We model internal noise in the Kai clock using explicit Gillespie simulations at finite copy

number N as described in the section on Kai clocks. For the diverse other biochemical clocks

studied here, we add Langevin noise to the dynamical equations, following the prescriptions

laid out in the original publications when available. In the dynamical systems models, we

model internal noise by adding Langevin noise to the dynamical equations as described in

the section on Langevin noise. Each individual particle in our simulation is subject to a

independent random realizations of such Langevin noise. In order to ensure an apples-apples

comparison between different clocks, we define the strength of the internal noise εint to be the

phase diffusion constant in undriven condition. See Appendix A.2.7 on Dynamical systems

simulations for more.

Measures of clock time-telling quality

We develop and use two distinct measures of performance of noisy clocks driven by noisy

inputs.
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Mutual information: The performance of the clock is quantified by the mutual infor-

mation between the clock state ~c and the time t,

MI(C;T ) =
∑

~c∈C,t∈T
p(~c, t) log2

(
p(~c, t)

p(~c)p(t)

)
(A.19)

for all ~c in the set of available positions C and all t in the available time bins T . (In the

dynamical systems model, ~c represents the position in the 2d r, t plane. For the explicit

KaiABC biomolecular model, ~c represents the phosophorylation state of KaiC.) We simulate

a population of clocks, where each clock is subject to a different realization of input signals,

representing different weather conditions and also subject to different realizations of internal

Langevin noise (or Gillespie fluctuations). We then collect the trajectories of each clock on

the last day of the simulations and calculate the probability distribution p(~c|t) of clock states

at a given (objective) time t ∈ [0, 24] hrs of the last day in the simulation. The probability

function p(~c) is calculated by accumulating the distribution of p(~c|t) over time t ∈ [0, 24]

hrs of the last day. The position ~c and time t are binned into different bins depending on

their values. We start the minimum and maximum values of the bins to the minimum and

maximum values of the variables. The bin size in the time dimension is 0.48 hrs or 28.8

minutes, while The bin size in the x and y dimensions are both 0.01.

We refer to this mutual information measure as ‘Precision’ in Fig. A.1d, 2.2, 2.6a from

the main text.

Population variance along direction of motion: Mutual information is a good

indicative of how well the clock encodes information about time. However, it is calculated

for the entire day. Often, we want to see how the time-telling ability of a clock changes

during the day (e.g., day vs night or before and after dusk). Hence we develop a new

measure, closely related to mutual information, but can be computed at specific times of

day.
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Intuitively, the mutual information quantifies how much the population distributions of

clock states at different times t overlap. If these distributions are not overlapping, the clock

state is a good readout of the time t. Such distributions are shown in Fig. 2.4b and 2.5b

(purple) in the main text.

We argue that only the spread of the clock distribution along the direction of motion

of the clock in state space affects mutual information. The spread of the distribution in

orthogonal directions does not affect mutual information as much.

ax

u

Periodic Boundary of length L

t0 t1

ay

u

t0 t1

ay

ax

ax

ax

Figure A.2: Mutual information MI(~c, t) between clock state ~c and time t is only affected
by the variance of the clock state distribution p(~c|t) at a given time t along the direction of
motion and not orthogonal to it. In this toy example, we assume the distribution p(~c|t) to be
supported on a rectangle of size ax and ay in a 2d clock state space. The clock state moves
at a speed u in the x-direction. Time telling quality is affected by how much the population
at different times overlap with each other. Consequently, clocks with large ax and small ay
(bottom) have lower mutual information MI(~c, t) relative to clocks with small ax and large
ay (top). Consequently, we use the population variance along the direction of motion as an
instantaneous measure of time-telling ability in the paper.
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To see this, we write mutual information between clock state ~c and time t as,

MI(C;T ) = H(T )−H(T |C). (A.20)

Here H(T ) is a constant, independent of the clock mechanism. Thus, MI depends entirely

on the entropy of the distribution p(t|c) of real times given clock state c, averaged over

different clock states,

H(T |C) =

∫
p(c)dcH(T |c) (A.21)

= −
∫
p(c)dc

[∫
dtp(t|c) log p(t|c)

]
(A.22)

Consider a clock whose state-space is two dimensional with a periodic x-axis as shown

in Fig.A.2. Further, assume that the distribution p(~c|t) of clock states at a given time is

supported on a rectangle of size ax× ay as shown in Fig.A.2 and that the clock states move

along the x-axis at a uniform velocity u. This situation implies that

p(t|c) =


0 for |cx − ut| > ax

u
2ax

for |cx − ut| ≤ ax

So,

H(T |C) = −
∫
p(c)dc

∫ (ax+cx)/u

t=(cx−ax)/u
dt

u

2ax
log

(
u

2ax

)
= log

(
2ax
u

)

Since MI(C;T ) = H(T ) − H(T |C), MI depends on − log ax and is independent of ay,

meaning that only the spread in the direction of motion ax affect the mutual information.

Consequently, to understand the quality of time-telling at different times of the day, we
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project the population variance of p(~c|t) to the direction of the instantaneous velocity of the

center of mass of p(~c|t).

Cramer-Rao bounds

Cramer-Rao (CR) bounds quantify the total available information about phase in a given

length of history of the signal. Any estimator working with that length of history must nec-

essarily have higher variance (i.e., higher error) than the Cramer- lower bound corresponding

to that length of history. In the limit of infinitely long histories, the CR bound in this context

corresponds to zero error; with any finite binning in time, the upper bound on MI is simply

set by the number of bins in time. In our case, this bound is given by log250 = 5.64 bits.

As shown in the main paper, as L/R → 0, limit cycles process longer and longer histories

of the external signal. Consequently, the mutual information for such cycles approaches the

upper bound in the limit L/R → 0 (assuming no internal noise) when computed with the

same number of temporal bins (50 in this case).

A.5 Circle Map - Dark pulse phase shift

During the daytime, sunlight intensity fluctuates because of cloud cover and we have referred

to these fluctuations as external noise. In our simulations, we subject each individual in a

population to a different realization of these weather conditions and compute the resulting

population variation of clock state. Such variation limits the ability of the cell to read out

the objective time from the clock state.

Here, we relate the population phase variance caused by random cloud cover in our

dynamical systems model to the geometrically computed Phase Response Curve (PRC) due

to a single dark pulse administered during the day. Using this geometric method, we will

find that the ability of limit cycle to withstand external intensity fluctuations increases with

R/L, the size R of limit cycles relative to their separation L. In particular, we will show
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geometrically that the gain in phase variance during the day σ2 ⇒ σ2 + σ2
clouds scales as

(L/R)2, in perfect agree with stochastic weather simulations.

To compute the scaling relationship of σ2
clouds, we compute the phase shift ∆Φ caused

by a single dark pulse with width τ on the limit cycles with angular speed ω (i.e., the Phase

Response Curve (PRC) corresponding to such a dark pulse). Fig.A.4a shows an example of

a dark pulse in the signal and how it affects the trajectory. Consider a clock at state θ on

the day cycle. A dark pulse of length τ administered just then will change the dynamics to

that of the night cycle. This clock has state φ = P (θ) with respect to the night cycle and

will evolve for a time τ according to the night cycle dynamics, reaching a new state φ+ ωτ ,

at a radial position determined by R,L. At the end of the dark pulse, we use the night-day

circle map, θ = Q(φ), to find the clock state back on the day cycle. Note that all these shifts

depend on the limit cycle geometry, i.e., on R and L, as shown in Fig.A.4. We can write

each mapping using simple trigonometry:

φ = P (θ) = arctan

(
L+R sin θ

R cos θ

)
(A.23)

and

θ∗ = Q(φ) = arctan

(
−L+R sin(φ+ ωτ)

R cos(φ+ ωτ)

)
. (A.24)

Notice the mapping Q only differs from P by changing L to −L. We also include the

diagram showing the transition due to dark pulse in Fig.A.4. The process “1” corresponds

to φ = P (θ), “2” corresponds to the rotation on the night cycle φ → φ + ωτ , and “3”

corresponds to the transition back to the day cycle θ∗ = Q(φ + ωτ). Combining this 3

processes, we write θ∗ as θ∗(θ, τ, L/R) and expand it in the limit that L/R ⇒ 0 to obtain

that

∆Φ = −L
R

(cos(θ + ωτ)− cos(θ)) +O
(
L

R

)2

(A.25)
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where ∆Φ = θ∗ − (θ + ωτ) because θ + ωτ is the phase of the clock if it did not experience

the dark pulse.

This expression ∆Φ indicates the amount of phase shifted that the cloud causes. With

different clocks experiencing different weather conditions, the variance gained among the

population due to the fluctuation of sunlight grows like |∆Φ|2 ∼ (L/R)2. We see good

agreement between stochastic weather simulations and this geometric computation as shown

in Fig.A.4d.

In this calculation, we focused on dark pulses administered at a fixed generic time (8

AM in Fig.A.4d). However, the PRC ∆Φ(θ) for dark pulses has a zero at a specific time

of the day (see Fig.A.4c). That is, for each dark pulse of width τ , there exists a time

of administration such that ∆Φ = 0! In fact, such a dark pulse has an entraining effect,

reducing the population variance. We leave experimental and theoretical investigation of the

counter-intuitive effects of such specially time dark pulses to future work.

Here, we show that even if we include such dark pulses with an entraining effect, the

variance gained at the end of the day is still proportional to (L/R)2 in the limit that L/R

goes to zero. To simplify our derivation but retain the essence of what dark pulses do during

the daytime, let’s us consider dark pulses coming at three times: in the morning (θ = −π/2),

around noon (θ = −ωτ/2 with small ωτ), and in the evening (θ = π/2). Starting the day

with variance σ2
0, by the end of the day the variance becomes

σ2 =
σ2

0 + (∆Φ)2
θ=−π/2

(1 +
(
d∆Φ
dθ

)
θ=−ωτ/2

)2
+ (∆Φ)2

θ=π/2 (A.26)

≈
σ2

0 +
(
L
R sinωτ

)2

(
1 + 2L

R sin
(ωτ

2

))2
+

(
L

R
sinωτ

)2

(A.27)

σ2 ≈ σ2
0 + 2

(
L

R
sinωτ

)2

+O
(
L

R

)2

. (A.28)
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Thus, the variance gained due to fluctuation, σ2 − σ2
0 = σ2

clouds, is proportional to (L/R)2.

This simple derivation may not rigorously reflect the correct constant in front of (L/R)2 term,

but the full rigorous derivation, concerning the dark pulses coming randomly at random time

during the day, should yield the same power law dependent on L/R. Fig.A.4d shows that

averaging ∆Φ2 over pulses administered at different times numerically (dashed line) results

in the same power law as for single pulses and as seen in stochastic weather simulations.

A.6 Circle Map - Step Response Curve

In our main paper, we claim that the variance of the clock state across a population drops

σ2 ⇒ σ2/s2 at dusk where s2− 1 ∼ L/R as L/R⇒ 0. Data from Langevin simulations was

presented. Here we will derive this result using a simple geometric argument about circle

maps.

We define φ = PT (θ) to be the phase on the night cycle that a clock evolves to, after

time a time T , if the lights were suddenly turned off when the clock is at state θ on the

day cycle. See Fig.A.3a,b. In principle, with complex relaxation dynamics between the limit

cycles, PT (θ) could show complex dependence on T . However, we work in a simplified model

where the angular frequency of the clock is independent of the amplitude of oscillations. In

this limit, T only causes an overall shift in φ = PT (θ); i.e., we can write PT (θ) = P (θ) +ωT

where ω is the angular frequency of the clock. In what follows, we will be interested in the

derivative of ∂θPT (θ); hence we will work with P (θ) instead of PT (θ).

This circle map, φ = P (θ), is important since it determines whether two differing day-

time clock states are brought closer or taken further at dusk and thus determines the rate of

entrainment of a population to the external signal. Consider two organisms that have nearby

but distinct clock states θ0, θ0 + ∆θ at dusk. After dusk, these two clocks will be mapped

to P (θ0) and P (θ0 + ∆θ) ≈ P (θ0) + ∆θdP (θ)dθ|θ=θ0 respectively. Thus, dusk changes the
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difference between the clock states from ∆θ to ∆φ where,

∆φ ≈ ∆θ
dP (θ)

dθ

∣∣∣∣
θ=θ0

(A.29)

By a similar argument, if the phase variance of clock states across a population is σ2 before

dusk, it will be reduced by,

σ2 dusk−−−→ σ2

(
dP (θ)

dθ

∣∣∣∣
θ=θ0

)2

(A.30)

This expression is valid in the regime where the population variance σ2 is small enough to

linearize the circle map P (θ). Similar considerations apply to the dawn transition between

the night and day cycle as well. Both circle maps were recently experimentally characterized

for S. elongatus in [11].

In our simple theoretical model where clock frequency does not change with amplitude

(i.e. the radial coordinate), we can easily compute P (θ) from geometry. In Fig.A.3, we draw

a diagram of the transition from a particle on the day cycle at the phase θ to the night cycle

at the phase φ. By trigonometry, we write

φ = P (θ) = arctan

(
L+R sin θ

R cos θ

)
, (A.31)

and derive

s2 − 1 =

(
dP (θ)

dθ

)−2

− 1 (A.32)

=
L(2L3 + 7LR2 − 3LR2 cos(2θ) + 4R(2L2 +R2) sin θ)

2R2(R + L sin θ)2
(A.33)

= 2 sin(θ)
L

R
+O

(
L

R

)2

, (A.34)

where θ corresponds to the angle on the day cycle at dusk, which is at π/2 in Fig.A.3a. This
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equation implies that as the day and night limit cycle gets closer, the geometric focusing

effect s converges to one. This asymptotic behavior is intuitive because if L = 0, meaning

no transition, then the variance should remain the same (s = 1, so σ2 → σ2/12 at the

transition).

Remarkably, our geometric derivation of s2 − 1 matches the variance drop σ2 → σ2/s2

seen in stochastic simulations of weather conditions; see Fig.A.3d. The variance gain during

the day is the result of the fluctuation of sunlight, simulated as random dark pulses of random

intervals, amplitude and time of delivery. Such variance is accumulated during the day and

the drop over dusk time is measured (green Xs).

Fig.A.3e shows the variance drop seen in simulations with internal noise in Langevin

simulations. While the cause of variance increase during the day is different (finite copy

number effects), the variance drop at dusk agrees well with the geometric computation of

s2 and thus with the external noise simulations as well. In both cases, the simulations and

geometric theory show that s2 − 1 ∼ L/R as L/R⇒ 0.
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Figure A.3: The population variance of clock states is reduced by dusk and can be computed
geometrically. (a) A population of clocks near state θ on the day cycle is mapped to the
neighborhood of state φ on the night cycle by the dusk transition. We define φ = P (θ)
to be the map relating the clock state θ on the day cycle just before dusk to its eventual
position φ on the night cycle after dusk (assumed greater than the relaxation time). (b)
This map can be analytically computed for circles of size R with centers separated by length
L. (c) For a given R/L = 2 , we obtain P (θ) shown here. Since θ = π/2 corresponds to
the dusk time of the entrained trajectory, the slope s−1 = dP/dθ at θ = π/2 determines
the change in population variance of clock states at dusk. (d,e) The variance drop s2 at
dusk, defined as σ2 → σ2/s2 at dusk, seen in both the external (averaging over weather) and
internal noise (averaging over Langevin noise) simulations agree well with the geometrically
computed s(R/L), especially at large R/L. We find that s2 − 1 ∼ L/R for large-R/L limit
cycles.
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Figure A.4: Increase in population variance due to random weather conditions can be esti-
mated from the phase shifts ∆Φ due to dark pulses (i.e., the Phase Response Curve). (a) A
single dark pulse administered during the day shifts the phase of a clock (purple) relative to
a clock that experiences no such dark pulse (black). (b) We can compute the phase shift ∆Φ
due to such a dark pulse geometrically by computing the deviation in trajectory. Assuming
a dark pulse of length τ , the clock evolves for a time τ according to the night cycle dynamics.
At the end of such a pulse, we switch back to the day limit cycle and compute the resulting
phase shift ∆Φ. (c) The resulting phase shift ∆Φ due to a pulse of length τ = 2.4 hrs,
depends on the time θ when it is administered but is generally smaller for larger R/L. (d)
We find that ∆Φ2 for a specific τ = 2.4 hrs dark pulse administered at the same time (8 AM)
falls as (L/R)2 for large-R/L limit cycles. This trend matches the variance gain σ2

clouds seen
in stochastic simulations that average over random weather conditions (pulses of different
length, intensity and time of application). The broken brown curve shows a theoretical pre-
diction for such an average 〈∆Φ2〉, obtained by sampling the curve shown in (c) at different
points of application and differing intensity. Despite the presence of a variance-reducing
zero around mid-day in (c), σ2

clouds drops as (L/R)2, much as ∆Φ2 for any particular pulse.
(Brown theory curves translated together using one fitting parameter.).
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A.7 Langevin model of finite copy number fluctuations

Chemical reactions that occur in the bulk of a homogeneous solution can be described by a set

of ordinary differential equations. However, within a single cell the copy number of molecule

is limited and thus the reaction carries internal noise from the stochastic fluctuations. Gille-

spie showed that chemical reactions under finite copy number can be approximated by a

Langevin dynamics using the following argument [48],

Consider an elementary reaction

A + B −−→ C + D (A.35)

with the forward rate constant k+, during each infinitesimal time δt, the probability of

the occurrence of this reaction follows a Poisson distribution whose mean and variance both

equals to R+δt = k+·NA·NB ·δt. Integration over a larger time step, the Poisson distribution

can be approximated into a Gaussian form, resulting in Langevin dynamics,

dNA = −k+ ·NA ·NB · dt+
√
R+dW (A.36)

whereW is a standard Wiener process of mean 0 and autocorrelation function 〈W (t1)W (t2)〉 =

δ(t1 − t2).

To describe a chemical reaction network, the Langevin equation for each species consists

of contributions to the noise from each reaction where the species is involved. Now consider

adding another reaction

C + D −−→ A + B (A.37)

with the rate constant k−, then the Langevin equation for species A becomes,

dNA = −k+ ·NA ·NB · dt+ k− ·NC ·ND · dt+
√
R+dW1 +

√
R−dW2 (A.38)
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where R+ = k+ ·NA ·NB and R− = k− ·NC ·ND respectively denote the number rates of

the forward and the backward reaction; dW1 and dW2 are identical independent standard

Wiener processes.

To fully determine the effect of the noise using the Langevin dynamics for a chemical

reaction network, one needs to consider all of the reactions corresponding to the species of

interest; the noise term usually becomes time-dependent and multiplicative. To simplify the

description of internal noise in our phenomenological model of limit cycle/ point attractor, we

take a first order approximation that the diffusion coefficient in the reaction coordinate space

is homogeneous in both space and time. (See similar treatments of another biological system

in [43]. In contrast, our explicit KaiABC simulations, as well as numerical simulations on

the other types of bio-oscillators, presented later, do not make this simplifying assumption of

homogeneous diffusion.) This allows us to write a 2-dimension phenomenological stochastic

differential equation

d~z = f(~z, t) · dt+
√

2D · d ~W (A.39)

where the f(~z, t) denotes the deterministic dynamics driven by day-night cycles and the

diffusion constant D is assumed to be inversely proportional to the total number of Kai-C

molecules within the cell. For limit cycles of radius R, we set D ∼ R2ε2int. Then, ε2int is the

diffusion constant for the phase of the oscillator. We hold ε2int fixed while changing R to

make a fair comparison across systems of different size.

Population variance

For the cell to carry out a reliable computation, the population variance from the internal

noise needs to be reduced. Such noise reduction comes from the dynamics of the attractor.

In the limit cycle attractor mechanism, the internal noise reduction is performed only along

the radial axis but not along the flat attractor direction.

In contrast, the point attractor mechanism is able to limit population variance due to
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internal noise in all directions due to the effective ‘curvature’ of the dynamics. Here we

analytically estimate the steady-state population variance for a point attractor mechanism.

The population variance is together determined by the diffusive term
√

2D · d ~W , and the

noise reduction effect from the restoring force of the point attractor’s harmonic well. During

each infinitesimal time δt, the internal noise increase the variance by

σ2(t+ δt) = σ2(t) + 2Dδt. (A.40)

In contrast, the overdamped deterministic motion within a harmonic well provides a focusing

effect that reduces the variance exponentially with time. To quantify this focusing effect,

consider a 1-d overdamped dynamics of a particle within a harmonic energy well of V (r) =

k · r2. The solution to the equation of motion is r(t) = r0 · e−2kt, with initial position

r(0) = r0. Consider an ensemble of points with a mean initial position µ0 and a initial

variance of σ2
0, one can solve the dynamics of the mean as

µ(t) = µ0 · e−2kt (A.41)

and the dynamics of the variance as

σ2(t) = σ2
0 · e

−4kt (A.42)

Thus, per infinitesimal time δt, the geometric focusing effect of the energy well of the point

attractor reduces the population variance by

σ2(t+ δt) = σ2(t)/g (A.43)

where g = e4kδt.

Under the competition between the spreading effect from the internal noise and the
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geometrical focusing effect from the deterministic dynamics, the population variance reaches

a steady value solved by

σ2
st =

σ2
st + 2Dδt

g
=
σ2
st + 2Dδt

e4kδt
(A.44)

and by taking the limit of δt goes to 0, we have σ2
st = D/2k.
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APPENDIX B

STOCHASTIC RESONANCE IN LIVING CELLS

B.1 TNF-α Stimulation Using Microfluidic Cell Culture

We use the signal generator chip described previously [79]. PDMS chambers coated with

fibronectin (FC010-10MG) and cells were seeded at constant density 20,000 cells/cm2. Cells

were cultured for 5 hours before stimulation; they were taken at 100% confluence and incu-

bated with .25% Trypsin-EDTA for 5 mins (25200-056) prior to loading. Standard culture

conditions of % CO2 and 37◦C were maintained using an incubation chamber for imaging

and cell culture. Mouse TNF-α (PMC3014 3671982503) was diluted in Fluorobrite DMEM

media (A1896701) with 2x glutamax (35050061), pen/strep (15140-122) and FBS (16140071)

in vials pressured with 5% CO2 at 5psi and kept on ice. Microbore tubing (PEEK, Vici) was

used to connect the TNF-α supply to the chip. For continuous pumping input, the on-chip

peristaltic pump was operated at a sampling rate of .5 seconds of a combination (3,4, or

5 concurrently open) of the following inputs: [.2 .1 .05 .025 .0125 .00625 .003125 .001625]

ng/mL TNF-α.

B.1.1 Image Acquisition and Data Processing

We use an automated Nikon eclipse ti2 microscope and capture fluorescence images (red and

green channels for p65 and H2B reporters) at 20× magnification via a Hamamatsu ORCA-

Flash4.0 V3 Camera (C13440) every 3-5 min for 1-10 hr. Microfluidic device is mounted

on the microscope. Custom Matlab scripts were used for image processing (available on

request). NF-κB activation was quantified as sum of nuclear fluorescence intensity. For peak

analysis, data were smoothed followed by peak detection using a combination of integrated

area, first derivative and peak height.
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B.1.2 NF-κB Reporter Cell Line

Creation of mouse (3T3) fibroblasts displaying near-endogenous p65 levels was previously

described in [69]. Knockout p65-/- mouse 3T3 fibroblasts were engineered to display p65-

DsRed under the 1.5 kb p65 promoter (4). A minimum fluorescence clone was selected to

achieve near-endogenous expression level to represent NF-κB wild-type dynamics. Addition

of a ubiquitin-promoter driven H2B-GFP cassette provides a nuclear marker to facilitate

automated image processing.

B.1.3 RNA Sequencing

Cells were removed from microfluidic chambers using .25% Trypsin-EDTA for 5mins (25200-

056) to free the cells from microfluidic surface, then flushed with water to remove from device.

Cells were placed in lysis buffer containing 0.2% (vol/vol) Triton X-100, RNase inhibitor,

oligoDT primer and dntps. Protocol for SMART seq was followed thereafter. Samples were

pooled then sequenced on NovaSeq platform.

B.2 Mathematical modeling of NF-κB pathway

A comprehensive model for the NF-κB system with 26 variables was first elaborated by

Hoffman in 2002 [81]. Krishna et al. reduced the model to only five non-linear coupling

equations [16, 17] while still retaining the essential dynamics of the pathway:
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dNn
dt

=
KI

KI + I
kNin (Ntot −Nn)− klinI

Nn
KN +Nn

dIm
dt

= ktN
2
n − γmIm

dI

dt
= ktlIm − α[IKK]a (Ntot −Nn)

I

KI + I

d[IKK]a
dt

= ka[TNF ] ([IKK]tot − [IKK]a − [IKK]i)− ki[IKK]a

d[IKK]i
dt

= ki[IKK]a − kp[IKK]i
kA20

kA20 + [A20][TNF ]

where Nn is the nuclear NF-κB concentration, Im is the IκB mRNA level, I is the

concentration of cytoplasmic IκB protein, [IKK]a is the level of active IκB kinase, and

[IKK]i is the level of inactive IκB kinase. This simple model reproduces spiky NF-κB

oscillations seen in experiments and entrainment of such oscillations by time-varying TNF

signals. The last two equations above are a simplified representation of signal transduction

from external TNF levels to IKK levels [16, 17]. Note the existence of both positive and

negative regulation of IKK by TNF, characteristic of an incoherent feedforward loop [18]:

TNF increases the amount of active IKK but also decreases active IKK indirectly through

inactive IKK.

In reality, signal transduction between external TNF and IKK is known to be more

complex, involving receptor dynamics and numerous intermediate complexes. These details

include incoherent feedforward loops of different timescales in addition to the one modelled

here [16]. Such features may be revealed by the response to high frequency TNF signals used

in this study but cannot be predicted by the last two equations in this model since they are

based on experiments involving slowly changing TNF (timescale of hours).

In this paper we modify the last two equations to capture faster signaling processes that

might be visible to fast TNF signals (timescale of seconds). We continue to model the

pathway between TNF and IKK as having general positive and negative regulation but with
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an unspecified timescale τ0. This approach gives a simple coarse-grained model of signaling

without making assumptions about the exact molecular identity of the molecules involved

in these fast processes:

dNn
dt

=
KI

KI + I
kNin (Ntot −Nn)− klinI

Nn
KN +Nn

dIm
dt

= ktN
2
n − γmIm

dI

dt
= ktlIm − α[IKK]a (Ntot −Nn)

I

KI + I

τ0
dX

dt
= −αx(X − TNF )

τ0
dY

dt
= −βy (Y − c0)− βxX

(
Y n

Y n0 + Y n

)
+ βTNFTNF

d[IKK]a
dt

= −γIKK [IKK]a + γy (Y − c0)

Here TNF is the input signal of interest, X is promoted by TNF, and Y is promoted by

TNF but suppressed by X. The dynamics downstream of IKK (i.e., NF-κB and IκB) are

exactly as in the model of Krishna et al. [17]. The value of the parameters we use in these

equations are summarized in Table B.1.

We have two sources of noise in our simulation, one from TNF, and the other from the

stochasticity inside the NF-κB network. Additive noise in the TNF signal is simulated from

two random distributions. The amplitude of the noise is drawn from a uniform distribution

[−σ, σ], and the time difference between the change of amplitudes of noise is drawn from an

exponential distribution with mean equals to τnoise . Meanwhile, the stochasticity inside the

NF-κB networks (only the first three equations) is simulated from the Langevin noise η(0, ε)

where ε = 0.01τ
−1/2
0 .
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Parameters for simplified NF-κB model [16, 17]
Parameter Value Parameter Value

kNin 5.4 min−1 αx 10

klin 0.018 min−1 βy 60

kl 1.03µM−1 min−1 βx 60

ktl 0.24 min−1 βTNF 60.6
KI 0.035µM n 10
KN 0.029µM y0 0.001

γm 0.017 min−1 γIKK 1

α 1.05µM−1 min−1 γy 30
Ntot 1µM τ0 1 min

τnoise 0.0667τ0

Table B.1: The first two columns give parameters of the simplified NF-kB system ( klin
to Ntot ), taken directly from [16, 17]. The last columns give parameters for the rectified
adaptation model, following design principles laid out in [18] for Incoherent Feed-Forward
Loop-based adaptive circuits.

B.2.1 Rectified adaptation

The existence of both positive and negative interactions (i.e., an Incoherent Feed Forward

Loop), leads to adaptation [18]. Adaptation in a chemical circuit refers to a transient response

to a step change in the input after which the circuit output eventually settles down to its

initial resting value. In our model, the resting value of Y is c0. For non-zero c0 = 0.1, we

find that Y responds adaptively to both step ups and step downs in the input (TNF).

However, if c0 = 0,Y only responds to step ups in TNF and not step downs, a phe-

nomenon we term ’rectified adaptation’. Such a circuit will perceive noise as an ever-

increasing signal, and trigger an activation threshold much larger than the standard de-

viation of the noise. Thus, we find that a simple limit of the commonly found adaptation

motif in biology explains stochastic resonance seen in NF-κB activation.
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B.2.2 Details of simulations in each figure

In Figure 3.1d-f, NF-κB simulated using the rectified adaptative circuit (i.e., c0 = 0 )

activates from noisy signal of low moving average. For the constant signal, we set the TNF

level to be 0.1. For the noisy signal, we set the average value of TNF to be 0.05 and σ to be

0.04.

In Figure 3.5c and d, NF-κB only responds to noisy signal if the adaptation is rectified

(i.e., if c0 = 0 ) but not with conventional adaptation (c0 = 0.1). Similar to Figure 3.1d-f,

for constant signal, we set the TNF level to be 0.05. For the noisy signal, we set the average

value of TNF to be 0.05 and σ to be 0.04.

In Figure 3.6a, NF-κB in the rectified adaptive circuit (c0 = 0) shows decreasing responses

as the period of the input signal increases. In creating Figure 3.6a, we use noiseless sinusoidal

signals of periods 0.2667τ0, 1.5085τ0, 8.5333τ0. For all periods, we set the average value of

TNF to be 0.05 and σ to be 0.04.

In Figure 3.6b, NF-κB in the rectified adaptive circuit shows decreasing fraction of cells

activated as the period of the input signal increases. Figure 3.6e show how the timescales

of the adaptation impacts the activation of NF-κB. Here, the average TNF level and the

amplitude of the sine wave remain at 0.05 and 0.04, respectively. The period is varied from

0.1τ0 to 100τ0.
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APPENDIX C

TEMPORAL DYNAMICS OF OPTIMIZATION ALGORITHMS

C.1 Text Dataset

Examples of student and teacher texts for both ‘UCLA’ and ‘NEWS’ domains
‘UCLA’ Domain ‘NEWS’ Domain
Student Teacher Student Teacher
..ucofsryhnyyglgp.. ..wzuhhuclackshvc.. ..clawclucofinesn.. ..iftxnnewsrltlvv..
..rgucwslprlaofyw.. ..jgckcuclakgixce.. ..jdzlqlazrogynps.. ..llxjfenewsontzs..
..ukcvoroprwsajbh.. ..yoahpprofemyoew.. ..ucwspgzmfwjhtyr.. ..sngzcutmuprofxr..

Table C.1: Examples of student and teacher texts for both ‘UCLA’ and ‘NEWS’ domains
with the probability of specialist and generalist features equal to 0.9 and 0.45, respectively.
The texts here are the 15-letter samples of the full 400-letter texts in simulations of Fig. 4.2.

We carefully design the text dataset to have only three features words: ‘UCLA’, ‘NEWS’,

and ‘PROF’. Chapter 4 explained that we simply put these features on top of randomly

generated texts, but doing so actually create unexpected features. For example, the word

‘UCLA’ can be detected by a smaller part ‘UC’ if the chance that ‘UC’ appears in the

random texts is low. We do not want these 2-letter features to exist because we want to

study the case with only 3 features of 4-letter words. To get rid of these extra features, we

artificially add in the 2-letter and 3-letter features to the random texts: ‘UC’, ‘CL’, ‘LA’,

‘UCL’, and ‘CLA’. We repeated the process for the words: ‘NEWS’ and ‘PROF’. As a result,

the network is forced to learn the full 4-letter features ‘UCLA’. Similarly, we also add 2-letter

and 3-letter words that are parts of ‘NEWS’ and ‘PROF’.
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C.2 Finding the intermediate timescale

To estimate the best time for switching between two different data domains, we need to

compute the response time, or the amount of epochs the neural network takes to forget an

old feature and learn a new one. If the switching time is much smaller than this response

time, then the parameters of the model will likely stay at the same minimum, ignoring the

new domain of data. If the switching time is much larger than the response time, then the

training time is unnecessarily spent. The switching time should be no higher than one order

of magnitude from the response time.

We measure the response time by computing how many epochs the model take to forgot

an old feature and learn a new one. In Fig. C.1, the model in each of the 49 simulations

is initialized with ‘NEWS’ feature. They are then trained to a dataset from a different

domain with ‘UCLA’ and ‘PROF’ features. To minimize the loss function, the model tend

to overwrite the old feature with a new one. Most 49 simulations in Fig. C.1 take at most

2-3 epochs to reach a plateau in the accuracy. We choose the switching time to be around

20 epochs (or period of 40 epochs), which allow the network to pick up the generalist feature

quickly (see Fig. 4.2). The period could have be chosen lower, but the model has shown

to pick up the generalist feature almost 100 percents in comparison to one third from the

training with mix datasets in Fig. 4.2a.

This response time is sensitive toward many training parameters. For example, doubling

the learning rate likely cuts the response time in half. Also, increasing the number of data

or decreasing the batch size will lengthen the response time. Surprisingly, even though there

are many different local minimum in the loss landscape, this approximation of the response

time generalizes well to at least 49 simulations from random initializations.
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Figure C.1: Each small block show the plot of accuracies over time for 49 different trainings.
These are 3 kinds of accuracies toward dataset with features ‘NEWS’ (red), ‘UCLA’ (green),
and ‘PROF’ (blue), respectively. Initially, the models were initialized with parameters of
high accuracy toward the ‘NEWS’ feature. Afterwards, the models were trained on dataset
with only ‘UCLA’ and ‘PROF’ features. As a result, the model needs to forget about the
old feature ‘NEWS’ and learn either of the two new features. Approximately, the time to
learn a new feature (or the response time) is around 2 epochs.
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C.3 Optimization algorithms

In the simulations of Fig. 4.2, the neural network consists of two components: a 1D convo-

lutional network and a softmax layer. The input texts are converted into a hot vector of size

26L where 26 is the number of English alphabets and L is the length of a text. The values

of the filter size and the stride for the convolutional network are tuned so that the network

convolutes 5 letters at a time. The softmax layer allows the output of the multiple layers to

be merged.

Parameters for the training of the neural network
Parameter Value Parameter Value
length of texts 400 number of data 8000
L2 - weight decay 0.0003 batch size 4
learning rate 0.01 opt. algorithm torch.optim.Adam
filter size 5 alphabets number of filters 5
stride 26 padding 26 (on both sides)

Table C.2: Here are the parameters for every simulation in Fig. 4.2.

C.4 Measuring the fractions of learned features

Training a neural network is a heuristic process because the batches of data are shuffled and

come in a random order. Thus, we need to repeat the simulations multiple times and find

the fraction of models learning the different features. There are multiple ways to extract

features out of neural networks. We choose to create three testing datasets, each corresponds

to the features ‘UCLA’, ‘NEWS’, and ‘PROF’. The model with highest testing accuracy on

the ‘UCLA’ testing dataset is interpreting as learning the ‘UCLA’ feature. The same goes

for ‘NEWS’ and ‘PROF’. In the ‘NEWS’ dataset, the student texts are randomly generated

English alphabets of length 400. The teacher texts has the word ‘NEWS’ put in a random

position of the random texts.
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Figure C.2: Each small block show the plot of accuracies over time for 49 different trainings.
These are 3 kinds of accuracies toward dataset with features ‘NEWS’ (red), ‘UCLA’ (green),
and ‘PROF’ (blue), respectively. Each model is randomly initialized. The training data is
switching between ‘UCLA’ domain and the ‘NEWS’ domain every 100 epochs. The fraction
of learned features of these 49 blocks are summarized in Fig. 4.2(c).
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[69] Savaş Tay, Jacob J. Hughey, Timothy K. Lee, Tomasz Lipniacki, Stephen R. Quake,
and Markus W. Covert. Single-cell nf-kappab dynamics reveal digital activation and
analogue information processing. Nature, 466(7303):267–71, 7 2010.

[70] Wenzhe Ma, Ala Trusina, Hana El-Samad, Wendell A Lim, and Chao Tang. Defining
network topologies that can achieve biochemical adaptation. Cell, 138(4):760–73, 8
2009.

[71] Toby Lawrence. The nuclear factor nf-kappab pathway in inflammation. Cold Spring
Harbor perspectives in biology, 1(6):a001651, 12 2009.

[72] Ryan A Kellogg, Chengzhe Tian, Tomasz Lipniacki, Stephen R Quake, and Savaş Tay.
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