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ABSTRACT

In this thesis we describe two separate works: higher order permutation equivariant layers

for neural networks and Fourier bases for reinforcement learning over combinatorial puzzles.

Recent work on permutation equivariant neural networks has mostly focused on the first

order case (sets) and the second order case (graphs). We describe the machinery for gen-

eralizing permutation equivariance to arbitrary k-ary interactions and provide a systematic

approach for efficiently computing these k’th-order permutation equivariant layer and enu-

merating all the intermediate operations involved. We evaluate our proposed permutation

equivariant architectures using higher order equivariant layers on a variety of set learning

tasks and find that our models are competitive with existing baseline methods while using

much fewer parameters.

Traditionally, permutation puzzles such as the Rubik’s Cube were often solved by heuris-

tic search like A*-search and value based reinforcement learning methods. Both heuristic

search and Q-learning approaches to solving these puzzles can be reduced to learning a heuris-

tic/value function to decide what puzzle move to make at each step. We propose learning a

value function using the irreducible representations basis (which we will also call the Fourier

basis) of the puzzle’s underlying group. Classical Fourier analysis on real valued functions

tells us we can approximate smooth functions with low frequency basis functions. Similarly,

smooth functions on finite groups can be represented by the analogous low frequency Fourier

basis functions. We demonstrate that we can learn effective value functions in the Fourier

basis for solving various permutation puzzles using fewer parameters and fewer samples than

deep value networks.
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CHAPTER 1

INTRODUCTION

In machine learning, we often deal with data that exhibit some form of symmetry. Loosely,

our data has a certain symmetry when we can apply some transformation to our data without

changing some property of that data. A common example of this is rotational and trans-

lational symmetry in images. Applying rotations and translations to an image (generally)

does not affect the contents of that image. Data that comes with 3-dimensional coordinates

Figure 1.1: Images exhibit rotational and translational symmetry.

such as point cloud data (Figure 1.2b) may exhibit 3D rotational symmetry; the points of

the point cloud can be rotated as a group while maintaining the integrity of the overall

shape. If we have a model that takes as inputs data that exhibit these symmetries, we would

like the output of the model to remain the same after some of these transformations, as the

underlying object has not changed after these rotations or translations. The central question

then, is how do we construct machine learning models that respect these transformations of

our data?

We are interested in permutation symmetry, which often arises when we work with

discrete objects such as graphs and sets. If we are interested in constructing machine learning

models that take as input permutation symmetric data, we would like models to treat the

data the same no matter how the inputs are ordered. Similarly, items in a set have no inherent

order and can be presented in any order without affecting properties of the collection of items.

Consider the following motivating examples for permutational symmetry in data:

3



(a) (b)

Figure 1.2: Molecules (1.2a) and point clouds (1.2b) exhibit 3D rotational symmetry. Ver-
tices of the graph and points of the point cloud have permutation symmetry.

• Suppose we have a collection of images taken of a single animal. From this collec-

tion of images, we would like to infer certain characteristics of the animal such as its

age, species, breed. The ordering of the images in the collection should not affect our

predictions. If there is only one image then the task is a standard image classifica-

tion/regression. We have multiple photos of the same animal and we would like to

somehow use all of the information present to produce our predictions.

• In graph classification or regression we want to map a given graph G = (V,E) to a

target value. The ordering of the vertices in the vertex set V = {v1, v2, . . . , vn} can be

arbitrarily permuted without changing the structure of the graph or its corresponding

target value.

• In point cloud data, we might have sets of points in three dimensions along with

features associated with each point. We might be interested in classifying the shape

of the point cloud. As with graphs, the ordering of these points does not affect the

associated target class of the point cloud.

As we will come to see, central to constructing neural networks that respect permutation

symmetries is the concept of permutation invariance and equivariance. We will explore

4



Figure 1.3: Items in a set have no inherent ordering and can be permuted arbitrarily without
affecting their composition.

different ways of constructing such permutation equivariant layers.

1.1 Preliminaries/Notation

We begin by formally defining some mathematical terms and expressions that will appear

throughout subsequent sections.

1.1.1 Groups

It turns out that groups are exactly the right mathematical abstraction for talking about

symmetries of objects.

Definition 1.1.1 (Group). A group is a set of elements G that comes endowed with a group

operation · : G × G → G that satisfies the following three properties:

• There exists an identity element of the group denoted e, such that for any g ∈ G,

e · g = g · e = g.

• For any g ∈ G, there exists an inverse of g denoted g−1 such that g · g−1 = g−1 · g = e.

• The group operation is associative: for any a, b, c ∈ G, a · (b · c) = (a · b) · c.

Definition 1.1.2 (Cyclic group). The cyclic group of order n denoted Cn is the set of

integers {0, 1, . . . , n− 1}, with the group operation being addition modulo n. For a, b ∈ Cn,

a · b = (a+ b) mod n.

5



Definition 1.1.3 (Symmetric group). The symmetric group of degree n, denoted Sn, is

the set of all bijections from {1, 2, . . . , n} to {1, 2, . . . , n}. The group operation is function

composition.

Definition 1.1.4 (Permutation). A permutation π ∈ Sn is a bijective function from {1, 2, . . . , n}

to {1, 2, . . . , n}.

It is straightforward to see that the symmetric group does indeed follow the three required

conditions to be a group. The identity element is the permutation that sends i 7→ i for

i = 1, 2, . . . , n. Every permutation has an inverse which is simply the permutation that

undoes the original mapping. Finally, function composition is associative.

Since we will be using permutations over and over (in Part II as well), it will be convenient

to be able to write them in a standard concise notation. The notation that is often used to

write permutations is the cycle decomposition format.

Definition 1.1.5 (Cycle Decomposition). The cycle decomposition of a permutation is a

collection of cyclic tuples where consecutive entries of the cyclic tuple encode the mapping of

the permutation. The cycle (a1, a2, . . . , ak) indicates the part of the permutation that sends

a1 7→ a2, a2 7→ a3, . . . , ak 7→ a1.

If a permutation π maps a number i to itself, we usually omit the singleton cycle (i) in the

cycle decomposition of π. When discussing permutations, we will generally explicitly state

the order of the permutation group it is coming from if it is not clear from context.

Example 1. The permutation ((1, 2), (3, 4)) ∈ S4 is the permutation π such that:

π(1) = 2, π(2) = 1, π(3) = 4, π(4) = 3.

Example 2. The permutation ((1, 3), (2, 5)) ∈ S5 is the permutation π such that:

π(1) = 3, π(2) = 5, π(3) = 1, π(4) = 4, π(5) = 2.
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Example 3. S3, the Symmetric group of order 3, is comprised of the following six permu-

tations:

S3 = {e, (1, 2), (1, 3), (2, 3), (1, 2, 3), (1, 3, 2)}.

Up to this point we have only discussed permutations and the symmetric group, which

are not the objects that are being passed to our machine learning models. We are instead

interested in a collection of items or objects that can be permuted or relabeled amongst

themselves.

Definition 1.1.6 (Group actions). Given a group G, and a set E, the (left) group action

of G on E is a function α : G× E → E that satisfies the two conditions:

• Identity: e · x = x for all x ∈ E

• Compatibility: α(g, α(h, x)) = α(gh, x) for all g, h ∈ G and x ∈ E

For notational convenience we will often write g ·x or gx instead of α(g, x) to when discussing

group actions.

We will primarily be discussing permutation actions on various objects such as sets and what

we refer to as permutable tensors.

Suppose we have a collection of entities that have interactions amongst themselves. The

collection can be described using a graph. In graphs, the set of entities is the vertex set.

Edges of the graph encode pairwise interactions. Beyond pairwise interactions, we may also

have k-ary interactions captured by k-hyperedges, which indicate some relationship between

k of the vertices. It is natural to consider higher order interactions between entities in other

contexts such as sets, which may not explicitly be endowed with these k-ary hyperedges.

To formalize the idea of tensors that encapsulate the information about k-ary interactions

between elements of our base set E , we define permutable k’th order tensors.
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Definition 1.1.7 (Permutable k’th order tensors). Given a set of entities {e1, . . . , en} ∈ E,

a k’th order permutable tensor X ∈ Rnk×d is a multidimensional array. The last dimension

of X we call the feature dimension.

We specifically call these “permutable” tensors because if the entities are relabeled

by some permutation π ∈ Sn, then the corresponding entries of the permutable tensor

are permuted. Let π · X denote the resulting tensor after the entities are mapped from

{e1, . . . , en} 7→ {eπ(1), . . . , eπ(n)}. We get: X 7→ π ·X where the entries of π ·X are:

[π ·X]i1,...,ik = [X]π−1(i1),...,π−1(ik)
.

X ∈ Rnk×d can be viewed as a multidimensional array that contains information about

the k-ary relationships between the entities. X can be indexed by k-tuples in {1, 2, . . . , n}k.

If we are interested in the interaction between the k entities (ei1 , ei2 , . . . , eik) (not necessarily

unique), then Xi1,...,ik ∈ Rd can be interpreted as a feature vector for the k-ary interaction

between ei1 , ei2 , . . . , eik .

Example 4. Let x1, x2, . . . , xn ∈ Rd be d-dimensional feature vectors corresponding to ob-

jects e1, . . . , en. After stacking the xi vectors into a matrix X ∈ Rn×d, we get a first order

permutable tensor with d channels (or d features):

X =



x⊤1

x⊤2
...

x⊤n


.

Example 5. Let G be a graph: G = (V,E) with adjacency matrix A ∈ Rn×n. The adjacency

matrix can be viewed as a 2nd order permutable tensor, where the feature dimension size is

one. The Symmetric group of order n, Sn, acts on the adjacency matrix of G by permuting
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its rows and columns: [π · A]i,j = [A]π−1(i),π−1(j) for all 1 ≤ i, j ≤ n.

Figure 1.4: Relabeling vertices v1, v2, v3 with permutation π = (1, 2, 3) ∈ S3 induces the
change in the graph and adjacency matrix (a 2nd order permutable tensor) above.

1.1.2 Neural Networks

The type of machine learning models we will be considering for modeling data that exhibits

permutational symmetries are neural networks. A neural network is a nonlinear function

f : X → Y , where the input space X is usually a vector space (such as Rd for some

dimension d) and Y = R for regression or Y = {1, 2, . . . , K} for multiclass classification.

Modern neural networks can succinctly be described as a sequence of interleaved linear(or

affine functions) and nonlinear functions:

f(x) = σ ◦ LN (σ ◦ LN−1(. . . (σ ◦ L1(x)))).

In the above expression, the Li’s denote linear functions and σ denotes the chosen nonlinear

function. Typically the nonlinear function is an elementwise nonlinearity such as the recti-

fied linear unit or hyperbolic tangent function. The choice of nonlinearity does not affect

performance much so most practitioners default to using ReLUs as it is computationally
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cheaper than the alternatives. In Part I, we will be interested in neural networks that take

permutable tensors as input.

1.1.3 Permutation Equivariance

We have formally defined permutable tensors and the ways that permutations interact with

these structured tensors. Now we introduce permutation invariance and equivariance. Equiv-

ariance is now understood to be a useful guiding principle for designing neural networks when

our data exhibits certain symmetries [Miller et al., 2020]. This benefit to equivariant net-

works is well known in the case of computer vision with convolutional neural networks, whose

intermediate layers are translation equivariant. Equivariant layers have since been shown

to provide better parameter efficiency and sample efficiency in a wide variety of domains

where we require equivariance with respect to a symmetry group [Cohen and Welling, 2016,

Linmans et al., 2018, Worrall and Brostow, 2018, Batzner et al., 2022].

In general, for a symmetry group G an input space E1 and output space E2 such that

E1, E2 both have associated G-actions, a G-invariant function f : E1 → E2 must satisfy:

f(g ·X) = f(X)

for all g ∈ G, X ∈ E1. f is equivariant with respect to G-actions if the following commutative

diagram holds:

E1 E2

E1 E2

g

f f

g

In other words:

g · f(X) = f(g ·X).

When the symmetry group G is the symmetric group Sn, we have permutation invariance
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and equivariance. For concreteness, we generally have our input space E1 being k1’th order

permutable tensors and the output space E2 being k2’th order permutable tensors.

Definition 1.1.8 (Permutation Invariance). Let f be a function that takes as input a k1’th

order permutable tensor f : Rnk1×d1 → Rnk2×d2. f is said to be permutation invariant if

f(π ·X) = f(X)

for all X ∈ Rnk1×d, π ∈ Sn.

Definition 1.1.9 (Permutation Equivariance). Let f be a function from k1’th order per-

mutable tensors to k2’th order permutable tensors: f : Rnk1×d1 → Rnk2×d2 is said to be

permutation equivariant if

f(π ·X) = π · f(X),

for all permutations π ∈ Sn, X ∈ Rnk1×d.

Note that permutation invariance is just a special case of permutation equivariance, where the

permutation acts trivially on the output tensor. We will generally want to use a permutation

invariant operation to bring a k’th order tensor down to a 0’th order tensor, which will

effectively be a feature vector/representation vector for the set of items. Then this 0’th

order tensor can be used as input in multilayer perceptron or linear layer to produce an

output prediction.

Example 6. Given a graph G = (V,E) with adjacency matrix A ∈ Rn×n, let f : Rn×n → Rn

be the function that takes as input an adjaceny matrix and returns a vector of node degrees

of the graph:

[f(A)]i = degree(vi) =
∑
j

Aij .

Then f is a permutation equivariant function that takes a 2nd order permutable tensor as

input and returns a 1st order permutable tensor.
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Example 7. Given a set of objects {e1, . . . , en}, let the third order permutable tensor X ∈

Rn3×d describe 3-ary interactions between the given objects. So Xijk ∈ Rd is a d-dimensional

feature vector associated with the triplet {ei, ej , ek}. The function f : Rn3×d → Rn2×d given

by: [f(X)]ij =
∑
k
Xijk is a function mapping 3rd order permutable tensors to 2nd order

permutable tensors.

Example 8. Let X ∈ Rn3×d. Let f : Rn3×d → Rd be the function that sums an input 3rd

order permutable tensor over the three entity indices: [f(X)]l =
∑
i,j,k

Xijkl, for l = 1, 2, . . . , d.

Then f is a permutation invariant function.

Operations that act “row-wise” on a permutable tensor are permutation equivariant. A

row-wise operation on a k’th order permutable tensor is one that processes each k-entity

slice independently and identically. For instance, let X ∈ Rnk×d1 be our input k’th order

permutable tensor, h : Rd1 → Rd2 be a multilayer perceptron. A neural network layer

H : Rnk×d1 → Rnk×d2 that simply applies h to each k-slice of X is a permutation equivariant

function:

[H(X)]i1,...,ik = h(Xi1,...,ik).

It is straightforward to see that applying row-wise functions to permutable tensors is a

permutation equivariant operation. For any π ∈ Sn, we have:

[π ·H(X)]i1,...,ik = [H(X)]π−1(i1),...,π−1(ik)

= h(Xπ−1(i1),...,π−1(ik)
)

= [H(π ·X)]i1,...,ik

π ·H(X) = H(π ·X)

As a special case of this, elementwise nonlinearities are also permutation equivariant oper-

ations. So if row-wise operations are already permutation equivariant, why bother trying

to construct other kinds of permutation equivariant functions? In the row-wise multilayer

12



perceptron example above, each k-slice Xi1,...,ik is only updated by information about itself;

it does not take into account any of the k-ary interactions between any of the other entities.

A k’th order permutable tensor contains a lot of information that is relevant for any k-subset

of elements that is not being used if we just use row-wise operations.

1.2 Problem Statement

We are interested in constructing permutation equivariant linear functions that take as input

k1’th order permutable tensors of some feature dimension size d1 and return k2’th order

permutable tensors with some arbitrary output feature dimension size d2. Formally, we

would like to construct linear functions L where

L : Rn
k1×d1 → Rn

k2×d2 .

The main questions we are interested in and will try to answer are:

• what form can permutation equivariant linear functions L take?

• what are some guiding principles and considerations for constructing permutation

equivariant networks?

• how effective are these permutation equivariant architectures on set learning tasks?
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CHAPTER 2

RELATED WORK

Before we discuss our constributions, we first take a tour through (what we view as) the

foundational ideas in the machine learning literature related to permutation invariance and

equivariance in neural networks.

2.1 Early Permutation Invariant Architectures

Among the earliest to articulate the conditions that permutation invariant architectures

should obey was PointNet [Qi et al., 2017] and Deep Sets[Zaheer et al., 2017]. This is not

to say that the architectures proposed by them were entirely novel. Various concurrent

works also described permutation invariant neural network architectures for applications

including multi-agent reinforcement learning [Sukhbaatar et al., 2016], dynamics predictions

of colliding bodies [Guttenberg et al., 2016], and learning population level statistics [Edwards

and Storkey, 2016], etc. PointNet [Qi et al., 2017] and Deep Sets [Zaheer et al., 2017] are

particularly notable for their seminal contributions to permutation invariant and equivariant

neural network designs.

2.1.1 PointNet

PointNet, introduced by Qi et al. [2017], is a neural network architecture for segmentation

or multiclass classification on point clouds. A point cloud is a collection of 3D points:

{pi ∈ R3 | i = 1, . . . , n} used to represent a 3D object. The points are often generated by

sampling the object in question. Practictioners may be interested in classifying the point

cloud or segmenting the point cloud. The main properties of point clouds is that the points

of the point cloud are unordered and should be treated as a set. Point clouds should also be

rotation and translation invariant: applying the same rotation or translation to every point
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in the point cloud should not affect any representation the point cloud.

PointNet learns a featurization of the point cloud by applying a nonlinear neural network

on each point individually first before aggregating the collection points’ representations with

a max pooling operation. The full architecture of PointNet is shown in Fig 2.1. PointNet’s

architecture can be summarized as the following function: f : Rn×3 → {1, 2, . . . , C}, where

C is the number of classes.

f(x1, x2, . . . , xn) = ψ(MAX{ϕ(x1), ϕ(x2), . . . , ϕ(xn)}).

where ϕ : R3 → R1024 is the shared neural network used to encode each individual point,

and ψ : R1024 → R|C| is the neural network that takes in the 1024 dimensional point cloud

encoding to produce the final classification.

PointNet also presents a theorem which effectively states that their proposed architecture

is expressive enough to approximate any set function.

Theorem 1 (Qi et al. [2017]). Suppose f : X → R is a continuous set function with respect

to Hausdorff distance dH(·, ·). For all ϵ > 0, there exists a continuous function h and a

symmetric g such that g(x1, . . . , xn) = γ ◦MAX({x1, . . . , xn}) such that for any S ⊆ X

|f(S)− γ(MAX{h(xi) | xi ∈ S})| < ϵ

where x1, . . . , xn is the full list of elements in S, γ is a continuous function, and MAX is a

vector max operator that takes n vectors as input and returns a new vector of the element-wise

maximum.

Aside from showing compelling results on a variety of point cloud learning tasks and 3D

semantic segmentation tasks, PointNet remains influential because it was the first work to

provide the following prescription for designing permutation invariant networks:
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Figure 2.1: Figure from Qi et al. [2017]. Each point of the point cloud is input as a 3 dimen-
sional vector that is subsequential encoded by nonlinear transformations. The collection of
1024-dimensional representations of the points is aggregated with a max pooling operation
to generate a global feature vector for the point cloud. Finally, this global feature vector goes
through a final multilayer perceptron to produce the output classification of the network.

• each element of a set can be encoded individually with a shared neural network

ϕ : xi 7→ ϕ(xi)

• the encoded elements are aggregated with a symmetric function (e.g.: channel-wise

max, mean, or sum) to yield a global feature representation:

• the global feature representation is passed through a final neural network to produce

a prediction

2.1.2 Deep Sets

Deep Sets [Zaheer et al., 2017] was the first to formalize and articulate a necessary and

sufficient permutation equivariant architecture for first order permutable tensors. Similarly

to the learning task in PointNet, Zaheer et al. [2017] considers set classification problems.
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In this regime, our dataset D looks like the following:

D = {(S1, y1), (S2, y2), . . . , (S|D|, y|D|)}

and Si = {x1, x2, . . . , xli}, where li = |Si|. Furthermore, each xi ∈ Rd and y ∈ R for

regression tasks and y ∈ {1, 2, . . . , k} for classification tasks.

A crucial property of this collection of items is that the order in which they appear

does not matter. If we reordered the objects in a set with a permutation π ∈ Sn, so

that {e1, . . . , en} 7→ {eπ(i), . . . , eπ(n)}, the associated target value should not change. This

permutation symmetry in our data should also be manifested in our machine learning

models somehow. Zaheer et al. [2017] first characterizes the form of permutation invariant

functions with the following theorem:

Theorem 1. A function f operating the set {x1, . . . , xn} with elements from a countable

collection, is invariant to the permutations of items in the set, if and only if it can be

decomposed in the form f({x1, . . . , xn}) = ρ(
∑
i ϕ(xi)) for suitable functions ρ and ϕ.

Generally our data for sets are input as first order permutable tensors X ∈ Rn×d where

the ith row of X corresponds to the d-dimensional feature vector describing the ith item.

Zaheer et al. [2017] also characterizes the form of any permutation equivariant linear layer

on first order permutable tensors.

Figure 2.2: On input x1, x2, . . . , xn ∈ Rd, a Deep Sets permutation equivariant layer outputs
a linear combination of the individual xi’s and their sum

∑
j xj .
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Theorem 2. Given input X ∈ Rm×d, a linear function fΘ : Rm → Rm which can be written

as fΘ(X) = ΘX, Θ ∈ Rm×m is permutation equivariant if and only if the off diagonal

elements of Θ are tied together and the diagonal elements are equal as well. In other words,

Θ must have the following form:

Θ = λIm + γ(1m1⊤m) (2.1)

where λ, γ ∈ R and Im is the m×m identity matrix and 1m ∈ Rm×1 is a vector of ones.

This means for any xi, the result of a linear permutation equivariant layer must be:

xi 7→ λxi + γ
∑
j

xj .

A composition of permutation equivariant functions is still permutation equivariant and

elementwise nonlinearities will also preserve permutation equivariance. Thus, a permutation

invariant neural network can be constructed by interleaving a series of permutation equiv-

ariant layers and elementwise nonlinearities before applying a final permutation invariant

layer. Zaheer et al. [2017] proves that the only kind of permutation equivariant linear layer

from first order permutable tensors to first order permutable tensors must be of the form

given in Eqn (2.1).

For completeness, we show the proof of equivariance of Eqn 2.1 to demonstrate the

general idea behind equivariance proofs. We must show that the matrix Θ commutes with

any permutation matrix. This can usually be proved directly.

Theorem 2. fΘ(X) = (λIm + γ(1m1⊤m))(X) is a permutation equivariant function.

Proof. Consider an arbitrary index i. [π ·X]i = Xπ−1(i). On the other hand
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The ith index of fΘ(π ·X) is:

[fΘ(π ·X)]i = λ[π ·X]i + γ[1m1⊤m(π ·X)]i

= λ[X]π−1(i) + γ
∑
j

Xπ−1(j)

= λ[X]π−1(i) + γ
∑
j

Xj

This is the same as the ith index of π · fθ(X):

[π · fθ(X)]i = λXπ−1(i) + π · (γ1m1⊤mX)

= λ[X]π−1(i) + γ
∑
j

Xj

Alternatively, we can also see that for any π ∈ Sn and its associated permutation matrix

Pπ, the permutation matrix commutes with the identity and a permutation matrix commutes

with the matrix of all ones:

PπIm = ImPπ

1m1⊤mPπ = Pπ1m1⊤m

Thus, fΘ must be permutation equivariant.

Notice that any permutation invariant function can be used in place of the 1m1⊤m operator

in Equation (2.1) and we still have a permutation equivariant layer. For instance: f(X) =

λX + γmaxpool(X), where maxpool : Rn×d → Rd computes a row-wise maximum. The

permutation invariant operation in the layer is often referred to as a pooling operation (ex:

sum pooling, max pooling, mean pooling, etc). Sum pooling is most commonly used in Deep

Sets styled architectures.

Zaheer et al. [2017] also conveys that any applying successive permutation equivariant
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layers will still retain permutation equivariance. We saw earlier that elementwise nonlineari-

ties were also permutation equivariant. Thus, we can construct arbitrarily large permutation

equivariant neural networks by simply interleaving permutation equivariant layers, elemen-

twise nonlinearities before taking a permutation invariant summation.

2.2 Parameter Sharing and Permutation Equivariance

Deep Sets only consider equivariance with respect to what we call first order permutation

actions. However, one might imagine having data that transform with permutations in more

complicated ways. As a motivating example, consider user-item affinity matrix (ex: Fig 2.3)

X ∈ RN×M , where we haveN users andM items. Xij denotes the score that user i assigns to

item j. In this setting, we might consider having feature tensors X ∈ RN×M×din and linear

permutation equivariant layers. That is, functions ϕ : RN×M×din → RN×M×dout . Users can

be relabeled/reordered in any arbitrary way, and likewise, movies can be reordered in any

arbitrary way giving us permutation symmetry across users and across movies. Similar to the

previous sections, we are interested in constructing permutation equivariant layers for these

user-movie interaction matrices. Recall that Deep Sets permutation equivariant layers had

linear weights that effectively only had two parameters. It turns out that the permutation

equivariant layers for relational data, where the data has permutational symmetry across

multiple axes, also has drastic parameter sharing restrictions on the equivariant linear layers.

Before we describe the key findings and theorems of Hartford et al. [2018], we first

introduce some of their notation, which is also used in Graham et al. [2019]. Let vec denote

the operator that takes in a matrix and returns the matrix in its vectorized form and vec−1

denote the inverse of the vectorization that takes in a vector and returns it as a matrix so that

vec−1(vec(X)) = vec(vec−1(X)) = X. Hartford et al. [2018] introduce an “exchangeable”

matrix layer for situations where the rows and columns of a matrix are interchangeable.

Definition 2.2.1. Given X ∈ RN×M , a fully connected layer σ(Wvec(X)) with W ∈
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Figure 2.3: User-Item affinity data. Each entry of the matrix is a score for how much a user
enjoys the given fruit.

RNM×NM is called an exchangeable matrix layer if, for all permutations π ∈ SN per-

mutations τ ∈ SM and an elementwise nonlinearity σ (e.g.: ReLU), permutation of the rows

by π and columns by τ results in the same permutations applied to the output of the layer:

vec−1(σ(Wvec(PπXPτ ))) = Pπvec−1(σ(Wvec(X)))Pτ

Let Y ∈ RN×M be the output of of the “exchangeable matrix layer”. Abusing notation

slightly, we denote entries of W using pairs of tuples. The first element of the tuple indicates

the relevant output index in Y and the latter tuple element indicates the input index from

X:

Yn,m =
∑

n′∈[N ],m′∈[M ]

W(n,m),(n′,m′)Xn′,m′ .

Hartford et al. [2018] shows that the permutation equivariance condition described in 2.2.1’s
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results give us the following parameter sharing scheme for W :

W(n,m),(n′,m′) :=



w1 , if n = n′,m = m′

w2 , if n = n′,m ̸= m′

w3 , if n ̸= m′,m = m′

w4 , if n ̸= n′,m ̸= m′

The implication of this parameter sharing scheme is that a permutation equivariant layer

for user-item data tensors can be written more compactly as the following linear combination

of symmetric sums of rows and column entries:

Y = σ(w1X +
w2

N
(1N1⊤NX) +

w3

M
(X1M1⊤M ) +

w4

NM
(1N1⊤NX1M1⊤M ) + w5(1N1⊤M ))

The expression above is a bit more digestable when focusing on a specific i, j index:

Yij = w1Xij + w2

∑
l

Xlj + w3

∑
k

Xik + w4

∑
kl

Xkl + w5.

The output feature vector for the pair (i, j) is a linear combination of: the input (i, j) feature

vector, features summed over the columns, features summed over the rows, features summed

globally, and a constant bias term.

If we instead were interested in the relationship between more than two items, we might

have a relational table over more than two sets of entities. Hartford et al. [2018] also consider

the parameter sharing scheme for data tensors of arbitrary arity. Suppose, the data tensor

were of the form X ∈ RN1×N2×...Nk×d, where we have sets of objects X1, . . . ,Xk with |Xi| =

Ni for all i. Any model that takes as input a multidimensional array of shape RN1×...×Nk×d1

and returns tensor of shape RN1×...×Nk×d2 should be permutation equivariant with respect to

permutations along any of the individual entity dimensions (the first k dimensions). Graham
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Figure 2.4: Figure from Hartford et al. [2018]. The pink cube indicates an element in the
output. It is a linear combination of the corresponding element in the input matrix (in dark
blue), row sums (in green), column sums (in yellow), sums over the entire matrix (Pooling
structure implied by the tied weights for matrices (left) and 3D tensors (right). The pink
cube highlights one element of the output. It is calculated as a function of the corresponding
element from the input (dark blue), pooled aggregations over the rows and columns of the
input (green and yellow), and pooled aggregation over the whole input matrix (red). In
the tensor case (right), we pool over all sub-tensors (orange and purple submatrices, green
sub-vectors and red scalar). For clarity, the output connections are not shown in the tensor
case

et al. [2019] discusses this exact case in more depth and applies the resulting permutation

equivariant layers and architectures for predicting Premier League match outcomes using

data on players, teams entities and venues.

2.3 Graph Neural Networks

Permutation symmetry is a central concern in graph learning. In supervised graph learning

problems, we have a dataset of graphs that each come with an associated target value that we

wish to predict: {(G1, y1), . . . , (Gn, yn)}, where the target value belongs to some output set

Y . Each graph Gi = (Vi, Ei) is fully described by its set of vertices Vi = {v(i)1 , v
(i)
2 , . . . , v

(i)
ni },

and its set of edges Ei ⊆ Vi × Vi. In many cases, the nodes of the graph may come with

d-dimensional node features (ex: one hot atom embeddings for molecular graphs). Graphs

are ubiquitous in the real world, as any data that contains any relational properties can be
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encoded as a graph.

• A social network describing relationships between students at a college has edges be-

tween two people if they have ever sent an email to each other. The learning task here

may be to predict potential new interactions between students.

• In the physical sciences, we often have molecular datasets, where we represent molecules

as graphs. The nodes of the graph of a molecule are the constituent atoms and the

edges denote bonds between atoms. Our learning task may be to predict a chemical

property of a molecule.

• In e-commerce settings, we might have a database of items available for purchase by

a website. Items in this database would be the nodes of the graph. Items have edges

between them if they are commonly purchased together. The learning task may be to

predict the best selling item in the future.

The central challenge in applying neural networks for graph learning problems is that we

need our neural networks to take in variable sized inputs and they must also be permutation

invariant. That is, if the vertices of an input graph are permuted/relabeled, the neural

network must produce the same output. Formally, let f be our neural network. We need f

to satisfy:

f({v1, . . . , vn}), E) = f({vπ(i), . . . , vπ(n)}, E
(π)),

where E(π) denotes the edge set of the graph after vertices of G are relabeled with permuta-

tion π. The edge (vi, vj) ∈ E if and only if (vπ(i), vπ(j)) ∈ E(π) for all π ∈ Sn. By now, there

are standard ways to construct graph neural networks that can handle arbitrary sized inputs

and exhibit the permutation invariance properties we desire. In graph neural networks, we

start with input node features and iteratively construct updated node representation vectors

based on the connectivity of the graph. The underlying principle that determines how nodes’

hidden representations are updated is that its representation should be some combination
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of its adjacent nodes’ representations. While there has been quite a lot of research done

on graph neural networks in recent years, Gilmer et al. [2017] stands out in articulating a

general framework for how graph neural networks are generally constructed.

2.3.1 Message Passing Neural Networks

Gilmer et al. [2017] unifies the presentation of many existing graph neural networks by

articulating them as message passing networks (MPNNs) where each node of the graph

sends messages to its neighboring nodes. Each node aggregates the messages it receives to

produce its own updated node representation. This message passing procedure occurs for T

iterations until finally a readout function is applied over the nodes’ hidden representations

to produce a final graph embedding vector. This final graph representation can be used as

a fixed sized input feature vector in a downstream multilayer perceptron.

Figure 2.5: Each node vi has an associated hidden representation h
(t)
vi during the tth round

of message passing. In the graph above, vertex v3 collects messages from its neighbors v1, v2

and v4, to produce its updated node representation h
(t+1)
v3 .

For graph neural networks with T rounds of message passing, let Mt and Ut denote so-
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called message functions and vertex update functions, which we can take to be multilayer

perceptrons. Each node v has an associated hidden feature (or representation) vector, de-

noted htv during the tth round of message passing. Each node’s messages and hidden states

are computed as follows during the (t+ 1)−th iteration:

m
(t+1)
v = AGGREGATE({Mt(h

(t)
v , h

(t)
w ) | w ∈ N (v)})

h
(t+1)
v = Ut(h

(t)
v ,m

(t+1)
v )

The key step that makes the message passing is that the messages from the adjacent

vertices are treated in a permutation invariant fashion—as in Deep Sets, the m
(t)
v values are

a symmetric combination of individual functions of the neighbors of v. In most graph neural

network architectures, the AGGREGATE function is just summation over the messages.

After the T rounds of message passing, graph neural networks produce an output by ap-

plying a so-called “readout” function over the collection of final node representation vectors:

ŷ = READOUT({h(T )v | v ∈ V })

As with the AGGREGATE function, READOUT must also be a permutation invariant

function. A common choice is to collapse the node features vectors with a permutation

invariant function (e.g.: sum) and apply a multilayer perceptron:

READOUT({h(T )v | v ∈ V }) = MLP(
∑
v∈V

h
(T )
v ).

In the presentation above, we did not mention edge features, but we can similarly con-

struct hidden representations for the edges and modify the the AGGREGATE function to

accept edge features as well.

There has been a subsequent explosion in graph neural network architectures, but most of
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them operate by performing some version of the aforementioned message pass/aggregate/readout

framework.

2.3.2 Convolutional Networks on Graphs for Learning Molecular

Fingerprints

Duvenaud et al. [2015]’s graph convolutional network is introduced as a neural network

approximation of circular fingerprints, where information about various substructures of the

graph are hashed into a binary vector (the graph fingerprint). The proposed architecture

produces the hidden representation of node v at each iteration by taking a sum of the previous

layers’ neighboring node representations, mixing the feature dimensions with a parameter

matrix Ht and applying a nonlinearity σ(ReLU):

h
(t+1)
v = σ(Ht

∑
w∈N (v)

h
(t)
w )

The output molecule representation vfp ∈ Rd is computed by adding softmaxed node repre-

sentations at the end of each iteration:

vfp =
∑
v∈V

T∑
t=1

softmax(Wth
(t)
v )

where Wt’s is a parameter matrix for the tth message passing iteration.

2.3.3 Gated Graph Sequence Networks

Li et al. [2015]’s Gated Graph Sequence Network takes node embeddings, propagates them

according to the connectivity of the graph (sums node embeddings according to their local

neighborhood), applies an individual shared neural network to each node embedding, and

finally updates the nodes’ hidden embeddings similar to gated recurrent units [Cho et al.,
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2014] like fashion, where the new embedding is a function of the old embedding and the

current iterations node messages.

a
(t)
v =

∑
w∈N (v)

h
(t)
w

z
(t)
v = σ(W

(t)
z a

(t)
v + U (t)h

(t−1)
v )

r
(t)
v = σ(W

(t)
r a

(t)
v + U (t)h

(t−1)
v )

h̃
(t)
v = tanh(Wa

(t)
v + U(r

(t)
v ⊙ h

(t−1)
v ))

h
(t)
v = (1− ztv)h

(t−1)
v + z

(t)
v h̃

(t)
v

The updates for a gated graph sequence network can be viewed as applying a recurrent net-

work architecture on node representations. While the entire update procedure to produce

h
(t+1)
v from the previous iterations node representations is somewhat involved, the computa-

tion reduces to taking a nonlinear function of the
∑

w∈N (v)

h
(t)
w , and the previous layers hidden

representation h
(t−1)
v .

2.3.4 GraphSage

Hamilton et al. [2017]’s GraphSage architecutre for learning on graphs uses the standard

message pass, aggregate, readout framework. Their aggregate function takes the summation

of node embeddings during the message passing step and applies a linearity and nonlinearity

on the concatentation of the current iteration’s message:

h̃
(t)
v =

∑
w∈N (v)

h
(t−1)
w

h
(t+1)
v = σ(W · concat(h

(t)
v , h̃

(t)
v ))

where W is a parameter matrix used to take a linear combination of the feature indices of
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the the previous hidden representation htv and the aggregate of v’s neighbors h̃tv.

2.3.5 Graph Attention Networks

Veličković et al. [2018] use an attention mechanism during the aggregation step of the message

passing procedure. Instead of simply taking a summation over neighboring vertices, the

new hidden representation of a given node is a weighted combination of the nodes in the

neighborhood, where the weights are produced by attention over the neighborhood. The

attention weights can be generated with standard dot product attention.

α
(t)
vw =

h
(t)
v
⊤
h
(t)
w∑

k∈N (v)

h
(t)
v
⊤
h
(t)
k

h
(t)
v =

∑
w∈N (v)

α
(t)
vwh

(t)
w

2.3.6 Covariant Composition Networks

Another interpretation for standard graph neural network layers, is that the aggregation step

at each graph neural network layer is effectively applying a Deep Sets styled permutation in-

variant function on the set of node messages. Similarly, the readout function is also applying

a Deep Sets styled architecture on the set of all final node representation vectors. Under this

interpretation, it is natural to wonder if we might be able to construct more complicated or

expressive aggregation and readout functions. Can we use higher order permutable tensors

in the message passing step or otherwise do more than just sum to aggregate?

Covariant Compositional Networks [Kondor et al., 2018b] formally discusses graph neural

networks that can incorporate higher order information between vertices. In the previous

section on graph neural networks, a node v of a graph in an MPNN passes messagesm
(t)
v ∈ Rd

to its adjacent nodes during the t’th round of message passing. CCN introduces the concept of
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higher order message passing, where nodes pass around arbitrary ordered permutable tensors

as their messages. In the simplest case, a node’s message m
(t)
v ∈ R|N (v)|×d is a 1st order

permutable tensor. We can have a node’s message m
(t)
v be a higher ordered permutable

tensor as well: m
(t)
v ∈ R|N (v)|k×d, for k = 2, 3, etc. In practice, we usually have k ≤ 4.

The symmetric pooling operations can be postponed until we need a lower ordered tensor

elsewhere in the architecture.

Figure 2.6: A node’s hidden representation in a CCN [Kondor et al., 2018b] can be a higher
order permutable tensor. In the figure above, each node passes a 2nd order permutable tensor
to its neighbors during the message passing step of a CCN. The depth of the visualized node
representation tensors is the feature dimension.

Kondor et al. [2018b] also formally describes the operations that can be applied to per-

mutable tensors that maintain the permutable structure of the tensor.

Theorem 3. Let A ∈ Rnk1×d be a k1th order permutable tensor with d channels, and B be

a k2th order permutable tensor. The following tensor operations on permutable tensors are

permutation equivariant:

• tensor products between permutable tensors

• elementwise products over entity indices

• summations over entity indices (contractions over indices)
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Operations on permutable tensors that result in a permutable tensor are important be-

cause they provide flexible toolkit of operations that respect permutation equivariance. The

key innovation of CCNs is that these tensor operations are permutation equivariant and

thus we can freely use any of these tensor operations in sequence with any other permuta-

tion equivariant operations and still maintain the desired equivariance property.

Kondor et al. [2018a] also gives a generic architecture for a permutation equivariant

higher order message passing architecture. Each node v is associated with a hidden k’th

order permutable tensor h
(t)
v at step t of the message passing procedure, which proceeds as

follows:

• Each node’s hidden feature vector is updated with a row-wise multilayer perceptron or

linear layer: h̃
(t)
v ←MLP (h

(t)
v )

• Each node v receives messages h
(t)
w from each vertex w in its receptive field (ex: neigh-

boring vertices)

• This collection of kth order tensors: {h(t)w | w ∈ N (v)} can be combined to form a

(k+1)’th order tensor and (optionally) tensor producted with a local adjacency matrix

to form a (k + 3)’th order tensor

• The higher ordered tensor from previous step can be cast back down to a kth order

permutable tensor by a contraction over two entity indices

As in standard graph neural networks, we apply some readout function that combines the

k’th order representations of each node in a permutation invariant fashion to produce a scalar

output.

Kondor et al. [2018b] was the first work to consider higher order message passing, and

also the first work to consider the set of valid equivariant operations that could be applied

on higher order tensors. In some ways, our work on permutation equivariant layers for

higher interactions is a natural spiritual successor to CCNs as it applies many the same
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guiding principles for designing permutation equivariant neural networks notably the use

of tensor/outer products to construct higher order permutable tensors from lower order

permutable tensors.

2.3.7 Invariant and Equivariant Graph Networks

Our work on higher order layers for permutation equivariant networks builds upon Invariant

and Equivariant Graph Networks [Maron et al., 2018], which derives the precise parameter

sharing scheme in a linear permutation equivariant layer that maps a k1’th order permutable

tensors to a k2’th order permutable tensors.

Following the notation used by Hartford et al. [2018], let L ∈ Rnk×nk , and fL : Rnk →

Rnk be the linear function where fL(X) = L(X). The seminal finding of Maron et al. [2018]

is that fL is a linear permutation equivariant function if and only if: π ·L = L for all π ∈ Sn.

Recall that permutations act on the weight matrix L by permuting the indices of L:

[π · L]i1,...,i2k = Lπ−1(i1),...,π−1(i2k)
.

To properly present Maron et al. [2018]’s parameter sharing scheme for the weight matrix

L, we first introduce the concept of equivalence classes of indices of permutable tensors. L

can be indexed by a multi-index in {1, 2, . . . , n}2k.

[Lx]i1,i2,...,ik =
∑

(j1,...,jk)∈[n]k
L(i1,...,ik,j1,...,jk)Xj1,...,jk

In subsequent sections, we may also index L by a pair of two multi-indices in [n]k for

notational clarity to explicitly indicate the input and output indices in the summation.

Two multi-indices a,b of L are in the same equivalence class if they share the same

equality pattern. That is, ai = aj if and only if bi = bj . The definition of this equality

pattern is slightly opaque so we present a few examples to better illustrate the idea.
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Example 9. For 2nd order permutable tensors T2 ∈ Rn×n, we have two equivalence classes

of indices of T2: the diagonal entries: {(i, i) | i ∈ [n]} and the off-diagonal entries: {(i, j) |

i ∈ [n], j ∈ [n], i ̸= j}.

Perhaps more importantly, the weight matrix underlying the linear permutation equiv-

ariant function has the following parameter sharing scheme: indices of L that have the same

index equality pattern share the same value.

Maron et al. [2018] shows that the number of free parameters between a k1’th order

permutable tensor and a k2’th order permutable tensor (assuming both have a feature di-

mension of 1) is exactly B(k1 + k2), where B(n) denotes the nth Bell number. The number

of index equality patterns is equal to the number of partitions of k1 + k2 elements.

Definition 2.3.1 (Partition). A partition of a set is a grouping of its elements into non-

empty subsets such that every element of the original set is included in exactly one subset.

Definition 2.3.2 (Bell Number). The n’th Bell number, denoted B(n), counts the number

of different ways to partition the set {1, 2, . . . , n}.

The following notation is used to index elements of a k’th order tensor according to

partitions of k. Given a k’th order tensor M ∈ Rnk , and a partition P of {1, . . . , k},

we use the notation MP to denote the set of indices of M that have an equality pattern

corresponding to P : indices in the same subset have the same value and indices in different

subsets have different values.

Example 10. An adjacency matrix A is a second order tensor. For k = 2, we only have two

partitions of {1, 2}: P1 =
{
{1, 2}

}
and P2 =

{
{1}, {2}

}
. The entries of A corresponding

to partition {{1, 2}} are the diagonal entries: AP1 = {Aij | i = j}. The entries of A that

correspond to partition
{
{1}, {2}

}
are the off-diagonal entries: AP2 = {Aij | i ̸= j}.

Example 11. LetM ∈ Rn×n×n be a third order permutable tensor. There are five partitions
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of {1, 2, 3}, which are:

{
{1, 2, 3}

}
,
{
{1, 2}, {3}

}
,
{
{1, 3}, {2}

}
,
{
{2, 3}, {1}

}
,
{
{1}, {2}, {3}

}
.

Therefore, we have five equivalence classes of entries of M , each corresponding to one of the

partitions:

•
{
{1, 2, 3}

}
corresponds to the entries: {Miii | i ∈ {1, . . . , n}}

•
{
{1, 2}, {3}}

}
corresponds to the entries: {Miij | i, j ∈ {1, 2, . . . , n}, i ̸= j}

•
{
{1, 3}, {2}}

}
corresponds to the entries: {Miji | i, j ∈ {1, 2, . . . , n}, i ̸= j}

•
{
{2, 3}, {1}}

}
corresponds to the entries: {Mjii | i, j ∈ {1, 2, . . . , n}, i ̸= j}

•
{
{1}, {2}, {3}

}
corresponds to the entries: {Mijk | i, j, k ∈ {1, 2, . . . , n}, i ̸= j ̸= k}

Maron et al. [2018] is significant as it explicitly describes the entire parameter sharing

scheme that is necessary and sufficient for linear permutation equivariant layers between

arbitrarily ordered permutable tensors. They also demonstrated the effectiveness of second

order equivariant layers in a graph neural network architecture on various graph datasets

such as QM9.

2.4 Attention

Finally, we would be remiss not to mention the popular attention mechanism. We discuss

attention last even though it preceded Deep Sets and PointNet because it was conceived

entirely separately from the rest of the literature on permutation equivariance. The fact that

it posseses the permutation symmetry preserving properties we are intersted in almost seems

to be an afterthought. Bahdanau et al. [2015] first introduced the attention mechanism for

sequence to sequence modeling. Previously, recurrent neural network layers[Rumelhart et al.,
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1985], long short term memory units[Hochreiter and Schmidhuber, 1997], and gated recurrent

units [Cho et al., 2014] were the standard building blocks for modeling text and sequence

data. Vaswani et al. [2017] famously demonstrated that attention layers were sufficient for

sequence learning tasks; their Transformer architecture, which interleaved multiple attention

layers and row-wise feed forward layers with residual connections, outperformed recurrent

neural network based architectures.

An attention layer takes in three input matrices, often referred to as a query matrix

Q ∈ Rn×dk , key (or context) matrix K ∈ Rn×dk , and a value matrix V ∈ Rn×dv . The

output is a linear combination of the rows of V , where the coefficients are determined by

the corresponding query and key vectors’ “compatibility.” Formally, the attention layer is

defined follows: Att : Rn×dk × Rn×dk × Rn×dv → Rn×dv .

Att(Q,K, V ) = softmax(
QK⊤√
dk

)V

If we inspect the (i, j) entries of the softmax(QK
⊤

√
dk

) term, we can see what these coefficients

are precisely:

αij =

[
softmax

QK⊤√
dk

]
ij

=
Q⊤i Kj
n∑
l=1

Q⊤i Kl

These αij values are also commonly referred to as attention weights or attention coefficients.

There are other forms of constructing these Inspecting individual indices of the output of

the attention layer in terms of these attention coefficients, for the i row of Att(Q,K, V ), we

have: [
Att(Q,K, V )

]
i

=
n∑
j=1

αijVj ,

where Vj denotes the jth row of V .

35



2.4.1 Self Attention

Attention layers were first used in the context of machine translation [Cho et al., 2014], so

the query and key matrices corresponded to embeddings of the input sequence of words in

a source language and embeddings of the output sequence of words in the target language

respectively. This formulation allows the output translated words to capture the relationship

between the pre and post translated words. On the other hand, we may also have query

and key matrices originating from the same input sequence, leading to what is commonly

referred to as self attention.

A self attention layer takes the matrix X ∈ Rn×d as input. It has learnable parameters

WQ,WK ∈ Rd×dk ,WV ∈ Rd×dv which produce the query, key and value matrices.

SelfAtt(X;WQ,WK ,WV ) = Att(XWQ, XWK , XWV ).

While attention layers were not developed with permutation invariance or equivariance in

mind, self attention is in fact a permutation equivariant operation. Notice that the linear

mixings applied by Wq and Wk are not affected by a permutation action. Consider an

arbitrary permutation π ∈ Sn and an any index i. Let

Q(π) = (π ·X)Wq

K(π) = (π ·X)Wk

V (π) = (π ·X)Wv

denote the query, key and value matrices after the permutation action by π respectively.

Inspecting the ith index of the output of the self attention layer after permuting the rows of
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Q,K, V , we see that we have:

[
Att(Q(π), K(π), V (π))

]
i

=

( Q⊤
π−1(i)

Kπ−1(j)√
dk

n∑
l=1

Qπ−1(i)Vl

)
Vπ−1(i)

=

[
Att(Q,K, V )

]
π−1(i)

Thus, self-attention is permutation equivariant. Another perspective on this comes from

noticing that the n × n matrix of attention coefficients, softmax

(
QK⊤
√
dk

)
, is a second order

permutable tensor (with implicit feature dimension 1), and V is a first order permutable

tensor. The matrix multiplication of the two permutable tensors will result in a permutable

tensor, giving us the desired permutation equivariance as well. Finally, self attention can

be understood as a generalization of the Deep Sets layer. If we set all of the αij attention

coefficients to 1, then the output of the resulting attention layer would simply be a summation

over the rows of V . Combining the attention layer with a residual connection from the input,

we get exactly the result of a Deep Sets permutation equivariant layer.

Given that attention layers can be used anywhere where we have a summation over enti-

ties, it is not surprising that attention layers and transformer styled architectures have been

used in graph models such as the Graph Attention Network[Veličković et al., 2018], where

the aggregation step of the message passing layer uses attention coefficients. Attention layers

have also been applied in the Set Transformer Lee et al. [2019a], SE(3)-Transformer[Fuchs

et al., 2020] and LieTransformer Hutchinson et al. [2021] architectures for learning tasks on

data exhibiting rotational, translational, and permutation symmetries.
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CHAPTER 3

HIGHER ORDER PERMUTATION EQUIVARIANT LAYERS

Prior work on permutation equivariant layers provided the groundwork for conceptualiz-

ing how a linear map between permutable tensors might look like. Maron et al. [2018] in

particular, gives sufficient conditions on how various entries in the matrix underlying a per-

mutation equivariant linear map must be tied together. We would like a general prescription

for how to construct these permutation equivariant linear layers between arbitrary k1’th or-

der permutable tensors to k2’th order permutable tensors in a practical way. We begin by

considering small values of k1 and k2.

3.1 Deriving Equivariant Layers

For small values of k1 and k2, it is possible to derive the form of linear equivariant layer

mapping k1’th to k2’th order permutable tensors just by reasoning about the set of symmetric

linear operations that are possible.

3.1.1 Case I: 1 to 1 layer

There are two trivial ways to construct linear permutation equivariant mappings from one

first order tensor X ∈ Rn to another, Y ∈ Rn:

1. The identity map (multiplied by a scalar):

Yi ← λ1Xi

2. The averaging map (multiplied by a scalar):

Yi ← λ2
∑
j

Xj
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Zaheer et al. [2017] proves that in fact these are the only two possibilities. Therefore, the

most general first order permutation equivariant layer in matrix form is

Y = λ1X + λ211
⊤X,

giving us only two learnable parameters λ1 and λ2.

3.1.2 Case II: 1 to 2 layer

Now consider a linear permutation equivariant function that maps a first order permutable

tensor X ∈ Rn to a second order tensor Y ∈ Rn×n. Let us consider how we might construct

entry Yij . We have two types of entries to be updated: the diagonal and off-diagonal entries.

The off-diagonal entries Yij can be set to a linear combination of Xi, Xj , and the sum of all

the Xk’s. The diagonal entries Yii by themselves form a first order permutable tensor, so

following Case I3.1.1, they can be set to a linear combination of Xi and
∑
kXk:

Yij ← λ1Xi + λ2Xj + λ3(
∑
k

Xk)

Yii ← λ4Xi + λ5(
∑
k

Xk)

Thus, Y is a linear combination of five second order permutable tensors:

1. a tensor with X broadcast over the rows of the output tensor

2. a tensor with X broadcast over the columns of the output tensor

3. a tensor with the global sum of X tiled over all entries

4. a tensor with X embedded in the diagonal

5. a tensor with the global sum of of X tiled over the diagonal

which gives us a total of 5 learnable parameters.
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3.1.3 Case III: 2 to 1 layer

Now suppose our input tensor is X ∈ Rn×n and our output tensor is Y ∈ Rn. Consider the

elements of X that affect the i’th element. The i’th output Yi can involve diagonal entries

Xii, the i’th row sum, the i’th column sum, and the global sum of all of X. Lastly, we can

also construct a symmetric element by taking the sum of the diagonal elements of X.

Yi ← λ1Xii + λ2
∑
j

Xij + λ3
∑
j

Xji + λ4
∑
ij

Xij + λ5
∑
i

Xii

Similar to the previous case, we can see that Y is a linear combination of five 1st order

tensors:

• X summed over its row index

• X summed over its column index

• the diagonal of X

• the global sum of X tiled into a 1st order tensor

• the sum of the diagonal entries of X tiled into a 1st order tensor

again giving us 5 learnable parameters.

3.1.4 Case IV: 2 to 2 Layer

In a 2 → 2 equivariant layer, our input tensor is X ∈ Rn×n and our output tensor is

Y ∈ Rn×n. The expected number of parameters for an equivariant layer mapping from a

2nd order to 2nd order is B(2 + 2) = 15, according to Maron et al. [2018]. Figuring out all

the symmetric ways of aggregating terms in X that may affect entries Yij starts to get a

bit cumbersome. We provide a full enumeration of all the updates to the ouptut 2nd order

tensors in Table 3.1. One thing to notice is that there are a few intermediate tensors that
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are reused in multiple operations get re-used in multiple operations (ex: row sum, column

sum, diagonal of the original X tensor) .

Partition Pattern Update Description
1 {1, 2, 3, 4} (i1, i1, | i1, i1) [T2]ii ← λ1[T1]ii Diag of T1 sent to diag of T2
2 {1}, {2, 3, 4} (i1, i2, | i2, i2) [T2]ij ← λ2[T1]jj Diag of T1 sent to rows of T2
3 {2}, {1, 3, 4} (i1, i2, | i1, i1) [T2]ij ← λ3[T1]ii Diag of T1 sent to cols of T2
4 {3}, {1, 2, 4} (i1, i1, | i2, i1) [T2]ii ← λ4

∑
j [T1]ji Row sum of T1 sent to diag of T2

5 {4}, {1, 2, 3} (i1, i1, | i1, i2) [T2]ii ← λ5
∑
j [T1]ij Col sum of T1 sent to diag of T2

6 {1, 2}, {3, 4} (i1, i2, | i3, i4) [T2]ii ← λ6
∑
j [T1]jj Diag sum of T1 sent to diag of T2

7 {2, 3}, {1, 4} (i1, i2, | i2, i1) [T2]ij ← λ7[T1]ji Transpose of T1 sent to T2
8 {1, 3}, {2, 4} (i1, i2, | i1, i2) [T2]ij ← λ8[T1]ij T1 sent to T2
9 {1}, {2}, {3, 4} (i1, i2, | i3, i3) [T2]ij ← λ9

∑
k[T1]kk Diag sum of T1 sent to T2

10 {1}, {3}, {2, 4} (i1, i2, | i3, i2) [T2]ij ← λ10
∑
k[T1]kj Row sum of T1 sent to cols of T2

11 {1}, {4}, {2, 3} (i1, i2, | i2, i3) [T2]ij ← λ11
∑
k[T1]jk Col sum of T1 sent to cols of T2

12 {3}, {4}, {1, 2} (i1, i1, | i3, i4) [T2]ii ← λ12
∑
k,l[T1]kl Sum of all of T1 sent to diag of T2

13 {2}, {4}, {1, 3} (i1, i2, | i1, i3) [T2]ij ← λ13
∑
k[T1]ik Col sum of T1 sent to rows of T2

14 {2}, {3}, {1, 4} (i1, i2, | i3, i1) [T2]ij ← λ14
∑
k[T1]ki Row sum of T1 sent to rows of T2

15 {1}, {2}, {3}, {4} (i1, i2, | i3, i4) [T2]ij ← λ15
∑
kl[T1]kl Sum of all of T1 sent to T2

Table 3.1: Operations to construct the broadcast tensors in a 2 to 2 layer

While it is still somewhat manageable to enumerate all possible operations in the 2→ 2

equivariant layer, it quickly becomes untenable to try to figure out the necessary operations

and tensors involved in linear permutation equivariant layers involving anything higher than

2nd order permutable tensors. We would like to have a systematic way of describing the

linear combination of tensors that can be a part of the output of the layer.

3.2 Deriving Equivariant Layers From Partitions

We can also derive the full set of linear permutation equivariant transformations using the line

of reasoning set forth by Maron et al. [2018]. First, we recall their findings on permutation

equivariant layers.

Theorem 4 (Maron et al. [2018]). A matrix M ∈ Rnk2×nk1 is a permutation equivariant

linear map from Rnk1 → Rnk2 if and only if M is invariant to its permutation action. If we
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view M as a (k1 + k2)-th dimensional array. The permutation action on M is given by:

[π ·M ]i1...ik1+k2
= Mπ−1(i1)...π−1(ik1+k2)

.

for any π ∈ Sn. For any two indices of M written as (k1 + k2)-tuples: I = (i1, . . . , ik1+k2)

and J = (j1, . . . , jk1+k2) where each of the indices of I and J are in {1, . . . , n}, if π · I = J ,

then MI = MJ . In other words, the values of M are the same along indices with the same

partition pattern. Therefore,M has exactly B(k1+k2) degrees of freedom, each corresponding

to a different partition pattern.

This theorem implies that if we are interested in understanding the constituent parts of

a permutation equivariant linear map M , it is necessary to inspect its indices corresponding

to the same partition pattern in M for every partition P of {1, 2, . . . , k1 + k2}.

To better understand the implications of M being constant on each equivalence class of

indices, let T1 and T2 be 3rd order tensors (k1 = k2 = 3) where T2 = MT1 for some linear

permutation equivariant linear map M ∈ Rnk2×nk1 . We will also use the notation M[P] ∈ R

to denote the shared scalar value in the entries of M corresponding to partition P .

Let P =
{
{1}, {2, 3, 4}, {5, 6}

}
be our running example partition/equivalence class.

We associate a separate index variable i1, i2, . . . i|P| to each part of P . For this parti-

tion, if we list which index variable each of the original indices is associated with, we have

(i1, i2, i2, i2, i3, i3). We will also draw a vertical line as a visual aid to demark the bound-

ary between “output” and “input” index variables: (i1, i2, i2︸ ︷︷ ︸
k2

| i2, i3, i3︸ ︷︷ ︸
k1

) The part of our

permutation equivariant map ϕ corresponding to partition P is then:

[T2]i1,i2,i2 ←
∑
i3

Mi1,i2,i2|i2,i3,i3 [T1]i2,i3,i3 (3.1)

[T2]i1,i2,i2 ←M[P] ·
∑
i3

[T1]i2,i3,i3 (3.2)
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Recall, that the elements of the weight matrix underlying a permutation equivariant layer

must be constant on indices with the same partition pattern, hence Mi1,i2,i2|i2,i3,i3 = M[P]

for all distinct i1, i2, i3. So we can pull the constant M[P] out of the summation in Equation

(3.2).

The full linear map can be computed by evaluating an update analogous to Equation

3.1) for every partition P of (k1 + k2). The advantage of breaking down the computation

of entries of T2 in the manner shown by Equation (3.2) is that we can systematically isolate

the operations that are applied only on T1 and operations that need to be applied to T2. In

Equation 3.2 above, the operation applied to T1 amounted to a summation over the diagonal

of its last two indices.

Returning to our visual aid to denote the first k2 indices and last k1 indices, we make

a distinction between variables based on whether they are input or output variables (which

side of the dividing line they reside on).

1. Variables that only appear on the right hand side of the line serve as dummy indicies

for summation. We call these summation variables.

2. Variables that appear on the left side of the line serve as “free” variables in the output

tensor which determine how the result is broadcast into T2. If a given index appears

more than once, then the result is pushed to the corresponding diagonal slice of T2.

These variables are called broadcast variables.

3. Finally, there are variables that appear on both sides of the dividing line such as i2

in our example above. These tie together the input and output side, therefore we call

them transfer variables.
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3.3 Organizing the computation

The summation appearing in Eqn. (3.1) is shared across all partitions P that partition

k2 + 1, ..., k2 + k1 in the same way. We can first compute all possible summations and then

pair them with all possible left hand sides (of the dividing line) and broadcast the result into

T2. There are three key quantities for organizing this computation:

• ns, the number of indices on the right of the dividing line that are associated with

summation variables,

• nb, the number of indices on the left which are associated with the broadcast variables,

• κ, the number of transfer variables.

3.3.1 Summation Tensors

There are
(k1
ns

)
ways of choosing summation indices. For each choice, there are B(ns) ways of

partitioning the ns summation indices into distinct summation variables. If two summation

indices are grouped together, then the summation occurs on the “diagonal”. Therefore, the

total number of distinct expressions like Equation (3.1) must be:

k1∑
ns=0

(
k1
ns

)
B(ns)

The complexity of each of these sums is O(nns). Each of these sums has k1 − ns unbound

indices, so the summation results in a tensor of order k1 − ns.

Example 12. For k1 = 3, we have:
(3
0

)
B(0)+

(3
1

)
B(1)+

(3
2

)
B(2)+

(3
3

)
B(3) = 1+3+6+5 = 15

different tensors that appear in the case of k1 = 3.

The crucial takeaway here is that summations over various indices can be reused for var-

ious parts of the equivariant layer if they share the same summation variables and partition
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pattern. Recall in Table 3.1, we saw that row sums, column sums, and the diagonal of T1

were reused in multiple broadcast operations.

3.3.2 Transfer Operations

The κ transfer variables are assigned to the k1 − ns indices of the summation tensors, but

we have to introduce yet another partition index Pt, since multiple indices of the summation

tensor may be tied to the same transfer variable. In addition, we need to account for the κ!

possible permutations of the transfer variables. The total number of such transfer tensors

is1

B(k1) +

k1∑
κ=1

κ!

k1∑
ns=0

S(k1 − ns, κ)

(
k1
ns

)
B(ns)

where S(k1 − ns, κ) denotes the number of ways to split k1 − ns among κ non-empty sets.

The transfer variables in Equation (3.1) tell us where to send the result of our intermediate

summation operations.

Definition 3.3.1 (Stirling Numbers of the second kind). Stirling numbers of the second

kind, denoted S(n, k), count the number of ways to partition a set of n labeled elements into

k non-empty subsets.

Example 13. Consider the partition P =
{
{1, 4}, {2, 5}, {3, 6}

}
for a 3rd order to 3rd order

equivariant layer. The number of transfer variables is κ = 3 and the output tensor associated

with this partition is: [T2]i1,i2,i3 ←M[P][T1]i1,i2,i3. We could also have the transfer operation

be slightly different according to the 3! ways we could have allotted the transfer variables

from the k2 side among the k1 side’s transfer variables, which would give us the following

1. S(n, k) denotes a Stirling number of the 2nd kind
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alternative entry contributions to T2:

[T2]i1,i2,i3 ← λ1[T1]i1,i2,i3

[T2]i1,i3,i2 ← λ2[T1]i1,i2,i3

[T2]i2,i1,i3 ← λ3[T1]i1,i2,i3

[T2]i2,i3,i1 ← λ4[T1]i1,i2,i3

[T2]i3,i1,i2 ← λ5[T1]i1,i2,i3

[T2]i3,i2,i1 ← λ6[T1]i1,i2,i3 .

3.3.3 Broadcast Tensors

Finally, for each transfer tensor we need to consider how many different ways it can be applied

to the output tensor. For any value of κ, nb must be in the range 0 ≤ nb ≤ k2−κ and for each

value of nb we can choose which indices become broadcast versus transfer variables as well

as how the broadcast and transfer indices are partitioned into variables amongst themselves.

So the total number of ways of broadcasting such a tensor is:
k2∑
nb=0

S(k2 − nb, κ)
(k2
nb

)
B(nb).

For every possible way of constructing a transfer tensor, we have the above number of ways

to mold it into a broadcast tensor. Thus, the total number of broadcasting operations is:

B(k1)B(k2)+
min(k1,k2)∑

κ=1
κ!
[ k1∑
ns=0

S(k1−ns)
(k1
ns

)
B(ns)

][ k2∑
nb=0

S(k2−nb)
(k2
nb

)
B(nb)

]
. Theorem

5 shows that this convoluted expression is in fact equal to the Bell number B(k1+k2), which

is the expected number of operands in a Rnk1 → Rnk2 permutation equivariant linear layer

as derived by Maron et al. [2018].

In practice, the transfer and broadcasting parts of this framework can be implemented

in GPU accelerated numerical libraries such as PyTorch [Paszke et al., 2019] with various

primitive tensor operations.
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Theorem 5.

B(k1 + k2) =B(k1)B(k2) +

min(k1,k2)∑
κ=1

κ!

×
[ k1∑
ns=0

S(k1 − ns, κ)

(
k1
ns

)
B(ns)

]
×
[ k2∑
nb=0

S(k2 − nb, κ)

(
k2
nb

)
B(nb)

]

Proof. Suppose we have k2 + k1 balls arranged from left to right. By definition of the Bell

numbers, the number of ways to partition these balls into non-empty subsets is B(k1 + k2).

We can also count the number of partitions of these k2+k1 balls by counting the number

of ways we can construct partitions with κ subsets containing balls spanning the first k2

balls and the last k1 for κ = 0, 1, .... balls. Let nb denote the number of balls assigned to

subsets of the partition that contained within the first k2 balls, and ns denote the number

of balls assigned to subsets contained in the last k1 balls.

Case 1: κ = 0. There are B(k2) ways to partition the first k2 balls and likewise B(k1)

ways to partition the last k1 balls, giving us a total of B(k1)B(k2) total ways to partition

the balls such that no subset of the partition spans the two sides.

Case 2: κ > 0. For this case we consider ns, nb, the number of balls on the two sides

that belong to sets that do not cross the divide. For each possible value of ns, there are(k1
ns

)
ways to pick the ns balls, and B(ns) ways to partition these balls. In the remaining

k1 − ns balls on this side of the divide, we can split them among the κ subsets that cross

the divide in S(k1 − ns, κ) ways by definition of the Stirling numbers of the second kind.

This gives us the expression
k1∑

ns=0
S(k1 − ns, κ)

(k1
ns

)
B(ns). By symmetry, the expression

for the number of ways to pick the nb balls in subsets lying entirely on the k2 side of the

divide must be
k2∑
nb=0

S(k2 − ns, κ)
(k2
nb

)
B(nb). For each possible value of κ, we can permute

the ordering of these subsets κ! ways. Putting everything together, we have the expression
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min(k1,k2)∑
κ=1

κ!
[ k1∑
ns=0

S(k1 − ns, κ)
(k1
ns

)
B(ns)

][ k2∑
nb=0

S(k2 − nb, κ)
(k2
nb

)
B(nb)

]
as desired.

Theorem 5 tells us that the number of ways of constructing broadcast tensors according

to our sum/transfer/broadcast procedure is in fact exactly the number of tensors we should

expect according to Maron et al. [2018].

3.3.4 Constructing a Broadcast Tensor for a Specific Partition

Algorithms 1 and 2 detail the steps involved in constructing a permutation equivariant layer

between k1 → k2’th order permutable tensors. Now we describe the general rule for how

entries of the output tensor can be constructed.

If we have T1 ∈ Rnk1 , T2 ∈ Rnk2 , for a given partition partition P = {S1, . . . , S|P|},

where the Si’s are non-intersecting subsets of {1, 2, . . . , k1+k2}, let ψ : {1, 2, . . . , k1+k2} →

{1, 2, . . . , |P|} map elements in the base set to the index of the subset containing the element

in the partition: ψ(a) = b where a ∈ Sb.

Then, using this function ψ, the broadcast rule for P determines that the following entries

of T2 have the given contribution from a summation tensor of T1:

[T2]iψ(1),...,iψ(k2)
← λ

∑
iz :z ̸∈{ψ(j)|j∈[k2]}

[T1]iψ(k2+1),...,iψ(k1+k2)

for all entries ij ∈ {1, . . . n}, and i1 ̸= i2 ̸= . . . ̸= i|P|. The summation is applied over indices

that are transfer variables, which are precisely the indices that are not in the same subsets

of indicated by the output indices (the first k2 indices). We find it easiest to understand the

construction of the broadcast tensors through examples so we provide two more examples to

make the output rule slightly more approachable.

Example 14. let T2 ∈ Rn3 be a 3rd order tensor. Suppose we want to construct a 3 → 3

equivariant layer. We consider partitions of {1, . . . , 6}. Let P =
{
{1, 4}, {2, 3}, {5, 6}

}
.
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There is 1 transfer variables for P corresponding to the subset containing 1 and 4 that span

the k1 and k2 divide. The summation tensor is a 1st order permutable tensor:
∑
i3

Ti1,i3,i3

and gets broadcast to T2 as follows:

[T2]i1i2i2 ← λ
∑
i3

[T1]i1i3i3

Example 15. Using the same third order tensors in example (14), consider the partition

P =
{
{1, 2}, {3, 4}, {5, 6}

}
. Here we have a transfer variable that links the first index of T1

to the last index of T2. The summation tensor is identical to the summation tensor in the

previous example, so the only difference is how we broadcast the summation tensor to the

output tensor.

[T2]i1i1i2 ← λ
∑
i3

[T1]i2,i3,i3 .

3.3.5 Making the Layer Learnable

Once we have constructed each of the necessary broadcast tensors, the output tensor is

just a linear combination of each of these broadcast tensors. Given an input Rnk1 tensor.

By constructing each of the B(k1 + k2) tensors according to the sum/transfer/broadcast

framework and stacking the results we end up with a multidimensional array of shape nk2 ×

1× B(k1 + k2), which can be mapped back to a tensor of shape nk2 × 1 by taking a linear

combination of the stack of B(k1 + k2) tensors.

If the input dimensions were instead (nk1 , d1) we would have an intermediate tensor

of shape (nk2 , d1B(k1 + k2)) which can subsequently be mixed to (nk2 , d2), where d2 is

the desired output dimension size. Algorithm 2 provides the pseudocode for a k1 → k2

permutation equivariant layer. The easiest way to perform this linear mixing on line 3

of Algorithm (2) is with an Einstein summation. For example, if X̂ ∈ Rn3×d1×k and

M ∈ Rd1×k×d2 is the learnable weight matrix, then we can linearly mix the last two indices
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of X̂ with the following Einstein summation: torch.einsum("ijkde,def->ijkf", X, M).

Algorithm (2) says to compute the broadcast tensor associated with each partition, but

this is not strictly necessary. We can pick a subset of the possible partitions to use in our

equivariant layer if we have some idea of which sort of interactions are important and which

are negligible.

Algorithm 1: construct ops for a k1 → k2’th order layer

Input : k1 ∈ N, the order of the input tensor, k2 ∈ N, the order of the output

tensors X ∈ Rnk1×d1 , a k1th order permutable tensor

Output: List of length B(k1 + k2) of permutable tensors in Rnk2×d1
1 lst = [ ]

2 foreach Partition P ∈ Partitions of (k1 + k2) do

3 Construct XP , the appropriate broadcast tensor of X corresponding to P
according to section 3.3.4

4 lst.append(XP)

5 end foreach
6 return lst

Algorithm 2: k1 → k2 Permutation Equivariant Layer

Input : X ∈ Rnk1×d1 , a k1th order permutable tensor
M ∈ Rd1×B(k1+k2)×d2 , a learnable weight matrix

Output: Z ∈ Rnk2×d2 , a k2th order permutable tensor
1 Construct list of B(k1 + k2) intermediate tensors : ops← construct ops(k1, k2,X)

2 Stack layers to produce X̂ ∈ Rnk2×d1×B(k1+k2): X̂← stack(ops)

3 Linearly mix X̂ with M along X̂’s last two indices: Z← X̂ ·M
4 return Z

3.4 EQUIVARIANT LAYER DETAILS

3.4.1 Complexity of Operations

There are two parts to computing a k1’th to k2’th order equivariant layer: computing the

intermediate broadcast tensors and computing the linear mixing of these layers. In general,
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for a k1th to k2th order layer, we first construct intermediate summation tensors of order

k1 − ns where ns ≤ k1 is the number of summation indices. The complexity of this con-

structing this summation tensor involves summing over the ns summation indices which is

a O(nns) operation. Recall from the main body of our paper that if we have ns summation

indices, there are
(k1
ns

)
B(ns) total summation tensors. So the cost of computing all required

summation tensors is:
∑k1
ns=0

(k1
ns

)
B(ns)O(nns).

The complexity of the constructing the broadcast tensor from a given summation ten-

sor is not quite as obvious. Most of the broadcast tensors are constructed by applying

torch.expand on the relevant summation tensor to broadcast the summation tensor across

various dimensions of the output tensor. torch.expand (in contrast to torch.repeat or

torch.tile) does not allocate new memory–it only changes the view of a tensor, which is

a constant time operation. The computation cost for doing the appropriate broadcasting

operations is dominated by the cost of constructing the summation tensors, and the cost of

the linear mixing of the broadcast tensors.

In general, the memory overhead for a linear permutation equivariant layer between

k → kth order tensors is O(nk)×B(2k). We can think of this as being a constant times the

k’th order complexity that arises from dealing with a k’th order tensor.

3.4.2 Linearly Mixing the Broadcast Tensors

Suppose our input for a k1 → k2 permutation equivariant layer is a tensor living in Rb×nk1×din ,

where b is the batch size. After constructing all possible broadcast tensors, we have a tensor

of shape b× nk2 × din ×B(k1 + k2). This can now be mixed with a linear layer that mixes

the d × B(k1 + k2) features amongst themselves. Let the output dimension be dout. We

apply an Einstein summation to perform the linear mixing. For instance:

• For a 2 → 2 permutation equivariant layer, the input X of the layer has shape b ×

n× n× din. After constructing and stacking the B(2 + 2) = 15 broadcast tensors, we
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have a tensor of shape X̂ ∈ Rb×n×n×din×15. Let M ∈ Rdin×15×dout be the coefficient

matrix that linearly mixes the broadcast tensors. Our output 2nd order tensor would

be the result of the following Einstein summation:

Xout = einsum("bijde,def->bijf", X̂,M)

• For a 3 → 3 permutation equivariant, the input X has shape b × n × n × n × din.

The stack of broadcast tensors will be X̂ ∈ Rb×n×n×n×din×203 (B(3 + 3) = 203). The

coefficient matrix is M ∈ Rdin×203×dout . Similar to the 2 → 2 case, our output 3nd

order tensor would be the result of the following Einstein summation:

Xout = einsum("bijkde,def->bijkf", X̂,M)

Theorem 6. Linear combinations of k’th order permutable tensors of size Rnk×1 are k’th

order permutable tensors.

Proof. Taking the scalar multiple of a permutable tensor is an elementwise operation. Taking

the sum of two permutable tensors is also an elementwise operation. Elementwise operations

commute with the permutation action so we are done.

This theorem tells us we can freely take linear combinations of broadcast tensors without

worrying about breaking permutation equivariance. All of our writing on k’th order per-

mutable tensors of size Rnk×1 extends to permutable tensors of arbitrary feature dimension

size Rnk×d.

3.5 Implementation

Figure 3.1 and 3.2 show the PyTorch code for constructing the 2→ 2 and 3→ 3 broadcast

tensors. These broadcast tensors are then used in the 2 → 2 and 3 → 3 equivariant layers

respectively (Figure 3.3 and 3.4). Once the equivariant layers are implemented as nn.Module

classes, they can be slotted into neural networks and we no longer need to worry about their

implementation.
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3.5.1 Architecture

The equivariant layers we propose take in as input a k1’th order permutable tensor and

return a k2’th order permutable tensor. We will usually have k1 = k2. Another thing to

note is that generally our data just comes in the form of first order permutable tensors; it is

actually quite rare to have pairwise, or triplet-wise features explicitly. If we are interested in

taking k-ary interactions into account in our model, how do we first construct a k’th order

permutable tensor from our data? It turns out that one natural option is to take k-ary

products of our data. This is conceptually similar to the tensor product and elementwise

product operations proposed by Kondor et al. [2018b], which retains the coveted permutation

equivariance property. For X ∈ Rn×d, we can construct a kth order permutable tensor

denoted X(k) with the following entries:

X
(k)
i1,i2,...,ik,p

=
k∏
l=1

Xil,p.

for i1, . . . , ik ∈ {1, 2, . . . , n} and p ∈ {1, . . . , d}. In practice, this outer product looking oper-

ation is something we can implement in PyTorch or TensorFlow using Einstein summations.

For our second order and third order architectures, we followed the following general

architecture:

1. Encode each item xi of the set with a shared neural network ϕ (ex: a ResNet for

images, row-wise MLP, row-wise linear layer )

2. Construct a 2nd (or 3rd) order tensor through a 2nd(or 3rd) order product:

second order = torch.einsum("bid,bjd->bijd", x, x)

third order = torch.einsum("bid,bjd,bkd->bijkd", x, x, x)

3. Apply 2→ 2 (or 3→ 3) permutation equivariant layer, followed by a ReLU. This can

be repeated multiple times.
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4. Apply a permutation invariant pooling operation (sum or mean) over the entity indices

to get an embedding vector of the entire set

5. Decode the set embedding vector with a linear layer or multilayer perceptron to produce

the final output

Figures (3.1) and (3.2) demonstrate how to construct the various summation tensors

that can be linearly mixed for 2nd and 3rd order tensors. Figures (3.3) and (3.4) provide

the implementation of the 2 → 2 and 3 → 3 equivariant layers. The PyTorch pseudocode

in Figures (3.5) and (3.6) provide examples of the general structure of 2nd and 3rd order

permutation equivariant networks. We refer to a k’th order permutation equivariant network

as permutation invariant network that uses a k → k equivariant layer. In the pseudocode,

Eq2to2 denotes a 2→ 2 permutation equivariant layer, and likewise Eq3to3 denotes a 3→ 3

permutation equivariant layer. The pseudocode uses fully connected layers for the encoder

and decoder for brevity but in practice, we often use 2 layer multilayer perceptrons.

54



def ops_2_to_2(inputs, normalize=False):

’’’

Construct the 15 broadcast tensors for a 2 -> 2 equivariant layer

’’’

N, D, m, m = inputs.shape

# Summation tensors

diag_part = torch.diagonal(inputs, dim1=-2, dim2=-1) # N x D x m

sum_diag_part = diag_part.sum(dim=2, keepdims=True) # N x D x 1

sum_rows = inputs.sum(dim=3) # N x D x m

sum_cols = inputs.sum(dim=2) # N x D x m

sum_all = inputs.sum(dim=(2,3)) # N x D

# Broadcast the summation tensors

ops = [None] * (15 + 1)

ops[1] = torch.diag_embed(diag_part) # N x D x m x m

ops[2] = torch.diag_embed(sum_diag_part.expand(-1, -1, dim))

ops[3] = torch.diag_embed(sum_rows)

ops[4] = torch.diag_embed(sum_cols)

ops[5] = torch.diag_embed(sum_all.unsqueeze(-1).expand(-1, -1, dim))

ops[6] = sum_cols.unsqueeze(3).expand(-1, -1, -1, dim)

ops[7] = sum_rows.unsqueeze(3).expand(-1, -1, -1, dim)

ops[8] = sum_cols.unsqueeze(2).expand(-1, -1, dim, -1)

ops[9] = sum_rows.unsqueeze(2).expand(-1, -1, dim, -1)

ops[10] = inputs

ops[11] = torch.transpose(inputs, 2, 3)

ops[12] = diag_part.unsqueeze(3).expand(-1, -1, -1, dim)

ops[13] = diag_part.unsqueeze(2).expand(-1, -1, dim, -1)

ops[14] = sum_diag_part.unsqueeze(3).expand(-1, -1, dim, dim)

ops[15] = sum_all.unsqueeze(-1).unsqueeze(-1).expand(-1, -1, dim, dim)

return torch.stack(ops[1:], dim=2)

Figure 3.1: Constructing the broadcast tensors for a 2→ 2 equivariant layer
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def ops_3_to_3(inputs):

’’’

Construct a minimal subset (20) of the 3 -> 3 broadcast tensors

’’’

N, D, m, m, m = inputs.shape

# Summation tensors

sum_all = inputs.sum(dim=(-1, -2, -3))

sum_c1 = inputs.sum(dim=-1)

sum_c2 = inputs.sum(dim=-2)

sum_c3 = inputs.sum(dim=-3)

sum_c12 = inputs.sum(dim=(-1, -2))

sum_c13 = inputs.sum(dim=(-1, -3))

sum_c23 = inputs.sum(dim=(-2, -3))

# Broadcast the summation tensors

ops = [None] * 20

ops[1] = sum_all.view(N, D, 1, 1, 1)

.expand(-1, -1, dim, dim, dim) / (m * m * m)

ops[2] = sum_c1.unsqueeze(-1).expand(-1, -1, -1, -1, m) / m

ops[3] = sum_c1.unsqueeze(-2).expand(-1, -1, -1, m, -1) / m

ops[4] = sum_c1.unsqueeze(-3).expand(-1, -1, m, -1, -1) / m

ops[5] = sum_c2.unsqueeze(-1).expand(-1, -1, -1, -1, m) / m

ops[6] = sum_c2.unsqueeze(-2).expand(-1, -1, -1, m, -1) / m

ops[7] = sum_c2.unsqueeze(-3).expand(-1, -1, m, -1, -1) / m

ops[8] = sum_c3.unsqueeze(-1).expand(-1, -1, -1, -1, m) / m

ops[9] = sum_c3.unsqueeze(-2).expand(-1, -1, -1, m, -1) / m

ops[10] = sum_c3.unsqueeze(-3).expand(-1, -1, m, -1, -1) / m

ops[11] = sum_c12.view(N, D, m, 1, 1).expand(-1, -1, -1, m, m) / (m*m)

ops[12] = sum_c12.view(N, D, 1, m, 1).expand(-1, -1, m, -1, m) / (m*m)

ops[13] = sum_c12.view(N, D, 1, 1, m).expand(-1, -1, m, m, -1) / (m*m)

ops[14] = sum_c13.view(N, D, m, 1, 1).expand(-1, -1, -1, m, m) / (m*m)

ops[15] = sum_c13.view(N, D, 1, m, 1).expand(-1, -1, m, -1, m) / (m*m)

ops[16] = sum_c13.view(N, D, 1, 1, m).expand(-1, -1, m, m, -1) / (m*m)

ops[17] = sum_c23.view(N, D, m, 1, 1).expand(-1, -1, -1, m, m) / (m*m)

ops[18] = sum_c23.view(N, D, 1, m, 1).expand(-1, -1, m, -1, m) / (m*m)

ops[19] = sum_c23.view(N, D, 1, 1, m).expand(-1, -1, m, m, -1) / (m*m)

return torch.stack(ops[1:], dim=2)

Figure 3.2: Constructing a subset of the broadcast tensors for a 3→ 3 equivariant layer
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class Eq2to2(nn.Module):

def __init__(self, in_dim, out_dim):

super(Eq2to2, self).__init__()

self.basis = 15 # Bell(2+2) = 15

self.out_dim = out_dim

self.in_dim = in_dim

self.coefs = nn.Parameter(torch.zeros(in_dim, out_dim, self.basis))

self.bias = nn.Parameter(torch.zeros(1, out_dim, 1, 1))

def forward(self, inputs):

ops = ops_2_to_2(inputs)

output = torch.einsum(’dsb,ndbij->nsij’, self.coefs, ops)

output = output + self.bias

return output

Figure 3.3: Implementation of 2→ 2 equivariant layer

class Eq3to3(nn.Module):

def __init__(self, in_dim, out_dim):

super(Eq3to3, self).__init__()

self.basis = 19 # use minimal 19 partitions

self.in_dim = in_dim

self.out_dim = out_dim

self.coefs = nn.Parameter(torch.zeros(in_dim, out_dim, self.basis))

self.bias = nn.Parameter(torch.zeros(1, out_dim, 1, 1, 1))

def forward(self, x):

ops = ops_3_to_3(x)

# in/out/basis, batch/in/basis/ijk

output = torch.einsum(’dsb,ndbijk->nsijk’, self.coefs, ops)

output = output + self.bias

return output

Figure 3.4: Implementation of 3→ 3 equivariant layer
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from perm_eq_layers import Eq2to2, Eq3to3

class Eq2Net(nn.Module):

def __init__(self, nin, nhid, nout):

self.enc = nn.Linear(nin, nhid)

self.eq2a = Eq2to2(nhid, nhid)

self.eq2b = Eq2to2(nhid, nhid)

self.dec = nn.Linear(nhid, nout)

def forward(self, x): # input shape: B x N x d

x = self.enc(x)) # B x N x h

x = torch.einsum(’bid,bjd->bijd’, x, x) # B x N x N x h

x = F.relu(self.eq2a(x)) # B x N x N x h

x = F.relu(self.eq2b(x)). # B x N x N x h

x = x.sum(axis=(1, 2)) # B x h

x = self.dec(x) # B x o

return x

Figure 3.5: Implementation of a 2nd order permutation equivariant network with two 2→ 2
equivariant layers. The encoder and decoders can also be multilayer perceptrons.

class Eq3Net(nn.Module):

def __init__(self, nin, nhid, nout):

self.enc = nn.Linear(nin, nhid)

self.eq3a = Eq3to3(nhid, nhid)

self.eq3b = Eq3to3(nhid, nhid)

self.dec = nn.Linear(nhid, nout)

def forward(self, x): # input shape: B x N x d

x = self.enc(x) # B x N x h

x = torch.einsum(’bid,bjd,bkd->bijkd’,x,x, x) # B x N x N x N x h

x = F.relu(self.eq3a(x)) # B x N x N x N x h

x = F.relu(self.eq3b(x)). # B x N x N x N x h

x = x.sum(axis=(1, 2, 3)) # B x h

x = self.dec(x) # B x o

return x

Figure 3.6: Implementation of a 3rd order permutation equivariant network with two 3→ 3
equivariant layers.
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CHAPTER 4

EXPERIMENTS

We evaluated our framework for permutation equivariance by considering equivariant archi-

tectures on four set learning tasks: classifying poker hands, counting unique elements from

a set of images, and predicting the efficacy of a set of drugs in inhibiting E. coli growth and

jet tagging.

4.1 Predicting Poker Hands

A standard playing card deck has 52 cards. Each card has a suit (diamonds, clovers, hearts,

or spades) and a numeric value {2, 3, . . . , 10, J,Q,K,A}. There are ten official poker hands:

high card, pair, three of a kind, two-pair, straight, flush, full-house, straight flush, four of

a kind, and royal flush. Given a five card hand of playing cards, our task is to classify

the hand as one of the ten possible poker hands. This is a set classification task, since

every poker hand’s classification does not depend on the way the cards are ordered within

a hand. Naturally, we would like to use a permutation equivariant networks to perform the

classification.

We use the Poker hand dataset from the UCI repository [Dua and Graff, 2017] which

contains a 50, 000 five card hands for the train set, and 950, 000 hands for the test set. Given

the success of first order permutation equivariant architectures such as PointNet and Deep

Sets, it is reasonable to ask if higher order permutation equivariant layers are even necessary.

To answer this question, we evaluate first, second and third order equivariant networks on

this poker classification task.

The three models we tested have the following architectures:

• 1st order network (Deep Sets):

– encode each input card with a 2 layer multilayer perceptron
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– apply two successive Deep Sets permutation equivariant layers

– Sum pool over the sets to create a set representation vector

– Apply a final 2 layer multilayer perceptron to produce the class prediction

• 2nd order network (See Eq2Net in Figure 3.5)

– encode each input card with a 2 layer multilayer perceptron as in the 1st order

network

– compute a 2nd order outer product

– apply two 2→ 2 equivariant layers with ReLU activations

– sum the 2nd order tensor over the two entity dimensions

– apply a final 2 layer multilayer perceptron to produce the class prediction

• 3rd order network (See Eq3Net in Figure 3.6)

– encode each input card with a 2 layer multilayer perceptron as in the 1st order

network

– compute a 3rd order outer product

– apply two successive 3→ 3 equivariant layers with ReLU activations

– sum the 3rd order tensor over the three entity dimensions

– apply a final 2 layer multilayer perceptron to produce the class prediction

As we can see from the results in Table 4.1, second and third order networks effectively

classify all hands correctly, use fewer parameters and learn an effective model in fewer epochs

than the first order model. The 3rd order network takes longer to train, but that is reason-

able given the cubic runtime costs of computing third order outer products and subsequent

operations on a 3rd order tensor. With longer training and a larger network (more layers,

wider layers, etc), we would likely see the Deep Sets/1st order architecture achieve the same

accuracy as the higher order networks.
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Table 4.1: Model results on poker hand prediction

Model Accuracy Parameters Time per epoch Epochs

1st Order Network 0.920(±0.003) 298k 19s 200
2nd Order Network 0.999(±0.001) 20k 11s 100
3rd Order Network 0.999(±0.001) 11k 96s 100

Table 4.2: Poker Model Hyperparameters

Parameter 1st Order 2nd Order 3rd Order

Learning Rate 0.001 0.001 0.001
Batch Size 256 256 256

# of Equivariant Layers 2 2 2
Hidden Dimension 256 24 16

4.2 Counting Unique Elements of a Set

For our second set of experiments, we use the Omniglot [Lake et al., 2015] dataset which

contains 1623 different handwritten characters from 50 different languages to predict the

number of different characters are in a set of images. This task was first introduced by Lee

et al. [2019a].

For each batch in our training data we sample a set size n uniformly from {6, 7, . . . , 10}.

In the batch, we sample a unique character count c in {1, . . . , n} and then sample n images

that have exactly c unique characters among them from the training portion of the Omniglot

dataset. We compare a Deep Sets architecture [Zaheer et al., 2017], and Set Transformer

architecture [Lee et al., 2019a] against our 2nd order (see Eq2Net/Eq3Net) and 3rd order

permutation equivariant networks. Following the experimental setup described by Lee et al.

[2019a] and Shi et al. [2020], we train each of the networks to perform Poisson regression to

predict the number of unique characters and minimized the negative log likelihood.

In each network, we use a basic convolutional neural network to encode the images,
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before feeding the resulting set of embedded images into permutation equivariant layers.

We used the same basic CNN encoder: four convolution layers with ReLU nonlinearities in

between each convolution, reshape the final convolution output to a vector and apply a fully

connected layer to produce a d dimensional representation for each image of the set. Each

of the convolution layers has a kernel size of 3, stride length of 3 and use 8 filters. Using

additional channels, additional layers, and/or batch normalization in the CNN embedding

module did not affect the prediction accuracy so we kept the CNN embedding module’s

architecture the same for all experiments.

For the second and third order equivariant networks, we use the aforementioned CNN to

embed the images. The set of image representation vectors are then used in a 2nd/3rd order

outer product to produce the requisite 2nd/3rd order permutable tensor for the 2nd/3rd

order equivariant layer.

Table 4.3: Test accuracy on unique characters task

Model Accuracy Parameters Time per minibatch

Deep Sets 0.62(±0.011) 298k 0.121s
Set Transformer 0.74(±0.021) 216k 0.128s

2nd Order Network (ours) 0.72(±0.018) 139k 0.128s
3rd Order Network (ours) 0.69(±0.014) 96k 0.129s

Table 4.4: Hyperparameters for unique characters experiments

Model Batch Size Dropout Embedding dim Hidden dim
Deep Sets 32 0 256 256

Set Transformer 32 0 128 128
2nd Order Network (ours) 32 0 64 128
3nd Order Network (ours) 32 0 64 128
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4.3 Predicting the Efficacy of Drug Cocktails

Predicting the efficacy of drug combinations is a common problem in pharmacology. Re-

searchers consider the problem of finding the optimal subset of drugs to inhibit the growth

of E.coli and tuberculosis in Tekin et al. [2018], Katzir et al. [2019], Cokol et al. [2017]. The

goal in these experiments, broadly, is to predict the efficacy of unseen drug combinations.

This is a challenging problem due to to the sheer number of combinations of drugs and

dosage levels possible.

We use data collected by Tekin et al. [2018], which consists of measurements of E.coli

growth after it had been treated with up to five antibiotic drugs out of a predetermined

set of eight antibiotics. For every set of antibiotics tested, each of the antibiotics in the set

was tested at three dosage levels. The dataset contains three measurements of the bacteria

growth as proportion of the control experiment’s growth for every combination of up to five

drugs, and each possible dosage level for each drug. There are measurements for 24 single,

306 pair, 2403 triplet, 9639 quadruplet and 13608 quintuplet drug combinations.

We use the median of the three measurements as the target value to predict for each

drug combination and minimize the mean squared error. Our training set consisted of all

the experiments for up to 4 drugs and 80% of the size five drug combinations. The test

set is the remaining 20% of size five drug combinations. We construct neural networks that

uses 2 → 2 and 3 → 3 permutation equivariant layers and compare it against Deep Sets

and Set Transformer based architectures. We train for a maximum of 12, 000 epochs for all

experiments.

Table (4.5) shows the average MAE and RMSE over five random seeds with the standard

deviations. The 2nd and 3rd order networks are comparable to the set transformer while

using a fraction of the parameters of both baseline models. Third order networks take the

longest of the four models, which is not surprising since we have to construct third order

tensors to even use the third order layers.
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Table 4.5: Test MAE, RMSE on drug combination efficacy prediction task

Model MAE RMSE Parameters Time per epoch

Deep Sets (sum) 6.00(±0.04) 8.31(±0.11) 1, 068, 833 0.61s
Set Transformer 5.78(±0.12) 8.21(±0.20) 750, 881 0.73s

2nd Order Network (ours) 5.80(±0.09) 8.14(±0.14) 259, 617 0.70s
3rd Order Network (ours) 5.84(±0.06) 8.08(±0.08) 227, 105 1.50s

4.4 Jet Tagging

In high energy physics, a jet is a spray of scattered particles resulting from a collision

events that occur in particle colliders. Jets can be initiated by different elementary particles

(ex: quarks, gluons, hadrons, etc) and the resulting jets properties will differ based on the

originating particle.

The top quark tagging dataset [Kasieczka et al., 2019] contains a training set of 1.2

million events (jets), 400k validation events, and 400k test events. Each jet consists of a

set of around 100 particles and each particle has an associated 4-dimensional feature vector

containing the following information:

• logarithm of the particle’s energy

• logarithm of the particle’s pT

• difference in pseudorapidity between the particle and the jet axis

• difference in azimuthal angle between the particle and the jet axis.

The learning task is to classify each jet as either a quark or gluon jet. This is effectively a

binary set-classification task. Thus, we need to construct a permutation equivariant neural

network f : Rn×4 → {0, 1}, where n is the number of particles in the jet.

In this dataset, our sets have size O(100). For n = 100 elements in a set, it is prohibitively

expensive to construct 3rd order equivariant networks as even computing the 3rd order tensor
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product ends up being too computationally expensive. However, we do manage to try the

2nd order architectures on this learning task. The previous three experiments gave some

indication about the effectiveness of second and third order networks. In this experiment,

we hope to see more compelling evidence for the use of 2 → 2 equivariant layers. To this

end, we tested four models:

• a baseline Deep Sets architecture with a hidden dimension of 256

• a second order permutation equivariant network with hidden/intermediate dimensions

of size 32. This architecture is effectively the same as the architecture displayed in

Figure 3.5) except we only use one 2→ 2 equivariant layer.

• 2D Tensor Network with a hidden dimension of 32: This network identical to the

second order permutation network above except we omit the 2→ 2 layer here

• 2D Tensor Network with a hidden dimension of 128

The Deep Sets baseline is a useful one to have, especially since first order methods generally

train faster, even if the hidden dimensions of the constituent parts of the model (the hidden

dimension of the fully connected layers in the multilayer perceptron encoder or decoder)

were wider than the hidden dimensions used in the 2nd order networks. We also apply a

so-called “2D Tensor Network” on the task. The idea for this baseline model is see whether

the 2 → 2 equivariant layer offers any utility or if the 2nd order outer product is the more

important contributor to improving the model.

Existing approaches to the top tagging problem in the literature treat the data as a set

of items and apply permutation invariant architectures including Energy Flow Networks (a

Deep Sets inspired architecture)[Komiske et al., 2019], ParticleNet (a dynamic graph neural

network architecture) [Qu and Gouskos, 2020], and even transformers based architectures

[Mikuni and Canelli, 2020] on the problem. Table 4.6 shows our final results on the task.
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Our results show that 2nd order equivariant networks are competitive with existing mod-

els from the literature and use much fewer parameters. The 2D tensor networks also perform

similarly to the existing models in the literature but take more epochs than the 2nd order

networks to train. The increased training epochs is offset by the time required for each

epoch.

Table 4.6: Test accuracy on jets tagging dataset

Model Accuracy AUC Parameters Total Epochs Time per epoch

ParticleNet [Qu and Gouskos, 2020] 0.940 0.985 498k - -
ResNeXt Xie et al. [2017] 0.936 0.985 1.4m - -

P-CNN [CMS, 2017] 0.930 0.980 384k - -
Energy Flow Networks [Komiske et al., 2019] 0.927 0.979 82k - -

Lorentz Group Network [Bogatskiy et al., 2020] 0.929 0.964 4.5k - -
Energy Flow Polynomials [Komiske et al., 2018] 0.932 0.980 1k - -

Deep Sets 0.930(±0.010) 0.979 264k 200 1.3min
2nd Order Network (32 hidden) 0.935(±0.012) 0.983 15k 50 20.30mins
2D Tensor Network (32 hidden) 0.931(±0.012) 0.981 5k 125 3.85mins
2D Tensor Network (128 hidden) 0.932(±0.011) 0.981 83k 100 16.5mins

We find that our permutation equivariant architectures perform reasonably well on a

variety of baseline tasks. While we cannot definitively say that our models work better

or worse in terms of final test accuracy, our models do require much fewer parameters to

achieve similar results. Lastly, many of the other models (particularly Bogatskiy et al. [2020],

Komiske et al. [2018]) use some physics domain knowledge to better inform their structure

of the models. We do not use any domain knowledge or exploit anything about the data

beyond its permutation symmetry and are still able to achieve competitive results on this

problem with a relatively simple architecture.

4.5 Discussion

From our experiments we have generated a set of useful advice for constructing the networks

• If Deep Sets performs reasonably on the learning problem, it is worth trying a 2nd order
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equivariant network as well and seeing if the 2nd order layers provide an additional

boost in performance.

• Initializing the parameters of the equivariant layers is challenging. We drew the en-

tries of our equivariant layers from a normal distribution with mean 0 and standard

deviation:
√

2
input dim+basis dim+output dim . However, it is not clear to us whether this

is an ideal initialization.

• Dropout was only necessary in the drug efficacy experiment. We believe regularization

was necessary in that experiment and not for the other experiments because the drug

cocktail data was quite noisy. Without dropout, we overfitted the training data with

all the permutation equivariant models.

• We do not actually need to use all the broadcast tensors in the equivariant layers.

This is most apparent for the third order networks, where we only constructed 19 out

of the Bell(3 + 3) = 203 possible broadcast tensors for a 3 → 3 equivariant layer.

In the top tagging experiment, we also experiment with using just 10 of the 15 total

broadcast tensors in the 2 → 2 equivariant layer. In general, as we briefly mentioned

earlier, some of the broadcast tensors can be outright omitted if we have some potential

domain knowledge about the data we are working with. For instance, if we know that

pairwise relationships are symmetric, then in the 2nd order tensor X ∈ Rn×n×d, we

would expect Xij = Xji and thus the row sums should be exactly equal to the column

sums. So we can omit some of these broadcast tensors outright to reduce computation

costs.

• The 2nd and 3rd order outer products are a simple to manufacture higher order in-

teractions from our data. Even using just a 2nd order outer product and applying

row-wise multilayer perceptrons before applying a permutation invariant summation

over the entity indices is a very simple and strong permutation equivariant baseline.
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CHAPTER 5

CONCLUSION

5.1 Concluding Remarks

We summarize our contributions as follows:

• We introduced a systematic way of constructing the various parts of permutation equiv-

ariant layers

• We applied these permutation equivariant layers to a new problem domain, namely

set-learning

• We provided a general architecture and design principles for permutation equivariant

architectures and demonstrated their utility across a few domains

We have given a prescription for systematically constructing the possible permutation

equivariant linear operations between arbitrary k1’th order to k2’th order permutable ten-

sors. As shown by our various experiments, we may want to apply these permutation equiv-

ariant layers as intermediate layers in a permutation invariant neural network for set-learning

problems.

Our experiments also demonstrate a simple but expressive permutation equivariant func-

tion. [Zaheer et al., 2017] and Qi et al. [2017] give a standard architecture for first order

permutation equivariance. We propose architectures that use higher order information by

first computing a higher order tensor with k-fold outer products to first generate the desired

k’th order permutable tensor. This k’th order tensor can subsequently be featurized with

a sequence of k → k permutation equivariant layers and elementwise nonlinearities before

collapsing the kth order tensor down to a 0’th order tensor.
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5.2 Future Work

There remains much work to be explored on the topic of permutation equivariance. Our

experiments showed that considering higher order interactions using 2nd and 3rd order

equivariant layers is helpful for a variety of learning tasks. Using these layers, however,

impose a nonnegligible computational cost of the models despite the improvements in model

expressitivity and parameter reduction. Part of these computational concerns are unavoid-

able by nature of needing operate on k-fold interaction data (kth order permutable tensors).

There has been recent interest in addressing the quadratic complexity of attention layers

[Ren et al., 2021, Xiong et al., 2021], which suggest that we may be able to use similar

techniques to reduce the quadratic and cubic runtime costs of 2nd and 3rd order layers. We

also know that real world data often has sparse interactions; not every single k-sized subset

of items will have meaningful interactions so it is often reasonable to construct higher order

equivariant layers that take some sparsity into account similar to recent efforts in applying

sparsity aware equivariant graph networks [Morris et al., 2022].

On the applications side, we are also interested in seeing how these higher order equiv-

ariant layers may be applied to graph data, where higher order interactions between vertices

and edges are often of interest. Maron et al. [2018] first conceived of 2nd and higher order

equivariant layers to be used in the context of graph learning. As we mentioned in an earlier

section, the graph convolution layers can be viewed as an instantiation of a Deep Sets layer

applied on incoming messages. As proposed by Kondor et al. [2018b], Vignac et al. [2020],

we can also consider higher order message passing which would naturally suggest that we

may also want to apply these higher order permutation equivariant layers.

Finally, there is a natural connection between attention layers and the higher order

permutation equivariant layers that was recently explored by Kim et al. [2021]. Given the

success of attention based models in recent years from NLP [Vaswani et al., 2017], to graph

learning [Veličković et al., 2018], to computer vision [Dosovitskiy et al., 2020], we should
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try to consider how we can borrow some of the fundamental ideas that made attention

mechanism so effective for those domains and see how they might make these permutation

equivariant layers more effective, easier to train, and interpretable on other tasks outside of

just the set-learning tasks we considered.
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Part II

Fourier Bases for Solving Permutation

Puzzles
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In Part I of this thesis, we were interested in learning on domains that exhibited permu-

tational symmetry. In particular, we wanted to construct permutation equivariant functions.

For a linear function on permutable tensors f : Rnk1×d1 → Rnk2×d2 , f had to satisfy:

π · f(X) = f(π ·X).

Satisfying this permutation equivariant constraint places restrictions on the type of opera-

tions that can occur in such a linear function f .

In Part II of this thesis, we again deal with a domain that exhibits certain symmetries,

namely permutation puzzles. Here, the permutation puzzle configurations are elements of

some underlying group, often a symmetric group or a cyclic wreath product group. In trying

to construct good heuristic functions for solving these puzzles, we naturally come to the

question of how to represent functions on the underlying group which reduces to learning

functions on the group itself: f : G → R. Here we are interested in functions that exhibit

certain smoothness properties and economical ways of constructing these functions, which

naturally brings us to our proposed solution of using a limited set of Fourier basis functions

in representing our function f .
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CHAPTER 6

INTRODUCTION

Solving combinatorial puzzles has long captivated AI and ML researchers. Many of these

puzzles such as the Rubik’s Cube have enormous state spaces that cannot be fully enumerated

and brute forced, lending themselves to be used as test beds for more “intelligent” search

methods. Most methods to solve these puzzles such as the Rubik’s Cube (Fig: 7.1), Pyraminx

(Fig: 7.2a), and the Sliding Number Tile Puzzle (Fig 9.1) involve heuristic search such as

A∗-search and Iterative Deepening A∗-search (IDA) [Korf, 1985]. It is infeasible to deduce

the distance of every puzzle state to the goal state, but often it is possible to have some

heuristic function that serves as proxy for the true distance function that can still provide

useful guiding information in searching for a solution.

The runtime of these heuristic search methods depends on the quality of the chosen

heuristic functions used estimate the distance of a given puzzle state to the goal state.

The most effective heuristic functions for permutation puzzles like the Rubik’s Cube and

the Sliding Number Tile Puzzle use pattern databases [Korf and Taylor, 1996, Korf, 1997,

Kociemba, n.d., Felner et al., 2004], which effectively store the distance of various partially

solved puzzles to the solution state. Korf [1997] famously solved instances of the Rubik’s

Cube using a pattern database of all possible corner cube configurations and various edge

configurations and has since improved upon the result with an improved hybrid heuristic

search [Bu and Korf, 2019].

In recent years, machine learning based methods have become popular alternatives to

classical planning and search approaches for solving these puzzles. Brunetto and Trunda

[2017] treat the problem of solving the Rubik’s cube as a supervised learning task by training

a feed forward neural network on 10 million cube samples, whose ground truth distances to

the goal state were computed by brute force search. Value based reinforcement learning

methods to solve the Rubik’s Cube and Sliding Number Tile Puzzle [Bischoff et al., 2013]
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are also common. Most recently, McAleer et al. [2018] and Agostinelli et al. [2019] developed

a method to solve the Rubik’s cube and other puzzles by training a neural network value

function through reinforcement learning. They then used this value network in conjunction

with A∗ search and Monte Carlo tree search to solve the Rubik’s cube.

In Part II of this thesis, we focus on learning to solve permutation problems in the re-

inforcement learning setting, specifically using value functions. The crux of our approach

to solving permutation puzzles is to exploit the underlying structure of the puzzle by using

specialized basis functions for expressing this value function. There has been a wealth of

research in reinforcement learning on constructing basis functions for value function approxi-

mation [Keller et al., 2006, Menache et al., 2005]. Common choices for a set of basis functions

include radial basis functions [Kretchmar and Anderson, 1997] and Fourier series (sinusoids)

[Konidaris et al., 2011]. Proto Value Functions (PVF) [Mahadevan and Maggioni, 2007,

2006, Mahadevan, 2005] try to solve Markov decision processes (MDP) by representing the

value function in the eigenbasis of the MDP’s graph Laplacian. Their method uses ideas from

spectral graph theory which tell us that the smoothest functions on a graph correspond to

the lowest eigenvalue eigenvectors of the graph Laplacian. Though our work is conceptually

similar to Proto Value Functions, computing the eigenvectors of the graph Laplacian of a

permutation puzzle would be a prohibitively expensive O(n3) operation, where n is the size

the puzzle. Our approach uses fundamentally spectral ideas as well, but does not suffer from

cubic run-time costs.

What is an appropriate basis for learning functions over our permutation puzzles? It

turns out that the puzzles we are interested in solving are groups. Representation theory

[Serre, 1977a] tells us there is a natural basis, the Fourier Basis, for expressing functions over

a given group. Using this Fourier basis, we show that we can learn linear value functions to

permutation puzzles such as Pyraminx, and the 2-by-2 Rubik’s cube with far fewer samples

and orders of magnitude fewer parameters than a neural network parameterization. Our
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work is the first to demonstrate the efficacy of the Fourier Basis in reinforcement learning

and the first to propose leveraging the representations of wreath product groups to solve the

2-by-2 cube.

75



CHAPTER 7

PRELIMINARIES

In this chapter, we will review some of the mathematical concepts that will underpin our

approach to solving various permutation puzzles. Some of the terminology such as groups

were discussed in the mathematical preliminaries in Part I, but to allow our readers to avoid

flipping back, we will repeat some of those definitions here as well.

7.1 Groups

Recall that a group G is a set of objects endowed with a multiplication operation · : G×G →

G which satisfies the three properties:

1. the group multiplication is associative

2. there exists an identity element of G, which we denote e, such that for every g ∈ G,

g · e = e · g = g

3. for every g ∈ G there exists an inverse element g−1 ∈ G.

The state space of a permutation puzzle naturally forms a group, since any legal move can

be followed by any other legal move, and also any legal move has an ”inverse” which just

undoes it.

Definition 7.1.1. Given a subset of group elements: S ⊆ G, we denote by ⟨S⟩ the subgroup

of G generated by S, i.e., the set of all elements of G that can be expressed as a finite

product of the elements of S and their inverses. We say G is generated by S if G =⟨S⟩.

Definition 7.1.2. Given a group G and a set of generators S ⊆ G, the Cayley Graph

Γ(G, S) is a graph whose vertices correspond to elements of G (in a one-to-one fashion) and

for any two vertices vg and vh, there is an edge between vg and vh if there is some s ∈ S

such that s · g = h.
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Given a puzzle’s underlying group G and legal puzzle moves (i.e., generators) S, solving

the puzzle can be recast as finding a path on Γ(G,S) from an arbitrary group element g ∈ G

to a solved state d. Without loss of generality, we take the identity element as the solved

state.

Example 16. The set of legal positions of the Rubik’s Cube forms a group. The inverse of

any face move is the move twisting the same face in the opposite direction. The solved state

is the identity element. Every legal cube position is the result of applying a sequence of 90

degree clockwise or counter-clockwise face moves (Front, Back, Left, Right, Up, or Down)

to the solved state. Any legal cube state g which is produced by the sequence of face twists:

m1m2 . . .mk, has an inverse: m−1k . . .m−11 .

It turns out that in the case of all the permutation puzzles that we are interested in, the

puzzle’s group is a so-called wreath product group.

Definition 7.1.3 (Product Group). Given groups G1 and G2, the product of the two groups

denoted G1 ×G2 is also a group. The identity element in G1 ×G2 is (e1, e2), where e1 is the

identity in G1 and e2 is the identity in G2. The group multiplication in G1 × G2 is given by:

(g1, g2) · (h1, h2) = (g1h1, g2h2)

for any g1, h1 ∈ G1 and g2, h2 ∈ G2.

For any positive integer n, we can take the n-fold product group of G, which we write as:

Gn = G × . . .× G︸ ︷︷ ︸
n times

. Elements of Gn can be written as n-tuples of elements of G.

Definition 7.1.4 (Wreath Product Group). The wreath product group G ≀ Sn is defined to

be the set of elements in Gn × Sn with the group multiplication defined as:

(a, π) · (b, σ) = (a · (π · b), πσ),
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(a) (b) (c)

Figure 7.1: 2-by-2 Cube: the three possible orientations of a given corner cubie.

where the action of π ∈ Sn on b ∈ Gn is defined [π · b]i = bπ−1(i).

The permutation puzzles that we discuss will be wreath product groups where G is a

cyclic group.

Example 17. The group of the 2-by-2 Rubik’s cube is a subgroup of the wreath product

group: C3 ≀ S8. There are eight moveable ”cubies” and each cubie has three visible colored

facets. Each face twist permutes the eight cubies among themselves while cycling through the

three possible orientations of a cubie (as shown in Fig 7.1).

Example 18. Pyraminx (Fig: 7.2a) is a three-layered tetrahedron shaped puzzle similar

to the Rubik’s Cube. The tips and middle layers of the puzzle can be rotated clockwise or

counter-clockwise by 2π
3 . There are 4 tips and 6 edge facets that can be moved. The tips

can cycle between three possible orientations and be moved independently of the rest of the

layers of the puzzle. Similar to the cubies of the 2-by-2 cube, the six edge facets get permuted

amongst themselves and cycle between their two possible orientations (determined by the two

colors). The full group is a subgroup of: (C2 ≀ S6)×C4
3 . In practice, we can ignore the latter

C4
3 component of the group because they correspond to the orientations of the four tip pieces,

which are trivial to orient correctly.

7.2 Fourier Analysis on Finite Groups

Classical Fourier analysis gives us the tools to decompose functions on the real line into

linear combinations of sinusoidal basis functions. The harmonic analysis of functions on
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(a) (b) (c)

Figure 7.2: Suppose the bottom face of the Pyraminx puzzle in Fig 7.2a is yellow. Rotating
the puzzle’s front two layers clockwise by 2π

3 results in Fig 7.2b. Subsequently, rotating just

the front tip counterclockwise by 2π
3 results in Fig 7.2c.

permutation groups is defined using representations and similarly gives us the tools to

decompose functions on the group into the analogous basis functions. Representations of

finite groups have been thoroughly studied in mathematics [Serre, 1977a, Diaconis, 1988], so

we will simply give a brief overview of the main concepts from the field that underpin our

work.

Definition 7.2.1. A representation ρ of a group G is a matrix valued function: ρ : G →

Cdρ×dρ that preserves the group structure: ρ(g · h) = ρ(g)ρ(h). dρ is referred to as the

dimensionality of the representation.

Example 19. The permutation matrices of size n × n comprise a representation for the

Symmetric group Sn: [ρ(σ)]ij = 1{σ(j) = i} for σ ∈ Sn and 1 ≤ i, j ≤ n

We say that two representations ρ1 and ρ2 are equivalent if there exists some invertible

transformation T such that ρ1(g) = Tρ2(g)T−1 for all g ∈ G. We can express this as ρ1 ≡ ρ2.

Given two representations ρ1 and ρ2 of G, we can construct larger representations by

taking their direct sum:

(ρ1 ⊕ ρ2)(g) =

 ρ1(g) 0

0 ρ2(g)

 .

We say that a representation ρ of a finite group G is reducible if there exists representations
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ρ1, ρ2 such that ρ ≡ ρ1 ⊕ ρ2. A representation is irreducible if it is not reducible. For a

given finite group G, we can construct infinitely many inequivalent reducible representations

by taking any number of direct sums of an arbitrary representation ρ. However, G only has

finitely many inequivalent irreducible representations.

Example 20. The cyclic group Cm has m irreducible representations. They are the complex

exponentials: χk(j) = e2πijk/m for j ∈ Cm, k ∈ {0, 1, ...,m−1} regarded as “1×1 matrices”.

For notational convenience, we will also refer to irreducible representations as ”irreps”

going forward. The group Fourier transform of a function f : G → C at a given irreducible

representation ρ is defined as:

f̂ρ =
∑
g∈G

f(g)ρ(g). (7.1)

The inverse Fourier transform is

f(g) =
1

|G|
∑
ρ∈R

Tr[f̂⊤ρ ρ(g)]. (7.2)

One way of looking at the irreducible representations of a finite group is to view each irre-

ducible ρ is a collection of dρ × dρ individual functions ρij : G → C, with ρij(g) = [ρ(g)]ij .

Recall the property of traces: Tr[A⊤B] = vec(A)⊤vec(B). The inverse Fourier transform of

f is just an expansion of f into a linear combination of these ρij functions.

Theorem 3. Serre [1977a] Given a complete set of unitary irreducible representations of a

finite group G, the set of matrix entries of these irreducible representations form a complete

orthonormal basis for L(G) = {f : G → C}, the space of functions on G:

L(G) = span{
√
dρ ρij | 1 ≤ i, j ≤ dρ}.

Going forward, we will also refer to the irreducible representation basis as the Fourier
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Table 7.1: Dimensionality of irreps of C3 ≀ S8

Young Subgroup Young Subgroup Irrep Dim

S2 × S3 × S3 × × 560

S4 × S2 × S2 × × 420

S2 × S3 × S3 × × 2240

S3 × S4 × S1 × × 1680

basis, as is common in existing literature [Huang et al., 2009]. Theorem 1 and the definition

of the inverse Fourier transform tell us that we can express any function f : G → C in Fourier

space using the matrix entries of the irreducible representations of G as a basis.

There exist well known constructions for the irreps of Sn such as Young’s Orthogonal

Representation (YOR). The irreducible representations of wreath product groups of the form

Cm ≀ Sn are constructed by inducing the irreducible representations of Young Subgroups of

Sn up to Sn [Ceccherini-Silberstein et al., 2014]. In Table 7.1, we show some examples of the

irreps of C3 ≀ S8, the wreath product group associated with the 2-by-2 cube along with their

dimensionalities. Chapter 11 describes the process for constructing the irreps of Sn and the

irreps of wreath product groups. For now we just assume that we can evaluate the irreps of

the symmetric group and various wreath product groups using some library functions.
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CHAPTER 8

REINFORCEMENT LEARNING BACKGROUND

Exact search methods such as breadth first search and depth first search are generally in-

feasible for puzzles with a large configuration space. We are also interested in the problem

of learning how to solve these puzzles and how to somehow use some of our domain knowl-

edge of the mathematical structure of these puzzles to solve them. To that end, we do not

consider the brute force approach and instead consider the problem in the reinforcement

learning setting.

In a classical reinforcement learning task, we have an agent interacting in some environ-

ment that produces some signal or reward function to the agent. The broad goal in these

tasks is to control the agent in such a way as to maximize its long term reward. As we

will see shortly, Markov Decision Processes [Puterman, 1994, Sutton and Barto, 2018] are a

simple framework for mathematically defining a reinforcement learning task which naturally

suit our goal of learning a how to solve permutation puzzles.

8.1 Markov Decision Processes

A Markov Decision Process is described by a tuple M = (S,A, r, T, γ), where

1. S is the state space. This can be a discrete or continuous space.

2. A is the action space. This can be a discrete or continuous space.

3. r is the reward function. r : S × A→ R.

4. T is the transition probability function: T : S ×A× S → [0, 1]. T (s1, a1, s2). denotes

the probability of transitioning from s1 to s2 after taking action. Some references in-

stead use the notation: P (s′|s, a) = the probability of observing state s′ after applying

action a to state s.
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In deterministic settings where taking a given action at a given state always results in

the same state, we have the transition function T : S × A→ S.

5. γ ∈ [0, 1] is the discount parameter, which determines how much to to down weight

future rewards in favor of immediate rewards.

In deterministic MDPs, applying action a at state s always results in the same state s so

the reward function r can be simplified to r : S → R.

Definition 8.1.1. The return of a sequence of states {st} , actions {at}, and corresponding

rewards {rt} is

Gt =
∞∑
k=0

γkr(st+k, at+k)

In general, we’d like to find a policy π : S × A → [0, 1] for a Markov Decision process

that maximizes the expected return, where this expectation is with respect to the actions

chosen by the policy π and the transition dynamics T of the MDP.

We can use a deterministic Markov Decision process to model our permutation puzzles.

The state space is the set of all legal puzzle states, the action space is the set of moves. The

reward function is

r(st) =


1 if s is the solved state

0 otherwise

Definition 8.1.2. The expected return of a state s under a policy π is: given by the value

functions V π : S → R, and Qπ : S × A→ R

V π(s) = Eπ[Gt|st = s]

Qπ(s) = Eπ[Gt|st = s, at = a]

The optimal value function V ∗ = maxπ V
π for all s ∈ S, and likewise for Q∗ must satisfy

the following recurrence, also known as the Bellman Optimality Equation [Bellman, 1957,
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Sutton and Barto, 2018]:

V ∗(s) = max
a∈A

∑
s′
P (s′|s, a)[r(s, a) + γV ∗(s′)]

Q∗(s, a) =
∑
s′
P (s′|s, a)[r(s, a) + γmax

a∈A
Q∗(s′)]

For MDPs with deterministic transitions (i.e.: given a state-action pair (s, a), there is a

deterministic subsequent state s′) the recurrence for V ∗ simplifies to:

V ∗(s) = max
a∈A

[r(s, a) + γV ∗(T (s, a))]

Given an optimal value function Q then naturally induces a policy, where the action chosen

at any given state s is the argmax action a of Q(s, a).

8.2 Value Iteration and Approximate Dynamic Programming

Value iteration [Bellman, 1957] is one approach for learning a value function for solving the

MDP is to directly model a solution to the Bellman Optimality equation:

V πi+1(s)← max
a∈A

∑
s′
r(s, a) + γT (s, a, s′)V πi (s′)

Traditionally, value iteration used a lookup table to represent the V (s) (or J(s)) values

for all s ∈ S and iteratively updated each entry of the table until V converged. This method

is infeasible when the state space is too large.

Approximate dynamic programming (also referred to as neurodynamic programming)

[Bertsekas and Tsitsiklis, 1996] is a framework for computing an approximation to the true

value function. The value function can be represented by as neural network, or some other
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parameterized model that minimize the difference between the value of a current state/action

pair Q(s, a) and its one step look ahead value. This is the approach that underlies the classic

Q-learning [Watkins and Dayan, 1992a] update, which at iteration i performs the following

update:

Qi+1(st, at)← Qi(st, at) + (1− α)(rt + max
a∈A

Qi(st+1, a)−Qi(st, at)) (8.1)

This can be viewed as an online gradient descent update with a step size of α2 on the example

(st, at) for the loss:

Loss = (Qi(st, at)− (rt + γmax
a∈A

Qi(st, a)))2

Deep Q-learning [Mnih et al., 2013, 2015], a now commonly used method in reinforcement

learning, uses deep neural networks to approximate the Q value function and essentially

iteratively applies the Q-learning gradient step (8.1) in batches of state, action, reward

tuples drawn from a cache/replay buffer.

For permutation puzzles, since the state, action transitions are deterministic, we can

model our value function V parameterized by some function approximator (e.g. a neural

network) with parameters θ and the following loss function that gets minimized by batch

stochastic gradient descent over each batch B:

Loss(B; θ) =
1

|B|
∑
s∈B

(Vθ(s)− (max
s′∼s

r(s′) + γVθ(s
′)))2

We focus on using value functions for solving MDPs instead of popular policy gradient

based approaches such as actor-critic [Sutton et al., 2000], trust region policy optimization

(TRPO) [Schulman et al., 2015], proximal policy optimization [Schulman et al., 2017], due

to the relative simplicity (in implementation and interpretability) of a pure value based

method. In some sense, value based methods are even more natural for solving permutation

85



puzzles if we interpret the problem as a graph search since value iteration is effectively a

graph diffusion.
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CHAPTER 9

RELATED WORK

Permutation puzzles often exhibit symmetries that can be exploited to shrink their state

space. In the traditional planning literature, many have proposed various procedures to

handle symmetries in heuristic search. Fox and Long [1999, 2002], Pochter et al. [2011]

try to detect symmetric states during heuristic search to avoid searching states that are

isomorphic to previously seen states. Domshlak et al. [2012] tries to detect symmetries in

the transition graph of the puzzle to avoid redundant search as well. While our work deals

with permutation puzzles that do have symmetries, we do not explicitly model any of their

symmetries since our focus is on demonstrating the efficacy of the Fourier basis for value

function approximation.

The Fourier basis of the symmetric group has been used in machine learning and statistics

[Diaconis, 1988] for a variety of applications including: learning rankings [Kondor and Bar-

bosa, 2010, Kondor and Dempsey, 2012, Mania et al., 2018], and performing inference over

probability distributions on permutations for object tracking [Kondor et al., 2007, Huang

et al., 2009, 2008]. These works deal with bandlimited representations of functions over the

symmetric group, but do not address reinforcement learning over permutation puzzles.

9.1 Proto-Value Functions

Mahadevan and Maggioni [2007] introduced Proto-Value Functions (PVF) for reinforcement

learning. To properly discuss the ideas behind PVF, we must first introduce a few concepts

from spectral graph theory [Chung and Graham, 1997]. Given graph G = (V,E) with n

vertices, the graph Laplacian is the matrix L = D − A, where D is the diagonal matrix

with entries Di =
n∑
j=1

Aij and A is the (weighted) adjacency matrix of G. L a symmetric

positive semidefinite matrix, so it has a complete orthonormal basis of eigenvectors. Let
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v1, v2, . . . , vn denote the complete orthonormal set of eigenvectors of L with corresponding

eigenvectors in increasing size 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λn.

For any vector f ∈ Rn, we can view f as a function on the vertices of G where the i’th

index of f indicates the function value on the ith vertex. The “smoothness” of f is captured

by evaluating its quadratic form with the graph Laplacian:

f⊤Lf =
1

2

∑
(i,j)∈E

(fi − fj)2.

We say that a graph function is smooth if adjacent nodes have similar function values.

The smoothest graph function is the constant function over the graph, which is exactly the

first eigenvector: v1 = 1√
n

[1, 1, . . . , 1]⊤ with eigenvalue λ1 = 0. It is also common in the

literature to see smooth functions referred to as low frequency functions. High frequency

graph functions then correspond to functions that differ widely across adjacent nodes.

It is natural to consider smooth value functions for reinforcement learning since the value

of being in a given state or one of its neighboring state should not vary very much. Mahade-

van and Maggioni [2007]’s Proto-Value Functions try to use the low frequency eigenvectors

to construct smooth value functions for solving MDPs. Each state of the MDP is a node in

the graph G, and two states si and sj have an edge between them if it is possible to traverse

from si to sj . Given graph G, they compute the smallest k smoothest eigenvectors (lowest

valued eigenvectors) of the graph Laplacian of G. Finally, they estimate a value function for

the task using Q-learning [Watkins and Dayan, 1992b] in the basis spanned by the smoothest

k eigenvectors.

9.2 Heuristic Search in Fourier Space

Our work builds on Swan [2017]’s which used the irreducible representations of the symmetric

group specifically for solving the 8-puzzle (the 3-by-3 sliding number tile puzzle).
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Figure 9.1: The 8-puzzle, also known as the 3-by-3 sliding number tile puzzle. The puzzle
starts in a scrambled state and the player tries to arrange the tiles back into sorted order by
maneuvering tiles into the empty free slot.

Swan demonstrates that commonly used A∗ heuristics for solving the puzzle such as the

Hamming Distance 1, and Manhattan distance2, are bandlimited in the Fourier basis–many

of the heuristic functions’ Fourier matrices are zero matrices and can be ignored. A heuristic

function h for the 3-by-3 sliding number tile puzzle can be written as a function on the

symmetric group: h : Sn → R. Recall from Chapter 7.2 that h can be expressed in terms of

the inverse Fourier transform:

ĥρ =
∑
σ∈Sn

h(σ)ρ(σ), for all ρ ∈ R

h(σ) =
1

n!

∑
ρ∈R

dρTr(ĥ⊤ρ ρ(σ))

where R is a complete set of inequivalent irreducible representations of Sn. If h can be

expressed in terms of a subset of the irreducible representations, the summation in the

inverse Fourier transform (the latter equation) will then span over a reduced set of irreducible

representations.

Starting with the non-zero Fourier matrices of the Manhattan and Hamming distance

heuristics, Swan uses a derivative-free optimization technique to iteratively update the heuris-

1. The Hamming Distance of a given puzzle state in the sliding number tile puzzle counts the number of
tiles that are not in their correct position

2. The Manhattan Distance (or L1 distance) of the sliding number tile puzzle is the sum of the distances
each tile is from its correct position.
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tic function determined by these Fourier matrices in order to minimize the number nodes

explored during A∗-search.

Our approach differs from Swan’s in that we are learning value functions (which can

eventually be used with heuristic search) in the reinforcement setting. We also go further

than Swan by demonstrating that reinforcement learning using the Fourier basis works on

wreath product groups as well the symmetric group.

9.3 Deep Value Networks

Finally, deep neural networks have been used to great success in learning value functions on

the Rubik’s cube by McAleer et al. [2018] and Agostinelli et al. [2019]. They construct a

deep value network that interleaves multiple fully connected layers with residual connections

and ReLU nonlinearities. The state of a Rubik’s cube is encoded as a 480 dimensional vector

that passes through an initial 480→ 5000 dimensional fully connected layer, followed by nine

fully connected layers of dimension 1000 → 1000, and a final 1000 → 1 dimensional fully

connected output layer. There are residual connections between every other intermediate

layer as shown in Figure 9.2 between every two intermediate fully connected layers and ReLU

activations after every non-output layer.

Their parameterized value function V : S → R is trained to minimize the difference

between the value at a given state and the one-step lookahead value in accordance with the

Bellman equation (Equation 8.1) over a batch of states B generated by taking a random

walk of length N over the cube:

Loss(B) =
∑
s∈B

(
V (s)−

(
max
a

R(s) + V (T (s, a))

))2

.

During testing time, McAleer et al. [2018] and Agostinelli et al. [2019] use the learned value

network as the heuristic function in conjunction with A∗-search and Monte Carlo tree search
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Figure 9.2: Agostinelli et al. [2019]’s deep value network for solving the Rubik’s Cube

to solve the cube.

McAleer et al. [2018] and Agostinelli et al. [2019]’s deep value network does perform

reasonably well–they are able to solve solve all cubes in their test set given a long enough

time budget for their Monte Carlo tree search. One glaring drawback of their approach is

that the Rubik’s cube is treated as a general reinforcement learning environment–they do

not leverage any of the mathematical properties of the puzzle.
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CHAPTER 10

LEARNING A VALUE FUNCTION IN THE FOURIER BASIS

For a permutation puzzle whose states are elements of an underlying group G, we propose

learning a value function V : G → C in the Fourier basis. Taking inspiration from [Ma-

hadevan and Maggioni, 2007] and Swan [2017], we aim to parameterize the value function as

a smooth, bandlimited function using some subset of the irreducible representations of the

underlying groups of the permutation puzzles. Ideally we would like to use the Laplacian

eigenvectors as a basis for the value function of some of these puzzles, but that is prohibitively

expensive for the 2-by-2 cube where the state space is on the order of millions.

Once we pick a subset of irreducible representations of G to use, learning a value function

amounts to learning their respective Fourier matrices. LetR be a complete set of inequivalent

irreducible representations of G and I ⊆ R the subset of irreps that we pick. The value

function is then approximated as:

V (g) =
∑
ρ∈I

Tr[θ⊤ρ ρ(g)], (10.1)

where θρ ∈ Cdρ×dρ for ρ ∈ I are the learnable Fourier coefficient matrices. Note that the

domain of the parameters may be C instead of R since some irreps of groups such as the

2-by-2 cube are defined over C (from its factor of C3). Equation (10.1) can also be rewritten

as:

V (g) = θ⊤
(⊕
ρ∈I

vec(ρ(g))
)
, (10.2)

θ =
⊕
ρ∈I

vec(θρ) ∈ C
∑
ρ∈I dρ×dρ . (10.3)

where vec is the linear operator that converts a matrix into a column vector. The scaling
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factors of 1
|G| and dρ from the inverse Fourier transform (Eqn. 7.2) have been collapsed into

the θρ terms. Using this parameterization of the value function, we can use standard value

based reinforcement learning algorithms such as Q-learning or value iteration to learn V .

The number of parameters in V is:
∑
ρ∈I d

2
ρ.

10.1 Low Rank Fourier Matrices

Depending on the dimensionality of the irreducible representations that we use to param-

eterize V , it might not be feasible to learn dense θρ matrices. We can circumvent this by

parameterizing θρ as a low rank matrix: θρ = UρW
⊤
ρ , where Uρ ∈ Cdρ×k, Wρ ∈ Cdρ×k, and

k ≪ dρ. The number of parameters in V is then: 2k
∑
ρ∈I dρ.

10.2 Algorithm

Our algorithm for performing value iteration in Fourier space is Algorithm 3. We follow the

general structure of deep-Q learning popularized by Mnih et al. [2013, 2015] and Silver et al.

[2016]. In each iteration of the main loop, we sample a random walk starting from the goal

state of our permutation puzzle, and store it in our cache. The contents of the cache are

overwritten in a FIFO order when the cache is full. We then sample a batch of states S from

the cache, compute the argmax neighbor values according to the auxiliary target network

V
θ̃

for each sampled state, and minimize the difference between the current value and the

one-step look ahead value (line 10). The main challenge in Algorithm 3 is lies in constructing

the irreps matrices ρ(s) in lines 5-6. We will see how to construct these irreps in Chapter

11.
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Algorithm 3: Value Iteration in Fourier Space

Result: Vθ
Input: num epochs T , set of irreps I, batchsize B, max cache size C, target update

interval K, random walk length l, discount γ
1 for t← 1 to T do
2 Sample a random walk of length l: (s1, s2, . . . sl)
3 Store (s1, s2, ...., sl) in circular cache
4 Sample a batch of states S from cache
5 St = stack ([vec(ρ(s)) for all s ∈ S, ρ ∈ I])
6 S′ = stack ([vec(ρ(s′)) for all s′ adjacent to s for s ∈ S, ρ ∈ I])

7 Evaluate Vθ(St) = θ⊤St; Vθ̃(S
′) = θ̃⊤S′

8 Let St+1 be the argmax neighbors of each s ∈ St from V
θ̃
(S′)

9 Rt = stack([1 if s is solved − 1 for all s ∈ St+1])

10 L(θ) = (Vθ(St)− (Rt + γV
θ̃
(St+1)))2

11 Update θ with ∇θL(θ)
12 if t mod K == 0 then

13 θ̃ ← θ

14 end for
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CHAPTER 11

CONSTRUCTING THE FOURIER BASIS

In Chapter 10, we set out to represent a value function V : G → C in the Fourier (irrep)

basis. This value function would then be expressed as a linear combination of the irrep basis

functions:

V (g) =
∑
ρ∈I

Tr[W t
ρopρ(g)]

Or alternatively, if we rewrite the trace as a linear expansion of the matrix elements, we

have:

V (g) =
∑
ρ∈I

∑
ij

[Wρ]ij [ρ(g)]ij .

These value functions are just linear functions of the matrix entries of the chosen irreps so

the main challenge lies in computing the irrep matrices. For a given group element g of our

chosen group, we need to evaluate ρ(g) for all ρ in the chosen set of irreps that we are using to

represent the value function. It turns out that computing these irreducible representations of

the 2-by-2 cube group will require us to first construct irreps of symmetric groups of various

orders, irreps of C8
3 and construct so-called induced representations. Fortunately, there exist

known prescriptions for computing irreps of Sn. Young’s Orthogonal Representation (YOR)

is one such explicit way of constructing the irreps of the symmetric group. Our description

of YOR largely follows the presentation given by Huang et al. [2009], and Kondor [2008].

11.1 Preliminaries

Recall from Part I, that a compact way of denoting permutations of Sn is through cy-

cle notation. Permutations can be expressed as a product of disjoint cycles. The cycle

(a1, . . . ak) denotes the permutation that sends a1 7→ a2, a2 7→ a3, . . . , ak 7→ a1. Without

95



loss of generality, we can omit singleton cycles going forward.

The representations of Sn are indexed by partitions of n, a set of positive integers

that sum to n. The tuple of non-negative integers λ = (λ1, λ2 . . . λk) is a partition of n if∑k
i=1 λi = n. Conventionally, the parts of a partition are listed in weakly decreasing order:

λ1 ≥ . . . ≥ λk. We use the notation λ ⊢ n to indicate that λ is a partition of n.

Partitions can be visualized by Ferrers diagrams, patterns of unfilled left aligned boxes

where row i contains λi boxes.

Definition 11.1.1. A Young tableau is a assignment of the numbers 1, 2, . . . n to the n

boxes of a Ferrers diagram.

Definition 11.1.2. A Young standard tableau is a Young tableau where the entries are

strictly increasing along each row and across each column.

For convenience, we will also refer to Young standard tableaux as standard tableaux. The

partition underlying a Ferrers diagram or a Young tableau as also referred to as its shape.

Example 21. For n = 3, there are three possible partitions (3), (2, 1) and (1, 1, 1), which

have the respective Ferrers diagrams: , , .

Example 22. There are only two possible Young standard tableaux with the shape (2, 1):

1 2
3

and 1 3
2

.

Permutations act on the set of Young standard tableaux by permuting the entries of the

boxes. For σ ∈ Sn and t a standard tableau, the action of σ on t is denoted σ ◦ t and is

given by permuting the entries of t by σ. For example, (2, 3) ∈ S3. The action of (2, 3) on

the standard tableau 1 3
2

is

(2, 3) ◦ 1 3
2

= 1 2
3

Definition 11.1.3. The axial distance dt(i, j) between entries i and j in tableau t is

defined to be

dt(i, j) = (col(t, j)− col(t, i))− (row(t, j)− row(t, i))
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where col(t, i) is the column index of label i in tableau t and similarly row(t, i) is the row

index of label i in tableau t. Also, dt(i, j) = −dt(j, i)

Example 23. For t = 1 3
2

, we have the axial distances:

dt(1, 2) = (1− 1)− (2− 1) = −1 (11.1)

dt(1, 3) = (2− 1)− (1− 1) = 1 (11.2)

dt(2, 3) = (2− 1)− (1− 2) = 2 (11.3)

11.2 Defining Young’s Orthogonal Representation on

Transpositions

Young’s Orthogonal Representation is one instantiation of the irreps irreps of Sn that is

relatively efficient to compute. Given a set of generators for Sn, it suffices to define the irrep

matrices on all generator elements. Then any σ ∈ Sn can be expressed as a product of these

generators: σ = g1g2 . . . gk and using the property of irrep matrices we can produce ρ(σ)

from ρ(σ) = ρ(σ1) . . . ρ(σk).

A transposition is a permutation that swaps only two elements. Any cycle (c1, ..., cl)

is the product of transpositions: (c1, c2)(c2, c3) . . . (cl−1, cl). Furthermore, any transposition

(i, j) can be written as a product of adjacent transpositions of the form τk = (k, k + 1)

(i, j) = τj−1, . . . τi+1τiτi+1 . . . τj−1

The set of transpositions: (1, 2), (2, 3), . . . (n − 1, n) generate Sn, so we only need to define

Young’s Orthogonal Representation for these transpositions.

For partition λ, we we denote the Young Orthogonal Representation associated with λ as

ρλ : Sn → Cdλ×dλ , where dλ is the dimension of ρλ. It turns out that dλ is also the number
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of standard tableaux of shape λ.

Suppose we are given a fixed ordering of the standard Young tableaux of shape λ:

t1, t2, . . . , tdλ . We will refer to the rows and columns of the ρλ matrices using the stan-

dard tableau in the fixed ordering above. The first standard tableau t1 refers to the first

column and row, t2 refers to the second column and row, etc. [ρλ(σ)]ti,tj refers to the (i, j)

entry of ρλ(σ). For a transposition (i− 1, i), the entries of the YOR matrix ρλ(i− 1, i) are

defined by the following rules:

1. On the diagonal entries:

[ρλ(i− 1, i)]tt =
1

dt(i− 1, i)

2. For all entries (tj , tk) where tk ̸= (i− 1, i) ◦ tj :

[ρλ(i− 1, i)]tj ,tk = 0

3. If (i− 1, i) ◦ tj = tk, then

[ρλ(i− 1, i)]tj ,tk =

√
1− 1

d2tj (i− 1, i)

Now that we have a prescription for computing the ρλ YOR matrices of any transposition

of the form τk = (k, k + 1), we can use them to compute representations for any other

permutation. For σ ∈ Sn, we first decompose σ into a product of transpositions: σ =

τa1 . . . τak using bubblesort as suggested by Huang et al. [2009], Kondor [2008]. Then ρλ(σ)

is simply the product of the YOR matrices of σ’s constituent transpositions:

σ = τa1 . . . τak (11.4)

ρλ(σ) = ρλ(τa1) . . . ρλ(τak) (11.5)
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Example 24. S3 is generated by the two transpositions: τ1 = (1, 2), τ2 = (2, 3). For the

partition λ = (2, 1) we have exactly two standard tableaux so ρλ is a 2× 2 irrep. The YOR

irrep matrices ρ for the elements of S3 are:

ρ (e) =

1 0

0 1

 , ρ (1, 2) =

−1 0

0 1

 , ρ (2, 3) =

 1
2

√
3
2√

3
2 −1

2


ρ (1, 3) =

 1
2 −

√
3
2

−
√
3
2 −1

2

 , ρ (1, 2, 3) =

−1
2 −

√
3
2√

3
2 −1

2

 , ρ (1, 3, 2) =

 −1
2

√
3
2

−
√
3
2 −1

2


The last three permutations of S3 are: (1, 3), (1, 2, 3) and (1, 3, 2). To compute their ρ

matrices, we express each permutation as a product of the transpositions (1, 3) and (2, 3).

So (1, 2, 3) = (1, 2)(2, 3), giving us ρ (1, 2, 3) = ρ (1, 2)ρ (2, 3), and so on for the remaining

permutations.

11.3 Dimensions of the Irreps of the Symmetric Group

The number of standard tableau of shape λ, which is also the dimension of the irrep ρλ, is

given by the hook length formula. Given any box of a Ferrers diagram of shape λ, its

corresponding hook is defined to be that box, the boxes in its row to its right and the boxes

in its column below it. The hook length of a box is the number of boxes in its hook. The

hook length formula is

fλ =
n!

Πili

where li is the hook length of box i, and i ranges over all boxes of the λ shaped Ferrers

diagram.

Example 25. The Ferrers diagram of shape λ = (2, 1) is a b
c

. The hook lengths of the

boxes are: la = 3, lb = 1, lc = 1. So f = 3!
3·1·1 = 2.
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Example 26. The Ferrers diagram of shape λ = (2, 1, 1) is
a b
c
d

. The hook lengths of the

boxes are: la = 4, lb = 1, lc = 2, ld = 1. So f = 4!
4·1·2·1 = 3.

In Table 11.1, we show the hook length or irrep dimension for a few of the partitions of

n = 6.

Table 11.1: Dimension of irreps of S6

λ Ferrers Diagram fλ

(6) 1

(5, 1) 5

(4, 2) 9

(4, 1, 1) 10

(3, 3) 5

11.4 Irreducible Representations of Wreath Product Groups

Now that we know how to construct the irreducible representations of Sn, we are ready

to describe the construction of the irreps of cyclic wreath product groups. We follow the

constructions given by Kerber [1971] and Rockmore [1995].

11.4.1 Irreducible Representations of Cn
m

Recall that the irreps of Cm are the complex exponentials: χj(k) = eijk/m for j = 0, 1, . . . ,m−

1. The irreps of Cnm are: χj1 ⊗ χj2 ⊗ . . . ⊗ χjn for j1, ..., jn ∈ {0, . . .m − 1}. For x =

(x1, x2, . . . , xn) ∈ Cnm, where each xi ∈ Cm, the evaluation of this irrep on x is:

(χj1 ⊗ χj2 ⊗ . . .⊗ χjn)(x) =
n⊗
i=1

χji(xi) =
n∏
i=1

χji(xi) (11.6)
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The last equality holds because the χj irreps are 1-dimensional so the tensor product of the

irreps is just a scalar multiplication.

In subsequent sections, for partitions of n intom non-negative parts, α = (α1, α2, . . . , αm),

αi ≥ 0,
m∑
j=1

αj = n, and x ∈ Cnm, we will use the notation χα to denote the irrep of Cnm that

is comprised of

• α1 copies of the χ0 irrep applied to the the first α1 entries of x: x1, . . . , xα1 ,

• α2 copies of the χ1 irrep applied to the next α2 entries of x: xα1+1, . . . xα1+α2 ,

...

• αm copies of the χm−1 irrep applied to the final αm entries of x: xn−αm+1, . . . , xn.

Formally, χα is the irrep of Cnm that evaluates as:

χα(x) =χ0(x1) . . . χ0(xα1)︸ ︷︷ ︸
α1 terms

χ1(xα1+1) . . . χ1(xα1+α2)︸ ︷︷ ︸
α2 terms

. . . χm−1(xn−αm+1) . . . χm−1(xn)︸ ︷︷ ︸
αm terms

(11.7)

For f ∈ Cnm, π ∈ Sn, let f = (f1, ..., fn). The permutation action of Sn on the elements of

Cnm, denoted π ◦ f is a permutation of the the indices of f :

π ◦ f = (fπ−1(1), fπ−1(2), . . . , fπ−1(n)). (11.8)

11.4.2 Young Subgroups

The Young Subgroup corresponding to a partition α = (α1, . . . , αm), where
m∑
i=1

αi = n,

αi ≥ 0 for i = 1, . . .m is the subgroup of Sn consisting of permutations that that permute

the set {1, 2, . . . , α1} amongst themselves, {α1, α1 + 1, . . . , α2} amongst themselves, and so
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on. We can also express this group using the following notation:

Sα = S{1,...,α1} × S{α1+1,...,α1+α2} × . . .× S{n−αm+1,...,n},

It is straightforward to see that Sα is also isomorphic to Sα1 × Sα2 × . . .× Sαm . Thus, the

irreps of Sα are the irreps of this product group as well.

Definition 11.4.1 (Young Subgroup Irreps). The irreps of the Young Subgroup Sα are

constructed by taking the tensor product of irreps of each individual Sαi. Suppose we have

ψ = (ψ1, ψ2, ..., ψm), where each ψi is a partition of αi, then ψ indexes an irrep of Sα and

can be expressed as ρψ:

ρψ = ρψ1 ⊗ ρψ2 ⊗ . . .⊗ ρψm . (11.9)

We can compute each ρψi using Young’s Orthogonal Representation as detailed in Section

11.2.

Example 27. For α = (2, 2),Sα = S{1,2}×S{3,4} = {e, (1, 2), (3, 4), (1, 2)(3, 4)}. The irreps

of Sα are the tensor product of the irreps of S2 by the irreps of S2: (ρ ⊗ρ ), (ρ ⊗ρ ), (ρ ⊗ρ ),

and (ρ ⊗ ρ ).

11.4.3 Induced Representations

Given a group G with a subgroup H. Let g1, . . . gr be a set of left coset representatives of H

in G. So G = g1H ∪ . . . ∪ grH, with r = [G : H]. [G : H] is also known as the coset index

of H in G and is equal to: [G : H] =
|G|
|H| . Suppose H has the representation ρ : H → Cn×n.

Then the induced representation ρ̃ : G → Cnr×nr is defined as the representation with
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the following evaluation:

ρ̃(x) =



ρ(g−11 xg1) ρ(g−11 xg2) . . . ρ(g−11 xgr)

ρ(g−12 xg1) ρ(g−12 xg2) . . . ρ(g−12 xgr)

...
...

. . .
...

ρ(g−1r xg1) ρ(g−1r xg2) . . . ρ(g−1r xgr)


(11.10)

where ρ (a representation of H) is extended to the domain G by defining ρ(x) = 0 (an n×n

zero matrix) if x ̸∈ H in . Sagan [2013], and other introductory texts on representation

theory provide standard proofs that this construction of ρ̃ does in fact result in a valid

representation of G. We denote the induced representation of ρ from H to G as ρ̃ = IndGHρ.

An important property of induced representations is that only one entry of every block

row of Eq. (11.4.3) will be non-zero, and likewise for every block column. This means that

that the total number of non-zero blocks of IndGHρ will be [G : H]. At most, only 1
[G:H]

of

the entries of IndGHρ(g) will be non-zero for all g ∈ G, giving us a sparse matrix which can

be stored in memory more efficiently.

11.4.4 Putting it all together

Up to this point, we have described Young subgroups and how to construct representations

of Sn that are induced from irreps of Sα. We have not yet discussed how irreps of cyclic

wreath product groups are actually formed.

It turns out that the irreps of Cm ≀Sn are indexed by tuples (α, ψ), where α is a partition

of n into m non-negative parts: α = (α1, . . . , αm), and ψ = (ψ1, . . . , ψm) is a tuple of m

partitions, where ψi is a positive partition of αi. Some of the αi’s may be 0, but each of the

ψj partitions must only contain positive integers. Going forward, we will denote the irrep of

Cm ≀ Sn indexed by (α, ψ) by ρ(α,ψ). As we will see shortly, the (α, ψ) irrep of Cm ≀ Sn will

be formed by taking the ρψ representation of Sα (Equation 11.4.1), inducing it up to Sn and
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applying a slight modification to the block matrices of IndSnSαρψ.

Example 28. The tuple (α, ψ), where α = (2, 3, 3), ψ = ((2), (1, 1, 1), (2, 1)), indexes an

irrep of C3 ≀ S8.

Let a full set of coset representatives of the Young Subgroup Sα in Sn be R = {g1, ..., gk}.

Recall from the definition of a wreath product group (Definition 7.1.4) that a group element

in Cm ≀ Sn can be written as a tuple (f, π) where f ∈ Cnm and π ∈ Sn. For (f, π) ∈ Cm ≀ Sn,

the irrep matrix ρ(α,ψ)(f, π) is the block matrix, with the (i, j) block defined as

[ρ(α,ψ)(f, π)]ij = χα(g−1i · f) · [IndSnSαρψ(π)]ij

= χα(g−1i · f) · ρψ(g−1i πgj)

for i, j ∈ {1, . . . , k}. where:

• the action of g ∈ Sn on f ∈ Cnm, (g−1 · f) is defined in Equation (11.8),

• χα is defined in Equation (11.7))

• ρψ =
m⊗
i=1

ρψi , is an irrep of the Young Subgroup Sα as defined in Definition 11.4.1.

The dimension of this representation is d(α,ψ) = [Sn : Sα]·
m∏
i=1

dψi , where dψi is the dimension

of the irrep ρψi of Sαi . Recall that Cm is an abelian group, so it only has one dimensional

irreps, which also means that χα(g−1i · f) is one dimensional.

Example 29. Let α = (2, 3, 3) and ψ = ((2), (1, 1, 1), (1, 1, 1)) for the irrep indexed by (α, ψ)

of C3 ≀S8. Sα = S2×S3×S3. The coset index of S(2,3,3) in S8 is: [S8 : S(2,3,3)] = 8!
2!3!3! = 560.

The irrep indexed by partition (2) of S2 has dimension 1 and so does the irrep indexed by

(1, 1, 1) of S3. So the dimensionality of irrep (α, ψ) is: d(α,ψ) = 560× 1× 1× 1 = 560.

Example 30. Let α = (4, 2, 2) and ψ = ((2, 2), (1, 1), (1, 1)). The irrep (ψ, α) of C3 ≀ S8:

[S8 : S(4,2,2)] = 8!
4!2!2! = 420. Irrep (2, 2) of S4 has dimension 4 and irrep (1, 1) of S2 has

dimension 1. So the dimensionality of irrep d(α,ψ) = 420× 4× 1× 1 = 1680.
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11.5 Implementation Details for Computing Wreath Product

Irreps

In the previous section, we provided mathematical formulae for computing the irreps. In

this section we will give some insight into how we actually computed these irreps in code.

All of the irreps of S8 and Pyraminx (C2 ≀S6) can be computed once and loaded into RAM

when needed since the size of the groups are relatively small. We do this by constructing

a dictionary mapping group elements which can be encoded as tuples of integers to their

associated representation matrix for every single irrep. The 2-by-2 cube group (C3 ≀ S8),

however, is too large to load every irrep matrix into RAM so we only store and load the

irrep matrices ρψ of Sα and IndSnSαρψ. At runtime, we compute the scalar factors χα(g−1i · f)

to multiply with each non-zero (i, j) block of IndSnSαρψ to construct ρ(α,ψ).

To construct the irreps indexed by (α, ψ) of Cn ≀ Sm we need to perform the following

computations:

• Compute a set of coset representatives of Sα in Sn: R = {g1, . . . , gk} where k = [Sn :

Sα]. This can be done with mathematical software such as SageMath or a library for

symbolic math such as Sympy. We implemented our own permutation class in python

which was feasible since |S8| = 40320 is small enough to brute force.

• Construct the irrep ρψ of Young Subgroup Sα, by taking the tensor product of the

Symmetric group irreps: ρψ(g) = ρψ1(g) ⊗ . . . ⊗ ρψm(g). Cache the mapping from

group element g to its corresponding irrep matrix ρψ(g) in a dictionary/hashmap and

store it to disk as a pickle/binary file

• For each π ∈ Sn, determine the block sparsity pattern of the induced representation

IndSnSαρψ, cache the block permutation structure: This just involves computing the

(i, j) indices such that g−1i πgj ∈ Sα. Again, since we only need to do this for Sn = S8,
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it is feasible to brute force this computation. Cache the indices for each π ∈ Sn in a

dictionary/hashmap and save it to disk in a pickle/binary file.

• At runtime, load the pickle/binary files of the irrep of Sα and the nonzero block entries

of the induced representation. Evaluate the irrep matrix of (f, π) ∈ Cnm ≀ Sn:

– load the representations ρψ(π) from disk

– load the non-zero block indices {(i, j) | 1 ≤ i, j ≤ k, g−1i πgj ∈ Sα} from disk

– compute the block scalars: χα(g−1i · f)

– construct the block matrix using the cached values, which effectively amounts to

performing table lookups and performing a scalar multiplication on various blocks

of the irrep matrix

As mentioned earlier, constructing the irreps of Sα amounts to taking tensor products of

the individual irresp of Sαi . The partition parts of α are all between 0 and 8 so in fact, we

can enumerate all possible group elements of Sα and manually compute tensor products of

individual group elements of Sαi .
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CHAPTER 12

EXPERIMENTS

We demonstrate the efficacy of the learning over the Fourier bases of the following three

permutation puzzles using Algorithm 3: Pyraminx (Fig 7.2a), S8, and the 2-by-2 cube (Fig

7.1).

• Pyraminx (without the tips): a subgroup of C2 ≀ S6 with 11520 states, and a diameter

of 9. The tips can trivially be moved to the correct position, so we choose to ignore

them.

• An S8 puzzle with 40320 states and a diameter of 9. The generators of this puzzle are

the S8 permutations associated with the six valid face moves of the 2-by-2 cube.

• 2-by-2 Rubik’s Cube: a subgroup of C3 ≀ S8 with 3.67× 106 states, and a diameter of

14. Note that we are using a symmetrized version of the 2-by-2 cube, by modding out

the 24 rotational symmetries of the cube (the full 2-by-2 cube has 88 million states).

The goal of our experiments is to show that we can learn effective value functions in the

Fourier basis , where effectiveness is measured according to:

1. How often does our learned value function give a locally optimal move at a given state?

When evaluating Vθ over all neighbors of a given state, is the argmax neighbor in fact

closer to the goal state?

2. If we use the value network in a greedy/best first search manner, how often does this

policy reach the goal state?

3. How well does the value function work when used in heuristic search?

We compare our models, which we will refer to as Fourier or irrep models going forward,

against deep value networks (DVN) and an optimal solver, which simply uses the ground
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truth shortest path distance as the value function. These three puzzles are small enough

that we can use Djikstra’s algorithm compute the shortest path distance of each state to the

goal state which is also used to compute the proportion of locally optimal moves. The DVN

uses onehot encoding representations of the puzzles while the Fourier models use the Fourier

basis representations.

12.1 Baseline DVN

For Pyraminx and the S8 puzzle, we parameterize the DVN as a multilayer perceptron with

one hidden layer and rectified linear unit nonlinearities; the hidden layer sizes were 1024 and

2048 respectively. For the 2-by-2 cube, the DVN architecture follows a similar architecture to

the one used by Agostinelli et al. [2019]: five fully connected layers with a rectified linear unit

nonlinearity placed after every non-output layer, and a residual connections on the third and

fourth fully connected layers. The layers have the following input and output dimensions:

(88, 1024), (1024, 2048), (2048, 2048), (2048, 2048), (2048, 1), where 88 is the size of the

one-hot encoding of a 2-by-2 cube state. See Figure 12.1 for a visual description of the deep

value networks.

Figure 12.1: Deep Value Network architecture for Pyraminx, S8 and 2-by-2 cube puzzles.
Every fully connected layer (besides the final layer) is followed by a rectified linear unit
activation. This DVN architecture is inspired by the architecture used by McAleer et al.
[2018] and Agostinelli et al. [2019].

For all puzzles, we decided the number of layers, hidden layer sizes, and residual layers by

a grid search over the set of hyperparameters. Similar to Agostinelli et al. [2019], we found

that increasing the number of layers did not improve training while wider hidden layers did.

We trained the Pyraminx, S8, and 2-by-2 cube models for a maximum of 60k, 100k, and
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300k epochs. For the 2-by-2 cube experiments, we terminated training for irrep models if

they showed no improvement in solves or locally optimal moves within the last 10k epochs.

12.2 Hyperparameters

During training, we sample a random walk of length 15 for Pyraminx, the S8 puzzles, and a

random walk of length 25 for the 2-by-2 cube. All model parameters were optimized using

Adam [Kingma and Ba, 2014a]. For all the Fourier models, we used a learning rate of 0.005

and a minibatch size of 128 for the two smaller puzzles and 32 for the 2-by-2 cube. For the

DVN, we used a learning rate of 0.003 and a minibatch size of 128. The initial weights of

the the DVN were drawn from a normal distribution with mean 0 and standard deviation of

0.03, 0.05 or 0.1. The capacity of the circular cache was 100, 000 and the target network was

updated every 100 epochs. In our experience, most of these hyperparameters (except the

model architecture of the DVNs) can be slightly modified without changing the performance

of the models too much. We picked the various hyperparameters by randomized grid search:

after training DVNs for 10k for the smaller puzzles or 50k epochs for the 2-by-2 cube over

various parameter settings, we picked the ones that lead to the highest proportion of locally

optimal moves. The one parameter that was fairly important to get right was the discount

parameter γ. The Fourier and DVN models were optimal when γ was set to 0.99 or larger

and did not converge to an effective value function when set to anything lower than 0.98.

For the Fourier models, the only model parameter to choose is the set of irreps/Fourier

basis functions to use for parameterizing Vθ. Finding the best k irreps to use would require

performing a cross validation over O(|R|k) different combinations of irreps, which is not

practical. Instead, for each puzzle, for each irrep ρ, we trained a Fourier model using only

that single irrep ρ over 50, 000 epochs. We then ranked the irreps by the proportion of

locally optimal moves made over a random sample of puzzle states. We suspect that a

deeper understanding of the group structure of the puzzles will inform us on how to choose
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which irreps to use which we leave for future work.

Table 12.1 shows the top ten irreps by the proportion of locally optimal moves predicted

and proportion of validation samples that could be solved by following the Fourier model

greedily. The results show that the top two irreps are far and away the most effective irreps

to use for a set of basis functions to repesent our value function in. For the two smaller

puzzles S8 and Pyraminx, we performed a similar validation procedure to rank the irreps.

Since S8 and C2 ≀ S6 were much smaller groups, we could afford to use more/most of the

irreps in the value function.

Table 12.1: Solve statistics for one irrep Fourier models on 2-by-2 cube after 50, 000 training
epochs.

Irrep
α ψ Locally Optimal Moves Greedy Solves

(2, 3, 3) ((2,), (1,1,1), (1,1,1)) 0.83 0.67
(4, 2, 2) ((4,), (1, 1), (1, 1)) 0.80 0.44
(4, 2, 2) ((2, 2), (2,), (2,)) 0.73 0.07
(2, 3, 3) ((1, 1), (2, 1), (2, 1)) 0.71 0.04
(4,2,2) ((4,), (2,), (2,)) 0.68 0.02

(2, 3, 3) ((1,1), (2,1), (2,1)) 0.66 0.03
(4, 2, 2) ((2,2), (2,), (2,)) 0.66 0.02
(2, 3, 3) ((2,), (2,1), (2,1)) 0.64 0.04
(3, 1, 4) ((2,1), (1,), (3,1)) 0.63 0.03
(3, 4, 1) ((2,1), (3,1), (1,)) 0.63 0.03

The algorithm for learning the value function with the DVN is identical to Algorithm 3

except lines 5 − 6 use the one-hot encoding of the puzzle states instead of the irreducible

representations and Vθ would instead be a neural network parameterized with weights θ. For

Sn the one-hot encoding of σ ∈ Sn is its corresponding permutation matrix vectorized. For

Pyraminx and the 2-by-2 cube, which are both wreath product groups, recall that an element

of the wreath product group Cm ≀ Sn can be represented as a tuple (τ, σ), where τ ∈ Cnm

and σ ∈ Sn. The onehot encoding of τ is an m × n binary vector. A onehot encoding of

(τ, σ) is just a concatenation of the individual onehot-encodings of τ and σ. So the one-hot
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Figure 12.2: Proportion of locally optimal moves
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Figure 12.3: Proportion of puzzles solved with greedy policy

encoding of a state of the Pyraminx puzzle (C2 ≀ S6) has length 6 × 6 + 2 × 6 = 48. The

one-hot encoding of a state from the 2-by-2 cube (C3 ≀ S8) has length 8× 8 + 3× 8 = 88.

12.3 Evaluation

We evaluated the proportion of local optimal moves made and proportion of random puzzles

solved using a greedy policy in conjunction with the learned value function every 1000 epochs.

We say that value function produces a locally optimal at state s if the argmax of V on the

neighbors of s is in fact a state that is closer to the goal state than s. For the two smaller

puzzles, we evaluated the proportion of locally optimal moves and greedy solves over all the

legal puzzle states. The 2-by-2 cube is too large to do this for all for all cube states so we

instead did this for a random sample of 1000 cubes. We repeated the training for each model
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over five random seeds. In Figures 3 and 4, we plot the median values of these metrics with

the max and min shaded. All experiments were run on a GeForce GTX 1080 Ti GPU with

64 GB of RAM.

Table 12.2: Proportion of puzzles solved by greedy search

Puzzle Model Parameters % Greedy Solves (± std) % States seen Train time (hrs)

Pyraminx DVN 1.1× 106 96.2± 0.7 100 2.5

Top 8 Irrep 9.5× 103 65.4± 1.7 100 1.1

Top 16 Irrep 1.4× 104 84.1± 1.4 100 1.2

Top 24 Irrep 1.7× 104 96.9± 0.7 100 1.3

S8 DVN 4.3× 106 77.0± 0.9 93.8 2.9

Top 2 Irrep 8.0× 103 81.6± 0.1 93.8 1.6

Top 3 Irrep 9.2× 103 93.1± 0.7 93.8 1.6

Top 4 Irrep 1.2× 104 95.2± 1.5 93.8 1.7

2-by-2 Cube DVN 1.0× 107 11.4± 2.1 47.6 14.5

Top 1 Irrep 6.3× 105 67.3± 2.2 19.2 9.2

Top 2 Irrep 9.8× 105 86.6± 0.7 13.2 12.3

Top 2 Irrep - Rank 1 2.8× 105 9.4± 1.1 4.5 2.9

Top 2 Irrep - Rank 10 2.8× 104 47.7± 1.4 4.5 3.0

Top 2 Irrep - Rank 100 2.8× 103 58.8± 1.3 4.5 3.5

All Puzzles Opt Solver(Djikstras) - 100 100% -

12.4 Heuristic search with the value function

To get another measure of how effective these learned value functions were, we used the

Fourier models and the DVN in A∗ search and kept track of the number of states explored.

We only do this for the 2-by-2 cube since a greedy/best first search policy is already quite

effective on the smaller puzzles. A∗ search results in an optimal path if the heuristic function

used is admissable, which means it never underestimates the true distance to the goal state. If

a heuristic function is not admissable, the A∗ search will end up searching all the legal states

of the puzzle. We have no such admissability guarantees on the Fourier value function or

the DVN, but we can still use A∗ search since the 2-by-2 is small enough that the search will

eventually terminate after visiting all states. We generate 1000 sample test cubes uniformly

and tested the Fourier models (including the low rank models) and the DVN. A puzzle state
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is considered ”explored” after we evaluate the value function on each of its neighbors and

add them on the priority queue of puzzle states to explore next. In general, it is preferable

to have a heuristic function that requires fewer state explorations. Node statistics using an

optimal heuristic function (Djikstra’s shortest path) are also shown so that we have a sense

of how suboptimal these value functions performed.

12.5 Learning low rank Fourier models

One of the downsides of the Fourier approach is its memory footprint. The top 2 irreps of the

2-by-2 cube have dimensionality 560 × 560 and 420 × 420. So the learned Fourier matrices

have: 2 × (5602 + 4202) = 9.8 × 105 parameters. However, as proposed in Section 10.1, we

can address the scaling issues by learning low rank Fourier matrices. To demonstrate the

feasibility of learning low rank Fourier matrices, we train rank 1, 10 and 100 Fourier matrices

for a Fourier model that uses the top 2 irreducible representation of the 2-by-2 cube. We

use these resulting low rank Fourier models in A∗-search as well. Figure 12.4 shows the

proportion of greedy solves and proportion of locally optimal moves of the low rank models

compared to the full rank model. While the full rank model still performs better than any of

the low rank models, the results demonstrate that if we are in a low-parameter setting, we

can in fact achieve most of our desired performance with low rank models. Moreover, these

low rank models (rank 10 and 100), still outperform the baseline DVN.

12.6 Discussion

Figures 12.2 and 12.3 show that our Fourier approach unequivocally outperforms DVN in

terms of the number of states that need to be seen to learn a successful policy. Table 12.2

gives the final proportion of random puzzles solved using each of the learned value functions

with greedy search and the number of unique puzzle states seen during training. For the
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Table 12.3: 2-by-2 cube A∗ search solve statistics

States explored
Model Solved Lower Quartile Median Upper Quartile
Opt Solver(Djikstras) 100% 10 11 11
DVN 100% 25 67.5 179.75
Top 1 Irrep - Full Rank 100% 12 13 16
Top 2 Irrep - Full Rank 100% 11 12 14
Top 2 Irrep - Rank 100 100% 11 13 16
Top 2 Irrep - Rank 10 100% 12 14 17
Top 2 Irrep - Rank 1 100% 13 18 25

smaller puzzles, the DVN is still a reasonable policy and with more training would likely

outperform the Fourier models. For the 2-by-2 cube, the difference between the DVN and the

Fourier models is substantial: the Fourier models learn can solve up to 86% of the sampled

cubes while the DVN can only solve around 14% at most under a greedy policy. It is not

entirely surprising that the Fourier models would outperform the DVN since the DVN must

learn a representation from the one-hot encoding of puzzle states. As shown in Table 12.3,

when the Fourier based value functions are used in heuristic search, we solve all the randomly

sampled test cubes within the allotted state exploration budget. The irrep models do not

find optimal (shortest) paths to the solved state (in terms of number of states explored), but

considering the number of unique cube states they were trained on (especially the low rank

models), we believe the performance is noteable.

Our results lend support to the common complaint that deep reinforcement learning

is quite sample inefficient. Using one-hot encodings and deep neural networks as function

approximators for solving permutation puzzles is attractive because they avoid the need for

any domain expertise; the dynamics of the puzzle can be learned by sufficiently sampling

the state space. We show that there is a middle ground between using domain knowledge

and learning from the sampled puzzle states through reinforcement learning by using the

Fourier basis. We can still learn effective value functions through the same value iteration
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techniques and we can do so much more efficiently in the Fourier basis, which are intrinsic

to each puzzle.

12.6.1 Miscellaneous Experiment Details

We trained low rank Fourier models in the basis spanned by the top 2 irreps for the 2-by-

2 cube. The top two irreps comprise a total of: 560 × 560 + 420 × 420 = 490000 basis

functions, which happens to be a perfect square: 700× 700. This allowed us to express the

parameters of the low rank value function as θk = UkV
⊤
k ∈ C700×700: where Uk ∈ C700×k,

Vk ∈ C700×k for rank k = 1, 10, 100. We trained the low rank models until their performance

on proportion of greedy solves and locally optimal moves converged, which happened after

20k epochs. Over the course of these 20k epochs, the low rank models saw only 165k unique

cube states, or about 4.5% of all possible states. Figure 12.4 shows the proportion of locally

optimal moves and proportion of greedy solves made by the low rank models during training

plotted against the performance of the full rank top 2 irrep model. As we can see from

these plots, the low rank models have limited capacity but also converge in a fraction of the

training epochs required for the full rank model.
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12.6.2 Hyperparameters

As we mentioned earlier in Section 12.2, we chose the hyperparameters of our training proce-

dure and baseline DVN architecture by doing a randomized grid search over the parameters

listed in Table 12.4. While McAleer et al. [2018] and Agostinelli et al. [2019] both used batch

normalization layers after each layer’s ReLU activation, we found that it slowed training time

without improving the proportion of solves and locally optimal moves.

Table 12.4: Hyperparameters

Parameter Values

seed {0, 1, 2, 3, 4}
minibatch size {32, 64, 128}
learning rate [0.003, 0.006]
discount γ {0.95, 0.96, 0.97, 0.98, 0.99, 1}

hidden layer size {512, 1024, 1536, 2048}
number of layers {1, 2, 3}

weight initialization std 0.03, 0.05, 0.1
replay buffer capacity {10000, 100000}
target update interval {50, 100}

12.6.3 Irreps

Tables 12.5, 12.6 and 12.7 show the irreps used for the Pyraminx, S8 and 2-by-2 cube

experiments respectively. The irreps of Sn are indexed by partitions of n. The irreps of

wreath product groups of the form Cm ≀ Sn are indexed by tuples (α, ψ), where α is a

partition of n and ψ is a tuple of partitions, where each ψi ∈ ψ is a partition of αi.
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Table 12.5: Top 24 irreps used for Pyraminx

α ψ d(α,ψ) d2
(α,ψ)

(3, 3) ((2, 1), (3)) 40 1600
(3, 3) ((2, 1), (1, 1, 1)) 40 1600
(2, 4) ((1, 1), (2, 1, 1)) 45 2025
(2, 4) ((2), (3, 1)) 45 2025
(4, 2) ((1, 1, 1, 1), (2)) 15 225
(2, 4) ((1, 1), (4)) 15 225
(1, 5) ((1), (3, 1, 1)) 36 1296
(5, 1) ((4, 1), (1)) 24 576
(2, 4) ((1, 1), (3, 1)) 45 2025
(4, 2) ((1, 1, 1, 1), (1, 1)) 15 225
(4, 2) ((2, 1, 1), (2)) 45 2025
(0, 6) ((), (5, 1)) 5 25
(6, 0) ((1, 1, 1, 1, 1, 1), ()) 1 1
(6, 0) ((4, 1, 1), ()) 10 100
(6, 0) ((2, 2, 2), ()) 5 25
(6, 0) ((3, 3), ()) 5 25
(0, 6) ((), (2, 1, 1, 1, 1)) 5 25
(1, 5) ((1), (5)) 6 36
(1, 5) ((1), (2, 1, 1, 1)) 24 576
(1, 5) ((1), (1, 1, 1, 1, 1)) 6 36
(1, 5) ((1), (2, 2, 1)) 30 900
(1, 5) ((1), (3, 2)) 30 900
(2, 4) ((2), (4,)) 15 225
(2, 4) ((2), (2, 2)) 30 900

Total basis functions 17621

Table 12.6: Top 4 irreps used for S8

λ dλ d2λ

(4, 2, 2) 56 3136
(3, 2, 2, 1) 70 4900
(5, 1, 1, 1) 35 1225
(3, 3, 1, 1) 56 3136

Total basis functions 12397
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Table 12.7: Top 2 irreps used for the 2-by-2 Cube

α ψ d(α,ψ) d2
(α,ψ)

(2, 3, 3) ((2), (1,1,1), (1,1,1)) 560 313600
(4, 2, 2) ((4), (1,1), (1,1)) 420 176400

Total basis functions 490000
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CHAPTER 13

CONCLUSION

13.1 Concluding Remarks

We developed the first approach to using the irreducible representations of wreath product

groups to solving the 2-by-2 cube in the reinforcement learning setting. We demonstrated

that our Fourier approach can also be further approximated in a low-rank setting. Our

method learns a more effective policy for solving the 2-by-2 cube using far fewer samples

than the existing standard deep reinforcement learning method. As far as we are aware, this

is also the first application of the representation theory of wreath product groups and the

symmetric group in reinforcement learning.

13.2 Future Work

There are a few natural questions that our findings bring up:

1. How do we pick the irreps to learn our value function over?

2. Is there a good reason we should be able to learn low rank Fourier matrices?

3. How might we scale these linear Fourier models to larger groups?

4. Is there some way we can combine these Fourier ideas with neural network approaches?

Recall that in our experiments, we first trained individual models over each irrep sep-

arately over a limited number of training examples and ranked the irreps based on their

performance. Using these rankings, we picked the top k irreps for longer training runs. This

is potentially very expensive for larger (non-abelian) groups as both the number and dimen-

sion of the irreps will increase with the group size. We were also somewhat lucky that the

value function for the 2-by-2 cube could be so well approximated with only 2 irreps. It is
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not entirely clear to us why 2 irreps sufficed for the 2-by-2 cube whereas Pyraminx required

much more than 2.

At the moment, we do not know for sure why we might be able to expect the learned

Fourier matrices to be low rank. One potential line of thought is that we can maybe ap-

proximate the true Fourier transform as a random linear combination of the representation

matrices and potentially use results from random matrix theory to give us some justification

for the low rank findings.

While there are concerns on how well this method can scale, the effectiveness of the low

rank Fourier models gives us hope that we can extend this work to larger groups, including the

3-by-3 Rubik’s Cube. The 3-by-3 Rubik’s cube’s group is a subgroup of (C3 ≀S8)× (C2 ≀S12).

Its irreducible representations are the tensor products ρ ⊗ ϕ, where ρ is an irrep of C3 ≀ S8

and ϕ is an irrep of C2 ≀ S12. The resulting Fourier matrix has size (dρ × dϕ) × (dρ × dϕ).

To learn a value function V for the Rubik’s Cube group, we would likely parameterize the

learnable Fourier matrices in V as the tensor products of low rank matrices to make the

problem tractable. Another potential saving grace is that these irreps of wreath product

groups are quite sparse.

Recall that pattern database heuristics solve easier sub-problems of our puzzle and use

the solutions to the easier sub-problems as a proxy for solving the original problem. In

permutation puzzles where the state space forms a group, a natural sub-problem to consider

are states that form a subgroup of the original group. If the puzzle’s underlying group is

too large to explicitly construct its irreps, is it feasible to construct these Fourier models for

solving the puzzles generated by certain subgroups? If so, is there a good way of finding

the useful subgroups to consider? In the 2-by-2 cube and the full Rubik’s cube, we know

that the 2-by-2 cube is in fact a subgroup of the full Rubik’s Cube (the subgroup formed by

ignoring the edge facets and only considering the corner cubies).

Another promising future direction might also be to use more domain knowledge in neural
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network architectures for value functions on permutation puzzles. We saw that the neural

networks proposed by McAleer et al. [2018] and Agostinelli et al. [2019] just encoded puzzle

states using one-hot encodings and did not exploit any information about the Rubik’s cube’s

symmetry group in their architecture or training procedure. Is there an input representation

besides the one-hot encoding and the Fourier/irrep basis encodings of the puzzle states that

capture the group structure? Can group theoretic ideas better inform the way we sample

our data, parameterize linear/nonlinear functions on the group? Recall that this notion of

smoothness for our value function is really a geometric idea that tries to leverage the graph

structure of the puzzle’s state space in the value function. Are there other properties of

permutation groups provide additional structure for our value function?

Finally, we have seen a wealth of research in equivariance in neural networks. It seems

natural to consider whether it makes sense to construct equivariant architectures for these

permutation puzzles. What do these group equivariant architectures look like in this domain?

We leave these open questions to enterprising future researchers.
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