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Dedicated to all my teachers throughout the ages, both formal and informal.

Amongst them, most of all to my parents.



In the beginning, the Universe was created. This made a lot of
people very angry and has been widely regarded as a bad move.

Douglas Adams: The Restaurant at the End of the Universe

“Would you tell me, please, which way I ought to go from here?”
“That depends a good deal on where you want to get to,” said the Cat.
“I don’t much care where —” said Alice.
“Then it doesn’t matter which way you go,” said the Cat.
“— so long as I get somewhere,” Alice added as an explanation.
“Oh, you're sure to do that,” said the Cat, “if you only walk long enough.”

Lewis Carroll: Alice’s Adventures in Wonderland

With ideas it is like with dizzy heights you climb: At first they cause you discomfort and

you are anxious to get down, distrustful of your own powers; but soon the remoteness of

the turmoil of life and the inspiring influence of the altitude calm your blood; your step
gets firm and sure and you begin to look — for dizzier heights.

Nikola Tesla: The Nikola Tesla Treasury
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ABSTRACT

Gravitational lensing of the cosmic microwave background (CMB) has recently started to
gain importance as a cosmological probe. With growing detection significance of this effect,
it is necessary to further develop theoretical understanding of its consequences. Such studies
are the main topic of this work, that is based on the papers [1, 2, 3].

We start by looking at correlations that the gravitational lensing induces between CMB
temperature, polarization and reconstructed lensing potential and investigate how neglecting
them in an analysis impacts constraints on cosmological parameters. We find that for the
planned CMB Stage 4 experiment, neglecting these correlations can significantly underes-
timate variance of certain combinations of cosmological parameters, as well as lead to an
increased frequency of mistakenly rejecting the underlying cosmological model.

Then we discuss a method we developed to directly measure the gravitational lensing
potential from the CMB data and explain how to practically perform such measurement.
This method helps us understand why it is necessary to include the lensing-induced covari-
ances to get correct constraints on cosmological parameters. Additionally, comparing direct
measurements of the lensing potential from various subsets of data or across experiments
allows for powerful consistency checks that can be used to search for residual systematics
and exotic new physics. When assuming a particular cosmological model, this technique can
also be used to probe internal consistency of lensing within a single data set.

In the final part of this work, we apply this methodology to check lensing consistency of
the Planck satellite data. We find that it is not possible to resolve the lensing anomalies seen
in this data even when allowing for an arbitrary gravitational lensing potential, beyond the
predictions of the standard cosmological model. Significances of these tensions are evaluated
at above 20; one possible explanation are residual systematics in the Planck temperature
power spectrum. Without large modifications, this technique can be applied to data from

other current and especially future experiments, where its full power will become manifest.
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CHAPTER 1
INTRODUCTION

In this chapter we aim to briefly overview the standard cosmological model, gravitational
lensing of the cosmic microwave background (CMB) and how it is possible to reconstruct
the gravitational lenses from the CMB power spectra data. All information in this chapter
is well known and explained in more detail for example in the excellent textbook [4] and

review of the gravitational lensing of the CMB [5].

1.1 ACDM

Various kinds of experimental evidence have lead to to the A cold dark matter (ACDM)
cosmological model as the “standard model” of cosmology, that is! in good agreement with
the available experimental data (e.g. [8, 9] and references therein).

It is based on the idea of a nearly homogeneous and isotropic Universe that has been
evolving according to the laws of general relativity. On top of matter and radiation, the
Universe is assumed to be filled with a mysterious “dark” energy that has recently become
dominant in setting the expansion rate of the Universe [10, 11]; in ACDM this dark energy is
just a cosmological constant A. As the Universe expands, the cosmic plasma, that with good
precision appears to be in a thermal equilibrium early on, cools down. Because of this cooling,
matter species eventually decouple from the plasma, leading to the observed abundances of
heavy elements. Possibly, this is also a mechanism behind the observed abundance of the
“dark matter”, which in ACDM makes up the majority of the matter in the Universe (e.g.
[3])-

The standard cosmological picture starts with an initial period of the so-called inflation

(see [12] for a review), during which small inhomogeneities on top of the homogeneous

1. Up to several interesting tensions such as [6, 7] that may or may not be signs of new physics. See also
Chapter 4.



background are generated by quantum effects. These perturbations have since been growing
under the opposing influences of gravity and pressure, leading to the rich structure we observe
in the Universe today.

While numerous cosmological probes are currently available, this work focuses on the
cosmic microwave background. During the period of recombination at redshift of ~ 1100,
photons decoupled from matter and have been traversing the Universe almost freely since
then. Today, we can measure CMB as a nearly perfect black-body with temperature Tonp =
(2.72548 £ 0.00057) K [13], nearly isotropic on the sky. The small perturbations produced
by inflation imprint on the CMB as O(107°) anisotropies and their measurements both test

the ACDM assumptions and constrain parameters of this model [8, 14, 15, 16].

1.2 Gravitational lensing of the CMB

As everything in the Universe, CMB photons are influenced by gravity. Traversing to us from
the last scattering surface, they probe the gravitational potentials sourced by the matter
between us and recombination. This way, they are sensitive to the growth of structure in the
Universe and provide a new source of cosmological information that can be used to confirm
or refute the ACDM model. The resulting photon deflections are on the order of a few arc
minutes and are coherent on degree scales, which is the typical angular size of the matter
structures responsible for the lensing. The current generation of the CMB experiments has
achieved angular resolutions and levels of instrumental noise that can probe this effect with
high statistical significance [14, 16, 17, 18, 19, 20, 21].

In the weak lensing regime we are interested in, gravitational lensing consists of remap-

ping the unlensed temperature T and Stokes parameters Q, U into their lensed counterparts



according to

T(h) = T(h+ Ve(n)) (1.1)
Q) = Q(h+ Ve(n)) (1.2)
Un) = U+ Vo(n)), (1.3)

where 7 is a position on the sky. The scalar field on the sphere ¢(n) is called gravitational
lensing potential and its gradient determines the deflections of the CMB fields. Gravitational
lensing potential represents a weighted integral of the Weyl potential along the line of sight
from us to the last scattering surface; its power spectrum C’%gﬁ can be calculated within a
considered cosmological model [5].

Information carried by the lensing potential ¢ can be recovered either by measuring its
effect on the CMB power spectra, in particular the smoothing of the acoustic peaks [22] and
generation of small scale B-modes, or by measuring higher point functions of the tempera-
ture and polarization maps. The latter is possible, because gravitational lensing generates
a correlation between measured CMB fields and their gradients [23, 24, 25], modifying the
simple Gaussian statistics of the unlensed CMB. In the next section we introduce the cur-
rently used technique to uncover lensing information from the non-Gaussian statistics of the
CMB.

Because the gravitational lensing signal depends on growth of structure at low redshifts,
it can be leveraged to break certain parameter degeneracies in the CMB data and used to
better constrain sum of neutrino masses and other parameters in models beyond ACDM, such
as properties of the dark energy. On the other side, B-modes generated by the gravitational

lensing act as a foreground for detecting the primordial tensor modes from inflation [26].



1.3 Lensing reconstruction

As mentioned in the previous section, the non-Gaussian structure induced in the CMB by
the gravitational lensing can be used to measure the lensing potential. In this section we
briefly describe the ideas behind the quadratic reconstruction technique [27] that is used
in the current analyses of CMB data. In the future, it will become advantageous to use
improved estimators [28, 29, 30, 31]. Although the experimental data are getting to the
point where polarization fields dominate the signal on reconstructed ¢, we focus here only
on the temperature-based quadratic estimator. Full details on estimators using the CMB
polarization fields can be found for example in the original work [27]; the general logic behind
these estimators is analogous to what is presented in this Section and our aim here is to give
the reader a quick, not a complete, introduction.

Expanding the lensed CMB temperature (1.1) to the first order in the gravitational

potential leads to

ST(R) =T () — T(R) ~ V;T(R)Vip(R) + O(¢?). (1.4)

Expanding all fields in the spherical harmonics and neglecting higher order terms in ¢, we

get

M ~on! M /
= 0 S ol 15)
LM Elm/

where the I symbol represents an integral over the spherical harmonics
bt — / Ay Y My (1.6)
It is related to a Wigner 3-j symbol through

mMm/ m ¢ L v
IKLE’ =(-1) y / FEorpr, (1.7)
—m m



where

CL+D(20+1)(20+1) [¢ L ¢
167 00 0

Fypp=[LIL+1)+ 0 +1)— 0+ 1)]\/ (1.8)

For a fixed deflection field, the temperature develops a nonzero covariance between the off-

diagonal elements,

4 L
<TfmTzZ71 > => (-1 fo, 00,01 (1.9)
LM mp m9g —M
with
T T
fflsz = C£1 FﬁgLél + C€2 FflLfg' (110)

The most general estimator of the lensing potential that satisfies the expected rotational
properties and is quadratic in the temperature field is the weighted sum of the multipole

pairs
. 0 by L
¢L :Nge (_1) g€1€2<L>T$1TZ2a (111)

l1,mq Lo,ma my mg —M

with an arbitrary gy, ¢,(L). In order to have an unbiased estimator in presence of a fixed ¢

field, we need

NE=QL+1)Y g0, (D) frney ¢ (1.12)
't

the minimal variance unbiased estimator is then the one corresponding to

fe,L0,

ST (1.13)
1

9oy0,(L) =

Because of fluctuations in the unlensed CMB, the power spectrum of the estimated lensing
potential has nonzero expectation value even in the absence of any lensing; this expectation

value is called the N(9) bias. Its value is equal to Nge (1.12) and in an analysis has to be
5



subtracted to avoid biasing the cosmological signal. In reality, one also has to address higher
order biases [32]; we refer an interested reader to the original literature as detailed discussion

of these biases is not directly relevant for the results of this work.

1.4 Conventions

We denote unlensed fields with a tilde, e. g. T. In the text, we usually omit the hat on top
of the reconstructed lensing potential and write it simply as ¢ instead of QAﬁ, as the two can
be distinguished from context.

Throughout this work we use capital letters X, Y, W, Z to represent either the CMB tem-
perature or polarization field, i.e. an element from {7, E, B}, and lower case letters x, y, w, z
to additionally include reconstructed lensing potential, i.e. an element from {7, FE, B, ngﬁ}

As a shorthand notation, we denote cosmological parameters of a given cosmological
model as 04. We label 04 a derived set of parameters that have the same effect on the
unlensed CMB power spectra as 6 4, but do not change the lensing potential (see Section 3.1

for more details).



CHAPTER 2
LENS-SAMPLE COVARIANCE EFFECTS

Gravitational lensing correlates the lensed temperature and polarization data [32, 33]; ne-
glecting these covariances can affect forecasts of constraining power of future experiments
and analysis of their data. We start this chapter by introducing the experimental config-
uration considered in this and the next chapter, before summarizing an analytical model
for the lensing-induced covariances and its extension that includes covariances with the re-
constructed lensing potential. After detailing our analysis pipeline, we use this model to
investigate how neglecting these lensing-induced covariances affects constraints on cosmo-

logical parameters.

2.1 Experimental setup

In this and the next chapter we investigate a simplified setup of a full sky experiment with
specifications inspired by the proposed CMB Stage 4 (CMB-S4) experiment [26].

For the fiducial cosmology we take a flat 6 parameter ACDM model with minimal neutrino
mass »_ my. For the ACDM parameters we take wy = Qbh2, the physical baryon density;
We = QchQ, the physical cold dark matter density; ng, the tilt of the scalar power spectrum,;
Ag, its amplitude; and 7, the optical depth to recombination. We choose 64, the angular
scale of the sound horizon at recombination, as opposed to the Hubble constant h, as the
sixth independent parameter. We also assume that tensor modes are negligible so that there
is no unlensed B mode. Values of the cosmological parameters for the fiducial model used
in this and the next chapter are summarized in Table 2.1.

For noise in temperature and polarizations, we assume a noise spectra [34]
XY _ A2 _0(0+1)62 8In2
N = A%y e D) Oewnn /82 (2.1)

where A xy is the instrumental noise (in pK-radian) and Opwy is the beam size (in radi-
7



Table 2.1: Fiducial parameters used in this and the next chapter

Parameter | Fiducial value
h 0.675
Qch? 0.1197
Qyh? 0.0222
ng 0.9655
Ag 2.196 x 1079
T 0.06
> omy 60 meV

ans). Throughout the text, we use capital letters X,Y, Z, W to represent either the CMB
temperature or polarization field, i.e. an element from {7, E, B}. We consider a 1’ beam,
Arp = 1uK', Aggp = Agpp = 14uK', and Arp = Arp = Agp = 0 and consider
measurements in the multipole range ¢ = 2 — 3000.

For parts of this chapter we also assume measurements of C’Ew from L = 2 — 5000 with
the reconstruction noise Nf¢ of the minimal variance quadratic estimator [27], N () noise
bias (see Section 1.3), and ignore other noise biases and trispectrum terms [32]. Comparison
of the C’zw with the reconstruction noise for our experiment ]\T}qu5 is plotted in Figure 2.1.
Notice that for these specifications, the lens reconstruction is sample variance dominated
for L < 103. This is one of the assumptions for our analysis of the lensing reconstruction
from the CMB-S4-like experiment: that lens sample variance will in the future dominate the

measurements of the lens power spectrum at low multipoles.

2.2 Lens-sample covariance

In this section, we present an analytical model describing non-Gaussian covariances between
the C’gjy power and cross spectra observables induced by gravitational lensing through the
same lenses on the sky. Here these x,y represent either the CMB temperature, polarization
or reconstructed lensing potential. Covariances predicted by this model have been tested

against numerical simulations in [33] for the temperature and polarization power spectra

8



Multipole ¢

Figure 2.1: Comparison of the lensing potential power spectra C’Zb(b (solid) with the recon-
struction noise forecast for the mock CMB-S4 experiment investigated here (dashed, see text
for details). The forecast is lens sample variance limited for ¢ < 103,



XY'; here we use the physical intuition gained in [33] to extend the same model to include
their covariance with measurements of ¢¢. A similar model has recently been also used in
(35, 36].

In this model the correlation matrix is split into a “Gaussian part” G that is diagonal in
multipole space and N which describes non-Gaussian correlations between multipoles,

TYWZ _ HTY,WZ TY,WZ
Covyp™ ™ =Gy~ + Ny (2.2)

The Gaussian part is modelled after the covariance of Gaussian random fields as

Oppr
TY,WZ Y24 Yz x yw
g@g/ N 216 + 1 Cg}%’€CeXp7€ T CEXZPJCGXP,E ) (23>

where the expectation value of the experimentally measured lensed CMB power spectra C’g}?p
includes the noise power spectrum Nz’py

Comt = Cp/ + N7 (2.4)

Even if we assume that the unlensed CMB fields X and ¢ are Gaussian, the lensed
CMB fields X are not. In our model, we take two non-Gaussian terms to compose the full

covariance,

Né?/’wz :Ne(g)xy,wz _{_Ng(f)xy,wz’ (2‘5)

which we now describe.

Gravitational lensing induces non-Gaussian covariances between the data because all
power spectra are affected by the same realization of the lensing potential; sample variance
fluctuations of the lensing power produce coherent changes in all the observed power spectra.

The effect accumulates over the whole multipole range of the lenses and is largest for those

10



C’éX Y which are the most strongly affected by lensing. It is modeled by adding an extra term

oCyY o ac;z;
aCY

>

(2.6)
508

to the non-Gaussian covariance N'. The power spectra derivatives are in practice calculated
using a two point central difference scheme from results obtained using CAMB! [37]. For
the reconstructed potential we take N, é(g)@ﬁ@cb = 0 as the corresponding variance is part of
the Gaussian term.

Sample variance of the unlensed EE power spectrum and its coherent propagation into

the lensed power spectra through gravitational lensing produces similar but typically weaker
XY,BB

effects. Following [33], we include this contribution only for Cov/,, , with
A BXYBB _ =00 - kv pEOCHT
Y = 805(37 VLT aCEE. (2.7)
L L L

Other sample covariance effects from unlensed fields on XY are negligible in comparison
[33].  We also assume that the analogous terms involving the reconstruction noise, e.g.
ON Z(w / 805 E and other non-Gaussian reconstruction terms are negligible. This should be a
good approximation in the lens sample dominated regime ¢ < 103.

XY-WZ we obtain for the CMB power spectra qualitatively agree

The covariances Cov
with those plotted in Fig. 1 of [33] for the same analytical model for covariances but for a
slightly different cosmological model. The less well studied covariances CovX Y00 are shown

in Figure 2.2; for illustrative purposes we plot the correlation coefficient

XY, 00
Ry, %7 = Covi . (2.8)
\/ COV‘EEY’XYCOV?{Z’W5

In this plot we assume experimental and reconstruction noise for our reference experiment.

1. https://github.com/cmbant/CAMB/
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(2.8) between the C’éXY CMB power spectra and

the power spectra of the reconstructed lensing potential ngb. Barely visible features for
Cxy = lyp < 50 in the first three panels represent contributions from the Gaussian terms

due to nonzero C’Z‘b, Cf¢.



We see that the covariances peak for ¢/ = lpy ~ 100 — 200 which reflects the fact that
most of the lensing is caused by lenses at these scales. In covariances with TT,TE and EFE
there are alternating regions of positive and negative correlations, corresponding to smearing
of the peaks and troughs; correlation with BB also shows acoustic features due to oscillations
in the unlensed CfE on top of a positive definite contribution. The broad band BB power
thus coherently covaries with the lens power [38]. These results also agree with Ref. [35, 36].

A similar analytic approach to modelling covariances was recently compared against nu-
merical simulations [36]. That model was found to work well after realization-dependent
noise subtraction. As can be seen from their Figs. 3 and 4, these subtractions affect mostly
correlations with lensing power spectra above ¢ ~ 1000 and would be hidden by recon-
struction noise in our approach. They also show that the other trispectrum terms to the
covariance, which we neglect, are subdominant. Potentially more troublesome is their find-
ing that there are some differences between the analytical model and simulations, especially

BB.0¢ at low ¢ gR which they claim appears to be statistically significant [39]. If

in Cov
confirmed, then our analysis implicitly assumes that such additional effects have negligible

effect on our results.

2.3 Simulated data and their analysis

To test importance of the lensing-induced covariances for getting correct cosmological pa-
rameter constraints, we simulate lensed CMB skies, compute the related power spectra C’g( Y
and analyze them in a Markov Chain Monte Carlo analysis using likelihoods that either in-

clude or omit the non-Gaussian covariances caused by gravitational lensing. In this section

we provide details of our analysis pipeline.
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2.83.1 Stmulated data

To simulate lensed CMB data we use the publicly available code Lenspix? [40] with un-
lensed CMB power spectra calculated by CAMB. We modified the code to lower its memory
demands and speed up the calculation, see Appendix A for details on these modifications.
Once the lensed CMB maps are generated, we add normally distributed instrumental noise

and calculate power spectra to form a simulated data set C’g( Y,

2.3.2  Markov Chain Monte Carlo analysis

We investigate the simulated CMB power spectra using the Markov Chain Monte Carlo
(MCMC) code CosmoMC? [41], which for a given realization of the data samples the poste-
rior probability in the space of cosmological parameters. We assume uniform priors in the
cosmological parameters and use the likelihood described below. In the MCMC runs we
sample the posterior until the Gelman-Rubin statistic R — 1 [42] drops below 0.01.

To avoid biasing results, we calculate the unlensed fiducial spectra which enter Lenspix
simulations with the same precision settings which is later used in CosmoMC. We checked
that increasing precision with which the lensing operation in CosmoMC is calculated (in-
creasing accuracy_boost in the lensing routine) does not have any effect on the resulting

parameter constraints.

2.3.3  Likelihood for CXY

An accurate likelihood for CMB power spectra data C’@XY has to capture both lensing-

induced covariance Cov‘g?,/’WZ

and the non-normal distribution of the power spectra at low
multipoles. Here we illustrate these effects with simulated data and then describe our model

for the likelihood.

2. https://github.com/cmbant/lenspix
3. https://github.com/cmbant /CosmoMC
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Using 2000 Lenspix simulations, it is possible to illustrate that the lensed CMB data are
indeed correlated. Because this number of simulations is insufficient to show correlation of

individual power spectra multipoles, we look at correlation between band powers

lo

1 (0 +1)ACKY
Py = £ 2.
bile ™ gy — g (ZE: o ’ (2.9)
=t1
where
ACKY =CitY —Ci), (2.10)

is the deviation of the experimentally measured power spectrum from its expectation value.
As an example, in Figure 2.3 we plot the distribution of two BB band powers as determined
from our simulations, together with theoretical curves showing 68% and 95% confidence
intervals derived from our model for the covariance Cov‘gfg,/’WZ. We see that the data are
indeed strongly correlated and that the model describes this correlation well.

YWz of the

Fortunately for the likelihood construction, non-Gaussian covariances N, Z;,
low ¢ data are considerably smaller than the corresponding Gaussian part of the covariance.

Indeed, the largest correlation coefficient

NXYWZ
REYWZ _ A 2.11
C XY,XYC WZWZ

with ¢ < 30 is 8 x 1074, We shall therefore neglect lensing-induced covariances in the
likelihood for the large scale data.

As pointed out above, the low ¢ data are not normally distributed. For example, in
Fig. 2.4 we plot the distribution of B-mode power spectra including noise for ¢ = 2,30
obtained in the same Lenspix simulations. In the same plot we show a normal distribution

centered on the expected mean of the data, with standard deviation given by the Gaussian
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Figure 2.3: Light gray circles show the correlated values of the binned power spectra
Pl%OBO,li%OO and Pl%(])3071800 as determined from 2000 Lenspix simulations. Blue lines encom-

pass regions of 68% and 95% confidence determined from these simulations. For comparison,
dashed red lines show the same confidence intervals based on our theoretical model for co-
variance.
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expectation (2.3)

[ 2
BB BB
O'£ = —2£+ 1Cexp,€' (212)

It is clear that for £ = 2 the normal distribution is a poor description of the data. Instead,
as expected, ng 1 distribution scaled by UEB fits the data well. In the case of large scale
B-modes this reflects the fact that they get most of their power from E,¢ modes at ¢ of
several hundred. Each coefficient in the spherical harmonic expansion of the B map is then
a combination of many random fields and thus approximately normally distributed, which
leads to a X2 distributed power spectra. For low ¢ TT,TE and FF, the distributions just
mirror the unlensed CMB fields, due to negligible effects of lensing on these fields. Above
¢ ~ 30 the normal distribution becomes a good description for both the y? distribution and
the data.

Based on these considerations, our model for the likelihood treats é@x Y from the largest
scales (¢ < lprear) and from smaller scales separately and independently. The choice of the
division point is somewhat arbitrary; in this work we use f} o1 = 30.

N EXE,Y’WZ and assume there is no

Below #}.0ac We neglect lensing-induced covariance
correlation between B modes and T, F modes. Data with different multipoles ¢, ¢ then
decouple. The likelihood of measuring the data vector C’@XY (including instrumental noise)

when the expected power spectra are C’g}({ g ¢ 1s then a product of inverse Wishart distributions,

£€<£break X Hg:2 exp,l (213)

204+ 1 -1,
X exp - (Cé)f(g:g) C@XY
XY

gbreak_l‘ XY _(26"_1)/2

Here | - | is a determinant of - viewed as a matrix, here in the X,Y space.

For ¢ > lp1eax We neglect the non-normality of the distribution of each multipole and
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instead model the lensing-induced covariance between multipoles:

—-1/2
Lysgy,.. o |Cov| ™ (2.14)
1 XY WZ wWZz
exp [ — 5 Z AC (C fﬁ’ > ACE/ .
E, v > Ebreak
XY, WZ

In all analyses of simulated data we neglect the dependence of the covariance matrix on the
cosmological parameters; we evaluate it at the fixed fiducial model of Tab. 2.1.

To assess the impact of non-Gaussian covariance, we also investigate the likelihood
Lo >0, 1 which the non-Gaussian covariance Covy g is replaced by the Gaussian co-
variance g& o

By joining the large and small scale portions independently, we then form the total
likelihood for the data

mL=mLyp  +ILpy (2.15)

and

Ly =Ly +InL (2.16)

g.l>lyreak”

up to irrelevant additive constants.

2.4 Parameter constraints from temperature and polarization

power spectra

In this section we investigate how neglecting lensing-induced covariance affects constraints
on cosmological parameters when considering only the CMB temperature and polarization
power spectra.

The lensing-induced covariance is an additional source of correlated noise so constraints
based on the likelihood with the Gaussian covariance are typically too optimistic. Similar

studies on the impact of non-Gaussian covariances have been previously performed mainly
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using the Fisher approximation [33, 36, 43]. We focus here on the six parameter flat ACDM
cosmological model and its two extensions where either the sum of the masses of neutrinos
> > my, (ACDM+> m,) or the dark energy equation of state parameter w (ACDM+w) is
allowed to vary. We find that in at least one case (ACDM+w) the Fisher approximation
significantly underestimates the impact of the lensing-induced covariance.

For ACDM we on simulations also explicitly illustrate how neglecting lensing-induced
covariance leads to a significant increase in the fraction of realizations in which the parameters
of the underlying cosmological model are excluded at 95% confidence, which is potentially

important for concordance studies.

2.4.1 ACDM

Neglecting lensing-induced covariances for a typical simulated CMB dataset affects con-
straints on ACDM parameters as shown in Fig. 2.5. Shifts in the best fit parameter values
are typically not very significant; the major effect of including lensing covariances is a weak-
ening of the best constrained directions between degenerate parameters, most notably that
between Q.h2 and As. We comment on the origin of this effect in Section 3.3.

Because of marginalization of other parameters, the two-parameter posteriors in Fig. 2.5
hide some of the effects of the non-Gaussian covariance. To uncover the maximal possible

effect on a single quantity, we construct the linear combination of the cosmological parameters

M=Y Ky (eA—0§d> (2.17)
A

that maximizes the ratio of Gaussian to non-Gaussian errors. Here K4 = {5.8,—13.4,18.4,
—1.1,-2.6,3.1} for the parameter ordering {1000s, Qch?, Qph? ns,In Ag, 7). As we discuss
in greater detail in Section 3.3, M can be interpreted as a combination of cosmological
parameters which mainly changes the lensing potential, especially at low ¢.

Dashed red lines in Fig. 2.6 show posterior probabilities for M, as determined from a

20



B Non-Gaussian covariance
— Gaussian covariance

0.1205}
a
= 0.1200}

QO
c 0.1195}

* 1.04185F

0

9 e e e —
@77 @ —

©eoe®

.\
@®

0'063 i

1.04170¢

100

1.04155F

0.063}
0.0601
&~ 0.057}
0.054}

" 3.094}
o 3.088
O 3.082f
—

~— 3.076}

0.967}
* 0.964]
N

0.961}

S v N O
N

5 §8¢
S ISEESIRSS

0.1200 L

N S &
& 3 &
S} <) o S
<} <} ~

1 041854

~

0,0
D s
0.

N h? 1006, r  In(10"4,) n

c
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single MCMC run based on £ (top) and Lg (bottom). The same simulated CMB sky as in
Fig. 2.5 is used, the maximum has been shifted to zero for future convenience, and the y-axis
units are arbitrary. The standard deviations of these two posteriors are aﬁ =2.1x1073 and
0%4 = 1.0 x 1073, both within 3% of the Fisher forecast prediction displayed in Fig. 2.6 by
a solid blue line. The analysis based on a Gaussian likelihood Ly therefore underestimates
the errors of M by over a factor of 2.

While the impact of this direction is hidden in the marginalized errors of the base ACDM
parameters, it reveals itself in an increased frequency of Type 1 errors: falsely rejecting the
true model. This effect would be particularly problematic for concordance studies searching
for tensions between various cosmological datasets.

Since a full study of Type 1 errors in thousands of data realizations is computationally
expensive, we illustrate this problem by analytically approximating the best fit values of the
parameters, including M, for each realization. We assume the data are sufficiently close to
the fiducial model that it is possible to approximate the C@X Y as linear in the parameter
deviations 04 — Hﬁld. Neglecting for the moment complications arising from presence of
the low ¢ data by assuming all the data are distributed according to a multivariate normal
distribution with covariance (2.2), we obtain the maximum likelihood or best fit estimate for

a cosmological parameter 92{ as?

Aby = 05 —ofid (2.18)
_ _19D; -1 A fd
= B;jFABﬁTBZ (Cov >¢j (D; - D).

with ¢ running over all XY,/

Here the power spectrum data are indexed as D; = C’@XY

4. Numerical maximization of the likelihood in ten simulations provides an average shift in M below
0.08 o pr,be with respect to the analytic formula (2.18) for either covariance. The analytic treatment is thus
sufficiently accurate for our purposes.
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Figure 2.6: Histograms showing best fit values of M determined from 2000 lensed CMB skies
using an analytic approach (see text) for analysis based on non-Gaussian (top) and Gaussian
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determined from a single CMB realization, shifted to zero for better comparison. Despite
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not reflect the much wider best-fit distribution in the Gaussian case.
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elements and B runs over ACDM parameters. The Fisher information matrix,

Fyp = Z 892 (Cov)y; Ty (2.19)
1]

and parameter derivatives are evaluated around the fiducial model.

With the best fit values of cosmological parameters we can directly calculate the best fit
values of M for both the non-Gaussian and Gaussian analysis. The two differ only in the
choice of covariance matrix in Egs. (2.18) and (2.19).

Best fit values of M determined from 2000 simulated CMB skies are shown in histograms
in Fig. 2.6 for the non-Gaussian (top) and Gaussian (bottom) covariance analyses. In the
non-Gaussian case, this distribution has a standard deviation gR/ibf = 2.1 x 1073 which
is in excellent agreement with the prediction from the posterior a?}g determined from the
MCMC analysis of single realization as well as the Fisher approximation. On the other
hand, in the Gaussian analysis the best fit values of M scatter with standard deviation
O'%/Lbf = 2.5 x 1073, which is 2.5 times the width of 0%4 despite the latter agreeing with its
Fisher approximation. This mismatch can lead to Type 1 errors in cases where the best fit
M fluctuates away from the fiducial value zero.

Notice that the best fit distribution is wider in the Gaussian than non-Gaussian case by
a factor of ~ 1.2 which further exacerbates the probability of Type 1 errors. This is not
surprising, Eq. (2.18) is a minimum variance estimator only if the assumed model of the
covariances is correct which it is not in the Gaussian case.

To quantify the probability of Type 1 errors considering all parameters that specify the
ACDM model, we can also compute x2 between the best fit and the true fiducial model

assuming the errors from the posterior

X2(A04) =Y A04Cov ;A0 ~ Y A0 FapA0p. (2.20)
AB AB
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In order to estimate x?2 for each of the 2000 lensed CMB simulations, we again use the Fisher
matrix as an approximation to the inverse covariance.” The variable X2(A9 4) should be X%
distributed, where 6 is the number of cosmological parameters in ACDM.

Histograms of XQ(AG 4) for the Gaussian and non-Gaussian analysis are compared in
Fig. 2.7 to the theoretical expectation. It is clear that in the Gaussian analysis, the mises-
timate of the parameter covariance as well as the suboptimal estimate of the best fit causes
a strong disagreement with the expected X% distribution.

For example, when the analysis is based on the Gaussian covariance, more than 30%
of the simulations show y2(Af4) > 12.59; for X% this value is exceeded only in 5% of the
cases. As pointed out above, this can be potentially dangerous for concordance studies.
The non-Gaussian covariance leads to much better agreement (~ 6.9% of simulations have
x?(Af4) > 12.59) and moreover there is no long tail to very high y2(6y4).

In the Appendix B we comment on small changes to some of the conclusions of this
section for an experimental configuration which observes only part of the sky and does not

measure data at multipoles ¢ < 30.

2.4.2 ACDM + > m,

In this section we release the neutrino mass from its fiducial value and investigate a seven-
parameter extension of ACDM. In this case, the two parameter contour plots, shown in
Fig. 2.8, show much smaller effects of non-Gaussian covariance than in ACDM, though the
impact is visible in the lower limit for > m,. Ref. [36] also found only small effects for this
case.

However, this does not mean non-Gaussian covariance can be neglected in this case, only

that its effects are hidden by marginalizations. As for ACDM, we can form a combination

5. Using the ten simulations in which we find actual best fit ACDM parameters and use actual posterior
covariance for the parameters, we can estimate what is the error from using in (2.20) the analytic estimator
for A4 and Fisher matrix. The average change in x?(64) we observe is 0.7, sufficiently smaller than the
width of the final distributions. Most of this difference comes from the analytic estimator (2.18).
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Figure 2.7: Histogram of X2(A9 4) for the parameter deviations of the best fit from the true
model (2.20), as determined from our simulations with Gaussian (blue) and non-Gaussian
(red) covariance. For comparison, the solid line is proportional to probability density function
of X%- The long tail in the Gaussian case leads to anomalously frequent Type 1 errors where
the true model is rejected at high confidence (see text).
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Figure 2.8: Comparison of MCMC constraints on ACDM+)> " m,, parameters with analysis
based on Gaussian (black curves) and non-Gaussian covariance (red shaded).
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of the cosmological parameters which is predicted by the Fisher forecast to show the largest

effect of non-Gaussian covariance,

MY =3 K4 (04— 05 (2.21)
A

with K% = {5.7,-13.3,18.4, —1.1,—2.6,3.1,0.29 eV 1}, for the ordering {1000, Q:h2, Qyh2,
ng,In Ag, 7,5 my}. In Fig. 2.9 we can see 1D posterior probabilities for M" from MCMC
analyses based on Gaussian and non-Gaussian covariance. It is clear MY constraints are
nearly as strongly affected by the lensing-induced covariance as M for ACDM, with standard
deviation degrading from 1.1 x 1073 to 2.2 x 1072, even though this effect does not show up
in any pair of base parameters. Likewise, the Gaussian analysis is prone to Type 1 errors as
in the ACDM case.

The standard deviations of M" quoted in the previous paragraph differ somewhat from
their Fisher forecasts: 1.0 x 1073 and 2.1 x 1073 for the Gaussian and non-Gaussian cases
respectively. This occurs in part because the posterior is non-normal due to the presence of
the physicality prior > m; > 0 which hides some of the non-Gaussian covariance effects (cf.
Fig. 2.8). In CMB realizations where neutrino mass is detected with high significance and
the effect of the prior boundary is smaller, M" constraints are in good agreement with the

Fisher prediction.

2.4.8 ACDM + w

In the model where we allow the dark energy parameter of state to vary, the effect of non-
Gaussian covariance is more pronounced and clearly visible already on posterior probability
distribution for w, see Fig. 2.10. The two analyses, based on £ and Lg, strongly disagree in
the low w tail; by neglecting the covariance induced by the gravitational lensing one would
wrongly rule out low values of w. For example, for this particular realization lower 95%

confidence limits (two sided) for the non-Gaussian and Gaussian likelihoods are —1.55 and
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1000 M*

Figure 2.9: Effect of the non-Gaussian covariance on constraints on a parameter combination
MY (2.21) within ACDM+)_ m,,; the combination was chosen to maximize this effect. Solid
line shows MCMC constraints with non-Gaussian covariance, dashed line with the Gaussian
covariance.
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—1.37 respectively. In Section 3.3 we look deeper into this behavior.

The impact of the non-Gaussian covariance depends to some extent on the best fit value
of w; simulations with lower best fit values of w typically show larger effects of non-Gaussian
covariance. To illustrate this, in Fig. 2.11 we show marginalized constraints on w for six
different simulations, both with Gaussian and non-Gaussian likelihood.

In the Fisher approximation, ACDM+w was investigated for essentially the same exper-
imental configuration in [43]. It was found that non-Gaussian covariances should increase
errors on w by only about 24%, which is considerably less than what we uncovered in the
full MCMC analysis. In this case, the local approximation thus gives misleading results, due
to the non-normal posterior which the Fisher approximation can not faithfully capture. The
origin of this behavior can be traced back to how dark energy affects lensing. As w decreases,
its effect on the lensing potential quickly diminishes, as dark energy ceases to be important
at redshifts where the lensing kernel peaks. Because in this case the parameter combination
constrained by lensing is significantly changing throughout the allowed parameter posterior,
the Fisher analysis fails to capture the full significance of the non-Gaussian covariance.

The maximally impacted linear combination of base parameters also shows an enhanced

non-Gaussian effect compared with ACDM and ACDM+)_ m,,. It reads
Me =37 Ky (04— 05, (2.22)
A

where K% = {5.7,-12.8,18.0, —1.0, —2.5,2.9,0.087} for the ordering {1000x, Qch2, Quh2, ns,
In Ag, 7,w}. Posterior probabilities for M from MCMC analyses based on Gaussian and
non-Gaussian covariance are shown in Fig. 2.12. In this case, the standard deviations
UR/.%W,Fish = 2.3 x 1073 and U%JW,Fish = 1.0 x 10~3 derived using a Fisher approximation
show that the relative impact of non-Gaussian covariance is in reasonable agreement with the
MCMC results O’?\/‘%w = 7.6x1073 and 0%41” =34x 10_3, but the overall scale is still strongly

underestimated by the Fisher analysis as is the extent of the lower tail. These mismatches
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Figure 2.10: Comparison of MCMC constraints on ACDM+w parameters with analysis
based on Gaussian (black curves) and non-Gaussian covariance (red shaded). The impact of
non-Gaussian covariance is clearly apparent in constraints involving w.
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Figure 2.11: MCMC constraints on w for our experimental setup; each panel represents a
different ACDM simulation of the CMB sky with that of Fig. 2.10 in the top left corner. The
Gaussian analysis (dashed) increasingly deviates from the non-Gaussian analysis (solid) as
the maximum likelihood value of w decreases.
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Figure 2.12: Effect of the non-Gaussian covariance on constraints on a parameter combi-
nation M (2.22) within ACDM+w; the combination was chosen to maximize this effect
locally around the fiducial model. Solid line shows MCMC constraints with non-Gaussian
covariance, dashed line with the Gaussian covariance.

are expected for the same reason that they appear in w alone, namely due to parameter
nonlinearity within the allowed region. Likewise, M" defined by (2.22) only captures the

parameter combination which is the most affected by the lensing-induced covariance locally

at the fiducial model parameters, not necessarily globally (see Section 3.3).

2.5 Adding lensing reconstruction

As pointed out in Section 2.2, lensing also correlates the XY power spectra with the power

spectra of the reconstructed lensing potential. In this section we use the Fisher forecast tech-
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nique to probe effects of these covariance terms CovXY:9% on the constraints of cosmological
parameters; full analysis using lensing reconstruction from simulated CMB data is beyond
the scope of this work. Although the T'¢ and E¢ spectra are also observable we omit them
as a source of information due to their small constraining power.

In Figure 2.13 we compare how the Fisher forecasts on two eight-parameter extensions of
ACDM change when we neglect the effect of CovX Y99 In these plots, ACDM parameters
are marginalized over. While for the extension with w and ) m, the effect is sizable and
amounts to ~ 20%, for model with both spatial curvature Qg and > m, the effect is much
smaller. These differences reflect parameter degeneracies in the lensing observables, as will
be explained in the next chapter.

We also show in Figure 2.13 the same constraints with the 6 ACDM parameters fixed. It is
clear that the best constrained direction is limited by degeneracies with ACDM parameters,
especially with Qch? [43]. The worst constrained direction is limited instead by the ability
of lensing or other constraints to separate the two additional parameters.

Conversely, in the ACDM model with only the 6 standard parameters varied, parameter
errors change by less that 4% when neglecting CovXY:??_ This reflects the fact that these
parameters are well-constrained even in the absence of lensing.

Note also that constraints on cosmological parameters depend strongly on how well 7
is constrained whereas those on the lensing power spectrum CEW itself do not [43]. For
the measurements to cleanly separate C’f¢ information, we primarily need the unlensed
CMB in the acoustic regime C’gﬂ} to be well-characterized. On the other hand, in terms
of cosmological parameters, the amplitude of these spectra in this regime is proportional
to Ase27. The leverage on cosmological parameters gained through comparing the initial
amplitude Ay to the growth-dependent lensing amplitude depends on how well 7 is measured.
In our experimental setup we assumed for simplicity that polarization information will be
obtained for the full range of multipoles ¢ = 2 — 3000, which results in a nearly cosmic

variance limited constraint on 7 of o(7) ~ 0.002. This is about five times better than
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Figure 2.13: Forecasts for 2 parameter extensions to ACDM: w-)_m, (top) and Qg-> " my
(bottom). Black curves show Ax? = 1 constraints considering the full covariance (solid) and
with covariances CovXY:¢¢ neglected (dashed); ACDM parameters are marginalized over.
The blue curves show the same constraints with ACDM parameters fixed to their fiducial

values.
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current best constraints from Planck [44] and furthermore assume a fixed functional form
for reionization [45, 46]. If the final Planck release does not improve these constraints to
substantially below o(7) ~ 0.01, this uncertainty will dominate the interpretation of lensing
constraints for cosmological parameters [43, 47| since it will be difficult to improve using
ground-based instruments.

More concretely, removing polarization data from ¢ < 30 from our forecasts and replacing
it with a prior of o = 0.01, the errors in the worst constrained direction in Figure 2.13 do
not significantly change, while those in the best constrained direction degrade by roughly a

factor of two.

2.6 Discussion

Future measurements of lensed CMB temperature and polarization power spectra will be
increasingly affected by the lens sample variance and this effect will have to be included into
data analysis pipelines once polarization measurements approach the sample variance limit.
We have developed such a pipeline, starting from simulated full sky lensed CMB maps with
a CMB-54 level instrumental noise and proceeding all the way through to constraints on
cosmological parameters.

With this pipeline we investigated parameter constraints derived from simulated lensed
CMB maps in our fiducial ACDM model with the lens sample variance effects either included
or omitted. We obtain MCMC constraints on parameters of the ACDM as well as of its
two extensions, ACDM+>_ m, and ACDM+w. The dominant effect of the lensing-induced
covariance in all of the models is more than four-fold increase in variance of particular com-
binations of cosmological parameters M, MY, M. As a consequence, if the analysis of the
real data was performed using Gaussian covariance in the likelihood, instead of the proper
non-Gaussian covariance, there is a high chance of committing Type 1 error - mistakenly
ruling out true cosmological model. This would potentially affect concordance studies com-

paring constraints from various datasets. Shifts in the best fit basis parameters and change
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in constraints of the other parameter combinations are typically not as significant due to
marginalization. The exception is ACDM+w where a significant degradation in the lower
limit for w is manifest in the MCMC results. This degradation is hidden from the local Fisher
forecasts as well as previous studies due to the strongly non-normal posterior distribution of
w.

Using the Fisher forecast technique, we also investigated the impact on parameter con-
straints of covariances between the reconstructed lensing potential and the lensed power
spectra. There is only a small effect within the ACDM model as its parameters are well
constrained even without lensing. For extension with w and ) m,, double counting of the
lensing information would lead to constraints overly optimistic by ~ 20%, the extension with
Qp and Y m, shows much smaller effect of the lens sample variance on the marginalized

constraints.
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CHAPTER 3
DIRECT MEASUREMENTS OF C¢°

In this chapter we consider separately the cosmological information from gravitational lens-
ing potential and from the unlensed CMB power spectra. We first use this way of thinking to
explain the effects of the lens-induced covariance on constraints of the cosmological param-
eters that were discussed in the last section. Then we show how it enables us to compress
the full information in the CMB temperature and polarization power spectra data into a
small Gaussian likelihood, simplifying checks on some classes of cosmological models beyond
ACDM in case deviations from ACDM are found. Separating the lensing information also
allows us to directly measure the gravitational lensing potential from the CMB power spectra
in a model-independent way. As we present in more detail at the end of this chapter, such
direct measurements of Czw enable us to test consistency of lensing in the data and thus

search for residual systematics and new physics.

3.1 Method

CMB information on a given cosmological parameter comes both from its effect on the
unlensed CMB power spectra C’gd/ with XY € {TT,TE, EE, BB} and on the lenses C’?qﬁ.
It is conceptually useful to separate these two sources of information. Indeed, beyond the
cosmological parameters considered in the previous chapter, the total information in the
CMB observables is carried by all two point functions for T, E, B, ¢, assuming they obey
Gaussian statistics; recovery of this complete set of information is the ultimate goal of the
CMB delensing efforts.

In principle, the full implementation of this approach would be to consider every multipole
in C’ZZ Y and C’Ew as a parameter in its own right. However, since the high redshift universe
is well described by a ACDM-like model, we choose to parameterize the unlensed power

spectra C’g( Y in terms of a small number of parameters 4 4. These 0 4 change the unlensed
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power spectra in exactly the manner of the ACDM parameters 6 4, but unlike those, they
have no effect on C’%(b.

The lens power spectrum is instead described by a more complete set of parameters
Pa, reflecting the wider range of possibilities during the acceleration epoch. For practical
reasons, instead of considering each multipole C%d) of the lensing potential as a parameter,
we assume that the power spectrum is sufficiently smooth in L that we can approximate it
with binned perturbations around the fiducial model. We then define a set of parameters pq
by

Ny

oo ol ¢,L
nC;" ~InCy ‘ﬁd+zlpa8a , (3.1)

where Bg’L describes the binning and is defined as

| Lo <L<Lgi
BYL — ) o (3.2)

0 otherwise

Expansion in In C%(b is chosen to assure positivity of the power spectrum. Any cosmological
model which predicts a smooth variation of In C%QS from the fiducial model can be captured

in these parameters as

1 ¢,L o
pa—ALaZBa SInC??, (3.3)

where ALy = Loy1 — Lo is the width of bin a. We consider uniform binning with bins
of width 5 in this work; we do not expect binning to have any effect on our conclusions.
Changes to the lensing potential are allowed up to L = 5000, given by the L range in which
we assume the reconstruction data are measured.

The largest set of parameters which we will consider is then

PtOt:{él7é27”'7p17p27"'}7 (34)
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where 6 4 only affect the unlensed power spectra and p, only affect the lensing potential. A
given cosmological parameter 64 jointly changes 0 4 and pq.

In models beyond ACDM, changes in the integrated Sachs-Wolfe (ISW) effect would
typically affect data on the largest scales. In this work, we are interested only in lensing-like
effects and leave the ISW contribution at its ACDM value. To fully represent a cosmological
parameter we would also have to account for the covariance between the lens power spectrum
and the unlensed CMB spectra induced by C’Z¢, quﬁ — the ISW-lens and reionization-lens
correlations respectively. We could in principle add these as parameters to form a complete
description. However, these appear only on the largest, severely cosmic variance limited
scales which will also be difficult to extract due to foregrounds and systematics. For this

reason we completely neglect the cosmological information contained in them.

3.2 Principal component implementation

There are practical obstacles to measuring the full lensing power spectrum C’fqﬁ through
pa from the temperature and polarization power spectra XY alone, given the many ill-
constrained modes. In this section, we re-examine the lensing principal component de-
composition introduced in Ref. [43] and show that a small set of parameters completely
characterizes the lensing information in the XY data.

The forecasted covariance matrix of the p lensing parameters as measured by XY power

spectra is given by inverse of the Fisher matrix

) o0XY 1902
TEB _ ap Z ! XYwZz o
@ 0,0

XY,WZ

Because the XY power spectra provide only integrated constraints on C’¢¢, we imposed a
mild theoretical prior of oy, = 1 to forbid numerical problems and degeneracies induced by

unphysically large features in C’%gb.
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The orthonormal eigenvectors K C(f) of this covariance matrix represent an alternate basis

for the measurements

00 =3 k{pa, (3.6)

that in principle yield uncorrelated parameters, rank ordered by their variance. By keeping
only the eigenvectors that are predicted to have low variance, we can measure the relevant
information with a much smaller set of principal components (PCs).

The efficiency of the PC approach depends on the number of components needed to com-
pletely characterize the relevant information. For the experimental configuration considered

here, we find eigenvalues
103\ = 1.0,4.0,12,19,93,..., (3.7)

which indeed shows that relative importance of the components decreases rapidly; only a
few PCs are constrained better than the o}, = 1 prior.

The lensing PCs, @(i), can be thought of as a more incisive generalization of the standard
approach where a scaling parameter Cfd) — A LC#) is added to test consistency of a model
with lensing; PCs parametrize the lensing information more completely. Moreover, the PCs
decouple the information on the lensing power spectrum from the parameters that control the
unlensed spectrum, whereas A multiplies a C?(i’ that depends on such parameters. PCs can

099

therefore be more directly compared with other measurements of , most notably from
lensing reconstruction using the higher point information in the temperature and polarization
fields themselves (see Section 3.5 and the next Chapter).

The five most important components for the considered experimental configuration are
shown in Figure 3.1. The low order modes peak where the lenses have their largest impact
on XY and the higher modes are increasingly oscillatory, because they have to be orthogonal

to the more important eigenmodes. For practical applications it is sufficient to keep only

several best constrained principal components to characterize the impact of lensing in the
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Figure 3.1: Five principal components K éi) of the lensing potential best measured by the
lensed power spectra for our mock CMB-S4-like experiment.

XY power spectra. For reasons detailed in Appendix C, the 5 best measured PCs suffice for
the data and models considered here.

As we introduce the lens principal components using a Fisher forecast, their properties
need to be validated on numerical simulations. To achieve this, we run MCMC analyses
on 50 independent lensed CMB sky simulations to determine properties of the parameters
04, 0 and also to check our likelihood model. The simulations, analysis techniques and
the likelihood we are using are explained in detail in Section 2.3.

This check is nontrivial, as so far we have made numerous assumptions. For example,
we assumed that our models for the likelihood and non-Gaussian covariance are correct,

that the Fisher-based construction of the PCs suffices, that neglecting higher 0@ does not
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Figure 3.2: Joint posterior distribution for PCs ©(1~5) (black) as a product of the individual
posteriors from 50 independent all-sky simulations. The joint posterior is unbiased to a small
fraction of the width of the distribution of a single simulation (blue) and its Fisher prediction
(red dashed).
affect the constraints and that agreement between theoretical and simulated power spectra
is sufficient (see Appendix A). It is thus an important check of our analysis to ascertain that
the constraints on @(i), 0 4 are unbiased with respect to the fiducial model. To verify this,
we multiplied 50 MCMC posterior probabilities for G(i), 0 4- The results for ©() are shown
in Fig. 3.2 and show no significant bias relative to the standard deviation of a single MCMC
posterior; the same conclusion is valid also for 0 4.

The Fisher analysis also predicts that ©() as determined by the data should be uncor-

related. This assertion can be checked by averaging covariance matrix of the cosmological

parameters @(i), 6 4 over the MCMC analyses. Correlation coefficients of 0 obtained from
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Figure 3.3: Correlation matrix for o) averaged over 50 MCMC analyses. Black squares
represent ones on the diagonal. The tilded parameters affect only the unlensed CMB, as
explained in the text.

this covariance matrix are shown in Fig. 3.3. As expected, the lensing principal components
are only very weakly mutually correlated. Additionally, they are also only mildly corre-
lated with the unlensed parameters 0 4. Most significant of these are R = 0.18 correlation
between ©(3) and 0, and R = —0.14 correlation between 0™ and 0. This is somewhat
counter-intuitive, as 0y shifts the angular scale of acoustic features whereas lensing mainly
smears the peaks by superimposing magnified and demagnified regions. While largely true,
the effect of lenses that are on scales smaller than the acoustic scale ¢ 2 200 is not purely
a smearing effect, causing a component that is slightly out of phase with the peaks in the
unlensed power spectra, leading to the observed correlation.

The full results for all pairs of the 11 parameters in a single simulation are shown in
Fig. 3.4. Note that the posterior distribution for the parameters @(i), 0 4 seems to be very
well approximated by a multivariate normal distribution. This implies that the Fisher ap-
proximation should be quite accurate in this space as we explicitly verify in Fig. 3.2. We

exploit the multivariate normal nature of the posterior in the @(i), 0 4 variables in Section 3.4.
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Figure 3.4: MCMC constraints on the lens and unlensed parameters @@), 6 4 in a typical
simulation with a Gaussian (black curves) and non-Gaussian covariance (red shaded) anal-
ysis.
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3.3 Explaining lens-sample covariance effects on parameter

constraints

In this section we use the insights gained from separating information from the unlensed
CMB, as parameterized in terms of 04, and from the gravitational lensing to explain ef-
fects of the lens-sample covariance on cosmological parameter constraints, investigated in

Sections 2.4 and 2.5

3.3.1 Temperature and polarization power spectra

In Fig. 3.4 we additionally show the effect of the non-Gaussian covariance in the 11D lens
and unlensed parameter space; only 0 and ©3) ghow significant effects of neglecting the
non-Gaussian likelihood. These two measurements are strongly affected, because significant
portion of the noise in these measurements arises from the sample variance of the lenses.
Neglecting lensing-induced terms in the data covariance effectively omits this noise contribu-
tion, which leads to overly optimistic estimates on G)(l), ©(2), Measurements of other lensing
principal components and 6 4 are limited by other sources of noise — instrumental noise and
cosmic variance of the unlensed CMB — and the resulting constraints are thus not strongly
affected by the non-Gaussian part of the covariance.

If the eleven parameters @(i), 0 4 contain all information about a particular cosmological
model, a Karhunen-Loeve (KL) analysis 1 applied to the Fisher information matrices reveals
that non-Gaussian covariances can degrade the standard deviation of any linear combina-
tion of these parameters by maximally 2.53.2 This generalizes the discussion of the most
degraded linear combination M of cosmological parameters from Section 2.4. This PC based

quantification of the effect of non-Gaussian covariances is not restricted to the models inves-

1. The KL transform is often used in cosmology to define signal-to-noise eigenmodes for optimal data
compression [48, 49, 50]; our use follows [43] in comparing information in two different covariance matrices.

2. Using covariance matrices of ©® 4 from 10 MCMC simulations we checked this prediction is on
average correct to +0.04.
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tigated here and can be applied to more general extensions of ACDM. It is also not necessary
to assume a linear relationship between these effective parameters and the bare cosmological
parameters, or the validity of the Fisher approximation for the latter.

(1,2)

Moreover, we can use O to directly translate the effect of lensing-induced covari-

ance on cosmological parameter constraints. Those combinations of cosmological parame-

(1’2), in other words those constrained by the

ters which are limited by our knowledge of ©
(mostly low ¢) lensing information, will be strongly affected if we neglect the non-Gaussian
covariance.

For example in ACDM, lensing information helps mainly w. and Ag constraints. In-
creasing either of these parameters increases qus, lensing information thus helps constrain
the direction of simultaneously increasing w. and Ag. As we can see in Fig. 2.5, adding
non-Gaussian covariance weakens exactly this parameter combination the most. The reason
becomes clear when we examine how change in the parameter combination M, the most sen-
sitive to the non-Gaussian covariances, projects onto the changes in the effective parameters
AG)(i), Af 4. As expected, the main effect is a shift in @(1),@(2), which are the variables
showing most of the effect of the non-Gaussian covariance; this shift is captured in Fig. 3.5.
In comparison, shifts in the other effective parameters G(i), 0 4 are at least a factor of few
smaller, as measured by the sizes of the marginalized posterior. This means that already
within ACDM it is possible to construct a parameter combination which has a dominant
effect of changing the lensing potential (9(1), 9(2)) and keeps the unlensed power spectra
(9~ 4) relatively intact. Because of that, the relative change in the standard deviation for M
brought about by the non-Gaussian covariance, 2.03, is already close to the maximal possible
value of 2.53.

By extending the cosmological model to ACDM+> " m,,, we increase the parameter free-
dom, which enables us to find a parameter combination which is slightly more limited by
the lens sample covariance and shows degradation of 2.05. From the perspective of the effec-

tive parameters @(i), 0 4 this occurs because it is possible to achieve the same change of the
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lensing potential, as seen in the nearly identical directions of M and MY in Fig. 3.5, with a
smaller change in the unlensed power spectra. This increases relative importance of the low

2) in constraining M"Y, which directly leads to a larger impact

¢ lensing information @(1), ol
of non-Gaussian covariance.

Moreover, lensing information is now important for three parameters {we, As, > my}
unlike two in ACDM. Because the degeneracy structure involves three parameters, the non-
Gaussian effect is hidden from the covariance of any two, once the third is marginalized. In a
three-dimensional likelihood for these three parameters, the effect of non-Gaussian covariance
is clearly visible.

For ACDM+w the analysis is similar. Again, by adding a new parameter on top of
ACDM we can find M which shows degradation larger than what is seen in ACDM, in this
case 2.28. For ACMD+w this happens, because the projection of M onto {@(1), @(2)} is

more aligned with the direction maximally impacted by the non-Gaussian covariance, see

Fig. 3.5.

3.3.2 Adding lensing reconstruction

As we discuss in the previous section, variance of two ngb modes measured by the tem-
perature and polarization power spectra in our mock CMB-S4 experiments are strongly
affected by the lens sample variance. Lensing reconstruction will achieve comparable or bet-
ter measurement precision and cross-correlation between the two kinds of data then has to be
included to avoid double counting of the common lensing information. Failing to do so would
affect those conclusions for which measurements of these two C%gb modes are important.
We can understand the different parameter behaviors seen in Fig. 2.13 by examining the
impact of parameters on p, or In C’%(b (see Fig. 3.6). Although the measurements determine
the amplitude of the C’%d) well at L = 500, they are unable to separate out the contributions
from the various cosmological parameters. In particular, linear combinations of In Ag and

Qch? can mimic the impact of the extended ACDM parameters [43]. Therefore, while the
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best constrained direction in the 2-dimensional extended spaces correspond to combinations
of the parameters that coherently change Cf‘é at L 2 500, the constraint itself is limited
by how well In A5 and Q.h? are measured not by how well C’#) is measured (see Fig. 2.13).
The degenerate or worst constrained direction corresponds to when the parameter variations
cancel in their effect.

At L < 500 the degeneracy between w and Y m, observed at high L starts to break,
which allows us to meaningfully constrain also the perpendicular direction in the parameter
space. These are the scales where the 0 and ©2) get significant contribution (Fig. 3.1),
which explains why the lens-induced covariance effects are important for this parameter
combination.

For Q and > m, this degeneracy breaking is noticeably weaker, especially at L 2= 50.
Given the large sample variance associated with the lowest multipoles, the limiting source of
information in the degenerate direction in the Qx — > m, plane comes from the unlensed
CMB rather than the lensing information. Hence, the effect of lens sample covariance is
smaller in this case.

Finally, for these issues that relate to parameter degeneracies, it is important to remember
that external information from measurements beyond the CMB, for example from baryon
acoustic oscillations, can break these degeneracies and allow more of the information on C%qb

(especially that at L > 500) to be used for parameter constraints.

3.4 Effective likelihood for model building

Given the nearly multivariate normal posterior probability of the effective parameters d, =
{é As @(i)}, we can use a single MCMC analysis to compress the whole CMB power spectra

data into 11 numbers for the mean values d, and the 11 x 11 covariance matrix of d,. These
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can be used to form an effective likelihood function Leg(dg|f4) defined as

—2InLog = Y [d — d(04))a(Covy")ap[d — d(0.4))p- (3.8)
ab

Here dg(64) models the expectation values for the data dj as a function of the cosmological
parameters 4 of a given cosmological model. This effective likelihood can be now used
to probe a broad class of cosmological models without any explicit use of the raw CMB
power spectra data by specifying dg(64) for each such model. Class of models for which this
approach is effective contains not just ACDM+w and ACDM+>_ m,, considered here but
also models which are indistinguishable from ACDM at recombination and for which CMB
lensing is the dominant source of information on the physics beyond ACDM. For example,
many models of dark energy and modified gravity fall into this class, if we are willing to ignore
the extra information coming from the integrated Sachs-Wolfe effect and other secondaries.
In principle, the technique can be extended to incorporate such effects by extending the set
of unlensed parameters 6 4.

In the context of model building, one can envision a scenario where ACDM parameters
produce a poor effective likelihood for the data and motivate extensions beyond ACDM. The
effective likelihood can then be used as a quick spot check as to whether the given extension
improves the fit.

Let us illustrate this technique on ACDM+w and ACDM+) " m,,. First, it is necessary
to find the functional dependence of d, on the cosmological parameters 4. The values of
the unlensed parameters @4 for A € {04, Qch?, Quh?, ng,In Ag, 7} are the same as the true
cosmological parameters 6 4, while the values of the lensing principal components 0 can be
determined directly from the definition (3.20) given C?b(ﬁ 4) alone. The full parameter space
of the given extension can then be explored with an MCMC in the general case where dg (0 4)
is nonlinear across the allowed region of the parameter space as in the ACDM+w extension.

In a case such as ACDM+>_ m,,, where the mapping can be linearized, it is possible to get
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a good estimate of parameter constraints even without performing any additional MCMC.
In Fig. 3.7 we show comparison of ACMD+w parameter constraints obtained in the
analysis presented in the previous paragraph against results of the standard MCMC anal-
ysis. Because the mapping onto the effective parameter space is non-linear, it is necessary
to perform an additional MCMC run. Note that this mapping alone accounts for most of
the non-normal posterior probability in the (wc,w) plane despite being based on a normal
distribution for the effective parameters. It slightly underestimates the lower limit on w,
presumably due to the neglect of the integrated Sachs-Wolfe effect in the unlensed param-
eters. For ACDM+)  m,, the agreement between the simplified and standard analyses is

even better.

3.5 Lensing consistency checks

The ability to directly measure C’?(b from the CMB power spectra allows us to check con-
sistency of lensing in the CMB data. In this section we comment on various approaches

utilizing this possibility.

3.5.1 Internal consistency of a model

One possible test of lensing consistency is based on comparing lensing potential measured
directly from the data — in practice through the lens PCs o) — against what is expected in
a given cosmological model based on constraints of the unlensed parameters 6 4. This test
mainly checks the internal consistency of the model assumptions. In the next chapter we

demonstrate a practical application of this approach using the Planck satellite data.

3.5.2  Comparing data sets

Direct measurements of the gravitational lensing potential also allow us to check mutual

lensing consistency between CMB temperature and polarization power spectra and those
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from lensing reconstruction by comparing constraints on the lens PCs O from these two
sources of information. Further subdivisions of the data, such as comparing constraints
from C;;FT and C’f B are possible and provide additional checks. If discrepancies are found,
they may indicate systematic errors in the experiment or the data analysis technique. By
checking for consistency at the power spectra level, one can provide proof against such
problems before making incorrect cosmological inferences. As we show in the next chapter,
Planck satellite lensing reconstruction and power spectra data are mutually inconsistent with

moderate statistical significance.

3.5.8  Mazimally covarying modes

In principle, the most inclusive lensing consistency test between the XY and lensing recon-
struction data would be to compare their respective constraints on 0 in a multidimensional
space, taking into account mutual correlations between these measurements. However, most
of the power of this consistency check will be carried by the “consistency modes”, which are
the In CIqj(b modes — linear combinations of the lens parameters p, (3.1) — whose measure-
ments are the most affected by the cross-correlation between XY and lensing reconstruction.
These are the modes which are the most limited by the common sample variance of the lenses
and thus provide the cleanest consistency check. By construction, these consistency modes
are (at the Fisher forecast level) uncorrelated and can be thus investigated independently,
which allows for a simpler analysis. In this section we show their construction and properties
for an experiment observing the full sky.

To find these consistency modes we use the Karhunen-Loeve (KL) transform. We consider

two versions of the Fisher matrix for pg,

aCsY 1 aCy:
lenses __ / TY,wz 4
Flses =Y o (Covw ) e (3.9)
00
Ty, w2
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and

—,lenses lenses
F —F : 3.10
af af | aov XY (3.10)

the same construction but with the CovXY:%? covariance artificially set to zero. The corre-

sponding covariance matrices are

COVL?B%S _ [Féeﬂnses]*l (3.11)
COV;élenses _ [Fojﬁ,lenses] -1 (3. 12)

We can now perform a KL transformation by finding all solutions to the generalized

eigenvalue problem

Z Covlo%lsesvék) = Z )\(k)Cov;blenseSvék). (3.13)
B B

Here Uék:) and A*) are the KL eigenvectors and eigenvalues. The KL transform of the

measurements

o) =30, (3.14)

provides a representation that is uncorrelated, or statistically orthogonal, with respect to
both covariance matrices since solutions to (3.13) are simultaneously orthogonal with respect

to the metrics defined by the covariance matrices

Covym) g :ng)COVSESQSUéM = AWgy,
o

COV\;,(k)\I,(l):ng)covggensesvék) = &y (3.15)

of

We order A%) to be decreasing with k& and hence in the ratio of the variances between the
two, i.e. the degradation in the constraints due to Covgi,y ? Note that this differs from the
principal component basis in that it rank orders modes by whether the joint measurements

are noise or lens sample variance dominated rather than by total variance from XY'.
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The KL eigenvectors are not necessarily mutually orthonormal in the ordinary Euclidean

sense,

Sl £ o, (3.16)

as are the eigenvectors in the principal component representation. Consequently, the forward

and inverse KL transforms are distinct:

pa =3 wiw®), (3.17)
k

(k) (k)

where w,,” is the matrix inverse of vy’ rather than its transpose. As a function of the «
index, vék) represents how strongly individual p, contribute to the kth KL mode whereas
w&k) represents how the kth KL mode is distributed onto the original modes. They can have
very different shapes in . We always use the forward KL transform and v((lk) in the following
discussion to avoid confusion.

We find two strongly degraded modes with

AL = 186, (3.18)

A2 — 139

These modes would be better constrained if there were no XY, ¢¢ covariances, which agrees
with the intuitive expectation that neglecting mutual covariances would lead to double
counting of the lensing information. The corresponding eigenvectors v,(ll’Q) are plotted in
Figure 3.8. All other modes are only mildly affected and have eigenvalues between 0.93 and
1.08. This is consistent with our previous findings that the XY power spectra measure two
lensing modes with precision comparable to the sample variance of the lenses (see Fig. 3.4).

We see that measurements of the amplitude of the first mode o) are degraded by almost

a factor of two. This means that constraint on this mode obtained from the XY lensed

power spectra alone are comparable to a constraint from the reconstructed lensing potential
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Figure 3.8: KL components of the lensing potential most affected by the covariances
CovXY:9¢ of CMB fields with the reconstructed lensing potential. By neglecting these co-

variances, constraints on the corresponding amplitude U(*) would be overly optimistic due
to double counting of lensing information.
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alone but that these two different measurements are highly correlated. As we already argue
above, this occurs because both these measurements have their variances dominated by the
sample variance of the lenses. This sample variance is common to both measurements, which
explains why the two variances are comparable and strongly correlated.

Table 3.1 summarizes how well we can constrain (1) under various assumptions and
provides quantitative justification of these claims. The first two lines summarize the KL
results — neglecting CovXY>#? leads to a double counting of the lensing information and
overly tight constraints in the full dataset. Instead, we can constrain this mode separately
from ¢¢ and XY data with variances that are both comparable to those of the full dataset.
The XY result is not a trivial consequence of the KL results since the KL modes are not
specifically constructed to be statistically orthogonal with XY measurements alone. Because
the XY power spectra provide only integrated constraints on C’dxb, we again impose a mild
theoretical prior of o, = 1 to forbid numerical problems and degeneracies induced by
unphysically large features in C’%w. The minimum variance unbiased linear estimators of ¥(1)
from the separate ¢¢ and XY datasets have a correlation coefficient of 0.77, in agreement
with values in Table 3.1.

Note that even when considering XY separately, we include all of the internal covariances

2
v

significantly and is unphysically smaller than the lens sample variance limit by more than a

induced by lens sample variance. Without the non-Gaussian covariances N, o ) decreases
factor of 3. Finally we show that removing all of the non-Gaussian covariances in the full
dataset leads to an even more extreme violation of the lens sample variance limit.

Because U1 is constrained by two independent but strongly correlated measurements,
these measurements in principle provide an excellent systematic check on the experimental
data that is nearly immune to sample variance and cosmological parameter uncertainties.
This check could be very valuable in future experiments, which are likely to be foreground
and systematics limited: comparing ¥ measured from power spectra and reconstruction

separately could serve as a simple check on data quality and reconstruction algorithms before
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Table 3.1: Variance of KL consistency mode ¥ obtained from various combinations of
lensed CMB spectra XY and lens power spectra ¢¢ measurements and assumptions about
their variances and covariance.

Dataset Covariance 0\211(1)
XY, 66 Covy, **=0 1.0
XY, ¢ Full 1.86
1030, Full 1.96
XYya Full 2.26
(030 Sample variance 1.74
XYya Gaussian 0.52
XY, po Gaussian 0.29

& With a mild theoretical prior o}, = 1.

performing the delensing operation. Identical conclusions are to a lesser degree valid also for
\11(2), which could also serve as a weaker consistency check, but valuable in its own right for
reasons we discuss below.

Next we test the robustness of these results to our assumptions. The eigenvectors v (k)
and corresponding eigenvalues do not change appreciably if we discard in temperature and
polarization information for ¢ < 30, discard reconstruction information for ¢ > 3000, or
include polarization information out to ¢ < 5000. Unlike cosmological parameter inferences
that involve breaking parameter degeneracies involving the standard ACDM parameters,
Ay, 7,Qch?, this consistency test involves just the lensing information. In principle, the
development of more sophisticated lens reconstruction algorithms beyond the damping tail
may in the future allow additional consistency tests with XY power spectra at ¢ > 3000.
However, this information does not significantly impact the ) consistency test since it
involves lens power on comparably high ¢ scales. The impact of neglecting C’Zd), Cé‘% should

(1.2) they are only significant at the lowest multipoles.

also not be significant, because unlike v
The most important assumption in this construction is that we can independently con-
sider the information about the unlensed CMB and the lens power spectra. While this is a

good assumption in the extended ACDM parameter space for the full data set including both
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XY power spectra and the lensing reconstruction, it is less true when considering the lensed
CMB XY spectra alone if spatial curvature is allowed to vary. Increasing (g impacts the
unlensed CMB through K in a manner similar to the smoothing of the acoustic peaks by
lensing [43]. Moreover, its impact on lensing through pa (g ) is to decrease the amplitude
of power (see Fig. 3.6), and so the overall sensitivity to curvature is degraded. Furthermore,
the total impact of curvature on the lensed power spectrum becomes nearly degenerate with
effects of the neutrino mass [43]. On the other hand, BB partially breaks the degeneracy as
it is not generated by curvature.

To investigate how severe these degeneracies are in the XY dataset, we compare fore-
casted errors on U(1:2) with fixed vs. marginalized 64 (assuming ACDMA+Y" my, + w + Q)
in Table 3.2. As before, we assume a mild theoretical prior oy, = 1.

When & is held fixed, the variances of both (1) and U@ are negligibly increased by
marginalizing the remaining 8 extended ACDM parameters. When Qp is also marginalized
the variance of W(l) changes only by ~ 10% but that of (2 is close to doubled. This
mirrors the fact that changing p(1) changes BB significantly more — relative to the rest
of the observables — than ¥(2) does and cannot be mimicked by curvature in the unlensed
spectra. We conclude that o) provides a robust consistency test for lensing in the full
ACDM+w+Q g +> " m,, context whereas inconsistencies in ¥(2) between XY and ¢¢ mea-
surements may indicate a finite spatial curvature. Violations of consistency in ) would
indicate systematics and foregrounds in the measurement or new physics at recombination
that mimics the effect of lensing. Either of these possibilities would lead to incorrect cosmo-
logical inferences and complicate delensing of the CMB if not discovered beforehand.

Measurements of the gravitational lensing potential from XY leads to many uncon-
strained but unphysical modes, which prevents us from constructing the consistency modes
() directly from their definition (3.14) when doing an actual analysis. However, we can
faithfully construct the consistency mode g using the 5 lowest order PC components intro-

duced in Section 3.2, with the dominant contributions from the first two. The corresponding
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Table 3.2: Variance of KL consistency modes ¥(1:2) obtained from XY lensed CMB power
spectra alone with and without unlensed CMB parameters 6,4 marginalized; assuming
ACDM+> " my + w + Q. (With mild theoretical prior oy, = 1.)

2 2
9 4@
all 04 fixed 226 413

8 marginalized, Qj fixed | 2.27  4.35
all 6 4 marginalized 252 7.34

expansion reads

5
) =3 7000 (3.19)
=1

with 7; = {32.3,—15.9,0.330,1.72, —0.608}. We have explicitly checked that truncating the
remaining components has no significant effect on the results of the Fisher error analysis,
for example those displayed in Table 3.2. Because of the truncation, the o}, = 1 prior plays
little role and may be omitted. This construction therefore provides a practical means of
measuring ) from the XY data.

Notice also that this direction is mainly composed of 01 and ©3) in nearly the same
combination that is maximally affected by non-Gaussian lens sample variance (Fig. 3.5).
While being limited by the lens sample variance is detrimental to cosmological parameter
constraints, for consistency tests this is advantageous because lens sample variance drops
out when comparing measurements on the same patch of sky.

On MCMC simulations of lensed CMB we can check that this truncation can work in a
more realistic setting. In Fig. 3.9, we compare posterior mean values of (1) as calculated
from (3.19) determined from 50 simulated power spectra using MCMC against values of o)
determined directly from a known realization of the lensing potential, which can be thought

of as a limiting case of lensing potential measurement with no instrumental noise. The latter
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Figure 3.9: Consistency mode U1 as determined from posterior mean values in 50 simu-
lated lensed power spectra through MCMC analysis against values determined from known
realizations of the lensing potential (see text for details). The dashed line represents points
where the two determinations are equal.

approach estimates 01 from simulated C’%(b using an unbiased estimator
ol =3 kY <1n 9 — (In c§¢’>> , (3.20)
L

where (-) is expectation value over realizations, and combines the results according to (3.19).
We leave comparison with ©(0) obtained from actual lensing reconstruction of the simulated
data for a future work. The observed correlation is indeed very tight; residual scatter in
Fig. 3.9 is caused by instrumental noise and variance of the unlensed CMB which affect the

power spectrum measurement.
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Figure 3.10: Same as Fig. 3.9 but for the consistency mode o(2),

The second combination of C%dj that can serve as a similar consistency check U2 can

be expanded in the lens PCs as
)
v =3 " g0l (3.21)
1=1

with U; = {31.3,17.6,10.4,0.945, —1.10}. As argued above, this consistency check is slightly
weaker than the test using U due to the larger impact of noise and sample variance of the
unlensed CMB. This weakening can be seen in Fig. 3.10, where we compare values of o(2)
determined from 50 simulated power spectra against values from known realization of the
lensing potential.

Notice also that there is no indication of bias in the power spectrum estimate of the two

consistency modes in Figs. 3.9, 3.10. To better quantify this, in Figure 3.11 we show product
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Figure 3.11: Joint posterior of the consistency parameters ¥ and w(2) (black) as the prod-
uct of 50 individual posterior distributions from independent all-sky simulations. Compared
against the width of a single posterior (blue) there is no indication of bias with respect to
the fiducial value U(?) = 0 at a fraction of the standard deviation.
of 50 posteriors for measurements of \I/(l), ¥(2) as determined from our MCMC simulations
and the determination is indeed unbiased; from the power spectra side there does not seem
to be any problem for the consistency check.

We also find that ¥() is almost uncorrelated with the ACDM parameters describing
the unlensed power spectra; the largest correlation coefficient we find is R = —0.03 and

occurs between (1) and Qph2. The other consistency mode is slightly more correlated with

the unlensed parameters; the most correlated with T2 are 9~* with correlation coefficient

R = 0.12 and Qyh? with R = 0.08.
Failure of the consistency check could indicate an unlensed spectrum that is not described
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by the flat ACDM parameters. Above it was shown that the second consistency mode o(2)
is correlated with the spatial curvature given their similar effects on the acoustic peaks.
We run a single MCMC analysis in which we added Qg to the unlensed parameters and
confirm this finding; there is a strong correlation between K and U(2) with correlation
coefficient R = —0.62. In a non-flat Universe analyzed as flat this would lead to failure in
the consistency check as ¥(2) would move from its true value to absorb the unaccounted for
curvature. The main consistency mode, \I/(l), is correlated with Q K at the R = 0.29 level

and is a weaker check on curvature.

3.6 Discussion

In this chapter we introduce a technique in which the information from the unlensed CMB
power spectra and from the lensing potential C’ffb are considered independently, allowing us
to directly measure the gravitational lensing potential from the data. We explain how to
use principal component analysis to encode the lensing information using a small number of
lens principal components <108

On 50 simulated CMB data sets we test our MCMC-based analysis pipeline, not finding
any significant bias in either ©() or the unlensed parameters 0 4. The lensing principal
components 0 are found to be only weakly correlated, both mutually and with the unlensed
counterparts 6 4 of the ACDM parameters. The major effect of the non-Gaussian covariance
is degradation of constraints on the two leading lensing principal components, oW and 6(2)
(see Fig. 3.4). This explains the parameter constraint degradations seen in the previous
chapter - in each investigated cosmological model there is a parameter combination which is
predominantly limited by the low ¢ lensing information, or in other words which has large
lens sample variance relative to other sources of noise. Neglecting non-Gaussian terms in
the data covariance effectively neglects this source of noise, which misleads the parameter
constraints.

Constraints on @(i), g 4 can also be used for model building purposes given their simple
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multivariate normal form. As illustrated using the dark energy equation of state, one can
rapidly explore lensing constraints on extensions to ACDM using an effective likelihood for
these parameters without recourse to the original CMB power spectrum data or experimental
specifics.

The possibility to directly measure the gravitational lensing potential from the data al-
lows various consistency checks, either internal to a given data set or by comparing various
data sets. We check that the combinations of ©() which form the most stringent consistency
tests between lensing reconstruction and power spectra data, ¥ and \11(2), satisfy theo-
retical expectations. Most importantly, their values determined from lensed power spectra
using MCMC analyses are strongly correlated with the values determined from the known
realization of C’}f(’b. They are also unbiased and their effect on the lensed power spectra is
nearly uncorrelated with the effects of the unlensed parameters 0 4 from the ACDM family.
Failure of any of these consistency tests may indicate new physics beyond flat ACDM, as we

show on an example of spatial curvature.
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CHAPTER 4
PLANCK LENSING TENSIONS

In this chapter we apply techniques to check lensing consistency introduced in the previous
chapter to the Planck satellite data. We start by listing the data sets used and explaining
small differences of the present analysis from those of the previous two chapters. After
that we describe the various lensing constraints and we end by evaluating significance of
the tensions found in the data. As Planck satellite is not able to measure the gravitational
lensing potential with precision close to the lens sample variance, we can safely neglect the

effects of the non-Gaussian covariances discussed in Chapter 2.

4.1 Analysis details

In this section we summarize the data used in this chapter and present the fiducial cosmology

and principal components 0 ysed in the analyses that follow.

4.1.1 Data sets and MCMC

For the analyses in this chapter we use the publicly released Planck 2015 likelihoods! for
the power spectra of the CMB temperature, polarization and of the gravitational lensing
potential reconstructed from their maps as summarized in Table 4.1. Joint use of multiple
likelihoods will be denoted by a plus sign connecting them. For the analyses using only the
lensing reconstruction likelihood PP, correction for the NV (0), N biases is performed using
the best fit power spectra to TT+1lowTEB likelihoods assuming the six parameter ACDM
model. The likelihood 1iteTT, which we use for the lens principal component construction
and checking robustness of the results below, is a high-¢ temperature likelihood, with the
foreground parameters pre-marginalized over. Otherwise, we marginalize over the standard

foreground parameters with their default priors, where applicable.

1. https://www.cosmos.esa.int/web/planck/pla
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Table 4.1: Planck likelihoods used in this work

Label  Power spectra (-range Name
TT TT ¢ > 30 plik_dx11dr2_HM_v18_TT
TTTEEE TT, TE.EE ¢ > 30 plik_dx11dr2_HM_v18_TTTEEE
lowT TT ¢ < 30 commander_rc2_v1.1_12_29_B
lowTEB TT,TE,EE,BB ¢ < 30 lowl_SMW_70_dx11d_2014_10_03_vbc_Ap
PP (030 40 < £ <400 smica_g30_ftl_full_pp
1iteTT TT ¢ > 30 plik_lite_v18_TT

For the analyses themselves we again use the MCMC code CosmoMC to sample the
posterior probabilities in the space of cosmological parameters. Each of our chains has a
sufficient number of samples such that the Gelman-Rubin statistic R — 1 [42] falls below
0.01.

4.1.2  Fiducial cosmology

In this chapter we use a different fiducial cosmology with respect to which we define @(i), to
be closer to the cosmology preferred by the Planck data. The fiducial cosmological model is
taken from the best fit flat ACDM cosmological model, determined from TT+1owTEB likeli-
hoods assuming no primordial tensor modes and minimal mass neutrinos () m, = 60 meV).
To reflect the latest results on the optical depth to recombination 7 [44], we set 7 to the value
from that work and decrease Ags to keep Ase_zT constant. A lower As tends to exacerbate
the preference for anomalously high lensing in the temperature power spectrum within the
ACDM context but here serves only as the baseline fiducial model against which to define

0. Values of the corresponding cosmological parameters are listed in Table 4.2.

4.1.83  Principal components

To determine significance of the Planck lensing tensions, we use the technique to directly

measure Czw that was introduced in the previous chapter. As before, we parameterize the
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Table 4.2: ACDM parameters and their fiducial values for the lens PC construction. (In
ACDM, these parameters also imply a Hubble constant of h = 0.6733.)

Parameter | Fiducial value
100 0, 1.041
Qch? 0.1197
Qph? 0.02223

ng 0.9658

In(1010Ay) 3.049

T 0.058

gravitational lensing potential in terms of a small number of effective parameters 0@ as
C(w L ﬁd exp Z K : (4.1)

while parameterizing the unlensed CMB power spectra using the six parameters 6 4 that
do not affect the lensing potential and determine the unlensed CMB in the same way as in
ACDM.

Because the Planck satellite measurements have instrumental noise levels above those
of the proposed CMB-S4 experiment, we in this chapter choose a different set of principal
components than the one used in the previous chapter. We now choose Kg) such that
o) correspond to the N principal components of the gravitational lensing potential best
measured by the Planck lensed TT power spectrum. We determine them from the data
covariance matrix provided with the Planck likelihood 1iteTT using a Fisher matrix con-
struction; the resultant eigenmodes Kg) are shown in Fig. 4.1. The lowest variance mode
peaks around L = 100 and is much better constrained than the second best constrained
component; the Fisher matrix forecast predicts a factor of ~ 50 in the ratio of variances.
This is largely because Planck data do not strongly constrain the BB power spectrum [43] or
temperature multipoles above ¢ ~ 2000, which are sensitive to smaller scale lenses. Because

Kg) are smooth functions of L, we again discretize Cg(b into bins of width AL = 5. Unless

otherwise specified, we retain N = 4 PCs in order to fully characterize all sources of lensing
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Figure 4.1: Functions K’ corresponding to the four principal components of the lens poten-
tial best measured by the Planck lensed TT power spectrum, determined from the 1iteTT
likelihood.

information (see Section 4.2.1).

4.2 Model-independent lensing constraints

Measuring the lens principal components from the Planck temperature, polarization and
lensing reconstruction power spectra provides a new means of extracting and comparing the
various sources of lens information in the CMB. This comparison, introduced in Chapter 3,
presents a direct and model-independent consistency test of the lensing information and in
the ACDM model context enables an internal consistency check of the ACDM parameters

inferred from CMB power spectra information from recombination and from lens information.
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This is particularly relevant given the known preference for excess lensing in the Planck
temperature data [51, 52].

We start by characterizing the information in the lensing reconstruction data, which also
determines the number of lens principal components required for our comparative analysis.
We then discuss constraints on ©() from the temperature and polarization power spectra and
focus on the two leading principal components. We also derive O from the recombination
or unlensed information in the power spectrum in the ACDM model as a check of its internal
consistency. We finish by commenting on robustness of our results with respect to various

analysis choices.

4.2.1 Reconstruction constraints

The principal component decomposition of the lens power spectrum described in Section 4.1.3
is optimized for the temperature power spectrum analysis but can also be used to analyze the
reconstruction data. Even though we will be mainly interested in the first two components
for comparisons with the other analyses, it is important to retain a sufficient number of
higher components so that their marginalization does not affect the lower ones.

In practice we choose the number of principal components according to whether the data
can constrain them better than a weak theoretical prior. We choose flat tophat priors on
O within a range where the variation in C%d) is within a factor of 1.5 of Cg% g~ These weak
priors are meant to eliminate cases that would be in conflict with other measurements of
large scale structure or imply unphysically large amplitude high frequency features in C%qb.

In Fig. 4.2 we show constraints from the lensing reconstruction likelihood PP on the
first four ©() for the cases where we allow four or five lens PCs to vary. For ©3) and
0@ the edges of the box represent the prior and so the 4th component is nearly prior
limited. Correspondingly, the addition of ©®) does not significantly affect constraints on

0 and ©2) which will be important for evaluation of the tensions in the data. We therefore

standardize on four lens PCs unless otherwise specified, with higher lens PCs set to zero,
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Figure 4.2: Lens reconstruction constraints from PP on lens PCs (68% and 95% CL). The
analysis with the fiducial four PCs (blue solid) and with an additional fifth PC marginalized
(dashed) give nearly identical results for the first two PCs. Higher PCs are fixed to zero,
their fiducial value.
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which is their fiducial value.
Another way to visualize why 4 PCs suffices is to construct the lens power spectrum out
of them as A
co, =t exp< K @m). w2)
=1

7

and compare it to the lens reconstruction data itself. In Fig. 4.3, we show this comparison.
The 4 PC construction represents smooth deviations that are allowed by the data. Fluc-
tuations that are not represented by the functional form of the PCs shown in Fig. 4.1 are
not captured by the construction, for example the fluctuation in the data around L = 330.
Thus the PC construction does not represent direct, but rather filtered, constraints on C’Ew.
To compare PC constraints from other sources to the lens reconstruction constraints, it is
important to compare their implications for C’%ﬁm rather than C’I(fj(b directly. This PC filter
has the benefit of producing smooth functional constraints utilizing the full data set at the

expense of highly correlating constraints at different multipoles.

4.2.2  Temperature constraints

We analyze the TT+1owTEB likelihood for 4 PCs with the weak theoretical priors discussed in
the previous section. To focus on the region consistent with lens reconstruction, we impose
an additional data-driven prior. As shown in the previous section, lensing reconstruction
constrains ©(1) and ©(2) significantly better than the theoretical prior from the previous
section, we thus consider restricting these two variables further. As we will see, 0W) drives
the tension between reconstruction and temperature constraints; for this reason we do not
strengthen the prior on it. On the other hand, we restrict 02 to lie within six standard
deviations from the mean value from the reconstruction analysis that considers 4 PCs. We
retain this prior even for analyses in which 0@ is fixed to its fiducial value. We shall see
that the tension between power spectra and lensing reconstruction information on lensing is

weaker than 60 and so this prior does not artificially increase the tension. It therefore just
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Figure 4.3: Lens reconstruction constraints from PP on the lens power spectrum filtered
through the 4 PC analysis CQLM%M (blue, 68% and 95% CL). The points correspond to the

measured Planck values included in the PP likelihood. Although the points are only weakly
correlated, PC filtering through Eq. (4.2) utilizes all data points for each multipole leading
to a smoother but correlated constraint.
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excludes the parameter space that would be grossly ruled out by reconstruction data and is
used mostly for visualization purposes.

As expected, TT+1owTEB data constrain mainly one principal component with 02) limited
by the priors and 03 and 6@ completely dominated by them. In Fig. 4.4 we show the
constraints (red contours) in the 01 — 0@ plane out to the edge of the O2) prior. Because
the PCs were constructed from a Fisher forecast, the constrained direction is nearly but
not perfectly aligned with @(1), leaving a slight correlation between the two parameters.
In Fig. 4.5 we show that the degenerate direction for the TT+1owTEB analysis corresponds

P

approximately to constant C753, whereas contours of constant o) correspond approximately
to Cg@ as determined by the zero crossing of Kéz) in Fig. 4.1.

For comparison we in Fig. 4.4 also show the constraints from lens reconstruction (blue
contours). The two constraints are in tension with each other in that the two contours only
overlap in their 95% CL regions. Moreover, this tension is model independent: no change in
the shape of C’%(b allowed by the 4 PCs can resolve it.

We can also visualize the TT+1owTEB constraint on C’ffb as filtered through the first 4 PCs
via Eq. (4.2); for the ease of comparison we show fractional difference from the fiducial model.
In Fig. 4.6 we show that posterior constraints from the TT+1owTEB data are stronger than
the prior mainly around L ~ 120 while at high L = 250 the constraints are prior dominated.
Note that the prior is skew positive allowing a tail to high C’%Qﬁ where the probability drops
slowly. The large values of ©W) that the data prefer can therefore easily push the 95% CL
region of the posterior beyond that of the prior, especially around L ~ 200.

In Fig. 4.7 (top panel) we compare these posterior constraints on O%ﬁﬂt from the TT+1owTEB
to those from PP. The reconstruction data favors less power around L ~ 120. Although
changes in the shape of C%¢ can bring agreement between the two away from this regime,
tension remains there independent of the model. We have explicitly checked that increasing
the theoretical priors does not aggravate this tension, despite the fact that the upper bounds

from the posterior and the prior around L ~ 120 coincide in Fig. 4.6.
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Figure 4.4: CMB power spectrum constraints on lens PCs 0 and ©?@ from TT+1owTEB
(red, 68% and 95% CL) compared with lens reconstruction PP from Fig. 4.2 (blue) and
ACDM predictions based on unlensed parameters 64 from TT+1owTEB (green). The fiducial
4 PC analysis is used in all cases.
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Figure 4.5: Physical interpretation of constrained directions from Fig. 4.4. The line approx-
imates the degeneracy direction of the TT+1owTEB (red) contour and correspond to a line

of constant Cg’; Arrows shows changes in C’QLM) caused by increasing Ay (solid) and Qch?
(dashed) in ACDM while keeping the other parameters in Tab. 4.2 fixed.
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Figure 4.6: CMB power spectrum posterior constraints on fractional deviations in the 4
PC filtered lens power spectrum from the fiducial model AC%d) / Cg% d (red, 68% and 95%

CL). Compared with the prior constraints (black, same CL), the data are informative mostly
around L ~ 120, favoring high lensing power, and above L ~ 250 the prior dominates.
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Figure 4.7: CMB power spectrum constraints on the filtered AC’%W&/ C’%‘% q as in Fig. 4.6

compared with that of lens reconstruction from Fig. 4.3 (blue). Top panel shows constraints
from TT+1owTEB and bottom panel from TTTEEE+1owTEB which adds high-¢ polarization.
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Within the ACDM we can further study the origin of this tension. From the same
TT+1owTEB analysis, we can predict C’%w from information in the unlensed CMB power
spectra at each sampled parameter point 6 4 under the ACDM assumption. We can then
translate this prediction into ©() by inverting Eq. (4.1). These ACDM predictions, shown as
the green contours in Fig. 4.4, can be directly compared with the lensing PC measurements
themselves. Some tension between the red and green contours is visible, as they overlap only
at the ~ 95% confidence levels; this is the lensing PC version of the well-known Aj, lensing
anomaly in the high-¢ TT data.

Unlike A, which only indirectly specifies CIqj(b by changing its amplitude relative to the
ACDM prediction point by point in its parameter space, PCs directly change the amplitude
and shape of C%¢. This allows us to more directly quantify the origin of lensing tension.
It is straightforward to trace back the origin of the ACDM degenerate direction in the
o) — @) plane: arrows in Figure 4.5 show how these two parameters change when we
increase values of Ag and Qch2 (at fixed 0, and other parameters; constructed from the
partial derivatives listed in Tab. 4.3), which within ACDM are the two parameters with
dominant effects on C’#). Given current constraints on 7, the degenerate direction is mainly
aligned with that of Ag, with a smaller contribution from Qch2. On the other hand, the
lensing PC constraints from TT+1owTEB mainly reflect ©W) and are driven by the L ~ 125
region of the lens power spectrum that is best measured by the T'T spectrum. Though they
are lens model independent, the lens reconstruction constraints are in good agreement with
the ACDM constraints in green. Furthermore, the near alignment of the directions of the
ACDM constraints and the reconstruction constraints (blue) also suggest that the tension
with power spectrum constraints (red) cannot be significantly relieved by going beyond
ACDM.

We can also compare the temperature power spectrum of the maximum likelihood ACDM
model with that of the maximum likelihood model with lens PCs to see what part of the

temperature power spectrum data drives this preference for anomalous lensing; we show
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Table 4.3: Dependence of C’%qﬁ on selected ACDM parameters
o @)
001 /9(Q.h?) 82.0 99.1
00 /9In A, 745 5.95

cases where either one or four lens PCs are varying from their fiducial values. In Fig. 4.8, we
show the residuals relative to the best fit ACDM model scaled by the cosmic variance errors

per multipole,

2
TT T
o = 4.

¢ 20+ 1 Ce ’ ( 3)

evaluated at the fiducial ACDM model. Notice the Planck data are binned and so the
standard deviations of the data can be smaller than agT. When searching for the best
fit PC model, we fix the foreground parameters to their best fit ACDM values from the
TT+1owTEB likelihood, for which the visualization of the Planck data points were derived. In
the lower panel of Fig. 4.8, we then show the cumulative improvement over ACDM in 2A In £
of the fit as a function of the maximum ¢.2 The total reaches 2AIn £ = 6.0 at the highest
multipole employed in the analysis when allowing four lens PCs to vary. As is visible from
the figure, 2AIn L ~ 5 of 6 comes from the first lens PC, in agreement with our previous
statement that majority of the lensing information in the temperature power spectra is well
captured by a single lensing component.

The data points show oscillatory residuals with respect to the ACDM model in the ¢ range
1250-1500 that indicate smoother acoustic oscillations (see also [53, 54]). Correspondingly,
the largest part of the improvement arises through fitting these residuals by increasing the
smoothing due to lensing, though notable contributions come from the 1owTEB part of the
likelihood. The latter is associated with the ability to lower T'T power at ¢ < 30.

These improvements allowed by releasing qub from its ACDM value also lead to shifts in

cosmological parameters; these shifts are summarized in Figure 4.9, for the case where the

2. Due to different binning schemes used by the Planck collaboration for their best fit TT power spectrum
and binned TT likelihood, we use the unbinned Planck TT likelihood to obtain this plot.
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Figure 4.8: Top: Residuals between Planck temperature power spectrum measurements
and the best fit ACDM model given the TT+1owTEB likelihood (points, scaled to cosmic
variance errors per multipole JZT). The blue (red) line shows the best fit once we allow four
(one) lensing PCs to vary, with fixed foregrounds. Bottom: improvement in the cumulative
2In L(< ¢) over ACDM for the same models showing that most of the improvement is from
the first PC and corresponds to smoother acoustic peaks in the ¢ ~ 1250 — 1500 range.
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Figure 4.9: Cosmological parameters constraints from TT+1owTEB and TTTEEE+1owTEB with
the fiducial lensing 4 PC analysis (green, cyan) compared with ACDM (blue, red). The
former correspond to constraints on #4 from the unlensed power spectra.

foreground parameters are again allowed to vary. In ACDM, preference for fitting the oscilla-
tory residuals pushes values of Q.h? and Ag up, which then forces other ACDM parameters
to compensate. In the PC case, lensing parameters o) play this role and allow Q.h2, Ag
to drop. This drop and the associated changes in other parameters allows for a lower low-/
TT power with respect to the acoustic peaks and therefore also allows a better fit to the
anomalously low TT power at ¢ < 30. In models with the ACDM expansion history such a
drop also simultaneously raises Hy to (69.1 & 1.2) km/s/Mpc and can help relieve tension

with the local distance ladder measurements [6].
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Taken at face value, these mild tensions and their alleviation with lensing PC parameters
would motivate explorations of additional physics at low z which modify the lens potential.
However, independent of the model for the lens potential, tension with lensing reconstruction

remains.

4.2.83 Polarization constraints

Next, we add the high-¢ polarization constraints using the TTTEEE+1owTEB likelihood; the

various constraints on ©(1:2)

are shown in Fig. 4.10. The 2015 Planck polarization data is
known to be subject to systematics that make lensing conclusions unstable [52] and thus we
consider their addition separately.

The main change is a shift in the contours to lower values of o) but with tighter
errors. This shift is driven by the CETE data; lensing constraints from C’fE are notably
weaker and additionally favor even more lensing than C’ET does [52]. With polarization,
the tension between CMB power spectra and lens reconstruction constraints only mildly
relaxes. This is because of the combination of the shift and the smaller errors in Fig. 4.10.
In Fig. 4.7 (bottom), we also show the impact of adding polarization data on the filtered
ngb constraints. Correspondingly, polarization data only mildly decreases the significance
of tension around L ~ 125.

The internal tension between temperature-polarization power spectra and the ACDM
prediction in green relaxes somewhat more. This is because polarization favors the high Q.h2
values of the best fit ACDM model to TT+1owTEB (as shown in Fig. 4.9) due to unusually
strong TE constraints in the region around ¢ ~ 200 [54]. This preference is in a region that is
relatively unaffected by lensing and so remains after releasing C’%qb. Raising Q:h? in ACDM
has the effect of increasing lensing making the temperature-polarization power spectra and

ACDM somewhat more consistent.
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Figure 4.10: Impact of high-¢ polarization on PC constraints from Fig. 4.4 (repeated with
dotted contours for comparison). While tension between the TTTEEE+1owTEB (red) and the
ACDM results (green) weakens slightly, its tension with PP remains nearly the same due to
its shift and reduced errors in the ©(1) direction.
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4.2.4 Robustness tests

To check that the results are stable with respect to the considered number of lens PCs, we
repeat our analysis with 0@ fixed to its fiducial value. In Fig. 4.11 (top) we show that this
does not significantly alter the various constraints on @(1), ©(2) based on TT+1owTEB and PP.
The same conclusion holds when polarization data are added.

We also repeat our analysis with a stronger theoretical prior (with four lens PCs varying)
— for ©3) and O™ we restrict the variation in C’fqﬁ to be within a factor of 1.4 of C’f% Q0
instead of our default 1.5, while we demand ©2) to be within five standard deviations from
the mean value determined from the PP likelihood. In Fig. 4.11 (bottom) we show that
impact of the theoretical prior on the tension is negligible.

In our analysis we have so far fixed the unlensed CMB to the power spectra allowed
by ACDM. Given the lensing model-independence of the tension, it is also interesting to
ask whether additional physics at recombination can relax it. We can never completely
eliminate this possibility for resolution of tension with our methodology, as effects of this
new physics might mimic lensing in the CMB power spectrum while not affecting the higher
point moments important in lens reconstruction. On the other hand, we can show that the
additional physics cannot be simply a change in the effective number of light relativistic
species Nog. When adding this parameter to the unlensed parameters 0 4 and marginalizing
over it, we find that the tension between high-¢ TT and lensing reconstruction constraints

and the internal lensing tension are both still present and similarly significant.

4.3 Significance of the tensions

Having illustrated the existence of lensing tensions in the Planck CMB data, we now turn
to quantifying their significance. We start by defining a robust single statistic to compare
between the various sources of lensing information. We then discuss the significance of the

model-independent tension between lensing constraints from Planck temperature/polarization
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Figure 4.11: Robustness checks on PC constraints from Fig. 4.4 (repeated with dotted
contours for comparison). Top: 0@ fixed to its fiducial value instead of marginalized
over. Bottom: stronger theoretical prior on o) (see the text). Neither change significantly
impacts tension between the lensing measurements.

88



power spectra and lens reconstruction. After that we focus on a special case of ACDM with
a freely floating amplitude of the lensing potential, which allows us to compare with previ-
ous literature and address the significance of the internal tensions between ACDM lensing

constraints from within the CMB power spectra alone.

4.3.1 Tension statistics

In order to quantify the tension simply and cleanly, we seek to find a single auxiliary param-
eter whose distribution reflects the best constraints and is as close as possible to Gaussian in
each of the lensing measurements. For two such measurements, a natural tension statistic to
use is the shift in the means |p — po|. To the extent that the parameter posteriors are Gaus-
sian distributed, the shift itself is predicted to be Gaussian distributed with a variance that

2

is the sum of the two variances, 0% = 0% + 0%. Therefore, the significance of the measured

shift in units of o is given by
_ = o

2 2
\/014—02

To choose the parameter itself, note that the main source of tension is the first principal

T (4.4)

component oW (see Fig. 4.4). However, to have the posterior distributions well approxi-

mated by Gaussian distributions, we instead choose
W =exp <KS%@(1)> . (4.5)

W is independent of the higher lens PCs, as these are not constrained by the temperature
and polarization power spectra and thus do not add to the tension.

The scaling factor K g; makes W the ratio of the 1 PC filtered and fiducial C%(b evaluated
at L = 123 (see Eq. (4.2)). As we will see, the main benefit of W, or in general a smoothly
filtered version of C’f(b, is that it represents a weighted average in L of the data even though
it appears to be evaluated at a fixed L. As such it employs the constraining power of the

full range of the data. This leads to a powerful and robust tension statistic.
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Table 4.4: Tension significances when comparing W constraints from a reference data set to
CMB power spectra constraints

ref. data O} freedom TT+lowTEB TTTEEE+1owTEB

PP 4 PCs 2.4 2.2
PP amplitude A 2.4 2.4
0 unlensed amplitude A 2.4 2.1

This should be contrasted with C’ib% itself or more generally the power spectrum at any
single multipole L. Its value depends sensitively on the higher PCs, which increasingly fit
noise fluctuations, and so represent an ineffective tension statistic when they are included.
With our standard 4 PC analysis, this is not a significant problem for C’ib;é itself as we shall

see in the next section, but by defining tension in W we make it robust to higher PCs as

well and immune to reoptimizing the effective multipole for each case.

4.8.2  Model-independent tension

In Fig. 4.12, we compare posterior distributions for W determined from CMB power spectra
through the TT+1owTEB, TTTEEE+1owTEB likelihoods to that determined from reconstruction
through the PP likelihood; the two types of distributions overlap only in the tails. Gaussians
with the same means and variances describe even these overlap regions accurately, which
justifies the use of the tension statistic 7. The tension between TT+1owTEB and PP determi-
nations of W is significant at 2.40; adding polarization data decreases the tension to 2.20.
We summarize significance of various tensions in Table 4.4.

We now consider several robustness checks on this tension. Using the high-¢ TT likelihood
1iteTT with marginalized foregrounds instead of TT in the analysis leads to the same tension
significance of 2.40. When the data-driven prior on 0(2) of six standard deviations from the
PP constraint is dropped, the tensions relax both by about 0.1¢. This is caused by the small
curvature of the posterior in the o) — () plane, visible for example in the red contour
in Fig. 4.10, which leads to an increased overlap with the lensing reconstruction constraints

after the projection onto W.
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Figure 4.12: Posterior probability distribution for the lensing tension parameter W as deter-
mined from the fiducial 4 PC analysis of lens reconstruction PP (blue), and CMB power spec-
tra TT+1owTEB (red, top) and TTTEEE+1owTEB (red, bottom). In green we show constraints
on W derived from 6 4, obtained under the assumption of ACDM from either TT+1owTEB or
TTTEEE+1owTEB. Dashed lines show Gaussian distributions with the same means and vari-
ances.
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Next we consider robustness to the constraint on the reionization optical depth 7. The
upcoming final release of Planck data is expected to improve and potentially change these
constraints. Furthermore, constraints on 7 depend on the form assumed for the ionization
history that is taken to be step-like in the standard analysis [45, 46]. By isolating the in-
formation on the lens power spectrum itself, our tension statistic should be immune to such
changes. To quantify the impact of possible future changes in the likelihood, we reevaluate
the tension statistic where instead of using TT+1owTEB we constrain W using TT+1lowT, to-
gether with a 7 prior of width 0.02, centered on either 0.04, 0.06 or 0.08. In all three cases
the tension changes by less than 0.020 from the original result obtained using TT+1owTEB.
Our conclusions are thus robust to the low-¢ polarization data and likelihoods. Contrast this
with the scaled ACDM approach where 7 changes the lens power spectrum against which Ay,
is measured from the temperature power spectrum and lens reconstruction data respectively,
leading to sensitivity of A; constraints to reionization assumptions.

The significance of the tension between TT+1owTEB (or TTTEEE+1owTEB) and PP deter-
minations of W does not notably change when we decrease the freedom in varying C’f‘é by
retaining a smaller number of lens PCs in the analysis (see Fig. 4.13).

Finally, it is possible to demonstrate why W is more robust than C’zw at some L that has
not been specifically optimized for the model-independent lensing test. First, we can take the
full 4 PC filtered construction of C’%d) depicted in Fig. 4.7. We show the resulting tension as
a function of L in Fig. 4.14 (black curves) between PP and TT+1owTEB (or TTTEEE+10owTEB).
The tension T in C’QLW constraints at L ~ 120 is similar to that in W. On the other hand,
choosing other values of L could substantially degrade the ability to identify tension in these
cases where the shape of Cfdj is allowed to vary.

Likewise, an alternate choice of L can make the tension statistic more dependent on the
number of lens PCs allowed to vary. In Fig. 4.14, we also show the results of analyses with
1,2 or 3 lens PCs allowed to vary, where C’Zw is filtered with the same number of PCs. Again,

away from L ~ 120 the tension significance can vary widely.
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Figure 4.13: Significance of the model-independent tension between PP and TT+1owTEB (red)
or TTTEEE+1owTEB (gray) determinations of W, as a function of the number of the lensing
PCs which are allowed to vary. The tension significance is measured in units of o, the
expected root mean square of the distance between the means. Our default result that uses

the 4 PCs is highlighted.
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Figure 4.14: Tension significance for the PC filtered C?b from PP and TT+1owTEB (top)
or TTTEEE+1owTEB (bottom) for various values of L and number of lensing PCs which are
allowed to vary. The points represent significance of the model-independent tensions based
on W; notice that for one lens PC the two tension statistics are identical at L = 123 by

construction but that C’zw at other values can substantially underestimate tension.
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4.83.8 ANCDM and amplitude changes

Besides the weak theoretical prior, the tension quoted in the previous section was derived
without any constraints on the shape of the gravitational lensing potential. By allowing
the largest possible freedom, it represents a lower limit on the tension present in the data;
particular models can restrict this freedom and consequently lead to a larger significance of
the tension. As a simple example and to connect with the earlier literature, we investigate
here ACDM model with a freely floating amplitude of C’;éw.

We therefore model the lensing potential as
P _ b .
Crr = ACL,ﬁd’ (4.6)

below we refer to this model as “fid 4+ .A” but recall that the fiducial model is set by the best
fit ACDM parameters in Tab. 4.2. Note that this is different from the standard Aj and A¢¢3
parameters in that the amplitude multiplies a fixed fiducial model. Constraints on W from
these two data sets are shown in Fig. 4.15 (top). Comparing these two constraints leads to a
tension of 2.40, the same as the model-independent tension derived in the previous section.
When adding polarization data, the tension evaluates to the same 2.40, slightly more than
the model-independent value; see Fig. 4.15 for changes in the posteriors. Comparing instead
constraints on A directly leads to the same tension significance both with and without
polarization. The good agreement with constraints on A gives further evidence that W is a
powerful and robust tension indicator, even though it is constructed from a single PC.

With W we can also compare the predictions from the unlensed parameters 6 4 in the
same fid4+.A4 context. These correspond to the green curves in Fig. 4.15 and when compared
with their red counterparts evaluate to internal tensions significant at 2.40 for TT+1owTEB,
respectively 2.1¢0 for TTTEEE+10owTEB.

Within the fid+.4 model considered here, constraints on any C%d) show the same sig-

3. Ayg is a parameter that scales the lensing potential used in the PP but not the one used in the TT
likelihood.
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Figure 4.15: Posterior probability distributions for the lensing tension parameter W as in
Fig. 4.12 but allowing only for amplitude changes with the fid+.4 model.
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nificance of the tension as A (see Fig. 4.16, solid vs. dashed lines). Nonetheless, there are
subtleties in using C%qb itself as a tension indicator beyond A, even for parameterizations
that are motivated by ACDM. As we argued above, to quote tension in C%¢ measurements,
one has to exactly specify how much freedom in the lensing potential is allowed; in the PC
case, this turns into a sensitivity to the number of PCs involved.

For variations motivated by ACDM, one has to carefully specify which parameters are
allowed to independently vary between the reconstruction and CMB power spectra analyses.
For example, let us take the case of comparing the temperature power spectrum TT+1owT
and lens reconstruction measurements as commonly considered in the literature. For the
former case we further take the usual ACDM+A; approach which allows some variation
in the shape of the lensing power spectrum through the cosmological parameters. Without
the low-/¢ polarization data, we must specify the prior on 7 since it controls A through the
measured amplitude of the temperature peaks. For definiteness let us take a Gaussian prior
of 7=0.07 £ 0.02.

Given reconstruction data alone, ACDM allows both amplitude and larger shape changes
since the cosmological parameters are not constrained by CMB power spectra. For defi-
niteness, let us take the joint posterior of the ACDM parameters In Ay, ng, Qch2, Qbh2 with
Gaussian priors Qph? = 0.0223 + 0.0009 and ns = 0.96 & 0.02. Constraints on C’%(b when
allowing these variations are shown in Fig. 4.16 (red vs. blue contours). Note that as L
decreases, these additional shape variations in C’zw weaken the apparent tension.

When one compares constraints on C’%’%, this is the technique used in Ref. [53]4. At
L = 100 the shape variation only has a mild effect that is further reduced by the shift in
both contours so for Cﬁ% we retain a tension significance of 2.40.°

At lower L the shape variations become more important. On the lensing reconstruction

side, the ACDM parameters are not well constrained and allow values that are inconsistent

4. Marius Millea, private communication

5. The small difference from the value 2.30 quoted in Ref. [53] can be caused by different analysis choices.
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Figure 4.16: Constraints on ACf(b/Cz(% q as in Fig. 4.7, but for amplitude and ACDM

shape variations. The black lines show results from TT+1owTEB (dashed) or PP (solid) within
the fid+.A for amplitude variations. Filled contours are determined from TT+lowT within
ACDM+A[, with a 7 prior (red) and separately from PP with ACDM freedom on the ampli-
tude and shape but with fixed 7, #4 and a prior on Qbh2 and ng (blue). Constraints, especially
at low L from the latter, depend on which ACDM parameters are allowed to separately vary.
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with the unlensed CMB; this leads to the shape variations noticeable at low L in Fig. 4.16.
Had we allowed even larger freedom in C?¢ by changing say the prior on ng on the recon-
struction side, the apparent tension would further degrade. On the TT+1owT side the ACDM
parameters are very well constrained, leaving less of an effect on the shape of C’qu) and the
contours mostly reflect uncertainty in the amplitude through A;. However, when more free-
dom is granted to the lensing potential, the apparently strong constraints at low L degrade
(see Fig. 4.7), also decreasing the tension. It is thus important to carefully specify the model
freedom in using C’%(b as a statistic. This problem is largely removed by using W which has

the same meaning in all models.

4.4 Discussion

In this chapter we use the technique developed in the previous chapter to illuminate the so-
called “lensing tensions” in the Planck CMB data. By modeling the principal components of
the lens potential C’%(b given the Planck CMB power spectra, we isolate the one aspect that
is constrained by the data in a model independent way. We then compare this constraint
to results from lens reconstruction through the 4 principal components that it constrains to
test whether variations in C’f(b beyond ACDM can relax tension between the two different
sources of lensing information.

We show that the tension remains between the temperature and lensing reconstruction
determinations of C%d) even beyond ACDM. Previous studies of the Planck lensing anomaly
[52, 53, 55, 51] considered only the addition of changes in the amplitude of the gravitational
lensing potential from ACDM predictions. Our technique extends these studies and clarifies
the nature of the tension by extracting direct constraints on C¢¢, which obviates the need for
directly specifying ACDM parameters in interpreting tension, and allowing shape variations
from ACDM.

Even allowing for shape and amplitude variations beyond ACDM, the tension between

temperature and lensing reconstruction remains at a level of 2.40, essentially the same as
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with amplitude variations alone. The significance decreases mildly to 2.2 when polarization
data are taken into account unlike in the case of amplitude variations; this drop is driven by
preference of the TE data for less lensing.

We evaluate these tension significances by using a simple difference of the means statistic
tension on a simple function of the first principal component. For the Planck 2015 data which
measure only a single aspect of lensing from CMB power spectra, this provides a simple but
powerful, robust, and lensing model independent quantification of tension. Our technique
can be easily applied to future CMB data sets, where more and mutually correlated aspects
are measured, with a suitable generalization of tension statistics (e.g. [56]).

This tension is driven by the multipole range ¢ ~ 1250 — 1500 in the T'T data which
prefers smoother acoustic peaks than predicted by the standard physics at recombination
and lensing reconstruction. While new physics at recombination could in principle relieve
tension, it cannot be relieved by adjusting the relativistic degrees of freedom through N.g.

By separating information in the lensed CMB power spectra into lensing and unlensed
components, we also enable a consistency check on the ACDM cosmological model. Because
the ACDM prediction based on constraints to the unlensed CMB is consistent with the
lensing reconstruction constraints, the internal consistency check fails at similar significance
as the comparison of the temperature — lensing reconstruction determinations of lensing
potential. Addition of polarization data again decreases the significance of the tension, more
so this time due to preference for high Q.h2 in the TE data.

While these tensions may point to systematic errors or a statistical fluke that is resolved
by more data and improved data reduction, our technique of extracting direct constraints
on the lensing potential from CMB power spectra data should continue to provide a robust
and powerful tool for testing the consistency of ACDM and searching for new physics in the

future.
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CHAPTER 5
CONCLUSIONS

With increased precision of the CMB measurements, it will become important to consider
sample variance of the gravitational lenses when analyzing the data. In Chapter 2 we show
how this effect affects cosmological parameter constraints and point out that neglecting it can
lead to problems for concordance studies. As a byproduct, we develop and test an analysis
pipeline that takes the lens sample variance effects into account and goes from simulated
CMB maps all the way to the cosmological parameter constraints.

Chapter 3 shows how to separate information from the gravitational lensing and from the
unlensed CMB spectra and how to compactly describe most of this information in terms of a
small number of parameters and their Gaussian likelihood. This separation can be used not
only to explain the lens sample variance effects on cosmological parameter constraints, but
also to check consistency of the gravitational lensing in the CMB data as it allows direct,
model-independent, measurements of C’%(b.

Finally, in Chapter 4 we apply this technique to measure gravitational lensing potential
to probe lensing consistency of the Planck satellite data. Even when allowing an arbitrary
gravitational lensing potential, we still find tensions significant at more than 20 level. With-
out large modifications, similar analyses can be applied to other current and future CMB

datasets, providing a useful check for residual systematics and new physics.
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APPENDIX A
LENSPIX MODIFICATIONS

To simulate lensed CMB data we modify publicly available code Lenspix [40]. In this code
the unlensed CMB is first evaluated on a high resolution equicylindrical grid. The lensed
CMB is then evaluated on a lower resolution Healpix grid [57] through a remapping by a
deflection field, determined by a gradient of the lensing potential ¢. Values of the unlensed
CMB at points which are remapped onto the Healpix grid points are obtained using a bi-
cubic interpolation from the high resolution grid. Our simulations are run with precision
parameters nside = 4096 and 1max = 8000.

The precision with which the code calculates the lensed power spectra depends on the
point density of the high resolution grid, which is parameterized by an oversampling factor
interp_factor. Simulations with interp_factor ~ 2, which were the largest we could
originally run on a single node of our computer cluster due to limited memory, lead to lensed
CMB power spectra biased at high ¢. Such bias leads to ~ 0.2 standard deviations shift in
the likelihood function in the In A direction (with other cosmological parameters fixed); we
did not investigate other parameters in depth but in general parameters constrained by high
¢ data are sensitive to this bias.

This power spectra bias can be quantified by a parameter

TT =TT
3000,y ~ C000
3000

relative difference at ¢ = 3000 of the temperature power spectrum CT7 “lensed” in Lenspix
by a zero-deflection field and the unlensed temperature power spectrum CTT  1f interpolation
was exact & would vanish. However, the unlensed and lensed CMB are evaluated at different
grids and interpolation leads to numerical bias even when there is no lensing present. This
bias appears to be — up to cosmic variance — independent of the cosmology and comparable in

temperature and polarization. It typically grows with investigated multipole, for comparison
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we therefore choose the largest data multipole considered for XY power spectra, ¢ = 3000.

To overcome the large ¢ bias and avoid the related shifts in the likelihood function, we
modify the code such that it works only with smaller portions of the high resolution map of
unlensed CMB at any given time and never stores the whole map in memory. This allows
us to run with higher values of interp_factor and achieve smaller values of &.

We further replace the original high precision calculation of partial derivatives of the
unlensed CMB variables, which is part of the Lenspix interpolation algorithm, by a less
precise (for a given high resolution grid) but significantly faster routine. This enables us to
obtain higher interpolation precision without sacrificing runtime by increasing the density of
the high resolution grid of the unlensed CMB.

Finally, the precision of variables describing the angular positions of the points in the
high resolution grid is increased to avoid certain artifacts in lensed CMB maps.

We compare values of £ and runtime for several values of interp_factor with the original
and simplified calculation of the partial derivatives in Fig. A.1. It is clear that although
the original routine is superior for a fixed high resolution grid, for a fixed runtime it is
advantageous to use a simpler partial derivative calculation and increase the density of the
grid. Simulations used in this work were calculated with interp_factor = 4.

To judge agreement between the lensed power spectra from simulations and the theoret-

ical expectation calculated by CAMB, we define bias variables

xy _ e (¢ +)ACHT

b
YA )
S (¢ + 1)c,

(A.2)

which can be evaluated for each simulated CMB sky. Here the sums go over a bin of width
Al = 200 centered on ¢ and AC’@),( Y is a difference between simulated and expected value of
power spectra, defined in (2.10). In Fig. A.2 we plot average values of bg( Y from simulations
for several values of /; we show the levels of bias achieved with both the simulations settings

used in this work and the original Lenspix code with interp_fact = 2. In the latter, a small
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Figure A.1: Bias £ caused by the interpolation part of the lensing algorithm and correspond-
ing runtime for various values of the precision parameter interp_factor. Comparison of
the Lenspix interpolation routine (gray squares, from right interp_factor values 2, 2.5 and
3) and our modifications (black dots, values 2, 2.5, 3, 3.5, 4, 5 and 6).
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Figure A.2: Lensed power spectra bias b‘gf Y for several values of ¢ , averaged over 2000 lensed
CMB simulations calculated with the precision settings used in this work (black). In red
the same quantities determined from 400 lensed CMB simulations calculated with original
Lenspix interpolation algorithm with interp_factor = 2. Error bars represent errors on
the mean estimated from the simulated values.
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bias is visible for XY =TT, FE.
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APPENDIX B
SKY COVERAGE AND OPTICAL DEPTH

A ground-based CMB Stage 4 experiment is unlikely to usefully measure CMB temperature
and polarization on the full sky. For that reason, in this Appendix we use a Fisher analysis
to reexamine some of the results of Section 2.4 for an experiment which observes 40% of
the sky and measures temperature and polarization power spectra in the multipole range
¢ = 30 — 3000. We additionally neglect covariance induced by the sky mask by simply
scaling the full sky covariance with the sky fraction. Information from the largest scales is
represented by adding a Planck-like prior on 7, corresponding to a standard deviation of
or = 0.01.

As is to be expected, absence of the large scale measurements significantly degrades
the absolute constraints on cosmological parameters. However, the relative effects of the
non-Gaussian covariance do not become significantly more important. For example, degra-
dation of the most affected parameter combination, as expressed through the ratio cr?; / O'ng
in ACDM and analogous ratios for the other cosmological models, increases by less than 4%
when omitting information from ¢ < 30. The largest effect of this omission is in the 7 — Ag
plane. When large angle polarization data are improved over Planck, they further break the
Age™2T degeneracy in the heights of the acoustic peaks. Without this improvement, lensing
measurements become more competitive in breaking this degeneracy and consequently con-
straints on these two parameters are degraded by ~ 10% in all three cosmological models

investigated in Section 2.4.
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APPENDIX C
NUMBER OF LENSING PRINCIPAL COMPONENTS

Two considerations guide the choice of the number of principal components of the lensing
potential to be measured from the lensed CMB power spectra. Keeping a larger number of
PCs leads to a more accurate description of the lensed power spectra. On the other hand,
increasing number of parameters slows down convergence of the MCMC calculations and
requires physicality priors, since the higher PCs are more poorly constrained by definition.
In this section we justify our choice of using five PCs for the analyses of our mock CMB-54
experiment.

First, we look at the fidelity in reproducing lensing effects in the observed Céx Y power
spectra. For definiteness, we perturb the fiducial Cg)qb by a AC’ZM) which corresponds to shifts
in the cosmological parameters given in Table C.1 (at fixed unlensed power spectra). This
change represents a realistic change in the lensing potential which might be encountered in a
real analysis, as cosmological model with parameters from Tab. C.1 is between 68% and 95%
probability contours for ACDM+w model in the simulation investigated in Section 2.4.3. We
chose the parameters such that they approximately lie on the degeneracy direction limited
by the lensing information. For completeness and comparison to the results in the main text,

the lensing principal components arising from this change are
(oW, .., 6B} = {-0.012,0.11,-0.011, —0.06, —0.012}. (C.1)

Note that the investigated parameter change is not aligned with change of M"Y from (C.1),
nor need it be since it represents the degeneracy direction rather than the direction most
affected by lens covariance.

In top panel of Fig. C.1 we show the resulting CfB power spectrum calculated with
lensing potential changed by the full AC’ZM5 vs. when this change is approximated using the

first N € {0,1,2,3,4} lensing PCs; the difference is too small to be visible directly and so
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Table C.1: Shifts in the cosmological parameters used to probe approximations of the lensing
potential in terms of lensing PCs

Parameter Shift
h 0.175
Qch? —1.0x 1073
Qyh? 3.5 %1077
ne 1.2 x 1073
Ag —1.6x 10711
T —22x 1073
w —0.52
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Figure C.1: Lensed CfB calculated with lensing potential increased by ACZM which cor-
responds to parameter shifts listed in Tab. C.1 and its representation in terms of the first
N €0...4 PCs (top: absolute; bottom percent error between the two).
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the bottom panel shows the percent error. Note that the smallness of these changes explains
why in the main text approximations based on linearizing power spectra deviations and PC
amplitudes are excellent even for relatively large cosmological parameter shifts.

Since the change in Eq. C.1 is dominated by @(2), most of the improvement in fidelity
comes when adding that component. In fact for this particular ACEM), first two PCs are
sufficient to faithfully describe effects of lensing in 77", EFE and T'E power spectra extremely
well. The next large jump in fidelity comes with the fourth PC which is associated with the
high multipole range of BB in Fig. C.1. We checked several other choices of allowed ACEM)
and for all of them four principal components lead to small errors on the power spectra level.

To quantify the total significance of the errors we construct

XI%C,N = Z5DZ(N) (COVi’j)_l
0]

5D;(N), (C.2)

where for brevity we introduce 0D;(N) = 5C@XY(N ), the power spectrum error caused
by approximating ACEM) using the first N PCs, with ¢ indexing all multipoles and power
spectra types. As N increases, the PCs approximate the full effect of lensing better and
X%’C, y decreases. In Fig. C.2 we show this dependence; as we saw before, adding fourth PC
leads to a significant improvement in our ability to capture the effects of gravitational lensing
on the CMB. For some choices of AC’ZW, adding fifth PC improves X%’C, N by a factor of a
few on top of the ~ hundred-fold improvement in X%’C, y arising from using four PCs. For
this work we decided to include fifth PC into the analysis as well, even though its inclusion

is not expected to have any significant impact on the results.
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Figure C.2: Dependence of X%C ~ (C.2), measure of error caused by approximating the

lensing potential using first N principal component, on N. In this case ACgW corresponds
to parameter shifts listed in Tab. C.1.
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