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Computational Methods

We ran classical MD simulations of a 64-molecule bulk liquid water system at 300 K and a

96-molecule bulk hexagonal ice system at 230 K. The bulk liquid water system had a cubic

simulation box (12.45 Å) and the bulk hexagonal ice system had an orthorhombic simulation

box that measures 13.500 × 15.5 × 14.8 Å3 (2x2x2 supercell). To generate our proton-

disordered Ice Ih system we used the GenIce1 which ensures the generation of completely
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randomized hydrogen-disordered networks obeying the ice rules. Both systems had periodic

boundary conditions (PBC) along all three dimensions. The equations of motion were in-

tegrated with the velocity Verlet algorithm with a time step of 0.5 fs and the temperature

was controlled by stochastic velocity rescaling2 with a relaxation time of 1 ps. Classical MD

simulations using the DNNP were performed using the combination of the DEEPMD-KIT3,4

and the LAMMPS package.5 Classical MD simulations using the NEP were performed using

the GPUMD package.6 The systems were equilibrated for 10 ps followed by a production

run of 100 ps. The path-integral MD simulations were carried out on the same systems

with the same time step and simulation length but instead were accelerated with a general-

ized Langevin equation thermostat (PIGLET),7 to allow for convergence on the number of

beads, such that only 8 beads were used for the simulation. The convergence in the number

of beads used can be seen in Figure S2. The PIGLET simulations with the DNNP used

the i-PI driver8 with the DEEPMD-KIT with LAMMPS. The PIGLET simulations with

the NEP used the i-PI driver8 with the NEP3 interface9 with LAMMPS. For the PIGLET

simulations of the 192 molecule Ih system, the simulations were only carried out for 20 ps.

The parameters of the colored noise thermostat were downloaded from the GLE4MD web

interface and are included in the online repository uploaded to Materials Cloud.10

For the calculations of the electronic properties of the bulk water and bulk hexagonal

ice at the DFT and G0W0 level. DFT calculations, including IPR calculations, were carried

out using the Qbox code,11 with a plane-wave energy cutoff of 85 Ry, and norm-conserving

pseudopotentials.12 G0W0 calculations were performed using the West code,13 starting from

wavefunctions obtained with the PBE14 functionals. Quasiparticle energies were determined

using the same exchange-correlation potential as the one employed in the self-consistent-field

DFT calculations. All of our G0W0 calculations were carried out with 1000 eigenpotentials.

DFT calculations were done for 100 equally spaced snapshots along each bulk trajectory.

G0W0 calculations were performed for 50 snapshots and the convergence on the number

of frames sampled can be seen in Figure S3. The sole Γ point is sampled throughout the



MD simulations. The CP2K 8.2 package,15 was used for electronic structure calculations

employing the van der Waals corrected hybrid functional (revPBE0)16–18 for the water and

ice systems. Valence Kohn–Sham orbitals are expanded on a triple-ζ localized basis set19 in

real space, and core states are treated implicitly using Goedecker–Teter–Hutter pseudopo-

tentials.20 Plane waves up to a cutoff energy of 400 Ry are used as a basis set for the density

in reciprocal space.



Comparison of MLPs

A noteworthy difference between the two functionals that the MLPs were trained on is that

the use of revPBE0-D3 predicts a slightly higher frequency for the O-H stretching vibration

of water,21 whereas SCAN is found to match the vibrational spectra quite well. This shift

to higher frequency is also reproduced by the two MLPs used in this study (Figure S1).

However, it was shown that including NQEs, for ab initio MD simulations with revPBE0-

D3, leads to an excellent agreement in the vibrational spectra.22 It is also important to note

that the SCAN functional has been found to overstructure liquid water while revPBE0-D3

does a satisfactory job of modeling the structure of liquid water.23,24

Supporting Information Figures

Figure S1: Vibrational density of states of water and ice using both sampled MLPs (DNNP
and NEP) calculated over a 10 ps MD run, with velocities sampled every 0.5 fs.



Figure S2: Convergence of the vibrational potential and kinetic energies (quantum estimates)
of hexagonal ice with respect to the number of beads used in PIGLET simulations. It can
be seen that 8 beads reproduce the results within 3 meV/atom (region highlighted in light
blue) of the 16 bead results. Energies for each bead are averaged over a 1 ps run with a 0.1
fs time step.

Figure S3: Convergence of the proton transfer coordinate probability distribution for both
water and Ice Ih for number of beads. Probability distributions are calculated over 100
ps simulations for each quantum simulation with the respective number of beads. The
distributions with 8 beads are well converged with the 16 and 24 bead distributions



Table S1: Convergence check of VBM, CBM, and gap values with corresponding standard
deviations calculated for liquid water and Ice Ih calculated using the DNNP@SCAN

MLP used
Electronic Structure

Method
Type of

MD simulation
VBM energy
value (eV)

CBM energy
value (eV)

Gap energy
value (eV)

DNNP
(Liquid Water)

DFT-revPBE0-
aug-TZV2P

PIGLET
(8 beads)

-4.09± 0.21 2.82 ± 0.010 6.91 ± 0.24

DNNP
(Liquid Water)

DFT-revPBE0-
aug-TZV2P

PIGLET
(16 beads)

-4.07 ± 0.22 2.80 ± 0.11 6.87 ± 0.24

DNNP
(Ice Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
(8 beads)

-4.32 ± 0.22 2.72 ± 0.060 7.04 ± 0.24

DNNP
(Ice Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
(16 beads)

-4.35 ± 0.19 2.75 ± 0.044 7.09 ± 0.20

DNNP
(Ice Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
(24 beads)

-4.34 ± 0.21 2.74 ± 0.044 7.08 ± 0.22

Figure S4: Convergence of the average VBM CBM gap as a function of the number of
frames. It can be seen that 50 frames practically reproduce the 100-frame results within 50
meV(region highlighted in light blue). Thus, 50 frames were chosen to be averaged over for
MBPT calculations



Figure S5: Joint probability distribution of the proton-transfer coordinate ν and the distance
d(O–O’) between the covalently bound and acceptor oxygen atoms for 96 H2O molecules of
hexagonal ice (top) and 192 H2O molecules hexagonal ice (bottom), with frames extracted
from 100 equally spaced frames from 100 ps DNNP classical and quantumMD runs. MD runs
for the 192-molecule system utilized the same parameters as described in the computational
methods. For both sized systems of bulk ice, the classical and quantum joint probability
distributions are in agreement.



Table S2: VBM, CBM, and gap values with corresponding standard deviations calculated for
96 and 192 water molecules for hexagonal ice for classical and quantum simulations. MD runs
for the 192-molecule system utilized the same parameters as described in the computational
methods. Between the two supercells, VB and CB energies are within 0.1 eV of each other
for both classical and quantum systems.

Size of Structure
Electronic
Structure
Method

Type of
MD

simulation

VBM energy
value (eV)

CBM energy
value (eV)

Gap energy
value (eV)

96
H2O molecules

DFT/
SCAN/
85Ry

Classical
(100 frames)

-10.45 ± 0.10 -5.18 ± 0.013 5.28 ± 0.10

96
H2O molecules

DFT/
SCAN/
85Ry

PIGLET
(100 frames)

-9.79 ± 0.21
(NQE = +0.66)

-5.42 ± 0.046
(NQE = -0.24)

4.37 ± 0.23
(NQE = -0.90± 0.25)

192
H2O molecules

DFT/
SCAN/
60Ry

Classical
(30 frames)

-10.40 ± 0.095 -5.20 ± 0.020 5.18 ± 0.095

192
H2O molecules

DFT/
SCAN/
60Ry

PIGLET
(30 frames)

-9.67 ± 0.15
(NQE = +0.73)

-5.47 ± 0.043
(NQE = -0.27)

4.20 ± 0.16
(NQE = -0.98± 0.19)

96
H2O molecules

DNNP/
SCAN/
85Ry

One energy
minimized frame

-10.95 -5.06 5.90

192
H2O molecules

DNNP/
SCAN/
60Ry

One energy
minimized frame

-10.98 -5.07 5.91

436 H2O molecules
DNNP/
SCAN/
60Ry

One energy
minimized frame

-10.94 -5.05 5.90



Table S3: VBM, CBM, and gap values with corresponding standard deviations calculated
for liquid water for classical and quantum simulations for both MLPs

MLP used
Electronic
Structure
Method

Type of
MD

simulation

VBM energy
value (eV)

CBM energy
value (eV)

Gap energy
value (eV)

DNNP DFT-SCAN Classical -10.46 ± 0.17 -5.56 ± 0.043 4.90 ± 0.18

DNNP DFT-SCAN PIGLET
-10.05 ± 0.21

(NQE = +0.40)
-5.71 ± 0.058

(NQE = −0.15)
4.34 ± 0.21

(NQE = −0.56±0.28)

DNNP G0W0-PBE Classical -5.12 ± 0.19 3.48 ± 0.025 8.60 ± 0.19

DNNP G0W0-PBE PIGLET
-4.49 ± 0.25

(NQE = +0.63)
3.30 ± 0.05

(NQE = −0.18)
7.79 ± 0.27

(NQE = −0.81± 0.33)

NEP DFT-SCAN Classical -10.39 ± 0.16 -5.72 ± 0.037 4.66 ± 0.17

NEP DFT-SCAN PIGLET
-10.11 ± 0.25

(NQE = +0.28)
-5.87 ± 0.064

(NQE = −0.14)
4.24 ± 0.27

(NQE = −0.45±0.32)

NEP G0W0-PBE Classical -5.13 ± 0.18 3.39 ± 0.028 8.52 ± 0.18

NEP G0W0-PBE PIGLET
-4.60 ± 0.38

(NQE = +0.53)
3.24 ± 0.057

(NQE = −0.15)
7.84 ± 0.38

(NQE = −0.69±0.42)

Figure S6: The ∆ENQE
g of the VBM-CBM gap, VBM, and CBM for liquid water and

hexagonal ice at the DFT level using the SCAN functional for 100 frames sampled from the
classical MD and quantum path-integral simulations using two different machine learning
models DNNP and NEP.



Table S4: VBM, CBM, and gap values calculated using DFT (SCAN) and MBPT with
corresponding standard deviations calculated for hexagonal ice for classical and quantum
simulations for both MLPs.

MLP used
Electronic
Structure
Method

Type of
MD

simulation

VBM energy
value (eV)

CBM energy
value (eV)

Gap energy
value (eV)

DNNP DFT-SCAN Classical -10.45 ± 0.10 -5.18 ± 0.013 5.28 ± 0.10

DNNP DFT-SCAN PIGLET
-9.79 ± 0.21

(NQE = +0.66)
-5.42 ± 0.046

(NQE = -0.24)
4.37 ± 0.23

(NQE = -0.91± 0.25)

DNNP G0W0-PBE Classical -5.68 ± 0.091 3.43 ± 0.011 9.11 ± 0.18

DNNP G0W0-PBE PIGLET
-4.76 ± 0.25

(NQE = +0.93)
3.22 ± 0.040

(NQE = -0.21)
7.98 ± 0.27

(NQE = -1.13 ± 0.32)

NEP DFT-SCAN Classical -10.51 ± 0.086 -5.16 ± 0.011 5.35 ± 0.090

NEP DFT-SCAN PIGLET
-9.79 ± 0.26

(NQE = +0.72)
-5.39 ± 0.044

(NQE = -0.23)
4.39 ± 0.27

(NQE = -0.96 ± 0.28)

NEP G0W0-PBE Classical -5.82 ± 0.10 3.43 ± 0.0076 9.24 ± 0.10

NEP G0W0-PBE PIGLET
-4.78 ± 0.35

(NQE = +1.04)
3.25 ± 0.031

(NQE = -0.18)
8.04 ± 0.36

(NQE = -1.20 ± 0.37)

DNNP
optimized

DNNP-SCAN
One energy
minimized

frame
-10.95 -5.06 5.90

DNNP
optimized

G0W0-PBE
One energy
minimized

frame
-6.19 3.51 9.70



Table S5: VBM, CBM, and gap values with corresponding standard deviations calculated for
liquid water and Ih for classical and quantum simulations for comparing the DNNP trained
on MB-Pol simulation data to the other two MLPs used.

MLP used
Electronic
Structure
Method

Type of
MD

simulation

VBM energy
value (eV)

CBM energy
value (eV)

Gap energy
value (eV)

DNNP
-MB-Pol

(Liquid Water)

DFT-revPBE0-
aug-TZV2P

Classical -4.53 ± 0.19 2.85 ± 0.061 7.37 ± 0.20

DNNP
-MB-pol

(Liquid Water)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.25 ± 0.21

(NQE = +0.28)
2.55 ± 0.091

(NQE = −0.30)
6.79 ± 0.25

(NQE = −0.58±0.32)

DNNP
-SCAN

(Liquid Water)

DFT-revPBE0-
aug-TZV2P

Classical -4.54 ± 0.17 3.05 ± 0.061 7.59 ± 0.19

DNNP
-SCAN

(Liquid Water)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.090 ± 0.21

(NQE = +0.45)
2.82 ± 0.10

(NQE = −0.23)
6.91 ± 0.24

(NQE = −0.68±0.32)

NEP
(Liquid Water)

DFT-revPBE0-
aug-TZV2P

Classical -4.49 ± 0.17 2.80 ± 0.052 7.29 ± 0.18

NEP
(Liquid Water)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.20 ± 0.23

(NQE = +0.29)
2.64 ± 0.080

(NQE = −0.16)
6.85 ± 0.26

(NQE = −0.44±0.32)

DNN
-MB-Pol

(Ih)

DFT-revPBE0-
aug-TZV2P

Classical -5.04 ± 0.10 3.01 ± 0.019 8.05 ± 0.11

DNNP
-MB-Pol

(Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.34 ± 0.26

(NQE = +0.70)
2.71 ± 0.060

(NQE = −0.30)
7.06 ± 0.29

(NQE = −0.99 ± 0.31)

DNN
-SCAN
(Ih)

DFT-revPBE0-
aug-TZV2P

Classical -5.02 ± 0.10 3.02 ± 0.016 8.04 ± 0.11

DNNP
-SCAN
(Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.32 ± 0.22

(NQE = +0.70)
2.72 ± 0.06

(NQE = −0.30)
7.04 ± 0.24

(NQE = −1.00± 0.26)

NEP
(Ih)

DFT-revPBE0-
aug-TZV2P

Classical -5.08 ± 0.095 3.04 ± 0.029 8.12 ± 0.11

NEP
(Ih)

DFT-revPBE0-
aug-TZV2P

PIGLET
-4.31 ± 0.29

(NQE = +0.77)
2.75 ± 0.056

(NQE = −0.29)
7.06 ± 0.30

(NQE = −1.06±0.32)

DNNP
optimized

DFT-revPBE0-
aug-TZV2P

One energy
minimized

frame
-5.57 3.14 8.71



Figure S7: Histogram of inverse participation ratio (IPR) values calculated for 100 extracted
frames for Kohn-Sham orbitals with energy values within 50 meV of the VB (valence band)
and CB (conduction band) respectively, using 75 bins. The Gaussian kernel density es-
timation (KDE) for each histogram is shown as solid lines. Histograms are generated for
water and ice using classical (MD) and quantum (PIGLET) simulations employing NEP and
DNNP. The IPR values are scaled by 10000.

Figure S8: Radial distribution functions (gOO, gOH , gHH) and angular distribution function
(H −O−H) of water (top row) and ice (bottom row) for classical and quantum (PIGLET)
MD simulations for both sampled MLPs.



Figure S9: Electronic density of states (EDOS) of water and ice calculated employing DFT
(SCAN) calculations using snapshots extracted from DNNP (NEP) trajectories obtained
with classical and quantum (PIGLET) MD simulations.
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