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Table S1. Summary of the upper and lower bounds of the likelihood ratio for different inferential targets. For ¢t € {0,1}, p; = P(T =
t)and r(z) = e(z)/(1—e(z)) is the odds ratio of the propensity score. The training distribution for Y (¢) is always Px y (;) | 7—;- For
target distributions, ATE-type refers to Px y (;); ATT-type refers to Px y ;)| r—1; ATC-type refers to Px y (1) | r—o; General refers to
Qx X Py ()| x-

2. Additional results

A. Constructing G,.(-) in the PAC-type procedure. In this part, we provide the construction of G, (t) in Section A
with Waudby-Smith-Ramdas bound (1). The proof is a slight modification of (1) and included in SI Appendix D for
completeness.

Proposition 2.1 (Waudby-SmithRamdas lower confidence bound for c.d.f.s). Suppose sup, i(x) < M for some
constant M > 0. For t € R being any constant or any random variable in ¢(Dirain), and any § € (0,1), we define

Gn(t) = max{GL ), GY(t )}, where

GL(t)=M - 1nf{g>0 1rgaxlC( <2/(5},

il =1— - >0: v < .
G,t)=1-M+M 1nf{g70 félz-aanKZ (9)72/6}

For any g > 0, the thresholding functions for i = 1,...,n are defined as

/c£<g>=H(1+vf-[ﬂ{v<t}e< /M =g]), icﬁf(g):H(Huf-[1—ﬂ{vj>t}a<xj>/M—g]),

Jj=1 Jj=1
where v}’ _mln{l \/QIOg 2/8)/[n(6% ) } vj _mln{l \/QIOg 2/8)/n( } and
1 i UX;5) _ ~L)2 1 i £(X5)
(&L)Q _ 1 + Zj:l (1{‘637&} g ”j) AL _ 2 + Zj:l Lovi<ny =57
T - 1+/L~ ) M'L - 1+Z )
i W(X;) _ AU)2 @ a(X;
(&U)Q . i + Z]’:l (1 —Lpvsey =37 — ) N % + Zj:l(l —Tvise (M >)
T 1+i M= 1+i '

Then it holds that P, (Gn(t) < G(t)) > 1 =8 for G(t) defined in [13)].
B. Validity of prediction intervals for ITE. In this part, we provide the coverage guarantee for prediction of ITEs
omitted in Section A.

Proposition 2.2. Consider a new test sample where we observe (Xn+1, Tn+1, Ynt1(Tnt1)), with Tny1 = w for
w € {0,1}. Let D be the calibration data generated from PP under confounding level T'. If C1—w(Xnt1,T,1 — @) is
constructed by Algorithm 1, then

P(Yni1(1) = Yns1(0) € C(Xps1,T) | Tgs =w) > 1—a— A,

for the prediction set C’(Xn+1, I',1 — «) in [A], where the probability is over Deaiin as well as the test point, and A
is the gap of coverage for Yn41(1 — w) in Theorem 1.2. If Ch—w(Xnt1,0,1 — @) is constructed by Algorithm 2 with
confidence level § € (0, 1), then with probability at least 1 — 6 with respect to Deatin, we have

P(Yn+1(1) — Yn+1 c C’(Xn+1,F) ‘ Tn+1 = w,Dcalib) Z 1 - X — A,

where A is the gap of coverage for Yn+1(1 — w) in Theorem 3.1.

Ying Jin, Zhimei Ren, Emmanuel J. Candeés
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Proposition 2.3. Consz’dgr a new test sample Xp41. Let D be the observations for which PP is under confounding
level T. If for w € {0,1}, Cow(Xn+1,T,1 — /2,8/2) is constructed by Algorithm 1, then

P(Ynt1(1) = Yas1(0) € C(Xnp1, 1)) > 1— o — Ay — A,

where the probability is over D as well as the test point; Ao, A, is the coverage gap in Theorem 1.2 for counterfactual
prediction of Yn41(1), Yn4+1(0) when the bound functions are estimated. If Ch—w(Xnt1,0,1—a/2,8/2) is constructed
by Algorithm 2, then with probability at least 1 — § with respect to Dealin, we have

P(Yn+1(1) — Y. € O(Xn+l,r) ‘Dcalib) >1—a—A — A0,

where Ao and Ay are the coverage gaps in Theorem 1.2 for counterfactual prediction of Yny1(1),Yn41(0) when the
bound functions are estimated.

C. Types of null hypotheses. With the general recipe of assessing robustness of causal conclusions on ITE, we provide
concrete examples of the target set C' and the corresponding forms of CA’(XTLH, ).

Sharpnull  One might be interested in the sharp null, i.e., whether the individual treatment effect is zero. In this case,
one could let C' = {0}, and the prediction set can take any form. Rejecting Ho(T") is saying that Y5, 1(1) # Yn41(0)
unless the true confounding level obeys I'* > T.

Directional null  If we presume the stochastic nature of ITEs, the sharp null might be implausible. In this case, one
may be interested in the directional null with Y5 41(1) — Y,41(0) < 0, which is equivalent to choosing C' = (—o0, 0].
Rejecting Ho(T") here is saying that the individual treatment effect is positive unless I'* > I". More generally, one might
consider C' = (—o00, a] for some a € R to test whether the ITE is above a certain value. To make sense of the multiple
testing procedure, one-sided prediction intervals are constructed for ITE, i.e., ¢ (Xn+1,T) = [f (Xn+1,T), 00) for some
I(Xn+17 I') € R. It can be achieved by one-sided prediction intervals Co( Xnt1, 1 —a,1 = 6§) = (—o0, Yo (Xnt1,1)]
if Y;,11(0) is missing and C1(Xnt1,,1 — a, 1 — ) = [Yi(Xps1,T),00) if Yny1(1) is missing, with a Bonferroni
correction as introduced in Section A if both outcomes are missing. The I'-value is hence the smallest " such that
the two prediction intervals overlap.

D. Sharper results under parametric models. From the sharpness results in Section 3.C.2 (main text), we see that

in the worst case scenario, the odds ratio [3] ﬁ(g é}i ig Z;ig ?}i g is equal to either I or 1/T. Admittedly,
we are unlikely to encounter this in practice. We now discuss how to get sharper prediction intervals by positing a
parametric model.

Let s: X — R%* and ¢t: ¥ — R% be known functions. Imagine we are interested in predicting Y (0) for a treated

unit. Now assume that the true (confounded) treatment rule P(T' = 1| X, Y (0)) follows the logistic model
B(T = 1] X,Y(0)) = logit™" (as(X) + 7" ((¥(0)), i)

where we define logit ™" (z) = ¢”/(1+¢%), and a € R?, ~ € R are unknown parameters. This parametric model may
apply to healthcare data in which a doctor assigns a treatment to patients according to a logistic model depending
on a full set of characteristics while only a few of those are included as covariates in the dataset due to privacy
issues. The undocumented characteristics thus become the unmeasured confounder, and it may still be reasonable to
assume that the treatment rule reduced to the outcome level, i.e., P(T'= 1| X, Y (0)), approximately follows a logistic
model [1].

Under the parametric model, the I'-selection condition translates to

Lo eX) _ dPxyr=1 _ Ty BT =0) o e(X)
r 1+6(X) - dPX,Y(O)\T:O ]P)(T: 1) - 1+6(X)

Now let é(-) be an estimator for e(-), and p = L 3°" | T;. We can modify the optimization problem in Remark 1.1 of
the main text by replacing the constraints on W;’s with those on (7). Specifically, for each k, we now solve

S explas(Xp) + 7 (Y (0))}

minimize 7

o Yoy explals(Xy) + T H(Yi(0)} + Wit
. é(Xn+1) I'-é(Xn41)
subject to ———t— < Wy < ———%
! T+ e(Xnn) — "= THe(Xnn)
e(Xs) aTs(X)+y ey 1—p _ T-é(Xy) )
< i Y i . < v Dcai
T+ e(x) = b aHe(x,) ST
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Here, as before, [1],[2],...,[n] is the permutation of {1,...,n} such that Vijj < Vig) < --- < V). If we believe in the
treatment assignment model, then this gives an extension of Algorithm 1 which provides sharper prediction intervals
with valid coverage (up to estimation error in é and p).

E. Nested method for inference on ITEs under unmeasured confounding. We provide details of the nested method
for constructing less conservative ITE prediction intervals introduced in Section 4.

Assume the calibration data consist of both treated and control units. The nested method first uses the robust
conformal inference methods in the main text to construct prediction intervals for the ITEs of all calibration data;
it then learns and calibrates these intervals to produces a prediction interval for the ITE of a test point. Below,
Algorithm 1 (resp. Algorithm 2) constructs a two-sided (resp. one-sided) prediction interval for the ITE of a test
point. The output prediction interval achieves (1 — a — ) coverage (up to estimation error of the propensity score),
where 7 corresponds to the confidence of the second calibration step. Depending on the input preference, such
coverage is either marginalized over the calibration and test data, or calibration-conditionally valid with probability
at least 1 — d over the calibration data.

Algorithms 1 and 2 use a subroutine to construct two-sided and one-sided robust prediction intervals for ITEs with
either marginal or PAC-type coverage. The choice of the subroutine is flexible and depends on the target. Algorithm 3
(resp. Algorithm 4) provides a concrete procedure the constructs two-sided (resp. one-sided) prediction intervals for
ITEs, where we use Conformalized Quantile Regression (CQR) (2) to compute the nonconformity score, and assume
we have estimates é(x) for the propensity score e(z) = P(T = 1| X = z), p for the treatment probability P(T = 1).
The a/2-th and (1 — /2)-th quantiles for Py, | x, r,=1 and Py, | x, 7,=0 01 Dirain are denoted by tji%(w), (jgam(x),

5(0) (0)

qa/Q(x), and @l_a/Q(m), respectively.

Algorithm 1 Nested (two-sided) robust conformal prediction of ITEs

1: Input: Calibration data {(X;,Y:, Ti) }iep.. ., test covariate z, target level a, v € (0, 1), confidence level § € (0,1).
Step I: sample splitting

2: Randomly split Dealib into Dy and Do.

3: Randomly split D2 into D21 and Dy ».
Step II: robust prediction of ITEs for D,

4: if target = marginal coverage then

5: For all i € Da, use D; as calibration data to obtain two-sided prediction interval [CF, CF] := [CF(X;), CF(X)))
for ITE with marginal coverage 1 — « (e.g., from Algorithm 3).

6: else if target = 1 — § PAC-tpye guarantee then

: For all i € Ds, use D; as calibration data to obtain two-sided prediction interval [CF, CF] := [CF(X:), CF(X;))

for ITE with PAC-type coverage 1 — « at confidence level /3 (e.g., from Algorithm 3).

Step III: nested prediction interval for ITE of the test point

8: Fit mY(z) and m%(x), the conditional mean/median of C*, C¥ given X; = x using Da.1.

9: For i € D32, compute V; = max{ﬁzL(Xi) —ct ck - mR(X,L-)}.

10: if target = marginal coverage then

11: Compute 7 as the (1 —)(1 + 1/|D2,2|)-th quantile of the empirical distribution of {V;: i € Da2}.

12: else if target = 1 — 6 PAC-tpye guarantee then

13: Compute 7 as a (1 —6/3) lower confidence bound for the (1 —v)-th population quantile viewing {V;: i € D2}
as 1.i.d. copies (using, e.g., Heoffding’s inequality or W-S—R inequality).

14: Output: Prediction set C(z) = [m” (z) — n, Mm% (z) + 7).

3. Technical proofs
A. Proof of Lemma 2.1.

Proof of Lemma 2.1. For any measurable subset A C U, any u € A and any x € X, by the marginal I'-selection
condition [3],

1 P(T =0|X =)

) - - —u) < - - ) AT - - — ).
T P(T=0|X=2,U=u)<PT=1|X=2,U=u) ]P’(T:HX::E)*F P(T=0|X=2z,U=u) 2]



Algorithm 2 Nested (one-sided) robust conformal prediction of ITEs

1: Input: Calibration data {(X;,Y:, Ti) }ieD.., » test covariate x, target level a,y € (0, 1), confidence level § € (0,1).
Step I: sample splitting

2: Randomly split Dealin into D1 and Ds.

3: Randomly split Ds into D21 and Da 2.
Step II: robust prediction of ITEs for D»

4: if desire marginal coverage then

5: For all i € Ds, use D; as calibration data, obtain one-sided prediction interval [CF, +o00) := [CF(X;), +00)
for ITEs with marginal coverage 1 — « (e.g., from Algorithm 4).

6: else if desire 1 — § PAC-tpye guarantee then

: For all i € Dy, use D as calibration data, obtain one-sided prediction interval [C'F, +00) := [C*(X;), 400)

for ITE with PAC-type coverage 1 — a at confidence level §/3 (e.g., from Algorithm 4).

Step III: nested prediction interval for ITE of test point

8: Fit mL(x), the conditional mean/median of CF given X; = x using Da1.

9: For ¢ € D32, compute V; = ck - mL(Xi).

10: if desire marginal coverage then

11: Compute 1 as the 1 — (1 — ) (1 + 1/|D2,2|)-th quantile of the empirical distribution of {Vj: i € Da2}.

12: else if desire 1 — § PAC-tpye guarantee then

13: Compute 1 as a (1 — §/3) lower confidence bound for the -th population quantile viewing {V;: i € D22} as
i.i.d. copies (using, e.g., Heoffding’s inequality or W-S-R inequality).

14: Output: Prediction set C(z) = [’ (z) 4+ 7, 00).

Marginalizing over u € A yields

1 _PUEA|X=2T=1)
T " PUEA|X=xT=0)

<T (3]
for P-almost « € X. Since [3] holds for any measurable set in U, we have

dP _
1 < U| X, T=1 (
I' = dPy | x,7=0

u7x)§]‘_‘7

for P-almost all w € U and z € X. Meanwhile, for any measurable set B C ), by the tower property, we have for any
t € {0,1} that

P(Y(1) € B,T=t|X) =E [IE[IL{Y<1)€B} Lir—y | X, U] ‘ X}

:E{E[nml)em | X, U] E[Lir—yy | X, U]‘X]. [4]
Rewriting [2], we have P-almost surely that
1 E[1gr—1y | X] E[1(r-1} | X]
= - E| Ly | X, U] ———— <E|Llir—1y | X,U]<T-E|Llip—y | X, U] —/————F—.
& E[Lir=oy | X, U] E[ Lz | X] [Lgr=ny [ X, U] [1ir=0y [ X, U] E[ L) | ]
Multiplying all sides by IE[]I{Y<1)€B} |X, U] and using [4], we know
1 E[IL{T:H. ’X] E[I{T:l} {X]
= PY(1)eBT=0|X) ——F—<PYQ)eB,T=1|X)<I''P(Y1) e B T=0|X) —F/——7F—
LR ) Sl <P [X) < E(r() ) Bl
holds P-almost surely, and for P-almost all x € X,
1 176(17)<IP’(Y(l)GB,T:O|X:$)<F 1—e(x)
I ey “PYMW)eBT=1|X=z)"  e(x)

Note that

PY()€B|X=2,T=1) PYQ)eBT=1|X=2) 1-ez)

PY()eB|X=2,T=0) PY1)eBT=0X=z) e

ot
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Algorithm 3 Subroutine: Two-sided robust prediction for ITE

1: Input: Calibration data {(X;,Y:, T;) }iep, estimated propensity score é(x), estimated p for P(T = 1), estimated

quantile functions ‘ji/)z( ), (jil)a/Q( ), test covariate x, test treatment ¢ € {0,1}, test outcome y(t), target level

€ (0,1), confidence level ¢ € (0,1) if necessary.

2: Deﬁne the nonconformity score Vi(z,y) = max{qgt}Q(a:) - Y,y — ‘jit)a/z( )} for t =0,1.
_ 1—p é(z) 12t—=1 . _ 1 é(z) 12t—1
Set é() - T [Tp 1—6(1)} a() = F[Tp l—é(z)] :

if desire marginal coverage then
Input {j € D: T; =1 —t}, £(-), a(-), score Vi_, and target a to Algorithm 1 (main text).
Obtain [CF ,(z), CT,(z)] :== C (), the output from Algorithm 1 (main text).

else if desire 1 — § PAC-tpye guarantee then
Input {j € D: Tj =1 —t}, £(-), 4(-), score Vi_;, target a, § to Algorithm 2 (main text).
Obtain [CL_,(z), CF ,(x)] := C(x), the output from Algorithm 2 (main text).

10: Output: [C*(x),C% ()] = [(1)—Cb()7( ) - Co(a)] ift =1,
11: [CH(x), CF(2)] = [CT (2) — y(0), Cf(2) — y(0)] it ¢ = 0.

© ® NP g oW

Algorithm 4 Subroutine: One-sided robust prediction for ITE

1: Input: Calibration data {(X;,Y:, T;) }iep, estimated propensity score é(x), estimated p for P(T = 1), estimated
quantile functions ¢ (z), cjil)a( ), test covariate x, test treatment ¢ € {0,1}, test outcome y(t), target level
€ (0,1), confidence level ¢ € (0,1) if necessary.

Define the nonconformity scores Vo(z,y) =y — G (z) and Vi(z,y) = (jil)a( )—yfort=0,1.

Set 0() = L [152 {2 T* 7 a() = T[22 L

if desire marginal coverage then
Input {j € D: Tj =1 —t}, (), a(-), score Vi_y, test covariate z, and target a to Algorithm 1 (main text).
Obtain (—oo Co( )] == C(z) if t =1 or [C1(z), 4+00) := C(x) if t = 0, from Algorithm 1 (main text).

else if desire 1 — § PAC-tpye guarantee then
Input {j € D: T; =1 —t}, g(), 4(-), score Vi_¢, test covariate x, target o, d to Algorithm 2 (main text).
Obtain (—o0, Co(z)] := C(z) if t = 1 or [C1(x), +o0) := C(x) if t = 0, from Algorithm 2 (main text).

10: Output: [CF(z), +00) = [y(1) — Co(z), +00) if t = 1, and [CF(z), +00) = [CE(x) — y(0), +o0) if t = 0.

© oSk w N

Consequently,

Il _PY()eB|X=aT=1)
T ~PY(1)eB|X=x,T=0)

holds for P-almost all x € X. By the arbitrariness of B, we have

1 dP =
- < M(x,y) <T.
' = dPyq)x,7=0

Repeating the above steps for Y (0) we conclude the proof of Lemma 2.1. O

B. Proof of Theorem 1.2.

Proof of Theorem 1.2. Fixing any Pe P(P, ¢, u), we denote the likelihood ratio w(zx,y) = %(m,y). Recall that the
calibration data is {(X;, Y:) biep .y With Dealib = {1,...,n}, and the test data point is (Xny1, Yny1) ~ P. We denote
the random variables Z; = (X;,Y;) and realized values z; = (x;,y;) fori =1,...,n.

As a starting point, we elaborate on the weighted conformal inference introduced in (3), which paves the way for
the analysis of marginal coverage later on. Following (3), the random variables {Z;}I1]! are weighted exchangeable,
meaning that the density of their joint distribution can be factorized as

n+1

f(zl,...,szrl): Hwi(Zi)'g(Zl,u-7Zn+1)7 [5]



where g is some permutation-invariant function, i.e., g(2o(1),-- -, Zo(nt+1)) = 9(21, ..., zZny1) for any permuation o of
1,...,n+ 1. Specifically, here w;(z) =1 for 1 < i < n and wn+1(z) = w(x,y). For a set of values z1,..., znt1 where
there may be repeated elements, we denote the unordered set z = [z1, ..., znt1] and the event

SZ = {[Z17...,Zn+1] = [Z1,...,Zn+1}}.

Let II,41 be the set of all permutations of {1,...,n + 1}. Writing v; = V(zi,y:) = V(z:), for each 1 <i < n+1, it
holds that

ZG‘GH:D‘(’IL+1):i f(z"’(l)’ Tt ZU("+1))
den f(zo(l)y ey Zo(nJrl))

IFD(Vn+1 = Ui | SZ) = ]P)(ZHJrl = Zi | 52) =

where P is induced by the joint distribution of Dirain U Dealib U Zn+1. By the factorization [5], we have

Eaen:d(n+1):i f(za(1)7 ey Zo'(n+1)) . EO‘GH o(n+1)=i wn+1(zl)g(za(l)7 ey Zo’(n+1)) o wn+1(zi)
Yowen F(Zo()s s Zo(ntr)) Y oen Wnt1(Zo(nt1))9(Zo(1), - - s Zo(nt1)) Z;;l Wnt1(2)

Therefore, the distribution of V,,+1 conditional on the event &, is

S () C)
Wn1(2i w(Ti, Yi
Vn+1 |gz ~ Z(Svip;u, where p?} = n+1+1 = nt+1 Y .
; j=1 wn+1(zj) j=1 w(xiayi)
Here §, denotes the point mass at {v}. For any unordered set z = [z1,..., 2n, 2n+1] and the corresponding k* as

defined in [B], it holds that

+1 n+1
S w 1 _ Zl 1 (m’Hyl) 1{v1<v[k*]}
sz {vi<vp«} = il .

]P’(Yn-H € C(Xn41) |5z) = P(Vn-v-l < Vg
j=1 w(l‘i,’yi)

By the tower property of conditional expectations, we have

[6]

n+1
B(Voss € C(Xar1) = E[B(Yars € O(Xui) | £2)] = [ w(X:,Y:) Ly, <, }]

Z;l+1 (Xh}/l)

Equipped with the above preparations, we show the coverage guarantee in our setting. By definition [B], we know

"X Ly <o
Vige) = inf {v: — 2in (n )A{Vé ! - >1—a}7
Zi:l U Xs) Tiv, <oy + Zi:l a(Xi) Tiv, >0y +a(Xn+1)

hence

E Z?:l Z(Xi)]l{ViSV[k*]} S1-a
Z::l 0(Xs) H{ViSV[k*]} + 22;1 a(Xi) 1{V£>V[k*]} F0(Xny1) |

since the inner random variable is always no smaller than 1 — o. Combined with [6] and by the non-negativity of
w(X;,Y;:), we have

P(Yn+1 (S O(Xn+1)) — (1 — Oc)

S E lz w(Xi,Yi) Lyv,<v, }] T lz Z?:lé(Xi)IL{ViSV[k*]} ] ::E[(i)}

fLJrl (X“}/’L) ?:1 E(Xi)]l{quﬁ‘/[k*]} +Z?:1 a(Xi)]l{Vi>V[k*]} +ﬁ(Xn+1) ii)

=1

where we denote

(i) = —w(Xn+1, Yny1) Z ) Ly <vipey + @(Xnt1) Z (X0, Yi) Ly, < vy
+ |:Zw(XiaY;;) 1{Vi§V[k*]}:| {Z i) Ly, >v[k*]}} {Zw(Xi:Yi) H{Vi>v[k*]}:| {Z i) Ly, <V[k*]}:|
i=1 i=1 i=1 i—1



and

n+1
= [ w00 [ 3000 By + 300 Lo 0]
i=1
We first establish a lower bound for the term (i). To this end, we define the random variables

{; = max {w(Xi,Yi), Z(Xz)} and

;= min {w(X;,Y;), a(X,)}, i=1,...,n+L
By the above definition, it holds that 0 < u; < 4(X;) and Z > Z(Xz) > 0. We also define the differences
Al =l = w(X:, V) = [{(X:) —w(X;, V)], and
Ay =i~ w(Xe,Yi) =~ [a(Xe) —w(Xi, V)], i=1..n+1

Using the above notation, we have

n n n
[Zw(Xi,Yi)]l{v<v[k*]}] {Zﬂ(xi)]l{v,;>v[k*]}} - {Zw(Xi,Yi)]l{v,;>v[k*]}} {Z o) Ly, <vk*]}]

=1 =1 =1 =1
> {Z (X:, Vi) 1y, <v[k*]}} {Z (X, Y3) +Auz) Ty, >v[,€*]}}
=1 =1
- [Z (Xi, Y3) Ly > vy ][Z XZ7Y)+A€)IL{V<V,€*}:|
=1 i=1
= |:Z w(Xi,Yi) Ly, <V[,€*]}:| |:Z 1{V>Vk*]}] - [Zw(Xth)n{Vi>V[k*]}:| [ZA&H{WSV[M]}]'
=1 =1 i=1 i=1

Following similar arguments, we have

—w(Xn+t1,Ynt1) Zf Jvievyr + @(Xnta) Z (X, Yi) Lpvi vy

> —w(Xn+17Yn+1)'Z(w(xi,Yi)-l—Az) Lvicvr + (W(Xnt1, Yoi1) + Alpyr) Z (X3, Ya) Tyvi vy
=1 i=1
= —w(Xpn+1, Ynt1) - ZA& Ly, <vyug) TAUn41 - Zw(Xi,Yi) Lvi<via)

i=1 i=1

By construction, we know that AE > 0and Au; <0 for i = 1,...,n + 1. Putting the lower bounds together, we
obtain

) = [Zw(xnyi)l{vmvwﬂ}] |:Aan+l +ZAE'L1{V}>V[E*]}:|
=1 =1
_|: ( n+1, n+1 +Z Xz,Y IL{V> [k*]}:| |:ZA£Z'IL{V£§V[,;*]}:|
i=1

\Y]

[ [an] -[Sron][£e]



Since the term (ii) is non-negative, we have the lower bound

ZnJrl (X“Yl) Z?:1Z(Xi)]l{v< k*]}+zz 1
][ 8] - [ e ) e
(X

[(i)]_ S w(Xa Vi) Livcv,. ) Zylé(xi)n{v,< Viey)

(ii) ]l{V> ic*]}+ﬁ(X"+l)
[,

El[z”l )]

<;>E[[ X“m[zwuz}—[ (X Y] [0, AT

>
L UX IL{v . y Yo (X)) gy, >Vii }+U(Xn+1)]

(3w VO] [, A

® l Hla) - w(Xi,Yi)]] o l LX) - w(X, mu} |

S U(X) Y X

Above, step (a) follows from the fact that 4(X;) > #(X;) > 0, and step (b) is due to the non-negativity of w(X;,Y;).

By Hoélder’s inequality,

B [ S (X)) - w(Xi,m)]+1 S
>

(Xi) — w(Xi,Y3)) ,

S|
ing
—
>

@ ||, °
< | ) - wexv) | ST A
< [ - wixv), | ),

where step (a) follows from Minkowski’s inequality, and the step (b) follows from

ST A R T

as implied by Cauchy-Schwarz inequality. Similarly,

E = — S ﬁXZ —uXi 7‘ ’& n —UXn -
[ S0 (a(X0) —uw(X3)) ) 1) = w(Xny1)) e
where the L, norm for X, is with respect to ﬁ, hence
X, Y)P
Xnt1) (Xn+l))_ = H ( ) a(X;) — u(Xl))_
P n »
Combining the above results, we have
P(Yni1 € C(Xni1)) >1—a—A-||1/0(X))

where

A A ) w(X;, )P

A= ‘ () - e(x2) || + ’ (a(X:) —u(X) || + H(n) (@X) — (X)) ||

P p P

74 which completes the proof of Theorem 1.2.



s C. Proof of Theorem 3.1.

76 Proof of Theorem 3.1. Throughout the proof, all statements are conditional on Dirain. By the independence of
77 Deatib U {(Xn+1, Yn+1)}, the scores {V (X5, Y;) }iep, .y, are i.d.d. and independent of V/(Xpn41, Yni1).
Recall that G(-) is defined in [13]. To begin with, we define

g=inf {t: G(t) > 1—a}, G¢n=inf{t: Gn(t)>1—a}.
For any fixed € > 0, we have
P(Gn <4—¢)=P(Gn(d—¢) > 1-a)
P(G(G—€) > Gn(@—€) >1—a) +P(G(g—¢) < Gn(g—¢)) < 0.

IN

Here the last inequality follows from the fact that G(§—e¢) < 1—a for any fixed € > 0 and P(G((j—e) < Gn(
by [14] with ¢ = § — e. Therefore, by the continuity of probability measures, we have

Q>
|
)
~—
N—
N
(=)

P(Gn > ¢)=1— lim P(gn < g—¢) >1—0.
e—0t

Moreover, on the event {G, > ¢}, by the definition of C'(X,11), it holds for any P € P(P, ¢, u) that
ﬁ(YnJrl € CA’(XThLl) ’Dca“b) = ﬁ(V(X"Jrh YTL+1) < dn "DCalib)
= ﬁ(V(X"+17 Yni1) <4 ‘ Dcalib)
= E[H{V(va)fq} UJ(X, Y) | Dcalib] 3

where the expectation is with respect to (X,Y’) ~ P independent of Dcaiin. By the definition of G(¢)
¢ = inf {t: max {E[H{V(ny)gt} 2(X)], 1-— E[]I{V(Xy)»} ﬁ(X)] } >1- a} = min{q1, ¢},
where (X,Y) ~ P is an independent copy and we define
G = inf{t: E[1ivxy<e 6(X)] >1— a},
g2 = inf {t: 1-E[Livxyysn @(X)] >1— a}.
For constants §1, G2, we have
E[ﬂ{v(x,y)gq} w(X,Y) | Dcalib]
= min {E[n{v(xyy)gql} w(X,Y) | Dearn ], E[Liv(x,v)<ap} w(X,Y) | Deariv] }

We analyze the two terms separately. Firstly,

E[Liv(xy)<a w(X,Y) | Deann]
= E[H{V(XvY)Sth} g(X) ’ Dcalib] — E[]I{V(X,Y)gql} (Z(X) — w(X, Y)) ‘ Dcalib]

(@ X
> 1-a—E[Lyxyza) (((X) —wX,Y)) | Deann]

>1-a-E[({(X) -w(X,Y)),].
where the step (a) follows from the definition of §;. Similarly,
E[1v(x.v)<4} w(X,Y) | Deats]
=1- E[n{v(xvy)>‘§2} 'U.)(X, Y) | Dcalib]
=1-E[Liy(x,y)<a) @X) | Dearn] + E[ Ly (x,v)<a} (4(X) = w(X,Y)) | Dearin]
2 l-a + ]E[II'{V<X:Y)S‘§2} (ﬁ‘(X) - U)(X, Y)) | Dcalib]
>1-a-E[(a(X)-wX,Y)) ],

10
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85

where the first equality follows from the fact that w(z,y) is a likelihood ratio, and the first inequality follows from
the definition of §2. Putting them together, on the event {¢, > ¢} which happens with probability at least 1 — ¢
with repsect to Decalib, it holds that

ﬁ()/n-ﬁ—l € O(Xn+1) ‘Dcalib) Z l-—a-— A7

where the gap is
A = max {JE[(@(X) - w(X,Y)), ], E[(a(X) - w(X,Y)) ] }

and the expectations are with respect to an independent copy (X,Y) ~ P. Therefore, we conclude the proof of
Theorem 3.1. O

D. Proof of Proposition 2.1.
Proof of Proposition 2.1. Let t € R be any fixed constant or any random variable in 0 (Dtrain), and fix any § € (0, 1).
We condition on Dirain throughout the proof, so that V', £ and 4 can be viewed as fixed and ¢ can be viewed as

constant.
Since G, (t) = max {éﬁ(t), G,l{(t)}, by the definition [13], it suffices to show that

Poan, (G (0) SE[Lvicn (X)) = 1-0/2
and Pp_,, (G (8) <1—E[1{vop a(xi)]) >1-6/2,
Now let
F(X0) = Lvcny UX0) /M, h(X3) =1 = Dy, 50y 0(X0) /M,

so that f(X;) and h(X;), 1 <14 <mn, are i.i.d. random variables in [0, 1]. We rescale the bounds into fn =G5 () /M
and h, = (GY(t) — 1+ M)/M, hence by the tower property of conditional expectations, it suffices to show that

Pp,.,. (fn < IE[f(Xi)]) >1-6/2 and Pp_,, (ﬁn < IE[h(Xi)]) >1-6/2.
We show the desired result for f(-) and that for h(-) naturally applies.

Consider the filtration {F;};>1, where the o-algebra F; = ¢{X1,Y1,..., X;,Y;}. Then by definition, 6% and ar
are measurable with respect to Fi, and {vf};>1 is a predictable sequence with respect to {F;}i>1. Thus letting

fo=E[f(Xi)] = E[Lv,<e 6(X0)] /M,

we have
E[Kf(fo) ’.7:1‘71] = /Cfﬂ(fo) . (1 + V]'L E[f(Xz) —fo ’]‘—i—l]) = ’qu(fo).

Thus {K{(fo)}?; is a martingale. Meanwhile, since f(X;) € [0, 1], we know f(X;) — fo > —1. Hence K(fo) > 0 for
all i € [n]. Therefore by Ville’s inequality,

1\3\04

]P’Dca“b( maX IC (fo) > >

1<:i<

Also note that KC;(g) is a decreasing function in g € R, hence

Pocan (fa > B[FX0]) < P(max Ki(fo) > 3) <4/2

1<i<

Therefore, we conclude the proof of the desired results. O
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E. Proof of Proposition 3.2.

Proof of Proposition 3.2. Throughout the proof, we denote the generic random variables (X,Y) ~ P and V =
V(X,Y). Denoting the right-hand side of [18] as F*(t), We are to show that

e (i) F*(-): R — [0,1] is a distribution function.

(if) F*(¢) is a lower bound for F'(¢; P(P, ¢, u)) for all ¢t € R.
(iii) F*(t) can be achieved by some element in P (P, ¢, u).

First of all, (i) is straightforward by noting that F*(-) is right-continuous due to the continuity of probability
measures and lim¢— o F*(¢) = 0, lim¢— 400 F*(t) = 1. Also, similar to the arguments in the proof of Theorem 3.1,

for any P € P(P, ¢, u), we have
~ dP
F(t;V,P) =E| Livx,vy<e) @(X, V)| > E[Livx < 4X)],

F(t;V,P)=1-E| Liv(xy)st Q(Xy Y)| > 1-E|Livx,y)se u(X)],
dP

hence (ii) follows. For (iii), we are to construct one distribution P* € P(P, ¢, u) so that F(-; V,P*) = F*(.).
If E[u(X)] = 1, then since E[w(X,Y)] = 1 for the likelihood ratio function, the collection P(P,¢,u) = {P*} is a
singleton with dP*/dP(z,y) = u(z), and

F(t; PP 4u)) = F(t;PY) =E[ 1y xyv<n u(X)] = F* (1),

where the last equality follows from ¢(z) < u(x). Then P* satisfies (iii). Similarly, for the case where E[¢(X)] = 1,
the collection P(P, ¢, u) = {P*} is a singleton with dP*/dP(xz,y) = ¢(z), and

F(t;P(P,,u)) = F(t;P*) = E[ Livx < UX)] = F*(2),
hence P* satisfies (iii). In the sequel, we consider the case where E[£(X)] < 1 < E[u(X)]. We define
H(t) := E[U(X) - Liyv<ny +u(X) - Livsey |-
By the construction and the continuity of probability measures, we have

lim H(t) =E[¢(X)] <1<E[u(X)] = lim H(t).

t—o0 t——o0

We additionally define t* = inf{t € R: H(t) < 1}. Note that t* < co and H(t*) < 1 by the right continuity of H(t).
We also define the left limit of H(¢) at ¢* as

H_(t") = lim H(t),

Ik
and define the weight as

_a-He)
Y= Hf(t*) _ H(t*) {H_(t*)>1}

Here by the definition of t*, we have H_(t*) > 1 > H(t"), and the left limit takes the form
H (t") =E[U(X) - Livary +u(X) - Liyseey |-
We now construct the worst-case distribution P* by

dp*
@ =7 [6@) Ly 2y <ty +u(@) Ly @gyzeey | + (1 =7) - [0@) Ly @y <oy +u(@) Ly oy seey |-

We denote the likelihood ratio w*(z,y) = dP*/dP(x,y) as constructed above. Note that

(X x ¥) =E[w"(X,Y)] =7 H_(t') + (1—~) - H({") =1,

12
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94

95

96

97

98

and also £(z) < w*(z,y) < u(z) for all z € X. Therefore P* is a probability measure and is an element of P(P, £,u). In
the following, we check that F'(t; V,P*) = F*(t) for allt € R. Recall that we work with the case E[/(X)] < 1 < E[u(X)].
For any constant ¢ < t*, by the construction of w™,

F(t;V,P*) =E[w"(X,Y) Livx.v)<t |
=7 -E[0(X) Livixyy<ey | + @ =9) - [60X) Livxyy<ey |
=E[UX) Liv<y | = F* (1),
where the last equality follows from the fact that
E[0(X) Ty | >1-Eu(X)  Liysy |
since H(t) > 1 for t < t*. When t = ¢*, note that
E[(X) Liyery ] =1+ E[u(X)  Liysey | = HE) -1 <0,
hence the right-hand side of [18] admits the form
F (") =1-Ru(X) Liysey |
Meanwhile, by the construction of w*(z,y), we have
F(t*;V,P*) =E[w*(X,Y) Liv(x,v)<ee) |
=7 E[(X) Ly xyycry +u(X) Dpvix =y | + (1 =) - [6X) Livxy)<eey
=E[0(X) Lpvxyvy<iy | — (E[ IL{V<X yy=ry —u(X) - Lpvix,v)=y )
[( ) Lvix,v)y<eey }*’Y ( *))
[ (X) 1y (x,yv)y<es} } +1- ( ) =1 —E[U(X) : ]l{V>t*}} = F*(t").
Similarly, when ¢ > t*, by the cosntruction of w*(z,y) we have
Ft";V,P) =1-E[w"(X,Y) Livxy)st |
=1—7-E[uX) Livixyyse | + (1 =9) - E[ulX) Lyvxy)so |
=1-E[u(X)Lyxy)sy | = F (1),

where the last equality follows from the fact that H(t) < 1 thus 1 — E[u(X) Liv(x,v)>t3] > EUX) Livix,v)<ey)-
Combining the three cases, we arrive at F*(-) = F(-; V,P*), hence [18] follows and we conclude the proof of Proposi-
tion 3.2. O

F. Proof of Proposition 3.3.

Proof of Proposition 3.3. The proof proceeds by showing that P C P(P, f, 4o, uo) and P(P, f,Lo,uo) C P, which
together lead to the desired result.

Step1: P C P(P, f,£o,u0). Let P*"P be any super-population that satisfies [3] and [19]. Due to the partial observation
of potential outcomes, the observed distribution adimits the decomposition

IEDC))(bSYT =P32, XPXY(l)\T L+ P XPXY(O)|T 0
Therefore, the data-compatibility condition [19] is equivalent to
su obs sup obs Su obs
Pr? =Pr"  PXY ) r= = PXy@ =1, Px50) 7=0 = PXv(0) | T=0-

where the latter two are further equivalent to

Su obs Sup obs
IFDXTT w —IPX\T ws IEDy(l)|XT w —PY(1)|X,T:w: w e {071}- [7]
Recall that P = PY5a) =0 and P = PR3 Y (1)|7=1- Then we have
dPx _ BTy PRI P(T=1) PP =0) F(X)
dPx — dP,, AP, POR(T=0) PP (T =1) ’

13
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where the second equality follows from [7] and the third equality follows from the Bayes rule. On the other hand, the
shift of conditional distribution is

dﬁy(n | X dPyE, | X,T=0
dIED = dPObs G []‘/F? F]
Y(1)| X Y(1)| X, T=1

according to Lemma 2.1. Therefore, P**P € P(P, f, £o, uo) by the definition. Hence we have P C P(P, f, Lo, uo).

Step 2: P(P, f,%o,up) C P. For this part, we are to show that for any Pe P(P, f,€o,uo), there exists some PP
satisfying [3] and [19] such that P = IP’i?f’Y (1) T=0" Fixing an arbitrary probability distribution P € P(P, f, £o, uo), we
define the function

_ dPyayx

x),

so that w(y | z) € [1/T, T for P°**-almost all (z,y) € X x ). Also, since P is a distribution, we have
Elw(Y(1)]|2)| X =2] =P(Y(1) € V| X =2) =1

for P-almost all € X, and the conditional expectation is induced by (X,Y (1)) ~ P = ngi,(l)m:l. Applying
Lemma 3.1 with r(z,y) = w(y|x) and ¢ = 1, we know there exists a distribution P**? over (X,Y(0),Y(1),U,T) for
some confounder U that satisfies [19] and [3], and

dIP)sup
Y (1),X | T=0
W(y |z) = w(y|z).
Y(1),X | T=1

Since PP satisfies [19], we have ]P’if("l) X|T=1 = ngb(sn,xmﬂ = Py(1)| x where we recall the definition of IP, the
distribution at hand. Hence

dPyh, dP
(1),X |T=0 Y(1)| X
wlylz) = ——"—(y|z) = —""(y| ).
(v]) =~ T2y ) = 0 g
Therefore, we have ﬁy(l) Ix = IP’?‘(‘)M X | T=0" Furthermore, since P*"P satisfies [19], we know
dPi?TT:o . d]P)c))(bTT:O — (X)) = dﬁx
dPx AP, ~ dPx’

where the second equality follows from the Bayes rule and the last equality follows from the fact that Pe P(P, f, 4o, uo).

Thus, we have Px = IP);‘II’T:O. Putting the two parts together, we have P= ]P’i?’py(l) |7—o- By the arbitrariness of P,
we arrive at P(P, f, fo, uo) C P.
Combining the two steps, we conclude the proof of Proposition 3.3. O

G. Sharpness of the identification set.
Lemma 3.1 (Sharpness of Lemma 2.1). Given t € {0,1}, a marginal distribution P°® over (X,Y,T) and a function
r(z,y) € [1/T,I] such that
E°"* [r (X, Y(t)) | X, T= t] =1, P°™-almost surely,
there exists a distribution PP over (X,Y(0),Y(1),U,T) for some confounder U such that
o (i) PYS ;= PX5r for Y =Y(T);

o (it) PP satisfies the marginal I'-selection condition;

sup
Y(t) | X, T=1—t

SUp
d]PY(t) | X, T=t

e (111) the likelihood ratio is exactly r(x,y), so that r(z,y) = z,y) for -almost all x,y.
he likelihood l h for PP -ql ll

hold simulatenously.

Proof of Lemma 8.1. Fix any marginal distribution P°** over (X,Y,T) for Y = Y (T), and a function r(z,y) € [1/T,T]
satisfying the given condition. We show the result for ¢ = 1, while that for ¢ = 0 follows exactly the same arguments.
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The construction of PS'?  To begin with, we let the confounder be the counterfactual itself, so that U = Y (1). The
joint distribution is thus

PXy.yo.r = Bxr X Pty vy | x.r

We set the two parts separately. Firstly, we set IF’;’} = ]P";RST for the distribution on (X, 7). The joint distribution of
potential outcomes given (X,T) admits

P von 1 xr = B0y xr X BV 0 x 1y ay

Since our target is for Y (1), we take a simple coupling where Y (0) is independent of (T,Y (1)) conditional on X, so
that we set

Su su su obs
Py 1 xmya) = BYo) x = By o) x.r=0 = Y (0) | x.7=0- (8]
On the other hand, we set IP’if(pl) | x,r for T'=10,1by
dpPsP
su obs Y (1) | X,T=0
PYey x =1 =P¥() | x,7=1 and W(ZI |z) =7r(z,y). 9]
Y(1)| X,T=1

So far we’ve completed the pieces of constructing P*"P. It remains to check that it is indeed a probability measure.

By construction, Py, = PSRST is a probability measure on (X, T'). Also, by the construction,

PP (Y(1) eV X, T=1)=P"(Y1) eY|X,T=1) =1,

and
d]P)Sup

Y (1) | X,T=0
DEVY Tmobs
dPgks

PP(Y(1) € Y| X, T =0) = E™® {nm
1) X, T=1

X,T:l}

dHDobs

_ Eobs dPi}(})l) | X, T=0
Y(1)| X, T=1

X, T = 1] =E[r(X,Y() | X, T=1] =1,

where the first equality is by the change-of-measure formula, the second equality follows from 1 = T{y(1)cy), the
third equality follows from the construction, and the last equality is the given condition on r(z,y). Thus, Pi}l(‘;) | X,
is a probability measure. Also, by the construction of Py (oy| x,7,v (1), we have

PP (Y(0) € V| X, T,Y (1)) =P°*(Y(0) € V| X, T =0) =1,

hence IP?;(%) | X7 (1) is also a probability measure. Putting them together, we know that
Pxryayo = Bxr X By xr X By Q) x oy

is indeed a probability measure over (X,T,Y(1),Y(0)).

Verify the properties We now proceed to verify the three stated properties. For (i), due to partial obervability, the
observed distribution admits the decomposition

obs obs obs obs obs obs obs
Pxyvr =P xPxy|r =PrZ1 X Pxy)|r=1 + P1=0 X Px v (0)| 7=0-

Similarly, the projection on the observable of P*"P is

PYSr =P7r® x ]P’i?,‘} [l P72y x P?(l,};/u) |7=1T P72, X P;?g’(OHT:O'
Here by the construction of P%%. = PY%, we have P3,, = P3P and P?I\)T:w = IP’S}’TT:UJ for w € {0,1}. Also,
Pyl | X T = IP")’,b(Sw) | X, 7= holds for w € {0, 1} by [8] and [9]. The equivalences altogether leads to P\, . = PEY 1

For (ii), by the Bayes rule, we have

dPSY“&)\X,T:o( = PR =0|X =2 Y1) =y) PRI =1]X =a)
PP Y = (T =1|X =2,Y(1) =y) P(T=0|X =)

Y (1) | X,T=1

r(z,y) = € [1/T,1],

so PP satisfies the marginal I'-selection condition [3] hence (ii) is verified. Property (iii) has also been verified as
above. So far, we've constructed P*"P that satisfies all stated conditions and we conclude the proof of Lemma 3.1. O
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H. Proof of Proposition 3.4.

Proof of Proposition 3.4. For simplicity, we denote [21] as F*(t), and aim to show that

e (i) F*(t) is a distribution function;
o (ii) F*(t) is a lower bound for F(t;V, ﬁ) forallt € R and all P € P(P, f,£o0,uo0);

o (iii) F*(t) can be achieved by P* € P(P, f, £o,uo)) where dP*/dP(z,y) = w*(z,y) as defined in [3.4].

To verify (i), we note that F*(t) is right continuous by the continuity of probability measures, as well as lim;— _ F™*(t) =
0 and lim¢— 400 F*(t) = 1. To show (ii), we are to show that for any P € P(P, f, lo, uo), it holds P-almost surely that

E[Livxy<n w (X, V)| X] <P(V(X,Y) < t]|X) =E| Lv(x.yv)<n %(x, Y) ‘ X].

Fixing any P € PP, f,o,u0), we denote the conditional likelihood as wo(y|z) = dﬁmx/dﬁ”y‘x(y |x), so that
Lo(z) < woly|z) < uo(z) for P-almost all z € X. Then the marginal likelihood ratio is w(z,y) = dP/dP(z,y) =

f(z) -wo(y|z). Hence for any t € R,
E[Livxv<gw (X, Y) [ X] —P(V(X,Y) <t]X)
=E[Lvxrzow (X, Y) [ X] —E[Lyvaxr<g wX,Y) | X]
=E[ 1< (0 (X,Y) —w(X,Y)) | X Dcqrx)ix.p)}
+E[ v xyvy<y (X, Y) —w(X,Y)) | X] - Lpsgerx):xp) -

We treat the two terms in the last summation separately. By the definition of w*(z,y),
E[]l{v(x Y)<t} (U)*(X Y) —w(X, Y)) ’X] Acq(r(x):x,p)}
= f(X) E[Lyx < (Co(X) —wo(Y | X)) | X] - Tgrcqg(rx)ix.pyy < 0.
Meanwhile, since 1 = E[wo (Y | X) | X] = E[w*(X,Y)/f(X) | X] = 1 holds P-almost surely, we have
E[ Ly (0 (XY) = wX,Y)) [ X] - Lz oo xen

= f(X) E[Lvxyysn (wo(YV [ X) —w* (X, Y)/F(X)) | X] - Lpzaerx) ix.2))
= f(X) E[Lyxyyse (wo(V [ X) —uo(X)) | X] - Laserx)ixmy <0

Summing them up and by the tower property of conditional expectations, it holds for any ¢ € R that
Fr(t) = E[ Ly xyvy<ny w' (X, V)] <P(V(X,Y) <t),

which verifies property (ii). Finally, we define P* by dP*/dP(z,y) = w*(z,y). Then since Ejw*(X,Y)/f(X)| X
x] = 1, the marginal likelihood ratio satisfies dP%/dPx = f(z), hence dP} | x/dPy|x(z,y) = w*(z,y)/f(z
To verify P* € P(P, f,fo,uo0), it remains to show £o(z) < ~vo(z) < wo(zx) when it is nonzero, i.e., ]P’(V( ,Y)
q(t(z);z,P)| X = x) > 0. In this case,

&

() = 1—4o(z) - P(V(z,Y) < q(7(z);2,P) | X =) —uo(z) - P(V(z,Y) > q(7(z);2,P) | X = x)
P(V(z,Y) =q(r(z);2,P) | X = x) '

Note that P(V(z,Y) < ¢(7(z);2,P) | X = z) < 7(x) = (uo(x) — 1)/(uo(z) — Lo(x)), hence
1—4o(x) -IP’(V(:U Y) < q(r(z);z,P) |X = x)
wo(2) — uolz) - B(V(2,Y) < a(r(x)52,B) | X =)
uo(z) - P(V(2,Y) >q m(x);2,P) | X =)
) B(V( (7(z);2,P) [ X = ) + uo(w) - P(V (2, Y) = a(7(2) 2, P) | X =),

| /\

ZB
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which leads to o (z) < uo(z). On the other hand, by the definition of quantiles, we have P(V (z,Y) < ¢(7(z) ; z,P) | X =
z) > 7(z) = (uo(z) — 1)/(uo(z) — Lo(z)). Hence

bo(x) - P(V(2,Y) < q(r(2);2,P) | X =) + o(x) - P(V(2,Y) = q(r(x);2,P) | X =)
=lo(z) -P(V(2,Y) < q(7(x);2,P) | X = x)
<1—uo(z)+uo(z) - (V(xY)<q(():v,]P’)|X:x)

)

(
=1—uo(z P( (r(z );m,P)‘sz),
120 which leads to yo(z) > ¢o(x). Therefore, we conclude the proof of Proposition 3.4. O
121 |. Proofs of Proposition 4.1.

Proof of Proposition 4.1. Recall that I'" is the smallest sensitivity parameter such that P*"" € P(l:‘*) By the def-
inition of R in [B] and the nested property of the prediction sets, we know R = [1,I") if C N C(Xn41,1) = &,
where

D=sup{T'>1:CNC(Xni1,7) = 2},

and R = @ otherwise. Also, by the nested nature of Ho(T'), we know Ho = [I'*, 00) when Y,,4+1(1) — Yn+1(0) € C and
Ho = @ otherwise. Hence

mErr = P(R N Ho # 9)
= P({YHH(I) ~Ya1(0)eCIn{30>T", CNC(Xnya,T) = @})
P({Yn+1 1) = Yn11(0) € C} N {CNC(Xny1,T7) = @})
< P(Yas1(1) = Yar1(0) € C(Xnsr, 7).

Following exactly the same arguments, we have

dErr = (R n HO 7é %) | Dcahb)
= P({Yn+1(1) —Yo1(0)eC}n {30 >T", CNC(Xpi1,T) =2} ’Dcanb)
({YnJrl(l) — Yn+1(0) S C} N {C N C’(Xn+17r*) = Q} ‘Dcalib>

P
S P(Yn-l»l(l) - n+1( ) ¢ C( n+17r*) |Dcalib)7

122 completing the proof of Proposition 4.1. O

12z 4. Additional simulation results

122 A. Additional results for Section C. In this part, we provide additional simulation results on the counterfactual pre-
125 diction task in Section C.
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Fig. S1. Empirical (average) coverage of Algorithm 1 when £(-) and u(+) are known. The details are otherwise the same as in Figure 3.

126 B. Additional simulation results for Section D. In this part, we provide additional simulation results on the counter-
127 factual prediction task in Section D.
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Fig. S2. 0.05-th quantile of empirical coverage on test samples in Algorithm 2 when £(-), w(-) are known. The details are otherwise the same as in Figure 5.
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Fig. S3. Empirical (average) coverage of Algorithm 2 when £(-) and w(+) are known. The details are otherwise the same as in Figure 5.
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Fig. S4. Empirical (average) coverage of Algorithm 2 when Z(A) and () are estimated. The details are otherwise the same as in Figure 5.

128 C. Additional results for Section E. In this part, we collect the results in Section E of procedures with known bound
129 functions.
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Fig. S5. Empirical FWER for fixed ITE (left) and random ITE (right) with Algorithm 1. The details are otherwise the same as in Figure S9.
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Fig. S6. Empirical FWER for fixed ITE (left) and random ITE (right) with Algorithm 2. The details are otherwise the same as in Figure S9.

D. Counterfactual prediction on a semi-real dataset. We consider an observational study dataset from (4), based on
which we generate confounded synthetic potential outcomes, and conduct the ATE-type prediction of Y (1).

Randomly splitting the original dataset into two folds of sizes | Z:| = 2078 and |Z2| = 8313 respectively, we use
the samples in Z; to fit a regression function fig(x) for E[Y(0) | X = z,T = 0] and a propensity score function é(z) for
P(T =1|X = x). We sample n = 10000 covariates {X; }1<i<n from Z; with replacement. Then i.i.d. counterfactuals
are generated via

where the conditional treatment effect function 7(z) is specified the same way as in equation (1) of (4). The propensity
scores are specified as e(X;) := é(X;). For each confounding level I' € {1.5,2,2.5,3,5}, both e(X;,U;) and T; are
generated the same way as in Section C.

We then conduct counterfactual inference on the synthetic dataset Dons = {Yi, Xi, Ti }1<i<n. We randomly split
Dobs into three folds with 1: 2 : 1 sizes. The treated samples in the first fold are used as Dirain- The treated samples
in the second fold are used as Deaiib, $0 that D = Dirain U Deatib. All samples in the third fold (where we have ground
truth even for those in the control group) are used as test samples. The process is repeated N = 1000 times, where
there are approximately |Deaiin| = 1900 calibration samples fed into the procedures and 2500 test samples.

Figure S7 summarizes the empirical coverage using Algorithm 1 and estimated £(-), 4(-). The output of Algorithm 1
always achieves valid coverage. The solid lines are close to the 45°-line, showing the tightness of our procedure in
this setting.

The empirical coverage of Algorithm 2 with estimated lﬁ()7 4(-) is summarized in Figure S8, which validate the
PAC-type guarantee (referring to the lower boundary of the shaded area in each plot, which is the 0.05-th quantile of
empirical coverage). Due to the conservativeness of the confidence lower bound constructed by the WSR inequality,
the average coverage of Algorithm 2 is a bit higher than the target for targets around 0.5. However, the 0.05-th
quantile (lower boundary of the shaded area) is still very close to the target.

It is also worth pointing out that the shaded bands indicate the quantiles of the empirical coverage on test samples,
which could be understood as an estimate of é(D) := P(Yy4+1 € C’(Xn+1)) | D). Although PAC-type guarantee is not
theoretically provided by Algorithm 1, most of the time, é(D) is above the target in this example (referring to the
lower boundary of the shaded area, which is the 0.05-th quantile of é(D)). The widths of the 0.05-th and the 0.95-th
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Fig. S7. Empirical coverage on the test sample. Each plot corresponds to a confounding level I". The points are average empirical coverage. The shaded
bands corresponds to the 0.05-th and 0.95-th quantiles of coverage on test samples. The solid lines correspond to Algorithm 1. The dashed lines assume no
confounding and are shown for comparison. In this case, counterfactual prediction intervals are invalid.
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Fig. S8. Empirical coverage of Algorithm 2. Each plot corresponds to a confounding level I". The shaded bands corresponds to the 0.05-th and 0.95-th quantiles
of coverage on test samples.

quantiles also provide empirical evidence that ¢(D) from Algorithm 1 might be less variable than Algorithm 2. The
theoretical analysis of this phenomenon might deserve future investigation.

E. Simulations for sensitivity analysis. We focus on the ATT-type inference for the directional null
Ho(T): Y (1) —Y(0) <0 and PP € P(T).

The test sample is from Px y(0),y (1) | 7=1, for which we observe (Xn11,Yn+1(1)) and would like to predict Y,11(0).

We fiX Ngrain = Neatib = 2000 and p = 4. The covariates X, unobserved confounders U and counterfactual Y (0)
(instead of Y'(1)) are generated in the same way as in Section C. The treatment mechanism e(z,u) is also the same as
in [12] with confounding level I" € {1.2,1.4,...,2}. The training data are (X;, Y;(0)) for those T; = 0. We generate
Y (1) in two ways: 1) Y(1) — Y(0) = a (fixed ITE) and 2) Y(1) — Y(0) = a - U (random ITE). Here a ranges in
{~1,-0.5,0,0.5,1}.

Fixing level o = 0.1 and § = 0.05 (for Algorithm 2), for each fixed I' > 1, we construct a one-sided ATT-type
prediction interval for Y (0), which takes the form C(X,41,T) = (—00,Y (Xnt1,I)]. The prediction interval is
obtained via the non-conformity score

Viz,y) =y —q(z,1—a).

We reject no hypotheses if Yin41(1) < }A’(Xn_‘_}, 1); otherwise, we reject all Ho(T') such that Y, 1(1) > Y(X,41,1),
hence the rejection set is R = [1,I') for some I' > 1, which we define as the I-value.

E.1. FWER control. We evaluate the empirical FWER, which is the proportion of making a false rejection among
{Ho(T")}r>1, averaged over all test samples in all N = 1000 independent runs. The results with estimated ¢(-) and
4(-) are presented in Figures S9 and S10, showing control of the FWER even when the likelihood ratio bounds are
estimated; we omit the case of fixed ITE at a > 0 since the hypotheses Ho(I") are always false. The results with the
ground truth ¢(-) and u(-) are in SI Appendix C.
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Fig. S9. Empirical FWER of Algorithm 1. The effect size a ranges in {—1, —0.5,0,0.5,1}. The solid lines are averaged over N = 1000 runs, while the
0.25-th and 0.75-th quantiles form the shaded area.

22



0.09

0.03

‘\'—‘\‘\.—.

100 125 150 175 200
confounding level

Fig. $10. 0.05-th quantile of empirical FWER using Algorithm 2 with estimated £(-) and @.(-). with the effect size a ranging in {—1, —0.5,0, 0.5, 1} for fixed

ITE (left) and random ITE (right).

Effect size
- -1

-0.5
-0

23

0.00]
100 125 150 175 200
confounding level

Effect size

- -1
-0.5

-0

- 05

-1



167 E.2. T-values. We plot the estimated survival function I' defined as S(I') = P(I' > I'), which characterizes the propor-
16s  tion of test units that are identified as positive ITE with each confounding level I". Figure S11 presents the results
169 from one run of the procedure with Algorithm 1, where we focus on the random ITE: Y(1) — Y (0) =a- U.

Effect size — -1 -05 — 0 — 05 — 1

Gamma = 1 Gamma = 1.2 Gamma = 1.4 Gamma = 1.6 Gamma = 1.8 Gamma = 2

o
[

o
»

o
[

Proportion of rejection

o
i

1 5 9 1 5 9 1 5 9
Confounding level

Fig. S11. Empirical evaluation of S(I") reported by (one run of) the sensitivity analysis procedure with Algorithm 1. The red dashed vertical lines are the true
confounding levels.

170 To see how to interpret these plots, let us consider the example where a = 1 and the true confounding level is 1.6.
171 We can see that around 10% of the samples have a I'-value greater than 2.5, and 5% have a I'-value greater than 5,
172 showing strong evidence for positive ITEs. Note also that the ITE is always zero when a = 0, and the I'-value should
173 be a 90% lower confidence bound for the true confounding level. In Figure S11, we indeed observe that for around
174 90% of the samples, the I'-value is below the true confounding level (see the green curves).

175 With random ITEs, both the magnitude of actual ITE and the gap between observed outcomes in treated and
176 control groups increase with the effects size a. Within each subplot, the reported I'-values become larger as the effect
177 size increases. Thresholding at the true confounding level I', we see that larger magnitude of true effects also makes
178 it easier to detect positive ITEs at the correct confounding level I'.

179 The results from one run of Algorithm 2 are in Figure S12. The patterns are similar to Figure S11 in general,
180 except that it is sometimes sharper than Algorithm 1 and provides slightly stronger evidence against unmeasured
181 confounding.
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Fig. S12. Empirical evaluation of S(I") reported by (one run of) the sensitivity analysis procedure with Algorithm 2. The red dashed vertical lines are the true
confounding levels.

182 In Figure S12, some test units have large I'-values especially when the effect size is positive. Such strong evidence
183 would happen if there is a large gap between the observed Y (1) and the typical behavior of Y (0) predicted with
184 the training data—thus, the only way our procedures can output a prediction interval that overlaps with Y'(1) is
w5 C(X,T) = {V(X,y) < 0} =R, where & = co. In that case, there is a certain value oo (X) such that & = oo once
188 I' > T'o(X). Since Algorithm 2 outputs a same o for all test samples, the value ' is the same for all such extreme
17 individuals, leading to steep tails in Figure S12. In contrast, Algorithm 1 returns different I'oo(X) for different

18 individuals, and produces a smoother curve (Figure S11).

_ H{J€Dtest: I>T, Y;(1)<Y;(0)}]

18s  E.3. False discovery proportions. We also track the empirical false discovery proportion FDP(I") 15D T
test *
190 for random ITE with a # 0, which is the proportion of false rejections among test units that are rejected at confound-

191 ing level I'. With both the two procedures, we find that FDP(T") is always zero—the units that survive certain levels
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of adjustment for confounding all have positive ITE. It could be explained by the conservativeness of the procedure:
to survive the adjustment, the observed Y (1) needs to be larger than the whole 1 — o prediction interval for Y(0).
Therefore, a unit that survives the adjustment is much more likely to have a positive ITE, leading to vanishing FDPs.
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