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ABSTRACT

First-principles studies, grounded in quantum mechanics, offer a profound understanding

of materials and chemical systems at the most fundamental level without relying on em-

pirical data. By providing detailed insights into electronic structures, atomic interactions,

and potential energy surfaces, first-principles calculations have become indispensable in the

exploration and design of new materials and molecules. These studies not only enhance

our comprehension of existing systems but also pave the way for innovative applications in

fields ranging from energy storage and catalysis to pharmaceuticals and nanotechnology. In

this dissertation, I will present several advancements in the development and application of

quantum mechanical methods for first-principles simulations of solid-state systems, focusing

on their excited states and optical properties.

First, I will present the development and implementation of the linear-response time-

dependent density functional theory and its analytical nuclear forces. A multilevel paral-

lelization scheme, numerical approximations, and GPU accelerations enable the study of

excited state energy and atomic geometry relaxation of solid-state systems containing thou-

sands of electrons at the level of hybrid functional. We demonstrated its capability by

studying the excited states of several point defects in semiconductors and insulators.

Next, I will present our effort in developing and implementing the generating function

approach to compute the vibrationally resolved optical spectra for point defects in solids.

We assessed the validity of theoretical and numerical approximations used in first-principles

calculations by computing the photoluminescence spectra for prototypical point defects, the

divacancy centers in SiC, and the nitrogen vacancy in diamond and compared them with

experimental results. We also addressed the importance of correcting for finite-size effects.

Following the development, implementation, and validation of several theoretical ap-

proaches, I then present an application study on the vibrationally resolved optical spectra

for the nitrogen vacancy center in diamond, focusing on the optical transitions between
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the highly correlated singlet states. Our development and implementation of the spin-flip

time-dependent density functional theory and analytical nuclear forces enable us to compute

the energy and vibrations in the highly correlated singlet states, and our development and

implementation of the generating function approach enable us to compute the vibrationally

resolved absorption spectrum between the highly correlated singlet states, resulting in good

agreement with the experiments.

I will then present several applications of first-principles methods for the study of spin

defects in semiconductors, including the study of the photoionization process of the neutral

divacancy center in silicon carbide and the neutral substitutional nitrogen in diamond. These

studies are instrumental in the interpretation of experimental results and the design of new

spin defects for quantum technology applications.

Finally, I will present a theoretical study of several inorganic metal-halide perovskite

systems, focusing on the formation of the self-trapped exciton and the associated broadband

emission. We investigated the exciton-phonon coupling and multiphonon optical processes.

This study provides insights for designing metal-halide perovskites with tailored emission

properties.
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CHAPTER 1

INTRODUCTION

Over the past several decades, the role of first-principles calculations has been increasingly

recognized in advancing our understanding of complex scientific phenomena. These calcula-

tions, rooted in the fundamental principles of quantum mechanics, offer critical insights into

the behavior of atomic, molecular, and solid-state systems. Their applications are broad,

encompassing areas such as molecular engineering, renewable energy, and semiconductor

design [1–6]. These approaches mark a transformative shift in scientific research, enabling

precise predictions and a deeper understanding of material properties and interactions at the

atomic level, which are crucial for innovation in technology and science.

A pivotal area of study within first-principles calculations is the interaction between light

and matter. This interaction is crucial for advancements in light harvesting technologies

and for the interpretation and prediction of optical spectroscopy [7–11]. A comprehensive

first-principles study of light-matter interaction necessitates the examination of both the

ground state and the excited states, each contributing uniquely to our understanding of

these processes. This dissertation concentrates on the processes of optical absorption and

emission involving transitions between electronic states, typically ranging from ultraviolet

to visible wavelengths. Centering on the study of light-matter interaction, there are two

major themes in the dissertation. The first theme of the dissertation revolves around the

development and implementation of theoretical methods for investigating electronic excited

states and optical processes.

Density Functional Theory (DFT) stands as a highly successful method in the realm

of first-principles calculations, with a striking balance between computational efficiency

and accuracy. Central to DFT is the Kohn-Sham formulation, where the many-electron

Schrodinger equation is transformed into the Schrodinger equation of non-interacting elec-

trons [12], namely the Kohn-Sham equations. This transformation makes DFT a robust and

1



reliable framework for investigating ground-state properties, including electronic structure,

transport, and thermodynamics, of a variety of systems spanning from simple molecules to

complex materials.

Complementing DFT, time-dependent density functional theory (TDDFT) has been for-

mulated to investigate electronic excited states [13, 14]. In linear-response TDDFT, a small

external perturbation, such as the electric field accompanying photons, is applied to the

system, and the response function of the system is studied. Electronic excitations can be

obtained from the poles of the response function by solving the Casida equation [15, 16].

TDDFT stands out due to its relatively low computational cost and its capability to provide

analytical forces for optimizing atomic geometries [17], which makes it an invaluable tool for

studying the physical processes of excited states in complex systems. The power of TDDFT

has been leveraged in the past two decades in the quantum chemistry community for the

study of excited states and the potential energy surfaces of molecular systems and the related

optical processes [18–23]. However, its applications to solid-state systems have been mostly

limited to the study of optical absorption spectra [24–26], mainly due to the lack of efficient

implementations for the analytical forces on nuclei. In Chapter 3, we present an efficient

implementation of linear-response TDDFT and its analytical forces acting on nuclei with

the plane-wave pseudo-potential approach, allowing for the study of excited-state energy

and atomic forces of solid-state systems with thousands of electrons.

The advancement toward computational spectroscopy marks a significant step forward.

However, this progression involves several approximations that, while essential for computa-

tional feasibility, pose challenges in the precise prediction and interpretation of spectroscopic

observables. Particularly, optical transitions between electronic states often engage nuclear

vibrations, leading to vibrationally resolved optical spectra. This phenomenon has been ex-

tensively examined in molecular systems within the quantum chemistry field. For solid-state

systems, though, research is not as advanced. This is due to the complexities in handling
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vibrational degrees of freedom in electronically excited states and the inherently infinite

number of vibrations involved in these processes. In Chapter 4, we introduce an approach

using the generating function method for calculating vibrationally resolved optical spectra.

This method effectively accounts for a vast number of vibrations. We also explore strate-

gies to compensate for finite-size effects and incorporate the impact of extensive, delocalized

vibrational modes. Additionally, we evaluate the accuracy of the approximations used in

determining vibrationally resolved optical spectra.

The second theme of the dissertation revolves around the practical application of the

methods described above. Their utility in studying the excited states and optical properties

of various material systems is explored. The first area of study is point defects in semicon-

ductors and insulators, which hold great potential in the application of quantum information

science by acting as quantum bits (qubits) [27]. The initialization and reading of these point

defect qubits are commonly conducted through optical methods, making a first-principles

analysis of light-defect interactions crucial for interpreting spectroscopic data, designing ex-

periments, and identifying new defect candidates. In Chapter 5, we present a theoretical

study of the vibrationally resolved optical spectra between highly correlated electronic ex-

cited states for a point defect, employing spin-flip TDDFT and analytical nuclear forces to

study the coupling between the electronic and nuclear degrees of freedom in optical processes.

Chapter 6 delves into theoretical studies that aid in understanding experiments related to

photo-ionization, stimulated emission, and other processes in point defects within diamond

and silicon carbide. These studies provide critical insights into the optical processes of point

defects, supporting the broader field of quantum technology research.

Additionally, the methodologies we developed were applied to investigate the excited

states and optical properties of metal-halide perovskites, a class of materials with con-

siderable potential in photovoltaic applications. In Chapter 7, we conduct a theoretical

exploration of the formation of self-trapped excitons. This involves utilizing our efficient
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implementation of the TDDFT approach to analyze the atomic geometry distortions that

occur due to the creation of self-trapped excitons. We calculated the associated broadband

emission spectra using a similar method as for other optical spectra. A significant finding of

our study is the importance of direct atomic geometry optimization. We demonstrate that

relying solely on exciton-phonon coupling calculations at the ground state atomic geometry

is inadequate for accurate predictions.

We conclude the dissertation with a brief summary of the methods we developed to

compute the excited states and optical processes and their applications on various material

systems. We also discuss possible directions for further research that this dissertation points

toward.
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CHAPTER 2

THEORETICAL BACKGROUND

2.1 Born-Oppenheimer approximation

The behavior of molecules and materials at the microscopic level is determined by the in-

teractions between electrons and atomic nuclei. For a microscopic system consisting of Nel

electrons and Nnuc nuclei, its eigenstate, |ΦI⟩, satisfies the many-body Schrodinger equation

Ĥ|ΦI⟩ = EI |ΦI⟩, (2.1)

where EI is the eigenenergy, and Ĥ is the many-body Schrodinger equation under the

nonrelativistic approximation

Ĥ = T̂N + T̂e + Ûe−e + Ûe−N + ÛN−N. (2.2)

Here Ûe−e, Ûe−N, and ÛN−N represent the electron-electron, electron-nuclei, nuclei-nuclei

interaction, which are defined as

Ue−e({r}) =
Nel∑
i<j

1

|ri − rj |
, (2.3)

Ue−N({r}, {R}) = −
Nel∑
i=1

Nnuc∑
I=1

ZI
|ri −RI |

, (2.4)

UN−N({R}) =
Nnuc∑
I<J

ZIZJ
|RI −RJ |

. (2.5)
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Here, {r} and {R} represent coordinates of all electrons and nuclei, respectively. T̂N and T̂e

are the kinetic operators of nucleus and electron,

Te = −
Nel∑
i=1

1

2
∇2
i , (2.6)

TN = −
Nnuc∑
I=1

1

2MI
∇2

I , (2.7)

where ZI is the nuclear charge, and MI represents the mass of the electron (I-th nucleus).

Since the mass of the nucleus is usually much larger than the electron, resulting in much

faster motion of the latter, we can treat T̂N as a perturbation. Under the zeroth order

approximation, the Schrodinger equation for electrons reads

Ĥel({R})|Ψi({R})⟩ = Vi({R})|Ψi({R})⟩, (2.8)

where

Ĥel({R}) = T̂e + Ûe−e + Ûe−N + ÛN−N (2.9)

is the Hamiltonian of electrons which depends on the nuclear coordinates {R}, and Vi({R})

is the energy of the many-electron state |Ψi({R})⟩.

In the coordinate representation, for given nuclear coordinates {R}, the total wavefunc-

tion ΦI({r}, {R}) can be expanded using {Ψi({r}, {R})} as basis functions

ΦI({r}, {R}) =
∑
i

ΘI,i({R}) Ψi({r}, {R}), (2.10)

or equivalently

|ΦI⟩ =
∑
i

|ΘI,i⟩|Ψi⟩, (2.11)

which is the Born-Oppenheimer expansion [28]. |ΘI,i⟩ can be computed by solving the
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eigenvalue equation

[
T̂N + V̂i

]
|ΘI,i⟩ −

∑
j

Λ̂ij |ΘI,j⟩ = EI |ΘI , i⟩, (2.12)

where Λ̂ij is the nonadiabatic coupling operator. By assuming that the coupling terms Λ̂ij

is approximately zero, we arrive at the Born-Oppenheimer adiabatic approximation

[
T̂N + V̂i

]
|ΘI,i⟩ = EI |ΘI,i⟩. (2.13)

Here, Vi({R}) is the i-th adiabatic potential energy surface (PES), which can be obtained

by solving Eq 2.8, the Schrodinger equation for the electrons, at fixed nuclear coordinates

{R}. Within the Born-Oppenheimer approximation, nuclei move on adiabatic PES.

2.2 Density functional theory

Under the Born-Oppenheimer adiabatic approximation, the electronic and nuclear degrees

can be separated, and the many-body Schrodinger equation for electrons, Eq. (2.8), can

be solved at fixed nuclear coordinates. However, the exact solution of the many-body

Schrodinger equation for electrons grows exponentially as the system size increases, and

approximations are required for practical calculations. Density functional theory (DFT)

is one of the most successful electronic structure theories to study the ground state of a

many-electron system.

In the DFT framework, the many-electron Hamiltonian is separated into the following

two terms:

Ĥel = Ĥint + V̂ext, (2.14)

where Ĥint = T̂ + V̂e−e, and V̂ext =
∑Nel

i=1

∫
Vext(r)δ(r−ri)dr is the external field felt by the

many-electron system, including the interaction between the electrons and nuclei and other
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external fields.

In 1964, Hohenberg and Kohn proved the following two theorems [29]:

1. The external potential and hence the total energy is a unique functional of the electron

density.

2. The functional that delivers the ground-state energy of the system gives the lowest

energy if and only if the input density is the true ground-state density. In other words,

the energy content of the Hamiltonian reaches its absolute minimum, i.e., the ground

state, when the charge density is that of the ground state. For any positive integer N

and potential Vext(r), a density functional F [ρ] exists such that

E(v,N)[ρ] = F [ρ] +

∫
Vext(r)ρ(r)dr (2.15)

reaches its minimal value at the ground-state density of N electrons in the potential

Vext(r). The minimal value of E(v,N)[ρ] is then the ground-state energy of this system,

and the charge density ρ(r) that minimizes the functional E(v,N)[ρ] is the exact ground-

state charge density of the interacting system.

In 1965, Kohn and Sham introduced a non-interacting system that has the same charge

density as the interacting system, and the total energy functional of the non-interacting

system is written as [12],

E[ρ] = TS [ρ] + EH[ρ] + Exc[ρ] +

∫
drVext(r)ρ(r), (2.16)

where EH[ρ] is the Hartree energy for the Coulomb interactions between electrons in the

non-interacting system

EH[ρ] =
1

2

∫∫
ρ(r)ρ

(
r′
)

|r− r′|
drdr′. (2.17)
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TS [ρ] is the kinetic energy of the non-interacting system,

Ts[ρ] =

Nel∑
i=1

∫
drφ∗i (r)

(
−1

2
∇2
)
φi(r), (2.18)

where φi are Kohn-Sham orbitals that define the electron density as ρ(r) =
∑Nel

i=1 |φi(r)|
2.

Exc[ρ] is the exchange-correlation energy defined as Exc[ρ] = F [ρ]− TS [ρ]− EH[ρ].

The Kohn-Sham orbital φi(r) and its energy εi can be obtained by solving the Kohn-Sham

equation [
− ℏ2

2m
∇2 + Veff(r)

]
φi(r) = εiφi(r), (2.19)

which is found by minimizing the total energy Eq. (2.16). The effective Kohn-Sham potential

is defined as Veff(r) = Vext(r)+VH(r)+Vxc(r), where VH(r) and Vxc(r) are the Hartree and

the exchange-correlation potentials

VH(r) =

∫
ρ
(
r′
)

|r− r′|
dr′ (2.20)

and

Vxc(r) =
δExc[ρ]

δρ(r)
. (2.21)

The exact expression of the exchange-correlation energy is unknown; thus, proper approx-

imations must be made to do practical calculations. One of the most famous approximate

exchange-correlation energies is the local density approximation (LDA), where the functional

depends only on the density at the coordinate where the functional is evaluated [30]

ELDA
xc [ρ] =

∫
εxc(ρ)ρ(r)dr. (2.22)

The LDA assumes that the density is the same everywhere. The generalized gradient

approximation (GGA) was proposed to account for the non-homogeneity of the true electron
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density by expanding in terms of the gradient of the density [31]

EGGA
xc [ρ] =

∫
εxc(ρ,∇ρ)ρ(r)dr. (2.23)

The Perdew–Burke-Ernzerhof (PBE) exchange-correlation functional [31] is an example of

the GGA functional.

In addition to LDA and GGA, hybrid functionals are proposed for improved accuracy

for exchange-correlation energy and better treatment of non-local interactions by mixing a

portion of the Hartree-Fock exchange in the exchange-correlation functional. As an example,

The PBE0 functional mixes the PBE exchange energy and Hartree–Fock exchange energy in

a set 3:1 ratio, along with the full PBE correlation energy: [32]

EPBE0
xc =

1

4
EHF
x +

3

4
EPBE
x + EPBE

c (2.24)

The dielectric-dependent hybrid (DDH) functional is another example, where the fraction of

the Hartee-Fock exchange is tuned for each system using the dielectric constant [33–36].

2.3 Time-dependent density functional theory within density

matrix perturbation theory

DFT is a theory for the electronic ground state, which can formally yield the exact energy

and the electron density of the ground state. In DFT, the electron density and the external

potential have a one-to-one correspondence. However, the time evolution of the external

potential is not considered. In 1984, Runge and Gross extended the Hohenberg-Kohn theory

to the case where the electron density and the external potential have a time dependence

and strictly proved the time-dependent density functional theory (TDDFT) [13, 14]. In this

dissertation, we focus on the linear-response TDDFT, where a small time-dependent external
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perturbation, such as an electric field, is applied to the system. Electronic excitations of the

system can be obtained from the poles of the corresponding response function by solving

the Casida equation [15, 16]. Linear-response TDDFT can be derived based on the density

matrix perturbation theory (DMPT) [24, 25, 37–41], which has also been used for the Bethe-

Salpeter equation (BSE) [42–44]. DMPT does not require the summation over empty bands,

which makes it suitable for the calculations of large systems.

The time-evolution of the density matrix, ρ(r, r′, t) =
∑Nocc

v=1 φv(r, t)φv(r
′, t)∗, is governed

by the Liouville-von Neumann equation

i
dρ̂

dt
=
[
Ĥ, ρ̂

]
. (2.25)

In this dissertation we consider the Kohn-Sham Hamiltonian for a PBE0-type hybrid func-

tional, Ĥ = −1
2∇

2 + V̂ext + V̂H + V̂ loc
xc − αEXXV̂EXX, where αEXX is the fraction of the

Hartree-Fock exact exchange. When a small time-dependent perturbation field, ϕ̂, is ap-

plied to the system, the change of the density matrix is governed by the linearized Liouville

equation within the linear-response regime

i
d∆ρ̂

dt
= L∆ρ̂+

[
ϕ̂, ρ̂o

]
. (2.26)

Here ∆ρ̂ is the linear variation of the density matrix. L is the Liouville super-operator

defined as

L∆ρ̂ =
[
Ĥo,∆ρ̂

]
+
[
∆V̂ loc

Hxc, ρ̂
o
]
+
[
∆V̂EXX, ρ̂

o
]
, (2.27)

where ∆V̂ loc
Hxc = ∆V̂H +∆V̂ loc

xc is the linear variation of the Hartree potential and the local

part of the exchange and the correlation potential, and ∆V̂EXX is the linear variation of the

exact exchange potential, and both of them arise from the linear variation of the density
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matrix. By performing a Fourier transform to the reciprocal space, one obtains

(ω − L)∆ρ̂ =
[
ϕ̂, ρ̂o

]
. (2.28)

Within DMPT, the first-order variation of the density matrix is expressed as:

∆ρ̂ =
(
P̂ v + P̂ c

)
∆ρ̂
(
P̂ v + P̂ c

)
= P̂ c∆ρ̂P̂ v + P̂ v∆ρ̂P̂ c,

(2.29)

where P̂ v =
∑Nocc

v=1 |φv⟩⟨φv| and P̂ c = 1 − P̂ v are the projectors onto the occupied and

unoccupied subspace, respectively. Nocc is the number of occupied states, and |φv⟩ is the v-

th occupied orbital of the unperturbed Kohn-Sham Hamiltonian with energy εv. In Eq. (2.29)

we have used the completeness of the eigenvectors of the Kohn-Sham Hamiltonian, i.e. P̂ v+

P̂ c = 1, and the property P̂ v∆ρP̂ v = P̂ c∆ρ̂P̂ c = 0. Introducing the following functions in

Eq. (2.29):

|av⟩ = P̂ c∆ρ̂|φv⟩ (2.30)

|bv⟩ = P̂ c∆ρ̂†|φv⟩, (2.31)

we obtain an expression for ∆ρ̂ that does not contain any explicit summation over empty

states:

∆ρ̂ =

Nocc∑
v=1

(|av⟩⟨φv|+ |φv⟩⟨bv|) . (2.32)

The functions |av⟩ and |bv⟩ are obtained by solving the linearized Liouville equation (2.28).

By multiplying Eq. (2.28) and its Hermitian conjugate by P̂ c to the left, and by |φv⟩ to the

right, we obtain:

(
ω − Ĥo + εv

)
|av⟩ − P̂ c

[
∆V̂ loc

Hxc +∆V̂EXX, ρ̂
o
]
|φv⟩ = P̂ cϕ̂|φv⟩ (2.33)
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(
−ω − Ĥo + εv

)
|bv⟩ − P̂ c

[
∆V̂

loc†
Hxc +∆V̂

†
EXX, ρ̂

o
]
|φv⟩ = P̂ cϕ̂|φv⟩. (2.34)

Because the two commutators in Eq. (2.33) and in Eq. (2.34) couple the set of |av⟩ and |bv⟩,

we introduce the following matrix notation:

ω

I 0

0 −I


A

B

−

D +K1e −K1d K2e −K2d

K2e −K2d D +K1e −K1d


A

B

 =


{
P̂ cϕ̂|φv⟩

}
{
P̂ cϕ̂|φv⟩

}
 , (2.35)

where A = {|av⟩} and B = {|bv⟩}, v ∈ [1, Nocc]. I is the identity operator, and

DA =
{
P̂ c
(
Ĥo − ϵv

)
|av⟩ : v ∈ [1 . . . Nocc]

}
, (2.36)

K1eA =2

∫
dr′Pc

(
r, r′

)
φv
(
r′
)Nocc∑

v′

∫
dr′′f loc

Hxc
(
r′, r′′

)
φ∗v′
(
r′′
)
av′
(
r′′
)
: v ∈ [1 . . . Nocc]

 ,

(2.37)

K2eA =2

∫
dr′Pc

(
r, r′

)
φv
(
r′
)Nocc∑

v′

∫
dr′′f loc

Hxc
(
r′, r′′

)
a∗v′
(
r′′
)
φv′
(
r′′
)
: v ∈ [1 . . . Nocc]

 ,

(2.38)

K1dA =αEXX

∫
dr′Pc

(
r, r′

)Nocc∑
v′

av′
(
r′
) ∫

dr′′vc
(
r′, r′′

)
φ∗v′
(
r′′
)
φv
(
r′′
)
: v ∈ [1 . . . Nocc]

 ,

(2.39)

K2dA =αEXX

∫
dr′Pc

(
r, r′

)Nocc∑
v′

φv′
(
r′
) ∫

dr′′vc
(
r′, r′′

)
a∗v′
(
r′′
)
φv
(
r′′
)
: v ∈ [1 . . . Nocc]

 .

(2.40)

Equations for the application of D, K1e, K2e, K1d, and K2d on B can be obtained substituting
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|av⟩ with |bv⟩ in Eqs. (2.36)–(2.40). Here vc is the bare Coulomb interactions. f loc
Hxc(r, r

′) =

vc(r, r
′) + f loc

xc (r, r′), with

f loc
xc (r, r′) =

δV loc
xc (r)

δρ(r′)

∣∣∣∣
(ρo,∇ρo)

(2.41)

representing the local part of the exchange-correlation kernel within the adiabatic approxi-

mation, i.e., the kernel is frequency-independent.

Instead of solving Eq. (2.35) directly for different ω, one could solve the following gener-

alized eigenvalue problem to directly compute the excited states

D +K1e −K1d K2e −K2d

K2e −K2d D +K1e −K1d


As

Bs

 = ωs

I 0

0 −I


As

Bs

 . (2.42)

Here, (As,Bs) is the eigenvector of the s-th excited state, and ωs is the corresponding vertical

excitation energy. Eq. (2.42) is equivalent to the Casida equations for singlet excited states,

starting with a closed-shell singlet ground state. The eigenvalue equation generalized to

the spin-polarized case for both the spin-conserving and spin-flip excitations are given in

Chapter 3.2.

The derivative of the excitation energy with respect to nuclear coordinates can be ef-

ficiently calculated using the extended Lagrangian approach by Hutter [17], enabling the

study of atomic geometry relaxation in electronic excited states, which is discussed in detail

in Chapter 3.2.

2.4 Harmonic approximation to the adiabatic potential energy

Under the Born-Oppenheimer adiabatic approximation, the many-body Schrodinger equa-

tion for nuclei, [
T̂N + V (R)

]
ΘI(R) = EIΘI(R), (2.43)
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can be solved once the potential energy V (R) for any nuclear coordinate R is known by

solving the many-electron problem. Here, we use R to replace {R} and omit the index of

V (R) for simplicity. However, in the study of the optical processes that occur around the

equilibrium coordinates R0, the potential energy V (R) can be expanded near R0

Vvib(R) = V (R)− V (R0)

=
1

2

Nnuc∑
I,J=1

∑
α,β=x,y,z

(
∆RI,α

√
MI

)
DIα,Jβ

(√
MJ∆RJ,β

)
+O(∆R3),

(2.44)

where V (R0) is the potential energy of the system at the equilibrium atomic geometry, and

∆RIα represents the displacement of the I-th nucleus from the equilibrium coordinate in the

α-th direction. D is called the mass-weighted force-constant matrix or the dynamic matrix,

defined as the second-order derivative of the potential energy at the equilibrium coordinate

DIα,Jβ =
1√

MIMJ

(
∂2V (R)

∂RIα∂RJβ

)∣∣∣∣
R=R0

. (2.45)

With the harmonic approximation, Eq. (2.43) can be rewritten as

1

2

(
∇2
q + q⊤Dq

)
ΘI(q) = Evib,IΘI(q), (2.46)

where Evib,I = EI − V (R0), qIα =
√
MI∆RIα, and ∇2

qIα =
∇2

RIα
MI

. By performing linear

transformation to q using the unitary matrix U obtained from the eigenvalue decomposition

of the dynamical matrix D = UΛU⊤, Eq. (2.46) can be decoupled and becomes

1

2

[
∇2
Q +Q⊤ΛQ

]
ΘI(Q) = Evib,IΘI(Q) (2.47)
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where we define Q = U⊤q. Eq. (2.47) can be decomposed into 3Nnuc independent equations

1

2

(
∇2
Qk

+ ΛkQ
2
k

)
χk,nIk

(Qk) = Evib,k,nIk
χk,nIk

(Qk), (2.48)

and the total nuclear wavefunction can be represented as ΘI(Q) =
∏3Nnuc

k=1 χk,nIk
(Qk), and

the total energy is Evib,I =
∑3Nnuc

k=1 Evib,k,nIk
.

Q defines a set of normal modes. For the system at the equilibrium geometry, the normal

modes with zero eigenvalues correspond to the transitional and rotational motions. The rest

of the normal modes correspond to vibrations with frequency ωk =
√

Λk. The solution

of Eq. (2.48) gives wavefunctions and energies of the one-dimensional quantum harmonic

oscillator:

χk,nIk
(Qk) =

1√
2n

I
knIk !

(ωk
π

)1
4
exp

[
−ωkQ2

k

2

]
HnIk

(√
ωkQk

)
, (2.49)

Evib,k,nIk
=

(
nIk +

1

2

)
ℏωk, (2.50)

where nIk is the vibrational quantum number, and HnIk
is the nIk -th order Hermite polyno-

mial.

There are multiple approaches to computing the dynamic matrix Eq. (2.45). The dy-

namic matrix can be computed numerically using the finite difference approach, providing

the gradient of the adiabatic PES with respect to nuclear coordinates can be efficiently com-

puted [45]. Alternative ways of computing dynamic matrices also exist. For a ground state

studied using DFT, the dynamic matrix can be computed either using the density functional

perturbation theory (DFPT) [46–49], the DMPT approach [50], and by the solution of the

coupled-perturbed Kohn–Sham equations [51–54]. In a TDDFT excited state study, the

dynamic matrix can be computed by solving the Z-vector equations, the coupled-perturbed

Kohn-Sham equations, and the coupled-perturbed TDDFT equations [55–57].
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2.5 Theoretical treatment of photoluminescence

Photoluminescence intensity between the initial state ΦI and the final state ΦF can be

computed as the rate of the spontaneous emission using Fermi’s golden rule [58, 59]

I(ℏω, T ) =
nD(ℏω)3

3πϵ0c3ℏ4
∑
I

∑
F
PI(T ) |⟨ΦI |µ̂total|ΦF ⟩|2 × δ (EI − EF − ℏω) , (2.51)

where ℏω is the photon energy, T denotes the temperature, nD is the refractive index of

the system, ϵ0 in the vacuum permittivity, c is the speed of light in vacuum, and ℏ is the

Planck constants. Here we are considering transitions from all possible initial states ΦI to

all possible final states ΦF , with EI and EF corresponding to their energies. Pm(T ) is the

thermal population of the m-th initial state. µ̂ is the total dipole moment operator for both

electrons and nuclei

µ = −e
Nel∑
i=1

ri + e

Nnuc∑
I

ZIRI . (2.52)

Here, we adopt the electric dipole approximation, assuming that the wavelength of the photon

is much larger than the size of the microscopic system being studied.

In this dissertation, we constrain ourselves to the spontaneous emission from a given

electronic excited state to the ground state. Adopting the Born-Oppenheimer approximation,

we can express the total wavefunction of the initial excited state and the final ground state

as a product of the electronic wavefunction and the nuclear wavefunction

|ΦI⟩ = |ΨES⟩|ΘES,I⟩, |ΦF ⟩ = |ΨGS⟩|ΘGS,F ⟩, (2.53)

where I (F) is the index of the nuclear wavefunction for the excited state (ground state).

Their total energy can be expressed as EI = VES + EES,vib,I and En = VGS + EGS,vib,F ,

where VES (VGS) stands for the energy of the electronic wavefunction of the ground state

(excited state), while EES,I (EGS,F ) stands for the energy of the I-th (F -th) nuclear wave-
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function of the ground state (excited state). The thermal population of the initial excited

state becomes the thermal population of all nuclear wavefunctions

PI(T ) = PES,I(T ) =
1

Z
exp

(
−
EES,vib,vib,I

kBT

)
, (2.54)

where kB is the Boltzmann constant, and Z =
∑

I exp
(
−EES,vib,I

kBT

)
.

Under these constraints, the total dipole moment can be reduced to the electronic dipole

moment, µ̂total = µ̂el, since the terms containing the nuclear dipole moment vanish due to

the orthonormality of electronic wavefunctions. Therefore, the photoluminescence intensity

can be expressed as

I(ℏω, T ) =
nD(ℏω)3

3πϵ0c3ℏ4
∑
I

∑
F
PES,I(T )

∣∣〈ΘES,I
∣∣µel,ES→GS

∣∣ΘGS,F
〉∣∣2

× δ
[(
VES + EES,vib,I

)
−
(
VGS + EGS,vib,F

)
− ℏω

]
.

(2.55)

Here, µel,ES→GS = ⟨ΨES|µ̂el|ΨGS⟩ = µe is the electric transition dipole moment, which can

be expanded as a function of the nuclear coordinates

µel,ES→GS(R) = µel,ES→GS(R0)+∇Rµel,ES→GS

∣∣∣
R0

(R−R0)
⊤+O

(
(R−R0)

2
)
. (2.56)

For systems with intrinsic large transition dipole moment, we can adapt the Franck-Condon

principle and only keep the zeroth order term. In the TDDFT framework, the transition

dipole moment can be computed using the transition density

µel,ES→GS =

∫
∆ρ(r)rdr =

Nocc∑
v=1

∫
(φ∗v(r)av(r) + b∗v(r)φv(r)) rdr. (2.57)

at fixed nuclear coordinates.

The calculation of the overlap of nuclear wavefunctions can be simplified by employing the
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displaced harmonic approximation, assuming that the nuclear wavefunctions of the ground

and the excited state can be approximated as the product of the same set of one-dimensional

harmonic oscillator wavefunctions expect a rigid displacement

∣∣ΘES,I
〉
=

3Nnuc∏
k=1

∣∣∣χknIk (Qk −∆Qk)
〉
,
∣∣ΘGS,F

〉
=

3Nnuc∏
k=1

∣∣∣χknFk (Qk)
〉
. (2.58)

Here
∣∣∣χknIk (Qk)

〉
is the nIk -th vibrational level of the k-th one-dimensional harmonic oscil-

lator. Qk is the normal mode of the k-th harmonic oscillator, and ∆Qk is the projection of

the displacement between the equilibrium nuclear coordinates of the electronic excited state

and the ground state on Qk,

∆Qk =

Nnuc∑
I=1

∑
α=x,y,z

√
MI

(
R0,ES,Iα −R0,GS,Iα

)
Uk,Iα, (2.59)

where Uk is the k-th eigenvector of the dynamic matrix D. The energy of the nuclear

wavefunction can be expressed as

EES,vib,I =
∑
k

(
nIk +

1

2

)
ℏωk, EGS,vib,F =

∑
k

(
nFk +

1

2

)
ℏωk (2.60)

using the vibrational energy ℏωk. The thermal population can hence be written as

PES,vib,I(T ) =
3Nnuc∏
k=1

Pvib,nIk
(T ), (2.61)

where Pvib,nIk
(T ) = 1

Zk
exp

(
−nIkℏωk

kBT

)
with Zk =

∑
nIk

exp

(
−nIkℏωk

kBT

)
.
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Therefore, the photoluminescence intensity becomes

I(ℏω, T )

=
nD(ℏω)3|µel,ES→GS|2

3πϵ0c3ℏ4
∑
I

∑
F

(∏
k

Pvib,nIk
(T )

∣∣∣∣〈χknIk (Qk −∆Qk)

∣∣∣∣χknFk (Qk)

〉∣∣∣∣2
)

× δ

(
EZPL +

∑
k

nIkℏωk −
∑
k

nFk ℏωk − ℏω

)
.

(2.62)

Here EZPL = VES(R0,ES)−VGS(R0,GS) is the energy of the zero-phonon line (ZPL), which is

also equivalent to the adiabatic excitation energy between the PESs of the electronic excited

and ground states under the displaced harmonic oscillator approximation. The overlap be-

tween the wavefunctions of displaced one-dimensional harmonic oscillators can be computed

analytically as

∣∣∣∣〈χknIk (Qk −∆Qk)

∣∣∣∣χknFk (Qk)

〉∣∣∣∣2 = e−SkS
nFk −nIk
k

(
nIk !

nFk !

)[
L
nFk −nIk
nIk

(Sk)

]2
, (2.63)

where Sk =
ωk∆Q2

k
2ℏ is the partial Huang-Rhys factor [60]. Ln−m

m are the associated Laguerre

polynomials [61]. In practical calculations, the summation in Eq. (2.62) can be avoided using

the generating function approach, as discussed in detail in Chapter 4.2.
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CHAPTER 3

EXCITED STATE PROPERTIES OF POINT DEFECTS IN

SEMICONDUCTORS AND INSULATORS INVESTIGATED

WITH TIME-DEPENDENT DENSITY FUNCTIONAL THEORY

This chapter is adapted with permission from Y. Jin, V. Yu, M. Govoni, A. Xu, and G. Galli.

Journal of Chemical Theory and Computations. 19 (23), 8689-8705 (2023). Copyright (2023)

by the American Chemical Society. https://doi.org/10.1021/acs.jctc.3c00986.

In this Chapter, we present a formulation of spin-conserving and spin-flip, hybrid time-

dependent density functional theory (TDDFT), including the calculation of analytical forces,

which allows for efficient calculations of excited state properties of solid-state systems with

hundreds to thousands of atoms. We discuss an implementation on both GPU and CPU

based architectures, along with several acceleration techniques. We then apply our formu-

lation to the study of several point defects in semiconductors and insulators, specifically

the negatively charged nitrogen-vacancy and neutral silicon-vacancy centers in diamond, the

neutral divacancy center in 4H silicon carbide, and the neutral oxygen-vacancy center in

magnesium oxide. Our results highlight the importance of taking into account structural re-

laxations in excited states, in order to interpret and predict optical absorption and emission

mechanisms in spin-defects.

3.1 Introduction

Optically active point defects in semiconductors and insulators present a promising avenue

for the development of quantum technologies [27]. Specific examples include the negatively

charged nitrogen-vacancy center (NV−) in diamond and the neutral divacancy center (VV0)

in 4H silicon carbide (SiC), both of which have been extensively studied [62–64], for ap-

plications ranging from quantum sensing [65, 66] and quantum communication [67–70], to
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potentially quantum computation [71, 72]. These point defects may function as quantum

bits (qubits), with an optical spin-polarization cycle for initialization and readout that in-

volves both radiative and non-radiative transitions between many-body ground and excited

states [73]. A comprehensive understanding of the physics underlying these transitions is

essential to interpret experiments and to formulate general guidelines for the use of point

defects in quantum technologies [74–76].

First-principles methods have significantly contributed to the understanding of the elec-

tronic structure of the ground and excited states of point defects in a variety of semicon-

ductors and insulators [77–80]. Many first-principles studies on the electronic excited states

of point defects have used the constrained occupation density functional theory (CDFT)

method, often called ∆SCF, where the occupations of localized defect orbitals are adjusted

to represent a specific excited state [81]. Similar to ground state DFT calculations, the

∆SCF approach has the advantage of a relatively low computational cost; in addition, it

allows for the straightforward calculation of analytical nuclear forces and thus for geometry

optimizations, vibrational mode calculations in excited states, and for the investigation of

vibrationally resolved optical spectra [59, 82, 83]. However, the ∆SCF approach is only ap-

plicable to excited states that are well approximated by a single Slater determinant, and it is

prone to numerical convergence issues in the case of (near-)degenerate excited states. Other,

potentially more accurate approaches are based on quantum embedding theories [84, 85], e.g.

the quantum defect embedding theory (QDET) [86–88], and the density matrix embedding

theory (DMET) [89–91], where an active space representing the manifold of defect states is

identified, and such states are treated at a higher level of theory than the electronic struc-

ture of the rest of the host crystal. For example, one may use Full-Configuration Interaction

(FCI) for an accurate description of multi-configuration excited states of point defects in

semiconductor and oxides [92–98], with the rest of the crystal treated at the DFT or many-

body perturbation theory (GW ) level of theory. However, embedding methods have so far
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been limited to single-point calculations at fixed atomic geometries, and a formalism to carry

out geometry optimizations in electronic excited states is not yet available.

Linear-response time-dependent density functional theory (LR-TDDFT) is a computa-

tional method frequently used to study excited state and optical properties of molecules

and solids [15, 16]. In particular, spin-conserving and spin-flip TDDFT allows for the de-

scription of excited states as linear combinations of single excitations with different spin-

multiplicities [99–105]. In several cases, it has been shown that the accuracy of the TDDFT

method using hybrid functionals is comparable to that of higher-level electronic structure

methods, such as the solution of the Green’s function based GW plus Bethe–Salpeter Equa-

tion (GW/BSE) and equation-of-motion coupled cluster (EOM-CC) methods [106–109]. The

computational workload of TDDFT calculations scales as O(N2
occNg log(Ng)) when using

hybrid functionals and a plane-wave basis set, where Nocc is the number of occupied Kohn-

Sham orbitals of the system, and Ng is the number of plane-waves; such scaling is comparable

to that of ground state DFT calculations. Further, analytical nuclear forces on nuclei can

be computed within TDDFT, allowing for geometry optimizations and the calculation of

nuclear vibrations in electronic excited states [17].

TDDFT has been used to study excited states of point defects in diamond using cluster

models and atomic-centered basis sets [110–116]. However, depending on the size and the

system, cluster models may exhibit quantum confinement and their electronic structure may

also be impacted by the chosen surface termination. In addition, the optimized geometries

in the ground and excited states may differ from the corresponding ones in the solid state.

Although TDDFT and analytical nuclear forces have been implemented with a plane-wave

pseudopotential method for calculations of solid-state systems with periodic boundary con-

ditions [17, 117–120], the direct use of TDDFT for modeling point defects in calculations

with periodic boundary conditions is still rare.

In this work, we present an efficient numerical implementation of spin-conserving and
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spin-flip TDDFT, including the evaluation of analytical nuclear forces, in the open-source

code WEST [121, 122], which is based on the plane-wave pseudopotential method. Hereafter,

we refer to our implementation of TDDFT as WEST-TDDFT. We adopt several numeri-

cal approximations to accelerate TDDFT calculations with hybrid functionals in WEST-

TDDFT, including the adaptively compressed exchange (ACE) operator [123], the use of the

near-sightedness principle [44], and of the inexact Krylov subspace approach [124, 125]. We

show that the errors introduced by these approximations can be systematically controlled

and that high-accuracy results may be obtained. We show that all together, these approxi-

mations lead to about an order of magnitude speed-up in the computation of excited state

energies and analytical nuclear forces for the defective systems benchmarked in this work.

We also show that with a multilevel parallelization scheme [122], WEST-TDDFT shows

strong scaling up to hundreds of CPU and GPU nodes, enabling the study of point defects

for systems containing hundreds to thousands of atoms.

To demonstrate the capabilities of WEST-TDDFT, we investigated the excited states

and optical properties of several point defects in solids, including the NV− and the neutrally

charged silicon-vacancy center (SiV0) in diamond, the VV0 in 4H-SiC, and the neutrally

charged oxygen vacancy center (V0
O) in magnesium oxide (MgO). We used the dielectric-

dependent hybrid (DDH) functional in TDDFT calculations, where the coefficient of the

Hartree-Fock exact exchange was set to the inverse of the high-frequency dielectric constant

of the host material. DDH has been shown to improve the description of the electronic

structure of a broad range of systems [33, 34], including systems with impurities [83, 126–

130]. Hence, using the DDH functional in TDDFT calculations is expected to lead to a

more accurate description of excitonic effects than using semi-local functionals, due to the

inclusion of screening effects in the Coulomb interaction between the electron and the hole

in the excited state [107, 131, 132]. Our results obtained with TDDFT using the DDH

functional offer insights into the mechanisms underlying the optical absorption and emission
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processes in these defects.

The rest of the Chapter is organized as follows. Chapter 3.2 introduces the methodology.

Chapter 3.3 discusses the numerical approximations adopted in WEST-TDDFT to acceler-

ate the calculations for hybrid functionals. In Chapter 3.6, we present the parallelization

and scaling tests of WEST-TDDFT. In Chapter 3.7, we give examples of applying WEST-

TDDFT to study the excited state properties of prototypical point defects in solids. We

close the Chapter with a summary of all the results and an outlook on future work.

3.2 Method

We describe below the formalism adopted to compute vertical excitation energies (Chapter

3.2.1) and nuclear forces (Chapter 3.2.2) with TDDFT and with spin-flip TDDFT (Chapter

3.2.3). Since our goal is to study excited states of large systems, such as point defects in

solids in the dilute limit, we performed TDDFT calculations using only the Γ point to sample

the Brillouin zone.

3.2.1 Vertical excitation energies

Within LR-TDDFT, the vertical excitation energy (VEE) ωs from the ground to the s-th

excited state, can be obtained by solving the following eigenvalue problem [15, 16, 133]:

D +K1e −K1d K2e −K2d

K2e −K2d D +K1e −K1d


As

Bs

 = ωs

I 0

0 −I


As

Bs

 , (3.1)

where As =
{
|as,vσ⟩ : v = 1, . . . , Nocc,σ;σ =↑, ↓

}
and

Bs =
{
|bs,vσ⟩ : v = 1, . . . , Nocc,σ;σ =↑, ↓

}
are two sets of orbitals that enter the definition

of the linear change of the density matrix in the σ spin channel with respect to the ground
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state density matrix, due to the s-th neutral excitation:

∆ρs,σ =

Nocc,σ∑
v=1

(
|as,vσ⟩⟨φvσ|+ |φvσ⟩⟨bs,vσ|

)
, (3.2)

Here Nocc,σ is the number of occupied states in the σ spin channel, and |φvσ⟩ are the

Kohn-Sham (KS) wavefunctions of the ground state.

In this section, we consider neutral excitations, i.e., excitations that do not change the

total number of electrons, and Nocc,σ is individually conserved for each spin channel. Neutral

excitations that flip the spin will be discussed in section 3.2.3.

The operators on the left-hand side (LHS) of Eq. (3.1) are defined as:

DAs =
{
Pc
σ

(
HKS
σ − εvσ

)
|as,vσ⟩ : v = 1, . . . , Nocc,σ;σ =↑, ↓

}
, (3.3)

K1eAs =

{∫
dr′Pc

σ(r, r
′)φvσ(r′)

∑
σ′

∫
dr′′f loc

Hxc,σσ′(r
′, r′′)

Nocc,σ′∑
v′=1

φ∗v′σ′(r
′′)as,v′σ′(r

′′) :

v = 1, . . . , Nocc,σ;σ =↑, ↓

}
,

(3.4)

K2eAs =

{∫
dr′Pc

σ(r, r
′)φvσ(r′)

∑
σ′

∫
dr′′f loc

Hxc,σσ′(r
′, r′′)

Nocc,σ′∑
v′=1

a∗s,v′σ′(r
′′)φv′σ′(r

′′) :

v = 1, . . . , Nocc,σ;σ =↑, ↓

}
,

(3.5)

K1dAs =

{
αEXX

∫
dr′Pc

σ(r, r
′)
Nocc,σ∑
v′=1

as,v′σ(r
′)
∫

dr′′vc(r′, r′′)φ∗v′σ(r
′′)φvσ(r′′) :

v = 1, . . . , Nocc,σ;σ =↑, ↓

}
,

(3.6)
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K2dAs =

{
αEXX

∫
dr′Pc

σ(r, r
′)
Nocc,σ∑
v′=1

φv′σ(r
′)
∫

dr′′vc(r′, r′′)a∗s,v′σ(r
′′)φvσ(r′′) :

v = 1, . . . , Nocc,σ;σ =↑, ↓

}
,

(3.7)

where HKS
σ is the ground state KS Hamiltonian written for the σ spin channel, and

f loc
Hxc,σσ′(r, r

′) = vc(r, r
′) + f loc

xc,σσ′(r, r
′) is the sum of the bare Coulomb potential, vc, and

the local part of the time-independent exchange-correlation kernel

f loc
xc,σσ′(r, r

′) =
δV loc

xc,σ(r)

δρσ′(r
′)

∣∣∣∣∣
(ρ0,∇ρ0)

. (3.8)

ρσ(r) is the electron density of the spin channel σ, Pc
σ is the projection operator onto

the unoccupied Kohn-Sham orbitals with σ spin, i.e., Pc
σ = 1 −

∑Nocc,σ
v=1 |φvσ⟩⟨φvσ|. The

parameter αEXX is the fraction of the Hartree-Fock exchange included in the definition of

the hybrid functional. For semilocal functionals αEXX = 0 and hence the K1d and K2d

operators are zero by definition.

Under the Tamm–Dancoff approximation (TDA) [134], which is equivalent to the Con-

figuration Interaction Singles (CIS) method [135] used in quantum chemistry to compute

VEEs, the K2e and K2d terms in Eq. (3.1) are neglected, yielding Bs = 0, and one solves

the following eigenvalue problem:

(
D +K1e −K1d

)
As = ωsAs . (3.9)

3.2.2 Excited state nuclear forces

To derive excited states nuclear forces, we use the extended Lagrangian formalism and the

Z-vector method of Handy–Schaefer to compute gradients [136]. Such formulation allows us

to compute gradients of the excited potential energy surfaces described by Eq. (3.9), while
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satisfying all orthonormality constraints of the KS and |as,vσ⟩ orbitals. The implementation

of nuclear forces carried out in our work is similar to that of Hutter [17], although we

generalize it in section 3.2.3 to spin-flip TDDFT.

To obtain the nuclear force for the I-th atom along the α-th Cartesian direction of a

system in the s-th excited state, we need to evaluate the following total derivatives:

Fs,Iα = −

(
dV nn

dRIα
+
dEKS

dRIα
+

dωs
dRIα

)
, (3.10)

where V nn is the nuclear-nuclear electrostatic potential energy, EKS is the KS ground state

total energy, and ωs = A†
s

(
D +K1e −K1d

)
As is the VEE of the s-th excited state ob-

tained by solving the eigenvalue problem of Eq. (3.14) within the TDA. Without any loss

of generality, we simplify the notation in Eq. (3.10) and write all terms as total derivatives

with respect to an external parameter τ , and we define an extended Lagrangian, Lex (the

dependence on the excited state index s is dropped for clarity)

Fτ = −
(
dV nn

dτ
+
dLex
dτ

)
, (3.11)

where

Lex = LKS + LTDA + LZ (3.12)

and we have defined

LKS = EKS −
∑

v≥v′,σ

Γvv′σ (⟨φvσ|φv′σ⟩ − δvv′) , (3.13)

LTDA =
∑

vv′σσ′
⟨avσ|(D +K1e −K1d)vv′σσ′|av′σ′⟩ − ω

(∑
vσ

⟨avσ|avσ⟩ − 1

)
, (3.14)
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LZ =
∑
vσ

⟨Zvσ|

HKS
σ |φvσ⟩ −

∑
v′

Λvv′σ|φv′σ⟩

+ c.c. (3.15)

By requiring that Lex is stationary with respect to ⟨φvσ|, ⟨avσ|, ⟨Zvσ|, ω, Γvv′σ and Λvv′σ

we obtain the following result:

dLex
dτ

=
∂EKS

∂τ
+

∫
dr
∂Vext(r)

∂τ

∑
σ

[
∆ρ

(x)
σ (r) + ∆ρ

(Z)
σ (r)

]
. (3.16)

In Eq. (3.16), ∂EKS

∂τ is the partial derivative of the KS-DFT total energy with respect to

nuclear coordinates obtained from the Hellmann-Feynman theorem, ∂Vext(r)
∂τ is the derivative

of the external potential (described using pseudopotentials in our formulation), and we have

defined

∆ρ
(x)
σ (r) =

Nocc,σ∑
v=1

|avσ(r)|2 −
Nocc,σ∑
v=1

Nocc,σ∑
v′=1

φ∗vσ(r)φv′σ(r)
∫

dr′a∗vσ(r
′)av′σ(r

′), (3.17)

and

∆ρ
(Z)
σ (r) =

Nocc,σ∑
v=1

[Z∗
vσ(r)φvσ(r) + φ∗vσ(r)Zvσ(r)] . (3.18)

Here Z =
{
|Zvσ⟩ : v = 1, . . . , Nocc,σ;σ =↑, ↓

}
are vectors obtained by solving the so-called

Handy-Schaefer Z-vector equation (obtained by imposing that Lex is stationary with respect

to ⟨φvσ|); the equation reads:

(
D +K1e −K1d +K2e −K2d

)
Z = U . (3.19)

We have defined U =
{
−Pc

σ|uvσ⟩ : v = 1, · · · , Nocc,σ;σ =↑, ↓
}
, with

uvσ(r) =
δ
[
A†
(
D +K1e −K1d

)
A
]

δφ∗vσ(r)
. (3.20)
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A formal expression for uvσ(r) is reported in Chapter 3.9.1.

3.2.3 Vertical excitation energies and excited state nuclear forces within

spin-flip TDDFT

Here we extend the LR-TDDFT formalism derived in section 3.2.1 and 3.2.2 to include

neutral excitations involving a flip of the spin state, i.e., excitations that bring an electron

from the spin channel σ to the opposite spin channel σ̃, without changing the total number of

electrons [99–105]. In the presence of spin-flip (SF) excitations, the LR-TDDFT eigenvalue

equation within the TDA, Eq. (3.9), reads

(
DSF +K1e,SF −K1d,SF

)
ASF
s = ωsASF

s . (3.21)

The eigenvalue equation without the TDA can be found in Chapter 3.9.1. The variation of

the electron density can be written as

∆ρSF
s,σ(r) =

Nocc,σ̃∑
v=1

φ∗vσ̃(r)a
SF
s,vσ(r). (3.22)

The operators on the LHS of Eq. (3.21) are defined as

DSFASF
s =

{
Pc
σ

(
HKS
σ − εvσ̃

)
|aSF
s,vσ⟩ : v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
, (3.23)

K1e,SFASF
s =

{∫
dr′Pc

σ(r, r
′)φvσ̃(r

′)
∫

dr′′f loc,SF
xc (r′, r′′)

Nocc,σ̃∑
v′=1

φ∗v′σ̃(r
′′)aSF

s,v′σ(r
′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
,

(3.24)
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K1d,SFASF
s =

{
αEXX

∫
dr′Pc

σ(r, r
′)

Nocc,σ̃∑
v′=1

aSF
s,v′σ(r

′)
∫

dr′′vc(r′, r′′)φ∗v′σ̃(r
′′)φvσ̃(r

′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
.

(3.25)

The spin-flip exchange-correlation kernel is defined as

f
loc,SF
xc (r, r′) =

V loc
xc,σ(r)− V loc

xc,σ̃(r)

ρσ(r)− ρσ̃(r)

∣∣∣∣∣
(ρ0,∇ρ0)

δ(r, r′), σ ̸= σ̃. (3.26)

Nuclear forces are evaluated using Eq. (3.10), but using the following expression for ∆ρ
(x)
σ

∆ρ
(x)
σ (r) =

Nocc,σ̃∑
v=1

|aSF
vσ (r)|2 −

Nocc,σ∑
v=1

Nocc,σ∑
v′=1

φ∗vσ(r)φv′σ(r)
∫

dr′aSF∗
vσ̃ (r′)aSF

v′σ̃(r
′). (3.27)

The Z-vectors are obtained by solving Eq. (3.19), and using the definition for uvσ derived

in the presence of spin-flip transitions (see Chapter 3.9.1).

3.3 Numerical approximations to compute vertical excitation

energies and excited state nuclear forces

In this section, we discuss numerical approximations adopted in WEST-TDDFT for the

calculation of VEEs with Eq. (3.9) or Eq. (3.21) for spin-conserving or spin-flip excitations,

respectively, and excited state nuclear forces with Eq. (3.10). In particular, we focus on the

most computationally expensive terms in the case of hybrid functionals, i.e., the D, the K1d,

and the K2d terms, as defined in Eqs. (3.3), (3.6), and (3.7), respectively. In the following,

we present the impact of the approximations and our verification tests performed for the

first triplet excited state of the NV− in diamond, using a conventional (3× 3× 3) supercell

containing 215 atoms, and the dielectric dependent hybrid (DDH) functional [33, 34], with a
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plane-wave energy cutoff set to 60 Ry. TDDFT calculations were performed under the TDA.

3.4 Approximating the D term

When a hybrid functional is used, the Kohn-Sham Hamiltonian HKS
σ that appears in the

D term of Eq. (3.3) contains the exact exchange operator, VX,σ, whose application to an

arbitrary function, ψσ(r′), is defined as

∫
VX,σ(r, r

′)ψσ(r′)dr′ = −
Nocc,σ∑

v

φvσ(r)

∫
φ∗vσ(r

′)ψσ(r′)
|r− r′|

dr′ . (3.28)

To reduce the computational cost associated with the D term, we approximated VX,σ using

the ACE operator [123], defined as

V ACE
X,σ (r, r′) = −

NACE,σ∑
k=1

ξkσ(r)ξ
∗
kσ(r

′), (3.29)

where NACE,σ is the total number of KS orbitals included in the summation that defines the

operator. The ACE orbitals ξkσ are obtained as:

ξkσ(r) =

NACE,σ∑
i=1

Wiσ(r)
(
L−T
σ

)
ik
, (3.30)

where Wiσ(r) =
∫
VX,σ(r, r

′)φiσ(r′)dr′ results from the application of VX,σ to KS or-

bitals in the range of [1, NACE,σ], and Lσ is the lower triangular matrix obtained from

the Cholesky factorization Mσ = −LσL
T
σ , where Mσ is a NACE,σ × NACE,σ matrix with

Mijσ =
∫
φ∗iσ(r)Wjσ(r)dr.

In this work we use the ACE operator, V ACE
X,σ , to approximate the exact exchange op-

erator, VX,σ, in the D term of Eq. (3.3). Since VX,σ is to be applied to functions avσ(r′)

that are orthogonal to the occupied KS orbitals, unoccupied KS orbitals in the range of
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[Nocc,σ + 1, NACE,σ] are included in the construction of the ACE operator, in addition to

the occupied KS orbitals in the range of [1, Nocc,σ].

Figure 3.1 shows a benchmark of the accuracy and time savings associated with the use

of the ACE operator in TDDFT calculations of the VEE and forces for the first excited state

of the NV− in diamond. As expected, errors can be made arbitrarily small by increasing the

NACE parameter. We also note that we need a smaller NACE to converge the calculation

of the VEE than that of forces. Setting NACE,σ = Nocc,σ + 20 leads to an error of 27

meV for the VEE, while NACE,σ = 4Nocc,σ is required to yield a maximum absolute error

(mean absolute error) of 4 meV Å−1 (0.1 meV Å−1) for the forces. The more stringent

requirement on forces stems from high-energy unoccupied KS states more likely contributing

to the solution of the Z-vector equation, Eq. (3.19), than to the calculation of the VEE.

The use of the ACE operator allows us to evaluate the D term at a fraction (∼0.05%) of

the cost of directly applying the exchange operator, yielding a two-fold reduction of the

total wall time for the calculation of the VEE and the forces, as shown in Figure 3.1(c) and

(d). In summary, using the ACE operator to approximate the exact exchange operator can

significantly reduce the computational cost of the TDDFT calculations for both VEE and

nuclear forces, and, as expected, the error caused by the use of the ACE operator can be

arbitrarily reduced by increasing the number of KS orbitals used in its construction.

3.5 Approximating the K1d term

To compute VEEs and analytical forces within TDDFT, the application of the K1d term (see

Eq. (3.6)) to an arbitrary set of functions, A = {avσ : v = 1, · · · , Nocc,σ;σ =↑, ↓} is required.

This amounts to carrying out N2
occ,σ integration operations entering the definition of τvv′σ,

i.e., τvv′σ(r) =
∫
dr′vc(r, r′)φ∗v′σ(r)φvσ(r). With the aim of exploiting the near-sightedness

principle to reduce the number of integrations, we introduce a unitary transformation of the

KS orbitals, i.e., φvσ =
∑Nocc,σ

n=1 Uvnσφ̃nσ. Because the K1d is invariant under a unitary
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Figure 3.1: Benchmarks of the use of the adaptively compressed exchange (ACE) operator
in TDDFT to speed up the calculation of the D term of Eq. (3.3) as a function of the number
of Kohn-Sham orbitals (NACE) used to build the ACE operator (Eq. (3.29)). Calculations
of the first vertical excitation energy (VEE) and forces of the NV− in diamond are carried
using the DDH hybrid functional, and a conventional (3 × 3 × 3) cell with 215 atoms and
432 (430) electrons in the spin-up (spin-down) channel. We report in panels (a) and (b) the
error associated with the use of the ACE approximation for the evaluation of the VEE and
the forces, respectively. The error is measured considering as a reference the result obtained
by directly implementing the exact exchange operator without any approximation. In panels
(c) and (d), we report the time savings observed for the calculation of the D term and the
total wall time, respectively. The total wall time is obtained by summing the timings for the
calculation of the VEE and the forces. The time savings are reported as the ratio of wall time
measured while using the ACE approximation to that measured with no approximation.
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transformation of the KS orbitals, we have

(K1dA)vσ = αEXX

∫
dr′Pc

σ(r, r
′)
Nocc,σ∑
v′=1

av′σ(r
′)τvv′σ(r

′)

= αEXX

∫
dr′Pc

σ(r, r
′)
Nocc,σ∑
m=1

Uvmσ


Nocc,σ∑
n=1

ãnσ(r
′)τ̃mnσ(r

′)

 ,

(3.31)

where we have labeled ãnσ(r′) =
∑Nocc,σ

v′=1
U∗
v′nσav′σ(r

′) and

τ̃mnσ(r
′) =

∫
dr′′vc(r′, r′′)φ̃∗nσ(r

′′)φ̃mσ(r
′′) the transformed orbitals and integrals, respec-

tively. Here we consider the unitary transformation from occupied KS orbitals into max-

imally localized Wannier functions [137]. We define the overlap function, Smnσ, between

Wannier orbitals:

Smnσ =

∫
|φ̃mσ(r)|2|φ̃nσ(r)|2dr√∫

|φ̃mσ(r)|4dr
∫
|φ̃nσ(r′)|4dr′

(3.32)

We proceed by truncating pairs of non-overlapping localized orbitals in Eq. (3.31), i.e., we

approximate τ̃mnσ(r) = 0, if the corresponding overlap function is smaller than a preset

threshold (Smnσ < Sthr). In this way, the number of τ̃mnσ(r) integrals to be evaluated can

be greatly reduced, achieving a linear scaling of the computational workload with respect to

the number of orbitals [44].

Figure 3.2 shows the accuracy and time savings associated with the use of localized

orbitals in TDDFT calculations. Our benchmarks were conducted for the first excited state

of the NV− in diamond. As expected, we can arbitrarily reduce the error by lowering the

overlap threshold Sthr. For Sthr = 10−3, the error in the VEE is only −10 meV, and the

maximum absolute error and the mean absolute error in nuclear forces is 9 meV Å−1 and 0.6

meV Å−1, respectively. For Sthr = 10−3, the number of τ̃mnσ integrals, and consequently

the computational cost of the K1d term, is reduced by 92%, and the total wall time for

computing the VEE and the forces is reduced by 23%, as shown by Figure 3.2(c) and (d). In
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summary, by leveraging near-sightedness, we can significantly reduce the computational cost

of the TDDFT calculations for the VEE and the nuclear forces, and the error introduced by

the approximation can be systematically decreased as a function of the overlap threshold.
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Figure 3.2: Benchmark of the use of the near-sightedness principle (see text) to approximate
the K1d term of Eq. (3.6) in TDDFT calculations, as a function of the overlap threshold
Sthr. Calculations of the first vertical excitation energy (VEE) and the forces of the NV−

in diamond are carried using the DDH hybrid functional and a conventional (3× 3× 3) cell
with 215 atoms. We report in panels (a) and (b) the error associated with the truncation
of pairs of non-overlapping localized orbitals for the evaluation of the VEE and the forces,
respectively. In panels (c) and (d), we report the time savings observed for the calculation
of the K1d term and the total wall time, respectively. The total wall time is obtained by
summing the timings for the calculation of the energy and the forces. The time savings are
reported as the ratio of wall time measured while using truncation to that with no truncation.

36



3.5.1 Approximating the K2d term

When computing analytical nuclear forces, the Z-vector equation is solved by using the

Conjugate-Gradient (CG) algorithm. The implementation requires the repeated application

of the super-operator, L = D+K1e−K1d+K2e−K2d, to residual vectors of Eq. (3.19). We

implemented an inexact Krylov subspace approach [124, 125] to accelerate the CG iterations,

where the exact L operator is used until the residual vector becomes smaller than a preset

threshold, λthr. Then an approximate operator, Lapprox, is applied. We built Lapprox by

neglecting the K2d term in the definition of L, i.e., Lapprox = D +K1e −K1d +K2e.

We tested the inexact Krylov subspace approach in TDDFT calculations with the DDH

functional for the calculation of the first excited state of the NV− in diamond, as shown in

Figure 3.3. As expected, errors on the nuclear forces decrease as the threshold on the norm

of the residual vector λthr is lowered. With λthr = 10−4, the maximum absolute error and

the mean absolute error on nuclear forces is 5 meV Å−1 and 0.2 meV Å−1, respectively, and

the number of CG iterations involving operations with the exact L is reduced from 31 to

11. As a consequence, the computational cost of the K2d term is reduced by 64%, and the

total wall time for computing VEE and forces is reduced by 15%, as shown by Figure 3.3(b)

and (c). In summary, using the inexact Krylov subspace approach can significantly reduce

the computational cost of the TDDFT calculations of nuclear forces, and the error can be

systematically reduced by decreasing the threshold on the norm of the residual vector.

3.5.2 Using approximations altogether

Finally, we tested the three numerical approximations discussed in the previous subsections

altogether in TDDFT calculations with the DDH functional for the calculations of the first

excited state of the NV− in diamond. Compared to the results obtained with the exact

TDDFT calculations, when using the three numerical approximations, the error in the VEE

is only −9 meV, and the maximum absolute error and the mean absolute error in nuclear
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Figure 3.3: Benchmark of the inexact Krylov subspace approach in TDDFT calculations
of analytical nuclear forces with the DDH hybrid functional, as a function of the threshold
on the norm of the residual vector λthr for the calculations of the nuclear forces of the first
excited state of the NV− in diamond. (a) Error in the nuclear forces of the first excited state.
(b) The fraction of the wall time for the calculations of the K2d term of Eq. (3.7) when using
the inexact Krylov subspace approach with respect to using a conventional approach. (c)
The fraction of the total wall time of TDDFT calculations using the inexact Krylov subspace
approach relative to the total wall time using a conventional approach.

forces are 10 meV Å−1 and 0.7 meV Å−1, respectively. The total wall time for computing

VEE and nuclear forces is reduced by 87%. The minimal errors indicate that the parameter

settings of the three numerical approximations, i.e., NACE = 4Nocc for the ACE operator,

Sthr = 10−3 for the overlap threshold, and λthr = 10−4 for the threshold on the norm

of the residual vector to activate the inexact Krylov subspace approach in the CG solver

of the Z-vector equation (Eq. (3.19)), are reasonable choices. These settings can be an

effective starting point when tailoring parameters for other systems. In summary, using

the ACE operator, near-sightedness, and the inexact Krylov subspace approach together

can significantly reduce the computational cost of the TDDFT calculations of the VEE and

the nuclear forces, and the balance between the accuracy and cost can be systematically

controlled by adjusting the relevant parameters, as shown above.
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3.6 Performance and scalability on CPUs and GPUs

We implemented spin-conserving and spin-flip TDDFT for the calculation of VEEs and

analytical forces in the WEST code [121], which is a many-body perturbation theory code

based on the plane-wave pseudopotential method. In refs. 121, 122, we demonstrated the

scaling of the code for full-frequency G0W0 calculations using up to 524,288 CPU cores or

25,920 GPUs. The hierarchical parallelization strategy, which leverages the embarrassingly

parallel parts of the algorithms, was proven to be key to achieving excellent scaling. The

implementation of WEST-TDDFT adopts a similar multilevel parallelization scheme.

Firstly, in our implementation, the processors are partitioned into subgroups, referred to

as images, to facilitate the parallel diagonalization of the super-operator L. The diagonal-

ization is carried out iteratively using the Davidson method [138]. Secondly, the processors

within each image are partitioned into pools, with each pool computing one spin channel in

simulations of spin-polarized systems. Thirdly, the processors within each pool are further

partitioned into band groups, with each group being responsible for computing a subset of

orbitals. Communications between band groups are required only when a summation over

orbitals is carried out, e.g., in Eqs. (3.4), (3.5), (3.6), and (3.7). Finally, as the last paral-

lelization level, the fast Fourier transforms (FFTs) between the direct and reciprocal spaces

and the linear algebra operations are carried out using the processors within a band group.

We present an assessment of the performance and scalability of the WEST-TDDFT code

on both CPU and GPU nodes using the Perlmutter supercomputer at the National Energy

Research Scientific Computing Center (NERSC). Each CPU node of Perlmutter is equipped

with two AMD EPYC Milan CPUs. Each GPU node of Perlmutter is equipped with one

AMD EPYC Milan CPU and four NVIDIA A100 GPUs. To benchmark the implementa-

tion of WEST-TDDFT, we considered the first excited state of the NV− in diamond, whose

ground-state DFT calculation was performed using the Quantum ESPRESSO [139, 140]

code (version 7.2), the SG15 optimized norm-conserving Vanderbilt (ONCV) pseudopoten-
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tials [141, 142], and the DDH functional [33, 34]. A kinetic energy cutoff of 60 Ry was

used for the plane-wave basis set. The Brillouin zone was sampled with the Γ-point. In the

TDDFT calculations, we used the numerical approximations discussed in section 3.3, namely

the ACE method with NACE = 4Nocc, the Wannier localization with Sthr = 10−3, and the

inexact Krylov subspace approach with λthr = 10−4.

The performance of WEST-TDDFT on CPU- and GPU-nodes is presented in Figure 3.4

for the NV− in conventional (4 × 4 × 4) and (5 × 5 × 5) supercells of diamond containing

511 and 999 atoms, respectively. The figure displays the total wall clock time, including

time spent on input/output (I/O) operations. For the (4 × 4 × 4) supercell, we observe

an excellent strong scaling up to 128 CPU or GPU nodes. The minor degradation of the

parallel efficiency is attributed to the overhead caused by the inter-node message-passing

interface (MPI) communications and I/O operations that, at a large node count, become

comparable to the computational time. For the (5 × 5 × 5) supercell, the GPU version of

WEST-TDDFT exhibits near-perfect strong scaling up to 512 nodes (2048 GPUs). This

showcases the applicability of WEST-TDDFT to conduct large-scale simulations. Further

details on the scalability of WEST-TDDFT can be found in Chapter 3.9.3.

3.7 Results

To validate the implementation of WEST-TDDFT, we computed the VEEs of low-lying

excited states of the formaldehyde molecule, and we optimized the geometry of the excited

states. We also verified the implementation of the analytical nuclear forces against the

calculation of numerical nuclear forces for the excited states of the NV− in diamond obtained

from spin-conserving and spin-flip TDDFT. Details can be found in Chapter 3.9.2. Below,

we describe results for spin-defects in several solids.
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Figure 3.4: Strong scaling of the WEST-TDDFT code on CPU- and GPU-nodes of the NER-
SC/Perlmutter supercomputing architecture. The scaling tests report the time to compute
the vertical excitation energy (VEE) and the nuclear forces for the first excited state of the
NV− in diamond, simulated using the DDH hybrid functional and 60 Ry kinetic energy cut-
off. The blue and red triangles represent timings of simulations in a conventional (4× 4× 4)
supercell of diamond containing 511 atoms, carried out on CPU and GPU nodes, respectively.
The orange circles represent the timings of simulations in a conventional (5×5×5) supercell
of diamond containing 999 atoms carried out on GPU nodes. The timings presented here
amount to the total wall clock time, including the time spent on I/O operations. The black
dashed lines indicate the ideal strong scaling.

3.7.1 Computational setup

The electronic structures of the defects in diamond, 4H-SiC, and MgO are obtained us-

ing DFT and the plane-wave pseudopotential method, as implemented in the Quantum

ESPRESSO package [139, 140]. The plane-wave energy cutoff was set to 60 Ry. We used

the semilocal functional by Perdew, Burke, and Ernzerhof (PBE) [31] and the DDH func-

tional [33, 34]. The fraction of exact exchange used in the DDH functional was determined

by the inverse of the macroscopic dielectric constant of the system, resulting in 18%, 15%,

and 36% of exact exchange for diamond, 4H-SiC, and MgO, respectively [33, 126].
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We used a (4×4×4) supercell containing 511 atoms and a (5×5×2) supercell containing

398 atoms for the triplet excited state of the NV− in diamond and the VV0 in 4H-SiC,

respectively. For singlet excited states, we used a (3× 3× 3) supercell containing 215 atoms

and a (5 × 5 × 1) supercell containing 198 atoms for the NV− in diamond and the VV0 in

4H-SiC, respectively. Supercells of different sizes were used in the study of the finite-size

effects for the SiV0 in diamond and V0
O in MgO. We used the lattice constant optimized

with each specific functional [33, 83]. The Brillouin zone was sampled with the Γ point.

Excited states were computed using the method described in the previous sections. The

equilibrium atomic geometries of excited states were obtained by minimizing the nuclear

forces below the threshold of 0.01 eV Å−1.

3.7.2 NV– in diamond and VV0 in 4H-SiC

The NV− in diamond and the VV0 in 4H-SiC are prototypical spin defects with numerous

quantum technology applications [62–66, 68, 70, 76, 143, 144]. In this work we focus on

the kk configuration of the VV0 in 4H-SiC, where both the silicon and the carbon vacancy

are located in the k- site. Although, due to the symmetry of the lattice, there exist three

additional configurations of the VV0, the focus here is to describe the applicability and

accuracy of the TDDFT techniques developed and implemented in our work, rather than

presenting an exhaustive study of spin defects. Both the NV− in diamond and the VV0 in

4H-SiC have C3v symmetry, and the defect single-particle orbitals within the band gap are

a1, and degenerate ex and ey orbitals, as shown in Figure 3.5. Many-body electronic states,

including the triplet ground state 3A2, the triplet excited state 3E, and singlet excited states

1E and 1A1, and the transitions between these states, play an essential role in the operation

of the spin defects as qubits, especially in the initialization and readout of the qubit state.

Therefore, it is interesting to study their energy and atomic geometries in order to interpret

experiments and eventually help design new schemes for quantum technology applications.

42



(a)

NV  in diamond
0

2

4

6

En
er

gy
 (e

V)

CB

VB

a1

ex ey
a1

ex ey

(b)

(c)

kk-VV0 in 4H-SiC1

0

1

2

3

4

En
er

gy
 (e

V)

CB

VBa1

ex ey a1

ex ey

(d)

Configuration Coordinate

En
er

gy

3A2

3E

1A1

1E

Q3A2 Q3E
Q1A1 Q1E

EFC, ES, 3E

EFC, GS, 3E

EAE, 3EEVE, 3E

(e)

Figure 3.5: Ball and stick representation of (a) the negatively charged nitrogen-vacancy
center (NV−) in diamond and (c) the neutral divacancy center (VV0) in 4H-SiC (kk config-
uration), with the vacancies displayed as circles in the middle of the cell, and the carbon,
nitrogen, and silicon atoms represented by brown, gray and blue spheres, respectively. Po-
sition of the single-particle defect levels for (b) NV− in diamond and (d) VV0 in 4H-SiC,
labeled according to the irreducible representation of the C3v group and computed by spin
unrestricted density functional theory (DFT) calculations with the DDH hybrid functional.
(e) Schematic one-dimensional diagram illustrating potential energy surfaces (PESs) of NV−

in diamond and VV0 in 4H-SiC, including the triplet ground state 3A2, the triplet excited
state 3E, and singlet states 1E and 1A1. The configuration coordinate of state 3A2 is in-
dicated as Q3A2

. Vertical excitation energy (EVE) at the ground state geometry, adiabatic
excitation energy (EAE), and Franck-Condon shifts in the ground (EFC,GS) and excited
state (EFC,ES) PES are indicated by black arrows for the triplet excited state 3E. The
value of EAE is frequently used to approximate the energy of the zero-phonon line (ZPL) by
assuming that the zero-point energies are similar in the electronic ground and excited state.

We first discuss the many-body electronic excited states of the NV− in diamond, as ob-

tained using TDDFT. The computed VEEs, adiabatic excitation energies (AEEs), Franck-

Condon (FC) shifts, and mass-weighted displacements of the many-body electronic excited

states are shown in Table 3.1, together with published theoretical and experimental results.

Starting from the Ms = 1 sublevel of the triplet ground state 3A2 obtained using unre-
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stricted Kohn-Sham DFT, we computed the triplet excited state 3E using spin-conserving

TDDFT. The VEEs of state 3E agree within 0.2 eV with those computed using the so-called

∆SCF approach for both PBE and DDH functionals. Unlike ∆SCF, TDDFT calculations do

not require any prior knowledge of the symmetry and the composition of the excited state,

and they do not suffer from convergence issues often encountered for (near-)degenerate states

within the ∆SCF framework. The VEEs of state 3E also agree well, within ∼0.2 eV, with the

results from the quantum defect embedding theory (QDET) [88] and with experiments [143].

The small difference between TDDFT and QDET results and experiments may originate, at

least in part, from the use of the DDH functional, which uses a screening constant corre-

sponding to that of the pristine crystal. We expect that adopting a hybrid functional that

incorporates the screening effects of both the host crystal and the defect [145] and at the

same time taking into account electron-phonon interaction [49, 50] may improve our TDDFT

results. The optimized geometry in the excited state using TDDFT analytical nuclear forces

and the resulting FC shifts and displacements are in good agreement with ∆SCF results.

The ZPL computed by TDDFT differs from the experimental value by 0.05 (0.17) eV with

the PBE (DDH) functional.

We also studied the highly correlated singlet excited states 1E and 1A1 using spin-flip

TDDFT. The VEEs computed at the DDH level of theory are overestimated compared with

those obtained with QDET and those inferred from experiments. The difference between

TDDFT and QDET results may originate from the neglect of double excitations within the

TDDFT framework [150].

In addition to VEE, we show in Table 3.1 the FC shifts and displacements resulting from

the geometry optimizations of the singlet states. The displacements of the 1A1 state are

relatively small, as expected since this state has an electronic composition similar to that

of the ground state 3A2: one hole in the a1 orbital and two holes in the degenerate ex and

ey orbitals on average. In contrast, the FC shifts and displacements of the 1E state are
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Table 3.1: Computed vertical excitation energy EVE (eV), adiabatic excitation energy EAE
(eV), Franck-Condon shift (eV) in the excited (EFC, ES) and the ground states (EFC, GS),
and mass-weighted atomic displacement ∆Q (amu1/2 Å) for the negatively charged nitrogen-
vacancy center NV− in diamond.

Method EVE EAE EFC, GS EFC, ES ∆Q

State 3E
TDDFT (PBE) 2.089 1.894 0.175 0.195 0.609
TDDFT (DDH) 2.372 2.112 0.228 0.256 0.659

∆SCF (PBE, a11e
0.5
x e0.5y

a ) [83] 1.937 1.731 0.180 0.206 0.620
∆SCF (DDH, a11e

0.5
x e0.5y ) [83] 2.491 2.230 0.223 0.261 0.635

∆SCF (PBE, a11e
1
xe

0
y

b) [83] 1.706 0.203 0.655
∆SCF (DDH, a11e

1
xe

0
y) [83] 2.205 0.248 0.666

QDET c 2.162
Expt. [143] 2.18 1.945 d

State 1E
TDDFT (PBE) 0.512 0.448 0.086 0.064 0.428
TDDFT (DDH) 0.681 0.560 0.079 0.121 0.423

QDET c 0.479
Expt. [146–149] 0.34− 0.43

State 1A1
TDDFT (PBE) 1.336 1.319 0.018 0.017 0.111
TDDFT (DDH) 1.973 1.957 0.018 0.016 0.095

QDET c 1.317
Expt. [146–149] 1.51− 1.60

a The electronic configuration in the hole representation: one hole in the a1 orbital, and
half a hole in both the ex and the ey orbitals. b The electronic configuration in the hole
representation: one hole in the a1 orbital, and one hole in the ex orbital. c The QDET
results are obtained with the exact double counting scheme [88] and are converged with

respect to the active space size. d The computed adiabatic excitation energy is compared
with the experimentally measured zero-phonon line (ZPL) energy [143].
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larger, although its electronic composition is also not dissimilar from that of the ground

state. The reason for that is the coupling with the symmetry broken vibrational modes

with e type symmetry. The FC shifts of the 1E state is about half that of the 3E state,

indicating a weaker electron-phonon coupling for the 1E → 3A2 transition compared to the

3E → 1A1 transition, which is consistent with the fact that the experimentally observed

multi-phonon inter-system crossing rate is slower for the former process [149, 151, 152]. The

optimized geometries of the 1A1 and 1E states have been further validated through the

study of vibrationally resolved optical absorption spectra [150]. The computed absorption

line shape is in excellent agreement with the experiment [147], suggesting that spin-flip

TDDFT yields an accurate description of the geometries of the highly correlated singlet

states.

We now turn to describe the many-body electronic excited states of the VV0 in 4H-SiC;

our results are reported in Table 3.2 together with theoretical and experimental results from

previous works. For triplet excited state 3E, TDDFT predicts VEEs, AEEs, FC shifts,

and displacements in fair agreements with ∆SCF results. Both the TDDFT and the ∆SCF

results slightly overestimate the experimental ZPL due to finite-size effects [83, 153]. As

shown by previous ∆SCF calculations, results obtained with the (5×5×2) supercell used in

this work and in the dilute limit differ by ∼0.15 eV [83, 153]. As for the singlet states 1E and

1A1, spin-flip TDDFT yields an overestimate of their VEEs compared with the constrained

random-phase approximation (CRPA) solved by configuration interaction (CI), possibly due

to the neglect of double excitations. Unlike the case of the NV− in diamond, the FC shifts

and displacements of the 1E state are comparable with those of the 3E state, indicating a

comparable electron-coupling strength and multi-phonon inter-system crossing rate for the

1E → 3A2 and the 3E → 1A1 transition. These results are consistent with experimental

observations for the VV0 in 3C-SiC [68], which has a similar electronic structure to that of

the VV0 in 4H SiC. In summary, TDDFT can accurately describe the energies and atomic
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geometries of many-body electronic excited states of both the NV− in diamond and the VV0

in 4H-SiC and enables the study of multi-phonon processes.

3.7.3 SiV0 in diamond

The SiV0 in diamond exhibits long spin coherence time together with a near-infrared fluo-

rescence signal and has been proposed as a platform for quantum communication applica-

tions [155, 156]. Here, we studied the excited states resulting from the transitions between

defect orbitals (so-called defect excitations), as well as from transitions between the valence

bands (VBs) of diamond and defect orbitals (so-called bound excitons). The atomic geome-

tries and electronic structures of the SiV0 are displayed in Figure 3.6. This defect possesses

D3d symmetry, with the eg type defect orbitals localized in the band gap and the eu type

defect orbitals resonant with the VBs of diamond. The hybridization of the eu orbitals

with the VBs points to the possible impact of finite-size effects on excited states involving

transitions from eu orbitals into eg orbitals.

Similar to the NV− in diamond, SiV0 in diamond has a triplet ground state, 3A2g, as

shown in Figure 3.6, and in the Ms = 1 sublevel egx and egy orbitals are filled by two

electrons, while egx and egy orbitals are empty. Spin conserving excitations from eux and

euy to egx and egy yield three triplet excited states 3A2u, 3Eu, and 3A1u, which are all

linear combinations of the eux → egx, eux → egy, euy → egx, and euy → egy single

excitations [157]. Spin-conserving TDDFT can correctly describe the multi-configuration

nature of the triplet excited states and yield states with the correct symmetry. To estimate

finite-size effects on the computed energy of the triplet excited states 3A2u, 3Eu, and 3A1u,

we performed TDDFT calculations in supercells with different numbers of atoms; our results

for the VEEs are summarized in Figure 3.6. The linear dependence of the VEEs on 1/Natom

stems from the dipole-dipole interaction between the localized excitons in periodic images. In

contrast, the VEEs of singlet excited states 1Eg and 1A1g depend weakly on the supercell size

47



Table 3.2: Computed vertical excitation energy EVE (eV), adiabatic excitation energy EAE
(eV), Franck-Condon shifts (eV) in the excited (EFC, ES) and the ground states (EFC, GS),
and mass-weighted atomic displacement ∆Q (amu1/2 Å) for the VV0 in 4H-SiC (kk config-
uration).

Method EVE EAE EFC, GS EFC, ES ∆Q

State 3E
TDDFT (PBE) 1.413
TDDFT (DDH) 1.464 1.351 0.097 0.113 0.779

∆SCF (PBE, a11e
0.5
x e0.5y

a ) [83] 1.233 1.161 0.063 0.072 0.635
∆SCF (DDH, a11e

0.5
x e0.5y ) [83] 1.484 1.398 0.075 0.086 0.664

∆SCF (PBE, a11e
1
xe

0
y

b) [83] 1.118 0.103 0.770
∆SCF (DDH, a11e

1
xe

0
y) [83] 1.355 0.114 0.787

CI−CPRA c 1.13
Expt. [83] 1.096 d

State 1E
TDDFT (PBE) 0.327 0.253 0.068 0.074 0.548
TDDFT (DDH) 0.424 0.260 0.112 0.164 0.766

CI−CPRA c 0.29
State 1A1

TDDFT (PBE) 0.904 0.886 0.021 0.018 0.198
TDDFT (DDH) 1.413 1.392 0.024 0.021 0.208

CI−CPRA c 0.88
a The electronic configuration in the hole representation: one hole in the a1 orbital, and
half a hole in both the ex and the ey orbitals. b The electronic configuration in the hole

representation: one hole in the a1 orbital, and one hole in the ex orbital. c Vertical
excitation energies are obtained using the model obtained from constrained random-phase
approximation (CRPA) solved by configuration interaction (CI) [154]. d The computed

adiabatic excitation energy is compared with the experimentally measured zero-phonon line
(ZPL) energy [83].
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Figure 3.6: (a) Ball and stick representation of the neutral silicon vacancy center (SiV0)
in diamond with the carbon and silicon atoms represented by brown and blue spheres,
respectively. (b) Position of the single-particle defect levels for the SiV0 in diamond, labeled
according to the irreducible representation of the D3d point group, and computed by spin
unrestricted density functional theory (DFT) calculations with the DDH hybrid functional.
(c) Ordering of many-body electronic states computed by TDDFT using the DDH functional
in a conventional (4 × 4 × 4) supercell containing 511 atoms. Many-body states resulting
from transitions between defect orbitals are shown as solid black lines and labeled according
to the irreducible representation of the D3d point group. States resulting from transitions
of valence bands (VBs) of diamond into the egx/egy orbital are shown as gray lines and
labeled as bound excitons, i.e. an electron in the egx/egy orbital bound to a hole in VBs.
(d) Vertical excitation energies of the many-body states 3A2u, 3Eu, and 3A1u from defect
excitations and the bound exciton state of the transition from the valence band maximum
(VBM) to egx/egy computed using TDDFT and the DDH functional in supercells containing
different numbers of atoms. Fitting functions are shown as dashed lines. The VEEs of defect
excitations 3A2u, 3Eu, and 3A1u are fitted by linear functions of 1/Natom, while the fitting
function Eq. (3.33) has been used for the VEE of the bound exciton state. Details on the
fitting process can be found in Chapter 3.9.5.
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Table 3.3: Computed vertical excitation energies EVE (eV) for the neutral silicon vacancy
center (SiV0) in diamond. TDDFT results reported here are extrapolated to the dilute limit.

Method Cell Size Triplet Singlet
3A2u

3Eu
3A1u

1Eg
1A1g

TDDFT (PBE) Dilute Limit 1.235 1.280 1.367 0.195 0.377
TDDFT (DDH) Dilute Limit 1.490 1.568 1.764 0.331 0.657

NEVPT2-DMET(10,12) [93] (3× 3× 3) 2.39 2.47 2.61 0.51 1.14

since the composition of their respective many-body wavefunctions mainly involve transitions

from egx(egy) orbitals to egx(egy) orbitals, which are all within the band gap of diamond

(see Chapter 3.9.5). We summarize the VEEs of both triplet and singlet excited states

extrapolated to the dilute limit in Table 3.3, together with results from DMET calculations.

For triplet states 3A2u, 3Eu, and 3A1u TDDFT predicts much lower VEEs than DMET,

closer to the experimental ZPL of 1.31 eV [158]. This discrepancy could be attributed to

two factors: (i) the neglect of finite-size effects on VEEs in the DMET calculations and (ii)

the unsatisfactory treatment of the hybridization between eux(euy) orbitals and the VBs of

diamond in the DMET calculations. The former could reduce the VEE of the triplet excited

states by about 0.3 eV, based on the extrapolation of the (3× 3× 3) TDDFT results to the

dilute limit. A thorough understanding of reason (ii) requires further explorations, which

are beyond the scope of this work.

Further, we optimized the geometry of the triplet excited states and approximated the

energy of the ZPL as the adiabatic excitation energy by assuming that the zero-point energies

are comparable in the electronic ground and excited state. The ZPL obtained in this way is

1.27 eV, in excellent agreement with the experimental value of 1.31 eV [158]. The geometry

relaxation in the triplet excited states reduces the symmetry from D3d to C2h due to the

elongation of two Si−C bonds by 0.068 Å and the contraction of the other two by 0.029 Å.

Further details on the geometry relaxation, including the FC shifts, atomic displacements,

and Si−C bond lengths near the defect center, can be found in Chapter 3.9.4. The ability

to compute TDDFT analytical nuclear forces also allows for the evaluation of the coupling
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between the transition dipole moment and the nuclear vibrational motion in the many-

body electronic excited states, and thus for the calculation of the vibrationally resolved

photoluminescence spectrum, including the contribution of the vibrational modes breaking

the inversion symmetry through the Herzberg-Teller effect [159]. This investigation will be

presented in a forthcoming publication.

While the transitions from the eux(euy) to the egx(egy) defect states only involve local-

ized orbitals, the transitions from the VBs of diamond into the egx(egy) defect states involve

more delocalized bound exciton orbitals. Bound excitons have been observed experimentally

with excitation energies comparable to the ZPL of the triplet defect excited states [160]. We

computed the VEE of the bound exciton as the transition from the valence band maximum

(VBM) to the egx(egy) defect states in supercells of different sizes. Our results are summa-

rized in Figure 3.6(d). In contrast to the triplet defect excited states, the VEE of the bound

exciton state has a non-linear dependence on the supercell size, which can be attributed to

the combination of the dipole-dipole interaction of excitons in nearby periodic images and

the electron-hole interaction in the same exciton. We fitted the VEE using the function

EVE(L) = EVE(L = ∞) +
A

L
exp

(
−L

D

)
− B

L3
, (3.33)

where L ∝ N
1/3
atom is the length of the cubic supercell, A and B are fitting parameters

determined by the strength of the electron-hole interaction and the dipole-dipole interaction,

respectively. D is a screening parameter, taking into account the fact that the electron-hole

interaction no longer depends on L when L is much larger than the radius of the bound

exciton. Using D ∈ [10, 40] Å estimated by a previous study [160], we obtain EVE(L =

∞) ∈ [1.33, 1.50] eV, higher than the ZPL of the triplet defect excited states, and in fair

agreement with the experimental value of 1.39 eV [160]. Details on the fitting process can

be found in Chapter 3.9.5.

In summary, TDDFT with the DDH functional provides a consistent description of lo-
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calized defect excitations as well as of bound excitons in SiV0 in diamond and predicts their

energies in good agreement with experiments. Further, the affordable computational cost of

TDDFT calculations enables a thorough investigation of finite-size effects.

3.7.4 VO
0 in MgO

Oxygen vacancies are abundant in MgO and critically influence its applications in spintronic

devices [161–164] and heterogeneous catalysis [165–169]. Here we investigate the excited

state and optical properties of the neutral oxygen vacancy, V0
O, in MgO using TDDFT,

with the aim of interpreting its optical absorption and emission processes. In the ground

state atomic geometry, the V0
O center has Oh symmetry with a s-type defect orbital a1g

within the band gap and three p-type defect orbitals t1u resonant with the conduction bands

(CBs) of MgO, as shown in Figure 3.7. The measured absorption peak at 5.0 eV was

attributed to the V0
O center [170, 171]. To interpret the origin of the absorption peak, we

computed the VEEs of the low-lying singlet excited states, including the 1T1u state from

the a1g → t1u transition and the bound exciton state from the a1g to the conduction band

minimum (CBM) transition. We performed TDDFT calculations with the DDH functional

in supercells of different sizes and extrapolated the values of the VEEs to the dilute limit, as

shown in Figure 3.7(d). The VEE of the 1T1u state shows a linear dependence on 1/Natom

and reaches 5.08 eV at the dilute limit, which is in good agreement with experiments and

with previous theoretical studies using the embedded Bethe–Salpeter equation (BSE) [172]

and DMET [98] approaches. The 1A1g → 1T1u transition is also a dipole-allowed transition

with substantial absorption cross section. The bound exciton state, on the other hand, has

a VEE depending non-linearly on the system size. We extrapolated the values of the VEE

to the dilute limit using Eq. (3.33). With D = ∞, we obtained a charge transition level of

4.81 eV for the V0
O → V+

O + e−(at CBM) process. With D ∈ [21, 42] Å estimated based on

the hydrogenic model, we obtained EVE(L = ∞) ∈ [4.41, 4.58] eV, which is smaller than the
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absorption peak at 5.0 eV. Details on the fitting process can be found in Chapter 3.9.6. We

note that the bound exciton corresponds to a dipole-forbidden transition, and thus, it is less

likely to account for the absorption peak observed experimentally. Therefore, we conclude

that the experimentally observed absorption peak can be attributed to the transition from

the ground state 1A1g to the localized defect excited state 1T1u, in agreement with previous

studies.

The emission peaks at ∼2.3 to 2.4 eV and ∼3.1 to 3.2 eV have been measured experimen-

tally and were suggested to pertain to excitations of the oxygen vacancy in MgO [170, 171].

To unravel their origins, we optimized the geometry of different electronic excited states

and computed the FC shifts in the ground and the excited state; we then approximated

the emission energy as the VEEs at the ground state geometry minus the FC shifts in both

the ground and excited states. The computed absorption energies, emission energies, FC

shifts, and mass-weighted displacements are summarized in Table 3.4. All excited states

exhibit significant FC shifts and displacements as a result of the local excitation around the

vacancy site. The emission energy of the 1T1u state is 4.073 eV, much higher than that of

the measured emission peaks. Instead, the emission energy of the 3T1u state is 2.824 eV,

only 0.4 to 0.5 eV higher than the measured emission energy of ∼2.3 to 2.4 eV, consistent

with the DMET results [98]. Using a larger supercell for excited-state geometry relaxations

would further decrease the emission energy and bring it closer to the experimental value.

Therefore, we attribute the experimental emission peak of 2.3 to 2.4 eV to the emission from

the 3T1u state. We note that the measured emission peak at 2.3 to 2.4 eV has a relatively

long lifetime [173], which is consistent with the slow phosphorescence process from the 3T1u

state to the 1A1g ground state. The emission energy of the bound exciton state is higher in

energy at ∼ 3.04− 3.21 eV, and it agrees with the experimental emission peak at 3.1 to 3.2

eV. Therefore, we conclude that the emission peak at 3.1 to 3.2 eV originates from the bound

exciton corresponding to the V+
O + e−(at CBM) → V0

O process. Further characterization of

53



(a)

0

2

4

6

8

10

En
er

gy
 (e

V)

CB

VB

a1g

t1u
(b)

3T1u

1A1g

1T1u

S = 0 S = 1

(c)

0.000 0.005 0.010 0.015 0.020
1/Natom

4.0

4.5

5.0

5.5

6.0

6.5

E 
(e

V)

(d)
1T1u
3T1u

Bound Exciton

Figure 3.7: (a) Ball and stick representation of the neutral oxygen vacancy center (V0
O) in

magnesium oxide (MgO) with the oxygen and magnesium atoms represented by red and
orange spheres, respectively. (b) Position of the single-particle defect levels for V0

O in MgO,
labeled according to the irreducible representation of the Oh point group and computed by
spin-restricted density functional theory (DFT) calculations with the DDH hybrid functional.
(c) Ordering of many-body electronic states computed by TDDFT using the DDH functional
in a (3×3×3) conventional supercell containing 215 atoms. Many-body states resulting from
transitions between a1g and t1u defect orbitals are shown as solid black lines and labeled
according to the irreducible representation of the Oh point group. The state resulting from
transitions from the a1g defect orbital into the conduction band minimum (CBM) is shown as
a gray line and labeled as bound exciton state, i.e., an electron in the CBM bound to a hole
in the a1g orbital. (d) Vertical excitation energies (VEEs) of the many-body excited states
are computed using TDDFT and the DDH functional in supercells with different numbers
of atoms. Fitting functions are shown as dashed lines. The VEEs of defect excitations 1T1u
and 3T1u are fitted by linear functions of 1/Natom, while the fitting function Eq. (3.33) is
used for the VEE of the bound exciton state. Details on the fitting process can be found in
Chapter 3.9.6.
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Table 3.4: Computed absorption energy EAbs (eV), emission energy EEmi, Franck-Condon
shifts (eV) in electronic excited states EFC, ES and electronic ground states EFC, GS, and
mass-weighted atomic displacements ∆Q (amu1/2 Å) for the neutral oxygen vacancy center
(V0

O) in magnesium oxide (MgO). Absorption energies are computed using TDDFT with the
DDH hybrid functional and extrapolated to the dilute limit. FC shifts and displacements are
computed using TDDFT with the DDH functional and a conventional (3× 3× 3) supercell
with 215 atoms.

States EAbs EEmi EFC, GS EFC, ES ∆Q
1T1u 5.080 4.073 0.607 0.400 1.160
3T1u 3.674 2.824 0.419 0.431 1.573

Bound Exciton 4.41− 4.58 3.04− 3.21 0.643 0.732 1.092

the emission peaks would require detailed experimental and theoretical studies on the optical

emission spectra.

In summary, in the case of the oxygen vacancy in MgO TDDFT with the DDH functional

provides an accurate treatment of excited state geometry relaxation and enables the study

of finite-size effects, thus facilitating the interpretation of optical absorption and emission

mechanisms of the V0
O in MgO. Our calculations predict substantial geometry displacements

and FC shifts for the excited states of the V0
O in MgO; such a shift has been frequently

neglected in previous theoretical studies.

It is worth noting that unlike point defects in diamond and SiC, where the excited state

energies from TDDFT calculations using semilocal and hybrid functionals agree with each

other within 0.3 eV, for V0
O in MgO, using semilocal functionals can underestimate the

excited state energies obtained using hybrid functionals and experiments by more than 1 eV.

The FC shifts and displacements can also differ (see Table 3.9 for PBE results), depending

on the functional. Therefore, it is necessary to use hybrid functionals to study the electronic

structure of defects in oxides such as MgO.
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3.8 Conclusions

We presented an efficient implementation of spin-conserving and spin-flip TDDFT, including

the calculations of analytical nuclear forces based on plane-wave pseudopotential formalism.

Our implementation in the WEST code includes several numerical approximations whose im-

pact has been assessed in detail and a multilevel parallelization strategy that enables a strong

scaling up to hundreds of CPU and GPU nodes. The numerical approximations introduced

here allow for the study of excited states of systems with thousands of atoms using hybrid

functionals. We presented results for the NV− in diamond and the VV0 in 4H-SiC, show-

ing that spin-conserving and spin-flip TDDFT accurately describe the energy and atomic

geometry of triplet and highly-correlated singlet excited states, respectively. In addition,

our calculations enable the investigation of multi-phonon processes, including vibrationally

resolved optical absorption and emission spectra and inter-system crossing transitions. Our

study of the SiV0 in diamond demonstrates that TDDFT is suitable to describe both defect

excitations and bound excitons once finite-size effects are properly taken into account by

using our highly scalable implementation. Our TDDFT study of the V0
O in MgO points

to the key importance of obtaining accurate excited state geometries to correctly interpret

absorption and emission mechanisms. In summary, our implementation of TDDFT with an-

alytical nuclear forces provides a valuable tool to study excited states and optical properties

of point defects in a variety of semiconductors and insulators.

We are exploring the possibility of extending our TDDFT calculations by incorporat-

ing additional hybrid functionals, possibly leading to an improvement in the description

of screening effects in solids, especially in low-dimensional hosts such as two-dimensional

hexagonal boron nitride (2D-hBN) [145]. Work is in progress to further accelerate TDDFT

calculations through the use of density fitting techniques [174, 175], which could enable the

direct study of multiple point defects and their interactions in the same supercell. Other

interesting future efforts include the implementation of spin-flip TDDFT with the multi-
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collinear formalism to reduce numerical instabilities [176, 177] and coupling TDDFT with

analytical nuclear forces and molecular dynamics.

3.9 Technical details

3.9.1 Additional Equations for TDDFT

The expression for uvσ(r) for spin-conserving TDDFT within the TDA as defined in Eq. (3.20)

reads:

uvσ(r) =
δ
[
A†
(
D +K1e −K1d

)
A
]

δφ∗vσ(r)

= φvσ(r)
∑
σ′

∫
dr′f loc

Hxc,σσ′(r, r
′)∆ρ(x)

σ′ (r
′)

− αEXX

Nocc,σ∑
v′=1

av′σ(r)

∫
dr′vc(r, r′)a∗v′σ(r

′)φvσ(r′)

+ αEXX

Nocc,σ∑
v′=1

Nocc,σ∑
v′′=1

φv′′σ(r)

∫
dr′′a∗v′σ(r

′′)av′′σ(r
′′)
∫

dr′vc(r, r′)φ∗v′σ(r
′)φvσ(r′)

+ avσ(r)
∑
σ′

∫
dr′f loc

Hxc,σσ′(r, r
′)∆ρ∗σ′(r

′)

−
Nocc,σ∑
v′=1

av′σ(r)

∫
dr′φ∗v′σ(r

′)φvσ(r′)
∑
σ′

∫
dr′′f loc

Hxc,σσ′(r
′, r′′)∆ρσ′(r

′′)

+ φvσ(r)
∑
σ′

∑
σ′′

∫
dr′
∫

dr′′gxc,σσ′σ′′(r, r
′, r′′)∆ρ∗σ′(r

′)∆ρσ′′(r
′′)

− αEXX

Nocc,σ∑
v′=1

φv′σ(r)

∫
dr′vc(r, r′)a∗v′σ(r

′)avσ(r′)

+ αEXX

Nocc,σ∑
v′=1

av′σ(r)

∫
dr′

Nocc,σ∑
v′′=1

a∗v′′σ(r
′)φvσ(r′)

∫
dr′′vc(r′, r′′)φ∗v′σ(r

′′)φv′′σ(r
′′).

(3.34)
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In Eq. (3.34), ∆ρσ(r) =
∑Nocc,σ

v=1 φ∗vσ(r)avσ(r), and

gloc
xc,σσ′σ′′(r, r

′, r′′) =
δ2V loc

xc,σ(r)

δρσ′(r
′)δρσ′′(r′′)

∣∣∣∣∣
(ρ0,∇ρ0)

(3.35)

is the second-order functional derivative of the exchange-correlation potential with respect

to the electron density. The term involving gloc
xc,σσ′σ′′(r, r

′, r′′) can be evaluated by using a

finite difference approach and written in the following way:

∑
σ′

∑
σ′′

∫
dr′
∫

dr′′gloc
xc,σσ′σ′′(r, r

′, r′′)∆ρ∗σ′(r
′)∆ρσ′′(r

′′)

≈
∑
k

ck
12ϵ2

V loc
xc,σ

[
ρ0↑ + kϵ∆ρ↑, ρ

0
↓ + kϵ∆ρ↓

]
(r),

(3.36)

where ck = −1, 16,−30, 16,−1 for k = −2,−1, 0, 1, 2. Numerical tests have shown that

stable results can be achieved by using ϵ = 0.01 [117].

The LR-TDDFT eigenvalue equation in the presence of spin-flip (SF) excitations reads

DSF +K1e,SF −K1d,SF K2e,SF −K2d,SF

K2e,SF −K2d,SF DSF +K1e,SF −K1d,SF


ASF

s

BSF
s

 = ωs

I 0

0 −I


ASF

s

BSF
s

 ,

(3.37)

where ASF
s =

{
|aSF
s,vσ⟩ : v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
and

BSF
s =

{
|bSF
s,vσ⟩ : v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
are two sets of orbitals that enter the definition

of the linear change of the density matrix with respect to the ground state density matrix,

due to the s-th SF excitation:

∆ρSF
s,σ =

Nocc,σ̃∑
v=1

|aSF
s,vσ⟩⟨φvσ̃|+

Nocc,σ∑
v=1

|φvσ⟩⟨bSF
s,vσ̃|.
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The operators on the left-hand side (LHS) of Eq. (3.37) are defined as

DSFASF
s =

{
Pc
σ

(
HKS
σ − εvσ̃

)
|aSF
s,vσ⟩ : v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
, (3.38)

K1e,SFASF
s =

{∫
dr′Pc

σ(r, r
′)φvσ̃(r

′)
∫

dr′′f loc,SF
xc (r′, r′′)

Nocc,σ̃∑
v′=1

φ∗v′σ̃(r
′′)aSF

s,v′σ(r
′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
,

(3.39)

K2e,SFASF
s =

{∫
dr′Pc

σ(r, r
′)φvσ̃(r

′)
∫

dr′′f loc,SF
xc (r′, r′′)

Nocc,σ∑
v′=1

aSF∗
s,v′σ̃(r

′′)φv′σ(r
′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
,

(3.40)

K1d,SFASF
s =

{
αEXX

∫
dr′Pc

σ(r, r
′)

Nocc,σ̃∑
v′=1

aSF
s,v′σ(r

′)
∫

dr′′vc(r′, r′′)φ∗v′σ̃(r
′′)φvσ̃(r

′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
.

(3.41)

K2d,SFASF
s =

{
αEXX

∫
dr′Pc

σ(r, r
′)
Nocc,σ∑
v′=1

φs,v′σ(r
′)
∫

dr′′vc(r′, r′′)aSF∗
v′σ̃ (r′′)φvσ̃(r

′′) :

v = 1, . . . , Nocc,σ̃;σ =↑, ↓

}
.

(3.42)

The SF exchange-correlation kernel is defined in Eq. (3.26). Under the TDA, the K2e,SF and

K2d,SF terms in Eq. (3.37) are neglected, yielding BSF
s = 0, and one solves the eigenvalue

problem as defined in Eq. (3.21).
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The expression for uvσ(r) for spin-flip TDDFT within the TDA reads:

uvσ(r) =
δ
[
ASF†

(
DSF +K1e,SF −K1d,SF

)
ASF

]
δφ∗vσ(r)

= φvσ(r)
∑
σ′

∫
dr′f loc

Hxc,σσ′(r, r
′)∆ρ(x)

σ′ (r
′)

− αEXX

Nocc,σ̃∑
v′=1

aSF
v′σ(r

′)
∫

dr′vc(r, r′)aSF∗
v′σ (r′)φvσ(r′)

+ αEXX

Nocc,σ∑
v′=1

Nocc,σ∑
v′′=1

φv′′σ(r)

∫
dr′′aSF∗

v′σ̃ (r′′)aSF
v′′σ̃(r

′′)
∫

dr′vc(r, r′)φ∗v′σ(r
′)φvσ(r′)

+ aSF
vσ̃ (r)

∫
dr′f loc,SF

xc (r, r′)∆ρSF∗
σ̃ (r′)

−
Nocc,σ̃∑
v′=1

aSF
v′σ(r)

∫
dr′φ∗v′σ̃(r

′)φvσ(r′)
∫

dr′′f loc,SF
xc (r′, r′′)∆ρSF

σ (r′′)

+ φvσ(r)

∫
dr′
∫

dr′′gloc,SF
xc,σ (r, r′, r′′)

∑
σ′

∆ρSF∗
σ′ (r′)∆ρSF

σ′ (r
′′)

− αEXX

Nocc,σ∑
v′=1

φv′σ(r)

∫
dr′vc(r, r′)aSF∗

v′σ̃ (r′)aSF
vσ̃ (r

′)

+ αEXX

Nocc,σ̃∑
v′=1

aSF
v′σ(r)

∫
dr′

Nocc,σ̃∑
v′′=1

aSF∗
v′′σ (r

′)φvσ(r′)
∫

dr′′vc(r′, r′′)φ∗v′σ̃(r
′′)φv′′σ̃(r

′′).

(3.43)

Here ∆ρSF
σ (r) =

∑Nocc,σ̃
v=1 φ∗vσ̃(r)a

SF
vσ (r). We have used the following definition for the func-

tional derivative of the spin-flip exchange-correlation kernel with respect to the electron

density [102, 104]:
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g
loc,SF
xc,σ (r, r′, r′′) =



−
V loc

xc,↑(r
′′)− V loc

xc,↓(r
′′)[

ρ↑(r′′)− ρ↓(r′′)
]2
∣∣∣∣∣
(ρ0,∇ρ0)

δ(r′′, r)δ
(
r′′, r′

)
+
f loc
xc,↑↑(r

′′, r)− f loc
xc,↓↑(r

′′, r)

ρ↑(r′′)− ρ↓(r′′)

∣∣∣∣∣
(ρ0,∇ρ0)

δ
(
r′′, r′

)
, σ =↑

V loc
xc,↑(r

′′)− V loc
xc,↓(r

′′)[
ρ↑(r′′)− ρ↓(r′′)

]2
∣∣∣∣∣
(ρ0,∇ρ0)

δ(r′′, r)δ
(
r′′, r′

)
+
f loc
xc,↑↓(r

′′, r)− f loc
xc,↓↓(r

′′, r)

ρ↑(r′′)− ρ↓(r′′)

∣∣∣∣∣
(ρ0,∇ρ0)

δ
(
r′′, r′

)
, σ =↓

.

(3.44)

3.9.2 Verification and Validation of the Implementation of WEST-TDDFT

Formaldehyde Molecule

We verified the implementation of time-dependent density functional theory (TDDFT) in

the WEST code (referred to as WEST-TDDFT hereafter) by applying it to the formaldehyde

molecule, which is routinely used as a benchmark for TDDFT. Geometry relaxation was per-

formed in excited states 1A′′, 1B2, and 3A′′ with the Tamm-Dancoff approximation (TDA),

and the resulting atomic geometries and the adiabatic excitation energies are summarized

in Table 3.5 and compared with the TDDFT-TDA results reported in literature [17]. The

Quantum ESPRESSO code [139, 140] was employed for the ground-state DFT calculations,

with the PBE functional [31] and the SG15 optimized norm-conserving Vanderbilt (ONCV)

pseudopotentials [141, 142]. The dimensions of the supercell were set to 20 Å× 20 Å× 20 Å.

The energy cutoff of the plane-wave basis was set to 90 Ry. The force convergence criterion

for geometry relaxation was set as 0.01 eV Å−1. As shown in Table 3.5, the results obtained

using WEST-TDDFT agree very well with the TDDFT results reported in literature [17].
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Table 3.5: Equilibrium structures and adiabatic excitation energies, denoted as EAE (in eV),
for formaldehyde were calculated using WEST-TDDFT and compared with values from the
literature [17]. Both sets of calculations employed the Tamm-Dancoff approximation (TDA)
and the PBE functional. Bond lengths are provided in Å, while angles are in degrees. Φ
represents the out-of-plane angle.

State RCO RCH ∠HCH Φ EAE Reference
1A1 (Ground state)

1.2065 1.1162 115.98 0 WEST-TDDFT
1.211 1.118 116.1 0 Ref. 17

1A′′ 1.3040 1.1009 117.13 30.63 3.544 WEST-TDDFT
1.308 1.103 116.8 30.0 3.53 Ref. 17

1B2
1.2019 1.1133 122.03 0 5.776 WEST-TDDFT
1.204 1.115 119.0 0 5.70 Ref. 17

3A′′ 1.3028 1.1057 113.19 42.77 2.686 WEST-TDDFT
1.305 1.108 113.7 43.2 2.67 Ref. 17

NV− in Diamond

To verify our implementation of WEST-TDDFT, we compared TDDFT-TDA gradients of

the vertical excitation energy obtained from the analytical expressions to those calculated

from numerical differentiation for the triplet excited state 3E (Table 3.6) and singlet ex-

cited states 1E and 1A1 (Table 3.7) of the NV− in diamond. The triplet excited state 3E

was studied using spin-conserving TDDFT while the singlet excited states 1E and 1A1 were

studied using spin-flip TDDFT. The NV− center was simulated in a conventional (2×2×2)

supercell of diamond containing 63 atoms. The derivatives of the vertical excitation energy

were calculated with respect to the atomic coordinates of carbon atoms C29, C42, and C56,

which are the three carbon atoms connected to the vacancy site. The gradients of the 3E

state were computed at the optimized geometry of the 3E state, and the gradients of the 1E

and 1A1 states were computed at the optimized geometry of the 1E state; both geometries

were obtained using TDDFT with the PBE functional. The numerical gradients were com-

puted using a finite difference approach with a displacement of 0.007136 Å. The Quantum

ESPRESSO code [139, 140] was employed for the ground-state DFT calculations, with the

LDA [30], PBE [31] or DDH [33, 34] functional, the SG15 ONCV pseudopotentials [141, 142],
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Table 3.6: Analytical and numerical gradients of the vertical excitation energy of the 3E
excited state of the NV− in diamond obtained using TDDFT with the LDA, PBE, and
DDH functional. C29, C42, and C56 are three carbon atoms connected to the vacancy site.
The gradients are provided in Ry bohr−1.

Atom Analytical gradients Numerical gradients
X Y Z X Y Z

State 3E
C29 −0.022872 0.006882 0.020531 −0.022847 0.006893 0.020535

LDA C42 −0.001743 −0.046582 0.001106 −0.001742 −0.046578 0.001111
C56 −0.020777 0.007246 0.023305 −0.020791 0.007248 0.023315
C29 −0.028021 0.010382 0.015042 −0.028024 0.010373 0.015040

PBE C42 0.000684 −0.046292 −0.001324 0.000750 −0.046226 −0.001381
C56 −0.015312 0.010708 0.028343 −0.015318 0.010704 0.028353
C29 −0.038475 0.017117 0.008861 −0.038528 0.017107 0.008816

DDH C42 0.001024 −0.049392 −0.001741 0.001049 −0.049284 −0.001756
C56 −0.009310 0.017345 0.038643 −0.009267 0.017337 0.038696

and a plane-wave energy cutoff of 60 Ry. To prevent the numerical instabilities in the spin-

flip TDDFT calculations, we set values of f loc,SF
xc to zero on a grid point r0 if the absolute

value of the spin density ρ0↑(r0) − ρ0↓(r0) on this point is smaller than 1 × 10−3. As shown

in Table 3.6 and Table 3.7, the analytical and numerical gradients agree very well with each

other.

3.9.3 Details on the Scalability of WEST-TDDFT

We present an assessment of the performance and scalability of the WEST-TDDFT code on

both CPU and GPU nodes, using the Perlmutter supercomputer at the National Energy Re-

search Scientific Computing Center (NERSC). The CPU nodes of Perlmutter are equipped

with two AMD EPYC Milan CPUs, with a theoretical peak double-precision (FP64) perfor-

mance of 5.0 TFLOPS (tera floating-point operations per second) per node. The GPU nodes

of Perlmutter are equipped with one AMD EPYC Milan CPU and four NVIDIA A100 GPUs,

with a theoretical peak FP64 performance of 39.0 TFLOPS per node, or 78.0 TFLOPS if the

acceleration provided by the tensor cores is used. The latter are specialized computing units
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Table 3.7: Analytical and numerical gradients of the vertical excitation energy of the 1E and
1A1 excited states of the NV− in diamond obtained using TDDFT with the LDA, PBE, and
the DDH functional. C29, C42, and C56 are three carbon atoms connected to the vacancy
site. The gradients are provided in Ry bohr−1.

Atom Analytical gradients Numerical gradients
X Y Z X Y Z

State 1E
C29 0.002100 0.002938 0.002176 0.002100 0.002946 0.002175

LDA C42 0.008544 −0.014794 −0.009486 0.008533 −0.014795 −0.009471
C56 −0.002373 0.003749 −0.001157 −0.002368 0.003764 −0.001141
C29 0.004743 0.002861 0.006857 0.004695 0.002894 0.006824

PBE C42 0.014139 −0.024152 −0.014744 0.014091 −0.023985 −0.014677
C56 −0.006685 0.003664 −0.003715 −0.006630 0.003676 −0.003677
C29 0.008305 0.003743 0.013414 0.008263 0.003796 0.013369

DDH C42 0.020372 −0.035543 −0.020950 0.020291 −0.035246 −0.020892
C56 −0.012993 0.004753 −0.006982 −0.012924 0.004808 −0.006935

State 1A1
C29 −0.009928 0.000453 −0.017409 −0.009918 0.000466 −0.017420

LDA C42 0.008165 −0.001599 −0.007678 0.008194 −0.001603 −0.007695
C56 0.017676 0.000242 0.009756 0.017684 0.000260 0.009758
C29 −0.008408 0.005775 −0.014338 −0.008413 0.005788 −0.014333

PBE C42 0.009275 −0.003203 −0.009050 0.009423 −0.003439 −0.009179
C56 0.014471 0.005658 0.008310 0.014469 0.005670 0.008314
C29 −0.005726 0.009158 −0.012240 −0.005730 0.009176 −0.012243

DDH C42 0.010072 −0.003079 −0.009980 0.010186 −0.003292 −0.010082
C56 0.012301 0.009101 0.005671 0.012300 0.009121 0.005673
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optimized for matrix multiplications. Comparing the workflows of full-frequency G0W0 and

TDDFT implemented in WEST, we observe a higher utilization rate of the tensor core in

the former because its implementation involved more matrix multiplication operations.

To benchmark the implementation of WEST-TDDFT, we considered the first excited

state of the NV− in diamond, whose ground-state DFT calculations were performed using

the Quantum ESPRESSO [139, 140] code (version 7.2), the SG15 optimized norm-conserving

Vanderbilt (ONCV) pseudopotentials [141, 142], and the DDH functional [33, 34]. A kinetic

energy cutoff of 60 Ry was used for the plane-wave basis set. The Brillouin zone was sampled

at the Gamma point. In the TDDFT calculations, we used the numerical approximations

discussed in Chapter 3.3, namely the ACE method with NACE = 4Nocc, the Wannier local-

ization with Sthr = 10−3, and the inexact Krylov subspace approach with λthr = 10−4.

The performance of the CPU version of WEST-TDDFT is presented in Figure 3.8 (a)

for the NV− center in a conventional (4× 4× 4) supercell of diamond containing 511 atoms.

The figure displays the total wall clock time, including time spent on I/O operations, and

breaks it down into the time required to compute energy or forces. For the part of the

code that computes forces (see blue upward triangles), we observe very good strong scaling

up to 128 nodes, i.e., a scaling that closely aligns with the ideal one (indicated by the

black dashed line). For the part of the code that computes energies (see red downward

triangles), we observe good scaling up to 32 nodes, after which the parallel efficiency drops

because the computational time becomes small and comparable to the overheads caused by

internode MPI communications and I/O operations. Nonetheless, the overall strong scaling

of WEST-TDDFT (corresponding to the time required to compute both energies and forces,

and represented by orange circles), remains close to ideal, as the computation of forces is

approximately one order of magnitude more expensive than the computation of energy.

In Figure 3.8 (b), we examine the performance of the GPU version of WEST-TDDFT for

the same test system of 511 atoms. Again, the code exhibits nearly ideal scaling up to 128
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GPU nodes (512 GPUs), primarily due to the highly efficient implementation of the forces.

Similar to the CPU case, the scaling of the energy part, which has a lower computation-to-

communication ratio, is inferior to that of the forces. Comparing Figure 3.8 (a) and (b), we

observe that the GPU version of WEST-TDDFT achieves a 4.8× overall speedup over its

CPU counterpart on the same number of nodes, with the computation of the energy and the

forces accelerated by 3.7× and 5.2×, respectively. The higher speedup achieved in computing

the forces is due to the larger amount of computations involved in this part. We note that

the attained speedup falls short of the theoretical speedup estimated by considering the ratio

between the theoretical peak performance of the GPU and CPU nodes. This discrepancy is

primarily attributed to (i) the communication overhead when summing over the bands, which

becomes necessary each time the operators on the left-hand side of Eq. (3.1) are applied, and

(ii) the overhead associated with reading the ground state wavefunctions from the file system

and writing the excited state wavefunctions to the file system. The scalability of the GPU

version of WEST-TDDFT is further demonstrated in Figure 3.8 (c) for the NV− center in a

(5× 5× 5) supercell of diamond containing 999 atoms. Remarkably, WEST-TDDFT scales

to 512 GPU nodes (2048 GPUs), with the forces part of the code exhibiting near-perfect

strong scaling.

3.9.4 Excited-State Geometry Relaxation of the SiV0 in Diamond

The geometry relaxation was carried out in the triplet excited state for SiV0 in diamond using

TDDFT-TDA with the PBE and DDH functional. We used (3×3×3), (4×4×4), and (5×

5×5) conventional supercells of diamond that contain 215, 511, and 999 atoms, respectively.

Results on relaxed geometries are summarized in Table 3.8. The zero-phonon line (EZPL)

and the Franck-Condon shift in electronic excited states (EFC, ES) computed using TDDFT

with the DDH functional agree well with the ∆SCF results reported in Ref. 157.

Franck-Condon shifts in electronic excited states EFC, ES and electronic ground states
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Figure 3.8: Strong scaling of the WEST-TDDFT code on CPU and GPU nodes of NER-
SC/Perlmutter supercomputing architecture. The scaling tests were carried out on the elec-
tronic properties of the first excited state of the NV− center in diamond, simulated using the
DDH functional and 60 Ry of kinetic energy cutoff. (a) NV− in a conventional (4 × 4 × 4)
supercell of diamond. The calculations were carried out on CPU nodes. (b) NV− in a con-
ventional (4×4×4) supercell of diamond. The calculations were carried out on GPU nodes.
(c) NV− in a conventional (5×5×5) supercell of diamond. The calculations were carried out
on GPU nodes. The red downward triangles and blue upward triangles represent the time
measured to compute the vertical excited state energy and forces, respectively. The yellow
circles represent the total wall clock time, including the time spent on I/O operations. The
black dashed lines indicate ideal strong scaling.

EFC, GS, and mass-weighted atomic displacements ∆Q computed using TDDFT with the

PBE functional exhibit non-negligible finite-size effects, while those obtained with the DDH

functional do not. This discrepancy stems from different degrees of localization of the excited

state orbitals obtained with the PBE and DDH functional. The exciton is more delocalized

with the PBE functional, and its radius increases as the cell size increases, and as a conse-

quence, the magnitude of geometry displacements decreases. The exciton obtained with the

DDH functional is almost fully localized within the (3× 3× 3) supercell, and increasing the

cell size brings a negligible change to the magnitude of geometry displacements.
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Table 3.8: Computed zero-phonon line energies EZPL (eV), Franck-Condon shifts (eV) in
electronic excited states EFC, ES and electronic ground states EFC, GS, mass-weighted atomic
displacements ∆Q (amu1/2 Å), and Si−C bond lengths (Å) for SiV0 in diamond.

Method Cell size EZPL EFC, GS EFC, ES ∆Q d (Si−C)
TDDFT (PBE) (3× 3× 3) 1.501 0.236 0.265 0.510 1.965, 2.051
TDDFT (PBE) (4× 4× 4) 1.299 0.145 0.142 0.412 1.966, 2.029
TDDFT (PBE) (5× 5× 5) 1.124 0.079 0.086 0.289 1.970, 2.005
TDDFT (DDH) (3× 3× 3) 1.518 0.314 0.338 0.581 1.952, 2.052
TDDFT (DDH) (4× 4× 4) 1.403 0.298 0.294 0.590 1.953, 2.050

∆SCF (HSE) [157] (4× 4× 4) 1.34 0.258
Expt. [158] 1.31

3.9.5 Extrapolation of Vertical Excitation Energies of the SiV0 in Diamond

Defect Excitation

The vertical excitation energies (VEEs) for excited states based on transitions among defect

orbitals are summarized in Figure 3.9 and Figure 3.10 for triplet and singlet excited states,

respectively. The VEEs were computed using TDDFT with the PBE and DDH functional

at the optimized ground state atomic geometry and were extrapolated to the dilute limit

using linear functions of 1/Natoms, where Natoms is the number of atoms in the supercell.

The conventional (2×2×2), (3×3×3), (4×4×4), and (5×5×5) diamond supercells were

used in the calculations of VEEs, which contains 63, 215, 511, and 999 atoms, respectively.

The VEEs of singlet excited states 1Eg and 1A1g depend weakly on Natoms since the

composition of their respective many-body wavefunctions mainly involve transitions from

egx(egy) orbitals to egx(egy) orbitals, which are all within the band gap of diamond. In

contrast, the VEEs of triplet excited states 3A2u, 3Eu and 3A1u exhibit a linear dependence

on 1/Natoms, which stems from the dipole-dipole interaction between the localized excitons

in periodic images. The triplet excited states computed with the DDH functional show a

clearer linear relationship for VEEs than those with the PBE functional. This may be due

to more localized excitons computed with the DDH functional, which are better described
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Figure 3.9: Vertical excitation energies (VEEs) of the triplet excited states 3A2u (blue), 3Eu

(red) and 3A1u (green) for the SiV0 in diamond as a function of the number of atoms Natoms
in the supercell. The VEEs were obtained using spin-conserving TDDFT calculations with
(a) the PBE functional and (b) the DDH functional. Dashed lines show linear extrapolations
of VEEs as a function of 1/Natoms.
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Figure 3.10: Vertical excitation energies (VEEs) of the singlet excited states 1Eg (red) and
1A1g (green) for the SiV0 in diamond as a function of the number of atoms Natoms in the
supercell. The VEEs were obtained using spin-flip TDDFT calculations with (a) the PBE
functional and (b) the DDH functional. Dashed lines show linear extrapolations of VEEs as
a function of 1/Natoms.

by the model accounting for the dipole-dipole interaction in periodic images.
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Bound Exciton

To extrapolate the VEE of the bound exciton state, which is based on the transition from the

valence band maximum (VBM) to the egs/egy defect orbitals, we used the fitting function

EVE(L) = EVE(L = ∞)− A

L
exp

(
−L

D

)
+
B

L3
. (3.45)

where L ∝ N
1/3
atoms is the length of the cubic supercell, A and B are fitting parameters

determined by the strength of the electron-hole interaction and the dipole-dipole interaction,

respectively. D is a screening parameter related to the fact that the electron-hole interaction

does not depend on L if L is much larger than the radius of the bound exciton.

To obtain the fitting parameter B, we decompose the VEE into two terms. The first term

is eeg − eVBM, which can be approximately viewed as the fundamental gap for the bound

exciton. The second term is eeg − eVBM − EVE, which can be approximately viewed as

the exciton binding energy, i.e. the difference between the fundamental gap and the optical

gap. Figure 3.11 shows the VEE, the fundamental gap, and the exciton binding energy as

functions of supercell size. The fundamental gap eeg − eVBM shows a linear dependence on

1/L3, and the slope yields B = 331.8 eV Å3 for the PBE functional and B = 398.3 eV Å3

for the DDH functional.

To obtain the fitting parameter D, which is the effective screening length for the bound

exciton, we adopted the model proposed in Ref. 160. The screening length is expressed as

D = α
meε∞
m∗ DH, (3.46)

where DH = 1.9 Å is the screening length of the hydrogen atom obtained from DFT cal-

culations [160], m∗ = 0.7me (2.12me) is the effective mass of light (heavy) hole in VBM,

ε∞ = 5.7 is the dielectric constant of diamond. α = 1.87 is derived from the comparison

with experiments to account for the fact that the hole orbital is expelled from the central
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Figure 3.11: Extrapolation of the vertical excitation energy EVE for the bound exciton of
SiV0 in diamond to the dilute limit. EVE obtained from TDDFT with the PBE functional
and the DDH functional are displayed in (a) and (d) as a function of 1

L . The values of
EVE are fitted using Eq. (3.45), and the fitting lines are shown as dashed lines. The energy
difference of the defect orbital eg and the valence band maximum (VBM), eeg − eVBM,
obtained using the PBE functional and the DDH functional are displayed in (b) and (e) as
a function of 1

L3 . The exciton binding energy, eeg − eVBM − EVE, obtained using the PBE
functional and the DDH functional are displayed in (c) and (f) as a function of 1

L . Details
on the fitting process can be found in Section 3.9.5.

region of the defect as the eg orbital of the electron already occupies this region [160]. With

these parameters, the screening length is estimated as D ∈ [10, 40] Å.

To obtain the fitting parameter A, we fitted the exciton binding energy eeg−eVBM−EVE

as A
L exp

(
− L

D

)
. With D = ∞, the exciton binding energy was fitted as a function versus

against 1/L, and the slope yields A = 0.12 eV Å for the PBE functional and A = 6.21 eV Å

for the DDH functional. The intercept of the linear function is almost zero, pointing to the

fact that the exciton binding energy is zero for an infinite large exciton whose screening length
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is D = ∞. It is worth noting that the exciton binding energy predicted by TDDFT with the

PBE functional is approximately zero because the Coulomb interaction between the electron

and the hole of the exciton is absent with the PBE functional, which points to the necessity

of using the DDH functional in TDDFT calculations. By setting D = ∞ in Eq. (3.45), we

obtained EVE(L = ∞) = 1.621 eV, which corresponds to the charge transition level of the

SiV− + h+(at VBM) → SiV0 process. With D ∈ [10, 40] Å, we obtained A ∈ [6.41, 8.65] eV

Å, which yields EVE(L = ∞) ∈ [1.33, 1.50] eV.

3.9.6 Extrapolation of Vertical Excitation Energies of the VO
0 in MgO

Defect Excitation

The vertical excitation energies (VEEs) for excited states based on transitions among defect

orbitals are summarized in Figure 3.12 for triplet and singlet excited states. The VEEs were

computed using TDDFT with the PBE functional and the DDH functional at the optimized

ground state atomic geometry and were extrapolated to the dilute limit as linear functions of

1/Natoms, where Natoms is the number of atoms in the supercell. The primitive (3× 3× 3),

(4 × 4 × 4), and (5 × 5 × 5) MgO supercells containing 53, 127, and 249 atoms, and the

conventional (2× 2× 2), (3× 3× 3), and (4× 4× 4) MgO supercells containing 63, 215, and

511 atoms were used in the calculations of VEEs.

The VEEs of singlet and triplet excited states 1T1u and 3T1u exhibit a linear dependence

on 1/Natoms, which stems from the dipole-dipole interaction between the localized excitons

in periodic images.

Bound Exciton

The VEE of the bound exciton state of V0
O in MgO, which is based on the transition from

the a1g defect orbital to the conduction band minimum (CBM), is extrapolated using the

72



0.000 0.005 0.010 0.015 0.020
1/Natom

2

3

4

5

6

7

8

E 
(e

V)

(a)
1T1u
3T1u

0.000 0.005 0.010 0.015 0.020
1/Natom

2

3

4

5

6

7

8

E 
(e

V)

(b)
1T1u
3T1u

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Figure 3.12: Vertical excitation energies (VEEs) of the singlet and triplet excited states
1T1u (blue squares) and 3T1u (red circles) for the V0

O in MgO as a function of the number of
atoms, Natoms, in the supercell. The VEEs were obtained using TDDFT calculations with
(a) the PBE functional and (b) the DDH functional. Dashed lines show linear extrapolations
of VEEs based on 1/Natoms.

same strategy as the one used for the SiV0 in diamond, as summarized in Section 3.9.5.

For conventional supercells, L is simply the length of the cubic supercell. For primitive

supercells, L is defined as L = (Natoms/8)
1/3 L0, where L0 = 4.26 Å is the lattice constant

of MgO obtained with the DDH functional. A = 10.60 eV Å was obtained for the DDH

functional by fitting the exciton binding energy eCBM − ea1g − EVE as a linear function of

1/L with the intercept fixed as zero. B = 462.2 eV Å3 was obtained for the DDH functional

by fitting eCBM − ea1g as a linear function of 1/L3. The screening length is estimated as

D ∈ [21, 42] Å using Eq. (3.46), with ε∞ = 2.96 [33], m∗ = 0.4me [178], and an estimated

α ∈ [1.5, 3]. With these parameters, the vertical excitation energy of the bound exciton state

is estimated to be [4.41, 4.58] eV for the DDH functional.
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Figure 3.13: Extrapolation of the vertical excitation energy EVE for the bound exciton of
V0

O in MgO to the dilute limit. EVE obtained from TDDFT with the PBE functional and
the DDH functional are displayed in (a) and (d) as a function of 1

L . The values of EVE are
fitted using Eq. (3.45), and the fitting lines are shown as dashed lines. The energy difference
of the conduction band minimum (CBM) and the defect orbital a1g, eCBM − ea1g , obtained
using the PBE functional and the DDH functional are displayed in (b) and (e) as a function
of 1

L3 . The exciton binding energy, eCBM − ea1g −EVE, obtained using the PBE functional
and the DDH functional are displayed in (c) and (f) as a function of 1

L . Details on the fitting
process can be found in Section 3.9.6.

Table 3.9: Computed absorption energy EAbs (eV), emission energy EEmi, Franck-Condon
shifts (eV) in electronic excited states EFC, ES and electronic ground states EFC, GS, and
mass-weighted atomic displacements ∆Q (amu1/2 Å) for V0

O in MgO. Absorption energies
were computed using TDDFT with the PBE functional and extrapolated to the dilute limit.
FC shifts and displacements were computed using TDDFT with the PBE functional and a
conventional (3× 3× 3) supercell with 215 atoms.

States EAbs EEmi EFC, GS EFC, ES ∆Q
1T1u 3.254 2.307 0.410 0.537 1.694
3T1u 3.008 2.387 0.263 0.358 2.224

Bound Exciton 1.934 1.444 0.182 0.308 0.659

74



CHAPTER 4

PHOTOLUMINESCENCE SPECTRA OF POINT DEFECTS IN

SEMICONDUCTORS: VALIDATION OF FIRST-PRINCIPLES

CALCULATIONS

This chapter is adapted with permission from Y. Jin, M. Govoni, G. Wolfowicz, S. E. Sulli-

van, F. J. Heremans, D. D. Awschalom, and G. Galli. Physical Review Materials 5(8), 084603

(2021). Copyright (2021) by the American Physical Society. https://doi.org/10.1103/PhysRe

vMaterials.5.084603.

Optically and magnetically active point defects in semiconductors are interesting plat-

forms for the development of solid-state quantum technologies. Their optical properties are

usually probed by measuring photoluminescence spectra, which provide information on ex-

citation energies and the interaction of electrons with lattice vibrations. In this Chapter,

we present a combined computational and experimental study of photoluminescence spectra

of defects in diamond and SiC, aimed at assessing the validity of theoretical and numerical

approximations used in first-principles calculations, including the use of the Franck-Condon

principle and the displaced harmonic oscillator approximation. We focus on prototypical

examples of solid-state qubits, the divacancy centers in SiC and the nitrogen-vacancy in dia-

mond, and we report computed photoluminescence spectra as a function of temperature that

are in very good agreement with the measured ones. As expected we find that the use of hy-

brid functionals leads to more accurate results than semilocal functionals. Interestingly, our

calculations show that constrained density functional theory (CDFT) and time-dependent

hybrid DFT perform equally well in describing the excited state potential energy surface of

triplet states; our findings indicate that CDFT, a relatively cheap computational approach, is

sufficiently accurate for the calculations of photoluminescence spectra of the defects studied

here. Finally, we find that only by correcting for finite-size effects and extrapolating to the
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dilute limit, one can obtain a good agreement between theory and experiment. Our results

provide a detailed validation protocol of first-principles calculations of photoluminescence

spectra, necessary both for the interpretation of experiments and for robust predictions of

the electronic properties of point defects in semiconductors.

4.1 Introduction

The last two decades have witnessed the rapid development of quantum information tech-

nologies based on solid-state platforms, in particular optically addressable spin-defects in

semiconductors and insulators [27, 179–181]. The optoelectronic properties of point defects

used to realize qubits are most often probed by measuring photoluminescence (PL) spectra,

which yield information about excitation energies and the interaction of the excited electrons

with lattice vibrations.

A PL experiment collects the photons emitted when an excited electron radiatively decays

to the ground state (GS), and PL spectra of defects usually exhibit a narrow zero-phonon

line (ZPL) and a broad phonon side band (PSB); the latter originates from decay processes

that involve structural relaxation and thus the coupling of electrons and phonons. The

strength of such coupling can be inferred from the Debye-Waller factor (DWF) [182] that is

proportional to the ratio between the emission intensity of the ZPL and that of the entire

spectrum. Applications that require photon coherence or interference benefit from point

defects whose PL signal exhibits a high DWF, indicating a weak coupling between phonons

and electrons. The average number of phonons emitted during an electronic transition is

instead quantified by the Huang-Rhys factor (HRF) [60, 182], which can be estimated from

measured spectra from the logarithm of the DWF.

As for many properties of condensed systems, Density Functional Theory (DFT) has

turned out to be a valuable tool to compute PL spectra, which are used to interpret ex-

periments as well as to provide predictions of the fingerprints of specific defects in materi-
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als [77–79]. For example, first principles spectra based on DFT have been recently reported

for nitrides, e.g., GaN [183, 184], AlN [185], and hexagonal born nitride (h-BN) [186–191],

diamond [59, 82, 114, 115, 192–198], silicon carbide (SiC) [199–202], and monolayers of tran-

sition metal dichalcogenides (TMDC) [203]. These studies have been performed with several

useful computational approaches; however, a systematic assessment of the theoretical and

numerical approximations adopted in PL calculations has not yet been conducted.

In this work, we present a joint theoretical and experimental study of the PL spectra of

prototypical spin defects in diamond and SiC. We focus on the negatively charged nitrogen-

vacancy (NV−) in diamond [62, 63, 65, 147, 182, 204] and the neutral divacancy (VSiV0
C,

abbreviated as VV0) centers in hexagonal 4H-SiC, which have been recently suggested as

promising platforms for quantum sensors [64, 68, 69, 153]. While the NV− center has just

one possible geometrical configuration in the GS, the VV0 centers may attain four differ-

ent geometries due to the layered structure of 4H-SiC, giving rise to different PL signals.

We discuss the comparison between theoretical and experimental PL spectra as a function

of temperature, as well as HRFs and DWFs, and we present a detailed assessment of the

theoretical and numerical approximations involved in first-principles calculations. These ap-

proximations include the choice of the density functional, the method adopted to describe

excited state (ES) potential energy surfaces, finite supercell size, and approximations based

on the Franck-Condon (FC) principle and the displaced harmonic oscillator (DHO) approx-

imation.

We compare constrained DFT (CDFT) [81] calculations of ES potential energy surfaces of

triplet states with those carried out with time-dependent DFT (TDDFT), which enable the

description of the ES as a linear combination of multiple Slater determinants. In our TDDFT

calculations, we use hybrid functionals with the fraction of exact exchange determined by the

dielectric constant of the system; based on recent studies, these calculations are expected to

yield results in good agreement with the solutions of the Bethe-Salpeter equation [107, 132].
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So far, TDDFT has only been employed to describe spin defects with cluster models and

atomic-centered basis sets [110–112, 114, 115] and here we present a comparison between

CDFT and TDDFT calculations carried out for the same supercell and using the same plane-

wave basis sets and density functional. We also investigate finite size effects that affect defect-

host interactions and present results for PL line shapes converged to supercells with more

than 10,000 atoms, following the approach proposed by Alkauskas et al. [59, 82, 159]. Finally,

we provide a qualitative assessment of the accuracy of the FC principle and the displaced

harmonic oscillator (DHO) approximation. By conducting fully converged hybrid functional

calculations for the electronic properties, we obtain good agreement with measured spectra

over a wide temperature range, with small differences between PL line shapes obtained with

phonons computed with semilocal or hybrid functionals.

The rest of the paper is organized as follows. In Chapter 4.2 we discuss the methodology

for computing PL spectra using the Huang-Rhys (HR) theory within the generating function

formulation, highlighting all theoretical and numerical approximations. In Chapter 4.3, we

give the details of first-principles calculations and experiments. In Chapter 4.4, results on

the chosen defects in SiC and diamond, including ZPLs, HRFs, DWFs, and PL line shapes

are discussed. Conclusions are given in Chapter 4.5.

4.2 Theory and computational methodology

Based on Fermi’s golden rule and the FC principle, the PL spectrum generated by the optical

transitions from the ES to the GS potential energy surfaces is expressed as [59]:

L(ℏω, T ) =
nω3

3πϵ0c3ℏ
∣∣µeg

∣∣2∑
i

∑
j

Pej(T )
∣∣〈Θej | Θgi

〉∣∣2 δ (EZPL + Eej − Egi − ℏω
)
,

(4.1)

where µeg is the electronic transition dipole moment; n is the refractive index of the material;

|Θgi⟩ (|Θej⟩) is the i-th (j-th) nuclear wavefunction of the system in the GS (ES) with
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Figure 4.1: Schematic diagram illustrating optical processes leading to photoluminescence
(PL) spectra. For simplicity, only one phonon mode is depicted in the diagram. Ground state
(GS) and excited state (ES) potential energy curves are approximated by harmonic functions
with frequency ωg and ωe, respectively. Vibrational energy levels and wavefunctions are
shown as horizontal dashed lines and gray areas, respectively. ∆Q is the mass-weighted
displacement between the local minimum of the GS and the ES energy curves. Colored
arrows represent optical transitions at 0 K. The zero-phonon line (ZPL) originates from the
transition between the 0-th vibrational level of the ES to the 0-th vibrational level of the
GS. All other transitions contribute to the phonon sideband (PSB).

vibrational energy Egi (Eej); and EZPL is the energy of the ZPL (see Figure 4.1). The

thermal distribution function of the vibrational energy in the ES is

Pej(T ) =
e
−

Eej
kBT∑

j e
−

Eej
kBT

, (4.2)
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where kB is the Boltzmann constant. For an ordered solid, under the harmonic approxima-

tion, we express the nuclear wavefunctions as products of vibrational wavefunctions:

|Θgi⟩ =
∏
k

|ϕ
kngik

⟩, |Θej⟩ =
∏
k

|ϕ
knejk

⟩, (4.3)

where ngik (nejk ) is the number of k-th phonons in the i-th (j-th) vibrational state of the GS

(ES), and |ϕkn⟩ is the n-th excited state of the k-th phonon mode. The vibrational energies

in the GS and ES are

Egi =
∑
k

n
gi
k ℏωgk, Eej =

∑
k

n
ej
k ℏωek, (4.4)

where ωgk (ωek) is the frequency of k-th phonon in the GS (ES). Note that by definition,

Eq. (4.4) does not include the zero point energy, which is included in the term EZPL.

A commonly used approximation is the so-called displaced harmonic oscillator (DHO)

approximation, or HR theory [60], where Eq. (4.1) is simplified by assuming that the potential

energy surface of the ES and the GS are identical except for a rigid displacement due to the

difference in their equilibrium structures, i.e., ωgk = ωek (the superscript g and e will hence

be omitted), and:

∣∣〈Θej | Θgi
〉∣∣2 =

∏
k

e−Sk(Sk)
ngik −nejk

(
n
ej
k !

n
gi
k !

)[
L
ngik −nejk
nejk

(Sk)

]2
, (4.5)

where Sk is the partial HRF and accounts for the average number of k-th phonons that

participate in the transition. Ln−m
m are the associated Laguerre polynomials [61]. For the

calculations of PL line shapes, only the phonons of the GS are computed and used within

the DHO approximation. At zero temperature, Eq. (4.1) may be further approximated by

setting to zero the vibrational energy in the ES (i.e., we only consider j = 0, and ne0k = 0),

namely:

L(ℏω, T = 0) ∝ ω3
∑
i

[∏
k

e−Sk

n
gi
k !

(Sk)
n
gi
k

]
δ
(
EZPL − Egi − ℏω

)
. (4.6)
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To avoid the evaluation of the overlap integrals entering Eq. (4.5) and the sum over all

vibrational states of the GS and the ES, we adopt the generating function approach [205, 206]

to compute PL spectra. In the DHO approximation, Eq. (4.1) can be obtained as the Fourier

transform of the generating function G(t, T ):

L(ℏω, T ) ∝ ω3
∫ ∞

−∞
dtG(t, T )eiωt−

λ
ℏ |t|−i

EZPL
ℏ t, (4.7)

where

G(t, T ) = exp

{
−
∑
k

Sk

[(
1− eiωkt

)
+ n̄k(T )

(
2− eiωkt − e−iωkt

)]}
, (4.8)

and λ accounts for the broadening of the line shape. n̄k(T ) is the average occupation number

of the k-th phonon mode:

n̄k(T ) =
1

e
ℏωk
kBT − 1

. (4.9)

In practice, one may write Eq. (4.8) as the following alternative expression:

G(t, T ) = eS(t)−S(0)+C(t,T )+C(−t,T )−2C(0,T ), (4.10)

where S(t) =
∑

k Ske
iωkt and C(t, T ) =

∑
k n̄k(T )Ske

iωkt are evaluated as the Fourier

transforms of the spectral densities:

S(ℏω) =
∑
k

Skδ (ℏω − ℏωk) , (4.11)

C(ℏω, T ) =
∑
k

n̄k(T )Skδ(ℏω − ℏωk). (4.12)

In Eqs. (4.11)–(4.12), the δ-functions are replaced by Gaussian functions with ω-dependent

broadening to account for a continuum of vibrational modes participating in the optical
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transition (see Chapter 4.4.2).

At zero temperature, we have n̄k(T = 0) ≈ 0 and C(ℏω, T = 0) ≈ 0, and Eq. (4.7)

is equivalent to Eq. (4.6) with the δ-function replaced by a Lorentzian function with a

broadening λ. In order to evaluate Eq. (4.7), the partial HRF Sk, EZPL, and phonon

frequencies ωk are required as input. We compute Sk as:

Sk =
ωk∆Q

2
k

2ℏ
, (4.13)

where ∆Qk is the mass-weighted displacement along the k-th mode, evaluated as:

∆Qk =
N∑

α=1

∑
i=x,y,z

√
Mα∆Rαiek,αi. (4.14)

In Eq. (4.14), ek,αi is the eigenvector of the k-th phonon mode on the α-th atom in the i-th

direction; Mα is the mass of the α-th atom, and ∆Rαi = (Rαi)e−(Rαi)g is the displacement

between the ES and the GS equilibrium atomic structures in the i-th direction. Within the

harmonic approximation, ∆Qk may be equivalently computed as [59]:

∆Qk =
1

ω2k

N∑
α=1

∑
i=x,y,z

Fαi√
Mα

ek,αi. (4.15)

Here Fαi is the GS force on the α-th atom in the i-th direction evaluated at the ES equilib-

rium structure.

In this work, we simulate PL spectra at finite temperatures using Eq. (4.7), with parame-

ters computed from first principles. In particular, we use DFT to obtain the GS equilibrium

atomic structure, Rg, the GS forces, F, the phonon modes, e, and the phonon frequencies

ω; the ES equilibrium atomic structure, Re, is obtained with CDFT and, in some cases vali-

dated by carrying out TDDFT calculations. The resulting PL line shapes are then compared

with measured PL spectra at finite temperatures. Below, we report our results and we sys-
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tematically investigate the validity of the chosen theoretical and numerical approximations,

including the use of the FC and the DHO approximations, which are at the core of the HR

theory.

4.3 Technical details

4.3.1 First principles calculations

The electronic structures of the defects in diamond and 4H-SiC are obtained using DFT and

the plane-wave pseudopotential method, as implemented in the Quantum Espresso pack-

age [139, 207, 208]. The plane-wave energy cutoff was set to 80 Ry. We used SG15 ONCV

norm-conserving pseudopotentials [141, 142] and the semi-local functional by Perdew, Burke,

and Ernzerhof (PBE) [31], the dielectric dependent hybrid (DDH) functional [33] and the

screened hybrid functional by Heyd, Scuseria, and Ernzerhof (HSE) [209, 210]. The frac-

tion of exact exchange used in the DDH functional was determined by the inverse of the

macroscopic dielectric constant of the system, resulting in 18% and 15% of exact exchange

for diamond and 4H-SiC [33, 126], respectively. The macroscopic dielectric constants were

computed by including the full response of the electronic density to the perturbing exter-

nal electric field at the level of hybrid functional, and the fraction of exact exchange was

self-consistently determined from the dielectric constant [33].

We used a (4 × 4 × 4) supercell with 512 atomic sites and a (5 × 5 × 2) supercell with

400 atomic sites for the NV− center in diamond and VV0 centers in 4H-SiC, respectively. In

the cases of VV0 centers in 4H-SiC, convergence tests were carried out with large supercells

(up to (8× 8× 2)). We used the lattice constant optimized with each specific functional (see

Table 4.4). The Brillouin zone was sampled with the Γ point.

The paramagnetic ESs were computed using the CDFT (also called ∆SCF) method,

where one electron is promoted from the highest occupied to the lowest unoccupied state
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in the same spin channel (see Chapter 4.6.2 for details of CDFT calculations). The energy

EZPL was computed as the difference between the total energy of the relaxed ES (with

CDFT) and the total energy of the GS. The CDFT method has been shown to yield reliable

results for systems with localized electronic states, e.g., the NV− center in diamond [81] and

VV0 centers in 4H-SiC [153, 202, 211]. We also performed TDDFT calculations within the

Tamm-Dancoff approximation to assess the accuracy of our CDFT results. We obtained the

ES low-lying energies and eigenvectors by iteratively diagonalizing the linearized Liouville

operator, as implemented in the WEST code [44, 121]. Due to the higher computational

cost of TDDFT calculations, we used a (3× 3× 3) supercell and a (5× 3
√
3× 1) supercell

for the NV− center in diamond and VV0 centers in 4H-SiC, respectively.

Phonon modes of bulk and defective solids were computed using the frozen phonon ap-

proach, with configurations generated with the PHONOPY package [45] and a displacement

of 0.01 Å from equilibrium structures. Phonon calculations for pristine bulk systems were

carried out with the PBE, DDH, and HSE functionals, but those for defective solids were

performed only with PBE due to the high computational cost of hybrid functionals. We

then approximated the values of hybrid-DFT phonons by using a scaling factor equal to the

ratio of hybrid-DFT and PBE phonon results in the pristine bulk systems. We verified that

this approximation yields accurate phonon frequencies for bulk systems (see Chapter 4.6.4

for details). We evaluated finite size effects on computed PL line shapes, HRFs, and spectral

densities following the force constant matrix embedding approach proposed by Alkauskas et

al. [59, 82, 159] (see Chapter 4.6.5).

4.3.2 Experiments

The SiC experiments were realized in a confocal microscopy setup (0.67 NA objective) with

the sample in a closed-cycle cryostat at 10 K unless mentioned otherwise. The sample was

diced from a commercial high-purity semi-insulating 4H-SiC wafer (Cree) containing intrin-
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sic concentrations of VV0 (1015 − 1016 cm−3). The sample was excited within the VV0

absorption sideband with a 908 nm laser (QPhotonics, ∼100 mW), and the resulting PL was

filtered using several 1000 nm long-pass filters. The PL was then measured using a spectrom-

eter with a 300 g/mm grating blazed for 1.2 µm and an InGaAs camera (Teledyne Princeton

Instruments) with a spectral resolution of ∼0.3 nm. Careful calibration was performed to

correct for the entire setup transmission and the camera response using a NIST-calibrated

tungsten-halogen white light source (StellarNet). Optically detected magnetic resonance at

a weak static magnetic field (<20 G) with microwave excitation was delivered using a printed

circuit board was used to obtain independent contrast (i.e., the difference in PL with and

without microwave excitation) for the various VV0 sites. The DWF was calculated as the

ratio of the integrated intensity of the ZPL to the total integrated intensity. Though most of

the PL is within our detection bandwidth (900-1600 nm), the sideband may be very slightly

underestimated due to weak emission extending beyond this range.

Similarly, for the NV− center in diamond, the PL spectra were taken on an ensemble of

NV− centers using a home-built confocal microscope with a flow cryostat (Janis - LakeShore

Cryotronics) for temperature studies. The sample was an IB diamond (Sumitomo) with a

high nitrogen concentration synthesized via high-pressure / high-temperature growth. The

sample was electron irradiated (2 MeV, 1017 cm−2) and annealed (850 °C, 2 hr), resulting

in a high density of NV− centers. The NV− center ensemble was photo-excited within the

absorption sideband using 532 nm light, and the PL measurements were collected using a

high-resolution spectrometer with a visible camera (Teledyne Princeton Instruments) with

∼0.1 nm spectral resolution. The spectrum intensity was also calibrated using a tungsten

halogen light source (Ocean Optics) to correct for transmission losses in the experimental

setup.
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4.4 Results and discussions

4.4.1 Zero-phonon lines

Figure 4.2: Ball and stick representation of the defect centers studied in this work. (a)
NV− center in diamond. (b) Divacancy (VSiV0

C) centers in 4H-SiC. The planes are labeled
with h and k according to the symmetry of lattice sites. Three non-equivalent configurations
(hh, kk and hk) of the VSiV0

C centers are shown. The kh configuration was not investigated
computationally, due to the lower quality of the experimental spectrum for this configuration.

The NV− center in diamond is composed of a nitrogen impurity and an adjacent carbon

vacancy (VC) with an additional electron, as shown in Figure 4.2(a) [62, 63]. It has C3v

symmetry, and three defect orbitals are present within the band gap of diamond: the a1

orbital and the two-fold degenerate e orbitals, as shown in Figure 4.3(a). Defect orbitals are

mainly localized on three carbon atoms around the VC (see Figure 4.9).

The neutral divacancy center in 4H-SiC is composed of a silicon vacancy (VSi) and an ad-

jacent carbon vacancy (VC) and is denoted as VSiV0
C [68, 69]. We consider the 4H polytype

of SiC, 4H-SiC, with ABCB stacking along the c-axis. 4H-SiC contains two nonequivalent
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hexagonal (h) and quasi-cubic (k) sites for each type of atom, as shown in Figure 4.2(b).

Therefore, the VV0 center can occur in four distinct configurations (hh, kk, hk, and kh),

and the experimentally measured PL ensemble is a mixture of contributions from all con-

figurations. Experimentally, we used microwave-assisted spectroscopy to separate the PL of

different configurations. In our computational study, we considered the hh, kk, and hk con-

figurations denoted as hh-VV0, kk-VV0 and hk-VV0. The first two c-axis orientated defects

(hh-VV0 and kk-VV0) have C3v symmetry, with an a1 state and two sets of degenerate e

states within the band gap of 4H-SiC (see Figure 4.3(b)). The a1 orbital and lower e orbitals

are mainly localized on three carbon atoms around the VSi (see Figure 4.9). For NV−, hh-

VV0 and kk-VV0, we studied the optical transition between the a1 orbital and the (lower) e

orbitals, which corresponds to the transition between the 3A2 and the 3E many-body states.

For the hk configuration, which has C1h symmetry, we studied the a′ and the a′′ transition

accounting for the transition between the 3A′′ and the 3A′ state.

We computed EZPL using the PBE, DDH, and HSE functionals in the DHO approxima-

tion (note that the zero-point energy contributions of the GS and ES phonons cancel out

within the DHO approximation). Triplet ESs were computed using CDFT with electronic

configuration a11e
2
xe

1
y (see Chapter 4.6.2 for details of CDFT calculations). Results for all

defect systems at different levels of theory are summarized in Table 4.1. The PBE func-

tional underestimates the measured EZPL of the NV− by 0.24 eV, while the DDH and HSE

functionals overestimate it by 0.26 eV. In the case of VV0 centers, particular attention must

be exercised to account for finite-size effects. For small cells (e.g. (5 × 5 × 2) supercell),

the experimental order of the ZPL of the various defect configurations was not reproduced.

Hence we computed EZPL at the PBE level of theory for (5×5×2) and (8×8×2) supercells;

we then used the difference between these two values to estimate the converged hybrid-DFT

EZPL starting from our results obtained with (5× 5× 2) supercells. The converged results

reproduce the experimental trend. Similar to our results for diamond, we find that the PBE
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Figure 4.3: Ground state (GS) electronic structure of (a) NV− center in diamond and (b)
VV0 centers in 4H-SiC at the DDH level of theory. Displacements between the excited state
(ES) and the GS equilibrium structures of the NV− center in diamond and the VV0 centers
in 4H-SiC are shown in (c) and (d), respectively. The red arrows represent mass-weighted
displacements (∆Q) of each atom with the magnitude being amplified by a factor of 10. The
∆Q of the NV− center is mainly localized on the nitrogen atom and three nearest neighbor
carbon atoms around the carbon vacancy. The ∆Q of the VV0 centers is mainly localized on
three nearest neighbor carbon atoms and nine next nearest neighbor silicon atoms around the
silicon vacancy, as well as three nearest neighbor silicon atoms around the carbon vacancy.

functional underestimates the measured EZPL of the VV0 centers by ∼0.16 eV, while the

DDH (HSE) yields an overestimate of ∼0.11 eV (∼0.12 eV). Table 4.1 summarizes our results

and previously reported theoretical predictions of EZPL. We note that although the EZPL

obtained with the HSE functional is generally in good agreement with experiments, theo-

retical results exhibit a variance up to 0.3 eV due to different choices of pseudopotentials,

supercell sizes, and sampling of the reciprocal space.
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To estimate the accuracy of CDFT for the ES potential energy surface, we compared

results obtained with CDFT and TDDFT for NV−, hh-VV0, and kk-VV0 at the DDH level

of theory. TDDFT enables the description of the ES as a linear combination of multiple Slater

determinants. In our TDDFT calculations, we use hybrid functionals with the fraction of

exact exchange determined by the dielectric constant of the system; based on recent studies,

these calculations are expected to yield results in good agreement with the solutions of the

Bethe Salpeter equation [107, 132]. Previous TDDFT studies of these defect systems used

cluster models and atomic-centered basis sets [110, 111, 114]. Here, we consistently compared

TDDFT and CDFT calculations performed with the same basis set and pseudopotential, in

the same cell and with the same functional. After obtaining the equilibrium structure of

the ES using the CDFT approach, we selected several configurations along the linear path

connecting equilibrium atomic structures of the GS and the ES and carried out single-point

DFT, CDFT, and TDDFT calculations, from which configuration coordinate diagrams were

obtained, as shown in Figure 4.4. The comparison between TDDFT and CDFT results

was carried out using the configuration a11e
1.5
x e1.5y in CDFT because we could not converge

the configuration a11e
2
xe

1
y when using the DDH functional. The difference between CDFT

calculations at the PBE level using the a11e
2
xe

1
y and a11e

1.5
x e1.5y electronic configurations is

∼0.04 eV; assuming an energy difference of the same order of magnitude at the DDH level, we

deemed the CDFT/TDDFT comparison with the a11e
1.5
x e1.5y configuration to be a meaningful

one. We found that the TDDFT energies of the 3E states are 0.1 (0.04) eV smaller than

CDFT energies for NV− (VV0); the minimum of the TDDFT curve is close to that of the

CDFT curve, with a difference smaller than 6% for all three systems. An analysis of our

TDDFT results shows that the spin-conserving transition between the a1 and the e orbitals

contributes to more than 95% to the whole transition to the 3E state, indicating that the 3E

state can be well-described by a single Slater determinant. This finding is in good agreement

with that of a previous TDDFT study using a cluster model, atom-centered basis sets, and
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the PBE0 functional [110]. We note that the quality of the agreement between TDDFT and

CDFT depends on the functional and the system. For example, we found a difference of ∼0.2

eV in the excitation energy and a difference greater than 12% in the configuration coordinate

of the minimum between TDDFT and CDFT results when using the PBE functional (see

Figure 4.11). In addition, in the case of defect systems with singlet GS and ES, we expect

non-negligible differences between TDDFT and CDFT results, since the accurate description

of a singlet ES requires a linear combination of at least two Slater determinants [187, 212]. In

that case, the use of quantum embedding theories (QDET) should be preferable to describe

strongly correlated states [86, 87, 92].

To understand the effect of lattice vibrations on optical transitions, we analyzed in de-

tail the mass-weighted displacement ∆Q computed at different levels of theory (see Chap-

ter 4.6.3). The magnitude of the displacement follows the relation: HSE > DDH > PBE,

and the difference of the results obtained with different functionals can be up to 10%. The

same trend can also be found for energies of bulk phonons and can be understood by noting

that the bonds in the diamond and SiC crystals turn out to be stiffer with HSE than with

DDH, which are in turn stiffer than with PBE, as reflected in the difference of predicted

lattice constants (see Table 4.4). ∆Q is localized on the neighboring atoms of the defect

center, as shown in Figure 4.3(c) and (d), consistent with the localization of defect orbitals

involved in the optical transition. We also found that the symmetry of the ES is reduced

from C3v to C1h for NV−, hh-VV0 and kk-VV0, and hence in principle both a1 type and

e type phonons could participate in the optical process. Although the average symmetry

of the ES structure turns out to be C3v due to the dynamic Jahn-Teller effect [194, 213],

here we used the ES equilibrium structure with C1h symmetry to include the coupling with

e type phonons. Hence, the ES configuration used is a11e
2
xe

1
y.
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Figure 4.4: Configuration coordinate diagrams describing the total energies of the 3A2
ground state (GS) and the 3E excited state (ES) along the relaxation path resulting from
CDFT with electronic configuration a11e

1.5
x e1.5y for the NV− center in diamond and the hh-

VV0 and the kk-VV0 centers in 4H-SiC. Calculations are performed at the DDH level of
theory. Dashed vertical lines denote the locations of the local minimum by fitting the energy
curves with quadratic functions. The energy of the effective phonon obtained from the fitting
process is 66.4 meV for the 3A2 state and 72.0 (71.1) meV for the 3E state when computed
with CDFT (TDDFT) for NV−. The energy of the effective phonon is 36.8 meV for the
3A2 state and 39.3 (38.6) meV for the 3E state when computed with CDFT (TDDFT) for
hh-VV0. The energy of the effective phonon is 38.7 meV for the 3A2 state and 41.7 (41.2)
meV for the 3E state when computed with CDFT (TDDFT) for kk-VV0.
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4.4.2 Huang-Rhys factor and spectral density of the electron-phonon coupling

Table 4.2 summarizes HRFs computed using Eq. (4.13) at different levels of theory and in-

cludes combinations of mass-weighted displacements, ∆Qk, computed with DDH or HSE and

phonons computed with PBE. We used a scaling factor (see Chapter 4.6.4) to approximate

DDH (HSE) phonon frequencies using PBE results; the factor was evaluated from the ratio

of frequencies of bulk systems optical phonons computed at different levels of theory, an

approximation that introduces a root-mean-square error (RMSE) of only 0.4 meV for bulk

4H-SiC.

We find that the HRFs computed with the PBE functional are smaller than those com-

puted with hybrid functionals, consistent with the magnitude of the structural relaxations

upon optical excitation (see Table 4.5). In addition, the HRFs computed with hybrid func-

tionals are larger when phonons are obtained at the DDH (HSE) level, consistent with the

fact that the phonon frequencies computed with hybrid functionals are higher than those

obtained at the PBE level of theory.

The spectral densities of electron-phonon coupling (Eq. (4.11)) are computed with the

(4× 4× 4) supercell for NV− and the (5× 5× 2) supercell for VV0 centers and are shown

in Figure 4.5(a) and (c). The hybrid-DFT peak intensity is higher than that computed with

PBE, consistent with the values of the HRF. As for spectral densities at the level of hybrid

functionals, we find that peak positions are shifted to higher energies, compared with the

PBE results, when phonons are computed with hybrid functionals.

To evaluate finite size effects on the HRFs and spectral densities, we need to compute

∆Qk for large supercells with either Eq. (4.14) or Eq. (4.15). For the smallest supercell,

Eq. (4.14) and Eq. (4.15) yield results that differ by less than 3% (see Figure 4.14); hence,

for larger supercells, we used Eq. (4.15) which converges more rapidly as a function of the

distance from the defect center because inter-atomic interactions in diamond and 4H-SiC are

short-ranged [59, 82, 159]. Previous work on NV− has shown that forces on atoms that are
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Figure 4.5: Spectral densities of the electron-phonon coupling, S(ℏω), for defect systems
computed at different levels of theory. The labels follow the same notation as in Table 4.2.
Gaussian functions with varying standard deviation (σ) were used to broaden the δ-function
in Eq. (4.11). For the NV− center (VV0 centers), σ is chosen to vary linearly from 6 (3.5)
meV for the lowest-energy phonon to 1.5 (1.5) meV for the highest-energy phonon.

separated from the defect by more than 5 Å yield a negligible contribution to the HRF [82].

For VV0 centers, we compared results for the HRF and spectral density using forces from a

(7 × 7 × 2) supercell and those from a (5 × 5 × 2) supercell (see Figure 4.15). We found a

difference of less than 5% in the HRFs, and the spectral densities are almost identical. To

obtain phonon frequencies and modes for large supercells, we employed the force constant

matrix embedding approach [59], and details can be found in Chapter 4.6.5.

The HRFs computed in the dilute limit for NV− ((12×12×12) supercell) and VV0 centers

((16×16×5) supercell) differ by 2% and 5–15% respectively, relative to those obtained with

(4× 4× 4) and (5× 5× 2) supercells. Computed HRFs for NV− are in close agreement with

previous theoretical predictions [59, 82, 194] and experiments [147]. Computed HRFs for

VV0 centers are also in close agreement with our experiments. A previous theoretical work
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by Hashemi et al. [202] reported an HRF of 2.75 for hh-VV0. This value falls in the range of

our results computed with the (5×5×2) supercell and is 15% smaller than our experimental

value likely due to finite size effects not being fully taken into account in Ref. [202]. In

the dilute limit, we found that the spectral densities are smoother and exhibit a linear tail

below 20 meV, reflecting the coupling with long-range acoustic phonons. Detailed analysis

of spectral densities and vibrational modes can be found in Chapter 4.6.6.

4.4.3 Photoluminescence line shapes and Debye-Waller factors

Figure 4.6: Photoluminescence (PL) line shapes computed at different levels of theory at low
temperature (8 K for the NV− center in diamond and 10 K for VV0 centers in 4H-SiC). The
labels follow the same notation as in Table 4.2. We used λ = 0.3 (0.1) meV in Eq. (4.8) for
the NV− center (VV0 centers) to reproduce the experimental broadening of the zero-phonon
line. The experimental data for the NV− center in diamond are from Ref. [59]. The small
peak marked with a star ‘∗’ in the experimental curve is the ZPL of another center and
should be disregarded in the comparison between theory and experiment presented here.
The intensity of the experimental line shapes has been scaled to match the peaks of the
computed line shapes.
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In Figure 4.6 we show the PL line shapes computed using the generating function ap-

proach (Eq. (4.7)) with HRFs computed at different levels of theory and different supercell

sizes, compared with the experiment. The spectra consist of a sharp ZPL and a structured

PSB. The broadening of the PSB is ∼500 meV for NV− and ∼300 meV for VV0 centers.

Note that the PL line shapes computed with small supercells show sharper peaks and a gap

of 5-10 meV between the ZPL and the PSB. The peaks located at 30 (23) meV from the ZPL

for NV− (hk-VV0) also stem from finite size effects. In our calculations, the contribution

of the e type phonons is computed using the HR theory, which was shown to represent an

accurate approximation in the recent work by Razinkovas et al. [82]. These authors com-

puted the contribution of e type phonons to the PL and absorption line shapes for NV− by

explicitly solving the multi-mode E ⊗ e Jahn-Teller problem; they showed that if the HRF

of e type phonons lies between 0.5 and 1.0, then the HR theory yields reasonable results for

the PL line shape. For the NV− and VV0 centers, we find an HRF of e type phonons of

about 0.5 and 1.0, respectively, indicating that the HR theory should be accurate.

We find that computed and measured line shapes agree well, both in terms of the peak

positions and intensity of line shapes, when calculations are performed with the largest

supercells ((12 × 12 × 12) for NV− and (16 × 16 × 5) supercell for VV0 centers). When

computing phonons with the PBE functional, we find that the PSB is dominated by coupling

with the 63 meV phonon for NV−, close to the experimental value 64 meV [147]. The PSB

also shows peaks at 122 meV, 135 meV, 150 meV, and 161 meV from the ZPL, in good

agreement with the experimental values 122 meV, 138 meV, 153 meV, and 163 meV [147].

As for the relative intensity of peaks, the best agreement with the experiment is obtained

using HSE for the calculation of ∆Q and PBE phonons, respectively. When phonons are

computed at the DDH (HSE) level, the 63 meV peak is shifted to 66 (67) meV, and the 161

meV peak to 168 (170) meV. Overall, the agreement with the experiment is good in all cases.

Similar conclusions can be drawn for the VV0 centers. When computing phonons with
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PBE, we obtain peak positions at 34 meV and 72 meV from the ZPL in the PSB, in good

agreement with experiments. Calculated PSB also exhibits small peaks located at 90 meV

from the ZPL, originating from the coupling with high-energy phonons. As for the relative

intensity of peaks, those computed with DDH ∆Q or HSE ∆Q are in slightly better agree-

ment with experiments than with PBE, but generalizations to other defects or materials are

difficult to make. When computing phonons with the DDH or HSE functionals, the peaks

are slightly shifted to lower energy by 1–3 meV, depending on the peak, and the agreement

with experiments is improved, although again, in all cases, we find good agreement with the

measured spectra. We emphasize that the ability to resolve phonon side bands is important

in order to build predictive capabilities to identify fingerprints of defects using first principle

calculations.

From the PL line shape, we can obtain the DWF, which is defined as the ratio of the

emitted light from the ZPL to the total emitted light. At very low temperatures, the DWF

is computed as DWF = e−S = e−
∑

k Sk . In Table 4.3, we report the DWFs evaluated for

the largest supercells. The experimental and theoretical DWFs (see Chapter 4.3.2) are in

good agreement, and in the case of the VV0 centers, we find that the computed DWFs show

the trend hh-VV0 < kk-VV0, consistent with experiments. The relation kk-VV0 < hk-VV0

can be reproduced at the PBE level of theory. The computed DWF for hh-VV0 ranges from

3.6% to 5.3%, smaller than that previously reported, 6.39% [202], likely due to an incomplete

finite size extrapolation in Ref. [202]. We also note that a recent experiment on VV0 centers

reported DWFs of 9% and 10% for kk-VV0 and hk-VV0 [214], which we consider here to be

overestimates, based on our computed and measured spectra. Overall, when using hybrid

functionals to compute the GS and ES electronic structure, we obtain good agreement with

experiments, with small differences between results for phonons obtained with PBE or hybrid

functionals, provided an extrapolation to the dilute limit is performed.
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Table 4.3: Computed Debye-Waller factor (DWF) (%) for spin-conserving transitions using
different levels of theory. Results computed with the (12 × 12 × 12) supercell for the NV−

center in diamond and (16 × 16 × 5) supercell for VV0 centers in 4H-SiC are shown. We
used the same notation as in Table 4.2 to denote different levels of theory.

Hosts Diamond 4H-SiC
Defects NV− hh-VV0 kk-VV0 hk-VV0

PBE−∆Q PBE−ph 5.0 5.2 7.1 8.5
DDH−∆Q PBE−ph 4.1 5.3 7.2 6.8

DDH−ph 3.7 4.8 6.6 6.1
HSE−∆Q PBE−ph 3.0 4.2 6.3 6.2

HSE−ph 2.5 3.6 5.5 5.4
Expt. 3.2 [59] 3.69 6.11 7.54

4.4.4 Temperature dependent photoluminescence line shapes

In Figure 4.7(a), we show PL line shapes as a function of temperature for NV−. We in-

cluded the temperature effect on the phonon population and the line shape broadening using

Eq. (4.7). We tuned the parameter λ to obtain the best agreement with the experiment; this

parameter describes the broadening of the line shape and is related to the lifetime of the ES

and the variation of the local environment of the defect in the experimental samples. The

values of λ obtained in our fit to experimental data are reported in the inset of Figure 4.7(a).

We approximated λ with a quadratic function of T for NV−, consistent with the findings of

Ref. [215] for T ≥ 100 K. We note that the ZPL width was shown to depend on T 5 due to

the dynamic Jahn-Teller effect of the 3E ES for T ≤ 80 K [213, 216]. The T 5 temperature

dependence was not considered in our work due to the lack of experimental data.

Overall, the calculated temperature-dependent PL line shapes agree well with the ex-

periments. As the temperature increases, the ZPL width increases due to the decrease in

the lifetime of the ES. The intensity of the PSB in the 30 meV range around the ZPL also

increases, indicating an increasing population of the higher vibrational levels of the ES long-

range modes. The increasing population causes the broadening and the small shift of the

first peak of the PSB (about 63 meV lower than ZPL) towards lower energies, as observed
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Figure 4.7: Computed photoluminescence (PL) line shapes (solid lines) of (a) the NV−

center in diamond and (b) the kk-VV0 center in 4H-SiC as a function of temperature.
The best agreement with experiments is obtained when Huang-Rhys factors (HRFs) are
calculated with HSE−∆Q and PBE−ph (DDH−∆Q and DDH−ph) for the NV− center (kk-
VV0 center) (see Table 4.2). The experimental line shapes of the NV− center are averaged
over twenty measurements at 8 K and 300 K and over two measurements at 150 K, 200 K,
and 250 K in (a). The 8 K data for the NV− center in diamond in (a) is from Ref. [59]. The
broadening parameter λ used in Eq. (4.8) for the theoretical line shapes is shown in the insets
as a function of temperature. The black arrow in (a) indicates a shoulder at approximately
60 meV.

both theoretically and experimentally. As for the PSB with energy higher than the ZPL, we

find that a shoulder peak at about 60 meV becomes increasingly more intense as the tem-

perature increases, due to the coupling with the quasi-local mode in the ES. Temperature

effects on the electronic structure, atomic structure, and lattice parameters were neglected

in our calculations. These effects are assumed to be relatively small considering the ∼3 meV

shift of the ZPL from 8 K to 300 K observed in experiments.

The measured and computed temperature-dependent PL line shapes for kk-VV0 (Fig-

ure 4.7(b)) are in general good agreement. Also in this case, we observe a broadening of

the ZPL and the PSB and the increase of the intensity around the ZPL as the tempera-

ture increases. The chosen broadening parameter λ turns out to be a non-linear function of

the temperature. Our temperature-dependent results show that converged calculations can
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successfully discern features in the PSB also as a function of T .

4.4.5 Displaced harmonic oscillator and the Franck-Condon approximations

We have presented results for PL line shapes obtained using the generating function approach

(Eq. (4.8)), which in turn was derived using the FC and the DHO approximations. The

former assumes that the transition dipole moment |µeg| is independent of changes in the

atomic structure, and the latter assumes that the vibrational modes of the GS and the

ES are identical except for a displacement. We present below an analysis of the validity

of these two approximations using a one-dimensional (1D) model, where just one effective

phonon mode is considered. Previous studies have shown that the 1D model provides an

accurate description of defect systems with strong electron-phonon coupling (HRF ≫ 1)

and serves as a valuable approximation to cases with weak or intermediate electron-phonon

coupling [78, 183]. The systems considered in this work, e.g., NV− and kk-VV0, yield

HRF ≈ 3 (intermediate electron-phonon coupling); hence, the use of the 1D model appears

to be justified, although the Herzberg-Teller (HT) effect of symmetry forbidden vibrational

modes and the Duschinsky rotation effect between vibrational modes of the GS and the

ES [217] are not captured by the model.

In the 1D model, we considered one effective phonon mode which includes only vibra-

tions projected along the direction of the configuration coordinate Q, which connects the

equilibrium atomic structures of the GS and the ES (see Figure 4.1). The frequency of such

an effective phonon mode is calculated as the weighted average over all phonon frequencies

in either the GS or the ES:

Ω2
{e,g} =

∑
k ω

2
{e,g};k∆Q

2
k∑

k ∆Q
2
k

. (4.16)

At the PBE level of theory, we obtain: for NV−, Ωg = 63.06 meV, Ωe = 66.38 meV, and

∆Q =
√∑

k ∆Q
2
k = 0.653 amu0.5 Å; for kk-VV0, Ωg = 38.11 meV, Ωe = 43.45 meV, and

∆Q = 0.763 amu0.5 Å. With these parameters, we can also compute the HRF for the 1D
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model as HRF =
Ωg∆Q2

2ℏ . We obtained 3.22 (2.65) for NV− (kk-VV0), close to the HRF

from the all-phonon calculation with the (4 × 4 × 4) ((5 × 5 × 2)) supercell, which is 2.94

(2.51).

Figure 4.8(a) shows the PL spectra of NV− and kk-VV0 computed using the 1D model

with (i) actual Ωg different from Ωe, (ii) Ωg the same as Ωe, and (iii) Ωe the same as Ωg.

We find that for the NV− center, the approximation (iii) yields 2.3% and 3.1% relative error

at T = 10 K and at T = 300 K relative to (i). This result agrees with those reported by

Razinkovas et al. [82]. In the case of the kk-VV0 center, the approximation (iii) yields a 6.0%

and 9.5% relative error at T = 10 K and T = 300 K, respectively, arising from the greater

difference between Ωg and Ωe. The error caused by using (iii) increases as a function of T ,

since the number of excited vibrational states contributing to the PL spectrum increases.

Since excited vibrational states are more likely to be populated in kk-VV0 than in NV−,

due to the smaller effective phonon frequency, the error is larger for the former. The DHO

approximation used in the calculations of PL line shapes in Chapter 4.4.3 corresponds to

case (iii). Our analysis of the 1D model suggests that the DHO approximation used in our

calculations is fairly accurate. In general, we expect the DHO approximation to be valid

for defects in rigid materials with relatively small structural displacements upon optical

transitions at low temperatures.

To use the 1D model to examine the validity of the FC approximation, we first write

Eq. (4.1) without using the FC principle:

L(ℏω, T ) ∝ ω3
∑
i

∑
j

Pej(T )|⟨Θej |µeg|Θgi⟩|2δ
(
EZPL + Eej − Egi − ℏω

)
. (4.17)

Within the 1D effective phonon approximation we have:

⟨Θej |µeg|Θgi⟩ =
∫
dQϕ∗

nej
(Q)µeg(Q)ϕngi(Q). (4.18)
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Figure 4.8: PL line shapes evaluated within the 1D model for the NV− center in diamond
and the kk-VV0 center in 4H-SiC at T = 10 K and T = 300 K. (a) Analysis of the displaced
harmonic oscillator (DHO) approximation. Red lines denote the line shapes computed with
both the ground state (GS) and the excited state (ES) frequency. Blue (green) lines denote
the line shapes computed with DHO approximation using the ES (GS) frequency. (b) ‘FC’,
‘FCHT’, and ‘HT’ denote the contribution to the PL given by the Franck-Condon, Franck-
Condon Herzberg-Teller, and the Herzberg-Teller terms, respectively. ‘Total’ denotes the
sum of three terms. The zero-phonon line is broadened using a Lorentzian function with
scale parameter λ, and the phonon sideband is broadened using a Gaussian function with
standard deviation σ. For the NV− center, λ = 2 (10) meV and σ = 25 (30) meV were used
at T = 10 (300) K. For the kk-VV0 center, λ = 2 (8) meV and σ = 15 (20) meV were used
at T = 10 (300) K.

Here we use the same notations for nuclear wavefunctions and vibrational states as in

Eq. (4.3). The quantity µeg(Q) = ⟨ψe(Q)|µ̂|ψg(Q)⟩ is the transition dipole moment be-

tween electronic wavefunctions obtained at fixed values of the configuration coordinate Q,

where ψe
(
ψg
)

is the electronic wavefunction of the system in the ES (GS). To first order in

Q we can further approximate Eq. (4.18) as:

⟨Θej |µeg|Θgi⟩ ≈ µeg(Q = 0)⟨ϕnej |ϕngi⟩+
dµeg

dQ

∣∣∣∣
Q=0

⟨ϕnej |Q|ϕngi⟩ (4.19)

We have numerically computed the electronic transition dipole moment as a function of Q

and verified that the dependence is linear with a relative change of about 10% between the
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equilibrium atomic structures of GS and ES for both NV− and kk-VV0 (see Figure 4.20).

After introducing Eq. (4.19) in Eq. (4.17) we recognize the usual FC term and the terms

beyond the FC approximation. The latter can be grouped into two categories: the Franck-

Condon Herzberg-Teller (FCHT), and the Herzberg-Teller (HT) term, depending on whether

one or two derivatives of the electronic transition dipole moment with respect to Q are

present, respectively (see Eq. (4.32)–(4.34)). Figure 4.8(b) shows the FC, FCHT, and HT

contributions to the PL line shape for both NV− and kk-VV0, at T = 10 K and T = 300 K.

We find that the FC term is the dominant one and that the FCHT and HT contributions are

smaller than 5% and 0.1% of the total intensity, respectively. These results indicate that the

FC approximation used in Chapter 4.4.3 is accurate. We note that the validity of the FC

approximation depends on the symmetry and the strength of electron-phonon coupling of

the defect center. For negatively-charged silicon vacancy centers in diamond, the HT term

may not be negligible [159, 196]. We suggest that computing the relative error caused by

neglecting FCHT and HT contributions using the 1D model is a useful first step in assessing

the validity of the FC approximation.

4.5 Conclusions

In summary, we presented a detailed comparison of measured and computed PL spectra of

defects in diamond and SiC, aimed at assessing the validity of theoretical and numerical

approximations used in first-principles calculations. As expected, our results show that the

best agreement between theory and experiments is obtained when using hybrid functionals,

instead of PBE, although the qualitative differences between the PL line shapes of the

different configurations of the VV0 centers are reproduced with PBE as well. We find minor

differences between the results obtained with the hybrid functionals HSE and DDH: the

values of the ZPL obtained with the two functionals are almost identical (note that our

HSE results slightly differ from previous ones reported in the literature for the case of the
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NV−) and the values of the HRF differ by less than 10%. We also find minor differences

between spectral densities computed at the PBE and DDH level of theory, indicating that the

major improvement of hybrid functionals over PBE is in the determination of the electronic

structure of the system. Our findings show that results for the triplet ES obtained with CDFT

and TDDFT are similar at the DDH level of theory for NV− and VV0 centers, suggesting

that the relatively cheap CDFT method is accurate for the calculations of their PL spectra.

In addition, by using a 1D model, we provided a qualitative assessment of the approximation

arising from the use of the FC principle and of the DHO approximation, finding that both

of them are justified. Finally, we emphasize the importance of finite size scaling to obtain

theoretical results in agreement with experiments for HRFs and PL line shapes, especially

for the contribution of quasi-local and long-range acoustic phonon modes. The protocol

established in our work shows that accurate results for PL spectra may be obtained at a

given temperature using the generating function approach, with phonons extrapolated to

the dilute limit, and by using hybrid functionals to compute the GS and ES potential energy

surfaces of the defects, with the ES computed with constrained DFT. A 1D model can be

used to evaluate the accuracy of the FC and DHO approximations. This protocol, validated

here for NV− and VV0 centers, leads to robust predictions of the overall line shape, including

PSBs, which can be used to aid the identification and characterization of optically active

defects.

4.6 Technical details

4.6.1 Bulk diamond and 4H-SiC

Bulk properties, including lattice constants and band gaps, are computed for diamond and

4H-SiC at different levels of theory and summarized in Table 4.4. Band gaps computed at

the level of DDH or HSE are in good agreement with experiments. The best agreement with
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the experimental lattice constants is obtained using the PBE and the HSE functional for

diamond and 4H-SiC, respectively. We observe that bonds predicted by HSE are stiffer than

the ones obtained with DDH, which are, in turn, stiffer than PBE ones.

4.6.2 Details of CDFT calculations

The Kohn-Sham orbitals of defect states computed with DFT using the DDH functional are

reported in Figure 4.9. For the NV− in diamond, the a1 orbital and e orbitals are mainly

localized on the three carbon atoms that are first neighbors of the carbon vacancy (VC). For

VV0 centers in 4H-SiC, the a1 orbital and the lower-energy e orbitals are mainly localized

on the three carbon atoms that are first neighbors of the silicon vacancy (VSi).

At the PBE level of theory, we examined several ways for constraining occupations in

CDFT calculations to accurately represent the optical transition from the a1 to the degen-

erate e orbitals in the kk-VV0 in 4H-SiC. The triplet ground state (GS) can be denoted

as configuration a21e
1
xe

1
y. After applying a spin conserving excitation, the triplet excited

state (ES) is in the configuration a11e
2
xe

1
y (equivalent to a11e

1
xe

2
y). When the latter configu-

ration is constrained within CDFT, the system ES is forced to have C1h symmetry, which

corresponds to the actual local minimum on the adiabatic ES potential energy surface. A

commonly adopted strategy to enforce C3v symmetry, and therefore simulate an ES whose

atomic structure relaxation is not coupled to e type phonons, is to constrain CDFT with

Table 4.4: Bulk properties of diamond and 4H-SiC computed using PBE, DDH, and HSE
functionals. Experimental values are also shown.

Diamond PBE DDH HSE Expt.
a (Å) 3.568 3.55 [33] 3.543 [126] 3.567 [218]
Eg (eV) 4.19 5.59 5.42 5.48 [219]
4H-SiC PBE DDHb HSEb Expt. [220]
a (Å) 3.095 3.087 3.074 3.073
c (Å) 10.133 10.089 10.074 10.053
Eg (Å) 2.27 3.28 3.19 3.23
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Figure 4.9: Isosurfaces of the square of module of Kohn-Sham orbitals associated to defect
states for (a) NV− in diamond, (b) hh-VV0 in 4H-SiC, (c) kk-VV0 in 4H-SiC, and (d) hk-
VV0 in 4H-SiC. The isosurface level is set to 0.015 e/Å3. The color (yellow or light below)
represents the sign (+/−) of the orbital. Blue, brown, silver and white spheres denote
Silicon, Carbon, Nitrogen atoms, and vacancies. The +x, +y, and +z axes are shown using
the compass for both the top view and the side view.

the configuration a11e
1.5
x e1.5y . The energy of the ZPL (EZPL) and the atomic displacement

computed for the ES with C3v symmetry are 0.04 eV (4%) greater and 18% smaller than

the ones computed for the ES with C1h symmetry. As a result, the computed HRFs, the

spectral densities of electron-phonon coupling, and PL line shapes are significantly different

depending on the chosen constrained occupations, as shown in Figure 4.10. To correctly

describe the coupling with e type phonons in the optical process, a11e
2
xe

1
y occupations should

be used for CDFT calculations.

At the DDH/HSE level of theory, we observed that the self-consistent cycle within CDFT

could not converge by using the configuration a11e
2
xe

1
y. In such cases, we performed CDFT

calculations with the configuration a11e
1.5
x e1.5y , which did not show convergence issues. We

then added a correction term to determine the energy of the ZPL (EZPL) and the equilibrium
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structure of the ES based on the results obtained at the PBE level of theory:

EZPL

(
a11e

2
xe

1
y,DDH/HSE

)
= EZPL

(
a11e

1.5
x e1.5y ,DDH/HSE

)
+
[
EZPL

(
a11e

2
xe

1
y,PBE

)
− EZPL

(
a11e

1.5
x e1.5y ,PBE

)]
,

R
(
a11e

2
xe

1
y,DDH/HSE

)
= R

(
a11e

1.5
x e1.5y ,DDH/HSE

)
+
[
R
(
a11e

2
xe

1
y,PBE

)
−R

(
a11e

1.5
x e1.5y ,PBE

)]
,

(4.20)

where EZPL
(
a11e

1.5
x e1.5y ,PBE/DDH/HSE

)
and R

(
a11e

1.5
x e1.5y ,PBE/DDH/HSE

)
denote the

EZPL and the equilibrium structure of the ES obtained with the configuration a11e
1.5
x e1.5y at

the PBE/DDH/HSE level.

The comparison between TDDFT and CDFT results with the DDH functional was carried

out with the configuration a11e
1.5
x e1.5y in CDFT also because of the convergence issues with the

configuration a11e
2
xe

1
y. We checked that the energy difference between the CDFT calculations

with different occupations at the PBE level is small (∼0.04 eV). Hence, we concluded that

our TDDFT/CDFT comparison with DDH is meaningful and accurate to ∼0.04 eV.

Figure 4.10: Influence of the occupations in CDFT excited-state (ES) calculations on the
results. (a) Computed spectral densities of electron-phonon coupling S(ℏω) for the kk-VV0

center in 4H-SiC. The total Huang-Rhys factor (HRF, S) is given in the legend. (b) Com-
puted photoluminescence (PL) line shapes for the kk-VV0 center in 4H-SiC. The gray area
represents the experimental PL line shape measured at 10 K. Calculations were performed
with (5× 5× 2) supercell at the PBE level of theory.
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Figure 4.11: Configuration coordinate diagrams describing the total energies of the 3A2
ground state (GS) and the 3E excited state (ES) along the relaxation path resulting from
CDFT with the electronic configuration a11e

1.5
x e1.5y for the NV− center in diamond and the

hh-VV0 and the kk-VV0 centers in 4H-SiC. Calculations are performed at the PBE level of
theory. Dashed vertical lines denote the locations of the local minimum by fitting the energy
curves with quadratic functions.

4.6.3 Atomic displacements upon optical excitation

Total atomic displacement ∆R and mass-weighted atomic displacement ∆Q are computed

for all defect systems at different levels of theory and summarized in Table 4.5.

∆R =

 N∑
α=1

∑
i=x,y,z

∆R2
αi

1/2

, ∆Q =

 N∑
α=1

∑
i=x,y,z

Mα∆R2
αi

1/2

. (4.21)
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Here ∆Rαi = (Rαi)e − (Rαi)g is the atomic displacement of the α-th atom in the i-th

direction between the equilibrium structures of the ES and the GS. Mα is the mass of the

α-th atom.

One can notice that the magnitude of ∆R and ∆Q follows the relation: HSE > DDH >

PBE, which can be related to the stiffness of the bonds. For VV0 centers in 4H-SiC, ∆R

and ∆Q follow the relation: hh-VV0 > kk-VV0 > hk-VV0 in most cases. The same relation

is followed by the HRFs, as discussed in Chapter 4.4.2.

Figure 4.12: Atomic structure of (a) the NV− center in diamond and (b) the kk-VV0 center
in 4H-SiC. Carbon, nitrogen, and silicon atoms are represented using brown, silver, and blue
spheres. Vacancy sites are represented using white spheres. Labels of atoms are used in
Table 4.6 and Table 4.7.

We examined the atomic displacements of neighbor atoms upon optical excitation for

the NV− center in diamond and the kk-VV0 center in 4H-SiC. For the NV− center, the

Table 4.5: Displacements ∆R (Å) and mass-weighted displacements ∆Q (amu0.5 Å) between
the equilibrium structures of the ground state (GS) and the excited state (ES) computed at
different levels of theory.

Hosts Defects PBE DDH HSE
∆R ∆Q ∆R ∆Q ∆R ∆Q

Diamond NV− 0.187 0.653 0.191 0.666 0.200 0.697
4H-SiC hh-VV0 0.186 0.785 0.195 0.816 0.200 0.834

kk-VV0 0.185 0.763 0.192 0.787 0.198 0.813
hk-VV0 0.183 0.759 0.190 0.785 0.200 0.835
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Table 4.6: Distances (Å) between neighbor atoms around the NV− center in diamond in the
equilibrium structures of the ground state (GS) and the excited state (ES). N is the nitrogen
substituent, and C1, C2, and C3 are the three carbon atoms connected to it. C4, C5, and
C6 are three carbon atoms adjacent to the carbon vacancy site, as shown in Figure 4.12.

Atom pairs PBE DDH HSE
GS ES GS ES GS ES

N−C1 1.472 1.491 1.463 1.482 1.460 1.479
N−C2 1.472 1.490 1.463 1.481 1.460 1.478
N−C3 1.472 1.490 1.463 1.481 1.460 1.478
C4−C5 2.664 2.762 2.639 2.749 2.631 2.744
C4−C6 2.664 2.808 2.639 2.795 2.631 2.790
C5−C6 2.664 2.762 2.639 2.749 2.631 2.744

distances between three carbon atoms around the VC were computed for both the GS and

the ES and summarized in Table 4.6. In the GS structure, three pairs of carbon atoms

around the VC have the same distances due to the C3v symmetry. In the ES structure, all

distances and bond lengths are increased because the e defect orbitals are more delocalized

than a1 orbitals. One pair of carbon atoms has longer distances while the other two pairs

have shorter distances, indicating that the symmetry is reduced from C3v to C1h. The

length of three nitrogen-carbon bonds also shows a similar behavior, but the magnitude of

the asymmetric stretching is much smaller. This is consistent with the fact that the defect

orbitals are mainly localized on the carbon atoms around the VC.

For the kk-VV0 center, the distance between three carbon atoms around the VSi and the

distance between three silicon atoms around the VC were computed for both the GS and

the ES and summarized in Table 4.7. In the GS structure, three pairs of carbon atoms and

silicon atoms have the same distances due to the C3v symmetry. In the ES structure, all

distances and bond lengths are increased because the e defect orbitals are more delocalized

than a1 orbitals. The magnitude of the stretching is greater for carbon pairs than silicon

pairs, which is consistent with the localization of defect orbitals. One pair of carbon atoms

and silicon atoms has a longer distance while the other two pairs have shorter distances,

indicating that the symmetry is reduced from C3v to C1h.
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Table 4.7: Distances (Å) between atoms around the kk-VV0 center in 4H-SiC in the equi-
librium structures of the ground state (GS) and the excited state (ES). C1, C2, and C3 are
three closet carbon atoms adjacent to the silicon-vacancy site, while Si1, Si2, and Si3 are
three closet silicon atoms adjacent to the carbon vacancy site, as shown in Figure 4.12.

Atom pairs PBE DDH HSE
GS ES GS ES GS ES

C1−C2 3.334 3.456 3.317 3.448 3.289 3.424
C1−C3 3.334 3.465 3.317 3.457 3.289 3.433
C2−C3 3.334 3.456 3.317 3.448 3.289 3.424
Si1−Si2 3.103 3.114 3.099 3.108 3.082 3.088
Si1−Si3 3.103 3.147 3.099 3.140 3.082 3.120
Si2−Si3 3.103 3.114 3.099 3.108 3.082 3.088

4.6.4 Phonons at the level of hybrid functionals

For bulk diamond and 4H-SiC, phonons were calculated with PBE, DDH, and HSE func-

tionals using the (4× 4× 4) supercell for diamond and the (5× 5× 2) supercell for 4H-SiC.

Vibrational densities of states computed with different functionals are reported in Figure 4.13

for 4H-SiC.

Since it is computationally prohibitive to carry out phonon calculations for defect systems

with hybrid functional, we first carried out phonon calculations at the PBE level of theory,

and then we assumed that the force constant matrix at the DDH or HSE level is just the

one at PBE level multiplied by a constant. Under this hypothesis, the phonon eigenmodes

obtained at the PBE level of theory would also diagonalize the dynamical matrix at the

DDH/HSE level of theory, and the phonon frequencies at the DDH/HSE level of theory

would be proportional to the ones evaluated at PBE:

ωk,HSE = fHSE−PBE · ωk,PBE, (4.22)

where f is a scaling factor, evaluated as the ratio of the highest phonon frequency com-

puted with DDH/HSE to that computed with PBE for the pristine systems (see Table 4.8).

The validity of the approximation was examined for bulk pristine systems by computing
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Figure 4.13: Vibrational density of state of bulk 4H-SiC computed at the different levels
of theory. Gaussian function with standard deviation σ = 3 meV was used for broadening.
Solid lines represent the results from direct first-principles calculations, and the dashed lines
represent the results from approximation defined by Eq. (4.22).

DDH/HSE phonon frequencies using Eq. (4.22). The maximum error, root mean square

error (RMSE), and vibrational densities of state were displayed in Figure 4.13. The overall

agreement between the vibrational density of state plots computed with Eq. (4.22) is in very

close agreement with those from direct first-principles calculations. The maximum error is

about 2 to 3 meV, and the RMSE is less than 1 meV, validating the hypothesis. The same

scaling factors were used to approximate the DDH/HSE level phonon frequencies for defect

systems.
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4.6.5 Extrapolating to the dilute limit

Figure 4.14: Spectral densities of electron-phonon coupling for (a) NV− center in diamond,
(b) hh-VV0, (c) kk-VV0, and (d) hk-VV0 center in 4H-SiC. Calculations are carried out
with the (4× 4× 4) supercell for NV− and the (5× 5× 2) supercell for VV0 centers at the
PBE level of theory. Solid blue lines denote results computed using Eq. (4.23), and dashed
red lines denote results computed using Eq. (4.24). Total Huang-Rhys factors (HRFs, S) are
also given in the legend.

Mass-weighted atomic displacements of the k-th phonon mode, ∆Qk, are required to

compute HRFs. Either the atomic displacements computed between the equilibrium struc-

tures of the GS and ES (Eq. (4.23)) or GS forces evaluated at the equilibrium structure of

the ES (Eq. (4.24)) can be used to compute ∆Qk [59, 82].

∆Qk =
N∑

α=1

∑
i=x,y,z

√
Mα∆Rαiek,αi, (4.23)

Table 4.8: Scaling factors of phonon frequencies at different levels of theories defined in
Eq. (4.22) for diamond and 4H-SiC.

fDDH−PBE fHSE−PBE
Diamond 1.0400 1.0514
4H-SiC 1.0347 1.0504
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∆Qk =
1

ω2k

N∑
α=1

∑
i=x,y,z

Fαi√
Mα

ek,αi. (4.24)

Here, ek,αi is the eigenvector of the k-th phonon mode on the α-th atom in the i-th direction.

Mα is the mass of the α-th atom, and ∆Rαi = (Rαi)e− (Rαi)g is the displacement between

the ES and the GS equilibrium atomic structures in the i-th direction. Fαi is the GS force

on the α-th atom in the i-th direction evaluated at the ES equilibrium structure. These two

approaches are equivalent under the harmonic approximation:

∆F = H ·∆R. (4.25)

Here, H is the Hessian matrix or the force constant matrix. We used both approaches to

compute HRFs and spectral densities of electron-phonon coupling for the NV− center in

diamond with the (4 × 4 × 4) supercell and the VV0 centers with (5 × 5 × 2) supercells,

as shown in Figure 4.14. The differences in HRFs computed with the two approaches are

within 3%, and the spectral densities are almost identical, indicating that the harmonic

approximation works well for these defect systems and validating the use of Eq. (4.24) in

our work.

To compute HRFs and spectral densities for supercells larger than (4 × 4 × 4) for NV−

and (5× 5× 2) VV0 centers, both (i) ∆Qk and (ii) phonons for these supercells are needed.

For (i) ∆Qk, since direct first-principles calculations with these supercells are prohibitive, we

used the hypothesis that the forces quickly decay to zero as a function of the distance to the

defect center, and the forces computed with the smallest supercell ((4× 4× 4) for NV− and

(5× 5× 2) VV0 centers) are the same as those computed with the larger supercell. Previous

work shows that forces 5 Å away from the defect center contribute negligibly to the HRF for

the NV− in diamond [82]. Here, we want to ensure that for VV0 centers in 4H-SiC, forces

computed with the smallest (5×5×2) supercell are sufficient to represent the forces in larger

supercells. For this purpose, (7×7×2) supercells were used to model the VV0 centers. HRFs
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and spectral densities were computed using forces computed with (7× 7× 2) supercells and

compared with those computed using forces computed with (5× 5× 2) supercells, as shown

in Figure 4.15. The differences in HRFs are less than 5%, and the spectral densities are

almost identical, indicating that forces computed using (5 × 5 × 2) supercells are sufficient

to evaluate ∆Qk for larger supercells.

Figure 4.15: Spectral densities of electron-phonon coupling for hh-VV0, kk-VV0 and hk-
VV0 centers in 4H-SiC for a (7× 7× 2) supercell. Calculations are carried out using either
the forces computed with a (5× 5× 2) supercell (solid blue lines) or a (7× 7× 2) supercell
(dashed red lines) at the PBE level of theory. Total Huang-Rhys factors (HRFs, S) are also
given in the legend.

We used the force constant matrix embedding scheme proposed by Alkauskas et al. [59,

82, 159] to compute (ii) phonons for supercells larger than (4× 4× 4) for the NV− center in

diamond and (5× 5× 2) for VV0 centers in 4H-SiC. The method is based on the short-range

property of the force constant matrix in semiconductors: when the position of one atom

changes in a fixed electronic state, the induced force on neighboring atoms decays rapidly
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to zero as a function of the distance from this atom. It enables the construction of the force

constant matrix of larger supercells using the one computed with the smallest supercells.

The force constant matrix is defined as

Φi,j(α, β) =
∂Fαi
∂rβj

, (4.26)

where Fαi is the force that acts on atom α in the Cartesian direction i and rβj is the

displacement of atom β from the equilibrium position in the Cartesian direction j. The

force constant matrix of a large defect supercell is constructed as follows. If atoms n and m

are separated by a distance larger than a chosen cutoff radius rc1, then the force constant

matrix element is set to zero. If both atoms are separated from the defect center by a

distance smaller than the cutoff radius rc2, then the force constant matrix element from the

actual defect supercell is used. For all other atom pairs, the force constant matrix elements

of the bulk system are used. To fulfill the acoustic sum rule, we use the same approach as

the one used in Ref [82]:

Φi,i(α, α) = −
∑
β ̸=α

Φi,i(β, α). (4.27)

To obtain components for the embedding process, (4 × 4 × 4) supercells were used to

compute the force constant matrix for both pristine bulk diamond and the NV− center in

diamond, and (5× 5× 2) supercells were used to compute the force constant matrix for VV0

centers in 4H-SiC, and a (8× 8× 3) supercell with 1536 sites were used to compute the force

constant matrix for pristine bulk 4H-SiC. As for the cutoff radius, rc1 = 5 Å and rc2 = 5

Å was used for the NV− in diamond and rc1 = 9.45 Å and rc2 = 6.75 Å was used for VV0

centers in 4H-SiC. The choice of cutoff radii was carefully examined. Taking the kk-VV0

center in 4H-SiC modeled by the (5 × 5 × 2) supercell as the example, HRF and the error

of the phonon energies are computed using the force constant matrix from the embedding

scheme with different choice of cutoff radius, as shown in Figure 4.16. It can be concluded
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that rc1 = 9.45 Å and rc2 = 6.75 Å is a good choice: the HRF is only 5% away from the

reference value, and the root mean square error (RMSE) of phonon energies is 0.4 meV. Our

test on larger supercells points out the existence of an uncertainty of ∼0.2 in the HRF due

to the choice of rc1, and we only kept 1 digit for these HRFs.

We examined the convergence of partial HRFs and the spectral density as a function of

the supercell size for the kk-VV0 center in 4H-SiC, as shown in Figure 4.17. By extrapolating

to the dilute limit, modes at 23, 33, and 72 meV split into many closely spaced modes, with

a simultaneous decrease of their absolute contributions to the total HRF, indicating the

existence of quasi-local vibrational modes.

We also examined the computed highest and lowest phonon energy for different supercells.

At the PBE level of theory, we find that the lowest phonon energy is 34 meV (11 meV) for

the NV− center in diamond when the (4 × 4 × 4) ((12 × 12 × 12)) supercell is used. The

lowest phonon energy is 11 meV (5 meV) for VV0 centers in 4H-SiC when the (5 × 5 × 2)

((16×16×5)) supercell is used. The computed highest phonon energy depends weakly on the

supercell size. At the PBE level theory, we find that the highest phonon energy is 162∼163

meV for the NV− center in diamond, basically the same as the highest bulk phonon energy,

163 meV. The highest phonon energy is 115 meV for VV0 centers in 4H-SiC, very close to

that of the highest bulk phonon energy, 114 meV.

4.6.6 Detailed analysis of spectral densities and vibrational modes

The spectral density of the NV− center in diamond is dominated by a peak at about 63 meV,

which originates from the coupling with a quasi-local vibrational mode [59]. Coupling with

other (quasi-)local vibrational modes leads to detailed structures above 130 meV. In the case

of VV0 centers, our calculations showed two peaks at about 34 meV and 72 meV together

with detailed structures above 90 meV. The overall intensity of hh-VV0 is larger than that

of kk-VV0, which is in turn larger than that of hk-VV0, consistent with the magnitude of
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Figure 4.16: (a) Huang-Rhys factor (HRF) as a function of the cutoff radius rc1 and rc2.
(b) Root mean square error (RMSE) of phonon energies ℏω with those computed from the
first-principles calculations as a function of the cutoff radius rc1 and rc2. (5×5×2) supercell
was used for these calculations. Forces and force constant matrix computed at the PBE level
of theory were used.

the HRF. We examined the convergence of the HRF and the spectral densities as a function

of the supercell size for kk-VV0 (see Figure 4.17). By extrapolating to the dilute limit,

we found that modes at 23, 33, and 72 meV split into many closely spaced ones, with a

simultaneous decrease of their absolute contributions, indicating the existence of quasi-local

vibrational modes. The same behavior was also observed for hh-VV0 and hk-VV0. Spectral

densities of hh-VV0 and kk-VV0 are similar, with two small differences: (i) the shoulder

peak at 23 meV is more pronounced for hh-VV0; (ii) hh-VV0 has a small peak at about 86

meV not present for kk-VV0. The hk-VV0 spectrum shows an apparent shoulder peak at 22

meV.

We performed phonon (vibrational) modes analysis for VV0 centers in 4H-SiC to com-

prehend their relationship with the defect center using the same approach as the one used to
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Figure 4.17: Convergence of the spectral density of electron-phonon coupling S(ℏω) and
Huang-Rhys factors (HRFs) with respect to the supercell size for the kk-VV0 center in 4H-
SiC computed at the PBE level of theory. Supercells range in size from (5 × 5 × 2) (400
atomic sites) to (16× 16× 5) (10240 atomic sites). Blue lines refer to spectral densities, and
the red vertical bars represent the partial HRFs for each phonon mode.

study the NV− and the SiV− centers in diamond by Alkauskas et al. [59, 159]. The quasi-

local and local vibrational modes were qualitatively characterized by computing the inverse

partition ratio (IPR) and localization ratio βk. the IPR for the k-th vibrational modes is

defined as

IPRk =
1∑N

α=1

(∑
i=x,y,z e

2
k,αi

)2 . (4.28)

The IPR reflects the effective number of atoms that participate in a phonon mode; IPR = 1
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indicates that only one atom vibrates, while IPR = N indicates all N atoms in the supercell

vibrate with the same amplitude. βk is defined as

βk =
N

IPRk
, (4.29)

and describes the inverse fraction of atoms in the supercell that vibrate for a given phonon

mode; βk ≫ 1 for quasi-local and local modes. Here we analyzed the vibrational modes

for hh-VV0, kk-VV0 and hk-VV0 centers in 4H-SiC by computing IPR and βk for different

supercell sizes, as shown in Figure 4.18 together with results for the pristine 4H-SiC. Three

inverted peaks with the energy ∼23 meV, 33 meV, and 72 meV can be identified in the IPR

plots with IPRs significantly smaller than those for the pristine 4H-SiC. IPRs for these peaks

increase as the supercell size increases, which is a signature of quasi-local modes. The quasi-

local modes can also be identified in the β plots as isolated peaks. These quasi-local modes are

made of a continuum of vibrations and have significant localization on the atoms around the

defect center (see Figure 4.19). The 23 meV quasi-local mode involves asymmetric stretching

of three nearest neighbor silicon atoms around VC. The 33 meV quasi-local mode involves

symmetric stretching of three nearest neighbor silicon atoms around VC. The 72 meV mode

involves both symmetric and asymmetric vibrations of three nearest neighbor carbon atoms

and nine next nearest neighbor silicon atoms around VSi. Several other inverted peaks with

energy at 86 meV, 100 meV, 110 meV, and 115 meV can be identified in the IPR plots with

IPRs around 10, indicating the existence of local vibrational modes. Their contributions to

the PL line shape are much smaller compared with the quasi-local vibrational modes.

With the knowledge of vibrational modes, we can interpret the observed difference among

the spectral densities of VV0 centers in 4H-SiC. The 23 meV peak in the spectral density

originates from the coupling with the mode involving asymmetric vibrations of three nearest

neighbor silicon atoms around VC where two silicon atoms vibrate with an amplitude smaller

than the other silicon atom. We computed the difference of mass-weighted displacements
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among these silicon atoms and obtained 0.15 amu0.5 Å for hh-VV0 and 0.07 amu0.5 Å for

kk-VV0. This fact indicates that the coupling with the 23 meV mode is stronger for hh-VV0

and explains the observation that the 23 meV shoulder peak is more notable in the spectral

densities for hh-VV0 than kk-VV0. For hk-VV0, the 22 meV mode is more localized with

more considerable variance compared with hh-VV0 and kk-VV0, as can be seen from the

figure of β. It is consistent with the more prominent feature of the 22 meV shoulder peak in

the spectral density.

Figure 4.18: Inverse partition ratio (IPR) and localization ratio (β) as a function of phonon
energies computed using supercells of different sizes for hh-VV0, kk-VV0, and hk-VV0 centers
in 4H-SiC and pristine 4H-SiC. The shaded region denotes the quasi-local vibrational modes.
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Figure 4.19: Displacement patterns of vibrational modes of (a) hh-VV0, (b) kk-VV0, and
(c) hk-VV0 centers in 4H-SiC. Vectors are amplified by a factor of 10. Vibrational modes
with energy smaller than 80 meV are quasi-local modes while those with energy greater than
80 meV are local modes.

4.6.7 Calculations of transition dipole moment and radiative lifetime

To validate the Franck-Condon (FC) approximation using the 1D model, we computed the

electronic transition dipole moment between the ES and the GS, |µeg|, for the actual defect

systems along the 1D configuration coordinate. By approximating the optical transition

from the ES to the GS as a transition between single-particle states, we have that

µeg = − eℏ2

(εf − εi)m
⟨ψf |∇|ψi⟩, (4.30)

where e is the charge of the electron, m is the mass of the electron, ℏ is the Planck constant,

ψf and ψi are Kohn-Sham orbitals of defect levels involved in the optical transition, and

εf and εi are the corresponding energies. To validate the correctness of the calculation,
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we compared the radiative lifetime τrad at the PBE level of theory. τrad is related to the

radiative emission rate Γrad by

Γrad =
1

τrad
=
nE3

ZPL|µeg|2

3πϵ0c3ℏ4
, (4.31)

where n = 2.4 and n = 2.6473 are the refractive index of diamond and 4H-SiC, respectively.

EZPL = 1.945 eV and EZPL = 1.096 eV are the experimental ZPL energies of the NV− center

in diamond and the kk-VV0 center in 4H-SiC, respectively. ϵ0 is the vacuum permittivity,

and c is the speed of light in vacuum. For the NV− in diamond, the computed lifetime is

12.4 ns (10.3 ns) when the equilibrium atomic structure of GS (ES) is used. It is in good

agreement with a previous theoretical result of 12.2 ns [221] and the experimental result of

12 ns [62]. For the kk-VV0 in 4H-SiC, the computed lifetime is 36.8 ns (31.4 ns) when the

equilibrium atomic structure of the GS (ES) is used. It is in good agreement with a previous

theoretical result 38.49 ns [222].

We have numerically computed the electronic transition dipole moment |µ| as a function

of the configuration coordinate Q for the NV− center in diamond and the kk-VV0 center in

4H-SiC, as shown in Figure 4.20. A linear dependence with a relative change of about 10%

between the equilibrium atomic structures of GS and ES can be found. The derivative of |µ|

with respect to Q is then used to compute the Franck-Condon Herzberg-Teller (FCHT) and

Herzberg-Teller (HT) terms of the PL line shape using the one-dimensional (1D) model:

LFC (ℏω, T ) ∝ ω3
∑
i

∑
j

Pej (T )
∣∣∣µ0

eg

∣∣∣2 ∣∣〈ϕnej ∣∣ϕngi〉∣∣2 δ (EZPL + Eej − Egi − ℏω
)
, (4.32)

LFCHT (ℏω, T ) ∝ 2ω3
∑
i

∑
j

Pej (T )µ
0
eg

dµ0
eg

dQ

〈
ϕnej

∣∣ϕngi〉 〈ϕngi∣∣Q∣∣ϕnej〉
× δ

(
EZPL + Eej − Egi − ℏω

)
,

(4.33)
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LHT (ℏω, T ) ∝ ω3
∑
i

∑
j

Pej (T )

∣∣∣∣∣dµ0
eg

dQ

∣∣∣∣∣
2 ∣∣〈ϕngi∣∣Q∣∣ϕnej〉∣∣2 δ (EZPL + Eej − Egi − ℏω

)
.

(4.34)

Here µ0
eg is µeg at Q = 0, and

dµ0
eg

dQ is the derivative of µeg at Q = 0.
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Figure 4.20: Norm of the calculated transition dipole moment |µ| between the ground state
and the excited state as a function of the configuration coordinate Q for the NV− center in
diamond and the kk-VV0 center in 4H-SiC. Calculations are performed at the PBE level of
theory with a (4×4×4) supercell for the NV− center in diamond and a (7×7×2) supercell
for the kk-VV0 center in 4H-SiC. The parameters of the linear fits are reported in the figure.
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CHAPTER 5

VIBRATIONALLY RESOLVED OPTICAL EXCITATIONS OF

THE NITROGEN-VACANCY CENTER IN DIAMOND

This chapter is adapted with permission from Y. Jin, M. Govoni, and G. Galli. npj Computa-

tional Materials, 8(1), 238 (2022). Copyright (2022) by Springer Nature. https://doi.org/10.

1038/s41524-022-00928-y.

A comprehensive description of the optical cycle of spin defects in solids requires an under-

standing of the electronic and atomistic structure of states with different spin multiplicities,

including singlet states, which are particularly challenging from a theoretical standpoint.

We present a general framework, based on spin-flip time-dependent density function theory,

to determine the excited state potential energy surfaces of the many-body singlet states of

spin defects; we then predict the vibrationally resolved absorption spectrum between sin-

glet shelving states of a prototypical defect, the nitrogen-vacancy center in diamond. Our

results, which are in very good agreement with experiments, provide an interpretation of

the measured spectra and reveal the key role of specific phonons in determining absorption

processes and the notable influence of non-adiabatic interactions. The insights gained from

our calculations may be useful in defining strategies to improve infrared absorption-based

magnetometry and optical pumping schemes. The theoretical framework developed here is

general and applicable to a variety of other spin defects and materials.

5.1 Introduction

Spin defects in semiconductors and insulators have attracted considerable attention in the

last decade as promising platforms to realize quantum technologies [27]. For example, it has

been shown that simple point defects such as the negatively charged nitrogen-vacancy (NV−)

in diamond [182] may be used as quantum bits (qubits), where the qubit initialization and
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readout are realized through an optical spin-polarization cycle between the triplet ground

state, a triplet excited state and two shelving singlet states [73, 148, 151, 223]. The ability to

initialize and readout the NV− center in diamond has led to numerous proposals for quantum

technology applications [62, 63], including quantum sensing [65, 66] and communication [67],

and possibly quantum computation [71, 72].

While the optical and magnetic properties of the triplet ground and the first triplet ex-

cited state of the NV− center have been extensively investigated using density functional

theory (DFT) [59, 63, 81–83, 110, 194, 224], robust first-principles predictions of the proper-

ties of the singlet shelving states are not yet available. The reason is two-fold: the description

of the electronic structure of these singlet states requires a higher level of theory than DFT

to account for their strongly correlated (multiconfigurational) nature; in addition, the de-

termination of their atomistic structure requires techniques capable of optimizing complex

excited state potential energy surfaces (PESs), beyond DFT with constrained occupations

(∆SCF). Important progress has been reported in using high-level theories to investigate

the electronic structure of the shelving singlets of the NV− center, at fixed geometries;

these theories include many-body perturbation theory (GW and the solution of the Bethe-

Salpeter Equation (BSE) [225]), quantum chemistry methods, e.g., complete active space

self-consistent field (CASSCF) [226], the diagonalization of effective Hamiltonian derived

within the constrained random phase approximation (CRPA) [154], and a quantum embed-

ding theory (QDET) [85–88, 92, 95]. However, all these approaches have been limited to

the evaluation of vertical excitation energies at given geometries and the PESs of the singlet

states, and their vibrationally resolved optical spectra have not been predicted from first

principles. In a pioneering work, Thiering and Gali [73] investigated optical transitions and

inter-system crossings involving singlet states based on a model Hamiltonian parameterized

by DFT calculations. However, they included parameters fitted to experiments, e.g., the en-

ergy spacing between the singlet states, and overall, they obtained a fair agreement between
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experiments and computed absorption spectra.

With the goal of providing a comprehensive description of the optical cycle of the NV−

center, we investigate the electronic and atomistic structure of the singlet states involved

in the optical cycle. We present a general framework based on the implementation of spin-

flip time-dependent density function theory (TDDFT) [39, 44, 100, 101, 103–105] using a

plane-wave basis set, which allows for a robust determination of the excited states PESs.

We use both the semi-local functional by Perdew, Burke, and Ernzerhof (PBE) [31] and

dielectric dependent hybrid (DDH) functionals [33] and we evaluate analytical forces acting

on the nuclei [17, 102]. By computing many-body electronic states, equilibrium geome-

tries, and phonons of the singlet states, we successfully predict the infrared vibrationally

resolved absorption spectrum [147] between singlet shelving states using the Huang-Rhys

(HR) theory [59, 60, 82, 83]. Our results, which are in very good agreement with experi-

ments, provide an interpretation of the measured spectra and reveal the key role of specific

phonons in determining absorption processes, and the notable influence of non-adiabatic in-

teractions. The insights gained from our calculations may be useful in defining strategies to

improve infrared-absorption-based magnetometry [227–230] and optical pumping schemes.

The theoretical framework developed and used here is general and applicable to a variety of

other spin defects and materials.

The rest of the paper is organized as follows. We first present our electronic structure

calculations of the many-body electronic states of the NV− center at a fixed geometry,

followed by the determination of their PESs. We then discuss electron-phonon coupling and

finally present the vibrationally resolved optical absorption spectrum of the spin-defect. We

close the paper with a discussion and summary of all the results.
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5.2 Methodology

5.2.1 Electronic structure calculations

The ground state electronic structure of the NV− center in diamond was obtained using

DFT and the plane-wave pseudopotential method, as implemented in the Quantum Espresso

package [139, 207, 208]. We used SG15 ONCV norm-conserving pseudopotentials [141, 142]

and the semi-local functional by Perdew, Burke, and Ernzerhof (PBE) [31] and the dielectric

dependent hybrid (DDH) functional [33]. The fraction of exact exchange used in the DDH

functional is the inverse of the macroscopic dielectric constant of the system as reported

in Ref. [33, 126]. The plane-wave energy cutoff was set to 85 Ry when using the PBE

functional and to 60 Ry for the DDH functional. We used a (3× 3× 3) supercell containing

216 atomic sites for the NV− center in diamond, with the lattice constant optimized for each

functional [83]. The convergence of our results for VEEs with respect to the supercell size is

reported in Chapter 5.5.1. The Brillouin zone of the supercell was sampled with the Γ point.

Excited states were computed using the TDDFT method within the Tamm-Dancoff ap-

proximation. We obtained the energies and eigenvectors of low-lying excited states by it-

erative diagonalization of the linearized Liouville operator, as implemented in the WEST

code [44, 121]. An approximated non-collinear kernel was included in the spin-flip TDDFT

calculations [100, 101, 103]. Analytical forces on nuclei in TDDFT were evaluated using the

Lagrangian formulation by Hütter [17]. The equilibrium atomic geometries of excited states

were obtained by minimizing the nuclear forces below the threshold of 0.01 eV/Å.

5.2.2 Phonon calculations

Phonon modes of the NV− center were computed using the frozen phonon approach, with

configurations generated with the PHONOPY package [45] and a displacement of 0.01 Å

from equilibrium geometries of the 3A2 and 1A1 states, respectively. To compute the phonon
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modes of the 3A2 state, DFT self-consistent calculations were conducted at displaced con-

figurations. As for the phonon modes of the 1A1 state, a DFT self-consistent calculation,

and an additional TDDFT excited state calculation were performed at each displaced con-

figuration. Phonon calculations were performed only with the PBE functional due to the

high computational cost of hybrid DFT calculations. We estimated hybrid-DFT phonons by

using a scaling factor [83]. Phonon modes are extrapolated to the dilute limit, approximated

by a (12 × 12 × 12) supercell cell with 13824 atomic sites, using the force constant matrix

embedding approach proposed by Alkauskas et al. [59, 82].

5.2.3 Huang-Rhys factors and spectral functions

We write the absorption line shape as [221]

σabs(ℏω, T ) ∝ (ℏω)Aabs(ℏω − EZPL, T ), (5.1)

where EZPL is the energy of the zero-phonon line, and ℏω is the energy of the absorbed

photon. T is the temperature. To be consistent with experiment [147], T = 10 K was used

in the calculation of absorption line shape. The absorption spectral function is computed

using the generating function approach [59, 205, 206]

Aabs(ℏω, T ) =
1

2π

∫ ∞

−∞
eiωtGabs(t, T )e

−λ|t|
ℏ dt, (5.2)

where λ = 0.1 meV was used in our calculation to account for the broadening of the line

shape. The generating function is written as

Gabs(t, T ) = exp

[ ∫ ∞

−∞
S(ℏω)e−iωtd(ℏω)−

∑
k

Sk

+

∫ ∞

−∞
C(ℏω, T )e−iωtd(ℏω) +

∫ ∞

−∞
C(ℏω, T )eiωtd(ℏω)− 2

∑
k

nk(T )Sk

]
,

(5.3)
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where nk(T ) is the average occupation number of the kth phonon mode. S(ℏω) and C(ℏω, T )

are the spectral densities of electron-phonon coupling,

S(ℏω) =
∑
k

Skδ(ℏω − ℏωk), C(ℏω, T ) =
∑
k

nk(T )Skδ(ℏω − ℏωk). (5.4)

In actual calculations, the δ functions are replaced by Gaussian functions, and the broadening

σk is varied linearly from 6 to 2 meV with the phonon energy, to account for the continuum

of phonon modes participating in the optical transition. The HR factor Sk is computed as

Sk =
ωk∆Q

2
k

2ℏ
. (5.5)

where ∆Qk is the mass-weighted displacement along the kth mode, evaluated as

∆Qk =
1

ω2k

N∑
α=1

∑
i=x,y,z

Fαi√
Mα

ek,αi. (5.6)

Here, Mα is the mass of the αth atom. For the 1E → 1A1 absorption, F represents the

forces of the 1A1 state evaluated at the equilibrium geometry of the 1E state. ωk (ek) is the

frequency (eigenvector) of the kth phonon mode of the 1A1 state.

Similarly, the PL line shape of the 3A2 → 3E transition can be computed as [221]

I(ℏω, T ) ∝ (ℏω)3Aemi(EZPL − ℏω, T ). (5.7)

Here, the emission spectral function is calculated using the generating function built on HR

factors computed with forces of the 3A2 state, evaluated at the equilibrium structure of the

3E state and with the phonons of the 3A2 state. To be consistent with the experiment [59],

T = 8 K was used in the calculation of the PL line shape.
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5.3 Results

5.3.1 Many-body electronic states and vertical excitation energies

As is well known, the NV− center in diamond is composed of a nitrogen impurity and an

adjacent carbon vacancy (VC) (see Figure 5.1). The defect has C3v symmetry, with three

orbitals within the band gap of diamond (one a1 and twofold-degenerate e orbitals), localized

on three carbon sites in the vicinity of VC. Hereafter, we denote the spin up (down) defect

orbitals as a1, ex, ey (a1, ex, ey). The low-lying many-body triplet states are denoted as

3A2 (ground state) and 3E and the singlet states as 1E and 1A1 [75, 76]. In the ms = 1

sublevel of the 3A2 ground state, a1, ex, ey and a1 are occupied by four electrons, while ex,

ey are empty, and its electronic configuration is represented by the Slater determinant |exey⟩

in the hole notation. Similarly, phonons modes of the NV− center are also labeled as a1, a2,

and e type according to the C3v point group.

We computed the vertical excitation energies (VEEs) of the triplet 3E and singlet states

1E and 1A1 with respect to the 3A2 ground state using TDDFT and the semi-local func-

tional PBE (TDDFT@PBE) and hybrid functional DDH (TDDFT@DDH), with the aim

of establishing the accuracy of the chosen electronic structure methods, before proceeding

with structural optimizations. Our results are shown in Figure 5.2, together with those of

other calculations [88, 154, 225, 226] and inferred experimental values [143, 146, 149, 231].

Irrespective of the functional, TDDFT correctly predicts the ordering of singlet and triplet

excited states. However, at the PBE level of theory, TDDFT underestimates the energies of

the 3E and the 1A1 states with respect to the 3A2 ground state compared to experiment;

the agreement is improved when using the hybrid functional DDH, where the inclusion of

a portion of Hartree-Fock exact exchange interaction provides a more accurate description

of excitonic effects. The latter yields the energy of 3E in good accord with GW -BSE re-

sults [225], but those of the 1E and 1A1 states differ, likely due to the fact that, in contrast to
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Figure 5.1: Description of the NV− center in diamond. a Ball and stick representation,
with the vacancy depicted as a circle in the middle of the diamond cage, and the carbon
and nitrogen atoms represented by brown and gray spheres, respectively. The defect has
C3v symmetry, with a threefold rotation axis (C3) parallel to the ⟨111⟩ axis of diamond. b
Position of the single-particle defect levels in the band gap of diamond, labeled according to
the irreducible representation of the C3v group, and computed by spin unrestricted density
functional theory calculations with the DDH hybrid functional [33]. c Isosurfaces of the
square moduli of the single particle orbitals associated with the defect levels. The color (yel-
low/light blue) represents the sign (+/−) of the orbital. d Schematic diagram illustrating
optical processes leading to the photoluminescence (PL) of the 3E → 3A2 transition and the
absorption of the 1E → 1A1 transition (see text). For ease of graphical representation, the
potential energy surfaces are shown as parabolas. Vibrational wavefunctions are schemati-
cally shown in gray. Colored arrows represent optical transitions at 0 K. PL and absorption
line shapes containing sharp zero-phonon lines and broad phonon side bands are shown as
insets.

GW -BSE, in TDDFT an approximate non-collinear spin-flip kernel is introduced to describe

spin-flip excitations.

In spite of the correct ordering, the VEEs obtained at the TDDFT@DDH level of theory

are an overestimate, especially for singlets, relative to the experimental values. To under-

stand the origin of this discrepancy we compared the many-body wavefunctions obtained

with TDDFT with those computed with QDET [88]; the latter includes double and higher
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Figure 5.2: Many-body electronic states of the NV− center in diamond. a Vertical excitation
energies (VEEs) of the low-lying many-body electronic states at the ground state geometry,
computed using time dependent density functional theory (TDDFT). The experimentally
inferred VEE of the 3E state and zero-phonon absorption energies of the 1A1 and 1E states
are from Ref. [143, 146, 149, 231]. We also report theoretical results obtained using GW
and the Bethe-Salpeter Equation (BSE) [225]; results obtained from the quantum defect
embedding theory (QDET) [88]; results obtained from the constrained random-phase ap-
proximation solved by configuration interaction (CI-CRPA) [154]; and quantum chemistry
results for clusters from complete active space self-consistent field (CASSCF) [226] calcu-
lations. b Contribution of Slater determinants of single excitation (|exex⟩, |exey⟩, |eyex⟩,
|eyey⟩, |a1ex⟩ and |a1ex⟩) and double excitation (|exa1⟩, |eya1⟩ and |a1a1⟩) with respect to
the 3A2 ground state represented by Slater determinant |exey⟩ to the wavefunction of the
singlet states, as obtained from TDDFT and QDET [88] calculations. Slater determinants
are denoted in the hole notation, and their contributions to the total wavefunction are given
in terms of the coefficients defined in Eq. (5.8) (see text). Both TDDFT and QDET calcu-
lations are performed at the geometry of the 3A2 ground state with C3v symmetry.
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order excitations from the 3A2 ground state, which is represented by the Slater determinant

|exey⟩ in our spin unrestricted DFT calculations. These excitations are not included in the

TDDFT calculations presented here (and also not included in the GW -BSE calculations of

Ref. [225]. In QDET, the defect states are described by an effective many-body Hamilto-

nian diagonalized exactly by full configuration interaction (CI), and hence, the many-body

wavefunction contains higher-order excitations. The Hamiltonian includes the interaction

of the defect and the solid where it is embedded through an effective dielectric screening.

The many-body electronic wavefunctions |Φi⟩ are written as linear combinations of Slater

determinants |Ψn⟩:

|Φi⟩ =
∑
n

cin|Ψn⟩ , (5.8)

where |cin|2 represents the contribution of the n-th Slater determinant to the i-th many-body

electronic wavefunction. The Slater determinants with contributions to the total wavefunc-

tion larger than 1% are reported in Figure 5.2 and in Table 5.2 for the three singlet states, for

both QDET and spin-flip TDDFT calculations. Note that we use 1A
(0)
1 , 1E(0)

x and 1E
(0)
y to

denote states with C3v symmetry, and in Chapter 5.3.2 we use 1A1 and 1E to denote singlet

states in geometrical configurations where the C3v symmetry is not preserved. As shown

in Figure 5.2, the major contributions to the many-body electronic states 1A
(0)
1 , 1E

(0)
x and

1E
(0)
y come from linear combinations of Slater determinants with only single excitations,

which are accounted for when using spin-flip TDDFT, and yield contributions similar to

QDET. However, QDET calculations show an additional, nonnegligible (∼ 3%) contribu-

tion to the total wavefunction coming from determinants containing double excitations that

cannot be described by TDDFT: |a1a1⟩, |exa1⟩, and |eya1⟩, for 1A
(0)
1 , 1E

(0)
x and 1E

(0)
y ,

respectively.

By adding the contributions of double excitations to our spin-flip TDDFT results, using

perturbation theory, we find that the energies of the 1A1 and 1E states decrease by 0.2 ∼ 0.3

eV, resulting in a better agreement with experiment and QDET values (see Chapter 5.5.2).
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Hence, we conclude that the absence of double excitations in the TDDFT description leads

to a moderate overestimate of the energy of singlets relative to QDET results. In summary,

TDDFT calculations yield results for VEEs in good (albeit not perfect) agreement with

those of QDET and experiments, and account for the majority of excitations entering the

many-body wavefunction of the NV− center, giving us confidence that the geometries of

singlet manifolds obtained using spin-flip TDDFT and all single excitations are reliable.

5.3.2 Potential energy surfaces of electronic excited states

Having established the accuracy of TDDFT in describing VEEs, we proceed to optimize

the geometry of the system in each excited state using TDDFT forces acting on nuclei. The

PESs of singlets are computed by carrying out calculations on two specific geometrical paths,

described by collective variables (CVs) defined below. We then define an effective Hamilto-

nian for ionic and electronic degrees of freedom, including electron-phonon interaction, and

we investigate the non-adiabatic coupling between many-body electronic states and lattice

vibrations.

We start by describing the optimized geometrical configurations of excited electronic

states, quantified in terms of mass-weighted atomic displacements and Franck-Condon shifts

(see Chapter 5.5.3). We find that the optimized geometry of the triplet excited state 3E

exhibits a significant displacement of ∼0.6 amu0.5 Å and a Franck-Condon shift of ∼200 meV,

relative to the geometry of the ground state. These results obtained with TDDFT forces

are consistent with our previous study, where geometry optimization of the triplet excited

state was obtained with ∆SCF, and results were validated against photoluminescence (PL)

measurements [83]. The singlet states cannot be simulated with ∆SCF. Hence, we optimize

their geometry using forces computed with spin-flip TDDFT and a plane-wave basis set.

The two singlet states have rather different optimized configurations: that of the 1A1 state is

similar to the optimized geometry of the ground state (with a negligible atomic displacement
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of ∼0.1 amu0.5 Å and a Franck-Condon shift of 17 meV), while the 1E state exhibits a

displacement of ∼0.4 amu0.5 Å and a Franck-Condon shift of 60∼100 meV.
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Figure 5.3: Geometrical configurations of many-body states of the NV− center in diamond.
Differences of the distances between the three carbon atoms (C1, C2 and C3) around the
vacancy site (VC), as obtained in the excited states (ES) and ground state (GS): ∆d =
dES − dGS. The differences are reported for the 1E, 1A1 and 3E excited states (ESs)
and are computed using TDDFT with PBE or DDH functionals. Note that ∆d(C1−C2),
∆d(C2−C3) and ∆d(C3−C1) for the 3E state differ, due to the coupling of the electronic
state to both a1 and e type phonon modes (see text). For the 1A1 state, ∆d(C1−C2),
∆d(C2−C3) and ∆d(C3−C1) are instead all equal within ∼ 0.02 Å, implying that in this
case the equilibrium geometry preserves the C3v symmetry and is close to that of the 3A2
ground state. ∆d(C1−C2), ∆d(C2−C3) and ∆d(C3−C1) of the 1E state differ, due to a
significant coupling with e type phonon modes, leading to symmetry breaking.

We then computed the variation of the distances (∆d) of the three carbon atoms close

to VC in the excited states (dES), relative to the ground state (dGS); these are shown in
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Figure 5.3. We find an asymmetric displacement pattern for the 1E singlet, suggesting the

existence of three equivalent equilibrium geometries, compatible with the C3v symmetry of

the defect, which we characterized in terms of two CVs, Qα, and Qβ . Qβ defines a direction

connecting two of the three geometrical configurations, and Qα is perpendicular to Qβ . The

three geometrical configurations form an equilateral triangle on the plane defined by Qα and

Qβ . The minimum of the 1A1 singlet PES on the plane of Qα and Qβ is located at the

center of the triangle (defined by Qα = 0, Qβ = 0) and is very close to the actual minimum

of the 1A1 singlet with a negligible displacement of 0.08 amu1/2 Å. Using the CVs Qα and

Qβ , we computed the total energies of the singlet many-body states along two paths, using

TDDFT@PBE: path 1, parallel to Qα, with Qβ = 0, which connects one of the local minima

and the center of the triangle; path 2, parallel to Qβ , with Qα = 0, and crossing the triangle

center (see Figure 5.6). For values of Qα and Qβ different from zero, and along both paths 1

and 2, we find that the wavefunctions of the 1A1 and 1E singlets, as computed using TDDFT,

are linear combinations of the states with C3v symmetry previously identified as 1A
(0)
1 , 1E(0)

x

and 1E
(0)
y . For the 1A1 singlet, the wavefunction is given by a linear combination of the

1A
(0)
1 component, mixed with a small amount (<10%) of the 1E

(0)
x component along path 1

(or 1E
(0)
y component along path 2). The magnitude of the mixing between states with C3v

symmetry increases as the absolute value of Qα and Qβ increases. While the wavefunction

of the 1E singlet on path 1 can still be approximately identified as the so-called “pure”

state 1E
(0)
x or 1E

(0)
y , on path 2, the wavefunction is given by a linear combination with

approximately equal weights of the 1E
(0)
x and 1E

(0)
y components. The mixing of components

found in our calculations points to the non-adiabatic coupling occurring in the system, which

requires further analysis, as we discuss next.

To analyze in detail the PESs of the singlet states, we define an effective Hamiltonian

that includes electron-phonon (non-adiabatic) coupling [73, 232], and where the nuclei are

represented in terms of the CVs defined above, and the electrons in the basis of the three
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Figure 5.4: Potential energy surfaces (PESs) and vibronic energy levels of the many-body
electronic states of the NV− center in diamond. a Adiabatic PESs of the lower and higher
branches of the 1E and 1A1 states. TheQα, Qβ configuration coordinates (see text) represent
the collective motion of effective phonon modes with e symmetry. Contour plots of the PESs
are shown in c-e. The PES of the 1E lower branch (e) has the “tricorn Mexican hat”
shape with three minima and three saddle points, and is connected to the higher branch
(d) through a cusp. The PES of the 1A1 singlet (c) slightly deviates from a perfect two-
dimensional paraboloid. b The vibronic levels of the 1E (left) and 1A1 (right) states, whose
vibronic ground states are labeled as

1
Ẽ and

1
Ã1, respectively. The energy differences of

vibronic levels of the 1A1 from bottom to top are found to be 80.8 meV, 79.7 meV, 78.8
meV, and 77.3 meV, respectively. The selection rules for the photoluminescence (PL) are
indicated as arrows: red arrows represent the optically active

1
Ã1 → 1

Ẽ transition resulting
in the zero-phonon line (ZPL) and the

1
Ã1 → Ẽ transition resulting in the phonon sideband

shifted by 49.3 meV from the ZPL; the green arrow represents the
1
Ã1 → Ã1 transition,

shifted by 10.0 meV from the ZPL, and can be activated by uniaxial stress. In the plot, the
values of the ZPL and sidebands are not given on the same energy scale for clarity.
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singlet states 1A
(0)
1 , 1E(0)

x and 1E
(0)
y at Qα = 0 and Qβ = 0:

Ĥ = Ĥe + Ĥph + Ĥe−ph. (5.9)

Here Ĥe =
∑

iEiĉ
†
i ĉi is the electronic Hamiltonian, and ĉ

†
i (ĉi) is the creation (annihi-

lation) operator of the i-th many-body electronic state with Ei = (Λ, 0, 0) for |Φi⟩ =(
| 1A(0)

1 ⟩, | 1E(0)
x ⟩, | 1E(0)

y ⟩
)
; Λ = 821meV is the energy gap between the 1A

(0)
1 and de-

generate 1E
(0)
x and 1E

(0)
y electronic states obtained with TDDFT@PBE.

Ĥph =
∑

λ=α,β ℏωe
(
b̂
†
λb̂λ + 1

2

)
is the Hamiltonian of the 2D harmonic oscillator written in

terms of Qα and Qβ , with an effective phonon energy of ℏωe, and b̂
†
λ (b̂λ) is the creation

(annihilation) operator of phonon λ. The electron-phonon coupling term reads

Ĥe−ph =
∑
ij

∑
λ=α,β

gij,λĉ
†
i ĉj

(
b̂
†
λ + b̂λ

)
, (5.10)

where gij,λ is the linear electron-phonon coupling strength between electronic state i, j and

phonon mode λ. Details on our first-principles calculation of the electron-phonon coupling

strength and the analysis of the Hamiltonian of Eq. (5.9) in terms of pseudo- and dynamical

Jahn-Teller effects are given in Chapter 5.5.4.

To obtain the adiabatic PESs of the singlet states we write b̂λ =
√

ωe
2ℏ

(
Q̂λ + i

ωe
Π̂λ

)
,

where Π̂λ is the momentum operator. Treating Qλ and Πλ as classical coordinates allows us

to separate the kinetic and potential energy terms in the Hamiltonian, and hence to obtain

the adiabatic PESs, which are displayed in Figure 5.4 c-e. We obtained the parameters of the

Hamiltonian, including the effective phonon energy ℏωe = 63meV and the electron-phonon

coupling strength gij,λ, by fitting the PESs obtained with the Hamiltonian Eq. (5.9) to our

first-principles calculations, without introducing any empirical parameters (see Figure 5.7).

The lower branch of the PES of the 1E singlet exhibits a “tricorn Mexican hat” shape with

three minima and three saddle points and is connected to the higher branch through a cusp.
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The PES of the 1A1 singlet slightly deviates from a perfect two-dimensional paraboloid, and

the anharmonicity is most apparent along the path connecting its minimum to the minima

on the lower branch of the 1E state PES.

By solving the effective Hamiltonian Eq. (5.9) considering quantized vibrations, instead

of classical coordinates, we obtain the vibronic levels of the two singlet states, as shown

in Figure 5.4 b. We find that the vibronic levels with major electronic contribution from

the 1A singlet state are well approximated by harmonic vibrational levels, being almost

equidistant with an energy gap of ∼ 80 meV. The energy gap is 17 meV higher than the

energy of the effective phonon defined in Eq. (5.9), as a result of the non-adiabatic coupling.

The non-adiabatic coupling also results in noticeable anharmonicity: the energy difference

between adjacent vibronic levels with a major contribution coming from 1A1 decreases as

the quantum number increases. On the other hand, the vibronic levels with major electronic

contribution from the 1E singlet state are substantially different from those of a quantum

harmonic oscillator. Our calculations identify an
1
Ã1 state 10 meV above the vibronic ground

state (
1
Ẽ), which likely corresponds to the state detected experimentally at about 14 to 16

meV [151, 152, 233, 234], and discussed in Ref. [73]. Such a state is not accessible under

equilibrium conditions but can be reached when the crystal is under uniaxial stress. We

also find degenerate
1
Ẽ vibronic levels at 49.3 meV above the vibronic ground state; the

transition into these states might be the origin of the phonon sideband at 42.6 meV observed

in the low-temperature experimental PL spectrum of the 1A1 → 1E transition [146].

Finally we note that, unlike the 1E → 1A1 absorption line shape, the calculation of the

1A1 → 1E PL line shape would require an evaluation of all the phonon modes of the 1E

state, whose PES is strongly anharmonic, as well as an explicit treatment of the non-adiabatic

coupling including all phonon modes [82]. While possible in principle, these calculations are

beyond the scope of the present work.
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5.3.3 Optical spectra

We now turn to the discussion of our calculations of the vibrationally resolved absorption

spectrum for the transition between singlet states, which we compare with experiments, and

with the PL spectrum for the transition between triplet states.
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Figure 5.5: Optical spectra and spectral densities. a Photoluminescence (PL) line shapes
of the 3E → 3A2 transition and b absorption line shapes of the 1E → 1A1 transition. The
red lines are theoretical results, while the gray area represents experimental spectra from
Ref. [59, 147]. Spectral densities S(ℏω) of the 3E → 3A2 (c) and the 1E → 1A1 transitions
(d). Contributions from a1 and e type phonon modes are shown as blue and yellow lines,
respectively. The quasi-local (local) a1 mode at 60 meV (162 meV) of the 3A2 state that
strongly couples with the 3E → 3A2 transition is shown in the inset of a. The quasi-
local (local) e mode at 73 meV (170 meV) of the 1A1 state that strongly couples with the
1E → 1A1 transition is shown in the inset of c. Results reported here are based on phonons
computed at the PBE level of theory and optimized geometries computed at the DDH level
of theory and are extrapolated to the dilute limit, approximated by a (12×12×12) supercell
with 13824 atomic sites. A comparison of results obtained using different functionals is given
in Chapter 5.5.5.
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Having computed the forces acting on nuclei with spin-flip TDDFT and all phonon modes

in the 1A1 state, we calculated the vibrationally resolved absorption spectrum of the tran-

sition between the 1E and 1A1 singlets using the HR theory. At T ∼ 0 K, transitions occur

from the lowest vibronic level of the 1E state whose vibronic wavefunction is localized in

the local minimum of the PES, into vibronic levels of the 1A1 singlet state; these levels are

all well approximated by harmonic vibrational levels; hence, the use of the HR theory is

justified.

Our results are compared with experiment [147] in Figure 5.5. The agreement is very

good (see Chapter 5.5.5 for a comparison of results obtained using different functionals),

and we successfully predicted the main peak at 73 meV and the sharp peak at 170 meV.

Note that the energy of the main peak is 7 meV smaller than the distance between vibronic

levels of the 1A1 state obtained from the effective Hamiltonian Eq. (5.9), pointing at the

importance of including all phonon modes in the calculation of optical spectra. The level

of agreement obtained here indicates that our first-principles calculations based on spin-flip

TDDFT provide an improved description of the atomic geometries and vibrational properties

of the singlet states. Such properties are not accessible in ∆SCF, and hence, their calculations

require the implementation of TDDFT forces. In addition, we emphasize the importance

of including the anharmonicity of the PES of the 1A1 singlet in the calculation of the HR

factors and spectral functions (see Chapter 5.5.7).

Note that the phonon sideband of the absorption line shape for the 1E → 1A transition

decays much faster compared with that of the PL spectrum for the 3E → 3A2 transition

(shown in Figure 5.5 a for comparison). Indeed, the computed Debye-Waller factor (the ratio

of the zero-phonon line (ZPL) relative to the entire line shape) of the 1E → 1A absorption

line shape is 34%, in good agreement with the inferred experimental value of ∼ 40% [147],

and is 10 times larger than that of the 3E → 3A2 PL line shape. The large Debye-Waller

factor suggests that the ZPL is more absorptive than the phonon sideband and hence better
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suited for infrared-absorption-based magnetometry measurements than the phonon sideband

wavelengths [147].

It is interesting to analyze the main differences between singlet absorption and triplet

PL spectra in terms of the spectral density of the electron-phonon coupling in the two

cases, S(ℏω), as shown in Figure 5.5 c and d. The main contribution to the S(ℏω) of the

1E → 1A1 transition comes from the coupling of the electronic states with e type phonon

modes; instead, the main contribution in the case of the 3E → 3A2 transition originates

from the coupling with a1 type phonon modes. In more detail, we find that S(ℏω) of the

1E → 1A1 transition exhibits a broad peak at 73 meV and a sharp peak at 170 meV, resulting

from the coupling of the electronic states with a quasi-local and a local e type phonon mode,

displayed in the inset of Figure 5.5 d. The 170 meV e type local mode exists only in the

1A1 state and has an energy higher than that of the optical phonons of diamond. It couples

weakly to the vibrations of the diamond lattice, resulting in a sharp peak in both S(ℏω)

and the adsorption spectrum. The S(ℏω) of the 1E → 1A1 transition is generally shifted to

higher energy relative to that of the 3E → 3A2 transition, originating from an increase of the

energy of the phonons of the 1A1 state compared with those of the 3A2 state. Previous work

suggested that such an increase of phonon energies might be caused by the contribution

of the double excitation configurations |a1a1⟩ in the wavefunction of the 1A1 state [147].

However, our work suggests that the non-adiabatic coupling of the 1A1 and 1E singlet states

is more likely responsible for the increase in phonon energies. A detailed comparison of the

phonon modes of the 1A1 and 3A2 states can be found in Chapter 5.5.6.

5.4 Discussion

In summary, we studied the many-body electronic states of the NV− center in diamond,

including singlet states, using first-principles calculations based on TDDFT with semi-local

and hybrid functionals, and we computed vibrationally resolved optical spectra. We showed
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that TDDFT with analytical forces can be successfully applied to predict optical spectra

of spin defects in solids, providing a robust description of both the electronic structure

and atomic geometries of the many-body electronic states. In particular, TDDFT predicts

the same energy ordering as the experiment and the correct characteristics of the many-

body electronic states, similar to those obtained using higher-level methods, although the

neglect of double excitations results in a slight overestimate of excitation energies relative

to experiments. The computed vibrationally resolved absorption spectrum of the 1E → 1A1

transition is in very good agreement with the experiment, thanks to an improved description

of the atomic geometries and phonons of the singlet states obtained in our work. Our results

show the key role played by non-adiabatic coupling in determining optical transitions. For

example, we found that the equilibrium geometry of the 1A1 state is similar to that of

the 3A2 ground state; however, the e type phonons of the former have significantly higher

energy than those of the ground state, due to the non-adiabatic coupling of the former with

the 1E states. Such coupling is also responsible for the anharmonicity of the 1A1 state

PES, which should be taken into account in obtaining absorption spectra in quantitative

agreement with the experiment. Interestingly, solving the effective Hamiltonian for the

non-adiabatic coupling yields optically forbidden Ã1 and optically allowed Ẽ vibronic levels

above the
1
Ẽ ground vibronic state, consistent with PL measurements. Our study provides

first principles predictions of the basic properties of the NV− center in diamond, which are

important for a comprehensive understanding of the optical spin-polarization cycle of this

defect and, hence, of its functionalities for quantum technology applications. In particular,

the techniques presented here enable the modeling, from first principles, of the phonon

sideband of the optical absorption process between singlet states, which has been used for

infrared absorption-based magnetometry. The strategy applied here to the NV− center in

diamond is general and paves the way to the study of shelving states and optical spectra in

other spin defects and materials.
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Table 5.1: Convergence of vertical excitation energies (VEEs) with respect to the size of
the supercell. VEEs (eV) of many-body excited states relative to the 3A2 ground state of
the NV− center in diamond computed using TDDFT at the PBE level of theory. Results
obtained with the (2× 2× 2), the (3× 3× 3) and the (4× 4× 4) supercells are shown.

Excited state (2× 2× 2) (3× 3× 3) (4× 4× 4)
3E 1.978 2.076 2.095
1A1 1.283 1.334 1.341
1E 0.504 0.510 0.512

5.5 Technical details

5.5.1 Supercell size convergence

To check convergence with respect to the size of the supercell, we performed TDDFT calcu-

lations at the PBE level of theory for supercells with up to 512 atomic sites, corresponding

to a supercell with (4×4×4) repetitions of the unit cell. Vertical excitation energies (VEEs)

of many-body excited states are summarized in Table 5.1. We found that the difference in

the VEEs calculated with the (3× 3× 3) and the (4× 4× 4) supercells is less than 0.02 eV,

indicating that the (3× 3× 3) supercell already yields relatively well-converged results.

5.5.2 Analysis of vertical excitation energies

We attribute the overestimate of the VEE of the 1A1 state to the neglect of the double

excitation Slater determinant |a1a1⟩. Here, we provide a simple estimate of the error based

on perturbation theory: the coupling strength between the double excitation Slater deter-

minant and the singlet state, ⟨a1a1|Ĥ| 1A1⟩, can be estimated using the coefficient of the

configuration |a1a1⟩, c
1A1
a1a1

predicted by QDET calculations [88], and the energy difference,

E1A1
−Ea1a1 ; the correction to the energy of the singlet state, E(2)

1A1
, can then be estimated

using the coupling strength and the difference E1A1
− Ea1a1 . Here Ĥ is the many-body

electronic Hamiltonian.

QDET results [88] indicate that the weight of the |exex⟩ and |eyey⟩ configurations in the
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Table 5.2: Contribution of Slater determinants to the many-body electronic states of the
NV− center in diamond. Contribution of single and double excitation Slater determinants
(%) to the many-body electronic states, as obtained from TDDFT and QDET calculations.
Slater determinants are denoted in the hole notation, and the contributions are given in
terms of the coefficients defined in Eq. (5.8).

TDDFT@PBE TDDFT@DDH QDET
Slater det. 1Ex

1Ey
1A1

1Ex
1Ey

1A1
1Ex

1Ey
1A1

|exex⟩ 45.1 – 50.0 41.9 – 49.8 44.9 – 46.9
|exey⟩ – 45.1 – – 41.9 – – 44.9 –

Single |eyex⟩ – 45.1 – – 41.9 – – 44.9 –
Excitations |eyey⟩ 45.1 – 50.0 41.9 – 49.8 44.9 – 46.9

|a1ex⟩ 4.0 1.1 – 5.9 – – 3.3 – –
|a1ey⟩ 1.1 4.0 – – 5.9 – – 3.3 –

Double |exa1⟩ – – – – – – 3.3 – –
Excitations |eya1⟩ – – – – – – – 3.3 –

|a1a1⟩ – – – – – – – – 2.6

1A1 state is
∣∣∣∣c1A1
exex

∣∣∣∣2 + ∣∣∣∣c1A1
eyey

∣∣∣∣2 = 0.938 (see Table 5.2), while the weight of |a1a1⟩ and other

configurations with higher energies amounts to 0.062 [88]. For simplicity we assume the

weight of |a1a1⟩ configuration is 0.062, corresponding to
∣∣∣∣c1A1
a1a1

∣∣∣∣ = 0.25 [88]. The energy of

the |a1a1⟩ configuration relative to the 3A2 ground state is 7.33 eV, estimated using Kohn-

Sham orbital energies at the DDH level of theory. It is thus 5.36 eV higher than the 1A1

state. Within perturbation theory, the coefficient of the |a1a1⟩ configuration is

∣∣∣∣c1A1
a1a1

∣∣∣∣ ≈ 0.25 ≈
∣∣∣∣⟨a1a1|Ĥ| 1A1⟩
E1A1

− Ea1a1

∣∣∣∣. (5.11)

With the estimated E1A1
−Ea1a1 = −5.36 eV, we have |⟨a1a1|Ĥ| 1A1⟩| ≈ 1.34 eV. Therefore,

the second-order correction to the energy is

E
(2)
1A1

=
|⟨a1a1|Ĥ| 1A1⟩|2

E1A1
− Ea1a1

≈ −0.34 eV. (5.12)

Using this correction to estimate the energy of the 1A1 state we obtain 1.64 eV, which
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is in good agreement with the experimentally inferred zero-phonon absorption energy of

1.51 ∼ 1.60 eV [146] and the QDET VEE value of 1.270 eV [88].

Similarly, including the |exa1⟩ Slater determinant in the expansion of the many-body

wavefunction brings the VEE of the 1Ex state closer to the experimental and high-level

theoretical results. For the 1Ex state, we have E1Ex
− Eexa1 = −5.53 eV, and

∣∣∣∣c1Ex
exa1

∣∣∣∣ =
0.18 from QDET results. Hence, we can estimate ⟨exa1|Ĥ| 1Ex⟩ ≈ 1.00 eV and an energy

correction E
(2)
1Ex

≈ −0.18 eV. Using this energy correction, the energy of the 1Ex state

becomes 0.50 eV, in much better agreement with the experimentally inferred zero-phonon

absorption energy of 0.34 ∼ 0.43 eV [149, 231] and the QDET VEE value of 0.463 eV [88].

For the 1Ey state, including the |eya1⟩ configuration, brings the value of VEE to 0.50 eV.

For completeness, we note that QDET and TDDFT calculations are built on spin-

unpolarized and spin-polarized ground state Kohn-Sham orbitals, respectively, and this dif-

ference has been neglected in our comparison.

5.5.3 Geometry Relaxation

To quantify the magnitude of geometry relaxation in excited states, we computed the mass-

weighted atomic displacement between geometries of excited states and the 3A2 ground

state, ∆Q, and the Franck-Condon (FC) shift, EFC, for many-body excited states, as shown

in Table 5.3. TDDFT results obtained at the PBE level are generally similar to those

obtained at the DDH level. For the 3E excited state, TDDFT and constrained-occupations

DFT (∆SCF) yield comparable results. For the 1A1 singlet state, TDDFT predicts a minor

displacement and FC shift, indicating that the geometry of the 1A1 state is close to that of

the 3A2 ground state. On the other hand, a more significant displacement and FC shift are

found for the 1E state, indicating that its geometry is significantly displaced from that of

the 3A2 ground state.
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Table 5.3: Geometry relaxation in excited states. Mass-weighted displacement ∆Q (amu0.5
Å) between the equilibrium geometries of the 3A2 ground state (GS) and the excited states
(ES), and the Franck-Condon (FC) shift EFC (meV) in the ESs. Equilibrium geometries of
the ESs are obtained using TDDFT or constrained occupations DFT (∆SCF) with PBE and
DDH functionals.

State Method Configurationa ∆Qb EFC
c

3E TDDFT (PBE) a1e 0.583 187
3E TDDFT (DDH) a1e 0.634 255
3E ∆SCF (PBE) a1e 0.625 219
3E ∆SCF (DDH)d a1e 0.635 246
1A1 TDDFT (PBE) ee 0.111 17
1A1 TDDFT (DDH) ee 0.094 17
1E TDDFT (PBE) ee 0.415 64
1E TDDFT (DDH) ee 0.413 105

a Electronic configuration of many-body states in the hole notation.
b ∆Q =

(∑Natoms
α=1

∑
i=x,y,zMα(Rαi,ES −Rαi,GS)

2
)0.5

, where Mα is the mass of the αth
atom, Rαi,ES (Rαi,GS) is the equilibrium atomic structure of the ES (GS).

cEFC = EES@GS − EES@ES, where EES@GS is the total energy of ES at the equilibrium
geometry of the GS, and EES@ES is the total energy of ES at the equilibrium geometry of

the ES.
dThe a1e0.5x e0.5y configuration was used to converge the ∆SCF (DDH) calculation.

5.5.4 Non-adiabatic coupling between singlet states

The electron-phonon coupling entering the effective Hamiltonian reads

Ĥe−ph =
∑
ij

∑
λ=α,β

gij,λĉ
†
i ĉj

(
b̂
†
λ + b̂λ

)
, (5.13)

where gij,λ is the linear electron-phonon coupling strength between electronic state i, j and

phonon mode λ. Considering C3v symmetry and using ex and ey vibrational modes as

collective variables (CVs, which we call Qα, Qβ), the electron-phonon coupling strength can
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Figure 5.6: Potential energy curves (PECs) of the NV− center in diamond. a Adiabatic
potential energy surface (PES) of the lower branch of the 1E state. Qα, Qβ configuration
coordinates represent the collective motion of effective e phonon modes. b-c PECs of the
1A1 state (up panel), the 1E states (middle panel) and the 3A2 state (bottom panel) along
path 1 and path 2 defined in a. Relative change in total energy, ∆E, computed at the PBE
level of theory as a function of Qα and Qβ is reported. The color of the 1E states represents

the weight of 1E(0)
x and 1E

(0)
y configuration. The PECs of the 1A1 and 3A2 states are fitted

by quadratic functions (red dashed lines) and cubic functions (blue dashed lines).

be simplified as

gij,α =


0 G̃ 0

G̃ G 0

0 0 −G

 , gij,β =


0 0 G̃

0 0 −G

G̃ −G 0

 . (5.14)

G̃ is the coupling strength between the 1A1 and the 1E states,

G̃ =

√
ℏ
2ωe

〈
1A1

∣∣∣∣ ∂V∂Qα

∣∣∣∣ 1Ex

〉
=

√
ℏ
2ωe

〈
1A1

∣∣∣∣ ∂V∂Qβ

∣∣∣∣ 1Ey

〉
, (5.15)
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and G is the coupling strength between the 1Ex and 1Ey states,

G =

√
ℏ
2ωe

〈
1Ex

∣∣∣∣ ∂V∂Qα

∣∣∣∣ 1Ex

〉
= −

√
ℏ
2ωe

〈
1Ey

∣∣∣∣ ∂V∂Qα

∣∣∣∣ 1Ey

〉
= −

√
ℏ
2ωe

〈
1Ex

∣∣∣∣ ∂V∂Qβ

∣∣∣∣ 1Ey

〉
.

(5.16)

Here, V is the potential energy of the many-body system. The dependence of G̃ and G on

Qα and Qβ is neglected.

We computed the potential energy curves (PECs) of many-body electronic states along

path 1 (Qβ = 0) and path 2 (Qα = 0) using TDDFT with the PBE functional, as shown in

Figure 5.6. Along path 1, we observe a local minimum for Qα < 0, a cusp at Qα = 0 and

60 meV higher than the minimum, and a saddle point for Qα > 0 with a barrier height of

26 meV. The PEC of the 1A1 state has a curvature that corresponds to an effective phonon

energy of 81 meV, which is 19 meV higher than that of the 3A2 ground state. The PEC

of the 1A1 state is also slightly anharmonic, as shown by the quality of a cubic function fit

(blue dashed line) compared to a quadratic one (red dashed line).

By fitting the adiabatic PECs along path 1 and path 2 obtained by solving the effective

Hamiltonian, to the PECs from first-principles calculations, we obtained the parameters for

the effective Hamiltonian, i.e. ℏωe = 63.0 meV, G̃ = 133.2 meV, and G = 62.4 meV, as

shown in Figure 5.7.

The non-adiabatic coupling can be analyzed in terms of the pseudo Jahn-Teller (PJT)

interaction between the 1A1 and the 1E states with strength G̃, together with the dynamic

Jahn-Teller (DJT) interaction between two 1E states with strength G [73, 232]. Here, we

investigate the contribution of the PJT and DJT effect separately by setting either G or G̃

to zero along path 1 (Figure 5.8) and path 2 (Figure 5.9), respectively. The DJT effect only

couples two 1E states. Along path 1 (path 2), the DJT effect shifts the local minima of

the 1E states away from the Qα = 0 (Qβ = 0) point and results in the presence of a cusp.

On the other hand, the PJT effect couples 1A1 and 1E states. It increases the curvature

of the 1A1 PES; it also decreases the curvature of the lower branch of the 1E PESs that
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Figure 5.7: Fitting of the potential energy curves (PECs) of the NV− center in diamond.
Potential energy curves (PECs) are obtained from first-principles calculations (dots) and
by solving the effective Hamiltonian (dashed lines) along path 1 and path 2, as defined in
Figure 5.6. Minima of the 1A1 state is arbitrarily shifted to 0 meV. The parameters of the
effective Hamiltonian (see Eq. (5.9) are obtained by best fitting the first-principles results.

can be characterized as 1Ex (1Ey) state along path 1 (path 2), and is accompanied by the

mixing of 1Ex (1Ey) wavefunctions with the 1A1 wavefunction. Either the PJT or the DJT

effect taken separately can preserve the axial symmetry of the PESs; preservation of the

axial symmetry is the typical result when electron-phonon coupling is considered only at the

linear order. When the PJT and the DJT effects are considered at the same time, the axial

symmetry of the PESs is reduced to C3v symmetry.

5.5.5 Huang-Rhys factors and spectral densities

We compared the Huang-Rhys factors (HRFs) and Debye-Waller factors (DWFs) obtained

using TDDFT at the PBE and the DDH level, as shown in Table 5.4. Due to the unaffordable

cost of computing phonon modes at the DDH level of theory, we approximated the DDH

phonons as PBE phonons whose phonon energies are multiplied by a constant factor [83].

152



0.6 0.3 0.0 0.3 0.6
100

0

100

200

300

400

500
E 

(m
eV

)

PJT + DJT

a

0.6 0.3 0.0 0.3 0.6
Q  (amu0.5 Å)

PJT

b

0.6 0.3 0.0 0.3 0.6

DJT

c
|1Elow
|1Ehigh

|1A1
harmonic

0

1
PJT + DJT

d
PJT

e
| 1A1(Q)|1A(0)

1 |2
| 1A1(Q)|1E(0)

x |2
| 1A1(Q)|1E(0)

y |2

DJT

f

0

1

W
av

ef
un

ct
io

n

| 1Ehigh(Q)|1A(0)
1 |2

| 1Ehigh(Q)|1E(0)
x |2

| 1Ehigh(Q)|1E(0)
y |2

0.6 0.3 0.0 0.3 0.6
0

1

0.6 0.3 0.0 0.3 0.6
Q  (amu0.5 Å)

| 1Elow(Q)|1A(0)
1 |2

| 1Elow(Q)|1E(0)
x |2

| 1Elow(Q)|1E(0)
y |2

0.6 0.3 0.0 0.3 0.6

Figure 5.8: Dynamic Jahn-Teller (DJT) and pseudo Jahn-Teller (PJT) effect. Potential
energy curves (PECs) of the 1A1 and 1E states along the path with Qβ = 0 obtained by
solving the effective Hamiltonian for non-adiabatic coupling, considering (a) both the PJT
and the DJT effect, (b) only the PJT effect, and (c) only the DJT effect. Minima of the
1A1 curve are arbitrarily shifted to 0 meV for a better comparison. Decomposition of the
wavefunctions of the 1A and 1E states onto the wavefunctions at Qα = 0 are displayed in
the bottom panel, considering (d) both the PJT and the DJT effect, (e) only the PJT effect,
and (f) only the DJT effect.

For both the 3E → 3A2 transition and the 1E → 1A1 transition, the best agreement

with experiment is obtained when the displacement computed at the DDH level of theory

(DDH−∆Q) was used. Using phonons computed at the PBE level of theory (PBE−ph) or

DDH level of theory (DDH−ph) only results in minor changes.

Spectral density of electron-phonon coupling, S(ℏω), computed at different levels of

theory are shown in Figure 5.10. Peak positions of the spectral densities computed with

DDH−ph are generally right-shifted relative to those obtained with PBE. For the 3E → 3A2

transition, all spectral densities have a similar shape, while the one computed with DDH−∆Q
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Figure 5.9: Dynamic Jahn-Teller (DJT) and pseudo Jahn-Teller (PJT) effect. Potential
energy curves (PECs) of the 1A1 and 1E states along the path with Qα = 0 considering
(a) both the PJT and the DJT effect, (b) only the PJT effect, and (c) only the DJT
effect. Minima of the 1A1 curve are arbitrarily shifted to 0 meV for a better comparison.
Decomposition of the wavefunctions of the 1A1 and 1E states onto the wavefunctions at
Qβ = 0 are displayed in the bottom panel, considering (d) both the PJT and the DJT
effect, (e) only the PJT effect, and (f) only the DJT effect.

has higher intensities than the one computed with PBE−∆Q. The opposite is found for the

1E → 1A1 transition, where the spectral densities computed with DDH−∆Q have smaller

intensities than the one computed with PBE−∆Q. The spectral density for the 1E → 1A1

transition is dominated by the coupling with e type phonons, while the one of the 3E → 3A2

transition is dominated by the coupling with the a1 type phonons. When using PBE phonons,

we find that the spectral density for the 1E → 1A1 transition has a broad (sharp) peak at

73 meV (170 meV), resulting from the coupling with a quasi-local (local) e type phonon

mode. Instead, the spectral density for the 3E → 3A2 transition mainly couples with the
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Table 5.4: Computed Huang-Rhys factors (HRFs) and Debye-Waller factors (DWFs). Total
HRFs and DWFs (%) for 3E → 3A2 and 1E → 1A1 transitions computed at different
levels of theory are compared with experiments [147]. Here, DDH−∆Q, PBE−ph denotes
results based on the Huang-Rhys theory, evaluated using ∆Q computed at the DDH level
and the phonon modes computed at the PBE level of theory. The DWF is calculated as
DWF = e−HRF. These results are obtained in the dilute limit, approximated by a (12 ×
12× 12) supercell with 13824 atomic sites.

3E → 3A2
1E → 1A1

HRF DWF(%) HRF DWF(%)
PBE−∆Q, PBE−ph 2.44 8.7 1.42 24
DDH−∆Q, PBE−ph 2.97 5.1 1.08 34
DDH−∆Q, DDH−ph 3.08 4.6 1.13 32

Expt. [147] 3.49 3.2 ∼0.9 ∼40

quasi-local a1 type phonon mode, resulting in a broad peak at 60 meV. The 162 meV a1 type

local phonon mode is present in both the 1A1 and 3A2 states, but it does not contribute to

the spectral density for the 1E → 1A1 transition. However, the 170 meV e type local phonon

mode is only present in the 1A1 state. The 170 meV e mode has an energy higher than the

optical phonons of diamond and couples weakly to the vibrations of the diamond lattice.

The spectral density of the 1E → 1A1 transition generally shifts to higher energy direction

compared to that of the 3E → 3A2 transition, implying an increase of phonon energies in

the 1A1 state compared with those of the 3A2 state.

The photoluminescence (PL) spectrum of the 3E → 3A2 transition and the absorption

spectrum of the 1E → 1A1 transition computed at difference levels of theory are shown in

Figure 5.11. For both computed spectra, we obtained a better agreement with experiments

when DDH−∆Q was used. For the PL of the 3E → 3A2 transition, we obtained the

best agreement with experiments when DDH−ph was used, while for the absorption of the

1E → 1A1 transition, the best agreement was obtained when PBE−ph was used. However,

the difference caused by the choice of level of theory used for phonons and overall negligible.
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Figure 5.10: Spectral densities of electron-phonon coupling. Spectral densities of electron-
phonon coupling S(ℏω) for the 3E → 3A2 transition (a) and the 1E → 1A1 transition
(b). Contributions of the a1 type and e type phonon modes are shown in the middle and
the bottom panels, respectively. Here, DDH−∆Q, PBE−ph denotes results based on the
Huang-Rhys theory, evaluated using ∆Q computed at the DDH level and the phonon modes
computed at the PBE level of theory. These results are obtained in the dilute limit, approx-
imated by a (12× 12× 12) supercell with 13824 atomic sites.

5.5.6 Phonons of the 3A2 and 1A1 states

To quantify the differences between the phonons of the 3A2 ground state and the phonons

of the 1A1 singlet state, we computed the atomic displacements between equilibrium geome-

tries obtained for the 3E → 3A2 and for the 1E → 1A1 transitions. We then project the

displacements onto the phonon modes of the 3A2 state and the 1A1 state and computed

spectral densities of electron-phonon coupling S(ℏω), as shown in Figure 5.12. For both the

3E → 3A2 and the 1E → 1A1 transition, the contributions of the e type phonon modes
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Figure 5.11: Optical spectra. Photoluminescence (PL) spectra of the 3E → 3A2 transition
(a) and absorption spectra of the 1E → 1A1 transition (b). Theoretical results are shown as
solid lines, while experimental results [59, 147] are shown as shaded areas. Here, DDH−∆Q,
PBE−ph denotes the line shapes based on the Huang-Rhys theory, evaluated using ∆Q
computed at the DDH level and the phonon modes computed at the PBE level of theory.
These results are obtained in the dilute limit, approximated by a (12 × 12 × 12) supercell
with 13824 atomic sites.

shift to higher energies when the phonon modes of the 1A1 state are used, while the contri-

butions of the a1 type phonon modes remain almost unchanged. This finding implies that

the a1 type mode of the 1A1 and the 3A2 state are quite similar, which is consistent with

the fact that the two states have similar geometries. The e-type mode of the 1A1 state has

energies apparently higher than those of the 3A2 state, consistent with the analysis based

on non-adiabatic coupling between singlet states.

5.5.7 Treatment of anharmonic effects

The non-adiabatic interaction between singlet states results in a noticeable anharmonicity of

the PES of the 1A1 state, which needs to be carefully taken into account in the calculations

of the absorption line shape of the 1E → 1A1 transition. The formalism used to describe

the optical process relies on the HR theory, which assumes that the harmonic approximation

holds. Since the anharmonic effect is small, we can still use the HR theory and introduce an-
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Figure 5.12: Spectral densities of electron-phonon coupling computed using different sets of
phonon modes. Spectral densities S(ℏω) of the 3E → 3A2 transition (a) and the 1E → 1A1
transition (b). Red and blue lines are the spectral densities computed using the phonon
modes of the 3A2 state and the 1A1 state, respectively. The entire spectral densities, con-
tributions of the a1 type phonons, and contributions of the e type phonons are shown in
the upper, middle, and bottom panels, respectively. The partial Huang-Rhys factors used to
evaluate the spectral densities are computed using atomic displacements between different
states, which are obtained at the PBE level of theory with the (3× 3× 3) supercell with 216
atomic sites.

harmonicity perturbatively. Following Ref. [235], the spectral function for optical absorption,

including the lowest order of anharmonic effects, reads:

Aabs, an(ℏω, T ) =
1

2πℏ

∫ ∞

−∞
eiωtGabs, an(t, T )e

−λ|t|
ℏ dt, (5.17)
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Table 5.5: Comparison of Huang-Rhys factors (HRFs) computed using forces and actual
displacements. Total HRFs of the 1E → 1A1 transition computed using either ∆Qk,F

(
∑

k Sk,F ) or ∆Qk (
∑

k Sk) for the (3× 3× 3) supercell. The ratio r = a3∆Q
a2

reported here
is computed based on fitting the results of the one-dimensional configurational coordinate
diagrams (see Figure 5.13). Here, DDH−∆Q, PBE−ph denotes the line shapes based on the
Huang-Rhys theory, evaluated using ∆Q computed at the DDH level and the phonon modes
computed at the PBE level of theory.

PBE−∆Q, PBE−ph DDH−∆Q, PBE−ph∑
k Sk,F 1.33 1.03∑
k Sk 1.63 1.59∑
k Sk,F∑
k Sk

0.816 0.648

r −0.065 −0.120
(1 + 3r) 0.805 0.640

where Gabs, an(ℏω, T ) is the generating function including the lowest order of anharmonic

effects

Gabs, an(t, T ) = exp

[
it

(
2
∑
k

Skωkrk

)]
exp

[
(1 + 3rk)

(∫ ∞

−∞
S(ℏω)e−iωtd(ℏω)−

∑
k

Sk

+

∫ ∞

−∞
C(ℏω, T )e−iωtd(ℏω) +

∫ ∞

−∞
C(ℏω, T )eiωtd(ℏω)− 2

∑
k

nk(T )Sk

)]
.

(5.18)

Here, we have expanded the potential energy to the third order with respect to the kth

phonon mode

Vk(Qk) = ak2Q
2
k + ak3Q

3
k. (5.19)

and we have defined rk as the unitless ratio between the third and the second-order coeffi-

cients of the expansion

rk =
ak3
ak2

∆Qk . (5.20)

It is evident that the anharmonicity affects the line shape in two ways. Firstly, it shifts

the position of the zero-phonon line and also the phonon sidebands from EZPL to EZPL −
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Figure 5.13: Anharmonic effects of the potential energy curves (PECs). The PECs of the 1A1
state along the linear path connecting the equilibrium geometries of the 1A1 state and the 1E
state computed using TDDFT with PBE (top panel) and DDH (bottom panel) functional.
The energy difference relative to the local minimum, ∆E, is fitted as a function of Q as
∆E = a2Q

2+ a3Q
3. Blue lines are obtained with the fitted function, while the red lines are

obtained neglecting the a3Q3 term.

2
∑

k Sk(ℏωk)rk. Further, it scales the HRFs. The anharmonic HR factor can be defined as

Sk,an = (1 + 3rk)Sk. (5.21)

The latter effect is responsible for changing the line shape of the transition.

In the following, we show an efficient method to compute the anharmonic HR factor. We

first compute, at the equilibrium atomic geometry of the 1E state, the force Fα associated

with the 1A1 PES and exerted on atom α. We then compute the effective displacement
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associated to the kth phonon, ∆Qk,F , as

∆Qk,F =
1

ω2k

N∑
α=1

Fα · ek,α√
Mα

=
1

ω2k
⟨F̃|ek⟩ =

F̃k

ω2k
, (5.22)

where Mα is the mass of the αth atom, and ωk and ek,α are the energy and eigenvector of

the kth phonon mode, respectively. F̃α = Fα/
√
Mα. If we use the definition of F̃k in terms

of a derivative of the potential, and we express the potential as in Eq. (5.19), we obtain:

F̃k = −∂Vk(Qk)

∂Qk

∣∣∣∣
Qk=∆Qk

= −2ak2∆Qk − 3ak3∆Q
2
k = −ω2k∆Qk

(
1 +

3ak3
2ak2

∆Qk

)
, (5.23)

where we used the fact that ak2 = 1
2ω

2
k. Here, ∆Qk is the actual displacement directly

evaluated using the atomic displacements between the equilibrium geometry of the 1A1 and

the 1E states. Then, the HRF can be evaluated as

Sk,F =
ωk∆Q

2
k,F

2ℏ

=
ωk
2ℏ

(
F̃k

ω2k

)2

=
ωk∆Q

2
k

2ℏ

(
1 +

3ak3
2ak2

∆Qk

)2

= Sk

(
1 + 3

ak3
ak2

∆Qk +O
(
a2k3

))
≈ Sk(1 + 3rk),

(5.24)

which is exactly the anharmonic HR factor Sk,an (Eq. (5.21)). In the last step, we neglected

the term containing a2k3. Therefore, by evaluating the HRFs using ∆Qk,F computed using

Eq. (5.22), we automatically include anharmonic effects to the lowest order. We also note

that if anharmonic effects are negligible, then by definition, Sk,F = Sk.

Table 5.5 reports the total HRFs computed using either forces or displacements. We also
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report the unitless ratio r of Eq. (5.20) evaluated based on the cubic fitting of the PECs

of the 1A1 along the one-dimensional configurational coordinate diagram connecting the

equilibrium geometries of the 1A1 and 1E states. By comparing
∑

k Sk,F∑
k Sk

with (1 + 3r), we

can conclude that anharmonic effects are included when calculating HRFs using ∆Qk,F .
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CHAPTER 6

FIRST-PRINCIPLES SIMULATION OF SPIN-DEFECTS FOR

QUANTUM INFORMATION SCIENCE

In this chapter, we introduce two studies in which we employ first-principles methods to

explore spin-defects relevant to quantum information science (QIS). Specifically, our investi-

gations focus on the photo-ionization processes of neutral divacancy centers in 4H-SiC and

the substitutional nitrogen in diamond, aiming to interpret experimental observations and

inform the design of future experiments.

6.1 First-principles study of photo-ionization and stimulated

emission processes of divacancy centers in 4H-SiC

This chapter is adapted with permission from C. P. Anderson, E. O. Glen, C. Zeledon, A.

Bourassa, Y. Jin, Y. Zhu, ..., and D. D. Awschalom. Sci. Adv., 8(5), eabm5912 (2022). by

American Association for the Advancement of Science (2022). https://doi.org/10.1126/sciadv.

abm5912.

6.1.1 Introduction

Single-shot readout of individual defects in SiC can be realized through spin-to-charge con-

version, a process that translates the defect’s spin state into a stable charge state. Utilizing

this method, we can achieve readout fidelity exceeding 80% without the need for pre-selection

or post-selection techniques, thereby facilitating a high signal-to-noise ratio crucial for mea-

suring extended spin coherence times. In our study, we employed a first-principles approach

to examine the spin-to-charge conversion mechanisms of neutral divacancy centers (VV0) in

4H-SiC, with a particular focus on analyzing charge transition levels and photo-ionization
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cross sections. Our findings align closely with experimental data and offer valuable insights

for refining experimental protocols related to spin-to-charge conversion operations.

6.1.2 Theory and methods

Energetics

We computed the energy of the ionization threshold (EVBM
q+1/q

) from VV0 to VV− using

Kohn-Sham density functional theory (DFT):

EVBM
q+1/q = E

q
tot − E

q+1
tot +∆V (q)−∆V (q + 1)− ε(VBM) (6.1)

where q = −1 for VV− and q + 1 = 0 for VV0, Etot is the total energy of the supercell

containing the defect, ∆V is a correction term to the total energy as derived by Freysoldt et

al. in the case of charged defects [236], and εVBM is the position of valence band maximum

(VBM) as determined by the highest occupied Kohn-Sham eigenvalue.

Cross sections

The cross section of the stimulated emission as a function of the photon energy ℏω and

temperature T is given by [221]:

σs(ℏω, T ) =
4π2α

n
ℏωr2sAs (ℏω − EZPL, T ) . (6.2)

Here, α is the fine-structure constant, n is the refractive index, r2s is the square of the optical

matrix element for the transition 3E to 3A2 of VV0 at a given photon polarization, and

EZPL is the energy of the zero-phonon line (ZPL). As(ℏω, T ) is the electron-phonon spectral

function for stimulated emission, which is the same as that of the spontaneous emission
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(photoluminescence) [82, 83]:

As(ℏω, T ) =
∑
a

∑
b

Pea(T )
∣∣〈Θea | Θgb

〉∣∣2 δ (ℏω − Eea + Egb

)
. (6.3)

Here, Θea

(
Θgb

)
is the a-th (b-th) nuclear wave function of the system in the excited state

3E (ground state 3A2
)

with vibrational energy Eea

(
Egb

)
, and Pea(T ) is the distribution

function of the vibrational energies at finite temperature in the excited state. We com-

pute the spectral function by using the displaced harmonic oscillator approximation and the

generating function approach [83].

Similarly, the ionization cross section is given by:

σi(ℏω, T ) =
4π2α

n
ℏω
∑
j

r2i,jAi
(
ℏω − Ei,j , T

)
. (6.4)

Here, r2i,j is the square of the optical matrix element between the initial state (3E state of

VV0), and all possible final states (2E state of VV− with a hole in the valence band) for a

given photon polarization direction. The summation over j includes all valence states of the

defective system. Ei,j is the energy difference between the initial and final states. Ai(ℏω, T )

is the electron-phonon spectral function for ionization, which can be computed in the same

way as As(ℏω, T ). We computed the ionization cross section as a convolution [221]:

σi(ℏω, T ) = ℏω
∫ ∞

−∞

1

ℏω′
σ̃i
(
ℏω′
)
Ai
(
ℏω − ℏω′

)
d
(
ℏω′
)
, (6.5)

where

σ̃i(ℏω) =
4π2α

n
ℏω
∑
j

r2i,jδ
(
ℏω − Ei,j

)
. (6.6)

Here, we replace the δ function with a Gaussian function.
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Optical matrix elements

Optical matrix elements are key ingredients for the accurate description of both the stimulated-

emission and ionization cross sections. Here, we compute optical matrix elements, assuming

that the wavefunctions of the single-particle orbitals of the defective crystal are the same

irrespective of the orbital occupation. Hence, the optical matrix elements between two many-

electron wavefunctions can be computed from the matrix elements between single-particle

orbitals [221]. For example, the optical matrix elements entering the stimulated emission

cross section for the ms = 1 sublevel of the 3E and the 3A2 state of VV0 are given by:

rs =

〈
3Ex/y,ms = 1

∣∣∣∣∣∑
e

re

∣∣∣∣∣ 3A2,ms = 1

〉

=

〈
ā1ēx/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ēy/xēx/y
〉

=
〈
ā1|r|ēy/x

〉 (6.7)

where we use the hole representation for many-electron wavefunctions. A similar expression

is obtained for the ms = 1 and ms = −1 sublevels, where we assume that the spin-up and

spin-down orbitals are identical.

The ionization optical matrix elements are calculated in a way similar to those of the

stimulated emission. The optical matrix element from the ms = 1 and ms = −1 sublevels

of the 3E state of VV0 into the ms =
1
2 and ms = −1

2 sublevels of the 2E state of VV−with

a hole in the valence band are given by:

ri,j =

〈
3Ex/y,ms = 1

∣∣∣∣∣∑
e

re

∣∣∣∣∣
(
2Ex/y,ms =

1

2

)
+ ϕ̄j

〉

=

〈
ā1ēx/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ēx/yϕ̄j
〉

=
〈
ā1|r|ϕ̄j

〉
,

(6.8)
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and

ri,j =

〈
3Ex/y,ms = −1

∣∣∣∣∣∑
e

re

∣∣∣∣∣
(
2Ex/y,ms = −1

2

)
+ ϕj

〉

=

〈
a1ex/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ex/yϕj
〉

=
〈
a1|r|ϕj

〉
.

(6.9)

In an analogous fashion, the optical matrix element from the ms = 0 sublevel of the 3E

state of VV0 into the ms =
1
2 and ms = −1

2 sublevels of the 2E state of VV−with a hole in

the valence band are given by:

ri,j =

〈
3Ex/y,ms = 0

∣∣∣∣∣∑
e

re

∣∣∣∣∣
(
2Ex/y,ms =

1

2

)
+ ϕj

〉

=
1√
2

〈
a1ēx/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ēx/yϕj
〉

+
1√
2

〈
ā1ex/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ēx/yϕj
〉

=
1√
2

〈
a1|r|ϕj

〉
,

(6.10)

and

ri,j =

〈
3Ex/y,ms = 0

∣∣∣∣∣∑
e

re

∣∣∣∣∣
(
2Ex/y,ms = −1

2

)
+ ϕ̄j

〉

=
1√
2

〈
a1ēx/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ex/yϕ̄j
〉

+
1√
2

〈
ā1ex/y

∣∣∣∣∣∑
e

re

∣∣∣∣∣ ex/yϕ̄j
〉

=
1√
2

〈
ā1|r|ϕ̄j

〉
(6.11)

Hence, the cross section is the same for all three sublevels of the 3E state of VV0. To

investigate the effect of photon polarization, we express the photon wavevector in polar

coordinates (Fig. 6.1) [237] with the z direction parallel to the c axis of 4H-SiC as:

q = (sin θ cosφ, sin θ sinφ, cos θ), (6.12)
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and two polarization vectors in the x− y plane and the q− z plane as

e∥ = (− sinφ, cosφ, 0), (6.13)

and

e⊥ = (− cos θ cosφ,− cos θ sinφ, sin θ). (6.14)

Figure 6.1: Schematic representation of the system. (A) Structure of the hh divacancy center
in 4H-SiC. The 3-fold rotational axis of the divacancy center is parallel to the c-axis, as shown
in the plot. (B) Polarization for a photon with wavevector q, defined by the angles θ and
φ in polar coordinates. The z-axis is chosen such that it aligns with the c-axis of 4H-SiC.
e∥ is the component of the photon polarization vector that lies in the x− y plane; e⊥ is the
out-of-plane component of the photon polarization; both e∥ and e⊥ are perpendicular to q.
Any polarization direction e can be expressed as a linear combination of e∥ and e⊥.

As a result, any polarization vector can be expressed as a linear combination of e∥ and

e⊥

e = cos δe∥ + sin δe⊥ (6.15)

and the square of the optical matrix element r2 becomes

r2 = |e · r|2 =
∣∣∣cos δe∥ · r + sin δe⊥ · r

∣∣∣2 , (6.16)
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where the angle δ is defined in Fig. 6.1.

6.1.3 Computational parameters

Energetics of the ionization of VV0 to VV−

We carried out DFT calculations with the Quantum ESPRESSO code [139, 207, 208] and

a dielectric dependent hybrid (DDH) functional [33, 34], using a fraction of exact exchange

equal to 0.15, corresponding to the inverse of the experimental dielectric constant of 4H-SiC

in the direction parallel to the c-axis (see Fig. 6.1) [126]. We used supercells with 400 atoms

(5 × 5 × 2) and sampled the supercell Brillouin zone with the Γ point. We employed SG15

ONCV pseudopotentials [141, 142] and a plane-wave basis with a kinetic energy cut-off of

80 Ry. We used constrained occupations in DFT calculations to evaluate the excited states

of the VV0 defect, and we computed the Freysoldt correction term with the sxdefectalign

package [236]. However, larger cell sizes are required to converge the computed values of the

ZPL, and here we report the values of the ZPL energy extrapolated to the values obtained

with a 1024 atom-site supercell (8× 8× 2) [83].

Table 6.1: Comparison between DFT results and experiment. Experimental values of each
transition are calculated using the measured fundamental gap (3.285 eV), experimental ZPL
(1.096 eV), and experimental threshold of ionization (1.31 eV) reported in Ref. [238].

Transition Computed (DFT, eV) Measured (eV)
3A2 → 3E (ZPL) 1.196 1.096

3A2 → 2E 2.090 1.98
3E → 2E 1.029 0.88

Cross section

We used the refractive index n = 2.55 of 4H-SiC [220] in our calculation of ionization and

stimulated-emission cross sections, and in Fig. 6.3, we aligned the computed (1.196 eV) and
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Figure 6.2: Schematic representation of the ionization of VV0 to VV−, where the energy
of the transitions from many-body states (black lines) are indicated. 3A2 and 3E are the
ground and excited triplet states of VV0 respectively and 2E corresponds to the ground
state of VV−; 1A1 and 1E, the singlet states of VV0 are also indicated.

the experimental (1.096 eV) ZPL energies for the stimulated cross section and the computed

(1.029 eV) and the experimental (0.88 eV) onset for the ionization cross section.

We computed spectral functions (Eq. (6.3)) using the generating function approach and

the displaced harmonic oscillator approximation. We used Gaussian functions with a stan-

dard deviation of 5 meV to broaden the δ function entering the expression of the spectral

densities (Eqs. (11) and (12) of Ref. [83]. In the case of the stimulated emission, we broad-

ened the ZPL with λ = 0.002 meV (Eq. (8) of Ref. [83], with the temperature set to 0 K in all

calculations. We used Gaussian functions with a standard deviation of 30 meV to broaden

the δ function entering Eq. (6.6) (ionization cross section).

We computed the phonon modes of defective solids using the frozen phonon approach

and a (5 × 5 × 2) supercell, with configurations generated with the PHONOPY package [45]

and a displacement of 0.01 Å from equilibrium positions. We extrapolated our results to the

170



Figure 6.3: Computed stimulated emission (σs), ionization (σi) cross sections and their ratio.
Computed cross sections with the light parallel (A) and perpendicular (C) to the c axis of 4H-
SiC averaged over all possible polarization directions. The ratio of the stimulated emission
and ionization cross sections with the light parallel (B) and perpendicular (D) to the c axis
of 4H-SiC averaged over all possible polarization directions.

(16 × 16 × 5) supercell values, as proposed in Ref. [83]. The ground-state phonons of the

hh-VV0 defect (hh-VV−) were used in the calculation of spectral functions of the stimulated

emission (ionization). We used equal occupations of the ex and the ey orbitals in the phonon

calculations for hh-VV− to maintain the C3v symmetry of the point defect.
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Optical matrix elements

We computed optical matrix elements between Kohn-Sham orbitals for hh-VV0 in its ground

state 3A2 as

⟨ψa|r|ψb⟩ =

〈
ψa|[Ĥ, r]|ψb

〉
εa − εb

. (6.17)

Here, Ĥ is the Kohn-Sham Hamiltonian; εa (εb) is the energy of the Kohn-Sham orbital with

single particle wavefunction ψa (ψb), and the contribution of the non-local potential to the

commutator is explicitly taken into account. Calculations were performed with the WEST

code [121] at the PBE level of theory [31]. We checked convergence as a function of the

supercell size by carrying out calculations with a (5× 5× 2) supercell with 400 atomic sites

up to a (9× 9× 2) supercell with 1296 atomic sites (see Fig. 6.5 for details).

6.1.4 Results

Polarization dependence

To determine the dependence of stimulated emission and ionization spectra on the light

polarization, we considered the two limiting cases of light propagation along the z-axis,

parallel to the 3-fold rotational axis of the defect, which has C3v symmetry, and that of

propagation along the x-axis (Fig. 6.1). In the case of propagation along the z-axis, we did

not observe any polarization dependence of either the stimulated emission or the ionization

cross sections (Fig. 6.4A), due to the symmetry of the defect orbitals in the x − y plane

orthogonal to the defect 3-fold rotational axis. In the case of light propagation within the

x − y plane, we observed instead a strong polarization dependence of the cross sections

(Fig. 6.4C). For out-of-plane polarization parallel to the defect axis, the stimulated emission

vanishes, and the cross-section ratio displays a pronounced pole.
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Figure 6.4: Computed stimulated emission (σs), ionization (σi) cross sections and their ratio
at 1151 nm. (A) Computed cross sections at θ = 0 and φ = −π

2 (light parallel to the z
axis) (C) and at θ = π

2 and φ = 0 (light perpendicular to the x axis) as a function of the
polarization angle δ. (B) The ratio of the stimulated emission cross sections and ionization
cross sections at θ = 0 and φ = −π

2 (light parallel to the z axis) (D) and at θ = π
2 and φ = 0

(light perpendicular to the x axis) as a function of the polarization angle δ.

Convergence of calculations

To investigate the finite-size effects on computed optical matrix elements and thus on the

cross sections, we performed calculations using supercells with sizes increasing from (5×5×2)

to (9 × 9 × 2) (Fig. 6.5). We observed an increase of the stimulated emission cross section

and a decrease of the ionization cross section as a function of supercell size and reached

convergence for the (9× 9× 2) supercell.
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Figure 6.5: Computed stimulated emission (σs), ionization (σi) cross sections and their ratio
as a function of the photon energy for supercells with different sizes. (A) Cross sections (B)
and their ratio reach convergence for the (9× 9× 2) supercell.

6.2 First-principles study of photo-ionization process of the

substitutional nitrogen in diamond

This chapter is adapted with permission from J. C. Marcks, M. Onizhuk, Y.-X. Wang, Y. Jin,

Y. Zhu, B. S. Soloway, M. Fukami, N. Delegan, F. J. Heremans, A. A. Clerk, G. Galli, and

D. D. Awschalom. ArXiv:2312.02894 (2023). https://doi.org/10.48550/arXiv.2312.02894.

6.2.1 Introduction

In this work, we explore the dynamics of nitrogen-vacancy (NV) centers in diamond and

their interactions with nearby substitutional nitrogen (Ns) defects, also known as P1 centers,
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which are crucial for quantum sensing and understanding charge dynamics within diamond.

Employing density functional theory (DFT) calculations, we precisely identify the charge

transition levels and ionization cross sections for the Ns center, aligning our theoretical

findings with experimental data to enhance our knowledge of its ionization and recapture

mechanisms.

6.2.2 Theory and methods

Charge transition level

We computed the charge transition level (ECBM
q+1/q

) for the N0
s → N+

s + e− transition using

Kohn-Sham density functional theory (DFT):

ECBM
q+1/q = ε(CBM)−

(
E
q
tot − E

q+1
tot +∆V (q)−∆V (q + 1)

)
, (6.18)

where q = 0 for N0
s and q+1 = +1 for N+

s , Etot is the total energy of the supercell containing

the defect, ∆V is a correction term to the total energy as derived by Freysoldt et al., in the

case of charged defects [236], and ε(CBM) is the position of conduction band minimum

(CBM) of diamond.

We carried out DFT calculations with the Quantum ESPRESSO code [139, 140], and the

Perdew-Burke-Ernzerhof (PBE) functional [31] and the dielectric dependent hybrid (DDH)

functional [33, 34]. We used a fraction of exact exchange equal to 0.18 in the DDH functional,

corresponding to the inverse of the high-frequency dielectric constant of diamond [239]. We

used a (4× 4× 4) supercell containing 512 atoms and sampled the supercell Brillouin zone

with the Γ point. We employed SG15 ONCV pseudopotentials [141, 142] and a plane-wave

basis with a kinetic energy cut-off of 85Ry. We computed the Freysoldt correction term

with the sxdefectalign package [236].
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Ionization cross section

We computed the ionization cross section as a convolution [221]:

σion(ℏω, T ) = ℏω
∫ ∞

−∞

1

ℏω′
σ̃ion

(
ℏω′
)
Aion

(
ℏω − ℏω′, T

)
d
(
ℏω′
)
. (6.19)

Here, Aion (ℏω, T ) is the electron-phonon spectral function for ionization, which is computed

using the Huang-Rhys theory and the generating function approach [70, 82, 83, 221], with

the temperature set to 300 K. The phonons of the N0
s defect were used in the calculation

of spectral functions, which are computed using the frozen phonon approach and a (4 ×

4× 4) supercell at the PBE level of theory, with configurations generated with the PHONOPY

package [45] using a displacement of 0.01 Å from the equilibrium position.

σ̃ion(ℏω) stands for the ionization cross section in the absence of the lattice relaxation,

σ̃ion(ℏω) =
4π2α

n
ℏω
∑
j

|rj |2δ
(
ℏω − Ej

)
. (6.20)

Here, we used the refractive index n = 2.4 of diamond in our calculation of ionization cross

sections, and Gaussian functions with a standard deviation of 30meV to broaden the δ

function entering Eq. 6.20. Optical matrix elements, rj , are computed as the transition

dipole moments, i.e., rj =
〈
a1|r|φj

〉
, where a1 is the defect orbital of N0

s and φj stands for

conduction bands of diamond. We computed optical matrix elements between Kohn-Sham

orbitals for N0
s in its ground state as

〈
a1|r|φj

〉
=

〈
a1|[Ĥ, r]|φj

〉
εa1 − εφj

(6.21)

Here, Ĥ is the Kohn-Sham Hamiltonian; εa1 (εφj ) is the energy of the Kohn-Sham orbital

with single particle wavefunction a1 (φj), and the contribution of the non-local pseudopo-

tential to the commutator is explicitly taken into account. The calculation of optical matrix
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elements was carried out using the WEST code [121, 122] at the PBE level of theory. To

check the convergence of the ionization cross section with respect to the supercell size, we

calculated optical matrix elements in supercells of different sizes, ranging from a (4× 4× 4)

supercell comprising 512 atoms to a (9×9×9) supercell containing 5832 atoms, with results

displayed in Fig. 6.6.

6.2.3 Results

Charge transition level

The computed charge transition level of the N0
s → N+

s + e− transition relative to the con-

duction band minimum (CBM) of diamond is reported in Table 6.2. The charge transition

level computed using the DDH functional is in good agreement with the theoretical value

reported in literature [240].

Table 6.2: Computed charge transition level (eV) of N0
s → N+

s + e− transition with respect
to the conduction band minimum (CBM) of diamond.

PBE (This work) DDH (This work) HSE06 [240]
1.48 2.08 1.8

There are a range of values for the charge transition levels reported in experimental

literature, from 1.7 eV to 2.3 eV [241–247], with most recent work falling in the range of 2.2 eV

to 2.3 eV. Therefore, to be consistent with both our calculation and recent experiments, we

report an ionization cross section with a charge transition level ranging from 2.1 eV to 2.3 eV.

Ionization cross section

To investigate the finite-size effects on computed optical matrix elements and the resulting

ionization cross sections, we performed calculations using supercells with sizes increasing

from (4× 4× 4) containing 512 atoms to (9× 9× 9) containing 5832 atoms. We noted that
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the ionization cross section first decreased with increasing supercell size, but then converged

for larger supercells, as shown in Fig. 6.6.
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Figure 6.6: (a) Computed ionization cross section σion as a function of the photon energy
ℏω. Calculations are performed using optical matrix elements computed in supercells with
sizes increasing from (4× 4× 4) containing 512 atoms to (9× 9× 9) containing 5832 atoms.
The charge transition level is set to 2.2 eV in the calculation. The energy of the red and
green lasers are displayed as red and green dashed vertical lines, respectively. (b) Computed
σion at the energy of the green laser used in the experiment as a function of the number of
atoms Natom in the supercell used in the calculation of optical matrix elements.

We also examined the choice of the charge transition level in the calculation of the

ionization cross section, as shown in Fig. 6.7. With a charge transition level in the range of

2.1 eV to 2.3 eV, the ionization cross section falls in the range of 1.3×10−3 Å2 to 1.9×10−4 Å2

(6+7
−4 × 10−4 Å2), in reasonable agreement with the value measured experimentally in this

work.
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Figure 6.7: (a) Computed ionization cross section σion as a function of the photon energy
ℏω. Calculations are performed using the (9× 9× 9) supercell containing 5832 atoms. The
charge transition level is varied between 2.1 eV and 2.3 eV in the calculation. The energy of
the red and green laser are displayed as red and green dashed vertical lines, respectively. (b)
Computed σi at the energy of the green laser as a function of the charge transition level.
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CHAPTER 7

SELF-TRAPPED EXCITONS IN METAL-HALIDE

PEROVSKITES INVESTIGATED BY TIME-DEPENDENT

DENSITY FUNCTIONAL THEORY

We present a theoretical study on the formation of self-trapped excitons (STEs) and the as-

sociated broadband emission in metal-halide perovskites Cs4SnBr6 and Cs2AgInCl6, using

time-dependent density functional theory (TDDFT) with the dielectric-dependent hybrid

(DDH) functional. Our approach allows for an accurate description of the excitonic effect

and geometry relaxation in the electronic excited states and yields optical gap, STE emission

energy, and emission spectra in reasonable agreement with experiments. We point out the

significance of considering geometry relaxations in the electronic excited state by showing

that the exciton-phonon coupling computed in the ground-state atomic geometry is insuffi-

cient to describe the physical properties of STEs. Overall, we find that TDDFT with the

DDH hybrid functional is a suitable approach for the study of the formation of STEs in per-

ovskite and provides insights for designing metal-halide perovskites with tailored emission

properties.

7.1 Introduction

In recent years, metal-halide perovskites have attracted considerable attention as efficient

light emitters [248–252]. Central to the understanding and design of these luminescent

materials is the concept of self-trapped exciton (STE), where an exciton formed upon light

absorption becomes trapped into a local potential well caused by a deformation of the crystal

lattice induced by the exciton itself. The STE recombination usually results in a broadband

light emission with a significant Stokes shift [253–256]. First-principles calculations have

played an essential role in clarifying the physical origin of the formation of STEs and the
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broadband emission in several metal-halide perovskite materials, through the investigation

of their electronic structure and atomic geometries in the electronic ground state (GS) and

excited state (ES) [257–260]. However, controversies remain in comparing results obtained

at different levels of theory and, in some cases, also in comparing theory with experiments

since measurements are often performed on samples that are not completely defect-free.

Theoretical and computational studies of STEs require the ability to model neutral elec-

tronic ESs in periodic systems using large supercells containing hundreds of atoms, given the

complex geometry of most halide perovskites. The state-of-the-art approach to the prob-

lem would, in principle, be Green’s function-based GW method combined with the solution

of the Bethe-Salpeter equation (GW -BSE) [261]. However, the unfavorable computational

scaling with supercell size and, most importantly, the lack of numerically efficient methods

to evaluate nuclear gradients with GW -BSE still hinders the applicability of the method to

model STEs in metal-halide perovskites [262, 263]. Therefore, many calculations of STEs in

these systems use approaches based on Kohn-Sham (KS) density functional theory (DFT),

for example, the constrained-occupation DFT, also called ∆SCF, where non-Aufbau occupa-

tions of KS orbitals are used [254, 264–272], or the restricted open-shell Kohn–Sham (ROKS)

method, which is similar to ∆SCF but uses spin-restricted KS orbitals [257, 273]. With the

∆SCF and the ROKS approaches, one can compute analytical forces acting on nuclei at a

computational cost comparable to that of GS DFT calculations. However, these methods

are not rigorously derived within a many-body framework and yield results that sometimes

need to be further adjusted to compare favorably to experiments [257, 273]. Moreover, the

difficulty in setting the occupation for (near-)degenerate KS orbitals and in converging the

calculations has prompted the search for alternative methods.

A method widely used in the chemistry community to obtain neutral excitations and to

study the photophysics of molecules is time-dependent DFT (TDDFT) [13]. When using

hybrid functionals, TDDFT can also capture excitonic effects in solids [107]. However,
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its application in periodic calculations for solids has been limited, mainly due to the lack

of efficient implementations for evaluating analytical forces acting on nuclei in the ESs.

Recently, by combining a series of algorithms, we obtained an efficient implementation of

TDDFT and its analytical nuclear forces in periodic boundary conditions, now available in

the open-source code WEST [274]. The controlled numerical approximations used in our

implementation, together with an efficient parallelization scheme on both CPU and GPU

architectures, allowed for the study of the energy and ES geometry relaxation of point

defects in semiconductors and insulators with thousands of electrons [98, 150].

In this letter, we reported a hybrid TDDFT study of the electronic structure of two

metal-halide perovskites, Cs4SnBr6 and Cs2AgInCl6, chosen as prototypical examples, and

we focus on the formation of STEs and the associated broadband emission. We compare our

results with those obtained with ∆SCF calculations and with experiments, with the aim of

identifying a robust level of theory to describe STEs in these materials and of assessing the

effect of several theoretical approximations.

7.2 Results and discussions

In our TDDFT calculations, we used the dielectric-dependent hybrid (DDH) functional [33,

34], where the fraction of the exact exchange is determined by the inverse of the high-

frequency dielectric constant ϵ∞ of the solid, which was computed self-consistently using

calculations in finite-field and the Qbox Code [275], resulting in 3.05 for Cs4SnBr6 and

3.85 for Cs2AgInCl6. These values of ϵ∞ yield a faction of exact exchange of 0.33 and 0.26,

respectively. The DDH functional has been shown to improve the description of the electronic

structure of a broad range of systems [33, 34, 83, 126–130], over the results obtained with

semi-local functionals. Given the inclusion of screening effects in the Coulomb interaction

between the electron and the hole in the excited state [107, 131, 132], we expect excitonic

effects to be described accurately as well by the DDH functional.
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Figure 7.1: Ball-and-stick model of (a) primitive unit cell of Cs4SnBr6 and (b) conventional
unit cell of Cs2InAgCl6. The structure of Cs4SnBr6 belongs to the R3c space group, and
the structure of Cs2InAgCl6 belongs to the Fm3m space group.

We first computed the fundamental and the optical gaps of Cs4SnBr6 and Cs2AgInCl6

by carrying out DFT and TDDFT calculations, and the results are summarized in Table 7.1

together with theoretical and experimental results reported in the literature. The DFT

calculations were performed using the Quantum ESPRESSO code [139, 140] and the SG15

optimized norm-conserving Vanderbilt (ONCV) pseudopotentials [141, 142] with the follow-

ing valence electron configurations: Cs [4s25p66s1], Ag [4s24p65s14d10], In [5s24d105p1], Cl

[3s23p5], Sn [5s24d105p2], and Br [4s24p5]. A kinetic energy cutoff of 40 Ry was used for the

plane-wave basis set, and the Brillouin zone was sampled with the Γ point. The TDDFT

calculations were carried out using the WEST code [121, 122, 274] under the Tamm-Dancoff

approximation. The analytical forces acting on nuclei were computed using the extended

Lagrangian approach by Hutter [17] implemented within a plane-wave approach [274].

The solid Cs4SnBr6 is a zero-dimensional (0D) perovskite, where the [SnBr6] octahedra

are not directly connected. Both the valence and conduction bands of Cs4SnBr6 exhibit a

weak dispersion [276]; hence, we performed DFT and TDDFT calculations in the primitive

unit cell containing 66 atoms. The fundamental gap computed using the DDH functional is

larger than those computed using the PBE0 functional, due to the higher fraction of exact ex-
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change (0.33 in DDH, compared to 0.25 in PBE0). The optical gap computed using TDDFT

with the DDH functional is also higher than those computed using the ∆SCF approach with

the PBE0 functional. The TDDFT (DDH) result overestimates the experimental optical gap

reported in literature [277, 278] by 0.4 eV. This discrepancy may have several origins. From

a theoretical standpoint, it might stem from the use of a global dielectric constant in the

DDH functional, which may underestimate the screening effects on the valence band maxi-

mum (VBM) localized on the [SnBr6] octahedra [279]. The use of a hybrid functional that

includes the spatial variation of the dielectric screening [145] may improve the description of

the screening effects on the VBM and will be considered in future works. Additionally, our

calculations have been performed at T = 0 while experiments are performed at finite T , and

the measured gaps naturally include the dependence on temperature due to exciton-phonon

coupling [280], which may well be substantial. It should be noted that the closer alignment

of the optical gap calculated using the PBE0 level of theory with experiments is fortuitous as

the screening of the PBE0 functional, corresponding to a dielectric constant (ϵ∞) of 4, does

not match the system’s dielectric constant of 3.05. Note also that the two different PBE0

calculations reported in the literature yield markedly different exciton binding energies at

T = 0 (0.6 and 1.25 eV). Our calculations yield 0.86 eV at T = 0, and its dependence on T

remains to be explored.

In contrast to the previous case, Cs2AgInCl6 is a three-dimensional perovskite with all

[AgCl6] and [InCl6] octahedra connected by vertices, and the valence and conduction bands

are more delocalized [257, 273, 281] than those of Cs4SnBr6. Therefore, we performed DFT

and TDDFT calculations in supercells of different sizes, ranging from 40 to 1080 atoms,

and checked the convergence of both the fundamental and optical gaps as a function of size

(see Figure 7.2). The fundamental gap is almost constant as a function of the supercell

size, resulting in a value of 3.19 eV in the dilute limit, which agrees well with previous GW

results [257, 273]. The optical gap has a linear dependence on 1/N
1/3
atom, which arises from
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Table 7.1: Electronic and optical properties of inorganic halide perovskites, obtained at
different levels of theory (see text) and experiments. Egap and Eopt are the fundamental
gap and the optical gap, respectively.

Cs4SnBr6 Cs2AgInCl6
Egap (eV) DDH 5.15 3.19

PBE0 4.5a , 5.01b 2.9f

GW 3.27b

Eopt (eV) TDDFT (DDH) 4.29 3.00
∆SCF (PBE0) 3.90a , 3.76b

GW -BSE 3.02g , 3.22b

Expt. 3.65d , 3.87e 3.3f

a Ref. 276. b The GW -BSE calculations were performed on top of PBE ground state
calculations, as reported in Ref. 257. d Ref. 277. e Ref. 278. f Ref. 281. g The GW -BSE

calculations were performed on top of PBE ground state calculations, as reported in
Ref. 273.

the electron-hole interaction within the exciton. We extrapolated to the dilute limit by

considering an exciton radius of 10.4 Å estimated from the Wannier exciton model using the

effective electron and hole masses and dielectric screening [282], and we obtained an optical

gap of 3.00 eV, in agreement with the experimental value of 3.3 eV [281] and GW -BSE

results of 3.02 – 3.22 eV [257, 273]. The agreement with the experiment may slightly worsen

if we considered temperature effects [283]; however, we note that for this system, the exciton

binding energy (∼ 0.2 eV) is much smaller than for the 0D perovskite. Hence, the absolute

value of the temperature dependence of the exciton-phonon renormalization is not expected

to be substantial.

We note that we also attempted ∆SCF calculations of the optical gap of the 0D and 3D

perovskites. However, the difficulty in setting occupation numbers for (near-)degenerate KS

orbitals prevented us from obtaining a converged optical gap.
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Figure 7.2: (a) Calculated fundamental gap (Egap) and optical gap (Eopt), and (b) exciton
binding energy (Egap − Eopt) for Cs2AgInCl6 plotted against the inverse cube root of the

number of atoms (N−1/3
atoms) in the supercell. The dotted lines represent linear fits of the

energies as a function of N−1/3
atoms. The dashed lines correspond to non-linear fits incorpo-

rating a screening length (D) of 38.3 Å, calculated using D = DH
ϵ∞
µ , where DH = 1.9

Å is the hydrogen atom’s screening length from DFT calculations [160], ϵ∞ = 3.85 is the
dielectric constant of Cs2AgInCl6, and µ = 0.191 is the effective mass of the Wannier-Mott
exciton [282].

7.2.1 STE and broadband emission of Cs4SnBr6

We now turn to the study of the formation of STEs and the associated broadband emission,

starting with the Cs4SnBr6 perovskite. We optimized the atomic geometry in the electronic

singlet and triplet ESs by performing TDDFT calculations using the DDH functional. For
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comparison, we also performed ∆SCF calculations for the triplet ES with the same functional.

We also attempted ∆SCF calculations for the mixed-spin ES but encountered numerical

convergence issues that precluded the completion of the calculation. The resulting STE-

related quantities, including the STE emission energy, the self-trapping energy, defined as the

energy difference between the free exciton and the STE, and the lattice deformation energy,

defined as the energy change in the GS potential energy surface (PES) due to the formation

of the STE, are summarized in Table 7.2. We computed the mass-weighted displacements

between the atomic geometries of the GS and the STE as

∆Q =

Natom∑
α=1

∑
i=x,y,z

Mα

(
RSTE
αi −RGS

αi

)21/2 , (7.1)

where Mα is the mass of the α-th atom, and RGS
αi (RSTE

αi ) is the atomic coordinate of the

α-th atom in the i-th direction of the GS (STE). Our geometry optimization led to an STE

geometry with significant Jahn-Teller type distortions at a single [SnBr6] octahedron with

two Sn−Br bonds elongated and four Sn−Br bonds contracted, as shown in Figure 7.3(c).

Our TDDFT and ∆SCF calculations yield similar geometry distortions. The local geometry

distortion leads to the localization of the frontier KS orbitals, at variance with the orbitals

at the GS atomic geometry, as shown in Figure 7.3(d).

We then built configuration coordinate diagrams between the atomic geometries of the

GS and STE using a linear interpolation method, as shown in Figure 7.3(a). We note that

the energy curves of the TDDFT triplet ES and ∆SCF triplet ES are similar, indicating that

the ∆SCF approach provides reasonable results for the triplet STE, although we encountered

numerical convergence issues in ∆SCF calculations for configurations near the GS atomic

geometry. The energy curves of the TDDFT singlet ES and the TDDFT triplet ES have

similar shapes but differ by a rigid shift. The singlet STE has an energy of 0.75 eV higher

than that of the triplet STE due to the additional exchange interaction between the electron
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Table 7.2: Computed properties of self-trapped excitons (STEs) in inorganic halide per-
ovskites. Eemi, Est, and Ed are the emission energy, self-trapping energy, lattice deformation
energy, respectively. ∆Q is the mass-weighted displacements between the atomic geometries
of the ground state and the STE. ωgs (ωes) is the effective phonon frequency, and Sgs (Ses) is
the corresponding Huang-Rhys factor for the ground state (excited state). We show results
obtained at different levels of theory (see text).

Eemi Est Ed ∆Q ℏΩgs ℏΩes Sgs Ses
(eV) (eV) (eV) (amu0.5 Å) (meV) (meV)

Cs4SnBr6
∆SCF (DDH), triplet 1.96 0.85 11.6 8.06 7.30 130 118

TDDFT (DDH), triplet 1.97 0.76 0.83 11.4 8.11 7.62 125 117
TDDFT (DDH), singlet 2.72 0.77 0.79 12.2 7.62 6.47 137 116
∆SCF (PBE0), triplet a 2.27 0.72 0.77 6.59 6.72 117 107

Expt. 2.30 b

Cs2AgInCl6
∆SCF (DDH), triplet 1.28 1.15 5.56 19.9 16.4 74 61

TDDFT (DDH), triplet 1.32 0.38 1.04 5.54 18.7 16.4 69 60
TDDFT (DDH), singlet 1.21 0.42 1.13 5.68 19.4 16.3 75 63
ROKS (PBE), singlet c 1.82 0.53 0.67 18.3 17.4 37 30

Expt. 2.04 d

a Results obtained using the ∆SCF approach with the PBE0 functional as reported in
Ref. 257. b Ref. 277. c Results obtained using the restricted open-shell Kohn-Sham

(ROKS) approach with the PBE functional and the scaled Perdew-Zunger self-interaction
correction (PZ-SIC) on the unpaired electrons as reported in Ref. 257, 273. The scaling
parameter of the Hartree energy was fitted to reproduce the exciton binding energies

calculated by the GW -BSE approach. The emission energy was adjusted by accounting for
the discrepancy between the free-exciton energy derived from the GW -BSE calculation and

that from the ROKS calculation. d Ref. 281

and the hole localized on a single [SnBr6] octahedron. A cusp can be observed in the energy

curves of the TDDFT singlet and triplet ESs at the GS atomic geometry. By extrapolating

in the negative direction along the configuration coordinate diagram, which corresponds to

the contraction of two Sn−Br bonds and the elongation of the other four Sn−Br bonds,

we observed a saddle point, as shown in Figure 7.4, which is a signature of Jahn-Teller

distortions.

The configuration coordinate diagram allows us to compute the emission line shape for
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Figure 7.3: Self-trapped exciton (STE) in Cs4SnBr6. (a) Configuration coordinate diagrams
of the STE calculated using the TDDFT and the ∆SCF approach. The squares represent the
excited states (ESs), while the circles denote the ground state (GS). The vertical dashed lines
denote the atomic geometry of the GS (gray) and the TDDFT triplet ES (blue), the TDDFT
singlet ES (red), and the ∆SCF triplet ES (green). The ∆SCF calculations encountered
convergence issues around the GS atomic geometry. (b) Computed emission line shapes at
300 K compared with the experimental spectrum from Ref. 277. The computed emission
line shapes were shifted to align the peak position to the experimental one. (c) Change of
the Sn−Br bond lengths due to the formation of the STE at a single [SnBr6] octahedron
computed using TDDFT and the ∆SCF approach. Two Sn−Br bonds are elongated while
four Sn−Br bonds are contracted in the [SnBr6] octahedron, as shown in the inset. (d)
Kohn-Sham orbital density, |φ(r)|2, for the highest occupied molecular orbital (HOMO) and
the lowest unoccupied molecular orbital (LUMO) obtained from GS DFT calculations at the
atomic geometry of the GS and the STE.

the STE, which corresponds to the transition from the STE ES PES to the GS PES, using

Fermi’s golden rule and the Franck-Condon principle [83, 257]:

L(ℏω, T ) ∝ (ℏω)3
∑
i,j

Pej(T )
∣∣〈χej | χgi〉∣∣2 δ (EZPL + jℏΩe − iℏΩg − ℏω

)
, (7.2)

189



10 5 0 5 10
Q (amu1/2 Å)

0

1

2

3

4

5

En
er

gy
 (e

V)

Figure 7.4: Configuration coordinate diagrams of Cs4SnBr6 computed using the TDDFT
approach for the triplet excited state.

where ℏω, T , and EZPL represent the photon energy, the temperature, and the energy of

zero-phonon line emission, respectively. We adopted the one-dimensional effective phonon

approximation for the nuclear wave functions, where |χgi⟩ (|χej⟩) represents the i-th (j-th)

vibrational wave function of the quantum harmonic oscillator with the effective energy of

ℏΩg (ℏΩe). The overlap integrals
∣∣〈χej | χgi〉∣∣2 can be calculated recursively using ℏΩg,

ℏΩe and ∆Q [284]. The exciton-phonon coupling strength for the formation of STE can be

characterized by the Huang-Rhys factor (HRF), computed as [83]

Sg =
Ωg∆Q

2

2ℏ
, Se =

Ωe∆Q
2

2ℏ
, (7.3)

for the GS and the ES, respectively; this quantity can be viewed as the average number of

phonons emitted during the optical transition.

The calculated emission line shapes of the STE are shown in Figure 7.3(b), together with

the experimental emission line shape. The line shapes computed using parameters from dif-

ferent ES calculations agree well with each other, and they are in reasonable agreement with
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experiments, except for a slight overestimate of the peak width. The broadband feature of

the emission line shapes can be related to the strong coupling between excitons and phonons

in the optical transition, reflected by the large HRFs as shown in Table 7.2. We also examined

the temperature dependence of the emission line shape, as shown in Figure 7.5. Interestingly,

a similar temperature dependence has been observed experimentally for Cs4PbBr6 [285].
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Figure 7.5: Computed temperature dependent emission line shapes for Cs4SnBr6 compared
with the experimental spectrum at 300 K [277]. The computed emission line shapes were
shifted to align the position of the peak to the experimental one.

The computed emission line shapes with TDDFT for the singlet and triplet STEs agree

with the experiments. However, the calculated emission energy for the singlet STE is 0.42

eV higher than the experiment, while the computed emission energy for the triplet STE

is 0.33 eV lower than the experiment. The STE radiative lifetime of 500 ns obtained by

time-resolved photoluminescence measurements suggests that the broadband emission might

originate from the triplet STE [277, 278]. We note that the direct calculation of the triplet

emission lifetime requires evaluating the spin-orbit coupling strength between singlet and

triplet excited states, which is beyond the scope of the current study.

191



One possible reason for the underestimation of our calculated STE emission energy and

the overestimation of the emission peak width compared to the experiment could be from

the use of the global dielectric constant in the DDH hybrid functional; such functional is

expected to underestimate the screening effect on the distorted [SnBr6] octahedron where

the frontier KS orbitals are localized, leading in turn to an overestimated local geometric

distortion.

To investigate the exciton-phonon coupling for the STE formation in Cs4SnBr6, we exam-

ined the partial HRFs for each phonon mode. The partial HRF on the k-th phonon mode,

Sk, can be computed as Sk =
ωk∆Q2

k
2ℏ , where ωk is the vibrational frequency of the k-th

phonon mode, and ∆Qk is the projection of the mass-weighted displacements on the kth

phonon mode, which is evaluated using the displacement between the atomic coordinates of

the GS and the STE

∆QDis
k =

Natom∑
α=1

∑
i=x,y,z

√
Mα

(
RSTE
αi −RGS

αi

)
ek,αi, (7.4)

where ek is the eigenvector of the k-th phonon mode. Using the displaced harmonic oscillator

approximation, where the GS and the ES PESs are assumed to have the same shape except

for a displacement, ∆Qk can be calculated equivalently using nuclear forces,

∆QForces
k =

1

ω2k

Natom∑
α=1

∑
i=x,y,z

FES@GS
αi√
Mα

ek,αi, (7.5)

where FES@GS represents the atomic forces on the ES PES at the GS atomic geometry. Since

FES@GS equals the derivative of the excitation energy with respect to the atomic coordinates

at the GS atomic geometry, Sk can be regarded as the exciton-phonon coupling strength of

the k-th phonon mode.

We computed the partial HRFs, Sk, using the two approaches, and displayed the spectral
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Figure 7.6: Spectral density of the Huang-Rhys factors (HRFs) as a function of the phonon
energy for Cs4SnBr6. The HRFs are computed either using the displacements between the
atomic geometries of the ground state (GS) and the STE, denoted as SDis (red solid line),
or using the excited state forces at the GS atomic geometry, denoted as SForces (blue dashed
line). SForces was multiplied by 12 times for a better visual comparison with SDis.

density, S(ℏω) =
∑

k Skδ(ℏω−ℏωk), in Figure 7.6. The spectral density computed using dis-

placements (SDis) and using forces (SForces) are different in terms of both the peak position

and peak intensity. The peak at 12 meV for SDis is related to the Jahn-Teller type phonon

modes, consistent with the Jahn-Teller type of geometry distortion due to the formation of

the STE. The peak at 11 meV for SForces is related to the bending type phonon modes,

and the intensity is more than one magnitude smaller. The drastic difference between SDis

and SForces indicates that the exciton-phonon coupling at the GS atomic geometry is not

appropriate to describe the formation of the STE; direct geometry optimization in ES PES

is required instead.

7.2.2 STE and broadband emission of Cs2AgInCl6

In a similar fashion, we also studied the formation of the STE in Cs2AgInCl6. A (2× 2× 2)

conventional supercell containing 320 atoms was used to localize the STE. The computed

STE emission energy, self-trapping energy, and lattice deformation energy are summarized
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in Table 7.2. The configuration coordinate diagram, the optical emission line shape, and

the geometry distortion due to the formation of the STE and the localization of frontier KS

orbitals are displayed in Figure 7.7.
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Figure 7.7: Self-trapped exciton (STE) in Cs2AgInCl6. (a) Configuration coordinate di-
agrams of the STE calculated using the TDDFT and the ∆SCF approach. The squares
represent the excited states (ESs), while the circles denote the ground state (GS). The ver-
tical dashed lines denote the atomic geometry of the GS (gray) and the TDDFT triplet ES
(blue), the TDDFT singlet ES (red), and the ∆SCF triplet ES (green). The ∆SCF cal-
culations encountered convergence issues around the GS atomic geometry. (b) Computed
emission line shapes at 300 K compared with the experimental spectrum from Ref. 273. The
computed emission line shapes were shifted to align the peak position to the experimental
one. (c) Change of the Ag−Cl bond lengths due to the formation of the STE at a single
[AgCl6] octahedron computed using TDDFT and ∆SCF approach. Two Ag−Cl bonds are
elongated while four Ag−Cl bonds are contracted in the [AgCl6] octahedron, as shown in
the inset. (d) Kohn-Sham orbital density, |φ(r)|2, for the highest occupied molecular orbital
(HOMO) and the lowest unoccupied molecular orbital (LUMO) obtained from GS DFT cal-
culations at the atomic geometry of the GS and the STE.
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The TDDFT geometry optimization in the ES shows a Jahn-Teller type geometry dis-

tortion on a single [AgCl6] when the STE is formed, as shown in Figure 7.7(c), which is

consistent with the results of previous theoretical studies [257, 273]. At the STE geometry,

the highest occupied molecular orbital (HOMO) is localized on a single [AgCl6], while the

lowest unoccupied molecular orbital (LUMO) is still delocalized and repelled away from the

[AgCl6] octahedron, consistent with the dispersion of the VBM and CBM [281] found in

our calculations. These results are consistent with the fact that the TDDFT singlet and

triplet ESs have similar emission energies, as a result of minimizing the exchange interaction

between the hole at the localized HOMO and the electron at the delocalized LUMO. This

is in contrast to the case for Cs4SnBr6, where the HOMO and LUMO are localized on the

same [SnBr6] octahedron. The STE geometry distortions (Figure 7.7(c)), the configuration

coordinate diagrams (Figure 7.7(a)), and the optical emission line shapes (Figure 7.7(b)) for

the triplet ES computed using TDDFT and ∆SCF are similar. However, we note that ∆SCF

calculations failed to converge near the GS geometry, probably due to the existence of near-

degenerate orbitals. In contrast with previous studies that employed the ROKS approach

and revealed a significant gradient in the ES PES near the GS geometry [273], the ES PES

in the vicinity of the GS geometry computed using TDDFT exhibits a relatively flat profile.

The transition from the flat PES to the parabolic PES for the ES suggests a transition from

the free exciton to the STE, a process that our TDDFT calculation successfully captures.

The exciton emission energy computed using TDDFT and ∆SCF underestimates the

experimental emission energy by 0.7 – 0.8 eV, which is associated with the overestimation of

the STE geometry distortion that leads to a broader emission line shape than in experiments,

as shown in Figure 7.7(b). The discrepancy between our theoretical results and experiments

can be ascribed to several factors. Once more, the use of a global dielectric constant in the

DDH functional may be responsible for inaccuracies in the description of the screening effect

for the localized HOMO at the STE geometry, thus resulting in a deficient description of the
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electronic and geometric properties of the STE. In addition, our TDDFT calculations, despite

employing a 320-atom supercell, might still be influenced by finite-size effects, which may

be particularly relevant due to the delocalized nature of the LUMO in the STE geometry.

Employing a finite-size correction of 0.2 eV, the same as that used for the free exciton in

the 320-atom supercell (see our extrapolation in Figure S1), the TDDFT-calculated STE

emission energy would become 1.5 eV. Further accounting for a 0.3 eV discrepancy between

the calculated and experimental optical gaps, we obtain an STE emission of 1.8 eV. We are

not in a position to assess the robustness of these corrections at this time, and we approach

the interpretation of the 2.0 eV emission peak to STE with caution. There might be other

mechanisms not considered here that come into play, such as the emission from point defects,

for example, antisite defects InAg [286], that should be explored in greater detail.

We also studied the exciton-phonon coupling in Cs2AgInCl6 by computing the partial

HRFs using either the displacement between the GS and STE geometries or the atomic

forces on the ES PES at the GS geometry, and the resulting spectral densities are displayed

in Figure 7.8. Although SDis and SForces share common peaks at 16 meV and 34 meV, with

the former corresponding to the Jahn-Teller type phonon modes and the latter related to the

stretching modes, their intensity shows a difference of more than twenty times. Therefore,

the exciton-phonon coupling computed at the GS geometry is insufficient for the description

of the formation of the STE; the direct ES geometry relaxation is critical.

7.3 Conclusions

In summary, we studied the electronic and optical properties of all inorganic halide per-

ovskites Cs4SnBr6 and Cs2AgInCl6, especially the formation of the STE and the associated

broadband emission, using TDDFT with the DDH functional. We showed that the approach

adopted here allows for an accurate description of the excitonic effects and geometry relax-

ation in the excited states and yields optical gap, STE emission energy, and optical emission
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Figure 7.8: Spectral density of the Huang-Rhys factors (HRFs) as a function of the phonon
energy for Cs2AgInCl6. The HRFs are computed either using the displacements between the
atomic geometries of the ground state (GS) and the self-trapped exciton (STE), denoted as
SDis (red solid line), or using the excited state forces at the GS atomic geometry, denoted as
SForces (blue dashed line). SForces was multiplied by 32 times for a better visual comparison
with SDis.

spectra in reasonable agreement with experiments. In addition, TDDFT also allows for the

description of the transition from the free exciton to STE. Importantly, we also demonstrated

that the exciton-phonon coupling computed at the atomic geometry of the GS is insufficient

for the study of STEs and broadband emission; the geometry relaxation in ES PES is re-

quired instead. Overall, we found that ∆SCF-based methods, while adequate in some cases,

present convergence issues and yield results that are not as accurate as those of TDDFT.

However, some discrepancies between the results obtained here and the experiments

remain. In the future, we plan to use hybrid functionals that can describe the spatial variation

of the dielectric function [145, 279] in (TD)DFT calculations of perovskite systems and to

include spin-orbit coupling, which could further improve the agreement with the experiments.

Finally, a careful understanding of the influence of defects on measured emission spectra will

need to be explored in detail [287].

197



CHAPTER 8

CONCLUSIONS AND OUTLOOK

In this dissertation, we presented research projects that fall within two themes: (1) the

development of methods and algorithms for first-principles simulations of excited states and

optical properties of molecules and materials; and (2) first-principles studies of the electronic

structure, excited states, and optical properties of solid-state systems, including point defects

in semiconductors and insulators, and metal-halide perovskites.

In terms of method development, we first presented an implementation of linear-response

time-dependent density functional theory (TDDFT) and its analytical nuclear forces for

both spin-conserving and spin-flip excitations. The combination of a multilevel paralleliza-

tion scheme, several numerical approximations, and GPU acceleration enabled the study of

electronic excited states of different spin multiplicities and the potential energy surfaces for

systems with thousands of electrons at the level of hybrid functional DFT, which is neces-

sary for the interpretation of optical absorption and emission mechanisms for heterogeneous

systems, including point defects in solids.

We then developed and implemented the generating functional approach for the cal-

culation of temperature-dependent vibrationally resolved optical spectra for molecular and

material systems. The method couples the electronic and the vibrational degrees of freedom

in the optical processes by using the optimized atomic geometries of the electronic ground

and excited states as well as their vibrational modes. We validated the theoretical and nu-

merical approximations used in the calculations against experiments on prototypical point

defects in solids. We also demonstrated the importance of the correction for the finite-size

effects.

In terms of applications, we presented a number of first-principles predictions for ex-

cited states and optical properties of point defects in semiconductors and insulators. In

particular, we applied spin-flip TDDFT to study the highly correlated singlet excited states
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of the negatively-charged nitrogen-vacancy center in diamond; we studied the multiphonon

photoionization process of the neutral divacancy center in silicon carbide and the neutral

substitutional nitrogen in diamond. These studies assist in the interpretation of complicated

experimental results and provide important insights for the design of operation protocols

and the discovery of novel spin defects for quantum technology applications. In addition, we

also presented a theoretical study of metal-halide perovskites focusing on the formation of

the self-trapped exciton and the associated broadband emission and demonstrated that our

approaches can be applied to study a variety of systems.

There are a few directions one would want to explore in this field as the next steps.

First, it is beneficial to further improve the efficiency of the TDDFT implementation to en-

able the study of large and heterogeneous systems. It could be achieved by using additional

numerical approximations such as the density fitting techniques [174, 175]. Other interesting

future efforts include the implementation of spin-flip TDDFT with the multi-collinear formal-

ism to reduce numerical instabilities [176, 177] and the implementation of mixed-reference

spin-flip TDDFT [288, 289] or spin-adapted open-shell TDDFT [290–293] to mitigate spin-

contamination issues. One can also leverage the advancement in the machine learning field

to assist the study of electronic excited states of large and complex systems [294–298].

Overall, this dissertation highlighted several advancements in first-principles simulations

of excited states and optical properties of complex systems. I hope that the presented theo-

ries, algorithms, and practical applications will significantly aid the chemistry and materials

science fields in large-scale, first-principles simulations of both molecular and condensed

systems.
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APPENDIX B

SOFTWARE

1. WEST code (west-code.org, contributor)

• TDDFT with hybrid functional

• Spin-flip TDDFT

• TDDFT analytical nuclear forces

2. PyPL code (To be released, main developer)
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