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Functional Details of the Coupling Terms in Eq. (11)

The coupling matrices and scalar from Eq. (11) can be written as
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we define two N dimensional square block matrices whose matrix elements are infinite
dimensional diagonal matrix £2, and £2,. The indices i and j are for block elements and the

indices k and / are for within the element matrices. Their elements are written as
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for DZVZ’i y |C which is the ith row jth column element of the Hessian matrix of I/, evaluated at the
classical path (linear line between the beginning and the end of the path).

For given £2; and 2,, and the identity matrix I of same dimensionality, we define a
matrix A given by

A=02,+02,+D! (S6)
with ith row jth column block element A;;. Moreover, for infinite dimensional column

vectors by and b, with elements

(bg), = —2Z24d (S7a)

(by)y, = 2 1m0%® (S7b)

odd (k) = {1 (k = odd) (S7¢)
~ 10 (k = even)

we can define two N dimensional square matrices L and R. Their ith row and jth column

elements are specified by
(L);; = a;0;(bs" A;;by) (S8a)

(R);j = 0,0;(b;" A;by). (S8b)
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The ith row and jth column elements for the N dimensional square matrices X and M are

written as
(2)y; =z (S9a)
NV (fori=j)
M) = hrsllieh N S9b
( )] {_ZVij(Qi—Qj)(forHt]) (55%)

The N dimensional square matrix Y., D?V,(q) is a Hessian matrix of V, evaluated at q. Lastly, the

N dimensional square matrix C satisfies the relation
AqTCAq = (G + 26@) R(G + 26®@) (S10)

for N dimensional column vectors G and £@ with ith row element

(6); = X-1(Aq; — Agy)V]] (Sl1a)
Jj#i
(€®), = 2:0?V,4|- - Aq (S11b)

where D2V, ; |E is the ith row of the Hessian matrix of I/, evaluated with respect to q.

Derivation of Eq. (11)

We present a derivation of Eq. (11) of the main text in this section. This section is a
generalized version of derivation for Eq. (12) of our previous work.! Throughout the current
derivation, we will refer to the previous derivation.

An alternative representation of the imaginary path using Fourier decomposition can be

written as
6w = 4,0 + (¢:(D) — q;(0)u + L0, T2, aysinClm) /e (S12)

where 0; = \/h?f/m; where m; is the mass associated with the ith particle or ring
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polymer, a; ; are the path parameter where i indexes the ring polymer number and & indexes the
Fourier decomposition.? The variable u ranges from 0 to 1. q;(0) is the beginning of the path
and q; (1) is the end of the path. For notational simplicity, we decompose Eq. (S1) into two parts:

the classical (g ; (1)) and the quantum path (g, ; (u)) such that

qci(w) = q;(0) + (q;:(1) — q;(0))u (S13)

\EU"Z;?:l a;  sin(nmu) /n. (S13)

qoi(w) = -
Note that the classical path is a linear line between the beginning and the end of the imaginary
path while the quantum path represents a delocalization from the said classical path as an infinite

sum of sine functions. Using Eq. (S12), the exact expression of the many-body CG

potential Vs v(q, @, q") can be written as

ePveon(aea) = (T]L, o, /VBT)exp (— 1 AqTEAq)

dgda exp (—iaz) exp (—ﬁ fol duV(q, ), ..., qN(u)))

- 3 (S14)
VT |exp(iE - (@ — @) exp (~1 22 St 5155, Ommtimic/K?)

for a general many-body potential V(qy, ..., qy). The N dimensional column vectors of pseudo-
particle positions q, Q, q', Aq, and q are defined in the main text. The N dimensional column
vector &, whose mth element is &,,, is introduced by using the integral form of delta function in
coarse-graining the intermediate beads. The N dimensional block column vector a has a,, as its
mth block element, and the kth element of the infinite dimensional column vector @, is a;, k.
Lastly, the N dimensional matrix X is defined in Eq. (S9a).

As shown in Eq. (10) of the main text, we assume that there are two terms in the
potential: pairwise decomposable interactions V;; and many-body interactions V,. The second

term in the integral on the RHS of Eq. (S3) then can be written as
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exp (=4 J; du V(@ @), ... qvw))

1 1
= exp (=B X Jy du Vij(a:w) — ;) exp (—B 2 [ du V,(q(w)) (815)
Eq. (S5) of our previous work! shows the Taylor expanded result of the first term on the RHS of

Eq. (S15). In a similar manner, we Taylor expand the many-body term. We can write

[} duv,(qw) = [ du ,(q(0) + (q(1) — q(0))u)

+J, du qo(u) - (D) +3 [ du q ) (D?V,1)qo(w) + f, du 0(D3V,) (S16)
where DV, |, is the transposed Jacobian matrix of V, evaluated at the classical path and D2V, is
the Hessian matrix of I/, evaluated at the classical path.

For simplicity, we define a N dimensional column vector Dgg and a N dimensional

square matrix D(ZZ) such that DV,|, = Dglg and D2V, |, = Dézg The ith element of Délg is noted

,C

as (Dgz) and the ith row and jth column element of Dgzg is noted as (D(Zzg) . Using this
<), , :

ij

notation, integrands of the second and third term on RHS of Eq. (S16) can be written as

V20 (oo @i S
4@ (DY) = T, 22 (T, ) (D)) (S172)
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qu W (D?V;1)qo(w)
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. o  Qinajmsin(nmu) sin(mmu)
=X 2= (Zn=12m=1 J )(Dgg)ij. (S17b)

nm

Before evaluating and simplifying Eq. (S16), we define a N dimensional block vector with
infinite dimensional vector as the block element by and a N dimensional square block matrix
with infinite dimensional square matrix as the block element A,. The nth element of the ith block
element of b, and the nth row and mth column element of the ith row and jth column element

of A, can be written as
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Vo, .

(b)in =B [, du (D)) sin(nmu) (S18a)
200 . .

(A)ijnm = B % fol du (Dg)u sin(nmu) sin(mmu). (S18b)

Lastly, we define a vector B, and a matrix Q, with same dimensionality as b, and A, such that
B, =Y,bsand Q, = Y ; A;. Note that b, and A, are two quantities for a signle many-body
potential I/, and B, and , sum over all many-body interactions present in the force field.

Using Egs. (S17a) and (S17b) along with the newly defined vectors, we can evaluate the
integral with respect to u for the many-body potential V. Eq. (S16) can be rewritten as

i duv,(qw) = [ duv,(q(0) + (q(1) - q(0)w)

1

1 1
;e b, +EaTAZa + [, du 0(D3Vy). (S19)

Using both Eq. (S19) and Eq. (S16) from our previous derivation' to rewrite Eq. (S14), we have

e~ BVceNtrunc = ( §V=1 \/‘%) exp (_%AquAq)

x exp (= [ du v(q(0) + (q(1) — q(0))u))

x [EEexp[-2aT(@, + 0, + Da+ (B, +By)-a+if- (@-79) (S20)
Note that third and higher order Taylor expansion terms are not included in Eq. (S20). We name
the second order truncated expression of the many-body CG potential as V¢g y trunc- In Eq. (S20),
the matrix Q, has the same dimensionality as 0, and is the matrix defined in Eq. (S10) from the
previous derivation, and the vector B, has the same dimensionality as B, as the vector defined in
Eq. (S16) from the previous derivation as well.! Nomenclature of both quantities were changed
for notational convenience.

The Gaussian integral with respect to a in Eq. (S20) can be evaluated as

da

1
Zexp [—EaT(Ql +Q,+Da+(B+B,) a]
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= ’; 1 T
T Al det(Q,+Q,+1) exp (2 (B+B,)" A(B + Bz)) (S21)

forA = (@ + Q, + I)71. Eq. (S20) can then be simplified as

e~ BVceNtrunc = ( §V=1 \/‘%) exp (_%AquAq)

x exp (= [ du v(q(0) + (q(1) — q(0))u))

. \/det(ﬂliﬂz+l) J d§ exp E (By + B;)"A(By + By) +i§-(Q — ﬁ)]. (S22)

Before we evaluate the integral with respect to & in Eq. (S22), we define matrices to simplify the
notation. For the two N dimensional square matrices L and R defined in Egs. (S8a) and (S8b), we
define two N dimensional column vector U and D whose mth element are written as

Up =0 XN_1 b A B, (S23a)

D, =0,%N_.b,"A.,B,. (S23b)
Using the new notation, we can expand the exponent in Eq. (S22) to have

~(By+ B,)TA(B, + B) +i§ - (Q—1)

- -+ iE(Ss+u+@-)

+E FTLF +6"RG) +£(F U+ G- D) + 1B, 4B, (S24)
where the two N dimensional square matrices F and G are defined according to Eqgs. (S13a) and

(S13b) of our previous derivation.! and the N dimensional column vector S satisfies § = LF.

Combine Eqgs. (S22) and (S24) to have

e~ PVcGN trunc = ( §V=1 gt )exp (—%AqTZAq)

81

x exp (= [ du v(q(0) + (q(1) — q(0))u))
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X |—L  _ex (ﬁ—Z(FTLF+GTRG)+E(F-U+G-D)+EB TAB,)
det(Q,+Q,+1) P\% 2 22 2

x [ dE exp [—%ETLE+iE<§S+ U+ (Q—ﬁ))]. (S25)

Evaluating the Gaussian integral in Eq. (S25) gives

e~ BVceNtrunc = ( §V=1 \/‘%) exp (_%AquAq)

X exp (—ﬁ fol duv(q(0) + (q(1) — q(O))u)) \/d mN

et(Q1+Q,+Ddet(L)

2
L GTRG+5G D+ B, 4B, — Q- LI Q - )

X exp (S26)

—UTLW-2F- Q-9 - UL Q-
Lastly, we can evaluate the integral with respect to u in Eq. (S18a) by Taylor expanding the

classical with respect to q and retain up to second derivative (Hessian) terms such that

(bz)in = —ﬁ%fol du (D;lg) sin(nmu)
l
= fo, (bg’n (Dgg)i + by (Dgg)i : Aq) (S27)

The term (DS%) is the ith element of the transposed Jacobian matrix of V, evaluated at the
A/

position q. Similarly, the term D@) is the ith row of the Hessian matrix of V, evaluated at the
zZ,q i

position q. Using the Taylor expanded result in Eq. (S27), we can rewrite the ith block element

of B, such that
(B2); = Boi(bs + £Pby) (S28)

for two N dimensional column vectors £ and £@ whose ith elements Si(l) and Si(z) are written

as

£V =y, (Dg%)i (S292)
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e?D =y, (D%)i . Aq. (S29b)
Using this notation, we can rewrite the two vectors U and D as well such that

U = BLED (S30a)

D = BRE®. (S30b)

Using the new notations, we can simplify Eq. (S26) to have

e~ BVceNtrunc = ( §V=1 \/‘%) exp (_%AquAq)

(2m)N

X exp (_ﬁ fol du V(q(O) + (q(l) - q(O))u)) \/det(9.1+ﬂz+l)det(L)

P2 (6 +26®) R(G + 26@)
xexp| —2(Q-PTL'Q-9 | (S31)
~L(F+2e™)- (-

Or alternatively, the truncated many-body CG potential V¢ y can be written as
1 1
Veonerune = 35 04" ZAq + [ duV(q(0) + (q(1) — q(0))u)

—2(6+26@) R(G+26@) + - (@-D'L Q-

1 WY.(0—g) -2+ N i emVN
+ 2 (F +2€ ) @ q) B In [( =1 \/ﬁ) \/det(ﬂl+ﬂz+l)det(L) (832)
The integral term in Eq. (S32) can be decomposed and Taylor expanded to have

J, du Vi (A + (Byj — Aij)u)

=vy(a,-3,)+3:vi (3,-7,) - (8a: — aq))" + 0(v;}") (833)
and
[ du v,(q(0) + (q(1) — q(0)u) = V(@) + - Aq"DFoAq + 0(D?) (S34)

where A;; = q;(0) — q;(0) and B;j = q;(1) — q;(1) and D;Z’% is the Hessian of V, evaluated at q.
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Omitting the third and higher order terms in Eqgs. (S33) and (S34), we can rewrite Eq. (S32) as
T 2
VCG,N,tTunC = Aq ZAq + V(—) + Z(l]) Vl] (q ) ' (Aql - Aq]) +

T — —
2 Y,0q"DIIAG £ (G + 26@) R(G +26@) + (@ -D'L Q- +

1 €)) 1 g (27"-')N
(F +2¢ ) @- q) ln l( i= 1@) \/det(nlmzﬂ)det(ml' (835)

Lastly, we re-express the V(q) term by expanding V(Q) at q by making the two substitutions

shown as

SunVi(3,-7,) +3F @-9

= S V(@ - 0) =3V (@, -7,) (e -7) - (¢, - 7)) (836)
and
S2Ve@+EV (@ -9 - 2 V2(Q) -3 (@ -TDEQ - . (S37)

The LHS of Egs. (S36) and (S37) are already included in Eq. (S35). Combining the substitution,

the second order truncated Taylor expanded expression of the many-body CG potential can be

written as
Veonerune = V(Q) +3(Q — D Koz (Q — ) +5Aq"KpyAq + Ky (S38)
where
Koz = %L‘l ~-M-¥;D}) (S39a)
Ky, ——M+BZ——C+ ~%, D% (S39b)
_ 1 N
Ko = 551n [( " B) det(Q, +Q, + I)det(L)] (S39¢)

for the N dimensional square matrices X defined in Eq. (S9a), M defined in Eq.

(S9b), and € defined in Eq. (S10).
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