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2.1

2.2

2.3

LIST OF FIGURES

Odd-elastic energy cycle. a. The odd modulus A couples compression to an
internal torque density, while rotations induce no stresses. The applied strains
are represented by the black arrows, the undeformed shape by the dotted lines,
and the internal stresses by the blue icons. b. The odd modulus K° couples
the two independent shear deformations. Unlike shear coupling in anisotropic
passive solids, the induced stress is always rotated 45° counterclockwise relative
to the applied strain. c. An odd-elastic material is subjected to a closed cycle in
deformation space. First, a counterclockwise rotation is followed by a volumetric
strain ey, inducing a torque density Aey. Next, the object does work Aey ey
on its surrounding as it is rotated clockwise through an angle €y, before being
compressed to its original size. The total work done is A times the area enclosed
in deformation space: ey €. d. An analogous cycle involving only shear stress
and shear strain. Adapted from Scheibner et al. [2020b]. . . . . .. .. ... ..
Uniaxial compression of an odd elastic solid. a. A uniaxial compression of
a passive material generically results in symmetric deformation. If the material
sides move outward, its Poisson ratio v is positive. b. A uniaxial compression of
an odd elastic block results in a tilt whose intensity is proportional to the odd ratio
vO. If K? is sufficiently large, the material also becomes auxetic (v < 0), meaning
that the material contract in response to compression. Adapted from Scheibner
et al. [2020b]. . ..
Odd elastodynamics. a. A transverse wave in a passive solid is illustrated.
b. An odd elastic wave propagates with a circular polarization. The thin red
lines represent the displacement field. c. For an overdamped passive solid, the
displacement field of the transverse mode decays towards its rest position. d. For
an overdamped odd elastic solid with K° > 0, the displacement field traces out
spirals that become closed ellipses when B = p = 0. e. A phase diagram for
wave beahvior featuring the moduli A and K°. The red lines denote exceptional
points. The dashed black line corresponds to a hexagonal lattice of bonds with
transverse forces discussed in §2.5. Adapted from Scheibner et al. [2020b].
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2.5

2.6

2.7

0Odd elasticity from pairwise interactions. a. A pairwise interaction with a
longitudinal force FIl(r) (black) and a transverse force F-(r) (red) connects two
particles (gray circles). b. Janus particles and c. hematite colloids driven to spin
by external magnetic fields. Adapted from Yan et al. [2015], Bililign et al. [2021].
d. A network of gyroscopes connected by springs is a realization of gyroscopic
matter, whose elastodynamics can be mapped onto odd elasticity in the limit of
fast spinning gyroscopes. Adapted from Nash et al. [2015]. e. Skyrmion lattices
exhibit transverse interaction via a Magnus force. Adapted from Bauer and Pflei-
derer [2016]. f. Starfish embryos and g. bacteria form chiral crystals with particle
rotation driven by flagella and cilia, respectively. Adapted from Tan et al. [2022],
Petroff et al. [2015]. h. Rayleigh-Bénard convection cells organized in a hexago-
nal pattern. When the system is put under rotation, odd elasticity can appear.
Adapted from Koschmieder and Pallas [1974]. Figure adapted from Fruchart
et al. [2023]. . . L
Active hinges. a. Three rigid linkages are connected by motorized vertices.
b. A hand pushes in on the left, and the right vertex contracts. c. A hand pushes
in on the right, and the left vertex expands. d-f. Schematics summarizing the
asymmetric (or odd) stiffness for kK > 0. Adapted from Brandenbourger et al.
[2022]. ..
Simulations of an odd wall. a. Snapshots of a simulation of the active wall
in its undeformed state (top) and after a quasistatic compression (bottom). The
horizontal strains uy, = —%y, the vertical strains uy,, = —%m and the simple shear

Ugpy = % are calculated by averaging the strains over all hexagons. The vertices

within each red hexagon are coupled via active feedback x%. b. Shear strain wuy,y
(top) and normal strain u,; (bottom) as a function of the normal strain w,, for
a range of values of the ratio between the active feedback and the hinge stiffness
x?/k. These curves were fitted polynomially and the slope at uyy = 0 defines the
odd ratio (Poisson’s ratio). c. The odd ratio (top) and Poisson’s ratio (bottom)

as a function of k%/. A cubic fit 10 = 0.58”—: —0.03 %a is used to calibrate the

value of v? in experiments. d. The odd modulus K (top) and Young’s modulus
E (bottom) as a function of k%/k. Adapted from Brandenbourger et al. [2022].
Impact of a passive projectile on an odd wall. a. A passive projectile is
launched at a wall of 120 motorized vertices (k* > 0), forming a tiling 17 robotic
hexagons [denoted by the double-line hexagons in (b).] Scale bar: 10 cm. (Inset)
Active vertices colored by their deformation. b. Experimental reconstructions of
the wall. Color represents the average vertical displacement u, of each hexagon
and L = 128 cm. c. The displacement averaged over each column uy as a function
of time and horizontal coordinate x. d. The average shear deformation in the
wall with color indicating time. Adapted from Brandenbourger et al. [2022].
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2.8

2.9

2.10

Design and mechanics of an odd micropolar metabeam. a. A single unit
cell featuring three piezoelectric patches mounted on a beam: one that acts as
a sensor, and two that act as actuators. b. A segment of the full metabeam.
c. Each unit cell has an electronic loop. The voltage Vs induced by the central
piezoelectric is fed into a transfer function H(w) = Vg(w)/Vs(w) that sends op-
posing voltages V,; and —V, to the piezoelectric actuators. d. A photograph of
the metabeam (horizontal) with the electronic circuits in the foreground. The
mechanical forces from the attached wires are negligible: they act only as sources
of energy and computation, but not of linear or angular momentum. e. The mo-
tion of the metabeam can be described by two independent fields, ¢ and h, which
parameterize the angular and vertical displacements of the metabeam. Notice
that under a reflection about the Z axis, I have ¢ — —¢p and h — h. f. When
the beam bends, the center piezoelectric is stretched. g. The antisymmetric elec-
tronic actuation then gives rise to a shearing stress proportional to the modulus
P. Adapted from Chen et al. [2021]. . . . . . ... ... oL
Strain field of a dislocation pair. a-c. The distribution of rotation (ul),
shear 1 (u?), and shear 2 (u3) surrounding a pair of dislocations in an odd elastic
solid with v = 0.8 and v° = —0.88. The right panels visualize the continuum
theory while the left panel is the result of numerics. The inset to panel (a)
renders the individual masses and bonds comprising the dislocation pair before
(top) and after (bottom) relaxation. Panels d-f. quantitatively compare theory
and numerical experiments by sampling the strain (green dots) at points between
8.0 and 9.2 lattice spacings from the center. The green line is the theoretical
curve with ¥ = 0.8 and v° = —0.88. The shaded background accounts in the
variation in distance from the center. The orange lines, provided for reference,
are theoretical curves for a passive solid with v = 0.8 and v° = 0. The dilation

(u”) is too small for numerical validation. Adapted from Braverman et al. [2021].

Core and Peach-Koehler forces. a. A dislocation is embedded in a triangular
lattice of bonds exerting clockwise transverse forces. The dislocation consists
of a particle with only five neighbors (labeled 5) paired with a particle with
seven neighbors (labeled 7). These are separated by a horizontal line known
as the glide plane. The transverse forces from the bonds not crossing the glide
plane (highlighted in red) give rise to opposing lateral forces on the rows of
atoms containing the 5 and the 7. These forces motivate the dislocation to travel
left and can be captured in the continuum by the Peach—Koehler force F PK,
b. The bonds that straddle the glide plane push in the opposite direction and,
therefore, motivate the dislocation to move to the right. This effect, dubbed the
core force F°°', evades a continuum description. The core force vanishes when
the microscopic interactions are entirely longitudinal. Adapted from Fruchart
et al. [2023]. . . . L
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2.11

2.12

2.13

2.14

2.15

Schematic of dislocation core. a. A rendering of the dislocation core with
certain particles highlighted by their index (R(a), Cr(a)). b. Bonds connecting
rows 2 and 3 are plotted in the space of their relative coordinates (rs,7y). The
inset shows the contour I'(2,3,1) which interpolates between each of the bond
positions. c¢. The bonds connecting rows 0 and 1 are shown. The individual
contours I'(0,1,n) do not close since the rows 0 and 1 are on opposite sides of
the glide plane. Instead, the bonds can be concatenated into a single continuous
contour C(0,1). Adapted from Braverman et al. [2021]. . . . ... .. ... ..
Dislocations self propel via active work cycles at their cores. a. Three
transverse interactions FLLJ (purple), FLLub (teal), and F(SL (orange), with the
neighbor shells highlighted by grey lines. Inset: A hexagonal lattice with first
and second neighbor shells highlighted. b. Particles are arranged in a free floating
circular cluster with a single dislocation located at the center, and the dislocation
position is tracked as a function of time. Simulations are performed with clusters
of radius R = 50 (dashed) and R = 100 (solid). c. Bonds crossing the glide
plane of a dislocation are highlighted. Hue indicates the bond’s position in real
space (blue: left, red: right). Opacity indicates the length of the bond (nearest
neighbors darkest). d. The highlighted bonds are plotted with their bases aligned.
As the dislocation moves one unit cell to the right, the tops of the bonds traces
out a contour C (black dashed). The gray arrows depict the interaction force
field. e. The interaction F(SL is varied by changing the location § of its peak
(pink: smaller ¢, green: larger §). For each value of 4, the dislocation’s position
is tracked as a function of time. f. The magnitude of the Peach-Koehler force
fPK and the active core force f€O'€ as a function of the peak position 6. The
vertical lines represent the values of § used in the simulation. The direction
change of the dislocation motion coincides with the crossover between ¢ and
fPE. Adapted from Braverman et al. [2021]. . . . .. .. ... ... ... ...
An illustration of the coordinate systems defined in § 2.7.1. Adapted
from Braverman et al. [2021]. . . . .. . ... oo
Geometric properties of disclinations and dislocations. An illustration of
the dislocation angle 6 and Burgers vector b, as well as the contours used in
§2.7.6. Adapted from Braverman et al. [2021]. . . . . .. ... oL
Branch cuts for dislocation motion. [llustration of the branch cut construc-
tion used in §2.7.7-2.7.8. Adapted from Braverman et al. [2021]. . . . . . . . ..
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2.16 Glide constraints on dislocations. An illustration of the kinematic constraints

3.1

that restrict dislocation motion to lie along the glide plane. When a dislocation
glides, the total mass (i.e. number of particles) within the selected region does
not change and the motion is localized to the particles near the core. (In this
realization v is the velocity of the particle with the most motion during the rear-
rangement.) However, when the dislocation climbs, significant motion extends all
the way out to the boundary of the sample since a column of particles moves down-
ward. The net change in mass of the highlighted region is 0M = pdX x b = m,
where b = Xa is the Burgers vector, 6X = —ya is the motion of the dislocation,
m is the mass of the particle, p = m/ a? is the density, and a is the lattice spacing.
Adapted from Braverman et al. [2021]. . . . . ... ... o oL

Edge spiking in electrophysiology, population dynamics, and chem-
istry. a. Experiments from Ref. [Ori et al., 2023| in which an action potential
propagates along a tissue interface, as revealed by a voltage sensitive red dye.
Scale bar 1 mm. The left column shows a schematic vertical cross-section of
the interface: the top tissue features sodium ion channels (inward arrows), while
the bottom tissue features potassium ion channels (outward arrows). The verti-
cal lines represent gap junction coupling between the cells. b. A fast diffusing
predator (lumberjacks) and relatively immobile prey (trees) are described by an
interfacial Lotka-volterra model [Egs. (3.3-3.4)]. A kymograph generated by the
model reveals spikes in the lumberjack population generated at the interface. c.
An interface between two chemical reservoirs, neither of which are capable of
oscillating, is described by Egs. (3.10-3.11). A kymograph of the fast, mobile cat-
alyst a reveals repeated spikes generated at the interface. Adapted from Scheibner
et al. [2023]. . . L
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3.2

3.3

Spikes induced by weak diffusion and large system size. a. (inset) A
predator-prey system with a desert (red) and a forest (blue) described by Egs. (3.1-
3.2). In the forest, the predators (lumberjacks, p) consume the prey (trees, n)
with predation rate 1/q. The predators cross from the forest to the desert (and
subsequently perish) with hopping rate e. a-c. Three phase portraits, for e = 0,
0 < ek 1,and 1 < ¢, illustrate the role of diffusion across a boundary: For ¢ = 0
(a), the lumberjacks reach their carrying capacity and the trees go extinct. For
€ > 1 (c), the lumberjacks go extinct and the trees reach their carrying capacity.
Spikes can only occur in the intermediate range 0 < ¢ < 1 (b), in which the ef-
fective death rate due to hopping is present but not overpowering. Orange curves
are example trajectories. The p = 0 and n = 0 nullclines are denoted by black
and grey lines, respectively. d. A phase diagram for Egs. (3.1-3.2) summarizes the
possible behaviors: if the lumberjack hopping rate € is too large, the lumberjack
population cannot spike. The phase boundaries are determined by the consump-
tion nonlinearity k(q) in Eqgs. (3.1-3.2). e-g. A chain of N forests (blue lines)
are coupled to a desert (red line) by a large hopping rate ¢ = 4. Kymographs
for systems with N =2, N =4, and N = 100 exemplify a distinctive transition:
oscillation onset is driven by increasing system size, even as € is held constant.
(See §3.4 for simulation details.) h. A phase diagram for Egs. (3.3-3.4), applicable
for N > 1, reveals a crucial distinction between the spatially and non-spatially
extended systems: the vertical axis in (h) features N/y/¢, implying that spiking
occurs for a much larger range of ¢ in the spatially extended limit. The curve
X (q) determines the locations of the phase boundaries and is given in Eq. (3.20).
Adapted from Scheibner et al. [2023]. . . . .. ... 0oL
A spiking interface is more than the sum of its parts. a. A spiking phase
diagram is shown for the bioelectric interface in Egs. (3.5-3.6). Here, L/+/D is the
ratio of the system size to the diffusion strength and r and Vi appear in hoo(V) =
rO(Vi — V). The parameter r is the ratio of the amplifier (sodium channel)
strength to the suppressor (potassium channel) strength. b. At small L/ VD,
diffusion forces the membrane potential to be approximately constant across the
entire tissue, creating an effective single cell with both ion channels. For large
L/ VD, the coupling is weak, so the dynamics are spatially heterogeneous. c-k. A
table comparing the L/v/D — 0 (single cell) and the L/v/D — oo (interfacial)
limits. The left column (c, f, i) shows three examples of voltage-current curves
for potassium (red) and sodium (blue) ion channels. Their reversal potentials are
denoted Vi and Vi, respectively. Adapted from Scheibner et al. [2023].
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3.4

3.5

3.6

A geometric construction for interfacial spiking. a. Starting from Egs. (3.5-
3.6), the antiderivatives of fi (V') (solid red line) and hoo(V') fna (V) (solid blue
line) are visualized as hills. The dashed blue line is the antiderivative of r fy, (V).
To construct the stationary solution with no-flux boundary conditions, consider
letting a ball roll from the top of one hill to the other (orange curve). b. The
stationary voltage solution Vj(x) in space corresponds to the trajectory of a ball
(in time) rolling across the potentials in (a). c. The ability to spike is determined
by the number and stability of critical points of ® in Eq. (3.9). To determine
the critical points, release a ball from a voltage Vi and measure the “time" X it
takes to reach the intersection. d. A plot of X vs. Vp reveals three cases. When
x4 intersects X once, the interface is unable to spike. e. When z, intersects X
three times and Vi corresponds to an increasing branch of X, the interface is
excitable. f. When x4 intersects 3 times and Vi corresponds to the decreasing
branch, the voltage at the interface oscillates. g.-h. Kymographs illustrating
no spiking, excitability, and oscillating at the interface. See Appendix 3.8 for
simulation details. Adapted from Scheibner et al. [2023]. . . . . .. .. ... ..
Nonlinear waveguides from interfacial spiking. a-b. Two distinct non-
spiking materials (light and dark grey) are patterned for form a four way junction
of excitable interfaces. When two nonlinear wave trains arrive at a junction in-
phase (a), they propagate through uninterrupted. When the two wave trains
arrive out-of-phase, they annihilate at the junction. The color corresponds to the
intensity I of the fast, diffusively coupled variable. c-d. A network of excitable
interfaces acts as a binary half adder, which takes the sum of two 0 or 1 inputs.
Here, the presence of a wave indicates the value 1 while the absence of a wave
indicates the value 0. The color [jax is the maximum value of I over time when
the network has reached steady state. See §3.7.1-3.7.2 and Appendix 3.8 for
simulation details. Adapted from Scheibner et al. [2023]. . . . . .. .. ... ..
Spike generation in fast-slow systems without spatial extent. a. (top) A
phase portrait of an excitable fast-slow system. The black curve corresponds to
A =0, and the grey curve corresponds to B = 0. The light blue arrow represents
an external perturbation. The solid green curves are the fast trajectory, and the
dashed orange curve is the refractory period. The solid orange circle denotes the
global fixed point. The open (closed) green circle represents an unstable (stable)
fixed point of the fast dynamics. (bottom) On short time scales, the potential
U(A) governs the dynamics. The system is excitable since U(A) has multiple
minima. b. (top) A phase portrait of a fast-slow system exhibiting oscillations.
The dashed orange curve is a limit cycle. The open orange circle denotes an
unstable global fixed point. The closed green circles are stable fixed points of
the fast dynamics if initialized at the open orange circle. (bottom) On short
time scales, the potential U(A) governs the dynamics. The system is exhibits
oscillations since since U(A) has multiple minima and the orange circle (global
fixed point) is not one of them. Adapted from Scheibner et al. [2023]. . . . . .
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3.7

3.8

3.9

3.10

Stationary solutions and critical points. a. The potentials U(A) and U, (A)
are depicted by dashed and solid lines, respectively. The red points correspond
to type I stationary solutions that lie along the non-clipped part of the potential.
The blue point corresponds to a type II stationary solution, which lies at the
point Ay. The grey circle symbolizes a ball moving this 1D potential. If released
from rest at either of the red points, the ball will take a “time" ¢ to reach A = 0.
If the ball is released from the blue point, it will take a “time" X (A) to reach
the origin. b. The stationary solutions are plotted in real space. Type I solutions
intersect the curve X (A) along the x = ¢ boundary and type II solutions intersect
the curve X(A) along the A = Ay boundary. c. The (A, ¥) parameter space
is shown, with X (Ay) plotted. A specific choice of parameters corresponds to a
point P. Type I stationary solutions lie along the dashed red line, while type II lie
along the dashed blue line. The critical points associated with the blue stationary
solution are indicated with purple circles. Adapted from Scheibner et al. [2023].
Determining the stability of critical points. The critical points of ®(A4;e)
are shown for three values of e. a. At low e, there exists only one critical point, A.
b. At moderate e, there exist three critical points A, B, and C. The solids arrows
indicate heteroclinic orbits. c. At large e, only one critical point (C) remains.
Critical points A and C must be minima (i.e. unstable dimension of 0), while B
has an unstable dimension of 1. Adapted from Scheibner et al. [2023]. . . . . . .
Phase diagram for spiking at a Dirichlet boundary. a. A phase diagram
in the A4-¢ plane is divided into 11 distinct regions. The solid black curve is
X(Ayx). The color code indicates the qualitative behavior. Green: no spiking;
olive: bistable; blue: excitable; pink: oscillating. b. The qualitative behavior
may be inferred from diagrams that summarize the topological features of the
flow. In each diagram, the black circles represent stationary solutions, and the
grey circles represent the critical points of the associated potentials. Solid circles
are stable, and the open circles are unstable. The light grey lines represent
heteroclinic orbits in the fast dynamics, and the black lines convey the evolution
of the system on longer time scales. Adapted from Scheibner et al. [2023].. . . .
A spiking phase diagram for a single bioelectric cell. a. A representative
phase portrait for Egs. (3.54-3.55). The fixed point (here unstable) appears at the
intersection heq (black) and hoo (red). b. An annotated phase diagram showing
the fixed points, limit cycles, and heteroclinic orbits in each phase. The light
grey points and arrows represent features that are only present in the 7 — oo
dynamics. c. The heq and hoo curves for each phase in the phase diagram.
Adapted from Scheibner et al. [2023]. . . . .. ... .o oL
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3.11

3.12

Bifurcation analysis of interfacial spiking. a. The Hamiltonian flow in
Egs. (3.61-3.62) for < 0 is depicted. The separatrix Pk (solid blue line) results
from an advection of P = 0 (dashed blue line) through a distance ¢{ — oo.
b. Similarly, the Hamiltonian flow in Egs. (3.61-3.62) for > 0 is depicted. The
separatrix Py, (solid red line) results from an advection of P = 0 (dashed red
line) through a distance £ — —oo. c. In real space, composing the separatrices
yields the stationary solution Vy(x). The curve Vjj(x) matches the z < 0 and
x > 0 solutions subject to the requirement that the right solution obtains a slope
of zero at V' = V. d. The curve PN,(V,VR) is shown in black. Vg is the V
coordinate of the intersection with P = 0, and V] marks the intersection with
Pi. The function X (Vg) represents the x distance transversed in real space
between the voltages Vi and V1 (VRg). e. The function X is plotted as a function
of Vi. The number of solutions to the equation X (Vg) = x4 varies from 1 to 3
depending on xy. f. One can visualize the function X (Vg) by plotting a range
of trial solutions with different slopes at their interface. The function X (Vg)
corresponds to the x value at which each curve first attains its maximum. The
thick lines correspond to the critical points of ®. g. If x4 intersects X once, then
the system does not exhibit spikes. h. If z, intersects X three times with Vi
corresponding to an increasing branch, then the system exhibits excitability. i.
If Vi lies on the decreasing branch of X, then the system exhibits oscillations. In
(e-1), the circles represent critical points of the functional ® in Egs. (3.68). The
orange circle represents Vjy(x), the stationary solution of Egs. (3.5-3.6). Solid
arrows represent fast heteroclinic orbits, and the dashed arrows represent slow
dynamics in Egs. (3.5-3.6). Open circles are unstable critical points, while solid
circles are stable critical points of ®. Adapted from Scheibner et al. [2023].

Linearized dynamics and interface confinement. a. An example of three
solutions to Eq. (3.68) (black lines), which constitute critical points of the func-
tional ®. The light gray curves represent trial solutions that do not meet the
boundary conditions. b-d. The linearized dynamics about each critical point p is
governed by a Schrédinger equation with an effective potential Uy. Each effective
potential features a well near the interface. The unstable dimension, m, of each
critical point corresponds to the number of negative energy states of the Hamil-
tonian. Because the negative energy states must be bound states, the unstable
modes that drive the spiking feature a spatial profile that is localized near the
interface. The sole negative energy state in (c) is highlighted in red. Adapted
from Scheibner et al. [2023]. . . . . . . ...
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3.13

3.14

3.15

3.16

4.1

4.2

A phase portrait of an excitable chemical reaction. A phase portrait for
Eqs. (3.96-3.97) with mq = 2, mg = 1073, 7 = 10*. The black curve is beq(a)
[Eq. (3.98)] and the grey curve is boo(a) [Eq. (3.95)]. The solid and filled green
circles represent critical points of the fast dynamics (c.f. Fig. 3.6). The orange
curve is an example trajectory starting at the star and ending at the orange
solid circle and exhibiting a spike. The same parameters are used to integrate
Egs. (3.102-3.103) in Fig. 3.1c. Notably, the interface exhibits oscillation, rather
than excitability, due to the presence of diffusion. Adapted from Scheibner et al.
[2023]. . . .
Examples of OR, AND, NOT, XOR, and CROSS logic gates. The black
lines represent interfaces between distinct materials (purple and green). Solid
lines fit an integer number of wavelengths, while dashed lines fit a half integer
number of wavelengths. The black circles represent termination points. Adapted
from Scheibner et al. [2023]. . . . .. ... Lo
Decomposition of binary half adder. A binary half adder can be decomposed
into and AND gate and an XOR gates. Since the XOR gate generates an output
of the system, it can be simplified to the XOR* gate. Adapted from Scheibner
et al. [2023]. . ...
Piecewise linear ion channels. Adapted from Scheibner et al. [2023].

Freestanding atomically thin MoS2 on water. a. Schematic describing the
mechanical imaging of atomically thin membrane on water. b. Optical micro-
graph of mm-scale floating MoS9 membrane with < 2 um gap created by laser
patterning. The inset shows a membrane of same dimensions, displaced after
2 hours following patterning of 100 um gap (the dotted line depicts the initial
position). Scale bar=400um. c. Time-dependent change of the gap distance be-
tween floating and anchored MoS2. The standard deviation is shown as gray area.
d-e. AFM height and the strain maps (inset) of (d) confined and (e) free mem-
branes, respectively. f-g. The histogram of (f) height and (g) strain variation
between confined and free membranes. Adapted from Yu et al. [2023]. . . . ..
Scaling of wrinklings via continuum elasticity. a. Experimental measure-
ments of MoS9 surface topography on the water with increasing domain size D
from left to right. Scale bar = 500 nm. b. The average wrinkle width A wave-
length and amplitude A plotted as a function of average domain size D and
wrinkle length ¢. The theoretical scaling in Eqgs. (4.31-4.33) predicts a linear
relationship A\ oc £. c¢. Numerical relaxation of thin sheets with Gaussian dis-
tributed random strain [see Eq. (4.8)]. As the correlation length increases (left
to right), the wrinkles become taller in amplitude and more eccentric. d. The
trace of the strain tensor [Eq. (4.8)] prior to (left) and after (right) relaxation.
Adapted from Yu et al. [2023]. . . . . ...
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4.3

4.4

4.5

Effective mechanical properties of wrinkled MoS2. a. Force-displacement
curve for a sheet of MoS2 by AFM. Red and blue line corresponds large-grain
(D = 1200nm) and small-grain (D = 100nm), respectively. The dotted line shows
the theoretical simulation of the floating membrane indentation with different
Young’s modulus given by Y{, Y;;/10, and Y/100, where Y[y is Young’s modulus
of pristine MoS9, and Gray dotted line shows without the membrane. Inset shows
the schematic of AFM indentation on a floating monolayer MoS9 membrane.
b. The surface topography of floating MoS2 with different domain sizes. i)
D = 100nm, and ii) D = 1200nm. Scale bar = 5um. c. Theoretical strain
energy profiles of a membrane for a given indentation depth h as a function of
radius from the point of indenter » = 0 on water with different Modulus. Dotted
lines show the size of the typical domains for D = 1200nm(LG), and D = 100
nm(SG). d-e. The force response map of D = 100nm (d), and D = 1200nm
(e) on the area presented in (b). The force is measured at the indentation depth
d = 240nm. Scale bar = 5um. Adapted from Yu et al. [2023]. . . . .. ... ..
Boundary conditions and indentation regimes. The spatial profiles h(r)

are shown for increasing values of A = %(%) . a. A = 0.0 corresponds to

exposed water with no membrane. b. A = 0.1 is the maximum value probed in
our experiments. c¢. A = 10 is a regime familiar from nanoindentation of 1um
drum-heads. The blue curve has an inflection point, indicating that the solution
is unstable to an azimuthal buckling instability. The red curves correspond to a
pinned boundary condition, as is the case for suspended membrane experiments.
The blue curves correspond to constant stress boundary conditions, applicable
for floating membranes. The grey dashed lines are asymptotic solutions that can
be calculated analytically. Adapted from Yu et al. [2023]. . . . ... ... ...
Identification of mechanical resolution a. The fraction f of deformation
energy as a function of £ = /R for A < 1, see Eq. (4.81). The shoulder in each
curve sets a radius, the mechanical resolution, within which the majority of the
deformation energy resides. b. The location of the shoulder can be collapsed by
rescaling r by rres = 04/Y /2. Adapted from Yu et al. [2023]. . . . . ... ...
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ABSTRACT

This thesis explores three distinct topics, each requiring a generalization of a classical con-
tinuum theory in order to capture a striking phenomenon from a coarsegrained perspective.
Chapter 2 revisits the time-honored subject of elasticity theory, which describes how
solids exert stresses in response to deformation. Classical elasticity is strongly constrained
by the assumption that stress is related to strain through gradients of a potential energy.
This assumption is not generally valid for systems with internal sources of energy or that are
governed by non-energetic effective interactions. In this chapter, I formulate a continuum
theory known as odd elasticity, which generalizes classical elasticity to include nonconserva-
tive forces. Phenomenological consequences and experimental implications are discussed.

Chapter 3 visits the topic of reaction-diffusion equations. In homogeneous media, it is
known that adversarial forces (present everywhere in space) can give rise to local bistabili-
ties, resulting in spikes and wave propagation. In this chapter, I show how global bistability
can emerge and cause spikes and wave propagation in the presence of heterogeneities, e.g.
boundaries and interfaces, that segregate competing forces. These surprisingly robust inter-
facial excitations arise in models of chemical reactions and predator-prey dynamics, as well
as in recent experiments wherein localized action potentials are created at the interface of
distinct, nonspiking bioelectric tissues.

Finally, Chapter 4 studies the emergence of spontaneous wrinkles recently observed in
novel confinement-free measurements of atomically thin films. I show that a classic thin sheet
model with a minimal twist, disordered strain, is sufficient to recreate these wrinkles. Using
continuum theory, I derive scaling predictions for the wrinkle morphology that are consistent
with experimental observations and independent of atomistic details. A theoretical analysis
of indentation experiments reveals that these wrinkles have dramatic implications for the

effective strength and heterogeneity of unconfined atomically thin films.
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CHAPTER 1
INTRODUCTION

The unifying goal of this thesis to enlarge our ability to see the world through a continuum
lens. This goal is anchored in the mind set that it doesn’t matter what a system (a material,
living organism, or engineered structure) is made of at its microscopic scale so long as
its behavior can be self-consistently described in a macroscopic way. This thesis explores
three incarnations of this broad theme, each of which enhances the scope of our macroscopic
vocabulary in a distinct way, and allows for novel predictions in a variety of physical systems.

The first topic discussed in detail is called Odd FElasticity. Here, elasticity refers to the
ability of a solid medium or a pattern to resist deformation, i.e. shape change, by exerting
internal forces known as stress. This time-honored subject, whose relevance extends from bio-
mechanics to structural engineering, is typically formulated around the following assumption:
the relationship between stress and shape change is governed by a potential energy. While
this assumption is natural for traditional materials (like wood or metal), it needs to be
revisited when the constituents of a medium are capable of metabolizing energy, such as in
crystals made from self-spinning particles, collections of living organisms, or in condensed
matter systems for which the simplest description of the dynamics involves non-conservative
forces. This chapter formulates a version of elasticity applicable to these systems, explores
their phenomenological consequences, and makes predictions for natural and synthetic media.

The following chapter is titled Spiking at the Edge. Spatially extended nonlinear pro-
cesses, such as chemical reactions or muscular contractions, are often described macroscopi-
cally by reaction diffusion equations. In such systems, a spike is a rapid nonlinear surge in a
measured variable (e.g., a chemical’s concentration or a cell’s membrane potential) followed
by a recovery period in which no spike can occur again. These processes are crucial for a wide
range of biological functions, such as pacemaking in the heart and information quantization

in the brain, as well as disastrous events, like forest fires and disease outbreaks. Yet the ex-
1



treme nonlinearity of these systems poses a mathematical challenge, often forcing scientists
to make simplifications that are not universally appropriate. For instance, almost all an-
alytical progress has been confined to situations in which the underlying reaction-diffusion
system are spatially homogeneous. This chapter will present a study spike generation in
reaction-diffusion systems with strong heterogenities (e.g. interfaces and boundaries). A
spiking phase diagram will show that neglecting heterogeneity is not always safe: diffusion
near a boundary or interface can cause edge spiking even when the media on either side
cannot spike separately nor when mixed. The tools developed will be applied to population
dynamics and oscillating chemical reactions, as well as recent experimental observations of
interfacial spikes in hetergeneous bioelectric tissues.

The third topic is titled Spontaneous Wrinkling of Atomically Thin Films. Atomically
thin films are the most slender form of matter that can be made from atoms—they are
typically only one to three atoms thick. Perfect monolayers can now be fabricated on the
wafer scale, meaning that their thickness is only a few angstroms, while their width is several
millimeters. This is no small feat of engineering, considering that a sheet of paper of the
same aspect ratio would easily cover a professional football stadium. Recent experiments
took an unconventional approach to study the mechanics of these atomically thin films: they
were floated on water. The experiments led to an unexpected observation: the atomically
thin films, when released from solid boundaries, are not flat. Instead, they form large
scale, athermal wrinkles whose peak-to-peak height is an order of magnitude larger than the
membrane thickness. In this chapter, I will argue that the wrinkles are independent of the
presence of water and instead depend on one minimal ingredient: disordered internal strain.
A continuum analysis that is agnostic to atomistic structural details shows how the wrinkle
morphology scales with the typical crystalline domain size of the monolayer film. In addition,
other results from these experiments, such as the effective strength and heterogeneity of the

wrinkled membranes, is studied through a continuum perspective.



When the details fade away, my hope is that this thesis expands our ability and our

inclination to view the world through a coarsegrained lens.
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CHAPTER 2
ODD ELASTICITY

2.1 What is elasticity?

Elasticity is the continuum description of the relationship between the way a solid medium
deforms (strain) and the way it exerts internal forces (stress). For many systems, when
the deformations occur on length scales much larger than the size of a typical microscopic
constituent, the stress-strain relationship becomes universal in the sense that it is described
by a small number of phenomenological parameters. These parameters can be constrained
by examining two facets of the system under consideration: symmetries and conservation
laws. For instance, should an experiment look the same if one watches it in a mirror? Is
angular momentum conserved or can be drawn from a hidden reservoir? The conservation
law of interest in this chapter is energy conservation. When valid, this constraint imposes
that stresses are related to the strains through the gradient of an energy functional. For
most conventional materials, like metal, rubber, or wood, this property naturally applies
because these systems typically operate near thermodynamic equilibrium, in which stresses
act to push the system down free-energy gradients. However, this constraint does not hold
universally. For example, in crystals of living organisms or spinning particles, the microscopic
units are constantly metabolizing energy. Moreover, in systems such as coupled gyroscopes or
particles experiencing hydrodynamic interactions, the dynamically relevant notion of force is
not energetically conjugate to displacements. In such systems, one can ask what the correct
form of the elasticity looks like? Elasticity without the assumption of energy conservation
is what I will refer to as odd elasticity. This chapter is based on a sequence of papers
including Scheibner et al. [2020b,a|, Brandenbourger et al. [2022], Fossati et al. [2022], Chen

et al. [2021], Braverman et al. [2021], Fruchart et al. [2023].



2.2 Elasticity without a potential energy

To see what motivates the name odd elasticity, it is useful to review the typical story of
elasticity itself [Landau et al., 1986|. To describe the deformation of a material, we will say
that a piece of material originally at point x; winds up at point x; +u;(x), where u;(x) is the
displacement field. Our goal is to find rules to connect a given deformation to a stress tensor
;. For many practitioners, the canonical way of doing this is to write down an energy
function (or free energy) that is compatible with basic assumptions about the deformed
medium [Chaikin et al., 1995]. For instance, if one assumes that no work is done via a solid-
body translation, then the energy can only depend on gradients of u;. Assuming gradients
are small and the undeformed state is stable, one can proceed in a gradient expansion and

write:
1
F ~ 5 Kl]klazu]akul dx (2.1)

Here Kjjj; is a tensor that determines how much energy a given deformation costs. The

stress tensor o;; is given by:

oE

1
i 0 5 (Kijkt + Kriij) O (2.2)

The coefficient relating the stress and the strain is Cjjpy = %(Kijkl + K klij) is known as
the stiffness or elastic modulus tensor. Notice that the gradient-like structure of the stress

strain relationship has endowed the elastic modulus tensor with a symmetry:
Cijkl = Criij (2.3)

which is known as the major symmetry of the elastic modulus tensor. This result, that

energy conservation imposes a major symmetry on the linear response coefficient, is known
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as Betti’s theorem |[Truesdell, 1963|. However, if the stress-strain relationship is not derived
from an energy function, then the major symmetry need not apply. Without an energy, one
could either (a) proceed by direct coarse-graining of the microscopic forces or (b) start by
postulating that a linear stress-strain relationship o;; = C};9)u; should hold for sufficiently

small deformations. In the latter case, Cjjj; need not be symmetric, and so one can write
_ e o
Cijkl = Cijnr + Cijnl (24)

where C’fj o= Clilz‘j is the symmetric part and C’Zf’j o= _C/?lij the antisymmetric part of the
elastic modulus tensor. In this setting, odd elasticity refers to the antisymmetric (or odd)
part of the elastic modulus tensor.

More generally, I will refer to odd elasticity is any nonconservative contribution to the
quasi-static stress-strain relationship. Here, nonconservative is being used in the same sense
as non-potential. For a point particle at position r in a force field F(r), the force field is
called nonconservative if there exists at least one closed path T' such that ¢ F -dr # 0 L
Likewise, for odd elasticity, the statement that the stress is not the gradient of a potential
can be restated as: there exists quasi-static cycles of strain such that the (canonical) work
integral is nonzero. Whether the work is done on or by the elastic medium is determined by
the direction in which the cycle is transversed. In linear elasticity, one can easily compute

the work integral given the elastic modulus tensor:

w :7{ aijduij (2.5)
T

:ﬁcijkluklduij (2.6)

=— frcijkzuijdukz (2.7)

1. Here it is crucial that the domain is simply connected.



Adding Eqgs. (2.6-2.7) yields:

W = ng’fjkluwdukl = ]{nyklduw A dukl (28)

Hence, within linear elasticity, the odd elastic coefficient relates the area enclosed in strain
space to the net work done by the material. The name odd elasticity is also a reference to
an analogous but distinct concept is fluid mechanics known as odd viscosity, in which the
tensor of viscous coeflicients 7,1 violates its major symmetry because the viscous stresses
do not directly climb entropy gradients [Avron et al., 1995, Banerjee et al., 2017, de Groot
and Mazur, 1954, Onsager, 1931, Hulsman et al., 1970, Soni et al., 2019, Geracie and Son,
2014, Hoyos and Son, 2012, Fruchart et al., 2023]. It should also be noted that odd elasticity,
as I am using it, refers to the static stress-strain relationship, and is therefore distinct from
effects such as viscoelasticity or plastic deformation, although it can be thought of as a
special case of hypoelasticity [Truesdell and Toupin, 1960]. In Appendix 2.7, derivations of
the above statements are done more rigorously in order to address the roles of geometric
and material nonlinearity. Yet, for the majority of calculations in this thesis, the discussion

above is sufficient.

2.2.1 Odd elasticity in two dimensions

To illustrate the consequences of odd elasticity, here I provide a detailed discussion of the
elasticity of a two-dimensional medium 2. In two dimensions, the stress 0;; and displacement
gradient d;u; tensors each have 4 independent components, implying that the elastic modulus
tensor has 16 independent components if no further restrictions are imposed. To visualize

these components it is useful to decompose the stress and strain tensors into irreducible

2. Analogous results can be obtained in three dimensions [Scheibner et al., 2020b].
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Figure 2.1: Odd-elastic energy cycle. a. The odd modulus A couples compression
to an internal torque density, while rotations induce no stresses. The applied strains are
represented by the black arrows, the undeformed shape by the dotted lines, and the internal
stresses by the blue icons. b. The odd modulus K? couples the two independent shear
deformations. Unlike shear coupling in anisotropic passive solids, the induced stress is always
rotated 45° counterclockwise relative to the applied strain. c. An odd-elastic material is
subjected to a closed cycle in deformation space. First, a counterclockwise rotation is followed
by a volumetric strain €y, inducing a torque density Aey . Next, the object does work Aey e
on its surrounding as it is rotated clockwise through an angle €y, before being compressed to
its original size. The total work done is A times the area enclosed in deformation space: ey ¢g.
d. An analogous cycle involving only shear stress and shear strain. Adapted from Scheibner
et al. [2020Db].

representations of SO(2). To do so, we introduce the two-by-two matrices:
T = T = T = T = (2.9)

Using the 7%, define u® = TZ{;{@Z’U]‘ and 0% = Tioj‘.aij. In this basis, the elastic modulus tensor

may be expressed as a four-by-four matrix C%% = %Tfj‘. C’Z-jmnﬂ?m. Thus, a linear constitutive
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equation may be written as:

50 o0 000 0L 02 03\ [,0
ol ob c10 o1l 12 13| ],

= + . (2.10)
o2 o2 020 21 22 23 || ,2
o3 o3 030 31 32 33 )\ 3

where oy corresponds to the an ambient stress that is present prior to deformation.

Notice that €8 has 16 independent components when no physical restrictions are im-
posed. Now, let’s examine the implications of common symmetries and conservation laws.
If angular momentum is conserved, then the stress tensor is required to be symmetric (See
Appendix 2.7). This implies that aé — 1@ = 0 for all a. Next, a common assumption is
that solid body rotations do not contribute to the elastic stress, because solid body rotations
do not involve changing the distances between constituent particles. If no stress is induced
by solid-body rotations, then Cl = 0 for all «, since the stress tensor should not couple to
the antisymmetric part of the displacement gradient tensor under this assumption. Finally,
one can restrict the components of 0B via spatial symmetries. For example, a material
is called isotropic if its properties are invariant under rotations of the coordinate system.
Upon a passive rotation of the coordinate system through angle 6, the elastic modulus tensor
transforms as

cosf sind

Clivin = RitRjiRmpRngC*P4 where  R;

igmn i .
—sinf cos®

(2.11)
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Hence C®? transforms as C'*% = RYYRBICY7 | where

10 0 0
0 1 0 0
R = (2.12)
0 0 cos20 sin260
0 0 —sin26 cos26
Requiring that C"*% = CP for all § implies that C*? must take the form:
B A 0 0
AT 0 0
cP =2 . (2.13)
0O 0 pu K°
0 0 —K° pu
Finally, note that Ci(]j'mn = %TZ%T,éLn(CC)aﬁ . Thus, in standard Cartesian coordinates, the
elastic modulus tensor reads:
Cnn =Bij0mn + 1(0im0jn + 8jmdin — 010mn) — A€ijdmn (2.14)
+ KOEijmn + Fﬁijemn — A%Emn (2.15)
where
1
Eijmn = é(eim(sjn + Eindjm + 6jmfsin + 6jnéim)- (2.16)

In terms of C*?, the energy conservation condition reads CB = ¢Ba 3 Hence, the isotropic

odd elastic modulus tensor, Eq. (2.13) is compatible with a potential energy if and only if

3. There is a crucial subtlety here about whether o;; represents the Cauchy stress or the Piola-Kirchhoff
stress tensor. If it is the Cauchy stress tensor, then the preceding statement is not entirely true in the
presence of ambient stress cr?]-. See Appendix 2.7 for a discussion
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K° =0and A = A. Figure 2.1 Shows an example of two cyclic paths of deformation that

extract energy if A or K¢ is the only nonzero modulus.

2.3 Elastostatics

How does the presence of odd elasticity affect the way a solid bears a load? I will present
here two example calculations which solve classic problems in the presence of odd elastic
coefficients. First though, it is useful to make some general comments. The condition for a

system (loaded at it its boundaries) to be in mechanical equilibrium is

aia'ij =0 (2'17)

Notice that if stress boundary conditions are applied to the medium, then Eq. (2.17) is
independent of the constitutive relations, and hence odd elasticity will not affect the stress
distribution. It will, however, generically affect the shape of the medium under loading.
If mixed stress and displacement boundary conditions are applied, the odd elasticity will

generically affect both the stress and strain distribution.

2.3.1 Poisson ratio, Young’s modulus, and odd ratio

Let us first examine the classic experiment of uniaxial compression, shown in Fig. 2.2. Con-
sider the special case of an odd-elastic material with only B, u, and K nonzero. In a uniaxial
compression with free boundaries on the two sides parallel to the direction of compression,
the material stress is given by oyy = p, 0zz = 0zy = oy = 0, paired with the condition
ugy = 0, so that the top and bottom horizontal boundaries remain horizontal. The goal is

to solve for the strain everywhere inside the material. Using the notation c% = coByb , one
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Figure 2.2: Uniaxial compression of an odd elastic solid. a. A uniaxial compression of
a passive material generically results in symmetric deformation. If the material sides move
outward, its Poisson ratio v is positive. b. A uniaxial compression of an odd elastic block
results in a tilt whose intensity is proportional to the odd ratio v°. If K is sufficiently large,
the material also becomes auxetic (v < 0), meaning that the material contract in response
to compression. Adapted from Scheibner et al. [2020b].

obtains:

D B0 0 0 u?
0 00 0 0 —u3
=2 , (2.18)
—p 00 pu K[| u?
0 0 0 —K° pu u3
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Noting that uz,; = %(uo +u2) and Uyy = %( —u?) and Uyy = %(ug’ —ul), one can invert
Eq. (2.18) to obtain:
p (K% +p — Bu
== 2.19
e =5 (st 21
p ((K°)?+ py? + Bp
- 2.2
o= 3t 220
p(_ —K°
== —5—5 | 2.21
e =5 (G +u2> 220

Equations (2.19-2.21) depend only on three numbers. The first number is the Poisson’s ratio,
which gives the ratio of horizontal contraction to vertical compression:
uS,  Bu— (K242

= - (2.22)
Cug, (K924 4+ By

The second is an overall stiffness scale known as the Young’s modulus

p_ P _ ABIKO)?+u?]
ugy  (K°)?%+p?+ Bp

(2.23)

The final dimensionless quantity will be referred to as the odd ratio, and it gives the transverse

deflection of the medium under uniaxial loading.

u’ 0
V== 2K B2 (2.24)
upy (K% 4 p*+ Bu

s 1 . . .
Here, u; = 5(u;j + uj;) denotes the linearized strain tensor.

2.3.2  Auiry stress function

A useful tool in two-dimensional elastostatics is the Airy stress function. Assuming conser-
vation of angular momentum, the elastostatic condition Eq. (2.17) implies that the stress

tensor may be expressed as 0;; = €;5€;,0,0;x, where x is known as the Airy stress function.
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When K° is the only nonzero odd elastic modulus, an invertible relationship exists between

the symmetric stress o;; and the linearized strain ufj = (Opuj + Oju;) /2

1
uf] = E{(l — V)(Sij(smn +(1+ u)(diméjn + 5in5jm — 5ij6mn) — 2V0Eijmn}0mn (2.25)

From the definition of uj; and Eq. (2.25), notice that
A%y = dieir0j€jupy =0 (2.26)

implying that the Airy stress function is biharmonic. The Airy stress function will make
an appearance in the response to a point force below, and once again again when I discuss

topological defects in §2.6.

2.3.83 Response to point force

Let’s poke an odd elastic solid. Consider a point force of magnitude F' on the boundary of
a semi-infinite medium with stress free boundaries. The well known the Airy stress function

for such a perturbation is given by [Landau et al., 1986]:
F
X = ——T¢coso (2.27)
T

where ¢ is the angle with respect to the direction of the applied force. The corresponding

stress is: opp = —% cos ¢ and 0.4 = 044 = 0. The strain is obtained from Eq. (2.25):

1
Ujj = E{(l — V)(Sijémn +(1+ V)((Siméjn + 5in5jm — 5ij5mn) — QI/OEijmn}Umn (2.28)
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Eq. (2.28) yields the differential equations:

Upyr =Oply = —;lgr cos ¢ (2.29)
Uggh :%(?(buqs + % = V% oS ¢ (2.30)
2uyg =Orug — UT¢ + %(%Ur =—° fFr cos ¢ (2.31)
whose solutions are
Uy :i—]; [— log r cos ¢ + v—1 sin ¢ — v°(sin ¢ + ¢ cos gb)} (2.32)
Ug :i—];{l—i_ygmogrsinqﬁ—i-V;1¢cos¢+l/0¢sin¢} (2.33)

As expected, the piece that breaks mirror symmetry ¢ — —¢ is proportional to the odd ratio
v°. Noting that uy = —uy cos¢ + ug sin ¢, the solutions in Egs. (2.32-2.33) predicts which
way an isotropic odd elastic solid will deflect if poked at its boundary. As will be discussed in
Sec 2.5, Egs. (2.32-2.33) give the correct qualitative behavior for the experiments involving

the impact of a projectile on a wall of odd elastic building blocks shown in Fig. 2.7.

2.4 Elastodynamics and wave mechanics

2.4.1 Continuum wave equations

So far, our discussion of elasticity has not yet involved any equations of motion. For inertial

systems, the dynamics of the displacement field can be described by

pOFu; +0pu; = fi = 00y (2.34)
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Figure 2.3: Odd elastodynamics. a. A transverse wave in a passive solid is illustrated.
b. An odd elastic wave propagates with a circular polarization. The thin red lines represent
the displacement field. c. For an overdamped passive solid, the displacement field of the
transverse mode decays towards its rest position. d. For an overdamped odd elastic solid
with K° > 0, the displacement field traces out spirals that become closed ellipses when
B =1 =0. e. A phase diagram for wave beahvior featuring the moduli A and K°. The red
lines denote exceptional points. The dashed black line corresponds to a hexagonal lattice of
bonds with transverse forces discussed in §2.5. Adapted from Scheibner et al. [2020b].

where p is the mass density and the term v0yu; represents friction on a lubricated substrate.

For an isotropic medium described by Eq. (2.13) the equations of motion read

pO2i + 40yl = (B — D)V(V - @) + (1 + T)Ad + (K° + A)e - At — (A + Ae - V(V - ).
(2.35)

In the rest of this paragraph, I'set A = 0 and ' = 0%. Because Eq. (2.35) is linear, it supports
plane wave solutions @(Z) = @ eUTT=wt) with wave number ¢ and frequency w. As a matrix

equation in terms of the longitudinal u| = ¢ - u and transverse u | = ¢ X U components,

4. Notice that in Eq. (2.35) only four independent coeflicients appear, and hence the six elastic moduli
are redundant from the point of view of the bulk elastodynamics equation.
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Eq. (2.35) reads

u B+u K° u
_(pw2 +Z’7W) || _ _q2 ” —D
Uy -K°+A u) U

Y]

(2.36)

The matrix D in Eq. (2.36), known as the dynamical matrix, relates forces to displacements.
When v = 0 and A = K° = 0, one recovers the two usual types of elastic phonons: a
longitudinal and a transverse mode, with dispersions w = iq\/@ and w = =+¢q %,
respectively. The transverse wave is illustrated in Fig. 2.3a. In contrast, in an overdamped
system (p = 0 and v > 0) passive elastodynamics (A = K° = 0) becomes diffusive: w =
—z'qQB—;rH and w = —ing. In our convention, a negative imaginary frequency implies that
a wave is attenuated. In the case of an overdamped odd elastic solid with A, K° # 0, one

obtains

2Bl B KO~ A)
Y

W =

(2.37)

Notice that when K°(K°— A) > (B/2)?, the frequency has a real part, implying oscillations
even though the system is overdamped (light grey regions in Fig. 2.3e). Just as in the case
of a damped harmonic oscillator, the transition between exponential relaxation and damped
oscillations is marked by an exceptional point (red lines in Fig. 2.3e), where the dynamical
matrix D is not diagonalizable. When the imaginary part of w becomes positive, the solid
can even become unstable (yellow regions in Fig. 2.3a). In Fig. 2.3b, an odd elastic phonon
is shown for K° u, B > 0. Notice that the displacement field is circularly polarized, i.e. it
traces out ellipses. A single point in the displacement field is shown as a function of time for
an overdamped passive solid (A = K° = 0, Fig. 2.3¢) and an overdamped odd elastic solid

(K°, 1, B> 0, Fig. 2.3d).
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2.4.2  Chiral earthquakes: odd elastic Rayleigh waves

The previous calculation address elastic wave that propagated through the bulk of the solid,
but the dispersion changes in the presence of a boundary. For an inertial system, the bulk

equations of motion read
2
pat Uj = 8Zo—w (2.38)

Assuming the medium occupies the y < 0 half plane, the boundary conditions for Eq. (2.38)

read
oyi(y=0)=0 and wu;(y — —00) =0 (2.39)

where w; is the displacement field. The stress tensor o;; is given by 0;; = CjjpmnOmun.
It is useful to parameterize the elastic modulus tensor in terms of the Young’s modulus
E, Poisson’s ratio v, and odd ratio »°. One can then non-dimensionalize the equations
of motion by defining r = ky /ky and l%z = kg \/g, where k is the wave-vector. In this

notation, Eq. (2.38) takes the form:

(r24+1)(1—1?) 2(r24+1)(1—v)v°

ur| k| arraeer T ez T |t
o 2(1—v) 2(r2 1) (1—v)° (r2+1)(1—-1?) (2.40)
U 2 Vv s r v X TQ u
M(r )

yielding the secular equation 0 = det | M (r, /;;x) — 1], which is equivalent to

0=02+ 1% =201 =) + (v + 1? + 402> + DE2 + 2(1 — v)[(v + 1)% + 4(v°)?]
(2.41)
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The solutions to Eq. (2.41) take the form:

- \/2(1 )+ (12 +4(00)2 — /(1 ) E —8(1 — 6v + 12)(1°)2 + 16(v0)?

ry = 2]%% —1

(2.42)

s, \/2(1 —12) + (v + 12 + 4022 + /(T + )T =801 — 6v + )PP + 16097
2 242 N

(2.43)

Each solution comes with a normalized vector n;(r, kz) € ker[M(r, kz) — 1]. Each n; rep-
resents a candidate mode for a Rayleigh wave, and one must find a linear combinations of
candidate modes that satisfy Eq. (2.39). Moreover, it is required Im(rk;) < 0 for all modes
in the superposition in order to ensure that each mode decays into the bulk. The condition

Im(rk;) < 0 implies that linear combinations are of the form:

n;Hr(l;x) Ealni(rf, k) + agn; (r;, k) (2.44)
nj_(icw) Ealni(rf, k) + agn; (9, k) (2.45)
nz_+(l~€x) =an;(ry, ky) + agn;(ry k) (2.46)
n;*(/;’x) =an;(ry, ky) + agni(ry k) (2.47)

One can express the stress at the boundary by:

Tyy Sy (kz) S5t (ka) | |a2
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where the matrix Sii(l;;m) is determined by computing o,; = C’ijmnkikmnﬁi. Hence, the

stress free boundary condition Eq. (2.39) can be expressed algebraically as:
0= gt * (k) = det [Sii(l%x)} (2.49)

For the special case that v = 1, which corresponds to an incompressible solid, the algebraic

expressions may be written explicitly. One finds:

7“1 =+ (2.50)

0\2 _ 1.2
ri =4 At 4(V~ ) ki (2.51)
2 k%

Moreover, gjEjE up to an unimportant denominator reads

g =0 = 0=4[1+ (1°)?] + k3 — 2(i° + 2)k2 — (2i% + /Z;§>\//2;§ — 41+ (10)2]
(2.52)

T =0 = 0=4[1+ (°)%] + kI = 2(i° + 2)k2 + (2i°ky + l%?;)\//%% — 41+ (1°)2]

(2.53)

g7 =0 = 0=4[1 + (1°)?] + k3 + 2(° — 2)k2 + (2i%ky — k2 \/k2 A1 + (v°)?]
(2.54)

g =0 = 0=4[1 + (°)?] + kj + 2(° — 2)k2 — (20%y — k2 \/kQ — 41 + (v°)?]
(2.55)

Notice that g7 = 0 and g7~ = 0 are both equivalent to the condition
];;6_(6_4-0~4 ) 0N\ L2 s 0N2

- i)k, +4(1 —iv?)(2 —iw)ky —4(1 —w?)* =0 (2.56)
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while g7~ = 0 and g~ " are both equivalent to the condition

ES — (6 +4i02)k + 41+ i®) (2 + iv®)k2 — 4(1+ i°)2 =0 (2.57)

The condition Im(rk;) < 0 then implies that that the roots of Eq. (2.56) should be taken
for right traveling waves (Re(kz) > 0) and the roots of Eq. (2.57) should be taken for left
traveling waves (Re(ky) < 0). The quantity ¢, = —Im(kz) describes the in which direction
the Rayleigh wave is exponentially localized. Inspection of Eqs (2.56-2.57) imply that the
dispersion is chiral: the waves are unidirectionaly amplified in a direction determined by the
odd ratio v?. In the impact experiments discussed in §2.5, one half of the wall vibrations
noticeably more than the other half after the impacter departs. The sign of g, correctly

gives which half of the wall exhibits more wiggling in experiment.

2.5 Microscopic models and experimental systems

In this section, I present experimental systems and minimal microscopic models that give

rise to odd elasticity.

2.5.1 Pairwise interactions: odd springs

The simplest microscopic model of an elastic solid is a collection of masses connected by
springs. More generally, one can model a solid as a collection of point particles with in-
teraction forces that depend on their relative position [Scheibner et al., 2020b,a, Braver-
man et al., 2021, Bililign et al., 2021|. Consider a collection of N particles with positions
x®(t) and denote the total force on each particle is given by F¥(x!, ... xN) (here, a la-
bels the particle). This force is said to be potential if Ff* = —0V /0z§ for some potential
function V(x!,...,x™). Odd elasticity describes the contribution to the microscopic inter-

actions that are not compatible with a potential, but are still compatible with Newton’s
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Figure 2.4: Odd elasticity from pairwise interactions. a. A pairwise interaction with
a longitudinal force Fl(r) (black) and a transverse force F-(r) (red) connects two particles
(gray circles). b. Janus particles and c. hematite colloids driven to spin by external magnetic
fields. Adapted from Yan et al. [2015], Bililign et al. [2021]. d. A network of gyroscopes con-
nected by springs is a realization of gyroscopic matter, whose elastodynamics can be mapped
onto odd elasticity in the limit of fast spinning gyroscopes. Adapted from Nash et al. [2015].
e. Skyrmion lattices exhibit transverse interaction via a Magnus force. Adapted from Bauer
and Pfleiderer [2016]. f. Starfish embryos and g. bacteria form chiral crystals with particle
rotation driven by flagella and cilia, respectively. Adapted from Tan et al. [2022|, Petroff
et al. [2015]. h. Rayleigh-Bénard convection cells organized in a hexagonal pattern. When
the system is put under rotation, odd elasticity can appear. Adapted from Koschmieder and
Pallas [1974]. Figure adapted from Fruchart et al. [2023].

third law. Formally, Newton’s third law means that the forces F® can be decomposed as
Foxt, . xN) =3 F(xt, L x) with FOF = —FFe.

For concreteness, let us focus on two-dimensional systems with pairwise forces that are
N ) _

covariant under rotation. In this case, the force law takes the form FP (xl, X

F(x® — x7) where
F(r)=Flri-FLer)é (2.58)

in which ¥ = r/r, r = ||r||, and ¢ = —e - . As illustrated in Fig. 2.4a, Fl(r) is a radial
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force and F-(r) is a transverse force. The force law is said to be transverse or noncentral
when F- = 0. Notice that such an interaction is compatible with a potential if and only if
VxF = %&a(rFl) = 0. Except for the special case of F- oc 1/r (relevant to vortices [Sonin,
1987, Gifford and Baym, 2008, Nguyen et al., 2020, Moroz et al., 2018, Fetter, 2009, Blatter
et al., 1994, Tkachenko, 1969, 1966b,a|), the force is nonpotential if FL++£0.

Particles interacting via Eq. (2.58) tend to form hexagonal lattices. With a denoting the

preferred lattice spacing, Eq. (2.58) may be linearized as
Py =Fll(a) = k(r — ) FLr) ~F*(a) — K*(r — a). (2.59)

The linearized interactions in Eq. (2.59) can be thought of as (odd) Hookean springs with
spring constant k and a transverse spring constant k*. When F(r) falls off sufficiently rapidly,
a useful approximation is to keep only the interactions between nearest neighbors. In this
approximation, the ambient pressure p(pre) and ambient torque 7(Pre) i 5 triangular lattice

are

pore) — 3 F (@ ore) 5 () (2.60)

a a

and the isotropic 2D elastic moduli are

B3 (k + M) " :73 (k _3Al (a)> (2.61)

2 a

A=— \/; (k“ + @) Ko =Y3 (ka = M) (2.62)

One can see explicitly from Eq. (2.62) that the transverse force gives rise to odd elastic
moduli. See Born and Huang [1954], Goldhirsch [2010], Irving and Kirkwood [1950], Lut-
sko [1989], Scheibner et al. [2020b], Fruchart and Vitelli [2020], Poncet and Bartolo [2022],

Braverman et al. [2021] for more details on coarse-graining procedures.
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Transverse, pairwise interactions can serve a minimal model for variety of experimentally
relevant interactions. A noteworthy example includes solids made of collections of spinning
particles that push transversely on each other via a fluid-mediated interactions or steric
friction. For instance, when magnetic colloidal particles are spun by an external magnetic
field, hydrodynamic interactions give rise to transverse forces [Bililign et al., 2021, Yan
et al., 2015]. In a related category are spinning living organisms such as bacterial and
starfish embryos [Tan et al., 2022, Petroff et al., 2015]. Another important class are systems
that have a rotated mobility matrix: their velocity is rotated with respect to the applied
force. Examples in this category include vortex-like objects such as Skyrmions [Benzoni
et al., 2021, Huang et al., 2020, Ochoa et al., 2017, Miihlbauer et al., 2009, Yu et al., 2010,
Brearton et al., 2021] as well as gyroscopes [Wang et al., 2015, Zhao et al., 2020, Carta et al.,
2014, Hassanpour, 2014, Carta et al., 2017, Nash et al., 2015, Mitchell et al., 2018b,c,a, Brun

et al., 2012] in their fast spinning limit.

2.5.2  Active hinges

In an inertial system, the transverse force in Eq. (2.58) inherently requires a torque to be
provided to each bond. The building blocks must therefore have an internal or external
reservoir of angular momentum. However, such a reservoir is not necessary for odd elasticity
in systems with non-pairwise interactions. For example, the linkage shown in Fig. 2.5 has
two angular degrees of freedom 61, 69, each determined by the location of three vertices.
When an angle deforms, it experiences a torsional force 7; proportional to the change in

angle 66;, for example given by

|y [ & & 061 (2.63)

™ —K
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Figure 2.5: Active hinges. a. Three rigid linkages are connected by motorized vertices.
b. A hand pushes in on the left, and the right vertex contracts. c. A hand pushes in on the
right, and the left vertex expands. d-f. Schematics summarizing the asymmetric (or odd)
stiffness for k% > 0. Adapted from Brandenbourger et al. [2022].

Here x is the standard bond bending stiffness provided, for example, by the elastic band
subtending the joint. The coefficient k% is an antisymmetric coupling that would not appear
in passive systems. Both the usual bond bending stiffness and the odd bending stiffness
describe non-pairwise interactions because the angle at each vertex (and hence the force)
is determined by the locations of three vertices. For this system, the power done by the
torsional forces is W = Tiéi, so the work done along a closed cycle vanishes if and only if
k% = 0. Hence the torque-angle relationship is nonconservative when k% # 0. Consequently,
a lattice made of such units generically exhibits odd elasticity in the continuum limit. Since
the microscopic building block has no unbalanced torques, A = 0 and 7(Pre) — 0 in the
continuum description. In Fig. 2.5, the building block is realized using motors and electronic
feedback, and in Fig. 2.7 these units are assembled into a planar geometry. A simulation
in Fig. 2.6 shows measurements of the Young’s modulus and odd ratio as a function of the

microscopic parameter k% In experiments, the linear continuum description gives correct
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Figure 2.6: Simulations of an odd wall. a. Snapshots of a simulation of the active wall
in its undeformed state (top) and after a quasistatic compression (bottom). The horizontal

strains wuyy = _5_y, the vertical strains ug;, = _673: and the simple shear Ugy = % are

calculated by averaging the strains over all hexagons. The vertices within each red hexagon
are coupled via active feedback x%. b. Shear strain u,y (top) and normal strain u;, (bottom)
as a function of the normal strain wuy, for a range of values of the ratio between the active
feedback and the hinge stiffness k%/k. These curves were fitted polynomially and the slope
at uyy = 0 defines the odd ratio (Poisson’s ratio). c. The odd ratio (top) and Poisson’s ratio

a a 3
(bottom) as a function of k*/k. A cubic fit ¥ = 0.585- —0.03( &) 1is used to calibrate the

value of v? in experiments. d. The odd modulus K (top) and Young’s modulus F (bottom)
as a function of k%/k. Adapted from Brandenbourger et al. [2022].

qualitative insights into experiments in which the wall is subject to impact by a projectile
(see § 2.1). In particular, the point force solution correctly predicts the sign of the rotation
of the projectile, and the spectrum for the Rayleigh waves correctly predicts which side of

the wall will vibrate more after the impact.

2.5.3  Odd metabeam

So far, the discussion odd elasticity has focused on Cauchy elasticity, but stress can also
couple to other geometric degrees of freedom. For example, Fig. 2.8a-c¢ shows a quasi-1D
metamaterial in which each unit cell consists of three piezoelectric patches mounted on a
steel beam [Chen et al., 2021]. The beam has two modes of deformation, bending (Fig. 2.8f,

left) and shearing (Fig. 2.8g, right). These modes of deformation in turn induce a shear
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Figure 2.7: Impact of a passive projectile on an odd wall. a. A passive projectile is
launched at a wall of 120 motorized vertices (k% > 0), forming a tiling 17 robotic hexagons
[denoted by the double-line hexagons in (b).] Scale bar: 10 cm. (Inset) Active vertices
colored by their deformation. b. Experimental reconstructions of the wall. Color represents
the average vertical displacement u,, of each hexagon and L = 128 cm. c¢. The displacement
averaged over each column uy as a function of time and horizontal coordinate x. d. The
average shear deformation in the wall with color indicating time. Adapted from Branden-
bourger et al. [2022].

stress ¢ and a bending moment M. The constitutive relation between the two takes the

form

= (2.64)
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Figure 2.8: Design and mechanics of an odd micropolar metabeam. a. A single unit
cell featuring three piezoelectric patches mounted on a beam: one that acts as a sensor, and
two that act as actuators. b. A segment of the full metabeam. c. Each unit cell has an
electronic loop. The voltage Vs induced by the central piezoelectric is fed into a transfer
function H(w) = Vg(w)/Vs(w) that sends opposing voltages V,, and —V}, to the piezoelectric
actuators. d. A photograph of the metabeam (horizontal) with the electronic circuits in the
foreground. The mechanical forces from the attached wires are negligible: they act only as
sources of energy and computation, but not of linear or angular momentum. e. The motion of
the metabeam can be described by two independent fields, ¢ and h, which parameterize the
angular and vertical displacements of the metabeam. Notice that under a reflection about
the 2z axis, I have ¢ =+ —¢ and h — h. f. When the beam bends, the center piezoelectric
is stretched. g. The antisymmetric electronic actuation then gives rise to a shearing stress
proportional to the modulus P. Adapted from Chen et al. [2021].

The matrix C' plays the role of the elasticity tensor, and p and B are, respectively, the shear
and bending moduli that one would expect from Timoshenko-Ehrenfest beam theory [Timo-
shenko, 1940]. An electronic feedback between the piezoelectric patches induces an additional
modulus P. Since the energy differential is 6W = ods + Mdb, the asymmetric part of C
corresponds to a violation of Maxwell-Betti reciprocity and therefore requires a source of en-
ergy. The parity-violating and nonconservative modulus P also induces unidirectional wave

amplification [Chen et al., 2021].
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2.6 Topological defects

2.6.1 What is a topological defect?

The introductory discussion in §2.1 assumed that the deformation of a solid is described
by a continuous displacement field u;(x), but the stress only depends on the displacement
gradient djuj;, or, quite often, on the strain ufj = (O;uj + 0ju;)/2. The question then
becomes: given a strain field, can one always back out a continuous displacement field that
is compatible with it? The answer is no. The strain tensor is invariant under the Euclidean
group, which is generated by translations and rotations. Therefore, geometries can arise
in which the strain tensor u;; (x) is continuous along a closed path I'; but when integrated
along the path I', the displacement field will not return to its original value: it will be off
by a translation and/or a rotation. Such occurrences are known as topological defects. In
the context of two-dimensional crystals, these are known as dislocations and disclinations,

respectively. For a curve I', dislocations are defined by:

where b is known as the Burger’s vector, which indicates the extra translation that arises
when the displacement gradient is integrated. Disclinations are defined by an angular mis-

match

1
0= 5 j{akaiﬁijuj'drk (2.66)

Notably, if the displacement gradient d;u; is continuous everywhere inside the contour T,
then Stokes’ theorem says b = 0 and 8§ = 0. However, if there is a local discontinuity,
say a point defect, then b and 6 are nonzero and that point is a quasiparticle known as

a topological defect. The value of b or 6 is invariant under continuous perturbations of I"
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so long as ' does not cross a topological defect (and hence the name topological). In an
amorphous or continuous medium, b and 6 can in principle obtain any value. However,
if the microscopic structure of the medium is crystalline, then the underlying symmetry
group is not the full Euclidean group, but rather just those rotations and translations that
are compatible with the crystal structure. This means that b and # become quantized. In
particular, for a hexagonal crystal, one has b = njaj + nsas and 6 = s7/3, where s, ny and
no are integers and a; and as are lattice vectors. It should be noted that Eqgs. (2.65-2.66)
are approximate expressions valid the far field limit. They are given a nonlinear, geometric
treatment in Appendix 2.7.

Topological defects are crucial features in the study of solids. Their motion mediates large
scale rearrangements such as plastic deformation, and they play a crucial role in melting of
a crystalline solid into a hexatic in two dimensions [Nelson and Halperin, 1979|. Topological
defects can also exist in phases with other types of order, such as hexatic or nematic sym-
metry, in which case activity is known to give rise to defect motility [Shankar et al., 2022,
Duclos et al., 2020, Rouzaire and Levis, 2021, Kole et al., 2021, Maitra et al., 2020, Kumar
et al., 2014, VanSaders and Glotzer, 2021, Poncet and Bartolo, 2022]. The following sections
will study the role of transverse forces (which give rise to odd elasticity in the continuum
limit) on the behavior of topological defects. It has been shown in recent experimental works
that defects play a vibrant role in solids with transverse interactions, often nucleating insta-
bilities at boundaries and creating churning phases in which polycrystalline grains constantly
massage against each other |Bililign et al., 2021, Yan et al., 2015]. In the following subsec-
tions, I will present two types of calculations. The first involves computing stress and strain
around static defects. These calculations are based on continuum odd elasticity and show
signatures that can in principle be used to detect odd elasticity [Tan et al., 2022]. Second, I
will discuss the motion of defects, a topic that involves going beyond continuum calculations.

Throughout, the analytical calculations are compared with numerical experiments.
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Figure 2.9: Strain field of a dislocation pair. a-c. The distribution of rotation (ul),
shear 1 (u?), and shear 2 (u?) surrounding a pair of dislocations in an odd elastic solid with
v = 0.8 and v° = —0.88. The right panels visualize the continuum theory while the left
panel is the result of numerics. The inset to panel (a) renders the individual masses and
bonds comprising the dislocation pair before (top) and after (bottom) relaxation. Panels
d-f. quantitatively compare theory and numerical experiments by sampling the strain (green
dots) at points between 8.0 and 9.2 lattice spacings from the center. The green line is the
theoretical curve with v = 0.8 and v = —0.88. The shaded background accounts in the
variation in distance from the center. The orange lines, provided for reference, are theoretical
curves for a passive solid with v = 0.8 and v° = 0. The dilation (u°) is too small for numerical
validation. Adapted from Braverman et al. [2021].

2.6.2  Static strain and stress fields

For a single isolated disclination or dislocation, how does odd elasticity modify the static
distribution of stress and strain? For a disclination, Eq. (2.66) implies that the displacement

field has an essential singularity that can be parameterized as

ui(r) = —depry + v (x), (2:67)

where ¢ is the polar angle and v;(r) is a single-valued function. The force balance condition,

dioi;(r) = 0, with the constitutive relation o;;(r) = C; 10k (r) together yield the following
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Figure 2.10: Core and Peach-Koehler forces. a. A dislocation is embedded in a triangular
lattice of bonds exerting clockwise transverse forces. The dislocation consists of a particle
with only five neighbors (labeled 5) paired with a particle with seven neighbors (labeled 7).
These are separated by a horizontal line known as the glide plane. The transverse forces from
the bonds not crossing the glide plane (highlighted in red) give rise to opposing lateral forces
on the rows of atoms containing the 5 and the 7. These forces motivate the dislocation to
travel left and can be captured in the continuum by the Peach-Koehler force FYX. b. The
bonds that straddle the glide plane push in the opposite direction and, therefore, motivate
the dislocation to move to the right. This effect, dubbed the core force F'¢, evades a
continuum description. The core force vanishes when the microscopic interactions are entirely
longitudinal. Adapted from Fruchart et al. [2023].

differential equation for v;(r):

A(Gvi) =

(1 3 ”)5(1«) (2.68)

A(jeijvs) = —gyoé(r) (2.69)

where v and v? are, respectively, the Poisson’s and odd ratios given by:

(B — ) + K°(A - K°)
w(B+ p) + K°(A+ K°)
BK° — Apu
w(B+ p) + K°(A+ K°)

(2.70)

14

I/O

(2.71)
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For boundary conditions, it is required that 7;0;; = ficr?j along a circle of radius R. This

yields the solution

1—v)

ui(r) = g {—gﬁeijxj + ( rilog(r/Ry) + VOEZ'jT’j log(r/Rg)} (2.72)

Here, R = Ry = R/\/e are constants introduced to ensure the stress boundary conditions

are satisfied. From o;; = CjjypOmun, the stresses are given by:

s 2r;r;
ojj(r) = (1 - V)E{B {2 log(r/R1)d;j — (% - %’)} —
Ti€qT] + Ti€T
A[Q log(r/Ro)e;j + gl ITQ I l} } —l—a?j (2.73)

A similar approach can be applied to the displacement and strain field surrounding a
dislocation. The definition of the Burger’s vector |Eq. (2.65)] implies that the solution for

u; is of the form:
u;(r) = —bigzﬁ—l—v-(r) (2.74)
B o ! ’

where once again v;(r) is a single-valued function. The requirement that 0;04; (r) = 0 for

r # 0 yields the following differential equation for v;(r):

A(@lvz) :Vbiel'jaj(5<r) (2.75)

A(@ZEZ]U]) :(_bi + 2V0€Z'jbj)ai(5(r) (2.76)

As a boundary condition, it is required that o;; — 0% as r — 00. One obtains the following
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solution for the displacement field:

L l—v 14 v) €jprmbnr
uilr) = %{bW*Eikbk( )log(r) L 5 ) €im :; n’'n
— 0 {bi log(r) — M} } (2.77)
r

and the stress is given by:

1—v

21,1
— A |:7”m€mnbn€ij — b1y ( TZ2‘7 — 52J>:| } + (7%- (2.78)

0jj(r) = 5

Ti€imTm + T i€imTm ):|
T

For both the disclination and the dislocation, the ratio of the torque density to the pres-
sure is given by 7(r)/p(r) = A/B and the shear stress is rotated by an angle dx(r) =
—arctan(A/B)/2. Moreover, the local dilation is unmodified by A and K° (except through
the value of v) and the shear strain is locally rotated by da(r) = — arctan[2v°?/(1 + v)]/2.
When K¢ is the only nonzero odd elastic modulus, the expressions in Eqgs. (2.78,2.72) may
be obtained more simply using the Airy stress function. Differential versions of Eq. (2.65)

and Eq. (2.66) read

€Zjalajuk = Z b%é(r - I‘a) (2.79)
«
2
eijﬁl-@jelkaluk :?7'( Z Sa(S(I' - I‘a) (2.80)
«

where b and s“ are the charges associated with a defect at point r®. By evaluating

s

7j> one obtains an expression identical in form to that of standard isotropic 2D

Ok €i € u

elasticity:

A%y = Es(r) (2.81)
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where
sr)=3" [gsa + be;;0; | 6(r — 1) (2.82)
(6%

is the defect density. For a single disclination at the origin, one obtains A%y = Ersd(r)/3,

which yields a stress:

SE [€1€kTITE
%ij = 15 [% + log(r)] (2.83)

which agrees with Eq. (2.73) upon setting A = 0 and using £ = 2B(1 — v). Similarly, for a

single dislocation, solving A2y = Eb;0;6(x) yields

E Ti€5 rm‘i‘T’G' /r-m
Tij = 42 Tm€mnbnoij —kak( —— 2 L )], (2.84)

in agreement with Eq. (2.78) with A — 0.

In Fig. 2.9, a numerical validation of the strain field surrounding the defects is performed.
A honeycomb lattice is formed by using nearest and next-nearest neighbor odd springs. A
dipole of dislocations is formed and the lattice is relaxed with fixed bond topology. The

strain is numerically measured and compared to analytical expressions.

2.6.3 Defect motion

Motion of topological defects, in particular dislocations, can lead to large scale plastic de-
formation of a crystalline structure. In a passive medium, dislocations are stationary until
an external stress is applied (typically at the boundary of the medium). Elastic stresses
then propagate this energy inward causing small scale rearrangements that constitute defect
motion. In systems with transverse forces, the dislocations need not be stationary even in

the absence of externally imposed stresses. The simplest question to ask is: which way and
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when does a dislocation move?

The first constraint comes from a microscopic consideration: dislocations are are fractons,
meaning that they only want to move in certain directions. This direction is their glide plane,
which is the plane defined by their Burger’s vector. To move a dislocation perpendicular
to its glide plane would require pushing an entire row of atoms, and ejecting one atom out
of the solid. This would require breaking and reforming many bonds, so it is dynamically
very hard to accomplish. Motion along the glide plane, by contrast, involves just one set of
neighbor reassignments at a time, and so it is much easier to coordinate. In the language
of fractons, the restricted mobility (though originating from microscopic considerations) can
be incorporated macroscopically on the continuum field theory by imposing an additional
conservation law. In the case of dislocations, this conservation law is a mass conservation
(see Appendix 2.7).

But then the question remains: which way along the glide plane do the dislocations move,
and when? In a system with transverse forces, there are two distinct competing effects.
Figure 2.10 shows an example of a dislocation in which the Burgers vector is pointing to the
right, and the glide plane is the plane separating the 5- and 7-fold coordinated particles. All
the bonds are exerting clockwise a transverse forces. In panel (a), all the bonds that do not
straddle the glide plane are highlighted in red. They want to push the row of atoms on top
of the glide plane to the left, and the row below the glide plane to the right. (This would
mean that the defect itself goes to the left). This effect can be rationalized by the tendency
of the bulk media to rotate, and so it can be captured in the continuum by an effective force
known as the Peach-Koehler force. In panel (b), all the bonds crossing the glide plane are
highlighted. These bonds want to push the dislocation to the right. This force is labeled
F©Or€ gince it is dominated by bonds near the core of the defect. So which of the two forces,
FPK or Feore will dominate? As will be discussed below, either can dominate and the winner

depends on the details of the interactions.
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The core force is normally not considered in the study of topological defects because in
a conservative medium, it is zero. This will be shown mathematically below, but the fact
can also be seen qualitatively: all the bonds participating in the core force are internal to
the medium with none extending to the upper and lower boundaries at which an external
force is applied. Hence, in a conservative medium, that force can do no work since the initial
and final configurations of defect motion are related by translational symmetry. However,
for nonconservative media, I will show that this force is actually crucial.

Before diving into the derivation, it is worth emphasizing that motion of an effective force
on a topological defect is nonsensical in a medium with nonconservative microscopic forces.

The total work done over any trajectory is given by:

ty
W = Z/O FY . dr® (2.85)
«

where F¢ is the net force on the particle o, which has position r®. In a conservative system,
the net work done only depends on the final and initial configurations, and not the trajectory
in-between. Therefore, in the case of topological defects, one can specify the initial and final
configurations by the location X of the topological defect, and define the force f on that
defect via the relation W = f - 6X. However, in a nonconservative medium, the work done
is trajectory dependent, so simply specifying 6X does not determine W, and so the force f
is completely arbitrary. This does not mean that the following calculations are nonsense,
though. Instead, what one is actually interested in is simply solving the equations of motion
r® = F® Along trajectories that satisfy this equation of motion, it is easily seen that
W > 0. Hence, if the system has a small number of plausible and qualitatively distinct
motions (say the defect goes right or left), one can impose a set of guesses for the trajectory
and compute W for those guesses. Only the guess trajectories with W > 0 are actually
physical candidates. Actually computing W will require mathematical machinery that that

can be thought of as an effective force (once the guess trajectory is specified).
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Figure 2.11: Schematic of dislocation core. a. A rendering of the dislocation core with
certain particles highlighted by their index (R(«), Cgr(«)). b. Bonds connecting rows 2 and
3 are plotted in the space of their relative coordinates (rz,ry). The inset shows the contour
['(2,3,1) which interpolates between each of the bond positions. c¢. The bonds connecting
rows 0 and 1 are shown. The individual contours I'(0, 1, n) do not close since the rows 0 and
1 are on opposite sides of the glide plane. Instead, the bonds can be concatenated into a
single continuous contour C(0, 1). Adapted from Braverman et al. [2021].

I now derive the active contribution to the dislocation force that arises from bond re-
assignment at the core. I begin by considering an infinite lattice with a single isolated
dislocation. The quantity I wish to compute is the total work done by all the interactions if
the dislocations glides one lattice spacing. If the interactions are described by a potential en-
ergy that depends only on relative coordinates and is symmetric under exchange of particles,
then no work is done since the final configuration is a translation of the previous arrangement
(up to a relabeling of particles). However, the work is generally nonzero if the interactions
are nonconservative, and the total work depends on the microscopic path that interpolates

between the two configurations. Explicitly, the total work done by the interactions is given
by:

W,

lf el draa’
ghde:/ﬁ ey "y Fe o (2.86)

v a o/>a
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Figure 2.12: Dislocations self propel via active work cycles at their cores. a. Three
transverse interactions FLLJ (purple), Fﬁlb (teal), and F (SL (orange), with the neighbor shells
highlighted by grey lines. Inset: A hexagonal lattice with first and second neighbor shells
highlighted. b. Particles are arranged in a free floating circular cluster with a single dislo-
cation located at the center, and the dislocation position is tracked as a function of time.
Simulations are performed with clusters of radius R = 50 (dashed) and R = 100 (solid).
c. Bonds crossing the glide plane of a dislocation are highlighted. Hue indicates the bond’s
position in real space (blue: left, red: right). Opacity indicates the length of the bond (near-
est neighbors darkest). d. The highlighted bonds are plotted with their bases aligned. As
the dislocation moves one unit cell to the right, the tops of the bonds traces out a contour
C (black dashed). The gray arrows depict the interaction force field. e. The interaction F (SJ-
is varied by changing the location ¢ of its peak (pink: smaller §, green: larger §). For each
value of 4, the dislocation’s position is tracked as a function of time. f. The magnitude
of the Peach-Koehler force fFX and the active core force f°' as a function of the peak
position 4. The vertical lines represent the values of § used in the simulation. The direc-
tion change of the dislocation motion coincides with the crossover between f¢'¢ and fFK.
Adapted from Braverman et al. [2021].

Here, r@@" is the relative coordinate pointing from particle « to particle o’ and Fo is the
force from particle o on /. To arrange the sum, I use a labeling system shown in Fig. 2.11a.
[ first label each horizontal (i.e. parallel to the glide plane) row of atoms by an integer. In

Fig. 2.11a, I choose R = 0 to be the row containing the 7-fold and R = 1 to be the row
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containing the five fold. Let R(«) denote the row containing particle a.
Within each row R, I label the each particle by an integer C'r(a) that increases from left
to right. Then each particle a can be uniquely identified by the ordered pair (R(«), Cr(«)).

I may then write the work in the following form:

) (R ym+n)

t
Witide = / @YY Y YF (2.87)

‘ REZ R'’>RneSpy pmeL

where Spr p = Z\ {0} if R' = R and Sp g = 7 otherwise. Usage of S r.p simply precludes
self-interaction among the particles. I have suppressed indices on F for simplicity of notation.

Upon translation of the dislocation by one unit cell, one has

r(R,m),(R',m/) (tf) — r(R7m_1)7(R,>m/_1) (tl) (288)

Hence, one may concatenate the trajectory of individual bonds into the following continuous

contours:

(R, R\n) = | {r<R7m>v<R”m+n> (1) te [ti,tf]}. (2.89)

meZ

Notice that

tf (R m+n)
Z/ dt:/ F - dr. (2.90)
dt I'(R,R'n)

meZ

Hence, the expression for the work becomes:

ghde*Z Z Z / : (2.91)

REZ R'>RneSy g L(R.R'n
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To further simplify the sum, I introduce the following two sets

B={(R,R): R > R and either R>10r 0> R’} (2.92)

G={(R,R): R’ >1and 0> R} (2.93)

Here, B is the set of of all pairs of rows that do not straddle the glide plane and G is the set

of all pairs of rows that do straddle the glide plane. For (R, R') € B, one has

I_(R,m),(R/,m—Fn) _ r(R,—m),(R/,—m+n)

as m — 0. (2.94)

Equation (2.94) is a consequence of the lattice being undeformed far away from the disloca-
tion. From Eq. (2.94), I deduce that T'(R, R’,n) is a closed contour for (R, R') € B.
However, for (R, R') € G, one has

p(Bem),(Rimetn) — p(Ro=m) (R, =mAn=1) gy s o0 (2.95)
Equation (2.95) follows from the definition of a dislocation: there is a mismatch in the
number of particles in the rows above and below the glide plane. Notice that Eq. (2.95)
implies T'(R, R',n) is not a closed contour for (R, R') € G. However, Eq. (2.95) implies that
I may form a single infinite continuous contour C(R’, R) by concatenating the individual

pieces

C(R,R)= | JT(R, R n) (2.96)
neZ

Whenever the interactions decay faster than 1/r, I will be able to close the contour C(R, R')
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in the upper half plane. Hence, the expression for the work becomes:

ghde— Z Z }1{ F dr+ Z }{RR (2.97)

(R,R',n

Z Z/ Vde2r—|— Z/ Vde2r (2.98)
/
(R.R)EBneSy ° VnULi) (R,R")eG

where Vj,(R, R') and V (R, R') are the signed areas enclosed by I'(R, R, n) and C(R, R')
From the point of view of the bonds in set B, the solid is actually two disjoint sets
separated by a cut along the glide plane. One could estimate various contributions from
B by taking the dot product of the average motion with the boundary stresses on the cut
surface. This approach is the essence of the Peach-Koehler force computed in the continuum.
The contributions from G, however, involves bond reassignment through the core. This piece
is disregarded in the Peach-Koehler calculation when a branch cut discontinuity is introduced
into the derivation. Assuming short ranged interaction, the dominant contribution from the
G terms comes from C(0,1), i.e. the bonds that directly span the glide plane. In this

approximation, one has:

ngide ~ f F-dr (299)
c(0,1)

If the force from the bonds fall off faster than 1/r, then the contour C(0,1) can be compact-

ified to enclose an area A. In this case, Eq. (2.99) may be rewritten as:
Wlide ~ /A V x Fd?r (2.100)

This form emphasizes that if the interparticle force F is conservative, i.e. V x F = 0, then
the glide force is zero, as is the case in traditional solid mechanics.

Furthermore, notice that the above derivation does not actually tell us what Wyjiqe,
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but merely provides an alternative expression for it in terms of C(0, 1), which is not a priori
known. However, this re-writing is useful because it sets up effective approximation schemes.
The simplest approximation is to assume that all the atoms move along straight lines parallel
to the glide plane, in which case C is given by the horizontal line r, = TSCL traversed from

right to left. In this approximation, the work becomes:

-
ngide ~ / Fx d?”x
—00

(2.101)

V3
Ty=-9 @

One can use this approximation to make predictions. In Fig. 2.12, a raft of particles is
prepared with a single dislocation in the middle. Depending on which force is used (orange
or green in panel a), the defect moves left or right. In panels e-f, the location of the maximum
for the green force F 51_ is moved in and out. The Peach-Koehler force and the core force
according to Eq. (2.101) are computed. The reversal in dislocation motion coincides with

the reversal of dislocation motion.

2.7 Appendix: Nonlinear formulation of odd elasticity

2.7.1 The geometry of material deformation

This appendix introduces the geometric definition necessary to define stress, strain, elasticity,
and odd elasticity in a way that extends beyond linear response. The discussion will focus
on a d-dimensional material embedded in d-dimensional Euclidean space E?. Bach point
in the material is labeled by a coordinate ¢ = (ql,q27 e ,qd). Each point ¢ is assigned
a reference position r(q), which defines the “undeformed” state, and a point R(g,t) that
corresponds to location of point ¢ at time t. The change is rest and deformed position
defines the displacement u(q,t) = R(q,t) — r(q). The velocity of a material element is
v(q,t) = 0:R(q,t). See Figure 2.13 for an illustration.

In order to think about changes in shape, one needs to be able to take derivatives of the
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Figure 2.13: An illustration of the coordinate systems defined in § 2.7.1. Adapted
from Braverman et al. [2021].

_ R o
aq* oqt’

The basis vectors come paired with duals R? and r! defined such that R? - R, = 5? and

displacement field. To do so, two sets of basis vectors are utilized: R; and r; =

r' . rj = 5ij, where 5@- is the Kronecker-d. Given an arbitrary tensor field T(q), I will use the

following two types of derivatives

oT oT

Grad T =R’ ® 3 grad T =r' ® o (2.102)
DivT =R’ - % divT =1’ - % (2.103)
q q

where repeated indices are summed over, (a®b),g = aqbg is the direct product, and (a-b) =
agbe is the inner product, and a, 3 label the components of an orthonormal basis on EY.
The change in shape is captured by the deformation tensor: J(¢,t) = grad R(q,t) = r' ® R;
and I will write J = detJ. Notice that J(q,t) = I + grad u, where I is the identity tensor.

For use later, let the induced metrics be denoted g;; = r; - rj and G;; = R; - R;.
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2.7.2  Linear momentum conservation and the stress tensor(s)

Let P(q,t) be the density of momentum (or any other conserved vector quantity, if you
like) in real space. In order to write down a continuity equation for P, one needs the
notion of a momentum current. In continuum mechanics, this is referred to as stress. For
concreteness, imagine (in two dimensions) drawing an infinitesimal line on the material
specified by the differential dq. In the undeformed material, this line element corresponds
to the vector dé = dqiri, and in the deformed material, this line element corresponds to the
vector dLL = dqiRi. Any type of stress tensor will tell you how much momentum crosses the
line dq in a time dt. The Cauchy stress tensor o provides this answer in a coordinate system
relevant for the deformed material —6P = §t|dL|N - o. The Piola-Kirchoff stress S states
this in a basis that is relevant for the undeformed material —P = 6t|d€|ir - S. Here N and
n are the normal vectors corresponding to L and £, respectively. The continuity equation

for momentum P, then takes the form
0P = Dive or equivalently Jo:P = divS (2.104)

in the proceeding definition. The two stress tensors are related by the so-called Piola-
transformation S = JJ T . &. For a domain A, the integral form of the continuity condition

1s:

i/ Pd’R = N-add—lR:/ n-Sdily (2.105)
dt J 4 0A 0A

Where d9R = ,/GUR" ® Rjddq and d% = ,/gijri ® rjddq.
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2.7.8  Angular momentum conservation

Closely related to linear momentum conservation is angular momentum conservation. Here,
I will take the momentum density to be P = %V and the angular momentum density about
the origin to be L = R x P, were I am working in two dimensions for simplicity. Then the

rate of change of the angular momentum density in a region A is

d
—/ R x pd®R :/ R x Dived’R (2.106)
dt A A

=— N-o x RdR — / e:od’R (2.107)
0A A

Notice that the first term in Eq. (2.107) is the torque exerted at the boundary of the region
A. Angular momentum is said to be conserved in the continuum theory if the rate of angular
momentum change within A is equal to the torque applied at the boundary 0.A4. Hence angu-
lar momentum conservation implies that the Cauchy stress is symmetric: o = ol (Notice,
however, that Piola-Kirchoff stress need not be symmetric even when angular momentum is
conserved.) Physical systems can effectively violate angular momentum conservation if they
have internal spinning parts that are not tracked in the total momentum flow; when these
internal spinning parts speed up or slow down, they exert torques on the macroscopic center

of mass motion of the particles which is presumably tracked during coarse-graining.

2.7.4 Conservative and nonconservative forces

We are now in a position to start discussing elasticity. By elasticity, here, refers to the
contribution to the stress that is only a function of the instantaneous deformation J. In a
mechanical context, one is often interested in the work by the elastic stresses on a piece of

material in A. If the material is deformed quasistatically (such that the elastic forces are
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always balanced with the external forces), the work per unit time done by the material is

M:—/F-VddR:/UZGIadVddR— N.o-vd¥lRr (2.108)
dt A A 0A
or equivalently
dW
—:—/f-dedr:/S:gradvddr—f f-S-vdly (2.109)
dt A A oA
_ 1
where F = Sf.

The typical assumption applied to elasticity theory is the following: if a material initially
at rest is quasistatically deformed and then brought back to its original configuration, the
net work done by the material on its surroundings is zero. This assumption is natural if
conservative forces are responsible for the elasticity: any energy put out from the medium
must have been put in from the outside at some earlier point.

By noting that grad v = % and choosing a deformation such that the boundary remains

undeformed, one finds that the energy conservation condition is equivalent to

dJ
S: —dt=0 2.110
75 - (2.110)

for all closed loops of deformation. Equation (2.110) then implies that
J
U@J) = / S(J’) - al’ (2.111)
I

is a well defined function. In other words, energy conservation is equivalent to the constraint
that the Piola-Kirchoff stress can be expressed as the gradient of a scalar function of the

deformation gradient:

oU
S =" 2.112
57 (2.112)
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However, this constraint need not apply if the system has an internal energy source or is
externally driven. This is a definition of odd elasticity that is stated in the continuum and

applies beyond the small strain approximation.

2.7.5 Linear elasticity

This section examines the nuances that arise when taking the linear limit of odd elasticity.
Linear elasticity assumes that the displacement gradient tensor gradu is assumed to be
very small, say of order . In this limit, the stress tensors may be described by a linear

approximation:

o=0"+CC: gradu+(9<s2> (2.113)
S =804 CPK, gradu+(’)<52) (2.114)
Here, o and SU are stresses present prior to deformation (pre-stresses), and cC = Cg klri ®

r/ ® rk ) r! and CPK = Cg-glri Q1 ® rk ® r! are known as elastic modulus tensors. The

elastic modulus tensor is compatible with a potential energy if and only if:
PK _ ~PK
Cijki = Chigj (2.115)

which is the major symmetry of the elastic modulus tensor. The presence of this major
symmetry is also referred to as Maxwell-Betti reciprocity.

Notice that Eq. (2.115) is stated in terms of the tensor relating strain to the Piola-
Kirchhoff stress. Often, one is interested in the Cauchy stress, since this stress is defined

without respect to a reference coordinate system. One can convert between the two types of
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Coordinate System Reference Material Deformed Material

Figure 2.14: Geometric properties of disclinations and dislocations. An illustration of
the dislocation angle # and Burgers vector b, as well as the contours used in §2.7.6. Adapted
from Braverman et al. [2021].

elastic modulus tensors according to the formula:

PK 2
Cijkl = C'Cjkl + U%gkz - Ulgjgli + 0(6 ) (2.116)

ij )

In terms of the matrix notation used in §2.1, Maxwell-Betti reciprocity corresponds to

(C’PK)O‘ﬂ = (C’PK)BO‘ where (C’PK)O‘ﬂ = %T%(CPK)ijm”TT%n and is related to (C’PK)O‘ﬁ via

0 1 2 3
% ~9% ~% 9
1 0 3 2
oy O oy —0
(CPKyad = (Cyaf | 70 70 70 0 (2.117)
2 3 0 1
% ~%9% ~% 9
3 2 1 0
oy o oy —O0g
With our conventions, 08 = —2pg and 0(1) = —219 where 75 and pg are the ambient torque

and pressure. Notice that even an ambient constant torque is sufficient to give rise to odd

elasticity, i.e. an antisymmetric contribution to CcPK,

2.7.6  Background on topological defects in elasticity

I now provide a geometric definition of the topological defects. The motivation is that the

stress field o only depends on the displacement gradient J, or in even more restrictive cases,

20



on G;j. Therefore, elasticity theory should only require that J (or Gij) be continuous, not
that the embedding R(q) be continuous. In that spirit, I will require the metric induced by
the deformation, G;;(q), to be continuous and single valued everywhere except at a single
point g« representing the location of the topological defect. Given the value of J at a point

q1, the value of J at point ¢9 is given by:

J(q2) = eXp(A r; - H(q)dqi> J(q1), (2.118)

where 7y is the path through coordinate space connecting ¢; and g9, the exponential is path

ordered, and

— (Rn. IR arn) kom

G —rm-a—qk r'r’'ry, (2.119)

see, e.g., Zubov [2008] for a derivation. (One can show that IT can be determined entirely in
terms the metric G;;(¢).) Since the deformed solid is embedded in the flat Cartesian plane,
one imposes the compatibility constraint that G/;;(¢) have zero Riemann curvature. Subject

to this compatibility condition, one can show that [Zubov, 2008]

exp (/7 ri-H(q)dqi) =1 (2.120)

whenever 7 is a closed loop that does not contain the defect ¢4. If v encloses the defect, then

the integral takes the form:

exp</7 ri-H(q)dqi) = ¢ 0€ (2.121)

The right-hand side of Eq. (2.121) is a rotation matrix through angle 6 representing the

charge of a disinclination. The value of # is independent of the precise path taken. Suppose

g1 = g2 and let J+ represent J(q1) as approached from the q; (—) or ¢o (+) side of ~.
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Figure 2.15: Branch cuts for dislocation motion. Illustration of the branch cut con-
struction used in §2.7.7-2.7.8. Adapted from Braverman et al. [2021].

Then one has J = ¢%€J_. Since J+ = grad R, one has Ry = e~ . R_ + b, where
b is a constant translation known as the Burgers vector. See Fig. 2.14 for an illustration.
The angle 6 defines the charge of a disinclination and the vector b defines the charge of a
dislocation. For small strains, the dislocations and disclinations the topological charges may

be expressed in terms of the displacement field as given in Eqs. (2.66-2.65).

2.7.7 Peach-Koehler force

Here I provide a derivation of the Peach-Koehler formula in two dimensions. Suppose that an
isolated dislocation with Burgers vector b is subjected to a smooth external Piola-Kirchhoff
stress S(Pre) satisfying the equations for static equilibrium div S(Pre) — 0. One seeks to
compute the work W associated with moving the dislocation infinitesimally from the point
q(i) to the point qé + 8¢" in coordinate space, see Fig. 2.15. In the reference material, the
dislocation starts at position X0 = r(gp) and moves by an amount 0X = r;6¢". I define
a contour in coordinate space ¢'(v) such that Y(v) = r[g(y)] = X" + 40X. Before the
dislocation moves, the displacement field u has a discontinuity b across the entire branch
cut v € [0,00). After the dislocation moves, the displacement field is continuous across the

contour for v € [0, 1), but retains the discontinuity for v € [1,00). Let du be the change in
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the displacement field. The work done by the external stress s(pre) g

W =— / S(Pre) . grad su d2r (2.122)
A

=— / div(S®™®) . su)a?r (2.123)
A

:—/ f-S-oudl (2.124)
DA

Between Eq. (2.122) and Eq. (2.123), T used the fact that divS(P™) = 0 and then Stokes’
theorem was applied. Here A is taken to be all of space, and d.A crucially consists of two
oppositely oriented surfaces lying along the branch cut Y. As shown in Fig. 2.15, T will
denote the normal vector and displacement field on either side of the branch cut by 4+ and

u+, respectively. Thus I have:

SW :/ - SP) sy +a_ - SPO) . su_] de (2.125)
>0
:/ i - SPT) [bo(y — 1) — b d¢ (2.126)
>0
_ / i, - SPre) . g (2.127)
v€(0,1]

Where 6(z) is the Heaviside function passing from 0 to 1 at x = 0. I have used the facts that
n; = —n_ and that uy —u_ = b when the displacement field is discontinuous. Finally as-
suming that S(Pre) ig continuous near the dislocation, one may approximate the infinitesimal

integral as fye(O 1] d¢ ~ §X. Moreover, by construction i = € - 55(/ 6X. Therefore,

SW ~ 6X - €-SPre) . p (2.128)
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Hence, one may express the work as 6W = oX - f PK, where fFX is the Peach-Koehler force

on the dislocation with respect to the undeformed material. It is given by:
fPK — ¢.gre) . p (2.129)

Note that X is the motion of the dislocation in the reference material. The motion of the

dislocation in the deformed material is given by 6X = R;d¢" = JT - §X. Therefore, one has:
W =6X-J1.e.80) . p=5X.e.0P® . b (2.130)

where I have used the identities —e - J 71 - € = %JT and o = %,JT - S. Thus I identify
fPK —¢. o) . p (2.131)

as the Peach-Koehler force with respect to the motion 6X in the deformed material. Notice
first that the Peach-Koehler force is agnostic to the elasticity of the solid and relies only
on the expression for the virtual work and the definition of a dislocation. Secondly, the

Peach-Koehler force is conservative in the sense that its curl vanishes:

curl fPX = — divs®Pre) . p = (2.132)

Curl f*X = — Dive®®) . b =0 (2.133)

where I have used the assumption that div s(pre) — 0, the fact that divS = 0 implies

Div o = 0, and the definition Curl ® = Dive - ® and curl ® = dive - P .
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Figure 2.16: Glide constraints on dislocations. An illustration of the kinematic con-
straints that restrict dislocation motion to lie along the glide plane. When a dislocation
glides, the total mass (i.e. number of particles) within the selected region does not change
and the motion is localized to the particles near the core. (In this realization v is the ve-
locity of the particle with the most motion during the rearrangement.) However, when the
dislocation climbs, significant motion extends all the way out to the boundary of the sample
since a column of particles moves downward. The net change in mass of the highlighted
region is M = pdX x b = m, where b = Xa is the Burgers vector, )X = —ya is the motion
of the dislocation, m is the mass of the particle, p = m/ a? is the density, and a is the lattice
spacing. Adapted from Braverman et al. [2021].

2.7.8 Mass conservation constraint

Dislocations are fractons: they are constrained to move along their glide planes. This con-
straint arises from microscopic considerations regarding how a large number of discrete par-
ticles would have to slide past each other in order for the dislocation to move transverse to
its glide plane. Nonetheless, the constraint can be enforced entirely in the continuum field
theory by imposing a mass conservation condition. In analogy to §2.7.7 consider a dislocation
that moves from X to X + 6X in the reference material. The change in mass associated

with a fixed region in real space reads:

M= pN-fudL (2.134)
DA
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where p is the density in physical space, and A is the patch of material coinciding with
the region of real space prior to the motion of the dislocation. I will take d.A to have two
contributions, a physical boundary D and well as the boundary along the branch cut qi('y)

as introduced in §2.7.7. Thus one may write:

(5M:/ pN-(SudL—i—/ p[Ni-duy +N_-du_]dL (2.135)
D >0
:/ p N - ou dL+/ po [y - I T ouy+a_ 377 . 5u]d (2.136)
D >0
:/pN~6udL+p0(5}~(~e'JT-b (2.137)
D

In Eq. (2.136) pg = Jp is the density in the reference material, and I have used the fact that
N dL = JJ~1.a de. To arrive at Eq. (2.137), I have used the branch cut argument from
§2.7.7 along with the fact that J is continuous across the branch cut for a dislocation. The
first term Eq. (2.137) captures the change in material due to the macroscopic flow through
the boundary. Now I make a crucial kinematical assumption: this macroscopic mass flow
must be the entire mass flow. This statement implies that when the dislocation moves, the
microscopic particle velocities are only discontinuous at the core, and not along an arbitrary
contour located a macroscopic distance away from the core. In practice, it is typically
safe to assume that the dominant mode of dislocation motion does not require microscopic
rearrangements to be coordinated over arbitrarily large macroscopic distances. See Fig. 2.16

for an illustration. This assumption implies

§X-e-JT.b=0 (2.138)
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Recalling that the dislocation motion in real space is given by 6X = JT - §X, the constraint

may be written as:

§X-€e-b=0. (2.139)

Notice that JZ - b points along the glide plane in material space. Hence Eq. (2.138) and

Eq. (2.1382) are equivalent statements that the dislocation moves parallel to the glide plane.
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CHAPTER 3

SPIKING AT THE EDGE

3.1 Motivation and overview

A spike is a large nonlinear excursion in a dynamical system followed by a time of latency
known as the refractory period. Protecting the ability to spike is crucial for a wide range
of biological functions, from cardiac pacemaking [Winfree, 1994a, Bers, 2002, ten Tusscher
et al., 2004a, Cheng et al., 1993, Stern, 1992, Witkowski et al., 1998| to neural informa-
tion processing [Rieke et al., 1997], while in other contexts, such as forest fires [Drossel and
Schwabl, 1992| and disease outbreaks [Anderson and May, 1979, Murray et al., 1986, An-
derson et al., 1981, Rohani et al., 1999, spiking must be avoided. In a spatially extended
medium, the ability to spike gives rise to distinctive spatiotemporal patterns [Kondo and
Miura, 2010, Bourret et al., 1969, Loose et al., 2008, Tompkins et al., 2014, Rotermund
et al., 1990, Steinbock et al., 1995a, Vinson et al., 1997, Fuseya et al., 2021, Tan et al., 2020,
Winfree, 1994b| appearing in processes ranging from morphogenesis [Turing, 1952, Nakamasu
et al., 2009, Kondo and Asai, 1995, Newman and Frisch, 1979, Mitchell et al., 2022, Wigbers
et al., 2021, Di Talia and Vergassola, 2022, Vergassola et al., 2018, Lechleiter et al., 1991,
Michaux et al., 2018, Chang and Ferrell Jr, 2013] to spiral waves observed in electrograms
of the heart [Davidenko et al., 1992, Gray et al., 1998, Fenton et al., 2002]. While analytical
studies have revealed important features of excitable media whose properties are spatially
homogeneous [Halatek and Frey, 2018, Cross and Hohenberg, 1993, Kim et al., 2001, Brauns
et al., 2020, Alonso et al., 2003], less is understood about abrupt heterogeneities such as
sample edges or interfaces [McNamara et al., 2020, Eckstein et al., 2020, Vidal-Henriquez
et al., 2017, Ni and Wei, 1995, Bub et al., 2002a, Mainen and Sejnowski, 1996, Wigbers
et al., 2020, Brauns et al., 2021, Bub et al., 2002b, Agladze et al., 1994, Staddon et al., 2022,

Luther et al., 2011|. In this chapter, adapted from Scheibner et al. [2023], I address the
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Figure 3.1: Edge spiking in electrophysiology, population dynamics, and chem-
istry. a. Experiments from Ref. [Ori et al., 2023] in which an action potential propagates
along a tissue interface, as revealed by a voltage sensitive red dye. Scale bar 1 mm. The
left column shows a schematic vertical cross-section of the interface: the top tissue features
sodium ion channels (inward arrows), while the bottom tissue features potassium ion chan-
nels (outward arrows). The vertical lines represent gap junction coupling between the cells.
b. A fast diffusing predator (lumberjacks) and relatively immobile prey (trees) are described
by an interfacial Lotka-volterra model [Egs. (3.3-3.4)]. A kymograph generated by the model
reveals spikes in the lumberjack population generated at the interface. c. An interface be-
tween two chemical reservoirs, neither of which are capable of oscillating, is described by
Egs. (3.10-3.11). A kymograph of the fast, mobile catalyst a reveals repeated spikes gener-
ated at the interface. Adapted from Scheibner et al. [2023].

role of spatial segregation of nonlinear processes. As is often the case with wave mechan-
ics, edges and interfaces can have properties that differ qualitatively from those of the bulk
medium [Murugan and Vaikuntanathan, 2017, Kane and Lubensky, 2014, Hasan and Kane,
2010, Shankar et al., 2022, ge Chen et al., 2014, Mao and Lubensky, 2018, Huber, 2016].
For instance, Fig. 3.1a shows a recent experiment in which human embryonic kidney
(HEK293) cells were genetically modified to express either sodium (Nay1.5) or potassium

(Kj;;2.1) channels [Ori et al., 2023]. Usually, a cell containing both potassium and sodium
29
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Figure 3.2: Spikes induced by weak diffusion and large system size. a. (inset) A
predator-prey system with a desert (red) and a forest (blue) described by Egs. (3.1-3.2). In
the forest, the predators (lumberjacks, p) consume the prey (trees, n) with predation rate
1/q. The predators cross from the forest to the desert (and subsequently perish) with hopping
rate €. a-c. Three phase portraits, for e = 0, 0 < ¢ < 1, and 1 < e, illustrate the role of
diffusion across a boundary: For ¢ = 0 (a), the lumberjacks reach their carrying capacity
and the trees go extinct. For € > 1 (¢), the lumberjacks go extinct and the trees reach their
carrying capacity. Spikes can only occur in the intermediate range 0 < ¢ < 1 (b), in which
the effective death rate due to hopping is present but not overpowering. Orange curves are
example trajectories. The p = 0 and n = 0 nullclines are denoted by black and grey lines,
respectively. d. A phase diagram for Egs. (3.1-3.2) summarizes the possible behaviors: if the
lumberjack hopping rate € is too large, the lumberjack population cannot spike. The phase
boundaries are determined by the consumption nonlinearity k(g) in Egs. (3.1-3.2). e-g. A
chain of N forests (blue lines) are coupled to a desert (red line) by a large hopping rate e = 4.
Kymographs for systems with N =2, N =4, and N = 100 exemplify a distinctive transition:
oscillation onset is driven by increasing system size, even as € is held constant. (See §3.4 for
simulation details.) h. A phase diagram for Eqs. (3.3-3.4), applicable for N > 1, reveals
a crucial distinction between the spatially and non-spatially extended systems: the vertical
axis in (h) features N/4/¢, implying that spiking occurs for a much larger range of € in the
spatially extended limit. The curve X(gq) determines the locations of the phase boundaries
and is given in Eq. (3.20). Adapted from Scheibner et al. [2023].
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channels spikes via the following mechanism, which is representative of excitable systems:
The potassium channels favor a low membrane potential while the sodium channels favor
a high membrane potential. Given a suitably large voltage stimulation, the membrane po-
tential (a fast variable) spikes upward towards the value set by the sodium channels. The
sodium channels then gradually shut due to open-state inactivation (a slow variable), causing
the membrane potential to fall towards the value set by the potassium channels. The sodium
channels then take some time to recover their strength (the refractory period). Because the
competition between the two channels is essential, neither sodium nor potassium channels
alone are sufficient for an individual cell to spike. Furthermore, even when both channels
coexist in a single cell, spikes only occur when they have the appropriate ratio of open-state
conductances (i.e. channel strengths).

Something visually striking happens when two distinct and non-excitable tissues (com-
posed of the two cell types) are placed in contact and weakly coupled by gap junctions, which
allow voltage diffusion. When stimulated at the interface, a voltage spike (i.e. an action po-
tential) emerges and robustly propagates along the interface, see Fig. 3.1a. Crucially, these
interfacial spikes persist for a much wider range of open-state conductances than for a single
cell [Ori et al., 2023]. This observation suggests that spikes generated at an interface may
have a distinct, and possibly more robust, dynamical origin than those in a homogenized
system. Here, I reveal the underlying dynamical mechanism behind this phenomenon and
demonstrate that it is not limited to electrophysiology. For instance, I provide examples
from population dynamics (Fig. 3.1b) in which a fast, mobile predator (lumberjacks) con-
sume a slow, sedentary prey (trees) while diffusing across an environmental (forest-desert)
boundary; and from chemical reaction networks in which a fast catalyst diffuses between two
chemically distinct reservoirs (Fig. 3.1c). In all these examples, the interfacial spiking does
not result from merely superimposing the two halves. In fact, coupling the two halves too

strongly can destroy spiking.

61



L/vD
a. t L/VD b 0 L/VD N
averaging weak coupling
+ —L 0 L -L 0 L
L 1 —_
= = =
V*
| ion channels | single cell interface
c 4. e 107
l -
10" 10" 4
VoA raed fAL r 100 A
excitable .., N
0714 101
14 s no spiking
T T 102 1— T 102 -
Vi VNa .
K V N: | .
£ ) g 10 —Q h 10
10! 4 : 10 -
Vo ro1004  fert r 100 -
X excitable
10719 & 107" 1
a4 : no spiking no spiking
T T 1072 + T 1072 T T
Vk v WNa i Vk v Wa i Vk V. Wa
b jo 1 ) i« 1 V)
10" 4 10! +
: exci-
- o table
7 0 ] B 0 ]
Vo T e T S
f w14 f 1071
1 : no spiking
T T 102 T T 102 T
Vk v VNa Vk V. WNa Vk V. WNa

Figure 3.3: A spiking interface is more than the sum of its parts. a. A spiking phase
diagram is shown for the bioelectric interface in Egs. (3.5-3.6). Here, L/v/D is the ratio of
the system size to the diffusion strength and r and Vi appear in hoo(V) = rO(Vi — V).
The parameter r is the ratio of the amplifier (sodium channel) strength to the suppressor
(potassium channel) strength. b. At small L/+/D, diffusion forces the membrane potential
to be approximately constant across the entire tissue, creating an effective single cell with
both ion channels. For large L/ VD, the coupling is weak, so the dynamics are spatially
heterogeneous. c-k. A table comparing the L/v/D — 0 (single cell) and the L/v/D — oo
(interfacial) limits. The left column (c, f, i) shows three examples of voltage-current curves
for potassium (red) and sodium (blue) ion channels. Their reversal potentials are denoted
Vi and Vi, respectively. Adapted from Scheibner et al. [2023].
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3.1.1 The role of spatial extent

The basic notion of an edge spike involves two distinct processes: transport across two
domains and transport within the domains themselves. To illustrate the former, consider a
two-compartment model of predator-prey dynamics shown in Fig. 3.2a (inset). The model
features a population p of lumberjacks (the predators) that consumes a population n of trees
(the prey). The rightmost compartment, the forest (blue bar), acts as a lumberjack amplifier
in which tree consumption elevates the lumberjack population. By contrast, the desert (red
bar), is an infinitely strong suppressor in which any lumberjack that enters dies instantly.
Lumberjacks from the forest wander into the adjacent desert with a hopping rate €. The

populations evolve according to the following Lotka-Volterra equation:

p=—ep+npr(p) (3.1)
ooy P
nT(l q) (3.2)

where 1/q is the predation rate, 7 > 1 is a long time scale implying that the tree population
changes slowly, and r(p) is a nonlinearity that encodes a lumberjack carrying capacity. A
normalization has been chosen so that all variables in Eq. (3.1-3.2) are dimensionless and the
carrying capacities of the lumberjacks and trees are set to 1, see §3.4. Here, the lumberjack
population plays the same role as the cell-membrane potential in the electrophysiology ex-
periment (a fast, diffusing variable), the tree population corresponds to the gating variable of
the sodium channels (an immobile, slow variable), while the desert and the forest correspond
to cells with potassium and sodium channels, respectively.

In this model, the ability to spike depends sensitively on the hopping rate e. If € = 0 (a),
the two halves are decoupled and the lumberjack population cannot spike: the lumberjacks
will quickly return to their carrying capacity regardless of the perturbation. However, when e

is small but nonzero (b), the dynamics change dramatically: The lumberjacks can now spike
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because the motion into the desert depletes the lumberjack population when trees are sparse
and tree consumption overpowers diffusion when trees are abundant. Crucially, though,
when e becomes too large (c), the desert and forest become well mixed, and the lumberjack
population cannot spike because the suppressor (desert) is infinitely strong. In the two-
compartment model described by Eq. (3.3-3.4), the hopping rate € can be reinterpreted
as an effective suppression strength: even though the desert itself is infinitely strong, the
finite entrance rate attenuates its effect. The phase diagram in Fig. 3.2d illustrates a basic
mechanism: an amplifier and a suppressor need to be suitably well balanced for spikes to
occur—attenuating a strong suppressor through weak diffusion across an interface helps
achieve this balance.

Yet, this simplified model lacks a basic feature: the forest itself can be spatially extended.
In Fig. 3.2e-g the desert is now connected to a chain of N compartments comprising the
forest, each of which is coupled to its neighbors by a hopping rate €. The size of the forest
dramatically influences the dynamics. When N = 2 and € = 4, the lumberjacks rapidly go
extinct in all compartments (e). Yet, when N = 4, the lumberjack population not only begins
to survive, but undergoes large oscillations (f). A window into the relationship between N
and e can be obtained in the large N limit (g,h). In this limit, the dynamics can be described

by a continuum reaction-diffusion equation

D :DVQp +npr(p) (3.3)
oon( P
= (1 q) (3.4)

where L = Nd is the system size and d is the lattice spacing 1. The parameter D = e d?

denotes the diffusion coeflicient times the characteristic time scale used to nondimensionalize

1. Notice that Egs. (3.3-3.4) do not contain advective transport, which has also been shown to give
rise oscillations near Dirichlet boundaries, for example in models of and experiments on Dictyostelium dis-
coideum [Eckstein et al., 2020, Vidal-Henriquez et al., 2017].
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€ (see §3.4). The lumberjack population obeys the following boundary conditions: d,p = 0 at
x = L and, because of the infinitely strong desert, p = 0 at = 0. The basic effect of spatial
extent can be obtained by dimensional analysis: Only v/D and L have units of length, so
any change in qualitative behavior must depend on the dimensionless ratio L/v/D = N/ /e.
Therefore, in the continuum, increasing N is equivalent to decreasing e. This collapse is
physically consequential because the diffusion D is an intrinsic property of the material
while L is an extrinsic property, so the two can often be tuned independently. Notably, by

increasing L a system can support spiking over a wider range of D 2,

3.1.2 A spiking phase diagram

The dynamics is even richer when the suppressor (e.g. the desert) is no longer infinitely
strong. In this case, the Dirichlet boundary becomes an interface, and spikes can arise
both in the limit L/v/D — 0 and L/v/D — oo. To illustrate this behavior, I consider a
one-dimensional (1D) model for the electrophysiology experiment of |Ori et al., 2023] which

takes the form of an interfacial Fitzhugh-Nagumo equation |FitzHugh, 1961]:

. 9 fK(V) T € {_L70]
V =DV2V + (3.5)

tha(V) ZAES (OvL]

(3.6)

Here, x is the coordinate transverse to the interface (see Fig. 3.1a), V' is the voltage, and
fx(V) and fna(V) capture the effect of the potassium and sodium channels, respectively.

The sodium channels are modulated by a gating variable h that slowly approaches the

2. For simplicity, in this example I am using the same hopping rate ¢ within the forest as between the
forest and desert. This distinction becomes irrelevant in the continuum limit (large € and large N), because
this subextensive heterogeneity is absorbed into the Dirichlet boundary condition at an edge or into the
continuity requirements across an interface.
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Figure 3.4: A geometric construction for interfacial spiking. a. Starting from Eqgs. (3.5-
3.6), the antiderivatives of fi (V') (solid red line) and heo(V) fna (V) (solid blue line) are
visualized as hills. The dashed blue line is the antiderivative of 7 fx, (V). To construct the
stationary solution with no-flux boundary conditions, consider letting a ball roll from the
top of one hill to the other (orange curve). b. The stationary voltage solution V() in space
corresponds to the trajectory of a ball (in time) rolling across the potentials in (a). c. The
ability to spike is determined by the number and stability of critical points of ® in Eq. (3.9).
To determine the critical points, release a ball from a voltage Vp and measure the “time"
X it takes to reach the intersection. d. A plot of X vs. Vg reveals three cases. When xy
intersects X once, the interface is unable to spike. e. When z, intersects X three times and
Vi corresponds to an increasing branch of X, the interface is excitable. f. When z, intersects
3 times and Vi corresponds to the decreasing branch, the voltage at the interface oscillates.
g.-h. Kymographs illustrating no spiking, excitability, and oscillating at the interface. See
Appendix 3.8 for simulation details. Adapted from Scheibner et al. [2023].

function heo (V') on a long time scale 7. The term DV2V arises from direct cell-to-cell current
flow via gap junctions. Like the predator prey system, a normalization is chosen such that
the quantities v/D and z have units of length, while all others are dimensionless (see §3.5).

The system is modeled by no-flux boundary conditions at both ends, 8xV| 47 = 0, while the
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voltage V' and its first derivative 0,V are required to be continuous across the interface.

The gating switch hoo (V) is reasonably well approximated by a step function hoo (V) =
rO(Vi — V), where © is a Heaviside step function and Vi is a crossover voltage that turns
off the sodium channels [ten Tusscher et al., 2004a|. The parameter r is the ratio of the
open-state conductances of the sodium to the potassium ion channels. Therefore, r can be
interpreted as the relative strength of the amplifier (sodium) and suppressor (potassium).
When r < 1, the potassium ion channels are so strong that the interface effective becomes a
Dirichlet boundary of the type considered in the predator-prey system. When r > 1, both
sides of the interface are dynamic.

In Fig. 3.3a-b, I sketch a three dimensional phase diagram spanned by the parameters
L/ VD, Vi, and r. When L/ VD — 0, diffusion forces the voltage to be approximately
constant across the entire system, so one can think of the system as an effective single cell
with both ion channels. By contrast, when L/ VD — oo, the coupling is weak and the
spatial heterogeneity plays a crucial role. To illustrate the independence of these two limits,
in Fig. 3.3c-k I consider three different realizations of fy, and fk [Xu et al., 2020, Payandeh
et al., 2011]. For each realization, I show two cross-sections of the phase diagram: one for
L/VD — 0 and one for L/v/D — oo. Fig. 3.3d-f shows an example of ion channels for
which the effective single cell (L/v/D — 0) exhibits spikes but the weakly coupled interface
(L/V/D — o0) does not. Moreover, Fig. 3.3g-i shows an example in which the interface
exhibits spikes for all values of r, yet no ratio of the amplifier and suppressor give rise to

spiking in a single cell.

3.1.3  Qverview of mathematical structure

In both the interfacial and boundary systems, the presence of spikes is associated with

topologically robust features of the underlying dynamical system governed by their respective
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Figure 3.5: Nonlinear waveguides from interfacial spiking. a-b. Two distinct non-
spiking materials (light and dark grey) are patterned for form a four way junction of excitable
interfaces. When two nonlinear wave trains arrive at a junction in-phase (a), they propagate
through uninterrupted. When the two wave trains arrive out-of-phase, they annihilate at the
junction. The color corresponds to the intensity I of the fast, diffusively coupled variable.
c-d. A network of excitable interfaces acts as a binary half adder, which takes the sum of
two 0 or 1 inputs. Here, the presence of a wave indicates the value 1 while the absence of a
wave indicates the value 0. The color Ijhax is the maximum value of I over time when the
network has reached steady state. See §3.7.1-3.7.2 and Appendix 3.8 for simulation details.
Adapted from Scheibner et al. [2023].

reaction-diffusion equations. Both Egs. (3.3-3.4) and Egs. (3.5-3.6) take the form

A :DVQAE% f(A, B, z) (3.7)

B :%g(A, B) (3.8)



where A(z,t) is a fast field and B(x,t) is a slow field. T will call [Ag(x), By(z)] a stationary
solution of Eqs. (3.7-3.8) if they satisfy A = B = 0. Each stationary solution comes paired

with a functional &:

= /D(@xA)Q —U(A,z)dz (3.9)

where U(A, z) fO f(A" By(x),2)dA’. The meaning of ® is as follows. If the system is
prepared at the stationary solution and the variable A is perturbed, then on short time scales
A~ —50/5A.

The number of stationary solutions and the critical points of their associated functionals
encode the ability of a system to spike. For instance, suppose Egs. (3.7-3.8) permit only one
stationary solution, [Ag(x), By(z)], and the associated functional ® only has one minimum
[namely Ag(z)]. Then the system will not exhibit spikes because any perturbation to A(x)
quickly relaxes to Ag(z). However, if ® permits a second minimum A (z) in addition to
Ap(x), then the system is excitable: suitable perturbations to A will push the system into
the basin of attraction of Aq(z), and only on longer times (¢ o< 7), will the system return
to Ag(x). Oscillations (i.e. repeated spikes) occur when Agy(x) itself is a saddle, rather
than a minimum, of ®. The number of critical points and their unstable dimensions are
topologically robust quantities: these integers are unchanged under sufficiently small, generic
perturbations to Egs. (3.7-3.8).

For certain models, such as the electrophysiology equations (3.5-3.6) in the experimentally
relevant limit of hoo (V') = rO (Vi — V), the stationary solutions and associated critical points
are captured by a relatively simple geometric construction. The stationary solution for the
membrane potential Vj(z) is constructed as follows: first draw potentials for fix (V') (red) and
hoo (V') fna(V) (blue) and align their maxima as shown in Fig. 3.4a. Treating these as hills, let
a ball roll from the top of one hill to the other. The trajectory of the ball in time corresponds

to the voltage profile Vjj(x) in space (Fig. 3.4b). As I show in §3.5, the existence of spiking
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at the interface is determined by an auxiliary function X (V') defined in Fig. 3.4c: Place
the ball at an arbitrary voltage Vi and let it roll down the blue hill. The function X (Vp)
is the amount of time it takes for the ball to reach the intersection. Each solution to the
equation X (Vi) = X (V) constitutes a critical point of (V). Whenever X (V4) = X (V) has
multiple solutions, the system exhibits spikes. As shown in Fig. 3.4d-f, the precise form of the
spikes (excitable vs oscillatory) depends on whether the solution Vj(z) is stable (excitable)
or unstable (oscillatory). Using homological techniques from Conley index theory [Conley
and Smoller, 1983, Mischaikow and Mrozek, 2002], I show in §3.3 that the decreasing branch
of X (V) must always be unstable, while the increasing branches are stable. The function
X (V) can be thought of as the high dimensional counterpart of the dashed lines, heq, in
Figs. 3.3d,g,j that determine the phase diagrams for a single cell. An analogous function
X(q) demarcates the phase boundaries for the predator-prey diagram shown in Fig. 3.2h,
see §3.3.

3.1.4  Spiking mode transition

So far, I have considered bulk media that alone cannot spike, but exhibit excitability or oscil-
lations when a boundary or interface is introduced. Now I show that boundaries or interfaces
can cause conversions between different modes of spiking. As illustrated in Fig. 3.1¢, consider
two chemical reservoirs separated by a semi-permeable membrane. The reaction in the right
chamber (z > 0) contains two catalysts with concentrations a(z,t) and b(x,t) that evolve
according to the Oregonator model of the celebrated Belousov-Zhabotinsky reaction [Tyson,
1976]. I assume that the catalyst a is free to diffuse across the interface, while the catalyst b
is relatively immobile. In the left reservoir, the catalyst a is rapidly converted into a product

that exits the reaction. Starting from a minimal chemical reaction network and applying the
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law of mass action (see §3.6), I derive the following dynamical equations:

—a x <0
a =DV2a + (3.10)
2m1b —albso(a) +ma] >0
[):M (3.11)
T

where mq and mo are parameters set by internal rate constants, and bso(a) is a monotonically
decaying function given in Eq. (3.95). For sufficiently large mj and small mg, neither of the
reservoirs alone can oscillate. The kymograph in Fig. 3.1c shows that allowing catalyst a to
diffuse between the two reservoirs creates spontaneous oscillations at the interface. However,
unlike the previous examples (predator-prey and electrophysiology), the chamber on the
right alone is excitable (though not oscillatory) even without the interface (see Fig. 3.13).
The presence of excitability for x > 0 changes a qualitative feature of the oscillations: the
interfacial spikes are no longer spatially localized. Instead of dying off at large = (as in
Fig. 3.1b), the spikes generated at the interface propagate at constant amplitude to the
far away boundary (see Fig. 3.1c). Oscillations at chemical interfaces have been reported
previously, but they often rely on a distinct mechanism in which chemicals mix at the
interface to reach locally suitable conditions for oscillations [Budroni et al., 2016, Duzs
et al., 2019]. Interfacial spiking, for example using gels or other tailored chemistry [Semenov
et al., 2016, Yoshida, 2010, Rabai et al., 1989, Testa et al., 2021|, may serve as a promising
alternative technique for spatial control of chemical reactions because the two reservoirs can

remain distinct indefinitely.

3.1.5 Trigger waves along 2D interfaces

In two dimensions, an interface is a 1D line. If the interface is excitable, then the 1D line

can host nonlinear waves called trigger waves, as illustrated by the bioelectric experiments
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in Fig. 3.1a. The conditions for propagation as well as the unique wave speed of these trigger
waves are discussed in §3.7.1. Geometric primitives, such as curves, corners, and junctions,
can then be used to control the nonlinear wave propagation. For instance, Fig. 3.5a-b shows
a four-way junction formed by patterning two different materials (light and dark grey). In
panel (a), two trigger waves approach the junction from below. Since the trigger waves are in
phase they interfere constructively and pass through the junction. However, when the pulses
are sent periodically with a phase lag (b), no pulse passes through due to overlap in their
refractory periods. Since the trigger waves are nonlinear, constructive interference results
in outgoing waves that have the same amplitude as the incoming waves (rather than twice
the amplitude). This modification to the superposition principle can form the basis of more
complex devices, such as those capable of computation [Adamatzky et al., 2005, Holley et al.,
2011, Toth and Showalter, 1995, Steinbock et al., 1995b]. As an illustration, Figure 3.5¢-d
shows a two-dimensional (2D) surface patterned by two materials obeying equations of the
form of Egs. (3.5-3.6). The network of excitable interfaces forms an effective circuit that
computes the sum of two binary numbers (see §3.7.2 for additional minimal logic gates, such
as AND, OR, and NOT gates). Since only diffusion is required at the boundary, interfacial
excitability is potentially useful as a form of wave control that does not require electronics,
additional materials, or the fabrication precision necessary to explicitly construct a narrow

channel or wire.

3.2 Spike generation in fast-slow systems without spatial extent

Here I review examples of spike generation in fast-slow systems without spatial extent.

Consider equations of the form

A=f(A,B) (3.12)
B —%g(A, B) (3.13)
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and assume that 7 > 1, which implies that A is a fast variable and B is a slow variable.
Figure 3.6a (top) shows two curves known as nullclines, which are defined by A = 0 (black)
and B = 0 (grey). The intersection of the nullclines (solid orange circle), denoted (A, By),
is a fixed point of Egs. (3.12-3.13). If an external stimulus (light blue arrow) pushes A across
a threshold value (open green circle), A will evolve along the solid green line towards a high
value (solid green circle) while B remains approximately constant. Over a longer period of
time, known as the refractory period, A and B will move along the dashed orange line back
towards their rest position (solid orange circle). This is an example of an excitable system,
in which the fast variable A needs to be stimulated above a critical threshold in order to
undergo a spike. Figure 3.6a (bottom) shows an equivalent description of the spike: when
initially perturbed, A will evolve according to A = —d4U, where 4U(A) = —f(A, By).
From this perspective, the system is excitable because U has a minimum (solid green circle)
other than the one at Ag (solid orange circle).

Figure 3.6b shows a similar example where the fixed point (Ag, By) is unstable. Since
the global fixed point is unstable, this system contains a limit cycle denoted by the dashed
orange line. Such a system exhibits repeated spikes even in absence of external stimulation,
which I refer to as oscillation or pacemaking. In the following sections, I use an analogous
fast-slow decomposition in a high-dimensional setting to identify spiking in reaction-diffusion

equations, where the potential U is replaced by a functional ® of the spatially extended fields.
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Figure 3.6: Spike generation in fast-slow systems without spatial extent. a. (top) A
phase portrait of an excitable fast-slow system. The black curve corresponds to A = 0, and
the grey curve corresponds to B = 0. The light blue arrow represents an external pertur-
bation. The solid green curves are the fast trajectory, and the dashed orange curve is the
refractory period. The solid orange circle denotes the global fixed point. The open (closed)
green circle represents an unstable (stable) fixed point of the fast dynamics. (bottom) On
short time scales, the potential U(A) governs the dynamics. The system is excitable since
U(A) has multiple minima. b. (top) A phase portrait of a fast-slow system exhibiting oscilla-
tions. The dashed orange curve is a limit cycle. The open orange circle denotes an unstable
global fixed point. The closed green circles are stable fixed points of the fast dynamics if
initialized at the open orange circle. (bottom) On short time scales, the potential U(A) gov-
erns the dynamics. The system is exhibits oscillations since since U(A) has multiple minima
and the orange circle (global fixed point) is not one of them. Adapted from Scheibner et al.
[2023].
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Figure 3.7: Stationary solutions and critical points. a. The potentials U(A) and
Uclip(A) are depicted by dashed and solid lines, respectively. The red points correspond
to type I stationary solutions that lie along the non-clipped part of the potential. The blue
point corresponds to a type II stationary solution, which lies at the point Ax. The grey circle
symbolizes a ball moving this 1D potential. If released from rest at either of the red points,
the ball will take a “time" ¢ to reach A = 0. If the ball is released from the blue point, it
will take a “time" X (Ax) to reach the origin. b. The stationary solutions are plotted in real
space. Type I solutions intersect the curve X (A) along the z = ¢ boundary and type II solu-
tions intersect the curve X (A) along the A = Ay boundary. c. The (A4, {) parameter space
is shown, with X (As) plotted. A specific choice of parameters corresponds to a point P.
Type I stationary solutions lie along the dashed red line, while type II lie along the dashed
blue line. The critical points associated with the blue stationary solution are indicated with
purple circles. Adapted from Scheibner et al. [2023].

3.3 Phase diagram for spiking at a Dirichlet boundary

3.3.1 General Setting

Here I derive the phase diagram featured in Fig. 3.2h. The equations considered take the

form:

A=V2A+ Bf(A) (3.14)
B :%g(A, B) (3.15)

Notice that Egs. (3.14-3.15) are a specialization of Eqs. (3.7-3.8) with f(A, B,z) = Bf(A).
I will assume that f(A) > 0 for A € [0,1) and that f crosses zero at A = 1. Moreover,

I will assume that there is a function 0 < Bso(A) < 1 such that g(A, B) < 0 whenever
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By (A) < B <1 and g(A, B) > 0 whenever 0 < B < Bxo(A). I will require the boundary
conditions A(0) =0 and 0,4 y=0. Here { =L/ VD is the nondimensionalized system size.
I will assume that the maximum value of f and g are of order 1 and that 7 > 1, implying
that B is a slow variable. As I will illustrate with examples in subsequent sections, this form
is general enough to capture a wide range of dynamical systems through suitable variable
changes.

The calculations below comprise the following steps: I first find the fixed points of
Egs. (3.14-3.15), which I refer to as stationary solutions. Setting B=0in Eq. (3.15) yields
B = Bso(A), and then setting A = 0 in Eq. (3.14) yields the following ordinary differential

equation for A:

dU

2
A= —By(A)—

(3.16)

where U is an antiderivative of f . Suppose the system is initialized to a stationary solution,
given by Ag(z) and By(x) = Boo(Ag(z)), and suppose the fast field A is subject to a
perturbation A(x,t = 0) = Ag(x) + JA(x), where A is not necessarily small. On short time

scales, B(x,t) will be frozen to By(z) and A will evolve according to

A=V2A+ By(z)f(A) = —g (3.17)

where
y4
B — / (VA2 — By(2)U(A)dA. (3.18)
0

Solutions to Eq. (3.17) with A = 0 are critical points of ®. Notice that Agy(x) is always one of
the critical points. I will make inferences about the qualitative behavior of Eqs. (3.14-3.15)

using the structure of the stationary solutions, critical points, and orbits connecting them.

76



Examples of such inferences are as follows:

e Suppose that Egs. (3.14-3.15) only permit one stationary solution, and this stationary
solution is linearly stable. If the associated ® has no additional critical points beyond
Ap(x), then the system cannot exhibit spikes because A(x,t) will quickly return to

Ap(z) after any perturbation.

e Suppose that Egs. (3.14-3.15) only permit one stationary solution, and this stationary
solution is linearly stable. If ® has stable critical points other than Agy(x), then the
system is excitable. Namely, if the initial trigger 0 A(x) pushes the system into the
basin of attraction of a second stable critical point, then A(z,t) will be attracted to
the second critical point on a fast time scale (t < 7) and remain there for a long time

(t o< 7) until the slow variable B(z,t) begins to evolve. This constitutes a spike.

e Suppose that Egs. (3.14-3.15) only permit one stationary solution, and this stationary
solution is linearly unstable. Assuming chaotic behavior does not occur, the system
will (generically) contain a limit cycle. The presence of this limit cycle corresponds to

oscillatory activity.

e Equations (3.14-3.15) may have multiple stable stationary solutions. In this case, I

refer to the dynamics as multistable.

In the next section, I specialize the form of By (A) to allow for an analytical calculation
of the stationary solutions and critical points, and thereby an analytical construction of a

spiking phase diagram.
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Figure 3.8: Determining the stability of critical points. The critical points of ®(A;e)
are shown for three values of e. a. At low e, there exists only one critical point, A. b.
At moderate e, there exist three critical points A, B, and C. The solids arrows indicate
heteroclinic orbits. c. At large e, only one critical point (C) remains. Critical points 4 and
C must be minima (i.e. unstable dimension of 0), while B has an unstable dimension of 1.
Adapted from Scheibner et al. [2023].

3.3.2  Construction of the phase diagram

In this section, I specialize the form of Buo(A) to Boo(A) = O(Ayx — A), where O is the

Heaviside step function. Then Eq. (3.16) becomes

g . dUclip
dA dA

VZA = -0(4s — A) (3.19)

where dgilfp = O(Ax—A)f(A) defines a potential that has been clipped by the step function,

see the solid black line in Fig. 3.7a. To construct solutions, notice that Eq. (3.19) is equivalent
to the equation of motion for a ball moving in a 1D potential, where x corresponds to “time"
and A corresponds to “position". The boundary condition 83314‘ ¢ = 0is the requirement that
the ball is at rest at “time" ¢. Likewise, the boundary condition A(0) = 0 is the requirement
that the ball reaches “position" 0 at “time" 0. As shown in Fig. 3.7a, solutions to Eq. (3.19)
can be constructed as follows: release the ball from rest at point A, allow it to move through
the potential, and measure the amount of “time" it takes to reach point A = 0. If that “time"
is equal to ¢, then one will have constructed a valid solution to Eq. (3.19).

Fig. 3.7a demonstrates that there are two possible types of solutions. For type I (red),
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Figure 3.9: Phase diagram for spiking at a Dirichlet boundary. a. A phase diagram in
the Ay-¢ plane is divided into 11 distinct regions. The solid black curve is X (Ax). The color
code indicates the qualitative behavior. Green: no spiking; olive: bistable; blue: excitable;
pink: oscillating. b. The qualitative behavior may be inferred from diagrams that summarize
the topological features of the flow. In each diagram, the black circles represent stationary
solutions, and the grey circles represent the critical points of the associated potentials. Solid
circles are stable, and the open circles are unstable. The light grey lines represent heteroclinic
orbits in the fast dynamics, and the black lines convey the evolution of the system on longer
time scales. Adapted from Scheibner et al. [2023].

the ball is released along the non-clipped part of the potential (A < Ay). For type II, the
ball is released at A = A,: If the amount of “time" T it takes the ball to reach A = 0 is less
than /¢, then a valid solution can be constructed by letting the ball sit at rest on the flat part
of the potential for a “time" ¢ — T before releasing it. In Fig. 3.7b, the two types of solutions
are shown in real space.

To help count the number of solutions to Eq. (3.19), I introduce a function X (A) that
corresponds to the amount of “time" the ball takes to reach “position" 0 if released from

“position" A. This is given by:

(3.20)

1 A 1 ,
X4) = ﬁ/o 0 )

Fig. 3.7b-c show an example of X (A) featuring one local maximum and one local minimum.

Depending on the choice of f(A), the function X(A) can have many local maxima and
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minima. Nevertheless, the assumptions that f(1) = 0 and f(A) > 0 for A < 1 imply that
X(A) > 0, X(0) = 0 and X(1) = oco. In terms of X(A), type I and type II solutions

correspond to the following:

Type I: If a < Ay and X (a) = ¢, then there is a solution with A(¢) = a. In this case,

the stationary solution A(x) is given by the inverse of:

x (3.21)

1[4 1 ,
(A) = — da

Vv2Jo JU(a) —U(d)
Type II: Let xx = X (As). If x4 < £, then there is a solution with A(¢) = As. In this
case, the stationary solution A(z) can be defined in a piecewise manner: A(x) = Ax

for © € [z4,]; For x < x4, A(z) is the inverse of:

dd’ (3.22)

1[4 1
x(A):ﬁ/o VU —U(@)

Now I can think of A, and ¢ as being parameters of our dynamical system defined by
Egs. (3.14-3.15). Working in the A-¢ plane, all the stationary solutions can be found by the

graphical construction illustrated in Fig. 3.7c:
1. Represent a choice of parameters (Ax, ¢) as a point P in the plane.

2. Draw the curve X (Ay).

3. Draw a horizontal line extending to the left from P. The intersections between the

horizontal line and X (Ax) correspond to stationary solutions of type I.

4. Draw a vertical line extending downward from P. Intersections between the vertical

line and X (Ax) represent stationary solutions of type II.

This construction yields all the solutions to Eq. (3.19). Next, I derive the stability of the

stationary solutions and their consequences for spiking. To do so, I will specialize to the

80



situation in which X (A) is “N"-shaped, i.e. it has exactly one local maximum and one local

minimum. I will use the following result: consider the functional
e
B(A: ) = / (VA? - U(A) de (3.23)
0

which is minimized with respect to A subject to the boundary conditions A(0) = 0 and
axA|e = (0. Using a similar derivation to that above, one sees that the critical points of ®
correspond to the intersections between X (a) and the horizontal line at e. As illustrated in
Fig. 3.8a, for sufficiently small e, there is only one critical point (denoted .A) and therefore
this critical point must be a minimum of ®. As e increases (Fig. 3.8b), a bifurcation produces
two new critical points, B and C. As e increases further, B and A annihilate (Fig. 3.8¢).
Since C is now the lone remaining critical point, it must also be a minimum of ®. Conley
index theory states that two critical points that emerge or annihilate must have unstable
dimensions that differ by 1 [Conley and Smoller, 1983]. Since the minima .4 and C have an
unstable dimension of 0, the unstable dimension of B is 1. Moreover, the dynamical system
A= —g%) must have heteroclinic orbits from B to A and B to C. (See Appendix 3.8 for a
brief introduction to Conley index theory and a derivation of these facts.)

I now apply these facts to deduce the stability of the stationary solutions. For station-
ary solutions Ag(x) of type I, Boo(Ag(x)) = 1. Therefore, the fast dynamics for a type I

stationary solution are governed by the equation:

W __owy

oo, AU
A=ViA+ o =——0 (3.24)

For stationary solutions Ag(x) of type II, Boo(Ag(x)) = O(x — z4), where x4 = X (Ay).

Hence, the fast dynamics are governed by the equation:

: U 6P
A=V2A+0(zx— )Ty = —5—/{1. (3.25)
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Notice that the critical points of ®1(A) and $yp(A) can be put in correspondence with ®(A; /)
and ®(A;xy), respectively. Therefore, one can use the following graphical construction,

illustrated in Fig. 3.7c, to find the critical points associated with each stationary solution:

1. Identify the point corresponding to the stationary solution of interest. (In Fig. 3.7c,

the blue stationary solution is of interest.)

2. Draw a horizontal line in both directions out from the point. (Dashed purple line in

Fig. 3.7c.)

3. The intersections between the horizontal line and X (As) correspond to critical points.

(The blue and purple points in Fig. 3.7c.)

4. The stability of each critical point is determined by which branch of X (Ay) it lies on:
those on an increasing branch are stable while those on a decreasing branch have an

unstable dimension of 1.

Notice that all stationary solutions are also critical points of their associated potential.
Occasionally, critical points of one stationary solution are also stationary solutions unto
themselves.

These considerations allow us to construct the phase diagram shown in Fig. 3.9a. The
parameter space has been divided into 11 regions based on the number of type I and type II
stationary solutions, and the nature of their associated critical points. For each region, one
can construct a corresponding diagram shown in Fig. 3.9b. In each diagram, the black circles
denote stationary solutions while grey circles denote critical points that are not stationary
solutions. Solid circles indicate stable stationary solutions/critical points, while open circles
indicate unstable stationary solutions/critical points. The solid grey lines indicate hetero-
clinic orbits in the fast dynamics, while the solid black curves depict the evolution of the

system over longer time scales.
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Figure 3.10: A spiking phase diagram for a single bioelectric cell. a. A represen-
tative phase portrait for Eqs. (3.54-3.55). The fixed point (here unstable) appears at the
intersection heq (black) and hso (red). b. An annotated phase diagram showing the fixed
points, limit cycles, and heteroclinic orbits in each phase. The light grey points and arrows
represent features that are only present in the 7 — oo dynamics. ¢. The heq and hoo curves
for each phase in the phase diagram. Adapted from Scheibner et al. [2023].

Using these diagrams, one can then classify distinct qualitative behaviors. Regions 1, 5,
6, and 11 are classified as no-spiking because they feature only one stationary solution, and
the functional associated with that stationary solution has only one critical point. Regions 2,
4,7, and 8 are classified as excitable because they have exactly one stable stationary solution,
and the potential associated with this stationary solution has multiple stable critical points.
Region 3 is classified as oscillating because it features only one stationary solution, and this
stationary solution is unstable, and hence the system exhibits a limit cycle. Regions 9 and
10 are classified as bistable because they feature two stable stationary solutions.

Notice that this phase diagram differs slightly from the one shown in Fig. 3.2h, because
f in the lumberjack-tree setting has an additional zero at A = 0. It will be explained in the

following section how the phase diagram in Fig. 3.9a is mapped onto the one for population

dynamics in Fig. 3.2h.

83



3.4 Details on population dynamics model

In dimensionful units, the Lotka-Volterra model I consider takes the form [Murray, 2013]:

P=—aP+bN(P+g)Ry(P) (3.26)

N =c¢N Rp(N)—dPN (3.27)

where P is the population of the predator, N is the population of the prey, and a, b, ¢, d, g > 0.
Here, a is the dimensionful hopping rate at which the lumberjacks (predator) travel into the
desert and perish; b sets the benefit to the lumberjacks of consuming a tree; ¢ is the growth
rate of the trees; and d sets the intensity of the predation. The parameter g is a regularization
parameter that prevents the lumberjacks from going extinct. I will eventually be interested
in the limit ¢ — 0. The function Ry, () is a nonlinearity that sets the carrying capacity Ky,
for the prey in absence of predators. I require that R, (0) = 1 and that R,, only crosses zero
at K. Likewise, R,(P) obeys Rp(0) = 1 and only crosses zero at Ky, the carrying capacity
of the predators.

I nondimensionalize Eqs. (3.26-3.27) by introducing a time scale tg = 1/bK, and defining

P :Ki; n :% (3.28)
~ :Kip e =at (3.29)
r(p) =Rp(pKp) rn(n) =Rp(nKy) (3.30)
; :toic i =t/t (3.31)
0= Klpto (3.32)
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yielding the equations:

p=—ep+n(p+7)rp) (3.33)
nf P |
=2 () - 2] (3349

in which all quantities are dimensionless. For the phase portraits in Fig. 3.2a-c, I use the

following piecewise linear functions for ry,(n) and r(p):

rp(n) =1—n (3.35)
o) =0~ p) (M= 1)+
Op - m)% (3.36)

where px = 0.7 and ny, = 3. T use € = 0, 0.5, and 4.0 for panels a, b, and c respectively. For
all panels I use 7 = 50 and ¢ = 0.5.

Next, I detail the passage to the continuum shown in Fig. 3.2e-g. Consider a compartment
model with local populations p; and n;, where —N < ¢ < N. Here, a positive index i
corresponds to the forest, and a non-positive i corresponds to the desert. The dynamics are

governed by

pi =€(pit1 — Pi—1 — 2p;) (3.37)
—ap; —-N<:i:<0
+ (3.38)
ni(pi +y)r(p;) 1<i<N
Con i
iy =4 [rm) - j] (3.39)

with boundary conditions p__1 = p_n and py1 = py. As in Eq. (3.3), the parameter

€ in Eq. (3.38) sets the hopping rate between sites. However, in Eq. (3.38) I allow the
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desert to have an intrinsic strength « that is no longer necessarily infinite. One recovers
Egs. (3.3-3.4) by taking N = 1 and o — oo, in which case p_1 = pg = 0 may be eliminated.
Likewise, Fig. 3.2e¢, f, and g correspond to taking « — co with N =2, N =4, and N = 100
respectively. See Appendix 3.8 for simulation details.

The continuum limit applies when N,e > 1 and the discrete index ¢ is replaced by a
continuous variable x = id, where d is the lattice spacing. If & — oo, then p(z < 0) =0, so

the continuum equations take the form

p=V?p+n(p+7)r(p) (3.40)
h—§®%WJ—§] (3.41)

paired with the Dirichlet boundary p(0) = 0 and the no-flux boundary axp| ¢ = 0. Here, 1
have nondimensionalized the z-coordinate according to x — z/ VD and ¢ = L / V'D. How-

ever, if « is finite, then one obtains an interfacial equation of the form:

. o9 —ap x € [—(,0]

PRRCR (3.42)
n(p+)r(p) z €0,

n :Z [rn(n) - Zﬂ (3.43)

with no-flux boundaries at x = +¢. T use Eq. (3.43) with « = 1 to produce the kymograph
in Fig. 3.1b. See the Appendix 3.8 for simulation details.

To compute the phase diagram in Fig. 3.2h, notice that Eqs. (3.40-3.41) take the same
form as Eqs. (3.14-3.15). Here, p is the fast variable, n is the slow variable, and the function

fis given by f(p) = (p+~)r(p). The function ns (which plays the role of By) is determined
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by the functional form of r,,. For instance, consider the piecewise linear function

ra(n) =4 ¢ n e [1m;q, 1— 4] (3.44)

m

m(l—n) nell-L1]

If m = 1, then r,(n) = 1 — n and neo(p) = max{0,1 — p/q}. If m — oo, then ns(p) =
©(q —p), where ¢ plays the role of Ay in §3.3. The phase diagrams in Fig. 3.2d and Fig. 3.2h
are analytically computed for m — oo. In the limit that v — 0, the location of the local
maximum of X (¢) approaches ¢ = 0 and so the general phase diagram in Fig. 3.9a converges

the one Fig. 3.2h.

3.5 Calculations for bioelectric interfaces

3.5.1 Conductance-based biolectric model

The bioelectric dynamics I consider are described by conductance-based (i.e. Hodgkin-Huxley
type) models. Our equations focus on the role of the sodium ion channels, potassium ion
channels, and gap-junction coupling between cells. If the ion channels are homogeneously

distributed throughout the tissue, the dynamics are governed by

CV =GVV + gk f(V) + hgna fna(V) (3.45)
h zw (3.46)

Here, V (z,t) is the local membrane potential of the tissue, C' is the capacitance of the cell
membrane, gk (V) and h gn, fna (V) are the currents through the potassium and sodium
channels, respectively. The constants gg and gn, are known as open-state conductances,

and they set the relative strengths of the potassium and sodium channels. The functions
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Figure 3.11: Bifurcation analysis of interfacial spiking. a. The Hamiltonian flow in
Egs. (3.61-3.62) for x < 0 is depicted. The separatrix Pk (solid blue line) results from
an advection of P = 0 (dashed blue line) through a distance ¢ — oo. b. Similarly, the
Hamiltonian flow in Egs. (3.61-3.62) for > 0 is depicted. The separatrix Py, (solid red
line) results from an advection of P = 0 (dashed red line) through a distance ¢ — —oo. c. In
real space, composing the separatrices yields the stationary solution Vy(z). The curve Vy(x)
matches the x < 0 and x > 0 solutions subject to the requirement that the right solution
obtains a slope of zero at V' = Vi. d. The curve Py, (V,VR) is shown in black. Vp is the
V' coordinate of the intersection with P = 0, and V; marks the intersection with Pg. The
function X (Vg) represents the = distance transversed in real space between the voltages Vi
and V1(Vg). e. The function X is plotted as a function of V. The number of solutions to the
equation X (VR) = x4 varies from 1 to 3 depending on x. f. One can visualize the function
X (VR) by plotting a range of trial solutions with different slopes at their interface. The
function X (Vg) corresponds to the = value at which each curve first attains its maximum.
The thick lines correspond to the critical points of ®. g. If x4 intersects X once, then the
system does not exhibit spikes. h. If z, intersects X three times with Vi corresponding to
an increasing branch, then the system exhibits excitability. i. If Vi lies on the decreasing
branch of X, then the system exhibits oscillations. In (e-i), the circles represent critical
points of the functional ® in Egs. (3.68). The orange circle represents Vjy(x), the stationary
solution of Eqs. (3.5-3.6). Solid arrows represent fast heteroclinic orbits, and the dashed
arrows represent slow dynamics in Egs. (3.5-3.6). Open circles are unstable critical points,
while solid circles are stable critical points of ®. Adapted from Scheibner et al. [2023].

fi and fn, are nonlinearites that control the shape of the voltage-current relationship. The
variable h is a gating variable that assumes values between 0 and 1, and 7 is a time constant
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for its evolution towards a steady state value hoo(V'). Finally, voltage diffusion, modulated
by the parameter GG, arises due to gap-junction coupling.

To nondimensionalize the equations, let Vs be a characteristic reference voltage, set

V;efc
9K

INa

"=k

to be the relative strength of the sodium and potassium channels, and let tg =
denote a characteristic time of the voltage dynamics. Next, let D = GV,et/ g be the diffusion
coefficient G/C' times the characteristic time scale 3. Note that v/ D has dimensions of

length. I nondimensionalize the equations according to

h=hr (3.47)
t =t/tg (3.48)
T =T/t (3.49)
V =V/Viet (3.50)

i=x/VD (3.51)
Fe(V) =f(V Vier) (3.52)

Na(V) =fNa(VViet) (3.53)

In §3.1, I use dimensionless variables except for x, and hence D is also retained in Eqs. (3.5-
3.6). In what follows, I will work in dimensionless quantities and omit the tildes.

As shown in Fig. 3.3c,f)i, I will require that fg (V') and fn,.(V) each have exactly one
zero crossing, at Vi and Vi, respectively, and that they are decreasing at this zero. Also,
motivated by experimentally calibrated conductance models [ten Tusscher et al., 2004a], I
take the asymptotic value of the gating variable to be a step function: hoo (V) =7 O(Vi—=V),

where Vi is the crossover of the step.
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Figure 3.12: Linearized dynamics and interface confinement. a. An example of three
solutions to Eq. (3.68) (black lines), which constitute critical points of the functional ®.
The light gray curves represent trial solutions that do not meet the boundary conditions. b-
d. The linearized dynamics about each critical point p is governed by a Schrodinger equation
with an effective potential U,. Each effective potential features a well near the interface.
The unstable dimension, m, of each critical point corresponds to the number of negative
energy states of the Hamiltonian. Because the negative energy states must be bound states,
the unstable modes that drive the spiking feature a spatial profile that is localized near the
interface. The sole negative energy state in (c) is highlighted in red. Adapted from Scheibner
et al. [2023].

3.5.2  Dynamics of a single cell

Before considering a spatially extended system, I consider a the dynamics of a single cell

with both sodium and potassium channels, described by the ordinary differential equation

V=fk(V)+h fna(V) (3.54)
i :w (3.55)

The dynamics of a single cell can be understood in terms of the V and A nullclines. For
example, in Fig. 3.10, the the solid red line indicates ho, which is the h-nullcline. The solid

black line indicates the V-nullcline, given by

heq(V) = L5V (3.56)

_fNa(V)

As shown in Fig. 3.10 and Fig. 3.3d,g, the Vi-r phase diagram for single cell exhibits spiking

if heq is an “N" shaped curve. However, if heq is monotonically increasing (e.g., Fig. 3.3j),
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then the Vi-r phase diagram for a single cell does not exhibit spiking.

3.5.8 Phase diagram for interfacial spiking

Here I derive the phase diagram for the bioelectric interface shown in Fig. 3.3. [ will consider a
1D domain, x € [—¢, ], with an interface at x = 0. Of particular interest are in the following
two limits: ¢ — 0, which will recover the single-cell phase diagrams in Fig. 3.3d,g,j; and
¢ — oo, which will yield the interfacial phase diagrams in Fig. 3.3e;h,k. The governing

equations are:

. 9 fK(V> LS [_67 0]

V =V<V+ (3.57)
hfna(V) € (0,¢]

h :h‘”(VT) —h (3.58)

I will require that V' and 0,V be continuous and that (9IV| 4o = 0. For brevity, I will write:
f(V.h,x) = fr(V)O(=2) + hfNa(V)O(2) (3.59)

Following the general approach from §3.3, I first solve for the fixed points of Eqgs. (3.57-
3.58), which I refer to as stationary solutions. Setting the left-hand side of Eqgs. (3.57-3.58)

to zero amounts to solving the equation:

0=V2V 4 f(V, hoo(V), z) (3.60)
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which can be cast as a Hamiltonian system

0,V =P (3.61)

0y P = — f(V, hoo(V), ) (3.62)

with boundary conditions P|i€ = 0. As shown in Fig. 3.11, Egs. (3.61-3.62) may be solved
graphically. First, construct the curve Pg(V;¢) by taking the line P = 0 and advecting it
forward a distance ¢ according to the x < 0 flow, as shown in Fig. 3.11a. Second, construct
the curve Py, (V;—/¢) by advecting the line P = 0 backwards a distance ¢ according to the
x > 0 flow, as shown in Fig. 3.11b. The intersections Pk (V;{) = Pna(V; —{) correspond to
stationary solutions. I will focus on two limits:

First, I consider £ — 0. In this limit, I expect to recover the dynamics of a single cell,
since V' is effectively forced to be constant across the domain [—/, ¢]. Indeed, for small ¢, one

obtains

P(Vib) = — Ufg(V) + 0(52) (3.63)

Pra(Vi =) =thoo(V) fra(V) + O(£2) (3.64
Equating Pg(V;¢) = Pya(V; =) yields
hea(V) = hoo(V) (3.65)

which is the fixed point equation for a single cell described by Egs. (3.54-3.55).
Second, I consider £ — oo. In this limit, Pk (V;¢) and Py,(V; —{) approach the separat-

ices of the Hamiltonian flow, as shown in Fig. 3.11a-b. These separatrices are given explicitly
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Vv
Pe(V) :\/ 9 /V Fe(VdV! (3.66)

Wa
Pra(V) Z\/Q/V hoo (V') fNa(V7)dV! (3.67)

Since fk and fy, only have one zero crossing each, the separatrices are monotonic and they
will only intersect once. Hence, in the limit £ — oo, the stationary solution Vjy(x) is unique.
Until this point, I have only required that hso (V') be non-negative on the interval [Vic, VNa)-
For hoo (V') = 1 O(Vi — V), the solution Vj(x) is the curve that matches between the left- and
right-hand side while reaching 9,V = 0 at the voltage Vi, as shown in Fig. 3.11c. I will let x4
denote the solution to the equation Vjy(z) = Vi. Note that the intersection construction in
Fig. 3.11a-b is equivalent to the hill picture provided in Fig. 3.4a in which V' is the position
of the ball and P is its momentum.

Having found the stationary solution Vj(z), I examine the fast dynamics with A frozen

to hoo(Vp(z)). The fast dynamics are governed by:

0P

V=VV+FVz)=——

(3.68)

where F(V,z) = f(V,hoo(Vo(x)),2). As in §3.3, I seek to find the critical points of @, i.e.

solve Eq. (3.68) with V' = 0. This amounts to solving the system:

0,V =P (3.69)

Oy P = — F(V, z) (3.70)

with boundary conditions P(+¢) = 0.

In the limit £ — oo I construct the solutions to Egs. (3.69-3.70) as follows:
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Figure 3.13: A phase portrait of an excitable chemical reaction. A phase portrait for
Egs. (3.96-3.97) with mq = 2, mg = 1073, 7 = 10*. The black curve is beq(a) [Eq. (3.98)] and
the grey curve is b (a) [Eq. (3.95)]. The solid and filled green circles represent critical points
of the fast dynamics (c.f. Fig. 3.6). The orange curve is an example trajectory starting at the
star and ending at the orange solid circle and exhibiting a spike. The same parameters are
used to integrate Eqgs. (3.102-3.103) in Fig. 3.1c. Notably, the interface exhibits oscillation,
rather than excitability, due to the presence of diffusion. Adapted from Scheibner et al.
[2023].

1. First define

Vr
Pna(V,VR) = \/27“/‘/ fNa(V7)dV! (3.71)

2. Second, define V1 (VR) to be the point of intersection between the left separatrix and

the right solution curves, i.e. Pg(V1) = Pna(V1,VR), as shown in Fig. 3.11d.

3. Thirdly, compute

Vr 1
X(Vp) = —dV 3.72
(Ve) /Vl(VR) Pxa (V. VR) (3.72)

which is the distance in real space between the locations where the voltage crosses Vj

and Vp.
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Figure 3.14: Examples of OR, AND, NOT, XOR, and CROSS logic gates. The
black lines represent interfaces between distinct materials (purple and green). Solid lines fit
an integer number of wavelengths, while dashed lines fit a half integer number of wavelengths.
The black circles represent termination points. Adapted from Scheibner et al. [2023].

4. Finally, as illustrated in Fig. 3.11e, critical points [i.e. solutions of Eq. (3.69-3.70)]

correspond to solutions of the equation X (Vg) = xx.

As illustrated in Fig. 3.11f, the construction of X (V') can be visualized in real space:
for a range of trial solutions with different slopes at the interface, the points at which each
curve first achieves 0,V = 0 forms the graph (X (V),V). Critical points of ® are the
curves for which X (V) = z4. In Appendix 3.8, I analyze a special case in which fg and
fNa are piecewise linear, allowing X (V') and Vj(x) to be computed analytically in terms of
trigonometric functions.

I note that the precise shape of X (V') depends on the functions fig and fy, and the
parameter . Nevertheless, the hypotheses fix (V) < 0 and fya(V) > 0 for V € (Vk, WNa)
imply that X (Vi) = 0 and X (V,) = oo. If I specialize to the situation in which X (V) is
“N" shaped, I can use the same stability arguments as in §3.3 to obtain the spiking phase
diagrams shown in Fig. 3.3e,h,k: If X (V4) has degeneracy 1, then the system cannot spike
(see Fig. 3.11g). If X (Vi) has degeneracy 3, then the system can spike. If Vi lies on an
increasing branch of X, then Vj(z) is stable and the system is excitable (see Fig. 3.11h).
If Vi lies on the decreasing branch of X, then V{(x) is unstable and the system exhibits a

oscillations (see Fig. 3.111i).
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3.5.4 Limits: r — 0, r - o0

If the potassium channels are much stronger than the sodium channels, then one expects
that the interface will behave as a Dirichlet boundary with V(0) = V. This can be shown
mathematically by taking the limit » — 0. From the definition of V;(Vg), namely Pk (V1) =

Pna(V1, VR), T obtain the relationship

Wi Vr
Fe(V)dV 41 / Fa(V)AV = 0 (3.73)
Vk Vi

From Eq. (3.73) one sees that V| — Vi as r — 0. In this limit, the expression for X (Vg)

[Eq. (3.73)] becomes:

1 (VR 1

E Vk \/UNa(V> - UNa(VR)dV )

X10W<VR) =

where Uy, is an antiderivative of fy,. Notice that Eq. (3.74) has the same functional form
as Eq. (3.20). Crucially, r only appears as a multiplicative prefactor of X (Vg), implying
that the phase boundaries become independent of r as r — 0. Furthermore, the form of
X (V) and hence the phase diagram at low r only depends on the functional form fy, and
on the zero crossing Vi, but not on the detailed functional form of f.

Similarly, in the limit that r — oo, I may write V; = Vi — d(r) where §(r) < 1. From

Eq. (3.73), one concludes

Uk (Vr) — Uk (Vk)

5 —
7 fNa(VR)

+ 0(1/r2> (3.75)
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where Uy is an antiderivative of fix. Then the expression for X (Vg) [Eq. (3.73)] becomes

Xhigh(VR) = #i@ (3.76)
~ V2 Uk (Vi) — Uk(VR)
o fNa(VR) (3.77)

Once again, r appears a multiplicative prefactor, implying that the phase boundaries become
vertical in the Vi-r plane. Notice that Eq. (3.77) depends on the functional form of both
fNa and fg, implying that Xy;e,(VR) and Xjoyw(VR) can be tailored independently of each

other.

3.5.5 Shape of unstable modes

Here I discuss why the spatial profile of the edge spike is often localized near the interface
or boundary (see Fig. 3.1a-b for example). As illustrated in Fig. 3.11f, the critical points of
® (i.e. the curves intersecting green circles) are monotonically increasing. However, when 7
is finite, the voltage profile V (x,t) approaches the critical points, but does not completely
reach them because the voltage takes a non-negligible amount of time to diffuse out to the
boundaries (especially for large systems). Instead, the spatial extent of the spike is better
approximated by the shape of the unstable mode associated with the unstable critical point.

Given a critical point p, with spatial profile Vj(z), the linearized dynamics obey:
00V = —HV (3.78)
where 6V (z) = V(z) — Vp(x) and

H(z) = —V? + U(x) (3.79)
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with U(z) = — g—{; Vo) Notice that Eq. (3.78) is a 1D Schrédinger equation with potential
U(z). As an illustr;tion, Fig. 3.12a show the voltage profile for a biolectric interface for
which @ has three critical points, Vy(x), V1 (z), and Va(z). Figure 3.12b-d shows the effective
potential for each of these three critical points. (In this example, fix and fy, are chosen
to be piecewise linear, and hence each Up(x) is a square well). Negative eigenvalues of H
correspond to unstable modes. Since I require 9,V | 4o = 0 and fi(V) and fna(V) are
both decreasing at their zero crossings, it follows that U(x — +o00) approaches non-negative
constants C1 = —hoo(ViNa)Oy fyy and Cy = —0y fi. Therefore negative energy states, and
hence the unstable modes, correspond to bound states of U(z). Naturally, these bound
states are confined to the well formed by U(z), which coincides with the region in which
Vp(x) interpolates between its two asymptotic values. Examples of the linear spectrum for

each critical point are shown Fig. 3.12b-d. In accordance with the stability of each critical

point, only panel ¢ has a negative energy state, which is highlighted in red.

3.5.6  Example ion channels

Here I provide the expression for the ion channels used in Fig. 3.3. For panels (c-e), T use:

(VK _ V)6_2'5(V_VK)

(V) = v (3.50)

A o — Vv —2.5(V—VNa)
paalt) ~ERe = (3.51)

For panels (f-h), I use:

—e~(V=Vk) 4 o—2(V-k)

fe(V) == (3.82)
e(V_VNa) eQ(V_VNa)

fralV) = T (359
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CROSS

Figure 3.15: Decomposition of binary half adder. A binary half adder can be decom-
posed into and AND gate and an XOR gates. Since the XOR gate generates an output of
the system, it can be simplified to the XOR* gate. Adapted from Scheibner et al. [2023].

For panels (i-k), I use:

0.3(1 — e(V-"k))

V) = 3.84
Jx(V) N (3.84)
2.5V Ve — V
fra(v) =W = V) (3.85)
Ne
with Vx = —1 and VN, = 1. The normalization constants Ny, ..., Ng are chosen such that

the local minimum or maximum of each ion channel is normalized to —1 and 1, respectively.
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3.6 Calculations for oscillating chemical reactions

The chemical dynamics I study involve two chemical reservoirs undergoing distinct chemical
reactions. In the rightmost chamber, I consider a prototypical chemical reaction network
known as the Oregonator [Field et al., 1972]. The Oregonator can be summarized by 5

elementary reactions

R+A M, cup (R1)
C+A2op (R2)
R+C-F,004 9B (R3)
20¢ P R4 P (R4)
Bk—5>m1A (R5)

with rate constants k;. Here R is a reactant, P is the product, A, B, and C are catalysts,
and my is a stoichiometric coefficient. The Oregonator was originally proposed as a minimal
model for the Belousov-Zhabotinsky reaction [Tyson, 1976]. In this context, the variables
can be roughly interpreted as: R = BrO3 , P = HOBr, A= Br B:Ce4+, and C= HBrOs,
and suitable rate constants can be determined from experiments. See Ref. [Tyson, 1976] for
a detailed introduction.

In the right chamber, I assume that the reactant R is abundant, so its concentration can
be treated as constant. Moreover, the product P is assumed to exit the reaction and not

affect the subsequent dynamics. Hence, I need only consider the kinetic equations for the
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intermediates A, B, and C:

A=—kRA—-kyCA+mksB (3.86)
B =2ksRC — ksB (3.87)
C =kiRA — koC A+ ksRC — kyC? (3.88)

Here, A denotes the concentration of component A, etc. I nondimensionalize the kinetic

equations by introducing a time scale tg = ]Jgﬁ and defining

L3 bk

= = 3.89
“ Rk 2(Rk3)? (3.89)
ky -
=—10C t=t/t 3.90
=Rk /to (3.90)
resulting in
a =2m1b — a(c+ mo) (3.91)
. c—b
b= 3.92
. (392)
e¢ =a(mg —c¢) + (1l —¢) (3.93)
with the parameters
ko koksR kiky
Tk " haks "2 T haks (3:94)

Of interest is the regime ¢ < 1 and 7 > 1. With € < 1, one may integrate out Eq. (3.93)
and define

c(a) = boo(a) = % {(1 —a)+ \/(1 —a)?+ 4m2a} (3.95)
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Thus the dynamics become

a =2m1b — a(bso(a) + mo) (3.96)
b :M (3.97)

The b-nullcline is given by b = by and the a-nullcline @ = 0 is given by

a(boo(a) +m2)
2mq

b = beq(a) (3.98)

Depending on the values of mq and mo, Eqgs. (3.96-3.97) can exhibit no-spiking, excitable,
and oscillating phases. Our interest is in the regime in which m; is sufficiently large to create
local excitability, as shown in Fig. 3.13.

For a spatially extended system, Egs. (3.93-3.92) become

a =V2a+ 2mib — a(c + mo) (3.99)

. —b

b=pV2b+ & - (3.100)
e¢ =aV2e+ a(mg — ¢) + ¢(1 —¢) (3.101)

In Egs. (3.99-3.100), I nondimentionalize length using * — x/v/D where D = D 4ty and
D4 is the diffusion constant for species A. In Eq. (3.101) and Eq. (3.100), o = 5%—2 and
b = g—i, where Do and Dp are the diffusion constants for C and B, respectively. Since
e < 1, I have a < 1 and therefore ¢ can be locally integrated out using Eq. (3.95).

In the leftmost chamber, I assume that the catalyst A is rapidly converted into a product

and exits the reaction:
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When the species A is allowed to diffuse across the interface, the governing equations take

the form:

0 —a x € [—(,0]
a=Via+ (3.102)
2m1b — a[bso(a) +ma] x €0,/
b:w (3.103)

For Fig. 3.1c, I choose mq = 2 and my = 1073. In this case, the > 0 reservoir displays
excitability (see the phase portrait in Fig. 3.13), and the x < 0 reservoir exhibits no spiking.
Crucially, however, when the catalyst A is allowed to diffuse, the full interfacial system

exhibits oscillations.

3.7 Details on two-dimensional waveguides

3.7.1  Two-dimensional media: interfacial trigger waves

In two dimensions, an interface between two media forms a 1D line. If the interface is ex-
citable, then the 1D line can host a trigger wave, as illustrated by the bioelectric experiments
in Fig. 3.1a. In the notation of Eqgs. (3.7-3.8), a trigger wave along the interface is described
by a profile A(x,y,t) = A(z,y — ct) where z runs transverse to the interface, y runs parallel
to the interface, and c is the wave speed. In a 7 — oo approximation, the sharp front along

the interface is described by:

5P
DO2A = —cOyA+ 51 (3.104)

which is a higher dimensional version of the profile equation for standard trigger waves [Di Talia
and Vergassola, 2022]. When the interface is excitable, ® has two minima, the stationary

solution Ap(x) and an additional minimum Aj(z). In the simplest approximation, Ag(z)
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and Aq(z) are the boundary conditions of Eq. (3.104) as y — 400 and —oo, respectively.
The conditions for trigger-wave propagation can then be understood by a classic rolling
ball analogy [Vergassola et al., 2018]: Eq. (3.104) describes a ball of mass D moving with
damping ¢ between two maxima [Ag(z) and Aj(x)| of a potential —®. The front moves in
the direction that expands the low potential (larger ®) region, and the wave speed ¢ corre-
sponds to the (unique) value of dissipation that allows the ball to arrive at rest at the top
of the lower peak of —®. Notably, an undisturbed system will initially exhibit a uniform
profile A(x,y) = Ag(x). Consequently, if ®[A;] > P[Ap], then a sufficiently intense local
perturbation will cause the A region to expand, implying that a trigger wave will propagate
outward in both direction from the initial perturbation. If ®[A1] < ®[Ag], then the initial

perturbation will close and the trigger wave will not propagate.

3.7.2  Design of the binary half adder

Here I comment on the design of the binary half adder in Fig. 3.5¢c-d. Each input chan-
nel encodes a Boolean value: true corresponds to the presence of a wave train, and false
corresponds to the absence of a wave train. Within this paradigm, a self-contained logic
gate receives input wave trains, subjects them to nonlinear interference, and produces out-
put wave trains. Figure 3.14 shows examples of canonical OR, AND, NOT, and XOR logic
gates. In each of these diagrams, a solid line indicates an interface of length nA and a dashed
line indicates an interface length (n + 1/2)\, where n is an integer, and A = T¢, where T
is the period of the input pulses and ¢ is the wave velocity along the interface. Each of
these logic gates is constructed using only two materials, which implies that each junction
must comprise at least four interfaces. The device shown in Fig. 3.5c-d is known as a binary
half adder, which takes the sum of two binary numbers. As shown in Fig. 3.15, the binary
half adder can be constructed out of XOR and AND gates. In order to embed the logic

gates in the 2D plane, an additional trivial gate CROSS(z, y) = (z,y) must be implemented
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that allows two pulses to cross each other without performing a computation. To prevent
undesired back scatter at interference junctions, a needle geometry shown in Fig. 3.5a-b is
used.

In order for the gates in Fig. 3.14 to be composable, the phase of the output wave train
must be independent of the choice of logically equivalent inputs. For example XOR(T, F') =
T and XOR(F,T) =T, so both inputs (7, F) and (F,T) must produce an output wave train
with the same phase. However, if the output of the logic gate is the final output for the
device, then the phase will not be read so certain logic gates, such as XOR, can be simplified.
For example, in the binary half adder the XOR logic gate is simplified to XOR*, as shown
in Fig. 3.15.

3.8 Appendix: numerical details and mathematical background

3.8.1 Numerics

Here I provide the details for the numerical simulations presented in § 3.1.

Figure 3.1b. I integrate

. ) —p x € [—¢,0]

p=V2p+ (3.105)
npr(p) =z € (0,

7 :g [1 - Zﬂ (3.106)

with no-flux boundary conditions at x = +¢. The parameters used are 7 = 100, ¢ = 0.5,

¢ = 100. The function k(p) is given by Eq. (3.36) with ps = 0.7 and n, = 3. An initial

105



condition

p(x,0) =0.5(tanh(z/10) + 1.1) (3.107)

n(x,0) =0.25(tanh(—z/10) + 1.1) (3.108)

is used and a transient is allowed to pass prior to the time interval shown in Fig. 3.1b. The

equations are discretized on a 1D lattice and integrated in Python using scipy.integrate.solve_ivp.

Figure 3.1c. I integrate Egs. (3.102-3.103) with parameters ¢ = 100, 7 = 500, m1 = 2.0
and mg = 0.001. Our initial conditions are a(z,0) = b(x,0) = 0.1. An initial transient is
allowed to pass prior to the time interval shown in Fig. 3.1c. The equations are discretized

on a 1D lattice and integrated in Python using scipy.integrate.solve_ivp.

Figure 3.2e-g. The equations integrated are

Pi =€(pi—1 + Pit1 — 2pi) + 1 pi k(p;) (3.109)
fy =2 (1 - ]ﬁ) (3.110)
T q

fore =1,..., N. Here pg = 0 represents the desert and setting py 11 = py implements a
no-flux boundary condition. The parameters used are e = 4, ¢ = 0.5, 7 = 20. The function
k(p) is given by Eq. (3.36) with p, = 0.7 and ns« = 3. The initial conditions are given by

p; = n; = 0.6. The equations are integrated in Python using scipy.integrate.solve_ivp.
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Figure 3.4g-i. I integrate the equations

fk(V)  we[=60]

vV =V2V + (3.111)
tha(V) LS (an
j=rOWs=V)—h (3.112)
T
with
fk(V)==V (3.113)
(
0 V<V,
Bk Va<V <V
fNa(V) = A )(V—Th) (3.114)
W—Vbb +b V<V <WnNa
V—Via
QTS V= Wna

In all three kymographs, [ use V,, = —0.1, V}, = 0.25, Wn, = 0.5, b=0.1, Vy, =1, r = 0.1,
¢ = 100, and 7 = 1000. For panels g, h, and i, I set Vi, = —0.1, Vi, = 0.2, Vix = 0.3,
respectively. For panel g, the initial conditions are given by V' (z,0) = 0.3, h(z,0) = 0.0. For
panel h, I first initialize the voltage profile to V(z) = 0.1(tanh(z/10) + 1.1). I then perform

a relaxation according to

. 9 fK(V) YIS [_67 0]
V =V?V + (3.115)
rO(Vi = V) fNa(V) 2 €[0,{]

h=rO(Vy — V) (3.116)

to obtain stationary profiles (Vy(x), ho(z)). Finally, I integrate Eqs. (3.111-3.112) using the

initial conditions V' (x,0) = Vp(z)+1.1 and h(z,0) = hg(z). For panel i, the initial conditions
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are given by:

V(x,0) =0.1(tan(z/10) + 1.1) (3.117)

h(z,0) =0.5 (3.118)

For all panels, the equations are discretized onto a 1D lattice and integrated in Python using

scipy.integrate.solve_ivp.

Figure 3.5. I integrate the equations:

. 5 fxk(V) (x,y) € Region 1
V =V*V +s(z,y,t) + (3.119)

hfna(V) (z,y) € Region 2

(3.120)

where fg and fy, are given by Egs. (3.113 -3.114) with V;, = —0.1, V}, = 0.25, Wy, = 0.5,
b=0.1 Wy =1,r =01 Vi = 0.15, and 7 = 300. The wave trains are generated by

repeated Gaussian pulses

T —120)% — (Y — Ya)?
s(z,y,t) :ZAa(t) exp{( )400(y Ya) } (3.121)

where (zq,yq) are the points at which the pulses are initialized. Here, the amplitude is a

periodic square wave:

Aa(t) =) _O(L—t—nT — Dy) — O(t — nT) (3.122)
NneZ
where T' = 2810 is the period and Dy, is a phase shift (only used to produce the interfering

wave trains in Fig. 3.5b). The Laplacian is discretized onto a triangular mesh. Initial
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conditions are obtained by initializing V' (z,y,0) = 0.16 then performing a relaxation

) 5 fk(V) (z,y) € Region 1
V=V + (3.123)
rO(Ve = V) fna(V)  (x,y) € Region 2

h=rO(Vi—V) (3.124)

over a time interval ¢t € [0,400]. The full dynamics, Eqgs. (3.119-3.120), were then inte-
grated over a time interval ¢ € [0,40000]. Integration is performed in Python using the

scipy.integrate.solve_ivp function.

109



3.8.2  Explicitly solvable bioelectric interface model

I now present an example of Eqgs. (3.5-3.6) for which the stationary solutions and critical
points can be computed explicitly. I note that explicit solutions are readily obtained when-

ever one can solve

VIV =— fk(V) (3.125)

V2V = —rfna(V) (3.126)

analytically for arbitrary initial conditions. One example is to take fx and fyn, to be

piecewise linear in V', as shown in Fig. 3.16. Namely, I take:

(V) =—mV (3.127)
bV —Va) 1—b
fNa(V) Vv, O, (V) + (—WNa s (V=V;) + b) O 1) (V)
V—"a
VVNa — Wi aG[WNaavNa](V) (3128)

where for a given interval I, O;(V) =1if V € I and ©7(V) =0if V & I. T will use the
shorthand ©1 = @[Va,%)’ B9 = @[Vb,WN)’ and O3 = @[WNavVNa)' I require that V, < 0 <
Vi < WNa < WNa-

Given the form of Eq. (3.127), the solution to Eq. (3.125) is given by:
V(z) = V(0)eV™? (3.129)

where I have enforced that 8xV‘_OO = 0. Hence, the left separatrix is given by Pk (V) =
v/mV. The solution to Eq. (3.126) is slightly more subtle. Since fy, is piecewise linear in

V', it will be the more convenient to solve for the inverse (V). Given the initial conditions

110



V(0) = V7 and 3xV|O = Py, one obtains

1%
1
z(V;V, P :/ - qv’ 3.130
ViV, Fr) v, POV, Vi, Pr) ( )

where

PV V7, Pr) = /20 Fxa(Vi) — Fna(V)] + P (3.131)

and Fy, is an antiderivative of fn,. Since fy, is piecewise linear, the antiderivative is

straightforward to compute:

1
Fra(V) = 57 [AV = By + Ci|04(V) (3.132)
i
where
A b By =V, Cy =0 (3.133)
1 Vb Va 1 = Va 1= .
1-0 bWNa — Vi b(Va — bV, — Vi + bWNa)
2 W — Vi 271 2 b—1 (3.134)
1
A3=—————  DB3=Wa C3 =VNa — Vo + b(WNa — Va) (3.135)
W, "Na
Therefore, one has:
P(V:Vy, Pp) = Z VDi — rA(V — By)26y(V) (3.136)
where
Di=r|Ay (Vi —b)? 0 — Oi] NS (3.137)

In Eq. (3.137) and onward, I assume for simplicity that Vi € [V, Vp]. Next, recall the
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following antiderivative

1 1 rA
dV = — at V-B 3.138
/ VD —rA(V — B)? iAo [\/D —rA(V - B)2( ) ( )
Thus one obtains the solution
2(ViVi, Pr) = Xi(ViVy, Pr)e;(V) (3.139)
7
where
1 rA;
X1(V:Vy, Pr) = t V - B
1( y VI I) M(aan[\/Dl—TAl(v—Bl)2( 1)
rAy
— atan [\/Dl — TAl(V[ — 31)2 (VI Bl) ) (3.140)
1 rAg
Xo(V;Vp, Pr) =—=/| at - B
2(Vi V1, Pr) M(a an [\/D2 AV = 32)2(‘/ 2)
rAg
— at - B
e \/DQ —rAy(V, — Ba)? V= B2) )
+ X1(Vp; V1, Pr) (3.141)
1 rAs
X3 (V: V7, Pr) =———| at V-B
3( »y VI I) m(aaﬂ \/D3—TA3(V—B3)2( 3)
T’A3
—at Wy — B
e \/D3 —rA3(WNa — 33)2( =B )
+ Xo(WNai V1, Pr) (3.142)

Since the solution x(V; V7, Pr) is now known for arbitrary initial conditions, one can

explicitly compute the curves highlighted in §3.1. For example, in order to compute X (V)
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from Eq. (3.73), first note that V4 (V) is given by solving P(V: Vi,V MV}) = 0, yielding

rA; By + \/7’214%3% —r(m+ TAl)(AlB% — A;(V — BZ')Q +Cp — Oi)
rA; +m

nw)y=>" ©;(V)

(3.143)

m‘/})z
VNa"‘bWNa_V})(l"_b) ’

In Eq. (3.143), I have assumed that r < so that Vi € [0,V3]. Then I

obtain X (V') by substituting

X(V) =z[V;Vi(V), vmW (V)] (3.144)
More explicitly:
1 s [ rAy
XVelo,V)) =——| = —at Vi—-B 3.145
(V € [0, 3]) \/W(Q atan \/D1—TA1(V1—31)2(1 1)) (3.145)
1 T [ rAs
X(V e |V, W, =———| - —at V, — B
(V€ [Vy, Wnal) \/%(2 atan \/Dg—rAg(V},—Bg)2(b 2))
+ X1V V1, vVimV1) (3.146)
1 ™ TA3
X(V € [Wxa, Val) =—— [ = — at W — B
(V € [WNa, VNal) \/%(2 atan \/D3 — A3 (Wya — 33)2( Na 3) )
+ Xo(Wna; V1, VmV1) (3.147)

where the V' dependence enters through D;[V7 (V)] and Vi (V).
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Figure 3.16: Piecewise linear ion channels. Adapted from Scheibner et al. [2023].

114



3.8.8  Preliminaries on the Conley index

Homotopy Conley index

Here I provide supplemental background on the Conley index [Conley and Sciences, 1978,
Mischaikow and Mrozek, 2002| and provide derivations of the associated results used in §3.3,
3.5. Let X be a metric space. A flow ¢ on X is a continuous map ¢ : X x R — X obeying
the following conditions ¢(z,0) = x and ¢(z,a+0b) = ¢(¢p(x,a),b) for all x € X and a,b € R.
An invariant set S C X is one which obeys ¢(S,R) = S. In other words, it is any union of
solution curves of the flow. Given a set N C X, I define inv(N) = {z € N : ¢(z,R) C N}.
A compact set N is known as an isolating set if inv(N) N ON = ). I say that an isolating
set IV is an isolating neighborhood of the invariant set S if S = inv(N). An invariant set S
is an isolated invariant set if it permits an isolating neighborhood. A pair of compact sets

(N, L) with L C N is known as an index pair if they satisfy the three following conditions:
1. cl(IV\ L) is an isolating set
2. L is forward invariant in N. That is N N ¢(L,[0,00)) C L.

3. L is an exit set for N. That is for all x € N, if ¢(z,[0,00)) ¢ N, then there exists
t > 0 such that ¢(z,[0,t)) C N and ¢(x,t) € L.

I say that (N, L) is an index pair for an isolated invariant set S if S = inv(/V \ L). One can
show that for every isolating set N, there exists an index pair for inv(/N). Given an index

pair, I define the homotopy Conley index as follows

h(N,L) = (N/L, [L]) (3.148)

Here, the notation (N/L, [L]) denotes the pointed topological space formed by the quotient of

N and L, i.e. the space formed by identifying L to a single point. Given a pointed topological

space (Y,y), the notation (Y, y) denotes the equivalence class of all topological spaces that
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are homotopically equivalent to Y with fixed point y. If (N, L) and (N’, L") are both index
pairs for the isolated invariant set S, then one can show that h(N, L) = h(N’, L’). Hence,
given an isolated invariant set S, it is unambiguous to write h(S) and refer to the Conley
index as an intrinsic property of the isolated invariant set.

The Conley index obeys two crucial properties typical of topological indices. First, it

obeys an addition formula: If S7 and Sy are disjoint isolated invariant sets, then
h(S1 U S9) = h(S1) V h(S2) (3.149)

where LI is the disjoint union and V is the wedge sum, which glues two pointed spaces together
by identifying their distinguished points. Second, h(S) has a continuity property. Suppose
¢ has a continuous parameter A € A. If Ny is continuous in A and N) is an isolating
neighborhood for all A € A, then h(inv(Ny)) = h(inv(Ny/)) for all \,\" € A. Hence, one
can deform flows and isolating neighborhoods, and so long as the isolated invariant sets do
not intersect the boundaries of the proposed isolating neighborhoods, the index is invariant
throughout the deformation.

In practice, the following facts are frequently used. For a hyperbolic fixed point p,
h(p) = ﬂ, where X% is the pointed d-sphere and d is the unstable dimension of the fixed
point. Also, if an isolating neighborhood N does not contain an isolated invariant set, then
inv(N) = 0, and k(@) = 0, where 0 denotes the space with a single point. This yields a
seemingly simple but useful existence theorem: if h(inv(N)) # 0, then N must contain an
isolated invariant set. This is useful because computing h(inv(N)) only requires information
about ¢ on the boundary of N. Hence, one can choose N wisely to simplify computations
of h(inv(N)). Finally, I note that for a hyperbolic fixed point p, the unstable dimension d
is also known as the Morse index. For this reason, the Conley index may be thought of as
generalization of the Morse index that is defined for any isolated invariant set, not just fixed

points.
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Homological Conley index

Homology theory is a set of algebraic tools for studying homotopy type classes. Given

topological spaces X C Y, their relative homology refers to a sequence

H(Y,X) = (Hy(Y, X), H(Y, X), ...) (3.150)

where each Hj, is an abelian group. For a pointed space (Y, y), the reduced homology of Y
is defined as H(Y) = H(Y,y). There are multiple varieties of homology (i.e. different ways
of assigning the sequence of abelian groups to topological spaces) that encode different types
of topological information. Alexander-Spanier homology is a standard choice for Conley
index theory. (I will simply state the facts that needed without offering a full definition.)
All types of homology have the following two properties (among others). First, given two
homotopically equivalent pointed topological space Y and Y/, H(Y) = H(Y'), where =

denotes isomorphism. Hence, one can unambiguously talk about H as being a map from

homotopy equivalence classes to graded abelian groups. Next, there is a useful addition

property:

1%

HYvVvY)Y=HY)® HY') (3.151)

Finally, ift X C Y C Z, then

o> Hy(Y,X) - Hy(Z,X) - Hp(Z,Y) > Hp (Y, X) — - - (3.152)

is an exact sequence. By exact sequence, I mean that there exists homomorphisms between
subsequent groups in the sequence and the image of one homomorphism is equal to the kernel
of the next. Exact sequences are a useful construction for the following reason: if Eq. (3.152)

contains a subsequence of the form 0 - A — B — 0, then the exactness property implies
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A = B. For our purposes, the only homology groups explicitly needed are those of spheres:

Hy(29) = (3.153)

and for the single point H(0) = 0. In the context of Conley index theory, homology theory
is used as follows. For any isolated invariant set S, one can always find an index pair (N, L)
such that H(N,L) = H(N/L,[L]) = H(h(S)). The quantity H(h(S)) is known as the

homological Conley index.

Morse decompositions

For z € X, define a(z) = (N, cl(¢(z, (—o0, —t))) and w(x) = [, cl(¢(z, (t,00))). Given
an isolated invariant set S, a Morse decomposition of S is a finite list (S7,S59,...,5y) of
isolated invariant sets with S; C S such that for all x € S\ U;5; there exists j < k such
that w(z) C S and a(r) C Sy. For every Morse decomposition, there exists a sequence of
isolating sets (Ng, N1,...,Ny) such that (N, Np) is an index pair for S and (NV;, N;_1) is
an index pair for S;. Such a sequence is known as a Morse filtration. The notion of a Morse
filtration is useful in conjunction with Eq. (3.152). Given a subset (N;_1, N;, Njy1), one

then obtains the exact sequence:
o= Hp(h(Si-1)) = Hn(Nit1, Ni—1) = Hn(h(S;)) = Hp—1(h(Si-1)) = -+ (3.154)
It turns out that (N;y1, N;—_1) is itself an index pair.

Stability lemma

Following Ref. [Conley and Smoller, 1983], the above structure will be used to prove the

following lemma. Suppose N is an isolating set with respect to gradient flow ¢. Suppose
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h(inv(N)) = 0 and N contains exactly two fixed points a and b, and let d, and dj, denote
their unstable dimensions. Then d, = dj == 1 and there exists a heteroclinic orbit from a to
b if the — is taken, and from b to a if the + is taken.

To prove this, notice that h(a) V h(b) = Sda v X £ 0. Hence, there must be additional
isolated invariant sets in N. Since gradient flow is being considered, the only possible
additional isolated invariant set is a heteroclinic orbit flowing from a to b or from b to
a. Without loss of generality, assume the flow runs from a to b. Then (b,a) constitutes a
Morse decomposition, so there exists a Morse filtration (Ng, N1, N). This Morse filtration

gives rise to the exact sequence
o= Hy(S%) = Hy,(0) = Hp(3%) — Hy,_ 1 (5%) — - .. (3.155)
But noting that Hy(0) = 0 and using Eq. (3.153), one obtains the short exact sequence:
0—7Z— Hy, _1(Z%) =0 (3.156)

The short exact sequence in Eq. (3.156) implies that Z = H, da_l(Edb), which implies through

Eq. (3.153) that d, = dj, + 1, as desired.
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CHAPTER 4
SPONTANEOUS WRINKLING OF ATOMICALLY THIN FILMS

4.1 Atomically thin films

Atomically thin films, such as graphene and transition-metal dichalcogenides (TMDs), are
the thinnest conceivable materials made of atoms. Due to their significant promise for
technological applications, such as sensors, actuators, and resonators, there is a growing
need to understand their mechanical properties over large length scales with high spatial
resolution [Kang et al., 2015, Kim et al., 2020, Yu et al., 2021b|. Achieving this level of
understanding and control remains a topic of intense inquiry because atomically thin films
are acutely sensitive to a range of both intrinsic and extrinsic extrinsic mechanical forces [Lee
et al., 2008, Meyer et al., 2007, Warner et al., 2012, Bao et al., 2009|, including thermal
fluctuations, structural defects [Bao et al., 2009, Kim et al., 2018|, and interactions with
their environment [Lee et al., 2013, Han et al., 2020].

The central challenge arises from a simple paradox: to mechanically measure a material,
one must first stabilize it. But stabilization itself requires direct interaction that modifies
the mechanical state of the material. For instance, the largest freely suspended sheets of a
monolayer atomically thin films are on the order of microns |Lee et al., 2008, Lloyd et al.,
2016, Kim et al., 2018]. While such suspended configurations are often referred to as free-
standing, they are not freestanding in the literal sense of the word: when suspended, a
membrane’s boundaries remain pinned to a substrate. This pinning subjects the membrane
to relatively large and poorly characterized tension |Lee et al., 2008, Liu et al., 2014a| and
prevents further motion of the boundaries. As a consequence, little is understood with cer-
tainty about the mechanical ground state and mechanical response on larger scales and when
confining boundaries are released. This question is increasingly experimentally relevant be-

cause monolayer thin films can now be manufactured on the wafer scale using techniques
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Figure 4.1: Freestanding atomically thin MoSs on water. a. Schematic describing
the mechanical imaging of atomically thin membrane on water. b. Optical micrograph of
mm-scale floating MoSo membrane with < 2 um gap created by laser patterning. The inset
shows a membrane of same dimensions, displaced after 2 hours following patterning of 100
pum gap (the dotted line depicts the initial position). Scale bar=400um. c. Time-dependent
change of the gap distance between floating and anchored MoS9. The standard deviation
is shown as gray area. d-e. AFM height and the strain maps (inset) of (d) confined and
(e) free membranes, respectively. f-g. The histogram of (f) height and (g) strain variation
between confined and free membranes. Adapted from Yu et al. [2023].

such as metal-organic chemical vapor deposition |[Kang et al., 2015|. This chapter, based
on Yu et al. [2023], addresses the question: what are the mechanical properties of atomically

thin materials when they are free from external perturbations and confinement?
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4.1.1 Realizing freestanding atomically thin films on water

To study a freestanding atomically thin film, one must achieve a seemingly impossible ob-
jective: freeing and holding large-scale membranes with almost no perturbations to their
mechanical states. Figure 4.1a-b shows a recently developed solution to this challenge: place
the atomically thin film on water [Yu et al., 2023|. As shown in panel (a), water has two
distinct advantages: First, the boundary is not subject to strong van der Waals attractions,
but instead the membrane is held in place by uniform, well characterized, and relatively
small surface tension of water. Second, the membrane can be directly laminated from a
substrate onto water without intermediate fabrication steps, such as exfoliation or stamping
via a polymer substrate. The ease of fabrication and the uniformity of water’s surface al-
lows for freely floating sheets that are on the mm-scale, over two orders of magnitude larger
than pm-scale membranes available in suspended drumhead experiments |Lee et al., 2008,
Lloyd et al., 2016, Kim et al., 2018|]. Panels (b-c) illustrate a potentially counter intuitive
feature of this platform: water is stable. By laser patterning a narrow (1 pm) moat around
a freely floating membrane [Yu et al., 2022, Poddar et al., 2022|, the membrane is stabilized
on hours long timescales. This stabilization is sufficient to enable a full suite of mechanical
characterizations on unconfined, wafer-scale atomically thin films.

Placing wafer-scale MoS2 on water reveals something unexpected: wafer-scale, monolyaer
MoS2 is not flat. Figure 4.1d-e show atomic force microscopy (AFM) measurements of the
surface topography of monolayer MoSs. On the growth substrate (silicon dioxide) (d), the
strong van der Waals interactions force the MoSs to lie as flat (nanometer smoothness) as the
substrate itself. When released from solid confinement, a dramatic change in morphology
occurs (e). The film forms wrinkles up to 15 nm in height and 100’s of nanometers in
length. Repeated measurements reveal that the wrinkles are static and athermal. Raman
spectroscopy can be performed to estimate the typical strain on the membrane. While on

silicon dioxide, the maximum strains can reach up to = 0.5%, while on water the maximal
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Figure 4.2: Scaling of wrinklings via continuum elasticity. a. Experimental measure-
ments of MoSo surface topography on the water with increasing domain size D from left to
right. Scale bar = 500 nm. b. The average wrinkle width A\ wavelength and amplitude A
plotted as a function of average domain size D and wrinkle length /. The theoretical scaling
in Eqs. (4.31-4.33) predicts a linear relationship AX o« ¢. c. Numerical relaxation of thin
sheets with Gaussian distributed random strain [see Eq. (4.8)]. As the correlation length
increases (left to right), the wrinkles become taller in amplitude and more eccentric. d. The
trace of the strain tensor |[Eq. (4.8)] prior to (left) and after (right) relaxation. Adapted
from Yu et al. [2023].

strains are on the order of ~ 0.01%, consistent with an estimate of 7/Y, where 7 is the
surface tension of water and Y is the Young’s modulus of MoSs.

Experiments reveal that the emergent wrinkles are strongly dependent on the intrinsic
structure of the MoSg. As shown in Fig. 4.2a, the experiment in Fig. 4.1 is repeated while
the typical polycrystalline domain size D of MoSg is varied. With increasing domain size D,
a systematic change in the wrinkle morphology is observed. For small domains D =~ 100nm,
the wrinkles are shallow and relatively round. As the domain size increases, the height A,
width A, and length ¢ of the wrinkles all increase. Moreover, as the domain size increases,
the wrinkles become more elongated (£/) increases). In Fig. 4.2b, A\ is plotted as a function

of D, revealing a collapse and an increasing relationship.
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4.2 Disordered strain model

Here I provide a theoretical analysis that supports three following claims: (i) The wrinkles
are not driven by external perturbations, but rather strains intrinsic to the material itself;
(ii) The wrinkles are not unique to MoS9 on water, but are instead expected to be a generic
property of polycrystalline thin films when released from external confinement; (iii) The
observed changes in morphology with domain size can be deduced using continuum theory
without a detailed knowledge of the underlying atomic structure.

To demonstrate the wrinkles are indeed driven by intrinsic strain, and that the details of
the atomic structure are unessential for the main morphological changes, I first show that the
key morphological observations can be reproduced in a simplified mechanical model. The
model, detailed below, has just two ingredients. First, it involves a thin sheet with both
a bending B and stretching Y stiffness in which the elastic thickness t = \/B/—Y is much
smaller than any length scale in the plane of the membrane. Second, the sheet is subjected
to a disordered initial prestrain. This prestrain is described by an overall magnitude Ae and,
crucially, a correlation length £. Physically, the correlation length £ is expected to be a proxy
for D, the domain size. No external forces, such as gravity or surface tension of the water,
enter the model. (Indeed, both effects can easily be estimated as negligible). Moreover, the
model is entirely continuum, taking no detailed facts about the crystalline structure of the

membrane or its grain boundaries.

4.2.1  Continuum model

The model will be formulated in terms of a 2D elastic sheet embedded in three dimensional
space. In the continuum, one can parameterize a sheet using a coordinate system s € R2

and applying an embedding 7 : RZ — R3. T take the total energy to be:

E = Estretch + Ebend (4'1)
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The bending energy is given by:

Eyenq = B / Tr<N2>«/det gd2s (4.2)

where B is the bending stiffness, while g and /N are known as the first and second fundamental
forms, respectively. In terms of the embedding 7(s), the first fundamental form and second

fundamental forms can be expressed as:

Jab = 8aF- (9()7_" and Nab = 8af’~ 8bﬁ (4.3)
where
) 7 L1 . .
n = W and 71 = §eab8ar X OpT (4.4)

Here, €, is the Levi-Civita symbol, J, denotes %, and repeated indices are summed over.

The stretching energy is given by.

1
Egtreten = g/ [)\1 (Tr Ag)2 + A Tt (Ag)Q] \/detgd2s (4.5)

where \; and A9 are Lamé coefficients. In terms of Lamé coefficients, the Young’s modulus

Y is given by

_ 4)\2()\1 + \o)

4.
A1+ 2)X9 (4.6)

with torque-free and force-free boundaries. The quantity Ag is the metric deviation Ag =
g — go, Where g is a target metric.
The key ingredients for the wrinkles are encoded in the target metric gg. The precise

form of the target metric is not crucial, but it should at least have the following qualitative
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ingredients: it should involve a disordered strain field that is statistically homogeneous and
isotropic; the strain intensity should have a bounded, well defined average; and spatial
correlations in the strain field should die off with distance, yielding a well defined correlation
length. For instance, here is a concrete construction of one such target metric: For each point
s, draw two values v (s) and v (s) independently from the uniform distribution [—1,1], and

draw an angle 6(s) from the uniform distribution over [0, 7). Define the matrix:

(5) V| cos?f + v sin?6 (v —v||) cosfsinf (47)
n(s) = .
(v — ) cosfsind ) sin? 0 + v | cos® 6

which is the matrix with eigenvalues v and v and eigenvectors [cos ¢, sin 0] and [—sin 6, cos 0],

respectively. Next, introduce the strain scale Ae and length scale £ and define

o §Ae / d(5>5/)2 /
go(s) =1+ % /77(3 ) exp [—T] d?s (4.8)

where d(s,s’) = \/(31 — $1)? + (s2 — s5)? imposes a Euclidean structure on the distin-
guished coordinate system and Z(s) = [ exp[—d(s, s )2/ 252] ds’ is a normalization constant.
(If the sheet has infinite size, then Z(s) = 27&2).

I will refer to the elastic stiffness of the sheet as t = \/g . Our goal is to find embeddings

that minimize the total energy F and study these embeddings in the limit that ¢ — 0.

4.2.2 Numerical discretization

To perform a relaxations numerically, a discrete version of the above continuum model is
implemented. The thin sheet is represented by a collection of vertices V, each of which is
assigned a reference point #; € R? in the flat Cartesian plane, and a target point 7 € R3 in
three dimensions. The reference points &; form a regular triangular lattice of lattice spacing

a. The vertices are triangulated to form a set N of counterclockwise oriented triangular
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simplices @ = (a1, a9, a3) € V3. The total energy is given by:
E = Egretch + Ebend (4~9)

The bending energy is given by [Seung and Nelson, 1988]:

Epend = Z Z 1 — Ny - ﬁﬁ) (4.10)

aEN BEN ()

where 71, € R3 is the normal vector to simplex a and N(a) denotes the set of all simplices

that share an edge with simplex S. The normals can be computed via the shoelace formula:

o 3
1
fo = o with o = 5 Y Ty X g (4.11)
7o 2

where the indices on the simplex « are interpreted periodically. In terms of x, the macroscopic
bending stiffness is B = v/3x/2.

The stretching energy is given by:

Egtreteh = Z A® [/\1 (Tr Ag® ) + A2 Tr(Aga)Q] (4.12)
aGN

where A is the area of simplex «, which I approximate by its undeformed value A% = \7/;&2'
The quantity Ag® = g* — g is the metric deviation (i.e., twice the strain tensor). Here, g“

is the discrete metric computed for each simplex, with respect to the coordinate system ;

is given by:

=X T M, X! (4.13)
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The matrix X is given by

X@z={ﬁ3 f?} (4.14)

212 o 5 923 o 5 . o
where 7, = To, — oy and T = Ty — Tagy. The matrix M, is given by

512 12 23 212
r . T - T
M, = ol (4.15)

723 A2 23 23

where 722 = 7y, — Fay and 723 = 7y, — g
The target metric gf is constructed as follows. For each simplex, I draw two values

Vﬁ‘ and v¢ from the uniform distribution over [—1,1], and an angle ¢ from the uniform

distribution over [0, 7). I define the matrix n® as:

V& cos? 0% + 1% sin? 0% (v — 1) cos H sin %
o | i i (416)

(v - Vﬁ‘) cos #“ sin V|‘|)‘ sin? 0% + v cos? 6%
which is the matrix with eigenvalues v and % and orthogonal eigenvectors [cos 8%, sin 6%]7
g I n g g

and [— sin 6%, cos HO‘]T, respectively. To construct the target metric, I define a correlation

length ¢ and a strain magnitude Ae and define

2
é.AE B daﬂ
o _ § :
BeN
where d, 5 = ‘% Z?:l(fai — fﬂz)’ is the distance between the centers of simplices a and f3,

and Zo = ). BeN exp(—di 3 / 252) is a normalization constant. The energy is minimized
using the Fast Inertial Relaxation Engine algorithm [Bitzek et al., 2006, Hanakata et al.,
2021].

Fig. 4.2 c-e shows the height maps for several values of ¢ at constant Ae, as well as a
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visualization of the typical strain field before and after relaxation. One can observe that the
minimal model reproduces the change in morphology observed in experiment, as & becomes
large, the wrinkles become more elongated and increase in amplitude, width, and length.
These shared morphological changes support of the hypothesis that the wrinkles arise to an

intrinsic strain driven process that is generic to a disordered strain field.

4.3 Universal scaling relations

Motivated by the strong qualitative agreement between the simulated minimal model and the
experiment, below I propose scaling relationships for the morphology of the winkles based
on continuum elasticity [Wang et al., 2022, Aharoni et al., 2017, Wu et al., 2013, Vandeparre
et al., 2011, Matsumoto et al., 2015, Sharon et al., 2002a, Tobasco, 2021, Komaragiri et al.,
2005, Hanakata et al., 2021].

4.3.1 Tension induced wrinkling

The scaling arguments are based on a notion known as tension (or curvature) induced wrin-
kling [Davidovitch et al., 2011, Tobasco, 2021, Cerda and Mahadevan, 2003, Pocivavsek et al.,
2008]. To introduce the concept, I will review the theoretical basis of the scaling in two steps.
First, imagine placing a thin sheet of width W and length L on a dense fluid and compressing
it by a distance A. What is the amplitude and wavelength of the wrinkles that form in the
compressed sheet? Since the sheet is being compressed in a quasi-one-dimensional manner,
it can relieve nearly all of its compression energy by buckling. The resulting configuration
will be determined by a balance between the buoyant energy of the water and the bending
energy of the membrane. This is mathemematized by minimizing the following functional:

W 9 144 1474
L:%/ (020) dH@/ hdeLp/ L+ @k =14+ 2 (418)
2 0 2 0 0 W
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where h(z) is the height profile in the buckled direction. The first term in Eq. (4.18) is
the bending energy, the second term is the gravitational potential energy from the displaced
fluid, and the third term is includes a Lagrange multiplier p that enforces length conservation
in the wrinkled direction. Assuming small slopes 0,h, but not necessarily small amplitudes,

the Euler-Lagrange equation become:
0 = BOLh + pgh + pd2h (4.19)

along with

% / v (0zh)?dz = A (4.20)
0

Rather than impose rigorous boundary conditions, for our purposes it is sufficient to consider

an ansatz h = Asin kx. In this case, the length constraint yields

kA = (%)1/2 (4.21)

Moreover, Eq. (4.19) yields the condition

+/p? — 4B
2 _ PEVD Py (4.22)

2B

The smallest value of p such that £ is real is given by:

p=2+/Bpg (4.23)
which implies that

k= (@>1/4 (4.24)



which yields a scaling relationship for k£ and A in terms of B and pg.
As a second step, now imagine that the sheet is not on water, but it is under tension T’

in the y direction. The bending energy is now given by:

B W rL/2 )
Ubend = /O / L (v%) dyda (4.25)

and the interaction energy with the applied tension is given by:

W [ (L/2
2
Ustretch = T /0 1+ (9yh) dy — L] da (4.26)

L2

[ assume that the boundaries at y = +1L/2 are pinned vertically, and so I apply the ansatz

h(z,y) = H(z)cos(my/L). In this case, the dominant contribution to the bending energy is:

LB (W 2
Uend = 5 | (a§H> dar (4.27)

and the dominant contribution to the stretching energy is:
2 w
4T 2
Ustretch & T/O Hdx (4.28)

Notice that combining Eqgs. (4.27-4.28) yields a minimization of the form of Eq. (4.18) with
an effective substrate stiffness induced by tension: pg = 2T /L. Therefore, the wrinkling

under tension obeys the following scaling relations:

1/4
koL 12 (g) (4.29)
1/2
kA oc <%) (4.30)

These are the tension induced wrinkling scaling relations.
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4.3.2  Implications for disordered strain field

I propose the geometry of the observed wrinkles is governed determined by tension induced
wrinkling where the relevant tension is not an external force, but rather internal tension
trapped due to grain boundaries. In the spirit of tension field theory [Tobasco, 2021], imagine
releasing the membrane in two steps: first allow the atoms to move in-plane, but not in the
third dimension. This will reduce the initial stress to some partially relaxed stress field
0;(x). At every point in space the stress tensor o;;(x) can be decomposed into orthogonal
principle axes. When one axis is under compression and the other is under tension, the
membrane will wrinkle with some characteristic wavelength A in the direction that relieves
compression. One expects that the typical compression will be proportional to Ae. So length
conservation in the wrinkled direction implies A/ (Ae)l/ 2, as implied by Eq. (4.30).
The wavelength A = 27 /k will then be set by the typical tension T" and typical length L of
the tensile unit, according to Eqgs. (4.30). The typical length of the tensile unit is determined
before the membrane even relaxes into the third dimension, so it must be set by the length
scale £. Furthermore, one would expect the typical tension to be proportional to 7" o< Y Ae,

where Y is the Young’s modulus. Hence, Eqgs. (4.29-4.30) imply

A x(Ae)/ A1 /24172 (4.31)
A oc(Ae) ™V 4el/241/2 (4.32)
0 x¢ (4.33)

Notice that Eqgs. (4.31-4.32) explain the qualitative changes in morphology of the wrinkles:
the amplitude A, wavelength A, and length ¢ all increase with domain size. Moreover, the
length of the wrinkles scale as &, while the width scales as A o 51/ 2 implying that the
wrinkles become more elongated with domain size. In Fig. 4.2d, a plot A\ as a function

of ¢ for the measured wrinkles from Fig. 4.2a, revealing a collapse consistent with a linear
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Figure 4.3: Effective mechanical properties of wrinkled MoSs3. a. Force-displacement
curve for a sheet of MoS9 by AFM. Red and blue line corresponds large-grain (D = 1200nm)
and small-grain (D = 100nm), respectively. The dotted line shows the theoretical simulation
of the floating membrane indentation with different Young’s modulus given by Yy, /10, and
Yy/100, where Y[y is Young’s modulus of pristine MoS9, and Gray dotted line shows without
the membrane. Inset shows the schematic of AFM indentation on a floating monolayer
MoS2 membrane. b. The surface topography of floating MoS2 with different domain sizes.
i) D = 100nm, and ii) D = 1200nm. Scale bar = 5um. c. Theoretical strain energy profiles
of a membrane for a given indentation depth h as a function of radius from the point of
indenter » = 0 on water with different Modulus. Dotted lines show the size of the typical
domains for D = 1200nm(LG), and D = 100 nm(SG). d-e. The force response map of
D =100nm (d), and D = 1200nm (e) on the area presented in (b). The force is measured
at the indentation depth § = 240nm. Scale bar = 5um. Adapted from Yu et al. [2023].

relationship implied by Egs. (4.31-4.33). Moreover, Eqs. (4.31-4.33) imply that the slope
m of the fitted line should be proportional to the elastic thickness ¢ of the membrane, and
therefore of a similar order of magnitude. The slope is approximately 1 nm and the thickness

of the membrane is approximately 0.3 nm.

4.4 Indentation experiments

In Fig. 4.1, AFM was used as gentle tool to probe the ground state mechanical structure of
the freely floating MoS9. One can also use the AFM as a probe of mechanical response by

performing indentation experiments, as shown in Fig. 4.3a. Such an experiment provides a
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Figure 4.4: Boundary conditions and indentation regimes. The spatial profiles h(r)

2
are shown for increasing values of A = %(%) . a. A = 0.0 corresponds to exposed

water with no membrane. b. A = 0.1 is the maximum value probed in our experiments. c.
A =10 is a regime familiar from nanoindentation of 1um drum-heads. The blue curve has an
inflection point, indicating that the solution is unstable to an azimuthal buckling instability.
The red curves correspond to a pinned boundary condition, as is the case for suspended
membrane experiments. The blue curves correspond to constant stress boundary conditions,
applicable for floating membranes. The grey dashed lines are asymptotic solutions that can
be calculated analytically. Adapted from Yu et al. [2023].

window into how the nontrivial topography of MoS9 affect its mechanical response.

4.4.1 Foppl-von Kdarmdn theory

Figure 4.3a shows two experimental curves for the force (F') vs displacement (9) for a 200 ym
diameter floating sheet of monolayer MoSg with large (D = 1200 nm) and small (D = 100nm)
grains. While it may initially seem that poking is a method of investigation reserved for
children, the indentation of shells and membranes is actually a theoretically rich topic [Ko-
maragiri et al., 2005, Box et al., 2017|. Even without considering the role of the wrinkled
topography, there are already at least four length scales in the problem: the radius R of the
membrane, the thickness ¢ of the membrane, the radius of the indenter 7;, and the depth of
indentation 6. Moreover, there are competing force scales introduced by the presence of sur-
face tension (e.g. surface tension 7), buoyancy, and elastic forces, which are also potentially

influenced by the choice of boundary conditions. The interplay between these scales can give
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rise to distinct force-displacement scaling behaviors as well as potential instabilities. As will
be shown, the relevant regime for our experiment is actually distinct from that used in 1pm
scale drumhead experiments studied previously |Lee et al., 2008], and is not captured by the
most common asymptotic expansions [Komaragiri et al., 2005, Box et al., 2017|. Moreover,
the following theoretical analysis will also predict when force response to indentation should
be homogeneous or heterogeneous over the wrinkled material. When it is homogeneous,
order of magnitude estimates of the effective Young’s modulus of the wrinkled sheet can be
made.

For an asymptotically thin sheets, the mechanics of the out-of-plane deformation are well

described by the Foppl-von Karman equations:

Beffv4h + €;€510;0kX0;01h + pgh =0 (4.34)

Y,
V4X + %ﬁqjeklaﬁkhaﬁlh =0 (4.35)

where B.g is the effective bending stiffness, h is the height of the membrane, pgh is the
force of gravity, x is the Airy Stress function, Y.g is the effective Young’s modulus. The
geometry I consider is a circular membrane of radius R on the surface of water subject to a
an indentation by a circular indenter of radius rj,. Outside the membrane, there is a narrow
channel of exposed water followed by another segment of MoSo which I will assume pins the
water level to 0.

Anticipating azimuthal symmetry of the indented membrane, one can convert Eqs. (4.34-

4.35) to the following set of coupled ordinary differential equations:

Beg d d|1d/ dh 1d (dydh
—qr— |- r— ——— | —=— | + pgh = 4.
r dr{rdr [rdr(rdr)}} rdr(dr dr) g ! (4.36)

d( df1d/ dyx Yog d (dh\?
ataba o)} 5 (@) =0 50

135



Subject to azimuthal symmetry, the airy stress function and the stress tensor are related via:

1d 2
Opp = ;d_i'( and ogg = d—;; (4.38)

(W

The solution to Eqs. (4.36 -4.37) are stable so long as the hoop stress is positive (i.e. ogg >
0). If the hoop stress is negative (i.e. ogy < 0), then the radially symmetric solution
is unstable and the system undergoes an azimuthal buckling instability to alleviate the
azimuthal compression. (As discussed below, we will find that the experimental regime of
interest is stable).

To fully specify the problem, one must consider the boundary conditions. The boundary

conditions on h(r) include:

h(rtip) = — 9 (4.39)
dh

o . —0 (4.40)

h(R) =0 (4.41)

=0 (4.42)
r=R

4 dh
dr \ dr

where ¢ is the indentation depth. Condition (4.39) states that the internal indenter has

pushed the inner radius down by a distance . Condition (4.40) is based on the assumption
that the slope of the membrane is flat underneath the indenter and continuous at the edge
of the indenter. Condition (4.41) states that the water level is pinned to 0 at the edge of
the membrane. Condition (4.42) states that the water does not exert a torque at the edge

of the membrane.
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The boundary conditions on y include:

X _=m (4.43)

(T% B V((ii_i“() T=Ttip B -
).
X(R) =0 (4.46)

where 7 is the air-water surface tension and v is the 2D Poisson’s ratio of the membrane.
Condition (4.43) states that the the outer boundary of the membrane is in mechanical
equilibrium with the surface tension of the water. Condition (4.44) states that there is
no radial slip at the edge of the indenter. Condition (4.45) is a common assumption that
allows for a simplified first integral of Eq. (4.36). Condition (4.46) is a gauge fixing of y (this
condition may be omitted since I need not solve for the field y, only its derivatives).
Having fully specified the governing equations, Eqs. (4.36-4.37) can be numerically solved
without any further mathematical analysis (which will come). If the sheet membrane were

not polycrystalline (i.e. it is one undefected crystal), then it would not feature wrinkles. In
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this case, the relevant numerical parameters include:

v =72 % 10 %kg/s? (4.47)
By =17 x 1078 kgm?/s? (4.48)
Yy =1.7 x 10% kg/s? (4.49)
pg =10% kg/m?s? (4.50)

R=2x10"%m (4.51)

reip 5 x 1077m (4.52)

v ~0.25 (4.53)

where B and Y{ are the bending stiffness Young’s modulus of single crystal MoSg, pg sets
the buoyancy force of water, and v is the Poisson’s ratio. The maximum indentation depth
is 6 ~ 10~°m and typical measured forces are on the order of F' ~ 10~7 kg m/ s2.

Given a solution for h, the reaction force on the indenter can be computed via

d|1ld/ dh
F=2nB — |- r— 4.54
" eﬂf{rdr Lﬁ dr (rdr)l }r:rtip ( )

Performing this procedure gives rise to the black dashed theoretical curve in Fig. 4.3a. Notice
that the measured curves (blue and red) reside below the black line, indicating that the
wrinkles have a softening effect. Below I discuss the mathematical structure of the equations

that give insight into the dominant mechanism behind the softening.
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Figure 4.5: Identification of mechanical resolution a. The fraction f of deformation
energy as a function of £ = r/R for A < 1, see Eq. (4.81). The shoulder in each curve sets
a radius, the mechanical resolution, within which the majority of the deformation energy
resides. b. The location of the shoulder can be collapsed by rescaling r by rres = §1/Y/27.
Adapted from Yu et al. [2023].

4.4.2  Nondimensionalization

In order to understand the dominant force balance with the indented membrane, one can

organize the parameters into a sequence of physically meaningful length scales:

B,
to = ?0 =109 Elastic thickness of single-crystal MoS2 (4.55)
0
Tiip A5 X 1077m AFM tip radius (4.56)
b= B0 -9 :
EC = o 5x 107 m Elasto-capillary length (4.57)
B\ 1/4
by = <—0) =36 x10"%n  Elasto-gravitational length (4.58)
Py
Omax =10""m Maximum depth of indentation (4.59)
R=2x10"%m Membrane Radius (4.60)
lo =, /l =23x107m Capillary length (4.61)
Pg

Additional length scales include the typical domain size, 0.1-1.0um, and the height of the

typical wrinkle 2 -30 nm, the wavelength of a typical wrinkle 0.1-0.5um, and the typical
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length of the wrinkles 0.1-1.0pm.
To understand the general behavior of Eq. (4.36-4.37), I introduce the following nondi-

mensionalization of the variables:

5:% (4.62)
2:25%5 (4.63)
h—% (4.64)
in terms of which Eqgs. (4.36-4.37) become
lpold [ dfrd (dn)|| 1d(dvdh) R, | (4.65)
R? £d¢ | dg | €dg\ " dg gde\dede ) 2 ‘
~\ 2
df. df1d /[ dx Y (6\*d [dn\
setcaeleae )]} (B) d?(d?) = (4.66)

Equation (4.65) represents force balance in the z-direction. First notice that (R/(c)? ~
1072, Hence, throughout the gravity term only represents a small perturbation to the force
balance and can be controllably neglected. Moreover, since ((gc/R)? ~ 10710, the bending
term is almost entirely negligible. It’s only function is to form a narrow boundary layer,
whose width sets an effective internal radius ri, = rg4par + {pc. Thus, the vertical profile

of the indented radius will be determined by the following reduced equations:
d (dxdh
S (X9 (4.67)
dg \ d€ dg

~\ 2
Ay, (W)
‘ae e (63| +A<d§) ’ 09
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For boundary conditions on Eqs. (4.67-4.68) I will impose on the height field

h(fy) = — 1 (4.69)

h(1) =0 (4.70)

9~ -
(d_X _ Zd_X) 1y (4.71)
¢

For the exterior boundary, I will consider two different choices of boundary conditions in
order to make comparisons to known membrane results in the literature. If the membrane
were suspended from a solid boundary, as in classic drumhead experiments, its outer rim

would experience a no-slip boundary condition

(% - zd—s)gzl Lo 47

However, when the membrane is on water, its outer boundary must match the surface tension

of water, yielding;:

dx

5 LZI =1 (4.73)

Aside from 7, and v hidden in the boundary conditions, Eqs. (4.67-4.68) depend only on a

single dimensionless parameter

A= % (%)2 (4.74)

This dimensionless parameter summarizes two competitions: the indentation depth relative

to the membrane diameter and the elastic stiffness relative to the pre-tension.
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In Figure 4.4, I show numerically computed solutions for a range of values of A. For in-
tuition, two extreme limits are analytically tractable. The limit A = 0 (panel a) corresponds
to an open surface of water with no elasticity (i.e. Y = 0). In which case one obtains a

logarithmic profile and a constant stress

_ log(¢)
log(7,)

>

(4.75)

:% (4.76)

>

This limit gives rise to a linear force-displacement relationship, which forms the grey dashed
line in Fig. 4.3a. The second limiting case is that of A > 1. This case has a simple analytical

solution when the outer boundary is pinned and v = 1/3:

hoa €23 1 (4.77)

Y~ A§4/3 (4.78)

[GVRIN

where the corrections are subdominant in 7;, and 1/A. This case has been used to analyze
um scale drumhead experiments with solid boundaries. Notice that when A < 1, the bound-
ary condition is irrelevant since the indentation depth is much lower than the penetration
depth. However, when A > 1, the boundary condition is crucial since in proper units, the
indentation depth is comparable to the membrane size.

The maximum value of A in our experiments is approximately 0.1, which is shown in
Fig. 4.4b. This gives us two pieces of information. First, notice that Eq. (4.65) can be
re-written as:

d*h  Gggdh

TR T (4.79)

Equation (4.79) shows that the hoop stress ogy only crosses zero if h has an inflection point.
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From Fig. 4.4b, one sees that for small A, no inflection point is present. This indicates that
a buckling instability does not occur. Second, the limit A < 1 gives us a way to interpret
the force displacement curves in Fig. 4.3a. The limit A < 1 should be thought of as a
perturbation on the membrane free surface of water. The membrane-free surface of water
gives a linear stress-strain relationship and the perturbation A oc Y gives an superhookean
nonlinear stiffening. This suggests that one way to capture the effects of wrinkles would be
to think of the medium as having an effective Young’s modulus Y.g. Fig. 4.3a features two
additional theoretical curves (red and blue dashed lines) that arise from solving Eqs. (4.36-
4.37) with Yog = Yp/10 and Y/100, respectively. Treated as an order of magnitude estimate,
such an analysis suggests that the wrinkles likely have a substantial effect on the effective
Young’s modulus. Moreover, it is crucial to note that response is actually getting weaker
for larger domains. This is conceptually important from a design point of view because
even though large-grain samples are structurally closer to single-crystal MoS9, they are
functionally further in terms of their mechanical response. This is potentially intuitive
considering that the wrinkle height A grows with domain size, allowing for an enhanced
accordion effect upon indentation.

However, this picture consisting of an effective Young’s modulus treats the membrane as
a uniform effective medium. This approach is successful for large scale measurements, such
as uniaxial compression or stretching experiments. However, a point force load is highly
localized and the solution is a superposition of many different wavelengths. In order for
the effective medium picture to hold, one would want to ensure that many wrinkles are
participating in the deformed region of the indentation. In the next section, I derive criteria

under which this is the case.
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4.4.3  Mechanical resolution

A point force may at first sound like a highly localized load probe, but like any probe, it comes
with a finite spatial resolution. In practice, one can define the resolution of this probe as the
radius within which the majority of the deformation under point loading occurs. When this
mechanical resolution is much larger than the typical domain or wrinkle size, then poking
anywhere on the medium should give the same result. If this mechanical resolution is much
smaller than the typical wrinkle dimension, the local pokes will start to depend sensitively
on the local geometry.

Since our experiments are in the regime A < 1, it is sensible to decompose the stress
tensor ¢ = o/ into a prestress and an additional stress ¢ = 1 + 5. The energy associated

with deformation can be defined as:
e(§) = 22, + 52, — 205, 5y (4.80)
Of interest is the fraction of the total deformation energy that is stored within a given radius

&. This fraction is given by

1 E N &/ !/
=< e€)eas (4.81)

Tin

/&)

where N = fflm e(€)€'d¢’ is a normalization constant.

In Fig. 4.5, the function f(£) is plotted for several values of A. Each curve features an
elbow that defines the radius within which roughly 90% of the mechanical energy is stored.
The location of this elbow defines the mechanical resolution, and can be deduced using
the following argument. For small A the location of the elbow rpeg in dimensionful units
should be independent of membrane radius R (since the radius is very large). Moreover,
in dimensionless variables, rres/R should depend only on A. Putting these two ingredients

together yields rpeg o VAR =6 \/ % In Fig. 4.5, I rescale the f curves via the radius ryeg.
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The rescaling successfully collapses the elbows of the energy curves, supporting the proposed
form of rpeg. It should be noted that this estimation of the mechanical resolution is expected
to be self consistent so long as ry, < rres < R.

One can put the notion of a mechanical resolution to the test in experiments. Fig. 4.3d-e
show spatially resolve indentation experiments for the small (d) and large (e) grain samples
of monolayer MoS2. As shown in panel (c), for the small-grain sample, the typical grain
size is about an order of magnitude smaller than the mechanical radius, while for the large
grains, the grain size is about a half order of magnitude larger than the mechanical radius.
In Fig. 4.3d-e, consistent with theoretical expectations, one sees that the force response is
relatively homogeneous for small grains and relatively heterogeneous for large grains. This
notion of a mechanical resolution is potentially vital for understanding spatially resolved

mechanical measurements via point probes for atomically thin films at their smallest scales.
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