Technical Appendix

The Bifactor Model

The bifactor model is a confirmatory multidimensional item response theory (MIRT) model (Bock and Gibbons, 2021).  While unidimensional IRT models have been in widepread use in educational measurement, complex traits such as depression, suicidality, and social determinants of health (SDoH) are inherently multidimensional and require IRT models which can accommodate their multidimensional nature.  For example, in the development of the SVM, the items are nested within 5 subdomains (demographic, education, economic, physical infrastructure, and health care) and we would expect that items within the same subdomain would be more highly correlated than items in different subdomains.  This correlational structure violates the conditional independence assumption upon which all unidimensional IRT models are based, namely, that the items are independent conditional on the single latent variable in the model.  Here, residual correlation remains within the subdomains within which the items were sampled from, thereby violating the conditional independence assumption of the unidimensional IRT model.  For measurement data (i.e. continuous scale scores, not individual discrete item responses) Holzinger and Swineford (1937) developed a confirmatory factor analysis model that they termed the “bifactor model.”  The bifactor restriction assumes that all measures tap the primary dimension that the test was designed for and a single subdomain, from which the measure was drawn, and is known in advance.  In terms of factor loadings, the bifactor pattern is characterized by the following matrix.  The first column is the primary dimension and the second and third columns represent two subdomains from which the items were drawn (in this example there are only 2 subdomains).



To analyze these kinds of structures for dichotomously scored item responses, Gibbons & Hedeker (1992) developed a full-information item bifactor analysis for binary item responses, and Gibbons and colleagues extended it to the polytomous case (Gibbons et.al., 2007).   Unlike the confirmatory factor analysis model of Holzinger and Swineford (1937), the model of Gibbons and Hedeker is an MIRT model and is appropriate for discrete item responses.  






To illustrate, consider a set of  test items for which a -factor solution exists with one general factor and  group or method-related factors. The bifactor solution constrains each itemto a non-zero loading  on the primary dimension and a second loading 


() on not more than one of the  group factors. A major advantage of the bifactor model of Gibbons and Hedeker over the unrestricted MIRT model of Bock and Aitkin (1981) is that it leads to a major simplification of likelihood equations that (a) permits analysis of models with unlimited number of subdomains since the integration always simplifies to the bivariate normal, (b) it permits conditional dependence among identified subsets of items, (c) the solution is rotationally invariant leading a unique interpretation of the estimated factor pattern, and (d) the solution allows us to focus on the primary dimension of interest, yet accommodate the multidimensionality of more complex constructs.  While the bifactor model provides a major advance over a simple unidimensional IRT alternative, it provides an even larger advance over tradional SDoH measures like the SVI and ADI, which simply sum the items to produce a total score/percentile.  In this case, all items are equally weighted and we have no way of knowing which items are poor discriminators of the underlying SDoH latent variable.
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The bifactor graded response model is
 

		(1)






[bookmark: _Hlk110331927]where only one of the  values of the factor slopes  is non-zero in addition to  and  is the item intercept for item j and category threshold h.  Assuming independence of the latent variables, in the unrestricted case, the multidimensional model above would require a -fold integral in order to compute the marginal or unconditional probability for response pattern ,  i.e., 
 

		(2)



for which numerical approximation is limited to 5 or 6 dimensions. Gibbons & Hedeker (1992) showed that for the binary response model, the bifactor restriction always results in a two-dimensional integral regardless of the number of dimensions, one for  and the other for . 

Gibbons & Hedeker (1992) showed that for a given unit (person or in our case ZCTA) the marginal (unconditional) probability for the bifactor model reduces to 




		(4)










For the graded response model, the probability of a value less than the category threshold  can be obtained by substituting  for  in the previous equation. Let  if ZCTA  is classified in category for itemand  otherwise. The unconditional probability of a particular response pattern  is then




		(5)


which can be approximated to any degree of practical accuracy using two-dimensional Gauss-Hermite quadrature, since for both the binary and graded bi-factor response models, the dimensionality of the integral is 2 regardless of the number of subdomains (i.e., ) that comprised the scale.  Complete details of the likelihood equations and their solution are provided in Gibbons et.al. (2007).
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The goal of the bifactor model as applied to SDoH is to estimate social vulnerability within a small ecological area (e.g., census tract block group, zip code, ZCTA, county).  We define social vulnerability as the primary dimension  for area . A good choice for this purpose (Bock & Aitkin, 1981) is the expected a posteriori (EAP) value (Bayes estimate) of , given the observed response vector  and levels of the other subdimensions . The Bayesian estimate of  for area  is:
 

		(8)


Similarly, the posterior variance of , which may be used to express the precision of the EAP estimator, is given by
 

		(9)

These quantities can also be evaluated using Gauss-Hermite quadrature as previously described.
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