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ABSTRACT

In this thesis we develop the variational two-electron reduced-density-matrix method

for extended systems. Extended systems are represented in two ways: i) lattice models

describing the dominant valence electronic structure with periodic boundaries to account for

their extended nature and ii) a crystalline-orbital basis built from atomic orbitals using the

generalization of molecular orbital theory to polymers.

The first part of this thesis (Ch. 3-4) examines the performance of the variational 2-RDM

method on lattice systems with tunable electron correlation. The first of these systems is

the classic Hubbard model with linear and ladder lattice topologies. Because electron corre-

lation functions, such as charge- and spin-ordering, are linear functions of the 2-RDM, the

difference in electronic structure between one- and quasi-one-dimensional systems is accu-

rately characterized. The second model contains only two-body interactions and is unique

among typical spin models in that it does not have a mean-field reference wave function. The

ground state wave functions from all Hamiltonians in the model have the same 1-electron

reduced density matrix; consequently, one-electron theories are largely inapplicable. The

superconducting η-pairing ground states make the model a unique tool for demonstrating

the necessary N -representability in highly correlated environments.

The second part of this thesis (Ch. 5-6) develops a formalism for modeling materials

by solving the full Schrödinger equation. Crystalline-orbital Hartree-Fock provides a set

of orbitals and integral tensors for the variational 2-RDM method. We demonstrate that

time-reversal symmetry, which is implicitly included in position space electronic structure

calculations, must be explicitly included as an N -representability constraint on the 2-RDM

when using a momentum space basis. The necessity of these equality constraints is demon-

strated by the accurate recovery of the binding energy of two polymers and the symmetry

of their natural orbital occupations.

xi



CHAPTER 1

INTRODUCTION

1.1 Simulating Electronic Structure

Theoretical chemistry is the attempt to construct mathematical methodologies to un-

derstand, simulate, and predict properties of molecules and materials. Electronic structure

theory is a sub-field particularly related to the description of electrons and their dynam-

ics. A complete ab initio description of a molecule’s or material’s electronic structure can

be determined by solving the full non-relativistic time-independent Schrödinger equation

(TISE)

ĤΨ(r) = EΨ(r) (1.1)

where Ĥ and Ψ(r) are the N -electron Hamiltonian and wave function.

Ĥ = −
N∑
i=1

1

2
∇2
i −

∑
A

N∑
i=1

ZA
riA

+
N∑
i<j

1

rij
(1.2)

Ĥ =
N∑
i=1

ĥ(i) +
N∑

i=1,j<i

V̂ (i, j) (1.3)

The Hamiltonian contains the interaction operators for electrons in the static field of the

nuclei. The operators are traditionally partitioned into two types: i) h(i) which contains the

kinetic energy and nuclear attraction one-electron operators and ii) V (i, j) which contains the

Coulomb interaction between two electrons. The electronic energy of an N -body quantum

system (E) is the expectation value of the Hamiltonian in Eq. (1.1) with the N -body elec-

tron distribution. In general, exact solutions to the Schrödinger equation are prohibitively

expensive to compute. As such, the role of a theoretical and computational chemist is to

create methodologies that balance accuracy and computational expense for describing the
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electronic structure of a system.

One approach is to throw away or down-fold all but the essential interactions terms of the

Hamiltonian and perform accurate simulations on the resulting reduced system to gain insight

into the valence electronic structure. In quantum chemistry and solid-state physics, this is a

well justified approximation because properties such as bonding or conduction are described

by valence electron behavior [22]. This down-folding method is essential for materials or

polymers where the unit cell can have hundreds of electrons and the crystal is formally

infinitely sized. Generating a minimal Hamiltonian that sufficiently describes the dominant

features of the electronic structure in a molecule was the driving force behind the construction

of the Hückel-model for conjugated hydrocarbons with π-orbital networks and its extension,

which include electron correlation effects, the Pariser-Parr-Pople model [18, 19, 22]. These

models have provided insight into valence properties of polymers such as bonding and their

conductivity even when the exact description of the polymer unit cell is computationally

out of reach. The Hubbard Hamiltonian is the physicist’s paradigmatic example of a model

system used to understand strongly correlated materials. Initially developed to describe the

behavior of the t2g bands in transition metal oxide crystals (FeO, NiO, CoO) [14], it has

recently re-emerged as a possible model Hamiltonian for much more complicated electron

behavior driven by strong correlation such as high-temperature superconductivity [1] and

spin-liquids [5].

The thread connecting solving the electronic structure of model systems and the full

unadulterated Schrödinger equation is the difficulty in treating two-body interactions and

enforcing Fermi statistics on the electrons. The presence of the two-body interaction results

in an N -electron distribution that cannot be decomposed into non-interacting one-electron

parts. Determining methodologies that can accurately account for the non-separability of

particle distributions is the central problem in quantum chemistry and solid-state physics.
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1.2 Mean-field Solution

For a molecular system, solving the Schrödinger equation commonly starts with a pro-

cedure that posits the structure of the wave function as an antisymmetric product of one-

electron orbitals and relaxes the two-body piece of the Hamiltonian. This procedure is known

as the Hartree-Fock method [24]. The Hartree-Fock wave function is a Slater determinant

of molecular orbitals, which are themselves linear combinations of atomic orbitals.

|ψ0〉 =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(1) φ2(1) ... φN (1)

φ1(2) φ2(2) ... φN (2)

...
. . .

...

φ1(N) φ2(N) ... φN (N)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(1.4)

φi =
∑
µ

ci,µχµ (1.5)

In each iteration of the Hartree-Fock self-consistent-field (SCF) procedure, the lowest N -

orbitals are used to construct a new average potential, which is then used to minimize a new

set of atomic orbital coefficients. Upon convergence of the SCF procedure a set of orthogonal

molecular orbitals that minimizes the Hartree-Fock energy are obtained. For lattice models,

the mean-field procedure involves averaging the two-body operators, generating a summation

of one-body operators. For example, the Hubbard interaction term can be decomposed by

considering fluctuations around a mean value.

∆niσ = n̂i,σ − 〈n̂i,σ〉 (1.6)

n̂i,σ = ∆niσ + 〈n̂i,σ〉 (1.7)

3



â
†
iαâiαâ

†
iβ âiβ = [∆niα + 〈n̂iα〉]

[
∆niβ + 〈n̂iβ〉

]
(1.8)

=∆niα∆niβ + ∆niα〈n̂iβ〉+ (1.9)

〈n̂iα〉∆niβ + 〈n̂iα〉〈n̂iβ〉 (1.10)

= 〈niβ〉
(

∆niα + 〈niα〉 −
1

2
〈niα〉

)
(1.11)

+〈niα〉
(

∆niβ + 〈niβ〉 −
1

2
〈niβ〉

)
(1.12)

= n̂iα〈n̂iβ〉+ n̂iβ〈n̂iα〉 − 〈n̂iα〉〈n̂iβ〉 (1.13)

Un̂αn̂β ≈ U
(
n̂α〈nβ〉+ n̂β〈nα〉 − 〈nα〉〈nβ〉

)
(1.14)

Making the above substitution in the Hubbard Hamiltonian results in a one-body operator.

Simple diagonalization leads to a set of 1-electron orbitals.

1.3 Exact Solution

An exact solution to the Schrödinger equation (Eq. 1.1) can be determined by minimizing

the energy of the Hamiltonian with respect to the N -body wave function expanded in a one-

particle basis. Although this sounds simple as stated, enumerating the full N -body wave

function has factorial scaling with system size. We define the N -body wave function as

|ψFCI〉 = |ψ0〉+
∑
ab

cbaâ
†
bâa|ψ0〉+

∑
a<b;r<s

crsabâ
†
râ
†
sâbâa|ψ0〉+ ... (1.15)

where |ψ0〉 is the Hartree-Fock wave function and â
†
i (âi) is the creation (annihilation) op-

erator from second quantization for the single particle state i, which produces a different

determinant within the single-particle orbital space. The coefficients {cba, crsab, ...} correspond

to the amplitude that each determinant contributes to the correlated N -electron wave func-

4



tion. For an N -electron system with r spatial orbitals, the number of determinants scales as

a factorial of the basis size (r) [24, 11].

# of Dets =

2r

N

 =
2r!

N !(2r −N)!
(1.16)

The number of determinants grows extremely rapidly restricting an exact solution to the

smallest of systems. Even if the Hamiltonian in a determinant basis can be fit into computer

memory with clever sparsity or compression, solving the generalized eigenvalue equation

corresponding to the energy minimization scales cubically with the linear dimension of the

matrix. Though there are clever iterative techniques that project out the m lowest eigenval-

ues such as the power method [10], Lanczos [16], Arnoldi [20], and Davidson [6] the factorial

scaling quickly renders even these solvers inapplicable.

One may ask why it is necessary to go through the trouble of parametrizing a solu-

tion space that has factorial scaling. Excluding electron correlation effects captured by the

FCI expansion results in electronic structure that is qualitatively incorrect. For example,

electron correlation causes metal-oxides to be insulators when predicted to be metals from

band-theory (a single particle theory) [14]. The mean-field approximation is especially inade-

quate for the lattice models investigated in Chapters 3 and 4. When the averaging procedure

is applied to models with local two-body interactions, such as the Hubbard model, the result-

ing one-electron operator Hamiltonian has a free-particle ground state with band energies

shifted by the interaction parameter U . The free particle band picture is completely at odds

with the localized electron large U limit of the Hubbard model [17]. The amount of lost

information can be quantified by defining the energy difference between the exact solution

and the reference mean-field solution as correlation energy.

Ecorr = EFCI − EHF (1.17)
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Correlation energy can be classified into two types. The first type, dynamic correlation,

corresponds to the mutual instantaneous repulsion between two electrons. The second type,

static correlation, stems from the fact that multiple determinants are necessary to describe

an N -electron system. Efficiently describing these correlations has been the guiding prin-

ciple for quantum chemists building approximate methods for solving the full Schrödinger

equation. Single reference theories such as coupled-cluster or Møller-Plesset perturbation

theories [2, 3, 4] attempt to describe dynamic correlation while multireference theories, such

as multiconfigurational self-consistent-field theory, attempt to solve the static correlation

problem by extending the SCF procedure to multiple determinants [23].

1.4 Quantum Chemistry For Extended Systems

Quantum chemists have devised a number of efficient methods for solving Schrödinger’s

equation and the correlation problem of small to medium size molecules and systems. As a

result, the properties and spectra of almost any gas phase species can be computed to within

chemical accuracy (< 1 kcal/mol). Quantum chemistry can now be used to make spectra

prediction for molecular identification, perform geometry optimization for finding ground

state conformations, determine transition states for understanding molecular mechanisms,

and understand processes like conduction or photo-decomposition. There have been fewer

methods developed or adapted to treat phenomena outside of the gas phase. There are nu-

merous puzzles regarding electronic structure of solids, surfaces, and polymers where methods

developed in quantum chemistry can provide qualitative and quantitative solutions [13, 12].

Luckily, the first steps extending quantum chemical methods to systems with periodicity

have been taken in the form of generalizing the molecular Hartree-Fock procedure to systems

with periodic boundaries [15, 8, 9, 12]. This method addresses many of the issues of how to

build a translationally invariant basis for a crystal out of atomic orbitals, how to perform

infinite lattice summations, and which symmetries must necessarily be obeyed by the Hamil-

6



tonian [7, 25]. It also connects density functional theory, the computational workhorse of

solid-state simulation, with atomic orbital basis sets instead of the plane waves used in most

periodic DFT calculations. In many cases, such as metal-oxide insulators, covalently bonded

polymers, and zeolites, the electron distributions are spatially localized making them difficult

to describe by plane waves and optimally described by local basis set theories developed for

quantum chemistry [21]. Most importantly, the crystalline-orbital method is a starting point

to treat electron correlation in bulk materials.

1.5 Thesis Outline

In this thesis we will use the variational two-electron reduced density matrix method to

capture electron correlation in models of cuprate superconductors and polymers described

in atomic orbital basis sets. This will involve generalizing the variational two-electron re-

duced density matrix method, traditionally used on finite systems with open boundaries, to

extended systems with periodic boundaries. In Chapter 2 we will describe the important

theoretical and computational aspects of variational 2-RDM theory. In Chapters 3 and 4 we

discuss the performance of variational 2-RDM theory and approximate N -representability

for describing strong correlation in two model systems. The first is the classic Hubbard

model with linear and ladder lattice topologies. The second model is a class of Hamiltonians

that have only two-body interactions and is known to contain superconducting correlations.

In Chapters 5 and 6 we present a formalism for ab initio simulations of bulk materials us-

ing atomic orbital basis sets developed for quantum chemistry, and determine the necessary

N -representability constraints on the 2-RDM to accurately compute their ground states.
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CHAPTER 2

VARIATIONAL 2-RDM THEORY

2.1 The Reduced Hamiltonian and the 2-Particle Density Matrix

The Full Configuration Interaction problem can be recast as a variational minimization

over the cone of N -body positive semidefinite density matrices of unit trace.

min E = 〈Ĥ,N D〉 (2.1)

s.t. 〈I, ND〉 = 1 ND � 0 (2.2)

ND is the outer product of the full N -body wave function producing the von Neumann

density matrix.

ND = ψ(1, 2, .., N)ψ(1′, 2′, .., N ′)∗ (2.3)

Because the Hamiltonian contains no more than two-electron interactions and electrons are

indistinguishable we can express the N -body Hamiltonian as a reduced operator that has

only two-electron dependence without loss of information.

2K(12) = Nĥ(1) +
N(N − 1)

2
V̂ (12) (2.4)

Therefore, we no longer need the entire N -body probability distribution of electrons in the

von Neumann density matrix to evaluate the expectation value of the Hamiltonian opera-

tor. We need only the pairwise electron probability distribution which can be obtained by

contraction of the N -body distribution onto the two-particle space [11].

E = 〈2K, 2D〉 (2.5)
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2D =

∫
ND d3, ..., dN (2.6)

By introducing a basis we can express 2K and 2D as four index tensors

2K
k,l
i,j =

1

N − 1

(
δki ĥ

l
j â
†
l âj − δ

l
iĥ
k
j â
†
kâj − δ

k
j ĥ

l
iâ
†
l âi + δlj ĥ

k
i â
†
kâi

)
+ V klij â

†
kâ
†
l âj âi (2.7)

2D
k,l
i,j = Tr[â

†
kâ
†
l âj âi,

2D] (2.8)

and form a new 2-body minimization problem, Eq. 2.9, that involves a computational object

that scales as r4–where r is the number of one-particle basis functions–instead of the factorial

scaling object associated with FCI or optimization over von Neumann density matrices.

min E =
∑
ijkl

2Kkl
ij

2Dkl
ij (2.9)

s.t. 2D � 0 Tr[2D] =

N
2

 (2.10)

2.2 N-representability

It was determined by Tredgold and Coleman that free minimization of the energy with

respect to the 2-RDM over the 2-cone determined by the von Neumann conditions results

in unphysical ground states because the variational space of 2-RDM’s is larger than the set

of 2-RDM’s that can be contracted from a pure or ensemble Fermionic N -particle density

matrix [25, 6, 7]. Therefore, the main objective in the N -representability problem is to

determine the necessary and sufficient conditions on the two-electron density matrix to ensure

it has an N -body preimage–i.e. determining an adequate characterization of the 2-cone [6,

7]. A powerful set of approximate N -representability conditions, which emerge from the

constructive solution to the N -representability problem [18], called p-positivity, provide a

hierarchy of non-negativity constraints on the eigenvalues of the 2-RDM and its associated

12



metric matrices [6, 9, 20, 12, 28]. p-positivity restricts the (p+1) metric (or overlap) matrices

of the form

M = 〈ψ|Ĉ†Ĉ|ψ〉 (2.11)

to be positive semidefinite. The operator Ĉ represents the set of p-particle operators that

form the basis functions from which the overlap matrix is obtained. The 2-positive matrices

are generated from the set Ĉ = {âi, â
†
i , âiâj , â

†
i âj , â

†
i â
†
j} and produce the following metric

matrices.

1D
j
i = 〈ψ|â†j âi|ψ〉 (2.12)

1Q
j
i = 〈ψ|âj â

†
i |ψ〉

2D
p,q
i,j = 〈ψ|â†pâ†qaj âi|ψ〉

2Q
p,q
i,j = 〈ψ|âpâqâ†j â

†
i |ψ〉

2G
p,q
i,j = 〈ψ|â†pâqâ†j âi|ψ〉

The non-negativity of these density matrices correspond with physically restricting the prob-

abilities of finding one-particle, one-hole, two-particles, two-holes, and particle-hole pairs to

be non-negative. These matrices contain equivalent information as each matrix can be ex-

pressed in a one-to-one mapping of another by the Fermionic anticommutation relations.

{â†i , âj} = â
†
i âj + âj â

†
i = δ

j
i (2.13)

1D
j
i + 1Q

j
i = δ

j
i (2.14)
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2Q
p,q
ij /2 =

(
δ
p
i − 2 1D

p
i

)
∧ δqj + 2D

p,q
i,j /2 (2.15)

2G
k,l
ij = δip

1D
q
j −

2 D
i,q
p,j (2.16)

The equivalency by linear mapping between the metric matrices does not imply the re-

dundancy in characterizing an approximate 2-cone and are necessary constraints in the p-

positivity set. Throughout this thesis the 2-positive constraints are denoted by DQG. We

can further augment the approximation of the 2-cone if we consider {Ĉ} to include tuples

of creation and annihilation operators. Applying Eq. 6.2 we generate the four 3-positive

matrices.

3D
qrs
ijk = 〈ψ|â†qâ†râ†sâkâj âi|ψ〉 (2.17)

3E
qrs
ijk = 〈ψ|â†qâ†râsâ†kâj âi|ψ〉 (2.18)

3F
qrs
ijk = 〈ψ|âqârâ†sâkâ

†
j â
†
i |ψ〉 (2.19)

3Q
qrs
ijk = 〈ψ|âqârâsâ†kâ

†
j â
†
i |ψ〉 (2.20)

Computationally each of these scales as r6 with the size of the single particle basis. The

expense of the 3-positive conditions can be lowered by introducing approximations to their

set. Approximate 3-positivity conditions, proposed by Erdahl and Jin [8] and Erdahl and

Mazziotti, [20] are combination of 3-positive matrices

T1 =3 D +3 Q ≥ 0 (2.21)

T2 =3 E +3 F ≥ 0 (2.22)
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so that the new approximate 3-matrix can be constructed exactly from only knowledge of

the 2- and 1-RDMs. This results in a considerable reduction in the numerical implementa-

tion [20]. Including the T2 condition with the 2-positive constraints along with the mapping

M(1D,1Q,2D) → T2 will be the N -representability constraints denoted DQGT through-

out this thesis. There are various other classes of constraints on the 2-RDM, but in this

thesis we will focus on the performance of the approximate N -representability generated by

considering the p-positive set. Because the set DQG and DQGT are approximation to the

true constraints on the 2-cone all ground state energies determined by a minimization with

respect these constraints are strictly a lower bound to the exact ground state energy of an

N -body quantum systems.

2.3 Semidefinite Programming

The direct minimization of the 2-RDM while maintaining the non-negativity of one- and

two-particle metric matrices, connected by linear mappings generated from the Fermionic

anitcommutation relations, is a type of optimization known as a semidefinite program [13,

26]. Semidefinite programming is the extension of linear programming to matrix variables

and has a variety of applications in other areas such as control theory, finance, and circuit

design [24, 22, 27]. The primal semidefinite program is mathematically stated as follows

min 〈C,X〉 (2.23)

s.t 〈A,X〉 = b ; X � 0 (2.24)

where C is in the space of symmetric matrices (C ∈ Sn), X is in the space of positive

semidefinite matrices (X ∈ S+
n ), 〈·, ·〉 is defined as the trace inner product Tr[CT , X], and

b is a vector in Rm. The conjugate dual of the primal problem can be determined in the

normal way by considering the maximization of dual variables with an inner minimization
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over the primal.

max bT y (2.25)

s.t S = C − yTA ; S � 0 (2.26)

Two SDP algorithms were employed in the calculations of the subsequent chapters. These

algorithms, known as RRSDP and BPSDP, were developed for 2-RDM methods by Mazz-

iotti [14, 13, 15, 16, 19]. They provide a many-orders-of-magnitude increase in computational

efficiency over earlier interior-point algorithms employed in 2-RDM calculations [21, 12, 29].

The first method, known as RRSDP, solves the primal problem by factoring the primal

variable ensuring non-negativity.

X = RRT (2.27)

The factorization transforms the semidefinite program to a non-linear program which is

solved via an augmented-Lagrangian (AL) method [3, 4]. The second method, known as the

boundary point method (BPSDP), also uses the AL method to solve the SDP but applies it

directly to the dual problem. The boundary point method is 10-20 times faster than RRSDP

because it does not involve an unconstrained optimization of the augmented Lagrangian.

2.3.1 RRSDP Method

The RRSDP method exploits the AL method for solving the non-linear programming

problem produced by factoring the primal variable. The augmented-Lagrangian method

balances the penalty method with the Lagrange multiplier method to prevent ill conditioning
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as the penalty parameter increases [2, 1]. Considering the augmented-Lagrangian

L(R, y, σ) = 〈C,RRT 〉 −
m∑
y=1

yi(〈Ai, RRT 〉 − bi) +
σ

2

m∑
i=1

(〈Ai, RRT 〉 − bi)2 (2.28)

we seek an optimal primal dual pair (R∗, (y∗, σ∗)) that minimizes the objective 〈C,RRT 〉

and satisfies 〈Ai, RRT 〉 = bi for all constraints {i}. One of the main reasons for using the

AL is if given (y∗, σ∗) one can determine R∗ by simply minimizing L(·, y∗, σ∗) with respect

to R. We generate the optimal multiplier (y) and penalty (σ) by iteratively determining the

sequence (yk, σk) that converges to the solution (y∗, σ∗). The sequence is produced by the

following procedure:

I. Minimize L(·, y, σ) with respect to R

II. compute v = ||〈A,RRT 〉 − b||∞

III. if v < ηvk, set

yk+1
i =yki − σk(〈Ai, RRT 〉 − bi) (2.29)

σk+1 =σk (2.30)

vk+1 =v (2.31)

IV. else,

yk+1
i =yi (2.32)

σk+1 =γσk (2.33)

vk+1 =vk (2.34)
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The outlined procedure is repeated until primal and dual feasibility are below a particular

threshold (ε). For the dual multiplier and penalty update steps, the variable η certifies that

there has been a sufficient decrease in the primal feasibility while γ increases the penalty

parameter in an attempt to bias the AL problem to the solution. Each minimization of the

AL is computed using the low-memory BFGS procedure [5] which requires the value of the

AL and it’s derivative.

∇RL(R, y, σ) =2SR (2.35)

S =C −
m∑
i=1

(
yi − σ(〈Ai, RRT 〉 − bi)

)
Ai (2.36)

It is clear that the update for the Lagrange multipliers ensures the next iteration will be

dual feasible for the unaugmented Lagrangian. As with most multiplier methods there are

various ways to perform the multiplier updates. In the conclusion chapter of this thesis we

discuss a new method for updating (y) which includes second order information.

2.3.2 BPSDP Method

The boundary point method also exploits the AL form of the SDP but applies it to the

dual problem [23].

L(y, S,X) = bT y + 〈X,S + C − AT y〉+
σ

2
||S + C − AT y||2 (2.37)

The augmented-lagrangian is minimized to determine an optimal (y, S), where S � 0, with

fixed primal variable X. The primal variable is then updated in a first-order step.

Xk+1 = Xk + σ(S + C − AT y) (2.38)
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This procedure is continued until dual feasibility is reached or below a particular threshold

||S + C − AT y|| < ε. The key innovation in the algorithm is determining the minimizer of

the augmented-Lagrangian. Povh et. al. first re-write the augmented Lagrangian by first

defining W (y)

W (y) = AT y − C − 1

σ
X (2.39)

the AL becomes

Lσ = bT y +
σ

2
||S −W (y)||2 − 1

2σ
||X||2 (2.40)

Clearly, minimizing the AL with respect to (y, S) will only involve the first two terms of

the rewritten AL. This ”inner” minimization is a quadratic SDP problem that is solved

iteratively. By first introducing the Lagrange multiplier V � 0 for the inner minimization

problem we get the following Lagrangian.

L(y, S;V ) = bT y +
σ

2
||S −W (y)||2 − 〈V, S〉 (2.41)

The solution to this problem is determined in the usual manner by considering the KKT

conditions on the Lagrangian.

A(AT y) = A(S + C +
1

σ
X)− 1

σ
b (2.42)

V = σS − σW (y) (2.43)

Povh et. al. noticed that when minimizing the Lagrangian in Eq. 2.41 if y is kept fixed then

S is the projection onto the cone of positive-semidefinite matrices. Determining the closest

positive semidefinite matrix is equivalent to partitioning positive and negative eigenvalues

and eigenvectors [10]. Thus the inner optimization is performed by first solving a system
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of equations for multipliers y and then performing an eigenvalue decomposition for the

projection onto the positive semidefinite cone in order to maintaining S � 0. The total

boundary point algorithm is as follows

I. minimize outer Lagrangian; repeat until δouter < εouter

A. minimize inner Lagrangian; repeat until δinner < εinner

1. solve for yk: A(AT y) = A(Sk + C + 1
σX

k)− 1
σ b

2. Positive projection step: W = AT yk − C − 1
σX

k; Sk = W+ ; V k = W−

3. δinner = ||〈A, V k〉 − b||

II. Xk+1 = V k

III. k = k + 1; δouter = ||Sk − AT yk + C||

IV. update σ

Here the positive and negative projections W+ and W− are determined by the minimization

W+ = argminU�0||W − U || (2.44)

which corresponds to generating the W+ by an eigenvalue decomposition and selecting pos-

itive eigenvalues along with their associated eigenvectors.

W+ =
∑
i

λ+
i |φi〉〈φi| W− =

∑
j

λ−j |φj〉〈φj | (2.45)

The computationally expensive task is the determination of y in the inner minimization

problem. As AAT does not change its Cholesky decomposition can be formed prior to the

calculation and then used to back-solve for yk. This lack of unconstrained minimization

is the reason for the 10-20 times speed increase of BPSDP over RRSDP. Though conver-

gence is guaranteed for any penalty parameter we can accelerate convergence by dynamically
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updating σ. This is accomplished by setting σ according to primal and dual feasibility [17].

σ = σδouter/δinner (2.46)
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CHAPTER 3

COMPARISON OF ONE-DIMENSIONAL AND

QUASI-ONE-DIMENSIONAL HUBBARD MODELS FROM

THE VARIATIONAL TWO-ELECTRON

REDUCED-DENSITY-MATRIX METHOD

This chapter contains parts of the published work [N. C. Rubin, and D. A. Mazziotti,

Theo. Chem. Act. 133:1492 (2014)] Copyright 2014, Springer-Verlag Berlin Heidelberg.

3.1 High-Temperature Superconductivity and Lattice models

The study of superconducting phenomenon is vast and a highly active field. Since the

discovery of superconductivity in Mercury (Hg), with a Tc of 4.19 K, many other materials

with significantly higher transition temperature have been discovered. Until 1986 when the

first high-temperature superconducting (HTSC) material was found by Berdnorz and Müller

[6] it was widely accepted that the theory of Bardeen, Cooper and, Schieffer (BCS) which

stated that electrons condensed into coherent pairs from electron-phonon interactions was

responsible for superconductivity [5].

Since the discovery of HTSC other compounds belonging to the same class of cuperate

structures have been found with even higher superconducting transition temperatures [15,

38]. The puzzling nature of this class of materials is the lack of an appreciable electron-

phonon interaction that could lead to significantly higher Tc. A theoretical description of the

endogenous mechanism for superconductivity has yet to be elucidated. During the search for

a SC mechanism experimentalists and theorists have determined some prominent features the

HTSC cuperate class: i) the commonality of a Cu-O plane within HTSC materials strongly

suggests that the principle locus of superconductivity is the Cu-O planes, ii) inter-plane

interaction is weak relative to kβTc iii) the spin-state of the pairs is a singlet iv) and the
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spatial symmetry is B1g (dx2−y2) of the C4v or D4h groups [24].

There are many proposed single, and multiband, models for HTSC phenomenon [11, 4],

predominantly of the t-J or Hubbard model type in two, or quasi-two-dimensions. The

t-J and Hubbard type interactions are chosen because they are the simplest descriptors of

antiferromagnetic ground states which are the striking feature of all undoped cuperate parent

compounds. In fact, Allen put forth the Hubbard-hypothesis stating

The fundamental physics of the oxide superconductors is contained in the [Hubbard]

Hamiltonian on a square lattice for a small number of holes [1]

As of yet there is no clear consensus on the mechanism for how superconductivity arrises

or if the Hubbard model provides the necessary interaction types to sustain a SC state on a

one- or two-dimensional lattice. Keeping this in mind guides the next two chapters.

3.2 Overview

We examine the electron correlation of one-dimensional and quasi-one-dimensional Hub-

bard models with two sets of approximate N -representability conditions. While recent RDM

calculations have examined linear[19] as well as 4 × 4 and 6 × 6 Hubbard lattices,[2, 35]

there has not been an exploration of RDMs on quasi-one-dimensional Hubbard lattices with

a comparison to the one-dimensional Hubbard lattices. How does the electron correlation

change as we move from a one-dimensional to a quasi-one-dimensional Hubbard model? How

are these changes in correlation reflected in the required N -representability conditions on

the 2-RDM? One- and two-particle correlation functions are used to compare the electronic

structure of the half-filled states of the 1 × 10 and 2 × 10 lattices with periodic boundary

conditions. The degree of correlation captured by approximate N -representability conditions

is probed by examining the 1-particle occupations around the Fermi surfaces of both lat-

tices and measuring the entanglement with a size-extensive correlation metric, the Frobenius

norm squared of the cumulant part of the 2-RDM.[22]
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3.3 Model

The single-band ladder extension of the one-dimensional Hubbard model [21, 18, 17]

has been utilized as a minimalist model to study spin-liquid behavior[14, 29, 12] and high-

temperature superconductors.[3, 20, 7, 30, 23] The ladder model is a quasi-one-dimensional

system with a four-fold degenerate Fermi surface and correlations in two-dimensions.

3.3.1 Hamiltonian

The Hamiltonian of the ladder single-band model in position space is defined as follows:

Ĥ = t
∑
n,λ,σ

(â
†
n,λ,σân+1,λ,σ + â

†
n+1,λ,σân,λ,σ) (3.1)

+ t⊥
∑
n,σ

(â
†
n,a,σân,b,σ + â

†
n,b,σân,a,σ) (3.2)

+ U
∑
n

â
†
n,λ,σân,λ,σâ

†
n,λ,−σân,λ,−σ (3.3)

where t is a parameter controlling transport between rungs of the ladder, t⊥ is a parameter

controlling transport between the two sides of a ladder’s rung, U is a parameter controlling

the one-site repulsion between electrons, the index n is the rung number, the index λ = a(b)

corresponds to a ladder leg, and the index σ indicates the spin of the electron created at

rung n on leg a(b). We impose periodic boundary conditions along the legs of the ladder

forming a Hubbard ribbon.

3.3.2 Spin and Spatial Symmetry Adaptation

One can take advantage of any spin or spatial symmetry in the Hamiltonian by symmetry

adapting the metric matrices and thereby reducing the size of the 2-RDM to be optimized.[16]

For the ladder model we transform the RDMs to bonding and antibonding spaces and then

Fourier transform to take advantage of the translational symmetry. We consider linear com-
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bination of creation and annihilation operators to form two disjoint one-electron subspaces

âBn,σ =
1√
2

(
ân,a,σ + ân,b,σ

)
(3.4)

âAn,σ =
1√
2

(
ân,a,σ − ân,b,σ

)
, (3.5)

where âBn,σ and âAn,σ are annihilation operators for the bonding and antibonding orbitals

with spin σ ∈ {α, β}. The one-body part of the Hamiltonian divides into anti-bonding ĤA

and bonding ĤB parts:

Ĥ = ĤA + ĤB + ĤAB
int . (3.6)

When expressed in the bonding and antibonding basis, the interaction term decomposes into

four two-body operators representing inter- and intra-subspace pair scattering and inter- and

intra-subspace pair exchange.

Spatial symmetry is imposed in each one-electron space by the Bloch transformation

B ân,σ =
1√
Nx

∑
kb

e−ikbnâkb,σ (3.7)

Aân,σ =
1√
Nx

∑
ka

e−ikanâka,σ, (3.8)

where âkb,σ annihilates an electron with momentum kb in the bonding band and âka,σ an-

nihilates an electron with momentum ka in the antibonding band. The Hamiltonian and

2-RDM can also be spin adapted. As discussed in Ref. [16], because the three triplet blocks

are equivalent in the singlet case, each metric matrix has only two distinct spin blocks defined

by the folded operators

Ĉ
0,0
i,j;i≤j =

1√
2

(â
†
i,αâ
†
j,β + â

†
j,αâ

†
i,β) (3.9)

Ĉ
1,0
i,j;i<j =

1√
2

(â
†
i,αâ
†
j,β + â

†
j,αâ

†
i,β). (3.10)
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These new Ĉ operators generate symmetric and antisymmetric parts of 2D and 2Q. Spin-

symmetry adaptation of 2G and T2 can be achieved by the same methodology.[28] The size

of the 2-RDM can be further reduced by additional symmetries,[37, 35, 13] but they have

not been exploited in the present calculations.

3.4 Results

In section 3.4.1 we compare the ground-state energies of the 2 × 4 ladder system at

and below half filling from the variational 2-RDM method with those from full configuration

interaction (FCI). Section 3.4.2 contains the analysis of the 2×10 and 1×10 lattices through

the α, β-two-point pair correlation function, a measure of one-particle effective hopping,

one-electron natural occupation numbers, and the squared Frobenius norm of the cumulant

(connected) part of the 2-RDM. Results from 2-RDM calculations with DQG and DQGT

conditions are compared.

3.4.1 Energies of Hubbard Ladder

We report the errors in the ground-state energies from the variational 2-RDM method for

the 2 × 4 ladder Hubbard model for a range of interaction strengths where t = t⊥ = 1 a.u.

Comparisons are made to the ground-state energies from full configuration interaction (FCI).

The FCI calculation determines the ground-state energies by computing the lowest eigenvalue

of the N -electron Hamiltonian matrix in the basis of all possible Slater determinants. In the

FCI calculation the spin orbitals are products of a spin function (α or β) and a “spatial”

orbital which can be defined either in the position representation or in the momentum

representation. All 2-RDM alculations were optimized until the primal feasibility norm was

below 1.0 × 10−5 and the primal-dual gap was below 1.0 × 10−4. In Fig. 3.1 the error

in the ground-state energy and the percentage of the correlation energy recovered from

the 2-RDM method with DQG and DQGT conditions is reported for (a) 〈n̂〉 = 1 and (b)
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〈n̂〉 = 3/4 fillings. In the case of half-filling the DQG and the DQGT energies deviate

at most from those from FCI by -0.74 a.u. and -0.087 a.u., respectively. The maximum

deviations occur in the intermediate interaction regime U ∈ [4, 8] where there is a large

degree of competition between delocalization and localization. For the 〈n̂〉 = 3/4 filling the

DQG and DQGT conditions result in a larger absolute error than all corresponding values at

half filling, which is consistent with previous observations in the literature[36] that correlated

systems with an imbalance between the number of particles and holes require more stringent

N -representability constraints.
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Figure 3.1: Absolute deviation of ground-state energy of the variational 2-RDM method with

DQG and DQGT constraints and the percent correlation defined as (ERDM−EHF)/(EFCI−

EHF)× 100 are shown for 2× 4 lattices at (a) 〈n̂〉 = 1 and (b) 〈n̂〉 = 3/4.

The 2-RDM can be expressed as the wedge product of 1-RDMs (unconnected) plus a

cumulant (connected) part[26, 25] denoted as 2∆

2D = 1D ∧ 1D + 2∆, (3.11)
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where the ∧ is the Grassmann wedge product [34, 10, 27]. The unconnected term captures

the statistically independent part of the electron pair probability. The energies from the

unconnected and connected components[19] are

E1 = Tr[2K (1D ∧ 1D)] (3.12)

E2 = Tr[2K 2∆]. (3.13)

These energies as well as the Hartree-Fock mean-field energy are plotted in Fig. 3.2. The

Hartree-Fock energy grows linearly as U is increased which is closely mirrored by the un-

connected piece. Consequently, all the correlated information of the 2-RDM that results in

localization is contained in its connected part.
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Figure 3.2: For the 2 × 4 lattice at 〈n̂〉 = 1 the connected, unconnected, and total energies

from the variational 2-RDM method with DQGT constraints as well as the Hartree-Fock

total energies are shown.
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3.4.2 One- and Two-particle Correlations
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Figure 3.3: The α, β-two-point pair correlation functions of the (a) 2 × 10 and (b) 1 × 10

lattices at half filling are computed as a function of R from the variational 2-RDM method

with DQGT where R is the distance along each Hubbard strand between the pairs. Because

of the periodic boundary conditions, the correlation function values are unique until the

lattice inversion center at R = 5.
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The α, β-two-point pair correlation function for the 2×10 and 1×10 lattices is examined

at half filling to explore the variational 2-RDM method with DQG and DQGT conditions.

We can express the two point spin-up, spin-down correlation as

〈n̂iαn̂i+Rβ〉 − 〈n̂α〉〈n̂β〉, (3.14)

where 〈n̂α〉 is the total density of α-electrons in the system

〈n̂α〉 = Nα/(2NL), 〈n̂β〉 = Nα/(2NL). (3.15)

This correlation function is an extension of the local double-occupancy, 〈n̂i,αn̂i,β〉, which has

been used to examine the Mott transition of the Hubbard model defined on various lattices

and temperatures. [31, 8, 9, 39]
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Figure 3.4: The α, β-two-point pair correlation functions calculated with DQG and DQGT

constraints are given for the (a) ladder 2 × 10 and (b) linear 1 × 10 lattices at half filling

〈n̂〉 = 1.

The pair-correlation function probes the expectation of an antiferromagnetic pair R-sites

away from each other in the long direction of the lattice. In the U = 0 limit where the

α and β electrons are delocalized across the lattice the correlation function is zero for all

values of R. As U is increased, antiferromagnetic pairing becomes less favorable and order
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is induced. In Figs. 3.3a and 3.3b we plot the two-particle correlation function as a function

of R for representative U values. The correlation function decays across the lattice until

the inversion center is reached. An exponential fitting of the absolute value of the pair

correlation function, not shown, indicates that DQGT predicts a similar decay on the one-

dimensional and quasi-one-dimensional lattices. In Fig. 3.4 we plot the absolute value of the

pair-correlation function for U = 12 from DQG and DQGT to study the differences generated

in the (a) ladder and (b) linear lattices from approximate N -representability conditions. In

the ladder case the results from DQG and DQGT are in fairly close agreement while in the

linear case DQG deviates significantly from DQGT.
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Figure 3.5: The effective hopping teff for the 2× 4 lattice is calculated with DQG, DQGT,

and FCI. In (a) we plot teff for the 2× 4 lattice calculated with DQG and DQGT compared

against teff from FCI. We compare teff from DQG and DQGT for the (b) 2×10 and (c) 1×10

lattices. Both the linear and ladder Hubbard models exhibit the same underestimation of teff

at low U and overestimation of teff at high U . Part (d) compares teff calculated from DQGT

for the linear and ladder models. The increase in lattice dimension facilitates transport down

the chain.

We can use the effective hopping as a one-particle correlation function. Defined in

Eq. (3.16), the effective hopping is the likelihood of transport normalized by the non-
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interacting limit of the model

teff =
〈â†iσâjσ + â

†
jσâiσ〉U

〈â†iσâjσ + â
†
jσâiσ〉U=0

. (3.16)

For low U , where the kinetic energy has the largest energy contribution, approximate N -

representability conditions underestimate the effective hopping (kinetic energy), and at high

U , where the repulsive interaction term dominates, approximate N -representability condi-

tions underestimate the localization, which causes the effective hopping to be overestimated.

In Fig. 3.5a we plot teff for the 2 × 4 lattice calculated with DQG and DQGT compared

against teff from FCI. As expected DQG yields a lower teff than FCI before U = 4 and a

higher teff than FCI after U = 4. The effective hopping from DQGT shows a similar trend

while exhibiting a much smaller deviation from the FCI curve, which reinforces the accuracy

of the DQGT conditions for lattices with strongly correlated electrons. We compare teff

from DQG and DQGT for the (b) 2× 10 and (c) 1× 10 lattices. Both the linear and ladder

Hubbard models exhibit the same underestimation of teff at low U and overestimation of

teff at high U . Figure 3.5d compares teff calculated from DQGT for the linear and ladder

models. The increase in lattice dimension facilitates transport down the chain.

3.4.3 Natural Occupation Numbers and Entanglement

We examine the one-electron occupation numbers of the natural orbitals around the

Fermi surface. The natural orbitals are the eigenfunctions of the 1-RDM. Select occupation

numbers of the α-spin block of the 1-RDM in the quasi-momentum basis are provided in

Table 4.2. For both lattices the Nα − 1 and Nα occupation numbers calculated with DQG

are larger than the occupation numbers with DQGT, and the Nα+ 1 and Nα+ 2 occupation

numbers calculated with DQG are smaller than the occupation numbers with DQGT. The

difference between DQG and DQGT occupation numbers is greater for the 2×10 lattice than
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1× 10 lattice for all U values. Furthermore, the higher degree of multireference character of

the occupation numbers when calculated with DQGT constraints indicates that polyradical

character induced by a transition to the Mott-insulating state is better captured by DQGT

conditions.

Table 3.1: Natural-orbital occupation numbers of the α-spin block of the 1-RDM in the
quasi-momentum basis.

Lattice Conditions U Nα − 1 Nα Nα + 1 Nα + 2
1× 10 DQG 4 0.9022 0.8064 0.1936 0.0978

8 0.7828 0.6566 0.3434 0.2172
12 0.7114 0.6014 0.3986 0.2886

DQGT 4 0.8993 0.7895 0.2104 0.1008
8 0.7634 0.6291 0.3710 0.2366
12 0.6870 0.5812 0.4188 0.3130

2× 10 DQG 4 0.8081 0.7667 0.2333 0.1919
8 0.6629 0.6280 0.3720 0.3371
12 0.6067 0.5827 0.4173 0.3933

DQGT 4 0.7863 0.6897 0.3103 0.2138
8 0.6338 0.5710 0.4290 0.3662
12 0.5811 0.5462 0.4538 0.4189

We measure correlation explicitly by calculating the squared Frobenius norm of the cu-

mulant portion of the 2-RDM 2∆

||2∆||2 = Tr(2∆† 2∆) (3.17)

as a function of system size and coupling. The squared Frobenius norm of the cumulant[22]

is size-extensive and contains spin entanglement information not captured by the correlation

energy or von Neumann entropy. Using this metric, we compare the degree of correlation

in each ladder system. In Fig. 3.6 we plot the norm-per-lattice site for the (a) 2 × 10 and

(b) 1 × 10 lattices at half filling. For the 2 × 10 lattice DQG predicts a significantly larger

norm at high U . In the case of the 1× 10 lattice DQG and DQGT agree on the amount of

correlation in the lattice.
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Figure 3.6: Frobenius norm squared of the cumulant part of the 2-RDM is shown for the
(a) 2× 10 and (b) 1× 10 lattices where the 2-RDMs are computed with variational 2-RDM
calculations with DQG and DQGT conditions.
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3.5 Conclusion

Calculation of ground-state properties of strongly correlated model systems is highly

important for understanding a plethora of condensed phase N -body physics. One of the

main limitations of wave function methodologies is the exponential scaling of the Hilbert

space with system size. In exchange for the exponentially scaling N -particle wave function

we have reviewed how to compute the ground-state energy with respect to the polynomial

scaling 2-RDM. The variational 2-RDM has some key benefits: (i) it provides a lower bound

to wave function methods, (ii) can be numerically implemented as a semidefinite program

which is solved with a polynomial scaling algorithm, and (iii) and gives easy access to pair

correlation functions important for characterizing condensed-matter systems.

We have demonstrated that the variational 2-RDM method with moderateN -representability

constraints can be used to calculate the ground state energies of ladder Hubbard models ac-

curately. In keeping with recent results for 4×4 and 6×6 two-dimensional Hubbard models,

we observe that partial (2,3)-positivity (DQGT) conditions are effective at capturing strong

electron correlation effects in both one- and quasi-one-dimensional lattices for both half filling

and less-than-half filling. We have found that certain correlation functions can be accurately

predicted with (2,2)-positivity (DQG) conditions. Furthermore, 2-RDM methods offer a way

to analyze the correlation per site in a lattice model with a size-extensive metric and give

direct access to occupation numbers. The 2-RDM methods complement recently developed

wave-function-based methods [32], and they may be useful in the context of approximate

embedding calculations.[33] In general, the variational RDM method offers a new approach

to studying lattice models of varying topology and filling.
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CHAPTER 4

STRONG ELECTRON CORRELATION IN MATERIALS

FROM PAIR-INTERACTING MODEL HAMILTONIANS

This chapter contains parts of the published work [N. C. Rubin, and D. A. Mazziotti, J.

Phys. Chem. C 119 (26), 1470614713, (2015)] Copyright 2015, American Chemical Society.

4.1 Overview

Model Hamiltonians that can emulate key features of solid-state materials offer an oppor-

tunity to study electronic systems at different degrees of strong electron correlation, which is

important for elucidating a range of phenomena including high-temperature superconductiv-

ity and quantum phase transitions. There is a plethora of model spin Hamiltonians including

the Heisenberg, Hubbard, and t-J Hamiltonians that build in pairing [29, 20, 9], on-site in-

teraction [19], or nearest-neighbor interactions [21] that induce strong correlations. Many of

these models focus on the competition between localization and delocalization from kinetic

and potential energy terms in the Hamiltonian as a generator for electron correlation [23]. It

is typically found that this type of model can be described by a mean-field wave function in

a particular limit that provides a reasonable reference in a perturbation-theory framework

for a more correlated description.

We examine different degrees of strong electron correlation found in materials through

a class of model pairing Hamiltonians. We focus on the pairing Hamiltonians, previously

defined by Erdahl and Jin, that lack any one-electron term [22, 11]. The potential in the

Hamiltonian defines an interaction between pairs of electrons, and the kinetic energy in

the Hamilton defines the transport of pairs of electrons. For the range of parameters in

the model Hamiltonians the ground-state wave functions possess a common one electron-

reduced density matrix (1-RDM). Because the two-electron interactions are not universal
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to all of the Hamiltonians in the model, the Hohenberg-Kohn theorem [18] does not apply,

and one-electron theories like Hartree-Fock and density functional theory are largely either

inaccurate or inapplicable.

In one limit of the Hamiltonian’s parameters the ground states are superconducting states

describable by projected Bardeen-Cooper-Schrieffer (BCS) wave functions [3, 32], also known

as antisymmetrized geminal power (AGP) wave functions [6, 7, 8, 25, 16], and in another

limit the ground states are locally ordered states in which the kinetic energy is quenched.

Between these two limits model Hamiltonian express more general family of pairing wave

functions that describe long-range order and pairing phenomena beyond superconductivity

that is potentially important for molecules and materials with novel properties arising from

strong electron correlation.

In a system with only pair interactions the two-electron reduced density matrix (2-RDM)

is a natural descriptor. By Rosina’s theorem there exists a one-to-one mapping between

each ground-state 2-RDM and each energetically non-degenerate ground-state wave func-

tion [24]. Importantly, the 2-RDM-to-wave-function map in Rosina’s theorem only requires

that the interaction terms be two-body. In contrast, the mapping between the ground-state

1-RDM (or 1-electron density) and the wave function in the Hohenberg-Kohn theorem [18]

requires specific knowledge of the Hamiltonian’s interaction terms to make the mapping

one-to-one [24]. Originally shown by Yang [41], the 2-RDM is the most compact representa-

tion of a fermionic N -particle system with superconducting character. As such the 2-RDM

has been extensively utilized in the study of pair-correlation dominated Hamiltonians like

model superconductors [41, 31, 15, 4, 36, 30] and repulsive Hubbard models in the high U

limit [33, 39, 38, 1, 17].

After developing the class of model pairing Hamiltonians, we variationally compute the

2-RDM for a range of lattices including linear, ladder, and square topologies. We also

investigate the possible superconducting gap parameter based on the three lattice topologies.
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We find that for all model Hamiltonians the 2-RDM is accurately computed as long as the

D, Q, and G N -representability conditions [8, 5, 12], also known as the (2,2)-positivity

conditions, are supplemented with the T2 condition [10, 42, 26], a member of the (2,3)-

positivity conditions [27]. Energies, orbital and geminal occupation numbers, and correlation

functions are computed. As shown by Yang [41] as well as Sasaki [5, 34], the largest geminal

occupation number of the 2-RDM reveals long-range order when it is on the order of the

number N of electrons. The model has applications to superconductivity as well as more

general pairing phenomena in electronic systems while the variational calculation of the 2-

RDM has applications to studying electronic structure in a wide range of strongly correlated

quantum systems.

4.2 Theory

4.2.1 Model System

The Hamiltonian was derived from the set of generators forming a SU(2) Lie algebra and

contains only two-body interactions [22]. The superconducting model is defined on one-, two-

, or three-dimensional cubic lattice with equally spaced sites ({Λ}). General properties of the

Hamiltonian such as its action on states built from pair operators, ground state properties for

small linear lattices, and the existence of alternating and constant phase antisymmeterized

geminal power (AGP) ground states has been previously reported [11, 22]. When expressed

in normal ordering the Hamiltonian is composed of two pieces; a nearest-neighbor Coulomb
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component Ĥe and nearest-neighbor pair transport Ĥt

Ĥe =αe

[
Cρ +

∑
i

∑
σ

(
â
†
i+1σâ

†
iσâiσâi+1σ (4.1)

+ â
†
i+1σâ

†
i−σâi−σâi+1σ

)]
Ĥt =αt

∑
i

(
â
†
i+1αâ

†
i+1β âiβ âiα + â

†
iαâ
†
iβ âi+1β âi+1α

)
Ĥ =Ĥt + Ĥe (4.2)

where â
†
jσ (âjσ) creates (annihilates) a fermion at site j with spin σ, αe and αt are the

electrostatic and transport strengths, and Cρ is number of nearest neighbor pairs minus the

twice the total density of electrons. The constant term comes from expressing the pure two-

body Hamiltonian in normal ordering using the fermionic anticommutation relations. This

term only depends on diagonal elements of the 1-RDM and simply shifts the energy levels.

The Hamiltonian projects a pairing subspace formed from

η
†
i = â

†
iαâ
†
iβ (4.3)

operators that create a spin-zero particle on each site. The total wave function is constructed

from the Na choose M determinants of η where Na is the total number of orbitals and M is

the number of pairs on the lattice. The 1-RDMs from these wave functions are diagonal be-

cause η operator creates pairs of electrons on the lattices and thus single-particle correlations

corresponding to off-diagonal elements in the 1-RDM are zero. Calculations are performed

at half filling, and thus, each diagonal elements of the α spin block of the 1-RDM is equal

to one-half. This special structure is independent of the Hamiltonian parameters.
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4.3 Results

In section 4.3 we present the results from applying the variational 2-RDM method with

the D, Q, G, and T2 conditions to the pair-interaction model Hamiltonians. We present

the convex set of 2-RDMs generated by the class of model Hamiltonians under complete

and incomplete N -representability conditions in section 4.3.1. Energies, orbital and geminal

occupation numbers, and correlation functions are reported in the remaining sections.

4.3.1 N-representable Region

The N -representable region is quantified by the expectation value of any hermitian op-

erator against 2D to be positive semidefinite. By taking the expectation of the unscaled

Hamiltonian operators, Coulomb and transport, we trace out a useful projection of the total

representable region. This method of projection down from the full representable region has

been previously used as a phase diagram to analyze transition in the Ising and Lipkin mod-

els [14, 35]. Here we use it to asses the accuracy captured by approximate N -representability

for each component of the Hamiltonian. For our Hamiltonian, parametrized by the vector

α defined in Eq. (4.4), we define expectation values β as the projection of the Coulomb and

the pair transport part of the Hamiltonian, Eq. (4.5), on the ground state 2-RDM.

α = (αe, αt) (4.4)

β =
(

Tr
[

2He
2D
]
,Tr

[
2Ht

2D
])

(4.5)

where 2He and 2Ht correspond to the reduced Hamiltonians of the nearest-neighbor Coulomb

and nearest-neighbor transport parts of the total Hamiltonian. The set of points {β} are

the extreme points of the representable set. This set is determined numerically by finding
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the ground state 2-RDM at Hamiltonian parameters α in the following regions:

[αe, αt] = [θ,−1] , −1 ≤ θ ≤ 1 (4.6)

= [1, θ] , −1 ≤ θ ≤ 0 (4.7)

= [1, θ] , 0 ≤ θ ≤ 1 (4.8)

= [−θ, 1] , −1 ≤ θ ≤ 1 (4.9)

In Fig. 4.1 we have plotted the representable region for the 1 × 16 lattice with periodic

boundary conditions computed with the variational 2-RDM methodology using two sets of

N -representability constraints. We compare the approximate 2-RDMs with 2-RDMs con-

tracted from an exact diagonalization calculation. The curves in Fig. 4.1 correspond to the

representable boundary. Points on the interior correspond with excited state 2-RDMs. The

region is symmetric around the axis βt = 0 and therefore we only plot the region defined by

α of Eqs (4.6, 4.7). The straight line from point (0, 1) to point labeled (A) are AGP states

with even particle numbers. All superconducting constant phase AGP wave functions are

located along this line. We find, as previously reported [11, 22], that DQG fails to capture

the boundary of the region away from the AGP states.

4.3.2 Energy Results

In Table 4.1 we have compiled the ground state energy given two Hamiltonian parameters

calculated with DQG and DQGT constraints on a linear lattice with periodic boundary con-

ditions. Each ground state corresponds to a point along the boundary of the representable

region. The superconducting states (αt, αe) = (−1,−1) starting from zero particles to half

filling all have zero energy as the dimension dependent constant counting the number of

nearest-neighbors has been dropped. In this region DQG and DQGT capture the ground

state energy exactly. Any deviation away from 100 percent correlation captured corresponds
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Figure 4.1: N-representable region for the 1 × 16 lattice calculated with exact diagonal-
ization, DQG, and DQGT conditions. The region is symmetric around βt = 0. The
labeled points correspond to (αt, αe) A = (−1.0000,−1.0000), B = (−1.0000,−0.1111),
C = (1.0000, 0.7778), D = (−0.2500, 1.0000)

to numerical errors which in test cases were eliminated with tighter SDP convergence cri-

teria. The (2,2)-positivity, DQG, conditions produce energies significantly below the exact

diagonalization energy. The largest error of 10.05 a.u. occurs when the difference between

the nearest-neighbor repulsion and pair transport are maximal at α = (1,−1). DQGT ac-

curately reproduce the ground state energy over the entire representable region. The largest

error from exact diagonalization for the ground state energy calculated with DQGT was

0.384 a.u. and occurred when α = (1,−0.5).

The percent correlation captured is calculated relative to a single closed shell determinant

found to be the lowest energy in the manifold of restricted closed shell determinants. To

determine the lowest energy determinant, all states on Fock space are evaluated against the

exact reduced Hamiltonian by the following expression

EMF = Tr
[

2K (1DMF ∧1 DMF)
]

(4.10)
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where 1DMF is the 1-RDM generated from the closed shell reference state. This methodology

produces a class of degenerate functions which can be mapped onto one another by the

translational operators supported by the lattice. Though the exact 1-RDM of the system is

invariant to Hamiltonian parameters a closed shell determinant reference is selected because

it is closest to an uncorrelated description of the system. It was found that the best reference

switched from all particles grouped together for αe < 0 to checkerboard states with αe > 0.

This simply reflects what interaction types are penalized with the change in sign of the

nearest-neighbor Coulomb interaction.

The maximal correlation energy captured reflects the location of the largest errors with

respect to energy. In Fig. 4.2 we have plotted the correlation energy captured by DQGT

(DQG is inset) on a linear, ladder and square lattice of sixteen orbitals at half filling. The

straight line with zero error for both DQG and DQGT on boundary points (points numbered

[0, 8]) correspond to a constant phase AGP state ground state. Once beyond those points

along the boundary, the DQG solution significantly deviates from the exact diagonalize

energy. The area with the largest error corresponds to the region of farthest from the FCI

representable region if Fig. 4.1.

4.3.3 Symmetry of the ground-state wave function

Symmetry of the AGP wave function has been shown the be synonymous with the sym-

metry of the superconducting gap function ∆[2, 37]. We directly symmetry adapt the ground

state 2-RDM for the linear, ladder and square lattices with Ci, C2v, and C4v respectively.

The 2-RDM is a blocked matrix in any point group symmetry by the following expression

2D
i′Γij

′Γj

k′Γkl′Γl
= 〈ψ|â†

i′Γi
â
†
j′Γj

âl′Γl
âk′Γk

|ψ〉 (4.11)
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Table 4.1: Ground state energies (in dimensionless units) of a 1×16 lattice computed with the
mean-field reference, variational RDM with DQG and DQGT N -representability constraints,
and exact diagonalization (FCI). αe and αt correspond to the strength of nearest-neighbor
Coulomb interaction and nearest-neighbor pair transport, respectively.

Label αe αt EM−F EDQG EDQGT EFCI
1 −1.0000 −1.0000 0.0000 0.0000 0.0000 0.0000
2 −1.0000 −1.0000 0.0000 0.0000 0.0000 0.0000
3 −1.0000 −1.0000 0.8333 0.0000 0.0000 0.0000
4 −1.0000 −1.0000 1.0000 0.0000 0.0000 0.0000
5 −1.0000 −1.0000 1.0714 0.0000 0.0000 0.0000
6 −1.0000 −1.0000 1.1111 0.0000 0.0000 0.0000
7 −1.0000 −1.0000 1.1364 0.0000 0.0000 0.0000
8 −1.0000 −1.0000 1.1538 0.0000 0.0000 0.0000
9 −1.0000 −1.0000 1.1667 0.0000 0.0000 0.0000
10 −0.7778 −1.0000 0.9074 −6.0688 −4.1016 −4.0819
11 −0.5556 −1.0000 0.6481 −12.1378 −8.5563 −8.5093
12 −0.3333 −1.0000 0.3889 −18.2067 −13.2389 −13.1680
13 −0.1111 −1.0000 0.1296 −24.2756 −18.1126 −18.0158
14 0.1111 −1.0000 −2.0741 −30.3444 −23.1429 −23.0305
15 0.3333 −1.0000 −6.2222 −36.4133 −28.3013 −28.1988
16 0.5556 −1.0000 −10.3704 −42.4822 −33.5777 −33.5130
17 0.7778 −1.0000 −14.5185 −48.5511 −39.0855 −38.9697
18 1.0000 −1.0000 −18.6667 −54.6200 −44.8036 −44.5692
19 1.0000 −0.7500 −18.6667 −48.4844 −40.2671 −39.9333
20 1.0000 −0.5000 −18.6667 −42.5794 −36.1972 −35.8132
21 1.0000 −0.2500 −18.6667 −37.1055 −33.1607 −32.9854
22 1.0000 0.0000 −18.6667 −32.0000 −32.0000 −32.0000

where Γi ⊗ Γj and Γl ⊗ Γk must contain the totally symmetric representation [13]. Direct

products of irreducible representations in Abelian groups decompose into a single irreducible

representation while this guarantee is not maintained for irreducible representations of non-

Abelian groups such as C4v. In the C4v case the E ⊗ E group connects to all other blocks

of the 2-RDM destroying the block-diagonal structure.

We have found that for the linear and ladder cases the superconducting state is of A1

symmetry (s-wave) for both the constant and alternating phase ground state AGP wave

functions. Analysis of the natural 2-state reveals the pairing wave functions are formed

with on-site pairs. Symmetry adapting the 2-RDM of the square lattices under the lattice
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Figure 4.2: Percent of the correlation energy recovered with DQGT conditions (inset are
results from DQG conditions) on a 1 × 16, 2 × 8, and 4 × 4 lattice. Boundary points
correspond with labels for (αe, αt) points in Table 4.1.

symmetry C4v, we find that the alternating phase and constant phase AGP wave functions

correspond to dxy-wave (space irreducible representation B2) and s-wave (space irreducible

representation A1) symmetry respectively [40]. Analysis of the natural 2-state reveals the

pairing wave functions are formed with on-site pairs. Bond-singlet formation necessary for

dx2−y2-wave superconductivity is therefore most likely difficult to achieve in this model

augmented with other Hamiltonians that form the set specified by the nearest-neighbor

set [22].

4.3.4 Natural Orbital Occupation Numbers

The variational RDM method has no knowledge of the Hamiltonian’s ability to project

out wave functions built from the η operator. Therefore, the ability to capture the diagonal

nature of the 1-RDM and largest eigenvalue of the 2-RDM is an important accuracy check

for approximate N -representability. In Table 4.2 we have tabulated the maximum 2-RDM
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eigenvalue at four points (labeled in Fig. 4.1) along the boundary of the representable region.

The 1-RDM is diagonal with elements reflecting the density of the system. At half filling

Table 4.2: The maximum 2-RDM eigenvalue for linear, ladder, and square lattices of sixteen
orbitals at half filling calculated with DQG, DQGT, and exact diagonalization (FCI).

2λmax

Lattice (αt, αe) DQG DQGT FCI
1× 16 A 0.839364 4.500000 4.500000

B 1.781339 3.178220 3.298490
C 1.784177 2.503490 2.357758
D 1.499989 0.989341 0.790922

2× 8 A 1.395260 4.500000 4.500000
B 2.452881 3.758220 3.968119
C 2.399076 2.663333 2.798911
D 1.000003 0.766539 0.718440

4× 4 A 1.920349 4.500000 4.500000
B 4.000000 4.238733 4.299764
C 4.000000 3.499314 3.540278
D 1.000000 0.722291 0.693338

each diagonal element of the exact 1-RDM is 0.5. This value is faithfully captured by both

DQG and DQGT for all interaction strengths. The largest eigenvalue of the 2-RDM at

the superconducting state is reproduced exactly by DQGT. At all other points along the

boundary the maximum eigenvalues of the 2-RDM from DQGT calculations closely follow

the eigenvalues from exact diagonalization. Despite an accurate ground state energy at

the superconducting points, DQG gives the wrong large eigenvalues reflecting the incorrect

structure of the 2-RDM. In order to further examine the accuracy of 2-RDM elements with

both sets of N -representability conditions we examine correlation functions defined from

diagonal elements (classical correlators) and off diagonal elements (quantum correlators).
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4.3.5 Correlation functions

We analyze the structure of off-diagonal elements using the η-pairing correlation function

and a classical correlation function to describe charge-ordering on the lattice at four points

along the boundary of the representable region.

Classical Correlation: Pairing Separation

Classical correlators correspond to averages over diagonal elements of density matrices. In

this class are spin and charge correlation functions commonly used to study lattice models [33,

39]. To examine charge ordering, we utilize the standard charge correlation function

〈n̂in̂i+R〉 (4.12)

where

n̂i = â
†
iαâiα + â

†
iβ âiβ (4.13)

and express it as a function of the 2-RDM.

〈n̂in̂i+R〉 =
(
â
†
iαâiα + â

†
iβ âiβ

)
×(

â
†
i+Rαâi+Rα + â

†
i+Rβ âi+Rβ

)
(4.14)

=
∑
σ

â
†
iσâ
†
i+Rσâi+Rσâiσ+ (4.15)

∑
σ

â
†
i,σâ
†
i+R,−σâi+R,−σâi,σ (4.16)

The correlation function is divided into expectations over the symmetric and antisymmetric

pieces of the 2-RDM.

In Fig. 4.3 we have plotted the charge correlation defined in Eq. (4.12) at three points

along the boundary. At the superconducting state we have equal likelihood of pair occupation

58



Figure 4.3: Charge correlation on the 1 × 16 lattice calculated with DQGT (solid line)
and FCI (dashed lines). Point D is left off the graph as the checkerboard state results
in a correlation function that dominates the magnitude of the graph making other states
indistinguishable.

across the lattice. As pairs are localized at point B on the representable region a nearest-

neighbor pair-hole develops and we see a decay similar to the Heisenberg antiferromagnet

spin correlation function. Finally, at the point of maximal classical correlation we have a

superposition of two ground state determinants corresponding to two checkerboard states.

This point on the boundary is referred to as classical because there are no off-diagonal

elements in the 2-RDM connecting the two states. DQGT captures all the structure in the

correlation function but over estimates the relative amplitudes of diagonal 2-RDM elements.

This corresponds to DQGT over localizing pairs. It has been previously shown in Ref. [[22]]

that under a partial particle hole transformation the Hamiltonian is isomorphic with the

Heisenberg spin model. Thus, we expect that the pair-charge correlations away from the

AGP state are similar to the antiferromagnet correlation functions in one-, quasi-one, and

two-dimensions.
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η-pairing for lattices

The η-pairing correlation function gives the expectation value for pair transmission be-

tween two sites on the lattice. At the superconducting state in the thermodynamic limit all

sites have equal probability of transport with each other yielding a large eigenvalue of the

2-RDM. We plot the η-pairing correlation function for a linear, ladder, and square lattice of

sixteen spatial orbitals each to assess the accuracy of N -representability enforced through

DQGT conditions. The η-pairing correlation function

〈η̂†i η̂j〉 = 〈â†iαâ
†
iβ âjβ âjα〉 (4.17)

where i and j can take on any distance supported by the lattice, corresponds non-zero

elements in the connected piece of the 2-RDM thus capturing information completely beyond

a one-particle model of the electronic structure. Figure 4.4 is the η-pairing correlation

function for the 1× 16 lattice at four selected points along the boundary calculated from a

DQGT 2-RDM and an exact diagonalization 2-RDM. Point A is the superconducting state

at half filling. The flat line across indicates the hopping amplitude of pairs of electrons is

equal and thus leading to a maximal eigenvalue in the 2-RDM. The values are not equal to

the thermodynamic limit because of finite size effects. As the lattice increases in size the off

diagonal elements approach the thermodynamic value. The correlation function is symmetric

around the inversion center of the lattice due to the periodic boundary conditions.

Analysis of FCI results suggest that as we traverse the boundary from the superconduct-

ing point to the checker board state electron pairs localize in a continuous fashion. We can

observe the loss of off-diagonal long-range order (ODLRO) and localization by directly using

the largest eigenvalue of the 2-RDM as an order parameter. In Figure 4.5 the largest eigen-

value of the 2-RDM is plotted as we traverse the boundary of the representable region. λmax

matches the bound given by Yang and Coleman [7, 41] at the superconducting points and
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Figure 4.4: Expectation value of 〈η†jηj+R〉 from calculation with DQGT constraints (solid

line). Dashed line is correlation function calculated from FCI 2-RDM

decays away to after the AGP is broken to a variational η-pair wave function. Furthermore,

significant finite size effects are observed in the curvature of λmax between points A and D.

Similarly In Fig. 4.6 we have plotted the ODLRO correlation function for the 2× 8 and

4 × 4 lattice. The four charts on each line of Fig. 4.6 correspond to the four ground state

2-RDMs labeled in Fig. 4.1. The large value at (x, y) = (1, 1) in all the charts is the diagonal

element of the 2-RDM which reflects the particle density on the lattice and is constant for

all 2-RDMs with fixed trace. Each bar corresponds to the value of the η-pair correlation

function on a real-space lattice. Despite significant finite size effects in the 4 × 4 case we

can still directly observe the loss of ODLRO and emergence of classical correlations. At

the superconducting state pairs have equal transmission probability between all sites on the

lattice. In the ladder and square cases we observe pairs being localized at similar rates.

61



Figure 4.5: Largest eigenvalue of the 2-RDM (λmax) for a 1× 16, 2× 8, and 4× 4 lattices.
FCI is plotted in dashed lines with the corresponding color.

4.4 Discussion and Conclusions

A class of pair-interacting model Hamiltonians has been explored computationally for

the description of different levels of strong electron correlation in materials. Because the

Hamiltonians contain only terms with electron interactions, their ground-state wave functions

are indescribable by a single Slater determinant. More importantly, each model Hamiltonian

shares the same diagonal 1-RDM in the site basis set with uniform occupations. Since

the 1-RDM including its natural orbitals and occupations lacks any dependence on the

Hamiltonian’s parameters, one-electron models of the correlation such as the Hartree-Fock

method and density functional theory are either inaccurate or inapplicable. In contrast

to the 1-RDM, there exists a one-to-one mapping between the ground-state 2-RDM and

the ground-state wave function for each model Hamiltonian as long as the ground state is

energetically non-degenerate [24].

For linear, ladder, and square topologies we variationally computed the ground-state

2-RDMs of the model Hamiltonians across a full range of parameters. Energies, correla-
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Figure 4.6: top) 4×4 and bottom) 2×8 η-pairing expectations as we deviate away from the
AGP state. x-y-axis indicates position on the direct lattice while the z-axis is the expectation
value given in Eq. (4.17)

tion functions, as well as orbital and geminal occupation numbers were computed. In the

variational calculations the 2-RDM was constrained by a subset of the N -representability

conditions that are necessary for it to represent an ensemble N -electron system. We found

that using the D, Q, G, and T2 N -representability conditions [10, 42, 26] generated accurate

energies and observables for the full-spectrum of model Hamiltonians. The T2 condition

was observed to be particularly important to capturing strong electron correlation accu-

rately for general pairing phenomena that is not describable by traditional BCS or AGP

wave functions [3, 32, 6, 7, 8, 25, 16]. Furthermore, the T2 condition reproduced the accu-

racy observed in previous calculations by Erdahl and Jin [22, 11], which employed the more

expensive positivity conditions on the 3-RDM [28].

In one limit the model Hamiltonians yield superconducting ground states that are exactly

describable by projected BCS (AGP) wave functions, and in another limit they yield locally

ordered ground states. Between these two limits the Hamiltonians produce a pairing phe-

nomenon that is more general than that found in superconductivity. The largest eigenvalue of

the 2-RDM reveals long-range order in both the superconducting and general pairing regimes.
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These more general pairing states are likely important in understanding how strong electron

correlation influences the behavior of novel molecules and materials. The model Hamiltoni-

ans in conjunction with the direct variational 2-RDM calculations provide a framework for

exploring strong electron correlation in molecules and materials, particularly in the regime

where one-electron theories or perturbation-based methods are inaccurate.
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CHAPTER 5

CRYSTALLINE-ORBITAL HARTREE-FOCK

In this chapter we present the self-consistent-field method for determining the best linear-

combination of crystalline orbitals of an infinite polymer in one-dimension. Crystalline

orbital Hartree-Fock (CO-HF) is the extension of molecular orbital theory to an infinite

system [6, 1, 8, 2]. As in molecular orbital theory, CO-HF seeks to determine the optimal

linear-combination of atomic orbitals for an infinite regular polymer. In position space the

interaction operators in the Fock matrix involve infinite summations over the atomic or-

bitals of the crystal. A super cell with periodic boundaries is imposed by employing a cut

off procedure for infinite summations. The super cell serves as a system on which to define

a finite set of Bloch orbitals from the Fourier summations of atomic orbitals. The Bloch

orbitals naturally obey the underlying translational symmetry of the crystal [9]. Starting

from the description of a Bloch orbital we derive the Fock operator in momentum space

which will be used in the self-consistent-field procedure. We follow this derivation with an

outline of how to apply the direct inversion of the iterative subspace method (DIIS) to the

k-space SCF problem. This is followed by the derivation of the one- and two-electron inte-

gral tensors in k-space rotated from the Bloch orbital to the crystalline orbital basis for use

in post-Hatree-Fock methods. Our derivation follows similar logic and notation to Refer-

ences [13, 10, 19] which outline some of the advancements in post-hartree-fock methods for

ground [20, 19, 4, 13, 11], and excited states [14, 16, 5] of periodic systems.
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5.1 CO-LCAO-SCF Theory

In CO-HF the wave function is a Slater determinant of Bloch orbitals. The Bloch orbitals

are the Fourier sum of atomic orbitals in the entire crystal.

ψpkq(r) = K−1/2
∑
µ

∑
m

c
µkq
pkq

exp(imkqa)χµ(r −ma) (5.1)

The index pkq is the composite index corresponding to the band p with quasi-momentum

index kq, the sum m is over all unit cell replicas, χµ(r −ma) represents the atomic orbital

basis function in the mth neighboring unit cell, and c
µkq
pkq

is the coefficient for the crystalline

orbital ψpkq . Because of the translational symmetry in the crystal the Hartree-Fock equations

naturally factor into irreducible representation of the translational group indexed by kq.

∑
ν

f
µkq
νkq

c
νkq
pkq

= εpkq

∑
λ

s
µkq
λkq

c
λkq
pkq

(5.2)

The k-space representation of the Fock and overlap matrices in Eq. 5.2 are generated from

Fourier summations over their position space representations. This can be derived by consid-

ering a general one-particle operator in momentum space expressed as the Fourier summation

of its position space representation.

〈pkp|Ô|qkq〉 =
1

V

+∞∑
m1,m2=−∞

ei(m2kq−m1kp)a
∫
χ∗p(r −m1a)Ôχq(r −m2a) (5.3)

=
1

V

+∞∑
m1,m2=−∞

ei(m2−m1)kqaeim1(kq−kp)a
∫
χ∗p(r − 0a)Ôχq(r − (m2 −m1)a)

(5.4)

In Eq. 5.3 the V is the volume of the Brillouin zone, m1 and m2 index unit cells of the

crystal, and a is the crystal lattice dimension. The integral in Eq. 5.3 can be rearranged

to Eq. 5.4 by exploiting Bloch’s theorem to always include the central cell in the integrand.
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Because the summations in an infinite system can be rearranged into

+∞∑
m1,m2=−∞

→
+∞∑

m1=−∞

+∞∑
m2−m1=−∞

(5.5)

without loss of information, we can relax the double summation over the two spatial indices,

m1 and m2, to a single summation over a new variable m = m2−m1 and simplify using the

following delta function relation.

∞∑
m=−∞

ei(kq−kp)m = 2πδ
kb
ka (5.6)

We arrive at a formula for the operator Ô in k-space with only one summation of position

space integrals.

〈pkp|Ô|qkp〉 =
∑
m

eikpm
∫
χ∗p(r − 0a)Ôχq(r − (m)a) (5.7)

The resolution of the delta function in Eq. 5.6 is also a re-statement of the symmetry require-

ments that each kp is the index of an irrep of the translational group. The momentum space

description of the Fock and overlap matrices in Eq. 5.8 at each irreducible representation is

given as the Fourier sum over the position space Fock and overlap matrices.

f
µkq
νkq

=
+∞∑

m1=−∞
f
ν(0)
µ(m1)

exp(im1kqa) (5.8)

s
µkq
νkq

=
+∞∑

m1=−∞
s
ν(0)
µ(m1)

exp(im1kqa) (5.9)
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The AO Fock matrix elements are defined as

f
ν(0)
µ(m1)

= h
ν(0)
µ(m1)

+
1

2

∑
λ,κ

+∞∑
m2=−∞

∞∑
m3=−∞

p
κ(m3)
λ(m2)

(5.10)

×
(

2v
µ(0),λ(m2)
ν(m1),κ(m3)

− vµ(0),λ(m2)
κ(m3),ν(m1)

)
(5.11)

and the one-, two-electron, and overlap integral tensors in real space are defined in Eqs.( 5.12,5.13,

5.14).

h
ν(0)
µ(m1)

=

∫
χ∗ν(0)

−1

2
∇2 −

∑
I

+∞∑
m2=−∞

ZI
|r−R +m2a|

χµ(m1) (5.12)

v
µ(0)λ(m2)
ν(m1)κ(m3)

=

∫ ∫ (
χ

(0)
µ (r1)∗χ(m1)

ν (r1)r−1
12 χ

(m2)
λ (r2)∗χ(m3)

κ (r2)
)

(5.13)

s
µ(0)
ν(m1)

=

∫
χ

(0)
mu(r)∗χm1

ν (r) (5.14)

Each integral tensor in position space–f
ν(0)
µ(m1)

, h
ν(0)
µ(m1)

, h
ν(0)
µ(m1)

, or v
µ(0)λ(m2)
ν(m1)κ(m3)

–can be thought

of as a block in a hypermatrix defining the entire crystal in position space [15, 2].

H ′ =



H(0) H(1) H(2) ... H(N) ... H(∞)

H(−1) H(0) H(1) H(2) ...H(N) ... H(∞− 1)

...
...

H(−∞) · · · · · · H(−2) H(−1) H(0)


(5.15)

Each subblock of the hyper matrix, H(N), corresponds to a integral tensor indexed by m or

the analogous two-electron equivalent. Imposing periodic boundaries on the hyper matrix

by truncating summations in Eq. 5.10 makes a large cyclic matrix which can always be
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diagonalized by a Fourier transform.

5.2 Summation Criteria

We utilize the Namur summation criteria which efficiently exploits the various decay

properties of electron densities and has been shown to quickly converge the energy to the

thermodynamic limit [22, 12]. The cut off procedure relaxes the infinite summation of

m1,m2, and m3 to long-range (L) and short-range (S) summations.

+∞∑
m1=−∞

+∞∑
m2=−∞

+∞∑
m3=−∞

→
+S∑

m1=−S

+L∑
m2=−L

+S+m2∑
m3=−S+m2

(5.16)

This procedure was developed in conjunction with the multipole expansion technique to

treat the long-range interactions neglected by the approximation [7, 3, 13]. This results in

the addition of a long-range correction to the total energy (ELR) and a correction to the

Fock matrix at each iteration of the SCF procedure. One of the key criteria when selecting

the number of unit cells to use in the short-range cut off (S) is the requirement that the

density decays to a sufficiently small value by the edge of the super cell. This minimizes

any aliasing effects on the density matrix elements when Fourier transformed. These effects

have been previously shown to produce instabilities in the exchange field [8] which result in

unphysical density matrices with extremely low energies.

Given the truncation procedure the Hartree-Fock energy of the unit cell is defined by

E =
∑
ν,µ

S+∑
m=−S

p
ν(m)
µ(0)

h
µ(0)
ν(m)

+
1

4

∑
ν,µ,λ,κ

S+∑
m1=−S

L+∑
m2=−L

m2+S∑
m3=m2−S

p
ν(m1)
µ(0)

p
κ(m3)
λ(m2)

(
2v
µ(0)λ(m2)
ν(m1)κ(m3)

− vµ(0)λ(m2)
κ(m3)ν(m1)

)
+

1

2

∑
l′

∑
A

∑
B

ZAZB

|R0
A −Rl′

B |
+ ELR (5.17)
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where the prime indicates when l = 0 A 6= B.

5.3 Self-consistent-field iteration and k-space DIIS

The self-consistent-field iteration requires diagonalization of Eq. 5.2 producing new crys-

tal orbitals which are then be used to construct the spatial Fock matrix. The position space

density is constructed by the inverse Fourier transform over the orbital coefficients.

p
κ(m3)
λ(m2)

=p
κ(m3−m3)
λ(0)

= 2K−1

×
occ.∑
j

KL∑
k

c
κkq
jkq

c
λkq∗
jkq

exp(i(m3 −m2)kqa) (5.18)

The total self-consistent-field procedure starts with an input position-space density from

either diagonalizing the core Hamiltonian or using a superposition of atomic densities in

momentum space. The input density is used to construct the Fock matrix in real space

which is transformed to momentum-space and diagonalized at each k-point. Using the inverse

Fourier transforming in Eq. 5.18 we generate a new position space density to continue the

SCF cycle until the density matrices between successive iterations do not change. This
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process is described by the flow diagram in Eq. 5.19.

Guess Density Matrix p
κ(m)
λ(0)

Construct position-space Fock operator (f
ν(0)
µ(m)

)

F(f
ν(0)
µ(m)

)→ f
µk
νk , F(S

ν(0)
µ(m)

)→ S
µk
νk

solve
∑
ν f

µk
νk c

νk
pk = εpk

∑
λ s

µk
λkc

λk
pk

F−1(pκkλk)→ p
κ(m)
λ(0)

(5.19)

The direct iteration loop in Eq. 5.19 does not always converge to a fixed point. There are

several ways to ensure convergence, such as damping and level shifting, when the direct

iteration method does not yield a stationary solution. The most popular of these is the

direct inversion in the iterative subspace method (DIIS) by Pulay [17, 18]. The DIIS method

generates the density matrix for the next iteration by using a linear combination of previous

density matrices.

Dij(k)n+1 =
m∑
i

ciDij(k)i (5.20)

m∑
i

ci = 1 (5.21)
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Accordingly, the corresponding error vector for the interpolated n + 1 density matrix is a

linear combination of previous error vectors.

en+1 =
m∑
i

ciei (5.22)

The coefficient ci is selected such that they minimize the norm of error vectors between

successive iterations.

L =||en+1||2 − λ(
m∑
i

−1) (5.23)

=
∑
ij

ciBijcj − λ(
m∑
i

ci − 1) , whereBij = 〈ei|ej〉 (5.24)

There are many choices of what to uses as the error vector. The error vector determined by

Pulay for specific use in the Roothan-Hartree-Fock procedure is given in Eq. (5.25)

e(k)i+1 =
∑
i

ci(F (k)i, D(k)iS(k)− S(k)D(k)iF (k)i) (5.25)

The normalization of the coefficients {ci} restrict the interpolated density matrix to be within

the affine subspace of prior density matrices. We apply the DIIS procedure to all the k-space

density matrices and solve the DIIS least-squares problem for each k-point separately.

5.4 Building 2V (k) and 1h(k)

The one- and two-electron integral tensors are rotated into the crystalline orbital basis

for post-mean-field methods. Given the structure of the Bloch orbitals in Eq. (5.1) the two-

electron integrals in the crystalline orbital basis are defined as the two-dimensional Fourier
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transform over real-space two-electron integrals.

〈pkpqkq||rkrsks〉 =K−2
∑

µ,ν,κ,λ

∑
m1,m2,m3,m4

c
µkp∗
pkp

c
λkq∗
qkq

cνkrrkr
cκkssks
〈µm1λm2||νm3κm4〉

×exp
(
i
(
−m1kp −m2kq +m3kr +m4ks

))
(5.26)

One of the indices is removed by substituting one summation over m for a Kronecker delta

〈pkpqkq||rkrsks〉 =K−1
∑

µ,ν,κ,λ

∑
m

′
1,m

′
2,m

′
3,

c
µkp∗
pkp

c
λkq∗
qkq

cνkrrkr
cκkssks
〈µ0λm

′
2 ||νm

′
1κm

′
3〉 (5.27)

×exp
(
i
(
−m

′
2kq +m

′
1kr +m

′
3ks

)
a
)

(5.28)

where the only k-space integrals that survive are zero momentum transfer

(kp + kq − kr − ks)a%2π = 0. (5.29)

Substituting the infinite lattice sums for the Namur summation results in an expression for

the two-electron integral tensor in the crystal orbital basis.

〈pkpqkq||rkrsks〉 =K−1
∑

µ,ν,κ,λ

+S∑
m

′
1=−S

+L∑
m

′
2=−L

m
′
2+S∑

m
′
3=m

′
2−S

c
µkp∗
pkp

c
λkq∗
qkq

cνkrrkr
cκkssks
〈µ0λm

′
2||νm

′
1κm

′
3〉

×exp
(
i
(
−m

′
2kq +m

′
1kr +m

′
3ks

)
a
)

(5.30)

The Namur cut off criteria and the approximate (infinite) Fourier transform introduce asym-

metries into the one- and two-electron integral structure. As a result we enforce the four-fold

complex valued two-electron integral symmetry.

〈ij||kl〉 = 〈ji||lk〉 = 〈kl||ij〉∗ = 〈lk||ji〉∗ (5.31)
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The four-fold symmetry for complex valued two-electron integrals [21] is raised to the normal

eight-fold symmetry by time reversal symmetry discussed in Chapter 5. The one-electron

integral tensor in the Bloch basis H(k) can be rotated to the crystalline-orbital basis h(k)

in the usual manner.

h(k) = C(k)†H(k)C(k) (5.32)

The long range interactions from the multipole expansion are included at the one-electron

level. The additional terms added to the real-space one-electron terms are Fourier trans-

formed and rotated to the crystalline orbital basis in the same fashion as the normal one-

electron pieces. This procedure can be viewed as creating a new effective one-body Hamil-

tonian that includes some long-range interaction.
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[6] G. Del Re, J. Ladik, and G. Biczó. Self-consistent-field tight-binding treatment of

polymers. i. infinite three-dimensional case. Phys. Rev., 155:997–1003, Mar 1967.

[7] Joseph Delhalle, Lucjan Piela, Jean-Luc Brédas, and Jean-Marie André. Multipole
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CHAPTER 6

NECESSARY N-REPRESENTABILITY CONSTRAINTS FROM

TIME-REVERSAL SYMMETRY FOR EXTENDED SYSTEMS

This chapter contains parts of work in preparation [N. C. Rubin and D. A. Mazziotti (in

preparation, 2016)].

6.1 Overview

In this chapter we formulate the variational 2-RDM method for systems with periodic

boundaries. The structure of the 2-positivity constraints are derived considering transla-

tional and time-reversal invariance of the Hamiltonian. Enforcement of time-reversal (TR)

symmetry augments the p-positive non-negativity constraints with additional equalities be-

tween Kramers pairs of one- and two-particle density matrices. Time-reversal symmetry is

implicitly included when real valued spatial spin-orbitals are spin-adapted into basis func-

tions satisfying the S2 and Sz operators[4, 10]. For a complex valued wave function in a

momentum space basis the time-reversal operator negates the spin and basis momentum

expectation values. Therefore, the time-reversal constraint is no longer implicitly included

upon spin-adapting. We derive the equalities from TR symmetry for general one- and two-

body operators. These constraints are demonstrated to be necessary when considering a

complex valued k-space Hamiltonian that is time-reversal invariant and has translational

symmetry. Without the TR constraints the variational 2-RDM method produces energies

significantly below the true ground state energy.

Time-reversal symmetry has been previously used as a tool in solving N -representability

by determining the structure of natural orbitals and natural geminals of the the one- and

two-body density matrices. The structure was used to demonstrate the pair-wise degeneracy

of natural orbital occupations of the 1-RDM [16] for even N systems with non-degenerate
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and degenerate states [5]. For time-reversal invariant Hamiltonians with translational sym-

metry there is a natural degeneracy between (k,−k) wave-functions. Using the (k,−k)

single particle functions, a real valued basis set can be formed by taking linear combinations

between the pairs. The real valued functions are then easily spin-adapted to form a TR

invariant basis [5, 14]. Unfortunately, this symmetry adapting destroys the advantageous

block diagonal structure of the Hamiltonian necessary for efficient computational perfor-

mance. In variational RDM theory we can keep the advantageous k-space blocking structure

and add TR-symmetry constraints as equalities on the density matrices during the energy

minimization, without destroying the 1- and 2-RDM’s block diagonal structure.

6.2 Variational 2-RDM Theory With Periodic Boundaries

In variational 2-RDM theory on extended systems the reduced Hamiltonian and density

matrix are blocked according to the irreducible representations of the translation operator [7,

2]. The reduced Hamiltonian is expressed as

2K
aka,bkb
iki,jkj

=
1

(KL ×N)− 1

(
δakaiki

h
bkb
jkj
â
†
jkj
âbkb + δ

bkb
jkj
hakaikk

â
†
aka

âiki

)
+V

aka,bkb
iki,jkj

â
†
aka

â
†
bkb
âjkj âiki (6.1)

where the indices are composite indices representing the band index and quasi-momentum

index k, KL is the number of k-points sampled, â† (â) are Fermionic creation (annihilation)

operators, and h
bkb
jkj

and V
aka,bkb
iki,jkj

are the one- and two-electron integral tensors in the crys-

talline orbital basis. The Hamiltonian is non-zero wherever (ki + kj − ka − kb)mod(2π) = 0

is satisfied. The metric matrices all have the same blocking structure as they must share

the symmetries supported by the Hamiltonian. In momentum space the structure of the

p-positivity constraints remain the same as position space. These constraints restrict the
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(p+ 1) metric (or overlap) matrices of the form

Mk = 〈ψ|Ĉk
†
Ĉk|ψ〉 (6.2)

to be positive semidefinite. The operator Ĉk, represents the set of p-particle operators

of momentum k that form the p-particle basis functions from which the overlap matrix is

obtained. Considering rank-2 polynomials of creation annihilation operators in Eq. [6.3]

and substituting into Eq. [6.2] we generate a set of metric matrices which constrain the

k-dependent probability distribution of finding two particles, two-holes, and a particle-hole

pair to be positive semidefinite.

ĈDk
= â
†
jka

â
†
ikb

(ka + kb)mod(2π) = k

ĈQk
= âjka âikb (−ka − kb)mod(2π) = k

ĈGk
= â
†
jka

âikb (ka − kb)mod(2π) = k (6.3)

The indices in Eq. [6.3] are composite indices corresponding to a band and momentum index.

The computational implementation of the variational energy minimization with respect to

the 2-RDM is formulated in the usual way as a semidefinite program (SDP). The program

is constructed by considering the minimization of the linear energy functional, Eq. [6.4]

E = Tr[2K · 2D] (6.4)

subject to the following constraints:

AX = b X � 0. (6.5)
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X � 0 is the block representation of the reduced density matrices in Eq. (6.6) constrained

to be positive semidefinite.

X =
∑
k

⊕



1Dk 0 0 0 0

0 1Qk 0 0 0

0 0 2Dk 0 0

0 0 0 2Qk 0

0 0 0 0 2Gk


(6.6)

The A matrix in Eq. (6.5) contains the mapping relation between each p-particle metric

matrix.

6.3 Time-Reversal Equality Constraints

An operator that is invariant under a symmetry operation g necessarily obeys the follow-

ing similarity transform.

[g, Ô] = 0 gÔg−1 = Ô (6.7)

The eigenstates of Ô can be chosen to be simultaneous eigenstates of g. The similarity trans-

form can be represented by the Baker-Campbell-Hausdorff transformation, which implies the

constraints on Ô by [Ô, iŜ] = 0.

eiŜÔe−iŜ = Ô + [Ô, iŜ] +
1

2!
[[Ô, iŜ], iŜ] + · · · (6.8)

For example, the Fock operator that is invariant to S2 and Sz implies a restricted form of

the Fock operator where Fα,α = Fβ,β [6, 17].

We augment the equality constraints on the 2-RDM by enforcing the equivalency of
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(k,−k) metric matrices. These equalities are derived by considering the similarity transform

of the one- and two-body metric matrices with the time-reversal symmetry operator. The

TR operator is written as a product of a unitary operator and the complex conjugation

operator with respect to a particular basis.

Θ = UK (6.9)

The U operator is the finite rotation around y-axis in spin-space by π/2 such that it anti-

commutes with σx and σz.

U = exp
(
−iπ NSy

)
(6.10)

The similarity transform of a S2 spin adapted operator dictates the restrictions between

particular k states.

 0 1

−1 0

K

O−→k ,α,α 0

0 Ô−→
k ,β,β

K†

 0 1

−1 0


−1

= (6.11)

O∗−→−k,β,β 0

0 O∗−→
−k,α,α

 =

O∗−→−k,α,α 0

0 O∗−→
−k,β,β

 (6.12)

The second equality comes from the spin restriction requiring α and β spin orbitals to be

equal. For the 1-particle and 1-hole density matrices we explicitly include the following

relation in the A matrix

Θ(1Dk
ij)Θ

−1 = [1D−kij ]∗ (6.13)
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Θ(1Qkij)Θ
−1 = [1Q−kij ]∗ (6.14)

Unlike in position space where time-reversal symmetry forces the one-body operator to be

real-valued [6] in a spin-adapted basis set, a general complex momentum space one-body

operator can be complex valued as long as the matrix blocks corresponding to (k,−k) pairs

are complex conjugates of each other.

The constraints on the two-body density matrices are determined by applying the time-

reversal similarity transform to each Ĉ operator.

〈ψ|ΘĈijΘ−1ΘĈ
†
abΘ
−1|ψ〉 (6.15)

This results in the following equalities for each (k,−k) block in the 2-particle metric matrices:

2Miα,jβ;kα,lβ(k) =
[

2Miβ,jα;,kβ,lα(−k)
]∗

(6.16)

where M = D,Q,G. The similarity transform of spin-adapted Ĉ operators result in a equiv-

alency between (k,−k) blocks of the singlet and triplet parts of each metric matrix [15, 7]. A

consequence of the above symmetries is that the k = 0 and k = π blocks must be real valued

on the one- and two-particle space. Using the normal p-positive set, commonly denoted DQG,

and including the time-reversal constraints generate the approximate N -representability con-

straints used in this work. All calculations using this set are labeled RDM-TR. We compare

the augmented N -representability constraints against normal 2-positivity without the time-

reversal equalities which are labeled RDM [8].

In the SDP the complex valued k-space density matrices are represented by 2N × 2N

real matrices where N is the linear dimension of the k-space matrix [12]. The TR equality

constraints manifest themselves differently for symmetric or anitsymmetic matrices. The TR

operator maps a geminal to its time-reversed pair (iki, jkj) → (iki, jkj), where ki = −ki.
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For singlet matrices the exchange of indices is symmetric and so each element of the (k,−k)

matrices are complex conjugate each other. For triplet matrices the exchange of indices is

antisymmetric and thus occasionally the TR operator maps a geminal to its negative. In

this case particular (k,−k) block elements are necessarily zero.

6.4 Applications

We test these constraints by calculating the binding energies of two one-dimensional

polymers. Each polymer is first described at the mean-field level with crystalline orbital

Hartree-Fock (CO-HF) [11, 3]. CO-HF performs Hartree-Fock on a set of non-orthogonal

bloch vectors built by Fourier summation of atomic orbitals over a super-cell. The complex-

valued crystalline orbitals are used to build the one- and two-electron integral tensors in

k-space [18], which are subsequently used to build the reduced-Hamiltonian. The CO-

HF calculation performs a lattice truncation asymmetrically resulting in the destruction

of the four-fold two-electron integral symmetry [19, 11]. This symmetry along with the

time-reversal symmetry for each k-point is explicitly restored when building the reduced

Hamiltonian prior to the calculation. This is accomplished by explicitly building the two-

electron integral tensor with eight-fold symmetry–four from the integrals times two from

time-reversal.

For variational minimization of the energy with respect to the 2-RDM subject to 2-

positivity conditions that are not augmented with the time-reversal symmetry constraints

we find the calculations are either i) not able to find a ground state solution or ii) converge

to a 2-RDM with broken TR symmetry. This results in an energy that is below the true

ground state energy.

The first system we consider is the binding of an infinite hydrogen chain. We compare

the energies from CO-HF, MP2, variational RDM with DQG constraints and variational

RDM with DQG + time-reversal equality constraints around the chains binding minimum.
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Figure 6.1: (H2)∞ computed at RHF, MP2, RDM, and RDM-TR. The RDM-TR curve is
indistinguishable from a 50 atom DMRG calculation found in Ref. [9].

For the crystalline orbital Hartree-Fock we use a unit cell of two Hydrogen atoms and set

the short and long range cut off criteria to be 10. We sample k-space at 20 evenly spaced

points. Møller-Plesset perturbation theory for the periodic system is implemented based on

Ref. [18, 11]. It has been previously demonstrated that correlations in hydrogen chains

cause the density matrix elements to decay extremely slowly with respect to the central unit

cell [20]. Despite this, their energies and properties, such as conduction, converge extremely

rapidly with respect to chain size [1]. Therefore, we can evaluate the efficacy of the k-space

variational 2-RDM method by evaluating the accuracy of the Hydrogen chain at the dissoci-

ated limit and the binding minimum by comparing the energy of PBC calculations against

the energy for analogous large-scale finite chains with open boundary condition. We plot

the energies in Fig. [6.1] for the four aforementioned methods. MP2 shows good improve-

ment over the Hartree-Fock solution but is known to diverge as the system becomes more

correlated. The energy determined by variational 2-RDM theory with normal 2-positivity

constraints results in a lower bound of approximately 50 milliHartrees for the entire binding

88



0 1 2 3 4 5 6
k

0.0

0.2

0.4

0.6

0.8

1.0

O
cc
up

at
io
ns

Figure 6.2: Occupation numbers of RDM with time-reversal symmetry. Symmetric around
π and approaching the correct completely dialated lattice values of 0.5. Blue curves are the
HONO occupations and red curves are LUNO occupations. The darker the curve indicates
a more dilated lattice.

region of the Hydrogen chain. When the additional time-reversal symmetry constraints are

added to the SDP we recover a solution that corresponds with large-scale open boundary

condition calculations for the entire binding region.

Time-reversal symmetry dictates a degeneracy in the density matrices and thus eigenval-

ues at the 1- and 2-particle level[16, 5]. In Fig. [6.3] we compare the occupation numbers for

each band at each k-point for two metallic solutions. The variational RDM calculation that

is un-augmented with TR constraints produces occupations that are not only asymmetric

around π but also artificially large. When TR equality constraints are added the occupations

are symmetric around π as expected. Fig. [6.2] is a plot of all the k-point occupations for the

dilation of the Hydrogen chain. We see that as we approach the dilated limit the occupations

approach the physically correct value of 0.5.

In many cases it is unnecessary to correlate core electrons. For the binding curves of

the Lithium Hydride chain we consider an active space of bands around the Fermi surface.
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Figure 6.3: Metallic solution k-dependent occupation numbers at points 0 and point 1 (1.5
bohr and 1.666 bohr separation of hydrogen atoms in the chain) on the binding scan above at
the RDM level. The top (a) is no time-reversal symmetry. The bottom (b) is time-reversal
symmetry restored. The restoration of the symmetry enforces the correct density matrix
symmetry around π.
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Figure 6.4: (LiH)∞ computed with RHF, MP2, and RDM . The RDM calculation with and
without time-reversal symmetry N -representability three active bands. The grey line is a
(LiH)6 dilated to its dissociated limit.

The active space Hamiltonian treats core electrons at the mean-field level without relying on

pseudo-potentials for the valence [13]. We selected all bands involving significant character

on the frontier orbitals of the unit cell. With just three bands in the active space we are able

to capture the correct dissociation character of the Lithium Hydride crystal. The Lithium

Hydride crystal was built by considering a single Lithium Hydride in the unit cell with five

neighboring cells. The Li-H distance was 4.0 Bohr while the H-Li distance was 6.0 Bohr. The

crystal dilation was performed by multiplying the internal bond lengths by a scalar referenced

in Fig. [6.4]. Even on a small active space we see that time-reversal constraints are necessary

to accurately describing the binding of LiH. Without the TR-equality constraints the RDM

solutions lower bounds the correct solution throughout the binding region by a significant

amount.
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6.5 Conclusion

We derived the structure of p-positivity conditions for a general multi-band Hamiltonian

describing a periodic system. We determined that though time-reversal invariance is implic-

itly included in real-valued spin-adapted density matrices explicit equality constraints are

necessary for the more general complex valued time-reversal invariant Hamiltonians. The

equality constraints arise naturally between Kramers pairs of one- and two-particle density

matrices along with restricting particular imaginary parts to be zero upon spin-adapting.

Though the complex piece of the 2-RDM can be removed by taking linear combinations of

Kramers pairs of basis functions the process destroys the advantageous block-diagonal struc-

ture of the Hamiltonian. The time-reversal constraints are added to the semidefinite program

and optimized implicitly. The necessity of these equality constraints is demonstrated by cal-

culating occupation numbers and binding energies on two paradigmatic strongly correlated

infinite systems.

Accurately calculating the correlated ground state electronic structure of bulk and ex-

tended systems is an important step moving past model Hamiltonians for understanding

correlation driven phenomenon. The variational 2-RDM methodology provides the theoreti-

cal and computational framework for efficiently simulating these extended systems. Coupled

with a local basis approach from crystalline-orbital Hartree-Fock all of the normal quantum

chemical analysis tools, such as Mulliken populations, dipole and quadrupole expectation

values in the unit cell, are easily computable with the 1- and 2-RDMs. The necessary con-

straints on the 2-RDM with approximate N -representability can now be used in extendeding

other reduced-density matrix methodologies such as parametric-RDM and the AntiHerme-

tian Contracted Schrödinger Equation method to study extended systems.
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CHAPTER 7

CONCLUDING REMARKS

7.1 The variational 2-RDM method

The variational 2-RDM method is an extremely robust methodology for capturing strong

correlation. It is a reference free method and has polynomial scaling in computational size

and solver convergence. Furthermore, the 2-RDM is sufficient for calculating the expectation

value of any two-body operator. The only drawback is the lack of characterization of the

2-cone over which the 2-RDM is minimized. This means that any 2-RDM ground state

determined using approximate N -representability is necessarily a lower bound to the exact

solution. It is clear by the conclusion of this thesis and the impressive work of others testing

the bounds of approximate N -representability for a variety of lattice models in the strong

correlation limit [14, 13, 1] that the approximate 3-positive N -representability constraints are

sufficient for chemical accuracy in almost all situations. In some sense this is the conclusion

of the search for a solution to the N -representability problem originally put for by Coulson

more than 50 years ago [4]. A constructive solution has also been formulated [8, 9] but tighter

constraints on the 2-cone seem hardly necessary considering their cost. But this is not the end

of studying approximate N -representability. In Chapter 4 a superconducting Hamiltonian

that projected out η-pairing wave functions was studied. Hidden there was the possibility

of using a simplified wave function ansatz to further reduce the size and structure of the

metric-matrices. Recent work by Poelmans et. al. in using this double-occupation restriction

on the wave function demonstrates the possibility for combining structured wave function

techniques to inform N -representability choice [12]. It is my belief that the next frontier of

the variational 2-RDM method will involve efficient approximations to N -representability,

improvements in its computational implementations, and applications to novel systems.
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7.2 Periodic systems

The 2-RDM is an extremely elegant and compact representation of all the necessary

information required to calculate the ground state energy of a quantum system. As such, its

natural extension to systems with periodicity is not surprising. In fact, because the 2-RDM

naturally reflects the underlying symmetry of a translationally invariant system all metric

matrices become block diagonal, which adds to the computational advantage of the method.

Careful application of the positivity conditions to new systems will be central to growing

the 2-RDM methodology. In this work we have developed the necessary formalism for 2-

RDM calculations on periodic systems. Special consideration for implied symmetries, such as

time-reversal symmetry, must always be included in the N -representability conditions on the

2-RDM and its associated metric matrices. With this in mind, extending these constraints

to other RDM methods such as the parametric-RDM and the Antihermetian Contracted

Schrödinger Equation (ACSE) method is a route to easily obtain excited states and describe

larger systems.

7.3 Semidefinite programming

The variational 2-RDM method has greatly benefited from advancements in semidefinite

programming. The two-methods for solving SDPs discussed in Chapter 2 are some of the

fastest known first-order methods. Further improvements to the computational implemen-

tation of these methods through parallelism and GPU coding can only expand their use.

Investigation of other first-order algorithms, such as block-decomposition [11], may lead to

methods that can efficiently compute solutions to significantly larger SDPs.

One route that is already being pursued is the inclusion of second order information to

improve the number of iterations required to solve the SDP by the RRSDP method. Because

SDPs for many chemical systems are not memory intensive including Hessian information is
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a reasonable next step [7]. Second order information is included in non-linear programming

by solving the first order KKT conditions with Newton’s method to generate an update for

the next iteration [10, 2, 5, 3]. The first order KKT conditions for the RRSDP method are

∇xL0(x, λ) = ∇xf(x)−∇xh(x)[λ] = 0 (7.1)

h(x) = 0 (7.2)

where the L0() is the unaugmented Lagrangian and h(x) is the linear constraints on the

density matrix. If one considers a Newton solution to this system of equations

∇2
xxL0[x, λ] −∇xh(x)

−∇xh(x)T 0


x̂− x
λ̂− λ

 = −

∇xL0[x, λ]

h(x)

 (7.3)

we arrive at the second order update for the dual multipliers

λ̂ = λ+ [Bk]−1 [h(x)] (7.4)

Bk = ∇xh(x)T [∇2
xxL0(x, λ)]−1∇xh(x). (7.5)

Two alternative algorithms to the first-order update have been prosed by Ito and Kunisch [5].

Both involve solving the system of linear equations in Eq. 7.3 and using the new multipliers

{λ̂} in the minimization of the augmented Lagrangian or taking the updated x as the next

primal iterate. The Hessian takes on the form

∇2
xxL0(x, y) = IN ⊗

C − m∑
y=i

yiAi

 (7.6)

where IN is the identity matrix of rank N (N being the number of variables in primal

solution). This Hessian recently appeared in Ref. [6] which formulates the RRSDP method

98



with the above second order update as a sequential quadratic program. This method is

attractive because it removes the slow step of performing an unconstrained minimization on

the augmented Lagrangian.

I believe that advancements in SDP methods either algorithmically or computationally

can have a profound effect on what types of problems variational 2-RDM can solve. For sys-

tems with periodic boundaries this would facilitate extending the variational 2-RDM method

to two- and three-dimensions. For molecular systems this would allow for the inclusion of

significantly more orbitals in active spaces resulting in definitive answers to multireference

type problems. Ultimately, variational 2-RDM holds great promise for describing electron

correlation in quantum many body problems. Continued development will greatly benefit

quantum chemistry and the solid-state communities.
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