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S1 Methods

S1.1 Theory

Within the Born-Oppenheimer (BO) approximation, the Schrödinger equation for the quan-

tum nuclear motion of a system with N nuclei can be expressed as,1

Ĥ|χk(R)⟩ =

(
−1

2

∑
I

1

MI

∇2
RI

+ V(R)

)
|χk(R)⟩ = εk|χk(R)⟩, (S1)

where MI and R = (R1x, R1y, ..., RNz) are the mass of the I-th nucleus and the Cartesian

position vector of all nuclei with respect to a chosen origin, respectively. V(R), and |χk(R)⟩

represent the 3N -dimensional adiabatic potential energy surface, and the wave function for

the k-th nuclear state, respectively. Since, V(R) and |χk(R)⟩ are indifferent to the choice

of the origin, for the convenience of discussion, we set the origin at the coordinates of the

equilibrium geometry where V(R) is minimum. We consider only the Γ-point vibrations

within the simulation cell.

We consider an electronic observable, e.g., electronic eigenenergies or total energy, O(R) =

⟨ψ(r;R)|Ô(r;R)|ψ(r;R)⟩, that depends on one electronic state. Here r and |ψ(r;R)⟩ are

the electronic coordinates and wave function, respectively. We note that as a consequence

of BO approximation, the electronic wave function has only parametric dependence on the

nuclear coordinates, R. When the system is at equilibrium at temperature T , the effect of

electron-phonon interaction on the electronic property O(R) can be included by performing

an ensemble average over all adiabatic nuclear states k,

⟨O⟩T =
1

Q(T )

∞∑
k=0

⟨χk(R)|Ô(R)|χk(R)⟩ exp
(
− εk
kBT

)
=

∫
dRW (R, T )O(R). (S2)
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Here,

W (R, T ) =
1

Q(T )

∞∑
k=0

⟨χk(R)|χk(R)⟩ exp
(
− εk
kBT

)
, (S3)

denotes the probability of finding the system with the nuclear coordinates within R and

R+ dR. The partition function Q is defined as,

Q(T ) =
∞∑
k=0

exp

(
− εk
kBT

)
, (S4)

where kB is the Boltzmann constant.

A molecular dynamics simulation with either a path-integral approach2,3 or quantum

thermostat approach4–6 utilizes Eq. S2 to compute the electron-phonon renormalized elec-

tronic properties. However, being computationally expensive, such simulations are rarely

adopted for computing electron-phonon renormalizations from first principles. The standard

approaches in solid-state physics employ approximations to V(R), to simplify the expression

in Eq. S2.

A Taylor series expansion of V(R) near the equilibrium geometry, R = 0, and subse-

quently, neglecting the terms beyond second order yields the potential energy with harmonic

approximation (HA),

VH(R) =
1

2

∑
Iα,Jα′

(RIα

√
MI)DIα,Jα′(

√
MJRJα′) =

1

2
RTM1/2DM1/2R, (S5)

with M representing a 3N × 3N diagonal matrix of nuclear masses. We note that the first

order term of the Taylor expansion becomes zero by setting the condition of the minimum,

∂V(R)
∂RIα

= 0. In addition, we set the reference potential energy, V(0) = 0. The elements of the

dynamical matrix, which is also known as the mass-weighted Hessian matrix is given by,

DIα,Jα′ =
1√

MIMJ

∂2V(R)

∂RIα∂RJα′

∣∣∣∣
R=0

, (S6)

where α,α′ denote the cartesian axes x,y or z and I, J denote the indices of the nuclei.
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Spectral decomposition of the dynamical matrix, D = UΩ2UT , returns a unitary matrix,

U, and a 3N × 3N diagonal matrix of normal-mode frequencies, Ω, with diagonal elements:

ω1, ω2, ..., ω3N . The unitary matrix, U, defines the cartesian to normal mode transformations,

X = UTM1/2R,

∇2
X = UTM1/2∇2

R,

(S7)

and back transformation to cartesian from normal modes,

R = (M1/2)−1UX,

∇2
R = (M1/2)−1U∇2

X ,

(S8)

with X representing the matrix of 3N normal mode vectors.

After transformation to normal modes, the total nuclear Hamiltonian separates into 3

independent translational degrees of freedom, dr number of independent global rotational

degrees of freedom, and 3N − 3− dr number of independent vibrational degrees of freedom.

For a solid, linear isolated molecule, and a non-linear isolated molecule, the number of

rotational degrees of freedom (dr) is 0, 2, and 3, respectively. Since the translations and

global rotations, which usually appear as the first 3+dr lowest eigenvalues, do not affect the

electronic properties, we focus on the vibrational Hamiltonian which becomes,

ĤH =
3N∑

ν=3+dr+1

(
−1

2
∇2

Xν
+

1

2
ω2
νX

2
ν

)
. (S9)

The wavefunctions, |χH
ν,k⟩, and energies, εHν,k of each simple harmonic oscillator is known

analytically,

⟨Xν |χH
ν,k⟩ =

1√
2kk!

(ων

π

) 1
4
exp

[
−ωνX

2
ν

2

]
Hk(

√
ωνXν), (S10)

εHν,k =

(
k +

1

2

)
ων , (S11)

with Hk denoting the k-th order Hermite polynomial. Inserting the expression of εHν,k from
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Eq. S11 into Eq. S4 yields, the partition function for the ν-th harmonic oscillator,

QH
ν (T ) =

∞∑
k=0

exp

[
− ων

kBT
(k +

1

2
)

]
= exp

(
ων

2kBT

)
nB(ων , T ), (S12)

where the Bose occupation factor is given by,

nB(ω, T ) =
1

exp(ω/kBT )− 1
(S13)

Because of the separation of Hamiltonian into 3N−3−dr number of independent vibrational

terms, the total vibrational wave function which is characterized by a vector of quantum

numbers k = (k3+dr+1, k3+dr+2, ..., k3N) can be simplified by the product of the wave functions

for each individual normal mode. The total partition function can be written analogously.

|χH
k (R)⟩ =

3N∏
ν=3+dr+1

|χH
ν,kν (R)⟩,

QH(T ) =
3N∏

ν=3+dr+1

QH
ν (T ).

(S14)

Utilizing the expressions from Eqs.S10–S14, Eq. S2 can be rewritten as,

⟨O⟩HT =

∫
dXWH(X, T )O(X) =

∫
dX

[
3N∏

ν=3+dr+1

G(Xν ;σν,T )

]
O(X) (S15)

where the harmonic probability density, WH(X, T ), reduces to a product of independent

Gaussian functions,

G(Xν ;σν,T ) =
1√

2πσ2
ν,T

exp

(
− X2

ν

2σ2
ν,T

)
, (S16)

with widths related to the Bose occupation factor:

σν,T =

√
2nB(ων , T ) + 1

2ων

. (S17)
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We note that though Eq. S15 is a result of harmonic approximation, it does not assume

any explicit dependence of electronic observable O on nuclear coordinates (R) or normal

mode coordinates (X). To further simplify the expression, we expand O(X) in Taylor series,

O(X) = O(0) +
∑
ν

∂O
∂Xν

∣∣∣∣
0

Xν +
∑
νν′

∂2O
∂Xν∂Xν′

∣∣∣∣
0

XνXν′ + ... (S18)

and truncate the expansion after the second order. After inserting the resulting expression

into Eq.S15, we obtain the phonon renormalized electronic observable with quadratic (Q)

approximation,

⟨O⟩QT = O(0) +
3N∑

ν=3+dr+1

1

2ων

∂2O
∂X2

ν

∣∣∣∣
0

[
nB(ων , T ) +

1

2

]
. (S19)

We note that terms involving odd order of Xν or cross-coupling terms such as XνXν′ , with

ν ̸= ν ′, do not appear because harmonic density is symmetric with respect to X = 0.

For systems with strong anharmonicity, the vibrational density is no longer symmetric, and

subsequently, both odd-order terms and cross-coupling terms become essential.

S1.2 Stochastic Approach

The stochastic approach employs Monte Carlo sampling ofW (X, T ) and subsequently utilizes

Eq. S15 to compute phonon-renormalized electronic properties. In each Monte Carlo step, a

displaced coordinate in normal mode is obtained, Xi = τ i, where, for ν > 3+ dr, the matrix

elements, τ iν , are a Gaussian distributed random number with zero mean and width σν,T ,

while the first 3 + dr matrix elements are set to zero. Afterward, Xi’s are back-transformed

to Cartesian coordinates, Ri, using Eq.S8, and subsequently, electronic observable O(Ri) is

computed. After M Monte Carlo steps, Eq. S15 can be re-written as,

⟨O⟩MC
T =

1

M

M∑
i=1

O(Xi) =
1

M

M∑
i=1

O(Ri) (S20)
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Based on the Mean-value (MV) theorem and utilizing quadratic (Q) approximation, Mon-

serrat proposed that there exists 23N−3−dr mean-value positions,XMVQ, for whichO(XMVQ) ≃

⟨O⟩T ,7 with Xi
MVQ = siσT , where the matrix elements of σT is given by Eq. S17, and si

is a matrix with first 3 + dr elements set to zero and remaining 3N − 3 − dr elements are

either +1 or -1. It was shown that a Monte Carlo algorithm that samples random signs, si,

has a faster convergence of ⟨O⟩MC
T than the one that samples random numbers, τ i, from a

Gaussian distribution.7 Later, Zacharius and Giustino proposed a one-shot (OS) algorithm,8

in which the signs are chosen according to,

sν = (−1)ν−4−dr for ν > 3 + dr

= 0, for ν ≤ 3 + dr

(S21)

and they showed that only a single first-principle calculation on the obtained atomic config-

uration, X = sσT is sufficient to converge of ⟨O⟩T . They also proposed that an additional

first-principles calculation on the antithetic pair of the chosen atomic configuration, i.e.,

X = −sσT , can improve the result, which we adopted here.

⟨O⟩OS
T =

1

2
[O(sσT ) +O(−sσT )] (S22)

S1.3 Frozen Phonon Approach

A frozen phonon (FP) approach utilizes Eq. S19 to compute phonon-renormalized electronic

properties. To compute the first and second derivatives of the observable, O′, O′′, respec-

tively, we displaced the nuclei to Xν = +hν and Xν = −hν along each phonon coordinates,

and subsequently, used the central difference formula.

O′(Xν = 0) =
∂O(Xν)

∂Xν

∣∣∣∣
Xν=0

=
O(+hν)−O(−hν)

2hν
(S23)
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O′′(Xν = 0) =
∂2O(Xν)

∂X2
ν

∣∣∣∣
Xν=0

=
O(+hν) +O(−hν)− 2O(0)

h2ν
, (S24)

We chose the displacements, hν , such that the potential energy difference, δVH , is the same

for all modes, assuming a parabolic dependence of potential energy on each normal mode,

i.e.,

hν =

√
2δVH

ων

. (S25)

Throughout this work, our electronic observable (O) would be either valence and con-

duction band (VB) energies, En, with n denoting the band index, or the band gap, Eg.

The second derivative of n-th band energies with respect to ν-th phonon mode scaled by the

phonon frequency, which appears in the Eq. S19 when O = En, is called the electron-phonon

coupling energy (EPCE) of band n with respect to phonon mode ν.

EPCEn,ν =
1

2ων

∂2En

∂X2
ν

∣∣∣∣
0

(S26)

It is evident from Eq. S19, the electron-phonon renormalization of n-th band,

∆En(T ) = ⟨En⟩T − En(0) (S27)

reduces to,

∆EQ
n (0) =

N∑
ν=3+dr+1

EPCEn,ν (S28)

within quadratic approximation at 0 K. EPCEs can be computed using the FP method and it

describes the contributions of each mode towards the total electron-phonon renormalization

of band energies.

Depending on the displacement chosen for each phonon mode, nearby eigenstates may

cross each other, as we shall see during the discussion. In such cases, while calculating

∂En

∂Xν

∣∣∣
0
and ∂2En

∂X2
ν

∣∣∣
0
by applying Eq. S23 and S24, respectively, it is necessary to ensure that

the electronic eigenvalues used for the positive and negative displacements correspond to
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the same eigenstate. Following earlier works,9,10 we ensured the correct correspondence

by projecting wavefunctions with negative displacements on wavefunctions with positive

displacements.
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S2 Additional Figures

S2.1 Mode Resolved EPCEs and Anharmonic Measures

Figure S1: Mode-resolved anharmonic measures and electron-phonon coupling energies
(EPCEs) of the lowest and highest occupied molecular orbitals for an isolated pentamantane
molecule as obtained with the SCAN functional. Top panel: Mode-resolved anharmonic
measures computed from the trajectory obtained with the quantum thermostatted molecular
dynamics simulations at 100 K. Middle panel: Mode-resolved EPCEs of the lowest unoc-
cupied molecular orbital (LUMO) computed using the frozen phonon approach. Bottom
panel: Mode-resolved EPCEs of the highest occupied molecular orbital (HOMO), HOMO-1,
and HOMO-2 levels computed using the frozen phonon approach.
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Figure S2: Mode-resolved anharmonic measures and electron-phonon coupling energies
(EPCEs) of the valence and conduction bands for the pentamantane molecular crystal as
obtained with the SCAN functional. Top panel: Mode-resolved anharmonic measures com-
puted from the trajectory obtained with the quantum thermostatted molecular dynamics
simulations at 100 K. Middle panel: Mode-resolved EPCEs of the conduction band mini-
mum (CBM) computed using a frozen phonon calculation. Bottom panel: Mode-resolved
EPCEs of the valence band maximum (VBM), VBM-1, VBM-2 and VBM-3 levels computed
using the frozen phonon approach.
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Figure S3: Mode-resolved anharmonic measures and electron-phonon coupling energies
(EPCEs) of the lowest and highest occupied molecular orbitals for an isolated NAI-DMAC
molecule as obtained with the PBE functional. Top panel: Mode-resolved anharmonic
measures computed from the trajectory obtained with the quantum thermostatted molecular
dynamics simulations at 200 K. Middle panel: Mode-resolved EPCEs of the lowest unoc-
cupied molecular orbital (LUMO) computed using the frozen phonon approach. Bottom
panel: Mode-resolved EPCEs of the highest occupied molecular orbital (HOMO) computed
using the frozen phonon approach.
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Figure S4: Mode-resolved anharmonic measures and electron-phonon coupling energies
(EPCEs) of the valence and conduction bands for NAI-DMAC molecular crystal as obtained
with the PBE functional. Top panel: Mode-resolved anharmonic measures computed from
the trajectory obtained with the quantum thermostatted molecular dynamics simulations at
200 K. Middle panel: Mode-resolved EPCEs of the conduction band minimum (CBM),
CBM+1, CBM+2, and CBM+3 levels computed using the frozen phonon approach. Bot-
tom panel: Mode-resolved EPCEs of the valence band maximum (VBM), VBM-1, VBM-2
and VBM-3 levels computed using the frozen phonon approach.
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S2.2 Effect of torsion on the potential energy surface and the band

gap of an isolated NAI-DMAC molecule

Figure S5: Panel A: Probability distribution of the C-C-N-C dihedral angle (highlighted as
spheres in the inset of panel B) for the isolated molecule at different temperatures as obtained
from QTMD simulations. The green circles represent the Born-Oppenheimer energy when
PES is scanned by varying the dihedral angle for the isolated molecule. Panel B: The HOMO,
LUMO, and fundamental renormalizations for the isolated molecule when only the dihedral
angle is varied. See also Figs. 5,6 and 9 of ref.11 and the discussions therein.
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Figure S6: Three and two methyl groups of the NAI and DMAC units, respectively, of the
isolated NAIDMAC molecules that are rotated relative to the geometry optimized positions.
The central carbon atoms of these methyl groups are highlighted as gray spheres.
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Figure S7: Born-Oppenheimer(BO) energies and the HOMO-LUMO gap renormalizations
obtained with the PBE functional for an isolated NAI-DMAC molecule when its three methyl
groups within the NAI unit are rotated relative to the geometry optimized position. The
top, middle, and bottom panels show the results for the NAI methyl groups labeled with
numbers 1, 2, and 3, respectively, in Fig. S6.
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Figure S8: Born-Oppenheimer(BO) energies and the HOMO-LUMO gap renormalizations
obtained with the PBE functional for an isolated NAI-DMAC molecule when its two methyl
groups within the DMAC unit are rotated relative to the geometry optimized position. The
top and bottom panels show the results for the DMAC methyl groups labeled with numbers
1 and 2, respectively, in Fig. S6.
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