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ABSTRACT

We develop, in this dissertation, a theoretical formalism for Fermi liquids by exploiting an

underlying algebro-geometric structure described by the group of canonical transformations

of a single particle phase space. This infinite-dimensional group governs the space of states

of zero temperature Fermi liquids and thereby allows us to write down a nonlinear, bosonized

action that reproduces Landau’s kinetic theory in the classical limit. Upon quantizing, we

obtain a systematic effective field theory as an expansion in nonlinear and higher derivative

corrections suppressed by the Fermi momentum pF , without the need to introduce artificial

momentum scales through, e.g., decomposition of the Fermi surface into patches. We find

that Fermi liquid theory can essentially be thought of as a non-trivial representation of the

Lie group of canonical transformations, bringing it within the fold of effective theories in

many-body physics whose structure is determined by symmetries. We survey the benefits

and limitations of this geometric formalism in the context of scaling, diagrammatic calcu-

lations, scattering and interactions, coupling to background gauge fields, etc. After setting

up a path to extending this formalism to include superconducting and magnetic phases,

as well as applications to the problem of non-Fermi liquids, we conclude with a discussion

on possible future directions for Fermi surface physics, and more broadly, the usefulness of

diffeomorphism groups in condensed matter physics.
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CHAPTER 1

INTRODUCTION

From metals to neutron stars, superconductors to nuclear plasmas, phases of matter de-

scribed by Fermi surfaces and their instabilities are proliferous. The question “What are

the different possible ways that interacting fermions can behave at macroscopic scales? ” is

as easy to pose as it is difficult to answer. The possibilities are endless and ever-growing

and stand tall and sturdy as a counterpoint to the traditional reductionist-constructivist

hypothesis in physics (Anderson [1972]). To even begin to answer this question, a broad

organizing principle is required.

One such organizing principle is obtained by counting the number of emergent low energy

degrees of freedom that govern the behaviour of such systems. The notion of an energy gap

helps categorize many-body systems into three possible classes: gapped, gapless and ‘very

gapless’.

Gapped systems do not have any propagating, low energy degrees of freedom. The degrees

of freedom here are instead topological in nature and are described by topological quantum

field theories1. Gapless systems have a finite number of propagating low energy degrees of

freedom. These often describe critical points in phase diagrams or boundaries of topologically

nontrivial gapped phases.

‘Very gapless’ systems on the other hand have infinitely many low energy degrees of

freedom. In particular, the density of states at zero energies is finite. Systems with extended

Fermi surfaces are the canonical example of such phases, where low energy excitations can

be hosted anywhere on the Fermi surface. Within the realm of Fermi surface physics, a

classification of the possible phases of matter is still elusive, largely due to the many possible

instabilities that Fermi surfaces can have. One suitable starting point for getting a picture

1. A new class of these that are not described by conventional topological field theories have recently been
discovered and are collectively called ‘fracton models’ (Vijay et al. [2015], Pretko [2017], Seiberg [2020]). For
a review, see Nandkishore and Hermele [2019], Pretko et al. [2020].
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of the various possibilities is to take a free Fermi gas and turn on interactions between the

fermions, allowing them to scatter off of each other.

The interactions between fermions can then be put into one of two boxes: short range

and long range. Short range interactions are usually mediated by gapped modes. At low

energies these can effectively be thought of as point-like interactions between fermions with

corrections to this description that do not significantly alter the physical picture. This is the

realm of Fermi liquid theory (and its instabilities), one of the pillars of modern condensed

matter physics, first developed by Landau [1957] in a classic 1956 paper. Landau’s key insight

was that short range interactions in most situations do not dramatically alter the spectrum

of excitations of a free Fermi gas. The excitations of the interacting theory are then very

similar to free fermions, and thus the notion of a quasiparticle was born. Landau’s Fermi

Liquid Theory (LFLT), the classical formalism for describing Fermi liquids, can perhaps be

called the first example of an effective theory - a low energy description of a system that is

insouciant to microscopic details whose effects are captured by a comparatively small number

of parameters2.

Despite being rather successful at describing the physics of dense, interacting fermions,

LFLT stood out among a plethora of other effective descriptions in many body physics as

one of the few theories that was not formulated in the language of the renormalization group

(RG) and was classical3 in nature, being described by an equation of motion rather than an

action or a Hamiltonian. Progress along these lines was made only in 1990 by Benfatto and

Gallavotti [1990], which was then formalized by Shankar [1994], Polchinski [1992] into the

modern formalism.

The effective field theory (EFT) obtained from this analysis can be simplified at the cost

of losing locality in space (Altshuler et al. [1994], Nayak and Wilczek [1994a,b]), so it is not

2. I thank Luca V. Delacrétaz for this succinct description of effective theories.

3. Pun intended.

2



a genuine EFT in that the tower of irrelevant corrections to the scale invariant fixed point

cannot be systematically listed, for example through an expansion in spatial and temporal

derivatives. An alternate route to a local EFT for Fermi liquids was inspired by the idea of

bosonization and pioneered by Haldane [1994], Castro Neto and Fradkin [1994a], Houghton

et al. [2000]. But this approach also suffer from the same issue, in that it is unclear how one

would construct and classify irrelevant corrections to the scale invariant fixed point. These

contemporary formalisms are hence also incomplete and in need for further refinement.

Long range interactions, on the other hand, are often mediated by gapless degrees of

freedom which cannot be ignored (i.e., integrated out) at any energy scale, and it becomes

important to keep track of the additional gapless modes alongside the excitations of the

Fermi surface. This can alter the physics of the Fermi surface in ways that are hard to

predict, since such interactions often tend to be strong. A celebrated, now solved example

of this is the electron-phonon problem (Migdal [1958], Éliashberg [1960]), which accounts for

the resistivity and superconducting instability of conventional metals4.

A more violent example of such an interaction is presented in a class of phases dubbed

non-Fermi liquids (NFL) (see, e.g., Lee [2018] and references therein for a review). The gap-

less mode that couples to the Fermi surface in these examples is usually either the critical

fluctuation of an order parameter or a gauge field in appropriate spatial dimensions. Such

interactions trigger an instability of the Fermi surface and the fate of the RG flow is one of

the biggest open problems in condensed matter physics. The list of unanswered questions

ranges from describing the phase of the end point of the RG flow (metallic NFL or Mott in-

sulator or unconventional superconductor) to developing effective descriptions of the various

possibilities and understanding how they compete with one another.

Answers to these questions are crucial from an applied physics perspective since the most

common occurrence of NFL physics is in high-temperature superconductivity (Keimer et al.

4. For recent work on the breakdown of the Migdal-Eliashberg theory of electron-phonon interactions, see
Esterlis et al. [2018], Chubukov et al. [2020].
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[2015], Phillips et al. [2022]) observed in various different layered materials such as cuprates.

In many of these materials, the superconducting dome hides a quantum critical point where

the metal undergoes a magnetic phase transition, the order parameter fluctuations of which

couple to the Fermi surface and drive the instability to a superconductor. The ultimate goal

for NFL physics would be to understand the mechanism that causes high temperature super-

conductivity in order to be able to engineer materials which could enhance this mechanism

and raise the critical temperature of the superconducting phase to larger values, possibly

even to room temperature.

From a theoretical standpoint, Fermi and non-Fermi liquids provide a unique playground

to explore unconventional RG flows. Almost all tractable RG flows in physics are between

two scale invariant fixed points that have no inherent scales. Fermi and non-Fermi liquids,

however, enjoy scale invariance despite the presence of an intrinsic scale – the Fermi momen-

tum pF – and understanding the RG flow from one to the other hence necessarily requires

a broadening of the notion of RG as well as that of a ‘scale’. Unconventional RG flows have

been gaining interest across various disciplines ranging from the study of fractonic and exotic

theories (Shirley et al. [2019], Wang et al. [2019], You et al. [2021], Gorantla et al. [2021],

Lake [2022]) to machine learning (Kaplan et al. [2020], Bahri et al. [2021]) and even infor-

mation theory and neuroscience (Koch-Janusz and Ringel [2018], Kline and Palmer [2022]),

and it is likely that Fermi surface physics can serve as a useful launchpad for generalizing

the notion of RG beyond its relatively rigid framework and conventional metanarrative.

A fundamental bottleneck to understanding the physics of non-Fermi liquids is the lack

of an EFT description for Fermi liquids. Since the scaling behaviour of an NFL can differ

dramatically from that of a Fermi liquid, irrelevant corrections to any effective theory of

a Fermi liquid can have important consequences for the NFL. A classification of irrelevant

corrections to Fermi liquid theory with definite scaling properties, which is missing from the

literature so far, would thus hugely benefit the search for an effective description for NFLs.
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This is precisely the aim of the postmodern formalism developed in Delacrétaz et al.

[2022] and expounded upon in this thesis. We find that LFLT is secretly governed by the

geometry of a rather large Lie group – that of canonical transformations of a single-particle

phase space. This constrains the structure of the effective theory for Fermi liquids rigidly

enough to be able to construct higher order corrections to the contemporary approaches as

well as classify their scaling behaviour. The geometric structure underlying the postmodern

formalism also allows us to systematically identify and impose symmetries as well as couple

to gauge fields.

Such diffeomorphism groups are not only important for Fermi liquid theory, but also

present themselves as a useful tool across other disciplines in condensed matter physics,

such as quantum Hall states, lattices of charged monopoles or superfluid vortices and even

skyrmions in ferromagnets (Du et al. [2022a, 2021]), suggesting that diffeomorphism groups

have the potential to broadly understand and constrain the properties of various many-body

phases.

The rest of this dissertation is organized as follows: in chapter 2 we review the various

historic approaches to Fermi liquid theory and comment on the benefits and drawbacks

of each of them. In chapter 3 we summarize the postmodern formalism and provide an

overview that is stripped off of most technical details for simplicity. In chapter 4 we develop

the Hamiltonian formalism for Fermi liquids, which is then turned into an action formalism in

chapter 5. Chapter 5 also presents how this action encodes spacetime, gauge, and emergent

symmetries, as well as how it simplifies the calculation of correlation functions in Fermi

liquids. Chapter 6 then explores how the postmodern formalism can be used as a stepping

stone towards perturbative NFLs. In chapter 7 we then switch gears to present different

possible generalizations of the postmodern formalism that account for internal symmetries,

conventional superconductivity, and large momentum processes. Finally, we conclude in

chapter 8 with an outlook on the various potential applications of the postmodern formalism.
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CHAPTER 2

REVIEW AND HISTORY OF FERMI LIQUID THEORY

We begin by reviewing the various approaches to describing Fermi liquids that have been

developed over the last century. This discussion is by no means exhaustive, and we will differ

to relevant references for more details.

2.1 “Classical Fermi liquids”: Landau’s kinetic theory

Figure 2.1: Hokusai’s rendition of a propagating mode in kinetic theory.

The very first description for Fermi liquids was proposed by Landau in the form of a

kinetic equation. Consider first a gas of non-interacting fermions. Owing to Pauli’s exclusion

principle, its ground state at zero temperature is described by a occupation number function

in momentum space f0(p) = Θ(ϵF − ϵ(p)) that takes values 1 or 0. ϵF is the Fermi energy

and ϵ(p) is the dispersion relation for a single fermion. The solution to the equation,

ϵ(p) = ϵF , (2.1)

defines the Fermi surface at

|p| = pF (θ) . (2.2)
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If the dispersion relation is invariant under rotations, the Fermi momentum pF is a constant

independent of the angles θ in momentum space. The dynamics of this system is described

by a mesoscopic1 one-particle distribution function f(t,x,p) = f0(p)+δf(t,x,p) that obeys

the collisionless Boltzmann equation:

∂tf +∇pϵ(p) · ∇xf + Fext · ∇pf = 0 , (2.3)

where Fext is the external force applied to the free Fermi gas. The dynamics of the free

Fermi gas are hence entirely captured by the dispersion relation.

For an interacting Fermi liquid, however, the occupation number at every momentum

is not a well-defined quantum number, and we cannot characterize its dynamics using the

distribution function.

Landau’s argument to work around this issue was the following: suppose we start with the

free Fermi gas and turn on interactions adiabatically. Thanks to Pauli exclusion principle,

the available phase space for the fermions to scatter to is significantly smaller the closer they

are to the Fermi surface initially. The low energy (E ≪ ϵF ) part of the interacting many-

body spectrum should be continuously deformable to the spectrum of the free theory. Since

the spectrum of the free Fermi gas can be constructed from the building block of a single

fermion placed outside but close to the Fermi surface (or a single hole inside), this building

block should persist as the interactions are adiabatically turned on and also exist in some

“dressed” form in the low energy spectrum of the interacting Fermi liquid. The remnant of

this building block in the interacting theory is what we call a quasiparticle.

In situations where this argument holds, we should have an effective single-particle de-

scription for the dynamics of interacting Fermi liquids, analogous to the collisionless Boltz-

1. By the word ‘mesoscopic’, we mean a regime where we are concerned with physics at length scales
much larger than a characteristic length scale, here 1/pF . This allows us to describe quantum particles in a
semi-classical description using coordinates x that label the mesoscopic region of size 1/pF that the quantum
particle is localized within, and momentum p of the particle up to uncertainty.
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mann equation for free fermions. In fact, Fermi liquids are defined retroactively as fermionic

phases of matter where this argument holds. The degree of freedom describing the quasipar-

ticle is then also a distribution function:

f(t,x,p) = f0(p) + δf(t,x,p) . (2.4)

However, since the quasiparticle only exists as part of the spectrum for momenta close to

the Fermi surface, the distribution f and the fluctuation δf are only well defined in a narrow

region |p| − pF ≪ pF . All that we need in order to describe the low energy dynamics

of the interacting Fermi liquid is a dispersion relation ϵqp for the quasiparticle. This is

phenomenologically constructed as follows:

ϵqp(x,p) = ϵ(p) +

∫
ddp′

(2π)d
F (p,p′)δf(x,p′) , (2.5)

where ϵ(p) is the free fermion dispersion relation, and F (p,p′) is a phenomenological function

that characterizes the interaction contribution to the energy of the quasiparticle at p due

to quasiparticles at p′. Note that the interaction term in the quasiparticle energy is local

in space, which is due to the assumption that any interaction between the quasiparticles is

short-ranged.

At the risk of being pedantic, we emphasize again that the quasiparticle energy, the

interaction function, and the distribution are well-defined only in a small neighbourhood of

the Fermi surface. In other words the p derivatives of all these quantities are only well-

defined at the Fermi surface and constitute the various parameters and degrees of freedom

of the effective theory.

We can now postulate a collisionless Boltzmann equation that describes the dynamics of
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the interacting Fermi liquid:

∂tf +∇pϵqp[f ] · ∇xf −
(
∇xϵqp[f ]− Fext

)
· ∇pf = 0 . (2.6)

We will refer to this equation as Landau’s kinetic equation. One crucial difference between the

interacting Fermi liquid and the free Fermi gas is that equation (2.6) is nonlinear in δf , while

the collisionless Boltzmann equation is linear. The nonlinearity comes from the dependence

of the quasiparticle energy on the distribution. This also modifies the dynamics at the linear

level, since the interaction results in internal forces ∇xϵqp acting on the quasiparticles in

addition to any external forces.

Since the interaction function F (p,p′) is well-defined only near the fermi surface, one

often assumes that it only depends on two points on the Fermi surface at the angles θ, θ′, and

an angular expansion of the interaction function defines the so-called Landau parameters,

F (θ, θ′) ∼
∑
l

FlP
(d)
l (θ, θ′) , (2.7)

where P (d)
l (θ, θ′) form a basis of functions in d dimensions that transform covariantly under

the symmetries of the Fermi surface, and l is a label for the representations of those sym-

metries. For example, for a spherical Fermi surface l = 0, 1, 2, . . . is an ‘angular momentum’

index, and the basis functions are cosines in d = 2 and Legendre polynomials of cosines in

d = 3.

From Landau’s kinetic equation we can calculate a plethora of physical quantities from

thermodynamic properties to correlation functions, in terms of Landau parameters which

encode the microscopic interactions. In order to calculate correlation functions for, e.g., the

particle number density and current, we can couple the theory to background electromagnetic

fields through the Lorentz force Fext = E+ v ×B.

One finds stability conditions for the theory as lower bounds on Fl which when violated,
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result in Pomeranchuk instabilities. For certain ranges of the Landau parameters, Fermi

liquids also exhibit a collective excitation known as zero sound that propagates faster than

the Fermi velocity vF = ϵ′(pF ) and is hence distinguishable from the particle-hole continuum

ω ≤ vF |q| (figure 2.1). The specific calculations that result in these various properties and

more can be found, for example, in Landau et al. [1980], Abrikosov et al. [1975].

While LFLT describes many aspects of interacting Fermi liquids quite well, it has various

drawbacks. Firstly, it is unclear how such a theory would emerge from a microscopic model.

Since the kinetic equation is written down ‘by hand’ it is not even clear when one should

expect a microscopic model of interacting fermions to be described by LFLT.

Second, being an equation-of-motion based description, LFLT is in effect a classical

theory, with the only source of ‘quantumness’ being Pauli exclusion and the Fermi-Dirac

distribution that gives the ground state f0 of the theory. In practice this means that the

theory is blind to subleading corrections to physical quantities such as correlation functions

and thermodynamic properties.

These drawbacks would be at least partially, if not completely be remedied by a field

theoretic description - one that is amenable to the renormalization group (RG), unlike LFLT.
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2.2 “Modern Fermi liquids”: Renormalization group

Figure 2.2: Van Gogh’s visualization of scaling towards a (rectangular) Fermi surface.

To understand the scaling behaviour of interacting Fermi liquids, we need to pick an RG

scheme. The prototypical RG scheme most commonly used in physics, wherein we rescale

length to be larger and larger, or equivalently rescale momenta to 0, also shrinks the Fermi

surface down to a point! This scheme cannot possibly give physically relevant results since

the Fermi surface is an experimentally measurable quantity. We hence need to pick a new

scaling scheme.2

The most natural RG scheme is one where momenta are rescaled towards the Fermi

surface (figure 2.2). This scheme was introduced by Benfatto and Gallavotti [1990], Shankar

[1994], Polchinski [1992] and is commonly referred to as ‘Shankar-Polchinski’ RG, after the

physicists who independently formalized it.

In the spirit of effective field theory, we first identify the low energy degrees of freedom.

LFLT tells us that these are fermionic quasiparticles. We define an operator ψ†(p) that

creates a quasiparticle with momentum p. The annihilation operator ψ(p) creates a hole in

2. It is important to note that in most commonly studied systems in physics such as quantum or statistical
field theories, the symmetries of the system uniquely prescribe the RG scheme that can extract universal
information from it. Here, however we encounter a system where this is not immediately obvious, so we need
to look for other identifiers for the ‘correct’ prescription.
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the Fermi sea at the point −p, so that the net momentum of the state with a single hole is

+p3. The free action is given by

∫
dtddp

(2π)d
ψ†(p) [i∂t − (ϵ(p)− ϵF )]ψ(−p) . (2.8)

Each point p in momentum space can be written as a sum of a vector pF on the Fermi

surface and another vector k orthogonal to the Fermi surface at pF :

p = pF + k , ddp = dd−1pF dk , (2.9)

where dd−1pF is a measure for integrating over the Fermi surface. In our RG scheme, pF

remain invariant under scaling, while k get rescaled by a factor of s ≲ 1 to sk. The dispersion

can be expanded to leading order so that

ϵ(p)− ϵF = |k||vF (pF )|+O(k2) , (2.10)

and marginality of the free action requires

[∂t] = [k] , [ψ] = −1

2
. (2.11)

We then write down all possible terms allowed by symmetries and analyze their scaling

behaviour, both at tree level and at loop level. The leading nontrivial term is a quartic

3. This is different from the usual convention employed in condensed matter physics, where the operator
c(p) creates a hole at the point p, thereby creating a state with momentum −p. We use the less common
convention since in our convention, both ψ† and ψ are Fourier transformed in the same way. This sets a
uniform convention for Fourier transforms, allowing us to Fourier transform with impunity without having
keep track of sign conventions any more than necessary.
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interaction that enables nontrivial 2→ 2 scattering processes:

∫
t

∫
p1p2p3p4

V (pF1,pF2,pF3,pF4)ψ
†(p1)ψ(p2)ψ

†(p3)ψ(p4)δ(p1+p2+p3+p4) . (2.12)

Immediately, we notice two possibilities for the scaling of the momentum conserving delta

function. If the corresponding Fermi momenta pFi sum to zero, the delta function scales

non-trivially under our RG scheme, while if they do not, the delta function is (approximately)

invariant under the scale transformation.

For configurations where
∑
i pFi ̸= 0, we find that the quartic term is strictly irrelevant

and hence does not change the scale invariant fixed point. For configurations with
∑
i pFi =

0, on the other hand, the quartic term is marginal. All that remains is find configurations for

which the sum vanishes, and check whether loop corrections change the scaling behaviour of

the terms corresponding to the relevant configurations.

Consider for instance d = 2 with a circular Fermi surface. There are two distinct classes

of configurations with
∑

pF = 0:

(pF2 = −pF1, pF4 = −pF3) ; (pF3 = −pF1, pF4 = −pF2) . (2.13)

The solution with pF4 = −pF1 is just the first solution with the hole momenta exchanged.

The first class of solutions characterize forward scattering, i.e., incoming particles leave

with nearly the same or exchanged momenta. These correspond to particle hole pairs

with a small net momenta, such as the configuration in figure 2.3a. This class of config-

urations is hence often called the ‘particle-hole channel’. The form factor F (pF1,pF3) =

V (pF1,−pF1,pF3,−pF3) is the corresponding interaction function.

The second class of solutions has the two particles as well as the two holes align at

antipodal points on the Fermi surface respectively, with an arbitrary angle between them,

for instance in figure 2.3b. This configuration corresponds to the ‘Bardeen-Cooper-Schrieffer
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Figure 2.3: Scattering configurations for marginal interactions at tree level.

(BCS) channel’. The interaction form factor g(pF1,pF2) = V (pF1,pF2,−pF1,−pF2) for

this is independent of the forward scattering interaction, except in one special configuration

with pF3 = pF2 = −pF1 which imposes a constraint F (pF ,−pF ) = g(pF ,−pF ). The

marginal quartic terms can then be written schematically as

∫
p1p3

F (pF1,pF3)[ψ
†ψψ†ψ]ph(p1,p3) +

∫
p1p2

g(pF1,pF2)[ψ
†ψψ†ψ]BCS(p1,p2) . (2.14)

Both interactions are marginal at tree level, but a one-loop calculation shows that while

forward scattering remains marginal, the BCS interaction becomes relevant if the coupling

is attractive and irrelevant if the coupling is repulsive. Hence, attractive couplings in the

BCS channel trigger a superconducting instability that destroys the Fermi surface.

The forward scattering interaction is just the interaction function in LFLT, but the BCS

coupling is one to which LFLT is blind. The inclusion of the pairing instability is the most

important advantage of the RG approach over LFLT, and exemplifies the power of effective

field theory.

However, this approach still has its limitations. Ideally in an EFT, any isolated term

that can be written from symmetry requirements has a fixed scaling dimension which can
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be calculated simply by adding the scaling dimensions of its constituents — a principle

known as power counting. But as we saw above, understanding the scaling properties of

the quartic term was a significantly more complicated task than that, and becomes even

more complicated in higher dimensions where the number of possible configurations with∑
pF = 0 is even larger. This procedure becomes all the more gruesome for Fermi surfaces

of more complicated geometry such as those for conduction electrons in metals.

In general, any given term in this EFT that can be written from invariance under sym-

metries does not have a fixed scaling dimension and additional work needs to be done to

decompose it into a sum of terms that do. Even then one can find constraints relating one

term to another in special cases, such as the configuration pF1 = −pF2 = −pF3 = pF4

where the exactly marginal forward scattering coupling is identical to the marginally rele-

vant or irrelevant BCS coupling. These constraints need to be kept track of by hand and

do not immediately follow from any symmetry principle. Instead, the forward scattering –

BCS constraint is a consequence of hacing to decompose a single local operator into different

scattering channels that are scaling covariant, but at the cost of an added redundancy.

Furthermore, while coupling LFLT to background gauge fields was a straightforward task,

it is much less obvious how one couples this EFT to background gauge fields, given that the

EFT lives in momentum space, where no standard minimal coupling procedure exists.

Two remedies for the former issue have been considered, which we will collectively refer

to as the ‘contemporary’ formalism, which we review next. Alternate functional RG schemes

for Fermi surfaces which hope to capture physics beyond Shankar-Polchinski RG have also

recently been developed by Borges et al. [2023], Ma and Lee [2023].
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2.3 “Contemporary Fermi liquids”: Patch theory and traditional

bosonization

Figure 2.4: Dali’s self-portrait under a patch decomposition.

One of the key takeaways of the Shankar-Polchinski RG scheme is that, barring BCS

interactions, particle-hole pairs have a significant impact on low energy physics only when

they are sufficiently close to each other in momentum space (compared to pF ). This suggests

that one potential workaround to the issue of interactions not having fixed scaling dimensions

is the following: we can discretize the Fermi surface to a number of patches of the same size,

labelled by a discrete index η (figure 2.4), and subsequently separate interactions into intra-

patch and inter-patch scattering.

The free fermion action Fourier transformed back to coordinate space can be written as

a sum over patches,

S =
∑
η

∫
dd−1x∥

∫
dtdx⊥Ψ

†
η (x⊥)

(
∂t + vFη∂x⊥

)
Ψη(x⊥) , (2.15)

where x⊥ is a coordinate that is Fourier-conjugate to k, the momentum vector orthogonal to

the Fermi surface, x∥ are coordinates conjugate to the transverse directions within a patch,
16



and Ψη is the fermion on each patch defined by

ψ(x) =
∑
η

eipFη·xΨη(x⊥) , (2.16)

up to normalization. This is simply a collection of chiral fermions at each patch. Intra-

patch scattering terms live within a single patch η, while inter-patch scattering terms couple

two different patches η ̸= η′. If we restrict our attention to a single patch η0, the effect of

the latter is simply a logarithmic renormalization of the field strength of Φη0 as well as its

dispersion relation, so inter-patch interactions can be ignored. Intra-patch coupling can be

analyzed in the usual way under rescaling of momenta toward the Fermi surface, transverse

to the patch. Since the width of the patch is not rescaled in this procedure, the number of

patches does not change under rescaling.

2.3.1 Fermionic patch theory

The patch theory in the Shankar-Polchinski RG scheme has an important drawback. Dis-

cretizing the Fermi surface makes it so that each patch is effectively flat at low energies. To

see this, consider the leading irrelevant correction to the quadratic action, which comes from

the curvature of the Fermi surface within the patch,

S =

∫
dd−1x∥

∫
dtdx⊥Ψ

† (x⊥)
(
∂t + vF ∂x⊥ +

κ

2
∇2
∥

)
Ψ(x⊥) , (2.17)

where we have dropped the patch index η0. Since x∥ does not scale under the Shankar-

Polchinski RG scheme, the curvature κ scales to zero and we lose crucial information about

the shape of the Fermi surface.

An alternate RG scheme that is more suitable to the patch description (Nayak and

Wilczek [1994a,b]; see, e.g., Sachdev [2011] for a pedagogical description) and preserves the

curvature of the Fermi surface is one where the coordinates x∥ scale like (x⊥)
1/2. The

17



k⊥

k∥

Figure 2.5: A single Fermi surface patch

curvature term is now scale invariant under this scale transformation, at the expense of the

width of the patch scaling down to zero, resulting in a proliferation of the number of patches

at the scale invariant fixed point. But if we are only concerned with the low energy properties

of fermions within a single patch, we can ignore this drawback. As far as I am aware, so

systematic analysis of the consequences of the proliferation of the number of patches exists

in the literature, and in particular it is unclear whether this blow up modifies the RG flow

of a single patch in any significant way.

One can show that intra-patch scattering from contact interactions under patch scaling is

strictly irrelevant in all dimensions, which provides some evidence for the stability of Fermi

liquids. Inter-patch couplings can at most logarithmically renormalize the field strength of

the patch fermion and the Fermi velocity, and are often ignored. The only interactions that

can modify the RG flow are then those that are mediated by a gapless mode. Fermionic patch

theory is hence often used as an effective description for non-Fermi liquids, since it provides

an RG scheme where other interactions between patch fermions can be safely ignored, in

favour of interactions mediated by the gapless mode which couples most strongly to patches

that are tangential to its momentum (Polchinski [1994], Altshuler et al. [1994]).
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Fermionic patch theory has a few more drawbacks. Firstly, in restricting the theory to

a single patch, we loose locality in position space. Secondly, single-patch theory cannot

accomodate BCS interactions either, which raises questions about the validity of RG flows

derived from it. The usual expectation and/or hope is that the NFL fixed point obtained

from patch theory would have its own superconducting instability, which would lead it to

a superconducting fixed point with the same universal properties as the infrared (IR) fixed

point of the physical RG flow without restricting to patches. Lastly, patch theory can only be

used for understanding RG flows, but not for calculating physical quantities such as transport

properties, for which we need to sum over all patches and be mindful about the proliferation

of patches in the IR. Furthermore, the resistance of the Shankar-Polchinski EFT to gauging

persists in fermionic patch theory as well.

Additionally, even though fermionic patch theory has attractive properties under RG and

simplifies the calculation of scaling dimensions for various operators, the scaling behaviour

of correlation functions calculated from patch theory is still not transparent. Various can-

cellations among diagrams can occur (Neumayr and Metzner [1998], Metzner et al. [1997])

that alter the IR scaling form of the correlation functions and invalidate power counting

arguments. We will discuss this in more detail in section 5.5 and demonstrate how the

postmodern formalism resolves this difficulty.

2.3.2 Bosonization of patch fermions

Another approach that starts with the description in terms of patchwise chiral fermions but

tries to preserve locality in position space is inspired by bosonization in 1+1d (see Imambekov

et al. [2012] for a review). This approach was developed independently by Haldane [1994]

and by Castro Neto and Fradkin [1994a], and further developed by Houghton et al. [2000].

Since each patch fermion is a 1+1d chiral fermion, it can be independently bosonized into a
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collection of chiral bosons to give the following effective action:

S = −pd−3F

∑
η

∫
dtddx (pFη · ∇xϕη)

(
∂t + vFηpFη · ∇x

)
ϕη . (2.18)

Although this formalism is local in position space, it suffers from the same drawback as patch

theory under Shankar-Polchinski scaling — it cannot accomodate nonlinear-in-ϕη corrections

from Fermi surface curvature and the dispersion relation. This has serious consequences,

since even though the nonlinear corrections are irrelevant in Shankar-Polichinski scaling, they

contribute at leading order to various higher point correlation functions, which traditional

bosonization sans higher order corrections incorrectly suggests would vanish. For instance,

the particle number density in traditional bosonization is linear in ϕ, and since the action is

quadratic in ϕ, the density (n > 2)-point functions calculated from this action are strictly

zero, which certainly is not the case even for free fermions.

In order to solve this issue, various authors appealed to a more algebro-geometric picture

underlying the interpretation of Fermi liquid theory as describing the dynamics of droplets

in phase space (Stone [1989], Das et al. [1992], Dhar et al. [1993a,b], Khveshchenko [1994,

1995]) similar to quantum Hall droplets on the lowest Landau level in the plane (Iso et al.

[1992], Karabali and Nair [2004], Polychronakos [2005]). This approach is an early precursor

to the postmodern formalism described in this dissertation.
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CHAPTER 3

POSTMODERN FERMI LIQUIDS: A CONCEPTUAL

OVERVIEW

Figure 3.1: An artificial intelligence’s impression of postmodern Fermi liquid theory.

The starting point for our theory is the observation that the operator algebra constructed

from microscopic fermions ψ(x) has a sub-algebra that is closed under commutators. This is

the algebra of operators spanned by (anti-Hermitian) charge 0 fermion bilinears (see section

4 for details and precise definitions),

T (x,y) ∼ iψ†(x)ψ(y) . (3.1)

For theories whose Hamiltonian can be written entirely in terms of these bilinears, the

closure of the sub-algebra guarantees that we can restrict our attention to the dynamics of

operators in this sub-algebra in the Heisenberg picture, or classes of states distinguished only

by expectation values of such operators in the Schrödinger picture.
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What remains is to find a convenient parametrization for this large space of operators,

or equivalently, for the dual space of of states, and figure out how to identify states with

Fermi surfaces, to which the next two sections are dedicated. While this is straightforward

in principle, some assumptions and approximations need to be made to make it useful in

practice. These will be elucidated in the following section.

Conveniently, the question of how to parametrize a Lie algebra and its dual space has

a well-established answer in mathematical literature, known as the coadjoint orbit method

(Kirillov [2004], Wiegmann [1989], Alekseev et al. [1988]). This method was historically

developed as a procedure for finding representations of Lie groups, but can also be interpreted

as a means of setting up a dynamical system on a Lie group in the Hamiltonian formalism, and

then turning that Hamiltonian formalism into an action. The Hamiltonian/action describe

time evolution on the Lie algebra, which in our case is the space of fermion bilinears, in the

Heisenberg picture, or equivalently on its dual space, which is the space of states, in the

Schrödinger picture1.

3.1 The Lie algebra of fermion bilinears

Fermion bilinears T (x,y) form a basis for our Lie algebra, which we will call g. A general

element of this algebra is a linear combination,

OF ≡
∫
ddxddy F (x,y)T (x,y) ∼ i

∫
ddxddy F (x,y)ψ†(x)ψ(y) , (3.2)

where F (x,y) is a generic function of two variables. It will be more convenient for us to

work with the Wigner transform of the generators:

T (x,p) ≡
∫
ddy T

(
x+

y

2
,x− y

2

)
eip·y , (3.3)

1. Quantization of this action then gives representations of the Lie group under consideration.
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in which case, a general element of the Lie algebra,

OF ≡
∫
ddxddp

(2π)d
F (x,p)T (x,p) , (3.4)

is characterized instead by a function F (x,p) of coordinates and momenta instead. The

function F (x,p) can be thought of as the components of the Lie algebra vector OF , with

x,p being indices. Since we have already picked a preferred basis for g, we will often refer

to the the function F itself as the Lie algebra vector by a slight abuse of terminology.

Using the anti-commutation relations for the fermion creation and annihilation operators,

one can show that the commutator of two Lie algebra vectors corresponding to functions

F (x,p) and G(x,p) takes the following form:

[OF , OG] = O{{F,G}} , (3.5)

where the operation in the subscript of the right hand side is the Moyal bracket of two

functions,

{{F,G}}(x,p) ≡ 2 F (x,p) sin

(←−
∇x ·

−→
∇p −

←−
∇p ·

−→
∇x

2

)
G(x,p) . (3.6)

Note that up until this point, all of our formulas are exact. So far we are working in the

full quantum theory, despite the simultaneous occurrence of both position and momentum.

This is essentially achieved by a quantization scheme that is different from but equivalent to

canonical quantization, known as Weyl quantization (or deformation quantization for more

general phase spaces).

Our Lie algebra can hence be characterized as the set of all functions of a single-particle

phase space, equipped with the Moyal bracket,

gMoyal ≡ ({F (x,p)}; {{., .}}) . (3.7)
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We will refer to this as the Moyal algebra or the Weyl algebra2. The associated Lie group

consists of the exponents of the bilinear operators eOF . The coadjoint orbit method can be

applied directly to the Moyal algebra to yield a formal action that would in principle exactly

describe Fermi surfaces, but this action is unwieldy in practice, owing to the fact that the

Moyal bracket in eq. (3.6) is only defined in a power series in phase space derivatives, with

convergence of the power series having been established only for limited classes of functions

(Waldmann [2019]).

To ameliorate this issue, we can consider a truncation of the Moyal algebra to leading

order in the series expansion, which gives the Poisson bracket,

{{F,G}} = {F,G}+O(∇x,∇p)
3 ,

{F,G} ≡ ∇xF · ∇pG−∇pF · ∇xG ,

(3.8)

providing an approximate, semi-classical, action-based description of Fermi liquids via the

coadjoint orbit method applied to the truncated Lie algebra of the set of functions of a

single-particle phase space, equipped with the Poisson bracket instead of the Moyal bracket,

g = ({F (x,p)}; {., .}) . (3.9)

We will refer to this as the Poisson algebra. Importantly, this is the only truncation of the

Moyal algebra that preserves the Jacobi identity. We emphasize that the Poisson algebra is

not a sub-algebra of the Moyal algebra, but rather a truncation of the Lie bracket.

The Poisson algebra has a useful physical interpretation that can be assigned to it: it is

the Lie algebra of infinitesimal canonical transformations of the single-particle phase space.

A typical element F (x,p) of the Poisson algebra generates a canonical transformation in the

2. The Weyl algebra is actually a subalgebra of the Moyal algebra, consisting of only polynomial functions.
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following way: we can define new coordinates,

x′ = x−∇pF ,

p′ = p+∇xF .

(3.10)

We can verify that the transformed coordinates x′,p′ are canonical pairs. This transforma-

tion can be understood as Hamiltonian evolution for infinitesimal time under the Hamilto-

nian F (x,p), and we can also verify that the commutator of two such infinitesimal trans-

formations parametrized by functions F (x,p) and G(x,p) is an infinitesimal transformation

parametrized by the Poisson bracket {F,G}(x,p). The quickest way to see this is to note

that the infitesimal transformation is generated by the phase space vector field:

XF = ∇xF · ∇p −∇pF · ∇x , (3.11)

and then evaluating the commutator of two vector fields [XF , XG] viewed as differential

operators acting on test functions. It is not hard to see that

[XF , XG] ·K(x,p) = X{F,G} ·K(x,p) , (3.12)

for any function K(x,p).

The corresponding Lie group is naturally that of canonical transformations under finite

time. For each element F (x,p) ∈ g of the Poisson algebra, we will define the exponent

map, denoted by exp that associates with F the canonical transformation U obtained by

time evolving under F for unit time. The set of all such U ’s is the group of canonical

transformations that we are concerned with (known in the math literature as the group of

Hamiltonian symplectomorphisms),

G ≡ {U = expF | F ∈ g} . (3.13)
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Note that the exponent map expF from the Lie algebra to the Lie group is different from

the point-wise exponential of the function eF = 1+ F + F 2/2 + . . .. To avoid confusion, we

will restrict ourselves to using exp for the Lie-algebra-to-Lie-group exponent map instead of

writing it as eF .

The truncation of the Moyal algebra to the Poisson algebra is subtle and requires some

more scrutiny. We will revisit this in section 4 and clarify the consequences of this truncation,

including a discussion on which properties this approximation succesfully captures and which

ones it misses out on.

Having understood the operator algebra of concern, we now move on to describing the

corresponding space of states that we will be interested in.

3.2 The space of states

In any quantum mechanical system, states are described by density matrices ρ, which can be

thought of as linear maps acting on operators to give the expectation value of the operator

in the chosen state,

ρ[O] ≡ ⟨O⟩ρ = Tr(ρO) . (3.14)

In principle, if we have access to every operator in the theory, each state is uniquely deter-

mined by the list of expectation values of every operator in that state. But since we are

only concerned with the subalgebra of charge-neutral fermion bilinears, we inevitably end up

being unable to distinguish all microscopic states from each other, but instead are restricted

to equivalence classes of microscopic states, where equivalence is established by requiring

identical expectation values of all fermion bilinears.

A typical representative of any such equivalence class can be described as follows. Having

chosen the basis T (x,p) for the space of fermion bilinear, we can pick a dual basis to it,
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which we will denote by operators W (x,p), which have the orthogonality property:

Tr
(
W (x′,p′)T (x,p)

)
= δ(x− x′)(2π)dδ(p− p′) . (3.15)

A representative of the equivalence class of states can be expanded in this dual basis with

the ‘coefficients’ given by a function of x,p,

ρf =

∫
ddxddp

(2π)d
f(x,p)W (x,p) . (3.16)

In this state, the expectation value of a bilinear operator OF simplifies to

Tr(ρfOF ) =

∫
ddxddp

(2π)d
f(x,p)F (x,p) ≡ ⟨f, F ⟩ . (3.17)

Naturally, this set of equivalence classes is the set of linear maps from gMoyal to C, also

known as the dual space of gMoyal, which we will denote by g∗.

g∗ ≡ {f(x,p)} ,

f [F ] ≡ ⟨f, F ⟩ ≡
∫
ddxddp

(2π)d
f(x,p)F (x,p) ,

(3.18)

where the second line defines the action of the linear map f on an element F of gMoyal. Note

that the dual space is independent of the Lie bracket. Hence, the Moyal algebra and the

Poisson algebra share the same dual space g∗.

Ordinarily in physics, vector spaces and their dual spaces are not distinguished between,

since they are isomorphic to each other for finite dimensional vector spaces. However, for

our purposes we find it crucial to make this pedantic distinction, since the Lie algebra and

its dual space will take different physical interpretations and consequently will be equipped

with different mathematical structures later.

That the expectation values of operators OF in a state ρf can be written in the form of
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equation (3.17) provides the following interpretation for the functions F (x,p) and f(x,p)

in the semiclassical limit: the function F (x,p) that characterizes the linear combination of

fermion bilinears will be understood as a single-particle observable, while the function f(x,p)

characterizing the state is the effective single-particle phase space distribution function (or

simply the distribution for brevity) that enters the Boltzmann equation. This connection to

the Boltzmann equation will become more precise as we develop the Hamiltonian formalism

later in chapter 4, whose equation of motion in the semi-classical limit is precisely the

collisionless Boltzmann equation (or Landau’s kinetic equation for interacting Fermi liquids).

The pairing or innder product ⟨f, F ⟩ between elements of g∗ and g is then just the average

value of the single-particle observable F (x,p) in the distribution f(x,p).

3.3 Schematic overview of the coadjoint orbit method

Equipped with the Lie algebra g consisting of single-particle observables and its dual space

g∗ consisting of distribution functions, the coadjoint orbit method provides us an algorithm

to derive an action for our theory in broadly two steps.

First, we set up a dynamical system describing time evolution on g∗ via a prescribed

Hamiltonian. The choice of Hamiltonian must be governed by microscopics as well as princi-

ples of effective field theory, especially since we want to describe the theory via the truncated

Poisson algebra instead of the exact Moyal algebra. We will see that these considerations

allow us to automatically obtain Landau’s kinetic equation for interacting Fermi liquids as

the equation of motion, along with systematic higher order corrections to Landau’s phe-

nomenological theory.

Second, we attempt to Legendre transform the Hamiltonian into an action. Performing

this Legendre transform is a highly non-trivial task, since it turns out that we have to restrict

our state space g∗ further in order to achieve this. This restriction, however, is natural, since

the set of all possible configurations of the distribution function f(x,p) is too large of a set to
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describe sharp Fermi surfaces at zero temperature. We need only consider functions that take

values of either 0 or 1, with the boundary between the two values being the Fermi surface.

These functions must also have fixed phase space volume due to Luttinger’s theorem. It

turns out that restricting g∗ to such states is precisely what is needed to Legendre transform

the Hamiltonian to an action. This restriction, therefore, is both physically motivated and

mathematically necessary, and we will find that Luttinger’s theorem is automatically built

into our formalism.

Consequently, the postmodern formalism for Fermi liquids essentially describes the dy-

namics of a fluctuating codimension one surface in phase space whose topology is Rd×Sd−1,

i.e. that of a sphere at every point x (figure 3.1).

The next two sections are devoted to the two respective steps described above, and a

survey of the necessary approximations and consequent validity/invalidity of these steps.
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CHAPTER 4

THE OPERATOR ALGEBRA AND THE HAMILTONIAN

FORMALISM

Before developing the Hamiltonian formalism, we first survey the algebra of fermion bilinears

more carefully. We will make a small modification to our definition of the generators and

define them instead in center of mass and relative coordinates as

T (x,y) ≡ i

2

[
ψ†
(
x+

y

2

)
ψ
(
x− y

2

)
− ψ

(
x− y

2

)
ψ†
(
x+

y

2

)]
. (4.1)

Canonical anti-commutation relations for the fermion operators [ψ(x), ψ†(y)]+ = iδ(x− y)

implies that this definition only differs from equation (3.1) by a delta function which serves

to regulate the coincidence limit T (x, 0). Furthermore, the Hermitian conjugate takes the

form,

T †(x,y) = −T (x,−y) . (4.2)

The various Fourier transforms of this generator will be useful for later:

T (x,y) ≡ i

2

[
ψ†
(
x+

y

2

)
ψ
(
x− y

2

)
− ψ

(
x− y

2

)
ψ†
(
x+

y

2

)]
,

T (q,p) ≡ i

2

[
ψ†
(q
2
+ p

)
ψ
(q
2
− p

)
− ψ

(q
2
− p

)
ψ†
(q
2
+ p

)]
,

T (x,p) ≡
∫
y
T (x,y)eip·y =

∫
q
T (q,p)e−iq·x ,

T (q,y) ≡
∫
x,p

T (x,p)eiq·xe−ip·y =

∫
x
T (x,y)eiq·x =

∫
p
T (q,p)e−ip·y ,

(4.3)

where integrals over momenta q and p are defined with an implicit factor of 1/(2π)d.

Our convention for the fermion annihilation operator ψ(k) in momentum space is that

ψ(k) is simply the Fourier transform of ψ(x). When acting on the Fermi surface it creates a

state with momentum k. Therefore, it creates a hole at the point −k in the Fermi sea. This
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q

p

Figure 4.1: Particle-hole configuration in the parametrization of equation (4.3).

is different from the usual convention in condensed matter physics, where the annihilation

operator ck is defined so that it creates a hole at the point k, thereby creating a state with

total momentum −k.

It is worth emphasizing that in the notation we have chosen above, x is the center of

mass coordinate of the particle-hole pair described by the fermion bilinear, y is the relative

coordinate or the separation between them. Analogously, given that ψ(k) creates a hole

with momentum −k, the Fourier conjugate q to the center of mass coordinate x measures

the momentum of the particle-hole pair, which is the difference of the individual momenta

of the particle and hole. The Fourier conjugate p to the separation y is the average of

the individual momenta of the particle and the hole, so the average location of the particle

hole pair in momentum space (figure 4.1). We shall restrict ourselves to using this notation

convention throughout this thesis, so the arguments of the generator and their specific order

should make it clear to which Fourier transform we are referring.

All of the above Fourier transforms are traceless in a fermionic Fock space. Additionally,
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our definitions imply that T (x,p), in particular, is anti-Hermitian,

T †(x,p) = −T (x,p) . (4.4)

The commutator of these generators closes, and we find

[T (q,y), T (q′,y′)] = 2 sin

(
q′ · y − q · y′

2

)
T (q+ q′,y + y′) ,

[T (x,p), T (x′,p′)] = 2 sin

(∇x · ∇p′ −∇x′ · ∇p

2

)[
δ(x− x′)δ(p− p′)T (x,p)

]
.

(4.5)

The coefficient functions or differential operators on the right-hand side are the “structure

constants” of the Lie algebra gMoyal, whose typical element is a general linear combination

OF ≡
∫
xp
F (x,p)T (x,p) , (4.6)

where F (x,p) is an arbitrary function, to be thought of a the set of coefficients of the vector

OF in the basis T (x,p), with (x,p) playing the role of “incidces” in this expansion. This

results in the Moyal bracket for the commutator of generic linear combinations,

[OF , OG] = O{{F,G}} ,

{{F,G}} = 2 F sin

(←−
∇x ·

−→
∇p −

←−
∇p ·

−→
∇x

2

)
G .

(4.7)

Our generators also obey orthogonality relations:

Tr[T (x,p)T (x′,p′)] = 2δ(x− x′)(2π)dδ(p− p′) ,

Tr[T (q,y)T (q′,y′)] = 2(2π)dδ(q+ q′)δ(y + y′) ,
(4.8)

where the trace is taken in the fermionic Fock space.

The space of all charge-0 bosonic operators hence forms an infinite dimensional Lie al-
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gebra, known as the Moyal algebra. We will restrict ourselves to a class of microscopic

Hamiltonians that can be expanded in a polynomial expansion in the generators of this

algebra,

Hmicro =

∫
p
ϵ(p)ψ†(p)ψ(−p)

+

∫
p1,p2,p3,p4

V (p1,p2,p3,p4)ψ
†(p1)ψ(p2)ψ

†(p3)ψ(p4)δ(p1 + p2 + p3 + p4)

+O(ψ†ψ)3 ,

(4.9)

where ϵ(p) is the free particle dispersion, V (p1,p2,p3,p4) characterizes 2 → 2 scattering

processes, and so on for higher order terms.

4.1 Semi-classical truncation of the Moyal algebra

While the discussion so far has been exact, in practice, using the Moyal algebra can be ex-

tremely tedious since the star product and the Moyal bracket are defined as series expansions.

A remedy for this is provided by the Poisson truncation discussed in section 3.1,

{{F,G}} = {F,G}+O(∇x,∇p)
3 ,

{F,G} ≡ ∇xF · ∇pG−∇pF · ∇xG .

(4.10)

The Poisson bracket is, in fact, the only truncation of the Moyal bracket that satisfies the

Jacobi identity. This truncation, however, comes at a cost, and limits the validity of the

theory to regimes where the Poisson bracket is a good approximation to the Moyal bracket.

This is only true when

∇x · ∇p ≪ 1 , (4.11)
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which can be rephrased in three other ways by Fourier transforming x and/or p:

∇x · ∇p ≪ 1 , ⇔ q · y≪ 1 , ⇔ ∇x · y≪ 1 , ⇔ q · ∇p ≪ 1 . (4.12)

Recall that x corresponds to the center of mass coordinate of a particle-hole pair, y is

the separation, q measures the net momentum of the particle-hole excitation, and p is the

average of the momenta of the particle and the hole. With these in mind, equation (4.12)

implies that the Poisson truncation of the Moyal algebra of fermion bilinears is applicable in

situations where we have a separation of scales, with (x,q) characterizing the long distance

or infrared (IR) scale, and (y,p) characterizing the short distance or ultraviolet (UV) scale.

In position space, this means that we are restricting ourselves to probing physics at

length-scales much larger than the typical separation of a particle-hole pair. In momentum

space, a typical particle-hole excitation over a Fermi surface has |p| ∼ pF , and the Poisson

truncation is valid for pairs whose net momentum is much smaller than that, i.e.,

|q| ≪ pF . (4.13)

The corrections to the Poisson truncation can then be thought of as a derivative expansion

with higher derivatives terms being suppressed owing to the fact that

∇x · ∇p ∼
|∇x|
pF
≪ 1 . (4.14)

With this analysis in mind, let us try to understand what consequences the Poisson trun-

cation has for interactions between the fermions. We will consider the quartic term in the
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microscopic Hamiltonian, which can be written in the following way:

H int
micro =

∫
q,p;q′,p′

V (q,p;q′,p′)ψ†
(q
2
+ p

)
ψ
(q
2
− p

)
ψ†
(
q′

2
+ p′

)
ψ

(
q′

2
− p′

)
δ(q+ q′)

≃
∫
q,p;q′,p′

V (q,p;q′,p′)T (q,p)T (q′,p′)δ(q+ q′) ,

(4.15)

where the symbol ≃ means that we have ignored the quadratic terms generated upon re-

placing ψ†(k1)ψ(k2) with its antisymmetrized version.

The above Hamiltonian characterizes 2 → 2 scattering processes. In general, the mo-

menta (q,p;q′,p′) could take any values allowing for generic scattering configurations on

the Fermi surface. However, the semi-classical limit captures those configurations with

|p| ∼ |p′| ∼ pF , and q,q′ ≪ pF . This corresponds to particle-hole pairs close to the

Fermi surface with small net momentum, such as the configuration in figure 2.3a. Higher

derivative corrections to the semiclassical limit then systematically account for particle-hole

pairs with a larger separation in momentum space.

4.2 Constructing the Hamiltonian formalism

To recap the discussion in chapter 3, we find a Lie algebra in the operator algebra, whose

generators are fermion bilinears T (x,p), whose structure constants can be read off from the

commutation relations,

[T (q,y), T (q′,y′)] = 2 sin

(
q′ · y − q · y′

2

)
T (q+ q′,y + y′)

=
(
q′ · y − q · y′

)
T (q+ q′,y + y′) +O(q,y)3 .

(4.16)
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The pair (q,y) or its Fourier conjugate (x,p) can be thought of as a Lie algebra index.

Generic elements of the Lie algebra are linear combinations of the generators,

OF =

∫
x,p

F (x,p)T (x,p) , (4.17)

characterized by functions F (x,p). The commutator of two such functions specifies the Lie

bracket,

[OF , OG] = O{{F,G}} = O{F,G} +O(∇x,∇p)
3 , (4.18)

and we can succinctly define the (truncated) Lie algebra as the set of functions of x and p

equipped with the Poisson bracket:

g ≡ {F (x,p)} ,

{F,G} = ∇xF · ∇pG−∇pF · ∇xG .

(4.19)

The corresponding Lie group consists of the set of exponentials eOF of the operators OF ,

and in the semi-classical limit takes on the interpretation of canonical transformations U of

the single-particle phase space R2d generated by the function F viewed as a Hamiltonian.

G ≡ {U = expF | F ∈ g} . (4.20)

We also saw in section 3.2 that the space of states was given by the dual space g∗, whose

elements are also functions f(x,p) which are interpreted as quasiprobability distribution

functions, which act on elements of the Lie algebra to give the average value of a single-

particle observable F (x,p) in the state f(x,p).

g∗ ≡ {f(x,p)} ,

⟨f, F ⟩ ≡
∫
x,p

F (x,p)f(x,p) .
(4.21)
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g∗ is the effective phase space for Fermi liquids and we need to define a Hamiltonian and a

Poisson structure on this to get an equation of motion. In order to do so, let us first define

the action of the Lie group and Lie algebra on the Lie algebra and its dual space.

4.2.1 Adjoint and coadjoint representations

The Lie bracket furnishes a natural action of the Lie algebra on itself, known as the Lie

algebra adjoint action:

adF : g→ g ,

adFG ≡ {F,G} .
(4.22)

This can be exponentiated to obtain an action of the Lie group on the Lie algebra, called

the Lie group adjoint action:

AdU : g→ g ,

AdU=expFG ≡ UGU−1 ≡ eadFG = G+ {F,G}+ 1

2!
{F, {F,G}}+ . . . .

(4.23)

We will often use UGU−1 as alternate notation for the adjoint action to make it clear that

intuition from quantum mechanics (and matrix Lie groups) applies more or less straightfor-

wardly to our case as well.

The action of the Lie group and Lie algebra on the Lie algebra are called the adjoint

representation.

From the above, we can also define the action of the Lie algebra and Lie group on the
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dual space g∗, known as the coadjoint actions:

ad∗F , Ad∗U : g∗ → g∗ ,

ad∗F f ≡ {F, f} ,

Ad∗U=expF f ≡ UfU−1 ≡ ead∗F f = f + {F, f}+ 1

2!
{F, {F, f}}+ . . . .

(4.24)

Together these define the coadjoint representation.

4.2.2 Lie-Poisson structure and Hamiltonian

Next, we need a Poisson structure for functionals of g∗. This requires a bilinear map that

takes in two functionals F [f ] and G [f ], and spits out a third functional H [f ] in a way

consistent with the product rule as well as with the Jacobi identity. Such a structure is

provided by the Lie-Poisson bracket, defined as follows:

{F ,G }LP[f ] ≡
〈
f,
{
δF |f , δG |f

}
Poisson

〉
. (4.25)

The above formula is dense, so let us unpack it in a few sentences. g∗ is a vector space. A

typical point in this vector space is the function f(x,p). Being a vector space, the tangent

space Tfg∗ to g∗ at the point f is isomorphic to g∗. Therefore any tangent vector at a point

in g∗ can be equivalently thought of as an element of g∗. Analogously, the cotangent space

T ∗f g
∗ to g∗ at the point f is isomorphic to the space g∗∗ ∼= g that is dual to g∗, which is just

the Lie algebra. So cotangent vectors at a point are elements of g.

The variation δ ≡ δ/δf of a functional F is an exterior derivative of a function of g∗.

Therefore δF is a cotangent field on g∗. Its value δF |f at the point f , being a cotangent

vector, is an element of the Lie algebra. The same holds for δG |f . Since these are both

elements of the Lie algebra, i.e., functions of (x,p), we can take their Lie bracket, which in

our case is the Poisson bracket. The resulting function, when paired with f using our inner
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product, gives us the value of the Lie-Poisson bracket functional {F ,G }LP evaluated at the

point f .

That the Lie-Poisson bracket obeys the product rule and Jacobi identity follows from the

fact that the Poisson bracket itself obeys both.

All that remains is to construct a Hamiltonian functional H[f ]. Instead of deriving this

from the microscopic Hamiltonian in equation (4.9), we will use effective field theory to write

down a Hamiltonian in a systematic expansion. We will assume translation and rotational

invariance in the continuum limit, even though the requirement of rotational invariance can

be relaxed further to account for materials with more complicated electronic Fermi surfaces.

Our Hamiltonian will take the form of a double expansion, one in nonlinearities in f(x,p),

and the other in spatial derivatives. The latter will be justified by the semi-classical limit

(4.14), since derivatives must be suppressed by the Fermi momentum. To justify the former,

we must organize our Hamiltonian in a polynomial expansion in fluctuations around the

ground state,

f0(p) = Θ(pF − |p|) . (4.26)

Defining fluctuations around this reference state as

δf(x,p) ≡ f(x,p)− f0(p) , (4.27)
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we can write the most general effective Hamiltonian as follows

H[f ] =

∫
xp
ϵ(p)f(x,p)

+
1

2

∫
xpp′

F (2,0)(p,p′)δf(x,p)δf(x,p′) + F(2,1)(p,p′) ·
(
∇x

pF
δf(x,p)

)
δf(x,p′) + . . .

+
1

3

∫
xpp′p′′

F (3,0)(p,p′,p′′)δf(x,p)δf(x,p′)δf(x,p′′) + . . .

+ . . . .

(4.28)

In the above, ϵ(p) is the free fermion dispersion relation and the various coefficient func-

tions F (m,n) parametrize interactions. In our notation, the m-index of F (m,n) labels the

nonlinearity of the interaction, while the n-index labels the number of x-derivatives in that

coupling. Of course, there can be multiple independent terms or order (m,n) in which case

additional indices are required to distinguish their coefficient functions. The various cou-

plings (ϵ, F (m,n)) are functional analogues of Wilson coefficients in an effective field theory,

and we will often refer to them as Wilson coefficients by a slight abuse of terminology, or

Wilson coefficient functions if we want to be precise.

4.2.3 Equation of motion

Armed with the Lie-Poisson structure (4.25) as well as the Hamiltonian (4.28), we can write

down Hamilton’s equation of motion for our system on g∗,

∂tf = {f,H}LP[f ] . (4.29)

The Lie-Poisson bracket can be evaluated from its definition in terms of the Poisson bracket,

by using the fact that δf(x,p)/δf(x′,p′) = δ(x− x′)δ(p− p′) and integrating by parts, to
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obtain

∂tf(t,x,p) +

{
f(t,x,p),

δH

δf(t,x,p)

}
Poisson

= 0 . (4.30)

The variation of the Hamiltonian can be calculated straightforwardly, and defines the quasi-

particle dispersion relation,

ϵqp[f ] ≡
δH

δf
= ϵ(p) +

∫
p′
F (2,0)(p,p′)δf(t,x,p′) + . . . , (4.31)

in terms of which the equation of motion turns into Landau’s kinetic equation (2.6):

∂tf +∇pϵqp[f ] · ∇xf −∇xϵqp[f ] · ∇pf = 0 . (4.32)

We see that F (2,0)(p,p′) is simply Landau’s interaction function, but we also find an infinite

series of higher order corrections to the quasiparticle energy.

The study of the algebra of fermion bilinears, paired with EFT philosophy, hence provides

a a formalism that captures LFLT as well as higher derivative corrections to LFLT in a

systematic expansion.

Note that the formalism and equation of motion itself applies generally to any state

f(x,p), irrespective of whether it describes the excitations of a Fermi surface at zero tem-

perature. The only place that the Fermi surface has entered in this discussion so far is in

justifying the series expansion of the Hamiltonian (4.28). For other systems, a different choice

of Hamiltonian should suffice, as long as time evolution in such a system can be described

by canonical transformations.

4.2.4 An alternate route to the Hamiltonian formalism

An alternate way to arrive at the Hamiltonian formalism described in this section, without

relying on the algebra of fermion bilinears, is the following:
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Landau’s kinetic equation is simply a non-linear modification of the collisionless Boltz-

mann equation. Time evolution as determined by the collisionless Boltzmann equation not

only preserves volume in the single-particle phase space, as shown by Liouville’s theorem, but

also preserves the symplectic form (or equivalently Poisson brackets) in the single-particle

phase space. This implies that any solution f(t,x,p) to the collisionless Boltzmann equa-

tion can be described as the action of a one-parameter family of canonical transformations,

parametrized by t, acting on the initial state f(t = 0,x,p).

The dynamical system described by the collisionless Boltzmann equation is hence equiva-

lent to a dynamical system on the Lie group of canonical transformations, since the solutions

to the equations of motion are simply curves on the group manifold. The method described

in the above section is a well-established method to formulate dynamical systems on Lie

groups (Kirillov [2004], Arnold and Khesin [2013]), and hence automatically applies to our

case (Marsden and Weinstein [1982]). This formalism requires a prescribed Hamiltonian to

describe time evolution, and the most natural one is the double expansion (4.28). As we

have already seen, this immediately gives us LFLT at the equation of motion.

In Delacrétaz et al. [2022], this was the perspective that was primarily presented in the

main body, with the connection to fermion bilinears being relegated to the appendices. In this

section, we have instead surveyed in detail the more microscopic approach to constructing

the Hamiltonian, with the aim to clarify the connection to microscopics as well as expound

upon what approximations and assumptions are required at the microscopic level in order

to obtain this effective description. While we have largely appealed to EFT philosophy in

order to construct the effective Hamiltonian (4.28), it remains to see whether it is possible

to derive the effective Hamiltonian for certain classes of microscopic Hamiltonians such as

the ones in equation (4.9), using the properties of the fermion bilinear algebra.
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CHAPTER 5

EFFECTIVE ACTION FROM THE COADJOINT ORBIT

METHOD

The second step towards obtaining an action description for Fermi liquids is to Legendre

transform the Hamiltonian. Let us briefly described how this is usually achieved for a

Hamiltonian system on a general phase space manifold Γ, equipped with some choice of

Poisson brackets. Defining ∂I as a derivative on the phase space manifold, the Poisson

bracket of two functions F and G on Γ can always be locally written in the following way:

{F,G} = ΠIJ∂IF∂JG , (5.1)

where ΠIJ is an anti-symmetric rank 2 tensor on Γ, known as the Poisson bi-vector. To

switch from a Hamiltonian formalism to an action formalism, we invert the Poisson bivector

to obtain a closed, anti-symmetric, non-degenerate symplectic form:

ω = Π−1 , ωIJΠ
JK = δKI (5.2)

The symplectic form allows us to write down a ‘pq̇’ term in the following way: introduce an

extra dimension s ∈ [0, 1] in addition to time t so that s = 1 corresponds to physical time,

and use boundary conditions in s so that all degrees of freedom vanish at s = 0. Let ϕI be

coordinates on phase space, i.e., the phase space degree of freedom. The pq̇ term is then

given by ∫
dt

∫ 1

0
ds ω(∂tϕ, ∂sϕ) =

∫
dt

∫ 1

0
ds ωIJ∂tϕ

I∂sϕ
J , (5.3)
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with an additional spatial integral involved if ϕI are fields in space1. The Legendre transform

of the Hamiltonian H[ϕ] is then

S =

∫
dt

∫ 1

0
ds ω(∂tϕ, ∂sϕ)−

∫
dtH[ϕ] . (5.4)

This entire construction relies on the ability to invert the Poisson bi-vector. However, this

invertibility is, in general, not guaranteed by the definition of the Poisson bracket, and when

it is not, we cannot find an action that gives the same equation of motion without changing

the phase space either by finding a description in terms of different degrees of freedom or

by eliminating redundant ones. This is the case for the Hamiltonian formalism described

in chapter 4, so the Legendre transformation is not as straightforward as we could have

hoped for. Before describing the remedy for this barrier, let us first revisit the microscopic

description of the space of states from section 3.2.

5.1 Fermi surface states and their excitations

To recap the discussion in section 3.2, the space of states g∗ is given by the vector space

dual to the algebra of fermion bilinears. These are equivalence classes of density matrices

that cannot be distinguished by the expectation values of fermion bilinears. A typical rep-

resentative of such an equivalence class is characterized by the distribution function f(x,p)

in the following way:

ρf =

∫
x,p

f(x,p)W (x,p) , (5.5)

where W (x,p) is the basis dual to T (x,p), defined by

Tr[W (x,p)T (x′,p′)] = δ(x− x′)(2π)dδ(p− p′) . (5.6)

1. The symplectic form is closed (dω = 0) by definition, or as a consequence of the Jacobi identity for the
Poisson bracket. This implies that the pq̇ term is independent of the choice of “bulk” extension.
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The expectation value of a general operator OF =
∫
xp F (x,p)T (x,p) in the state ρf can be

written as

⟨OF ⟩ρf = Tr[ρfOF ] =

∫
x,p

F (x,p)f(x,p) = ⟨f, F ⟩ , (5.7)

and the distribution function fρ(x,p) that represents any given state ρ itself can be obtained

from the state as

f(x,p) = ⟨T (x,p)⟩ρ . (5.8)

Of course, this is generically true for any (pure or mixed) state, not just states with a Fermi

surface. The distribution functions corresponding to these correspond to a subset of g∗.

Consider, for instance, a spherical Fermi surface with Fermi momentum pF . The state

that describes is a pure state obtained by filling every momentum within the spherical Fermi

surface with a fermion,

|FS⟩ =
∏
|k|≤pF

ψ†(k) |0⟩ , (5.9)

where |0⟩ is the vacuum. It is straightforward to show using fermion anticommutation

relations that

f0(p) = ⟨FS|T (x,p)|FS⟩ = 1

2
sign(pF − |p|) . (5.10)

For later convenience, let us define instead the distribution function of a state as

f(x,p) = ⟨T (x,p)⟩ρ +
1

2
, (5.11)

so that

f0(p) = Θ(pF − |p|) , (5.12)

is the occupation number function for a spherical Fermi surface2. This shift also ensures

that the integral used to define the pairing ⟨f, F ⟩ converges for states with a sharp Fermi

2. This shift is equivalent to saying that the distribution is defined by the expectation value of the Wigner
transform of ψ†(x1)ψ(x2), instead of it anti-Hermitian part.

45



surface, since the domain of integration is effectively bounded in momentum space.

Excitations on top of the Fermi surface take the form of particle-hole pairs, which are

created by the action of fermion bilinears on |FS⟩. A state with a single particle hole

excitation is then given by

|k1;k2⟩ ≡ ψ†(k1)ψ(−k2) |FS⟩ . (5.13)

Fermion anticommutation relations ensure that this state is different from |FS⟩ only if k1 /∈

FS and k2 ∈ FS. Antisymmetrizing over the particle and the hole to regulate the coincidence

singularity k1 → k2, and Wigner transforming allows us to write such states in an alternate

basis:

|x;p⟩ ≡ T (x,p) |FS⟩ . (5.14)

In the semi-classical limit, where |∇x| ≪ p ∼ pF , the state |x;p⟩ is interpreted as a particle

hole pair created at the point p on the Fermi surface, locally in a mesoscopic region of size

1/pF at the position labelled by the spatial coordinate x. The momentum p has no relation

to the net momentum q of the particle-hole pair, and only labels on which ‘patch’ of the

Fermi surface the particle-hole pair lives.

Another equivalent basis that will be more convenient for us is that of coherent states

defined as

|F (x,p)⟩ ≡ e
∫
xp F (x,p)T (x,p) |FS⟩ , (5.15)

whose distribution function is given by the following:

fF (x,p) = f0(p) + {{F, f0}}+
1

2!
{{F, {{F, f0}}}}+ . . . . (5.16)

This is just the coadjoint action of F (x,p) on f0(p) in the Moyal algebra! The set of unitary

operators UF = e
∫
FT form the corresponding group and we find that particle-hole coherent
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states of a Fermi surface is obtained by the action of all possible group transformations

on the spherical Fermi surface. This applies to the parametrization of the states in terms

of their distribution functions as well, in that the distribution function for a particle-hole

coherent state is obtained by acting on the spherical Fermi surface distribution with a group

transformation.

In the semi-classical limit, the Moyal brackets are replaced by Poisson brackets and the

semi-classical distribution function for a coherent state is given by

fF = Ad∗expF f0 = f0 + {F, f0}+
1

2!
{F, {F, f0}}+ . . . , (5.17)

which is interpreted as the action of the canonical transformation U = expF on the spher-

ical Fermi surface state. An intuitive picture for this is the following: take all the points

within the Fermi surface. The canonical transformation U maps each one of these to a new

point. Being a smooth coordinate transformation, this preserves the proximity of points

and transforms the initial spherical swarm of points into a new shape that is topologically

equivalent to a filled sphere (see figure 5.1). The precise shape of boundary of this region

can be parametrized by a function pF (x, θ), where θ are angular coordinates in momentum

space. We then have

fF (x,p) = Θ(pF (x, θ)− |p|) , (5.18)

which is entirely characterized by a shape in phase space. The space of states for particle-

hole excitations is then just the space of closed surfaces in phase space (Castro Neto and

Fradkin [1994a]).

This space of states is described mathematically by what is called a coadjoint orbit, which

we define below.
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U(t) = exp[−ϕ(t)]

U(t + Δt) = exp[−ϕ(t + Δt)]

Figure 5.1: Fermi surface states from canonical transformations

5.1.1 Coadjoint orbits and the Kirillov-Kostant-Souriau form

As we saw above, the space of states relevant for zero temperature Fermi surface physics is

not all of g∗, but a subset of it consisting of functions that take values 1 or 0 separated by a

closed surface. This restriction is formally achieved by picking a reference state, f0(p) in our

case, and acting on it via all possible canonical transformations. Canonical transformations

act on g∗ via the coadjoint action, so the set generated from this procedure is known as the

coadjoint orbit of f0:

Of0 ≡ {f = Ad∗Uf0 ∈ g∗ | U ∈ G} . (5.19)

Two different canonical transformations acting on the same reference state can indeed gen-

erate the same element of the coadjoint orbit, owing to the fact that there is a nontrivial

subgroup that leaves f0 invariant, called the stabilizer subgroup of f0, which we will denote
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by H.

H ≡ {V ∈ G | Ad∗V f0 = f0}

= {V = expα | α ∈ g, ad∗αf0 = 0} .
(5.20)

So the canonical transformations U and UV create the same state from f0, since

Ad∗UV f0 = UV f0(UV )
−1 = U(V f0V

−1)U−1 = Ad∗Uf0 . (5.21)

Each state f in the coadjoint orbit is hence represented by a left coset UH, and the coadjoint

orbit is then the left coset space,

Of0 ∼= G/H . (5.22)

Since every element of the coadjoint orbit is related to every other by canonical transfor-

mations, we find an important result for time evolution under any Hamiltonian H[f ]. In-

finitesimal time evolution occurs by the action of the infinitesimal canonical transformation

δH|f ∈ g, while finite time evolution occurs by exponentiating the sequence of infinitesi-

mal canonical transformations, which itself is a canonical transformation. Therefore, time

evolution takes an initial state to another state in the same coadjoint orbit as the initial

state.

The coadjoint orbit Of0 is hence preserved by time evolution, and can hence be thought

of as a reduced phase space for Fermi liquids. The Hamiltonian and Lie-Poisson structure

can both be restricted to the coadjoint orbit with complete consistency, and the entire

Hamiltonian formalism can be defined solely for Of0 instead of all of g∗.

Unlike the Lie-Poisson structure for g∗, however, the Lie-Poisson structure restricted to

Of0 is invertible, and permits the definition of a closed, non-degenerate symplectic form,

known as the Kirillov-Kostant-Souriau (KKS) form. Being a 2-form, it is defined by its

action on a pair of vectors tangent to the coadjoint orbit at any given point.
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Consider the point f ∈ Of0 . Since the coadjoint orbit is a submanifold of g∗, the tangent

space TfOf0 to Of0 at the point f is a subspace of the tangent space Tfg∗ to g∗. Tangent

vectors of g∗ can be thought of as elements of g∗, so defining the KKS form amounts to

defining its action ωKKS(g, k) on any two arbitrary functions g, k ∈ g∗ which are tangent to

Of0 .

It can be shown that the tangents g and k at the point f can be obtained from the

coadjoint action of two Lie algebra elements G,K ∈ g on f (see, for instance, Arnold and

Khesin [2013]), i.e.,

ad∗Gf = g, ad∗Kf = k . (5.23)

G and K are not uniquely determined by g and k respectively, but rather representatives of

equivalence classes of Lie algebra elements. The KKS form is then defined in terms of G and

K as follows:

ωKKS(g, k) ≡ ⟨f, {G,K}Poisson⟩ . (5.24)

The pairing of the Poisson bracket with f makes it clear that any other choice of represen-

tative of the equivalence classes of G and K respectively gives the same answer, using the

fact that if G and G′ are two elements of the same equivalence class, then ad∗G−G′f = 0. To

show that the KKS form is closed, note that the differential dωKKS acts on three instead of

two tangents, and it is not difficult to show that

dωKKS(g, k, l) = ⟨f, {{G,K}, L}⟩+ cyclic permutations , (5.25)

where L ∈ g is such that ad∗Lf = l ∈ g∗. The right hand side then vanishes due to the Jacobi

identity.

Armed with the Kirillov form, we can formally write down an action for Fermi liquids in
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terms of the field f ∈ Of0 , which looks like

SFL[f ] = SWZW[f ]−
∫
dt H[f ] ,

SWZW[f ] =

∫
dt

∫ 1

0
ds ωKKS (∂tf, ∂sf) ,

(5.26)

where SWZW is the Wess-Zumino-Witten (WZW) term, H[f ] is the Hamiltonian in equation

(4.28), and f obeys the following boundary conditions on the (t, s)-strip:

f(t, s = 1) = f(t) , f(t, s = 0) = 0 . (5.27)

5.2 The Wess-Zumino-Witten term and the effective action

The action (5.26), while exact (in the semi-classical limit corrected by the derivative ex-

pansion) is written in a rather formal way that cannot really be used for calculations. In

order to make it more useful, we need to find a convenient parametrization of the coadjoint

orbit. The simplest one is obtained directly from the definition of the orbit, i.e., by acting

on the reference state f0 by all possible canonical transformations, generated by the field

−ϕ(x,p) ∈ g. In this parametrization, the field ϕ(x,p) is our degree of freedom. The minus

sign is conventional and chosen for later convenience.

Elements f(x,p) of the coadjoint orbit can be parametrized as follows:

fϕ(x,p) = Ad∗exp(−ϕ)f0 = f0 + {ϕ, f0}+
1

2!
{ϕ, {ϕ, f0}}+ . . .

= Θ(pF − |p|) + (nθ · ∇xϕ)δ(|p| − pF ) + . . . ,

(5.28)

where nθ is the unit normal to the spherical Fermi surface at the angular coordinates θ in

momentum space.

The stabilizer H of f0 can be described by its Lie subalgebra h which corresponds to
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functions α(x,p) ∈ g that obey the following condition:

ad∗αf0 = {α, f0} = 0 ,

=⇒ (nθ · ∇xα)||p|=pF = 0 .

(5.29)

Consequently, the canonical transformation expα leaves f0 invariant,

Ad∗expαf0 = ead∗αf0 = f0 . (5.30)

The equivalence U ≃ UV then leads to an equivalence relation for ϕ,

exp(−ϕ) ≃ exp(−ϕ) exp(α) ,

=⇒ ϕ ≃ ϕ− α +
1

2
{ϕ, α}+ . . . ,

(5.31)

which allows us to “gauge fix” ϕ to be independent of the radial momentum coordinate,

ϕ = ϕ(x, θ) , (5.32)

where θ are angular coordinates in momentum space. A suitable choice of α that achieves

this, for example, at leading order in the transformation (5.31), is

αϕ(x,p) = ϕ(x,p)− ϕ(x, θ)||p|=pF . (5.33)

It is easy to check that {αϕ, f0} = 0. While we use a |p|-independent parametrization of

our degree of freedom for convenience, any other choice is equally valid and will result in the

same physical quantities, with the various choices being related by field redefinitions.

What remains is to write down the WZW term in terms of this field to obtain an action

description for Fermi liquids. The definition of the KKS form requires that we find functions
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G and K such that

ad∗Gfϕ = ∂tf , ad∗Kfϕ = ∂sf . (5.34)

Using the fact that fϕ = Ad∗Uf0 = Uf0U
−1 where U = exp(−ϕ), we can show that the

required functions are3

G = ∂tUU
−1 , K = ∂sUU

−1 , (5.35)

so that the KKS form evaluates to

ωKKS(∂tf, ∂sf) =
〈
f, {∂tUU−1, ∂sUU−1}

〉
=
〈
f0, {U−1∂tU,U−1∂sU}

〉
,

(5.36)

with boundary conditions ϕ(t, s = 1) = ϕ(t) and ϕ(t, s = 0) = 0. The above expression can

be simplified to a sum of total s- and t-derivatives, which allows us the write the WZW term

as

SWZW =

∫
dt ⟨f0, U−1∂tU⟩ . (5.37)

This is a subtle point, since it suggests that the KKS form is necessarily exact, which is

not true generally for a Lie group, especially for a coadjoint orbit with non-trivial topology.

Since the group of canonical transformations is a diffeomorphism group, the topology of its

coadjoint orbits is unknown, and it is unclear whether the KKS form on the coadjoint orbit

Of0 is exact or not.

The expression (5.36), on the other hand, is exact, owing to the fact that we are describing

a generic point f on the coadjoint orbit as a canonical transformation U acting on the

reference state f0. Furthermore, we are restricting ourselves to canonical transformations

that are connected to the identity by expressing U as the exponent of a Lie algebra element

−ϕ. This parametrization of the coadjoint orbit is hence incomplete, and only captures

3. The simplest way to do this is to pretend that U, f0, f are all matrices, replace all Poisson brackets
with matrix commutators, simplify the expressions and finally replace all commutators back with Poisson
brackets.
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the largest possible patch of the coadjoint orbit around f0, missing out on information

about disconnected components of the orbit as well as the global topology of the component

containing f0.

This choice of parametrization suffices, however, to describe a perturbative expansion

around the reference state f0, since all states accessible to such a perturbative expansion

necessarily live in a patch around f0, making the choice of the reference state somewhat

crucial for this method to work. To account for nonperturbative properties of Fermi liquids,

a different parametrization of the coadjoint orbit is required, which we leave to future work.

Finally, we obtain a perturbative action that describes Fermi liquids,

SFL =

∫
dt ⟨f0, U−1∂tU⟩ −

∫
dt H[fϕ = Uf0U

−1] , (5.38)

with U = exp(−ϕ). The action can be expanded order by order in ϕ, and we will find that

higher order terms are suppressed by powers of pF , which takes on the role of the UV cutoff

of the theory.

Of course, since this action is just the Legendre transformation of the Hamiltonian (4.28),

the equation of motion is guaranteed to be equation (4.32). But this can also be verified

directly by varying the action under

U → U ′ = exp δϕ · U , (5.39)

with δϕ(t,x,p) ∈ g. To linear order in δϕ, we have

δ[U−1∂tU ] = U−1(∂tδϕ)U , δH[Uf0U
−1] =

〈
fϕ, {ϵqp[fϕ], δϕ}Poisson

〉
, (5.40)

where ϵqp[f ] = δH/δf is the quasiparticle energy. This gives us the following result for the
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variation of the action:

δS = −
∫
dt
〈
∂tfϕ +

{
fϕ, ϵqp[fϕ]

}
Poisson , δϕ

〉
, (5.41)

from which we can read off the equation of motion,

∂tfϕ +
{
fϕ, ϵqp[fϕ]

}
= 0 , (5.42)

which is, as expected, identical to equation (4.32).

5.3 Symmetries in the postmodern formalism

This geometric perspective for Fermi liquids, in part, powerful because of how it encodes

symmetries through the algebra of canonical transformations. We will categorize the symme-

tries we want to introduce into the formalism into three different groups: spacetime, gauge

and internal symmetries. The last of these three requires an extension of the algebra of

canonical transformations and will hence be dealt with later in section 7.1.

Let us first discuss some key aspects of how symmetries act in the postmodern formalism,

and focus in particular on the unintuitive consequences of the fact that the algebra of canon-

ical transformations is in fact a diffeomorphism algebra as opposed to a global symmetry

algebra.

Recall that the coadjoint orbit Of0 ∼= G/H is the left coset space of the group of canon-

ical transformations. Therefore every state f ∈ Of0 is identical to an equivalence class of

canonical transformations under the equivalence relation,

U ≃ UV , V ∈ H . (5.43)
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The explicit map from G/H to Of0 is given by4

fU ≡ Uf0U
−1 . (5.44)

Now the group of canonical transformations G can itself act on the coset in one of two

different ways, called the left and right actions, respectively given by the transformations

U
left−−→ WU , U

right−−−→ UW , W ∈ G . (5.45)

Both of these induce transformations on the coadjoint orbit as follows:

fU
left−−→ WfUW

−1 , fU
right−−−→ UWf0W

−1U−1 , (5.46)

but only the left action can be naturally and directly written as a transformation of G on

the coadjoint orbit, independent of the choice of reference state f0. Therefore symmetries

must act on the coset space via the left action. The right action instead is reserved for

transformations by elements V of the stabilizer H, resulting in a coset redundancy that is

a gauge symmetry of our theory (not to be confused with the gauge symmetry when we

couple to background U(1) gauge fields later). The WZW term is invariant under a larger

gauge symmetry of all canonical transformations under the right action, since these simply

pick out a different reference state to parametrize the coadjoint orbit, but the Hamiltonian

breaks this G gauge symmetry down to a H gauge symmetry by uniquely picking f0 as the

ground state.

Note also that the WZW term is invariant under the left action of every canonical trans-

4. The discussion below equation (5.36) of the subtlety of not being able to capture every state in the
coadjoint orbit does not apply here since we are not requiring U ∈ G to be the exponent of any Lie algebra
element.
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formation that does not depend on time, since

(WU)−1∂t(WU) = U−1∂tU , (5.47)

but the Hamiltonian is not. The rule of thumb for imposing symmetries on this theory will

be the following:

• Identify the subalgebra of canonical transformations that generates the symmetry

• If the symmetry being considered is a spacetime symmetry, impose invariance of the

action under the transformation U → WU

• If the symmetry in consideration is a gauge symmetry, turn on background fields that

make the state f invariant under the transformation WfW−1.

The last point is unusual and not how we typically gauge a theory, and will be discussed

in more detail later. But before imposing any symmetry on our theory, let us describe

a global symmetry that does not act on the state f , but is instead a consequence of our

choice of parametrization of the coadjoint orbit. Recall that we chose to define the canonical

transformation U that generates f as the exponent of a Lie algebra element,

U = exp(−ϕ) , ϕ(x,p) ∈ g . (5.48)

Elements of the Lie algebra have a symmetry built into them, which corresponds to constant

shifts5:

ϕ(x,p)→ ϕ(x,p) + c . (5.49)

These shifts preserve the action of the canonical transformation on any state, since fϕ only

5. The more mathematically inclined reader might worry that in order for the pairing ⟨f, F ⟩ between g∗

and g to be well-defined, suitable boundary conditions need to be imposed on functions which a constant
shift would violate. However, this shift symmetry can be interpreted as a transformation of the boundary
conditions to make the pairing well-defined.
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depends on ϕ through its derivatives. While such shifts leave f invariant, they will not leave

the WZW term invariant if c is promoted to a function of time, and it is not difficult to show

that

δSWZW =

∫
dt ⟨f, ∂tc(t)⟩ = −

∫
dt ⟨∂tf, c(t)⟩ . (5.50)

Noether’s theorem then tells us that we must then have

∂t

∫
x,p

f(x,p) = 0 , (5.51)

i.e., the total particle number,

N =

∫
x,p

f(x,p) , (5.52)

is conserved.

5.3.1 Galilean invariance

As an example of a spacetime symmetry, let us demonstrate how invariance under Galilean

boosts constrains our action. The first step is to identify the subalgebra of canonical trans-

formations that generates Galilean boosts. A typical elements of this algebra is given by the

time-dependent function,

Bv = v · (pt−mx) , (5.53)

with W = expBv being the corresponding canonical transformation. Under this transfor-

mation, we have

f(x,p)→ (Ad∗W f)(x,p) = f(x− vt,p−mv) , (5.54)

as can be obtained by observing that the expansion of the coadjoint action takes the form

of a Taylor series and then resumming the Taylor series.

Let us first evaluate the constraint on the free fermion action obtained from Galilean
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invariance. The action can be written as follows:

Sfree fermion =

∫
dt
〈
f0, U

−1∂tU
〉
−
∫
dt ⟨f, ϵ⟩ . (5.55)

The WZW term transforms to

〈
f0, U

−1W−1∂t(WU)
〉
=
〈
f0, U

−1∂tU
〉
+
〈
f,W−1∂tW

〉
, (5.56)

while the Hamiltonian term becomes

〈
WfW−1, ϵ

〉
=
〈
f,W−1ϵW

〉
, (5.57)

so the change in the action is given by the following

δS =

∫
dt
〈
f,W−1(∂t − ϵ)W − ϵ

〉
. (5.58)

Invariance under boosts then requires that

W−1∂tW = W−1ϵW − ϵ , (5.59)

where W−1ϵW = Ad∗
W−1ϵ = ϵ(p+mv) owing to the fact that W−1 = exp(−Bv) = expB−v.

The left hand side can now be expanded using the following formula,

W−1∂tW = ∂tBv +
1

2!
{∂tBv, Bv}+ . . . , (5.60)

and compared order by order in v with the Taylor expansion of the right hand side to obtain

the following:

p = m∇pϵ (5.61)
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which tells us that the dispersion relation must be quadratic:

ϵ(p) =
p2

2m
+ constant . (5.62)

This exactly what is expected for a free fermion with Galilean invariance. Next, we derive the

effective mass of Landau quasiparticles by imposing Galilean invariance on the interacting

theory truncated to quadratic order in the fluctuation δf = f − f0:

H[f ] =

∫
xp
ϵ(p)f(x,p) +

1

2

∫
xpp′

F (2,0)(p,p′)δf(x,p)δf(x,p′) +O(δf3,∇x) . (5.63)

We have already seen that the transformation of the WZW term under a Galilean boost

is cancelled by the transformation of a linear-in-f Hamiltonian term with the dispersion

ϵ = p2/2m. Therefore, invariance of the interacting theory can be achieved by demanding

invariance of the shifted Hamiltonian:

H̃[f ] =

∫
xp

(
ϵ(p)− p2

2m

)
f(x,p) +

1

2

∫
xpp′

F (2,0)(p,p′)δf(x,p)δf(x,p′) +O(δf3,∇x) .

(5.64)

To obtain constraints from boost invariance, it suffices to consider infinitesimal transforma-

tions,

f → f + {Bv, f}+O(v2) = f − v · (t∇x +m∇p)f +O(v2) , (5.65)

under which the fluctuation transforms as

δf → − mv · ∇pf0 + δf − v · (t∇x +m∇p)δf . (5.66)

Note that the transformation of the fluctuation δf is inhomogeneous in δf . In particular, it

can reduce the degree of a monomial by up to 1. This results in constraints that mix the

various Wilson coefficient functions, so that F (m,n) will be constrained by F (m−1,n).
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The transformation of the shifted Hamiltonian under a boost is given by

H̃ → H̃ −mv ·
∫
xp

(
ϵ− p2

2m

)
∇pf0

+mv ·
∫
xp

(
∇pϵ−

p

m
−
∫
p′
F (2,0)(p,p′)∇p′f0(p

′)
)
δf(x,p)

+O(δf2,∇x) .

(5.67)

Rotational invariance kills the term in the first line, while the second line gives us a non-trivial

constraint,

∇pϵ−
p

m
=

∫
p′
F (2,0)(p,p′)∇p′f0(p

′) , ||p| − pF | ≪ pF . (5.68)

The requirement of p being sufficiently close to pF comes from the fact that δf must be

localized near the Fermi surface for a perturbative expansion in δf to be valid. It suffices to

set p to a point pFnθ on the Fermi surface and write∇pϵ|pF = pFnθ/m
∗, wherem∗ = pF /vF

is the effective mass of the quasiparticle. Furthermore, the ∇p′f0 term in the integral sets

p′ to be on the Fermi surface as well, and we can expand the Landau interaction function

in angular channels using rotational covariance. For example, in d = 2, we write

F (2,0)(pFnθ, pFn
′
θ) =

8π2vF
p2F

∑
l≥0

Fl cos l(θ − θ′) , (5.69)

to simplify the boost invariance constraint to

pF

(
1

m∗
− 1

m

)
nθ = −vFF1nθ . (5.70)

Solving for the effective mass in terms of the Galilean boost parameter m and the first
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Landau parameter F1, we find the known result:

m∗ = m(1 + F1) . (5.71)

5.3.2 Coupling to U(1) gauge fields

As mentioned briefly before, the procedure for coupling our theory to background gauge

fields is very different from the usual procedure of gauging a global symmetry. A systematic

procedure for coupling Fermi liquids to a gauge field has been difficult to achieve in the past

owing to the fact that effective theories live in momentum space, and here we present a new

approach that provides a solution.

The key observation is that the set of gauge transformations, characterized by functions

λ(t,x), forms a subalgebra of infinitesimal canonical transformations. All such functions

Poisson-commute with each other, since they do not depend on p, so this subalgebra is

abelian. It is not difficult to show that under the canonical transformation W = expλ, we

have

(Ad∗W f)(x,p) = f(x,p+∇xλ) . (5.72)

These then act on the coset representative U = exp(−ϕ) as

U → WU , ϕ→ ϕ− λ+
1

2
{λ, ϕ}+ . . . . (5.73)

The above transformation makes it clear why the usual procedure of gauging the global U(1)

symmetry (5.49) by promoting the transformation to depend on space and time is ambiguous

when applied to the current theory, since simply promoting the transformation parameter to

a function misses out on the nonlinear corrections in the Baker-Campbell-Haussdorff formula.

The minimal coupling procedure then is blind to nonlinear couplings to the gauge field as

well as contact terms required to ensure gauge invariance.
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Naturally, the Fermi liquid action is not invariant under these transformations, so we need

to turn on background gauge fields Aµ(t,x) that transform under the gauge transformation

as

Aµ(t,x)→ W−1(Aµ − ∂µ)W = Aµ(t,x)− ∂µλ(t,x) , (5.74)

where µ = (t,x) is a spacetime index. The WZW term and the Hamiltonian can be made

invariant separately under gauge transformations. Let us start with the WZW term, whose

transformation is given by

U−1∂tU → U−1∂tU + U−1(W−1∂tW )U ,

=⇒ δλSWZW =

∫
dt
〈
f0, U

−1(∂tλ)U
〉
.

(5.75)

Evidently, making this invariant amounts to modifying it to the following:

SWZW[ϕ,A0] =

∫
dt
〈
f0, U

−1(∂t − A0)U
〉
, (5.76)

which is now invariant under the simultaneous transformation

U → WU , A0 → W−1(A0 − ∂t)W . (5.77)

Next, to make the Hamiltonian invariant, it suffices to ensure the invariance of f under

gauge transformations by coupling it to the background gauge fields. One can see that the

appropriate modification is

fA(t,x,p) ≡ f(t,x,p+A(t,x)) , (5.78)

where A is the spatial part of the gauge field. Since x does not transform at all under the

gauge transformation, the transformation of p is cancelled by the gauge transformation of
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x. While fA is now gauge invariant, its spatial derivatives are not, since

(∇xf)(x,p)→ (∇xf)(x,p+∇xλ) + {∇xλ, f}(x,p+∇xλ) . (5.79)

But this is straightforwardly remedied by replacing partial derivatives by covariant deriva-

tives:

Dxf ≡ ∇xf − {A, f} . (5.80)

While f transforms covariantly under canonical transformations, the fluctuation δf = f−f0

does not, so it is convenient to re-expand the Hamiltonian in f instead of δf , with modified

Wilson coefficient functions F̃ (m,n) that can be related straightforwardly to the original ones

in equation (4.28). The modified gauge-invariant Hamiltonian is then

Hgauged[f,A] = H[fA] =

∫
xp
ϵ(p)f(x,p+A)

+
1

2

∫
xpp′

F̃ (2,0)(p,p′)f(x,p+A)f(x,p′ +A)

+
1

2

∫
xpp′

F̃(2,1)(p,p′) · (Dxf)(x,p+A)f(x,p′ +A)

+ . . . ,

(5.81)

and the gauge invariant action can be written as

S[ϕ;A0,A] = SWZW[ϕ,A0]−
∫
dt Hgauged[fϕ,A] . (5.82)

As a test of the validity of this procedure, let us work out the equation of motion for the

gauged action for free fermions and show that it is just the gauged Boltzmann equation. The

free fermion action can be written as

Sfree[ϕ;A0,A] =

∫
dt
〈
f0, U

−1 [∂t − A0 − ϵ(p−A)]U
〉
. (5.83)
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Under the variation U → exp δϕ · U , we find

δSfree = −
∫
dt ⟨∂tf + {f, ϵ(p−A) + A0}, δϕ⟩+O(δϕ2) , (5.84)

which tells us that the equation of motion must take the form,

∂tf + {f, ϵ(p−A) + A0} = 0 , (5.85)

which, upon expanding the Poisson bracket and defining the group velocity vp[A] = ∇pϵ(p+

A) reduces to

∂tf + vp · ∇xf + vip∂jAi∂
j
pf +∇xA0 · ∇pf = 0 . (5.86)

This does not look like the gauged Boltzmann equation, since it is an equation for a dis-

tribution function f(x,p) that is not gauge invariant, i.e., is evaluated at the canonical

momentum p instead of the gauge invariant momentum k = p +A. To bring it to a more

familiar form, we make a field redefinition,

fA(t,x,k) = f(t,x,k+A) , (5.87)

which turns the equation of motion into the familiar form of the gauged Boltzmann equation

with the Lorentz force term:

∂tfA + vk · ∇xfA +
(
E · ∇k + Fijv

i
k∂

j
k

)
f = 0 , (5.88)

where vk = ∇kϵ(k) is the gauge invariant group velocity.
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5.3.3 Emergent symmetries

Fermi liquids are known to have a tremendously large number of emergent symmetries (Else

et al. [2021]), corresponding to the conservation of not only the total particle number, but

also the particle number at every point on the Fermi surface. This is a consequence of

the limited amount of phase space available for quasiparticles to scatter to at low energies.

Free fermions have an even larger symmetry group, since the lack of interactions as well

as conservation of momentum imply that the occupation number at every momentum is

conserved.

These symmetries can be described in the coadjoint orbit formalism as well, by coupling

to background gauge fields that make the action invariant under all canonical transforma-

tions. We begin with the observation that the adjoint and coadjoint action of a general,

time-dependent canonical transformation W = expλ(t,x,p) can be written as a coordinate

transformation,

(AdWF )(x,p) = F (xW ,pW ) ,

(Ad∗W f)(x,p) = f(xW ,pW ) ,

(5.89)

where the transformed coordinates xW and pW are given by

xW = x+W∇pW
−1 ,

pW = p−W∇xW
−1 .

(5.90)

In order to make the action invariant under these, we will turn on background gauge fields

in phase space A0(t,x,p), Ax(t,x,p) and Ap(t,x,p). Ax and Ap are the respectively the

position and momentum components of the phase space gauge fields. Using I = (x,p) to
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denote a phase space index, we require that the gauge fields transform in the following way:

A0 → W−1(A0 − ∂t)W , AI → W−1(AI − ∂I)W . (5.91)

Unlike U(1) gauge fields, these gauge fields are non-abelian. Making the action invariant

under all canonical transformations, however, follows the same steps as for U(1) gauge trans-

formations. The WZW term gets modified to

SWZW[ϕ;A0] =

∫
dt
〈
f0, U

−1[∂t − A0]U
〉
, (5.92)

which is invariant under the transformation U → WU simultaneously with the gauge trans-

formation of A0. To make the Hamiltonian invariant, we look for a gauge invariant modifi-

cation of the distribution f . It is not difficult to see that distribution function evaluated on

shifted coordinates,

fA(x,p) = f(x−Ap,p+Ax) , (5.93)

does the trick. That this new distribution is gauge invariant can be seen as follows. Define

ÃI = W−1(AI − ∂I)W = AI(x
W−1

,pW
−1
)−W−1∂IW . (5.94)

The transformation of the modified distribution is given by

fA(x,p)→ f
Ã
(xW ,pW ) = f

(
xW − Ãp(x

W ,pW ),pW + Ãx(x
W ,pW )

)
. (5.95)

Now, the gauged transformed AI evaluated at the transformed coordinates (xW ,pW ) can
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be simplified in the following way:

ÃI(x
W ,pW ) = WÃI(x,p)W

−1 = W [W−1(AI − ∂I)W ]W−1 = AI(x,p) +W∂IW
−1 ,

(5.96)

so that the arguments of f after the transformation reduce to

xW − Ãp(x
W ,pW ) = x+W∇pW

−1 −Ap(x,p)−W∇pW
−1 = x−Ap(x,p) ,

pW + Ãx(x
W ,pW ) = p−W∇xW

−1 +Ax(x,p) +W∇xW
−1 = p+Ax(x,p) .

(5.97)

As a result, we find that the modified distribution is indeed gauge invariant:

fA(x,p)→ f(x−Ap,p+Ax) = fA(x,p) . (5.98)

Phase space gradients of fA, however, do not transform covariantly under canonical trans-

formations, but covariant derivatives do,

DIf ≡ ∂If − {AI , f} ,

(DIf)→ W (DIf)W
−1 ,

(5.99)

which we can then make invariant by evaluating it on shifted coordinates:

(DIf)A(x,p) ≡ (DIf)(x−Ap,p+Ax)→ (DIf)(x−Ap,p+Ax) . (5.100)

The Hamiltonian can then be made invariant be re-arranging it in an expansion in f instead

of the fluctuation δf = f − f0, and replacing the distribution and its derivatives by their
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invariant counterparts,

Hgauged[f ;AI ] ≡ H[fA] =

∫
xp
ϵ(p)fA(x,p)

+
1

2

∫
xpp′

F̃ (2,0)(p,p′)fA(x,p)fA′(x,p′)

+
1

2

∫
xpp′

F̃(2,1)(p,p′)(Dxf)A(x,p)fA′(x,p′)

+ . . . ,

(5.101)

where fA′(x,p′) = f(x−Ap(x,p
′),p+Ax(x,p

′)). The gauge invariant action is given by

Sgauged[ϕ;A0, AI ] = SWZW[ϕ;A0]−
∫
dt Hgauged[fϕ;AI ] . (5.102)

A couple of comments are in order. First, for the case of free fermions, the action can be

made independent of Ap by a change of integration variables x→ x+Ap,p→ p−Ax in

the Hamiltonian:

∫
xp
ϵ(p)f(x−Ap,p+Ax) =

∫
xp
ϵ(p−Ax)f(x,p) . (5.103)

But this does not work for the interacting theory since the various factors of the invariant

distribution fA are evaluated at the same x but at different momenta p,p′, etc.

Second, it is tempting to identify Ax with a U(1) gauge field and Ap with a Berry

connection, but this is incorrect due to the fact that they depend on both x as well as p and

their gauge transformations are non-abelian. The precise encoding of the electromagnetic

potentials and the Berry connection in the phase space gauge fields is an interesting question

that we leave for future work.

One way to think about these phase space gauge fields is the following. Our theory lives

not just in spacetime, but in phase space. Phase space is naturally a noncommutative space
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owing to the canonical commutation relation,

{xi, pj} = δij . (5.104)

Therefore, gauge fields that live in this space are more akin to those in noncommutative

field theory (see, e.g. Douglas and Nekrasov [2001] for a review) than to gauge fields in

commutative spacetime. In fact, gauging a global U(1) on a noncommutative space re-

sults a nonabelian group of gauge transformations, where the commutator of two gauge

transformations is given by the Moyal bracket. Our phase space gauge fields are precisely

noncommutative U(1) gauge fields in the Poisson limit.

How does the ‘maximally gauged’ action (5.102) encode emergent symmetries? The an-

swer to this question lies in the Ward identity for canonical transformations. The infinitesimal

transformation of the phase space gauge fields can be written as

δλAM = − ∂Mλ− {λ,AM}+O(λ2) , (5.105)

where M is an index that collectively represents time and phase-space components. The

variation of the action under this transformation necessarily takes the form

δλSgauged = −
∫
dt
〈
JM , δλAM

〉
, (5.106)

thus defining the phase space current JM . The components of this current are given by

J 0 = f , J x
i
= f∂piϵ(p−Ax) + . . . , J pj = 0 + . . . , (5.107)

where the ellipses denote the contribution of the interacting terms in the Hamiltonian. The
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Ward identity then becomes

∂MJM + {JM , AM} = 0 . (5.108)

This takes the form of a (non-)conservation law

∂µJ µ + {J µ, Aµ} = −∂piJ
pi − {J pi , Api} . (5.109)

Let us momentarily turn off the background fields, so that the Ward identity turns into

∂µJ µ = −∂piJ
pi . (5.110)

The source term on the right-hand-side is, in general, non-zero. It can also not typically be

written as a total spacetime divergence which prevents us from absorbing it into the spacetime

components of the current. This means that even though the Ward identity signifies the

conservation of a current in phase space, it does not always reduce to the conservation of

a current in space. So the ‘symmetry’ of canonical transformations is not really a global

symmetry in that it does not lead to a conservation law. This is just a roundabout way of

saying that the action without phase space gauge fields is not invariant under the group of

canonical transformations. Rather, the group / algebra of canonical transformations is to be

thought of as an organizing principle for the set of operators in Fermi liquid theory.6

However, despite not being a conservation law, the Ward identity can still be useful for

discovering emergent or hidden symmetries. The trivial example is that of free fermions

which do not couple to Ap at all. The Ward identity for free fermions then looks like a

6. This is similar to the Virasoro algebra in 1+ 1d conformal field theories, which also does not generally
commute with the Hamiltonian of the theory. This analogy between the Virasoro algebra and the algebra
of canonical transformations goes even further since minimal models in 1 + 1d can be obtained using the
coadjoint orbit method to quantize the Virasoro group (Witten [1988]).
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conservation law at every point p in momentum space,

∂µJ µfree(t,x,p) = 0 , (5.111)

from which we can identify the U(1)∞ symmetry of the free Fermi gas.

Next, we consider interacting Fermi liquids. Let us look at the leading interaction:

Hint[f ;A] =
1

2

∫
xpp′

F̃ (2,0)(p,p′)f(x−Ap,p+Ax)f(x−A′p,p+A′x) . (5.112)

Its contribution to the momentum space current is given by

J pi(x,p)|A=0 = −δHint
δApi

=

∫
p′
F̃ (2,0)(p,p′)(∂xif)(x,p)f(x,p

′) , (5.113)

making the source term in the Ward identity reduce to

∂µJ µ = −∇p ·
∫
p′
F̃ (2,0)(∇xf)f

′ , (5.114)

where we have used f and f ′ as shorthand for f(x,p) and f(x,p′) to make the expression

compact. The source term is evidently neither vanishing nor a total spacetime derivative,

so Landau interactions necessarily break the U(1)∞ symmetry, which should be expected.

However, is we now linearize the Ward identity in fluctuations δf = f − f0 around the

spherical Fermi surface, the Ward identity simplifies to

∂µJ µ = −∇x · ∇p

(
δf

∫
p′
F̃ (2,0)f0(p

′)
)
+O(δf2) , (5.115)

and the source term does indeed become a total derivative and can be absorbed into a
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redefinition of the spatial current,

J x
i
→ J x

i
+ ∂pi

(
δf

∫
p′
F̃ (2,0)f0(p

′)
)
+O(δf2) . (5.116)

Of course, linearization is only justified when the fluctuation δf is supported in a small region

around the Fermi surface, so the linearized Ward identity can be treated as a conservation

law only at points on the Fermi surface. This gives us the well known emergent symmetry

of Fermi liquids that corresponds to the conservation of particle number at every point on

the Fermi surface, from the linearization of the Ward identity for canonical transformations.

Else et al. [2021] formalized the study of this symmetry by identifying the symmetry

group in 2 + 1d as the loop group LU(1) of maps from a circle to U(1) with point-wise

multiplication, with a ’t Hooft anomaly when coupled to background gauge fields. The

current four dimensional jM (t,x, θ) lives in spacetime as well as on the Fermi surface, with

M = t,x, θ. The background gauge field AM (t,x, θ) also lives in the same space and the

anomalous conservation law is given by

∂M jM =
κ

8π2
ϵABCD∂AAB∂CAD , (5.117)

with κ being an integer that evaluates to ±1 for Fermi liquids. Since this is an emergent

symmetry, the background gauge field can be activated against our will, which does in fact

happen for Fermi liquids

AM (t,x, θ) = δiMpFi(θ) . (5.118)

Aθ is the Berry connection, which we will set to zero. We have seen that the LU(1) symmetry

in the absence of background fields emerges as a consequence of linearizing the Ward identity

for canonical transformations. Now, let us demonstrate how linearizing the Ward identity

also gives the anomaly. For simplicity, we restrict ourselves to free fermions and set Ax = 0.
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The free fermion Ward identity reduces to

∂µJ µ + {J µ, Aµ} = 0 ,

∂tJ 0 + ∂iJ i +∇xJ 0 · ∇pA0 = ∇pJ 0 · ∇xA0 ,

(5.119)

with A0(t,x,p) being the time component of our phase space gauge field. We now expand

the current around the spherical Fermi surface,

J 0 = f0(p) + δJ 0 , J i = δJ i , (5.120)

and linearize the Ward identity in δJ µ and A0 to find that it takes the form,

∂tδJ 0 + ∂iδJ i = −δ(|p| − pF )(nθ · ∇xA0) . (5.121)

Integrating over the radial momentum |p| allows us to identify the Ward identity with the

LU(1) anomalous conservation equation by equating

j0 =

∫
pdp

(2π)2
δJ 0(t,x,p) , ji =

∫
pdp

(2π)2
δJ i(t,x,p) , A

LU(1)
0 = A0||p|=pF ,

(5.122)

which turns the linearized Ward identity into the LU(1) anomaly,

∂µj
µ = − 1

4π2
pF (nθ · ∇xA

LU(1)
0 ) . (5.123)

The same holds for interacting Fermi liquids as well, since as we saw before the linearized

source term can be absorbed into a redefinition of the spatial current so that the anomalous

conservation law retains the same form as that for free fermions. However, nonlinear correc-

tions to the Ward identity violate both the conservation law in the absence of background
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fields as well as the anomaly7.

The algebra of canonical transformations allows us to systematically characterize the

violation of the anomalous LU(1) conservation law due to nonlinearities and interactions,

the structure of which is somewhat rigidly constrained by the fact that it must descend from

a conservation law in phase space.

5.4 Perturbative expansion and scaling

So far we have been able to extract a lot of ‘kinematic’ information from the formal action

(5.38) and the algebra of canonical transformations that underlies it, without needing to

expand it in the bosonic field ϕ. In order to calculate correlation functions and understand the

renormalization group flow of Fermi liquids, however, we will need to perform the expansion.

We start with the WZW term,

SWZW =

∫
dt
〈
f0, U

−1∂tU
〉

=

∫
dt

〈
f0,−ϕ̇+

1

2!
{ϕ̇, ϕ} − 1

3!
{{ϕ̇, ϕ}, ϕ}+ . . .

〉
,

(5.124)

where ϕ̇ stands for the time derivative of ϕ. The first term is a total time derivative and

hence vanishes. The second term is quadratic and contributes to the Gaussian part of the

action,

S
(2)
WZW = −

pd−1F

2

∫
txθ

(nθ · ∇xϕ) ϕ̇ , (5.125)

where
∫
txθ =

∫
dtddxdd−1θ/(2π)d, while the third term is cubic and gives rise to a 3 point

vertex for ϕ,

S
(3)
WZW = −

pd−2F

3!

∫
txθ

(nθ · ∇xϕ)
[
(siθ · ∇xϕ)∂θiϕ̇− (siθ · ∇xϕ̇)∂θiϕ

]
, (5.126)

7. This can be seen from the fact that the current has a diamagnetic contribution even for free fermions
with J xi

= f∂pi
ϵ(p+Ax).
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where siθ = ∂θinθ are tangent vectors on the spherical Fermi surface. We now focus on the

Hamiltonian part,

SH [ϕ] = −
∫
dt H[fϕ] ,

fϕ = f0 − {ϕ, f0}+
1

2!
{ϕ, {ϕ, f0}} −

1

3!
{ϕ, {ϕ, {ϕ, f0}}}+ . . . ,

(5.127)

with the interacting Hamiltonian from equation (4.28),

H[f ] =

∫
xp
ϵ(p)f(x,p)

+
1

2

∫
xpp′

F (2,0)(p,p′)δf(x,p)δf(x,p′) + F(2,1)(p,p′) ·
(
∇x

pF
δf(x,p)

)
δf(x,p′) + . . .

+
1

3

∫
xpp′p′′

F (3,0)(p,p′,p′′)δf(x,p)δf(x,p′)δf(x,p′′) + . . .

+ . . . .

(5.128)

The higher derivative interaction F(2,1) is evidently suppressed compared to F (2,0) so we

will ignore it for simplicity. The fluctuation δf is at least linear in ϕ, so only the first two

lines of the Hamiltonian contribute to the quadratic action,

S
(2)
H = −

pd−1F

2

∫
txθ

vF (∇nϕ)2

−
pd−1F

2

∫
txθθ′

vFF
(2,0)(θ, θ′)(∇nϕ)(∇nϕ)′ ,

(5.129)

where vF = ϵ′(pF ), F (2,0)(θ, θ′) = pd−1F F (2,0)(pFnθ, pFn
′
θ)/vF is defined to be dimension-

less, ϕ′ = ϕ(t,x, θ′) and
∫
txθθ′ is defined with a factor of (2π)2d in the denominator. We

have also introduced the notation ∇nϕ = nθ · ∇xϕ for compactness and (∇nϕ)′ is the same

quantity evaluated at θ′.

For the cubic part of the action, we get contributions from all three lines of the Hamil-
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tonian and we find

S
(3)
H = −

pd−2F

3!

∫
txθ

(
d− 1

2
vF + pF ϵ

′′
)
(∇nϕ)3

−
pd−2F

2

∫
txθθ′

F
(2,0)
1 (θ, θ′)

[
(∇nϕ)2(∇nϕ)′ + (θ ↔ θ′)

]
−
pd−2F

2

∫
txθθ′

vFF
(2,0)(θ, θ′)

[[
(∇is∇nϕ)(∂θiϕ)− (∂θi∇nϕ)(∇

i
sϕ)
]
(∇nϕ)′ + (θ ↔ θ′)

]
−
pd−2F

3

∫
txθθ′θ′′

F (3,0)(θ, θ′, θ′′)(∇nϕ)(∇nϕ)′(∇nϕ)′′ ,

(5.130)

where ∇isϕ = siθ · ∇xϕ, and F
(2,0)
1 is the derivative nθ · ∇pF

(2,0) evaluated at the Fermi

surface and appropriately rescaled to make it dimensionless. F (3,0) has also similarly been

evaluated at the Fermi surface and rescaled, and ϵ′′ is the second derivative of the dispersion

with respect to the radial momentum evaluated at the Fermi surface.

Collecting everything, we can write down the interacting action up to cubic order:

S = −
pd−1F

2

∫
txθ
∇nϕ

(
ϕ̇+ vF∇nϕ+ vF

∫
θ′
F (2,0)(θ, θ′)(∇nϕ)′

)
−
pd−2F

3!

∫
txθ
∇nϕ

[
(∇isϕ)(∂θiϕ̇)− (∇isϕ̇)(∂θiϕ)

]
+

(
d− 1

2
vF + pF ϵ

′′
)
(∇nϕ)3

−
pd−2F

2

∫
txθθ′

vFF
(2,0)(θ, θ′)

[[
(∇is∇nϕ)(∂θiϕ)− (∂θi∇nϕ)(∇

i
sϕ)
]
(∇nϕ)′ + (θ ↔ θ′)

]
−
pd−2F

2

∫
txθθ′

F
(2,0)
1 (θ, θ′)

[
(∇nϕ)2(∇nϕ)′ + (θ ↔ θ′)

]
−
pd−2F

3

∫
txθθ′θ′′

F (3,0)(θ, θ′, θ′′)(∇nϕ)(∇nϕ)′(∇nϕ)′′

+O(ϕ4) .

(5.131)

The first line is the Gaussian part of the action, which includes the Landau parameters
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F (2,0)(θ, θ′). The second line is the free fermion contribution to the cubic part of the ac-

tion, and the remaining three lines are cubic contributions with three independent Wilson

coefficient functions.

The quadratic part of the action is almost identical to the action obtained from multidi-

mensional bosonization (2.18) (Haldane [1994], Castro Neto and Fradkin [1994a], Houghton

et al. [2000]), with one crucial difference: the angular coordinates θ in our case are genuinely

continuous variables as opposed to discrete labels for patches on the Fermi surface. Fur-

thermore, the nonlinear and higher derivative corrections that the coadjoint orbit formalism

provides can be interpreted as corrections coming from the curvature of the Fermi surface,

nonlinearities in the dispersion relation, as well as intra-patch and inter-patch scattering.

Since the coadjoint orbit method does not require a discretization of the Fermi surface to be-

gin with, the corrections in our action do not distinguish between intra-patch and inter-patch

effects and treat them collectively in an expansion in x and θ derivatives.

Note that the cubic terms are suppressed compared to the quadratic ones by a factor of

∇x/pF , owing to the scaling properties of the Poisson bracket described in the discussion

before equation (4.14). The expansion in nonlinearities in ϕ hence makes our action an

effective field theory with a derivative expansion suppressed by the UV cutoff pF .

With the expanded action in hand, we can study its properties under scaling of space

x→ s−1x with s ≲ 1. In principle we have a choice to make for how θ scales, e.g., compared

to the angle on some external observable. Different choice of this scaling result in different

scaling of our theory under RG. The choice that we will make to to leave θ invariant under

scaling. This is consistent with the RG scheme of Shankar [1994], Polchinski [1992] where

they scale all momenta toward the Fermi surface without changing the angle between them.

The quadratic part of the action then tells us that time scales the same way as space, so

the dynamical scaling exponent of our theory is z = 1. The scaling dimension of ϕ can be
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obtained by requiring the quadratic part of the action to be marginal:

[ϕ] =
d− 1

2
. (5.132)

The Landau parameters F (2,0)(θ, θ′) are marginal as expected. The cubic terms all have an

additional factor of

[∇ϕ] = d+ 1

2
, (5.133)

compared to the quadratic terms, which makes them all strictly irrelevant in any number of

dimensions, as is necessary for any effective field theory. The same holds for higher order

terms in the expansion in ϕ, as well as interactions.

Note that the interaction terms with Wilson coefficient functions ϵ(p), F (m,n)(p1, . . . ,pm)

in the Hamiltonian (4.28) do not have fixed scaling dimensions. Instead, they characterize

a tower of coefficient functions that do have a fixed scaling dimension, given by the vari-

ous derivatives of F (m,n)(pi) with respect to |pi| evaluated at the Fermi surface. The first

derivative of the dispersion ϵ(p) at the Fermi surface is the Fermi velocity and shows up at

the quadratic level, whereas the nth derivative ∂np ϵ|pF shows up as a Wilson coefficient at or-

der ϕn+1. Each |p| derivative increases the scaling dimension of the corresponding operator

by 1, so that ∂kpF (m,n) scales in the same way as F (m+l,n+k−l) for all non-negative integer

values of l ≤ k.

General observables can be constructed in the EFT from the operator ϕ by constructing

all possible terms with the required quantum numbers and taking a linear combination of

them with arbitrary coefficients that are determined by matching correlation functions with

experiments or microscopics, as is common in EFT. Any bosonic operator that is charge

neutral can be constructed in this form, while fermionic operators are absent in this EFT.

A special operator is the particle number current, which can be obtained from the gauged

action (5.82). The current depends on the Wilson coefficient functions of the theory, but the
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density is universal since A0 only couples to the WZW term,

ρ[ϕ](t,x) =
δSWZW
δA0(t,x)

=

∫
p
fϕ(t,x,p) =

∫
dd−1θ ρ[ϕ](t,x, θ) .

ρ[ϕ](t,x, θ) =
δSWZW

δA0(t,x, θ, |p| = pF )
=

∫
pd−1dp

(2π)d
fϕ(t,x, θ, p) ,

(5.134)

where ρ[ϕ](t,x, θ) is the angle-resolved density, which is the density for the emergent LU(1)

symmetry. The explicit expression for the total density in terms of expansions in ϕ is

ρ−
pdF

d(2π)d
=

pd−1F

(2π)d

∫
θ

(
∇nϕ+

1

2pF
∇is
(
∂θiϕ∇nϕ

)
+O(ϕ3)

)
, (5.135)

where we have subtracted the background density coming from the spherical Fermi surface

and
∫
θ =

∫
dd−1θ. We will refer to the fluctuation in the density as ρ from here onward

and drop the constant background density. Note that the density can be written as a spatial

divergence to all orders in phi, since

∫
x
ρ− ρ0 =

∫
xp
f − f0 = 0 , (5.136)

where the last equality follows from the fact that corrections to f0 that determine f are all

total phase space derivatives. We explicitly calculate the two point and three point density

correlation function in the next section and a demonstration of the technical advantages of

the postmodern formalism.

5.5 Linear and nonlinear response

Before calculating correlation functions, we derive a scaling form for n-point density corre-

lators from the scaling analysis above as well as the ϕ-propagator (with Landau parameters
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set to zero for simplicity),

⟨ϕθϕθ′⟩(ω,q) = i
(2π)d

pd−1F

δd−1(θ − θ′)
qn(ω − vF qn)

, (5.137)

where qn = nθ · q. The action takes a schematic expansion of the form

S ∼ pd−1F

∫
txθ

ϕ̇

(
∇ϕ+

1

pF
(∇ϕ)2 + 1

p2F
(∇ϕ)3 + . . .

)

+ vF∇ϕ

(
∇ϕ+

1

pF
(∇ϕ)2 + 1

p2F
(∇ϕ)3 + . . .

)
,

(5.138)

where we only highlight the dependence of the action on factors that scale. The density has

a similar expansion:

ρ ∼ pd−1F

∫
θ
∇ϕ+

1

pF
(∇ϕ)2 + 1

p3F
(∇ϕ)3 + . . . . (5.139)

The nonlinear terms in the action as well as the density activate higher-point correlation

functions for the density8 and we can check from the scaling properties of the vertices, the

propagator, as well as the nonlinear corrections to the density that all tree level diagrams

(e.g. the ones in figure 5.2) that contribute to the density n-point function scale like q0.

Their scaling with respect to pF and vF can also similarly be determined, and we find the

following scaling form for the correlators:

⟨ρ(ω,q1) . . . ρ(ω,qn)⟩ =
pd+1−n
F

vn−1F

gn

(
ωi
ωj
,
vFqi
ωj

)
δ(Σiωi)δ(Σiqi) +O

(
ωi

vF pF
,
qi
pF

)
,

(5.140)

where the subleading corrections come from loops as well as higher-derivative interactions

in the Hamiltonian. This scaling form is also apparent from kinetic theory (see appendix F

of Delacrétaz et al. [2022]), but highly counter-intuitive in the fermionic approach where the

8. This was anticipated in the context of traditional bosonization by Kopietz et al. [1995].
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leading behaviour is given by a single fermion loop with n external legs. Scaling arguments

in the Shankar-Polchinski scheme tell us then that a given 1-loop diagram must scale like

pd−1F /qn−2⊥ , where q⊥ is the component of the momentum orthogonal to the Fermi surface.

This is incorrect and what rescues the calculation is a subtle cancellation that occurs upon

symmetrizing the external legs of the diagram (Metzner et al. [1997], Neumayr and Metzner

[1998]).

Not only can we derive the scaling form of the density correlators from the postmodern

formalism, but also determine which Wilson coefficients will contribute to scaling function

gn. These are interactions that give vertices of order up to (∇ϕ)n. For free fermions, these

coefficients are

ϵ(m≤n) = ∂mp ϵ|pF , (5.141)

while the interaction functions that contribute to the n-point function are given by

F
(m,k)
(l)

|pF = (∂lpF
(m,k))|pF , (m+ k + l) ≤ n , (5.142)

where ∂p is a derivative with respect to the one of the radial momenta the F (m,k) depends

on.

5.5.1 Landau damping

We can now move on to explicit calculations of the density two and three point correlators.

For the two point function, the Gaussian action suffices and we only need the linear-in-ϕ

term in the density operator,

ρ =
pd−1F

(2π)d

∫
θ
∇nϕ+ . . . . (5.143)
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Using the propagator (5.137) we find that the two-point function evaluates to the following

expressions in terms of the hypergeometric function 2F1,

⟨ρρ⟩
(
s =

ω

vF |q|

)
= i

pd−1F

(2π)d
1

vF

∫
dd−1θ

cos θ1
cos θ1 − s

= i
pd−1F

(2π)d
1

vF

πd/2

Γ(d/2)

2− δd,1
1 + |s|

[
2F1

(
1,
d+ 1

2
; d,

2

1 + |s|

)
− 2F1

(
1,
d− 1

2
; d− 1,

2

1 + |s|

)]
,

(5.144)

where θ1 is one of the angles that parametrize the spherical Fermi surface - the polar angle

from the direction of the external momentum q. The d + 1 loop integrals in the fermionic

picture have been replaced by d − 1 angular integrals. In d = 1 the answer reduces to the

well-known result for a Luttinger liquid:

⟨ρρ⟩(ω,q) = − i
π

vF q
2

ω2 − v2F q2
. (5.145)

In d = 2 we recover the expression

⟨ρρ⟩(ω,q) = i

2π

pF
vF

1− |ω|√
ω2 − v2F q2

 , (5.146)

with the branch-cut for |ω| < vF q coming from the particle-hole continuum, while in d = 3

we find (Chubukov and Maslov [2003])

⟨ρρ⟩(ω,q) = i

2π2
p2F
vF

(
1 +

1

2

|ω|
vF q

log
|ω| − vF q
|ω|+ vF q

)
. (5.147)

It is easy to see that the expressions are in agreement with the scaling form (5.140).
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= +

Figure 5.2: The density three-point function in fermionic and bosonic descriptions.

5.5.2 Cubic response

Next, we calculate the three point function. Note that even though the nonlinear-in-ϕ

terms in the Hamiltonian can be set to zero by choosing the interactions appropriately, the

nonlinearities in the WZW term cannot be avoided and are a rigid part of the structure of our

theory. These have no counterpart in d = 1 and encode the geometry of the Fermi surface,

i.e., its curvature. The density three point function is hence necessarily non-vanishing for

d > 1 for a circular Fermi surface, irrespective of what interactions are turned on.

There are two diagrams that contribute to the density three point function, as shown in

figure 5.2. We will refer to the first of the two as the ‘star’ diagram, and the second as the

‘triangle’ or ‘wedge’ diagram. The latter comes from the quadratic part of the density:

ρ(2) =
pd−2F

2(2π)d

∫
θ
∇is(∂θiϕ∇nϕ) . (5.148)

The former is the consequence of the cubic vertices in the action, which can be separated

into two distinct terms: the S(3)H piece obtained from the Hamiltonian and the S(3)WZW piece

from the WZW term.

The S(3)H piece is the only one that picks up a contribution from ϵ′′, and is given by

⟨ρρρ⟩H = −
pd−2F

(2π)d

(
d− 1

2
vF + pF ϵ

′′
)∫

θ

qn
ω − vF qn

q′n
ω′ − vF q′n

(q + q′)n
(ω + ω′)− vF (q + q′)n

,

(5.149)
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with qn = nθ · q.

The S(3)WZW piece takes the form

⟨ρρρ⟩WZW =
pd−2F

3!(2π)d

∫
θ

qn
ω − vF qn

q′
si

ω′ − vF q′n
∂θi

ω + 2ω′

(ω + ω′)− vF (q + q′)n
+ 5 perm. , (5.150)

where the permutations are those of the set {(ω,q), (ω′,q′), (ω′′,q′′)} with ω′′ = −ω − ω′

and q′′ = −q− q′ due to conservation of energy and momentum.

Finally, the triangle/wedge diagram evaluates to

⟨ρρρ⟩ρ(2) = −
pd−2F

2(2π)d

∫
θ

qn(q + q′)si
ω − vF qn

∂θi
1

ω′ − vF q′n
+ 5 perm. , (5.151)

and the density three point function is given by the sum of the three expressions

⟨ρρρ⟩(ω,q;ω′,q′) = ⟨ρρρ⟩ρ(2) + ⟨ρρρ⟩WZW + ⟨ρρρ⟩H . (5.152)

Each of the terms do indeed have the scaling form (5.140), as we expected.

While directly matching this expression with the fermion loop in the scaling limit is a

highly nontrivial task due to the complexity of the expression evaluated by Feldman et al.

[1998], ?], Kopper and Magnen [2001] (for a Galilean invariant dispersion relation), we can

instead calculate the density 3 point function using kinetic theory for an arbitrary dispersion

and show that it matches with the above expressions. This was done in Delacrétaz et al.

[2022] and we refer the reader to appendix F in the paper for details.

Of course this matching should not be unexpected, since the equation of motion for our

theory is exactly the kinetic equation, and tree level diagrams reproduce classical physics

that is captured by the equation of motion.
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5.6 UV/IR mixing and why it is not all that bad

Since the cubic and higher order terms in our action (5.131) are strictly irrelevant, in the

deep IR we can focus only on the quadratic part of the action which, for free fermions, is

given by

S ∼
∫
txθ
∇nϕ(ϕ̇+ vF∇nϕ) , (5.153)

The theory has a zero mode which propagates tangent to the Fermi surface. In momentum

space, this corresponds to modes

ϕ(ω = 0, qn = 0, qsi , θ) , (5.154)

for all values of the tangential components qsi of the momentum. In particular, this means

that we have low energy modes with indefinitely large momenta (of the order of the cutoff

pF ) in our EFT, which is the hallmark of UV/IR mixing9. This results in UV divergences

in loop contributions to correlation functions as well as thermodynamic properties.

For instance, we can calculate the thermal partition function by rotating to imaginary

time t = −iτ and compactifying it on a thermal circle τ ∈ [0, β],

ZFL(β) = det [qn(−iωk + vF qn)]
−1/2 , (5.155)

where ωk = 2πTk are bosonic Matsubara frequencies with k ∈ Z. The pressure is given by

the logarithm of the partition function,

P =
T

V
logZFL = −T

2

∑
k

∫
q,θ

log [qn(−iωk + vF qn)] . (5.156)

Since the integrand has a zero mode, the pressure diverges. Nevertheless, we can still extract

9. This is similar to fractonic models where exotic symmetries disallow kinetic terms that would suppress
large momentum modes at low energies, also resulting in UV/IR mixing.
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the scaling form of the pressure with respect to temperature in a hand-wavy manner by

writing
∫
q =

∫
dd−1qs

∫
qn. Since the integrand does not depend on qsi , the integral over

these components needs to be regulated by some cutoff.

However, the momentum q is bounded above by a physical cutoff pF , owing to the

semiclassical truncation of the Moyal algebra to the Poisson algebra (4.14). This cutoff is

not an arbitrary scale that is introduced by hand into low energy physics, but a measurable

property of the IR. The integral
∫
dd−1qs hence must scale like pd−1F , leaving only

∑
k

∫
dqn log[qn(−iωk + vF qn)] ∼ T . (5.157)

From this heuristic analysis we surprisingly find the correct scaling form for the pressure:

P ∼ pd−1F T 2 . (5.158)

A similar problem occurs in loop corrections to correlation functions as well, for instance

in the 1-loop correction to ⟨ρρ⟩ and the result is not indifferent to how the integral is cutoff.

This suggests that there is a preferred way of introducing the cutoff pF in loop integrals as

well, which needs to be studied more carefully. One possible resolution would be a potential

resummation of the Moyal expansion of the theory, which we leave for future work.

87



CHAPTER 6

A ROAD TO PERTURBATIVE NON-FERMI LIQUIDS

One of our main motivations for developing the coadjoint orbit formalism for Fermi liquids

was to resolve the drawbacks of Fermi liquid theory that manifest themselves as serious

bottlenecks when coupling to a gapless mode and studying the RG flow to a non-Fermi

liquid.

This approach to describing non-Fermi liquids as Fermi liquids coupled to a gapless mode

is often known as the ‘Hertz-Millis-Moriya’ description (Hertz [1976], Millis [1993], Moriya

[1985]; see Löhneysen et al. [2007] for a review). The upper critical dimension for the coupling

to the gapless mode is d = 3, which makes d = 2 the most interesting case to study, since

there is no extended Fermi surface in d = 1 and bosonization allows for either exact or

perturbative solutions to the d = 1 problem.

The original approach developed by Hertz in the 1970’s was to integrate out the Fermi

surface and write down a non-local effective action for the gapless mode. Naturally, this ap-

proach is extremely uncontrolled and unreliable. Progress was made after the development

of the Shankar-Polchinski RG scheme using both fermionic EFT (Polchinski [1994], Altshuler

et al. [1994], Nayak and Wilczek [1994a,b], Metlitski and Sachdev [2010], ?) as well as tradi-

tional bosonization (Khveshchenko [1995], Kwon et al. [1994], Lawler et al. [2006]), but these

approaches were also found to be limited owing either to a lack of a systematic expansion

(?Mandal and Lee [2015], Ye et al. [2022]) for fermionic EFTs or to the incompleteness of

the traditional bosonized description. A controlled, systematic expansion is yet to be found

and our hope is that the postmodern formalism for Fermi liquids can provide one.

One advantage of a bosonized theory is that some important physical properties of non-

Fermi liquids can already be captured from a Gaussian theory. The Gaussian truncation of

the EFT (5.131) in d = 2 can be coupled to a bosonic field Φ(t,x) through the linearized
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density,

S
(2)
NFL = −

p2F
8π2

∫
txθ
∇nϕ

(
ϕ̇+ vF∇nϕ

)
−1

2

∫
tx

[
(∇Φ)2 + k20Φ

2
]
+λ

pF
4π2

∫
tx

Φ

∫
θ
∇nϕ , (6.1)

with the bare mass k20 tuned to criticality. The coupling can be generalized to a spin-l

harmonic of the Fermi surface by inserting an additional factor of cos(lθ).

This action is Gaussian and can hence be exactly solved. The Φ propagator is Landau

damped,

⟨ΦΦ⟩(ω,q) = i

q2 + k20 − ⟨ρρ⟩(ω,q)
, (6.2)

with ⟨ρρ⟩ being the tree level density two point function (5.146). Taking the limit ω ≪ q

and tuning the boson mass to criticality by setting k20 = −pFλ2/2πvF , we find

⟨ΦΦ⟩(ω,q) ≃ 1

q2 − ipFλ
2

2πv2F

|ω|
vF q

, ω ≪ vF q , (6.3)

from which we can read off the dynamical critical exponent:

z = 3 . (6.4)

The temperature scaling of the specific heat can also be calculated from this Gaussian

theory from the thermal partition function,

ZNFL(β) =

∫
DϕDΦ e−SE , (6.5)

where SE is the Euclidean action obtained by Wick rotating t = −iτ and putting imaginary

time on a circle τ ∈ [0, β]. The partition function can be calculated by first integrating over

ϕ followed by Φ and we find that it factorizes into a product of a Fermi liquid contribution
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and a Landau-damped critical boson contribution,

ZNFL = det [qn(−iωk + vF qn)]
−1/2 det

q2 + pFλ
2

2πvF

|ωk|√
ω2k + v2F q

2

−1/2 , (6.6)

where ωk = 2πTk are bosonic Matsubara frequencies with k ∈ Z. The free energy or pressure

then also splits up into a sum of a Fermi liquid contribution and a Landau-damped critical

boson contribution.

P =
T

V
logZNFL

= −T
2

∑
k

∫
q,θ

log [qn(−iωk + vF qn)]−
T

2

∑
k

∫
q
log

q2 + pFλ
2

2πvF

|ωk|√
ω2k + v2F q

2

 .
(6.7)

As discussed in section 5.6, the Fermi liquid contribution in the EFT suffers from UV/IR

mixing and needs to be regulated appropriately. Nevertheless we can deduce its scaling form

to be PFL ∼ pFT
2 from a heuristic scaling analysis.

Restricting our attention to low temperatures, the Matsubara sum for the critical boson

contribution is dominated in the IR by frequencies of order ωk ∼ q3 ≪ vF q, allowing us to

simplify the integral to

∫
q
log

(
q2 + λ̃2

|ωk|
q

)
= λ̃4/3

|ωk|2/3

2
√
3

, (6.8)

after dropping a temperature-independent UV divergence, and defining λ̃2 = pFλ
2/2πv2F .

The Matsubara sum is also divergent but can be regulated by introducing an exponential

e−εk in the sum with ε > 0 to suppress the large k contribution, expanding for small ε and

then subtracting off divergent pieces to find

∑
k

k2/3 ≃ ζ(−2/3) . (6.9)
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We ultimately find that the critical boson contribution to the pressure evaluates to

P = −ζ(−2/3)
4
√
3

λ̃4/3T 5/3 . (6.10)

At low temperatures, T 5/3 dominates over T 2 and the Fermi liquid contribution to the

specific heat can be dropped. Any concerns about UV/IR mixing also vanish with it, since

the critical boson contribution does not suffer from UV/IR mixing. The low temperature

specific heat of the Gaussian NFL is hence given by

cV = T
ds

dT
= T

d2P

dT 2
= −5ζ(−2/3)

18
√
3

λ̃4/3T 2/3 , (6.11)

in perfect agreement with the T 2/3 scaling of the specific heat found from other approaches

(Lee [2018]).

6.1 Scaling in non-Fermi liquids

1The Gaussian truncation of the Fermi liquid EFT is evidently insufficient for a full descrip-

tion of the NFL (see e.g., Chubukov and Khveshchenko [2006]). But now that we know how

systematically add corrections to the Gaussian action, we can hope to analyze the theory

with the corrections and perform an RG analysis for the coupling to the gapless boson. The

1. The results presented in this section are based on ongoing work, soon to appear.
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bosonized NFL action up to cubic order in arbitrary dimensions d, for instance, looks like

SNFL[ϕ,Φ] =−
pd−1F

2(2π)d

∫
txθ
∇nϕ

(
ϕ̇+ vF∇nϕ

)
−

pd−2F

3!(2π)d

∫
txθ
∇nϕ

[
∇isϕ∂θiϕ̇−∇

i
sϕ̇∂θiϕ

]
+

[
ϵ′′ +

d− 1

2

vF
pF

]
(∇nϕ)3

− λ
pd−1F

(2π)d

∫
tx

Φ

∫
θ
∇nϕ+

1

2pF
∇is(∂θiϕ∇nϕ)

− 1

2

∫
tx

Φ
(
−|∇|1+ϵ

)
Φ

+O(ϕ,Φ)4 ,

(6.12)

where we have replaced the kinetic term for the critical boson by a non-local term, á la Nayak

and Wilczek [1994a,b]. The bare mass term for the critical boson has also been suppressed

for brevity, since it is tuned to criticality anyway.

We can now attempt to understand the scaling properties of this theory. From the tree

level propagator (6.2) of the critical boson, it is clear that time must scale with a non-

trivial power z ̸= 1 of space. However, requiring every term in the Gaussian part of the

action then necessitates that the angles θ scale with q as well. This can be understood in the

following way: ultimately the scaling properties of the actions are to be applied to correlation

functions with external momenta. Pick one such external momentum — Q, and decompose

the momentum q of the fields parallel and perpendicular to the external momentum:

q = q∥
Q

|Q|
+ q⊥ . (6.13)

Parametrize the Fermi surface with angles θi such that θd−1 is the polar angle subtended

from the direction of Q and the rest θ1, . . . , θd−2 are azimuthal angles for the (d−2)-spherical

slices of the Fermi surface for a fixed θd−1. The external momentum Q couples most strongly

to the parts of the Fermi surface that are tangent to it, i.e., at the equator when θd−1 ≈ π/2.
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Define δθ = θd−1 − π/2. In this parametrization we have

∇n ∼ |q⊥|+ q∥δθ . (6.14)

Marginality of the quadratic part of the Fermi liquid action (the first line of equation (6.12))

then requires

ω ∼ |q⊥| ∼ q∥δθ . (6.15)

If we let frequency scale with an arbitrary power (greater than 1) of the parallel momentum,

ω ∼ qz∥ , (6.16)

we find that the polar angle must scale toward the equator and the field momentum must

scale towards a direction tangential to the Fermi surface (and collinear with the external

momentum):

δθ ∼ ω

q∥
∼ qz−1∥ , |q⊥| ∼ ω ∼ qz∥ . (6.17)

Since the transverse components q⊥ scale to zero much faster than the parallel component,

the parallel component in the IR scales like the magnitude of the field momentum q∥ ∼ q

and the following scaling relations hold:

ω ∼ |q⊥| ∼ qz , δθ ∼ qz−1 , ∇n ∼ qz , ∇is ∼ q . (6.18)

From this we can calculate the scaling dimension of ϕ,

ϕ ∼ q1+z(d−3)/2 , (6.19)

and that of the density,

ρ ∼
∫
θ
∇nϕ ∼ qz(d+1)/2 . (6.20)
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The scaling dimension of the critical boson can be calculated from its kinetic term,

Φ ∼ q(zd−ϵ)/2 , (6.21)

and requiring the Gaussian part of the interaction to be marginal sets the dynamical critical

exponent:

z = 2 + ϵ , (6.22)

which is consistent with z = 3 for ϵ = 1.

Now let us look at the cubic terms. The cubic part of the Hamiltonian term scales like

S
(3)
H

S(2)
∼ ∇nϕ ∼ q1+z(d−1)/2 , (6.23)

which is irrelevant for all values of z > 0, d ≥ 1, and hence does not contribute to the RG

flow in any dimension. The cubic parts of the WZW term as well as the coupling, on the

other hand, scale differently:

S
(3)
WZW
S(2)

∼
S
(3)
int
S(2)

∼ ∇is∂θiϕ = q3−z(5−d)/2 . (6.24)

This gives us a set of marginal cubic corrections in the (d, z)-plane

z =
6

5− d
⇔ d = 5− 6

z
,

d 2 3 4 5

z 2 3 6 ∞
, (6.25)

with the corrections being relevant if z is larger at fixed d or d is smaller at fixed z. This

suggests two possible methods to obtain a perturbative NFL fixed point:

• d = 2, z = 2− ϵ for small ϵ (Nayak-Wilczek).

• d = 3− ϵ, z = 3 for small ϵ (dimensional regularization).
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The former has the advantage of being technically simpler by virtue of having fewer angles

to integrate over, while the latter has the advantage of having a local order parameter and a

more traditional and familiar expansion, similar to the perturbative fixed point for the O(N)

model. We leave an explicit analysis of both these expansions to future work.
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CHAPTER 7

SPIN AND BCS EXTENSIONS

So far we have been exclusively working with spinless fermions and the charge 0 bosonic

operators that can be constructed from them. Only a small class of fermion systems fall into

this category so a natural extension would be to understand how to include internal symme-

tries as well as charged operators. The way this is achieved in traditional multidimensional

bosonization is by writing a non-abelian patch fermion in terms of a bosonic vertex operator

(see e.g., Houghton et al. [2000]),

ψi(η) ∼ eiϕi(η) , (7.1)

where i is an internal index, e.g., spin, and η is a discrete label for the patches into which

the Fermi surface is decomposed.

There are various issues with this construction. The most immediate objection one could

have is the mismatch of operator statistics on both sides. A fermion operator cannot possibly

be written as a bosonic operator. In 1+1d this works in a subtle way since the Bose-Fermi

duality is not strictly between the bosonic and fermionic theories, but rather the bosonic

theory is dual to the fermionic one with a gauged (−1)F fermion parity symmetry. An

intuitive way of thinking about this is that exchanging operators in 1+1d forces us to pass a

coincidence singularity which allows for non-trivial transition functions to enter the exchange

statistics of operators, unlike in higher dimensions.

The usual workaround for this is an ‘engineering’ solution which multiplies the bosonic

vertex operators by a ‘Klein factor’ Oη that obeys anticommutation relations and fixes

the mismatch of exchange statistics on both sides. But this solution is unsatisfactory and

unsystematic since its not clear whether these factors are supposed to be treated as dynamical

quantities (to be integrated over in a path integral) or effectively as transition functions

between different patches on the Fermi surface and if the physics of the bosonized theory is
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independent of the choice of Klein factors.

Secondly, the bosonization prescription ignores the non-abelian nature of the fermion,

since the bosonic field ϕi transforms in the same representation of the internal symmetry

as the patch fermion. This is evidently incorrect since nonabelian bosonization requires the

addition of WZW terms in one higher dimension (Witten [1984]), and the bosonized field

lives in the square of the representation of the patch fermion.

We take an alternate approach to bosonizing Fermi surfaces of non-abelian fermions - one

that relies on the algebra of fermion bilinears that can be constructed from the microscopic

fermion bilinears.

7.1 Spinful Fermi surfaces

Recall that our starting point for the postmodern formalism was the algebra of fermion

bilinears. For spin-1/2 fermions, the same holds, but the generators of our algebra have

additional indices.

Tσσ′(x,y) ≡
i

2

[
ψ
†
σ

(
x+

y

2

)
ψσ′

(
x− y

2

)
− ψσ′

(
x− y

2

)
ψ
†
σ

(
x+

y

2

)]
,

Tσσ′(q,p) ≡
i

2

[
ψ
†
σ

(q
2
+ p

)
ψσ′

(q
2
− p

)
− ψσ′

(q
2
− p

)
ψ
†
σ

(q
2
+ p

)]
,

Tσσ′(x,p) ≡
∫
y
Tσσ′(x,y)e

ip·y =

∫
q
Tσσ′(q,p)e

−iq·x ,

Tσσ′(q,y) ≡
∫
x,p

Tσσ′(x,p)e
iq·xe−ip·y =

∫
x
Tσσ′(x,y)e

iq·x =

∫
p
Tσσ′(q,p)e

−ip·y .

(7.2)

Ignoring the dependence on phase space coordinates, the generators live in the tensor product

representation,
1

2
⊗ 1

2
= 0⊕ 1 , (7.3)

of the fundamental (spin–1/2) representation of SU(2), which decomposes into a direct sum

of the scalar (singlet) and the adjoint (triplet). Therefore an alternate choice of basis for
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these generators is given by

T a(x,p) =
i

2

∫
y

[
ψ†
(
x+

y

2

)
· Sa · ψ

(
x− y

2

)
− h.c.

]
eip·y , a = 0, 1, 2, 3 , (7.4)

where h.c. stands for hermitian conjugate and S0 = 1 is the identity matrix and Si = σi/2

are the generators of the Lie algebra su(2). The generators close under commutation and we

have

[T a(q,y), T b(q′,y′)] = 2

(
i cos

q′ · y − q · y′

2
[Sa, Sb]c + sin

q′ · y − q · y′

2
[Sa, Sb]c+

)
× T c(q+ q′,y + y′) ,

(7.5)

where [Sa, Sb]c and [Sa, Sb]c+ are respectively the components of the commutator and an-

ticommutator of the spin generators expanded in the Sc basis. This Lie algebra, which we

refer to as the su(2)-extended Moyal algebra or the spin-Moyal algebra is isomorphic, as a

vector space, to the tensor product

gspin-Moyal ∼= (C⊕ su(2))⊗ gMoyal , (7.6)

where C is a one-dimensional complex vector space.

The semi-classical / Poisson limit is the same as before (4.12), and we find that this

truncates to the following algebra:

[T 0(q,y), T 0(q′,y′)] = (q′ · y − q · y′)T 0(q+ q′,y + y′) ,

[T 0(q,y), T i(q′,y′)] = (q′ · y − q · y′)T i(q+ q′,y + y′) ,

[T i(q,y), T j(q′,y′)] = −f ijkT k(q+ q′,y + y′) ,

(7.7)

where f ijk are the structure factors of su(2). One can check by explicit calculation that these

truncated commutators do indeed obey the Jacobi identity. Convoluting with a 0⊕ 1-valued
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phase space function to define a general linear combination of these generators

OF ≡
∫
x,p

F a(x,p)T a(x,p) , (7.8)

we find that the commutator [OF , OG] for two arbitrary 0⊕1-valued functions F a(x,p) and

Ga(x,p) is given by another operator O[F,G]spin
corresponding to the components

[F,G]0spin = {F 0, G0} ,

[F,G]kspin = {F 0, Gk}+ {F k, G0} − f ijkF jGk ,
(7.9)

We will refer to this Lie algebra as the su(2)-extended Poisson algebra or the spin-Poisson

algebra:

gspin-Poisson ∼= (C⊕ su(2))⊗ g . (7.10)

This algebra also has an interpretation in terms of canonical transformations, in a single par-

ticle phase-space, except we now allow the action of (infinitesimal) canonical transformations

on functions with spin indices to mix with transformations of the spin indices. For a function

O(x,p), with suppressed internal indices, that transforms under some representation ρ of

su(2), the infinitesimal transformation is given by

x→ x′ = x−∇pF
0 ,

p→ p′ = p+∇xF
0 ,

O(x,p)→ O′(x′,p′) =
(
1ρ + F iρ(Si)

)
·O(x,p) ,

(7.11)

where 1ρ is the identity operator in the representation ρ. One can see that these transfor-

mations are generated by the phase space vector field valued in the representation ρ:

XF =
(
∇xF

0 · ∇p −∇pF
0 · ∇x

)
· 1ρ + F iρ(Si) . (7.12)
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Evaluating the commutator of two such vector fields acting on a spinful test function, we find

the Lie bracket (7.9) of the spin-Poisson algebra. This perspective also makes it evident that

the Lie bracket must obey Jacobi identity, without having to explicitly demonstrate it, since

vector fields by definition obey it. The corresponding Lie group of canonical transformations

augmented with spin, or spin-canonical transformations will be labelled Gspin.

The dual space g∗spin-Poisson then consists of (0 ⊕ 1)-valued distributions corresponding

to the expectations values of the fermion bilinears in a given state σ,

fa(x,p) = ⟨T a(x,p)⟩σ , (7.13)

with the ground state distribution for a spherical Fermi surface given by

f0gs(p) = Θ(pF − |p|) , f igs = 0 . (7.14)

The 0⊕ 1 decomposition of the fermion bilinears allows for a useful physical interpretation

of the various components of the distribution, with f0 being the charge fluctuation and

f i being the spin fluctuation. At first glance, this formalism hence seems to be amenable

to a description of spin-charge separation without the need for a parton construction, and

perhaps might be able to answer questions about the energetic favourability of spin-charge

separation states. We leave a study of this to future work.

The spin-Poisson bracket (7.9) points out an important scaling relation between the

charge and spin fluctuations. For every term in the commutator [F,G]kspin to scale homoge-

neously, we need

f i ∼ ∇x∇pf
0 ∼ q

pF
f0 , (7.15)

so the spin fluctuations are suppressed compared to the total charge in the Poisson limit.

The coadjoint orbit action for spinful Fermi surfaces can be computed in the usual way,
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by first finding the stabilizer Hspin, which consists of functions αa(x,p) such that

[α, f0]spin = 0 , =⇒ (nθ · ∇xα
a)|p|=pF = 0 . (7.16)

This allows us to parametrize the coadjoint orbit Gspin/Hspin by the degree of freedom

ϕa(x, θ) , (7.17)

with a typical state given by

fϕ = Uf0U
−1 = fgs − [ϕ, fgs]spin +

1

2!
[ϕ, [ϕ, fgs]spin]spin + . . . , U = exp(−ϕ) (7.18)

We find that the fluctuations of a spinful Fermi surfaces are characterized by twice as many

degrees of freedom compared to multidimensional bosonization, which is a fact that is well

known in the conventional Fermi liquid approach (see, e.g., Vollhardt and Wölfle [1990]).

The Gaussian part of the EFT can be evaluated in the usual way to find an expression

very similar to the spinless case,

S = −
pd−1F

2

∫
txθ

(∇nϕa)
(
ϕ̇a + vF∇nϕa +

∫
θ′
F
(2,0)
ab (θ, θ′)(∇nϕb)′

)
, (7.19)

where we allow interactions F (2,0)
ab that can break the su(2) symmetry. The cubic WZW

term, however, has an important difference in the last term:

S
(3)
WZW = −

pd−2F

3!

∫
txθ
∇nϕ0

(
∇sϕ̇0∂θϕ0 −∇sϕ0∂θϕ̇0

)
+∇nϕi

(
∇sϕ̇0∂θϕi −∇sϕi∂θϕ̇0 +∇sϕ̇i∂θϕ0 −∇sϕ0∂θϕ̇i

)
− f ijk(∇nϕi)ϕ̇jϕk .

(7.20)

The expansion of the charge density ρ0 in terms of ϕ0 remains identical to the spinless case,
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but the spin density picks up new types of terms:

ρi =
pd−1F

(2π)d

∫
θ
∇nϕi +

1

2pF
∇s
(
∂θϕ

0∇nϕi + ∂θϕ
i∇nϕ0

)
+ f ijkϕj∇nϕk . (7.21)

The scaling scheme is determined by requiring the quadratic part of the action to be

exactly marginal, implying that we need to scale ϕi ∼ ϕ0. This causes the f ijk terms in the

WZW piece as well as the spin density to scale with an additional factor of q−1 compared

to the others, making the spin density correlators scale differently compared to their charge

density analogues (see section VI B of Delacrétaz et al. [2022]).

7.2 Charged fermion bilinears

While we do not necessarily have access to the patch fermion operator in the postmodern

formalism, we can consider charged bilinears of the form,

T (2)(x,y) = −T (2)(x,−y) ≡ iψ†
(
x+

y

2

)
ψ†
(
x− y

2

)
,

T (−2)(x,y) = −T (−2)(x,−y) ≡ iψ
(
x+

y

2

)
ψ
(
x− y

2

)
,

T (0)(x,y) ≡ i

2

[
ψ†
(
x+

y

2

)
ψ
(
x− y

2

)
− ψ

(
x− y

2

)
ψ†
(
x+

y

2

)]
,

(7.22)

where the number in the parenthesis in the superscript denotes their charge under the particle

number conserving U(1) symmetry. We have defined these operators so that

T (q)(x,y)† = −T (−q)(x,−y) . (7.23)
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The various Fourier transforms of these are defined in the usual way, but we write down the

momentum space versions here for later use:

T (2)(q,p) ≡ iψ†
(q
2
+ p

)
ψ†
(q
2
− p

)
= −T (2)(q,−p) ,

T (−2)(q,p) ≡ iψ
(q
2
+ p

)
ψ
(q
2
− p

)
= −T (−2)(q,−p) ,

T (0)(q,p) ≡ i

2

[
ψ†
(q
2
+ p

)
ψ
(q
2
− p

)
− ψ

(q
2
− p

)
ψ†
(q
2
+ p

)]
.

(7.24)

It turns out that these also close under commutation, and we find the following Lie algebra:

[T (0)(q,y), T (0)(q′,y′)] = 2 sin

(
q′ · y − q · y′

2

)
T (0)(q+ q′,y + y′) ,

[T (0)(q,y), T (±2)(q′,y′)] = ie
i
2 (q

′·y−q·y′)T (±2)(q+ q′,y + y′)

± ie−
i
2 (q

′·y−q·y′)T (±2)(q+ q′,y − y′) ,

[T (2)(q,y), T (−2)(q′,y′)] = 2 sin

(
q′ · y − q · y′

2

)
T (0)(q+ q′,y + y′)

− 2 sin

(
q′ · y + q · y′

2

)
T (0)(q+ q′,y − y′) .

(7.25)

What remains is to find an appropriate semi-classical truncation of this algebra in order to

apply the coadjoint orbit method and obtain an action that would involve three distribu-

tions f (q)(x,p) as the degrees of freedom, corresponding to the usual occupation number

distribution for q = 0, as well as charged distributions for q ± 2 whose values encode the

BCS gap function.

Taking a semiclassical limit in this case is a bit more involved, since the right hand side

of the commutators includes operators not only evaluated at y+y′, but also at y−y′. From

an intuitive perspective, the Poisson limit for the charge 0 section (4.12)

|q| ≪ |p| ∼ pF (7.26)

still seems to give the most relevant configurations of both particle-hole pairs as well as
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Cooper pairs, since in this limit the particle and hole nearly coincide at the Fermi surface,

while the particles in, say, T (2) become nearly antipodal1 (see figure 2.3b). However, the

appropriate truncation of the algebra (7.25) in this limit that also obeys the Jacobi identity

needs to be found to ensure that this intuition works quantitatively.

1. Recall that in our convention ψ(k) creates a hole at −k, while ψ†(k) creates a particle at +k.
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CHAPTER 8

CONCLUSION AND OUTLOOK

To summarize, we presented in this dissertation a formalism for the study of Fermi surface

physics that is built out of a robust geometric structure underlying a large subalgebra of

operators that governs low energy physics in the presence of a Fermi surface. This formal-

ism provides an algorithm to obtain an effective field theory description for Fermi liquids

given the internal symmetries of the microscopic fermions. The effective field theory has a

rigid structure determined by the geometry of the Fermi surface and a collection of Wilson

coefficient functions that parametrize fermion interactions.

Unlike previous approaches, this postmodern formalism systematizes the expansion of low

energy properties in a way that makes the scaling behaviour of these properties transparent.

The amenability of this EFT to simple power counting arguments exemplifies its usefulness,

on top of making diagrammatic calculations simpler compared to earlier approaches. Not

only that, the geometric nature of this formalism allows us to identify emergent symmetries

in a straightforward manner as well, entirely by analyzing the Ward identity for canonical

transformations.

The postmodern formalism opens up many different avenues of exploration, the primary

one being a systematic study of non-Fermi liquids. The fact that power counting arguments

work even for the non-Fermi liquid theory presented above in chapter 6 is promising, but

the theory needs to be studied more carefully to obtain quantitative results.

The ability to include charged fermion bilinears in the algebra opens up the possibility of

combining Fermi liquids and conventional superconductors into a parent effective field theory,

which could serve as a useful theoretical platform to analyze the competition between non-

Fermi liquid and superconducting instabilities of a Fermi liquid, as well as provide a path

towards understanding the mechanisms underlying high temperature superconductivity, e.g.,

in cuprates.
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Other, slightly less ambitious, directions include a study of the non-perturbative proper-

ties of the postmodern formalism, for instance through an analysis of the topological prop-

erties of the coadjoint orbit Of0 which were largely ignored in the present construction since

we were looking for a perturbative expansion around the ground state f0 in the coadjoint or-

bit. The nonlinear Ward identity might also serve as a powerful non-perturbative constraint,

especially if it holds in more general systems beyond Fermi liquids.

One rather curious aspect of the postmodern formalism is that despite the presence

of UV/IR mixing, it seems possible to analyze the scaling behaviour of various physical

quantities such as the specific heat, since our EFT seemingly comes with a preferred choice

of UV cutoff. A more careful exploration of such UV divergences needs to be undertaken

to see whether we can obtain quantitative results through a prescription for the cutoff or a

resummation of the Moyal expansion. We hope that such an analysis will also shed light on

the question of how to deal with UV/IR mixing in other effective theories.

One lesson to take away from this formalism and its ubiquity across other phases of

matter is that diffeomorphism groups have an untapped potential to constrain the emergent

physics of many-body systems. We hope that this work will serve as a stepping stone towards

exploiting this potential further.
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APPENDIX A

COADJOINT ORBIT METHOD: MATHEMATICAL DETAILS

The coadjoint orbit method (Kirillov [2004]) is, in principle, a method used to quantize a

Lie group, i.e., find irreducible (linear and/or projective) representations of the group. The

notion of quantizing a classical dynamical theory is closely tied to finding irreducible repre-

sentations of its symmetries, as is made evident by the example of a single spin. Classically,

a single spin is just some vector of arbitrary length in 3 dimensions whose dynamics are

governed by the rotation group SO(3). It is only when we quantize the classical dynamics

that we find that the magnitude of the spin must be
√
l(l + 1)ℏ where l is a half-integer

or an integer. When l is an integer, we find linear representations of SO(3), while for l a

half-integer, the representation is a projective representation of SO(3) which is equivalently

a linear representation of SU(2). Of course this distinction between the two groups only

occurs once we take into consideration the global topological structure of the Lie groups,

since both have identical Lie algebras.

One approach to the coadjoint orbit method is hence to set up a dynamical system that

evolves under the action of the Lie group, and then quantize it (Wiegmann [1989], Alekseev

et al. [1988]). Quantizing the dynamical system will result in some consistency constraints

which will label the irreducible representations of the Lie group.

For the purpose of this draft, we are only interested in the first step: setting up a dynam-

ical system that evolves under the action of canonical transformations. While established

methods of quantizing this dynamical system describing semi-classical Fermi liquids should

in principle apply, in practice they are rather difficult to implement due to the fact that

the Lie group of canonical transformations is an infinite dimensional diffeomorphism group.

Therefore, we resort to a more ‘lowbrow’ approach to quantizing the theory like one would

any other quantum field theory.

For most of this section, we will keep the discussion rather general, and provide intuition
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for the results we obtain using the example of a single spin (or equivalently a rigid body in

the center of mass frame).

Consider a Lie group G, whose typical element will be represented by the letter g. The

identity element of the Lie group will be represented as e. It is Lie algebra g consists of

left-invariant vector fields X on the Lie group, with the commutator of these vector fields

(viewed as differential operators acting on test functions of the Lie group) determines the

Lie bracket, which will be denoted by [ , ]. Alternately, one can think of the Lie algebra as

the tangent space to the Lie group at unity, with the Lie bracket prescribed externally.

For any Lie group we can define an exponent map and its inverse, the logarithm,

exp : g→ Ge, log : Ge → g , (A.1)

which map the Lie algebra to and from the largest possible simply connected patch Ge of the

Lie group that includes the identity. In general, the exponent map is not globally defined,

i.e., it is not always possible to take the logarithm of a general Lie group element. SO(3)

provides an example of this, since the logarithm of a π-rotation around any axis does not

exist within the Lie algebra (unless the Lie algebra is complexified). Therefore, if we insist

upon parametrizing elements of a Lie group as exponents of the elements of its Lie algebra,

like we do for the case of canonical transformations, we necessarily lose information about

the topological structure of the Lie group.

For SO(3), a Lie group element is a 3× 3 orthogonal matrix OTO = 13 = OOT . A Lie

algebra element is an antisymmetric 3 × 3 matrix with real components MT = −M , and

the exponent map is the literal exponent of the matrix. The group and algebra are both 3

dimensional and a general Lie algebra element can be written as a 3 dimensional vector Ω⃗

with real components. Given the usual generators L1, L2, L3 of so(3), the matrix that the
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vector Ω⃗ corresponds to is simply

M
Ω⃗
=
∑
i

ΩiLi . (A.2)

If we are using SO(3) to describe the configuration space of a single spin or a rigid body, an

element of the Lie algebra Ω⃗ can be interpreted as an angular velocity. The Lie bracket of

two antisymmetric matrices is just the matrix commutator and takes the following form:

[M
Ω⃗
,M

Ω⃗′ ] =M
Ω⃗×Ω⃗′ , (A.3)

where Ω⃗× Ω⃗′ is the cross product of the two angular velocities.

Next, for the Lie algebra, we can define its dual space g∗, i.e., the space of linear functions

acting on the Lie algebra. A typical element of the dual space will be labelled by lowercase

Greek letters:

η : g→ R ,

η[X] ≡ ⟨η,X⟩ .
(A.4)

The angular brackets are standard notation for the action of a dual space element on the

Lie algebra element. The dual to any finite dimensional vector space is isomorphic to the

vector space itself, but we will maintain the distinction between the two. For SO(3), the

dual space also consists of 3 dimensional real vectors l⃗, which act on Lie algebra elements Ω⃗

via the dot product:

l⃗[Ω⃗] ≡ ⟨⃗l, Ω⃗⟩ ≡ l⃗ · Ω⃗ . (A.5)

Elements of the dual to so(3) are interpreted as angular momenta of the rigid body, or the

orientation of the spin itself. These characterize the state of the spin or the rigid body.
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The adjoint action of the Lie algebra on itself is given by the Lie bracket:

adXY = [X, Y ] . (A.6)

This induces a coadjoint action of the Lie algebra on its dual space, determined uniquely by

the requirement

⟨ad∗Xη, Y ⟩ = ⟨η,−adXY ⟩ . (A.7)

We will avoid rigorous definitions of the Lie group adjoint and coadjoint actions Adg and

Ad∗g on g and g∗ respectively since these definitions are somewhat involved, but it suffices

to know that these action exist and generalize the definitions via the exponentials of ad and

ad∗ to group elements that cannot be written as exponentials of Lie algebra elements. If

the Lie group and its Lie algebra consist of matrices, then the group adjoint and coadjoint

actions are just matrix conjugation gXg−1 and gηg−1.

Returning to SO(3), the Lie algebra adjoint and coadjoint actions are given by cross

products of vectors,

ad
Ω⃗
Ω⃗′ = Ω⃗× Ω⃗′ , ad∗

Ω⃗
l⃗ = Ω⃗× l⃗ , (A.8)

while the group adjoint and coadjoint actions reduce to rotation of 3d vectors:

AdOΩ⃗ = O · Ω⃗ , Ad∗O l⃗ = O · l⃗ . (A.9)

Now, since G is the configuration space of our system, the phase space is given by the

cotangent bundle (which can be shown to be a trivial direct product for any Lie group),

T ∗G ∼= G × g∗ . (A.10)

Roughly speaking, G itself is also a symmetry of our dynamical system, so we can quotient
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it out to obtain a reduced phase space,

T ∗G/G ∼= g∗ , (A.11)

that is isomorphic to the dual space1. This is just to say that the configuration of a rigid

body in the center of mass frame is effectively determined by its total angular momentum,

for the purpose of time evolution.

With g∗ as the reduced phase space for the dynamics of our system, we need only a

Poisson structure and a choice of Hamiltonian to obtain Hamilton’s equations of motion.

The Poisson structure is given by the Lie-Poisson bracket of two functionals F [η] and G [η]

of g∗:

{F ,G }LP[η] ≡
〈
η, [dηF , dηG ]

〉
. (A.12)

This definition can be understood as follows: the differentials dηF and dηG at the point

η ∈ g∗ live in the cotangent space to g∗ at the point η. Since g∗ is a vector space, its

cotangent spaces are isomorphic to its dual g∗∗, which is just the Lie algebra g. Since the

differentials can be treated as Lie algebra elements, we can take their Lie bracket to obtain

a new Lie algebra element. The pairing of η with this Lie algebra element defines the value

of the functional {F ,G }LP at the point η. This can be done for every point η to define the

Lie-Poisson bracket. It is instructive to write this formula in terms of the structure constants

fabc of the Lie group:

{F ,G }[η] = ηcf
abc∂aF∂bG = Πab(η)∂aF∂bG , (A.13)

where ∂a are derivatives on g∗ in the basis of generators, and Πab(η) = fabcηc is the Poisson-

bivector.

1. More precisely, this is achieved by defining a momentum map µ : T ∗G → g∗ such that the pre-image
µ−1(0 ∈ g∗) of this map gives us the reduced phase space.
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For SO(3) recall again that the Lie bracket is the cross product of vectors and the pairing

is given by the dot product, so the the Lie-Poisson bracket of two functions of the angular

momentum takes the form:

{F ,G }LP [⃗l] ≡ l⃗ ·
(
∂F

∂l⃗
× ∂G

∂l⃗

)
. (A.14)

The choice of Hamiltonian is determined by the dynamical system under consideration.

For a rigid body, the natural choice of Hamiltonian is the total rotational energy defined in

terms of the inverse of the moment of inertia tensor, with an additional torque term,

H [⃗l] ≡ 1

2

(
l⃗ · I−1 · l⃗

)
− τ⃗ · l⃗ . (A.15)

The equation of motion is then given by

˙⃗
l = {⃗l, H}LP [⃗l] = −

(
I−1 · l⃗

)
× l⃗ + τ⃗ . (A.16)

The moment of inertia tensor defines a map from g to g∗ and vice versa, so that I−1 · l⃗ = Ω⃗,

the angular velocity, and the equation of motion takes the more familiar form of Euler’s

equations for a rigid body:
˙⃗
l + Ω⃗× l⃗ = τ⃗ . (A.17)

For a single spin, the Hamiltonian would not have a quadratic term, but there could be an

external magnetic field providing the torque, so the equation of motion is identical, except

without the moment of inertia term.

The final step is to turn this Hamiltonian into an action, which requires a symplectic

form on the reduced phase space, obtained by inverting the Lie-Poisson bivector. However,

g∗ does not host a symplectic form, since the Lie-Poisson bivector Πab = fabcηc is not

invertible, since ηc can be zero! SO(3) once again provides some intuition for this: the dual

112



space for this Lie group is a 3 dimensional vector space. Symplectic forms can only exist on

even dimensional manifolds. Therefore it is impossible to define one on the dual space.

However, given that time evolution on g∗ for any choice of Hamiltonian occurs through

the action of a one-parameter family of group elements, the space of states in g∗ that are

reachable from one another is smaller than g∗. Such a space is called a coadjoint orbit. It is

defined as an equivalence class of states η ∈ g∗ such that any two such states are related by

the coadjoint action of some group element.

We will avoid the proof here, but it is possible to show that the Lie-Poisson bivector does

become invertible when restricted to functions of the coadjoint orbit. The symplectic form

hence obtained on a given coadjoint orbit is known as the Kirillov-Kostant-Souriau (KKS)

form, and is defined by its action on two vectors ρ, σ tangent to a point ν in the coadjoint

orbit in g∗, which can be thought of as elements of g∗,

ωKKS(ρ, σ)|η ≡ ⟨η, [X, Y ]⟩ , (A.18)

where X and Y are Lie algebra elements such that

ad∗Xη = ρ , ad∗Y η = σ . (A.19)

X and Y are not uniquely determined by this condition, but it is possible to show that

the expression on the right hand side is independent of this ambiguity. The action that

reproduces the same equation of motion as the Hamiltonian H[η] is then given by

S =

∫ 1

0
ds

∫
dt ωKKS(∂tη, ∂sη)−

∫
dt H[η] , (A.20)

where s is an extra dimension with s = 1 corresponding to physical time and boundary

conditions η(s = 0) = 0.
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Consider once again the case of SO(3) whose coadjoint action on g∗ is simply the rotation

of an angular momentum vector. Evidently, coadjoint orbits are spheres of fixed radius |⃗l|,

so that the Poisson bivector,

Πij (⃗l) = ϵijklk , (A.21)

becomes invertible on such a sphere, with the inverse given by

(ωKKS)ij =
lk

l2
ϵijk . (A.22)

This is just the rescaled area form on the sphere, which is closed but not exact. While for this

case we were able to find an explicit expression for ωKKS, this will not necessarily happen

in general, and we have to resort to the definition (A.18). The action for a rigid body or a

spin is then given by

S =
1

l2

∫ 1

0
ds

∫
dt l⃗ ·

(
∂tl⃗ × ∂sl⃗

)
−
∫
dt H [⃗l] . (A.23)

The term obtained by integrating the Kirillov is the familiar WZW term for a spin or a

rigid body, and making l⃗ a local function of space turns it into the Berry phase term for the

effective field theory of a ferromagnet.

It is worth pointing out that since the KKS form is not exact, the extra dimension

cannot be integrated over unless we work in a perturbative expansion around some fixed

ground state angular momentum l⃗0 (every closed form is locally exact). However, had we

parametrized the coadjoint orbit as the action of exponentiated infinitesimal rotations acting

on l⃗0 to begin with, we would have found the KKS form to be exact and the WZW term to

be a total s-derivative. This is what happens in the case of Fermi liquids, and we leave an

exploration of the topological structure of the coadjoint orbit to future work.
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APPENDIX B

LUTTINGER LIQUIDS FROM THE COADJOINT ORBIT

METHOD

In this section we show that the coadjoint orbit formalism reproduces the bosonized theory

of Luttinger liquids. In particular, the mixed anomaly between the emergent chiral U(1)

symmetries at the Fermi points can be understood as a linearization of the Ward identity for

canonical transformations. Luttinger liquids have been extensively studied in the literature,

see in particular Stone [1989], Das et al. [1992], Dhar et al. [1993a,b], Khveshchenko [1994]

for constructions using coadjoint orbits.

We begin with a review of the construction of the bosonized action for Luttinger liquids

from the algebra of densities. Fermi ‘surfaces’ in 1+1 dimensions are a collection of discrete

points in momentum space. Assuming that the dispersion relation ϵ(p) is an even function

that monotonically increases with positive momentum, the Fermi surface consists of exactly

two points at momentum values p = ±pF . Each Fermi point hosts a chiral mode whose

chirality is given by sgn[∂pϵ]. Denoting the chiral modes at the points +pF and −pF by the

subscripts R and L (for ‘right’ and ‘left’) respectively, the particle number densities obey

the following equal time commutation relations

[ρR(x), ρR(x
′)] = − i

2π
∂xδ(x− x′),

[ρL(x), ρL(x
′)] =

i

2π
∂xδ(x− x′),

[ρR(x), ρL(x
′)] = 0 .

(B.1)

The so-called Schwinger terms on the right-hand side of the first two lines are indicative of the

chiral anomalies carried by each chiral fermion. ρR,L are the charge densities corresponding

to two copies of U(1) symmetry, which we will refer to as U(1)R and U(1)L. The chiral
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algebra can be realized in terms of bosonic fields ϕR,L by defining the densities as

ρR =
1

2π
∂xϕR, ρL = − 1

2π
∂xϕL. (B.2)

The commutators of the densities with the bosonic fields are then

[ϕR(x), ρR(x
′)] = −iδ(x− x′),

[ϕL(x), ρL(x
′)] = −iδ(x− x′) ,

(B.3)

which tells us that the U(1)R.L symmetries are non-linearly realized on the bosonic fields as

ϕR → ϕR − λR, ϕL → ϕL − λL . (B.4)

An action that produces the algebra (B.3) is

S =
1

2

∫
dtdx ϕ̇RρR + ϕ̇LρL

= − 1

4π

∫
dtdx ∂xϕRϕ̇R − ∂xϕLϕ̇L .

(B.5)

The factor of 1
2 in the first line comes from the fact this is a constrained system: using the

appropriate Dirac brackets one recovers the commutation relation (B.3) as desired.

This action corresponds to the WZW term in the coadjoint orbit construction. The

integral over the Fermi surface angle θ becomes a sum over two points θ = 0, π, so that one

finds

SWZW = − 1

4π

∑
σ=±

σ

∫
dtdx ∂xϕσϕ̇σ

= − 1

4π

∫
dtdx ∂xϕRϕ̇R − ∂xϕLϕ̇L ,

(B.6)

in agreement with (B.5). Nonlinearities in the WZW term, present for any d > 1, entirely
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vanish in d = 1. These nonlinearities are associated with the curvature of the Fermi surface,

which explains why they are absent in one dimension. For the same reason, the relation

between ρ and ϕ (B.2) does not receive nonlinear corrections.

In d = 1, all nonlinearities in the bosonized description of a Luttinger liquid come from the

Hamiltonian, in particular from nonlinearities in the dispersion relation. The Hamiltonian

part of the action also produces a term in the quadratic action,

S(2) = − 1

4π

∑
σ=±

∫
dtdx ∂xϕσ

(
σϕ̇+ vF ∂xϕ

)
= − 1

4π

∫
∂xϕR (∂0ϕR + vF ∂xϕR)− ∂xϕL (∂0ϕL − vF ∂xϕL) ,

(B.7)

which is the well-known Gaussian action for a Luttinger liquid.

B.1 Chiral anomaly as a linear approximation

When coupled to background gauge fields, both chiral symmetries are anomalous with op-

posite anomalies. If ARµ and ALµ are the background fields for the two global symmetries,

the anomalous conservation laws are

∂µj
µ
R = − 1

4π
ϵµνFRµν ,

∂µj
µ
L =

1

4π
ϵµνFLµν .

(B.8)

In the coadjoint orbit formalism, the chiral anomalies appear as a linearized approxima-

tion to the invariance of the maximally gauged action (5.102) under all canonical transfor-

mations. To see this, we begin with the Ward identity for free fermions, that have Jpj = 0

∂µJ µ + {J µ, Aµ} = 0 . (B.9)
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Turning off Ax for simplicity, the conservation law takes the form

∂0J 0 + ∂xJ x + ∂xJ 0∂pA0 = ∂pJ 0∂xA0. (B.10)

Recall that J 0 is simply the phase space distribution f . Hence, it has a nonzero expectation

value in the ground state

⟨J 0⟩ = f0. (B.11)

If we now linearize the equation around the two Fermi points by writing

J 0 = f0 + δJ 0, J x = δJ x, (B.12)

and treat A0(t, x, p) to be of the same order as δJ µ, we find that the equation takes the

form

∂0δJ 0 + ∂xδJ x = (∂xA
L
0 )δ(p+ pF )− (∂xA

R
0 )δ(p− pF ). (B.13)

Integrating over either p > 0 or p < 0 and using the expressions for the chiral density and

current

ρR =

∫ ∞
0

dp

2π
δJ 0, jR =

∫ ∞
0

dp

2π
δJ x,

ρL =

∫ 0

−∞

dp

2π
δJ 0, jL =

∫ 0

−∞

dp

2π
δJ x,

(B.14)

we find that the Ward identity takes the form of the anomalous conservation laws for the

chiral anomalies

∂tρR + ∂xjR = − 1

2π
∂xA

R
0 ,

∂tρL + ∂xjL =
1

2π
∂xA

L
0 .

(B.15)

The chiral anomaly is therefore a linear approximation to the non-abelian Ward identity, or
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a covariant conservation law, around a state with nonzero charge density ⟨J 0⟩ ≠ 0.
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