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ABSTRACT

This thesis studies graph matrices. Graph matrices are a type of random matrices that were
invented as a powerful tool for analyzing large and complicated moment matrices which often
arise in the analysis of the Sum of Square Hierarchy. They are also useful for other methods
involving higher moments. Formally, a graph matrix is defined as a function mapping an nxn
random input matrix to an output matrix which is generally larger and more complicated.
This function is described by a small underlying shape. Previous studies on graph matrices
mainly focused on their norm bounds. In this thesis, we further investigate their spectrum.

We start with determining the spectrum of singular values of Z-shaped and multi-Z-
shaped graph matrices when the entries of the random input matrix have distribution +1
and the dimension parameter n — oo. This result can be seen as an analog of Wigner’s
Semicircle Law in the special case of £1 distribution, instead of any arbitrary distribution
with mean 0 and variance 1.

We then generalize our result to multi-Z-shaped graph matrices with arbitrary input
distributions with variance 1 and 0 odd moments. We achieve this using the op operation,
which mixes two distributions  and €’ via a random orthogonal matrix.

This op operation is closely connected to free probability theory, more precisely the free
multiplicative convolution in the random matrix setting. As a part of our analysis, we prove
a new direct formula for the moments of the product of two freely independent variables.
We also prove some new results on non-crossing partitions which is an essential part of free

probability theory.



CHAPTER 1
INTRODUCTION

The main topic of this thesis is graph matrices, their spectrum, and their connection to

random matrix theory and free probability theory. We start by introducing graph matrices.

1.1 Introducing Graph Matrices

A graph matrix is a random matrix associated with an underlying small graph «, which we
call a shape (see Definition 2.1.3). The entries of a graph matrix depend on its shape «
and a random input. To give a flavor of graph matrices without giving the formal definition
(We formally define graph matrices in Definition 2.1.5 and Definition 2.1.10), we give two

examples below.

1. A simple example of a graph matrix is the n x n +1 adjacency matrix of a random
graph G ~ G (n,1/2), with 0’s on the diagonal. More precisely, M (i,i) = 0 for all

i € [n], and for i # j, M(i,j) = 1if {i,7} is an edge in G and —1 otherwise.

We visualize the matrix with the line shape « in the following way: the row index i
corresponds to a vertex u, the column index corresponds to a vertex v, and the entry

M (i, j) corresponds to the edge (u,v).

2. For a more complicated example, which is the central object of study for the first half
of this thesis, consider a n(n — 1) x n(n — 1) random matrix M with a random input

graph G ~ G (n,1/2) where

o z(i1, j1) - 2(j1,42) - 2(iz, jo)  if 41,42, j1, j2 are all distinct
M ((i1,12), (41, J2)) =
0 otherwise

and z(i,7) = 1 if {7, 7} is an edge in G and —1 otherwise.
1



Again we can visualize this matrix by making the following correspondence: the row
index (i1,i2) and column index (j1,j2) correspond to pairs of vertices (up,ug) and
(v1,v9) respectively, and the three edge variables x (i1, j1), ©(j1,12) and z(ig, j2) cor-
respond to the edges {uy,v1}, {vi,us} and {ug,va}. The resulting shape is called
the Z-shape (see Definition 2.1.15) and the matrix is thus called the Z-shaped graph

matrix. See Figure 1.1 for an illustration.

U V2

Uq, Va

Figure 1.1: Z-shape

Graph matrices were first introduced and studied by Medarametla and Potechin in their
paper “Bounds on the norms of uniform low degree graph matrices” (Medarametla and
Potechin [2016], later updated in Ahn et al. [2020]) as a tool for analyzing large and compli-
cated moment matrices which often appear in the sum of squares hierarchy analysis. These
moment matrices can frequently be decomposed into linear combinations of graph matrices,
thus understanding properties of graph matrices gives a systematic way of handling moment
matrices. Ahn et al. [2020] proved rough norm bounds which are tight up to a polylog(n)
factor on all graph matrices. Barak et al. [2019] was the first paper that used graph matrices
to analyze the performance of SOS, in this case the planted clique problem. Graph matrices
and its norm bound were then used as a useful tool to analyze many SOS problems later on
(Ghosh et al. [2020], Potechin and Rajendran [2020], Kivva and Potechin [2020], Jones et al.
[2022], Mohanty et al. [2020]), and also other methods involving higher moments (Venkat

et al. [2022], Bafna et al. [2022], Rajendran and Tulsiani [2022]).



1.2 Background in Random Matrix Theory

Despite its somewhat complicated definition, graph matrices are random matrices, so to
study them we are in the realm of random matrix theory (RMT). Some well-known results
from RMT are Wigner’s semicircle law (Wigner [1958, 1993]), Girko’s circular law (Girko
[1984]), Marchenko—Pastur law (Maréenko and Pastur [1967]), the Tracy-Widom distribution
(Tracy and Widom [1994, 2002]), and the Matrix Bernstein Inequality (Oliveira [2009], Tropp
[2012]). The first four are results about the distribution of eigenvalues of random matrices,
whereas the last one gives a probabilistic norm bound on the sum of independent random
matrices.

We will list these theorems formally.

Definition 1.2.1 (Wigner matrix). A Wigner matriz M is a random Hermitian matrix
where entries M;; for ¢ < j are i.i.d. complex random variables with mean 0 and variance 1,
M;; = Mj; for i > j, and the diagonal entries are i.i.d. real random variables with bounded

mean and variance.

Theorem 1.2.2 (Wigner’s semicircle law). Let My, be a sequence of n x n Wigner matrices.
Let M,, = ﬁ My, be its normalization. Then the empirical distribution of eigenvalues (ESD)
of My, converges to the semi-circle law Fse(x) almost surely as n — oo, where Fge(x) is the

distribution function whose density function fsc(x) is

4—z2  gflx] <2
fsc(il?) ={ 27 (1'1)

0 otherwise

Girko’s circular law, which arose as a natural counterpart of Wigner’s semi-circle law,

concerns the spectrum of the non-Hermitian random matrices.

Theorem 1.2.3 (Girko’s circular law). Let M, be a sequence of n X n matrices whose

entries are i.i.d. complex random variables with mean 0 and variance 1. Let M, = ﬁ My,

3



be its normalization. Then the empirical distribution of eigenvalues of My, converges to the
uniform distribution over the unit disk in the complez plane (Circular law) as n — oo almost

surely.

Remark 1.2.4. Girko’s circular law was originally posed as a conjecture in 1950. It was
then partially proved by Mehta [1967], Edelman [1988], Girko [1984, 2004a,a/, Bai [1997],
Bai and Silverstein [2010], Gétze and Tikhomirov [2010], Pan and Zhou [2010], Tao and Vu
[2008], and finally proved in full generality by Tao et al. [2010].

Theorem 1.2.5 (Marchenko-Pastur law). Let X, be a sequence of n X m matrices whose

2 Ifm/n — ¢

entries are i.i.d. random wvariables with mean 0 and bounded variance o
1

where 0 < ¢ <1 as n — oo, then the ESD of —xx7T converges to the Marchenko—Pastur
n

law Fe(x) almost surely as n — oo, where F¢(x) is the distribution function whose density

function fo(x) is

Folz) = 27Tlg2 ) \/(C+ - ﬂcci(x —c_) _ ﬂxe[c_,c+] (1.2)

where c+ = o° (1 + \/E>2

In contrast to the first three which are results on the limiting distribution of eigenvalues of
random matrices in different settings, Tracy-Widom concerns the distribution of the largest

eigenvalue.

Theorem 1.2.6 (Tracy-Widom distribution). Let M be an nxn Gaussian Unitary Ensemble
(random Hermitian matriz where real and imaginary parts of off-diagonal entries are i.i.d.
from N (0,1/2) and diagonals are i.i.d from N'(0,1)). Let Amax be the mazimum eigenvalue

of M. Consider F(x), the distribution function of centered and scaled Apax as n — oo,

F(z) = Jim P ((Amax — \/%) Vant/6 < x) . (1.3)



Then

o

F(s) =det (I — As) = exp (—/8 (z — 5)¢%(x) d:c> (1.4)

where Ag is an operator acting on L? (s, 00) with kernel

Ai(2) Al (y) — A’ (2) Ai(y)
r—y

, (1.5)

where the Airy function Ai(x) is the solution to the Airy equation y" — xy = 0 subject to the

condition y — 0 as x — oo, and q(x) is the unique solution to the differential equation

¢"(z) = zq(x) + 2¢(z)? (1.6)

satisfying q(x) ~ Ai(x) as © — oo.

On the norm bound side, Matrix Bernstein gives a probabilistic bound on the upper tail

of the spectral norm of a sum of independent zero-centered random matrices.

Theorem 1.2.7 (Matrix Bernstein). Let Ay, ..., Ay be independent di X do random matrices
where for each i € [n|, E[A;] = 0 and | A;|| < L for some L. Let A= A1+ ---+ Ay and

v(A) be its matriz variance defined as

v(A) = max {HE A4, |E A*AH} . (1.7)
Then for any € > 0,
2
P (Al = €) < (d1 +d2) -exp (U(A)+/62L/3) : (1.8)

One key observation we would like to point out is that the graph matrices share similarity
with classical random matrix theory, but are also distinct from it in certain aspects. In

particular, when it comes to the study of limiting spectrum distributions, the entries are
5



often independent and identical random variables in the classical RMT setting, whereas for
graph matrices, every entry has dependency on a small set of other entries which share

common edges (eg. the Z-shaped graph matrix example earlier in Section 1.1).

1.2.1 Methodologies

Since this thesis exclusively studies the limiting spectrums of graph matrices, we will focus on
the ESD aspect of the RMT. Two methods are often used to analyze the limiting spectrum
of a sequence of random matrices M, the moment method (more details in Section 3.1) and

the Stieltjes transform method. These methods can be found in Bai and Silverstein [2010].

Moment method Consider the setup where M, is a sequence of random matrices and
fn(z) is the distribution of eigenvalues of M;,. The moment method is relatively

straightforward: it considers all kth

moments 3}, ,, := /xkfn(x) dx and then computes
the limits 8. as n — oo for each k. The goal is then to find a distribution function
f(z) whose moments match with all /3., together with confirming the conditions that
guarantee the convergence of fy,(x). In the setup of random matrices, these moments
Bk of eigenvalues turn out to be ltlr (Mnk), thus we also refer to the moment

n
method as the “Trace Power Method”.

Stieltjes transform The Stieltjes transform, on the other hand, is a complex-analytic

method. The Stieltjes transform of a measure py on R with density function p is

- p(x) dx for z € C not in the support of p(z). The method
x
1

defined as s,(z) = /
— 2
1
uses the identity sy (z) = /7 - fo(z)dx = —tr ((Mn - zI)_1>, and then finds
T —z n

the limit s(z) of s,(z) as n — oo and the corresponding density function f(z) whose

Stieltjes transform is s(z).



1.2.2  Wigner’s Semicircle Law

As an example, we will consider the setup of Wigner’s semicircle law. Recall Definition 1.2.1

and the Semicircle law.

Definition 1.2.8 (Semicircle Law). The semi-circle law Fgc(x) is a distribution function

whose density function fs.(z) is

1
— V4 —2%  if |z <2

fse(z) = 2 (1.9)

0 otherwise

For the Stieltjes transform method, we first consider the Stieltjes transform of the semi-

circle law.

Lemma 1.2.9 (Lemma 2.11 from Bai and Silverstein [2010]). Let ssc(z) be the Stieltjes

transform of the Semicircle law Fse(z). i.e.

1 /2 1
Sse(2) / 4 —22dxr. (1.10)

T o) oa— 2

Then

Sse(2) = —; (z — /22 — 4) : (1.11)

Remark 1.2.10. We can also compute the semicircle law fse(x) backward from its Stieltjes

1
transform ssc(z) = ) (z —\/22 - 4) which is obtained as a limit of sp(z), by applying the

—i€) — + ie
inverse formula fsc(z) = lim Ssc (@ — i) 'Ssc (w41 )
e—0t 21

To prove Theorem 1.2.2, it suffices to prove that the Stieltjes transform s,(z) of normal-

1 — -1
ized Wigner matrices, which is — tr ((M n— 2zl ) ), converges almost surely to sge(z) =
n
1

5 (z — 22— 4) for every z in the upper half plane. We do so by proving E [s,,(2)] con-

verges to ssc(z) and then handling s, (z) — E [s,(2)]. We need the inverse matrix formula to

7



compute tr ((Mn - z[)_1>.

Lemma 1.2.11. Let A be an n X n invertible matriz. Then

1
ATh = 1.12
A7) agg — wi' Ay~ o 12

K row and column,

where Ay, is the (n—1) x (n—1) matriz obtained from A by deleting its
wff (resp., vi.) is the K row (resp. column) of A with the K entry deleted.

In particular, if A is a Hermitian matriz, then

1
A™H = 1.13
( >kk agr — v AR Tog (1.13)

Corollary 1.2.12.

tr (M = 20)71) (1.14)

i 1

T e — 2 o (M — 2Dy
where vy, is the ke column of M. with the Kt entry deleted.

With some reduction steps, we may assume that the diagonal elements are zero (removing
diagonal elements does not change the limiting spectrum). The important identity we want

to obtain here is that

ot ((M")k — zI>_1 v = E [sp(2)] + o(1) (1.15)



since then we can conclude that (recall we assumed that my; = 0 for all k)

B (0] = & [or (1))

=K

S R S

—z —up* (M}, — 21)71 U},

— E [sn(2)]2 + 2E[sn(2)] + 1 =0 as n — oo

—z+ V4 — 2?2

5 = Ssc(z) as n — 00

= Elsn(2)] =

Finally, to obtain Equation (1.15),

o (1), -=1) ] =2 | (), - =1).

2 y (0k); (vi) 5

1 21

1/ ) 1
N = ((M,) —21)  since B (v); = 0,E |(vp.);]2 = E|—M,
EZ_ - (My), 2) since E (vg); = 0, E |(vg)s] ‘\/ﬁ ik

( 1)
<1Mn—1 _ z[>_1) ~ sp—1(2) = sp(2) + o(1) (stability of s,(2))

— ;" ((M”)k — z])_l v, = E [sp(2)] + o(1) w.h.p.

Now we turn to the moment method. One of the most important steps of analyzing the
1

limiting spectrum of M, is to compute nlgr&) — tr (Mnk> In our case when M), are random
n

1
matrices, we need to first consider lim —E [tr (Mnkj )} for easier analysis.
n—oo n

For simplicity, we assume that the input distribution of the Wigner matrix is even. Then
E {tr (Mn2k+1)] = 0 since it expands to a summation of products of an odd number of
entries, and each random entry has zero odd moments. Note that in the general case, we are
still able to bound the magnitude of E {tr (Mn2k+1)].

With some combinatorial arguments, one can deduce that the expected even trace powers

of normalized M, converge to the Catalan numbers.



— 1
Theorem 1.2.13. Let M, be a sequence of n x n Wigner matrices and M,, = — M, be
n

vn

its normalization. Then

1 7 2k
im gE [tr (]\/[n )] = C} (1.16)
where C, = i\ s is the k*"" Catalan number, and

=0. (1.17)

n—oo n,

1 _
lim —E [tr (Mn%—H)

We can then verify that the moments of the semicircle distribution are indeed the Catalan

numbers.

Proposition 1.2.14. Recall the semicircle law Fse(x) from Definition 1.2.8. For all k > 0,

00 2 1
/_OO fsc(a:)~x2kdx:/_2 %\/4—x2-x2kd1’:C’k (1.18)

and

o0 2 1
/ Fse(x) - 2 de = / —\J4— 22 2k =0, (1.19)
—00 -

2 2w

Thus the expected moments of normalized Wigner matrices converge to the moments of
the semicircle law. With some more careful analysis on the variance of the trace powers
and verifying the Carleman condition (see Lemma 3.1.1), we can ensure the convergence of

1 —
lim — tr <Mnk> and thus prove Theorem 1.2.2.
n—oo nq,

1.3 Contribution of this Thesis

1.3.1 Previous Results on Graph Matrices

Ahn et al. [2020] established the following norm bounds on all graph matrices.

10



Definition 1.3.1 (Vertex Separator). Given a graph G = (V(G), E(G)) and U,V C V(G),
we say that S C V(G) is a vertex separator between U and V if all paths from U to V

intersect S.

Theorem 1.3.2 (Theorem 2.24 in Ahn et al. [2020]). Let o be a shape with parts Uy and Vg
without isolated middle vertices. Let spyin be the minimum size of a vertex separator between
Uy and V. Then w.h.p.

1Ma|| = O (n(\vmn—smm)/z)) (1.20)

Moreover, if o has u isolated middle vertices, then |My|| = O (n(|V(a)|+”_smin)/2)).

The above theorem works for graph matrices with one type of vertex. There are general-
izations of this result for graph matrices where there are multiple types of vertices (Ahn et al.
[2020]) and where the input is sparse (Jones et al. [2022], Rajendran and Tulsiani [2022]).

There were a few open problems on graph matrices after Ahn et al. [2020].

1. The norm bound given in Ahn et al. [2020] is tight up to a polylog(n) factor. Is it

possible to perform a more careful analysis to get the exact norm bound?

2. Can we analyze the limiting distribution of singular values of graph matrices (equiva-
lently, eigenvalue distribution of the symmetric matrix MaMg; ) and obtain an analog

of the Wigner’s semicircle Law?

3. Can we analyze the limiting distribution of eigenvalues of graph matrices and obtain

an analog of the Girko’s circular law?

In this thesis, we aim to take a step forward and answer the second question. More pre-
cisely, we are interested in analyzing the limiting behaviour of singular values for a sequence
of a(n) x b(n) graph matrices as n — oo. As a first step, we consider the previous intro-
duced Z-shaped graph matrices M, ,, and its generalization, multi-Z-shaped graph matrices

Mg, Z(m) (formally defined in Definition 2.1.15 and Definition 2.2.17). As the name suggests,
11



AZ(m) is formed by stacking m — 1 Z shapes together (2m vertices in total). Analyzing the

limiting distribution of singular values of normalized Mg,  can be seen as an analog of the

(m)

Wigner’s semicircle law, in the sense that the base case of M, Z(m)? Mg, (see Example 2.1.7, 3
and Figure 2.1c¢), is a special Winger matrix where the entries are +1 with equal probability.

In the first part of this thesis, we analyze Z-shaped and multi-Z shaped graph matrices
with +1 random inputs. We use the moment method for our analysis. There are two main

steps:

Step 1. Obtain the expected trace powers of normalized Z-shaped and multi-Z shaped graph
matrices. Indeed there is a similarity with the Wigner’s semicircle law. As seen in the

1 — — 1
previous section, nlgmm —E ltr (M n%)} = (). where M,, = — M, is the normalized
n

N4
Wigner matrix and C}, is the k" Catalan number. For a multi-Z-shaped matrix M, Z(m)
1
of dimension 7y, 5, ~ n'", the expected trace power of T/QMO‘Z(m) as n — oo turns
n
1 (m+ 1)k
mk + 1 k
The high level idea for obtaining this result is to prove the trace power satisfies the

out to be C(m, k) = ), the generalized level-m Catalan number.
same recurrence relation (see Theorem 5.1.7) for the (generalized) Catalan numbers
through repeatedly splitting the constraint graph (see Definition 3.2.9) which represents

the trace power.

Step 2. Solve for faZ(m) (x), the limiting spectrum of normalized (multi) Z-shaped graph
matrices, knowing its moments: /x%faz(m)(x) dx = C(m,k). We do this by ob-
taining a differential equation for faZ(m) (z) through performing integration by parts
repeatedly on the moment formula and using the recurrence relation between C(m, k)
and C(m, k + 1). We successfully find an explicit expression for f,,(x) (when m = 2,
see Theorem 2.1.17), and only obtained the differential equations for m = 2,3 (see

(4.13) and (5.7)), but the techniques work for higher m in general.

However, there are limitations to our results. Unlike Wigner’s Semicircle Law, which

12



holds as long as the entries of the symmetric random matrix have mean 0 and variance 1,

our results on Mg, . only hold if the input distribution for the slanted edges Vis {—1,1}.

(m)
We would like to know if we can push our analysis further to graph matrices with other
input distributions (eg. Gaussian), or optimally, any arbitrary distribution with mean 0 and
variance 1.

In the second part of this thesis, we resolve this question using an operation op (see
Definition 2.2.12) which mixes two distributions  and Q' via a random orthogonal matrix.
We show that if we take €27 to be the limiting distribution of the singular values of %Ma P
with the {—1, 1} input distribution, then for any distribution Q with variance 1 and zero odd
moments, the limiting singular values distribution of %Maz with the €2 input distribution
is Q7 op Q. We further show that this result generalizes nicely for multi-Z shaped graph
matrices mixed with multiple distributions Q(9), namely Q7(m) °R o OR...OR Q). The
proof idea is similar to our first result on Z-shaped graph matrices: we use the moment
method and show the equality of the moments by showing they satisfy the same recurrence
relation. A nice byproduct of our analysis is that €7,y o {27, is the same as Q7,1
thus allowing us to “stack” together multi-Z shapes through the op operator.

This op operation turns out to to be closely connected to free probability theory. Free
probability theory, in contrast with the classical probability theory, studies non-commutative
random variables that are freely independent (see Definition 2.2.3). It was first introduced by
Voiculescu around 1986 to solve longstanding problems in the area of operator algebra, and in
1991 its connection with the random matrix theory was discovered (Voiculescu [1995, 1997]).
Free probability theory then found its application in fields like Large deviations theory and
Quantum information theory. Vaguely speaking, the “freeness” in free probability theory

corresponds to the eigenspaces of random matrices being in “generic” positions, and random
ds to th f d t b « ” t , and d

matrices with such property are free random variables. Similarly, our op operation handles

1. the input distributions for the other two edges can be arbitrary as long as they have mean 0 and
variance 1

13



matrices with the singular vectors in generic positions (where this freeness is ensured through
the random orthogonal matrix).

An important piece in free probability theory is to study products of freely independent
variables. With some reduction steps, computing moments of € o € becomes equivalent
to computing moments of ab where a,b are freely independent. The existing formula for
moments of ab (Theorem 3.4.11) is expressed through summation of free cumulants (see
Definition 3.4.9) under non-crossing partitions. We managed to derive a new direct formula
(see Theorem 2.2.8) for the moment cumulant formula by analyzing the combinatorics of

these non-crossing partitions.

14



CHAPTER 2
DEFINITIONS AND RESULTS

2.1 Graph Matrices

In this section we will give formal definitions of graph matrices and state our results on the

Z-shaped graph matrix.

2.1.1 Definitions

In order to state our results, we need a few definitions.

Definition 2.1.1 (Fourier Characters). Given a graph G = (V(G), E(G)) and a multi-set
of possible edges E C <V(2G)>, define xp(G) = [] e(G) where the edge variable e(G) is

ecl
e(G) =1if e € E(G) and —1 otherwise.

Remark 2.1.2. Notice that x g (G) = (—1)#(¢dges in E that are not in G) _ (_1)E\E(G)

Definition 2.1.3 (Shapes). We define a shape « to be a graph with vertices V(«), edges

E(«a), and distinguished tuples of vertices Uy = (ul, o ,u|Ua|) and V,, = (vl, o ,’U|Va|>.

Definition 2.1.4 (Bipartite Shapes). We say that a shape « is bipartite if Uy NV, = 0,

V(a) = Uy U Vg, and all edges in E(«) are between U, and V.

Definition 2.1.5 (Graph Matrices). Given a shape «, we define the graph matriz M, (which

matrix with rows indexed

depends on the input graph G) to be the ( X

n! n!
n—|Ua|)! = (n—|Val)!

by tuples of |Uy| distinct vertices, columns indexed by tuples of |V, | distinct vertices, and

entries

Ma(A, B) = > Xo(E(a))(G)-

oV (a)—=V(G): o is injective,
o(Uy)=A,0(Vy)=B

Now we give some basic examples of shapes and the corresponding graph matrices.
15



Definition 2.1.6. Let «q be the bipartite shape with vertices V(ag) = {u,v} and a single
edge {u,v} with distinguished tuples of vertices Uy, = (u) and Vi, = (v). We call ag the

line shape. See Figure 2.1c for an illustration.

Example 2.1.7. Let a = (V (a), E («)), Uq, Vo be distinguished tuples of V(«). Let G be

an input graph with n vertices. Here are some important examples:
1. when Uy = Vo =V (a) ={v} and E(a) =0, My (G) is the n x n identity matriz.

2. when V(a) = {u,v},Uy = {u}, Vo = {v}, and E (o) = 0, My, (G) is the all one matriz

with zeros on the diagonal.

3. when o = aq the line shape, My (G) is a £1 matriz with zeros on diagonal.

Ua = Va Ua Va Ua Va
(a) example 1 (b) example 2 (c) example 3, the line shape ag

Figure 2.1: Examples of graph matrices

We can also consider the linear combination of the graph matrices My, ’s for different

)

(0N

4. Let ap = (Uy U Vy, E) where Uy = {u1,us}, Vo = {v1,v2} and E is a subset of E' :=

set of all possible edges between {uy,ug,v1,v2}. Then for any A, B tuples of V(G) of

stze two,
Yo1= 9lE'| — 96 if A, B form a 4-clique
> Mag(G) (A, B) =4 ECE (2.1)
EcCF’

0 otherwise

16



1
Thus the graph matric M = — Z Moy, is such that M(G)(A, B) =1 if A, B forms

6
2 ECE'
a 4-clique in G and 0 otherwise.

5. Example 4 can be generalized to detecting k-cliques in graph G for any k. For a given
k, let ap = (Ua U Va, E) where [Ua| = |5, [Val = |§| and E C E' for E' = all
possible edges on Uy LI V. Then

1
M=—

'ZMaE

k
2 5) EcCE'

is such that M (G)(A, B) =1 if A, B forms a k-clique in G and 0 otherwise.

We now introduce a more general definition of graph matrices, by associating each shape
a with a set of distributions Qp ) = {Q¢ 1 e € E(a)}, one for each edge of a.
Instead of having a single random input matrix, we have a random input matrix M¢ for

each edge e of our shape.

Definition 2.1.8 (Random Input Matrix M¢). Let o be a shape associated with distribu-
tions Qp(,). For each e € E(a), we define the random input matriz M° to be a symmetric

random matrix where each entry M€(i, 5) is drawn independently from .

Definition 2.1.9 (Fourier Characters Xo (B a))). Let a be a shape associated with distri-

butions Qp(,). Given an injective map o : V() — [n], we define
Xopn = T M (o(u),00). 22)

Definition 2.1.10 (Graph Matrices with input distributions E( a)). Given a shape a associ-

ated with distributions (2 E(a)» W€ define M, B’ the graph matriz with input distributions

(«

n! n! matrix with rows indexed by tuples of |U,| distinct

X
n—{Ua|)! (n{Val)!

QE(Q), to be the (

17



vertices, columns indexed by tuples of |V,,| distinct vertices, and entries

o:V(a)—[n]: o is injective,
o(Uy)=A,0(Vo)=B

Remark 2.1.11. In this thesis, we only consider bipartite shapes so for all A and B, we
will either have that AN B = () and there is exactly one injective map o such that o(Uy) = A
and 0(Vo) = B or AN B # 0 and M,

(@ (A, B) =0 as there are no such injective maps

g.

Definition 2.1.12 (Graph Matrices with a single input distribution ). If Q. = Q for all

e € E(a) then we denote the corresponding graph matrix M, as M, . Note that

25(a)
even though all )¢ are the same, there is an independent input matrix M€ with the same

underlying distribution €2 for each edge e.

Definition 2.1.13 (%1 distribution). We define the £1 distribution 41 to be the distri-

bution which is 1 with probability 1/2 and —1 with probability 1/2.

Definition 2.1.14. Given a shape «, if QE(a) consists of only €241, then we denote M%QE(Q)
as just M,. In other words, we take graph matrices to have input distributions Q41 by

default.

2.1.2 QOur Results

Our main result is determining the spectrum of the singular values of the Z-shaped graph

matrix.

Definition 2.1.15. Let oy be the bipartite shape with vertices V(ay) = {uy,u2,v1,v2}
and edges E(ayz) = {{u1,v1}, {ug,v1}, {ug, v2}} with distinguished tuples of vertices Uy, =

(u1,u2) and Vi, = (v1,v2). See Figure 2.2 for an illustration. We call az the Z-shape.
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Figure 2.2: Z-shape ayz

3V3
Definition 2.1.16. Let a = \2/_ and define go, : (0,00) = R be the function such that

Gay, (z) = % (\/gsin (; arctan (%)) + cos <; arctan (%))) (2.4)

if z € (0,a] and g, (x) = 0 if x > a. See Figure 2.3 for an illustration.

Spectrum of Singular Values

4.0 1 —— Spectrum of Z-shaped Graph Matrices
3.5 1
3.0 1

2.5 1

2.0 A

1.5

1.0 A

0.5 A

0.0 A

0.0 0.5 1.0 1.5 2.0 2.5

Figure 2.3: The limiting distribution of the singular values of %Ma 4, s — 00

Theorem 2.1.17. Asn — oo, the spectrum of the singular values of %Maz approaches g, -

After proving this result, we apply our techniques to give a partial analysis of the spectrum

of the singular values of multi-Z-shaped graph matrices.
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2.2 Free Probability and the oz Operation

In this section we will list some necessary definitions from free probability theory to state
our result of the moment formula. After that we will define the op operation formally and

state some results on its connection to the graph matrix.

2.2.1 Free Probability

Definition 2.2.1. We say that (A, ) is a non-commutative probability space if A is a unital

algebra over C and ¢ : A — C is a unital linear functional.

In this paper, we focus on the following type of non-commutative probability space. For

further examples of non-commutative probability spaces, see Nica and Speicher [2006].

Example 2.2.2. (Mn (C) ,t}) is a non-commutative probability space where My (C) is the

_ _ 1 n
algebra of n X n complex matrices and tr is the normalized trace tr(A) = — - Y Ajj.
n A
J=1

Definition 2.2.3 (Free Independence). Let (A, ¢) be a non-commutative probability space.
Let {A; : i € Z} be a collection of unital subalgebras of A. We say that {A; : i € Z} are

freely independent if for any k € ZT, p(ay ... a;) = 0 whenever
1. a; € A;; forall j € [k]
2. ¢(aj) =0 for all j € [k]
3. ij #ij41 for any j € [k — 1]

Let X; C Afori € Z. We say that {X;},c7 are freely independent if {A;};c1 are freely
independent where A; := alg (1, X;) is the unital algebra generated by the set X;.
Let a; € A for i € Z. We say that {a;};c7 are freely independent if {A;};c7 are freely

independent where A; := alg(1, a;) is the unital algebra generated by a;.
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Given freely independent random variables a and b, the moments of the product of @ and
b (ie., {p((ab)¥) : k € N}) are completely determined by the moments of a and b. These
moments can be computed directly using the definition of free independence but this quickly

gets complicated.

Example 2.2.4. If (A, ) is a non-commutative probability space and a,b € A are freely

independent then:

1. p(ab) = p(a)p(b) since

More generally, o(a™b™) = o(a)p(b™).

2. p(aba) = (a®)p(b) since

= ¢ ((a—p(a) (b — o)) (a - p(a))
=g (ab—p®) (a- ) - plae (b-eb) (a— o)
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3. p(abab) = —p(a)?(b)? + p(a®)p(b)? + p(a)*p(b?) since

0=¢ ((a—¢(a) (b—0(b)) (a = ¢(a)) (b— (b))
=p (a (b= 0(®) (@ —p(@) (b= 1)) = (@) (b= w®) (@ —w(a) (b—o®))

=p(abab) + p(a)*o(b)* — @(a)*o(b%) — p(a®)p(b)?

We now give our direct formula for the moments of the product of two freely independent

random variables.
k
Definition 2.2.5. Let P, = {d = (a1,...,a3) C K" > i-o; =k .
i=1

Definition 2.2.6. Let (A, ¢) be a non-commutative probability space. Given & € P, and

a € A, we denote @107 to be
o b i 2 k
va” = I ela")* = p(a)™(a”)*2 ... p(a")" (2.5)
=1

Definition 2.2.7. Given &,B’ € P, we denote C (62, B’) to be

» A+B-2\ (A-1)! (B-1)
C(&>5):(_1)A+B_k_l'k'< 2_1 )'oflx...(jk!'ﬂ(ll...ﬁ)k!' (26)

whereA:a1+-~-+ak andB:51_|_..._|_6k'
Note that when A+ B <k, C(&,B) = 0.

Theorem 2.2.8. If (A, ) is a non-commutative probability space and a,b € A are freely
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independent then

e(@)f)= Y c(ad) e &’ (2.7)

d,fepy
Example 2.2.9. We list below the first few cases when k =1,2,3,4.
1. p(ab) = ¢(a)p(b).
2. p(abab) = —p(a)?p(0)* + p(a)*p(b%) + p(a®)p(b)*.

3. ¢ (ababab) = 2p(a)3p(b)> —3p(a)>o(b)@(b?) — 3p(a)p(a?)e(b)® + 3p(a)p(a?)(b)p(b?)
+p(a)®o(b3) + p(a®)p(b)3.

4. plabababab) = —5p(a) () + 10p(a) o (b)2p(b?) + 10p(a)?p(a?)p(b)* —
4p(a)to(d)p(b?) — dp(a)p(a)p(h)t = 20(a)to(b?)? — 2p(a?)?p(b)* + p(a)tp(b?) +
p(a)p(b) =16p(a)%p(a®)p(b)?p(0%) +4p(a)?o(a®) @ (D) (b)) +4p(a) p(a®) o (b)*p (b%) +
2p0(a)%p(a?)p(b%)? + 2p(a?) %0 (b)2p(b?).

Note that we computed the first two results directly in FExample 2.2.4.

2.2.2 op Operation

We now formally define the operation op and describe its connection with the moments of

the product of two freely independent random variables.

Definition 2.2.10. We say D is an Q-distribution diagonal matriz if D is diagonal and each

diagonal entry of D is drawn independently from the distribution 2.
Definition 2.2.11. Given n € N, we choose a random orthogonal matrix R as follows:

1. Choose the first row 7 to be a random vector in S"~1 = {# € R" :||Z|| = 1}. One
way to do this is to choose the entries of '] to be random Gaussian variables and then

rescale 7 so that ||r1]| = 1.
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2. For each j € {2,...,n}, choose the jth row 7 to be a random vector in the (n — j)-
dimensional sphere {# € R" :||Z|| = 1,Z - 7; = 0 for all ¢ € [j — 1]}. One way to do this
is to choose the entries of 7; to be random Gaussian variables, remove the components

of 7; which are parallel to 77,...,7;_1, and then rescale 7; so that HFJH =1

Definition 2.2.12. Given two distributions Q and €', we define Q op Q' to be the limiting
distribution as n — oo of the singular values of the random matrix M = DRD’ where D
and D’ are n x n Q and V'-distribution diagonal matrices, respectively, and R is a random

n X n orthogonal matrix.

Proposition 2.2.13. The operation og is commutative and associative.
Proof.

1. Qop VY =V op QO Let D and D' be Q and '-distribution diagonal matrices and
R be a random orthognal matrix. (DRD’ )T = D'RTD where RT is also a ran-
dom orthogonal matrix. Since M and MT have the same singular values, {DRD' :
R is a random orthogonal matrix} and {D'RD : R is a random orthogonal matrix}

have the same singular value distributions.

2. (Qog ) op Q' =Qop (2 orQ"): Let D, D' and D" be Q, & and -distribution
diagonal matrices. Let Dgg .y and Dy, qr be Qop Q' and Q' op Q"-distribution
diagonal matrices. Since Dg, R and DRD’ have the same singular values distributions
in the limit as n — oo, {RlDQORQ/RQ : R, Ro orthogonal} =

{ﬁl (DRD’) Ry : Ry, Ry orthogonal}.
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We have that in the limit as n — oo,

Ry DQORQ/RQD ) Rs : Ry, Ro, R3 orthogonal}
(RlpﬂoRQ,Rg) DRy : Ry, Ry, B3 orthogonal}

| (DRD) Rg) D'Rs: R, By, By, Ry orthogonal}

RiD 32 (D R3D’)R4> . Ry, Ry, B3, Ry orthogonal}

{RlDRgD RsD"Ry: Ry, Ro, R3, Ry orthogonal}
{Rl RQDQ/ORQ//R4> : Ry, }%2, ﬁ4 orthogonal}

Ry DRQDQ/ORQ//) Ry : R1,Ro, Ry Orthogonal}

For any matrix M, M and RjM Rs have the same singular values if R1 and R»
are orthogonal. Thus, in the limit as n — oo, {DQORQ”RD” 'R orthogonal} and

{DRDQ/O RO R orthogonal} have the same singular value distributions.

]

To see why the op operation is connected with free probability theory, we make the

following observation.

Proposition 2.2.14. Let Ry, be an n x n random orthogonal matriz, Dy, and D), be n X n
random diagonal matrices where the diagonal elements are drawn independently from dis-
tributions Q and ', respectively. Let My = DpRpD), Ay = D2, B, = RnDﬁR}C, and
o =trQE. Then

1
— - E |tr
n

= ((Aan)’“) (2.8)

o)
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Proof. Observe that

tr ((MMT>k>

1
. o)

1
—E | = tr (DRD’2RTD2RD’2RT L DQRD’2RTD>
n n

1
—E |—tr <D2 <RD’2RT) D? <RD’2RT> ...D? (RD’QRT))
n

n
=¥ <(Aan)k)
where the second equality uses the fact that tr(AB) = tr(BA). O

As we discuss in Section 3.4, an important result in free probability theory is that in
the limit as n — oo, the variables A, and B,, are freely independent. Together with Theo-

rem 2.2.8, this gives the following corollary.
Definition 2.2.15. Given a distribution 2 and & € P}, we denote

1. Qo =E, o [me}, and

‘o]l

a_ oo Qg
2. fQ2 ...Q%.

Below is a corollary from Theorem 2.2.8.

Corollary 2.2.16. Let Q and ) be two distributions. Then for all k € N,

(Qop®), = Y C(af) 6% a7 (2.9)
a,fep;

where if we leta=a1+---+ap and b=">01 4+ ---+ by, then

Lz e a+b-2\ (a—1) (b—1)
€ (@) = (e 1'k'< k-1 )'al!...ak!'m!..ﬁk!‘ (2.10)
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2.2.8 Application of the og Operation to Graph Matrices

We now state our main results on the limiting distribution of the singular values of multi-Z-

shaped graph matrices.

Definition 2.2.17. Let az(,,) be the bipartite shape with vertices V/ (az(m)) =
{ut,...,um,v1,..., vy} and edges E (O‘Z(m)) = {{ui,vi} S [m]}U{{ui_,_l,Ui} ti€[m— 1]}
with distinguished tuples of vertices Uaz(m) = (uy,...,um) and Vaz(m) = (v1,...,0m). We
call the slanted edges {{qu, v} ri€m— 1]} spokes and call {u;1,v;} the ith spoke. See
Figure 2.4 for an illustration.

We refer to QZ(m) 88 the m—layer Z-shape or the Z(m)-shape. When m = 2, the shape

is exactly a Z shape.

U e —e V,

LI2 V2

9 V.

3

u_ @ -@ V

m

Ua(m) Va(m)

Figure 2.4: The m—layer Z-shape A7 (m)

Definition 2.2.18. Given Q(l), .. ,Q(S) and m > s+ 1, we define

1. Qq Z(m)+5 to be the set of distributions associated with « Z(m) where the it" spoke has

distribution Q) for i = 1,...,s and all other edges have distribution €241, and

2. Maz(m)’s to be the graph matrix with shape 7 (m) and input distributions QaZ(m)vs’

and
3. M (©) = L - M, to be the normalized graph matrix
C M 2(m),s T mpz T zm) S gtap '

Definition 2.2.19. Given Q(l), o ,Q(S) and m > s+ 1, we define
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1
1. QZ(m) to be the limiting distribution of the singular values of YR MaZ(m)’ or
equivalently, M (ZC&) 0

2. QZ(m),Q(l),...,Q(S) to be the limiting distribution of the singular values of M(Z?zz),s'

With these definitions, we can now state our main results which show that the spectrum
of the singular values of multi-Z-shaped graph matrices can be easily described using the op

operation.

Definition 2.2.20. We define €2 to be the set of all random distributions and €2g 1 to be
the set of distributions €2 with 0 odd moments and variance 1.

0 1
Definition 2.2.21. A distribution €2 satisfies Carleman’s condition if 3 ﬁ%% = 0o where
k=1

Bor, = Eq [#%¥] is the 2k-th moment of Q.
Theorem 2.2.22. For all Q(l), e ,Q(s) € Qo1 which satisfy Carleman’s condition,

QZ(m) ORQ(l) OR...ORQ(S)IQ (211)

Z(m),QM) .. Qls)

Remark 2.2.23. Carleman’s condition is needed as it ensures that the resulting distribution

can be recovered from its moments.

Theorem 2.2.24. For any m,m’ € N,

Qz(m) °R Qz(m") = Qz(m1m) (2.12)
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CHAPTER 3
PRELIMINARIES

3.1 The Trace Power Method

In this section, we will give a more detailed explanation of the moment method introduced

in Section 1.2.1.

Lemma 3.1.1 (Carleman Condition, Akhiezer [2020]). Let u be a measure on R and let

B = /:ck du(z) be its moments. ffZﬁQkil/% = o0, then p is the unique measure on R
k

with (By,) as its moments.

We call the condition Zﬁmflﬁk = 00 the Carleman Condition.
k

Lemma 3.1.2 (Moment Convergence Theorem, Lemma B.1 and B.3 in Bai and Silverstein
[2010]). Let {Fy(x) : n > 1} be a sequence of distribution functions and F(x) be a distribution

function. {Fp(z)} converges weakly to F(x) if the following are true:

1. F, has finite moments of all orders for all n > 1. d.e. For allm > 1, k > 0,

/xk dFy(z) < 0.

2. For each k > 0, B == nlggo/xk dFy(z) exists and is finite. Moreover, /xk dF(x) =
By for each k > 0.

3. (Carleman Condition) 2521@_1/% = 00.

Definition 3.1.3. Let M be a random symmetric matrix with dimension m. We define

FM (%), the empirical spectral distribution (ESD) of M to be
1
FM(z) ::%’{ie [m] :)\igx}’ (3.1)

where A1, ..., A\, are the eigenvalues of M.
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We also consider the notation

m

> 0y (@) (3.2)

1
m

() =

for its corresponding probability density function.
Let { M, : n € N} be a family of random symmetric r(n) X r(n) matrices. For each n € N,

we denote Fj(z) := FMn(z).

Proposition 3.1.4. Let M be a random symmetric matriz with dimension m. Then

[k arM (@) = 7711 tr (M) (3.3)

Corollary 3.1.5. Let {A,, : n € N} be a family of random symmetric r(n) X r(n) matrices.

If F(x) is some distribution function such that the following are true:

1
1. —— tr (Ank) < oo foralln>1,k>0.
r(n)

1
2. For each k > 0, — tr (Ank> converges to [Bj. in probability (respectively, almost

r(n)
surely). Moreover, /xk dF(xz) = By for all k > 0.

3. Zﬁgk_l/WC = O0.

Then Fy(x), the distribution of eigenvalues of Ay, converges to F(x) in probability (respec-

tively, almost surely).

1
To ensure the convergence of — tr (Mnk>, we further separate into two steps: compute
n
1
the limit of the expected value of the trace power —E {tr (Mnk)] as n — 0o, and bound its
n
variance.
Lemma 3.1.6. Let xy, be a sequence of random variables and j a constant. Assume that
Jim E[zn] = p. Then
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1. xp, converges to u in probability if Var(x,) = o(1).

2.z converges to p almost surely if » | Var(zp) < co.
n

Proof.
1. We want to show that nh_%OIP’ (|zp, — p| > €) = 0 for any € > 0. Equivalently,
Jim P ([, — p| <€) =1 for any € > 0.
By the triangle inequality, |z, — x| <|xn — pn| +|pn — 1| where pp = Elzp].
Since lim i = pu, there exists N such that |pen, — p| < €/2 for any n > Nj.

By Chebyshev’s inequality, P (|, — pun| > 6) < 02/6% where 02 = Var(zy,). Thus

P (|an — pn| < 8) > 1 — 02 /62,
2/
For any fixed € > 0 and ¢ > 0, since 0,% = 0(1), there exists No such that cr% > %

for any n > No. Let N = max(Ny, N2). Then for all n > N,

P(lzn — 2| <€) > P(lon — pn| +[un — pl <e)
> P(lzn — pn| < €e/2)P(lun — pl < €/2)
21—40%/6221—61

= nh_{%opﬂmn_M <€) =1
2. We want to show that P (nlglgo Tp = I) = 1. Equivalently, P (nlgréo Ty # x) = 0.

P (nli_>r%0xn 4 x) — P (VN,3n > N such that |z — 2| > €)

<P

—~

|xn — x| > €Vn > N) for some fixed N

IN
g

P(|lxy, —x| >€)
N

n

n=N n
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With Lemma 3.1.6, Corollary 3.1.5 can be rewritten as the following.

Corollary 3.1.7. Let {A,, : n € N} be a family of random symmetric r(n) x r(n) matrices.

If F(x) is some distribution function such that the following are true:

tr (Ank) < oo foralln>1,k>0.

~r(n)

1
2. For each k >0, B} = nlgmm @ E {tr (Ank)

exists and is finite. Moreover,
/:deF(x) = B} for all k > 0.
3. nlgréo Var (1 tr (Ank)> = 0 (respectively, Z Var (1 tr (Ank)> < 00).
r(n) n r(n)
4. (Carleman Condition) Zﬁ%_l/% = 0.

Then Fy(x), the distribution of eigenvalues of Ay, converges to F(x) in probability (respec-

tively, almost surely).

Since graph matrices are not symmetric in general, we want to consider the limiting
distribution of singular values of {M,, : n > 1} instead of eigenvalues. We can do so by

applying Corollary 3.1.5 to A, = MnMg

Remark 3.1.8. Let M be a a x b matriz. We define the distribution function of its singular
values by replacing \; with o; and the dimension m with r = min{a, b} in Definition 3.1.3

where o1, ...,0p are the singular values of M.

Corollary 3.1.9. Let {M,;, : n € N} be a family of random a(n) x b(n) matrices. Let r(n) =

min{a(n),b(n)}. If F(x) is some distribution function such that the following are true:

1
) tr ((MnMnT>k)] < oo foralln>1,k>0.
r(n)

32



1
2. For each k > 0, f3, :nlgréo ﬁE
r(n

/:c% dF(x) = B}, for all k > 0.

k
tr ((MnMnT> )] exists and is finite. Moreover,

A O o R S )

< 0).
4. (Carleman Condition) 2521@_1/% = 00.

Then Fy(x), the distribution of singular values of My, converges to F(x) in probability

(respectively, almost surely).

3.2 Constraint Graphs

To use the trace power method to analyze M, we use several definitions and results from

Section 3 of Ahn et al. [2020].

Definition 3.2.1 (Definition 3.2 of Ahn et al. [2020]). Given a shape « and a ¢ € N, we

define H(a, 2q) to be the multi-graph which is formed as follows:

1. Take g copies aq,...,aq of @ and take ¢ copies oz{, e ,ozg of aT, where ol is the

shape obtained from « by switching the role of U, and V.

2. For all i € [g], we glue them together by setting Vo, = U r and V_r = Uy, (Where
Qg+1 = a1).

We define V(«a,2q) = V (H(a,2q)) and we define F(«,2q) = E(H(a,2q)). See Figure 3.1

for an illustration.

Remark 3.2.2. H(«a,2q) is defined as a multi-graph because edges will be duplicated if Uy
or Vo contains one or more edges. That said, in this paper we only consider o such that Uy,

and Vi do not contain any edges, so here H(a,2q) will always be a graph.
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Figure 3.1: On the left is a shape «, on the right is H(«, 2q) where ¢ = 4.

Definition 3.2.3 (Definition 3.4 of Ahn et al. [2020]: Piecewise injectivity). We say that a
map ¢ : V («a,2q) — [n] is piecewise injective if ¢ is injective on each piece V' («;) and each
piece V (aZT) for all i € [¢]. In other words, ¢(u) # ¢(v) whenever u,v € V (o) for some

i€lqloruveV (ole) for some i € [q].

As observed in Ahn et al. [2020], with these definitions E [tr (( M, Mg)q> can be re-

expressed as follows.

Proposition 3.2.4 (Proposition 3.5 of Ahn et al. [2020]). For all shapes a and all ¢ € N,

" [’Er ((MaMg)q> - ¢:V(a%)—>[n]: : {X¢(E(a,2q))(G) ‘

¢ is piecewise injective

To analyze this expression, we use constraint graphs.
Definition 3.2.5. We define a relation = on the set of acyclic graphs where G = G if

1. G and G’ have the same vertex set V.

2. For all u,v € V, there is a path from u to v in G if and only if there is a path from u
to v in G'.
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Proposition 3.2.6. = is an equivalence relation.

Proposition 3.2.7. If G = G’ and V is their vertex set, then v € V is isolated in G if and

only if v is isolated in G'.
Proposition 3.2.8. If G = G/, then |E(G)| :‘E(G’)‘.

Proof. Let V be the vertex set for G, G’. Since G = G’, they have the same vertex sets of the
connected components, V' =V U--- U V,. Let T1,...,T} and Tll, . ,T,g be the connected

components of G and G, respectively, where T}, T Z-/ are induced by V;. Since G and G’ are
k k
acyclic graphs, T;, T/ are trees for all i € [k]. Thus |E(G)| = Y |E(T;)| = Y_|Vi| -1 =
=1 =1
i / /
> |B@)| =BG O
=1
Definition 3.2.9. Given a set of vertices V', a constraint graph C' on V' (represented by G)
is the equivalence class of an acyclic graph G on V. i.e. C = [G] = {G’ acyclic: G' =@ }
We define V (C), the vertices of C, to be V.. We say two vertices u, v in C are constrained
together if for some representative graph G € (', there is a path between u and v in G.
Denote this as u +— v in C.
We define |E(C)|, the number of edges of C' to be |E(G)]| for any G € C. By Proposi-

tion 3.2.8, this is well-defined.

Given a representative graph G € C', we call the edges of G constraint edges.

Proposition 3.2.10. Given a set of vertices, let C' be a constraint graph on V. If u +— v

in C, then for all G € C, there is a path between u and v in G.

Definition 3.2.11. Given a set of vertices V and a map ¢ : V' — [n], we construct an acyclic

graph G(¢) as follows:

1. We take V(G(¢)) = V.

2. For each pair of vertices u,v € V such that ¢(u) = ¢(v), we add an edge between u

and v.
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3. As long as there is a cycle, we delete one edge of this cycle (this choice is arbitrary).

We do this until there are no cycles left.

We define the constraint graph C(¢) on V associated to ¢ to be the equivalence class of
G(¢) under =.

Proposition 3.2.12. Let C(¢) be a constraint graph on V associated to ¢ : V — [n], then

two wvertices u,v in C(¢) are constrained together if and only if ¢p(u) = ¢(v).

Definition 3.2.13 (Definition 3.8 of Ahn et al. [2020]: Constraint graphs on H(«, 2q)). We
define C 9q) = {C(¢) : ¢ : V(a,2q) — [n] is piecewise injective} to be the set of all possible
constraint graphs on V (¢, 2¢) which come from a piecewise injective map ¢ : V(a, 2q) — [n].

Given a constraint graph C' € C( we make the following definitions:

@,2q)
1. We define N(C) = ’{qb : V(a,2q) — [n] @ ¢ is piecewise injective, C(¢) = C’}‘

2. We define val(C) = E [X¢(E(a 2q))(G) where ¢ : V(a,2q) — [n] is any piecewise

injective map such that C'(¢) = C.
We say that a constraint graph C on H(«, 2q) is nonzero-valued if val(C') # 0.

As observed in Ahn et al. [2020], with these definitions E {tr ((MaMg; )q)} can be re-

expressed as follows.

Proposition 3.2.14 (Proposition 3.9 of Ahn et al. [2020]). For all shapes o and all g € N,

E{tr((MaMg’)q)}: Y N()val(C).
CEC(qu)

Definition 3.2.15. Let H be a multi-graph and C' a constraint graph on V(H). For e, ¢’ two
edges in H, we say that e and ¢/ are made equal by C if ¢(e) = ¢(e’) where ¢ : |V (H)| — [n]

is any map such that C'(¢) = C. We denote this as e +— ¢’ by C.
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Remark 3.2.16. Given a multi-graph H and a constraint graph C on V (H), it is convenient
to take a representative graph G¢ for C and overlay H and Gg for analysis. See Figure
3.2b for an illustration. We draw E(G¢) with different colors/patterns to distinguish it from
E(H).

Definition 3.2.17. Given a multi-graph H and a constraint graph C on V(H), we pick
a canonical ¢ : V(H) — [n] such that C(¢) = C. We define H/C' to be the multi-graph
with vertices V(H/C) = {¢(v) : v € H} and edges E(H/C') = {¢(e) : e € E(H)} (note that
this is a multi-set). The idea is that H/C is obtained by starting with the graph H and

contracting along the constraint edges in C'. See Figure 3.2b for an illustration.

4 iy
u v
~~~~~ ; is ° .
shape a 's
1 i4
7
L]
i ia

Hza, 2q),q=4 Representative graph G¢

of a constraint graph C (H(a,2q), Gc) H(a,2q)/C
(a) H(a,2q) and a representative graph G¢ (b) Left: Overlay of H(«,2q) and G¢
of a constraint graph C' € C(4,2¢)- Right: H(a,2q)/C

Figure 3.2: Hlustration of Definition 3.2.9 and Definition 3.2.17.

Definition 3.2.18 (Induced constraint graphs). Given a multi-graph H, a constraint graph
C on V(H), and a set of vertices V C V(H), we define the induced constraint graph C’ on
V to be the constraint graph such that V(C’) = V and for all u,v € V, u +— v in C’ if and

only if u <— v in C.

Proposition 3.2.19 (Proposition 3.10 of Ahn et al. [2020]). For every constraint graph

C e C( ) val(C) = 1 if every edge in ¢ (E(«,2q)) appears an even number of times and

@,2q
val(C) = 0 otherwise (where ¢ : V(a,2q) — [n] is any piecewise injective map such that
C(¢) = C). Alternatively, we can say that val(C') = 1 if every edge in H(a,2q)/C appears
an even number of times and val(C') = 0 otherwise.
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Proposition 3.2.20. For every constraint graph C € C(a@q),

n!
N(C) = . 3.4
) (n =1V (a,2q)| +|E(C)])! .

Proof. Observe that choosing a piecewise injective map ¢ such that C'(¢) = C is equivalent to
choosing a distinct element of [n] for each of the n—|V («, 2¢)|+/ E(C)| connected components

of C. =

Since the number of constraint graphs in C( ) depends on ¢ but not on n, as n — oo

a,2q

we only care about the nonzero-valued constraint graphs in C( ) which have the minimum

a,2q

possible number of edges. We call such constraint graphs dominant.

Definition 3.2.21 (Dominant Constraint Graphs). we say a constraint graph C' € C(, 99

is a dominant constraint graph if
1. val(C) #0
2. |E(C)| = min {\E(C/)\ ' € Claag)val(C!) # o}
We now state the number of edges in dominant constraint graphs.

Definition 3.2.22 (Vertex Separators). We say that S C V(«) is a vertez separator of « if

every path from a vertex u € U, to a vertex v € V,, contains at least one vertex in S.

Definition 3.2.23. Given a shape «, define s, to be the minimum size of a vertex separator

of a.

Lemma 3.2.24 (Follows from Lemma 6.4 of Ahn et al. [2020]). For any bipartite shape «,

for any nonzero-valued C' € C(, 9y, |E(C)| > (¢ — 1)sa. Moreover, the bound is tight. i.e.

a,2q
There exists a nonzero-valued C' € C(,, 94y such that |E(C)| = (¢ — 1)sq.

Remark 3.2.25. In Ahn et al. [2020], this result was only proved for well-behaved constraint
graphs (see Definition 4.1.21). That said, using the ideas in Appendiz B of Ahn et al. [2020],

it can be shown for all constraint graphs C' € C(
38
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Corollary 3.2.26. For all bipartite shapes «, for all dominant constraint graphs C' € C(a72q),
[E(C)] = (g —1Dsa-

The following Corollary follows from Proposition 3.2.14, Proposition 3.2.20 and Corollary

3.2.26.
|
Corollary 3.2.27. For all bipartite shapes o, taking rapproz(n) = (H‘)V
n — Sa .
q
1 MoME
nl—>r%0 Tapproa?(n) ! (TJV(Q)’—SQ> { S (a,2q) 1S dominan }

Thus, to determine the spectrum of the singular values of M, for a bipartite shape «,

we need to count the number of constraint graphs C € C( such that C is dominant.

@,2q)
Remark 3.2.28. We write rqppros rather than r here because if sq < min {|Ual, |[Val|} then
n! n!

g rather than —
n —min {|Ual, |Val})! (n — sa)!

the rank of Mg, will generally be (

Remark 3.2.29. The same statement is true for general o except that the number of edges
in a dominant constraint graph C' € C(q 94y is |V (a) \ (Ua U Va)| + (¢ = 1)(sa —|Ua N Val)

rather than (q — 1)sq.

3.3 Non-crossing Partitions

Non-crossing partition plays a key role in our analysis of the op operation and free probability
theory in general (see Nica and Speicher [2006]). It was first studied systematically by
Kreweras [1972] and Poupard [1972]. Many of the following definitions and theorems are

from the lecture notes of Nica and Speicher [2006].

Definition 3.3.1 (Non-crossing Partitions).

m
A partition 7 of [n] is 7 = {P1,..., P} where | | P; = [n] for each i € [m)].
1=1
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We say a partition 7 = {Py,..., Py} is non-crossing if there do not exist a < b < ¢ < d
such that a,c € P; and b,d € P; for some i # j € [m)].
For n € N, we denote P(n) to be the set of partitions of [n] and NC(n) to be the

Non-crossing ones.

Remark 3.3.2. Given a non-crossing partition © of [n], we can visualize the partition m =
{P1,...,Pn} as placing polygons of size |P;| within a cycle of length n such that no two

polygons intersect each other. When|P;| = 1, the corresponding polygon is simply a point.

Example 3.3.3. Consider the partition 7 = {{2},{4},{6},{1,3},{5,7,8}} of [8]. Then
7 can be represented as placing the line {4,6} and the triangle {5,7,8} on the cycle Cg as

shown in Figure 3.3a.

(a) {1, 3} represents a line, and {5,7, 8} (b) The blue solid parts are 7, and the or-
represents a triangle and all others are ange dashed parts are K ().
points.

Figure 3.3: Illustration of 7 and K (w). Here m = {{2}, {4},{6},{1,3},{5,7,8}}.

Definition 3.3.4. We say a partition 7 = {Py,..., Py} is of parts with sizes (ny,...,nm)
if | P;| = n; for all i € [m].

Let @ = (aq,...,ap) € P,. We denote N'P(@) to be the set of non-crossing partitions of
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parts with sizes [ 1,...,1,2,...,2,...,n,...,n|. In other words, 7 has «; number of parts
—_——— —— —_———

a1 times asg times Qay times
with size ¢ for each i € [n].

Definition 3.3.5. Let m = {Vq,..., V;.},0 = {W7,...,Ws} € NC(n). We define 7w < o if
for each 7 € [r], V; C W; for some j € [s].

For m,0 € NC(n), we denote [r,0] = {1 € NC(n) : 7 <7 <0}

Proposition 3.3.6. (NC(n),<) is a poset (partially ordered set). In particular, 1, =

{{1,2,...,n}} is the maximal element and 0,, = {{1},...,{n}} is the minimal element.

Definition 3.3.7 (Kreweras Complement Map, Definition 9.21 from Nica and Speicher
[2006]). We define the Kreweras complement map K : NC(n) — NC(n) as the following:

1. take m € NC(n).
2. expand the vertex set [n] into {1,1,2,2,...,n,7}.

3. K(r) = o where o is the biggest element in NC(1,...,7) = NC(n) where 71U o €
NC(1,1,...,n,7).

Example 3.3.8. Let m = {{2},{4},{6},{1,3},{5,7,8}} of [8] as in the previous example.

Then K (r) = {{1,2},{3,4,8), {5,6}, {T}}.

See Figure 3.3b for an illustration.
Proposition 3.3.9. Let m <o € NC(n). Then [r,0] = [K(0), K(7)].

Theorem 3.3.10 (Canonical Factorization, Theorem 9.29 from Nica and Speicher [2006]).
Let m < 0 € NC(n). Then there exists a canonical choice of (ki,...,kp) € (Zzo)n such
that

[r,0] 2 NC(1)*1 x -+ x NC(n)*» (3.5)
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Following the proof for Theorem 3.3.10, the canonical factorization for a special interval

[0, 7] is as follows.

Corollary 3.3.11. Let 7 € NC(n). Assume m € NP(d) for some & € Pp,. Then the

canonical factorization gives

[0,7] & NC(1)* x --- x NC(n)* = VH NC (V) (3.6)
and
7. 1n] = [0p, K(m)] = ][ NC(V]) (3.7)
VeK(m)

Example 3.3.12. Let 7 = {{2},{4},{6},{1,3},{5,7,8}} be as in previous example. Then
[0,7] 2 NC(1)3 x NC(2) x NC(3).

Kreweras [1972] proved the following result on the number of non-crossing partitions.

Later Liaw et al. [1998] gave a shorter and more direct proof.

Theorem 3.3.13. Let & € P;.. Then

|N7><&>|=( " )(‘”' (35)

a—1) ap!l...ap!

We now give an extended definition of NP (&).

Definition 3.3.14. Given @ € P, we define NP (m@) to be the set of non-crossing par-
titions of [mk| corresponding to augmented &@: there are a; parts of size mi in a partition

P € NP (ma@).
A direct corollary is the following.

Corollary 3.3.15. Let a € Pj,. Then

NP (md)| = ( mk ) la=D' (3.9)

a—1 'all...ak!
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Proof. This is an application of Theorem 3.3.13. Since NP (md) is the set of non-crossing

partitions of [mk] with a parts, and there are «; number of parts with size mi, NP (md)| =

k —1)!
" : o= , as needed. ]
a—1) ap!l...ap!

Using Corollary 3.3.15, the generalized Catalan number can be interpreted as the number

of non-crossing partitions in the following way.

1 1
Definition 3.3.16. Let C (k,m) = k+1<(m_lk— )k> denote the level-m k" Catalan
m

number. In particular, when m =1, C(k,1) = C}. is the k" Catalan number.

Corollary 3.3.17. Let d = (k,0,...,0) € P,.. Then
Ck,m) =|NP ((m+1)a)| (3.10)

i.e. C(k,m) is the number of non-crossing partitions of [(m + 1)k] where all the parts

are of size (m + 1).

Proof. By Corollary 3.3.15,

(m+1) (k-=1)!  ((m+1)k)! L ((m+1)k)! 1
AP ((m+1)d “( ) K (k—Dmk+1! &k kl(mk)  mk+1
_ <(m;1)k> ' mk1+ = Ok m).
as needed. O

3.4 Results from Free Probability

In this section we give several results from free probability theory which we need for our
analysis. The definitions and theorems are from the lecture notes of Nica and Speicher Nica

and Speicher [2006].
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Definition 3.4.1. Let P be a finite poset and denote P(2) = {(r,0) € Px P: 7 < o}. Let
F.G: P2) — C. We define the convolution of F and G, F x G : P2) 5 C to be

(F*G)(m,0) = > F(m,7)G(T,0) (3.11)

TeP:n<r<¢o

Definition 3.4.2. Let P be a finite poset. Define 9 : P2) - C to be

1 frn=0

I, o) = (3.12)
0 ifr<o

Proposition 3.4.3. § is a unit element for the convolution operation. i.e. 6xF = F'xd = F.
Definition 3.4.4. Let P be a finite poset. We define

1. the Zeta function C : P2) - C to be ((m,0) =1 for any (m,0) € P2

2. the Mdébius function p = C_l under the convolution operation. i.e. ux( = (% p = 9.
Proposition 3.4.5.

1. Let P,Q be finite posets and ® : P — @ be an isomorphism. Then up(m, o) =
pq (2(r), ©(0)).

2. Let Py,..., Py be finite posets and let P = Py X --- X Py. Then

pp (71, ™), (01, ..., 0n)) = pp, (T1,01) ... up, (T, On). (3.13)

Proposition 3.4.6. Let n € N and let uy be the Mobius function for NC(n). Then

1 (2
pin(On, 1) = (=1)"71C,_1 where C}, = Pl ( k) is the k™" Catalan number.
n
Corollary 3.4.7. Letm < o € NC(n). Then pup(r,0) =[] ((—1)1_101;1) " where [, 0] =
1=1

NC1)k1 x - x NC(n)Fn is the canonical factorization.
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Definition 3.4.8. Let (A, ¢) be a non-commutative probability space. For n € N and

V' C [n], we define p(V)[aq,...,ap] to be
o(V)lai,...,an] = o(a;, ...a;, ) where V = {i1,... in} C [n] (3.14)

Let m ={V1,...,V;.} € NC(n), we further define prlay,...,ay] to be

erlat, ..., an] = ng(Vi)[al,...,an} (3.15)
=1
When 7 = 15, we denote @1, [a1,...,an] as ¢np(aj ... ap) which is the same as ¢(ag . .. apn).

Definition 3.4.9 (Free Cumulants). Let (A, ) be a non-commutative probability space.

For n € N, and m € NC(n), the free cumulant kr is a multilinear functional x; : A" — C

where
Krlat, ... ap] = > volat, ... an] - p(o, ) (3.16)
ceNC(n):o<m
In particular, when 7 = 15, we denote k1, [a1,...,an]| as kp(a1,...,an). We have that

Kn(at,...,an) = Z wolat, ... an] - plo, 1) (3.17)
c€NC(n)

Let V = {i1,...,im} C [n]. We define k(V)[a1,...,an] = km(a;y, ..., a;,).

Proposition 3.4.10 (Proposition 11.4 of Nica and Speicher [2006]). Let (A, ) be a non-

commutative probability space. Then
1. Krlat,...,ap) = H k(V)at, ..., ap]
Ven

2. (Mébius Inversion) p(ay ...an) = > Kxlal,...,an]
TeNC(n)

Theorem 3.4.11 (Theorem 14.4 of Nica and Speicher [2006]). Let (A, @) be a non-commutative

probability space. Letay, ..., an,b1,...,by € Awhere{ay,...,an} and{by,..., by} are freely
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independent. Then

olarby ...apby) = Z Krlat, ..., an) -@K(W)[bl,...,bn] (3.18)
TENC(n)

In particular, we can apply this to a; = a and b; = b for all i € [n], then

® ((ab)") =p(ab...ab)= Y #rla,....a] Qg (mlbs .., 0) (3.19)

TeNC(n)
Definition 3.4.12. Let x and v be compactly supported probability measure on RT. The
multiplicative free convolution p X v is the distribution of \/xy+/r where z,y are positive

elements in some C*-probability space, x and y are free and z ~ p, y ~ v.

Theorem 3.4.13 (Theorem 23.14 of Nica and Speicher [2006]). Let (Ap)nen and (Bn)peN
be sequences of n X n matrices such that Ay, converges in distribution (with respect to tr) for
n — oo and By, converges in distribution (with respect to tr) for n — oco. Furthermore, let
(Un)nen be a sequence of Haar unitary n x n random matrices. Then, UpAnU)s and By, are

asymptotically free for n — oo.
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CHAPTER 4
THE Z-SHAPE GRAPH MATRIX

Chapter 4 and 5 are from the paper Cai and Potechin [2020].

4.1 The Trace Power of Z-shaped Graph Matrices

Recall that ay is the bipartite shape with vertices V(ay) = {uy,u2,v1,v2}, distinguished
tuples of vertices Un, = (u1,u2) and Vy, = (v1,v2), and edges
Elay) = {{ul, v1}, {ug, v1}, {ug, vg}} (see Definition 2.1.15 and Figure 2.2). My, is a graph

matrix with dimension r(n) = n(n — 1) (see Definition 2.1.5). In this section, we determine

lim —— E ¢ Mo May '
oo p(n)  G~G(n,1/2) |1 2

by counting the number of dominant constraint graphs in C(a 2:2)"

Remark 4.1.1. For oy, the size of the minimum separator is sq, = 2. By Corollary 3.2.26,

dominant constraint graphs C' € C( have 2(q — 1) edges.

OLZ,QC])

1 3n
D, = . 4.1
" 2n+1(n> (4.1)

Remark 4.1.3. D), is a special case of the generalized Catalan number, which is defined as
k 1 2 1 1 (2
Ap(k,r) = r <n o T). Note that Ap(2,1) = ( n > = ( n) is the Cata-

Definition 4.1.2.

nk +r n 2n+1 n n+1\n
1 3 1 1 3
lan number we know. Ap(3,1) = a1 ( n; ) =51 :) is the Dy, defined above.

Below is the main result of this section.

Theorem 4.1.4. For all ¢ € N, the number of dominant constraint graphs C' € C(aZ,Qq) i

Dy.
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As a direct result of Theorem 4.1.4 and Corollary 3.2.27, we get the following corollary.

Corollary 4.1.5. Let M), = %MQZ(G) where G ~ G(n,1/2) and let r(n) = n(n — 1) be the

1
dimension of Mq,,. Recall that Dy = <3q>‘ Then

29+ 1\ ¢q
. 1 T\4
B G2 [tr((Mn<G>Mn<G> ))| = Do (4.2)
Proof. By Corollary 3.2.27,
1 My, ML \1
lim —F |tr ——Z %7 :‘{C’ € C(a 29) ° Cis dominant}’.
n—00 Tapprox(”) n|V(aZ)|—saZ Z»
|
Since sa, = 2 and [V(az)| = 4, rapproz(n) = S L n(n — 1) = r(n) and
<n—saz)!
MQZ—MO‘TZ—MMTBTh 114, |{Cec . C'is domi t}‘—D d
n|V(aZ)|—SaZ = MyM,". By Theorem 4.1.4, (az,2g) - C is dominant ;| = Dy an
the result follows. [l

4.1.1 Recurrence Relation for D,

One of the key ingredients for proving Theorem 4.1.4 is the following recurrence relation on

Dy,.

Theorem 4.1.6. Let Dy, be defined as in Definition 4.1.2. Then

n n—i
Dpy1 = 3 DiDiDy=>"D; | S DiDyij |- (4.3)
1,5,k>0:14+j+k=n 1=0 7=0

To prove this recurrence relation, we consider walks on grids. This proof is a generaliza-

tion of the third proof in the Wikipedia article on Catalan numbers.

Definition 4.1.7 (Grid Walk). Let m,n be two positive integers. A grid walk from (0,0)

to (m,n) is a sequence of (m + n) coordinates (zg, 21, 22, - . . , Zm+n) Where
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1. z; = (x;,y;) where z; € [m], y; € [n] for each i € [m + n],
2. 20 = (070) and Am4n = (mvn)a
3. zix1 — 2 = (1,0) or (0,1) for any i € [m + n].

Pictorially, a grid is a walk from (0,0) to (m,n) that steps on integer coordinates and only
moves straight up or straight right.
A grid walk from (0,0) to (m,n) weakly below the diagonal is a grid walk (z1,..., 2m+n)

where z; = (z;,y;) and for all i, y; /z; < m/n.

Proof of Theorem 4.1.6. Let W, be the set of all grid walks from (0,0) to (n,2n) weakly
below the diagonal and let d,, =|W,|. We will prove that d,, satisfies the recurrence relation

in Theorem 4.1.6:

n n—
dpt1 = > didjdy = di | Y djdp—i—j |- (4.4)

i, k>05i4j+k=n i=0 i=0

n—1 n—1—1
1. dp = > didjd, = > di | > djdp_i—j
i,5,k>0: i=0 j=0
i+jt+k=n—1
We will establish a bijection between W,, and W}, := U W; x W; x Wi.
0,7,k>0:
i+j+k=n—1

o Let w = (21,...,23,) be a grid walk from (0,0) to (n,2n) weakly below the
diagonal. Consider the first point that w touches the diagonal i.e. let a € [n] be
smallest such that z; = (a,2a) for some ¢ € [3n]. Then wy = (%, 2j41,...,23n) i8
a grid walk from (a,2a) to (n,2n) weakly below the diagonal. After translation
w1 € Wy—q.

Let d’ be the line parallel to the diagonal which passes (a,2a — 1). Since z;
is the first point touching the diagonal, (z1,...,2;_1) is weakly below d’. Let
zj = (b,2b — 1) be the first point touching d'. Then wy = (2j,- -+, 2i—1) is a grid
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walk from (b,2b — 1) to (a,2a — 1) weakly below the diagonal. After translation
wo € W, _p.

Let d” be the line parallel to the diagonal which passes (b,2b — 2). Since
z; is the first point touching d, (z,..., zj_1) is weakly below d”. Then w3 =
(22,...,2j—1) is a grid walk from (1,0) to (b, 2b — 2) weakly below the diagonal
d”. After translation wg € Wy_1.

Thus from w € Wy, we get a tuple (w1, wg, w3) € Wy—q X W,_p X W,_1 where
a, b are uniquely determined by w. Note (n —a) + (a —b) + (b—1) = n — 1, thus
(w1, wa, w3) € W),.

 Conversely, given a (wy,wq,w3) € W/ let (a;,2a;) be the last coordinate point

of w;. Let
w = ((0,0),w1 +(1,0),wa + (a1 + 1,2a1 + 1), w3 + (a1 + ag + 1,2(a; + a2 + 1)))

where if w = (z1,...,2;) is a grid walk then w + (s,t) means translate every
coordinate point z; in w by (s,t). We can easily check that w € W),.
o It is not hard to check this is a bijection.

1 3n
2. D, =d, = :
n " 2n+1<n>

For i € {0,1,...,2n}, let V. = the set of grid walks from (0,0) to (n,2n) that

has r vertical steps above the diagonal. i.e. for w = (z1,...,23,) € V;, there are r

zj = (wj,y;)’s such that y;/x; > 2. Let Gy, = the set of all grid walk from (0,0) to

3 2n
(n,2n). We have that |G| = ( n) Note that V = W, and U V=G, We will
n r=0
1 3n
prove that |V;.| =|V;._1] for all r € [2n], then|Vy| = d), = as needed.
2n+1\n

Claim 4.1.8. |V,_1| =|V}| for all r € [2n].

Proof. We will find a bijection between V- and V,._1 for each r € [2n].
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z,=(a 2a V>V
o
: 4
K z15 (@29 ZkA = (a, 2a+1
! -~ < (b, 2b+1
K V4>V, Z1 = (b, 20+1)
II Z]-=(b, 2b-1) Zk = (a, 2a)
p
) ,~’ 7.,=(b,20-2)
' I.
A
¢ 4
I -
t
’ I.
;
K
(a) proof part 1 (b) proof part 2

Figure 4.1: Illustration of Theorem 4.1.6

o Let w = (20,...,23n) € Vi and let z; be the last point where the walk is on
the diagonal and then takes a step upwards. i.e. z; is the last point such that
2, = (a,2a) for some a € [n] and 21 — 2 = (0,1). Let w; = (20,...,2p)
and wo = (2p41,---,23n). Let w' = (w],w)) where w| = wa — (a,2a + 1) and
wh = w1 + (n—a,2n—2a)) (see Figure 4.1, w’ exchanges the green and blue part
of w). Then w’2 has the same number of steps above the diagonal as wi does.
Moreover, since z; is the last point such that w passes the diagonal vertically
through it, w] has exactly one less vertical step above the diagonal than (2, w2)
does. Thus w' € V,._1.

o Let w = (z0,...,23,) € Vp—1. Let z; be the first point such that w touches the
diagonal from below. i.e. z; is the first such that z; = (b,2b) for some b € [n]
and z; — z;_1 = (0,1). Let wy = (20,...,2j—1) and wo = (2;,...,23,). Let
w' = (w], wh) where w| = wy — (b, 2b) and wh = (n —b,2n — 2b+ 1) +w;. Then
w’l has the same number of steps above the diagonal as w9 does. Moreover, since
z; is the first such that w touches the diagonal from below, ((n — b, 2n — 2b), wh)

has exactly one more step above the diagonal than wy does. Thus w’ € V;..

e It is not hard to check that this gives a bijection.
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]

1 3
To conclude, we proved that D), = 1 < n) = dy, = the number of grid walks from (0, 0)
n n

to (n,2n) that are weakly below the diagonal = > D;D;Dy,. ]
i k>0t j+k=n—1

4.1.2  Properties of Dominant Constraint Graphs on a Cycle

In order to count the number of dominant constraint graphs in C( we need a few

az.,2q)
properties of these constraint graphs. As a warm-up, we first consider dominant constraint
graphs on a cycle of length 2¢. The first part of this analysis is essentially the same as

Lemma 4.4 of Ahn et al. [2020], but we will need a few additional properties.

Definition 4.1.9. Let ag be the line shape as in Definition 2.1.6. Let H(«aq,2q) be the

multi-graph as in Definition 3.2.1. We label the vertices of H(«,2q) as {ij 1j € [Qq]}.

H(cw,2q),9 =4

Figure 4.2: «y is the line shape. H(ag,2q) is a cycle of length 2q.

We say a representative graph G of a constraint graph C' € C( is explicitly non-

@0,29)
crossing if no two constraint edges of G cross. Note: constraint edges {iz, iy} and {is, i}
where z < yand s <tcrossifr <s<y<tors<ux<t<y. Wesay G is crossing if it is
not explicitly non-crossing.

We say a constraint graph C € C< is non-crossing if there is a representative graph

@0,29)
G € C that is explicitly non-crossing. We say C' is crossing if it is not non-crossing. See
Figure 4.3 for an illustration.
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Representative graph G¢, Representative graph G, Representative graph Gg,
of the constraint graph C; of the constraint graph C; of the constraint graph C;

Figure 4.3: C1,Cy € C(ao,gq). C1 is crossing; C9 is non-crossing since G/CQ is explicitly
non-crossing even though G, is crossing.

Definition 4.1.10. Let ag be the line shape. We say a constraint graph C' &€ C(a0,2q) is

parity preserving if for all iz, iy € V(a, 2q) such that iz <— iy, |z — y| is even.

Lemma 4.1.11. All dominant constraint graphs in C( ) are non-crossing and parity-

ap,2q

preserving.
To prove this lemma, we need the following observation about isolated vertices.

Definition 4.1.12. Given a multi-graph H and a constraint graph C' on H, we say that a
vertex v € V(C) = V(H) is isolated if for any G € C, v is not incident to any constraint

edges in GG. Note that by Proposition 3.2.7, this is well-defined.

Lemma 4.1.13. If C' is a nonzero-valued constraint graph on H(ag,2q) and C has an
isolated vertex ij, then ij_1 <— ij11. In the cases when j =1 or j = 2q, ig = i2q and

i2g+1 = 11 respectively.

Proof. Recall that by Proposition 3.2.19, C' is nonzero-valued if and only if each edge in
H(ap,2q)/C appears an even number of times. Since i; is isolated, the only way this can

happen is if ij—l — ’ij+1. O

With this observation, we can now prove Lemma 4.1.11.
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Proof of Lemma 4.1.11. Since C' is dominant, each edge appears even number of times in
H(ap,2q)/C and there are exactly (¢ — 1) constraint edges in C'. We prove the lemma by

induction on gq.

e When g = 1, there are no constraint edge so the lemma trivially holds. For ¢ = 2,
|E(C)| = 1. In order for each edge to appear even number of times in H(«g,2q)/C,
either 71 <— i3 or io <— iy, which implies that C' is parity preserving. If i1 +— i3
in C', we choose G € C' to have a single constraint edge {i1,i3}. If ig +— ig in C, we
choose G € C to have a single constraint edge {ig,i4}. In either case G¢ is explicitly
non-crossing, thus C' is non-crossing.

1 i1
Yy 12 1y is

7:.9 ’il?

Figure 4.4: Illustration of base case of the proof: H(«g,2) overlay with G € C where G¢
consists of a single constraint edge, either {iy,i3} or {i2,is}.

e ¢ — (q+1): Consider a constraint graph C' on H(ag,2q + 2) with vertices
{i1, ... iggq2}-
Since C' is dominant by assumption, there are only ¢ constraint edges in C', so C'
must have an isolated vertex. Without loss of generality assume this vertex is igq4-2.
Then by Lemma 4.1.13, i1 +— i9441 and there exists G € C such that {i1,i9411}
is an constraint edge in G. Note that (2¢ + 1) — 1 = 2q¢ is even. Contracting the
constraint edge {iog41,41} (identifying i1 with 9,4 1) results in H(ayg, 2q) with vertices
{i1,. .., 124} and two edges {igqy1,i2¢} = {i1,i24} attached to H(ag,2q). See Figure
4.5 for an illustration.
Let G’ be the induced subgraph of G on H(ag, 2q). Since G’ has one less edge than G,

and edges in H(«q), 2q) are only made equal to edges in H(«q,2q) by C, the constraint
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graph C' = [G/} € O(a0,2q) represented by G’ is dominant. By the inductive hypothe-
sis, C’ is non-crossing and parity preserving, which implies that C' is parity preserving.
Choosing a representative graph of C’ that is explicitly non-crossing and adding in the
constraint edge {i1,i24—1}, we get an explicitly non-crossing representative graph of

C, which implies that C' is non-crossing, as needed.

ig

i9q+2

i2q+1

Figure 4.5: Illustration of the inductive step of the proof for Lemma 4.1.11: 49,49 is isolated

and {i1,42¢41} is a constraint edge in a representative graph G € C € C(ao,gq).

We now show a few additional properties of dominant constraint graphs in C(a0,2q)-

Corollary 4.1.14. Let C' € C( be a dominant constraint graph. If iy <— iy and

@0,2q)

iy > Iy for some x < v <y <w, then iy ¢ iy < iy S Ty

Proof. If v = v, v = y, or y = w then iy +— iy > iy <> Ty SO We can assume that
r<wv<y<w. By Lemma 4.1.11, C' is non-crossing, so there exists G € C' that is explicitly
non-crossing. We think of H(ag,2q) as a circle, vertices of G as points on the circle and
edges of G as chords. Since iy ¢— iy and iy <—> iy, there is a path from x to y and a path

from v to w G. These paths do not leave the circle, so they must intersect. Since there are

no crossings, they must intersect at an index which implies that 7, < iy < ly < iy,

as needed. O
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Corollary 4.1.15. Let C' € C( be a dominant constraint graph. If ig <— 14 for some

OZO,QQ)
1 < s <t < 2q, then there exists an explicitly non-crossing G € C' such that {ig, it} is an
edge in G. Moreover, if we let R = {{iz,iz41}:s <z <t} and L = E(ag,2q) \ R then
edges in R can only be made equal to edges in R by C' and edges in L can only be made

equal to edges in L by C'.

Proof. For the first part, let G be an explicitly non-crossing representative graph of C', we
will adjust G as follows. Let V' be the connected component of G which contains i5. Delete
all edges between vertices in V' and then add an edge from each vertex in V'\ {is} to is. We
claim that the adjusted G is still explicitly non-crossing. Assume not. Then there is an edge

{iz,iy} which crosses one of these new edges {is,iy}. Since iz «— iy, is <—> iy and these

edges cross, by Corollary 4.1.14, i, iy < is < 1y. But then z,y € V so we would
have deleted the edge {iz, %y}, which is a contradiction.

For the second part, assume not and let ey = {iz,iy} € R and es = {iy,iw} € L be
edges such that e; «— eg. Since eq, e are edges, |z — y| = |v — w| = 1. Without loss of
generality, assume x,v are even and y,w are odd. Since C' is parity preserving, i, <— iy

and 2y <— iy. Since e € Rand eg € L, s <o <t <wvorv<s <z <t By Corollary

4.1.14, ig < iy < 1t < iy. Following similar logic, is <— iy <— it <— iy. Thus

\ A

g 4 it > Uy < ly < Iy < Ty, contradicting that C'is parity preserving. O

Corollary 4.1.16. Let C € C( ) be a dominant constraint graph. If ig <— 1+ for some

0,29
1 <s <t <2q, contracting is and iz splits H (g, 2q) into H (o, t — s) and H (ag,2q — (t — s)).
Letting C" and C" be the induced constraint graphs on H (ag,t — s) and H (o, 2q — (t — )

respectively, C' and C" are dominant. See Figure 4.6b for an illustration.

Proof. By Corollary 4.1.15, no edge in H (ag,t —s) can be made equal to an edge in

H (ag,2q — (t — s)), so C" and C" are nonzero-valued constraint graphs in C(

ag,t—s) and

C(ao,Qq—(t—s)) respectively. This implies that ‘E(C")‘ > (t—s)/2—1and ‘E(C”)‘ >q—(t—
o6



a) Illustration of Corollary (b) Hustration of Corollary 4.1.16: contract is and ;.
4.1.15: i5 <— 4.

Figure 4.6: Illustration of Corollary 4.1.15 and Corollary 4.1.16: 5 +— 4; in a dominant
constraint graph C', contracting i3 and 4; splits C' into two dominant constraint graphs.

5)/2 — 1. Since |[E(C)| = ¢ — 1 as C is dominant and |E(C)| = |E(C")| + |E(C")| + 1
(here the additional edge is {is,i;}), we must have that |E(C’)] = (t — s)/2 — 1 and
|E(C")| =q— (t—35)/2—1,s0 C" and C" are dominant, as needed. O

Lemma 4.1.17. Consider a dominant constraint graph C on H(ag,2q). If ij is the first

vertez i1 1s constrained to (i.e. if j is the smallest index such that i1 <— z'j), then ig <—

Z.jfl'

Figure 4.7: Tllustration of Lemma 4.1.17: 4; is the first vertex i1 is constrained to.

Proof. Contract the edge {i1,7;}, splitting H(ag, 2q) into H(ag, j—1) and H(ag,2¢—j+1).
Let C’ be the induced constraint graph on H(ag,j — 1). Since i;j is the first vertex iy is

constrained to, i1 = i; is isolated in H(ap,j —1). By Lemma 4.1.13, ig <— i;_1 in C’ and
Y



thus ig «— 7;_1 in €, as needed. O

List of Properties of Dominant Constraint Graphs on a Cycle

For convenience, here is a list of the properties we have shown. If C' € C( is a dominant

®0,29)

constraint graph then

—_

|EC) =q-1.
2. C is parity-preserving.

3. C' is non-crossing.

4. If iy < iy and iy < iy for some x < v <y < w, then iy by > Ty < G-

5. If 15 +— i for some 1 < s < t < 2¢, then there is an explicitly non-crossing rep-
resentative graph G € C so that it includes the edge {is,it}. Moreover, if we let
R = {{iz izg+1} s <z <t}and L = E(ag,2q) \ R then edges in R can only be made

equal to edges in R by C and edges in £ can only be made equal to edges in £ by C'.

6. If is <— 4t for some 1 < s < t < 2¢q, contracting is and i; splits H («g,2q) into
H (ap,t — s) and H (ap,2q — (t — 5)). Letting C’ and C” be the induced constraint

graphs on H(ag,t— s) and H (o, 2q — (t — s)) respectively, ' and C” are dominant.

7. If i; is the first vertex 41 is constrained to (i.e. if j is the smallest index such that

i1 < i), then i <— i;_1.

4.1.8  Properties of Dominant Constraint Graphs on H(ayz,2q)

Now that we have analyzed dominant constraint graphs in C( we can analyze dominant

a,2q)’

constraint graphs in C(a 2:24)"

o8



Definition 4.1.18. Let ay be the Z-shape as defined in Definition 2.1.15 and let H (az, 2q)
be the multi-graph as defined in Definition 3.2.1. We label the vertices of V(a 2), 8
{aﬂ, a;9, b1, big} and the vertices of V(aT> as {bﬂ, b;a, ai1)1s a(i+1)2}- We call the induced
Z);

subgraph of H (ay,2q) on vertices {a;1,bj1 : 7 € [q]} the outer wheel W7 and the induced
subgraph on vertices {a;2,b;9 : i € [q]} the inner wheel Wy. We denote the vertices of W; as
V; and edges as E;.

We label the “middle edges" of H(«,2q) in the following way: let eg; 1 = {a;o,b;1} and
e9; = {bj1, a(i+1)2} fori=1,...,q. We call the edges {e; : i € [2¢]} the spokes of H (az,2q).

See Figure 4.8 for an illustration.

outer wheel W,

Q inner wheel W,

L —] spokes e;

U2 V2

U(az) V(az)

shape az

H(aZ» Zq)vq =4

Figure 4.8: H(ayz,2q) where ¢ = 4.

Definition 4.1.19. Let C' be a constraint graph in C( For i = 1,2, we take C; to be

az,2q)

the induced constraint graph of C' on the vertices V;.

Remark 4.1.20. Each wheel W; can be viewed as H (o, 2q). The induced constraint graph

C; can be viewed as a constraint graph on H (g, 2q).

The key property that we need about dominant constraint graphs in C( is that

@z,2q)

they are well-behaved. This implies that the induced constraint graphs C7, Co are dominant

constraint graphs in C(ao,Qq)-
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Definition 4.1.21. Given a shape «, we say that a constraint graph C' € C(Q,Qq) is well-

behaved if whenever u +— v in C, u and v are copies of the same vertex in « or o’ .

Theorem 4.1.22. All dominant constraint graphs in C( ) are well-behaved.

aZ72q

This theorem is surprisingly tricky to prove, so we defer its proof to the appendix.

Remark 4.1.23. This theorem is not true for all shapes «. In particular, this theorem 1is
false for the bipartite shape o with Uy = (u1,u2), Vo = (v1,v2), V(a) = Uy U Vg, and

E(a) = {{u1,v1}, {ur,va}, {ug, v1}, {uz, va}}.

Definition 4.1.24. Let C' be a constraint graph in C(az,2q)'

1. We say C' is wheel-respecting if whenever u <— v, u,v € V; for some i € {1,2} (i.e.
no two vertices on different wheels are constrained together). Note that if C' is wheel-
respecting then if G1 and Go are representatives of C'1 and C9, the graph G with
V(G) =V1UVp and E(G) = E(G1) U E(G2) is a representative of C.

2. We say C'is parity-preserving if for each i € {1,2}, the induced constraint graphs C;

of C' on Vj is parity-preserving.

3. We say that C' is non-crossing if the induced constraint graphs €7 and Cy are non-

crossing.

Proposition 4.1.25. Let C' be a constraint graph in C( C' is well-behaved if and only

aZv2q) ’

if C is wheel-respecting and parity-preserving.

Corollary 4.1.26. If C' is a dominant constraint graph in C( ) then

az,2q

1. C' is wheel-respecting, parity-preserving, and non-crossing.

2. The induced constraint graphs C1,Co are dominant constraint graphs in C(a0,2q)'
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Proof. Since dominant constraint graphs in C(a £.2q) Are well-behaved, C' is wheel-respecting
and parity-preserving. Since C' is wheel-respecting, C' can only make edges in W, equal

to other edges in W;, so C7 and C9 must be nonzero-valued constraint graphs in C(Ozo,Qq)‘

Since |E(C)| = 2¢ — 2 = |E(C1)| +|E(C2)|, we must have that |E(C1)| =|E(Ca)| = ¢—1
and thus C7 and C9 are dominant. This implies that C7 and C9 are non-crossing, so C' is

non-crossing. O

We now show a few additional properties of dominant constraint graphs in C(

O‘Za2Q) . We

start with the following fact about the spokes of H (ay, 2q).

Lemma 4.1.27. Let C' be a dominant constraint graph in C( and consider the spokes

az,2q)
{ei 1 € [2q]} of H(agz,2q). If e; < e and es < ey for some i < s < j < t, then

€; < €g ‘€j< > €.

Figure 4.9: Illustration of Lemma 4.1.27: ¢;, e; and es, ¢ “cross" each other.

Proof. By the definition of the spokes e;’s, one of the endpoints of e; is a9 where x =
[i/2] + 1. Since C is well-behaved and e; «+— ej, az2 < ayo where x = [i/2] + 1
and y = |j/2] + 1. Similarly since eg +— e, ay2 «— ay2 where v = [s/2] + 1 and

w = [t/2] + 1. Since i < s < j < t, we have z < v < y < w. By Corollary 4.1.26, C3 is

a dominant constraint graph on Ws. By Corollary 4.1.14, a9 P ay2 > ay2 > Ay2-
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Similarly we can argue that by <— byy <— byq < byyq Where by, byry, by, by are

the endpoints of e;, s, €, e, respectively. Thus e; <— e e;j > €. O

Combining this fact about the spokes of H (az, 2¢) with the following lemma, we can show
that constraint edges between vertices which are not incident to any spokes split H (az, 2q)

into two parts, which is the main result needed to prove Theorem 4.1.4.

Lemma 4.1.28. For allm € N, if M is a perfect matching on the indices [2m] such that no
two edges of M cross (i.e. there is no pair of edges {i,j},{k,l} € M such thati <k < j <l)

then either {1,2m} € M or there is a sequence of indices i1 < ... < iy, such that
1. For all j € [K], ij is even.
2. {1,i1} € M and {i, + 1,2m} € M.
8. Forallj €[k —1], {ij +1,ij41} € M.

See Figure 4.10a for an illustration.

Proof. We prove this by induction on m. The base case m = 1 is trivial. For the inductive
step, assume the result is true for m and consider a matching M on [2m~+2] such that no edges
of M cross. If {1,2m + 2} € M then we are done, so we can assume that {1,2m + 2} ¢ M.

Choose s < t € [2m + 2] such that {s,t} € M and t — s is minimized. We claim that
t = s+ 1. To see this, assume that t > s+ 1. Since M is a perfect matching, {s+ 1,2} € M
for some = € [2m + 2]. Since no two edges of M cross, we must have that s +1 < x < t.
However, this implies that x — (s + 1) <t — s, contradicting our choice of s and t.

Now consider the matching M’ obtained from M by deleting the indices s,s + 1 and
decreasing all indices greater than s+ 1 by 2. By the inductive hypothesis, either {2'1, Z/Qm} €
M, or there is a sequence i} < ... < Z/k such that for all j € [k], z; is even, {1,i{} € M and
{i},,2m} € M, and for all j € [k — 1], {Z./7 +1, i9+1} € M. In the later case we can modify

this sequence as follows to obtain the desired sequence:
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1. Increase all indices in this sequence which are greater than or equal to s by 2.
2. If s — 1 is in this sequence, insert s + 1 after it.

If {4},i5,,} € M, then there are three cases:

1. When 1 < s <2m+1, 2’1 =11 and i,2m = 19;+2, then we are done.

2. When s = 1, i = i3 and iIQm = i9;m+2, then we have a sequence with single element

i1 = 2 such that {1,2} € M and {3,2m + 2} € M.

3. When s = 2m+1, i} =41 and i5,, = i2;,, then we have a sequence with single element

i1 = 2m such that {1,2m} € M and {2m + 1,2m + 2} € M.

/4
, ir+1
i3+1\s ‘/,

13 “~Q—'

(a) Illustration of Lemma 4.1.28: solid (b) Illustration of Lemma 4.1.29:
lines are matchings. a1 < aj1 implies aiz <— aj2.

Figure 4.10: Illustration of Lemma 4.1.28 and Lemma 4.1.29.

Lemma 4.1.29. Let C be a dominant constraint graph in C( If a;1 <— ajy for some

az,2q)
1 <i<j<gq, then ajg < ajo. Moreover, the spokes {ez : x € [2i — 1,2j — 2|} can only be
made equal to each other. Similarly, if bjs <— bjo for some 1 <1i < j < q, then bjy <— bjy
and the spokes {ey : x € [2i,2j — 1]} can only be made equal to each other.
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Proof. We prove the first statement as the proof for the second statement is similar. Without
loss of generality, assume ¢ = 1. Observe that for all z € [j — 1] and all y € [j, q], we cannot
have that b;1 — by1. Otherwise, by Corollary 4.1.14 we would have that a11 <— aj1 <—
by1 < by1, contradicting the fact that C is well-behaved.

This implies that the spokes {e; : © € [2j — 2|} can only be made equal to each other.

By Lemma 4.1.27, there must be a perfect matching M on the indices [2j — 2] such that

L. If {x,y} € M then ey +— ey (M describes how the spokes {e; : z € [2j — 2]} are

paired up).

2. No two edges of M cross (there is no pair of edges {z,y},{z,w} € M such that

r<z<y<w).

By Lemma 4.1.28, either {1,2j — 2} € M or there is a sequence of indices i1 < ... < i,

such that

1. For all I € [k], 7; is even.
2. {141} € M and {i), +1,2j — 2} € M.
3. Foralll e [k—1], {i;+ 1,911} € M.

If {1,2j —2} € M then a1 +— ajo. Otherwise, we make the following observations (see

Figure 4.10b for an illustration):
1. Since {1,4;} € M, a2 +— A, f241)2-
2. Foralll € [k — 1], since {¢; + 1,4;41} € M, iy ja41)2 T Qi /211)2
3. Since {i +1,2(j — 1)} € M, Qi j211)2 S G52
Putting these observations together, ajo <— a9, as needed. O]

Corollary 4.1.30. If C' is a dominant constraint graph in C< ) then the following state-

agz,2q

ments are true:
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1. Ifaj <— ajy for some 1 < i < j < q thenajg +— ajs. Moreover, contracting a;1 and
aji together and contracting a;o and ajo together splits H (az,2q) into H (az,2(j — i))
and H (az,2(q—j+1)), and the induced constraint graphs C' € C(aZ,Z(j—i)) and
c" e C

az.2(q—j+i) are dominant.

2. Similarly, if bjg <— bjo for some 1 < i < j < q then bj; <— bj;. Moreover,
contracting bj1 and aji together and contracting by and bjo together splits H (az,2q)
into H (ay,2(j —14)) and H (ay,2(q — j +1)), and the induced constraint graphs C' €
C( and C" € C(

az,2(j—i)) oz 2q—j+i)) OTE dominant.

ai+1)1 bix g by

(a) Ilustration of Corollary 4.1.30:b12 <— (b) Illustration of Corollary 4.1.30:a1; <—
bio ;1

Figure 4.11: An edge can only be made equal to the edges with the same color.

List of Properties of Dominant Constraint Graphs on H(ay,2q)

For convenience, here is a list of the properties we have shown. If C' € C( is a dominant

az,2q)

constraint graph then

1. |E(C)]| = 2q — 2.
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2. C' is wheel-respecting, parity-preserving, and non-crossing.

3. The induced constraint graphs C’ and C” on the two wheels W and W5 are dominant

constraint graphs in C(a0,2q)'

4. It e; «— ej and eg +— ¢4 for some ¢ < s < j <, then e; +— e > ej < e

5. If ajy <— ajy for some 1 < j <4 < g then a;9 <— ajo. Moreover, contracting a;; and
aj1 together and contracting a;9 and a9 together splits H (az, 2q) into H (az,2(j — i))
and H (ay,2(q—j+1)) and the induced constraint graphs C’ € C(
c" e C

az.2(j—i)) @nd

az.2(q—j+0) are dominant.

6. Similarly, if bjo <— bjg for some 1 < j < ¢ < ¢ then b;; <— bj;. Moreover,
contracting b;; and a1 together and contracting b; and b;9 together splits H (a7, 2q)
into H (ay,2(j — 1)) and H (az,2(q — j + 1)) and the induced constraint graphs C’ €
C( )) and C" € C(

)) are dominant.

az,2(j—i az,2(q—j+i

4.1.4  Proof of Theorem 4.1./

Now we are ready to prove the main result of this section, Theorem 4.1.4.

Definition 4.1.31. Define D(q,m) to be the number of dominant constraint graphs C' in
“

az,2(g+m)) such that a9 «— a99 P Q412

Remark 4.1.32. Notice that for the case whenm =0, D(q,0) = ’{C’ € Clay.29)

:C s domz’nant}’.
For the case when g = 0, we consider constraint graphs C' on H(ay,2m) where all the ver-
tices ajo on Wo are constrained together by C'. i.e. C' can be viewed as a dominant constraint

:C s domz’nant} , which is the Catalan num-

ap,2m)

graph on W1. Thus D(0,m) :’{C € C(

bers.

Proof of Theorem 4.1.4. To prove Theorem 4.1.4, we prove the following two statements:
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q
1. Forall ¢ € N, D(q,0) =Y D(q—1i,1)- D(i —1,0).
=1

q
2. For all ¢ € NU{0}, D(¢,1) = 3 D(i,0) - D(¢q — i,0).
1=0

Combining these two statements, for all n € NU {0},

D(n+1,0) = > D(i,0)D(j,0)D(k,0).
1,7,k>0:4+j+k=n

This is the same recurrence relation as we have for D,, and we have that D(0,0) = Dg = 1,

1 3
so these two statements imply that D(n,0) = D, = " , as needed.
2n+1\n

To prove the first statement, given a dominant constraint graph C' in C( if a9

az,2q)
is not isolated then let i € [¢ — 1] be the first index such that a1z «— a(;1)2- By
Lemma 4.1.17, bjo <— b;o. By Corollary 4.1.30, b11 <— b;;. Moreover, contracting b1
and b;1 together and contracting byo and b;o together splits H (az,2q) into H (az,2(i — 1))
and H (az,2(q —i+ 1)) and the induced constraint graphs C’ € C(aZ,Z(i—l)) and C" €

C<az,2(q7i+1)) are dominant. Now observe that

1. Since ajg +— A(i11)2 in C, aj9 +— agg in C”.

2. If we are given dominant constraint graphs C’ € C(az 2(i-1)) and C" ¢ C(@Z 9(g—i+1))

such that a1p <— ag9 in C”, we can recover C' and i by reversing this process. Thus,

this map is a bijection.

This implies that the number of dominant constraint graphs C' in C( ) such that

az,2q
i € [g — 1] is the first index such that a1 «— a(;11)9 is D(g —i,1) - D(i — 1,0). For an
illustration of this argument, see Figure 4.12.

If a9 is isolated then we must have that bio <— bg2. In this case, b1 <— b1 and

contracting along these edges gives us H (az,2(¢ — 1)). Thus, the number of dominant

constraint graphs C'in C( ) such that aig is isolated is D(q—1,0) = D(¢—1,0)D(0,1)

aZ,Q(]
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Hoz2(a—i+1))  H(az2(i—1))

H(aZa 2q)

Figure 4.12: air1)2 18 the first vertex that ajo is constrained to. As a result H (ay,2q) is
split into H (ayz,2(i — 1)) and H (ayg,2(q — i+ 1)).

as D(0,1) = 1. Putting everything together,

q
1=1

To prove the second statement, given a dominant constraint graph C' in C< )) such

aZ72(Q+1
that a9 <— a99, consider the first index ¢ such that by] +— b(i+1)1- If byq is isolated then

we take ¢« = 0. We have the following cases:

1. ¢ = 0: if by is not constrained to any vertex, then it implies that a1 <— a9g.
Merging a1 and a9, a1z and ag and deleting spokes e1 and e, we get H (ayz,2q).
The induced constraint graph C’ of C on H (az, 2¢) is dominant, so this gives D(q,0) =

D(q,0) - D(0,0) possible constraint graphs.

2. i € [¢]: By Lemma 4.1.17, ag; +— a(i1)1- By Corollary 4.1.30, a2 <— a(;y1)2-
Moreover, contracting ag; and (1)1 together and contracting aoo and a(i11)2 to-
gether splits H (ayz,2(¢+ 1)) into H (ay,2(i — 1)) and H (agz,2(q —i+2)) and the

induced constraint graphs C’ € C( az.2(i—1)) and C" ¢ C( are dominant.

aZ,Q(q7i+2))
Now observe that
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(a) Since ajg <— age in C' and by <— b(z‘+1)1 in C, ajg +— age in C” and
bi1 < boy in C”. Contracting these edges gives us H (ay,2(q —i + 1)), so C”
corresponds to a dominant constraint graph in C( az.2(q—i+1))"

. . . ! 175

(b) If we are given dominant constraint graphs C" € C(aZ,Q(i—l)) and C" € C(az,2(q—i+1))>

we can recover C' and ¢ by reversing this process. Thus, this map is a bijection.

This gives D(i — 1,0) - D(q — i + 1,0) dominant constraint graphs. For an illustration

of this argument, see Figure 4.13.

H(az,2(q+1—1i)) H(az,2(i — 1))

H(az,2(q +1))

Figure 4.13: C is a dominant constraint graph in C( )) such that a19 +— a99. b(z’+1)1

aZ72(Q+1
is the first vertex that by is constrained to.

Putting everything together,

as needed. O

4.2 The Spectrum of Z-shaped Graph Matrices

In this section, we will determine the limiting spectrum of singular values of the Z-shaped

graph matrices. We will first show how to do so with the Wigner matrix as a warm-up, and
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then derive the spectrum for the Z-shaped graph matrix with the similar technique.

4.2.1 Warm-up: The Spectrum of Wigner’s Matrix

Before we derive the limiting spectrum for the Z-shape graph matrices, we will show the
simpler but similar analysis for deriving Wigner’s Semicircle Law from the trace power
moments.

Recall the Wigner matrix and the semicircle law defined in Definition 1.2.1 and Defi-
nition 1.2.8, and Theorem 1.2.13 states that the expected even trace power of normalized

Wigner matrices are the Catalan numbers.

1 — 2k
Lim ﬁE [tr (Mn )] =}, (4.5)
- 1 . .
where M,, = TMn and M, are n x n Wigner matrices.
n

2 (1
One can verify that / ) (2 4 — x2> 22k dy = (). and conclude Theorem 1.2.2 after
- T
checking the other conditions in Corollary 3.1.7. Here we will show an alternative way to

get fse(x) by deriving a differential equation for fs.(z) from the recurrence relation for Cj..

Lemma 4.2.1. Assume f(z) is an function satisfying that for all k € N,
2 ok
/ S f(z)dx = C}, (4.6)

and moreover,

1. f(x) is continuously differentiable on (—2,2).

2. lim f(x)= lim f(z)=0.

T2~ r——271

Then f(x) satisfies the following differential equation on (—2,2):

(4 - :172> fl(x) +zf(z) = 0. (4.7)
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Proof.

Proposition 4.2.2.

Cre1 22k +1)

= 4,
C, k12 (4.8)
Proof.
1 (2k +2)!
Cra1 _ k42 (k+DIk+1)! _ (k+1)-(2k+2)(2k+1) _ 2(2k+1)
Cp 1 (2k)! (k+2)-(k+1)2 k+2
k+1 Kk

O

For any k > 1, using integration by parts and the boundary condition that lim f(z)=
T2~

lim f(z) =0,

r——27T

/22 ?H L () do = [x2k+1 ]‘(:10)}2_2 —(2k+1)- /22 fla) 2 de = —(2k + 1)Cy,

We have the following relations together with Equation (4.8).

2
i /_227% - f(z)dx = Cy,
2
ii. / ) 22K 2 f(2) do = Clrt1
2
. / 2L #(2) dz = —(2k + 1)y

2
iv. /_2 2R3 (@) do = —(2k + 3)Cra1

v (k+2)Chyq =202k + 1)Cy
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Thus multiplying v. by —2 and rewriting using i. to iv., we get

— 2(]{7 + Q)Ck—l—l = —(2]{? + 3)Ck+1 — Ck—i—l = —4(2/{3 + 1)Ck

2 2 2
= /_2x2k+3 - f(x) do — / 2x2k+2 - f(x)de = 4/_2 22K () da

. /_22 J2hHL ((4 —a?) f(a) + xf(:c)) d = 0.

With similar argument as in Lemma 4.2.14, we can conclude that

(4=2%) f'(@) + o f(x) = 0.

[
Finally we can solve the ODE for the solution of f(z).
2
Proposition 4.2.3. Assume f(z) satisfies Equation (4.7) cmd/ ) f(z)dz =1. Then f(z) =
1
—V4 —x* on (—2,2).
2m
Proof.
/
2\ ¢/ _ [(z) X
(4=2?) f'(2) +xf(x) =0 = o - i
fl@) x _ 1 2
= / (o) dx—/—4_x2 dr = In|f(z)| = 5111‘4—:6 ‘—l—C’
= f(z) = A-\/4 — 22 for some constant A
1 2
= f(z) = 2—\/4 — 22 since /Zf(:c) dr =1
T _
[
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4.2.2  The Spectrum of the Z-shaped Graph Matriz

We now find the limiting distribution of the spectrum of the singular values of %Maz as

n — o0.

3V3
Definition 4.2.4. Let a = \2/_ and define go, : (0,00) = R be the function such that

1
— arctan ( (4.9)

3
JAz2/3 — 9)) e (3

if z € (0,a] and g, (z) =0if z > a.

flz) = ;T V3 sin (:1)) arctan (

)

Theorem 4.2.5. As n — oo, the spectrum of the singular values of %Maz approaches gq,

almost surely.

Proof. To prove this, we need to show that g,, satisfies the conditions of Corollary 3.1.9.

1
Denote M, = 1M,,. Here g = lim —E

n—00 r(n)

r ((MnMnT )’“) where #(n) = n(n — 1)

is the dimension of the graph matrix M,,. We proved in Section 4.1 that 8 = Dy =

1 3k
Gy < I > We will verify the last two conditions first.

Lemma 4.2.6. ZD%_I/% = 00.
k

Proof.

1 k k "
Dy = 2k—|—1<3k> < <3k:> < 23F gince Z (Z) =" — <Z> < 2" for any k

k=0

Jk —1/2k

:>D,;1 >2_3:>D2k A 0ask — oo
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/k

Alternative proof: Using Sterling’s formula, we can estimate Dlzl asymptotically.

3k 3k
V 21 - 3k <€>

1 3k 1 (3k)! ) (27)

D, =—. = = . ~C-E320 (20
"ok +1 (k:) 2k + LKI(2K)! 2k o\ 2 N 1
m<e> zm()

(&

—1/k ik 32k 4 4
D ~ . e —
= D, C k TARET #0as k — o0

Thus 3 Doy ~H/2F = o O
k

1 k
Lemma 4.2.7. For each k, »_ Var (() tr ((MnMnT) )) < 00.
m r(n

Proof.

o)) v ()
Akt (E [tr ((MQZMEZ)’“)Q] _E [tr ((Maz Mgz)k)] )

k
— kD) ( Z E

H MOéZ (AZ7 Bl) Mgg (Biv Ai+1) Maz <A27 le) Mgz (Bia A;Jrl)
Ai,Bj,A;,B;g([g])

=1

k
T Mo, (A, B)) ML (B;, Aitr)
=1

—-E -E

|

To analyze the term in the summation, we consider two copies Hy (az,2k) and Hs (az, 2k)

[T Mo, (41 8) M, (B, 41,.)
=1

with vertices A;, B; and A;, BZ/» respectively, where the constraint edges of a constraint graph

C' can now go in between Hy and Hs. Denote

k
Val(C) =K H MOéZ (Ala BZ) Mgz (BZ7 Ai+1> MaZ (A;7 B;) Mgz (37{7 A;-l-l)
i=1
k k
—E |I] May, (Ai, Bi) M3, (B, A ) | E | T May, (AL Bf) MZ,, (B}, Alyy)
i—1 i=1

Observe that val(C') = 1 if under C, each edge appears even number of times in H1 U Ha,
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but there is at least one edge appears odd number of times when restricted to only Hy or
Hy (call this special edge the “odd" edge). val(C) = 0 in all other situations.
It suffices to prove that there are at most 4k + 2 distinct vertices under the constraint
graphs C' where val(C) = 1. Because then » N(C)val(C) = O, (n4k+2> = Bpk =
C
Oy, (n_2> — Zﬂn,k =Y O (n_z) < 00.
We will only Z)rove the Zbove claim for well-behaved constraint graphs for now. There

are two cases:

1. The odd edge e is among one of the wheels of H; or Ha. Denote W; ; the jt" wheel of
H;. Observe that for each j = 1,2, Wy ; UWs ; has 4k edges, thus Wy ; U Wz’j/C has
at most 2k multi-edges (since each edge has multiplicity at least 2). W.L.O.G. assume

e is in Wy 1, the outer wheel of Hq. Then the following are true.

i. W11 UWs1/C is a connected graph: since e is an odd edge, it is constrained to
some edge in Wo 1.

ii. W11 UWs1/C has at least one cycle: each vertex in 17 1/C has an even degree
and the multi-edge containing e has an odd multiplicity, thus there must be one

cycle.

Therefore W1 1 U Ws 1/C has at most 2k vertices.

On the other hand, Wy o U W5 9/C has at most 2k + 2 vertices because it has at most
two connected components. Thus all together there are < 2k + (2k + 2) = 4k + 2

distinct vertices.

2. The odd edge e is among the spokes. W.L.O.G assume e € Hy. Then e is constrained
to some €’ in Hy. This implies that for each j = 1, 2, Wi ;UWs ;/C is connected, and
thus has < 2k + 1 vertices. Thus all together there are < 2(2k + 1) = 4k + 2 distinct

vertices.
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The remaining condition we need to verify is that for all £ € N,

a
/ Ol’%gaz(f’?) dz = Py, = Dy,

(¢
To prove that / 0 x%gaz (x) dx = Dy, we proceed as follows:
r=

1. We derive a differential equation for g, based on a recurrence relation for Dy (see

Theorem 4.2.9).

2. We prove that if g,, satisfies this differential equation and some conditions at z = 0
a

and x = a then / x%gaz (x)dz = Dy, (see Theorem 4.2.16).

3. We verify that g, satisfies the required conditions (see Theorem 4.2.17).

Remark 4.2.8. Technically, only steps 2 and 3 are needed. We include the first step because

it gives better intuition for where the differential equation comes form.

1 (3k
Theorem 4.2.9. Let D), = 2/€+1<k> and a = limy_,oo Dy 1/Dy, = 3v/3/2. Assume

f(z) is an function satisfying that for all k € N,

/Oa 2% f(2)dx = Dy, (4.10)

and moreover,
1. f(z) is twice continuously differentiable on (0, a).
2. lim, g+ 2f(z) =0 and lim,_, 4+ 22 f'(z) = 0.
3. lim, ,,— f(x) =0 and lim,,_,,— f'(z)(42? — 27) = lim,,_, - Saf'(z)(x — a) = 0.
4. limy, g+ 23f"(2) = 0 and lim,_,,— (a — 2)%f"(x) = 0.
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Then f(x) satisfies the following differential equation on (0,a):

(4z* — 272%) f" (z) + (823 — 272) f/(x) + 3f(x) = 0. (4.11)

1 3k
Proof. To prove this, we use the following recurrence relation for Dj. = Sy ( k )

Proposition 4.2.10.
Dy 3(3k—1)(3k —2)

Di_1  2k(2k+1) (412)
Proof. Observe that
Dy 2k—1 (3k)!(2k —2)!(k — 1)!
Dp_1  2k+1  (3k—3)I(2k)!k!
C2%k—1 (3k)(3k—1)(3k—2)  3(3k —1)(3k — 2)
T 2%k+1 (2k)QRk—Dk  2k(2k+1)
0

We also need the following relationship between the moments of f and the moments of

its derivatives.

Definition 4.2.11. For all j € {0,1,2} and k& € Z such that k > j, we define A(j, k) to
be A(j, k / f xk dx where fU )(a:) denotes the jt" derivation of f. Notice that
A(0, Qk)

Lemma 4.2.12. For all j € {1,2} and k € Z such that k > j,

AGj k) = [fUl)(x) xk}z CRAG =1,k —1).
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Proof. Using integration by parts, we have that

A(j, k) = /Oa f(j)(x) a2 dx = {f(j_l)(a:) xk}z - /Oa kf(j_l)(x) Rl ax

_ [f(j—n(x) .xk}o —RA(j — 1k~ 1)

Corollary 4.2.13. Iflim, o+ zf(z) =0 and lim,_, ,— f(x) =0 then
1. Forallk e N, A(1,k) = kA(0,k —1)

2. For all k € N such that k > 2,

CRA(LE—1) = [f’(x) - xk]z b k(k — 1)A(0, k — 2).

Using Corollary 4.2.13, Proposition 4.2.10, and the fact that A(0,2k) = Dy, we have that
for all £ € N,

a

A2,2k +2) = | f'(x) - 22FH2 - 2kA(L, 2k +1) — 2A(1,2k + 1)

a

_ /(@) - 22+2] |+ (202K + DA, 20) — 24(1,2% + 1)

= _f'(:B) o 2h+2] Z +3(3k — 1)(3k — 2)A(0, 2k — 2) — 2A(1, 2k + 1).
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Multiplying both sides by 4 and repeatedly applying Corollary 4.2.13, we get

4A(2,2k + 2)

=4 [f’(x) - g2kt ) + 27(2k)(2k — 1) A(0, 2k — 2) + (—54k + 24) A(0,2k — 2) — 8A(1, 2k + 1)

a

=4 {f’(m) g2k t2 Tt 27 - (— {f’(:c) : a;%]: + A(2, 2k)> —27(2k — 1)A(0, 2k — 2)

— 3A(0,2k — 2) — 8A(1, 2k + 1)

— [xzkf'(:n) - (4x2 — 27)] 4 27A(2,2k) + 27TA(1,2k — 1) — 3A(0,2k — 2) — 8A(1, 2k + 1)
0

=27A(2,2k) + 27A(1,2k — 1) — BA(0,2k — 2) — 8A(1, 2k + 1).

where the last inequality holds because lim (422 — 27)f(z) = 0 and lim 22f'(z) = 0 by
r—a~ z—0t
assumption.

Writing the A(j, k)’s above as integrals, we get that for all k € N
a
/O (4f”($) st =21 (@) 2 =27 (@) - x + 8 (2) - 2B + 3f(x)> 2?24k = 0.

One way for this equation to be true is if (4z* —2722) f"(x)+ (823 —27z) f'(x)+3f(x) = 0
on (0,a). As shown by the following lemma and corollary, this is the only way for this

equation to be true for all k£ € Z, which completes the proof of Theorem 4.2.9.

Lemma 4.2.14. Let a be some positive constant. If f is continuous on [0,a] and

a
/0 f(m)x% dx = 0 for all nonnegative integers k, then f =0 on (0,a).

Proof. Let M > 0 be an upper bound of f on [0,a]. For an arbitrary ¢ > 0, let p(z) be
€
M-a
Pe is a linear combination of monomials of even power and |pe(z) — f(z)| <

a polynomial such that ’p(a:) - f(\/i)‘ < for all z € (0,a?). Taking pe(z) = p(z?),

€

for all

‘a
a
x € (0,a). Thus /O (f(z) — pe(x)) - f(x) dx < e. On the other hand, since all even moments
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of f(x) are zero,

| @) = peta)) - fla)ax = [* 5 @)% = pela)fla)dx = [ f(@)dx.

a
Thus /0 f(x)?dx < € for all € > 0 and we conclude that f(z) = 0 on (0, a). O

Corollary 4.2.15. Let a be some positive constant. If f is continuous on (0,a),

a
lim z2f(z) =0, lim (a—2z)%f(z) =0, and / f()z?* dx = 0 for all nonnegative inte-
z—0F T—a~ 0

gers k, then f =0 on (0,a).
Proof. This follows by applying Lemma 4.2.14 to the function f(z)z?(a? — 22)2. O
O

We now confirm that if f satisfies the differential equation (4z* — 2722) f"(z) + (823 —
a
27x) f(x)+3f(z) = 0, the conditions of Theorem 4.2.9, and the condition that /0 fz)dx =
a
1, then/o 22k . f(a)dx = Dy,

Theorem 4.2.16. Let a = limy,_, o Dy,/Dj,_1 = 3V/3/2. Let f be a function satisfying the
following ODE on (0, a)

(42* — 2722) f" () + (82> — 272) f'(x) + 3f(z) =0 (4.13)

and the first three conditions in Theorem 4.2.9, i.e.

1. f(z) is twice continuously differentiable on (0, a).
2. lim, o+ xf(x) =0 and lim,,_, o+ 2 f!(z) = 0.

3. lim, .- f(z) =0 and lim,_,,— f'(z)(42® — 27) = lim__, .- 8af'(z)(x — a) = 0.

a
Moreover, assume that /0 f(z)dx = 1. Then for all k € NU{0},

/Oa 22k . f(z)dx = Dy, (4.14)
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a
Proof. Notice that /0 f(z)dx = 1 = Dg by assumption. We aim to prove that for all

k € NU {0},
(2k + 3)(2k + 2) /O“ K2 f(2) dx = 3(3k + 2)(3k + 1) /Oa 22 f(z)dx

If so, then since (2k + 3)(2k 4+ 2) Dy 1 = 3(3k + 2)(3k + 1) Dy, we can prove Theorem 4.2.16
by induction on k.

We multiply Equation (4.13) by #2¥ and integrate from 0 to a:

0= /()a(4:c4 —272%) f"(x) - 2 + (823 — 27x) ' (2) - 2% + 347F f(2) dx
- ([t - 21222
+/ Ru2k+3 _ 97,261y #l() dx+/0a 307F f (x) dx

= _/() (8(k}+1) 2k+3 7(2k+1)£{]2k+1) f/(ZL‘) dX—f—/Oa SJZQkf([E) dx

; / f'(x) (4(2k + )23 — 27(2k + 2)2? 1) dx>

- [f(x) (8(k + 1)2*3 — 27(2k + 1):(;2’6“)}3
+ / 8(k + 1)(2k + 32?2 — 27(2k + 1)%%¥) f(2) dx + /Oa 302k f(2) dx
= [ (8(k +1)(2k + 3)2*" 2 — 3(36k + 36k + 8)2°") f(x) dx

= [ (8(k+1)(2k + 3)2* 2 = 12(3k + 1)(3k + 2)2°") f(x) dx

as | f/(x) (42 — 272%) 2%

a a
. and [f(x) (8(l€ + 1)a?k 3 272k + 1)x2k+1)]0 are zero by the

assumed conditions on f.

Rearranging the last step we get
a a
(2k +2)(2k + 3) /0 F(2)2?*+2 dx = 3(3k + 1)(3k + 2) /O Fla)2?* dx
as needed. O
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Using WolframAlpha to solve the above ODE and analyzing the constant coefficient by
the imposed initial conditions, we can get an explicit solution for f(z). We verify the solution

below.

Theorem 4.2.17. Let a = 3v/3/2 and f(x) be such that

f(z) = ‘ V/3sin (1 arctan

™ 3 (%)) + cos (; arctan <\/ﬁ>> (4.15)

for 0 <z <a. Then f(x) is an solution to the ODE (4.11) on (0,a). Moreover, f satisfies

the conditions listed in Theorem 4.2.16.

Proof. We first verify that this f(z) satisfies the ODE (4.11)
(42t — 2722 f"(2) + (823 — 272) f'(x) + 3f(x) = 0.

on (0,a).

\/4r2/3 —9

1 3
For simplicity, we will denote g(z) = 3 arctan () Then

L () = & (VBsin(g(a)) + cos(g(e)).
2. ()= - (VBeos(o(e) ~sin(g(x) - () = (VEcon(g(x) —sin(o(e) s,
3. f"(0) = = (—VBsingla) — cosg(a)) - (9 (2))* + = (VBeosgla) —sing(a)) 4" (2)

— ; (V3sing(a) + Cosg(w))-m+i (VBeos glx) — sin g(a))- x2(f;22//§:99)3/2‘

Plugging the above into the LHS of (4.11), one can verify that (4z* — 27)f” (x) + (823 —
27xz) f'(x) + 3f(z) = 0.

Now we check the conditions listed in Theorem 4.2.16. For this purpose, it is more
convenient to re-write f(z) as a function all of real terms.

We will use the following facts:
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‘ 1
1. arctan(iz) = %ln ( +$>.

l1—x
y T —X
2. sin(iz) =i -sinh(z) = % : (ex — e_x), cos(ix) = cosh(x) = (3—1—2@
3
Recall that the domain for f(z)is 0 < x < 3v/3/2. Let y = ——————. Note that y is
/=42 /3 +9

3 1

a real variable and y > 1. Also note that ————= = —iy and g(x) = 3 arctan(—iy) =

Var?/3 -9
1 27T —22%2 —9,/9 — 422/3
Letz:y = /

y+1 222
observe that

. Note that z is a real variable and z > 0. Now

1. g(z) = éln (—2)

((=2)1/6 = (—2)~1/6) = ; ((\/g;'i) /6 (\/52—2') 21/6)
(o)« ( () e () ve).

Plugging in the above equations to f(x) and simplifying, we get that

[\3‘&.

2. sin (g(x)) =

3. cos(g(x)) =

N |

™

£() = = (VBsin(g(e) + con(g(e))) = — - (/0 =710

(4

f/(x) = — (\/gcos(g(x) — sin(g(x))) e ) (zl/G 4 2_1/6> . 1

m o fa23—9 7T 29 — 422/3

—1
3 and z = L. Observe that

J—422/3 +9 y+1

212 ) z 1
1. Asz =0T, y~1+ 57 Thus, lim,,_, 5+ 2=

Recall that y =

2. Asx —a ,y —oo. Thus, lim, ,,— z=1.

Thus,
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1. f is twice differentiable on (0, a).

—1/6
2. lim, g+ 2f(x) =limz_px - =
s

L -1/6
3. lim,,_,4+ x2f’(:c) = limg, o - =0.

4 tim, - f(0)= (1= 1) =0,

5. lim,_,,—( -

— 42
422 = 20)f' (@) = lim, - —(1/5 4 271/5). (M) 0

a
Now we will prove the last piece of this Theorem: /0 fz)dx = 1.

1/2
3.3 y—1 27—2952—9(9—4932/3)/
We have that a = , 2= = 5 =
2 y+1 2z
1/2
27 — 27 (1 — 22 /a? 1
<2x2 ) —1, and f(z) = (21/6—2_1/6>.
. 27 — 27 cos O 2(1 — cos ) 1 —cosf )
Let x = asin 9 Then z = W — = W — = m EXpreSSIHg
1— 2
cos 6 in terms of z, we get cosf = 72, thus sinf = vz . Moreover,
142 +
!/
~ [1—cost ~ 2sind ~ 2sinf(1 —cosf) = 2z Wz
dz = <1+cos0> "~ (14cos0)2”  sin?6(1+cos) sin9d9 — = z(1+4 z) dz.
Thus

a —1 m/2 1 — cos@ 1/6 1 — cos@ ~1/6
Jy fayax=—= [ ((H@) _<1+9> a.cos 0df

N L S VR VAN B St A WL
7 Jo (Z © ) <1+z> z(l—i—z)dz
—a 1(1=2)(22/3 = 213

- dz.
7w Jo 2(1+4 2)?2 g
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Let w = 23, then

(1 —w -1
/ dx-——/ w )dw
1+w3

a (1 —4/3 2w —5/3
__ ¢ d

7r/0 (14 w)? (w2—w+1)2+w2—w+1 v

1
4 1 1 2w —1 L -5/3
T\3|l+w|y Jo (w®—w+1 —w+1 0 w*—w+1
1

a 2 -1 1 L —-5/3
=4 | d —5———d

T 3 +l(w2—w—|—1)10+/0 (w? —w+ 1)2 v 0 w?2—w+1 W)

Lemma 4.2.18. For any b # 0,

2 1 1 1 —-5/3
2 ——+/ 5 dw+ 27/dw
T 3 0 _1 3 0 w*—w-+1
((w=5?%+3%)

/mdngﬂfﬂ

Proof.

/ Ly _1/ x? + b
@2 +22 7 " 2 @)

1 _
4 /—d
/x2+b2 X+ 2
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e dx—g32 n b2> . (4.16)
2
—
x2 4+ b2 dx
_ 1
x2 + b2
1
x —3
— —<=d
2(x2+b2)+/x2—|—b2 X)
v
2402 )
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1 1
Apply the lemma to the / 5 dw term, we get that

O ((w—1/2)%+3/4)

a a v 1
rom—t (43 et (5222
i /o1 (w— 1_/Z>/§)+ 3/4 dw)
- <_§+§+/ol <w—1/_2>12+3/4dw>

1

. <w—1/2> 332 o

V32 V3/2 T 33

Al

O
[l

Figure 4.14 shows some graphs of g, (x) and samplings of singular values of M, , for

n = 20,30,70. We can see that the sampled distribution of the singular values of M, gets

closer to ga, () as n gets bigger.

4.2.83 Behavior near x = 0 and r = a and numerically solving the

differential equation

We now consider the behavior of the differential equation (424 —27) f" (x)4 (823 —27x) f/ (z)+

3f(x) = 0 near x = 0 and near x = a. While this kind of analysis is not necessary for this

differential equation as we were able to find an explicit solution, this kind of analysis is very

useful for differential equations where we cannot find an explicit solution.

When z is very close to 0, the differential equation is approximately

—2722 f"(2) — 272 f'(2) + 3f (2) ~ 0.

86



is approximately cix
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Plugging in f(x) = 2", we obtain that
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Figure 4.14: The Spectrum of singular values of the Z-shape graph matrix and some
samplings of the Z-shape graph matrices with random input graphs on n vertices, for
n = 20, 30, 70.

(=27r(r—1)—=27r +3) 2" = (—277“2 + 3) " =0

1/3 1/3
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which is satisfied when = £ 1/3. Thus, near = 0 the solution to the differential equation



When =z is very close to a, we observe that
1. 42t — 2722 = 422 (2 — a)(z + a) = 8a3(x — a),
2. 823 — 271 = 423 + 42%(x — a)(z + a) ~ 4a?,

If we further assume that limg;_, f(x) = 0 then when x is very close to a, the differential

equation is approximately
—8a3(a — ) f"(z) + 43 f'(z) = 0.
Plugging in f/(x) = (a — z)", we obtain that
8rad(a —z)" +4a3(a —2)" = 8r +4)a>(a —z)" =0

which is satisfied when r = —%. Thus, the solution to the differential equation near x = a
which is 0 at # = a is approximately c\/a — .

This analysis helps us solve this differential equation numerically. To solve this differential
equation numerically, we need an initial point zg and the initial conditions f(z¢) and f’(zq).
However, we can’t use xg = 0 because lim,_,o+ f(z) = co and we can’t use xp = a because

lim, ,,— f'(x) = —oo. Instead, we proceed as follows:
1. Choose an € > 0 and approximate the solution by y/a — z on the interval [a — €, al.
2. Numerically solve the differential equation on the interval (0,a — ¢).
3. Scale the resulting function f so that /xa:O f(z)dz = 1.

Figure 4.15 shows several plots of the explicit solution we get in Theorem 4.2.17 with the
numerical solution we get for various €’s. One can see that as € gets smaller, the approximated
spectrum gets closer to the actual spectrum. When ¢ = 0.0001, the two curves are almost

identical.
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Figure 4.15: Explicit Solution of the Spectrum of the singular values (blue curve) and the
numerical ODE solution (orange curve) with approximated tail segment (green curve) with

different approximating intervals (different €’s).
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CHAPTER 5
THE MULTI-Z-SHAPE GRAPH MATRIX

5.1 The Trace Power of Multi-Z-shaped Graph Matrices

Now we consider a generalization of the Z-shape graph matrix discussed in Chapter 4.

Remark 5.1.1. For the m—layer Z-shape QZ(m): the size of the minimum separator is m. By

Lemma 3.2.24, for any nonzero-valued constraint graph C' € C<OéZ( : 2q) JE(C)| > m-(¢g—1).
) have m - (¢ — 1) edges.

By Corollary 3.2.26, dominant constraint graphs C' € C<
A7z(m)»=4

Definition 5.1.2. For m,n positive integers,

D(m,n) 1<(m+ ”'”). (5.1)

:m-n+1 n

1 3
Remark 5.1.3. The number Dy, = 2+1< n) in Chapter 4 is D(2,n) here. Also D(m —
n n

k
1,n) = Ap(m, 1) where the generalized Catalan number Ap(k,r) = k:— <n * T) is de-
nk+r\ n

fined in Remark 4.1.5.
Below is the main result of this section.

Theorem 5.1.4. Let QZ(m) be the m—layer Z-shape as in Definition 2.2.17. Then the

number of dominant constraint graphs C' € C( ) is D(m,q).

aZ(m)72q
Remark 5.1.5. When m = 2, D(m,n) = D(2,n) = Dy, Oz(m) = QZ; and this theorem is

exactly Theorem 4.1.4.
A direct corollary we get from the above theorem is the following.

Corollary 5.1.6. Let QZ(m) be the m-layer Z-shape as in Definition 2.2.17. Let My m =

1 !
T/QMQZ(m) (G) be the graph matriz where G ~ G(n,1/2) and r(n,m) = t
n

— be th
(n—m)! c e
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dimension of My m. Recall that D(m,q) =

1 (m+1)q
mq—+ 1 q

). Then

lim
n—oo r(n’ m)

E [tr ((MmmMT{ m)qﬂ = D(m,q). (5.2)

Proof. Recall that Corollary 3.2.27 says that for any bipartite shape «,

q
1 MoME
lim ——F || [ —az2lfa :‘CEC . C'is domi t‘.
7o Tapproz (1) ' ((nv(a)sa) ) { (cv,2q) 15 dotninan }
n! n!
Since Sazm = M and ‘V A7 (m ‘ = 2m, Tapproz(n) = = =)l =
(n—saz(m)>!
T T
r(n,m) and Mozt Moz :Maz( Magim = My M}
7 JV(QZ(m))‘_SO‘Z(m) ' .

By Theorem 5.1.4, {C’ € C(a ) :Cis dominant} = D(m,q) and the result fol-
Z(m)

lows.

5.1.1 Recurrence Relation for D(m,n)

To prove the main result for this section, We need the following crucial recurrence relation

for D(m,n).

Theorem 5.1.7.

D(m,n+1) = > D(m,ig) ... D(m,im,) . (5.3)
10eeestm >0:
i0L A igm=n

Proof. The proof is similar to the proof of Theorem 4.1.6. Let Wy, ,, := the set of all grid

walks from (0,0) to (n,mn) that are weakly below the diagonal and dp, 5 = ‘Wmm‘. We will
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prove that dy, , = D(m,n) and that dp, 5 satisfies the recurrence relation in the theorem.

1. dm’n - D(m,n)

For r € {0,1,...,mn}, let Wy, n(r) := the set of grid walks from (0,0) to (n,mn)
mn

that are r steps above the diagonal. Then U Winn(r) is the set of all grid walks from
r=0

1
(0,0) to (n,mn), which has cardinality ((m + )n) Also |Winn(0)] = [Winn| = dm p.
n

By the same proof as in the Theorem 4.1.6, there is a bijection between Wy, (1) and

1 1)-
Winn(r — 1) for each r € [mn]. Thus dp, , = ((m 1) n)
’ ’ mn + 1 n

S~o (n, mn)

Zio—-1  zjp

Figure 5.1: Hlustration of the proof part 2 for Theorem 5.1.7.

) 7107"'7?1%-%120:
10+ +im+1=n—1

Similar to the proof of Theorem 4.1.6, we now will find a bijection between Wy, p

and

U Wm7i0X~'-XWm'

st
§0yeensinn >0
io+tim=n—1

Let dj. be the line that is shifted k vertical grids down from the diagonal. i.e. dj, is

the liney=m -z — k. Let w = (zl,...,zn_(m+1)) € Wmn-

1. et 2;, = (ap,m - a (§] e 'St pomt whnere w toucnes (] lagonal. en
i, Let 2, 0 o) be the first point wh touches the diagonal. Th

wo = (zio, e ,zn.(m+1)) can be viewed as an element in Wy, p—q,. Moreover,

w = (zg, e ,zio_l) is strictly below the diagonal dg, thus weakly below dj.
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ii. Let z;; = (a1,m-aj; — 1) be the first point where w’ touches dy. Then wy :=
(2iy,-- -+ 2ig—1) can be viewed as an element in Wy q9—q;. Moreover, w' :=

(22, ...,%,—1) is strictly below dy, thus weakly below do.

iii. Continuing this way, we get a sequence of points z;, ...,z , and walks
wo, . . ., Wy—1 Where each zi; = (aj,m-aj — j) is a point on d; and each w; can
be viewed as an element in Wi, o, | —q;-

iv. Since z; , is the first point touching dy,—1, wm = (22,...,%;,, ,—1) is strictly

1
below d,,—1 and thus weakly below d,,. Since d;, crosses (1,0) = z9, wy, can be

viewed as an element in Wy, o | 1.

Since (n —ag) + (ag —a1) + - -+ (ap—1 — 1) = n — 1, we conclude that

(wOJ"'vwm)e U Wm,io X"'XWm,im-
i0yeeeyin >0:
i+ Aim=n—1

The other direction of the bijection can be constructed in a backward manner. It

is not hard to prove this construction gives a bijection.

Combining 1 and 2, we conclude that D(m,n) satisfies the recurrence relation.

5.1.2  Properties of Dominant Constraint Graphs on H (ozZ(m), 2q)

Definition 5.1.8. Let Z(m) be the multi-layer Z-shape as in Definition 2.2.17 and let
H (az(m), Qq) be the multi-graph as in Definition 3.2.1. We label the vertices of V(Oéz)i as
{a;j,bij + j € [m]} and the vertices of V@Z)i as {b;j, agirq)j} Let Vi = {ai;,b;5 - i € [q]}.
For j € [m], we call the induced subgraph of H (a Z(m)> 2q) on vertices V; the jth wheel W;.

We label the “middle edges" of H(a,2q) in the following way: let eg; 1 ; = {ai(j+1)’ bij}
and eg; j = {b;j, a(i+1)(j+1)} fori=1,...,q. For a fixed j € [m], we call the edges ¢; ;s the

spokes between wheels W; and Wj,q of H (az(m), 2q). See Figure 5.2 for an illustration.
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by O Wheel W,
an () WheelW,

Wheel W
b3 O 3

= Spokes between W, and W,,

—— Spokes between W, and W,

Figure 5.2: H (az(m), 2q), here m = 3

Definition 5.1.9. Let A Z(m) be the multi-layer Z-shape. Let C' be a constraint graph on
H(ayz,2q). For i =1,2, We denote C; the induced subgraph of C' on vertices V;. We call C;

the induced constraint graph of C' on V.

Recall that a constraint graph C' € C( is well-behaved if whenever v <— v in C, u

a,2q)

and v are copies of the same vertex in « or ol

Theorem 5.1.10. All dominant constraint graphs in C ( ) are well-behaved.

AZ(m) 129

Proof. See appendix. n

We extend our definitions of wheel-respecting, parity-preserving, and non-crossing to

C(GZ(mw?q) '

Definition 5.1.11. Let C' be a constraint graph in C( ) )
A Z(m)»44

1. We say C' wheel-respecting if for all u <— v, u,v € V; for some i € [m]. (i.e. no two

vertices on different wheels are constrained together by C').

2. We say C'is parity-preserving if for each ¢ € [m], the induced constraint graphs C; of

C on Vj is parity-preserving.
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3. We say C'is non-crossing if the induced constraint graphs C;’s are non-crossing.

Remark 5.1.12. IfC' € C o )2(]) is wheel-respecting and G; are representatives of Cj,

then the graph G with V(G) = V(az(y), 2q) and E(G) = E(G1)U--- U E(Gn) is a repre-

sentative of C.

Proposition 5.1.13. Let C' be a constraint graph in C( . C' is well-behaved if and

O‘Z(m)a2q)
only if C' is wheel-respecting and parity-preserving.

Corollary 5.1.14. If C' is a dominant constraint graph in C( then

z(m)24)

1. C is wheel-respecting, parity-preserving and non-crossing.

2. The induced constraint graphs C; on wheels W; are dominant constraint graphs in

Clap.2q)-

The same proofs for Lemma 4.1.29 yields the following statement.

Lemma 5.1.15. Let OZ(m) be as in Definition 2.2.17 and let C' be a dominant constraint

graph in C( If agj < ayj for some 1 < s <t < qand j € [m — 1], then

OéZ(m)Jq)
(1) < y(j41)- Moreover, the spokes {exJ cx €25 — 1,2t — 2]} can only be made
equal to each other.

Similarly, if bgj <— by; for some 1 <s <t <qandj€{2,3,...,m}, then by(

j=1)

bt(j—l)- Moreover, the spokes {ex,j—l cx € (28,2t — 1]} can only be made equal to each other.

Corollary 5.1.16. If C is a dominant constraint graph in C(
A7z (m)»=4

), then the following

statements are true:
1. If aj1 <— ajy for some 1 <1 < j <gq, then a;, <— aj, for all k € [m].

2. Similarly, if bipy, <— ajpy for some 1 <1 < j < g, then by, — bjy for all k € [m].
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a(i+1)1

H(az(m)v 2(q _J + ')) H(az(m)a 2(.' - '))

S o2

H(az(m)a 2q)

Figure 5.3: Illustration of Corollary 5.1.16: C' € C is dominant. a;p <— aj} and

aZ(m)’2q>
bi(kfl) — bj(kfl)- Here q=7, m=4, k=3 and j —1=3.
3. More generally, if a;, <— ajj and bi(k—l) — bj(k—l) for some k € [m + 1], then
ajs < ajs for all k < s < m and by «— bj for all1 <t <k —1. Note that k =1
corresponds to case 1 above and k = m+1 corresponds to case 2 above. See Figure 5.3

for an illustration.

In all three cases, contracting the constrained vertices splits H (az(m), Qq) into

H (az(m),Q(j — @)) and H (@Z(m),Q(q —j—l—i)), and the induced constraint graphs C' €
C and C" € C are dominant.
<O‘Z(m)72(j7i)) (Oéz(m),Q(Q*];FZ‘))

Proof sketch. We focus on the third case as this is the trickiest case. To split H (a Z(m) Qq)

into H (az(m), 2(5 — z)) and H (az(m), 2(g—j+ z)), imagine doing the following:

1. Cut towards the center of the wheels through the vertices b;1, b0, . . ., bi( k—1)» then cut
along the spoke {a;y, b;(;.—1)}, and then cut towards the center of the wheels through

the vertices a;j, ...a;n, .

2. Similarly, cut towards the center of the wheels through the vertices b;1, b0, . . ., bj( k—1)>
then cut along the spoke {a;y, bj(k_l)}, and then cut towards the center of the wheels

through the vertices aj, ...ajp.

96



These cuts split H (a Z(m) 2q) into two halves. Taking each half and gluing it to itself along
the cuts gives us H (az(m), 2(5 — z)) and H (OCZ(m), 2(q—j+ z))

To see that these the induced constraint graphs ¢’ and C” are dominant, observe that
except for the vertices along the cuts, each vertex appears in one half or the other but not
both. Except for the spokes {a;, b;;—1)} and {ajp, b1y}, each edge is incident to a
vertex which is not part of the cut, so this implies that all of the edges in H (oz Z(m)> Qq)
except for the spokes {a;, b;(—1)} and {a;, bj(_1)} (which are made equal to each other)
appear in one half or the other but not both.

By Corollary 4.1.16, edges on wheels on one side of the split can only be made equal
to the edges on the same side. By Lemma 4.1.29, b;. <— b;, implies that spokes between
wheels W, and W,._1 on one side of the split can only be made equal to the spokes on the
same side. By the same lemma, a;. <— aj, implies that spokes between wheels W, and
W41 on one side of the split can only be made equal to the spokes on the same side. By the
assumptions on the constrained vertices, we conclude that other than the spokes between
wheels W, and Wj._1, all other spokes are made equal to the spokes on its own side after
splitting.

Thus so far, in both H (O‘Z(m)7 2(5 — z)) /C" and H (az(m), 20q—J+ @)) /C" . each edge
except for the spokes between W} and W),_; appears an even number of times.

For the spokes between W, and W}._q, assume there is a spoke es on one side of the
split such that es ¢— {a;, b;;,—1)} and es <— e; for some e; on the other side of the split.
Then by Lemma 4.1.27, es <— €1 — €9;_1 1 < €951 )1, & contradiction. Thus
spokes on one side that are not made equal to {a;g, bjx—1)} or {a;, bj(_1)} are only made
equal to other spokes on the same side. Since the total number of spokes on each side is
even, {aik:bi(kfl)} needs to appear even number of times in H (az(m),Q(j — z)) /C" and
{ajk,bj(r—1)} needs to appear even number of times in H (O‘Z(m)> 20q—j+ z)) /C". Thus
in both H (az(m), 2(5 — z)) /C" and H (az(m), 2(q—7+ 2)) /C" . each spoke between W),
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and W}._ | appears an even number of times.
This implies that C’ and C” are nonzero-valued constraint graphs on H (a Z(m)> 2(5 — z))

and H (az(m), 2(g—j+ z)) and are thus dominant, as needed. O]

5.1.83  Proof of Theorem 5.1./

Now we are ready to prove the main result of this section, Theorem 5.1.4. The proof will
be similar to the one for the Z-shape case. For the Z-shape, we split H (ay,2q) two times
to get the recurrence relation, where first step is based on the constrained vertices on the
inner wheel, and the second step is based on the constrained vertices on the outer wheel.
For the multi-Z-shape with m layers, we will split H (a Z(m)> 2q> m times for the recurrence
relation, where the r** step will be based on the constrained vertices on the (m—r+ l)th

wheel, starting from the inner-most wheel.

Definition 5.1.17. For r € [m], let Dy, 4, denote the set of all dominant constraint

graphs in C< ) such that a1, <— agm, ay(,—1) <= am_1),- > A (m_ry1) <

aZ(m)v2q
a9(m—r41) in C. When r = 0, define Dy, 40 = the set of all dominant constraint graphs in

C . Define D(m, q,r) = ‘Dm,q’r‘ for all m,q,r.
(aZ(m)v q)
We first consider the first step of the splitting.

Lemma 5.1.18. Let Dy, g be as defined in Definition 5.1.17. There is a bijection between
qg—1

D g0 and U Dpio X Ding—i,1- Thus
1=0

q—1
D(m,q,0) = > D(m,i,0) - D(m,q—i,1). (5.4)
1=0

Proof. Let C' € Dy, 40. i.e., C'is a dominant constraint graph on H (O‘Z(m)’ 2q>. Let 1 >0
be the smallest index such that ay,, is constrained to (i 1)m- If ayy, is isolated then we

take 1 = q.
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H(az(m),2q),m =3 H(az(m),2(a —i+1))  H(az(m),2(i—1))

Figure 5.4: Ilustration of Lemma 5.1.18: (i 1)m 18 the first vertex that aq,, is constrained
to. Constrained vertices are indicated by dash lines. Here m = 3.

Since C' is dominant, by Corollary 5.1.14, the induced constraint graph C, on Wi,
is dominant. By Lemma 4.1.17 and Lemma 4.1.13 (in the case when ay,, is isolated),
bim <— bim. By Corollary 5.1.16, H (O‘Z(m)7 2q> splits into two parts, H (O‘Z(m)7 2(i — 1))
and H (az(m),Q(q — 1+ 1)) where aiy <— agii1), (see Figure 5.4 for an illustration).

Moreover, the induced constraint graphs C’ € C ( and C" ¢ CQZ (my:2(q—i+1) AT€

aZ(m),2(i—1))
dominant.

Since C" is dominant on H(cvz(yy,, 2(i—1)), we have C" € Dy, ;1 . Since C” is dominant
on H (ozZ(m),Q(q — i+ 1)) and ay,, < A(i+1)m where ay,, and A(i+1)m are adjacent in
H (aZ<m>, 2(q—1+ 1)) (see Figure 5.4 for an illustration), C" € Dy, —i11.1-

So far we constructed a mapping C' € Dy, 40— (C',C") € Dy i—1,0 X Dy g—it1,1 given

that i € [g] is the smallest index such that aj,, <— A(i+1)m 0 C. Thus by considering

the first vertex that ay,, is constrained to in C', we can construct a map from D, 4 to
q—1
U Dinio0 X Dinyg—i,1-

1=0
The other direction of the map goes in reverse order of the contracting process. It can be
q—1
verified that this is a bijection. Thus we proved that D(m,q,0) = Y D(m,,0) - D(m,q —
1=0
i,1). O
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Now we will consider the later steps of the splitting.

qg—1
Lemma 5.1.19. Forr > 1, there exists a bijection between Dy g and | ) Dy i X Py gir+1-
1=0
Thus
q—1
D(m,q,r)zZD(m,i,O)-D(m,q—i,r—i—l). (55)
1=0

H(O‘z(m)92(q —i+1)) H(az(m),z(i —-1))

H(az(m)9 2q)

Figure 5.5: Illustration of proof for Lemma 5.1.19: On the left is a C' € Dy, g, with

constrained vertices indicated by dash lines. Here ¢ =7, m = 3 and r = 1. bi(mfr) is the

first vertex that by, is constrained to in C'. On the right is H (az(m), 2(q—1+ 1)) and
H (az(m), 2(i — 1)) after splitting,.

Proof. Let C' € Dy 4, for some » > 1. ie. C is dominant and ajj <— ag; for all
m—7r+1<k<m. Let i > 1 be the first index such that bl(m—r) — bi(m—r)- If bl(m—r) is
isolated then we take : = ¢+ 1. By Corollary 5.1.14, since C' is dominant on H (aZ(m), 2q>,
the induced constraint graph Cj,_, is dominant, thus by Lemma 4.1.17 and Lemma 4.1.13,

A(m—r) $ G4 By Lemma 5.1.15, agyy <— aj; for all m —r < k < m. Since

m—r)-
a1 < agy for all m—r+1 < k < m by assumption, ajj <— a;; forallm—r+4+1 <k <m.
By Lemma 5.1.15, since bl(m—r) — bi(m_r), bip «— b forall 1 <k <m—r.

So far we have that
1. ayp «— agp «—a;p forallm —r+1 <k <m.
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2. byp+— by forall 1 <k <m—r.

3. a2(m77a) — ai(mi?ﬁ).

Since bl(m—r) — bi(m_r) and @ (m—r+1) < Ci(m—r+1)> by Corollary 5.1.16,
H (az(m), 2q) splits into H (az(m), 2(i — 1)) and H (O‘Z(m)7 2(q—1+ 1)) Let
c'ec and O € C(

aZ(m)72(i71) O‘Z(m)72(q*i+1))
Corollary 4.1.16, the C' and C” are dominant. Notice that there is no extra required con-

be the induced constraint graphs. By

strained vertices in C”, so C" € Dy, 4—it1,0. For €', since agy, <— a;;, for all m —r +1 <
k <m and A9(m—r) < Gi(m—r) C' e Dy i—1,r+1 (see Figure 5.5 for an illustration).
So far we have constructed a mapping C' € Dy g, — (C',C") € Dy g—it1,0X Ppji—10+1

given that 1 < ¢ < ¢+ 1 is the first index such that bl(m—r) — bi(m_r) in C. Thus by

considering the first vertex that bl( is constrained to in C'; we can construct a mapping

q—1
from ’Dm,qﬂn to U Dm,i,O X Dm,q—i,r—i—l'
1=0
The other direction of the map simply reverses the the splitting process. It can be verified
q—1
that this is a bijection. Thus we proved that D(m, ¢,7) = > _ D(m,i,0)-D(m,q—i,r+1). O
1=0

m—r)

Finally we arrive at the last step, where we identify the last item from the splitting

process Dy g.m With Dy, 410

Lemma 5.1.20. Let Dy, g be defined as in Definition 5.1.17. For any ¢ > 1 and m > 1,

there is a bijection between Dy qm and Dy q—1,0. Thus D(m,q,m) = D(m,q — 1,0).

Proof. Let C € D gm. Then ayj <— ag; for all j € [m]. Contracting the constrained
vertices we get the induced constraint graph ¢’ on H(« Z(m)> 2(q—1)), and C’ is dominant.
ie. C' ¢ Dpg—1,0-

Given C’ € Dy g—1,0, we first relabel the indices by increasing all of them by 1. We
then expand ag; to ajj and ag; and make them constrained, for each j € [m]. Adding these

constraints aj; <— ag; for all j € [m] to C’, we get a new constraint graph C' € Dy, g.m.
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We have constructed maps between Dy, g.m and Dy, 41,0 in both directions. It is easy

to see that this is a bijection. Thus we proved that D(m,q,m) = D(m,q — 1,0). ]

With the above lemmas, we are ready to prove Theorem 5.1.4.

1 1
Proof of Theorem 5.1.4. Recall that D(m,q) = 1 ((m + )q) and we want to prove
mq q
that D(m, q,0) = the number of dominant constraint graphs in C< ) ) = D(m,q). For
A7(m):=4
q = 1, we check that D(m,1,0) =1 = D(m,1). We will then show that
D(m,q,0) = > D(m,i1,0) ... D(m,im+1,0). (5.6)

ety 120
i1+ Fimyp1=q—1

which is the same recurrence relation for D(m, ¢) shown in Theorem 5.1.7. Thus by induction
on g, we can prove D(m,q,0) = D(m,q) for all ¢ > 1.
Therefore it suffices to prove Equation (5.6).

Recall that from Lemma 5.1.18, Lemma 5.1.19 and Lemma 5.1.20, we have

q—1

1. D(m,q,0) = > D(m,i,0)- D(m,q —1,1).
1=0
q—1

2. D(m,q,r) = Z D(m,i,0)- D(m,q—i,r+1).
1=0

3. D(m,q,m) = D(m,q—1,0).
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Thus

q—1
D(m,q,0) = Y D(m,i1,0) - D(m,q —i1,1)

11=0
qg—1 q—i1—1

= Z D(m,i1,0) - Z D(m,i2,0) - D(q — i1 — i9,2)
i1=0 ia=0

= > D(m,i1,0) - D(m,i2,0)...D(m,in,0) ~D(m,i;n+1,m)
i1yeesin 20,7, 1 >1:
i1+, 1 =4

= > D(m,i1,0)...D(m,im,0) - D(m,i,,1 —1,0)

i1yeesim 20,7, 1 >1:
i1t 1 =4

= > D(m,i1,0)...D(m,im,0) - D(m,ipn41,0)
i52>0:01 4 +im41=¢—1

This proves Equation (5.6), as needed. O

5.2 The Spectrum of Multi-Z-shaped Graph Matrices

In this section we aim to find the spectrum of the singular values for m-layer Z-shape graph

1

matrices. Let My = WMCVZ(m

)(G) where oz, is the m-layer Z-shape as defined in

Definition 2.2.17 and G ~ G(n,1/2). Let r(n,m) = (n)| be the dimension of M, ,. By
n—m)!

k
Corollary 5.1.6, E [tr (MpmMT,,) ] — D(m, k). Thus by Corollary 3.1.9, if we
T )

L
(n, m)

0
can find a function g, such that /0 gm(2)2*F dx = D(m, k), then g, describes the limiting

spectrum of singular values for the m-layer Z-shape graph matrix as n goes to oc.

1 1

Recall that D(m,n) = ((m * )n) as defined in Definition 5.1.2. In this section
mn + 1 n

we will generalize the arguments for the m = 2 case in Section 4.2 to the case m = 3. The

general steps will be:
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o0
1. Assume /O f(2)2®* dx = D(3, k) and derive a differential equation for f(z).
2. Prove that under this differential equation, the moments of f(z) are indeed D(3, k).
3. Apply Corollary 3.1.9 to conclude that f(x) is the desired spectrum.

Theorem 5.2.1. Let a = limy—00 D(3,n 4+ 1)/D(3,n) = If f(z) is a function such

16
3v3
that / f(z dex = D(3,k) for all nonnegative integers k and

1. f is three times continuously differentiable on (0,a) and lim,_,,— f(x) =0,
2. lim,_,,—(z —a)f'(z) =0,
3. lim, ,,— 2(x —a)f"(z)+ f'(x) =0,

4. lim, o+ 2f(x) =0, lim,_, 5+ 22f'(x) =0, and lim, o+ 23 (x) = 0.

then f satisfies the following ODE on (0,a):
(272 — 2562%) f" (2) + (16223 — 7682) f (x) + (1772% — 1922) f'(2) + 152 f () = 0. (5.7)
Lemma 5.2.2. Let a be some positive constant. If f is continuous on [0, a] and

a
/0 f(a:)me'l dx = 0 for all nonnegative integers n, then f =0 on (0,a).

Proof. The proof is similar to the proof for Lemma 4.2.14 for the case of all zero even
moments. Here we approximate f(y/x)-y/z by a polynomial p(z), so that the odd polynomial

p(x?)/x (p(z) has 0 constant term) approximates f(z). O

Proof of Theorem 5.2.1. Denote the LHS of the ODE by G(x). Let A(k,n) / Fk)
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2" dx and B(k,n) = [fk(x) : x”}g Repeatedly doing integration by parts we get that

A(m,n)=B(m—1,n)—n-A(m—1,n—1)
=B(m—1,n)—nB(m—-2n—1)+n(n—1)A(m—2,n—2)
=B(m—1,n)—nB(m—-2,n—-1)+n(n—1)B(m—3,n—2)

—n(n—1)(n—2)A(m —3,n—3).

Also, we have that

D(3,n) _ A(0,2n) _ 4(4n — 3)(4n — 2)(4n — 1) (5.8)
DB3,n—1) A(0,2n —2) Bn+1)(3Bn)(Bn—1) '

The steps for deducing the ODE for f(z) are very similar to the steps used in the proof
of Theorem 4.2.9 to deduce the ODE for the Z-shaped graph matrix. We first apply m = 3
and n = 2n + 3 to the first equation and rewrite the term n(n — 1)(n — 2)A(m — 3,n — 3)
using the second equation (5.8). We then gradually eliminate the non-constant coefficients
in front of A(m,n)’s using the first equation.

Plugging in m = 3,n = 2n + 3 into the first equation, we get

27TA(3,2n+3) =27B(2,2n+ 3) — 27(2n + 3)B(1,2n + 2)+

27(2n +3)(2n+2)B(0,2n + 1) — 27(2n + 3)(2n + 2)(2n + 1) A(0, 2n).

Rewriting the last term on the RHS above and applying the second equation (5.8), we
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get

27(2n + 3)(2n + 2)(2n + 1) A(0, 2n)
— 8(3n + 1)(3n)(3n — 1)A(0, 2n)—
81-2(2n +2)(2n + 1)A(0,2n) + 59 - 3(2n — 1) A(0, 2n) — 15A(0, 2n)
= 32(4n — 3)(4n — 2)(4n — 1) A(0,2n — 2)—

81-2(2n+2)(2n + 1)A(0,2n) + 59 - 3(2n — 1) A(0,2n) — 15A(0, 2n)
We can rewrite the first term on the RHS as

32(4n — 3)(4n — 2)(4n — 1) A(0, 2n — 2)
= 256(2n + 1)(2n)(2n — 1)A(0, 2n — 2)—

256 - 3(2n)(2n — 1)A(0, 2n — 2) + 128 - 3(2n — 1) A(0, 2n — 2).

Now apply the first equation to all the (n+1)A(m,n), (n+2)(n+1)A(m,n) and (n+3)(n+
2)(n + 1)A(m,n) above, group together the A(m,n) terms and B(m,n) terms separately,

and rewrite the B(m,n) term using the definition of B(m,n). We get that for all n > 1,

27A(3,2n + 3) — 256 A(3,2n 4+ 1) + 2 - 81A(2,2n + 2) — 3 - 256 A(2, 2n)

+3-59A(1,2n + 1) — 3- 128A4(1,2n — 1) + 15A(0, 2n)

- [((27952 —256) f"(z) + 27 f’(x)) anHK

+ {((271 — 2)(—271;2 + 256)) f,(x)IQn]O + [p(n,x) . f(x>x2n—l}0

where p(n, ) is some polynomial in terms of n and z.

Observe that the last term on the RHS is 0 since lim zf(x) =0and lim f(z)=0 by

x—0t r—a~
assumption. The second last term is 0 since 2722 —256 = 27(z4a)(z—a), lim (z—a)f'(z) =
Tr—a
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Oand lim 22f'(z) = 0. The first term top partis lim 27 ((x +a)(z —a)f’(z) + :vf’(x)) g2l
z—0t T—a~

= lim 27 (2a(1: —a)f"(z) + af’(x)) a®™ 1 = 0 since lim 2(z — a)f"(z) + f'(z) = 0 by

Tr—a~ r—a
assumption. The bottom part is 0 since lim,_,q+ a3 () = 0 by assumption. Thus the
RHS is 0.

Expanding out each A(m,n) term by using the definition of A(m,n), we get that

a
/0 G(z)z?"1 = 0 for all n > 1. By Lemma 5.2.2, G(z) = 0 on (0,a), which proves that f
satisfies the ODE.

]

16
Theorem 5.2.3. Let a = limy—o0 D(3,1n)/D(3,n — 1) = ——= and let f be a function

3v/3

satisfying the following ODE
(272* — 25622) f" () + (16223 — 768z) f" (z) + (17722 — 192) f/(x) + 152 f(z) =0  (5.9)

a
and the conditions listed in Theorem 5.2.1. Moreover, assume /0 f(z)dx = 1. Then for

any nonnegative integer k,
@ 2k
A(0,2k) = /0 2% . f(z)dx = D(3, k). (5.10)

The proof is very similar to the proof for Theorem 4.2.16. We integrate the ODE from 0
to a, do integration by parts and use the conditions for f to eliminate the redundant terms
and finally arrive at the ratio between A(0,2(k — 1)) and A(0, 2k) which matches the ratio

between D(3,k — 1) and D(3, k). By induction on k& we conclude (5.10).

1

Corollary 5.2.4. Let M, = m . .Moéz(3

) where Maz(g) s the graph matriz with random
input graph G ~ G(n,1/2) and auz(3) is the multi-Z-shape defined in Definition 2.2.17. Let
r(n) = n(n — 1)(n — 2) be the dimension of My. Let g(x) be f(x) as in Theorem 5.2.3

on (0,a) and O for x > a. Then as n — oo, the distribution of the singular values of My

approaches g(x) almost surely.
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Proof. This is true by Corollary 5.1.6, Corollary 3.1.9, and Theorem 5.2.3. [

For this ODE (5.7), WolframAlpha fails to give us an explicit solution. Instead, we solve
the ODE numerically by approximating the tail segment of f(x) by ¢+ (a — x)" for some

constants ¢ and r.

Step 1: We analyze the behaviour of the ODE when z is very close to a. Notice that

16
4= —— <= 27a® — 256 = 0.

33
1. 272% — 25622 = 2722 (z — a)(z + a) ~ 52a3(z — ).

2. 16223 — 768z = 8123 + 3x(272% — 256) ~ 81a>.

3 - 209a2

3
3. 1772% — 192 = Z(209952 + 2722 — 256) ~ .

Thus when z is very close to a, the ODE is

2
52a3(x — a) f"(x) + 8163 1" () + (32409) fiz)=0.

209

0 heck that f/(z) = C' ((a— )2+
ne can check that f'(z) ((a x) Wi

(a — x)1/2> is a solution to the

above ODE. Thus

F@) ~ g(z) = C ((a _a)l2 4 642_0;\/3@ _ :1:)3/2> (5.11)

for some constant C' when x is very close to a.

Step 2: We approximate the solution of f(x) by approximating the tail segment of f(x)
(where |z — a| < €) by g(z) and use this approximation to obtain initial conditions for

the ODE for f. In particular, we choose a small ¢ > 0 and set the initial conditions
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for the ODE as follows:

fla—e)=gla—e).fla—e)=g(a—e),f'(a—e)=g"(a~e).

We calculate the constant C' in g by noticing that the integration of f over (—a,a)
should be 1.

Setting € = 0.01 and solving the ODE in python, we get the following plot for the

solution to the ODE (concatenated with a tail segment where we use g as an approxi-

mation):
Spectrum Spectrum
—— ODE Solution —— ODE Solution
121 approximate segment when epsilon =0.01 0.0008 - approximate segment when epsilon =0.01
104
0.0006 \
s
N ... 0.0004
6
4 0.0002
2
0.0000 1
0
OjO 015 110 1j5 ZjO 225 3:0 3.0‘64 3.666 3.(;68 3.0‘70 3.672 3.674 3.0‘76 3.678 3.080
X b3
(a) Plot of the ODE solution with the ap- (b) Zoom in at the tail segment.

proximated tail segment.

Figure 5.6: The plot of the spectrum where x > 0.

To test this solution experimentally, we can sample from the distribution of singular
values of M,, by sampling a random graph G, computing the resulting matrix M, (G), and
computing its singular values. See Figure 5.7 for a plot of the approximated spectrum
together with the empirical distribution of the singular values of M, with n = 10 and

n = 12, respectively (where we sampled 100 random graphs G).
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Spectrum

0.0

(a) Sampling of the singular values of M, for (b) Sampling of the singular values of M, for

n = 10.

Figure 5.7: The approximated Spectrum of singular values of the 3-layer Z-shape graph

ODE Solution
—— approximate segment
B sampling n=10, sampling size=100

0.5

Spectrum

0.0

n = 12.

ODE Solution
—— approximate segment
B sampling n=12, sampling size=100

0.5

matrix and some samplings of the singular values of My, for n = 10 and n = 12.
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CHAPTER 6
MOMENTS FOR ab WHEN a,b ARE FREELY INDEPENDENT
The remaining chapters are all from Cai and Potechin [2022].

In this chapter, we prove Theorem 2.2.8. For convenience, we restate Theorem 2.2.8 here.

Recall that

N Ak, [A+B-2) (A=D1l (B-1)
€ (d.6) = (=1 K ( k—1 ) arl..ap! Bil... B!

WhereA:Oz1+~~+akandB:61+...+ﬁk_

Theorem 2.2.8. If (A, ) is a non-commutative probability space and a,b € A are freely

independent then

p(@*) = ¥ c(af) @l g’ (2.7)
&,fepP,

Definition 6.0.1. Let m = {V7,...,Vj,} € NC(k). Let C;. be the cycle graph with vertices

{1,...,k}. Define C},/m to be the graph obtained by identifying vertices together under .

Figure 6.1: Illustration of Proposition 6.0.2 and Definition 6.0.3: Cg/m = Cg 1UCg 2UCg 3UCsg 4
where m = {{2},{4},{6},{1,3},{5,7,8}}. Here Sy = {1,2,3,2}.
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Proposition 6.0.2. Let 7 = {V1,...,Viy} € NC(k). Then Cy/7 is a union of cycles

Ci1s---»Crp where
1. IV (Ck,z’) nv (Ck,i—s—l)‘ =1 for each i € [p — 1].
2.p=k—m+1.
p
3.3 el = .
i=1

Definition 6.0.3. Let 7 € NC(k). Assume Cp/m = Cj 1 U+~ UCy . We define Sy to be

the unordered sequence {il, e ,ip} where i; is the size of the cycle Cy, ; for each j € [p].

Proposition 6.0.4. Let k € N and m € NC(k). Then

[m 1] = [0, K(m)] = [[ NC(V])= [] NC(z) (6.1)
VeK(n) 2€Sy

Proposition 6.0.5. Let k € N and m = {V1,...,Vip} € NC(k). Let p be the Mdbius
function of NC(k). Then

p(m 1) =TI ()" Comy = (=)™ 1 I Com (6.2)
TE€Sy r€Sx

Proof. By the canonical factorization of [, 1;] and Proposition 3.4.6,

u(m, mu( I Nc<x>) = I n(NC@) = I[ (-1 Cay

€Sy €S, TESy
The last equality is because Z r—1=k—p=m-—1. O
€Sy

Definition 6.0.6. Given 7,0 € NC(k), we say that 7do € NC(k)if rtus € NC(1,1,...,k, k)
where ¢ 1= {{v1,... v} : W ={v1,...,om} € 0}.

See Figure 6.2 for an illustration.
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Figure 6.2: Illustration of Definition 6.0.6 and Definition 6.0.7: Blue solid represents 7 and
orange dashed represents 0. Here 7 @ 0 € NC(k) since m U ¢ is non-crossing in the left
figure. Moreover, Sygpe = {1,1,1,1,2,2}.

Definition 6.0.7. Let m,0 € NC(k) such that 1 © o € NC(k). Let Ci./m & o be the graph
obtained by identifying vertices together under m Uo. Then Cp/mr © 0 =C 1 U---UCy ) is
a union of cycles. We define Srgq = {i1,...,ip} where i; is the size of Cj, ;. See Figure 6.2

for an illustration.

Proposition 6.0.8. Let (A, ¢) be a non-commutative probability space. Let {ay,...,an},
{b1,...,bn} € A be freely independent. Then

v (atby ...anby) = > (—1)|7T|+|U|_kj_1 - II Caaa
m,0€NC(n): 2ESrao
7®oceNC(n) (6.3)

: H e(V)la1,...,an]- H eW)[b1,. .., bn]

Ver Weo

In particular, for a,b € A freely independent,

(@)= ¥ (et T e T e (M) IT o (07) (6
m,0€NC(n): ESrao Ven Weo
T®oeNC(n)
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Proof. By Theorem 3.4.11,

v (aiby ...axby) = Z Krla1, ... an] - ©r@mb1;- -, bl
TeNC(n)

= Z KK (m)la1s - an] - orlb1,. .., by

TeNC(n)
= Z H r(V)la,...,an] - H e(W)[b1, ..., by
TeNC(n) VEK () Wemr
= Z H Ky (a“, . .,aiM) . H @(W)[b1,...,by] where V = {i1,... iy}
TeNC(n) VEK () Wen
= Z H Z Do {ail,...,aim} -M(U,1|V|) . H @(W)[bl,,bn]
TeNC(n) \VeK(r) ce NC(|V]) Wer
= Z H Z ‘paj[aijlv"'vaijm]' H (=" 'Cpn HSD )b, ..., by
TENC(n) \ V;EK(m) o;ENC(|V;]) ’ 2€Sy; Wemr
— Z H (-1)*1C, 4 H(p Mat, ..., an] - H(p(W)[bl,...,bn]
m,0€ENC(n): \ T€Srao Veo Wen
T®oeNC(n)
= Y (T G [T oW)lats---van] - T o(W)[01, -, bl
m,0eNC(n): TESrBo Veo Wenr
T®oeNC(n)
]
Definition 6.0.9. For @, € P, we will denote NP (&, 5) to be
NP (0_2, 5) = {(71’,0‘) T e NP(@),0c e NP(B),n® 0 € NC’(k:)} (6.5)

Corollary 6.0.10. Let (A, @) be a non-commutative probability space. Let a,b € A be freely

independent. Then

(@)= Y (-pATBhL ) M Gl @’ 66

a,Bep, (m,0)eNP (o‘z’ﬁ) TE€Srw0
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where A = a1+ -+ ap andequL---—i—kaor&,gEPk.

Proof. This is because for 7 € NP(@) and 0 € NP(B), |[r| = A and |o| = B, and

I1 s@(aW') = I wla) =@ 11 w(bm) = I w0 =3/ O
Weo

Ver Ver Weo

Theorem 6.0.11. Let &,B’ € P Then

(6.7)

A+B—2>' (A-1)! (B-1)

2 11 C—1=k'< .
(WJ)ENP(&E)xESW®U ’ k-1 all‘”ak! Bl'ﬁk'

Note that in the special case when & = § = (k,0,...,0) € P, C(@,5) = (-1)F 1.
12k —2
() = b Gy o LS = (1R G R G
Theorem 2.2.8 follows directly from Corollary 6.0.10 and Theorem 6.0.11.

Proof.

o)) = ¥ (-pA+BhL, > I Cootl| @ &°

a,fepy, (r,0)ENP (&,E) 2€5ra0

L A+B-2\ (A-1! B-1) _5 _j
_ _\A+B—k-1 . : : A
Z (—1) k < E—1 > arl. ..ol Bl B!

]

So to prove Theorem 2.2.8, it suffices to prove Theorem 6.0.11. We will first prove

Theorem 6.0.11 when 5 = (k,0,...,0) € P, and then prove the theorem in the general case.

6.1 Case when § = (k,0,...,0)

When E = (k,0,...,0), we want to show the following.
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Theorem 6.1.1. Let & = (aq,...,a) € P anda= a1+ -+ ap. Then

a+k—2 a—1)!
> e (") ©3)
Definition 6.1.2. Given a set of elements Z = {il, e ,ip} where 4;’s are not necessarily
distinct, we denote perm (il, e ,z'p), or perm (Z), to be the number of permutations of the
elements in Z.

4]

Example 6.1.3. perm ({1,2,3,4}) = 4! = 24. perm ({1,1,2,2}) = o191 = 6

Definition 6.1.4. Let 7 be a non-crossing partition of [k]. Assume Cp,/m = Cj, 1U---UC}, .
Let X = {x1,...,2p} be such that x1 + --- 4+ 2, = k. We say a permutation o : [p] — [p] is

a label of Ci./m corresponding to X it|Cy. ;| = x 11 for all 7 € [p].
k k.j oly]

Definition 6.1.5. Let @ € P,. Let p =k —a+1 and X = {xl,...,xp} be such that

x1+ -+ xp = k. We denote

1. NP(a,X), or NP (c?,a:l,...,xp) to be
NP(a,X) = {r e NP(@): S = {z1,...,7p}}, (6.9)

reads “the set of Noncrossing Partitions corresponding to @ that partitions Cj, into

parts of sizes X ".

2. NPLA(d,X), ot NPL (&, 21,...,3p) to be

o) m={P,....,P,} e NP(a,X),
NPLy(E, X) = mo)m=1h ' @ &) . (6.10)

o : [a] — [a] where | P :‘PU(Z-)‘ for all ¢ € [a]

reads “the set of Noncrossing Partitions corresponding to Labeled polygons @, which

partitions Cj, into parts of sizes X ".
116



3. NPLy (d,X), or NPLy (&,xl,...,xp) to be

(m,0) me NP (a,X),
NPLy (&, X) = : (6.11)

o is a label of Cp. /7 corresponding to X

reads “the set of Moncrossing Partitions corresponding to @ that partitions Cj, into

parts Labeled with X" ".

4. NPLA x (0, X), or NPLY x (@',xl,...,xp> to be

,01,092) 1 (m,01) ENPLY (A, X),
NPLpx (0, X) = Beb e ha Skl , (6.12)

o9 is a label of Cp, /7 corresponding to X

reads “the set of Noncrossing Partitions corresponding to Labeled polygons @, which

partitions C;, into parts Labeled with X .

Example 6.1.6.

1. Let & € Py correspond to Q5 and X = {k}. Then|N'P (&, X)| =1, NPL4 (& X)| =
KL INPLy (6, %) =1 and NPLy x (@, X)| = kL.

2. Let @ € Py, correspond to Q9p. and X = {1,1,...,1}. Then|N'P (a,X)| =1,
INPLA(E, X)| =1, [NPLy (&, X)| = k! and|[NPLAx (&, X)| = k.

3. Let @ € Py correspond to Q997 and X = {1,1,3}. Then|N'P (@, X)| = 5,
INPL4 (@, X)| =10 (can exchange the position of the two lines), INPLy (4, X)| = 10
(can exchange the labels 1 and x9 which are both of size 1) and‘NPEA’X (a, X)‘ = 20.

See Figure 6.3, Figure 6.4 and Figure 6.5 for an illustration.

Observation 6.1.7. Let @ = (a1,...,a) € Pp,a=a1+ - +arand p=Fk —a+ 1. Let

117



Figure 6.3: Example of Q% = 0503 and X = {1,1,3} where 7 = {{1},{2,3},{4,5}} €
NP (a,X). The other four partitions in NP (a,X) are {{2},{3,4},{5,1}},
{3}, 14,5}, {1, 2}}, {4}, {5, 1},{2,3}} and {{5}, {1, 2}, {3,4}}.

Figure 6.4: For NPL 4 (@, X), we can swap the position of the lines L1 and Lo, doubling
the counting for NP (&, X).

X ={x1,...,2p} be such that z1 +--- 4+ zp = k. Then

P (@) = P ey @ ) (6.13)
and
i} 1 .
’NP(@,X)IIW"NpﬁA(&,X)} (6.14)

Theorem 6.1.8. Let d = (ay,...,ap) € P anda = o1+ +ap, p=k—a+ 1. Let
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Figure 6.5: For NPLy (d,X), we can swap the position of the z1 and z9, doubling the
counting for NP (@, X).

x1,...,%p be such that x1 +---+xp =k. Then
NPLAx (@, X) =k (p— 1) (a—1). (6.15)

A direct corollary is the following.

Corollary 6.1.9. Let d = (a1,...,a) € P anda =1+ +ap, p=k—a+1. Let
x1,...,%p be such that x1 + -+ xp =k. Then

(a—1)!
al.oag!

INPLy (& X)| =k-(p—1)!- (6.16)

To prove Theorem 6.1.8, we will start with the case of a single polygon.

Lemma 6.1.10. Let @ corresponds to QQk_tQQt. Let X = {x1,...,x¢} be such that x1 +
---+x4 =k. Then
INPLp (@, X) =k (t= 1)1 (k=) (6.17)

Proof. 9y corresponds to a t-gon on the cycle Cj, and divides Cj, into ¢ parts of size z1, . . ., z¢.
There are k ways to choose where to place the first vertex of the t-gon on Cy,, t! ways to arrange

the order of the z; (corresponding to ways to put the remaining ¢ — 1 vertices on C},). For each
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Figure 6.6: Illustration of Lemma 6.1.10. In this case we choose 1 to be the starting point
of the t-gon, and x1, x2, x3, x4 as the order of x;’s. On the other hand, choosing 3 to be the
starting point of the t-gon and z9,x3, 14,21 as order of the x;’s results in the exact same
configuration.

placement of the t-gon on Cy,, there are ¢ choices for the first vertex to result in this placement.
Since all the dots corresponding to OF =t are considered to be distinct, there are (k—t)! ways

rearrange the order of these dots. Thus‘/\/'PCAx (a, X)‘ =ktl/t-(k—t)! = k-(t—1)!-(k—1)!

as wanted. O

Lemma 6.1.11. Let & be corresponding to QQOq Qopy ... Qo and 5 be corresponding to
92041—5—1 Qogy .. Qth—2QQ(tm,1—‘rtm—1)' Notice that a = a = a1 +m. Letp=k—a+1=

k—ay—m+1and X ={z1,...,2p} be such that x1 +---+xp = k. Then
NPL (@) = ‘NPE ax (G x)’ . (6.18)

Proof. We will show that there is a bijection between NPLy y (&, X) and NPLy x (5_’, X).

L NPLyx (@, X) = NPLg x (ﬁ, X): Let m = {Py, ..., P;} be a non-crossing partition
of the cycle C}. corresponding to distinct @ and X'. Assume P,_1 and P, are the t,,_1-
gon and ty,-gon, respectively. Assume vy,..., v, ,w1,...,w,, , are ordered clockwise

on C where Py = {v1,..., v, } and Py_1 = {wy, ..., we, }-
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We now merge P,_1 and P, to get P, of size (t;,—1 + t;, — 1) and shift the other

polygons in the following way:

i. Let B, = {Ul,~--7vtm}U{wi — (w1 —Utm) mod k : 1 € [tm_l]}. i.e. We shift
the P,_1 polygon (wl — v, mod k) units in the counter-clockwise direction so
that the original vertex wy touches vy, .

ii. For any i € [a—2], let P/ = {p—l—él(p) . (wtm — wl) —d2(p) - (wl — Utm) mod k :

pE PZ-} where

1 if p is strictly in between v¢,, and wy in the clockwise direction

o1(p) =
0 otherwise
and
1 if p is strictly in between wq and wy,, , in the clockwise direction
d2(p) =

0 otherwise

i.e. For each of the remaining polygons F;, we shift its vertices that are in between
vy, and wy clockwise (wtm — w1> units and those in between wq and wy,,

(wl — vt,, mod k) units in the counter-clockwise direction.
ii. Let s =wy,, .

The resulting 7’ = {P{, o Pl o {s}, Pb} is in NPEA,X (5, X). See Figure 6.7 for

an illustration.

2. NPLA x (5, X) — NPLy x (A, X): Let m = {Py,..., Py} be anon-crossing partition
of the cycle C;. corresponding to distinct 5 and X. W.O.L.G assume P; = {s} is a point,

call s the special point, and P, = {p1,...,pt,, _,+t,,—1} is the (t;,—1+tm —1)-polygon.
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il Y LT Y

Figure 6.7: Illustration of NPEA’X (@, X) — NPEAX (5_: X>'

Now we will split Fj, into Fy; and Fy; , atp;-gon and a t,,—1-gon respectively, in

the following way:

i. Let Py = {p1,-- Pt} C B be the first ¢, points in the clockwise direction

starting from s.

ii. Let Py ={aq1,---,qt, 1} where ¢; = py 11+ (S —ptm_1+tm—1) mod k.
i.e. We shift the t,,_1-gon {pt,,,- Pt 1+tm—11 (s — Dt,,_1+tm—1 mod k)
units so that the last vertex of the ¢,,_1-gon replace the original s.

iii. For any i € {2,3,...,b— 1}, let P/ = {p + 41(p) - (s _ptm+tm_1—1> — 62(p) -

(ptm+tm_1—1 —ptm) mod k:pé€ B;} where

1 if p is strictly in between p;,, and py,, ++,, ,—1 in the clockwise direction
61(p) =

0 otherwise
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and

1 if p is strictly in between p¢, 1+, ,—1 and s in the clockwise direction
b2(p) =
0 otherwise

i.e. For each of the remaining polygons F;, we shift its vertices that are in between
pt,, and py 1t -1 clockwise (s — pthm_l_l) units and those in between
Dtyyttm_1—1 and s (ptm+tm_1—1 — pt,, mod k) units in the counter-clockwise

direction.

The resulting partition 7’ = {P3,..., Py_;, Pyy ., Py }isin NPLy y (@, X). See

Figure 6.8 for an illustration.

Figure 6.8: Illustration of NPLy x (5, X) — NPLy x (@, X).

3. It is not hard to see that the above two operations are reverses of each other.
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Corollary 6.1.12. Letad € Pp.. Leta=a1+m andp=k—a+1. Let X = {xl, e ,ZL‘p}

be such that x1 +---+xp =k. Then
NPLAx (@ X)| =k (p—1)! (a—1)!. (6.19)

Proof. We can write Q% as QQO‘ ' Qo ... Qg¢,, where ¢;’s are not necessarily distinct. eg.
Q%QEQG can be written as Q%Q4Q4Q4Q6.

We can prove this by induction on m.
1. Base case m = 0: NPLy x (@, X)=kland k-(p—1)!-(a—1)! =k-0!- (k—1)! = k.

2. Basecasem = 1: a = k—t+1. By Lemma 6.1.10,

NPLAx (@ X)| = k-(t=1)!-(k—1)!
and RHS =k-(t—1)!-(a— D =k-(t—1)!-(k—1).

3. Inductive case (m —1) = m: By Lemma 6.1.11 and the inductive hypothesis on
the term QF = Qzal—Htal . Q2tm—292(tm_1+tm—1)’ which has b=a1+14+m —1=

aj+m=aandp =k—b+1=k—a+1=p, we get

5 1
‘NP‘CA,X (a, X)’ = ‘NP‘CA,X (Q;‘lJF QQtl .. Qth—QQQ(tm_l—th—l)’ X) |

=k-(=)-b—)=k-(p—1)(a—1).

O
To prove Theorem 6.1.1, we still need the following Catalan number identity.
Lemma 6.1.13. Let C), = —— denote the n""* Catalan number. Then
n n
. (2n+k-1)!

15200414 +ip=n
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Definition 6.1.14. We denote Agf) = Z Ci, Ciy .. Cy .
152011+ +ip=n
" (1) _ (2) _
Proposition 6.1.15. Ay’ = Cy and Ay’ = Cp41.
(1) _ s (k) 4(2) _ O —
Proof. Ay’ = Cy, by the definition of Ay, /. Ay’ = Y Ci,Ciy = Cpy. ]
11+i2=n
(k) _ 4(k=1) _ 4(k=2)
Proof of Lemma 6.1.15. We first prove that Ay~ = A}’ Ay 17, and then prove the
result by induction on k.
Claim 6.1.16. A = AF7U — A(72)
Proof.
AP = > Ci,Ciy ... Ci, = > CiiCiy - Cop oy | D Ciy Ty
1201+ +ip=n 1;>0,r>0: tp_1+i=r
11+-+ig_otr=n
= > CiCiy ... Ciy_y - Cryq = > Ci,Ciy ... Ciy_, - Cy
020,20 i yeensin 22040, >1:
Ut r=n i1t oty =n+1
= > CiyCiy ... Ciy_, - Cyr | = > Ci,Ciy ... Ciy_, - Co
i;>0: 1520
i1 g g i =l it g —p=n+l
k-1 k—2
= A£L+1 ) - A7(1+1 )-
O
Now we prove the lemma by induction on k.
2n —1)! 1 2n)! 2n)!
1. Base case: A%O) :O:O-u. Ag) =C, = ~ﬂand RHS:(L).
n!n! n+1 nln! nl(n 4+ 1)!
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2. Assume the result holds for £ — 1, then

(2n + k)! (2n+k —1)!

A = (k1) (k—2)-

(n+Dl(n+k)! (n+1)!(n+k—1)

_@n+k-1 <(k— 1)(2n + k) (k—2)(n—|—k))

nl(n + k)! n+1 a n+1

C@n+E-1)! (nk+k\ | (2n+k-—-1)
 nl(n+ k) n+1 nl(n+k)!

Corollary 6.1.17. We can rewrite Lemma 6.1.13 as

2n — k —1)!
ij 20414 +ip=n—Fk n n!
or
. (@2n—k-1)!
2 it et =R

ij>1 i+ ig=n

Now we are ready to prove Theorem 6.1.1.

Theorem 6.1.1. Let @ = (aq,...,a;) € Py anda= a1 + -+ ay. Then

>, I Cx1:<&—]:ﬁ;2> (a1t

Can! l
TENP(A) ©E€Sx ag:... Q:
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Proof. Recall that p =k —a+ 1. By Theorem 6.1.8 and Corollary 6.1.17,

NP (&,il,...,ip)’

> I ¢y = >

TeNP(d) i;€Sx i 2150 4 ip=k  Perm (i1, e 7ip>

NPLy (&,il,...,ip)‘

N Z | Czl_l ..... C’Lp_l
ij>1:ig++ip=k P!
a—1)!
B Z (M‘k‘@—l)!/z)!)-Cil_l...._cip_l

ij >0+ tip=k

a—1)! 2% — p—1)!
N <a(1!...o)%!'k'(p_1)!/p!>'(p'((k;—];)!k!)>
(a—1)! (k+a—2)!

arl . og! (a— DIk —1)!

_ (a—1) ‘<k+a—2>‘

arl. .. ag! E—1

O
6.2 The General Case
Recall that
NP (a,5) :={(r,0): 7 € NP(@),0 € NP(F), 7@ 0 € NC(k)} (6.23)
We want to prove the following.
Yoo oea=n(N0) a6

(m.0)eNP(a,7) TE€Sra0

Definition 6.2.1. Let @, 6 € Py and p=4k — (a+b) + 1. Let X = {xl, . ,a;p} be such
that 1 +--- + xp = k. We denote
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1. NP (07,5,2() to be
NP (&,5,) = {(ﬂ,a) e NP (a,5) : Sxoo = {1, ,xp}}, (6.25)

reads “the set of Moncrossing Partitions corresponding to @ and 5 that partition Cj,

into parts of sizes X ".

2. NPLy (d,5,X) to be

(r,0,711,72) : (m,0) € NP (d’,g,X) ,

NPL4 (07, 3, X) = 71 : [a] — [a] where |P;| = for all i € [a] ¢ - (6.26)

Pri

2 1) = b] where Q4] =[xy

for all i € [b]

3. NPLy (07,5,26’) to be

(m,0,p):(m,0) € NP (&',E,X),

NPLy(d,5,%) = . (6.27)

p is a label of C/m @ o corresponding to X
reads “the set of Noncrossing Partitions corresponding to @ and 5 that partition Cp,
into parts Labeled with X ".

4. NPLy x (07, 3, X) to be

N'PEA,X (52, B: X) _ (m,0,71,72,p) : (7, 0,7T1,T2) ENPLA (C_f,g, X) ,

p is a label of Cy/m & o corresponding to X
(6.28)

Lemma 6.2.2. Let & and 5 be corresponding to Qg_taQQta and Qg_tbﬁgtb, respectively. Let

a=k—to+1,b=k—tp+landp=to+t,—1=2k—a—b+1. Let X ={x1,...,2p} be
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such that x1 +---+xp = k. Then

‘NPEAX (a7 x)' 2= (a— 1) (b—1). (6.29)
Proof. Let 4 corresponds to Qg_t“_tb+192(ta+tbil). Note that p. = tq +t, —1 = p. We will

prove that there is a bijection between N'PL y (62, 3, X) and NPLy (7, X) x [k].

1. NPLy (62, 3, /Y) — NPLy (7,X) x [k]: let P U Q be a non-crossing partition of
[k] corresponding to @ and 5 and labels X. In this case P contains a polygon P,
of size t, and Q contains a polygon Fj of size t,. Assume P, = {p1,...,ps,} and

Po ={aq1,...,qt,} such that p1,...,py,q1,...,q, are ordered clockwise on Cy,.

We now merge P, and P to get P of size (tq + t; — 1) in the following way: let
P. = {pl, o 7Ptb} U {qi — (ql — ptb) mod k : 7 € [ta]}. i.e. We shift the P, polygon
(ql — pt, mod k:) units in the counter-clockwise direction so that the original vertex
q1 touches py,. We further let s = q¢,. The resulting P, corresponds to a partition in

NPLy (7,X) and s € [k]. See Figure 6.9 for an illustration.

% p.

Ps

Figure 6.9: Illustration of NPL y (07, 3, X) — NPLy (7,X) x [k]: here pj = q3 = s, tq = 3,
tp, =4 and t. = 6.
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2. NPLy (7,X) x [k] - NPLy (62, 3, X): Let P be a non-crossing partition of [k]
corresponding to 4 and labels X, and s be a point in [k]. In this case P contains a
polygon P of size t. = tq+t,—1. Assume P. = {p1,...,pt, } such that p;’s are ordered
in the clockwise direction starting from s. Note that s might be a point in P, and then

in that case p; = s. Now we will split P, into P, and P} in the following way:

i. Let Py = {p1,...,pt, }-

ii. Let Py = {q1,...,qt,} where ¢; = ps, 11 + (s —ptc) mod k for each i € [tq].
i.e. We shift the {ps,,...,ps,} polygon (s — pt, mod k) units in the clockwise
direction so that the last vertex of the t,-gon touches s.

Note that in the case of s = p1, P, and P, touches at s, which is allowed for NP (07, 5)
The resulting P, and P, correspond to a partition in NPL (07, E , X ) See Figure 6.10

for an illustration.

Py

Figure 6.10: Illustration of NPLy (7, X) X [k] = N'PLy (&, E, X): here s = py, tq = 3,
tp, =4 and t. = 6.

3. It is not hard to see that the above two operations are inverses of each other.
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Thus

NPLy (07,5,2()‘ — [NPLy (7, 2) x [k = [NPLx (7, 2) |- k= k- (p—1)! - k =
k:2(p — 1)I. To consider /\/'PEA,X (52, 5, X), we take into account the fact that all the
(a — 1) points in & and (b — 1) points in 3 can be permuted, thus NPLy x (62, B, X) =

Kp—1D(a—1)!(b—1). O

—

Theorem 6.2.3. Let @ = (aq,...,04),08 = (f1,-.-,0k) € P, and a = a1 + -+ + o,
b=p%+....0,p=2k—a—-b+1. Let X ={x1,...,2p} be such that x1 + --- +xp = k.
Then

‘NPEM (a7 x)’ 2 —1) - (a— 1) (b—1). (6.30)

Proof. We will applying the inductive combining argument for NPL 4 y (@, X) from the last
section to N'PL AX (52, 5, X ), until we reach the case when (2 has only one polygon. Each
combining step of a t1-gon and t9-gon gives a t1 + to — 1-gon and an extra point. So in
the end we will obtain a polygon of size 2ag + 3a3 + -+ + kag, — (g + -+ — 1) =
(k—aj)—(a—a;—1)=k—a+1and ag + (ag +---+ap — 1) = a — 1 points. Let a’
corresponds to 95*192%_(&1). Thus NPLy x (07, 3, X) =NPLy x (&7, 3, X).

Similarly we can apply the same argument to 5 and result in Qg_lﬁz(k_b 1) Let 5’

correspond to QS_IQQ(k_b+1). Then
N,P»CA,X (&,E, X) ZNPﬁA’X (o/,g,X) :N,P»CA,X (a/, I,X)

Note that ' =a—1+1=a,V/ =b—1+1=bandp =(k—a+1)+(k—b+1)—1=
2% —a—b+1=p. By Lemma 62.2, NPLy y (07,?,2() — K2 — D)(d = I — 1) =
k2(p — D)l(a — Db —1). O

Corollary 6.2.4. Let d = (al,...,ak),g: (B1,.-,B) € P and a = a1 + -+ + ay,
b=01+....0, p=2k—a—b+1. Let X = {x1,...,xp} be such that x1 + --- +xp = k.

Then
(a—1)! (b—1)
arl.coag! Bil.L B!

‘NPEX (a.3, X)‘ —2p- 1)
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Now we are ready to prove Theorem 6.0.11.

Theorem 6.0.11. Let @, 3 € P, Then

)Y [ Coi=k <A+B_2> (A-D!  (B-1)
z—1=r" . .
(7770)6/\/7;(52,5) TESreo k—1 apl ool Bl B!

Proof. By Theorem 6.2.3 and Corollary 6.1.17,

> II Con= X II Ci—

TeENP(a),0eNP(B): t€ a0 (W’J)GNP(&B) i;€Sr@0
T®oeNC(k)
NP(&757217 7%))‘
= Z . . Cll—l """ Cip—l
ij211i1+~~+ip:k perm (21, e ,Zp)
NPLy (d,5,i1,...,ip)
= > : Ciyjmq Ci -1
i1 iy tip=k p:

- ¥ (<a—1>! (b1 k2-<p—1>!/p’>'0i11-----0ip1

ij211i1+---+ip=k oq!...ak! 61'6/{'

(a=D! (-1 5 1 .<p' (2k—p—1)!>

arl. oyl Bl Byl T p (k — p)lk!
(a—1)!  (b—1)! (a+b—2)
arl.agl Bl B! T (a+b—k—1Dl(k—1)
(a—1)! (-1 _k_<a+b—2>

arl. . ap! Bil... B! k—1

132



CHAPTER 7
SPECIAL CASE: Qy(,, or

In this chapter, we analyze the random matrix M Z(m),Q = D'RD where ' = Q Z(m) and
is an arbitrary distribution. i.e. Q4 = C(i,m) for all i.

Our main result is as follows.

Theorem 7.0.1. Let QZ(m) be defined as in Definition 2.2.19. Then

—

After proving this result, we prove Theorem 2.2.24 by plugging in €2 = QZ(m’) to the

above theorem.

Theorem 2.2.24. For any m,m' € N,
QZ(m) °R QZ(m/) = QZ(erm/) (2.12)

7.1 Proof of the Formula

Definition 7.1.1. Let ' = Q7(m)- Given a distribution €2, we define Ay, (k,0) to be

— — = — N k
An(k,0)= Y C(a,6)-G%.0'F = 3 C(&,B)-QO‘-(HC(i,m)BZ’). (7.2)
d’,gePk d’,ﬁePk i=1
where
Lo atbeke1 . (a+b=2) (a=1! (b-1)
€@, ) =(=1) g ( k-1 ) arl. ol Bl Bl (73)

Note that by Corollary 2.2.16, Ay, (k,0) = (QZ(m) oR Q)Qk' A restatement of Theo-

rem 7.0.1 is the following.

133



Theorem 7.1.2.

Am(k,0)= ¥ (mk> =D ga (7.4)

—1) ay! !
Gep, \ 1) oq!...ap!

To prove the above theorem, we need the following identities.

Proposition 7.1.3.

m—k .
; — —k—-1
_qyit(m=k) (T [T (T : :
Z: (—1) i ) ok (7.5)
1=0
Proof. Note that Proposition 7.1.3 is always true when £ > m since it becomes 0 = 0.
W.O.L.G we will assume & < m. We prove this by induction on m.
. 0 n
1. m=0:Sncek <m<n, k=0andn >1. Then LHS = (O)(O) = 1 and

n—1
RHS—( 0 )-1.

2. m = (m+1): Assume Proposition 7.1.3 is true for all triples (n/,m’, k') where

m' <mand k' <m' <n'. For any n, k such that k <m +1 < n,

m:é)_k(_l)Herl_k : (m +k;1 ) Z) | CZ)

:mgk<—1>”m“"“ ' ((mk_ ) * (7/7:__ 1)) | @
—(-1)- @7—1%”"“ (mk_ ) | <n)) ’ <k b 1) | <m f1- ’f>

134



Proposition 7.1.4.

Proof. We prove this by induction on n.

oo sas = ("20)(0) < () < s

n ‘ -
2.n = (n+1): Assume Z (=" <m;z> (n) = (km ) We want to prove

B ()01 )

nil (i <m + z) (n 1)

1=0

an (—1)”+1‘i- mﬂ <n> + ( )
i=0
_ ZZ:%) (—1)ni (m + 2) (n) :‘*11 (1) ((m + 1); (i — 1)) (Z " 1)

) ) =) = Gtin)

Lemma 7.1.5. Assume k>t > 0. Then

S Clinm)...Clim) =~ <(m + 1)k> (7.7)

ij>1: i1+t =k

Proof. By Corollary 3.3.17, C(k,m) is the number of non-crossing partitions of [(m + 1)k]
with k parts of sizes (m + 1). Therefore we can view LHS as the number of ways to put k
polygons of size (m + 1) and one polygon Py of size t on the cycle of length (m + 1)k + ¢
non-crossingly, with the following requirements:

1. Py must contain point 1, and
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12
10
Figure 7.1: Mlustration of Lemma 7.1.5: here t = 3, m = 2, k = 7. For this configuration,

i1 = 3 (blue), ip = 2 (green), i3 = 2 (orange).
2. the t parts on the cycle divided by Py are nonempty and contain some (m+1)-gon. i.e.
it Py={p1,...,pt} wherel =p; <ps <--- <pg, thenp;y1—p; >1fori=1,...,t—1

and pr < k.
We can count the LHS in an alternative way:

1. Count the number of non-crossing partitions of [(m + 1)k + t] using k polygons of size
Dk +t k!
(m + 1) and one polygon of size t. By Theorem 3.3.13, this is (%Z::—_ 1)> _+1 ) ST

((m+]1€)k:+t>.

t

2. We want to restrict that the ¢-gon has to contain 1, this gives us a factor of —————.
(m+1)k+t

3. The above also counts the case when some of the parts from the ¢-gon are empty, so we
will use inclusion-exclusion principle for the counting. If a fixed (¢ — ) parts out of ¢

parts have to be empty, then it is equivalent to counting such non-crossing partitions of
(m+ 1)k 4+
(m+ 1)k 4+ k '

t t
There are (t ) = () ways for choosing the (¢ — i) empty parts.
—1 i

[(m+1)k+1] with k& (m+1)-gons and one i-gon. This is
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(")

1=1 W
gy, (A Dk i - 1)! f
_@.21(_ ) Kl(mk 4+ (i— 1)t —1)!

1=1
T ey
k i
_t ((m+ 1)k
_k;'< k—t )

Am(k,())
ok
= > 0(5@5) -Q°. (H C(i,m)
@',BGPk =1

- ‘t (—1)t—i.2. <(m+;)fii—1)<z:i>

() e

(By Proposition 7.1.4)

a“’—?). =D 0= DY ] iy e 39

Thus it is equivalent to prove that

3 (—1)ato—h=L. (-1

| |
v Bil... B!

Oq!...Ozk! Bl'ﬁk' i—1

k- <a2f12> _ f[ Ci,m)Pi = (arrik})'
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By Lemma 7.1.5,

S (pyerb—h—1, =D (azb_Q) T ct,m)?

| I _
Gep, Bl .. B! 1 i1
k _ | k
= > (—1)a+b_k_1-k-<a2612> ll) ( 'b '-HC(z,m)ﬁl)
b=1 Fep,:3" Bi=b B prb- Bt i
b
= Z H C’(zj,m)

2]21 : i1+~'~+ib:k 7=1

_ zk: (—1)e+b—k-1. (“fo) ’Z (
b

=3 (—1yetbheL, (azﬁz 2) S mt?k)

b=1
:b:kz—Xk:(a—l) o <GZEI 2) ' <(WZ+—?I€>
:(::Z_::(_l)(al)i <<a -1 Zikl— 1) - Z) , <<m 4Z— 1)k> (Lot i = k1)

Plugging in n’ = (m+ 1)k, m’ = (a — 1) + (k — 1), ¥’ = (k — 1) for Proposition 7.1.3,

o R Y

1

=0
m/—k' o /
_ =k (V=) (7
N R
B n—k —1 B (m+1k—(k—1)—1 [ mk
S\ m =K ) a—1 S \a—1
as needed. O

7.2 Application when ) = Qg

As a direct application of the results from the previous section, in this section we prove

Theorem 2.2.24.
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Theorem 2.2.24. For any m,m' € N,

Qz(m) °R Qz(m) = Qz(mm’) (2.12)

To prove Theorem 2.2.24, we recall the main result from the paper Cai and Potechin

[2020].
Theorem 7.2.1. Let MaZ(m) be the Z(m)-shape graph matriz. Let Mp m = nni/QMO‘Z(M)
and r(n,m) = (nf‘m)' Then

Jlim ! -E |tr ((M,jl:mMmm)k) = C(k,m) (7.9)

r(n,m)
for all k € N.
Rewriting the above result in terms of €2 Z(m)>» We get the following corollary.
Corollary 7.2.2. For any k,m >0,
(22(m))), = Clk,m). (7.10)

By the Trace Power Method and Corollary 7.2.2, Theorem 2.2.24 can be proved by

proving the following statement.

Theorem 7.2.3.

(22(m) R Q). = € (ke 1) = (U)o - (7.11)

By Corollary 2.2.16 and Corollary 7.2.2, it suffices to prove the following.
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Theorem 7.2.4. Let Qo = C(k,m) and Q. = C(k,m) for all k. Then

S o(@B)- 9% = (km+m') . (7.12)
&,3eP,

An easy combinatorial identity is needed for the proof.

Proposition 7.2.5. For any m,n,k € Z>,

Zz;(TZn) <kiz) B <m2n> (7.13)

Proof. The RHS is the number of ways to choose k elements from a collection of m + n
elements. Each summand in the LHS is the number of ways to choose ¢ elements from the
first m elements, and k — i elements from the last n elements. Summing up all the possible

1’s gives the equality. O
Now we are ready to prove the theorem.

Proof of Theorem 7.2.4. By Theorem 7.1.2, when Q2 = C (k, m’),

a—1

S o(a) 670 <m”“>.(a—1>!.ﬁ&_
&,feP, aepy
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Plugging in Q9. = C(k,m), we get

> of(aF) 9.9
a7gepk
m’k (a—l)l k
= Z ) HCl,m)o‘l
gep, \a— 1) al.. )
m a '
- <a I ¢(ij,m)
a=1 Z]>111—|— tig=k j=1
k
m 1 a
B ok By L 1.
E(a—l a k k—a) ( By Lemma 7.1.5)
1 f: m'k\ ((m+ 1k
- (M 41
a=1
S m'k\ ((m+1)k
Tk ; j
1,20t j=k—1

1 .<(m'+m+1)k>

( By Proposition 7.2.5)

k k—1
_ (mrm +1R) 1 (m+m' +1)k\ :
_k‘!-((m+m’)k+1)!_(m+m’)k+1'< k )‘C(’“m*m)'

141



CHAPTER 8
GENERAL CASE: Q) 0r QW op...op Q)

In this chapter, we generalize the result from the previous chapter.

Definition 8.0.1. Given ay,...,ds € Py, we will denote Cy, (a1, ...,ds) to be
. . (m—8+1)k 1 5 (al—l)'

Con (@1, ... ds) = sl AT 8.1

m(l s) <mk_(a1+...—|—a5)+1 Z'l;Ilail!"'aik! ( )

Theorem 8.0.2. Given Q). ... Q)

(QZ(m) op Q) OR---ORQ(S)>%— ST O (@, ..., ds)-QMa ql)ds — (g9)

We will prove the theorem by induction on s. If we know the formula for

(Qz(m) op QW op op Q<S—1>)2k

using the formula from Corollary 2.2.16:

, We can compute (QZ(m) oR Q(l) OR...OR Q(S))% by

(QZ(m) o QWop .. . op Q(S)> _ ((Qz(m) op W op . op 9(3—1)> op Q(s)>

= Z C(&,g) <QZ(m) ORQ(l) OR"’ORQ(S_1)> Q(S)E
a,fep;,

2k 2%

8.1 Extended Definition of Non-crossing Partitions

Recall that NP (@) is the set of non-crossing partitions of [k] such that there are «; many
parts of size i and NP (m@) is the set of non-crossing partitions of [k] such that there are
a; many parts of size ma.

To prove our main results, we need to first extend our definitions and results on NP (&)

and NP (md).
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Definition 8.1.1. Let V C [n] and & € P,. We say that P € NP (V,ma) if |V| = mk
and if a1 < -+ < a,,) are the elements of V in ascending order, and P’ = {{2'1, N

{aj, ... a;,} € 73}, then P’ € NP (ma).

Example 8.1.2. Assume V = {1,2,4,5,7,8y C [9] and m = 2, k = 3, d = (1,1,0).
Then P = {{1,2},{4,5,7,8}} € NP (V,ma) since (aq,...,a5) = (1,2,4,5,7,8) and P’ =
{{1,2},{3,4,5,6}} € NP (ma).

Definition 8.1.3. Given a1, ...,ds € P, and mq,...,mgs € Z*, let m = my +---+ms. We
define NP (m1dy, ..., msds) to be the set of non-crossing partitions of [mk| corresponding
to midy,..., mgds, defined as follows:

« Foreacht € [s], let V; = {(m1+---+mt_1)+m(i—1)+j:ie k], j € [mt]}. Note

that |V| = m¢k.

e P e NP(may,...,mgas) < P = Pil---UPs where P; € NP (V;,m;d@;) for

each i € [s], and P is non-crossing (i.e. P;’s do not cross).
See Figure 8.1 for an illustration.

Remark 8.1.4. Notice that when s = 1, the definition of NP (m1dy,...,msds) coincides

with N'P (m@) from Chapter 7.

Definition 8.1.5. Given a7y, ...,ds € Pi, we denote NPy, (a1, ...,ds) to be

NP (m —s+1)ady,do,...,ds).
Definition 8.1.6. We denote
1. NP, = {73 e NP(@):ae Pk} = the set of non-crossing partitions on [],

2. NPy = {77 e NP(md) : a € Pk} = the set of non-crossing partitions on [mk]

where the size of each partition set is a multiple of [m], and

8. NPpyns = {P1U--UPs € NPu(dy, ..., ds) : &; € Py fori € [s]}.
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Figure 8.1: Illustration of Definition 8.1.3: here s = 3,m =4,k =4 and m1 = mg =1, m3 =
2. Vi ={ay,a9,a3,a4}, Vo = {b1,b2,b3,b4} and V3 = {c1,...,cg}.

Remark 8.1.7. We will add L4 in the end for all the above notations (i.e. PL (&),
NPLY(A), NPnLy (d1,...,4ds)) to indicate that all polygons are distinct, including the
ones of the same size. eg. ’NPEA ((k,0,.. .,0))‘ = k! while ‘/\/’77 ((k,0,... ,0))‘ =1.

Theorem 8.1.8. Let dy,...,ds € Py,.
NP (@1, ds) | = O (a1, d) - (8.3)
FEquivalently,

_ (mk_(m—s—i-l)k: ) 'ks_l'lljl(ai_l)! (8.4)

(a1 +--+as)+1

To prove Theorem 8.1.8, we need the following middle step, which requires an equivalent

definition of NPy, (d1, ..., ds), similar to the one we have seen in Section 6.2.

Definition 8.1.9. Let P; = {Pil, . va'ki} be partitions of [n] for i = 1,...,s. We say that
P1U---UPs is non-crossing if
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1. Each P; is non-crossing, and

2. For any P; € P; and Pj € Pj, they do not cross when placed on the cycle Cp, and they

touch at at most one point.

Figure 8.2: Illustration of Definition 8.1.9 and Definition 8.1.10: here m = 4,s = 3,k = 4,
Vo= {2,468 da = d = a3 = (21,000 P = {{1,2,7,8},{3,4},{5,6}} €

NP (2d7) is marked blue, Py = {{2,6},{4},{8}} € NP (V,ds) is marked orange, P3 =
{{2,4}, {6}, {8}} € NP (V,ds) is marked green.

Definition 8.1.10. Let ay,...,ds € P,. Let V = {(m —s+1)i 11 € [k:]} We say
P=PiU---UPs e NP (@1,...,d,) it

1. P1 ENP((m—s+1)&1> and P; € NP (V,q;) fori=2,...,s,
2. Py U---UPs is non-crossing,

3. For any P; € P; and Pj € P; where ¢ < j that touch at a point ¢y, we can order P; and

Q] as Pj = {t07p17 e 7p$} a‘nd -RL = {Q17 v 7ant0} SUCh that t07p17 <oy Pz 41, - - aQy

are ordered in the clockwise direction on Cy.
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Pictorially, for any point ¢y where some P;’s touch together, if we perturb the “ty”
vertex of each P; in the clockwise direction (j — 1)e distance for some small enough e,

the resulting partition consisting of Pj’-s is non-crossing.

For an example, see Figure 8.2. P = {1,2,7,8} € P; and P» = {2,6} € Py touch at 2.
If we perturb vertex 2 of Py in the clockwise direction to the 2/ position on the right then

Pj and Py do not cross.
Remark 8.1.11. ./\/'PéT) (a1, do) = NP (dy,ds) from Section 6.2.

Proposition 8.1.12.

(8.5)

Figure 8.3: Tllustration of Proposition 8.1.12: On the left is a partition in NPy, (a1, ..., ds)

and on the right is a partition in ./\/'797(nT) (@1,...,ds). Here m =4, s =3, k = 4.

Proof. We give a bijection between NPy, (41, ...,ds) and ./\/'PT(RT) (@1,...,ds). The idea is

similar to the pictorial explanation for the third condition in Definition 8.1.10.
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1 NP (1., ds) — NP (@1, .., ds): Let PiLl---UPr € NP (@1, ..., ds). By

definition, they locate on the cycle of length mk. We will shrink the cycle length to

(m — s+ 1)k by grouping together the last s points for every m points. More precisely,

i. For each P € Py, let P = {(m—s+1)i+j :mi+j € P for some i € {0,1,...,k—

1},j€ml} Let P{ = |J P.
PePy

ii. Foreach Py € P wheret > 1, let P/ = {(m—s—i—l)i :m(i—1)+j € P for some i €

[k],j € [m]} Foreach t > 1,let Pj = |J P/
PePy

iii. We can see that P{u---uP{eNPﬁnT) (a1,...,ds).

We can visualize the above procedure as follows: for each i € [k], take the consecutive
s points m(i — 1)+ (m —s)+ 1,m(i — 1) + (m — s) + 2, ..., mi and push all of them

counterclockwise to the first point m(i—1)+(m—s)+1. This results in gluing together

consecutive vertices of the polygons belonging to P1, Pa, ..., Ps all to one point, which
is still allowed under /\/’Pg) (dq,...,ds). See See Figure 8.3 for an illustration.
(T) (T)

2. NPy’ (dy,...,ds) = NPy (dy,...,ds): Let PLU---UPs € NPy’ (dy,...,ds).
By definition, they locate on the cycle of length (m — s + 1)k. We can expand the
cycle length to mk and separate the touching points in the expanded cycle to get a

nontouching version of the non-crossing partition.

i. For each P € Py, let P/ = {mi—l—j :(m—s+1)i+j € P for some i € {0,1,...,k—

1},jem—s+1]} Let Pl = (J P,
PePy

ii. For each P; € Py wheret > 1, let P/ = {mi—(s—t) : (m—s+1)i € P for some i €

[k]} Foreach t > 1, let Pf = |J P/
PePy

iii. We can see that P{|---UP; € NP, (a1,...,ads).

147



We can visualize the above procedure as follows: take each point (m — s + 1)i where
the vertices of the polygons of different groups P can possibly touch, and expand this

point into s points in the clockwise direction, where polygon belonging to P; takes the

ith expanded point as the new vertex. See Figure 8.3 for an illustration.

3. It is not hard to see that the above procedures are inverses of each other.
m

Definition 8.1.13. Let a1,...,ds € P, and m > s. Let X = {xl,...,xp} be such that

r1+ -+ xp=(m— s+ 1)k. we define

1. /\/777(,?) (dq,...,ds, X), the set of non-crossing partitions corresponding to (m — s +

—

1)dq,...,ds and part sizes X, to be
{73 e NPy, (d1,...,4s) : Sp = {xl,...,xp}},

2. NPT(nT)EX (a1,...,ds, X), the set of non-crossing partitions corresponding to a’y, . . ., ds

and X as part labels, to be

{(P,L) P e NPy (d,...,ds),Sp =X, Lis a label of Ci./P corresponding to X}.

3. ./\/'P&T)LA’X (dq,...,ds, X) to be the set of partitions corresponding to a7y, ..., ds and

labels X', but where all the parts are distinct.

Lemma 8.1.14. Let dy,...,ds € P, and m > s. Let p =mk — (a1 +--- 4+ as) + 1. Let

X:{xl,...,mp} be such that x1 + -+ xp = (m — s+ 1)k. Then
NP Lyx (G, @ X) = (m—s+ 1)K (p— Dilar — 1) . (as—1)I  (8.6)

Proof. We will prove this result using the method from Section 6.2.
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By the same argument from Section 6.1, we can reduce the number of polygons from
g, ...,ds to one for each @;, by combining polygons of size x and y into a single polygon

of size x +y — 1. i.e.

B S BS S
\NP&T Lo (@1, ds X) \ :‘an? L (@Qé” ‘ol .0p) Qéﬂ)‘

S

where t; = zk:z'-aﬁ)—(aﬂ+---+ajk—1) = (Xk:z‘-aﬂ)—(aj1+aj2+---+ajk)+
1:k—aj+z1:§nd/3j:k—tj :aj—1foreachji:21,...,s.

Now we can further combine the (s — 1) polygons ng i of different types for j =2,...,s
(which can possibly touch each other) into one single polygon, using the method from
Lemma 6.2.2. Since we do not combine the type-1 polygons, we keep regarding them as
distinct (£ 4), whereas we view polygons of types j = 2,...,s as not distinct. We give the

special notation ay (EA,Z) for this. i.e.

|N7>,<HT>£X (071(5 A, 02702 ool X)‘ _ g2

s?

NP L (G1(Lax), 0o, X) ’

where t = t9 + --- +t5 — (s — 2) and v = k — t. Here we obtain a factor of k572 because
1)

each time we combine Q(j ) and ngtj__l , we get a factor of £ and we do the combination step

/
2tj

s — 2 times for s — 1 polygons. Thus

NP (w0 0, o o). x) ‘

=k -’Npg)ﬁx (551(/3A,X),Q/279/2t,?()’ (a2 =1l (as — 1)
: (7)1 :
since we can permute the dots {25 for each j =2,...,s.
Now we will count prg@T)EA’X (621, Q57 o, X) by counting N'PL y (5, Q’QV,Q’% X)
- k
where if (7 = H1 Q;(jm—s—i—l)j and 7/ = (m—s+1)k—t. i.e. We are considering the number
j:
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of non-crossing partitions corresponding to augmented @ (by a factor of (m — s+ 1)) and

a polygon of size t of different type on the cycle of length (m — s + 1)k. Notice that

for NPT(nT)EX (&1,9’279’215,)(), Q57 91 is only allowed to use vertices from {(m — s +

N ’ ’
1)i =i € [k]}, but in NPLy <B,Q’27 Vo, X), QL7 V9 is allowed to use all vertices from
[(m — s+ 1)k]. Thus for each configuration of polygons in N'PL y (621, Q570 o, X), we can
rotate it in the clockwise direction 1,2, ...m — s units to get an extra (m — s) configurations

in NPLy (E, ' oy X). Thus
T o 1 o ’
'va(n )EX (041(£A7X)a 9,279/% X)‘ = m—s+1 '|NP£X (5([',4,2\6), Q/2W Qth; X>| .
Further reducing the polygons in a1, we get
'me (Bean). 0”0, X) ' - ]NPLX (9817 0 (La2). 957 Vo, ) ‘

where t = (m — s+ 1)k —ay + 1.

By the counting method in Section 6.2, we know that
/
|NP£X (280, 07 Q’gt,X)| = ((m=s+1)k)* (p— 1)
Thus

WP (B 97 0, )| = (G =5 89 (0= (e = 1)

— WP L (1L, 957Vt )| = (m = 5+ DI (p = Dlfar — 1)
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and

’NPT(nT)ﬁAX (@1, ..., ds, X) ‘

NP L4 4 (&1, oo 0Pl X)‘

=52 "Npg)ﬁgg (O?l(EA’X),Q/Q’YQth,X)’ (ag — 1., (ag —1)!
=k ((m = s+ Dk (p— Dl(ag = 1)!) - (ag = 1! (a5 — 1)!

=(m—s+1)k%(p— 1)l (a; — 1)!...(as —1)!

as needed.

Proof of Theorem 8.1.8. By Lemma 8.1.14,

NP’ITL£A<O_21,,O_25): Z NPmEA(Oél,’O(S7X>

> 1 perm (xl, . ,:Up)
x1+-Frp=(m—s+1)k

N’PmﬁA’X (dy,...,ds,X)

x;>1: p!
zr1+-Frp=(m—s+1)k
1
= > (m—s—i—l)k‘s-(p—l)!(al—1)!...(a3—1)!-—'
z;>1: b

x1+-+rp=(m—s+1)k

<(m—3+1)k5—1>.(m—3+1)k3-(a1—1)!,”(%_1)!'

p—1

:<(m—2t11)’f—1>.W.ks—l-(al—l)!...(as—l)!
:<<m_;+ W) 3 (ar = 1)L (4 — 1))

- (m—s+ 1)k s—1

_<mk—(a1—|—. +a5)+1> K (a1 =1t (as = 1)

We now extend the definition further to NPy, (a1, ..., ds, Qo¢, X).
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Definition 8.1.15. Let ayp,...,ds € P,. Let V = {(m —s+1)i 1 € [k]} We say

P=PiU---UPUP e NPS) (@1,...,ds Qo) if

1. Pe ./\/'77,(5;)_1 (@1,...,0ds,d541) where dg1 corresponds to QIS*CQQC.

2. P has to contain (m — s + 1)k (i.e. the last element of the cycle).

Definition 8.1.16. We define

NP

k,m,s

Q) = {P=PLu- - UP,UP e NPY (1,....d5 Q) G € Py}

Theorem 8.1.17.

Npg) (&1a"'7&87926)

:C'<mk—(m_s+1)k )_k,s—l.ﬁ(ai_l)!_ (8.7)

(a1+~--+as)—|—c i:l&il!"'&ik!

Proof. We first view the c-gon as adding an extra 0° = QS*CQQC, and then factor out the
double counting.

Let m’  =m+1,s’ =s+1and b=k — c+ 1. By Theorem 8.1.8,

NP (1, ds )

B (m' —s' + 1)k -1 (1 (e =D} (b=1)!
_(m’k—(a1+---+as+b)+1> b (Zl;llalllazk“) (/{—C)'
. (m—s—i—l)k s 5 (a; — 1)!
_<(m+1)k5—(a1+---+as)—(k‘—c+1)+1> w11 !

i—1 Qg1 e Ol
B (m—s+1)k s 1 (a;—1)!
_<mk— )+c w1l '

(a1_|_...—|—a5 i:lail!"'aik!

Note that the original c-gon has to contain (m — s + 1)k, while in the counting with the
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=7 c
term (29 , there is no such requirement on the c-gon. This gives a factor of —. Thus

NPT (@1, d, Qae)

m

= £ NP (G, )|

_c (m—s+1)k s ﬁ (a; —1)!
k \mk—(a1+---+as)+c ! agg!

=c-< (m—s+ 1)k >.k;5_1.ﬁw

mk — (a1 + -+ as) + ¢ 2 oty

as needed.

8.2 Formula for Moments of Q) op QW op ..., 000

First we are going to give another equivalent notation for the expression

(QZ(m) oR o) OR...OR Q(s)>2k defined inductively based on Corollary 2.2.16.

Definition 8.2.1. We define A,({?L) (kz, 0,... ,0) associated with Q(l), o ,Q(S) inductively as
———

S

the following:

1. A9 (k) = Ok, m).

2. AR (k,0) = Y (a.F) (H C(i,m)o‘i) QWA

&,EePk

3. Let € be the distribution where Qf), = Agg_l) i,0,...,0 | for all i. Define
—_———

s—1
AR k0,....00= Y C(a.f) Q7.
&756Pk
. L 6
oy C(&,B}-(H(A%i‘”(z,o, ) ) o
&7§€Pk i=1



where

(—1)atb—h=1 . <‘1+b—2>, (a—1)!  (b-1)

¢ (a5) = E—1 ) aql...ag Bl... 3

Remark 8.2.2. By Corollary 2.2.16 and Corollary 7.2.2,
AR (,0,...,0) = (g (ny or 2 0p .. 0g Q) for all k.
Thus to prove Theorem 8.0.2; it is equivalent to prove the following theorem.

Theorem 8.2.3.

0

(s) _ - - (i)a
Am k, g oo ey — m g e e ey S * Q
( 0 0) E Cm(ay as) ||

ey j=1

’ (8.9)
_ ¥y < (m—s+ 1k ).ks—l. | A A NG LY

a;eP, mk—(a1++a5)+1 jzlaﬂ!...aik!

where &; = (041, ..., k), a; = > oj foralli=1,...,s.
j=1
Definition 8.2.4. Define Bq(ﬁ)(k) to be
BE k)= 3 Cnlar,....ds) - [[ V%, (8.10)
a; el j=1

Definition 8.2.5. Given P = {Py,...,P;} € N'P;. and a distribution 2, we denote Qp to
be

Qp = Qopy - Qo/p,| (8.11)

and if the size of every P;’s is a multiple of m, we denote QP /m to be
Qp i = Qoypy|/m - Qo By | m (8.12)
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Proposition 8.2.6. Assume m > s. Let m =m — s+ 1. Then

B = Y QWp - 0Pp, 0b)p (8.13)
PrU---LIPs
EN'P}C,m,S

where P; = { Zl,...,Pi,ai}far each i € [s].

Moreover, we can replace NPy, p, s in the summand with NP,ET% 5
Proof. By Theorem 3.3.13, Cy, (a1, ..., d ‘NPm at,...,0s) ’ In particular, the size of

any partition set corresponding to @1 is a multiple of 1 = m — s+ 1. Thus

BOM) = Y Cn(dr,...,ds) - Q0 ...l

= > WPw(@r,....a) -0V .. gt
&iepk

= Z Z <Qél)0411 -‘-Q(l)glik) o (Qgs)asl o Q(s);;zk>
a@,EP;, Pi1U--UPs€e

Pr(G1,..y005 )
o - )

= Z Z < 2Pl 2P1a1/m> H< 3P QQ|PyaJ|>

a;,ePy PU---LUPsE j=2
Pm(&l, 70(3)

= () (1) ) )

— Z (QQP1,1|/m ..... Q2P1,a1/m> H (QQPJ FERES QQIPj,a]-|>
PrU--LUPs iz
ENPk,m,S

= > aWp - 0@p, ot Q) p,
PrU-LPs
G./\/’,Pk m.s

]
Lemma 8.2.7
> BY (). BY (k)
k;>1:
k14 +ke=k 10
=c Z ( (m—s+1)k ) 1 s (g — 1) (2—(2))(11
0eP, mk — (a1 +---+as) +c Lo !



Proof. By Theorem 8.1.17, NPT(,%F) (A1,...,ads, Qoc)

B ( (m—s+1)k )
- mk — (a1 +---+as) +c

s—1 (a; —1)! : (T) , - B
k . H . Thus we can rewrite the RHS as Z NPy’ (aq,...,ds, Qoc)

042-1! . O%k'

=1 aiEPk
s —>
11 0a;
=1
By the same argument as Proposition 8.2.6,
(T) S —=,
RHS = Y NPy (a1,...,ds, Q) |- [] Q0%
OziEPk =1
1 2
— 3 A Q()Pl/m'Q()Pg""'Q(S)Ps'
P1U---UPsUP
e NPT ()
k,m,s\*%2¢
where m =m — s + 1.
We are going to prove that there is a bijection between |_| N 7’/5;?71 g X X
k;>1: T
k1+-+ke=k

NP and NP (00,

m,s

1. ¢ NPT (Q¢) — L] NPT x---xNP(Z) cLet PU---UPsUP €

k.m,s ki,m,s keym,s®
kZZ]_
ky ot ke=F
N 77,2?% <(Q2¢). P contains a polygon P. of size ¢. Moreover, since mk € P. by
definition, we can assume P. = {miy,...,mi.} for some 1 < i1 < -+ < i, = k. Let
ig = 0. Since Py U---UPs U P is non-crossing, for each j € [¢], everything in between
mij_1 (exclusive) and mi; (inclusive) can be treated as a collection of non-crossing
partitions in A 7’1.(;%, s Where k; = i; — ;1. More precisely, for each j € [c], let
Vi = {mz’j_l + 1,mij g + 2, .. ﬁnj} Then we can divide Py, ..., Ps into P;; for

i € [s], j € [¢] such that

i. PipU---UP;. =P;, and

ii. for each j € [c], P1; U---UPg; only uses vertices in Vj. ie. PjjU---UPy €
J\/'Plggnﬁ where kj = i; —i;_1. See Figure 8.4 for an illustration.
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(T)

keym,s®

Thus the resulting (P11 U---UPs1,..., PieU---UPsc) € NPL) - x AP

ki,m,s

Figure 8.4: Illustration of Lemma 8.2.7: here m =5,s =3,k =6, c=3andm=m—s+1 =
3. For this configuration k1 = 1, k9 = 3 and k3 = 2.

T T T
2.0 | NP xox N WP (Qa0): et (Prue-u
k;>1:
kot o=k
(T) (T) ,
Psiy--.,Pre U U PSC) € ./\/’Pkl’m’s X X /\/Pkc,m,s for some k; > 1 where

k14 -+ ke = k. We will “glue" them together in the following way:

i. For each i € [s],j € [c], let ng =Py +mlkr+--+kjq) = {{v + ik +-- -+
ki_1):veP}:Pe Pij}. i.e. we shift the indices of the polygons in each P;; up
by Mk + - +kj_1).

ii. For each i € [s], let P; = Pj1 U -+ U Pje.

ifi. Let P = {ru(ky + - +k;) : j € [c]} and P = {{v}, Pe: v € k] \ Pe}.

We can see that Py U---UP;UP € NP,E;I;)I $(Q22¢).

3. It is easy to see that ® and ¥ are inverses of each other.

Since the bijection only shifts indices of the polygons, number of indices in the polygons

stay the same. i.e. for each Py U---UP;UP € NP,ng)l $(Q2c) where P = {P;1,..., P4},
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<I>(731U~--U773U75) = (7311U---UPsl,...,PlcU---UPSC) for some P;; where P;; =
{Pij,17 ey Pijﬂij}' Then

() () ) ()
<92|P1,1/m o Q2|P1,a1|/m> 1l (szj,l Sl |)

j=2 M43
G .. O . )
i—1 2|P1t1|/m 2|P1t alt‘/m j:2 2|P]t 1| 2|P]t,(ljt|
Thus combining everything,
> BR(k)... B (k)
ki>1:
kl++kc:k

= Y 00 S oW 005 Wy

ki>1: t=1 P U--UPg
k4 tko=k ENPL, m,s

C —_—
1 2
= E E H Q< )73'1t/m : Q( )Pgt Tt Q(S)Pst
i1 (P1iU-UPat,....PreUUPse) =1
k14 tho=k eNP,iﬂ X"'XNPJET)
1,m,s s —

— 0@

— E E ol )pl/m Q@ p, . Qlp

ki>1: (P11U-UPs1,ee, PreUUPse)
ki+-+kc=k NPT NP

k1,m,s keym,s

where Py U+ UP,UP = ¥((Pri U UPy, ..., PreUs - UPy) ), Pi = {Pir,... Pra, )

= Z Q(l)Pl/m . Q(2)7)2 R Q(S)Ps
PrU--UPsUP
eNP) (Qae)
— 1 s i — 1 ‘ — =3
—c ¥ ( (m = s+ 1k ).ks—l. - i
i €Py mk‘—(a1+---+as)+c g Qs Qg
as needed. O

Now we are ready to prove the main result for this section, Theorem 8.2.3.
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Theorem 8.2.3.

(s) _ - =N 7))02‘
A (k‘,O,..S.,O) Z Cm(dy, ..., ds) H Q

N, €P, =1
G / (8.9)
Z ( (m—s—i—l)k ).ks_l. ﬁ (ai—l)! .W&i
GieP. mk_(a1_|_...—|—as)+1 =1 aill...aik!
where d; = (1, .-+, QL), Z a;j for alli=1,.
Proof of Theorem 8.2.3. We prove this by induction on s.
1. Base case s = 0:
(m—s+ 1)k ﬂ al—l)
mk — (a1 +---+as) +1 !
((m+ 1)k -l ((m+ 1)k)! ' l 1 ((m+ 1)k)!
S\ mk+1 S mk+ DY k=1 kK mk+1  (mk)k!
1 (m+ 1)k
k1 ( k ) = Olk,m)
S =2,
2. Assume Aﬁ,i) k,0,....,0 = > Culdr,....,d) ] Q@O‘i, we will prove
s a;€Py i=1

s a; €y,

(s41) s+1 ———>
Anl k,o,...,o - Z Om(&l,,&s+1 HQ aZ
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For the LHS, by the definition of AV (k,0,...,0),

At 0,0 0)

= C(o?,ﬁ)-Agﬁ)V Qls+1) B
7.5€P,
= > (metElg (b+c— 2) =Dt 6Ty 0= oG
’756]3 k—1 ’71!...’}%! Bl'ﬁk'
’ k
— L - Z(_l)c-l-b—k—l. b+c—2 ‘ (C—l)! Ei ) (b—l)! 'Q(s—i—l)ﬁq
Ger SeP, kE—1 ooyl T Bil... B!
i
On the other hand, for the RHS,
st —
Z Chn (&17,”’@5H).H Q0
a; €l i=1
_ Z (m—s)k kS T—L[l (a; — 1)! W&l
&€ Py mk—(a1+"'+as+1)+1 =1 a;1! .. .agg!
(m —s)k 1 o (@ —=1)! @) a:
= . .ks . 79 G
5%:3 g (d»;gk <mk_(a1+"'+a5+b)+1 11;[10421'0%'
k 1
(b-D! s
L Qs
Bil... B!
Thus it suffices to prove that
5 it (012) e
5D, k—1 y1!oo!
= (m = s)k L. ﬁM@)’&Z
a;€P;, mk — (a1 +---+as+0b)+1 i:10‘i1!'--0‘ik!
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Rewriting the LHS and using Lemma 8.2.7, we get

=L

ke b+c—2 (c—1)! >
2: _1\c+b—k—1 RS 1 )|

oyl Y1l
_ ! k
— Z (_1)c+bfk71, bte—2 lci HAgrSL)(%O”O)%
Seh, k—1 ¢ y!oooy! ey

k
b -2 1
:Z(_1)0+b—k—1 ’ < e ) ’ ’ Z Ag)(kl,o,,O)Ags)(kc,o,,O)
c=1

k—1 c Pt
k1++kc:k
k
=3 (—1yethoket, b+c—2
ot k—1
(m—s+1)k o1 pp (e =1 s
' Z a o tas—(s—1)k—c ok 'Ha-!...a'!'Q
arep, \W T as ( ) i—q Yl ik
et H = gl

(6
a;EPy 7'1

k etbti1 [bF+c—2 (m—s+1)k
.(CZI(—UM k 1_( 0 >'<a1+---+a5—(s—1)k—0>)

Therefore it is equivalent to prove that

(mk—(algﬁifzyrbwl)

i c+b—k—1 [(bF+c—2 (m—s+ 1)k (8.15)
:;(_1) ( k=1 >‘<(a1+"'+as)_(5—1)k—0>
Recall Proposition 7.1.3
m—Fk 1i+(m—k) m —1 ny n—Fk—1 816
pov ()= e

Let i = (a1 +---+as) — (s — 1)k — c in (8.15). Notice that for the summands to be

nonzero, we require

i. b4+ c¢—2 > k — 1 which implies that c > k—b+1
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ii Since( (m—s+1)k )_( (m—s+1)k )
' (a1 +--4as)—(s—VDk—c)] \mk—(a1+--+as)+c)’

(m—s+1)k > mk—(a1+- - -+as)+c which implies that ¢ < (a;+- - -+as)—(s—1)k.

Thus

cZ: (_1)(;%7#1 ' (bzi_l 2) ‘ <(a1 + - (T;)‘Sjéﬂi 1k — C>

_ (a1+---+6§%—(3_1)k (_1)c+b—k—1 ) b+c—2 . (m—s+1)k
L1 (a1 +-+as)—(s—1k—c

c=k—b+1
(1as) tb=sk=L iy b fag) + (s — Dk —2— 4\ ((m — s+ 1k
= 22::0 ( k-1 )( i )
B (m—s+1Dk—(k—1)—1
_<(b—|—(a1+~--+a5)+(8—1)k—2)_(k_1)>

S (PR s AP L PP o A

as needed.
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CHAPTER 9
CONNECTION WITH GRAPH MATRICES

Let M(G)

7 be defined as in Definition 2.2.18.
(m),s

In this chapter, we will prove Theorem 2.2.22.

Theorem 2.2.22. For all Q(l), e ,Q(S) € Qo1 which satisfy Carleman’s condition,

By the Trace Power Method, Theorem 2.2.22 can be proved by proving the following

statement.

Theorem 9.0.1. QZ(m) oR Q) OR ...OR Q) and the limiting distributions of singular

|
values of Méc(?n)’s have the same moments. In other words, if we let r(n,m) = (nf'm)!;
then
1 T\
. s L (@) (@)
(QZ(m) oR o OR...OR Ol ))% = nh_}IIolo r(n,m) E |:tr ((MZ(m),sMZ(m),s ) )] (9.1)

We are going to prove the above result by proving their moments have the same recurrence
relations. First we will prove the recurrence relations for (Q Z(m) °R 0 o R---OR Q(S)) ok

and then for the trace power moments of M (&) .
Z(m),s

9.1 Recurrence Relations for (Qz(m) or QWop. .. op Q(S)>2k

We will use the notation Ag) (k,0,...,0) from Chapter 8.

Agﬁ) (k,0,...,0) = <QZ(m) oR o) op.. . op Q(s))%
(1 —2 2
= Y Cn(@y,....dy)-oba  ole)ds (9-2)
CYZEPk
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where

Cm(d;la~->&s):<mk (m—s+ 1)k >-k‘8_1'ﬁ(ai_1)!. (9.3)

—(a1+ - +as)+1 i:lail!"'aik!

Remark 9.1.1. Note by definition of Cp, (A1, ...,ds), Cmy (A1,...,0s) #0 = m—s+1>

0 = m > s. Thus we can always assume that m > s.

Proposition 9.1.2. Assume m > s. Let m =m — s+ 1. Then

s (1) ©)
A()( Z Z (szl,l/m'” 2|P1a1|/m) H( 2|P;1| QQ|Pj,aj)

aZGPk 7)1\_| UPs€
Pm(&lv--w&s)

(9.4)
where P; = { Z1,...,1[’1-,6%}][07" each i € [s].

Proof. By Theorem 3.3.13, Cy, (a1, ...,ds) = ‘/\/’Pm (A@1,...,ds) ‘ In particular, the size of

any partition set corresponding to & is a multiple of m = m — s + 1. Thus

Ak,0) = . Co(@y, ..., ds) - QUT .. Q)
a;€Py
= 3 WPu@.....a)] D5 ... ol
a;EPy

1)411 «@ s)¥sl §) Qs
-y T (Qg> .__’Q(l)zlik> ..... (Qy L ’%’“)

a;eP, PiU---UPs€
Npm(&l ----- &s)

_ () () T (W) )
=2 > (QzlPl,ll/m """ Q2|Pl,a1|/m) E (Q2Pj,1| "'”QQ|PJ‘@;‘> '
a;€P,  PiU-UPsE =2
Pm(&l7"'7&5)

Next we will define A,({i) (k,r1,...,rs). For simplicity, we will only give the definition for
the case s = 1 here and defer the full definition to Section 9.1.3 (see Definition 9.1.16).

When s = 1, we denote AS{EL) (k,r1,...,75) as Ay (k, 7).
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Definition 9.1.3. Let r > 0. We define A, (k,r) to be

Am (/{:,7") = Z Z <Q2(P1/m+r)QQ|P2|/m U 'QQ|Pa|/m> (9'5)
&EPk PZ{Pl,...7Pa}€
NP(méZ) leP;

Remark 9.1.4. When m = 1, we further denote Ap, (k,r) as A(k,r). Then

Alk,r)= > > (QQ(|P1|+T)QQ|P2 SRR QQ|Pa|> (9.6)
aeb;, PZ{Pl,...,Pa}E
NP(&):IEPl

Remark 9.1.5. When r =0, Ay, (k,7) coincides with Ap, (k,0).
We will prove the following main result.

Theorem 9.1.6.

A (ko) = 3 A (i1, +1,0,..,0) . A (5,0, .. 0,75 + 1)
11, tm+41>0:
i1t im g1 =k—1

Ag;i) (ZS+1,O,,O)A$781) (Zm_i_l?O,,O)

(9.7)
9.1.1 Base Case s=1, m=1
Recall the line shape in Definition 2.1.6.
Remark 9.1.7. By definition, az(1) = Qg- We will let Qg denote QZ(l)-
When m = 1,s = 1, applying Proposition 9.1.2, we have that
k (CL - 1)' 2a
A(k,0) = (2(1) R 2) 5y, = Qa0 0B Q) = 3 ( . 1> ol Y
aGPk (9 8)

= > > (i Qpy)

aepr, 'PZ{Pl,...,Pa}GN’P(C_f)
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and

Ak,r)= > > (92(|P1|+T)QQ|P2 ""'Q2|Pa|) (9.9)
aepP, P={P,...,P,}€
NP(O_Z):1€P1

We will prove the following recurrence relation.

Theorem 9.1.8.

Alk,r) = Z A(i,0)- A(j,r+1) (9.10)
i,j>0:
i+j=k—1
and
A(0,7r) = Qo . (9.11)

The following result is not needed for the proof of Theorem 9.1.8, but gives us an alter-
native way of looking at Ay, (k,7) when s = 1. More precisely, we can deduce an explicit

formula for A, (k,r).

Definition 9.1.9. Given @ € Py, we denote Q%(i, +7) to be Qgteeee (nglQQ(HT)) -----
«

Qo

Proposition 9.1.10. When s =1, Ay, (k,0) = Y Cp (@) - 0% and
aep;

koiian —=
Am(k,r)= Y Cp(a@)- (Z p L. (i,—i—r)) : (9.12)

aep;
Example 9.1.11.
1. A(2,0) = Q% + Qq, A(2,1) = Qo + Qg, A(2,2) = Q206 + 3.

1 2
2. A(3,0) = Q3 +3004 +Q6, A(3,1) = Q304 +3 (3 2y + < QQQG> + Qg = Q30+
QF 420906 + Q.

Proof of Theorem 9.1.8. We obtain this recurrence relation with the following steps:
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10

13

Figure 9.1: Illustration of Theorem 9.1.8: Here ¢ = 6. The orange shaded part on the right
represents A(i — 1,0), and the other part represents A(k — 7,7+ 1).

i. Given a non-crossing partition P of [k], we will look at the smallest ¢ > 1 such that 1
and 7 + 1 are in the same partition set (i.e. 1 and i+ 1 are vertices of the same polygon
Py, and i + 1 is immediately after 1 in the clockwise direction). In the case when 1 is

isolated, 7 is chosen to be k.

ii. Since P is non-crossing, everything in between 1 and 7+ 1 can be viewed a non-crossing
partition on the cycle with elements {2,3,...,i} (i.e. cycle of length ¢ — 1). This gives
rise to A(7 — 1,0).

iii. Now we identify 1 with ¢+ 1 and shrink the size of the polygon P; by 1. The remaining
part from ¢ + 1 to k is a non-crossing partition on k£ — ¢ elements, and this gives rise to

Ak —i,r+1).

See Figure 9.1 for an illustration.
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More precisely,

A(k,r) = > s 1oy 4r)S2lPo] {aip,|
'P:{Ph...,Pa}ENPkI
lePy

I

> Q (1py ) 2ipel o oy

1 P={Pi,...,P. }ENPy:
Li+1eP, jgP1V2<j<i

> (”zw e 92|Pibr) ' (92 (i) 2Py | oy 1|)

P:{Pl,...,Pa}GNPk:
Li+lePy, jgP1IV2<5<i

()

1
-
I Mw
I

where {il, . ,ib} L {1,j1, . ,jcfl} = [CL},

Pyu---up, ={2,...,i},PAUP;,U---UP_, ={1i+1,...,k}

k
=2 2 Qw2 Dqaipeer) Qand
=1 Q:{Ql,...,Qb} R:{Rl,...,Rc}e
ENP(i—1) NP(k—i):1€R;
k
=Y A(i—1,0)- A(k—i,r+1) = > A(i,0) - A(j,r 4+ 1)
i=1 1,j>0:i4+j=k—1

Definition 9.1.12. Let v be the shape with vertices V() = {u, w, v} and edges
E(v) = {{u, v}, {v,w}} with distinguished tuples of vertices Uy, = (u,w) and Vo, = (v, w).

Let QE(V) be the distributions associated with v where Q{u’v} =41 and Q{uw} =0

(a) Shape 7. (b) Associated distributions
Qp(y) for shape 7.

Figure 9.2: Shape v and its associated distributions (2 E(v)-
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Remark 9.1.13. When m = 1, QZ(l) = Qay, the line shape distribution. Qqy op 2 will

have the same limiting distribution of singular value moments as M., ) the graph matriz

2p@
of the shape v associated with distributions €2 E(y)- This fact can also be proved by matching

their recurrence relations of the moments.

9.1.2 Base Case s=1

When s = 1, applying Proposition 9.1.2, we have that

mk (a—1) =5
Ap(k,0) = (Qz0) °oR Q). = < )--QO‘
(220m) °R )y i \a—1) il
(9.13)
= > Y. Ypm Qo\p,|/m
aebP, P={Pi,..Py}
eNP(ma)
and
Ap(k,r) =3 > Qs (Pl fmear) 2lBalfm Qo(p, | /m - (9.14)
aebP, P={P1,....Py}
eNP(mad):1ePy
We want to prove the following.
Theorem 9.1.14.
A (k) = > A (i1,0) ... Ay (i, 0) - Ay (igpr1, 7 + 1) (9.15)
11, tm+41>0:
i1ty =k—1
and
A (0,7) = Qg (9.16)

Proof. The proof is similar to the proof for Theorem 9.1.8, with the modification that now

the size of every polygon in a partition is augmented by a factor of m.
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Figure 9.3: Illustration of Theorem 9.1.14: Here m = 2,k = 9, i1 = 2, 19 = 1. The
orange and blue shaded parts on the right represent As(i1,0) and Asa(i2,0), respectively.
The remaining part represents Ag(k — i1 —ig, 7+ 1).

2(iq+...H)+m+1

Figure 9.4: Illustration of Theorem 9.1.14:

Consider a P = {Py,..., P,} € NP(mad) where & € Pj,. Then |F;| is a multiple of m for
all 7. Since P is non-crossing, we can deduce that if x < y are adjacent in the same partition
set, then y — x — 1 must be a multiple of m.

We will obtain this recurrence relation with the following steps:
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i. Let P € NP(md) for some & € P. Since size of each partition set in P is a multiple

ii.

iii.

of m, there are at least m elements in P;. W.L.O.G., we can assume 1 € P;. Denote
io = 0. Let i1,...,ipm > 0 be such that V = {m(ig+---+is) +s+1:s=0,1,...,m}
are the first m + 1 elements in the clockwise direction that are in P;. In the case when
there are exactly m elements in Py, m(iy + -+ i) +m+1=mk+1 << iy =

kE—i1—- —tm_1— 1.

Since P is non-crossing, everything in between m(i; + -+ +igs_1) + s and m(iy +--- +
is) + s+ 1 can be viewed as an augmented non-crossing partition on the cycle with
elements {m(iy +---+is—1)+s+1,m(ig+---+is—1)+s+2,...,m(iy +---+is) + s}

(i.e. cycle of length mis). This gives rise to A(is,0).

Now we identify all the vertices in V' and shrink the size of the polygon P; by m. The
remaining part from m(i1+- - -+i,;,)+m-+1 to mk is an augmented non-crossing partition

on m(k—iy—---—1imy, —1) elements, and this gives rise to A(k —i1 —---—ipym —1,r+1).

See Figure 9.1 for an illustration.

More precisely, given i1, ..., im > 0, we denote 7 = (i1,...,%m) and
. ( ) { m(i1 + - —i—z'j_l)+j+1,...,m(io+---+ij)+j}forje[m],and
ie. (V3), = nw:\LJ(vg

V) = {m(i1 + +@)+j+1:j€Dﬂ}U{Lm@o+~-+%@%ﬂn+2wn,mk}

Note that

(Vf)j’ = mi; for j € [m], and‘(VZv)O’ =m(k—i1—- —im).
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Then

Am(k,r) =3 2 YpymenQapalm e QR m
aep; PZ{Pl,...,Pa}
eENP(mad):1eP;
k—1 k—1
i1=0  im=0 GePy P—={Py,..Py}
eENP(md):1ePy

3

(]Hl QQ|Pij71|/m PPN QQPij’aj/m> . QQ(|P1\/m+7‘)QQ|P]1|/m e QQ|Pj671|/m

where
J

P U---UP

/L]?]‘

NC_3

{ij71, - ’ij,aj}) |_| {1,j1, - ajc—l} = [CL], i= (il, o ,im), and

1

:(V;)j fOrje[m],Pll—Ilel—l'”tucf :(V?>O

jvaj

k—1 k—1 m
=2 > (H 2 Q2|Qj,1|/m---92|Qj,aj|/m)'

i1=0 im=0 \j=1 Qj={Qj1,Qja;}

GNP(mZ])
( Z QQ (|R1|/m+7”+1) ..... Q2|Rc|/m)
RZ{R17...7R[)}E
NP(m(k—iy——ip—1)): 1€R;

k=1 k-1
=3 3 A(i,0) - Ali,0) - Ak —iqg — - — i — 1,7 + 1)

i1=0  ipy=0
-~ 3 A(i1,0) - -+ - A(im, 0) - Alimy1,7 +1)

. i17~-~712m+1201
i1t Tt =k—1

as needed.
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9.1.3 General Case

Recall the definition of A7(ns)(k’, 0,...,0) and Proposition 9.1.2.

_ . —

AG) (k,0,...,0)= Y Cp(@,....d) QW% Q)
a; Py,
s , , (9.17)
_ (1) (1) (9) (4)
- Z Z (QQ|P1,1/m e QQ|P1,a1|/rh> ) (QQ|PJ-,1 """ Q2P]-,a.|>
@, eP, PiU--LUPse j=2 J
Pm(O_Zl,---,O_ZS)

where m =m — s+ 1 and P; = {PM, e ,Pmi} for each i € [s].

Remark 9.1.15. Let m =m — s+ 1. We will label the vertices in the cycle of length mk by

1}171, e ,ULm, U271, . 7Us,1; ULT?H-L Ce ,Ul,gm, UQ’Q, e ,1)372, ...... Ul,(k—l)m—i—l’ e ,Ul,km,
V9 s+ - Vg i the clockwise direction, starting from 1. i.e. The vertices on the cycle are
{Ul,(t—l)m+1v UL iy U2t -5 Vst T E [k]} More precisely, the set of vertices

{vj1,--. ,ijf} represents the vertices used by the jth type partition. See Figure 9.5 for an

illustration.

(a) Label. (b) An example partition.

Figure 9.5: Labelling of the cycle corresponding to NPy, (d1,...,ds). Here s = 3, m = 4,
m=m-—s+1=2and k=6.

Now we will give the full definition of A,({fb) (k,r,...,7s).
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Definition 9.1.16. Let m > s and m = m — s + 1. We define A,({i) (k,r1,...,7s) to be

(1) (1) (1)
) > <§22(|P171|/7?H—7”1)Q2 [P/ {2y |P1,a1|/m> '

a;ep, PiU--UPsE

S
() ol ()
jH? <QQ(IPj,1|+Tj) 251p,) Q2Pja4|>
where P; = {Pi,la ey Pz',ai} for each i € [s], and P; 1 are such that
1. vs1 € Ps 1.

2. Let vy j, be the first vertex in the clockwise direction from v 1 that is in P 1. In the

case when vg 1 is isolated, let vg ;. = vg 1.

3. Inductively, assume that we have picked Ps 1, Ps—1.1,..., 1 and vg ., 051 j, 15+
v, j;» Now we are going to pick ;11 and v;_1 j, ;. Let F;_1 1 be the set containing
v;j—1,j; (which is the vertex immediately next to v; ;; in the counterclockwise direction).
Let v;_1 j, , be the first vertex in the clockwise direction from v; 1 j,. In the case when

v;_1,j; is isolated, let v; 1 j, | =v;_1 5,

4. Do the above process for i = 3,...,s, resulting in P 1,..., P51 and vg j,, ..., Vs jq-
U1 snjo 1s the vertex immediately next to vg j, in the counterclockwise direction. Now

we let P11 be the set containing vy s, -
See Figure 9.6 for an illustration.
Remark 9.1.17. Whenr; =--- =15 =0, Afﬁ) (k,r1,...,rs) coincides with Aﬁfg) (k,0,...,0).

We are now ready to prove the general case, Theorem 9.1.6.
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Figure 9.6: Illustration of Definition 9.1.3: Here s =3, m =4, m =m—s+1 =2, and k = 6.
We start with vs1 = v31. Then v3j; = v35, v 5 = V25, V2 j, = V24 and vy 4, = V18-
Py 1, P21, P31 are as labeled.

Theorem 9.1.6.

Agg)(k‘,rl,...,rs): Z Agfb)(z’l,r1+1,0,._.,0)...A§7§)(is,O,...,O,rs+1).
i 120
i1ty 1=k—1
A (15401,0,...,0) .. A (i11s1,0,...,0)
(9.7)

Proof. We obtain the recurrence relation through the following steps.

1. Let v; j, and P;q for i € [s] be as in Definition 9.1.16.

2. For each i € {2,...,s}, Identify v; j, , with v; ;. Jjst+1 is defined to be 1. Since
for each i, v;j, is the first vertex in the clockwise direction from wv;j , in P,
everything in between wv; j, and v; 4, . in the clockwise direction can be viewed as

Agé) (ki,0,...,7;+1,0...,0), where k; = j;11 — j; mod k.

3. Let vy 4115 V1 tgmt2s - - - 5 VLt mim D€ the first m vertices in the clockwise direction

that are in the same partition set as V1 joiins for some 1 <t1 < --- <tp. Note that it
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2,3

v

1,10

Figure 9.7: Ilustration of the proof of Theorem 9.1.6: Here s =3, m =4, m=m—s+1=2
and k = 8. In the clockwise direction, v3 7 is the first vertex in the same partition set as
v31, and vo g is the first vertex in the same partition set as vo 7. Thus j4 = 1,73 = 7 and

jo = 6. The resulting orange and blue shaded parts correspond to Aig)(kg, 0,0,73 + 1) and

Aig)(kg,o,rg + 1,0), respectively, where k3 = 2, ko = 1. w15 and vy g are the first two
vertices in the same partition set as v1 12 in the clockwise direction, thus ¢ = 2,f9 = 3. The

resulting yellow-circled part and the green shaded part correspond to Af’) (¢1,0,0,0) and
AES) (¢2,0,0,0), respectively, where g = go = 1. The last cycle corresponds to AEE) (jo —

tg — 1,71 +1,0,0) where jo —to —1=6—3—1=2.
takes the form V1t because the size of any partition set of the type v is a multiple
of m, and we are only considering non-crossing partitions, thus the number of type v1

vertices strictly in between ULt and V1t 4 e+ is a multiple of .

4. Let tg = jo. For each i € [m], identify vq s 41 and vy 454 Everything
in between vy 4i—1 and vy 454, in the clockwise direction can be viewed as
Agf} (¢;,0,...,0), where ¢; = t; —t;_1 for i > 1 and q; = t; — 1. The last remaining

part can be viewed as ASJ?L) (jo —ts — 1,711+ 1,0,...,0).
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Note that

(kg + -+ ks) + (@1 + -+ ap) + (G2 =ty — 1)
=((k+1=js)+ (Js — Js—1) + -+ (Jz — j2))
+ ((t = ti—1) + (et — ti—2) + -+ (b2 — 1) + (1 = 1)) + (G2 — tigy — 1)

=(k+1=jgo)+ -1+ (G2—ty—1)=k—1
Combining everything, we have

Ag}i) (kyr1,...,7s)

- ¥ 3 (ﬁAgi)(ki,o,,..,riﬂ,...,()))

0<jo< < 0t <<ty \i=2

&) (5)
-(HAm (¢;,0,...,0) | - A/ (jo —tp, — 1,71 +1,0,...,0)
=1

where k; = j;41 —Jj; modkand g =t; —t;_1,q1 =t1 — 1

S s+m
= > (H AS (1,0, ..,rx—i—l,...,O))- II A (zy, ,...,O)

11 5eeesbm412>0: =1 y=s+1
i1+ Fimp1=k—1

S m—+1

- 3 (H A% (0 .,rx+1,...,0)>- I A% (zy, .s0)
11 5eeestm41 200 y=s+1

i1+ timp1=k—1

as needed.
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9.2 Recurrence Relations for the Trace Power Moments of

Definition 9.2.1. Given distributions Q(l), . ,Q(S), we define BS}SL) (k,0,...,0) to be

) OéZ(m)

BY (k,0,...,0)=W (Daz(m) O 2k> : (9.19)

Definition 9.2.2. We define Bq(é) (k,r1,...,75) to be the weight of dominant constraint
graphs of length k associated with « Z(m) and € Z(m)sS where the first spoke on the ith layer

has an multi-edge of multiplicity (2r; 4+ 1) for each i € [s].
Remark 9.2.3. Whenry =--- =15 =0, By(,f) (k,r1,...,75) coincides with B;ﬁ) (k,0,...,0).
We will prove the following main result.

Theorem 9.2.4.

BY (k,ri,... 1) = > B (1,71 +1,0,...,0)... B® (i4,0,...,0,7 +1)-
i15emima1>0:
i1+ Fimgp1=k—1 (920)

B (i541,0,...,0)... B®) (i1,41,0,...,0)

m

9.2.1 Base Case s=1, m=2

Definition 9.2.5. Given (2, we will denote By, ,. to be the set of dominant constraint graphs
of length % associated with az and €),, 1 where the first spoke on the first layer has an

multi-edge of multiplicity (2r + 1). Note that By, o = DO‘Z’QQZ 1.2k

When s = 1, for simplicity denote Q1) as Q and B%)(k,r) as By (k,r). When s =1
and m = 2,

By(k,r) =W (By, ) . (9.21)
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Theorem 9.2.6.

By (k,r) = > By (i1,0) - By (i2,0) - By (i3,7 + 1) (9.22)
11,12,13>0:
i1+igtizg=k—1

and

Figure 9.8: Illustration of the proof of Theorem 9.2.6: The spoke {a12,b11}, colored purple,
has multiplicity 2r + 1. For constraint edges, solid constraint edges imply dashed ones
with the same numbering. For example, for the constraint edges numbered 1, ajo <—
aji 412 = b12<— b2 = b1 <— b 1.

Proof. We will first prove that there is a bijection between By, . and U By, o x

k; >0:
k1+ko+ks=k—1

Bk‘Q,O X Bk‘3,7“—|—1‘

L By, — U By, 0% By.0 X By p11: Let C' € By, ., with the spoke {a12,01.1}
k; >0:
ki1+ko+ks=k—1
having multiplicity 2r + 1. We split C' into three parts with the following steps.

i. Let i1 € [k] be the first index such that aj2 <— a;;41,2. In the case of aj 2
being isolated, i1 is chosen to be k. This implies that by 2 <— b;, 2, which further

implies that by 1 <— b;; 1-
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ii. Let io € [k] be the first index such that a1 <— a@;,4+1,1. In the case of a1 being

isolated, 79 is chosen to be k. This implies that by 1 <— b;, 1 and a1 2 <— a,112

iii. Observe that i9 > 41: otherwise if ig < i1, a1,1 <— @jy41,1 and by 1 <— b;; 1
would imply a1,1 <— @j,11,1 < b1,1 < b;; 1 since C is dominant and they

cross. But aq,1 <— b11 contradicts that C' is parity preserving.

iv. Since a1 2 ¢ ;112 and a12 < 5412, Qi +1,2 ¢ Qjp11,2. Since by <

bil,l and 5171 — bi2,17 bil,l — bi2’1.

v. Contracting by,1 with b;, 1 and by 2 with b;, 2 give H (az,2(i1 —1)). The induced

constraint graph C' € C( (i1-1)) is dominant, thus C € B;; _1 .

az,2
vi. Contracting a;, 19 with a;,11 2 and b;, 1 with b;, 1 give H (az, 2(i2 —i1)). More-
over, the spokes {a12,b11}, {a;,+1,2,0i;.1} and {a;,4+1,2,bi, 1} are identified to-
gether, resulting in multiplicity (2r + 1) +2 = 2(r + 1) + 1. thus the induced

constraint graph Co is in By, ;.4 1.

vii. Contracting a1,1 with a;,111 and a1 2 with a;,11 2 give H (az,2(k —i2)). The

induced constraint graph Cg € C( oz.2(k—iz)) is dominant, thus C3 € By_;, o

Since (i1 — 1) + (i —i1) + (k —i2) = k — 1, we conclude that (C1,C9,C3) €

U By 0 X By X By r41-
k1+ko+ks=k—1
U Biy 0% Bly,0 X By 1 — By Conversely, given C € By, ,C2 € By, o
k;>0:

k1+ko+ks=k—1
and C3 € By, 41 for some ky + kg + k3, we can reverse the above steps and glue them

together to get C' € By, ,..
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Thus,

B(k,r) =W (By,) =W U By 0 % Bryo X By ri1
k;>0: k1+ko+ks=k—1
= > W (Bkl,o X B, 0 ¥ Bkg,r—l—l)
k;i>0: k1+ko+ks=k—1
- Z w (Bklao) W (Bkg,()) W (Bk3,r+1)
k;>0: k1+ko+ks=k—1
= > B(k1,0)B(k2,0)B(k3,r + 1).

k;>0: k1+ko+ks=k—1

as needed. O

9.2.2 General Case

Definition 9.2.7. Given a distribution Q) ..., Q() and ¢ < s, we will denote Bk,
to be the set of dominant constraint graphs of length k associated with « Z(m) and € Z(m)5
where the first spoke on the jth layer has an multi-edge of multiplicity (2r; + 1) for each

J € [t]. Note that By kg, o2k and By, p =D

- Daam)@az(m) az(m)2k-

Definition 9.2.8. For t € [s], we will use B,,, 1. ;¢ to denote By, j ., . where ry =t and

r; =0 for all j #t.

Observation 9.2.9. Béf)(k, Tly.ooyTs) =W (Bm,k,rl,...,rs)> Bﬁr‘?) (kj, 0,0y 75 ,O)

_ W (Bm’k)rjé») and BY(k,0,...,0) = W (B, ).
Now we are ready to prove Theorem 9.2.4.

Theorem 9.2.4.

BY (k,ri,... 1) = > B (i1,r14+1,0,...,0)...B% (iy,0,...,0,rs + 1) -
11 5mnes i'm+120:
i1t g1 =k—1 (9.20)

B (i411,0,...,0)... B® (i1,41,0,...,0)
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Figure 9.9: Illustration of Theorem 9.2.4. For constraint edges, solid constraint edges imply
dashed ones with the same numbering.

Proof. Similar to the proof of Theorem 9.2.6, we now will prove that there is a bijection

between By, k.. r, and U B k(1)@ X X By ks rer 1)@, X By X
k; >0:
ki4-+kmp1=k—1

.. Bmakarl'

¢ Bm,k,m,...,rs — U Bm,k’]_,(’l"]_—i—l)é’]_ XKoo X Bmvksa(rs+1)€s X Bm,k‘5+1 X

k;>0:
ki++kmny1=k-1
.. -Bm,ka:

Let C' € By kyy...re» With the spokes {aj j11,01 ;} having multiplicity 2r; + 1 for

J € [s]. We split C' into m + 1 parts with the following steps.

1. Let i1 € [k] be the first index such that ay , — a;,4+1,,- In the case of ay
being isolated, i1 is chosen to be k. This implies that by, — b;; m, which

further implies that by j +— b;, ; for all j € [m)].

2. Let io € [k] be the first index such that aj ;1 < @jy41,m—1- In the case of

ai,m—1 being isolated, ig is chosen to be k. This implies that
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L. b1m—1 ¢ bjym—1, which further implies that by ; <— b;,11; for all j €
[m —1].
. apm < Qjyt1m-

. Continuing this way, at the ! step where t € [m], let i; € [k] be the first index
such that ai 41 < @j,+1.m—t+1- In the case of ay y,—+11 being isolated, it

is chosen to be k. This implies that

i b1m—t+1 < bipm—t4+1, which further implies that by ; <— b;, 11 ; for all

jeE[m—t+1].

ii. ayj < ajq1jforallje{m—t+1,...,m}.
. Observe that ;41 > i; for all j € [m — 1]: otherwise if i;;1 < i; for some
Jy Glm—j < jj+1,m—j and by, j <— bij,m—j would imply aj g, <—
Qjj o +1m—j S bim—j <— bij,m,j since C' is dominant and they cross. But
a1,m—j < b1m—; contradicts that C' is parity preserving.
. Let t € [m]. Since a1 < a;,41,; for all j € {m —t+1,...,m}, for each

J € [m], ajj <— aim_j+1+1’j o QG4 Since bl,j — bit,j for all

j € [m—t+1], for each j € [m], by j <— b > b

i1,j bm—j41,]°
. Contracting by ; with b;, ; for all j € [m] gives H (O‘Z(m)> 2(i1 — 1)) The induced

constraint graph Cj € C(az 2(iy 1)) is dominant, thus Cy € By, 4, 1.

. Let t € [m — 1]. Contracting b;, ; with b;, | ; for all j € [m — ] and contracting

U415
i1,y with a;, 4y for all j € {m —t+1,...,m} give H (az,2(it+1 — it)).
Moreover, the spokes {a1 m—¢41,b1,m—t}, {@i,+1,m—t+1,bi; m—ty and

{aiy 1 +1,m—t+1,biy,m—t} are identified together, resulting in multiplicity
Crm—t41+1) +2=2(rp—ty1+ 1)+ 1if m—s <t <m— 1. Thus the induced

constraint graph Cy is in B ift € [m—s—1]and in B

M1 =0t Myitr1—0t,(Tm—t+1)€m—t

iftm-—-s<t<m-—1.
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8. Finally, contracting aq j with a;, 41 ; for all j € [m] gives H (az, 2(k — ip,)). The

induced constraint graph Cy, € C( az.2(k—im)) is dominant, thus Cp, € By, j—;, -

m—1

Since (i3 — 1) + Y (ij+1 — ij) + (kK —im) = k — 1, and there are s many C}’s (i.e.
j=1

Cm—s,---,Cm—1) belonging to Bk (r4)é - Bk, (ret 1), for kj = im—ji1 —

im—j, we conclude that

(C(), ..., Cm) S U Bm,kl,(r1+1)é’1 X o0 X Bm,ks,(r5+1)€s X BmJg X oo X Bk

s+1 sRm+41 °
k;>0:
> ki=k—1
* U Bm,kl,(r1+1)€1 XX Bm,ks,(rs+1) X Bm ks+1 Bm,karl - Bm,k‘,rh...,rs
k;>0:
S ki=k—1

Conversely, given C; € Bm,ki,(riJrl)é'j for i € [s] and C; € By, i,; for some j € {s+
1,...,m + 1}, we can reverse the above steps and glue them together to get C' €

Bm,k,rl,...,rs

Thus

Bm(k’ LNEERE ’TS) =W (Bm,k,rl,...ms)

=W U Bm,k1,(7’1+1)é’1 Ko X Bm,ks,(Terl) X Bkgir X Bk
k;>0:
ki+-+kmy1=k—1
= Z W (Bm,k17(rl+l)€1 X X Bm,k37(r5+1)e X Bm k5+1 st Bm,km+1)
k;>0:

k1+- +km+1 k—1

— 3 w (Bm ki, (ri+1)¢; ) mﬁl . ( >

~.
I »
A

k; >0: j=s+1
kit-tkmqp1=k—1
] m+1
= > II Bm(m,k;,0,...,r;+1,...,0) | - | TI Bm(m, kj,0,...,0)
k;>0: i=1 J=s+1

ki4-+kmn+1=k—1
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as needed.

]

Proof of Theorem 9.0.1. This follows directly from Theorem 9.1.6 and Theorem 9.2.4. [

185



APPENDIX A
DOMINANT CONSTRAINT GRAPHS ON H(ayz ,2q) ARE
WELL-BEHAVED

In this section, we prove that dominant constraint graphs on H(ayz ,2q) are well-behaved.

A.1 The Set of Graphs R(H(ayz, ,2q))

In order to analyze constraint graphs on H(ay ,2¢), we need to analyze a more general
class of H. In particular, we need to analyze all H which can be obtained by taking isolated
vertices which are not incident to any spokes in H(ay ,2¢) and merging their neighbors

together.

Definition A.1.1. Define R(H(agz, ,2q)) to be the set of graphs H which can be obtained

by starting from H(ay, ,2q) and repeatedly applying the following operation:

1. Choose a vertex v € V(H) which is in a wheel with at least 4 vertices and is not
incident to any spokes. Merge the two neighbors of v, delete v from the graph, and

delete any pairs of edges in H which coincide.

Lemma A.1.2. For any H € R(H(ay, ,2q)), we can decompose H as H = ajo...0 Qo

where the following statements are true:

1. For all odd i, «; consists of trivial top layers, a multi-Z shape in the middle layers,

and trivial bottom layers.

2. For all even i, «; consists of trivial top layers, a multi-ZT shape in the middle layers,

and trivial bottom layers.

3. For any two neighboring wheels, the spokes connect with each other and alternate be-

tween going up and to the right and down and to the right.
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4. For any layer, the intervals where this layer is trivial have even length.

Proof. To prove this, we show that this structure is preserved when we make a new contrac-
tion. Without loss of generality, we can assume that the isolated vertex v is the bottom right
vertex in some multi-Z shape «; where 7 is odd, as cases when the isolated vertex is the top
left vertex in a multi-Z shape, the bottom left vertex in a multi-ZZ shape, or the top right
vertex in a multi-ZZ shape can be handled in a similar way. Let 7 be the next index where
this wheel is non-trivial. Note that 7 must be even. Moreover, all layers below v must be
trivial in o; and «; as otherwise v would not be isolated.

Let u be the vertex preceding v and let w be the vertex after v. We merge u and w
together and delete v. This deletes the edges (u,v), (v, w) and may delete spokes incident to

u and w. We have the following cases.

1. There is a spoke (u,t) in a; and a spoke (t,w) in «;. In this case, merging v and w
together also deletes the spokes (u,t), (t,w). We account for this by making v’s layer

trivial in «; and «;, replacing it with the single vertex u = w.

2. There is a spoke (u,t) in «; but no spoke incident to w in a;. In this case, the edge
(v, w) is the only non-trivial part of ;. Let k be the next index such that this layer is
non-trivial in aj.. Observe that oy, is a multi-Z shape where all layers above this layer

are trivial. We account for merging v and w together and deleting v as follows:

(a) Glue «; and «y, together at the vertex u = w.

(b) Create a copy of a; o ... 0 ay_1 which only contains the part below the current
layer and is trivial at this layer and above. Put these copies to the left of the

glued shape.

(c) Create a copy of a1 o...0qp which only contains the part above the current
layer and is trivial at this layer and above. Put these copies to the right of the

glued shape.
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3. There is no spoke incident to u in a; but there is a spoke (¢, w) in a;. This can be

handled in a similar way to the previous case.

4. There are no spokes incident to u or w. In this case, the edges (u,v) and (v,w) are
the only non-trivial parts of o; and a;;. We again account for this by making v’s layer

trivial in «; and «;, replacing it with the single vertex u = w.

A.2 Proof that dominant constraint graphs are well-behaved

With this structural result on R(H (a7, ,2q)) , we can now prove that dominant constraint
graphs for H(agz, ,2q) are well behaved. To do this, we use ideas from Appendix B of Ahn

et al. [2020]. First, we modify our constraint graph as follows:

Definition A.2.1. Let H = aj o ... o ag; where we set Vag, = Uqy. Given a constraint

graph C on H, we define the constraint graph Cgyg as follows:
1. Draw the constraint edges so that all paths in C' go from left to right.

2. For each vertex u € Uy, letting v be the rightmost vertex such that there is a path
of constraint edges from u to v, we add an auxiliary constraint edge from v to u. We
treat this edge as going from v on the left to u on the right (i.e. we think of u as both
on the left side of H and on the right side of H as u € Uy, = VOQq). If u is isolated,

this means that we add an auxiliary loop from u to itself.

Definition A.2.2. Given H and Cgyq as described above, for each o; we define S,; to be
union of Uy, N Vi, and the set of vertices v such that there exists a path P in «; from Ug,

to Vi, such that v is the first vertex on P where either

1. There is a constraint edge from v to the right (i.e. to a vertex in some a;; where j > 7).
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2. veVy.
Proposition A.2.3. Sy, is a vertex separator of o;.

Remark A.2.4. Alternatively, we could have started from Vo, and taken the first vertez on

each path in a; from Vq, to Us, which has a constraint edge to the left or is in U,.

Lemma A.2.5. Let P be a path in o; from Uq, to Vo, and let v be the first vertex on P

where either
1. There is a constraint edge from v to the right (i.e. to a vertex in some o where j > i).
2. veVy,.

For any vertex w € V(P) \ Uq,; which is equal to v or comes before v, u has an edge to the

left.

Proof. Let [ be the vertex which comes before v in P. Observe that [ does not have any
constraint edges to the right. Thus, in order for the edge (I, u) to be duplicated, u must have

a constraint edge to the left. O]

Corollary A.2.6. C' is a dominant constraint graph for H if and only if the following

statements are true for each o; and Sy, :
1. Sq; is a minimum vertex separator of «;.
2. Each vertex in V(o) \ (Ua; U Vi, U Sq;) ts incident with exactly one constraint edge.
3. Each vertex in Uy, \ Sa; is not incident with any constraint edges to the right.
4. Each vertex in Vi, \ Sq, is not incident with any constraint edges to the left.

Theorem A.2.7. For any H € R(H(ag, ,2q)), all dominant constraint graphs C on H are

well-behaved (i.e. wheel-respecting and parity preserving).
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Proof sketch. This theorem can be proved by induction using the following lemma.

Lemma A.2.8. For any H € R(H(ay, ,2q)) and any dominant constraint graph C on H,

there is a vertex v which is isolated and is not incident to any spokes in H.

Proof. We prove this lemma with a series of observations.

Proposition A.2.9. In any dominant constraint graph C', if u precedes v on some wheel
then either u does not have a constraint edge to the right or v does not have a constraint

edge to the left.

Proof. Assume that C'is dominant, u has an edge to the right, and v has an edge to the left.
Consider the separator S for the segment containing u and v. Since u has a constraint edge
to the right, v € S. Now either v € Sor v ¢ S. If v € § then S is not a minimum vertex
separator so C' is not dominant. If v ¢ S then the constraint edge to the left from v is not
accounted for by S so C'is not dominant. Thus, in either case C' is not dominant, which is

a contradiction. O

Corollary A.2.10. In any dominant constraint graph, if | and r are two vertices on the
same wheel such that | < r, [ has a constraint edge to the right, and r has a constraint edge

to the left then there is a vertex m such that | < m < r and m is isolated.

Proof. Assume that there exist two vertices [ and r on the same wheel such that [ < r; [ has
a constraint edge to the right, » has a constraint edge to the left, and there is no vertex m
such that | < m < r and m is isolated. Choose [ and r such that d(l,r) is minimized. Let v
be the vertex after [ on this wheel.

By Proposition A.2.9, since [ precedes v and [ has a constraint edge to the right, v does
not have a constraint edge to the left. This implies that either v is isolated or v only has
a constraint edge to the right. However, we cannot have that v is isolated as otherwise we

could take m = v and we would have that [ < m < r and m is isolated. Thus, v must only
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have a constraint edge to the right. But then if we take I’ = v, I’ and 7 are on the same
wheel, I’ has a constraint edge to the right, » has a constraint edge to the left, there is no
vertex m such that [ < m < r and m is isolated, and d(I’,r) < d(l,r). This contradicts the

fact that we chose [ and r to minimize d(I, ). O

With these observations, we can now prove Lemma A.2.8. Consider the highest wheel

such that there exist vertices | < r on this wheel satisfying the following properties:
1. [ has a constraint edge to the right and r has a constraint edge to the left.

2. For any vertex m between [ and r, m is not incident to any spokes in H going from m

to the wheel below m.

Observe that the bottom wheel has these properties, so this wheel always exists. By
Corollary A.2.10, there is a vertex m such that [ < m < r and m is isolated. There are now
two cases to consider. Either m is not incident to any spokes in H going from m to the wheel
above m, or m is incident to two such spokes. Note that m is not incident to any spokes
in H going from m to the wheel below m, so if m is not incident to any spokes in H going
from m to the wheel above m, then we have found an isolated vertex which is not incident
to any spokes in H. If m is incident to two spokes in H from m to the wheel above m, let
I" < 7' be the other endpoints of these spokes. Since m is isolated, because of the structure
of H, I’ must have an edge to the right, ' must have an edge to the left, and there are no
vertices m’ such that I’ < m’ <+’ and m/ is incident to spokes in H going from m’ to the
wheel below m/. However, this is a contradiction, as this implies that we did not start with
the highest wheel such that there exist vertices [ < r on this wheel, where [ has an edge to
the right, r has an edge to this left, and for any vertex m between [ and r, m is not incident

to any spokes in H going from m to the wheel below m. O]

]
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APPENDIX B
ANALYZING INNER PRODUCTS WITH RANDOM
VECTORS

Definition B.0.1. A perfect matching M of [n] is

n/2
M = {{@iabi} i€ [n/2],a4,b; € [n], _Ul{ai} U {b;} = [n]}

We use the following calculation from Jones and Potechin [2022] which is a spherical

analogue of Isserlis’” Theorem/Wick’s Theorem.
Theorem B.0.2. For any vectors cfl, ce Jk e R",
(k2 o ;
Egegn1 [ <17,d¢>] =|I] n+2i—-2| - 3 [I (dd). B
=1 j=1

i= M perfect  e=(i,j)eM
matchings of [k]

Proposition B.0.3. The number of perfect matchings between 2k elements is

()52 () = 2=

Example B.0.4. Assume k is even, then

2 B (7)1 8)" = gy (20 ) () (. )

Lok (k=1)-(k=3)...3-1 ;> -\k/2
7. By _1<U’ 1> n(n+2)...(n—i—k—2).< ’1> '
192



(k—1)-(k—3)...3-1
nn+2)...(n+k—2)

4. Let d=¢ = (1,0,...,0) from 3, then E [UH = where vy s

the first entry of a random unit vector v € R™.

5. if x,y are two entries of different rows and columns from a random orthogonal matriz,

then

where &5~ = & — (&, D)

<y
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APPENDIX C
ALTERNATIVE PROOF OF (o5 (Y),, WITHOUT FREE
PROBABILITY

In this section we give an alternative proof for Corollary 2.2.16 without using the results
from the free probability theory.

Corollary 2.2.16. Let Q and € be two distributions. Then for all k € N,

(Qor ), = > O(&,E)-Q&-ﬁg (2.9)
a,peP;

where if we let a =ay1+---+ag and b="by + -+ by, then

o b atb—2\ (a1 (b-1)
C (@.f5) = (-pfter? 1"“'( k-1 )'al!...ak!'ﬂl!...ﬂk!' (2.10)

1
Using the Trace Power Method, (Q oR Q/) ok = lim —-E

n—oo n,

tr ((MMT)k>] where M =

DRD'. So proving Corollary 2.2.16 is equivalent to proving the following.

Theorem C.0.1. Let M = DRD’ where R is an n x n random orthogonal matriz, D and
D' are n xn random diagonal matrices where the diagonal elements are drawn independently
from distributions Q and V', respectively. Denote & = (aq,...,a) and 3 = (B1,...,BL).
Then

1
lim — - E

n—0o0 n,

tr((MMT>k>]: > o(a.f)-a%.a7
a,fep,

where if we let a1 + -+ +ap =a and 1+ ---+ B = b, then

L b atb—2\ (a1 (b-1)
C (@) = (-pfter 1"""( k-1 )'all...ak!'ﬂl!...ﬁk!' (C.1)

In particular, note that C' (&, 5) =0ifa+b<k.

More specifically, we are going to prove the equivalent statement of Proposition 6.0.8 in
the language of random matrices alternatively, and the rest of the proofs remain the same.
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Theorem C.0.2. Let M be defined as before. Then

r}Lngoi-Eltr((MMT)k>] = 3 (~perboket 3 [T Coon|-9%-97 (C2)

&7§€Pk (W’U)GNP(&’E) JJGS-K@O-

where a =aq + -+ ap and b= 1 + - + B

Remark C.0.3. The above theorem is equivalent to the statement

o))=Y (-pArEEll oy I Gal|-a®a’ (©3

-,

a,fep; (1,0)eNP(a,B) T€ESrao

Proof of Theorem C.0.1. With the same steps in Chapter 6, we can prove that

a+b—2 (a—1)! (b—1)!
(7 o)e%?(& B) xegeea ' k=1 ) aal.copl Bill G
and thus Theorem C.0.2 follows. 0

Definition C.0.4. Let i = (i1,...,i;) C [n]F and &
{s € k] 1is = ij}
itself. We say that P (;) = a if

= (a1,...,ap) € P.. We define

to be the number of elements in ¢ that are equal to i;, including 7,

{dn=ij

Example C.0.5. P(1,1,1) = (0,0,1), P(1,2,1,4,4,3,1) = (2,1,1,0,0,0,0).

nj:

=i« for all i € [k].

Proposition C.0.6. Let M = DRD’ where R is an n x n random orthogonal matriz, D

and D' are n x n random Q and Q' -distribution diagonal matrices, respectively. Then

E[tr(MMTY} = 3 .Eg[dfl...dfk] ‘E

im,jm€Mm] ™

12 12

Jm

k
T RGim, jm) Rlimes1, jim)
m=1
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Proposition C.0.7. Let M = DRD' and D (07, B’) be defined as

- 1 ko .
-D (Oé,/B) - nglgog o E H R(Zma]m)R(zm—I—la]m) (05)
i, 7S]k m=1
P(i)=a,P(j)=p
Then
. 1 T > _‘C_Y' _7/6_;
i Eltr (MMmT) 5213 D (& 7)) 27 (C.6)
PEL
Proof.

k
I1 R im,jm>R<z’m+1,jm>] PN

m=1
k k
H R Zma]m Zm+17jm) - E , H d;?ﬂ
L

m=1

k k
H R(im, jm) Zm+1,jm):| (H Q. B])

J=1

m=1

Dividing both sides by n and evaluating the limit as n — oo, we get the conclusion. [

By the above proposition, to prove Theorem C.0.2, it suffices to prove the following.

Theorem C.0.8. For all 07,6' € P,

-,

D(a,f) = (-nAtBEhL. 3 I C.o (C.7)
(1,0)eNP(&,5) ¥€5w0

Remark C.0.9. For given a, 5, we will use notations D (c?, 5) and D (Q&

changeably.
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We will prove Theorem C.0.8 by first proving the base cases first, and then prove it
generally.

C.1 Case when D (62, 5) =D ((22]“, Q’Qk)
We want to show that

C (9, 9f) = (~1)1 ) =0 ton (©8)

where C} is the ith Catalan Number.

Definition C.1.1. Given sy, ..., s;, € [k] such that s+ - -+s,, = k, we define val (Gsl, o ,Gsm)
to be

val (Gyy, ..., Gy, ) =E

k
m=1
Ty
where i1, ..., i € [n] and ji,...,ji € [n] are chosen such that ij, =i, <= I, =1+ s;
j=1
for some z, € {0,1,...,m} for each r = 1,2 and j; # jo # ... # ji . See Figure C.1 for an
illustration.

. ] J I | J I | I

PSR PP R S S N I I Y 1 2 3 s s k7 I
4
’
1
: I I
\)
A

\‘ - PR R 2

) I3 RPN Ny N NY (TS A——— N R [N S—— |1—|3—|4—|7_._..0_._".._..0_._".._._._._“.._..0_._0.._._
I

1

[ S YR U R S N S I A ——

I"
; .
: is ig
H
1 .
v s '

\

‘o

L A P e e R (R G E——

ig
val(Gg,, Gs,, Gs;, Gs,) where
s1=2,sp=1,53=3,54 =2

h=i3=ig=i7

Figure C.1: Example of val (Gsl, ce Gsm) whenn =8, m =4, s1 =2, s9 =1, s3 =3 and
s4 = 2. Note that the purple dot is doubled.
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k
In particular, val(Gy) = E | [ R(im,jm)R(im+1,Jm)| where iy # ... # i} and j; #

‘ m=1
#]k.

We can compute val (G s15--, G Sm) using the following theorem which we show in Section

CA.

Theorem C.1.2.

m
Val(Gsl,...,Gsm) ~ Hval(st) (asn — o0)
j=1

Theorem C.1.3.
val(Gy) ~ (=)=t p=2k o (‘asn — o)

where Cy_q is the (k — 1)t Catalan number.

Proof. We prove this by induction on k.

1. Base case k = 1: val(G)) = E [R(Z'l,jl)ﬂ = E [(77 ﬁl)ﬂ =
nt. Co.

2. Inductive case: assume val(G;) ~ (=1)""1 . n=21.C; | for all i < k, we want to
prove that val(Gy) ~ (=1)k=1.p=2k+1 0y

We will define &1, ..., & inductively starting from &;. Note that &; is a function of
Uly .- - 717j—1~

i. We define &1 = E . [<171, €klx(k_l)> <171, €1Lx(k_1)>] where &-1%7 is the or-
U1 €SN

thogonal projection of € onto the orthogonal complement of span (ﬁk—ijtl’ e Uk>,
and

i forcach2<i<k &= E <17Z-, 5if(’“‘i)> <17i, 5.“(’“‘“> &
UiESn_l_(k_i) ¢ ¢

Defined this way, &, = val(G}.).

Since

— 1 X1 - 1 x(i—1 - = | x(i—1 -
€ =g X1 _ <Ul-c—z'—|—176 ( )> "Uk—i+1>
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we have that

£— E [<l_}.17e_.kj_><(k—1)><61’€1J_><(k—1)>]

v esn—k
B 1 '<é,J_><(k—1) é,J_x(k—l)>
n—k+1 k 1

_ il << g L1x(k=2) plx(t-2) > B <1_},2’é,kJ_><(k2)> <?72’€1J_><(k2)>>
n—k+

_ 21 . <<é,kj_x(k3)’é,1j_x(k3) >
n—k+

B <77375ka(1€_3)> <173’é,1j_><(k—3)> B <U27€ka(k—2)> <7j27é,11_><(k—2)>>

~—n L. (Val (Gl, Gk;—l) + val (GQ, Gk_Q) + -+ val (Gk—la Gl) )

k—1 , ‘ , ‘
~—_n-L. (Z ((_1)1—1 2L CH) _ ((_1)k—z—1 = 2(k—i)+1 'Cki1)>

1=1

-1
= (—1)kL. 2L (Z Cz’—lcki1>

1=1

k—1 —2k+1
:(—1) N + 'Ck‘—l'

where ] ~ ¢; means folding the first row of the matrix to the ith row. See Figure C.2
for an illustration.
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e e e e e

.V € € € ¢ ¢
\F] \F]
V3 — V3

\‘. L /7 TSI YT TSR [P YD SR P L STl FETISE SISPE PR SR SR S
Vs Vs

Figure C.2: Hllustration of E [t ~ .

Theorem C.1.4. D (QIQC, QIQk> = (=)L Cy_y, where Cy, is the (k — 1)th Catalan num-

ber.
Proof.
E ok 1 b
D(Q oA ):n@éo — | S E| I Rm,jm)Rims1,m)
n |. .
7,17575%, m=1
NFFIk
. 1
=i > val(Gy)
217575Zk,
NF - Fk
_ o%—1  —2k+1 k-1 k-1
= lim n n (—1) Cr—1=(-1) Cr-1
Thus D (Qk Q’f) — (1)L O

C.2 Case when D (o?, 5) = D (a, Q")

We want to show that
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Theorem C.2.1. Let d = (a1,...,ap) € P, anda= a1+ ---+ ap. Then

=& _ - 1! a+k—2
D (a7 Q”‘?):-Nl-(“. . C.9
( 2 (=1) arl...ag! kE—1 (C-9)
Definition C.2.2. We say that an assignment i : [k] — [n] (conventionally denote i(m) as
im) respects a partition P of [k] if for all j1,j2 € [k], ij, = ij, <= j1 and jqo are in the
same parts under P.

—

Definition C.2.3. Given @ = (aq,...,a;),8 = (B1,...,58;) € P, and P, € P(d), P. €
P (ﬁ), we define

k
1. val (P, Pe) = E | [ R (im,jm) R (im+1,Jm)|, where i : [k] — [n] and j : [k] — [n]
m=1
are some assignments that respect the partitions P, and P, respectively.

2. N(Pr,Pe) :‘{(i,j) 14 : [k] = [n] respects P and j : [k] = [n] respects 770}‘.
In the special cases when P. or P, is Py € P(k,0,...,0), we denote val (P;) to be
val (Pr, Pg) and val (P.) to be val (Py, Pe).

Proposition C.2.4. Let @ = (ay,...,a;),8 = (B1,...,0,) € P and Pr € P(Q), Pe €
73(5) Leta=a1+ - +a andb=p1+---+ Bi. Then

N(PT’PC)_(n—a)!'(n—b)!Nn '

By definitions of val (P, P.) and N (P,,P.), we can express D <o7, B’) as the following.

Proposition C.2.5. Let @ = (aq,...,04) € Py and = (B1,...,B1) € Py. Then

D (&,5) = lim_ 711 . > N (P, Pe) - val (Py, P) | - (C.10)
PTEP(o?),PCEP(B)

As we show in Section C.4, we only need to consider partitions P, which are non-crossing.

Theorem C.2.6. Given & = (aq,...,q) € Py, let a = a1+ -+ + ap. Let Pr € P ().
Then
ntr . val (P,) = O(n) < P, e NP(d). (C.11)
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Moreover, if Py is not non-crossing, then n®t% . val (P,) = O(1).

Corollary C.2.7. Let d = (ay,...,qp) € P.. Then

1
D(ﬂfl--ﬂma’m%'( 2 N<Pr>'val<7>r>)' ©12)
P.eNP(@)

Definition C.2.8. Let P = {P,..., Py} be a partition of [k]. Let C;. be the cycle graph
with vertices {1,...,k}. Define C;/P to be the graph obtained by identifying vertices to-
gether under P.

Proposition C.2.9. Let d = (a1,...,ap) € P, P, e NP(d) and a = a1 + -+ + ay.. Let
Sp={i1,....ip}. Then

p
Jim T val () = (1) T Gy (C.13)
j=1

th
where Cij,l is the (@'j — 1) Catalan number.

» 1
4
7
4
2
II l‘
1 ! 2
| e 3 23
1
' 4 > 4
\
N
Y% 5 157
d
/!
L °
\
N
~eo 7 8
8

Figure C.3: Tllustration of Proposition C.2.9: P, = {{4},{6},{8},{2,3},{1,5,7}},
val (P,) =val (Gyy, ..., Gi,) where iy =1, ig = 3, i3 = iy = 2.

Proof. By Proposition 6.0.2, Cj,/Pr = C, 1 U---UCj,, where p =k —a+1 and i; = ‘Ck,j‘
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o

Figure C.4: Illustration of Proposition C.2.9: P = {{4},{6},{8},{2,3},{1,5,7}}, Sp =
{1,3,2,2}

for each j € [p]. Then

lim 1 val(P,) = i ntr=1 . val (Gil, ey Gip)

n—oo
= i 0T val (65)

_ nh_%o nCH—k—l . (_1)ij—1 . n—2ij+1 Ne?

C.3 The General Case

Now we are ready to show the general case.
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Theorem C.3.1. Let &,56 P.anda=ay1+---+ap, b=01+---+ Br. Then

L 7 atb—k—1 (a—1)! (b—1)! a+b—2
D(O‘75):(_1) e 1'a1!...ak!'5l!...5k!'k'< k—1 > (C.14)

Definition C.3.2. Let P = {P},..., P} and Q = {Q1,...,Q;} be two partitions of [n].
We say that P U Q is non-crossing it

1. P and Q are non-crossing, and

2. For any P € P and Q € Q, they do not cross when placing on the cycle Cy,, and they
touch at at most one point.

See Figure C.5 for an illustration.

Figure C.5: Illustration of Definition C.3.2 and Definition C.3.3: P is colored red and labelled
with solid lines, Q is _Ezolored blue and_»labelled with dash lines. P U Q is non-crossing and
moreover, € NP (c?, B) where @ and [ correspond to Q%Qiﬁﬁ and QgQiQ(;, respectively.

Definition C.3.3. Let 62,56 P.. Wesay PUQ € NP (62, B) if

1. PENP(@), Qe NP (F),

2. P U Q is non-crossing,

3. For any P € P and ) € Q that touches at a point ty, we can order P and () as
P = {p].a ce 7p$)t0} a‘nd Q - {t07Q17 te 7ant0} SUCh tha’t tO)Q]J e qu7p17 -+, Py are
ordered in the clockwise direction on Cy,.
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Pictorially, for any P € P and ) € Q that touch at a point ¢y, we can perturb the ¢
vertex of () in the clockwise direction a little so that the perturbed () does not cross
P. See Figure C.5 for an illustration.

As we show in Appendix C.4, we only need to consider non-crossing partitions.

Theorem C.3.4. Given 07,5 € P,leta=a1+--4+apandb = p1+ -+ Bp. Let
PreP(at,...,ar) and Pe € P(P1,...,0;). Then

W val (B, Po) = O(n) <= PrUP € NP (@.5).

Moreover, if Pr U P, is not non-crossing, then n®t0 . val (P, UP.) = O(1).

—

Corollary C.3.5. Let d = (ay,...,a;),8=(P1,...,0;) € P,. Then

D(a,f) = lim *. 3 N (Py, Pe) - val (Py, Pe)

e PTUPCENP(@’ﬁ)

Definition C.3.6. Let P U Q be a non-crossing partition of [k]. Assume C,/(P U Q) =
Cp1 Y- - UC,. We define Sp g to be the unordered sequence {z’l, e ,ip} where i; is the
size of the cycle Cy, ; for each j € [p].

I TN

2

Figure C.6: lustration of Definition C.3.6.

Example C.3.7. We can label the sizes for Figure C.5, then Sp g = {1,1,1,1,2,2,2,2,2,2}
as shown in Figure C.6.

205



Proposition C.3.8. Let d = (aq,...

—

’ak)’/6:</81""

Br) € Py, PrUP: € NP (d, ),

anda=o1+ -+ ap, b=p1+ -+ . LetSp,Q:{il,...,ip}. Then

hm na—|—b— 1 .

n—oo

Val (PT y Pc)

th
where Oij—l is the (ij — 1) Catalan number.

p
(_1)a+b—k—1 . H Cij—l

(C.15)
j=1

Proof. By Proposition 6.0.2, ./ (Pr UP¢) = Cj 1 U---UCp,, where p =2k —a — b+ 1 and

i :‘Ck,j’ for each j € [p]. Then

Jim nt=1 val (P, P

n—oo

lim n
n—oo

_ (_1)a+b—k—1 .

a+b—1

(_1)a+b—k—1 .

val (Giy, .-, Gi,)
p
I] val (GZ )
j=1
p . .
( 1)Zj—1 —2i;+1 Cij—l
j=1
(_1)k—p n—2k+p H Oij—l
j=1
+b—1—2k+ E
nlggo n " H Cij_l
j=1
p
H Cij—l .
j=1

C.4 Optimality of Non-Crossing Partitions

We now show Theorems C.1.2, C.2.6, and C.3.4 which say that when we take the limit as
n — 0o, we only need to consider non-crossing partitions and we can ignore the interaction
between parts of our grid which are not part of the same term.
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Our setup is as follows. We start with the set of vertices
Vo={(@,9) :i e [k} U{(i+1,9) :i e [k—1]}U{(1,k)}

which we think of a staircase of length k& (see Definition C.4.4 below). We then perform the
following kinds of operations on our current multi-set of vertices V.

Definition C.4.1. In a row merge operation, we merge a set of rows A C [k] together. More
precisely, we choose a representative a € A and then for each a’ € A\ {a}, we replace each
vertex (a’,b) € V with (a,b). We define the weight of a row merge operation to be |A| — 1.

The intuition for this is that the row merge operation reduces the number of distinct indices
by |A] — 1.

P SR R RPN AP PP S SE— e ———

o 2

'g o o ) e ) e ] EELTT TEPE TET TR SREEE PP SR SRR TR
r

[

Figure C.7: Illustration of Definition C.4.1: here A = {a,d’,a”,a"}, and we merge rows A
into row a.

We define a column merge operation and its weight in the same way.

Definition C.4.2. We define a shift operation as follows. We take two vertices (a,b) and
(a,b) in the same row a and we shift them to a different row a’ by replacing them with the
vertices (a’,b) and (a/,'). We write this shift operation as {(a,b), (a,¥')} = {(/,b), (a’,V')}.
We take all shift operations to have weight 1.

In the analysis, we perform these operations in the following way.

1. We first apply a sequence of row and column merge operations. For these operations,
we never merge a row or column which was part of a previous merge operation. The
order in which we apply these operations does not matter, so we can assume that we
first apply all of the column merge operations and then apply the row merge operations.

These merge operations correspond to creating the parts in the partitions P, and P..
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(a,b) (ab’)

 J

(a',b) (a'b)

Figure C.8: Illustration of Definition C.4.2:  Shift operation {(a,b),(a,b')} —

{(a’,0), (d,0)}.

2. We then iteratively choose a row a, pair up the vertices in that row, and shift some or
all of the pairs of vertices to different rows which have not yet been chosen.

A shift operation {(a, b), (a,b')} — {(d’,b), (a’,1')} corresponds to the folding operation
Ug ~ Uy in the proof of Theorem C.1.3.

Since we are taking the limit as n — oo, we focus on sequences of operations with minimum
total weight.

Definition C.4.3. We say that a sequence of row merge, column merge, and shift operations
on a starting set of vertices V[ is efficient if it results in a multi-set of vertices where each
vertex has multiplicity at least 2 and the total weight of the operations is minimized.

We show that in efficient sequences of operations, each operation is applied to a single
staircase and breaks this staircase into smaller staircases.

Definition C.4.4. We define a staircase of length j to be a set of vertices of the form
{(ai, bi) i€ [} U {(air1,b5) i € 5= 11} U {(a1,b5)}

together with edges {{(a;, ;). (ai41,b:)} =i € [j = 1JU{{(aiy1,5), (ai41,bi41)} 16 € [ — 1]}
U {{(aj,bj),(al,bj)},{(al,bj),(al,bl)}} where a1, ...,a; are distinct indices in [k] and
b1,...,bj are distinct indices in [k].

Row merges, column merges, and shifts on a single staircase split this staircase into w+ 1
new staircases where w is the weight of the operation.

1. If we have a staircase on the vertices

{(ai,bs) i € 1} U {(air1,bi) i € [ — 1]} U {(ar, b))}
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Figure C.9: Illustration of Definition C.4.4.

and apply a row merge operation on the indices a;,,...,a;, (where a;; < --- < a;,)

then we have the ¢ staircases
{{(ai,bl-) 4 € [isiarn — 1} U {(@i01,52) 14 € [igsiars — 1} U { (a4, by 1) 12 € [t]}}

where we set a;, = -+ = a;,, a;1j = a;, and b;; = b;. Column merges have a similar

effect.

2. If we choose a row of the staircase and shift its two vertices to a different row, this has

the same effect as merging the two rows.

In order to show Theorems C.1.2, C.2.6, and C.3.4 (i.e. that non-crossing partitions are
optimal), we need to show the following. If we start with a staircase of length k, for all
efficient sequences of operations,

1. The total weight of the operations is & — 1.

2. After all of the operations, we are left with a multi-set of vertices V' where each vertex
has multiplicity exactly 2.

3. Each operation only affects vertices in a single staircase and breaks this staircase into
w+ 1 new staircases where w is the weight of the operation. Thus, at each step we have
a set of staircases. Moreover, these staircases are always disjoint, i.e. we never have
a vertex which appears multiple times where one copy is in one staircase and another
copy is in a different staircase.

We now prove these statements. We start with the second statement.

209



Lemma C.4.5. After any efficient sequence of operations, we are left with a multi-set of
vertices V' where each vertexr has multiplicity exactly 2.

Proof. We observe if we have a sequence of operations where we are left with a multi-set of
vertices where each vertex has multiplicity at least 2 and some vertex v has multiplicity at
least 3 then we can reduce the total weight of the operations as follows.

Let b be the column v is in and modify the sequence of operations so that all of the rows
which have a vertex in column b at the end are merged together. Since we have that at the
end, the total number of vertices in column b is even, each vertex has multiplicity at least 2,
and v has multiplicity at least 3, if we merged j rows together than we must have a vertex
of multiplicity at least 2j 4+ 2. Now observe that in order to have a vertex of multiplicity
at least 27 + 2, at least j + 1 columns must have been merged together. By removing this
column merge, we can end with vertices with multiplicity 2 and reduce the total weight of
the operations by at least j. The additional row merge only increased the total weight of
the operations by j — 1, so the total weight of the operations decreased by at least 1, as
needed. O

To prove the first and third statements, we add horizontal and vertical edges between the
vertices. We show that for any efficient sequence of operations, we can choose these edges
so that they give us our disjoint staircases.

Definition C.4.6. Given a multi-set of vertices V' C {(a,b) : a,b € [m]} such that every
row and column has an even number of vertices, we define a row matching M, to be a
matching between the vertices of V' such that every vertex (a,b) € V is matched with a
vertex (a,b’) € V in the same row. Similarly, we define a column matching M. to be a
matching between the vertices of V' such that every vertex (a,b) € V is matched with a
vertex (a’,b) € V in the same column. If there are multiple copies of the same vertex (a, b)
in V' then these copies can be matched to each other or to other vertices.

We define (V, M,, M) to be the multi-graph with vertices V' and edges M, U M.

Lemma C.4.7. Given any sequence of operations where we start with
Vo={(@,9) i e[k} u{(i+1,9) :ie[k—-1}U{(1,k)}

and end with k vertices of multiplicity 2, we can choose a row matching M, and a column
matching M. for each step such that

1. If we have a row merge operation where we merge rows a;,,...,a;, then before the
merge, My has the two vertices in each row a;, paired up and after the merge, M,
has a matching between these 2t vertices. No other edges of the row matching M, are
changed and the column matching M. is unchanged.

The analogous statement holds for column merges.
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2. If we have a shift operation {(a,b),(a,b")} — {(d’,b),(a’,V/)} then before the shift
operation, {(a,b),(a,t')} € M,. After the shift operation, we either have the row
matching

(M {00, (081} ) U {{( 0). (1))

or the row matching
(M {400, B), (0 )@ W, (53} ) U {1 B, (06 A0, (B}

where {(a’,0"), (a',b"")} is another edge which was in My. The column matching M,
is unchanged. See Figure C.10 and Figure C.11 for an illustration (we drew these
figures from right to left because in the proof of Lemma C.4.7 we will construct the row
matchings by starting at the end and working backwards).

3. At the beginning, (Voy, My, M) is a staircase of length k. At the end, M, and M,
consist of loops on the k vertices of multiplicity 2 (i.e. each vertex is paired with the
other copy of that vertex).

1

|

1

|
—_—— == - -

1

|
-r=--r--f--

1

1

I

1

1

Figure C.10: Ilustration of Lemma C.4.7, 2: After we shift row a to row a/, we have the
row matching (Mr \ {{(a, b), (a, b’)}}) U {{(a’, b), (d’, b’)}}. Note that while this is allowed

in Lemma C.4.7, it will never happen in any efficient sequence of operations because the
staircase is still one connected component.

Proof. To prove this lemma, we start from the end and work backwards. More precisely, at
the end we take M, and M, to be the row and column matchings which consist of loops on
the k vertices of multiplicity 2. For each operation, we show that given the row and column
matchings after the operation, we can find row and column matchings before the operation
which satisfy the needed conditions.
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Figure C.11: Illustration of Lemma C.4.7, 2: Shifting row a to row a’, we get the row

matching (M;\ {{(a,), (a,0)}, {(a’,0"), (', 0"} } U {{(d, D), (@', 0"} {(a. 1)), (a, 0"} }.

1. If we perform a shift operation {(a,b), (a,b')} — {(d’,b), (a’,V/)} and after the shift we
have that {(da’,b), (a’,¥')} € M, then we can take the row matching

(Mr \ {{(@,0), (a’,b’)}}) U {{(a,b), (a,1)}}

before the shift. Otherwise, we have that after the shift, {(a’,b), (a/, ")}, {(d’, 1), (', b"")}
€ M, for some b’ b" so we can take the row matching

(M {40 ), @A) 03 ) U (b, (@) (), (6}

before the shift.

2. If we have a row merge operation where we merge rows a;,, .. ., a;, then the only option
for how to pair up the vertices in these rows in M, before the merge is to pair up the
two vertices in each row a;, . We can leave the column matching M, and the edges in
M, not involving the vertices in rows a;,, ..., a;, unchanged.

We handle column merges in a similar way.

Finally, we observe that at the start, each row and column have exactly two vertices so there
is only one choice for M, and M, and this gives the staircase of length k. O]

With these row and column matchings, we can now prove the first and third statements.

Corollary C.4.8. Efficient sequences of operations on a staircase of length k have total
weight k — 1.
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Proof. We make the following observations about how the multi-graph (V, M,., M,) changes
at each step.

1. There is one connected component at the start and k connected components at the
end.

2. Each operation increases the number of connected components by at most w where w
is the weight of the operation.

These observations immediately imply that the sequence of operations must have total weight
at least k — 1, as needed. O

Corollary C.4.9. For any efficient sequence of operations on a staircase of length k, each
operation only affects vertices in a single staircase and breaks this staircase into w + 1 new
staircases where w is the weight of the operation. Thus, at each step we have a set of
staircases. Moreover, these staircases are always disjoint, i.e. we never have a vertex which
appears multiple times where one copy is in one staircase and another copy is in a different
staircase.

Proof. To prove this statement, we consider how the multi-graph (V, M, M.) changes at
each step. We show that for each operation of weight w, the only way for this operation
to increase the number of connected components by w is if it acts on a single staircase and
breaks this staircase into w + 1 disjoint staircases. We have the following cases:

1. If we have a row merge operation where we merge rows a;,, ..., a;, then consider the
connected components involving the vertices in these rows. In order for the number
of connected components to increase by ¢ — 1, there must be exactly one connected
component before the merge and exactly ¢t connected components after the merge.
Before the merge, we have a collection of disjoint staircases, so all vertices in these
rows must be in the same staircase. Since we are acting on a single staircase, it is
not hard to show that there is a unique choice for how to pair these vertices up after
the merge which results in ¢t connected components and this choice splits the original
staircase into t disjoint staircases.

Similar logic applies to column merges.

2. If we have a shift operation {(a,b), (a,t')} — {(d’,b), (a’,b')}, then before the shift we
have that {(a,b), (a,b')} € M, because of the way that we chose M, and M,. After
the shift, we will either have the row matching

(M {00, (0.} } ) U {0 0). (1))
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or the row matching

(3 {00, B) (0 )} @ V). (0 0"} ) U {0, (06} (), (6}

for some edge {(a’, V"), (d’,b"")} € M,. However, the only way that the shift operation
can increase the number of connected components is if two edges in the same staircase
are removed. This uniquely determines {(a’,b”), (a’, ")} (assuming that the staircase
has row ', otherwise the shift operation cannot increase the number of connected
components). There are now two choices for b and " as these indices can be swapped.
One of these choices keeps the staircase as a single connected component while the other
splits the staircase into two staircases. Thus, there is a unique choice for M, after the
shift which increases the number of connected components and this choice breaks the

staircase containing {(a, b), (a,t’)} into two staircases.

Finally, we show that we never have two different staircases with the same vertex. To see
this, assume that there is an efficient sequence of operations such that at some point, there
are two different staircases which each have a copy of some vertex (a,b) and consider the
first point where this occurs. Observe that we can swap these copies for the remainder of
the sequence, both in terms of which vertices are chosen for shift operations and the edges in
M, and M,. If we make this swap then looking at the previous step, we will have a different
column matching M.. However, we showed above that for efficient sequences of operations,
M, and M, are uniquely determined at each step by the operation we perform. This is a
contradiction, so we cannot have two different staircases with the same vertex. O
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