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Abstract

Spectral computed tomography (CT) refers to a variety of imaging techniques, whereby
projection data are recorded at multiple energies. This extra spectral information can be
leveraged to classify and quantify materials based on their chemical properties and may
improve dose efficiency for many clinical protocols. A number of potential applications have
been demonstrated and FDA approved; however, widespread clinical adoption has not yet
been achieved. We believe that this is due, in part, to the fact that current spectral CT
systems are not achieving their full potential, which requires refinement to every step of the
image formation process. In this work we propose several potential improvements to different
parts of the spectral CT imaging chain, including data acquisition, pre-processing, and image
reconstruction. The broad goal is to improve dose efficiency and overall image quality.
The proposed methods are applicable to any spectral CT system, including commercially
available dual-energy scanners as well as multi-energy photon-counting systems, which are
being actively researched.

First, we consider a task-based framework that can be used to determine optimal acqui-
sition parameters and to guide hardware design. The proposed metric provides a mechanism
for quantifying and predicting the relationship between imaging parameters and material
classification performance. Our simulation studies support the fact that this rapidly com-
putable metric accurately predicts optimal system configurations. After the projection data
are acquired, an important prereconstruction step called “basis-material decomposition” is

performed. We present a projection-space basis-material decomposition method that makes

xviil



near-optimal use of the spectral information, while requiring only a few iterations. This
should make it possible to compute accurate basis-material sinograms in clinically reason-
able amounts of time. Lastly, spectral CT involves reconstructing multiple data channels,
which could correspond to different energies or basis materials. Since these channels all rep-
resent the same basic anatomy, there are likely to be strong inter-channel correlations and
shared edges. We propose a technique for jointly reconstructing multi-channel images by
generalizing the popular total variation (TV) penalty to vector functions. Our results indi-
cate that this approach has benefits over sequentially processing each energy channel, which
is how commercially available dual-energy scanners work, today. We believe the developed
techniques may also be applicable to problems outside of CT, such as PET/MRI and other

situations that involve reconstructing multiple images with shared anatomical features.
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Introduction

“It is possible that this technique may open up a new chapter in X-ray diagnosis.”

— Sir Godfrey N. Hounsfield, 1973 [2]

The history of spectral computed tomography is nearly as old as computed tomography
(CT) itself, dating back to Hounsfield’s earliest published experiments in 1973 [2]. An
astoundingly complete theoretical description was provided by Alvarez and Macovski in
1976 [3], which was followed by a flurry of publications and even a clinical product from
Siemens in the mid 1980s [4]. However, due to the technical limitations of the time and a
lack of compelling applications, interest in spectral CT waned and development stagnated
for a few decades [5].

Spectral CT has experienced a huge revival in the past ten years. In this chapter, we
discuss the conditions that caused this initial failure as well as its current resurgence and
why, we believe, widespread clinical adoption is now inevitable. Then, we will discuss some

of the key remaining challenges and the approaches that we have taken toward solving them.



1.1 History of X-ray Computed Tomography

The Advent of CT

X-rays have played a large role in medical imaging since almost immediately after their
discovery by physicist Wilhelm Roentgen in the late nineteenth century [6]. A kind of
electromagnetic radiation, x-rays are able to penetrate deeply into human tissues, making it
possible to form high-resolution images of internal structures, non-invasively. Fewer x-rays
are able to pass through dense tissues, such as bone, resulting in less exposure to the film
(or digital detector). Hence, a shadow-like 2D image is formed, and the gray values are
determined by all of the various structures that the x-rays pass through.

In the 1960s, Hounsfield realized that by acquiring x-ray projections at many different
angles around an object, it was possible to solve for a 3D map of the x-ray attenuation
properties with a computer program [7]. This technique came to be known as “computed
tomography.” By comparison, conventional radiographs inherently form 2D images, project-
ing a 3D scene into a single plane causing a superposition of structures in depth that can
cause confusion to the radiologist. CT allows for patient anatomy to be viewed as a series
of thin cross-sectional images, eliminating superposition problems, and greatly improving
sensitivity [2]. It is commonly accepted that radiographs are only sensitive enough to be
able to appreciate about five general levels of contrast: air/lung, fat, soft-tissue, bone, and
metal /implants [8]. Due to the cross-sectional nature of CT images, minute differences in
tissue densities can be resolved, making it possible to clearly distinguish different organs and
pathologies such as cysts and tumors [9, 5].

These developments led to Hounsfield receiving the Nobel Prize for Physiology or Medicine
in 1979, which he shared with Allan McLeod Cormack [9, 10]. By this time, CT scanners
had been installed in about 1000 hospitals worldwide with more than 10,000 scanners in use
9, 5]. Today, CT is used in a huge variety of clinical applications. For example, it plays a role

in the evaluation of cancer [11], cardiovascular disease [12], trauma [13], and musculoskeletal



disorders [14], as well as in guiding surgical procedures [15] and radiotherapy [16].

Early Efforts in Dual-Energy Imaging

The physical quantity that CT aims to measure is called the “linear attenuation coefficient,”
commonly denoted by p. The p value for a given material is determined, primarily, by two
factors: its density and its atomic number (Z). Additionally, ;1 depends on the energy of the
x-rays, with higher energy generally leading to lower . Most tissue types share roughly the
same energy dependence with the exception of bone, due to its high concentration of calcium
(Z=20). For higher-atomic-number substances, p increases even more dramatically at lower
energies.

Hounsfield realized early on that this principle could be used to estimate the atomic
number of a substance by taking CT scans at two different energies and examining the
amount of enhancement that occurs as the energy is decreased. Specifically, he writes about
distinguishing iodine (Z=53) from calcium (Z=20), which may be difficult to tell apart in a
single-energy image [2].

This idea of dual-energy imaging was greatly refined by Alvarez and Macovski in 1976 [3].
They pointed out that nearly all x-ray interactions occuring at clinically relevant energies (0-
150 keV) are due two physical phenomena, known as Compton scattering and photoelectric
absorption. The former is weakly dependent on energy, while the latter has an approximately
inverse cubic relationship. They demonstrated that by imaging at two distinct energies, one
could solve for the precise contribution of each of these two mechanisms to p, which we
denote by ¢ and 7. Thus, each pixel would be described by two values, instead of one, and,
together, o and 7 constitute a virtually complete description of the energy dependence of p.
Furthermore, they proposed a pre-reconstruction technique for decomposing p into ¢ and
7 and provided a rigorous theoretical analysis of how their estimation would be impacted
by measurement noise. As a side effect, their method inherently models the x-ray tube

spectrum, thus eliminating common “beam-hardening” artifacts; this is discussed further in
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Chapter 2.

In the late 70s and early 80s, there were numerous publications on dual-energy CT
(DECT) speculating about different acquisition methods, algorithms, and applications. The
most obvious method for acquiring dual-energy C'T data was to simply perform two separate
scans, changing the tube potential, i.e. the average energy, in between. However, it was
quickly realized that this approach was highly susceptible to motion occuring between scans.
Slight changes in attenuation caused by patient movement would be misinterpreted as being
due to spectral changes and lead to incorrect results [5].

One proposed solution to this problem was to simultaneously acquire dual-energy pro-
jection data using a “dual-crystal” detector [17]. The idea was that since an x-ray tube
spectrum is naturally polychromatic, one could try to separate out low- and high- energy
components on the detection side. Typical designs consisted of two phosphor layers: a thin
front layer that preferentially recorded lower-energy x-rays and a thicker rear layer that
detected the remaining higher-energy x-rays. It is conceptually similar to how color filter
arrays (CFA’s) allow color CCD’s to parse white light into red, green, and blue components.
However, filtering x-rays is more challenging, and this approach suffered because the energy
separation between the detector layers was inadequate.

Yet another proposed solution is to rapidly change the tube potential, thus altering
the average beam energy, every subsequent projection view. This results in two almost-
registered sets of dual-energy projection data, obtained within the timeframe of a single
scan. This technique, commonly called “rapid kV switching,” is the only one that made it
into a commercial product in the early days of dual-energy CT. It was offered by Siemens
in the mid 1980s [4, 5]. One considerable challenge for this design is achieving adequate
x-ray flux at lower energies. For example, dropping the tube potential from 140 to 80 kVp,
results in a corresponding 3x decrease in flux. Unfortunately, it is not physically possible to
increase the tube current fast enough to compensate for this [5].

In the late 1980s, breakthroughs in helical scanning shifted the focus of the industry



almost entirely toward increasing imaging speed. Rapid kV switching was somewhat incom-
patible with these goals. Imaging times decreased by orders of magnitude, and it was no
longer possible to acquire an adequate number of projections at both energies [5]. Further-
more, one of the primary applications of Siemens’ dual-energy scanner was bone mineral
density analysis; however cheaper technologies, such as DXA (dual-emission x-ray absorp-
tiometry), became available, limiting the need for DECT [18]. Due to these factors, the
technology was discontinued. Then, in the late 1990s, attention shifted toward “multide-
tector CT” (MDCT), and development was largely focused on adding more detector rows
and increasing rotation speeds [5]. By this time, interest in dual-energy CT had almost

completely dissipated.

1.2 Modern Spectral CT Scanners

The Revival of DECT

About ten years ago, interest in dual-energy CT was renewed by the introduction of Siemens’
dual-source CT (DSCT) scanner [19]. The primary motivation for the DSCT scanner ap-
pears to be increasing temporal resolution for cardiac examinations, such as coronary CT
angiography (CTA) [19, 20]. At that time, state-of-the-art MDCT scanners could achieve
maximum rotation speeds of about 3 revolutions per second (rev/s). It was hypothesized
that scan speeds exceeding 5 rev/s would enable robust clinical performance over a wide
range of heart rates without the need for heart rate control or multi-segment reconstruction;
however, this would subject gantry components to mechanical forces exceeding 75G, which
was technically infeasible at the time [19]. Instead, Siemens built the DSCT scanner with
two x-ray tubes, offset by 90 degrees, each facing its own detector array. Thus, a complete
set of projection data could be acquired in approximately a quarter of a turn, cutting the
scan time in half.

In addition, this DSCT scanner also represented an interesting solution to dual-energy
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CT, solving several of the limitations of earlier designs. For example, since each tube operates
independently, there is complete freedom to adjust the kVp and mAs to ensure adequate flux
at both energies. Because of the simultaneous operation of both sources and the high rotation
speeds, dual-energy data are acquired nearly simultaneously, minimizing the possibility for
inconsistencies between low- and high-energy images caused by patient motion. Furthermore,
additional filtration can be used on the high-kVp source to increase the spectral separation
between datasets, which can significantly improve performance [17, 21].

It was soon realized that this DSCT scanner could be particularly useful for scans en-
hanced by iodinated contrast agents. Dual-energy data could be acquired quickly enough to
freeze movement and changes in contrast enhancement, and dual-energy processing meth-
ods could reliably isolate iodine from bone and soft-tissue, due to its high atomic number
(Z=53). Conventionally, separate scans are often needed before and after the injection of
contrast media. However, with DECT, a single scan could produce a contrast-enhanced
image, an iodine image, and a virtual non-contrast (VNC) image, all perfectly co-registered.
In principle, this could improve visualization, while cutting the radiation dose to the patient
in half [22].

Over the last several years, dual-energy CT has been applied to a variety of clinical prob-
lems with varying degrees of success, including the identification of gout [23, 24|, evaluation
of lung perfusion defects [25], visualization of tendons and ligaments [26], and differentia-
tion of iodine from calcified plaques [27]. Since then, GE and Philips have made their own
dual-energy CT scanners commercially available [28, 29]. Interestingly, both have resorted
to designs which were discussed earlier that were not previously successful. Philips’ de-
sign is based on the dual-crystal detector, while GE has resurrected the rapid-kV switching
paradigm, overcoming some of its previous limitations thanks to advances in detector and
x-ray tube/generator technology. Presently, every major vendor of diagnostic CT scanners
offers at least one solution for dual-energy imaging. These concepts are discussed in more

detail, with an overview of their relative merits in Chapter 2.



Spectral CT

In addition to the recent commercial availability of DECT diagnostic scanners, there has
also been significant progress in the development of direct-conversion detectors with energy-
discriminating capabilities [30]. Conventional energy-integrating detectors (EID’s) consist of
a scintillating crystal that converts x-rays into visible light, which is subsequently recorded
by a photodiode, ultimately measuring the total energy deposited in the crystal layer. The
contributions from x-rays spanning a continuous range of different energies are collapsed into
a single measurement and all spectral information is lost.

This new type of detector has a single semiconductor layer that is capable of measuring
individual x-ray photon interactions, directly converting them into charge pulses. If the
pulse is larger than a predefined threshold (measured by a comparator) it is registered as
an actual event; otherwise, it is rejected as noise. The detector registers the number of
photons impinging on it, hence why they are called “photon counting detectors” (PCD’s).
Furthermore, the charge pulse is proportional to the energy of the photon, so multiple
thresholds can be used to bin all detected x-rays into different energy windows. Thus, the
PCD can leverage the natural polychromaticity of the x-ray source to obtain multi-energy
CT data. Hence, the term “spectral CT” has become popularized to refer broadly to the
aforementioned DECT techniques as well as multi-energy photon-counting CT (PCCT).

Though two energies are generally sufficient for most clinical scenarios, since p is domi-
nated by only two interaction types (o and 7), this two-parameter model does not account
for “k-edges.” The term k-edge refers to an abrupt increase in p(E), which is unique to each
element. For most clinically relevant materials, the k-edge occurs at a low energy and can be
safely ignored; however, it would allow certain high-Z metals to be detected and quantified
with remarkable sensitivity using PCD’s [31]. This has lead to interest in developing new
contrast agents using materials such as gold and gadolinium [30]. This is discussed further
in Chapter 2. However, even without the introduction of k-edge materials, having more
than two energy bins can improve the accuracy of decomposition methods, and allows for
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thresholds to be optimized for each task [32, 33].

Besides being a very attractive solution for spectral CT, PCD’s have several other key
advantages, which will accelerate their adoption into clinical scanners. Firstly, they can
eliminate virtually all electronic noise by appropriately configuring the lowest energy thresh-
old [34]. Secondly, their geometric efficiency is nearly 100%, whereas conventional EID’s are
closer to 80%, due to inactive regions between scintillator elements [35]. Because of these
architectural differences, PCD’s can also be manufactured to much smaller pixel sizes [5],
which may be beneficial for specialized applications requiring very high spatial resolution
(e.g. breast CT). Lastly, counting photons, as opposed to measuring energy deposition,
inherently results in more efficient use of the x-ray information and could lead to higher
contrast-to-noise ratios for similar dose levels [36, 37]. Therefore, even if spectral informa-
tion is not needed, PCD’s can help to achieve significant improvements in dose efficiency and
spatial resolution.

Despite all of these benefits, PCD’s have only been used in prototype CT scanners so
far, due to a variety of technical challenges and non-idealities. Still, all of the major vendors
recognize the importance of the technology and are working on prototypes. Siemens has
recently begun testing their PCCT system on human patients [38], so it is likely that a
product will become commercially available in the next few years. Unlike in the 1970s
and 1980s, vendors are more invested in dual- and multi-energy scanners now, and more
recent designs address some of the early limitations. Furthermore, PCCT and DSCT can
justify their existence for reasons beyond spectral imaging (i.e dose efficiency and fast cardiac

imaging), and, for these reasons, we believe will continue to gain traction in the clinic.

1.3 Current Challenges

Many of the remaining challenges in spectral CT revolve around refining the data acquisi-

tion, image reconstruction, and postprocessing steps so as to make best use of the spectral



information.

Multi-energy imaging protocols are inherently more complicated than conventional ones
because of the larger number of parameters that can be selected. For example, dual-source
scanners allow for the independent selection of the kVp (i.e. average energy), mAs, and
filtration of each x-ray tube. A photon-counting CT system with 6 adjustable energy thresh-
olds could realize millions of different configurations. The optimal settings for all of these
parameters will depend entirely on the patient and imaging task. Similarly, different vendors
have taken different approaches to dual-energy CT, e.g. dual-source, rapid kV switching,
dual-crystal, and understanding the relative merits of these designs, too, will depend upon
the imaging task. Therefore, it will be important to establish task-based metrics for pre-
dicting the performance of various spectral imaging configurations. Preferably, they should
be efficient to compute so that large parameter spaces can be rapidly explored and imaging
protocols could be adapted, situationally.

The next step of the imaging chain that can be optimized is the decomposition of the
projection data into either physical interaction mechanisms, 7 and o, or into basis materials.
This important step is what enables the discrimination and quantification of materials based
on their atomic composition; however, it is well documented that it is ill-conditioned and
tends to amplify noise [39]. Energy-discriminating PCD’s typically acquire more energy
channels than are required to perform this decomposition; however, appropriate use of this
redundant spectral information can actually improve the estimation of 7 and o, combatting
this noise amplification [32]. Therefore, it would be desireable, especially for PCCT systems,
to have statistical estimation methods that optimally utilize the spectral information during
the decomposition, that are also computationally efficient.

Finally, it will be important to develop multi-channel image processing schemes for recon-
struction and postprocessing. The algorithms implemented on current dual-energy scanners
are largely designed around fitting into legacy image reconstruction pipelines, which were de-

signed for single-energy CT. Thus, each energy channel is typically processed one at a time.



It is likely that noise suppression and overall image quality could be improved by formulating
a model for jointly reconstructing (or restoring) multi-energy CT data and leveraging the
inherent similarities and anatomic correlations across channels. This is conceptually similar
to observations that have been made about color images; noise removal algorithms that con-
sider all RGB (red, green, blue) channels simultaneously tend to be more robust than ones
that treat them separately [40, 41]. Furthermore, a joint model could reduce the number of

parameters in the reconstruction, since each channel wouldn’t require individual tuning [42].

1.4 Organization of Thesis

In this thesis, we address each of the aforementioned topics, providing potential improve-
ments to different parts of the spectral CT imaging chain. We begin with an overview of
spectral imaging, including an expanded discussion of current implementations and clinical
applications. In Chapter 3, we present a formalism for optimizing protocol and hardware
design, by extending the classical signal detection theory to material classification tasks.
This yields a rapidly computable metric that can be used to evaluate spectral imaging pa-
rameters for different material classification tasks. In Chapter 4, we present a framework
for projection-space, material decomposition that achieves similar accuracy to the gold-
standard, maximume-likelihood estimation approach while requiring only a few iterations.
Then, in Chapter 5, we propose a technique for jointly reconstructing multi-energy CT
data by generalizing the popular total variation (TV) regularizer to multi-channel images.
This “vectorial” TV is formulated to leverage the anatomical correlations and common edge
structure across energy or material channels. We further validate the utility of this VIV
penalty in Chapter 6 on real scanner data by demonstrating its use for post-reconstruction,
denoising. Finally, Chapter 7 concludes with a summary and discussion of potential future

directions.
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Review of Spectral CT Imaging

2.1 Physics of X-ray Attenuation

X-rays are a powerful tool for imaging the internal structures of objects due to their penetra-
tive nature. In particular, human tissues are highly radiotranslucent, making it possible to
peer deep into the human body. Though a significant fraction of impinging x-rays will pass
completely through, many will be scattered or absorbed — the particular number depend-
ing upon the properties of the tissue. These interactions that remove x-ray photons from
the primary beam are responsible both for creating image contrast and depositing radiation
dose into the patient (Therefore, we cannot have x-ray absorption imaging without radiation
dose). In this section, we will review the physical interactions pertinent to diagnostic x-rays,
which range in energy from about 0 to 150 keV.

Coherent scattering, also known as Rayleigh scattering, occurs when an x-ray interacts
with a whole atom without imparting or giving up any of its kinetic energy. We will not
comment much on Rayleigh scattering because it contributes very little to the overall x-ray
attenuation and does not result in any dose deposition. However, we note that it does occur
in all kinds of x-ray imaging, especially at lower energies.

Incoherent (or Compton) scattering occurs when the incident x-ray inelastically scatters
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with an inner-shell electron. Since energy is imparted to an atomic electron, radiation dose
is imparted to the patient. Compared with photoelectric absorption, the energy dependence
is relatively flat. The precise formula (ignoring constant scale factors) is given by the Klein-

Nishina function [3]:

1ref21+e 1 1
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e (2.1)

where € = E/mec?.

Photoelectric absorption is an interaction whereby an atomic electron is dislodged by an
impinging x-ray photon if it exceeds a certain threshold energy. The vacancy left by the
ejected electron is filled by one of the outer shell electrons; upon making this transition,
another photon may be emitted with kinetic energy precisely determined by the energy-gap
size of this shell transition. The photoelectric cross section is approximately proportional to
Z3 / E3. where Z is the effective atomic number of the material, and E is the incident photon
energy. For tissues it is dominant only at very low energies, but for high-Z materials (such
as iodine) it can be the dominant scattering mechanism across the entire energy range of the
X-ray source spectrum.

The energy dependencies of these scattering mechanisms are derived from physical models
considering single electrons or atoms. However, x-ray interactions are largely determined by
the atomic nuclei or inner-shell electrons, whereas the chemical bonds that hold molecules
and compounds together involve the outer-shell electrons. Therefore, determining the x-ray
scattering properties of bulk materials is simply a matter of averaging the contributions of
constituent atoms, weighted according to their fractional abundance.

Figure 2.1 plots the attenuation coefficients for the aforementioned scattering mechanisms

in water, based on the NIST Photon Cross Sections Database.
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X-ray Attenuation in Water
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Figure 2.1: A plot of the various x-ray attenuation coefficients in water based on the NIST
Photon Cross Sections Database.
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2.2 Conventional Single-Energy CT

In x-ray computed tomography, the quantity we wish to reconstruct is the linear attenuation
coefficient (LAC), commonly denoted by . It quantifies the probability that an x-ray photon
will undergo an interaction per unit length of material. The particular interaction event could
be any one of the ones mentioned previously: Rayleigh scattering, Compton scattering, or
photoelectric absorption. It is assumed that once a photon is scattered or absorbed, it is
removed from the primary beam and will not contribute to the measurement along that ray.
In reality, this photon may go on to be detected by another detector element. This scattered
radiation is an undesirable contribution to the transmission data and is typically corrected

prior to image reconstruction.

Beer’s Law

An x-ray source and detector array are placed on opposing sides of the patient in order to
determine what fraction of x-rays are transmitted through the patient along a fan of different
rays (see figure 2.2). If an x-ray flux of [j is incident on the object, along a ray L, then the

transmitted flux [ is given by Beer’s law:
[=1Iye Jonmde (2.2)

where p(r) is the linear attenuation coefficient at location . The line integral,

/L ulr)de,

/_OO 1 (T‘o —i—té) dt,

oo

is shorthand for

where 0 is a unit vector specifying a direction and r( is an arbitrary point along the line.
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Linear Tomography Problem

Next we define the quantity g(L) = —log (I/I), which allows us to write

o(L) = /L ) de. (2.3)

If projections are collected along all possible lines L that intersect the object, then the
problem of recovering p(r) from g(L) becomes one of inverting the x-ray transform. The
element-wise logarithm of the normalized measurements, g(L), is referred to as the sino-
gram. Recovering an image function from its sinogram is the fundamental problem of all
tomographic imaging methods. In practice, only a finite number of such projections can be
acquired, and the image is represented by a finite, discrete set of values (e.g. a pixel matrix).
By defining sinogram data vector g, image vector f, and a discretized version of the x-ray

transform, X, one can write down the following linear inverse problem:

Xf=g. (2.4)

Many numerical algorithms exist for approximating solutions to this inverse problem. The
most widely used one is filtered backprojection, which is based on a discretization of the
closed-form x-ray transform inversion formula. One can also tackle (2.4) directly with it-
erative reconstruction algorithms, which allows greater flexibility in the data sampling re-
quirements as well as the incorporation of prior knowledge. We will discuss an iterative

reconstruction scheme that is tailored to multi-energy CT in Chapter 5.
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Figure 2.2: 2D schematic of CT measurement model.

Limitations of Standard Model

Note that it was necessary to assume a monochromatic beam of radiation in order to ob-
tain a log-linear relationship between the desired image and the projection data. In prac-
tice, x-ray tubes emit x-rays across a broad energy spectrum. Since p is an aggregation of
energy-dependent scattering mechanisms, it also varies continuously with x-ray energy, thus
complicating the relationship between the incident radiation and p. Ignoring these effects
causes nonlinear shading artifacts in the reconstructed images, known as beam-hardening
artifacts. Figure 2.3 illustrates how beam-hardening causes misleading shading artifacts
in this dual-energy CT phantom (Gammex Inc., Middleton, WI), consisting of a uniform,
water-equivalent background and inserts made of calcium- and iodine-equivalent materials.
In all human tissues the attenuation is strongly dominated by two interaction mechanisms
discussed above, Compton scattering and photoelectric absorption (Rayleigh scattering is an
extremely small contribution to the measured signal), which have different dependencies on
x-ray energy and atomic number of the absorber. The standard imaging model provides

no way to separately probe the contribution of each of these mechanisms, since they are
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Figure 2.3: 80 kVp image of a dual-energy CT phantom (Gammex Inc., Middleton, WI) con-
sisting of a uniform, water-equivalent background and inserts made of calcium- and iodine-
equivalent materials. The light and dark streaks seen around certain inserts are due to
nonlinear beam-hardening artifacts. Gray-level window: [-200, 200] HU.

entangled in the single parameter p. This can lead to problematic ambiguities when two
chemically distinct materials appear isointense in the reconstructed image. For example,

iodine-based contrast agents may be indistinguishable from calcified plaques.

2.3 Dual-Energy CT

Dual-energy CT refers to a family of x-ray CT imaging methods that attempt to reconstruct
the entire energy dependence of the LAC throughout the object by measuring projections at
two different average beam energies and untangling the effects of Compton scattering and
photoelectric absorption. This would make it possible to eliminate the aforementioned beam-
hardening artifacts and to gain additional information for characterizing materials based on
their atomic composition (in particular, their effective atomic number, Z.g). This generally
requires specialized hardware and additional image processing steps.

Firstly, the assumption of monochromatic illumination is relaxed, and instead we model
the incident radiation by the spectrum S(F), expressed in units of photons per unit area,
per unit time, per energy (e.g. mm~ 2.5 L. keV’l). Figure 2.4 depicts typical x-ray tube
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spectra at 80 and 140 kVp, which clearly have different average energies. Additionally, we
explicitly include the energy-dependence of the LAC in the measurement model, u(r, E). A

measurement along a ray L is given by
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Figure 2.4: example plot of x-ray tube spectrum

y(L) = / - S(E)e~ JurrE)dt g (2.5)

—0oQ

Many detectors will also have an energy-dependent gain, but for notational simplicity, we
absorb this term into S(E). Because of the energy integral, we can no longer relate these
transmission measurements to the x-ray transform of (7, E') by normalizing and taking the
logarithm.

Theoretically, if one could use monochromatic illumination, so that S(E) = §(E — Ey),
one could sweep Ej across the desired energy range and recover p(r, E'). This can be achieved
approximately at certain synchrotron x-ray sources, but unfortunately, standalone scanners
all use x-ray tubes that emit broad-spectrum radiation. Therefore, we need to employ an

alternative strategy.
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Parameterizing the Attenuation with Basis Materials

The first thorough, theoretical description of spectral CT comes from the highly influential
work of Alvarez and Macovski [3]. Their key insight is that the energy-dependent LAC of all
tissues can be accurately parameterized by two basis functions, corresponding to the energy

dependencies of photoelectric absorption and Compton scatter:

p(r, E) = c1(r)pe + c2(7) Y (). (2.6)

They used ¢pe(r) = 1/E3 and 1y, as defined in (2.1). The quantities c1(r) and co(r)
are unknown coefficient maps. This expansion greatly reduces the number of unknown
parameters and decouples the energy and spatial dependence of u(r, F).

If the LAC of any material can be represented by linear combinations of 9pe(E) and
Yn(E), then the converse is also true: vpe(E) and 1)y, (£) can each be represented by
linear combinations of any two unique materials. Therefore, we could just as well use the

LAC’s of two basis materials as our expansion functions:

pu(r, B) = c1(r)pi(E) + ca(r)p2(E). (2.7)

or similarly,

w(r, B) = p1(r)(p1(E)/p1) + p2(r)(u2(E)/p2), (2.8)

where the quantity p/p is the mass-attenuation coefficient. The MAC is often used as a
basis function instead of the LAC, u, because it is the more fundamental quantity; for
example, water and ice have different LAC’s but the same MAC, since the MAC is density-
independent. With this decomposition, the unknown spatially varying coefficients correspond
to the physical density of each material, so we denote them by p1(7) and pa(r).

In more recent works, the basis-material decomposition is used more often than the

physics decomposition. One advantage of the former representation is that the basis materials
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can be chosen so that the coefficient maps, p;(r), are physically meaningful. For example,
if 11 () and ¢9(F) are bone and soft-tissue MAC’s, then the p;(r) correspond to bone and
tissue density maps. For the remainder of this dissertation, it is assumed that the basis
functions, 11 (F) and ¢9(FE), refer to the MAC’s of basis materials, unless explicitly stated

otherwise.

Validity of Two-Material Decomposition

The previous argument that the attenuation can be represented as a linear combination of
just two known functions of energy is ubiquitous in the literature on spectral CT; however, it
is worth examining the underlying assumptions. Firstly, we have ignored Rayleigh scattering,
which is a small, but non-zero, contribution to the total attenuation. Secondly, we have
implicitly assumed that the energy-dependence of Compton scattering and photoelectric
absorption are independent of the material (up to a constant scale factor), which is only
approximately true. In particular, materials will have abrupt increases in their photoelectric
absorption cross-sections corresponding the k-shell binding energies that are unique to each
atom. For all materials that are naturally abundant in the human body, these so-called
“k-edges” occur at very low energies and have practically no impact within the energy range
that is relevant to medical applications. However, one might still wonder: is it possible to
decompose the attenuation into more than two unique basis materials?

For high-Z materials that may be introduced into the patient (e.g. iodine), the answer
is certainly “yes”. This is due to the fact that they have k-edges at higher energies which
fall within the detectable range of the x-ray tube spectrum; this is discussed further in
section 2.4. However, for the lower-Z materials that comprise human tissues, the answer
is less clear. Bornefalk [43] performed a thorough analysis of the intrinsic dimensionality,
N, of the attenuation of all materials with Z < 20 within diagnostically relevant energies
(25-120 keV) in order to determine a theoretical upper bound on how many materials could

be distinguished and concluded that N = 4. However, this not necessarily mean that 4
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dimensions can actually be measured in practice, due to noise and systematic uncertainties
in the measurement process.

Alvarez[44] attempted to characterize the relationship between noise and dimensional-
ity by modeling idealized photon-counting detectors and simulating two- and three-material
decomposition schemes. For example he compared a bone and soft-tissue decomposition
to a bone, soft-tissue, and adipose-tissue decomposition. While he was able to successfully
decompose simulated data into three tissue compartments, he found that there was an enor-
mous noise penalty (more than 103-fold increase in variance), regardless of the available
energy resolution. In practice, the two-material model is likely to be totally sufficient in all

imaging scenarios that don’t involve introducing exogenous contrast materials.

Projection Space Decomposition

Once the LAC is parametrized by known basis functions, one must still solve for the unknown

coefficient maps. Plugging equation 2.6 into equation 2.5 yields

y(ay,az) = / ¥ S(B)e @i (B)-aza(F) g (2.9)
where
o) = [ patrd (2.10)

For a given ray L, the transmission measurement, ¥, is a function of the unknown parameters
a1 and as. In order to be able to solve for both a; and a9, we need to make at least
two measurements with different average energies. Suppose that every projection ray, L,

is measured with spectra S1(E) and S9(E). Thus, we would have two complete sets of
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transmission measurements given by

yi(a1,a2) = /OO S1(B)e~1¥1(E)—axta(E) g p (2.11)
mmhwr=/msxmam%@*@W@wE. (2.12)

Equations 2.11 and 2.12 form a system of two nonlinear equations with two unknowns, and
as long as S1(F) and S9(FE) are unique, we can solve for a1 and ag along each ray L. We
discuss some specific numerical methods in Chapter 4.

The quantities aq(L) and a9(L) can be interpreted as basis-material sinograms (see eq.
2.10). Once they are known, sinogram data can be synthesized at any desired energy via

equation 2.6:

éMan:mmwwwwxm. (2.13)

These virtual monoenergetic (VM) sinograms can then be reconstructed using standard CT
reconstruction algorithms. Alternatively, one could apply the same algorithms directly to
a1(L) and ag(L) to yield material density images, p1(r) and pa(r). Once these coefficient
maps are known, we have complete information about the LAC at all energies and locations
(see eq. 2.6). All of the same logic follows if more than two basis functions are used, and in
general the number of energy measurements must be greater than or equal to the number of
basis materials.

Since, this model inherently incorporates the x-ray spectrum and the energy-dependence
of the x-ray attenuation, the synthesized images do not suffer from beam-hardening artifacts.
Note, that we can also convert the basis-material images into Compton and photoelectric
images by taking the appropriate linear combinations of p1 () and pa(r). Thus, in addition to
eliminating beam-hardening artifacts, we have disentangled the contributions of photoelectric
absorption and Compton scattering to the total attenuation, which allows us to estimate
Zog of different image regions. This provides a more complete description of the object

and improves material differentiation. For example, calcium (Z=20) can be unambiguously
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differentiated from iodine (Z=53).

Image Space Decomposition

The data-domain material decomposition method has the advantage of fully accounting
for the polychromaticity of the spectrum and attenuation and eliminating beam-hardening
artifacts, but it also has several limitations. Firstly, multi-energy projection data must be
acquired along each ray, so the sinogram data of all energy channels need to be perfectly
coregistered. Furthermore, solving the nonlinear system of equations for ay and as requires
a very accurate characterization of the incident spectra, S1(E) and So(FE). Measuring these
spectra accurately can be difficult in practice, and even small errors can result in large errors
in the decomposition [45].

An alternative approach that alleviates these complications is to separately reconstruct
the CT data at each energy and to perform the material decomposition in the image domain.
This approach is much simpler because completely standard algorithms can be used, and all
of the additional spectral information is leveraged only through post-processing algorithms.
The image domain (ID) approach assumes that the beam-hardening effects are either small
enough that they can be ignored or pre-corrected with heuristic algorithms [46].

To demonstrate how the image domain (ID) approach works, we consider the case where
we've acquired projection data with two different spectra, and assume that the polychro-

maticity of the beam can be ignored. We denote these spectra by

S1(E) = I, §(E — Ey) (2.14)

So(E) = I §(E — E). (2.15)

The delta function collapses the energy integral and yields the following transmission mea-
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surements along each ray L:

yi(L) = Ije~ JoptrEr)dl (2.16)

yo(L) = Ipe™ Jon(rE2)dl (2.17)

As with the standard CT imaging model we define g1 o = —log (y1,2/11 2) yielding dual-
energy sinogram data

(D)= [ urBar (218)

(D)= [ ur Bt (2.19)

By applying standard CT reconstruction algorithms, separately to g; and g9, we can recover
dual-energy images p(r, E1) and u(r, E). Finally, we can use the basis-material expansion

on u(r, E) to set up the following linear system:

u(r, B1) = p1(r)1(Er) + pa(r)iba(Er) (2.20)

pu(r, B2) = p1(r)1(E2) + p2(r)ia(Es). (2.21)

This linear system of equations is separable over pixel location, r, so we can decompose each

pixel separately into its contributions from each basis material. It is trivial to show that

o(r) = Yo (Fo)u(r, B1) — o (Er)u(r, E)
PY1(E1)2(Er) — ¥1(E2)a(Er)

() = =1 (Eo)p(r, ) + ¥1(E1)u(r, Ba)
P1(E1)2(Er) — ¥1(E2)a(Er)

(2.22)

(2.23)
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We can write this more compactly by defining

p(r) = (u(r, By), p(r, E))" (2.24)
p(r) = (p1(r), pa(r)T (2.25)
. P1(E1) Ya(Er) | (2.26)

V1(E2) o(E2)

Then we can write

u(r) = Fp(r) (2.27)

p(r) = F\u(r). (2.28)

If monoenergetic illumination is assumed, the image domain approach leads to the same
results as the data-domain decomposition. However, when polychromatic illumination is
used, as is the case in practice, the image domain method may suffer from biased image

values due to inaccurate compensation of beam hardening artifacts.

One-Step Reconstruction

Another approach to spectral CT reconstruction is to develop a model that directly relates
basis-material images to the measured data, thus combining reconstruction and material
decomposition into a single step. This sort of unified reconstruction model is attractive,
theoretically, because it can be adapted to handle very general acquisition strategies. In
essence, it combines the flexibility of the image domain approach with the accuracy of the
data domain method.

On the other hand, one-step reconstruction models are quite computationally expensive
and lead to large, non-convex, nonlinear optimization problems that may be difficult to

solve in practice. Consequently, one-step reconstruction models have not been studied as
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extensively as the projection space and image domain decomposition methods and will likely
require the development of new algorithmic tools. Despite the additional complexity, this
approach may be useful for atypical geometries and very low dose imaging scenarios. In this
work, we have focused mainly on the other two workflows, so we will not elaborate further

on one-step reconstruction.

Dual-Energy Implementations

In principle, dual-energy CT (DECT) data can be acquired on an ordinary scanner by
performing sequential scans with two different tube potentials. While this may be sufficient
for some applications, this technique is not robust to motion artifacts. In the last ten years,
several specialized DECT scanners have become clinically available, and these can acquire
a complete set of dual-energy data in a single scan. In this section, we will review some of
these configurations and briefly discuss the relative advantages and disadvantages of each

technique.

Dual-Source CT. In 2006, Siemens unveiled the first dual-source scanner, comprising two
independently operating sources, each facing its own detector array, in a single gantry [19].
The sources are offset by 90 degrees, so that two perpendicular views are simultaneously
measured at each gantry angle. Figure 2.5 depicts a schematic of the dual-source scanner.

The dual-source system has several advantages over other DECT designs. Firstly, one
can apply additional filtration to the higher-energy source to increase its average energy and
reduce spectral overlap between the low- and high-kVp data. Secondly, one has complete
flexibility in adjusting the mAs and kVp of each tube independently, ensuring adequate flux
at both energies. Finally, the gantry rotation speed is similar to a single-source scanner, so
one can either acquire dual-energy data in an ordinary scan time or set both tubes to the
same potential to acquire a double-speed single-energy scan.

This configuration also has several disadvantages. Firstly, a design compromise is made
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Figure 2.5: Schematic illustrating principal of dual-source CT. Low and high energy sources
each face their own detector and simultaneously rotate around the patient, collecting their
own projection views.

due to insufficient space in the gantry: the secondary x-ray source faces a smaller detector
array, resulting in a significantly smaller field-of-view (FOV) for dual-energy scans. Table
2.1 gives the FOV size for each source in the three existing generations of Siemens’ dual-
source scanner. Furthermore, due to the presence of two active detector arrays, there is
additional cross-scatter contaminating the projection data at both energies. Lastly, since the
dual-energy projection data are not registered, material decomposition analysis is typically
performed post-reconstruction, which may be less accurate than projection-domain methods,

since polychromatic effects cannot be fully accounted for [47].

Scanner Tube A FOV(cm) Tube B FOV(cm)
SOMATOM Definition (1% Gen.) 50 26
SOMATOM Definition Flash (274 Gen.) 50 33
SOMATOM Force (3'4 Gen.) 50 35

Table 2.1: FOV restrictions on dual-energy scans for different scanner generations.
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Fast kV-Switching. Another approach to dual-energy CT is to rapidly alternate the tube
potential as the source rotates around the gantry. This results in two nearly registered
sinograms at two different energies. This is illustrated in Figure 2.6. However, this scheme
cannot be easily realized on a standard CT scanner. Successful implementation requires a
fast generator and a short scintillator response time. For this purpose GE has developed a

proprietary “Gemstone” detector with fast primary decay and low afterglow [48].

low kKVP  higy,
G-

~

kvp

Figure 2.6: Schematic illustrating principal of rapid kV switching. A single source-detector
pair rotate around the patient, alternating between low and high energies by switching the
tube potential.

This design affords several benefits over the dual-source approach. Since there is only
a nominal angular offset between projection views at each energy, accurate data-domain
material decomposition methods can be applied. Also, since this configuration requires only
a single source and detector array, both energies have a full FOV, and there is no potential
for cross-scatter.

Rapid kV switching has several disadvantages as well. Spectral separation is worse than

28



the dual-source system, since additional filtration cannot be applied to the high-kVp projec-
tions. Furthermore, there is less flexibility in balancing the flux between low- and high-energy
spectra. When the tube potential is dropped, there is a corresponding (roughly quadratic)
decrease in flux. This is partially compensated by dynamically changing the dector inte-
gration time, which puts additional constraints on the gantry rotation speed in dual-energy

mode.

Dual-Layer CT. Since the x-ray tube spectrum is naturally polychromatic, it is also pos-
sible to collect multi-energy data with an energy sensitive detector. This is the principle
behind the dual layer detector, sometimes referred to as a dual-crystal or sandwich detector.
Two scintillator materials are sandwiched together, each separately coupled to photodiodes,
so that the energy deposited in each layer can be separately read out. The front layer prefer-
entially absorbs lower-energy x-rays, while the rear layer stops the remaining higher-energy
x-rays. This is illustrated in figure 2.7.

Unlike the dual-source and rapid kV switching methods, the projection data are perfectly
registered between energies, both spatially and temporally, since they are collected simulta-
neously. This allows for accurate data-domain decomposition methods. Furthermore, there
is no potential for cross-scatter, and both energies have a full field-of-view. An interesting
additional benefit is that no special scanning protocols are needed. Spectral information
is always available in every scan, and conventional images can be recovered by aggregating
the data from both layers. The previously mentioned methods alter the source energy, so it
must be determined in advance if spectral information is needed. Despite these advantages,
the spectral separation of dual-layer CT is much worse than the other methods, since the

average energy detected in each layer is quite similar [49].
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Figure 2.7: Schematic illustrating principal of dual layer (sandwich) detector. The front
layer stops, primarily, the lower energy x-rays, while the rear layer detects the remaining,
higher-energy x-rays.

Clinical Applications

Beam Hardening and Metal Artifact Reduction - Compared with conventional CT,
dual-energy CT recovers the complete energy-dependence of the linear attenuation coeffi-
cient. Therefore virtual monochromatic images can be synthesized at any arbitrary energy.
This also leads to a dramatic reduction in polychromatic beam hardening artifacts that
plague conventional CT; these are especially problematic in patients with metal implants.
Figure 2.8 depicts virtual monochromatic images showing screws in the spine (top) and tibia

(bottom) reconstructed at various keV’s [50] L.

Virtual Non-Contrast - Besides correcting for polychromatic artifacts, dual-energy CT
can also be used to quantify the distribution of a particular material throughout the patient.
For scans enhanced by iodinated contrast agents, the iodine distribution can be obtained.

Consequently, if a pre- and post-contrast scan are required, as is the case for many clinical

1. ?This figure is reprinted from European Radiology, Metal Artifact Reduction by Dual Energy Com-
puted Tomography Using Monoenergetic Extrapolation, Vol. 21, 2011, p. 1426, Bamberg, Fabian et al.
With permission of Springer.”

30



Figure 2.8: Two sets of images showing screws in the spine and in the tibia reconstructed
at 64, 69, 88, 105 and an optimal keV setting (left to right). Note that the spinal canal the
thin layer of bone covering the left screw are only discernible in the two reconstructions at
the highest energy. Similarly, the screw in the tibia is optimally depicted in the rightmost
image.

protocols, one can acquire a single contrast-enhanced scan and virtually subtract out the

iodine after the fact. This virtual contrast subtraction is shown in Figure 2.9 [51]2.
Compared with the usual method of acquiring two separate scans before and after ad-

ministering contrast, VNC protocols reduce the amount of radiation dose and ensure that

the pre- and post-contrast images are perfectly registered.

Kidney Stone Classification - In addition to material quantification, dual-energy CT
may be used to classify different kinds of materials, e.g. based on their effective atomic
number. One interesting application is for distinguishing uric-acid (UA) kidney stones from
non-UA stones [52]. This task is clinically significant because uric acid kidney stones can
often be simply dissolved by administering the patient oral medications. On the other hand,
non-UA stones may require invasive surgery if they cannot be passed safely. Figure 2.10

depicts an image of porcine kidneys that have been artificially implanted with many kidney

2. Reprinted from Radiologic Clinics of North America, 47, Joel G. Fletcher, Naoki Takahashi, Robert
Hartman, Luis Guimaraes, James E. Huprich, David M. Hough, Lifeng Yu, Cynthia H. McCollough, Dual
Energy and Dual Source CT: Is There a Role in the Abdomen and Pelvis?, pp. 41-47, 2009, with permission
from Elsevier.”

31



Figure 2.9: Todine removal using virtual noncontrast, as demonstrated by three small stones
in a left inferior renal calyx. Unenhanced CT image shows the stones (arrows, A). During the
pyelographic phase (B) obtained as part of a dual-energy CT urogram, the mixed-kV image
shows high attenuation, which is a mixture of iodinated contrast and the stones, within the
left inferior pole calices. Using the high- and low-kV images obtained from the dual-energy
examination, iodine classification and removal was performed to yield a virtual noncontrast
image (C), which also demonstrates the three small stones in the inferior pole calices (C,
ArTows).

stones, and dual-energy post-processing software has been used to label them as UA or

non-UA stones [52] 3.

3. Reprinted from Academic Radiology, 14, Andrew N. Primak, Joel G. Fletcher, Terri J. Vrtiska, Olek-
sandr P. Dzyubak, John C. Lieske, Molly E. Jackson, James C. Williams, Cynthia H. McCollough, Noninva-
sive Differentiation of Uric Acid versus NonUric Acid Kidney Stones Using Dual Energy CT, pp. 1441-1447,
2007, with permission from Elsevier.
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Figure 2.10: Examples of the color-coded images produced by the dual-energy software tool
(Kidney Stones, Syngo DE Viewer, Siemens). Uric-acid (UA) and non-UA kidney stones
were implanted in a porcine phantom, and dual-energy images were used to classify and
label them accordingly.

2.4 Multi-Energy Photon Counting CT

Recently, direct-conversion, photon counting detectors (PCDs) with energy-discriminating
capabilities have been developed for x-ray imaging. Though this technology is currently
found only in research and prototype systems so far, it offers several attractive benefits over
the aforementioned dual-energy imaging techniques. In particular PCDs have the ability to
bin detected photons according to their energy, resulting in a plurality of spectral measure-
ments with excellent energy separation. For this reason, the term “spectral CT” has been
coined to refer to both dual-energy CT and PCD-based systems, which can have more than

two energy channels.

Photon Counting vs. Energy Integrating Detectors

Figure 2.11 offers a side-by-side comparison of a PCD (left) and a conventional energy-
integrating detector (right). In an EID, photons interact in a phosphor layer, where they are
converted, first, to visible light and then to charge via a photodiode. What is ultimately mea-

sured is the total energy deposited in the scintillator. Hence, all of the spectral information

33



semiconductor

T

— reflective coating

applied potential scintillator

crystal

E field

SN \

Figure 2.11: Side-by-side comparison of a conventional energy integrating detector (EID)
(left) and a photon counting detector (PCD) (right).

— photodiode

is collapsed together into a single measurement.

On the other hand, the PCD consists of a monolithic semiconductor layer that directly
converts x-ray photons into charge. Each x-ray results in a charge pulse that is proportional
to its kinetic energy, and the readout speed is generally high enough to capture individual
interaction events. A single comparator can be used to distinguish actual events from elec-
tronic noise. Additionally, multiple comparators can be used to parse all of the detected
photons into multiple energy bins, resulting in a coarse histogram of the detected x-ray

photons. This concept is illustrated in figure 2.12.
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Figure 2.12: schematic of pulse height analysis
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k-Edge Imaging

All tissues in the human body can be accurately modeled as a linear combination of water
and bone [53], so dual-energy imaging is sufficient for complete characterization of their x-
ray attenuation properties. However, heavy metals have a discontinuity in their attenuation
coefficients, referred to as a “k-edge,” which gives them a unique spectral signature. One
can set the energy thresholds in the PCD strategically (e.g. straddling the k-edge) in order
produce highly sensitive maps of this material’s concentration [54]. Thus for k-edge imaging
it is advantageous to measure more than two energy channels and tune the energy thresholds
according to the metal.

One such k-edge material is iodine, which is already commonly used as a contrast agent
in diagnostic imaging. However, not many photons below its k-edge (33 keV) will be trans-
mitted through a patient. For this reason, there is interest in using other metals to develop
alternative contrast agents, such as gadolinium and gold. Figure 2.13 depicts the mass-

attenuation coefficients of iodine, gadolinium, and gold beside a typical x-ray tube spectrum.
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Figure 2.13: This figure shows the location of the k-edges of iodine, gadolinium, and gold in
relation to a typical x-ray tube spectrum. Note that gold and gadolinium have k-edges in a
portion of the spectrum where many more photons may be detected.
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Additional Benefits

Besides the potential for multi-energy and k-edge imaging, PCDs have several other benefits
for diagnostic CT applications as well. Firstly, because photon interactions are counted
discretely with a comparator, virtually all electronic noise can be rejected; this is particularly
useful for low-dose imaging tasks, where electronic noise can significantly contribute to signal
degradation [35].

Besides the rejection of electronic noise, PCD’s can be more easily manufactured to
smaller pixel sizes than EID’s and have a substantially higher geometric efficiency [5]. Most
diagnostic CT EID arrays consist of individually cut and polished scintillating crystals, cou-
pled to photodiodes, and surrounded by reflective material to prevent crosstalk between
detector elements. Usually, the detectors are ~1mm, while the reflective material is on the
order of 100um. Therefore, the geometric efficiency is only about 80% (in two dimensions)
and would be even worse for smaller detector sizes [35]. However, PCD’s consist of a mono-
lithic slab of an active semiconductor material. Since the x-rays directly create electron-hole
pairs, guided by an applied electric field, there is no need for reflectors. As a result the
geometric efficiency is nearly 100% and the detector size can be reduced dramatically; this
is especially important for specialized applications requiring very high resolution, such as
breast CT.

Furthermore, conventional EIDs have a response function that is approximately linear
with energy. Hence they give more weight to higher-energy photons, which contribute less
contrast information than lower-energy photons. It has been shown that this inherent energy
weighting is undesirable and that PCDs may achieve a much higher contrast-to-noise ratio
(CNR), even for tasks that don’t require spectral information [37].

Hence, PCD’s offer a number of benefits besides their spectral capabilities which are
likely to lead to more dose-efficient, higher-resolution CT scanners in the future. However,
currently PCD’s have not supplanted EID’s in diagnostic CT due to their higher cost and
numerous technical hurdles. We will now discuss some of these issues.
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Non-Ildealities and Technical Challenges

Numerous physical effects can degrade the energy resolution of PCD’s or cause them to
record the incorrect number of photons. One of the biggest challenges is pulse-pileup, which
occurs when two photons are detected in quick succession, such that they are registered as a
single higher-energy photon. This is especially problematic at high fluxes, which are required
in diagnostic CT in order to achieve fast gantry rotation (i.e. low scan times). Furthermore,
CT detectors are subjected to a very wide dynmamic range. Elements may see anywhere
from zero to ~10% photons per view, making it very difficult to make PCD’s that are robust
to pulse-pileup problems.

Another problem that occurs is charge sharing, whereby an x-ray interacts in one detector
element, and the resulting charge cloud diffuses partially into a neighboring element. Both
elements incorrectly register a count, and the energy is skewed due to incomplete collection of
charge. In a similar vein, photons may spread their energy among several detector elements
via multiple Compton scatter or via the escape of secondary fluorescent x-rays. The latter
effect is known as k-escape.

Despite these and other technical issues, PCD’s are likely to make their way into com-

mercial CT scanners soon. Several manufacturers are already testing advanced prototypes

[55).
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Optimal Parameters for Material

Classification Tasks

The first step in any spectral CT workflow is to acquire projection data at two or more
different average energies. In the previous chapter, we saw that many different techniques
exist for achieving this, including tube-potential switching (e.g. dual source and rapid kV
switching), dual-layer detectors, or energy-resolving PCD’s. Each has many more tunable
parameters than a conventional scanner. For example, a dual-source system allows inde-
pendent control of the kVp, mAs, and filtration of each tube, and PCD’s can have several
adjustable energy thresholds, allowing for millions of potential configurations. The optimal
settings for these parameters are seldom obvious and always task dependent. In this chapter,
we extend the classical signal detection theory to material classification tasks, to develop an

objective metric to guide the selection of imaging parameters and hardware design.

3.1 Background

Many clinical applications of spectral CT involve material-classification tasks. For exam-
ple, Primak et al. showed that dual-source CT can reliably differentiate uric acid (UA)

from non-UA kidney stones [52]. This distinction is important because the former can be
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treated with oral medication while the latter may require more invasive therapies. Similar
algorithms have also been used to identify gout in the hands and feet directly from recon-
structed images [23]. This image analysis could eventually replace the gold-standard test: a
painful joint aspiration followed by optical analysis of the synovial fluid [56]. Additionally,
Thomas et al. demonstrated that dual-energy, bone-and-plaque-removal algorithms can en-
hance CT angiography (CTA) by using the spectral information to identify calcium- and
iodine-containing voxels [57]. This can improve the assessment of arterial stenoses and elim-
inate the need for extra precontrast scans. Thus, spectral-CT-enabled material-classification
algorithms may lead to lower-dose imaging protocols and valuable, new diagnostic tests.
Several prior works have interrogated the effect of imaging parameters on sinogram and
image noise. Alvarez and Macovski’s foundational work on dual-energy CT [3] describes
a method to estimate the variance of the basis-material sinograms using the Cramer-Rao
lower bound (CRLB). Roessl generalized this technique with a more general noise model and
demonstrated its use for optimizing detector parameters to achieve minimal noise-variance in
material density maps [32]. This analysis is useful for characterizing material quantification
tasks but does not provide a mechanism for measuring material classification performance.
In [58], a linear cascaded systems model is presented for analyzing material-classification
tasks. This model is powerful in that it can track task-performance metrics through a
“cascade” of image processing and reconstruction steps!; however, it relies upon several
restrictive assumptions: (1) the basis-material decomposition is linear and performed post-
reconstruction, (2) the mass-densities of the contrast materials are known exactly. On the
contrary, the most accurate basis-material decomposition algorithms are necessarily nonlin-
ear [3] and account for varying noise levels in projection space. The latter fact is especially
important in photon-counting CT, where the number of spectral bins often exceeds the

number of basis materials. Also, one usually seeks to classify many image pixels spanning

1. Linear cascaded systems models implicitly assume that each step in the can be represented by a
circulant linear operator. In practice this is never strictly true but may be approximately valid within a
region-of-interest.
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a range of mass-densities (or concentrations), such as iodine-enhanced regions comprising a
continuous range of water-iodine mixing.

The goal of this chapter is to provide a simple metric for determining how best to acquire
spectral imaging data, independent of reconstruction technique. Specifically, we seek imag-
ing parameters that maximize material-classification performance while minimizing radiation
dose. We extend the classical signal detection theory to material-classification tasks and de-
rive a figure-of-merit (FOM) based on the Hotelling Observer (HO) SNR. As in [59] the math-
ematical observer model is computed post basis-material decomposition, and noise properties
of the basis-material decomposition are estimated via the Fisher information matrix. Signal
variability, such as variations in the concentration of contrast media, are incorporated with
a stochastic object model. This stands in contrast to the signal-known-exactly /background-
known-exactly approach of [58]. Furthermore, the proposed model considers merely a single
ray, which serves as a surrogate to the complete projection data yet captures the relevant
physics for profiling the tasks of interest. The result is an analytic FOM that directly relates
SCT imaging parameters to material classification performance. It can be computed very

rapidly, making it possible optimize multiple system parameters efficiently.

3.2 Theory and Methods

Material discrimination in dual-energy CT

Due to varying photoelectric and Compton cross-sections, as well as element-specific k-edges,
different materials have unique spectral signatures related to their effective atomic numbers
(Zes).

Figure 3.1 illustrates this principle with a disk phantom containing calcium and iodine
inserts of varying concentration. The Hounsfield Unit (HU) values of the disks overlap
significantly at a single-energy, so simple thresholding cannot successfully distinguish these
two elements. On the other hand, if HU values at different energies (e.g. 53 keV and 71 keV)
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are plotted simultaneously in two dimensions, the calcium and iodine pixels cluster along
unique rays in the resulting 2D vector space, making classification possible. However, due

to image noise and the small angle of separation, some misclassifications are inevitable.
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Figure 3.1: Example of calcium vs. iodine classification with numerical disk phantom (left).
Pixels of indicated ROI’s are plotted in 2D vector space, with HU values at two different
energies as x-y coordinates. One possible linear decision boundary is shown.

One can attempt to improve the separation between these material clusters by altering
parameters of the x-ray source(s) or detectors (e.g. kVp, filtration, energy-thresholds), but
there is a complex trade off between spectral separation and image noise that makes the
optimal choices non-obvious. Some metric of material classification performance that can
be related back to spectral parameters is needed. The schematic in Figure 3.2 illustrates
this general concept for tuning a single imaging parameter. We will refer to this type
of plot as a parameter optimization curve (POC). In general a POC is an N-dimensional
function relating spectral CT hardware/acquisition parameters to some metric of material
classification performance. The optimal configuration corresponds to a global maximum of
the POC.

In the following section, we present our single-ray Hotelling Observer (SRHO) model for

computing analytic POC’s.
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Figure 3.2: Example parameter optimization curve (POC). Optimal spectral parameters,
with respect to material classification performance, are identified by the maximum value of
the POC.

Single-ray Hotelling Observer Model (SRHO)

The model we develop for characterizing material-classification performance is based on
classical signal-detection theory, which has been applied to numerous medical imaging tasks
(60, 61, 62]. Typically, a mathematical observer, privy to certain knowledge of the object
and imaging physics, must decide whether a signal (e.g. cancer) is present or not [63]. The
same notion can be applied to material classification by redefining the hypotheses: signal is
material 1 (hypothesis 1), signal is material 2 (hypothesis 2).

In the same spirit as [32] and [36], we use a single ray as a surrogate to the complete
projection data, leading to a one-dimensional model specified by the mass-thicknesses of the
background and contrast materials. The path lengths used in the 1D model correspond a
ray passing through the center of a circularly symmetric object. The diameters should be

chosen to reflect the imaging task, e.g. based on the size of the patient and contrast objects.
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SKE/BKE

First, we describe a common model-observer paradigm referred to as a “signal-known-
exactly /background-known-exactly” (SKE/BKE) task [64], which serves as a natural segue
into our signal-known-statistically /background-known-exactly (SKS/BKE) model. For SKE/BKE
it is assumed that the contribution of the background (e.g. water) is known exactly. Addi-
tionally, the shape and size of the signals are presumed known; the only unknown parameter

is whether the contrast object is made of material 1 or 2. This is illustrated in Figure 3.3.

background material

contrast material 1
or 2

g
Figure 3.3: The task is determining if the contrast object is material 1 or 2, and the back-
ground is presumed to be known.

The task of the mathematical observer is to make this determination based on the pro-
jection data g = [g1,¢9,...9gn], where g are line-integrals of the object’s total attenuation
along a single ray at energies F1, Fo, ..., Ejy. The two hypotheses are explicitly defined by

the following equations:

E{gi|H1} = apfo(E;) + a1 f1(E;) (3.1)

E{gi|Ho} = apfi(E;) + az fo(E;), (3.2)
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where E { gi|H 172} represents the expected value of g; under H1 or Ho. The density of the
background material is denoted by py,. The quantities ap, = [; pp dl and f,(E) = pp(E)/py
are its “mass-thickness” and “mass-attenuation coefficient (MAC),” respectively. Similar
definitions hold for contrast materials 1 and 2, indicated by the subscripts.

We assume that the data, g, are mono-energetic with known mean and covariance. This
appears to be a very restrictive assumption, since real spectral C'T systems use polychromatic
illumination. However, virtual monoenergetic (VM) data can be synthesized from arbitrary
spectral C'T measurements, via nonlinear, basis-material decomposition algorithms. In this
case, the VM data are considered to be the input to the HO, and the first- and second-
order statistics of g are estimated via the Fisher information matrix. The details of these
computations are given in Appendix 3.6.

In this chapter, we specifically consider the Hotelling Observer (HO), which is the optimal
linear observer; i.e. the HO constructs a test statistic, ¢, by performing linear operations on

the data,

The weight-vector w is chosen to maximize

[E{t|H1} — E {t|H>}]*
Ivar {t|Hy} + Yvar {t|Ho}

SNR?( = (3.4)

and the quantity, SNRy, describes how easily separable are the conditional distributions

Pr(t|H1) and Pr(t|H2). The maximizer of (3.4), wyq, is given by

wyo = K, 'Ag, (3.5)
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where Ag is shorthand for

Ag =E{g|H} —E{g|H2}, (3.6)

and K is the covariance of g, averaged over each hypothesis:

1
Ky =5 (Ko + Kgjm, ) - (3.7)

Furthermore, it can be shown that

These relationships are all derived in [65].

Hypothetically, one could construct non-linear observers that may outperform the HO.
For example, the Ideal Observer (I0) utilizes complete knowledge of the statistics of g to
minimize Bayes’ risk. However, the HO is commonly used in place of the IO because it is far
simpler to compute and requires knowledge of only the second-order statistics of the data
[65]. Furthermore, the HO often serves as an excellent approximation of the IO and may be

a better indicator of human performance [66].

SKS/BKE

A crucial component of spectral CT material-classification tasks that we have not yet mod-
eled is signal variability. Note that in Figure 3.1, classifying the calcium and iodine disks is
difficult because both types of inserts span a range of concentrations. It is this variability
in mass-density that necessitates the use of multi-energy CT rather than conventional CT.
If the task were merely to classify two different materials, each of known density, one could
always select a single beam energy that would sufficiently separate the two signals. In fact,

for an SKE/BKE material classification task, there may be no benefit at all to a multi-energy
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imaging technique over single-energy imaging [67, 68]. We will demonstrate this effect later
in the context of optimizing a dual-kVp CT system.

In the SKS/BKE model, signal variability is incorporated via a stochastic object model,
where the mass-thicknesses, a; and a9 are presumed to follow known distributions, Pr(aq)
and Pr(ag). In this work, we assume that a; and a9 are uniformly distributed on intervals
<ar1nin, ainax> and <a§1m, agnax>, but any other probability distribution function can be used
just as easily. In practice, the distribution functions characterizing the object variability
would have to be obtained from prior knowledge. For example, if the task of interest is
a kidney stone classification task, then population statistics can be used to determine the
range or distribution of possible stone sizes.

In the SKS formalism, we start by expressing the hypotheses, conditional on a1 and as:

E{gi|H1,a1} = apfi(E;) + ar f1(E;) (3.9)

E{gi|Hz, a2} = a, fi(E;) + az f2(E;) (3.10)

Computing the Mean Signal. To compute E {g|H1} we simply average equation 3.9 and

over all possible objects, yielding

E{gi|[H1} = apfo(E;) + a1 f1(E;) (3.11)
where

a; = /Pr(al) ay day

_ % (allnin + a{n&x) :

(3.12)

for the uniform distribution. The computation of E {g|H>} is completely analogous, and the

quantity Ag is given by equation 3.6.
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Computing the Total Covariance. To compute Kg|H1 we invoke the “law of total covari-
ance” [65]. This matrix comprises two terms,

__ jrnoise obj

where 7;1&;516 represents the noise-covariance averaged over all possible objects, and Kg@l
represents the variation in the conditional means. For a given mass-thickness a1, the covari-
ance of g, under Hj is denoted by K g|H1a1- The steps for computing K g9|Hi,a1 for arbitrary
spectral CT systems are detailed in appendix 3.6. Then the noise covariance term is given
by

7;&1{816 = /Pr(al) K1, 0, 401 (3.14)

Likewise, the expected measurement, g;, for a given mass-thickness, ai, is denoted by
E {g;|H1,a1}. If we define g} = E{g;|H1,a1} — E{g;|H1}, then the second covariance term
is given by

b
K;_])Ilgh = /Pr(al) -g'g’" T day. (3.15)

After computing K g|Hs in a similar fashion, the total covariance matrix K, is given by
equation 3.7. Finally, equations 3.5 and 3.8 are used to calculate the HO SNR, our figure-of-
merit for classification tasks. By sweeping out different system parameters and recalculating
the HO SNR, a curve like figure 3.2 can be generated, in order to determine which settings

result in the optimal classification performance.

3.3 Simulation Studies

The SRHO model provides a rapid method for discovering optimal spectral imaging parame-
ters with respect to material-classification performance. In this section we present a method
for validating its predictions by directly measuring material classification performance in
simulation studies.
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Kidney Stone Classification Task

We created a numerical kidney stone phantom consisting of a water background and 100
randomly located kidney-stone inserts (see figure 3.4). This phantom is motivated by a
kidney stone classification task [52] where the goal is to distinguish uric acid (UA) stones
from non-UA stones in a known background (e.g. urine). The stone objects are a mixture
of water and varying densities of either uric acid or calcium oxalate. Physiologically, the
observed differences in stone density are due to the varying porosity of different calculi.

In figure 3.4 the stone materials are indicated in red (uric acid) and blue (calcium oxalate),
and each stone’s opacity is proportional to its physical density. In our simulations, the
contrast objects are selected randomly from a uniform distribution to match the signal
variability condition of our SRHO model. The size and composition of the contrast inserts

can be modified to simulate other material classification tasks as well.

Figure 3.4: “Material classification phantom” containing a water background with different
concentrations of contrast material 1 (red) and contrast material 2 (blue). The color opacity
is proportional to the concentration. The grayscale image (left) depicts the phantom at 65
keV. Note there is a significant amount of overlap in HU values. The display window is [0 -
400] HU.
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Plaque Removal Task

The second task is motivated by plaque-removal classification algorithms that have been
developed for dual-energy CT (DECT) [57]. Occasionally, arteries can become occluded by
calcified plaques that are indistinguishable from flowing contrast agent on conventional CT
scans. Dual-energy measurements can be leveraged to identify and remove the pixels that
are made of calcium, rather than iodine, resulting in a clean depiction of the arterial tree.
To measure calcium vs. iodine classification performance, we use the same phantom as in

the kidney-stone stask, now with calcium and iodine as the insert materials.

Simulation study processing chain

Using these phantoms, we can simulate various spectral CT system configurations and mea-
sure their material classification performance. First, raw transmission data are generated
using an ellipse-based projector and realistic x-ray tube spectra [1]. Noise is added using a
Poisson model for counting detectors and a Gaussian model for energy-integrating detectors
[32]. A maximum-likelihood basis-material decomposition is performed, using calcium and
water as the basis materials, and a pair of VM images, at energies F| and Ejy, is reconstructed
using FBP. The pixels belonging to the contrast inserts are plotted in the same fashion as
in figure 3.1, resulting in the scatter plot shown in figure 3.5. Each point represents a pixel
in the reconstructed image pair, and the colors indicate either contrast material 1 (red) or
contrast material 2 (blue).

As expected, the two different materials naturally cluster along straight lines, with some

dispersion due to noise. We characterize the class separability by defining

2
(szil — 'szEQ)

wT(Zl + Yo)w

SNRfpp = max 2 (3.16)
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Figure 3.5: A sample scatter plot illustrating the vector space representation of the VM im-
ages created from the numerical material classification phantom. The two contrast materials

are color coded red and blue, while the background pixels are shown in gray. Fisher’s linear
discriminant provides an SNR-like measure of how well separated these point clouds are.

This ratio is known as Fisher’s linear discriminant [65] (FLD) and is maximized at
w = (Y1 + )7 (®1 — ). (3.17)

FLD can be thought of as an analog to the HO SNR, replacing the population means and
covariances with sample statistics. The quantities &; and ¥; represent the sample mean and
covariance, respectively, of material class j, and the quantity w is the normal vector to the
best separating hyperplane.

The quantity, SNR;pa, provides a measure of how well the two contrast materials in
the stone phantom can be separated. We can simply repeat this entire process while it-
erating through different imaging parameters in order to generate an empirical parameter-
optimization curve, as in figure 3.2. This procedure is summarized by the chart in figure
3.6. In this work, we also repeated each simulation 100 times to reduce uncertainty in the

measured POC’s, so each point constitutes a considerable amount of computational effort.
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Figure 3.6: This chart describes the processing chain for measuring material classification
performance from simulation data. Simulated spectral CT projection data are ultimately
converted into VM images, and linear discriminant analysis (LDA) is used to derive a clas-
sification SNR based on Fisher’s Linear Discriminant

Though computationally intensive, the POC’s we generate from simulations provide an
accurate reference with which to validate our SRHO model and further demonstrate the need

for fast, analytic methods.

3.4 SRHO Model Validation

In this section we directly compare the POC’s generated by the SRHO model to those derived
from numerical simulations. As a proof of concept, we will optimize a dual-kVp system and
a photon-counting system with respect to the kidney stone classification task and the plaque
removal task. The parameters used for each are given in table 3.1. By sweeping out different
spectral C'T parameters and computing both SNRpyg and SNRypa we generate parameter-
optimization curves (POC) that reveal which system configurations are optimal for each

task.
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Geometric Scale Factor

In order to compare POCs between the SRHO model and the simulation studies, we need
to introduce a correction factor to account for the acquisition and phantom geometries used
in the simulation studies.

The SRHO model is inherently one-dimensional, so a scaling factor is required to account
for the geometry of the acquisition and the resolution of the reconstructed image. The mean

number of transmitted photons along a given ray is
= I / si(B)e~ JupmB)dl g (3.18)

where we have explicitly indicated the number of incident photons I by defining the normal-
ized spectrum s;(E) = S;(E)/ [ S;(E)dE. In the simulations, the classification performance
is sensitive to the total number of views, Ny, and the reconstructed pixel-size, Ax. Specif-
ically, increasing Ny or Ax results in less noise per pixel and, thus, better classification
performance.

One might think that these factors would only impact the overall scale of the POC and
not the shape. However, both the absolute performance and the shape of the POC are
impacted because the task is limited by both the measurement noise and the stochastic
object model. Increasing Ny or Az can only help to reduce the measurement noise, thus
altering the trade-off between these two sources of uncertainty. We introduce the scaling

factor €2 in the SRHO model, such that

Iy + QI (3.19)
and
Ny
O=—7] 2

where Ny is the number of projection views and A is the area of the contrast object (e.g.
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parameter kidney stone classification plaque removal
phantom diameter 30 cm 30 cm
background material water water
insert (stone) diameter 5mm S5mm
material 1 uric acid Ca
material 1 concentration 200 to 550 mg - cm™2 | 150 to 350 mg - cm ™2
material 2 calcium oxalate iodine
material 1 concentration 75 to 950 mg - cm ™2 5 to 30 mg - cm 2

Table 3.1: Phantom parameters used for kidney stone classification and plaque removal tasks

kidney stone) in # of pixels.

Case Study 1: Dual kVp dose allocation

First, we consider the task of optimizing the flux balance in a dual kVp system, operating
at peak tube voltages of 80 and 140 kV. The goal is to determine what fraction of the total
flux should come from the 80 kVp tube to maximize material classification performance.
Specifically, we enforce that along each line integral through our object, a total of 109

photons are incident on the phantom:
/rSgo(E) + (1= 7)S1a9(E) dE = 105. (3.21)

We assume that 0 < r < 1. The spectra used in our simulations are shown in figure 3.7.
Parameter optimization curves are computed for a range of r values between 0 and 1
using both the SRHO model and via simulations with the numerical phantom; this is shown
in figure 3.8. Since SNR1py is based on image realizations, 100 averages were taken for each
r value. The error bars from the simulation studies correspond to two standard deviations.
The POC curves derived from the SRHO model cannot be compared to those from
the simulations in terms of absolute scale, since they correspond to fundamentally different
things: one is based on a one-dimensional, data-domain model, and the other is measured

from reconstructed images. However, since the goal of the SRHO model is to select opti-
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Figure 3.7: Dual kVp spectra used for the simulation study and HO SNR computations are
computed using Tucker’s model [1].

mal parameters, we are only interested in the shape of these curves, so we can rank order
different spectral CT configurations. Therefore, we quantify their agreement with the Pear-
son product-moment correlation coefficient [69] (PPMCC) because it is insensitive to these
absolute scale differences. Note that the analytic model and simulations yield very similar
curves, indicating that the SRHO model can accurately predict good operating parameters.
For the kidney-stone task, the PPMCC is 0.994. Figure 3.9 shows an identical comparison

for the plaque removal (Ca vs. I) task (PPMCC = 0.998).

Case Study 2: PC detector threshold optimization

In the second case study, we consider optimizing a 3-bin photon counting detector. For
simplicity, we model an ideal detector with perfect energy resolution, as shown in figure
3.10.

This is a two-parameter optimization problem, as we must select two thresholds given by
t1 and to. Figure 3.11 depicts the SNR values for the kidney stone classification task from
both the SRHO model (left) and the simulation studies (right) over a wide range of possible

threshold values (PPMCC = 0.999). The results from the plaque removal task are shown in
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Figure 3.8: Kidney stone classification task: Comparison of classification SNRs derived from
SRHO model and 2D simulations with numerical material classification phantom containing
uric acid (UA) and calcium oxalate inserts. For the simulation study, 100 averages are used
at each r value, and error bars represent two standard deviations. PPMCC = 0.994.

figure 3.12 (PPMCC = 0.981). Again, 100 averages are taken at each combination of (¢1,t2)
when computing SNRypa. For this task, we also find that HO model accurately predicts
the trends in material classification performance for varying threshold values.

In Figure 3.12, agreement is not as good as for the kidney stone classification task.
One possible explanation is that the simulation study utilized a two-material decomposition
(calcium and water), despite the presence of three materials in the phantom (water, calcium
and iodine). We relied on the approximation that attenuation is dominated by Compton
scatter and photo-electric absorption, since very few photons are detected below the k-edge of
iodine. For configurations where t1 # t9 it should technically be possible to perform a three-
material decomposition, but we only used two because the three material-decomposition was
numerically unstable. However, we also point out that the SNR tends to vary slowly around
the optimum. Even if the HO model does not exactly predict the optimal operating point,

it is still very likely to provide a configuration that achieves nearly optimal performance.
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Figure 3.9: Plaque removal task: Comparison of classification SNRs derived from SRHO
model and 2D simulations with numerical material classification phantom containing iodine
and calcium inserts. For the simulation study, 100 averages are used at each r value, and
error bars represent two standard deviations. PPMCC = 0.998.

FloatBarrier

Impact of signal variability

One important component of the aforementioned SRHO model is the inclusion of signal
variability. Physically, this may arise due to the mixing of contrast agents during uptake
and perfusion (e.g. iodine and blood) or natural variations in tissue composition (e.g. bone
density). Mathematically, this enters the SRHO model by specifying a stochastic object
model; the density of objects being classified are presumed to follow a known distribution

function. In [58], the objects are, instead, presumed to be of a fixed density, corresponding
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Figure 3.10: Ideal photon counting detector with two adjustable energy thresholds, t; and
to.
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Figure 3.11: Kidney stone classification task: Comparison of classification SNRs derived
from SRHO model (left) and 2D simulations (right) with numerical material classification
phantom containing uric acid and calcium oxalate inserts. The upper diagonal is omitted
because it is redundant with the lower diagonal. PPMCC = 0.999.

to the signal-known-exactly /background-known-exactly (SKE/BKE) task.

In our experience, the SKE/BKE model is too simple to guide the selection of imaging
parameters, which is the goal of this work. In fact, we find that in many situations, conven-
tional, single-energy CT performs no worse than spectral CT in material classification tasks
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Figure 3.12: Plaque removal task: Comparison of classification SNRs derived from SRHO
model (left) and 2D simulations (right) with numerical material classification phantom con-

taining Ca and I inserts. The upper diagonal is omitted because it is redundant with the
lower diagonal. PPMCC = 0.981.

with low signal uncertainty. We can illustrate this phenomenon by, again, considering the

dual-kVp, flux-balancing problem while shrinking the amount of signal variability toward

Zero.

In the previous results, we modeled the density of the contrast objects (calcium, iodine,

uric acid, or calcium-oxalate) with a uniform distribution,

p e L{(Pnnn,ﬁhnax), (3'22)

where the particular values of pp,i;, and pmax are specified in table 3.1. In order to investigate

the impact of the amount of signal variability, we define

/ _
Pmin = P — kAp
mn (3.23)
Pmax = P+ kAp
where p = (pmin + pmax)/Q, Ap = (pmax - pmin)/27 and k € (07 1)'
The amount of signal variability is controlled by the fraction k, where k = 0 corresponds

to no variability (SKE/BKE), k = 1 yields the same distributions as in the previous studies,
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and 0 < k < 1 specifies a range of intermediate scenarios.

Figure 3.13 demonstrates what happens to material classification performance as k varies.
The top row illustrates that when k is small enough, the POCs are monotonic, indicating
the optimal classification performance is achieved when all of the flux is allocated to a single
kVp.

This has two important consequences: (1) For SKE/BKE material classification tasks,
dual-energy CT may actually perform worse than single-energy CT, and (2) any reasonable
material classification model must account for signal variability if it is to be used for param-
eter tuning or hardware optimization. Figure 3.13 also shows that these observations are

confirmed by both the SRHO model and the numerical simulations.
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Figure 3.13: The shape of the POC changes significantly with different amounts of signal
uncertainty. The parameter k refers back to equation 3.23. For small values of k, the POC is
monotonic, indicating that optimal performance is achieved when 100% of the radiation dose
is allocated to a single kVp. Kidney stone classification task (from top to bottom): PPMCC
= 0.999, 0.999, 0.995. Plaque removal task (from top to bottom): PPMCC = 0.999, 0.999,
0.998.
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Impact of background shape

Another concern that arises when comparing the SRHO model to numerical simulations is
how to handle asymmetric backgrounds. For example, cross-sections of the human body
may span a wide range of apparent diameters, depending upon the projection view angle.
Since the SRHO is inherently one-dimensional, we need a procedure for extracting a
single effective diameter that allows for a reasonably fair comparison to our 2D simulations.
For this reason, we have considered both circular and elliptical kidney stone phantoms. In
particular, we considered an elliptical phantom with major and minor axis lengths of 40cm

and 24cm, respectively, shown in Figure 3.14. For an elliptical phantom, the intersection

Figure 3.14: An elliptical kidney stone phantom with major and minor axis lengths of 40cm
and 24cm respectively. The display window is [0 - 400] HU.

length of a line passing through its center is given by

d(0) = 2V a2 cos? 0 + b2 sin2 6. (3.24)
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Next, we define the quantities

—1
Vatiee6) = ([ S(E)E10) a) (3.25)

and

Viie = / S(E)e~(E)dett g, (3.26)

The desired quantity deg is found numerically by equating

<Vellipse(0)>g = Vcirc (3-27)

where <Vellipse(9)> p 1s an average of Vipipse Over a discrete set of projection angles, 0 <
6 < 2m. In this work, used 1200 equally spaced angles matching those of our simulation
geometry and apply the bisection method to find a value d.g that lies somewhere in between
the minor and major axis lengths of the ellipse phantom. More details on the effective
diamter computation are found in Appendix 3.7.

Once deg is computed, the SRHO model can be applied to elliptical backgrounds. Figures
3.15-3.18 demonstrate this, with comparisons to POC’s derived from numerical simulations.
The agreement between the 1D SRHO model and the simulations is slightly worse than with
the circular phantom (see Figure 3.15) but still quite good. Most importantly, we can see
that the model still accurately predicts near-optimal imaging parameters for these material

classification tasks.
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Figure 3.15: Kidney stone classification task with ellipse phantom: Comparison of classifi-
cation SNRs derived from SRHO model and 2D simulations with elliptical material classifi-
cation phantom containing uric acid (UA) and calcium oxalate inserts. PPMCC = 0.997.
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Figure 3.16: Plaque removal task with ellipse phantom: Comparison of classification SNRs
derived from SRHO model and 2D simulations with elliptical material classification phantom
containing Ca and I inserts. PPMCC = 0.999.
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Figure 3.17: Kidney stone classification task with ellipse phantom: Comparison of classi-
fication SNRs derived from SRHO model (left) and 2D simulations (right) with numerical
material classification phantom containing uric acid and calcium oxalate inserts. The upper
triangle is omitted because it is redundant with the lower triangle. PPMCC = 0.990.
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Figure 3.18: Plaque removal task with ellipse phantom: Comparison of classification SNRs
derived from SRHO model (left) and 2D simulations (right) with numerical material classi-

fication phantom containing Ca and I inserts. The upper triangle is omitted because it is
redundant with the lower triangle. PPMCC = 0.973.
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3.5 Discussion

In this chapter, we have presented a simple, analytic model for characterizing spectral CT,
material-classification tasks that is suitable for optimizing image acquisition parameters and
hardware design. Specifically, we have adapted the Hotelling Observer formalism in order
to derive an unambiguous, task-specific metric that is independent of the reconstruction
method.

Furthermore, the proposed model does not make restrictive assumptions about the basis-
material decomposition being linear or the contrast objects having an exactly known den-
sity /concentration. We demonstrated that modeling the variability of the contrast objects,
e.g. due to uptake and perfusion of contrast agents or natural variations in tissue composi-
tion, is essential to material classification tasks. For dual-kVp scans, our model even showed
that for low signal variability, the spectral information is not needed, and it is better to
deliver all of the dose at a single optimized kVp. This trend was confirmed by our simu-
lations, and echoes a similar sentiment to that expressed in [68] about CNR limited tasks;
specifically, they report that for tasks that do not require material classification or quantifi-
cation, it is better to deliver all of the radiation dose at a single, optimized tube potential,
rather than performing a dual-energy scan. Based on this work, we find that trivial material
classification tasks, where the density of each material is precisely known, also do not benefit
from multi-energy scanning.

The proposed model could be especially useful for exploring large parameter spaces be-
cause it is analytic and rapidly computable. For example, a photon counting detector with
five adjustable thresholds [54] can realize millions of different configurations, making it im-
mensely impractical to explore them all experimentally.

Although this work only considers binary classification tasks, the Hotelling Observer can
be easily extended to the L-class problem, where L > 2. A detailed discussion of the L-class
HO can be found in Chapter 13 of [65]. The linear discriminant analysis applied in our

simulation studies can also be generalized in similar manner [70]. This makes it possible
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to address classification tasks involving more than two different materials with minimal
modification to the methods presented here.

One potential weakness of the proposed approach is the inability to compensate for highly
inhomogeneous backgrounds. The SRHO reduces the classification task to a one-dimensional
model, where the background and signal are represented by a single path length through each
material. This may not pose significant problems in relatively homogeneous slices, such as
kidney stone classification in the abdomen, since few bony structures exist. On the other
hand, in slices where different projection views may see vastly different attenuation, e.g. due
to the skull, shoulders, or hip bones, it is unclear if this simple 1D model would still predict
useful operating parameters.

One possible solution to this problem would be to consider multiple rays in the Hotelling
Observer model. In principle, one could use the complete sinogram data to derive the HO
SNR, but this would significantly increase the computational cost. To balance this trade off,
a small subset of rays (e.g. 10) could be used as a surrogate to the entire projection data,
in order to capture some of the heterogeneities. However, one typically does not have much
a priori knowledge of the object anyway. For these reasons, we have focused on developing
a simple metric that is rapidly computable that can be used to guide the search for optimal
imaging parameters. Extending the proposed model to include multiple projection rays and
prior knowledge about heterogeneous background anatomy is an interesting subject for a
future investigation, but it is beyond the scope of this work.

We believe that the simulation studies presented here do demonstrate some robustness
to heterogeneities; however, since the projection data comprises rays passing through many
different path lengths of water and contrast materials (see Figure 3.4), yet the 1D SRHO
model still accurately predicted parameter optimization curves. Furthermore, we showed
that even an elliptical phantom, which has a highly view-dependent attenuation profile,
could be characterized well with the proposed metric.

In this study, the parameter-optimization curves inherently frame the problem as one
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of achieving maximal material-classification performance at a fixed dose. An alternative,
equally valid viewpoint is one of achieving clinically acceptable material-classification per-
formance at the lowest possible radiation dose. Therefore, as new spectral CT imaging
protocols and hardware become available, it is of increasing importance that careful consid-

eration is given to parameter selection.
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3.6 Appendix A: Statistical Properties of Virtual Monoen-
ergetic Data

Maximum Likelihood Material Decomposition

For a general spectral CT system we denote a measurement along a ray £ in the it spectral

channel by
i :/Si(E)e—fgu(hEW@dE. (3.28)

The quantity S;(F) encompasses the energy-dependence of the incident beam and the de-
tector response. A key insight of spectral CT is that the attenuation can be parametrized

by a finite number of basis functions:
M
wlr, ) = pi(r) f5(E) (3.29)
j=1

where the f;(E) may correspond to physical interaction cross-sections or to the mass-
attenuation functions of basis-materials [4]. In the latter case, the spatially varying co-
efficient, p; (r), corresponds to the density distribution of material j. This parametrization

allows us to write the transmission measurements as
ila) = [ s 1B i, (3.30)
where a = (aq, ... ,aM)T, fE)Y=(f1, .-, fM(E))T, and a; is the line integral of p(r):

ajz/cp(r) de. (3.31)
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When the number of spectral measurements, N > M, we can estimate a from 4. Specifically,

the maximum likelihood estimate of a is given by

a = argmax L(a), (3.32)

a

where L(a) is the log-likelihood function. For Poisson data,
L(a) =Y —7i(a) +y;log (7i(a)). (3.33)
i

Given an estimate of a, virtual monoenergetic (VM) projections can be synthesized at any

energy:

9(E) = a” f(E). (3.34)

Therefore, basis decomposition can be used to transform any arbitrary spectral CT mea-
surements into virtual-monoenergetic (VM) data. By defining g = (91,92, - - -, gM)T and
Fi; = [;(E;), we get

g=Fa. (3.35)

Typically, material classification is performed on VM images, since unique materials
naturally cluster along straight lines in this space. Since the VM data vector, g, is related

to a by a linear transformation, we know that the covariance matrices are related by
T
Ky =FKyF~. (3.36)

Therefore, the HO SNR will depend upon how noise is propagated through the basis-material

decomposition.
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Noise in the basis-material decomposition

In general, the ML basis decomposition is an implicit, nonlinear operation, so we cannot write
down a closed form expression for the covariance of the basis coefficients, K;. However, we
can derive a useful lower-bound from the Fisher Information matrix, as in [3] and [32].

A general lower bound on the variance of any estimator is
var(6;) > F 1 (3.37)

where F is known as the Fisher information matrix and is related to the curvature of the

log-likelihood function. Specifically, it is given by
F=-E {V2L(9)} . (3.38)

This inequality is widely known as the Cramér-Rao lower bound (CRLB). A slightly more
general form of the CRLB is

Ky» FL, (3.39)

where the notation A > B means (A— B) is positive semidefinite. When the above holds with
equality, the estimator 0 is said to saturate the CRLB. All maximum-likelihood estimators
(MLE) asymptotically saturate the CRLB, and under many circumstances, it is an excellent

approximation to assume

Ky~ F L (3.40)

Likewise, if a is an MLE;, it is asymptotically unbiased, so with a sufficient number of counts,
E{a} =~ a. For the Poisson case, it can be shown that the Fisher information matrix is given

by
N
1 dy; Oy;
Fon= - . 3.41
ap z:zl Ui Oan 8@/3 ( )

For CT systems with energy-integrating detectors, a Gaussian noise model may be more
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appropriate, due to energy-dependent detector gain. The detector response is approximately

linear with x-ray energy, so the mean and variance are sometimes approximated by

bi = / ESi(B)e=e F(E) gp

. (3.42)
v = /E2 Sj(E)e=® f(B) g,
and the resulting Fisher information matrix is given by the following equation [32]:
1 0y; 0y; 1 Ov; Ov;
Fog = — — . 3.43
af ; v; Oag 8@5 + 1222 Oag, 8@5 ( )

Using these formulas we can compute an accurate approximation of K for arbitrary spectral
CT systems. Combined with equation 3.36, one can compute the covariance of synthetic VM
data. Therefore, we have all of the inputs we need for the SRHO model.

For the SRHO model, the Fisher information matrix is used to compute the conditional
covariance matrices under each hypothesis (see equation 3.14). In the Poisson case, the mean
transmission measurements can be expressed in terms of the known background and possible

contrast materials,
gi(a1,a9) = /Si(E’)e_abfb(E)—alfl(E)_a2f2(E) dE, (3.44)
Then using equations 3.35 and 3.41, we have

Kg|H17a1 = F ['F(aluO)]_l FT (345)

Ky(tya = F [F(0,a2)] ' FT (3.46)

where partial derivatives of g; are only taken with respect to a; and ag (and not ap) since
the background is presumed to be exactly known. For the gaussian case, the same process

is carried out with equations 3.42 and 3.43. The specific energies used to compute VM
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projections are unimportant, since the HO is invariant to invertible linear transformations.

3.7 Appendix B: Effective Diameter Computation for El-
liptical Phantoms

One limitation of the SRHO model is that it is inherently one-dimensional, so it is not
clear how to choose the appropriate lengths for the background and contrast materials. In
reality, the projection data will consist of many different path lengths through both signal
and background objects.

When comparing the SRHO to simulation studies, we simply used the diameters of the
circular phantom and contrast inserts as the path length for the 1D model. This choice
resulted in excellent agreement between the predicted and observed POC curves. However,
a modification is required if the aspect ratio of the object is not nearly circular, such as an
ellipse with eccentricity e % 0. For these cases, we introduce a method for computing an
effective diameter.

Consider an elliptical phantom with background attenuation py(E), defined parametri-

cally by

z(0) = a cos b
(3.47)
y(0) = b sind.

The intersection length of a ray passing through its centroid (see Figure 3.19) is defined by

d(0) = 2V a2 cos? 0 + b2 sin2 6. (3.48)

If the attenuation of the signal is small compared to the background, then we can approxi-
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0=m/4

Figure 3.19: For elliptical phantoms, the apparent diameter depends upon the angle, 6, of
the inersecting ray. Four different angles are shown here, for illustrative purposes.

mate the number of transmitted photons along angle 6 by
1(6) = / S(E)em(E)O) g (3.49)

where S(FE) is the incident x-ray spectrum. If I() is approximately Poisson, then the
logarithm of the data, g(§) = —log (1(¢)/ [ S(E)dE) has variance

V(0) ~ [ / S(E)em(E)(0) dE] o (3.50)

If we consider the summation of N independent measurements along different angles, the

total variance is
N

> V(hy) (3.51)

k=1
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For a circular phantom, with diameter d = d.g, the variance along any ray is given by

-1

Ve | [ st@pe B | (3:52)
and the total variance of N independent measurements is
N - Veire (3-53)

The effective diameter, dog is found by equating equations 3.53 and 3.51, which results in

(V(0k))g = Veire: (3.54)

where (.), indicates a discrete average over 61, ..., 0y.
Solving for deg, numerically, can be accomplished by applying any scalar, root-finding

method to the function

fldegr) = Veire(der) — (VI(01))g - (3.55)

Specifically, we are looking for a root of f(deg) on the interval [2b, 2a], where we have assumed
that b < a; dog must lie somewhere between the minor and major axes lengths of the ellipse.

In this work, we have used the well-known bisection method.
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Efficient Data-Domain Material

Decomposition

4.1 Background

As we reviewed in Chapter 2, one of the primary advantages of spectral CT is the ability to
extract complete energy-dependence of the attenuation by decomposing the projection data
into basis functions. In their seminal paper [3], Alvarez and Macovski present a polynomial
estimator for extracting basis sinograms from dual-energy projections. This non-iterative
method works well for dual-energy data, where the estimation essentially involves inverting
a function, f: R? — R2. However, for photon counting CT systems involving N > 2 energy
channels, this mapping is generally not one-to-one, and an iterative, maximum-likelihood
estimation (MLE) scheme may be preferred [54]. The MLE approach elegantly handles
noisy and inconsistent data and can be shown to be asymptotically unbiased and “efficient.”
However, Alvarez has pointed out recently that computational issues may impede the clinical
utilization of the MLE method [71]. In particular he mentions that such iterative algorithms
may fail to converge or have long or unpredictable computation times. In this chapter,

we present an optimization-based approach to material decomposition that achieves errors
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similar to the MLE approach and converges to accurate solutions in just a few iterations.

4.2 Theory

Basis-material model

Consider a photon-counting CT (PCCT) system with N energy bins, where the product of
the spectrum and the detector response function for bin i is given by S;(E). In accordance

with (2.5), the transmission measurement for the i*! bin is given by
Y = / S;(B)e™ JurlrE)dt g (4.1)

Next, the linear attenuation coefficient, u(r, E'), is parametrized by a finite number of basis-

materials, as detailed in Chapter 2:

M
u(r B) =Y pj(r)u;(E), (4.2)

j=1
where 1 (E),v¥9(E), ..., ¥y (E) are the mass-attenuation functions associated with some
set of M basis materials, and pq(r), ..., pps(r) are their corresponding density distributions.

This allows us to rewrite equation 4.1 as
_ — 1L a0 (E)
yilat,...,apr) = | Si(E)e ~=i=177\ dF, (4.3)

where

ajE/ij(r) e (4.4)

as in (2.10). Note that a; implicitly refers to a particular ray in the sinogram data, defined
by the line integral over L. However, we are building toward a data-domain material decom-

position model that is ray-by-ray separable, so we will proceed to describe the model for a
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single arbitrary ray; in practice the decomposition algorithm is applied to all rays.

It is useful to define the vector quantites

a:(al,...,aM)T

and

Y(E) = (1 (E),...,vn(E)T

in order to write (4.3) more compactly as
yi(a) = / Si(E)e= ¥(B) 4. (4.5)

Though we have referred to a PCCT system, equation 4.5 applies to any dual-energy or
spectral CT system with consistent rays, i.e. the multi-energy sinogram data must comprise

a geometrically consistent set of projections.

Maximum-Likelihood Estimation

If electronic noise can be ignored, then the measurements yq, ...,y are generally Poisson

distributed with mean values given by (4.5):
ji(a) = / Si(E)e—a ¥(E) g, (4.6)

Thus, the problem of recovering a from the measurements y1,...,yyN can be viewed as a

statistical estimation problem. In particular, the maximum-likelihood estimator (MLE) is

defined by
g = arg max L(a) (4.7)
where N
L(a) =) _yi(a)log (i(a)) - yi(a). (4.8)
=1
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The quantity y; represents the actual measured data from channel i, and L(a) is the Poisson
log-likelihood function (omitting terms that do not depend on a).

The MLE defined by (4.7) has many nice properties, such as being asymptotically efficient
and unbiased [72]. One nice feature of the MLE is that it elegantly handles the case where
the estimation problem is overdetermined (i.e. N > M). In this chapter, we consider the
MLE to be the gold-standard because it very nearly achieves the theoretical bound for an

unbiased estimator in many practical situations [54].

Newton Update Step for MLE Maximization. The quantity a must be found numerically
by iteratively approximating the solution to (4.7). This is a very low-dimensional optimiza-
tion problem: typically M < 3, so fast-converging, second-order algorithms can be applied.

In particular, we use Newton’s Method, which has the following update step:

Apil = an — [VQL (an)} 'V L(an) (4.9)

where V2L (a) is the Hessian of L(a). Conceptually, Newton’s Method replaces the function
to be maximized by a local quadratic approximation and maximizes this quadratic at each
iteration. When V2L is 2 x 2 or 3 x 3 (as is usually the case for spectral CT material
decomposition) an analytic formula can be used for the matrix inversion. In the rare cases
where M > 3, the Newton update can be solved efficiently using Cholesky decomposition
[73]. In our experience, this material decomposition algorithm typically reaches machine
precision in 20-50 iterations. This is the fastest method that we are aware of for solving the
MLE problem. We will hereafter refer to this scheme of maximizing the Poisson Likelihood

function via Newton’s method as MLE-Newton.

Logged Nonlinear Least Squares (LNLS)

We have observed that an alternative formulation can give nearly the same estimates as the

aforementioned MLE-Newton scheme, while being somewhat easier to solve numerically. It
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involves working with the “logged” data, referring to the transmission data after taking an
element-wise natural logarithm.

This approach involves casting the material-decomposition as a nonlinear, least-squares
problem. First we define the logged, normalized data g; = —log y; /Iy where Iy = [ S;(E) dE.

Then we can define a basis-material estimator a by

N

. o1 _ 2

G =argmin 5 E 1 (gi(a) —g:)”, (4.10)
1=

where g;(a) = —logy;/Iy. Next, we define r;(a) = g;(a) — g;, which form the residual vector
r=(r,re,..., T‘N)T. This transforms the nonlinear least-squares problem in (4.10) into the

canonical form [73]:

1
a = argmin =|r(a)||3.
a 2

To better approximate the Poisson MLE, we could replace the euclidean norm by the fol-

lowing weighted norm:
. 1 2
a = argmin —||r(a)|ljy,
a 2

where HxH%V = 2T W and W is a diagonal weighting matrix. Specifically, we use the weights
Wi = y;. This scheme is commonly referred to as data-weighted least-squares and can be
viewed as a quadratic approximation to the Poisson likelihood [74]. This weighting scheme

can also be viewed as an approximation to inverse-variance weighting, since
var(g;) = var(logy;) ~ 1/y;.

We will refer to the weighted version as the weighted, logged, nonlinear least-squares (WLNLS)

estimator.
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Gauss-Newton Update for LNLS We have cast the problem into this form for two main
reasons: Firstly, normalizing and taking the logarithm leads to a residual r(a) that is approx-
imately linear in a. Secondly, we can apply the well-known Gauss-Newton (GN) algorithm
[73]. The GN algorithm — not to be confused with the previously mentioned Newton’s
Method — is a first-order algorithm that applies specifically to nonlinear least-squares prob-
lems, and it exhibits rapid convergence when r(a) is nearly linear.

We will derive the Gauss-Newton update and show how it can be interpreted as a quasi-
Newton method. First, we define the function ®(a) = %Hr(a)”% By the chain rule, it can

be shown that its gradient and Hessian are given by

Vo =Jlr (4.11)
N

V0 = JLJr + Y Vi, (4.12)
=1

where J- is the Jacobian, defined by [Jr]z'j = % Note that all of these terms are functions
J

of a, but we have left out this explicit dependence in order to make the notation more
concise. The special structure of the nonlinear least-squares problem allows us to make the

following approximation to the Hessian of ®(a):
V20(a) ~ JL J, (4.13)

where we have simply ignored the second term. Hence, when the residual 7 is almost linear
in a, then Vzri(a) ~ 0, and this becomes an excellent approximation. This suggests the
quasi-Newton update

1
api1 = ay + (JTTJT) I, (4.14)

where J; and r are evaluated at the current iterate aj. Carrying out the same steps for the
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WLNLS formulation yields
T -Lor
api1 = ay + (JT WJT) JTwr, (4.15)

or equivalently,

1 2
a1 =aj+ arg min §|]Jra:—r\|W.

We will refer to this scheme combining the WLNLS estimator and the Gauss-Newton
solver as the WLNLS-GN method. The motivation for this scheme is that we find that
the WLNLS estimator is an excellent approximation to the MLE, and yet the WLNLS-GN
scheme converges to sufficiently accurate solutions in as few as two iterations. Furthermore,
the per-iteration cost of WLNLS-GN is less than MLE-Newton, since it is a first-order method
and does not require the computation of any second derivatives. We point out that the GN
algorithm cannot be applied to the original Poisson-likelihood maximization problem, since
it only applies to nonlinear least squares; hence the formulation of an alternative estimator.

In the following section, we will compare MLE-Newton and WLNLS-GN, empirically, in
terms of both accuracy and convergence rates. Though WLNLS-GN usually reaches machine
precision slightly faster than MLE-Newton in our experiments, we pay particular attention

to how quickly it reaches medium-accuracy solutions in the very early iterations.

4.3 Results

Comparison of LNLS, WLNLS, and ML Estimators

In this section, we compare the LNLS, WLNLS, and MLE estimators by allowing all of these
schemes to converge to machine precision and analyzing the sample mean and covariance of
each estimator. We will consider both the fully-determined (M = N) and overdetermined

(N > M) cases as well as two- and three-material decompositions.
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Fully-Determined Material Decomposition. To test out the case where M = N, we
consider a water-and-calcium material decomposition. First, we simulated a single line in-
tegral, according to (4.5), using an idealized, two-bin photon-counting detector model with
10% incident photons. Next, Poisson noise was added to y1 and yo. These noise-corrupted
measurements were fed into the MLE-Newton, LNLS-GN, and WLNLS-GN material decom-
position schemes and iterated until machine precision was reached. This entire sequence was
repeated for one million realizations in order to obtain accurate statistics on each estimator.

The resulting means and covariances are visualized in Figure 4.1 as error-ellipses. The
major and minor axes of these error ellipses are proportional to the singular values of the
sample covariance matrix. They can be thought of as a two-dimensional generalization of

error bars, since a bivariate normal distribution has elliptical confidence intervals. Note

I MLE-Newton
0.7F B LNLS-GN [

BN WLNLS-GN
0.6} -

Ca (g/cm?)
o
U

0.4 -

29.6 29.8 30.0 30.2 304
H20 (g/cm?)

Figure 4.1: Empirical error ellipses for ML, LNLS, and WLNLS estimators based on 10°
realizations of a water-calcium material decomposition with 2 energy bins. The black dot
indicates the true value of a.
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that for the fully-determined case, all three estimators yield almost identical results with
no discernible bias. Since there is a one-to-one mapping between a and y, the choice of
estimator is not particularly important. All three schemes are, essentially, just finding the

same solution to a locally invertible system of nonlinear equations.

Overdetermined Material Decomposition The choice of estimator becomes more impor-
tant when the number of spectral measurements exceeds the dimension of @, i.e. N > M. In
this case, the system of nonlinear equations is inconsistent, so some criterion must be used
to select the desired solution, such as the Poisson-likelihood function.

We carried out numerical simulations similar to the previous section but with a 6-bin
photon-counting detector model, instead of only 2 bins. Figure 4.2 shows the resulting error

ellipses for this case. This time we find that each estimator yields slightly different results

0.65} B MLE-Newton|
B LNLS-GN
0.60F BN WLNLS-GN ||

o

D

o
T

29.6 29.8 30.0 30.2 304
H20 (g/cm?)

Figure 4.2: Empirical error ellipses for ML, LNLS, and WLNLS estimators based on 10°
realizations of a water-calcium material decomposition with 6 energy bins. The black dot
indicates the true value of a.

with LNLS having the largest errors. The data-weighted scheme (WLNLS) improves the
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estimate of a, yielding a similar covariance to the MLE. Conceptually, the data-weighting
helps to account for the fact that certain spectral measurements have larger errors than
others. Interestingly, the MLE appears to exhibit virtually no bias, while the WLNLS has a
small but discernible bias.

With 6 energy bins, it is also possible to perform a three-material decomposition on
certain objects containing k-edge materials. To test out this scenario, we carried out sim-
ulations with water, gadolinum (Gd) and iodine (I) in the forward model and performed
a three-material decomposition. In this case, the three-dimensional analogue of the error
ellipses would be error ellipsoids. However, for easier visualization, we simply plotted 2D
error ellipses for two components of a at a time. Figure 4.3 depicts the sample mean and

covariance for the Gd and I components of a for all three estimators. Here, it is clear that

Il MLE-Newton
BN LNLS-GN
0.03- BN WLNLS-GN
‘€ 0.02f 1
L
)
©
O
0.01} i
0.00

0.003 0.013 0.023 0.033 0.043
| (g/cm?)

Figure 4.3: Empirical error ellipses for ML, LNLS, and WLNLS estimators based on 106
realizations of a water-Gd-I material decomposition. Only Gd and I components are shown
here. The black dot indicates the true value of a.

the LNLS estimator is inferior to WLNLS; however, WLNLS compares quite favorably to

MLE. Both have very similar error magnitudes, and each exhibits a slight bias in different
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directions.
These experiments indicate that the WLNLS formulation yields an estimator comparable
to the MLE. It also demonstrates the importance weighting the data in the overdetermined

case.

Empirical Comparison of Convergence Rates

In this section, we focus on the convergence rate of the various basis-material estimation
schemes. The results presented here are derived from the same simulation studies used in

the previous section, but we track two convergence metrics at each iteration.

Convergence to the Optimum. The first metric that we look at is the distance between

the current iterate and the fully-converged estimator. We define this metric as

RMSDg+ = |laj, — a*[|s. (4.16)

Note that the quantity a* is the optimal point that a particular iterative algorithm reaches
as k — oco. To compute a*, we let each scheme (MLE-Newton, LNLS-GN, and WLNLS-GN)
converge to machine precision. Since each scheme defines a unique estimator, there will be a
different a* for each one. Hence, we are only comparing how fast each algorithm approaches
its own optimum. The quantity RMSD,+ should theoretically approach zero as kK — oo, but
in practice it will oscillate around a small value once machine precision is saturated, due to
rounding errors.

We observe that both LNLS-GN and WLNLS-GN reach machine precision in fewer it-
erations than MLE-Newton, though not much faster in the three-material decomposition.
See figures 4.4 and 4.5. More interestingly, the early convergence is much faster in both GN
schemes than MLE-Newton. Thus, if only moderate accuracy is required, these schemes may

save many iterations.
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Figure 4.4: Empirical convergence plot of MLE-Newton, LNLS-GN, and WLNLS-GN for
a water and calcium material decomposition. This plot illustrates the convergence of each
scheme to its own optimizer as a function of iteration number.
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Figure 4.5: Empirical convergence plot of MLE-Newton, LNLS-GN, and WLNLS-GN for a
water, gadolinum, and iodine decomposition. This plot illustrates the convergence of each
scheme to its own optimizer as a function of iteration number.
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Convergence to the True Material Vector. In practice, it is rarely useful to converge such
estimation problems to machine precision due to the presence many other confounding error
sources, such as detector/spectrum model error, scatter, and quantum noise. To illustrate
this, we define a second convergence metric that measures the distance between the current

iterate and the true basis-material vector. This quantity is defined as

RMSDgy,e = l|@r — @truell2 (4.17)

The quantity atrye comprises the actual inputs used in the forward model to generate the
data, prior to adding noise. It can be viewed as the ground truth. Since we are estimating a
from noisy data, it should not be expected that RMSDg,,,, Will tend toward zero. Instead it

will converge to some constant minimum value, which may be different for each estimator.
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Figure 4.6: Empirical convergence plot of MLE-Newton, LNLS-GN, and WLNLS-GN for
a water and calcium decomposition. This plot illustrates the convergence of the estimator
error, with respect to the true material vector
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Figure 4.7: Empirical convergence plot of MLE-Newton, LNLS-GN, and WLNLS-GN for a
water, gadolinium, and iodine decomposition. This plot illustrates the convergence of the
estimator error, with respect to the true material vector

Figures 4.6 and 4.7 illustrate the decay of RMSDg,,,, for each scheme. Remarkably,
the WLNLS and LNLS schemes reach the noise floor after about 2 iterations. It is also
interesting to note that the LNLS scheme plateaus to a larger final error than WLNLS and
MLE, which supports our previous observations that it is an inferior estimator.

To better illustrate the fast early convergence of WLNLS-GN, compared to MLE-Newton,
we apply both decomposition schemes to sinogram data simulated from a disk phantom, con-
taining water, gadolinium, and iodine. We visualize the progress of the material decomposi-
tion by performing FBP reconstructions of different iterates. This allows us to, qualitatively,
assess the progress of each material decomposition scheme.

Figure 4.8 depicts the reconstructed gadolinium image from a three-material water,
gadolinum, and iodine decomposition. The result from two iterations of WLNLS-GN looks

very similar to the fully-converged, gold-standard MLE. However, even after 9 iterations,
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Figure 4.8: FBP reconstructions of WLNLS-GN and MLE-Newton iterates for gadolinium
channel from water, gadolinum and iodine decomposition.

the MLE-Newton scheme still shows substantial errors (middle).
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4.4 Discussion

By casting the material decomposition task as a weighted, nonlinear least squares prob-
lem and applying the Gauss-Newton algorithm, we are able to achieve similar estimation
performance to the maximum likelihood approach but reaching accurate solutions in only
a few iterations. Unlike Newton’s method, the GN algorithm is a first-order method, so
the complexity of each iteration is also reduced. Thus, we have presented a data-domain
material decomposition scheme that seems to achieve similar accuracy to the gold-standard
MLE, while being only slightly more computationally expensive than direct, non-iterative

methods.
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Multi-Channel Image Regularization

In Chapter 3, we discussed strategies for optimizing imaging parameters for spectral CT
material classification tasks, and in Chapter 4, we presented a fast, accurate algorithm for
performing data-domain material decomposition. In this chapter, we shift our focus to image
reconstruction, specifically addressing how to formulate a cost function for the simultaneous
reconstruction of multi-channel images, consisting of a plurality of energies or basis materials.

The dual-energy CT systems mentioned in Chapter 2 all utilize analytic algorithms (e.g.
FBP and FDK), which act separately on each energy or material channel. This approach
is attractive because it allows for the straight-forward application of well-understood recon-
struction methods to DECT data and is fast enough to meet the demands of the clinical
environment. However, in recent years, great strides have been made in the development
of iterative reconstruction algorithms for x-ray CT, which are known to offer a number of
advantages [75, 76, 77, 78], including the ability to incorporate prior knowledge about the
object into the reconstruction model [79, 80]. In particular, for spectral CT, iterative al-
gorithms offer the possibility of formulating a joint reconstruction model that exploits the
structural similarities shared across image channels, which could lead to improved noise sup-
pression and feature preservation. In this chapter, we design such a model by defining a

multi-channel generalization of the popular total variation (TV) semi-norm.

92



5.1 Background

Typically, iterative reconstruction methods identify the desired image as the minimizer of
a cost function comprising a data-fidelity term and some sort of regularization. The latter
term can help prevent overfitting to noisy data, select a unique solution to an ill-posed
inverse problem, and encourage desired properties in the image (e.g. smoothness). The total
variation (TV) is one of the most widely used regularizers in imaging inverse problems. It
was originally proposed by Rudin, Osher, and Fatemi for noise removal [81], but it has since
been applied to a multitude of other problems, including deblurring [82], demosaicking [83],
and tomographic reconstruction [84]. The success of the TV is due to several reasons. It
was designed with the explicit intention of preserving sharp discontinuities while suppressing
noise. Additionally, others have shown that TV regularized reconstruction algorithms can
sometimes yield accurate reconstructions from highly undersampled measurement data [84].
This phenomenon may be partially explained in CT by the fact that images tend to be
approximately piecewise constant, and the TV promotes sparsity in the image gradients.

A topic that has received more attention recently is how to generalize the total variation
to multi-channel images [85, 86, 87, 41]. A multi-channel image may be viewed as a stack of
scalar images or as a vector field, where each point in space corresponds to multiple contrast
values. The most straightforward way to generalize the total variation to multi-channel
images is to sum up the total variation of the individual channels. This technique, which
we refer to as “channel-by-channel” TV, has been employed for spectral CT reconstruction
previously [80, 88]. A major theoretical disadvantage of this approach is that it penalizes
each image channel independently, despite the fact that there are generally large inter-
channel correlations. For example, a simple visual inspection of a pair of low- and high-kVp
images from the same phantom sugggests that there is a high degree of similarity (See Figure
5.1). Contrast changes appear to follow the same pattern, edges are in the same locations,
and textures are likely to be similar. If some of these properties could be captured by

a generalized, T'V-like prior, then perhaps it would be advantageous to reconstruct both
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channels in tandem.

It turns out that there are many ways to generalize the TV to multi-channel images,
but we will focus on a specific choice, which has been referred to as the ”total nuclear
variation” (TVy) [41]. We had previously suggested the TVy prior [89] for spectral CT,
unaware that at least two earlier works had already discussed it in the context of color
image restoration [87, 41]. The TVy penalty encourages all of the image channels in a
multi-channel reconstruction to have common edge locations and for their gradient vectors
to point in a common direction. Equivalently, we can say that it has a bias for image channels
that have parallel level sets [90]. The notion that multi-channel images should have gradient
fields that share a common direction has been discussed in several other works on color image
processing [91, 92, 90]. These multi-channel extensions of the TV are also commonly referred

to as vectorial TV penalties since they are formulated to regularize vector-valued images.

Figure 5.1: These 80 kVp (left) and 140 kVp (right) reconstructions of the numerical XCAT
phantom suggest that images derived from common projection data acquired with different
energy spectra are correlated. In particular they appear to have a very similar edge structure.

The development of effective regularization strategies is particularly important for spec-
tral CT for a variety of reasons. Since the detected photons are divided into multiple energy
bins, the SNR of each channel is immediately reduced. Further, the multi-energy data is
typically used to derive quantitative, basis-material images (see Chapter 2), which may oc-
cur before [3], during [93], or after [94] the image reconstruction process. Unfortunately, the
decomposition is usually quite ill-conditioned, which results in a substantial amplification
of noise. This already poses significant challenges for protocols involving a two-material de-

composition and will be even worse when trying to handle three or more basis materials [18].
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Therefore, whether the BMD is performed in the sinogram domain or the image domain, it
is important to mitigate as much noise as possible during the reconstruction.

In this chapter, we develop an iterative reconstruction model for jointly reconstruct-
ing multi-channel spectral CT data with the proposed TVy prior. Using Chambolle and
Pock’s primal-dual algorithm (CPPD) [95], we derive update equations for two different op-
timization programs. The first minimizes the proposed TVy subject to a constraint on the
euclidean data-divergence, and the second minimizes the more primitive channel-by-channel
TV with the same data constraint. This approach allows us to fairly compare these two
generalized TV penalties over a variety of different smoothing levels, by adjusting a sin-
gle parameter. We believe that in practice there may be good reasons for performing the
basis-material decomposition either before or after the image reconstruction process, so we
test the TVy in both domains. In the first simulation study, we consider a 5-bin photon
counting system and jointly reconstruct the corresponding five sinograms. We will refer
to the energy-bin data hereafter as the "energy basis.” In the second study, we investigate
the impact of the TVy in the "material basis.” We simulate dual kVp data and perform a
maximum-likelihood material decomposition to obtain a pair of bone and soft-tissue sino-
grams. We simultaneously reconstruct all four sinograms (low, high, bone, and soft-tissue)
using both the channel-by-channel TV and TVy optimization programs. We hypothesize
that this hybrid approach of co-reconstructing the dual kVp data with the decomposed sino-
grams may help control noise in the material images by coupling them to the much higher

SNR energy basis images.

5.2 Theory

Notation and definitions

In this section, we outline the notation that we will use for the remainder of the document.
We adopt a somewhat unconventional set of indexing rules to maintain as much clarity as
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possible in describing algebraic operations on vectors with multiple dimensions of spatial

and spectral information.

Single-channel images. Consider a discretized 2D image u € I where [ = RMN ig a finite

dimensional vector space equipped with an inner product
(u,v) = Zu(z’,j)v(i,j), u,v € I. (5.1)
i,J

We use the convention u(i, j) to refer to a particular pixel, where i and j specify the row and
column indices and u(i,j) € R is a discretized version of some continuous image function
u(z,y). The quantity Vu is a vector in the space G = I x I, where the operator Vu : [ — G
represents a discrete approximation to the gradient. At each pixel location we define the

quantity (Vu)(i,) € R? as

(V). )
(Vu)(i,j) = l (5.2)
(Va)¥(i, )

where

N wi+1,5)—ui,j) j<N
(Vu)*(i,j) = (5.3)
|0 j=N
wli,j+ 1) —u(i,f) i< M
V) ={ ! | (5.4
0 1 =M

We also define an inner product in G,
(w.z)g =Y V"6, 7)2" (0, 5) +v¥(i,5)2Y (i, 4), v.z€q, (5.5)
i,J
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Note that we use bold font to indicate that each spatial location (7, j) maps to a vector of
values. Further, we will need a discrete divergence operator divz : G+ I, which is chosen

to be the negative transpose of the gradient operator, defined by
(Vu,z)g = — (u,divz);. (5.6)
Lastly, we define the mixed ¢1/fo-norm in G as

Izl =) llz(i.j)l2 z€G, (5.7)
0J

indicating that we take an ¢1-norm over the spatial indices (7, j) and an f3-norm of each 2-
vector z(i, 7). This mixed-norm notation is often used in the literature on sparse regression

and occasionally to compactly define the isotropic total variation [96],
TV(u) = [[Vull1 2. (5.8)

Multi-channel images Now, we consider a discrete image u € Z with L spectral or infor-
mation channels,
u1 (27 ])

us (i, 7)
u(i, j) i | ! , (5.9)

ur, (4, J)
where Z = RLM-N - The quantity u is a discretized version of some continuous vector field

u(z,y), such as an RGB color image. We also define an inner product in Z,

(w,v)z =)0 ugli, jueliy§) v eL (5.10)
AN
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where the subscript ¢ denotes a particular image channel. Since u is the discrete analog of
a vector field, we can also define the discrete Jacobian, Ju : Z — G, which generalizes the

gradient operator to vector fields. In particular we have

(Vuy)” (i,5)  (Vu)? (i, 5)

o (Vug)® (i,5) (Vug)? (4, 5)
(Ju) (i, §) = | . (5.11)

(Vur)®(i,5) (Vur)? (i,j)

At every pixel (i, j), the L x 2 sub-matrix (Ju) (¢, j) fully characterizes the first-order deriva-
tives of u, with each row consisting of the gradient vector of one of the L image channels.

(Lx2)-(M-N)

The quantity Ju is in vector space G =7 x Z =R with an inner product

(V.Z)g =YY Vi)Z{65) + VI i.)Z]i.j) V.Z€G. (5.12)
{4,

A element V' € G is a discretized version of a tensor field V(z,y), so we use uppercase font
to indicate that every spatial location (7, j) maps to a matrix. Again, we need an analog of
the divergence operator Div Z : G +— 7 that is the negative transpose of J. It is constructed
to satisfy

(Ju,Z)g = —(u,DivZ) . (5.13)

We define the mixed ¢ /nuclear-norm as

1Z)10 = I12(1.5)ll Z €6, (5.14)
i.j
where || Z(i, j)||x is referred to as the "nuclear norm” of matrix Z(i,7) and is equal to the

sum of its singular values.
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Linear imaging model In this work we will assume that the reconstructed image u is

related to the data vector g by the linear equation
g = Au, (5.15)

where g is a vector in the vector space D € RLK , and K represents the total number of line
integrals in our sinogram. The quantity g is formed by concatenating the sinograms of each
channel, and the operator A : Z — D is similarly formed by concatenating the projector
model of each of the L channels,

Aqug

Agug
g = : (5.16)

Apug,

We define an inner product in D,

(g a)p=2_ > g(k)a(k) gqeD. (5.17)
ok

Just as with the image domain, we use subscripts to index over spectral channels and the

index k in parenthesis to identifies a specific ray in the projection space.

The Scalar Total Variation

Total variation regularized CT reconstruction algorithms have been studied extensively due
to the approximate gradient sparsity of CT images. Several works have demonstrated that
such schemes may yield accurate reconstructions from highly undersampled projection data
97, 84, 98, 99, 80]. However, the success of these sparse-view reconstruction methods is

highly task-dependent.
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The anisotropic TV The "anisotropic” TV is simply defined as the ¢1-norm of the deriva-

tive of the image u,
TVa(u) = [|Vull1 = Y [[(Vu) (@ ), (5.18)
i.J
where it is useful to think of the ||.||; as a "sparsity-inducing” norm because it is a convex

relaxation of ||.||o-

The isotropic TV Somewhat more common is the ”isotropic” TV, which is defined in

terms of the gradient-magnitude image,
TV(u) = [Vulli2 = D I1(Va)(i, )] (5.19)
]
This penalty function has similar properties to the anisotropic TV but is sometimes favored

because it is rotationally invariant in the continuous setting. The anisotropic TV tends to

favor horizontal and vertical edges [100].

Vectorial Total Variation
Now, we consider generalizing the TV to the M-channel image u.
The channel-by-channel TV. The simplest way to extend the definition of the TV to

this vector-valued image, u, would be to take the summation of the total-variation of each

channel. This is given by

L
TVg(u) =Y TV (uy). (5.20)
/=1

We will refer to this approach as the ” channel-by-channel” TV because it imposes no coupling

between image channels.
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The Total Nuclear Variation. The proposed multi-channel generalization of the TV in-
duces a tight coupling between image channels through a pixel-wise penalty on the rank of
the Jacobian, Ju. This particular form, which we will call the ”total nuclear variation” [41]
is given by

TVy(w) = [Jullix =D | (Ju) (i, 5) 1, (5.21)

]

where [[(Ju)y|lx = ||o||1, and o is a vector of the singular values of Ju. This same form has
been independently proposed by at least three different authors since 2013 [87, 41, 89]. These
authors have pointed out several nice properties of the TV ;. Similarly to the channel-by-
channel TV, it is convex and rotationally invariant when defined on the space of continuous
images. Additionally, for a single-channel image, it reduces exactly to the usual isotropic
TV.

However, unlike the channel-by-channel TV, the TV jy couples the different image chan-
nels by encouraging common edge locations and alignment of their gradient vectors. We also
point out the following interesting equivalence: two images have gradient fields that point
in the same direction (up to a sign difference) if and only if they share the same set of level
curves [90].

This gradient-coupling effect comes from the fact that the nuclear norm encourages rank-
sparsity in (Ju), . A direct rank penalty on a matrix A with singular values o, would be
|lo||o- However, this function is non-convex and numerically difficult to realize. Therefore, it
is often replaced by the convex relaxation ||o||1, which also leads to sparsity in the singular
values, under certain conditions [101, 102]. To see why we want to encourage a low-rank
Jacobian, we consider the effect of the rank of this matrix on the gradient vectors of each
image channel. If pixel ¢ lies within a constant-valued region of all of the image channels
then this Jacobian matrix will be entirely null-valued, and all of its singular values will be
zero. Further, if all of the gradient vectors of the various image channels are parallel or anti-

parallel, such as at a common edge, then the Jacobian will be rank one and thus have only
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one non-zero singular value. This is because parallel or anti-parallel vectors are not linearly
independent. The fact that the TV jy treats parallel and anti-parallel vectors the same means
that it is robust to contrast inversions. The connection between singular-value sparsity and

gradient coupling is illustrated in Figure 5.2. In spectral CT, there may be edges that exist

4 (Vuy)(i, 5) A (Vuz)(i, )

(Ju) (i, j) =0
/(Vw)(llj)
(a) All singular values are (b) One non-zero singular (¢) Two non-zero singular val-
Zero value ues

Figure 5.2: This illustrates the relationship between the directionality of the gradient vectors
of a 2-channel image and the singular values of its Jacobian. When both channels are constant
valued, both singular values of the Jacobian are zero (a). If the gradient vectors are parallel
or anti-parallel, one singular value is non-zero (b). Both singular values will be nonzero if
the gradients have unique directions (c).

in some channels and not others, such as when imaging flowing contrast agents. However,
the TV penalty shows no bias toward falsely propagating these edges into other channels

where they do not belong. The TV would only be increased by inserting a false edge.

Converting to a "noise-balanced” image space In spectral CT imaging it is often the
case that certain channels are significantly noisier than others, and we have found that
the total nuclear variation regularization is more effective if a noise-balancing transform is
applied prior to reconstruction or denoising. Consider a two-channel image, 11, corrupted by
zero-mean, Gaussian noise with variances 0% and a% for channels 1 and 2, respectively. A

common approach to denoising is to solve the following optimization problem:

. 1 . 1 .
min o l(uy = @)/o1l|3 + 5ll(uz = @) /os]l3 + ATV (w). (5.22)
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The quantity 0 is the original noise corrupted image, and u is the denoised image. In the
data-fidelity term, each channel is inversely weighted by the standard deviation of the noise.
This weighting scheme is statistically motivated because it ensures that as A approaches zero,
the likelihood of the resultant image, £(u|1), is monotonically increasing. We find that it
is advantageous when using the TV penalty to also incorporate this inverse standard-
deviation scaling into the regularization term. Therefore, we can define a new scaled image

as ' = (uy /oy, us/ ag)T and solve the following optimization problem:

1
min iwf—am§+ATvmq. (5.23)
u

The scaling ensures that the global noise levels are the same in both image channels, and
the modified optimization problem effectively incorporates this scaling into the data-fidelity
term as well as the regularization. For image reconstruction, the same type of scaling would
be applied to the sinogram data. In general, the projection data will not have a uniform
noise level within a single energy channel, so we use some average measure of channel noise
to determine the global scale factor. We find that this noise-balancing procedure is an
important step, as it improves the noise suppression in multi-spectral images with unequal
noise levels. Note we can also write down an equivalent constrained optimization problem,

Hllli/n TV y(u)

(5.24)

st u =iy <e,

where some mapping exists between A and e such that both schemes yield the same family

of solutions.
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5.3 Materials and methods

General reconstruction model

Assume we have a set of L sinograms, corresponding either to the directly measured energy
channels of a spectral CT system or to the basis-material projections. We jointly reconstruct

these channels by solving the following data-constrained optimization problem:

min  TV(u)
" (5.25)

st [[Au—gllw <,

where g is the multi-channel projection data related to u by the discrete fan-beam projection
operator A. The TV term refers to either the channel-by-channel TV g or the total nuclear

variation TV . The norm on the data constraint ||.||y7 is a weighted ¢5 norm, defined by

gl = (9. Wa)p . (5.26)

This penalized weighted least squares (PWLS) data model is often used in CT reconstruction
because when the weights are selected such that W = K1, the data fidelity term corresponds
to the likelihood function for Gaussian data with covariance Kg. The single adjustable
parameter e controls the balance between data-fidelity and regularity. By fixing € we can
directly compare reconstructions using the naive channel-by-channel TV g to our proposed

TV j subject to the same data fidelity constraint.

The Chambolle Pock Primal Dual Algorithm

In this section, we will provide an overview of the first-order, primal-dual algorithm of
Chambolle and Pock [95] and demonstrate how to apply it to our reconstruction model. For
a tutorial on how to apply the CPPD algorithm to various CT reconstruction schemes, we
refer the reader to Sidky et al [103].
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The proximal mapping In order to describe the CPPD algorithm, we must first introduce
the concept of a proximal mapping. For a function f(z), the proximal mapping is defined
by

proxs(z) = argmin f(u) + %Hu — z|)3. (5.27)
u

The proximal mapping can be interpreted as a generalized projection operator because for
the special case that f(z) is an indicator function, then it is a euclidean projection. For an

extensive overview of the prox operator and applications, refer to Parikh and Boyd [104].

A general saddle-point problem Let X and Y be two finite-dimensional, real vector spaces.

The CPPD algorithm is designed to solve the saddle-point problem described by

min max (Kz,y) — F(y) + G(x), (5.28)
rzeX yeY

where F'(y) and G(x) are convex functions with very simple proximal mappings, and K is
a general linear operator. In particular, the proximal mappings associated with F' and G
should have a closed form or be easily solvable to high precision. It turns out that many
interesting image processing and reconstruction problems fit this description, including the
reconstruction model described in the previous section. The CPPD update equations are

summarized by Algorithm 1.

Algorithm 1 CPPD Algorithm

1: Initialize: 6 € [—1,1], o7||K||2 <1, 29,20 ¢ X, 4O ey > || K| = omax(K)
2: repeat
3. y(k+1) — prOXO'F (y(k) _|_ O'Kfi(k)>

1. 2 = prox, ¢ (x(k) _ TKTy(kH—l))
gl ) g (o0 g 09)

6: until x(k+1), y(k+1) = m(k), y(k) > stop when convergence criteria met

The parameters 0, o, 7 can be thought of as step-size parameters that affect convergence
speed but not the final solution. In this work, we use § = 1.0 and 0 = 7 = m Though
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Chambolle and Pock only prove convergence when the strict inequality o7|| K> < 1 is
satisfied, we find that setting o7 K||? = 1 causes no stability problems. A similar observation
is made in [103]. The quantity || K|| is the “spectral norm” of the operator K, which is
equivalent to its largest singular value. As in [103] we use the power method to iteratively
compute || K|, which relies only on matrix-vector multiplications and is detailed in Appendix
D. The CPPD algorithm has close ties with several other popular algorithms, including

ADMM, split-Bregman, and proximal-point. This is further discussed in [95].

Applying the CPPD algorithm to VTV reconstruction Now we will outline how the
CPPD algorithm can be applied to the data-constrained optimization problem of (5.25).
First we rewrite (5.25) as

min TV(u) + ¢ (Au — g), (5.29)

where the indicator function d¢(x) is defined by

0 xllw <e
de(x) = : (5.30)

oo x|l > e

In the subsequent steps we will recast this objective into a saddle-point problem by dualizing
the VIV and data-constraint terms. All of the following transformations follow from the
definition of the Fenchel conjugate. More details on the Fenchel conjugate, also referred to
as the Legendre transform, are in the appendix. First, we introduce an auxiliary variable q

and rewrite the data constraint as

e(Au — g) = max (q, Au — g)p — €|~ 2ql. (5.31)
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Similarly, we can rewrite the TV penalty function as an optimization over another auxiliary

variable, z. For the channel-by-channel TV g, we have
TVg(u) = max (Ju,Z)g — ds(2), (5.32)
where the definition of the set S is given by
S={2€G : [1Zi,j)ll2 <1V i,j,m}. (5.33)
The proposed TV j penalty function can be expressed as:
TVy(u) = max (Ju,Z)g — on(2), (5.34)
where the set A is defined by
N={ZeG : omax(Z(i,§)) <1V i,5}. (5.35)

The quantity Z(i,7) is an L X 2 matrix, with the same dimensions as the Jacobian derivative
at pixel (i,7), and omax is its largest singular value. These transformations, which are
detailed in Appendix A, allow us to write our original VTV reconstruction model as a

primal-dual, saddle-point problem,

min ac (Ju, Z)g + {d Au — g)p — o5/ (Z) - e[ =1 2q],, (5.36)

where the indicator function is either dg for the channel-by-channel TVg or dzs for the

proposed TV . We can directly apply the CPPD update equations of Algorithm 1 by
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making the following assignments.

o] A
r—u, y— , K —

7 J (5.37)

F(q,Z) = 05 5 (2) = e|[W ™ 2q]ly — (a,8), G(u)=0

The resulting update equations are given by Algorithm 2. The operator Il g IN is a Fuclidean

Algorithm 2 Data-constrained VTV Update Equations

2
A
2: repeat

30 Z0H) =0 <Z(’“) + JJﬁ(k)>

4: q(kJrl) = Prox,r, (q(k) +0o <Aﬁ(k) — g))
. ak+1) — k) 4, (Div Z(k+1) _ ATq(k—H))
6: ak+1) — q(k+1) 4 g (u(k+1) B u(k))

7: until > stop when convergence criteria met

1: Initialize: 6 =1, o1 =1, (u,u,q,7) =0

2

projection onto the set S or A/, and the Div operator is the negative transpose of the discrete
Jacobian operator J. Note that the g-update is written in terms of the proximal map of
the function F;, which we define as Fy; = ||W(_1/2)q||2. While there does not appear to be
a closed-form expression for this proximal map, it can be reduced to a very simple scalar
optimization problem as long as W is diagonal. This is detailed in the appendix along with

an efficient method for performing the Euclidean projection in the primal variable update.

Simulation studies

To investigate the impact of the proposed vectorial TV regularization, we performed two
numerical simulation studies with the computerized XCAT phantom [105]. In the first ex-
periment we simulate an ideal, photon-counting system with 5 energy windows and directly

reconstruct images corresponding to the log-normalized bin data. We will refer to this image
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basis as the "energy” basis because each image channel corresponds directly to the measure-
ments of one energy window.

In the second experiment, we simulate an ideal, dual-kVp scan and perform what we
will refer to as a "hybrid” reconstruction. As we will detail later, we first decompose the
80/140 kVp data into a bone/soft-tissue “material” basis and then we co-reconstruct this
synthetic data with the raw 80/140 kVp sinograms. The TV j penalty couples all four image
channels so that the relatively noisy basis-material channels may benefit from the higher SNR,

energy-bin channels.

Data generation

The XCAT shoulder phantom All simulations used the same 2D pixelized shoulder phan-
tom, which was generated from an axial slice of the XCAT phantom and is pictured in Figure
5.3. The XCAT software package was used to generated a set of bone and soft-tissue density
maps on a 2048 x 2048 pixel grid. These density maps were then used as input to a polyen-
ergetic, distance-driven projector model to generate the simulated raw data that would be

inputted to our reconstruction algorithm.

Ideal photon counting model To generate the 5-bin photon-counting data, we used a
realistic 120 kVp simulated x-ray tube spectrum with hard thresholds at 40,60,80,100, and
120 keV. We did not model any physical factors in the detector response, so our bin response
functions are perfect rect functions. Our simulated spectrum had virtually no emissions
below 20 keV, so we can think of these bins as being evenly spaced. Using a distance-driven
projector model, polyenergetic projections were computed with 896 detector elements per

view and 400 views, and Poisson noise was added.

Dual kVp hybrid model The other configuration we looked at was an 80/140 dual kVp
acquisition with the same number of detectors and views as the photon counting simulation.

We simulated realistic 80 and 140 kVp x-ray tube spectra to generate two sets of consistent
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projection data. This type of consistent, dual-kVp data can be acquired on many current
scanners by performing two back-to-back scans. One could also approximate consistent,
dual-kVp data with a fast kV-switching geometry by interpolating the missing views in
the low and high kVp sinograms. Gaussian noise was added to approximate a compound
Poisson noise model. From the noisy 80 and 140 kVp projection data, we synthesized bone
and soft-tissue basis sinograms using a maximum-likelihood material decomposition. Since
the material decomposition is performed in the projection space, it is ray-by-ray separable,
resulting in a series of small optimization problems that we solve to high precision using
Newton’s method. In the "hybrid” study, we will co-reconstruct these 4 channels of data,
consisting of our log-normalized, dual kVp data (energy basis) and the synthesized, material-

basis data.

(a) 60 keV reference image (b) bone density map (c) soft-tissue density map

Figure 5.3: The 2D XCAT shoulder phantom used for all simulations studies, depicted at
60 keV (a) for reference. The projection data were generated using bone (b) and soft-tissue
(c) density maps with the appropriate mass-attenuation curves.

Preprocessing and reconstruction

Both the 5-channel photon-counting data and the 4-channel dual kVp hybrid data were
reconstructed using the reconstruction model outlined in (5.25). For reconstruction, we used

a 512x 512 grid of 1 mm pixels and a matched projector/backprojector pair based on Joseph’s
method [106].

Computing data-weights For the raw-basis projection data, we will use the data-weighting
approach described by Bouman [76], which results in a diagonal W matrix, where the diago-

nal elements equal the raw projection data (before taking the logarithm). This is a quadratic
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approximation to the log-likelihood. For the synthetic, bone/soft-tissue sinograms, we es-
timate the variances using the Cramer-Rao lower bound [32] and weight by their inverse.
This is similar to the approach described by Schirra [107] and Sawatzky [88], but we ig-
nore the off-diagonal terms in this work for simplicity. The reason for omitting these terms
is because the CPPD algorithm relies on the functions F' and G in (5.28) having simple
proximal maps, and we require this simplification to meet that criteria. This problem only
arises in the data-constrained form of the optimization problem. When solving the equiva-
lent unconstrained optimization problem (as in [107, 88]), including the inter-channel noise
correlations is straightforward. Generally, fewer algorithmic tools are available for solving
the data-constrained form, but we favor it for this work because it provides a mechanism for

fairly comparing the channel-by-channel TV to the TVy.

Tuning the data-constraint parameter The only parameter that we will vary in our recon-
struction model (5.25) is €, which controls the trade-off between data fidelity and smoothness.
In general, smaller values of € will result in noisier images, while higher values allow the VTV
term to find a smoother solution. At the extreme case of € = 0, only images with projections
that exactly match the measured data are allowed. There is also some finite value € = €pax
for which the algorithm will return an image of all zeros. In order to determine an interesting
range for €, we first compute a ground truth image ugye by performing FBP on noiseless,
non-sparse projection data. Then we define a new parameter ¢* which is defined by equation
5.38,

€ = || Augrue — gllw (5.38)

where g are the noisy projection data we wish to reconstruct. In this study we will select
values of € that satisfy € = ae™, where a € (0,1). We subjectively selected a range of « values
that represent a range of solutions from under-smoothed to over-smoothed to demonstrate
how the TV compares to the channel-by-channel TV in various regimes. As described

earlier, the projection data were re-scaled prior to reconstruction, so that the average noise
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levels were approximately the same in every spectral channel.

5.4 Results

In the following section, we present the resulting images from our simulation study, compar-
ing directly the channel-by-channel TV and the proposed TVy. In all of our comparisons,
we refer to the reference image utyye, which is obtained by performing FBP on noiseless

full-view data (1200 views).

Figure 5.4: XCAT reference image, with ROI’s indicated in yellow

Photon counting study

Here we present the results of performing a simultaneous reconstruction of the five photon-
counting bins after log-normalization, using both the channel-by-channel TV g and the pro-
posed TV . This is an example of performing a joint reconstruction on data in the energy
basis because we did not perform a material decomposition. In this setup, bin 1 (0-40 keV)
was the noisiest, due to significant attenuation below 40 keV. We find that the inter-channel
coupling introduced by the total nuclear variation has the greatest impact on the noisiest
channels, so we present reconstructed images from this energy bin, focusing on the ROI’s
indicated in Figure 5.4. The resulting images are depicted in figures 5.5 through 5.6. The
image window was manually adjusted for each ROI to highlight the relevant structures but

is fixed within a particular figure. In general, we find that the images reconstructed with
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TV  regularization suffer from less edge blurring as the smoothing parameter € is increased.
The profile plot in Figure 5.7 gives a closer look at how the TV y better preserves bony
structures in the lowest energy bin image. We confirmed that these profiles were extracted

from images of similar noise levels by measuring the sample variance in a nearby, uniform

muscle ROI. This is expected because our data-constrained, reconstruction model allows us

O

to select the noise level directly by tuning the € parameter.

.

(a) Utrue (b) TVs, (c) TVs, (d) TVsg, (e) TVsg,
e = 0.0013¢* e = 0.0016¢* e = 0.002¢* e = 0.003¢*
RMSE= 0.044 RMSE= 0.045 RMSE= 0.048 RMSE= 0.061

.

(f) Utrue (g8) TV, (h) TV, (i) TV, (j) TV,
€ = 0.0013¢* € = 0.0016¢* € = 0.002¢* € = 0.003¢*
RMSE= 0.035 RMSE= 0.033 RMSE= 0.033 RMSE= 0.046

Figure 5.5: Bin 1 (0-40keV) image, bone ROI/window comparison with channel-by-channel
TV (top) and TV (bottom). Grayscale window in cm ™! [0.30,0.85]. The reference image
utrue 18 an FBP reconstruction of the fully sampled (1200 views) noiseless data.

Dual kVp Hybrid Study

In this study, we co-reconstruct the synthetic soft-tissue/bone image channels with the raw
80/140 kVp data. In general, the material decomposition greatly amplifies noise, so that
the soft-tissue and bone images tend to have a much lower CNR than the raw 80 and 140
kVp images. This noise amplification is due to the ill-conditioning of the inversion step
in the basis change, which is caused by the relatively poor spectral separation between
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(a) Utrue (b) TVg, (c) TVg,
e = 0.0013¢* e = 0.0016¢*
RMSE= 0.020 RMSE= 0.021 RMSE= 0.022 RMSE= 0.027

(f) Utrue (g) TVN7 (h) TVN7 (1) TVN7 (.]) TVN7
€ = 0.0013¢* € = 0.0016¢* € = 0.002¢* € = 0.003¢*
RMSE= 0.018 RMSE= 0.018 RMSE= 0.019 RMSE= 0.018

Figure 5.6: Bin 1 (0-40keV) image, soft-tissue ROI comparison with channel-by-channel TV
(top) and TV (bottom). Grayscale window in cm™! [0.30,0.35]. The reference image
*Utpye 18 an FBP reconstruction of the fully sampled (1200 views) noiseless data.
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Figure 5.7: This is a vertical profile through the 0-40 keV, bone-ROI image with e = 0.0016¢*.
The TVy regularized reconstruction shows slightly better preservation of bony structures.

The noise levels were estimated from a nearby ROI in a uniform muscle region (o7y, =
0.0025, oy, = 0.0022).
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basis materials. This poor spectral separation also explains the strong negative correlation
between the synthesized material channels. We hypothesize that by coupling the high CNR
raw image channels and the low CNR synthetic image channels, we may be able to improve
noise suppression in the synthetic data. We call this technique of reconstructing the synthetic
and raw data simultaneously "hybrid” reconstruction. We present ROI’s from both the bone
density image and the soft-tissue density image over a range of different ¢ values in Figures

5.8 and 5.9. We find that using the TV y allows for a high degree of noise suppression (high

(a) Utrye (b) TVg, (c) TVg, (d) TVg, (e) TVg,
e =0.07¢* e = 0.08¢* e = 0.09¢* e = 0.1¢*
RMSE= 0.042 RMSE= 0.045 RMSE= 0.050 RMSE= 0.056

\\\

(f) Utrue (J) TVNa
e =0.1¢*

RMSE= 0.040 RMSE= 0.039 RMSE= 0.039 RMSE= 0.041

Figure 5.8: Bone basis image, bone ROI comparison with channel-by-channel TV (top) and
TV (bottom). Crayscale window in g/mL~! [0.00,0.52]. The reference image wtye is an
FBP reconstruction of the fully sampled (1200 views) noiseless data.

values of €) without significantly deteriorating bone or soft-tissue structures. However, when
the naive channel-by-channel TV is used, these same € values eventually lead to significant
blurring artifacts. We also point out that even though the soft-tissue, 80 kVp, and 140 kVp
images have edges that are not present in the bone density image, the TV 5 coupling does

not falsely propagate these edges into the bone channel.
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utrue ( ) TVS7 ( ) TVS7 TVSv TV57
e =0.07¢* € = 0.08¢* 6—0096 6—016
RMSE= 0.041 RMSE= 0.038 RMSE= 0.038 RMSE= 0.040

(f) Utrue (g) TvNa (h) TVn, (1) TVn, (J) TVn,
e =0.07¢* € = 0.08¢* € = 0.09¢* e =0.1¢*
RMSE= 0.040 RMSE= 0.039 RMSE= 0.039 RMSE= 0.037

Figure 5.9: soft-tissue basis image, soft-tissue ROI comparison with channel-by-channel TV
(top) and TV (bottom). Grayscale window in g/mL~' [0.80,1.07]. The reference image
Utrue 18 an FBP reconstruction of the fully sampled (1200 views) noiseless data.

5.5 Discussion

We have described a framework for jointly reconstructing multi-channel spectral CT images
using a generalized vectorial regularizer. Specifically, we presented a multi-channel gener-
alization of the total variation which couples the different image channels by encouraging
their gradient vectors to point in a common direction. Preliminary results suggest that this
coupling may allow for greater noise suppression with less blurring of image structures com-
pared to the channel-by-channel TV. This regularization strategy can be used to reconstruct
energy bin images, basis-material images, or even both simultaneously, such as in our hybrid
reconstruction study. This hybrid approach may allow for better noise suppression in the
synthetic material images, which typically suffer from elevated noise levels.

In this study, we only considered the case of multi-energy data with consistent rays to
isolate the impact of the inter-channel coupling in the TNV. However, we suspect that by

coupling the edge structure of the image channels, there may be additional benefits for data
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containing inconsistent rays. For example, in a fast kV switching system each energy channel
contains slightly different geometric information about the object, due to the fact that the
projection views are interleaved, and we hypothesize that the TV penalty may allow some
of this information to be shared between image channels during the reconstruction. In future
work we will investigate the impact of the TV penalty on configurations with inconsistent
rays.

A final important note about this study is that the numerical XCAT phantom we used is
piece-wise constant. We expect our proposed TVy penalty to suffer from many of the same
artifacts and limitations as the conventional TV penalty when applied to more realistic
data, such as "staircasing” [108] and loss of contrast [109] . However, other works have
demonstrated that TV can still perform somewhat well on data with low frequency structures
and complex textures when balanced appropriately with the data-fidelity term [84, 110]. We
investigate the application of TVy to more realistic, non-piecewise CT data in Chapter 6

for the purposes of denoising, rather than image reconstruction.

5.6 Appendix A: Deriving the saddle-point problem

To derive the saddle-point formulation of our optimization problem, we used two fundamental
results of convex analysis to ”dualize” the data fidelity constraint as well as the VTV term.
The transformation of the VIV term follows straightforwardly from the definition of the

so-called ”dual-norm,” which is defined by
lz]|" = sup (z,2) st [z] < 1. (5.39)
z

Every norm ||.|| has an associated dual-norm ||.||’, that obeys this relationship. The f5 norm
utilized in the scalar TV is self-dual, while the nuclear norm and spectral norm form a dual

pair.
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Dualizing the channel-by-channel TV The channel-by-channel TV can be written as

TVg(u ZZH Ju)y (i, j)|l2- (5.40)

14

The definition of the dual-norm allows us to rewrite this expression as

TVg(u ZZSUP (Jw)g (i,5), Ze(i, 5)) st | Ze(i, )l < 1
o7 (5.41)

= sup <Ju7 Z>g s.t. |’Zf(27j)||2 <1V iaj’m
Z
which is equivalent to (5.32).

Dualizing the proposed TV The proposed TV y is
TV y(u Z” (Ju)(i, 7)]|x- (5.42)

Substituting the definition of the dual-norm, we get

TV (u Zsup ((Ju)(i,7), Z(i, 7)) s.t. omax(Z(i,5)) < 1
(5.43)

=sup (Ju,Z)g s.t. omax (Z(i,7)) <1 Vi, j,
Z

which is equivalent to (5.34). We have used the fact that the spectral norm (maximum

singular value) is dual to the nuclear norm.

Dualizing the data-fidelity term using the Fenchel conjugate To dualize the data-fidelity
term, we make use of the Fenchel conjugate. For a convex, lower semi-continuous function

f, the conjugate f* is defined by

f*(x) = sup <x,x/> — f(2)), (5.44)

xl
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where it is also true that (f*)* = f. Using this definition, it is easy to show that the following

functions form a conjugate pair,
Se(x) < e[ W2z, (5.45)

where () is the indicator function, defined by (5.30). This along with the definition of the

Fenchel conjugate leads directly to Eqn. 5.31.

5.7 Appendix B: The proximal map of co||IW~/2q||,

The update equations for Algorithm 2 involve evaluating the proximal map of eoF; =
eo|W—1/2q||5, which does not admit a closed form. However, we will now show how it
can still be efficiently evaluated using a simple root-finding procedure. First we explicitly

write out the proximal mapping as
. _ 1
prox.,p, (¢') = argmin ||~/ 2q|5 + ot L By q'[l3- (5.46)
q €0
Next, we compare this optimization problem to a slightly easier problem,
argmin 2 [W g3+ o - o3 (5.47
q 2 2)\0'

and note that for some choice of € and A, these objectives both have the same set of level
curves. We can find the solution to this problem by setting the gradient equal to zero, and

for a symmetric weighting matrix W, it is given by

q' = (I + a)\W_1> q. (5.48)

If the gradient of this easier problem is equal to that of the original problem, then q* must be
an optimizer of the original problem as well. Momentarily, we ignore the non-differentiable
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point q = 0, and set the gradients equal, which yields

€ = \|W 1 2g7|2.
. (5.49)
= AW/ <I+0AW_1> q 2.

In this work, we will only consider the case where W is a diagonal matrix, which allows us

to simplify this expression.

N

2 2 JJ 112

N A F R ) | ) (5.50)
jz::l (Wij+on)>

The index j is a linear index over every element of q. Now, we just need to perform a 1D
search for a positive value of A that satisfies this equation, which can be done very efficiently
using Newton’s method or a variety of other algorithms. Once this root, \*, is found, we

simply plug it back into (5.49):

(I+J)\*W_1)_1 qd W2 ||y > oe

/

ProXe,f, (d) = . (5.51)
0 W2 ||y < oe

Note that because of the non-differentiability of ||W*1/ 2q|l2 at q = 0, there will not always
be a solution to equation 5.50. Specifically, if oe > ||W1/2q’|]2, then there is no viable root.
In this case, we need not perform the root-finding procedure, because the optimum must

occur at q = 0.

5.8 Appendix C: Implementation of the projection opera-
tors Ils/y

IIs Now, we will describe the Euclidean projection onto the set S defined in (5.33). Con-

sider projecting Z € G onto §. We can define this operation element-wise on each vector
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Zy(i,j) € R? corresponding to the (*2 gpectral channel and the pixel-location (4,7). The

projection of this element is given by

- Zo(i,3) 11292 <1
s (Ze(i, 5)) = i : (5.52)
L\%,]

m otherwise

For every image channel ¢ and pixel location (4, j), we simply project the vector Zy(i, j) onto

the unit ball.

IIy  The projection onto set N defined by (5.35) is slightly more complicated. We define
this operation element-wise on each M x 2 matrix Z(, j). This time we need to threshold

the singular values of Z(4, 7). This projection can be succinctly described by

My (Z(i,5)) = USVT, (5.53)
where USXVT is the SVD of Z(i, j), and

¥y = sgn (X) min (|11, |X]) (5.54)

is the thresholded version of X. To form X, the singular values on the diagonal of X are
simply thresholded so that their magnitude does not exceed 1. An equivalent projection

formula that leads to a much more computationally efficient solution is given by
My (2(i, ) = 20, ) VEi5,vT, (5.55)

The quantity >t is the pseudo-inverse of . Since we are only working with 2 spatial
dimensions the matrix V' will by a 2 x 2 square matrix. Therefore, to compute the projection
according to (5.55) we only need to compute the eigenvalues and eigenvectors of a 2 x 2

matrix, for which a very simple closed form is available. This can also be done efficiently for
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3D images, where V' will be 3 x 3. Because of this, the update equations that result from the
proposed vectorial TV are only trivially more expensive than the channel-by-channel TV,

and the projection/backprojection operations are likely to swamp this difference.

5.9 Appendix D: Power Method for Estimating the Maxi-
mum Singular Value of a Linear Operator

Algorithm 3 is a basic version of the power method, which can be used to numerically
estimate the maximum singular value of a linear operator K. In practice, 10 to 20 iterations
are usually sufficient, and this quantity only needs to be computed once for a given system
geometry. The vector x is typically initialized in some random fashion, e.g. with samples of

the standard normal distribution.

Algorithm 3 N steps of the power method for determining s = || K||

1: Initialize: n < 0

2: repeat
KT'Kux,

o Il T KT,

4 s || Kapgall2

5 n<+<n+1

6

cuntiln =N
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Assessment of VTV Regularization on

Realistic CT Data

6.1 Background

In the previous chapter, we introduced a vectorial extension of the total variation penalty to
multi-channel images, which we referred to as the total nuclear variation (TVy). By jointly
processing several image channels with edge-coupling regularization, improved reconstruc-
tions were demonstrated from the same noisy data.

In this chapter, we will build on those findings by investigating whether the same benefits
can be demonstrated on more realistic CT data. In doing so, we aim to address several
limitations of the previous study. Firstly, we will evaluate the TV 5 on images that have a
realistic texture. Although the numerical XCAT phantom, utilized in the previous study, is
based closely on real CT images of a human cadaver, its contrast is piecewise. This could be
problemetic for evaluating any sort of TV regularization, since it is known to favor this kind
of structure [111]. Furthermore, one of the alleged benefits of the TVy is that it promotes
aligned gradient vectors across energy channels, but due to its piecewise nature, the XCAT

phantom also trivially satisfies this condition. Other authors have applied a very similar
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regularizer to the joint reconstruction of PET-MR patient data with favorable results [112],
but to our knowledge, no studies have reported on TV for real multi-energy CT images.
To address the question of whether the previous findings are translatable to realistic
multi-energy CT data, we will investigate the proposed regularizer on dual-energy images
of a turkey acquired on a diagnostic, clinical scanner. While the previous study focused
on image reconstruction, the TVy can also be applied to other image restoration problems
[41, 87]. Since we did not have access to the projection data or geometry parameters of our
scanner, we focus solely on denoising in this work. Because denoising is much less computa-
tionally expensive than reconstruction, this enabled us to conduct thorough exploration of
the parameter space which was not feasible in the previous study. In addition to assessing
the TVy on realistic data, we also address several other issues of practical interest. Firstly,
in order to isolate the importance of edge-coupling and gradient alignment, we also study
another multi-channel variant of the TV[82] which encourages joint sparsity of the gradient
magnitude images but is ambivalent to the alignment of the gradient fields; we call this
TVyg. Secondly, we demonstrate a “smoothed” variant of the multi-channel TV, analgous
to the “Huber penalty” used in other image reconstruction papers [78, 113, 114, 115, 116].
The Huber penalty is an interesting regularizer for C'T because it has some of the edge-
preserving properties of the TV but with less of bias toward piecewise images, which may
lead to a more natural looking texture [95]. Thus, a vectorial extension of the Huber penalty
to multi-channel images may be of practical interest. Lastly, we demonstrate that the TVy
can be efficiently extended to 3D image volumes, which could improve denoising by allowing
regularization along the axial direction and is crucial for reconstructing multidector and cone

beam CT data.
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6.2 Theory

In this section, we will describe a generic denoising model as well the variants of the TV
that we investigated. We use the same notation as in the previous chapter unless otherwise

indicated.

Denoising Model

Our denoising model is specified by the following optimization problem:
: 1 9
arg min §HU—QHQ+)\TV(U) (6.1)
u

where g is the noisy image, A controls the tradeoff between data-fidelity and smoothness,
and TV refers generally to some variant of the total variation from TVg, TV, or TVy.

Both TVg and TV were defined in Chapter 5, and TVy is defined as

TV (u) = [ Jullip = 3 [ Juli ). (6.2)
i,]

where ||.|7 is the Frobenius norm. For a matrix X the Frobenius norm is defined as

1/2
2
ROERDIRE - (6.3)
0]

All VTV variants studied are summarized in Table 6.1.

Primal-Dual Saddlepoint Problem Asin Chapter 5, the denoising model can be expressed

as a saddlepoint problem, which is given by

: 1 2
min max (Ju, Z)g — 6¢(7) + 55 |lu — gl (64)
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Defintion Edge Coupling Gradient Alignment

TVg(u) = 3¢ 1 TV(uy)
TVE(u) = [|[Jull; p v
TVx(u) = || Jul1 « v v

Table 6.1: Three multi-channel variants of the TV studied in this work. Note, TVg induces
no inter-channel coupling and is equivalent to separately denoising each image channel.

where dx is a generic set indicator function defined by

0 Xek
(X) = . (6.5)

o X ¢K

The set K is equal to S, F, or N for TVg, TV, and TVy, respectively. The sets S, F, and
N are defined below:

S={ZeG : |Zi,j)ll2 <1V i,5,¢}
F={2€G : [1Z(i,j)llp <1V ij} (6.6)

N={Z€G : omax(Z(i,§)) <1V i,j}.

Algorithm Updates

Just as in the previous chapter, we use Chambolle and Pock’s first-order, primal-dual algo-
rithm (CPPD). However, unlike in Chapter 5, this saddle point problem is strongly convex
in the primal variable w, with convexity constant A~1, so we can use their accelerated al-
gorithm. This variant achieves a convergence rate of O (1/N 2) rather than O(1/N). The
updates are given by Algorithm 4.

The primal and dual stepsizes 7 and ¢ must be initialized so that 7¢|.J||? < 1, where ||.J||
is the spectral radius (also the maximum singular value) of the Jacobian operator J. It can

be shown in that ||.J|| < /8 [117]. We find that convergence is always fastest when o7 = 1/8;
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however there still exists freedom to choose the ratio of primal to dual stepsizes. The observed
rate of convergence can be dramatically impacted by this choice, but we are unaware of any
good method to automatically select these parameters. We have used 7 = 0.05 for everything
in this chapter. We iterate until the primal-dual gap falls below 1075, which we have found,
empirically, to be a reasonable stopping point where no additional pixel value changes can

be observed in any of the windows we looked at.

Algorithm 4 TV Denoising Update Equations

1: Initialize: opm, = 1/8

2: repeat

3.z — 1 (Z(k) + o'kjﬁ<k7))

1 u® ) = ) 4 7.9 + A Div ZEHD) /(1 7)
5: O, = VA (AN+21), 7 =0T, 0) =0p/0k

6 albth =ulh+l) 4 g (u(’m) - u(k))

7: until > stop when convergence criteria met

Smoothing the VTV

One feature of the TV that may be undesirable for certain tasks is the tendency to bias
images toward a piecewise constant structure. This may cause artificially blocky transitions
between contrast values, rather than smooth gradations. These artifacts are sometimes
called “staircasing” artifacts[108] and become more significant for higher values of A. One
approach that has been suggested to mitigate this effect is to replace the TV with a smooth
approximation, utilizing the Huber loss function[95]. This results in a penalty with behavior
that falls somewhere between the TV and a quadratic roughness penalty. This sort of penalty
has been used many times, previously, for CT reconstruction and sinogram restoration and
is sometimes referred to as a "Huber penalty.”

We point out that this same principle can be extended to both of the vectorial TV
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variants studied in this work, resulting in a vectorial Huber penalty, suitable for processing

multi-channel images. For example, TV can be approximated by the smooth function

TV u(u) =) hu(lJuli, 5)l| ), (6.7)
i.j
where we have simply replaced the Frobenius norm ||.||p with the h,(||.||), where hy(z) is

the Huber loss function, defined as

|2 x
) = 27/ (20)  Jal < p | 63

] = p/2 || > p

The smoothed approximation of TVy is defined by replacing the nuclear norm, || X|, =
>k Ok, With Y1 hy(og). Both of these smoothed vectorial TV variants can be summarized

by the following saddlepoint problem:
min max (Ju,Z) —5;C(Z)+—1 ||u—9||%+ﬁ||Z||% (6.9)
uw oz G 2 g 1112

where || Z ||% = (Z,Z)g. Note the only modification from the original saddlepoint problem is
the last term, and we can recover the original TV denoising model by setting p — 0.

The algorithm updates are also very similar, requiring only a modification to the dual
variable update. However, the addition of extra smoothing term makes the saddlepoint
problem strongly convex in both w and Z, so a linearly convergent (i.e. O(w™), w < 1)
variant of the CPPD algorithm can be used, referred to as ALG3 in [95].The updates are

given in Algorithm 5.
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Algorithm 5 Smoothed TV Denoising Update Equations
1: Initialize: ¢t = \/p/(2X\), T=M/2, o=t/2u), 6=1

2: repeat

3. 20 =1 <(z<’f) +oga®)y/(1 + a,u))
4: ulkb+1) = </\u(k) +7g + ATDiv Z(kH)) JA+T)

D) Z )y (ulb) o)

6: until > stop when convergence criteria met

6.3 Denoising Experiments

Data Acquisition

A series of scans were acquired of a frozen supermarket turkey at 80, 120 and 140 kVp on
a 256-slice MDCT (Brilliance iCT, Philips Healthcare) in axial mode. At each kVp, we
acquired both a “low-dose” scan (100mAs) and ten “high dose” scans (410 mAs for 80 kVp
and 425 mAs for 120/140 kVp). The high-dose scans were repeated so that the resulting
images could be averaged to create a very low-noise “ground truth” image. All 33 scans were
acquired with the exact same table position and no other parameters were altered between
acquisitions besides the kVp and mAs.

All of the scans were reconstructed with FBP (high resolution mode, Filter E) via the
manufacturer’s software and using the exact same parameters: 512x512x 128 image volumes
with 0.562mm pixels and a 0.625mm slice thickness. For the 2D denoising studies, a single
slice was extracted from the midpoint of the axial stack (see Figure 6.1). For the 3D denoising
studies, linear interpolation was used along the z-axis (axial direction) to synthesize a volume
with isotropic resolution (0.562mm) to avoid complications with the discrete gradient and
divergence operators. Since the scan was acquired in axial mode, the slices toward the axial
extremes of the acquired data volume exhibited severe cone beam artifacts. A smaller volume

consisting of only the middle 32 slices was extracted in order to minimize these effects.
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120 kVp 140 kvp

Figure 6.1: The middle slice used as the ground-truth for the 2D denoising studies at 80,
120, and 140kVp. These images were formed by averaging the 10 high-dose scans.

Comparison of TVg, TVy, and TVy

In order to compare these vectorial TV variants, we synthesized a dual kVp image pair by
extracting the same 2D slice from the 80 and 140 kVp low-dose (100mAs) datasets. Then
we denoised this dual-energy data over a wide range of A values with each of TVg, TV,
and TVy; we first identified A5, and Apax, corresponding to images that appeared under-
and over-smoothed and sampled 1000 equally spaced values within this interval. Each result
was then compared to the corresponding 10X averaged high-dose image, and the normalized

Euclidean distance was computed as an error metric. This is defined as

() = [47(A) = etz (6.10)
[[uret |2

where u*(\) is the denoised image with parameter A, and wu¢ is the corresponding 10X
high-dose reference image. In the case of TV and TVy, the dual-energy data is processed
jointly due to the interchannel coupling of the regularizer, but we report the error metrics

individually for each channel. This is shown in Figure 6.2.
In general, the error curves should not be compared at any one specific common value of
A because the functions, TVg, TVE, and TVy have inherently different scales. Instead the
curves should be evaluated in terms of the possible family of solutions they each represent

and, most importantly, their minimum-error solution. As can be seen in Figure 6.2, the
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Figure 6.2: Relative error curves based on (6.10) are shown for the three different VIV
variants studied for the low-dose (100mAs) study. Optimal values of A are identified by the
minima of these curves.

channel-coupling of the VTV has little effect on the 140 kVp image; however, it does improve
the accuracy of the noisier 80 kVp image, where it is clear that TVy outperforms TV, which
in turn outperforms TVg. The minima of the various error curves is reported for both the

80 and 140 kVp channels for all regularizers in Table 6.2.

Regularizer 80 kVp 140 kVp

TVg 4.291e-2  2.401e-2
TVg 3.631e-2  2.398e-2
TVN 3.174e-2  2.364e-2

Table 6.2: Relative error of each VTV variant at its respective optimal A value. These
correspond to the minima of the error curves in Figure 6.2, €(Aopt).

Figure 6.3 shows a comparison between the denoised 80 kVp images between different
VTV variants, each shown at its optimal lambda value (the minimizer of the error curve);
Figures 6.4 and 6.5 shows the same comparison for two different ROI’s. It can be seen that the
channel-coupling does slightly improve the preservation of details and suppression of noise.

The differences between TVE and TV are quite subtle with TVy arguably having slightly
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cleaner edges, but the improvement over channel-by-channel TV (TVg) is somewhat more
pronounced. The 140 kVp channel is not shown because the differences between regularizers
are practically indiscernible. This observation is consistent with our previous findings that
the channel-coupling effect of these VI'V penalties is primarily helpful to the noisier image

channels because it allows edge information to be transferred from the less noisy channel.

Referer

Figure 6.3: Comparison of denoised 80 kVp channel for different VTV variants. Fach regu-
larizer is shown at its optimal value, corresponding to the minimum error distance, relative
to the reference image. Window (HU) = [-200, 200].
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Figure 6.4: Comparison of denoised 80 kVp channel for different VTV variants. Each regu-
larizer is shown at its optimal value, corresponding to the minimum error distance, relative
to the reference image. Window (HU) = [-200, 200].

Figure 6.5: Comparison of denoised 80 kVp channel for different VIV variants. Each regu-
larizer is shown at its optimal value, corresponding to the minimum error distance, relative
to the reference image. Window (HU) = [-200, 200].
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Mismatched Tube Currents

Commonly, dual-kVp CT images can have significantly mismatched noise levels due to the
relatively high attenuation of lower-energy x-rays and the reduced flux at lower kVp’s (for a
fixed mAs). For this reason, 100/140 kVp may be used in certain scenarios [118], rather than
80/140 kVp, despite the inferior spectral separation. This can be particularly problematic
in rapid kV switching systems because physical limitations prevent the tube current from
being elevated quickly enough to compensate for the decreased tube output as the kVp drops
from 140 to 80 kVp. Instead, this effect is partially compensated by increasing the detector
integration time for the lower kVp, but this strategy puts undesireable constraints on the
gantry rotation speed and scan time.

These noise mismatch issues were not as prominent in our turkey phantom due to its
relatively small diameter (<20cm) and lack of large bones or iodinated contrast. However,
to emulate the conditions of a severe noise mismatch, we created another dual-energy image
pair, combining an 80 kVp low-dose (100 mAs) image with a 140 kVp, high-dose (425mAs)
image. Using this mixed-kVp data, we conducted the same denoising experiments as in the
previous section to see if the channel-coupling of VI'V penalties could improve the quality
of the 80 kVp images.

We present the results of the mismatched mAs denoising study in the same manner as
the previous section. The error curves are depicted in 6.6, with the lowest error achieved
by each TV variant reported in Table 6.3. The error is smaller for all regularizers for the
140 kVp channel because we used a higher-dose image to start with. However, the vectorial
TV penalties (TVE and TVy) were also able to improve the relative error in the 80 kVp
image by virtue of the channel-coupling. The channel-by-channel TV (TVyg), of course, did
no better than before because it is unable to transfer any information from the higher-mAs
140 kVp channel into the lower-mAs 80 kVp channel.

Image comparisons of the same slice and ROI’s are shown in Figures 6.7, 6.8, and 6.9 for
the 80 kVp channel. Again we can observe that details are best preserved by TVy, but the
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discrepancy is more apparent than with the matched-mAs study.

Regularizer 80 kVp 140 kVp

TVg 4.291e-2  1.388e-2
TVg 3.476e-2  1.392e-2
TVN 2.714e-2  1.386e-2

Table 6.3: Relative error of each VTV variant at its respective optimal A value. These
correspond to the minima of the error curves in Figure 6.2, €(Agpt).
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Figure 6.6: Relative error curves based on (6.10) are shown for the three different VTV
variants studied for the mixed tube current study (100/425mAs) study. Optimal values of
A are identified by the minima of these curves.
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Figure 6.7: Comparison of denoised 80 kVp channel for different VTV variants with mis-
matched tube currents. Each regularizer is shown at its optimal value, corresponding to the
minimum error distance, relative to the reference image. Window (HU) = [-200, 200].

Figure 6.8: Comparison of denoised 80 kVp channel for different VI'V variants with mis-
matched tube currents. Each regularizer is shown at its optimal value, corresponding to the
minimum error distance, relative to the reference image. Window (HU) = [-200, 200].
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Figure 6.9: Comparison of denoised 80 kVp channel for different VIV variants with mis-
matched tube currents. Each regularizer is shown at its optimal value, corresponding to the
minimum error distance, relative to the reference image. Window (HU) = [-200, 200].

137



Smoothed (Huber) VTV

We also denoised the 80/140 kVp, low-dose (100 mAs) image pair using a vectorial Huber
penalty formulated as a smoothed variant of TVy, which we denote as TV, . Figure 6.10
shows a qualitative comparison between the unsmoothed TVy penalty, at two different A
values, and the smoothed TVy ,. The images denoised with the vectorial Huber penalty
have a somewhat less patchy texture, which may be seen as more natural due to the smoother
contrast gradations; however, this comes at the expense of worse edge preservation. This
trade-off can be balanced by adjusting p, where p = 0 reverts to TVy. The particular
parameters selected here likely do not represent a fair comparison between the vectorial
Huber penalty and the vectorial TV. We only aim to illustrate, qualitatively, that they can
have different effects on image texture and point out that the extension of the Huber penalty

to multi-channel images is possible.

Figure 6.10: Low-dose 80 kVp image denoised with TVy at A = 0.015 (Left) and A = 0.01
(Middle) as well as the vectorial Huber penalty TVy , at A = 0.015, u = 0.003 (Right).
Window (HU) = [-200, 200].
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Figure 6.11: An ROTI of the low-dose 80 kVp image denoised with TVy at A = 0.015 (Left)
and A = 0.01 (Middle) as well as the vectorial Huber penalty TV, at A =0.015, p = 0.003
(Right). Window (HU) = [-200, 200].

Figure 6.12: An ROI of the low-dose 80 kVp image denoised with TV at A = 0.015 (Left)
and A = 0.01 (Middle) as well as the vectorial Huber penalty TV, at A =0.015, p = 0.003
(Right). Window (HU) = [-200, 200].

Application to 3D Image Volumes

For reconstructing or denoising MDCT or cone beam data, it may be preferable to apply the
vectorial TV to a 3D voxel array, which allows regularization along the z-axis as well. To
demonstrate that this is feasibile, we also processed an 80/140 kVp pair of image volumes
synthesized from the low-dose (100mAs) data. Specifically, we processed volumes consisting
of 32 slices. Additional details about how the 3D volumes were pre-processed are outlined
in the data acquisition section.

For this 3D study, we focus only on TVy because the extension of TVg and TVy to 3D is
trivial. In 2D, the dual-variable update, involving the projection onto the set N, necessitates
performing an eigendecomposition of one 2 x 2 Hermitian matrix per image pixel. Luckily,

this has a simple, closed-form solution (as detailed in Chapter 5). In 3D, this requires a
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3 x 3 eigendecomposition for each voxel (regardless of the # of energy channels). Though
this computation is slightly more complicated, it turns out that there is still a closed-form

solution that can be computed efficiently. In particular, we have used the technique outlined

in [119].

h_;

Figure 6.13: The middle slice of the low-dose (100mAs) 80 kVp volume before denoising
(left) and after denoising (middle) compared to the 10X averaged high-dose reference image
(right). Window (HU) = [-200, 200].

Figure 6.14: The middle slice of the low-dose (100mAs) 140 kVp volume before denoising
(left) and after denoising (middle) compared to the 10X averaged high-dose reference image
(right). Window (HU) = [-200, 200].

In our implementation, the per-iteration time for the vectorial TVy was not substantially
different than the channel-by-channel TVg; in all cases it was less than a factor of two longer.
We suspect that for 3D image reconstruction, there would be practically no penalty to using
TVy, rather than TVg, because the vast majority of the computation time would be spent

in the (back)projection steps.
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6.4 Discussion

In this chapter, we assessed the utility of the vectorial TV for realistic CT images. Consistent
with Chapter 5, we found that the edge-coupling properties of TV can help to preserve
details and also improve quantitative accuracy, compared with channel-by-channel TV. In
this study, the benefits were more subtle than in the reconstruction study utilizing the nu-
merical XCAT phantom. This is not particularly surprising since that phantom is piecewise
constant, which makes it possible to operate in a regime of very strong regularization.

In addition, we looked at TV which also encourages common edges but is ambivalent
to gradient-vector alignment between image channels. Although TVy led to slightly more
accurate images (relative to the reference images) and arguably cleaner edges, the differences
between TVy and TVy were far more subtle. This may be of practical interest because the
implementation of TVy is simpler and slightly cheaper, computationally.

Interestingly, the benefits of the inter-channel coupling were most apparent when there
was a very large disparity in the noise levels between the low- and high-energy image channels.
Intuitively, this makes sense because both TVE and TVy allow for edge information to be
transferred from the low-noise image into noisy image. This could be useful for making
multi-energy CT acquisitions more robust to scenarios where certain channels receive low
count rates, such as dual kVp imaging of obese patients.

Additionally, we demonstrated that the vectorial TV can be smoothed to derive a multi-
channel analog of the commonly used Huber penalty. This could be beneficial for certain
applications, since the Huber penalty allows the user to adjust the trade-off between edge-
preservation and bias toward piecewise images. Due to the number of works utilizing the
Huber penalty for single-energy CT reconstruction, we think a multi-energy extension may
be of practical utility. We have not performed an in-depth comparison between the vectorial
Huber penalty and the vectorial TV because it is beyond the scope of this work, but it may
be an interesting topic for future studies.

Lastly, we demonstrated that the total nuclear variation (TVy) can be efficiently ex-
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tended to 3D volumes, which is important for several reasons. Firstly, regularizing multi-slice
volumes in 3D, rather than processing each slice separately, can improve noise suppression
by allowing regularization along the axial direction. Secondly, working with 3D voxel arrays
is essential for processing certain kinds of cone-beam and multidetector CT data, which

inherently requires 3D modeling.

6.5 Appendix: Projection onto F

In Chapter 6, the projection operators IIg and Il are defined for the Euclidean projection
of a vector Z € G onto the sets S and N. These operations are involved in the algorithm
updates for TVg and TVy, respectively. In this section, we define a similar projection
operator, Il p, for TVg.

We define this operation element-wise on each M x 2 matrix Z(i, ), where M is the

number of spectral channels, and 2 corresponds to the number of spatial dimensions.

Zg) 126l <1
e =g 0 (6.11)
%)

W otherwise

For every pixel location (i, j), we simply project the matrix Z(i, j) onto the unit ball defined

by the Frobenius norm.
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Summary and Conclusions

In this thesis we have investigated potential improvements to various parts of the spectral C'T
imaging chain, including data acquisition, pre-processing, and image reconstruction. These
contributions aim to improve the end-to-end dose efficiency and are broadly applicable to
any spectral CT system, including commercially available dual-energy scanners as well as
multi-energy photon-counting systems, which are being actively researched.

In Chapter 3, we presented a task-based framework for optimizing spectral CT imag-
ing protocols and hardware design. Specifically, we consider material classification tasks by
extension of classical signal detection theory. Previous works have studied how imaging pa-
rameter choices affect the noise in basis-material sinograms [32] and images [120], but many
relevant tasks are better formulated as binary decision problems. The metric we presented is
analytic, rapidly computable, and indpendent of the reconstruction technique. We validated
our model with simulation studies and close agreement is demonstrated for a variety of differ-
ent tasks and imaging configurations. Future work could attempt to validate the optimality
of the imaging parameters selected by our model with real scanner measurements. However,
this would be immensely challenging since it would require extensive knowledge of the x-ray
tube spectrum and detector response as well as complex phantoms and an enormous number

of image realizations.
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In Chapter 4, we presented an iterative method for projection-space material decompo-
sition that achieves an excellent balance between speed and accuracy. Though the proposed
model can be applied to any spectral CT system, it is of particular interest for photon-
counting CT (PCCT) systems with N > 2 energy bins, since the material decomposition
is overdetermined, and the noise levels may vary significantly between energy bins. For
dual-energy systems, this is not the case, and the choice of data model is not particularly
important [121]. By formulating the problem as a weighted, nonlinear least-squares problem
in the log-transformed data and applying the Gauss-Newton algorithm, we demonstrated
that highly accurate results can be obtained in only a few iterations. Furthermore, this
model consistently performs similarly to the maximum-likelihood estimator (MLE), while
requiring significantly fewer iterations. This is significant because the MLE has been known
to achieve the Cramer-Rao bound in many practical situations [54], implying that no other
unbiased estimator can outperform it. Thus, our model allows for near optimal utilization
of the spectral information with very low processing times.

Chapter 5 addresses the issue of jointly reconstructing multi-energy spectral CT data
with a novel multi-channel regularizer. The proposed regularization function can be viewed
as an extension of the widely used total variation (TV) penalty to vector-valued images.
We demonstrated that the proposed vectorial TV promotes a common edge structure and
aligned gradient vectors across image channels. Our results indicate that these features
result in improved noise suppression compared to regularizing each image channel indepen-
dently and that the VT'V can be applied in either the energy or basis-material domain with
similar success. We discovered that the vectorial TV is particularly helpful in imaging sce-
narios where some of the channels are significantly noisier than others. In these cases, the
channel-coupling allows for edge information to be transferred from higher-SNR channels
into lower-SNR channels. Additionally, we found that the VTV improved quantitative accu-
racy (compared to ground truth images) and did not transfer false edges into channels where

they should not be.
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Finally, in Chapter 6 we assessed the utility of our VTV regularizer on real, dual-energy
CT data. Since we did not have access to the raw projection data, we evaluated the vectorial
TV for denoising images that were reconstructed using the onboard software. A weakness
of our work in Chapter 5 is that the results were demonstrated on a piecewise-constant
phantom. The total variation has an inherent bias that favors piecewise structures, so this
may exaggerate performance. Therefore, the studies in Chapter 6 utilized scans of a frozen
supermarket turkey, which has complex textural elements that provides similar challenges
to real patient images. The improvements provided by the VTV were more modest than
what is observed in Chapter 5; however, we still found that jointly denoising 80/140 kVp
images with VIV was advantageous to sequential processing. Additionally, we tested two
different variants of the VTV and found that TVyy, which promotes aligned gradient vectors,
slightly outperformed TV, which does not. Lastly, we showed that the VTV can be applied
efficiently to 3D volumes, utilizing the closed-form, 3 x 3 matrix eigendecomposition method
of Kopp [119]. This is of vital importance for processing multidetector and conebeam CT
data.

Though spectral CT has not yet achieved widespread clinical adoption, we believe that
this will come through the continued refinement of imaging hardware, protocols, and algo-
rithms. In this thesis, we have touched on all of these areas in some capacity. We hope that
some of these techniques might contribute, however minutely, to mainstreaming spectral
CT. The methods presented in Chapter 3 could be used to immediately boost the perfor-
mance of existing dual-energy systems by ensuring that the best imaging parameters are
used for each task. The later work on multi-channel image regularization is also applicable
to current systems. Though the proposed vectorial TV reconstruction model would be dif-
ficult to implement clinically, due to unacceptably long computation times, the VIV could
be immediately useful for denoising, as demonstrated in Chapter 6. Furthermore, the con-
cept of multi-channel image regularization is broadly applicable outside of spectral CT, so

our work on the VIV may be useful in other areas, such as PET/CT, PET/MRI, or any
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other situation involving the reconstruction of multiple images that have shared anatomical

features.
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