Supplemental Material for “Hidden time-reversal in driven XXZ spin chains: exact
solutions and new dissipative phase transitions”
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I. COHERENT QUANTUM ABSORBER AND EXACT SOLUTION
A. CQA solution to the coherent driven-dissipative spin chain

In this section, we derive the exact solution for the coherent boundary driven-dissipative model. The bulk coherent
dynamics is described by XXZ Hamiltonian:

N—1
Hxxz = Y _(J6567,, + J6Y6%, , + A6567,,). (S1)

j=1
The system is driven by a coherent drive %&fv at site N and coupled to zero temperature reservoir with jump operator

L = ,/yo; onsite 1. The dynamics is governed by Lindblad master equation

0ip = £p = ~illixxa + 5%, 4 + D7 )5 (s2)
We seek the exact steady state solution L£pss = 0 of this model for all parameters.

We employ the “coherent quantum absorber” (CQA) method to find the exact solution [1, 2]. The basic idea is to
channel the dissipation of the system (call it system “A”) via a chiral waveguide to an absorber system (“B”). For
a specific choice of absorber, the combined system + absorber relaxes to a pure steady state |¢ocqa) [1]. Moreover,
because the system is upstream the absorber, one may trace out the absorber to obtain the A system steady state:
pss = Trp(|vcqaXcqal). A special class of dissipative systems possess a hidden time reversal symmetry (hTRS) and
as a consequence have a particularly simple form of absorber: an mirrored copy of the system with the Hamiltonian
HB) = _[g4) [2]. As we show next, we can solve this model using the CQA construction with HB) = fﬁ(A), where

HW = I:I)(&)Z +(£2/2)6% N [See Fig. 1 in the main text], hence the model possesses h'TRS. The system A and absorber

B are coupled to a common chiral waveguide reservoir that mediates collective dissipation LAB) — 641 0p;- The



2

chiral waveguide induces an exchange Hamiltonian H. = —%(&j 165 1 —h.c.) which is required to ensure nonreciprocal
dynamics. The full system and absorber master equation is

Q

Bpan = Lappas = —i[Hxy, — H%, + 54N —5N)+ He, pasl +7D[6 4, — 65.11paB
= —i[H*P) prg] +vDILAP)|pas. (S3)

Note that one may trace out the absorber system from this master equation and recover the system A master equation
[cf. Eq. (S2)].

To find the pure steady state [cqa) of Eq. (S3), it is sufficient to construct a state that satisfies the following dark
state conditions [3],

HAB) poqa) =0, L) |ipeqa) = 0. (S4)

(In general it is only required that |i)cqa) is an eigenstate, but for models with hTRS, the eigenvalue is zero [2].) To
construct the steady state satisfying these dark state conditions, we make a matrix product state (MPS) ansatz for
the solution following the previous work [4]:

[Woqa) = > ViAo A velsiceosy). (S5)

S1,° SN

Here, each state |s;) is a two-spin dimer state of the A spin and B spin of site j and is represented in the triplet-singlet
basis [0;) = |[Laidbsi), (1) = [Taitsa), 1S) = (Taids) — baits))/V2, and |T3) = (|taidsi) + Haitsa)/ V2,
where |1), |]) are the eigenstates of 6% with eigenvalues +1, respectively. The A, matrices are taken to be transla-
tionally invariant (i.e., identical on every site) but the full state [)cqa) is not translationally invariant due to the
boundary vectors vy, and vgr. Inspired by explicit solutions found for very small system sizes, we make the ansatz
that the only allowed spin states are the triplet subspace s; € {0;,1;,7;}. Then, we use the dark state conditions
Eq. (S4) to determine the MPS coefficients of /15, vi and VR.

The first dark state condition Lag|cqa) = 0 imposed by the jump term requires (6, , — 65 ) |s1) = 0. This
restricts the first site to s; € {01,71}. This imposes the constraint

We are free to choose the left vector vy, and we take it to be v, = |0).

The second dark state condition is H (AB)WCQ a) = 0. This requires that the state be a zero-energy eigenstate of
the Hamiltonian H(AB). Using our ansatz that each site i of the double-system chain contains only s; € {0;,1;,T;}
(but no Ty on site 1), we can see, mechanistically, how a dark state of HAB) can be constructed: each action of
HAB) on any state containing only the allowed dimer states s; always produces a single “defect” dimer state |.S;).
Since this state is excluded from our ansatz, [t)cqa) must be a zero-energy eigenstate constructed so that all defects
produced by the action of HAB) destructively interfere. As an illustrative example, consider the boundary coherent

drive term ﬁéAB) = %(ErffLN — 0% n)- It annihilates |Tyv) and creates defects from [Oy) and [1y):

N Q . Q -
AP ox) = = ISw), B ) = ——= ISw),  H{ [Ty) = 0. (S7)
V2 2
One finds similar results for the dissipative boundary exchange Hamiltonian H, = —%(62 1051~ &271&§71)7 and one

finds that the action of the bulk Hamiltonian ﬁ;&? = fl)(&)z — f{;i)z on each adjacent pair |s;s], ;) is either zero or

it generates a single defect.

The creation of these defects and the zero-energy eigenstate condition requiring that all defects destructively inter-
fere, taken together, can be shown to constrain the form of the MPS matrices A, in exactly exactly the same way as the
so-called “isolated defect operator” method employed in Refs. [4, 5]. The CQA dark state condition LA5)hoqa) = 0
is identical to the dissipative boundary condition found in Ref. [4], but it provides a more physically transparent
reason for the boundary condition. Following Ref. [1], we choose a matrix representation V in the semi-infinite space



{|k) : k=0,1,...} with the three (translationally-invariant) matrices

AT:Zak‘k><k|a A1=Zbk|k+1><k|, AO:ZCk|k><k+1|a (S8)
k=0 k=0

k=0

with coefficients ay, by, and ¢ determined by the recursion relations coming from the Hamiltonian eigenstate condition
in the bulk. Note that while these matrices are formally defined in an infinite-dimensional space, for any finite length
chain N < oo we can cut the space off at level ¥ = N because the left vector vy, = |0) is localized to k& = 0, hence
(0] (Ag)N |k > N) = 0. Working in units of the hopping rate J = 1, we obtain two recursion relations that determine
ar, and the product bgcy:

Q41 — 2Aay, + ap_1 = 0, (Sg)
bkck - bk—lck—l = ak(Aak — ak_l). (SIO)

The initial conditions for ag, a1, and boco are determined by the dissipative boundary. The dark state condition
Eq. (S6) is automatically satisfied by picking the left vector vy, = |0) and A; a raising operator, but the exchange
Hamiltonian H. generates extra defect terms in the Hamiltonian dark state condition for site 1 (compared to sites
only acted upon by the bulk Hamiltonian) which, in turn, impose the initial conditions

i i

ap=1, a; :A—ﬁ-l, Cobozl. (Sll)

2 2
In the easy-axis regime A/J < 1 and with the above initial conditions, the recursion relations for a; and the product
brcr have the exact analytic solution

iy sin(kn)

— eos 12
a = cos(kn) + 3 sing (S12)
beck = ~sin](k + 1] | -2 cos(kn) — (1 + ” ) sin(kn) (S13)
kCk = 2 n sin) n 4sin2n UM

where cosn = A/J. The dissipation dark state condition IA/(AB)WCQA) = 0 is satisfied, and the Hamiltonian zero-
energy eigenstate condition is satisfied on all sites except the coherently driven site N.

To fully satisfy the energy eigenstate condition, we must find the coefficients «, of the right vector vg = Zg:o ay | k).

The interference between the defects generated by the bulk Hamiltonian I;I%(l;) and the coherent drive H, (gAB) yields
the recursion relation

2
CrOga1 + %(Aak —agy1)a — bp_1a_1 =0, fork >0. (S14)

We take the initial conditions for the recursion relation to be ag = 1 and aw_; = 0. Then we have a well-defined
recursion relation, but one that depends on the coefficients by and c; separately. Notice that the bulk recursion
relation Eq. (S10) only determines the product bgck, which reflects a gauge freedom in the MPS representation,
whereas Eq. (S14) requires by and c¢; separately. In fact, we can always perform a similarity transformation 1%
so that A, = VA,V~! and v = Vv. While in general, V can be any invertible matrix, here we consider the
restricted similarity transformation V = ch\;o vy |k) (k| . This specific transformation leaves the MPS matrices still

in tridiagonal form Eq. (S8). The transformation V leaves the physical state [cqa) invariant. Yet it transforms the
auxiliary operator and right vector coefficients to

k= bk y Elk = ag, dk = — g, (815)

Vg
Ck = Ck )
Vg

while keeping the recursion relations Egs. (S9), (S10) and (S14) valid. As we will see, this gauge freedom allows us to
find a particularly simple solution to the recursion relation Eq. (S14) in the weak dissipation limit.



B. Proof of steady state uniqueness

In this section we briefly present the proof for the uniqueness of the NESS using Frigerio’s first theorem [6, 7].
The theorem states that if the master equation has a full rank steady state pgs, and if the set {Lj,L;f-,H } of jump
operators {ﬁ]} and Hamiltonian H generate all operators in the Hilbert space, then the steady state is unique.

First we must compute the exact steady state density matrix pss of the original master equation (S2). It is found
from |¢cqa) by tracing out the absorber

pss = Trp([YoqaXtcqal) = Tra(Us [YoqaXtcqal UL). (S16)

Here it is convenient to perform a spin-flip of all spins in the absorber system by acting with the spin-flip unitary
U =11, 6% ;- As we show next, this spin flip of the absorber allows us to write the steady state pss as a Cholesky

decomposition, pss = Ut where U is a lower triangular matrix. Using this decomposition, we then prove that the
steady state is full rank.

We define the matrix U, 5, = (Sq, S| Ug [cqa) with matrix elements indexed by s, = (Sa,1,Sa,2,-- - Sa,n) and
sp = (Sb,1,5b,2,- -+, Sp,n) Where 543 ; € {1,1} are the spin states of the system A and absorber B, respectively. With
the definition we find the matrix elements of g to be

(8al Bss |55) = Z (Sas sp] Us [Yoqa) (Yeqal Ug |sas 55) = Z W,y :b,s; (S17)
sb

Sb

The matrix elements of ¥ can be found explicitly by substituting Eq. (S5) into W, , = (54, Up [cqa) to get

b= N (viA, o Agve)x6) @06y, (519)
SiE{:l:,O}

where the 2 by 2 matrices are 67 = [t¥]], 6= = |{}{1], and 6° = %(H)(T\ + [)X4]). These directly correspond to
the double chain dimer state |1;), |0;), and |T;), respectively. Likewise, the relabeling of the spin indices applies to
the A, matrices: s € {0,1,T} = s € {—,+,0} [cf. Eq. (S8)]. To show that ¥ is a lower triangular matrix, recall
that v{fh =0 and V{AO = v{. Then, we see that Eq. (S19) cannot have terms where a ;" precedes the first Oisir
Hence, U is a lower triangular matrix; therefore, it is the Cholesky decomposition of pgs.

Equipped with the NESS ps = WUt we can now prove that it is full rank (i.e., positive definite). The matrix
elements of ¥ are directly connected to the MPS solution via

<§/| \ij |§> = V£A5/1751AS/2752 co ASE\,fsNVRo (820)

Here s = (s1,...,$n) is a configuration vector in the spin basis, with each s; € {0,1}. We see by direct calculation
that the diagonal elements of ¥ are (v| ¥ |v) = v (Ag)Nvr = alfag = 1. Since ¥ is lower triangular, its eigenvalues

are all 1, hence it is full rank. Therefore, for an arbitrary state |¢) # 0, we have
(81pssl0) = (S0 TT|g) = || TT]9)]|? > 0, (S21)

where the strict inequality follows from U being full rank. Therefore, we have shown pg to be full rank.

Next, we show that {FIXXZ,&; ,61+ } generates the whole algebra of the Hilbert space. Note that while the full
Hamiltonian includes the coherent driving H = Hxxz + Hq, the driving term is redundant for this proof. First,
observe that

6367, [Hxxz, 7], (S22)

0'2:

N

where we assumed .J = 1 for simplicity. This also generates &, by conjugation. In general, for all sites j > 1, we can
inductively apply
1

~A— Az

Tjt1 = 79 (67, [Hxxz,63]] — 67_,. (S23)



By conjugation this also generates & i1 Since o J , and their products generate the full algebra on each site, this
procedure generates the full Hilbert space algebra.

With the two conditions of Frigerio’s first theorem satisfied, we have proved that pe = UUT /Tr(U 1) is the unique
steady state of Eq. (S2). There is one subtlety here: in the absence of a coherent drive, 2 = 0, the steady state is
not full rank, but rather the completely polarized pure state || --- |). Generically, for any ©Q # 0, the result holds.
Finally, we point out that this proof of uniqueness extends to our previous work of the boundary driven XX chain [8].

As a final note, it has been found that the “isolated defect operator” method yields exact solutions to other
dissipative XXZ chain models in the form of Cholesky decompositions of the steady states [4, 5, 9]. Due to the
similarities between the CQA approach and the previous exact solutions, both in the form of the matrix product
ansatz and in the form of the solution as a Cholesky decomposition, we suspect that these previously solved models
— and others amenable to the isolated defect operator method — could be solved using the CQA approach. Indeed,
below in Section VI we construct the CQA system and find the doubled-system pure state solution for the model first
solved in Ref. [4].

C. Observables

In this section, we describe how to compute the relevant observables (magnetization and current) from the MPS
solution Eq. (S5).

The main quantity of interest, the average magnetization, is defined by

Y (Yeqal 67 [1heqa)
(Ycqa |¢CQA>

1
N

(m) Tr (6

M=

(S24)

where 67 in the final expression can be either a system A operator or an absorber B operator. Here we compute it in
terms of the exact solution MPS state Eq. (S5).

The local spin operators 67 have matrix elements (0;]67 [0;) = —1, (T;[67 [T}) = 0, and (1;/67 [1;) = 1 in the
triplet spin basis. All of the other terms vanish. The total magnetization is, thus, diagonal in this basis:

Z ({s'} 5 {s}) = sy gy (my —m). (S25)

Here |{s}) = |s1,82, - ,sn) is the spin configuration and we denote the number of 1s and 0s by my =
Z;\/:l | (1;[{s})]? and m_ = Z;V:l | (0;|{s}) |?, respectively. We relate these quantities to the coefficients of the
MPS matrices and right vector as follows. As flo(l) always move the level in the auxiliary space by +1, the total mag-
netization is mapped to the distance from 0 in the auxiliary space after taking N steps (e.g., the completely polarized
configuration {| - - - |} with total magnetization —N connects vi = (0| on the left to the a|N) component of the right
vector). The coefficient of configuration {s} with my,, = k is therefore VLASI Ay [E)(k|lve = (0| Ay, - Agy |k) .
The magnetization density can be given compactly as

k[ (0] Ay, -+ Agy |k) 12|k |? N TN 2
) = 1 300 X gy kI (O] ‘ ) 2]k _ L Yok OO0 TY [k, ) Jawf? ($26)

NSV S g O Ay A B Placlr NN (0,00 TN [k, k) Ja

Here we defined the vectorized auxiliary space V ® V by mapping |k) (k| — (k, k|, and we introduced the transfer
matrix T' =) (A, ® A}).

Because 1 always keeps the state on the diagonal |j, j), we can further reduce the vectorized auxiliary space to its
diagonal subspace, with states denoted by |j) = |, 7). By doing so, we find the magnetization density to be

) LYo k(O TN k) g2 _
m) =—— Dk, S27
= TN SN 017 k) ol ZNk (520



where the transfer matrix 7' is defined by

N
T=3" Jarf? 1K) (k| + [bi[? [k + 1) (k| + el [K) (k + 1] (528)
k=0

Eq. (S27) expresses the magnetization as a weighted average over the probability distribution p; =
(0| TV |k) \ak|2/(sz:O (0| TN |Kk) |ag|?). Given the exact form of ay, by, and ¢, found from the solutions Eqgs. (S12)
and (S13), and by solving Eq. (S14), we see that the statistical weight comes from two parts: the boundary contribu-
tion |ay|?, which represents the interplay between drive and bulk properties, and the transfer matrix (0| N |k), which
reflects the bulk dynamics and the dissipation. As we show in Section II B, in the weak dissipation limit v/J < 1,
there is an MPS gauge in which the distribution {ps} takes a relatively simple form.

Similarly, there are other quantities can be defined in the vectorized auxiliary space V ® V. Here we omit the
detailed calculation and directly state the results. By defining the partition function Zy = fo:o (0| TN |K) | |2,
the spin-spin correlation is found to be (6267) = ﬁzgzo (0| T 1 ZTY2ZTN=" k) |a|? for b > a and where

Z =3, |br?k + 1) (k| — |cg|?|k)(k 4 1|. Similarly, the spin current is (j) = %Z’Zv—; We see that the complexity of

calculating observable quantities is equivalent to diagonalizing the T matrix, with a total time complexity of O(N?).
This allows us to readily calculate steady state properties for systems with up to thousands of spins.

II. PHASE TRANSITION
A. Quantum to classical mapping

In this section we show that the transfer matrix of Eq. (528) can be interpreted as the transition matrix of a
classical random walk model on a one-dimensional semi-infinite lattice. Specifically, we can interpret the matrix
elements (k| (77)" |0) as being the probability that a particle initialized on site 0 ends on site k after N time steps
(with each time step corresponding to a random hop described by T'T). Because the coefficients (k| (77)Y |0) directly
help determine the average magnetization via Eq. (S27), we can then reinterpret the magnetization as the mean
distance that a particle initialized on site 0 travels in N time steps, weighted by a post-selection distribution |ay|?.

To map the problem of calculating (k| (71)N |0) to a classical random walk on the lattice one-dimensional semi-
infinite lattice comprising {|k), k =0,1,---}, we can define a classical Markov process with the master equation:

p(k,t +1) = |ax|®p(k,t) + |ex—1*p(k — 1,t) + |be|*p(k + 1,1). (S29)

Heuristically, at each discrete time step ¢ a particle on site k of the auxiliary lattice can either hop to the left with
with probability |bx_1|?, hop right with probability |cx|?, or remain on the same site with probability |az|?>. The
probability distribution p(k, N), after taking N steps from the initial condition p(k,0) = 0y, encodes the transfer
matrix elements (k| (T7)Y |0) = p(k, N).

For Eq. (S29) to meaningfully represent a stochastic process, we must enforce probability conservation of the
coefficients [cf. Eq. (S8)]: |ax|? + |bk—1|*> + |ck|* = 1. This can always be enforced using the gauge freedom of the
solution Eq. (S15). First notice from the recursion relations Eqgs. (S9) and (S10) that we can freely scale all coefficients
by a constant factor C":

C~Lk = C’ak, l;k = Cbk, Ek = C’ck. (830)

We have the gauge freedom in Eq. (S15) to fix the ratio |by|?/|cx|? through a judicious choice of {v;}. Therefore,
probability conservation can be enforced by solving
2 2 |”lc71|2 2 ‘Uk+1|2 2
Vg Vg

Note that we only need to satisfy Eq. (S31) for k = 0,1,--- N —1. This is because we are only interested in the master
equation Eq. (S29) subject to the initial condition p(k,0) = dx o and for times ¢t < N.
We can solve Eq. (S31) by starting from k = 0 (note that b_; = 0) and iteratively solving every equation for the



ratio 12 until k = N — 1 with

[vk+1]?

9 2

v _ Vi —

';;;z':mw) 1(1/02—%2—' . |2' |bk_1|2>, (532)
k k

with the initial condition |v1|?/|vo|? = (Jco|?)~1(1/C? — |ap|?). It is important of course that the solutions satisfy
vk
[kt |?

sequences |ax|? < a? and |by|* < b?, we pick a constant C' to be

> 0. This can guaranteed by properly choosing C. We start from a specific gauge ¢y = 1. For bounded

1/C? =1+ a® + b°. S33
/

Such choice of C results in |v1|?/|vg]? = (1/C? — |apl?) > (1 +b?) > 1. Next we show that |vgi1]?/|vk|?> > 1 using
induction. Given |vg|?/|vk—1|* > 1, we have

2 2 2
en” _ (1/02 —laxf? ~ '7’“2' |bk_1|2> > <1+<1 vy >b2> > 1, (534)

| | ||

By doing so, we show |vg11|?/|vk|? > 1 by the specific construction of C. The net result is that we can always pick
a gauge such that the relevant elements of the 7T matrix correspond to a valid transition matrix of a classical 1D
hopping model. While the procedure we have described is applicable for all parameter choices of our model, there is
no guarantee that this can be done in a manner that yields closed-form analytic solutions. In the next section, we
show that in the special case of weak dissipation (v — 0), this mapping to a classical model can be done analytically.

B. Weak dissipation limit

In this section we analyze the exact solution in the weak dissipation limit v/J < 1 to obtain analytic insight into
the phase transition in 2. Recall that we have exact analytic expressions for the MPS coefficients a; and bgcy in
the A/J < 1 regime given by Egs. (S12) and (S13), the recursion relation Eq. (S14) for ay, and a gauge freedom in
choosing by, and c. In the weak dissipation limit, a convenient gauge is

by, = sin[(k + 1)7], (S35)

72

4.J2 sin?

-5l
(\)

cr=—= cos(kn) — (1 )sin(kn) | , (S36)

vy
V2 | Jsing

where cosn = A/J and we have restored J. Using these solutions and Eq. (S12) for aj, and keeping only the
~v-independent terms, the recursion relation Eq. (S14) simplifies to

2J sin
Qg1 — 0 nozk +ap_1=0 (S37)

with initial conditions ap = 1 and a1 = sinn/Q. Here we assumed sin kn # 0. This is generically true except at the
set of special points discussed in Sec. III.
The solution to Eq. (S37) is a Chebyshev polynomial of the first kind «y = Tk(é sinn). Across the critical driving

strength Q. = Jsinn = vJ2 — A2, there is a change in the functional form of the solution:
o2 cos?kf, 6= arccos(./Q) & >1, ($38)

agl® = e
i cosh? k6, 6 = arccosh(./Q) s% < 1.

Above the critical drive Q/Q. > 1, we have |ax|? < 1 and oscillatory behaviour as a function of k. Below the critical
drive Q/Q. < 1, the |ag|* grow exponentially in k. This transition in the behavior of |a|? leads to non-analytic
behavior in the spin chain magnetization and the free energy of the classical model later shown in Section 1T C.

The transfer matrix has a particularly simple form in the weak dissipation limit; this allows us to derive insights
about the phase transition from an effective classical random walk model. Keeping only the zeroth order in ~ terms
in ay, by, and ¢ [except for co whose leading order is O(?), see discussion at the end of Sec. II B], we see that the



classical master equation (S29) in this limit yields simple reciprocal hopping rates that vary quasiperiodically along
the auxiliary lattice: [br_1]? = |cx|? = wy = 3 sin® kn and |ay|? = 1 — 2wj,. Hence the classical master equation is

plk,t+1) = (1 = 2wy)p(k,t) + we—1p(k — 1,t) + wpr1p(k + 1,¢). (S39)

In general the effective wavelength 27 /1 of the modulation of the wj, will not be commensurate with the auxiliary
lattice, so the classical master equation corresponds to a model of quenched disorder. We focus on the final distribution
after N time steps, fn (k) = p(k, N) = (k| (T7)™ |0). To get insight into the physics of our classical model, consider
first a related, simplified model where we ignore disorder, and assume wy = W = %. We find for this case fn(k) =

s exp(—Ng(k/N)), where g(¢) = 2¢artanh(¢) + In(1 — &?) for the reduced coordinate {¢ = k/N. As we see in

Fig. S1(a), this result does not agree with the numerically-computed distribution using the wy = %sin2 kn of the

exact classical model. Thus, the disorder-free approximation is not sufficient to obtain the correct functional form of

I (k).

Noting that the weights wy = %sin2 kn are quasi-periodic in k, we expect that for n # 77%, the arguments of the
sin function, (knmod ) are distributed uniformly in the interval [0, 7). Thus, we make the approximation that the
weights are distributed in the interval [0,1/2) with probability distribution

2

Plw)= ——. S40
(w) T/ 2w(l — 2w) (540)
This classical single-particle model is similar to the Sinai random walk [10], but with a crucial difference: there is

a non-zero probability 1 — 2wy, to remain on site k. As we see in Fig. S1(a), this model estimates the true transfer
matrix elements fy(€) extremely well. We seek for a specific form taking out the system size contribution

9(6) =~ In (K] (1) [0) . (s41)

We numerically find sub-diffusive scaling (k2) ~ N?/3 and g(¢) ~ £€3/2, as shown in Fig. S1(b). In contrast, if we took
the weights to be uniform, wy = %, then we would find a diffusive behaviour, i.e. g(&) ~ £2.

Finally we turn to the behavior of the transfer matrix elements (0] TN [k) = (k| (T1)N [0) [cf. Eq. (S28)] in ther-
modynamic limit N — oo. These are the matrix elements relevant for analytically describing the phase transition in
the coherent drive ). In the weak dissipation limit, we keep only zeroth order in « terms for all coefficients except cq
which would vanish to O(7?). The transfer matrix is

. > 1 1 2
Th = Zcos? ke [K)(k| + = sin2 (& + 1) K}k + 1] + = sin® nk [k + 1)(k| + — — 10| (S42)
k=0 2 2 2sin” n

We see that (0| (TN |0) = O(1) in v but all other matrix elements are (k| (T1)V|0) = O(72). When taking the
thermodynamic and weak dissipation limits, it is important to take N — oo while keeping v > 0. Taking this order
of limits, each k > 0 element of (k| (71)" |0) is at least O(N) whereas the k = 0 element is O(1). Therefore, in the
thermodynamic limit we can safely ignore the single contribution (0|(7T)N]0). Then we can take 4 — 0, keeping
leading O(v?) terms only.

C. Free Energy and Critical Exponent

In this subsection, we explain how to understand the phase transition from an effective free energy and derive the
critical exponent in the weak dissipation limit. We can rewrite the average magnetization Eq. (S27) in terms of a
dimensionless “free energy” F'(§)

ZE Ee NF(©)

) = N

(S43)
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FIG. S1. (a) g(&), the log of the N-step transfer matrix element from site 0 to k, c.f. Eq. (S41), is plotted versus £ = k/N. This
function plays the role of a potential in our effective free energy. The quasi-periodic distribution coming from the exact solution
(orange line) is well approximated by the random environment with the same weight distribution P(w) (blue line). The results
from a simplified model with uniform hopping wi = 1/4 (green dashed line) yields diffusive behaviour, and does not agree with
the full model. (b) The scaling of the potential g(§) with £ is shown near the origin. For v — 0, it follows £3/2 (dashed line).
As the dissipation ~ is increased, we find that the power law changes continuously. (¢) Comparing field term h(&) for different
dissipation. Finite dissipation leads to different slope. (d) Field term h(&) in the free energy F'(§) = g(&) + h(§) are plotted vs.
¢ using the exact solution (v/J = 10™?). Here h(¢) changes across the critical drive from 0 above Q. to a linear field below.

where £ = k/N € [0,1] is the reduced coordinate. The free energy F(§) = g(£) + h(€) decomposes into the Q-
independent “potential” term ¢(§) [Eq. (S41)] and the Q-dependent “external field” term

1

h(E) = 5 Inla() .

(S44)

In the thermodynamic limit, the mean magnetization is found by minimizing the free energy F(§) over £. Using
the weak dissipation expression Eq. (S38) for |a(¢)|?, we find that the field term is continuous but non-analytical in
the thermodynamic limit due to the discontinuous derivative dgh(§) at Q.:

1
lim A(§) = — lim Nln|a5\2 =

{— th%OO % In COS2 N@f = 07 Q > QC? (845)
N —o00 N—00

—limpy_y00 & Incosh? NO¢ = —20¢, Q< Q..

The non-analytical behavior of the field h(£) explains the mechanism behind the phase transition. In the ordered
phase Q > Q, the field term is turned off h(¢) = 0. The free energy F(§) = g(§) has a global minimum at £* = 0.
Whereas when Q < Q,, the free energy takes the form of F(§) = g(£) — 20¢, with a global minimum £* > 0.

Note that in our chosen gauge, the mapping to a classical stochastic model is only valid for v — 0. We stress
however that this is just a question of interpretation. The expressions for (m) and our effective free energy remain
valid no matter the value of 7v. The behavior of the external field h(£) is numerically computed for v/J = 102, using
the exact solution in Fig. S1(d) for N = 1000. We see that h(§) suddenly switches on for < Q.

We can obtain a critical exponent 3 for the scaling of magnetization with the drive below the critical point, (1) ~ 67,

where § = %—_Q < 1. Near the transition, we assume the potential is a power law g(§) = go + g1&™ for some m > 0.
The global minimum of the free energy is, thus,
SF(E) =0 = € =&Am . (946)

Recall that cosf = Q./Q for Q@ > Q., and coshf = Q./Q for Q < Q.. Further, as discussed in Section 1B, we
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numerically found that g(§) ~ £3/2 in the weak dissipation limit, implying that m = 3/2. Therefore, we predict a
critical exponent of 8 =1 in the v/J — 0 limit.

Away from the weak dissipation limit, we numerically find that h(£) undergoes a similar transition as in Eq. (S45).
However, both h(§) and g(§) show continues dependence on v for Q < €. [see Fig. S1(b) and Fig. S1(c)]. As we will
see in the next section, the phase transition still occurs at the same point even away from weak dissipation limit, but
the critical exponent S varies continuously with €.

D. Finite size scaling

In this section, we perform numerical analysis of the phase transition away from the weak dissipation limit. First,
we show that the critical drive Q. = +/J? — A2, derived analytically in the weak dissipation limit, remains valid
even away from that limit. Numerically, we diagnose the critical drive by the discontinuity in the magnetization
susceptibility dq(m) (in the weak dissipation limit, this corresponds to the sharp change in the free energy external
field h(¢) in Eq. (S45)). Numerically, we observe in Fig. S2 that the susceptibility for different system sizes cross each
other all at one point. Moreover, this crossing agrees extremely well with the analytically predicted Q. = v/ J% — A2,
even a way from the weak dissipation limit.

Next, we perform a finite size scaling analysis and observe scaling collapse near the critical drive § = %—79 < 1to
a single universal scaling function: ‘

(m) = N"*M(6N?) (S47)

for scaling exponents a and b. In particular, near the transition, we find the scaling function (/) ~ §® N*=@ where
the fitted scaling exponents a and b are related to the observed critical exponent 3 = £. In Fig. S3(a) we reproduce
Fig. 2(c) of the main text without rescaling, which verifies that the scaling collapse to the above universal function is a
real effect. Furthermore, we see that there is clear scaling collapse to a single scaling function even as the dissipation
~/J is varied. Despite the y-dependence of the critical exponent 3, we still find universal scaling collapse, as shown
in Fig. S3(b) and (c), and that 3 = ¢ holds.

In Fig. S3 we focused on dissipation rates v/J ~ 1 instead of in the weak dissipation limit. There is a subtlety in

analyzing the weak dissipation limit related to the weak bond in the transfer matrix (1|7 |0) = Sizz - discussed in
Eq. (S42). We argued that in the thermodynamic limit, taking care order the limits N — oo before v — 0, this weak
bond does not matter as the contribution to the magnetization of (0| (T1)N |0) / ZkN (k| (TT)N |0) ~ O(N~1) vanishes.
For finite N and sufficiently weak v/J < 1, this assertion is no longer valid. In fact, due to the O(v?) suppression
of (1|77 |0) relative to (0|71 |0), we observe a kind of “condensation” physics, wherein there is an unusually large
occupation of the fully depolarized (i) = 0 state. In this regime, we approximate (0| (TT)V]0) = 1+ O(2) ~ 1.
Thus, the magnetization is

1 S kK (THN[0) ol 42 [dEexp(-NF(€)¢

N S G )N 0) x| 1+ [ dEexp(-NE(E)

(S48)

where the condensation effects appear as the O(1) term in the normalization. This additional term is significant
when 72 [ d€exp(—NF(§)) ~ 2N 2/3 « 1 and vanishes by taking the thermodynamic limit first. However, we see
that for small v, we require very large system sizes to eliminate this effect. In Fig. S4 we see strong finite-size effects
for § < 1 due to this behavior. Fig. S4(a) is a plot of the approximate magnetization Eq. (S48) for various system
sizes and Fig. S4(b) and (c) show the magnetization calculated numerically from the exact solution. Nevertheless,
our approximation captures the essential physics and we see the finite size effect vanishes for large system size in
Fig. S4(c). Moreover, this allows us to extract the critical exponent 3 by fitting the scaling of (1) ~ ¢” in the range
of ¢ sufficiently large to avoid the effects of the condensation physics [see Fig. S4(b) and (c)]. We confirm that as
~v/J — 0, we recover the predicted critical exponent 5 = 1.

III. SPECIAL POINTS OF ANISOTROPY A/J
A. No phase transition at special points

In this section, we discuss properties of the exact solution when the anisotropy (or interaction) parameter A is
tuned to a special point A, defined by A;,,/J = cos %w = cosn for m,l € Z. We find that at these special values
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FIG. S2. The magnetic susceptibility 9o () is plotted as a function of 2 near the critical drive Q.. Here we use the analytic
prediction for Q. = +/J? — A2. Each plot is for a different (labeled) value of dissipation 7/J. We find a small relative
error on the order 1073 between the analytically predicted €. and the crossing point of the numerically calculated finite-size
susceptibilities. We suspect this error could itself be a finite-size effect that slowly vanishes in the thermodynamic limit.

(a) ® N=5 ® N=500 e] (b) ® N =200 (c) ® N =200
N=100 ® N=s00 ® N — 500 v » N =500
® N=200 @ N:loog. GZ . ® N =800 ’&Qz 62101— ® N =800
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FIG. S3. (a) The finite size scaling plot in the main text, Fig. 2(c), without the scaling with system size with § = (Q. — Q)/Q..
(b) and (c) Finite size scaling for weak dissipation v/J = 0.2 and strong dissipation y/J = 10. For panel (b), although the
dissipation is weak, it is still sufficiently strong to avoid the condensation physics.

of A, there is no critical behaviour as a function of €2 in the vicinity of .. We can establish this lack of a phase
transition rigorously in the limit of weak dissipation v — 0. Numerically, we find that the lack of critical behavior
persists even for v ~ J.

First, using the exact solution constraint equation Eq. (S13), we immediately see that A = A, ,,, are special because
the product of the MPS coefficients b,p—1¢pm—1 = 0 for every positive integer n € N. In general, we can always
choose an MPS gauge for which b,,,—1 = 0; however, for finite v > 0 we must have all ¢, # 0 in order to have
a boundary state with agi1 < oo [cf. Eq. (S14)]. For the classical random walk model, the vanishing by,;,—1 = 0
coefficients imply that a particle on site nm can never hop further to the left, i.e. to sites k with k < nm — 1.

In the weak dissipation limit, a suitable gauge for which b,,,—1 = 0 is the same gauge given in Eqgs. (S35) and (S36).
Notice that in this gauge, ¢, v and so becomes arbitrarily small for v — 0. In the zero dissipation limit, we thus
have that each site nm in the auxiliary lattice (n € N) becomes an absorbing site: there is no hopping out of this site,
either to the right or the left. Recall that our exact solution MPS corresponds to a particle starting on site 0 of the
auxiliary lattice and attempting to hop to other sites. For v — 0 and for A = A; ,,, we thus have that a particle that
starts on site 0 can never move past site m, and if it reaches this site, will become stuck there. Therefore, at a special
point n = #W (and for weak <), the spin chain has an effective chain length N, = m, even in the thermodynamic
limit. This implies that there can be no phase transition at the special values of anistropy A, in the zero dissipation
limit.

Away from the weak dissipation limit, only the cutoff b,,,—1 = 0 remains. This implies that starting in site nm,
hopping to the left is still impossible, but there is an amplitude for hopping to the right. Despite there no longer
being a strict localization of the dynamics in the auxiliary lattice, we nevertheless have numerical evidence that there
still is no critical behavior near the critical drive €2, at the special points even for v ~ J. As we see in Fig. S5(a) and
(b), there is not a sharp transition in the magnetization at €2.. In Fig. S5(a), we see that the magnetization smoothly
decreases and is highly y-dependent for the special point n = %ﬂ'. In Fig. S5(b), we see that for fixed v and n = %77,
the magnetization susceptibility does not continue to sharpen with increasing system size. This is consistent with the
notion of a effective chain length N, < N. We also find in Fig. 4(a) of the main text that the entanglement entropy
shows an area law at the special point 7 = % vs. logarithmic scaling Sy /2 ~ log N away from special points.
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FIG. S4. (a) Critical behavior for weak dissipation using the approximate expression Eq. (S48) for (1) with v/J = 1072, We
use the analytical expression for free energy and weak dissipation limit g(&) ~ §3/ 2. The dashed line is the infinite size limit.
This suggests we should fit to the power law scaling part to overcome the finite size effect. (b) and (¢) Full numerical results
of critical behavior for weak dissipation using the exact solution. Comparing with the approximation in panel (a), we see that
the approximation captures the essential effects of the condensation physics for sufficiently small v/J. By fitting to the power
law part, we obtain the critical exponent 3. As v/J decreases, the exponent approaches the analytic prediction 8 = 1.

As a final remark, we also note that at a special point for any 7, the matrix elements |ax|? = |arrml|?, |bk|? = |brrm|?,

and |cx|? = |crm|? becomes periodic with period m in the auxiliary space V. Recall that there is always a gauge in
which b,,,,,_1 = 0. Together with periodicity, this reduces the transfer matrix 7" to an block upper triangular form:

Ty Op 0
0 T Onm
T=|0 0 Tn (S49)
o,
T

Here T;ﬂb and (Om)jr = 5j,m6k’1|cm,1\2 are m X m matrices. This transfer matrix structure leads to finite number
of (degenerate) eigenvalues and exponentially decaying spatial correlations. We leave determining if and how exactly
this structure prevents critical behavior for future investigation.

(a) 0.0F (b) AJJ = cos &
N = 500 o - K
AJJ =cos(2r/5) | = =20
B /1= cos(@n/5) | E N 100
~ /=10 S N =200
v/ 0F N =500
— v/J=1 N = 1000 . .
0.6 0.8 1.0 1.2 1.4 1.6 0.8 0.9 1.0 1.1 1.2
Q/J Q/J

FIG. S5. Special points of anisotropy A/J = cos #ﬂ' do not show critical behavior. (a) Magnetization is plotted vs. drive
strength Q/J for the special point n = %ﬂ' for various dissipation rates 7/J. No sharp transition in the magnetization is
observed, even for a N = 500 site chain. (b) For the same 7 as (a), the magnetization susceptibility is plotted vs drive strength
for fixed v/J =1 but for various system sizes. Contrasting with the non-special anisotropy point A/J = 0.2 [cf. Fig. S2], here
we see no evidence for a sharpening of the change in susceptibility around Q. = 0.95.

B. Resonances in magnetization at special points

In this section, we explain briefly how the resonance features, shown in Fig. 3 of the main text, emerge from
the classical random walk model. For v/J <« 1, the transfer matrix in the convenient gauge defined by Eqgs. (S35)

and (S36), for the pth unit cell T}, = SP" " cos? kn|k) (k| + L sin®[(k + 1)n] [k) (k + 1| + & sin® kn [k + 1) (k| +

k=pm

. . |1) (0|. Here T, is the pth diagonal block T,,, of Eq. (S49). To this order in v, we have no amplitude for

2sinZ 7



13

hopping from site k = (pm — 1) — k = pm (though the amplitude for the reverse process is non-zero). To next order
in ~, rightwards hopping to this bond is possible but with a very weak amplitude ~ 72/ (sin?7). For an auxiliary-space
particle initialized on site 0 to reach a final coordinate k = nm + s, the particle has to pass a weak bond 2 /(sin? )

at least n times. The transfer matrix is therefore fn (k) = (k| (TT)N |0) ~ C(n, N)f(s)(siﬁn)” to leading order in
v. Here C(n, N) counts the number configurations that cross n weak bonds to reach k, and f(s) is a function that
depends only on the position inside of the unit cell. This leads to a potential that gets deeper as v — 0. Therefore,
to move away from the (m) = 0 configuration, a larger field 6 is required (thus, a correspondingly weaker drive €,
cf. Eq. (S38)). For v < £, we expect the magnetization to be close to zero, and we see this numerically: decreasing
the dissipation results in higher resonance peaks around the special anisotropy points which agrees with our crude

argument.

C. Survival of the phase transition in the thermodynamic limit

Lastly, we argue that although there are infinitely many special points n = %w in the thermodynamic limit (i.e.,
all rationals [/m), the phase transition for generic points persists. The crucial observation is that the resonances get
sharper with increasing N. We assume that this sharpening persists so that they become arbitrarily sharp in the
thermodynamic limit. At any fixed N, even though any generic non-special n will fall within the resonance width
of some special point, only two things can be: Either that special point will have a transfer matrix cutoff dimension
m = N (in the weak dissipation limit), in which case there is no resonance. Or there is a resonance, in which case we
can always increase N until the generic point no longer falls within the resonance width of the problem special point.

We can be a little bit more formal, again only assuming the sharpening of resonance peaks with N. Similar to the
argument for the fractal points of of the Drude weight [11], we assume the generic point A/J = cos Aw where A is a
irrational number. By Dirichlet’s approximation theorem, we can always find a rational A\, = % that approximates A

with an error bounded by |\, — A| < 1/¢?. Thus, better approximations of A necessarily require larger ¢ for generic
A, and so have larger effective chain lengths N, ~ ¢. One may worry about cases where A is very close to a special
point with a very small ¢ (e.g., n = §). We can always find a rational number ¢ satisfying A < A\ < A, (taking
A < Ag) that better approximates A, but with a greater denominator s. So for sufficiently long chains, any non-special

anisotropy point will exhibit critical behavior around 2.

IV. TRANSPORT

In this section, we briefly introduce the transport property of the coherent boundary driven-dissipative spin chain
Eq. (S2). The spin current is defined by (j) = i((&jmc};m 41 — H.c.))ss. We numerically find that the current scaling
with system size to be the same as in 1D spin chains driven by incoherent pumping [1, 5, 12]: ballistic (j) ~ N in
the easy-axis regime A/J < 1, insulating (j) ~ exp(—aN) for A/J > 1, and sub-diffusive j ~ N~2 at the Heisenberg
point A = 1. These scaling laws are shown in Fig. S6. The current is ballistic for A/J < 1 in both phases (1)
and (2) [cf. Fig. 2 of the main text]. It is Q-dependent, and its non-analytic behavior similar to that of the average
magnetization is numerically observed at the critical drive §2.. Finally, we note that although phases (1) and (3)
are asymptotically connected at 2 = 0, with each approaching the ferromagnetic state, they remain distinct in their
transport properties.

V. HIDDEN TIME REVERSAL SYMMETRY

In this section, derive the Onsager symmetry mentioned in the main text. As a consequence of hidden time reversal
symmetry, there are constraints on observables, including that a particular subset of two-time correlation functions
obey Onsager time symmetry [2]:

Te(X (8T [V]pss) = Tr(V ()T [X]pis). (S50)

Here J [O] = [735/ 1 hOTT h_l [)s_sl/ 2 is the time reversal superoperator with the hidden time reversal antiunitary operator

Ty This symmetry is nonlinear in the steady state density matrix, so the time-reversal of generic observables is not
necessarily an easily experimentally measurable quantity. However, there is a class of operators that are invariant
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FIG. S6. Transport properties of the coherent boundary driven spin chain in the three different phases [cf. Fig. 2 of the main
text]. The current (j) is plotted as a function of system size N. In the easy-axis regime A/J < 1 the current is ballistic, and
differs only by a prefactor between the low density phase (1) and the high density phase (2). At the Heisenberg point A/J = 1,
the current scaling is sub-diffusive, (j) ~ N™2, as shown by the green curve closely following the black dashed line ~ N™2. In
the inset we plot the current in the A/J > 1 regime with A/J = 1.2. The current falls exponentially with N, indicative of an
insulating phase. For all curves we pick v/J = 1.

under time reversal, J [X | = X , hence obey standard Onsager symmetry

(XY (0))ss = (Y (1) X(0))ss- (S51)

This subset always include the effective non-Hermitian Hamiltonian ﬁeg = H — %Zk I:k and the jump operators
One may generate several other time-reversal symmetric operators by takmg linear combinations and products
of HCH and Lj, and using the property J[XY] = J[Y]J[X]. This implies, for example, that the commutator is
anti-symmetric, J{[X,Y]} = —[X, Y], and the nested commutator is symmetric, J {[[X Y], }]} =[[X, Y] Y]).
In the case of the coherently driven model, the non-Hermitian Hamiltonian is Heff = HXXZ + U x4 5 ofol , and
the single jump operator is 6 . The latter can be readily recovered through measurements of 5¢ and 6%. Taking the
nested commutator of ﬁeﬁ with &1, which is time-reversal symmetric, we find

1 e 1. - e A o
J _5[[Heff,‘71}701] :_5[[Heff,01]7‘71]: 1 Hetoy = Joy 05 . (S52)

The expectation value of this operator can be recovered from joint X and Y measurements of the two spins. Thus,
the correlation function (G, (¢)(61 05 )(0)) obeys Onsager symmetry, as noted in the main text:

(01 (8)(6165)(0))c = (67 65 )(£)7 (0))e- (S53)

Hidden time reversal symmetry can be frequently broken by either Hamiltonian or dissipative perturbations. For
example, consider when the dissipative bath is at finite temperature, with thermal occupation ¢, # 0. The non-zero
thermal occupation modifies Eq. (S2) to 9;p = Lp = —i[Hxxz + £6%. p] + nenyD[67]p. + (1 + Aen)yD[67 5. In this
case, the Onsager symmetry of the correlation functions in Eq. (S53) is broken [See Fig. S7].

VI. CQA SOLUTION FOR THE INCOHERENT MODEL

As mentioned in the main text, the CQA method is also applicable to other previously solved models [4, 9, 13].
Here we demonstrate the CQA solution to a well known exact solution: the incoherent pumping and loss XXZ chain
solved in Ref. [4]. The system is described by the Lindblad master equation

0ip = Lp = —i[Hxxz, p| +7Dlo71p +vD[631h, (S54)

where the Hamiltonian is the usual Hxxz = Z;V L (J656%,, +J646Y, +A6%6%, ) with loss on site 1 and incoherent
pumping on site N. We take the pumping and loss rates to be equal we make the CQA ansatz by constructing
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FIG. S7. The Onsager symmetry for two-time correlation functions X = &7 and 6765 [cf. Fig. 4(b) in the main text] is
broken when the dissipative bath is at finite temperature, here 7i¢n = 0.1. This is shown for N =3, Q/J = 0.4, A/J = 0.2 and

~v/J =1

a mirrored absorber, H®B) = —H (4), and coupling the system and absorber via two chiral waveguides, yielding the
CQA master equation

dipan = Lappap = —i[HAP) pap] + VD[ﬁ,(A}};]ﬁAB + VD[ﬁf})ﬂﬁAB- (S55)
OB _ B0, A8, 1 i+ o, (556)
. oo . P
H.q1= fg(ajl',loﬂ1 —he), Hen= *g(UA,NUE,N —h.c.). (S57)

Here IA/SJ)B =0,,—0p; and I:Efé = &X, N &E, n are the collective dissipators mediated by the chiral waveguides.

A pure steady state ‘wéQ A> must satisfy the dark state conditions
3 > (1 - (2
Has WéQA> =0, LE\}% WéQA> =0, L(Al)3 ‘wéQA> =0. (S58)
Notice that Eq. (S54) and Eq. (S3) are identical except for the driving term on site N: Hy in Eq. (S54) is replaced by
H. n. We make the same MPS ansatz |1/)(13QA> =D sy V£Asl <+ Ay VR|s1 -+ sn) as before. We do not assume

these to be the same matrices and vectors as for the coherently driven model, but the Hamiltonian dark state condition
in the bulk and on the loss site 1 can be satisfied by constructing the same matrices as above [cf. Eq. (S8)], and by
taking VL = (0]. Moreover, the dark state condition for the pumping on site N imposes the constraint Ayvr = 0,
which is satisfied by vg = |0). Note that the boundary vectors being identical preserves the Zs symmetry of the
master equation.

We, therefore, find the CQA solution of the incoherently driven model to be

[Whoa) = Y (0| Ag, -+ Ay [0) [s1- - sn), (S59)

S1, SN

where s; € {0;,1;,T;}, and the MPS matrix coefficients are given by Eqgs. (S12) and (S13). One may make the gauge
choice ¢, = 1, hence Eq. (S13) gives the coefficients b;. We note that our CQA solution is a specific purification of
the exact solution density matrix found in Ref. [4]; moreover, we may follow the same steps as above and trace out
the absorber system to write pl, = ] I\iﬂ; as a Cholesky decomposition. Finally we point out that |tpcqa) is a pure
current-carrying steady state of Eq. (S55).
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