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We reproduce Chechik et al. [1] to show the analytic construction of the optimally
predictive representation variable, X̃, when the input and output variables are jointly
Gaussian. The input is Xt ∼ N (0,ΣXt) and the output is Xt+∆t ∼ N (0,ΣXt+∆t). The
joint distribution of Xt and Xt+∆t is Gaussian. To construct the representation, we
take a noisy linear transformation of Xt to define X̃

X̃ = AβXt + ξ. (1)

Here, Aβ is a matrix whose elements are a function of β, the tradeoff parameter in the
information bottleneck objective function between compressing, in our case, the past
while retaining information about the future. ξ is a vector of dimension dim(Xt). The
entries of ξ are Gaussian-distributed random numbers with 0 mean and unit variance.
Because the joint distribution of the past and the future is Gaussian, to capture the
dependencies of Xt+∆t on Xt we can use a noisy linear transform of Xt to construct a
representation variable that satisfies the information bottleneck objective function [1].

We compute Aβ by first computing the left eigenvectors and the eigenvalues of the
regression matrix, ΣXt|Xt+∆t

Σ−1
Xt

. Here, ΣXt|Xt+∆t
is the covariance matrix of the

probability distribution of P(Xt|Xt+∆t). These eigenvector–eigenvalue pairs satisfy the
following relation

vTi ΣXt|Xt+∆t
Σ−1
Xt

= λiv
T
i . (2)

(We are taking vTi to be a row vector, rather than a column vector.)
The matrix, Aβ , is then given by

Aβ =

α1v
T
1

α2v
T
2

...

 . (3)

αi are scalar values given by

αi =

√
β(1− λi)− 1

λivTi ΣXt
vi

if β >
1

1− λi
(4)

αi =0 otherwise.

The αi define the dimensionality of the most informative representation variable, X̃.
The dimension of X̃ is the number of non-zero αi. The optimal dimension for a given β
is, at most, equal to the dimension of Xt+∆t. The set of values, {βci |β = 1/(1− λi)},
can be thought of as critical values, as each βci triggers the inclusion of the ith left
eigenvector into the optimal X̃. The critical values depend strongly on the particular
statistics of the input and output variable, so they may be different as the parameters
that generate X change.
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To compute the information about the past and future contained in X̃, we compute
P(Xt|X̃) and P(Xt+∆t|X̃). These distributions are Gaussian. The mean of each
distribution corresponds to the encoded value of Xt and Xt+∆t. The variance
corresponds to the uncertainty, or entropy, in this estimate. To compute the variance,
we need the variance of X̃

ΣX̃ = 〈X̃T X̃〉 = 〈X̃TATβAβX̃〉+ 〈ξT ξ〉, (5)

where the excluded terms are zero. Recalling the definition of ξ, we can simplify this
expression to yield

ΣX̃ = AβΣXt
ATβ + I2. (6)

Here, I2 is the identity matrix. To compute the mutual information quantities, we use
the following equations,

I(Xt; X̃) =
1

2
log2(|AβΣXtA

T
β + I2|), (7)

I(Xt+∆t; X̃) = I(Xt; X̃)− 1

2

n(β)∑
i=1

log2(β(1− λi)),

where n(β) corresponds to the number of dimensions included in Aβ . We also need the

cross covariances between X̃ and Xt and between X̃ and Xt+∆t, which are particularly
useful for visualizing the optimal predictive encoding. To obtain these matrices, we use

ΣX̃Xt
= AβΣXt

(8)

ΣX̃Xt+∆t
= AβΣXt+∆tXt

.

We can use these results and the Schur complement formula to obtain

ΣXt|X̃ = ΣXt − ΣXtX̃
Σ−1

X̃
ΣT
XtX̃

(9)

ΣXt+∆t|X̃ = ΣXt+∆t
− ΣXt+∆tX̃

Σ−1

X̃
ΣT
Xt+∆tX̃

.
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