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A Harmonic Oscillator Model With No Memory

We begin by considering a mass attached to a spring undergoing viscous damping. The
mass is being kicked by thermal noise. This mechanical system is largely called the
stochastically driven damped harmonic oscillator (SDDHO). A simple model for its
position and velocity evolution is given by

m
dv

dt
= −Γv(t)− kx+ (2kBTΓ)1/2ξ(t) (1)

dx

dt
= v.

We use the redefined variables presented in the main text Equations 2− 9 to rewrite the
equations as

dv

dt
= − x

4ζ2
− v +

ξ(t)√
2ζ

(2)

dx

dt
= v.

There are now two key parameters to explore: ζ and ∆t. There are three regimes of
motion described by this model. The overdamped regime occurs when ζ > 1. In this
regime of motion, the mass, when perturbed from its equilibrium position, relaxes back
to its equilibrium position slowly. The underdamped regime occurs when ζ < 1. In this
regime of motion, when the mass is perturbed from its equilibrium position, it oscillates
about its equilibrium position with an exponentially decaying amplitude. At ζ = 1, we
are in the critically damped regime of motion; in this regime, when the mass is
perturbed from equilibrium, it returns to equilibrium position as quickly as possible
without any oscillatory behavior.

To apply the information bottleneck method to this system, we need to compute the
following covariance and cross covariance matrices: ΣXt , ΣXt+∆t , and ΣXtYt+∆t . We
note that because the defined motion model is stationary in time, ΣXt = ΣXt+∆t . Using
the procedure given in Flyvbjerg et. al. [1], we can compute the requisite
autocorrelations to describe the cross-covariance matrix, ΣXtXt+∆t

.
We begin by using the equipartition theorem that states that

〈x2
0〉 = 1 (3)

〈x0v0〉 = 0

〈v2
0〉 =

1

4ζ2
.
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The covariance matrices are symmetric, so we can use these values to define the
elements of ΣXt . We then obtain expressions for ΣXtXt+∆t

ΣXtXt+∆t
= exp

(
−∆t

2

)[
cos(ω∆t) + sin(ω∆t)

2ω − sin(ω∆t)
4ζ2ω

sin(ω∆t)
4ζ2ω

cos(ω∆t)
4ζ2 − sin(ω∆t)

8ωζ2

]
(4)

where we have defined ω2 = 1
4ζ2 − 1

4 . An alternative approach for the derivation of the
above correlation values by methods of Laplace transforms can be found in Sandev et.
al. [2].

To construct the optimal representation for prediction, we need the conditional
covariance matrices, ΣXt|Xt+∆t

and ΣXt+∆t|Xt . This can be computed using the Schur
complement formula to yield

ΣXt|Xt+∆t
= ΣXt − ΣXtXt+∆t

Σ−1
Xt

ΣTXtXt+∆t
(5)

ΣXt+∆t|Xt = ΣXt − ΣTXtXt+∆t
Σ−1
Xt

ΣXtXt+∆t

We provide a graphical representation of these distributions in Fig 2B (main text).
These graphical representations correspond to the contour inside which ∼ 68% of
observations are observed (i.e. one standard deviation from the mean).

B Applying the information bottleneck Solution

To apply the information bottleneck solution, we construct the matrix, ΣXt|Xt+∆t
Σ−1
Xt

,
and find its eigenvalues and eigenvectors. The left eigenvectors of the matrix will be
denoted by the columns of a new matrix, w, given by

w =

[
a+ b a− b

1 1

]
. (6)

with a = ω cot(ω∆t), and b = | csc(ω∆t)|
2
√

2ζ

√
2− ζ2 − ζ2 cos(2ω∆t). The eigenvalues are

then

λ1 = 1− exp(−∆t)

(
1

4ω2ζ2
− cos(2ω∆t)

4ω2
+
| sin(ω∆t)|

2
√

2ω2ζ

√
2− ζ2 − ζ2 cos(2ω∆t)

)
(7)

λ2 = 1− exp(−∆t)

(
1

4ω2ζ2
− cos(2ω∆t)

4ω2
− | sin(ω∆t)|

2
√

2ω2ζ

√
2− ζ2 − ζ2 cos(2ω∆t)

)
The transformation matrix, Aβ , will now depend on the parameters of the stimulus.
Hence, we now refer to this matrix as Aβ(ζ,∆t), illustrating its functional dependence
on those parameters.

Some general intuition can be gained from the form of the above expressions. The

eigenvalue gap, λ1 − λ2 is proportional to exp(−∆t)‖2 sin(ω∆t)‖
ζ . Intuitively, the

eigenvalue gap corresponds the relative importance of the two coding dimensions given
by the eigenvectors of the regression matrix. The larger the eigenvalue gap, the more
emphasis there is the eigenvector with lower eigenvalue for efficient predictive coding. If
the eigenvalue gap is small, there is little benefit for prediction in measuring one
dimension over the other. The nature of the dimensions to be measured depends on the
direction of the eigenvectors of the regression matrix. This suggests that the eigenvalue
gap grows for small ∆t, then shrinks for large ∆t. Additionally, in the small ∆t limit,
the eigenvectors align strongly along the position and velocity axes, with the eigenvector
corresponding to the smaller eigenvalue being along the position axis. Hence, for
predictions with small ∆t, the representation variable must encode a lot of information
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about the position dimension. For longer timescale predictions, both eigenvectors
contribute to large levels of compression, suggesting that the encoding scheme should
feature a mix of both position and velocity. This is presented in Fig 4 (main text).

We also compute the total amount of predictive information available in this
stimulus. This is given by

I(Xt;Xt+∆t) =
1

2
log(|ΣXt |)−

1

2
log(|ΣXt|Xt+∆t

|). (8)

Simplifying this expression yields

I(Xt;Xt+∆t) = ∆t− 1

2
log

(
exp(2∆t) + cos4(ω∆t)− sin4(ω∆t) (9)

−2 exp(∆t)

(
cos2(ω∆t) +

1 + ζ2

1− ζ2
sin2(ω∆t)

)
+ 2 sin2(ω∆t)

)
We can see for very large ∆t, this expression becomes

I(Xt;Xt+∆t) ∼ ∆t− 1

2
log (exp(2∆t)− 2 exp(∆t)) . (10)

For small ∆t, we note there are two conditions: |ΣXt|Xt+∆t
| < k and |ΣXt|Xt+∆t

| > k,
where k corresponds to width of the distribution. If the width of the Gaussian is below
k, we treat this as being effectively deterministic. In this case,

I(Xt;Xt+∆t) ∝
1

2
log(|ΣXt |) (11)

where there are some constants that set the units of the information and the reference
point. For widths larger than k, the expression becomes:

I(Xt;Xt+∆t) ∝ exp(−∆t) (12)

C Comparing the information bottleneck Method
to Different Encoding Schemes

We compare the encoding scheme discovered by the information bottleneck to alternate
encoding schemes. We accomplish this by computing the optimal transformation for a
particular parameter set for some value of β, Aβ(ζ,∆u). We then determine the
conditional covariance matrix, ΣXt|X̃ . We generate data from this distribution and
apply a two-dimensional unitary rotation. We then compute the covariance of the
rotated data. This gives us a suboptimal encoding scheme, as represented in Figure 5b
in yellow. We note that this representation contains the same amount of mutual
information with the past as the optimal representation variable, though the dimensions
the suboptimal encoding scheme emphasizes are very different. Evolving the rotated
data forward in time and then taking the covariance of the resulting coordinate set gives
us ΣXt+∆t|X̃ , as plotted in Fig 5B in purple. We clearly see that encoding the past with
the suboptimal representation reduces predictive information, as the predictions of the
future are much more uncertain.

D Comparing the information bottleneck method
to Kalman filters

An alternative approach to predictive coding is Kalman filtering. Kalman filter-based
approaches fuses predictions of a system’s coordinates at a given time and historical
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observations of the system’s coordinates to achieve increased certainty about the future
coordinates of the system [3]. However, despite the high-level similarity between
Kalman filtering and the information bottleneck method, there are key differences
making each technique unique. To show this difference, we present the mathematical
structure of a Kalman filter:

X(naive)(∆t) = H(∆t)X(0) + ξ(∆t) (13)

X̃(measured)(∆t) = OX(∆t) + χ(∆t)

X(corrected) = X(naive)(∆t) +K∆t(X̃
(measured)(∆t)−OX(naive)(∆t)).

Here, O represents a measurement map and H(∆t) represents a dynamical systems
model. These features are given to the Kalman filter by the designer. K∆t is the filter,
and is a function of the measurement map, the dynamical systems model, and the prior
uncertainty in the coordinates of the system. The Kalman filter is applied iteratively on
each success ∆t.

The structure of the Kalman filter reveals two key differences. First, the Kalman
filter focuses on the decoding aspect of predictive coding, and is used to improve
estimates of a predicted future coordinate via the measurement map and the dynamical
systems model. However, the information bottleneck method focuses on the encoding
aspect of this problem and generates an optimal encoding scheme for the past.
Decoding is not considered explicitly in the information bottleneck. Second, because of
the iterative structure of the Kalman Filter, it can use information from an extended
time window into the past, while the information bottleneck method can only use one
time point of information for predictive coding. This results in Kalman-filtering based
approaches using more information about the past than necessary, resulting in
inefficient predictive coding. We illustrate this in S1 Fig.

E An approach to encoding when the parameters of
the stimulus are evolving

We examine prediction in the SDDHO when the underlying parameters governing the
trajectory are evolving faster than adaptation timescales. While there are many possible
strategies for prediction in this regime, we consider a strategy where the system picks a
representation that provides a maximal amount of information across a large family of
stimulus parameters. We chose this strategy because it enables us to analyze the
transferability of representations from one parameter set against another. In other
words, we can understand how robust representations learned for particular stimulus
parameters are.

We first determine the predictive information extracted by an efficient coder for a
particular representation level, Ipast for a particular stimulus with parameters (ζ,∆t),
I future
optimal((ζ,∆t), Ipast). This predictive mapping is achieved by having a mapping,

P(X̃|Xt). We apply this mapping to a new stimulus with different parameters (ζ,∆t)
to determine the amount of predictive information extracted by this mapping on a
different stimulus with parameters (ζ ′,∆t′). We call this predictive information
I future
transfer((ζ,∆t), Ipast → (ζ ′,∆t′)).

We quantify the quality of these transferred representations in comparison with
I future
optimal((ζ

′,∆t′), Ipast) as
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Qtransfer((ζ,∆t)) =

∫∆tmax

∆tmin

∫ ζmax

ζmin
I future
transfer((ζ,∆t), Ipast → (ζ ′,∆t′))dζ ′d∆t′∫∆tmax

∆tmin

∫ ζmax

ζmin
I future
optimal((ζ

′,∆t′), Ipastdζ ′d∆t′
(14)

The resulting value is the performance of the mapping against a range of stimuli. In
Figure 6, we analyzed the performance of mappings learned on 1

3 < ζ < 3, 0.1 < t < 10,
on stimuli with parameters 1

3 < ζ ′ < 3, 1 < t′ < 10. This choice of range is somewhat
arbitrary, but it is large enough to see the asymptotic behavior in ∆t, ζ.

F History Dependent Harmonic Oscillators

We extend the results on the Stochastically Driven Damped Harmonic Oscillator to
history-dependent stimuli by modifying the original equations of motion to have a
history dependent term using the Generalized Langevin Equation

dv

dt
= −

∫ t

0

γv

|t− t′|α
dt′ − ω2

0x+ ξ(t) (15)

dx

dt
= v

where − γ
|t−t′|α governs how the history impacts the velocity-position evolution. In the

main text, we take γ = 1, ω = 1, and α = 5/4. To compute the autocorrelation
functions, we compute the Laplace transform of each autocorrelation function and
numerically invert the Laplace transform to estimate the value

L[〈v(t)v(0)〉] =
s

s2 + γsα + ω2
(16)

L[〈v(t)x(0)〉] = − 1

s2 + γsα + ω2

L[〈x(t)v(0)〉] = −L[〈v(t)x(0)〉]

L[〈x(t)x(0)〉] =
1

ω2s
− 1

s2 + γsα + ω2
.

To expand our past and future variables to include multiple time points, we extend
the past variable to be observations between t− t0 and t and the future variable to be
t+ ∆t to t+ ∆t+ t0. The size of the window is set by t0. We discretize each window
with a spacing of dt = 1 and compute correlation functions along the discrete points of
time, yielding the full covariance matrices. Ideally, we would make the discretization
interval arbitrarily small, dt→ 0. However, this introduces numerical issues, as the
determinant of Σt−t0:t approaches 0. As such, we make dt as small as possible without
causing this numerical issue. We explore a few values of dt in S2 Fig to determine the
effect on the information curve. While small dt confers more information, there are
diminishing returns and we asymptotically approach the correct values. After this, the
recipe is as outlined in S1 Text.
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