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Abstract
We consider the analysis of singular waveguides sepa-
rating insulating phases in two-space dimensions. The
insulating domains are modeled by a massive Schrödinger
equation and the singular waveguide by appropriate jump
conditions along the one-dimensional interface separat-
ing the insulators. We present an integral formulation of
the problem and analyze its mathematical properties. We
also implement a fast multipole and sweeping-accelerated
iterative algorithm for solving the integral equations, and
demonstrate numerically the fast convergence of this
method. Several numerical examples of solutions and
scattering effects illustrate our theory.
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2 BAL et al.

1 INTRODUCTION

The time-harmonic Klein–Gordon equation,

−Δ𝑢 +𝑚2𝑢 = 𝐸2𝑢

arises naturally in a wide variety of contexts including condensed matter and particle physics,
classical mechanics, and optics. When |𝐸| < 𝑚 it models an insulating medium: solutions decay
exponentially quickly away from a source. In the last forty years there has been particular interest
in the case in which two insulators are brought together, meeting at an interface. In this setting,
depending on the physical parameters, it is possible to generate surface waves which are localized
near, and propagate along, the interface. Such surface waves at the interface of two insulating
media have applications in photonics, geophysics, water waves, and condensed matter physics,
see [4, 13, 25, 49, 51, 53, 55, 57], for example.
In two dimensions, this can be modeled by the following set of partial differential equa-

tions (PDEs)

⎧⎪⎪⎨⎪⎪⎩

−Δ𝑢(𝑥) + 𝑚2𝑢(𝑥) − 𝐸2𝑢(𝑥) = 𝑓2(𝑥), 𝑥 ∈ Ω2,

−Δ𝑢(𝑥) + 𝑚2𝑢(𝑥) − 𝐸2𝑢(𝑥) = 𝑓1(𝑥), 𝑥 ∈ Ω1,

lim𝑦→𝑥∈Ω2 𝑢(𝑦) = lim𝑦→𝑥∈Ω1 𝑢(𝑦), 𝑥 ∈ Γ,

lim𝑦→𝑥∈Ω2 𝑛̂(𝑥) ⋅ ∇𝑢(𝑦) − lim𝑦→𝑥∈Ω1 𝑛̂(𝑥) ⋅ ∇𝑢(𝑦) = −2𝑚𝑢(𝑥), 𝑥 ∈ Γ,

(1.1)

where 𝑛̂(𝑥) denotes the unit normal to Γ at 𝑥 ∈ Γ pointing in the direction of Ω2, the domains
Ω1 andΩ2 denote the supports of the first and second insulators, 𝑓1 and 𝑓2 are source terms, the
constant 𝑚 > 0 we refer to as the ”mass,” and the constant 𝐸 we refer to as the energy. In the
sequel we will assume that |𝐸|2 < 𝑚2 (the PDE in the bulk in this regime is often referred to as
the Yukawa equation), that Ω1 ∪ Ω2 = ℝ2 is the entire plane, and that Ω1 and Ω2 meet along an
interface Γ = 𝜕Ω1 = 𝜕Ω2. Moreover, we assume that Γ is a single smooth simple curve which is
asymptotically flat in both directions and has a positive opening angle at infinity (see Section 2.1 for
precise definitions and more detailed discussions). Intuitively, we assume Γ has smooth param-
eterization 𝛾 ∶ ℝ → Γ which asymptotically approach two different rays as 𝑡 goes to −∞ and∞.
For uniqueness of solutions, one should also supplement these equations with suitable boundary
conditions at infinity and radiation boundary conditions along the interface.
The numerical simulation of surface waves on infinite boundaries is a computationally chal-

lenging task, owing to the absence of decay, or slow algebraic decay, of solutions along the
interface. For the boundary value problem in Equation (1.1), on smooth closed curves, surface
waves localized near the interface propagate for a finite set of values of 𝐸 ∈ (−𝑚,𝑚). Barring
these particular values of 𝐸, standard integral representations can be used to obtain solutions effi-
ciently. Even for values of 𝐸 for which the localized surface waves are present, the naive integral
equation formulation has only a finite dimensional nullspace, which is easily addressed using
finite dimensional range completions [50].
On infinite interfaces, however, interface waves exist for all values of 𝐸 ∈ (−𝑚,𝑚). Moreover,

when the classic integral representations for smooth closed curves are extended to infinite inter-
faces, the resulting equations are not Fredholm second-kind, and the interface waves manifest as
a part of the continuous spectrum of the integral operator passing through zero. This issue cannot

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22227 by U

niversity O
f C

hicago L
ibrary, W

iley O
nline L

ibrary on [11/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 3

be addressed using any finite dimensional completions, and presents significant difficulties in the
design of numerical methods for their solution.

1.1 Contributions

In this paper, we construct a novel analytic preconditioner for the standard integral representa-
tion used on smooth closed curves, which addresses the continuous spectrum when the interface
is infinite. Our approach is based on introducing an auxiliary variable defined via the funda-
mental solution of a certain time-harmonic wave equation on the interface Γ. We prove bounded
invertibility of this preconditioned integral equation for a range of masses and interfaces.
In addition to being analytically well-posed, this representation naturally lends itself to the effi-

cient numerical solution of the boundary value problem 1.1. In particular, the resulting discretized
integral equation is well-conditioned, and is amenable to standard fast multipole and sweeping
methods. Thus, using this approach, Equation (1.1) can be solved quickly and accurately. Even
though the tools used in the numerical solution are quite standard, to the best of our knowledge,
this is the first high-order accurate and fast numerical solver for the simulation of surface waves
that arise in the solution of problems such as Equation (1.1).
The proposed approach is not limited to Equation (1.1), and should apply more broadly to the

case of piecewise constant insulators with interfaces supporting surface waves. For example, sim-
ilar problems arise in the study of Dirac models for graphene [5, 13] and linearized shallow water
equations used in models of equatorial waves [12, 25].

1.2 Relation to other work

The PDE (1.1) with similar boundary conditions arises in several contexts. Indeed, one interpre-
tation of it is as a Schrödinger equation with singular interactions supported on Γ. The paper [14]
gives a detailed spectral analysis of this (and other) Schrödinger operators. In the periodic set-
ting, we refer the reader to [31] for a rigorous treatment of singular potentials. Equations of this
form also arise in the study of “leaky quantum graphs” [30]. When Γ is a compact perturbation of
the flat interface, [30] for instance derives asymptotic expansions for generalized eigenfunctions
of the Helmholtz operator and obtains expressions for reflection coefficients in a corresponding
scattering theory. We note that in our setting, no restriction is placed on the angle between the
two branches of Γ.
For compact interfaces, [39] considers the related problem of determining the point spec-

tra of elliptic second-order partial differential operators with “singular interactions.” For this
problem, the authors propose an integral formulation in [39], which is solved via a standard
Galerkin method.
More broadly, for interfaces which involve compact perturbations of a halfspace, there are a

number of approaches which have been developed for related acoustic and electromagnetic scat-
tering problems [17, 18, 21, 44, 45, 56]. In particular, such methods enable integral representations
that are well-conditioned on smooth closed curves to be extended in a straightforward manner to
infinite interfaces. In practice, these techniques have been employed for problems involving turn-
ing waveguides (see [33] and the references therein). Additionally, a recent set of papers [27–29]
suggest an alternative method based on “gluing” layered medium Green’s functions. While this
gluing method has a complete analysis, and integral formulation, for a broader class of problems,
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4 BAL et al.

the method of this paper is substantially simpler to implement, and extends more naturally to
multiple non-flat interfaces. Additional numerical approaches to surface wave problems have
been studied in a number of other physical contexts. For example, they appear in the solution
of Maxwell’s equation in transmission between dielectric media when the ratio of permittivities
approach a negative real number, see for example [47, 54], and [36–38] for numerical methods.
Finally, we note that surface-wave preconditioners, similar to what is used in this paper, have

also been employed in other contexts for solving high-frequency scattering problems in acoustics,
electromagnetics, and elasticity, see [1–3, 19, 20, 24, 43] and the references therein. These precon-
ditioners, frequently referred to as on-surface radiation conditions, are typically used to improve
the performance of iterative solvers in complicated geometries and in the high-frequency regime,
unlike in the present context where they are used for resolving surface waves inherent to the
governing equations.

1.3 Paper outline

In Section 2, we present a detailed formulation of the problem, discuss its connection to a related
Dirac equation and topological insulators, and review relevantmathematical properties of integral
operators of the Yukawa equation. Section 3 presents the main results, and Section 4 discusses
their proofs. In Section 5 we describe an algorithm based on our boundary integral equations,
and in Section 6 present several numerical examples. We provide some concluding thoughts and
describe plans for future research in Section 7.

2 MATHEMATICAL PRELIMINARIES

2.1 Detailed formulation of the problem

In this section we give a more precise statement of the problem under consideration, and sum-
marize the associated conditions on the interface. Towards that end, suppose we are given a
smooth simple curve Γ separating the plane into a lower region Ω1 and an upper region Ω2. Let
𝛾 ∶ ℝ → ℝ2 be an arclength parameterization.Moreover, with 𝑛̂(𝑡) the normal vector to 𝛾 at 𝑡 ∈ ℝ
pointing in the direction of Ω2 (using the same notation 𝑛̂ for 𝑛̂(𝑡) and 𝑛̂(𝛾(𝑡)) to simplify), we
assume that (𝛾′(𝑡), 𝑛̂(𝑡)) has positive orientation. For concreteness, we additionally assume that
𝛾 ∈ 𝐶∞(ℝ;ℝ2) with

|𝛾′(𝑡)| = 1, |𝛾(𝑗)(𝑡)| ≤ 𝐶𝑗𝑒
−𝛽|𝑡|, 𝑗 = 2, 3, 4, … (2.1)

for some positive real constants 𝐶𝑗 and 𝛽, and

lim
𝑡→∞

|𝛾(±𝑡)| = ∞, lim
𝑡→∞

|𝛾(𝑡) − 𝛾(−𝑡)| = ∞ . (2.2)

We refer to Figure 2.1 for an illustration of the geometry.

Remark 2.1. Almost all of the results in this paper would hold if we assume only that 𝛾 ∈ 𝐶3 with
exponentially decaying second and third derivatives. The decay of higher-order derivatives is used
in the regularity result Theorem 3.6 but nowhere else.
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 5

F IGURE 2 . 1 Geometry.

The fact that 𝛾 is one-to-one (alongwith assumptions (2.1) and (2.2) above) implies the existence
of some 𝑐 > 0 such that |𝛾(𝑡) − 𝛾(𝑠)||𝑡 − 𝑠| ≥ 𝑐, 𝑠, 𝑡 ∈ ℝ. (2.3)

Given a suitably-differentiable function 𝑢, for ease of exposition we set

[[𝑛̂ ⋅ ∇𝑢]](𝑡) ∶= lim𝑠→0+ 𝑛̂(𝑡) ⋅ ∇[𝑢(𝛾(𝑡) + 𝑠 𝑛̂(𝑡)) − 𝑢(𝛾(𝑡) − 𝑠 𝑛̂(𝑡))] ,

[[𝑢]](𝑡) ∶= lim𝑠→0+ [𝑢(𝛾(𝑡) + 𝑠 𝑛̂(𝑡)) − 𝑢(𝛾(𝑡) − 𝑠 𝑛̂(𝑡))].

Finally, we suppose that we are given a positive real number 𝑚 as well as a real number 𝐸 such
that |𝐸| < 𝑚. In the following we set 𝜔 = √

𝑚2 − 𝐸2.
In this paper, we consider the time-harmonic Klein–Gordon equation with piecewise

discontinuous masses meeting at a single one-dimensional interface

−Δ𝑢(𝑥) + 𝜔2𝑢(𝑥) = 𝑓2(𝑥), 𝑥 ∈ Ω2,

−Δ𝑢(𝑥) + 𝜔2𝑢(𝑥) = 𝑓1(𝑥), 𝑥 ∈ Ω1.
(2.4)

Here the functions 𝑓1 and 𝑓2 correspond to compactly-supported sources in the lower and upper
regions, respectively. For ease of exposition in the following we will denote by 𝑓 the function
which is equal to 𝑓2 inΩ2 and to 𝑓1 inΩ1. Along the interface we enforce continuity of 𝑢 as well
as a jump condition in the normal derivative, as below

[[𝑛̂ ⋅ ∇𝑢]](𝛾(𝑡)) = −2𝑚𝑢(𝛾(𝑡)), 𝑡 ∈ ℝ,

[[𝑢]](𝛾(𝑡)) = 0, 𝑡 ∈ ℝ.
(2.5)

Remark 2.2. The continuity condition is relatively standard. The jump condition in the normal
derivative is possibly less so. Our principlemotivation comes from the consideration of topological
insulators, as is briefly discussed in Section 2.2. Boundary conditions such as this also arise in the
study of “leaky” waveguides, particularly in the context of “leaky quantum waveguides” (see [30]
and the references therein).

With the above assumptions, there exist solutions 𝑢 of the PDE which propagate along Γ. In
order to enforce the condition that the surface wave should travel outwards (i.e., no energy should
come in from infinity) we impose additional radiation conditions,

lim
𝑡→±∞

(±𝜕𝑡 − 𝑖𝐸)𝑢(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) = 0, 𝑟 ∈ ℝ, (2.6)
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6 BAL et al.

lim
𝑑(𝑥,Γ)→∞

𝑢(𝑥) = 0, (2.7)

where 𝑑(𝑥, Γ) ∶= min{|𝑥 − 𝑦| ∶ 𝑦 ∈ Γ} is the distance between 𝑥 and Γ. The requirement (2.6) is
known as an outgoing radiation condition, and intuitively means that 𝑢(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) is approxi-
mately of the form 𝐶𝑒𝑖𝐸|𝑡| when |𝑡| is large. Here 𝐶 ∈ ℂ is a constant depending on the sources 𝑓1
and 𝑓2, as well as the interface Γ. We refer to [26] for more details on this topic in similar settings.
Our main objective in this paper is the analysis of the problem (2.4) with boundary conditions

(2.5, 2.6, 2.7).

2.2 Relation to Dirac equations and topological insulators

The above equations are closely related to certain Dirac equations arising in the study of topologi-
cal insulators. In this section we briefly outline this connection. We begin by recalling that in two
dimensions, the time-harmonic Dirac equation is given by

−𝑖𝜎3𝜕𝑥𝜓 − 𝑖𝜎1𝜕𝑦𝜓 + 𝑚𝜎2𝜓 = 𝐸𝜓, (2.8)

where 𝜓 ∶ ℝ2 → ℂ2,𝑚 ∶ ℝ2 → ℝ, and 𝜎1, 𝜎2, and 𝜎3 are the Pauli spin matrices defined by

𝜎1 =

(
0 1

1 0

)
, 𝜎2 =

(
0 −𝑖

𝑖 0

)
, and 𝜎3 =

(
1 0

0 −1

)
.

Dirac equations arise naturally in themodeling of topological insulators, particularly in the trans-
port observed at interfaces separating two insulators in different phases [5, 6, 11, 13]. In particular,
if two different insulators are brought together along an interface {𝑦 = 0}, then this can be mod-
eled by a jump in the mass, setting 𝑚(𝑥, 𝑦) = 𝑚2 for 𝑦 > 0 and 𝑚(𝑥, 𝑦) = −𝑚1 for 𝑦 < 0. While
each region on its own acts as an insulator (provided that |𝐸| < min(|𝑚1|, |𝑚2|) =∶ 𝑚∗), this is
no longer the case for the combination, which admits absolutely continuous spectra in (−𝑚∗,𝑚∗)

when the signs of𝑚1 and𝑚2 are the same.
Squaring the Dirac equation (2.8) one obtains

−𝜕2𝑥𝜓 − 𝜕
2
𝑦𝜓 + [𝑚

2
2𝜃(𝑦) + 𝑚

2
1𝜃(−𝑦)]𝜓 − 𝐸

2𝜓 + (𝑚2 + 𝑚1)𝛿0(𝑦)𝜎3𝜓 = 0.

Here 𝜃(𝑦) is the Heaviside function, equal to 1 for 𝑦 > 0 and to 0 for 𝑦 ≤ 0. The above equation is
diagonal, i.e., the components of 𝜓 are not coupled. Assume, for concreteness, that 𝑚1,𝑚2 > 0.
The equation for the first component is

−Δ𝜓1 + [𝑚
2
2𝜃(𝑦) + 𝑚

2
1𝜃(−𝑦)]𝜓1 − 𝐸

2𝜓1 + (𝑚2 + 𝑚1)𝛿0(𝑦)𝜓1 = 0,

which admits only the trivial solution 𝜓1 = 0 (provided 𝜓1 is not exponentially increasing in |𝑦|).
The more interesting second component satisfies

−Δ𝜓2 + [𝑚
2
2𝜃(𝑦) + 𝑚

2
1𝜃(−𝑦)]𝜓2 − 𝐸

2𝜓2 − (𝑚2 + 𝑚1)𝛿0(𝑦)𝜓2 = 0,

which is exactly (2.4, 2.5) when𝑚2 = 𝑚1 = 𝑚, at least when sources are neglected.
Our main objective in this paper is to analyze such a scalar equation and focus on the result-

ing propagation of signals along the interface Γ separating the insulators. In particular, we are

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22227 by U

niversity O
f C

hicago L
ibrary, W

iley O
nline L

ibrary on [11/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 7

interested in the setting where Γ is curved. The corresponding analysis to the vector-valued Dirac
equation is postponed to a later study [10].
For an analysis of the temporal propagation ofwavepackets along a curved interface in the semi-

classical regime (i.e, for wavepackets asymptotically localized in the near vicinity of the interface)
in both topologically trivial (Klein–Gordon) and non-trivial (Dirac) settings, see [7, 8].

2.3 Boundary integral operators and their properties

In this section we introduce several frequently-encountered boundary integral operators which
will be useful in defining the boundary integral equations for the solution of PDE (2.4). We begin
by recalling that for any 𝜔 in the right-half of the complex plane, the Green’s function 𝐺𝜔(𝑥, 𝑦)
for the PDE

−Δ𝑢(𝑥) + 𝜔2𝑢(𝑥) = 𝛿(𝑥 − 𝑦),

lim|𝑥|→∞𝑢(𝑥) = 0,
(2.9)

is given by

𝐺𝜔(𝑥, 𝑦) =
1

2𝜋
𝐾0(𝜔|𝑥 − 𝑦|), (2.10)

where 𝐾0 is the modified Bessel function of the second kind.
Given a function 𝜇 ∈ 𝐿2(ℝ) its single-layer potential 𝑆𝜔[𝜇] is defined by

𝑆𝜔[𝜇](𝑥) = ∫
ℝ

𝐺𝜔(𝑥, 𝛾(𝑡)) 𝜇(𝑡) d𝑡

and its double-layer potential 𝐷𝜔[𝜇] by

𝐷𝜔[𝜇](𝑥) = −∫
ℝ

𝑛̂(𝑡) ⋅ ∇𝑥𝐺𝜔(𝑥, 𝛾(𝑡)) 𝜇(𝑡) d𝑡

for 𝑥 ∉ Γ. It is well-known (see [39, Lemmas 3.3 and 3.5] for example) that 𝑆𝜔 is continuous across
Γ while 𝐷𝜔 and 𝑛̂ ⋅ ∇𝑆𝜔 satisfy the following jump relations

lim
𝑠→0+

𝐷𝜔[𝜇](𝛾(𝑡) ± 𝑠 𝑛̂(𝑡)) = ±
1

2
𝜇(𝑡) − ∫

ℝ

𝑛̂(𝑡′) ⋅ ∇𝐺𝜔(𝛾(𝑡), 𝛾(𝑡
′)) 𝜇(𝑡′) d𝑡′ (2.11)

lim
𝑠→0+

𝑛̂(𝑡) ⋅ ∇𝑆𝜔[𝜇](𝛾(𝑡) ± 𝑠 𝑛̂(𝑡)) = ∓
1

2
𝜇(𝑡) + ∫

ℝ

𝑛̂(𝑡) ⋅ ∇𝐺𝜔(𝛾(𝑡), 𝛾(𝑡
′)) 𝜇(𝑡′) d𝑡′. (2.12)

For a more detailed discussion of potential theory for the Yukawa equation, see [23] for example.
We note that the two integral operators appearing on the right-hand sides of the previous equa-

tions are compact (in 𝐿2(ℝ)), as their kernels are continuous and rapidly decaying in 𝑡 and 𝑡′. With
some abuse of notation, in the following we denote these operators by 𝜔 and  ′𝜔, respectively.
We define 𝜔 and′

𝜔 by

𝜔[𝜇](𝑡) = ∫
ℝ

𝐺𝜔(𝛾(𝑡), 𝛾(𝑡
′)) 𝜇(𝑡′) d𝑡′,

′
𝜔[𝜇](𝑡) = −∫

ℝ

𝑛̂(𝑡′) ⋅ ∇2𝐺𝜔(𝛾(𝑡), 𝛾(𝑡
′)) 𝑛̂(𝑡) 𝜇(𝑡′) d𝑡′,
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8 BAL et al.

with ∇2𝐺𝜔 the Hessian of 𝐺𝜔. We note that in this case, 𝜔, 𝜔,  ′𝜔 and ′
𝜔 can be viewed as

operators from 𝐿2(ℝ) → 𝐿2(ℝ). Finally, we remark that both𝜔 and  ′𝜔 are zero when restricted
to any portion of the boundary which is flat. Moreover, for flat interfaces the kernels of 𝜔 and′
𝜔2
−′

𝜔1
have the following Sommerfeld integral representations [46, 52]

𝜔[𝜇](𝑡) = ∫
ℝ

𝐾𝜔(𝑡 − 𝑡
′) 𝜇(𝑡′) d𝑡′, (2.13)

(′
𝜔2
−′

𝜔1
)[𝜇](𝑡) = ∫

ℝ

𝐻𝜔2,𝜔1(𝑡 − 𝑡
′) 𝜇(𝑡′) d𝑡′, (2.14)

where

𝐾𝜔(𝑡) =
1

4𝜋 ∫
ℝ

𝑒𝑖𝜉𝑡√
𝜉2 + 𝜔2

d𝜉, (2.15)

𝐻𝜔2,𝜔1(𝑡) =
1

4𝜋 ∫
ℝ

(√
𝜉2 + 𝜔22 −

√
𝜉2 + 𝜔21

)
𝑒𝑖𝜉𝑡 d𝜉. (2.16)

3 ANALYTICAL RESULTS

3.1 The boundary integral equations

We now turn to the construction of a suitable boundary integral formulation of the PDE (2.4, 2.5,
2.6, 2.7).
We begin by defining the operator 𝑄 via the following formula

𝑄[𝜌](𝑡) =
𝑚2

𝐸 ∫
ℝ

𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′, 𝜌 ∈ 𝐿2(ℝ), (3.1)

and set  ∶= 𝐼 − 2𝑚𝜔 and  ∶= 𝐼 + 𝑄 so that

[𝜇](𝑡) = 𝜇(𝑡) − 2𝑚 ∫
ℝ

𝐺𝜔(𝛾(𝑡), 𝛾(𝑡
′)) 𝜇(𝑡′) d𝑡′,

[𝜌](𝑡) = 𝜌(𝑡) +
𝑚2

𝐸 ∫
ℝ

𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′ ,
(3.2)

for 𝜇, 𝜌 ∈ 𝐿2(ℝ).
With these definitions, we consider the following boundary integral equation

[𝜌](𝑡) = 2𝑚 𝑢𝑖(𝛾(𝑡)), 𝑡 ∈ ℝ (3.3)

where 𝜌 ∶ ℝ → ℂ is an unknown density and 𝑢𝑖 is given by

𝑢𝑖(𝑥) ∶= ∫
ℝ2
𝐺𝜔(𝑥, 𝑦)𝑓(𝑦)d𝑦, 𝑥 ∈ ℝ2. (3.4)

Here, as above, 𝑓 denotes the function which is equal to 𝑓2 inΩ2 and 𝑓1 inΩ1. For ease of exposi-
tion, we assume that 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) so that the right-hand side of (3.3) is smooth and exponentially
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 9

decaying in 𝑡. Our results easily extend to a finite collection of point sources in Ω1 ∪ Ω2, which
still produce a smooth and exponentially decaying right-hand side.

Remark 3.1. The operator 𝑄 can naturally be interpreted as the fundamental solution operator of
the one-dimensional Helmholtz equation

ΔΓ𝑣 + 𝐸
2𝑣 = 𝑚2𝜌,

where ΔΓ is the Laplace–Beltrami operator of the interface curve Γ.

Remark 3.2. Note that the operator 𝑄 could have equally been defined by replacing 𝑒𝑖𝐸|𝑡−𝑡′| by
𝑒−𝑖𝐸|𝑡−𝑡′|. The choice of sign in (3.1) amounts to a choice of outgoing radiation condition, namely,
that we filter out incoming radiation. Indeed, if 𝜌 ∈ 𝐿1, then lim𝑡→±∞(𝑄[𝜌](𝑡) −

𝑚2

𝐸
𝑒𝑖𝐸|𝑡|𝜌̂(±𝐸)) =

0, meaning that solutions of a time-dependent Klein–Gordon problem would propagate to the
right for 𝑡 > 0 and to the left for 𝑡 < 0 whenever |𝑡| is sufficiently large (𝑡 is the space, not time,
variable here). See [26] for details on the notion of incoming and outgoing radiation.

Our main results are Theorems 3.3 and 3.5 below, which establish the well-posedness of the
integral formulation (3.3) for “almost all” choices of𝑚 and 𝐸. These theorems require the follow-
ing weighted 𝐿2 spaces. For 𝛼 ∈ ℝ, letting 𝑤𝛼(𝑡) ∶= 𝑒𝛼|𝑡| we define 𝐿2𝛼 ∶= {𝜌 ∈ 𝐿2(ℝ) ∶ 𝑤𝛼𝜌 ∈

𝐿2(ℝ)}. Moreover, we define the norm ‖ ⋅ ‖𝐿2𝛼 by ‖𝜌‖𝐿2𝛼 ∶= ‖𝑤𝛼𝜌‖𝐿2 .
Theorem 3.3. Fix 𝑚0 > 0 and 𝐸0 ∈ (−𝑚0,𝑚0) ⧵ {0}. Define 𝜔0 ∶=

√
𝑚2
0 − 𝐸

2
0 and set 𝑚 = 𝜆𝑚0

and 𝐸 = 𝜆𝐸0 for 𝜆 ∈ ℝ. Define the function 𝛼∗ by

𝛼∗(𝜔) ∶=
𝛽𝑐𝜔

𝛽 + 𝑐𝜔
, (3.5)

where we recall the definitions of 𝛽 and 𝑐 in (2.1) and (2.3). Then for any 0 < 𝛼 < 𝛼∗(𝜔0), the integral
equation (3.3) admits a unique solution 𝜌 ∈ 𝐿2𝛼 for all but a finite number of 𝜆 ∈ [1,∞).

Remark 3.4. We note that the above dependence of𝑚 and 𝐸 on 𝜆 is equivalent to setting𝑚 = 𝑚0

and 𝐸 = 𝐸0 while changing 𝛾 by 𝛾𝜆(𝑡) ∶= 𝜆𝛾(𝑡∕𝜆). Thus increasing the value of 𝜆 can be thought
of as stretching out the interface.

We continue to use the definition (3.5) of 𝛼∗ in the theorems below.

Theorem 3.5. Fix 𝑚 > 0. For any 0 < 𝜖1, 𝜖2 < 𝑚 and 0 < 𝛼 < 𝛼∗
(√

2𝜖2𝑚 − 𝜖22

)
, the integral

equation (3.3) admits a unique solution 𝜌 ∈ 𝐿2𝛼 for all but a finite number of 𝐸 ∈ [−𝑚 + 𝜖2, −𝜖1] ∪

[𝜖1,𝑚 − 𝜖2].

When the interface Γ is smooth and the sources 𝑓1 and 𝑓2 continuous, the solution 𝜌 ∈ 𝐿2𝛼 from
Theorems 3.3 and 3.5 in fact satisfies a higher degree of regularity. We introduce the weighted
Sobolev spaces, which for 𝛼 ∈ ℝ and 𝑠 ∈ ℕ ∪ {0} are defined by

𝐻𝑠
𝛼 ∶= {𝜌 ∈ 𝐿2(ℝ) ∶ 𝑤𝛼𝜌

(𝑗) ∈ 𝐿2(ℝ), 0 ≤ 𝑗 ≤ 𝑠}, (3.6)

where 𝜌(𝑗) denotes the 𝑗th derivative of 𝜌. Recall that 𝑤𝛼(𝑡) ∶= 𝑒𝛼|𝑡|.

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22227 by U

niversity O
f C

hicago L
ibrary, W

iley O
nline L

ibrary on [11/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



10 BAL et al.

Theorem 3.6. Let 𝜈 ∈ ℕ ∪ {0} and 0 < 𝛼 < 𝛼∗(𝜔). If the function 𝜌 ∈ 𝐿2𝛼 satisfies𝜌 ∈ 𝐻𝜈
𝛼 , then

𝜌 ∈ 𝐻𝜈
𝛼 . In particular, suppose 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2, then any function 𝜌 ∈ 𝐿2𝛼 satisfying (3.3)

also belongs to ∩𝑠∈ℕ𝐻𝑠
𝛼 .

We conclude this section by relating the solutions of (3.3) to the solutions of (2.4, 2.5, 2.6, 2.7).

Theorem 3.7. Suppose 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2 and let 𝛼 > 0. Suppose 𝜌 ∈ 𝐿2𝛼 satisfies (3.3), and
set

𝜇 ∶= [𝜌], 𝑢𝑠 ∶= 𝑆𝜔[𝜇], 𝑢 ∶= 𝑢𝑖 + 𝑢𝑠. (3.7)

Then (2.4), (2.5), (2.6), and (2.7) hold. In particular,𝑢 constructed in this way is a solution of the PDE.

For proofs of the above theorems, see Section 4.

3.2 Intuition for the integral formulation

In this section we outline an intuitive derivation of the boundary integral equations, and sketch a
proof of invertibility for the case of a flat interface.
Recall that the PDE (2.4) we wish to solve is

−Δ𝑢(𝑥) + 𝜔2𝑢(𝑥) = 𝑓(𝑥), 𝑥 ∈ ℝ2 ⧵ Γ, (3.8)

where 𝑓 is the function equal to 𝑓2 in Ω2 and to 𝑓1 in Ω1.
Then if we define the functions 𝑢𝑖 and 𝑢𝑠 by

𝑢𝑖(𝑥) ∶= ∫
ℝ2
𝐺𝜔(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦, 𝑢𝑠 ∶= 𝑢 − 𝑢𝑖, (3.9)

and assume the existence of a density 𝜇 ∈ 𝐿2(ℝ) such that 𝑢𝑠(𝑥) = 𝑆𝜔[𝜇](𝑥) for all 𝑥 ∈ ℝ2 ⧵ Γ, it
follows that

−𝜇(𝑡) + 2𝑚𝜔[𝜇](𝑡) = −2𝑚𝑢𝑖(𝛾(𝑡)), 𝑡 ∈ ℝ. (3.10)

Indeed, 𝑢𝑖 is smooth across Γ and hence the definition of 𝑢𝑠 implies{
Δ𝑢𝑠(𝑥) − 𝜔

2𝑢𝑠(𝑥) = 0, 𝑥 ∈ ℝ2 ⧵ Γ,

[[𝑛̂ ⋅ ∇𝑢𝑠]] + 2𝑚𝑢𝑠 = −2𝑚𝑢𝑖, 𝑥 ∈ Γ,
(3.11)

with the added condition that 𝑢𝑠 + 𝑢𝑖 is continuous across Γ. It is clear that the first line of (3.11)
holds for any choice of 𝜇, while the boundary equation (3.10) is a consequence of the second line
of (3.11) together with (2.12) and the definition of 𝜇.
We recognize the left-hand side of (3.10) as −[𝜇], where we recall the definition of  in (3.2).

We will see below that for the flat-interface case,  has a continuous spectrum which passes
through zero. As such, in general the solution will not be unique without imposing additional
conditions. Moreover, if the domain is truncated, the resulting truncated operator will at best be
poorly-conditioned in the limit as the length of the boundary tends to infinity and in general will
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 11

not converge as the size of the truncated domain grows. For a flat interface, the problem is easily
analyzed in the Fourier domain. Indeed, observing that

𝑡→𝜉
{ 1
𝐸
𝑒𝑖𝐸|𝑡|} = lim

𝜖↓0
𝑡→𝜉

{ 1

𝐸 + 𝑖𝜖
𝑒𝑖(𝐸+𝑖𝜖)|𝑡|} = −

2𝑖

𝜉2 − 𝐸2
, (3.12)

and combining with 𝜇 = [𝜌], we get
 {[𝜇]}(𝜉) =  {[𝜌]}(𝜉)

=
(
1 −

𝑚√
𝜉2 + 𝜔2

)(
1 −

2𝑖𝑚2

𝜉2 − 𝐸2

)
𝜌̃(𝜉)

=∶ 𝑎(𝜉)𝜌̃(𝜉),

(3.13)

where  and  are respectively defined in (3.2), and 𝜌̃ denotes the Fourier transform of 𝜌. Here,
we used (2.15) to derive the Fourier representation of . The fact that  is a point-wise multipli-
cation in the Fourier domain follows immediately from translation invariance of  and  (both
kernels 𝑘(𝑡, 𝑡′) are functions of only 𝑡 − 𝑡′). The singularities of the second factor of𝑎 at 𝜉 = ±𝐸 are
canceled by the zeros of the first factor, making 𝑎 an analytic function. Since 𝑎 is nonzero for all
𝜉 and converges to 1 as |𝜉| →∞, there exist constants 0 < 𝑐 < 𝐶 such that 𝑐 ≤ |𝑎| ≤ 𝐶 uniformly
in 𝜉.
We conclude that the operator ()−1 is bounded on 𝐿2(ℝ) with (bounded and analytic)

Fourier symbol

𝑎−1 =
[(
1 −

𝑚√
𝜉2 + 𝜔2

)(
1 −

2𝑖𝑚2

𝜉2 − 𝐸2

)]−1
=

(
1 +

𝑚√
𝜉2 + 𝜔2

)(
1 +

(2𝑖 + 1)𝑚2

𝜉2 − 𝐸2 − 2𝑖𝑚2

)
. (3.14)

This means there exists a unique function 𝜌 ∈ 𝐿2(ℝ) such that [𝜌] = 2𝑚𝑢𝑖 , and hence the
boundary integral equation is invertible (with a bounded solution).
Note that the above derivation does not motivate the factor of𝑚2∕𝐸 in the definition (3.1) of 𝑄;

this is addressed by Remarks 4.3 and 4.7 below.

3.3 Extension to two masses

As suggested by Section 2.2, the PDE (2.4)–(2.5) can be extended tomodel insulators with different
“masses” in the upper and lower half-planes. To this end, let𝑚1,𝑚2 be positive real numbers, fix
𝐸 ∈ ℝ such that |𝐸| < min(𝑚1,𝑚2), and define𝜔𝑗 ∶=

√
𝑚2
𝑗
− 𝐸2 for 𝑗 = 1, 2. The two-mass PDE

is then

−Δ𝑢(𝑥) + 𝜔22𝑢(𝑥) = 𝑓2(𝑥), 𝑥 ∈ Ω2,

−Δ𝑢(𝑥) + 𝜔21𝑢(𝑥) = 𝑓1(𝑥), 𝑥 ∈ Ω1,
(3.15)

and the jump conditions are

[[𝑛̂ ⋅ ∇𝑢]](𝛾(𝑡)) = −(𝑚1 + 𝑚2)𝑢(𝛾(𝑡)), 𝑡 ∈ ℝ,

[[𝑢]](𝛾(𝑡)) = 0, 𝑡 ∈ ℝ .
(3.16)
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12 BAL et al.

The radiation conditions remain unchanged, and are given by

lim
𝑡→±∞

(±𝜕𝑡 − 𝑖𝐸)𝑢(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) = 0, 𝑟 ∈ ℝ, (3.17)

lim
𝑑(𝑥,Γ)→∞

𝑢(𝑥) = 0, (3.18)

where 𝑑(𝑥, Γ) ∶= min{|𝑥 − 𝑦| ∶ 𝑦 ∈ Γ} as before is the distance between 𝑥 and Γ.
We first derive the corresponding boundary integral equation. Define 𝑚̄ ∶=

1

2
(𝑚1 + 𝑚2).

Analogous to (3.1), let 𝑄2 ∶ 𝐿2(ℝ) → 𝐿2(ℝ) be given by

𝑄2[𝜌](𝑡) =
𝑚̄2

𝐸 ∫
ℝ

𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′, 𝜌 ∈ 𝐿2(ℝ). (3.19)

We define the operator 2 ∶ (𝐿2(ℝ))2 → (𝐿2(ℝ))2 by

2 ∶= 𝐼 −

( ′𝜔2 −  ′𝜔1 + 𝑚̄[𝜔2 + 𝜔1] 𝑚̄
[𝜔2 +𝜔1

]
+′

𝜔2
−′

𝜔1

−(𝜔2 − 𝜔1) −(𝜔2 −𝜔1)

)
(3.20)

and 2 ∶ (𝐿2(ℝ))2 → (𝐿2(ℝ))2 by

2 ∶=
(
𝐼 + 𝑉

(
𝑄2 0

0 0

)
𝑉−1

)
, 𝑉 ∶=

⎛⎜⎜⎝
−1

1

2𝑚2
−

1

2𝑚1
1

2𝑚2
−

1

2𝑚1
1

⎞⎟⎟⎠ . (3.21)

Our integral equation is then to find a density 𝜎 ∈ (𝐿2(ℝ))2 such that

22[𝜎] = 𝑟, (3.22)

where

𝑟 ∶ =

(
[[𝑛̂ ⋅ ∇𝑢𝑖]] + 2𝑚̄𝑢𝑖)

−[[𝑢𝑖]]

)
,

𝑢𝑖(𝑥) ∶ =

{∫
Ω2
𝐺𝜔2(𝑥, 𝑦)𝑓2(𝑦) d𝑦, 𝑥 ∈ Ω2,

∫
Ω1
𝐺𝜔1(𝑥, 𝑦)𝑓1(𝑦) d𝑦, 𝑥 ∈ Ω1.

(3.23)

We can then relate the solutions of (3.22) to solutions of (3.15, 3.16, 2.6, 2.7).

Theorem3.8. Suppose𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2 and let𝛼 > 0. Suppose 𝜎 ∈ ∩𝑠∈ℕ(𝐻𝑠
𝛼)
2 is a solution

of (3.22), and set(
𝜇

𝜌

)
∶= 2[𝜎], 𝑢𝑠(𝑥) =

{
𝐷𝜔2[𝜌](𝑥) + 𝑆𝜔2[𝜇](𝑥), 𝑥 ∈ Ω2,

𝐷𝜔1[𝜌](𝑥) + 𝑆𝜔1[𝜇](𝑥), 𝑥 ∈ Ω1.
(3.24)

Then 𝑢 ∶= 𝑢𝑖 + 𝑢𝑠 satisfies (3.15), (3.16), (3.17), and (3.18).

We refer to Section 4 for the proof of this theorem. Note that if the data 𝑓𝑗 ∈ 𝐶∞𝑐 (Ω𝑗), then
any solution 𝜎 of (3.22) must also belong to ∩𝑠∈ℕ(𝐻𝑠

𝛼)
2. The proof of such a result follows from a

simple modification of the proof of Theorem 3.6.
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 13

Echoing Section 3.2, we now turn to the intuitive derivation of the two-mass integral equa-
tion (3.22). This case is slightly more complicated, though the reasoning is similar to the equal
mass case. Define the functions 𝑢𝑖 and 𝑢𝑠 by

𝑢𝑖(𝑥) =

{∫
Ω2
𝐺𝜔2(𝑥, 𝑦)𝑓2(𝑦) d𝑦, 𝑥 ∈ Ω2,

∫
Ω1
𝐺𝜔1(𝑥, 𝑦)𝑓1(𝑦) d𝑦, 𝑥 ∈ Ω1,

, 𝑢𝑠 ∶= 𝑢 − 𝑢𝑖. (3.25)

Note that 𝑢𝑖 is no longer continuous across Γ. For notational convenience, on the boundary
between Ω1 and Ω2 we set 𝑢𝑖 to be the average of the limits from above and below. If there are
densities 𝜇, 𝜌 ∈ 𝐿2(ℝ) such that

𝑢𝑠(𝑥) =

{
𝐷𝜔2[𝜌](𝑥) + 𝑆𝜔2[𝜇](𝑥), 𝑥 ∈ Ω2,

𝐷𝜔1[𝜌](𝑥) + 𝑆𝜔1[𝜇](𝑥), 𝑥 ∈ Ω1,
(3.26)

then we eventually arrive at the following linear system of equations for 𝜇 and 𝜌,

𝜌(𝑡) +

[
𝜔2[𝜌](𝑡) −𝜔1[𝜌](𝑡)

]
+

[
𝜔2[𝜇](𝑡) − 𝜔1[𝜇](𝑡)

]
= −[[𝑢𝑖]](𝛾(𝑡)), (3.27)

−𝜇(𝑡) +

[
 ′𝜔2[𝜇](𝑡) −  ′𝜔1[𝜇](𝑡)

]
+

[
′
𝜔2
[𝜌](𝑡) −′

𝜔1
[𝜌](𝑡)

]

+𝑚̄

[
𝜔2[𝜇](𝑡) + 𝜔1[𝜇](𝑡)

]
+ 𝑚̄

[
𝜔2[𝜌](𝑡) +𝜔1[𝜌](𝑡)

]
(3.28)

+ 2𝑚̄𝑢𝑖(𝛾(𝑡)) = −[[𝑛̂ ⋅ ∇𝑢𝑖]](𝛾(𝑡)),

which are understood to hold for all 𝑡 ∈ ℝ. Recall the definition 𝑚̄ ∶=
1

2
(𝑚1 + 𝑚2). To derive the

above, observe that the definition of the scattered field 𝑢𝑠 implies that

⎧⎪⎨⎪⎩
Δ𝑢𝑠(𝑥) − 𝜔

2
2𝑢𝑠(𝑥) = 0, 𝑥 ∈ Ω2,

Δ𝑢𝑠(𝑥) − 𝜔
2
1𝑢𝑠(𝑥) = 0, 𝑥 ∈ Ω1,

[[𝑛̂ ⋅ ∇𝑢𝑠]] + (𝑚2 + 𝑚1)𝑢𝑠 = −[[𝑛̂ ⋅ ∇𝑢𝑖]] − (𝑚2 + 𝑚1)𝑢𝑖, 𝑥 ∈ Γ,

(3.29)

with 𝑢𝑠 + 𝑢𝑖 continuous across Γ as before. The first two lines of (3.29) hold for any choice of 𝜇
and 𝜌. Enforcing continuity of 𝑢 at the interface, and using the jump relations (2.11, 2.12) for the
layer potentials, we obtain (3.27). Since 𝑢 on Γ takes the form

𝑢(𝛾(𝑡)) =
1

2

[𝜔2[𝜌](𝑡) +𝜔1[𝜌](𝑡)
]
+
1

2

[
𝜔2[𝜇](𝑡) + 𝜔1[𝜇](𝑡)

]
+ 𝑢𝑖(𝛾(𝑡)), (3.30)

the derivative jump condition in (3.29) implies (3.28).
Observe that (3.27, 3.28) reads

2
(
𝜇

𝜌

)
= 𝑟, (3.31)
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14 BAL et al.

where2 and 𝑟 are defined in (3.20) and (3.23), respectively. As above,2may admit a continuous
spectrumpassing through zero, hence solving for (𝜇, 𝜌) in (3.31) is in general an ill-posed problem.
To remedy this issue, we again turn our attention to the special case of a flat boundary, where

Fourier representations of the relevant integral operators are given by (2.15) and (2.16). Taking the
Fourier transform of (3.27) in the flat case, we find that

𝜌̃(𝜉) +
1

2

⎡⎢⎢⎢⎣
1√

𝜉2 + 𝜔22

−
1√

𝜉2 + 𝜔21

⎤⎥⎥⎥⎦𝜇̃(𝜉) = −[[𝑢̃𝑖]](𝜉). (3.32)

Similarly, upon taking the Fourier transform of (3.28), we obtain

−𝜇̃ −
1

2

[√
𝜉2 + 𝜔22 −

√
𝜉2 + 𝜔21

]
𝜌̃ +

𝑚2 + 𝑚1

4

⎡⎢⎢⎢⎣
1√

𝜉2 + 𝜔22

+
1√

𝜉2 + 𝜔21

⎤⎥⎥⎥⎦𝜇̃
= −

𝑚2 + 𝑚1

2
(𝑢̃𝑖,1 + 𝑢̃𝑖,2) −

[[
𝑛̂ ⋅ ∇̃𝑢𝑖

]]
. (3.33)

After solving (3.32) for 𝜌̃ and substituting it into (3.33) we see that[
−1 +

1

4
(𝜉2 − 𝜉1)(𝜉

−1
2 − 𝜉−11 ) +

𝑚2 + 𝑚1

4
(𝜉−12 + 𝜉−11 )

]
𝜇̃ = 𝜓̃ (3.34)

where 𝜉1,2 =
√
𝜉2 + 𝜔21,2 =

√
𝜉2 + 𝑚2

1,2 − 𝐸
2, and

𝜓̃(𝜉) = −
𝑚2 + 𝑚1

2
(𝑢̃𝑖,1 + 𝑢̃𝑖,2) −

[[
𝑛̂ ⋅ ∇̃𝑢𝑖

]]
−
1

2
(𝜉2 − 𝜉1)[[𝑢̃𝑖]](𝜉).

Let 𝑅(𝜉) denote the Fourier multiplier from the left-hand side of (3.34) defined by

𝑅(𝜉) ∶= −1 +
1

4
(𝜉2 − 𝜉1)(𝜉

−1
2 − 𝜉−11 ) +

𝑚2 + 𝑚1

4
(𝜉−12 + 𝜉−11 ). (3.35)

Differentiating (3.35) with respect to 𝜉2 we see that

d

d𝜉2
𝑅(𝜉) = −

𝑚2 + 𝑚1

8

𝜉32 + 𝜉
3
1

𝜉31𝜉
3
2

+
1

8

(𝜉22 − 𝜉
2
1)
2

𝜉31𝜉
3
2

.

Now, 𝜉22 − 𝜉
2
1 = 𝜔22 − 𝜔

2
1, 𝜉2 ≥ 𝜔2, 𝜉1 ≥ 𝜔1, and𝑚1 +𝑚2 > 𝜔1 + 𝜔2, from which it follows that

(𝑚2 + 𝑚1)(𝜉
3
2 + 𝜉

3
1) − (𝜉

2
2 − 𝜉

2
1)
2 ≥ 𝜔42 + 𝜔

4
1 − 𝜔

4
2 − 𝜔

4
1 + 2𝜔

2
2𝜔

2
1 > 0.

In particular, 𝑅(𝜉) is decreasing for 𝜉 < 0 and increasing for 𝜉 > 0, from which it follows
immediately that 𝜉 = ±𝐸 are the only roots.
Finally, we observe that the nullvectors (𝜇̃(𝜉), 𝜌̃(𝜉))𝑡 associated with 𝜉 = ±𝐸 are both

𝑣 =

(
−1

1

2𝑚2
−

1

2𝑚1

)
. (3.36)
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 15

Motivated by this, we change variables to remove the singularity captured by the nullvectors in
(3.36). Namely, we introduce the new unknowns, 𝜎1 and 𝜎2 defined implicitly by(

𝜇

𝜌

)
= 2

(
𝜎1
𝜎2

)
, (3.37)

with 2 given by (3.21). As with 𝑄 for the one-mass case, the Fourier transform of 𝑄2 has singu-
larities at 𝜉 = ±𝐸. Thus the singularities of 2 exactly cancel the zeros of 2. Substituting (3.37)
into the Fourier transformed boundary integral equations (3.32) and (3.33), we obtain an invert-
ible system for 𝜎1 and 𝜎2. In particular, we recover (3.22), where 22 is bounded with bounded
inverse.

Remark 3.9. We do not prove two-mass analogues of the well-posedness results Theorems 3.3
and 3.5. In principle, similar arguments should extend to the𝑚1 ≠ 𝑚2 case, though the presenta-
tion would be more involved due to the presence of terms involving double layer potentials and
their derivatives.

4 PROOFS OFMAIN ANALYTICAL RESULTS

This section is devoted to proving the statements from Section 3.1, and is laid out as follows. In
Section 4.1, we first turn our attention to the proof of the uniqueness result for the integral equa-
tion with a single mass, Theorem 3.3. The proof of the other uniqueness result for the single mass
integral equation, Theorem 3.5, requires that 𝑢 obtained by any smooth enough solution to the
integral equation (3.3) solves the PDE (2.4, 2.5, 2.6, 2.7). Thus in Section 4.2, we first prove regu-
larity results for the solution of the integral equation, Theorem 3.6, and that smooth solutions to
the integral equation satisfy the PDE, Theorem 3.7. Finally, we prove the main uniqueness result
for the single mass integral equation, Theorem 3.5, in Section 4.3. Theorem 3.8, which establishes
that smooth solutions of the integral equation corresponding to bulk regions with two different
masses satisfy the PDE, is proved in Section 4.4.
Recall that the operators  and  are defined by

[𝜇](𝑡) = 𝜇(𝑡) −
𝑚

𝜋 ∫
ℝ

𝐾0(𝜔|𝛾(𝑡) − 𝛾(𝑡′)|) 𝜇(𝑡′) d𝑡′,
[𝜌](𝑡) = 𝜌(𝑡) +

𝑚2

𝐸 ∫
ℝ

𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′.
To distinguish between the arbitrary and flat cases, let 0 ∶ 𝐿2(ℝ) → 𝐿2(ℝ) be defined by

0[𝜇](𝑡) ∶= 𝜇(𝑡) −
𝑚

2𝜋 ∫
ℝ
∫
ℝ

𝑒𝑖𝜉(𝑡−𝑡
′)√

𝜉2 + 𝜔2
d𝜉 𝜇(𝑡′) d𝑡′, 𝜇 ∈ 𝐿2(ℝ), (4.1)

so that0 is the operator above when the boundary is flat. Recall that the integral equation (3.3)
that we wish to solve is

[𝜌](𝑡) = 2𝑚 𝑢𝑖(𝛾(𝑡)), 𝑡 ∈ ℝ
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16 BAL et al.

which can be rewritten as

(𝐼 +)[𝜌] = 2𝑚(0)−1𝑢𝑖,  ∶= (0)−1( − 0) . (4.2)

Our main results concern the solvability of the above integral equation on the space 𝐿2𝛼 ∶= {𝜌 ∈

𝐿2(ℝ) ∶ 𝑤𝛼𝜌 ∈ 𝐿
2(ℝ)}, where 𝑤𝛼(𝑡) ∶= 𝑒𝛼|𝑡|. We require that 𝑤𝛼 not grow too rapidly, which is

captured by the assumption 0 < 𝛼 < 𝛼∗(𝜔), where

𝛼∗(𝜔) ∶=
𝛽𝑐𝜔

𝛽 + 𝑐𝜔

and the constants 𝛽 and 𝑐 are defined by (2.1) and (2.3). Observe that the function 𝛼∗ is monoton-
ically increasing on the interval (0,∞); thus in order to ensure that (3.5) holds for all 𝜔 in a given
set 𝑆 ⊂ (0,∞), it suffices to verify (3.5) for the infimum of 𝑆. Since 𝛽 and 𝑐𝜔 are both positive with
0 < 𝑐 ≤ 1, we also see that 𝛼∗(𝜔) < min{𝛽, 𝑐𝜔} ≤ min{𝛽, 𝜔}.
Much of the analysis in this section relies on well-known properties of the modified Bessel

functions of the second kind 𝐾0 ∶ (0,∞) → (0,∞) and 𝐾1 = −𝐾′0. These functions are smooth,
monotonically decreasing and satisfy 𝐾𝑗(𝑟) ∼ 𝑒

−𝑟 as 𝑟 → ∞. Moreover, 𝐾0(𝑟) ∼ − log 𝑟 and
𝐾1(𝑟) ∼ 1∕𝑟 as 𝑟 ↓ 0.
Throughout the proofs in this section, we will use the notation 𝐶 to denote an arbitrary positive

constant whose value might change from one line to another. That is, 𝑎 ≤ 𝐶𝑏 is equivalent to
𝑎 ≲ 𝑏. We will use ‖ ⋅ ‖ to denote the operator norm. More specifically, if 1 and 2 are Banach
spaces and ∶ 1 → 2 is a linear operator, then ‖‖ ∶= sup{‖𝜓‖2 ∶ ‖𝜓‖1 = 1}, where ‖ ⋅ ‖𝑗
denotes the norm on 𝑗 .

4.1 Proof of theorem 3.3

As in the statement of the theorem, suppose that𝑚0 > 0 and 𝐸0 ∈ (−𝑚0,𝑚0) ⧵ {0} are fixed, with
𝜔0 ∶=

√
𝑚2
0 − 𝐸

2
0 . The parameters 𝑚 and 𝐸 of our integral equation (3.3) will depend on the

parameter 𝜆 ∈ [1,∞) via the relations𝑚 = 𝜆𝑚0, 𝐸 = 𝜆𝐸0, and 𝜔 = 𝜆𝜔0.
We begin with the following important lemmas.

Lemma 4.1. Suppose 0 < 𝛼 < 𝛼∗(𝜔0), define 𝜒 ∶ ℝ2 → [0,∞) by

𝜒(𝑠, 𝑡) ∶=

{
min{|𝑠|, |𝑡|}, 𝑠 ⋅ 𝑡 > 0

0, else

and let 𝐾1 = −𝐾′0 denote the modified Bessel function of the second kind. Then

𝐼1 ∶= ∫
ℝ2

(
𝑒𝛼|𝑡|𝑒𝜂|𝑠||𝑡 − 𝑠|3𝑒−𝛽𝜒(𝑠,𝑡)𝐾1(𝑐𝜔0|𝑡 − 𝑠|))2d𝑡d𝑠 < ∞

for all 𝜂 < 𝛼∗(𝜔0) − 𝛼.

Proof. We first observe that 𝜒(𝑠, 𝑡) = 1

2
(|𝑠 + 𝑡| − |𝑠 − 𝑡|)1{|𝑠 + 𝑡| − |𝑠 − 𝑡| > 0}, where 1{⋅} is the

indicator function. Moreover, the function ℝ ∋ 𝜉 ↦ |𝜉|3𝐾1(𝑐𝜔0|𝜉|) is continuous and exponen-
tially decaying at infinitywith rate 𝑐𝜔0. It follows from the change of variables (𝜉, 𝜁) = (𝑡 − 𝑠, 𝑡 + 𝑠)
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 17

in the integral that

𝐼1 ≤ 𝐶 ∫
ℝ2

(
𝑒𝛼𝜂|𝜉|𝑒𝛼𝜂|𝜁|𝑒−𝛽

2
(|𝜁|−|𝜉|)1{|𝜁|−|𝜉|>0}

𝑒−𝑐𝜔0|𝜉|)2d𝜉d𝜁,
where 𝛼𝜂 ∶= (𝛼 + 𝜂)∕2. Fixing 𝛿 > 0, we now control the integral over the regions 𝑈 ∶= {|𝜁| <
(1 + 𝛿)|𝜉|} and 𝑈𝑐 ∶= ℝ2 ⧵ 𝑈 separately. We see that

𝐼𝑈 ∶ = ∫
𝑈

(
𝑒𝛼𝜂|𝜉|𝑒𝛼𝜂|𝜁|𝑒−𝛽

2
(|𝜁|−|𝜉|)1{|𝜁|−|𝜉|>0}

𝑒−𝑐𝜔0|𝜉|)2d𝜉d𝜁
≤ ∫

𝑈

(
𝑒𝛼𝜂(2+𝛿)|𝜉|𝑒−𝑐𝜔0|𝜉|)2d𝜉d𝜁 = 4(1 + 𝛿)∫

∞

0

𝜉
(
𝑒𝛼𝜂(2+𝛿)𝜉𝑒−𝑐𝜔0𝜉

)2
d𝜉,

which is finite provided 𝛼𝜂 < 𝑐𝜔0∕(2 + 𝛿). Moreover,

𝐼𝑈𝑐 ∶ = ∫
𝑈𝑐

(
𝑒𝛼𝜂|𝜉|𝑒𝛼𝜂|𝜁|𝑒−𝛽

2
(|𝜁|−|𝜉|)1{|𝜁|−|𝜉|>0}

𝑒−𝑐𝜔0|𝜉|)2d𝜉d𝜁
≤ ∫

𝑈𝑐

(
𝑒
𝛼𝜂(2+𝛿)

1+𝛿
|𝜁|
𝑒
−

𝛽𝛿

2(1+𝛿)
|𝜁|
𝑒−𝑐𝜔0|𝜉|)2

d𝜉d𝜁

is finite so long as 𝛼𝜂 <
𝛽𝛿

2(2+𝛿)
. The optimal choice of 𝛿 thus satisfies

𝑐𝜔0
2 + 𝛿

=
𝛽𝛿

2(2 + 𝛿)
.

Hence we take 𝛿 = 2𝑐𝜔0∕𝛽 and conclude that 𝐼1 ≤ 𝐶(𝐼𝑈 + 𝐼𝑈𝑐 ) is finite whenever 𝛼𝜂 <
𝛽𝑐𝜔0

2(𝛽+𝑐𝜔0)
.

We have thus shown that if 𝛼 < 𝛼∗(𝜔0), then 𝐼1 is finite for any 𝜂 < 𝛼∗(𝜔0) − 𝛼. This completes
the result. □

Lemma 4.2. For all 0 < 𝛼 < 𝛼∗(𝜔0), the operator (0)−1 is bounded on 𝐿2𝛼 with ‖(0)−1‖ ≤ 𝐶

uniformly in 𝜆 ∈ [1,∞).

Proof. Fix 0 < 𝛼 < 𝛼∗(𝜔0). By (3.14) we know that (0)−1 = (1 + 𝑅0)(1 + 𝑅1), where 𝑅0 and 𝑅1
are convolutions by 𝑟0 ∶= 𝑚𝐾0(𝜔| ⋅ |) and 𝑟1 ∶= (𝑖−2)𝑚2

2𝜁
𝑒𝑖𝜁|⋅|, respectively,with 𝜁 ∶= 𝑎+ + 𝑖𝑎− and

𝑎± ∶=

√√√√√
4𝑚4

0 + 𝐸
4
0 ± 𝐸

2
0

2
.

The function 𝑟0 has a logarithmic singularity at 0, is smooth otherwise and decays exponen-
tially at infinity with rate 𝜔. The exponential decay rate of 𝑟1 is 𝑎− > 𝜔0. Recalling the relation
𝜔 =

√
𝑚2 − 𝐸2 = 𝜆𝜔0 and the fact that 𝛼∗(𝜔0) < 𝜔0, it follows that there exists 𝑟 ∈ 𝐿1 such

that 𝑒𝛼|⋅|𝑟(⋅) ∈ 𝐿1 and |𝑟𝑗(𝑡)| ≤ 𝜆𝑟(𝜆𝑡) for all 𝜆 ∈ [1,∞) and 𝑗 ∈ {0, 1}. Using the identity ‖𝑔1 ∗
𝑔2‖𝐿2 ≤ ‖𝑔1‖𝐿1‖𝑔2‖𝐿2 with 𝑔1(𝑡) = 𝜆𝑒𝛼|𝑡|𝑟(𝜆𝑡) and 𝑔2(𝑡) = 𝑒𝛼|𝑡||𝜌|(𝑡), we obtain that for 𝜌 ∈ 𝐿2𝛼
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18 BAL et al.

and 𝑗 ∈ {0, 1},

‖𝑅𝑗[𝜌]‖2𝐿2𝛼 ≤∫
ℝ

𝑒2𝛼|𝑡|(∫
ℝ

𝜆𝑟(𝜆(𝑡 − 𝑡′))𝜌(𝑡′)d𝑡′
)2
d𝑡

≤∫
ℝ

(
∫
ℝ

𝜆𝑒𝛼|𝑡−𝑡′|𝑟(𝜆(𝑡 − 𝑡′))𝑒𝛼|𝑡′||𝜌|(𝑡′)d𝑡′)2d𝑡 ≤ 𝐶‖𝜌‖2
𝐿2𝛼

is bounded uniformly in 𝜆 ∈ [1,∞). This completes the proof. □

Remark 4.3. The above proof motivates the factor of 𝑚2 appearing in the definition of  . If 𝑚2

were replaced by𝑚𝑝 for some 𝑝 ≠ 2, then the exponential decay rate of 𝑟1 would become

𝑎− =

√√√√√
4𝑚

𝑝
0 + 𝐸

4
0 − 𝐸

2
0

2
,

which is no longer necessarily greater than 𝜔0. Thus we would not be able to establish
boundedness of (0)−1 on 𝐿2𝛼 for the full range of 𝛼 we consider.
For the following lemma, recall the definition of in (4.2).

Lemma 4.4. For all 0 < 𝛼 < 𝛼∗(𝜔0) and 𝜆 ∈ [1,∞), the operator  is Hilbert–Schmidt (hence
compact) on 𝐿2𝛼 .

Proof. Fix 0 < 𝛼 < 𝛼∗(𝜔0), 0 < 𝜂 < 𝛼∗(𝜔0) − 𝛼 and 𝜆 ∈ [1,∞). Define 𝐴1 ∶ 𝐿2 → 𝐿2𝛼, 𝐴2 ∶ 𝐿
2 →

𝐿2, 𝐴3 ∶ 𝐿
2
𝛼 → 𝐿2 by

𝐴1 = 𝑊−1
𝛼 , 𝐴2 = 𝑊𝛼(0 − )𝑊𝜂, 𝐴3 = 𝑊−1

𝜂  ,
where 𝑊𝛼 is point-wise multiplication by 𝑤𝛼. Our strategy is to bound each term on the right-
hand side of = (0)−1𝐴1𝐴2𝐴3. We immediately have ‖𝐴1[𝜌]‖𝐿2𝛼 = ‖𝜌‖𝐿2 , so 𝐴1 is bounded.
Using that

|[𝜌]|(𝑡) ≤ |𝜌|(𝑡) + 𝑚2|𝐸|‖𝜌‖𝐿1 ≤ |𝜌|(𝑡) + 𝐶‖𝜌‖𝐿2𝛼 , (4.3)

we have ‖𝐴3[𝜌]‖𝐿2 ≤ 𝐶‖𝜌‖𝐿2𝛼 , hence 𝐴3 is also bounded. By Lemma 4.2, (0)−1 is bounded on
𝐿2𝛼.
It remains to show that 𝐴2 is Hilbert–Schmidt. To do so, we will prove exponential decay of

the kernel of 0 −  using the decay properties of 𝐾0 and the fact that our interface rapidly con-
verges to a straight line at infinity (2.1). Let 𝓁Δ(𝑡, 𝑠) = 𝐾0(𝜔|𝛾(𝑡) − 𝛾(𝑠)|) − 𝐾0(𝜔|𝑡 − 𝑠|) so that
−
𝑚

𝜋
𝓁Δ(𝑡, 𝑠) is the kernel of  − 0. Since 𝐾0 and 𝐾1 = −𝐾′0 are both positive and monotonically

decreasing, and |𝛾(𝑡) − 𝛾(𝑠)| ≤ |𝑡 − 𝑠|, it follows that
0 ≤ 𝓁Δ(𝑡, 𝑠) = ∫

𝜔|𝑡−𝑠|
𝜔|𝛾(𝑡)−𝛾(𝑠)| 𝐾1(𝑧)d𝑧 ≤ 𝜔(|𝑡 − 𝑠| − |𝛾(𝑡) − 𝛾(𝑠)|)𝐾1(𝜔|𝛾(𝑡) − 𝛾(𝑠)|).
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 19

Hence

0 ≤ 𝓁Δ(𝑡, 𝑠) ≤ 𝜔(|𝑡 − 𝑠| − |𝛾(𝑡) − 𝛾(𝑠)|)𝐾1(𝑐𝜔|𝑡 − 𝑠|), (4.4)

where 𝑐 > 0 is defined by (2.3). The factor 𝐾1(𝑐𝜔|𝑡 − 𝑠|) decays exponentially in |𝑡 − 𝑠| but has
a singularity at 𝑡 = 𝑠. To show that 𝓁Δ is bounded and decays exponentially in |𝑡| + |𝑠|, we will
control the difference |𝑡 − 𝑠| − |𝛾(𝑡) − 𝛾(𝑠)|.
By smoothness of 𝛾, for every 𝑠, 𝑡 ∈ ℝ there exist 𝑟1, 𝑟2 ∈ [min{𝑠, 𝑡},max{𝑠, 𝑡}] such that

𝛾(𝑡) = 𝛾(𝑠) + (𝑡 − 𝑠)𝛾′(𝑠) +
1

2
(𝑡 − 𝑠)2𝛾′′(𝑠) +

1

3!
(𝑡 − 𝑠)3(𝛾′′′1 (𝑟1), 𝛾

′′′
2 (𝑟2)). (4.5)

Since |𝛾′| ≡ 1 and thus 𝛾′ ⋅ 𝛾′′ ≡ 0, we have

𝛾′(𝑠) ⋅ (𝛾(𝑡) − 𝛾(𝑠)) = 𝑡 − 𝑠 +
1

3!
(𝑡 − 𝑠)3𝛾′(𝑠) ⋅ (𝛾′′′1 (𝑟1), 𝛾

′′′
2 (𝑟2)).

Multiplying both sides by 𝑡 − 𝑠 and using (4.5) to expand (𝑡 − 𝑠)𝛾′(𝑠), it follows that

|𝛾(𝑡) − 𝛾(𝑠)|2 = (𝑡 − 𝑠)2 +
1

3!
(𝑡 − 𝑠)4𝛾′(𝑠) ⋅ (𝛾′′′1 (𝑟1), 𝛾

′′′
2 (𝑟2))

+
1

2
(𝑡 − 𝑠)2𝛾′′(𝑠)(𝛾(𝑡) − 𝛾(𝑠)) +

1

3!
(𝑡 − 𝑠)3(𝛾′′′1 (𝑟1), 𝛾

′′′
2 (𝑟2)) ⋅ (𝛾(𝑡) − 𝛾(𝑠)).

Again using (4.5) to expand 𝛾(𝑡) − 𝛾(𝑠) on the bottom line, we obtain that

(𝑡 − 𝑠)2 ≤ |𝛾(𝑡) − 𝛾(𝑠)|2 + 𝐶𝐽(𝑠, 𝑡)(𝑡 − 𝑠)4, 𝐽(𝑠, 𝑡) ∶= |𝛾′′|2𝑠,𝑡 + |𝛾′′′|𝑠,𝑡
for some 𝐶 > 0, where the semi-norm | ⋅ |𝑠,𝑡 is defined by

|𝜂|𝑠,𝑡 ∶= ‖𝜂‖𝐿∞[min{𝑠,𝑡},max{𝑠,𝑡}].
This implies 0 ≤ |𝑡 − 𝑠| − |𝛾(𝑡) − 𝛾(𝑠)| ≤ 𝐶𝐽(𝑠, 𝑡)|𝑡 − 𝑠|3 for some possibly larger constant𝐶. From
the rapid decay (2.1) of |𝛾′′|2 + |𝛾′′′| at infinity, it follows that

0 ≤ |𝑡 − 𝑠| − |𝛾(𝑡) − 𝛾(𝑠)| ≤ 𝐶|𝑡 − 𝑠|3𝑒−𝛽𝜒(𝑠,𝑡), 𝜒(𝑠, 𝑡) ∶=

{
min{|𝑠|, |𝑡|}, 𝑠𝑡 > 0

0, else.

Using (4.4), we have

0 ≤ 𝓁Δ(𝑡, 𝑠) ≤ 𝐶𝜔|𝑡 − 𝑠|3𝑒−𝛽𝜒(𝑠,𝑡)𝐾1(𝑐𝜔|𝑡 − 𝑠|). (4.6)

By Lemma 4.1, we conclude that the kernel of 𝐴2 is square-integrable:

∫
ℝ2
𝑤2𝛼(𝑡)𝑤

2
𝜂(𝑠)𝓁

2
Δ(𝑡, 𝑠)d𝑡d𝑠 < ∞.

This means 𝐴2 is Hilbert–Schmidt and the proof is complete. □

Henceforth, ‖ ⋅ ‖2 denotes the Hilbert–Schmidt norm on 𝐿2𝛼.

Remark 4.5. Since the constant 𝐶 in (4.3) is proportional to 1∕|𝐸|, we have shown that ‖‖2 ≤
𝐶∕|𝐸| as 𝐸 → 0. The singularity at 𝐸 = 0 should not be surprising, as outgoing and incoming
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20 BAL et al.

conditions at infinity are the same in this case. It turns out that an appropriate linear combi-
nation of outgoing and incoming conditions produces an operator that behaves better in the
𝐸 → 0 limit. Indeed, we could have instead defined𝑄 ∶ 𝐿2𝛼 → 𝐿∞ by𝑄[𝜌](𝑡) = 𝑖𝑚2

2𝐸
∫ ∞
−∞
(𝑒𝑖𝐸|𝑡−𝑡′| −

𝑒−𝑖𝐸|𝑡−𝑡′|)𝜌(𝑡′)d𝑡′, which is bounded uniformly in 𝐸 (for any 𝛼 > 0). The resulting solution would
now look like sin(𝐸|𝑡|) as |𝑡| →∞.

Lemma 4.4 implies that if (4.2) does not have a unique solution 𝜌, then the kernel of 1 + is
a nontrivial finite-dimensional subspace of 𝐿2𝛼. An extension of Lemma 4.4 is the following

Proposition 4.6. For any 0 < 𝛼 < 𝛼∗(𝜔0), ‖‖2 ≤ 𝐶∕
√
𝜆 uniformly in 𝜆 ∈ [1,∞).

Proof. Suppose 𝜆 ≥ 1. As in the proof of Lemma 4.4, we will bound each factor on the right-hand
side of  = (0)−1𝐴1𝐴2𝐴3. By Lemma 4.2, the operator norm of (0)−1 on 𝐿2𝛼 is bounded
uniformly in 𝜆. From (4.3) it is clear that ‖𝐴3‖ ≤ 𝐶𝜆. Since 𝐴1 is independent of 𝜆, it remains to
bound ‖𝐴2‖2.
The kernel of𝐴2 is 𝑘(𝑡, 𝑠) =

𝑚

𝜋
𝑤𝛼(𝑡)𝓁Δ(𝑡, 𝑠)𝑤𝜂(𝑠), with𝓁Δ(𝑡, 𝑠) = 𝐾0(𝜔|𝛾(𝑡) − 𝛾(𝑠)|) − 𝐾0(𝜔|𝑡 −

𝑠|) as before. From (4.6) it follows that

𝑘2(𝑡, 𝑠) ≤ 𝐶(𝑚𝜔)2𝑤2𝛼(𝑡)𝑤
2
𝜂(𝑠)(𝑡 − 𝑠)

6𝑒−2𝛽𝜒(𝑠,𝑡)𝐾21(𝑐𝜔|𝑡 − 𝑠|).
Performing the change of variables (𝜉, 𝜁) ∶= (𝑡 − 𝑠, 𝑡 + 𝑠) and using the fact that |𝜁 + 𝜉| + |𝜁 −
𝜉| ≤ |𝜁 + 𝜆𝜉| + |𝜁 − 𝜆𝜉| and𝜒(𝜁−𝜆𝜉

2
,
𝜁+𝜆𝜉

2
) ≤ 𝜒(

𝜁−𝜉

2
,
𝜁+𝜉

2
) for all 𝜆 ≥ 1 and 𝜉, 𝜁 ∈ ℝ, it follows that

‖𝑘‖2
𝐿2

≤ 𝐶(𝑚𝜔)2 ∫
ℝ2
𝑤2𝛼

(𝜁 + 𝜆𝜉
2

)
𝑤2𝜂

(𝜁 − 𝜆𝜉
2

)
𝜉6𝑒

−2𝛽𝜒(
𝜁−𝜆𝜉

2
,
𝜁+𝜆𝜉

2
)
𝐾21(𝑐𝜔0𝜆|𝜉|)d𝜁d𝜉

=
𝐶

𝜆7
(𝑚𝜔)2 ∫

ℝ2
𝑤2𝛼

(𝜁 + 𝜉
2

)
𝑤2𝜂

(𝜁 − 𝜉
2

)
𝜉6𝑒

−2𝛽𝜒(
𝜁−𝜉

2
,
𝜁+𝜉

2
)
𝐾21(𝑐𝜔0|𝜉|)d𝜁d𝜉.

Since the above integral is finite (by Lemma 4.1) and independent of 𝜆, we have shown that‖𝑘‖𝐿2 ≤ 𝐶∕𝜆3∕2 for all 𝜆 ≥ 1. Thus

‖‖2 ≤ ‖(0)−1‖‖𝐴1‖‖𝐴2‖2‖𝐴3‖ ≤ 𝐶∕
√
𝜆 (4.7)

and the proof is complete. □

Remark 4.7. The above proof further motivates the factor of 𝑚2 in the definition (3.1) of 𝑄. In
particular, if we instead were to define 𝑄 by

𝑄[𝜌](𝑡) ∶=
𝑚𝑝

𝐸 ∫
ℝ

𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′
with 𝑝 ∈ ℝ, then the symbol 𝑎−1 of (0)−1 in (3.14) would be replaced by

𝑎−1(𝜉) =
(
1 +

𝑚√
𝜉2 + 𝜔2

)(
1 +

2𝑖𝑚𝑝 + 𝑚2

𝜉2 − 𝐸2 − 2𝑖𝑚𝑝

)
,
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 21

whose maximum absolute value over 𝜉 ∈ ℝ is 𝑂(1 + 𝜆2−𝑝). It would follow that‖(0)−1‖𝐿2𝛼→𝐿2𝛼 = 𝑂(𝜆max{0,2−𝑝}), ‖𝐴3‖𝐿2𝛼→𝐿2 = 𝑂(𝜆max{0,𝑝−1}),

with the second equality following immediately from (4.3) with 𝑚2 replaced by 𝑚𝑝. This means
our bound in (4.7) would get weaker if 𝑝 ∉ [1, 2].

Proposition 4.6 implies that ‖‖ → 0 as 𝜆 → ∞, with ‖‖ the operator norm of  on 𝐿2𝛼.
However, it is possible to get faster decay of ‖‖ in 𝜆.
Proposition 4.8. For any 0 < 𝛼 < 𝛼∗(𝜔0), ‖‖ ≤ 𝐶∕𝜆 uniformly in 𝜆 ∈ [1,∞).

Proof. Recall Lemma 4.2, which states that ‖(0)−1‖ ≤ 𝐶 uniformly in 𝜆. Thus it remains to
bound the norm of ( − 0) . We will bound the terms  − 0 and ( − 0)𝑄 separately.
We begin with the latter. We have that ‖𝑄[𝜌]‖∞ ≤ 𝐶𝑚2

𝐸
‖𝜌‖𝐿2𝛼 , thus for ( − 0)𝑄 it suffices to

bound  − 0 from 𝐿∞ to 𝐿2𝛼. The kernel of  − 0 is −𝑚

𝜋
𝓁Δ(𝑡, 𝑠), where 𝓁Δ(𝑡, 𝑠) = 𝐾0(𝜔|𝛾(𝑡) −

𝛾(𝑠)|) − 𝐾0(𝜔|𝑡 − 𝑠|). Using (4.6), it follows that for 𝜇 ∈ 𝐿∞ we have

|( − 0)[𝜇]|(𝑡) ≤ 𝑚

𝜋
‖𝜇‖∫

ℝ

𝓁Δ(𝑡, 𝑠)d𝑠

≤ 𝐶‖𝜇‖𝜆2 ∫
ℝ

|𝑡 − 𝑠|3𝑒−𝛽𝜒(𝑠,𝑡)𝐾1(𝑐𝜔|𝑡 − 𝑠|)d𝑠
=∶ 𝐶‖𝜇‖𝜆2𝐼1,

where ‖𝜇‖ ∶= ‖𝜇‖∞. For concreteness, suppose 𝑡 ≥ 0. This means

𝜒(𝑠, 𝑡) =

⎧⎪⎨⎪⎩
0, 𝑠 < 0

𝑠, 0 ≤ 𝑠 ≤ 𝑡

𝑡, 𝑠 > 𝑡

so that

𝐼1 = ∫
0

−∞

𝜅𝜔(𝑡 − 𝑠)d𝑠 + ∫
𝑡

0

𝜅𝜔(𝑡 − 𝑠)𝑒
−𝛽𝑠d𝑠 + ∫

∞

𝑡

𝜅𝜔(𝑡 − 𝑠)𝑒
−𝛽𝑡d𝑠 =∶ 𝐼2 + 𝐼3 + 𝐼4,

where we have defined 𝜅𝜔(𝑥) ∶= |𝑥|3𝐾1(𝑐𝜔|𝑥|). Recall the definition (3.5) of 𝛼∗, which implies
that 0 < 𝛼∗(𝜔0) < min{𝛽, 𝑐𝜔0}. Since 𝜅𝜔 is continuous and decaying exponentially at infinity with
rate 𝑐𝜔, it follows that 𝜅𝜔0(𝑥) ≤ 𝐶𝑒−𝛼∗(𝜔0)|𝑥| for all 𝑥 ∈ ℝ. Therefore, using the shorthand 𝛼∗ =
𝛼∗(𝜔0),

𝐼2 ≤ 𝐶𝜔−4 ∫
∞

𝑡

𝑒−𝛼∗𝑠d𝑠 =
𝐶

𝛼∗𝜔4
𝑒−𝛼∗𝑡

𝐼3 = ∫
𝑡

0

𝜅𝜔(𝑠)𝑒
−𝛽(𝑡−𝑠)d𝑠 ≤ 𝐶𝜔−4 ∫

𝑡

0

𝑒−𝛼∗𝑠𝑒−𝛽(𝑡−𝑠)d𝑠

=
𝐶

(𝛽 − 𝛼∗)𝜔4
𝑒−𝛽𝑡(𝑒(𝛽−𝛼∗)𝑡 − 1) ≤ 𝐶𝜔−4𝑒−𝛼∗𝑡,

𝐼4 = 𝑒−𝛽𝑡 ∫
0

−∞

𝜅𝜔(𝑠)d𝑠 ≤ 𝐶

𝛼∗𝜔4
𝑒−𝛽𝑡 ≤ 𝐶𝜔−4𝑒−𝛼∗𝑡
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22 BAL et al.

uniformly in 𝑡 ≥ 0 and 𝜆 ≥ 1. Repeating the same argument for 𝑡 < 0 and recalling that 𝛼 < 𝛼∗, it
follows that ‖( − 0)[𝜇]‖𝐿2𝛼 ≤ 𝐶‖𝜇‖

𝜆2
. Thus we have shown that ‖( − 0)𝑄‖ ≤ 𝐶∕𝜆 on 𝐿2𝛼.

It remains to bound  − 0 from 𝐿2𝛼 to itself. We already showed in the proof of Proposi-
tion 4.6 that 𝐴2 = 𝑊𝛼(0 − )𝑊𝛼 is Hilbert–Schmidt on 𝐿2 with ‖𝐴2‖2 ≤ 𝐶∕𝜆3∕2. This means‖ − 0‖𝐿2𝛼→𝐿2𝛼 ≤ 𝐶∕𝜆3∕2 and the proof is complete. □

Finally, we prove the first well-posedness result of Section 3.1.

Theorem 3.3. For any 0 < 𝛼 < 𝛼∗(𝜔0), the integral equation (3.3) admits a unique solution 𝜌 ∈ 𝐿2𝛼
for all but a finite number of 𝜆 ∈ [1,∞).

Proof. Fix 0 < 𝛼 < 𝛼∗(𝜔0) and 𝛿 > 0 as small as necessary. The proof of Lemma 4.4 easily extends
to complex 𝜆 in a sufficiently small neighborhood of the real axis. Thus ∶ 𝐿2𝛼 → 𝐿2𝛼 is compact
for all 𝜆 ∈ [1,∞) × (−𝛿, 𝛿) ⊂ ℂ. Since  is holomorphic in 𝜆, we apply Lemma 4.4, Proposi-
tion 4.8 and Kato perturbation theory [42, Theorem VII.1.9] to prove that has an eigenvalue of
−1 for only a finite number of 𝜆 ∈ [1,∞). The result then follows from (4.2). □

4.2 Proofs of theorems 3.6 and 3.7

We first prove Theorem 3.6, a regularity result for functions 𝜌 satisfying our boundary inte-
gral equation 𝜌 = 2𝑚𝑢𝑖◦𝛾. Recall the definition of the weighted Sobolev spaces 𝐻𝑠

𝛼 provided
in (3.6).

Theorem 3.6. Let 𝜈 ∈ ℕ ∪ {0} and 0 < 𝛼 < 𝛼∗(𝜔). If the function 𝜌 ∈ 𝐿2𝛼 satisfies𝜌 ∈ 𝐻𝜈
𝛼 , then

𝜌 ∈ 𝐻𝜈
𝛼 . In particular, suppose 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2, then any function 𝜌 ∈ 𝐿2𝛼 satisfying (3.3)

also belongs to ∩𝑠∈ℕ𝐻𝑠
𝛼 .

Proof. We write

𝜌 = (𝐼 − 0)[𝜌] + (0 − )[𝜌] + [𝜌]. (4.8)

Recalling (3.13), we see that in the Fourier domain, the first term on the above right-hand side is
multiplication by the function

1 −
(
1 −

𝑚√
𝜉2 + 𝜔2

)(
1 −

2𝑖𝑚2

𝜉2 − 𝐸2

)
=

𝑚√
𝜉2 + 𝜔2

+
2𝑖𝑚2

𝜉2 − 𝐸2
−

2𝑖𝑚3√
𝜉2 + 𝜔2(𝜉2 − 𝐸2)

=
𝑚√

𝜉2 + 𝜔2
+

2𝑖𝑚2√
𝜉2 + 𝜔2(

√
𝜉2 + 𝜔2 + 𝑚)

,

which is holomorphic in 𝜉 ∈ ℝ × (−𝜔, 𝜔) ⊂ ℂ and, for any fixed −𝜔 < ℑ𝜉 < 𝜔, decays like 1∕|𝜉|
asℜ𝜉 → ±∞. Since 𝛼 < 𝛼∗(𝜔) < 𝜔, it follows that 𝐼 − 0 ∶ 𝐻

𝑗
𝛼 → 𝐻

𝑗+1
𝛼 is bounded for any 𝑗 ∈

ℕ ∪ {0}.

 10970312, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/cpa.22227 by U

niversity O
f C

hicago L
ibrary, W

iley O
nline L

ibrary on [11/10/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 23

To control the second term on the right-hand side of (4.8), we first recall that the operator 𝑄
defined in (3.1) acts as convolutionwith the function 𝑡 ↦ 𝑚2

𝐸
𝑒𝑖𝐸|𝑡|, whose derivative 𝑖𝑚2sgn(𝑡)𝑒𝑖𝐸|𝑡|

is uniformly bounded in 𝑡. It follows that 𝑄 ∶ 𝐻
𝑗
𝛼 → 𝐶𝑗+1 defines a bounded map for any 𝑗 ∈

ℕ ∪ {0}.
Therefore, in order to prove that (0 − ) = (0 − )(𝐼 + 𝑄) defines a boundedmap from𝐻

𝑗
𝛼

to 𝐻𝑗+1
𝛼 , it suffices to show that 0 −  ∶ 𝑆𝑗 → 𝐻

𝑗+1
𝛼 is bounded when 𝑆𝑗 ∈ {𝐻𝑗

𝛼, 𝐶
𝑗}. The kernel

of0 −  is proportional to 𝓁Δ(𝑡, 𝑠) = 𝐾0(𝜔|𝛾(𝑡) − 𝛾(𝑠)|) − 𝐾0(𝜔|𝑡 − 𝑠|). Using the regularity of 𝛾,
one can verify that for any 𝑗 ∈ ℕ ∪ {0}, the function 𝓁(𝑗)Δ (𝑡, 𝑠) ∶= (𝜕𝑡 + 𝜕𝑠)

𝑗𝓁Δ(𝑡, 𝑠) is continuously
differentiable and exponentially decaying in both variables. More specifically, the arguments used
to obtain (4.6) extend to show that

|𝓁(𝑗)Δ (𝑡, 𝑠)| + |𝜕𝑡𝓁(𝑗)Δ (𝑡, 𝑠)| ≤ 𝐶𝑒−𝛽𝜒(𝑠,𝑡)𝑒−𝑐𝜔|𝑡−𝑠| (4.9)

for some positive constant 𝐶 depending on 𝑗, where we recall the definition

𝜒(𝑠, 𝑡) ∶=

{
min{|𝑠|, |𝑡|}, 𝑠𝑡 > 0

0, else.

It follows by induction that for any 𝑗,

𝜕
𝑗
𝑡 ∫

ℝ

𝓁Δ(𝑡, 𝑠)𝜇(𝑠)d𝑠 = ∫
ℝ

𝑗∑
𝑖=0

(𝑗
𝑖

)
𝓁
(𝑗−𝑖)
Δ (𝑡, 𝑠)𝜇(𝑖)(𝑠)d𝑠. (4.10)

Indeed, (4.10) trivially holds when 𝑗 = 0, while assuming that (4.10) holds for some 𝑗 ∈ ℕ ∪ {0}
implies that

𝜕
𝑗+1
𝑡 ∫

ℝ

𝓁Δ(𝑡, 𝑠)𝜇(𝑠)d𝑠 = 𝜕𝑡 ∫
ℝ

𝑗∑
𝑖=0

(𝑗
𝑖

)
𝓁
(𝑗−𝑖)
Δ (𝑡, 𝑠)𝜇(𝑖)(𝑠)d𝑠

= ∫
ℝ

𝑗∑
𝑖=0

(𝑗
𝑖

)
𝓁
(𝑗−𝑖+1)
Δ (𝑡, 𝑠)𝜇(𝑖)(𝑠)d𝑠

+ ∫
ℝ

𝑗∑
𝑖=0

(𝑗
𝑖

)
𝓁
(𝑗−𝑖)
Δ (𝑡, 𝑠)𝜇(𝑖+1)(𝑠)d𝑠

= ∫
ℝ

𝑗+1∑
𝑖=0

(𝑗 + 1
𝑖

)
𝓁
(𝑗+1−𝑖)
Δ (𝑡, 𝑠)𝜇(𝑖)(𝑠)d𝑠,

where we have integrated by parts in 𝑠 to obtain the second equality and used the identity
(𝑗+1
𝑖

)
=(𝑗

𝑖

)
+

( 𝑗

𝑖−1

)
to get the last equality. Again using the regularity of 𝓁(𝑗)Δ , it follows from (4.10) that

𝜕
𝑗+1
𝑡 ∫

ℝ

𝓁Δ(𝑡, 𝑠)𝜇(𝑠)d𝑠 = ∫
ℝ

𝑗∑
𝑖=0

(𝑗
𝑖

)
𝜕𝑡𝓁

(𝑗−𝑖)
Δ (𝑡, 𝑠)𝜇(𝑖)(𝑠)d𝑠. (4.11)

In the proof of Proposition 4.8, we used the exponential decay of𝓁Δ to show that0 −  ∶ 𝑆0 → 𝐿2𝛼
is bounded when 𝑆0 ∈ {𝐿2𝛼, 𝐶0}. By (4.9), the same argument establishes boundedness from 𝑆0 to
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24 BAL et al.

𝐿2𝛼 of the integral operator with kernel (𝑡, 𝑠) ↦ 𝜕𝑡𝓁
(𝑗−𝑖)
Δ (𝑡, 𝑠). It follows from (4.11) that 0 − 

defines a bounded map from 𝑆𝑗 to 𝐻𝑗+1
𝛼 , as desired.

The above paragraphs show that if 𝜌 ∈ 𝐻𝑗
𝛼, then 𝜌 can be written as a sum of functions in𝐻𝑗+1

𝛼

and𝐻𝜈
𝛼. Since it is assumed that 𝜌 ∈ 𝐿2𝛼 = 𝐻0

𝛼, we conclude by induction that 𝜌 ∈ 𝐻𝜈
𝛼.

Finally, the assumption on the𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) implies that the right-hand side of (3.3) is in∩𝑠∈ℕ𝐻𝑠
𝛼

and the proof is complete. □

Theorem 3.7. Suppose 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2 and let 𝛼 > 0. Suppose 𝜌 ∈ 𝐿2𝛼 satisfies (3.3), and
set

𝜇 ∶= [𝜌], 𝑢𝑠 ∶= 𝑆𝜔[𝜇], 𝑢 ∶= 𝑢𝑖 + 𝑢𝑠.

Then (2.4), (2.5), (2.6), and (2.7) hold.

Proof. That (2.7) holds is a consequence of the exponential decay of 𝐾0(𝜔|𝑥 − 𝛾(𝑡)|) in |𝑥 − 𝛾(𝑡)|
and the Lebesgue dominated convergence theorem. The latter also implies that (2.4) holds, where
we recall that (−Δ + 𝜔2)𝑢𝑖 = 𝑓 inℝ2 ⧵ Γ (with𝑓 the function equal to𝑓𝑗 inΩ𝑗); see (2.9)–(2.10). To
verify the jump conditions (2.5), we use the assumption 𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) to conclude by Theorem 3.6
that 𝜌 ∈ ∩𝑠∈ℕ𝐻𝑠

𝛼, which in turn implies that

𝜇 = [𝜌] = 𝜌 + 𝑄[𝜌] ∈ (∩𝑠∈ℕ𝐻
𝑠
𝛼) + (𝐶

∞ ∩ 𝐿∞). (4.12)

Applying standard results in integral equations [23], we conclude that the limits of 𝑛̂(𝑡) ⋅
∇𝑆𝜔[𝜇](𝛾(𝑡) ± 𝑠 𝑛̂(𝑡)) as 𝑠 → 0+ exist and are given by (2.12). Using that 𝑆𝜔 is continuous across
Γ with lim𝑠→0 𝑆𝜔[𝜇](𝛾(𝑡) + 𝑠 𝑛̂(𝑡)) = 𝜔[𝜇](𝑡), the jump conditions (2.5) then follow from the
derivation of the integral equation (3.10).
Let us now prove the outgoing condition (2.6). Since 𝑓 ∈ 𝐶𝑐(ℝ2), we know that 𝑢𝑖 is smooth

outside a compact set with 𝑢𝑖 and all its derivatives decaying rapidly at infinity. Hence 𝑢𝑖 satisfies
(2.6), so it remains to consider 𝑢𝑠.
We follow a similar strategy to the previous proofs. Fix 𝑟 ∈ ℝ and define

𝓁Δ,𝑟(𝑡, 𝑠) ∶= 𝐾0(𝜔|𝛾(𝑡) + 𝑟𝑛̂(𝑡) − 𝛾(𝑠)|) − 𝐾0(𝜔√𝑟2 + (𝑡 − 𝑠)2),
the difference kernel between the arbitrary and flat-interface geometries. Extending (4.9) to the
𝑟 ≠ 0 case, it follows that 𝓁Δ,𝑟 and 𝜕𝑡𝓁Δ,𝑟 decay exponentially in both variables. Moreover, our
assumptions (2.1) and (2.2) on 𝛾 ensure that for all |𝑡| sufficiently large, 𝛾(𝑡) + 𝑟𝑛̂(𝑡) ≠ 𝛾(𝑠) for all
𝑠 ≠ 𝑡. Using the regularity (4.12) of 𝜇, we conclude that

|||||(𝜕𝑡 ± 𝑖𝐸)∫ℝ 𝓁Δ,𝑟(𝑡, 𝑠)𝜇(𝑠)d𝑠
||||| ≤

|||||∫ℝ 𝜕𝑡𝓁Δ,𝑟(𝑡, 𝑠)𝜇(𝑠)d𝑠
||||| + |𝐸||||||∫ℝ 𝓁Δ,𝑟(𝑡, 𝑠)𝜇(𝑠)d𝑠

|||||
goes to zero as |𝑡| →∞. It thus suffices to prove the outgoing condition for the flat-interface 𝛾(𝑡) =
(𝑡, 0). In this case,

𝑢𝑠(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) =
1

2𝜋 ∫
ℝ

𝐾0

(
𝜔
√
𝑟2 + (𝑡 − 𝑠)2

)
𝜇(𝑠)d𝑠
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 25

is the convolution of two functions, hence

𝜕𝑡𝑢𝑠(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) =
1

2𝜋 ∫
ℝ

𝐾0

(
𝜔
√
𝑟2 + (𝑡 − 𝑠)2

)
𝜇′(𝑠)d𝑠 (4.13)

by the regularity of 𝐾0 and 𝜇 = 𝜌 + 𝑄[𝜌].
Above we verified that 𝜌 ∈ ∩𝑠∈ℕ𝐻𝑠

𝛼, while the fact that 𝜌 ∈ 𝐿1 implies that

(𝜕𝑡 − 𝑖𝐸)𝑄[𝜌](𝑡) = 𝑖𝑚2 ∫
∞

−∞

(sgn(𝑡 − 𝑡′) − 1)𝑒𝑖𝐸|𝑡−𝑡′|𝜌(𝑡′)d𝑡′

= −2𝑖𝑚2 ∫
∞

𝑡

𝑒−𝑖𝐸(𝑡−𝑡
′)𝜌(𝑡′)d𝑡′

goes to 0 as 𝑡 → ∞. A parallel calculation reveals that (𝜕𝑡 + 𝑖𝐸)𝑄[𝜌](𝑡) → 0 as 𝑡 → −∞. It follows
from the exponential decay of 𝐾0 that

∫
ℝ

𝐾0

(
𝜔
√
𝑟2 + (𝑡 − 𝑠)2

)
(𝜕𝑠 ∓ 𝑖𝐸)𝜇(𝑠)d𝑠⟶ 0 (4.14)

as 𝑡 → ±∞. With (4.13) and (4.14), we have shown that 𝑢𝑠 satisfies (2.6). This completes the
proof. □

4.3 Proof of theorem 3.5

We now turn our attention to our second well-posedness result, Theorem 3.5. As opposed to The-
orem 3.3, this result does not require to be small in any limit. Instead, we show that−1 belongs
to the resolvent set of wheneverℑ𝐸 > 0. To this end, we state the following

Lemma 4.9. Fix𝑚 > 0. For all 𝐸 ∈ ℂwith 0 < |ℜ𝐸| < 𝑚 andℑ𝐸 ≠ 0, if 𝑢 ∈ 𝐻1(ℝ2) solves (4.15)
below, then 𝑢 ≡ 0.

Proof. Integrating by parts, we see that

∫
Ω𝑗

|∇𝑢|2d𝑥 = −𝜔2 ∫
Ω𝑗

|𝑢|2d𝑥 + 𝜂𝑗 ∫
Γ

𝑢𝑛̂ ⋅ ∇𝑢d𝑡,

where 𝜂1 = 1 and 𝜂2 = −1. Taking the sum over 𝑗 and using the second line of (4.15), we obtain

∫
ℝ2

|∇𝑢|2d𝑥 + 𝜔2 ∫
ℝ2

|𝑢|2d𝑥 = 2𝑚 ∫
Γ

|𝑢|2d𝑡
Taking the imaginary part of both sides, we conclude that ∫

ℝ2
|𝑢|2d𝑥 = 0 and the result is

complete. □

Using the above lemma, we now prove the following.
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26 BAL et al.

Theorem 3.5. Fix 𝑚 > 0. For any 0 < 𝜖1, 𝜖2 < 𝑚 and 0 < 𝛼 < 𝛼∗
(√

2𝜖2𝑚 − 𝜖22

)
, the integral

equation (3.3) admits a unique solution 𝜌 ∈ 𝐿2𝛼 for all but a finite number of 𝐸 ∈ [−𝑚 + 𝜖2, −𝜖1] ∪

[𝜖1,𝑚 − 𝜖2].

Proof. Fix 𝜖 ∶= (𝜖1, 𝜖2) ∈ (0,𝑚)
2 and define

𝑍𝜖 ∶= [−𝑚 + 𝜖2, −𝜖1] ∪ [𝜖1,𝑚 − 𝜖2].

Lemma 4.4 implies that for any 𝐸 ∈ 𝑍𝜖, the operator  is Hilbert–Schmidt on 𝐿2𝛼 provided 0 <
𝛼 < 𝛼∗(𝜔), where 𝜔 ∶=

√
𝑚2 − 𝐸2. Since 𝛼∗ is monotonically increasing on the positive reals,

its minimum value over 𝐸 ∈ 𝑍𝜖 is
√
𝑚2 − (𝑚 − 𝜖2)2 =

√
2𝜖2𝑚 − 𝜖22. It follows that for any 0 <

𝛼 < 𝛼∗

(√
2𝜖2𝑚 − 𝜖22

)
, is Hilbert–Schmidt on 𝐿2𝛼 for all 𝐸 ∈ 𝑍𝜖. The above arguments easily

extend to complex-valued 𝐸 in a sufficiently small neighborhood of the real axis. Therefore, ∶

𝐿2𝛼 → 𝐿2𝛼 is Hilbert–Schmidt for all 𝐸 ∈ 𝑍𝜖 × (−𝛿, 𝛿) ⊂ ℂ provided 𝛿 > 0 is sufficiently small.
Fix 𝐸 ∈ 𝑍𝜖 × (0, 𝛿). By contradiction suppose has an eigenvalue of−1. Then there exists 0 ≠

𝜌 ∈ 𝐿2𝛼 such that (1 +)[𝜌] = 0. Letting 𝜇 ∶= [𝜌], it follows from Theorem 3.7 (which easily
extends to the ℑ𝐸 > 0 case) that 𝑢 = 𝑆𝜔[𝜇] solves the homogeneous problem

⎧⎪⎪⎨⎪⎪⎩
Δ𝑢(𝑥) − 𝜔2𝑢(𝑥) = 0, 𝑥 ∈ ℝ2 ⧵ Γ,

[[𝑛̂ ⋅ ∇𝑢]](𝛾(𝑡)) = −2𝑚𝑢(𝛾(𝑡)), 𝑡 ∈ ℝ,

[[𝑢]](𝛾(𝑡)) = 0, 𝑡 ∈ ℝ,

(4.15)

where 𝜔2 = 𝑚2 − 𝐸2. Since 𝐸 has positive imaginary part, 𝑄 is bounded from 𝐿2𝛼 to itself, mean-
ing that 𝜇 ∈ 𝐿2𝛼. It follows that 𝑢 and ∇𝑢 decay rapidly at infinity; for example, 𝑢 ∈ 𝐻1(ℝ2).
Lemma 4.9 then implies that 𝑆𝜔[𝜇] ≡ 0; hence 𝜇 ≡ 0 by (4.12) and (2.12). (The arguments used
to obtain (4.12) when 𝐸 ∈ ℝ easily extend to the case where ℑ𝐸 > 0.) It follows from (3.12) that
0 = 𝜇̃(𝜉) = (1 −

2𝑖𝑚2

𝜉2−𝐸2
)𝜌̃(𝜉), from which we conclude that 𝜌 ≡ 0, a contradiction. We have thus

shown that −1 is not an eigenvalue ofwhenever 𝐸 ∈ 𝑍𝜖 × (−𝛿, 𝛿) has positive imaginary part.
Since depends holomorphically on 𝐸, this means we can again apply [42, Theorem VII.1.9] to
complete the result. □

Remark 4.10. It is crucial that 𝑍𝜖 be bounded away from 0 as𝑄 is not holomorphic there. Thus we
cannot guarantee that the number of “bad” 𝐸-values near 0 is finite. As suggested by Remark 4.5,
one could redefine 𝑄 by 𝑄[𝜌](𝑡) = 𝑖

2𝐸
∫ ∞
−∞
(𝑒𝑖𝐸|𝑡−𝑡′| − 𝑒−𝑖𝐸|𝑡−𝑡′|)𝜌(𝑡′)d𝑡′ to make it holomorphic,

but then the outgoing conditions (2.6) would not be satisfied.

4.4 Proof of theorem 3.8

We conclude this section by proving that smooth solutions to the integral equation corresponding
to two masses, satisfies the PDE (3.15, 3.16, 3.17, 3.18).
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 27

Theorem3.8. Suppose𝑓𝑗 ∈ 𝐶𝑐(Ω𝑗) for 𝑗 = 1, 2 and let𝛼 > 0. Suppose 𝜎 ∈ ∩𝑠∈ℕ(𝐻𝑠
𝛼)
2 is a solution

of (3.22), and set(
𝜇

𝜌

)
∶= 2[𝜎], 𝑢𝑠(𝑥) =

{
𝐷𝜔2[𝜌](𝑥) + 𝑆𝜔2[𝜇](𝑥), 𝑥 ∈ Ω2,

𝐷𝜔1[𝜌](𝑥) + 𝑆𝜔1[𝜇](𝑥), 𝑥 ∈ Ω1.

Then 𝑢 ∶= 𝑢𝑖 + 𝑢𝑠 satisfies (3.15), (3.16), (3.17), and (3.18).

Proof. As before, (3.18) and (3.15) follow immediately fromdominated Lebesgue and the definition
(3.23) of 𝑢𝑖 in terms of the free-space Green’s function. The derivation of (3.27, 3.28) and assumed
regularity of 𝜎 imply (3.16). We now prove the outgoing condition, namely, that

lim
𝑡→±∞

(±𝜕𝑡 − 𝑖𝐸)𝑢(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) = 0 (4.16)

for all 𝑟 ∈ ℝ. Since 𝑢𝑖 and 𝑢𝑠 are no longer continuous across Γ, we handle the 𝑟 ≠ 0 and 𝑟 = 0

cases separately.
Let us first assume that 𝑟 ≠ 0. Recalling the definition of (𝜇, 𝜌) in (3.24), the same argu-

ments from Theorem 3.7 imply that 𝜇 = 𝜇0 + 𝜇1 and 𝜌 = 𝜌0 + 𝜌1, where 𝜇0, 𝜌0 ∈ ∩𝑠∈ℕ𝐻𝑠
𝛼 and

𝜇1, 𝜌1 ∈ 𝐶
∞ ∩ 𝐿∞ satisfy lim𝑡±∞(𝜕𝑡 ∓ 𝑖𝐸)𝜇1(𝑡) = 0 and lim𝑡±∞(𝜕𝑡 ∓ 𝑖𝐸)𝜌1(𝑡) = 0. Hence (follow-

ing the proof of Theorem 3.7) 𝑢𝑖 + 𝑆𝜔𝑗 [𝜇] satisfies (4.16) for 𝑗 ∈ {1, 2}. It remains to analyze
𝐷𝜔𝑗 [𝜌].
We see that 𝐷𝜔𝑗 [𝜌](𝛾(𝑡) + 𝑟𝑛̂(𝑡)) =

𝜔𝑗

2𝜋
∫
ℝ
𝑘𝑗,𝑟(𝑡, 𝑠)𝜌(𝑠)d𝑠, where

𝑘𝑗,𝑟(𝑡, 𝑠) ∶= 𝑛̂(𝑠) ⋅
𝛾(𝑡) + 𝑟𝑛̂(𝑡) − 𝛾(𝑠)|𝛾(𝑡) + 𝑟𝑛̂(𝑡) − 𝛾(𝑠)|𝐾1(𝜔𝑗|𝛾(𝑡) + 𝑟𝑛̂(𝑡) − 𝛾(𝑠)|).

Define the reduction of 𝑘𝑗,𝑟 to the flat interface by

𝑘0
𝑗,𝑟
(𝑡, 𝑠) ∶=

𝑟√
𝑟2 + (𝑡 − 𝑠)2

𝐾1

(
𝜔𝑗

√
𝑟2 + (𝑡 − 𝑠)2

)
and set𝓁Δ,𝑗,𝑟 ∶= 𝑘𝑗,𝑟 − 𝑘

0
𝑗,𝑟
. Since 𝑟 ≠ 0, the assumptions (2.1) and (2.2) on 𝛾 ensure that the restric-

tion of 𝓁Δ,𝑗,𝑟(𝑡, 𝑠) to |𝑡| sufficiently large is smooth in both 𝑡 and 𝑠. As before, the exponential decay
of 𝐾1 implies that both 𝑘𝑗,𝑟(𝑡, 𝑠) and 𝑘0𝑗,𝑟(𝑡, 𝑠) decay exponentially in |𝑡 − 𝑠|, while our assumption
(2.1) that 𝛾 is approximately flat at infinity gives us exponential decay of 𝓁Δ,𝑗,𝑟(𝑡, 𝑠) inmin{|𝑡|, |𝑠|}
when 𝑡 and 𝑠 have the same sign. The same decay properties apply to derivatives of 𝓁Δ,𝑗,𝑟. We thus
conclude that 𝓁Δ,𝑗,𝑟 and 𝜕𝑡𝓁Δ,𝑗,𝑟 decay exponentially in both variables, meaning that|||||(𝜕𝑡 ± 𝑖𝐸)∫ℝ 𝓁Δ,𝑗,𝑟(𝑡, 𝑠)𝜌(𝑠)d𝑠

||||| ≤
|||||∫ℝ 𝜕𝑡𝓁Δ,𝑗,𝑟(𝑡, 𝑠)𝜌(𝑠)d𝑠

||||| +
|||||𝐸 ∫

ℝ

𝓁Δ,𝑗,𝑟(𝑡, 𝑠)𝜌(𝑠)d𝑠
|||||

goes to zero as |𝑡| →∞.
To complete the proof for 𝑟 ≠ 0, we must therefore show that 𝐷𝜔𝑗 [𝜌] satisfies (4.16) when the

interface is flat. In this case, 𝐷𝜔𝑗 [𝜌](𝛾(𝑡) + 𝑟𝑛̂(𝑡)) is the convolution of the function
𝜔𝑗

2𝜋
𝑘0
𝑗,𝑟
(⋅, 0)

with 𝜌, and thus

(𝜕𝑡 ∓ 𝑖𝐸)𝐷𝜔𝑗 [𝜌](𝛾(𝑡) + 𝑟𝑛̂(𝑡)) =
𝜔𝑗

2𝜋 ∫
ℝ

𝑘0
𝑗,𝑟
(𝑡, 𝑠)(𝜌′(𝑠) ∓ 𝑖𝐸𝜌(𝑠))d𝑠. (4.17)
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28 BAL et al.

By the decay properties of 𝜌 = 𝜌0 + 𝜌1 and 𝑘0𝑗,𝑟 established above, we conclude that (4.17) indeed
goes to zero as |𝑡| →∞.
We now verify (4.16) when 𝑟 = 0. By the regularity of 𝜇 and 𝜌, we can apply (3.30) which reads

𝑢(𝛾(𝑡)) =
1

2

[𝜔2[𝜌](𝑡) +𝜔1[𝜌](𝑡)
]
+
1

2

[
𝜔2[𝜇](𝑡) + 𝜔1[𝜇](𝑡)

]
+ 𝑢𝑖(𝛾(𝑡)),

where 𝑢𝑖(𝛾(𝑡)) ∶= lim𝑟↓0{𝑢𝑖(𝛾(𝑡) + 𝑟𝑛̂(𝑡)) + 𝑢𝑖(𝛾(𝑡) − 𝑟𝑛̂(𝑡))} and we recall that

𝜔[𝜇](𝑡) ∶= 1

2𝜋 ∫
ℝ

𝐾0(𝜔|𝛾(𝑡) − 𝛾(𝑡′)|) 𝜇(𝑡′) d𝑡′
while𝜔[𝜌](𝑡) ∶=

𝜔

2𝜋
∫
ℝ
𝑘𝜔(𝑡, 𝑠) 𝜌(𝑠) d𝑠 with

𝑘𝜔(𝑡, 𝑠) ∶= 𝑛̂(𝑠) ⋅
𝛾(𝑡) − 𝛾(𝑠)|𝛾(𝑡) − 𝛾(𝑠)|𝐾1(𝜔|𝛾(𝑡) − 𝛾(𝑠)|).

The proof of Theorem 3.7 verifies (4.16) for the 𝜔𝑗 and 𝑢𝑖 so that

lim
𝑡→±∞

(±𝜕𝑡 − 𝑖𝐸)

(
1

2

[𝜔2[𝜇](𝑡) + 𝜔1[𝜇](𝑡)
]
+ 𝑢𝑖(𝛾(𝑡))

)
= 0.

It remains to show that the 𝜔𝑗 satisfy the outgoing condition. To this end, we use the fact that
𝑛̂(𝑠) ⋅ 𝛾′(𝑠) = 0 to obtain

|𝑛̂(𝑠) ⋅ (𝛾(𝑡) − 𝛾(𝑠))| ≤ 𝐶|𝑡 − 𝑠|2‖𝛾′′‖𝐿∞[min{𝑠,𝑡},max{𝑠,𝑡}]
uniformly in 𝑡 and 𝑠. It follows from familiar arguments that the 𝑘𝜔𝑗 are continuous and expo-
nentially decaying in both variables. We similarly verify by a direct calculation that the same is
true for the 𝜕𝑡𝑘𝜔𝑗 . As before, we use the fact that 𝜌 = 𝜌0 + 𝜌1 with 𝜌0 ∈ ∩𝑠∈ℕ𝐻𝑠

𝛼 and 𝜌1 ∈ 𝐿∞ to
conclude that

|||||(𝜕𝑡 ± 𝑖𝐸)∫ℝ 𝑘𝜔𝑗 (𝑡, 𝑠)𝜌(𝑠)d𝑠
||||| ≤

|||||∫ℝ 𝜕𝑡𝑘𝜔𝑗 (𝑡, 𝑠)𝜌(𝑠)d𝑠
||||| +

|||||𝐸 ∫
ℝ

𝑘𝜔𝑗 (𝑡, 𝑠)𝜌(𝑠)d𝑠
|||||

goes to zero as |𝑡| →∞. This completes the result. □

5 NUMERICAL APPARATUS

In this section, we describe an algorithm for solving Equations (2.4, 2.5, 2.6, 2.7) via the boundary
integral equations (3.3) and (3.7). In subsection 5.1 we briefly discuss the details of the discretiza-
tion used. Following this, in subsection 5.2 we describe several accelerations that were made to
improve the computational efficiency.
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 29

F IGURE 5 . 1 Schematic of the discretization approach used by chunkie. In the inlay, bounds between
“chunks” are shown with vertical lines, and discretization nodes are denoted by red triangles. For clarity, the
“panel” shown is 8th rather than 16th.

5.1 The discretization

In this paper, we use the boundary integral equation package chunkie [22] to discretize the inter-
face and construct the entries of the discrete approximation to the operators  and  given by
(3.2). Recall that the integral equation we wish to solve is [𝜌] = 2𝑚𝑢𝑖 .
The interface is truncated to [𝑎, 𝑏] in parameter space, i.e., we restrict 𝛾(𝑡) ∶ [𝑎, 𝑏] to its image.

This truncated curve is then adaptively split into “chunks” where each chunk is the image of a
subinterval of [𝑎, 𝑏], and is discretized using 16 Gauss–Legendre points; see Figure 5.1. Chunks are
refined until the tails of the Legendre coefficients of the speed of parameterization, and of the 𝑥, 𝑦
coordinates of the curve are resolved. In particular, suppose that 𝑥(𝑗)𝑛 , 𝑦

(𝑗)
𝑛 , 𝑠

(𝑗)
𝑛 are the Legendre

coefficients computed using 32 nodes on a chunk [𝑎𝑗, 𝑏𝑗], i.e.,

⎡⎢⎢⎣
𝑥(𝑡)

𝑦(𝑡)

𝑠(𝑡)

⎤⎥⎥⎦ =
32∑
𝑛=1

⎡⎢⎢⎢⎣
𝑥
(𝑗)
𝑛

𝑦
(𝑗)
𝑛

𝑠
(𝑗)
𝑛

⎤⎥⎥⎥⎦𝑃𝑛
(
𝑎𝑗 +

(𝑡 + 1)

2
(𝑏𝑗 − 𝑎𝑗)

)
, (5.1)

where 𝑠(𝑡) = |𝛾′(𝑡)|, and 𝑃𝑛(𝑡) is the Legendre polynomial of degree 𝑛 on [−1, 1]. Then the chunk
[𝑎𝑗, 𝑏𝑗] is resolved if

max

⎛⎜⎜⎜⎝
√∑32

𝑛=17 |𝑥𝑛|2
16

,

√∑32

𝑛=17 |𝑦𝑛|2
16

,

√∑32

𝑛=17 |𝑠𝑛|2
16

⎞⎟⎟⎟⎠ ≤ 𝜀 , (5.2)

for a specified tolerance 𝜀. If the chunk is not resolved, then it is split into two chunks of equal
length in parameter space [𝑎𝑗, (𝑎𝑗 + 𝑏𝑗)∕2], and [(𝑎𝑗 + 𝑏𝑗)∕2, 𝑏𝑗]. Once all of the chunks are
resolved, they are subsequently balanced so that adjacent chunks satisfy a 2 ∶ 1 length restric-
tion: if 𝛾𝑗 and 𝛾𝓁 are adjacent to each other then they satisfy |𝛾𝑗|∕|𝛾𝓁| ∈ [0.5, 2]. At the end of
the adaptive procedure, the restriction of 𝛾 to [𝑎, 𝑏] is represented via a collection of 𝑛𝑐 chunks,
[𝑎, 𝑏] = ∪

𝑛𝑐
𝑗=1
[𝑎𝑗, 𝑎𝑗+1] with the understanding that 𝑎1 = 𝑎, and 𝑎𝑛𝑐+1 = 𝑏.

Remark 5.1. In the proofs, we have assumed 𝛾′ ≡ 1 for convenience. The proofs can be suit-
ably modified as long as ||𝛾′| − 1| ≤ 𝐶𝑒−𝛼|𝑡| for some positive constants 𝐶 and 𝛼. Relaxing this
restriction provides greater flexibility for parameterizing complicated curves.
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30 BAL et al.

Recall that the solution 𝜌 ∈ 𝐿2𝛼(ℝ), and hence there exists an𝑀 such that

√√√√√∫
[−∞,−𝑀]∪[𝑀,∞]

|𝜌|2 𝑑𝑠
∫ ∞
−∞

|𝜌|2 𝑑𝑠 ≤ 𝜀 . (5.3)

This estimate justifies the existence of a truncation [𝑎, 𝑏] such that the solution can be accurately
represented via its restriction to some bounded interval of ℝ. In all the examples, the interval
[𝑎, 𝑏] is taken to be the smallest interval satisfying the following two criteria: a) that the boundary
is nearly flat outside of [𝑎, 𝑏], i.e., there exists a constant vector 𝑐 ∈ ℝ2, such that |𝛾′(𝑡) − 𝑐| ≤ 𝜀

for all 𝑐 ∈ ℝ2 ⧵ [𝑎, 𝑏], and b) the boundary data 𝑢𝑖 is numerically supported on [𝑎, 𝑏] to precision
𝜀, i.e., |𝑢𝑖|𝐿2(ℝ⧵[𝑎,𝑏])∕|𝑢𝑖|𝐿2(ℝ) ≤ 𝜀.
Given these restrictions, the composition  is discretized as an intergral operator on 𝐿2 func-

tions defined on the interval [𝑎, 𝑏]. Even though 𝜌 will be numerically supported on [𝑎, 𝑏], the
operator  maps compactly supported functions to an oscillatory function that is 𝑂(1) on the
whole real line. On the other hand, the kernel in the integral operator  decays exponentially
as exp (−𝜔𝑑), where 𝑑 denotes the Euclidean distance between points on the interface. Thus, in
order to compute the solution 𝜌 accurately, one needs to discretize the integral operator  from
𝐿2 functions on [𝑎, 𝑏] to 𝐿2 functions on [𝑎′, 𝑏′], and the integral operator  from 𝐿2 functions on
[𝑎′, 𝑏′] to 𝐿2 functions [𝑎, 𝑏], where 𝑎′ = 𝑎 − log (1∕𝜀)∕𝜔, and 𝑏′ = 𝑏 + log (1∕𝜀)∕𝜔. The necessity
and sufficiency of this choice of the buffer region is illustrated through the results in Section 6.1.
We now turn our attention to the discretization of the integral operators  and  . Suppose

that there are an additional 𝑛buffer points introduced in each of the buffer regions [𝑎′, 𝑎] and
[𝑏, 𝑏′]. Suppose that 𝑡𝑗 ∈ [𝑎′, 𝑏′], 𝑗 = 1, 2…𝑛over = 16𝑛𝑐 + 2𝑛buffer are the discretized values of
𝑡 in parameter space. Let 𝑛0 = 𝑛buffer + 16𝑛𝑐. Suppose that the points are ordered in increasing
values of 𝑡. Then the points 𝑗 = 1, 2…𝑛buffer correspond to the left buffer region [𝑎′, 𝑎], the points
𝑗 = 𝑛buffer + 1,…𝑛0 correspond to the interval [𝑎, 𝑏], and the points 𝑗 = 𝑛0 + 1,…𝑛over correspond
to the right buffer region [𝑏, 𝑏′]. Note that the density 𝜌 is discretized through its values at 𝜌(𝑡𝑗),
for 𝑗 = 𝑛buffer + 1,…𝑛0, and hence the discretized linear system corresponding to  will be of
size 𝑛0 − 𝑛buffer = 16𝑛𝑐.
Both the kernels  and  have non-smooth and at most weakly singular kernels for small

distances and require specialized quadrature rules for integrating them. We use the generalized
Gaussian quadrature rules of [15, 16] for the accurate computation of these integrals. In particular,
the quadrature rule is a target dependent locally-corrected quadrature rule which accurately inte-
grates the specific non-smooth behavior of the kernel in the vicinity of the origin. For every point
𝑡𝑗 ∈ [𝑎𝑖, 𝑎𝑖+1], there exist weights 𝑤𝑗,𝓁 for all 𝑡𝓁 ∈ [𝑎𝑖−1, 𝑎𝑖+1] such that the discretized versions
of  and , denoted by 𝗣 and 𝗟 respectively, are given by

𝗣[𝜌](𝑡𝑗) =
𝑚2

𝐸

𝑛0∑
𝓁=𝑛buffer+1

(𝛿𝑗,𝓁 + 𝑒
𝑖𝐸|𝑡𝑗−𝑡𝓁|𝑤𝓁)𝜌(𝑡𝓁)

+

𝑛0∑
𝓁=𝑛buffer+1
𝑡𝓁∈[𝑎𝑖−1,𝑎𝑖+1]

𝜌(𝑡𝓁)𝑤𝑗,𝓁 , 𝑗 = 1, 2, … 𝑛over
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 31

F IGURE 5 . 2 The factorized linear system, after discretization.

𝗟[𝜇](𝑡𝑗) = 𝜇(𝑡𝑗) − 2𝑚

𝑛over∑
𝓁=1
𝓁≠𝑗

𝐺𝜔(𝛾(𝑡𝑗), 𝛾(𝑡𝓁))𝜇(𝑡𝓁)𝑤𝓁 (5.4)

+

𝑛over∑
𝓁=1

𝑡𝓁∈[𝑎𝑖−1,𝑎𝑖+1]

𝜇(𝑡𝓁)𝑤𝑗,𝓁 , 𝑗 = 𝑛buffer + 1, 𝑛buffer + 2,…𝑛0.

Here 𝛿𝑗,𝓁 is the Kronecker delta, i.e., 𝛿𝑗,𝑗 = 1 and 𝛿𝑗,𝓁 = 0 otherwise, and 𝑤𝑗 , 𝑗 = 1, 2…𝑛over,
denote the quadrature weights for integrating smooth functions on the interface. The factorized
linear systems 𝗟 and 𝗣 are illustrated in Figure 5.2.

Remark 5.2. Recall that  may have a continuous spectrum passing through zero while  is
not bounded; see (3.13). Thus it is expected (and observed numerically) that in general, 𝗟 and
𝗣 both have very large condition numbers. This could in principle lead to catastrophic cancel-
lation arising from the numerical implementation of the operator product 𝗟𝗣. We postpone a
thorough treatment of this potential issue to future study. Practically speaking, the accuracy of
our numerical method does not seem to suffer from the poor condition numbers of 𝗟 and 𝗣.
Indeed, as illustrated by Section 6.1, we observe low errors for a variety of interfaces and wide
range of parameters.

5.2 Acceleration of the numerical method

In this section, we discuss a fast algorithm for the evaluation of the matrix vector product 𝗟𝗣[𝜌].
The kernel of𝗣 is theGreen’s function of a one-dimensional translation-invariant elliptic ordinary
differential equation and hence can be accelerated using a sweeping algorithm. In order to apply
𝗣 rapidly, we require a fast algorithm for the evaluation of

𝗣[𝜌](𝑡𝑗) =
𝑚2

𝐸

𝑛0∑
𝓁=𝑛buffer+1

𝑒𝑖𝐸|𝑡𝑗−𝑡𝓁|𝜌(𝑡𝓁)𝑤𝓁 , 𝑗 = 1, 2, … 𝑛over , (5.5)
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32 BAL et al.

F IGURE 6 . 1 The interfaces Γ0 (top left), Γ1 (top right), Γ2 (bottom left), and Γ3 (bottom right), with
respective sources at (0,2.5), (0,1), (0, −7), and (0,3) as indicated by the red dot. Outside the plotted region, the
interfaces extend linearly to infinity.

since the rest of the interaction is sparse and can be computed in 𝑂(𝑛over) CPU time. Sums of
this kind are frequently encountered in the application of integral equation based methods to
elliptic PDEs, and can be efficiently computed using standard sweeping/sum-of-exponential type
algorithms (see [34, 40, 41]). For completeness, we briefly summarize the approach as it applies in
this context. Themain idea of the sweeping algorithm is to split the solution into two parts for any
point 𝑡𝑗 , 𝑡 ≤ 𝑡𝑗 , and 𝑡 > 𝑡𝑗 , where both pieces can be updated in 𝑂(1) operations as we move from
𝑡𝑗 → 𝑡𝑗+1 or 𝑡𝑗 → 𝑡𝑗−1. Let 𝑣↑ and 𝑣↓ denote the accumulation of the rightward moving solution
(corresponding to 𝑡 ≤ 𝑡𝑗) and the leftward moving solution(corresponding to 𝑡 > 𝑡𝑗) respectively.
In particular, we split the solution as follows,

𝑃[𝜌](𝑡𝑗) =
𝑚2

𝐸

𝑛0∑
𝓁=𝑛buffer+1

𝓁≤𝑗
𝑒𝑖𝐸(𝑡𝑗−𝑡𝓁)𝜌(𝑡𝓁)𝑤𝓁 +

𝑚2

𝐸

𝑛0∑
𝓁=𝑛buffer+1

𝓁>𝑗

𝑒𝑖𝐸(𝑡𝓁−𝑡𝑗)𝜌(𝑡𝓁)𝑤𝓁

= 𝑣↑
𝑗
+ 𝑣↓

𝑗
.

(5.6)

A simple calculation shows that 𝑣↑ and 𝑣↓ satisfy the following recurrence relations

𝑣↑
𝑗
= 𝑣↑

𝑗−1
𝑒𝑖𝐸(𝑡𝑗−𝑡𝑗−1) +

𝑚2

𝐸
𝜌(𝑡𝑗)𝑤𝑗𝐼𝑗∈[𝑛buffer+1,𝑛0] ,

𝑣↓
𝑗
= 𝑒𝑖𝐸(𝑡𝑗+1−𝑡𝑗)

(
𝑣↓
𝑗+1

+
𝑚2

𝐸
𝜌(𝑡𝑗+1)𝑤𝑗+1𝐼𝑗+1∈[𝑛buffer+1,𝑛0]

)
,

(5.7)

where 𝐼𝑗∈𝐴 is the indicator function of the set 𝐴, which is equal to 1 if 𝑗 ∈ 𝐴, and 0 otherwise.
Thus, 𝑣↑ satisfies an upward recurrence in 𝑗, while 𝑣↓ satisfies a downward recurrence, and both
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 33

F IGURE 6 . 2 Densities 𝜇 and 𝜌 (top left panel), relative error of the computed solution at the indicated
points as a function of 𝑛𝑐 (top right panel), and Green’s function 𝑢 (bottom two rows) corresponding to the flat
interface Γ0 with𝑚 = 2 and 𝐸 = 1. The top left panel zooms in on the region [10, 10] × {0} ⊂ Γ0, with 𝑡 = 60

corresponding to the point (0, 0) ∈ Γ0.

𝑣↑ and 𝑣↓ can be computed for all 𝑗 in 𝑂(𝑛over)work. The recurrences are initialized with 𝑣↑1 = 0,
and 𝑣↓𝑛over = 0.
On the other hand, the kernel of 𝗟 is the Green’s function of the two dimensional Helmholtz

equation with imaginary wave number 𝜔 and the bulk of the computation is given by

−2𝑚

𝑛over∑
𝓁=1
𝓁≠𝑗

𝐺𝜔(𝛾(𝑡𝑗), 𝛾(𝑡𝓁))𝜇(𝑡𝓁)𝑤𝓁 , 𝑗 = 𝑛buffer + 1, …𝑛0 . (5.8)

The above sum can be computed at all 𝑡𝑗 , 𝑗 = 𝑛buffer + 1,…𝑛0 in 𝑂(𝑛over) CPU time using the
standard fast multipole method [35, 48]. We use the fast multipole implementation in fmm2d [32]
for evaluating the sum in (5.8). The rest of the computation in𝗟 is sparsewhose number of nonzero
elements is also 𝑂(𝑛over).
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34 BAL et al.

F IGURE 6 . 3 Self-convergence tests for varying 𝑛𝑐 (top left panel) and truncation length (top right panel).
The relative error is computed at 𝑥𝑇 = (−1, 1), (7, −7), (1, −3) for Γ1, Γ2, Γ3 respectively. For each interface, the
source location is given by Figure 6.1. The respective values of𝑚 and 𝐸 are those from Figures 6.4 (middle panel),
6.5, and 6.6 below. The computational cost of obtaining 𝑢(𝑥𝑇) is illustrated by the bottom panel.

Combining both of these fast algorithms, the matrix vector product 𝗟𝗣[𝜌] can be applied in
𝑂(𝑛over) CPU time. Thus, the solution 𝜌 can be obtained in 𝑂(𝑛over𝑛iter) CPU time using iterative
methods like the generalized minimum residual (GMRES) method, where 𝑛iter is the number
of GMRES iterations required for the relative residual to drop below a prescribed tolerance. In
practice, the integral equation tends to be well-conditioned which results in 𝑛iter = 𝑂(1), and thus
the computational complexity of obtaining the solution 𝜌 is 𝑂(𝑛over).

Remark 5.3. The key components of the fast numerical solver include an adaptive piece-wise
high-order discretization of the boundary using chunkie [22], a sweeping algorithm [34, 40, 41]
for applying 𝗣 a discretization of the preconditioner , and a Yukawa fast multipole [32] for accel-
erating the computation of 𝗟, a discretization of the integral operator. While all the components
of the numerical solver are existing discretization and acceleration tools, to the best of our knowl-
edge, their use in the efficient and high-order accurate numerical solution of the boundary value
problem 1.1 is the first of its kind.

6 NUMERICAL ILLUSTRATIONS AND EXAMPLES

In this section, we provide several examples of the numerical method described in Section 5. We
demonstrate accuracy or self-convergence of the algorithm and test its speed for a variety of inter-
faces; see subsection 6.1. In subsection 6.2,we plot corresponding solutions and compute reflection
coefficients for a scattering theory. We refer to Figure 6.1 for an illustration of the interfaces used
in our examples.
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 35

F IGURE 6 . 4 Green’s function, 𝑢, for interface Γ1 with𝑚1 = 2, 𝐸 = 0.8, and𝑚2 = 3 (top)𝑚2 = 2 (middle),
and𝑚2 = 1 (bottom).

Remark 6.1. Some of the examples presented below correspond to the two-mass problem detailed
in Section 3.3. The numerical method from Section 5 (with trivial modifications) still applies to
this more general case.

6.1 Illustration of the numerical method

This section presents the accuracy and speed of our numerical method for various interfaces.
We begin with the flat-interface (Γ0) case, where there is an analytic expression for the Green’s
function. If 𝑢 denotes our computed solution, we define the relative error of 𝑢 at the point 𝑥𝑇 by|𝑢(𝑥𝑇) − 𝑢∗(𝑥𝑇)|∕|𝑢∗(𝑥𝑇)|, where 𝑢∗ is the true solution. Figure 6.2 contains a plot of this relative
error (computed at four arbitrary points) as a function of 𝑛𝑐, as well as illustrations of the com-
puted Green’s function and densities. Observe that our solution is highly accurate even for small
values of 𝑛𝑐.
For arbitrary non-flat interfaces (such as Γ1, Γ2, Γ3), analytic solutions are not known and hence

we cannot compute the exact relative error. Instead, we perform a self-convergence test, which
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36 BAL et al.

F IGURE 6 . 5 Densities, 𝜇 and 𝜌, (top panel) and Green’s function, 𝑢, (bottom panels) for the interface Γ2
with𝑚 = 2∕3 and 𝐸 = 1∕3. The top plot zooms in on the part of Γ2 connecting the points (−30.0, 0.0) and
(14.8, −8.5), with 𝑡 = 185 corresponding to the point (−13.5, −10.6).

involves approximating the true solution by the numerical solution at some large value 𝑁∗ of 𝑛𝑐.
If we now let 𝑢𝑁 denote the computed solution with 𝑛𝑐 = 𝑁, our approximate relative error at the
target 𝑥𝑇 is given by |𝑢𝑁(𝑥𝑇) − 𝑢𝑁∗(𝑥𝑇)|∕|𝑢𝑁∗(𝑥𝑇)|. For a corresponding plot with𝑁∗ = 512, see
Figure 6.3 (top left panel). We again observe fast convergence in 𝑛𝑐, though understandably not
as fast as the flat-interface case.
Another parameter of interest is the truncation length 𝑛buffer (introduced in Section 5.1). Its

default value (unless otherwise specified) is

𝑛buffer = 2

⌈
𝑛𝑐 log(10

16)

𝑚0Δ𝑡

⌉
=∶ 2⌈𝑀𝑏⌉,

where 𝑚0 ∶= min(𝑚1,𝑚2) and Δ𝑡 is the arclength of Γ over the entire discretized region (that
is, the region discretized by all 𝑛over = 𝑛 + 2𝑛buffer grid points; see Section 5.1). Here, 𝑀𝑏 ∈ ℕ

is sufficiently large so that interactions between points separated by at least 𝑀𝑏 grid points are
bounded by 10−16 in absolute value. Some routines in the numerical experiments presented here
were set to a tolerance of 10−12, so the error of 10−16 more than ensures that any error we observe
would not be due to truncation.
To test the effect of 𝑛buffer on the convergence of our method, we introduce 𝜏 > 0 and set

𝑛buffer = 2⌈𝜏𝑀𝑏⌉. In the top right panel of Figure 6.3, we plot |𝑢𝑛𝑐,𝜏(𝑥𝑇) − 𝑢512,𝜏(𝑥𝑇)|∕|𝑢512,𝜏(𝑥𝑇)|
as a function of 𝜏, where 𝑢𝑁,𝜏 is our computed solution with 𝑛𝑐 = 𝑁 and 𝑛buffer = 2⌈𝜏𝑀𝑏⌉. We set
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 37

F IGURE 6 . 6 Density, 𝜇, (top panel) and Green’s function, 𝑢, (bottom panels) for the interface Γ3 with
𝑚 = 3 and 𝐸 = 2. The top plot zooms in on the part of Γ3 connecting the points (−10.0, 0.0) and (18.0,0.0), with
𝑡 = 70 corresponding to the point (1.4, −0.2).

𝑛𝑐 = 128, 64, 256 for Γ1, Γ2, Γ3, respectively. Given the small truncation error tolerance at 𝜏 = 1,
it makes sense that decreasing the value of 𝜏 from 1 would not immediately increase the relative
error. Still, once 𝜏 gets small enough (say, less than 0.5), the truncation length is too small and the
convergence of our method suffers. The relative error increases when 𝜏 increases from 1, as we do
not keep enough grid points in this case.
In summary, the top left panel illustrates relative error at fixed 𝜏 = 1 and varying 𝑛𝑐, while the

top right panel illustrates relative error at fixed 𝑛𝑐 (depending on the interface) and varying 𝜏. We
refer to the bottom panel of Figure 6.3 for a plot of the speed of our method as a function of 𝑛𝑐.
As predicted, the computation time grows only linearly in 𝑛𝑐. The respective slopes of the line of
best fit forΓ1, Γ2, Γ3 are 1.06 × 10−2, 1.03 × 10−2, 8.43 × 10−3, with an average value of 9.78 × 10−3.
These slopeswere computed using only the data for𝑛𝑐 > 50 to eliminate the effect of the nonlinear
behavior of the curves for small 𝑛𝑐. The lines of best fit are used to extrapolate the data to 𝑛𝑐 > 256
in the plot.

6.2 Examples of applications

We now present various examples corresponding to the non-flat interfaces from Figure 6.1. The
Green’s function, 𝑢, and densities, 𝜇 and 𝜌, for a source (whose location is given by Figure 6.1)
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38 BAL et al.

F IGURE 6 . 7 Green’s function, 𝑢, for the interface Γ3, where (𝑚1,𝑚2, 𝐸) = (1.20, 4.00, 1.00) for the top
panel, (𝑚1,𝑚2, 𝐸) = (2.00, 3.00, 1.50) for the center panel, and (𝑚1,𝑚2, 𝐸) = (2.25, 6.00, 2.00) for the bottom
panel.

near a non-flat section of the interface are plotted in Figures 6.4–6.7. As expected, 𝜔 =
√
𝑚2 − 𝐸2

dictates the rate at which solutions decay away from the interface. In particular, larger values of 𝜔
result in faster decaying solutions. In the case of different masses, we observe that 𝑢 decays more
rapidly in the domain with larger 𝜔; see Figures 6.4 and 6.7.
Our numerical experiments (Figures 6.2 and 6.6) verify that the density 𝜌 from (3.7) is rapidly

decaying, while 𝜇 ∶= [𝜌] obeys an outgoing radiation condition, oscillating without decay. For
an illustration of 𝜌 and 𝜇 in the vicinity of a source (zooming in on the region where 𝜌 is not
small), see Figure 6.5.
In Figure 6.8 we move the source to (−40, 1) and observe that the propagation of the resulting

wave along the interface depends on the choice of (𝑚, 𝐸). As stated in Remark 3.4, increasing the
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 39

F IGURE 6 . 8 Green’s function, 𝑢, for the interface Γ2 with source located at (−40, 1). Here, (𝑚, 𝐸) is
(0.75, 0.25), (0.75, 0.5), and (1.5,1) going top to bottom.

value of 𝜔 is equivalent to smoothing out the interface, thus it makes sense that the solution on
the top row gets reflected while the one on the bottom gets transmitted. Similarly, the small values
of𝑚 and 𝐸 in Figure 6.5 (combinedwith the corresponding source location; see Figure 6.1, bottom
left panel) result in a solution that is concentrated near the oscillatory part of Γ2.
We conclude this section with a scattering experiment. Let us take an interface parametrized by

𝛾(𝑡) = 2𝑒−0.05𝑡
2
sin(𝑏𝑡 + 0.4), for some 𝑏 ≥ 0. Note that the value 𝑏 = 2 gives Γ3. We place a source

near the interface, to the left of and far away from its oscillations.
The density 𝜇 is proportional to the solution 𝑢 along the interface, as (3.10) implies that

𝜇 = 2𝑚(𝑢𝑖 + 𝑢𝑠) = 2𝑚𝑢 on Γ. The outgoing condition (2.6) implies that 𝜇(𝑡) ≈ 𝐶𝑒𝑖𝐸𝑡 for 𝑡 > 0 suf-
ficiently large. Between the source and oscillations, we have that 𝜇(𝑡) ≈ 𝐴𝑒𝑖𝐸𝑡 + 𝐵𝑒−𝑖𝐸𝑡, where |𝐴|
and |𝐵| are the respective amplitudes of the incoming and reflected waves. The transmission and
reflection coefficients are then defined by 𝑇𝐿 ∶= |𝐶|2∕|𝐴|2 and 𝑅𝐿 ∶= |𝐵|2∕|𝐴|2.
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40 BAL et al.

F IGURE 6 . 9 Scattering experiment for an interface parametrized by 𝛾(𝑡) = 2𝑒−0.05𝑡
2
sin(𝑏𝑡 + 0.4), for 𝑏 ≥ 0.

The source is located at (−40, 1), and (𝑚, 𝐸) = (4, 1). The bottom panels illustrate the Green’s function, 𝑢,
corresponding to 𝑏 = 1.87 (left) and 𝑏 = 2.00 (right).

Since 𝜇 = (𝐼 + 𝑄)[𝜌] with 𝜌 ∈ 𝐿1, it follows that 𝜇(𝑡) ≈ 𝑚2

𝐸
𝑒±𝑖𝐸𝑡𝜌̂(±𝐸) as 𝑡 → ±∞. It follows

that𝐶 = 𝑚2

2𝐸
𝜌̂(𝐸). As 𝑡 → −∞, we get contributions fromboth the reflection and the source.Hence

𝐵 = 𝐿 − 𝐵0, where𝐿 =
𝑚2

2𝐸
𝜌̂(−𝐸) and𝐵0 =

𝑚2

2𝐸
𝜌̂0(−𝐸)with 𝜌0 the solution corresponding to 𝑘 = 0.

Thus, using the identity 𝑇𝐿 + 𝑅𝐿 = 1, we compute the transmission and reflection coefficients
using only 𝜌̂0(−𝐸) and 𝜌̂(±𝐸).
For a plot of 𝑅𝐿 as a function of 𝑏, see Figure 6.9 (top panel). When 𝑏 is small, Γ resembles a flat

interface and thus𝑅𝐿 is close to 0. For larger values of 𝑏 (say 𝑏 > 2), the oscillations of the interface
cause solutions to back-scatter, as 𝑅𝐿 is approximately 1. The transition of 𝑅𝐿 from 0 to 1 contains
a small interval in 𝑏 at which there is a sudden dip in 𝑅𝐿. See Figure 6.9 (bottom panels) for an
illustration of the qualitatively different behavior of solutions corresponding to nearly identical
interfaces. We suspect there may be other values of 𝑏 (out of the range of values in Figure 6.9) for
which sharp transitions in 𝑅𝐿 occur, but postpone a thorough investigation of these critical values
to future analyses.

7 CONCLUDING REMARKS

In this paper, we derived a novel integral equation formulation for the efficient solution of Klein–
Gordon singular waveguides which model surface waves along the interface of two insulating
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INTEGRAL FORMULATION OF KLEIN–GORDON SINGULARWAVEGUIDES 41

media. The propagation of waves when the interface is infinite, while physically interesting, poses
analytical and computational challenges, owing to the slow decay of the solution along the inter-
face, and the presence of continuous spectrum for standard integral representations. In order
to overcome this issue, we derived an analytic preconditioner for the standard integral equa-
tion which captures the oscillatory behavior of the solution on the flat and infinite pieces of the
boundary, and proved that the resultant preconditioned integral equation has a bounded inverse
for the range of physical parameters of interest.
The analytic preconditioner is derived to ensure that the preconditioned integral equation has

a bounded inverse on a flat interface. The proof of the preconditioned operator having a bounded
inverse on interfaces that are asymptotically flat relies on showing that the difference between the
integral operators on the flat and perturbed interfaces is compact in an exponentially weighted 𝐿2
space (since the kernel of the integral operator is both is exponentially localized, and smoothing),
deriving uniform bounds on the operators for scaled physical parameters (the decay rates in the
bulk, and the propagation frequency along the interface), and Kato perturbation theory.
Thewell-conditioned nature of the preconditioned integral equation in exponentially weighted

𝐿2 spaces lends itself to its efficient numerical solution via finite truncation of the infinite
interface. Its well-conditioned nature implies that iterative methods like GMRES for solving the
discretized integral operatorwould converge in𝑂(1) iterations, and the use of existing acceleration
tools, i.e., the Yukawa fastmultipolemethod and sweeping algorithms allows for its application in
linear computational complexity; the combination of which results in an efficient and high-order
accurate numerical method for the solution of the preconditioned integral equation. We illustrate
both the accuracy and speed of our approach through several numerical examples.
Themethod proposed in thiswork is not limited solely to Equation (1.1). Indeed, it relies only on

two key features: the exponential decay of the fundamental solution in each separate region (i.e.,
they are “insulating”); and an explicit characterization of the wavelength of the surface waves. As
such, it should be relatively straightforward to extend it to Diracmodels for graphene [5, 13], Dirac
models for twisted bilayer graphene [9], and linearized shallow water equations used in models
of equatorial waves [12, 25]. One would expect that it should also be easily extendable to three
dimensional problems and PDEs with multiple interfaces.
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