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Symmetric Instability in a Boussinesq Fluid on a Rotating
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Yaoxuan Zeng' ' and Malte F. Jansen'

'Department of the Geophysical Sciences, The University of Chicago, Chicago, IL, USA

Abstract Symmetric instability has broad applications in geophysical and planetary fluid dynamics. It plays
a crucial role in the formation of mesoscale rainbands at mid-latitudes on Earth, instability in the ocean's mixed
layer, and slantwise convection on gas giants and icy moon oceans. Here, we apply linear instability analysis to
an arbitrary zonally symmetric Boussinesq flow on a rotating spherical planet, with applicability to icy moon
oceans. We divide the instabilities into three types: (a) gravitational instability, occurring when stratification is
unstable along angular momentum surfaces, (b) inertial instability, occurring when angular momentum shear is
unstable along buoyancy surfaces, and (c) a mixed symmetric instability, occurring when neither of the previous
conditions are fulfilled, but the potential vorticity has the opposite sign to planetary rotation. We note that
N? < 0 where N is the Brunt—Viisili frequency—a typical criterion used to trigger convective adjustment in
global ocean models—is neither necessary nor sufficient for instability. Instead, b, sin6, < 0, where b_ is the
stratification along the planetary rotation axis and 6, is the local latitude, is always sufficient for instability and
also necessary in the low Rossby number limit. In this limit, relevant for deep convection in icy moon oceans,
the most unstable mode is slantwise convection parallel to the planetary rotation axis. This slantwise convection
differs from the parameterized convection in existing general circulation models, whose convection schemes
parameterize convection in the direction of gravity. Our results suggest that convection schemes in global ocean
models must be revised before being applied to icy moon oceans.

Plain Language Summary Flows on rotating planets can become unstable because of the combined
effects of rotation and density stratification, a phenomenon known as symmetric instability. This instability
shapes the flow patterns seen in planetary atmospheres and oceans. In our study, we use theoretical analysis and
numerical simulations to study the instability criteria and the most unstable modes for axisymmetric flows on
rotating planets. For flows strongly affected by rotation—typical of icy moon oceans—instability occurs if and
only if the stratification is unstable along the rotation axis, leading to slantwise convection that aligns with the
planetary rotation axis. This result is consistent with the rotation-aligned structures in global numerical
simulations for the icy moon oceans. Additionally, it suggests that the traditional convection parameterization in
ocean models, which only considers unstable stratification and heat transport in the direction of gravity, is not
applicable for the icy moon oceans.

1. Introduction

Symmetric instability describes the instability of axisymmetric flow. In an axisymmetric rotating fluid with
background density stratification and angular momentum gradient, if a fluid parcel is perturbed from its origin,
two restoring forces come into play: the buoyancy force and the inertial acceleration (Coriolis and centrifugal
forces). These forces individually may result in gravitational instability or inertial instability. Moreover, even
when the fluid is both gravitationally and inertially stable, the combined effects of the two force anomalies may
result in symmetric instability (Haine & Marshall, 1998; Hoskins, 1974; Hgiland, 1941; Solberg, 1936).

Symmetric instability has broad applications in geophysical fluid dynamics. On Earth, it is relevant to the for-
mation of mesoscale rainbands in the midlatitude atmosphere (e.g., Emanuel, 1983, 1985) and instability in the
ocean's mixed layer (e.g., Callies & Ferrari, 2018; Straneo et al., 2002). Beyond Earth, symmetric instability is
closely tied to slantwise convection in the atmospheres of gas giants (e.g., Busse, 1970; O’Neill & Kaspi, 2016;
Stone, 1967; Stone, 1971; Walton, 1975) and in the oceans of their icy satellites (e.g., Ashkenazy & Tziper-
man, 2021; Bire et al., 2022; Kang, Mittal, et al., 2022; Soderlund, 2019; Zeng & Jansen, 2024b), where con-
vection is tilted along angular momentum surfaces.
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Symmetric instability is often studied under certain assumptions about the
background field. In most literature, it is examined in inertially stable
(n/f > 0) fluids with stable gravitational stratification (N* > 0), where
N? = —(g/p)(0p/dR), n = f — (1/R)(0u/00) is the absolute vorticity, g is
gravity, p is density, u is the zonal component of the velocity, f = 2Q sin 0 is
the component of planetary rotation parallel to gravity, 8 € (—z/2,z/2] is
the latitude, R is the planetary radius, and 0/0R denotes the derivative along
the gravitational direction. Under these assumptions, instability occurs when
the planetary vorticity has the opposite sign to the potential vorticity. In the
—g ) Northern Hemisphere, symmetric instability arises when the potential
vorticity, defined as ¢ = Vb-(2Q + V X v), is negative, where Q repre-
sents planetary rotation, v is the three-dimensional (3-D) relative velocity in
the rotating frame, and b is the buoyancy (Eliassen, 1951; Hoskins, 1974;
Ooyama, 1966; Stevens, 1983). Although assuming N> > 0 is reasonable for
most regions of Earth's atmosphere and ocean, this condition may not hold on

Figure 1. Sketch of the coordinate system. Black coordinates show the
cylindrical coordinate system applied in this paper (e,, €, €,), where e, is the

- e other planetary bodies such as icy moon oceans and gas giant atmospheres.

r Studies on rotating convective instability have examined scenarios with
N? < 0, and have found that rotating systems can remain stable even when
N? < 0 (Flasar & Gierasch, 1978; Hathaway et al., 1979). In Flasar and

planetary rotation axis and the origin locates at the center of the planet. Gray Gierasch (1978) and Hathaway et al. (1979), the background zonal shear is

coordinates show the spherical coordinate system (e, €, eg), Where e is assumed to be purely vertical. However, meridional shears resulting from
opposite to gravity. Note that the zonal direction ey, is the same in both eddy angular momentum transport (e.g., Aurnou et al., 2007; Busse, 1970;

cylindrical and spherical coordinates.

Soderlund, 2019; Zeng & Jansen, 2021) are likely significant in the oceans of
icy moons and the atmospheres of gas giants, thereby influencing the insta-
bility criteria.

Beyond the background field, various approximations have been employed in studies of symmetric instability. In
early studies, the traditional approximation (Gerkema et al., 2008) has been commonly applied, wherein the
problem is examined on an f-plane that considers only the component of planetary rotation parallel to gravity. In
this framework, the instability criteria for gravitationally and inertially stable fluids can be expressed as
Ri < n/f, the same as negative PV in the Northern Hemisphere (c.f. Haine & Marshall, 1998; Hoskins, 1974),
where Ri = N%/(du/0R)? is the Richardson number. However, the traditional approximation is not valid for
planets with deep fluid layers, such as the atmospheres of gas giants and the oceans of icy moons, for flows with
strong vertical motion, or for near-equatorial flows where f — 0 (Gerkema et al., 2008). Later studies have
considered a “tilted f-plane” that takes into account both vertical and horizontal components of the planetary
rotation, f = feg + fee where f = 2Q cos 0, eg denotes the upwards direction parallel to gravity, and ey denotes
the latitudinal direction defined to point northward (see Figure 1; Fruman & Shepherd, 2008; Itano & Mar-
uyama, 2009; Jeffery & Wingate, 2009; Sun, 1995; Straneo et al., 2002). Sun (1995) concluded that as latitude
decreases, that is, the angle between planetary rotation and gravity becomes larger, the effect of / in modulating
the maximum growth rate of symmetric instability increases. Itano and Maruyama (2009) found that the
parameter regime for the occurrence of symmetric instability is less sensitive to f when Ri > 0.25 and 5/f > 1,
but is considerably influenced in other regions.

The instabilities discussed above are generally difficult to resolve in global ocean simulations due to their small
spatial scales. In studies of icy moon oceans, two main approaches have been used. The first involves direct
numerical simulations in parameter regimes that differ from those of actual icy moon oceans, with asymptotic
scaling laws developed to extrapolate the results (Amit et al., 2020; Bouffard et al., 2025; Cabanes et al., 2024;
Gastine et al., 2016; Kvorka & Cadek, 2022; Soderlund, 2019; Soderlund et al., 2014). Parameters are chosen
such that convective instabilities can be explicitly resolved, but results often need to be extrapolated by several
orders of magnitude to infer the circulation on icy moons, raising concerns about their reliability in representing
real ocean dynamics. The second approach uses sub-grid parameterizations to represent unresolved processes
(including convection), enabling simulations under realistic icy moon conditions (Kang, 2023; Kang, Bire, &
Marshall, 2022; Kang, Mittal, et al., 2022; Zeng & Jansen, 2024b). However, most parameterizations are designed
for Earth-like flows, and whether they are applicable to other planets remains unclear. Here, we discuss symmetric
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instability conditions and unstable mode properties over a wide planetary parameter regime with slowly varying,
but otherwise arbitrary zonal velocity shear and density stratification. We apply a local linear instability analysis
to the adiabatic, inviscid, non-hydrostatic Boussinesq equations formulated in a cylindrical coordinate system,
which is the most natural choice for analyzing fast-rotating planets, such as icy moon oceans, where motions are
largely aligned with the rotation axis (Ashkenazy & Tziperman, 2021; Bire et al., 2022). We retain full Coriolis
force and metric terms that arise from the cylindrical geometry of the coordinate system. We linearize around a
zonally symmetric background state in hydrostatic and gradient wind balance, without imposing additional as-
sumptions on this state. In particular, we do not require the background stratification to be stable in the gravi-
tational direction (N2 > 0), which, as we show, is in general neither a necessary nor sufficient condition for
stability. We consider zonally symmetric perturbations, which allow for gravitational, inertial, and mixed sym-
metric instabilities, as discussed in this paper, while excluding baroclinic instabilities associated with nonzero
zonal wavenumbers (Stone, 1966). In Section 2, the theoretical analysis for linear instability criteria, the most
unstable mode, and the maximum growth rate are discussed. With hindsight, the instability criteria derived here
are essentially the Boussinesq analog of the Solberg-Hgiland criteria (Hgiland, 1941; Solberg, 1936) as formu-
lated in Ogilvie (2019). Section 3 presents the numerical simulation results for comparison with the theoretical
analysis. Section 4 provides discussions. Section 5 provides concluding remarks.

2. Linear Instability Analysis
2.1. Instability Criteria

The adiabatic, inviscid, nonhydrostatic equations for a Boussinesq fluid in a cylindrical coordinate are the three
components of the Navier-Stokes equations:

(a+%£+ a+w:Z)u+29 +ﬂ_—%%, )
<a+§%+ i+wi)v—29u—u—rz=—%+b008& @
<'3+Z%+ a+wa%)w=—§+bsin9, (3)
the buoyancy equation:
(%+%%+v%+w§z>b=0, @

and the mass continuity equation:

lou ov ow v

;£+E+a—z+;_0, ®)
where r is the radial cylindrical direction, increasing outwards perpendicular to the rotation axis of the planet, ¢ is
the longitude, denoting the zonal (azimuthal) direction, and z is the vertical (rotational) direction (Figure 1). u, v, w
are velocity components in the ey, €, and e, directions, respectively. ® = p’/p,, where p’ is the pressure
anomaly and p, is the reference density. b = —gp’/p, is buoyancy, where p’ is the density anomaly (c.f.
Vallis, 2017).

We consider an axisymmetric state around the planetary rotation axis where all variables are invariant in the zonal
direction (0/0¢ = 0, i.e., zonally symmetric), and assume a background state with an arbitrary background zonal
flow #@(r,z) and buoyancy field b(r,z) that are invariant in time: b = b(r,z) + b'(r,z.0),
® = O(r,z) + ' (r,z,0), u = u(r,z) + u'(r,z,0), v = v/ (r,z,t), w = w'(r,z,1). Assuming the perturbations
are small, the zeroth-order balance reveals the gradient wind balance and hydrostatic balance for the background
state:
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_ W 0D -
—2Qu— —=——+bcos b, (6)
r or
0= _o® + bsin 6. @)
0z
With

=29+ 2w, (®)

Being a modified Coriolis parameter where @ = u/r is the angular velocity of the background zonal flow,
Equations 6 and 7 yield

b ab
f—Z=—sin 9—0—2005 0. ©9)

Equation 9 is similar to the thermal wind balance in a rapidly rotating (geostrophic) fluid (Bire et al., 2022; Kaspi
etal., 2009), but here f is modified by the background flow, with the effects of centrifugal force incorporated, thus
giving the shear of a flow in gradient-wind balance rather than geostrophic balance.

In the first-order balance, we obtain linearized perturbation equations (Equations A21-A25). In this paper, we
focus on local instability analysis, with the length scales of the perturbations small compared to the planetary
radius. We therefore look for plane-wave solutions, where all variables are proportional to
exp (ik,r + ik,z — i:ft), where £ is the angular frequency, and k, and k, are wavenumbers in the radial and vertical
directions, respectively. We assume that variations in the background field are small across the perturbation
length scale (Equation A13), allowing us to evaluate them locally at (r = ry,z = z;), with &, and k, treated as
constants. Under these assumptions, we have the dispersion relation (see Appendix A for detailed derivation)

b, sinOok; + (fyM, + b, cos0y) k2 — 2b, sinOk,k,

2 , 10
£ e (10)

where b, = 65/6z|(r0’10) and b, = 65/6r|(r0,zl]) are stratification, f, = 2Q + 2o is the modified Coriolis
parameter, and M, = (1/r)(0m/0r)|, ..y = fo + 10(0®@/0r)|,, ) describes the radial gradient of the back-

ground angular momentum 7 = (Q + @) 12, all evaluated at (ry,z). 6, = arctan(zy/r,) is the local latitude.

Stability requires that the frequency & has no imaginary part, which means the right-hand-side of Equation 10 is
positive definite. Specifically, this requires the quadratic function
b, sin90k,2_ + (fOM, + b, cos 00) kf — 2b, sinfyk,k, > O for all k, and k.. Consequently, the stability matrix

b, siné, —b, sin6,
—b,sinf, foM, + b, cosb,

must be positive definite. This stability matrix is essentially the same as the one derived in previous studies on
symmetric instability on a tilted f-plane (e.g., Itano & Maruyama, 2009) although here it is expressed in cylin-
drical coordinates instead of spherical coordinates to emphasize the symmetry in flows that are strongly rota-
tionally constrained, and the Coriolis parameter f;, is modified by the angular velocity of the background flow @. It
also closely resembles the corresponding expression for a compressible atmosphere in cylindrical coordinates
(Ogilvie, 2019). The necessary and sufficient conditions for instability are that either the trace or determinant of
this matrix be negative, that is, either

b, sinfy + fuM, + b, cos6, < 0, (11)

or
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b, siny (fuM, + b, costy) — b7 sin*6 < 0. (12)

Equation 12 can also be expressed in terms of a condition for the background potential vorticity. The background
potential vorticity is

_ b
Go=Vb-2Q+V XV)=Mb,—M>b, = M,b, — f—’(b, sin@y — b, cosb), (13)
0

where M, = (1/r)(0m/02)),,,

momentum, and the background gradient wind shear Equation 9 is applied. We can hence rewrite Equation 12 as

)y = r(0w/0z)|, ., describes the vertical gradient of the background angular

20

qofo sinfy < 0, (14)
0Jo

that is, instability occurs if the potential vorticity has the opposite sign to the generalized background planetary
vorticity. This instability criterion is commonly referred to as the symmetric instability criterion (e.g., Haine &
Marshall, 1998; Hoskins, 1974), although it should be noted that in general, Equation 14 by itself is a sufficient
but not necessary condition for instability.

2.2. Most Unstable Mode and Growth Rate

When & is imaginary, the perturbation fields will grow exponentially. Note that £ is a real number (Equation 10);
therefore, ¢ is either purely real (corresponding to neutral wave solutions) or purely imaginary (corresponding to
exponentially growing or decaying solutions). By substituting £ = io in the dispersion relation (Equation 10), the
e-folding growth rate ¢ of the unstable mode can be expressed as

15)

b, sinfytan23 + 2b, sin6, tan 5 + fuM, + b, cosfy\"””
o= s
1 + tan28

where 6§ € (—z/2,7z/2] is the angle between the unstable mode and e, so that tan § = —k,/k,. Equation 15
indicates that for a given background field and latitude, the growth rate is only a function of tan 4, i.e., the di-
rection of the unstable mode, but not the magnitude of the wavenumber, i.e., the size of the mode. The result that
the growth rate depends only on the direction of the mode is consistent with previous studies of symmetric
instability on an f-plane (e.g., Ooyama, 1966) and a tilted f-plane (e.g., Sun, 1995). By calculating the derivatives
of the function o(tan §) and performing some algebra, we find that the maximum growth rate is obtained when

. . 2 2 .2 172
b, siny — fuM, — b, cos 6 — [(fOM, + b, cosfy — b, sinfy)” + 4b; sin 90]
2b, siné,

(16)

tand,, =

It should be noted that §,, also characterizes the net heat and zonal momentum transports in the r-z plane by the
most unstable mode, and their directions align with the mode itself (see Appendix B). Substituting Equation 16
into Equation 15, we obtain the maximum growth rate as

12
foM, + b, cos@ + b, sin@, — \/(fOM, + b, cosfy — b, sim%)2 + 4b? sin26,

5 an

O =

2.3. Instability Diagram

In this section, we discuss the instability criteria assuming b, sinf, # 0. The special case where b, sinf, = 0 is
discussed in Appendix C, where it is shown that the most unstable mode in this case always aligns with the radial (r)
or vertical (z) directions. The instability criteria for fluid parcels perturbed purely along the e, and e, directions are

M, + b, cosf, < 0and b, sinf, < 0, respectively, which are derived by solving £ < 0 (Equation 10) when
0 0 z 0 P y y g q
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(a)

Gravitational instability (b) Inertial instability

Angular momentum surfaces Buoyancy surfaces
(c) b, >0 (d) b, <0
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§ 5 SS SG 55
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5 Gl,
S
S 3 G S Seiy s
\", /
>
1%, 5 0 5 10 -10 5 0 5 10
X = bzsin Bo/|b,sin Bg| X = bsin Bg/|brsin Bg|

Figure 2. Instability diagrams for 6, = 60°. (a) and (b) sketch gravitational and inertial instabilities, respectively (see text for
details). (c) and (d) show the instability regime diagram with b, > 0in(c) and b, < 0in (d). Subscripts in the labels indicate
different types of instability: G for gravitational instability (Equation 20), / for inertial instability (Equation 21), M for mixed
symmetric instability (Equation 14), and S for the stable regime. The GI regime is both gravitationally and inertially unstable,
with GI, corresponding to g, f;, sinfy, < 0and GI, to g, f; sinf, > 0. Dots in (c) and (d) mark simulation parameters listed in
Table 1. In simulations s and s, the y-axis value is 1.15 X 10*, which lies outside the plotted range. Black solid lines in (c) and
(d) indicate the criteria for gravitational, inertial, and mixed symmetric instabilities (Equations 22-24). The dashed lines
indicate N> = 0, with regions to the left corresponding to N> < 0. The magenta lines indicate the criterion for 8, = 30° for
comparison.

6 = 0and d = n/2, respectively. It is convenient to define a 2-D nondimensionalized phase space based on the
stability in these two orthogonal directions:

_ b, sing, _ foM, + b, cos,

= b, singy” |, sin6y)| (18)
The stability matrix then becomes
x =1
(— 1 y)’
and positive definiteness requires that
x+y>0,and xy > 1, (19)

which means only the region above the hyperbolic xy = 1 in the first quadrant (x > 0, y > 0) is stable
(Figures 2c and 2d).
2.4. Gravitational Instability, Inertial Instability, and Mixed Symmetric Instability

In a rotating fluid with background stratification and shear, two restoring forces, associated with gravity and
rotation, act when a fluid parcel is displaced: buoyancy force and inertial acceleration. If a fluid parcel is displaced
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along a constant angular momentum surface, the inertial acceleration anomaly is zero and the only restoring force
is the buoyancy force anomaly. As a result, pure gravitational instability can occur when the stratification is
unstable along constant angular momentum surfaces. Similarly, if the displacement of the fluid parcel is along a
constant buoyancy surface, the only restoring force is the inertial acceleration anomaly, hence pure inertial
instability can occur when the angular momentum shear is unstable along constant buoyancy surfaces. Here,
unstable stratification indicates buoyancy decreases in the opposite direction to gravity, and unstable angular
momentum shear indicates the angular momentum gradient is opposite to the background planetary angular
momentum gradient, fye, (Figures 2a and 2b). Therefore, gravitational instability can occur when

(Vb -em)(—g-em) = g(M,b, — M,b,) (M, sinfy — M, cost) < O, (20)
where ey; = —M,e, + M, e, is the direction along a constant angular momentum surface. Inertial instability can
occur when

(V- ep) (foer - ep) = fob.ro(M.b, — M.b,) < 0, 21
where e, = —b.e, + b,e, is the direction along a constant buoyancy surface. Using the gradient wind shear

(Equation 9), and the definition of x and y (Equation 18), the gravitational instability criterion (Equation 20)
becomes

[y + cot?Gpx — 2|c0t00|sgn(b,)](xy -1<o0, (22)
where sgn denotes the sign function, and the inertial instability criterion (Equation 21) becomes
x(xy—1) < 0. (23)

Comparison with the results derived in Section 2.1 shows that neither the gravitational nor inertial instability
criteria are necessary for instability. Instability can still occur as a result of gravitational and inertial force
anomalies when ¢, f;, sinf, < 0, or equivalently,

xy—1<0. (24)

We therefore refer to this instability (Equation 24) when the flow is both gravitationally stable and inertially stable
as a mixed symmetric instability.

In the instability diagram, the phase plane is divided into several regions where gravitational instability (Equa-
tion 22), inertial instability (Equation 23), or mixed symmetric instability (Equation 24) occur. In all regions
except for the stable region S located above the hyperbolic curve xy = 1 in the first quadrant, at least one type of
instability is present (see Figures 2c and 2d, and 3a).

The alignment of the most unstable mode with the buoyancy and angular momentum surfaces is indicative of
different types of instabilities. To illustrate how the most unstable mode aligns with the buoyancy and angular
momentum surfaces, we define @ € (—x/2,7/2] as the angle between the direction of the most unstable mode
and the buoyancy surface, and f € (—z/2,7/2] as the angle between the direction of the most unstable mode
and the angular momentum surface, with the most unstable mode counterclockwise of the buoyancy/angular
momentum surface defined as positive (Figure 3b). When a = 0, the most unstable mode aligns with the
buoyancy surface, and there is no buoyancy transport associated with the most unstable mode (Equation B2). As a
result, the most unstable mode can only extract kinetic energy from the background angular momentum field (see
Appendix B for detailed derivations), and regions where @ = 0 can be identified as inertially unstable (Figure 3c).
Similarly, when the most unstable mode aligns with the angular momentum surface (f = 0), it can only extract
potential energy from the background buoyancy field, and regions where f ~ 0 can be identified as gravita-
tionally unstable (Figure 3d). However, the opposite is not always true, and in many parts of the parameter regime,
the most unstable mode does not align with either surface. The special case where the Rossby number is small and
the most unstable mode always aligns with the angular momentum surface will be discussed in Section 2.5.
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Figure 3. Growth rate and orientation of the most unstable mode with positive b, here shown for latitude 6, = 60°. (a) Growth

rate of the most unstable mode, nondimensionalized with |, | V2. 6,/ b, = (x—y+ ((x -y + 4)1/2)\ sinfy|/ 2)1/ 2
(b) Defines the angles of the most unstable mode relative to the buoyancy («) and the angular momentum surface (), shown in
(c) and (d), respectively. In (a), (c), and (d), the dots, solid lines, and labels are the same as in Figure 2c. Note that +90° and —90°
are equivalent as they correspond to a perturbation along the same physical surface.

Most previous studies on symmetric instability have focused on what we here call the “mixed symmetric
instability”, thus neglecting regimes where N> < 0 or 7/f < 0, as they typically assume stable stratification in
the gravitational direction and stable zonal velocity shear in the latitudinal direction. However, we find that
N? < 0is neither sufficient nor necessary for instability. In Figures 2c and 2d, the dashed lines indicate N> = 0,
with regions to the left of these lines corresponding to N> < 0. Therefore, when b, < 0, the system can remain
stable even if N> < 0. Meanwhile, 7/f < 0 is a sufficient (but not necessary) condition for instability. When
n/f > 0, the sufficient and necessary condition for instability becomes g, f; sinf, < 0 (see detailed derivation
in Appendix D). This result is consistent with Flasar and Gierasch (1978) and Hathaway et al. (1979), who
assumed that the background flow is in thermal wind balance with no meridional shear, such thatn/f =1 > 0.
Under these assumptions, they found that symmetric instability would occur if and only if g,f;, sinfy, < 0
(equivalent to Equation 38 in Hathaway et al. (1979) after substituting in the background thermal wind shear),
consistent with our findings.

2.5. Low Rossby Number Limit

In the low Rossby number regime, Ro = U/ (fOL) < 1 where U is the velocity scale and L is the length scale of
motion, the rotational effect dominates over nonlinear advection (c.f. Vallis, 2017). Many planetary flows in
geophysical fluid dynamics likely fall into this regime, such as the deep convection in the bulk ocean away from
the boundary layers on icy moons. For deep convection, the Rossby number can be estimated by the convective
Rossby number, Roc = BY %_3/ 2H~! (Maxworthy & Narimousa, 1994), where B is the buoyancy flux and H is
the depth of the ocean (Roc is equivalent to the square root of the modified flux Rayleigh number in Rayleigh—
Bénard convection studies, c.f. Christensen & Aubert, 2006). In the bulk ocean interior, Jansen et al. (2023)
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suggest that the convective Rossby number is at most on the order 1073, indicating that the deep convection in the
bulk icy moon ocean is strongly constrained by rotation.

In the low Rossby number limit, we have @, rd@/dr, row/0z < f,, which implies M, =~ f, ~ 2Q and M, < f,,.
In gradient wind balance, we moreover have the scaling that b,, b, ~ fyM, < f. Consequently, the criterion for
inertial instability, Equation 21, reduces to

fibl <0, (25)

which cannot be satisfied, because small Rossby number flow is always inertially stable. Instability then occurs if,
and only if,

b, sindy < 0, (26)

that is, for an unstable stratification in the direction parallel to planetary rotation, which coincides with the angular
momentum surface in the small Ro limit. The most unstable mode (Equation 16) is obtained when

#-1@r]

tand,,| ~ B L5t ie 5" @7)
" 2b,sin€, | |b, sinb, o im gy
and the corresponding growth rate is
Op R (—bZ sin 6’0)1/2. (28)

Therefore, the most unstable mode is associated with slantwise convection aligned with the planetary angular
momentum surface. This mode, parallel to the rotation axis, is likely to be important in the bulk oceans away from
boundary layers on icy moons, which are thought to be characterized by low Rossby numbers. Such slantwise
convection aligned with the rotation axis has been identified in numerical simulations of icy moon oceans (e.g.,
Ashkenazy & Tziperman, 2021; Bire et al., 2022; Kang, Mittal, et al., 2022; Zeng & Jansen, 2024b).

3. Numerical Simulations
3.1. Simulation Set up

To verify the theoretical results, we numerically integrate Equations 1-5 for a zonally symmetric flow
(0/0¢ = 0) using Dedalus, which can solve initial-value partial differential equations using spectral methods
(Burns et al., 2020). We nondimensionalize the equations using the rotational time scale (T = jf)‘l) and the
domain length scale. We neglect variations of the background field and the metric term in the continuity equation
(v/r), allowing the use of a local Cartesian coordinate system and double-periodic boundary conditions (c.f.
Appendix E). We prescribe a background state which satisfies the gradient wind balance (Equations 6 and 7), and
solve for the evolution of the nondimensionalized perturbation fields (12, P, W, l;,<13) . We apply a resolution with
256 grid points in both r and z directions. Simulations without viscosity and diffusivity develop unphysical grid-
scale noise, once nonlinear effects become significant (Figure E1). In addition to inviscid simulations, we
therefore perform simulations with a Leith sub-grid parameterization (Leith, 1996) to represent the effects of sub-
grid-scale eddy mixing, and compare their results with the simulations without viscosity and diffusivity. It takes
some time for the most unstable mode to grow and become dominant, before which nonlinear effects may already
induce turbulence in the system. To address this issue, we initialize the simulations with their most unstable
modes (as inferred from an integration of the linearized equations). A detailed description of the simulation setup
can be found in Appendix E.

We carry out six simulations with the background field representing each region in the parameter space, where
different types of instability (or no instability) occur (Figures 2c and 2d). The simulation parameters are sum-
marized in Table 1 and the prescribed background fields are shown in Figure 4.
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Table 1

Numerical Simulation Setups

Simulation l;, l;z M, G & Instability 6m
SG le-4 —3.33e-5 1 —3.33e-5 2.11e-5 Grav 5.37e-3
s, 1 0.15 2.5 —0.416 0.630 Grav, Iner 0.333
a1, 1 —0.5 —4 0.884 6.70e-2 Grav, Iner 1.93
5 1 1 0 —0.366 1.37 Iner 0.450
Sm 1 —0.333 0 —1.03 0.211 Mixed 0.920
Sg —le-4 3.33e-5 1 3.33e-5 —2.11e-5 Stable -

Note. The latitudes for all simulations are §, = 60°. The simulation parameters are nondimensionalized with the rotational
time scale (}%‘1) and the domain length scale, and hats are used to indicate nondimensionalized quantities (See Appendix A).
The types of instability in each simulation are indicated in the simulation name and the “Instability” column, where G and Grav
indicate gravitational instability, / and Iner indicate inertial instability, M and Mixed indicate mixed symmetric instability, and
S and Stable indicate the system is stable. Simulations s and sg represent the low Rossby number limit.

3.2. Simulation Results

For all simulations without diffusivity and viscosity, the eddy kinetic energy (EKE) grows exponentially,
consistent with the maximum growth rate predicted by Equation 17. When the Leith closure is applied, the EKE
growth rate decreases slightly due to viscous and diffusive dissipation (Figure 5). During the exponential growth
phase (7 = 4/6,,) of simulations with an unstable background state, the orientation of the perturbation fields
aligns closely with the most unstable mode predicted by Equation 16 (Figure 6, second column). At 7 = 8/6,,,
nonlinear effects begin to become important, and the flow field becomes turbulent, while it is still dominated by
small-scale eddies roughly aligned with the most unstable mode (Figure 6, third column). Eventually, at
t = 14/6,,, the non-linear advection effects become dominant, the flow is characterized by domain-scale eddies,
and the growth rates of EKE decrease significantly (Figure 6, last column). Notably, the EKE eventually con-
verges for simulations with and without eddy viscosity and diffusivity (Figure 5).

SGl, SGly Si Sum

<N 0.5

<N 0.5

L e—— N
-7e-05 0 7e-05 b

[ — ] [ — |
-7e-05 0 7e-05 -0.6 0 0.6 0.7

Figure 4. Background states in the simulations. The first row shows the background angular momentum surfaces (M = M7+ M . 2) and the second row shows the

background buoyancy surfaces (E = b7+ BZ 2), where the domain-averaged values are subtracted. Blue arrows indicate the direction of angular momentum

gradients, red arrows indicate the direction of buoyancy gradients, and black arrows indicate gravity g in the upper row and the Coriolis vector fe, in the lower row, all
consistent with sketches in Figures 2a and 2b. Solid arrows indicate gravitational (red) and/or inertial (blue) instability, while dashed arrows indicate stability. The black
dotted line indicates the orientation of the most unstable mode predicted by Equation 16.
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Figure 5. Time series for domain-averaged eddy kinetic energy (EKE), (22 + 9 + #?)/2. The blue and red solid lines show the simulation results without diffusivity

and viscosity, and the blue and red dashed lines show the simulation results with eddy diffusivity and viscosity. Note that the red dashed line overlaps the red solid line
because the effect of eddy viscosity is weak. The black dashed line shows the predicted maximum growth rate of EKE (26, due to the square, Equation 17). The time is
normalized by the maximum growth rate in each simulation (for sg, the normalization uses the maximum growth rate for simulation s¢).

The simulation with stable background state (sg) does not show exponential growth but an oscillation behavior.
The initial condition used in simulation sg is the most unstable mode in simulation sg, which has § = z/2. In this
case, we can estimate the oscillation period P according to the dispersion relation (Equation 10) as P = 584.79, or
3.14/6,, with 6,, being the maximum growth rate of s, consistent with the oscillation period in the simulation
(Figure 5a).

The numerical simulations also show that N> < 0 is neither a sufficient nor necessary condition for instability. In
simulation sg, N> < 0, but the system is stable. In simulations s; and 5G1,» N? > 0, but the systems are unstable,
with either g f; sinfy > 0 (sg;,) or gofy sinfy < 0 (sg).

In simulations with Ro < 1 (sg and sy), the instability criteria reduce to b, sinf, < 0. In the unstable case
(simulation sg), the most unstable mode is parallel to the rotation axis, i.e., slantwise convection parallel to
planetary rotation.

4. Discussions

The analysis conducted in this manuscript provides physical insight into symmetric instability within a gener-
alized framework, applicable across a wide range of planetary parameter regimes. This framework offers useful
guidance for developing more accurate convection schemes for icy moon oceans.

The traditional convective adjustment schemes widely applied in ocean General Circulation Models (e.g.,
Marotzke, 1991) parameterize upright convection when N> < 0. However, our results show that a negative
stratification in the gravitational direction (N2 < O) is neither a sufficient nor necessary condition for instability.
This suggests that such schemes may not be appropriate for capturing slantwise convection in icy moon oceans.
Given that b, sinf, < 0 is a sufficient condition for symmetric instability, and becomes a necessary and suffi-
cient condition in the low Rossby number limit, we propose that stratification along the rotation axis should be
treated as the criterion for static stability and used to trigger convective parameterizations in planetary ocean
models.

In the linear regime, the angle of the most unstable mode controls both the direction and relative magnitude of the
heat and momentum transports (see Section 2.4 and Appendix B). However, our linear instability analysis does
not capture nonlinear effects. As shown in Figure 6, once the flow becomes fully nonlinear and turbulent, it no
longer follows the structure of the most unstable mode. A complete understanding of heat and momentum
transport in fully nonlinear slantwise convection is left for future studies.

Although we consider Boussinesq fluids in this manuscript, the results are also relevant for anelastic fluids, such
as atmospheric convection on gas giants (e.g., O’Neill & Kaspi, 2016). In a compressible fluid, the Solberg—
Hgiland criteria in Equations 11 and 12 remain valid, but the buoyancy gradients must be replaced by the specific
entropy gradient, as derived by Ogilvie (2019). In the low-Rossby number regime, where the angular momentum
gradient is dominated by planetary rotation, the criteria reduce to unstable entropy gradients along the rotation
axis, similar to our findings under the Boussinesq approximation. Observations of the gravitational fields of
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Figure 6. Snapshots of the normalized buoyancy anomaly fields from simulations with eddy diffusivity and viscosity. The buoyancy anomaly is normalized by the

maximum value of the background buoyancy field (l;/max(|5|>> in each simulation. The time of each snapshot is indicated above the respective columns and is

normalized by the maximum growth rate 6,, in each simulation. The black solid lines indicate the orientation of the most unstable mode predicted by Equation 16.

Jupiter and Saturn suggest that the zonal jets on these planets are aligned with the rotation axis (Galanti
etal., 2019; Kaspi et al., 2018, 2023), indicating that the prevailing modes are parallel to planetary rotation. The in
situ temperature profile measurement from the Galileo probe indicates a neutral stratification along constant
angular momentum surfaces, which are parallel to the rotation axis outside the high-shear region in the upper
weather layer (O’Neill et al., 2017). Numerical simulations of gas giant atmospheres also reveal slantwise
convection aligned with planetary rotation (Christensen, 2002; Heimpel et al., 2016; Kaspi et al., 2009).

Our study focuses exclusively on zonally symmetric instabilities. However, asymmetric modes could also play a
significant role in fluid motions on a rotating planet. For instance, equatorial convective rolls driven by heating
from the bottom of the fluid are believed to be important in driving the equatorial jets on gas giants (e.g., Busse &
Hood, 1982; Busse & Or, 1986). Therefore, it is important to characterize the growth rate of different symmetric
and asymmetric unstable modes to determine under which regime the symmetric mode dominates. Stone (1966)
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studied the growth rate of symmetric instability, Kelvin-Helmholtz instability, and baroclinic instability on an f-
plane with hydrostatic balance. He concludes that on an f-plane, symmetric instability prevails when
0.25 < Ri < 0.95; Kelvin-Helmholtz instability dominates for Ri < 0.25; and baroclinic instability is dominant
when Ri > 0.95. When considering the horizontal component of planetary rotation, Jeffery and Wingate (2009)
suggest that the transition point between symmetric and baroclinic instability dominance can exceed Ri = 0.95.
Understanding how the symmetric mode, such as slantwise convection in the low Rossby number limit, interacts
with baroclinic instability under arbitrary background stratification and shear, and conditions that separate
symmetric and asymmetric mode dominance, are important future research directions. We applied a linear
instability analysis method, which is valuable to understand stability criteria for small-amplitude perturbations but
is not applicable to large-amplitude perturbations or non-linear instability problems. Bowman and Shep-
herd (1995) applied the energy-Casimir stability method (Cho et al., 1993; Holm et al., 1985; Shepherd, 1990) to
study nonlinear symmetric instability where the hydrostatic approximation is made and the rotation is aligned
with gravity. However, extending this approach to a more generalized setup (e.g., Fruman & Shepherd, 2008)
presents challenges that remain to be addressed in future work. In our current study, solutions are sought on an
infinitely large domain (local plane-wave solutions). Future work should also explore how boundary conditions
might modify the characteristics of the most unstable modes.

5. Conclusions

We conduct local linear instability analysis with slowly varying background shear and stratification, and find that
the necessary and sufficient conditions for instability of zonally symmetric Boussinesq flow on a rotating planet
are the background field is (a) gravitationally unstable, or (b) inertially unstable, or (c) the background potential
vorticity has a different sign from the planetary vorticity, which is consistent with previous studies on symmetric
instability (e.g., Hoskins, 1974). In our framework, we define the gravitational instability criterion as unstable
buoyancy stratification along angular momentum surfaces (Equation 20 and Figure 2a) and the inertial instability
criterion as unstable angular momentum shear along buoyancy surfaces (Equation 21 and Figure 2b), which
ensures both to be sufficient conditions for instability. Mathematically, the criterion for instability can most
compactly be expressed as either b, sinf; < O (i.e., unstable stratification along the planetary rotation axis) or
qofo sinfy < 0 where g is the background potential vorticity. When instability occurs, the growth rate is not
sensitive to the magnitude of the radial and vertical wavenumbers, k, and k,, but is only a function of their ratio,
k,/k;, i.e., the tilting direction of the mode.

A negative stratification in the gravitational direction (N2 < 0) is neither necessary nor sufficient for instability,
indicating that traditional convective adjustment schemes used in ocean general circulation models (e.g., Mar-
otzke, 1991) may not be appropriate for representing slantwise convection in icy moon oceans.

In the low Rossby number limit, instability occurs if and only if b, sinf, < 0, and the most unstable mode is
slantwise convection parallel to the planetary rotation axis. The low Rossby number limit proves to be particularly
valuable for understanding slantwise convection in icy moon oceans, as this phenomenon is neither properly
resolved nor parameterized in global ocean simulations (c.f. Zeng & Jansen, 2024b).

Our work provides criteria and physical insight into instabilities within a generalized framework applicable across
diverse planetary parameter regimes. These results enhance our understanding of fluid motions on various
planetary bodies and can improve parameterizations of sub-grid-scale transports in large-scale models, such as
slantwise convection in icy moon oceans.

Appendix A: Derivation of the Dispersion Relation

After subtracting the gradient wind balance and the hydrostatic balance for the background flow (Equations 6 and
7) from the original Equations 1-5, we have the perturbation equations:

7} [/} 7} u u ou
— V' w | +(2Q+—+ = |V +—w =0 Al
(at+v ar+waz>u +< +ar+r)v +azw \ (A1)
4] d 4] 2u oo’
— 1 A Y =y = ’ —
(0t+v ar+w 0z>v (ZQ+ r)u cos b’ + 3 0, (A2)
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We assume that the background fields vary slowly over the characteristic length scale of the perturbations, L, so
that they can be treated as constants. This criterion can be formally obtained by performing the Taylor expansion
of all background fields locally around (r = ry,z = zp):

2
20+ =20+
r

_ _ (A6)
d d
=20+ 20(rp.20) + 222 4222 o4,
d (r0,20) aZ (r0,20)
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N NGRS

where 6, = arctan(zy/rp) is the local latitude, and |r’| ~ |z’| ~ L. We study the local instability of fluid in the
outer region of the planet, where we assume L < ry. The left-hand-sides of Equations A6—A12 remain

cos 6 + sin26,

approximately constant over the scale L if
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|w;| > L |d5| > L

da " @l ’

| B (r0:20) (r0,20) (A13)
( |db| ) |cosfy| |sinby] L

B/ 1, 20y " |sin26|” [cos26y| T ry’

where d and d? represent the first and second spatial derivatives, respectively. Equation A13 indicates that the
approximation holds when b and @ have a large radius of curvature relative to the characteristic perturbation
length scale L, the variation in @ is small compared to its average, and the region we consider is not too close to
either the equator or the pole. Under this limit, we define

Jdw Jdo
Jo =2Q + 2w(ry, %), M, =fy+r— , M, =r— ,
d 0z
(r0,20) (r0,20)
_ _ (Al14)
dab dob
b, = — , b, =— .
or (r0,20) 0z (r0,20)

We nondimensionalize Equations A1-AS5 using the rotational time scale (}f)_]) and the perturbation length scale
(L), such that

= tfy, (0, 9,W) = @' v, w)/(foL), b=0b"/(f}L), d = @ /(f}L*),

N . a (A15)
(72 = (.2 )/L, (M, M) = (M. M) /f,. (b, b.) = (b..b)/f5-
The nondimensionalized equations become
il il 0 . .
—+VP—=+Ww— |0+ MP+ M, W =0, Al
(at+va?+w02>u+ S+ MWw=0 (A16)
0 0 9 . ob
=+ V—=+W"—=|V—-0- 0, — =0, Al
(at+va?+w02>v it — cos 0b+a? 0 (A17)
0 0 0 . ob
— 4+ P—+ W— | W — sind, — =0, Al
(at+va?+w02>w sin 0b+02 0 (A18)
0 0 o0\~ - o
— H_— w— | b b.v W :O7 Al9
<6t+v()?’+wdﬁ> + b v+ bW (A19)
oV oW D
L ' o (A20)

+—t—=

We neglect the last term in Equation A20 because /L > 1 for the local instability problem. In the linearized
instability problem, we assume that the perturbation fields are much smaller than the background fields, and
obtain the first-order linear perturbation equations:

i« .
a—'f+ ¥, + 8.7 =0, (A21)
9 . ob
LA oo, A22
Fra cosOyb + 37 0 (A22)
ow . . ob
a’i‘ - sm00b+a—2=0, (A23)
ob . .
S5+ b+ b =0, (A24)
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a9+aw_
aF | 9z

0. (A25)

We look for plane-wave solutions of the linearized perturbation Equations A21-A25:

P, W, b,®) = (A,,A,,A,, A, Ag) exp(ik, F + ik.2 — i), (A26)

—~
=

where A,,A,,A,,,A;,Ap are constant amplitudes, and (I},, l}Z) = (k,,kz) L.

Under these conditions and substituting Equation A26 into Equations A16-A20, we get a linearized equation
system. The linearized equations must have zero determinant to have non-trivial solutions, which requires

—iE M, M, 0 0
0

-1 —if —coséy ik,
0 0 —if —singy ik|=0. (A27)
0 b b, —iE 0
0 ik ik, 0 0
This gives
ar a2 A2\s2 A L a2 ~ A ~2 AL a s
E[(k, + k)& — b, sinbk, — (M, + b, cosby) k. + 2b, sinfyk, k.| =0. (A28)
Neglecting the trivial solutions é = 0 and lAc,. = lAcz = 0, we have the dispersion relation:

) o 7 72 b sinO. k. k
é2 _ bZ sinf, k, + (Mr + b’\rzcos’io) kz —2b, sinby krkz . (A29)
k, + k.
Restoring Equation A29 back to dimensionalized form, we have the dispersion relation:
. 2 2 i
2 = be Sinoky + (foM, + b, cos6y) k; = 2b, sinfohik, (A30)

2 2
12+

Appendix B: Heat and Zonal Momentum Transport by the Most Unstable Mode

In this section, we analyze the heat transport (Re(f/l;*),Re(WlA)*)) and zonal momentum transport <Re(\712*),

Re(wit* )) associated with the most unstable mode, where Re indicates the real part and the asterisk indicates the

complex conjugate. By substituting Equation A26 into Equations A21, A24, and A25, we have

Mk, — Mk k. (M, k, — Bk,
ﬁ/i\t* — r'z — z rIw' , Vﬁ* — &( 1’\2 4 )|W|2,
_lfkr lékr
A A (B1)
. b —b.k . k(bk. - bk,
wh* = riz AAZ r|ﬁ}|2’ Ph* = Z( i,\z z )|w|2
—ilk, iEk,

For stable modes, the frequency Z_,A‘ is real, so that ¥ and W are z/2 out of phase with & and b. As aresult, we have

Re(Wi*) = Re(Pii*) = Re(Wh') = Re(Ph") = 0, implying zero net heat and momentum transport.

For unstable modes, —i€ is replaced by the positive growth rate 6, which yields
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i) = —& = tan 6, (B2)
b) k

Z

Re(Wwit*) Re(w
Re(Pa*) Re(D

showing that the net heat and zonal momentum transports associated with the unstable mode are always aligned
with the mode's orientation.

Equation B1 also provides the relative magnitude of the heat and zonal momentum transport:

luu| M.k, — M.k, |VM|sinp
bl bk, — bk, |Vb|sina

(B3)

whereu = ve, + we,, and @ and f are the angles between the most unstable mode and the buoyancy and angular
momentum surfaces, respectively (see Figure 3b). In addition to the overall magnitudes of the buoyancy and
angular momentum gradients, the angles « and f therefore determine the relative magnitude of the buoyancy and
momentum fluxes. When the most unstable mode aligns with the angular momentum surface (8 = 0), there is no
zonal momentum transport, and the mode cannot extract kinetic energy from the background angular momentum
field. Similarly, when @ = 0, the most unstable mode aligns with the buoyancy surface, and the mode cannot
extract potential energy from the background buoyancy field.

Appendix C: Instability Analysis for b, sinf, = 0

In this section, we discuss the special case when b, sinf, = 0, which essentially suggests b, = 0 since sind, = 0
violates Equation A13. In this case, the dispersion relation (Equation 10) becomes

2 b, sinHOZkf + szM,.kg. ©n

k; + k;
Therefore, the instability criteria reduce to b, sinf, < 0 or fyM, < 0, that is, the instability for perturbations in
the vertical or radial directions (where the vertical is here defined as parallel to the rotation axis, while the radial is
orthogonal to the rotation axis). When the system is unstable, the most unstable mode can be inferred by taking the
limit b, — 0 of Equation 16, which gives

b, sin6, . .
- 0 f b, sinfy — fuM, > 0,
S b. sinby — foM, — b, cosfy ifb; sind =fo ©
im tang,, —>
b,—0 b, sinfy — fyM, — b, cosb, S too if b, sinfp —f,M, < 0
b, sinf, - ‘ 0o ’
with the maximum growth rate being
. (~foM,)"? if b, sin@—f,M, > 0, )
O-m g
b0 (b, sin6,)""*  if b, sin @ — M, < 0.

This indicates that the most unstable mode always aligns with either the radial (6,, = 0) or vertical (6,, = #/2)

directions, depending on the relative magnitude of the growth rate in these two directions, (—f(,M,)l/2

and (—b, sim%)m.

Appendix D: Instability Analysis for N> < 0 and 5/f < 0

In this section, we show that N? < 0 is not a sufficient condition for instability in a zonally symmetric flow, while
n/f < 0is a sufficient condition for instability.
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N? can be expressed as
10 4
= i Stable —
qcb ! —— N2=0when b,>0 N = ob
-_gl 5 | i — n/2f=0whenbr>0 - ﬁ
= === N?=0when b, <0 _ .
:E & i —=- p/f=0 when b, <0 = b, sinfy + b, cosb, o)
S .0 i = |b, sinfy| b, sinfy +ﬂ costy
& N — b, sindo] 1] [sin6y
T e S = |b, sinBy|[x + |coty|sgn(b,)],
S 5] I =
= -5 1
t 1
1
L ! where x = b, sin6y/|b, sin6,| is defined in Equation 18, and we used the
_1010 5 i = . definition that 8, € (—z/2,7/2] so that cosé, > 0. Therefore, N> < 0 is

Figure D1. Instability diagram for 6, = 60° (other latitudes have similar

0
X = bzsin Bo/|b,sin G|

equivalent to

x < —|cotby|sgn(b,). (D2)

results). Blue lines indicate N> = 0, and red lines indicate 7/f = 0, with

solid lines indicating the results for b, > 0 and dashed lines indicating the

results for b, < 0. The black lines indicate xy = 1. The shading indicates the
stable region. The black dot indicates the parameters for simulation sg. Note that
for sg, the y-axis value is 1.15 X 10%, outside the y-values shown in the plot.

The blue lines mark Equation D2 in Figure D1 when 6, = 60°. As indicated
in the plot, when b, < 0, N? < 0is not a sufficient condition for instability
as the system can remain stable even when N? < 0, which is consistent with
results shown in the numerical simulation sg.

We next consider the case 1/f < 0, where, for easier comparison with pre-
vious work (e.g., Itano & Maruyama, 2009), we neglect the geometric terms
so that f, = 2Q and M, = f,, + ou/or. Note that

lou ou ou . .
R26° a—zcosﬂo - Esmao = M, costy — (M, — f,) sinb,. (D3)
As a result,
. 1 ou
f fysinb,
_ M, sin€, — M, cost,
fo siné
b, sinfy, — b 0,
M, sinfy — -~ S 7 : €08 % cos by
_ 0
- fo sindy, (D4)
_ foM, — b, cos6, + b, sinfcot?6,
f(')z
_|by sin6l| foM, + b, cosy b, sinf, cot26, _ 2b, cosby
S |b, sin6y| |b, sin6| |b, sin6y|
b, sinf
= |';172n0|[y + cot?Gyx — 2| cot00|sgn(b,)].
0

where y = (fOM, + b, cosHO)/ |b, sinfy| is defined in Equation 18. Therefore, /f < 0 is equivalent to
y < —cot?yx + 2| cotby|sgn(b,). (D5)
The separating line described by Equation D5 is always tangential to the hyperbolic curve, xy = 1 (see the red

lines in Figure D1 for the case with 8, = 60°). n/f < 0 is therefore always a sufficient (although not necessary)
condition for instability.
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Appendix E: Details of the Simulation Setup

The perturbation Equations A16—A20 form the system that we numerically integrate in time with Dedalus (Burns

et al., 2020), where we choose the domain scale of the numerical simulations as the length scale L. We neglect the

last term in Equation A20, consistent with the scaling analysis in Appendix A. To search for plane-wave solutions

in an infinitely large domain, we apply a Cartesian coordinate system with double-periodic boundary conditions.
The equations are solved on a grid with 256 X 256 grid points.

The nonlinear effects may induce turbulence in the system before the most unstable mode becomes dominant

when simulations are initialized with white noise. To address this issue and emphasize the initial exponential

growth phase, we integrate the linearized equations (Equations A16—A20 without the advection terms, $0/0 7 and

W0/0?2) with white noise in the b field as the initial condition for at least 10/ 6,,, where 6,, is the expected

maximum growth rate, until the most unstable mode dominates. Subsequently, we use these modes, albeit with

reduced amplitude, as the initial conditions for nonlinear simulations in each scenario (first column in Figure 6).

A

b
jes auteilng L5aq LLS80n 5, 5 LS fiOnmaxp ;
0 0 0 0
-4e-5 -3e-3 -2e-1 -le+1
3e-4 le-2 ; T le-1 le+0
0 o | \ ‘ %o 0
3e-4 “le-2b S 10 -le+0
2e-4 9e-3 TR 7 le-1 3640
2e-4 -9e-3 ' -le-l -3e+0
le-2 % le+0

Je-d e 7 9e-2
0 0 ' 0 0
-2e-4 -le-2 -9e-2 -le+0
2e-4 le-2 2e-1 2e+0
0 0 %0 0
2e-4l SN le-2+ -2e-1 -2e+

1 0 05 1 1 0 e+0

r
Figure E1. Same as Figure 6, but for simulations with no diffusivity and viscosity.
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Only the results of these nonlinear simulations are presented in this paper. In sg, we adopt the same initial
conditions as in s for the nonlinear simulation, representing both stable and unstable scenarios with Ro <« 1.

To address the problem of grid-scale noise in the non-linear simulations without viscosity and diffusivity
(Figure E1), we employ sub-grid parameterizations to represent the effects of sub-grid-scale eddy mixing via a
flow-dependent eddy diffusivity (x,) and viscosity (v,), computed following the parameterization of Leith (1996).
The Leith sub-grid parameterization is based on the theory of 2-D turbulence, where enstrophy cascades toward
smaller scales and is ultimately dissipated at the grid scale. As a result, the eddy diffusivity and viscosity are
parameterized as follows:

Ko, afov ow\]> [afodp ow\]
Ve =K ( T ) wia\[|af\az ~ ar)| T|oz\az  a7)] ED

where Lg,;4 is the grid scale and K, is a proportionality parameter, chosen as K, = 1 in our simulations. In

addition to simulations with Leith viscosity and diffusivity, we also perform simulations without any explicit
viscosity and diffusivity, and compare their results (see Figures 5 and 6, Figure El). During the initial,
approximately exponential, growth stage, the two simulation sets behave similarly albeit with a somewhat
reduced growth rate in the simulations with eddy viscosity and diffusivity. Once the simulations become strongly
nonlinear, the simulations without Leith viscosity and diffusivity develop excessive noise at small scales,
although the large-scale results remain qualitatively similar over the time-scale considered in our simulations
(Figure E1).

Data Availability Statement

The Dedalus (Burns et al., 2020) code, available at dedalus-project.org, was used to perform numerical simu-
lations in this study. The data that support the findings of this study are openly available on Zenodo at Zeng and
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