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ABSTRACT

Computed tomography (CT) has grown into a major workhorse in radiology since its emer-

gence in the 1970’s, for its noninvasiveness, three-dimensional information, and superior

contrast resolution. There had been a number of major advances in the CT technology, in-

cluding optimization-based reconstruction methods, which can be designed to reduce image

artifacts and enable flexible scanning configuration design. More recently, there has been

a renewed interest in exploring the energy information in CT imaging using multispectral

scans. A number of commercial scanners are available to acquire dual-energy scan data for

a range of clinical applications. On the other hand, a common limitation shared by almost

all commercial dual-energy CT scanners is the significant addition of special hardware to

conventional diagnostic CT, adding on to the already-expensive cost of CT systems. Part of

the reason for the dependence on the special hardware to acquire dual-energy or multispec-

tral CT data is the need to conform to the data conditions required by the reconstruction

methods that include either data-domain or image-domain decomposition and the failure to

take advantage of the design flexibility enabled by fully-modeled, optimization-based recon-

struction methods, such as the one-step inversion methods for multispectral CT.

In this dissertation work, we aim to propose a one-step, optimization-based reconstruction

method and enable novel, non-standard scan configurations of potential practical significance

for multispectral CT that can be readily implemented on existing conventional CT scanners

with no or minimum system modification. We start with the development of the method,

including a non-linear data model, a non-convex optimization program, and an algorithm for

numerically solving the program, and applied the method to both simulated and real data

collected from standard, full-scan and non-standard, partial-scan configurations. The results

suggest that fast, low-dose, and low-cost multispectral CT can be enabled by the proposed

optimization-based reconstruction and the ASD-NC-POCS algorithm.
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CHAPTER 1

INTRODUCTION

1.1 Background

Computed tomography (CT) has grown into a major workhorse in radiology since its emer-

gence in the 1970’s [1–3], for its noninvasiveness, three-dimensional information, and superior

contrast resolution [4, 5]. Through the research and development for almost fifty years, to-

day, CT is used in a wide range of clinical applications, including cancer screening [6–9],

disease diagnosis [10–13], and treatment guidance [14–16], for almost all the human body

parts, including head [11, 17, 18], heart [19–21], breast [22–24], lung [25–28], liver [29–31],

bowel [32–34], blood vessels [35–37], and extremity [38–40]. Along with its increasing pop-

ularity, there has been a number of major advances in both hardware and software in the

CT technology, including the introduction of helical scans with the slip ring design [4, 5],

multi-row detectors [4, 5], and optimization-based iterative reconstruction methods.

1.1.1 Background on CT image reconstruction

Analytic-based reconstruction algorithms, such as filtered backprojection (FBP) [4], have

been widely used for clinical CT systems [41] with fan-beam, helical cone-beam [42,43], and

circular cone-beam [44] configurations. For the last one, an algorithm as a modification to

the FBP algorithm was developed by Feldkamp, Davis, and Kress [44] (thus named FDK) for

approximate image reconstruction from circular cone-beam data, and has dominantly been

the go-to algorithm for commercial cone-beam CT scanners. The analytic-based reconstruc-

tion algorithms are based upon a linear continuous-to-continuous (CC) data model, either

the Radon transform or the X-ray transform [45]. For the fan-beam or helical cone-beam con-

figurations, mathematically exact algorithms can be derived in closed form to invert the data

model [4,42,43], while no exact inversion of the X-ray transform from circular cone-beam data
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exists according to Tuy’s data sufficiency condition [46]. Nevertheless, the FDK algorithm

are still popular owing to its robust performance in practical scanning conditions [47–50].

Optimization-based reconstruction algorithms, on the other hand, are based on a lin-

ear discrete-to-discrete (DD) data model, which links a vector of unknown to a vector of

measurement simply through a system matrix [4, 45]. Many iterative algorithms have been

proposed and developed to invert the large-scale matrix and solve for the unknown, including

projection-onto-convex-sets (POCS) (also known as the Kaczmarz method or the algebraic

reconstruction technique (ART) [51]) and simultaneous algebraic reconstruction technique

(SART) [52]. Other algorithms assume a transmission model that is based on the linear

DD model and optimize the likelihood function, such as expectation-maximization (EM)

algorithms [53–56]. More recent advances in optimization-based reconstruction allow the in-

corporation of prior information, as constraints or penalties into the optimization problem,

that are designed to address physical factors such as noise and under-sampling [57–59].

The advantages of optimization-based reconstruction algorithms over analytic-based ones

are various and can be summarized into two main points - artifacts reduction and flexible

scanning design. The optimization-based reconstruction algorithms can be designed to re-

duce metal artifacts [60, 61] (caused by photon starvation and non-linear partial volume

effect), cone-beam artifacts [62] (caused by the non-exactness of the FDK algorithm in the

off-middle planes), truncation artifacts [63] (caused by filtering of non-continuous data), and

beam-hardening artifacts [64,65] (caused by the polychromatic nature of the conventional X-

ray tube that are not modeled in the linear CC data model). Meanwhile, with optimization-

based reconstruction algorithms, scanning configurations are not limited to circular source

trajectory or dense angular sampling. As a result, a number of investigations have been done

with non-circular source trajectory [66,67], sparse- or few-view sampling [68–73], and limited-

angle tomography [74,75]. On the other hand, it shall also be noted that optimization-based

reconstruction algorithms are more computationally costly and take longer time than the
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analytic-based ones, although such gap is being significantly reduced by the technological

advancement in CPU clock speed and graphical processor unit (GPU) [76,77].

1.1.2 Background on multispectral CT

Conventionally, image reconstruction in CT adopts a linear model, assuming monochromatic

X-ray spectrum and energy-independent linear attenuation coefficient. In multispectral CT,

a non-linear model is used that takes into account the polychromatic nature of X-ray spec-

trum from Bremsstrahlung radiation and the energy dependence of the linear attenuation

coefficient. As a result, artifact reduction can be done through a more realistic physics mod-

eling and material differentiation can be improved by exploring the energy dependence of

materials.

The idea of exploring the energy information for material differentiation was already

mentioned in one of earliest publications on CT by Hounsfield in 1973 [1]. He described

the “determination of atomic number of material” by having two pictures taken of the same

slices at 100 and 140 KVp, respectively. A subtraction of the two pictures could then yield

enhanced contrast at areas containing high atomic numbers, such as iodine (Z = 53) as

compared to calcium (Z = 20). The earliest investigation on this topic was by Alvarez

and Macovski in 1976 [78]. They described a theoretical framework within which a basis

decomposition model was used and showed that “for any material, complete energy spectral

information may be summarized by a few constants which are independent of energy”.

More recently, there has been a renewed interest in exploring the energy information in

CT imaging using multispectral scans [79–85]. One important reason was the introduction

of Siemens’ dual-source CT scanner [80], where a second pair of X-ray tube and detector is

integrated into a diagnostic CT scanner. Since then, other major vendors have also released

their own version of multispectral CT scanners. GE adopted a fast-KVp-switching technique,

where the X-ray tube potential rapidly switches between low and high KVp [84,86]. Philips

3



went with the dual-layer technique [79, 86]. With the availability of commercial scanners

capable of acquiring multispectral data, a range of clinical applications have been developed

to take the advantages [87, 88], including virtual non-contrast image (VNC) [89], virtual

monochromatic image (VMI) [90, 91], automated material removal (including bone and cal-

cium) [92,93], pulmonary functional imaging [94–96], and kidney stone classification [97].

The image reconstruction problem for multispectral CT has been extensively studied

with the focus on recovering the energy dependence of materials. There are three categories

of methods, largely differentiated from one another by the relationship of reconstruction and

decomposition in the method. The first category of methods use two or more spectral scans,

while assuming a linear X-ray transform for image reconstruction from each of the scans.

Images of different scans are reconstructed individually or jointly, and are then linearly

combined to render material specific or pseudo-monochromatic images [81, 98–100]. These

methods carry out first the reconstruction and then the decomposition in the image domain,

and are thus often referred to as the image-domain decomposition methods. While some

artifact reduction can be observed in the combined reconstructions, they often have lowered

contrast-to-noise ratio (CNR) and more importantly retain strong beam hardening artifacts

[101] as the methods cannot adequately correct for strong non-linear effects due to the fact

that they use linear models for image reconstruction.

The second category of methods employs the non-linear data model and compensate

approximately for the non-linear effect by decomposing the collected data from multiple

spectral scans into X-ray transforms of individual basis images, or basis sinogram. Basis

images are then reconstructed from the decomposed basis sinogram through the inversion

of the X-ray transform [78, 82, 102–104]. Monochromatic images at any energy level can be

formed by linear combination of the reconstructed basis images. These methods carry out

the decomposition in the data domain, followed by the image reconstruction, and thus often

referred to as the data-domain decomposition methods. The methods assume that rays from
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different spectral scans are spatially perfectly registered, i.e., a ray-consistency condition [99],

imposing stringent conditions on how the multispectral CT data can be collected.

The methods in the third category are commonly referred to as the one-step inversion

approach, as they combine the reconstruction and decomposition together [65,105–110]. The

methods also employ a non-linear data model and seek to reconstruct basis images directly

from the collected data. The challenge for the methods is to adequately handle the non-linear

effect in the reconstruction process. In contrast to the methods in the previous two categories,

the one-step inversion approach methods address explicitly the non-linear spectral effect in

basis-image reconstruction and remove the restrictive ray-consistency condition. Despite

such a potentially high degree of flexibility in the scan configuration, the investigation of the

one-step methods remains relative less active than those in the other two categories until

recent, because of the complexity of the realistic, non-linear data model and the challenges

to correct for the non-linear effect during the reconstruction step [110]. The one-step inver-

sion approach may be exploited to reconstruct basis images and monochromatic images in

multispectral CT from data collected with a variety of novel scan configurations or systems

of potential practical significance.

1.2 Current implementations for multispectral CT

1.2.1 Photon-counting CT

Photon counting detectors with energy resolving capability can be used to acquire multi-

spectral CT data [85,111]. Conventional CT detectors use scintillating crystals coupled with

photodiodes and measure the total energy deposited in the crystal, essentially making it an

energy-integrating detector [5]. Photon counting detectors can convert the energy deposited

by each photon directly into charge pulses and measure the pulse height, which is propor-

tional to the photon’s energy, with a comparator. As a result, with multiple comparators,
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photon counting detectors can detect and count photons into multiple energy windows. The

resulting spectral separation as well as increased dose efficiency make the photon counting

detector an ideal candidate for acquiring multispectral CT data. However, investigations of

prototype systems also reveal many difficulties yet to overcome, such as energy calibration,

gain calibration, and dealing with high flux rate [83, 112–114]. Besides, the current cost for

photon counting detectors is too high for them to be widely implemented and utilized.

1.2.2 Dual-energy CT

In dual-energy CT, material-basis and/or monochromatic-energy images are reconstructed

from data sets collected with two different spectra. There exist four distinctive methods

currently for realizing dual-energy CT imaging. The first method, referred to as the slow-

KVp-switch method, uses a single X-ray source and single set of detectors to collect dual-

energy data sets by performing two consecutive full-rotation scans in which the source KVp

is switched following the first full-rotation scan [86]. The second method, referred to as the

fast-KVp-switch method, also uses a single X-ray source and a single detector for acquiring

dual-energy data sets. The X-ray source rotates one full rotation in which the source invokes

a rapid KVp switch at each effective view of the full-rotation scan between low and high

KVp settings [84, 86]. The third method, referred to as the dual-source/detector method,

employs two source-detector pairs of different spectra to collect dual-energy data sets within

a full-rotation scan [80, 86]. The two sets of tube-detector pair are positioned with a 90◦

offset inside the gantry. The fourth method, referred to as the dual-layer-detector method,

adopts a single X-ray source and a two-layer detector with each layer having a different

energy response for collecting dual-energy data sets within a full-rotation scan [79, 86]. In

addition, the top layer detector is used as a filtration and creates a hardened beam spectrum

for the bottom layer detector.

While these methods are innovative, they are not without shortcomings. The fast-kVp-
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switching method has limited spectral separation due to non-rectangular tube modulation

and one-view mis-registration for low and high KVp rays. Low photon flux at lower KVp

setting could also be a problem as the tube current can not modulate as fast as the KVp [5].

The dual-layer-detector also suffers from limited spectral separation. The dual-source one has

cross-scatter contamination and is limited to image domain decomposition. In addition, the

slow-KVp-switch method, while easy to implement without hardware addition, has a relative

low temporal imaging capability and doubled radiation dose of a regular full-rotation scan,

as it carries out two full-rotation scans. The fast-KVp-switch and dual-source/detector

methods, while having improved temporal imaging resolution over the single-KVp-switch

method, in essence also perform two scans within one full rotation, and thus may also

double radiation dose of a regular full-rotation scan.

More importantly, the fast-KVp-switch, dual-source/detector, and dual-layer-detector

methods all require significant hardware addition to a conventional diagnostic CT, thus

considerably increasing CT system costs. Particularly, fast-KVp-switch method requires a

unique, high performance X-ray tube capable of switching rapidly and repeatedly within a

full rotation. The dual-source/detector method uses an additional pair of X-ray source and

detector set, and the dual-layer-detector method uses a highly specialized detector technol-

ogy. The cost of these might be a leading reason for the lack of their adoption especially in

CT scanners other than diagnostic CT ones, such as C-arm cone-beam CT.

Overall, the current implementations of the dual-energy CT all conform to the data

condition required by the reconstruction methods described above. For example, all of the

four implementations require the performance of two or one full-rotation scans.

1.3 Motivation of the dissertation work

Observing the limitation of the current implementations for multispectral CT and the ad-

vantages of the one-step inversion approach, we are motivated in this dissertation work to
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develop a one-step, optimization-based reconstruction method and use the developed method

to enable novel scan configurations of potential practical significance for multispectral CT.

Our approach is to focus on conventional energy-integrating detectors, and thus the exist-

ing conventional CT scanners, and to use algorithms to enable its capability for acquiring

multispectral scans without the specialized hardware. As a result, we can provide a vir-

tual hardware upgrade to current CT systems in service and make spectral CT applications

accessible to a wide range of diagnostic CT scanners and cone-beam CT devices.

This thesis is organized as follows. In Chapter 2, we examine the data model based on

which the optimization-based reconstruction algorithm is developed and derive a lineariza-

tion approach that guides the development of the algorithm. In Chapter 3, we describe

the optimization-based reconstruction method in detail, including a non-convex optimiza-

tion program, a heuristic algorithm for numerically solving the non-convex program, and

its optimality conditions. Chapter 4 consists of a verification study with consistent data

that verifies the numerical convergence of the proposed algorithm in solving the non-convex

optimization program and its computer implementation. In Chapters 5 and 6, we carry out

characterization studies with inconsistent simulated data for both full-scan configuration and

four non-standard scan configurations. In Chapter 7, we apply the developed optimization-

based reconstruction algorithm to real data collected from a diagnostic scan and investigate

two scan configurations for potentially fast, low-dose, and low-cost multispectral CT. Finally,

Chapter 8 concludes the thesis with a summary and discussion on potential future directions.
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CHAPTER 2

DATA MODEL FOR MULTISPECTRAL CT

2.1 Introduction

A data model sets up the unknown as the quantities of interest to be solved, establishes

mathematical relationships between the unknown and the data, and, especially in the case of

multispectral CT, determines how different spectral data sets are connected. Conventionally,

the Radon transform or X-ray transform with the univariate f(~r ) is the default data model

for CT. With multispectral CT, we need to first set up the unknown to properly represent a

bivariate attenuation coefficients f(~r , E) and secondly organize all the measurements from

multispectral data sets to be used in a combined manner. We set up the data model which

can facilitate the development of image reconstruction methods, especially for non-standard

scan configurations. Among other possible means, we focus on linearizing the data model,

as the linear systems are much easier to deal with.

We derive a data model from the fundamental polychromatic model that enables more

flexible scan configuration by combining the multispectral data sets jointly, while retaining

the balance between the accuracy and complexity in the modeling.

2.2 Continuous-to-continuous data model

We describe first a continuous-to-continuous (CC) data model, based upon which a discrete-

to-discrete (DD) data model is developed for optimization-based image reconstruction in

multispectral CT. Let ~r0(λ) denote a spatial trajectory of the X-ray source specified by

parameter λ in a laboratory coordinate system and unit vector β̂ the direction of a ray

engendered from the source position ~r0(λ). In multispectral CT, multiple sets of data are

usually collected with different X-ray spectra or detector energy response. Therefore, we

use s ∈ {1, · · · , S} to index a specific spectral data set, e.g., from a certain kVp setting
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or a certain energy bin, and Q[s](λ, β̂, E) a generalized spectrum for ray (λ, β̂) within data

set s. The generalized spectrum, or simply referred to the X-ray spectrum, is a product

of the incident X-ray spectrum and the detector energy response function. We note that

Q[s](λ, β̂, E) can be ray-dependent, e.g., in the presence of a bow-tie filter in front of the X-

ray source, and that multiple measurements can be made for a given ray, e.g., using multiple

energy bins in photon counting detector.

When the polychromatic spectrum in CT imaging is considered, the linear attenuation

coefficient f(~r, E) is a function of not only spatial location ~r but also of X-ray photon energy

E. The data model for the measurement of an X-ray with β̂ in spectral set s is given by

I [s](λ, β̂) =

∫ ∞
0

dE Q[s](λ, β̂, E) exp

(
−
∫ ∞

0
dt f(~r0(λ) + tβ̂, E)

)
, (2.1)

and the measured intensity in an air scan with f(~r0(λ) + tβ̂, E) = 0 is thus denoted by

I
[s]
0 (λ, β̂) =

∫ ∞
0

dE Q[s](λ, β̂, E). (2.2)

A normalized X-ray spectrum function can be defined as

q̃[s](λ, β̂, E) =
Q[s](λ, β̂, E)∫ ∞

0
dE Q[s](λ, β̂, E)

=
Q[s](λ, β̂, E)

I
[s]
0 (λ, β̂)

, (2.3)

with the normalization condition being

∫ ∞
0

dE q̃[s](λ, β̂, E) = 1. (2.4)
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Combining (2.1)-(2.3), we define a data function as

g̃[s](λ, β̂) =−ln
I [s](λ, β̂)

I
[s]
0 (λ, β̂)

=−ln

∫ ∞
0

dE q̃[s](λ, β̂, E) exp

(
−
∫ ∞

0
dt f(~r0(λ) + tβ̂, E)

)
.

(2.5)

Note that, when q̃[s](λ, β̂, E) = δ(E − E0), the CC data model becomes the conventional

X-ray transform [115], in a linear form as

g̃
[s]
δ (λ, β̂) =

∫ ∞
0

dt f(~r0(λ) + tβ̂, E0). (2.6)

For the discussion of discretization of the CC-model, we consider below a parameteriza-

tion of β̂ in terms of physical parameters in an imaging experiment: a flat panel detector

is assumed on which a Cartesian-coordinate system (u, v) is spanned by orthogonal unit

vectors êu(λ) and êv(λ); unit vector êw(λ) denotes the normal-projection direction of the

X-ray source pointing to the detector plane, and the normal-projection point on the detector

plane is set as the origin of coordinate system (u, v). Unit vector β̂, as the direction of a ray

engendered from the X-ray source, can then be expressed as

β̂(λ, u, v) =
uêu(λ) + vêv(λ) + L(λ)êw(λ)√

u2 + v2 + L(λ)2
, (2.7)

where L(λ) denotes the distance between the source and the origin of coordinate system

(u, v). We then use g[s](λ, u, v) and q[s](λ, u, v, E) to denote the model-data function and

normalized spectrum function in terms of parameterization λ, u, and v as

g[s](λ, u, v) = g̃[s](λ, β̂), (2.8)

q[s](λ, u, v, E) = q̃[s](λ, β̂, E). (2.9)
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where (u, v) are related to β̂ through equation (2.7).

2.3 Discrete-to-discrete data model

2.3.1 Discretization of the CC data model

For each spectral data set s, we consider a discrete representation of data space {λ, u, v} in

which each ray is specified by

λ = λ0 + jλδλ,

u = u0 + juδu,

v = v0 + jvδv,

where λ0, u0, v0 denote the starting position and δλ, δv, δu the sampling intervals, along λ,

u, and v, respectively. The integers jλ, ju, and jv index the discrete samples and take the

ranges as

jλ ∈ {0, · · · , N
[s]
λ − 1},

ju ∈ {0, · · · , N
[s]
u − 1},

jv ∈ {0, · · · , N
[s]
v − 1},

where N
[s]
λ , N

[s]
u , and N

[s]
v denote the total numbers of samples along each axis in spectral

data set s. We align data for all rays in a single spectral set into a 1D array of size J [s] =

N
[s]
λ ×N

[s]
u ×N

[s]
v in a concatenate form in the order of ju, jv, and jλ, indexed by

j = ju + jv ×N
[s]
u + jλ ×N

[s]
v ×N

[s]
u .

The discrete form of g[s](λ, u, v) for the jth ray in spectral data set s is thus defined as

g
′[s]
j = g[s](λ0 + jλ∆λ, u0 + ju∆u, v0 + jv∆v). (2.10)
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The energy space is also discretized uniformly with E = m∆E , with m ∈ {1, · · · ,M}

and ∆E the energy sampling interval. The discretized form of the spectrum function of

equation (2.9) is then defined as

q
[s]
jm = ∆E q

[s](λ0 + jλ∆λ, v0 + jv∆v, u0 + ju∆u,m∆E), (2.11)

and the normalization condition of the normalized spectrum function in equation (2.4) be-

comes the normalization condition of the discrete spectrum as

∑
m

q
[s]
jm = 1,

for each ray j in spectral data set s.

We next consider a voxel-based representation of three-dimensional (3D) space {~r } =

{x, y, z} by discretizing evenly along its x-, y-, and z-axis, with

x = x0 + ix∆x,

y = y0 + iy∆y,

z = z0 + iz∆z,

where x0, y0, z0 denote the starting positions and ∆x, ∆y, ∆z the voxel sizes, along x-, y-,

and z-axis, respectively. The integers ix, iy, and iz index the voxels and take the ranges as

ix ∈ {0, · · · , Nx − 1},

iy ∈ {0, · · · , Ny − 1},

iz ∈ {0, · · · , Nz − 1},

where Nx, Ny, and Nz denote the total numbers of voxels. The voxels can be aligned into

a 1D array of size I = Nx × Ny × Nz in a concatenate form in the order of ix, iy, and iz,
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indexed by

i = ix + iy ×Nx + iz ×Ny ×Nz.

Therefore, the discrete form of the linear attenuation coefficient f(~r, E) is defined as

f ′im = f(x0 + ix∆x, y0 + iy∆y, z0 + iz∆z,m∆E). (2.12)

2.3.2 A discretized CC data model

Using equations (2.5)-(2.12), we obtain a discrete form of data function g[s](λ, u, v) as

g
′[s]
j (f ′im) = − ln

∑
m

q
[s]
jm exp

(
−
∑
i

a
[s]
ji f
′
im

)
, (2.13)

where j ∈ {0, · · · , J [s] − 1} and i ∈ {0, · · · , I − 1} index the discrete data samples (in

spectral set s) and image voxels, respectively, and a
[s]
ji denotes the intersection length of ray

j in spectral set s with voxel i. Note that the integral over energy E is replaced by the

summation over energy samples m and the line integral along a ray direction β̂ is replaced

by the summation of all a
[s]
ji for ray j.

While equation (2.13) represents a DD data model for multispectral CT, it is difficult

to directly reconstruct f ′im, or f(~r, E), as a function of both spatial location and energy.

Instead, in an attempt to address the difficulty, an expansion

f(~r, E) =
∑
k

bk(~r )µk(E) (2.14)

is often considered, where k ∈ Z+, bk(~r ) and µk(E) are the basis images and expansion

coefficients. The basis images can be designed based upon material or interaction decom-

position [78], and the expansion coefficients can be the energy-dependent cross sections of

photon electric effect and Compton scattering, in the case of interaction decomposition, or
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mass attenuation coefficients of materials, in the case of material decomposition. In both

cases, the expansion coefficients can be assumed to be known. As a result, the problem

of image reconstruction in multispectral CT is simplified to the determination of the basis

images, which are functions of only the spatial variable ~r.

2.3.3 A DD data model with basis decomposition

In this work, a basis decomposition is considered in which bk(~r ) and µk(E) are referred

to as the kth basis image and its mass attenuation coefficient. Again, the voxel-based

representation as described above is used to obtain a basis image in a discrete form and

align the voxel values into a 1D array of size I in a concatenated form in the order of ix, iy,

and iz, with the ith element given by

bki = bk(x0 + ix∆x, y0 + iy∆y, z0 + iz∆z), (2.15)

where i = ix+ iy×Nx+ iz×Ny×Nz. Additionally, a discrete form of the mass attenuation

coefficient is defined as

µkm = µk(m∆E). (2.16)

Practically, a limited number of basis materials are to be considered, yielding a discrete form

of equation (2.14) as

f ′im = fKim + ∆fim (2.17)

where

fKim =
K∑
k=1

µkmbki (2.18)

is referred to as the ith voxel of the monochromatic image at energy m, as a linear combi-

nation of basis images weighted by their expansion coefficients evaluated at energy m. K is

the total number of basis materials considered and ∆fim the decomposition error.
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Using equations (2.17) and (2.18) and ignoring the decomposition error term ∆fim, we

obtain another DD data model as

g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
, (2.19)

where b denotes a vector formed by concatenating individual basis image vectors bk, with bki

as their elements, in the ascending order of k. We include b as a variable of this model data

g
[s]
j (b) to explicitly indicate that the reconstruction task is to determine b from knowledge

of data measured. The DD data model in equation (2.19) is the base upon which the

reconstruction algorithm for multispectral CT is designed and developed.

For the sake of clarity in the following sections, we define vectors and aggregate vectors

based on the quantities as defined in equations (2.13)-(2.19), among which b and bk are

already introduced, and summarize in Table 2.1. The vectors in the middle column are simply

Table 2.1: Notations for vector and aggregate vector, and their sizes and corresponding
elements as defined in equations (2.13)-(2.19).

element vector size aggregate vector size
bki bk I b I ×K

fKim fKm I

f ′im f ′m I

q
[s]
jm q

[s]
j M

g
′[s]
j g′[s] J [s] g′

∑S
s=1 J

s

g
[s]
j g[s] J [s] g

∑S
s=1 J

s

g
[s]
Mj g

[s]
M J [s] gM

∑S
s=1 J

s

obtained by aligning their corresponding elements in the first column along the vanished

index. For example, from bki to bk, i is the vanished index. the aggregate vectors on the

third column, if available, are formed by simply concatenating their corresponding vectors
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in the middle column together, in the ascending order of the vanished index. For example,

b = (b>1 ,b
>
2 , · · · ,b

>
K)> and g = (g[1]>,g[2]>, · · · ,g[S]>)>. Note that at the last row of

Table 2.1 there is a new quantity g
[s]
Mj , which denotes the measured data for ray j in spectral

set s.

2.4 Linear and non-linear terms of the data model

The DD data model in equation (2.19) is non-linear, which makes the reconstruction, that

is the inversion of the data model, difficult. Reconstruction for conventional CT is based on

the linear Radon transform in equation (2.6), and thus can have analytic-based, closed-form

algorithm for inversion, such as filtered back-projection (FBP) [45], or optimization-based,

iterative algorithm based on a linear data model. Focusing on the latter, the optimization-

based reconstruction method, for the image reconstruction for multispectral CT data, we

first separate the DD data model in equation (2.19) into linear and non-linear terms, and

treat the non-linear term as a perturbation to be corrected for.

2.4.1 Splitting the mass attenuation coefficient

Note that the non-linearity can be eliminated by either setting the spectrum q
[s]
jm to the

Kronecker delta function, as equation (2.6) shows, or having the linear attenuation coeffi-

cient µkm be independent of energy m. We thus split mass attenuation coefficient µkm in

equation (2.19) for material k into

µkm = µ̄k + ∆µkm, (2.20)

17



where µ̄k is independent of energy and ∆µkm is the the remaining error term that is still

energy dependent. Substituting equation (2.20) into equation (2.19) yields

g
[s]
j (b) =

∑
k

µ̄k
∑
i

a
[s]
ji bki

+[
− ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µkm
∑
i

a
[s]
ji bki

)]
,

(2.21)

which is separated into a linear term
∑
k

µ̄k
∑
i

a
[s]
ji bki on the first line and a non-linear

term that carries the summation over energy index m on the second line. To treat the non-

linear term as a perturbation with small magnitude, we shall choose the energy-independent

portion µ̄k such that the error between g
[s]
j (b) and the linear term is minimized, which can

be derived from

d

dµ̄k

(
g

[s]
j (b)−

∑
k

µ̄k
∑
i

a
[s]
ji bki

)2

= − 2
∑
i

a
[s]
ji bki

(
g

[s]
j (b)−

∑
k

µ̄k
∑
i

a
[s]
ji bki

)

= 0.

(2.22)

The above optimality condition is satisfied when

g
[s]
j (b)−

∑
k

µ̄k
∑
i

a
[s]
ji bki = 0. (2.23)

But equation (2.23) as the optimality condition is obvious - when the linear term equals

the data model, the non-linear term as the difference of the two is zero and obviously min-

imized! However, equation (2.22) does provide information that the absolute value of the

non-linear term, or simply the non-linear error, can be minimized. Let µ̄k start from 0 and

increase, the first derivative in equation (2.22) should be negative, meaning the non-linear
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error is decreasing. When µ̄k is increased to large enough, the linear term
∑
k

µ̄k
∑
i

a
[s]
ji bki

becomes large enough and greater than g
[s]
j (b), so the first derivative becomes positive and

the non-linear error starts to increase. Therefore, we re-visit equation (2.23) and derive an

expression for µ̄k with some approximation. Substitution of the full expression of g
[s]
j (b) in

equation (2.19) into equation (2.23) yields

− ln
∑
m

q
[s]
jm exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
=
∑
k

µ̄k
∑
i

a
[s]
ji bki

⇒
∑
m

q
[s]
jm exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
= exp

(
−
∑
k

µ̄k
∑
i

a
[s]
ji bki

) (2.24)

Using a first-order Taylor expansion for the exponential function, we can approximate the

condition in equation (2.24) as

∑
m

q
[s]
jm

(
1−

∑
k

µkm
∑
i

a
[s]
ji bki

)
= 1−

∑
k

µ̄k
∑
i

a
[s]
ji bki

⇒
∑
k

∑
m

q
[s]
jm µkm

∑
i

a
[s]
ji bki =

∑
k

µ̄k
∑
i

a
[s]
ji bki,

(2.25)

given the normalization condition of q
[s]
jm. Observing both sides on the second line of equa-

tion (2.25), we note that the equality can be satisfied when

µ̄k =
∑
m

q
[s]
jm µkm. (2.26)

The result matches our intuitive guess that using the spectrum-weighted average as µ̄k best

approximates µkm [102, 116]. Given the dependence on ray j and set s of q
[s]
jm, we use a

different notation for the energy-independent term and re-write equations (2.26) and (2.20)

as

µkm = µ̄
[s]
jk + ∆µ

[s]
jkm, (2.27)
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where

µ̄
[s]
jk =

∑
m

q
[s]
jm µkm, (2.28)

and

∆µ
[s]
jkm = µkm − µ̄

[s]
jk. (2.29)

2.4.2 Separating the data model into linear and non-linear terms

Just as equation (2.21), substitution of equation (2.27) into (2.19) yields

g
[s]
j (b) = ḡ

[s]
j (b) + ∆g

[s]
j (b), (2.30)

where

ḡ
[s]
j (b) =

∑
k

µ̄
[s]
jk

∑
i

a
[s]
ji bki (2.31)

and

∆g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µ
[s]
jkm

∑
i

a
[s]
ji bki

)
(2.32)

denote the linear (LI) and non-linear (NL) terms in the data model, respectively. The NL

term determined in this way should be approximately the smallest in magnitude, according

to the derivation from equations (2.22)-(2.26). As a matter of fact, we show in Figs. 2.1

and 2.2 the different selections of µ̄k, in addition to the optimal one µ̄
[s]
jk, and how they

impact ∆g
[s]
j .

We form vectors and aggregate vectors from ḡ
[s]
j (b) and ∆g

[s]
j (b), as defined in equa-

tions (2.31) and (2.32), in the same fashion as from g
[s]
j , and summarize in Table 2.2, as an

addition to Table 2.1.

With the vectors defined in Tables 2.1 and 2.2, we expand the DD data model in equa-

tion (2.19) from a single measurement ray to all measurement rays in a matrix-vector form,
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Figure 2.1: Plots of µkm of water and different selections of µ̄k as compared to the optimal
one calculated as the spectrum-weighted average (in red). A typical spectrum at 80 kVp is
also plotted for reference.

as

g(b) = ḡ(b) + ∆g(b)

= Hb + ∆g(b),

(2.33)

where matrix H of size

 S∑
s=1

Js

× (I ×K), is defined as

H =



U [1]
1 A

[1] U [1]
2 A

[1] · · · U [1]
K A

[1]

U [2]
1 A

[2] U [2]
2 A

[2] · · · U [2]
K A

[2]

...
...

. . .
...

U [S]
1 A[S] U [S]

2 A[S] · · · U [S]
K A

[S]


, (2.34)
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Figure 2.2: g
[s]
j calculated from equation (2.19) with a simple simulation setup, and different

linear terms ḡ
[s]
j corresponding to the different selections of µ̄k in Fig. 2.1. It is evident in

this case that choosing µ̄k as the spectrum-weighted average gives the smallest error between
the sinogram and the linear term.

in which matrix A[s], of size J [s] × I, has a
[s]
ji as its elements and U [s]

k a diagonal matrix of

size J [s] with µ̄
[s]
jk defined in equation (2.28) as its diagonal elements, as

U [s]
k =



µ̄
[s]
0k

. . .

µ̄
[s]
jk

. . .

µ̄
[s]

(J [s]−1)k


. (2.35)
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Table 2.2: Additional notations for vector and aggregate vector

element vector size aggregate vector size

ḡ
[s]
j ḡ[s] J [s] ḡ

∑S
s=1 J

s

∆g
[s]
j ∆g[s] J [s] ∆g

∑S
s=1 J

s

Note that A[s], for s ∈ {1, · · · , S}, denotes the discrete X-ray transform for spectral data

set s, collected from a certain kVp setting or a certain energy bin.

While equation (2.33) is only a different form of the DD data model in equation (2.19),

it reveals that it is NL term ∆g(b) that results in the non-convexity of the data divergence

and thus of the optimization program.

2.4.3 A linear DD data model

A linear DD data model can be formed by considering the linear term in equation (2.31)

only as

g
[s]
j (b) =

∑
k

µ̄
[s]
jk

∑
i

a
[s]
ji bki, (2.36)

or in the matrix-vector form as

g(b) = Hb, (2.37)

where H is defined in equations (2.34) and (2.35). Just as the DD data model in equa-

tion (2.19) or (2.33), the linear DD data model described above can also be used to develop

reconstruction algorithms for multispectral CT. Such algorithms are useful in reconstructing

from consistent data with the linear model in an inverse-crime study. It can also be used to

reconstruct from data generated using (2.19) and demonstrate the importance of considering

the non-linear modeling in the reconstruction.
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2.5 Discussion

In this chapter, we have established a DD data model in equation (2.19), based on which the

optimization-based reconstruction is developed. The DD model was discretized from the CC

data model, which describes a polychromatic integral over energy, and incorporated a basis

decomposition model that reduces the dimensionality of the unknown in the inverse problem.

More importantly, the DD data model was separated into linear and non-linear terms, which

facilitated the development of the reconstruction algorithm. In addition, a second DD data

model in equation 2.13 prior to the basis decomposition step was also introduced and is

mainly used to generate inconsistent data with decomposition errors in simulation studies

in Chapters 5 and 6.

The linearization of the DD data model was done by splitting the mass attenuation

coefficient into a zero-order, energy-independent term and a residual, energy-dependent term.

The splitting was introduced as, intuitively, the spectrum-weighted average over energy, and

was validated by an approximated theoretical derivation. The current splitting scheme seems

to yield the non-linear term small in magnitude, as shown in Fig. 2.2. However, for each

ray measurement with a different spectrum, there could exist a different value of µ̄k that

minimizes the non-linear term other than the spectrum-weighted average m̄u
[s]
jk. It might

be of interest to find a consistent way to split the mass attenuation coefficient that can yield

smaller non-linear terms than the current method and to study the impact of the magnitude

of the non-linear term to the convergence of the reconstruction algorithm.

There also exist other ways to linearize the DD data model, one of which is through Taylor

expansion. Zhao et al [109] adopted such linearization method and developed extended

algebraic reconstruction technique (E-ART) for dual spectral CT. In their work, the first-

order Taylor expansion is used to establish a virtual hyper-plane at each iteration point and

the ART algorithm was applied based on the virtual hyper-plane and used to move to the

next iteration. While the interpretation of the method was novel, the resulting procedure is
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the same as applying a gradient-based method to the non-linear data model directly, such

as gradient descent or incremental method [117, 118], since the first-order Taylor expansion

retains only the gradient.
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CHAPTER 3

OPTIMIZATION-BASED RECONSTRUCTION METHOD

3.1 Introduction

There are three categories of methods for image reconstruction using multispectral CT data.

Among the three, the image-domain decomposition methods start with a linear data model,

so are not of interest to us. The data-domain decomposition methods do employ a non-

linear data model, however also require ray-consistency condition which significantly limits

how the multispectral data can be acquired. We thus choose the third category, one-step

inversion methods, for its flexibility with ray distribution. The image reconstruction problem

is thus tantamount to the determination of basis images by directly inverting the DD data

model in equation (2.19). As the data model is non-linear, we turn to optimization-based

reconstruction algorithm to iteratively solve the inversion.

An optimization-based reconstruction method consists of three components, a DD data

model, an optimization program, and an algorithm. While the data model has been discussed

in Chapter 2, we shall focus on the latter two in this chapter. Particularly, a constrained

optimization program is designed. The image total-variation (TV) is used for dealing with

challenging data sampling conditions from the novel, non-standard scan configurations of our

interest and for its de-noising ability. An algorithm is then established for numerically solving

the optimization program, i.e., taking to the designed solution specified by the optimization

program. Such trailblazing property of the algorithm will be verified in Chapter 4. In

this work where a non-linear, non-convex optimization program is adopted, we rely on the

linearization of the data model to guide us in the development of the algorithm. In addition,

we stress the importance of parameter selection in the reconstruction, as they can have a

significant impact on the reconstruction results. We will discuss the selection of parameters

in this work, including convergence conditions that are derived from necessary optimality
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conditions.

3.2 Convex optimization program and ASD-POCS algorithm

3.2.1 Optimization program

We first form an optimization program based on the linear DD-data model in equation (2.37)

as

b∗ = argmin
b

Ψ(b)

s. t.
||Hb− gM||2
||gM||2

≤ ε,

b � 0,

(3.1)

where data constraint parameter ε > 0, � denotes the vector-form inequality, which requires

all elements of b to be non-negative, and || · ||2 the `2-norm. The objective function is

designed as

Ψ(b) =
∑
k

||bk||TV (3.2)

where || · ||TV denotes the image total-variation (TV), defined as the `1-norm of the gradient

magnitude image, i.e., ||bk||TV = ||(|∇bk|)||1, with ∇ denoting the finite-differencing ap-

proximation to the gradient and | · | a spatial magnitude operator. The optimization program

defined in equation (3.1) is convex, since the objective function is a convex function and both

feasible sets defined by the constraints are convex sets.

3.2.2 Reconstruction algorithm

The adaptive-steepest-descent-projection-onto-convex-set (ASD-POCS) algorithm [57] is used

to numerically solve the constrained TV-minimization program in equation (3.1). Different

than the conventional ASD-POCS algorithm used for the conventional CT reconstruction

as reported in the literature [68–73], the ASD-POCS algorithm in this work is adapted to
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reconstruct basis image from multiple data sets. A key distinct step is the POCS procedure

for lowering the data divergence, which is explicitly written as

b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

g
[s]
Mj − a

[s]>
j

∑
k

µ̄
[s]
jkb

(n)
k∑

k

(µ̄
[s]
jk)2a

[s]>
j a

[s]
j

a
[s]
j , (3.3)

where a
[s]
j , a column vector, denotes the jth row of matrix A[s], >matrix or vector transpose,

and 0 < γ(n) < 2. The pseudo-code for the ASD-POCS algorithm is shown in Algorithm 1.

Algorithm 1 pseudo-code for the ASD-POCS algorithm

1: Initialize b
(0)
k ← 0

2: repeat iterations
3: - POCS update -
4: for s = 1 to S do
5: for j = 0 to J [s] − 1 do
6: for k = 1 to K do

7: b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

g
[s]
Mj − a

[s]>
j

∑
k µ̄

[s]
jkb

(n)
k∑

k(µ̄
[s]
jk)2a

[s]>
j a

[s]
j

a
[s]
j

8: end for
9: end for

10: end for
11: - TV descent update -
12: for t = 1 to NTV do
13: for k = 1 to K do
14: b

(n+1)
k ← b

(n+1)
k − α(n+1)

k ∇bk
‖b(n+1)

k ‖TV
15: end for
16: end for
17: until practical convergence conditions are satisfied

The ASD-POCS algorithm based on the linear DD-data model is the pedestal from which

the reconstruction algorithm based on the non-linear DD-data model in equation (2.19) is

developed.
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3.3 Non-convex optimization program and ASD-NC-POCS

algorithm

3.3.1 Optimization program

We form another optimization program based on the non-linear DD-data model in equa-

tion (2.19) as

b∗ = argmin
b

Ψ(b)

s. t. Φ(b; gM) ≤ ε,

b � 0.

(3.4)

The objective function takes the same form in equation (3.2) as the sum of basis image TV,

and the data-fidelity function is designed as

Φ(b; gM) = D(g(b),gM), (3.5)

where D(x,y) denotes the data divergence, often in the form of `p-norm or Kullback-Leibler

(KL) divergence, between vectors x and y. We consider in this work a normalized `2-norm

of vector difference between model data g(b) and measured data gM, i.e.,

D(g(b),gM) =


∑
s

||g[s](b)− g
[s]
M||

2
2∑

s

||g[s]
M||

2
2


1/2

, (3.6)

where g(b) is the non-linearly modeled data as defined in equation (2.33). The data diver-

gence D(g(b),gM) is thus non-convex (NC) due to the non-linearity of the DD-data model.

As a result, the feasible set formed by the data divergence constraint is non-convex and so

is the constrained optimization program in equations (3.4)-(3.6).
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3.3.2 Reconstruction algorithm

In the absence of a mathematically exact solver for the non-convex optimization program,

we propose an heuristic algorithm for numerically solving the program.

Linear and non-linear terms of the data model

Recall equations (2.27)-(2.29), where the mass attenuation coefficient is splitted into a zero-

order, energy-independent term and another energy-dependent, error term as

µkm = µ̄
[s]
jk + ∆µ

[s]
jkm, (3.7)

where

µ̄
[s]
jk =

∑
m

q
[s]
jm µkm, (3.8)

and

∆µ
[s]
jkm = µkm − µ̄

[s]
jk. (3.9)

Recall, consequently, equations (2.30)-(2.32), where the DD-data model are separated

into linear and non-linear terms as

g
[s]
j (b) = ḡ

[s]
j (b) + ∆g

[s]
j (b), (3.10)

where

ḡ
[s]
j (b) =

∑
k

µ̄
[s]
jk

∑
i

a
[s]
ji bki (3.11)

and

∆g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µ
[s]
jkm

∑
i

a
[s]
ji bki

)
(3.12)
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or, in a matrix-vector form for all the rays from the multiple spectral data sets as

g(b)−∆g(b) = Hb. (3.13)

While equation (3.13) is only a different form of the DD-data model in equation (2.19), it

reveals that it is NL term ∆g(b) that results in the non-convexity of the data divergence

and thus of the optimization program.

A procedure for numerically lowering the non-convex data divergence

In an attempt to facilitate the derivation of the procedure, we first assume that NL term

∆g(b) is known and denoted by ∆̃g. Under this condition, the DD-data model in equa-

tion (3.13) becomes a linear equation, as

g(b)− ∆̃g = Hb, (3.14)

and data divergence D(Hb,gM− ∆̃g) and the optimization program consequently becomes

convex, which can then be solved by use of a host of well-established algorithms [57–59],

including the ASD-POCS algorithm described in Section 3.2.

The projection-onto-convex-sets (POCS) procedure can be used to lower convexD(Hb,gM−

∆̃g) with the update step

b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

(
g

[s]
Mj − ∆̃g

[s]
j

)
− a

[s]>
j

∑
k

µ̄
[s]
jkb

(n)
k∑

k

(µ̄
[s]
jk)2a

[s]>
j a

[s]
j

a
[s]
j , (3.15)

where ∆̃g
[s]
j is the jth element within spectral set s of ∆̃g. Notice that this POCS update

step is similar to the one in the ASD-POCS algorithm in equation (3.3), except the measured
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data is

(
g

[s]
Mj − ∆̃g

[s]
j

)
, instead of only g

[s]
Mj .

Using b(n) in equation (3.12), one can calculate

∆g
[s]
j (b(n)) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µ
[s]
jkm a

[s]>
j b

(n)
k

)
. (3.16)

We then propose to use ∆g
[s]
j (b(n)) as an estimate of ∆̃g

[s]
j in equation (3.15), and thus

obtain an NC-POCS update step as

b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

[
g

[s]
Mj −∆g

[s]
j (b

(n)
k )
]
− a

[s]>
j

∑
k

µ̄
[s]
jkb

(n)
k∑

k

(µ̄
[s]
jk)2a

[s]>
j a

[s]
j

a
[s]
j , (3.17)

which has a form identical to that of the conventional POCS, except for that at iteration n,

∆g
[s]
j (b(n)) is calculated to compensate for the NL effect [116,119–121].

The ASD-NC-POCS algorithm for the non-convex program

Combining this NC-POCS procedure for lowering D(g(b),gM) with the steepest descent

(SD) for lowering the TV objective function, we obtain an heuristic ASD-NC-POCS al-

gorithm for numerically solving the non-convex program specified by equations (3.4)-(3.6).

Like the conventional ASD-POCS algorithm [57], the ASD-NC-POCS algorithm adaptively

lowers the image TV and data divergence by use of the SD and NC-POCS procedures for

image reconstruction in multispectral CT. The pseudo-code is shown in Algorithm 2. In a re-

construction, once the practical convergence condition on the data constraint is satisfied, we

apply gradient descent steps to lowering data divergence so that other practical convergence

conditions can be met rapidly [68]. While there is no proof whether the ASD-NC-POCS

algorithm can mathematically solve the non-convex program considered, we devise below its

necessary, convergence conditions.
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Algorithm 2 pseudo-code for the ASD-NC-POCS algorithm

1: Initialize b
(0)
k ← 0, ĝ(0) ← gM

2: repeat iterations
3: - POCS update -
4: for s = 1 to S do
5: for j = 0 to J [s] − 1 do
6: for k = 1 to K do

7: b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

ĝ
[s](n)
j − a

[s]>
j

∑
k µ̄

[s]
jkb

(n)
k∑

k(µ̄
[s]
jk)2a

[s]>
j a

[s]
j

a
[s]
j

8: end for
9: end for

10: end for
11: - TV descent update -
12: for t = 1 to NTV do
13: for k = 1 to K do
14: b

(n+1)
k ← b

(n+1)
k − α(n+1)

k ∇bk
‖b(n+1)

k ‖TV
15: end for
16: end for
17: - NL term update step -
18: for s = 1 to S do
19: for j = 0 to J [s] − 1 do

20: ∆g
[s](n+1)
j = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µ
[s]
jkm a

[s]>
j b

(n+1)
k

)
21: ĝ

[s](n+1)
j ← g

[s]
Mj −∆g

[s](n+1)
j

22: end for
23: end for
24: until practical convergence conditions are satisfied
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3.4 Reconstruction parameters

There are two types of parameters involved in an optimization-based image reconstruction,

which are referred to as program and algorithm parameters in the work. The former specify

the optimization program in equation (3.4), including image voxel, spectra q
[s]
j , system

matrices A[s], and parameter ε. Different choices of program parameters necessarily lead

to different optimization programs and thus different designed solutions. In this work, we

focus on the investigation of ε that impacts dominantly the reconstruction, while selecting

image voxel, q
[s]
i , and A[s] similar to those used in practical applications. The algorithm

parameters such as γ(n), NTV, and αk(n) control the algorithm path leading to the designed

solution, including those in Algorithm 2. While they have no effect on the designed solutions,

they can impact the numerical reconstructions especially for a non-convex program. In this

study, we use the same algorithm parameters as those used in the conventional ASD-POCS

algorithm [57].

We consider three necessary, mathematical convergence conditions for the ASD-NC-

POCS algorithm:

D̄(b(n)) =

∣∣∣D(g(b(n),gM)− ε
∣∣∣

ε
→ 0 (3.18)

∆̄Ψ(b(n)) =

∣∣∣Ψ(b(n+1))−Ψ(b(n))
∣∣∣∣∣∣Ψ(b(n+1)) + Ψ(b(n))
∣∣∣ → 0 (3.19)

cα(b(n)) = d̂>data(b(n)) d̂TV(b(n))→ −1, (3.20)

as iteration number n → ∞, where unit vectors d̂data(b(n)) and d̂TV(b(n)) are defined in

Section 3.5 [57]. The second condition is for the optimality of the objective function, whereas

the other two are the local optimality conditions, i.e., the Karush-Kuhn-Tucker (KKT)

conditions [122] as shown in Section 3.5. While the mathematical convergence conditions

cannot be met in practical reconstructions, they are used to devise practical convergence
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conditions for each individual study in this work.

3.5 Optimality condition

Using equation (2.14), we can obtain monochromatic energy images as fn =
∑
k

µknbk at N

energies, where n = 1, 2, · · · , N . Lower- or upper-bound constraints on the monochromatic

energy images can be written as

∑
k

µ̃knbk + pn � 0 for n = 1, 2, · · · , N, (3.21)

where pn is a scalar for specifying the upper or lower bound of the nth monochromatic image,

and µ̃kn = ±µkn with the negative sign used to impose a lower bound of image values, or

simply non-negativity, on the monochromatic images. We can rewrite equation (3.21) in a

linear form of b as

Qnb + pn � 0 for n = 1, 2, · · · , N, (3.22)

where

Qn = (µ̃1nI, µ̃2nI, · · · , µ̃KnI) ,

pn = (pn, pn, · · · )>,
(3.23)

and I denotes the identity matrix of size I × I.

We now consider an optimization program in the form of

b∗ = arg min
b

Ψ(b)

s. t. Φ2(b; gM) ≤ ε2,

Qnb + pn � 0 for n = 1, 2, · · · , N.

(3.24)

and derive its first-order optimality conditions, i.e., the Karush-Kuhn-Tucker (KKT) condi-

tions. It can easily be shown that the optimzation programs in equations (3.24) and (3.4)
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are equivalent when N = K, pn = 0, and µ̃kn = −1 for k = n (0 otherwise). Therefore, the

derived KKT conditions for the former are applicable to the latter.

The Lagrangian of the optimization problem above is given as

L(b, ν, {λn}) = Ψ(b) + ν(Φ2(b)− ε2) +
∑
n

λ>n (Qnb + pn), (3.25)

where scalar ν and vectors {λn} are the Lagrangian multipliers. The KKT conditions can

thus be expressed as

Φ2(b∗) ≤ ε2, (3.26a)

Qnb∗ + pn � 0, n = 1, 2, · · · , N, (3.26b)

ν∗ ≥ 0, (3.26c)

λ∗n � 0, n = 1, 2, · · · , N, (3.26d)

∇bL(b∗, ν∗, {λ∗n}) = ∇bΨ(b∗) + ν∗∇bΦ2(b∗) +
∑
n

Q>nλ∗n = 0, (3.26e)

ν∗(Φ2(b∗)− ε2) = 0, (3.26f)

λ∗>n (Qnb∗ + pn) = 0, n = 1, 2, · · · , N (3.26g)

where b∗ and (ν∗, {λ∗n}) are optimal variables and Lagrangian multipliers for the opti-

mization problem. With the introduction of the linear format of the constraints on the

monochromatic images and the Lagrangian multipliers, we summarize in Table 3.1 the ad-

ditional symbols and their dimensions, in order to improve the readability of the following

derivation.

Given the specific form Qn takes in equation (3.23), the last part of the gradient of the
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Table 3.1: Dimensions and representations of additional symbols introduced

symbol dimension representation
bk vector I × 1 basis image of the kth material
b vector (K × I)× 1 aggregate basis image of all materials
µ̃kn scalar expansion coefficients for the nth monochro-

matic images
Qn matrix I × (K × I) matrix for the nth linear constraint
pn vector I × 1 upper or lower bound for the nth linear con-

straint on the monochromatic image
ν scalar Lagrangian multiplier for the data constraint
λn vector I × 1 Lagrangian multipliers for the nth linear con-

straint

Lagrangian in equation (3.26e) can be simplified to

∑
n

Q>nλ∗n =
∑
n



µ̃1nI

µ̃2nI
...

µ̃KnI


λ∗n =



∑
n

µ̃1nλ
∗
n∑

n

µ̃2nλ
∗
n

...∑
n

µ̃Knλ
∗
n


. (3.27)

In general, for non-zero µ̃kn, equation (3.27) has zero entries wherever all {λ∗n} have zeros

at the same entries. Based on this observation, we turn to the complementary slackness

in (3.26g), which follows


λ∗ni = 0 if (Qnb∗)i + pn > 0,

λ∗ni > 0 if (Qnb∗)i + pn = 0,

(3.28)

for i ∈ {0, · · · , I − 1}. We use a vector 1n(b) of size I to denote an identity function, whose

elements are

1n(b)i =


1 if (Qnb)i + pn > 0,

0 if (Qnb)i + pn = 0,

(3.29)
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and diag(x) a function that yields a diagonal matrix with the elements of vector x placed

along the diagonal line, as

diag(x) =



x0

. . .

xi
. . .

xI−1


. (3.30)

Consequently, considering all N constraints, we construct a matrix as the product of N

diagonal matrices

D(b∗) =
N∏
n=1

diag(1n(b∗)). (3.31)

As a result, D(b∗) is also diagonal of size I and it picks out those image pixels at which

location the N linear constraints in equation (3.21) or (3.22) are strictly satisfied simultane-

ously. Finally, we use K identical D(b∗) and place them in a diagonal line to form a bigger

diagonal matrix D′(b∗) of size K × I as

D′(b∗) =


D(b∗)

. . .

D(b∗)

 . (3.32)
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Left-multiplying D′(b∗) to both sides of equations (3.27) yields

D′(b∗)
∑
n

Q>nλ∗n =


D(b∗)

. . .

D(b∗)





∑
n

µ̃1nλ
∗
n∑

n

µ̃2nλ
∗
n

...∑
n

µ̃Knλ
∗
n



=



D(b∗)
∑
n

µ̃1nλ
∗
n

D(b∗)
∑
n

µ̃2nλ
∗
n

...

D(b∗)
∑
n

µ̃Knλ
∗
n


= 0,

(3.33)

where, according to equations (3.28)-(3.31), the non-zero entries in D(b∗) should match

exactly with the zero entries in
∑
n

µ̃knλ
∗
n.

We can now simplify the first order optimality condition in equation (3.26e) as

dTV(b∗) + ddata(b∗) = 0, (3.34)

where

dTV(b∗) = D′(b∗)∇bΨ(b∗),

and

ddata(b∗) = ν∗ D′(b∗)∇bΦ2(b∗).

Now equation (3.26c) states that ν∗ is non-negative (dual feasibility), and the complementary

slackness in (3.26f) states that ν∗ can only be zero when the data fidelity constraint is not
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active. For practical solutions that are non-trivial, i.e., other than non-negative flat images,

the data fidelity constraint shall always be active. Therefore, it is desired that ν∗ > 0 in

practical situations, which leads to that dTV(b∗) and ddata(b∗) shall be oppositely co-linear,

or

cα ≡ d̂>TV(b∗) d̂data(b∗) = −1, (3.35)

where

d̂TV(b∗) =
dTV(b∗)
|dTV(b∗)|

and

d̂data(b∗) =
ddata(b∗)
|ddata(b∗)|

are the normalized vectors.

For computing dTV(b∗), where Ψ(b) is defined in equaton (3.2) as the sum of basis image

TV, it can be divided into the computation of TV gradients of each basis image, as

∇bΨ(b∗) =
∑
k

∇b||b∗k||TV, (3.36)

where

∇b||b∗k||TV =


∇bi ||b

∗
k||TV if bi ∈ bk,

0 if bi /∈ bk.

As the `1-norm function is non-smooth, TV gradients, or ∇bk
||b∗k||TV, are computed based

on an approximation of a smoothed version [74].

On the other hand, for computing ddata(b∗), we have

Φ2(b) = (||gM||2)−1 ||g(b)− gM||22

=
(
g>MgM

)−1
(g(b)− gM)>(g(b)− gM).

(3.37)

40



Taking its gradient yields

∇bΦ2(b) = 2
(
g>MgM

)−1
J(g(b),b)(g(b)− gM), (3.38)

where the Jacobian matrix J(y(x),x) is given by

J(y(x),x) =

(
∇xy(x)1, ∇xy(x)2, · · ·

)

=



∂y(x)1

∂x1

,
∂y(x)2

∂x1

, · · ·

∂y(x)1

∂x2

,
∂y(x)2

∂x2

, · · ·

...
...

. . .


,

(3.39)

where y(x)j and xi are the j-th and i-th elements of vectors y(x) and x, respectively. Given

the concatenated form of the aggregate basis image vector as b = (b>1 ,b
>
2 , · · · ,b

>
K)> and

the dimension of vector g(b) being J ′ ≡
∑
s

J [s] (recall from Section 2.3 that J [s] is the size

of data vector g[s](b) for spectral set s), the Jacobian in equation (3.38) can be re-expressed

as

J(g(b),b) =



∇b1
g(b)0, ∇b1

g(b)1, · · · ∇b1
g(b)J ′−1

∇b2
g(b)0, ∇b2

g(b)1, · · · ∇b2
g(b)J ′−1

...
...

. . .
...

∇bK
g(b)0, ∇bK

g(b)1, · · · ∇bK
g(b)J ′−1


. (3.40)

Recall equation (2.19), where the element of data vector g(b) is indexed by the spectral set

index s and ray index j. In this derivation, instead, a single index j′ is used for the aggregate

data vector g(b), as j′ = j + (s− 1) ∗ J [s−1] and

gj′(b) = g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

µkm a
[s]>
j bk

)
, (3.41)
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As a result, the gradient of gj′(b) w.r.t. basis image bk can be written as

∇bk
gj′(b) =

(∑
m

tj′m

)−1(∑
m

µkmtj′m

)
aj′ , (3.42)

where

tj′m = q
[s]
jm exp

(
−
∑
k

µkm a
[s]>
j bk

)

aj′ = a
[s]
j

(3.43)
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Finally, replacing equations (3.40) and (3.42) into (3.38) yields

∇bΦ2(b)

=2
(
g>MgM

)−1
J(g(b),b)(g(b)− gM)

=
2

g>MgM



∇b1
g(b)0, ∇b1

g(b)1, · · · ∇b1
g(b)J ′−1

∇b2
g(b)0, ∇b2

g(b)1, · · · ∇b2
g(b)J ′−1

...
...

. . .
...

∇bK
g(b)0, ∇bK

g(b)1, · · · ∇bK
g(b)J ′−1





g0(b)− gM0

g1(b)− gM1

...

gJ ′−1(b)− gM(J ′−1)



=
2

g>MgM



∑
j′

(gj′(b)− gMj′)∇b1
gj′∑

j′
(gj′(b)− gMj′)∇b2

gj′

...∑
j′

(gj′(b)− gMj′)∇bK
gj′



=
2

g>MgM



∑
j′

(gj′(b)− gMj′)
∑
m

µ′1mtj′m∑
m

tj′m
aj′

∑
j′

(gj′(b)− gMj′)
∑
m

µ′2mtj′m∑
m

tj′m
aj′

...

∑
j′

(gj′(b)− gMj′)
∑
m

µ′Kmtj′m∑
m

tj′m
aj′



.

(3.44)
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3.6 Discussion

In this chapter, we have developed an optimization-based reconstruction method including

a non-convex optimization program, a heuristic algorithm, ASD-NC-POCS, for numerically

solving the optimization program, and convergence conditions for the algorithm. First-order

optimality conditions for constrained optimization programs, i.e., KKT conditions, were

derived for the non-convex programs proposed in this work and are used as the necessary

condition for achieving local optimality of the problem. The algorithm was based on the

conventional ASD-POCS algorithm solving a convex optimization program, which was also

introduced here and will be used in the verification study in Chapter 4.

Different optimization programs can lead to different reconstructions especially in the

presence of data inconsistencies. In the proposed reconstruction program, the data diver-

gence term takes the form of `2-norm. It would be worthwhile to investigate and prototype

optimization programs of different forms, for example containing the Kullback-Leibler (KL)

and other data divergences [58, 62,123]. Further, different constrained or unconstrained op-

timization program designs can be investigated, such as minimizing data divergence, subject

to a TV constraint. An advantage of having TV as a constraint, rather than the objective

function, is the flexibility to specifically set the TV constraint parameter, which has a direct

impact on the image visualization.
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CHAPTER 4

VERIFICATION STUDY

4.1 Introduction

A verification study is a simulation study where consistent data are generated and used for

the reconstruction. The “consistency” of the data refers to the fact that the forward model

used to generate the data is exactly the same as the data model used in the optimization-

based reconstruction. Verification studies are employed to verify the computer implementa-

tion of the method and to check the numerical convergence of the inversion algorithm.

In the development of conventional CT reconstruction based on linear data models, the

verification study is often referred to as the inverse-crime study [70,71,124,125]. With a linear

DD-data model, the data is generated by left-multiplying the system matrix, representing

an X-ray transform, to the truth image vector, representing a numerical phantom. An

appropriate design of an optimization program and its associated algorithm, together with

a faithful implementation of the algorithm, should lead to an exact recovery (only within

computer precision) of the truth image. As the truth image is known in the inverse-crime

study, the appropriate design of the reconstruction and the algorithm, in other words, the

numerical convergence of the algorithm, and the correct computer implementation of the

algorithm can be verified by explicitly checking if the exact recovery condition is met. It

should be noted that, for an algorithm with a proof for the mathematical convergence, such

as gradient descent (GD) and maximum likelihood expectation maximization (ML-EM),

only the computer implementation part is checked in the inverse-crime study. For heuristic

algorithms such as the conventional ASD-POCS, the numerical convergence of the algorithm

and the implementation are checked together in the inverse-crime study.

In this work, we focus on the ASD-NC-POCS algorithm for the multispectral CT re-

construction based on a non-linear model. While there is no proof for the mathematical
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convergence of the algorithm, we demonstrate the numerical convergence, altogether with

the computer implementation, in the verification study where consistent data are used. Fur-

thermore, because the ASD-NC-POCS algorithm is developed based on the conventional

ASD-POCS algorithm with a linear data model, we break up the verification study into two

stages. The first stage is essentially an inverse-crime study, where the linear data model,

as indicated by equation (2.31), is used to generate the consistent data and assumed to

be the data model in the reconstruction. Basis images are then reconstructed from the

consistent data and compared to the numerical truth. Most of the implementation of the

ASD-NC-POCS algorithm, i.e., the ASD-POCS algorithm in Algorithm 1, except for the NL

update step, is checked in this first stage of the verification study. After the first stage is

completed, the second stage of the verification study is carried out, as data are generated

with the full-scale DD-data model in equation (2.19) and are reconstructed from using the

ASD-NC-POCS algorithm as described in Algorithm 2. The numerical convergence of the

algorithm, as well as the implementation of the NC update step, can be verified as an exact

recovery of the truth numerical basis images is expected.

It shall be noted that the two stages of the verification study in this work are not re-

dundant compared to the inverse crime studies that have been investigated in the literatures

for the conventional ASD-POCS algorithm [70–72]. First, even with a linear data model

in the first stage, the ASD-POCS algorithm used in this work reconstructs basis images,

instead of linear attenuation coefficient images in conventional CT, which lead to different

implementations of the algorithm. Second, for the second stage, the non-linear modeling is

employed in both the data generation and image reconstruction, which results in a different

algorithm, ASD-NC-POCS, with a distinct NL update step. Therefore, the verification study

is necessary, despite that inverse crime studies have been investigated in the literature.

Finally, the verification study with consistent data can provide a performance upper-

bound for the reconstruction method or the scan configuration of interest. Although the
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consistent data is ideal and unrealistic, which can sometimes yield “excessively optimistic

expectations about the performance” [125], it is not unreasonable to assume that, if a re-

construction program and its associated algorithm fail to perform in the verification study,

i.e., not having an exact recovery, it is unlikely that they would perform well in studies in

which data contain inconsistencies, such as in real data cases. As a result, verification studies

are used to guide the design of the optimization program and the scan configurations for

multispectral data.

4.2 Inverse-crime study with a linear data model

We first carry out an inverse-crime study with a linear DD-data model. A convex, constrained

TV-minimization problem is formed as the image reconstruction and the ASD-POCS algo-

rithm is used to reconstruct basis images from the consistent data. Despite that there has

been extensive studies in the literature for the conventional ASD-POCS algorithm and its

numerical convergence in conventional CT reconstruction, a different implementation of the

algorithm with multiple basis images and X-ray transforms in the system matrix is used here,

as shown in Algorithm 1. Thus, we use the inverse-crime study to check the implementation

of the ASD-POCS algorithm, based on which the ASD-NC-POCS algorithm is developed

and implemented.

4.2.1 Study design

Data generation

A full-scan configuration is used in the inverse-crime study to provide sufficient angular

sampling condition. In this fan-beam configuration over a circular trajectory, as shown in

Fig. 4.1, low (thin, blue line) and high (thick, red line) KVp scans cover a full rotation each,

with 300 overlapping views distributed evenly over 2π. The physical dimensions simulate
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those in a standard diagnostic CT, and are summarized in Table. 4.1. As a result, the

discrete data size of the low or high KVp scan is J [1] = J [2] = 300× 224.

Figure 4.1: Full-scan configuration in which low (thin, blue line) and high (thick, red line)
KVp scans are performed over a full rotation of 2π each.

Table 4.1: Physical dimensions of the scan configuration used in the inverse-crime study.

Physical quantity dimension
source-to-detector distance 1072 mm
source-to-center-of-rotation distance 600 mm
detector length 920 mm
detector bin size 4.1 mm
detector bin samples 224
number of views 300

Two (S = 2) spectral data sets are collected with low (s = 1) and high (s = 2) spectra

at 80 and 135 KVp. The incident spectra are multiplied with the detector energy response,

which is modeled as a linear energy-integrating response, followed by a normalization to yield

the X-ray spectrum, denoted by q
[s]
m . Note that no bow-tie filter is modeled so the X-ray

spectrum is not ray-dependent. We plot the normalized discrete X-ray spectra in Fig. 4.2
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with ∆E = 1 (KeV), where the spectral separation between the low (thin, blue line) and

high (thick, red line) spectra are visible.
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Figure 4.2: Normalized X-ray spectrum q
[s]
m , as a product of the incident beam spectrum

and the linear energy-integrating detector response. Low (thin, blue line) and high (thick,
red line) energy spectra at 80 and 135 KVp are used in the inverse-crime study.

A two-material (K = 2) basis decomposition model with water (k = 1) and bone (k = 2)

is used. A numerical contrast-insert phantom, as shown in Fig. 4.3, is decomposed into

water and bone basis images, as shown in the top row of Fig. 4.5. Both basis images are

represented on an array of size I = 128× 128 with square pixels of size 2.73 mm. Note that

it is the basis images that are the truth in the inverse-crime study from which the consistent

data are generated, as to make sure no decomposition error is included.

Finally, considering the scan configuration, spectra, and truth basis images as described

above, we generate consistent data by use of the linear DD-data model in equation (2.36) as

g
[s]
j (b) =

∑
k

µ̄
[s]
k

∑
i

a
[s]
ji bki, (4.1)
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Figure 4.3: Monochromatic image at 80 KeV for the numerical contrast-insert phantom, from
which the truth basis images are decomposed and used to generate data in the inverse-crime
study. Display window: [-1000, 1000] HU

where µ̄
[s]
k =

∑
m

q
[s]
m µkm is not ray-dependent, just as the X-ray spectrum q

[s]
m . Alternatively,

the linear data model can be expressed in an explicit matrix-vector form of equation (2.37)

as g[1](b)

g[2](b)

 =

µ̄[1]
1 A

[1] µ̄
[1]
2 A

[1]

µ̄
[2]
2 A

[2] µ̄
[2]
2 A

[2]


b1

b2

 , (4.2)

where b> = (b>1 ,b
>
2 ). Note that, when the X-ray spectrum q

[s]
m , and consequently the

energy-independent term of the mass attenuation coefficient µ̄
[s]
k , is not ray-dependent, the

diagonal matrix U [s]
k as defined in equation (2.35) is reduced to a scaled identity matrix with

µ̄
[s]
k being the scaling factor, as U [s]

k = µ̄
[s]
k I, or

U [s]
k A

[s] = µ̄
[s]
k IA

[s] = µ̄
[s]
k A

[s].
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Image reconstruction

The convex optimization program in Section 3.2 is used for the image reconstruction in the

inverse-crime study, re-written as

b∗ = argmin
b

2∑
k=1

||bk||TV

s. t.
||Hb− gM||2
||gM||2

≤ ε,

b � 0.

(4.3)

The ASD-POCS algorithm in Algorithm 1 are used to reconstruct water and bone basis

images. In the inverse-crime study, most of the program parameters match the ones used in

the the data generation, including image voxel size, spectra q
[s]
m , and system matrices A[s].

In addition, we select the data fidelity constraint parameter ε = 10−8 to form a tight feasible

set for the optimization program. The limited computer precision prevents from selecting

ε = 0 practically. For the algorithm parameter, we use the same ones as those used in the

conventional ASD-POCS algorithm [57], as

γ(n) = 0.95 γ(n−1), with γ(1) = 1.0,

α
(n)
k = 0.8α

(n−1)
k , with α(1) = 0.2 ∆

(1)
b ,

NTV = 20,

(4.4)

where ∆
(1)
b is the normalized `2 norm of the basis image vector difference before and after

the POCS update in the first iteration.

Based on the mathematical convergence conditions defined in equations (3.18)-(3.20), we
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design the practical convergence conditions for the inverse-crime study as

D̄(b(n)) ≤ 10−4, (4.5)

∆̄Ψ(b(n)) ≤ 10−4, (4.6)

cα(b(n)) ≤ −0.99. (4.7)

A convergent reconstruction is obtained when all of the convergence conditions above are

satisfied. Because the truth basis images are known, we also devise a reconstruction-error

metric

∆̄b(b(n)) =
||b(n) − btrue||2
||btrue||2

(4.8)

that denotes the normalized `2-distance between the truth and reconstructed basis images.

This metric provides a quantitative indication as to whether and how the reconstructed basis

image approaches the known truth.

4.2.2 Study results

Convergence plots

We display in Fig. 4.4 the convergence plot of the metric D̄(b(n)) used in the practical

convergence conditions and the plot of the reconstruction-error metric. Since we are checking

the implementation, rather than the numerical convergence of the algorithm, the other two

optimality-derived metrics are not shown here. It is observed that, while the data fidelity

function is decreasing and approaching ε, the reconstructed images are also approaching the

truth images.
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Figure 4.4: Practical convergence metric D̄(b(n)) and reconstruction-error metric ∆̄(b(n))
as functions of iteration n in the inverse-crime study.

Reconstructed images

The basis images at the converged solutions are shown in Fig. 4.5 and compared to the

truth phantom images. The two sets of basis images between the truth and the convergent

solutions are visually identical. Their absolute differences, as shown in the bottom row of
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Fig. 4.5, show no difference between the two in the small display window.

4.3 Verification study with a non-linear data model

Following the successful verification of the ASD-POCS algorithm implementation in the

inverse-crime study, we carry out the verification study with a non-linear data model to

verify the implementation of the code and that the ASD-NC-POCS algorithm can indeed

lead to a local, or even global, optimal point. As a matter of fact, a total of two verification

studies are conducted with two distinct phantoms that are structurally different.

4.3.1 Study design

Data generation

The first verification study is a continuation of the inverse-crime study, but with a different,

non-linear data model. The full-scan configuration as shown in Fig. 4.1 and physical dimen-

sions as summarized in Table 4.1 are used again. Similarly, the same spectra as shown in

Fig. 4.2 and the same numerical basis image phantom are used to generate the data. The

DD-data model in equation (2.19) is employed as

g
[s]
j (b) = − ln

∑
m

q
[s]
m exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
, (4.9)

with ray-independent spectra q
[s]
m . The explicit matrix-vector form of the DD-data model

can be expressed as

g[1](b)−∆g[1](b)

g[2](b)−∆g[2](b)

 =

µ̄[1]
1 A

[1] µ̄
[1]
2 A

[1]

µ̄
[2]
2 A

[2] µ̄
[2]
2 A

[2]


b1

b2

 , (4.10)
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(a) water basis, truth (b) bone basis, truth

(c) water basis, reconstructed (d) bone basis, reconstructed

(e) water basis, absolute difference (f) bone basis, absolute difference

Figure 4.5: Truth (top row) and reconstructed (middle row) basis images of the numerical
contrast-insert phantom from the inverse-crime study, with a display window of [0, 1.5], and
their absolute difference image (bottom row), with a display window of [0, 10−3].
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where b> = (b>1 ,b
>
2 ), µ̄

[s]
k =

∑
m q

[s]
m µkm, and the NL term ∆g[s](b) is defined in equa-

tion (2.32).

For the second verification study, the full-scan configuration is used with 160 overlapping

projection views distributed evenly over 2π for each rotation. The physical dimensions

simulate those in a standard, on-board imager cone-beam CT (CBCT) employed in radiation

therapy, and are summarized in Table 4.2.

Table 4.2: Physical dimensions of the scan configuration used in the verification study.

Physical quantity dimension
source-to-detector distance 1500 mm
source-to-center-of-rotation distance 1000 mm
detector length 400 mm
detector bin size 1.56 mm
detector bin samples 256
number of views 160

Low and high spectra at 80 and 140 KVp are used as the incident spectra. A linear energy

response function from an energy-integrating detector is modeled and multiplied with the

incident spectra to yield the X-ray spectra. The normalized X-ray spectra used in the second

verification study are plotted in Fig. 4.6.

A numerical lung phantom, as shown in Fig. 4.7, is used in the second verification study.

The numerical lung phantom mimics the anatomical features and is not uniform or piece-wise

constant as the contrast-insert phantom. It is used to demonstrate that, in the best case

scenario, the designed non-convex, TV-constrained optimization program and the ASD-NC-

POCS algorithm can lead to an optimal point from data generated from complex structure.

The numerical lung phantom is decomposed water and bone basis images, as shown in the

top row of Fig. 4.10, which are used as the truth to generate the consistent data. The images

are represented on an array of size I = 128× 128 with square pixels of size 1.95 mm.
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Figure 4.6: Normalized X-ray spectrum q
[s]
m . Low (thin, blue line) and high (thick, red line)

energy spectra at 80 and 140 KVp are used in the verification study.

Image reconstruction

The non-convex optimization program described in Section 3.3 is used for the image recon-

struction in the verification study, as

b∗ = argmin
b

2∑
k=1

||bk||TV

s. t. D(g(b),gM) ≤ ε,

b � 0,

(4.11)

and the ASD-NC-POCS algorithm in Algorithm 2 is used for reconstructing water and bone

basis images. We design the constrained optimization program above such that the solution

would be numerically and visually close to the known, truth basis phantom images, by

specifying the problem parameters. The data fidelity constraint parameter ε is set to 10−8
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Figure 4.7: Monochromatic image at 80 KeV for the numerical lung phantom, from which
the truth basis images are decomposed and used to generate data in the verification study.
Display window: [-1000, 1000] HU

to form a tight feasible set for the optimization problem. All other program parameters

match the ones used in generating the data, while the algorithm parameters are the same as

those used in the inverse-crime study in equation (4.4).

Based on the mathematical convergence conditions defined in equations (3.18)-(3.20), we

design the practical convergence conditions for the verification study as

D̄(b(n)) ≤ 10−4, (4.12)

∆̄Ψ(b(n)) ≤ 10−4, (4.13)

cα(b(n)) ≤ −0.99. (4.14)

A convergent reconstruction is obtained when all of the convergence conditions above are

satisfied. We also observe the reconstruction-error metric ∆̄b(b(n)), as the image distance

to the truth should approach zero.

58



4.3.2 Study results

Convergence plots

We first display in Figs. 4.8 and 4.9 the convergence plots of the metrics used in the practical

convergence conditions. Only the results from the verification study with the numerical

lung phantom are shown, as the numerical contrast-insert phantom ones are similar. It

can be observed that all practical convergence conditions are met at the stopping iteration.

In addition, the normalized image distance between the truth and the reconstructed basis

images are quantitatively small.

Reconstructed images

The truth (top row) and reconstructed (middle row) basis images of the numerical contrast-

insert phantom are shown in Fig. 4.10. They are visually identical to each other with the

display window of [0, 1.5]. Their absolute differences as shown in the bottom row show no

difference between the two in the small display window. Results from the numerical lung

phantom are shown in Fig. 4.11 and same observations can be made.

4.4 Discussion

In this chapter, we have carried out a verification study to verify the numerical convergence

of the ASD-NC-POCS algorithm and its computer implementation. As the ASD-NC-POCS

algorithm was developed based on the ASD-POCS algorithm, an inverse-crime study using

consistent data generated from the linear DD data model was first carried out to verify the

computer implementation of most of the ASD-NC-POCS algorithm. Following the successful

verification with the inverse-crime study, we used consistent data generated from the full non-

linear DD data model and verified the numerical convergence of the ASD-NC-POCS, as well

as the full implementation of the algorithm, as an exact recovery of the truth basis images
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Figure 4.8: Practical convergence metric D̄(b(n)) and reconstruction-error metric ∆̄(b(n))
as functions of iteration n in the verification study with the numerical lung phantom.
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Figure 4.9: Practical convergence metric cα(b(n)) and ∆Ψ(b(n)) as functions of iteration n
in the verification study with the numerical lung phantom.
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(a) water basis, truth (b) bone basis, truth

(c) water basis, reconstructed (d) bone basis, reconstructed

(e) water basis, absolute difference (f) bone basis, absolute difference

Figure 4.10: Truth (top row) and reconstructed (middle row) basis images of the numerical
contrast-insert phantom from the verification study, with a display window of [0, 1.5], and
their absolute difference image (bottom row), with a display window of [0, 10−3].
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(a) water basis, truth (b) bone basis, truth

(c) water basis, reconstructed (d) bone basis, reconstructed

(e) water basis, absolute difference (f) bone basis, absolute difference

Figure 4.11: Truth (top row) and reconstructed (middle row) basis images of the numerical
lung phantom from the verification study, with a display window of [0, 1.5], and their absolute
difference image (bottom row), with a display window of [0, 10−3].
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was achieved.

The verification study by itself does not suggest any utility of the proposed method or the

algorithm. However, it is an important step in the development of reconstruction methods

and algorithms. Verification studies make sure that designed solutions by the optimization

program could be achieved by the specific algorithm. Without the verification study, it

would be difficult to interpret results, especially unexpected results such as artifacts, from

the characterization studies with simulation and real data that follows.
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CHAPTER 5

FULL SCAN CONFIGURATION SIMULATION STUDY

5.1 Introduction

Following the successful verification of the numerical convergence of the ASD-NC-POCS

algorithm and its computer implementation, we next characterize the proposed optimization-

based reconstruction method for multispectral CT data, including the optimization program,

the ASD-NC-POCS algorithm, and reconstruction parameters, by using inconsistent data.

The “inconsistency” of the data, as opposed to what was used in the verification study,

refers to the fact that the forward model used to generate the data is not the same as the

data model used in the optimization-based reconstruction. Real data collected in a physical

experiment are inconsistent data, because the deterministic data model used in this work, i.e.,

equation (2.19), does not capture the stochastic nature of photon’s interaction with matters.

It is also sufficient to describe only dominant physical processes in a CT reconstruction

model, thus leaving rooms for inconsistency when compared to measuring the real data.

For simulation studies, most common inconsistencies are created by using a different model,

e.g., a continuous-to-discrete data model, to generate data and/or adding some noise. An

advantage of carrying out the characterization study using simulated inconsistent data is

that the types and degree of inconsistencies can be controlled.

In this section, two sources of inconsistencies are considered - decomposition error and

statistical noise. First, the decomposition error stems from the fact that the basis mate-

rial decomposition model in equation (2.14) becomes an approximation when only a finite

number of basis materials are used. For example, a two-basis-material decomposition model

with water and bone is approximate, when the phantoms contain more than just these two

materials, especially iodine and calcium, which gives rise to decomposition errors. Such

inconsistencies are simulated by generating data with the DD data model prior to the de-
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composition step, i.e., equation (2.13), while a different DD data model, i.e., equation (2.19),

is used for the reconstruction. Second, Poisson noise is simulated, with a fluence level match-

ing that in a clinical on-board imager (OBI) cone-beam CT scan. The normalized spectra

q
[s]
jm are scaled to the fluence level. The intensity measurements with the scaled spectra are

taken as means in single Poisson realizations, followed by log-normalization with scaled ”air

scan” intensities, to generate the proper measured data.

We start the characterization study with the full scan configuration, so that potential

issues caused by the decomposition error or noise can be isolated from the sampling con-

dition. In addition, the full-scan configuration provides a performance benchmark for the

following characterization studies with non-standard configurations that are enabled by the

proposed reconstruction method. While the ASD-NC-POCS algorithm can reconstruct im-

ages from cone-beam data collected over standard and non-standard source trajectories, we

demonstrate in this study its application to image reconstruction from data collected with

a fan-beam configuration over a circular trajectory.

Another reason to start with the full scan configuration is that the data domain decom-

position approach can be applied to the full-scan data, where the ray-consistency condition is

satisfied for different KVp measurements. As one of the existing approaches for multispectral

CT reconstruction, the data domain decomposition, in combination with the analytic-based

reconstruction such as FBP, can also serve as a performance benchmark for the ASD-NC-

POCS algorithm. In the development of optimization-based CT reconstruction methods of

practical significance, we often expect the performance of the proposed algorithm, in this

case the ASD-NC-POCS algorithm, to at least match, if not improve upon, the existing

standard method, in this case the data domain decomposition with FBP, in the conventional

situation, in this case the full scan configuration, before we move on to explore the enabling

capability, if any, associated with the algorithm.

66



5.2 Data generation

5.2.1 Scanning configuration

We simulate data being generated from a standard cone-beam CT (CBCT) on-board imager

(OBI) used in radiation therapy. The CBCT system has a source-to-center-of-rotation dis-

tance of 1000 mm. A linear detector of 400-mm in length is placed 1500 mm away from the

source, consisting of 1024 bins of 0.39 mm in size. The scanning field-of-view (FOV) is thus

formed as a circle of 265 mm in diameter. Further, for the full scan configuration used in

the characterization study in this section, the X-ray tube rotates for a full rotation at the

low KVp (thin, blue line) with 640 projection views evenly distributed over 2π, switches to

the high KVp and rotates for another full rotation (thick, red line) with another 640 projec-

tions views at the same angular positions. Note that while the full-scan configuration in this

characterization study is similar to the one employed in the verification study, the sampling

and physical dimensions used here simulate those in the realistic scanning setting, and are

thus different from those in the verification study. A schematic drawing of the full-scan

configuration is shown in Fig. 5.1 and its physical dimensions are summarized in Table. 5.1.

The data size of the low or high KVp scan in this study is J [1] = J [2] = 640× 1024.

Table 5.1: Physical dimensions of the scan configuration used in the full-scan study.

Physical quantity dimension
source-to-detector distance 1500 mm
source-to-center-of-rotation distance 1000 mm
FOV 265 mm
detector length 400 mm
detector bin size 0.39 mm
detector bin samples 1024
number of views 640
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Figure 5.1: Full-scan configuration in which low (thin, blue line) and high (thick, red line)
KVp scans are performed over a full rotation of 2π each.

5.2.2 Spectra

While the ASD-NC-POCS algorithm can be applicable to multispectral CT with multiple

(S ≥ 2) spectral data sets, we perform the full-scan characterization study using only two

(i.e., S = 2) spectral data sets low (s = 1) and high (s = 2) spectra at 80 and 140 KVp.

Typical X-ray spectra from a X-ray CT tube are generated using the TASMICS worksheet

(v1.0) [126], assuming a tungsten anode and 5-mm-Al filter, and are used as the incident

beam spectrum. The detector-energy response is modeled after an energy-integrating detec-

tor with a linear response. The X-ray spectra, q
[s]
m , are then taken as the product of the

incident spectrum and detector-energy response after normalization. Fig. 5.2 shows the low

(thin, blue line) and high (thick, red line) X-ray spectra at 80 and 140 KVp. No bow-tie

filter is modeled, so the X-ray spectra shown in the figure is the same for all the rays while

generating the data.
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Figure 5.2: Normalized X-ray spectrum q
[s]
m . Low (thin, blue line) and high (thick, red line)

energy spectra at 80 and 140 KVp are used in the verification study.

5.2.3 Phantoms

Two digital phantoms are used in the work, as shown in Fig. 5.3. The first simulates the

standardized dual-energy contrast phantom with iodine and calcium solution inserts [127],

and is referred to as the DE-472 phantom. The second mimics human thoracic anatomy

[110], and is referred to as the lung phantom. The DE-472 phantom contains iodine and

calcium contrast inserts and can particularly characterize the material separation ability of

the proposed reconstruction method for multispectral CT, while the lung phantom simulates

anatomical structures that are more relevant in evaluating the potential of the proposed

ASD-NC-POCS algorithm for patient scans.

Both phantoms are represented on an array of I = 512 × 512 with square pixels of

0.49 mm. Therefore, the imaged subjects are completely within the FOV. Each image-

pixel is labeled with a material type and its density, which can be translated into mass
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Table 5.2: Non-water materials used in the composition of both digital phantoms employed
in the studies. * indicates materials whose mass-attenuation coefficients are not readily avail-
able as tabulated data on NIST website and are thus computed with the XCOM program.

DE-472 phantom Lung phantom
material iodine

solution*
calcium
solution*

lung
tissue

adipose
tissue

skeleton
muscle

cortical
bone

density
(g/ml) 0.002-0.02 0.05-0.6 0.1-0.6 0.88-0.95 1.11-1.21 1.53-2.05

attenuation coefficients at different energy levels. Table 5.2 summarizes the materials used

in the composition of the phantoms, other than water with 1.0 g/ml density. For the lung

phantom simulating various human tissues, the ICRU-44 standard was used for its materials,

and the mass-attenuation coefficients are readily available as tabulated data on the NIST

website [128]. For the DE-472 phantom, the mass-attenuation coefficients of the iodine and

calcium solutions are calculated using the XCOM web program [129], also available on the

NIST website, according to the specifications of the physical GAMMEX 472 Dual Energy

CT phantom [127].

In addition, regions of interest (ROIs) are selected from each phantom for evaluation

purpose and reconstruction parameter determination. For the DE-472 phantom, ROIs are

drawn for each contrast inserts, as well as the two solid water inserts in the inner and outer

circles that appear the same with the background, and two background regions at the center

and in the peripheral. The total 18 ROIs are numbered, as shown in Fig. 5.4a. For the

lung phantom, we instead use material masks to select the ROI. Three ROIs, corresponding

to muscle, bone, and water masks, are selected, as shown in Figs. 5.4b, Figs. 5.4c, and

Figs. 5.4d, respectively.

70



(a) DE-472 phantom (b) lung phantom

Figure 5.3: Monochromatic images of the DE-472 (a) and lung (b) phantoms as evaluated
at 40 KeV, with display window of [-1000, 1000] HU.

5.2.4 Forward model

The DD data model with monochromatic images in equation (2.13), which is prior to the

decomposition step, is used to generate the data as

g
′[s]
j (f ′im) = − ln

∑
m

q
[s]
m exp

(
−
∑
i

a
[s]
ji f
′
im

)
, (5.1)

where q
[s]
m denotes the ray-independent X-ray spectrum (shown in Fig. 5.2), a

[s]
ji the inter-

section length of ray j in spectral set s with voxel i, also the elements in the jth row and ith

column of the X-ray transform (shown in Fig. 5.1) matrix for spectral set s, and f ′im voxel

i of the phantom monochromatic image at energy m. The data model above, instead of

the one used in the verification study with the material decomposition already incorporated,

is employed here in order to include the decomposition errors in the data for the full-scan

characterization study, as such errors are unavoidable in the real data studies.

In addition, Poisson noise is added to data by scaling the spectra to yield φ = 2 × 104
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(a) DE-472 phantom (b) Muscle mask

(c) Bone mask (d) Water mask

Figure 5.4: (a): 18 ROIs within the 16 circular inserts and 2 background areas of the DE-472
phantom numbered and highlighted from 1 to 18; (b), (c), (d): Material masks for the lung
phantom to select ROIs, indicating muscle, bone, and water, respectively.
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photons per ray in the air scan, which is a fluence level comparable to that in a OBI CBCT

scan. As a result, the noisy data is generated according to the formula

g̃
′[s]
j = − ln

∑
m

Poisson

[
φ q

[s]
m exp

(
−
∑
i

a
[s]
ji f
′
im

)]
φ
∑
m

q
[s]
m

. (5.2)

5.3 Image reconstruction

5.3.1 Basis and monochromatic images

We consider a two-basis-material decomposition model for both phantom studies with water

(k = 1) and bone (k = 2). As a result, the DD data model in equation (2.33) can be

re-expressed explicitly as

g[1](b)−∆g[1](b)

g[2](b)−∆g[2](b)

 =

µ̄[1]
1 A

[1] µ̄
[1]
2 A

[1]

µ̄
[2]
2 A

[2] µ̄
[2]
2 A

[2]


b1

b2

 , (5.3)

where b> = (b>1 ,b
>
2 ) and µ̄

[s]
k =

∑
m

q
[s]
m µkm. The data model above is thus used in the

ASD-NC-POCS algorithm for reconstructing water and bone basis images for both phantom

studies.

Using reconstructed basis images bk, along with knowledge of their mass attenuation

coefficients, we can readily obtain monochromatic image fKm by linearly combing the basis

images using equation (2.18) as

fKm =
K∑
k=1

µkmbk. (5.4)

In general, due to the presence of decomposition error, monochromatic image fKm differs from

the linear attenuation coefficient f ′m from which the data are generated.
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5.3.2 ASD-NC-POCS reconstruction

Optimization program

The non-convex optimization program described in Section 3.3 is used for the image recon-

struction in the full-scan characterization study, as

b∗ = argmin
b

∑
k

||bk||TV

s. t. D(g(b),gM) ≤ ε,

b � 0.

(5.5)

As a reminder, the data fidelity constraint is specified by the normalized `2-norm as

D(g(b),gM) =


∑
s

||g[s](b)− g
[s]
M||

2
2∑

s

||g[s]
M||

2
2


1/2

,

and the model data vector g(b) has element

g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
.

Reconstruction parameter

The ASD-NC-POCS algorithm in Algorithm 2 is used for reconstructing water and bone

basis images. The same algorithm parameters as those in the verification study are used as

γ(n) = 0.95 γ(n−1), with γ(1) = 1.0,

α
(n)
k = 0.8α

(n−1)
k , with α(1) = 0.2 ∆

(1)
b ,

NTV = 20,

74



where ∆
(1)
b is the normalized `2 norm of the basis image vector difference before and after

the NC-POCS update in the first iteration.

Program parameters, such as image voxel size, X-ray spectra q
[s]
m , and system matrices

A[s], are selected to match the ones used in data generation, in which these parameters

are already chosen as typically seen in practical applications like OBI CBCT. We note that

in the full-scan characterization study the dimension of system matrices A[1] and A[2] are

identical, as J [1] = J [2] = 640×1024 and I = 512×512. With the determination of program

parameters including image pixel, spectra, and matrices, we now discuss the strategy for the

selection of parameter ε in the characterization study.

Strategy for selection of parameter ε The determination of the parameter ε should be

task-based. In the verification study with consistent data, the task is to verify the algorithm

implementation and its numerical convergence by comparing to the truth images. Therefore,

an infinitesimally small number (ε = 10−8) is selected to form a tight feasible set. For the

characterization study where inconsistent data are used, it is no longer appropriate to set ε

to be close to zero, as it needs to accommodate the inconsistencies between the measured,

or generated, data and the model data. Instead, we propose to design evaluation metrics

that are pertinent to the specific task of interest, and sample the metrics in the parameter

space of ε to determine an optimal value for ε. In this study, we demonstrate how ε can be

selected by designing the metrics below. We stress that it is by no mean a validation of the

utility of the proposed optimization method for multispectral CT, nor is it a validation of

the metrics used.

Because data are generated directly from linear attenuation coefficient f ′m, we have no

truth basis images in the characterization study, from which the reconstruction-error metric

can be calculated. Instead, we design metrics based upon monochromatic images fm for

determination of parameter ε. We select R regions of interest (ROIs) in a monochromatic
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image and calculate the “biases” and “standard deviations” within the ROIs as,

θrm =
1

Ir

∑
i

|fKim − f
′
im| (5.6)

and

σrm =

(
1

Ir − 1

∑
i

|fKim − θrm|
2

)1
2

, (5.7)

where i ∈ Ir and Ir depicts the number of pixels within ROI r. Using θrm and σ2
rm computed

at energies m1 and m2, we form two metrics for determination of parameter ε

Θ =
1

R

∑
r

(
θ2
rm1

+ θ2
rm2

)1
2

(5.8)

and

Σ =
1

R

∑
r

(
σ2
rm1

+ σ2
rm2

)1
2
. (5.9)

For each phantom in the full-scan characterization study, we form monochromatic images

fm at m1 = 80 KeV and m2 = 140 KeV from reconstructed basis images for a number of ε

values, compute Θ and Σ from the images, and then select ε that yields lowest Θ and Σ.

Practical convergence conditions We design practical convergence conditions for the

full-scan characterization study as

D̄(b(n)) < 10−3, (5.10)

∆̄Ψ(b(n)) < 10−3, (5.11)

cα(b(n)) < −0.5. (5.12)

The practical convergence conditions are looser than those in the verification study, as de-

composition error and data noise need to be taken into consideration. In addition, our
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previous experiences with the conventional ASD-POCS algorithm indicate that the third

condition can often be relaxed to −0.5, instead of −0.99, with only imperceptible changes

to the images [68, 69]. Using equation (5.4), we compose monochromatic image f
K(n)
m at

iteration n. Also, in the simulation study, we have knowledge of truth monochromatic image

f ′m and can thus calculate reconstruction-error metric

∆̄f (f
K(n)
m ) =

||fK(n)
m − f ′m||2
||f ′m||2

, (5.13)

which is the normalized `2-distance between the truth and reconstructed monochromatic

images at energy m.

5.3.3 FBP reconstruction

In the full-scan characterization study, the ray-consistency condition for the data domain

decomposition method is actually satisfied, in that each ray has both measurements with low

and high KVp spectrum. As a result, we decompose the measured data into water and bone

basis sinogram first and then reconstruct basis images directly from the basis sinogram using

analytic-based FBP-like reconstruction algorithm. The basis and monochromatic image

results, referred to as FBP images, from this method are taken as the benchmark and

compared to those reconstructed using the ASD-NC-POCS algorithm, referred to as ASD-

NC-POCS images.

Decomposition

We use a fix-point algorithm [102] to decompose measured sinogram to basis sinogram.

First, we use Lkj to denote the basis sinogram of material k at ray j that has overlapping

measurements from both spectral sets, which are simply the X-ray transform of the basis
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image, as

Lkj =
∑
i

a
[s]
ji bki. (5.14)

Then, the DD data model in equation (2.30) can be re-expressed as a function of basis

sinogram as

g
[s]
j (Lkj) = ḡ

[s]
j (Lkj) + ∆g

[s]
j (Lkj), (5.15)

where

ḡ
[s]
j (Lkj) =

∑
k

µ̄
[s]
jkLkj (5.16)

and

∆g
[s]
j (Lkj) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

∆µ
[s]
jkm Lkj

)
. (5.17)

In this full-scan study under consideration with two spectral sets (S = 2) and two basis

materials (K = 2), we can re-write equation (5.15) as

g[1]
j (L1j , L2j)−∆g

[1]
j (L1j , L2j)

g
[2]
j (L1j , L2j)−∆g

[2]
j (L1j , L2j)

 =

µ̄[1]
1 µ̄

[1]
2

µ̄
[2]
2 µ̄

[2]
2


L1j

L2j

 . (5.18)

An update step of the fix-point algorithm can therefore be derived as, for the nth iteration,

L(n)
1j

L
(n)
2j

 =

µ̄[1]
1 µ̄

[1]
2

µ̄
[2]
2 µ̄

[2]
2


−1g[1]

Mj −∆g
[1]
j (L

(n−1)
1j , L

(n−1)
2j )

g
[2]
Mj −∆g

[2]
j (L

(n−1)
1j , L

(n−1)
2j )

 (5.19)

where L
(0)
1j and L

(0)
2j can take all zeros or simply from a “warm” start as

L(0)
1j

L
(0)
2j

 =

µ̄[1]
1 µ̄

[1]
2

µ̄
[2]
2 µ̄

[2]
2


−1g[1]

Mj

g
[2]
Mj

 . (5.20)

By definition, a converged solution for the fix-point algorithm for data decomposition is
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achieved when there is no changes between the consecutive update steps, and the resulting

basis sinogram are to be reconstructed into basis images.

Reconstruction

Analytic-based reconstruction algorithm, such as filtered-backprojection (FBP), is used to

reconstruct basis images from basis sinogram. Equation (5.14) models the basis sinogram as

a simply X-ray transform of the basis image. In the full-scan characterization study where

angular samples are collected densely and uniformly around 2π, the FBP-like algorithm,

with a smoothing Hanning window [4], should reconstruct basis images with reasonably

good quality.

5.4 Study results

5.4.1 FBP reconstruction

Convergence plots

We first show in Fig. 5.5 the convergence plot of the fix-point algorithm used in the data

domain decomposition. Using the lung phantom data as an example, the relative error

between two consecutive updates are plotted as a function of iteration number n. It is

shown that after about 60 iterations, the changes in the consecutive updates are almost zero

(only at the computer precision level), indicating that the algorithm finds the ”fixed-point”

at about iteration 60. The result from the DE-472 phantom is consistent with Fig. 5.5.

Reconstructed images

Next, we show reconstructed basis images by use of FBP-like algorithm and their monochro-

matic energy images for both phantoms. A separate ROI for each phantom is selected and
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Figure 5.5: Relative error between consecutive updates as a function iteration n, using the
fix-point algorithm for the data domain decomposition of the lung phantom data in the full-
scan characterization study. L denotes the vector concatenated from the two basis sinogram
vector L1 and L2.

zoomed-in for better visualization of the results. Further, for more quantitative analysis,

profiles of monochromatic images composed from the basis images are plotted and compared

to those from the truth monochromatic images.

DE-472 phantom results In Fig. 5.6, we display reconstructed basis images and their

zoomed-in views of ROI images enclosed by the red rectangular boxes indicated in the full-

size images in row 1, which contains two contrast inserts with the lowest concentration of

iodine and calcium in the phantom and two air bubbles. The water and bone basis images

are well decomposed by use of the data domain decomposition method, with the uniform

water background appearing bright in the water basis image and almost all contrast inserts

bright in the bone basis image. The ROI images show a significant noise level in both images,

even with a smoothing Hanning window in the FBP-like reconstruction. The noise level is

likely amplified in the data domain decomposition step, as the correlation between low and
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 5.6: Water and bone basis FBP images (row 1) and zoomed-in views of ROI images
(row 2) enclosed by red boxes in row 1, from full-scan data of the DE-472 phantom, with a
display windows of [0, 1.5] for both rows.

high KVp sinogram are not considered in the decomposition.

Fig. 5.7 shows the monochromatic images at 40 and 120 KeV, the two energy levels

that are often used for contrast enhancement and artifacts reduction, respectively, and their

zoomed-in views of the same ROI as in Fig. 5.6. No significant cupping or banding artifacts

are visible in the monochromatic images. Their ROIs, with a narrow display window of

[-500, 500] HU, show both contrast inserts in the 40-KeV ROI image (Fig. 5.7c), but only

the calcium insert in the 120-KeV one (Fig. 5.7d). Further, the air bubbles are obscured by

the high noise level in both images and are not visible in either ROI image.

Fig. 5.8 shows the profile plots along the horizontal yellow line on the monochromatic

images in row 1 of Fig. 5.7, for quantitative assessment of the FBP reconstruction. An overall
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 5.7: 40 and 120 KeV monochromatic FBP images (row 1) and their zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from full-scan
data of the DE-472 phantom, with display windows of [-1000, 1000] HU (row 1) and [-500,
500] HU (row 2).
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Figure 5.8: Profiles of FBP reconstructed (blue dashed) and truth (black solid) monochro-
matic images at 40 and 120 KeV along the horizontal yellow line indicated in row 1 of Fig. 5.7
from full-scan data of the DE-472 phantom
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 5.9: Water and bone basis FBP images (row 1) and zoomed-in views of ROI images
(row 2) enclosed by red boxes in row 1, from full-scan data of the lung phantom, with a
display windows of [0, 1.5] for both rows.

agreement in pixel HU values between the FBP reconstructed and truth monochromatic

images at 40 and 120 KeV can be observed, although the high noise level present in the

images prevents from further analysis of the quantitative accuracy from the profile plots.

Lung phantom results Similar to the DE-472 phantom results, we first display in Fig. 5.9

reconstructed basis images and their zoomed-in views of ROI images enclosed by the red

rectangular boxes indicated in the full-size images in row 1 of the lung phantom results. The

water and bone basis images are well separated, with the water image retaining most of the

soft tissue structures and bone image the bony structures. The zoomed-in ROI images show

complete decomposition of the two basis material, as the ribs on the right edge of the water

ROI image (Fig. 5.9c) appear dark. However, it also shows some noise level in the dark
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 5.10: 40 and 120 KeV monochromatic FBP images (row 1) and their zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9, from full-scan
data of the lung phantom, with display windows of [-1000, 1000] HU (row 1) and [-500, 500]
HU (row 2).
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Figure 5.11: Profiles of FBP reconstructed (blue dashed) and truth (black solid) monochro-
matic images at 40 and 120 KeV along the vertical yellow line indicated in row 1 of Fig. 5.10
from full-scan data of the lung phantom

84



background of the water basis image.

Monochromatic images at 40 and 120 KeV and their zoomed-in views of the same ROI

as in Fig. 5.9 are shown in Fig. 5.10. The bone contrast in the 40 KeV image (Fig. 5.10a) is

visibly higher than the 120 KeV one, displayed with a same display window of [-1000, 1000]

HU. No significant cupping or banding artifacts are visible in either images. Their ROIs

are shown with a narrow display window of [-1000, 200] HU to highlight the lung nodules

in the dark background. While the big nodules are visible in both ROI images, some tiny

ones are buried in the noise. Fig. 5.11 shows the profile plots along the vertical yellow line

on the monochromatic images in row 1 of Fig. 5.10. A good agreement in pixel HU values

between the FBP reconstructed and truth monochromatic images at both energy levels can

be observed.

5.4.2 ASD-NC-POCS reconstruction

Demonstration of reconstruction convergence

We first use a reconstruction from the DE-472 phantom data of the full-scan configuration

to demonstrate that the practical convergence conditions in equations (5.10)-(5.12) can be

met by the ASD-NC-POCS algorithm. The reconstruction is carried out with ε = 0.0170,

and we display in Figs. 5.12 and 5.13 convergence metrics D̄(b(n)), ∆̄Ψ(b(n)), and cα(b(n)),

and the reconstruction-error metric ∆̄f (f
(n)
m ), as functions of iteration number n. It can be

observed that the ASD-NC-POCS algorithm converges to meet the practical convergence

conditions.

Selection of parameter ε

For each of DE-472 and lung phantoms, we perform reconstructions from its data by using

the ASD-NC-POCS algorithm for multiple values of ε, calculate metrics Θ and Σ, as defined
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Figure 5.12: Convergence metric D̄(b(n)) and reconstruction-error ∆̄f (f
(n)
m ) of 80-KeV

monochromatic image as functions of iteration number n, obtained with ε = 0.0170 for
the DE-472 phantom data in the full-scan characterization study.
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Figure 5.13: Convergence metrics ∆̄Ψ(b(n)) and cα(b(n)) as functions of iteration number
n, obtained with ε = 0.0170 for the DE-472 phantom data in the full-scan characterization
study.
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in equations (5.8) and (5.9), from ROIs in monochromatic energy reconstructions at 80 and

120 KeV, and select the value of ε that yields the lowest Θ and Σ. Using the strategy, we

have determined ε = 0.0170 and ε = 0.0111 in the characterization study using the DE-472

and lung phantoms, respectively.

Reconstructed images

Using the program parameters, i.e., image pixel, spectra, matrices A[s], and ε, determined,

we reconstructed basis and monochromatic images of the DE-472 and lung phantoms.

DE-472 phantom results In Fig. 5.14, we display reconstructed basis images and their

zoomed-in ROI images from the full-scan data of the DE-472 phantom. In Fig. 5.15, we

display the monochromatic images at 40 and 120 KeV and their zoomed-in ROI images.

The profiles plots of the monochromatic images are shown in Fig. 5.16.

Lung phantom results In Fig. 5.18, we display reconstructed basis images and their

zoomed-in ROI images from the full-scan data of the lung phantom. In Fig. 5.19, we display

the monochromatic images at 40 and 120 KeV and their zoomed-in ROI images. The profiles

plots of the monochromatic images are shown in Fig. 5.20.

Analysis The water-basis image retains mostly the water and soft-tissue background, while

high contrast inserts and bony structures appear largely in the bone-basis image. No signif-

icant cupping or band artifacts are visible in the monochromatic images, especially for the

DE-472 phantom that contains high concentration iodine and calcium inserts. ROIs of the

DE-472 phantom with a narrow display window show air-bubble contrast and discernible

contrast inserts with the lowest concentration of iodine and calcium in the phantom. Mean-

while, ROIs of the lung phantom show details of the lung nodules in the dark background,

with a display window to highlight these features.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 5.14: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from full-scan
data of the DE-472 phantom, with a display windows of [0, 1.5] for both rows.

For acquiring a quantitative impression of the reconstructions, we also plot in Figs. 5.16

and 5.20 profiles of truth and reconstructed monochromatic images along the horizontal

and vertical lines indicated in the Figs. 5.7 and 5.10. Overall, quantitative agreement in

monochromatic images is observed for both phantoms, while some Gibbs effect can be ob-

served in reconstructions of the DE-472 phantom, and the profiles reveal that the 40-KeV

monochromatic images are of contrast higher than that of the 120-KeV counterparts.

It is of practical interest in inspecting how the reconstruction of monochromatic image

evolves as iterations increase. Without loss of generality, we show in Figs. 5.17 and 5.21

reconstructions of 120-KeV monochromatic image at intermediate iterations for both phan-

toms. It appears that reconstructions at as early as iteration 50 can visually resemble the
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 5.15: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6,
from full-scan data of the DE-472 phantom, with display windows of [-1000, 1000] HU (row
1) and [-500, 500] HU (row 2).
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Figure 5.16: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.7
from full-scan data of the DE-472 phantom
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respective convergent reconstructions. Similar observations can also be made for monochro-

matic energy images reconstructed at other energies.

5.5 Discussion

In this chapter, we have characterized the optimization-based reconstruction by using in-

consistent simulation data from a full-scan configuration. Decomposition error and statis-

tical noise were the two sources of inconsistencies in this characterization study, which are

regarded as the dominant factors in multispectral CT reconstruction. The full-scan config-

uration was first employed in order to provide sufficient sampling conditions and to serve

as the benchmark for non-standard scan configurations investigated in the next chapter.

Further, an existing method including the data domain decomposition can be applied to the

full-scan data that satisfied the ray-consistency condition, and be compared to the proposed

method. The results suggest that converged solution to the optimization program might be

obtained by using the ASD-NC-POCS algorithm. The reconstructed basis images showed

good material separation, indicating the effectiveness of the decomposition model and the

non-linear update step in the one-step reconstruction approach. Further, the monochromatic

images were in good quantitative agreement with the truth images. Compared to the existing

method using the data-domain decomposition and FBP-like algorithm, the ASD-NC-POCS

algorithm can reconstruct images with suppressed noise levels in the images, especially for

images with more uniform background and features. The intermediate iteration results for

both phantoms suggest that images from iterations as early as 50 can already visually resem-

ble the converged solutions, indicating application potential of the ASD-NC-POCS algorithm

to practical situations.

Additional inconsistencies can be incorporated into the forward model to generate data

that are closer to the real data. For example, estimated X-ray spectra data [130], instead of

the exact ones used in generating the data, can be fed into the reconstruction. For real data
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(a) iteration 2 (b) iteration 10

(c) iteration 30 (d) iteration 50

(e) iteration 110 (f) f120KeV

Figure 5.17: 120-KeV monochromatic images of the DE-472 phantom from full-scan data at
iterations 2, 10, 30, 50, and 110, along with the convergent reconstructions f120KeV. Display
window: [-1000, 1000] HU.

92



(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 5.18: Water and bone basis images (row 1) and zoomed-in views of ROI images (row
2) enclosed by boxes in row 1 from full-scan data of the DE-472 phantom, with a display
windows of [0, 1.5] (row 1).
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 5.19: 40- and 120-KeV monochromatic images (row 1) and their zoomed-in views of
ROI images (row 2) enclosed by boxes in row 1, from full-scan data of the DE-472 phantom,
with display windows of [-1000, 1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 5.20: Profiles of reconstructed (blue dashed) and truth (black solid) monochromatic
images at 40- and 120-KeV along the horizontal indicated in row 1 of Fig. 5.19 from full-scan
data of the DE-472 phantom
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(a) iteration 2 (b) iteration 10

(c) iteration 30 (d) iteration 50

(e) iteration 110 (f) f120KeV

Figure 5.21: 120-KeV monochromatic images of the lung phantom from full-scan data at
iterations 2, 10, 30, 50, and 110, along with the convergent reconstructions f120KeV. Display
window: [-1000, 1000] HU.
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from a CT scanner, we often do not have the exact X-ray spectra of the system, which is

the product of the incident X-ray beam and the detector energy response. Data can also be

generated from a continuous-to-discrete model, causing potentially partial-volume effects in

the image. Further, scattering would contaminate the data in a cone-beam geometry with

a flat panel detector. Meanwhile, algorithms are available to decompose the measured KVp

sinogram into basis sinogram more efficiently and handles the noise better with weighting

schemes [82].
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CHAPTER 6

NON-STANDARD SCAN CONFIGURATION SIMULATION

STUDY

6.1 Introduction

One of the main goals of this dissertation work is to make multispectral CT applications

more accessible, through enabling multispectral scan configurations with conventional CT

systems. As we have demonstrated in the full-scan characterization study, multiple spectral

data sets can be collected using a regular X-ray tube at different KVp’s and a conventional

energy-integrating detector, and reconstructed into basis images and monochromatic images.

However, the full-scan configuration might not be desirable for clinical applications, since

it almost doubles the radiation dose to the patient and the total scanning time, compared

to a conventional CT scan. As a result, we propose four non-standard scan configurations,

enabled by the ASD-NC-POCS algorithm, that might be of practical interest in multispectral

CT.

One-step inversion approach for multispectral CT reconstruction gets rid of the ray-

consistency condition when dealing with the non-linear model and no longer requires multiple

measurements to be made for one ray with different X-ray spectra, as it combines the decom-

position and reconstruction together. Consequently, we can design flexible configurations on

how the multispectral data can be acquired, which are not possible with other methods

where decomposition and reconstruction are treated as two isolated problems. In this work,

the proposed optimization-based reconstruction method, especially the ASD-NC-POCS al-

gorithm, is used and taken advantage of to enable the non-standard scan configurations for

multispectral CT.

The non-standard scan configurations, categorized into two groups, are studied and char-

acterized in this chapter. The first group of scan configurations involves changing the firing
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patterns of the X-ray tube, compared to the full-scan configuration, and is thus referred to as

the configurations with varying angular coverage. More sparse firing patterns are proposed,

so that both dose and time can be reduced. The second group involves modification to the

X-ray beam’s illumination coverage at each projection and is referred to as the configura-

tions with varying illumination coverages. Similarly, with reduced illumination coverages,

the radiation dose is expected to be lowered as well.

Based on the full-scan characterization study in the previous chapter, we carry out the

characterization studies with non-standard scan configurations, so that the scan configuration

is the only variable and that the full-scan results can be used as the benchmark reference.

Therefore, inconsistent data are generated from two digital phantoms, according to each

configuration, and are reconstructed using the ASD-NC-POCS algorithm to basis image and

monochromatic images for evaluation.

6.2 Study design

6.2.1 Data generation

Physical scanning configuration

Different scan configurations are being investigated in this chapter, but they all assume a

2D fan-beam geometry based on a OBI CBCT unit, with the same physical dimensions as

used in the full scan. The source-to-center-of-rotation and source-to-detector distances are

1000 mm and 1500 mm, respectively, and a linear detector of 400 mm consisting of 1024

bins of 0.39 mm bin size is used. Table 6.1 summarizes the physical dimensions shared in all

studies.
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Table 6.1: Physical dimensions of the non-standard scan configurations.

Physical quantity dimension
source-to-detector distance 1500 mm
source-to-center-of-rotation distance 1000 mm
FOV 265 mm
detector length 400 mm
detector bin size 0.39 mm

Spectra

Low and high KVp spectra at 80 and 140 KVp are used. Incident beam spectra are generated

using the TASMICS worksheet and combined with the linear detector-energy response. A

single X-ray spectra at each KVp is assumed for all rays in the spectral set, as no bow-tie

filter, hence ray-dependence of the spectrum, is simulated. Fig. 6.1 shows the low (thin, blue

line) and high (thick, red line) spectra after normalization.
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Figure 6.1: Normalized X-ray spectrum q
[s]
m . Low (thin, blue line) and high (thick, red line)

energy spectra at 80 and 140 KVp are used in the verification study.
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(a) DE-472 phantom (b) lung phantom

Figure 6.2: Monochromatic images of the DE-472 (a) and lung (b) phantoms as evaluated
at 40 KeV, with display window of [-1000, 1000] HU.

Phantoms

The DE-472 phantom and lung phantom are used in the studies. Both phantoms are on

a 512 × 512 array with 0.49-mm square pixels. The materials used in the phantoms are

summarized in Table 5.2, while the phantoms are illustrated in Fig. 6.2.

Forward model

The DD data model with the monochromatic images in equation (2.13) is combined with

the Poisson noise realization to generate the data as

g̃
′[s]
j = − ln

∑
m

Poisson

[
φ q

[s]
m exp

(
−
∑
i

a
[s]
ji f
′
im

)]
φ
∑
m

q
[s]
m

, (6.1)

where the fluence level φ is scaled individually for each non-standard scan configuration to

match the total dose level with the full-scan characterization study. For example, if a sparse-
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view configuration is used with half the views from the full-scan configuration for each KVp

scan, the fluence level is doubled from 2× 104 to 4× 104 photons per ray in the air scan.

6.2.2 Image reconstruction

We use the same reconstruction method as used in the full-scan characterization method.

The non-convex optimization program is used for the image reconstruction as

b∗ = argmin
b

∑
k

||bk||TV

s. t. D(g(b),gM) ≤ ε,

b � 0,

(6.2)

where

D(g(b),gM) =


∑
s

||g[s](b)− g
[s]
M||

2
2∑

s

||g[s]
M||

2
2


1/2

,

and

g
[s]
j (b) = − ln

∑
m

q
[s]
jm exp

(
−
∑
k

µkm
∑
i

a
[s]
ji bki

)
.

The ASD-NC-POCS algorithm in Algorithm 2 is used for reconstructing water and bone

basis images, with the same algorithm parameters adopted in the full-scan study. Program

parameters, such as image voxel size and X-ray spectra, are identical to those used in the

data generation. The system matrices A[s] are different for each individual non-standard

scan configuration, and will be discussed in each respective configuration. The data fidelity

parameter ε is determined by use of the same strategy used in the full-scan study and

described in Section 5.3.2. To summarize, “biases” and “standard deviations” within pre-

defined ROIs for each phantom are calculated based on reconstructed monochromatic images
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at 80 and 140 KeV, according to equations (5.6)-(5.9), for a number of ε values and the ε

that yields the lowest Θ and Σ is selected.

In addition, the same practical convergence conditions are employed here as those in the

full-scan characterization studies, since the same types of inconsistencies, i.e., decomposition

error and statistical noise, are considered. Namely, the conditions are

D̄(b(n)) < 10−3, (6.3)

∆̄Ψ(b(n)) < 10−3, (6.4)

cα(b(n)) < −0.5. (6.5)

6.3 Configurations with varying angular coverages

We first consider two non-standard scan configurations with varying angular coverages, re-

ferred to as the sparse-view and limited-angular-range configurations. In both cases, a re-

duced set of X-ray firing positions compared to the full-scan configuration is used, while the

illumination coverage at each view is still the same. More importantly, the implementation

of the two configurations does not require any hardware addition to existing CT systems

with a conventional X-ray tube and an energy-integrating detector.

6.3.1 Sparse-view scan

Study parameters

In the sparse-view configuration, each of the low- and high-KVp data sets still has the

same 2π coverage as in the full-scan case, but are sparsely sampled with 320 views evenly

distributed. Instead of overlapping rays, the view angles from low- and high-KVp scans

interlace with each other, as schematically shown in Fig. 6.3. This is equivalent to down-

sampling from the full-scan configuration with alternating selections from the two KVp scans,
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Figure 6.3: Sparse-view scan configurations where low- (thin, blue dot) and high- (thick, red
dot) KVp data are collected at two sets of interlaced sparse views uniformly distributed over
2π.

e.g., views 0, 2, 4, ... from low KVp and views 1, 3, 5, ... from high KVp. Such configuration

is of potential clinical interest for enabling fast and low-dose multispectral CT applications,

while not requiring strict spatial registration of low- and high-KVp rays.

Dose reduction is one of the motivations for enabling the sparse-view scan configuration.

However, for the purpose of characterizing the configuration and comparing to the full-scan

benchmark, the statistical noise is kept the same in this study and we focus on any potential

problems from sampling conditions. As a result, the fluence level is set at 4 × 104 photons

per ray.

System matrices A[1] and A[2] are of identical dimensions with J [1] = J [2] = 320× 1024

and I = 512×512. Using the same strategy detailed in the full-scan characterization study in

Section 5.3.2, we select ε = 0.0116 and 0.008, respectively, for the DE-472 and lung phantom

studies below.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.4: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views (row
2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from sparse-view-scan
data of the DE-472 phantoms, with a display windows of [0, 1.5] for both rows.

Study results

We show in Figs. 6.4 and 6.5 reconstruction results of basis and monochromatic, respectively,

images for the DE-472 phantom from data acquired with the sparse-view configuration, and

Figs. 6.7 and 6.8 reconstruction results for the lung phantom from sparse-view scan data.

Reconstructed basis images and monochromatic images at 40 and 120 KeV visually resemble

their counterparts obtained from the full-scan data. Both basis images of each phantom show

clear material separation, and the monochromatic images display an uniform background and

no visible artifacts caused by non-linear spectral effect.

In addition to reconstruction visualization, we also plot in Figs. 6.6 and 6.9 profiles of

the reconstructed and truth monochromatic images along the same horizontal and vertical
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.5: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6,
from sparse-view-scan data of the DE-472 phantoms, with display windows of [-1000, 1000]
HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.6: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.7
from sparse-view-scan data of the DE-472 phantoms
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.7: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views (row
2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9, from sparse-view-scan
data of the lung phantoms, with a display windows of [0, 1.5] for both rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.8: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9,
from sparse-view-scan data of the lung phantoms, with display windows of [-1000, 1000] HU
(row 1) and [-500, 500] HU (row 2).
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Figure 6.9: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.10
from sparse-view-scan data of the lung phantoms
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lines indicated in the full-scan result in Figs. 5.7 and 5.10. It can be observed that for

sparse-view-scan configuration, the agreement of monochromatic images reconstructed with

the truth counterparts is comparable to that for the full-scan configuration in Fig. 5.20.

6.3.2 Limited-angular-range scan

Study parameters

In the limited-angular-range configuration, as shown in Fig. 6.10, each of the two adjacent

angular spans covers 98◦, thus forming a total of 196◦-angular range, which corresponds

to a short-scan angular range in this simulated OBI CBCT geometry under consideration.

Low- or high-KVp data are generated individually at 174 views uniformly distributed over

each of the two angular ranges, with a linear detector identical to that in the sparse-view

configuration. Such configuration reduces the radiation dose and scan time significantly,

compared to the full-scan configuration. More importantly, the reduced angular range makes

it workflow-friendly and a viable option in clinical settings such as interventional radiology

rooms.

The fluence level is set at 7.36× 104 photons per ray to match the total dose level with

the full-scan configurations. System matrices A[1] and A[2] are of identical dimensions with

J [1] = J [2] = 174 × 1024 and I = 512 × 512. Again, using the strategy described in the

full-scan study , we select ε = 0.0085 and 0.0064, respectively, for the DE-472 and lung

phantom studies below.

Study results

We show in Figs. 6.11 and 6.12 reconstruction results of basis and monochromatic, respec-

tively, images for the DE-472 phantom from data acquired with the limited-angular-range

configuration, and Figs. 6.14 and 6.15 reconstruction results for the lung phantom from

108



Figure 6.10: Limited-angular-range scan configurations, where low- (thin, blue line) and
high- (thick, red line) KVp data are collected over two adjacent limited-angular ranges.

limited-angular-range scan data. Basis images and monochromatic image at 40 KeV for the

DE-472 phantom show visible artifacts, due to the poor conditioning of the DD-data model

for the limited-angular-range scan considered and the presence of high-concentration calcium

and iodine inserts in the phantom. The monochromatic image at 120 KeV, as expected, re-

veals less artifacts. On the other hand, basis images and monochromatic images for the lung

phantom appear to have artifacts much less prominent than those for the DE-472 phantom.

In addition to reconstruction visualization, we also plot in Figs. 6.13 and 6.16 profiles of

the reconstructed and truth monochromatic images along the same horizontal and vertical

lines indicated in the full-scan results in Figs. 5.15 and 5.19, which reveal quantitatively their

differences. The lung-phantom reconstructions agree reasonably well with their truths for

both configurations, whereas some differences between the DE-phantom reconstructions and

truth counterparts can be observed especially for the limited-angular-range configuration.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.11: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from limited-
angular-range-scan data of the DE-472 phantoms, with a display windows of [0, 1.5] for both
rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.12: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6,
from limited-angular-range-scan data of the DE-472 phantoms, with display windows of
[-1000, 1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.13: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.7
from limited-angular-range-scan data of the DE-472 phantoms
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.14: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9, from limited-
angular-range-scan data of the lung phantoms, with a display windows of [0, 1.5] for both
rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.15: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9,
from limited-angular-range-scan data of the lung phantoms, with display windows of [-1000,
1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.16: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.10
from limited-angular-range-scan data of the lung phantoms
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6.4 Configurations with varying illumination coverages

We consider two additional configuration with varying illumination coverages, referred to as

the split- and block-illumination configurations. The illumination coverage of the beam is

reduced at each view, while the firing pattern of the X-ray tube is kept the same.

6.4.1 Split-illumination scan

Study parameters

Figure 6.17: Split-illumination scan configuration, where low- (thin, blue line) and high-
(thick, red line) KVp data are collected with two adjacent illumination coverages at each of
the views uniformly distributed over 2π.

In the split-illumination configuration, the linear detector of 1024 bins and 400-mm length

is divided into two adjacent segments of equal length with 512 bins and 200-mm length, as

shown in Fig. 6.17. The low- and high-KVp beam illuminates each half of the two segments

on the detector. As a result, system matrices A[1] and A[2] are of identical dimensions

J [1] = J [2] = 640 × 512 and I = 512 × 512. Using the same strategy, we select ε = 0.0118
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.18: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from split-
illumination-scan data of the DE-472 phantoms, with a display windows of [0, 1.5] for both
rows.

and 0.008, respectively, for the DE-472 and lung phantom studies below.

Study results

We show in Figs. 6.18 and 6.19 reconstruction results of basis and monochromatic, respec-

tively, images for the DE-472 phantom from data acquired with the split-illumination con-

figuration, and Figs. 6.21 and 6.22 reconstruction results for the lung phantom from split-

illumination scan data. For the DE-472 phantom, basis images and monochromatic image at

40 KeV show some visible artifacts, while the monochromatic image at 120 KeV reveals less

artifacts. Conversely, basis images and monochromatic images for the lung phantom appear
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.19: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6,
from split-illumination-scan data of the DE-472 phantoms, with display windows of [-1000,
1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.20: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.7
from split-illumination-scan data of the DE-472 phantoms
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.21: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9, from split-
illumination-scan data of the lung phantoms, with a display windows of [0, 1.5] for both
rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.22: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9,
from split-illumination-scan data of the lung phantoms, with display windows of [-1000, 1000]
HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.23: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.10
from split-illumination-scan data of the lung phantoms
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to reveal little artifacts. In addition, we also plot in Figs. 6.20 and 6.23 profiles of the re-

constructed and truth monochromatic images along the same horizontal and vertical lines in

the full-scan results. It can be observed that while some quantitative difference between the

reconstructed and truth monochromatic images for the DE-472 phantom can be observed,

the truth and reconstructed monochromatic images agree reasonably well quantitatively for

the lung phantom.

6.4.2 Block-illumination scan

Figure 6.24: Block-illumination scan configurations, where low- (thin, blue line) and high-
(thick, red line) KVp data are collected with multiple adjacent alternating illumination
coverage at each of the views uniformly distributed over 2π.

Study parameters

In the block-illumination configuration, the linear detector is divided into two sets of inter-

laced, adjacent detector blocks of equal length, as shown in Fig. 6.24. Each detector block

consists of 32 bins and 12.5-mm length. The low- or high- KVp beam illuminates one of
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the two sets of detector blocks, respectively. Therefore, system matrices A[1] and A[2] are of

identical dimensions J [1] = J [2] = 640×512 and I = 512×512. Using the same strategy, we

select ε = 0.0121 and 0.0089, respectively, for the DE-472 and lung phantom studies below.

Study results

We show in Figs. 6.25 and 6.26 reconstruction results of basis and monochromatic, respec-

tively, images for the DE-472 phantom from data acquired with the block-illumination con-

figuration, and Figs. 6.28 and 6.29 reconstruction results for the lung phantom from block-

illumination scan data. Based upon the reconstruction results, observations similar to those

for the split-illumination configuration can be made.

6.5 Discussion

In this chapter, we have investigated four non-standard scan configurations for acquiring

multispectral CT data using simulation studies with inconsistent data. The non-standard

configurations include different designs of scanning angular coverage and illumination cover-

age, each of which acquires only a port of the data from full-scan configuration. Therefore,

these characterization studies with inconsistent data were continuations of the full-scan char-

acterization study, which was used for benchmark reference, and the design of the studies

mostly followed that of the full-scan study as well. The new configurations were considered

because they can readily be implemented on a conventional CT scanner employing regular

X-ray tubes and energy-integrating detectors, without invoking significant hardware addi-

tions or modifications to the scanner. The study results suggest that these configurations

considered here can be enabled by the ASD-NC-POCS algorithm to yield monochromatic

images comparable to those of the full-scan configuration.

The enabling effectiveness of the algorithm depends upon a number of factors, including

sampling conditions and their impact on the data-model conditioning for a specific configura-
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.25: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6, from block-
illumination-scan data of the DE-472 phantoms, with a display windows of [0, 1.5] for both
rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.26: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.6,
from block-illumination-scan data of the DE-472 phantoms, with display windows of [-1000,
1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.27: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.7
from block-illumination-scan data of the DE-472 phantoms
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 6.28: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9, from block-
illumination-scan data of the lung phantoms, with a display windows of [0, 1.5] for both
rows.
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(a) 40-KeV image (b) 120-KeV image

(c) 40-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 6.29: 40- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 5.9,
from block-illumination-scan data of the lung phantoms, with display windows of [-1000,
1000] HU (row 1) and [-500, 500] HU (row 2).
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Figure 6.30: Profiles of ASD-NC-POCS reconstructed (blue dashed) and truth (black solid)
monochromatic images at 40 and 120 KeV along the horizontal indicated in row 1 of Fig. 5.10
from block-illumination-scan data of the lung phantoms
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tion, appropriateness of spectra used, anatomy complexity of subjects imaged, decomposition

error, and data noise. In the presence of data inconsistencies such as decomposition error and

statistical noise, it can be observed that banding artifacts near high contrast structures in

DE-472-phantom images appear stronger understandably for the limited-angular-range con-

figuration than for other configurations, suggesting that the effectiveness of the algorithm in

enabling, e.g., a configuration with a considerably limited angular-range, decreases relative

to that for other configurations. Additional image constraints other than the image-TV

constraint can also be incorporated into the programs, which can be helpful in reducing the

banding artifacts. For example, appropriate constraints on the basis component value pairs

may be imposed to improve image reconstruction in multispectral CT [120]. On the other

hand, the results show that reconstructions of the lung phantom appear to be robust for

the configurations considered. Moreover, despite some visual artifacts, the monochromatic

images obtained are quantitatively accurate and in good agreement with the truth.

Further investigations can include optimizing the design of the non-standard configura-

tions. For the varying angular coverage configurations, we can further increase the sparsity

of the view sampling, i.e., having less views for each KVp scan, in the sparse-view scan.

Or else, we can increase the total angular coverage of the limited-angular-coverage scan to

2π or even large than 2π, as we will investigate in the next chapter. For the two varying

illumination coverage configurations, the splitting location can be different than the exact

middle point of the detector for the split-illumination scan. As a matter of fact, practical

implementation of the configuration by blocking the beam in half often would not result in

an exact middle point. For the block-illumination, the block size can be changed to evaluate

its impact to the reconstruction results. It shall be noted that, by inserting beam block-

ers to realize the varying-illumination-coverage configurations, the spectra separation of the

different spectra is different than what was modeled in the studies here. The “low” and

“high” spectra should have the same KVp, but the “high” energy spectra, resulted from
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the blocked part of the beam, are skewed toward the high energy due to filtration of the

low energy photons. We can also carry out characterization studies with the more realistic

spectra with beam blockers. Moreover, we can also incorporate more inconsistencies into the

data generation step, in an effort to work toward the real data conditions and also to study

the impact of different inconsistency, just as in the full-scan characterization study. Lastly,

for the reconstruction method, data weighting can be tried to alleviate the artifacts in the

split-illumination scan, as seen in Figs. 6.18 and 6.19, especially for splitting point being

other than the middle and leading to offset-detector situation [62, 71]. Extrapolation can

also be tried for the data from the varying-illumination-coverage scans, especially given that

the low- and high-KVp data complement each other on the detector, providing reasonable

estimates for the extrapolation already.
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CHAPTER 7

REAL DATA STUDY

7.1 Introduction

After verification and characterization studies with simulation data, we move on to test the

proposed reconstruction method and the ASD-NC-POCS algorithm on real data collected

from diagnostic CT scanners. Specifically, we focus on the dual-energy CT data, which

are clinically available with different implementations, and propose to apply the developed

method on data collected from standard, full-scan configuration and also from the poten-

tially fast, low-dose and lose cost single-KVp-switch configurations that are enabled by the

algorithm.

7.1.1 Background on Dual-Energy CT

In dual-energy CT, material-basis and/or monochromatic-energy images are reconstructed

from data sets collected with two different spectra. There exist four leading, distinctive

methods currently for realizing dual-energy imaging in diagnostic CT: the first method,

referred to as the single-KVp-switch method, uses a single X-ray source and single set of

detectors to collect dual-energy data sets by performing two consecutive full-rotation scans

in which the source KVp is switched following the first full-rotation scan; the second method,

referred to as the fast-KVp-switch method, also uses a single X-ray source and a single

detector for acquires dual-energy data sets only with one full-rotation scan in which the

source invokes a fast KVp switch at each effective view of the full-rotation scan; the third

method, referred to as the dual-source/detector method, employs two source-detector pairs

of different spectra to collect dual-energy data sets within a full-rotation scan; and the fourth

method, referred to as the dual-layer-detector method, adopts a single X-ray source and two-

layer detectors with different energy responses to effectively different spectra for collecting
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dual-energy data sets within a full-rotation scan.

All of the four methods require the performance of two or one full-rotation scans. In

addition, the single-KVp-switch method, while easy to implement without hardware ad-

dition, has a relative low temporal imaging capability and doubled radiation dose of a

regular full-rotation scan, as it carries out two full-rotation scans. The fast-KVp-switch

and dual-source/detector methods, while having improved temporal imaging resolution over

the single-KVp-switch method, in essence also perform two scans within one full rotation,

and thus may also double radiation dose of a regular full-rotation scan. Furthermore, the

fast-KVp-switch, dual-source/detector, and dual-layer-detector methods all require signifi-

cant hardware addition to a regular diagnostic CT, thus considerably increasing CT system

costs. Particularly, fast-KVp-switch method requires a unique, high performance X-ray tube

capable of switching rapidly and repeatedly within a full rotation. The dual-source/detector

method uses an additional pair of X-ray source and detector set, and the dual-layer-detector

method uses a highly specialized detector technology. The cost of these perhaps is a leading

reason for the lack of their adoption especially in non-diagnostic CT such as C-arm CT.

We investigate a new method for achieving fast, low-dose dual-energy imaging on current

diagnostic and other CT systems without invoking significant hardware addition or modifi-

cation to existing CT systems, including diagnostic and non-diagnostic (such as C-arm) CT

scanners. The method is enabled by a one-step algorithm proposed for image reconstruction

from dual-energy data. In the four existing methods described above, two measurements are

made for each ray with two different spectra so that some of the existing algorithms can be

applied to reconstruct basis or monochromatic images. In contrast, the one-step algorithm

proposed can be applied to reconstructing images from data in which rays can be measured

only with one of the two spectra. It is this unique property of the algorithm that enables the

design of scanning configurations of potential for realizing fast, low-dose dual-energy imaging

on current regular diagnostic CT systems without hardware addition or modification.

128



7.2 Scanning configurations

7.2.1 Full-scan configuration

The full-scan configuration for dual-energy CT is first used, in which each of the two sets of

dual-energy data are collected from an object enclosed entirely in the scanner FOV over 2π.

In this chapter, such configuration is also referred to as the full-plus-full scan configurations.

The four existing methods described all adopt a full-scan configuration for acquisition of

dual-energy data and may consequently suffer from some of the issues concerning temporal

resolution, radiation dose, and system cost.

7.2.2 Partial-scan configurations

As a consistent theme of this dissertation work, one of the major goals for the development

of optimization-based image reconstruction is to enable flexible scan configurations for ac-

quiring multispectral CT. Therefore, in this chapter, we refer to a scan configuration as a

partial-scan configuration in which each of the two dual-energy data sets is acquired from

an object enclosed completely in the FOV of the scanner only over an angular range that

is considerably less than 2π. Because of the reduced scan angular range from 2π, a partial-

scan configuration can be exploited possibly for achieving improved temporal resolution and

lowered radiation dose relative to those of a full-scan configuration. Most importantly, a

partial-scan configuration can readily be realized on standard CT scanners by use of the

standard single-KVp-switch technique without requiring additional hardware cost. Indeed,

the single-KVp-switch technique has already be adopted in the existing slow-KVp-switch

method in which the KVp is switched at the end of the first full rotation. As shown be-

low, reconstruction algorithm can be devised for enabling a partial-scan configuration in

dual-energy CT.

We use three parameters, α0, α1, and α2 to specify a single-KVp-switch scan configu-
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(a) full scan

(b) short-plus-short scan (c) half-plus-half scan

Figure 7.1: Full-plus-full (a), short-plus-short (b), and half-plus-half (c) scan configurations,
where γm denotes the fan angle of a CT scanner. Dual-energy data sets are collected over
the angle ranges with low- (thin, blue line) and high- (thick, red line) KVp X-rays. The
dashed circle indicates the field of view of the scanner, which enclose completely the imaged
object, denoted by the elliptical region.
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ration, where α0 and α2 denote the starting and ending angles of the X-ray tube, and α1

the angle at which the X-ray tube switches its KVp, thus collecting two sets of dual-energy

data over angular ranges (α0, α1) and (α1, α2), respectively. In a full-scan configuration,

α1−α0 = α2−α1 = 2π, while in a partial-scan configuration, α1−α0 < 2π and α2−α1 < 2π.

In this work, two single-KVp-switch scan configurations are investigated and demonstrated

for dual-energy CT of potential practical significance in terms of reduced radiation dose,

scanning time, and system cost. The first scan configuration of interest is referred to as the

short-plus-short scan, as shown in Fig. 7.1b, in which the tube rotates a short-scan range

in one KVp, before switching to another KVp setting and rotating for another short-scan

range. Thus, two sets of dual-energy data are acquired with α0 = 0, α1 = π + γm, and

α2 = 2π + 2γm, where γm is the fan angle of the CT scanner. The two KVp scans are

adjacent to each on one end, and have an overlap of 2γm on the other end. The second scan

configuration is referred to as the half-plus-half scan, as show in Fig. 7.1c, in which α0 = 0,

α1 = π, and α2 = 2π. The X-ray tube is switched from one KVp to another at α1 = π, and

the angular range of each KVp scan covers half of a full rotation. As a result, there is no

angular overlap between the two KVp scans.

7.3 Data acquisition

7.3.1 Scanner

In the work, a clinical conventional CT scanner was used to acquire dual-energy data with

80 and 135 KVp in the circular/axial mode. The scanner has a FOV of 487 mm in diameter

and a fan angle γm = 49.2◦. A curved detector consisting of 896 bins at each row is used for

1200 projections in one full rotation.
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7.3.2 Phantoms

Two physical phantoms were scanned, the standard GAMMEX DE-472 dual-energy CT

phantom [127] with calcium and iodine inserts, referred to as the DE-472 phantom, and an

anthropomorphic head phantom with low contrast disks, referred to as the head phantom.

Low and high spectra at 80 and 135 KVp were used, with bow-tie filters, to acquire dual-

energy data. As a result, ray-dependent spectra are to be used in the reconstruction.

7.3.3 Techniques

Full-scan dual-energy data were first collected with two full rotations at 80 and 135 KVp,

respectively. For each phantom, twenty full scans were repeated at each KVp with high

mA setting and were then averaged to yield data sets with extremely low level of noise.

Such high-dose, low-noise data were acquired to isolate image artifacts caused by sampling

conditions, which could be buried in noises, and to establish the performance benchmark

and references for quantitative evaluations. Table 7.1 summarizes the different mA setting

used in the acquisition.

The dual-energy data for partial-scan configurations were subsequently obtained by ex-

tracting from the relevant portions from the full-scan data sets. Specifically, for the short-

plus-short scan, 0-to-230◦-rotation data from the 80-KVp scan and 230-to-460◦-rotation data

from the 135-KVp scan were extracted and joined together. Similarly, 0-to-π-rotation data

from 80 KVp and π-to-2π-rotation data from 135 KVp were joined together to form the

half-plus-half scan data.

Table 7.1: mA setting used to acquire phantom data at different KVp

DE-472 phantom head phantom
80 KVp 135 KVp 80 KVp 135 KVp

mA 450 250 450 250
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7.4 Image reconstruction

In the section, we first describe the data model for dual-energy imaging from which the

reconstruction problem is formulated as a non-convex (NC) optimization program. Because

there is no mathematically exact solver for the NC program, we devise an heuristic algorithm

for reconstructing basis and monochromatic-energy images from dual-energy data collected

with full- and partial-scan configurations through numerically solving the program.

7.4.1 Data model for dual-energy imaging

In dual-energy CT imaging, S = 2 spectral data sets are measured with low (s = 1) and

high (s = 2) KVp spectrum. Considering a two-basis decomposition model, one can express

the data model for a ray measurement as

g
[s]
j (b1,b2) = − ln

∑
m

q
[s]
jm exp

(
−
∑
i

a
[s]
ji fim

)

= − ln
∑
m

q
[s]
jm exp

(
−
∑
i

a
[s]
ji (µ1mb1i + µ2mb2i)

)
,

where j ∈ {0, · · · , J [s] − 1} is the ray index in either low or high KVp scan, g
[s]
j (b1,b2)

denotes the model data for the jth ray in scan s, q
[s]
jm the ray-dependent, normalized X-

ray spectrum, satisfying
∑
m q

[s]
jm = 1, at energy m for the jth ray in scan s, and a

[s]
ji

the intersection length of the jth ray in scan s with the ith voxel. The data model in

equation (7.1) can be re-written as

g
[s]
j (b1,b2) = ḡ

[s]
j (b1,b2) + ∆g

[s]
j (b1,b2), (7.1)
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where

ḡ
[s]
j (b1,b2) =

∑
i

a
[s]
ji

(
µ̄

[s]
j1b1i + µ̄

[s]
j2b2i

)
, (7.2)

∆g
[s]
j (b1,b2) = − ln

∑
m

q
[s]
jm exp

(
−
∑
i

a
[s]
ji

(
∆µ

[s]
j1mb1i + ∆µ

[s]
j2mb2i

))
, (7.3)

are the linear and non-linear terms in the data model, in which

µ̄
[s]
jk =

∑
m

q
[s]
jm µkm, (7.4)

∆µ
[s]
jkm = µkm − µ̄

[s]
jk. (7.5)

are an energy-independent term, taken as the spectrum-weighted average of µkm over energy,

and the remaining error term that is still energy dependent [102,116], respectively, for k = 1

and 2.

For spectral set s, we form data vector g[s](b1,b2) of size J [s], with elements g
[s]
j (b1,b2).

Similarly, we can form additional data vectors ḡ[s](b1,b2) and ∆g[s](b1,b2), for s = 1 and

2, in the same fashion as g[s](b1,b2), with ḡ
[s]
j (b1,b2) and ∆g

[s]
j (b1,b2) in equation (7.2)

and (7.3), respectively, as their elements. Also, let A[s] denote the discrete X-ray transform

matrix for scan s of dimension J [s]× I with a
[s]
ji as its element, and U [s]

k a diagonal matrix of

size J [s] with µ̄
[s]
jk as its diagonal element. As a result, the DD-data model in equation (7.1)

for an individual ray can be grouped into a matrix form for all of the rays from the low

(s = 1) and high (s = 2) KVp scans as

g[1](b1,b2)−∆g[1](b1,b2)

g[2](b1,b2)−∆g[2](b1,b2)

 =

ḡ[1](b1,b2)

ḡ[2](b1,b2)


=

U [1]
1 A

[1], U [1]
2 A

[1]

U [1]
2 A

[2], U [2]
2 A

[2]


b1

b2

 .

(7.6)
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7.4.2 Non-convex (NC) optimization program

We further form aggregated vectors

ḡ(b1,b2) = (ḡ[1](b1,b2)>, ḡ[2](b1,b2)>)>,

∆g(b1,b2) = (∆g[1](b1,b2)>,∆g[2](b1,b2)>)>,

and

gM = (g
[1]>
M ,g

[2]>
M )>,

where g
[1]
M and g

[2]
M of sizes J [1] and J [2] denote measured data with spectra s = 1 and 2.

Using the aggregated data vectors, we then formulate the basis images as a solution to the

constrained optimization program designed as

(b∗1,b
∗
2) = arg min

b1,b2

(||b1||TV + ||b2||TV)

s. t. D (ḡ(b1,b2), gM−∆g(b1,b2)) ≤ ε

µ1mb1 + µ2mb2 � 0,

(7.7)

where || · ||TV denotes image total-variation (TV) and the `2-norm data fidelity function is

adopted as

D (ḡ(b1,b2), gM−∆g(b1,b2)) =
||ḡ(b1,b2)− gM + ∆g(b1,b2)||2

||gM||2
(7.8)

ε > 0 is the data constraint parameter. In addition, instead of a non-negativity con-

straint on the basis image, a non-negativity constraint is imposed on the monochromatic

image at energy m. The optimization program in equation (7.7) is non-convex because

D (ḡ(b1,b2), gM−∆g(b1,b2)) ≤ ε forms a non-convex set.
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7.4.3 Reconstruction algorithm

In an attempt to solve the optimization program in equation (7.7), we first use the steepest

descend (SD) procedure to reduce the convex term of the basis-image TV. On the other hand,

there is no mathematically exact solver for globally minimizingD (ḡ(b1,b2), gM−∆g(b1,b2)).

Instead, we consider a procedure for lowering the NC-data divergence: It can be observed

that, if term ∆g(b1,b2) can be estimated, the data divergence becomes convex and can

thus be lowered by use of a procedure based upon the projection-onto-convex-sets (POCS).

Therefore, we devise a procedure based upon the POCS updates for lowering the non-convex

data divergence as

b
(n+1)
k = b

(n)
k + γ(n) µ̄

[s]
jk

g
[s]
Mj −∆g

[s]
j (b

(n)
1 ,b

(n)
2 )− ḡ[s]

j (b
(n)
1 ,b

(n)
2 )[

(µ̄
[s]
j1)2 + (µ̄

[s]
j2)2

]
a

[s]>
j a

[s]
j

a
[s]
j , (7.9)

where k = 1 and 2, and the correction for NC contribution ∆g
[s]
j (b1,b2) is estimated as

∆g
[s]
j (b

(n)
1 ,b

(n)
2 ) = − ln

∑
m

q
[s]
jm exp

(
−a

[s]>
j (∆µ

[s]
j1mb

(n)
1 + ∆µ

[s]
j2mb

(n)
2 )
)
, (7.10)

where j ∈ {0, 1, ..., J [s]} for spectral set s.

Unlike the conventional POCS procedure, the update in equation (7.9) addresses the

convexity of the data divergence by including NC term ∆g
[s]
j (b

(n)
1 ,b

(n)
2 ), and is thus referred

to as the NC-POCS procedure. Subsequently, we use the ASD-NC-POCS algorithm, as

described in Algorithm 2, by combining SD and NC-POCS procedures that adaptively lowers

image TV and data divergence. In the work, algorithm parameters γ[n], as well as α
(n)
k and

NTV (see Algorithm 2), are identical to those in the conventional ASD-POCS algorithm [57]

136



and the ASD-NC-POCS algorithm throughout the work, as

γ(n) = 0.95 γ(n−1), with γ(1) = 1.0,

α
(n)
k = 0.8α

(n−1)
k , with α(1) = 0.2 ∆

(1)
b ,

NTV = 20.

Further, we determine the program parameters as following. The image voxel size is set

at 0.683 mm, as those used in a clinical scan, covering a square of 350 mm in the image

space with an array of 512 × 512. The incident beam spectra at 80 and 135 KVp are first

estimated from measurement and multiplied with the linear detector energy response. The

resulting X-ray spectra, after normalization, are used in the reconstruction, particularly in

estimating the non-linear term using equation (7.10). Since both spectra are ray-dependent

due to the presence of bow-tie filters, the low and high KVp spectra at the central bin of the

detector is shown in Fig. 7.2. Lastly, the data fidelity parameter ε is selected based on visual

assessment. Since we no longer have the truth images in the real data study, the strategy we

have been using in the simulation studies can not be applied here. Therefore, we use visual

assessment, as an example, to select ε.

7.4.4 Necessary convergence conditions

While it cannot be shown mathematically whether the ASD-NC-POCS algorithm can math-

ematically solve the NC program in equation (7.7), two necessary convergence conditions

can be obtained for the algorithm. Let

D̄(b
(n)
1 ,b

(n)
2 ) =

∣∣∣D(g(b
(n)
1 ,b

(n)
2 ),gM)− ε

∣∣∣ /ε
∆TV(b

(n)
1 ,b

(n)
2 ) =

∣∣∣(||b(n+1)
1 ||TV + ||b(n+1)

2 ||TV)− (||b(n)
1 ||TV + ||b(n)

2 ||TV)
∣∣∣∣∣∣(||b(n+1)

1 ||TV + ||b(n+1)
2 ||TV) + (||b(n)

1 ||TV + ||b(n)
2 ||TV)

∣∣∣ .
(7.11)
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Figure 7.2: Normalized low (thin, blue line) and high (thick, red line) spectra at 80 and 135
KVp at the central bin.

The necessary mathematical convergence conditions for the ASD-NC-POCS algorithm can

be obtained as

D̄(b
(n)
1 ,b

(n)
2 )→ 0

∆TV(b
(n)
1 ,b

(n)
2 )→ 0

(7.12)

as iteration number n → ∞. The first condition makes sure that the convergent solution

is feasible, as part of the KKT condition [122], whereas the second is for the optimality of

the objective function. Because the mathematical convergence conditions cannot be met in

practical reconstructions, they are used for devising the practical convergence conditions as

D̄(b
(n)
1 ,b

(n)
2 ) < 10−3,

∆TV(b
(n)
1 ,b

(n)
2 ) < 10−3.

7.4.5 Reference images

Several methods exist for image reconstruction from full-scan dual-energy data. When dual-

energy data for a ray are measured with both the low- and high-KVp spectra, the ray-

consistency condition is met and one of the methods first compensates approximately for
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the non-linear effect by decomposition of measured data into X-ray transforms of individual

basis images, i.e., basis sinogram, and then reconstructs basis images through the inversion

of the X-ray transforms estimated [78,82,102–104].

In the work, we apply such data domain decomposition method to full-scan dual-energy

data to yield basis and monochromatic images, and then use the images as references for

the development guidance and reconstruction comparison of the ASD-NC-POCS algorithm.

The same fix-point algorithm [102] used in the full-scan simulation study is used here for the

data decomposition, and the FBP-like algorithm with a Hanning window is used to invert

the X-ray transform from the full-scan data and reconstruction basis images. The reference

images are reconstructed on a the same 512× 512 image array with 0.683 mm square pixels.

7.5 Study results

7.5.1 Full-scan study

Reference images

We obtain reference images by use of the data-domain decomposition on the full-scan, dual-

energy data and the FBP-like algorithm for reconstruction. We first show the convergence

plot of the fix-point algorithm for the decomposition step, and then show reconstructed im-

ages using FBP-like analytic algorithm. A single ROI, matching that used in the full-scan

simulations study for the digital DE-472 phantom, is selected for the DE-472 physical phan-

tom images, while two separate ROIs are selected for the head phantom images, highlighting

the low-contrast disks and the complicated bony regions in the phantom.

Convergence plots We show in Fig. 7.3 the convergence plot of the fix-point algorithm

used in the data domain decomposition. Using the head phantom data as an example, the

relative error between two consecutive updates are plotted as a function of iteration number
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n. It is shown that after about 40 iterations, the changes in the consecutive updates are

almost zero (only at the computer precision level), indicating that the algorithm finds the

”fixed-point”. The result from the DE-472 phantom is consistent with Fig. 7.3.
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Figure 7.3: Relative error between consecutive updates as a function iteration n, using the
fix-point algorithm for the data domain decomposition of the head phantom data in the full-
scan characterization study. L denotes the vector concatenated from the two basis sinogram
vector L1 and L2.

DE-472 phantom results In Fig. 7.4, we show reconstructed basis images and their

zoomed-in views of ROI images, enclosed by the red rectangular boxes indicated in the full-

size images in row 1. The ROI contains two contrast inserts with the lowest concentration of

iodine and calcium in the phantom and two air bubbles. Good separation of water and bone

bases can observed, with the uniform solid water background appearing bright in the water

basis image and almost all contrast inserts bright in the bone basis image. Some dark bands

can be observed in the water basis image, connecting and originating from the two inserts

at the very top which are the two calcium inserts with the highest concentrations. Such

artifacts can be caused by the residual non-linear effect from the polychromatic integral or
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 7.4: Water and bone basis reference images (row 1) and zoomed-in views (row 2) of
the ROI as indicated by the red boxes in row 1, from the full-scan real data of the DE-472
phantom, with a display windows of [0, 1.5] for both rows.

the non-linear partial volume effect. The ROI image of the water basis shows these streaks

expanding to the bottom half of the phantom.

In Fig. 7.5, we show reconstructed monochromatic images at 50 and 120 KeV and their

zoomed-in views of the same ROI images. The 50-KeV image shows elevated contrast,

compared the 120-KeV one, for all the contrast inserts except the two solid-water ones.

With a narrow display window of [-200, 200] HU, the same banding artifacts, present in the

water basis image, can be observed in the 50-KeV image, but not in the 120-KeV one. Both

ROI images show discernible contrast level of the two inserts and air bubbles. Some streaks

can also be observed in the 50-KeV ROI image, expanded from the banding artifacts above.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 7.5: 50- and 120-KeV monochromatic reference images (row 1) and their zoomed-in
views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4, from the
full-scan real data of the DE-472 phantom, with a display window of [-200, 200] HU for both
rows.

Head phantom results In Fig. 7.6, we show reconstructed basis images and two sets of

zoomed-in views of ROI images, enclosed by the red, solid-line boxes and green, dashed-line

boxes indicated in the full-size images in row 1. Good separation of soft-tissue and bone

materials into water and bone basis images can again be observed. The ROI images in row

2 (Figs. 7.6c and 7.6d) contain two low-contrast disks in the head phantom and show good

contrast level with clear edges. The ROI images in row 3 (Figs. 7.6e and 7.6f) include bony

structures that are near each other and show no visible artifacts.

In Fig. 7.7, we show reconstructed monochromatic images at 50 and 120 KeV and their

zoomed-in views of the same ROI images. The 50-KeV image shows improved contrast for

the disks, as corroborated by the ROI images in row 2, compared to the 120-KeV ones. The
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(a) water basis (b) bone basis

(c) water basis, zoomed-in 1 (d) bone basis, zoomed-in 1

(e) water basis, zoomed-in 2 (f) bone basis, zoomed-in 2

Figure 7.6: Water and bone basis reference images (row 1) and zoomed-in views (row 2 and
3) of the ROI as indicated by the red, solid-line boxes and green, dashed-line boxes in row
1, from the full-scan real data of the head phantoms, with a display windows of [0, 1.5] for
both rows.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in 1 (d) 120-KeV zoomed-in 1

(e) 50-KeV zoomed-in 2 (f) 120-KeV zoomed-in 2

Figure 7.7: 50- and 120-KeV monochromatic reference images (row 1) and their zoomed-in
views (row 2 and 3) of the same ROIs as indicated by the red, solid-line boxes and green,
dashed-line boxes in row 1 of Fig. 7.6, from the full-scan real data of the head phantoms,
with a display window of [-200, 200] HU for both rows.
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50-KeV ROI images in row 3 show some streak artifacts inside the region enclosed by the

high-contrast bones, typically caused by the residual non-linear BH effect, while the 120-KeV

ROI show no such artifacts.

ASD-NC-POCS reconstruction

We then apply the ASD-NC-POCS algorithm on the same full-scan, dual-energy data. The

full-scan study serves as a benchmark to show whether the ASD-NC-POCS algorithm can

even achieve the level of performance of the existing methods, that is the reference images

by the use of data-domain decomposition and FBP-like algorithm.

System matrices describing the two full-scan X-ray transform are denoted by A[1] and

A[2], as in equation (7.6), and they have the same dimensions with J [1] = J [2] = 1200× 896

and I = 512 × 512. We select parameter ε for yielding monochromatic images visually

comparable to the reference images. As a result, ε = 0.0036 and ε = 0.0040 are selected for

the DE-472 and head phantom reconstruction, respectively.

Demonstration of reconstruction convergence We first use a reconstruction from

data of the full-scan configuration to demonstrate that the practical convergence conditions

in equation (7.13) can be met by the ASD-NC-POCS algorithm. Without loss of generality,

the reconstruction is carried out with ε = 0.0036, and we display in Fig. 7.8 convergence

metrics D̄(b
(n)
1 ,b

(n)
2 ) and ∆TV(b

(n)
1 ,b

(n)
2 ) as functions of iteration number n. It can be

observed that the ASD-NC-POCS algorithm converges to meet the practical convergence

conditions.

DE-472 phantom results We show in Fig. 7.9 reconstructed basis images and their ROIs

of the DE-472 phantom from full-scan data. The water basis image is visibly smoother than

the corresponding reference image, due to the TV being applied directly on the basis images.

The dark bands, as seen in Fig. 7.4a, are also reduced in the water basis image in Fig. 7.9a.
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real data study.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 7.9: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views (row
2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4, from the full-scan real
data of the DE-472 phantom, with a display windows of [0, 1.5] for both rows.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 7.10: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4,
from the full-scan real data of the DE-472 phantom, with a display window of [-200, 200]
HU for both rows.
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Figure 7.11: Bias map of ASD-NC-POCS images at different energy levels for each insert of
the DE-472 phantom, compared to the reference images, from the full-scan real data.
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The ROI images also appear smoother than their counter-parts in the reference images in

Fig. 7.4.

The monochromatic images at 50 and 120 KeV in Fig. 7.10 look substantially similar

to the reference images, however, with less conspicuous banding streak and smoother back-

ground in the 50-KeV image. The ROI images show similar level of contrast of the inserts

with sharper edges. The streaks are still visible in the 50-KeV ROI image, even in the

120-KeV one as well, most likely due to the reduced noise fluctuation.

In addition, we calculate bias of each insert from the monochromatic images at 6 different

energy levels, compared to the corresponding reference images at these energy levels. The

bias for each insert is calculated with a formula similar to equation (5.6) as

θrm =
1

Ir

∑
i

|fim − f ′im|, (7.13)

where fim and f ′im denote the ith pixel value of the ASD-NC-POCS and reference, respec-

tively, monochromatic image at energy m and Ir the number of pixels within insert r. We

calculate for a total of 18 inserts, with 16 physical ones and 2 virtual inserts of the back-

ground in the center and at the peripheral, numbered from 1 to 18 as shown in Fig. 7.10.

We plot the 2D bias map for the full-scan ASD-NC-POCS images in Fig. 7.11, with the

colorbar at the top. All biases are under 100 HU and most of them are under 50 HU. The

solid-water inserts (No. 1, 2, 3, 11) result in the lowest bias, compared to the reference

images, while the iodine and calcium contrast inserts with the highest concentration (No. 4

and 12, respectively) give the highest biases.

Head phantom results We show in Fig. 7.12 reconstructed basis images and their ROIs

of the head phantom from full-scan data. The basis images are similar to their counter-parts

of the reference images, with smoother texture. Sharper edges can also be observed in the

ROI images. The bone ROI image in row 2 (Fig. 7.12d) show slightly lower contrast of the
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disks than the reference image (Fig. 7.6d).

The monochromatic images at 50 and 120 KeV in Fig. 7.13 are comparable to the refer-

ence images. The artifacts in the water basis ROI image in row 2 (Fig. 7.13e) show reduced

streak artifacts and sharper edges than the reference one.

7.5.2 Short-plus-short scan study

We apply the ASD-NC-POCS algorithm to reconstruct basis and monochromatic images

from partial-scan data, and demonstrate the potential of the algorithm in enabling new

scanning configurations of practical significance in terms of scanning time, imaging dose,

and system cost for dual-energy CT.

We first start with the short-plus-short scan, as shown in Fig. 7.1b, in which each of the

low- and high-KVp data sets contains 764 views distributed over an arc spanning a short-

scan range. At each view, the central slice of the detector array containing 896 detector bins

is used for data reconstruction. As a result, system matrices A[1] and A[2] are of identical

dimensions with J [1] = J [2] = 764 × 896 and I = 512 × 512. Furthermore, using the same

strategy based on visual assessment, we select ε = 0.0036 and ε = 0.0036 for the DE-472 and

head phantom, respectively.

DE-472 phantom results We show in Figs. 7.14 and 7.15 reconstructed basis and monochro-

matic images at 50 and 120 KeV, respectively, and their ROIs of the DE-472 phantom from

short-plus-short scan data. The basis images are visibly comparable to their counter-parts

in the full-scan results in Fig. 7.9. The inserts in the lower right corner (No. 10 and 17)

seem to have lower contrast in the basis image, which is corroborated by the zoomed-in ROI

of water basis in Fig. 7.14a. This could be due to over-smoothing of the basis images from

the TV-minimization. However, the monochromatic images show no contrast loss and are

very close to the full-scan results in Fig. 7.10.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in 1 (d) bone basis, zoomed-in 1

(e) water basis, zoomed-in 2 (f) bone basis, zoomed-in 2

Figure 7.12: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2 and 3) of the ROIs as indicated by the red, solid-line boxes and green, dashed-line
boxes in row 1 of Fig. 7.6, from the full-scan real data of the head phantom, with a display
windows of [0, 1.5] for both rows.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in 1 (d) 120-KeV zoomed-in 1

(e) 50-KeV zoomed-in 2 (f) 120-KeV zoomed-in 2

Figure 7.13: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2 and 3) of the same ROIs as indicated by the red, solid-line boxes
and green, dashed-line boxes in row 1 of Fig. 7.6, from the full-scan real data of the head
phantom, with a display window of [-200, 200] HU for both rows.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 7.14: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4, from the short-
plus-short scan real data of the DE-472 phantom, with a display windows of [0, 1.5] for both
rows.

The bias map in Fig. 7.16 for the short-plus-short scan images show similar results,

compared the one for the full-scan images in Fig. 7.11. However, elevated bias levels of the

40-KeV monochromatic images can be seen for most contrast inserts, which could be due to

the over-smoothing of the water basis image.

Head phantom results We show in Figs. 7.17 and 7.18 reconstructed basis and monochro-

matic images at 50 and 120 KeV, respectively, and their ROIs of the head phantom from

short-plus-short scan data. The basis images in row 1 are overall comparable to their counter-

parts in the full-scan results in Fig. 7.12. The larger disk on the left in the water basis ROI

image in row 2 (Fig. 7.17c) show slightly distorted shape from a circle, which can be a result
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 7.15: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4,
from the short-plus-short-scan real data of the DE-472 phantom, with a display window of
[-200, 200] HU for both rows.
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Figure 7.16: Bias map of ASD-NC-POCS images at different energy levels for each insert of
the DE-472 phantom, compared to the references, from the short-plus-short scan real data.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in 1 (d) bone basis, zoomed-in 1

(e) water basis, zoomed-in 2 (f) bone basis, zoomed-in 2

Figure 7.17: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2 and 3) of the ROIs as indicated by the red, solid-line boxes and green, dashed-line
boxes in row 1 of Fig. 7.6, from the short-plus-short-scan real data of the head phantom,
with a display windows of [0, 1.5] for both rows.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in 1 (d) 120-KeV zoomed-in 1

(e) 50-KeV zoomed-in 2 (f) 120-KeV zoomed-in 2

Figure 7.18: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2 and 3) of the same ROIs as indicated by the red, solid-line boxes
and green, dashed-line boxes in row 1 of Fig. 7.6, from the short-plus-short-scan real data of
the head phantoms, with a display window of [-200, 200] HU for both rows.
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of over-smoothing in the basis image. The ROI images in row 3 show no visible artifacts

from the reduction of data, as compared to the full-scan results.

The monochromatic images are also visibly close to the full-scan images. The larger disk

on the left in the 120-KeV ROI image in row 2 (Fig. 7.18d) show the same slightly distorted

circular shape. In addition, the streaks in the 50-KeV ROI image in row 3 (Fig. 7.18e) are

similar to those in the full-scan courter-part (Fig. 7.13e).

7.5.3 Half-plus-half scan study

Finally, we apply the ASD-NC-POCS algorithm to reconstruction basis image monochro-

matic images from the half-plus-half scan configuration, as shown on the left in Fig. 7.1c,

where each of the low and high KVp data sets contains 600 views distributed over half a

rotation. System matrices A[1] and A[2] are again of identical dimensions with J [1] = J [2] =

600× 896 and I = 512× 512. We select ε = 0.0034 and ε = 0.0039 for the DE-472 and head

phantom reconstructions, respectively.

DE-472 phantom results We show in Figs. 7.19 and 7.20 reconstructed basis and monochro-

matic images at 50 and 120 KeV, respectively, and their ROIs of the DE-472 phantom from

half-plus-half scan data. The basis images are overall comparable to the full-scan results in

Fig. 7.9. The dark bands are more visible in the half-plus-half water basis image, and bright

shades can be observed on the right side of the calcium insert on the top right corner (No.

12). The water basis ROI image in Fig. 7.19c shows a slightly distorted circular insert on

the left. The monochromatic images show no additional artifacts. The banding artifacts in

the 50-KeV image (Fig. 7.20a) are more conspicuous, together with the shading around the

two calcium inserts on the top (No. 12 and 13). The 50- and 120-KeV ROI images from

the half-plus-half scan are almost identical to those from the full-scan in Fig. 7.10. The bias

map in Fig. 7.16 also show comparable results to the full-scan results, even for the 40-KeV
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(a) water basis (b) bone basis

(c) water basis, zoomed-in (d) bone basis, zoomed-in

Figure 7.19: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4, from the half-
plus-half-scan real data of the DE-472 phantom, with a display windows of [0, 1.5] for both
rows.

images.

Head phantom results We show in Figs. 7.22 and 7.23 reconstructed basis and monochro-

matic images at 50 and 120 KeV, respectively, and their ROIs of the head phantom from

half-plus-half scan data. The basis images in row 1 are similar to the the full-scan results,

while the water basis image (Fig. 7.22a) shows some visible dark shades of certain oblique

direction. The ROI images in row 1 show no visible artifacts. The water basis ROI image

row 3 (Fig. 7.22e) show conspicuous dark shades of oblique angle. These shades are possibly

caused by the half-plus-half sampling condition, as the direction corresponds to the angular

positions of the tube where the KVp switching happens.

158



(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in (d) 120-KeV zoomed-in

Figure 7.20: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2) of the same ROI as indicated by the red boxes in row 1 of Fig. 7.4,
from the half-plus-half scan real data of the DE-472 phantom, with a display window of
[-200, 200] HU for both rows.

0 10 20 30 40 50 60 70 80 90 100
HU value

Figure 7.21: Bias map of ASD-NC-POCS images at different energy levels for each insert of
the DE-472 phantom, compared to the references, from the half-plus-half scan real data.
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(a) water basis (b) bone basis

(c) water basis, zoomed-in 1 (d) bone basis, zoomed-in 1

(e) water basis, zoomed-in 2 (f) bone basis, zoomed-in 2

Figure 7.22: Water and bone basis ASD-NC-POCS images (row 1) and zoomed-in views
(row 2 and 3) of the ROIs as indicated by the red, solid-line boxes and green, dashed-line
boxes in row 1 of Fig. 7.6, from the half-plus-half scan real data of the head phantom, with
a display windows of [0, 1.5] for both rows.
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(a) 50-KeV image (b) 120-KeV image

(c) 50-KeV zoomed-in 1 (d) 120-KeV zoomed-in 1

(e) 50-KeV zoomed-in 2 (f) 120-KeV zoomed-in 2

Figure 7.23: 50- and 120-KeV monochromatic ASD-NC-POCS images (row 1) and their
zoomed-in views (row 2 and 3) of the same ROIs as indicated by the red, solid-line boxes
and green, dashed-line boxes in row 1 of Fig. 7.6, from the half-plus-half scan real data of
the head phantom, with a display window of [-200, 200] HU for both rows.
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The monochromatic images also show the shading artifacts, in the form of bright streaks

in the 50-KeV image and dark streaks in the 120-KeV image. The ROI images in row 2 show

no visible artifacts and comparable contrast level of the disks to the full-scan result. The ROI

images in row 3 show oblique streaks that are missing in the full-scan short-plus-short scan

results. In the 120-KeV ROI image in row 3 (Fig. 7.23f), the dark streak, which originates

from the bone on the lower left corner and goes through the bony regions, is conspicuous

and obvious. Other than these streaks, the monochromatic images look visibly similar to

their counter-parts in the full-scan results.

7.5.4 Comparing the scan configurations

We compare the three single-KVp-switch scan configurations investigated in this chapter, in

terms of quantitative metrics such as bias and contrast level. Profiles of the monochromatic

images are also plotted to compare the quantitative accuracy across different configurations.

DE-472 phantom

Using the DE-472 phantom, we pick three different locations on the bias map, corresponding

to inserts 1, 10, and 12 at monochromatic images at 60, 60, and 120 KeV, respectively, as

indicated on the bias maps of the half-plus-half scan results in Fig. 7.21. For each location,

we plot the bias value for the three different scan configurations. As shown in Fig. 7.24,

for either of the three locations selected, the variation of bias among the configurations is

not big. Note that the bias does not have an increasing trend with the decreasing data

quantity, from full-scan to short-plus-short and to half-plus-half scan. This could be due to

the selection of parameter ε, which largely determines the reconstruction.

Further, we shown in Fig. 7.25 profiles plots and in Fig. 7.26 their zoomed-in sections

across the yellow dashed line as indicated on the 50- and 120-KeV monochromatic images in

Fig 7.20. Profiles of images from different scan configurations, including the reference image
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Figure 7.24: Bias at three locations on the bias map from the monochromatic images recon-
structed from the full-, short-plus-short, and half-plus-half scan data. The variation among
the different configuration is not big.

from the full-scan, are plotted overlapping each other. The results show good quantitative

agreement among across all configurations.

In addition, we compare the performance of a material differentiation task between cal-

cium and iodine using images reconstructed from full-scan data with the standard method,

full-scan, short-plus-short-scan, and half-plus-half-scan data with the ASD-NC-POCS algo-

rithm. A potential problem in separating calcium with iodine using the thresholding-based

method is that there is an overlap of HU values between calcium and iodine in a single en-

ergy image. As shown in Fig. 7.27b, some of the calcium inserts (pointed to by blue arrows)

in the 120-keV monochromatic image of the DE-472 phantom seem to have the same gray
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Figure 7.25: Profile plots of 50- (top) and 120-KeV (bottom) monochromatic images from
all configurations across the yellow, dashed line in Fig. 7.20.
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Figure 7.26: Zoomed-in section of the profile plots of 50- (top) and 120-KeV (bottom)
monochromatic images from all configurations between the two vertical lines in Fig. 7.25.
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(a) 120 KeV monochromatic image, blue ar-
rows (↑) indicate calcium inserts, and red ar-
rows indicate (↑) iodine inserts.

(b) 80 KeV monochromatic image
80 keV

80

Figure 7.27: Monochromatic images of the DE-472 phantom at 120 (a) and 80 (b) KeV.
Calcium and iodine inserts of various concentration levels have an overlap in HU values
in a single monochromatic image, while makes the thresholding-based separation difficult.
However, by combining the HU values from two monochromatic images at low and high KeV
levels, the calcium and iodine can be better separated.

level with some of the iodine inserts (pointed to by red arrows). Instead, calcium and iodine

can be better differentiated by their distinct spectral response, i.e., their mass attenuation

coefficient as a function of energy. With multispectral CT, we can compose monochromatic

images at two different energy levels and use the HU value pair from the two monochromatic

images at low and high energies to differentiate from each other. A scatter plot of the HU

value pairs for each calcium and iodine inserts in the DE-472 phantom is shown in Fig. 7.28.

For each insert, the mean pixel value within the insert is calculated based on 80 and 140-

KeV monochromatic images, separately. Each data point on the scatter plot indicates one

calcium or iodine insert of its unique concentration level. In Fig. 7.28, the square marker (�)

corresponds to data points from iodine inserts and the triangle one (N) from calcium inserts,

and color of the marker indicates data points from the reference images (full-scan data with
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Figure 7.28: Scatter plot of HU value pairs of each calcium and iodine inserts in the DE-
472 phantom monochromatic images composed at 80 and 140 KeV. The data points from
different scan configurations, full, short-plus-short, and half-plus-half, are plotted on top of
each other and overlapping the ons from the reference images. Iodine and calcium inserts
are clearly separated on two straight lines in the scatter plot. Such separation is observed
consistently across images from all scan configurations and reference images.

standard method) or ASD-NC-POCS images from full-scan, short-plus-short-scan, or half-

plus-half-scan data. It can be observed that data points from iodine and calcium inserts are

aligned along two straight lines in the scatter plot that are clearly separated, indicating a

good performance of the material differentiation task between calcium and iodine. Further,

the data points from full-scan, short-plus-short-scan, and half-plus-half-scan largely overlap

with the ones from the reference images. Although some biases of the HU value can be

observed (green markers from short-plus-short-scan data), such biases should barely impact

the differentiation task, as the data points are still aligned along two straight lines that are

clearly separated. As a result, the separation between iodine calcium is consistent across

images from all scan configurations and reference images.
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Head phantom

Next, using the head phantom, we compare the different configurations in terms of contrast

level and profiles. We draw 6 ROIs on the head phantom, as shown in Fig. 7.23a, including

five contrast disks (No. 1-5) and one background region (No. 6). The percentage contrast

level for each of the five contrast disks are calculated as

∆rm =
ηrm − η6m

η6m
, (7.14)

where r ∈ {1, · · · , 5} and

ηrm =
1

Ir

∑
i

fim (7.15)

is the mean pixel value of monochromatic image at energy m for each ROI. The percentage

contrast levels are calculated for monochromatic images reconstructed from data collected

with the three configurations, as well as the reference images. We show in Fig. 7.29 the

percentage contrast levels of 50- and 120-KeV monochromatic images, which again shows

little variation both among the three different configurations and comparing to the reference

images. Such observation is further corroborated by the profile plots in Fig. 7.30, along the

yellow, dashed line as indicated in Fig. 7.23, and the zoomed-in sections between the two

vertical lines in Fig. 7.31 focusing on the two low contrast disks.

7.6 Discussion

In this chapter, we have applied the developed optimization-based reconstruction and the

ASD-NC-POCS algorithm on real data collected from a conventional diagnostic CT scanner.

Further, two single-KVp-switch scan configurations, that are only enabled by the ASD-NC-

POCS algorithm, were proposed and investigated. Two physical phantoms, one standard

dual-energy phantom with contrast inserts and one anthropomorphic head phantom with

168



full/ref full short half
Configuration

300

200

100

0

100

200

C
o
n
tr

a
st

, 
%

ROI 1 @ 50 KeV

ROI 2 @ 50 KeV

ROI 3 @ 50 KeV

ROI 4 @ 50 KeV

ROI 5 @ 50 KeV

full/ref full short half
Configuration

300

250

200

150

100

50

0

50

C
o
n
tr

a
st

, 
%

ROI 1 @ 120 KeV

ROI 2 @ 120 KeV

ROI 3 @ 120 KeV

ROI 4 @ 120 KeV

ROI 5 @ 120 KeV

Figure 7.29: Percentage contrast levels from monochromatic images at 50 (top) and (120)
KeV reconstructed from the full-, short-plus-short, and half-plus-half scan data, as well as
the reference images.
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Figure 7.30: Profile plots of 50- (top) and 120-KeV (bottom) monochromatic images from
all configurations across the yellow, dashed line in Fig. 7.23.
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Figure 7.31: Zoomed-in sections of the profile plots of 50- (top) and 120-KeV (bottom)
monochromatic images from all configurations between the two vertical lines Fig. 7.30.
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contrast disks, were scanned using an Aquilion 16 diagnostic CT at 80 and 135 KVp. The

full-scan data, two full rotations with one KVp for each rotation, were directly acquired from

the scanner, and the partial-scan data were extracted from the full-scan data retrospectively.

High mA settings were used, in addition to averaging 20 repeated scans, to get low-noise

data, so that artifacts from sampling condition of the partial-scan configurations, such as the

streaks of certain oblique angle seen in Fig. 7.23, would not be buried in noise. The image

reconstruction was adapted for the dual-energy data with a two-basis decomposition model.

A non-negativity constraint was applied on the monochromatic image, instead of the basis

images.

The results suggest that, for the full-scan configuration, the ASD-NC-POCS algorithm

can yield monochromatic images that are visually comparable to, and having sharper edges

than, those from the existing method, which is the data-domain decomposition and FBP-

like algorithm, making the proposed optimization-based reconstruction method match the

performance bar in the standard, full-scan configuration. The monochromatic images from

the half-plus-half scan showed some conspicuous streaks, that are possibly linked to the sam-

pling condition of the scan configuration, while the short-plus-short images are visually very

close the full-scan ones. Further, quantitative results from the enabled partial-scan config-

urations are comparable to the full-scan ones, in terms of bias of the inserts of the DE-472

phantom or contrast levels of the disks of the head phantom. Profile plots of monochromatic

images show the same conclusion that good quantitative agreement were achieved among

all three scan configurations. Using the DE-472 phantom, a material differentiation task

between calcium and iodine is studied using monochromatic images at 80 and 140 KeV. The

calcium and iodine inserts can be separated on two straight lines in the scatter plot, and

such separation are consistent across the images from full- and partial-scan configurations

as well as the reference images from the standard method. These results suggest clinical po-

tentials of adopting the single-KVp-switch scan configurations, namely the short-plus-short
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and half-plus-half configurations, for acquiring fast, low-dose, and low-cost dual-energy CT

data.

Future investigations can be expanded in the following directions. First, we want to try

physically acquiring data in the single-KVp-switch mode and modeling the beam modula-

tion of the single switching phase in the reconstruction. The modeling part should not be

very challenging, as the optimization-based approach can accommodate the physics of beam

modulation. We can even start with just throwing out the views during the switching phase,

especially in the short-plus-short scan configuration where there is an overlap of low- and

high-KVp scans. To actually acquire data in the single-KVp-switch mode in a diagnostic CT,

on the other side, requires collaboration with vendor engineers, but can be easily achieved

with a bench-top system. Second, we want to reconstruct into 3D volumetric image from

the cone-beam data. The investigations done so far are only given in the 2D cases for the

central slices. We expect similar results with 3D reconstructions. After the cone-beam data,

we also want to try scanning in helical mode, instead of circular/axial mode, to acquire the

dual-energy data. Helical scanning provide a longer axial coverage and are often used in the

clinical diagnostics. Although no ray-consistency condition is required for the proposed one-

step approach, the decomposition of basis materials does rely on “scanning” the same object

with both low and high KVp spectra. In helical mode, especially the full-scan configuration,

such condition might be challenged. The partial-scan configurations have a better chance

of recovery the basis image volumes, as bigger overlaps of low and high KVp data than the

full-scan are obtained. In addition, the split- or block-illumination scan configuration, as

shown in Figs. 6.17 and 6.24, might be of use in the helical, dual-energy scanning. Lastly, to

validate the clinical utility of the proposed method, specific tasks shall be designed and op-

timized, e.g., relative to the optimization program parameter ε. In the current investigation,

we demonstrate the selection of ε with visual assessment. This was done largely to remind

that this parameter space is very important and shall not be neglected. A clinically relevant
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task, such as classification or detection, together with a surrogate metric, can be designed

to further validate the utility of the proposed method and the ASD-NC-POCS algorithm by

carefully selecting ε that maximizes the surrogate metric.
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CHAPTER 8

CONCLUSIONS

In this dissertation work, we have developed an optimization-based image reconstruction

method for X-ray CT with multispectral data, with an emphasis on expanding the mul-

tispectral CT capability to existing conventional CT scanners and on enabling novel scan

configurations of potential practical significance. Following a verification study, we charac-

terized the proposed method by applying to simulation studies with both standard, full-scan

configuration and non-standard, flexible scan configurations that are easy to implement on

the conventional CT scanners with no or minimum hardware addition. Finally, we demon-

strated the potential of the proposed method and algorithm by applying to real data collected

from a diagnostic CT and enabling single-KVp-switch scan configurations for acquiring fast,

low-dose, and low-cost dual-energy CT data.

In Chapters 2 and 3, we have established a DD data model in equation, based on which

the optimization-based reconstruction was developed. The DD model, in which a basis

decomposition model was incorporated, reduces the dimensionality of the unknown in the

inverse problem and was separated into linear and non-linear terms, facilitating the develop-

ment of the reconstruction algorithm. We have studied a non-convex optimization program,

derived its KKT conditions, and proposed an heuristic algorithm numerically solving the

program for image reconstruction in multispectral CT.

In Chapter 4, we have carried out a verification study to verify the numerical convergence

of the ASD-NC-POCS algorithm and its computer implementation. The verification was es-

sentially satisfied by an exact recovery of the truth basis images from which the consistent

data were generated. The verification study by itself does not imply any utility of the pro-

posed algorithm. However, it is an unavoidable step in the development of the reconstruction

algorithms, as it makes sure that designed solutions by the optimization program could be

achieved by the specific algorithm.
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In Chapters 5 and 6, we have characterized the optimization-based reconstruction by

using inconsistent simulation data from a full-scan configuration and investigated four non-

standard configurations with different designs of varying angular or illumination coverages.

Decomposition error and statistical noise were the two sources of inconsistencies in this

characterization studies. The full-scan configuration was employed in order to serve as the

benchmark for new non-standard scan configurations investigated, which were considered

because they can readily be implemented on a conventional CT scanners with regular X-ray

tubes and energy-integrating detectors, without invoking significant hardware additions or

modifications to the scanner. The study results suggest that these configurations consid-

ered here can be enabled by the ASD-NC-POCS algorithm to yield monochromatic images

comparable to those of the full-scan configuration.

Finally, in Chapter 7, we have applied the developed optimization-based reconstruction

and the ASD-NC-POCS algorithm on real data collected from a conventional diagnostic CT

scanner, and investigated two single-KVp-switch scan configurations, that are enabled by the

ASD-NC-POCS algorithm. The proposed single-KVp-switch configurations for diagnostic

CT can potentially acquire fast, low-dose, and low-cost dual-energy CT data. The results

from two physical phantom data collected on a diagnostic CT scanner with very-low noise

levels suggest that the reduction of data quantity in the single-KVp-switch configuration,

from full rotation to short and half scan for each KVp scan, does not necessarily lead to

compromises in image quality, especially in terms of quantitative metrics such as bias and

contrast levels, and in a potential clinical task of separating calcium with iodine. It was also

shown that the performance of the proposed ASD-NC-POCS algorithm can match that of

an existing method, which is the data domain decomposition and FBP-like algorithm, in the

case of full-scan configuration where ray-consistency condition is met.

In summary, optimization-based image reconstruction method can offer greatly flexibility

in designing and enabling non-standard scan configurations for multispectral CT. While we
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have demonstrated scan configuration enabling in dual-energy CT in the work, the algo-

rithm can accommodate multiple (S > 2) spectral scans and/or a variety of configurations

with different designs of source trajectory and/or illumination coverage tailored to specific

applications. In addition, the data model and reconstruction method developed are also for

cone-beam data and volumetric image reconstructions. While the study can hopefully pro-

vide insights into the design and implementation of scan configurations of practical interest

in multispectral CT, it is the first step in expanding the multispectral scanning capability to

existing conventional CT scanners and shall not be intended to show the truly application-

specific utility of the proposed algorithm and scan configurations. Instead, future works

are warranted to investigate, assess, and establish the utility of the algorithm and scan-

ning configurations in carefully designed studies of application significance with task-specific

metrics.
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