
Supplementary Information: Resource efficient fault-tolerant one-way quantum
repeater with code concatenation

SUPPLEMENTARY NOTE 1. ERROR/ERASURE CORRECTION PROTOCOL IN A TYPE II NODE

As explained in the main text, a message qubit in some arbitrary state is first encoded into a logical qubit on
the 5-qubit code level, which comprises 5 physical spin qubits. Each of those 5 physical spin qubits is then encoded
onto a tree cluster state which are sent along the repeater network in parallel across 5 sets of optical fibers. The
repeater network consists of both type i and type ii nodes. Once the 5 sets of trees arrive at a type ii node, it
performs quantum error correction at the 5-qubit code level in a fault-tolerant manner via flag qubits. However, if a
tree happens to be completely unrecoverable, i.e., more than 50% of the photons in the tree were lost in transmission,
then quantum erasure correction, which does not utilize the flag qubits, is performed instead. The protocol is shown
as a flowchart in Supplementary Figure 1 below.

Have erasure errors occurred in the node?

Perform fault-tolerant 
quantum error correction

No

=1 >1

Yes

How many erasure errors
 in the node?

Perform non fault-tolerant 
quantum erasure correction

Consider transmission as failed 
and start over

Supplementary Figure 1. The control flow diagram of how a type ii node decides whether to perform quantum error correction
or quantum erasure correction.

As shown in Supplementary Figure 1, the type ii node performs the non fault-tolerant quantum erasure correction
when a 1-erasure error is heralded. This happens with probability 5η4ne (1−ηne ), where ηe is the transmission probability
of a tree from one node to the next and n − 1 is the number of type i nodes between consecutive type ii nodes
as explained in the main text. However, for k-erasure errors with k > 1, we abort and restart the transmission of
the message qubit. This happens with probability 1 − η5ne − 5η4ne (1 − ηne ). In theory, a type ii node operating
under the 5-qubit code is also capable of correcting for 2-erasure errors as explained in the main text. We did not
consider this in our secret key rate analysis because the probability of two trees being unrecoverable at the same
type ii node is negligible compared to the probability for a 1-erasure error. To show this, we first note that for the
data points where the secret key rate of the hybrid repeater scheme is higher than that of the homogeneous repeater
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Supplementary Figure 2. The probabilities of successful transmission of a tree cluster-state over n links as a function of
n. The transmission probability of a tree cluster-state over 1 link is given by ηe (see main text). The circle symbol denotes
the total successful transmission probability assuming that both the 1- and 2-erasure errors are being corrected. The cross
symbol denotes the total successful transmission probability assuming that only the 1-erasure errors are being corrected. The
contributions to the total probability are shown by the diamond, star, and triangle symbols which denote the probability of no
trees being lost, one tree being lost, and two trees being lost, respectively. We fixed the efficiency to ηe = 0.998, which is the
typical value found in our numerical optimization.



2

scheme (see main text) and εr ∈ {0.3‰, 0.5‰, 0.1%, 0.2%}, the typical number of links is found to be in the range of
1.n. 50. Plotting the individual contributing terms to the total successful transmission probability for this range
in Supplementary Figure 2 reveals that the contributing term from the 2-erasure error correction is indeed negligible.
Note that this term is also negligible for when εr = 0.1‰ where the corresponding number of links found is 50.n.150
because the ηe in this regime is much closer to unity compared to other higher re-encoding error probabilities. By
omitting the contribution from correcting 2-erasure errors, we are slightly underestimating our secret key rate.

SUPPLEMENTARY NOTE 2. FAULT-TOLERANT ERROR CORRECTION PROTOCOL

Here, we explain the details of the fault-tolerant quantum error correction protocol from Ref. [1] as noted in both
the main text and Supplementary Figure 1. The quantum circuit corresponding to the fault-tolerant 5-qubit code
error correction is shown in Supplementary Figure 3a along with the sub-circuits labelled according to their respective
stabilizers, which as a reminder are X1Z2Z3X4, X2Z3Z4X5, X1X3Z4Z5, and Z1X2X4Z5. The protocol for the fault-
tolerant 5-qubit code error correction is shown explicitly in definition 1. This protocol enables us to suppress weight
w = 2 errors which otherwise would have caused undetectable logical errors. The protocol involves exiting from the
fault-tolerant circuit under certain conditions, and changing into the non fault-tolerant circuit, i.e., the 5-qubit code
circuit without the flag qubit, to extract the syndrome from the ancilla qubits. To differentiate the syndrome extracted
from the fault-tolerant circuit from the non fault-tolerant circuit, we label the syndrome extracted from the non fault-
tolerant circuit with the “′” sign, i.e., A′

k, which represents the value of the kth measured ancilla qubit.

Definition 1. The protocol for the fault-tolerant 5-qubit code is as follows:
Begin with the fault-tolerant circuit in Supplementary Figure 3 and proceed to performing the sub-circuits
in order. Depending on the measurement outcome at each sub-circuit denoted by gk for k ∈ {1, 2, 3, 4}, one
would need to make the following decisions:

1. If Fk = Ak = +1, i.e., flag and ancilla are not triggered, then continue using the fault-tolerant circuit
and extract Ak+1 and Ak+1. If all four flag qubits and four ancilla qubits were not triggered, we are
finished with no corrections needed.

2. If Fk = +1 and Ak = −1, i.e., flag is not triggered while ancilla is triggered, then switch to the non
fault-tolerant circuit and measure A′

1, A
′
2, A

′
3, A

′
4. Finish by applying the weight w ≤ 1 corrections shown

in Supplementary Figure 3b.
3. If Fk = −1 and Ak = ±1, i.e., flag is triggered regardless of syndrome outcome, then switch to the non

fault-tolerant circuit and measure A′
1, A

′
2, A

′
3, A

′
4. Finish by applying the weight w ≤ 2 corrections shown

in Supplementary Figure 3c.
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Supplementary Figure 3. (a) The fault-tolerant 5-qubit code quantum circuit with flag qubit. The same ancilla (flag) spin
is re-initialized in state |+〉 (|0〉) before being sequentially measured at each stabilizer gk for k ∈ {1, 2, 3, 4}. Sections of the
circuit, i.e., sub-circuits, are boxed and labelled according to their respective stabilizers gk acting on the data qubits j with
j ∈ {1, 2, 3, 4, 5}. (b) Correction look-up table of weight w ≤ 1 and (c) table of weight w ≤ 2.
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Supplementary Figure 4. The secret key rate SKR of the hybrid repeater network for different values of re-encoding error
rates εr optimized with respect to the cost function shown in the main text. The solid and dashed lines represent the SKR
values when the 5-qubit code is and is not leveraged for erasure error correction, respectively.

SUPPLEMENTARY NOTE 3. EFFECT OF ERASURE CORRECTION ON THE 5-QUBIT CODE
LEVEL

In this section, we show that by leveraging the 5-qubit code to additionally correct for erasure errors, we obtain
a substantial increase in the resulting optimized secret key rate. This increase is shown in Supplementary Figure 4.
We can also see that the higher re-encoding errors limit the potential for improved secret key rates. This is expected
because for a 1-erasure error correction to succeed, it is imperative that the rest of the qubits are error free. Once
the error rate is too high, we lose the advantage of 1-erasure error correction.

SUPPLEMENTARY NOTE 4. PROCESSING TIME IN A TYPE II NODE

To quantify the secret key rate of the network, it is important to consider the processing time per repeater node.
Since a type ii node would always take longer than a type i node for processing and become the processing bottleneck,
we analyze only the processing time of a type ii node. Let pj represent the probability that either the ancilla or the
flag qubit is detected as triggered in the readout of the jth sub-circuit in Supplementary Figure 3a, and p5 represents
the probability that no ancilla and flag qubits were triggered in the entirety of the fault-tolerant circuit. Note that∑5

j=1 pj = 1 must be true. Then, the act of performing fault-tolerant quantum error correction takes a time

Tf = p5

4∑
i=1

τfi +

4∑
k=1

pk

(
τnf +

k∑
l=1

τfl

)
, (1)

where τnf = 3τss + 13τtele + 4τmeas is the time required to perform the non fault-tolerant circuit while τfk is the time
needed to perform the sub-circuits shown in Supplementary Figure 3a, and they are given by

τf1 = 3τss + 3τtele + τmeas, τf2 = 2τss + 4τtele + τmeas,

τf3 = 3τss + 3τtele + τmeas, τf4 = 3τss + 3τtele + τmeas. (2)

It follows then that the total time to perform all subcircuits is
∑4

l=1 τfl = 11τss + 13τtele + 4τmeas. Note that the
maximum of Tf occurs when p4 = 1. This corresponds to the situation in which no subcircuits were skipped in
Supplementary Figure 3a. If any type ii node takes this long for processing, then the rest of the nodes in the network
need to wait for just as long, thus it becomes the bottleneck of the network processing time. It is this time that we
consider in the total processing time of repeater nodes in the network together with the tree generation time τtree,
which is explained in the main text. The total processing time per node is thus given by

τtot = τtree + τnf +

4∑
l=1

τfl ,

= τtree + 14τss + 26τtele + 8τmeas. (3)
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Supplementary Figure 5. (a) The secret key rate SKR of the hybrid repeater network with κ = 1 for the configurations in
which the secret key rate is optimized with respect to the cost function (solid lines) and purely maximized (dashed lines). (b)
The corresponding cost.
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Supplementary Figure 6. (a) The secret key rate SKR of the hybrid repeater network with κ = 1 for the configurations in
which both types of nodes are allowed (solid lines) and only type ii nodes are allowed (dashed lines). (b) The corresponding
cost.

SUPPLEMENTARY NOTE 5. MAXIMIZED SECRET KEY RATE

In this section, we discuss the difference of the secret key rate and cost between maximizing for the secret key
rate (dashed lines) and optimizing the network configuration with respect to the cost function (solid lines) shown in
Supplementary Figure 5. In particular, we showed that in Supplementary Figure 5a that the discrepancy in the secret
key rate is small between the two configurations, yet the cost is significantly higher for the configuration in which
the secret key rate is maximized in Supplementary Figure 5b, especially at shorter distances. This suggests that by
merely optimizing the network with respect to the cost function, we can achieve near-optimum secret key rates at
the benefit of significantly reduced resource requirement. The secret key rate and cost converges however due to the
increasing total distance, which limits the number of loss errors which can be corrected in the network.

SUPPLEMENTARY NOTE 6. HAVING ONLY TYPE II NODES IN THE REPEATER NETWORK

In this section, we show via Supplementary Figure 6 that having only type ii nodes in the network is not an
optimal approach, despite optimizing for this configuration independently with respect to the cost function noted in
the main text. Specifically, the resulting secret key rate in Supplementary Figure 6a is performing worse if we permit
only type ii nodes in the network. The performance discrepancy is especially apparently at larger total distances,
where loss errors are likely. This inadvertently causes the cost in Supplementary Figure 6b to be higher. This result
implies that a code concatenated network in which only type ii nodes is a configuration that is far from being ideal,
especially at larger total distances.
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SUPPLEMENTARY NOTE 7. APPROXIMATING FIDELITY VIA RECURSION

To calculate the resulting fidelity of our message qubit at the end node exactly, one can start with a density
matrix of the error-free 5-qubit code logical state, followed by the application of the stabilizer operations for each
type ii node in the network, effectively evolving the density matrix analytically. As noted in fig. 8 in the main text,
however, there can be up to hundreds of type ii nodes in the network, which makes the calculation a challenging
task computationally. In this section, we introduce a method to approximate this fidelity up to great precision by
exploiting the symmetry of the network.

Let ρ0 be the 5-qubit density matrix that describes the 5-qubit code logical state, free from any errors, and ρ⊥ is
a matrix, which attempts to describe the state that is orthogonal to the logical state. The qubits in the network are
subjected to errors in transmission, which is why a type ii node performs (fault-tolerant) quantum error correction
upon the reception of an incoming tree (as discussed in Supplementary Note 1). The effect of the errors introduced
in the transmission and the quantum error correction performed by a type ii node on the message qubit can be
modelled as a quantum channel acting on the density matrix of the perfect logical state

C(ρ0) = α1ρ0 + β1ρ⊥, (4)

where α1 is the fidelity, β1 = 1 − α1, and the matrix ρ⊥ is modelled as ρ⊥ = (C(ρ0) − α1ρ0)/β1. As explained in
the main text, we consider the nodes to be equidistant from each other regardless of their type. This means that we
can apply the quantum channel in eq. (4) repeatedly, which reflects the fact that there are multiple type ii nodes in
the network with the same number of type i nodes between them. We model also the application of the quantum
channel on the orthogonal state as

C(ρ⊥) = α′ρ0 + β′ρ′⊥. (5)

By using eqs. (4) and (5), we can obtain a recurrence relation below. As an approximation used in obtaining the
recurrence relation, we assume that the correction on ρ⊥ is highly efficient, i.e., α′ ≈ 1, and therefore we only keep
terms that lead to non-zero fidelity while we discard terms with β′. Applying these rules to all stages of the protocol
leads to

ρ1 = C(ρ0) = α1ρ0 + β1ρ⊥,

ρ2 = C(ρ1) = α1C(ρ0) + β1C(ρ⊥) = α2ρ0 + β2ρ⊥,

...
ρmII

= C(ρmII−1) = αmII
ρ0 + βmII

ρ⊥, (6)

where αmII and βmII are given by

αmII
= α1αmII−1 + βmII−1α

′, βmII
= β1αmII−1. (7)

From here, we obtain

αmII
= αmII−1α1 + αmII−2(1− α1)α

′, with αi =


α1, if i = 1

1, if i = 0

0, if i < 0

. (8)

Finally, solving the recurrence relation in eq. (8) yields

FmII,n ≡ αmII ≡
(α1 + ζ)mII+1 − (α1 − ζ)mII+1

2mII+1ζ
, mII ≥ 1, (9)

where ζ =
√
α2
1 + 4(1− α1)α′ and FmII,n is the approximated fidelity for mII type ii nodes and n− 1 type i nodes

between consecutive type ii nodes. Note that the quantum channel C depends on n and thus α1. Hence, we label
the approximated fidelity with the subscript n in eq. (9). The term α′ can be expressed in terms of α1 and α2 by
noting the expressions ρ1 and ρ2 in eq. (6):
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C(ρ⊥) =
ρ2 − α1ρ1

β1
=

α2 + α2
1

β1
ρ0 + · · · . (10)

By comparing eqs. (5) and (10), we find that α′ = (α2 + α2
1)/β1, and therefore we can express ζ in eq. (9) as

ζ =
√
4α2 − 3α2

1. We now have an efficient manner to obtain an approximated fidelity for mII > 2 by computing α1

and α2. Note that FmII,n as shown in eq. (9) is exact for mII = 1 and mII = 2. Then, we can define the effective error
as

εeff = 1− FmII,n. (11)

Note that if we set α′ = 0, we effectively arrive at the naïve/pessimistic approximation, where the effective error
simply becomes 1 − αmII

1 shown in Supplementary Figure 7. In Supplementary Figure 7, we show that the approxi-
mation of using the recurrence relation (orange dashed line) yields remarkably accurate results compared to the exact
effective error rate (solid black line) in the regime of interest, i.e., εeff . 12.61% because 12.61% is approximately the
threshold QBER for generating secret keys in the six-state quantum key distribution protocol [2], whereas the naïve
approximation (red dotted line) yields effective error rates about an order of magnitude higher than the exact result.

If erasure errors are also present, it is no longer feasible to only use the effective error in eq. (11) because we the
channels are no longer the same throughout the network. However, we can simply modify the expression to include
correcting for i 1-erasure errors in the network

εeff(mII, i) = 1− (FmII−i,n)(1− εloss,n)
i. (12)

where εloss,n is defined as one minus the fidelity of the logical qubit at the 5-qubit code level at a type ii node after a
1-erasure correction with the condition that the logical qubit was error-free in the previous type ii node with n links
between them. Note that it is implied in eq. (12) that our message qubit cannot be recovered after 1 failed attempt
at erasure correction at the 5-qubit code level. This is a reasonable assumption since erasure correction is vulnerable
to additional errors on the intact-qubits.

SUPPLEMENTARY NOTE 8. UNEVEN DISTANCE BETWEEN TYPE II NODES

It is not always possible to place type ii nodes in the network such that they are evenly spaced between each other
for a given total distance Ltot. Here, we explain the specific strategy we employed in the main text for placing the
repeater nodes as evenly as possible.

For some given total distance Ltot we can calculate the total number of nodes in the network (excluding the start
node) as

mtot =
Ltot

L0
, (13)

10−4 10−3 10−2 10−1 100
10−4

10−3

10−2

10−1

100

12.61%

εr

ε e
ff

Exact
Approximation via recursion
Naïve approximation

Supplementary Figure 7. The effective error rate εeff as a function of the re-encoding error εr. The effective error rate was
calculated exactly for n = 8, mII = 125, assuming no erasure errors. The effective error rates are approximated using both the
recursion method and naïve method.
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where L0 is the distance between consecutive nodes. Note that for convenience, we choose the values of L0 such that
mtot ∈ Z>0. Given no erasure errors in the network, the effective error rate of the message qubit received at the end
node is

εeff(mII, 0) = 1− (FmII−1,n′)(F1,n′′), (14)

where n′ = bmtot/mIIc and n′′ = mtot − n′(mII − 1) are the number of links between consecutive type ii nodes
as shown in Supplementary Figure 8. Note that for mII > bmtot/2c, the repeater nodes can no longer be placed
reasonably evenly, thus we constrained our numerical minimization of the cost function to mII ≤ bmtot/2c as noted
in Methods section the main text. This is extended for non-zero erasure errors in Supplementary Note 9.

SUPPLEMENTARY NOTE 9. ACCOUNTING FOR ERASURE ERRORS IN THE NETWORK

Here, we modify eq. (14) to account for erasure error correction:

εeff(mII, i) ≈


1− (1− εloss,n)

i(FmII−i,mtot/mII
) , if (mtot mod mII = 0)

1− (1− εloss,n′)i(FmII−1−i,n′)(F1,n′′) , if (mtot mod mII > 0) ∧ (mII − 1 ≥ i)

1− (1− εloss,n′)i−1(1− εloss,n′′) , if (mtot mod mII > 0) ∧ (mII = i)

, (15)

This is the expression which is used in our numerical optimization of the secret key rate.

SUPPLEMENTARY NOTE 10. RE-ENCODING ERROR SIMULATION

In this section we determine the tree-level re-encoding error probability εr and find that it relates to the single-qubit
error probability ε0 according to

εr ≈ 3ε0. (16)

First we introduce two different (yet equivalent) definitions of the single-qubit depolarizing channel

Dp(ρ) = pρ+
1− p

2
I = D′

ε(ρ) = (1− ε)ρ+
ε

3
(XρX + Y ρY + ZρZ), (17)

where X, Y and Z are the Pauli operators, I is the identity operator and

ε =
3

4
(1− p). (18)

Here, we include both definitions because the first simplifies our treatment here while the second is the one used in
the main text. We model the re-encoding procedure as follows.

mII
1 8 8
2 4 4
3 2 4
4 2 2
5 1 4
6 1 3
7 1 2
8 1 1

n′

n′

n′′

n′′

Type II node

Type I node

Start node

Repeater network schematic

Supplementary Figure 8. Repeater network layout in the presence of type i and type ii nodes for varying number of type ii
nodes mII and fixed number of total nodes mtot = 8. Not all values of mII can divide mtot, hence there will be sections in which
the number of links between consecutive type ii nodes are different, i.e., n′ = bmtot/mIIc versus n′′ = mtot − n′(mII − 1).
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1. The initial state ρi is held by a memory qubit as result of heralded storage of the tree-encoded qubit transmitted
from the previous node to the current node. A second memory qubit is the root of a fresh tree state (that is
otherwise photonic) that is transmitted to the next node.

2. The two memory qubits each undergo single-qubit depolarizing channel Dp0 .

3. A Bell-state measurement is performed on the two memory qubits to teleport the state ρi into the fresh tree-level
logical qubit. Single-qubit Paulis are applied to individual photons to realize the logical Pauli operation required
by the teleportation protocol as specified by the outcome of the Bell-state measurement.

4. Each of the photonic qubits is subject to both a single-qubit depolarizing channel Dp0 and a pure loss channel
with loss probability 1− η.

5. Heralded storage is attempted to put the transmitted tree-level logical qubit into a memory qubit again. Con-
ditioned on success, the state held by the memory qubit is denoted ρf .

Here, p0 is defined in terms of the single-qubit error probability according to ε0 = 3
4 (1− p0). We will now set out to

determine ρf as a function of ρi, ε0 and η.

As each of the Bell states has the property (I ⊗ P ) |φ〉 = ±(P ⊗ I) |φ〉 for all Pauli operators P , we can “move”
the depolarizing noise occurring at the second memory qubit through the measurement operators of the Bell-state
measurement to the first memory qubit. Then, Step 3 is just the perfect teleportation of the state

Dp0
◦ Dp0

(ρi) (19)

onto the tree-level logical qubit held by the photons. Here, ◦ indicates composition of quantum channels. Then, we
define the quantum channel Tp0,η(ρ) as the quantum channel implemented on the tree-level logical qubit by Steps 4
and 5. The final state is therefore

ρf = Tp0,η ◦ Dp0 ◦ Dp0(ρi). (20)

In order to determine Tp0,η(ρ) we turn to numerical methods. We use the quantum-network simulator NetSquid [3]
to estimate the Choi state [4] of Tp0,η(ρ). We do so as follows. First, we prepare the Bell state |Φ+〉 = 1√

2
(|00〉+ |11〉).

Next, we perfectly teleport one of these two qubits onto a tree-level logical qubit (as done in Step 3). Then, we
subject each of the qubits in the tree to a pure loss channel with loss probability 1 − η, and then to a depolarizing
channel Dp0

. Finally, we simulate the heralded-storage procedure. Conditioned on heralded storage being successful,
the two-qubit state is now the Choi state

|Choi〉 = (Id ⊗ Tp0,η)(|Φ+〉 〈Φ+|). (21)

Here, Id is the identity quantum channel on a single qubit. This state fully characterizes the quantum channel.

Our simulations are probabilistic as each time a pure loss channel is applied a random number is sampled to deter-
mine if the photon is lost, and each time a depolarizing channel is applied, a random number is sampled to determine
if there is an error (and if so, whether it is an X, Y or Z error). For a range of values of p0, η and the branching
vector of the tree code we have performed this procedure one million times to obtain reliable statistics. The simula-
tion code used to obtain the data can be found in https://github.com/bernwo/code-concatenated-quantum-repeater.
Both the raw and processed data can be found in https://doi.org/10.4121/b9c7327e-97b2-4ea2-9b74-18c51f265027.v1.

We investigated this for all the parameter values t ∈ {[4, 13, 4], [5, 11, 4], [4, 14, 4], [4, 12, 5]} found via the numerical
optimization of the secret key rate, and find that

|Choi〉 ≈ (Id ⊗Dp0
)(|Φ+〉 〈Φ+|) (22)

and thus

Tp0,η ≈ Dp0 . (23)

This allows us to conclude

ρf ≈ Dp0
◦ Dp0

◦ Dp0
(ρi). (24)

https://github.com/bernwo/code-concatenated-quantum-repeater
https://doi.org/10.4121/b9c7327e-97b2-4ea2-9b74-18c51f265027.v1
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Because Dp1
◦ Dp2

= Dp1p2
we then have

ρf ≈ Dp3
0
(ρi) ≡ D′

εr(ρi). (25)

Here, the last part of the equation defines the re-encoding error probability εr. Simply equating both sides then reveals

εr =
3

4
(1− p30) =

3

4

(
1−

(
4

3
(1− ε0)

)3
)

= 3ε0 +O(ε20). (26)

We thus finally conclude that, for a small error probability ε0 � 1,

εr ≈ 3ε0. (27)

SUPPLEMENTARY NOTE 11. COMPARISON WITH OTHER QUANTUM REPEATER SCHEMES

There exists numerous proposals for quantum repeater architectures, which all seek to lower the hardware require-
ments for high-rate, long-distance quantum communication [5–21]. Our protocol can be characterized as a one-way
quantum repeater. This type of repeaters are particularly promising for hardware with an efficient spin-photon
interface but limited memory performance both in terms of storage time and multiplexing capability.

The work of Ref. [16] showed that the use of photonic tree-cluster states in conjunction with efficient spin-photon
interfaces could significantly reduce the qubit resources per repeater node compared with previous proposals. We refer
the reader to the supplementary information of Ref. [16] for a detailed discussion of this aspect where comparison with
both quantum emitter-based architectures [14, 22] and linear optics based approaches [23–25] has been performed.

We have summarized the comparison of our proposed quantum-repeater scheme in Supplementary Table 1 with
both the original proposal in Ref. [16], the GKP-based protocols of Refs. [17, 18, 20] and a recent photonic cluster state
repeater proposal [26]. From the table, it is seen that our work significantly improves on previous work by allowing
for a fault-tolerant repeater with minimized qubit resources per repeater node while representing a fundamentally
different route than continuous variable GKP approaches.

The key drawback of Ref. [16] is that the lack of fault-tolerance which meant that very low error rates are needed
for intercontinental distances. In this work, we have shown how this can be addressed efficiently through code
concatenation and flag-based quantum error correction. Importantly, we demonstrate a fully fault-tolerant architecture
with only a modest increase in resources compared to the protocol of Ref. [16].

Recently, there has been a number of proposals that also exploit code-concatenation for fault-tolerant quantum
repeater architectures [17–20]. These proposals focus on the combination of a GKP code with a small discrete-
variable (DV) quantum error correcting code. Moreover, if one has access to almost lossless hardware, then in some
configurations bare GKP qubits can be sufficient [18] and in the limit of very high squeezing further performance
benefits could be achieved by considering GKP qudits [21]. These works represent a fundamentally different approach
than the one we consider here. In particular, the experimental challenges are very different for such approaches
compared to ours. The generation of an optical GKP state remains a daunting experimental challenge, which is very
different from the arguably also challenging task of generating the large photonic cluster states that our protocol
requires. We do note, however, that recent experimental achievements of the generation of multiple-photon cluster
states have already demonstrated some of the key functionality required for our proposal [27, 28]. We also note the
recent experimental realization of optical GKP states [29] that provides the initial push towards the feasibility of
GKP-based protocols. In general, however, most of the systems currently being explored for quantum information
processing are based on qubits. The DV approach that we pursue in this work, is thus applicable to a broader range
of the experimental systems.
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Schemes Characteristics Performance

Current work Tolerance against both loss and operational er-
rors by concatenating tree cluster states with
[[5,1,3]] code. Fault-tolerance against opera-
tional error achieved via flag qubit on the
[[5,1,3]] code level. Each type i node requires
15 matter qubits to generate tree cluster states,
while each type ii node requires 2 more qubits
to perform error correction procedure on the
outer code level. Requires classical feed for-
ward.

Assumed operational error ∼ 0.1%. Two-qubit gate er-
rors are assumed to be dominant. A secret key rate of ∼
7.5 kHz assuming the six-state quantum key distribution
protocol was achieved with ηd = 0.95 at Ltot ≈ 800 km,
optimized with respect to a cost function (see main text).
Ratio of inter-repeater distance to attenuation distance
found to be L0/Latt ∼ 0.11 with Latt = 20 km.

Niu et al. [26] Based on a purely photonic approach using
measurement-based CSS codes where no mat-
ter qubits are needed at the repeater nodes. Re-
sources required for encoded-state generation
are not considered. One of the CSS codes con-
sidered is the [[48,6,8]] code. Does not consider
code concatenation. No classical feed forward
required.

No operational errors included and only loss errors are
considered. An effective transmission probability of ∼0.8
was found for ηd = 0.95 at Ltot = 1000 km. Ratio of
inter-repeater distance to attenuation distance found to
be L0/Latt ∼ 0.12 with Latt = 22 km.

Borregaard et al.
[16]

Loss tolerance achieved via tree-cluster states.
Each node requires a quantum emitter and
2 auxiliary memory spins to generate a tree-
cluster state. Does not consider code concate-
nation. Requires classical feed forward.

Assumed operational error ∼ 0.1%. A secret key rate
of ∼ 0.1 kHz assuming the six-state quantum key distri-
bution protocol was achieved with ηd = 0.95 at Ltot ≈
800 km, optimized with respect to a cost function. Ratio
of inter-repeater distance to attenuation distance found
to be L0/Latt ∼ 0.20 with Latt = 20 km.

Fukui et al.
[18]

CV-based two-way scheme requiring optical
GKP states. Repeaters generate GKP Bell
pairs where each half of the Bell pair is sent
in opposite direction for loss-tolerant entangle-
ment swapping. Based on the GKP analog
information from swapping one can introduce
post-selection to trade-off success probability
with fidelity of entanglement generation.

Secret-key rate of 0.2 secret bits per mode/per protocol
run assuming the six-state quantum key distribution pro-
tocol with homodyne detection efficiency of ηd = 0.99 and
GKP squeezing of 15.4 dB at Ltot ≈ 1000 km. The to-
tal number of GKP qubits needed per protocol run over
this entire Ltot is 4×103. Ratio of inter-repeater distance
to attenuation distance found to be L0/Latt ∼ 0.02 with
Latt = 22 km.

Rozpędek et al.
[17]

CV-based one-way scheme requiring optical
GKP states. The repeaters are assumed to be
equipped with between 3 to 10 “GKP memo-
ries” that can reliably store GKP states while
performing the sequence of error correction op-
erations on them. Concatenation of GKP state
with either an outer [[4,1,2]] code or [[7,1,3]] code
is considered. Requires classical feed forward.

Perfect homodyne detection and two-qubit GKP gate is
assumed. For the [[4,1,2]] code, a secret key rate of 0.1 bits
per mode assuming the six-state quantum key distribution
protocol with repeater coupling efficiency of ηd = 0.97 and
GKP squeezing of 17.9 dB at Ltot ≈ 5000 km, optimized
with respect to a cost function. If instead [[7,1,3]] code
is used, the same performance can be achieved at Ltot ≈
10000 km. Ratio of inter-repeater distance to attenuation
distance found to be L0/Latt ∼ 0.01 with Latt = 22 km.

Rozpędek et al.
[20]

CV-based two-way scheme requiring optical
GKP states. An all-optical approach where all
the GKP operations are performed fiber-based
is considered, and therefore no “GKP memo-
ries” are required. The resource states for this
protocol are logical Bell pairs between a GKP
qubit and a code-concatenated GKP-[[7,1,3]]-
code qubit.

A performance of 4 secret key bits per protocol run can be
achieved assuming the six-state quantum key distribution
protocol with homodyne detection efficiency of ηd = 0.98
and GKP squeezing of 15.4 dB at Ltot ≈ 5000 km, op-
timized with respect to a cost function. To achieve this
performance in a fully all-photonic scenario the total num-
ber of GKP qubits needed per protocol run over this entire
Ltot is 107. Ratio of inter-repeater distance to attenuation
distance found to be L0/Latt ∼ 0.05 with Latt = 22 km.

Supplementary Table 1. Comparison with quantum repeater schemes considered in Refs. [16, 17, 20, 26]. As mentioned in
the main text, ηd is the overall repeater efficiency, L0 is the inter-repeater distance, Latt is the attenuation distance, and Ltot

is the total distance.
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