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Coordinates of the projection points
To determine the projection point   corresponding to the transducer’s center point  onto the tangent plane requires the parametric form of the line equation that passes through the transducer’s center point and has the directional vector parallel to the normal vector to the tangent plane  , which can be written as:
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Thus, the coordinates of the projection point   is (,, ). These coordinates are then substituted into the tangent plane equation (Eq. 8 in the manuscript) to solve for t.
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Replacing  into Eq. (1.2.1), the coordinates of the projection point  are expressed as:
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This process is also performed to find the projection point  corresponding to the focal point .
Model meshing/ Computer specifications.
To ensure the accuracy of an acoustic tweezer model, a rectangular domain that encompasses the trap is created. The domain is discretized using a non-uniform mesh with a maximum element size of , where  represents the wavelength of the medium with the smaller value between the two media layers.

The computation was performed on a DELL PowerEdge T630 Tower Server with 64 Intel(R) Xeon(R) CPUs with 320 GB RAM. 
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Supplementary Figure 1. Flowchart of the algorithm for calculating the phases that drive ultrasonic transducers to generate an acoustic trap through dual-layered media. The algorithm proceeds through three main steps: (1) determining the incident points , between each transducer and the common focal point, ​, by applying the generalized form of Snell's law. This step considers the speed of sound in each medium layer, ​ and ​, the coordinates of the transducers, ​, and the characteristics of the interface (e.g., height for planar, , or shape for non-planar, ); (2) calculating the phases needed to generate a focused beam with the focal point at ​, taking into account the incident points to determine the propagation paths from the transducers to the focal point; and (3) deriving the final phases required to generate the acoustic trap by combining the beam-focusing phases with those associated with the specific trap signatures (e.g., twin or vortex signatures), thereby shaping the acoustic field to create the trap across the media.
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Supplementary Figure 2. Generation and validation of the trapping capability of a vortex trap through kerosene-water media with a planar interface, accounting for refraction effects. (a) Calculation of phases for the vortex trap (left), with validation through COMSOL acoustic simulations (right). The horizontal line at z = 6 mm marks the planar interface. Displayed are the pressure amplitude (top and bottom left) and pressure phase (top and bottom right), with front (x-z plane at y = 0 mm, first row) and top (x-y plane at z = 10 mm, second row) views. (c) Computation of acoustic radiation forces for the vortex trap, showing force fields (left) and cross-sections (right).
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Supplementary Figure 3. Generating vortex traps through chloroform-salted water planar interface with and without considering refraction effect. (a) Pressure amplitudes of vortex traps: with refraction correction (left), assuming homogeneity with a sound speed of 1000 m/s (middle), and 1783 m/s (right). (b) Horizontal acoustic radiation force (Fx) of vortex traps: force distribution (left) and cross-sections (right). Force distribution is shown for refraction-corrected conditions (left), and under homogeneity assumptions with sound speeds of 1000 m/s (middle) and 1783 m/s (right). (c) Depth acoustic radiation force (Fy) of vortex traps: force distribution (left) and cross-sections (right), comparing refraction-corrected conditions (left) with homogeneity assumptions at sound speeds of 1000 m/s (middle) and 1783 m/s (right). (d) Vertical acoustic radiation force (Fz) of vortex traps: force distribution (left) and cross-sections (right), comparing refraction-corrected conditions (left) with homogeneity assumptions at sound speeds of 1000 m/s (middle) and 1783 m/s (right).
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Supplementary Figure 4. Generation of twin traps through a muscle-water medium with upward-facing and S-shaped interfaces. (a) Pressure amplitude distributions of focused beams (left) and twin traps (right), shown in front (x-z plane at y = 0 mm, top row) and top views (x-y plane at z = 10 mm, bottom row). (b) Force distributions exerted on a 13 μm glass particle by the traps generated through the upward-facing interface (left) and the S-shaped interface (right). (c) Cross-sectional views of forces fields shown in (b).
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