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ABSTRACT

The Abelian sandpile is a deterministic diffusion process on graphs which produces striking,
kaleidoscopic patterns. Why do these patterns appear? Are the patterns robust to noise?
Do different graphs generate distinct patterns? This thesis presents some answers to these

questions.
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CHAPTER 1
INTRODUCTION

1.1 Overview

This thesis is based on some of the author’s published papers on the Abelian sandpile,

Bou-Rabee [2021a,b,c, 2022]. The main results contained in the thesis are as follows.

1. Sandpiles with stationary ergodic initial data converge to deterministic limits in the
‘compact’ regime. In the ‘explosive’ regime, convergence occurs under some additional

constraints on the initial sandpile.

2. The scaling limit of the sandpile on the F-lattice, a periodic subgraph of 72, is described

by a degenerate, overlapping circle packing, distinct from the 72 case.

3. Certain sandpiles on Z% coincide with cross-sectional slices of sandpiles on 7.0+1,

In the rest of this chapter, we survey some past work on the Abelian sandpile and then

discuss the contributions of this thesis together with some directions for future work.

1.2 Abelian sandpile

We present a high level description of prior results most relevant to this thesis.

1.2.1 Origins

The Abelian sandpile model is a natural dynamical system and so was rediscovered in many
different contexts. The earliest known occurrence of the sandpile is in an educational article
Engel [1975]. Engel introduced the so-called probabilistic abacus as a pedagogical tool to

help fourth graders learn probability. Engel’s abacus exactly determines, in a deterministic



and simple way, hitting probabilities and expected exit times for Markov chains on finite
graphs — for more see Propp [2017].

Engel’s abacus was further developed by the combinatorics community where it became
known as chip-firing Bjorner et al. [1991]. Researchers have explored connections of chip-
firing to arithmetic geometry Lorenzini [1989] and algebraic graph theory Biggs [1997]. The
recent books Klivans [2018], Corry and Perkinson [2018] provide a detailed exposition of
some work done in this direction.

The sandpile is perhaps most famous for being (independently) introduced by statistical
physicists Bak-Tang-Wiesenfeld as a model of ‘self-organized criticality’ Bak et al. [1987].
Dhar later made substantial contributions; he generalized the model to arbitrary graphs
and was the first to observe the Abelian property Dhar [1990]. In fact, to the best of our

knowledge, the term ‘Abelian sandpile’ first appears in Majumdar and Dhar [1992].

1.2.2  Definition

In its most general formulation, the Abelian sandpile is a deterministic diffusion process on
graphs. Let (V, E) be the vertices and edges of a graph which is strongly connected and
locally finite. (For simplicity here, we will further assume undirected.)

A sandpile is a function n : V. — 7Z where n(zx) is thought of as the number of chips
(or a hole of certain depth) at vertex x. A vertex z is unstable if it has at least as many
chips as its degree, n(x) > deg(z), and is otherwise stable. Unstable vertices topple, giving
one chip to each adjacent vertex. If, eventually, every vertex is stable, then the sandpile
is stabilizable. Otherwise, it never stops toppling and is ezplosive. The process of toppling
unstable vertices until every vertex is stable is stabilizing. In this case, the order in which
unstable vertices topple doesn’t affect the final, stable configuration, s : V' — Z; the sandpile
model is Abelian.

The Abelian property is a consequence of the linearity of toppling. In particular, toppling



Figure 1.1: Stabilizing a sandpile. The number within each vertex indicates the number of
chips. Unstable vertices are colored red.

is locally confluent. If two vertices x and y are unstable, then toppling x then y results in
the same configuration as toppling y then x. Repeated application of local confluence shows
that the final configuration is invariant with respect to the choice of toppling procedure.
One way to ensure sandpiles stabilize is to start with a finite number of chips on an
infinite graph. A canonical example is the single-source sandpile, start with a large stack
of chips at the origin on YA (with nearest neighbor edges) and stabilize — see Figure 1.3.
Another common approach is to take a finite graph, say a square €2 C 72, and designate
all boundary sites as sinks. Sinks cannot topple and accumulate chips. Thus, if the initial

sandpile 7 is supported in €2, all interior vertices will eventually stabilize — see Figure 1.4.

1533

Figure 1.2: A sandpile which never stabilizes.



Figure 1.3: Single-source sandpiles on Z2 and Z? respectively. Vertices which have toppled
are colored by the number of chips left behind.

1.2.83  Discrete sandpile PDE

The process of toppling can be rephrased in terms of the graph Laplacian. The graph

Laplacian A operates on functions g : V' — R as

Ag(r)= > (9(y) — g(x)), (1.1)
(y,x)eE
where the sum (y, x) is over the outgoing edges of vertex x. (The graph Laplacian is also the
(normalized) generator of simple random walk on V' — see Section 1.5 of Lawler and Limic
[2010]. This perspective will be used in part of Chapter 2. )
The action of toppling vertex x is equivalent to taking the graph Laplacian of the indicator
function: 7 — n+ Ad,. In fact, stabilizing can be captured by a single function v : V' — N,

the odometer, which keeps track of how many times each site toppled:

s =mn+ Av. (1.2)
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= 5 in large squares. Interior vertices

Figure 1.4: The stabilization of n = 4 and 7
colored by the number of chips left behind.
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Figure 1.5: Surface plots of the odometers of Figure 1.4.



The odometer provides an entry point into a rigorous understanding of the sandpile. It
appears to be a much smoother object than the sandpile which it describes — compare
Figures 1.4 and 1.5. In fact, on Z<, if the initial sandpile n is bounded then v approximates
a differentiable function on R with Holder continuous derivatives as a consequence of the
estimates in Kuo and Trudinger [2005]. (On RY functions with bounded Laplacian enjoy this
regularity; see, for example, Section 4.5 in Gilbarg et al. [1977].)

Beyond this apparent smoothness, the odometer solves a discrete PDE known as the least
action principle

v=min{w:V = Z: Aw+n < deg—1}. (1.3)

The least action principle was formulated and proved in Fey et al. [2010]. It can be thought
of an efficiency characterization of the sandpile — each vertex topples the least amount of
times needed to stabilize. In other words, v is the pointwise least function which stabilizes
n, Av+n < deg—1.

Notably, the least action principle provides a method to determine whether or not a
sandpile stabilizes. If one can construct a single function w with Aw +n < deg —1, then
is stabilizable and the odometer v exists. Indeed, if such a function w exists, v < w < oo as
the graph Laplacian is monotone, A min(v, w) < max(Av, Aw).

In some sense, the least action principle can be thought of as a stronger version of the
Abelian property. (Interestingly, one can formulate a so-called parabolic least action principle
which can be applied to sandpiles which may not stabilize — see Chapter 5.)

If a sandpile stabilizes on V' and its odometer is strictly positive in a subset 2 C V|,
then the restriction of the stable sandpile to €2 is a special sandpile known as a recurrent
sandpile. (The term recurrent is used because recurrent sandpiles form the recurrent states
of a certain Markov chain. If interested, see Dhar et al. [1995] or Holroyd et al. [2008], but
we will not employ this perspective.)

A fundamental property of recurrent sandpiles which we will use is the following com-

6



Figure 1.6: Single-source sandpiles on Z2 where the graph Laplacian is given by Av(z) =
—3v(x)+v(r+ep)+ov(r—er)+v(r—e;+eg) and Av(z) = =Tv(z) + 2v(z + 1) + 2v(z —
e2) +v(z —e1) +v(z —e1 +e2) +v(z +eg).

parison principle. Denote the outer boundary of €2 by

0 = {xz € V\Q : there exists (y,z) € E with y € Q}

and let Q = QUOIN. If s: Q — {0,...,deg —1} is a recurrent sandpile and s = Av for an

integer-valued function v : Q — Z then

sup(v — w) < sup(v — w) (1.4)
Q o0

for any w : Q — Z with Aw < deg —1.
Being able to compare two different sandpiles in this way allows one to import tools from
elliptic PDE, where such comparison principles play an important role. We will use a slightly

stronger version of (1.4) in Chapter 2.



Figure 1.7: Sandpiles on Z?2 with nearest neighbor edges and initial conditions ndg + (2d—k)
for n large. The left is k = 2 and the right is £ = 3.

1.2.4 Existence of scaling limits

When the initial sandpile has a sufficiently large number of chips and is stabilizable, the
stable sandpile usually reveals fascinating fractal structure. Figures 1.3 and 1.4 are two
examples on Z%, but this phenomena appears to be quite robust to both the choice of graph
and initial condition. See Figures 1.6, 1.7, 1.8, and 1.9.

This pattern formation was observed by physicists Liu et al. [1990] and Creutz [1991]
soon after the sandpile was introduced. However, a mathematical understanding of why they
appear remained elusive for several decades. (Some partial progress was made in Ostojic
[2003], Fey-den Boer and Redig [2008], Levine and Peres [2009]. Notably, Paoletti [2013]
provided explicit descriptions of some sandpiles on certain graphs.)

In a breakthrough work, Pegden and Smart [2013] proved that the single-source sandpile
on Z% has a continuum scaling limit as the number of chips goes to infinity. Pegden-Smart
used ideas from the theory of viscosity solutions (Crandall [1997]) to show that the discrete
least action principle (1.3) has a continuum analogue. They then used this to show that the

odometers converge.



Figure 1.8: Sandpiles on Z3 with nearest neighbor edges and initial conditions ndy + (2d—Fk)
for n large. From top left to bottom right k = 2, 3,4, 5.



Figure 1.9: Sandpiles on Z? with nearest neighbor edges. In the picture on the left, the
initial condition is 4 chips at every site in the indicated rounded cross domain with sink
along the boundary of the cross. On the right, the initial condition is the same as the left,
but the sink is removed and chips are free to spread.

Specifically, let vy, denote the odometer for initial sandpile ndg on 7% with nearest neigh-

bor edges. In other words,

v = min{w : Z = N: Aw + ndy < 2d — 1}, (1.5)
where
d
Aw(x) = Z(w(m +e;) +w(r —¢;) — 2w(x)),
1=1

and e; are the standard basis vectors of Z%. For a domain Q C R? let C(2) be the set
of continuous functions on 2. We will overload notation and write A for the continuum
Laplacian when the input is in C'(2). The notation [z] rounds z to the nearest integer

(breaking ties arbitrarily) in Z¢.

Theorem 1.2.1 (Pegden and Smart [2013]). The rescaled odometers

Up(x) = n_2/dvn([n1/dx])
10



converge locally uniformly away from the origin,
on — G+a
where G € C(RN\{0}) is the fundamental solution to the Laplacian
AG = —§
and u is the unique viscosity solution to
i = inf{w € C(RY : w> -G and D*(w + G) € ['(2%)}, (1.6)

where F(Zd) 15 a certain set of d x d symmetric matrices.

Once we know that the odometers v, converge, discrete integration by parts immediately
implies convergence of the sandpiles, s, = Awv, + ndg. That is, the rescaled sandpiles

Sn(x) := sn([n/?2]), converge in the L weakly-* sense,
Sp — S. (1.7)

and (distributionally), Au = 5.

Let us reflect on the form of the continuum least action principle (1.6). The fundamental
solution G records the initial condition — a stack of chips at the origin — and @ describes
how that stack is redistributed. The odometer is positive, so the discrete condition v, > 0
translates to @ + G > 0. The Hessian constraint is more involved; the discrete version of
D%(a+G) € T(Z%) is Avy, +ndy < 2d — 1. This suggests that in the continuum least action
principle we should instead have A(u + G) < 2d — 1.

This is, however, false. If the second order condition were just the Laplacian, then the

limit sandpile would be flat, 5 = (2d — 1)1{# > —G). And, by radial symmetry of A, the
11



limit shape would be a ball. This contradicts the appearance of the simulations in Figure
1.3. In fact, the Hessian constraint, the set F(Zd), is the source of all the complexity of the
sandpile.

The set F(Zd) is defined as the set of quadratic growths achievable by functions on the
lattice Z¢ with bounded Laplacian. To be specific, a d X d symmetric matrix A is in the set

I'(Z%) if there exists an integer-valued function u : Z¢ — Z with
L r
Au<2d—1 and u(z)> 5% Az. (1.8)

This set is implicitly introduced by Pegden-Smart where it’s shown that such quadratic
growths describe the local behavior of limit sandpiles.

The proof of convergence in Pegden and Smart [2013] is quite flexible. Although it was
presented for the single-source sandpile on 7% the proof shows, with essentially no changes,
convergence of the sandpiles shown in Figures 1.4, 1.6, 1.7, 1.8, and 1.9. More generally,
their result extends to all periodic sandpiles on lattices where the Laplacian is given by the
generator of a random walk on the lattice which satisfies the local central limit theorem (as
in Lawler and Limic [2010]).

Here’s an explicit example which includes the limits in Figure 1.4. Let L% be a full-rank
lattice, i.e., a discrete additive subgroup of R? which can be expressed as the integer span of d
linearly independent vectors. Let the initial sandpile 7 : L% — Z be a periodic function, that
is, a function for which there exists a full-rank sub-lattice S c LY so that n(x) =n(x + v)
for all v € S°.

Let Fn(Ld) be defined as I'(Z%) except the integer-valued functions in (1.8) have domain
the lattice L and satisfy Au + 71 < deg—1 (so that Tg(Z9) = T'(Z%)). Let @ c R be
a bounded open set satisfying the exterior sphere condition (this ensures solvability of the

Dirichlet problem for Laplace’s equation in € see pages 26-27 of Gilbarg et al. [1977]). Let

12



vp : Z% — N be the pointwise least function that satisfies
Avp+1<2d—1 inZ%NnQ.

Then, the quadratic rescalings, oy, () := n~2vp([nz]), (here [nz] rounds to the nearest lattice

point) converge uniformly as n — 0o to
vy = inf{w € C(Q) : w > 0 and D*w e Fn(]Ld) in Q}. (1.9)

Moreover, when 7 has average density above 2d — 1 (so that there is a macroscopic number

of topplings) o also solves the Dirichlet problem

D%, € a0, (L% in Q
T (1.10)

where OFH(Ld) denotes the topological boundary. In the case of Figure 1.4, the domain is a
square, Q = {z € R? : max(|z1], |z2|) < 1}, the lattice is Z%, and the two sandpiles displayed
are approximations of Av; for n =4 and n = 5 respectively.

The periodicity of the initial sandpile is an important assumption which cannot be relaxed
when employing the Pegden-Smart machinery — we will see to what extent periodicity can

be generalized in Chapter 2.

1.2.5 Characterization of scaling limits

Although the description of the set I n(Ld) is explicit, it doesn’t provide an immediate
explanation for the appearance of fractals. In a spectacular work, Levine et al. [2016b, 2017]
characterized I'y (ZQ) via a relation to a recursively generated circle packing. This related the

mysterious fractals appearing in the sandpile to another well-studied (but a priori completely

13



unrelated) fractal. We give a precise description of their result.

Start by parameterizing the set of 2 x 2 symmetric matrices, S2, by M (a,b,c) : R3 — 82,

c—a b

M(a,b,c) := (1.11)

N —

b c+a

Notice that Tr(M (a,b,c)) = c. Asides from this, the primary advantage of this parameteri-
zation is that the convex cone of positive semi-definite matrices is in fact a geometric cone.
Recall that for two matrices A, B € 8%, B < A if (A — B) is positive-semidefinite. Given a
matrix A € S2, write

Av:={BeS’.B< 4}

and extend this operator to sets of matrices via unions.

Under the parameterization (1.11), the set At is geometrically a slope-1 downwards
cone with apex at A. In particular, as [o(Z?) is downwards closed (if A € T'o(Z?), then
At € T(Z?)), the set T'g(Z?) can be viewed as a volume in Z3 and its boundary as a surface.
Moreoever, the harmonic, integer-valued functions

1 1
hi(z) =21z and ho(w) = gwi(e1 +1) = Jza(re +1)

indicate that Tg(Z2) satisfies a periodicity property.
Indeed, if A € PO(Z2), then there is a function u : Z2 — Z with Au < 3 and u > %CL’TA.Z‘.
Since h; are integer-valued and harmonic, for all k; € Z, uj, := (u + k1hy + kohg) is integer-

valued and Awuy, < 3. This shows
AeTy(Z?) < A+ M(2ky,2ks,0) € Ty(Z?)

for all k; € Z. Therefore, to characterize FO(ZQ), it suffices to specify a period of its boundary;

14



Figure 1.10: A few periods of dT'¢(Z?); the left is a surface plot, the right a contour plot.

a surface plot and a contour plot can be seen in Figure 1.10.

The pictures in Figure 1.10 suggest FO(ZQ) is described by P¥ for a set of isolated peak
matrices P C dT(Z?2). Moreover, it seems like the intersection of P+ with the trace 2 plane
outlines a circle packing. This is exactly what was proved in Levine et al. [2017]. Specifically,
Levine-Pegden-Smart showed that A € T'o(Z?) if and only if Tr(A4) < 2 or A < P for some
matrix P corresponding to a circle in an Apollonian circle packing.

Apollonian circle packings are recursively generated. In particular, one may construct
an Apollonian circle packing by starting with a triple of mutually tangent circles and then
recursively filling in Soddy circles, the two nonintersecting circles which are tangent to the
triple. Levine-Pegden-Smart constructed the set of peak matrices P following this. They
later used the tangency structure of the Apollonian circle packing to construct certain con-
tinuum sandpile fractals in Levine et al. [2016b].

The proof that P C GFO(ZZ) proceeded by recursively constructing functions u : Z2 —
Z with Laplacians given by periodic, recurrent sandpiles. Somewhat miraculously, these
periodic, recurrent sandpiles appear to describe the microscopic structure of large sandpiles

— see Figure 1.11. This phenomena was rigorously proved in Pegden and Smart [2020]
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Figure 1.11: Some of the microscopic structure in Figure 1.4. These are all correspond to
periodic recurrent sandpiles.

where it was shown these periodic patterns actually do appear whenever the limit odometer
is piecewise quadratic.

The works of Levine-Pegden-Smart completely explain the appearance of sandpiles on
Z? and lay the foundation for understanding what happens in general. This thesis can be

thought of as a contribution towards their program.

1.3 Discussion of new results

In this section we survey the new results contained in this thesis and also describe some open

questions.



1.3.1 The effect of randomness on sandpile growth

The first contribution of this thesis is to extend the convergence theorem of Pegden-Smart
to the case where the initial sandpile is not periodic.
Start with a background of indistinguishable chips, 7 : 7% = 7, add n chips at the origin

and iterate parallel toppling:
St1 = st + A(1{st > 2d}) (1.12)

where Av(z) = Zgl:l(v(x +e;) +v(x —e;) — 2v(x)) is the Laplacian on Z¢ and sy = 1+ ndy
is the starting sandpile.

If the background is robust, then for each n there is a well-defined stable sandpile s, :=
Soo, Otherwise the sandpile is explosive and for some n the infinite sequence {s¢};>¢ is an
exploding sandpile. (When the background is robust, by the Abelian property, s, is just the
stabilization of ndg + n.)

In each case there is a sequence of growing sandpiles, {sp} or {s¢}, both of which have
been investigated by physicists Dhar and Sadhu [2013]. Simulations suggest some form of
convergence is occurring in both the compact and explosive regimes. However, the limits
appear to be quite different. In the stable case, hints of the fractal structure appearing in
the single-source appear to be retained even when the initial background is random. In the
explosive case, the patterns appear to be completely washed out. See Figures 1.12 and 1.13.

Chapters 2 and 3 use techniques from stochastic homogenization to establish convergence

of sandpiles for a broad class of deterministic and random initial backgrounds.

Theorem 1.3.1 (Informal statement of results in Chapters 2 and 3 ). Each of the following

holds on an event of probability 1.

o Ifn < (2d — 2) is stationary and ergodic, then the rescaled, stable sandpiles {sy}

converge to the Laplacian of the solution of a certain nonlinear PDE.
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Figure 1.12: Single-source sandpiles on robust backgrounds n ~ Bernoulli(—1,0,1/2) in
dimensions 2 then 3.

Figure 1.13: Snapshots of an exploding sandpile {s;} in dimension 2. The initial background
is 7 ~ Bernoulli(2, 3,1/10)
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Figure 1.14: Simulations of OI'(Z?) for random backgrounds n ~ Bernoulli(0, 1,1/2), 1 ~
Bernoulli(—1, 1,1/2), and n ~ Bernoulli(—2, 2,1/2) respectively.

o [fn > (2d—2) is stationary with a finite range of dependence and P(n(0) = 2d—1) > 0,

then the rescaled, exploding sandpiles {si} converge to the level set of a convex function.

e In the intermediate regime (m(x) < (2d—2) and n(z') > (2d—2) for some z,x’) random

and deterministic sandpiles may fail to converge.

In the stable case, the sandpiles are rescaled by a factor of n~1/4 while in the exploding
case the scaling is t~1. The proofs also involve different approaches. In Chapter 2, we
use tools from quantitative homogenization of fully nonlinear non-divergence form elliptic
PDE Armstrong and Smart [2014a] while in Chapter 3 we combine ideas from bootstrap
percolation Schonmann [1992] together with front propagation in random media Xin [2000].
In the explosive regime, it is sometimes possible to explicitly determine the limit shape.
For example, in the case n = 2d — 1, the limit shape is a diamond, {z € RY . 2?21 |z;| < 1}.
However, determining the limits in the compact regime appears to be much more difficult.

The proof in the compact case shows that the limit sandpile is given by A, where 1, is

the unique viscosity solution to

i =inf{w e C(RY) :w > —~G and D*(w + G) € (29}, (1.13)
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where fn(Zd) is a downwards closed set of d X d symmetric matrices depending only on the
lattice Z% and the distribution of the initial background 7. However, unlike in the Pegden-
Smart proof, the set fn(Zd) is only implicitly identified. (It comes from an application of
the subadditive ergodic theorem.) We conjecture that fn(Zd) = Fn(Zd). It is not hard to
check that Fn(Zd) C fn (Zd), but the reverse inclusion is currently out of reach.

We believe the reverse inclusion holds because of the output of an algorithm which
simulates a closely related set. We now describe the algorithm. Write ¢ (z) = %xTM x.
It is shown in Lemma 3.1 of Levine et al. [2016b] that when 7 is periodic, M € Fn(Zd) if
and only if A[qy,] +n is stabilizable (as an infinite-volume sandpile on Z%). Levine-Pegden-
Smart further observe that when M has rational entries, Afqys] + 7 is stabilizable on Z if
and only if it is stabilizable on a torus whose size depends on the denominators of M and
the period size of 7. (The proof is given for Z? and n = 0, but it extends to this case and
other lattices.)

This result provides an algorithm for determining, in the periodic case, Fn(Zd) up to
arbitrary precision. We have no such algorithm in the random case, but we may check that

Fn(Zd) is the topological closure of
{M € Sy : Tqp| + n is stabilizable.}

and S, is the set of d X d symmetric matrices.

Here’s a quick sketch for the interested reader. If A[qps| + 7 is stabilizable, then there
exists an integer-valued function v satisfying Av + Afqps] +n < 2d — 1. By conservation of
density, Lemma 2.10 in Fey et al. [2009], v is harmonic on large-scales. However, since v is
positive and v(0) < oo, this forces v(z) = o(|z|?). Hence, w := v + [qp] is integer-valued,
has the correct growth, and satisfies Aw + 1 < 2d — 1. Conversely, if such a function w did
exist, then v := w— [qps| +1 is a positive, integer-valued function which stabilizes [qps ]+ 7.

We conjecture that M € Fn(Zd) if and only if [qps] + 7 is stabilizable on all sufficiently
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large tori — at least in the case when 7 is fast mixing. We have computed the latter quantity
in Figure 1.14 for some i.i.d. Bernoulli random backgrounds on Z2. The first noticeable
feature is that most of the discrete peaks in the non-random case are completely lost —
compare with Figure 1.10. The surface also appears to smoothly vary in certain directions.
In the case when 1 ~ Bernoulli(0, 1,1/2), there do appear to be some isolated peaks. This
is in fact provable, and we guess that these peaks correspond to the large curved triangles
in Figure 1.12.

To see why these peaks appear, one needs only observe that the function x% has Laplacian
identically equal to 2, and hence Ax% + Bernoulli(0,1,1/2) is a recurrent sandpile. This
implies that the quadratic growth of Hf% is on aFn(Zz). Indeed, one may check directly that
1 = d is recurrent on YARN sandpile which is stable and pointwise larger than a recurrent
sandpile is also recurrent. (See, for example, the proof given in the last section of Chapter
3.)

A similar observation allows us to describe the scaling limits of a family of random and
deterministic sandpiles on circle domains.

Take 7 stationary and ergodic which is pointwise bounded from above and below: 2d <
n < 2d + (d — 1). Consider the odometer v,, which stabilizes n in nf2, for Q@ = {z €
R? : ||z|ls < 1}, with sink along the boundary. Then the quadratically rescaled odometers

1 af? -
= —5— — see Figure 1.15. Indeed,

converge uniformly in € almost surely, v,(x) — o(x) :
the integer-valued function o(z) = Zgzl —%xz(xz + 1) satisfies d < Ao+n < 2d — 1 and
grows like qp2, at infinity. (And the convergence result for random sandpiles extends to this
case.)

Another interesting direction is to investigate stability properties of random sandpiles.

For example, limit sandpiles appear to vary continuously with respect to bounded noise —

see Figure 1.16. To prove this rigorously would require relating the sets fﬁ (Zd) as 7 varies.
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Figure 1.15: Stabilization of 4 chips at every site in a large ball on Z2. Green is 2 chips.
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Figure 1.16: Single-source sandpiles on backgrounds —n ~ Bernoulli(p) for p = k/10 for
k=1,2,3,4.
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1.3.2  Integer superharmonic functions on Fuclidean digraphs

Our next contribution is an explicit determination of the scaling limit of the sandpile on a
particular planar graph. Interestingly, the limit is not a conventional circle packing.
Determining the scaling limit of the sandpile on a lattice is equivalent to understanding
the quadratic growths achievable by integer-valued super harmonic functions on the lattice, a
direction of independent interest. Indeed, let (V, E') denote a Euclidean digraph. A function

gV — Z is integer superharmonic if

Agx) =D (9(y) —g(x)) <0, (1.14)
(

y,x)eE

and has quadratic growth A if g(z) = %xTAx + o(|z|?). What quadratic growths are achiev-
able by integer superharmonic functions?

The work of Levine-Pegden-Smart answers this question in the case of the square lattice
Z2. Indeed, the set T'g(Z?) described in Section 1.2.4 can be translated to this one — given
w: 7% — 7 with Au < 2d — 1, an integer superharmonic function may be constructed by
subtracting the function MT_lxl(xl + 1) which has Laplacian identically equal to 2d — 1.

In Chapter 4, we characterize such quadratic growths on the F-lattice (defined in (1.15)

below for k = 2).

Theorem 1.3.2 (Result in Chapter 4). On the F-lattice, A is integer superharmonic if and

only if the difference
1]s—t s+t

2 s+t t—s

18 positive semi-definite for some s,t € Z. In particular, taking the matriz parameterization
in (1.11), the boundary of the set of integer superharmonic matrices is the union of identical

slope-1 cones whose bases are the overlapping circle packing displayed in Figure 1.17.

Theorem 1.3.2 completely determines the scaling limit of the sandpile on the F-lattice.
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Figure 1.17: By column, three circle packings and sandpiles on 72, the F lattice, and the
F®) lattice. From left to right: the Apollonian band packing from Levine et al. [2017],

the overlapping circle packing from Chapter 4, and the first few generations of T'g(F (3)), a
(conjectured) Kleinian bug.

This is the only planar lattice other than Z2 for which the scaling limit of the sandpile is
characterized — conjectures for other lattices can found in Pegden [2017].

The proof of Theorem 1.3.2 involves recursively constructing integer superharmonic func-
tions for each rational point on a hyperbola. In particular, this shows that while the recursive
nature of integer superharmonic functions may persist across different digraphs, the specific
recursion is not always Apollonian.

The construction also highlighted several coincidences which occur for the square lattice.
For example, the proof of Levine-Pegden-Smart explicitly built one integer superharmonic
function for each circle in an Apollonian band packing. Their construction pieced together

later functions from earlier ones in a way that mirrored the Soddy-circle generation of Apol-
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lonian circle packings. On the F-lattice, the recursion requires building two distinct integer
superharmonic functions at a time and it sometimes uses parents arbitrarily far up the recur-
sive tree. This latter feature is, in some sense, a sandpile version of the Euclidean algorithm.

The overlapping circle packing appearing in Chapter 4 is an example of an object known
as a Kleinian bug. Kleinian bugs were recently introduced in Kapovich and Kontorovich
[2021] and generalize Apollonian circle packings. An important aspect of Levine et al. [2017]
is an analogue of Descartes’ rule for integer superharmonic functions — Kleinian bugs share
a similar rule.

The symmetry group of the Kleinian bug for the F-lattice is trivial (the difficult aspect
of the argument in Chapter 4 is in accounting for the overlaps between circles). However,
numerics suggest that integer superharmonic functions on other planar lattices may be de-
scribed by nontrivial symmetries of Kleinian bugs. One particularly tractable family is the
following generalization of the F-lattice: for each k£ > 2, the F (k) Jattice is a directed,

periodic, planar graph (Z2, E(k)), where

(xte,z)e B ifx;+29=0 (mod k)
(1.15)

(x £eg,x) € E  otherwise,

(the F-lattice is the F (2) lattice). The conjectured Kleinian bug describing the set of integer

superharmonic functions on the FG) Tattice is displayed in Figure 1.17.

1.3.3  Dimensional reduction

Our final chapter of this dissertation relates sandpiles across different dimensions.
Start with 2d chips in a d-dimensional hypercube of side length m in Zd, sg = 2d, then
run parallel toppling (1.12). If a boundary site of the hypercube topples, chips are lost over
(d)

the edge; thus, for each m there is a well-defined stable sandpile sy, .
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Figure 1.18: Slices of single-source sandpiles on backgrounds n = (2d — k) for k = 3, 2.

It has been observed empirically since at least Liu et al. [1990] that d-dimensional sand-
piles on the hypercube appear embedded in (d+ 1) dimensional sandpiles. This dimensional
reduction also appears to hold for other initial data Levine and Propp [2010], Fey et al.
[2010].

In Chapter 5, we prove dimensional reduction when sg = 2d.

Theorem 1.3.3 (Informal statement of result in Chapter 5). In all dimensions d > 1,

cross-sections of (d + 1)-dimensional sandpiles are exactly d-dimensional sandpiles:
d+1 d
st (m/2),) = s ()

for allm > 1.

The key insight is recognizing that dimensional reduction is a consequence of a discrete
derivative bound on the parallel toppling odometers vgd) which encode the number of topples
per site over time. In other words, the initial condition and symmetry of the hypercube force

the ‘flow’ of parallel toppling to preserve dimensional reduction. In fact, we prove that when
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sg = 2d + k, below a critical dimension, d < dg := k + 1, this bound fails and dimensional
reduction does not hold.

We believe that the methods contained in Chapter 5 may be used to establish dimensional
reduction in all dimensions d > dj, but have not been able to do so. The technical difficulty
lies in formulating and verifying a particular inductive hypothesis in all base dimensions
do > 2. This is relatively straightforward when dy = 1 and we expect this can be done for
any given dy, but we do not yet see how to do this simultaneously for all dy > 1.

We also believe that whenever dimensional reduction occurs along cross-sections of the
hypercube it extends to the interior. However, tackling this problem seems to require new
ideas.

Another interesting question would be to adapt the methods in Chapter 5 to the single-
source sandpile; in particular, we conjecture that, away from the origin, slices of ndy+(2d—k)
coincide across dimensions for d > dy. Compare Figures 1.18 and 1.7.

We have made available a GPU-accelerated program which may help in future work on
symmetric sandpiles — see bourabeesandpilealgorithm. For example, one may check some

of the above conjectures up to dimension 12 using it.

1.4 Common notation and conventions

We enumerate some common notation and conventions throughout the thesis. We will
sometimes use specialized notation in each chapter, in which case, the notation is recalled

within the corresponding chapter.
e d > 1 will always refer to the dimension of the underlying space.
e For z,y € Z% we write y ~ z if ly —z| = 1.
® ¢1,...,e,4 are the d unit directions in ze.

o x; =z - ¢; is the ith coordinate of vector z € R? and x_; = (Tig1,---s2q)-
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bourabeesandpilealgorithm

For a vector z, |z| or |z|; is the Manhattan norm, |z|o the Euclidean norm, and |z|~

the /5o norm.
Scalar operations on vectors are interpreted pointwise.

For A c Z¢, | A| refers to the number of points in A and for measurable L ¢ R?, |L] is

the Lebesgue measure of L.
For ACZ4 A= {xeZ%: 2 ¢ A}, 0A:={x € A°: Fy~x € A}, and A := AUDA.

C, ¢, are positive constants which may change from line to line. Dependence is indicated

by, for example, C};.

Functions on Z% are considered as functions on R? via nearest-neighbor interpolation

and vice-versa.

The act of firing or toppling a site, x, removes deg(x) chips from x and adds one chip

to each site y which shares an edge with x.

n ~ Bernoulli(a, b, p) is shorthand for: 7 : Z% — 7 is drawn from a product measure

P with P(n(0) = a) = p and P(n(0) =b) = (1 —p).
We denote S? as the set of symmetric d X d matrices with real entries

For M € S, we write M > 0 if M has nonnegative eigenvalues; | Mo will also refer to

the largest in magnitude eigenvalue of M.

Code

Code which can be used to compute some of the figures in this thesis is publicly available

at https://github.com/nitromannitol/arbitrarydim_sandpiles and https://github.

com/nitromannitol/f-lattice-recursion.
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CHAPTER 2
CONVERGENCE OF THE RANDOM ABELIAN SANDPILE

This chapter is based on the article Bou-Rabee [2021a] which is published in Annals of

Probability.

2.1 Introduction

2.1.1 QOwverview

In this chapter, as a first step towards understanding random sandpiles, we show, using a
novel approach, that sandpiles with random initial states have scaling limits. The proof
follows the Armstrong-Smart program for stochastic homogenization of non-divergence form
elliptic equations.

As a simple example of what’s covered by our result, consider the following random
sandpile process on 7%, Start with 2d — 1 chips at each site in a ball of radius n. Flip a fair
coin for each x in the ball, if the coin lands heads, add two extra chips at . Once the initial
sandpile has been set, stabilize.

If you repeat this experiment for large n and rescale, a non-random pattern emerges.
The pattern looks remarkably similar to the scaling limit of the single-source sandpile —
compare Figures 2.1 and 2.2. Our main result explains this similarity by proving that the
scaling limit of the random sandpile is the Laplacian of the solution to an elliptic obstacle
problem with two operators. One operator depends on the distribution of the randomness.
The other operator is the exact same one appearing in the scaling limit of the single-source

sandpile.
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Figure 2.1: For each x in a ball of radius n = 500, 1000, 2000, and 3000, flip a fair coin. If it
lands heads, add 3 chips to z, otherwise add 5 chips. Then, stabilize. Sites with 0,1,2, and
3 chips are represented by white, brown, green, and blue respectively.
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2.1.2 Main result

Let 1 : Z% — 7 be stationary, ergodic, bounded, and satisfy E((0)) > 2d — 1. Let W c R
be a bounded Lipschitz domain. For each n € N, let W,, = Z% N nW denote the finite
difference approximation of W. Initialize the sandpile according to n in W), and set it to be
0 elsewhere. Then, stabilize, counting how many times each site topples with the odometer
function vy, : Z% — N. Denote the stable sandpile by sy, : Z% — 7. Our main result is the

following.

Theorem 2.1.1. Almost surely, as n — oo, the rescaled functions tn(x) := n"2v,([nx))

converge uniformly to the unique solution of the elliptic obstacle problem,
o :=min{o € C(RY) : 5 > 0, F,(D*) < 0 in W,and Fo(D*v) < 0 in R},

where Fﬁ s a nonrandom, degenerate elliptic operator defined implicitly at the end of Section

2.6.1,

Fo(M) = inf{s € R| there exists u : Z% — 7, such that for all y € Z2,

Agau(y) <2d -1, and u(y) > %yT(]\/[ — sy},

and the differential inequalities are interpreted in the viscosity sense.
In turn, almost surely, the rescaled sandpiles, $p(x) = sp([nx]) converge weakly-* to
a deterministic function s € LOO(]Rd) as n — oo. Moreover, the limit satisfies [pas =
[W|E(n(0)), s<2d—1,s=01n Rd\BR(W) for some constant R > 0 depending on W and
E(n(0)), and weakly,
Av+E(n0) inW

S =

AT in RA\W.

The main challenge in proving the above theorem is that there is no inherent linear
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Figure 2.2: The single-source sandpile: start with 106 chips at the origin and stabilize. Sites
with 0,1,2, and 3 chips are represented by white, brown, green, and blue respectively.

or subadditive quantity governing the behavior of the sandpile. The Abelian sandpile is
nonlocal: one unstable pile can cause a far-reaching avalanche of topplings. This difficulty
is the same one faced by those studying stochastic homogenization of fully nonlinear elliptic
PDEs. Fortunately, since the sandpile can be expressed as the solution to a nonlinear
discrete PDE, we can use those same methods here. To be specific, we import the stochastic
homogenization tools introduced by S. Armstrong and C. Smart in Armstrong and Smart
[2014a)].

The tools, however, don’t work out of the box. The sandpile doesn’t directly fit into the
general framework of fully nonlinear elliptic PDEs; and so appropriate sandpile substitutes
must be identified in order to run the program. Further, a main technical hurdle to overcome
is the lack of uniform ellipticity. This is done with new arguments which utilize the regularity
theory of the discrete Laplace operator as well as a comparison principle hidden in sandpile

dynamics.
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2.1.3 Notation
For a matrix M € S%, q;(z) := %xTMx and for I € R ¢;(z) := ﬁlm%

For a subset A C Z%, denote its discrete boundary by
OA={yeZNA:Fr e A:y~a).

and its discrete closure by

A= AUOJA.

The diameter of A is

diam(A) = max{|z —y|2 : z,y € A}.

For x € Zd,

Qn(z) ={y € 7% | — y|oo < n},

is the cube of radius n centered at x: and
Bu(x) = {y € Z% : [z — yls < n},

is the ball of radius n centered at z. For short, By, := Bp(0), Qpn := @Qn(0). We will

also use @)y, and By, to refer to cubes and balls on R4,

For f: Z% — R, we denote its discrete Laplacian by

Agaf = (fly) = f(x)),

Yy~
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and its discrete second-differences by
Aif = flx+e)+ flz—e) —2f(2).

e A will refer to the Laplace operator on the continuum.

e The convex hull of a set of points A is

d+1
conv(A)={yeR?:y= Z Njx; for x; € A, Zfill Ai =1, A €[0,1]}.
1=1

2.1.4  Outline of the chapter

In Section 2.2, we precisely state the assumptions of our result. Then, in Section 2.3, we
recall some necessary properties of the Abelian sandpile. We provide a brief overview of
the main ideas of the proof in Section 2.4. Next, in Section 2.5, we define a subadditive
quantity, p, which will implicitly control the random sandpile. Through an appropriate
perturbation of u, we identify Fn in Section 2.6. In Section 2.7, we prove the main result by
establishing compactness of the odometer and showing that Fn has a comparison principle.
Then, in Section 2.8 we show a simpler proof of convergence of a related model, the random
divisible sandpile, introduced by L. Levine and Y. Peres Levine and Peres [2009, 2010]. In
stark contrast to the Abelian sandpile, the limit of the random divisible sandpile is exactly
the limit of the averaged divisible sandpile. We end with some generalizations and open

questions in Section 2.9.

2.2 Assumptions

We consider the sandpile on the integer lattice Z% for d > 2, (although this assumption is

not an essential one). Let Q denote the set of all bounded functions 7 : Z% — Z. Endow
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Q) with the o-algebra F generated by {n — n(z) : = € Zd}. We model the randomness
by a probability measure P on (2, F) with the following properties. First, there exists

Tin, Tnax € Z so that for every z € 72,
Uniform Boundedness: P [npmin < 7(2) < fmax] = 1. (2.1)

Note this may be replaced by an appropriate concentration assumption. We further assume

that P is stationary and ergodic. Denote the action of translation by 7' : Z% % Q= Q,

Ty,m)(z) = (Tyn)(2) = nly + 2),
and extend this to F by defining Ty E := {Tyn : n € E}. Stationarity and ergodicity is then
Stationarity: for all E € F,y € Z%: P(TyE) = P(E), (2.2)

Ergodic: £ =N, 4Ty E implies that P(£) € {0,1} . (2.3)

YEL

Lastly, we assume that the density of sand in the initial sandpile is high:
High density: E(n(0)) > 2d — 1. (2.4)

High density is a natural, weak assumption which forces interesting behavior to occur. See
Section 2.9 for further discussion of this assumption. A concrete example to keep in mind is
when {n(z)},cza are independent and identically distributed with sufficiently large expec-

tation.

35



2.3 Sandpiles

The results in this section are reformulations of fundamental facts about the Abelian sandpile.
Fix a bounded, connected A C Z% and a starting sandpile n : A — Z. We call positive
integer-valued functions on A, toppling functions. Recall that a toppling function w is legal
for n if it can be decomposed into a sequence of topplings so that only sites = where n(z) > 2d

are toppled. More precisely, u is legal for n if we can express for some n > 0,

U= Uy + U]+ -+ Un,

where ug = 0 and for ¢ > 1, u;(z) = 0 for all x € A except for one &; € A for which
u;(z;) =1 and

(Aga(ur + - +ui—1) +n) (&) > 2d.
When 1 < 2d — 1, the only legal toppling function is u = ug = 0. An important observation
is that any legal toppling function satisfies Ajqu 47 > min(0,7n) but this inequality does
not imply u is legal. A toppling function v is stabilizing for n in A if Azqv +n17 < 2d -1 in
A.

Denote the set of locally legal topplings for n as

L(n,A) ={u:A— N: thereexists w: A — Nand4: A — N
where u = w + @, w(x) =0 for z € A, u(z) =0 for z € 0A

and @ is legal for A qw 417 in A}
and the set of stabilizing topplings for n in A as

S, A)={v: A= N:Aj(zx)+n(x) <2d—1 for z € A}.
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It is important to note that these sets only enforce their constraints in A, they may include
arbitrary topplings on 0A.

The odometer function, v : Z% — N, counts the number of times each site in 1 topples
when stabilizing. Here we distinguish between two common scenarios. In the first scenario,
once a grain leaves A, it falls off and disappears. We call this the open boundary condition.
In this case v = 0 on Zd\A. In the second scenario, grains continue to spread and topplings
can occur outside of A. This is the free boundary condition. The sandpile we consider in
our main theorem has the free boundary condition. However, as we will discuss in Section
2.9, our methods also apply to other sandpiles including those with open boundaries. In this
section, we state results for sandpiles with open boundaries.

First, we recall the least-action principle for sandpiles Fey et al. [2010] and rephrase it in

a way amenable to the methods of this chapter. We will refer to this as the discrete sandpile

PDE.
Proposition 2.3.1. The odometer function v uniquely solves each of the following problems.

1. Longest legal toppling,

v=sup{w: A — N:we L(n,A), w=0 on dA}.

2. Shortest stabilizing toppling,

v=inf{u: A —=N:uec8nA), u=0 ondA}.

3. Stabilizing, legal toppling,

veLnA)NSn,A) and v =0 on JA.

The reader should view locally legal toppling functions as subsolutions and stabilizing
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toppling functions as supersolutions.
We will also use the following consequence of the Abelian property: any locally legal,
stabilizing toppling function can be decomposed into the usual odometer function for n and

an odometer function which keeps track of topplings originating from the boundary.

Proposition 2.3.2. Ifv € L(n, A)NS(n, A) andv = f > 0 on 0A, then v can be decomposed

mnto
v = V1 + U9,
where
v € L(n)NS(n) onA
vy =0 on 0A
and

vo € LN+ Ayav1) NS(n+ Agavy)  on A
vo = f on 0A

A certain class of sandpiles, known as recurrent sandpiles will help in the sequel. We say
7 is recurrent if we can find s : A — N and v € L(s + 2d — 1, A) with u = 0 on 0A so that
n=2d—1+s+Azuin A. In other words, 1 is recurrent if we can reach n by starting with
2d — 1 chips at every site in A, adding chips at some sites in A, and then toppling some sites
legally. Also we call n stable in A if n < 2d — 1 in A.

A useful consequence of Dhar’s burning algorithm Dhar [1990] will aid in controlling
topplings in stable, recurrent sandpiles. Recall that the burning algorithm provides a recipe
for checking if a stable sandpile is recurrent: topple the boundary of a sandpile once, if
the sandpile is recurrent, each inner site will topple exactly once when stabilizing. More
generally, topple sites along A and then legally stabilize s in A. If s is a stable sandpile, no
site in A will topple more times than a boundary site has toppled. And, if s is a recurrent

sandpile, every site in A will topple at least as many times as some boundary site. This
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leads to both a maximum principle and a comparison principle for the sandpile.

Proposition 2.3.3. For f : 0A — N, a sandpile s : A — Z, let v solve

veL(s)NS(s) on A

v=f on 0A

If s is stable, then
sup v(z) < sup f(y). (2.5)
€A yedA

If s is recurrent, then
inf > inf . 2.6
Inf v(z) = ylenaAf(y) (2.6)

In particular, when s is stable and recurrent, we have the following comparison principle: let

u solve

ue L(s)NS(s) on A
u=f on 0A,

for some f': A — N. Then, for any integer-valued harmonic functions g,h : A — 7 with

int ((ng) — (0t )(a) 2 inf (' +0) = (4 M) (w) (2.7)

Proof. The maximum principle, (2.5) and (2.6), follows from the proof of the burning algo-
rithm, see Theorem 2.6.3 in Klivans [2018] or Theorem 7.5 in Corry and Perkinson [2018].
We show how these imply (2.7). By definition, 7, := Ajqu+ s and 1y := Ayqv + s are both

stable and recurrent. Let

w(z) = ((u+g) = (v+h))(x) — inf ((u+g) = (v+h))(y),
yeA
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so that w > 0 and in A,

Agaw + 1y = Agau + s = ny.

Let w solve

w € L(ny, A) NS(ny, A) and w = w on OA.

By Propositions 2.3.2, 2.3.1, and then (2.6),

inf w(z) > inf w(z) > inf W(y) = inf w(y).

x€A x€eA yeIA yeIA

]

We conclude the section by noting a useful alternative characterization of recurrent sand-

piles. If each site in 1 has toppled at least once, then what remains is recurrent.

Proposition 2.3.4. Let A C W be connected subsets of Z%. If w € L(n, W) with w > 1 in

A, then Agqw +n is recurrent in A.

2.4 Method overview

Let W C R be a bounded Lipschitz domain and n: 7% - 7 a uniformly bounded initial
sandpile. For every n > 1 and finite difference approximation W, := nWW N Zd, there is
a unique odometer function v, : W), — N which determines the stabilization of n in W),.
Uniqueness of v, comes from the fact that it solves the discrete sandpile PDE for n on W),
and this PDE enjoys a comparison principle, Proposition 2.3.3.

Hence, for each fixed n, vy, is unique. As 7 is uniformly bounded, the Laplacians of v, are

in turn bounded and @y, (x) = n"2

vn([nx]) converges along subsequences uniformly in W.
However, there is no reason to expect the limits to coincide for arbitrary choices of . We
must have, at least, convergence of local averages of n itself. A natural choice is to assume

that n is drawn from a stationary and ergodic probability distribution.
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If we remove the integer constraint on the sandpile PDE, we can use simple random walk
difference estimates (see Section 2.8), to show that the limit divisible sandpile coincides with
the limit of the averaged divisible sandpile, E(n(0)). In this case, the odometers solve a
linear PDE in the limit, the Poisson problem, Av + E(n(0)) = 2d — 1, on W.

The integer constraint imposes a nonlinear structure on the problem which makes it more
difficult. Essentially our only available tool is a discrete comparison principle. Our method
can be understood as a technique to push the comparison principle for the sandpile from the
lattice to the continuum. We show, roughly, that the discrete sandpile PDE converges to a
fully nonlinear elliptic PDE with a comparison principle. The limit PDE inherits features
from both the lattice Z% and the distribution of n. (Interestingly, simulations suggest that
the limit PDE is wildly different for different probability distributions, even when they share
the same mean.)

Our proof of Theorem 2.1.1 follows the stochastic homogenization program of Armstrong
and Smart Armstrong and Smart [2014a]. The strategy involves comparing the odometer
function of the sandpile to the solution of an auxillary Monge-Ampere equation Gutiérrez
[2016], Trudinger and Wang [2008] which will control how much the odometer function can

‘bend’. The proof has three steps:

1. Identify the effective equation Fﬁ describing the limit PDE via the subadditive ergodic

theorem applied to an auxiliary Monge-Ampere measure, /.
2. Show that F?? inherits the comparison principle for sandpiles.
3. Conclude by showing every subsequential limit is a viscosity solution to F,(D?(v)) = 0.

The most difficult part of this program is to show that Fn has a comparison principle,
Lemma 2.7.5. In the fully nonlinear elliptic setting, this is done under the assumption of
uniform ellipticity. The discrete sandpile PDE is not uniformly elliptic (a priori), so our

argument for this is completely new. Lack of uniform ellipticity also required us to develop
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new arguments for the regularity of u, Lemma 2.6.2 and Lemma 2.6.3.

2.5 A monotone quantity

2.5.1 Definition of the monotone quantity

In this section we introduce p, a monotone quantity which will control solutions to the

discrete sandpile PDE. For a function v : 7% 5 Z and z € A C Z% let
O (w2, A)={peR:v(x)+p-(y—2z) >uv(y): foralye A}
denote the supergradient set of v at x in A. Similarly,
8 (v,2,A) ={peR¥:v(x)+p-(y—2z) <v(y): forallye A}
is the subgradient set at z. For short-hand, we omit the set A when it is clear and write
0T (v, A) = Upea0" (v, ).

To completely identify a fully nonlinear elliptic PDE, it suffices to recognize when a
parabola is a supersolution or a subsolution. This fundamental observation is due to Caf-
farelli Caffarelli [1999] and was employed by Caffarelli, Souganidis, and Wang in their ob-
stacle problem argument for stochastic homogenization of fully nonlinear uniformly elliptic
equations Caffarelli et al. [2005], Armstrong and Smart [2014c].

Our method is similar: we will perturb solutions by a parabola and then define the
effective equation, an through these perturbed limits. For [ € R, M € S% and n € Q,

denote the set of perturbed subsolutions as

S(An L, M) ={u:A—=N:ueL(nA)}—(q+aqm)
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and the set of perturbed supersolutions as

S*(A,n, M) ={v:A—-N:veSn A}t —(q+aqu)-

The monotone quantity controlling subsolutions is then

(A, n,1, M) = sup{|0T (w, A)| : w € S(A,n,1, M)},

while the monotone quantity which controls supersolutions is

W (A 1 M) = sup{|0(w, A)| : w € S*(A,m,1, M)},

The results in the next two subsections are completely deterministic, so we fix n € €.

2.5.2  Comparing subsolutions and supersolutions

We will need to compare legal and stabilizing toppling functions throughout this chapter.
However, the discrete sandpile PDE is nonlinear: if v is a stabilizing toppling function for
7, then —v is not a legal toppling function for —n (unless v = 0). This makes it difficult to
compare legal and stabilizing toppling functions. However, through p, we can compare the
two using the following lemma, which roughly states that legal, stabilizing toppling functions

maximize curvature.

Lemma 2.5.1. Ifu € L(n, A), the solution of

heLlinA) NS, A) and h =u on 0A,

satisfies 07 (u, A) C 0T (h, A). Similarly, if v € S(n, A), then the solution of

h* e L(n,A)NS(n, A) and h* = v on dA,
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satisfies 0~ (v, A) C O~ (h*, A).

Proof. Take p € 07 (u,x, A) and let
t=inf{c € R:u(x) +p-(y—x)+c> h(y) for all y € A}

By the least action principle and boundary assumption, h > wu, hence t > 0. Also, as A is

finite, ¢ < co. Since h = u on JA, we must have y € A for which

u(z) +p-(y—x)+t="h(y),

which shows p € 97 (h,y, A). The proof for subgradients is similar. O]

2.5.8 Basic properties of the monotone quantity

We now establish control on solutions from above and below which will follow from the proof
of the Alexandroff-Bakelman-Pucci (ABP) inequality (Theorem 3.2 in Roberts et al. [1995]

and Theorem 1.4.2 in Gutiérrez [2016]).

Lemma 2.5.2. There exists Cy > 0 so that for all w € S(By,n,l, M),

max w(z) < max w(z)+ Cynu(Bn,n,l, M)l/d (2.8)
r€B, r€0B,

and for all w € S*(Bp,n,l, M),

inf w(z) < inf w(x)—l—C’dnp*(Bn,n,l,M)l/d. (2.9)

r€0By, reB,

Proof. Let a = max,cp, w(r)—max,cpp, w(r). Assume a > 0, otherwise the claim is imme-

diate. Choose z( so that max,cp w(r) = w(xg). Let p € RY satisfy |p| < adiam(B,)~! =
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Cya/n. Then, for each = € By,

w(zg) +p - (z —z0) > w(zo) — |pllT — 20

> —~ -

w(zo) — w(zo) xfgggnw(x) (2.10)
= max w(z).

r€0B,

Now, we shift the hyperplane up just enough so that it lies above w in By,: let
t=1inf{c € R : w(zg) +p- (x — 2¢) + ¢ > w(x) for all x € By}
and note that ¢ > 0 and that there exists y € B,, with

w(y) = w(xo) +p- (y —z0) + 1.
If t > 0, then (2.10) shows that y € By,. If t = 0, we can choose y = xg. Hence, there is a
y € By, with p € 01 (w,y, By). Since this holds for every |p| < a/diam(By,), this implies

ad

0" (w, By)| > Cy—b .
07w, Bl = Ca g

And so rearranging, we get
a < 0T (w, Bp)|Y4C diam(B,,) < Cynp(Bn,n,1, M)

The proof for p* is identical.
O

Next we introduce the concave envelope of a subsolution. First, we extend the discrete

domain @y, and its closure to their convex hulls: Q,, := conv Q,, and Q,, := conv Q,,. Then,
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define the concave envelope of w by, I'y, : O — R,

Lw(r) = inf max (w(y)+p-(z—y)),
peRd yeQn

noting that I'y, is the pointwise least concave function so that on Q,, I'y > w. We recall a

useful representation of the concave envelope.

Proposition 2.5.1 (Lemma 4.5 in Imbert and Silvestre [2013]). We can alternatively rep-

resent
d+1 - d+1 d+1
Cw(x) = sup{z ANw(z;) : x; € Qn, Z Nizi =z, A\ € [0, 1], Z Ao =1}
i=1 1=1 =1
and if
d+1
Lu () = Y Aiw(zy),
i=1
then for each x;, T'w(z;) = w(z;) and Ty is linear in conv(xy, ..., xq41).

The next statement uses this representation to show that the measure of the supergradient
set is preserved under the operation of taking the concave envelope. As the concave envelope

is defined on Rd, we first extend the definition of supergradient set to functions g : @, — R,
0 (g, 0)={peR T e Qy:g@) +p-(y—2a)>gly): forallyec Qp}. (2.11)

Lemma 2.5.3.
Z |0+(w7x>Qn)‘ = |8+(w,Qn)|

r€Qn

= 0 (T, Qu)l = 0 (T, Qo)
{x:Fw(l‘)Z’w(ﬂf)}

Proof. We split the proof into two steps.
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Step 1

We first show that
|a+<w7Qn>’ = Z \3+(w,x, Qn)‘:

TEQ,

which follows from the proof in the continuous setting: since
07 (w0, Q)| = | Upeq, 07 (w, )],
it suffices to show that
S={pe R? : there exists 7,y € Qn, z # y and p € ot (w,r) N ot (w,y)}

has measure zero. Denote the discrete Legendre transform w* : R® — R by w*(p) =
minmeQn(x -p —w(x)). This is a concave, finite function as @, is bounded and it is a
minimum of affine functions. Further, if p € 07 (w, z), then w*(p) = z - p — w(z). Hence, if
p € S then w*(p) = x1 - p— w(z1) = x9 - p — w(we) for x1 # xo. This implies that w*(p) is
not differentiable at p. But, since w* is concave it is differentiable almost everywhere, which
implies S has measure zero since it is a subset of a measure zero set. This completes the

proof of Step 1.

Step 2

We now show that

0% (w,Qn)| = [0 (Tw, Qn)| = > |07 (T, 2, Qn).
{z:Ty(z)=w(z)}
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First consider p € O (w, z) and the affine function L(y) = w(z) +p- (y — z) for y € Q. By

definition of the concave envelope, for any y € Qy,
Fw(@)+p-(y—2) Zw@)+p-(y—=z)=Ly) = Tw(y),

and so p € 91 (T, On).

Next, take p € 9T (I'y, x) for 2 € Oy and use Proposition 2.5.1 to express

K
Py (@) =Y Niw(zy),
i=1

for \; > 0, x; € Qp, and some k > 1. This implies that p € 91 (T'y, z;) for some z; € Qp. If
k=1and x; = x € Qp, we are done as 'y (z;) = w(x;), so suppose not. Then, we can find
some z; # x and p € 01 (T, ) N 0T (', x;). However, the argument in Step 1 implies that
such p have measure zero. This also implies the third equality.

]

The arithmetic-geometric mean inequality and the lower bound on the Laplacian of sub-

solutions imply an upper bound on pu.

Lemma 2.5.4. There is C := C,

77max )

l,M,d and C* = C*

Tmin!

M.q Jor which
/’L(Qn77]7laM) < C’Qn|7

For | < —nmax — Tr(M)

M(Q’rbnul?M) = 0
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and for 1 > (2d — 1) — pypin — Tr(M)

M*(Q’I’Lan7laM> = O

Proof. Let w :=u—q; —qpr € S(A,n,1, M). Since u is legal, Ajygu > min(—nmax,0) in Qp.
Using Ajaqps = Tr(M), we get Ajqw > —1 — Tr(M) — nmax-

Choose = € Qy, so that |07 (w,z)| > 0. As the supergradient set is preserved under affine
transformations, we may suppose w(z) = 0 and 0 € O (w, z). This implies w(y) < 0 for all

y € A. Then, by definition, for p € 07 (w, z),

p-(x+e —x)>wl+e),

and

pe(z—e—x) 2w —e¢)
Putting these two inequalities together, we get for each direction ¢ =1,...,d,

w(r+e;) <p; < —w(x—¢;). (2.12)
And so,

d d

|07 (w, 2)| < H w(x —e;) —w(r+¢;)) = H(—Aiw).
=1 =1

Our affine transformation of w ensures that —A;w > 0, and so an application of the arith-

metic geometric mean inequality yields

d d 1/d

—Agaw = (=Aw) >d | [[(-2w)
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And so
0% (w, )] < d"U=Apqw)® < d™(nmax + Te(M) + )7, (2.13)

which implies the claim by Lemma 2.5.3. The other direction is similar.

]

We state the following consequence of the discrete Harnack inequality Lawler and Limic
[2010] which we will later use to regulate the growth of the concave envelope in balls around

contact points.

Proposition 2.5.2 (Lemma 2.17 in Levine and Peres [2010]). Fiz 0 < 8 < 1. For any
f: 2% — R nonnegative, with f(0) =0 and |Azaf| < X in B there is a constant Cg ) so
that

f(z) < Calzl3 (2.14)

for x € Bgp.

2.5.4  Convergence of the monotone quantity

We next use the multiparameter subadditive ergodic theorem of Akcoglu and Krengel [1981]
as modified by Dal Maso and Modica [1985] to show almost sure convergence of p. For
the reader’s convenience, we restate the theorem, following the exposition in Armstrong and
Smart [2014b).

Let Uy be the family of bounded subsets of Z% and £ the set of bounded Lipschitz domains

in RY. A function f : Uy — R is subadditive if
k
FA) <D f(A)),
j=1

whenever k € N and A, Aq,..., A € Uy are such that Ay, ..., A; are pairwise disjoint and

A= U;?:lAj. For a fixed constant C, let M be the collection of subadditive functions
50



f Uy — R which satisfy
0 < f(A) < C|A4| for every A € Up.

A subadditive process is a function f : @ — M. Overload notation and write f(A,n) =
f(n)(A) for A € Uy and n € . Recall that we have assumed the probability measure is

stationary and ergodic.

Proposition 2.5.3 (Multiparameter subadditive ergodic theorem). Let f : Q — M be a
subadditive process. There exists an event o of full probability and a constant 0 < a < C'

so that for everyn € Qo and W € L,

f(rW N VA n)

Jim i N Z4] =a. (2.15)

The next lemma is an easy consequence.

Lemma 2.5.5. For each M € S% and | € R, there exists an event, 4 pr, of full probability

so that for everyn € Qy py and W € L,

d
n—00 lnW N Z4|

and
,u*(nWﬂZd,n,l,M)

w (I, M) = lim

n—00 InW N Z4|
Moreover, there exist constants C := Cy, 1 yp g and C* = C;min,l,M,d so that

0<u(l,M)<C

and

0<u(l,M)*<C™.
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Proof. Fix M and [ and let W,, = nWW N 7% for given W € L. We apply Proposition 2.5.3 to
f(Wn, 77) = Sup{|a+(w7 Wn)| Sw e S(WTM 7, l7 M)}

Let € 5y be given by Proposition 2.5.3 and take n € € py. By Lemma 2.5.4, 0 < f(Wy,n) <
C|Wy|. Tt remains to check subadditivity for subsets of Z%. Let A € Uy and let Ay, ..., Ay
be pairwise disjoint subsets of A which satisfy U§:1Aj = A.

Let u be a locally legal toppling function for 7 in A. For each A;, we can decompose u
into illegal topplings on 0A; followed by locally legal topplings in A;. Hence v — q; — qpr €
S(A;,n,1, M) for all A;. Moreover, the definition of supergradient shows that for each z € A

there is an A; so that
O (u—q—qrr,, A) C O (u— g — aar, @, Ay),
hence by Lemma 2.5.3 and disjointness of the A;,

0 (u—q = ar, Al = D 10T (u— g — gz, A))|
€A

k
<Y 10T (u— g — aars Ay @)

i=1x€A;

k
=> 10T (u—q — qur. Aj)-
i=1
Since this holds for any locally legal toppling of n in A, taking the supremum of both sides

implies that
k

A < F(4im),

1=1
which completes the proof. The exact same argument, using the fact that any stabilizing

toppling for A is also stabilizing in A;, shows convergence of p*. O
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In light of Proposition 2.5.2, if both u(l, M) and p*(l, M) are 0, we have a comparison
principle in the limit. This will allow us to identify the effective equation; and hence is what

we carry out in the next section.

2.6 The effective equation

2.6.1 Finding the effective equation

We will identify, for each parabola M, the largest real number [;;, so that in the limit
w(lpr, M) = p*(Ips, M) = 0. This then defines the effective equation Fn. To show that such
a number exists, since y is bounded, it suffices to show that p is Lipschitz continuous in the
limit. In the continuum, this is done with an argument that utilizes a certain regularity of
concave envelopes of subsolutions which we do not have. This difficulty is circumvented by
a consequence of the stationarity of n, Lemma 2.6.2. We first prove the easier direction of

continuity, monotonicity of the curvature.

Lemma 2.6.1. For s > 0,

M(Bnﬂ%l + S, M) 2 M(Bn77]7lu M)

and

,U*(Bnﬂ?a l - S, M) 2 M*(Bnﬂ?ala M)

Proof. Let w € S(Bp,n,l, M) . By Lemma 2.5.3, it suffices to show

|8+(w,:1:, Bn)| S ‘aJr(,w - qS7x7Bﬂ)’7

for each z € By,. Choose p € 07 (w, z), if this is not possible, we are done. Then, for each
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yeB’l’La

w(e) + (p = 52) (g = )+ 55(1yl3 — o) = w(e) + - (y — 2) — sy

1 1
2 2 2
+s]:c|2+§s\y] — §s|x|2

1
> w(y) + §S|l° —yl?

> w(y).

And so rearranging, we get

w(z) = qs(x) + (p— s2) - (y — 2) = wly) — ¢s(y),
meaning p — sz € 07 (w — ¢s, x, By). Since this holds for all p € 9" (w, z, By), this implies
|a+(w7 €, Bn)| < |a+(w — (4s, T, Bn)’

The proof for p* is identical. O

In the next lemma, we show that if u is strictly positive in the limit, then a subsolution

must curve downwards in every direction.

Lemma 2.6.2. Suppose that o := u(lpy, M) > 0. There exists a constant

O = CnminanmaXalaMad
so that for each n in a set  pr of full probability and 0 < 8 <1 the following holds. There
is an ng € N so that for all n > ng, there exists wy, € S(Bp,n,l, M) so that for each

zg € {T'w, = wn} N Bg, and py € O (wn, x0, Bn)

wn(y) < wy(zo) +po - (y — ) — Can®
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for all y € OBy,. An analogous result holds for p* with a sign change.

Proof. As a > 0, by Lemma 2.5.5, we can choose a set of full probability € 57, so that for

every 1 € () ps there exists ng so that for all n > ng, there is wy, € S(Bp,n,l, M) with

0T (T'y, ,B
|0 ( Wy, ﬁn)l) < 1(Bn, 1, M) < ¢ (2.16)

(6]
2 |Bﬂn| N |Bn| N

IN

In light of Lemma 2.5.1, we can assume
Wn, € S(B’/h m, l? M) N S*(B’I’La 77; l7 M)

As [0F (wn, Bgy,)| > 0, we can find =g € Bg,, with wy(x9) = Tw,(z¢) and |07 (wy, zg)| >
0. Take py € OV (wn,z0). By a translation and affine transformation, we can suppose
L, (xg) =0, pg =0, and g = 0. Take 1 > 6 > (. By rescaling and subadditivity, it suffices
to show

T, (y) < —aCn? (2.17)
for y € OBs,. Let ¢y, : Bs — R be a scaling of the interior of the concave envelope,

- 1
¢n = —Lw,([nz]), for x € By.
n

As wp € S(Bp,n,l, M) N S*(Bp,n,l, M), we have |Ajqwyp| < C. Hence, by Proposition
2.5.2 and the definition of I'y,,, 0 > on > —C.

Moreover, as the ball is strictly convex, ¢, is uniformly Lipschitz in B and hence contains
a subsequence which converges uniformly to a concave, continuous function ¢ (Lemma 1.6.1
in Gutiérrez [2016]). By taking a further subsequence, wy := #wn([n:c]) also converges
uniformly to a limit w. As ¢ is the concave envelope of w0, it is differentiable with Lipschitz
gradient and |D?¢| < C almost everywhere (Lemma 3.3 and Lemma 3.5 in Roberts et al.

[1995]). By Lemma 2.5.5 and weak convergence of Monge-Ampere measures (Lemma 1.6.1
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in Gutiérrez [2016]) the subsequential limit, ¢, must solve a Monge-Ampere equation with
constant right-hand side —a. Hence, det D2¢ = —a and in turn D2¢ < —Ca almost

everywhere. Taking ng larger if necessary and undoing the scaling, we have (2.17).

We next use Lemma 2.6.2 to show Lipschitz continuity of u.

Lemma 2.6.3. There is a constant C’77 -
mins//max,

I,M,d S0 that for all 0 < s <1,

M(LM) S/,L(Z—S,M)—f'SC

and

(U, M) > p (1 + s, M) + sC.

Proof. Let 0 < s <1 be given. Take # = (1 —s) and let C, n € € 3y, and n > ng be given
by Lemma 2.6.2. Assume pu(l, M) > sC. We will show that after removing a shell of volume
proportional to s, the set of slopes remaining must be in 8+(wn + qs, By,) for all wy, close to

achieving the supremum in pu(Bp,n, 1, M).

By Lemma 2.6.2, there is wy, € S(Bpn,n,l,M) so that for every z € B(1_g), with
L, (r) = wp(z) and p € 87 (wp, x)
wn(z) +p- (y —x) = waly) + gs0 (), (2.18)

for all y € By,. Hence, the argument in the proof of Lemma 2.5.2 shows that p € 07 (wy, +

qsc'» Br) and since this applies for all such p,

oF (wn, B(l—S)n) < a+(wn + 4s¢ Bn)
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Further, using Lemma 2.5.4,
|8+(wn>Bn\B(1—s)n)| < sC[Bn|,

which completes the proof after taking limits. O

The above results show Lipschitz continuity of p for each fixed [ € R. Repeating this for
every rational [ in the interval specified by Lemma 2.5.4 and using the intermediate value

theorem, we can choose the largest {j; € R so that in the limit,

M(leM) = ,U*(ZM,M),

then define the effective equation uniquely as

2.6.2 Basic properties of the effective equation

Here we show that the effective equation is bounded, degenerate elliptic, and Lipschitz
continuous. This together with the fact any legal stabilizing toppling function has bounded
Laplacian will be used in Section 2.7.4 to establish a comparison principle for solutions to

the effective equation.
Lemma 2.6.4. For every M, N € Sd, the following hold.
1. Degenerate elliptic: If M < N, Fy(M) > F,(N).
2. Lipschitz continuous: |Fy(M) — Fy(N)| < C|M — Nls.

3. Bounded: |F(M)| < co.
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Proof. We show the first inequality. Suppose N = M + A with A > 0. The proof of
Lemma 2.6.1, using ¢4 > 0 in place of g5 > 0, shows that u(lpr, M + A) > u(lps, M) and
w (Iyg, M+ A) < p(lpg, M). By Lemma 2.6.1, f(s) :== u(lpr+s, M+A)—pu*(Ipr+s, M+ A),
is nondecreasing in s and we have just showed f(0) > 0. Hence, Ip;14 < lpy and so
Fy(M + A) < Fy(M).

For the second inequality, first rewrite,
plar, M) = pllar, N+ (M = N)) = p(lpr — [M = Nlg, N + (M = N) + |[M — Na1),

then observe that (M — N)+|M — N|oI > 0. Hence, by the argument in the first paragraph,
u(lag, M) = p(lyy — |M = Nlg, N) and so

p*(Iyy — IM — Nlg,N) > p*(Ipg, M) = p(lpyr, M) > p(lpy — |M — Nla, N).

and hence

Fy(N) > Fy(M) — |M = Ny,
Swapping the roles of M and N then show

|[Fy(M) = Fy(N)| < [M = Nl

The third claim follows by construction and Lemma 2.5.4.

2.7 Proof of convergence

For each n € N, recall that

vp = min{v : Z% — N : Agavn +nl(- € Wy) <2d — 1},
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is the odometer function for  on W;, with the free boundary condition and @, = n™~2vy,([nz])
is its rescaled linear interpolation. We start by showing that v, is equicontinuous and
bounded. Then, we show that the high density assumption, E(n(0)) > 2d — 1, implies
vp > 1in Wn_o(n), enabling an essential tool in the proof of Lemma 2.7.5, (Dhar’s burning
algorithm, Lemma 2.3.3). We then conclude by showing that every scaled subsequence

converges to the same limit.

2.7.1 An upper bound on the odometer function

We establish an upper bound on v, by constructing a toppling function which stabilizes
Nmax and hence 7. Since nmax is constant, we can stabilize by toppling ‘one dimension at a
time’, a trick from Fey et al. [2010], and restated below for the reader. (Note one could also

compare to the divisible sandpile as in Levine and Peres [2009] to get a tighter bound).

Lemma 2.7.1 (Lemma 3.3 in Fey et al. [2010]). Let ¢ € N be given. Pick k € N so that

Ry := Nmax — (2d — k) = 2r for some r € N. Then, there ezists g : Z — N so that

Ang = f7
where f : 7 — 7 is given by
(
—Ry for|x| </
2 for & <|z| <L(r+1)
fz) =
1 Jor b(r+1) <l|z| <Ll(r+1)+r
0 for £(r+1)+r < |z|
\

Moreover, g is supported in I = {x € Z : |z| < l(r + 1) +r} and there exists C := C for
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which
g(x) < Cx2. (2.19)

We use this technique together with the universal bound on the Laplacian to show com-

pactness of vy,.

Lemma 2.7.2. For every subsequence nj, — oo there is a subsequence ng; and a function

v e C(Rd) s0 that v, — U uniformly as j — oo.
j

Proof. Cover W), with a box of side length Cyyn for some Cyp € N. Choose g from

Lemma 2.7.1 with £ = Cy yn and for z = (21,...,19) € 7%, define

ui(z) = g(x;),

and observe that by definition of g, Ajqu; + fmax < 2d — 1. Hence, by the least action

principle, as min(uy, ..., u,) is also stabilizing,
vn (@) < minuy(2), ..., ug(r)) < Cylz[3.

Hence, v, < Cy and is supported in Q¢,,,. We have equicontinuity since |Agavn| <
(Kuo and Trudinger [2005]). The Arzela-Ascoli theorem now implies the claim.

dﬂ?min a77max

]

2.7.2 A lower bound on the odometer function

In this subsection, we use a comparison principle argument to show that on an event of
probability 1, v, > 1 in Wn_o(n). As a corollary, this argument gives a quantitative proof
of the (now classical) fact that if E(n(0)) > 2d — 1 then 7 is almost surely ezploding, (see
Fey et al. [2009]). The technique takes inspiration from Theorem 4.1 in Levine and Peres

[2009]. In essence, the proof is a comparison of vy, with the odometer function for the random
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divisible sandpile with threshold 2d — 1. See Section 2.8 for more on the random divisible
sandpile, including a proof of convergence which uses Lemma 2.7.3.

We start by briefly recalling the Green’s function for simple random walk on 7.4 stopped
when exiting the ball . Let ST(lx) be simple random walk started at a site x in Z% and let

Tn, =min{t > 0: 5S¢ & By }. Let

Tn—1
1 < T
gnle9) = 52 B  1{s" =),
n=0

Fix § > 0 and = € B,,. From Lawler and Limic [2010], we have the following exit time

estimates,

> gula,y) = 0(n?)

By
ve (2.20)
Z gnlz,z + 2) = 60(n?)
2€Bgs,
and the following difference estimates, for max(|z|o, [y|2) < (1 — §)n?,
90 (2,9) = gn(@,y + €)= O]z — y|' =) + 05 (n* ). (2.21)

Next, define for each n

ra() = Y gn(z, y)n(y),

yEBy

dn(z) = Y gn(z,5) E(n(0)).

yeBy,
so that Ary(z) = —n(z), Adp(x) = —E(n(0)), and r,(y) = dn(y) = 0 on 9By,. The next
lemma uses these estimates together with the ergodic theorem to show that r, and d,, are

identical in the scaling limit.

Lemma 2.7.3. For each n € Q, an event of probability 1, there is a constant C' = Cqy so
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that the following holds. For each € > 0, there exists ng € N so that for all n > nyg,

sup |rp (@) — dp(z)| < eCn? (2.22)
zeB,

Proof. Let 1 > ¢ > 0 be given. Fix dyadic rational ¢ > g > 0 small. By Proposition 2.5.5

there is an event of full probability, Qg, so that for each n € Qq, for all n > ny,
> ny) < (EM(0) +e), (2.23)

for all Ag,(z;) C By which are defined in the following way. Take a dyadic partition of
disjoint cubes of radius § which cover )1 in Rd, remove cubes which do not overlap By,
and delete parts of the cubes which are outside By. Label each cube by an interior point
z; € By, and enumerate them as {Ag(2;)}. For each z;, let its finite difference approximation
be Ag,(2;) = nAg(z;) N By, (delete overlapping boundaries if needed).

Rewrite,

rn(z) —dn(z) = ) Y gl y)nly) — En(0))). (2.24)
Agn(2)CBn y€Agy(2;)

The rest of the argument is roughly the following. Imagine a non-random sandpile, 7gyg,
in which 74yg := E(n(0)) divisible grains are at each coordinate in Bj,. In each subcube,
App(z;) C Bp, we try to rearrange the grains in the random sandpile, 7, to match the
deterministic sandpile 7qyg. It’s possible that there aren’t enough grains to do this, so we
add just enough for it to match 7gyg. By (2.23), we need to add at most €|Ag, (z;)| grains to
each subcube. Hence, by the exit time estimate, the total cost associated with adding grains
is of order eO(nQ), by the difference estimate, the total cost of rearranging grains within
each subcube is of order o(n?), leading to (2.22).

Here are the details. If v € By\B(1_g),, by comparing to a quadratic, max(rp, dn)(z) <
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Cn?. Hence, we may suppose = € B(lfﬂ)n- First, we add € grains to every site in the cube,

this incurs an error which we can bound using (2.20),

Elx) = > egnlx,y) < eCyn®. (2.25)
yEBy

Then, we start rearranging. First, we remove a constant number of cubes near x,

sz An i) inf — , 2.26
{Agn (%) yeﬁgn(%)w z| < fpn} (2.26)

by adding 7qvg — Mmin grains to each site in the subcubes,

Ex)= ) > (Mavg — Mhin)gn(,y) < CBn?, (2.27)
Aﬁn(zi)EAm yGA/Bn(ZZ')

using (2.20).
Now, we rearrange the random assortment of grains in all other subcubes Ag,(z;) so
that the number of grains at every site is 7gpg. We start by pooling every grain at sites

y € Ag,(z;) to z;, this incurs an error of
&3(x,y) = (n(x) + €)(gn(x,y) — gn(, ). (2.28)
Then, we move 74,4 grains from z; back to y, with error
E(2,y) = Navg(9n (2, 2i) — gn(2,y)). (2.29)
We can iterate (2.21) to see that

sup | max(&3(x,y), Eq4(x,y))| < Cygbn  sup |z — z|1_d, (2.30)
Y ZEAﬁn(ZZ')
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And, by an integral approximation,

Cybn Z sup |z — z|1_d < CyB 7 n = o(n?). (2.31)
ZngI ZEABn(Zi)

For each y € B, write,

gn(@,y)n(y) = —gn(z, y)e
+ () + €)(gn(z, y) — gn(z, 2))
+ () + €)gnlz, %)
+ Navg (9n (2, 2i) — gn(z,y))

- navg(gn(fpv i) — gn(z,y)).

Putting this together,

> Y.l yny)

Aﬁn(zl)CBn yeAﬁn(Zl)

> Z Z 9n (@, Y)Navg

Agn(2)CBr y€Ag, (%)

+ (—eCn?)

- > gn(@z) | D (n(y) + € = navg)

{Apn(2))CBr}\ Az yE€AG (%)
> —ECTZQ + Z Z gn(xa y)navg
Agn(2)CBn y€Agy(2;)

Where we used the fact inf (zy}eB, gn(z,y) > 0. The other direction follows by swapping

the roles of  and 74g-
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We next use this to provide the desired lower bound on vy,.

Lemma 2.7.4. For each n € Qo, an event of probability 1, and each ¢ > 0, there exists ng
so that for all n > ny,

wy > 1 for all x € B(l—e)n’

where

wp, € L(n, Bp) NS(n, By) and wy, =0 on By,

Proof. Let € > 0 be given and
d:=(E(n(0)) —2d—-1) > 0.

Choose n € Q, C, and n > ng from Lemma 2.7.3 with ¢/ > 0 small to be chosen below. As

Wp — Tn — q94—1 1S superharmonic in By, for x € By,

wn () — rn(7) — qog—1() > yglai]gn (wn(y) = rn(y) — 424-1(y))

= min —qgoj_ ,
JeOB, G2q—-1(y)
using wy, = rp, = 0 on 0B;,. Hence, Lemma 2.7.3 then shows
1
wp(z) > dp(z) — (2d — 1)§(n2 — |x]%) — Cn?

By assumption, dp + ga4—1.4¢ is superharmonic in By, and so

dn () + q4—146(7) > min (dn(y) + q2a-145)) -
yEIBy,
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Using again dy,(y) = 0 on 0By,
wp(z) > 6/2(n? — |x]3) — €Cn?.
In particular, we can choose € small and ng large so that
wp(x) >1
for x € By_¢y, - [

2.7.3 A comparison principle in the limit

In order to compare subsequential limits of the odometer for different 1 we must show that
w(lpr, M) = p*(lpr, M) = 0. The argument is roughly this: if both p and p* are strictly
positive in the limit, then there is a subsolution and supersolution whose difference bends
upwards in every direction. However, when there are enough topples, this difference obeys a
comparison principle on the microscopic scale, due to Proposition 2.3.3, and so this cannot

happen.
Lemma 2.7.5. u(lp;, M) = p*(Lpy, M) =0

Proof. By definition, u(lyr, M) = p*(lyr, M) > 0. We will show that it is impossible for
both p(lpr, M) and p* (15, M) to be strictly positive. Suppose for sake of contradiction that
u(lyg, M) = p*(Iy, M) = a > 0.

As o > 0 we can invoke Lemma 2.6.2 for both p and p*. Take 0 < 8 < 1 small. Using the
fact 1 converges evenly over the unit ball, (see Lemma 3.2 in Armstrong and Smart [2014c]),
we may select v, u € L(By,n)NS(By,n) with [0~ (v, Bgy,, Bp)| > 0 and |07 (u, Bg,, Bp)| > 0
for which the claims in Lemma 2.6.2 apply. (Note we used Lemma 2.5.1 to pick locally legal

and stabilizing toppling functions.)
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Moreoever, as p and p* are invariant under affine transformations, we can then choose

affine functions L, and L, so that
a:lenEf} —(u—qp + Lu)(x) = (v —qpr + Lu)(z9) =0 (2.32)

inf (v—qar + Lo)(x) = (v — qpr + Lo)(25) = 0,

reBy,

for some g, 2(; € Bg,, and

— (u—qus + Ly) > Cn® on 0B, (2.33)

(v —qar + Ly) = Cn? on OBy,

Now, use the Abelian property, Proposition 2.3.2, to decompose u and v into the initial
toppling of n and then topplings originating from the boundary, © = ] +w and v = v] + w.
By Lemma 2.7.4 and Proposition 2.3.4, (moving the boundary of the ball inwards if necessary
and accumulating an 0(n2) error), Ay qw + 1 is recurrent in By. Now, approximate Ly(z) =
p-x+1 by

Ly(x) = [p] -« + [r],

an integer-valued function, (this approximation also incurs an o(n?) error). Repeat for Ly

with L. Hence, by Proposition 2.3.3 and (2.33)

(0 + Lo = aa) = (w+ Lu—an)) (0)
= (01 + L) = (L) (0)

> yelngn ((Ul + z’y) — (ug + zu)) (y)

= int ((v+ Ly — qur) — (w+ Ly — qur)) (y) — o(n?)

> Cn?.

67



However, this contradicts the Harnack inequality for n large and § small. Indeed, due to
(2.32) and

max(|Aza(v — qur + Ly)|, [Aga(u — qpp + Ly))| < C,

we can apply the Harnack inequality, Lemma 2.5.2, to see
((v+ Lo — qar) = (u+ Ly — qap)) (0) < CBn? (2.34)

as g, v € Bgy.

2.7.4  Convergence

Choose ) to be the intersection of {; 5y in Lemma 2.5.5 over all [ € R and M € S? with
rational entries and Qg from Lemma 2.7.4. Pick n,n’ € Qp and choose subsequences of
scaled odometers ¥y, and ¥, corresponding to n and 7" with free boundaries which converge
uniformly to v and v’. Suppose for sake of contradiction that v # v/. Since v = v/ = 0

outside Bp for some R > 0, we may assume without loss of generality that

sup(v —v') > 0 = sup (v — )
Bp dBg

We restate for the reader results contained in Pegden and Smart [2013].
Lemma 2.7.6. Pegden and Smart [2013]

1. There exists a € R? either in W or outside the closure of W so that v(a) > v'(a), both

v and v are twice differentiable at a and D*(v —')(a) < =8I for some § > 0.

2. For each € > 0, if a is outside the closure of W, we may select u : Z% = 7 such that

1
Aggu(r) <2d —1 and u(z) > §xT(D2v(a) — ez for allz € 72 .
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3. For each € >0, if a is in W, we may select u : Z% = 7 such that

1
Aggu(r) <2d—1 and u(z) > EZL“T(DQU(CL) — ez + o(|x)?) for all x € 29 .

Proof. The first and second statements are Proposition 2.5 and Lemma 4.1 in Pegden and
Smart [2013]. We sketch the third. For each € > 0, the proof of Lemma 4.1 in Pegden and
Smart [2013] gives a function

R/

with

u(w) > %ﬂ(D%(m) Dz

and

where 7] is a periodic tiling of 1 in By, for some r > 0 and n € N large. Due to Lemma

2.5.5, picking n larger if necessary, we have

1
> 9d —
B E n(r) >2d—1

rEByy,

Hence, by Rossin’s observation Rossin [2000] (see Fact 3.5 in Levine et al. [2016b]), as a sand-
pile configuration on 7, Aqu is stabilizable, and so by toppling it, we find a subquadratic,
finite w : Z% — N so that

and (u+ w)(x) = quu(a)_e(ﬂf) +o(|z[?).
]

Now, let a € Rd\GW be a given point satisfying the properties in part 1 of Lemma 2.7.6.

If a is outside the closure of W, the argument in the proof of Theorem 4.2 in Pegden and
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Smart [2013] which uses part 2 of Lemma 2.7.6 leads to a contradiction. So, it suffices to
suppose a € W. In this case, we cannot use the same argument to compare v and v’ as they
stabilize (possibly) different random sandpiles. Instead, we use p to compare the two.

Since v’ is twice differentiable at a, by Taylor’s theorem,
V(z) = ¢(x) + of|z — af)
where
arr + Ly = é(z) :==v(a) + DV'(a) - (x — a) + %(m —a)TD*/(a)(z — a)
Pick the unique [ := Fj,(D?v/(a)) € R so that
u(l, D2/ (a) = (1, D% (a)) = 0,

By approximation, (using Lemma 2.6.4), we can assume M and [ are rational. Then, by
Lemma 2.5.2, (recalling that u is invariant under affine transformations), for all small r» > 0

and n € N large,

inf Up, — —nLgy — z) > inf Uy — —nl.—
xeBm(a)( n—an —nlg —q) ( )_yeaBm(a)( n—au —nLg —q) ()

- Cdn:u*(BT’n7 n, 07 M)l/d
And so, after rescaling,

inf Up — ¢ — > inf Un — ¢ —
l‘En_llnBrn(a) (U ¢ QZ) (x) yeanilllBrn(a) (U ¢ ql) (y)

n2
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which implies by uniform convergence of v, — v and Lemma 2.5.5,

inf (v—¢—q)(x)> nf (v—0¢—q)(y).

x€B,(a) ~ y€IBy(a)
In particular,
(v—2"—q)(a) = (v—¢ —q)(a) (2.35)
> yeai%i " (v—0—q)(y)
_ . v N 2
= yeé%i » (v=2"=q) (y) —o(r?)

If I < 0, sending r — 0 in (2.35) contradicts D?(v — v')(a) < —0I. Hence [ > 0. However,

the same argument, applying Lemma 2.5.5 to x4 and v’ shows,

W —¢—q)a) > yeé%f(a)(vl —¢o—q)(y)

which contradicts Taylor’s theorem for r small as v" and ¢ are twice differentiable at a.

2.8 Convergence of the random divisible sandpile

One of the challenges involved in the Abelian sandpile model is the integrality constraint on
the odometer function. In the divisible sandpile model, this constraint is relaxed and sites
are allowed to topple a fractional number of times. This relaxation enables the use of simple

random walk estimates which leads to a more direct proof of convergence.

2.8.1 Description of the divisible sandpile

We briefly describe the divisible sandpile, referring the interested reader to Levine and Peres

[2010], Levine et al. [2016a] for more details. Begin with some, possibly fractional, distribu-

71



tion of sand and holes, on a domain V' € Zd, n:V — R. A site z € V is unstable whenever
n(x) > 1, in which case the excess mass, 1 —n(x), is equally distributed among the neighbors
of x until every site is stable. The odometer function, v, then counts the total mass emitted
by each site. Here, the starting point is also a discrete PDE: the least action principle for

the divisible sandpile.

Proposition 2.8.1 (Proposition 2.5 in Levine et al. [2016a]).

v:min{f:V—>R+:Ade—|—n§1}

2.8.2  Convergence of the odometer function

As in Section 2, we consider a stationary, ergodic, probability space (€2, F,P), with Q the
set of all bounded backgrounds,

n:Zd—>]R

for which

sup n(z) < oo.
reZd

In this case, we do not require n to be high density, but we do assume for simplicity uniform

boundedness: there exists 7yin, Tmax € R so that for every x € Zd,

P [1hmin < (%) < fmax] = 1. (2.36)

Let W C R? be a bounded Lipschitz domain. For each n € N, let W), = Z% N nW denote
the discrete approximation of W. Initialize the sandpile according to n(z) in W), and let v,
be its odometer function (defined via Proposition 2.8.1). Next, consider the averaged initial
sandpile,

Navg ‘= E 77(0)7
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and the corresponding odometer function, vgyg,, for 1gyg in Wy, For the reader’s convenience,
we restate the form of Lemma 2.7.3 we use. Let g, (z,y) be the Green’s function for simple

random walk started at x stopped when exiting W,,, and

()= > gnlz,y)n(y),

yeWn

dn(2) = Y gn(,9)Navg.

yeEWn
Lemma 2.8.1. There exists a constant C' := Cy so that on an event of full probability, for

each € > 0, there exist ng € N so that for all n > ny,

sup |rn(z) — dp(z)] < eCyn? (2.37)
€W,

Levine and Peres showed in Levine and Peres [2010] that 04y, converges uniformly to
the solution of a linear PDE. So, in order to show that v, has a scaling limit, it suffices to
show that it stays close to vgyg, for all large n. Most of the work for this proof is done in

Lemma 2.8.1, all that’s left is a use of the least action principle for the divisible sandpile.

Theorem 2.8.2. On an event of full probability, as n — oo, the rescaled functions vy, =

n"2vp([nx]) and Vavg, = n">vavg, ([nx]) converge uniformly together,

sup  [Un () — Vavg, (7)] — 0.
ren~1W,

Proof. By definition,

in Wy, which can be rewritten as

AZd(Un - (7"71 - dn)) + Navg <1
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Let € > 0 be given. For n large, Lemma 2.8.1 implies —(r,, — dy,) + eCn? is positive in W,.

Hence, by the least action principle in W,

and so,

Up — Vaug, = (Tn — dn) - 6077,2.

Scale and invoke Lemma 2.8.1 again to see that
/l_]n - Tjavgn Z _EC

The other direction is identical. O

2.9 Extensions

We conclude with some straightforward extensions of our results.

2.9.1 Sandpiles with open boundaries

The exact same argument given in this chapter also works for sandpiles with the open

boundary condition.

Theorem 2.9.1. Let W be a bounded Lipschitz domain and let vy, be the odometer function

for the sandpile Wy, := ZE N\ nW with the open boundary condition:

vp € L(n, Wn) NS, Wy) and v, =0 on OW),.

2

Almost surely, as n — 00, the rescaled functions vy := n~“vp([nx]) converge uniformly to
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Figure 2.3: Start with an iid Bernoulli(3,5,1/2) sandpile configuration and stabilize with the
open boundary condition. Darker reds are closer to 2 while lighter reds are closer to 3. The
displays are approximations of the weak-* limits.

the unique viscosity solution v € C (]Rd) of the deterministic equation

Fy(D*0) =0 inW

v=20 on OW,

where Fﬁ 15 a unique degenerate elliptic operator.

Note that Fn is the same operator appearing in the limit of the free boundary sand-
pile. For example, if the background is the product Bernoulli measure, simulations reveal

interesting pictures. These may help characterize FH - see Figure 2.3.
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Figure 2.4: Start with 225 chips at the origin in Z2 with an iid Bernoulli(0,-1,1/2) background
and stabilize. What’s displayed is an approximation of the weak-* limit.

2.9.2  Single-source sandpile on a random background

Straightforward modifications of the arguments appearing above and in Pegden and Smart
[2013] show that single-source sandpiles on random backgrounds also have scaling limits. See

Figure 2.4 for an example.
Theorem 2.9.2. Let vy, be the odometer function for the sandpile with n chips at the origin
on a stationary, ergodic, random background Nymin < N < Nmax = 2d — 2,

vn € L(n + ndy, ZY N S(n + ndy, Z9).

Almost surely, as n — oo, the rescaled functions vy, = n~2/%,([n'/4z]) converge locally
uniformly away from the origin to v+G, where G is the fundamental solution of the Laplacian

in R and v € C’(Rd) 1s the unique viscosity solution of the obstacle problem,

v :=inf{v € CRN|5 > ~G and F,(D*(v + G)) < 0}.
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Figure 2.5: A heat map of the odometer function for a Bernoulli(0,4,0.528) initial sandpile
started in a circle of radius 6 - 10° with the open boundary condition.

We would like to emphasize that essentially any well-posed PDE involving the operator

F’n can be realized as the scaling limit of sandpiles with the arguments in this chapter.

2.9.3  Sandpiles with low density

The high density assumption, E(n(0)) > 2d — 1, was used in two places in the chapter. The
first was to ensure that after stabilizing n in a sufficiently large initial domain what is left is
close to a recurrent configuration. The second was to show that solutions to Fn(DQT)) <0
also satisfy Fy(D?0) < 0.

For the first usage, we can replace the assumption on E(n(0)) by assuming that after
stabilizing in all large enough nested volumes and removing an 0(n2) portion of the boundary,

what remains is recurrent. For example, for each p € [0, 1], the following random sandpile
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on Z?2 has a scaling limit by our argument as it is always recurrent,

2 with probability p
n(x) =
4 with probability 1 — p.

For the second usage, it suffices to use the weaker bound E(7(0)) > d. And in fact, if
E(n(0)) < d, the sandpile is almost surely stabilizable, Fey et al. [2009]. This implies, by
conservation of density, (Lemma 2.10 in Fey et al. [2009], Lemma 3.2 in Levine et al. [2016a]),
that the stable sandpiles converge weakly* to E(n(0)) and so v, — 0.

This still leaves unaddressed sandpiles with E(7(0)) € [d, 2d—1] which are not stabilizable,
but also not close to a recurrent configuration. We believe, but cannot prove, that all such
sandpiles have odometer functions with subquadratic growth. See Figure 2.5 for an example

of what could be such a sandpile.

78



CHAPTER 3
A SHAPE THEOREM FOR EXPLODING SANDPILES

This chapter is based on the submitted article Bou-Rabee [2021b].

3.1 Introduction

3.1.1 Overview

In this chapter, we study scaling limits of exploding Abelian sandpiles using ideas from
percolation and front propagation in random media. We establish sufficient conditions under
which a limit shape exists and show via a family of counterexamples that convergence may
not occur in general. A corollary of our proof is a simple criteria for determining if a sandpile
is explosive; this strengthens a result of Fey et al. [2010].

Start with a background of indistinguishable chips, 7 : Z4 — Z., add n chips at the origin,

and attempt to stabilize via parallel toppling:

Vi1 = v + 1{sp > 2d} 51)

St+1 = st + A(vgp1 — ),

where Av(z) = >, . (v(y) — v(z)) is the Laplacian on 2%, vy = 0 is the initial odometer,
and sg = n + ndg is the starting sandpile. We say sq is stabilizable if there is T' < oo so that
ve = vp for all t > T. A background is robust if n 4+ ndg is stabilizable for all n > 1, and
otherwise is explosive. When sg = 1 + ndg is not stabilizable, it is explosive and the infinite
sequence {s¢}¢>( is an exploding sandpile. See Figures 3.1 and 3.2.

Fey-Levine-Peres coined these notions in Fey et al. [2010] (see also Fey and Redig [2005])
and provided sufficient conditions for determining if a background is explosive or robust:

backgrounds n < (2d — 2) are always robust, but otherwise can be robust or explosive,
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Figure 3.1: s¢1{v; > 0} for n ~ Bernoulli(2,3,1/2) and ¢ = 50,100, 250,500. The color
white denotes sites which haven’t toppled yet, otherwise white, yellow, red, blue, and black
correspond to values 0,1, 2,3, (

200

Figure 3.2: Snapshot of the support of an exploding sandpile 1{v; > 0} for  ~ Bernoulli(2d—
2,2d — 1, p) the first time it exits a box of side length 500. The top row is d = 2 and the
bottom d = 3. From left to right, p = 1/4,1/2,3/4.

depending on the arrangement of sites with (2d — 1) chips. In fact, they showed that if
n < (2d — 2), not only is the background robust, but if n chips are added to the origin of
such n, the diameter of the set of sites which topple grows like nl/d.

This bound was used by Pegden-Smart to show convergence of the the terminal odometer
for ndg in Pegden and Smart [2013].In Chapter 2, this bound is used to extend convergence
to all initial backgrounds which are stationary, ergodic, and bounded from above by (2d —2).

These results explain the phenomena of scale-invariance in sandpiles which have a com-
pact, nt/ d growth rate — large, compact-growth sandpiles look like high-resolution versions

of smaller sandpiles. Simple models of growth are of interest to the mathematics and physics
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communities - see, for example, Dhar and Sadhu [2013], Diaconis and Fulton [1991], Gravner
and Griffeath [1998], Packard and Wolfram [1985] and the references therein.

In this chapter, we study limit shapes of sandpiles in the explosive regime. The techniques
used differ fundamentally from the existing compact-growth theory. Indeed, as we will
demonstrate, some explosive sandpiles (both random and deterministic) do not converge.
On the other hand, compact-growth sandpiles essentially always have limits — the argument
there is ‘soft’ and applies in wide generality. Our proof below is quantitative and involves
establishing specific, finite-scale estimates. We identify sufficient conditions under which
exploding sandpiles converge to the level set of an asymmetric norm — much like in first-
passage percolation Cox and Durrett [1981] and threshold growth Willson [1978], Gravner
and Griffeath [1993].

3.1.2 Main results

For expositional clarity, we consider one family of random, explosive backgrounds with limit
shapes. The reader interested in generalizations may consult Section 3.5. Suppose 7 : Zt —

7 is drawn from a product measure P with

P(n(0) = (2d - 2)) =1 —p

P(n(0) = (2d - 1)) = p.

(3.2)

Fey-Levine-Peres showed the following.

Theorem 3.1.1 (Proposition 1.4 in Fey et al. [2010]). In all dimensions d > 1, if p >0, n

15 explosive with probability 1.

Fix p > 0 and denote the (almost surely finite) ezplosion threshold by

M, :==min{n > 1: 1+ ndp is not stabilizable}. (3.3)
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We prove that the support of the infinite sequence of parallel toppling odometers, {v¢}s>1,

for the explosive sandpile sy = 1 + M;dy converges in the Hausdorff topology.

Theorem 3.1.2. There ezists a convex domain B(p) C R? so that on an event of probability
1,
{or > 0}AB(p)| = 0,

where v¢(x) = ve([tx]).

In fact, we prove something stronger. Not only does the support of the explosion converge,

but the rate at which the explosion spreads also converges.

Theorem 3.1.3. Let Tj)(x) := min{t > 1 : v(x) > 0}. On an event of probability 1, the
rescaled arrival times Tp(x) := n~ 1Ty ([nx]) converge locally uniformly to Ny, a continuous,

convez, one-homogeneous function on RY,

During our proof of Theorem 3.1.3, we introduce a quantitative criteria for determining
if a sandpile is explosive. The criteria asserts, roughly, that if a sandpile explodes quickly
on a finite box, then it must do so on the entire lattice. We use this and a coupling with

bootstrap percolation to extend the aforementioned Theorem 3.1.1.

Theorem 3.1.4. Suppose [3 : 7% = 7 is drawn from a product measure P. If § > d and
P(5(0) = (2d — 1)) > 0, then B is explosive with probability 1.

3.1.8  Proof outline

An exploding sandpile may be thought of as a heterogeneous, discrete reaction-diffusion equa-
tion. This perspective leads us to the literature for stochastic homogenization of reaction-
diffusion equations Zhang and Zlatos [2020], Feldman [2019], Lin and Zlatos [2019], Arm-
strong and Cardaliaguet [2018], Caffarelli and Monneau [2014], Gravner and Griffeath [2006],

Ishii et al. [1999], Barles and Souganidis [1998], Gravner and Griffeath [1996, 1993], Willson
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[1978]. These works suggest two methods of proof. The first, which we do not pursue, is
half-space propagation — a limit shape can be completely described by those starting with a
half-space initial condition — an early example of this technique appears in Willson [1978].
Another method is to identify a subadditive quantity similar to the first-passage time, Cox
and Durrett [1981], which (directly or indirectly) describes the limit shape, then apply the
subadditive ergodic theorem.

Our proof of Theorem 3.1.3 follows the second outline, however, there are several hurdles
to overcome. A fundamental one is the nonlinear diffusion of the sandpile. This nonlinearity
can cause explosions to propagate irregularly. In fact, an arbitrary exploding sandpile may
spread quickly in certain cells, but slowly in others, causing convergence to fail. We demon-
strate an explicit family of counterexamples to that effect in Section 3.6. A major part of
our argument is showing that this irregularity cannot happen if n > (2d — 2) and there are
‘enough’ sites with (2d — 1) chips.

From now until Section 3.5, take n as in the statement of Theorem 3.1.3 and fix p > 0.
We begin in Section 3.2 by showing that explosions on 7 spread quickly. This is done by
establishing a high-probability bound on the ‘crossing-speed’ of 7 in a finite, but large cube
and passing to a coarsened lattice. On the coarsened lattice, there is an infinite cluster
of ‘good cubes’ upon which explosions are guaranteed to spread quickly. We use this to-
gether with large-deviations for the chemical distance of supercritical Bernoulli percolation
to get uniform, linear bounds on the arrival times. (This portion of the proof shares some
similarities with Schonmann’s argument for bootstrap percolation Schonmann [1992].)

At this stage, if the arrival times, T}, were subadditive, we could apply the subadditive
ergodic theorem and conclude. However, Tj, is not, in general, subadditive: roughly, when
an explosion started at the origin reaches some site x for the first time, it mixes up the
background and so cannot be compared directly to the explosion originating from .

We overcome this lack of subadditivity by shifting our focus to a related, but simpler
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process, the last-wave — an exploding sandpile where the origin is constrained to topple
a fixed number of times. In Section 3.3, we use the established regularity of explosions to
show that the last-wave can be approximated by a quantity which is exactly subadditive,
and hence converges. This can also be viewed as a shape theorem for a bootstrap percolation
type process.

The proof of Theorem 3.1.3 is completed in Section 3.4 where we show that the last-
wave is an approximation to the expanding front of an exploding sandpile. The argument
for this is a deterministic comparison which requires 7 > (2d — 2). Then, in Section 3.5,
we generalize Theorem 3.1.3 by presenting sufficient hypotheses under which a limit shape
exists. We demonstrate some need of these hypotheses by constructing a family of (random
and deterministic) exploding sandpiles which fail to have a limit shape in Section 3.6. We
conclude in Section 3.7 with a proof of Theorem 3.1.4. There we indicate explicit criteria for

determining if a sandpile is explosive.

3.2 Regularity of explosions

We use > (2d —2) together with the i.i.d. assumption to establish almost sure regularity of
explosions. The main result of this section is a quantification of Fey et al. [2010]’s Theorem
3.1.1 recalled above. The method is a static renormalization (see Chapter 7 in Grimmett

[2013]) inspired by Schonmann’s proof for boostrap percolation Schonmann [1992].

3.2.1 Parallel toppling preliminaries

Before proceeding, we mention some basic properties of parallel toppling which we use below.
Recall that {v;};>1 and {s;};>1 are the infinite sequence of parallel toppling odometers and

sandpiles for initial conditions vy = 0 and sy = n + M;3Jy. An induction argument ((4.4) in
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Babai and Gorodezky [2007]) shows

50(x) + Dy vt (y)
2dy J,Ut($) + 1} (34)
st+1(2) = so(x) + Avgpy(2).

vg41(2) = minf|

Another induction shows that when sy < 2(2d) — 1, the minimum in (3.4) is unnecessary.
In the sequel we also consider a version of parallel toppling where the odometer on some
set, S, (the complement of a cube, the origin) is ‘frozen’ at the initial value wq but the initial

sandpile 56 = 50 is the same,

wi(z) + 1{sj(z) > 2d} ifx ¢S
wit1(z) =
wp(x) ifres (3.5)

St = ¢+ Awy1 —wy).
We call this S-frozen parallel toppling. (Recently, and after this chapter was written, Goles

et al. [2021] was posted - therein so-called ‘freezing sandpiles’ are studied in the context of

computational complexity.) If sg+ Awy < 2(2d) — 1 on S¢ then as above:

50(7) + Dy Wi (Y)
25 | forx g S (36)
st1 () = so(z) + Awgp (@),

wir1(r) = |

Also, if sg < (2d — 1), then w; < max,cswp(z). The definitions allow us to compare the

two versions of parallel toppling,

Vgt = Wi where tg := min{t > 0: vy > wp} 57)
wy > vy if wy > vg and wo(S) > sup; v¢(S).
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3.2.2  (Crossing speeds

To provide a global upper bound on the arrival times, 7;(x), we show a local upper bound.
In particular we study the following ‘cell problem’; a term from homogenization denoting a
simple problem which describes the local behavior of a more complicated one.

We consider sandpile dynamics on a box of side length k, Q). := {x € 7. 1<z< k}.
For a point z € Q}, and direction 1 < i < d, denote the line passing from one side of the box

to the other

ﬁ](.;’Z) = U (21,...,Zi_l,j,2i+1y---72d)' (38)
J=1,...k

Let wy be the parallel toppling odometer for {Qf. U £](j’z)}—frozen parallel toppling (defined

(1,2)

in (3.5)) with initial conditions wq(z) = 1{z € £}, s = n. Denote the crossing time,

)~ min{t > 1:wi(Qp) = 1}, (3.9)

where the right-hand side is 0o if weo(Qf) # 1. We show that if & is sufficiently large, the

crossing time is bounded with high probability.

Proposition 3.2.1. For every 6 > 0, there is a k so that

max QI(;’Z) < k4 (3.10)

1,2
with probability at least (1 — 6).

Proof. For each k > 1, we construct an event for which (3.10) occurs with probability
approaching 1 in k. By Harris’ inequality and symmetry, it suffices to show (3.10) for lines
in one direction, say i = 1. Let z € Q}, be given.

Write €. = QI(;"Z). We show that if all lines, E}(ﬂl,y)’ y € @, contain at least one site

with (2d — 1) chips, then every site in the cube eventually topples. Denote the event upon
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which this happens by,

Q= m Qy = ﬂ {n: 74 -7 n(z) = (2d — 1) for some z € El(ﬂl’y)}. (3.11)
yeQy YEQy
Recall p > 0 is the probability of a site having (2d — 1) chips. Fix 0 < € < p, and note, by

Hoeffding’s inequality, for each y € Qy,

P( Z 1(n(z) = 2d — 1) < (p — €)k) < exp(—2¢2k).

xeﬁ,(cl’y)

Therefore, by the union bound, (deleting duplicates),
P(Q°) < KIP(Q) < k7 exp(—2¢%k),

and so for every ¢ > 0, there is k sufficiently large so that P(Q') > 1 — 6.

It remains to check that for n € Q/, ¢, < k. We do so by constructing a toppling
procedure which is dominated by w;. After firing El(ﬂl’z), all sites in neighboring lines, L'S’y),
Yd_1 ~ Z4_1 have at least (2d — 1) chips. In fact, since € €/, at least one site in each

(Ly)

neighbor ﬁk: C @} has 2d chips, causing all sites in the line to topple. Iterating shows

this procedure will terminate with every site in (), toppling in at most K steps.

3.2.83 A static renormalization scheme

We exhibit a coarsening of the lattice upon which explosions are guaranteed to spread quickly.

A cube, Qy, is good if max; , Q:](f’z) < k%, For each i € Z, let

Qr(i) = Qg +ik. (3.12)
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The cubes {Q},(i) };cza define a macroscopic lattice with edge set {(Q(7), Q1 (7)), [7—i| = 1}.
For k sufficiently large, Proposition 3.2.1 implies that the set of good cubes is dominated
by a supercritical site percolation process on the macroscopic lattice. This together with
large deviations bounds for supercritical percolation Antal and Pisztora [1996], Garet and
Marchand [2007] imply the following. (See, for example, Section 5 in Mathieu [2008] for an

explicit proof.)

Proposition 3.2.2. For fized k large enough, there are constants ¢, C' so that the following
hold on an event of probability 1.
1. There is an infinite cluster Coo of good cubes on the macroscopic lattice {Q.(i)};cpd-
2. There is ngy so that for n > ng, any connected component of CS, that intersects [—n, n]d

has volume smaller than (logn)®/2.

3. There is ng so that for n > ng, for any =,y € Coo with |x| < n and |z —y| > (logn)?,
clr —yl < d(z,y) < Clz —yl,

where d is the chemical (graph) distance on Coo.

The definition of Co ensures that once Qp.(i) € Coo is overlapped by the support of the
odometer - Q(i)N1{v; > 0} contains a straight line - an explosion will occur. This together
with Proposition 3.2.2 controls the speed at which the explosion propagates. We show next

that the explosion spreading in Coo also quickly fills holes in the cluster.
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Figure 3.3: Terminal A-frozen parallel toppling odometer, weo, on Z2 for initial conditions
wyg = 1{x € A} and sg = 2. Red pixels are sites in A and black pixels are sites which
eventually topple.

3.2.4 A path-filling property

For a set of points A C Z%, let m; = min,c 4 2; and M; := max,c42; for i = 1,...,d.

Denote the bounding rectangle of A as
br(A):={ze€Z%: m<z< M} (3.13)

We show, using 7 > (2d—2), that any path of points touched by the odometer eventually fills
its bounding rectangle. Essentially, if it doesn’t fill its bounding rectangle, then the support
of the odometer must have a corner, i.e., an untoppled site with two neighbors which have
toppled, a contradiction. Our proof uses this idea together with a slightly technical induction
(which, it seems, we cannot avoid as the claim is needed in all dimensions). See Figure 3.3

for an illustration of this result.

Lemma 3.2.1. Let A := {20} be a finite path 20 ~ 20D Let wy denote A-frozen parallel

toppling with initial conditions wo(A) =1, s(, =n. Then, wi(br(A)) =1, for allt > |br(A)|.

Proof. By monotonicity of parallel toppling, we may take n = (2d — 2). Moreover, it suffices
to show that every site in br(A) eventually topples, as if no site topples at time ¢, then no
site topples at time (¢ + 1).

We say A contains a (44, 4+7) turn if 2m) = Jm=1) 4 ¢ and (m+1) = (m) 4 e; for
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some i # j where 2(m=1) ~ (M)  2(m+1) are in A. If A does not contain a turn, then

br(A) = A. Hence, we may suppose it contains at least one turn.

Case 1 - one-turn path

By shifting coordinates, we may suppose A contains only a (1,2) turn and that
A=A{0,eq,...,kier,kie1 +ea,..., kier + koea} (3.14)

for k1 > ko. We induct on ko. If ko = 1, then after firing every site in A, all sites in A + e9
get one chip, while the corner site, ((k; — 1)e; + e2) gets 2 chips. Since n = (2d — 2), that
corner becomes unstable and fires, causing all of its neighbors to the left, ((k1 —2)ej +e2) ~
((ky —3)ep +e3) ~ -+- ~ eg to fire. Continuing the induction shows that every site in

br(A) = {z € Z%: 0 < x < (kje1 + kgea)} eventually fires.

Case 2 - cubic path

We call A a cubic path if, after an isometry,

d
A:{0,61,...,k161,k161+62,...,Zki€i} (3.15)
i=1

for k1 > -+ > ky > 0. Let dy := max{i < d: k; > 0}. We induct on d, the base case dy = 2
established in Case 1. For notational convenience, suppose the claim holds for dy = (d — 1)

and we verify it for dy = d.
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Consider the (d — 1)-turn subpaths,

d-1
Pro={0,e1,.... > kie;}
i—1

] (3.16)
Py = {/{:161, kie1 +ea, ..., Z kiei}-
1=1
By the inductive hypothesis, after P; fire, both (d — 1)-dimensional faces,
d—1
F1 ::{xGZd:ngSZkiei}
=1 . (3.17)
Fo:={x € AR kiep1 <z < Zkiei}
=1
fire. We then ‘fill in’ the cube by identifying newly fired (d — 1)-turn paths:
Pi = {jea, jea +e1,...,jea + kien,
jea + kier +e3,...,5e9 + kieg + kzes,
(3.18)
jea + Y kie;}
i£2

which are in F; U Fo for 7 = 0,..., k9. By the inductive hypothesis, the firing of each Pj’-

makes every (d — 1)-dimensional layer,

Lj:={x¢c 2% jey < x < jeo + Zkiei}y
i#2

k
fire and br(A) = Ujioﬁj-
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Case 3 - general path

It suffices to show that if there is a path of firings between any two distinct points x, y, then
br({z,y}) eventually fires. Before showing this, we suppose it were true and demonstrate

sufficiency. Take ¢ € br(A) and observe by definition there are points

in A with ZZ-(i) <gq < ZZ-(i). Then,
¢ = (1, qfy_,) € br({z), 21}

for some (d — 1)-vector q; ;. Continue and let

(a1, 92, ) € br({gM), Zz?)})  otherwise

for some (d — 2)-vectors qg_2,qg/_ 5. After iterating, we find q(d) = ¢, which shows that

eventually ¢ will fire.
Now fix two points z,y € A and decompose a path between them into a sequence of

cubic paths

where Pi(l) :={pi_1,...,p;} is cubic and py := x and py, := y. (This can be done by, for
example, starting at x and exploring the path but cutting whenever the cubic condition is
violated.) Case 2 shows that eventually every site in AL = Ui, br(PZ-(D) will fire. If
m = 1, we are done, otherwise we construct a new cubic path from pgy to po passing through

A Once we have shown this, we iterate to conclude.

92



Suppose pg =0, p1 = Z?zl kj€j> and

dy do d
pa=) (kj—Kej+ > (kj—klej+ D (kj+k)ej,
=1 =(d141) j=(dat1)

for some 1 < dy < dy < d and k:j,k} > 1 where (k'j — k;) < 0 for j < dj and (k:j — k;) >0
for (d; +1) < j < dy. After this coordinate change, it suffices to exhibit a path from pg to
p2 with differences constrained to be —e; for j =1,...,dy and +e; for j = (dy +1),...,d.

There is a cubic path (only positive moves) from pg to

do d
wy = Z (k] — /{7;)6] + Z (/{:j)ej
j=(d1+1) j=(d2+1)

contained within br({pg,p1}) as pg = 0 < wy < p1. Then, since w; € br({p1,p2}) there is

a cubic path (only positive moves) from w; to

d
wy = wq + Z k;-ej
j=(d2+1)

contained in br({p1,ps}) and similarly there is a cubic path (only negative moves) from w9

to
dy
Py = wo + Z(kﬂ — k;)ej.
J=1
Our new cubic path is the concatenation of these three paths: pg — wi — w9y — pa. O]

3.3 The last-wave

In this section we study a simplified parallel toppling procedure closely related to boost-
rap percolation (see Section 3.7 for an explicit connection, we do not utilize the coupling

here). This simplified process has an inherent subadditive structure which allows us to prove

93



convergence using the subadditive ergodic theorem. In the next section we show that this

process is a good approximation to an exploding sandpile.

3.3.1 The n-wave process

Fix n > 1, z € Z%, and consider the following modified parallel toppling process

u(z) . (3.19)
ugj_)l(m) = Lzywx t ZC(Zy) U )J for x # 2.

This is a {z}-frozen parallel toppling process (see (3.5)) which we call the n-wave for n
starting at z. Overloading terminology, the n-wave is stabilizable if there is T' < oo so that

ugz) = ug;z) forallt > T. Let

Mn(z) :=min{n > 1: the n-wave for 7 starting at z is not stabilizable}. (3.20)

(2)

We write u,”" for the Mn(z)—wave starting at z and call this the last-wave. We also
consider the penultimate-wave starting at z as the terminal odometer for the (Mn(z) —1)-

wave, @(?). The set of sites touched by the penultimate wave is its penultimate-cluster,
P(z) :={z} U{z € Z%: there is y ~ z with @*)(y) > 0} (3.21)

(we included the point, {z}, as Mn(z) may be 1). When z is the origin, we omit the
superscripts.

The arrival time for the last-wave starting at site s to site x is

T(s,x) := min{t > 1: ugs) (x) > 0} (3.22)
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and the penultimate-cluster arrival time is
T(s,z) :=min{t > 1: ugs) (P(zx)) > 0}. (3.23)

We write T'(z) := T/(0,z) and T(z) := T(0,z) (choice of the same letter T for all arrival

times was intentional - we will see they are asymptotically close).

3.3.2  Basic properties of the last-wave

We derive some basic properties of the last-wave. Throughout this section and the next, let n
be drawn from the event of probability 1 in Proposition 3.2.2 and let &k be the (deterministic
but large) side length of a good cube. The following is a consequence of Theorem 4.1 in

Fey-den Boer and Redig [2008].

Lemma 3.3.1. There is a constant C' := C; so that for all R > 1, the support of the

(CR¥-wave contains [—R, R]%.

Proof. From Theorem 4.1 in Fey-den Boer and Redig [2008], we know that if n chips are
placed at the origin on a background of (2d — 2), then the support of the terminal odometer,
&, contains a cube of radius r, > (n}/? — 3)/2. Moreover, 5(0) < Cnf. This implies, by

(3.7) that a (Cn®)-wave contains [—ry, )% O
Lemma 3.3.2. The last-wave is well-defined, Mn(O) < 00.

Proof. By Lemma 3.3.1 and Proposition 3.2.2, if the origin is fired a sufficient number of

times, the support of the odometer contains a good cube, Q. C Cxo. n

Lemma 3.3.3. The last wave is bounded by one outside the interior of the penultimate-

cluster, for allt > 1 and x,z € Zd,



Proof. To reduce clutter, we take z = 0. We prove this by induction on t. The base case
t = 0 follows by definition. For all ¢ > 1, the definition also ensures it holds at the origin.

So, we may take x # 0 and check:
Zywx Ut(y) + 77(55)

2d J
Yy (L4 (y) + (@)

ugy1(w) = |

<l

as Au(x) 4+ n(r) < (2d — 1) for z # 0.

O
Lemma 3.3.4. The penultimate-cluster arrival times are subadditive: for all a,b,c € Zd,
T(a,c) < T(a,b) + T(b,c).
Proof. Suppose P(c) € P(b), otherwise the claim is immediate. It suffices to check
wi(x) == ul? (x) > u(b>(x) forall ¢t > 1 and x € P(b)¢ (3.24)
T (a4t T = ’ ‘

which we do by induction. By Lemma 3.3.3, ugb)(x) < 1if ﬁ(b)(x) = 0. In particular,
for all ¢ > 1 and = € 9°P(b), ugb)(x) < 1 < wy(z) (where the interior boundary of a set

Sc7%is9°8 = {z € S: thereis y ~ 2z in S¢}). Using this and the inductive hypothesis,
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if z € P(b)°N{a}",

w1 () = | 54
Yy iy () + ()
> | ’ 2d J
= u7(53—)1 ().

Lemma 3.3.5. There is a constant v > 0 so that for all n sufficiently large and |z| < n,
d
,P(:,U) C [_Tn7rn] 9

where ryp, < (logn)7.

Proof. By Lemma 3.2.1, l{ﬂ(x) > 0} is a rectangle, therefore it suffices to bound the maximal
side length. By Proposition 3.2.2, if any side length of the rectangle exceeds (2k log n)5/ 2

then it must overlap a good cube, contradicting stability. O

Lemma 3.3.6. There are constants v and C so that on an event of probability 1, for all n
sufficiently large and |z| < n,

~

T(x) < Clz|+ (logn)7.

Proof. Let x € Z% be given. Since the sandpile is exploding, at some constant time C' the
support of the odometer will overlap the infinite cluster at a good cube near the origin, Q}.(2)
for some z € Z®. Once this occurs the arrival time to any site is at most a constant times
the chemical distance in the infinite cluster. Let Q(y) for y € Z% be one of the nearest
cubes in Cx to . There are now two cases to consider.
Case 1: |z — y| < (logn)?
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Choose nearby points M; € Cop s0 that (logn)¢ < d(z, M;) < (logn)® and z,y € br({M;}).
Case 2: |z —y| > (logn)?

By the chemical distance bound and the definition of Co, within at most C'|z —y| < C(|z|+

ly|) steps, Qi (y) will topple. Once this happens, P(x) is surrounded in at most (logn)¢

more steps and P(x) will fire in at most |P(x)| additional steps.

3.3.83 Convergence of the last-wave

We show that the arrival time for the last-wave converges.

Lemma 3.3.7. There exists a constant v > 0 so that on an event of probability 1, for all n

sufficiently large and |x| < n,

~

T(z) < T(z) < T(z) + (logn)”.

Proof. The first inequality is immediate. For the second, suppose v¢(z) > 0 for min(¢, |z|) >
C. We must show that there is a nearby good cube Qp(y) C Cx which has already fired.
Once we have shown this, the same argument as in Lemma 3.3.6 allows us to conclude. This
is, however, a consequence of Lemma 3.2.1 and Proposition 3.2.2. Any path of topplings of

length at least (2klog n)5/ 2 must overlap a good cube. O

Proposition 3.3.1. On an event of probability 1, the rescaled last-wave arrival times

A

n T, ([na])

converge locally uniformly to Np, a continuous, convex, one-homogeneous function on RY.

Proof. In light of Lemma 3.3.7 it suffices to prove the result for 7. Convergence in inte-

ger directions follows from the subadditive ergodic theorem. Everywhere convergence then
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follows from continuity and approximation. The properties of N}, are immediate from the

scaling and microscopic subadditivity. O

Remark 1. Convergence of the last wave may be viewed as a sort of bootstrap percolation
shape theorem. Sites are initially randomly assigned two thresholds, 1 or 2. A site with
threshold | becomes infected when at least | of its neighbors are infected. Infected sites remain
infected. The above shows that if you start off with a large enough cluster of infected sites
at the origin, every site will eventually become infected and the speed at which the infection
spreads converges.

For more on the relationship between sandpiles and bootstrap percolation, see Section 3.7
below. Similar shape theorems include Garet and Marchand [2012], Kesten and Sidoravicius
[2008], Alves et al. [2002], Cox and Durrett [1981] and especially Willson [1978], Gravner
and Griffeath [1993], Fey and Liu [2011].

3.4 Proof of convergence

Let n be drawn from the event of full probability in Proposition 3.3.1. It suffices to show

that the last-wave is a good approximation of the original process.

Proposition 3.4.1. On an event of probability 1, there are constants C1,Co so that for all
zeZ4,

T(x) < T(x) + Cy (3.25)

and

~

T(x) <T(x)+ Cy, (3.26)

where the last-wave arrival time T is defined in (3.22) and T(x) := min{t > 0 : vy(x) > 0}.

Proof. Recall that vy is the parallel toppling odometer for n + Mydy and u; from Section
3.3.1. We first observe that (3.25) follows immediately from (3.7): since Mn(O) < 00, and

n + Mpydp is not stabilizable, for ¢t > Cy, v4(0) > Mn(O) = up(0).
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We now verify (3.26). We first consider the special case where only one firing at the

origin is needed to have an infinite last-wave.

Step 1: Special case, MW(O) =1

Denote the reachable sets up to time t for the last wave and exploding sandpile as

Ry = {z € 2% vy(z) > 0}
(3.27)

Ry = {x € Z% : ug(z) > 0},

Note, by minimality, if ]\7[7,(0) = 1, then 1(0) + M;(0) = 2d. This together with n > (2d —2),

implies a strong regularity. Specifically, we show by induction that for all t > 1,

Ri C Ry (3.28)
and
w(rx e e;)—u(x)) <1 for all z € Z% and ¢; # e
? J t J
(3.29)
lvg(z £ ;) —ve(z))] < 1 for all z € Z% and ¢;
and
v¢(0) > max ve(z). (3.30)

reZd
The base case is immediate, so suppose (3.28), (3.29), and (3.30) hold at ¢ and we check

(t+1).
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Inductive step for (3.30)

(3.4) and (3.30) at time ¢ imply if x # 0,

o () < LQdUﬁ(O;de 77(30)J

n(z)

= 0(0) + [0

= v;(0)

< vp41(0),

asn < (2d —1).

Inductive step for (3.29)

We first check the origin. By (3.30), if v¢(y) = v¢(0) — 1 for some y ~ 0, then Awvg(0) + 2d <
(2d — 1). Otherwise, suppose vt(e; + ¢j) = v¢(0) — 1 for some e; # e; and the origin is
unstable. Then, v¢(e;) = v¢(0) and vt(e;) = v¢(0). This implies, by (3.29) applied to e; and
ej, that all other neighbors y ~ (e; + ¢;) have a lower bound, vt(y) > v¢(0) — 1. Hence,
Avt(z + e; + €;) > 2, which implies that (z + e; + ¢;) is unstable using n > (2d — 2).

Now, take x # 0 and suppose for sake of contradiction

Avg(x) +n(x) > 2d (3.31)

but for some adjacent neighbor (x + ¢;),

vi(r+ej) =v(x) =1  and Az +e;) +n(z+ej) <2d-1. (3.32)

At least two other adjacent neighbors, 3’ ~ x must satisfy v(y') = v¢(z) + 1. Indeed,

otherwise by (3.32) and (3.29), Av(z) < 0, violating our assumption (3.31). However, one
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of those neighbors must be 3’ = z & ¢; for some ¢; # e;. This contradicts (3.29) at time ¢
since

ve(r +e;) = ve(w +e; + (—e; +¢j)) + 2.

Next, take a diagonal neighbor, (v+¢;+e¢;) for i # j, and suppose for sake of contradiction

(3.31) but

ve(r + e +ej) = v(x) — 1 and Avi(z +e;+ej) +n(z+e;+ej) < (2d—1). (3.33)

By (3.31) there must be at least one adjacent neighbor y ~ x with v(y) = v¢(z) + 1. This
neighbor cannot be (z+4-e¢;) or (z+e¢;) as it would contradict (3.29) for (x+e;+e¢;). Possibly

y=(rtey)fori’ &€{i,j}, y=x—e; ory=1x—e;. In these cases,

ve(x +e;) = ve(x +ej) = ve(w) = ve(x 4+ e; +ej) + 1. (3.34)

Indeed, if not, then, say, v¢(x +¢;) = ve(z) — 1, and so there must be an additional neighbor,
Y ~x,y # vy, with v(y) = ve(z) + 1. But, either 3/ or y is diagonal to (z + e;), which
contradicts (3.29).

Assuming (3.34), the same argument implies v¢(y) > ve(v+e;+ej) for ally ~ (z+e;+¢;).

This together with (3.34) shows Avi(z + e; + e;) > 2. which contradicts (3.33).

Inductive step for (3.28)

It suffices to check this for x # 0 as ut(0) = 1. Suppose for sake of contradiction there is

some site x with

Avg(x) +n(x) > 2d (3.35)

but
Aug(x) +n(z) < (2d —1) (3.36)
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and u¢(z) = 0. By (3.28), u¢(x) = v¢(x) = 0 and hence
ve(y) <1 for all y ~ =, (3.37)

by (3.29). However, (3.28) and (3.37) imply that Avi(z) +n(z) = Awg(z) +n(z) < (2d - 1),

contradicting (3.35).

Step 2: General case

In the general case, we introduce a pair of approximations to which we can apply the argu-
ments of the special case. Let ¥ be the terminal (unfrozen) odometer for n + (M;(0) — 1)dg
and let

P = {0} U{z ez thereisy ~ x with 5(y) > 0}. (3.38)

Let @y be the P-frozen parallel toppling odometer with initial conditions

wo(z) = 1{z € P}

(3.39)
36 =1.
Let wy be the parallel toppling odometer for s : 7% — 7, where
n(x) if o ¢ P
s(x) == (3.40)
(2d — 1)+ 69 otherwise .
Denote the reachable sets for these processes by
Ry = {z € Z* : wy(z) > 0}
(3.41)

Ry = {z € VAR we(x) > 0}.
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The same argument as in Step 1 shows that

Ri C Ry. (3.42)
We claim that we can conclude after proving the following inequalities,

Wt < Upe (3.43)

v < (wg + 7). (3.44)
Indeed, if v¢(z) > 0, then (3.44) implies 0(x) > 0 or w¢(xz) > 0. In both cases, using either

(3.42) or (3.39), w¢(x) > 0 and so by (3.43) usyc(x) > 0.

Proof of (3.43)

We know that \75| = (' < oo. Hence, at some finite time uc(75) > 1. Monotonicity implies

Wt < Upe

Proof of (3.44)

This is true at t = 0, we use (3.4) and induct,

>y~ V() + () + Mydo

vi1(z) < [ =
< LZngc(wt(y) +@(QZ)) +n(x) +M7750J
NP dliUks ZM@(Q‘Q — @) + o) + My,
< o(x) + LZW wt;? + S(ﬁc)J

B() + wip (@),
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The third inequality used Av(z) + (M; — 1)dp +n1 < (2d — 1).
[

Remark 2. Some qualitative features of the limit shape are immediate. For example, the
origin s an intertor point and the limit is invariant with respect to symmetries of the lattice
(symmetry may fail in the periodic case introduced in Section 3.5). Also, a coupling with
oriented percolation as in Durrett and Liggett [1981], Marchand [2002] can be used to establish
a ‘flat-edge’ for p sufficiently close to one in all dimensions. We omit the details since it is
routine - see, for ezample, the proof of Theorem 1.2 in Alves et al. [2002] or Theorem 6.3 in
Garet and Marchand [2004].

3.5 A generalization

3.5.1 Sufficient hypotheses

We present sufficient hypotheses on 1 under which the arguments above go through seam-
lessly. Fix npi € Z and let ) denote the set of all bounded functions 7 : 7% - 7,
Nin < 1 < (2d — 1). Endow Q with the o-algebra F generated by {n — n(z) : z € Z%}.

Denote the action of integer translation by T : Z¢ x Q — Q,

T(y,n)(z) = (Tyn)(z) == nly + 2),

and extend this to F by defining Ty E := {Tyn : n € E}. Let £ C Z% be a sublattice, a finite
index subgroup of 7%, Let P be a stationary and ergodic probability measure on (2, F) with
respect to L,

Stationary: for all £ € F,y € L: P(TyE) = P(E), (3.45)

Ergodic: £ =,z TyE implies that P(E) € {0,1} . (3.46)

We refer to the probability measure P as explosive if P(n is explosive) = 1.
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Stationarity and ergodicity are the weakest hypotheses under which a convergence result
is proved - straightforward counterexamples can be constructed. However, we do not expect
exploding sandpiles to have a limit shape without an additional independence hypothesis.
At the very least, our proof will not work, as domination by a coarsened product measure

was essential. Our first hypothesis is hence a quantification of ergodicity.

Hypothesis 1 (Finite range of dependence). There exists a constant K < 0o so that for all

z,y € 2%, n(x) and n(y) are independent if |z —y| > K.

Next, fix a finite (rectangular) box with side length k > 0, By, := {z € Z% : 1 < z; < k;}.

The 2d external faces of B}, are

fi::{JZGBkSZL’Z‘:O},

Favi = {JZGBkth‘Z‘:ki—I—l}.

Take a face, F;, and let wy : B, — N be the sequence of Bi-frozen parallel toppling odometers
with initial conditions wy = 1{z € F;} and s{, = . We say that By (n) can be crossed in

direction i if wy(z) > 1{x € B} for t > |By|.

Hypothesis 2 (Box-crossing). For each 6 > 0, there is k so that

mirb P(B]gj)(n) can be crossed in each direction) > 1 — 0,
JEZ

where

U B = | By +jk) = Z¢

jezd jezd
s a tiling of the lattice by Bj..
If n were recurrent, Hypothesis 2 would imply 7 explodes with probability 1. In particular,

no holes would develop in the support of the odometer. (If unfamiliar, see Section 3.7 below
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for the definition of recurrence, although this is not used here.) Our next hypothesis ensures

this and more: any sufficiently long path of topplings fills its bounding rectangle.

Hypothesis 3 (Path-filling). There exists a constanty > 0 so that on an event of probability
1, for all n > ng, and every path of distinct points, [—n,n]d D Ly =A{%1,--,2m}, Zit1 ~
z;, of length m > (logn)7 the following holds. The Ly,-frozen parallel toppling odometer with
initial conditions wy = 1{x € Ly} and 36 =1 quickly exceeds 1 on the bounding rectangle
of Liy:

w > 1{br(Ly)} fort > m?.

In order for 1 to have a limit shape in dimensions d > 3, we need to strengthen Hypothesis
2. The next assumption prevents low-dimensional tendrils from burrowing through good
cubes (for a counterexample in three-dimensions take a large cube filled with 4 and connect
each of the faces with disjoint tunnels of 5). For a point z € Bj, and direction 1 < i < d,

consider, as before, a line passing from one side of the box to the other

[»](4;172) = U (217"'7Zi—17.j7 Zi+17"'7zd>' (347)
G=1,...k;

We say By (n) is strongly box-crossing if, for all 1 < i < d and z € By, Wikl = {z € B},
where w; is the odometer for {B} U El(f’z>}—frozen parallel toppling with initial conditions

wo(z) = 1{z € EI(;’Z)}, sy = 1-

Hypothesis 4 (Strongly box-crossing). For each § > 0, there is k so that, using the same

notation as Hypothesis 2,
min P(B](Cj)(n) is strongly box-crossing) > 1 — 4.

jeZd

We now have made enough assumptions to prove convergence of the last-wave as in

Section 3.3.
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Proposition 3.5.1 (Convergence of the last-wave). Under Hypotheses 1, 3, and 4, on an
event of probability 1, n is explosive and the rescaled last-wave arrival times, n_lfn([nx]) =
n—1 min{t > 0 : w([nz]) > 0} converge locally uniformly to N, a continuous, convez,

one-homogeneous function on RY.

Proof. For 6 > 0 small, pick side length & from Hypotheses 4. For j € 7%, let
Xj = l{Blij) is strongly box-crossing}.

By Theorem 0.0 in Liggett et al. [1997], {X;} jezd stochastically dominates a sequence
of Bernoulli independent random variables {Y;} jezd With PY; = 1) > (1 —7(5)) for
7 :[0,1] — [0, 1] satisfying 7(5) — 0 as 6 — 0. Therefore, for 6 > 0 sufficiently small, on an
event of probability 1, {X j } jezd contains an infinite supercritical percolation cluster Coo.
The rest of the argument follows almost exactly the proof in Section 3.3. The only minor
change is in the proof of Lemma 3.3.1. We use 1 > n,i, rather than n > (2d —2) and invoke
Theorem 4.1 in Levine and Peres [2009] to get that the support of a (CR?)-wave contains

[—R, R]? (where the constant C' is larger than before). O

If additionally n > (2d — 2), then the argument given in Section 3.4 implies that the
exploding sandpile is close to the last-wave and hence converges. Simulations indicate n >
(2d —2) is not necessary, however, we have not found an alternative condition and are forced

to assume this:

Hypothesis 5 (Wave-approximation). Suppose n is explosive, let us denote the last-wave,
vt the parallel toppling odometer for n+ Mydy, and ’fn, T, the respective arrival times. On

an event of probability 1,

sup |1y (x) — Ty(x)| = o(n).
r€[-n,n]?
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B
O

Figure 3.4: Initial random backgrounds and computed limit shapes. The random back-
grounds are built from Bernoulli clouds of the indicated point sets. Blue is 2 chips and red
is 3 chips.

Theorem 3.5.1 (Convergence of the exploding sandpile). Under the assumptions in Propo-
sition 3.5.1 and Hypothesis 5, on an event of probability 1, n is explosive and the rescaled
arrival times, n~'Tp([nx]) := n~tmin{t > 0 : v([nx]) > 0} converge locally uniformly to

Ny, a continuous, convez, one-homogeneous function on RY,
Proof. Immediate from Hypothesis 5 and Proposition 3.5.1. O]

Remark 3. Boz-crossing with probability 1 implies n is recurrent (see Section 3.7 if unfa-
miliar). However, not every recurrent sandpile is explosive - take n = (2d — 2) and use Fey
et al. [2010] - and not every exploding sandpile has a recurrent initial condition - see Section

3.0.

3.5.2  FExamples satisfying the hypotheses

The simplest way to ensure Hypotheses 3 and 5 is to take n > (2d—2). A random background
can be built which satisfies the rest of the hypotheses using a Bernoulli cloud, see Figure
3.4. Take p > 0, fix a finite set of points, S C Z% (say a triangle, circle, or a line), and

independently sample a uniform random variable at each site on the lattice, {U;} jezd- Then,
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let

(2d —1)  if there exists j € Z% such that Uj<pand z € {S+j}
n(x) = (3.48)
(2d — 2)  otherwise.

Hypothesis 1 is satisfied as |S| < oo and Hypothesis 4 as p > 0.

Another family of examples is the random checkerboard. Fix a box B which tiles the
lattice, Z% = UjeZd B;. Take functions (i,...,Gmn, defined on the box, ¢; : B — {(2d —
2),(2d —1)}. Suppose further that B({1) contains at least one site with (2d — 1) chips along
every straight line. Let {Y}} jezd be afield of i1.d. random variables, where P (Y; =1) = p;,

fori=1,...,m. Then, let

n(x) == ¢i(z(x)) if Y](x) =1, (3.49)

where z(x) € B is the position of z in its tiled box, Bj(y)- Finite range of dependence is
immediate by construction. If we further assume p; > 0, then Hypothesis 4 is satisfied by
the assumption on B((y).

The random checkerboard includes the degenerate case p; = 1, where 7 is a periodic copy

323 3 3

9 3 3 2 3 g;gg 22 3 3 3

9o b Ry e paree
2232 33 3 2 3

Table 3.1: Computed limited shapes of periodic, checkerboard backgrounds of the indicated
box.
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of (1. See Table 3.1 for pictures. In this case, if n > (2d — 2) but is not box-crossing, then
the background is not explosive by Theorem 4.2 in Fey et al. [2010]. However, it is possible
to build random (and periodic) checkerboard, exploding sandpiles with 2 (2d — 2). One
could then proceed in an adhoc manner to check the hypotheses. However, we have not

found a general recipe in this case. The counterexample in Section 3.6 uses n % (2d — 2).

3.6 Failure of convergence

In this section we construct a family of exploding sandpiles which fail to have a limit shape.

As the construction indicates, the counterexample is stable: it can be random or periodic.

Theorem 3.6.1. For each d > 2, there are explosive backgrounds n % (2d — 2) which fail to

have a limit shape; the first arrival times T (n) := min{t > 0 : v¢(ney) > 0} do not converye,

limsupn 17T (n) > 3/2 (3.50)
n—o0
and
. -1 -
lgglgéfn T(n)=1. (3.51)

We explicitly demonstrate a family of checkerboard backgrounds which are explosive but
do not have a limit shape. Our counterexample is essentially a two-dimensional one. After
constructing it in two dimensions, we embed it into higher-dimensions and show failure of

convergence by comparison with the two-dimensional counterexample.
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Figure 3.5: The counterexample from Theorem 3.6.1 for d = 2 and d = 3.

3.6.1 Counterexample in dimension two

We use the notation of Section 3.5. Let B := {x € 720 < z < 3} denote a box of side

length 4 and take (1,2 : B — {1,3} as

1331 1331
3333 3233
(1= (2= :
3333 3333
1331 1331

where the lower-left corner of the box is (0, 0) and left-to-right and down-to-up are increasing.
Let n be an arbitrary tiling of (1, (2; for example, 1 could be a sample from the random

checkerboard measure. Fix coordinates so that

n(r1,29) = (i(x1 mod 4, z9 mod 4).

Let v be the sequence of parallel toppling odometers for sg = 1+ 3dg. We first verify (3.51).
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Step 1: Proof of (3.51)

We show for all n >0

(4n+1) < T(4n +1) < 4n + 4. (3.52)

By inspection, v1(0) = 1 and v9(ej) = vo(eg) = 1. Now, take n > 1 and observe that there
is a line of 3s connecting eg to (eg + (4n + 1)e1). Thus, vgnyi3(eg + (4n + 1)ep) = 1 and
V4n+4((4n + 1)e1) = 1. The lower bound is immediate from 7 < (2d — 1) - a site can fire

only if a neighbor has fired previously.

Step 2: 1 is explosive

We construct a toppling procedure dominated by vy which transforms 7 into a configuration
n’ which is not stabilizable. We may topple the origin, every 3, then 2, and then the 2 x 2

box of 1s containing the origin,

=0+ AN 22} + 80 + 0—e; + ey + 0—e1—cy) -

The resulting configuration is (away from the origin) a tiling of Ci, Cé : B — {2,3},

3 2 2 3 3 2 2 3
;|23 32 o2 2302
2 3 3 2 2 3 3 2
3 2 2 3 3 2 2 3

Remark 4. The reason why convergence fails for this counterexample is that the limit shape
of the explosive background n' is not a diamond. See Figure 3.5. When d = 2 the limit shape
is a regular octagon with boundary max(|x —y/3|, |z +y/3|, |x/3 —y|, |x/3 +y|), but we will

not prove this.
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Both Ci and Cé are box-crossing, so we just check that we can construct a sequence of
firings to the outer face of a box away from the origin dominated by v¢. The box containing

the origin is at least

7 (0:3,0:3) >

From this we see that 35y + 7 is not stabilizable - in a finite number of steps every site in

(0:3,0:3) will fire.

Step 3: Reductions

Before proving (3.50), we make several reductions. We seek to lower bound 7, therefore, we
are free to add to n as this will only decrease the arrival time. First, we may suppose all of
the boxes are (1 rather then (».

We then increment the background so as to reduce to a sandpile on a cylinder, C := {z €

77 :x1>0,3> 9 > 0}. Specifically, let ¢ : C — {1, 3,4},

G G

w
w

w W w W
w

with the origin, (0,0), on the bottom left with left-to-right, down-to-up increasing. To

periodically tile by (: set for z1 > 0,

n(z1,22) := ((21, 22 mod 4)
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and for x1 < 0,

n(x1, v2) = H(—(x1 + 1), z2).

Note that n > 7.

The structure of 7 allows us to reduce to a symmetrized Laplacian on the cylinder C
(see for example Lemma 2.3 in Bou-Rabee [2022]) with reflecting boundaries at x1 = 0:
ve(—1,29) = v¢(0,29) and torus boundary conditions for xo € {0,3}: v(x1, —1) = ve(21, 3)
and v¢(x1,4) = v¢(x1,0). This defines the symmetrized Laplacian A and nearest neighbors

y~xonC.

Let @(z) : C — {0,1} be a(z) := 1{n(x) > 3}. Then,

2
A+ (¢ = ¢ o =
3332

33 2 3

Let v¢+ : C — N be the symmetrized parallel toppling odometer for ¢ and wy : C — N the

same for 77 (defined with ¢’ as 7 was with ¢). We claim that

T'(3+8n) < T(3+8n), (3.54)

where T/ (n) := min{t > 0 : wy(ney) > 0}. In fact, we claim

v < wp + i (3.55)

for all ¢ > 0. This includes (3.54) as @((3 + 8n)ey) = 0. We observe (3.55) is a consequence
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of induction: the base case t = 0 is automatic and the inductive step is,

Dy VE(Y) + C(@J
4
D oya(Wi(y) +u(y)) + ¢(z)

v () = |

<l 1 ]
a4 LZM wi(y) ZM(x) + C(ﬂc)J
= @i(z) + wigq (2).
Step 4: Proof of (3.50)
We show for all n > 1,
T'(3 4 8n) > 12n. (3.56)

We do so by building a ‘pulsating front’ for w; in the horizontal direction. (Readers interested
in pulsating fronts in periodic media on R% may see Section 2.2 of Xin [2009].)

We first reduce to the last-wave for wy, w¢, with initial conditions wy = 5(0’3) and
50 = ¢’ + Awg. The justification is identical to Step 1 of the proof of Proposition 3.4.1 and

so is omitted. Using wy < 1, we make another reduction to initial condition wg : C — {0, 1},

g
S
I
=
—
===
—Ooo
=]
[ew)

We now show, by manual computation, that the configuration of the odometer at the front,

the rightmost 4 x 4 box in C containing a site which has toppled, is 12-periodic in time. For
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notational ease, we denote sites which have toppled by x,

UMD <HOMN<H % << %
< ¥ X< ¥ X XK KX X XX
KKK X XXX X XXX

MATAIMN MHAIAIM AN
AN AN AI<H<HE
MDD COHHOD < % ¥ o\ o v % % % % % X % %%
¥FH * % % * ¥ FEK K L wwow %X XX XX KX
KKK K KKK KX XX

KKK X X XXX X XXX

* KK X XX XX ****************

KK XX XX XX ****************

* K XX X X X X ****************

* K KK X K X X ****************

KKK X XX XX ****************
KX X XX XX X XXX

KK KX XK KX X X X XX
XK KK XK KK KKK XL 1L 1L 1
L 1L 1L 1

I
I [ I L
D~ o0 =2} —
<y <y < <

|

—

i
<

VAN VAT NATAD AT MOAIANN) O O™
AN ANMMHAT ANMMHA ANMHMAT NN ANMMNAT AN
AN AN AN AN AN ANMMA AN
AT MNATANIN VAN AN AT OAIANM <HAIAI<H
VAT NATIAID VAT O OO <HOOM<H % << %
AAMNMNA ANMDMAT AN ANHFAT < % ¥ <f % ¥ % % % ¥ ¥ %
AIMNMNAT NV NVHHD <H ¥ ¥<H % % ¥ ¥ % % ¥ ¥ % % % %
HANIANH %k <HH % % % % % % % ¥ % % %X % % % % % % % % % %
FHH X ¥ X XX ¥ ¥ XX ¥ %X X XXX KX X XXX ¥ XXX
KX KXKX XXX, XIXXKX XXX XXX XXXKX XXX
KX KK KR KKX KA XK XXXH XHXXK XXX KX XXX KX

KK XK X XXX XXXX XXXX XXXKX XXXX XXXX
L 1L 1L 1L 1L 1L 1L 1

e} — o el <+ O Nel
AS AS AS AS AS AS AS

This shows that

—OO—
—
— e
—
—f e —
—
—
—
—
—
—
—

w12 =

so the odometer at the front is identical to what it was at the start and the process ‘resets’.

Hence, by induction on n,

(3.57)

T(3+8n) = 12n,

~

where T'(n) := min{t > 0

: wi(ney) > 0}. This implies (3.56), completing the proof by

(3.54).

3.6.2 Counterexample in dimensions larger than two

Let n(2P) : 72 — {1,2,3} be the random background defined in Section 3.6.1 and let d > 3

be given. Our higher-dimensional counterexample 7 : Z% — {2d — 3,2d — 2,2d — 1} is built
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by stacking the two-dimensional one,

n(ry,x9,...,xq) =2(d—2) + n(ZD) (21, x) for all z € Z. (3.58)

Step 1: Proof of (3.51)

The argument is identical to d = 2.

Step 2: 1 is explosive

(2D)

Let 7/ be the tiling of Ci, Cé, defined in (3.53). The higher-dimensional analogue, 1’ :

/- {2d — 3,2d — 2,2d — 1} is also stacked,
2D
o (w10, g) =0 P (o1, m9) + 2(d - 2). (3.59)

The argument is as before: we construct a toppling procedure dominated by v, the parallel
toppling odometer for 7, that transforms 7 into n’. Since 36y + 7' > (2d — 2) is box-crossing,
it is not stabilizable.

Topple the origin, all sites with (2d—1) chips, then all sites with (2d—2), then the column

(2D)

of (2d—3) near the origin. Let @ denote the odometer for this and @ the two-dimensional
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version and observe that @(zq,z9,...,z4) = @(2D) (1, 292). This implies,

(u(x —e;) +u(z + €;) — 2u(x)) +n

.MM&M&

@
Il
—_

(@P) (@ - ¢;) + PP + ¢;) — 20D (z)) + 1)

e

N
Il
—_

(@@P)(z — e) + @D (@ + ¢5) — 2a®P) (2)) + 12P) 4 2(d - 2)
= 7]/(2D) + 2(d — 2)

/

We conclude by observing 1’ is box-crossing as 36y + 1’ > (2d — 2) and every layer in the

box B .= {z € Z? : 0 < 2 < 3}, contains at least one site with (2d — 1) chips. Indeed, for
all (3,3,x4_9) € B(d),

n'(3,3,%4_0) = ' *P)(3,3) + 2(d — 2) = (2d — 1),

and every layer in n’ (2D) has at least one site with 3 chips.

Step 3: Proof of (3.50)

Let ULSQD) be the parallel toppling odometer for 77(2D). By (3.56) it suffices to show that

2D
vi(x1, 29, ..., 1) < /Uzg (21, 79). (3.60)

This is a consequence of the parabolic least action principle (Lemma 2.3 in Bou-Rabee [2022])

but we provide a self-contained proof here:

Suppose (3.60) holds at time ¢ and we want to show it holds at (¢ + 1). Let x be given.
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(2D

If ve(x) < v£2D)(x1,x2) we are done. Hence, we may suppose vi(x) = v; )(xl, x9) and

d
Avg(x) +n = Z(vt(x +e;) +ur(xr —e;) — 2u(x)) + 1 > 2d.
i=1

By (3.60) at time ¢, this implies

2
Z(ULEQD)((%L T9) 4 ¢;) + U§2D)((I17l’2) —e;) — 2”,5(21))(1‘17902)) +n>2d,
i—1
and by (3.58),
Avt(QD)(SL'l,CCQ) + 77(2D) (x1,29) > 2d—2-(d—2) =4,

completing the proof.

3.7 A criteria for exploding

Let (2, F,P) be a probability space of sandpile backgrounds defined in Section 3.5. For a
finite domain V C Z%, we say 1 : V. — Z is recurrent if the firing of OV causes every site
in V to eventually topple. Specifically, the V¢ frozen parallel toppling odometer for initial
conditions wy = 1{z € OV}, s, = 0, is eventually is 1 on V: wy(V) = 1 for t > |[V|. We
say 1 : Z% — 7 is recurrent if its restriction to V is recurrent for every finite V' C Z%. The
measure P is recurrent if P (7 is recurrent) = 1. The arguments in Section 3.5 imply the

following criteria.

Proposition 3.7.1. If Hypotheses 1 and 2 are satisfied and P is recurrent then P is explo-

sive.

In this section, we use Proposition 3.7.1 to prove Theorem 3.1.4. Let P denote a product
measure with P(n > d) = 1 and P(n = 2d — 1) > 0. We show that P is recurrent and

box-crossing. Both arguments require a form of dimensional reduction, which we record in
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the first subsection. Also, by monotonicity, we may assume 1 — {d,2d — 1}.

3.7.1 Dimensional reduction

Let led) = {z € Z?:1 <z <n} and denote each of the (internal) 2d faces of Q%d) as

fi(Qv(zd)) ={r € ngd) rx; =1}

] ] (3.61)
Fari QW) = {z € Q¥ -y = n}.

We show that after firing the outer boundary of .FZ-(Q,(ld) ), the sandpile dynamics on .E(led))

can be coupled with (d — 1)-dimensional sandpile dynamics on Q%d_l).

Specifically, fix ¢ = 1, and for each = € Fl(Q%d)) write = (1,x4_1). Let the initial

d-dimensional background be given, n(d) : led) — 7. Let sgd_l), ugd_l), and sgd), ugd) be

(d)

the sequence of (Qy, )¢, (Q,(idfl))c frozen toppling processes with initial conditions,

u(()d) (07 Xd*l) =1

(d—1) (d)
U Xg_1) =uy  (1,x7_

od (xg-1) =1 i d—1) (362)
8(() J(1,%4_1) = AU(() (1, xg-1) + 0@ (1, x4_1)
stV xam) = 0D xa_1) = 1= 4D ()

and constraints,
ugd)(xl,xd_l) =0 foralz >1
u(1,x4 1) <1 (3.63)

d—1
uf V) <1,
for all t > 0. We prove the following by an induction on time. Note that a symmetric result

holds for every face.
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(d))7

Proposition 3.7.2. For allt >0 and (1,x4_1) € F1(Qn
d d—1
uf?(1,xg-1) = (xg1) (3.64)
and
d—1 . d
Ve n+2 ifud (1 xg ) =0. (3.65)

Sgd)(laxd—l) =5

Proof. For all t > 0, if ugd)(l,xd_l) =0 and ugd)(l,yd_l) = Uy _1)(yd_1) for all y;_1,

sﬁd)(l,Xd_l)
=D (1,%x4 1)
+ (—2u§d)(1,xd_1) + ugd)(o,xd_l) + ugd)

d
3 (4 ” (xan) + )+ u (1 xg 1) = o) = 20 (1,x4))
1=2
_ ,(d-1)
=" (Xg—1) + 2

d—1
3 (" Vg + e+ uf Vg — ) — 20 Vi)
=1

d—1

= s\ V) +2.

Therefore, we may begin the induction and suppose (3.64) and (3.65) hold at time ¢. If

sgd_l)(xd_l) >2(d—1) = (2d—2), then sgd)(l, x,4_1) = 2d. The other direction is identical,
(d—1)

showing ug_)l(l, Xg—1) =ty (Xg—1) =1 in this case.
Il
3.7.2 The measure 18 recurrent

By monotonicity of recurrence, it suffices to prove the following.

Proposition 3.7.3. For every d > 1, n: Z% — {d} is recurrent.
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Proof. By consistency of recurrence, it suffices to show this for domains which are cubes
(see for example Remark 3.2.1 in Redig [2005]). Write Q%d) for a cube of side length n in
Z%. We induct on dimension, then cube side length. The base case for dimension d = 1 is
immediate. Moreover, the base case n = 2 is also immediate for every dimension. It remains
to check 7 : Q,(ld) — {d} is recurrent given 7 : QSLdEQ — {d} is recurrent.

We decompose the cube into its faces and an inner cube,

o\ =W, u fj FiQ). (3.66)

1=1
By the inductive hypotheses on n, once every external face of Q;d_)z is toppled, every site in
di_)z eventually fires. Therefore, by (3.66), it suffices to check that every site in .E(led) )
fires after the boundary of Q%d) fires. This, however, is a consequence of the inductive
hypothesis on dimension and Proposition 3.7.2, any site in fi(Q%d)) which topples for the

(d — 1)-dimensional process also topples in d-dimensions.

]

Remark 5. The argument given here is similar to the proof of Lemma 3.1 in Schonmann

[1992].

3.7.3  The measure 1s box-crossing

A coupling between the sandpile and bootstrap percolation has been observed before Fey
et al. [2010]. Bootstrap percolation is a cellular automata on Z¢ with a random initial state
and a deterministic update rule. Every site x € Z% starts off as infected independently at
random with probability p. Infected sites remain infected and if an uninfected site contains
at least d neighbors which are infected, it becomes infected.

These dynamics exactly match parallel toppling for a background i’ : Z% — {d, 2d} where

sites are constrained to topple at most once. Infected sites are those which have toppled,
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and sites with 2d chips start as infected. Indeed, any site beginning with d chips topples if
and only if it has at least d neighbors which have toppled.

Our proof that P is box-crossing uses this coupling together with a large deviation result
of Schonmann. Borrowing the terminology of Schonmann, we say a cube Qg,d) c 7% is
n' —internally spanned if the (led) )¢-frozen parallel toppling procedure with ug = 0, 56 =1,

and sites constrained to topple at most once, concludes with every site in Qy(ld) toppling.

Proposition 3.7.4 (Schonmann [1992]). Let

) 2d  with probability p
n(z) =
d  otherwise.

There are constants ¢, C' depending only on dimension and p > 0 so that
P(Q%d) is 1 -internally spanned) > 1 — cexp(—Cn). (3.67)

We use Proposition 3.7.4 to show P is box-crossing.
Proposition 3.7.5. In all dimensions, P is boz-crossing

Proof. The claim is immediate in dimension one. Let (d + 1) > 2 be given. For n > 1,

decompose the box into layers

(d+1) :

where £; :={zx € Q x = (i,%4)}. The projection of each layer to a d-dimensional box

is Egd) . Let

QL= {n: EZ(-d) is n-internally spanned where 1'(xg) := n(i,xg4) — 1}
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and let

I

By definition of being internally spanned and Proposition 3.7.2, if n € €, then Q,(ld+1)(77)

can be crossed in direction e;. We conclude by symmetry and Proposition 3.7.4.
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CHAPTER 4
INTEGER SUPERHARMONIC MATRICES ON THE
F-LATTICE

This chapter is based on the submitted article Bou-Rabee [2021c].

4.1 Introduction

The F-lattice is a directed periodic planar graph (ZQ, E), where

(xte,x) e B ifzxy+29=0 (mod 2)

(x £ e9,x) € E  otherwise,

and eg, eg are the standard basis vectors in Z2. A function ¢ : Z2 — Z is integer superhar-
monic if

Ag(x):== > (9(y) —g(x)) <0, (4.1)

(y,x)eE

for all z € Z2. The quadratic growth of ¢ is specified by a 2 x 2 symmetric matrix A € S2,

g(z) = %xTAx +o(|z). (4.2)

When g is integer superharmonic and has quadratic growth A, we say that it is an integer
superharmonic representative of A and A is an integer superharmonic matrixz. Moreover, g is
recurrent if whenever f : Z? — 7 is integer superharmonic and X C Z?2 is finite and strongly

connected (with respect to F),
sup(g — f) < sup(g — f), (4.3)
X 0X
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Figure 4.1: A 5 x 5 section of the F-lattice

where 0X = {y € Z? : there is z € X with (y,z) € E}. We call an integer superharmonic
representative of A which is recurrent an odometer for A.
In this chapter we demonstrate an explicit characterization of integer superharmonic

matrices on the F-lattice via a recursive construction of their odometers.

4.1.1 Background

Any periodic Euclidean directed graph, (V, E), defines a set of integer superharmonic ma-
trices. The scaling limit of deterministic sandpiles on (V| E) is characterized by the set of
integer superharmonic matrices; in particular, the fractal structure of large sandpiles is de-
pendent on the graph upon which the sandpile is run. In a tour de force, Levine, Pegden,
and Smart showed that the set of integer superharmonic matrices on the square lattice, Z2
with nearest neighbor edges, is the downwards closure of an Apollonian circle packing Levine
et al. [2017]. This led to an understanding of the fractal patterns appearing in sandpile ex-
periments, Levine et al. [2016b], Pegden and Smart [2020], something which had evaded
physicists and mathematicians for decades Liu et al. [1990], Le Borgne and Rossin [2002],
Ostojic [2003].

Levine-Pegden-Smart’s proof in Levine et al. [2017] involved explicitly constructing an
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odometer for each circle in an Apollonian band packing. Their construction mirrored the
Soddy recursive generation of Apollonian circle packings — it pieced together later odometers
from earlier ones. In this chapter, we also recursively construct odometers, but the recursion
follows rational points on a hyperbola rather than curvatures in an Apollonian packing. Our
choice of lattice also highlights several other coincidences which occur for Z? and forces us to
develop new proof techniques which may generalize. We discuss these possible generalizations
in Section 4.1.3 and provide a detailed proof overview in Section 4.2.

The patterns which appear in s, on the F-lattice have also been investigated by mathe-
matical physicists with notable contributions made by Caracciolo, Paoletti, Sportiello Carac-
ciolo et al. [2008], Paoletti [2013] and Dhar, Sadhu, Chandra Dhar et al. [2009], Dhar and
Sadhu [2013, 2010], Sadhu and Dhar [2011]. This chapter provides a new perspective on
their results. For example, the patterns which appear in their experiments correspond em-
pirically to the Laplacians of our constructed odometers. In fact, an immediate consequence
of Theorems 4.1.1 and 4.1.2 is that the weak-* limit of the sandpile identity on ellipsoidal
domains is constant Melchionna [2020]. We leave open, but expect that these results can also
be used to construct more elaborate sandpile fractals as in Levine et al. [2016b]. Moreover,
it is a difficult open problem to construct the weak-* limit of the single-source sandpile on
the square lattice. It would be interesting to see if the relatively simple structure of the

sandpile PDE here can be used to make progress on this for the F-lattice.

4.1.2  Main results

Our primary result is that the set of integer superharmonic matrices on the F-lattice is the

downwards closure of an overlapping circle packing.
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Theorem 4.1.1. A € S2 is integer superharmonic if and only if the difference

1|s—t s+t

2 s+t t—s

is positive semidefinite for some s,t € Z.

We explain the connection to circles. Denote the set of integer superharmonic matrices
on the F-lattice by I'p. The boundary of 'y may be viewed as a surface by taking the

parameterization M : R3 — 82,

1 |lc+a b
M(a,b,c) =3 )
c—a

In particular, Theorem 4.1.1 may be restated as
O p = {M(a,b,7p(a,b)) : (a,b) € R?},

where

vp(x) == max —|z — (s —t, s + t)|. (4.4)
S,teZ

Viewed from above, OI' g is the union of identical slope-1 cones whose bases are the overlap-
ping circle packing displayed in Figure 4.2.

One may check that the matrices, M (s —t,s+t,0) lie on OT'p for all s,t € Z (see Section
4.1.3 for the data to do so in a more general setting). This together with the downwards
closure of I'r reduces the proof of Theorem 4.1.1 to verifying that the intersection curve of
each pair of overlapping cones is in OI'p. Moreover, by symmetry, it suffices to check only
one such hyperbola. Smart made these observations in Smart [2013] and then conjectured

the following, which we prove.
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Figure 4.2: A few periods of the bases of cones in 0I'p.

Theorem 4.1.2. For each 0 <t <1, M(t,1 —t, —\/t2 + (1 — t)2) lies on the boundary of

Tp.

The set ' is closed (Lemma 3.4 in Levine et al. [2017]), therefore, it suffices to prove
Theorem 4.1.2 for all rational 0 < ¢t < 1 along the bottom branch of the hyperbola H :=
{(t,c) e RxR™ : 2+ (1 —1)? = ¢*}. We do this recursively. We start with explicit formulae
for the odometers for (0, —1) and (1,—1) and then use those to construct odometers for all
other rational points in between. Surprisingly, the recursion requires building not just one
odometer for each such rational ¢, but two distinct odometers. This is a significant difference
between the square lattice case which builds one odometer at a time; the square lattice
odometers were also later shown to have a strong uniqueness property Pegden and Smart
[2020].

Another new challenge is in identifying the correct recursive structure. There is a well-
known secant line sweep algorithm which produces (and parameterizes) the rational points on
H given a single rational point on H (and generally any elliptic curve - see e.g., Tan [1996]).
For example, since (0, —1) € H, all other rational points can be enumerated by varying the
rational slope of a secant line between (0, —1) and H. Unfortunately, the odometers lying

on H under this labeling do not have an apparent recursive structure.

130



Figure 4.3: The first three iterations of the hyperbola recursion defined in Section 4.3. The
two visible hyperbolas are outlined by dashed lines.

The parameterization which we adopt in this chapter utilizes the geometry of two adjacent
cones. Each rational point on H is an intersection of two unique lines of rational slope starting
at the apexes of the cones. These intersections are dense in H so we may identify each such
point by its rational slope. See Figure 4.3.

Specifically, each point in Q2 NH may be labeled by a reduced fraction 0 < n /d <1 with

corresponding matrix

Min,d) L ®
n,d) = — 5 .
(d°+2dn—n?) | 4, _g2
We construct odometers for each M (n,d) which grow along the lattice of the matrix,
L(n,d) = {x € Z* : M(n,d)zx € Z*}, (4.6)

and which have periodic Laplacians. However, the F-lattice is not transitive. In particular,
if h: Z?> — Z is L(n,d) periodic, then Ah may not be L(n,d) periodic unless its period

is even. To circumvent this, we must pass to a sub-lattice by doubling along the kernel of
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M (n,d). We show in Section 4.3 that L(n,d) is equal to the integer span of

d n—d
Un/d,1 "= Un/d2 = J ) (4.7)
n n -+

and v, /g 1 generates the kernel of M(n, d). Our modified lattice is

Lnd) - L(n,d) if (n + d) is even (48)

2Ly 41 + Loy 1f (n+d) is odd.
We then derive Theorem 4.1.2 from the following.

Theorem 4.1.3. For each reduced fraction 0 < n/d < 1 there ezists two distinct odometers

In,d> Gn,d both of which satisfy the periodicity condition

g(z +v) = g(z) + 2T M(n,d)z + cy (4.9)

for all v € L'(n,d) where ¢, is a constant depending on v.

As in Levine et al. [2017], the periodicity condition (4.9) implies that g,, 4 and g, 4 are
each integer superharmonic representatives for M (n,d). Moreover, integer superharmonic
matrices with odometers are on OI'p. Indeed, if g were recurrent but not on the boundary
of I'p there would exist an integer superharmonic f > g+ ¢ ]33\2 for some 6 > 0. However,
on the boundary of a lattice ball of radius n, By, supgp, (9 — f) < —nd for all n sufficiently

large, contradicting the definition of recurrent as supp (g — f) > g(0) — f(0), a constant.

4.1.3  Kleinian bugs

We briefly mention a connection and possible extensions. The overlapping circle packing

in Figure 4.2 is an an object known as a Kleinian bug Kapovich and Kontorovich [2021].
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Figure 4.4: One L/(2,5) period of Ago 5 and Agg 5. White and black are values of 0 and 1
respectively. These are used to construct the odometers seen in Figure 4.7.

Kleinian bugs were recently introduced by Kapovich-Kontorovich Kapovich and Kontorovich
[2021] and generalize Apollonian circle packings. An important aspect of Levine et al. [2017]
is an analogue of Descartes’ rule Graham et al. [2005], Stange [2016] for integer superharmonic
functions — Kleinian bugs share a similar rule.

The symmetry group of the Kleinian bug for the F-lattice is trivial (the difficult aspect
of the argument in this manuscript is in accounting for the intersections between adjacent
cones). However, numerical evidence suggests that the set of integer superharmonic matrices
on other planar lattices may also be described by nontrivial symmetries of Kleinian bugs.

Levine-Pegden-Smart have derived a numerical algorithm which can determine the set
of integer superharmonic matrices on periodic graphs up to arbitrary precision Levine et al.
[2016b] (see Pegden [2017] for some high resolution outputs of this algorithm). We ran the
Levine-Pegden-Smart algorithm on a family of lattices which generalize the F-lattice, what
we call the F(¥) lattices. For each k > 2, the F) Jattice is a directed, periodic, planar

graph (Z2, E(F) ), where

(rte,z)e B ifzy+20=0 (mod k)

(x £eg,x) € E  otherwise.
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Computed sets of OI'g, the boundary of the set of integer superharmonic matrices for the
the F(%) lattice, are in Figure 4.5.
Some basic structure of these sets for all £ > 2 may be understood after verifying that

xo(xo + 1)

Ary(z,y) = H{(z1 +22) #0 (mod k)}  for  ri(z1,29) = ——
Arg = Ary  for  ro(x1,72) = qp(71 + 22)

r1(z1 + 1) + zo(2x2 + 1)
2

Arg=1 for rg(xy,x9)=
(4.10)

where

antm) = P D2 )4

s(s—1)
2

where s =n  (mod k) ,

(note the Laplacian is that of the F’ () lattice). In particular, hi := 11 — ro is integer valued
and harmonic, Ah; = 0. The function ho(z1,29) := x1x9 is also harmonic. This together
with (4.10) and the standard argument in Lemma 4.6.1 below can be used to show that
r; + shi + thy — r3 are odometers for all s,t € Z and ¢ € {1,2}. These odometers lie on the
hyperbolas between the largest cones in Figure 4.5 and the harmonic functions explain the

apparent periodicity of I'y.

Remark 6. Interestingly, the function q.(n) also counts the number of edges in a k-partite

Turan graph of order n. We note that qi.(n) has a simple closed form when k is small,

(k_l) QJ

qL(n) = | o% n only for k <7,

but this is false for k > 8.

The general characterization of I'j. seems to require both a recursive construction of the
odometers for all circles in a Kleinian bug as in Levine et al. [2017] and all rational points
on an infinite family of inequivalent hyperbolas. For example, we have explicitly computed

in Figure 4.6 odometers for some of the largest circles appearing in 0I'3. FEach pair of
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Figure 4.5: The F (&) lattices for k = 3,4,5 and computed OI'j,.

Figure 4.6: The seven largest circles in a period of dI'3. Periods of the Laplacians of odome-
ters for the indicated circles on the left are displayed on the right, black is -1 and yellow is
0. Note that the four bordering largest circles have Laplacian identically 0 and correspond

to harmonic functions built from (4.10).

overlapping circles generates a new hyperbola which we must check contains a dense family

of odometers.

We leave the possibility of more detailed investigations of I';. for future work. From here

+T4]
+ .+,

12
T T T
FEEE
LT )
b A L
R HHH
LEL T T

onwards, we focus solely on I'y and revert to writing I'.
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Figure 4.7: The Laplacian of two standard tile odometers corresponding to the Farey pair
(13/32,15/37); the left and right displays are the odd and even child respectively. Gray is 0
and black is -1. The Laplacian of the standard odd-even ancestor odometers and alternate
odometers are outlined in blue, red, and gray respectively. The even odometer decomposes
perfectly into four-two copies of the odd-even standard odometers for the parent Farey pair,
(2/5,11/27). In particular, two copies of the even parent overlap perfectly on a copy of an
even grandparent. The odd odometer does not have a perfect decomposition into parents
or grandparents; the decomposition requires multiple copies of the standard and alternate
odometers of the distant ancestor pair (2/5,3/7).
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4.2 Proof outline and comparison to previous work

Our method at a high level follows the program of Levine et al. [2017]: the proof recursively
constructs odometers which then identify I' .. The implementation of this program, however,
requires several new ideas, the most significant being the recursive algorithm itself. Moreover,
our techniques - in particular the zero-one boundary string construction - may extend to other
lattices.

In order to make the comparison, we briefly recall Levine-Pegden-Smart’s construction
in Levine et al. [2017]. On the square lattice, odometers were built by first specifying a tile
odometer, a function with a finite domain, and then extending that function via a periodicity
condition like (4.9) above. Levine-Pegden-Smart’s construction associates tile odometers to
circles in an an Apollonian band packing. Recall that Apollonian packings can be drawn
by starting with a triple of mutually tangent circles and then recursively filling in Soddy
circles Graham et al. [2005]. Each circle in a packing is then part of a Descartes quadruple
of pair-wise mutually tangent circles - thus every circle (other than the initial three) has a
unique triple of parent circles. Levine-Pegden-Smart build tile odometers following this -
the recursion starts with a simple formula for the largest circles in a band packing and then
builds each child odometer by gluing together two copies each of the three parent odometers
in a specified way.

In our setting, the Apollonian band packing is replaced by reduced rationals 0 < ¢t <1
lying on a hyperbola H = {(t,¢) € R x R™ : t?> + (1 — t)2 = ¢?}. The rational recursion
is Farey-like but parity aware. That is, all odd and even reduced rationals - those whose
numerator and denominator sum to an odd and even integer respectively - are grouped
together into unique odd-even Farey pairs. The initial Farey pair is (0/1,1/1) and subsequent
pairs are produced via a modification of the mediant operation and parent-child rotation;
the rational recursion produces a ternary tree of unique Farey quadruples, a grouping of child

and parent Farey pairs. We use this tree structure to recursively produce tile odometers.
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A major difference beyond this is that we build for each reduced rational in a Farey
pair not one but two distinct odometers. If the recursive algorithm attempted to use only
one of the two odometers, it would get stuck - see Figure 4.7. (This can be thought of as
coupling one odometer to each of the two intersecting downwards paths in Figure 4.3.) The
construction also requires ancestor odometers which are arbitrarily far up the recursive tree.
Moreover, although the function domains, the tiles, constructed are 180-degree symmetric,
the tile odometers are not even centrally symmetric, leading to a blow-up in the the number
of cases the algorithm must consider.

For these reasons and more, proving correctness of the recursive algorithm presents new
technical challenges. A notable one being distant ancestor dependence precludes a finite
step inductive proof. We address this by augmenting the recursion and associating a binary
boundary string to each odometer. These strings encapsulate certain compatibility properties
across the recursive tree and show it is possible to glue distinct tile odometers together in a
well-defined way. These strings allow us to run, in some sense, an analogue of the Euclidean
algorithm.

Our proof that the functions which we construct are recurrent also differs from the cor-
responding proof on the square lattice. There, the odometers were shown to be maximal,
a property strictly stronger than recurrent. Roughly, an integer superharmonic function is
maximal if no other integer superharmonic function grows faster than it. Levine-Pegden-
Smart showed that their constructed odometers were maximal using the fact that their
Laplacians have a ‘web of 0s’, an infinite connected subgraph of 0s. In our case, there is
no such web (which uses F-lattice edges) and no hyperbola odometer is maximal. Another
technical difference is that the tiles which we construct do not tile Z2 - they ‘almost’ do but
this is fortunately sufficient for our arguments.

To summarize, our proof proceeds as follows.

1. Identify a Farey-like recursion on reduced fractions ¢t = n/d which is dense on a hyper-
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bola and tracks the parity of (n + d).
2. Pair each reduced fraction with a binary word which records how it was generated.

3. Associate to each such word a boundary string which carries additional function and

domain data.

4. Augment the rational recursion to produce two distinct tile odometers, a standard
and an alternate by piecing together combinations of earlier standard and alternate

odometers.

5. Show the recursion is well-defined by reducing every interface into a pair of boundary

strings.
6. Prove that the functions constructed are recurrent and have the correct growth.

We start in Section 4.3 by precisely defining the modified Farey recursion on the hyperbola.
We then prove a technical ‘almost’ tiling lemma in Section 4.4; this is later used to show
that tile odometers extend periodically to cover space. Then in Section 4.5, we introduce
and analyze a recursion on binary words which supplements the hyperbola recursion. There
we also associate degenerate function and tile data, boundary strings, to each such word.
Then, in Section 4.6 we prove Theorem 4.1.3 for a special family of reduced fractions.
In particular, this family is simple enough that we are able to provide explicit formulae for
the tile odometers. This forms the base case for the general recursion. In Section 4.7 we
then introduce a weak form of the recursion which essentially builds only the boundary of
tile odometers. We show that these boundaries consist of exactly the boundary strings from
Section 4.5. The full recursion is completed in Section 4.8 where we show the interior of tile
odometers can be filled in either by immediate parents or by a chain of distant ancestors.
We conclude in Section 4.9 by showing that both standard and alternate tile odometers can

be extended in a way that give the desired growth and recurrence.
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4.3 Hyperbola recursion

We specify a modified Farey recursion for rational matrices lying on the hyperbola H :=
{(t,c) €[0,1] x R™ : t? + (1 — t)®> = ¢*}. We also prove that the recursion is invariant with
respect to a certain rotation of matrix space. As is later shown, this rotational invariance is

maintained in the general recursion and can be leveraged to simplify the proofs of correctness.

4.3.1  Matriz and lattice parameterization

Recall the map M : S2 — R?

M(a,b,c) = = (4.11)

and the hyperbola matrices in the statement of Theorem 4.1.2, M(t,1—t, —/t2 + (1 — t)?).
By solving for the intersection point of rank 1 perturbations of two adjacent cones and then

subtracting a harmonic matrix, we can label (¢,¢) € Q NH by

f(n,d) == ((d® = n?), —(d® +n?)), (4.12)

which has corresponding matrix

where T(n,d) := (d? + 2dn — n?). Another computation shows that (n,d) — (d — n,n + d)
is a rotation of S% by: (a,b) — (b, a). We return to these rotations in Section 4.3.3 once we

have defined the rational recursion.
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As indicated in the introduction, we consider the lattice

Loy gy + Loy g if (n+d) is even

L'(n,d) = (4.13)
2Ly 41 + Loy g if (n+d) is odd.
where
d n—d
Up/d,1 o= Un/d2 = : (4.14)
n n+d
Setting a; :== M (n, d)v;, we note
0 n
ap = ap = . (4.15)
0 —d
We first observe that v, /d,1 and vy, /g o generate the lattice of the matrix M (n,d).
Lemma 4.3.1. For each reduced fraction t = n/d,
L(n,d) :={v e Z?®: M(n,dyv € Z*} = Lvy g1 + Ly /g o-
Proof. Suppose M(n,d)z = y for x,y € Z2. For convenience, write Up/di = Vi- Since

RZ = Ruy + Ruvo, we may write

T =cv] + c’vg

for ¢, ¢ € Q. We show that ¢, ¢ must be in Z, starting with ¢. By (4.15),

M(n,d)z = cM(n,d)vy +c M(n,d)vy = c'ag

where by supposition

/ 1
cag = )
z2
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for integers z1, z9. Since ged(n, —d) = 1, by Bezout’s identity, there exists wq,ws € Z so
that

win — wod = 1.

Multiplying the above expression by ¢/,
w1z] + wozg = c’,

in particular, since the left-hand side is integer-valued, ¢ € Z. The exact same argument
then shows that ¢ € Z once we observe cvy = & — /v is integer valued.

]

We then check that the map in (4.12) is indeed dense in ‘H by noting it is dense in the

first output.

Lemma 4.3.2. 2—n’ — is dense in [0,1] for reduced fractions 0 < n/d < 1.

_d*—n* _
d?2+2dn—

Proof. Suppose 0 < n/d < 1 and rewrite

d? —n? _1 1
2 2 - T 1.d
d +2dn —n 1+5(2-10)
Conclude after observing that % - % is dense in [0, 00). O

4.3.2  Modified Farey recursion

As evident from (4.13), the recursion which we specify must be parity-aware. To that end,
we say a reduced fraction py,/pg is even if p, + p,; is even and otherwise is odd. We exhibit a
modified Farey recursion which generates all rationals in [0, 1] and associates to each rational

a unique set of odd-even parents and a sibling of the opposite parity.
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An odd reduced fraction p = 0, /04 and an even reduced fraction ¢ = e, /ey produce an

odd-even child pair by

C(p.q) = ( (4.16)

en + on 204 + en
eq+og 20q0+eq)

A quadruple of reduced rationals, (p1, q1, p2, q2) is a Farey quadruple if p1,q1 = C(p2,q2), p2
is odd, and ¢9 is even. Each odd-even pair in a Farey quadruple is a Farey pair, the second
pair are the Farey parents of each child in the first pair. A Farey quadruple (p1,q1,p2,q2)

produces three children

Type 1: C; (Cp1,q1),p1,q1)
Type 2: Co (C(p1.42),P1.42) (4.17)

Type 3: C3 (C(p2,q1),p2,q1) -

The modified Farey recursion begins with the base quadruple

1101
q) = <§’§’I’I) (4.18)

and generates descendants which are labeled by recursion words in the free monoid Fy
generated by {1,2,3}. The empty word {} corresponds to the base quadruple. Each letter
in a recursion word corresponds to the type of the child chosen in each step. For example
qa(12) refers to the resulting quadruple after taking the Type 1 child of the root, then the
Type 2 child of that child.

We will also use regex notation: w = xw’ for w’ € Fy refers to any recursion word w € Fy
which ends in w’. The notation s* refers to s € F3 concatenated k times, e.g., 32 = 3x3.

Here is the connection to the usual, vanilla Farey recursion. Recall that the vanilla Farey
sequence of order n consists of all reduced fractions of denominator at most n between 0
and 1. If a/b and ¢/d are neighboring terms in a vanilla Farey sequence of order n, then the
first term which appears between them in a later sequence of order m > n is the mediant,

a-+c

p = y7q- We refer to (a/b, ¢/d) as the vanilla Farey parents of p while p is the vanilla Farey
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child of vanilla Farey neighbors (a/b, ¢/d). We then observe that (4.16) is simply two steps

of the vanilla Farey recursion.

Lemma 4.3.3. The modified Farey recursion generates unique Farey quadruples in reduced

form

en +on 205 +en on en)
.y b

q_<p17Q17p27Q2)_ (€d+0d7 20d+€d70d’€d

in particular, p1,po are odd, q1,q9 are even and q is a Farey quadruple.

Proof. This follows once we inductively check that (po, ¢2) are vanilla Farey neighbors with
vanilla Farey child p; and (p1,p2) are vanilla Farey neighbors with vanilla Farey child ¢.
That is, by induction, (p1,q1), (p1,92), and (p2,q1) are each pairs of neighbors in some

vanilla Farey sequence and thus each child has a unique set of Farey parents. O

Lemma 4.3.3 shows that the recursion defines a ternary tree of Farey quadruples. Each
node in the tree has 3 outgoing edges corresponding to the three types of children. For later
reference let 7Tp,, denote the set of all Farey quadruples associated to words of length exactly

n and denote the full tree by
7= (4.19)

4.3.83  Rotational symmetry reduction

As noted previously in Section 4.3.1, the following operator
R (n,d) = (d—n,n+d) (4.20)

rotates OI' . The goal of this section is to show that an extension of R to Farey quadruples
preserves the depth of the modified Farey recursion. We start by observing a parity flipping

property of R.
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Lemma 4.3.4. If0 <n/d <1 is an even reduced fraction then ged((d—n)/2, (n+d)/2) =1,
otherwise gcd(d — n,n + d) = 1. Therefore, in the even case, the reduction of % s odd

and vice versa.

Proof. We split the proof into two steps.

Step 1. We check the first claim. By the Euclidean algorithm,
ged(n,d) = ged(d —n,n) =1,
and,

ged(n+d,d—n) =ged((n+d) — (d —n),d—n)

= ged(2n,d — n).

If (n+d) is even or odd, then (d —n) is respectively even or odd. By Bezout’s identity, there

exist integers a;, b; so that

aj(d—n)+b2=c

ag(d—n)+byn =1

where ¢ is 1 if (d—n) is odd and 2 otherwise. Multiplying the above two expressions together
shows

a'(d—n)+¥(2n) =c,

for integers a’,b’. If ¢ = 1, this implies ged(d — n,2n) = 1. Otherwise, since both (d — n)
and 2n are even, ged(n + d,d — n) = ged(d — n, 2n) = 2, concluding this step.

Step 2. If (n+d) is odd, then Step 1 shows d—n is in reduced form and therefore is even.

d+n
d—mn _ (d—n)/2
d+n — (d+n)/2

ged(n,d) = 1, both n and d must be odd, concluding the proof. O
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In light of Lemma 4.3.4, we extend R to act on reduced fractions n/d by:

(d—n,d+n) ifn+disodd
R(n,d) = (4.21)

otherwise.

In an abuse of notation, we sometimes write R(n/d) = n'/d’ instead. We extend R to Farey
pairs by R(p,q) = (R(q),R(p)) and then component-wise to Farey quadruples. Our next

two lemmas verify that this is well-defined.

Lemma 4.3.5. If (p,q) is a Farey pair, R(C(p,q)) = C(R(p,q))-

Proof. This is a direct computation. O
We then show R(p) is a parent preserving bijection of the recursive tree T,.

Lemma 4.3.6. The following holds for each word of length n > 0, q(,,) = (p1,q1,p2,92) €
Tn.

1. Rotations flip Type 2 and Type 3 children and preserve Type 1 children,

In particular,

RoCi=CioR RoCy=C30R RoC3=Co0R.

2. The rotation preserves depth R(Tn) = T,

Proof. We prove the claims by induction on n, the depth of the tree; the base case n = 0

can be checked directly.
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Proof of (1). By definition

A1) = (Clp1.q1), 1, 1)
A(uw2) = (C(p1,92), 11, ¢2)

q(w3) = (Clp2, 1), 2. 1)

By Lemma 4.3.5,

R(A(w)) (1) = (CoR(p1,q1), R(p1, 1))
= (RoC(p1,q1), R(p1,q1))

= R(q(wl))

For the other cases, we also use the induction hypothesis. Recall

R(q(w)) = (R(q1), R(p1), R(g2), R(p2)),

hence

R(d(w))(2) = (C(R(q1), R(p2)), Rla1), R(p2))
= (CoR(p2,q1): R(p2, q1))
= (RoC(p2,q1), R(p2,q1))

= R(q(u3))-

The other case is symmetric.

Proof of (2). By the inductive hypothesis, R(7,,—1) = T,,—1 and by definition, T3, =
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?:1 C; oT,,—1. Hence, by part (1),
3 3 3
RoTy=|JRoCioTh1=|]CoRoT,1=|]CioT,—1 =T

1=1 =1 1=1

concluding the proof.

]

We conclude the section by observing that R is also a rotation of the lattice vectors given

by (4.14) and (4.15). By identifying Z? with Z[i] we may write
Up /a1 = d+ni Un/d2 = (n—d)+ (n+d)i (4.22)

and

tp /g1 =0 ap /g =mn—di (4.23)
Lemma 4.3.7. For even p and odd q,
UR(p),l = —ivp 9 VR(p),2 = i2v) 1 (4.24)

and

2R(p1 = ~lg2  VR(g)2 = 11 (4.25)

Proof. Note that if n/d is odd, then

UR(n/d),1 = (N +d) + (d —n)i

= _ivn/d,2
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and

UR(n/d),Qz(d—n)—(n+d)+(d—n—l—n+d)i

= 2(—n + di)

= iQ,U’rL/d,l'

The equation for n/d even follows once we recall R is an involution, R o R(q) = ¢ O

For the remainder of the chapter write

20,41 ifn/dis odd (4.26)
Un/d1 = .
Un/d,1 otherwise.

4.4 Almost pseudo-square tilings

In this section we prove a technical tiling lemma which will allow us to show that the tiles
which we define in the subsequent sections cover Z2 periodically.

We identify Z? with Z[i]. A cell is a unit square s; = {z,z + 1,z + i,z + 1 +i} C Z[i]
and a tile is a simply connected union of cells whose boundary is a simple closed curve. The
vertices of a tile are the Gaussian integers on its boundary. Let (Fb,*) be the free group
generated by {1,i}. For w € Fy, let w denote its involution, i.e., w * w = {}. Let rev(w)
denote the reversal of w € Fy, w[j]| the j-th letter of w, and |w| the number of letters in w.
The boundary word of a tile is a word w € Fy which represents a vertex walk around the
boundary of the tile. In particular, Y w = 0 and Y w’ # 0 for any non-empty sub-word w’
of w, where ) denotes the abelianization of F».

A tiling of the plane is an infinite set of translations of a tile 7' where every cell is contained
in exactly one copy of T'. A tiling of T" is (v1,v9)-reqular if every tile 7" in the tiling can be

expressed as T + kvy + k'vg for k, k' € 7Z and vy, v9 € Z[i]. That is, the translations of T' by
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Figure 4.8: A surrounding of a pseudo-square tiling and an almost pseudo-square tiling as
defined in Proposition 4.4.1 and Lemma 4.4.1 respectively.
(v1,v9) generate the tiling.

Beauquier-Nivat Beauquier and Nivat [1991] have a simple criteria for determining if a
tile generates a regular tiling. Their criteria is expressed in terms of the boundary words
of a tile, but can be interpreted geometrically as: a tile generates a regular tiling if it can
be perfectly surrounded by copies of itself. We refer to a tiling satisfying the conditions in

Proposition 4.4.1 as a pseudo-square tiling.

Proposition 4.4.1 (Beauquier and Nivat [1991]). If the boundary word of a tile, w € Fj,
can be expressed as

W = wi * w9 * W] * W,
then the tile generates a (> w1, Y wo)-reqular tiling.

In our main argument, we require a technical modification of the notion of tiling in which
bounded gaps are allowed. That is, we cannot use Proposition 4.4.1 and are thus forced to
modify it. An almost tiling 7, is an infinite set of translations of a tile T" where every cell is
contained in at most one tile and every = € 72 is a vertex of a cell in T, i.e., thereis sy € T
with x € s;. The notion of regular with respect to a lattice is also extended to almost tilings.

We now give a sufficient condition for generating almost tilings. Roughly, this condition

allows for slight gaps between cells in the surrounding of a tile. We will refer to the almost
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tiling from Lemma 4.4.1 as an almost pseudo-square tiling. See Figure 4.8 for an illustration

of this.

—_—

Lemma 4.4.1. Suppose w = wq * wo * rev(wy) x rev(ws) is the boundary word of a tile T.

Further suppose the following conditions on w € {wy, —iwsy}.
1. Monotonicity: {—1,—i} ¢ w and w[l] = wl|lw|] =1

2. At least one of the following three cases concerning the form of w and its reversal is
satisfied:
(a) w is a palindrome, w = rev(w)

(b) w= (1%1%i)xw*1, where W is a palindrome. Moreover, every i in w is followed

by at least one 1.

(¢) w=1%xwx*(1x1x1) where w is a palindrome. Moreover, every i in w is followed

by at least three 1s.

Then, T generates a (> wy +1, > wg — 1)-reqular almost tiling. Moreover, the only tiles
in the tiling which share edges with T are T + (> wq +1) and T + (O we — 1).

Proof. Let (vy,v2) = (D wi, > wa). To show that T generates a (vy + i,vp — 1)-regular

almost tiling, by periodicity, it suffices to analyze one surrounding of T,

S = U {T + ky(v1 +1) + ka(vg — 1)},
|k1|<1,|ko|<1

see Figure 4.8. Specifically we show that the closure,
S={sy:xeSNZ}.

is simply connected and no two cells in the decomposition of S overlap.
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Observe that the boundary word of T implies it is 180-degree symmetric. Hence, S is
180-degree symmetric and we may reduce to analyzing the interfaces between T and its

lower, right, and lower-right neighbors,

Ty =T+ v +1i

T'U :T_U2+1
Ty:=T+v —vp+1+1i

We show that the conditions imply no two pairs of edges cross and that every gap in the
interface borders a cell of T'.

Step 1: The bottom interface
We start with the bottom interface, 7" and T;,. Designate the origin as the lower-left vertex
of T so that cells along the bottom of T' can be labeled by a wy walk. By the definition and
translation offsets, vertices along the top edge of T}, can then be labeled by rev(wq)+ 1. For
J < |wil, let wj =Y wq[l:j] and y; = 1+ > (rev(w)[1 : j]), where w(1 : j] represents the
first j letters of w. In particular, xg = 0 and yg = 1.

We now split the argument into three cases depending on the form of w; as dictated by
condition (2).

Case (a): w1 = rev(wy)

In this case, y; = 1+ > wq[l : j] and so

rj=y;— 1L (4.27)

Therefore, any vertex y; along the top edge of Ty, is distance at most one from z;, the lower
left-corner of a cell in 7.

To see that the top edge of T, does not cross above the bottom edge of T, we use
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monotonicity. Suppose for sake of contradiction a crossing occurs. Since w1 = 1, 1 = yg and
therefore there is a first j, 7/ > 1 at which yj = zy and yj1q = xy+1i. By (4.27),y; =2j+1
and so by monotonicity, 5/ = (j + 1). However, by (4.27) Yj+1 = Tjp1 + 1 # 2541 +1, a
contradiction.

Case (b):

In this case

wp = (1*x1*xi)*xw=x1

rev(wy) =1xwx (ix1x1)
for a palindrome w € Fy. Therefore, (after remembering the offset of 7))

rz0=0 x21=1 29=2 x3=2+1

yo=1 y1=2 yp=2+uw[l] y3=2+a[l]+ 2]
and

T34 || :(2+i)+zu~) Tyt || = (3+i)+ZU~J
Vitja| = )+ D0 yoyg = Q+1)+ Y @

Ysrpp| = B+ + Y 0 Yy = (@A+i)+ )b
Thus, it suffices to consider 1 < j < 1+ |w| for which the above computations show
Tiro =y; i (4.28)

[t remains to show this implies there are no crossings. Suppose for contradiction y; = T ji and

Yj+1 =yj+ibut xy = zy+1. forsomel < j < 1+[w|. By (4.28), yj41 = 7j42 = 1.
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By monotonicity, j' = j + 1 and so Tjy1 =Ty + i, a contradiction.
Case (c):

In this case,

wy=1xwx(1x1x1)

rev(wy) = (Ix1x1)xw=*1
for a palindrome w € Fy. Thus,

rg=0 x1=1 z9=1+w[]

yo=1 n=2 y2=3 y3=4

and

x1+|@|:1+2“~} x1+|w|+z=(1—i—z)+2u~) for 2 <3

Ygila) =4+ DD Ygypa) =5+ ) .
We note that for all 2 < j < |0 + 3,
Yj = Tj_9 + 3. (4.29)

Indeed, x14, =1+ > w[l: z] and y34, =4+ @[l : 2] for z < |

We claim that this together with the moreover clause implies no gaps of size larger than
1. Indeed, if y; = 2j_9 + 3, then z; = x;_o + 1+ (1 or i). In the first case, we are done. In
the second case, ;190 =12, o+ 14142,

The relation (4.29) also implies no crossings. Indeed, suppose for contradiction y; =

J
and yj 1 =y; +ibut zy g =xp + 1. for some 2 < j <2+ [w[. By (4.29), y; = xj_9+3
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and y; 41 = ;1 + 3. This implies ;1 = z; o +1 and hence the moreover clause implies

Tjpe=2j1+3=2j2+3+i=y;+i=yj1.

Monotonicity then implies ;1 = T = Yj, but this then contradicts Tjp1 =y + 1

Step 2: Conclude
After rotating, the arguments in Step 1 apply to the interface between 7" and T},. We then
check T and Ty. Let z5 = > wi and note that the top left vertex of Ty is zg + 1 +i. By
the assumption on the first and last letter of wy, the next vertices on the top and left edges
of Ty are zg + 2 + i and zg + 1 respectively while the next vertex on the right edge of 7' is
2o + 1. This implies that no cell of T" overlaps a cell of T,; and that the gap between the two
tiles is of unit size.

Finally, by monotonicity, for any other pair of cells in S to overlap, there must first be a
crossing on the horizontal or vertical edges which we have just shown to be impossible.

[]

Remark 7. Our usage of Lemma 4.4.1 is not strictly necessary and may be replaced by an
appropriate application of Lemma 4.5.4 below. We included it as we believe it makes the

overall proof easier to follow. It may also be of independent interest.

4.5 Zero-one boundary strings

In this section we begin to associate additional data to the hyperbola recursion.

4.5.1 A recursion on binary words

We associate to each reduced fraction in the modified Farey recursion a binary word and

expose some basic properties. Specifically, given any initial Farey pair (p,q) we associate
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each descendant to a binary word, a word in the alphabet generated by the two letters,
{p,q} € F5, by augmenting the recursion.
Given a recursion word w € Fy and two binary words pt, gt € Fy we extend the child

operator in (4.16) to pairs of binary words by

(@¢tatpt, qepe)  if D 1{w; = 1} is even
Cluw) (P at) = (4.30)

(peqiqt, prqr)  otherwise.

Let wy € F3 describe the Farey pair (p,q) and Q(wo) = (Cwy(p,q),p,q) be the initial
binary word quadruple with each term in F. Then, recursively, given w € F3 and Q(w) =

(Pt+1,Gt+1, Pt qt), each child binary word quadruple is defined by

Qus1) = <C(w*1)(pt+la%+1)apt+laQH—I)
Qus2) = <C(w*2)(pt+1>Qt)apt+1>Qt> (4.31)
Qus3) = <C(w*3) (pt7Qt+1),pt,Qt+1> :
Recall that a palindrome @ € F3 is a word that is equal to its reversal, @ = rev(w). An
almost palindrome is a word w = s * W * S2, where 51,59 € {p,q} are two letters and w is

a palindrome. Write w(a : b] for the subword starting at the a-th letter of w and ending at

the b-th letter.

Lemma 4.5.1. The following hold for every subsequent pair of binary words (pt, qt) produced
by (4.31).

1. Both pt and g+ are almost palindromes

2. If > W{wo; = 1} is even then all subsequent binary words begin with q and end with p

and otherwise begin with p and end with q.
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3. Let n = min(|pe|, [q¢|) and m = min(|p¢[, 2|q[). Then,
pe2:n] =rev(q)[2:n]  pe[2:m] =rev(qq)[2: m].

Proof. We may suppose without loss of generality that > 1{w0j = 1} is even, otherwise,
reverse the subsequent statements.
Let Q(w) = (Pt+1, @+1, D¢, qt) be given and we will verify claims (1) and (2) for the child

Farey pair and claim (3) for the parent Farey pair in the quadruple

/ /
Q(w/) = (Pt+2 9t+2: Pry1+ Gt+1)

defined by (4.31). To do so, we must eliminate the degenerate cases p2+1 =por q£+1 =q.
Fortunately, these can only occur if w’ = 3k or w' = 2% for k > 0 respectively. An induction
shows that

Qeary = (ar"ap™ ' ™ p, ap®)

2D p, g% Hp, g%, q),

(4.32)
Q(Qk) = (q

and we can verify the claim directly in these cases by inspection. We can then use (4.32) to
also handle the cases w’ = 3% % {1 or 2} or w’ = 2 % {1 or 3}.

Hence, we may assume none of py, g, pr+1,q+1 are singletons, that is the induction
hypotheses hold for each of them. We also suppose ) 1{w; = 1} is even. By the induction

hypotheses

1 2
bt =qw'p G =quwp

for palindromes w! and w? and so

pre1 = qupqupqu'p
(4.33)

dt+1 = qw2pqw1p.
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Since py4+1 and g41 are almost palindromes and wt = rev(wi) we have the reversal relations

prqwl = wlqu2

(4.34)
wpqupgu’ = w' qpuwqpuw?.

This implies claim (3),

rev(qii1) = pwlgpwiq
pey1 = quigpugpw?p

rev(qgi19i41) = pwlgpugpw?pguwly.

For claims (1) and (2), the possible decompositions of (psy2,qi12) are

(Pt+194+19+1, Pe+141+1) Type 1
(qt9tPt+1, @Pe+1) Type 2

(Q4+19t+1Pt> t+1Dt) Type 3.

The reversal relations (4.34) together with (4.33) show that each of the decompositions are
almost palindromes. We show only the odd Type 1 case as the rest are similar. First, write

using (4.33)

Dt4+-149t+19t+1 = qw2pqw2pqwlpqw2pqw1pqw2pqw1p,

and then use (4.34) to check

rev(w?pguw?pgw! pgw?pgupgupqut) = [wlgpw?)gplw! gpw?)gplwt gpuwqpuw?]
= [w?pg(wgp[w?)pg(w gplw?)pgw?pqu’]

2 2 1 2 1 2 1
= w”pq(wpqw " )pq(wpqu™ ) pgwpquw-.
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4.5.2  Basic definitions

We next associate tile and function data to the binary word recursion. But in order to do
so, we must recall and modify some definitions from Levine et al. [2017]. A tile T is now,
depending on the context, either a finite subset of Z2 or a finite union of simply connected
cells. Let ¢(T") denote the coordinate-wise minimum of 7" - geometrically the lower-left vertex.
A partial odometer is a function h : T'— Z. The domain of h is T'(h) and s(h) € C is the

slope of T', the average of

1
—(h(x+1)—=h(z)+h(z+1+1i)—h(x+1)+
2
. (4.35)
5(h(:chi) —h(z)+h(x+141) —h(zx+1))
for z € T. Two partial odometers o; and o9 are translations of one another if
T(o1) =T(09)+v and o1(z) =o1(x+v)+a’z+b (4.36)

for some v,a € Z2 and b € Z.

Partial odometers o1 and o9 are compatible if 01 — o9 = ¢ on T'(01) NT'(02) for some offset
constant ¢ € Z. As in Levine et al. [2017], if the offset constant is 0 or the tiles do not overlap
then o1 U 09 is the common extension to T'(o1) U T (02). We recall for later reference the
following lemma which will allow us to construct global odometers from pairwise compatible

partial odometers.

Lemma 4.5.2 (Lemma 9.2 in Levine et al. [2017]). If S = {o0;} is a collection of pairwise
compatible partial odometers such that {T(o;)} forms an almost pseudo-square tiling then
there is a function g : Z2 — Z unique up to adding a constant that is compatible with every

0; €8S.
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4.5.8 FEven-odd boundary strings

We now associate additional data to each binary word constructed in the first subsection.
The result in this subsection will form a key tool in verifying correctness of the subsequent
tile and odometer recursion.

We first adapt the notion of boundary string from Levine et al. [2017] to our setting.
Suppose T}, and Ty are tiles which generate (vp, 1,vp2) and (vg.1,v4,2) regular almost pseudo-
square tilings respectively. A ¢-p boundary string is a collection of tiles T; € {Ty, T} such

that

Up,j if Ti—l = Tp
o(Ti) = eTi1) = (4.37)

ve; it Tiq =Ty,

for fixed j € {1,2}. A ¢-p reversed boundary-string is also a collection of tiles T; € {Ty, T}

but with different offsets:

vpj + (Vg —vg) i pg

Up,j if pp
o(T;) — c(Ti—q) = (4.38)

vgj + (Vg0 —vp 1) ifgp

Vg,j if qq,

where (j,5') € {(1,2),(2,1)} is fixed and the right column denotes the tile tuple, e.g., the
first row is (T;_1,T;) = (Tp, Ty). When j = 1, a boundary string is horizontal and otherwise
is vertical. We label a boundary string By, by a binary word w € Fy where a superscript r
indicates it is reversed.

A horizontal or vertical stacked boundary string for w € Fy is a union of {TZJF} = By

and {17} := B]__ .y both oriented in the same direction. The first tiles Tl+ and T} in each

(w)
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string and the shared direction dictate the relative positions,
C(T1+) - C(Tl_) = Un/d',j’ (439)

where j' € {1,2} is the perpendicular direction and n/d’" € {p,q} is the type of T} . See
Figure 4.9.

We now observe that tile offsets between perpendicular adjacent tiles in a stacked bound-
ary string are given by a simple formula if the binary word describing the string is an almost

palindrome.

Lemma 4.5.3. If w is an almost palindrome, then for all 1 < i < |w|

oT;") = e(Ty) = vy jy + (Waj = vo5)

where j' € {1,2} is the perpendicular direction, n/d’ a,b € {p,q} is the type of T, Tl+ and
Ty respectively.
Proof. For concreteness and since w is an almost palindrome, take j = 1, T1+ = T and

T, =T, It Ty and T2Jr are both of type p, then

o(T) = e(Ty ) = (e(T5") = e(T}H)) + (e(T]7) = e(T7)) + (e(T) = e(T3))
= Up1 + Vg2 — (Uq,l + (Uq,2 - Up,Q))

= ’Up,Q + (Upa]- - vqal)'
If T, and T2Jr are both of type ¢, then
o(Ty) = e(Ty ) = vp1 + Vg2 = vg1.

Conclude by similar computations together with an induction on 1 < i < |w|.
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Figure 4.9: Stacked horizontal and vertical boundary strings. The superscripts +, — denote
the non-reversed and reversed strings respectively and, e.g., le— * refers to T;r and indicates
that T;r is type p. Here the tiles are outlined in the dual lattice.

4.5.4 A degenerate boundary string

We now examine a degenerate boundary string which we later show completely describes
the odometer recursion. Due to the degenerate nature of the tiles in the string, the offsets
in the definition of boundary string must be modified slightly. Let p,q = 0/1,1/1 and the

lattice vectors be as defined in Section 4.3:

Up1 =2 vpo =—1+i

vg1=1+1i Vg2 = 2i.

The zero-tile is T0/1 ={0,i,2i,1,1 41,1 + 2i} and the one-tile is Tl/l ={0,i,1,1 +i}.
A zero-one horizontal boundary string is a collection of tiles T; € {T}, 11 /1} with offsets
given by

vg1 Ty =T,
o(T) — e(Timy) = (4.40)

vp1 Ty =T,
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and in the reversed case

.
vg1 + 1 if pg
Up.1 if pp

o(T3) — oTi1) = | (4.41)
vp1—1 ifgp
| Va1 if qq,

where the right column denotes the tile tuple. We further impose that a (resp. reversed)
horizontal zero-one boundary string begins with (resp. T}, /1) T /1 We also label horizontal
zero-one boundary strings by binary words.

A zero-one stacked horizontal boundary string is a union of a horizontal zero-one bound-

ary string {T;‘} and its reversal {T; } where
(T —e(T™) = w0 +1. (4.42)

We again label the zero-one stacked horizontal boundary string by the non-reversed binary
word. Unfortunately, in this case the stacked boundary strings may leave gaps which are
too large. This occurs for exactly one particular interface qq, which we have displayed in
Figure 4.10. To fix this, we fill the gap by requiring that whenever 7; /1 follows a T} /1 the

subsequent tile is replaced by an enlarged version:
T =Ty ufi-11-ih (4.43)

but there are no other changes, i.e., we impose c(Tld/l) = (T /7). See Figure 4.11.
To define vertical strings, we simply rotate each of the above conditions by 90 degrees

but exclude the doubled tiles. To be specific, a zero-one vertical boundary string is also a
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Figure 4.10: A gap inside a zero-one horizontal stacked boundary string corresponding to
the word qqqp. Here we are outlining tiles on a square grid where each x € Z[i] is in the
center of a square. On the left, points in the stacked string are filled in with either black
(To/1) or yellow (T7,1). On the right the outlines and annotations are displayed and the
labeling is as in Figure 4.9. For brevity, we write 0 and 1 for 0/1 and 1/1 respectively.

+,4
nd 3 TO
1
;—nd+2 /-nd774
15 1
+,1 ad 53
T 1
__72
-1 T,
T,

Figure 4.11: As Figure 4.10 but with gap fixed by Tld/l'
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Figure 4.12: A vertical stacked zero-one boundary string corresponding to the word pgpqq
with the same labeling scheme as Figure 4.10.

collection of tiles T; € {Tj 1,771} but with rotated offsets:

Vq,2 if Ti = Tq
o(Ti) = eTj-1) = (4.44)

and in the reversed case

(

vpo+1i  if pg

Up.2 if pp
(1) — Ty 1) = (1.45)

vg2—1 ifgp

Vg.2 if qq.
\

A zero-one stacked vertical boundary string is a union of a vertical zero-one boundary string
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{Tj} and its reversal {T; } where
o(THY) — (771 = —vy1. (4.46)

In the vertical case, we do not use doubled tiles and we further impose that every (resp.
reversed) vertical zero-one boundary string begins with Tj/; (resp. 7T71). See an example
of a stacked vertical zero-one boundary string in Figure 4.12. We again label the zero-one
vertical boundary string by a binary word and the stacked string by the non-reversed word.

We conclude with a similar counterpart to Lemma 4.5.3.

Lemma 4.5.4. If w is an almost palindrome the offsets between perpendicular tiles in the

zero-one stacked string are fized: in the horizontal case, if w starts with g and ends with p,

(T — Ty ) = —142i=pa+i ap
c(T1+/1) —c(Tl_/l) =—2+42=vyg+i—1 — qq
o(Tyy) = elTy)) = =142 =vpa+i  — pp
C(T|Z|) —c(T,) = —1+i= (1 —vg1) +(vpa+i=1)  — pg

and in the vertical case, if w starts with p and ends with q,

1 —.1 .
c(Tf’)—c(Tl’):—l—lz—vq’l — pq
C(Tl71) — C(Tl_/l) =—-1—-i=—y,1 — qq
o(To) = elTy)y) = =2 =i=vpa = vg1 = (vg2 =) —pp

+ — - _ — _ — 1 e
C(T|w|) C(T|w|) 1 Vg,1 +1 ap,

where the right column denotes the tile tuple.

In particular, there are finitely many types of pairwise intersecting tiles in such stacked

166



Horizontal non-reversed Horizontal reversed Vertical non-reversed Vertical reversed

Table 4.1: Possible pairwise overlaps in a zero-one boundary string with labeling as Figure
4.10.

strings. See Figures 4.13 and 4.14 respectively. This finite check implies every stacked zero-

one boundary string is simply connected.

4.5.5 Function data

We now associate function data to zero-one boundary strings. Recall the affine offsets asso-

ciated to the hyperbola bases,

ap1 =70 apo = —i
ag1 =0 ago=1-—1i,
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11 2 £l 2 BER|
T, T, T, Ty T
+.2 -2
- . — T ~ T
T, 1 To.z T, 1 1 T, 1 1
+,2 +2 +,2
Ty Ty Ty
T;r.l 0 T;r.l 0 T;r.l 0
—1 2 —1 T{‘Z 2
Ty T T, T ,1T1
1
pd +:2
2 2 1
T T
£l 0 £l 0 1
T Ty T
d|-2 -2
F — - — T
X 1 T, 1 T 2 T, 1 1
"

L,,]

Figure 4.13: Possible overlaps in a stacked almost palindrome zero-one horizontal boundary

string with labeling as Figure 4.10. Note that the first Tl/l tile may be a Tld/1 tile.
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Figure 4.14: Possible overlaps in a stacked almost palindrome zero-one vertical boundary
string with labeling as Figure 4.10.
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for p,q=0/1,1/1.

The zero-odometer is any translation of oy : Ty /1 — Z, defined by 00/1(0) = 00/1(1) =
0p/1(1) = 09/ (1 +1) = 0 and o0g,1(2i) = 0g/1(1 + 2i) = —1. The one-odometer is any
translation of oy /; : Ty j; — Z, defined by 01 /1(0) = 01/1(1) = 011 (1 +1) = 0 and 0 1 (i) =
—1. The enlarged one-odometer is any translation of 0‘1l/1 : Tld/1 — 7 defined by ocll/1 =01/1
on 77 and oii/l(i —1)=-2, 0?/1(1 —1i) =0.

A sequence of zero/one-odometers {0;} respects a zero-one boundary string {7;} if each
successive tile T} is the domain of o; and

5(0j41) — s(0;) = a; j  non-reversed case

(4.47)
5(0j41) — s(0;) = a; ; + (am-/ — ai+1,j’> reversed case,

where (j,7') € {1,2} are the direction and its perpendicular respectively.

From Table 4.1, one can see some consecutive pairs of tiles do not overlap. This means
odometers corresponding to such tiles may blow up across the boundary. We fix this by
requiring a further compatibility relation between pairs of non-overlapping tiles. We assume
that if T, T are a consecutive sequence of horizontal tiles that do not overlap then, after
a shared translation, o; and o0;41 are constant across the shared boundary. That is, after
the translation, o;(z) = 0;4.1(y) for all |y — x| = 1. In the vertical case, if 7; and T, do
not overlap, then they must both be type 1/1; we assume that after a shared translation,
0i+1(y) — 0i(x) = =1 for |y —z[ = 1.

We now check existence, using Lemma 4.5.4.

Lemma 4.5.5. Given any word w, a sequence of zero-one odometers with a common exten-
ston which respects its boundary string or its reversal exists. Moreover, if w is an almost
palindrome, then there exists a sequence of odometers {O;L}, and {o; } respecting By, = {TZJF}
and a sequence {o; } respecting the reversed string B;ev(w) which have a common extension to

the stacked string where S(OIF/I) —3(0;/1) = 0 in the vertical case and s(of/l) —5(0;/1) =ap9
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T

Figure 4.15: The boundary of a (wy,, wy)-pseudo-square tile where wy, is the horizontal word
qpkqpkJrl and wy, is the vertical word p2k+1q for k = 5. The boundary word is outlined in
the dual lattice in black.

in the horizontal case.

Proof. From the definitions, one can see that no three consecutive pairs of tiles in a boundary
string can overlap - only two consecutive pairs can. Therefore, existence of a sequence of
zero/one odometers respecting a boundary string reduces to checking compatibility between
partial odometers for pairwise consecutive tiles. Since compatibility is an affine invariant
relationship, we can translate so that the first odometer is exactly o, /1 O 0g/1- This then
reduces the compatibility check to a finite one, see Table 4.1.

The existence problem for a stacked string is similar - by Lemma 4.5.4, there are only
ten possible cases for overlaps between tiles in a stacked string. We have enumerated these

cases in Figures 4.13 and 4.14.

4.5.6 Pseudo-square tiles and boundary strings

We now associate horizontal and vertical boundary strings to tiles and partial odometers. Let
(wp,, wy) denote almost palindromes which define zero-one horizontal and vertical boundary

strings respectively.

Definition 1. A (wy,, wy)-pseudo-square is a tile, T, which can be decomposed along its
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boundary into a sequence of subtiles
Thow = A{T;5} UL, VLT UL}

each of which respectively form a wy,, rev(wy,), wy, and rev(wy,) zero-one horizontal, reversed
horizontal, vertical, and reversed vertical boundary string. That is, Ty, C T, c(Tih) =
o(Ty,) =c(T) and OT N Tp,, = OT.

A partial odometer o : T — Z respects (wp,wy) if its restrictions to Ty, respect wy,-
horizontal, wy-vertical, and rev(wy,)-reversed-horizontal and rev(wy)-reversed-vertical zero-

one boundary strings respectively.

We sometimes overload notation and also refer to the word describing the boundary string
as a set of tiles.
We now extend the rotation operator to pseudo-square tiles. For a binary word w, let

F(w) denote the flipping operator which flips every p to a ¢ and vice versa. Then,
R(wp, wy) = (F(wy), F(wp)) (4.48)

sends a pair of horizontal/vertical strings to a rotated pair. We now extend this to tiles. If

T is a (wp, wy)-pseudo-square then

R(T) =T, (4.49)

where T} is a R(wy,, wy)-pseudo-square with ¢(7y) = ¢(T).

We now define a map G(wp, wy) € Fy to (wy,ws) € Fy. We start by defining it for pairs
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of horizontal zero-one tiles (strings),

(

gpxq) — 1xi
glg*p) —1x1

glgg*p) —ixl

(4.50)
gpxp) —1x1
glgxq) —ixl
(9(aa*q) —ixl,
where g, indicates a Tld/1 tile. Next extend the map to wy, by,
G(wp) = gwp[L < 2]) * g(wp (2 : 3]) -5 g(wp[Jwp] — 1, [wp]) * 1 (4.51)
and extend this to w, by
Glwy) = i+ G(F(w), (452)
where i-w; denotes component multiplication in Z[i] (for example, i- (i 1) = —1x1i). And

finally, extend the map pairwise G(wy, wy) = (G(wp,), G(wy)).

Our next lemma uses this to express (wy,, wy) pseudo-squares using the boundary words
from Section 4.4. See Figures 4.16 and 4.15 for an illustration of this.
Lemma 4.5.6. The boundary word of (wy,, wy)-pseudo-square T can be written as wy * w9 *
r(;(w\l) * r(;(w\g) where (wy,wy) = G(wp,wy). In particular, T is 180-degree symmetric

and R(T) is a 90-degree rotation of T.

Proof. We first check that G(wy,) traces out the lower boundary of w;. By checking Table
4.1, we see that the (4.50) does traces out the lower boundary for each pair of tiles. Indeed, if

neither tile in the pair (7, 72) is 7%

0L the path starts at ¢(T") and ends at ¢(T?). Otherwise,
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Figure 4.16: From top left to bottom right, wj, = ¢*pg®p, reversed rev(wy,), wy = F(wp,),
reversed rev(wy). The boundary words, G(wy,, wy) are drawn in black.

the path starts or ends at c(T{i/l) + (1 —1i). The extra x1 in (4.51) ensures the path ends
at the lower right corner of Tj, /1 The lower right corner of 7T}, /15 after a 90-degree clockwise
rotation maps to the lower-left corner of T /1 In general, the lower boundary of every pair
of horizontal tiles in Table 4.1 maps to the right boundary of the flipped pair of vertical tiles.
We can also use the table to check that the reversed string rev(wy,) is a 180-degree rotation

of wy,, thus rev(wq) traces the top boundary of rev(wy,).

O

This next lemma shows that if a partial odometer respects a pseudo-square, then it has

a common extension to the plane.

Lemma 4.5.7. Let T be a (wp,wy)-pseudo-square, (w1, ws) = G(wyp,wy), and suppose
o: T — 7 respects (wp,wy). If the conditions in Lemma 4.4.1 on (wi,wp) are met, T
generates a (v1,v9) = (D_wy + 1, wg — 1) regqular almost-tiling.

Further suppose (v1,v9) = Un/d,1> Un/d,2 for some reduced fraction 0 < n/d < 1. Then,
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the surrounding of T with respect to (Un/d,h Un/d,Q) consists of two stacked zero-one horizon-

tal and two vertical boundary strings and the translation condition,
o(x £vy,4,) = o(x) £ ag/dﬂ-x +kyja+i Jora e 72, (4.53)

where kn/d,iz’ are constants and i € {1,2} selects the lattice vector, uniquely extends o : T —

Z to the plane.

Proof. The first claim follows from Lemmas 4.5.6 and 4.4.1. We next check that the interfaces
(T, T+vy/q2) and (T, T+, /4 1) are stacked horizontal or vertical zero-one boundary strings
respectively.

Let A be the horizontal string for 7" and B the reversed horizontal string for 7' — v,, /d2-
By Lemma 4.5.6, the first tile in B is located at ¢(T') — v, /39 + vy /g2 — (21 — 1). Thus,
the offset between the first tile in B and the first tile in A is 2i — 1 = vo/1,2 + i, the correct
initial offset for a stacked string.

Similarly if C' is the vertical string for 7" and D the reversed vertical string for 7'+ v,, /d,15
then the offset between the respective first tiles in C' and D is (i+ 1) = —vy; ;. The other
two interfaces are stacked strings by the above arguments for 7' — v, /d,1 and T'+ v, /d,2-

Let T = {T + v, /g1 + jvn/dQ} denote the almost tiling of 7" and for T; ; € T, let
0; j + Tj j — 7Z denote the translations of o by (ivn/d,l + JVn/d,2 i0n 41 + jan/d,Q)- By
definition, each o; ; respects (wp,,wy) on T; ;. Restrict the o; ; to the stacked boundary
strings and check, by repeating the above argument, that the slope difference between the
first two perpendicular tiles in the stacked horizontal strings are —ay 9. Similarly, the slope
difference for the stacked vertical strings is ag 1 = 0. Therefore, by Lemma 4.5.5, each pair
of odometers is compatible. This together with Lemma 4.5.2 implies there is a common

extension of o; ; tp the plane. O

We also require the notion of a tile odometer respecting only a horizontal boundary or
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vertical boundary string.

Definition 2. A wj, or wy-pseudo-square is a tile T', whose boundary contains (but may not

be equal to)

T = (T} U{T,)

or

Tow = (T} U{T}, ).

where T are as in Definition 1 and either ¢(T) = c(Tfrh) or c(T) = c(Ty,)
A partial odometer o : T — Z respects wy, or wy if its restriction to Ty, , are wp-horizontal
and rev(wy,)-reversed-horizontal strings or its restriction to Ty are wy and and rev(wy)-

reversed-vertical zero-one boundary strings respectively.

4.5.7 Explicit formulae for zero-one boundary strings

We collect in this section some explicit formulae for zero-one boundary strings which are
straightforward consequences of the definitions. In particular, these will correspond to the
degenerate base cases in (4.32).

The formulae are only used to verify the explicit odometers in Section 4.6 and may be

skipped on a first read.

Horizontal boundary strings

We first note the form of the odometers after a translation. The zero-odometer translated
by —ap,2, 0y/1 : Toj1 — Z is given by 0q,1(0) = 0y1(1) = —1 and 6q1 (i) = 0p/1 (1 +1i) =
0 = 0g/1(2i) = 01 (1 + 2i) = 0. The one-odometer translated by —ag2, 01/ : Tyj; — Z
is given by 01,1(0) = 0/1(i) = 61/1(1 +1) = 0 and 0y /1(1) = —1. Similarly, the enlarged
one-odometer translated by —ay o, 6‘1l e T4

4y o Z is given by (3?/1 = 011 on Ty/; and
011(1—1)==2,0;1(1—1) =0.
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_|_ — . .
Now, let {o,"} (resp. {o; }) respect an arbitrary (resp. reversed) horizontal boundary
string. If of € {00/1,01/1}, then, ozr € {00/1,01/1} depending on the respective letter.

Similarly, if o € {60/1,61/1} then o, € {50/1751/1}-

Vertical boundary strings

The vertical boundary string case involves more computations since the translations involve
non-zero affine factors. Fix £ > 1. The following functions, corresponding to the quadratic

growth of the hyperbola bases, will be used:

tG)=—jiG+1/2  a()=—L) (4.54)

In each case, let {ozr} (resp. {o; }) respect the indicated (resp. reversed) vertical boundary

string.

Case 1: pFq and its reversal

Suppose of = 0p/q on Tl/la the first tile in p®q. Then, for 1 <j<k

t(7) t(j)
of = [tGi—1) t(i-1) (4.55)
tG—2) ti—2)
and
E+1) t(k+1)+1
Ofy1 = fed) tlkt1)+ : (4.56)

t(k) t(k)
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If 01" = 01 on Tjy/q, the first tile in rev(p®q), then

t(j+1)+2 t(j+1)+3
o tj)+1 t(j) +2 (4.57)

tG—-1 tG-1)+1

<

for2 <) <k+1.

Case 2: pqg® and its reversal

Suppose of = 0g/1 on Ty q, the first tile in pg®. Then for 2 < j < k+1, j/ = 2(7—1)

v v
+2)+1 +1
O}_ q(J ) q(J ) ‘ (4.58)

' +1)+1 ¢4

1t 01_/1 = o1y on Ty q, the first tile in rev(qu) then for 1 < j <k

oo | 10D A= .

q(2j = 1) q(2j —-2)

and
q2k+2) q(2k+1)—1

Op+1 = |a(2k+1) q(2k) - (4.60)

q(2k) q(2k —1)
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Case 3: pg"pg**! and its reversal

Suppose 0?/1 = 0g/1 on To/l, the first tile in ququ+1. Then 0? for 1 <j<(k+1) are as

Case 2 above. Then

q2(k+1)+3)+3 q2(k+1)+2)+1
Op+2 = [q(2(k+1)+2)+3 q2k+1)+1)+1 (4.61)
q2(k+1)+1) q2(k+1))+1

and for k+3<j <2k+3, 5" =2(j—2)

-1/ -//
q1"+4)+3 q(u"+3)+1
0j = ( ) ( ) . (4.62)

q(7" +3)+3 q(" +2)+1

If 01_/1 = o011 on Ty, the first tile in rev(ququJrl) then oj_ for 1 < j < (k+2) the first
(k + 2) are as Case 2 above. Then, for (k+3) < j <2k +2,

et -n 241 ge-n 4y o)

TG+ +1 g2 - 1)

and for w =2(k + 1)
2w +2)+1 q2w+1)

Ogprs = [qQw+1)+1  q2w) |- (4.64)

q(2w) + 1 q(2w — 1)
4.6 Base cases

Before we extend the hyperbola recursion to all odometers and tiles, we study a degenerate
family and in fact prove Theorem 4.1.3 for this family. The reader is encouraged to skim or

skip this section and come back to it only after reading Section 4.7.
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The reduced fractions which we analyze here are those in a Farey quadruple where at

least one of the two parents is (0/1) or (1/1). Specifically, we prove the following.

Proposition 4.6.1. For each Farey quadruple of the form Q) = (p1,q1,p2,q2) where

w = 3F or 2k for k > 0 there is a quadruple of standard and alternate tile odometers

(0p150q15 Opyy 0gy)  and  (Opy, Oqy , Opy ;s Ogy)

with finite domains, T(oy,/q) = Ty, and T(0,,4) = Tn/d' The tile odometers of each such

child Farey pair satisfy the following properties.
(a) Under the lattice L'(n/d), T'(n/d) generates an almost pseudo-square tiling.
(b) T(n/d) covers Z2 under L' (n/d).

c) There exist unique, distinct recurrent extensions o 722 5 7 and o 72 S5 7
n/d n/d

satisfying the correct growth dictated by (4.9).

(d) T(n/d) is a (wp, wy)-pseudo-square which oy, ;4 respects.

Standard case wy, Wy

3k odd, k>1  1/d, d>4 even | @pFgpFtl  p2Etlg
35 even, k>0 1/d, d >3 even gt p2(k+1)q

2k odd, k>0 R(1/d) d>3 even | @2htDp  pgktl

ok even, k > 1 R(1/d), d > 4 even ¢ty peFpghtl

The first column denotes a word which selects a degenerate Farey quadruple and the

parity of the reduced fraction displayed in the second column.

(e) T(n/d) is a wp, jp-pseudo-square which 6, g respects
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Alternate case wy, Wy

3K odd, k> 1 1/d, d > 4 even - phtly
35 even, k>0 1/d, d > 3 even gph Tt -

ok odd, k>0 R(1/d)d>3even | -  pghtl

ok even, k>1 R(1/d), d > 4 even | ¢**1p
In particular, the alternates coincide with the standards on one set of boundaries.

(f) Some later odometers contain exact translations of earlier odometers. To state this
succinctly, write w(p, q) for the even and odd reduced fraction in the child Farey pair
of Ay and let T(n/d)(v) = T(n/d) U(T(n/d) +v) forv € Z[i] and n/d € {p,q}. The
following holds for all k > 1:

T(Sk(p)) D) T(Qu Uq,l + Up,l + Up72) Oﬁset =0
T(3%(p)) D T(q,vg1 + vp1 + 2p2) offset = 0 (4.65)

T(3%(q)) D T(q, —vg1 —vp1)  offset = vpa +vp1

where (p,q) = 3""(p, q) and

T(2%(¢) D T(p,vp2 +vg2 — vg1)  offset = vg1
T(2(q) D T(p,vp2 +vg2 — 2041)  offset = vg1 (4.66)

T(2k<p)) ) T(p, Up,2 + Uq,?) offset = Vg,1

where (p,q) = 2k_1(p, q). The third column records c¢(T1) — ¢(Tp) where T is the tile

in the second column and Ty is the tile in the first column.

The tile odometers for k > 1 have an analogous decomposition with affine factors and
translations dictated by (4.65) and (4.66). For example, the restriction of O3k (p) 10

T'(q,vg1+vp1+vp2) is exactly equal to translated earlier tile odometers, Oé Uog where
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C(T(Oé)) — c(T03k(p)

and 3(03) — s(o3k(p)) = 0.

) =0, T(oé) UT(og) =T(q,v4,1 +vp1 +vp2), S(Oé) - s(og) =ap2,

(g) Some later odometers contain partial translations of earlier odometers. The following

holds for all k > 1 (using the same notation as the previous item):
T(3%(q)) D T(g,vp1 + 2vp2) offset =0 (4.67)
where (p,q) = Bk_l(p, q) and
T(2%(p)) > T(p, —2v4.1 + V¢,2) offset = 2vy 1 (4.68)

where (p,q) = Qk_l(p, q). The tile odometers for k > 1 have an analogous decompo-
sition (as in the previous item) but only after removing two corner cells from each of

the subtiles on the right-hand-side:

T°"(q) = T(q)\{c1 Uca} where (p, q) = 3""1(p, q) (4.69)

where c1 = c¢(T(q)) and cg = c1 + (vg1 +vg2 — vp2) and

T*™(p) = T(p\{¢} Uch}  where (p,q) =287 1(p, q) (4.70)

where c’l =c(T(p)) +vp1 —1i and 0/2 =c(T(p)) +vp2 + 1.

This family will form the base cases for the general recursion in the subsequent section.
As noted above, there is a recursive structure here but with some ‘errors’ in the full decom-
position. If the tile sizes are reduced to avoid these errors, then later tiles will be too small
to cover Z2.

Since these errors are limited to the degenerate family and the odometers for this family
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are so simple, we take the cumbersome but elementary approach and provide the exact

formulae. One could avoid this by adding additional cases to the general recursion.

4.6.1 Base points

We first check that the base points of the hyperbola 0/1 and 1/1, are on dI'p via an explicit
construction. We recall a criteria for checking recurrence from the sandpile literature. Let
s :7Z% — Z and let H be a finite induced subgraph of the F-lattice. H is allowed for s

if there is a vertex v of H where s(v) is at least the in-degree of v in H and otherwise is

forbidden.

Proposition 4.6.2. Holroyd et al. [2008] An integer superharmonic function g is recurrent

if and only if every nonempty induced subgraph of the F-lattice is allowed for s := Ag + 1.

In particular, Proposition 4.6.2 reduces verifying recurrence of a function to checking a
condition on its Laplacian (which is no surprise given the function s in the statement is

usually referred to as a recurrent sandpile Levine and Propp [2010]).

Lemma 4.6.1. The functions

o\ xro — T 2
qop(e) =~ 22D g gy 2o a)

are odometers for 0/1 and 1/1 respectively.

Proof. The growth condition can be checked using the definition (4.2). Moreover, Agy () =
Agl/l(a:) = —1{(z1 + x9) is even}. By Proposition 4.6.2 it remains to check that every
nonempty induced subgraph H of the F-lattice is allowed for s = 1{(x1 + 22) is odd}. Let
x denote the lower left vertex of H. That is x has minimal x9 coordinate and of all other
y € H with yo = x9, x1 is minimal. This implies the only possible neighbors of x in H
are x + ej or x + eg. If (x1 4+ x9) is odd, then s(z) = 1 so we may suppose otherwise. If
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Figure 4.17: A period of the Laplacian of a staircase odometer on the left and its alternate.
The string is 22 and the fraction is 3/4. Each tile is outlined in the dual lattice.

Figure 4.18: The rotated standard and alternate staircase odometers of Figure 4.17. The
string is 33 and the fraction is 1/7.

(x 4+ e1) € H, then s(xz + e1) = 1 and by our choice of x, (x + e1 — e2) & H, thus s(x + e7)

is larger than its in-degree in H, completing the proof. O

4.6.2  Staircases

The staircase fractions are the reduced fractions of the form é for d odd and their rotations,
R(1,d) = (%, d—*'rl) These fractions are the even or odd child in Farey quadruples ql?f or
q]2C for k > 0 respectively. The constructed tiles and Laplacians will respect the rotational
invariance inherited from Lemma 4.3.6.

We start with the standard even child of A3k for kK > 0.
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Lemma 4.6.2. For each d > 3 odd,

Tyjq=A{(z1,22) € 2—d,d] x [0,d+ 1] : 1 < (z1 + 22) < (d+2)} U{(0,0),(2,d + 1)}

k41, 2(k+1)
)

is a (qp P q)-pseudo-square which 91/d - Tl/d — 7, given by,

91/4(x) = —%ZEQ(I'Q + 1) + (xg + min(z; — 1,0)) + 1{z € {(0,0),(2,d+ 1)}}

respects.

Proof. We start by observing that the bottom boundary of 7} /d is qpkle zero-one horizontal

boundary string. Indeed,
Y. A1 U Ay :={]0,1] x [0,1]} U{[2,d] x [0,2]}
is a qpk+1 horizontal boundary string:
Ar=Tiy Ax=vp1+ U?ill(Toﬂ + jvp1}

Moreover an inspection of the formula shows that g, /d = 01/1 on A1 and ¢y /d = 0p/1 o1 the
translations of Tj, n which form As.

k+1

The top boundary of 7} /d is a rev(p"”Tq) zero-one horizontal reversed boundary string.

Indeed,
Tl/d DASUA ={2—-4d,0] x[d—1,d+ 1]} U{[1,2] x [d,d+ 1]}

is a pF*t1q zero-one reversed horizontal boundary string:

A = UN_o{Ty )y + jupa} A7 =Ty +kvp1 +vg1+1.
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To check that gy /d respects the string, it is convenient to consider the translation
r T 1
9N ja = 91)d (1,—d)" = — §d(d+1) +1

and recall the translated versions of the zero-one odometers, o, n and o /1 defined in Section

4.5.7. Once we make this translation, we can use the formula to compute

0 O
grjal1 2] X [d,d +1]) = 011 =
0 —1
and g{/d([2 —d,0] x[d—1,d+1]) =0 and g{/d([2 —d,0],d — 1) = —1 which coincides with
copies of 0 /1
The check for the right and left boundaries proceeds by comparing to the explicit formulae

for the degenerate zero-one strings given in Section 4.5.7. We use the notation defined there.

We first check that the right-boundary is a p2<k+1)q string by observing

2(k+1)—1 .
Tyjq— (d—1,0) 5 Ay U Ag = UV THT ) 4 jupa) U (T + 20k + 1) = Vg + vg.2):
Indeed, the upper right corner of each vy, o translation of T} n satisfies the equality z14+x9 = 3
and the upper right corner of T /1 + (2(k+1) = 1)vy o +vg2is (3 —d,d+1). To check the
formula matches (4.55) observe that on A; U A+ (d—1,0), 91/d = —%I‘Q(CL’Q +1)+z9. And

so, on each Tj :=Ty 1 + (j — Dvp2 + (d = 1,0),

tG+1) tG+1) jH+1 j+1 t(7) t(7)
g1/a lm;="| t(j) tG) |t g J | T |- -1
tG-1) tG-1| [1-1 j-1 tj—=2) 1 -2

The formula also implies it coincides with (4.56) on As.
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The argument for the left boundary is symmetric. Start by observing
2(k+1)—1 . .

Since, on the left boundary 91/d = —%:132(362 +1)+ (x1+ a9 —1), 91/a T4,=09/1- The lower
left corner of each T} := Ty, + i+ (j — 2)yp for 2 < j

<
boundary, (x1 + x2) = 1. Hence,

2(k + 1) + 1 lies on the left

tGj+1) t(j+1)
g1/a l1;= | t(j) tG) |+ 1 2

tG—1) tG-1] |01

[\]
w

which is exactly (4.57).

Next is the standard odd child of Qok-

s

1
. d >3 odd,

Lemma 4.6.3. For each p1 =

NE

Ty, = {(z1,29) € [0,d+ 1] x [1,2d = 1] : =1 < (xg —z1) < d}U{(0,d+1),(d+1,d—1)}

8 a (q2(k+1)p,pq(k+1))—pseudo—3quare which gp, - Tp, — Z, given by,

9p: ()

L(-TQ —4151)2J +min(d—$2,0) n 1{:1: c {(O,d+ 1)7(d+ 1,d— 1)}}

respects.

Proof. The computations are identical to that of previous Lemma. In this case, the vertical

strings match the formula given by (4.58), (4.59), (4.60).
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We next construct the alternate staircase odometers. By Lemma 4.5.6, each of the tile
odometers defined in the previous two lemmas extend to Z? under L'(n/d) with the correct
growth (4.104). However, in the next two cases, we require a different argument as the tiling

of alternate tiles will result in overlaps. We start with the alternate even child of qs

Lemma 4.6.4. For each d > 3 odd, there is a unique function £A71/d . 22 — 7 with

1 .
91/a(@) = —§$2(I2 +1) + min(0,2 — 1) + min(0,d — 2+ z1) forx € Ty

+ max(z1 + 22 — 2,0) + layp

where
A={-(d—-1)x [-1,0]}U{3 x [d,d+ 1]}
B ={(z1,22) : (xr1+22) =2 and 0 < x9 < d}
C={-1x[1-d,0]}u{(d+1)x[4—d,3|}
D ={(x1,29) € [4—2d,d] x [0,d] : —d+2 < z1+ 29 <d+2}
Tyjq=AUBUCUD
and

5 ; T
d1/a(r £ v1/q5) = G1/a(@) £ ay g0+ kyyg;  fora € 27,

where ky +; € Z is a constant and i € {1,2} selects the lattice vector. Moreover, Tl/d s a

wy, = qpk+1 pseudo-square which gl/d respects.

Proof. Consistency of the first condition and translation by (v; /1 01/ 4.1) comes after check-
ing that gy /q(z) = 91 /q(x + v1/4,1) for @, (x +vy/41) € Tl/d' In particular, this shows the
constant kl/d,i = 0fori = 1. Write gl/d : T}, — Z for the common extension of gl/d T —7Z
to Tp, := Ujen(T + ivl/d,1>~ Note that since there are no gaps between T" and T £ vy /4 1,

T}, is simply connected.
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From the formula and Section 4.5.7 we may check there is a wy, horizontal boundary string
starting at (0,0) and a rev(wy,) reversed horizontal boundary string starting at (4 —2d, d—2)
which ¢ /d respects on T /d- In fact, the top boundary of T}, is a repeating sequence of
rev(wy) and the bottom boundary is a repeating sequence of wj, and ¢, /d respects both
infinite strings. This implies (fv; /d,2> a1 /d,2) translations of g /q form stacked boundary
strings and thus have a common extension to U;jcz(T}, + j“l/d,?)-

Vertical translations of T}, cover the plane since T}, is simply connected and each vy /d,2
interface is a stacked zero-one boundary string which is simply connected by Lemma 4.5.4.

]

Next is the alternate odd child of Aok -

U

—1

Lemma 4.6.5. For each p1 = 427, d > 3 odd, there is a unique function gy, : 72 — 7 with

oM

L<x2 — 'Tl)2

1 |+ min(d — x9 — 1,0) + min((2d — 1) — 29,0)  for x € Tp,

Ipy (v) = —

+ max((ze —x1) —d+1,0) + 1 4B

where

A={[-1,0] x 2d} U{[d,d+1] x d — 2}

B={(z1,22): (xo—21) =d—1 and 0 < z1 < d}
C={-1x[d+1,2d]} U{(d+1)x [d—22d— 3]}

D = {(z1,29) € [0,d] x [1,3d — 3] : =1 < 29 — 21 < 2d — 1}

Tp, = AUBUCUD
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and

A A T
Ipr (@ £ vp i) = Gpy (x) £ ay, x4+ kp ; forze 72,

where ky, +; € Z is a constant and i € {1,2} selects the lattice vector. Moreover, Tpl s a

Wy = qu+1 pseudo-square which gy, Tespects.

Proof. Consistency of the first condition and translation by (v, 2, a,, 2) comes after checking

that
. . T d—3.9
Ip1(2) = Gpy (T + vpy 2) + ap, 97 — (T)
for =, (v + vy, 2) € Tpl and
. . T d—3.9
Gp1 () = Gpy (€ — vpy 2) — @ o — (T) +1

for z,(x —wvp1) € Tpl- Write gp, : Ty for the common extension of gy, : T — Z to
Ty := Ujez (T +ivy, 2). As Ty is a rotation of T}, from the previous lemma, it is also simply
connected.

By checking the formula for g,, against (4.58), (4.59), (4.60), we see that there is a
rev(wy) boundary string starting at (0,1) in Tp, which g, respects. There is also a
(ap,2— a1/1’2) translated w, boundary string starting at (d —1,2d — 3). Actually, a stronger

k+1 strings on both sides. Thus,

statement holds: gy, on Ty respects infinite repeating pq
we may combine the strips to extend gp, to the plane. The tiling by T leaves no gaps by

the same argument as the previous lemma.

]

We next record the formula for the Laplacians. Recall that 0T = {z € 72 . Jy
T such that |y — x| = 1}. For z € T, write R(x) for the image of x under R(7T'), defined in

(4.49). If T generates a tiling, this definition extends R(z) to = € Z2.
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Lemma 4.6.6. Ford > 3 odd, let Tl/d; Tl/d be the tiles and 91/d> Ql/d the plane extensions

of the objects given in Lemmas 4.6.2 and 4.6.4. The Laplacian, Agl/d, satisfies

A91/d(»77) = Agl/d(ﬂf + Ul/d,*) for all x € 72
Agyja(@) = =1{(z1 + x2) is odd } -
— H{(z1 + z9) is even and x1 = 1} on Td\aTl/d

Agyjq(x) =0 ondTyq

The Laplacian of the alternate, Agl/d satisfies

Adyjq(r) = Agy g(z £ 01/q.,) for all v € 72

Agyq(x) = =1{(z1 + x2) is odd }
— H{(z1 + 2x2) is even and x € {—(d —2) x [0,d — 1]} U{2 x [1,d]}}
—{(z1+29) =2 and 1 < 29 < d — 1} (4.72)
+{(z1+x2)=1and 1 <xp <d-—2}
+ 1{(z1 +22) =3 and 2 < x9 < d — 1} on Ty\oTy /q

Adrq(x) = =11—a,0u@3.d) on dT 4.

In both cases, the Laplacians are 180-degree symmetric and

Agr1/a)(@) = Agyjq(R(z))

Agr(1/ay(z) = Agyja(R(z)).

4.6.3  Doubled staircases

The doubled staircases are the reduced fractions of the form %l for d > 4 even and their

rotations R(1,d) = (d — 1,d + 1). These are respectively the odd and even child in Farey
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Figure 4.19: A period of the Laplacian of a doubled staircase odometer on the left and its
alternate. The string is 22 and the reduced fraction is 5/7. Each tile is outlined in the dual
lattice.

Figure 4.20: The rotated standard and alternate doubled staircase odometers of Figure 4.19.
The string is 33 and the reduced fraction is 1/6.
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quadruples qqgr and qqr for £ > 1. In particular, doubled staircases are siblings of the

staircases.

We start with the odd standard child of qgp.

Lemma 4.6.7. For each d > 4 even,

A=(0,00U(d+2,d+2)

B ={(z1,29) : (x1 +22) =(d+2) and 1 < x9 <d+ 1}
C={(x1,22) € [-d+2,2d] x [0,d+ 2] : 1 < (21 +x3) < 2d + 3}
D ={(x1,29):x1 >d and x9 =0 or x1 <2 and x9 = d + 2}

Ty)q ={AUBUCHND
8 a (qpkqpk+1,p(2k+1)q) pseudo-square which 91/d Tl/d — 7, given by,

1
91/a(@) = —59&2(:@ +1) + (z2 + min(0,21 — 1)) + min(0,d + 1 —z1)  forz € T}y

+max((zg +21) —d —2,0) + Layp
respects.

Proof. The computation in Lemma 4.6.2 also shows that the bottom and top boundaries of
Ty /d are given by qpkqpkJrl and rev(qpkqpk+1) zero-one horizontal boundary strings which
91 /q respects. Also, the explicit formulae for p(2k+1)q given in (4.58), (4.59), (4.60) also shows
2k+1)q

that the left and right boundaries of T} /d are reversed and non-reversed vertical p(

zero-one boundary strings which gq /d respects. O]

Next is the even standard child of qy.
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Lemma 4.6.8. For each q; = g;ﬁ d > 4 even,

A=(-1L2d+1)U(d+1,d—1)

B ={(z1,29) : (xro —z1) =d and 0 < 21 < d}

C=A{(r1,22) € [-1,d+ 1] x [1,3d — 1] : =1 < (x9 —x1) < 2d + 1}
D={(x1,29):x1=—1andxg <d+1orxzy =d+1 and x9 > 2d — 1}

Ty ={AUBUC}I\D

15 a (q(2k+1)p,qupq(k+1))-pseudo-square which gq, = Ty, — Z, given by,

Y
9 () = — LMJ +min(0,d — x9) + min(0,2d — x9)  for x € Ty,

+ max((v2 — 1) — d,0) + Laup
respects.

Proof. As in Lemma 4.6.7, the computations are identical to Lemma 4.6.2. For the vertical

strings in this case, we check against the formulae (4.61), (4.62), (4.63). O

As for the standard staircases, by Lemma 4.5.6, each of the doubled staircase tile odome-
ters defined in the previous two lemmas extend to Z2 under L/(n/d) with the correct growth
(4.104). Again, however, for the alternates the argument is different.

We start with the alternate odd child of qg.

Lemma 4.6.9. For each d > 4 even, there is a unique function gl/d . 72 5 7 with

1 .
91/q(x) = —§m2(x2 +1) + min(0, z1) + min(0,d —21 = 1) forz €Ty )y

+ max((zg2 + 1) — d,0) + 14uB
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where

A=(-1,-1)U(d,d+2)

B ={(z1,22) : (x1 +29) =d and 0 < x1 <d — 1}

C={(z1,29) € [~d+1,2d— 2] x [~1,d+2] : =1 < (2] +29) < 2d + 1}
D ={(z1,22) :x1 >d and 9 € [-1,0] or 1 < —1 and x9 € [d+ 1,d + 2|}

Tysq:={AUBUCH\D

and

) X T
g1/ £v10,) = G1/a(2) £ay g2+ kyjg e for v e 22

where ky ;g 4; 15 a constant and i € {1,2} selects the lattice vectors. Moreover, Tl/d s a

Wy = p(2k+1)q pseudo-square which gl/d respects.

2k+1) g)-vertical

Proof. By comparing against (4.57), one sees there is a reversed rev(p(
boundary string starting at (—1, —1) in Tl/d which gy /g respects. Also, after a slope ag/q o
translation, the p(2k+1)q string given by (4.55) and (4.56) coincides with g1/q starting at
(2d —3,1). Thus, g, /d is compatible with its horizontal translates and there are no gaps in
Uiez(T1/q +10141)-

Also, after translation by vy 49 = (—=(d —1),d + 1), the bottom boundary of Tl/d7 given

by,
Li={o=-1,-1<z;<d-1}U(d—-1,00U{zo=1,d— 1<z <2(d—1)}
maps to

Up:={ra=d,—d <1 <0}U(0,d+1)U{zg=d+2,0<z; <d—1}
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and U := Up U (d,d + 2)\(—d, d) is the top boundary. In particular,

d(d+5)

91/a(@ +v1/92) = 91/a(@) + @{/d72$ —( - 1)

for z € L. Similarly,

; N did—1
gl/d<l‘ - Ul/d,2) = gl/d(:p) — a{/dﬁx — %

for x € U. This shows compatibility of g, /d with its vertical translates and that UjeZ(Tl Jdt

j“l/d,2) has no gaps. O

Finally, we give the alternate even child of qy-.

Lemma 4.6.10. For each q1 = g—_ﬁ, d > 4 even, there is a unique function gq, : 72 > 7
with
. (g —x)? . :
Ggy () = —LTJ + min(0,d — x9) + min(0,2d — 1 — o)  for x € Ty,
+ max(0,x9 — 1 —d) + 14uB
where
A=(-2,2d)U(d+1,d—1)
B={(x1,29) : (xg —x1) =d and 0 < 1 < d}
C={(x1,29) € [-2,d+ 1] x [1,3d — 2] : =1 < (x9 — 1) < 2d + 1}
D={(x1,29):x1 <=1 and xo < d+1 orxy > d and x9 > 2d}
and

Jg1 (£ vg,4) = 9q, () £ agl’ia: + kg 4i Jorx € 72,
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where ifd,ii is a constant and i € {1,2} selects the lattice vectors. Moreover, Tl/d s a

2k+1)

wyp, = q( p pseudo-square which gq, respects.

(2k+1)

Proof. The proof is similar to Lemma 4.6.10. First, we check that there is a ¢ P

horizontal boundary string starting (0,1) which gq, respects. As in Lemma 4.6.2, there

2k+1)

is a rev(q! p) reversed horizontal boundary string starting at (—2,2(d — 1)) which gy,

respects. This implies compatibility and no gaps in the vertical direction.
For the other direction, after translation by vy, 1 = (d + 1,d — 1), the left boundary of

qu, given by,
L:={x1=0,1<z9 <d}U(-1,d)U{x; = -2,d < 29 < 2d}
maps to
Ry ={r1=d+1,d<29<2d—-1}U(d,2d—1)U{z; =d—1,2d —1 <29 <3d—1}
and R:= R, U (d+1,d—1)\(d —1,3d — 1) is the top boundary. In particular,
gql(x + Uql,l) = Jq (z)

for x € L. Similarly,

9y (7 — UQLQ) = Jq ()

for z € R. This shows compatibility of g4, with its horizontal translates and that UjeZ(T q T
JVq,,1) has no gaps.

]

Lemma 4.6.11. For d > 4 even, let Tl/d, Tl/d be the tiles and 91/d> ﬁl/d the plane exten-
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sions of the objects given in Lemmas 4.6.7 and 4.6.9. The Laplacian, Agl/d, satisfies

Agyq(x) = Agyq(x £vy1/q,) for all z € 72
Agyjq(x) = =1{(z1 + x2) is odd }
— 1{(z1 + x2) is even and x € {1 x [1,d]} U{d+ 1 x [2,d + 1]}}
— {(z1 +22) =d+2 and 2 < x9 < d} (4.73)
+ 1{(z1 +x2) =d+3 and 3 < x9 < d}
+ {(z1 +x2)=d+1and2 <x9 <d—1} on Ty\oTy 4

Agyjg(x) =0 ondTyy

The Laplacian of the alternate, Agl/d satisfies

Agyjq() = Agy sz £ vy/q,) for all v € Z°

Agyq(x) = —1{(z1 + x2) is odd }
— {(x1 + x2) is even and x € {0 x [-1,d — 1]} U{d — 1 x [2,d + 2]}}
—H{(z1+29)=d and 2 < x9 < d— 1} (4.74)
+ 1{(x1 +29) =d+1 and 3 < z9 < d}
+1{(x1+x9) =d—1and 1 <9 <d—-2} on Ty\dTy /4

A‘él/d(x) = _1(d—1,o)u(0,d+1) on 8T1/d

In both cases, the Laplacians are 180-degree symmetric and

Agr(1/a)(z) = Agyja(R(x))

Adr(1/a)(x) = Agy/a(R(x)).
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4.6.4 One-sided recurrence

In this section we prove that the constructed functions are recurrent. In fact, we prove a
sufficient property which we later use to prove recurrence in the general construction. First,

we observe that recurrence is preserved under rotations which flip parity.

Lemma 4.6.12. Suppose v : Z2 — Z is integer superharmonic and recurrent and
Av=A(voR)

for a 90-degree rotation and translation R(Z2) = 72 which flips parity: if (x1 + x9) is even

and y = R(x) then (y1 + y2) is odd. Then v o R is integer superharmonic and recurrent.

Proof. This is an immediate consequence of the definition. Indeed, let s; = Av + 1 and
s9 = A(voR)+ 1. Since R is a bijection, every finite induced subgraph of the rotated
F-lattice can be written as R o H, for H a finite induced subgraph of the F-lattice. Since
v is recurrent, there is a vertex x € H with si(x) larger than its in-degree in H. Let
y = R(x). By assumption, so(y) = s1(z) and as R is a rotation and flips the parity of x,
the horizontal /vertical neighbors of = become the vertical/horizontal neighbors of y and the

edges between either pair of neighbors are preserved. O

In light of Lemma 4.6.4 and the observed rotational invariance of the Laplacians, we need
only prove recurrence for qqi, k > 0.
We start with the standard even child. Figure 4.18 will be a useful reference in the next

two proofs.

Lemma 4.6.13. For each d > 3 odd, the extension of 91/d Z% — 7 defined in Lemma

4.6.2 1s integer superharmonic and recurrent.

Proof. By the explicit formula of the Laplacian, Lemma 4.6.6, it suffices to check recurrence.
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Let s = Agq /4t 1 and suppose, for sake of contradiction, that there is an induced
subgraph of the F-lattice, H, which is forbidden for s. Let ¥ = —co and for j > 1, let
¢ =min{z; >z e HY
‘ _ (4.75)
VI={rxe H:xy =}
In words, sets of possibly disjoint vertical lines enumerated from left to right. Since H is
forbidden, it is nonempty, hence V1 exists.
Write d"T(1/d) := 0T (1/d) N {9 € {0,d+1}}. We prove the following by induction on
j > 1 for all L'(1/d) translations of T'(1/d):

L I Uy Vi’ NT(1/d) =0 but VI NT(1/d) # 0 then cj = 1, otherwise ¢; > 1.
2. I VinT(1/d) # 0, then VI na"T(1/d) = 0.
3. IfVINT(1/d) # 0 then VITL 0T (1/d) # 0.

The third condition will result in a contradiction as T'(1/d) is finite. The idea is to continually
use the fact that H is forbidden.

Proof of (1)
Suppose VI N T(1/d) # () but cj#1 Ifye VJ and is even, then, since cj#1,s(y) =1
and therefore y — ey € H, since H is forbidden. This contradicts either the assumption
Ujr<j vi'n T(1/d) =0 or y — ey & T(1/d). In the latter case, there are two subcases, (i)
y=(2—d,d)or (ii) y = (0,0). In case (i), s(y—e1) = 1 and so y—e] —eo € H, contradicting
inductive (2). In case (ii), s(y — e1) = 0 and either y — e — e9 € H, contradicting inductive
(2) or y —e1 + eg € H. In the latter case, s(y —e1 + e2) = 1 and there is an even-odd chain
of points all with s(z;) = 1 ending at zj, € T (1/d) — v1/q,1, contradicting inductive (1).
(In other words, the vertical boundaries of T'(1/d) are F-lattice connected).

Otherwise if y is odd and s(y) = 1, then y + es € H and at least one such neighbor is

in T'(1/d), a contradiction by the above. If y is odd and s(y) = 0, then both y + e9 are in
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T(1/d) and at least one neighbor is in V7 as H is forbidden.

Proof of (2)

Suppose there is y € 8hT(1/d) N VJ. By the explicit formula, s(y) = 1. If cj = 1, then
y € {(1,0),(1,d+ 1)}. If y = (1,0), then v/ € {y — e,y — ea — e} satisfies s(y’) = 1 and
y' € H, contradicting the inductive hypothesis as y — e9 — e1 is on 8h(T(1/d) — Ul/d,l)- If
y=(1,d+ 1), then y+e9 and y+e9 —e; € H and s(y +e2) =1 and s(y + e2 —e1) = 0.
Since H is forbidden at least one of (y + ea — e £ e2) must be in H, contradicting inductive
(2) as in the Proof of (1).

If y = (2,d + 1), then s(y) = 1 and y — e; € HNI"T(1/d), contradicting inductive 2.
Otherwise, by inductive (1), c; > landsoxg = 0. If z is even, then z—ey € H, contradicting
inductive (2). Otherwise if z is odd, then z £ e3 € H and z — ey € T4 .= T(1/d) — 1/d,2-
Since x —e9 o179 <1, by inductive (1) applied to T’l/d, T—e2+vy/40 =1 and = = (d,0).
In this case, s(z +e2) =1 and so x + eg — e1 € H. However, s(x + e2 — e1) = 0 and since z
is odd, this means x + eg — e1 - €9 € H, however, by the same argument as the Proof of (1)
this contradicts inductive (2).

Proof of (3)

We may suppose by the above arguments that = € VJ N {T(1/d)\0T(1/d)} and z1 > 1.

If ¢/ = 1, then there are noy € HNT(1/d) with y; < 1. Therefore if z is even, z+e1 € H.
If x is odd, at least one neighbor x + e5 € H and that neighbor is even.

Otherwise, suppose ¢/ > 1. By the same argument, there must be an even z € HNT(1/d).

However, since ¢/ > 1, s(z) = 1, meaning z + e; € H.

Next is the alternate even child.

Lemma 4.6.14. For each d > 3 odd, the extension of gl/d : Z%2 — 7 defined in Lemma

4.6.9 is integer superharmonic and recurrent.
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Proof. Let 5 = Agl/d—f—l and begin the proof as in Lemma 4.6.13 except modify the induction
hypotheses as follows.

Write O"T(1/d) := 0T(1/d) N {xg € {—1,0,d,d + 1}}. We claim following holds for all
L(1/d)-translations of T(1/d) and all j > 1:

L I Uje; Vj/ﬂT(l/d) = ( but VINT(1/d) # 0 then ¢/ € {2—d,2} or V7 is a singleton,
{(1—d,0),(1,1)}. Moreover, if ¢; € {2 — d, 2}, then VI' N T(1/d) = 0 for j' < j.

2. I ViNT(1/d) # 0, then VI N T(1/d) = 0.

3. f VINT(1/d) # 0 then VITINT(1/d) # 0.

Proof of (1)

Suppose U vi'n T(1/d) =0 and VINT(1/d) # 0 but ¢ & {2 — d,2} and take z € VI
for x ¢ {(1—d,0),(1,1)}.

If = (3,d), then since z is even and there are no points before it (by the case we're in),
x + ey € H. However, x + e1 is odd and $(z + e1) = 1, so we can build an odd-even chain
all with §(2') = 1 and in H: {x +e1,7+e1+e9, 7+ e9, x+ 29,7 + 2e9 — €1}, contradicting
inductive (2) as (z + 2eg — 1) € (T (1/d) + U1/d,2) N vi—L

Next, if (x1 +29) = 2 and 1 < 29 < d —1, then §(z) = 0 and x + e; € H. By our
assumption, in this case, z9 > 2, s0 §(x+e1) = 1 and hence x+e1,x+e1+eg, r+eo, r+2e9 €
H. However, §(z 4+ 2e9) = 1 and even, a contradiction if (z + 2eg — e1) € T(1/d) as its in-
degree is at most one by the case we are in. Otherwise x + 2e9 — e] € ahT(l/d) + Un/d,2)
contradicting inductive (2).

Otherwise, if z is odd, either s$(z) = 1 and one of s(z £ e3) = 1 or §(x) = 0 and both
S(x £ e9) = 1. If x is even, then §(z) = 1. Both cases lead to a contradiction as we cannot
have even z € VJ with §(z) = 1.

Now, suppose ¢; = 2 but Uj/<jVj/ NT(1/d) # 0. By inductive (3), there is some y € v

j' < j with (y1 +y9) = 1. If y = (2 —d,d — 1), then by inductive (1), y —eg,y —eg +e1 € H
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so we may assume yo < d — 2. In fact, iterating this shows that (1,0) € H, contradicting
inductive (2) as (1,0) € VI~ nalT(1/d).

Proof of (2)

Suppose not and take y € VI N {9"T(1/d)} so that $(y) = 1. We divide into subcases (i)
y2 € {—1,0} and (ii) yo € {d,d + 1}.

In case (i), if y is even, then y — e; € HNOMT(1/d) NVI~1, a contradiction. Otherwise,
y is odd and there are three subcases. In the first subcase y — ey € T'(1/d) — v1/d2 and
y—e2+v1/49 < 2, contradicting (1). In the second subcase y — e € T(1/d) —v1/d,2 V1741
and y — eg + vy /g9 — v1/q,1 < 2 contradicting (1). In the third subcase, 5(y) = 5(y — eg) =
§(y —eg —e1) =1, 50 y — e1 € H, contradicting inductive (2) for VJ—1,

In case (ii), we may similarly assume y is odd, in which case by (1) applied to all of
T(1/d) +i1vy /g1 + vy /g9 for [ij] <1,y € {3 —d,d),(3,d+ 1)} and 5(y) = 3(y + e2) =
5(y 4+ ea — e1) = 1 and all points are in H, contradicting inductive (2) for VI~1.

Proof of (3)

Take y € VI NT(1/d)\d"T(1/d) and argue, as in the proof of (3) in Lemma 4.6.13, that
either y +e; € H or one of y £ ey +e1 € H. If ¢; € {2 —d, 2}, since yi-l ﬂT(l/d) =0,
then there must be even v € VI~ N T(1/d) with i + ey € VI NT(1/d). Similarly, if
y € {(1—d,0),(1,1)} then y is even and so y + e; € V7.

Otherwise, if y is odd and $(y) = 0, then s(y4es) = 1 and so at least one of (y£eo+eq) €
H. If y is odd and $(y) = 1 then both ¢/ € {y £ es} € H and at least one 3(y') = 1 with
y e T(1/d) ory/ € HT(1/d) + v1/4,2, the latter case contradicting (1).

If y is even and §(y) = 0 but y+e; &€ H, then y —e; € H. If y = (3 — d,d), then by
inductive (1) and the formula of §, {y—e1,y—e1 —ea, y—ea, y—2e9,y—2eo+e1,y—ea+e1} C
H. Otherwise, $(y—eq) = 1 and similarly {y—ej —eo, y—ea, y—2e9, y—2e9+e1,y—ea+e1} C
H. O

Next is the standard odd child. Figure 4.20 will be a reference in the next two proofs.
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Lemma 4.6.15. For each d > 4 even, the extension of 91/d defined in Lemma 4.6.2 is

integer superharmonic and recurrent.

Proof. Let s = Agl/d + 1 and begin the proof as Lemma 4.6.14 modifying the inductive
hypotheses as follows.

Write "T'(1/d) := 0T (1/d) N {zg € {0,1,d +1,d +2}} and T!, T2 for the two copies
of T(1/(d — 1)) contained within T'(1/d): T* = T(1/(d — 1)) and T? = T(1/(d — 1)) +
V1/(d—1),1 T 1+ i

We claim following holds for all L/(1/d) translations of T'(1/d) and all j > 1:

L IEUpo; VI NT(1/d) = 0 but VI NT(1/d) # 0 then ¢/ € {1,d+ 1} or VI = (d,2).
Moreover, ¢; € {1,d + 1}, then VI' N T(1/d) = @ for j' < j. If VI N T! # 0, then
VI'NT(1/d) = 0 for ¢y < 1. 1 VINT? # 0, then V7' N {T(1/d)\(d,2)} = 0 for

Cj/ < d + 1.
2. I ViNT(1/d) # 0, then VI N T(1/d) = 0.
3. IfVINT(1/d) # 0 then VI 0T (1/d) # 0.

Proof of (1)

Suppose Uy o; VI' N T(1/d) = 0 and VI N T(1/d) # 0 but ¢/ & {1,d+ 1} and take z € VJ
for x ¢ {(1—4d,0),(1,1)}.

If (x1 +29) = (d+2) and 2 < 29 < d, then s(z) = 0 and = + e; € H. By assumption,
in this case, x9 > 3,80 s(z+e1) =1 and 2+ e,z + €1 + e9,x + €9,z + 2e9 € H. However,
s(x 4+ e2) = 1 and even, a contradiction.

The rest of the proof proceeds along the same lines as the corresponding proof of (1)

in Lemma 4.6.14. Indeed, if VI NT? # 0, but vi'n T(1/d) # 0 for c¢jy < d+ 1, then
VIiTt N T(1/d) # 0, in which case by inductive (3) there is some y € v, j' < j with

(1 +y2) =d+1.
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Proof of (2)

The proof is similar to the corresponding proof of (2) in Lemma 4.6.14 except here instead
of comparing to just the translations of T'(1/d), compare to the embedded subtiles T and
T? also.

Suppose not and take y € VJ N {0"T(1/d)} so that s(y) = 1. We divide into subcases
(i) yo € {0,1} and (ii) yo € {d+ 1,d + 2}.

In case (i), if y is even, then y — ey € HNAMT(1/d) N VI~L, a contradiction. Otherwise,
y is odd and there are three subcases. In the first subcase y — ez € T(1/d) — vy /49 and
y—e2+vy/42 <1, contradicting (1). In the second subcase y —eg € T2 and y —eg +01 /g2~
v1/d,1 < d+ 1 contradicting (1). In the third subcase, s(y) = s(y —e2) = s(y —ez —e1) =1,
so y — e € H, contradicting inductive (2) for VJ—1,

In case (ii), we may similarly assume y is odd, in which case we apply (1) to all of
T+ v1/q,2 for T e {T(1/d), T, T?}, y € {(2,d+1),(d+1,d + 2)}. In the first subcase,
s(y) = s(y+e2) = s(y+e2 —eq) = 1 and all are in H, contradicting inductive (2) for V=1,
In the second subcase, s(y) = s(y + e2) = 1 and s(y + es — e1) = 0. By inductive (2),
y + 2e9 — e1 € H. However, by iterating, this means we can build a chain of points y; with
s(y;) = 1 and y; € H that eventually intersects d"T(1/d) + v1/4,2> contradicting inductive
(2).

Proof of (3)

The argument repeats the proof of (3) in Lemma 4.6.14.
[

We conclude with the alternate odd child. The key difference/simplification here is that
the vertical boundaries in the L'(n/s) tiling of T/(1/d) are connected with respect to the

F-lattice.

Lemma 4.6.16. For each d > 4 even, the extension of gl/d defined in Lemma 4.6.4 is

integer superharmonic and recurrent.
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Proof. Let § = Agl/d + 1 and begin the proof as Lemma 4.6.14 modifying the inductive
hypotheses as follows.

Write O"T(1/d) := dT(1/d) N (TT U T2) N {ag € {—1,1,d,d + 2}} where T! T2 are
the two copies of T(1/(d — 1)) contained within T'(1/d): T = T(1/(d — 1)) and T? =
T(1/(d—1))+vy)g-1),1+2

We claim the following holds for all L/(1/d) translations of 7(1/d) and all j > 1:

LIt U, VI NT(1/d) = 0 but VIiNT(1/d) # 0 then ¢/ € {0,d—1} or VI = (d—3,1).
Moreover, if ¢; = (d — 1), then vi'n T(1/d)NT? N {xgy >3} =0 for j/ < j.

2. I ViNT(1/d) # 0, then VI nd"T(1/d) = 0
3. I VIiNT(1/d) # 0 then VItL 0 T(1/d) # 0.

Proof of (1)

Suppose U/ VI'AT(1/d) =0 and VI NT(1/d) # 0 but ¢/ & {0,d — 1} and take z € VJ
for x # (d — 2,1). By a similar argument as in Lemma 4.6.15 this contradicts either the
assumption or inductive (2). In this case since 9" is smaller, there’s an extra step which uses
the connected path of 1s on the left boundary.

Now, suppose ¢; = (d — 1) but y € vi'n T(l/d) NTyN{xy >3} #0. If 5(y) = 1, then
y—ep € H. If §(y) = 0 then both §(y 4+ e3) = 1 and at least one such neighbor y 4 e
is in H. Tterating, this means there is y € H on 9T2. This either immediately contradicts
inductive (2) or there is an F-lattice path of 5(y;) = 1 from y to (0,d+1). This implies either
(0,d) € H and (—1,d) € H, contradicting inductive (1) or (0,d+2) € H and (1,d+2) € H
which contradicts inductive (2).

Proof of (2)

Suppose not and take y € VI N AMT(1/d). We divide into subcases (i) y2 = —1 and (ii)
yo =d+ 2.
Case (i) is identical to the previous proof. In case (ii), by (1), y € {(d—1,d+2), (d,d+2}.
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Since (d,d 4+ 2) € H implies (d — 1,d + 2) in H, we may take y = (d — 1,d + 2). In this
case, y € H implies the existence of a chain of points {y;} € H with §(y;) = 1 ending at
Yy + vy /q,2, contradicting inductive (2) for T'(1/d) + vy 4 9.
Proof of (3)
The argument is almost identical to the proof of (3) in Lemma 4.6.14 in which we argue case
by case. The only new cases are case (i) y € {(1 —d,0),(3,d)} and case (ii) y = (d — 3,1).
In case (i), both §(y £ es) = 1 hence one of y + e + €1 is in H.
In case (ii), if y + e1 & H, then {y — e,y —e1 —e2,y — e,y — 2e9,y —2e3 + €1} C H.
[

4.7 Odometers and tiles

This section extends the hyperbola recursion of Section 4.3 to odometers and tiles. That
is, we associate to each rational in a Farey quadruple a pair of tiles and odometers. For
continuity of the literature, the formality which we use to define the recursion is similar to

Levine et al. [2017].

4.7.1 Standard tiles

Let (po,qo) = C(p1,q1) form a Farey quadruple labeled by a recursion word w € Fy. Let

W count the number of 1s in w.

Definition 3. A pair of tiles (T'(pg), T (q0)) C Z2 are standard tiles for (po,qo) if they
appear in Proposition 4.6.1, are (T0/1>T1/1> from Section 4.5.4, or have the standard tile

decomposition.:

T(po) = T(p1) T UT(p1)” UTHq) T UTq1)~
(4.76)

T(q0) = T%p1) " U T p1) " UT(q) " UT(q1)”
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Figure 4.21: The two possible orientations for a standard tile pair from Definition 3. The left
column is the odd child and the right column is the even child. The first row is the odd-first
orientation and the second is the even-first orientation. Only one type of overlap between
parents (corresponding to Type 1 children) is displayed - see Figure 4.22 for the other types
of overlaps.
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where T%(n/d)* denote doubled tiles,

Tp)* = T(p)™ UT(p)*? == T(p) U(T(p) + vp2)
(4.77)

Tq)* = T(9)"' UT (@) = T(q) U (T(q) +vg,1)
and (T(p1),T(q1)), with or without superscripts, are standard tiles for (p1,q1). The tile
positions in (4.76) depend on the parity of Wy: if Wy is odd

.

0 if T =T(p1)"

21}1’ +U1, ifT:T(p )_
o(T) - o(Tipg)) =4 07 :

Upy 1 if T =T%q)*
Up1,2 if T = Td((h)_
> (4.78)
0 if T=T%py)"

V1 F g f T =T%py)~
o(T) - e(T(g)) =4 ™ ™ :

Upy .1 ifT=T(qn)"

| 20p1,2 if T=T(q1)”
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otherwise

0 if T =T%q)"

Upy 1 +vp 2 if T =T%q)~
o(T) - eo(T(p) = 0 " :

2vg 1 if T =T(p1)"
Vgy 2 if T =T(p1)~

; (4.79)
0 if T =T(q)"

oT) — o(Tq)) = 4 7 T2 T =T

Ygq,1 if T = Td(p1)+

| V1.2 ifT=Tp)",
see Figure 4.21.

The tiles in the standard tile decomposition of T'(n/d) will be called subtiles of T'(n/d).
The tile orientations in (4.78) and (4.79) will be referred to as the odd-first and even-first

orientations respectively. A single tile in a pair of standard tiles is a standard tile.

Before proving general existence of standard tiles, we derive an extension of rotation
invariance Lemma 4.3.6, to tiles and a tiling property, assuming existence up to a certain

depth.

Lemma 4.7.1. Suppose standard tiles exist for all n/d € Ty, for m < mg, some mg > 1.

Then, the following properties are satisfied for each such 0 < n/d < 1.
1. Rotation invariance: R(T'(n/d)) = T(R(n/d))

2. Boundary tiling: starting at c¢(T'(n/d)) the boundary word of T'(n/d) can be written as

w = wy * wy * rev(wy) * rev(wy) where wy,ws satisfy the hypotheses in Lemma 4.4.1
and Y wy +1=v,,41 and Yowy —1 =1, 45
Proof. Both properties are true by Proposition 4.6.1 if T'(n/d) does not have a standard tile
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Figure 4.22: All possible overlaps between parents in a standard tile. The left column
denotes the odd child and the right column is the even child. The rows from top to bottom
correspond to Type 1, 2, then 3 children. The parent tiles are labeled in their centers with
notation from Definition 3. The orientation is the even-first orientation.
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decomposition. Thus, we may assume T'(n/d) has a standard tile decomposition and that
both properties are satisfied for the parent tiles of T'(n/d).

Step 1: Rotation invariance
If (n/d) is even, then its parent tiles are T%(p1)* and T(q;). By Lemma 4.3.7 and the
inductive hypothesis, R(T%p1)*) = T4R(p1)) and R(T(q1)) = T(R(q1)). By Lemma
4.3.6, these are the parent tiles of T(R(n/d)). This together with the standard decomposition
and Lemma 4.3.7 again implies T(R(n/d)) = R(T'(n/d)). The proof applies to (n/d) odd
after observing R on the parent tiles is an involution. Indeed, the second hypothesis implies
180-degree symmetry.

Step 2: Boundary tiling

Every base case tile, T'(n/d) has a (w1, ws)-boundary word of the form

—

wy * wg * rev(wiy)rev(ws)

and T'(R(n/d)) has a (—iwg, —iwy) boundary word both of which start at ¢(7"). Moreover,
each such wy and w9 satisfy the desired properties. By induction and the standard decom-
position every subsequent standard tile has a boundary word decomposition. Thus, by Step
1, it suffices to show that the bottom edges, the wy in the boundary word decompositions
satisfy the conditions in Lemma 4.4.1.

We start by rewriting the standard tile recursion to produce just the two bottom edges
for each odd-even tile pair for each child Farey pair in a Farey quadruple: (w¢,v) € Fo X Fy.

The base cases are quadruples q,x for k > 0 and qgx for & > 0 for which we have explicit
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formulae from Section 4.6 for the odd-even pair of edges (wyg, vg):

1 (151)2F ]« (1 1)
ok for k>0
1 (1%1)28(1 1)
wo
vo
(L DF(1xi) % (15 1)FH x1
dsk for k > 0.
1 (1% 1)k+!
\

Now, given a recursion word str € F3 describing a quadruple qg- the standard tile decom-

position implies

Wy k1% vp x 1% vy

if Y (str[i] = 1) is odd
Wy * 1% vy

W1
A (4.80)

Ut+1

U Kk 1k U x Wy
if Y (str[i] = 1) is even,

vk 1k wy

where wy, v+ are the edges of the odd-even parent Farey pair in qg¢y.

It will be convenient to augment the recursion so that it generates the bottom edge
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concatenated with an extra i. The augmented recursion has as base cases

1o (1#1)25H s (151 %14)
ifstT:2kfork20

Ts (151)2F(1 %1 %1)

(T DF@ 1) % (1% 1P s (1 51)
if str = 3% for k > 0

(1% DFH 5 (1 14)

and the recursive step is

)
Wt * Vf * Uy
if > (strli] = 1) is odd
U~Jt * ﬂt
Wit
L (4.81)
Ut 41
Vg * U * Wi
if > (str[i] = 1) is even,
1715 * u?t
3

where similarly wy, vy are the augmented edges of the odd-even parents of str. Use induction

and compute using (4.81) to show that the augmented words sum to the desired lattice

vectors. It remains to verify the rest of the hypotheses for which we use (4.81) and the forms

of the base cases. We split into cases based on the structure of the recursion word qg¢y-.
Case 1: str = 2K s sx str’ for k>0, s € {1,3} and |str’| > 0

If kK =0 and s = 3 then proceed to Case 2. Otherwise, write

D T (Tsi)2P o (151 %1)

qp: T (1%1)25(1 %1 %)

By Lemma 4.5.1 both w; and v are of the form p * @ % ¢ where @ is a palindrome in the
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letters p, ¢ where

(Pk, ar) if s=1
(p,q) =
(qgPR—1) if s =3.

An inspection of the formula shows that
rev(b)xi=1ixb forbe {p,q} (4.82)

as words in the letters {1,7}. We claim this implies that case (b) of Lemma 4.4.1 holds.

First take s = 1 and write in the letters {1,},

pkzbqk:(1*1*i)>x<(1>:<i)2k>|<(1*1*i)>x<zb>x<1>k(1>x<i)2k>|<(1>x<1>x<i)
:(1*1*i)>x<<(1>x<i)2k*(1*1*i)*ﬁ)*1*(1*i)2k*1>>|<1>x<i

= (Ix1*xi)*0*1xi.

As we have augmented a trailing ¢, it suffices to show © is a palindrome in the letters {1,i}:

rev(f)):1*(i*l)%*l*revw*(i*l*l)*(i*l)%
= (1) 11l (revi i) 1* (1x1)2F «1
= (1) (Ixlxi)xwxlxs(1xi)?Fx1

=,

where in the second to last step we used (4.82). The argument when s = 3 and k£ > 1
proceeds in the same fashion using (4.82).

Case 2: str = 3K x s« str’ for k>0, s € {1,2} and |str'| > 0
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The argument is similar to Case 1, however, the letters in this case are:

Dk hy * hy1q (T DF s (1) % (1% )P s (15 1)

QU hi+1 (L DFFH (1 1)

By Lemma 4.5.1 both wy and v are of the form p * @ % ¢ where @ is a palindrome in the

letters p, ¢ where

(Pk, q1) if s=1
(p,q) =

(qkflapk) if s =2.
Compute to see that

rev(b) xrev(hyiq) *i= (rev(hyq) *i)*b (4.83)

=ixhp,1xb forbe {pg q}

and

1x(1x1)¥sxrev(d) =bx1x(1x1)¥  for b e {pg, qr_1}- (4.84)

The rest of the argument is similar to Case 1: when s = 1 use (4.83) and when s = 2 use
(4.84).
O

The next lemma uses the abstract recursion on binary words in (4.31) as well as the
pseudo-square boundary decomposition. For notational convenience, write wy,(n/d) for the

binary word associated to the reduced fraction in (4.31) with initial seed wg = {} and

Qyqy = (aap; ap,p, @) Also write wy(n/d) = F(wy(R(n/d))).

Lemma 4.7.2. A standard tile, T'(n/d) exists for every reduced rational 0 < n/d < 1.

Moreover, when 0 < n/d < 1, the tile has the following properties.

(a) T(n/d) generates a (v, /q 1, vy /q,2)-regular almost pseudo-square tiling.
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(b) Each T(n/d) is a (wp(n/d), wy(n/d))-pseudo-square with offsets respecting the tiling:

(a) o(T) — c(T(n/d)) = vy /g1 — (i+ 1) where T is the last tile of wy(n/d)

(b) c(T") — (T (n/d)) = Un/d2 — (21 = 1) where T’ is the last tile of rev(wy(n/d))

(¢) The surrounding of T(n/d) with respect to (vy,/q,1,vy/4,2) consists of two stacked zero-

one horizontal and two vertical boundary strings.

(d) When T'(n/d) has a standard decomposition, the shared boundary between neighboring

subtiles is part of or is a stacked horizontal or vertical zero-one boundary string.

Proof. In light of Proposition 4.6.1, we may assume 7'(n/d) has a standard decomposition
and the statements are true for its parents, 7'(p1) and T'(q1). Also, by Lemma 4.7.1 to prove
part (a) it suffices to show that T'(n/d) is a topological disk, i.e., does not have any internal
holes. This however follows from part (c) and Lemma 4.5.4, hence it remains to prove
(b), (¢), and (d). We assume that the decomposition given is in the even-first orientation,
otherwise flip the subsequent statements.

Step 1: (b)

By the inductive hypothesis, T'(p1) and T'(q1) are (wy,(p1), wy(p1)) and (wy(q1), wy(q1))
pseudo-squares. By rotation, we may assume T'(n/d) is odd. Let T be the last tile in
T(q1)™! and T’ the first tile in T'(q;)*T2. By definition T is a translation of Ty/q and T’
a translation of T} /1- Moreover, by the definition of the standard decomposition and the
inductive hypothesis on the offsets, ¢(T") — ¢(T') = (1+1), in particular, we can glue the two
boundary strings together. A similar argument applies to the interface between T(q1)+’2 and
T'(p1). This shows if (n/d) is odd, then T'(n/d) respects wy,(q1) * wp(q1) * wp,(p1) otherwise
it respects wy,(q1) * wp,(p1). A symmetric argument applies to the vertical boundary strings
and a computation shows that the offsets respect the tiling.

Step 2: (c)

Let A be the horizontal string for T'(n/d) and B the reversed horizontal string for T'(n/d) —
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Unsd,2- Set ¢(T(n/d)) = 0. By part (b), the first tile in B is located at c(T'(n/d)) — vy, /g9 +
Upsd2 — (21 = 1). Thus, the offset between the first tile in B and the first tile in A is
2i — 1 =gy o +1, the correct initial offset for a stacked string.

Similarly if C' is the vertical string for T'(n/d) and D the reversed vertical string for
T(n/d) + vy /q1, then the offsets between the first tiles is (i +1) = —vy/1 1. The other two
sides are stacked strings by the above arguments for T'(n/d) — v, /41 and T'(n/d) 4 v, /4 5.

Step 3: (d)

We state the arguments with the aid of Figure 4.22. First consider the three possible bound-
aries between T'(q1)"Y/2 and T(p;)~ when T(n/d) is odd. By the inductive hypothesis, the
offset between the first tile in the reversed zero-one horizontal boundary string for T(q;)*!
and the first tile for the zero-one horizontal string in T'(p1)~ is v 2+ i. Since the initial
offset is correct, the rest of the interface forms part of a stacked horizontal zero-one boundary
string by part (3) of Lemma 4.5.1. Indeed, every letter other than the first matches across
the interface. Reversing p; and g1 above shows the three possible interfaces between T'(p1)™
and T(q1) Y2 also form part of a stacked horizontal boundary string. When T(n/d) is
even, the interface between T'(p;) ! and T'(p;) 1?2 is exactly a stacked horizontal boundary
string by the inductive hypothesis part (c¢). By rotation, the above arguments apply to the

vertical interfaces. O

4.7.2 Weak standard odometers

Our current goal is to extend the standard tile decomposition to odometers. In order to do
so, we must define the operation of doubling a partial odometer. However, in the course of
the recursion, doubled odometers may need to be corrected in the interior of the tile so we

need a notion of tile that only depends on the boundary in the pseudo-square decomposition.
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Definition 4. Let T'(n/d) be a (wy,(n/d), wy(n/d)) pseudo-square. A partial tile
)

is a tile which coincides with T'(n/d) on one of the four sides:

;

wp(n/d) case h™
Th /v (n/d) N T(n/d) > revivaln/d)) - case h” (4.85)
wy(n/d) case v

rev(wy(n/d))  case v™.

\

A boundary tile
T"(n/d)

coincides with T'(n/d) on every side:
T(n/d) N T(n/d) D wy,(n/d) Urev(wy,(n/d)) Uwy(n/d) Urev(wy(n/d)). (4.86)

We now define the notion of a doubled odometer using partial tiles. But before we do
so, we define an operation, for convenience, which will allow us to quickly pass from a tile
decomposition to an odometer decomposition. Say T'(n/d) and T(n’/d’) are two tiles with
c(T(n'/d")) — e(T(n/d)) = Un/d,i- Then, two partial odometers o(n/d) and o(n'/d") respect
the tile translations if s(o(n'/d"))—s(o(n/d)) = ay,/4,; @nd the domains of o(n/d) and o(n’/d")

are T'(n/d) and T'(n'/d’) respectively.

Definition 5. For (n/d) € {pg, qo} let T'(n/d) be a standard tile and Th* /v (n/d) a partial

tile. Denote by

TPE(n/d) = TV (n/d) U TN /7 (n)d)? = T (n/d) U (T" /7 (n)d) + Unsa)  (487)
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a partial doubled tile where Un/d = Upg,2 OT VUp/d = Vgo,1 forn/d = pg odd or n/d = qq even
respectively.
The weak doubling of a partial odometer On/d with domain Tb(n/d) s a partial odometer
d(0>§/d TP (n/d) — 7 with the decomposition
d(o)i:/d = 0p/q Y O;/d (4.88)

where T'(oy,/q) = Tb(n/d)! and T(O;/d) = ph*/v* (n/d)? and, after being restricted to the
relevant zero-one boundary strings from Definition 4, 0;'; /d and o, /d respect the tile transla-

tions.

We now use these to partially define the standard recursion. The full recursion requires

alternate tiles odometers which are defined in the next two subsections.

Definition 6. A pair of partial odometers op, : Tb(po) — Z and og, : Tb(qo) — 7 are weak
standard tile odometers for (pg, qo) if they appear in Proposition 4.6.1, are (00/1, 01/1) from
Section 4.5.4 or if (T'(po),T(qo)) are standard tiles with standard decompositions for (pg, qo)
and the partial odometers have the standard decompositions:
+ + —
opy = 05, Uo, Ud(o),, Ud(o)
0 b1 b1 q1 a1 ( 4 89)
Oqy = d(o);'1 Ud(o),, U 0;; U og,
where each On/d is a weak standard tile odometer for (n/d) and the offsets are specified by
requiring the odometers respect the tile translations in Definition 3. The weak standard tile
odometers on the right-hand-side of (4.89) will be called weak subodometers of op, or og,

respectively.
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We say weak standard tile odometers o, /d and O;l /d Are lattice adjacent if

(T (0n/) = c(T(0)0)") = vy /a;

S(On/d) - S<O;L/d> = ian/d,iv

for i € {1,2}. We now prove an analogue of Lemma 4.7.2 for weak standard odometers.

Lemma 4.7.3. A weak standard odometer, o(n/d) exists for every reduced rational 0 <

n/d < 1. Moreover, when 0 < n/d < 1, the odometer has the following properties.
(a) o(n/d) respects (wp(n/d), wy(n/d))

(b) Let A, B,C, D denote the the first and last tiles of wy(n/d) and the last and first tiles
of rev(wy,)(n/d) respectively (geometrically a counter-clockwise walk around the tile).
Let oy be the restriction of o(n/d) to Z € {A,B,C,D}. Then, s(og) — s(oq) = 0,

s(oc) — s(op) = agj12 —ay12 and s(oc) — s(op) = ay /g2 — a1/ 2-
(c¢) Lattice adjacent O/n/d and Op /g OTe compatible.

Proof. By Proposition 4.6.1, we may assume the tile 7'(n/d) has a standard decomposition
and hence the subodometers of o(n/d) exist and satisfy the inductive hypotheses.

Step 1: Fuxistence
Since subodometers exist, it suffices to show that the odometer decomposition is well-defined
i.e., the subodometers have a common extension on their overlaps. By possibly deleting
parts of the subodometers, we may assume that the only overlaps are on the internal zero-
one stacked boundary strings. By an inductive application of (a) and (b) the subodometers
respect the corresponding stacked boundary strings and therefore by Lemma 4.5.5 have a
common extension to T%(n/d).

Step 2. Inductive hypotheses

We copy the proof of parts (b) and (c) of Lemma 4.7.2. To check that the affine offsets are
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the ones required in Lemma 4.5.5, we use the fact that the subodometers respect the tiling

together with an inductive application of (b).

4.7.8 Alternate tiles

We now construct alternate tiles. In this case, the decomposition depends on the last letter
of the recursion word, in particular, the parents of the parents. If the last letter of the
recursion word is s, we say that we are in the Type s case. (Note that the initial quadruple

is one of the base cases.)

Definition 7. A pair of tiles (T(po),T(qo)) C Z2 are alternate tiles for (po, qo) if if they
appear in Proposition 4.6.1, are <T0/17 Tl/l) from Section 4.5.4 or if they have the alternate

tile decomposition

T(po) = T%(p1) T U T (p1)" UT ()T UT(q1)” UT(q1)

T(g0) = T(p1) T UT(p1)” UT®(q1) T UT(q1)~ UT(p1)

(4.90)

where Tds(n/d)jE denote doubled tiles where the doubling is different depending on the ori-

entation:

T%(p)* = T(p)=' UT(p)™? := T(p) U (T(p) + Sp)
(4.91)

T () = T(g)F UT(g)F? = T(q) U (T(q) + Sy),

where

(v 1T Up2,—Vg1 TV ,2) if Wy is even
(SpeSq) =4 (4.92)

(—Uq,l + Up2,Vq,1 + vp,g) otherwise

and (T(p1), T(q1)) with or without superscripts are standard tiles for (p1,q1) and T(n/d) is

an alternate tile for n/d.
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The standard tile positions in (4.90) depend on the parity of Wy : if Wy is odd

o(T) — e(T(po)) =

o(T) = e(T(q0)) = 4

otherwise

o(T) = e(T(po)) =

o(T) = e(T(q0)) =

/

¢

Upy,1

Up1,2

0

\%1»2 +vg,2 + 20g; 1
4
0
Upy,1 + 20p; 2 + g 1
Vg1

Vq1,2
\

(

0

Upy, 1+ Upy,2

Vgq,1

\/UPLQ T Ug1,2 = Vg1

Upy.1 if T =T(q1)"
2vp172 - UQ1,1 ZfT - T(ql)_
0 if T =T%(py)*

| Va1l T Vg2 if T=T%(py)~

(4.93)
if T =T%(q)*
ifT=T%q)"
if T =T(p1)"
if T'="T(p1)"
ifT="T(q)"
if T'="T(q1)"
if T =T%(py)*
if T =T%(p1)”

(4.94)

if T =T%(q)"
if T=T%(q)~
ifT=T(p)"

if T'=T(p1)".

The alternate tile positions in (4.90) may depend on both the parity of Wy, (even-
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first/odd-first) and the type of the child:

(
Up2 +Up; 1 — Vg1 odd-first and Type 1 or 3

. — odd-first and Type 2
(1)) — c(T'(po)) = (4.95)

Vgy,1 1 Upy 2 even-first and Type 1 or 3

=

o

— even-first and Type 2

(

Upy 2+ Vgy 1 odd-first and Type 1
204, 1 + Vg 2 odd-first and Type 2
— odd-first and Type 3

(q0)) = (4.96)
Up 2 +Up 1 — Vg1 even-first and Type 1

A

c(T'(p1)) — c(

=

Vgy,2 even-first and Type 2

— even-first and Type 3

\

where in the cases indicated by — the alternate tile is omatted.

We now make an important exception in the definition of ¢(-) for alternate tiles. If 7'(n/d)

has an alternate decomposition, then

(
e(T(q1)T1)  even-first and n/d even

C + even-1rst and n (6]
o(T(n/d)) = Ta)™) first and n/d odd (4.97)

c(T(p1)™)  odd-first and n/d even

c(T(p1) ™) odd-first and n/d odd.
\

Next is the analogue of Lemma 4.7.2 for alternate tiles.

224



TR s R
g
e
SRR,






Lemma 4.7.4. An alternate tile, T(n/d) exists for every reduced rational 0 < 7 <L

Moreover, when 0 < n/d < 1, the alternate tile has the following properties.

1. Symmetry and rotation invariance: T(n/d) is 180-degree symmetric and

R(T(n/d)) = T(R(n/d)).

2. T(n/d) covers space under the lattice L' (n/d)

3. Ifn/d is even T(n/d) is a wy,(n/d)-pseudo-square, otherwise a wy(n/d) pseudo-square

with offsets respecting the tiling:

(a) Even case: ¢(T1) = c(T'(n/d)) where Ty is first tile of wy,(n/d)

(b) Odd case: ¢(T7) = o(T(n/d)) + s where Ty is the first tile of rev(wy(n/d)) where

s = 0 in the even-first orientation, otherwise s = —vg 1+ Vp, 2.

4. The surrounding of T'(n/d) with respect to (Vn/d,1>VUn/d,2) consists of either part of a

stacked zero-one boundary string or a complete overlap on a subtile.

5. When T(n/ d) has an alternate decomposition, the shared boundary between neighboring

subtiles is part of or is a stacked horizontal or vertical zero-one boundary string.

Proof. We may assume by Proposition 4.6.1 that T (n/d) has an alternate decomposition.
The proof of (1) is identical to that of Lemma 4.7.1.
Step 1: (2)

By (1), we may assume 7'(n/d) is even. We also suppose T'(n/d) is in the even-first orien-
tation, as the odd-first argument is repetitive. Let w,, iz denote the boundary words of
the standard subtiles as specified by Lemma 4.7.1. Consider the enlarged tile, 7%(n/d) with
boundary word wi = wg; 1 * Wg 1 * Wp;1 and wy = wy, 2 * Wgy 2 * Wy, 2. Translate the
enlarged tile so that ¢(T¢(n/d)) — ¢(T'(n/d)) = —Vgy.1-
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By Lemma 4.4.1, T¢(n/d) generates a regular (> Up/d1 t Vg1, > Up/d,2) almost pseudo-
square tiling. We use this to show there are no gaps in the (3_ vy, /4.1 +vg,1, >_ vy /4,2)-regular
tiling of 7'(n/d) and the only subtiles which overlap are T(g1) ! and T'(¢q;)"2. The proof
proceeds along the lines of Figure 4.25.

By 180-degree symmetry, it suffices to analyze the lower-right corner of a surrounding.
Take the shifted tiling of T'(n/d) with respect to (3 Unjd,1 t Vg1, Zvn/d,Q) and compare

the lower-right surrounding;:

§% = T(n/d) U (T(n/d) + vy /g1 + vgy.1) U (T(n/d) = vy 9.2) U(T(0/d) + vy 101 + vgy.1)

to the corresponding corner of the non-shifted tiling

S :=T(n/d) U(T(n/d) +vy/q.1) U (T(n/d) = vy,19.2) U (L(0/d) = v /0.5 + U jg1)-

Since T¢(n/d) generates a (v, Jd,1 + Vg1,V /d,2) almost pseudo-square tiling, each pair of
tiles in S® can only overlap on their boundaries and by definition of 7¢(n/d), there are only
two gaps in S® both of which are squares with a (wg, 1,w), 2) boundary word. Using the
alternate decomposition, these two gaps are filled in the non-shifted tiling and T(ql)_’1 and
T (q1)+’2 overlap completely, concluding the proof of this step.
Step 2: (3) (4) and (5)

Given Step 1, the proof is similar to that of Lemma 4.7.2. Indeed, we can use the alternate
decomposition to concatenate boundary strings of the standard subtiles which make up the

boundary of T'(n/d). See Figures 4.23, 4.24, and the bottom of Figure 4.25.
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4.7.4 Weak alternate odometers

The recursion for alternate odometers given the subtile placement is similar to the standard
ones. To that end, we first extend the notion of boundary tile and doubled odometers to

this shifted case.

Definition 8. When T(n/d) has an alternate decomposition, an alternate boundary tile,

Tb(n/d) coincides with the standard boundary subtiles in its decomposition

TP(n/d) N T(n/d) = UTb "1d') where T'(n'/d') ranges over the standard subtiles
(4.98)
Let T4 vE(njd) = TO(n/d) U (T"/*E(n/d) + S, /q) denote the shifted doubling of
T(n/d) where S, q is from (4.91). As in Definition 5 extend the weak doubled odometer
ds(0)y/q - Tds’h/”’i(n/d) — Z to this case.

We are now ready to state a weak version of the alternate odometer recursion, analogous

to the standard one from before.

Definition 9. A pair of partial odometers op, : T(py) — Z and og, : T(qo) — Z are weak
alternate tile odometers for (po,qo) if they appear in Proposition 4.6.1, are (00/1, 01/1) from
Section 4.5.4 or (T (po) T(qo)) are alternate tiles for (pg, qo) and the partial odometers have
the alternate decompositions:

Opy = ds(o);,'1 U ds(o);1 Uo U 0, U o(q1)

(4.99)
Oqy = 0 LYo, Uds(o ) U ds(o)q_1 Ud(p1)

where ds(o)i /d and 6(n/d) are the respective weak shifted doublings and weak alternate parent
odometers respecting the tile translations in Definition 7. In the indicated cases in Definition

7, we omit the alternate parent odometers.
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Figure 4.26: An odd L-correction with labels as in Definition 10 overlaid on its standard tile.

Lemma 4.7.5. A weak alternate odometer, 6(n/d) exists for every reduced rational 0 <

n/d < 1. Moreover, when 0 < n/d < 1, the odometer has the following properties.
(a) 6(n/d) respects wy(n/d) or wy(n/d) if (n/d) is even or odd respectively.
(b) Lattice adjacent 6;1/d and 0,,/q are compatible.

Proof. Given Lemma 4.7.4 the proof is identical to the proof of Lemma 4.7.3. O

4.8 Correcting the recursion

In this section we complete the weak recursion defined in the previous section. This step
requires us to possibly ‘correct’” doubled odometers which overlap. This is done by either a
chain of ancestors or by checking that immediate parents overlap on immediate grandparents.
We start by developing the machinery to chain together ancestors and then use that to fully

define the recursion.
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4.8.1 Corrected partial tiles

In this section we define a partial tile, Definition 4, for every standard tile which will aid us
in fully defining doubled weak odometers which don’t overlap on a common ancestor. The
construction of this partial tile will involve a chain of ancestor tiles. Let (pg,q9) = C(p1,q1)
be a Farey child pair in quadruple q,, with recursion word w € F3. Recall the standard tile

decomposition from Definition 3.

Definition 10 (Odd L-correction). Suppose w = wy * s * 2k where lwi] >0, s € {1,3}, and
k > 0. Let (pa,q2) be the parent Farey pair corresponding to the string w = wy * s and let
(T'(p2),T(q2)) be standard tiles for (pa2,qo2) and T(qg) an alternate tile for qo.

An L-correction for T(pg), TH % (pg) is a partial tile, TV (pgy) with the following decom-
position

k 2(k+1)—
THE(p U (92) + K17) U (T(p2) + K2) U | K3+ U (T(Q2)+K4i) (4.100)

where the initial offset is specified by requiring T'(q2) match an outer T(qy) tile in the standard

decomposition of T'(pg):

(T(q1)+’2 10
T(q)>' 11
T(g1)™' 00

\T(Q1)*’2 01

232



and the subsequent offsets are

(

[Vg2,2: Vo2 + (Vga,1 = 20py,1))] 10

(KL K] = [Vgo,2: —Vpy 2] 11
(042,25 vg5.2] 00

L [=040.2 =Upp.2 = (20py1 = vgp,1)] 01

and )
[(—Vgy,2 + Vpy,2) + (2Upy 1 — Vgy1), —Vge1] 10
Ky kg = { et T Vet e !
[~ (Vg9,2 + Vpy,2), Vgo. 1] 00
\ [0, —vgo.1] 01,

where the right-hand side columns denote the case:

10 = Wy s odd and +
11 = Wy s odd and —

(4.101)
00 = W is even and +

01 = Wy is even and —.

The term z in (4.100) is either 0 or 1 and if z = 0, we say the L-correction is elongated.

The correction in the even-case is similar but the offsets are slightly different due to the

lack of rotational symmetry in the parameterization.

Definition 11 (Even L-correction). Suppose w = wy * s * 3k where lwi] >0, s € {1,2},
and k > 0. Let (pa,q2) be the parent Farey pair corresponding to the string w = wy * s and
let (T'(p2),T(q2)) be standard tiles for (p2,q2) and T(pg) an alternate tile for po.

An L-correction for T(qq), T™*(qo) is a partial tile Thi(qo) with the following decom-
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position.

k 2(k+1)—
5= (g U (p2) + K17) U (T'(q2) + K2) U | K3+ U (T(P2)+K4i) (4.102)

where the initial offset is specified by requiring T (p2) match an outer T'(py) tile in the standard
decomposition of T (pg):
T(p1)™' {0 0r 130

T(p1)~2 {0 or 1}1

and )
[20py,1, 20py. 15 Vpy 2] 10
Ky, Ko, K4 [—2vpy,1, —Vgy,1, Upy 2] 00

1, 82, A4 =
[=20py,1, =Vga,1 + V1 = Vgp 1 —Upp 2] 11
\ [20py,1, 20p5,1 + Vpy 2 — Vgp,2, —Vpy 2] 01
and
.

Vgo,1 = 2Upy 1 + (Vgg,2 = Upg 2 +Vgy1) 10 and s =2
Ugy,1 — 2Upy 1 10 and s =1
Ugg,2 = Upg,2 00 and s = 2
Ky — 20py 1 = Ugo 1 00 and s =1
Vg9,2 = Upy,2 + Vgy,1 11 and s = 2
0 11 and s =1
Ugy,2 = Upy,2 — 2Upy 1 + Vgy 1 01 and s =2
0 01 and s = 2,

\

where the cases on the right are described by (4.101). The term z in (4.102) is either 0 or 1

and if z = 0, we say the L-correction is elongated.
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Note that the initial offset requirement assumes that T'(ps) = T'(p1) in the odd case
and T'(¢2) = T(q1) in the even case but this follows the standard tile decomposition or

Proposition 4.6.1. We assert a final exception to the definition of ¢(-)
L,+ _
co(T™*=(n/d)) = c(T(n/d)). (4.103)

We next verify existence of L-corrections.

Lemma 4.8.1. For every n/d € {py,qo} from Definition 11 or 10 an L-correction exists

and has the following properties.

1. Rotation invariance:

RY T (g0)) = T (R(q0))
RATE T (q0)) = TH (q0)
R3(TET(q0)) = THT(R(q0))

RYTET (q0)) = THT (q0).

2. The elongated T™F(qy) coincides with T(qg) on two sides

/

wp,(q0) U wy(qo) 10

5% (g0) N T(g0) O wnlgo) U rev(wn(9)) 00

rev(wp(qo)) Urev(wy(q)) 11

\FeV(wh(CIo)) U wy(qo) 01

where the cases on the right are described by (4.101).

Proof. The stated rotation invariance follows from the decomposition and rotation invariance

of standard and alternate tiles. To prove the second claim, we rotate and flip to assume we
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are in case ‘10’ and w = wy * s * 3% from Definition (11). We then proceed by induction on
k>0

If k =0, the claim follows by the standard decomposition of T'(¢g) and the definition of
the L-correction Indeed, the elongated TL%(qo) N T(q9) D T(p1) ™! UT(g1)" which shows
TL’i(qo) NT(qo) D wy(qp). For the vertical direction, since T(pl) is a wy(p1)-pseudo-square,
it agrees with 7'(p1) on the vertical boundaries.

Now, suppose k£ > 1 is given and let q(’) be the even child in QA [1: || 1] By the inductive
hypothesis, the elongated TL’+(q6) coincides with T'(g()) on the bottom and left boundaries.

Also, by definition, we may write the elongated correction for ¢q as

T (g0) = T(p1) U (T (gh) + vpy 1)

U (T(p1) UT(p1) + Upy,2) + (Vgy 1 + Vg1 + Vg 2)-

We can then conclude using the standard decomposition for T'(qg). O

4.8.2  Tile odometers

We are now ready to fully define the recursion. Roughly, the full recursion proceeds by taking
the weak recursion and filling in the interior. The difficulty occurs whenever there is overlap
that is not on a boundary string. Whenever the doubled odometers overlap on a common
ancestor or do not overlap at all, the doubled odometers may be taken to be usual standard

odometers. Otherwise, the overlap is corrected by a pair of complementary + L-corrections.

Definition 12. A weak standard (resp. alternate) tile odometer is a standard (resp. al-
ternate) tile odometer if it is one of the base cases or in the decomposition (4.89) (resp.
(4.99) ), weak subodometers are replaced by respective tile subodometers. Further, depending
on the recursion word and parity, each weak doubled subodometer is either two standard tile

subodometers or a standard tile subodometer and an odometer which respects an L-correction.
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Figure 4.27: The four possible orientations for an odd L-correction as described in Definition
10. From top left to bottom right, 10, 00, 11 then 01.
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Figure 4.28: The four possible orientations for an even L-correction as described in Definition
11. From top left to bottom right, 10, 00, 11 then 01.
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Figure 4.29: The two possible odd-even overlaps for an even L-correction as described in
Definition 11: s = 1 on the left (elongated) and s = 2 on the right.

Figure 4.30: Decompositions of the triple (T'(p2)', T(g2), T(p2)?) in Figure 4.29: s = 1 on
the left and s = 2 on the right.
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Specifically, let n/d be a child in qu and let (p1,q1) denote the parent Farey pair. In the

standard case, if n/d is odd, then in (4.89), each doubled term is replaced by

+,1 +,2 .
N 0g Uog™ ifw=x{1or2}
d(o)y. —

" of]tl U oqu’i if w= %3
where og, +; are standard tile odometers for T(q1)™". In the even-first orientation, o™ (q1) is
a tile odometer for T(q1)+71 or T(ql)_’2 and oqu’jE is a partial odometer with decomposition
that respects the L-corrections for T(q1) ™' or T(q1)T2. In the odd-first orientation, 1 and
2 are flipped. If n/d is even, the decomposition is defined by rotating the decomposition for
R(n/d).
Similarly, in the alternate case, if n/d is even, then each weak shifted doubled term is

replaced in the exact same way as the standard odd case except the L correction is taken to

be the elongated L correction. Rotate to complete the definition.

Before proving existence of tile odometers, we prove that L-corrected odometers exist,
assuming existence up to a certain depth. An important tool in the remaining proofs will be
the double decomposition, a decomposition of all or select subtiles in the standard or alternate

decomposition. In the figures, grandparent subtiles are indicated with a 2 subscript.

Lemma 4.8.2. Suppose tile odometers exist for all n/d € Ty, for m < mg, some mg > 1,
then partial odometers which respect the L-correction Oiﬁl: exist for all n/d € Tpy41 and

respect the appropriate zero-one boundary strings from Lemma 4.8.1.

Proof. We show that the L-corrected odometer, oﬁﬁ exists by showing each pair of overlap-
ping subodometers in the L-correction is compatible. The decomposition of oiﬁ consists
of lattice adjacent tile odometers and one of two possible new types of intersection seen in
Figure 4.29. Since we have shown lattice adjacent odometers to be compatible (and that

there are no gaps between lattice adjacent odometers), it suffices deal with the new inter-
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section. This can be dealt with by the double decomposition see Figure 4.30. In particular,
in the double decomposition, every pair of interfaces between the triple are part of or are
a complete stacked zero-one boundary string. In case the triple comes from the base cases,
compatibility is a consequence of Proposition 4.6.1.

To see that Oi}:cll: coincides with the standard odometer on the appropriate zero-one
boundary strings, we induct on k£ > 0 from Definitions (11) or (10) as in the proof of Lemma

4.8.1. [l

We finally prove existence of tile odometers. Figures 4.31, 4.32,4.33,4.34 will be a visual

aid throughout the proof.
Lemma 4.8.3. Tile odometers exist.

Proof. We proceed by induction. Start by using Lemma 4.8.2 to see that tile odometers
are indeed weak tile odometers. It remains to verify the internal odometer decomposition
is well-defined. That is, we check that each pair of overlapping subodometers is pairwise
consistent. As compatibility is affine invariant, and the decompositions are, up to affine
factors, rotationally invariant, it suffices to show compatibility for either n/d or R(n/d).
Let qu denote the quadruple for which n/d is a child. We split the remainder of proof into
cases. In each case, we use the double decomposition displayed in the indicated Figure to
show that the subodometers either overlap on stacked boundary strings or on grandparent
tiles. Also, assume the even-first orientation, otherwise flip the subsequent arguments.
Case 1: Odd standard odometer: w = x{1 or 2}; Figure 4.31

The interfaces between every non-overlapping tile consist of stacked zero-one boundary
strings therefore those odometers are compatible. If w = x1, the tiles T(q1)+’2 and T(ql)_’1
overlap, by the double decomposition, exactly on T(p2)+’1/ 2 and therefore those subodome-

ters are compatible. Similarly, if w = %2, T'(p;)~ and T(p1)" overlap on T(pg)‘L’l/2 and so

those subodometers are compatible.
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Case 2: Odd standard odometer: w = x3; Figure 4.32
In this case, due to the L-correction, the only overlaps are that of lattice adjacent T(pg)
(subsubtiles). The rest of the interfaces are part of or are stacked zero-one boundary strings.
By previous arguments, the (T'(q1)1!, T(p1)™) and T'(q1) ™2 interfaces are parts of stacked
boundary strings. The interface between T'(p1)* and T % (g1) corresponds to full stacked
vertical boundary strings — the interfaces are that of lattice adjacent standard tiles T'(py).

It remains to analyze the interface between TL’i(ql) and T'(q1)+, 1,T(¢q1) 2. By Lemma
4.8.2 (TL7+(q1), T(q1)+’1) each intersect on a wy(q1) stacked boundary string. By induction
on k in the recursion word for the L correction, similar to the proof of Lemma 4.8.2, the
interface between (T5F(q1), T(q1)™2) and (TT(q1), T(q1) 1) consists of a sequence of
lattice adjacent standard odometers for T(py)" followed by a (go,p2) interface which is an
almost palindrome by Lemma 4.5.1.

Case 3: Even alternate odometer: w = x{1 or 2}; Figure 4.33
The overlap argument is similar to Case 1. If w = %1, T(q)™! and T(q1)™? over-
lap T'(p1) on T(pz)i71/2. The interfaces between (T'(p1)T,T(q1) V), (T(p1)~, T(q1)T2),
(T(p1)T, T(q1)+’1), (T'(p1)~, T(q1)7’2) are part of stacked zero-one boundary strings by the
same argument as given previously in the weak standard case.

The new interfaces are

(T(q)™ T(q) ™2 T(p1))

and

(T(p1), T (p1))-

A~

In the latter case, by the double decomposition, (T'(p1),T'(p1)) intersect on the boundary of
lattice adjacent standard tile odometers for T'(g2). In the former case, the interface between
(T(q1) T, T(q) 2, T(pl)) is part of a stacked vertical zero-one boundary string. Indeed,

augment the vertical boundary string of T'(q1) 2 by concatenating wy(p1) at the start. Then,
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since T'(p1) is a wy(p1) pseudo-square, the augmented interface is exactly wy(p1) U wy(qr)

and rev(wy(q1))Urev(wy(py)). This is exactly stacked boundary string for py and therefore,

the odometers which intersect on it are compatible. The argument for w = *2 is identical.
Case 4: FEven alternate odometer: w = %3; Figure 4.34

This is almost identical to Case 2. The only difference is in the overlaps (T L’+(q1), T(q1)"?)

and (TL’*(ql), T(ql)*’l). In this case, we need to augment the vertical boundary strings as

in Case 3 for T'(q1). Once augmented, those interfaces then become exactly stacked vertical

boundary string for pg.

4.9 Global odometers

We now observe that both standard and alternate tile odometers can be extended to global

odometers with the correct growth.

Lemma 4.9.1. For every reduced fraction 0 < n/d < 1, there are two functions, gn/d,g}n/d
on 72 whose restriction to a standard or alternate tile are alternate and standard tile odome-

ters for which the periodicity condition (4.9) holds and for which
1
r— f(z) — §xTM(n, )z — bz (4.104)

is L' (n/d)-periodic for some b € R?, for each f € {9n/d: Gnjat-

Proof. Given that we have proved standard and alternate tile odometers which are lattice

adjacent are compatible, the proof is identical to Lemma 10.1 in Levine et al. [2017]. O

It remains to check that the functions which we have constructed are recurrent, which
we do by induction. We first check that the constructed functions are indeed integer super-

harmonic.
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Lemma 4.9.2. For each 0 < n/d <1, In/d and gn/d are integer superharmonic.

Proof. Let s € {Agn/d + 1,Agn/d + 1} and proceed by induction. By Lemma 4.6.4 and
Proposition 4.6.1 it suffices to take n/d odd and suppose T'(n/d) and T(n/d) have double
decompositions.

Case 1: Standard odometer.

If z lies in the intersection of two neighboring tiles, T'((n/d) N T(n/d’) then, by Lemma
4.7.2, it must be contained within a zero-one stacked boundary string. In this case s(x) =1
by the explicit formulae in Section 4.5. Otherwise, « is in the interior of T'(n/d). If z is in
the interior of a subtile in the double decomposition, we conclude by induction. Otherwise,
by considering the cases in Figures 4.31 and 4.32 as in the proof of Lemma 4.8.3, x either
lies within a zero-one stacked boundary string or in the interior of an ancestor tile. In the
latter case we can use induction and in the former s(z) = 1.

Case 2: Alternate odometer.

If 2 is in the interior of T'(n/d), the argument is similar to Step 1; as in Lemma 4.8.3
check the cases in Figures 4.34 and Figure 4.33 to see that  must be on a stacked zero-one
boundary string or within the interior of a subtile. If z € dT(n/d), then, by Lemma 4.7.4,

x is within a stacked zero-one boundary string or in the interior of a subtile.

We conclude by checking recurrence.
Lemma 4.9.3. For each 0 <n/d <1, In/d and gn/d are recurrent.

Proof. Let s € {Ag,, /d+ 1,Ag, /d+ 1} and suppose the claim is true for all Farey quadruples
Q| with |w| < n. By Lemma 4.6.4 and Proposition 4.6.1, it suffices to check w = 3k’ | for
k>0 and |w'| > 1, where, if k =0, w/[1] = 1.
Therefore, T'(n/d) and T(n/d) have double decompositions and each of the interfaces in
the tiling of T'(n/d) consist of stacked ¢ — p boundary strings where (g, p) depend on the
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first letter of w’. If w/[1] = 1, (q,p) is the Farey child of qsk- Otherwise, p is the odd child
in qq; and g is the even child in qgr—1. In either case, the explicit forms of the odometers
and their Laplacians are given in Section 4.6.

Let T € {T(n/d),T(n/d)} and write T? s’ for the subtiles and ancestor Laplacians in
the double decomposition.

The inductive proof starts as in the proof of Lemma 4.6.13: suppose for sake of con-
tradiction there is an induced subgraph of the F-lattice, H, which is forbidden for s. Let

& = —o0 and for j > 1, let

¢ =min{z; >z e H}
. ’ (4.105)
VIi={xeH:z1=7}.
In words, sets of possibly disjoint vertical lines enumerated from left to right. Since H is

forbidden, it is nonempty, hence V! exists.

We prove the following inductive hypotheses by induction on 5 > 1 for all translations of

T and all ancestor tiles T, := {T'(p), T(q), T(p), T(q)}.

1. The hypotheses listed in Lemmas 4.6.13, 4.6.14, 4.6.15, 4.6.16 for T(p),T(p), T(q) and

~

T'(q) respectively.

2. If for some subtile 7%, VI NT* £ @ then VI N T = 0.

In fact, we suppose, by induction, that the inductive hypotheses are satisfied for every parent.
Indeed, the cases qg for @ = 3¥ % {1 or 2k,} for kK > 0,k > 1 may be checked directly using
the explicit formulae in Section 4.6 following the outline in Lemma 4.6.13. Thus, we may
suppose that the boundary of each subtile 7%, including grandparent subtiles, consists of a
q — p boundary string and that the inductive hypotheses hold for each subtile.

Hypothesis (2) implies the existence of a forbidden subconfiguration strictly contained in

some T, contradicting inductive recurrence. Thus it remains to verify the hypotheses.
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Proof of (1) and (2).
Suppose y € VI N T for some T’ € T,. By construction, y € 7" NT* for some subtile T of
T in the double decomposition. If VI N 9T = @, then we may conclude by induction.
Otherwise, if there is y € VIiNAT, then, y must be contained in a stacked ¢—p boundary
string. However, the fixed interfaces in Lemma 4.5.3 allow for the arguments of Lemmas

4.6.13 and Lemma 4.6.15 to be repeated, resulting in a contradiction.

4.10 Output of recursive algorithm

The table below displays a Farey quadruple (pg, q0,21,491) = (C(p1,91), P1, 1) and the Lapla-

cian of the odd child’s standard and alternate tile odometers. We only draw the Laplacian of

po since the Laplacian of any odd (%) is the rotated Laplacian of even (g;—g) All quadruples

with 14 < det(L/(pg)) < 1000 are displayed.

(po,q0,P1,q1)  standard tile odometer  alternate tile odometer
(1/2,1/3,0/1,1/1)
(2/3,3/5,1/2,1/1)
(1/4,1/5,0/1,1/3)

(3/4,5/7,2/3,1/1)

(2/5,3/7,1/2,1/3)

(1/6,1/7,0/1,1/5)

(4/5,7/9,3/4,1/1)

%%éi‘tmﬁil

(5/6,9/11,4/5,1/1)
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(2/7,3/11,1/4,1/3)
(1/8,1/9,0/1,1/7)

(4/7,5/9,1/2,3/5)

(6/7,11/13,5/6,1/1)

(3/8,5/13,2/5,1/3)

(2/9,3/13,1/4,1/5)

(5/8,7/11,2/3,3/5)

(1/10,1/11,0/1,1/9)

(7/8,13/15,6/7,1/1)

(4/9,5/11,1/2,3/7)

(3/10,5/17,2/7,1/3)

(2/11,3/17,1/6,1/5)

(1/12,1/13,0/1,1/11)

(7/10,9/13,2/3,5/7)
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(4/11,7/19,3/8,1/3)

(6/11,7/13,1/2,5/9)

(2/13,3/19,1/6,1/7)

(1/14,1/15,0/1,1/13)

(8/11,11/15,3/4,5/7)

(5/12,7/17,2/5,3/7)

(4/13,7/23,3/10,1/3)

(7/12,11/19,4/7,3/5)

(3/14,5/23,2/9,1/5)

(2/15,3/23,1/8,1/7)

(6/13,7/15,1/2,5/11)
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(5/14,9/25,4/11,1/3)

(8/13,13/21,5/8,3/5)

(4/15,5/19,1/4,3/11)

(10/13,13/17,3/4,7/9)

(3/16,5/27,2/11,1/5)

(2/17,3/25,1/8,1/9)

(9/14,11/17,2/3,7/11)

(11/14,15/19,4/5,7/9)

(5/16,9/29,4/13,1/3)
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CHAPTER 5
DYNAMIC DIMENSIONAL REDUCTION IN THE ABELIAN
SANDPILE

This chapter is based on the article Bou-Rabee [2022] which is published in Communications

in Mathematical Physics.

5.1 Introduction

5.1.1 Qwverview

Let C](\cfi) be a hypercube of side length N centered at the origin in the d-dimensional integer
lattice Z®. Start with 2d chips in the hypercube, s = s(()d) = 2d, then iterate the following
rule: every site with at least 2d chips on it becomes unstable and topples in parallel, simulta-
neously giving one chip to each of its 2d neighbors. If a boundary site topples, it loses chips
over the edge. Eventually every site is stable and the process stops, yielding a sequence of
sandpiles over time {sgd) H>o0-

Simulations suggest an exact relationship between these sandpiles across size N, time ¢,
and dimension d — see Figures 5.1 and 5.2. Specifically, it appears that smaller sandpiles
are embedded in larger sandpiles of the same dimension at certain times. Moreover, central
cross sections of d-dimensional sandpiles coincide almost exactly with (d — 1)-dimensional
sandpiles for all time.

In this chapter, we provide a rigorous proof of these observations, self-similarity and
dimensional reduction, via a simultaneous induction on all parameters: size, time, and di-
mension. Along the way, we develop new techniques for analyzing the parallel toppling
process which may be of independent interest.

Dimensional reduction in sandpiles has been known experimentally since at least the

work of Liu et al. [1990]. Later, Fey et al. [2010] formulated an approximate dimensional
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Figure 5.1: St for t = 100 ,00, where N = 200 and sy = 4. Sites with
0,...,7 chips are represented by dlfferent colors

Figure 5.2: st ., -, offset) for offset = 0, 20,40, 60, where t = 50 , N =200, and sy = 6.
Sites with 0, . 11 chips are represented by different colors and oﬂset’ is distance to the

(3

center of C N
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reduction conjecture in the context of the single-source sandpile — this was then highlighted
in a survey Levine and Propp [2010].

The structure of the sandpile PDE on Z2 reveals that on torus-like domains one can
construct limit sandpiles in R? from those in R41. This is also possible for the random
sandpiles discussed in Chapter 2 However, it has remained completely open to prove (or dis-
prove) dimensional reduction for any natural example, on either the lattice or the continuum,
till now.

Our proof in this chapter leverages discrete techniques to establish dimensional reduction
on the hypercube when sg = 2d. The main insight is recognizing that the parallel toppling
process together with strong induction can be used to control the sandpile as it stabilizes. We
identify a delicate interplay between the initial condition and the symmetry of the hypercube
which forces the ‘flow’ of parallel toppling to preserve dimensional reduction. In fact, we
do not know how to prove dimensional reduction for only the terminal sandpile. Our proof
involves no technology from viscosity solutions nor knowledge of the sandpile PDE.

A key step in the proof is the application of certain discrete derivative bounds — Corol-
lary 5.2.2 and Lemma 5.2.5 below. The strength of these bounds deteriorates as the initial
condition grows and it is only when sy = 2d that they are strong enough to ensure dimen-
sional reduction.

This dependence on the initial condition provides some explanation for what occurs in
the single-source version. Fey-Levine-Peres conjectured that when the initial condition is
(2d — 2) + ndg dimensional reduction occurs after carving out a region near the origin. This
is likely because our derivative bound (which, in the single-source version, has a flipped
dependence on the constant background) does not hold near the origin, but only holds away
from it. Proving this remains open, but we believe the methods in this chapter extend to
this and other initial data.

In fact, the result in this chapter appears to be a special case of a more general one
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which we cannot yet prove: dimensional reduction occurs for any uniform initial condition
in high enough dimensions. Specifically, for integer k£ > 0, when sy = 2d + k, above a critical
dimension, d > dy := k+1, exact dimensional reduction, modulo (dy—1)-dimensional defects,
appears to persist throughout the parallel toppling process. We show that when d = dp,
dimensional reduction fails to occur, providing one explanation for why (dy— 1)-dimensional

defects appear — see Table 5.1.

5.1.2 Main Result

Our proof begins with the odometer v¢, which encodes the number of topples at each site

(d)

over time. Let vy : Cy" — 77T be the initial odometer vg = 0; then, recursively,

Vi1 = v + {sp > 2d}, (5.1)

St+1 = st + A(vepr — ), (5.2)

where A is the graph Laplacian on C](\?l) with dissipating boundary conditions. Dependence

on d and N is indicated by writing vlgd’N) and s]gd’N).

We prove dimensional reduction and self-similarity of sandpiles via an analysis of the
parallel toppling odometers. It will be more convenient to state the result after making
a symmetry reduction. Let Aute , denote the group of symmetries of the d-dimensional
hypercube and let it act on 74 by matrix-vector multiplication. The definitions imply that
parallel toppling preserves the symmetries of the hypercube: vlgd’N) (x) = v]gd’N)(ax) for all
t>1,xe€ C](\C,l) , and o € Autc, (we give a simple proof in Section 5.2.3 below). Hence the

odometer and sandpile are fully determined by their restrictions to a fundamental domain

of the hypercube — we choose a particular one in the statement of the theorem.
Theorem 5.1.1. Let N > 1, d > 2, and M = [N/2]. Denote the fundamental domain of
CZ(\Cfi) consisting of sorted coordinates in decreasing order by S](\j) ={(z1,...,xq): M > 21 >
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e >xg > 1)

1. Dimensional reduction: for allt > 1 and x;_1 € S](\g_l)

oM g 1,1) = ol ()

and for xg_q1 > 2

(d,N (d—l,N)(

oM (g 1,2) = 08N (x).

2. Self-similarity: for all j < M, t < 7;, and x € S](\j) with x > M — j

o™ ) = o e - (a1 - ).
where
7 i=min{t > 1: vgd’Qj)(x) > j forx e acé?)},

(d

and OC; ) = {x € Ci(d) . there isy & CZ-(d) with |y — x| = 1} denotes the inner bound-

ary of the cube.

Both of these results immediately translate to the sandpile.

Corollary 5.1.1. The results in Theorem 5.1.1, using the same notation, extend to the

sequence of sandpiles.

1. Dimensional reduction: for all xy_1 € S](\il[_l) with Xg_1 > 2

(d,N (d-1,N

M g 1,1) = 88 M g ) + 2,

2. Self-similarity: for all j < M, t < 7;, and x € S](\? withx > M —j+1

s "M x) = s (x — (M — ).
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Table 5.1: Center slices of terminal sandpile configurations for sy = 2d + k and N = 64.
Site colors are normalized by column so that in dimension d a site with z chips has the same
color as a site with (z — 2) chips in dimension (d — 1).

The first part of Theorem 5.1.1 states that the parallel toppling odometer restricted to
a center slice of a d-dimensional hypercube coincides with the (d — 1)-dimensional parallel
toppling odometer for all time. Dimensional reduction holds for the final odometer off the
center, implying dimensional reduction on the center for the final, stable sandpile.

The second part of the theorem relates the parallel toppling odometers for different sized
cubes: the odometer for the size N cube contains the size 25 cube odometer up until the
first time a boundary site exceeds j topples. These automatically imply, after shrinking the
domains by one, the same for the sequence of sandpiles.

As mentioned previously, we expect Theorem 5.1.1 to be a special case of a more general
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(NV,3)

Figure 5.3: On the left, a corner cube of s& ™’ and on the right the same corner with all

cross sections which match sg 2) removed. The initial condition is sg = 7 and N = 211,

Sites with 0,...,5 chips are represented by different colors.

result. In Section 5.3 we show that dimensional reduction does not occur when sg = 2d +
(d — 1) in all dimensions d > 2 when N = 2. We also provide an explicit description of the
parallel toppling odometer when sg = 2d + (d — 1) and N = 4 for all d > 1. This explicit

form suggests that the proof template in this chapter may help with the following.

Problem 5.1.2. Show that Theorem 5.1.1 holds when sqg = 2d + k for all k > 0 and
d>dy:=(k+1).

We expect an even stronger result to be true, although it is likely the proof will require
techniques beyond those presented here. In simulations, exact dimensional reduction appears
to occur away from the central slice. For example, when sg = 4, d = 2, and N is large,
the center of the sandpile contains large curved triangles of 3s. In fact, for every dimension
and size we could simulate, whenever dimensional reduction occurs along the central cross

sections of the hypercube, it extends; see Figure 5.3 for an example in three dimensions.

Problem 5.1.3. Extend dimensional reduction on the hypercube to a domain of codimension

zero.
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The following is closely related.

Problem 5.1.4. Show that the odometer for any bounded initial sandpile on the hypercube

has bounded second differences. For instance, show for allt > 1 and i = 1,2 that

—3 < 2u(x) + (x4 ;) Fop(x—e;) <2

when d = 2 and sg = 4.

Numerical evidence indicates the hypercube is a necessary hypothesis in Problem 5.1.4.
In fact, in most other domains, including the discrete circle, the odometer does not appear
to have bounded second differences. On the hypercube, our proof of dimensional reduction
shows that the odometer has bounded second differences along the central cross sections;

however, a method to propagate those bounds to the interior remains out of reach.

5.1.3  Qutline of the proof

The proof of Theorem 5.1.1 is a careful induction on hypercube dimension, side length, and
time. Some parts of the argument can be simplified but we present it in this fashion to
suggest a template for proving dimensional reduction with more general initial data. At
a high level, we show that if the parallel toppling process for a dp-dimensional sandpile is
sufficiently regular, then dimensional reduction is guaranteed in all dimensions d > dy. We
prove this regularity when dgy = 1; the case dy > 1 remains open.

Our main technical tool is a technique introduced by Babai and Gorodezy to prove
discrete quasiconcavity of the single-source sandpile odometer in Z2 Babai and Gorodezky
[2007]. By an iteration of their technique, we gain symmetry of the odometer, a derivative
comparison result, and a parabolic least action principle. These results, which appear in
Section 5.2, extend beyond the hypercube and so may be of independent interest.

(d,N)

In Section 5.3 we explicitly determine v, when N = 4 in all dimensions d > 1 when
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the initial sandpile is sg = 2d + d — 1. This is done by mapping the hypercube to a line via
a radial decomposition. The explicit form of v; provides both a base case for our proof and
progress towards Problem 5.1.2. We also show that when N = 2 dimensional reduction does
not occur at the critical dimension dy.

The explicit solution when N = 4 establishes the base case for an odometer regularity
result which is then proved in Section 5.4. Finally, in Section 5.5, we use the established

regularity of the odometer in dimension (d — 1) to prove dimensional reduction in dimension

d.
5.1.4 Notation
e When we need to distinguish between vectors and scalars, we reserve x for vectors and
x for scalars.
e We embed C](\(;{) into Z% in two different ways depending on whether N is even or odd.
1N =2k 41, C\Y = {x+1: |a;] <k} otherwise C\) = {x — & : 1 < z; < 2k}
e The graph Laplacian on C](\C,l) operates on functions f : C](\Cfl) — R as
AW f(x) = —2df (z) + ) f(y), (5.3)
Yy~
where we pad f(z) := 0 for z & C](\C,l) and the sum y ~ x is over the 2d nearest neighbors
of z, ly — x| = 1.
e Distinguishing sub/superscripts are removed when not needed.
An efficient algorithm for computing high-dimensional sandpiles
. (d,N) . .
In Section 5.2.3 we show that v, can be computed via the parallel toppling procedure

restricted to the simplex. In fact, the argument shows that any sandpile with a symmetric
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initial condition on Z<, including the single-source sandpile, retains symmetry throughout
the parallel toppling process and can be computed in this way.

For d large, computing sandpiles on the simplex improves space complexity by a factor of
d®. Moreover, the reduction in size also leads to a faster algorithm when using parallelization.
We wrote a program in Julia Bezanson et al. [2017], Besard et al. [2018] for computing
arbitrary dimensional sandpiles which implements these improvements. The program, which

may be freely used and modified, is included in the arXiv post.

5.2 Preliminaries

5.2.1 Babai-Gorodezky technique

In this subsection and the next, let sg < 2(2d) — 1 be an arbitrary initial sandpile on C
and vy its odometer. A straightforward induction argument and the definition of the graph

Laplacian yields the following lemma.

Lemma 5.2.1. For each x € C and allt > 0,

ea(o) = (LT S 1) (5.4)

Babai and Gorodezky used this simple lemma to prove a nontrivial discrete quasiconcavity
property of the single-source sandpile in 7% Babai and Gorodezky [2007]. A more general
version of their argument appears below in Lemma 5.2.4. Roughly, their technique recognizes
that if a property of the odometer holds at ¢ = 1, is consistent across the symmetry axes,
and can be verified on the boundaries of the domain, it must hold for all ¢ > 1.

Lemma 5.2.1 is used many other times throughout this chapter; notably we use it to

prove a parabolic least action principle and symmetry of the odometer on the hypercube.
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5.2.2  Parabolic least action principle

The least action principle Fey et al. [2010] shows that vso is minimal among all w : C — Z™
which stabilize sg: Aw + sg < 2d — 1. We upgrade this to a parabolic least action principle
by observing the parallel toppling procedure as a directed sandpile on G = Z* x C. The
initial sandpile and odometer over time are stacked, s(t,z) := sg(x) and v(t, z) := v(x) for

all t > 0 and x € C. The graph Laplacian operates on functions f : G — R as

AYf(t ) = —2df(t, ) + > f(t—1Ly). (5.5)

Yy~
for t > 1 and x € C, where the sum y ~ x is over the nearest neighbors of x in C.

Lemma 5.2.2 (Parabolic least action principle).
o(t,z) =min{u: G — ZT : A%u(t,x) + s(t,z) < 2d—1 for allz €C and t > 1}  (5.6)

Proof. Let w(t,x) denote the right-hand side of (5.6). We show using Lemma 5.2.1 and
induction that v(t,z) = w(t,x). Indeed, by the directed structure of G, it suffices to show
this equality one time slice at a time. Equality holds at t = 0 as v(0,z) = w(0,z) = 0.
Assume that v(t',-) = w(t,-) for ¢ <t and let # € C be given. The monotonicity of the

graph Laplacian implies AYw+ s <2d— 1, hence,

A9w(t+1,2)+st+1,2) = —2dw(t + 1,z) + so(z) + Z w(t,y) < 2d,

Yy~

and a rearrangement yields,

So(l‘) + Zywx w(ta y)
2d )

w(t+1,z) > |

By Lemma 5.2.1 and the inductive hypothesis, the right-hand side of the above is exactly
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v(t + 1,z). Similarly, for the other direction,

ASu(t+1,2)+ s(t+1,2) = 2d (SO(I) T %me w(t,y) B LSO(@ + ZQZNCC w(t,y)J)

< 2d,

which concludes the proof by minimality of w. O]

Our usage of the parabolic least action principle in the main argument is minimal and can
be avoided. And, in some sense, it is a restatement of Lemma 5.2.1. We included it as it

may be of independent interest.

5.2.83  Symmetry and fundamental domains

(d)

In this section we observe that sandpile dynamics on Cy;” preserve the symmetry structure of
the d-dimensional hypercube. This is then used to reduce to the sandpile on a fundamental
domain of the hypercube with reflecting boundary conditions. The main contribution of this
subsection is a coordinate-wise description of this domain along with an explicit formula for
the reflecting graph Laplacian.

We briefly provide a presentation of the group of automorphisms of the hypercube and
its action on Z%: for more details see, for example, Godsil and Royle [2013]. Let Autc, be
the group of (d x d) matrices with exactly one £1 in each row and in each column and
Os elsewhere. Let o € Aute, act on x € 74 by matrix-vector multiplication followed by a
translation and let it act on f : Z¢ — R by o f(x) := f(ox). The translation is chosen to
preserve C](\C,i) when N is even or odd in our choice of coordinates.

Each o is an isometry and hence preserves nearest neighbors and C](\C,l). That is, ify & C](\C,l),
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then oy & C](\?l). And, if |y — z| = 1, then |oy — oz| =1, so

M W) =) floy). (5.7)

Yy ~ox y~x

We say 2 C C](\(,i) is a fundamental domain if there exists a set {o1,09,...} C Aute , SO
that (J F o= C](\C,l). For example, a fundamental domain of an interval is half of it, while a
fundamental domain of a square is a right triangle with one side along a central cross section
of the square. The fundamental domains which we consider have coordinate consistency

across dimensions. Let M = [N/2] and
- >xg > 1} (5.8)

Observe that {x;_1 : (x4-1,1) € S](j)} = 8](\3_1); this is the first step towards proving

dimensional reduction on the hypercube.

(d)

Let vt be the odometer function for an initial sandpile, sy, on Cy;” which is symmetric,

osg = sq for all o € Aute,. We show that the parallel toppling odometer coincides with the

symmetrized odometer vf on S](\f,) with appropriate reflecting boundary conditions. That

(d)

is, for each z € S}, and y ~ z there exists a unique rotation or reflection, oy, € Aute s SO

(d)

that oyy € §;/. Let y g x denote iteration over the set {oyy : y ~ x}. For all t > 0 and

T € S(d), let
S so(z) + Zygm v (y)
v (@) = | 5 i (5.9)
where v‘os = 0.

We provide an algorithmic construction of this which we use to prove Lemma 5.2.4 below.
Suppose M > 2, let x € S](\j) be given and define zp = M and z4,1 = 1. The following
algorithm produces a sequence of indices describing the symmetrized nearest neighbors of x.
Start with lp = 0 and pick the largest (d+1) > rg > lp with 2, = zp. If 79 = (d + 1), stop,
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otherwise, set [; = (rg + 1) and repeat, generating

10D () = {(lg, 7o), - -, (Iny )}, (5.10)
where n < (d 4 1). Observe that

M=xjy=ar, < <zp, =xp, <--- <z, =T, =1

so that
n—1
Z ve(y) = Z(l + e — ) (ve(z — ery) + ve(z + elk))
yﬁx k=1
(5.11)
+ (1o — lo)ve(z — erg)
+ (rn — In)(ve(2 — ep,) +ve(x + ¢ )
where vi(z — eg) = vi(x + egyq1) := 0 and
ve () if N is even
vi(z —ep,) = (5.12)

ve(r +ep,) if N is odd.

Lemma 5.2.3 (Symmetry). For eacht > 0 and each o € Aute,, ovy = vi. Hence, vy = Uf

on S](\? )

Proof. We prove symmetry of v¢ by induction and Lemma 5.2.1. At ¢ =0, v = 0, so suppose

symmetry holds at time ¢. Let o € Aute,, z € CZ(\C;) be given. By Lemma 5.2.1, (5.7), and
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the inductive hypothesis,

_ so(ow) + Zy’wax ui(y')
vi1(ow) = | 5
50(01‘) + Zywx Ut((fy)
|‘ 2d
o)+ S )
= 54 ]

= ver1(2).

]

Note that the proof indicates that Lemma 5.2.3 can be extended in a natural way to other
graphs and domains which are preserved under the automorphism group of the graph.
Henceforth, we consider U%S in S](\Z) and drop all S superscripts. To reduce the number
of cases with similar arguments, we only consider N = 2M. Indeed, when N is odd, the
proofs are identical except for slight changes to the boundary arguments. Also, we will use

S](j) to refer exclusively to the sorted fundamental domain of Cé?& The expressions v§d,M)

and sgd’M) will refer to the parallel toppling odometers and sandpiles on SJ(\?.

5.2.4  Derwative comparison

In this section we provide a general parabolic comparison result for first order differences
of v on §j; when the initial sandpile, sq, is constant. For w € Zd, let Dy, denote a first
order difference operator of the form Dyv¢(-) = v¢(-) — v¢(- + w). Pad vy by vi(z) := 0 for

all © € Cpy. Denote the interior with respect to w as
Inty(Syy) ={x € Spy ¢ € Sy for all |y — (v +w)| = 1} (5.13)
and the boundary as

OwSyr = SM\Intw(SM). (5.14)
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Observe that every symmetrized y ~ x € Sy is of the form y = (z £ ¢;) F d;, where d;
is either a reflection, d; = e; or a rotation d; = ¢; — e¢;. We will show that if one can control
Dyyvr over the reflecting, rotating, and dissipating boundaries of Sj;, then that control

persists over time. The dissipating boundary on Sj; is
BgﬁSp)SM:{xESM:(x—i—w)iZMfor some 1 < < d} (5.15)
while the reflecting and rotating boundaries are
Bgef)SM:{xESM:(x—I—w)ig1for some 1 < < d} (5.16)

and

BgOt)SM ={r €Sy (v +w); < (v +w); for some 1 <i < j < d}. (5.17)

For notational convenience write

By = (B glrel) | grothy (5.18)

and By ,...w, = U?Zlei for points w; € 74, Note that in next lemma, we employ our

convention to sometimes omit distinguishing sub/superscripts.

Lemma 5.2.4. Let w := {wq,...,wp} be a set of points in 7% each equipped with a function

gj : 8§ = Z which is superharmonic in the interior of S. If

sup <ijvt0 (x) — gj(x)) <0 forallzeS (5.19)
J
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and for all t >ty and x € {By U Bw}S,

sup(Y_wvr(y) — > w(y) —2dg;(x)) <0

I y'~(z+wy)
. (5.20)
sup(Duw;vi+1(2) — g5(2)) <0
J
then
sup (ijle(x) — gj(a:)> <0 (5.21)
J

forallt >ty and x € S.

Proof. We prove this by induction on ¢, starting at ¢(, the base case guaranteed by (5.19).
Suppose (5.21) holds at ¢ and let w;, x € S be given. First suppose z € {Inty,; N Into}(S).

By Lemma 5.2.1

(2d = 1) + 32y e 0 (Y) = Xty V1Y)

Duy;vpp1(z) — gj(z) < | 54 ] —gj(=)
2d — 1 Dy.v
_ L( ) + ZQZN(E ; t(y)J — 6@)
(24— 1)+ Sy (Dugor®) = i) + X yalojly) — 95(2))
= - J
<0

as gj is superharmonic and integer-valued. If z € {By U By}, then we either use the same
argument or conclude depending on the case in (5.20).

]

As a corollary, we deduce the following discrete quasiconcavity property of v; on a hypercube,
which was proved in Babai and Gorodezky [2007] for axis monotonic initial sandpiles on Z2.

(Note that Aleksanyan and Shahgholian, using a discrete analogue of the method of moving
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planes, proved axis monotonicity of vso in Aleksanyan and Shahgholian [2019].)
Corollary 5.2.1 (Axis monotonicity Babai and Gorodezky [2007]). For allt > 1, x € S,
and all sets of indices
and
T =1, dm in <j1 < <jm < d}

where n > 1 and m > 0 we have
v(x) > v(x+er —ey) for(x+er—eq) €S

where e =) ;o7 e; denotes a sum over standard basis vectors indexed by Z.

We also have control on the derivative given an odometer upper bound on the dissipating

boundary.

Corollary 5.2.2 (Derivative bound). Suppose voo(M,14_1) < kM for integer k > 1. Then,
forall1<j<dandt>0

ve(r) — v (x + ej) < kay. (5.22)

Proof. The claim is immediate if M = 1, so suppose M > 2. Let e¢; and = be given and let

1D (1) = {(lg,70), - . ., (ln, )}, (5.23)

be the indices describing the nearest neighbors of x as defined in Section 5.2.3 above.

Pick the largest index J so that

ly<j<ry,
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vi(z +ej) = ve(z +eg,), and (recalling [y =771 +1)

{"'7<ZJ—17TJ—1+1)>(ZJ+1>TJ)>"'} if @p;_ =z, +1
1M (7 4¢) ) = T (5.0

{yrg1), g ly), U+ Lrg) b iy, >a, + L

As g;(z) := kx; is harmonic in the interior of S, it remains to check (5.20) in Lemma

5.2.4. For later reference, we label the expression we bound,

doul) - >, wly). (5.25)

y~x y'~(zte )

The computations are similar in other cases, so we assume ;| =27, +land lj+1 <.
Case 1: J=0

As we are on the dissipating boundary, v¢y1(z +¢;,) =0 and 2y, = --- = z; = M, hence
U1 (2) —ver1 (@ +eg,) = vp1(2) < voo(M, 1g-1) < kM

by axis monotonicity and our assumption on the odometer.
Case 2: 1< J<n

We compute (5.25), observing that all differences except for those near r; are unaffected by
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the symmetrization;

n—1
(5.25) = o (Ut =)@ —ey) —vr(z — ey +eg,))
k=1,kZ[J—1,J]
n—1
+ > (g =)z +eg) — vele + ¢y +eq,))
k=1,kg[J—1,J]

+ (ro — lo)(ve(z — ery) —viz —ery +¢y))
+ (1 = In)(ve(x) —ve(x +ep,) +ve(z +ep,) —ve(x + e, +eg,))
+Xg-1,0}

S (2d — 2(1 + T’J — l(]fl))kl’j +*{J_1’J}

where x¢;_1 7 is defined as the sum of terms in the difference with indices {J/ —1, J}. This

can then be computed,

w1,y = A +ry=l)e —ery) + oz +e))
—(ry =1z +ep;, —er)) +vi(x+ e, +e,41))
+ (A +ryor—l—) (@ —epryy) Fve(@ +eg, )
—2+rja—l-)e+ ey —epy) Hula +e, +e; )
<(rg—1g)2kej+ (1 +rj_q—lj_1)(k(z; +1—1)+ kz;)
+k(zj —1)+k(x; +1)

= 2(1 +ry— lJ,l)kIj.

Case 3: J=1<n
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We bound differences with indices {0, 1} in (5.25),

*0,1) < (ro — lo)kay,
+ (r; — ll)Qkxll
+ (ve(z — ery) —ve()) + (ve(x +€1,) = 0)
< (ro —lo)kxy, + (r1 — 11)2kxy, + k(xg, — 1) + k(27 + 1)

< 2(r1 — lo)kxy,.

Case4: J=n>1

We bound differences with indices {n — 1,n} in (5.25),

*n—im) < (L1 — 1) (k(zr, _, — 1) + kay,)
+ (rn — ln — 1)(kxy, + kg 4q)
+ (ve(z) —ve()) + (v +ep,) —ve(x + e, +ep, )
< (M +rpo1 = lp—1)2kxy, + (rp — In — 1)2k2;,
+ k(x, )

< 2(rn — lp—1)kxy, .

In the last step we used z; | =25, +1 =2z .

Case 5: J=n=1
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We bound differences with indices {0,n} in (5.25),

oy < (ro = lo)(k(zry — 1))
+ (rn = ln — V)(kxy, + kxy, 1)
+ (ve(x +¢;,) — 0) + (ve(x) — ve(z))
< (rg — lo)2kzy, + (rn — by — 1)2kay,
+ kg,

< 2(rn —lp — 1)k, .

5.2.5 Weak topple control

We provide a difference-in-time analogue of Lemma 5.2.4

Lemma 5.2.5. For allt >ty and 7 > 0,

Igleag (UH—j(z) - "Ut(z)) < glgg (Ut0+j(2) - Uto(z))

Proof. We induct on t starting at ty. Suppose the result holds for (f — 1) and let x € S be

given. Lemma 5.2.1 implies

2d —1 Uy i — vy
vy () —vp() < L( ) Sy (QZLJ 1) — o 1(y))J7

hence, by induction

d— d (max,ecs (vig44(2) — veg (2
(2 1)+2 ( EQ«Z(t-‘r]() t()))J:Iznélé((vto_i_j(z)—vto(z)).

vepj(m) —ve(w) < |
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5.3 Explicit solutions for small cubes

In this section, we compute vt(d) when s(()d) =2d+(d—1) for all d > 1 when M = 2. We also
show that dimensional reduction does not occur at dimension d = dy when séd) = 2d+(dp—1)

and M = 1.

5.3.1 Side length two

We first consider the case M = 1. As we do not know how to define a 0-dimensional sandpile,

suppose dgy > 2.

Proposition 5.3.1. When séd) =2d+ (dy— 1), v(()go) =1 but véﬁo_l) 2.

Proof. In dimension d, a corner site of the hypercube has d internal neighbors so A(d)(l) =

—2d + d = —d. Hence, in dimension d,
s\ (1) = (2dg + (dg — 1)) — do = 2dg —
1 = (2do + (dp — 1)) —do = 2dp — 1
however, in dimension (dg — 1),

s107D(1) = (2do — 1) + (do — 1)) — (do — 1) = 2(do — 1).

5.3.2  Side length four

Now, suppose d > 1 and take M = 2. After a radial reparameterization of So, arbitrary
dimensional sandpiles become one-dimensional with a simple nearest-neighbor toppling rule.
Indeed, every x € S9 is of the form x = (2;,1,4_,), for z =0,...,d. Overload notation and
consider s; and vy as functions on {0,...,d}. The Laplacian on the one-dimensional graph

can then be computed using symmetry.
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Figure 5.4: The parallel toppling odometer for sg = 2d + (d — 1) when d = 100 and M = 2.
A black pixel in row ¢ and column x indicates that v¢(z) = v;_1(x) + 1. The top row ist =0
and t increases from top to bottom. The left column is = 1 and x increases from left to
right.

Lemma 5.3.1. If we define 0 = vi(d + 1) = vy(—1), then

Avg(x) = (—=d — 2)vg(z) + (d — x)ve(z + 1) + zvg(x — 1).

Proof. Let x = (24,14_,) so that I&@(x) = {(0,z), (x+ 1,d+ 1)}. Hence, by definition of

the symmetric Laplacian,

Avg(x) = —2dvi(x) + zvg(x — egz) + (d — x) (ve(x) + ve(X + ex41))

= —2dv(z) + (d — x)ve(x) + (d — z)vg(x + 1) + 2vp(z — 1).

]

See Figure 5.4 for a display of the odometer throughout the parallel toppling process
when s(()d) = 2d + (d — 1) in dimension d = 100. Visually, a contiguous block of decreasing
size fires at each step, followed by a ripple of outwards firings. For t > t;:= ([v/d — 1] + 1),

the firing block appears to decreases by one every step. In particular, if a; indexes the right
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edge of the block at time ¢, then a; = d and

L%J for t <ty
at =

a;_1—1 fort >t

This leads to a simple formula for vy.

Proposition 5.3.2. For all d > 1, when s(()d) = 2d + (d — 1), the radially reparameterized

parallel toppling odometer has the following form. For allt > 1,

vi_1(x)+ 1 forxz < ay
ve(z) = (5.26)

ve_1(x) forar <z <a;_q.

And for each t' <t and ay_; > x > ay
ve(x) =vp_1(z —1). (5.27)

Proof. We induct on t. Since sg > 2d, v1 = 1. Suppose (5.26) and (5.27) hold for all ¢/ < ¢t.
Step 1: (5.26)

By strong induction for ¢ < t, (5.26) implies v(z) = t for < a;. Thus,

2d+ (d—1) —tz for v < ay
st(x) =
2d+ (d—1)—te — (d—z) for z = a.
Let g(z) := (d—1) —tx. If g(x) > 0, vep1(x) = ve(x) + 1, otherwise vy 1(x) = v¢(x). When
a1 <@ < ag, g(x) < 0. Indeed, g(az41) < (¢ — 1) and g(z + 1) — g(z) = —¢.

As g is increasing in z, it remains to check g(az1) > 0 forall t. If z < % then g(x) > 0.
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If (t+1) >tg, then

thus

a1 = ar — 1

Step 2: (5.27)
Now, take ay_q > o > ay for 1 < ¢ < (t —1). If vy(x — 1) = v(z) + 1, then by
strong induction for ¢ < ¢, (5.27) and (5.26) imply that vt(z — 2) = v (z — 1) = ¢/ and

ve(z) =t — 1 =vy(x +1). Thus,

sg(z) >2d+(d—1) — (' —2)z
>2d+ (d—1) — (t' - 2)ay_,
>2d+(d—1)—(d—1)

= 2d.

However,

st(x—1)=2d+(d—1)—tr —d+=x
=2d—1—(t' -1z

<2d-—1,
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ast! > 1. Ifwp(z — 1) = ve(z) = ve(x + 1) = (¢’ — 1), then

si(z) <2d4+(d—1)— (' — 1)z
<2d+ (d—1)— (' —1)(ay)

< 2d.

5.4 Odometer regularity in dimension one

From here onward, suppose sg = 2d. We start the inductive proof of Theorem 5.1.1 by
establishing some regularity of the odometer in the critical dimension d = dy = 1. In the
next section, we inductively use dimensional reduction to show that d > 2 sandpiles inherit
this regularity. This regularity ensures that the dynamics of lower-dimensional sandpiles
agree with their higher-dimensional embeddings.

When reading Section 5.5 below, the reader should observe that whenever Proposition
5.4.1 (or something close to it) holds, dimensional reduction follows. For example, if a version
of this result is established in every critical dimension dy > 1, then dimensional reduction
follows for all sandpiles of the form 2d + (dy — 1) in dimensions d > dy. Proposition 5.3.2

should be understood as a step in this direction.

Proposition 5.4.1. Recall the definition of 7; from Theorem 5.1.1. For all M > 2 and d >

1, the odometer maintains the following properties throughout the parallel toppling process.

Self-similarity For each 1 < j < M andt < T;

v (x) = vt(j)(x — (M —3j)) forx>M —j. (5.28)
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Weak facet compatibility Forallx; >2,t>1,1>0,j>0andi+j+1=d

Ut(M)(Xi, 1,1;) = UgM)(sz 2,1;)+1
— (5.29)

M M
oM (x;,1,15) = oM (x,1,1;).

Strong facet compatibility For allx; >2,j>0,i<d, (t <7py andi >0) or (i > 1

andt > 1)
o™ ) — oM (x 4 2¢;,1) < 2 (5.30)
and
o™ i, 1,15) = o (x,2,1) + 1
-
(M) (M) (531)
vy (%3, 1,15) = v (x4, 1, 15)
M M
UIE_H)(XZ', 2,1;) = UIS )(Xi, 2,1;) + 1.
Strong topple control For allt > 1p7_1,
sup (vpg2(x) —ve(x)) < 1. (5.32)

xeSny

Proof of Proposition 5.4.1 for d = dg = 1. The proof proceeds by induction on M and then
on t. When M = 2,

o)™ 2)
t=1|1 1
t=2|2 1
t=3|2 2
t=4|3 2
and U%Mﬁl)(l) = véMﬁl)(l) = 1 which verifies the base case. Now, let M be given and note
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that v&M)(x) =1forall 1 <z < M and véM)(x) =2for1 <z < M and ng)(M) =1L

Hence, suppose (5.28),(5.29),(5.30),(5.31), hold for (M — 1) for all ¢ > 1 and suppose they

hold for M for all # < (¢t —1). We verify each inductive step.

Self-similarity: (5.28)

By strong induction, it suffices to show ng)(:v) = vt(M_l)(:r — 1) for x > 2. By Lemma

5.2.1,
(M) (M)
v,_(z+1)+v_(z—1)
o) = 14 [
for x > 1. Hence, by (5.28) at (¢t — 1), for x > 2,
(M-1) (M-1)
v, () + v, (x —2) _
vng)(x):1+L =1 2t 1 J:UIgM 1)(93—1)
For x = 1, we have reflection at the origin,
(M—1) (M—1) (M) (M)
_ v, (2)+v o (1) v, (3)+v,_1(2)
U]ng)(l):l—i-Ltl 2t1 J—1+Lt1 2t1 J
Hence, if v\ (1) = v{*(2), then o™ V(1) = o™ (2),

When vﬁ/‘?(l) = vg/[l)(Q) + 1, we instead use strong facet compatibility in both layers.

If vﬁﬁ_l)(l) = vﬁ/ll_l)(Q), then vt(M_l)(l) = vgﬁ_l)(l) + 1 and we are done, so suppose
not. Since sites topple at most once per time step by Lemma 5.2.5, the odometer must then

be, for some v > 2:

o ()™ (2™ (3)
t—2|v v v—1
t—1lv+1 |v v—1
t o+l v+l |>(v-1)

This contradicts strong facet compatibility for vt(M_l)(l) from (t —2) — (¢ — 1), which we
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can use as t < 7j7_1 and hence (t — 1) < 7p7_1.

Weak facet compatibility: (5.29)

If vy(1) = v4(2) + 1, then Avy(1) = —1 and so vey1(1) = ve(1).

Strong facet compatibility: (5.30) and (5.31)

We use Lemma 5.2.4 to show (5.30). The function g(x) = 2z is harmonic in the interior of
the interval so it suffices to check the dissipating and reflecting boundaries. We control the
dissipating boundary using ¢ < 73, and the reflecting boundary with (5.29).

Ast <7y, vi(M) < (M — 1) and hence by Corollary 5.2.2,
w(M—1) < (M)+ (M —-1) <2(M —1).

For the reflecting boundary, i.e., z = 1, we check

douly) - D uly

y~z Y ~(x+2)

= (0r(1) = ve(2) + (04(2) — ve(4)) < (ve(1) — w0 (2)) + 4.

If v¢(1) — v¢(2) = 1, then v411(1) = v¢(1) by weak facet compatibility. Otherwise,

douly)— D wly) <4

Y~ y'~(2+2)

and we conclude that

ve(x) — vp(x + 2) < 2.
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Taking x = 1, this implies
Av(2) > —204(2) + v (1) + (1) =2 > 0,
which shows (5.31).

Strong topple control: (5.32)

By Lemma 5.2.5, it suffices to show

xsel‘lS‘I])w <UTM_1+2(x) - UTM_1($)> <1
First observe that (5.28) for vt(M) and (5.32) for vt(M_l) imply that

TM—1 2 Tam—9 + 2. (5.33)
Suppose for sake of contradiction that

(vrar1r2(@) = vryy (@) =2

for some 1 <z < M. Lemma 5.2.5 then implies that some neighbor y ~ x must have toppled

twice previously. Pick the maximal such y. We consider three cases for y.
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Case 1: y >3
We first note that o) (y) = oM=L (y — 1). Indeed, by (5.28), as (y — 1) > 2,

Tm—1+1 T YTyt
(M) (M)
vry (1) dogy, (= 1)
oM ) =14 [ |
e @ V-2
2

=y -1

Hence,

2

- UTM_1—|—1

which contradicts (5.32) for ng_D.

Case 2: y =2

We claim that viﬁzﬁrl@) = Ug\M/[__llle(l), in which case we can use the argument of Case 1.

If not, then vg]\\/j{l (2) = ng\\jL(S) +1 but vg]\\;le(l) = v&%}l (2) + 1. This implies that either

or

o )=o)+

both which contradict weak facet compatibility.
Case 3: y=1

In this case, the odometer near the center must be, for some v > 1,
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Tv—1 — Llv v v

TV -1 v+1 |jv+1 |v

-1+ 1llv+2 |jv+1 |>(v)

This shows ng) 5(2) = v — 1. Indeed, if 1;5 ) (1) = v —1, then as Av( ) (1) >0

M—1— - T™M—1—2
M M
v5M31_2(2) —1. If vi )1_2(1) = v, then Avi )1_2(1) < —1 and U7('M31—2(2> =0v—1.
Hence,

P =l @ =0l o) r2=0M,2) 1o,

which contradicts (5.32) for ng_l) using (5.33).
[

Note that the comparison principle for sandpiles (see, for example, Proposition 3.3 in

Bou-Rabee [2021a]) shows

(M(M+1) —az(x—1)),

DN | —

Voo() =

and so Vso(T) — Voo(x + 1) = z. Hence we must use an assumption like ¢t < 7y for strong

facet compatibility.

5.5 Odometer regularity and dimensional reduction

We now prove Proposition 5.4.1 for d > 2 together with dimensional reduction,
d,M d—1,M
oM g1, 1) = oM (), (5.34)
by strong induction on M, d, and t. Specifically, given M, d, and t, suppose

(5.28), (5.29), (5.30), (5.31), (5.32)
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hold for

U !
(M) e all M > 1, ¢ >1,d < d,

!
v(d’M) for all M < M, t' > 1,

for all t/ < t.

U !
We also suppose (5.34) holds for vﬁiM) for all d > 2 and M’ < M. Indeed, vgd’M) =1 for

all d > 1 and M > 1.

5.5.1 Dimensional reduction

We start the induction in time by proving dimensional reduction given odometer regularity
at (t —1). Let x4_1 be given and pick the smallest d > i > 0 so that (x;,14_;) = (x4_1,1)-

By symmetry,

A<d)vt(i)1 (xi,1q-4) = —det@l (xi: 1)

+ Z Ut(g)l(}’iald—i)

Yi~Xq

+ (d — 1) (”t@l (x4, 1g—;) + U@l (x4,2, 1d—i—1)> :

We consider two cases at time (¢ — 1).

d d
Case 1: Ug_)l(xz', 1) = U,E_)l(xz', 2,151

By (5.34) at (t — 1), vﬁ)l(xi, 1,-5) = Ut(i_—il)(xi, 1). Thus,

AD M (s 1y ) = —2i0 V x 1)+ 3 o (i, 1)
Yi~X;

= AL o 1)

which concludes this case as vﬁd) = vt(ﬁ)l + 1(A(d) vﬁ)l >0).
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d d
Case 2: vg_)l(xi, 1,.5) = Uzg—)l (x4,2,14_;_1) +1

i+1) (d)
~1

If i < (d—2), then (5.29) for (¢ — 1) — ¢ for both Ut( and v,_’; imply that

vﬁiﬁ”(xi, 1) = %@1 (%3, 1) = vﬁd) (%3, 1) = vﬁi“)(xi, 1).

If i = (d —1), then (5.31) and (5.34) at (t — 1) and (¢ — 2) imply that

o g ) = 0l (xgo1.1) = 0\, (g1, 1) + 1= 0 ) + 1.

If (t—2)>71p_1, (5.32) for Ut(i) and vlgd) imply that

d—1)

D (xg1) = 0!V (xgo1) = 0\ (xg1,1) = 0l (x4, 1),

Ut

If (t —2) < Tpr_1, then (5.28) and (5.34) for vﬁil_l) show

d,M d,M—1 —1,M-1
ol M g1, 2) = o gy — 1) = o - 1),
Similarly,
d,M d—1,M d—1,M~1
oD e 1) = o ) = oM gy - ).
Therefore, for all ¢ < 737_1,
d,M d,M
Ut(/ )(Xd—17 2) - UE/ )(Xd—17 1)7 (535)

this however contradicts the case we are in.

5.5.2  Odometer reqularity in dimensions larger than one

We verify each inductive step.
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Self-similarity: (5.28)

As (5.28) holds for (M — 1) at t, it suffices to show that if ¢t < 73, 1 and x > 1,

(M)

vy (x)=v  (x—1). (5.36)
We split verification of this into cases.
Case 1: x> 2
As (5.36) holds for (¢t — 1), by Lemma 5.2.1,
M
an 50+ o ()
v (%) = ]
2d
M-1

B LSO(X — D+ 2 yx-1) o™ )(y)J

B 2d

— oMV (x 1),

Case 2: x = (x;,2) for x; >2and 0 < j <d
We show that if Avﬁ? (x) > 0, then Avﬁﬁ_l)(x — 1) > 0. First, decompose the Laplacian

into a sum of discrete second differences,

d
At (x) = > A(z’)%%) (%),
i=1

where
Ay (x) = —21)&41) (x) + vﬁ? (x+e;)+ vﬁ? (x —¢;).

Observe that (5.28) at (¢ — 1) implies, A(i)vt(ﬁ/[l) (x) = A(i)vgﬁ_l)(x — 1) for all i < j and

for i > j,
A (U%’l)(x —1)—v,_{(x)=v,_; (x—e—1)— vﬁ? (x —¢€;).
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By reflectional symmetry, for each ¢ > j,

(M-1)

v, (x—e—1)= vﬁ/[l_l)(x —1) = vﬁ/[l) (x),

thus

Ay @M - 1) = oM x)) = oM (30 - oM (x — ). (5.37)

1t o M) (x) = (M

i1 Ut—l) (x — ¢;) for all i > j, we are done, so suppose otherwise.

Take i > j where (5.37) # 0. By (5.31),

=v_ [ (x—e) —1l=v_5(x—¢). (5.38)

By (5.28) and (5.31) for v "5V if

then

v (x)=v_; (x—-1)= vﬁé_l)(x —1)+1= Ut(%) (x)+1

which contradicts (5.38). Moreover, by (5.31) we must have for each neighbor (y — ¢;) ~
M M
(x —e€;), v§_1) (y) > U§_2) (y — €;). Thus,

Avg/‘[l_l)(x —-1) > Avﬁ@ (x —¢;) >0. (5.39)
Strong facet compatibility: (5.30) and (5.31)
We first use
ve(xi—1,1,15) —ve(x;-1,3,15) <2 (5.40)

together with the inductive hypotheses to show (5.31), then we verify (5.30) below.
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Suppose vg(x;-1,1,1;) = v(x;-1,2,1;) + 1. By (5.31) at (x;,1,1;) from (¢t — 1) — ¢,

Avp_1(x;,1,1;) > 0. Hence, it suffices to show
Avy (XZ‘,Q, lj) > Avp_q (Xi7 1, 1j) .
We use symmetry to decompose each Laplacian;

Avt (Xifl, 2, lj) = —det (Xifl, 2, lj)

(i—1)
+ 30 (wlxi ey 2,15) +vrlx; — e,2,15) (5.41)
ot
+ (x4, 1,15) + ve(x4, 3, 15) (5.42)
+ 7 (ve (x4, 2,15) 4+ 04(x4,2,2,15_1)) (5.43)

while

Avy_q (Xi—17 L, ]-j) = —2dvt_q (Xi—lv L, 1])

(i—1)
+ Z <’Ut_1(Xi + €45 1, 1]) + vt_l(xi — e, 1, 1])) (544)
—
+vp1(xi, 1, 1) + o1, 2, 1) (5.45)
+ 7 (ve—1(x4,1,15) + ve1(x4,2,15)) . (5.46)

By (5.31) from (t —1) = ¢, v;—1 (xj_1,1,1;) = v (xj-1,2,1;). Also (5.31) shows that each
yi ~ x; with y; > 2, vt(Y’bQ? 1]) > Utfl(y'ial?lj)' It Xi — ey Z 2, Ut(Xi - ej’7271j) =
v(x4,1,15) > v41(x;,1,1;). This shows that (5.41) > (5.44). Next, (5.40) implies

(5.42) > 2vy(w4,1,15) — 2,
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while (5.31) from (¢ — 1) — ¢ implies
(5.45) < 2vp_1(z4,1,15),
hence (5.42) > (5.45). Finally, by (5.31) from (t — 1) — ¢,
vt(24,2,2,151) > vp1(24, 2, 15)

which implies (5.43) > (5.46).
We now verify (5.30) for different regimes of t.
Case 1: t<Tp,12>1

We use Lemma 5.2.4 as in the proof for d = 1 to show that
v(x) — v (x + 2¢;) < 2,
forall d <7 <1 and x € Spy. Indeed as t < 7y
v(x) —ve(x +ej) < xj (5.47)

for all x € Sy and 1 < j < d. Hence, vy(x) — vg(x + 2¢;) < 2(M — 1) on Oa¢;S)y for all
1 < j < d. The reflecting boundary is checked in the same way as d = 1, using weak facet
compatibility in higher dimensions.

Case 2: t > 1y, 12> 2
Here we show that

ve(x) — ve(x + 2¢7) < 22

for all d > ¢ > 2 and x1 > 2. We again use Lemma 5.2.4 except the region in which we

have the derivative bound shrinks and therefore our boundaries change. The dissipating
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boundary gets smaller, Bldisp) .— {r € Sy xzj = M — 1 for some 2 < j < d} and the
reflecting boundary remains the same except for the removal of a single point, 1. By axis
monotonicity, sup__ z(disp) ve(z) < v(M,1) < M. Checking the reflective boundary is as in

d =1 except for the point (2,15_1). We show directly that
ve(2,1g-1) < vp(3,2,145_9) + 2. (5.48)

Suppose for sake of contradiction that v¢(2,145_1) = v¢(3,2,14_9) + 2 and Av(2,14_1) >0
but Av(3,2,15_1) < 0. As (5.30) has been verified for all x € Sy; other than (2,15_1),
(5.31) holds for (3,2,1,;_71) and so v¢(3,2,15_9) = v¢(3,14_1). Then, by definition of the

symmetric Laplacian, weak facet compatibility, and axis monotonicity,

Ave(2,19-1) = —2dv(2,14-1)
+ (3, 1g-1) +ve(1,1g-1)
+(d—1) (v(2,1g-1) +vi(2,2,149))
< —204(2,1g-1) +or(3,1g-1) +or(1,14)

S _17
which is a contradiction.

Weak facet compatibility: (5.29)

The only remaining case is

ol (1,15) = \(2,15) + 1.

By symmetry,
Aof(1,15) = (o2, 15) = (P (1,17)) = —d.
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Strong topple control: (5.32)

We use strong topple control established in dimension (d — 1). Suppose for sake of contra-

(d)

diction there exists x € S]\ii[ with vy, 4o(x) — vy, (x) = 2. Pick x = (x4_1,7) so that

x > 1 is minimal.

Case 1: z =1
By dimensional reduction at time 757_1, UQM/[’_dl) (xg—1,1) = UQM/[’_Ci_l)(xd_l). By the

parabolic least action principle,

(M.d)

M,d—1
( J(x4-1) > Uras g 42(Xa-1,1),

TM,1+2

which contradicts (5.32) for ng’d_l).
Case 2: v =2
By (5.35),
o a1 ) = o Va1, 2)

(M.d)

which in turn, by axis monotonicity, implies v 1o(Xg-1,1) = v&%’_dl) (x4-1,1) + 2, which
contradicts the minimality of z.
Case 3: >3

Some neighbor y ~ x must have toppled twice previously. As z > 3,y = (y4_1,y) for

y > 2. The same argument for d = 1 when y > 2 then implies, Ur 41 =U5 . 1]

which contradicts (5.32) for ng_l’d).
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