Time-Dependent Quantum
Mechanics and Spectroscopy

Andrei Tokmakoff
December 2014



Contents

TIME-DEPENDENT QUANTUM MECHANICS

1. INTRODUCTION

1. Time-Evolution with a Time-Independent Hamiltonian
2. Exponential Operators
3. Two-Level System

THE TIME-DEPENDENT HAMILTONIAN

2. TIME-EVOLUTION OPERATOR

1. Time-Evolution Operator

. Integrating the TDSE Directly

. Transitions Induced by Time-Dependent Potential
. Resonant Driving of a Two-Level System

. Schrodinger and Heisenberg Representations

. Interaction Picture

. Time-Dependent Perturbation Theory

8. Fermi’s Golden Rule

NOoO b~ wN

3. IRREVERSIBLE RELAXATION
4. THE DENSITY MATRIX
5. ADIABATIC APPROXIMATION

1. Born—Oppenheimer Approximation
2. Nonadiabatic Effects

3. Diabatic and Adiabatic States

4. Adiabatic and Nonadiabatic dynamics
5. Landau—Zener Transition Probability

6. INTERACTION OF LIGHT AND MATTER

1. Electric Dipole Hamiltonian
2. Supplement: Review of Free Electromagnetic Field
3. Absorption Cross Section

CONCEPTS AND TOOLS FOR CONDENSED PHASE DYNAMICS

7. MIXED STATES AND THE DENSITY MATRIX

8. IRREVERSIBLE AND RANDOM PROCESSES

1. Concepts and Definitions
2. Thermal Equilibrium
3. Fluctuations



9. TIME-CORRELATION FUNCTIONS

1. Definitions, Properties, and Examples

2. Correlation Function from a Discrete Trajectory
3. Quantum Time-Correlation Functions

4. Transition Rates from Correlation Functions

10. LINEAR RESPONSE THEORY

1. Classical Linear Response Theory

2. Quantum Linear Response Functions

3. The Response Function and Energy Absorption
4. Relaxation of a Prepared State

SPECTROSCOPY

11. TIME-DOMAIN DESCRIPTION OF SPECTROSCOPY

1. A Classical Description of Spectroscopy
2. Time-Correlation Function Description of Absorption Lineshape

3. Different Types of Spectroscopy Emerge from the Dipole Operator

4. Ensemble Averaging and Line-Broadening

12. COUPLING OF ELECTRONIC AND NUCLEAR MOTION

1. The Displaced Harmonic Oscillator Model
2. Coupling to a Harmonic Bath
3. Semiclassical Approximation to the Dipole Correlation Function

13. FLUCTUATIONS IN SPECTROSCOPY

1. Fluctuations and Randomness: Some Definitions
2. Line-Broadening and Spectral Diffusion

3. Gaussian-Stochastic Model for Spectral Diffusion
4. The Energy Gap Hamiltonian

5. Correspondence of Harmonic Bath and Stochastic Equations of Motion

APPLICATIONS

14. ENERGY AND CHARGE TRANSFER

1. Electronic Interactions

2. Forster Resonance Energy Transfer

3. Excitons in Molecular Aggregates)

4. Multiple Excitations and Second Quantization
5. Marcus Theory for Electron Transfer

15. QUANTUM RELAXATION PROCESSES

1. Vibrational Relaxation
2. A Density Matrix Description of Quantum Relaxation



1. INTRODUCTION

1.1. Time Evolution with a Time-Independent Hamiltonian

The time evolution of the state of a quantum system is described by the time-dependent
Schrédinger equation (TDSE):

A

ih%yx(?,t):H(?,t)l//(F,t) (1.1)

H is the Hamiltonian operator which describes all interactions between particles and fields, and
determines the state of the system in time and space. H is the sum of the kinetic and potential
energy. For one particle under the influence of a potential

A=l 90 (12)

2m b .

The state of the system is expressed through the wavefunction l,//(?, t). The wavefunction is
complex and cannot be observed itself, but through it we obtain the probability density
P= ‘1// (7, t)‘2 which characterizes the spatial probability distribution for the particles described

by H attime 7. Also, it is used to calculate the expectation value of an operatorzzl
(4(0)=[v 7.0y dy (F.0)d7 = (w (1) dlw (1)) (13)

Physical observables must be real, and therefore will correspond to the expectation values of
Hermitian operators (21 = /Al*) .

Our first exposure to time-dependence in quantum mechanics is often for the specific
case in which the Hamiltonian H is assumed to be independent of time: H=H (7) We then
assume a solution with a form in which the spatial and temporal variables in the wavefunction

are separable:

v (7.t)=p(F)T(1) (1.4)
mth)%wp% (1.5)

Here the left-hand side is a function only of time, and the right-hand side is a function of space
only (7 , or rather position and momentum). Equation (1.5) can only be satisfied if both sides are

equal to the same constant, £ . Taking the right-hand side we have

%:E = H(7)p(F)=Ep(F) (1.6)
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This is the Time-Independent Schrodinger Equation (TISE), an eigenvalue equation, for which
(0(7) are the eigenstates and E are the eigenvalues. Here we note that <Ifl > = <y/|ﬁ |1//> =F,so
H is the operator corresponding to £ and drawing on classical mechanics we associate( ) with
the expectation value of the energy of the system.

Now taking the left-hand side of (1.5) and integrating:

L 1 ar _ 0 iE _
,hmg_E = (6t+ - JT(t) 0 (1.7)
T(t)=exp(—iEt/h) (1.8)

So, in the case of a bound potential we will have a discrete set of eigenfunctions ¢, (F) with
corresponding energy eigenvalues E, from the TISE, and there are a set of corresponding
solutions to the TDSE.

v, (75 1) =, () exp(=iE,t/ h) (1.9)

Since the only time-dependence is a phase factor, the probability density for an eigenstate is

v, (t)r: constant. Therefore, the eigenstates ¢(7) do not change

independent of time: P =

with time and are called stationary states.

However, more generally, a system may exist as a linear combination of eigenstates:
- - ~iEtlh (=
v(70)=2 e, (7.0)=2 ce™"p,(7) (1.10)

*=1. For such a case, the probability density will

where ¢, are complex amplitudes, with zn c,
oscillate with time. As an example, consider two eigenstates

—iEt/h —iEst/h

'/’(F:t):‘//l'ﬂ//z:cl%e Tope (1.11)
For this state the probability density oscillates in time as
2 2
P(t)=lw[ =l +v|
2 2 * * —i(w,— * * +i( @y~
:|Cl(pl| +|Cz¢z| +¢ 6P € [zl TG 00, pe (zen) (1.12)

= |W1|2 "'|W2|2 + 2|V/1W2|COS((W2 _wl)t)

where o, =E, /h. We refer to this state of the system that gives rise to this time-dependent
oscillation in probability density as a coherent superposition state, or coherence. More generally,
the oscillation term in eq. (1.12) may also include a time-independent phase factor ¢ that arises

from the complex expansion coefficients.
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As an example, consider the superposition of the ground and first excited states of the quantum

harmonic oscillator. The basis wavefunctions, y/,(x) and y,(x), and their stationary probability

densities P =(y,(x)|y,(x)) are

Basis wavefunctions

1 T

Basis state prob. density

T 1 T

If we create a superposition of these states with eqn. (1.11), the time-dependent probability
density oscillates, with (x(t)) bearing similarity to the classical motion. (Here co = 0.5 and c1 =

0.87.)

P(x,t)
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Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 405.

2. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 1.

3. Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications:
Mineola, NY, 2002; Ch. 2.
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1.2. Exponential Operators

Throughout our work, we will make use of exponential operators of the form

~

T — e—l}:l

We will see that these exponential operators act on a wavefunction to move it in time and space.
Of particular interest to us is the time-propagator or time-evolution operator, U =e , which
propagates the wavefunction in time. Note the operator T isa function of an operator, [ (121) A

function of an operator is defined through its expansion in a Taylor series, for instance

~ 7[A = _ila " B 12114
T=e 4 _ Z( ) ZI—ZA—T—"' (113)

Since we use them so frequently, let’s review the properties of exponential operators that
i

can be established with eq. (1.13). If the operator Ais Hermitian, then 7 =e™ is unitary, i.e.,
T'=T". Thus the Hermitian conjugate of T reverses the action of 7. For the time-propagator
U, U is often referred to as the time-reversal operator.

The eigenstates of the operator A also are also eigenstates of f (121) , and eigenvalues are
functions of the eigenvalues of A. Namely, if you know the eigenvalues and eigenvectors of A ,

1e., 1&(0” =a,p,, you can show by expanding the function that
f(A)e,=f(a,)e, (1.14)

Our most common application of this property will be to exponential operators involving the
9,)=E,|@,) implies

Hamiltonian. Given the eigenstates @,, then H

—ift/h

e —iE,t/h

g)=¢""]p,) (1.15)

—iHt/h

Justas U=e is the time-evolution operator, which displaces the wavefunction in

time, D_=e " is the spatial displacement operator that moves y along the x coordinate. If we

define D_(1) = e ?*", then the action of is to displace the wavefunction by an amount .
[y (x=2)) = D.(Dw (x)) (1.16)
Also, applying DAX (4) to a position operator shifts the operator by 4
DD, =%+4 (1.17)
Thus e ™*"|x) is an eigenvector of % with eigenvalue x + A instead of x. The operator

~ip,A/h
X

D_=e ™" is a displacement operator for x position coordinates. Similarly, 15}, =e

generates displacements in y and D, in z. Similar to the time-propagator U , the displacement



1-6

operatorﬁ must be unitary, since the action of D'D must leave the system unchanged. That is if
D shifts the system to x from x, , then D' shifts the system from x back to X, -

We know intuitively that linear displacements commute. For example, if we wish to shift
a particle in two dimensions, x and y, the order of displacement does not matter. We end up at the

same position. These displacement operators commute, as expected from [px,py] = 0.

* T2l2

/ Y Ib first move along x by a

_ ibpy[hiap, [h N LY — > ’
|x,p,) =" e %) Y a then along y by b.
| >
a
vt o I > L2Y2
_ priana/h ibpy |x1 J’1> N I 7y reverse order
191

| -

Similar to the displacement operator, we can define rotation operators that depend on the
angular momentum operators, Lx, Ly, and L.. For instance, Iéx(¢) = ¢ =/" gives a rotation by
angle ¢ about the x-axis. Unlike linear displacement, rotations about different axes do not
commute. For example, consider a state representing a particle displaced along the z-axis, |zo).

Now the action of two rotations ﬁx and ﬁy by an angle of n/2 on this particle differs depending
on the order of operation.

z

e*f%Ly/h eﬁ%L‘/h | ZO> =
— -

rotation by £ partICIG on —y axis

; rotation by £
about y—axis

about x—axis

iz —iZL [h
elzL,;/h e 2,/ |Z()>:> ) .
—— — particle on +x axis
rotation by % rotation by -
about x—axis about y—axis

The results of these two rotations taken in opposite order differ by a rotation about the z—axis.
Thus, because the rotations about different axes do not commute, we must expect the angular
momentum operators, which generate these rotations, not to commute. Indeed, we know that

[Lx,Ly] = ihL:, where the commutator of rotations about the x and y axes is related by a z-axis
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rotation. As with rotation operators, we will need to be careful with time-propagators to
determine whether the order of time-propagation matters. This, in turn, will depend on whether
the Hamiltonians at two points in time commute.
Finally, it is worth noting some relationships that are important in evaluating the action of
exponential operators:
(1) The Baker—Hausdorff relationship:

exp(iG2)d exp(-iG2) = A+iaG.A] + (l’zzﬂ[é,[é,,aﬂ -
o (1.18)
(2 e[ofe-[e.aT])-]
2) If A and B do not commute, but [/Al,é] commutes with A and B , then
ot = ghgho M) (1.19)

3) ¢t e = e ¢t o 1P (1.19)
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Time-Evolution Operator
Since the TDSE is deterministic and linear in time, we can define an operator that describes the
dynamics of the wavefunction:

w(t)=U(t1))w(1,) (1.20)
U is is the time-propagator or time-evolution operator that evolves the quantum system as a
function of time. It represents the solution to the time-dependent Schrodinger equation. To
investigate its form we consider the TDSE for a time-independent Hamiltonian:

%l/f(?,t)+%w(7,t):0 (1.21)

To solve this, we will define an exponential operator T =exp(—i1:It/ h), which is defined

through its expansion in a Taylor series:

A A 2
A A iflt 1 (ift
T:exp(—th/h) = 1—7+5(7) — (1.22)

You can also confirm from the expansion that 7' = exp(iI:It/ h) , noting that H is Hermitian

and H commutes with 7 . Multiplying eq. (1.21) from the left by T~', we can write

ﬁ{exr)[@}//(it)}m (1.23)
ot h
and integrating #, — ¢, we get
exp(%jw(?,t)—exp(iliton(F, 1,)=0 (1.24)
w(?:t)=exp[@}u(ﬂ £) (1.25)
So, comparing to (1.20), we see that the time-propagator is
Ul(t, to)zexp[@} (1.26)

For the time-independent Hamiltonian for which we know the eigenstates ¢, and
eigenvalues En, we can express this in a practical form using eq. (1.14)

—iE, (t—ty)/7

v, (7.t)=e v, (7,1,) (1.27)
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Alternatively, if we substitute the projection operator (or identity relationship)

2.

n

?.)(¢.|=1 (1.28)

into eq. (1.26), we see

U (t,,)=e " >
_ z e_iwn(t_t();l
So now we can write our time-developing wave-function as
v, (7. 1)) = ¢n>;e"“’"(”“) (0,|w, (7. 1))
=Y el (1.30)
=20

As written in eq. (1.20), we see that the time-propagator U (t, tO) acts to the right (on

2,)(®,

?,)(2. |

?,)

kets) to evolve the system in time. The evolution of the conjugate wavefunctions (bras) is under

the Hermitian conjugate of U (¢, ¢,) acting to the left:

(v (0)]=(w (1,)|U0"(1.1) (131)
From its definition as an expansion and recognizing H as Hermitian, you can see that

A iH (t—t

UT(t,tO)Zexp[¥:l (1.32)

Noting that U is unitary,U'=U"", we often refer to U" as the time reversal operator.



1.3. Two-Level System

Let’s use the time-propagator in a model calculation that we will refer to often. It is common to
reduce or map quantum problems onto a two level system (2LS). We will pick the most
important states for our problem and find strategies for discarding or simplifying the influence of

the remaining degrees of freedom. Consider a 2LS with two unperturbed or “zeroth order” states

goa> and |(ob> with energies &, and ¢, , which are described by a zero-order Hamiltonian Ho:

A

H,= (/’a>5a<¢a +|¢b>5b<¢b|
(& 0 (1.33)
Lo &

These states interact through a coupling V of the form

A

V = (Da>l/ab <(0b |+|(Db>l/ba <¢a
(0 7, (1.34)
W 0
The full Hamiltonian for the two coupled states is V, . V ) e |o.)
The zero-order states are o) € .
H=H,+V
:(g“ V“"j ‘%) &,
I/ba gb & |q0 )
We will ask: If we prepare the system in state |g0a> , what is the time-dependent probability of
observing it in |gpb> ? The coupling mixes these states, leading to two eigenstates of H, (0+> and

|g0_>, with corresponding energy eigenvalues ¢, and ¢ . Since |gpa> and |(ob> are not
eigenstates of H, and since our time-propagation will be performed in the eigenbasis using eq.
(1.29), we will need to find the transformation between these bases.

We start by searching for the eigenvalues of the Hamiltonian. Since the Hamiltonian is
Hermitian, (H!./. =H

ﬂ.) , We write

V,=V, =Ve™ (1.36)

a=l s ver 137
Ve+i¢ gb ( * )

Often the couplings we describe are real, and we can neglect the phase factor ¢. Now we define

variables for the mean energy and energy splitting between the uncoupled states



E=5"5% (1.38)
2
A= g“;g” (1.39)
We can then obtain the eigenvalues of the coupled system by solving the secular equation
det(H—-11)=0 (1.40)
giving
& =E+Q (1.41)
Here I defined another variable
Q=yA*+V? (1.42)

To determine the eigenvectors of the coupled system |(oi>, it proves to be a great
simplification to define a mixing angle € that describes the relative magnitude of the coupling

relative to the zero-order energy splitting through

y Q
tan260 =— 1.43
A (1.43) T
We see that the mixing angle adopts values such that 0 < < /4. Also, we note that A
sin20 =V/Q (1.44)
cos20 =A/Q (1.45)
In this representation the Hamiltonian eq. (1.37) becomes
. — 1 tan 20e ™"
H=FEI+A .
(tan 20" -1 ] (1.46)
and we can express the eigenvalues as
&, =E+Asec20 (1.47)

Next we want to find S, the transformation that diagonalizes the Hamiltonian and which
transforms the coefficients of the wavefunction from the zero-order basis to the eigenbasis. The

eigenstates can be expanded in the zero-order basis in the form

2.)+¢,|0,) (1.48)

|¢i>:ca

So that the transformation can be expressed in matrix form as

(%] - S[q’“] (1.49)
(/8 Dy
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To find S, we use the Schrodinger equation q |(0¢> =&, |¢¢> substituting eq. (1.48). This gives
S _( cos@ e?*  sind ei‘m]

—ig/2 ig/2

(1.50)

—sinf e cosd e

-1

Note that S is unitary since S"=S" and (S") =S5"'. Also, the eigenbasis is orthonormal:

(0.10.)+(p.lp)=1.
Now, let’s examine the eigenstates in two limits:

(1) Weak coupling ( |[V/A| < 1). Here 8~ 0, and |(0+> corresponds to |(pa> weakly perturbed

by the V, interaction. |(p7> corresponds to |(0b>. In another way, as d -0, we find
[0.)=>[¢.) and |o.) = |0,).

(2) Strong coupling ( [V/A] >» 1). In this limit & = n/4, and the a/b basis states are

indistinguishable. The eigenstates are symmetric and antisymmetric combinations:

|¢i>=%(l%>i 2.)) (1.51)

Note from eq. (1.50) that the sign of V dictates whether |(p+> or |¢)_> corresponds to the
symmetric or antisymmetric eigenstate. For negative V' >> A, 8 = —-m/4, and the

correspondence in eq (1.51) changes to F .

We can schematically represent the energies of these states with the following diagram. Here we

explore the range of &, available given a fixed coupling V" and varying the splitting A.

AeE
rs
~
> g €a
Ny E+ -
~ -
. s
H ~ s
: ~ -
: ™ #
,?V ~ -
B )
H P S b
Ve Y
- ~ A
e S
T - ~
- ~
rd Y
b e. <
% o
~ Ep
\

This diagram illustrates an avoided crossing effect. The strong coupling limit is equivalent to a
degeneracy point (A~0) between the states |¢)a> and |¢)b>. The eigenstates completely mix the

unperturbed states, yet remain split by the strength of interaction 2V. We will return to the
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discussion of avoided crossings when we describe potential energy surfaces and the adiabatic
approximation, where the dependence of /" and A on position R must be considered.

Now we can turn to describing dynamics. The time evolution of this system is given by
the time-propagator

U(e)=[e.)e™ (p.|+|o-)e™ (¢ | (1.52)
where @, =¢, /h. Since ¢, and ¢, are not the eigenstates, preparing the system in state ¢, will
lead to time evolution! Let’s prepare the system so that it is initially in goa> .

v (0))=le.) (1.53)

Evaluating the time-dependent amplitudes of initial and final states with the help of S, we find
e, =(p,[UO|0,)

—iFE 2 iQ < 2 —iQ
S t[cos Oe™** +sin” e’ R’}

(1.54)

() =(p,[U®p,)

| (1.55)
= 2sin fcosfe ' sin Q ¢

So, what is the probability that it is found in state |¢)b> at time ¢?

Ba(t)=la (0]
2 (1.56)
= VzV e sin’ Q¢
+

1
where Q, =EVA2+V2 (1.57)

Q,, the Rabi Frequency, represents the frequency at which probability amplitude oscillates

between ¢, and ¢, states.

P, (1)
V2
2+ A?
0 /€L,

Notice for the weak coupling limit (V' — 0), . — ¢, , (the eigenstates resemble the stationary

states), and the time-dependence disappears. In the strong coupling limit (¥ >> A)), amplitude is
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exchanged completely between the zero-order states at a rate given by the coupling: Q, —V/h.
Even in this limit it takes a finite amount of time for amplitude to move between states. To get

P =1 requires a time 7 =7/2Q, =hz/2V .

Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; pp. 405-420.

2. Liboff, R. L., Introductory Quantum Mechanics. Addison-Wesley: Reading, MA, 1980; p.
77.

3. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995; Ch. 2.

4. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994.



2. TIME-EVOLUTION OPERATOR

Dynamical processes in quantum mechanics are described by a Hamiltonian that depends on

time. Naturally the question arises how do we deal with a time-dependent Hamiltonian? In
principle, the time-dependent Schrodinger equation can be directly integrated choosing a basis
set that spans the space of interest. Using a potential energy surface, one can propagate the
system forward in small time-steps and follow the evolution of the complex amplitudes in the
basis states. In practice even this is impossible for more than a handful of atoms, when you treat
all degrees of freedom quantum mechanically. However, the mathematical complexity of solving
the time-dependent Schrodinger equation for most molecular systems makes it impossible to
obtain exact analytical solutions. We are thus forced to seek numerical solutions based on
perturbation or approximation methods that will reduce the complexity. Among these methods,
time-dependent perturbation theory is the most widely used approach for calculations in
spectroscopy, relaxation, and other rate processes. In this section we will work on classifying

approximation methods and work out the details of time-dependent perturbation theory.

2.1. Time-Evolution Operator

Let’s start at the beginning by obtaining the equation of motion that describes the wavefunction
and its time evolution through the time propagator. We are seeking equations of motion for
quantum systems that are equivalent to Newton’s—or more accurately Hamilton’s—equations
for classical systems. The question is, if we know the wavefunction at time to ‘1/1(7, 1, )>, how
does it change with time? How do we determine ‘l//(?,l‘» for some later time ¢ >1,? We will
use our intuition here, based largely on correspondence to classical mechanics). To keep notation
to a minimum, in the following discussion we will not explicitly show the spatial dependence of
wavefunction.

We start by assuming causality: ‘l//(to )> precedes and determines ‘l//(t)>, which is
crucial for deriving a deterministic equation of motion. Also, as usual, we assume time is a
continuous variable:

lim

11,

v()=lv(x) e

Now define an “time-displacement operator” or “propagator” that acts on the wavefunction to

the right and thereby propagates the system forward in time:

lw (6))=U (t.8,)|w (1)) (2.2)

We also know that the operator U cannot be dependent on the state of the system |l//> . This is

necessary for conservation of probability, i.e., to retain normalization for the system. If

v (%)) =ale (t))+a,]e, (1)) (2.3)

Andrei Tokmakoff, 11/28/2014
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“/’(t» U(t’tO)‘V’(to»
U(tty)a |0 (1)) +U (t.1,) a,| 0, (1) (2.4)

a(1)|p)+a, (1)|o,)

This is a reflection of the importance of linearity and the principle of superposition in quantum

2

a,(t,)[ 2.5)

mechanical systems. While ‘al. (t)‘ typically is not equal to ‘ai (O)
2
PNAGIEDD

This dictates that the differential equation of motion is linear in time.

Properties of U

We now make some important and useful observations regarding the properties of U.
1) Unitary. Note that for eq. (2.5) to hold and for probability density to be conserved, U must
be unitary

P={w (O)|w (1) ={y (1)|[U'Ulw (1)) (2.6)

which holds if UT =U ",
2) Time continuity: The state is unchanged when the initial and final time-points are the same
Ul(tt)=1. (2.7)

3) Composition property. If we take the system to be deterministic, then it stands to reason

that we should get the same wavefunction whether we evolve to a target time in one step
(t, —>t,) or multiple steps (¢, —#, =, ). Therefore, we can write

Ul(ty,t,)=U(t,,1,)U (1,.1,) (2.8)
Note, since U acts to the right, order matters:
v (6,))=U (£,.4)U (t:,)|w (1))
=U (t,.4,)|w (1))

Equation (2.8) is already very suggestive of an exponential form for U. Furthermore, since

2.9)

time is continuous and the operator is linear it also suggests that the time propagator is only a

dependent on a time interval

Ul(t,t,)=U(t,—1,) (2.10)

4) Time-reversal. The inverse of the time-propagator is the time reversal operator. From eq.
(2.8):
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Ul(t,1,)U(1,,1) =1 (2.11)

U (8,8,)=U(1,,1). (2.12)

An equation of motion for U

Let’s find an equation of motion that describes the time-evolution operator using the change of
the system for an infinitesimal time-step, 6t: U (¢+6t,t) . Since

lim U (¢£+6t,1)=1 (2.13)

5t—0

We expect that for small enough o7, U will change linearly with 6¢. This is based on analogy to
thinking of deterministic motion in classical systems. Setting fo to 0, so that U (¢,7,)=U (¢), we

can write

A

U(t+6t)=U(t)-iQ(t)ot (2.14)

Qisa time-dependent Hermitian operator, which is required for U to be unitary. We can now

write a differential equation for the time-development of U (t,to) , the equation of motion for U:

dU(t) _ lim U(t+61)-U(t) 2.15)
dt ot—0 ot
So from (2.14) we have:
% =—iQU (t,1,) (2.16)

You can now see that the operator needed a complex argument, because otherwise probability
density would not be conserved; it would rise or decay. Rather it oscillates through different
states of the system.

We note that Q has units of frequency. Since quantum mechanics fundamentally
associates frequency and energy as £ =hw, and since the Hamiltonian is the operator

corresponding to the energy, and responsible for time evolution in Hamiltonian mechanics, we

write
" H
O=" 2.17
P (2.17)
With that substitution we have an equation of motion for U:
ith(t,to):ﬁU(t,to) (2.18)
t

Multiplying from the right by ‘1// (1, )> gives the TDSE:
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ihﬁ|w>=ﬁ v) (2.19)
ot

If you use the Hamiltonian for a free particle —(h%/2m)(0*/0x?), this looks like a classical wave

equation, except that it is linear in time. Rather, this looks like a diffusion equation with

imaginary diffusion constant. We are also interested in the equation of motion for U which

describes the time evolution of the conjugate wavefunctions. Following the same approach and

recognizing that U" (#,7,) acts to the left:

(w (1) =(w (1)U (5.1, (2.20)

we get

—ih%U*(z,to)=U*(t,to)F1. (2.21)

Evaluating the time-evolution operator

At first glance it may seem straightforward to integrate eq. (2.18). If H is a function of time,
then the integration of ihdU/U = Hdt gives

U(t,to)zexp{%ij-t

fy

H (t’)dt'} (2.22)

Following our earlier definition of the time-propagator, this exponential would be cast as a series

expansion

. N\ 2
U(t,to)il—%j;H(t')dt'—kzi/(%j LZ ; dt'dt"H (¢ )V H (") +... (2.23)
This approach is dangerous, since we are not properly treating / as an operator. Looking at the
second term in eq. (2.23), we see that this expression integrates over both possible time-
orderings of the two Hamiltonian operations, which would only be proper if the Hamiltonians at
different times commute: [H(t’),H(t”)] =0.

Now, let’s proceed a bit more carefully assuming that the Hamiltonians at different times

do not commute. Integrating equation (2.18) directly from #o to ¢ gives

U (t,1,) = 1—%L’ dr H(7)U (z.1,) (2.24)

This is the solution; however, it is not very practical since U(t,to) is a function of itself. But we
can make an iterative expansion by repetitive substitution of U into itself. The first step in this

process is
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Ulon)=1-4] dz‘H(z‘)[l—% :dr’H(r’)U(r',to)}
° ) (2.25)

:1{%") drH(z')+(_;iT [/ de[ ar (o)1 (YU (<)

Note in the last term of this equation, that the integration limits enforce a time-ordering; that is,

the first integration variable 7" must precede the second 7 . Pictorially, the area of integration is

Ty

S
S

The next substitution step gives

U(t,t0)=1+(_;i) "aeH (v)

+(%j J-: dr Tdr'H(z')H(r') (2.26)

fy

A3
! t ’ 1 " ' " "
*(;J J,dr] ar'| de'H (2)H () H(2")U (")

From this expansion, you should be aware that there is a time-ordering to the interactions. For
the third term, 7" acts before 7', which acts before 7: #, < 7" < 7' < 7<¢.

What does this expression represent? Imagine you are starting in state |1//0> = | £> and you
want to describe how one evolves toward a target state |l//> = |k> The possible paths by which

one can shift amplitude and evolve the phase, pictured in terms of these time variables are:

T
Pl

&)

)
The first term in eq. (2.26) represents all actions of the Hamiltonian which act to directly couple
|€> and |k> The second term described possible transitions from |£> to |k> via an intermediate

state |m> . The expression for U describes all possible paths between initial and final state. Each
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of these paths interferes in ways dictated by the acquired phase of our eigenstates under the time-
dependent Hamiltonian.
The solution for U obtained from this iterative substitution is known as the positive time-

ordered exponential

= f"exp{% t dr H(r)} (2.27)

:1+n2( jj}odf dr,...J e H(z,) H (5, )...H(5)

(f is known as the Dyson time-ordering operator.) In this expression the time-ordering is

ly>7, >0, >7;...T, >t
. i (2.28)
ty > B e 1
So, this expression tells you about how a quantum system evolves over a given time interval, and
it allows for any possible trajectory from an initial state to a final state through any number of
intermediate states. Each term in the expansion accounts for more possible transitions between
different intermediate quantum states during this trajectory.

Compare the time-ordered exponential with the traditional expansion of an exponential:

S LE) “dr,..[ e H () H(z, ). H () (229)

n=l1 n '

Here the time-variables assume all values, and therefore all orderings for H (z,) are calculated.
The areas are normalized by the n! factor. (There are n! time-orderings of the 7, times.) (As
commented above these points need some more clarification.)

We are also interested in the Hermitian conjugate of U (t, to) , which has the equation of
motion in eq. (2.21). If we repeat the method above, remembering that U’ (t,to) acts to the left,

then we obtain

t ERTHLE e
U (t,to)—1+% todz'U (t,z')H(r). (2.30)
Performing iterative substitution leads to a negative-time-ordered exponential:

U (t,t,)=exp_ [h dr H ()}
3[4 [an [ an [ ant ) (e A ()

2.31)
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Here the H (7,)act to the left.

Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 1340.

2. Merzbacher, E., Quantum Mechanics. 3rd ed.; Wiley: New York, 1998; Ch. 14.

3. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995; Ch. 2.

4. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,

MA, 1994; Ch. 2.
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2.2. Integrating the TDSE Directly

Okay, how do we evaluate the time-propagator and obtain a time-dependent trajectory for a
quantum system? Expressions such as eq. (2.27) are daunting, and there are no simple ways in
which to handle this. One cannot truncate the exponential because usually this is not a rapidly
converging series. Also, the solutions oscillate rapidly as a result of the phase acquired at the
energy of the states involved, which leads to a formidable integration problem. Rapid oscillations
require small time steps, when in fact the time scales. For instance in a molecular dynamics
problem, the highest frequency oscillations may be as a result of electronically excited states
with periods of less than a femtosecond, and the nuclear dynamics that you hope to describe may
occur on many picosecond time scales. Rather than general recipes, there exist an arsenal of
different strategies that are suited to particular types of problems. The choice of how to proceed
is generally dictated by the details of your problem, and is often an art-form. Considerable effort
needs to be made to formulate the problem, particularly choosing an appropriate basis set for
your problem. Here it is our goal to gain some insight into the types of strategies available,
working mainly with the principles, rather than the specifics of how it’s implemented.

Let’s begin by discussing the most general approach. With adequate computational
resources, we can choose the brute force approach of numerical integration. We start by choosing
a basis set and defining the initial state wp. Then, we can numerically evaluate the time-
dependence of the wavefunction over a time period ¢ by discretizing time into n small steps of
width or=t/n over which the change of the system is small. A variety of strategies can be pursed
in practice.

One possibility is to expand your wavefunction in the basis set of your choice

w(@®)=2c,0]0,) (2.32)

and solve for the time-dependence of the expansion coefficients. Substituting into the right side
of the TDSE,

P .
2y = 2.33
ih—|v)=H|v) (2.33)

and then acting from the left by (4] on both sides leads to an equation that describes their time-

dependence:

ih% =Y H,, (0)c, (1) (2.34)

or in matrix form ix¢ = He. This represents a set of coupled first-order differential equations in

which amplitude flows between different basis states at rates determined by the matrix elements
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of the time-dependent Hamiltonian. Such equations are straightforward to integrate numerically.
We recognize that we can integrate on a grid if the time step forward (dt) is small enough that the

Hamiltonian is essentially constant. Then eq. (2.34) becomes

ih 8¢, (1)=)_H,,(t)c, (1)t (2.35)

and the system is propagated as

¢, (t+0t) = (t)+5c,(¢) (2.36)

The downside of such a calculation is the unusually small time-steps and significant
computational cost required.

Similarly, we can use a grid with short time steps to simplify our time-propagator as

t+ot

U(t+§t,t)=exp[—% , dt’ﬁ(t’)}zexp[—é&ﬁ(t)} (2.37)

Therefore the time propagator can be written as a product of n propagators over these small

intervals.

-t (2.38)

12 J n-1n
vy v 'R
[ L [ o
b ot f

U

—

Here the time-propagation over the /™ small time step is
n i . oA
U.= exp{——é'tH}
H,=H(jbt)

Note that the expressions in (2.38) are operators time ordered from right to left, which we denote
with the “+” subscript. Although (2.38) is exact in the limit 6t—0 (or n—), we can choose a
finite number such that H(¢) does not change much over the time &z. In this limit the time

propagator does not change much and can be approximated as an expansion
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U, ~ 1—%&19]. (2.40)

In a general sense this approach is not very practical. The first reason is that the time step is
determined by ot<«h/|H| which is typically very small in comparison to the dynamics of interest.
The second complication arises when the potential and kinetic energy operators in the
Hamiltonian don’t commute. Taking the Hamiltonian to be H=T+V ,
i (1)6t/h _=i(T(0)}+V (0)t/h
¢ € (2.41)

- e—if(t)&t/he—il}(t)ét/h

~

The second line makes the Split Operator approximation, what states that the time propagator
over a short enough period can be approximated as a product of independent propagators
evolving the system over the kinetic and potential energy. The validity of this approximation
depends on how well these operators commute and the time step, with the error scaling like
%[YA‘ (t),I}(t)](é‘t/ 7)’, meaning that we should use a time step, such that
St < {20 /[T (¢),V()]}"*.! This approximation can be improved by symmetrizing the split

operator as

N ot
ORI e‘”’(’)j/ he—ir(t)at/he‘lV(’)E/ h

(2.42)

Here the error scales as %(&/h)3{[f,[f",l7]]+%[I},[I7,7A"]]} . There is no significant increase in

computational effort since half of the operations can be combined as

e 2 eh2 e (2.43)
.~ not n .~ Ot
—iV—/h A —iV—/h
to give U(t)=e ? [I |+e_’wt/he_’w'/h }e 2. (2.44)

Readings

1. Tannor, D. J., Introduction to Quantum Mechanics: A Time-Dependent Perspective.
University Science Books: Sausilito, CA, 2007.



2.3. Transitions Induced by a Time-Dependent Potential

For many time-dependent problems, most notably in spectroscopy, we can often partition the
problem so that the time-dependent Hamiltonian contains a time-independent part /  that we

can describe exactly, and a time-dependent potential (t) :

H=H,+V (1) (2.45)

The remaining degrees of freedom are discarded, and then only enter in the sense that they give
rise to the interaction potential with Ho. This is effective if you have reason to believe that the
external Hamiltonian can be treated classically, or if the influence of Ho on the other degrees of
freedom is negligible. From (2.45), there is a straightforward approach to describing the time-
evolving wavefunction for the system in terms of the eigenstates and energy eigenvalues of Ho.
To begin, we know the complete set of eigenstates and eigenvalues for the system

Hamiltonian

H0|n>:En

n) (2.46)
The state of the system can then be expressed as a superposition of these eigenstates:

v (0)=2e. (O)ln) (2.47)

The TDSE can be used to find an equation of motion for the eigenstate coefficients

e (1)={klw (1)) (2.48)
Starting with
oly) _-i
"7 H |y) (2.49)
0 ck(t) i
— = (k|H|w (1)) (2.50)
and from (2.50) = —%Z<k |H|n)c,(t) (2.51)

Already we see that the time evolution amounts to solving a set of coupled linear ordinary
differential equations. These are rate equations with complex rate constants, which describe the

feeding of one state into another. Substituting eq. (2.45) we have:
oc (t) i
=l _%;@ (H,+7 (1)) ) e, (2)
== 2B 80+ (0)]e, ()

(2.52)
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or. acgft) +% Ekck(t):—%;an (1)c, (2.53)
Next, we define and substitute
¢, (t)=e"™"" b () (2.54)

which implies a definition for the wavefunction as
v (0))=22, (1)e ™" |n) (2.55)

This defines a slightly different complex amplitude, that allows us to simplify things
b (t)‘2 :‘ck (t)‘z. Also, b, (0)=c,(0). In practice what we are doing

considerably. Notice that

is pulling out the “trivial” part of the time evolution, the time-evolving phase factor, which
typically oscillates much faster than the changes to the amplitude of b or c.

s [ JU—— J— N
- Pouy | - T ot
pp Py — Iy

0.5
Rec(t))

oy i A

—0.5

5

We will come back to this strategy which we discuss the interaction picture.
Now eq. (2.53) becomes

ot 90 ob, _ __Z an —iEnt/hbn (t) (2.56)

or ih% =3V, (t) e b, (1) (2.57)

This equation is an exact solution. It is a set of coupled differential equations that describe how
probability amplitude moves through eigenstates due to a time-dependent potential. Except in
simple cases, these equations cannot be solved analytically, but it is often straightforward to
integrate numerically.

When can we use the approach described here? Consider partitioning the full
Hamiltonian into two components, one that we want to study Ho and the remaining degrees of
freedom Hi. For each part, we have knowledge of the complete eigenstates and eigenvalues of
the Hamiltonian: H, |y, ,)=E,, |v,,) . These subsystems will interact with one another through

Hine. If we are careful to partition this in such a way that Hix is small compared Ho and Hi, then it
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should be possible to properly describe the state of the full system as product states in the sub-
systems: |1//>:|y/01//1>. Further, we can write a time-dependent Schrédinger equation for the
motion of each subsystem as:

|W1>

5 =) (2.58)

Within these assumptions, we can write the complete time-dependent Schrodinger equation in

terms of the two sub-states:

0
o) Ll ) WLy 1y o) )+ vl @59)
Then left operating by <1//1 | and making use of eq. (2.58), we can write
0
in |l//0 I:H + W1|Hmt 4 :HWO (2.60)

This is equivalent to the TDSE for a Hamiltonian of form (2.45) where the external interaction
V <1,//1 |Hmt )|1,y1> comes from integrating the 1-2 interaction over the sub-space of |W1>- So

thlS represents a time-dependent mean field method.

Readings

1. Cohen-Tannoudji, C.; Diu, B.; Lalde, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 308.

2. Merzbacher, E., Quantum Mechanics. 3rd ed.; Wiley: New York, 1998; Ch. 14.

3. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Sec. 2.3.

4. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994; Ch. 2.
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2.4. Resonant Driving of Two-level System

Let’s describe what happens when you drive a two-level system with an oscillating potential.

V(t)=V coswt (2.61)
Vi (t)=V,, coswt (2.62)

Note, this is the form you would expect for an electromagnetic field interacting with charged
particles, i.e. dipole transitions. In a simple sense, the electric field is £ (t) = E, cos ot and the
interaction potential can be written as ¥ =—E - 17, where 1 represents the dipole operator. We

will look at the form of this interaction a bit more carefully later.

We now couple two states |a> and |b> with the oscillating Eo—— |b>
field. Here the energy of the states is ordered so that e» > €a. Let’s
ask if the system starts in |a> what is the probability of finding it Va(t)
in |b) at time £?

The system of differential equations that describe this problem is: €a |a>

in— b )= b, (), (t) e
e (2.63)
- ,,Za:bbn e %(e‘i“” +e)

Where I wrote cos @t in its complex form. Writing this explicitly

inb, =%baVba[ (o) +ei(wf’“+w)t}+%bb [ +e ] (2.64)

ihBa :%ba%[eiwt +e—ia)¢}+%beab |:ei wabfa))t 4 ei(a)abm))z:l
or (2.65)
[ e_i(wl)a+w)t +e_i(wba_w)ti|

Here the expressions have been written in terms of the frequency @w.. Two of these terms are
dropped, since (for our case) the diagonal matrix elements V, =0. We also make the secular

approximation (or rotating wave approximation) in which the nonresonant terms are dropped.

i(ap +o)t

. i -1
When ,, » @, terms like € or € .| ) and so do

oscillate very rapidly (relative to
not contribute much to change of ¢, . (Remember, we take the frequencies ww: and @ to be
positive). So now we have:

b :—b yo (@) 2.66
b 2h ba ( )
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,

b=tV ¢ (o) (2.67)

Note that the coefficients are oscillating at the same frequency but phase shifted to one another.
Now if we differentiate eq. (2.66):

b, =%[z}a v, () i(@, —o)b, ¥, ei(w"“w)t} (2.68)

Rewrite eq. (2.66):

b = ? b, e (o) (2.69)

ba

and substitute (2.69) and (2.67) into (2.68), we get linear second order equation for b, .

2
ba

b, —i(w, —w)b, + pre b,=0 (2.70)

This is just the second order differential equation for a damped harmonic oscillator:

@it + b+ cx =0 2.71)
x=e O (Acos put + Bsin ut)
2.72)
M= 1 Vé4ac—b
2a
With a little more manipulation, and remembering the initial conditions b, (0)=0and b,(0)=1,
we find
V 2
B (1) =6, (1) = ——2 _sin® Q¢ (2.73)
Vel +7° (0, — o)
Where the Rabi Frequency
Q, = Zl_hj Vol + 1 (0, - o) (2.74)
Also, P =1-F, (2.75)

The amplitude oscillates back and forth between the two states at a frequency dictated by the
coupling between them. [Note a result we will return to later: electric fields couple quantum
states, creating coherences!]

An important observation is the importance of resonance between the driving potential
and the energy splitting between states. To get transfer of probability density you need the
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driving field to be at the same frequency as the energy splitting. On resonance, you always drive

probability amplitude entirely from one state to another.

1 ..........................
on resonance
F, @,, =@
v,
05 @,, — @ = | ba
h
0
0 [

large detuning —

The efficiency of driving between a and b states drops off with detuning. Here plotting the

maximum value of B, as a function of frequency:

L,

,max

— 4—2‘1/5[1‘/73

SA



2.5. Schrodinger and Heisenberg Representations

The mathematical formulation of quantum dynamics that has been presented is not unique. So
far, we have described the dynamics by propagating the wavefunction, which encodes
probability densities. Ultimately, since we cannot measure a wavefunction, we are interested in
observables, which are probability amplitudes associated with Hermitian operators, with time-

dependence that can be interpreted differently. Consider the expectation value:
(A0) =l ()| Ay (D) =(y ) du v (0)
=({w(0)|U")4(U|w (0))) (2.76)
_ <.,/(0)‘(UT21U)‘W(0)>

The last two expressions are written to emphasize alternate “pictures” of the dynamics. The first,

A

A

known as the Schrodinger picture, refers to everything we have done so far. Here we propagate
the wavefunction or eigenvectors in time as U |w> Operators are unchanged because they carry
no time-dependence. Alternatively, we can work in the Heisenberg picture. This uses the unitary
property of U to time-propagate the operators asfl(t) =U'AU , but the wavefunction is now
stationary. The Heisenberg picture has an appealing physical picture behind it, because particles

move. That is, there is a time-dependence to position and momentum.

Schrodinger Picture

In the Schrodinger picture, the time-development of |l//> is governed by the TDSE or

equivalently, the time propagator:
0
ih5|w>:H|(//> and |y (1)) =U(t.8,)|w (%)) (2.77)

In the Schrodinger picture, operators are typically independent of time, 04/t =0. What about
observables? For expectation values of operators <A(t)> = <l// |A| l//> :

ih%<ﬁ(r)>=ih <w‘ﬁ‘%—i/>+<z—v: A 1//>+<1,// %% 1//>

~{p i) -{vlr ) e
(i)

If 4 is independent of time (as we expect in the Schrodinger picture), and if it commutes with H,

~

1t 1s referred to as a constant of motion.



Heisenberg Picture

From eq. (2.76), we can distinguish the Schrédinger picture from Heisenberg operators:
At = <1//(t)‘21‘1//(t)>s = <1//(t0)‘UT AU‘ w (1, )>S = <1//‘;1(t)‘l//>H (2.79)
where the operator is defined as
4, (6)=U"(t,4,) AU (1.,1,)

Ay (to) = 4
Note, the pictures have the same wavefunction at the reference point #0. Since the wavefunction

(2.80)

should be time-independent, 6|1,//H>/8t:0, we can relate the Schrodinger and Heisenberg

wavefunctions as
s () =U (t.1,)|w) (2.81)
So, ) =U" (t.t,)|ws (£)) =|ws (1)) (2.82)

As expected for a unitary transformation, in either picture the eigenvalues are preserved:

A

4 ¢i>s =4 |¢i>s
UTAUU @), =aU'|p), (2.83)
‘aﬁ (/’i>H zat|¢t>H

The time evolution of the operators in the Heisenberg picture is:

- A . A .
oy _ Q(U*ASU) - _a;] AU +U' A, a@—ltﬁU* 7%85; U

ot ot t
PITDNR 04
= UHAU - U4 HU +| 7
t), (2.84)
1 ~ 1
ngH AH EAHHH
l A
- L4n],
LD s
The result ih— H_[A,HL (2.85)

is known as the Heisenberg equation of motion. Here I have written the odd looking
H, =U'HU . This is mainly to remind one about the time-dependence of H. Generally
speaking, for a time-independent Hamiltonian U = e """, U and H commute, and H,, = H . For

a time-dependent Hamiltonian, U and H need not commute.
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Classical equivalence for particle in a potential
The Heisenberg equation is commonly applied to a particle in an arbitrary potential. Consider a
particle with an arbitrary one-dimensional potential

2

H=L1v(x) (2.86)

“om

For this Hamiltonian, the Heisenberg equation gives the time-dependence of the momentum and

position as

p=— (2.87)
PP (2.88)
m
Here, I have made use of [fc”, f)} = ihnx"" (2.89)
[£.0" |=ihnp"” (2.90)

Curiously, the factors of A have vanished in equations (2.87) and (2.88), and quantum mechanics
does not seem to be present. Instead, these equations indicate that the position and momentum
operators follow the same equations of motion as Hamilton’s equations for the classical
variables. If we integrate eq. (2.88) over a time period ¢ we find that the expectation value for the

position of the particle follows the classical motion.
t
(x(2)) = <p—>+<x(0)> (2.91)

We can also use the time derivative of eq. (2.88) to obtain an equation that mirrors Newton’s

second law of motion, F=ma:

0 (x

m <2 ) —(VV) (2.92)
ot

These observations underlie Ehrenfest’s Theorem, a statement of the classical correspondence of

quantum mechanics, which states that the expectation values for the position and momentum

operators will follow the classical equations of motion.

Readings
1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 312.

2. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995.

3. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 4.
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4. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994; Ch. 2.
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2.6. Interaction Picture

The interaction picture is a hybrid representation that is useful in solving problems with time-

dependent Hamiltonians in which we can partition the Hamiltonian as

H(t)=H,+V (1) (2.93)

H, is a Hamiltonian for the degrees of freedom we are interested in, which we treat exactly, and
can be (although for us usually will not be) a function of time. V(t) is a time-dependent
potential which can be complicated. In the interaction picture, we will treat each part of the
Hamiltonian in a different representation. We will use the eigenstates of / as a basis set to
describe the dynamics induced by F(¢), assuming that }(#) is small enough that eigenstates of H,
are a useful basis. If H, is not a function of time, then there is a simple time-dependence to this
part of the Hamiltonian that we may be able to account for easily.

Setting V' to zero, we can see that the time evolution of the exact part of the Hamiltonian
H, is described by

5 .

EU‘) (t,1,) = —%HO (1)U, (t.1,) (2.94)
where, U, (,1,) =exp, {—%L: drH, (t)} (2.95)
or, for a time-independent H , U, (1.1)) = g M)/t (2.96)

We define a wavefunction in the interaction picture |W1> in terms of the Schrédinger

wavefunction through:

‘Ws(t»EUo(t’to)“/h(t» (2.97)
or vi)=Uslws) (2.98)

Effectively the interaction representation defines wavefunctions in such a way that the phase

accumulated under e /"

is removed. For small V, these are typically high frequency
oscillations relative to the slower amplitude changes induced by V.
Now we need an equation of motion that describes the time evolution of the interaction

picture wavefunctions. We begin by substituting eq. (2.97) into the TDSE:

0
ih5|l/ls>=H|l//S> (2.99)
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5 .
SUs(t)ly) =—H () Uy (01,) w)
oU, ol —i
at°|z//1>+U0 |at’>=;’(1hr0+1/(t))u0 (t.1,)|w,) (2.100)
_j a
—HTw,) +U |"’” (}71/+V )) Uy |,
0
i |;;’>=V,|t//,> (2.101)
where VA()=Ul(t,t, )V () U,(t,t 2.102
() =Ug (66) V(1) Uy (1) (2.102)

|l//1> satisfies the Schrodinger equation with a new Hamiltonian in eq. (2.102): the interaction
picture Hamiltonian, V, (t) . We have performed a unitary transformation of V/ (t) into the frame
of reference of Ho, using U, . Note: Matrix elements in V, = <k|V1|l> = e_iw”‘th, where k and /
are eigenstates of Ho.

We can now define a time-evolution operator in the interaction picture:

v, (6))=U, (t.,)|w, (1)) (2.103)
where U, (t,t,) =exp, [%L‘ dr Vl(z')} (2.104)

Now we see that
(
=U, (t,1,)U, tto ‘y/, > (2.105)
(

U(t,t,)=U, (t,tO)U, (t,to) (2.106)

Also, the time evolution of conjugate wavefunction in the interaction picture can be written
UT(t,to):U;(t,tO)Ug(t,to):exp{éjtdrl/l }exp [ J. dr H, } (2.107)

For the last two expressions, the order of these operators certainly matters.
So what changes about the time-propagation in the interaction representation? Let’s start

by writing out the time-ordered exponential for U in eq. (2.106) using eq. (2.104):
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an dr, dT I dr, U, V( )Uo(rn, T, 1) (2.108)
XUO(TPTI)V(TI)Uo(T]»to)

Here I have used the composition property of U (t, to) . The same positive time-ordering applies.
Note that the interactions V(z) are not in the interaction representation here. Rather we used the
definition in eq. (2.102) and collected terms. Now consider how U describes the time-

dependence if I initiate the system in an eigenstate of Ho |/)

T4

and observe the amplitude in a target eigenstate |k). The

system evolves in eigenstates of Ho during the different time

%)

periods, with the time-dependent interactions V driving the -0

transitions between these states. The first-order term describes
direct transitions between / and k induced by V, integrated

over the full time period. Before the interaction phase is
—iE,(7—1y)/h

acquired as e
—iE,(t-7)/h

, whereas after the interaction phase is
acquired as e . Higher-order terms in the time-ordered | m>
exponential accounts for all possible intermediate pathways.

We now know how the interaction picture wavefunctions evolve in time. What about the

operators? First of all, from examining the expectation value of an operator we see

<A(r>>=<w(t> v (1))

y

v (1)U (1) AU (1.8, (1)
(2.109)
=<w< ) (1))
:<'//1( )A1 Vi (t)>
where A4,=U; 4, U,. (2.110)

So the operators in the interaction picture also evolve in time, but under Ho. This can be

expressed as a Heisenberg equation by differentiating A4,

0 ~
EA = h[HO,A,} 2.111)
Also, we know %w,>:%1/,(t)|w,> (2.112)
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Notice that the interaction representation is a partition between the Schrédinger and Heisenberg

representations. Wavefunctions evolve under V,, while operators evolve under Ho.

ForH, =0,V (1)=H G §|ws>=iH|wS> Schridinger

ot ot h 2.113)
For H,=H,V (t)=0 %=1[H, ,:1], 8_w=0 Heisenberg

ot h ot

The relationship between U; and bn

Earlier we described how time-dependent problems with Hamiltonians of the form
H=H, +V(t) could be solved in terms of the time-evolving amplitudes in the eigenstates of

Ho. We can describe the state of the system as a superposition
v (0)=2e (0)n) G114

where the expansion coefficients ¢, () are given by

e, ()= (el ()= (k10 e o 1)
= (kU0 v (1)) (2.115)
=e M (k|U v (1))

Now, comparing equations (2.115) and (2.54) allows us to recognize that our earlier modified

expansion coefficients b, were expansion coefficients for interaction picture wavefunctions

b (1) = (k|w, (£)) = (k|U,|w (1,)) (2.116)

Readings

1. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995.

2. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 4.
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2.7. Time-Dependent Perturbation Theory

Perturbation theory refers to calculating the time-dependence of a system by truncating the
expansion of the interaction picture time-evolution operator after a certain term. In practice,
truncating the full time-propagator U is not effective, and only works well for times short
compared to the inverse of the energy splitting between coupled states of your Hamiltonian. The
interaction picture applies to Hamiltonians that can be cast as H (¢)= H,+V () and, allows us
to focus on the influence of the coupling. We can then treat the time evolution under Ho exactly,
but truncate the influence of V(t). This works well for weak perturbations. Let’s look more
closely at this.

We know the eigenstates for H,: H,, |n> =F |n>, and we can calculate the evolution of

the wavefunction that results from ¥ (¢):
v, ()= e, 0l @i

For a given state k, we calculate b, (

) as
b, :<k\U L) (1, )> (2.118)

where U, (t,to)zeprr {% j: v, (z’)dz-:l (2.119)

Now we can truncate the expansion after a few terms. This works well for small changes in

amplitude of the quantum states with small coupling matrix elements relative to the energy

splittings involved (‘bk (t)‘ ~ ‘bk (0):[V|<|E, —E,|) As we will see, the results we obtain from
perturbation theory are widely used for spectroscopy, condensed phase dynamics, and relaxation.
Let’s take the specific case where we have a system prepared in| €>, and we want to know

the probability of observing the system in |k) at time¢ due toV' (¢): P, (¢)= ‘bk (t)‘2 .

exp{—% "drv, (T)}

Expanding b, (1)= <k £> (2.120)
by (1) = (k| £) - iJ-tdr<k‘V,(r)‘€>

[hj Jdz [ dn (k)7 (5] )+

Now, using <k‘V, > < ‘Uf 0‘€> =e ' V. () (2.122)

(2.121)

we obtain:
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b (t)=6,, - %J‘; dr, ey, (7)) “first-order” (2.123)

N\ 2 . —i®, T
+ z(%j J.tu dr, J.toz dr, e Vi (Tz) e "'y, (Tl) “second order”  (2.124)
+...

The first-order term allows only direct transitions between |£> and| k> , as allowed by the matrix
element in V, whereas the second-order term accounts for transitions occurring through all
possible intermediate states| m> . For perturbation theory, the time-ordered integral is truncated at
the appropriate order. Including only the first integral is first-order perturbation theory. The order
of perturbation theory that one would extend a calculation should be evaluated initially by which
allowed pathways between |£> and |k> you need to account for and which ones are allowed by
the matrix elements.

For first-order perturbation theory, the expression in eq. (2.123) is the solution to the
differential equation that you get for direct coupling between |£> and|k> :

a -1 —iw,t
Eb" = eV, (t)b,(0) (2.125)
This indicates that the solution does not allow for the feedback between |£> and |k> that
accounts for changing populations. This is the reason we say that validity dictates

‘bk (t)‘2 —‘bk (0)‘2 < 1. If the initial state of the system |y,) is not an cigenstate of Ho, we can

Vo) =3, b,(0)] ) with
b (1)= Zn:bn (0)(k|U,|n) (2.126)

express it as a superposition of eigenstates,

Another observation applies to first-order perturbation theory. If the system is initially
prepared in a state|£>, and a time-dependent perturbation is turned on and then turned off over
the time interval ¢ = —oo to+oo, then the complex amplitude in the target state |k> is just related

to the Fourier transform of ¥, (¢)evaluated at the energy gap @, .

b (1) = —% ey, (1) (2.127)

If the Fourier transform pair is defined in the following manner:
V(w)= F[V()]=]"div(t)exp(iar). (2.128)

V(t)Efl[V(a))]zir:dw V(w)exp(-iot) (2.129)
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Then we can write the probability of transfer to state & as

2 (a0
ol

B

(2.130)
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Example: First-order Perturbation Theory

Let’s consider a simple model for vibrational excitation induced by the compression of harmonic
oscillator. We will subject a harmonic oscillator initially in its ground state to a Gaussian

compression pulse, which increases its force constant.

NSVl el VAN

k(?)

0 t
First, write the complete time-dependent Hamiltonian:
p 1
H(t) = T+V(t)= +— + =k(t)x’ 2.131
() = T+7 ()= £+ 1k(1) @131

Now, partition it according to H = H, + V(t) in such a manner that we can write Ho as a
harmonic oscillator Hamiltonian. This involves partitioning the time-dependent force constant

into two parts:

2
k(1) =k, + k(1) k, = mQ’ Sk(1)= ok, exp(—(tz_ot_oz) ] (2.132)
P 1 (t-1,)
H= 5 +Ek0x2+ E5k0x2exp —~ 2602 (2.133)
H, V(t)

Here oko is the magnitude of the induced change in the force constant, and o is the time-width of

the Gaussian perturbation. So, we know the eigenstates of Ho: H, |n> =E |n>
H, :hQ(aTa +%} E, :hQ(n+%] (2.134)
Now we ask, if the system is in |0> before applying the perturbation, what is the
probability of finding it in state | n> after the perturbation?

Forn+0: b, (r):% : dr V,,(r) ° (2.135)
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Usingw,, =(E, - E,) / h =nQ, and recognizing that we can set the limits to #, = —o0 and t = oo,

b, (1) = 2_—;51«0 (|20} [z enrem 2 (2.136)
This leads to b,(t)= % 5k0\/ﬁo—<n‘x2‘o> N (2.137)

Here we made use of an important identity for Gaussian integrals:

2
j exp(ax2+bx+c)dx=,}i exp{c—lb—] (2.138)
- a 4 a
+00 5 . T b2
j exp(—ax +lbx)dx= —exp| —— (2.139)
- a 4a

What about the matrix element?

Xt = 3 hQ (a + aT)2 =3 hQ (aa +ad'a+aa’ +aTaT) (2.140)
m m

From these we see that first-order perturbation theory will not allow transitions torn =1, only
n=0 andn=2. Generally this would not be realistic, because you would certainly expect
excitation to n=1 would dominate over excitation to n=2. A real system would also be
anharmonic, in which case, the leading term in the expansion of the potential V(x), that is linear
in x, would not vanish as it does for a harmonic oscillator, and this would lead to matrix elements
that raise and lower the excitation by one quantum.

However for the present case,

<2‘x2‘0>=\/§% (2.141)
m
So, b, = % g2 (2.142)

and we can write the probability of occupying the n = 2 state as

P o Tk ot (2.143)

P =\b
2m*Q?

2|2

From the exponential argument, significant transfer of amplitude occurs when the compression

pulse width is small compared to the vibrational period.

1
<< — 2.144
o<<5 ( )
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In this regime, the potential is changing faster than the atoms can respond to the perturbation. In
practice, when considering a solid-state problem, with frequencies matching those of acoustic
phonons and unit cell dimensions, we need perturbations that move faster than the speed of
sound, i.e., a shock wave. The opposite limit, o€2>>1, is the adiabatic limit. In this case, the
perturbation is so slow that the system always remains entirely in n=0, even while it is
compressed.

Now, let’s consider the validity of this first-order treatment. Perturbation theory does not
allow for b, to change much from its initial value. First we re-write eq. (2.143) as

2 262
p =t Z| Ok | e (2.145)
2k,

Now for changes that don’t differ much from the initial value, P, <<1

2
2 %@ng <1 (2.146)

0

Generally, the magnitude of the perturbation dko must be small compared to ko.

One step further...

The preceding example was simple, but it tracks the general approach to setting up problems that
you treat with time-dependent perturbation theory. The approach relies on writing a Hamiltonian
that can be cast into a Hamiltonian that you can treat exactly Ho, and time-dependent
perturbations that shift amplitudes between its eigenstates. For this scheme to work well, we
need the magnitude of perturbation to be small, which immediately suggests working with a
Taylor series expansion of the potential. For instance, take a one-dimensional potential for a
bound particle, V(x), which is dependent on the form of an external variable y. We can expand

the potential in x about its minimum x = 0 as

1 o'V

314 oxdyoz

107

1 oV
(X)—Eaxz xz +

21 Ox0y

xXyz +
x=0 (2.147)

1
=l +V Oy U A A Rl

x=0

x=|

The first term is the harmonic force constant for x, and the second term is a bi-linear coupling
whose magnitude #? indicates how much a change in the variable y influences the variable x.
The remaining terms are cubic expansion terms. ¥, is the cubic anharmonicity of V(x), and the
remaining two terms are cubic couplings that describe the dependence of x on y. Introducing a
time-dependent potential is equivalent to introducing a time-dependence to the operator y, where

the form and strength of the interaction is subsumed into the amplitude V. In the case of the
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previous example, our formulation of the problem was equivalent to selecting only the ¥, term,
so that 5k,/2=V,", and giving the value of y a time-dependence described by the Gaussian

waveform.

Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 1285.

2. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 4.

3. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994; Ch. 2.
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2.8. Fermi’s Golden Rule

A number of important relationships in quantum mechanics that describe rate processes come
from first-order perturbation theory. These expressions begin with two model problems that we
want to work through: (1) time evolution after applying a step perturbation, and (2) time
evolution after applying a harmonic perturbation. As before, we will ask: if we prepare the
system in the state |£>, what is the probability of observing the system in state |k> following the

perturbation?

Constant perturbation (or step perturbation)

The system is prepared such that ‘z//(—oo)> =[¢). A constant perturbation of amplitude V' is
applied at ¢, :

0 <t
V(t)=Ve(t-t)= ’ 2.148
W-reln)-{y 1" e
V(1)
Here ©(7-1,) is the Heaviside step response function,
which is 0 for ¢ < fo and 1 for ¢ > 0. Now, turning to first- t I
order perturbation theory, the amplitude in k # ¢, we have: 0
b=+ s ¢y (1) (2.149)
Here V,, is independent of time. Setting t0= 0,
) ! io, T
b, =—£I/,C€J‘0dr e
Vie :
=— . explio t)—1 2.150
g ewlion) -] (2.150)
. iw, 1/2
= _2Vye ® sin(wk(t / 2)
Ek - Ee

In the last expression, I used the identity € —1=2i¢'? sin(6/2). Now

2
P, =|bk|2=|;|f“E| ; sz‘n{‘f’;t) (2.151)
k 0

If we write this using the energy splitting variable we used earlier: A = (E . —E, ) / 2,

2

Ve
P, :Fsmz(At/h) (2.152)

Compare this with the exact result we have for the two-level problem:
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2

P :%smz(«mz Vi) (2.153)

S /S

As expected, the perturbation theory result works well for V' << A.
Let’s examine the time-dependence to Pk, and compare the perturbation theory (solid

lines) to the exact result (dashed lines) for different values of A.

||

g =g
([ T
W —O
<

<< <n

V.

K3

—

The worst correspondence is for A=0 for which the behavior appears quadratic and the
probability quickly exceeds unity. It is certainly unrealistic, but we do not expect that the
expression will hold for the “strong coupling” case: A < V. One begins to have quantitative
accuracy in for the regime Pi(¢)—Px (0) < 0.1 or A <4V.
Now let’s look at the dependence on A. We can write the first-order result eq. (2.152) as
2.2

P =

k hZ

sinc’ (At /2h) (2.154)

where sinc(x) =sin(x)/x. If we plot the probability of transfer from |¢) to |k) as a function of
the energy level splitting (E, —E,) we have:

1
t=2haV

0.5

Pk

—> — 27/t

:-1\[> of
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The probability of transfer is sharply peaked where energy of the initial state matches that of the
final state, and the width of the energy mismatch narrows with time. Since lirr(} sinc(x) =1, we

see that the short time behavior is a quadratic growth in P«

limP, =V*’/n® (2.155)

The integrated area grows linearly with time.

Since the energy spread of states to which transfer is efficient scales approximately as
E, —E,<2xh/t, this observation is sometimes referred to as an uncertainty relation with
AE -At 227h . However, remember that this is really just an observation of the principles of
Fourier transforms. A frequency can only be determined as accurately as the length of the time
over which you observe oscillations. Since time is not an operator, it is not a true uncertainly
relation like Ap-Ax >2xh .

In the long time limit, the sinc?(x) function narrows to a delta function:

sin’ (ax/2) x

lim—————2==¢ 2.156
tl—go} axz 2 (x) ( )
lim B, (t) =27”|Vké|2 S(E,—E,)t (2.157)

The delta function enforces energy conservation, saying that the energies of the initial and target
state must be the same in the long time limit. What is interesting in eq. (2.157) is that we see a
probability growing linearly in time. This suggests a transfer rate that is independent of time, as

expected for simple first-order kinetics:

w, (1)

This is one statement of Fermi’s Golden Rule—the state-to-state form—which describes

_oR (1) 272V, [ 5

- (E,~E,) (2.158)

relaxation rates from first-order perturbation theory. We will show that this rate properly

describes long time exponential relaxation rates that you would expect from the solution to
dP/dt =—wP.
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Harmonic perturbation

observe

The second model calculation is the interaction of a system with an

oscillating perturbation turned on at time ¢, =0. The results will be V(2)

used to describe how a light field induces transitions in a system — s

through dipole interactions. Again, we are looking to calculate the

transition probability between states ¢ and k: |

V(t):VCOSQ)t @(l) 0 \&-1u7y
Vie(t)=V,, cos ot
o , (2.160)
— %[ezm n elwt:l
Setting £, — 0, first-order perturbation theory leads to
—i iy, T
_ _inZ ! ()T i(wy+o)r
== Iodr[e +e ] (2.161)
=iV, | e s ellerel 1
2h W, — @ W, +o

Using € —1=2i¢e"" sin (6/2) as before:

- v, TR [ [(a;k[ —w)t/ 2:| N ) G [(a)kf +o)t/ 2:|
h Wy — @ Dy T

(2.162)

Notice that these terms are only significant when @ =~ @,,. The condition for efficient transfer is
resonance, a matching of the frequency of the harmonic interaction with the energy splitting

between quantum states. Consider the resonance conditions that will maximize each of these:

First Term Second Term
max at: o=+, ==y,
E >E, E <E,
E, =E +ho E =E,-ho
I k) I 1)
|6 k)
Absorption Stimulated Emission

(resonant term) (anti-resonant term)
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If we consider only absorption, E, > E,, we have:

2
113,€1,,=|17,(|2=L2 sin’ [ 1(w,, — o)t ] (2.163)

n* (@, — o)

We can compare this with the exact expression:

2
__

2
| B n (a)ka _a))z +|Vk€|2

[ |k

L[
sin’ [2—71\/|V;d|2 +(o, ~@)’ z} . (2.164)

Again, we see that the first-order expression is valid for couplings |Vk(| that are small relative to

the detuning Aw = (w,, —®) . The maximum probability for transfer is on resonance @,, = @

o—-o,/27

Similar to our description of the constant perturbation, the long time limit for this expression
leads to a delta function &(w,, —@). In this long time limit, we can neglect interferences
between the resonant and antiresonant terms. The rates of transitions between k and ¢ states
determined from w,, = 0P, / 0t becomes

__T
2h?

W, V.l [6(@,-0)+ (o, +0)] (2.165)
We can examine the limitations of this formula. When we look for the behavior on

resonance, expanding the sin(x) shows us that Pk rises quadratically for short times:

|2

lim P, (1) = |V“’ t (2.166)

A0 4H?

This clearly will not describe long-time behavior, but it will hold for small F,, so we require

t<<% (2.167)

kt

At the same time, we cannot observe the system on too short a time scale. We need the field to
make several oscillations for this to be considered a harmonic perturbation.
1 1

t>—~— (2.168)
w C()k[

These relationships imply that we require V,, << ha@,, . (2.169)
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Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; p. 1299.

2. McHale, J. L., Molecular Spectroscopy. 1st ed.; Prentice Hall: Upper Saddle River, NJ, 1999;
Ch. 4.

3. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994.



3. IRREVERSIBLE RELAXATION

At a fundamental level, the basic laws governing the time evolution of isolated quantum mechanical

systems are invariant under time reversal. That is, there is no preferred direction to the arrow of time.
The TDSE is reversible, meaning that one can find solutions for propagating either forward or
backward in time. If one reverses the sign of time and thereby momenta of objects, we should be able
to go back where the system was at an earlier time. We can see this in the exact solution to the two-
level problem, where amplitude oscillates between the two states with a frequency that depends on
the coupling. If we reverse the sign of the time, the motion is reversed. In contrast, when a quantum
system is in contact with another system having many degrees of freedom, a definite direction
emerges to the arrow of time, and the system’s dynamics is no longer reversible. Such irreversible
systems are dissipative, meaning they decay in time from a prepared state to a state where phase
relationships between the basis states are lost.

How does irreversible behavior, a hallmark of chemical systems, arise from the deterministic
TDSE? We will answer this question specifically in the context of quantum transitions from a given
energy state of the system to energy states its surroundings. Qualitatively, such behavior can be
expected to arise from destructive interference between oscillatory solutions of the system and the set
of closely packed manifold of energy states of the bath. To illustrate this point, consider the
following calculation for the probability amplitude for an initial state of the system coupled to a

finite but growing number of randomly chosen states belonging to the bath.

Continmmm density of states Probability of being in initial State

10

Andrei Tokmakoff, 11/7/2014
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100

Here, even with only 100 or 1000 states, recurrences in the initial state amplitude are suppressed by
destructive interference between paths. Clearly in the limit that the accepting state are truly
continuous, the initial amplitude prepared in ¢ will be spread through an infinite number of
continuum states. We will look at this more closely by describing the relaxation of an initially
prepared state as a result of coupling to a continuum of states of the surroundings. This is common to
all dissipative processes in which the surroundings to the system of interest form a continuous band
of states.

To begin, let us define a continuum. We are familiar with eigenfunctions being characterized
by quantized energy levels, where only discrete values of the energy are allowed. However, this is
not a general requirement. Discrete levels are characteristic of particles in bound potentials, but free
particles can take on a continuous range of energies given by their momentum, E = (p*)/2m. The
same applies to dissociative potential energy surfaces, and bound potentials in which the energy
exceeds the binding energy. For instance, photoionization or photodissociation of a molecule
involves a light field coupling a bound state into a continuum. Other examples are common in
condensed matter. The intermolecular motions of a liquid, the lattice vibrations of a crystal, or the
allowed energies within the band structure of a metal or semiconductor are all examples of a
continuum.

For a discrete state imbedded in such a continuum, the Golden Rule gives the probability of
transition from the system state |/) to a continuum state |k} as:

_ 95 _ 2)

W V
e T T T

kt

"p(E =E,) G.1)

.. _ . . 2, . . .
The transition rate w,, 1s constant in time, when |sz‘ is constant in time, which will be true for

short time intervals. Under these conditions integrating the rate equation on the left gives

P,=,(t-1,) (32)

kAt

P,=1-P, G3)
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The probability of transition to the continuum of bath states

varies linearly in time. As we noted, this will clearly only 1 5
work for times such that P, (t) -P (0) <<1. = -
What long time behavior do we expect? A time- 5
independent rate  with  population governed by 0 to t

w, :81?;& / ot is a hallmark of first order kinetics and
exponential relaxation. In fact, for exponential relaxation out of a state /¢, the short time behavior

looks just like the first order result:

]_’M (t) =exp(—w,,f)

(3.4)
=l-w,t+..

So we might believe that w,, represents the tangent to the relaxation behavior atf = 0. The problem
we had previously was we did not account for depletion of initial state. In fact, we will see that when
we look a touch more carefully, that the long time relaxation behavior of state / is exponential and
governed by the golden rule rate. The decay of the initial state is irreversible because there is
feedback with a distribution of destructively interfering phases.

Let’s formulate this problem a bit more carefully.
We will look at transitions to a continuum of states {k} |f> _— ————— |k )
from an initial state / under a constant perturbation.
These together form a complete set; so for H(t) =H,+ V(t) with H0| n> = E”‘ n>

1= S}l =[ e+ SR o9

As we go on, you will see that we can identify ¢ with the “system” and {k} with the “bath” when we
partition H = H + H ,.

Now let’s make some simplifying assumptions. For transitions into the continuum, we will
assume that transitions only occur between ¢ and states of the continuum, but that there are no
k'> =0. This can be rationalized by thinking of

this problem as a discrete set of states interacting with a continuum of normal modes. Moreover, we

interactions between states of the continuum:<k|V

will assume that the coupling of the initial to continuum states is a constant for all states &:
(i) ={dv
element <B | V| ) > = 0. With these assumptions, we can summarize the Hamiltonian for our problem as
H(t)=H,+V(t)
Hy= |0 B+ SR £ 66
k

QUM R UIACIRDIAL

k'>= ---. For reasons that we will see later, we will also keep the diagonal matrix
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We are seeking a more accurate description of the occupation of the initial and continuum

states, for which we will use the interaction picture expansion coefficients
bk(t):<k‘U1(t,t0)‘ £> (3.7)
Earlier, we saw that the exact solution to U, was:

U, (1t )_1—% drv,(o)U, (7.1, (3.8)

This form was not very practical, since U, is a function of itself. For first-order perturbation theory,
we set the final term in this equation U [(z',to) — 1. Here, in order to keep the feedback between ’£>

and the continuum states, we keep it as is.

b,(1) = (Kle)=4 ] az (], (2)U, (2.0, ) ) (3.9)
Inserting eq.(3.7), and recognizing k # [,
b,(¢)= —%ZL' dr e v, b (1) (3.10)

Note, Vi is not a function of time. Equation (3.10) expresses the occupation of state k£ in terms of
the full history of the system from 7 — ¢ with amplitude flowing back and forth between the states

n. Equation (3.10) is just the integral form of the coupled differential equations that we used before:

ab
az =Y 'V, b (1) (3.11)

These exact forms allow for feedback between all the states, in which the amplitudes b, depend on
all other states. Since you only feed from 7 into k£, we can remove the summation in (3.10) and
express the complex amplitude of a state within the continuum as

b :——V j dt ¢ b,(1) (3.12)

k 0

We want to calculate the rate of leaving |/), including feeding from continuum back into

initial state. From eq. (3.11) we can separate terms involving the continuum and the initial state:

zh b N &y, b +V,b (3.13)

tk "k o=
k#l

Now substituting (3.12) into (3.13), and settingf, = 0:

S X [ e)e

i
2y h2 r—hV b,(¢) (3.14)

o=
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This is an integro-differential equation that describes how the time-development of b, depends on

the entire history of the system. Note we have two time variables for the two propagation routes:
[£) k)

(3.15)
k) =)

The next assumption is that b, varies slowly relative tow,,, so we can remove it from

kb’
integral. This is effectively a weak coupling statement: i@ , >>V,,. b is a function of time, but since

it is in the interaction picture it evolves slowly compared to the @,, oscillations in the integral.

ab{ io,, (- t _ v
E ([ k;é/ ’ J.e o V :| 10

Now, we want the long time evolution of b, for times @ ol >> 1, we will investigate the integration
limit¢ — co.

Complex integration of (3.16): Defining t'=7—¢ dt'=dr
[lear=—[ e ar (3.17)

The integral lim e"‘” dt' 1s purely oscillatory and not well behaved. The strategy

T—w
to solve this is to 1ntegrate.

lim e(""”) ¢ = lim
e0" -0t jo+e
—lim[ +i—2 j
e—0" a)2+52 a)2+52 (318)
1
= 8(w)— iP— (3.19)
w

(This expression is valid when used under an integral)

In the final term we have written in terms of the Cauchy Principle Part:

L 0
P(ljz x X7 (3.20)
X 0 x=0
Using eq. (3.19), eq. (3.16) becomes
ob, | |
—=b,| - élw,) ——|V,+P . 3.21
50 =] e 2l o) 2%, G20
term 1
L term 2 ]
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Note that Term 1 is just the Golden Rule rate, written explicitly as a sum over continuum states

instead of an integral

> é(w,)=hp(E =E,) (3.22)

ke#l

w, = [dE, p(E,) {%W 5(E, —Ef)} (3.23)

Term 2 is just the correction of the energy of E, from second-order time-independent perturbation
theory, AE,.

k 4 E
AE, = (4| 7]4) +Z’ " | (3.24)
k#4 k
So, the time evolution of b, is governed by a simple first-order differential equation
b, w, i
—L=p|-——L——AE 3.25
o [ 2 h "j (329
Which can be solved with b, (0) =1 to give
o
b/(t)zexp[—w%—%AEﬁt] (3.26)

We see that one has exponential decay of amplitude of ,! This is a manner of irreversible relaxation
from coupling to the continuum.
Now, since there may be additional interferences between paths, we switch from the

—iwgt,

interaction picture back to Schrodinger Picture, ¢, = be

c,(t)= exp{—(%ﬂ%"’j t} (3.27)

with the corrected energy E,=E,+AE (3.28)
and P =le| = exp[ -t ]: (3.29)

The solutions to the TDSE are expected to be complex and
oscillatory. What we see here is a real dissipative
component and an imaginary dispersive component. The

probability decays exponentially from initial state. Fermi’s

Golden Rule rate tells you about long times!

1st order P.T.
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Now, what is the probability of appearing in any of the states‘ k>? Using eqn.(3.12):

:——I v, e b(t)dr
1- exp( 2 (E ) ) J
=V 3.30
. E —E +ihw,/2 (-50)
l—c,(?)

“'E —E/+ihw,/2

If we investigate the long time limit(t - oo), noting that P, =|b, ?, we find

v
P,= d (3.31)
(E,-E;) +1°/4

with T=i, & (3.32)

kt

The probability distribution for occupying states within the
continuum is described by a Lorentzian distribution with
maximum probability centered at the corrected energy of P
the initial state E). The width of the distribution is given k
by the relaxation rate, which is proxy for ‘Vu‘z p(E,), the

coupling to the continuum and density of states.

Readings
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3. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; p. 305.

4. Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola,
NY, 2002; Ch. 9.



4. THE DENSITY MATRIX

The density matrix or density operator is an alternate representation of the state of a quantum

system for which we have previously used the wavefunction. Although describing a quantum
system with the density matrix is equivalent to using the wavefunction, one gains significant
practical advantages using the density matrix for certain time-dependent problems—particularly
relaxation and nonlinear spectroscopy in the condensed phase.

The density matrix is defined as the outer product of the wavefunction with its conjugate.

p(0) =]y ()w (1) (4-1)

This implies that if you specify a state [x), (x|plx) gives the probability of finding a particle in the
state |y). Its name derives from the observation that it plays the quantum role of a probability
density. If you think of the statistical description of a classical observable obtained from
moments of a probability distribution P, then p plays the role of P in the quantum case:

(4)=[4P(4)dn (4.2)
(4)= ] ) = 1r{ ] @3
where Tr[...] refers to tracing over the diagonal elements of the matrix, 77{---]= Za <a|| a> .

The last expression is obtained as follows. If the wavefunction for the system is expanded

as

w () =2e.(0)lm) (4.4)

the expectation value of an operator is
(A0)=2e. (e ()
Also, from eq. (4.1) we obtain the elements of the density matrix as
p(0)= 26, (1) (1))
E ;:pnm (£) |n)(m]

We see thatp, , the density matrix elements, are made up of the time-evolving expansion

y

n> (4.5)

(4.6)

coefficients. Substituting into eq. (4.5) we see that

(4()=> 4,0, (1)

4.7)

=Tr| 4p(7)|

Andrei Tokmakoff, 12/8/2014
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In practice this makes evaluating expectation values as simple as tracing over a product of
matrices.
What information is in the density matrix elements, pmn? The diagonal elements (n = m)

give the probability of occupying a quantum state:
Pun = €€, = P, 20 (4.8)

For this reason, diagonal elements are referred to as populations. The off-diagonal elements

(n# m) are complex and have a time-dependent phase factor
P =€, (1) (1) = .6, 49)

Since these describe the coherent oscillatory behavior of coherent superpositions in the system,
these are referred to as coherences.

So why would we need the density matrix? It becomes a particularly important tool when
dealing with mixed states, which we take up later. Mixed states refer to statistical mixtures in
which we have imperfect information about the system, for which me must perform statistical
averages in order to describe quantum observables. For mixed states, calculations with the
density matrix are greatly simplified. Given that you have a statistical mixture, and can describe
Dk, the probability of occupying quantum state |yx), evaluation of expectation values is simplified

with a density matrix:

y

(A1) = (v (1) A (1) (4.10)

p(‘)EZk:pk‘V/k(Z)><’//k(t)‘ (4.11)
(4(e)=1r[ 4p(1)] (4.12)

Evaluating expectation value is the same for pure or mixed states.

Properties of the density matrix

We can now summarize some properties of the density matrix, which follow from the definitions
above:

1) p is Hermitian since p, = p,

2) Since probability must be normalized, 7r(p)=1

3) We can ascertain the degree of “pure-ness” of a quantum state from

T ( 2) =1 for pure state
r
P <1 for mixed state



In addition, when working with the density matrix it is convenient to make note of these trace
properties:

1) The trace over a product of matrices is invariant to cyclic permutation of the matrices:
Tr(ABC) = Tr(CAB) = Tr(BCA)
2) From this result we see that the trace is invariant to unitary transformation:

Tr(STAS)=Tr(S"AS)=Tr(4)

Time-evolution of the density matrix

The equation of motion for the density matrix follows naturally from the definition of p and the

time-dependent Schrodinger equation.

0 0
| ) vl 2t @13
=—Hl){y|+ ) (wlH
9 _—i
o H,p] (4.14)

Equation (4.14) is the Liouville-Von Neumann equation. It is isomorphic to the Heisenberg

equation of motion, since p is also an operator. The solution to (4.14) is
,o(t):U,o(O)UT (4.15)

This can be demonstrated by first integrating eq. (4.14) to obtain
.t
p(t)zp(O)—% [az[H(z).p(7)] (4.16)
0

If we expand eq. (4.16) by iteratively substituting into itself, the expression is the same as when

we substitute
.t
U=exp, |:—%IdTH(Z’)j| (4.17)
0

into eq. (4.15) and collect terms by orders of H(7).
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Note that eq. (4.15) and the cyclic invariance of the trace imply that the time-dependent
expectation value of an operator can be calculated either by propagating the operator

(Heisenberg) or the density matrix (Schrodinger or interaction picture):

(4(r))=T1r 4p(1)]

=ﬂ{AUg¢ﬂ] (4.18)
:Tr[zzl(t)po]

For a time-independent Hamiltonian it is straightforward to show that the density matrix

elements evolve as

(1) = (nl () = o] |0 ) @19)

P () =€ 05 (1) (4.20)

From this we see that populations, p, (¢)=p,, (%), are time-invariant, and coherences oscillate

at the energy splitting @

nm *

The density matrix in the interaction picture
For the case in which we wish to describe a material Hamiltonian Ho under the influence of an

external potential V(¥),
H(t)=H,+V(t) (4.21)

we can also formulate the density operator in the interaction picture, p,. From our original

definition of the interaction picture wavefunctions

i) =Uslws) (4.22)
We obtain #7 as

p, =UipU, (4.23)

Similar to the discussion of the density operator in the Schrodinger equation, above, the equation
of motion in the interaction picture is

0 i

R AONO) (4.24)

where, as before, v, =Ult, .

Equation (4.24) can be integrated to obtain
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pi(0)=p, (1)~ [ Al [V, (1), (1)] (425)

Repeated substitution of p, (t) into itself in this expression gives a perturbation series expansion

pi(t) =Py di[Vi(1). ]

+(—%)2 J': dtzj: an [V, (6).[ 7, (t). 0] ]+

(4.26)
+ (—éj j; dt, : dr, | J': dr, [V, ANAR BRI AL )p()]]ﬂ
+-..

0 (t):p(O) + V4 pP g pl) 4 (4.27)

Here p, = p(to) and p(") is the n"-order expansion of the density matrix. This perturbative
expansion will play an important role later in the description of nonlinear spectroscopy. An n*
order expansion term will be proportional to the observed polarization in an n” order nonlinear
spectroscopy, and the commutators observed in eq. (4.26) are proportional to nonlinear response

functions. Similar to eq. (4.15), equation (4.26) can also be expressed as
Pr (t) =U, p, (O)Ug (4.28)

This is the solution to the Liouville equation in the interaction picture.

In describing the time-evolution of the density matrix, particularly when describing
relaxation processes later, it is useful to use a superoperator notation to simplify the expressions
above. The Liouville equation can be written in shorthand in terms of the Liovillian

superoperator L

op, —i% .
L —-_r 4.29
ot 7 P ( )

where £ is defined in the Schrodinger picture as
L= [H, 2} (4.30)

Similarly, the time propagation described by eq. (4.28) can also be written in terms of a

superoperator G, the time-propagator, as

p,(1)=G(1)p, (0) 4.31)

G is defined in the interaction picture as



GA =U,4,U! (4.32)
Given the eigenstates of Ho, the propagation for a particular density matrix element is
(A; (t) £y = e—iHOt/h |a> <b | eiHOt/h

a) (|

Using the Liouville space time-propagator, the evolution of the density matrix to arbitrary order

(4.33)
—i@,t

=e

in eq. (4.26) can be written as

p}”):(—%j L:dtn :dtnfl...L;zdtlé(t—tn)l/(tn)é(tn—tnfl)V(tnfl)---(A?(tz—tl)V(tl)po. (4.34)



5. THE ADIABATIC APPROXIMATION

In quantum mechanics, the adiabatic approximation refers to those solutions to the Schrodinger

equation that make use of a time-scale separation between fast and slow degrees of freedom, and
use this to find approximate solutions as product states in the fast and slow degrees of freedom.
Perhaps the most fundamental and commonly used version is the Born—Oppenheimer (BO)
approximation, which underlies much of how we conceive of molecular electronic structure and is
the basis of potential energy surfaces. The BO approximation assumes that the motion of electrons
is much faster than nuclei due to their large difference in mass, and therefore electrons adapt very
rapidly to any changes in nuclear geometry. That is, the electrons “adiabatically follow” the nuclei.
As a result, we can solve for the electronic state of a molecule for fixed nuclear configurations.
Gradually stepping nuclear configurations and solving for the energy leads to a potential energy
surface, or adiabatic state. Much of our descriptions of chemical reaction dynamics is presented in
terms of propagation on these potential energy surfaces. The barriers on these surfaces are how we
describe the rates of chemical reactions and transition state. The trajectories along these surfaces
are used to describe mechanism.

More generally, the adiabatic approximation can be applied in other contexts in which there
is a time-scale separation between fast and slow degrees of freedom. For instance, in the study of
vibrational dynamics when the bond vibrations of molecules occur much faster than the
intermolecular motions of a liquid or solid. It is also generally implicit in a separation of the
Hamiltonian into a system and a bath, a method we will often use to solve condensed matter
problems. As widely used as the adiabatic approximation is, there are times when it breaks down,
and it is important to understand when this approximation is valid, and the consequences of when
it is not. This will be particularly important for describing time-dependent quantum mechanical

processes involving transitions between potential energy sources.

5.1. Born—-Oppenheimer Approximation
As a starting point, it is helpful to review the Born—Oppenheimer Approximation (BOA). For a

molecular system, the Hamiltonian can be written in terms of the kinetic energy of the nuclei (V)

and electrons (e) and the potential energy for the Coulomb interactions of these particles.

H=T+T I? AN +V,
N
= i:12 ” 2 Y (5.1)
N ZZe 1 && ze
47750,]zl‘r ‘ 47r80,Z‘1|R RJ| dre, o Zl|ri—RJ|

Andrei Tokmakoff, 11/7/2014
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Here and in the following, we will use lowercase variables to refer to electrons and uppercase to
nuclei. The variables n, i, r, Vf , and me refer to the number, index, position, Laplacian, and mass
of electrons, respectively, and N, J, R, and M refer to the nuclei. e is the electron charge, and Z is
the atomic number of the nucleus. Note, this Hamiltonian does not include relativistic effects such
as spin-orbit coupling.

The time-independent Schrodinger equation is
l:I(f,li)‘P(f,li):E‘P(f',li) (5.2)

g (f, ﬁ) is the total vibronic wavefunction, where “vibronic” refers to the combined electronic and
nuclear eigenstates. Exact solutions using the molecular Hamiltonian are intractable for most
problems of interest, so we turn to simplifying approximations. The BO approximation is
motivated by noting that the nuclei are far more massive than an electron (me < Mi). With this
criterion, and when the distances separating particles is not unusually small, the kinetic energy of
the nuclei is small relative to the other terms in the Hamiltonian. Physically, this means that the
electrons move and adapt rapidly—adiabatically—in response to shifting nuclear positions. This
offers an avenue to solving for ¥ by fixing the position of the nuclei, solving for the electronic
wavefunctions ,, and then iterating for varying R to obtain effective electronic potentials on
which the nuclei move.

Since it is fixed for the electronic calculation, we proceed by treating R as a parameter

rather than an operator, set T v to 0, and solve the electronic TISE:
q,(:R)y, (/,R)=U,(R)y,(R) (5.3)

Ui are the electronic energy eigenvalues for the fixed nuclei, and the electronic Hamiltonian in the

BO approximation is
I_’\[el:j\1c)+VAc)e+I}L)N (54)

In (5.3), y, is the electronic wavefunction for fixed R, with i = 0 referring to the electronic ground
state. Repeating this calculation for varying R, we obtain Ui(R), an effective or mean-field potential
for the electronic states on which the nuclei can move. These effective potentials are known as
Born—Oppenheimer or adiabatic potential energy surfaces (PES).

For the nuclear degrees of freedom, we can define a Hamiltonian for the i™ electronic PES:

A

H

Nuc,i

=T, +U,(R) (5.5)

which satisfies a TISE for the nuclear wave functions ®(R) :
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H,,®,(R)=E,®,(R) (5.6)

Nuc,i = i

Here J refers to the J™ eigenstate for nuclei evolving on the i" PES. Equation (5.5) is referred to

as the BO Hamiltonian.

.
D,
(D].U

\ z
\?ﬁ’; = V/?/
7 = Un

The BOA effectively separates the nuclear and electronic contributions to the wavefunction,
allowing us to express the total wavefunction as a product of these contributions
Y(r,R)=d(R)y(r,R) and the eigenvalues as sums over the electronic and nuclear contribution:
E = E,+E, . The BOA does not treat the nuclei classically. However, it is the basis for
semiclassical dynamics methods in which the nuclei evolve classically on a potential energy
surface, and interact with quantum electronic states. If we treat the nuclear dynamics classically,
then the electronic Hamiltonian can be thought of as depending on R or on time as related by
velocity or momenta. If the nuclei move infinitely slowly, the electrons will adiabatically follow
the nuclei and systems prepared in an electronic eigenstate will remain in that eigenstate for all

times.

5.2. Nonadiabatic Effects

Even without the BO approximation, we note that the nuclear-electronic product states form a

complete basis in which to express the total vibronic wavefunction:

Y(r,R) =D ¢ @, (R, (rR) (5.7)

i,J



5-4

We can therefore use this form to investigate the consequences of the BO approximation. For a

given vibronic state, the action of the Hamiltonian on the wavefunction in the TISE is
Y, =(T,(R)+H,(R))®, ,(R)y,(R) (5.8)

Expanding the Laplacian in the nuclear kinetic energy via the chain rule as
V?AB = (V?A)B+2(VA)VB + AV’B , we obtain an expression with three terms

Y, =®,,(R)(T, (R)+U,R))y,(R)

-2 AZ—VRCD,»,J(R)VR% (R) (5.9)

2
> 2’LJ ®,,(R)Vy,(R)
This expression is exact for vibronic problems, and is referred to as the coupled channel
Hamiltonian. Note that if we set the last two terms in (5.9) to zero, we are left withH =T, v+U,
which is just the Hamiltonian we used in the Born-Oppenheimer approximation, eq. (5.5).
Therefore, the last two terms describe deviations from the BO approximation, and are referred to
as nonadiabatic terms. These depend on the spatial gradient of the wavefunction in the region of
interest, and act to couple adiabatic Born—Oppenheimer states.

The coupled channel Hamiltonian has a form that is reminiscent of a perturbation theory
Hamiltonian in which the Born—Oppenheimer states play the role of the zero-order Hamiltonian

being perturbed ay a nonadiabatic coupling V-
H=H, +V (5.10)
To investigate this relationship further, it is helpful to write this Hamiltonian in its matrix form.

We obtain the matrix elements by sandwiching the Hamiltonian between two projection operators
and evaluating
H,,,,=[[drdR ¥ (r, )H (t,R)¥ ,(r,R). (5.11)

Making use of eq. (5.9) we find that the Hamiltonian can be expressed in three terms

I:[i,l,j,J = IdR(Di,I (R)(fzv (R) +U, (R))(Dj,J (R) 51;

_ZVZJ- dRq)i,] (R)VRq)j,J (R) 'F,-j (R) (5.12)

hZ
Yoirme, ®e,m6,®

where
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F,(R) = [dry; (r, )V, (r,R)

(5.13)
G,(R)=[dry, (r, R)V}y ,(r,R)

The first term in eqn. (5.12) gives the BO Hamiltonian. In the latter two terms, F is referred to as
the nonadiabatic, first-order, or derivative coupling, and G is the second-order nonadiabatic
coupling or diagonal BO correction. Although they are evaluated by integrating over electronic
degrees of freedom, both depend parametrically on the position of the nuclei. In most
circumstances the last term is much smaller than the other two, so that we can concentrate on the
second term in evaluating couplings between adiabatic states. For our purposes, we can write the
nonadiabatic coupling in equation (5.10) as

I}5,1,;',1 (R) = _ZAZ_zJ. dRcDi,] (R)VRCDj,J (R) Fy (R) (5.14)

1

This emphasizes that the coupling between surfaces depends parametrically on the nuclear
positions, the gradient of the electronic and nuclear wavefunctions, and the spatial overlap of those
wavefunctions.

5.3. Diabatic and Adiabatic States

Although the Born—Oppenheimer surfaces are the most straightforward and commonly calculated,
they may not be the most chemically meaningful states. As an example consider the potential
energy curves for the diatomic NaCl. The chemically distinct potential energy surfaces one is likely
to discuss have distinct atomic or ionic character at large separation between the atoms. These
“diabatic” curves focus on physical effects, but are not eigenstates. In the figure, the ionic state |a)

is influenced by the Coulomb attraction

. = == Adiabatic
between ions that draws them together, U e
== Diabatic
leading to a stable configuration at Req
once these attractive terms are balanced e
] |a) Na '+ Cl
by nuclear repulsive forces. However, the
neutral atoms (Na’ and CI° have a
potential energy surface |b) which is |b) Na+Cl
dominated by repulsive interactions. The
adiabatic potentials from the BO
Hamiltonian will reflect significant :
coupling between the diabatic electronic g
Rea« R R
states. BO states of the same symmetry

will exhibit an avoided crossing where the electronic energy between corresponding diabatic states
is equal. As expected from our earlier discussion, the splitting at the crossing for this one-

dimensional system would be 2Vab, twice the coupling between diabatic states.
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The adiabatic potential energy surfaces are important in interpreting the reaction dynamics,
as can be illustrated with the reaction between Na and Cl atoms. If the neutral atoms are prepared
on the ground state at large separation and slowly brought together, the atoms are weakly repelled
until the separation reaches the transition state R*. Here we cross into the regime where the ionic
configuration has lower energy. As a result of the nonadiabatic couplings, we expect that an
electron will transfer from Na® to CI°, and the ions will then feel an attractive force leading to an
ionic bond with separation Req.

Diabatic states can be defined in an endless number of ways, but only one adiabatic surface
exists. In that respect, the term “nonadiabatic” is also used to refer to all possible diabatic surfaces.
However, diabatic states are generally chosen so that the nonadiabatic electronic couplings in eq.
(5.13) are zero. This can be accomplished by making the electronic wavefunction independent of
R.

As seen above, for coupled states with the same symmetry the couplings repel the adiabatic
states and we get an avoided crossing. However, it is still possible for two adiabatic states to cross.
Mathematically this requires that the energies of the adiabatic states be degenerate (Eo = Ep) and
that the coupling at that configuration be zero (Ves=Vps=0). This isn’t possible for a one-
dimensional problem, such as the NaCl example above, unless symmetry dictates that the
nonadiabatic coupling vanishes. To accomplish this for a Hermitian coupling operator you need
two independent nuclear coordinates, which enable you to independently tune the adiabatic
splitting and coupling. This leads to a single point in the two-dimensional space at which
degeneracy exists, which is known as a conical intersection (an important topic that is not discussed
further here).

5.4. Adiabatic and Nonadiabatic Dynamics

OK, so what does the discussion above mean for dynamics? The BO approximation never
explicitly addresses electronic or nuclear dynamics, but neglecting the nuclear kinetic energy to
obtain potential energy surfaces has implicit dynamical consequences. As we discussed for our
NaCl example, moving the neutral atoms together slowly allows electrons to completely
equilibrate about each forward step, resulting in propagation on the adiabatic ground state. This is
the essence of the adiabatic approximation. If you prepare the system in ¥, an eigenstate of H at

the initial time ¢, and propagate slowly enough, that ¥, will evolve as an eigenstate for all times:
H(1)¥, (1)=E, (1)¥, (1) (5.15)
Equivalently this means that the n™ eigenfunction of H (to) will also be the n™ eigenfunction of

H (t) . In this limit, there are no transitions between BO surfaces, and the dynamics only reflect

the phases acquired from the evolving system. That is the time propagator can be expressed as
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Ut ty) wiiapaie = 2| ) (| exp(—% j dt'E, (f)j (5.16)

In the opposite limit, we also know that if the atoms were incident on each other so fast
(with such high kinetic energy) that the electron did not have
time to transfer at the crossing, that the system would pass
smoothly through the crossing along the diabatic surface. In
fact it is expected that the atoms would collide and recoil. This
implies that there is an intermediate regime in which the

velocity of the system is such that the system will split and

follow both surfaces to some degree.

In a more general sense, we would like to understand the criteria for adiabaticity that enable
a time-scale separation between the fast and slow degrees of freedom. Speaking qualitatively about
any time-dependent interaction between quantum mechanical states, the time-scale that separates
the fast and slow propagation regimes is determined by the strength of coupling between those
states. We know that two coupled states exchange amplitude at a rate dictated by the Rabi
frequency Qr, which in turn depends on the energy splitting and coupling of the states. For systems
in which there is significant nonperturbative transfer of population between two states a and b, the
time scale over which this can occur is approximately At = 1/Qr = f/Vab. This is not precise, but
is provides a reasonable starting point for discussing “slow” versus “fast”. “Slow” in an adiabatic
sense would mean that a time-dependent interaction act on the system over a period such that At
<< fi/Vab. In the case of our NaCl example, we would be concerned with the time scale over which
the atoms pass through the crossing region between diabatic states, which is determined by the

incident velocity between atoms.

Adiabaticity criterion

Let’s investigate these issues by looking more carefully at the adiabatic approximation. Since the

adiabatic states W (¢) = |a> are orthogonal for all times, we can evaluate the time propagator as
[ g wnar
U(1)=3 e " | a)(af (5.17)

and the time-dependent wavefunction is

i

W (6)=3b,() o ) (5.18)

Although these are adiabatic states we recognize that the expansion coefficients can be time-

dependent in the general case. So, we would like to investigate the factors that govern this time-
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dependence. To make the notation more compact, let’s define the time-rate of change of the

eigenfunction as
0
N = | 5.19
6= 21, @) 519
If we substitute the general solution eq. (5.18) into the TDSE, we get
ihZ[lﬁa |a>+ba |d>—%E b, |a>)e hio

Note, the third term on the left hand side equals the right hand term. Acting on both sides from the
left with (3] leads to

E,(t)dl’

=Xb.E, e T (5.20)

“bye e =S b, (Blae o (5.21)

a

We can break up the terms in the summation into one for the target state |f) and one for the

remaining states.
<ﬂ‘ﬂ>+zb (Bla) exp[——f dt' E,,(t )} (5.22)
a#p
E ()= E,(0) = E,(t)

The adiabatic approximation applies when we can neglect the summation in eq. (5.22), or

where

equivalently when < p | o)< ﬂ ‘ Y;; > for all |@). In that case, the system propagates on the adiabatic
state | ) independent of the other states: b =-b < p ‘ ,B> The evolution of the coefficients is

by (1) =b,(0) exp[— j0< ' >dt’}

~b,(0)exp [é jo E, () dx’}

(5.23)

Here we note that in the adiabatic approximation E,(¢) =(S(¢)|H(¢)| B(?)) . Equation (5.23)
indicates that in the adiabatic approximation the population in the states never changes, only their
phase.

The second term on the right in eq. (5.22) describes the nonadiabatic effects, and the

overlap integral

ot

<ﬂ|a>=<‘Pﬂ

o, > (5.24)

determines the magnitude of this effect. (,B|d> is known as the nonadiabatic coupling (even

though it refers to couplings between adiabatic surfaces), or as the geometrical phase. Note the
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parallels here to the expression for the nonadiabatic coupling in evaluating the validity of the Born-
Oppenheimer approximation, however, here the gradient of the wavefunction is evaluated in time
rather than the nuclear position. It would appear that we can make some connections between these
two results by linking the gradient variables through the momentum or velocity of the particles
involved.

So, when can we neglect the nonadiabatic effects? We can obtain an expression for the
nonadiabatic coupling by expanding

S [t|a)=E,|a)] (525)

and acting from the left with (3

, which for a # fleads to

. (BlH |a)
(Bla) = E,_E, (5.26)

For adiabatic dynamics to hold (|a) << (8| 4), and so we can say

H|a '
<ﬂ|#<< _LEﬂ (527)

E,-E, h
So how accurate is the adiabatic approximation for a finite time-period over which the
systems propagates? We can evaluate eq. (5.22), assuming that the system is prepared in state |a)
and that the occupation of this state never varies much from one. Then the occupation of any other

state can be obtained by integrating over a period t as

Eﬁ =<ﬂ|d>exp{_%jofdt' aﬁ(t'):|

b, = ih%{exp[—%@tﬁr} —1} (5.28)
SRR
E, 21

Here T used € —1=2i¢' sin(@/Z). For | b, |<<1, we expand the sin term and find

<\Pﬂ\%—lj|\ya><< E,lt (5.29)

This is the criterion for adiabatic dynamics, which can be seen to break down near adiabatic curve
crossings where £, =0, regardless of how fast we propagate through the crossing. Even away
from curve crossing, there is always the possibility that nuclear kinetic energies are such that

(0H / o) will be greater than or equal to the energy splitting between adiabatic states.
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5.5. Landau—Zener Transition Probability

Clearly the adiabatic approximation has significant limitations in the vicinity of curve crossings.
This phenomenon is better described through transitions between diabatic surfaces. To begin, how
do we link the temporal and spatial variables in the curve crossing picture? We need a time-rate of
change of the energy splitting, £ = dE , /dt. The Landau—Zener expression gives the transition
probabilities as a result of propagating through the crossing between diabatic surfaces at a constant
E . If the energy splitting between states varies linearly in time near the crossing point, then setting

the crossing point to ¢ = 0 we write
E,—E,=Et (5.30)

If the coupling between surfaces V,, is constant, the transition probability for crossing from

surface a to b for a trajectory that passes through the crossing is

27V
B, =1-exp| - ab (5.31)
” p[ hE }

and P, =1-P, . Note if ¥/, =0 then P, =0, but if the splitting sweep rate £ is small as
determined by

27V}, >> h|E| (5.32)

then we obtain the result expected for the adiabatic dynamics £, ~1.

We can provide a classical interpretation to eq. (5.31) by equating E with the velocity of
particles involved in the crossing. We define the velocity as v=0R/0¢, and the slope of the
diabatic surfaces at the crossing, F; = 0E, / OR . Recognizing

(E,—E,)/t=v(F,-F,) (5.33)
we find
27V?
P =1- - a 5.34
ba eXp|: hV F; —F})|:| ( )

In the context of potential energy surfaces, what this approximation g

says is that you need to know the slopes of the potentials at their
crossing point, the coupling and their relative velocity in order to _
extract the rates of chemical reactions. \ v



Readings

1. Truhlar, D. D., Potential Energy Surfaces. In The Encyclopedia of Physical Science and
Technology, 3rd ed.; Meyers, R. A., Ed. Academic Press: New York, 2001; Vol. 13, pp 9-17.

2. Tully, J. C., Nonadiabatic Dynamics Theory. J. Chem. Phys. 2012, 137, 22A301.



6. INTERACTION OF LIGHT AND MATTER

6.1 Electric Dipole Hamiltonian

One of the most important applications of time-dependent quantum mechanics for chemists is
spectroscopy, which refers to the study of interaction of matter with electromagnetic radiation
(called light for short). Classically, light-matter interactions are a result of an oscillating
electromagnetic field resonantly interacting with charged particles in the matter (most often bound
electrons). Quantum mechanically, a light field acts to couple the quantum states associated with
the charged particles, as we have discussed earlier.

Our starting point is to write a general Hamiltonian for this problem as a sum of

contributions from the matter /7,, , the light /7, , and the light-matter interaction /4, ,
H=H,+H,+H,, (6.1)

Although the Hamiltonian for the matter may be time dependent, the time-dependent phenomena
of interest here are the electromagnetic field and its interaction with the matter. A quantum
mechanical treatment of the light describes the light in terms of photons for different modes of
electromagnetic radiation, which we will address later.

We will start with semiclassical treatment of the problem. For this approach we treat the
matter quantum mechanically, and treat the light field classically. For the field we assume that the
action of the light on the matter is a time-dependent potential, but the matter does not influence the
light. (Energy conservation requires the change in the matter to be raised in the quantum state of
the system and annihilation of a photon from the light field. We will deal with this in detail later).
We are just interested in the effect that the light has on the matter. In that case, we can really

ignore H, , and we have a Hamiltonian for the system, which is
H~H,+H,, (t)

6.2
=H,+V (1) (62)

Now we derive an explicit expression for the Hamiltonian in the Electric Dipole approximation.
The standard procedure is to first write down a classical Hamiltonian, and then replace the

classical dynamical variables of matter with suitable quantum operators:

p—> —ihV (6.3)
X—>Xx

In order to get the classical Hamiltonian, we need to work through two steps: (1) We need to

describe electromagnetic fields, specifically in terms of a vector potential, and (2) we need to

describe how the electromagnetic field interacts with charged particles.

Andrei Tokmakoff, 11/12/2014
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Brief summary of electrodynamics

Let’s summarize the description of electromagnetic fields that we will use. A derivation of the
plane wave solutions to the electric and magnetic fields and vector potential is described in the
appendix. Also, it is helpful to review this material in Jackson' or Cohen-Tannoudji, et al.?

Maxwell’s Equations describe electric and magnetic ﬁelds(E ,B ); however, to construct a
Hamiltonian, we must use the time-dependent interaction potential (rather than a field). To
construct the potential representation of £ and B, you need a vector potential A4 (F,t) and a scalar
potentialgo(?,t) . For electrostatics we normally think of the field being related to the electrostatic
potential through E =V ¢, but for a field that varies in time and in space, the electrodynamic
potential must be expressed in terms of both 4 and¢.

In general an electromagnetic wave written in terms of the electric and magnetic fields
requires six variables (the x, y, and z components of £ and B). This is an over determined problem;
Maxwell’s equations constrain these. The potential representation has four variables (4,, 4,, A, and
@), but these are still not uniquely determined. We choose a constraint—a representation or
guage—that allows us to uniquely describe the wave. Choosing a gauge such that ¢ =0 (Coulomb

gauge) leads to a unique description of E and B :

2 (—
V4 G””%%:O (6.4)
V-4=0 (6.5)

This wave equation for the vector potential gives a plane wave solution for free space:

l;-Ffa)t)

AF) =i s gz (6.6)
This describes the wave oscillating in time at an angular frequency ® and propagating in space in
the direction along the wave vector k , with a spatial period A = 27:/ ‘l; ‘ . The wave has an amplitude
A, which is directed along the polarization unit vector £ . Since V-4 =0, we see that k -£=0 or

k 1 & . From the vector potential we can obtain £ and B

(6.7)

! Jackson, J. D. Classical Electrodynamics (John Wiley and Sons, New York, 1975).
2 Cohen-Tannoudji, C., Diu, B. & Lalde, F. Quantum Mechanics (Wiley-Interscience, Paris, 1977), Appendix I1I.
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N

B=Vx

:i(;:xé)Ao( 7o) _e—f<k-r—wr)j (6.8)

If we define a unit vector along the magnetic field polarization as b= (l? X é‘) / ‘l; ‘ =kxé , We see
that the wave vector, the electric field polarization and magnetic field polarization are mutually
orthogonalk L &1 b .

Also, by comparing eq. (6.6) and (6.7) we see that

€

the vector potential oscillates as cos(wt), whereas the
electric and magnetic fields oscillate as sin(wt). If we define / ”
b

k
%@:m% 9)
I
2B = i[k| 4, (6.10)
then,
E(7.t)=|E,|ésin(k -7 - at) (6.11)
B(7.t)=|B,|bsin(k -7 - o) (6.12)

Note, E,/B, =w/|k|=c .

Classical Hamiltonian for radiation field interacting with charged particle

Now, let’s find a classical Hamiltonian that describes charged particles in a field in terms of the

vector potential. Start with Lorentz force® on a particle with charge g:
F=q(E+vxB) (6.13)

Here v is the velocity of the particle. Writing this for one direction (x) in terms of the Cartesian

components of E, v and B, we have:

F,=q(E,+v,B.-v.B,) (6.14)
In Lagrangian mechanics, this force can be expressed in terms of the total potential energy U as
Fx:_a_U_,_i v (6.15)
Ox dt\ ov,

3 See Schatz and Ratner, p.82-83.
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Using the relationships that describe E and B in terms of 4 and ¢, inserting into eq. (6.14), and
working it into the form of eq. (6.15), we can show that:

U=qp—qv-A (6.16)
This is derived in CTDL,* and you can confirm by replacing it into eq. (6.15).

Now we can write a Lagrangian in terms of the kinetic and potential energy of the particle

L=T-U (6.17)
1 ., _ =
Lzamv +qv-A-qp (6.18)
The classical Hamiltonian is related to the Lagrangian as
H=pv-L
s (6.19)
=pV-gmv —qv-A-qp
. _ oL _ -
Recognizing p=—=mv+qA (6.20)
v
we write V—i(_— Z) 6.21
=m\P—4 (6.21)
Now substituting (6.21) into (6.19), we have:
— (= = =2 - =
H=%p-(p—qd)-2:(P-q4) —5(p-94)-A+q9p (6.22)
I/ = _ 2 —
H:—[p—qA(r,t)] +qgo(r,t) (6.23)

2m
This is the classical Hamiltonian for a particle in an electromagnetic field. In the Coulomb gauge
(¢ =0), the last term is dropped.
We can write a Hamiltonian for a single particle in a bound potential Vo in the absence of
an external field as

—=2

H, = é’—m +7,(7) (6.24)
and in the presence of the EM field:
H = %(ﬁ—qﬂ(?,t))z +7,(F) (6.25)
m
2
o _ q (— 5 - — q |5 /— A2
Expanding: H=H, —E(p~A+A-p)+E‘A(r,t)‘ (6.26)

4 Cohen-Tannoudji, et al. app. I1I, p. 1492.
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Generally the last term which goes as the square of 4 is small compared to the cross term which is
proportional to first power of A. This term should be considered for extremely high field strength,
which is non-perturbative and significantly distorts the potential binding molecules together, i.e.,
when it is similar in magnitude to Vo. One can estimate that this would start to play a role at
intensity levels >10'> W/cm?, which may be observed for very high energy and tightly focused
pulsed femtosecond lasers. So, for weak fields we have an expression that maps directly onto

solutions we can formulate in the interaction picture:
H=H,+ V(t) (6.27)

V(t):%(ﬁ-z +4-p) (6.28)

Quantum mechanical electric dipole Hamiltonian

Now we are in a position to substitute the quantum mechanical momentum for the classical. Here

the vector potential remains classical, and only modulates the interaction strength.

p=—ihV (6.29)
V(z):%q(vZJﬁ) (6.30)

We can show thatV-A4 = 4-V . For instance, if we are operating on a wavefunction on the right, we
can use the chain rule to write V-(4 |l//> (§-Z)|y/> + Z'(§|l//>). The first term is zero since we
are working in the Coulomb gauge (V A= 0) Now we have:

" (6.31)

Now we can generalize (6.31) for the case of multiple charged particles, as would be appropriate

for interactions involving a molecular Hamiltonian:

S YA a) 5
v(t)= Z,:mj A(’”j’t) p; (6.32)
() =2 4o, e ey e | (6:33)

7
Under most of the circumstances we will encounter, we can neglect the wave vector

dependence of the interaction potential. This applies if the wavelength of the field is much larger
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than the dimensions of the molecules we are interrogating, i.e. (4 — o) (|k| - 0). To see this, let’s

define 7, as the center of mass of a molecule and expand about that position
*T — oy R T)

]

6.34
_ eﬂ?-fo ei/?-af,- ( )
For interactions, with UV, visible, and infrared radiation, wavelengths are measured in hundreds to
thousands of nanometers. This is orders of magnitude larger than the dimensions that describe
charge distributions in molecules (07, =7, —7;). Under those circumstances |k| or, <<1, and setting

ik 7

7,=0 means thate”” — 1. This is known as the electric dipole approximation. Implicit in this is
also the statement that all molecules within a macroscopic volume experience an interaction with a
spatially uniform, homogeneous electromagnetic field.

Certainly there are circumstances where the electric dipole approximation is poor. In the
case where the wavelength of light in on the same scale as molecular dimensions, the light will
now have to interact with spatially varying charge distributions, which will lead to scattering of the
light and interferences between the scattering between different spatial regions. We will not
concern ourselves with this limit further.

We also retain the spatial dependence for certain other types of light—matter interactions.

For instance, we can expand eq. (6.34) as
e~ e [1+il€-(7i—7())+...} (6.35)
We retain the second term for quadrupole transitions: charge distribution interacting with gradient

of electric field and magnetic dipole.

Now, using 4, =iE, /2w, we write (6.31) as

V(t)= _2135: [6:pe™ —2-pe” ] (6.36)
V(r)= ‘Zi (4 p)sinar
(6.37)
=_q(E(t).f,)
ma

@

V(z):—[zﬁ(é-ﬁj)jﬂsinan (6.38)

This is the interaction Hamiltonian in the electric dipole approximation.



Transition dipole matrix elements

In order to physically interpret eq. (6.38) it is first helpful to evaluate matrix elements in this
Hamiltonian. Note in first order perturbation matrix element calculations one uses unperturbed
wavefunctions. Thus we evaluate the matrix elements of the electric dipole Hamiltonian using the

eigenfunctions of Ho:

ARANE _nzaE)O (k|&-p|e) (6.39)

We can evaluate <k |ﬁ| €> using an expression that holds for any one-particle Hamiltonian:

[f, 190] _ip (6.40)
m
This expression gives
(k|p|¢) =%<k FH,-H, 7 z>
m . .
=£(<k AeVE, —E, (k|f|()) (6.41)
=ima,, <k|f|£>.
So we have
V., =—iqE, a;k)f (k|6-7¢) (6.42)
or for many charged particles
Vi = =B, 24 (k|23 0,0 () (6.43)

The matrix element includes an operator that describes the spatial distribution of charges, the
dipole operator

f=2 4% (6.44)

We can see that it is the quantum analog of the classical dipole moment, which describes the

distribution of charge density p in the molecule:
ﬁzjd??p(?). (6.45)

The matrix elements in the dipole operator y,, are known as transition dipole matrix elements:

v, =—iEO%<k &t
(6.46)

10}
_ . kt
=—iE,— u,
w

These expressions allow us to write in a simplified form the well-known interaction potential for a
dipole in a field:
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V(t)=—m-E(t) (6.47)

Here we note that we have reversed the order of terms, since they commute.
We are seeking to use this Hamiltonian to evaluate the transition rates induced by ¥(¢) from
our first-order perturbation theory expression. For a perturbation V(t) =V,sinwt the rate of

transitions induced by field is
W, = 2£h|1/,€,|2 [6(E, —E, ~hw)+5(E, ~E, +ho)] (6.48)

or

2
2 Wy,

|\ @ [6(E,—E, ~hw)+(E, - E, +ho) ]
@ (6.49)

zzihz |E0|2 |ﬁk,|2 [5(@,{5 —0)+6(w, + a))]

Wi :%|Eo|

Equation (6.49) is an expression for the absorption and emission spectrum since the rate of
transitions can be related to the power absorbed from or emitted to the field. The strength of
interaction between light and matter is given by the matrix element s,,. In order that we have
absorption, the part < f | ,u|i> , which is a measure of change of charge distribution between | f > and
|i>, should be non-zero. In other words, the incident radiation has to induce a change in the charge
distribution of matter to get an effective absorption rate. This matrix element is the basis of
selection rules based on the symmetry of the matter charge eigenstates. The second part, namely
the electric field polarization vector says that the electric field of the incident radiation field must
project onto the matrix elements of the dipole moment between the final and initial sates of the
charge distribution. Thus one can get information on the orientation of molecules using polarized
light.



Relaxation leads to line-broadening

Let’s combine the results from the last two lectures, and describe absorption to a state that is
coupled to a continuum. What happens to the probability of absorption if the excited state decays
exponentially?
k L i p— n
| ) L | k) relaxes exponentially
.. for instance by coupling to continuum

V sin ot
B, ccexp[-w, ]

We can start with the first-order expression:

%b = _E e v, (1) (6.50)
where we make the approximation b, (t) ~1. We can add irreversible relaxation to the description
ofb, , using our earlier expression for the relaxation of b, (¢) = exp[-,,/2—iAE,t/h]. In this case
we will neglect the correction to the energy AE, =0

a i zaJA,t Wn
b ==, (1) =, (6.51)

Or using V (¢) = —iE, [, sin ot

agb — e sinat V,, —%bk (1)
| B0, [ jeoy_jocoy], T (6-52)
(Uk/ Ii o)t (o,~® t:| _ Wi
—e , ——=b, (1
" 2ihw e =7 (1)
The solution to the differential equation
y+ay=be™ (6.53)
is p(1)=de + 22 (6.54)
a+ia
_ 77 i(@y +o)t i(w —o)t
b, (t) = e "2 4 E, _ € __ e 6.55)
2in | w, /2+i(o,+®) w,/2+i(w, )

Let’s look at absorption only, in the long time limit:

— i(a},‘/—w)t
b (1)=tebe| € (6.56)
2h | o, —0—iw, /2




For which the probability of transition to £ is

|2 _ Eo2 |ﬂka|2 1

P =\b
¢ |k 40 (a)kg—a))2+wnk2/4

(6.57)

The frequency dependence of the transition probability has a Lorentzian form:

The FWHM linewidth gives the relaxation rate from k into the continuum #n. Also the linewidth is

related to the system rather than the manner in which we introduced the perturbation. The line

width or line shape is an additional feature that we interpret in our spectra, and commonly

originates from irreversible relaxation or other processes that destroy the coherence first set up by
the light field.

Readings

1.

A

Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris, 1977;
Appendix III.

Jackson, J. D., Classical Electrodynamics. 2nd ed.; John Wiley and Sons: New York, 1975.
McHale, J. L., Molecular Spectroscopy. 1st ed.; Prentice Hall: Upper Saddle River, NJ, 1999.
Merzbacher, E., Quantum Mechanics. 3rd ed.; Wiley: New York, 1998.

Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 5.

Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading, MA,
1994.

Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola,
NY, 2002; pp. 82-83.



6.2. Supplement: Review of Free Electromagnetic Field

Maxwell’s Equations in SI units are:
() V-B=0

2) V-E=plg,

(3) VxE=——

“4) 6XE:/qu"_g()/uoZ_lj

E: electric field; B: magnetic field; J: current density; p: charge density; &,: electrical

permittivity; £, : magnetic permittivity.

We are interested in describing E and Bin terms of a scalar and vector potential. This is

required for our interaction Hamiltonian.

Generally: A vector field F assigns a vector to each point in space. The divergence of the field

oF OF, OF
=+

(5) V- F=—=+
ox 0Oy Oz

is a scalar. For a scalar field ¢, the gradient

op . 0¢ . O0f .
6 Vp=—x+—y+—
© / 8xx ny 822

is a vector for the rate of change at one point in space. Here %* + ° + 2* =7 are unit vectors.

The Laplacian V> is the divergence of the gradient of a scalar field V> =V-Vf, or in

Cartesian coordinates

_Pf Pf. 8

Vf=
/ ox’ éyz 0z*
Also, the curl
(7) VxF=|_ _ .
X y z
o 9 0
ox oy Oz
F. F, F,

is a vector whose x, y, and z components are the circulation of the field about that component.
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Some useful identities from vector calculus are:

®)  V(VxF)=0

©)  Vx(Vg)=0

(10)  Vx(VxF)=V(V-F)-V’F

We now introduce a vector potential 4(7,¢) and a scalar potential ¢(7,¢), which we will relate
to £ and B

Since V-B =0 and ?(?xﬂ) =0:

(11) B=Vx4

Using (3), we have:

(12) ﬁx{m—}:o

From (9), we see that a scalar product exists with:

04

13 E+—=- 7,t
o ot KZ( )
convention

or

(14) E:a—A—w
ot

So we see that the potentials 4 and ¢ determine the fields B and E :
(15)  B(r,t)=VxA(r.1)

(16) E(F,t)z—V([)(F,t)—%Z(?,t)

We are interested in determining the wave equation for 4 and ¢ . Using (15) and differentiating
(16) and substituting into (4):

= (= = A =0
(17) VX(VXA)+80,LJO(?+V§]=,UOJ
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Using (10):

—— 0’4 - o _ -
(18) [—VZAHO%?}v(v-m%%a—‘;’]:yﬂ

From (14), we have:

ot
and using (2):
(19) _ath'A —Vip=ple,

Notice from (15) and (16) that we only need to specify four field components
(4,,4,, 4.,¢) to determine all six E and B components. But £ and B do not uniquely
determine A and @. So, we can construct A and ¢ in any number of ways without changing E
and B . Notice that if we change 4 by adding Vy where y is any function of 7 and ¢, this
will not change B (VX(V-B):O). It will change E by (—%6){), but we can change ¢ to
¢'=¢—(0x/ot). Then E and B will both be unchanged. This property of changing
representation (gauge) without changing £ and B is gauge invariance. We can transform
between gauges with:

(20)  A'(F.t)=A(F.t)+V-x(7.1) cauge

transformation

@1 gp'(?,t)z(p(?,t)—%;{(?,t)

Up to this point, 4" and Q are undetermined. Let’s choose a y such that:

= - 0
(22) V-A+gp, a—(f =0 Lorentz condition

then from (17):
-

I e

t2
The RHS can be set to zero for no currents.

From (19), we have:

O o o P
24) g —2 Vo=t
( ) OIUO atz ¢ 50
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Eqns. (23) and (24) are wave equations for 4 and ¢. Within the Lorentz gauge, we can still
arbitrarily add another y (it must only satisfy 22). If we substitute (20) and (21) into (24), we
see:

2

0
(25)  Viz-ep, S50

t2
So we can make further choices/constraints on 4 and ¢ as long as it obeys (25).

For a field far from charges and currents, /=0 and p=0.
o — 0*A
(26) —V?A+epu,—5 =0
Ot
O’p

o

Q7)) Vip+eu,

We now choose ¢ =0 (Coulomb gauge), and from (22) we see:
(28) V-4=0

So, the wave equation for our vector potential is:

=

(29) V’A+eu, %— =0

tZ
The solutions to this equation are plane waves.
(30) Zzzosin(a)t—l;-7+a) o : phase
31 =Zocos(a)t—l;-7+a’)
k is the wave vector which points along the direction of propagation and has a magnitude:
(32) kK =a'pe,=0"/c’

Since (28) V-4=0

—k - A, cos(wt —k -

|
+
N
—_
Il
o

(33) .. k-4,=0 kLA

A, 1s the direction of the potential — polarization. From (15) and (16), we see that for ¢ =0
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The Poynting vector describing the direction of energy propagation is S = &,c (E x B ) and its

. o 1
average value, the intensity, is / = <S > = EgocEg .

Readings
1. Jackson, J. D., Classical Electrodynamics. 2nd ed.; John Wiley and Sons: New York, 1975.



6.3. Absorption Cross Section
The rate of absorption induced by the field is

wkg(a) |£‘ 5 a)kg—a)) (6.58)

The rate is clearly dependent on the strength of the field. The variable that you can most easily
measure is the intensity /, the energy flux through a unit area, which is the time-averaged value

of the Poynting vector, S

S=£,*(ExB) (6.59)
1=(S)= %gocEg (6.60)
Using this we can write
4 _
() |(k]|0) 5(a, -o) (6.61)

w,, =
Y 3l
where I have also made use of the uniform distribution of polarizations applicable to an isotropic
= A = A = A 2
field:|E, - 2| =|E, - 5| = |E, - | = 1|E,[ .
Now let’s relate the rates of absorption to a quantity that is directly measured, an

absorption cross section o

total energy absorbed per unit time

total incident intensity (energy/ unit time/ area) (6.62)

_how,
1
Note ahas units of ¢cm™?. The golden rule rate for absorption also gives the same rate for

stimulated emission. Given two levels |m> and |n> :

Hom = 6.63
(@), =(as),, (669
We can now use a phenomenological approach to calculate the change in the intensity of
incident light, due to absorption and stimulated emission passing through a sample of length L
where the levels are initially thermally populated. Given that we have a thermal distribution of
identical non-interacting particles, with quantum states such that the level|m> is higher in energy
than |n>
dl

E:—Nna/{[ +NmaSE1 (664)



%:—(Nn N,)adx (6.65)

Here N, and N, are population of the upper and lower states, but expressed as a population

densities (cm). If N is the molecular density,

e_ﬁEn
N, =N ( j (6.66)
VA
Integrating (6.65) over a path length L we have
7oL _ pavaL
1, (6.67)
~ e—NaL

We see that the transmission of light through the sample decays exponentially as a function of
path length. AN=N, —N _ is the thermal population difference between states. The second

expression in (6.67) comes from the high frequency approximation applicable to optical
spectroscopy. Equation (6.67) can also be written in terms of the familiar Beer—Lambert Law:

A:—loglizecz (6.68)

0
where A is the absorbance. C is the sample concentration in mol L, which is related to the
number density via Avagadro’s number N4
Nlem™]

C[mol L] =
1000N ,

(6.69)

In eq. (6.68), the characteristic molecular quantity that describes the sample’s ability to absorb
the light is €, the molar decadic extinction coefficient, given in L mol-! cm™. With these units,
we see that we can equate ¢ with the cross section as
_N,a

©7 2303

In the context of sample absorption characteristics, our use of the variable o for cross-section

(6.70)

should not be confused with another use as an absorption coefficient with units of cm™ that is
equal to Na in eq. (6.67).

Readings

1. Cohen-Tannoudji, C.; Diu, B.; Laloe, F., Quantum Mechanics. Wiley-Interscience: Paris,
1977; Appendix III.

2. McHale, J. L., Molecular Spectroscopy. 1st ed.; Prentice Hall: Upper Saddle River, NJ, 1999.
3. Merzbacher, E., Quantum Mechanics. 3rd ed.; Wiley: New York, 1998.
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. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 5.

. Sakurai, J. J., Modern Quantum Mechanics, Revised Edition. Addison-Wesley: Reading,
MA, 1994.



7. MIXED STATES AND THE DENSITY MATRIX

Conceptually we are now switching gears to develop tools and ways of thinking about condensed

phase problems. What we have discussed so far is the time-dependent properties of pure states,
the states of a quantum system that can be characterized by a single wavefunction. For pure
states one can precisely write the Hamiltonian for all particles and fields in the system of interest.
These are systems that are isolated from their surroundings, or isolated systems to which we
introduce a time-dependent potential. For describing problems in condensed phases, things are
different. Molecules in dense media interact with one another, and as a result no two molecules
have the same state. Energy placed into one degree of freedom will ultimately leak irreversibly
into its environment. We cannot write down an exact Hamiltonian for these problems; however,
we can concentrate on a few degrees of freedom that are observed in a measurement, and try and
describe the influence of the surroundings in a statistical manner.

These observations lead to the concept of mixed states or statistical mixtures. A mixed
state refers to any case in which we describe the behavior of an ensemble for which there is
initially no phase relationship between the elements of the mixture. Examples include a system at
thermal equilibrium and independently prepared states. For mixed states we have imperfect
information about the system, and we use statistical averages in order to describe quantum
observables.

How does a system get into a mixed state? Generally,

if you have two systems and you put these in contact with H R H
S < B
each other, the interaction between the two will lead to a new \ system / bath
e (surroundings)

system that is inseparable. Consider two systems /, and H,

for which the eigenstates of Hgare |n> and those of H are

).

Hy=H,+H, (0.1)
Hs|n>=En n>
Hy|a)=E,|a)

(0.2)

Before these systems interact, the state of the system |l//0> can be described as product states of
|n> and |a>.

lwo) =|w)|ws) (0.3)
wi)=>s,|n) wi)=>b,|a) (0.4)
‘1//0>=anba|na> (0.5)

Andrei Tokmakoff, 11/12/2014
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where s and b are expansion coefficients. After these states are allowed to interact, we have a
new state ‘W(t)> The new state can still be expressed in the zero-order basis, although this does

not represent the eigenstates of the new Hamiltonian:

H=H,+V (0.6)
v (1) =2enaln) (0.7)

For any point in time, ¢, , is the complex amplitude for the mixed |na) state. Generally speaking,
at any time after bringing the systems in contact ¢, , #s,b,. The coefficient ¢, , encodes
Pra=le

finding particle of ‘1/13> in state |a>. In the case of experimental observables, we are typically

n,a

2, the joint probability for finding particle of ‘l//s> in state |n> and simultaneously

able to make measurements on the system Hs, and are blind to Hs. Then we are interested in the
probability of occupying a particular eigenstate of the system averaged over the bath degrees of
freedom:

"= (e, P (0.8)

1)” = ZaI)’%a = Za

Now let’s look at the thinking that goes into describing ensembles. Imagine a room

Cn o

temperature solution of molecules dissolved in a solvent. The same molecular Hamiltonian and
wavefunctions can be used to express the state of any molecule in the ensemble. However, the
details of the amplitudes of the eigenstates at any moment will also depend on the time-
dependent local environment. We will describe this problem with the help of a molecular

Hamiltonian H'”

mol >

which describes the state of the molecule j within the solution through the
wavefunction ‘l//(j)>. We also have a Hamiltonian sojute molecule— e,
for the liquid A, into which we wrap all of the o w HW L O

solvent degrees of freedom. The full Hamiltonian for O O " 5
the solution can be expressed in terms of a sum over Q = liquid
N solute molecules and the liquid, the interactions : OO O H,
between solute molecules Hi, and any solute- g, O ~
solvent interactions Hmol-liq: e
_ N N N
H= ZHV(njo)l + Hliq + z Hi(njt.’k) + ZHV(n{;)l—hq (0.9)
j=1 j>kk:l j=1

For our purposes, we take the molecular Hamiltonian to be the same for all solute molecules, i.e.,
H'” = H  which obeys a TISE

mol mol

H

mol

v,)=E,|v.) (0.10)
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We will express the state of each molecule in this isolated molecule eigenbasis. For the
circumstances we are concerned with, where there are no interactions or correlations between
solute molecules, we are allowed to neglect Hin. Implicit in this statement is that we believe
there is no quantum mechanical phase relationship between the different solute molecules. We
will also drop H,, , since it is not the focus of our interests and will not influence the conclusions.

We can therefore write the Hamiltonian for any individual molecule as

H(j) = Hmol + Hr(nj;)l—liq (0 1 1)
and the statistically averaged Hamiltonian
— 1
H ZFZI:H(H = Hmol +<Hmol—liq> (012)
=

This Hamiltonian reflects an ensemble average of the molecular Hamiltonian under the influence
of a varying solute—solvent interaction.
To describe the state of any particular molecule, we can define a molecular wavefunction

‘1//,5-/ )> , which we express as an expansion in the isolated molecular eigenstates,

") =2 |v.) (0.13)

Here the expansion coefficients vary by molecule because of their interaction with the liquid, but
they are all expressed in terms of the isolated molecule eigenstates. Note that this expansion is in
@)

n

essence the same as eq. (0.7), with the association ¢,” < ¢, ,. In either case, the mixed state
arises from varying interactions with the environment. These may be static and appear from
ensemble averaging, or time-dependent and arise from fluctuations in the environment.
Recognizing the independence of different molecules, the wavefunction for the complete
system |‘P> can be expressed in terms of the wavefunctions for the individual molecules under

the influence of their local environment ‘w“ ’> :

H|¥)=E|¥) (0.14)
|‘P> _ ‘ Oy Dy > _ ﬂ‘ l//m> (0.15)
j=1
— X ,
E = ZEU) (0.16)
j=1

We now turn out attention to expectation values that we would measure in an experiment.
First we recognize that for the individual molecule j, the expectation value for an internal

operator would be expressed
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(47 =" 4(pa,)lw") (0.17)

This purely quantum mechanical quantity is itself an average. It represents the mean value
obtained for a large number of measurements made on an identically prepared system, and
reflects the need to average over the intrinsic quantum uncertainties in the position and momenta
of particles.

In the case of a mixed state, we must also average the expectation value over the
ensemble of different molecules. In the case of our solution, this would involve an average of the

expectation value over the N molecules.

((4 >>:%i<A(”> (0.18)

J=1

Double brackets are written here to emphasize that conceptually there are two levels of statistics
in this average. The first involves the uncertainty over measurements of the same molecule in the
identical pure state, whereas the second is an average over variations of the state of the system
within an ensemble. However, we will drop this notation when we are dealing with ensembles,
and take it as understood that expectation values must be averaged over a distribution.

Expanding eq. (0.18) with the use of eqgs. (0.13) and (0.17) allows us to write

()= £ T3 () v,
— (0.19)
=2 ()W | Aw.)

The second term simplifies the first expression by performing an ensemble average over the
complex wavefunction amplitudes. We use this expression to write a density matrix or density

operator p, whose matrix elements are
Pon =({c,C5) (0.20)
Then the expectation value becomes

=Tr(pA)

0.21)

Here the trace T7[...] refers to a trace over the diagonal elements of the matrix Za<a|---|a>.
Although these matrices were evaluated in the basis of the molecular eigenstates, we emphasize
that the definition and evaluation of the density matrix and operator matrix elements are not

specific to a particular basis set.
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Although this is just one example, the principles are quite generally to mixed states in the
condensed phase. The wavefunction is a quantity that is meant to describe a molecular or
nanoscale object. To the extent that finite temperature, fluctuations, disorder, and spatial
separation ensure that phase relationships are randomized between different nano-environments,
one can characterize the molecular properties of condensed phases as mixed states in which
ensemble-averaging is used to describe the interactions of these molecular environments with
their surroundings.

The name density matrix derives from the observation that it plays the quantum role of a
probability density. Comparing eq. (0.21) with the statistical determination of the mean value of
4,

(4)=>"P(4)4, (0.22)

we see that p plays the role of the probability distribution function P(A4). Since p is Hermitian, it
can be diagonalized, and in this diagonal basis the density matrix elements are in fact the
statistical weights or probabilities of occupying a given state of the system.

Returning to our example, and comparing eq. (0.22) with eq. (0.18) also implies that
Pi(4) = I/N, i.e. that the contribution from each molecule to the average is statistically
equivalent. Note also that the state of the system described by eq. (0.15) is a system of fixed
energy. So, the probability density in (0.18) indicates that this expression applies to a
microcanonical ensemble (N, V, E) in which any realization of a system at fixed energy is
equally probable, and the statistical weight is the inverse of the number of microstates: P = 1/Q.
In the case of a system in contact with a heat bath with temperature 7, i.e., the canonical
ensemble (N,V,T) we now express the average in terms of the probability that a member of an

ensemble with fixed average energy can access a state of energy E.



Density matrix

Based on the discussion above, we are led to define the expectation value of an operator for a

mixed state as
(A@0) =X 2w ()| Ay (1)) (0.23)

where p, is the probability of finding a system in the state defined by the wavefunction | w'.

Correspondingly, the density matrix for a mixed state is defined as:
p()=2p, " ()" (1)) (0.24)
j

For the case of a pure state, only one wavefunction | ™)) specifies the state of the system, and

p, =3, Then the density matrix is as we described before,
p(t)=|w () {w(1)] (0.25)
with the density matrix elements
p(0)= e 006 (b
=22 (1) 1) (]

n,m

(0.26)

For mixed states, using the separation of system (a) and bath (&) degrees of freedom that

we used above, the expectation value of an operator 4 can be expressed as

(4(0))=(w ()|l (1))
=Y ¢, ., aalAlbB) (0.27)
v
=Tr [ pA]
Here, the density matrix elements are p, ,, , = €y aC 5+ We are now in a position, where we can
average the system quantities over the bath configurations. If we consider that the operator A4 is
only a function of the system coordinates, we can make further simplifications. An example is

describing the dipole operator of a molecule dissolved in a liquid. Then we can average the

expectation value of 4 over the bath degrees of freedom as



<A(t)> = ZCZ,aCb,ﬁ <“| A|b> O p

b5
= ;(;C:,acb,aJAab (0.28)
= Z(pS )ba A“b

a,b
= Tr[pSA]

Here we have defined a density matrix for the system degrees of freedom (also called the

reduced density matrix, c)

P, =|w ) v, (0.29)
with density matrix elements that traced over the bath states:
1b) p,(a] =D ¢, 06,0 (0.30)

The “s” subscript should not be confused with the Schrodinger picture wavefunctions. To relate
this to our similar expression for p, eq. (0.25), it is useful to note that the density matrix of the

system are obtained by tracing over the bath degrees of freedom:

ps =Ty (p)
=30 ) A @0
a,b
Also, note that Tr(AxB)=Tr(A)Tr(B) (0.32)

To interpret what the system density matrix represents, let’s manipulate it a bit. Since pq
is Hermitian, it can be diagonalized by a unitary transformation 7, where the new eigenbasis
|m> represents the mixed states of the original ‘l//s> system.

ps = |m) p,, (m] (0.33)
> P =1 (0.34)

The density matrix elements represent the probability of occupying state |m> , which includes the
influence of the bath. To obtain these diagonalized elements, we apply the transformation 7 to

the system density matrix:



(ps )mm = szb (ps )ba ij
a,b

*® *
= Z cb,aTmhca,a Tma

b (0.35)
= me,a.fm,a

2
= f;n = pm Z 0

The quantum mechanical interaction of one system with another causes the system to be in a
mixed state after the interaction. The mixed states, which are generally inseparable from the
original states, are described by

s)=2um) (0.36)

If we only observe a few degrees of freedom, we can calculate observables by tracing over

unobserved degrees of freedom. This forms the basis for treating relaxation phenomena.

Readings
1. Blum, K., Density Matrix Theory and Applications. Plenum Press: New York, 1981.

2. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995.



8. IRREVERSIBLE AND RANDOM PROCESSES

8.1. Concepts and Definitions

In condensed phases, intermolecular interactions and collective motions act to modify the state of
a molecule in a time-dependent fashion. Liquids, polymers, and other soft matter experience
intermolecular interactions that lead to electronic and structural motions. Atoms and molecules
in solid form are subject to fluctuations that result from thermally populated phonons and defect
states that influence electronic, optical, and transport properties. As a result, the properties and
dynamics of an internal variable that we may observe in an experiment are mixed with its
surroundings. In studying mixed states we cannot write down an exact Hamiltonian for these
problems; however, we can describe the influence of the surroundings in a statistical manner.
This requires a conceptual change.

As one change to our thinking, we now have to be concerned with ensembles. Most often,
we will be concerned with systems in an equilibrium state with a fixed temperature for which
many quantum states are accessible to the system. For comparing calculations of pure quantum
states to experimental observables on macroscopic samples, we assume that all molecules have
been prepared and observed in the same manner, so that the quantum expectation values for the
internal operators can be compared directly to experimental observations. For mixed states, we
have seen the need to perform an additional layer of averaging over the ensemble in the
calculation of expectation values.

Perhaps the most significant change between isolated states and condensed matter is the
dynamics. From the time-dependent Schrédinger equation, we see that the laws governing the
time evolution of isolated quantum mechanical systems are invariant under time reversal. That
is, there is no intrinsic directionality to time. If one reverses the sign of time and thereby
momenta of objects, we should be able to exactly reverse the motion and propagate the system to
where it was at an earlier time. This is also the case for classical systems evolving under
Newton’s equation of motion. In contrast, when a quantum system is in contact with another
system having many degrees of freedom, a definite direction emerges for time, “the arrow of
time,” and the system’s dynamics is no longer reversible. In such irreversible systems a well-
defined prepared state decays in time to an equilibrium state where energy has been dissipated
and phase relationships are lost between the various degrees of freedom.

Additionally, condensed phase systems on a local, microscopic scale all have a degree of
randomness or noisiness to their dynamics that represent local fluctuations in energy on the scale
of ksT. This behavior is observed even through the equations of motion that govern the dynamics
are deterministic. Why? It is because we generally have imperfect knowledge about all of the

degrees of freedom influencing the system, or experimentally view its behavior through a highly

Andrei Tokmakoff, 11/12/2014
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restricted perspective. For instance, it is common in experiments to observe the behavior of
condensed phases through a molecular probe imbedded within or under the influence of its
surroundings. The physical properties of the probe are intertwined with the dynamics of the
surrounding medium, and to us this appears as random behavior, for instance as Brownian
motion. Other examples of the appearance of randomness from deterministic equations of motion
include weather patterns, financial markets, and biological evolution. So, how do irreversible
behavior and random fluctuations, hallmarks of all chemical systems, arise from the
deterministic time-dependent Schrodinger equation? This fascinating question will be the central

theme in our efforts going forward.

Definitions

Let’s begin by establishing some definitions and language that will be useful for us. We first
classify chemical systems of interest as equilibrium or non-equilibrium systems. An equilibrium
system is one in which the macroscopic properties (i.e., the intensive variables) are invariant
with time, or at least invariant on the time scales over which one executes experiments and
observes the system. Further, there are no steady state concentration or energy gradients
(currents) in the system. Although they are macroscopically invariant, equilibrium states are
microscopically dynamic.

For systems at thermal equilibrium we will describe their time-dependent behavior as
dynamically reversible or irreversible. For us, reversible will mean that a system evolves
deterministically. Knowledge of the state of the system at one point in time and the equation of
motion means that you can describe the state of the system for all points in time later or
previously. Irreversible systems are not deterministic. That is, knowledge of the state of the
system at one point in time does not provide enough information to precisely determine its past
state.

Since all states are irreversible in the strictest sense, the distinction is often related to the
time scale of observation. For a given system, on a short enough time scale dynamics will appear
deterministic whereas on very long times appear random. For instance, the dynamics of a dilute
gas appear ballistic on time scales short compared to the mean collision time between particles,
whereas their motion appears random and diffusive on much longer time scales. Memory refers
to the ability to maintain deterministic motion and reversibility, and we will quantify the decay
of memory in the system with correlation functions. For the case of quantum dynamics, we are
particularly interested in the phase relationships between quantum degrees of freedom that
results from deterministic motion under the time-dependent Schrodinger equation.

Nonequilibrium states refers to open or closed systems that have been acted on

externally, moving them from equilibrium by changing the population or energy of the quantum
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states available to the system. Thermodynamically, work is performed on the system, leading to
a free-energy gradient that the nonequilibrium system will minimize as it re-equilibrates. For
nonequilibrium states, we will be interested in relaxation processes, which refer to the time-
dependent processes involved in re-equilibrating the system. Dissipation refers to the relaxation
processes involving redistribution of energy as a nonequilibrium state returns toward a thermal
distribution. However, there are other relaxation processes such as the randomization of the

orientation of an aligned system or the randomization of phase of synchronized oscillations.

Statistics

With the need to describe ensembles, will use statistical descriptions of the properties and
behavior of a system. The variable 4, which can be a classical internal variable or quantum
operator, can be described statistically in terms of the mean and mean-square values of A4

determined from a large number of measurements:

(4)=
()=

Here, the summation over i refers to averaging over N independent measurements. Alternatively,

ﬁ:Al (8.1)

i=l1

i A (8.2)

i=1

2|~

2|~

these equations can be expressed as

(4)=3 P4, (8.3)
(4)= ngj (8.4)

The sum over n refers to a sum over the M possible values that 4 can take, weighted by Py, the
probability of observing a particular value A4.. When the accessible values come from a
continuous as opposed to discrete distribution, one can describe the statistics in terms of the
moments of the distribution function, P(4), which characterizes the probability of observing A
between 4 and A+dA

= [d4 4 P(4) (8.5)

(42 )=[aa4’ P(4) (8.6)



8-4

For time-dependent processes, we recognize that it is possible A
that these probability distributions carry a time dependence,
P(A4,t). The ability to specify a value for 4 is captured in the P(4)

variance of the distribution

o’ =(4")-(4) (8.7)

We will apply averages over probability distributions to the description of ensembles of
molecules; however, we should emphasize that a statistical description of a quantum system also
applies to a pure state. A fundamental postulate is that the expectation value of an operator
<21> = <l//| 121|1,u> is the mean value of 4 obtained over many observations on identically prepared
systems. The mean and variance of this expectation value represent the fundamental quantum
uncertainty in a measurement.

To take this a step further and characterize the statistical relationship between two
variables, one can define a joint probability distribution, P(4,B), which characterizes the
probability of observing A4 between A4 and A+dA and B between B and B+dB. The statistical
relationship between the variables can also emerges from moments of P(4,B). The most

important measure is a correlation function
C,; =(AB)—(4)(B) (8.8)

You can see that this is the covariance—the variance for a bivariate distribution. This is a
measure of the correlation between the variables 4 and B. That is, for a specific value of 4, what

are the associated statistics for B. To interpret this it helps to define a correlation coefficient

r= L (8.9)

0,0y
r can take on values from +1 to —1. If » = 1 then there is perfect correlation between the two
distributions. If the variables 4 and B depend the same way on a common internal variable, then
they are correlated. If no statistical relationship exists between the two distributions, then they
are uncorrelated, r = 0, and<AB> = <A><B> . It is also possible that the distributions depend in an
equal and opposite manner on an internal variable, in which case we call them anti-correlated

with r=—1.



8.2. Thermal Equilibrium

For a statistical mixture at thermal equilibrium, individual molecules can occupy a distribution of
energy states. An equilibrium system at temperature 7" has the canonical probability distribution
-pH

Z

e

Py = (8.10)

Z is the partition function and B = (ksT)"!. Classically, we can calculate the equilibrium ensemble

average value of a variable 4 as
(4)=]dp[dq 4(p.a:1) p,, (.0) @.11)

In the quantum mechanical case, we can obtain an equilibrium expectation value of 4 by

averaging (4) over the thermal occupation of quantum states:
(4)=Tr(p,,4) (8.12)

where peq 1s the density matrix at thermal equilibrium. pes is a diagonal matrix characterized by
Boltzmann weighted populations in the quantum states:
e—ﬂEn

Z

P =D, = (8.13)

In fact, the equilibrium density matrix is defined by eq. (8.10), as we can see by calculating its
matrix elements using A | n> =K |n> ,

1 - -pE,
(2,) =—(ne? [m) = -

Note also that Z=Tr (e'ﬁﬁ) (8.16)

o, =00, (8.15)

nm

Eq. (8.12) can also be written as
(4)=3"p, (n|4n) (8.14)

It may not be obvious how this expression relates to our previous expression for mixed states
<A> = Zn,m<c: cm>Amn =T r( pfl). Remember that for an equilibrium system we are dealing with
a statistical mixture in which no coherences (no phase relationships) are present in the sample.
The lack of coherence is the important property that allows the equilibrium ensemble average of
<cmc: > to be equated with the thermal population pn. To evaluate this average we recognize that
these are complex numbers, and that the equilibrium ensemble average of the expansion
coefficients is equivalent to phase averaging over the expansion coefficients. Since at

equilibrium all phases are equally probable



<c: cm> = %Jjﬂ c:cmdg/ﬁ =

where c, =|cn | ¢ andg, =@, —¢,. The integral in is quite clearly zero unless @, = @, , giving

e[ eag, (8.17)

1
—_— Cn
27

-PE,

Z

e

(cie,)=p, = (8.18)
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8.3. Fluctuations

“Fluctuations” refers to the random or noisy time evolution of a microscopic subsystem
imbedded an actively evolving environment. Randomness is a property of all chemical systems
to some degree, but we will focus on an environment that is at or near thermal equilibrium.
Systems at thermal equilibrium are macroscopically time-invariant; however, they are
microscopically dynamic, with molecules exploring the range of microstates that are thermally
accessible. Local variations in energy result in changes in molecular position, orientation, and
structure, and are responsible for the activation events that allow chemical equilibria to be
established.

If we wish to describe an internal variable 4 for a system at thermal equilibrium, we can
obtain the statistics of 4 by performing ensemble averages described above. The resulting
averages would be time-invariant. However, if we observe a member of the ensemble as a
function of time, Al.(t), the behavior is generally is observed to fluctuate randomly. The
fluctuations in 4, (t) vary about a mean value (4), sampling thermally accessible values which
are described by an equilibrium probability distribution function P(A4). P(4) describes the

potential of mean force, the free energy projected as a function of 4:

F(A4)=—k,TInP(A) (8.19)

A (1) A .
) dl
1 p A Y _.1| -\«\.'».‘ fR1
A 'Iu i l"u\ AT W e LT AdRe VAR - 't rj =\ T
o W I’ W VoW o LE A

M I" w 1I|' | 1|_\' ".‘.'

A A /
W a2
..'.,I_ ALy W
W'

time, ¢

Given enough time, we expect that one molecule in a homogeneous medium will be able
to sample all available configurations of the system. Moreover, a histogram of the values
sampled by one molecule is expected to be equal to P(A4). Such a system is referred to as ergodic.
Specifically, in an ergodic system, it is possible describe the macroscopic properties either by
averaging over all possible values for a given member of the ensemble, or by performing an
average over the realizations of 4 for the entire ensemble at one point in time. That is, the
statistics for 4 can be expressed as a time-average or an ensemble average. For an equilibrium
system, the ensemble average is

<A>=T”(Pqu):z

n

efﬂEn

(n)4|n) (8.20)

and the time average is
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- 1 ¢r
A=lim [ did(r) (8.21)

T—>o

These quantities are equal for an ergodic system:
(4)=7

Equilibrium systems are ergodic. From eq. (8.21), we see that the term ergodic also carries a
dynamical connotation. A system is ergodic if one member of the ensemble has evolved long
enough to sample the equilibrium probability distribution. Experimental observations on shorter

time scales view a nonequilibrium system.



9. TIME-CORRELATION FUNCTIONS

9.1. Definitions, Properties, and Examples

Time-correlation functions are an effective and intuitive way of representing the dynamics of a
system, and are one of the most common tools of time-dependent quantum mechanics. They
provide a statistical description of the time evolution of an internal variable or expectation value
for an ensemble at thermal equilibrium. They are generally applicable to any time-dependent
process, but are commonly used to describe random (or stochastic) and irreversible processes in
condensed phases. We will use them extensively in the description of spectroscopy and
relaxation phenomena. Although they can be used to describe the oscillatory behavior of
ensembles of pure quantum states, our work is motivated by finding a general tool that will help
us deal with the inherent randomness of molecular systems at thermal equilibrium. They will be
effective at characterizing irreversible relaxation processes and the loss of memory of an initial
state in a fluctuating environment.

P(4)
A4,(1) 4

| A A m ' M [ l i [
/ A g o ANy M w A
( A> ‘I._.-\‘Tlu"'rL L LT Wi WY w1 ! " ¥ -1- r17 'Tl"l' ‘.l""‘l'\-"k'a‘.l""ﬂ iy [

Wt 1 |‘ i '|'I W ’._I- MW\ f : LY
K \ '

1
|

~

time, ¢

Returning to the microscopic fluctuations of a molecular variable 4, there seems to be
little information in observing the trajectory for a variable characterizing the time-dependent
behavior of an individual molecule. However, this dynamics is not entirely random, since they
are a consequence of time-dependent interactions with the environment. We can provide a
statistical description of the characteristic time scales and amplitudes to these changes by
comparing the value of 4 at time ¢ with the value of A4 at time ¢’ later. With that in mind we
define a time-correlation function (TCF) as a time-dependent quantity, A(t) , multiplied by that

quantity at some later time, ('), and averaged over an equilibrium ensemble:
Cu (1) ={A(0) A1), (9.1)
The classical for of the correlation function is evaluated as
C,i(t.')=[dp[da 4(p.q:t) 4(p.a;t") ., (P.) 9.2)

whereas the quantum correlation function can be evaluated as
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C,(t,1")= Tr[peq t']

—an< |4(1) A1) > ©-3)

=e 7?5/ Z . These are auto-correlation functions, which correlates the same variable at

where p,
two points in time, but one can also define a cross-correlation function that describes the

correlation of two different variables in time
C(t.1')=(4(t) B(1')) (9.4)

So, what does a time-correlation function tell us? Qualitatively, a TCF describes how
long a given property of a system persists until it is averaged out by microscopic motions and
interactions with its surroundings. It describes how and when a statistical relationship has
vanished. We can use correlation functions to describe various time-dependent chemical
processes. For instance, we will use <,u(t) ,u(())> —the dynamics of the molecular dipole
moment— to describe absorption spectroscopy. We will also use them for relaxation processes
induced by the interaction of a system and bath: <H B (t)H B (0)> . Classically, you can use TCFs
to characterize transport processes. For instance a diffusion coefficient is related to the velocity
correlation function: D = %J.Ow dt{v(t)v(0)) .

Properties of Correlation Functions

A typical correlation function for random fluctuations at thermal equilibrium in the variable 4
might look like

(4°)

Cu 1)
--------------------------- = (4)
: =
It is described by a number of properties:
1. When evaluated at ¢ = ¢’, we obtain the maximum amplitude, the mean square value of 4,

which is positive for an autocorrelation function and independent of time.
C(t.t)=(A(t)A(1))=(4*) 20 (9.5)

2. For long time separations, as thermal fluctuations act to randomize the system, the values

of 4 become uncorrelated

lim €. (1,6") = (A(0))(A(¢")) = (4)° (9.6)
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Since it is an equilibrium quantity, correlation functions are stationary. That means they
do not depend on the absolute point of observation (¢ and ¢’), but rather the time interval
between observations. A stationary random process means that the reference point can be

shifted by an arbitrary value T
C(t,t')=C,, (t+T,1'+T) (9.7)

So, choosing T = —¢' and defining the time interval 7 =7 —¢', we see that only T matters

C,(t,0')=C,, (t-1,0)=C,,(7) (9.8)

Implicit in this statement is an understanding that we take the time-average value of 4 to
be equal to the equilibrium ensemble average value of 4, i.e., the system is ergodic. So,
the correlation of fluctuations can be expressed as either a time-average over a trajectory
of one molecule

A()A(0)= lim ~ [ dr 4,(1+7)4(7) 9.9)

T—owo T 90

or an equilibrium ensemble average

(4(0)A(0)) = 2 (n] () A(0)) 9.10)

n

Classical correlation functions are real and even in time:

(A(0)A() =(4(0)A(0)
C. (Z‘)ZCAA(—T)

When we observe fluctuations about an average, we often redefine the correlation

(9.11)

function in terms of the deviation from average
SA4=A4-(4) (9.12)
Crioa (1) =(54(1)54(0))=C,, (t)—(4) (9.13)

Now we see that the long time limit when correlation is lostlimC;,,, (¢)=0, and the
t—x0

zero time value is just the variance
Crisa(0)=(047)=(4*)~(4) (9.14)

The characteristic time scale of a random process is the correlation time, .. This

characterizes the time scale for TCF to decay to zero. We can obtain 7, from



1 o0
=——|dt{0A(t)0A(0 9.15
which should be apparent if you have an exponential form C(¢)=C(0)exp(-t/7,).

Examples of Time-Correlation Functions

Example 1: Velocity autocorrelation function for gas
Let’s analyze a dilute gas of molecules which have a Maxwell-Boltzmann distribution of
velocities. We focus on the component of the molecular velocity along the x direction, v_. We

know that the average velocity is <vx> = 0. The velocity correlation function is
C, (7)= <vx (7)v, (0)>

From the equipartition principle the average translational energy is %m<vf > =k,T/2,s0

C,, (0)=(2(0))= 2L y

m

A

h
\ ...-—’
For time scales short compared to collisions between molecules, the \
s’

velocity of any given molecule remains constant and unchanged, so the

correlation function for the velocity is also unchanged at ksz7/m. This >
X

non-interacting regime corresponds to the behavior of an ideal gas.
For any real gas, there will be collisions that randomize the direction and speed of the
molecules, so that any molecule over a long enough time will sample the various velocities

within the Maxwell-Boltzmann distribution. From the trajectory of x-velocities for a given

molecule we can calculate A

C,. (r) using time-averaging. The y}\ > v.(7)

correlation function will drop on with a m
correlation time tc, which is related to ‘7 L £‘>
mean time between collisions. After 7' = g
enough collisions, the correlation with = > | i

the initial velocity is lost and
vavx(r) approaches (v’)=0. Finally, we can determine the diffusion constant for the gas,
which relates the time and mean square displacement of the molecules: (x*(t)) =2D.t . From
D = J.: dt(v (¢t)v.(0)) we have D =k ,Tr./m. In viscous fluids 7, /m is called the mobility,

L.
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kT/m no collisions

Cv\ Ve (T)

with collisions

Example 2: Dipole moment correlation function

Now consider the correlation function for the dipole moment of a polar diatomic molecule in a
dilute gas, u . For a rigid rotating object, we can decompose the dipole into a magnitude and a
direction unit vector: g, = 4, -u . We know that (/) =0 since all orientations of the gas phase

molecules are equally probable. The correlation function is

Cou (1) =((1) 7 (0))
= (u;){i(1)-2(0))

This correlation function projects the time-dependent orientation of the molecule onto the initial
orientation. Free inertial rotational motion will lead to oscillations in the correlation function as
the dipole spins. The oscillations in this correlation function can be related to the speed of

rotation and thereby the molecule’s

moment of inertia (discussed below). Any e coII|S|onaI damping
apparent damping in this correlation N\

function would reflect the thermal /\ ey
distribution of angular velocities. In \/ N~
practice a real gas would also have the oscillation frequency gives

collisional damping effects described in
Example 1 superimposed on this éj@—$<@&

relaxation process.

moment of inertia

Example 3: Harmonic oscillator correlation function

The time-dependent motion of a harmonic vibrational mode is given by Newton’s law in terms
of the acceleration and restoring force as mi =—-xq or §=-w’q where the force constant is
k =m’. We can write a common solution to this equation as ¢(¢)=g(0)cos ¢ . Furthermore,
the equipartition theorem says that the equilibrium thermal energy in a harmonic vibrational

mode is




We therefore can write the correlation function for the harmonic vibrational coordinate as

qu (t) = <q(t)Q(O)> = <q2>COS wt

k
=—5_coswt

K
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9.2. Correlation Function from a Discrete Trajectory

In practice classical correlation functions in molecular dynamics simulations or single molecule
experiments are determined from a time-average over a long trajectory at discretely sampled data
points. Let’s evaluate eq. (9.9) for a discrete and finite trajectory in which we are given a series
of N observations of the dynamical variable 4 at equally separated time points #. The separation
between time points is #i+/—t=At, and the length of the trajectory is 7=NAt. Then we have

C, :lZN:AtA(ti)A(tj):iiAiAj (9.16)
T NG

where 4, = A(t;). To make this more useful we want to express it as the time interval between
points 7=¢, -1, = ( j—i ) At , and average over all possible pairwise products of A separated by t.
Defining a new count integer n = j —i, we can express the delay as 7 = nAt. For a finite data set
there are a different number of observations to average over at each time interval (n). We have
the most pairwise products—N to be precise—when the time points are equal (ti=tj). We only
have one data pair for the maximum delay t = 7. Therefore, the number of pairwise products for
a given delay T is N-n. So we can write eq. (9.16) as

N

n

Cu(r)=C(n)= A4, (9.17)

T
N-n‘3
Note that this expression will only be calculated for positive values of n, for which #>.

As an example consider the following calculation for fluctuations in a vibrational
frequency w(t), which consists of 32000 consecutive frequencies in units of cm™ for points
separated by 10 femtoseconds, and has a mean value of wo = 3244 cm’. This trajectory
illustrates that there are fast fluctuations on femtosecond time scales, but the behavior is

seemingly random on 100 picosecond time scales

3274107 T . T

3.26¢10°
L 325107
wo  3.24410°K

3.23:10°M

3224107
0 2410° 410° 6x10°

After determining the variation from the mean dw(#) = w(#)—wo, the frequency correlation
function is determined from eq. (9.17), with the substitution dw(#) — 4.
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full calculated correlation function Short time part of correlation function
150 T T T 40 T T T T

100

50

1 | 1 oc 1 1 1

— 50
0 leei 4y]_05 6!105 0 ]><103 2y103 3><103 4)’103 5%103

I

time (fs)

We can see that the correlation function reveals no frequency correlation on the time scale of
10°-10° fs, however a decay of the correlation function is observed for short delays signifying
the loss of memory in the fluctuating frequency on the 10° fs time scale. From eq. (9.15) we find
that the correlation time is tc = 785 fs.



9-9

9.3. Quantum Time-Correlation Functions

Quantum correlation functions involve the equilibrium (thermal) average over a product of
Hermitian operators evaluated two times. The thermal average is implicit in writing
C. (2') = <A(z‘) A(O)> . Naturally, this also invokes a Heisenberg representation of the operators,
although in almost all cases, we will be writing correlation functions as interaction picture
operators 4, (¢)=¢"" 4e™"".

To emphasize the thermal average, the quantum correlation function can also be written

as

CAA(T)=<€Z A(T)A(0)> 9.18)

with f=(ksT)~!. If we evaluate this for a time-independent Hamiltonian in a basis of states|n> ,

inserting a projection operator leads to our previous expression

CAA(T)zzn:pn (n]4(z) 4(0)|n) (9.19)

with p, =e#* /7 . Given the case of a time-independent Hamiltonian for which we have
knowledge of the eigenstates, we can also express the correlation function in the Schrodinger

picture as
C. (r)zan <I’Z‘UT(T)AU(T)A | n>
= an <n|A|m> <m|A|n> e Pmt (9.20)

n,m

CAA (T):an

2 —iw,,T
mn
e

Amn

Properties of Quantum Correlation Functions

There are a few properties of quantum correlation functions for Hermitian operators that can be
obtained using the properties of the time-evolution operator. First, we can show that correlation

functions are stationary:

(9.21)

Similarly, we canshow  (A(~)4(0))=(A4(r) 4(0)) =(4(0)A(r)) (9.22)
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or in short C, (t)=C,(-1). (9.23)
Note that the quantum C, () is complex. You cannot directly measure a quantum
correlation function, but observables are often related to the real or imaginary part of correlation

functions. The real and imaginary parts of C44(¢) can be separated as

Cu()=C(t)+iC,(2) (9.24)
Clu(1)=5[Caal0) + ()] =5[(4(1) 4(0)) + (4(0) 4(1))]
1 (9.25)
=3 ([4(). 40)],)
€ () =5 [Car ()= Coa (0] =3 [(4() 4(0)) - (4(0) 4(1))]
1 (9.26)

={[4().4(0)])

Above [4,B], = AB+ BA is the anticommutator. As illustrated below, the real part is even in
time, and can be expanded as Fourier series in cosines, whereas the imaginary part is odd, and
can be expanded in sines. We will see later that the magnitude of the real part grows with
temperature, but the imaginary does not. At 0 K, the real and imaginary components have equal
amplitudes, but as one approaches the high temperature or classical limit, the real part dominates
the imaginary.

Re(C(1)

Im(C(D) 45

-05
0

We will also see in our discussion of linear response that C',, and C’, are directly
proportional to the step response function S and the impulse response function R, respectively. R
describes how a system is driven away from equilibrium by an external potential, whereas S
describes the relaxation of the system to equilibrium when a force holding it away from
equilibrium is released. Classically, the two are related by R o« 6S/0¢ .
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Since time and frequency are conjugate variables, we can also define a spectral or
frequency-domain correlation function by the Fourier transformation of the TCF. The Fourier

transform and its inverse are defined as

Cul@)=5[C ()] =] dre” C,, (1) (9.27)
C. (t)zj’l[éAA (a))]zzL “doe™ C,, (o) (9.28)
I

Examples of the frequency-domain correlation functions are shown below.

6

Re(C($2))

Im(C(4) | 5

- 10 0 10
Q2

For a time-independent Hamiltonian, as we might have in an interaction picture problem,

the Fourier transform of the TCF in eq. (9.20) gives

CNYAA (a)) = an

“S(o-a,,) (9.29)

Amn

This expression looks very similar to the Golden Rule transition rate from first-order
perturbation theory. In fact, the Fourier transform of time-correlation functions evaluated at the
energy gap gives the transition rate between states that we obtain from first-order perturbation
theory. Note that this expression is valid whether the initial states n are higher or lower in energy
than final states m, and accounts for upward and downward transitions. If we compare the ratio

of upward and downward transition rates between two states i and j, we have

M _Pi_ pn (9.30)
CAA (a)]l) P;

This is one way of showing the principle of detailed balance, which relates upward and

downward transition rates at equilibrium to the difference in thermal occupation between states:

C(w)=e" C (- (9.31)
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This relationship together with a Fourier transform of eq. (9.23) allows us to obtain the real and

imaginary components using

Cu(0)£C,(-0)=(1£e")C,, (w) (9.32)
1+¢ ") (9.33)

1-e /") (9.34)



9.4. Transition Rates from Correlation Functions

We have already seen that the rates obtained from first-order perturbation theory are related to
the Fourier transform of the time-dependent external potential evaluated at the energy gap
between the initial and final state. Here we will show that the rate of leaving an initially prepared
state, typically expressed by Fermi’s Golden Rule through a resonance condition in the
frequency domain, can be expressed in the time-domain picture in terms of a time-correlation
function for the interaction of the initial state with others.

The state-to-state form of Fermi’s Golden Rule is
27
Wi :7|Vk€|25(Ek_E6) (9.35)

We will look specifically at the case of a system at thermal equilibrium in which the initially
populated states ¢ are coupled to all states k. Time-correlation functions are expressions that

apply to systems at thermal equilibrium, so we will thermally average this expression.

_ 2
W, =7ﬂ2p€|Vk€|25(Ek ~E,) (9.36)
k,t

~E,

where p, =e™”" /Z . The energy conservation statement expressed in terms of £ or @ can be

converted to the time domain using the definition of the delta function

1 o
o(w)=—1/| dte” 9.37
(0)=5—] dte (9:37)
giving
_ 1 o i(E,—E,)t/h
Wi :h_zzpz' |Vu| I—w dt 5" (9.38)
k,l

Writing the matrix elements explicitly and recognizing that in the interaction picture,

—iHt/h —iEt/h
e’ |€>=e’”’ |€>,wehave

— 1 e i(E,—E, )t
i, =F;pﬁ [ a0 e ie) (k| v | o) (9.39)

S [ R e o0
k0
Then, since Zk|k><k| =1

W, =hi2 > ] de(e|v, (0)7, (1)]0) (9.41)

{=m,n

1 p+o

T =27 ], dr(v,(¢),(0)) (9.42)
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As before V, (t) = """y The final expression indicates that integrating over a correlation
function for the time-dependent interaction of the initial state with its surroundings gives the
relaxation or transfer rate. This is a general expression. Although the derivation emphasized
specific eigenstates, eq. (9.42) shows that with a knowledge of a time-dependent interaction
potential of any sort, we can calculate transition rates from the time-correlation function for that
potential.

The same approach can be taken using the rates of transition in an equilibrium system

induced by a harmonic perturbation
W, :Zihzz vVl [6(@, - 0)+5(o, +o)] (9.43)
0k

resulting in a similar expression for the transition rate in terms of a interaction potential time-
correlation function

. =h—12 [“are™ (v, (0)7, (1))
= [ Tare (1, (1)1, (0)

We will look at this closer in the following section. Note that here the transfer rate is expressed

(9.44)

in terms of a Fourier transform over a correlation function for the time-dependent interaction
potential. Although eq. (9.42) is not written as a Fourier transform, it can in practice be evaluated

by a Fourier transformation and evaluating its value at zero frequency.
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10. LINEAR RESPONSE THEORY

10.1. Classical Linear Response Theory

Correlation functions provide a statistical description of the dynamics of molecular variables;
however, it remains unclear how they are related to experimental observables. You have
probably sensed this from the perspective that correlation functions are complex, and how can
observables be complex? Also, correlation functions describe equilibrium dynamics, but from a
realistic point of view, exerting external forces should move the system away from equilibrium.
What happens as a result? These questions fall into the realm of nonequilibrium statistical
mechanics, an area of active research for which formal theories are limited and approximation
methods are the primary tool. Linear response theory is the primary approximation method,
which describes the evolution away or toward equilibrium under perturbative conditions.

We will use linear response theory as a way of describing a real experimental observable.
Specifically this will tell us how an equilibrium system changes in response to an applied
potential. The quantity that will describe this is a response function, a real observable quantity.
We will go on to show how it is related to correlation functions. Embedded in this discussion is a
particularly important observation. We will now deal with a nonequilibrium system, but we will
show that when the changes are small away from equilibrium, the equilibrium fluctuations
dictate the nonequilibrium response! Thus knowledge of equilibrium dynamics is useful in
predicting the outcome of nonequilibrium processes.

So, the question is “How does the system respond if you drive it away from
equilibrium?” We will examine the case where an equilibrium system, described by a
Hamiltonian Ho interacts weakly with an external agent, V(¢). The system is moved away from
equilibrium by the external agent, and the system absorbs energy from the external agent.

How do we describe the time-dependent properties of the system? We first take the
external agent to interact with the system through an internal variable 4. So the Hamiltonian for

this problem is given by
H:Ho—f(t)A (10.1)

Here f(¢) is the time-dependent action of the

external agent, and the deviation from Equilibrium
System

equilibrium 1is linear in the internal variable.

weak coupling
We describe the behavior of an ensemble @*N\| External Agent

initially at thermal equilibrium by assuming kinternal variable

that each member of the ensemble is subject to

the same interaction with the external agent, and then ensemble averaging. Initially, the system is

Andrei Tokmakoff, 11/18/2014
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described by Ho. It is at equilibrium and the internal variable is characterized by an equilibrium
ensemble average (A4). The external agent is then applied at time #, and the system is moved
away from equilibrium, and is characterized through a nonequilibrium ensemble average, A .

(A4)= A(1) as a result of the interaction.
For a weak interaction with the external agent, we can describe A(t) by performing an

expansion in powers of f'(¢).

A(t):(terms f(o))+(terms f(l))+... (10.2)

A(r)= () + [ di, R(t,8,) £ (t5)+.. (10.3)

In this expression the agent is applied at?,, and we observe the system at¢. The leading term in
this expansion is independent of f, and is therefore oqyiibrium system A non-equilibrium system

equal t0<A>. The next term in (10.3) describes the ;8 H(?)

deviation from the equilibrium behavior in terms of a

—~—— . f(#)
linear dependence on the external agent. R(1,1,) is

the linear response function, the quantity that contains
the microscopic information on the system and how it = " A()
responds to the applied agent. The integration in the
last term of eq. (10.3) indicates that the
nonequilibrium behavior depends on the full history ( A)

of the application of the agent f (to) and the response

of the system to it. We are seeking a quantum 3 t time

mechanical description of R.

Properties of the response function

1. Causal: Causality refers to the common sense observation that the system cannot respond
before the force has been applied. Therefore R(t, to):0 fort <t,, and the time-dependent

change in 4 is

5A(t)=A(1)—(A)=]" dt, R(1.t,) (1) (10.4)

The lower integration limit is set to —oo to reflect that the system is initially at equilibrium, and
the upper limit is the time of observation. We can also make the statement of causality explicit

by writing the linear response function with a step response: ® (t —1, )R (t, to) , where

o-1)=|

0 (r<t,)

() (10.5)
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2. Stationary: Similar to our discussion of correlation functions, the time-dependence of the
system only depends on the time interval between application of the potential and observation.
Therefore we write R(¢,t,)=R(7—t,) and

SA(t)={" dt,R(t—1,)) 1 (t,) (10.6)

This expression says that the observed response of the system to the agent is a convolution of the
material response with the time-development of the applied force.

Rather than the absolute time points, we can define a time-intervalz =¢—¢,, so that we

can write
sA(t)=["dr R(z) f(t-7) (10.7)
3. Impulse response: Note that for a delta function perturbation:
f(t)=26(t-1,) (10.8)
We obtain
SA(1)=2AR(t~1,) (10.9)
Thus, R describes how the system behaves when an H,+ kAi‘Sk (t-1,)

abrupt perturbation is applied and is often referred to as
the impulse response function. An impulse response S0

kicks the system away from the equilibrium established

under Ho, and therefore the shape of a response function
will always rise from zero and ultimately return to zero.
In other words, it will be a function that can be expanded

in sines. Thus the response to an arbitrary f{f) can be _

described through a Fourier analysis, suggesting that a -

spectral representation of the response function would be to t

useful.

The susceptibility
The observed temporal behavior of the nonequilibrium system can also be cast in the frequency
domain as a spectral response function, or susceptibility. We start with eq. (10.7) and Fourier

transform both sides:
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SA(w)=["di5A(r)e™

i . A (10.10)
= J:m dt UO dr R(z‘)f(t—r)} e
Now we insert ¢ "¢ =1 and collect terms to give
54(w) j dt j dr R(7) f(1-7) ™) & (10.11)
=[Tare” f(r) | drR(z)e” (10.12)
or SA(w)=f (o) x(w) (10.13)

In eq. (10.12) we switched variables, setting ¢ =¢—7. The first term f (w) is a complex
frequency domain representation of the driving force, obtained from the Fourier transform of
f(t"). The second term x(w) is the susceptibility which is defined as the Fourier—Laplace
transform (single-sided Fourier transform) of the impulse response function. It is a frequency-
domain representation of the linear response function. Switching between time and frequency
domains shows that a convolution of the force and response in time leads to the product of the

force and response in frequency. This is a manifestation of the convolution theorem:
A(t)®B(t)=[ dr A(t-7)B(r) = dr A(r)B(t-7)=F"[A(w)B(w)] (10.14)

Here ® refers to convolution, A J[A ] %[---] is a Fourier transform, and %'[---] is
an inverse Fourier transform.
Note that R(z') is a real function, since the response of a system is an observable. The

susceptibility () is complex:

2(0)= 7' (0)+ig" () (10.15)
Since z(@)=| drR(z) (10.16)
However, the real and imaginary contributions are not independent. We have

7' = drR(r)cosor (10.17)

and 2" = jo“’ dz R(7)sin e (10.18)
7 and " are even and odd functions of frequency:

7 ()= (-) (10.19)

1"(0)=-1"(-w) (10.20)
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so that 7(-0)=71 (o) (10.21)
Notice also that eq. (10.21) allows us to write
, 1
7 (a))zz[;((a))+;((—a))] (10.22)
(10.23)

7(@) =3[ 2(@)-2(-0)]

1
40

100

L
0

—100 -
“o

Example of a low frequency overdamped response
function and corresponding susceptibility

“o

Example of a high frequency underdamped response
function oscillating as sin(wpt) and corresponding
susceptibility

Kramers—Kronig relations
Since they are cosine and sine transforms of the same function, ;(’(a)) is not independent of

2" (). The two are related by the Kramers—Kronig relationships:
l oo " a)l
7 (0)=—P de' (10.24)
r 7 o-w

7' (0)= —%P :%dw (10.25)

These are obtained by substituting the inverse sine transform of eq. (10.18) into eq. (10.17):
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7' (0)= %J-: dt cos a)tf: 2" (0')sinw't do'

1 ) (10.26)
:;}1330 j:dco’;("(a)')jo cos wt sin w't dt
Using cos ax sinbx = 1sin(a+b)x+4sin(b—a)x, this can be written as
;('(a)):llimP +wdw,l,,(a))%[—cos(a)' +@)L+1 cos(w '—a))L+l (1027)
7T loe Je o' +o o' -

If we choose to evaluate the limit L — oo, the cosine terms are hard to deal with, but we expect
they will vanish since they oscillate rapidly. This is equivalent to averaging over a
monochromatic field. Alternatively, we can average over a single cycle: L=27z/(a)’—a)) to
obtain eq. (10.24). The other relation can be derived in a similar way. Note that the Kramers—
Kronig relationships are a consequence of causality, which dictate the lower limit of finiias=0 on
the first integral evaluated above.

Example: Driven harmonic oscillator

One can classically model the absorption of light through a resonant interaction of the
electromagnetic field with an oscillating dipole, using Newton’s equations for a forced damped
harmonic oscillator:

)'c'—}/)'c-i-a)gx:F(t)/m (10.28)
Here the x is the coordinate being driven, y 1is the damping constant, and @, =+k/m 1is the

natural frequency of the oscillator. We originally solved this problem is to take the driving force

to have the form of a monochromatic oscillating source

F(t)=F,coswt (10.29)
Then, equation (10.28) has the solution
_E) 2 252 2 2\ .
x(t)——((a) —-wy)) +yw ) sm(a)t+5) (10.30)
m
with tand = w; — @’ [y (10.31)

This shows that the driven oscillator has an oscillation period that is dictated by the driving
frequency w, and whose amplitude and phase shift relative to the driving field is dictated by its
detuning from resonance. If we cycle-average to obtain the average absorbed power from the
field, the absorption spectrum is
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Py (@) =(F(0)-5(0))

22 %
:75‘;1;;) [(wg_wz)2+7za)2}
m

(10.32)

To determine the response function for the damped harmonic oscillator, we seek a
solution to eq. (10.28) using an impulsive driving force F(¢)=F,6(t—t,). The linear response

of this oscillator to an arbitrary force is
x(t)=| dzR(r)F(t-7) (10.33)

so that time-dependence with an impulsive driving force is directly proportional to the response

function, x(¢)=F, R(t). For this case, we obtain

1 ¥ .
R(7t)=——exp| —=7 |sinQ7 10.34
()=~ p( 4 j (1034)

The reduced frequency is defined as

Q=\w} -y /4 (10.35)

From this, we evaluate eq. (10.16) and obtain the susceptibility
1

m(a)o2 -’ —i;/a))

x(0)= (10.36)

As we will see shortly, the absorption of light by the oscillator is proportional to the imaginary

part of the susceptibility 6 ; [ [
14 a)
7"(0)= s (10.37)
m[(a)g —a)z) + yza)z}
o
The real part is X
, o — @’ I
7 (0)= b~ (10.38)
m[(a)(f —a)z) + yza)z}
4 L L L

] 0.5 1 1.5 2
For the case of weak damping y << @, commonly —
encountered in molecular spectroscopy, eq. (10.36) is
written as a Lorentzian lineshape by using the near-resonance approximation

o’ — o) =(0+a,)(0-a,)~20(0-aw,) (10.39)

1 1
)= . 10.40
#(@) 2maw, 0—w,+iy /2 ( )
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Then the imaginary part of the susceptibility shows asymmetric lineshape with a line width of v,

full width at half maximum. Near-resonance approximation

100

" 1 4
)= 10.41

o 50
.
! (- ) 1042)  °

ma, (a)—a)o)2 +y2 /4

7' (w)=

Nonlinear response functions

If the system does not respond in a manner linearly proportional to the applied potential but still

perturbative, we can include nonlinear terms, i.e. higher expansion orders of A(7) in eq. (10.3).

Let’s look at second order:
—(2)
SA(t) " =[dn[de, R? (5:6,6,) £, (1) £, (1) (10.43)

Again we are integrating over the entire history of the application of two forces f; and f2,

including any quadratic dependence on f . applyf,  applyf, observe
1 2

In this case, we will enforce causality through a time

T T2
ordering that requires (1) that all forces must be applied - - >
before a response is observed and (2) that the application of f> —
ime
must follow fi. Thatis t>t, > ¢ or b t t
R (t:2,6,)= R?-0(t-1,)-0(t, -1,) (10.44)
which leads to
— 2 t 5}
SA(t) =] _di[" aR® (1,1,) £(4) £ (1) (10.45)

Now we will call the system stationary so that we are only concerned with the time intervals

between consecutive interaction times. If we define the intervals between adjacent interactions

n=hTh (10.46)
T, =t—t, '
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Then we have

5m(2) =Iowdrl J.:dfz R(z)(rl,rz) ft-7-1,) f,(1-1,) (10.47)

Readings

1.

Berne, B. J., Time-Dependent Propeties of Condensed Media. In Physical Chemistry: An
Advanced Treatise, Vol. VIIIB, Henderson, D., Ed. Academic Press: New York, 1971.

Berne, B. J.; Pecora, R., Dynamic Light Scattering. R. E. Krieger Publishing Co.: Malabar,
FL, 1990.

Chandler, D., Introduction to Modern Statistical Mechanics. Oxford University Press: New
York, 1987.

4. Mazenko, G., Nonequilibrium Statistical Mechanics. Wiley-VCH: Weinheim, 2006.

Slichter, C. P., Principles of Magnetic Resonance, with Examples from Solid State Physics.
Harper & Row: New York, 1963.

Wang, C. H., Spectroscopy of Condensed Media: Dynamics of Molecular Interactions.
Academic Press: Orlando, 1985.

Zwanzig, R., Nonequilibrium Statistical Mechanics. Oxford University Press: New York,
2001.
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10.2. Quantum Linear Response Functions

To develop a quantum description of the linear response function, we start by recognizing that
the response of a system to an applied external agent is a problem we can solve in the interaction

picture. Our time-dependent Hamiltonian is
H()=H,~-f(t)4 = Hy+V(t) (10.48)

H, is the material Hamiltonian for the equilibrium system. The external agent acts on the
equilibrium system throughzzl, an operator in the system states, with a time-dependence f{f). We
take V(f) to be a small change, and treat this problem with perturbation theory in the interaction
picture.

We want to describe the nonequilibrium responsert), which we will get by ensemble
averaging the expectation value of A, ie. W Remember the expectation value for a pure

state in the interaction picture is

<A(t)>:<'/’1 (t)‘A, (Z)“//l (t)>

. (10.49)
:<‘//0|U1 4, U1|'//0>
The interaction picture Hamiltonian for eq. (10.48) is
V()=Ul(t)V ()U,(t
(=0 (7 ()0, 1) 050

==/(1)4,(1)

To calculate an ensemble average of the state of the system after applying the external potential,
we recognize that the nonequilibrium state of the system characterized by described by ‘1//, (t)>

is in fact related to the initial equilibrium state of the system |1//0> through a time-propagator, as

seen in eq. (10.49). So the nonequilibrium expectation value A(t) is in fact obtained by an

equilibrium average over the expectation value of U} 4, U, -
A(1)=> p, (n|U} 4,U, |n) (10.51)
Again |n) are eigenstates of Hyp. Working with the first order solution to U, (¢)
U, (t—t0)=1+%j; dr f(1')4,(¢) (10.52)

we can now calculate the value of the operator 4 at time ¢, integrating over the history of the

applied interaction 1 (¢'):
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A(1)=U] 4,U,
:{1_%'[;&7(;'),4[(;')} A, (1) {1+%L;dt'f(t')z4,(t')}

(10.53)

Here note that f'is the time-dependence of the external agent. It does not involve operators in Ho
and commutes with 4. Working toward the linear response function, we just retain the terms
linear in f'(¢')

A(t)= 4, (¢) + %j dr' f (1) {4, (2) 4, (1) 4,(¢') 4, (1)}
A (1) + [t £ ()] 4,(1). 4,(¢)]

Since our system is initially at equilibrium, we set #, = —o0 and switch variables to the time
interval 7 =¢—¢"and using 4, (1)=U] (1) AU,(¢) obtain

(10.54)

A(t)=4, (1) + %j:drf(z ~7)[4,(7), 4,(0)] (10.55)

We can now calculate the expectation value of 4 by performing the ensemble-average described

in eq. (10.51). Noting that the force is applied equally to each member of ensemble, we have

m:<A>+%j0°°drf(t—r)<[A,(r),A,(o)]> (10.56)

The first term is independent of £, and so it comes from an equilibrium ensemble average for the

value of 4.

(4(1))= Zn:pn (n|4,|n)=(4) (10.57)

The second term is just an equilibrium ensemble average over the commutator in Ax(?):
({4 ()4, (0)]) =2 p, (n[[4,(7). 4, (0) ]| ) (10.58)

Comparing eq. (10.56) with the expression for the linear response function, we find that the

quantum linear response function is

R(T)Z—%<[AI(T)5AI(O)]> 720 (10.59)
-0 <0

or as it is sometimes written with the unit step function in order to enforce causality:

R(z')=—%®(r)<|:A,(r),A,(O)]> (10.60)
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The important thing to note is that the time-development of the system with the applied external
potential is governed by the dynamics of the equilibrium system. All of the time-dependence in
the response function is under Ho.

The linear response function is therefore the sum of two correlation functions with the
order of the operators interchanged, which is the imaginary part of the correlation function
C"(7)

R (T) = _%®(T) {<A1 (T) 4, (0)> - <A1 (O) 4, (7)>}

:_é@(r)(c“(r)—c;(r)) (10.61)

2
=>0(7)C"(7)
h
As we expect for an observable, the response function is real. If we express the correlation
function in the eigenstate description:

C(1)=2.p.14,,

n,m

2 g om! (10.62)

then R(?) :%@(r)z plA,| sinw,,t (10.63)

R(z') can always be expanded in sines—an odd function of time. This reflects that fact that the
impulse response must have a value of 0 (the deviation from equilibrium) at ¢ = #9, and move

away from 0 at the point where the external potential is applied.

Readings

1. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995; Ch. 5.
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10.3. The Response Function and Energy Absorption

Let’s investigate the relationship between the linear response function and the absorption of
energy from the external agent—in this case an electromagnetic field. We will relate this to the

absorption coefficient & = £/ which we have described previously. For this case,
H=H,-f(t)4 = H,—u-E(1) (10.64)
This expression gives the energy of the system, so the rate of energy absorption averaged over
the nonequilibrium ensemble is described by:
o oH _ o -7

—= A(r) (10.65)

We will want to cycle-average this over the oscillating field, so the time-averaged rate of energy

absorption is
. 1gr of ==
E=—| dt|———A(t
-2 0]

:led¢M[<A>+jowdr R(r)f(t—r)}

T ot

(10.66)

Here the response function is R(’r)=—i<[,u(r),,u(0)]>/h. For a monochromatic

electromagnetic field, we can write

f(t)=E,cosot =4[ Ee™ + Eye | (10.67)
which leads to the following for the second term in (10.66):
1 *® —io(t-1 *jo(t-t 1 —iot * ot
5'[0 dr R(z)[ Ey e+ By ] = SLE e (o) Eye” z(-0)]  (10.68)
By differentiating (10.67), and using it with (10.68) in eq. (10.66), we have
- 1 1 r . —iot . * ot —iwt * ot
E:—?<A>[f(r)—f(o)] _EL dt[ —iwEe ™ +ioEe™ || Eye™ y(0)+Eye™ y(-0)] (10.69)

We will now cycle-average this expression, setting 7 =27/w. The first term vanishes and the
cross terms in second integral vanish, because % LT dte™ e =1 and LT dte’ e =0.

The rate of energy absorption from the field is

£= olEf [2(-0)-z(0)]
(10.70)

= IE[ 7 (@)
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So, the absorption of energy by the system is related to the imaginary part of the susceptibility.

Now, from the intensity of the incident field, 7 = c|E0|2 /87 , the absorption coefficient is

a(a))zézé‘%a’z"(w) (10.71)

Readings
1. McQuarrie, D. A., Statistical Mechanics. Harper & Row: New York, 1976.
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10.4. Relaxation of a Prepared State

The impulse response function R(z) describes the

behavior of a system initially at equilibrium that is HO + /4 HO

driven by an external field. Alternatively, we may

need to describe the relaxation of a prepared state, in =~ f(t) _________________
which we follow the return to equilibrium of a system =
initially held in a nonequilibrium state. This behavior ( A>o

is described by step response function S(¢). The step
response comes from holding the system with a
constant field 4 = H,— f4 until a time # when the ------------f-----------=====- <A>w
system is released, and it relaxes to the equilibrium s

to t

We can anticipate that the forms of these two functions are related. Just as we expect that

state governed by H = H .

the impulse response to rise from zero and be expressed as an odd function in time, the step
response should decay from a fixed value and look even in time. In fact, we might expect to

describe the impulse response by differentiating the step

S
response, as seen in the classical case. .
1 d K
R(t)=——S(¢ 10.72
( ) kT dt ( ) ( )
An empirical derivation of the step response begins with >

t

a few observations. First, response functions must be real since

they are proportional to observables, however quantum correlation functions are complex and
follow C(—1)=C"(t). Classical correlation functions are real and even, C(¢)=C(~t), and have
the properties of a step response. To obtain the relaxation of a real observable that is even in
time, we can construct a symmetrized function, which is just the real part of the correlation

function:
S (1)=%{{4, (1) 4,(0))+(4,(0) 4, (1))}
=1{C, (1)+C, (1)} (10.73)
=Cl (t)

The step response function S defined as follows for 1> 0.

O(z)([4,(r).4,(0)]) (10.74)

+

S(Z’)E

From the eigenstate representation of the correlation function,
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2

e omt (10.75)

C(r)=2»,

A}'ﬂ n

we see that the step response function can be expressed as an expansion in cosines

s()=;0()Z»,

* cosm t (10.76)

mn

Amn

Further, one can readily show that the real and imaginary parts are related by

a)d; =C"
) (10.77)
a)dC _C
dt

Which shows how the impulse response is related to the time-derivative of the step response.
In the frequency domain, the spectral representation of the step response is obtained from

the Fourier—Laplace transform

Su(@)=] dtS,, (1) (10.78)
S (a)) :%I:CAA (a)) +C (_w)]
_Bho (10.79)
=%(l+e )CAA(a))
Now, with the expression for the imaginary part of the susceptibility,
" 1 - @
7 (a)):%(l—e ), (o) (10.80)
we obtain the relationship
;("(a))=%tanh(@j&m (o) (10.81)

This is the formal expression for the fluctuation-dissipation theorem, proven in 1951 by Callen
and Welton. It followed an observation made many years earlier (1930) by Lars Onsager for
which he was awarded the 1968 Nobel Prize in Chemistry: “The relaxation of macroscopic
nonequilibrium disturbance is governed by the same laws as the regression of spontaneous
microscopic fluctuations in an equilibrium state.”

Noting that tanh(x) = (ex —e ) / (e" + e*x) and tanh (x) — x for x>>1, we see that in the
high temperature (classical) limit

n 1
Z (w):%a)SAA (o) (10.82)
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Appendix: Derivation of step response function
We can show more directly how the impulse and step response are related. To begin, let’s
consider the step response experiment,

H:{HO—fA t<0

10.83
H, 120 (10.83)

and write the expectation values of the internal variable 4 for the system equilibrated under H at

time t = 0 and ¢ = oo.

_ﬂ(Ho_./‘;“)
(4), = <€Z—A> Zy = (e ) (10.84)
(4) = <e_ZﬁH” A> z,=(e"™) (10.85)

If we make the classical linear response approximation, which states that when the applied

potential f4 is very small relative to /,, then
e < e MM (14 B 1A) (10.86)
and Z,~Z_, that
5A=(A) ~(4), ~Bf{4) (10.87)
and the time dependent relaxation is given by the classical correlation function
SA(t)=pf(A(0)A(r)) (10.88)

For a description that works for the quantum case, let’s start with the system under /4, at
t=—co, ramp up the external potential at a slow rate 7 until t=0, and then abruptly shut off the

external potential and watch the system. We will describe the behavior in the limit 77— 0.

)
H

_ s |

i -
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H,+ fAe" <0
g = ot e (10.89)
H, t>0
Writing the time-dependence in terms of a convolution over the impulse response function R, we
have
0
1 [ L A4
5A(t)_}71£13 dt'e(t—1"\R(t—t")e" f (10.90)

—00

Although the integral over the applied force (¢°) is over times t<0, the step response factor
ensures that £~0. Now, expressing R as a Fourier transform over the imaginary part of the
susceptibility, we obtain

SA(t )—hm—J.dt jda)e” i) ¢y (o)

n—0 27[

1 " it
jda)PP(_le;( (@)e (10.91)

27zz J.a’a);(’(a)) -
=)

A more careful derivation of this result that treats the quantum mechanical operators properly is
found in the references.

Readings
1. Mazenko, G., Nonequilibrium Statistical Mechanics. Wiley-VCH: Weinheim, 2006.

2. Zwanzig, R., Nonequilibrium Statistical Mechanics. Oxford University Press: New York,
2001.



11. TIME-DOMAIN DESCRIPTION OF SPECTROSCOPY

11.1. A Classical Description of Spectroscopy

The traditional quantum mechanical treatment of spectroscopy is a static representation of a very
dynamic process. An oscillating light field acts to drive bound charges in matter, which under
resonance conditions leads to efficient exchange of energy between the light and matter. This
dynamical picture emerges from a time-domain description, which shares many similarities to a
classical description. Since much of the physical intuition that is helpful in understanding
spectroscopy naturally emerges from the classical view, we will describe it first.

The classical view begins with the observation that atoms and molecules are composed of
charged particles, and these charges are the handle by which an electromagnetic field exerts a force
on the atom or molecule. The force exerted on the molecules depends on the form of the potential
binding the charges together, the magnitude of the charges, and the strength of the external field.

The simplest elements of a model that captures what happens in absorption spectroscopy
require us to consider a charged particle in a bound potential interacting with an oscillating driving
force. The matter can be expressed in terms of a particle with charge z in a harmonic potential (the

leading term in any expansion of the potential in the coordinate Q):
Vres(t)%KQ2 (11.1)

Here £ is the restoring force constant. For the light field, we use the traditional expression
V,.(1)=-p-E(t) (11.2)

for an external electromagnetic field interacting with the dipole moment of the system, u =zQ.
We describe the behavior of this system using Newton’s equation of motion F'=ma, which we
write as

2
maQ—F

Gtz - res+ damp+F

ext

(11.3)

On the right hand side of eq. (11.3) there are three forces: the harmonic restoring force, a damping
force, and the driving force exerted by the light. Remembering that F' = —(aV/ 6Q), we can write
eq. (11.3) as

’Q 00
m— = N0 bat+FOcos(a)t) (11.4)

t2

Here, b describes the rate of damping. For the field, we have only considered the time-dependence
E (t) =E, cos (a)t) and the amplitude of the driving force

Andrei Tokmakoff, 11/20/2014
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ou) —
F=|£|E, (11.5)
o0
Eq. (11.5) indicates that increasing the force on the oscillator is achieved by raising the magnitude
of the field, increasing how much the charge is displaced, or improving the alignment between the
electric field polarization and the transition dipole moment.
We can rewrite eq. (11.4) as the driven harmonic oscillator equation:
0’0, 00 . F
—=+2y—=+w,Q=—"cos(wt 11.6
azzyatOQm() (11.6)

Here the damping constant y =b/2m and the harmonic resonance 1

frequency @, =+/x/m . /\ A /\ A
Let’s look at the solution to eq. (11.6) for a couple of simple \/ \/ \/ 2

cases. First, for the case that there is no damping or driving force

(7 =F,=0), we have simple harmonic solutions in which oscillate at a o,
frequency w@,: Q(t)= Asin(@,t)+ B cos(wyt). Let’s just keep the sin 1
term for now. Now if you add damping to the equation: ATt
Q(t)=Ae " sinQt. The coordinate oscillates at a reduced frequency
Q,=+@,’—y>. As we continue, let’s assume a case with weak

damping for which Q = @, . ok
The solution to eq. (11.6) takes the form
F, .
O(t)= O/Zn sin(wt + B) (11.7)
\/(a)g -~ a)z) +47°w’
Where the phase factor is
tanﬂ:(a)g—a)z)/Zya) (11.8)

So this solution to the displacement of the particle says that the amplitude certainly depends on the
magnitude of the driving force, but more importantly on the resonance condition. The frequency of
the driving field should match the natural resonance frequency of the system, @, ~ @ ...like
pushing someone on a swing. When you drive the system at the resonance frequency there will be
an efficient transfer of power to the oscillator, but if you push with arbitrary frequency, nothing
will happen. Indeed, that is what an absorption spectrum is: a measure of the power absorbed by
the system from the field.

Notice that the coordinate oscillates at the driving frequency ® and not at the resonance
frequency wo. Also, the particle oscillates as a sin, that is, 90° out-of-phase with the field when

driven on resonance. This reflects the fact that the maximum force can be exerted on the particle
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when it is stationary at the turning points. The phase shift £, depends varies with the detuning from
resonance.
Now we can make some simplifications to eq. (11.7) and calculate the absorption spectrum.

For weak damping y << @, and near resonance @, ~ @, we can write
2 2\2 2 2 ) 2
(o - ) =(0,-0) (0, +0) =40, (0, - ) (11.9)

The absorption spectrum is a measure of the power transferred to the oscillator, so we can

calculate it by finding the power absorbed from the force on the oscillator times the velocity,

Pavg = <F(t) 6Q>

averaged over a cycle of the field.

o
yFy I

" m (a)—a)o)2 +y°

(11.10)

This is the Lorentzian lineshape, which is peaked at the resonance frequency and has a line width
of 2y (full width half-maximum, FWHM). The area under the lineshape is 7F;’ / 4m .

-+ Fa/4my
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11.2. Time-Correlation Function Description of Absorption Lineshape

The interaction of light and matter as we have described from Fermi’s Golden Rule gives the rates
of transitions between discrete eigenstates of the material Hamiltonian Ho. The frequency
dependence to the transition rate is proportional to an absorption spectrum. We also know that
interaction with the light field prepares a superposition of the eigenstates of Ho, and this leads to
the periodic oscillation of amplitude between the states. Nonetheless, the transition rate expression
really seems to hide any time-dependent description of motions in the system. An alternative
approach to spectroscopy is to recognize that the features in a spectrum are just a frequency
domain representation of the underlying molecular dynamics of molecules. For absorption, the
spectrum encodes the time-dependent changes of the molecular dipole moment for the system,
which in turn depends on the position of electrons and nuclei.

A time-correlation function for the dipole operator can be used to describe the dynamics of
an equilibrium ensemble that dictate an absorption spectrum. We will make use of the transition
rate expressions from first-order perturbation theory that we derived in the previous section to
express the absorption of radiation by dipoles as a correlation function in the dipole operator. Let’s
start with the rate of absorption and stimulated emission between an initial state |€> and final state

|k> induced by a monochromatic field

- Sl

W= gm0\ [6(w, - 0)+8(w, +0)] (11.11)

. — 2 A — o\ P . .
For shorthand we have written | ,uM| =‘<k g- ,u|€>‘ . We would like to use this to calculate the
experimentally observable absorption coefficient (cross-section) which describes the transmission

through the sample
T =exp[ -ANa (o)L ] (11.12)

The absorption cross section describes the rate of energy absorption per unit time relative to the

intensity of light incident on the sample

_E y
o = ——rad 11.13
7 ( )
The incident intensity is
[==F (11.14)
87

If we have two discrete states |m> and |n> withE > E , the rate of energy absorption is

proportional to the absorption rate and the transition energy

—E_,=w, -ho (11.15)

nm
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For an ensemble this rate must be scaled by the probability of

occupying the initial state. E, — |m>
More generally, we want to consider the rate of energy W w_

loss from the field as a result of the difference in rates of

absorption and stimulated emission between states populated with E ——— ‘n>

a thermal distribution. So, summing all possible initial and final

states| () and | k) over all possible upper and lower states|m) and |n) with E, > E,

-E. .= z pwhay,
(,ke{m,n}
_7E;

== z o, p, |ﬁk[|2[5(wkﬂ—a))+§(a)k/+a))]
0ke{m,n}

(11.16)

The cross section including the net change in energy as a result of absorption |n>—>|m> and

stimulated emission |m>—>|n> 1S:

2
a(w):% |:a)mn pn ﬁmn 25(60Wm_a))-i_a)nm pm ﬁnmzé‘(a)nm+a)):| (1117)
c n,m
To simplify this we note:
1) Sinced(x)=6(-x) ,d(w,, +0)=6(-w,,+0)=06(o,, —0).
2) The matrix elements squared in the two terms are the same: |ﬁmn = K, ’
3) o, =—o,, = asaresult of the delta function enforcing this equality.
So,
Ar’w e
05(60)27 (2, =P, || 0(®,, - ) (11.18)

n,m

Here we see that the absorption coefficient depends on the population difference between the two
states. This is expected since absorption will lead to loss of intensity, whereas stimulated emission
leads to gain. With equal populations in the upper and lower state, no change to the incident field

would be expected. Since p, =exp[-fE,]/ Z

P.—Pn =0, (1 — exp[-pha,,]) (11.19)
2
a(0)==0(1-¢ ") p,|B[ 5(,,-0) (11.20)

Again the @, factor has been replaced with w. We can now separate « into a product of factors
that represent the field, and the matter, where the matter is described bya(a)) , the absorption

lineshape.
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2

a(w)= 4; o(1-e”)o(0) (11.21)
c

=> |4, 6(e,,~o) (11.22)

To express the lineshape in terms of a correlation function we use one representation of the delta

function through a Fourier transform of a complex exponential:

5(a>mn—a)):2l dt e (11.23)
T Y
to write o(w) ZZ Cdty p, (n|@|m)(m|a|n)e " (11.24)

n,m

Now equating U, | n> = ¢ o/t |n> = B |n> , and recognizing that our expression contains the
projection operator zm|m> <m| =1, we can write
I e - - ot
o(w) :E » dt an <n|y|m><m‘Ug,uU0‘n>e i
(11.25)

=—|["a an (n| (O, ()| n Y™

But this last expression is just a dipole moment correlation function: the equilibrium thermal
average over a pair of time-dependent dipole operators:

a(a))zzl Cdre ™™ (1, (0) 7, (1)) (11.26)

7Z' —00

The absorption lineshape is given by the Fourier transform of the dipole correlation function. The
correlation function describes the time-dependent behavior or spontaneous fluctuations in the
dipole moment in absence of £ field and contains information on states of system and broadening
due to relaxation. Additional manipulations can be used to switch the order of operators by taking

the complex conjugate of the exponential
1 0o iot | — —
o(o)=—/[ dte (1, (t)m(0)) (11.27)

and we can add back the polarization of the light field to the matrix element
1 ot -
O'(a)):Z B “dte (8-m (1)é-7,(0)) (11.28)

to emphasize the orientational component to this correlation function.
Here we have written operators emphasizing the interaction picture representation. As we

move forward, we will drop this notation, and take it as understood that for the purposes of
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spectroscopy, the dipole operator is expressed in the interaction picture and evolves under the

material Hamiltonian Ho.

Readings

1. McHale, J. L., Molecular Spectroscopy. 1st ed.; Prentice Hall: Upper Saddle River, NJ, 1999.
2. McQuarrie, D. A., Statistical Mechanics. Harper & Row: New York, 1976; Ch. 21.

3. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,

2006.

Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola,
NY, 2002; Section 6.2.
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11.3. Different Types of Spectroscopy Emerge from the Dipole Operator

So the absorption spectrum in any frequency region is given by the Fourier transform over the
dipole correlation function that describes the time-evolving change distributions in molecules,
solids, and nanosystems. Let’s consider how this manifests itself in a few different spectroscopies,
which have different contributions to the dipole operator. In general the dipole operator is a

relatively simple representation of the charged particles of the system:

a=2q,(7-7) (11.29)

The complexity arises from the time-dependence of this operator, which evolves under the full

Hamiltonian for the system:
ﬁ(t):e[HOt/hﬁ(O)e—[Hot/h (1130)

+Hspin+”.+Hbath+.”

H,=H, +H 6 +H +H

elec trans

N (11.31)

i,jelev,r,t,s,b,EM}
The full Hamiltonian accounts for the dynamics of all electronic, nuclear, and spin degrees of
freedom. It is expressed in eq. (11.31) in terms of separable contributions to all possible degrees of
freedom and a bath Hamiltonian that contains all of the dark degrees of freedom not explicitly
included in the dipole operator. We could also include an electromagnetic field. The last term
describes pairwise couplings between different degrees of freedom, and emphasizes that
interactions such as electron-nuclear interactions /,  and spin-orbit coupling 4, .. The
wavefunction for the system can be expressed in terms of product states of the wavefunctions for

the different degrees of freedom,
V) = VWitV o) (11.32)

When the H, interaction terms are neglected, the correlation function can be separated into a

product of correlation functions from various sources:
C,.(1)=Cp(1)C,, (1) C,, (1) (11.33)

which are each expressed in the form shown here for the vibrational states

Cip (t) = Z b, <ch

n=vib

ewa-b’lu e*in‘b’lu | ch> (1 134)

®, is the wavefunction for the n™ vibrational eigenstate. The net correlation function will have
oscillatory components at many frequencies and its Fourier transform will give the full absorption

spectrum from the ultraviolet to the microwave regions of the spectrum. Generally speaking the
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highest frequency contributions (electronic or UV/Vis) will be modulated by contributions from
lower frequency motions (...such as vibrations and rotations). However, we can separately analyze

each of these contributions to the spectrum.

Examples

Atomic transitions

Ho = Hawom. For hydrogenic orbitals, n> - | nt m[>.

Rotational spectroscopy

From a classical perspective, the dipole moment can be written in terms of a permanent dipole

moment with amplitude and direction

H= (11.35)
o(w)=["dre™ u; (6-0(0)é-a(r)) (11.36)

The lineshape is the Fourier transform of the rotational motion of the permanent dipole vector in
the laboratory frame. g, is the magnitude of the permanent dipole moment averaged over the fast
electronic and vibrational degrees of freedom. The frequency of the resonance would depend on
the rate of rotation—the angular momentum and the moment of inertia. Collisions or other
damping would lead to the broadening of the lines.

Quantum mechanically we expect a series of rotational resonances that mirror the thermal
occupation and degeneracy of rotational states for the system. Taking the case of a rigid rotor with

cylindrical symmetry as an example, the Hamiltonian is

r
H,  =— 11.37
=57 (1137)
and the wavefunctions are spherical harmonics Y, |, (6,#) which are described by
2y, ) =rJ(J+1)|Y,,) J=012.
’ ’ (11.38)
L|Y,,)=Mn|Y,,) M=-J,~J+1,...J

J is the rotational quantum number. M (or M) refers to its projection onto an axis (z), and has a

degeneracy of gm(J)=2J+1. The energy eigenvalues for Hor are
E,,, =BJ(J+]) (11.39)

where the rotational constant, here in units of joules, is

_ K
B :E (11.40)
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If we take a dipole operator in the form of eq. (11.35), then the far-infrared rotational spectrum

will be described by the correlation function

rw Z Do |lu0| < o ‘eiH,.o,t/h (ﬁ ) é)e—in,t/h (ﬁ ) é)

Y, ) (11.41)

The evaluation of this correlation function involves an orientational average, which is evaluated as

follows
(Y0 | £ (0.0)|Y,00) j d¢j sin@do Y}, [ (6,4)Y,,, (11.42)

Recognizing that (ﬁ €, ) =cos @, we can evaluate eq. (11.41) using the reduction formula

YM,M>+cJ,\YJ,1,M> (11.43)

J+1 2
,/ +M (11.44)
J+1

and the orthogonality of spherical harmonics

cos@‘Z,’M>:cj+

<YJM ‘ Y, i >: 4 5]',] 5M',M (11.45)

The factor p, ,, ineq. (11.41) is the probability of thermally occupying a particular J,M level. For
this we recognize that p, ,, =g, (J)e”™ / Z

rot >

so that eq. (11.41) leads to the correlation function

2
C. (t) _ ﬂZ(zJ i 1) o B |:e—i(J+l)2§t/h " equz/h] (11.46)

rot J

Fourier transforming eq. (11.46) leads to the lineshape

2
o, (®)= |gihZ(zJH)eﬁl”("“)/” [6(hw—2B(J+1))+5(ho+2BJ)|  (11.47)
J

rot

The two terms reflect the fact that each thermally populated level with J > 0 contributes both to
absorptive and stimulated emission processes, and the observed intensity reflects the difference in
populations.

Set temperature: B=—

=
=
o
=
=

40

w| g ¢
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IR vibrational spectroscopy

Vibrational spectroscopy can be described by taking the dipole moment to be weakly dependent on

the displacement of vibrational coordinates ¢

g+ (11.48)

Here the first expansion term is the permanent dipole moment and the second term is the transition
dipole moment. If we are performing our ensemble average over vibrational states, the lineshape
becomes the Fourier transform of a correlation function in the vibrational coordinate

o(w)=

[ die™ (a(0)a(1)) (11.49)

ou
oq

The vector nature of the transition dipole has been dropped here. So the time-dependent dynamics
of the vibrational coordinate dictate the IR lineshape.

This approach holds for the classical and quantum mechanical cases. In the case of
quantum mechanics, the change in charge distribution in the transition dipole moment is replaced
with the equivalent transition dipole matrix element |0g/0q['=| zZ,, |* . If we take the vibrational

Hamiltonian to be that of a harmonic oscillator,

H, =5-p* +imalq’ =ha, (a*a +%) (11.50)

i

then the time-dependence of the vibrational coordinate, expressed as raising and lowering

operators is

q(1)= 2’:@ (a*eiw"t+ae_"w°’) (11.51)
0

The absorption lineshape is then obtained from eq. (11.49).
O (a’) = _Zeiﬁnhmﬂ I:l ity |2 (’7"' 1) 5((0 ) )+ | ﬁ(n—l)n ‘2 ’75(5‘”‘ @, )] (11.52)
vib n

where 77 = (¢”" —1)"" is the thermal occupation number. For the low temperature limit applicable

to most vibrations under room temperature conditions 7 — 0 and

OLip (a)) =| th |2 5(60_600) (11.53)
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Raman spectroscopy

Technically, we need second-order perturbation theory to describe Raman scattering, because
transitions between two states are induced by the action of two light fields whose frequency
difference equals the energy splitting between states. But much the same result is obtained is we
replace the dipole operator with an induced dipole moment generated by the incident field:

H = p,,. The incident field Ei polarizes the molecule,
I, =a-E(1) (11.54)

(@ is the polarizability), and the scattered light field results from the interaction with this induced

dipole

-E, (1) (11.55)

Here we have written the polarization components of the incident (i) and scattered (s) light
projecting onto the polarizability tensor & . Equation (11.55) leads to an expression for the Raman
lineshape as

o(w)=["die™ (¢,-a(0)-4 & &(t)-4)

o o (11.56)
= j_ dte™™ (@(0)a(r))
To evaluate this, the polarizability tensor can also be expanded in the nuclear coordinates
A Al (11.57)
oq |,
9=4o0

where the leading term would lead to Raleigh scattering and rotational Raman spectra, and the
second term would give vibrational Raman scattering.

Also remember that the polarizability tensor is a second rank tensor that tells you how well
a light field polarized along i can induce a dipole moment (light-field-induced charge
displacement) in the s direction. For cylindrically symmetric systems which have a polarizability
component ¢ along the principal axis of the molecule and a component «, perpendicular to that
axis, this usually takes the form

2
a, :al+%ﬂ -1 (11.58)
o, -1

Il
1

where « is the isotropic component of polarizability tensor and £ is the anisotropic component.
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11.4. Ensemble Averaging and Line-Broadening

We have seen that an absorption lineshape can represent the dynamics of the dipole or be
broadened by energy relaxation, for instance through coupling to a continuum. However, there are
numerous processes that can influence the lineshape. These can be separated by dynamic processes
intrinsic to the molecular system, which is termed homogeneous broadening, and static effects
known as inhomogeneous broadening, which can be considered an ensemble averaging effect. To

illustrate, imagine that the dipole correlation function has an oscillatory, damped form

CW(t)=Zpg 2exp[—ia)€gt—Ft] (11.59)
g.e

ll'leg

Then the Fourier transform would give a lineshape

2

r

Re| C,(0)]=> p, a (11.60)

w  (0-o, )2 -’

Here the homogeneous effects are reflected in the factor I', the damping rate and linewidth,

whereas inhomogeneous effects arise from averaging over the ensemble.

Homogeneous broadening

Several dynamical mechanisms can potentially contribute to damping and line-broadening. These
intrinsically molecular processes, often referred to as homogeneous broadening, are commonly

assigned a time scale 7, =T"".

Population Relaxation. Population relaxation refers to decay in the coherence created by the
light field as a result of the finite lifetime of the coupled states, and is often assigned a time
scale 7. This can have contributions from radiative decay, such as spontaneous emission, or

non-radiative processes such as relaxation as a result of coupling to a continuum.

i = L + L (11.61)
T, 7, Tw
The observed population relaxation time depends on both the relaxation times of the upper and

lower states (m and n) being coupled by the field: 1/7, =w, +w,,. When the energy splitting

nm *

is high compared to k87, only the downward rate contributes, which is why the rate is often
written 1/27 .

Pure Dephasing. Pure dephasing is characterized by a time constant 7, that characterizes the
randomization of phase within an ensemble as a result of molecular interactions. This is a

dynamic effect in which memory of the phase of oscillation of a molecule is lost as a result of
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intermolecular interactions that randomize the phase. Examples include collisions in a dense
gas, or fluctuations induced by a solvent. This process does not change the population of the

states involved.

Qi

P = —— : =
Qs

¢:(1)

S v, ST

Orientational relaxation. Orientational relaxation (z,, ) also leads to relaxation of the dipole
correlation function and to line-broadening. Since the correlation function depends on the
projection of the dipole onto a fixed axis in the laboratory frame, randomization of the initial
dipole orientations is an ensemble averaged dephasing effect. In solution, this process is
commonly treated as an orientational diffusion problem in which 7, is proportional to the
diffusion constant.

If these homogeneous processes are independent, the rates for different processes contribute
additively to the damping and line width:

l+ —+— (11.62)
LT e

1
T

or

Inhomogeneous broadening

Absorption lineshapes can also be broadened by a static distribution of frequencies. If molecules
within the ensemble are influenced static environmental variations more than other processes,
then the observed lineshape reports on the distribution of environments. This inhomogeneous
broadening is a static ensemble averaging effect, which hides the dynamical content in the
homogeneous linewidth. The origin of the inhomogeneous broadening can be molecular (for
instance a distribution of defects in crystals) or macroscopic (i.e., an inhomogeneous magnetic
field in NMR).
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time domain frequency domain

@ [ A

U V""\ (o)

—2336

The inhomogeneous linewidth is dictated the width of the distribution A.

Total linewidth

The total observed broadening of the absorption lineshape reflects the contribution of all of these
effects:

1 1 1 A?
C ocexp|—io t—| —+—+— |[t——1° 11.63
» p[ e (Tz o TJ > } ( )

These effects can be wrapped into a lineshape function g(¢). The lineshape for the broadening of
a given transition can be written as the Fourier transform over the oscillating transition frequency

damped and modulated by a complex g(¢):
o(w)=[ " de™ e (11.64)

All of these effects can be present simultaneously in an absorption spectrum.



12. COUPLING OF ELECTRONIC AND NUCLEAR MOTION

12.1. The Displaced Harmonic Oscillator Model

Here we will discuss the displaced harmonic oscillator (DHO), a widely used model that
describes the coupling of nuclear motions to electronic states. Although it has many applications,
we will look at the specific example of electronic absorption experiments, and thereby gain
insight into the vibronic structure in absorption spectra. Spectroscopically, it can also be used to
describe wavepacket dynamics; coupling of electronic and vibrational states to intramolecular
vibrations or solvent; or coupling of electronic states in solids or semiconductors to phonons. As
we will see, further extensions of this model can be used to describe fundamental chemical rate
processes, interactions of a molecule with a dissipative or fluctuating environment, and Marcus

Theory for nonadiabatic electron transfer.

The DHO and Electronic Absorption

Molecular excited states have geometries that are different from the ground state configuration as
a result of varying electron configuration. This parametric dependence of electronic energy on
nuclear configuration results in a variation of the electronic energy gap between states as one

stretches bond vibrations of the molecule. We are interested in describing how this effect

influences the electronic absorption spectrum,
rF 3

and thereby gain insight into how one | Energy
experimentally determines the coupling of
between electronic and nuclear degrees of
freedom. We consider electronic transitions
between bound potential energy surfaces for a
ground and excited state as we displace a

nuclear coordinate ¢. The simplified model

consists of two harmonic oscillators potentials

v

whose 0-0 energy splitting is E.—FE¢ and which q

depends on g. We will calculate the absorption
spectrum in the interaction picture using the time-correlation function for the dipole operator.
We start by writing a Hamiltonian that contains two terms for the potential energy

surfaces of the electronically excited state |E) and ground state |G)

Hy=H,+H, (12.1)

These terms describe the dependence of the electronic energy on the displacement of a nuclear

coordinate g. Since the state of the system depends parametrically on the level of vibrational

Andrei Tokmakoff, 11/20/2014
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excitation, we describe it using product states in the electronic and nuclear configuration,

|¥) =|¥ e, D,..) > OF in the present case
|G) =

e,n,) (12.2)

g’ng> |E>:

Implicit in this model is a Born-Oppenheimer approximation in which the product states are the
eigenstates of Ho, i.e. H; | G) = (E, + E, )| G).

The Hamiltonian for each surface contains an electronic energy in the absence of
vibrational excitation, and a vibronic Hamiltonian that describes the change in energy with

nuclear displacement.

HG = |g>Eg <g|+Hg (q)

(12.3)
H, :|e>Ee <e|+He (q)

For our purposes, the vibronic Hamiltonian is harmonic and has the same curvature in the ground
and excited states, however, the excited state is displaced by d relative to the ground state along a
coordinate q.

2

H, :§—m+%ma)§ 7 (12.4)
p2 1 ) 2
H, =+ ma, (g—d) (12.5)

The operator ¢ acts only to changes the degree of vibrational excitation on the |E) or |G) surface.

We now wish to evaluate the dipole correlation function
C,, (1) =(AOED)
_ Z », <4eiﬁoz/h 77 o iHotlh ﬁ‘f>

(=E,G

(12.6)

Here p, is the joint probability of occupying a particular electronic and vibrational state,

Py = Py P - The time propagator is
e—iHot/h :|G> e—iH(;t/h <G| + |E> e—iHEt/h <E| (127)

We begin by making the Condon Approximation, which states that there is no nuclear

dependence for the dipole operator. It is only an operator in the electronic states.
fi=|g)u, (e|+|e) (2| (12.8)

This approximation implies that transitions between electronic surfaces occur without a change

in nuclear coordinate, which on a potential energy diagram is a vertical transition.
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Under typical conditions, the system will only be on the ground electronic state at
equilibrium, and substituting eqs. (12.7) and (12.8) into (12.6), we find:

2 —(E,- i —i
G, (1) |t [ &1 e ) (12.9)

Here the oscillations at the electronic energy gap are separated from the nuclear dynamics in the

ﬂeg

final factor, the dephasing function:
F (t) _ <engl/7le—iHet/h>

12.10
) (12.10)

The average ( ... ) in equations (12.9) and (12.10) is only over the vibrational states |ng). Note
that physically the dephasing function describes the time-dependent overlap of the nuclear
wavefunction on the ground state with the time-evolution of the same wavepacket initially

projected onto the excited state
F(1)=(p, (1)

This is a perfectly general expression that does not depend on the particular form of the potential.

0. (1)) (12.11)

If you have knowledge of the nuclear and electronic eigenstates or the nuclear dynamics on your
ground and excited state surfaces, this expression is your route to the absorption spectrum.
To evaluate F(¢) for this problem, it helps to realize that we can write the nuclear

Hamiltonians as

H, =ho,(d'a+1) (12.12)
_ 7 N
H,=DH,D (12.13)

Here D is the spatial displacement operator
D=exp(-ipd/h) (12.14)
which shifts an operator in space as:

DGD" =G —d (12.15)

1. For further on this see:
Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola, NY, 2002; Ch. 9.

Reimers, J. R.; Wilson, K. R.; Heller, E. J., Complex time dependent wave packet technique for thermal
equilibrium systems: Electronic spectra. J. Chem. Phys. 1983, 79, 4749-4757.
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Note p is only an operator in the vibrational degree of freedom. We can now express the excited
state Hamiltonian in terms of a shifted ground state Hamiltonian in eq. (12.13), and also relate
the time propagators on the ground and excited states
e Ml — D™t P (12.16)
Substituting eq. (12.16) into eq. (12.10) allows us to write
_ [yt p=idp/h idp/h
F(t)=(U} e™"u, e®™)

i <13(¢)15*(0)> (12.17)

This says that the effect of the nuclear motion in the dipole correlation function can be expressed
as a time-correlation function for the displacement of the vibration.

To evaluate eq. (12.17) we write it as

F(1) :<e—idﬁ(z)/h eidﬁ(())/h> (12.18)
since ﬁ(t):Ung?(O)U (12.19)

g

The time-evolution of p is obtained by expressing it in raising and lowering operator form,

=i /””’;“’0 (a' ~a) (12.20)

and evaluating eq. (12.19) using eq. (12.12). Remembering a'a=n, we find

U; a Ug — einwot a e*inwot —a ei(n—l)(uote—mwot —a e—iwot

U; a’ U,= at e

p(1)=1i, /@ (aTem"" —a ef"“’“’) (12.22)

So for the dephasing function we now have

F(t)= < exp[gl (aTei“’U’ —ae'™ )] exp [—q’ (aT - a)D (12.23)

(12.21)

which gives

where we have defined a dimensionless displacement variable

ma,

d=d
” 2h

(12.24)

Since @' and a do not commute ([a,a]=—1), we split the exponential operators using the

identity
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ot _ plghe 1A (12.25)
or specifically for a' and a, ehaltua _ gra’ pua o3 (12.26)
This leads to
F(f)= <exp[4 a'eé™ Jexp[~dae™ Jexp[~1d*]
xexp[—q’a"’ ]exp[cja ]eXP[—%CfD (12.27)

Now to simplify our work further, let’s specifically consider the low temperature case in

which we are only in the ground vibrational state at equilibrium ‘ng> = |0> . Since a|0> =0 and
(0]a’ =0,

e 0)=lo)
/ (12.28)
(0le* =(0]
and
F(1)= e’ <O‘exp[—cjae_m"qexp[—q’ aT] ‘ O> (12.29)

In principle these are expressions in which we can evaluate by expanding the exponential
operators. However, the evaluation becomes much easier if we can exchange the order of

operators. Remembering that these operators do not commute, and using
¢t ef = b of ¢ 1] (12.30)

we can write

F(f)= e? <0 —dat —da e~ 42 et O>
(t)=-e exp-[ da ]exp[ dae ]exp[~ e ] (1231)
= exp[cj2 (ef""o’ —1)]
So finally, we have the dipole correlation function:
C,, (1) =, | exp| i+ D (e 1) (12.32)

D is known as the Huang-Rhys parameter (which should be distinguished from the displacement
operator D ). It is a dimensionless factor related to the mean square displacement

p=g*=a*Z2

12.33
d o (12.33)

and therefore represents the strength of coupling of the electronic states to the nuclear degree of

freedom. Note our correlation function has the form
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C.(0)=> p, || e

(12.34)
Here g(¢) is our lineshape function

g(t)=—D(e"™ -1) (12.35)
To illustrate the form of these functions, below is plotted the real and imaginary parts of C,,(¢),
F(?), g(f) for D =1, and axg= 10an. g(t) oscillates with the frequency of the single vibrational
mode. F(¢) quantifies the overlap of vibrational wavepackets on ground and excited state, which

peaks once every vibrational period. C,,(¢) has the same information as F(¢), but is also
modulated at the electronic energy gap meg.
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Absorption Lineshape and Franck-Condon Transitions

The absorption lineshape is obtained by Fourier transforming eq. (12.32)

u(0)=[ a1 €, (1)

, . , . (12.36)
=|u,,| e” Lo dte™e "' exp [De"""“]
If we now expand the final term as
—iwgt | __ S 1 n —iay "
exp| De ’}_;;D (e7™) (12.37)
the lineshape is
2 00 D Dn
O (@) =|p,| D€ . 5(a)—a)€g—na)0) (12.38)
n=0 .

The spectrum is a progression of absorption peaks rising from aeg, separated by aw with a
Poisson distribution of intensities. This is a vibrational progression accompanying the electronic
transition. The amplitude of each of these peaks are given by the Franck—Condon coefficients for

the overlap of vibrational states in the ground and excited states

Kng =0

The intensities of these peaks are dependent on D, which is a measure of the coupling strength

n=n =fo[plm| =e* 2

(12.39)

n!

between nuclear and electronic degrees of freedom.

Hllustrated below is an example of the normalized absorption lineshape
corresponding to the correlation function for D = 1 on the previous page.

A
Gabs D=1

O)eg (Deg-l-o‘)o I“": ®
(Deg+2 (1)0 (Deg+ 0‘)0
0, +30,
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Now let’s investigate how the absorption lineshape depends on D .

A
1+ D=0
Gabs
A
LG & D<1
Oabs
D
D2
A
t D>
Oabs
\_ i /
A A \ /
g -\

For D = 0, there is no dependence of the electronic energy gap axg on the nuclear coordinate, and
only one resonance is observed. For D <1, the dependence of the energy gap on ¢ is weak and
the absorption maximum is at aeg, with the amplitude of the vibronic progression falling off as
D". For D >1, the strong coupling regime, the transition with the maximum intensity is found for
peak at n=D. So D corresponds roughly to the mean number of vibrational quanta excited from
q =0 in the ground state. This is the Franck-Condon principle, that transition intensities are
dictated by the vertical overlap between nuclear wavefunctions in the two electronic surfaces.

To investigate the envelope for these transitions, we can perform a short time expansion
of the correlation function applicable for # <1/@, and for D> 1. If we approximate the oscillatory

term in the lineshape function as
exp(—iayt) = 1-imt —+ o)t (12.40)

then the lineshape envelope is
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2 J«+oo dt & e_ia,eg ;eD(exp(—ia)Ot)—l)

O-env (CO) = lueg

~
~

+o0 i|w—-o, —iwyt—L
g dt &) Pliovtaie] (12.41)

2 pt> i(@=@g—Davy |t —1 Da2t?
I dte( r~Deh) e
—0

ﬂeg

ﬂeg
This can be solved by completing the square, giving

2

2 [ 27 (a)—a)gg—Da)O)
= exp| — 5
Day 2D,

O, (®)=

env

Hhog (12.42)

The envelope has a Gaussian profile which is centered at Franck—Condon vertical transition

o=, +Dao, (12.43)

Thus we can equate D with the mean number of vibrational quanta excited in |E) on absorption
from the ground state. Also, we can define the vibrational energy vibrational energy in |E) on
excitation at ¢ =0

A= Dhw, =L majd’ (12.44)

A is known as the reorganization energy. This is the value of He at g=0, which reflects the excess
vibrational excitation on the excited state that occurs on a vertical transition from the ground
state. It is therefore the energy that must be dissipated by vibrational relaxation on the excited

state surface as the system re-equilibrates following absorption.
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ﬁ /
A=Dhw, /
=

hw

cg

||q’
0 d

Hllustration of how the strength of coupling D influences the absorption lineshape o

(12.38) and dipole correlation function Cy, (12.32). Also shown, the Gaussian
approximation to the absorption profile (12.42), and the dephasing function (12.31).
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Fluorescence
The DHO model also leads to predictions about the form ;

of the emission spectrum from the electronically excited

vibrational
relaxation

state. The vibrational excitation on the excited state
potential energy surface induced by electronic absorption
rapidly dissipates through vibrational relaxation, typically

on picosecond time scales. Vibrational relaxation leaves

Energy
absorption

the system in the ground vibrational state of the

electronically excited surface, with an average

displacement that is larger than that of the ground state. In

the absence of other non-radiative processes relaxation

\J

processes, the most efficient way of relaxing back to the Nuclear Coordinate
ground state is by emission of light, i.e., fluorescence. In

the Condon approximation this occurs through vertical transitions from the excited state
minimum to a vibrationally excited state on the ground electronic surface. The difference
between the absorption and emission frequencies reflects the energy of the initial excitation
which has been dissipated non-radiatively into vibrational motion both on the excited and ground
electronic states, and is referred to as the Stokes shift.

From the DHO model, the emission lineshape can be obtained from the dipole correlation

function assuming that the initial state is equilibrated in |e, 0> , centered at a displacement ¢ =d ,
following the rapid dissipation of energy A on the excited state. Based on the energy gap at
g =d, we see that a vertical emission from this point leaves A as the vibrational energy that
needs to be dissipated on the ground state in order to re-equilibrate, and therefore we expect the

Stokes shift to be 2A.

/1

Fluorescence
h(o.,—Day)

Absorption
A(we+Dwy)

Cfluor

B
o
st
.

! i n
I [ » ! T ! >

0 d q howh  hog  hogth he
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Beginning with our original derivation of the dipole correlation function and focusing on

emission, we find that fluorescence is described by

w(1) u(0)
2 e—iw‘,ng*(t)
#(1) u(0)
? e = ()

C,={e,0

e,0)=C,, (1)

:ueg

C,=(e0

e,0)=C. (1)

Heg
F(=(U!u,)

= exp [D(ei“’Ot - 1)}

(12.45)

(12.46)

We note that C;ﬂ »=C,(-t) and F "(t) = F(~t). Then we can obtain the fluorescence spectrum

o, (0)=[ "t €, (1)

/’leg

det=— 5(0)_(% +na)0)
n=0 l’l' ¢

(12.47)

This is a spectrum with the same features as the absorption spectrum, although with mirror

symmetry about ®eg.

HCEEE T Y FEP PP R

TILLTLRR VR

A short time expansion confirms that the splitting between the peak of the absorption and

emission lineshape envelopes is 2Dhwmo, or 2. Further, one can establish that

+o0 e
O ubs (a)) = j_oo dt el(w g )t+g(t)
+00 i — *
o (@)= dr e

g(1)=D(e™ 1)

(12.48)
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Note that our description of the fluorescence lineshape emerged from our semiclassical treatment
of the light-matter interaction, and in practice fluorescence involves spontaneous emission of
light into a quantum mechanical light field. However, while the light field must be handled
differently, the form of the dipole correlation function and the resulting lineshape remains
unchanged. Additionally, we assumed that there was a time scale separation between the
vibrational relaxation in the excited state and the time scale of emission, so that the system can

be considered equilibrated in

e, 0> . When this assumption is not valid then one must account for

the much more complex possibility of emission during the course of the relaxation process.

Readings

1. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995; p. 189, p. 217.

2. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Section 12.5.

3. Reimers, J. R.; Wilson, K. R.; Heller, E. J., Complex time dependent wave packet technique
for thermal equilibrium systems: Electronic spectra. J. Chem. Phys. 1983, 79, 4749-4757.

4. Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications:
Mineola, NY, 2002; Ch. 9.



12-14

12.2. Coupling to a Harmonic Bath

It is worth noting a similarity between the Hamiltonian for this displaced harmonic oscillator
problem, and a general form for the interaction of an electronic “system” that is observed in an
experiment with a harmonic oscillator “bath” whose degrees of freedom are invisible to the
observable, but which influence the behavior of the system. This reasoning will in fact be
developed more carefully later for the description of fluctuations. While the Hamiltonians we
have written so far describe coupling to a single bath degree of freedom, the DHO model is
readily generalized to many vibrations or a continuum of nuclear motions. Coupling to a
continuum, or a harmonic bath, is the starting point for developing how an electronic system
interacts with a continuum of intermolecular motions and phonons typical of condensed phase
systems.

So, what happens if the electronic transition is coupled to many vibrational coordinates,
each with its own displacement? The extension is straightforward if we still only consider two
electronic states (e and g) to which we couple a set of independent modes, i.e., a bath of
harmonic normal modes. Then we can write the Hamiltonian for N vibrations as a sum over all

the independent harmonic modes

H —iH(“)—i[p_i+lm o (q,—d )2] (12.49)
e e B 0P\ 4, a .

a=1 a=l1 2ma

each with their distinct frequency and displacement. We can specify the state of the system in

terms of product states in the electronic and nuclear occupation, i.e.,

|G>:|g;nl,n2,...,nN>
N
1) Tl

Additionally, we recognize that the time propagator on the electronic excited potential energy
surface is

(12.50)

. N
U, :exp{—%Het}:HUe‘“) (12.51)
a=1
where U™ =exp [—%H:a)t} (12.52)

Defining D, =d>(ma, [2h)
Fl@ _ <[U(a>]T U(a)>
g e

(12.53)
= exp[Da (e'i“’a’ — 1)]
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the dipole correlation function is then just a product of multiple dephasing functions that

characterize the time-evolution of the different vibrations.

' N
C,.(1)=|u,[ e - TTF*“ (1) (12.54)

a=1
or C, (1) = || e (12.55)
with g(t)=2.D,(e™ 1) (12.56)

In the time domain this is a complex beating pattern, which in the frequency domain appears as a
spectrum with several superimposed vibronic progressions that follow the rules developed above.
Also, the reorganization energy now reflects to total excess nuclear potential energy required to

make the electronic transition:

A=Y D,ha, (12.57)

Taking this a step further, the generalization to a continuum of nuclear states emerges
naturally. Given that we have a continuous frequency distribution of normal modes characterized
by a density of states, W(a)) , and a continuously varying frequency-dependent coupling, D(w),

we can change the sum in eq. (12.56) to an integral over the density of states:
g(t)=[do W (») D(o)(e™ -1) (12.58)

Here the product W(w) D(w) is a coupling-weighted density of states, and is commonly
referred to as a spectral density.

What this treatment does is provide a
way of introducing a bath of states that the

Coupling to
spectroscopically  interrogated  transition Smgl\ﬁbn.;gﬁgmped
couples with. Coupling to a bath or continuum l I l \

M

\ 4

provides a way of introducing relaxation Geg ®
effects or damping of the electronic coherence
in the absorption spectrum. You can see that if

g(t) is associated with a constant /;, we

obtain a Lorentzian lineshape with width 7 g, :)
. . eg
This emerges under certain circumstances, for 5 J
instance if the distribution of states and _
. . . Strong coupling
coupling is large and constant, and if the to a continuum

integral in eq. (12.58) is over a distribution of

Oeg 0]
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low frequencies, such that € ~1—icer . More generally the lineshape function is complex, and
the real part describes damping and the imaginary part modulates the primary frequency and

leads to fine structure. We will discuss these circumstances in more detail later.

An Ensemble at Finite Temperature

As described above, the single mode DHO model above is for a pure state, but the approach can
be readily extended to describe a canonical ensemble. In this case, the correlation function is
averaged over a thermal distribution of initial states. If we take the initial state of the system to
be in the electronic ground state and its vibrational levels (ng) to be occupied as a Boltzmann
distribution, which is characteristic of ambient temperature samples, then the dipole correlation

function can be written as a thermally averaged dephasing function:

C,. (1) =|u,[ e F () (12.59)

F(ty= p(n)(n,|UU,|n,) (12.60)
—Bhnga,

p(n,)= ~ (12.61)

Evaluating these expressions using the strategies developed above leads to

Coo (1) =t | €™ exp[D[(ﬁ+1)(e”"”’ 1) +7 ("™ —1)ﬂ (12.62)

n 1is the thermally averaged occupation number of the harmonic vibrational mode.

/’leg

m=(e"m 1) (12.63)
Note that in the low temperature limit, # —0, and eq. (12.62) equals our original result eq.
(12.32). The dephasing function has two terms underlined in (12.62), of which the first describes
those electronic absorption events in which the vibrational quantum number increases or is
unchanged (ne>ng), whereas the second are for those processes where the vibrational quantum
number decreases or is unchanged (ne<ng). The latter are only allowed at elevated temperature
where thermally excited states are populated and are known as “hot bands”.
Now, let’s calculate the lineshape. If we separate the dephasing function into a product of

two exponential terms and expand each of these exponentials, we can Fourier transform to give

© o +k
D(27+1) ZZO{D] j }’l+1 nk 5(a)_a)eg —(]—k)a)o) (1264)

j=0 k

O (@)=
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Here the summation over j describes ne>ng transitions, whereas the summation over k describes
ne<ng. For any one transition frequency, (wegtnmo), the net absorption is a sum over all possible
combination of transitions at the energy splitting with n=(j—k). Again, if we set 7 >0, we
obtain our original result eq. (12.38). The contributions where k<j leads to the hot bands.
D=1
15 T T
Re[g(t)] hmO/knT
0.33

1.0

o0

ot /27

Examples of temperature dependence to lineshape and dephasing functions for D = 1. The real
part changes in amplitude, growing with temperature, whereas the imaginary part is unchanged.

0
h(Do/kBT
A |- 0.33

Oabs i «_A_A - 1.0
|
0
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We can extend this description to describe coupling to a many independent nuclear

modes or coupling to a continuum. We write the state of the system in terms of the electronic
E)=

e n,,n,,n, > , and from that:
F(t)= exp{ZDJ. [(ﬁj +1)(e7™ 1)+ 7, (& —1)}} (12.65)
J

or changing to an integral over a continuous frequency distribution of normal modes

state and the nuclear quantum numbers, i.e.,

characterized by a density of states, W(a))
F(t)= exp“da) W () D(w)[(ﬁ(w)ﬂ)(e"“‘” —1)+ﬁ(a))(e“‘” —l)ﬂ (12.66)

D(a)) is the frequency dependent coupling. Let’s look at the envelope of the nuclear structure

on the transition by doing a short-time expansion on the complex exponential as in eq. (12.40)

F(t)= exp“de(a))W(a)) {—iwt— (27 +1) “’;tz ﬂ (12.67)

The lineshape is calculated from
O (@)= J.j: dr &) exp [—i (w) t] exp [—% <a)2> tz] (12.68)
where we have defined the mean vibrational excitation on absorption

<a)>:J‘da)W(a))D(a))a)
=A/h

(12.69)
and
<a)2> = Ia’w W(w)D(w)o’ (27z(a))+1) (12.70)

<a)2> reflects the thermally averaged distribution of accessible vibrational states. Completing the

square, eq. gives

2 | 27 ex _(a)_a)eg_<a)>)2
il

The lineshape is Gaussian, with a transition maximum at the electronic resonance plus

Ty (@) =| 4, (12.71)

reorganization energy. Although the frequency shift () is not temperature dependent, the width
of the Gaussian is temperature-dependent as a result of the thermal occupation factor in eq.
(12.70).
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12.3 Semiclassical Approximation to the Dipole Correlation Function

In introducing the influence of dark degrees of freedom on the spectroscopy of a bright state, we
made some approximations that are not always valid, such as the Condon approximation and the
Second Cumulant Approximation. To develop tools that allow us to work outside of these
approximations, it is worth revisiting the evaluation of the dipole correlation function and
looking at this a bit more carefully. In particular, we will describe the semiclassical
approximation, which is a useful representation of the dipole correlation function when one
wants to describe the dark degrees of freedom (the bath) using classical molecular dynamics
simulations.

For a quantum mechanical material system interacting with a light field, the full

Hamiltonian is

H=H,+V(t) (12.72)
V(t)=—m-E(t) (12.73)

m= Z,—Zfi is the quantum mechanical dipole operator, where z; are charges. The absorption

lineshape is given by the Fourier transformation of the dipole autocorrelation function Cy:
c,,(¢)=(m@m(0)= Tr( peqn_i(t)n_i(())) (12.74)

and the time dependence in mis expressed in terms of the usual time-propagator

m(t)=UlmU, (12.75)

N
A jo Hy(t')dr

U, =e b (12.76)

In principle, the time development of the dipole moment for all degrees of freedom can be
obtained directly from ab initio molecular dynamics simulations.
For a more practical expression in which we wish to focus on one or a few bright degrees

of freedom, we next partition the Hamiltonian into system and bath
H,=H(0)+Hy(q)+Hgy(0.9) (12.77)

For purposes of spectroscopy, the system Hs refers to those degrees of freedom (Q) with which
the light will interacts, and which will be those in which we calculate matrix elements. The bath
Hp refers to all of the other degrees of freedom (g), and the interaction between the two is
accounted for in Hsp. Although the interaction of the light depends on how mvaries with Q, the

dipole operator remains a function of system and bath coordinates: m(Q,q).
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We now use the interaction picture transformation to express the time propagator under
the full material Hamiltonian U , In terms of a product of propagators in the individual terms in
Ho:

U,=UU,U, (12.78)
U,= e+7j°H°dt = "'Hf’e+_ijon’dt/e;"JoHSB(")d" (12.79)
HSB ()= ei(HS+HE)tHSBe—i(HS+HE)t (12.80)
Then the dipole autocorrelation function becomes
C,=>p(nuiuivimuu,u,,mn) (12.81)

Where p = <n|eiﬂH0 n> / Tr(eiﬂHU).
Further, to make this practical, we make an adiabatic separation between the system and

bath coordinates, and say that the interaction between the system and bath is weak. This allows

us to write the state of the system as product states in the system (a) and bath (o), n> = a,a>:
(H,+H,)a,a)=(E,+E,)aa) (12.82)
With this we evaluate eq. (12.81) as
C, = p.p,(a.|ULUUImUU,U, ma.a)
’ (12.83)

= v, (afldviui viaU, UL 5, a)

where m, :<b’n_1‘a>, and we have made use of the fact that Hs and Hp commute. Also,
-E, [kT

p,=e / O, - Now, by recognizing that the time propagators in the system and system-bath
Hamiltonians describe time evolution at the system eigenstate energy plus any modulations that
the bath introduces to it
_i —i td "0E,(1") —i [d 'E, (1)
U U, |B) = &by e b 050 2 gy ol (12.84)

S~ SB

and we can write our correlation function as

J‘Idt’Ea(t’)
C/m = zpapa <a
a,b
[24

i, e —ij;dt’Eh(t’)_
e UBmabUBe m,

a> (12.85)

_/ _ —ij.(;dt'(uba(t')
C,= <mab(t)mba (0)e (12.86)

B
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m, (t)=e " e """ (12.87)

ab

Equation (12.86) is the first important result. It describes a correlation function in the dipole
operator expressed in terms of an average over the time-dependent transition moment, including
its orientation, and the fluctuating energy gap. The time dependence is due to the bath and (...),
refers to a trace over the bath degrees of freedom.

Let’s consider the matrix elements. These will reflect the strength of interaction of the
electromagnetic field with the motion of the system coordinate, which may also be dependent on
the bath coordinates. Since we have made an adiabatic approximation, to evaluate the matrix
elements we would typically expand the dipole moment in the system degrees of freedom, Q. As
an example for one system coordinate (Q) and many bath coordinates g, we can expand:

o’ in
% 000q,,

m(0.q)=m, +—Q + (12.88)
m,is the permanent dipole moment, which we can take as a constant. In the second term,
871_1/ 0Q is the magnitude of the transition dipole moment. The third term includes the
dependence of the transition dipole moment on the bath degrees of freedom, i.e., non-Condon

terms. So now we can evaluate

om o*m
m, = alm,+——0+Y. 0q, b>
< o0 « 0004, (12.89)
0 Om
S lalol)+ X eloin)s,

We have set <a|n_10| b> = 0. Now defining the transition dipole matrix element,
_  Om
i,= @<a| 0|b) (12.90)
we can write
( om, )
m,=pm,1+) —%q. (12.91)
» = Ha| g‘ 2, 1)

Remember that 4 , is a vector. The bath can also change the orientation of the transition dipole
moment. If we want to separate the orientational and remaining dynamics this we could split the
matrix element into an orientational component specified by a unit vector along 811_1/ 0Q and a
scalar that encompasses the amplitude factors: z, =1 , 1 ,. Then eq. (12.86) becomes

_/ R —iJ.(;dt’wbu(t’)
Cw = <uab(t)uab(0)mab(t)mba (0)e (12.92)

B
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Mixed quantum-classical spectroscopy models apply a semiclassical approximation to equation
(12.86). Employing the semiclassical approximation says that we will replace the quantum
mechanical operator 7 ,(¢) with a classical .71_{” ,(1), i.e., we replace the time propagator Up with
classical propagation of the dynamics. Also, the trace over the bath in the correlation function
becomes an equilibrium ensemble average over phase space.

How do you implement the semiclassical approximation? Replacing the time propagator
Us with classical dynamics amounts to integrating Newton’s equations for all of the bath degrees
of freedom. Then you must establish how the bath degrees of freedom influence w, (¢)and
m,,(t). For the quantum operator m(Q,q,t), only the system coordinate Q remains quantized,
and following eq. (12.91) we can express the orientation and magnitude of the dipole moment

and the dynamics depends on the classical degrees of freedom g, .
= ﬁab[1+2 %éaj (12.93)

aq is a (linear) mapping coefficient, a =9d[i , / dq,, , between the bath and the transition dipole
moment.

In practice, use of this approximation has been handled in different ways, but practical
considerations have dictated that @, (f)and m ,(t)are not separately calculated for each time
step, but are obtained from a mapping of these variables to the bath coordinates g. This mapping
may be to local or collective bath coordinates, and to as many degrees of freedom as are
necessary to obtain a highly correlated single valued mapping of @, (f)and i ,(¢). Examples of
these mappings include correlating mba with the electric field of the bath acting on the system

coordinate.

Appendix

Let’s evaluate the dipole correlation function for an arbitrary Hss and an arbitrary number of

system eigenstates. From eq. (12.83) we have

—pr <a| a‘ UT C‘UTmU |d> <d‘USB‘b><b|ﬁa’a>|a> (12.94)
ade

(dutimu,|d)=e """, (12.95)

m (t)=Ulm U, (12.96)

; ! r '
if armgy(r)

<a‘U;B c> = <a e

>=exp[ij.0tdt'[HSB]ac (ﬂ)} (12.97)
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C,=2.P, <eiwd“teij(’df[H”]““(")n‘z e"'fo""[HSB]db<”ﬁfba> (12.98)
B

cd
abcd

C,= <ﬁicd(t)ﬁ1ba(0) exp[—ia)dct — zf(: dt’ [ H, ] RGOE [HSB ] (t')}> (12.99)

Readings

1.

Auer, B. M.; Skinner, J. L., Dynamical effects in line shapes for coupled chromophores:
Time-averaging approximation. J. Chem. Phys. 2007, 127 (10), 104105.

Corcelli, S. A.; Skinner, J. L., Infrared and Raman Line Shapes of Dilute HOD in Liquid
H20 and D20 from 10 to 90 °C. J. Phys. Chem. A 2005, 109 (28), 6154-6165.

Gorbunov, R. D.; Nguyen, P. H.; Kobus, M.; Stock, G., Quantum-classical description of the
amide I vibrational spectrum of trialanine. J. Chem. Phys. 2007, 126 (5), 054509.

Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995.



13. FLUCTUATIONS IN SPECTROSCOPY

Here we will describe how fluctuations are observed in experimental observables, as is common

to experiments in molecular condensed phases. As our example, we will focus on absorption
spectroscopy and how environmentally induced dephasing influences the absorption lineshape.
Our approach will be to calculate a dipole correlation function for transition dipole interacting with
a fluctuating environment, and show how the time scale and amplitude of fluctuations are encoded
in the lineshape. Although the description here is for the case of a spectroscopic observable, the
approach can be applied to any such problems in which the deterministic motions of an internal
variable of a quantum system are influenced by a fluctuating environment.

We also aim to establish a connection between this problem and the Displaced Harmonic
Oscillator model. Specifically, we will show that a frequency-domain representation of the
coupling between a transition and a continuous distribution of harmonic modes is equivalent to a
time-domain picture in which the transition energy gap fluctuates about an average frequency with
a statistical time scale and amplitude given by the distribution of coupled modes. Thus an
absorption spectrum is merely a spectral representation of the dynamics experienced by a

experimentally probed transition.

13.1. Fluctuations and Randomness: Some Definitions

“Fluctuations” is my word for the time-evolution of a randomly perturbed system at or near
equilibrium. For chemical problems in the condensed phase we constantly come up against the
problem of random fluctuations to dynamical variables as a result of their interactions with their
environment. It is unreasonable to think that you will come up with an equation of motion for the
internal deterministic variable, but we should be able to understand the behavior statistically and
come up with equations of motion for probability distributions. Models of this form are commonly
referred to as stochastic. A stochastic equation of motion is one which includes a random
component to the time-development.

When we introduced correlation functions, we discussed the idea that a statistical
description of a system is commonly formulated in terms of probability distribution functions P.
Observables are commonly described by moments of this distribution, which are obtained by

integrating over P, for instance
<x> = jdxxP(x)
<x2> = j-dx x’ P(x)

For time-dependent processes, we recognize that it is possible that the probability distribution

(13.1)

carries a time-dependence.

Andrei Tokmakoff, 12/3/2014
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<x(t)> = J-dx x(t) P(x,t)
<x2 (t)> = J‘dx x? (t) P(x,t)

Correlation functions go a step further and depend on joint probability distributions P(z", 4;¢', B)

(13.2)

that give the probability of observing a value of 4 at time ¢ and a value of B at time ¢ :

(A(t)B(¢'))=[d4[dB 4B P(t", 4;¢', B) (13.3)

The statistical description of random fluctuations are v 4 _,5
described through these time-dependent probability g f(t)

distributions, and we need a stochastic equation of motion to - |

describe their behavior. A common example of such a process § -

is Brownian motion, the fluctuating position of a particle under y \\J%% ﬂ
st

the influence of a thermal environment. It is not practical to

1 -
T »

describe the absolute position of the particle, but we can

formulate an equation of motion for the probability of finding

the particle in time and space given that you know its initial position. Working from a random
walk model, one can derive an equation of motion that takes the form of the well-known diffusion

equation, here written in one dimension:

8P(x,t) 0*
=9 P(x,t¢ 134
o o Pl (134

Here 9 is the diffusion constant which sets the time scale and spatial extent of the random motion.
[Note the similarity of this equation to the time-dependent Schrodinger equation for a free particle
if D is taken as imaginary]. Given the initial condition P(x,,)=&(x—x,), the solution is a
conditional probability density
2
X—X,
M] (13.5)

1
J2rD(t—1,) exp[_4.‘2)(t—t0)

The probability distribution describes the statistics for fluctuations in the position of a particle

P(x,6,%,,t,) =

averaged over many trajectories. Analyzing the moments of this probability density using eq.
(13.2) we find that

<x(t)> =X

: P(x.t)
(ox(1)’) = 2Dt (13.6)

where Ox(f) =x(¢)—x,. So, the distribution maintains a = <« 291

Gaussian shape centered at xo, and broadens with time as

N29Dt . Xo X
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Brownian motion is an example of a Gaussian-Markovian process. Here Gaussian refers to
cases in which we describe the probability distribution for a variable P(x) as a Gaussian normal
distribution. Here in one dimension:

P
)

The Gaussian distribution is important, because the central limit theorem states that the distribution
of a continuous random variable with finite variance will follow the Gaussian distribution.
Gaussian distributions also are completely defined in terms of their first and second moments,
meaning that a time-dependent probability density P(x,?) is uniquely characterized by a mean value
in the observable variable x and a correlation function that describes the fluctuations in x. Gaussian
distributions for systems at thermal equilibrium are also important for the relationship between

Gaussian distributions and parabolic free energy surfaces:

G(x)=—k,TInP(x)

(13.7)
If the probability density is Gaussian along x, then
the system’s free energy projected onto this
coordinate (often referred to as a potential of mean P(x) G(x)
force) has a harmonic shape. Thus Gaussian l :
statistics are effective for describing fluctuations Xo X Xo X

about an equilibrium mean value X, .

Markovian means that the time-dependent behavior of a system does not depend on its
earlier history, statistically speaking. Naturally the state of any one molecule depends on its
trajectory through phase space, however we are saying that from the perspective of an ensemble
there is no memory of the state of the system at an earlier time. This can be stated in terms of joint

probability functions as
P(xy, 8552, 03X, 8, ) = P(x,, 855, ) P (3,13 %, 8, ) (13.7)

or P(t,5851)) =P (t,:0,)P(1;58,)

The probability of observing a trajectory that takes you from state 1 at time 1 to state 2 at time 2
does not depend on where you were at time 0. Further, given the knowledge of the probability of
executing changes during a single time interval, you can exactly describe P for any time interval.
Markovian therefore refers to time-dependent processes on a time scale long compared to

correlation time for the internal variable that you care about. For instance, the diffusion equation
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only holds after the particle has experienced sufficient collisions with its surroundings that it has
no memory of its earlier position and momentum: ¢ >7,.

Readings

1. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 1.5 and Ch. 7.
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13.2. Line-Broadening and Spectral diffusion

We will investigate how a fluctuating environment influences measurements of an experimentally
observed internal variable. Specifically we focus on the spectroscopy of a chromophore, and how
the chromophore’s interactions with its environment influence its transition frequency and
absorption lineshape. In the absence of interactions, the resonance frequency that we observe is
weg. However, we have seen that interactions of this chromophore with its environment can shift
this frequency. In condensed matter, time-dependent interactions with the surroundings can lead
to time-dependent frequency shifts, known as spectral diffusion. How these dynamics influence
the line width and lineshape of absorption features depends on the distribution of frequencies
available to your system (A) and the time scale of sampling varying environments (tc). Consider

the following cases of line broadening:

1) Homogeneous. Here, the absorption lineshape is dynamically broadened by rapid
variations in the frequency or phase of dipoles. Rapid sampling of a distribution of
frequencies acts to average the experimentally observed resonance frequency. The result
in a “motionally narrowed” line width that is narrower than the distribution of frequencies
available and proportional to the rate of fluctuation induced dephasing.

2) Inhomogeneous. In this limit, the lineshape reflects a static distribution of resonance
frequencies, and the width of the line represents the distribution of frequencies, A, which
arise, from different structural environments available to the system.

3) Spectral Diffusion. More generally, every system lies between these limits. Given a
distribution of configurations that the system can adopt, for instance an electronic
chromophore in a liquid, an equilibrium system will be ergodic, and over a long enough
time any molecule will sample all configurations available to it. Under these circumstances,
we expect that every molecule will have a different “instantaneous frequency” o, (t)
which evolves in time as a result of its interactions with a dynamically evolving system.
This process is known as spectral diffusion. The homogeneous and inhomogeneous limits
can be described as limiting forms for the fluctuations of a frequency @, (t) through a
distribution of frequencies A. If a)l.(t) evolves rapidly relative to A!, the system is
homogeneously broadened. If ®, (t)evolves slowly the system is inhomogeneous. This

behavior can be quantified through the transition frequency time-correlation function
Cop (1) = (@4 (1), (0)) (13.8)

Our job will be to relate the transition frequency correlation function Ceg(t) with the dipole

correlation function that determines the lineshape, C,,,(¢).
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13.3. Gaussian-Stochastic Model for Spectral Diffusion

We will begin with a classical description of how random fluctuations in frequency influence the

absorption lineshape, by calculating the dipole correlation function for the resonant transition. This

is a Gaussian stochastic model for .

fluctuations, meaning that we will P P(dw)

describe the time-dependence of the So I

transition  energy as  random A A

fluctuations about an average value t-.- : s

[e]0)]

through a Gaussian distribution. 0

o(t)=(w)+do(t) (13.9)
(8o(1))=0 (13.10)

The fluctuations in @ allow the system to explore a Gaussian distribution of transitions frequencies

characterized by a variance:!

A= [0*)~(w)? = [(60*) (13.11)

The time scales for the frequency shifts will be described in terms of a frequency correlation

function

Cioo (1) =(S00(1) 50(0)) (13.12)

Furthermore, we will describe the time scale of the random fluctuations through a correlation time
Te.

The absorption lineshape is described with a dipole time-correlation function. Let’s treat

the dipole moment as an internal variable to the system, whose value depends on that of .

Qualitatively, it is possible to write an equation of motion for x by associating the dipole moment

with the displacement of a bound particle (x) times its charge, and using our intuition regarding

how the system behaves. For a unperturbed state, we expect that x will oscillate at a frequency o,

but with perturbations, it will vary through the distribution of available frequencies. One function

that has this behavior is

x(t) = x,e” " (13.13)

If we differentiate this equation with respect to time and multiply by charge we have

!'In many figures the width of the Gaussian distribution is labeled with the standard deviation (here A). This is
meant to symbolize that A is the parameter that determines the width, and not that it is the line width. For Gaussian
distributions, the full line width at half maximum amplitude (FWHM) is 2.35A.



13-8

K oo () (13.14)

Although it is a classical equation, note the similarity to the quantum Heisenberg equation for the
dipole operator: u/0t =iH (t) it/ i+ h.c. The correspondence of w(t) with H(t)/#% offers some
insight into how the quantum version of this problem will look.

The solution to eq. (13.14) is

u(r)= u(())exp[—i [[dz w(f)} (13.15)

Substituting this expression and eq. (13.9) into the dipole correlation function gives

or C,.(1)= | e F(r) (13.16)
where F(t) :<exp[—iJ.;dr§a)(r)}> (13.17)

The dephasing function here is obtained by performing an equilibrium average of the exponential
argument over fluctuating trajectories. For ergodic systems, this is equivalent to averaging long
enough over a single trajectory.

The dephasing function is a bit complicated to work with as written. However, for the case
of Gaussian statistics for the fluctuations, it is possible to simplify F(f) by expanding it as a

cumulant expansion of averages (see Appendix)
F(t)=exp —i_[; dr'<5a)(r')> + ZZ—Z'J'OI a’r’ﬂ dz'"{<5a)(r')5a)(r")> —<5a)(r')><5a)(z'")> }} (13.18)

In this expression, the first term is zero, since <5a)> = 0. Only the second term survives for a system
with Gaussian statistics. Now recognizing that we have a stationary system, we have

F(t)= exp[—%jot dr’JZ dz'”<§a)(z" - f”)éa)(O)ﬂ (13.19)

We have rewritten the dephasing function n terms of a correlation function that describes the
fluctuating energy gap. Note that this is a classical exception, so there is no time-ordering to the

exponential. F(t) can be rewritten through a change of variables (r =7'—7¢"):
t
F(f)= exp[— [laz (z-1)<5w(f)5w(o)>} (13.20)

So the Gaussian stochastic model allows the influence of the frequency fluctuations on the
lineshape to be described by Cj, 5 (#)a frequency correlation function that follows Gaussian
statistics. Note, we are now dealing with two different correlation functions C,,5,and C,,. The

frequency correlation function encodes the dynamics that result from molecules interacting with
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the surroundings, whereas the dipole correlation function describes how the system interacts with
a light field and thereby the absorption spectrum.
Now, we will calculate the lineshape assuming that Cy ,, decays with a correlation time

Tc and takes on an exponential form

Ciuo ()= N exp[-t/7,] (13.21)
Then eq. (13.20) gives
F(t) = exp[—Azz'f (exp(—t / rc)+t/z'c —1)] (13.22)

which is in the form we have seen earlier F(1)= exp(— g(t))

g(t)=A%] (exp(~t/z,)+t/7,~1) (13.23)
To interpret this lineshape function, let’s look at its limiting forms:

1) Long correlation times (t << rc). This corresponds to the inhomogeneous case where
C

o (t) = A’, a constant. For ¢ <<z, we can perform a short time expansion of exponential

2

—t/T t t
e rl-—+—+... 13.24
r, 27 ( )
and from eq. (13.23) we obtain
g(z‘)zA2 /2 (13.25)

At short times, the dipole correlation function will have a Gaussian decay with a rate given by
A F(1)= exp(—A2 t*/ 2). This has the proper behavior for a classical correlation function,
i.e., evenintime C,, (1)=C,, ().
In this limit, the absorption lineshape is:

o (@) =|af [ e tores

=luf [ de" O (13.26)

2
[2 o—(w
= A—72z|,u|zexp ——( 2<AZ>)

We obtain a Gaussian inhomogeneous lineshape centered at the mean frequency with a width

dictated by the frequency distribution.
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2) Short correlation times (t >> rc) . This corresponds to the homogeneous limit in which you

can approximate C;

o

s (1)= A% (). For t>>7, weset €'* =0, t/7,>>1 and eq. (13.23)

gives
g(t)=- (13.27)
If we define the constant
AT (13.28)
we see that the dephasing function has an exponential decay:
F(t)=exp[—Ft] (13.29)

The lineshape for short correlation times (or fast fluctuations) takes on a Lorentzian shape

o)t [ LN e
C (13.30)

(0={@)) +1°

This represents the homogeneous limit. Even with a broad distribution of accessible

Reo (@) =|uf

frequencies, if the system explores all of these frequencies on a time scale fast compared to the

inverse of the distribution (A tc > 1), then the resonance will be “motionally narrowed” into a

Lorentzian line.

More generally, the envelope of the dipole
correlation function will look Gaussian at short
times and exponential at long times. The
correlation time is the separation between these
regimes. The behavior for varying time scales of
the dynamics (tc) are best characterized with
respect to the distribution of accessible

frequencies (A). So we can define a factor

K=A-t, (13.31)

Gaussian
-

exponential
_—

k<<1 is the fast modulation limit and k>>1 is the slow modulation limit. Let’s look at how C, s,

F(t),ando,, (@) change as a function of k.
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fast
0.2 0.2
A=1  1,=| 1 k=] 1 mid
10 10 slow

Frequency Correlation Function C(t)
1 T T T T

Covgast

Cawppig

Covglow

Dephasing Function F(t)
1 T | T T

Absorption Lineshape

We see that for a fixed distribution of frequencies A the effect of increasing the time scale of

fluctuations through this distribution (decreasing tc) is to gradually narrow the observed lineshape
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from a Gaussian distribution of static frequencies with width (FWHM) of 2.35-A to a motionally
narrowed Lorentzian lineshape with width (FWHM) of A’ / T =A-x/7.

This is analogous to the motional narrowing effect first described in the case of temperature
dependent NMR spectra of two exchanging species. Assume we have two resonances at w4 and

s associated with two chemical species that are exchanging at a rate k4s

;)

oy

If the rate of exchange is slow relative to the frequency splitting, k4 << w4—ws, then we expect
two resonances, each with a linewidth dictated by the molecular relaxation processes (72) and
transfer rate of each species. On the other hand, when the rate of exchange between the two species
becomes faster than the energy splitting, then the two resonances narrow together to form one

resonance at the mean frequency.?

increasing
exchange rate

k<<w87w}q M

k=>wp—m,

2 Anderson, P. W. A mathematical model for the narrowing of spectral lines by exchange or motion. J. Phys. Soc.
Japan 9, 316 (1954).; Kubo, R. in Fluctuation, Relaxation, and Resonance in Magnetic Systems (ed. Ter Haar, D.)
(Oliver and Boyd, London, 1962).
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Appendix: The Cumulant Expansion

For a statistical description of the random variable x, we wish to characterize the moments of x:

<x> , <x2 > ,... Then the average of an exponential of x can be expressed as an expansion in moments

()= 5 0)

= n! (13.31)

An alternate way of expressing this expansion is in terms of cumulants cx(x)

(o) =exp[§ﬂcn (x)J

n=l1 n.
(13.32)
where the first few cumulants are:
¢ (x)=(x) mean (13.33)
¢, (x)= <x2>—<x>2 variance (13.34)
ey (x)= <x3>—3<x><x2>+2<x>3 skewness (13.35)

An expansion in cumulants converges much more rapidly than an expansion in moments,
particularly when you consider that x may be a time-dependent variable. Particularly useful is the
observation that all cumulants with n > 2 vanish for a system that obeys Gaussian statistics.

We obtain the cumulants above by expanding eq. (13.31) and (13.32), and comparing terms
in powers of x. We start by postulating that, instead of expanding the exponential directly, we can

instead expand the exponential argument in powers of an operator or variable H

F:exp[c]:1+c+‘7c2+---

(13.36)
c=cH+3c,H” +-- (13.37)

Inserting eq. (13.37) into eq. (13.36) and collecting terms in orders of H gives

F :1+(c1H+%c2H2 +--~)+%(c1H+%c2H2 +~--)2 Hoee
:1+(C1)H+%(C2+C12)H2+ (13 38)
Now comparing this with the expansion of the exponential
F =exp[/H]

:1+ﬁH+%ﬁH2+"' (13.39)

allows one to see that



13-14

a=h
&=fom ff (13.40)

The cumulant expansion can also be applied to time-correlations. Applying this to the time-

ordered exponential operator we obtain:

F(t)={ew.[-if ato(r) )
~exple, (1) +e, (1))
¢ =i, dz{w(z)) (13.42)
&, == dr.[ dn{{o(z)o(n)) ~(o(=))(o()

- [ i (30 o)

(13.41)

(13.43)

For Gaussian statistics, all higher cumulants vanish.

Readings

1.

Kubo, R., A Stochastic Theory of Line-Shape and Relaxation. In Fluctuation, Relaxation and
Resonance in Magnetic Systems, Ter Haar, D., Ed. Oliver and Boyd: Edinburgh, 1962; pp 23-
68.

McHale, J. L., Molecular Spectroscopy. 1st ed.; Prentice Hall: Upper Saddle River, NJ, 1999.

Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995.

Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola,
NY, 2002; Sections 7.4 and 7.5.

W. Anderson, P., A Mathematical Model for the Narrowing of Spectral Lines by Exchange or
Motion. Journal of the Physical Society of Japan 1954, 9, 316-339.

Wang, C. H., Spectroscopy of Condensed Media: Dynamics of Molecular Interactions.
Academic Press: Orlando, 1985.



13.4. The Energy Gap Hamiltonian

Introduction

In describing fluctuations in a quantum mechanical system, we describe how an experimental
observable is influenced by its interactions with a thermally agitated environment. For this, we
work with the specific example of an electronic absorption spectrum and return to the Displaced
Harmonic Oscillator model. We previously described this model in terms of the eigenstates of the
material Hamiltonian Ho, and interpreted the dipole correlation function and resulting lineshape in

terms of the overlap between two wave packets evolving on the ground and excited surfaces |E>
and |G>

2 e—i(Ee—Eg Jern <(/7g(l)

C,.(1)= 2.(1)) (13.43)

It is worth noting a similarity between the DHO Hamiltonian, and a general form for the interaction

/ueg

of an electronic two-level “system” with a harmonic oscillator “bath” whose degrees of freedom
are dark to the observation, but which influence the behavior of the system.

Expressed in a slightly different physical picture, we can also conceive of this process as
nuclear motions that act to modulate the electronic energy gap @,,. We can imagine rewriting the
same Hamiltonian in a form with a new physical picture that describes the electronic energy gap’s

dependence on g, i.¢., its variation relative to @, . If we define an Energy Gap Hamiltonian:

H,=H,-H, (13.43)

we can rewrite the DHO Hamiltonian

H,=|e)E,{e|+|g)E,(g|+H, +H, (13.44)

as an electronic transition linearly coupled to a harmonic oscillator:

H,=|e)E, (e|+|g)E,(g|+ H,, +2H, (13.44)
Noting that
2
P 1
Hg =%+Ema)§ qz (1344)

we can write this as a system-bath Hamiltonian:

Hy=H,+H,+Hg, (13.44)

where Hsp describes the interaction of the electronic system (Hs) with the vibrational bath (H3z).
Here H :|e>E€<e|+|g>E(g <g , Hy=2H, and




Hy,=H :%mwé(g—d)z —%mmﬁ q

eg
2 1 2 32

=—mw, dq+5mw0 d (13.44)

=—cq+Ah

The Energy Gap Hamiltonian describes a linear
coupling between the electronic transition and a
harmonic oscillator. The strength of the couplingis (] (t) A i 4 .;"\ i ‘-.r“-" & \.,'\“.__ time

¢ and the Hamiltonian has a constant energy offset

value given by the reorganization energy. Any

motion in the bath coordinate q introduces a
proportional change in the electronic energy gap.
In an alternate form, the Energy Gap Hamiltonian can also be written to incorporate the

reorganization energy into the system:

Hy=H¢;+H,+Hg

Hy =le)(E.+2){el+|g) E, (g]
2
, 1
H;, =—§m tomoy g’ (13.44)

Hg, :_mc‘)(z)d q

This formulation describes fluctuations about the average value of the energy gap Awmegt+A,
however, the observables calculated are the same.

From the picture of a modulated energy gap one can begin to see how random fluctuations
can be treated by coupling to a harmonic bath. If each oscillator modulates the energy gap at a
given frequency, and the phase between oscillators is random as a result of their independence,
then time-domain fluctuations and dephasing can be cast in terms of a Fourier spectrum of

couplings to oscillators with continuously varying frequency.
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Now let’s work through the description of electronic spectroscopy with the Energy Gap

Hamiltonian more carefully. Working from eqgs. (13.43) and (13.44) we express the energy gap

Hamiltonian through reduced coordinates for the momentum, coordinate, and displacement of the

oscillator
p=pQham)™” (13.45)
g =G (ma,|2h)" (13.46) Et H,
d =d (ma,[2h)"* (13.47)
2
H,=ha, (p2 +(g-4) )
B B (13.48)
H, =ha)0(1~92+c~]2)
From eq. (13.43) we have CI:
H, =-2hodq + hod’
=-mawjdq + A
(13.49)
The energy gap Hamiltonian describes a linear coupling !
of the electronic system to the coordinate g. The slope of
Heg versus ¢ is the coupling strength, and the average
value of Heg in the ground state, Heg(g=0), is offset by 6 q .
the reorganization energy A. We note that the average
value of the energy gap Hamiltonian is (Heg) = A.
To obtain the absorption lineshape from the dipole correlation function
C,. (1) = | | e F (1) (13.50)
we must evaluate the dephasing function.
20 :< iH gt e—ngt> :<U; Ue> (13.51)

We want to rewrite the dephasing function in terms of the time dependence to the energy gap H,,

; that is, if F (t) = <U e > , then what is U oz ! This involves a unitary transformation of the dynamics

to anew frame of reference. The transformation from the DHO Hamiltonian to the EG Hamiltonian

is similar to our derivation of the interaction picture.
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Transformation of time-propagators

If we have a time dependent quantity of the form
et e (13.52)
we can also express the dynamics through the difference Hamiltonian H,, = H, —H

Ae_i(HB_HA)t — Ae_iHBAl (1353)

using a commonly performed unitary transformation. If we write

H,=H,+H,, (13.54)
we can use the same procedure for partitioning the dynamics in the interaction picture
to write

—iHgt _ _—iH 4t _l td H 13 55
e =M exp, %J'O TH,, (7) (13.55)

where
Hy, (t)=e""Hy e (13.56)

Then, we can also write:

&M — exp {_% [ldrH,, (T)} (13.57)

Noting the mapping to the interaction picture

H,=H,+H, o H=H,+V (13.58)

we see that we can represent the time dependence of the electronic energy gap Heg using

e Ml = oMM exp {i drH (t }
n Jo a7 He (7) (13.59)

where

ngz/h H 7ngt/h

H,(t)=e €

N el
- UgHegUg

(13.60)

Remembering the equivalence between the harmonic mode H; and the bath mode(s) Hp indicates
that the time dependence of the EG Hamiltonian reflects how the electronic energy gap is
modulated as a result of the interactions with the bath. Thatis U, < U,.

Equation (13.59) immediately implies that
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(1) = (&) - <exp+ [_;’ [[drH, (r)D

Now the quantum dephasing function is in the same form as we saw in our earlier classical

(13.61)

derivation. Using the second-order cumulant expansion allows the dephasing function to be written

as

F(t)= exp[%I;dT<Heg (7))
o3 Lan ]y s <Heg<rz>Heg<a>>—<Heg<fz>><H@g(")>}

Note that the cumulant expansion is here written as a time-ordered expansion. The first exponential

(13.62)

term depends on the mean value of H,,

(H.p)=hod* =7 (13.63)

This is a result of how we defined Heg. Alternatively, the EG Hamiltonian could have been defined
relative to the energy gap at 0=0: H,, =H,—H, + 1. In this case the leading term in (13.62)
would be zero, and the mean energy gap that describes the high frequency (system) oscillation in
the dipole correlation function is @,, + 4 .

The second exponential term in (13.62) is a correlation function that describes the time

dependence of the energy gap

(H.y () Hoy (7)) = (H, (22))(Ho (7))
(5t (0151 (o) (13.64)
where OHy =Hoy ~(Hy) (13.65)

=-ma,d q

Defining the time-dependent energy gap transition frequency in terms of the EG Hamiltonian as

. _OH,
ow,, = - (13.66)
we can write the energy gap correlation function
C, (22:7,) = (50, (z, - 1,) 8, (0)) (13.67)
It follows that F(t)=e et (13.68)

I drzj dr, C, 2'2,2'1) (13.69)



and the dipole correlation function can be expressed as

C, (1) = |, [ e rer g e (13.70)

This is the correlation function expression that determines the absorption lineshape for a time-

/’leg

dependent energy gap. It is a general expression at this point, for all forms of the energy gap
correlation function. The only approximation made for the bath is the second cumulant expansion.
Now, let’s look specifically at the case where the bath we are coupled to is a single

harmonic mode. The energy gap correlation function is evaluated from
C,, (1)=2 p, (n|60, ()50, (0)|n)

1 iH gt 1 i gt /1
=?Zn:pn<n‘e M sH, e sH

")

(13.71)
Noting that the bath oscillator correlation function
. _ h — —iogt | — it
C,,(6)=(q()q(0)) = T [(A+1)e™™ +7e™ | (13.72)
we find
C,(t)=a; D[ (W+1)e ™™ +7e™ | (13.73)

Here, as before, D=d’(ma,/2h), 1 is the thermally averaged occupation number for the
oscillator

ﬁzznl’n <n|a1a|n>:(8ﬁh% _1)7 (13.74)

and S = 1/ksT. Note that the energy gap correlation function is a complex function. We can

separate the real and imaginary parts of C,, as

c,(n)=c, +ic,’

(13.75)
C., (t)= e Dcoth(She,/2)cos(myt)
Cr, ()= o Dsin(w,t) (13.76)
where we have made use of the relation
2ii(@)+1=coth(fhw)/2) (13.77)

and coth(x):(e”‘ +e” ) / (e”‘ —e""). We see that the imaginary part of the energy gap correlation
function is temperature independent. The real part has the same amplitude at 7=0, and rises with

temperature. We can analyze the high and low temperature limits of this expression from



lim coth(x)=1

X—>0

lim coth (x) &

x—0

= |-

(13.78)

Looking at the low temperature limit, coth (Sha, / 2) —1 and 7 —> 0, we see that eq. (13.82)
reduces to eq. (13.84). In the high temperature limit, k7 >>hew,, coth(hw,/2kT)—> 2kT/ha, ,
and we recover the expected classical result. The magnitude of the real component dominates the

! 14
Cp [>>1C,

imaginary part , and the energy gap correlation function C,(7) becomes real and

even in time.

Similarly, we can evaluate (13.69), the lineshape function

g(1)=-D|(m+1)(e™ ~1)+7 (" ~1) |- iDays (13.79)

The leading term in eq. (13.79) gives us a vibrational progression, the second term leads to hot
bands, and the final term is the reorganization energy (—iDw,t = —iAt / 7). The lineshape function
can be written in terms of its real and imaginary parts
g(t): g'+ig" (13.80)
g'(t)= Dcoth(Sha, /2)(1—-cosayt)

g"(1)=D(sinw,t — ayt) (13.81)

Because these enter into the dipole correlation function as exponential arguments, the imaginary
part of g(t) will reflect the bath-induced energy shift of the electronic transition gap and vibronic
structure, and the real part will reflect damping, and therefore the broadening of the lineshape.
Similarly to Ceg(?), in the high temperature limit g'>> g".

Now, using eq. (13.68), we see that the dephasing function is given by

F(t)=exp| D((+1)(e ™ ~1)+7 (e -1)) | (13.82)
:exp{D(coth(@j(l—cosa)t)+isina)tﬂ (13.83)

Let’s confirm that we get the same result as with our original DHO model, when we take the low

temperature limit. Setting # — 0 in (13.83), we have our original result

Fyo(t)= exp[D(e‘i“’O’ —1)} (13.84)

In the high temperature limit g'>> g”, and from eq. (13.78) we obtain



(13.85)

which leads to an absorption spectrum which is a series of sidebands equally spaced on either

side of weg.

Spectral representation of energy gap correlation function

Since time- and frequency-domain representations are complementary, and one form may be
preferable over another, it is possible to express the frequency correlation function in terms of its
spectrum. For a complex spectrum of vibrational motions composed of many modes, representing
the nuclear motions in terms of a spectrum rather than a beat pattern is often easier. It turns out
that calculation are often easier performed in the frequency domain.

To start we define a Fourier transform pair that relates the time and frequency domain

representations:

€;

Co(@)=[ e C,(t)dr (13.86)

+00

C (z)=i e C,(0)do (13.87)

eg

Since the energy gap correlation function has the property C,, (—)= Ceg* (1), it also follows from

(13.86) that the energy gap correlation spectrum is entirely real:

C,,(@)=2Re[ ™ C, (¢)dt (13.88)

eg

or

C,(0)=Cl(0)+Cl (o) (13.89)

eg

Here C' . (@) and C’;’g (w) are the Fourier transforms of the real and imaginary components of
C,, (¢), respectively. C! (@) and C!, (@) are even and odd in frequency. Thus while CN’eg (o) is
entirely real valued, it is asymmetric about ®»=0.

With these definitions in hand, we can write the spectrum of the energy gap correlation

function for coupling to a single harmonic mode spectrum (eq. (13.71)):

C,(w,)=wD(w,)| (1, +1)5(0-w,)+n,d(0+a,)] (13.90)

eg a



-23

This is a spectrum that characterizes how bath vibrational modes of a certain frequency and thermal
occupation act to modify the observed energy of the system. The first and second terms in (13.90)
describe upward and downward energy shifts of the system, respectively. Coupling to a vibration
typically leads to an upshift of the energy gap transition energy since energy must be put into the
system and bath. However, as with hot bands, when there is thermal energy available in the bath,
it also allows for down-shifts in the energy gap. The net balance of upward and downward shifts

averaged over the bath follows the detailed balance expression

C(-w)=e""C(w) (13.91)

The balance of rates tends toward equal with increasing temperature. Fourier transforms of egs.

(13.76) gives two other representations of the energy gap spectrum

C‘e’g (w,)= a)iD(a)a)coth(ﬁha)a/Z)[é'(a)—a)a)+5(a)+a)a )] (13.92)

Co (@) =@.D(a,)[6(0-0,)+5(0+a,)] (13.93)

The representations in egs. (13.90), (13.92), and (13.93) are not independent, but can be related to

one another through
C, (w,)=coth(pha,[2)C! (a,) (13.94)
C,. (@,)=(1+coth(pha,/2))C. (o,) (13.95)

That is, given either the real or imaginary part of the energy gap correlation spectrum, we can
predict the other part. As we will see, this relationship is one manifestation of the fluctuation-
dissipation theorem that we address later. Due to its independence on temperature, the spectral

density C~e"g (®,) is the commonly used representation.

—

1 __ Ceg(®) i
Ceg(w) ~
Ceg(®a) ‘
02Dy (A+1)
1+ coth( She/2)
i 1 é é 4 i (ﬂﬁDuﬁ
/o, A >
0o 0 Og, o




Also from egs. (13.69) and (13.87) we obtain the lineshape function as

4o C
g(t)= LO da)i%zw)[exp(—ia)t)+iwt—1]

& ( (13.96)
:dew = f)){coth(@j(l—cosa)t)+i(sina)t—a)t)}
0 (0] 2

The first expression relates g(#) to the complex energy gap correlation function, whereas the second
separates the real and the imaginary parts and relates them to the imaginary part of the energy gap

correlation function.

Coupling to a Harmonic Bath

More generally for condensed phase problems, the system coordinates that we observe in an
experiment will interact with a continuum of nuclear motions that may reflect molecular
vibrations, phonons, or intermolecular interactions. We describe this continuum as continuous
distribution of harmonic oscillators of varying mode frequency and coupling strength. The Energy
Gap Hamiltonian is readily generalized to the case of a continuous distribution of motions if we
statistically characterize the density of states and the strength of interaction between the system
and this bath. This method is also referred to as the Spin-Boson Model used for treating a two-
level spin-Y2 system interacting with a quantum harmonic bath.

Following our earlier discussion of the DHO model, the generalization of the EG

Hamiltonian to the multimode case is

H,=hao,+H, +H, (13.97)

Hy =Y ho,(pl+q.) (13.98)

H, =Y 2hw,d, q,+ 2 (13.99)
A=) ho,d. (13.100)

Note that the time-dependence to H,, results from the interaction with the bath:

Heg (t) — eiHBt/h Heg efiHBt/h

(13.101)

Also, since the harmonic modes are normal to one another, the dephasing function and lineshape
function are obtained from

FO-TIEG  e0)-Xe)

(13.102)



13-25

For a continuum, we assume that the number of modes are so numerous as to be continuous,
and that the sums in the equations above can be replaced by integrals over a continuous distribution
of states characterized by a density of states ' (@) . Also the interaction with modes of a particular
frequency are equal so that we can simply average over a frequency dependent coupling constant
D(w)=d*(w) . For instance, eq. (13.102) becomes

g(1)=[do, W (o,)g(1,,) (13.103)

Coupling to a continuum leads to dephasing resulting from interaction to a continuum of modes of
varying frequency. This will be characterized by damping of the energy gap frequency correlation
functionC,, ()

C,()=]do,C, (0.0 (a,). (13.104)

Here C,(@,.t)= <5a)e . (@,.1) 00, (0, O)> refers to the energy gap frequency correlation
function for a single harmonic mode given in eq. (13.71).
While eq. (13.104) expresses the modulation of the energy gap in the time domain, we can

alternatively express the continuous distribution of coupled bath modes in the frequency domain:

Co (@)= [do, W (0,)C,, (a,)- (13.105)

eg eg \"a

An integral of a single harmonic mode spectrum over a continuous density of states provides a
coupling weighted density of states that reflects the action spectrum for the system-bath
interaction. We evaluate this with the single harmonic mode spectrum, eq. (13.90). We see that the
spectrum of the correlation function for positive frequencies is related to the product of the density

of states and the frequency dependent coupling

C,(®)=a'D(0)W(w)(n+1) (@>0) (13.106)

4

C,(0)=o’D(0)W (w)n (w<0) (13.107)

eg

This is an action spectrum that reflects the coupling weighted density of states of the bath that
contributes to the spectrum.

In practice, the unusually symmetry of (Zg (a)) and its growth as ®® make it difficult to
work with. Therefore we choose to express the frequency domain representation of the coupling-

weighted density of states in eq. (13.106) as a spectral density, defined as
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=—Idw W(w,)D(w,)s(0-v,) (13.108)

This expression is real and defined only for positive frequencies. Note C e"g ( a)) is an odd function

in ®, and therefore p(m) is also.

A ,
p(w) W(w)
D(w)
/
Example of spectral density using an ohmic density of
0 ‘II é é 1-'1 5" state's, W(w) = wexp[-0/ @] ' and a linearly
varying frequency dependent coupling.
®/o,

The reorganization energy can be obtained from the first moment of the spectral density
A=h[ do o p(o) (13.109)

Furthermore, from egs. (13.69) and (13.105) we obtain the lineshape function in two forms

+o0 1 ée (0)
2= dog =
:_%+dem p(w){coth(%)(l—cosa)t)+isina)t}

[exp(—ia)t) +iot— 1]
(13.110)

In this expression the temperature dependence implies that in the high temperature limit, the real
part of g(¢) will dominate, as expected for a classical system. This is a perfectly general expression
for the lineshape function in terms of an arbitrary spectral distribution describing the time scale
and amplitude of energy gap fluctuations. Given a spectral density p( @), you can calculate various
spectroscopic observables and other time-dependent processes in a fluctuating environment.
Now, let’s evaluate the behavior of the lineshape function and absorption lineshape for
different forms of the spectral density. To keep things simple, we will consider the high
temperature limit, k,7 >> ho . Here coth ( Phw/2)— 2/fhe and we can neglect the imaginary
part of the frequency correlation function and lineshape function. These examples are motivated

by the spectral densities observed for random or noisy processes. Depending on the frequency
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range and process of interest, noise tends to scale as p ~ @™, where n = 0, 1 or 2. This behavior is

often described in terms of a spectral density of the form

p(o)x o o e (13.111)

where . is a cut-off frequency, and the units are inverse frequency. These spectral densities have
the desired property of being an odd function in ®, and can be integrated to a finite value. The case

s =1 is known as the Ohmic spectral density, whereas s > 1 is super-ohmic and s < 1 is sub-ohmic.

1) Let’s first consider the example when p drops as 1/@ with frequency, which refers to the
Ohmic spectral density with a high cut-off frequency. This is the spectral density that
corresponds to an energy gap correlation function that decays infinitely fast: C,, (1)~ &(¢)

. To choose a definition consistent with eq. (13.109), we set

p(@)=2/Ah (13.112)

where A is a finite high frequency integration limit

that we enforce to keep p well behaved. A has units

MA
of frequency, it is equated with the inverse
correlation time for the fast decay of Ceg(f). Now we | ————
0 0.05 0.1 0.15 0.2
evaluate o/A
2k,T it
d o)(l-coswt) ——
=] 4025 p(w)(1-cosar) -
1 t j
_J~ 2/1sz cozsa) ) At (13.113)
Ah @ h
kT o At
AR h
Then we obtain the dephasing function
F(t):e’r’ (13.114)
where we have defined the exponential damping constant as
kT
r=24 13.115
Ve ( )
From this we obtain the absorption lineshape
| 4 [
b - (13.116)

(0-0,)+ill

Thus, a spectral density that scales as 1/® has a rapidly fluctuating bath and leads to a

homogeneous Lorentzian lineshape with a half-width 7
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2) Now take the case that we choose a Lorentzian spectral density centered at @ = 0. To keep

the proper odd function of ® and definition of A we write:

A A

=— 13.117
pl@) ho o + A* ( )

2A}

AA

Note that for frequencies ®w<<A, this has the ohmic form of eq. (13.112). This is a spectral
density that corresponds to an energy gap correlation function that drops exponentially as
C,, (t) ~exp(—Ar). Here, in the high temperature (classical) limit k7 >> A , neglecting
the imaginary part, we find

N TAkT

g(t)=~ e [exp(—At)+At-1] (13.118)

This expression looks familiar. If we equate

A2=/1”;2T (13.119)
1
and T, :X (13.120)

we obtain the same lineshape function as the classical Gaussian-stochastic model:

g(t)=Ac[exp(~t/7,)+t/7,~1] (13.121)

So, the interaction of an electronic transition with a harmonic bath leads to line broadening
that is equivalent to random fluctuations of the energy gap. As we noted earlier, for the

homogeneous limit, we find T'=A’z, .

Readings

1. Mukamel, S., Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New
York, 1995; Ch. 7 and Ch. 8.
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13.5. Correspondence of Harmonic Bath and Stochastic Equations

So, why does the mathematical model for coupling of a system to a harmonic bath give the same
results as the classical stochastic equations of motion for fluctuations? Why does coupling to a
continuum of bath states have the same physical manifestation as perturbation by random
fluctuations? The answer is that in both cases, we really have imperfect knowledge of the behavior
of all the particles present. Observing a small subset of particles will have dynamics with a random
character. These dynamics can be quantified through a correlation function or a spectral density
for the time-scales of motion of the bath. In this section, we will demonstrate a more formal

relationship that illustrates the equivalence of these pictures.

To take our discussion further, let’s again consider the electronic absorption spectrum from
a classical perspective. It’s quite common to think that the electronic transition of interest is
coupled to a particular nuclear coordinate Q which we will call a local coordinate. This local
coordinate could be an intramolecular normal vibrational mode, an intermolecular rattling in a
solvent shell, a lattice vibration, or another motion that influences the electronic transition. The
idea is that we take the observed electronic transition to be linearly dependent on one or more local
coordinates. Therefore describing Q allows us to describe the spectroscopy. However, since this
local mode has further degrees of freedom that it may be interacting with, we are extracting a
particular coordinate out or a continuum of other motions, the local mode will appear to feel a
fluctuating environment—a friction.

Classically, we describe fluctuations in O as Brownian motion, typically through a
Langevin equation. In the simplest sense, this is an equation that restates Newton’s equation of
motion F'=ma for a fluctuating force acting on a particle with position Q. For the case that this

particle is confined in a harmonic potential,
mQ(t)+magQ* + myQ = fit) (13.122)

Here the terms on the left side represent a damped harmonic oscillator. The first term is the force

due to acceleration of the particle of mass m ( F,

acc

=ma ). The second term is the restoring force
of the potential, F, =-0V/dQ = me; . The third term allows friction to damp the motion of the
coordinate at a rate 7. The motion of Q is under the influence of f,(¢), a random fluctuating force
exerted on Q by its surroundings.

Under steady-state conditions, it stands to reason that the random force acting on Q is the
origin of the damping. The environment acts on Q with stochastic perturbations that add and
remove kinetic energy, which ultimately leads to dissipation of any excess energy. Therefore, the
Langevin equation is modelled as a Gaussian stationary process. We take f,(¢) to have a time-

averaged value of zero,
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(fr(2))=0 (13.123)

and obey the classical fluctuation-dissipation theorem:

[ (f:(0) £2(0)) (13.124)

—0

" 2k, T
This shows explicitly how the damping is related to the correlation time for the random force. We

will pay particular attention to the Markovian case
(£ () £ (0)) = 2myk, T 5(¢) (13.125)

which indicate that the fluctuations immediately lose all correlation on the time scale of the
evolution of Q.
The Langevin equation can be used to describe the correlation function for the time

dependence of Q. For the Markovian case, eq. (13.122) leads to

Cpo (1) = ksT (cosé’t+%sin§t}e”/2 (13.126)

2
ma,

where the reduced frequency ¢ =+, -y’ / 4 . The frequency domain expression, obtained by

Fourier transformation, is

. ykT 1
¢ _ 13.127
QQ(w) mr (wj—a)z)2+a)2;/2 ( )

Remembering that the absorption lineshape was determined by the quantum mechanical energy
gap correlation function <q(t)q(0)> , one can imagine an analogous classical description of the
spectroscopy of a molecu~le tl~1at experiences interactions with a fluctuating environment. In
essence this is what we did when discussing the Gaussian stochastic model of the lineshape.

A more general description of the position of a particle subject to a fluctuating force is the
Generalized Langevin Equation. The GLE accounts for the possibility that the damping may be

time-dependent and carry memory of earlier configurations of the system:!
. 20 t . _
mQ(1)+mayQ’ +m| dry(t1-7)0(z)=f (1) (13.128)

The memory kernel, y(¢—7), is a correlation function that describes the time-scales over which
the fluctuating force retains memory of its previous state. The force due to friction on Q depends

on the history of the system through t, the time preceding ¢, and the relaxation of y(t - T). The

' Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York, 2006.
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classical fluctuation-dissipation relationship relates the magnitude of the fluctuating forces on the

system coordinate to the damping
(f2 () fo(z)) = 2mk,T y(t-7) (13.129)

As expected, for the case that y(t—z') =70 (t—r) , the GLE reduces to the Markovian case, eq.
(13.122).

To demonstrate that the classical dynamics of the particle described under the GLE is
related to the quantum mechanical dynamics for a particle interacting with a harmonic bath, we
will outline the derivation of a quantum mechanical analog of the classical GLE. To do this we
will derive an expression for the time-evolution of the system under the influence of the harmonic

bath. We work with a Hamiltonian with a linear coupling between the system and the bath
Hyy =H(P,O)+Hy(p,.q,)+Hg(0,q) (13.130)

We take the system to be a particle of mass M, described through variables P and Q, whereas m.,
peand g are bath variables. For the present case, we will take the system to be a quantum harmonic
oscillator,

P 1

H, :2M+5MQ2Q2 (13.131)

and the Hamiltonian for the bath and its interaction with the system is written as’
2 2 2
)% m,o c
H,+Hg = oy o« -—= 13.132
B SB Za:[zma 5 (Qa maa)i QJ ] ( )

This expression explicitly shows that each of the bath oscillators is displaced with respect to the

system by an amount dependent on their mutual coupling. In analogy to our work with the

Displaced Harmonic Oscillator, if we define a displacement operator’

ﬁ:exp[—%z“ﬁaéaj (13.133)

where £ =—2_0 (13.134)
maa)a

then H,+Hy,=D'H,D (13.135)

2 Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York, 2006.; Mukamel, S.,
Principles of Nonlinear Optical Spectroscopy. Oxford University Press: New York, 1995.

3 Calderia, A. O.; Legget, A. J., Ann. Phys 1983, 149, 372-456.
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Eqn. (13.132) is merely a different representation of our earlier harmonic bath model. To

see this we write (13.132) as

Hy+Hg =Y ho,(p2+(q,-c.0)) (13.136)

where the coordinates and momenta are written in reduced form

0 = Q0 ma, [2h
q, =9q.,m,,[2h (13.137)
Pa =pa/«/2hmaa)a

Also, the reduced coupling is of the system to the a' oscillator is

¢, =c, o, Jmao,mo, (13.138)

Expanding (13.136) and collecting terms, we find that we can separate terms as in the harmonic
bath model

Hy =Y ho,(p2+q) (13.139)

Hg==2) hod,q, + A (13.140)

The reorganization energy due to the bath oscillators is
Ay = hawd; (13.141)
and the unitless bath oscillator displacement is
d,=0c, (13.142)

For our current work we regroup the total Hamiltonian (eq. (13.130)) as

H,, = {%%M@Qz}zhm& (2 +¢)-22 ho,c.0q, (13.143)

where the renormalized frequency is

Q=0 +0) 0, (13.144)

To demonstrate the equivalence of the dynamics under this Hamiltonian and the GLE, we can
derive an equation of motion for the system coordinate Q. We approach this by first expressing

these variables in terms of ladder operators
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P=i(a'-a) b =i(B]-5,) (13.145)
0=(a'+a) g, = (b +2,) (13.146)

Here d,a" are system operators, b and b' are bath operators. If the observed particle is taken to

be bound in a harmonic potential, then the Hamiltonian in eq. (13.130) can be written as
H,, = m(am + j Zha) (bTb + j (6" +a)Y hoe, (B +5,)  (13.147)

The equations of motion for the operators in eqs. (13.145) and (13.146) can be obtained from the

Heisenberg equation of motion.

&:%[HHB,&] (13.148)

from which we find
i=-iQa+iy ., (b, +b,) (13.149)
b, =—iwb, +io.c (0" +a) (13.150)

To derive an equation of motion for the system coordinate, we begin by solving for the time-

evolution of the bath coordinates by directly integrating eq. (13.150),
[ —iagt (1 ot (- S S A —i,
b ()= [ e (im,c, (@' +a))dt'+B,(0)e™ (13.151)

and insert the result into eq. (13.149). This leads to

i+iQa—iy 0, @ +a)+ zjo dt' k(t —z')(éﬂ(z') + a(t')) = iF () (13.152)
where k(1) =Y w,c’ cos(w,1) (13.153)
and Fty=Y¢, [Ba (0)-w,c, (a'(0)+ &(0))]5“”& +he. (13.154)

Now, recognizing that the time-derivative of the system variables is given by

p=i(d'-d) (13.155)

0(i' +4) (13.156)

and substituting eq. (13.152) into (13.155), we can write an equation of motion
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E(t)+(§_2—22£JQ+rdt’2K(t—t')Q(t') =F(t)+F'(t) (13.157)
v Oy )7 -

a

Equation (13.157) bears a striking resemblance to the classical GLE, eq. (13.128). In fact, if we
define

y(1) = 20x(1)
1
73
L&) =N20MQ[ F (t)+F' (1) ]

¢ t (13.158)
COoS w
0{0)2 ¢

a

m

(13.159)
= z ¢, q,(0)cosam,t+ AU sin@,t
a ma a
then the resulting equation is isomorphic to the classical GLE
P(t)+ MQ*O(t) + ME dt'y(t 1Ot = f,(t) (13.160)

This demonstrates that the quantum harmonic bath acts a dissipative environment, whose friction
on the system coordinate is given by eq. (13.158). What we have shown here is an outline of the

proof, but detailed discussion of these relationships can be found elsewhere.*

4 Weiss, U. Quantum Dissipative Systems. 3rd ed.; World Scientific: Hackensack, N.J. , 2008; Leggett, A.J.;
Chakravarty, S.; Dorsey, A. T.; Fisher, M. P. A.; Garg, A.; Zwerger, W. Dynamics of the dissipative two-state
system. Reviews of Modern Physics 1987, 59 (1), 1-85; Yan, Y.; Xu, R. Quantum Mechanics of Dissipative
Systems. Annual Review of Physical Chemistry 2005, 56 (1), 187-219.
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Readings
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Fleming, G. R.; Cho, M., Chromophore-Solvent Dynamics. Annual Review of Physical
Chemistry 1996, 47 (1), 109-134.

Leggett, A.; Chakravarty, S.; Dorsey, A.; Fisher, M.; Garg, A.; Zwerger, W., Dynamics of the
dissipative two-state system. Reviews of Modern Physics 1987, 59 (1), 1-85.
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Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 8.

Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications: Mineola,
NY, 2002; Sections 6.5, 8, 12.2, 12.5.

Weiss, U., Quantum Dissipative Systems. 3rd ed.; World Scientific: Hackensack, N.J., 2008.

Yan, Y. J.; Xu, R. X., Quantum mechanics of dissipative systems. Annual Review of Physical
Chemistry 2005, 56, 187-219.



14. ENERGY AND CHARGE TRANSFER

14.1. Electronic Interactions

In this section we will describe processes that result from the interaction between two or more
molecular electronic states, such as the transport of electrons or electronic excitation. This

problem can be formulated in terms of a familiar Hamiltonian

H=H+V

in which Ho describes the electronic states (including any coupling to nuclear motion), and V' is
the interaction between the electronic states. In formulating such a problem we will need to
consider some basic questions: Is V' strong or weak? Are the electronic states described in a
diabatic or adiabatic basis? How do nuclear degrees of freedom influence the electronic
couplings? For weak couplings, we can describe the transport of electrons and electronic

excitation with perturbation theory drawing on Fermi’s Golden Rule:

_ 2
w= ; pé|Vkl"|25(Ek_Eé)
o
_ 1 400
==l di(v,(1),(0))

This approach underlies common descriptions of electronic energy transport and non-adiabatic
electron transfer. We will discuss this regime concentrating on the influence of vibrational
motions they are coupled to. However, the electronic couplings can also be strong, in which case
the resulting states become delocalized. We will discuss this limit in the context of excitons that

arise in molecular aggregates.

To begin, it is useful to catalog a number of electronic interactions of interest. We can use
some schematic diagrams to illustrate them, emphasizing the close relationship between the
various transport processes. However, we need to be careful, since these are not meant to imply a
mechanism or meaningful information on dynamics. Here are a few commonly described

processes involving transfer from a donor molecule D to an acceptor molecule A:

a) Resonance energy transfer
Applies to the transfer of energy from the electronic excited state of a donor to an
acceptor molecule. Arises from a Coulomb interaction that is operative at long range, i.e.,
distances large compared to molecular dimensions. Requires electronic resonance.
Named for the first practical derivations of expressions describing this effect: Forster

Resonance Energy Transfer (FRET)

Andrei Tokmakoff, 12/1/2014
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14.2. Forster Resonance Energy Transfer

Forster resonance energy transfer (FRET) refers to the nonradiative transfer of an electronic

excitation from a donor molecule to an acceptor molecule:

D'+A—>D+ 4 (14.1)

This electronic excitation transfer, whose practical description was first given by Forster, arises
from a dipole—dipole interaction between the electronic states of the donor and the acceptor, and
does not involve the emission and reabsorption of a light field. Transfer occurs when the
oscillations of an optically induced electronic coherence on the donor are resonant with the
electronic energy gap of the acceptor. The strength of the interaction depends on the magnitude
of a transition dipole interaction, which depends on the magnitude of the donor and acceptor
transition matrix elements, and the alignment and separation of the dipoles. The sharp 1/r°
dependence on distance is often used in spectroscopic characterization of the proximity of donor
and acceptor.

The electronic ground and excited states of the donor and acceptor molecules all play a
role in FRET. We consider the case in which we have excited the donor electronic transition, and
the acceptor is in the ground state. Absorption of light by the donor at the equilibrium energy gap
is followed by rapid vibrational relaxation that dissipates the reorganization energy of the donor
Ap over the course of picoseconds. This leaves the donor in a coherence that oscillates at the
energy gap in the donor excited state a)i,(qudD). The time scale for FRET is typically
nanoseconds, so this preparation step is typically much faster than the transfer phase. For
resonance energy transfer we require a resonance condition, so that the oscillation of the excited

D*)

donor coherence is resonant with the
ground state electronic energy gap of |A®)
the acceptor a);(q ,=0). Transfer of
energy to the acceptor leads to
vibrational relaxation and subsequent
acceptor fluorescence that is spectrally

shifted from the donor fluorescence. In

practice, the efficiency of energy

transfer is obtained by comparing the

T T
0 dp O 0 dy A

fluorescence emitted from donor and
acceptor.

This description of the problem lends itself naturally to treating with a DHO Hamiltonian,
However, an alternate picture is also applicable, which can be described through the EG

Hamiltonian. FRET arises from the resonance that occurs when the fluctuating electronic energy
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gap of a donor in its excited state matches the energy gap of an acceptor in its ground state. In

other words
he, — A, =haj -2, (14.2)

Q1) Q1)

These energy gaps are time-dependent with occasion crossings that allow transfer of energy.

N TR

! S ho?
BN M U WN hm
NI Wy

Our system includes the ground and excited potentials of the donor and |E,E,)

()|

Q,(t)

acceptor molecules. The four possible electronic configurations of the system

are .
[ bnG_-r) —

) IG.E) ~FT

Q. Qi

1G,G,),

12| Gk,

Here the notation refers to the ground (G) or excited (E) vibronic states of

IG!)GA) L

either donor (D) or acceptor (A). More explicitly, the states also include the

vibrational excitation:
|EDGA> = |eDnD; gAnA>

Thus the system can have no excitation, one excitation on the donor, one excitation on the
acceptor, or one excitation on both donor and acceptor. For our purposes, let’s only consider the
two electronic configurations that are close in energy, and are likely to play a role in the

resonance transfer in eq. (14.2)

|E,G,) and|G,E,)

Since the donor and acceptor are weakly coupled, we can write our Hamiltonian for this
problem in a form that can be solved by perturbation theory (H = H, + V). Working with the
DHO. approach, our material Hamiltonian has four electronic manifolds to consider:

H,=|E,)H}(E,|+|G,)H} (G|

; ; (14.3)
+|E)H Y (E,|+]G,)HI(G,]

Each of these is defined as we did previously, with an electronic energy and a dependence on a

displaced nuclear coordinate. For instance

Hj =|e,) EY (e, |+ H? (14.4)
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12 = ot (P +(3,-d,) | (14.5)
EPis the electronic energy of donor excited state.

Then, what is V'? Classically it is a Coulomb interaction of the form

yoy 49

Here the sum is over all electrons and nuclei of the donor (i)

—D —A
and acceptor (j). As is, this is challenging to work with, but £ H
at large separation between molecules, we can recast this as y
a dipole—dipole interaction. We define a frame of reference  / 7
F
for the donor and acceptor molecule, and assume that the ° %o
distance between molecules is large. Then the dipole moments for the molecules are
a’ = Z%D (’}D _roD)
o (14.7)
= qu(rf _roA)
J
The interaction between donor and acceptor takes the form of a dipole—dipole interaction:
3(m, 7)o, 7)1, 1
V: (/’IA )(/’123 ) ILIA ILID (14.8)

7

where 7 is the distance between donor and acceptor dipoles and 7 is a unit vector that marks the
direction between them. The dipole operators here are taken to only act on the electronic states
and be independent of nuclear configuration, i.e., the Condon approximation. We write the
transition dipole matrix elements that couple the ground and excited electronic states for the
donor and acceptor as

a=| Ay, (4| +|4)a,, (4] (14.9)
fi, =|DY i, (D°|+|D") iy, (D] (14.10)
For the dipole operator, we can separate the scalar and orientational contributions as
A=, (14.11)
This allows the transition dipole interaction in eq. (14.8) to be written as

V= yAyBr—’iUD*AXA*D\ +\A*D><D*AH (14.12)

All of the orientational factors are now in the term x:
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k=3(u,r)(a,-r)-u, i, (14.13)

We can now obtain the rates of energy transfer using Fermi’s Golden Rule expressed as a

correlation function in the interaction Hamiltonian:
2 1 p+o
W, = h—pr(, V.l 6(o,-o,)= ?LO dr(v, (1), (0)) (14.14)
14

Note that this is not a Fourier transform! Since we are using a correlation function there is an
assumption that we have an equilibrium system, even though we are initially in the excited donor
state. This is reasonable for the case that there is a clear time scale separation between the ps
vibrational relaxation and thermalization in the donor excited state and the time scale (or inverse
rate) of the energy transfer process.

Now substituting the initial state ¢ = ‘D*A> and the final state k = ‘A*D> , we find

Wy = hi jj:dz<’:—6><D*A\ 1 (1) 11, (1) 115 (0) e, (0)| D ) (14.15)

iHpt/h —iHpt/h

where 1, (t) =e Uy € . Here, we have neglected the rotational motion of the dipoles.

Most generally, the orientational average is
(1) = (x ()% (0)) (14.16)

However, this factor is easier to evaluate if the dipoles are static, or if they rapidly rotate to
become isotropically distributed. For the static case <K’2> =0.475. For the case of fast loss of
orientation: <K‘2> — <K(t)><K(O)> = <K‘>2 =2/3.

Since the dipole operators act only on |A> or ‘D*>, and the D and A4 nuclear

coordinates are orthogonal, we can separate terms in the donor and acceptor states.

Wer =%J._+:dt<’(_2><D*‘ﬂD (t) (0)‘D*><A|”A () 1, (0)]4)

6
<r2> (14.17)
1 +00 K

The terms in this equation represent the dipole correlation function for the donor initiating in the
excited state and the acceptor correlation function initiating in the ground state. That is, these are
correlation functions for the donor emission (fluorescence) and acceptor absorption.
Remembering that ‘D*> represents the electronic and nuclear configuration ‘d n D*> , We can use
the displaced harmonic oscillator Hamiltonian or energy gap Hamiltonian to evaluate the

correlation functions. For the case of Gaussian statistics we can write
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2 e—i(a)DD*—z/ler—gB(r)

Cor (1) =111 (14.18)
—iw gt
Cia (t) - ‘ﬂAA* 2 € s ] (14.19)
Here we made use of
O, =0 =2\, (14.20)

DD DD

which expresses the emission frequency as a frequency shift of 2A, relative to the donor
absorption frequency.
The dipole correlation functions can be expressed in terms of the inverse Fourier

transforms of a fluorescence or absorption lineshape:

1 +oo —iot
C,- (1) a do e™ o, () (14.21)
Cult)=5- Tdo e o, (o) (14.22)

To express the rate of energy transfer in terms of its common practical form, we make use of
Parsival’s Theorem, which states that if a Fourier transform pair is defined for two functions, the

integral over a product of those functions is equal whether evaluated in the time or frequency

domain:
[ £ f ()dt=[ fi(0) f (0)do (14.23)

This allows us to express the energy transfer rate as an overlap integral Jp4 between the donor

fluorescence and acceptor absorption spectra:

2
1 <K > 2 2 oo 4 D
Wer = [ [ do gl (0)gh, (o) (14.24)
Here ¢ is the lineshape normalized to A e o D
" . o i i
the transition matrix element squared: aps ZN '-.Fjﬂuor
c=0/|u[’. The overlap integral is a Joa i\
measure of resonance between donor and B A E)* N
hw

acceptor transitions. Weg  ©ge

So, the energy transfer rate scales as 7 °, depends on the strengths of the electronic
transitions for donor and acceptor molecules, and requires resonance between donor fluorescence
and acceptor absorption. One of the things we have neglected is that the rate of energy transfer

will also depend on the rate of excited donor state population relaxation. Since this relaxation is
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typically dominated by the donor fluorescence rate, the rate of energy transfer is commonly

written in terms of an effective distance Ro, and the fluorescence lifetime of the donor 7, :
6
1 (R
Wep = —(—Oj (14.25)

At the critical transfer distance Ro the rate (or probability) of energy transfer is equal to the rate
of fluorescence. Ro is defined in terms of the sixth-root of the terms in eq. (14.24), and is

commonly written as

(14.26)

o 000In(10)4;, () f i T (7)2:(7)
0 1%

’ 1287°n* N, v

This is the practical definition that accounts for the frequency dependence of the transition-
dipole interaction and non-radiative donor relaxation in addition to being expressed in common
units. 7 represents units of frequency in cm’. The fluorescence spectrum gﬁw must be
normalized to unit area, so that gfﬁm(v ) is expressed in cm (inverse wavenumbers). The
absorption spectrum EA(V) must be expressed in molar decadic extinction coefficient units
(liter/mol-cm). n is the index of refraction of the solvent, N4 is Avagadro’s number, and ¢p is the

donor fluorescence quantum yield.
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Appendix: Transition Dipole Interaction

FRET is one example of a quantum mechanical transition dipole interaction. The interaction
between two dipoles, 4 and D, in eq. (14.12) is

v =={el il e) (el le) (1427)

Here, <g| 7’ |e> is the transition dipole moment in Debye for the ground-to-excited state
transition of molecule A. r is the distance between the centers of the point dipoles, and « is the

unitless orientational factor

K =3cos0,cos0,—cos0,

The figure below illustrates this function for the case of two parallel dipoles, as a function of the

angle between the dipole and the vector defining their separation.

] '1 1 1 1
0 45 90 135 180

0 (degrees)

In the case of vibrational coupling, the dipole operator is expanded in the vibrational

normal coordinate: 1=y, +(6,u/ 00, ) 0, , and harmonic transition dipole matrix elements are

(1] p,]0) = ho o (14.28)

2cw, 00,
where @, is the vibrational frequency. If the frequency v, is given in cm™, and the transition
dipole moment du/8Q, is given in units of D A”! amu’%, then the matrix element in units of D
is ‘<l| 4, |O>‘ =4.1058v,"* (6u/0Q, ) . If the distance between dipoles is specified in Angstroms,
then the transition dipole coupling from (14.27) in cm™ is V' (cm™) = 5034x7~>. Experimentally,

one can determine the transition dipole moment from the absorbance A4 as

A= (%j (a—”J (14.29)
3c 00,
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14.3. Excitons in Molecular Aggregates

The absorption spectra of periodic arrays of interacting molecular chromophores show unique
spectral features that depend on the size of the system and disorder of the environment. We will
investigate some of these features, focusing on the delocalized eigenstates of these coupled
chromophores, known as excitons. These principles apply to the study of molecular crystals, J-
aggregates, photosensitizers, and light-harvesting complexes in photosynthesis. Similar topics
are used in the description of properties of conjugated polymers and organic photovoltaics, and

for extended vibrational states in IR and Raman spectroscopy.

Energy transfer in the strong coupling limit

Strong coupling between molecules leads to the delocalization of electronic or vibrational
eigenstates, under which weak coupling models like FRET do not apply. From our studies of the
coupled two-state system, we know that when the coupling between states is much larger that the
energy splitting between the states (e1—e2 < 2V) then the resulting eigenstates |+) are equally
weighted symmetric and antisymmetric combinations of the two, whose energy eigenvalues are
splitby 2V. Setting e1 =e2=¢

E, =tV

+

1
=—(|1)%|2
)= (1))
If we excite one of these molecules, we expect that the excitation will flow back and forth at the

I+

Rabi frequency. So, what happens with multiple coupled chromophores, focusing particular
interest on the placement of coupled chromophores into periodic arrays in space? In the strong
coupling regime, the variation in the uncoupled energies is small, making this a problem of
coupled quasi-degenerate states. With a spatially period structure, the resulting states bear close

similarity to simple descriptions of electronic band structure using the tight-binding model.

Excitons

Excitons refer to electronic excited states that are not localized to a particular molecule. But
beyond that there are many flavors. We will concentrate on Frenkel excitons, which refer to
excited states in which the excited electron and the corresponding hole (or electron vacancy)
reside on the same molecule. All molecules remain electrically neutral in the ground and excited
states. This corresponds to what one would expect when one has resonant dipole—dipole
interactions between molecules. When there is charge transfer character, the electron and hole
can reside on different molecules of the coupled complex. These are referred to as Mott—Wannier

excitons.
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Absorption spectrum of molecular dimer

To describe the spectroscopy of an array of many coupled chromophores, it is first instructive to
work through a pair of coupled molecules. This is in essence the two-level problem from earlier.
We consider a pair of molecules (/ and 2), which each have a ground and electronically excited
state (Je) and |g)) split by an energy gap €o, and a transition dipole moment z. In the absence of
coupling, the state of the system can be specified by specifying the electronic state of both

molecules, leading to four possible states: | gg>, eg>, ge}, ee>, whose energies are 0, €o, €0, and
2¢o, respectively.
=K
€y
e |ge) == )2 _\\ /
€ H Fu Hy
|ggy —— |G}

For shorthand we define the ground state as |G) and the excited states as |/) and |2) to signify the
the electronic excitation is on either molecule 1 or 2. In addition, the molecules are spaced by a

separation r12, and there is a transition dipole interaction that couples the molecules.
V=J(2)(+1))

Following our description of transition dipole coupling in Eqn. (14.8), the coupling strength J is
given by

J= (/71 '/‘72)|712|2 _3(/71 '712)(_2 F12) _HH
|712|5 I’i2

where the orientational factor is

K:(I&l '/:‘2)_3(/}1 ’;12)(/}2 ’212)
We assume that the coupling is not too strong, so that we can just concentrate on how it
influences |1) and |2) but not |G). Then we only need to describe the coupling induced shifts to
the singly excited states, which are described by the Hamiltonian

H:(g" Jj 12) —x—

J ¢
0 80

—_— )
As stated above, we find that the eigenvalues are |1) |2> T_ < A

E =¢,+tJ

=1
) €o g,—J ‘ g, +J
and that the eigenstates are: |G) —— -
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£)=5(0]2)

These symmetric and antisymmetric states are delocalized across the two molecules, and in the

language of Frenkel excitons are referred to as the one-exciton states. Furthermore, the dipole

operator for the dimer is M
— +
M =pm+ 1,
and so the transition dipole matrix elements are: I, 4T2%
— 1
M. = (}i1|6) == (7 £ ) —
V2 M

M+ and M- are oriented perpendicular to each other in the molecular frame. If we confine the
molecular dipoles to be within a plane, with an angle 20 between them, then the amplitude of M+
and M- is given by

M, =2pucos

M_=2usiné

We can now predict the absorption spectrum for the dimer. We have two transitions from
the ground state and the |+) states which are resonant at ho=¢, £J and which have an amplitude
|M i|2. The splitting between the peaks is referred to as the Davydov splitting. Note that the
relative amplitude of the peaks allows one to infer the angle between the molecular transition
dipoles. Also, note for 6 = 0° or 90°, all amplitude appears in one transition with magnitude

? which is referred to as superradiant.

2|,u

|11/!_|2 = 2|p|2 sin” 0

v
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Frenkel Excitons with Periodic Boundary Conditions

Now let’s consider linear aggregate of N periodically arranged molecules. We will assume that
each molecule is a two-level electronic system with a ground state and an excited state. We will
assume that electronic excitation moves an electron from the ground state to an unoccupied
orbital of the same molecule. We will label the molecules with integer values (n) between 0 and
N-1:

le |~

0O 1 2 N-1

If the molecules are separated along the chain by a lattice spacing «, then the size of the chain is
L=aN. Each molecule has a transition dipole moment z, which makes an angle £ with the axis of
the chain.

In the absence of interactions, we can specify the state of the system exactly by
identifying whether each molecule is in the electronically excited or ground state. If the state of

molecule # within the chain is ¢ , which can take on values of g or ¢, then

|l//>:|¢0>¢1’¢2"'¢;1"'¢N_1>

This representation of the state of the system is referred to as the site basis, since it is expressed
in terms of each molecular site in the chain. For simplicity we write the ground state of the

system as
1G)=|g.2.¢ -.-.8)

If we excite one of the molecules within the aggregate, we have a singly excited state in which
the n™ molecule is excited, so that

W) =|g. 8 g0rennts -.ng) =)

For shorthand, we identify this product state as |r), which is to be distinguished from the

molecular eigenfunction at site n, ¢, .

The singly excited state is assigned an energy &, corresponding = nggxe;jton
to the electronic energy gap. In the absence of coupling, the singly
excited states are N-fold degenerate, corresponding to a single
excitation at any of the N sites. If two excitations are placed on the OHB_SXC“O“

chain we can see that there are N(N-I) possible states with energy 2¢,, g

recognizing that the Pauli principle does not allow two excitations on

Ground State
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the same site. When coupling is introduced, the mixing of these degenerate states leads to the
one-exciton and two-exciton bands. For this discussion, we will concentrate on the one-exciton
states.

The coupling between molecule #» and molecule n' is given by the matrix element V.

We will assume that a molecule interacts only with its neighbors, and that each pairwise
interaction has a magnitude J

V.=Jo

nn n,n'£l

If V' is a dipole—dipole interaction, the orientational factor x dictates that when the transition
dipole angle B < 54.7° then the sign of the coupling J < 0, which is the case known as J-
aggregates (after Edwin Jelley), and implies an offset stack of chromophores or head-to-tail
arrangement. If 3 > 54.7° then J > 0, and the system is known as an H-aggregate.

To begin, we also apply periodic boundary conditions to this problem, which implies that
we are describing the states of an N-molecule chain within an infinite linear chain. In terms of
the Hamiltonian, the molecules at the beginning and end of our chain feel the same symmetric
interactions to two neighbors as the other molecules. To write this in terms of a finite NxN
matrix, one couples the first and last member of the chain: J,, , =J, ,,=J.

With these observations in mind, we can write the Frenkel Exciton Hamiltonian for the
linear aggregate in terms of a system Hamiltonian that reflects the individual sites and their
couplings

Hy=H;+V

H =ﬁ:60|n><n| (14.30)

n=1
N
WAL UICH DS

Here periodic boundary conditions imply that we replace |N > = |0> and |—1> = |N —1> where
they appear.

The optical properties of the aggregate will be obtained by determining the eigenstates of
the Hamiltonian. We look for solutions that describe one-exciton eigenstates as an expansion in
the site basis.

|‘//(x)>=zcn(><) @,(x~x,)) (14.31)

which is written in order to point out the dependence of these wavefunctions on the lattice
spacing x, and the position of a particular molecule at xn. Such an expansion should work well

when the electronic interactions between sites is weak enough to treat perturbatively. For the
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electronic structure of solids, this is known as the tight binding model, which describes band
structure as a linear combinations of atomic orbitals.

Rather than diagonalizing the Hamiltonian, we can take advantage of its translational
symmetry to obtain the eigenstates. The symmetry of the Hamiltonian is such that it is
unchanged by any integral number of translations along the chain. That is the results are
unchanged for any summation in eqs. (14.30) and (14.31) over N consecutive integers. Similarly,
the molecular wavefunction at any site is unchanged by such a translation. Written in terms of a

alh

displacement operator D = e”™“" that shifts the molecular wavefunction by one lattice constant

a,

|go(x+na)>=D”

o (x)) (14.32)

These observations underlie Bloch’s theorem, which states that the eigenstates of a

periodic system will vary only by a phase shift when displaced by a lattice constant.
lw(x+a)) =" |p(x)) (14.33)

Here k is the wavevector, or reciprocal lattice vector, a real quantity. Thus the expansion
coefficients in eq. (14.31) will have an amplitude that reflects an excitation spread equally
among the N sites, and only vary between sites by a spatially varying phase factor. Equivalently,
the eigenstates are expected to have a form that is a product of a spatially varying phase factor
and a periodic function:

|l,//(x)> =™ u(x) (14.34)

These phase factors are closely related to the lattice displacement operators. If the linear
chain has N molecules, the eigenstates must remain unchanged with a translation by the length of
the chain L = aV:

lw(x, + L)) =|w(x,))

Therefore, we see that our wavefunctions must satisfy ¢** =1, or

Nka =27mrm (14.35)

where m is an integer. Furthermore, since there are N sites on the chain, unique solutions to eq.
(14.35) require that m can only take on N consecutive integer values. Like the site index 7, there

is no unique choice of m. Rewriting eq. (14.35), the wavevector is

_27[&

= 14.36
m a N ( )



14-17

We see that for an N site lattice, m can take on the N consecutive integer values, so that kna
varies over a 27 range of angles. The wavevector index m labels the N one-exciton eigenstates of
an N molecule chain. By convention, k» is chosen such that —n/a < km < m/a. Then the
corresponding values of m are integers from —(N—I)/2 to (N—1)/2 if there are an odd number of
lattice sites or —(N—2)/2 to N/2 for an even number of sites. For example, a 20 molecule chain
would have m = -9, -8, ... 9,10.

These findings lead to the general form for the m one-exciton eigenstates

ink,, o

1 N-1
k)y=—=) e n (14.37)
on) = 2 )

The factor of N''? assures proper normalization of the wavefunction, (y{w)=1. Comparing egs.

(14.37) and (14.31) we see that the expansion coefficients for the n™ site of the m'™ eigenstate is

_ L ke L omy (14.38)

WS W
We see that for state |k0> , with m = 0, the phase factor is the same for all sites. In other words,
the transition dipoles of the chain will oscillate in-phase, constructively adding for all sites. For
the case that k» = /o, we see that each site is out-of-phase with its nearest neighbors. Looking at
the case of the dimer, N =2, we see that m = 0 or 1, km = 0 or w/a,, and we recover the expected
symmetric and antisymmetric eigenstates:

k) = Xl = (o)) (k=0)

2

S

B) = el = (o) (k=r/a)

Schematically for N = 20, we see how the dipole phase varies with km, plotting the real and

imaginary components of the expansion coefficients



14-18

N =20 NI&(m,n) = LN-Re(ei.nlkmﬂ] I(m,n) := L-11:1(551“rl‘1{111.‘:\]

N YN

Expansion coefficients within a linear aggregate

5 10 15 20

Site Index

phase angle of each site

B(0,n) 0.4 /f // i

ees 02 .

8(1,n) Im(c
oé:-—o—c‘—ﬁ—o—?,é:-—o—t o—«o—o—: - em (n) =arctan( ( mn))

i

0(3,n)— 0.2 Re(cn,m)

0 5 10 15 20

n

Site Index

Also, we can evaluate the one-exciton transition dipole matrix elements, M(kn), which are
expressed as superpositions of the dipole moments at each site, z, :

M=>&, (14.39)

(14.40)

The phase of the transition dipoles of the chain matches their phase within each £ state. Thus for
our problem, in which all of the dipoles are parallel, transitions from the ground state to the kn=0
state will carry all of the oscillator strength. Plotted below is an illustration of the phase
relationships between dipoles in a chain with N = 20.
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Finally, let’s solve for the one-exciton energy eigenvalues by calculating the expectation
value of the Hamiltonian operator, eq. (14.30)

E(k,)=(k|H,|k)

2 e (14.41)
=y 2 ml )
1 N-
<km HS km>_ﬁz(90:80
n=0
lN ik, a —ik, o
{k,|V |k, >:W§;{ o (n=1|V [n)y+e ™ <n+1|V|n>}
=2Jcos(k,a)
E(k,)=¢,+2J cos(k,a) (14.42)

You predict that the one-exciton band of states varies in energy betweene, —2J and ¢, +2J . If
we take J as negative, as expected for the case of J-aggregates (negative couplings), then k£ =0

is at the bottom of the band. Examples are illustrated below for the N=20 aggregate.

N=20 Energies Transition Intensity
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Note that the result in eq. (14.42) gives you a splitting of 4/ between the two states of the dimer,
unlike the expected 2J splitting from earlier. This is a result of the periodic boundary conditions
that we enforce here.

We are now in a position to plot the absorption spectrum for aggregate, summing over

eigenstates and assuming a Lorentzian lineshape for the system:

7(0)-Zu,

For a 20 oscillator chain with negative coupling, the spectrum is plotted below. We have one
peak corresponding to the ko mode that is peaked at 7w =¢,—2J and carries the oscillator

2 r?
(ho—E(k,))+ I’

strength of all 20 dipoles.

Absorption Spectrum

25 T T T T T

Absorption spectrum for N = 20 aggregate
with periodic boundary conditions and J < 0.

a(w)

Open Boundary Conditions

Similar types of solutions appear without using periodic boundary conditions. For the case of
open boundary conditions, in the molecules at the end of the chain are only coupled to the one
nearest neighbor in the chain. In this case, it is helpful to label on the sites from n=1,2...N.
Furthermore, m =1,2... N . Under those conditions, one can solve for the eigenstates using use

the boundary condition that y =0at sites 0 and N+1. The change in boundary condition gives

2 & . (7wmn
=5 e

E, :a)0+2Jcos( z j
N +1

sine solutions:

The energy eigenvalues are
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Returning to the case of the dimer (N=2), we can now confirm that we recover the symmetric and
anti-symmetric eigenstates, with an energy splitting of 2J.
If you calculate the oscillator strength for these transitions using the dipole operator in eq.

(14.39), one finds:
o =20 2 o _mm
2 N+1 - | 2(N+1)

This result shows that most of the oscillator strength lies in the m =1 state, for which all

M, =|(k,

oscillators are in phase. For large N, M/ carries 81% of the oscillator strength, with

approximately 9% in the transition to the m =3 state.

10 T T T

g 4

o3 Absorption spectra for N = 3,7,11 for
negative coupling

*?
r
:

The shift in the peak of the absorption relative to the monomer gives the coupling J . Including
long-range interactions has the effect of shifting the exciton band asymmetrically about ), .

Q, =w,+2.4J (m=1, bottom of the band with J negative)

Q, =m,—-1.8J (Top of band)

Exchange Narrowing

If the chain is not homogeneous, i.e., all molecules do not have same site energy o, then we can

model this effect as Gaussian random disorder. The energy of a given site is

£, =&+ ow,

We add as an extra term to our earlier Hamiltonian, eq. (14.30), to account for this variation.

Hy=H;+H, +V
Hdl.szz5a)n|n><n|

The effect is to shift and mix the homogeneous exciton states.
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6Q, =(k|H,,

= (o

n

We find that these shifts are also Gaussian random variables, with a standard deviation of
A,B/ 2(N +1) , where A is the standard deviation for site energies. So, the delocalization of the
eigenstate averages the disorder over N sites, which reduces the distribution of energies by a
factor scaling as JN . The narrowing of the absorption lineshape with delocalization is called
exchange narrowing. This depends on the distribution of site energies being relatively small:
A <<3z|J|/ N2

5 T T T

T Absorption spectra for N = 2,6,30 normalized to
o the number of oscillators. 34 =J and J < 0.
—3r
07
—l
T30

s

P Y N ol — 1
—4 -2 0 2 4
w—wg

Readings

1. Knoester, J., Optical Properties of Molecular Aggregates. In Proceedings of the International
School of Physics "Enrico Fermi" Course CXLIX, Agranovich, M.; La Rocca, G. C., Eds.
IOS Press: Amsterdam, 2002; pp 149-186.
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14.4. Multiple Particles and Second Quantization

In the case of a large number of nuclear or electronic degrees of freedom (or for photons in a
quantum light field), it becomes tedious to write out the explicit product-state form of the state

vector, 1.e.,
v)=|9.0.0...)

Under these circumstances it becomes useful to define creation and annihilation operators. If |l//>

refers to the state of multiple harmonic oscillators, then the Hamiltonian has the form

H= Z[ +— ma)qaj (14.43)

which can also be expressed as
" :Zhwa(alaa+%j (14.44)

and the eigenstates represented in through the occupation of each oscillator |l//> = |nl,n2,n3 .. >
This representation is sometimes referred to as “second quantization”, because the classical
Hamiltonian was initially quantized by replacing the position and momentum variables by
operators, and then these quantum operators were again replaced by raising and lowering
operators.

The operator a| raises the occupation in mode |n.), and a, lowers the excitation in

mode |ny). The eigenvalues of these operators, n, - n, 1, are captured by the commutator

relationships:
la,.a}|=6, (14.45)
[a,.a,]=0 (14.46)

Eqn. (14.45) indicates that the raising and lower operators do not commute if they are operators
in the same degree of freedom (a=f), but they do otherwise. Written another way, these
expression indicate that the order of operations for the raising and lowering operators in different

degrees of freedom commute.

aaa; = a;aa (14.47)

(14.48)
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These expressions also imply that the eigenfunctions operations of the forms in eq.
(14.47) and (14.48) are the same, so that these eigenfunctions should be symmetric to
interchange of the coordinates. That is, these particles are bosons.

This observations proves an avenue to defining raising and lowering operators for
electrons. Electrons are fermions, and therefore antisymmetric to exchange of particles. This
suggests that electrons will have raising and lowering operators that change the excitation of an

electronic state up or down following the relationship

b,by=-bb, (14.49)
or

b0} ] =6, (14.50)

where [...]+ refers to the anti-commutator. Further, we write
[ba,bﬂl =0 (14.51)

This comes from considering the action of these operators for the case where o = £. In that

case, taking the Hermetian conjugate, we see that eq. (14.51) gives
2b'pT =0 or blbI =0 (14.52)

This relationship says that we cannot put two excitations into the same state, as expected for
Fermions. This relationship indicates that there are only two eigenfunctions for the operators b,
and b, , namely |na = O> and |na = 1>. This is also seen with eq. (14.50), which indicates that
bib,|n)+b.by|n,) =|n,)

or b,b}|n,)=(1-blb,)|n,) (14.53)

a

If we now set |na> = |0> , we find that eq. (14.53) implies

b,b}|0)=|0)

buba|0)=0 (14.54)
bbi[1)=0 '
bib, 1) =1)

Again, this reinforces that only two states, |0) and |1), are allowed for electron raising and
lowering operators. These are known as Pauli operators, since they implicitly enforce the Pauli
exclusion principle. Note, in eq. (14.54), that |0) refers to the eigenvector with an eigenvalue of

zero |po), whereas “0” refers to the null vector.
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Frenkel Excitons

For electronic chromophores, we use the notation |g) and |e) for the states of an electron in its

ground or excited state. The state of the system for one excitation in an aggregate
[n) =

G> , or simply a', and the Frenkel exciton Hamiltonian is

g,g,g,g...e...g>

+

n

can then be written as a

N-1
Hy = & |m)n|+ 3, |m){m] (14.55)
n=0 n,m
or
=2 &bib,+>.J,,bib, (14.56)
Readings

1. Schatz, G. C.; Ratner, M. A., Quantum Mechanics in Chemistry. Dover Publications:
Mineola, NY, 2002; p. 119.
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14.5. Marcus Theory For Electron Transfer

The displaced harmonic oscillator (DHO) formalism and the Energy Gap Hamiltonian have been
used extensively in describing charge transport reactions, such as electron and proton transfer.
Here we describe the rates of electron transfer between weakly coupled donor and acceptor states
when the potential energy depends on a nuclear coordinate, i.e., nonadiabatic electron transfer.
These results reflect the findings of Marcus’ theory of electron transfer.

We can represent the problem as calculating the transfer or reaction rate for the transfer

of an electron from a donor to an acceptor

D +A—> D"+ A4 (14.57)
This reaction is mediated by a nuclear coordinate g. This need not .
. . o : 2 R a
be, and generally isn’t, a simple vibrational coordinate. For electron . A\ 1) A é
. . . N S
transfer in solution, we most commonly consider electron transfer to D ?) A :'/(/

. . . A S ¢
progress along a solvent rearrangement coordinate in which solvent E‘; ® ® ?(,___
reorganizes its configuration so that dipoles or charges help to
stabilize the extra negative charge at the acceptor site. This type of *
collective coordinate is illustrated in the figure to the right. The )~ v

. B W el W
external response of the medium along the electron transfer (« 9 Y& ™ £
) ‘ \ < a —
coordinate is referred to as “outer shell” electron transfer, whereas B AR
( > C— =
the influence of internal vibrational modes that promote ET is called ? o &R
/ 4 ‘ ‘-._F'/. ‘4/ ‘\

“inner shell”. The influence of collective solvent rearrangements or
intramolecular vibrations can be captured with the use of an electronic transition coupled to a
harmonic bath.

Normally we associate the rates of electron transfer with the free-energy along the
electron transfer coordinate ¢. Pictures such as the A
ones above that illustrate states of the system with
electron localized on the donor or acceptor electrons
hopping from donor to acceptor are conceptually
v 2J

represented through diabatic energy surfaces. The

electronic coupling J that results in transfer mixes

Free Energy
<+

these diabatic states in the crossing region. From this AGi

adiabatic surface, the rate of transfer for the forward >
reaction is related to the flux across the barrier. From q
classical transition state theory we can associate the rate with the free energy barrier using

k, = Aexp (-AG" / k,T). If the coupling is weak, we can describe the rates of transfer between



donor and acceptor in the diabatic basis with perturbation
theory. This accounts for nonadiabatic effects and

tunneling through the barrier.

KT InP(q)

To begin we consider a simple classical

Free Energy

derivation for the free-energy barrier and the rate of

electron transfer from donor to acceptor states for the :

case of weakly coupled diabatic states. First we assume
that the free energy or potential of mean force for the
initial and final state, G(q) = —ksT In P(q), is well represented by two parabolas.

1
G,(q) :Emwé (‘] -d, )2

1 (14.58)
GA(q)=§ma;§(q—dA)2 +AG"

To find the barrier height AG*, we first find the crossing point dc where Gp(dc) = Ga(dc).

Substituting eq. and solving for dc gives

%ma)g (dp—d, = AG°+%ma)§ (d,~d,)

L _AGY( 1) d,+d,
< mol\d,-d, 2

_AG®
24

(dA—dD)+%

The last expression comes from the definition of the reorganization energy, which is the energy

to be dissipated on the acceptor surface if the electron is transferred at dp,
A=G,(d,)-G,(d,)
1 5 (14.59)
ZEma)(f (dD _dA)
Then, the free energy barrier to the transfer AG* is
AG* =G, (d.)-G,(d)y)
= %mwg (de—d,)
=Liagear
4200

So the Arrhenius rate constant is for electron transfer via activated barrier crossing is
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2
k.. = Aex M} (14.60)
o p{ 42kT

This curve qualitatively reproduced observations
of a maximum eclectron transfer rate under the E
conditions —AG°=A4, which occurs in the

barrierless case when the acceptor parabola l

crosses the donor state energy minimum.

We expect that we can more accurately
describe nonadiabatic electron transfer using the E, | .- ¥.__
DHO or Energy Gap Hamiltonian, which will
include the possibility of tunneling through the
barrier when donor and acceptor wavefunctions
overlap. We start by writing the transfer rates in
terms of the potential energy as before. We recognize that when we calculate thermally averaged
transfer rates that this is equivalent to describing the diabatic free energy surfaces. The
Hamiltonian is

] i >
dp da Q

H=H,+V (14.61)
H,=|D)H, (D|+|4)H ,{A]| (14.62)
Here |D) and |4) refer to the potential where the electron is either on the donor or acceptor,

respectively. Also remember that |D) refers to the vibronic states |d,n4). These are represented

through the same harmonic potential, displaced from one another vertically in energy by
AE=FE, -E,
and horizontally along the reaction coordinate g
H,=|d)E,(d|+H,

14.63
H, =|a)E, (o] + H, (1469
H, Zha)o(132+(g—6!p)2) (1464
H, :ha)o(lfz"'(ﬁ]_‘b)z) .

Here we are using reduced variables for the momenta, coordinates, and displacements of the

harmonic oscillator. The diabatic surfaces can be expressed as product states in the electronic

and nuclear configurations: |D>= d,n>. The interaction between the surfaces is assigned a

coupling J
v =Jl|d){a|+|a){d|] (14.65)
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We have made the Condon approximation, implying that the transfer matrix element that
describes the electronic interaction has no dependence on nuclear coordinate. Typically this
electronic coupling is expected to drop off exponentially with the separation between donor and

acceptor orbitals;

J=J,exp(-f,(R-R,)) (14.66)

Here fk is the parameter governing the distance dependence of the overlap integral. For our
purposes, even though this is a function of donor-acceptor separation (R), we take this to vary
slowly over the displacements investigated here, and therefore be independent of the nuclear
coordinate (Q).

Marcus evaluated the perturbation theory expression for the transfer rate by calculating
Franck-Condon factors for the overlap of donor and acceptor surfaces, in a manner similar to our
treatment of the DHO electronic absorption spectrum. Similarly, we can proceed to calculate the
rates of electron transfer using the Golden Rule expression for the transfer of amplitude between

two states
1

W= ar(v,(1)v,(0)) (14.67)

Using V, (t) =My o7 \ye write the electron transfer rate in the DHO eigenstate form as
T o e
Wer = j dte P (1) (14.68)

where F(t) = (" /eI (14.69)

This form emphasizes that the electron transfer rate is governed by the overlap of vibrational
wavepackets on the donor and acceptor potential energy surfaces.
Alternatively, we can cast this in the form of

the Energy Gap Hamiltonian. This carries with is a (Hy) / -

dynamical picture of the electron transfer event. The
energy of the two states have time-dependent (H.()
(fluctuating) energies as a result of their interaction

with the environment. Occasionally the energy of the donor and acceptor states coincide that is
the energy gap between them is zero. At this point transfer becomes efficient. By integrating
over the correlation function for these energy gap fluctuations, we characterize the statistics for
barrier crossing, and therefore forward electron transfer.

Similar to before, we define a donor-acceptor energy gap Hamiltonian

H,=H,-H, (14.70)
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.t
which allows us to write F(r)= <exp+ {—%Idz'HAD (ﬂ)D (14.71)
0

and H,,(t)=e"""H,, """ (14.72)

These expressions and application of the cumulant expansion to eq. allows us to express the

transfer rate in terms of the lineshape function and correlation function

F(r)= exp[%<HAD>t - g(t)} (14.73)
g(0)=[dr, ["dr,C,p(z,-7,) (14.74)
C, (1) =%<5HAD (t)5H ,,(0)) (14.75)

(H,p) =42 (14.76)

The lineshape function can also be written as a sum of many coupled nuclear coordinates,
g, - This expression is commonly applied to the vibronic (inner shell) contributions to the

transfer rate:

g(1)=- Z(cj;“ -d’ )2 [(ﬁa + 1)(e"'”“’ ~1+ icoot) +7, (e"’”a’ -1 —ia)ot)}
2 2 (14.77)
= —Z(d”‘ —g’f) [ coth(Bha, /2)(cosa,t—1)—i(sinw,t —w,t)]

Substituting the expression for a single harmonic mode into the Golden Rule rate expression eq.

gives
2
|J| o iAEt/h
_ - -g(1)
Wer =3 J._w dte™ g

2
- %J‘j: i & (B2 )n exp [D (Coth(,b’ha)o /2)(cos @yt —1) —isin a)ot)] (14.78)

where D=(d,~d,) (14.79)

This expression is very similar to the one that we evaluated for the absorption lineshape of the
Displaced Harmonic Oscillator model. A detailed evaluation of this vibronically mediated
transfer rate is given in Jortner.

To get a feeling for the dependence of £ on g, we can look at the classical limit

ho << kT . This corresponds to the case where one is describing the case of a low frequency
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“solvent mode” or “outer sphere” effect on the electron transfer. Now, we neglect the imaginary
part of g(¢) and take the limit coth(Shw/2)— 2/ phw :

2
o - % [ are o exp(_(zgif:T J(1 ~cos a)Ot)J (14.80)

Note that the high temperature limit also means the low frequency limit for @, . This means that

we can expand cos @t ~ 1—(a)0t)2/2 , and find

wET:|J| ad exp{_(AE+/l)} (14.81)

h \AkT 4AKT

where A= Dha,. Note that the activation barrier AE'for displaced harmonic oscillators is
AE" = AE + 1. For a thermally averaged rate it is proper to associate the average energy gap with
the standard free energy of reaction, <H —H, ) —A=AG". Therefore, this expression is
equivalent to the classical Marcus’ result for the electron transfer rate

ey = A (a0 +4) 14.82
=Aexp| ———— i
ET p AT ( )
where the pre-exponential is

A=2z|J[ [nJamakT (14.83)
This expression shows the nonlinear behavior @ = 100 cm-!

expected for the dependence of the -electron
transfer rate on the driving force for the forward

transfer, i.e., the reaction free energy. This is

Lo

= wl
unusual because we generally think in terms of a &, |
. . . =
linear free energy relationship between the rate of a 56T L
reaction and the equilibrium constant: Ink ocIn K, 10°
. This leads to the thinking that the rate should 10t |
increase as we increase the driving free energy for ey

the reaction —AG’. This behavior only hold for a

inverted
regime

small region in AG’. Instead, eq. shows that the >
ET rate will increase with —AG", until a maximum

rate is observed for —AG’ =1 and the rate then M

decreases. This decrease of k with increased —AG"’

is known as the “inverted regime”. The inverted
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behavior means that extra vibrational excitation is needed to reach the curve crossing as the
acceptor well is lowered. The high temperature behavior for coupling to a low frequency mode
(100 cm™ at 300 K) is shown at right, in addition to a cartoon that indicates the shift of the curve
crossing at AG"is increased.

Particularly in intramolecular ET, it is common that one wants to separately account for
the influence of a high frequency intramolecular vibration (inner sphere ET) that is not in the
classical limit that applies to the low frequency classical solvent response. If an additional mode
of frequency @, and a rate in the form eq. is added to the low frequency mode, Jortner has given

an expression for the rate as:

2
Ul [7 &(e?” —(AG” + 4y + jhay, )
_ D .
Wer = zoijZO T AIKT (14.84)

Here 4, is the solvation reorganization energy. For this case, the same inverted regime exists;
although the simple Gaussian dependence of k on AG’ no longer exists. The asymmetry here
exists because tunneling sees a narrower barrier in the inverted regime than in the normal regime.
Examples of the rates obtained with eq. are plotted in the figure below (T= 300K).

Vibrational frequency: g := 2000 cm-!
Solvent reorganization energy: 2,:=0.5 €V

100 T T T T T T

1.5

—AG/eV

As with electronic spectroscopy, a more general and effective way of accounting for the nuclear
motions that mediate the electron transfer process is to describe the coupling weighted density of
states as a spectral density. Then we can use coupling to a harmonic bath to describe solvent

and/or vibrational contributions of arbitrary form to the transfer event using

o(r)=[ do p(w){coth(@j(l_com)+i(sin a)t—a)t)} (1485)
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Readings

1.

Barbara, P. F.; Meyer, T. J.; Ratner, M. A., Contemporary issues in electron transfer
research. J. Phys. Chem. 1996, 100, 13148-13168, and references within.

Georgievskii, Y.; Hsu, C.-P.; Marcus, R. A., Linear response in theory of electron transfer
reactions as an alternative to the molecular harmonic oscillator model. The Journal of
Chemical Physics 1999, 110, 5307-5317.

Jortner, J., The temperature dependent activation energy for electron transfer between
biological molecules. Journal of Chemical Physics 1976, 64, 4860-4867.

Marcus, R. A.; Sutin, N., Electron transfers in chemistry and biology. Biochimica et
Biophysica Acta (BBA) - Reviews on Bioenergetics 1985, 811, 265-322.

Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,
2006; Ch. 10.



15. QUANTUM RELAXATION PROCESSES

15.1. Vibrational Relaxation

Here we want to address how excess vibrational energy undergoes irreversible energy relaxation
as a result of interactions with other intra- and intermolecular degrees of freedom. Why is this
process important? It is the fundamental process by which nonequilibrium states thermalize. As

chemists, this plays a particularly important role in chemical  ,

reactions, where efficient vibrational relaxation of an activated

species is important to stabilizing the product and not allowing @

it to re-cross to the reactant well. Further, the rare activation g:’

event for chemical reactions is similar to the reverse of this W R P
process. Although we will be looking specifically at vibrational o

couplings and relaxation, the principles are the same for Reaction coordinate

electronic population relaxation through electron—phonon coupling and spin—lattice relaxation.
For an isolated molecule with few vibrational coordinates, an excited vibrational state must
relax by interacting with the remaining internal vibrations or the rotational and translational
degrees of freedom. If a lot of energy must be dissipated, radiative relaxation may be more likely.
In the condensed phase, relaxation is usually mediated by the interactions with the environment,
for instance, the solvent or lattice. The solvent or lattice forms a continuum of intermolecular
motions that can absorb the energy of the vibrational relaxation. Quantum mechanically this means
that vibrational relaxation (the annihilation of a

Molecule Surroundings
vibrational quantum) leads to excitation of solvent or i

lattice motion (creation of an intermolecular vibration S,
that increases the occupation of higher lying states). % |
For polyatomic molecules it is common to § =
think of energy relaxation from high lying vibrational & v
states (kT << hw, ) in terms of cascaded redistribution CE) o=
of energy through coupled modes of the molecule and & \ 4 /_
its surroundings leading finally to thermal % __________ Jv_“__ _I_ _____ ‘__“ KT
equilibrium. We seek ways of describing these highly < YT T 1 v .+
non-equilibrium relaxation processes in quantum . = .

systems.
Classically vibrational relaxation reflects the surroundings exerting a friction on the
vibrational coordinate, which damps its amplitude and heats the sample. We have seen that a

Langevin equation for an oscillator experiencing a fluctuating force f{¢) describes such a process:

Andrei Tokmakoff, 11/26/2014
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.. ) i
O(t)+wyO* —yQ=f(t)/m (15.1)
This equation assigns a phenomenological damping rate yto the vibrational relaxation we wish to
describe. However, we know in the long time limit, the system must thermalize and the dissipation
of energy is related to the fluctuations of the environment through the classical fluctuation-

dissipation relationship. Specifically,
(£ () £(0)) = 2mpk, T () (15.2)

More general classical descriptions relate the vibrational relaxation rates to the correlation function
for the fluctuating forces acting on the excited coordinate.

In these classical pictures, efficient relaxation requires a matching of frequencies between
the vibrational period of the excited oscillator and the spectrum of fluctuation of the environment.
Since these fluctuations are dominated by motions are of the energy scale of k37, such models do
not work effectively for high frequency vibrations whose frequency w>>ks7/h. We would like to
develop a quantum model that allows for these processes and understand the correspondence
between these classical pictures and quantum relaxation.

Let’s treat the problem of a vibrational system H that relaxes through weak coupling V'
to a continuum of bath states H, using perturbation theory. The eigenstates of Hare |a> and
those of H, are |a> . Although our earlier perturbative treatment did not satisfy energy
conservation, here we can take care of it by explicitly treating the bath states.

H=H,+V (15.3)
Hy=Hg+H, (15.4)

Hg =|a)E,(a|+|b)E, (b| (15.5)
Hy=Y|a)E,{(a| (15.6)
H,|aa)=(E,+E,)|ac) (15.7)

We will describe transitions from an initial state |l> =|aa> with energy £ +E to a final state
| f > = |bﬂ> with energy E, + E,. Since we expect energy conservation to hold, this undoubtedly
requires that a change in the system states will require

system bath
an equal and opposite change of energy in the bath.

Initially, we take p, =1 p, =0. If the interaction ‘a> |B>
potential is V', Fermi’s Golden Rule says the
b) )

transition from |l> to | f > is given by
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2
ky :77[ Pi ‘<i|V|f>‘2 S(E,~E) (15.8)
if
2
=7” > s <aa|V|bﬁ>‘2§((Eb +E,)-(E,+E,)) (15.9)
a,a,b,p
= h_12 dry p,, (aclv|bp)(bpIV|ac) ¢ BBl EEe o (15.10)
b
Equation (15.10) is just a restatement of the time domain version of (15.8)
1 oo
kp="z] V(1) (0)) (15.11)
v(t)=e"y e (15.12)

Now, the matrix element involves both evaluation in both the system and bath states, but if we

write this in terms of a matrix element in the system coordinate V, = <a|V|b> :

(aalV|pp)=(alV,|B) (15.13)
Then we can write the rate as
b =3 [T p{ele v, P p) pa e asy
a,p
1 —ie
k,, =§LQ at(v,, (1),,(0)), e (15.15)
v, (t)=e"s"y, e (15.16)

Equation (15.15) says that the relaxation rate is determined by a correlation function
Cyo (1) = (V4 (1)7,,(0)) (15.17)

which describes the time-dependent changes to the coupling between b and a. The time
dependence of the interaction arises from the interaction with the bath; hence its time evolution

under H 5. The subscript < : > means an equilibrium thermal average over the bath states

<"'>B:;Pa<“|m|a> (15.18)

Note also that eq. (15.15) is similar but not quite a Fourier transform. This expression says

B

that the relaxation rate is given by the Fourier transform of the correlation function for the

fluctuating coupling evaluated at the energy gap between the initial and final state states.
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Alternatively we could think of the rate in terms of a vibrational coupling spectral density, and the

rate is given by its magnitude at the system energy gap o, .

1 -~

ky, =—C, (@) (15.19)

=
where the spectral representation C,, (®,,) is defined as the Fourier transform of C,, (t) .

Vibration coupled to a harmonic bath

To evaluate these expressions, let’s begin by consider the specific case of a system vibration
coupled to a harmonic bath, which we will describe by a spectral density. Imagine that we prepare

the system in an excited vibrational state in v = | 1> and we want to describe relaxation tov = | 0> A

Hy=hao,(P*+Q’) (15.20)
Hy =Y ho,(p2+q)=> ho,(ala, +1) (15.21)

We will take the system—bath interaction to be linear in the bath coordinates:

V=Hg=Y1c0q, (15.22)

Here ¢, is a coupling constant which describes the strength of the interaction System Bath
between the system and bath mode . Note, that this form suggests that the
system vibration is a local mode interacting with a set of normal vibrations @
of the bath.

For the case of single quantum relaxation from |a> =|1> to b :|O> ,

we can write the coupling matrix element as :

Vie =2 buulal+a,) (15.23)

where

N Moy Der (b|0]a) (15.24)

2h

gab,a = ca

! Note that we are using an equilibrium property, the coupling correlation function, to describe a nonequilibrium
process, the relaxation of an excited state. Underlying the validity of the expressions are the principles of linear
response. In practice this also implies a time scale separation between the equilibration of the bath and the relaxation
of the system state. The bath correlation function should work fine if it has rapidly equilibrated, even though the
system may not have. An instance where this would work well is electronic spectroscopy, where relaxation and
thermalization in the excited state occurs on picosecond time scales, whereas the electronic population relaxation is
on nanosecond time scales.
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Here the matrix element (b|Q|a) is taken in evaluating &, , . Evaluating eq. (15.17) is now much

the same as problems we’ve had previously:
<I/ab (t)I/ba (0)>B = <eiHBt Vab e_[HBt vaa >B

- (15.25)
= Zgj [(na +1)e RS e“a’“t]

here n, = (eﬂh“’” —1)71 is the thermally averaged occupation number of the bath mode at @,. In

evaluating this we take advantage of relationships we have used before

oMt a, o Mt — aaefiw“t
iHgt + —iHgt t tiogt (15.26)
ea,e " =q,e "
<aaal> =n, +1
(15.27)
<alaa> = ﬁa
So, now by Fourier transforming (15.25) we have the rate as
by = &L (7, 41)8 (0, +0,)47,5(0, ~a,)] (15.28)
downward upward
|a) |B) r |b) T ) 1
by —L— |a) |a) |B)

This expression describes two relaxation processes which depend on temperature. The first is
allowed at 7= 0 K and is obeys —w,, = @, . This implies that £, > E, , and that a loss of energy in
the system is balanced by an equal rises in energy of the bath. That is |B) = |a+1). The second term
is only allowed for elevated temperatures. It describes relaxation of the system by transfer to a
higher energy state E, > E_ , with a concerted decrease of the energy of the bath () = |o—1)).
Naturally, this process vanishes if there is no thermal energy in the bath.?

To more accurately model the relaxation due to a continuum of modes, we can replace the

explicit sum over bath states with an integral over a density of bath states W

2 There is an exact analogy between this problem and the interaction of matter with a quantum radiation field. The
interaction potential is instead a quantum vector potential and the bath is the photon field of different
electromagnetic modes. Equation (15.28) describes has two terms that describe emission and absorption processes.
The leading term describes the possibility of spontaneous emission, where a material system can relax in the absence
of light by emitting a photon at the same frequency.
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by =55 [ 407 (0,) 8 (0,)[(7(0,)+1)5 (0, +0,)+7(0,)6(0,~0,)]  (1529)
We can also define a spectral density, which is the vibrational coupling-weighted density of states:
pla,)=W(w,)é (w,) (15.30)

Then the relaxation rate is:

b, =5 [do, 1 (0,)5 (0,)[(7(0,)+1)3(0,, + ) +7(@,)8(0, -,

:%[(ﬁ(wba)ﬂ) Pro (@) +71(0,,) P, (~0,,) ]

(15.31)

We see that the Fourier transform of the fluctuating coupling correlation function, is equivalent to
the coupling-weighted density of states, which we evaluate atw,, or —@,, depending on whether
we are looking at upward or downward transitions. Note that 7 still refers to the occupation
number for the bath, although it is evaluated at the energy splitting between the initial and final
system states. Equation (15.31) is a full quantum expression, and obeys detailed balance between

the upward and downward rates of transition between two states:
k,, =exp(-Bha, )k, (15.32)

From our description of the two level system in a harmonic bath, we see that high frequency
relaxation (k7 << hw,) only proceeds with energy from the system going into a mode of the bath
at the same frequency, but at lower frequencies (k7' = /i@, ) that energy can flow both into the bath
and from the bath back into the system. When the vibration has energies that are thermally
populated in the bath, we return to the classical picture of a vibration in a fluctuating environment
that can dissipate energy from the vibration as well as giving kicks that increase the energy of the
vibration. Note that in a cascaded relaxation scheme, as one approaches k7, the fraction of
transitions that increase the system energy increase. Also, note that the bi-linear coupling in eq.
(15.22) and used in our treatment of quantum fluctuations can be associated with fluctuations of

the bath that induce changes in energy (relaxation) and shifts of frequency (dephasing).

Multiquantum relaxation of polyatomic molecules?

Vibrational relaxation of polyatomic molecules in solids or in solution involves anharmonic
coupling of energy between internal vibrations of the molecule, also called IVR (internal

vibrational energy redistribution). Mechanical interactions between multiple modes of vibration

3 V. M. Kenkre, A. Tokmakoff and M. D. Fayer, “Theory of vibrational relaxation of polyatomic molecules in
liquids,”J. Chem. Phys., 101, 10618 (1994).
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of the molecule act to rapidly scramble energy deposited into one vibrational coordinate and lead
to cascaded energy flow toward equilibrium.

For this problem the bilinear coupling above doesn’t capture the proper relaxation process.
Instead we can express the molecular potential energy in terms of well-defined normal modes of
vibration for the system and the bath, and these interact weakly through small anharmonic terms
in the potential. Then we can extend the perturbative approach above to include the effect of
multiple accepting vibrations of the system or bath. For a set of system and bath coordinates, the

potential energy for the system and system—bath interaction can be expanded as

10V , 1 oV 1 oV
Ve+V, =— +— - +— _— 15.33
Y zgagj < 6;} 00,04,04, Cuaty 6Z 00,060,064, 0.0 (133)

Focusing explicitly on the first cubic expansion term, for one system oscillator:
1
Vst Vo = mQ" + 04,4, (15.34)

Here, the system—bath interaction potential describes the case for a cubic anharmonic coupling that
involves one vibration of the system Q) interacting weakly with two vibrations of the bath ¢, and
9, so that 7Y >> v, Energy deposited in the system vibration will dissipate to the two
vibrations of the bath, a three quantum process. Higher-order expansion terms would describe
interactions involving four or more quanta.

Working specifically with the cubic example, we can use the harmonic bath model to
calculate the rate of energy relaxation. This picture is applicable if a vibrational mode of frequency
Q relaxes by transferring its energy to another vibration nearby in energy (@, ), and the energy
difference @, being accounted for by a continuum of intermolecular motions. For this case one

can show
ko :#[(ﬁ(a)a)_'_l)(ﬁ(wﬂ)"'l)pba (wab)"'(ﬁ(a)a)"'l)ﬁ(a)ﬁ)pba (a)ab )} (15.35)

where p (@)= W(w)(Vm (a)))2 . Here we have taken Q,®, >> w,. These two terms describe two
possible relaxation pathways, the first in which annihilation of a quantum of Q leads to a creation
of one quantum each of @,and @,. The second term describes the dissipation of energy by
coupling to a higher energy vibration, with the excess energy being absorbed from the bath.
Annihilation of a quantum of Q leads to a creation of one quantum of @, and the annihilation of
one quantum of w,. Naturally this latter term is only allowed when there is adequate thermal

energy present in the bath.
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Rate calculations using classical vibrational relaxation

In general, we would like a practical way to calculate relaxation rates, and calculating quantum
correlation functions is not practical. How do we use classical calculations for the bath, for instance
drawing on a classical molecular dynamics simulation? Is there a way to get a quantum mechanical
rate?

The first problem is that the quantum correlation function is complex C:b (t) =C, (—t)
and the classical correlation function is real and even C (t) =C, (—t) . In order to connect these
two correlation functions, one can derive a quantum correction factor that allows one to predict
the quantum correlation function on the basis of the classical one. This is based on the assumption
that at high temperature it should be possible to substitute the classical correlation function with

the real part of the quantum correlation function

Cy (1) = C, (1) (15.36)
To make this adjustment we start with the frequency domain expression derived from the detailed
balance expression C(-w)=e"""C(o)

C(o)= 1+exp (z—ﬂha)) C'(@)

(15.37)

Here C' (a)) is defined as the Fourier transform of the real part of the quantum correlation function.
So the vibrational relaxation rate is
kyy =— 4
“h (1 +exp(—hw,, /kT

) [ dte ™ Re[ (7., (1)7:,(0)) ] (15.38)

Now we will assume that one can replace a classical calculation of the correlation function here as
in eq. (15.36). The leading term out front can be considered a “quantum correction factor” that

accounts for the detailed balance of rates encoded in the quantum spectral density.
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In practice such a calculation might be done with molecular dynamics simulations. Here
one has an explicit characterization of the intermolecular forces that would act to damp the excited
vibrational mode. One can calculate the system—bath interactions by expanding the vibrational
potential of the system in the bath coordinates

a 217a
VS+VSB=VO+;882 Q"';aagz Q'+ (15.39)
=V, + FQ+GQ* +--

Here V“ represents the potential of an interaction of one solvent coordinate acting on the excited
vibrational system coordinate Q. The second term in this expansion FQ depends linearly on the
system O and bath & coordinates, and we can use variation in this parameter to calculate the
correlation function for the fluctuating interaction potential. Note that F is the force that
molecules exert on Q! Thus the relevant classical correlation function for vibrational relaxation is

a force correlation function

C (t)=(F(¢)F(0)) (15.40)
ke, =$j:dtcosa)bat<F(t)F(0)> (15.41)



15-10

Readings

1.

Egorov, S. A.; Rabani, E.; Berne, B. J., Nonradiative relaxation processes in condensed phases:
Quantum versus classical baths. J. Chem. Phys. 1999, 110, 5238-5248.

Kenkre, V. M.; Tokmakoft, A.; Fayer, M. D., Theory of vibrational relaxation of polyatomic
molecules in liquids. The Journal of Chemical Physics 1994, 101, 10618.

. Nitzan, A., Chemical Dynamics in Condensed Phases. Oxford University Press: New York,

2006; Ch. 11.

Oxtoby, D. W., Vibrational population relaxion in liquids. Adv. Chem. Phys. 1981, 47, 4877-
519.

Skinner, J. L., Semiclassical approximations to golden rule rate constants. The Journal of
Chemical Physics 1997, 107, 8717-8718.

Slichter, C. P., Principles of Magnetic Resonance, with Examples from Solid State Physics.
Harper & Row: New York, 1963.



15-11

15.2. A DENSITY MATRIX DESCRIPTION OF QUANTUM RELAXATION

Here we will more generally formulate a quantum mechanical picture of coherent and incoherent
relaxation processes that occur as the result of interaction between a prepared system and its
environment. This description will apply to the case where we separate the degrees of freedom in
our problem into a system and a bath that interact. We have limited information about the bath
degrees of freedom. As a statistical mixture, we only have knowledge of the probability of
occupying states of the bath and not of the phase relationships required to describe a deterministic

quantum system. For such problems, the density matrix is the natural tool.

Mixed States

How does a system get into a mixed state? Generally, if you have two systems and you put these
in contact with each other, interaction between the two will lead to a new system that is inseparable.

Imagine that I have two systems H and H, for which the eigenstates of Hare |a> and those of
H, are |a> .
H,=H,+H, (15.42)
H, |a> =F, a>
H,|a)=E,|a)

(15.43)

In general, before these systems interact, they can be described in terms of product states in the
eigenstates of Hg and H:

‘V’(fo)>=‘@”3>‘%"3> (15.44)
p)=sla)  |wi)=Xbe) (15.45)
vo)= 2 s.b.]a)|@) (15.46)

After these states are allowed to interact, we have a new state vector ‘w(t)> The new state can

still be expressed in the zero-order basis, although this does not represent the eigenstates of the
new Hamiltonian

H=H,+V (15.47)

\w(t)>=§cw

ac) (15.48)

For any point in time, c,, is the joint probability amplitude for finding particle of ‘1//S> in |a> and

simultaneously finding particle of ‘I//B> in |a>. Att=t,c,, =s0b,.

a
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Now suppose that you have an operator 4 that is only an operator in the ‘Ws> coordinates.
This might represent an observable for the system that you wish to measure. Let’s calculate the
expectation value of 4

(4(0)) = {w (1)l (1)) = (w | 4lw) (15.49)
<A(Z)>:§czacw (act| A|b, B)
:2@%@m@%

= Z(Zczac}m J A, (15.50)
a,b a
= Z(PS )ba 4,
a,b
=Tr[psA]
Here we have defined a density matrix for the degrees of freedom in ‘ly5>
ps=|vs){vs| (15.51)

with density matrix elements that traced over the ‘w3> states, that is, that are averaged over the
probability of occupying the ‘w3> states.

1b) ps(a] =D crus (15.52)

Here the matrix elements in direct product states involve elements of a four-dimensional matrix,
which are specified by the tetradic notation.

We have defined a trace of the density matrix over the unobserved degrees of freedom in
‘t//B , 1.e. a sum over diagonal elements in a. To relate this to our similar prior expression:
<A(t)> =Tr[pA], the following definitions are useful:

ps =Try (p)
=>"(05),, 4w (15.53)
= Tr(pSA)
Also, Tr(AxB)=Tr(A)Tr(B) (15.54)

Since pg is Hermitian, it can be diagonalized by a unitary transformation 7, where the new

eigenbasis |m> represents the mixed states of the ‘ly5> system.
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ps = |m){m|p,., (15.55)

D P =1 (15.56)

m

The density matrix elements represent the probability of occupying state |m> averaged over the

bath degrees of freedom

Poum = szbpba T;;n
a,b

= z abaTmba:a Tr:a

a,b,a

> (15.57)
=2 Foal

=2l el =020

The quantum mechanical interaction of one system with another causes the system to be in a mixed
state after the interaction. The mixed states are generally not separable into the original states. The

mixed state is described by

vs)=d,|m) (15.58)

dy=2 fra (15.59)

If we only observe a few degrees of freedom, we can calculate observables by tracing over
unobserved degrees of freedom. This forms the basis for treating relaxation phenomena. A few
degrees of freedom that we observe, coupled to many other degrees of freedom, which lend to

irreversible relaxation.

Equation of motion for the reduced density matrix

So now to describe irreversible processes in quantum systems, let’s look at the case where we have
partitioned the problem so that we have a few degrees of freedom that we are most interested in
(the system), which is governed by H; and which we observe with a system operator 4. The
remaining degrees of freedom are a bath, which interact with the system. The Hamiltonian is given
by egs. (15.42) and (15.47). In our observations, we will be interested in expectation values in 4

which we have seen are written
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(d5)=Tr[ p(1)4]

=Trg [J :'
= z O-ab (t)Aba (1560)
=TrTr, I:p(t)A:I

Here o is the reduced density operator for the system degrees of freedom. This is the more

commonly variable used for p; .

o, = (aca|p|ba)=Tr,p,, (15.61)

a

Try, andTr, are partial traces over the bath and system respectively. Note, that since
T r(AxB) =TrATrB for direct product states, all we need to do is describe time evolution of o
to understand the time dependence to A.

We obtain the equation of motion for the reduced density matrix beginning with
p(t)=U(1) p(0)U'(¢) (15.62)
and tracing over bath:

o(t)=Tr,[UpU"] (15.63)

We can treat the time evolution of the reduced density matrix in the interaction picture. From our

earlier discussion of the density matrix, we integrate the equation of motion

pr==2 V(). (1)] (15.64)

to obtain p,(t)=p, (0)—%]0’ dz[V,(z).p, ()] (15.65)
Remember that the density matrix in the interaction picture is

2, (f) _ ng(f)UO _ ei(Hs+HB)f/h p(t)e—i(HerHB)t/h (1566)
and similarly V,(£)=UU, ="l y (1) e ttehn (15.67)

Substituting (15.65) into (15.64) we have

t):—%[V,(t), j a1, (e[, (). 0, ()] (15.68)

Now taking a trace over the bath states

a’,(t)z—%TrB[V,( ]——j AL AGK I AGWAGI (15.69)
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If we assume that the interaction of the system and bath is small enough that the system cannot
change the bath

p(t) =0, (1) py(0)=0,(1) Pl (15.70)
pf = e;HB (15.71)

Then we obtain an equation of motion for o to second order:
. J 1 ! ! ! ’
6,(t)= —%TrB [V,(1).5,(0) p;;}—ﬁ [Lar,[v,(e)[v. ()0, () pL]] (1572)

The last term involves an integral over a correlation function for a fluctuating interaction potential.
This looks similar to a linear response function, and also the same form as the relaxation rates from
Fermi’s Golden Rule that we just discussed. The first term in eq. (15.72) involves a thermal
average over the interaction potential, <V> 5 =17y [foq] If this average value is zero, which
would be the case for an off-diagonal form of V, we can drop the first term in the equation of
motion for o,. If it were not zero, it is possible to redefine the Hamiltonian such that
H,—>H, +<V>B and V(1) > V(t)—<V>B, which recasts it in a form where <V>B — 0 and the
first term can be neglected.

Now let’s evaluate the equation of motion for the case where the system—bath interaction

can be written as a product of operators in the system A and bath ,5’ :
Hy,=V=Af (15.73)

This is equivalent to the bilinear coupling form that was used in our prior description of dephasing
and population relaxation. There we took the interaction to be linearly proportional to the system

and bath coordinate(s): V' =cQq . The time evolution in the two variables is separable and given

by

. (15.74)
ﬂ(t) :U};ﬂ(to)UB
The equation of motion for o, becomes
a’,(t)=%I;dt’[ﬁ(t)ﬁ(t’)a(t’)—/Al(t')a(t')}l(t)}TrB(ﬁ(t),é’(t')pZ) 1579

A

Ao () A()=o(¢) () A(r) | T, (B() (1) 5
Here the history of the evolution of A depends on the time dependence of the bath variables

coupled to the system. The time dependence of the bath enters as a bath correlation function
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Cpp (t=1)=Try (B(1) B(t') 1) (15.76)
) .

=(B(1)A()), =(B1=1)B(0)),
The bath correlation function can be evaluated using the methods that we have used in the Energy

Gap Hamiltonian and Brownian Oscillator Models. Switching integration variables to the time
interval prior to observation

r=t—t (15.77)

we obtain
6, (1)= _% [ldz[ A(e), A(t=7)0, (1=7) |Cyy(r) ~[ A(1). 0, (t-7) A(t=7) | Cplz) . (15.78)

Here we have made use of C;ﬁ(r) =C ﬂﬁ(—r). For the case that the system—bath interaction is a

result of interactions with many bath coordinates

v=> A48 (15.79)
then eq. (15.78) becomes

:__zjdr[ ), A(t-7)0, (t=7)|C,p (7) [ A(2), 0, (t-7) A(t-7) | .y (7)
(15.80)

with the bath correlation function
Cp (7)=(B. () B, (0)), (15.81)

Equation (15.78) or (15.80) indicates that the rates of exchange of amplitude between the
system states carries memory of the bath’s influence on the system, that is, o, (t) is dependent on
o, (t —2') . If we make the Markov approximation, for which the dynamics of the bath are much
faster than the evolution of the system and where the system has no memory of its past, we would
replace

o(t')=o()s(t-1")=0o(t) (15.82)

in eq. (15.75), or equivalently in eq. (15.78) set
O'I(I—T):>O'](Z‘) (15.83)
For the subsequent work, we use this approximation. Similarly, the presence of a time scale

separation between a slow system and a fast bath allows us to change the upper integration limit
in eq. (15.78) from ¢ to co.
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Evaluating the equation of motion: Redfield equations

Do describe the exchange of amplitude between system states induced by the bath, we will want
to evaluate the matrix elements of the reduced density matrix in the system eigenstates. To begin,

we use eq. (15.78) to write the time-dependent matrix elements as
Z J‘ dT[ A (1=7)ai(1) = 4, (t=7) ol (1) 4,() ]Cﬁ'ﬁ'(z')
_[gac(t)agd (t) A, (1—7)-0", (z)/icd(t_f)/idb(t)] C;y(7)

Now, let’s convert the time depenz\ Tce erqyesseﬂgi t1n terms of the interaction picture into a

(15.84)

Schrodinger representation using ¢
< ‘0' ‘ > =g (15.85)
To see how this turns out, consider the first term uge@ ‘Q, b8>4)
6, (t)=— > hzj dr A, ()4, (t-7)0 (1) Cypl7) (15.86)
G-ah (t) i@, +la) em),r _ _Z m Cd )ei{umt-*—ia{,d”ia)dht J‘Ow dz_e—i{um/r Cﬁﬂ(z_) (1587)

Defining the Fourier-Laplace transform of the bath correlation function:

Cypl@)= [ dre™ Cyy(7) (15.88)
We have
. . 1 ~ A ~
O-ab (t) = _la)abaah _Z? AacAcd O-db(t) Cﬁﬁ'(a)dL') (1589)
c,d

Here the spectral representation of the bath correlation function is being evaluated at the energy
gap between system states @, . So the evolution of coherences and populations in the system states
is governed by their interactions with other system states, governed by the matrix elements, and
this is modified depending on the fluctuations of the bath at different system state energy gaps. In

this manner, eq. (15.84) becomes

. ) 1 - ~ ~
O-ab (t) = _lwabaab(t) h2 Z[AacAcd O-db(t) Cﬁﬂ(wdc ) - AacAdb ch(t) Cﬂﬂ(wca
od (15.90)
(=@ )+ Ay A0, (1) Cpy(-a, )]
=—10,,0,, (t) - Z [ch,cd O-db(t) Lo O-cd(t) o P ch(t) +T Gac(t):| . (1591)

c,d
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The rate constants are defined through:

+ 1 ~

et =77 A A Cppl@,.) (15.92)
. 1 .
Fobea =77 Auves Cpy(®,,) (15.93)

Here we made use of é;ﬁ(a)) =C s(—@). Also, it is helpful to note that

r;b,cd = [F;c,ba ]* (1594)

The coupled differential equations in eq. (15.91) express the relaxation dynamics of the system
states almost entirely in terms of the system Hamiltonian. The influence of the bath only enters
through the bath correlation function.

The common alternate way of writing these expressions is in terms of the relaxation super-

operator R
d_ab (t) = _ia)abo-ab _zRab,cd O-cd(t) (1595)
c,d
or in the interaction picture
61,(1) =Y 0L, (1) Ry g € ETENT (15.96)
c,d

Equation (15.95), the reduced density matrix equation of motion for a Markovian bath, is known
as the Redfield equation. It describes the irreversible and oscillatory components of the amplitude
in the |a> <b| coherence as a result of dissipation to the bath and feeding from other states. R

describes the rates of change of the diagonal and off-diagonal elements of o, and is expressed as:

Rab,cd = 5db z F;k,kc - F;b,ad - F;b,ad + 5ac Z r:ik,kb (1597)
k k

where k refers to a system state.
The derivation described above can be performed without assuming a form to the system—
bath interaction potential as we did in eq. (15.73). If so, one can write the relaxation operator in

terms of a correlation function for the system—bath interaction

+ 1 e —i@,,T
vt =23 [, TV (2)V. (0)) € (15.98)

- 1 e —i,,T
Loy :?Io dT<Vab (O) Va (T)>B e (15.99)
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The tetradic notation for the Redfield relaxation operator allows us to identify four classes
of relaxation processes, depending on the number of states involved:

aa,aa : Population relaxation (rate of loss of the population in a)

ab,ab: Coherence relaxation or dephasing (damping of the coherence ab)

aa,bb : Population transfer (rate of transfer of population from state b to state a)

ab,cd : Coherence transfer (rate at which amplitude in an oscillating superposition

between two states (¢ and d) couples to form oscillating amplitude between two

other states (a and b)
The origin and meaning of these terms will be discussed below.

Secular Approximation

From eq. (15.96) we note that the largest changes in matrix elements of o, result from a

resonance condition:

exp|i(E,—E,~E +E,)t/h]~1

(15.100)
E -E —-E +E, =0
which is satisfied when:
a=c; b=d =R,
a=b; c=d >R, (15.101)
a=b=c=d =R

In evaluating relaxation rates, often only these secular terms are retained. Whether this
approximation is valid must be considered on a case by case basis and depends on the nature of

the system eigenvalues and the bath correlation function.

Population Relaxation and the Master Equation

To understand the information in the relaxation operator and the classification of relaxation
processes, let’s first consider the relaxation of the diagonal elements of the reduced density matrix.

Using the secular approximation,

G (1) == Ry (1) (15.102)

Considering first the case that a # b, eq. (15.97) gives the relaxation operator as

Raa,bb = _r;ra,ab - ]‘_‘l;a,ab (15 1 03)

Recognizing that I'" and I'" are Hermitian conjugates,
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1 ® —iwy,, T
Raa,bb = _? Aab ’ IO dTCﬂﬂ (T)e "t
1 ' (15.104)
= —?L dz'<Vba (2)V, (O)>B e 't 4 cc.
So R, is a real valued quantity. However, since <Vba (z-) v, (0)> = <Vba (0) v, (—z‘)> ,
1 o0 iy, T
Raa,bb :_?J._w dt<Vba (T)I/ab (0)>B el v (15105)

So we see that the relaxation tensor gives the population relaxation rate between states a and b that

we derived from Fermi’s Golden rule:

Ry =W (a#b). (15.106)

For the case that a = b, eq. (15.97) gives the relaxation operator as

Raa,aa == (FZa,aa +1 i ) + Z (F;k,ka 1 ka )
k (15.107)

= Z(r;{,ka +r;k,ka)

k#a

The relaxation accounts for the bath-induced dissipation for interactions with all states of the
system (last term), but with the influence of self-relaxation (first term) removed. The net result is

that we are left with the net rate of relaxation from a to all other system states (a # k)

R, .= Zw,m (15.108)

k#a

This term R, , is also referred to as the inverse of 7}, the population lifetime of the a state.

The combination of these observations shows that the diagonal elements of the reduced
density matrix follow a master equation that describes the net gain and loss of population in a
particular state

G (1) =D Wy 0 (1) =D Wi 0 (1) (15.109)

b#a k+a

Coherence Relaxation

Now let’s consider the relaxation of the off-diagonal elements of the reduced density
matrix. It is instructive to limit ourselves at first to one term in the relaxation operator, so that we

write the equation of motion as

6, (1) =—iw,,0, (1) =R, 40 (1) +++ (15.110)

The relaxation operator gives
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Rabab (F;rabb aabh)+2( akka+F[;k,kb) (15111)
k
(F:a bb I_‘;a,bb _FZa,aa bb bb) (Zrak ka +Zrbk kbj (15112)
k#a k#b

In the second step, we have separated the sum into two terms, one involving relaxation constants
for the two coherent states, and the second involving all other states. The latter term looks very
similar to the relaxation rates in eq. (15.107). In fact, if we factor out the imaginary parts of these
terms and add them as a correction to the frequency in eq. (15.110), o, > @, + Im[term 2] , then

the remaining expression is directly related to the population lifetimes of the a and b states:

Re(zrak ka +Zrbk kbj = Zwkb Zwka

k#a k#b k#b k#a

(15.113)
{1 1
=—| — 4+ —
2(T TJ

La

This term accounts for the decay of the coherence as a sum of the rates of relaxation of the a and
b states.

The meaning of the first term on the right hand side of eq. (15.112) is a little less obvious.
If we write out the four contributing relaxation factors explicitly using the system—bath correlation
functions in eqgs. (15.98) and (15.99), the real part can be written as

ar ([V, (7) =V () ][V (0) -1 (0)]),

(15.114)

aa,aa

Re(r;a,bb +Lm =T, r;b,bb) =

ct—8 ot—3

dr(AV (7)AV(0)),

In essence, this term involves an integral over a correlation function that describes variations in
the a-b energy gap that varies as a result of its interactions with the bath. So this term, in essence,
accounts for the fluctuations of the energy gap that we previously treated with stochastic models.
Of course in the current case, we have made a Markovian bath assumption, so the fluctuations are
treated as rapid and only assigned an interaction strength I which is related to the linewidth. In an
identical manner to the fast modulation limit of the stochastic model we see that the relaxation rate

is related to the square of the amplitude of modulation times the correlation time for the bath:
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[dz(av(c)ar(0)), =(Ar")z,

=T (15.115)
1

*
2

?ﬂ

As earlier this is how the pure dephasing contribution to the Lorentzian lineshape is defined. It is
also assigned a time
scale T, .

So to summarize, we see that the relaxation of coherences has a contribution from pure-
dephasing and from the lifetime of the states involved. Explicitly, the equation of motion in eq.
(15.110) can be re-written

6, (1) =iy 0 (1)~ 0,(1) (15.116)
2
where the dephasing time is
L:L,k+l L+L (15.117)
]12 T2 2 Tlv,a T]',b

and the frequency has been corrected as a result interactions with the bath with the (small)

imaginary contributions to R, ,

@y = @, +1m |:Rab,ab:| (15.118)
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