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[A]t a fundamental level color is a private experience. The subjective nature of color can
hinder scientific inquiry, but it adds much to its allure. And through the study of color we
hope to glean insight into fundamental aspects of human experience.

— “A Tour of Contemporary Color Vision Research”
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ABSTRACT

While our understanding of the way single neurons process chromatic stimuli in the early
visual pathway has advanced significantly over recent years, we do not yet know how these
cells interact to form stable representations of hue. Drawing on the findings of physiological
studies, this dissertation offers a dynamical model of how the primary visual cortex tunes
for color, hinged on intracortical interactions and emergent network effects. After detailing
the evolution of network activity through analytical and numerical approaches, I discuss the
effects of the model’s cortical parameters on the selectivity of the tuning curves. In particular,
I explore the role of the model’s thresholding nonlinearity in enhancing hue selectivity by
expanding the region of stability, allowing for the precise encoding of chromatic stimuli
in early vision. Finally, in the absence of a stimulus, the model is capable of explaining

hallucinatory color perception via a Turing-like mechanism of biological pattern formation.
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CHAPTER 1
INTRODUCTION

Our experience of color begins in the early visual pathway, where, from the moment light
strikes the retina, photoreceptor cells set off the neural mechanisms by which the photons’
chromatic information is converted to the hues we ultimately see. This transition relies on
the processing of millions of neurons, each of which has a small, if not negligible, role. To
understand color vision, we must therefore not only characterize how each of these individual
cells respond to and relay chromatic information, but also how the aggregate properties of
the resultant networks amount to our perception of color.

Over the past several decades, the field of color vision has made numerous advances in
both of these arenas. Electrophysiological recordings of individual neurons have given us a
clearer picture of how chromatic information flows through the visual pathway, and optical
imaging experiments have shed light on the functional architecture of its central processing
hubs. Meanwhile, clinical studies have characterized the endgame of these computations —
the discrimination between different wavelengths of light as well as the genetic and contextual
effects governing how we perceive them. Although we now know much about these first and
final stages of the color processing pathway, the field of color vision is left asking: what
constitutes the transition between the two stages, and at which point of the neural stream
does it originate?

Several theories of color vision have sought to answer these questions at the level of
the single neuron, assigning specific weights to the neuronal responses of successive layers of
processing. However, as a modeler-dependent parameterization scheme aimed at reproducing
specific color-tuning responses, such tuning is necessarily arbitrary and, therefore, not a
reflection of the physiology of the brain. In “Multi-Stage Color Model,” perhaps the most
impactful of the iterations of the standard model of color vision [57], Russell and Karen De

Valois frame the issue of cortical tuning as the development of “precise processing circuits
1



from very limited genetic instructions” [24]. They suggest that such specificity in tuning can
arise on the basis of firing pattern correlations between nearby neurons, and further argue
that the necessary mechanisms emerge “between, not within, individual cells.” In effect,
they call for the consideration of network dynamics, an urging which has proven prescient
in light of electrophysiological studies of macaque visual cortex [48] that point to the need
for a population theory of chromatic processing remarkably early in the visual pathway.

In this dissertation, I present a model of intracortical network dynamics that accounts
for cells responsive to the gamut of hues without the need to fine-tune the input parame-
ters. To do so, I begin by introducing the relevant anatomical structures as the stage for
the single-neuron processing schemes of which the emergent hue tuning mechanism consists.
Contrasting the features of these two levels of cortical processing sets us up to differentiate
between the concepts of chromatic signalling and color sensation. It also reframes the tran-
sition between these first and final stages of the color pathway in terms of the underlying

neuronal population dynamics throughout its course.

1.1 Anatomy of the Visual Pathway

The typical neuron involved in the color vision pathway communicates its chromatic informa-
tion via a rapid change in membrane potential, from which propagates an electrical impulse
and corresponding release of signalling molecules onto its neighboring cells. These molecules
can be categorized into two types — excitatory neurotransmitters, which raise the membrane
potentials of the postsynaptic neurons, making them more likely to fire and propagate the
signal, and inhibitory neurotransmitters, which lower the target neurons’ firing rates.
However, the flow of chromatic information starts with the absorption of photons by an
unconventional type of neuron located at the back of the retina known as the photoreceptor
cone. Human vision consists of three types of photoreceptor cells: the L, M, and S cones,

named for the long, medium, and short wavelengths of the visible light spectrum to which
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they are responsive. Figure 1.1 depicts a spectral sensitivity diagram, which characterizes the
probability of a photon’s absorption by each cone as a function of the light’s wavelength. The
L, M, and S cones are often called, the “red,” “green,” and “blue” cones for the color sensation
elicited at the peak of each spectral curve. However, the principle of univariance holds that
their signalling gives no information about the specific wavelength of the absorbed light and
only the total number of photons absorbed [82]. Thus, a cone cell will respond identically
to a wavelength close to the peak of its spectral curve and a different stimulus further away,

if the light intensity of the latter compensates for its smaller absorption probability.

Normalized Spectral Sensitivity

400 500 600 700
Wavelength (nm)

Figure 1.1: Spectral Sensitivity Diagram. The relative sensitivities of the cones are normal-

ized to the same peak. Replicated from [89].

Furthermore, unlike the classical neuron, the cones do not communicate with other neu-
rons with an all-or-nothing action potential, but with a graded change in membrane potential
proportional to the stimulus strength. The subsequent release of neurotransmitters onto the
next layer of retinal nerve cells is thus closely modulated by the intensity of light. In the final

layer of the retinal processing stage, illustrated in figure 1.3, the signal is transmitted into
3



two types of ganglion cells, which signal via the typical action potential mechanism. The
most common type of ganglion cell, called the P cell, is characterized by a center-surround,
cone-opponent receptive field, which means that the neuron is maximally activated by an
increment (4) or decrement (—) of input from either the L or M cone onto its innermost
sensory space and a simultaneous input of the opposite sign and from the other cone type
onto its outer region [17]. The second type of ganglion cell, called the K cell, is maximally
activated by increments of S cone input and decrements of L+M cone input, but there is dis-
agreement about whether these neurons display a center-surround spatial opponency similar
to the P cells [20, 60]. A schematic of the P and K cells’ receptive fields is given in figure
1.2. In addition, some have proposed the existence of an analogous —S+(L+M) ganglion
cell, though it has yet to be confirmed by experiment [75, 86].

What we do know, however, is that at this point of the visual system, the signals are
divided into two cardinal pathways: the L/M pathway and the S/(L+M) pathway, encoded
in the cone-opponent responses of the P and K cells, respectively. This subtractive com-
putation amplifies the signal-to-noise ratio through the comparison of the otherwise largely
overlapping cone responses seen in the spectral sensitivity curves [36, 57]. From here, the two
types of signals travel through the optic nerve to the separate parvocellular and koniocelluar
layers of the lateral geniculate nucleus (LGN), the first center of visual processing located
inside the brain (see figure 1.3). The respective parvocellular LGN cells (postsynaptic to the
P cells) and koniocellular LGN cells (postsynaptic to the K cells) have the same receptive
field structures as their presynaptic cells [82, 84, 99, 104]. A separate magnocellular layer

processes luminance signals conveyed as increments or decrements of L+M input.
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Figure 1.2: Schematic of Retinal Ganglion Cell Receptive Fields. (a) An L-ON retinal
ganglion P cell is maximally excited by an increment of input from L cones onto the center
of its receptive field and by a decrement of M cone input onto its surround. (b) An L-OFF
ganglion P cell responds to the same cone inputs to the center and surround as the L-ON
cell, but is maximally excited by input of the opposite sign. (c¢)-(d) For the M-ON P cell (c)
and M-OFF P cell (d), the cone types to the center and surround are reversed from (a)-(b).
(e) The S-ON K cells are less common in the retina. They exhibit maximal activation to
increments of S and decrements of (L+M) signals. (f) Some reports have shown that these

K cells do not exhibit spatial opponency.
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1.2 The Functional Organization of the Visual Cortex

LGN cells project onto distinct layers of the visual cortex (V1), as pictured in Fig. 1.3,
and from there to the cells in layers 2 and 3 of V1, themselves presynaptic to other areas of
the brain [39, 82, 83]. The receptive fields of these cortical cells are both larger and more
varied than those of the retina and LGN. Foremost among them are the double-opponent
cells, whose receptive fields consist of two color-opponent regions of opposite configurations.
These cells are further divided into two subtypes: the concentric double-opponent cells and
oriented double-opponent cells, both depicted in figure 1.4 [22, 34, 55]. Both receptive field
structures allow the neurons to tune for patterns by recognizing boundaries between regions
of different chromaticity, while the latter cells also tune for oriented stimuli due to their
elongated receptive fields. In addition, V1 contains single-opponent cells, which are most

responsive to non-oriented, full-field stimuli and display no sensitivity to edges [54, 55, 67, 83].

(a) (b)
—M+L

Figure 1.4: Schematic of Double-Opponent Receptive Fields. (a) A concentric configuration
featured in cells within V1. (b) The elongated configuration of orientated double-opponent

V1 cells.

The standard model of layers 2-3 of the visual cortex places non-oriented, color tuning
cells in the so-called “CO blobs,” cortical regions rich in the metabolic protein cytochrome

oxidase, and oriented cells in the “interblob” regions between them [61, 68]. Within the
7



latter, orientation selectivity is arranged in a pinwheel formation, with neighboring neurons
preferring similarly oriented stimuli. Figure 1.5 shows a horizontal cross-section of V1 pri-
mate cortex and its corresponding orientation preference map, comprised of many repeating
pinwheels with unoriented CO blob centers. This figure also highlights the connectivity
among the orientation-tuning cells within each pinwheel and the longer-range connections

between them.

0° 45° 90° 135° 180°

Figure 1.5: V1 orientation map obtained from optical imaging of the tree shrew cortex. Color
is used to indicate the neurons’ orientation preferences for grayscale bar stimuli. White
symbols indicate the cells into which a marker was injected, while the black symbols are
the labeled axons specifying the recurrent connectivity. The inserts indicate the orientation
preference of the neurons at the injection sites. Reprinted from Bosking et al., [4]. Copyright

1997 Society for Neuroscience.

The pinwheel modules extend vertically, perpendicular to the surface of the brain and
8



across the cortical layers, with two pinwheel columns (one for each eye) forming the basic
module of visual information processing known as the hypercolumn [2, 8, 68]. Each of these

2 in area and responsive to both the chromaticity and ori-

hypercolumns is roughly 1 mm
entation of stimuli detected by both eyes within a small region of the visual field [51, 93].
Figure 1.6 shows a schematic of the pinwheel column structure assumed in this text, though
it is important to note that many have challenged this textbook picture of the visual cortex
[76, 86]. Experiments have pointed out that the separation of the orientation- and color-

processing pathways is blurrier than first predicted [34, 35, 53] and have called into question

the complete alignment of the CO blobs with the pinwheel centers [2, 62, 106].

Figure 1.6: A schematic of a pinwheel column. In the ice cube model of the visual cortex
8, 93|, the orientation map (see Fig. 1.5) runs through all cortical layers. Neighboring
orientation columns prefer similar orientations in a pinwheel formation, the center of which

is populated by color-preferring cells of low orientation selectivity in a region known as the

CO blob.



Similarly, while we know that the L—M and S—(L+M) cone-opponent signals travel
along separate pathways through the retina, LGN, and early stages of the visual cortex,
there is yet no consensus as to how and where these signals are synthesized to encode
hue. Electrophysiological studies of macaque visual cortex have shed some light on this
question, pointing to the cortical layers 2-3 of V1 as the first point of convergence. Single-
cell recordings have identified two main types of color responsive regions: color patches
which contain neurons tuned exclusively to stimuli modulating either of the cone-opponent
pathways [68] and patches with neurons exhibiting a mized sensitivity to a combination
of the two [61, 66]. At the same time, many experiments have shown that the processing
of individual hues previously associated with higher-level mechanisms has its origins in V1
(23, 34, 35, 36, 44, 48, 64, 65, 66, 67, 92, 98, 104, 105]. These experiments have identified
neurons in V1 tuned to the gamut of hues, and many have pointed to the role of processing
nonlinearities in determining their tuning curves [23, 34, 44, 64, 98].

Compellingly, several of these experiments have shown that both the cone-opponent
(62, 66, 68, 78] and hue-tuning [66, 105] cells mainly inhabit the CO blob regions of V1,
and some have speculated that this colocalization stems from the sought-after mixing of the
two cardinal pathways [66, 104]. This could mean that the same type of neuron is capable
of encoding either cone-opponency or hue, depending on background network interactions.
Conversely, other experiments have indicated a distinct population of hue-sensitive neurons
in the interblob regions, more conclusively associated with orientation tuning and possibly
receiving mixed input from the distinct cone-opponent neurons of the CO blobs [35, 61,
67, 107]. Equally unsettled is the question of how much S cone input contributes to the
mixing of the cone-opponent channels, with some studies showing a relatively weak S cone
input into the neurons of V1, compared to its L. and M cone counterparts [66, 104]. The
variations across these experiments may stem, in part, from differences in optical imaging

and electrode penetration techniques, including the particulars of the chromatic stimulus
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used [66, 67, 76, 78]. As a whole, however, these studies implicate a mixing mechanism
which, beyond tying them together, points to the need for a population theory of chromatic
processing in V1.

To that end, we must characterize the hue-specific intracortical connectivity between
different populations of neurons, analogous to the geometrically organized connectivity seen
in the orientation map of figure 1.5. In this regard, imaging studies have indicated a linear
relationship between cortical distance and hue angle difference, which minimizes the wiring
length of cells tuned to similar hues [66, 67, 105]. The hue-preferring cells inhabit the so-
called “color regions,” defined as such for their activation by red-green grating stimuli [67].
As mentioned above, these regions predominantly overlap with the CO blobs [66, 105] and
are responsive to the full range of hues, much like the organization of orientation preference
within the corresponding interblobs. Figure 1.7 shows the distribution of hue-responsive
neurons within a typical color region (panel a) as well as a more coarse-grained demarcation
of peak activity within several of these regions (panel b).

Yet while this hue-tuning micro-architecture implicates V1 as the substrate for the con-
vergence of the two cone-opponent channels, it cannot single-handedly establish the mech-
anistic framework with which the cardinal pathways mix. It does not, for instance, specify
whether the mixing occurs at the level of the single-neuron or as a population effect, or how
neurons preferring different cone-opponent signals interact to encode hue. What is required,
therefore, is a theory for the interactions underpinning the mixing mechanisms and, thereby,
the transition of the neurons’ chromatic receptive field properties on whose foundation lies
our perception of hue. We thus continue with a discussion of previous theories of color tun-
ing which have sought to model this transition and an overview of the mean field theory

assumptions at the center of the model presented here.
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Figure 1.7: (a) Hue map of individual hue-selective cells obtained by 2-photon calcium
imaging of neuronal responsiveness to seven test hues. Scale bar: 200 pm. (b) Regions of peak
response to test hues (solid contours). The dashed white lines demarcate the color-preferring
regions, colocalized with the CO blobs. Scale bar: 0.5 mm. Modified with permission from
[67].

12



1.3 Theories of Color Vision

1.3.1 Physiology and Perception

Just as the L, M, and S cones are often mislabeled in terms of color, cone-opponency —
observed in electrophysiological recordings of single neurons [83] — is often confounded
with hue-opponency — a phenomenon first theorized by Ewald Hering in the nineteenth
century and later mapped out in clinical studies by Jameson and Hurvich [23, 52, 84, 96].
Best depicted in the Derrington-Krauskopf-Lennie (DKL) stimulus space (Fig. 1.8), cone-
opponency predicts that neurons tuned to either the L—M or S—(L+M) pathway will not
respond to light whose wavelengths isolate the other [26, 31]. It is tempting to equate these
null responses to the four unique hues of color-opponent theory, in which unique blue, for
example, is observed when the “redness” and “greenness” of a perceived color exactly cancel.
But the wavelengths of the unique hues specified by perceptual studies [52] only roughly
match up with the wavelengths isolating either cone-opponent pathway [102, 103, 104], and,
more fundamentally, we do not yet understand the mechanisms behind the processing which
the analogy implies [72, 90, 96]. That is, how do we get from the single neurons’ chromatic
responses to our perception of color?

Yet despite these admonitions, cognition is best explored through its physiological coun-
terparts, as is, for example, argued by Georgopolous et al. in motivating a population-based
model of motor cortex and corresponding motor function [38]. The approach they detail
proceeds in four steps, adapted here for models exploring the neuronal mechanisms of color

perception:
1. Choose the cognitive variable of interest, e.g., color sensation.
2. Describe the activity of cells in the relevant cortical areas.

3. Select a specific color sensation, e.g., “redness” as is described in the perceptual studies

13



of Jameson and Hurvich [52].

4. Record neural activity in the cortical area during cognitive processing, i.e., during the

subject’s sensation of color.

Figure 1.8: The DKL space maps chromatic stimuli onto a circle with two “cardinal” axes
representing the L—M and S—(L+M) pathways. The excitatory or inhibitory effect of a
stimulus on cone-opponent cells tuned to either pathway can be thought of as a projection
of its location in DKL space onto the relevant axis. Stimuli isolating the two pathways
correspond roughly to wavelengths associated with the red, green, blue, and yellow unique
hues of opponent-color theory, leading to the common, but mistaken, conflation of chromatic

stimulus and color perception.

While the field of color vision has made numerous advances in steps two and three, the
subjective nature of color sensation, and thus the limited use of animal studies, poses many
challenges for the final step. We cannot, after all, know what color sensation a monkey

in an electrode experiment actually perceives. Nonetheless, the hallmark of previous color
14



models is the prediction of hue sensation at the final stage of processing [24, 70| or the
confounding of cone- and color-opponency in their interpretations [32, 85, 88]. As we will see
in chapter two, this contrasts with the model presented in this dissertation, which does not
assign a sensation to the neuronal responses at the level of V1. Rather, proceeding in the
confines of the physiological domain and DKL stimulus space (i.e., within step two above),
we model the transition of intracortical chromatic receptive field properties. This approach
allows us to think about the origin of hue sensation in terms of the chromatic processing
within V1, without confounding the two concepts. Yet a theory of color vision must also be
cautious of the opposite extreme offered by the physiological perspective — that of conflating
the necessary mechanisms for hue processing with measurements of neuronal activity [10].
The current technology of physiological experiments can only tell us what brain regions are
activated by chromatic signalling, and to what extent. As a result, the necessary processing
has often been attributed to higher-level brain areas [24, 64, 65, 70, 108] and yet unidentified
higher-order mechanisms [89, 96, 103].

A central question of color vision research is whether these mechanisms rely on parallel
or modular processing to encode stimulus chromaticity [16, 35, 67, 74, 80, 83]. This has often
been reframed in terms of anatomical separation, with the assumption that cells responsive
to multiple visual features must be involved in the processing mechanisms underlying the
perceptual correlate of each [34]. This would mean, for example, that the oriented, color-
selective cells described above would be relevant for the perception of both the shape and
color of a stimulus. But as argued in [24], we cannot infer relevance on the basis of receptive
field properties, as, for instance, such a neuron might use chromatic information primarily
to encode the stimulus’s spatial properties, indicating a functional separation of spatial and
chromatic processing. On the other hand, many experiments have demonstrated the joint
processing of stimulus chromaticity and orientation [34, 35].

Similarly, the processing of chromatic and luminance properties is likely multiplexed

15



[80, 89]. The majority of input to the visual cortex comes from the LGN parvocellular
system, whose individual cells encode the L—M pathway, with signals eventually projecting
onto the blob regions of V1. However, signals from the parvocellular system also project onto
the V1 interblobs and, as a result, the parvocellular cells are believed to carry luminance
information for these mostly achromatic target cells [24, 39, 50, 89]. Thus, questions about
the modularity of the visual pathway are left unresolved. If signalling about chromaticity
is transmitted with information about other visual features, such as brightness, orientation,
and spatial frequency, how do these features get teased apart? If not, where is the purported

“color center” of the brain [18, 36]?

1.3.2  Multi-Stage Models

Several authors have approached a theory of chromatic processing through combinatorial
models which parameterize the weights of the L, M, and S cones contributing to successive
stages of neuronal signalling [24, 37, 56, 70, 89]. Though differing in their assumptions
of modularity, the theories share a mechanistic framework for the transition of single-cell
receptive field properties along the visual pathway [10], starting with cells in the retina and
lateral geniculate nucleus (LGN) known to be tuned broadly to the cone-opponent axes and
building up to cells in various cortical areas more narrowly tuned to different chromatic
directions in DKL space.

The basic framework of these multi-stage models is epitomized by the four-stage model
of De Valois et al. [24]. The first stage of this model assumes that the responses of the L,
M, and S cones follow the spectral sensitivity diagram (Fig. 1.1) and is thus rooted in the
established physiology of visual processing at the level of the retina. The resulting response
functions are unitless, representing the relative excitatory or inhibitory effect of a particular
wavelength of light on the neurons’ responses, rather than the absolute values of their firing

rates. In the second stage, the model quantifies cone opponency by assigning weights to the
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cone contributions into the inputs of the various cone-opponent cells of the LGN. For the
De Valois model, the weights are based on the relative number of cones within the retina
and thus assume a direct relationship between the ratio of cones and their contributions to
the second processing stage [89]. Furthermore, the model adds an S cone contribution to
the input into cells encoding the L—M pathway. Note that this contrasts with the model
of Mehrani et al. [70], which assigns the weights based on recordings of LGN cell responses
to cone-isolating stimuli that indicate no S cone contribution to the receptive fields of these
cells [83].

The third stage of the De Valois framework postulates a mechanism for the mixing of
the cardinal cone-opponent systems based on a linear summation of the second-stage LGN
signals afferent on the postsynaptic third-stage V1 cells. Thus, each third-stage neuron has
a combined input from both of the cone-opponent pathways [23]. In addition, the model
assumes modularity by separating out the luminance and chromatic information conveyed
by the presynaptic stage-two cells.

Importantly, we take issue with two aspects of this proposed mechanism. First, the model
takes the responses of the third-stage neurons to represent the color-opponency of human
perception. As such, it associates the zeros of the stage-three neuron response curves with
the red, green, yellow, and blue unique hues, contrary to evidence that these hues have no
special status at the early stages of vision [103] and that the unbalanced response strengths
of an individual opponent neuron’s excitatory and inhibitory regions cannot on their own
account for the neutralization of two opponent colors [96]. This dovetails with our argument
above that assigning a perceptive quality to neuronal responses confounds chromaticity with
color sensation [84]. Secondly, while parsimonious, the linear mechanism tunes the cone
weights arbitrarily, disregarding the specifics of the real neurons’ receptive fields [30, 57, 89].

At the final stage of the model, the stage-three response functions are rectified, which

removes their inhibitory (i.e., negative) regions and thereby strips the chromatic signals of

17



overt opponency. These signals are then combined to reproduce the hue-tuning receptive
fields of neurons responsive to stimuli of selective spectral ranges. Interestingly, predictive
of future population-based models of cortical processing, De Valois et al. point to the role
of network effects in preserving color-opponency at this cortical stage, which is otherwise
lost at the level of the individual stage-four hue-tuning cell. Furthermore, the addition of a
rectifying nonlinearity reflects the understanding that the linear combinatorial mechanism
cannot, on its own, sufficiently explain the variety of color cells observed in the visual cortex
(35, 53, 83]. The role of processing nonlinearities in narrowing the selectivity of the hue
tuning curves is likewise emphasized in the Mehrani et al. multi-stage model, which also
incorporates rectification in the V1 processing stage, in addition to further nonlinearities via
the multiplication of these cells’ responses at later processing stages [70]. Note, however,
that this model does not integrate the two cone-opponent channels until these later stages
and therefore does not implicate V1 as the origin of the channel mixing mechanism.

But just how separate are the cortical stages of chromatic processing? Within V1,
Hanazawa et al. have demonstrated both “Type 1”7 neurons preferring hues concentrated
around the cardinal axes and “Type 2” neurons with more widely distributed preferences [44].
Notably, the response curves of the latter are best fit by a sigmoidal surface, in agreement
with the thresholding nonlinearity proposed above and by the model presented in this disser-
tation. Similarly, Liu et al. have shown that V1 cells responsive to DKL directions close to
the L—M and M—L directions are pooled into separate cortical regions [67]. These findings
indicate that processing within the visual cortex relies on the cardinal pathways at least to
some extent and, therefore, that the functional integration of the two channels is initiated,
but not yet perfected, in V1 [67]. This dissertation thus assumes that the cone-opponent
and hue-tuning stages of color processing occur simultaneously, crossing and blurring, rather
than sequentially as in the previous multi-stage models [27]. It does so by departing from the

stage-wise combinatorial schemes of these models in favor of a nonlinear, population-based

18



theory of a hue tuning mechanism originating in V1.

1.4 Neural Field Theory

Previous models of cortical visual processing have approached the analysis of the underlying
population dynamics through the lens of neural field theory. This theory takes the statistical
mechanics approach of describing the complex, multidimensional neuronal interactions by an
effective lower-dimensional field of neural connectivity within which the activity dynamics
take place.

In the general framework, the multi-layered three-dimensional cortical structure is char-
acterized as a flattened two-dimensional sheet, while the various neurons are grouped by
their excitatory or inhibitory postsynaptic effects. Furthermore, given the millions of neu-
rons within V1, and therefore the redundancy in their receptive field structures, the cortical
sheet is spatially coarse grained such that each point represents the activity of a large pop-
ulation of neurons. Likewise, these models assume that the relevant dynamics occur on a
timescale larger than that of the single-cell level fluctuations and thus average the activity
state variables over the latter timescale [19, 100, 101]. As will be described in chapter two,
both the state variables used to describe the cortical activity and the timescale over which the
governing field equations are temporally coarse grained reflect various modeling assumptions
about the physiology and histology of the cortex. For the purposes of this dissertation, I will
describe a class of field equations which seek to model the visual cortex as a pattern forming
system capable of encoding the various features of vision [5, 6, 7, 8, 9, 13, 32, 45, 85, 8§].
The mathematical details of this framework are left to chapter two.

Each of these models generalizes the Wilson-Cowan neural field formulation [14, 100, 101]
by replacing its two canonical equations for the excitatory and inhibitory dynamics with a
single equation incorporating both. (We note an exception for the model of Smirnova et al.,

which offers a two-population description of joint orientation and color processing [85].) Fur-
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thermore, each reframes the description of the network activity in terms of its feature-based
connectivity, in addition to, or in place of, the original distance-based formulation. Thus, the
activity of each neuronal population is no longer labeled purely by its position on the cortical
sheet, but also by its preferred stimulus in an analogous feature space. The corresponding
network topology may be modeled on the cortical histology, such as the orientation map
of figure 1.5 or spatial-frequency maps addressed in [6], [7], and [8]. Conversely, it may be
based entirely on functional considerations, as for instance in the orientation tuning model
of Sompolinksy et al., also known as the Ring Model, which posits a topology based on the
experimentally-motivated assumption that populations with similar orientation preferences
are maximally connected [3] and on the argument that the important features of such a
connectivity are captured by its first-order Fourier components [45].

Importantly, a feature-based model makes certain assumptions regarding the modularity
of cortical processing and the basic cortical unit wherein the relevant dynamics take place.
For example, the spherical model of orientation and frequency tuning [6, 7, 8] takes the
hypercolumn as the central unit of joint, non-modular feature processing. Accordingly, it
coarse grains the feature space so that each point encodes the activity of a large neuronal
population labeled by both the orientation and frequency preferences of its constituent neu-
rons. Furthermore, because a network encompassing all the preferences is contained within
one hypercolumn (i.e., one point in the coarse-grained cortical space), modelers proceeding
within this framework may choose to leave off a description of the cortical space connectivity
to further reduce the dimensionality of the system.

In contrast, models taking the orientation map as their starting point (e.g., [5] and [9])
decompose the connectivity into a local isotropic term (connecting neurons of all orientation
preferences within a hypercolumn) and a long-range anisotropic term (maximally connect-
ing similarly-tuned neurons between different hypercolumns). In this setup, the connectivity

is only partially captured by a single hypercolumn, and a complete picture of orientation
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tuning cannot be viewed from this local scale alone. The basic cortical structure is thus com-
posed of several hypercolumns, and the emergent activity is labeled by both its orientation
preference in feature space as well as its position in cortical space. Yet, the model takes the
“modular” perspective in the sense that its feature space is comprised of only one variable
(i.e., orientation preference). Notably, the orientation-tuning Ring Model likewise takes this
modular approach in treating orientation tuning as an isolated cortical process, but does so
at the local scale of a single hypercolumn, as in the spherical model discussed above.

Along with their differing modeling assumptions, the various setups focus on distinct
aspects of the dynamics. Several seek to explain hallucinations through the lens of bifurcation
theory, wherein a loss of stability of the system’s homogeneous steady state leads to the
emergence of patterns of cortical activity with symmetries determined by the underlying
cortical connectivity [5, 6, 9]. These models make a point to map the cortical activity back
to visual space to explain such visual phenomena as those categorized by Heinrich Kliiver
in his groundbreaking clinical reports of drug-induced hallucinations [59]. Others proceed
in the opposite direction, focusing instead on the network tuning curves which emerge in
response to a “real” (i.e., light) stimulus [13, 45]. These tend to place a greater emphasis on
the evolution of cortical feature tuning and thus yield a more time-dependent description of
the network activity.

However, regardless of whether they take a modular or joint, local or long-range, stimulus-
or hallucination-driven, and stationary or dynamical approach, none of these feature models
impose values on their respective cortical parameters. They therefore put the onus on the
network interactions, and not the modeler, to fine-tune the activity patterns and feature
tuning curves. Moreover, by removing the focus from the feedforward stream of visual
processing, these models lay out a theory in which the necessary mechanisms underlying
perception cannot be described solely on the basis of information inherited from the LGN,

but rely to a large degree on the signalling emerging within the cortical stage of processing
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[40]. This reconceptualizes the link between physiology and perception from one which
is guided by the stage-wise linearity assumed by previous color models to one reflecting

the nonlinear population dynamics within the visual cortex. It is within this mechanistic

framework that we proceed.
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CHAPTER 2
MODEL

In addition to the forward flow of chromatic information through the successive stages of
processing, the encoding of color reflects the neuronal dynamics within each. Modelers agree
that the next forays into a mechanistic theory of color vision should consider these intra-
cortical circuits, but disagree about where such interactions first become important. This
dissertation presents a model of color processing in which intracortical neuronal dynamics
within the visual cortex serve as the substrate for hue perception. Drawing on the canoni-
cal Wilson-Cowan neural field equations and the Ring Model of orientation tuning, I show
that this population approach allows us to account for cells responsive to the full range of
DKL directions without the need to fine-tune the input parameters [3, 45, 100, 101]. The
threshholding we employ bears in mind the input-response nonlinearities of previous combi-
natorial models, but zooms out of the single-cell, feedforward interpretation of input as the
stimulus-driven LGN afferents to individual neurons. Rather, we model input as the total
synaptic current into a population of cells, taking into account both the cone-opponent LGN
signals as well as the hue-dependent connectivity between distinct neuronal populations.
The resulting demarcation between the cone-opponent and the hue-selective mechanisms in
the same population of cells points to the importance of V1 in the transition from chromatic
stimulus to color perception. In chapter three I characterize this role by exploring the effects
of the model’s connectivity parameters and processing nonlinearities on the narrowness and
stability of the emergent hue tuning curves. Furthermore, I show that the model is able
to explain color sensation in the absence of LGN input and thus exemplifies a biological

mechanism of spontaneous pattern formation evoking color hallucinations.
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2.1 Dynamical Equation for the Hue Tuning Mechanism

In light of the patchy distribution of color-sensitive cells reported in [62, 66, 68, 78], we
model the color map of V1 as a set of neuronal networks, each colocalized with one CO blob
region and encoding the chromaticity of its corresponding portion of the visual field. This
organization brings to mind the hypercolumnar structure of orientation preference within
V1 [51], which, on the basis of its feature-based connectivity properties, allows for the repre-
sentation of network activity as a function of a localized feature space. Thus, we assume an
averaged hue-dependent activity a(,t), where 6 represents a direction in the DKL stimulus
space, a strictly physiological conception of “hue,” separate from the one categorizing color
perception. While an object’s geometrical properties exist independent of our perception, we
cannot say the same thing for color. A photon of wavelength 700 nm striking a retina is no
more “red” than any other particle — color is a perceptual phenomenon not yet represented
in these first stages of vision. In drawing this distinction, and in agreement with [66] and
[102], we give no special status to V1 cells tuned to the DKL directions associated with the
unique hues of color-opponent theory, while simultaneously emphasizing the cone-opponent
nature of feedforward afferents from the LGN.

The resulting activity a(0,t) of a network of hue-preferring cells, expressed as a firing rate
in units of spikes/second, is dominated by the membrane properties of its constituent cells,
whose membrane potential variations occur on the order of the membrane time constant
7o, taken to be 1 ms. In the vein of previous neural mean-field models of feature detection
6, 8,9, 21, 28, 42], and in close analogy to the Ring Model of orientation tuning [3, 45], we let
a(6,t) evolve according to the single-population firing-rate formulation of the Wilson-Cowan

equations:
da(0,t)
0

= —a(6,t) + glh(0,1)], (2.1)

where h(6,1), the synaptic input, takes into account both excitatory and inhibitory afferents
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into a population of cells preferring hue 6, and g(x) is an activation function, described
below.

To analyze the relationships between feedforward and recurrent processing and to distin-
guish between their respective effects on a(f,t), we write h(6,t) as a sum of the stimulus-
driven synaptic input from the LGN and the intracortical input resulting from the hue-

dependent network connectivity within V1:

h(0,6) = hetx(0,) + gy (6). (2.2)

We express the input as the effect of the net synaptic current on the membrane potential
of a cell, following the convention of [28]. Thus, h(f,t) has units of mV and can take on
both positive and negative values, chosen here so that a(6,t) typically ranges from 0 to 60
spikes/sec, in agreement with electrophysiological experiments penetrating individual color-
responsive cells [15, 53, 61, 98|.

The input is converted to a firing rate according to the nonlinear activation function

g(h) =p-(h=T)-H(h=T), (2.3)

where H(z) is the Heaviside step function defined as H(x) = 1 for > 0 and zero for x < 0.
By constraining the network activity to levels below 60 spikes/sec, we ignore the effects of
neuronal saturation commonly implemented in models of g(h) [3, 28]. Here, T is the threshold
potential of a neuron, below which the synaptic input has no effect on the mean firing rate
of the network. Interestingly, as a processing feature, this thresholding nonlinearity has
been speculated to account for the chromatic responses of individual neurons in V1 [44].
The amplification of these responses, and thus the mean network response, is modulated by
B, the neural gain, measured in spike-sec ™! /mV. We assume that § is adaptive, its value

determined by far-ranging internal and external influences, from attentional mechanisms to
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hallucinogenic input [33, 71].

2.1.1 Feedforward Input

To parameterize the input, prior work has relied on the direct relationship between cortical
feature preferences and properties of the visual stimulus [3, 8]. The activity of cortical
neurons labeled, for instance, by their frequency preferences was mapped directly onto a
visual space parameterized by the same variable. Our model deviates in this regard by
emphasizing that the stimulus’s chromatic information is first discretized along the two
cone-opponent pathways.

We incorporate this aspect of early processing by projecting the stimulus’s DKL space

position # onto the two cardinal axes:

[ = cost

s =sinb. (2.4)

The magnitudes of [ and s are thus taken to represent the normalized strengths of the L—M

and S—(L+M) cone-opponent signals, respectively. The feedforward input is then given by

hign = c(lcos € + ssin ), (2.5)

where c is the signal strength, or contrast, expressed as the mean postsynaptic coarse mem-
brane potential (in units of mV, as explained below) of the target hue population generated
by the presynaptic LGN neurons. Formulated in this way, the input captures the colocaliza-
tion of cone-opponency and hue selectivity in the activity of V1 cells as observed in [66] and
[105]. With this setup, the hue-tuning networks, parameterized by 6, are not only responsive
to the individual cone-opponent stimulus signals, [ and s, but also implement the combina-

torial mechanisms by which they are first mixed [23]. Substituting in the expressions for [
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and s into 2.5, we obtain

hgn = ccos(0 — 0). (2.6)

With this form, we point out the similarity of our combinatorial scheme to that of [70],
in which the input from cone-opponent V2 cells into hue-tuning V4 cells is weighted as a
function of the difference in their preferred hue angles. Most evidently, we differ from this
model by first combining the cone-opponent signals in V1 rather than V4, in accordance with
the studies described in chapter one. But beyond pointing to V1 as the origin of mixing,
these experiments indicate that the combinatorial feedforward scheme is not sufficient to
account for the variability of neuronal hue preferences. Reference [66] showed, for instance,
that the contribution of signals isolating the S—(L+M) pathway is too small to explain the
shifting of hue preferences away from the L—M axis by purely combinatorial means. As put
forward in chapter one, a more complete understanding of neuronal hue encoding within V1

requires us to consider the nonlinear population dynamics therein [63, 83, 98|.

2.1.2 Recurrent Interactions

We begin by characterizing the connectivity of the target hue tuning populations with a
translation-invariant cortical connectivity function w(|z — 2'|), such that the interactions
between neurons in a single CO blob (length scale ~ .5 mm) depend only on the cortical
distance between them [11, 78]. The network’s connectivity comprises the interactions of

both its excitatory and inhibitory populations,

w(lz = a’]) = wexe + Winn, (2.7)
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each of which we model as a sum of an isotropic and distance-dependent term:

Wexe = Eo + E1 cos(|z — m/D

wipy, = —Ip — Iy cos(|z — ']). (2.8)

We set Eg>FE1>0 and Ip>11>0 so that wexe and wyy,;, are purely excitatory and inhibitory,
respectively, in accordance with Dale’s Law [3, 21].

Next, we map the connectivity function onto hue space, drawing from the hue-tuning
micro-architecture revealed by the imaging studies of [66], [67], and [105] (see Fig. 1.7).
Thus, in a similar manner to the local feature processing models of [3] and [8], we model the
CO blob as a single color-processing unit consisting of N neurons labeled by the continuous
hue preference variable § € [—m, 7| [8]. To describe the spatial organization of their hue
preference data, [67] and [105] applied a linear hue metric of the form d(Af) = a + bAG,
where d represents the cortical distance between two populations preferring hue stimuli
Af = |0 — ¢| apart in DKL space. Note, this choice of metric implies a discontinuity
between # = 0 and ¢ = 2x, allowing for the 27 periodicity of the hue preference label. Liu et
al. report that the metric was able to capture the micro-organization of 42% of their tested
hue maps [67], and a regression performed by Xiao et al. on an individual hue map gave
R? = .91 [105].

In agreement with these findings, we let |x — 2’| = |6 — ¢’|, absorbing the constants a and
b into the connectivity strength values Fy, Eq, Iy, and 7 in 2.8. Substituting this change of

variables and setting Jo = Fy — Iy, J1 = E1 — I (measured in mV /spike-sec™1) gives

w(|0 —0'|) = Jog + Jycos(|0 — 0')). (2.9)

As detailed in Fig. 2.1, this functional form captures the local excitation and lateral inhibi-

tion connectivity ansatz typically assumed in neural field models as an analogy to diffusion-
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driven pattern formation [1, 5, 49, 58, 94]. Further, the function is even in Af, and we drop
the absolute value in the remaining text. Notably, we posit that neurons in close proximity
in both cortical and hue space maximally excite each other, and those separated by A0 = 7
mutually inhibit each other, evoking the hue-opponency of perception on a cellular level.

Here, it is important to distinguish between the connectivity function and the center-
surround receptive fields of single- and double-opponent color cells [83]. While the structures
of both can be approximated by the same functional form, the resemblance is superficial: the
former characterizes the interactions between different neuronal populations, and the latter
is a property of single cells, often adapted for computer vision algorithms [87, 95].

Finally, we weigh the influence of the presynaptic cells by convolving the connectivity
function with the network activity, arriving at the cortical input to the target hue population

at time ¢:

hetx(0,t) = /7T w( —0a(0 t)do'. (2.10)

—T
The recurrent input is thus a continuous function in #, derived from the population-level
interactions. As put forward by the above-mentioned imaging studies, these interactions
are colocalized with the cone-opponent feedforward input, hyg,, within the same CO blob
regions of V1. Collectively, our formulation of i(#, t) implements the mixing posited by these
experiments, without requiring us to arbitrarily fine-tune the relative weights of the afferent
signals.

Finally, for analytical purposes, we will also consider the unrectified version of the model:

da(0,t
70 Elt :

= —a(0,t) + B(h(0,1) — T). (2.11)

This linear version applies to the parameter regime in which the net input h(6,t) is always

above threshold and will be addressed in chapter three.
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Figure 2.1: Cortical connectivity functions. (a) A difference of two Gaussians, one char-
acterizing the excitatory interactions (here with o = 40°) and the other the inhibitory
interactions (o7 = 90°). This is the connectivity typically assumed in mean field models
of cortical processing. (b) The difference of cosines formulation (2.9), with Jy = —2 and

J1 = 3, captures the local excitation and lateral inhibition assumed in (a).

2.2 Overview of Unit Conventions

Although each of the network models introduced in section 1.4 seeks to represent the popula-
tion activity based on a generalized Wilson-Cowan equation, their varying unit conventions
reflect different physiological assumptions. Thus, a brief overview of these conventions is in

order, followed by a description of the unit choices made here.
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2.2.1 Voltage-Based vs. Current-Based Models

As representations of the mean population activity, neuronal network models must make
certain assumptions with respect to their constituent neurons. In this regard, there are
two alternative assumptions in modeling the response of a postsynaptic cell to its net input
21, 28]. The current-based model assumes that the network dynamics are dominated by the
synaptic properties of the afferent connections, that is, by the synaptic current (in units of
mA) generated by the presynaptic cells. The time constant, 7, in this case describes the
decay of the synaptic current, whose value depends on the length and conductance of the

dendrites [21]. The Wilson-Cowan equation, thus reads:

d[j (0,1)

7

where ¢ and j represent the presynaptic and postsynaptic neurons, respectively. Here, the
net input into the network is the sum of presynaptic activity (both recurrent and external),
weighted by the synaptic strengths w;, and is described in terms of its effects on the synaptic
current [, referred to in the literature as the net synaptic input [21] or synaptic drive [14, 28].
The activation function may be then applied to the current at any point in the dynamics to

determine the activity of the pre- and post-synaptic neurons, i.e.,

a(G,t)m = g(Ii,j)' (2.13)

Note that if 7;(6, t) represents a synaptic input from recurrent connections, it is equivalent to
the current of the postsynaptic neurons, 1;(6,t). Otherwise, one would need to determine I;,
and the corresponding a;, through a separate application of 2.12, where now the previously
presynaptic neurons are postsynaptic to their own input.

More commonly, modelers adopt the voltage-based model in which the assumption is that

the network dynamics are governed by the membrane properties of the postsynaptic cells
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[1, 3, 8,9, 13, 45, 47]. In this case, 7y represents the membrane time constant, the time
scale of the membrane potential fluctuations. Note that this is the modeling assumption of
the 1973 Wilson-Cowan formulation, in which the temporal coarse graining requires that the
relevant network dynamics are captured at a timescale greater than or equal to 7y [101]. It
is also the assumption we make here.

In its most general form [28] as applied to our hue model, the voltage-based model reads:

dv;(6,t)

(7

= —‘/j(e, t) + Z wiai(ﬁ, t), (2'14)

2

with the activation function now taking the voltage as its input,

a(0,t)i; = 9(Vi ) (2.15)

As before, V;(0,t) = V;(0,t) if the input is recurrent. This is the variation adopted, for
instance, by [1] and [13].

From 2.12 and 2.14, it looks as if the main difference between the two models is in the
state variable representing the network dynamics. It may seem surprising, therefore, to find
that the most common variation of the voltage-based model [21, 29, 45, 101], as well as the
model presented here, takes a(0,t) as the state variable. Neglecting the details of the input

term, these models take the form:

TQ% = —&j(e, t)+g(1;), (2.16)

with

I; = Zwiai(e,t), (2.17)

such that the synaptic weights are taken into account before the activation function is applied
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and [ represents the net synaptic current afferent on the neuronal network. We will call this
the firing rate formulation of the voltage-based model, though it should not be confused with
the current-based model, whose dominant timescale differs from the voltage-based model as
explained above.

It is sometimes presumed that whether the weights are part of the argument to g as in
2.16 or multiply its output as in 2.12 marks the main difference between the voltage-based
and current-based models. However, note that the other variation of the voltage-based model
(2.14) also applies the weights post-rectification, while [42] features a current-based model
in which the summation is applied before. Thus, these variations are more of a reflection of
the various unit conventions adopted than the physiological assumptions the modelers have
made [14, 28]. We emphasize that the latter are embodied in the definitions of the time

constant (membrane vs. synaptic) as opposed to the specific state variable (V' a, or I') used.

2.2.2 Unit Choices

Among the various firing-rate formulations (wherein the state variable is a) there are two
typical unit conventions for the current and activity. If a is measured in spikes/sec and [
in mA, it must be assumed that the current is multiplied by a constant which converts its
units to those of a firing rate [21]. Correspondingly, the synpatic weights, w;, of 2.17 are
dimensionless. This convention, however, confounds the definitions of current and activity, as
the input to the activation function is now in units of spikes/sec. Other formulations avoid
such considerations by making all variables dimensionless. This is the approach adopted
by the orientation tuning model, wherein the activity variable ranges from 0 to 1, with 1
representing a firing rate on the order of 1000 spikes/sec [45]. Similarly, the activity variable
may represent the proportion of active neurons [101] or the probability of activation [28],
both dimensionless quantities.

Although our color model, too, is built on a firing-rate formulation of the voltage-based
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model, it departs from both of these unit conventions. To characterize the unit choices made
here, it is important to note again that the activity variable a(0,t) is the average firing rate
of a large population of hue cells. Correspondingly, each of the quantities discussed below are
averaged across all the neurons in the relevant populations. Here, we express the variables
in their natural units to avoid any ambiguity in the physiological quantities they represent.

As in the voltage formulation, we have expressed the input as the net effect of the
afferent connections on the population-averaged membrane potential of the target hue cells.
We make this choice because at the single-cell level, the threshold potential, 7', indicates
the value of the membrane potential at which the cell begins to fire. Although the ensuing
action potentials are identical, their frequency — the neuron’s firing rate — increases with
larger values of the coarse membrane potential, obtained by removing the spikes from the full
voltage traces [12]. The coarse membrane potential during a signal’s duration is therefore a
measure of its magnitude, as illustrated in figure 2.2.

For the recurrent signal, this convention requires us to express the cortical strengths,

Jo and Ji, in units of mV /spike-sec™!

, such that convolution with the activity gives us
units of voltage. On the other hand, in our formulation of the LGN input, ¢ multiplies the
dimensionless DKL projections and is therefore itself measured in mV. Thus, we note that
while the cortical strengths are the equivalent of the presynaptic weights w; in the general
rate equation (2.16), the relative influences of the presynaptic LGN cells are modulated by
the projections themselves, and the stimulus strength is consequently not interpreted as a
proper “weight.” These two types of strengths are therefore measured differently from each
other, and differently from the conventions described above (see [13] for a similar convention
within the voltage formulation framework). Finally, in building the color model with g as in

2.3, we have assumed a linear relationship between the network averages for coarse membrane

potential and activity, with a slope given by 3, in units of spike-sec ™1 /mV.
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Voltage

Voltage

Time —

Figure 2.2: Firing rate of a neuron in response to constant inputs of different strengths. (a)
An input, represented as the average coarse membrane potential (dotted line) of the target
cells, results in a firing rate if it exceeds the threshold potential (dashed line). (b) For a larger
input, and larger corresponding coarse membrane potential, the firing rate increases. The

coarse membrane potential is further averaged across all neurons in the network, yielding

h(6,t).
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CHAPTER 3
METHODS AND RESULTS

The solution to our rate equation models the formation of hue tuning curves in V1. In this
context, a prevailing approach of previous neural-field feature models has been to assume a
steady-state solution from whose properties they glean the defining features of the recurrent
and feedforward interactions [3, 8]. Similarly, models of spontaneous pattern formation posit
a steady-state solution which, with the onset of a Turing-like instability, bifurcates into new
steady states representative of spontaneous activity patterns [6, 9]. However, the emphasis
on the emergent steady state largely ignores the nonlinear dynamics underlying its formation.

Here, T analyze the full time-dependent solution to highlight the role of our model’s
nonlinearity at each point in the formation of the steady-state hue tuning curves. This leads
to a discussion of the analytical regime, which permits a closed-form solution. I then
present the numerical steady-state solution with which I characterize the roles of the gain,
threshold, input strength, and cortical strength parameters in the mechanisms underlying
V1’s encoding of hue. This is followed by a comparison to the orientation tuning model
and a numerical stability analysis of the emergent steady-state tuning curves, in which I
describe the role of the nonlinearity in expanding the stable parameter regime. Finally, I
show that our model is capable of explaining color responses in the absence of visual stimuli

via a Turing-like mechanism of biological pattern formation.

3.1 Time-Dependent Solution

We start by observing that by virtue of the invariance of w(f — #') under translations of 6,
the convolution operator Ty, — w * f(6) = ffﬁw(e — 0" f(0")dd' is diagonalizable by the

Fourier eigenfunction basis
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et (3.1)

with ¢ € N and €, normalized to integrate to 1 on [—,7|. To determine the eigenvalues A,

of the corresponding linear transformations,

1

7(- . , 1 .
do'w(0 — 0 o — N\ et 3.2
/—77 wl )\/27Te 'u\/27re (3:2)

we make the change of variables § — @’ = ¢, so that the left-hand side of 3.2 can be rewritten

as

0—m T
- /9 d w(ep)e o \/12_61‘#9: / d¢w(¢)e_i“¢%ei“9. (3.3)

+7 0 -7 2m

The eigenvalues are thus:

Ay = /W dpw(p)e e, (3.4)

-7
Next, we assume a(6,t) is separable in ¢t and 6 and bounded on [—7, 7] so that we may

expand it in the eigenbasis of the convolution operator as:
a(0,1) = 3 euléu®) (35)
"
Substituting the expansion into 2.10, we have for 2.2

h(0,t) = cult) /_ 7; w( — 0)e,.(0")d0 + hygy (0), (3.6)

I

where w(f — ¢') is our choice for the connectivity function (2.9) and hjgy () is defined as in

2.6. Evaluating the integrals, we obtain
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R(0,t) = Aqc1(t)é-1(0) + Mg co(t) é(0) + A ci(t) é1(0) + ccos(d — ) (3.7)

with \g = 2nJg and \{ = A\, = 7 J;.

Note here that only the zeroth and first-order complex Fourier components remain.

3.1.1 Thresholding Nonlinearity

So far, we have only been concerned with the linear transformations of a(#,t) and that of
its eigenfunction expansion under the action of the convolution operator. The nonlinearity
of the model comes into play when we recall the thresholding property of the activation
function in the context of the full rate dynamics.

Substituting in the expansion 3.5 and the explicit form of the activation function 2.3 into

2.1 yields:

oo

. Z dCu = =S cu()éeu(0) + B(h(0.1) — TYH(R(0,1) = T). (38

In the absence of the nonlinearity (2.11), each of the eigenmodes é,(f) would evolve
independently of the others, and a complete analysis of the time-dependent system would
seek to solve a set of equations for ¢, (t). However, in our setup, the thresholding introduces
a coupling of these coefficients, as the critical hue angle at which the input is cut off is
determined by the combined ¢, (t) at each point in time. While an analytical solution to
this system is in most cases intractable, it is nonetheless informative to break down the rate
equation into a coupled system of equations for the evolution of the coefficients ¢, (t). Taking

the inner product of 3.8 with é, and using (éy[é,) = 6,1, we obtain:

dey(t)
dt

= —cy(t) + (e|B(h — T)H(h —T))

= —cy(t) + gu (hw(h)) (3.9)
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where g, (ﬁy(h)) represents the effect of the nonlinear activation function g on the vth
coefficient of the input, hy, = (é,|h).

Note here that the coupling of the coefficients ¢, introduced by the nonlinearity means
that gy (hy) # g(hy) = B(hy — T)H(hy — T). That is, the effect of the thresholding nonlin-
earity on the evolution of ¢, is not simply the application of the original activation function
directly onto the corresponding hy. Since the Heaviside formulation in 3.9 is a function of
the net input h # ﬁy, we cannot determine gy(ﬁy) in a stepwise manner, first computing the
inner product to determine h,, and then cutting off the contributions where hy, <T.

Hansel and Sompolinksy [45] have addressed this complexity by directing the analysis to
the final steady state of the activity, wherein a(#) = g(h(6)). This simplifies the mathematics
by allowing us to solve for ¢, with a linear version of the firing rate equation (2.11) and then
cutting off the resultant activity profile at values below threshold. However, as mentioned
above, this simplification does not allow us to examine the dynamics of the network in
full. Alternatively, Carandini and Ringach [13] use a voltage-based Wilson-Cowan equation
(2.14) and solve for the dynamics numerically, obtaining the activity profile at each timestep
by applying the thresholding nonlinearity to V' (¢). Their numerical analysis does yield a
complete picture of the network activity’s evolution over time, but does not provide an
analytic framework for these dynamics.

Here, we keep to our firing rate formulation as described in section 2.2, but seek to
characterize the effect of the thresholding nonlinearity on the coupled ¢, (t) at each point
throughout the network’s evolution. This requires us to reformulate f],/(izy) in 3.9. To do
so, we recall that the effect of the net activation function g(h) is to cut off the input for
values below T'. We can thus rewrite its Heaviside formulation in terms of the critical cutoff
angles d1(t) and d9(t), symmetric about the peak of the h(6,t) curve. The time dependence
of the cutoff angles reflects the evolution of this curve, which requires that the thresholding

be carried out continuously throughout the duration of the dynamics.
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From here, we can compute §,(hy) by evaluating the inner product of h(6,t) with é,(6),

restricting the limits of integration to {d1(t), d2(¢)}:

N do(t)
i (R (h)) = B (e (0)|h(0, ) = 5 /5 o MOV (3.10)

Thus, the contribution of h, to the evolution of ¢, is cut off by g, at the critical angles
{61(t),92(t)}, themselves determined by the shape of h and not h,. This means that the
coupling of the individual ¢, via the thresholding nonlinearity is in fact prescribed by the
net input.

To determine 67 and d9 in 3.10, we must reformulate the Heaviside as a function of . For
mathematical convenience (see Appendix A), we first rewrite 3.7 in terms of ¢, Re(c.1)= cﬁ,

and Im(c.1)= c_I1 as

B0, 1) = AOC?;(T” 4 (cl VEI cf}(t)) cos(6) + (cs /2 (t)) sin(6).  (3.11)

Setting

qr =cl + \/%AJ B (t)
g = cs + \/%/\_1 c_Il(t)

Apg co(t
the input takes the form
h(6,t) = qo(t) + cp(t) cos[f + (t)] (3.13)

where tan(y) = —g—; and ¢;,(t) = /g2 + ¢? as shown in Appendix A.
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The Heaviside can then be expressed as

H[h—T] =H[g+ cpcos(0+7)—T]

= H [cos(0 + ) — q] (3.14)

T—qo

where o = , and the time arguments are suppressed for simplicity. In this formulation,
the Heaviside sets the limits of integration in 3.10 as the angles § = 61, 09 where « intersects

with cos(6 + ), as shown in Fig. 3.1 below.

Figure 3.1: The limits of integration 1 and d9 in 3.10 are the angles corresponding to the
intersection of « (in gray) and cos(f + v) (in black). Here, ¢ =1, f =1, and T" = —1.
0 = /8. Jy and Jp are as in Fig. 2.1.

3.1.2  System of Equations

With the reformulation of g,/(fz,/), the system of equations for the evolution of the coupled

¢y (3.9) takes the more explicit form:
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dCV(t) 52 Ak
o =)+ A [90(t) + cp(t) coslo + y(1)]] & (¢)de, (3.15)

70

where I have substituted 3.13 into 3.10 and d;, d9 are obtained according to the formalism
above. Note that, for all ¢, the integrand of 3.15 is a function of ¢, ¢j,, and v, and therefore,
implicitly, only of the coefficients cq(t), c.1(t), and ¢ (¢). Thus, the dynamics are determined

in full by the evolution of ¢, <y (t):

C 92
WG = o)+ = [ a0+ () coo 0 o
dey (1) B[ i
o —cl<t>+f . lao®) + enfe) st +1 (0] e )0
deq(t) i
= = i)+ = /5 0+ et coslp + (Ol P (0)ds. (316)

Separating 3.44 into its real and imaginary parts, and noting that a real-valued activity
profile a(f,t) requires ¢y € R and ¢; = —c’, reduces the system to a set of equations for
co(t), c_}% (t), and c_Il (t).

Evaluating the integrals, we obtain:

dep(t
70" Cgt( ) = —co(t) + \/%{ch[sin(ég + ) — sin(dy + 7)] + (T — q0)(61 — 52)}
dcB (¢ .
70 C_dlt( ) - —cf(t) + \/%{Th [ cos (82 — 81) + cos(y + 61 + d2) sin(dy — 61)]
+ (T — qp)(sin 61 — sin 52)}
del, (¢ .
70 c'dlt( ) —chi(t) + %{% [sin (31 — d9) + sin(y + 01 + d2) sin(dy — 51)]

+ (T — qp)(cos d9 — cos 61)}, (3.17)

where the time arguments of qq, ¢y, v, 01, and d9 are suppressed for clarity.
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Written in this form, the system provides a representation of the time evolution of a(6, t)
in terms of the coupled evolution of the constants Cly|<1- It is important to note that these
equations are nonlinear due to the implicit Heaviside in our determination of d1(¢) and do(t).
While our reformulation of the right-hand side of 3.9 allows for the explicit representation
of the coupling of ¢, via the nonlinearity, it is also this coupling which proves the analytical
solution of the trajectories intractable. Thus, to analyze the behavior of the time-dependent
solution, I turn next to a description of the phase portrait of the system (see chapter six of

[91] for an in-depth treatment of nonlinear phase plane analysis).

3.2 Steady-State Solution
Expressing 3.17 in the form of the general vector field, we have:

deg(t)

R I
0 di :f1(00a0_170_1)
delt (¢
70 jt( ) _ falco, . cl))
dc!, (1)
70 dlt = f3(co, B, cL)), (3.18)

which captures the fact that qo(t), cj(t), ¥(t), d1(t), and do(t) are completely determined by
the coefficients ¢|,|<1 ().
The coefficients of the steady-state hue tuning curve, as (), then satisfy f(c*) = 0, that
is:
Ji(eo, Cﬁ“, 6{1) =0
falco, e el =0

fs(co. i, cl) =0 (3.19)
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To solve this system of equations for the steady-state values of ¢, we must first determine
the values of the angles d1, d9, and ~ at the steady state. This is best approached by
considering the generic shape of the activity profile itself, specifically in terms of the angles

corresponding to its peak and cutoff values.

3.2.1 FEvolution of Peak Angle

We first assume that upon receiving a stimulus 6 at time ¢t = 0, the network has a random
spontaneous firing rate a(#,0). Using 3.5, we expand the activity profile in terms of the

initial values of the corresponding coefficients ¢, (0):

a(0,0) = >_cu(0)é(0)

- 1% ch ) cos(j18) + 2¢%,(0) sin(p6))
- sz cos(f = ¢,,(0))] (3.20)

I
with tan(eg,) = Z‘Tﬁ‘ and T’Z = (c:rﬂ)2 + (05)2 such that ¢,(0) are completely determined by

the initial conditions. Thus, at ¢ = 0 the activity profile is composed of an infinite sum of
cosine functions, each peaked about a corresponding disparate angle ¢,,, and therefore has
no discernible peak. To characterize the evolution of the network activity from these initial
conditions to its hue tuning profile at ¢t — oo, we seek to obtain the steady-state values of
¢, and the corresponding tuning curve peak inductively as follows.

Let us first take p = 1. As seen in Fig. 3.1, we note that d1(¢) and do(t) are symmetric

about y(t) such that d9 + v = 27 — (d1 + ). Using this symmetry, we factor out cos(7y) and
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sin(7y) respectively in the equations for cﬁ and 0{1 of 3.17:

dcf?
7'0—0321 = —cﬁ + \/%Fl cos 7y
I

dc :
Tod_%l = —c:rl — \/%Fl sin y (3.21)

with

Fy = % [(69 — 01) +sin(62 — 61)] + 2(T — qo) sin(y + 61) (3.22)

and time arguments suppressed. We let F* and v* denote the steady-state values of F' and
~ respectively, allowing for the following expressions for the steady-state values of cﬁ and

I .
Cq:

i = \/%Fl* cosy*
c{l* = _\/%Fl* sin ™. (3.23)
Thus, we have

I *

c
tan(¢]) = }%*

€1

= —tan(y"). (3.24)

Similar calculations for the steady-state values of the higher-order coefficients yield the gen-

eral equations

delt
70 ;t(t) _ _ci(t) + \/%Fﬂ(t) cos ((t))
0 = —cl,(t) — \/—2?Fﬂ(t) sin (v(2)). (3.25)

As before, we note that the evolution of ¢, (t), and therefore of F},(t), V 1 € Z depends only

45



on the first-order coefficients Clul<1 (t). Therefore, the steady-state values of the higher-order

coefficients

R*:LF*COS(M’}/*)

Cp Vor M
I .
e, = —\/%F; sin(uy™) (3.26)
and the corresponding ¢y, i.e,
I x
C2
tan(gb/t) = c}/;*
-
= —tan(uy"), (3.27)

are fully determined by the solution to 3.19.

Substitution of 3.26 into 3.5 then gives:
axo(0) = C() + Z ¥ cos(uy™) cos pub — F sin(py™) sin 1)
= LCE] + EZF* cos (u(0 +~%)) (3.28)
me " ’

so that # = —y* represents the peak angle of the steady-state profile ax(0).

Further, from 3.13, we have

tan(y*) = i

R

B csinf — g)\_lF* siny* (3.20)
ccos@—i-g)\_lF* cos y* .

which requires

) (3.30)
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That is, the steady-state peak —+*, implicit in 3.19, is equivalent to the LGN hue input

6.
3.2.2  Obtaining the Steady-State Profile
Note, next, that the steady-state solution requires dailot(é)) = 0 so that 2.1 becomes
oo (0) = glhoo(0)]. (3.31)

Thus, the shape of the activity profile at the steady state is equivalent to the net cortical

*
cl,c

input, cut off by g at 6] = 67, and 65 = 07,. Here, 07, ., are the critical cutoff angles for
the steady-state activity profile, beyond which axo(f) would take on negative values. That
is, at the steady state, the cutoff angles in the Heaviside formulation of g are equivalent to
the critical angles of the activity profile. Further, since hoo(f) is a function of the first-order

coefficients ¢ we need only solve 3.19 to determine the steady-state profile. We do so

<1’
numerically using the forward Euler method, assuming a random initial activity with values
for all hue preferences between 0 and 2 spikes/sec and propagating | u\gl(t) forward in time
to large t (see Appendix B). Substitution of these coefficients into 3.12 yields the steady-state

values of h(6,t) in terms of qg, ¢, and v*.

Thus, at the steady state, 3.31 reads

aco(0) = B [q5 + cj, cos(0 — )] , (3.32)

where [z]+ is the rectification function which cuts off the steady-state tuning curve at values

below zero. Figure 3.2 shows an example of a hue tuning curve obtained with this method.
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Figure 3.2: Steady-state activity profile obtained using the method described in 3.2.2. Pa-

rameters are as in Fig. 3.1.

It is important to bear in mind that the solution above only applies to the steady state.
A general time-dependent solution is analytically intractable because the coupling of the co-
efficients imposed by the nonlinearity requires an infinite number of similar computations to
obtain ¢, in our eigenfunction expansion of a(6,t) (3.5). However, h(0,t) is always fully
determined by the first-order Fourier components of a(#,t), regardless of the discontinuity
introduced by the cutoff. It is only at the steady state, therefore, when the profile is equiv-
alent to the rectified input, that the activity may be expressed in terms of the first-order
Fourier coefficients as in 3.32.

Despite this, the model does permit a time-dependent analytical solution for cases where

the activity of all the hue preferring cells is above threshold.
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3.3 Solution for the Linear Case

We assume in the linear case that the net input h(f,t) is above threshold throughout the
dynamics such that the activity profile is never cut off and H (h(0,t)—T) =1V 0 € {—m,7}.

Equation 3.8 therefore takes the linear form:

70 Z dc“ w(0) = = cu()éu(0) + 8- (h(0,t) = T) (3.33)

Taking the inner product of 3.33 with é, as before, we obtain the system of equations

for all the coefficients Cu

T0 dcslft) = (2nBJy — V)eg(t) — V21 BT

T dcclhft) = (BrJ1 —1)eq(t) + \/gﬁc(l —is)

7 dc'dlt<t> = (BrJ1 = 1Deq(t) + \/éﬁc(z + is)

Todcglft) = ()Y |y > 1 (3.34)

We may thus solve for each of the coefficients independently, yielding equations for the

evolution of each:

co(t) = Koe~ (1=2mBJo)t/m0 _ 1@%&)

1 T eB(I+is)
cq(t) = Kqe~ =870t/ 4 @T

C(1—r - T eB(l—is)

e(t) = Kye 'V v > 1 (3.35)

with the constants K, determined by the Fourier coefficients ¢, (0) of the initial activity
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a(6,0) as:

Ko = co(0) - 15250

Zep(lTis)
K1 =c41(0) — @T

K, =c,(0)V |v] > 1. (3.36)

Substitution of 3.35 into the activity expansion 3.5 then gives the closed-form solution

for the evolution of the activity:

—(1— J 2w BT
a(f,t) = {KOB (1=27BJo)t/10 _ 1{;7;%]0}\/%

—(1—7nBJ FeB(l+is)
+{K e (I=mBJ1)t/70 4 \/>7TBJ1 }\/ﬂ

C(l—n . FcB(l—is
+{Kqe (I=mBJ1)t/70 4 \/77TBJ1 }\/ﬂ

1 —t\ vl
e e
V2T }

(3.37)

+{Ky

lv|>1

which is stable for 1 — 278Jy > 0 and 1 — 73J; > 0. We call the corresponding (Jy, J1)
parameter space the analytical regime.

At the steady state, i.e., as t — oo, 3.37 gives

B BT cB(l+is) _ip, cBl—1is) 49
aooll) = == onBJo | 21— 7B)" 201 — 781"
_ pT n cfcos (0 — 97)' (3.38)

1 —2nw8Jy 1—n6J1

We see from 3.38 that as t — oo, Clul>1 0. Further, unlike the nonlinear case, the
steady-state coefficients Clul<1s and thus the hue tuning curve, can be expressed analytically

in terms of the cortical parameters. Note also that the solution 3.37 constrains 7" to val-
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ues such that the input is not rectified throughout the dynamics. However, 3.38 holds for
hoo(0) > T, regardless of whether thresholding has been implemented at any point. This
can be seen in the Fourier analysis of the steady-state profile (see Appendix A), which makes
no assumptions about the preceding dynamics. Thus, 3.38 restricts 1" such that

c(1 —27n5Jy)

T< —— — = V=T, 3.39
- 1—nBJ; ¢ ( )

The tuning curve satisfying these conditions is analogous to Hansel and Sompolinksy’s
broad profile of orientation tuning [45]. Figure 3.3 shows one such curve at the limit 7" = T¢.
The figure demonstrates the difference between a stand-alone analysis of the steady state
and one that considers the dynamics leading to its emergence. While thresholding in this
example is not applied at the steady state, h(6,t) is usually rectified early on in the dynamics,
with d1(¢) and d2(t) dependent on the initial conditions of the activity. In those cases, 3.33
does not hold and the solution must satisfy the original nonlinear equation. Thus, though
we may use 3.38 to obtain figure 3.3, the activity does not typically obey 3.37 throughout
the preceding interval. Only for a narrow range of initial conditions can we use the linear

and nonlinear models interchangeably.
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Figure 3.3: Steady-state solution for T = T, and § = 0 with Jy = —2, J; = .3,and 8 = c = 1.
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Even so, we note that with 3.39, the activity dynamics appear to be “linear” in the
sense that the activity itself is never cut off. In the case of figure 3.3, for example, the
activity profile stops evolving right before it would take on negative values. However, it is
the rectification on {h(0,t) — T} — not a(f,t) — which ensures that the activity is always
positive, and therefore physiological, a distinction easily overlooked in light of the equivalence
a0 = B(h—T) in the linear steady-state solution. That is, we cannot assume a linear solution
based on the dynamics of a(f,t) alone. To trace the general nonlinear solution leading up to

the steady state, as well as the steady state for T' > T, we must turn to numerical methods.

3.4 Numerical Solution

We approach the solution to 2.1 with a Forward Euler method (see Appendix B), propagating
the activity from a random array of spontaneous initial values between 0 and .2 spikes/sec
to its steady-state profile. Within each timestep (typically chosen to be .1 msec), we coarse-
grain the network into n = 501 populations with hue preferences separated evenly across the
DKL angle domain [—7, 7|. The choice of an odd n allows us to numerically integrate 2.10
using the Composite Simpson’s Rule, whereupon we rectify {h(6,t) — T'} and evaluate the
right-hand side of 2.1. Note that the Fourier coefficients of the emergent steady-state tuning
curve are equivalent to those obtained in the manner of section 3.2.2. Below, I use the term
tuning curve only in reference to these steady-state profiles.

We emphasize that the values of the cortical parameters Jy, Jq, ¢, T, and § are bound
by the physiological properties of V1. Varying these parameters in the subsequent analysis
is therefore an investigation of their relative effects on hue processing, and we are not fine-
tuning their weights to obtain specific hue tuning curves. As described in section 1.3, this
approach differs from those of the previous combinatorial models of color processing, in which
the authors tune the weights of signals from successive processing stages to generate specific

hue selectivity.
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Here, we explore a range of values for the cortical parameters under the constraint that
the network activity remains between 0 and 60 spikes/sec, as motivated in chapter two.
Our main aim is to characterize their relative effects on the width, A. = 0%, — 07, and
peak height, an(f), of the network tuning curves. Together, these two properties reflect the
network selectivity and emergent signal strength, respectively.

It is also important to distinguish between a network tuning curve and a single-neuron
tuning curve. The former is a coarse-grained representation of the CO blob response, with
the horizontal axis representing the gamut of hue preferences within a single network. A
relatively large tuning width would therefore indicate considerable responses from a wide
range of hue tuning cells and poor network selectivity. The single-neuron tuning curve, on
the other hand, is an electrophysiological recording of an individual cell’s response to a set of
hue stimuli, with the horizontal axis representing the range of stimulus hue angles used in the
experiment. The peak location of the single-neuron tuning curve would therefore indicate
the hue preference of the individual neuron, while the width would represent its selectivity
for that specific hue. Thus, though the two types of tuning curves are labeled and shaped

similarly, the latter is only useful to characterize our network’s constituent neurons and not

the emergent properties of the population as a whole [§].

3.4.1 Roles of Stimulus Strength and Cortical Threshold

We begin our analysis by considering the role of the stimulus signal strength ¢ on the hue
tuning width and peak height. Figure 3.4 shows typical tuning curves for two values of Jj.
We see that for lower values of J; (panel a), ¢ has a pronounced, but quickly saturating,
effect on A.. With increasing values of J; (panel b), A, saturates for lower values of the
stimulus strength. Above saturation, the main contribution of the chromatic signal is to

increase the network response, i.e., to increase a(6).
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Figure 3.4: Effect of ¢ on the tuning curve properties. For § = 0, 8 =1, T

Jo=—L1 (a) Jy = .2 (b) Jy = .7.

We also note that at T = 0, the trend reverses, such that increasing ¢ has no effect on
the tuning width at 7' = 0 and a widening effect for 7" > 0. Figure 3.5 below illustrates this
reversal with four tuning curves of matched parameters and varying values of T. The coupling
of ¢ and T must be considered because some neural field models (see [1, 13, 21]) take T'= 0
for mathematical simplicity. Indeed, we might expect that there is no more physiological
significance to choosing a threshold potential of 7" = 0 mV than any other value, beyond
their relative magnitudes to h(#,t). However, the independence of ¢ and A, at T' = 0 and
the significance of the relative signs of ¢ and T elsewhere suggest quite the opposite. The
chromatic input strength ceases to have an effect on the network hue selectivity not only

once the anisotropic strength parameter, .Jq, is large enough to predominate, but also as
T — 0. As shown in figure 3.6, the effect of the sign reversal points to the fact that the
stimulus strength, which is always positive, stretches h(6,t). For T'> 0 (panel d), this raises
h(6,t) above threshold for a larger subset of the hue angles, meaning more neurons receive

sufficient input to contribute to the network dynamics and, therefore, an increase in A, with
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increasing ¢. However, for T' < 0 (panels a, ¢), an increase in the stimulus strength narrows

the range of neurons receiving an input above threshold.
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The coupling of ¢ and T is equally significant to the effects of T" on the tuning curve
properties. Figure 3.7 shows that below a certain value, 7 primarily modulates ano(f).
However, for comparable magnitudes of the stimulus strength and threshold, |c| ~ |T|, we

see a transition in which 7" also begins to sharpen the tuning curve and continues to do

so until the threshold surpasses h(f,t) for all § (i.e., for 6] = 65 = 0). Accordingly, for
o6



higher stimulus strengths, the thresholding nonlinearity plays a greater role in modulating

the network selectivity at lower and a wider range of T" values.
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(a) c=10. (b) c=1.

Finally, we note that § acts similarly to ¢ for T' < 0, narrowing A, to a saturating value
and raising aso(f) without bound. However, as illustrated in Fig. 3.8, it does so for both
negative and positive values of T'. In fact, as a factor multiplying g(h) post-rectification, its
narrowing role holds for varying values of ¢ (Fig. 3.9), as well as the cortical parameters
Jo and Jy (Fig. 3.10). That is, 8 works cooperatively with these parameters to enhance
the network selectivity. As we will see next, whether or not such cooperativity holds for the
relationship between the stimulus and cortical parameters has important bearings on their

relative processing roles in V1.
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3.4.2  Role of the Cortical Weights

The anisotropic connectivity strength J; exhibits similar relationships to the tuning curve
properties to those of ¢. That is, for T" < 0, A, narrows with increasing J; to a saturating
value, at which point ax(f) continues to increase (see Fig. 3.11, panel a). The trend with
respect to A reverses for T > 0 (panel b), whereas the trend with respect to aco(f) remains
unaffected. These similarities are a mark of the competition between the external input

and the cortical parameters in driving the network selectivity and reflect the fact that both

29



parameters modulate the anisotropic terms of the model.

Fig. 3.12 shows two sets of tuning curves for two close values of c. Even with such
small variations in ¢, we see that the role of J; in driving network selectivity becomes
more significant with decreasing stimulus strength. However, a large external input does
not suppress the contribution of J; to the overall network activity. That is, increasing Jq
results in raising aco(6), regardless of the strength of the stimulus (see Fig. 3.13, panel a).
Similarly, a relatively large value of J; does not restrict the growth of the network response
with increasing stimulus strength (panel b). Thus, the anisotropic tuning introduced by
the external input and the recurrent interactions act cooperatively to raise the network’s

response to the stimulus hue, and competitively to tune its selectivity.
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In contrast, Jy acts cooperatively with the external stimulus to sharpen the curves. As
shown in figure 3.14, the tuning curves narrow with decreasing values of Jy, i.e., with an
increase in the relative strength of global inhibition to global excitation, a trend which is
conserved for various stimulus strengths. Furthermore, there is no trend reversal at 1" = 0.
Rather, for much of the parameter space, Jy acts with the thresholding to sharpen the tuning
curves, as is illustrated in Fig. 3.15.

This could be expected from the fact that at each point throughout the dynamics, both
T and Jy act isotropically on all hue preferences, lowering or raising the input for all con-
tributing neurons. However, this commonality also means that for |T'| >> |c| (where the
effect of T on A, saturates, as explained above), the thresholding suppresses the role of Jy,
analogous to the competition between ¢ and Jq (see Fig. 3.16). Finally, figures 3.14 and
3.15 also show that increasing the global inhibition acts to reduce the value of axo(f) for all
cand T.

We thus conclude that the emergent hue curves in V1 are both inherited from the LGN
and built on the recurrent interactions. The competition between .J; and ¢ points to a
continuum of regimes in which either hlgn or hetx dominates. However, in all regimes, Jy
works cooperatively with ¢ to narrow the curves, and all the parameters work together
to raise the network response. Likewise, the competition between Jy and 7' (both cortical
parameters) is modulated by the value of ¢, and we recall from section 3.2.1 that the location
of the peak is always completely determined by the LGN signal, regardless of the relative

magnitudes of the cortical and stimulus strength parameters.
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3.5 Comparison with the Orientation Tuning Model

Finally, we seek to compare the emergent properties of the hue tuning model with those of
the orientation tuning model [3, 45]. This leads us to separate the analysis into two regions:
one corresponding to the analytical regime of section 3.3 with Jy < ﬁ and J; < %,
and the other to the extended regime with J; > % and Jy constrained as described in
section 3.6. For comparison purposes, note that these parameter regions are analogous to
the orientation model’s homogeneous and marginal regimes, respectively, labels which refer
to the latter’s responses to unoriented stimuli.

An important difference between our two models is our choice to assume modularity for
the color vision pathway. As described in chapter two, there is no consensus as to when
and how the various visual features are separated along the visual pathway. That is, we
do not yet understand how the brain recognizes the extent to which an activated color-
and orientation-preferring neuron is signalling for a stimulus’s color or orientation. And
moreover, we do not know at which point of the visual pathway the differentiation becomes
important.

We have therefore chosen to emphasize the unoriented color selective cells localized in the
CO blob regions of V1, though the model is intended to describe the color processing pathway
broadly, for any color-preferring neurons regardless of other feature tuning capabilities. Thus,
the choice of modularity is not to reject the possibility of joint feature processing, but rather
to parse out the color mechanism for a separate analysis. Furthermore, it is in keeping
with perceptual studies which indicate that the red-green and blue-yellow color-opponent
systems are only responsive to color stimuli and not to broadband, white light [89]. The
difference between our two models thus comes to our choice to consider the purely chromatic

component of the input afferent from the LGN, whereas the orientation model incorporates
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external inputs with varying degrees of anisotropy, i.e.,

R (0) = ¢[1 — e+ ecos(20)], 0 < e < 1/2 (3.40)

where € represents the degree of anisotropy.

The differing assumptions underlying the formulation of h(f,t) have important implica-
tions for the subsequent parameter analyses adopted by our two models. In the orientation
tuning model, the authors detail the pronounced shift in the relative roles of the cortical and
stimulus parameters in narrowing the tuning curve. In this setup, for € — .5, an increase in ¢
widens the tuning curve, whereas for ¢ — 0, the tuning curve selectivity is completely deter-
mined by the cortical parameters. The latter scenario constrains the value of the analogous
anisotropic cortical parameter, Jo, to the marginal regime.

In contrast, as described in section 3.4, our model does not apportion separate regions of
the parameter space to external and recurrent mechanisms. Rather, in both the analytical
and extended regimes, the roles of ¢ and Jj exist on a spectrum, where the effect of each pa-
rameter is suppressed by larger values of the other. Of course, this suppression is more stark
in the extended regime because it covers larger values of Jq. In this sense, the color model
draws a similar conclusion to that of the orientation model: when the anisotropic tuning
provided by the recurrent interactions is large, the tuning from the stimulus is negligible,
and vice versa. However, we emphasize that the transition is not sharp and that ¢ does have
an effect on the tuning curve selectivity in the extended regime (see Fig. 3.4), as does Jj in

the analytical regime (see Fig. 3.17 below).
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Figure 3.17: Effect of J; on the tuning curve selectivity in the analytical regime. For § = 0,

B=1,c=1,T=-2 and Jy=—0.1.

In this regard, the two models are more consistent in their interpretations of Jy’s contri-
bution to the selectivity of the tuning curves. That is, in the two regimes of each model, the
inhibition acts cooperatively with the thresholding to sharpen the tuning curves. Here again,
the orientation model makes a distinction between the marginal phase (i.e., e = 0 and Jo €
marginal regime), wherein the tuning curve width is completely determined by the cortical
anisotropy, and all other cases, where the isotropic inhibition and stimulus come into play.
For these cases, the authors argue, Jy does not act alone to narrow the curve: though .Jy
may sharpen the tuning curves, it is the anisotropy from the input or cortical interactions
which acts as the source of the orientation selectivity.

Although the color model’s tuning mechanism, too, requires a source of anisotropy, we
have emphasized in section 3.4 that there is no single source of hue selectivity. When Jy is
small, in either regime, both the stimulus and the uniform inhibition are significant to the
hue tuning mechanism. Figure 3.18 illustrates this with extremes: an example in which the

tuning curve narrows with increasing values of ¢ while Jy = 0, and one in which varying c
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does not affect A., though varying Jy does. Likewise, figure 3.19 shows that for larger values
of Jy, decreasing .J increases the hue selectivity even when varying J; has no effect. We also
note that both figures pertain to our analysis of the trend reversal at T" = 0 in the influence of
the anisotropic cortical and stimulus strengths on the network selectivity, in which regard the
color and orientation models differ significantly. Specifically, the orientation model does not
contain a parameter regime in which increasing values of the anisotropic tuning parameter
widen the tuning curve. Moreover, the authors do not consider the narrowing role of the

stimulus strength.
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Figure 3.18: The sources of hue selectivity: the roles of Jy and c. § =0, 8 =1, and J; = .2.
(a) Jo = 0 and T'= —2. ¢ has a pronounced effect on A, when Jy = 0, indicating that J
is not the only source of hue selectivity. (b) Jy = 0 and T'= 0. Varying ¢ has no effect on
A¢ when T'= 0. (¢) ¢ =1 and T'= 0. Decreasing .Jy increases the hue selectivity even when

varying ¢ has no effect, indicating that ¢ is not the only source of hue selectivity.
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Figure 3.19: The sources of hue selectivity: the roles of Jy and J;. § =0, 8 =1, c = 1,
and "= 0. (a) Jy = —7. Varying J; has no effect on A, indicating that it is not the only
source of hue selectivity. (b) J; = 5. In the same parameter regime, Jy has a pronounced

effect on A..

Ultimately, the orientation model sets up a dichotomy between two specific regions of
parameter space. In the non-marginal case, ¢ is the primary player in the tuning mechanism
and in the marginal case, this role belongs to Jo. The uniform inhibition is thus given a sec-
ondary “sharpening” role. By contrast, in choosing a fully anisotropic hjgy,, the color model
does not encompass an analogous marginal phase with an always-dominating Ji. Rather,
even for large Jq, the uniform inhibition is at least equally important to the modulation
of the tuning width. In fact, as we have shown in section 3.4, for larger values of ¢, Jy is
more effective than Jj in narrowing the tuning curves, for both the analytical and extended
regimes.

We thus stress that the two regimes, though analogous to those of the orientation model,
do not constitute a division in the hue processing mechanism. Rather, recall from section

3.3 that we define the boundary between the analytical and extended regimes solely by
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whether or not the linear case exists. It is therefore determined by the values of Jy and Jp
for which the linear solution applies, given that the values of ¢, T, and S keep the input
above threshold throughout the dynamics. Again, we note that for each combination of
Jo and J; within the analytical regime there exists also a nonlinear case, in which h(6,t)
is cut off by the thresholding nonlinearity and, thereby, the linear solution does not apply.
This definition differs from that of the orientation model, which demarcates the boundary
between the homogeneous and marginal phases based on the emergent steady-state tuning
curves alone. For more on this approach, see the discussion of the broad and narrow profiles
in [45]. As we will see in the following section, the boundary is integral to the corresponding

stability analysis of the steady-state tuning curves.

3.6 Stability Analysis

To analyze the stability of the emergent tuning curves, we turn once more to our separable
activity ansatz assumed in the eigenfunction decomposition of equation 3.5. This means that
we are faced again with a nonlinearity-induced coupling of the time-dependent coefficients
and, consequently, the intractability of the associated stability analysis. We thus proceed as
before, presenting first a closed-form stability analysis in the model’s linear regime, which

will serve as the backdrop to the numerical approach we use in the general nonlinear case.

3.6.1 Stability of the Linear Case

Approaching the question of stability through the lens of linear stability analysis, we begin
by adding a small perturbation da(f,t) to the steady-state tuning curve to see if the resulting
activity,

a(f,t) = axo(0) + 0a(6,1), (3.41)
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is driven back to the same curve. Substitution into 2.11, with ax = B(h(6,t) — T'), then

yields the following equation for the perturbation dynamics:

doa(6,t)
dt

70

™
— 5a(0,t)+ / w(® — 0')5a(0', 1)d0'. (3.42)
-7
Expanding the perturbation in the Fourier eigenbasis,
ba(0,t) =Y Du(t)éu(0), (3.43)
"

and taking the inner product with é, (), we obtain a system of equations for the uncoupled

evolution of the eigenmodes:

- dl)d(;(t) — (2rBJo — 1)Dy(t)
- dDdlt(t) — (xBJ1—1)Dy (1)
2P Cﬁ(t) — (781 —1)D.4(t)
rodDd”t(t) = -—D,(t)V |v] > 1. (3.44)

Here we can see that the higher order modes, |v| > 1, always decay, so that the stability
of ano is completely determined by the growth or decay of the first-order perturbations. The

relevant Jacobian matrix thus reads:

Mo 00
Jin=10 X1 0 |, (3.45)
0 0 i

where 5\0 = 21Jyp—1 and A1 = m0J; — 1. The perturbation decays if each of the Jacobian
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matrix eigenvalues, \,, is negative, so that the tuning curve axo(0) is stable for

J1 < —. (3.46)
s

These stability conditions on Jy and .J1 are also evident in the linear solution 3.37 derived
above, which, in addition to the local stability revealed by the perturbation analysis, shows
that a tuning curve satisfying 3.46 is asymptotically stable, attracting the activity profile
from any initial condition [79, 91]. Recall that 3.46 also sets the boundary of the analytical

regime, defined above as the (Jy, J1) parameter subspace which permits a linear solution.

3.6.2  Linear Stability Analysis of the General Model

While we do not have an analytical solution for the general nonlinear model, and definitely
not one so easy to interpret as 3.37, we may nonetheless set up the Jacobian matrix for a
numerical analysis of the local stability. We thus begin from the same starting point as in
the linear case, adding a small perturbation of the form 3.43 and substituting the resulting
activity into 2.1. The eigenmodes then evolve according to the following equation for the

coefficients D, (see Appendix A):

dDy (1)
dt

70

53
= =Du(t)+ 7 | Banlt) + dan(t)cos(s) + San() sm(@)] €5 (@)do. (347

where 6] and d5 are the critical cutoff angles of the steady-state solution, obtained nu-
merically in the method of section 3.1.1 (see Appendix B). Unlike in the linear case, we
cannot make a general statement about the growth or decay of the higher-order coefficients
D|V|>1(t). However, we observe that the integrand of 3.47 is a function of Dy, D_R, and D_I1
alone, and, as such, the stability of the steady-state tuning curve is completely determined

by the stability of these first-order coefficients.
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Evaluating the integrals for » = 0 and ¥ = —1 , and noting that

5q0 =V 27TJ()5CO =V 27TJOD0
Sqr = V2mJ16clt = Vor g DY

oqr = \/27TJ15C_11 = 27rJ1D_Il (3.48)

from 3.12, we obtain the following system of equations for the evolution of the characteristic

coeflicients:

dD | |
md—to = [BJo(65 — &%) — 1] Dy + [BJ1(sin 6 — sin 6})] D

+ [BJ1(cos 8 — cos 63)] DL

aD%
0 dt_l = [BJo(sind3 — sin 67)] Do + [ﬂ—i—l (205 — 267 + sin(285) — sin(267)) — 1] D
+ [5—;1]—1(008(251") — c0s(203))] D]
dD-Il * * BJ1 * * R
70 = [BJo(cos 6] — cosd3)] Do + [Z2 (cos(267) — cos(263))] D}
dt (3.49)
+ [B (265 — 257 + sin(267) — sin(263)) — 1] D]}
The corresponding Jacobian matrix is thus
BJo(05 —67) —1 fJ1(sin 05 — sin 07)
BJo(sin 65 — sind¥) L (26% — 267 + sin(265) — sin(26%)) — 1
BJo(cos 0] — cos 03) %(cos(?éf) — c0s(263))
_ (3.50)

BJ1(cos 0] — cos d3)
%]_1 (cos(207) — cos(263))

BI1 (265 — 257 + sin(267) — sin(203)) — 1
Note that its entries may be equally obtained from the right-hand side of the general
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system of equations 3.18 for the global network dynamics, as follows:

[0f1 0ft 0f1]
dey 8c§ 80_11
dfa 0fy Of
J= deo DR acl, (3.51)
dfs 0fs Of3
| Ocg 8c§ 80_11_ ¢, BT oL

where the first-order partial derivatives are evaluated at the steady-state values of ¢, cﬁ,

and c_Il [91]. The stability of the tuning curve is then determined by the eigenvalues of J.

3.6.3 Numerical Stability Analysis

Graphically, we see that the activity drives to the same steady-state tuning curves for varying
initial conditions, or with the addition of small perturbations, as illustrated in figure 3.20.
Furthermore, as in the linear case, we note that the existence of such a steady state is a
function of the cortical strengths Jy and J;. By fixing the values of 3, ¢, 8, and T', we are left
with a two-parameter family of differential equations, allowing us to analyze this dependence
numerically in the associated (Jy, J1) parameter space.

Carrying out a parameter sweep across this space, we find that the system features a
bifurcation curve, below which the model permits steady-state solutions and above which
no equilibrium exists. To determine stability within the former region, we compute J at
the emergent steady-state tuning curves of various points in the parameter space. Solving
the associated characteristic equations, we observe that the eigenvalues are always real and

negative, and thus conclude that all emergent steady-state tuning curves are stable.
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Figure 3.20: Numerical stability analysis for an emergent tuning curve. For ¢ = 1, § = 0,
6=1,T=0,Jy=-2,J1 =1, and dt = .1. The parameters are chosen to produce a weak
network activity in order to better illustrate the dynamics after a small (0 < Aa(f) < .1)
perturbation to the steady state. (a) The emergent steady-state tuning curve (solid line) and
the network activity after the addition of a random perturbation at each hue angle (dotted
line). (b) After 25 timesteps the activity (dotted line) has decayed below the tuning curve,

before being driven back to the same steady-state tuning curve as in (a) (solid line).

Figure 3.21 shows the bifurcation diagrams for two families of equations, distinguished
by their values for 7. Most notable is the extended regime, which permits stable steady-state
solutions beyond the boundary set by 3.46. As this parameter regime is not accessible to the
linear solution, the tuning curves in this regime are necessarily a product of the thresholding
nonlinearity and are thus always cut off below |#| = m. The thresholding nonlinearity
therefore not only expands the region of stability, but also ensures that the tuning curves
emerging within the extended regime are selective for hue. As noted in sections 3.4.2 and

3.5, this expansion is pivotal when the external input is weak and the anisotropic cortical
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strength plays the larger role in narrowing the tuning curves. Furthermore, regardless of
input strength, it allows for a larger overall network response, as the peak activity, aso(f),
grows with increasing Jy. Finally, as we will see in section 3.7, in the absence of any stimulus
(i.e., for ¢ = 0), the extended regime features the spontaneous generation of stable tuning
curves and may thus serve as the bedrock for color hallucinations.

However, looking back at figure 3.21, perhaps most striking is the horizontal portion of
the bifurcation curve at Jy = ﬁ for J1 < %, which sets the same stability conditions on
Jo and Ji as in the linear case. This is despite the fact that, as detailed in section 3.3, many
of the points in the analytical regimes of the two featured families correspond to solutions
that implement thresholding, thus signifying that the analytical regime is not an exclusively
linear one.

The key to understanding the shape of this region lies in noticing that the bifurcation
diagram does not change for varying values of ¢, T, and 6, as shown in figure 3.21 for the
two values of T'. The stability conditions on Jy and J; are thus uniquely determined by
[ alone. Furthermore, for the general diagram (i.e., with § fixed and ¢, T" unfixed), each
point of the analytical regime permits linear solutions (satisfying equation 3.39), in addition
to the ones that implement thresholding. Accordingly, the uniqueness of the bifurcation
diagram implies that at each point of the analytical (Jy, J1) subspace, the stability of the
latter, nonlinear solutions is equivalent to that of the linear solutions. This means that the

boundary at Jy = ﬁ set by 3.46 applies to the full, nonlinear model as well.
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Figure 3.21: Bifurcation diagram for 5 =1 and ¢ = 1 for two values of threshold (shown in
the legend). The grey and white regions correspond to the analytical and extended regimes,
respectively. The black dashed line is the bifurcation curve, above which the tuning curves
are unstable. Overlaid open circles correspond to points tested in a parameter sweep over
the extended regime. Notably, the parameter sweep produces the same bifurcation curve for
both values of T'. Here, we must note that for critical values of T', for which the input is
not large enough to generate activity, the model permits the trivial a(f) = 0 steady-state
solution in both the analytical and extended regimes. This solution, however, is unstable to
perturbations large enough to make the input cross the threshold. For more on bifurcation

theory in the context of neural fields, see [41, 46]. See also [45] for an analogous “phase



3.7 A Turing Mechanism for Color Hallucinations

3.7.1 Biological Turing Patterns

Underpinning our hue tuning model is the mathematics of reaction-diffusion systems, for
which, in particular, Alan Turing’s treatment of biological pattern formation offers many
valuable insights [94]. The general Turing mechanism assumes a system of two interact-
ing chemicals, whose local reaction and long-range diffusion properties govern the dynam-
ics of their relative concentrations. In the original framework these chemicals are termed
“morphogens” to elicit their form-producing capabilities within a developing embryo, whose
anatomical structure emerges as a result of their underlying concentration dynamics. This,
for instance, may be attributed to the morphogens’ catalysis of organ formation in different
parts of the developing organism.

Most analogous to our model is the formulation which distributes the morphogens across
a continuous ring of tissue, parameterized by the cellular position #. Assuming that the
system never deviates far from the underlying homogeneous steady state, the two dynamical

state equations for their concentrations, X and Y, take the linear form

X
w = aX(0,t) +bY(0,t) + DxV2X(6,1)
% = X (0,t) +dY (0,t) + DyV2Y (0, 1), (3.52)

where a, b, ¢, and d represent the chemical reaction rates, and Dx and Dy are the diffusion
rates of X and Y, respectively. Here, we set a, ¢ > 0, so that increasing the concentration
of X activates the production of both X and Y, and b, d < 0 so that Y has an inhibitory
effect on the production of both chemicals [49].

In the absence of diffusion (i.e., with Dy = Dy = 0), the system has a homogeneous

steady-state solution, (X,Y) = 0, whose stability is determined by a Jacobian composed
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of the reaction rates, [CCL Z}, and hence by the system’s local chemical properties alone [49].

Note that at this point the system is circularly symmetric with respect to interchanging any
two cells on the ring.

Assuming the existence of a stable steady-state solution, and therefore the corresponding
requirements on a-d, we next set the diffusive terms Dy, Dy > 0, taking the separable ansatz

for the general solution:

¢}
X = Z Aue)‘“tewe

[=—00
m .
Y=Y Buetule? (3.53)
J=—00

Furthermore, we set Dy < Dy to generate the local excitation and lateral inhibition of
the morphogen concentrations [49, 73], evoking the connectivity function ansatz 2.9. The
underlying steady state then remains stable if the real parts of the eigenvalues ), obtained
from the modified Jacobian, are negative. With a-d fixed from the stability conditions above,
these eigenvalues are functions of the diffusion parameters alone. Thus, the conditions for
stability may be thought of in terms of a bifurcation diagram in the (D, Dy) phase space,
comparable to figure 3.21.

From here, a set of additional conditions may be placed on Dy and Dy so that the system
undergoes a Turing bifurcation, wherein at least one A, becomes positive and the homoge-
neous steady state loses its stability. With the addition of a small random perturbation,

9, such that, over

the instability results in the growth of the corresponding eigenmodes e
time, 3.53 is dominated by the eigenmodes with largest A;,. These represent stationary waves
whose wavelengths are set by the circumference of the ring (i.e., by the spatial properties
of the medium) and whose growth is bounded by the higher-order terms which had been

initially ignored in the near-equilibrium formulation [73, 81, 94]. The underlying circular

symmetry is thus broken and a spatial pattern is formed.
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In his seminal paper, Turing extrapolated this mechanism to explain various biological
phenomena, such as the development of petals on a flower, spotted color patterns, and the
growth of an embryo along various directions from an original spherical state. A hallmark of
each of these examples is that there is no input into the system so that each of the emergent
patterns reflect a mechanism of spontaneous symmetry breaking, onset by a perturbation of
“some influences unspecified” [94]. In light of this, we ask, can the visual cortex self-generate

the perception of hue?

3.7.2  Spontaneous Symmetry Breaking and Color Hallucinations

To assess our model’s ability to self-organize in the absence of visual input, we set ¢ = 0 and

seek to establish the presence of a Turing mechanism marked by the following three features:
1. A system comprised of local excitation and long-range inhibition.

2. Spontaneous symmetry breaking in the absence of input within a region of a parameter

space defined by the relevant bifurcation parameter(s).
3. The emergence of patterns that are bound by the system’s nonlinearities.

As noted above, requiring Dx < Dy in 3.52 sets up the diffusion-driven activator-
inhibitor dynamics governing the evolution of the morphogen concentration across the ring
of cells. With these assumptions, Turing’s reaction-diffusion equations bear a strong re-
semblance to our one-population generalization of the excitatory and inhibitory color cell

dynamics in the absence of LGN input:

70 daEZ, ‘) = —a(0,t)+yg {/7; (J() + Jy cos(0 — €/)> a(@l, t)d@’ ’ (3.54)

where the local excitation and long-range inhibition are incorporated in the anisotropic inter-
action term Jj cos(f — 6'), and the reaction terms aX (0,t), bY (0,t), cX(0,t), and dY (0,1)
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find their neural analogue in the term —a(6,t). Importantly, the notions of “local” and
“long-range” here describe interactions in the DKL space, and not in the physical cortical
space correlate to Turing’s ring of tissue. Accordingly, we treat Jj as the Turing bifurcation
parameter and look for spontaneous color tuning beyond a bifurcation point J; = JlT . Ad-
ditionally, we observe that the onset of instability is determined by a critical value of T', so
that the relevant parameter space for our exploration is (Jq,7) (Fig. 3.22). This analysis is
summarized by figure 3.23.

We observe that within the analytical regime, the system generates a stable homogeneous
steady-state solution axo(6) > 0 for all values of the parameters 3, T, Jy, and J; (panels

a-b). As such, from the closed-form linear steady-state solution 3.38, we obtain

T
—5— for T <0
aso(0) ={ 1= 278y (3.55)
0 for T' > 0.

We further observe that beyond J; = #, a stable homogeneous steady-state solution
remains at ax(f) = 0 for T" > 0 (panel ¢). However, at 7' = 0, this radial symmetry is
broken, and the cortex generates spontaneous tuning curves with peak locations determined
by the random initial conditions (panels d-f). Thus, the system bifurcates when J; = %
and 7" = 0, permitting the onset of color hallucinations in a region defined by these two
values (Fig. 3.22).

Bearing these predictions in mind, we point to a recent functional MRI study of blind pa-
tients experiencing visual hallucinations [43]. The study attributes these visions to the acti-
vation of the neural networks underlying normal vision, precipitated by the hyper-excitability
of the cortex to spontaneous resting-state activity fluctuations when it is deprived of external
input. This is suggestive of the required lowering of neuronal threshold at the onset of color

hallucinations predicted here. Notably, a reduction in membrane potential threshold has

also been attributed to the action of hallucinogens [25, 97].
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Color Hallucinations

Figure 3.22: The onset of color hallucinations in the (J1,7) parameter space. The model

generates spontaneous hue tuning curves beyond J; = J{ = % and below T = 0.

Finally, we note that the stability of the emergent tuning curves is determined by the
bifurcation diagram of figure 3.21. This means that, in addition to expanding the region
of stability in the presence of chromatic stimuli, the model’s nonlinearity allows for stable,
spontaneous color hallucinations in their absence. This is most starkly seen with a com-
parison to the emergent curves obtained with the linear model (equation 2.11), which grow
without bound for the same parameter values (Fig. 3.24).

Having thus established a Turing-like mechanism for our model’s self-organization, we
end with an analogy to Turing’s original diffusion-driven formulation. In his concluding ex-
ample, Turing applies the mechanism to explain the growth of an embryo along various axes
of its original spherical state. This growth is driven by diffusion, directed by the “disturbing
influences,” shaped by the system’s chemical and physical properties, and bounded by the
system’s nonlinearities. It is all too clear to see the parallels with our hue tuning model,
wherein a hallucination is driven by the anisotropy of the cortical interactions, its hue de-
termined by the initial conditions, its selectivity shaped by the cortical parameters, and its

stability ensured by the thresholding nonlinearity.
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Figure 3.23: Spontaneous pattern formation in the absence of input (¢ = 0). = 1. (a)-(b):
Jo=—-2,J;y =.1(a) T =0 (b) For T < 0, the value of the homogeneous steady-state
activity increases. Here, 7' = —10. (c)-(d): Pattern formation in the extended regime
Jo = —2, J; = .4. (c) No hue tuning curve emerges for 7' > 0. Here, ' =0. (d) "= —10. A
hue tuning curve is generated in the absence of external input. (e)-(f): T'= —10, Jy = -7,
J1 = 6. The emergent tuning curve is more selective for larger values of Ji. For each run,
the activity is peaked about a different angle, set by the random initial conditions. The peak

value and tuning width are consistent between trials.
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Figure 3.24: Stability of Spontaneous Tuning Curves. With g =1, T = —10, Jy = —2,
and J; = .4, the tuning curves generated in the linear model (equation 2.11) are unstable
(a), while those generated by the full model (equation 2.1) are stable (b). Panels a and b
show the emergent activity after equal durations of time and for the same parameter values.
Note that, as a point of contrast, the linear model demonstrates the stabilizing role of the
thresholding nonlinearity. As such, it is pictured here for illustrative purposes alone, so that

the negative activity values in panel a should not be given a physical interpretation.
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CHAPTER 4
CONCLUSION

This dissertation presents a neural field model of color vision processing which reconceptu-
alizes the link between chromatic stimuli and our perception of hue. It does so guided by
the premise that the visual cortex initiates the mixing of the cardinal L—M and S—(L+M)
pathways and thereby transforms the discrete cone-opponent signals to a continuous repre-
sentation of chromatic information. We emphasize that this modeling assumption is based
on experimental evidence. Just as it is not obvious that the brain should break apart a
photon’s chromatic information in its earliest processing stages, neither is it implicit that it
should be reintegrated in V1. Such mixing mechanisms have been implemented by previous
combinatorial models of color processing, though through a largely feed-forward approach.

Our theory bears in mind the mixing mechanism, but reframes the stage-wise combina-
torial scheme to one based on the nonlinear population dynamics within the visual cortex.
Accordingly, we propose a hue-based cortical connectivity, built upon the cortical hue map
micro-architecture revealed by recent optical imaging studies of V1. By considering the intra-
cortical network interactions, we have accounted for V1 cells responsive to the gamut of DKL
directions without the need to fine-tune the cortical parameters. We do so without restricting
to a particular category of V1 neuron, as both single-opponent and double-opponent, and
altogether novel types of cells, have been pegged as the primary messengers of chromatic
information. Rather, we zoom out of the individual neuron’s receptive field to model the ag-
gregate, population-level properties and, in particular, the stable representation of hue. We
thereby offer that chromatic processing in the visual cortex is, in its essence, a self-organizing
system of neuronal-activity pattern formation, capable of encoding chromatic information in
the presence of visual stimuli and generating information in their absence.

Further, in assuming modularity for chromatic processing, we have not ruled out a mech-

anism for joint feature processing. Our choice to focus on the unoriented color cells within
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the CO blob regions allowed us to parse out the chromatic pathway for an independent anal-
ysis, but should not be interpreted as a claim about its functional independence. We leave
open the question of the functional and anatomical separation of the various visual streams.

Finally, we emphasize that the emergent hue tuning curves we have characterized are
a network property reflective of the physiological neuronal responses, and should not be
confounded with our perception of hue. By recognizing that the hue tuning mechanism of
the visual cortex is an early stop in the visual pathway, we hope that this research inspires

further field theory approaches to our understanding of color perception.
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APPENDIX A
MATHEMATICAL SUPPLEMENT

This appendix details to a greater extent the analysis in chapter 3.

A.1 Reformulating the Input

Given that the activity a(6,t) is a real-valued function, ¢y € R and ¢; = ¢*;. The recurrent

terms of 3.7 can then be rewritten as:

>
o
=+
"
—
\.%
~
S~—
>~
()
Q
(e}
—~
~
N—
D>
(an)
—~
>
SN—
I>/
—_
—~
o
—_
—~
~
N—
o
—_
—~
>
SN—
Q
L
—~
~
N—
D>
[y
—~
>
SN—
~—

(A.1)

Combining A.1 with the cone-opponent formulation of the feedforward input 2.5 and the

substitutions of 3.12 yields:
h(6,t) = qo(t) + qr(t) cos(0) + qi(t) sin(6) (A.2)
which we reexpress as
h(8,t) = qo(t) + Re[(gr — igr)e™]. (A.3)

Wo then lot gr(t) — igi(t) = o5, (1) with ¢4 (1) = /g (1) + g2(¢) and tan(y(1)) = — 4
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to reexpress h(6,t) in the form

h(6,1) = qo(t) + Re[cp, (1) 0]

= qo(t) + cp(t) coslf +~(t)] (A.4)

A.2 Fourier Analysis of Linear Steady-State Solution

In this section I provide an alternate approach to the steady-state solution of the linear case
of our model (section 3.3). The methods here draw on the work of [45] in their analysis of
steady-state orientation tuning curves (see [21] for more details).

From 3.31, we have axo(0) = glhoo(6)]. Defining hoo(f) as in 3.7 in terms of the steady-

state values of the coefficients, ¢, (00), gives
hoo(0) = A1 c.1(00) €.1(0) + Ay cp(00) ég(0) + A1 c1(o0) €1(0) 4 ccos(0 — 9_) (A.5)

Here, we recall from 3.5 that the coefficients ¢, are the first-order Fourier coefficients of
a0 (0), defined on the interval {—m, 7}, where we assume values for the cortical parameters
such that the steady-state input is above threshold for all DKL angles and the profile is not
cut off by the action of g. This allows us to make use of the orthogonality of the Fourier
eigenfunctions on {—m, 7}.

The coeflicients are thus defined as

1 T
co(o0) = \/—Q—W/_Wﬁ(hoo(@)—T)d‘9
_ L 7)ot
ca(00) = = /_ Blel6) = T)e
_ _T)eif
c1(00) = = /_  Blloo(t) =T, (A.6)

where the prefactors preceding the integrals take into account the normalization factor in é,
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m
such that ¢, = Oéu/ (Z cﬂ(t)éu(9)>e_2”9d9 for normalization constants «,,.

Substitution of A.5 into A.6 then yields

g
(%) = T =550
T 9,10
c.1(00) = I/__Q—ﬁ;ejl
i —if
Cl(OO) = \1/_25—7:;(]17

where I have used \g = 27Jy and \{ = A\, = 7J1.
Finally, I rewrite 3.31 with these expressions for ¢, to obtain the steady-state profile:
1a.i(—0+0 1a.i(0—0
—-Tp 58ce ) 5Bce ) _
— + A A -T 0—0
0T omgig T M T gy, TN T g T Heesli-0))

B BT cBcos(f — 0)
N _1—27TﬂJ0 * 1—np6Np

axo(0) =56 |\

(A7)

as in 3.38.

A.3 Linear Stability Analysis

This section presents the mathematical details for obtaining equation 3.47.
Adding a small perturbation da(6,t) to the steady-state tuning curve and substituting
the resulting network activity 3.41 into 2.1, we obtain:

doa(0,t)

=~ (a00(0) +0a(0,1)) + B (hoo(0) +3h(0,1) = T)H (hoo(0) +0h(0,£) =T, (A8)

70

where 6h(0,t) is a perturbation to the input due to da(#,t). Taylor expanding the right-hand
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side of A.8 in h(0,t) = hoo(f) + dh(0,t) about h(0,t) = hoo(f) then yields

doa(0,t
70 cgt )

= —(a00(0) + 6(0,1)) + B{ (koo (8) = T)H (o (6) — T)

+ 0h(0, )H (hoo(0) — T) + O((5h(0,1))?) } (A.9)

For small perturbations, the higher-order terms in 0h(6,t) are negligible, and, using ax(0) =
B(hoo(0) — T)H (hoo(f) — T'), we rewrite A.9 as

TOd(Sac(lf,t) — —da(6,t) + B(m(@,t)%(hoo(e) — T), (A.10)

Next, expanding da(6,t) as in 3.43, we obtain

0 dDC;;(t)éu(e) ==Y Du(t)éu(0) + Bon(0, t)H (hoo(0) — T), (A.11)

wherein we express dh(6,t) in the formulation of A.2 to yield:

> P00 0) = 3" Duttyeu)
=~ =~ (A.12)

+ B[8q0(t) + dgr(t) cos(8) + dqi(t) sin(6)] H (hoo(0) — T).

Finally, taking the inner product of A.12 with é,(f), and recalling from section 3.1.1
that the action of the Heaviside function may be reformulated in terms of the critical cutoff

angles 01 and d9, we arrive at

03
w2 — 0+ 5 [ 7 ban(t) + dan(t) cos(o) + ba(0)sin(@)] 5 (0)do,  (A13)

dt

where 0] and 65 are the steady-state values of the cutoff angles.
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APPENDIX B
MATLAB CODE
B.1 Numerical Solution for Steady-State Coefficients

This is the Matlab code for computing the coefficients CT‘ <1 described in section 3.2.2.

p|<
hth ————mmmmmmmm e m e m Parameters ----------------—--—---~-
n = 501; % number of hue-preferring populations
phil80 = -pi:2*pi/(n-1):pi; % range of hue preferences
beta = 1; % gain (spikes/sec/mV)
Rrest = .2; % initial firing rate (sp/s)
tau = 1; % membrane time constant (ms)
dt = .1; % simulation time step (ms)
duration = 900; % number of steps
JOo = -2; % isotropic connectivity strength
J1 = 3; % anisotropic connectivity strength
c = 1; % strength of LGN signal (mV)
th = 0; %» hue angle of stimulus
1_m = cos(th); % projection of hue angle onto the L-M axis
s = sin(th); % projection of hue angle onto the S-(L+M) axis

T = 0; % threshold (mV)

%% ---- Computing the Steady State Fourier Coefficients ----

)
Il

Rrest*rand (1,n); % random initial activity profile

% Use Composite Simpson's Rule to obtain first-order Fourier
components of initial activity profile.

im=sqrt (-1);

m=-1;
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hsum=exp (-im*phil180 (1) *m)*a (1) +exp(-im*phil180 (1) *m)*a(n) ;
for k =2:n-1
if rem(k,2)==
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *4;
else
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *2;
end
end

coeff=hsum*(2*xpi/(n-1))/3;

normcoeffl=coeff/sqrt (2xpi); % initial value of c_{-1}
cr=real (normcoeffl); % initial value of c_{-1, real}
ci=imag(normcoeffl); % initial value of c_{-1, imag}
m=0;

hsum=exp (-im*phil180 (1) *m)*a (1) +exp(-im*phil180 (1) *m)*a(n) ;
for k =2:n-1
if rem(k,2)==0
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *4;
else
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *2;
end
end
coeff=hsum*(2*xpi/(n-1))/3;
cO=coeff/sqrt (2xpi); % initial value of c_{0}
% Relevant variable values computed as described in chapter 3.
qr=c*1_m+sqrt (2*pi)*Jl*cr;

gi=c*s+sqrt (2*%pi)*Jlx*ci;
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ch=sqrt (qr~2+qi~2);
qO0=sqrt (2*pi)*J0*cO;
alpha= (T-q0)/ch;
theta2=acos (alpha) ;
thetal=-theta2;
gamma=atan (-qi/qr) ;
if alpha<-1
deltal=-pi;
delta2=pi;
elseif alpha>1
deltal=0;
delta2=0;
else
deltal=thetal -gamma;
delta2=theta2-gamma;
end
% Use Forward Euler to compute steady state values of c_{0}, c
{-1, real}, and c_{-1, imag}, updating variables at every
timestep.
for i = 1: duration
c0=cO-cO*dt+dt*beta/sqrt (2xpi)*(ch*x(sin(delta2+gamma) -sin(
deltal+gamma))+(T-q0)*(deltal-delta2));
cr=cr-cr*dt+dt*beta/sqrt (2*xpi)*(ch/2*x((delta2-deltal)+sin(
delta2-deltal))+2*x(T-q0)*sin(gamma+deltal))*cos (gamma) ;
ci=ci-ci*dt-dt*beta/sqrt (2*xpi)*(ch/2*x((delta2-deltal)+sin(

delta2-deltal))+2*x(T-q0)*sin(gamma+deltal))*sin(gamma) ;
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end

qr=c*1_m+sqrt (2*pi)*Jl*cr;
gi=c*s+sqrt (2*%pi)*Jlx*ci;
ch=sqrt (qr"2+qi"~2);
qO0=sqrt (2*pi)*J0*cO;
alpha=(T-q0)/ch;
theta2=acos (alpha);
thetal=-theta2;
gamma=atan (-qi/qr) ;
if alpha<-1

deltal=-pi;

delta2=pi;
elseif alpha>1

deltal=0;

delta2=0;
else
deltal=thetal -gamma;
delta2=theta2-gamma;

end
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B.2 Numerical Solution and Stability Analysis

This is the Matlab code for plotting the activity dynamics and steady-state profile, computing
the first-order Fourier coefficients of the network activity, and performing a linear stability

analysis of the steady state.

hl ———mmmmmmmmmmmmm——— - Parameters -------------------—--~-
n = 501; % number of hue-preferring populations

phil80 = -pi:2*pi/(n-1) :pi; % range of hue preferences
beta = 1; % gain (spikes/sec/mV)

Rrest = .2; % initial firing rate maximum

tau = 1; % membrane time constant (ms)

dt = .1; % simulation timestep (ms)

duration = 500; % number of steps

JO = -2; /» isotropic connectivity strength

J1 = 3; % anisotropic connectivity strength

c = 1; % strength of LGN signal (mV)

th = 0; % hue angle of stimulus

l1_m = cos(th); % projection of hue angle onto the L-M axis
s = sin(th); % projection of hue angle onto the S-(L+M) axis
T = 0; % threshold (mV)

hth ————mmmmmmmmmmm—— LGN Input -----------—-—--———-—-——---—--

% Tuned Stimulus Condition:

lgn = c*(l_m*cos(phil80)+s*sin(phil80));
Rlgnmovie = ones(duration,1)*1lgn;

% Zero Input Condition:

% Rlgnmovie = zeros(duration,l1)*1lgn;

%o ————m—mmmmm— i ———— Initialization ----—-——-——————-—————-
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% Random Initial Conditions:

a = Rrest*rand(l,n); % current network activity (spikes/sec)

Rmovie = a; % matrix of network activity from t=0 to t=
duration+1.

% Isotropic Initial Conditions:

% a = Rrest*xones(1l,n);

% Rmovie = a;

rhs = zeros(1,n); %» right-hand side of model equation

hh ———mmmmmm e Dynamics —------------—-----——---

for t=1:duration
Vctx=zeros (1,n); % net cortical input (mV)
% Use Simpson's Rule to obtain cortical input at current
timestep.
for i=1:n
hsum=(J0+J1*cos(phil180(i)-phi180(1)))*a(1)+(J0+J1*cos(
phi180(i)-phi180(n)))*a(n);
for k =2:n-1
if rem(k,2)==
hsum=hsum+(JO+J1*cos (phi180(i)-phil180(k)))*a(k)
*4 ;
else
hsum=hsum+(JO+J1*cos (phi180(i)-phil180(k)))*a(k)
*2;
end
end

Vetx (i)=hsum*(2*pi/(n-1))/3;
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end
h=Rlgnmovie(t,:)+Vctx; % total input (mV)
% Apply thresholding and evaluate RHS.
for k = 1:n
if h(k)>T
rhs (k)=-a(k)+betax(h(k)-T) ;
else
rhs (k)=-a(k) ;
end
end
%» Compute the activity and update the activity matrix.
a=a+rhsx*(dt/tau);
Rmovie(t+1,:)=a;
end
% Plot the network activity dynamics.
figure;
for m=1:duration
plot (phi180 ,Rmovie(m,:));
hold on;
pause (.01) ;
end
% Plot the steady state profile.
figure;
plot (phi180, Rmovie(duration+1,:),'black','linewidth',2);
box off;

ax=gca;
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xlim([-pi pil);
xticks(-pi:pi/2:pi);
xticklabels ({'-\pi','-\pi/2','0"','"\pi/2','"\pi'});
ax.LineWidth=1.5;
ax.FontSize=14;
as.FontWeight="'bold"';
xlabel ('\boldmath${\thetal}$', 'Fontsize', 18, 'Interpreter',’
latex');
ylabel ('\boldmath $a(\theta)$ \bf{(spikes/sec)}','Fontsize',
18, 'Interpreter', 'latex');
set (gcf, 'color','w');
Tty —————mmmmmm—— - Perturbation Analysis ----------------
% Add a random perturbation to the steady state activity and
update the activity array.
Rmovie (duration+2,:)=Rmovie (duration+1,:)+.1*xrand(1,n) .*Rmovie(
duration,:) ;
a=Rmovie (duration+2,:) ;
% Reset matrix to reflect peturbation dynamics and proceed with
Forward Euler method as above.
Rmovie=a;
for t=1:duration
for i=1:n
hsum=(J0+J1*cos (phil80(i)-phil180(1)))*a(1)+(J0+J1*cos(
phi180(i)-phi180(n)))*a(n);
for k=2:n-1

if rem(k,2)==0
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hsum=hsum+(JO+J1*cos (phi180(i)-phil180(k)))*a(k)
*4 ;
else
hsum=hsum+(JO+J1*cos (phi180(i)-phil180(k)))*a(k)
*2 ;
end
end
Vetx (i) =hsum* (2*xpi/(n-1))/3;
end
h=Rlgnmovie(t,:)+Vctx;
for k = 1:n
if h(k)>T
rhs(k)=-a(k)+beta*x(h(k)-T);
else
rhs (k)=-a(k);
end
end
a = a + rhs*x(dt/tau);
Rmovie(t+1,:)= a;
end
% Plot the dynamics.
figure;
for m=1:duration
plot (phi180 ,Rmovie(m,:));
hold on;

pause (.01) ;
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end
% Plot the steady state profile.
figure;
plot (phi180, Rmovie(duration+1,:),'black','linewidth',2);
box off;
ax = gca;
xlim([-pi pil);
xticks (-pi:pi/2:pi);
xticklabels ({'-\pi','-\pi/2','0"','"\pi/2',"'\pi'});
ax.LineWidth=1.5;
ax.FontSize=14,;
as.FontWeight="'bold"';
xlabel ('\boldmath${\theta}t$', 'Fontsize', 18, 'Interpreter','
latex');
ylabel ('\boldmath $a(\theta)$ \bf{(spikes/sec)}', 'Fontsize',
18, 'Interpreter','latex');
set (gcf,'color','w');
ht% —---- Computing the First-0Order Fourier Coefficients ----
% Use the Composite Simpson's Rule to compute c_{-1}.
im=sqrt(-1); m=-1;
hsum=exp (-im*phil180 (1) *m)*a (1) +exp (-im*phil80 (1) *m)*a(n) ;
for k =2:n-1
if rem(k,2)==
hsum=hsum+exp (-im*phi180 (k) *m) *a (k) *4;
else

hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *2;
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end
end
coeff=hsum*(2*pi/(n-1))/3;
normcoeffl=coeff/sqrt (2xpi); % normalized c_{-1}
% Use the Composite Simpson's Rule to compute c_{0}.
m=0;
hsum=exp (-im*phil180 (1) *m)*a (1) +exp(-im*phil80 (1) *m)*a(n) ;
for k =2:n-1
if rem(k,2)==
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *4;
else
hsum=hsum+exp (-im*phil180 (k) *m) *a (k) *2;
end
end
coeff=hsum*(2*xpi/(n-1))/3;
normcoeffO=coeff/sqrt (2*pi); % normalized c_{0}
"ty —————————————- Linear Stability Analysis --------------
% Compute the Jacobian at the steady state to analyze stability
of emergent tuning curve. Relevant variable values computed
as described in chapter 3.
clreal=real (normcoeffl); climag=imag(normcoeffl);
gr=c*cos (th)+J1l*sqrt (2*pi)*clreal;
gi=c*sin(th)+J1l*sqrt (2*pi)*climag;
ch=sqrt (qr"2+qi"~2) ;
qO0=sqrt (2*pi)*JO0*normcoeff0;

alpha= (T-q0)/ch;
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theta2=acos (alpha); thetal=-theta2;
gamma=atan (-qi/qr) ;
if alpha<-1
deltal=-pi;
delta2=pi;
elseif alpha>1
deltal=0;
delta2=0;
else
deltal=thetal -gamma;
delta2=theta2-gamma;
end
stabO_a=[beta*xJO*x(delta2-deltal)-1; betaxJ1*(sin(delta2)-sin/(
deltal)); beta*J1*(cos(deltal)-cos(delta2))];
stabr_a=[beta*xJO*x(sin(delta2)-sin(deltal)); betaxJ1/4*x(2xdelta?2
-2xdeltal+sin(2*delta2)-sin(2*deltal))-1; betax*xJ1/4*x(cos (2%
deltal)-cos(2xdelta2))];
stabi_a=[beta*xJO*x(cos(deltal)-cos(delta2)); betaxJ1/4*x(cos (2%
deltal)-cos(2*xdelta2)); betax*xJ1/4*x(2+xdelta2-2*xdeltal+sin (2%

deltal)-sin(2*xdelta2)) -1];

stab_mat=[stabO_a stabr_a stabi_al'; % Jacobian matrix

syms x

poly_stab=charpoly(stab_mat ,x) ; % characteristic polynomial
eigen_stab=double(solve(poly_stab)) % Solve characteristic

equation to obtain eigenvalues of the Jacobian.
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