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ABSTRACT

Understanding the universal behaviors in quantum phases of matter lies among the long-term
dreams of condensed matter physicists. However, relating universal behaviors to physical ob-
servables is challenging. Surprisingly, knowledge from other realms of physics brings unique
insights into this subject. In this thesis, we will develop two useful tools: quantum entangle-
ment and conformal field theory, which are widely used in the study of quantum information
science and string theory, respectively. We will show how they reveal the previously un-
known universal information of three different systems: topological liquid, random quantum
states, and critical spin chains. These three systems are typical examples of the area law
entanglement scaling phase, volume law entanglement scaling phase, and logarithmic law
entanglement scaling phase, respectively.

We start by examing the topological liquids. The universal features of topological liquids
make them useful for topological quantum computation and quantum error correction. In
such systems, a piece of universal information, the quantum dimension, is encoded in the
constant term of von Neumann entanglement entropy. However, von Neumann entanglement
entropy only captures the bipartite entanglement structure, while more universal features
can be encoded in the multipartite entanglement structures. Specifically, we investigate the
reflected entropy — a tripartite entanglement quantity. We unveil the reflected entropy yields
a novel universal form of two-dimensional chiral topological liquid, capturing its central
charge. To derive this result, we exploit the bulk-boundary correspondence, approximating
the ground state of chiral topological liquid by vertex state in boundary conformal field
theory. The entanglement quantities of the vertex state are then computed by explicit
numerical calculation and the conformal interface method.

We next move on to random quantum states. The entanglement entropy of a typical
state in a random ensemble exhibits the volume law scaling. Understanding the typical
entanglement of random states thus provides insights into thermalization and quantum chaos.

Xvi



Specifically, we study von Neumann entanglement entropy of random free fermion states in
the presence of ten fundamental symmetry classes. We find the fingerprint of different
symmetries lies in the constant term of typical entanglement entropy and the entanglement
variance. Our results establish the symmetry classification of typical quantum entanglement
and the role of symmetry in quantum chaos.

The discussion of boundary conformal field theory brings us to the second important tool,
conformal field theory, a powerful framework for studying the critical (gapless) phases. Given
a critical quantum lattice model, it is crucial yet difficult to extract the underlying conformal
data. In this subject, we develop the method of wavefunction overlap, which can extract all
conformal data from a critical quantum lattice model. Our key insight is that the universal
finite-size correction of the wavefunction overlap is dictated by the orbifold conformal field
theory, obtained by gauging the symmetry in the replicated theory. Importantly, our method
bridges the gap of operator product expansion coefficient extraction, where a numerical
method was lacking. The power of our method is readily demonstrated by unveiling new
data of the newly proposed Haagerup model built from the Haagerup fusion category.

Finally, we discuss how the tools developed in this thesis can be generalized to study

more exotic quantum systems, which might lead to future projects.
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CHAPTER 1
INTRODUCTION

One fascinating task of physicists is exploring and understanding the world around us. While
high-energy physicists question the particles at high energy scales, condensed matter physi-
cists are devoted to going to low energy. Indeed, many seemingly different systems show
the universal behaviors at low energy and long distance: the behaviors governed by the
symmetry or topology of the state, insensitive to the microscopic details.

The quest for universal properties in classical phases of matter dated back to Landau, who
realized the importance of symmetry and developed the theory of spontaneous symmetry
breaking and phase transition theory. Many physical observables, such as the two-point
correlation functions, are universally governed by critical exponents.

Thanks to the development of experimental techniques, condensed matter physicists are
able to go to even lower temperature where the quantum effect starts to dominate. This
brings the quest for universal properties in the quantum phases of matter. Ever since the
discovery of integer and fractional quantum hall effect, physicists began to realize the impor-
tance of topology, which is closely tied to the universal non-local properties such as boundary
current, ground state degeneracy, and fractional excitations.

This brings up the questions: how to detect these universal fingerprints given the low
energy states; and based on that, how to distinguish different quantum phases of matter. In
this thesis, we target these questions, but from the points of view of quantum entanglement
and conformal field theory (CFT).

Quantum entanglement stems in the center of quantum mechanics. Regarded as a “spooky
action” in the early days, the existence of quantum entanglement is well established in
our era with the experimental verification of Bell inequalities and quantum teleportation.
Quantum entanglement is a significant resource in various quantum technologies: quantum

cryptography, quantum teleportation, and quantum computation, to name but a few.
1



Perhaps surprisingly, quantum entanglement also provides a valuable tool to probe the
universal behaviors of quantum matters. Specifically, we separate the degrees of freedom of a
state into two or more parts and compute the entanglement among these subregions. We ask
how the entanglement changes as we change the size of the subregions, dubbed “entanglement
scaling”. Depending on the systems under interest, the entanglement scaling shows the
following three drastically different behaviors: area law, volume law, and logarithmic law. For
the gapped ground state, the von Neumann entanglement entropy follows the area law scaling
behavior. One universal feature of the two-dimensional topological liquids, the quantum
dimension, is encoded in the subleading term of area law entanglement scaling dubbed as
the topological entanglement entropy. Furthermore, our work pointed out that tripartite
entanglement quantity can capture another universal feature, the central charge of chiral
topological liquid. To show this, we exploit the bulk-boundary correspondence and define
the vertex state using boundary conformal field theory (see Chapter 3).

Moving beyond the gapped ground state entanglement property, the entanglement of
typical quantum states obeys wvolume law scaling. An extreme example is the infinite tem-
perature state where the density matrix is proportional to the identity matrix; the infinite
temperature state produces maximal entanglement. Recently, maximal entanglement at-
tracted much interest as a signature of quantum chaos. The (nearly) maximal entanglement
can arise in various physical contexts, including the typical entanglement of random pure
state ensemble, and the ground state ensemble of the SYK model. Furthermore, our work
pointed out that the symmetry of the system is encoded in the subleading term of typical
free fermion entanglement scaling and the variance of entanglement (see Chapter 4).

Finally, for the ground states of one-dimensional gapless (critical) systems, the entangle-
ment follows the logarithmic law. Moreover, the coefficient of the logarithmic scaling encodes
the central charge of the theory. The universal behavior of entanglement measures in the

critical spin model was beautifully established using the replica method and twist field. The



logarithmic entanglement scaling is determined by the dimension of the twist operator in
the cyclic orbifold conformal field theory, obtained by gauging out the cyclic symmetry in
the original theory.

The above discussion about entanglement in the gapless systems demonstrates the im-
portance of conformal field theory and the twist field; Indeed, conformal field theory plays
a pivotal role in the investigation of gapless (critical) systems. The conformal symmetries
dictate the universal properties without knowing the microscopic details. For the interest
of condensed matter systems, an important question is: given a lattice model, how to ex-
tract the conformal data? As mentioned before, part of the conformal data can be obtained
using quantum entanglement. However, the extraction of one piece of conformal data, the
operator product expansion coefficient, remains a challenging task. Our work provides a
unifying method to extract all the conformal data using wavefunction overlap. Specifically,
the family of twist fields plays an important role in our method. The significance of our
method is twofold. Numerically, it provides a practical numerical method to understand
new critical systems, as we demonstrated using the newly proposed Haagerup model built
from the Haagerup fusion category. Theoretically, it reveals the role of orbifold conformal
field theory (obtained from gauging the symmetry in the replicated conformal field theories)
in studying phases of matter (See Chapter 5).

At this point, the reader might begin to ponder the power of interdisciplinary research.
Remarkably, the knowledge from quantum information theory and string theory manifests
again and again in the research of phases of matter — sometimes unexpectedly and brings
a lot of surprises. In this thesis, I will make precise my previous statements and I wish to

convey such surprise and joy.



1.1 Thesis overview

This thesis is organized as follows. In chapter 2, we introduce the two toolkits to probe the
universal fingerprints: quantum entanglement and conformal field theory. The core concepts
will be introduced without heavy derivation. Sec. 2.1 is devoted to quantum entanglement.
The precise definition of entanglement will be discussed before diving into the details of
three entanglement scalings. Sec. 2.2 is devoted to conformal field theory. CFT is too big
a subject to introduce, and we shall focus on the operator formalism, which is relevant
to spin chain conformal data extraction; and the boundary conformal field theory, which is
relevant to bulk-boundary correspondence. Fun examples will be used to solidify the abstract
concepts. In Sec. 2.3, we will apply CF'T to two problems in quantum entanglement: the first
is computing entanglement of the one-dimensional critical chain; the second is computing
topological entanglement entropy by boundary conformal field theory. This chapter is not
simply an inorganic assembling of known results; it sets the foundation for discoveries in the
later chapters.

In Chapter 3, we focus on the topological liquid, where bipartite entanglement exhibits
area law scaling. We study the tripartite entanglement and uncover a new universal entan-
glement feature. In Chapter 4, we focus on the random Gaussian systems which exhibit
volume law entanglement scaling and discover the fingerprints of symmetry in typical quan-
tum entanglement. Finally, in Chapter 5, we focus on the critical spin chain which exhibits
logarithmic law entanglement scaling. We develop a new method to extract all universal
conformal data by wavefunction overlap.

More technical details are left in the appendix. Appendix A includes details of vertex state
calculation for tripartite entanglement, and Appendix B includes details of the wavefunction
overlap method. Finally, a thesis would be less interesting if it is just a resummation of the
author’s publication; in Appendix C, we discuss the numerical methods and techniques for

condensed matter system simulation that we find useful.
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CHAPTER 2
DIAGNOSIS TOOLBOX: QUANTUM ENTANGLEMENT AND
CONFORMAL FIELD THEORY

In this section, I will give a short introduction to our toolbox to diagnose the universal
behaviors of quantum matters: quantum entanglement and conformal field theory. After
introducing the entanglement measures, I will elaborate on the well-established three different
entanglement scalings in detail. Then I introduce the covariance matrix method for Gaussian
states entanglement calculation. This will prepare us for the later three sections, where the
system under concern belongs to each of these three entanglement scalings.

For conformal field theory, I will first briefly introduce the essential concepts of conformal
symmetry, Hilbert space formalism, and the minimal model. Next, I will introduce my
favorite lattice model, the Ising spin chain to illustrate all the above concepts. Finally, I give
a short introduction to the boundary conformal field theory, preparing for later discussions
of bulk-boundary correspondence in topological liquid.

Equipped with the basic knowledge of quantum entanglement and conformal field theory,
we present two interesting applications of conformal field theory in quantum entanglement
in Sec. 2.3. The first application is the calculation of quantum entanglement of the one-
dimensional critical chain, and the second is applying boundary conformal field theory to
compute topological entanglement entropy in topological liquid. Beautiful on their own,
these two examples set the foundation for our discoveries in the next three sections.

To follow the spirit of my advisor Shinsei, I will try to use explicit lattice models as
examples with numerical results to support the theoretical statement whenever I find it
necessary. To not lose readers, this chapter will rely less on math derivation and more on

the physical pictures.



2.1 Quantum entanglement

Quantum entanglement is one of the pillars of quantum mechanics. What exactly is quan-
tum entanglement? In this section, I will define entanglement from inseparability, which
fundamentally distinguishes the classical and quantum correlation. Next, I will review the
entropy quantification of quantum entanglement, the von Neumann entanglement entropy.
The role and limitation of von Neumann entanglement entropy will be discussed. I will then
shift the gear to condensed matter systems and introduce entanglement scaling.

In practice, calculating the von Neumann entanglement entropy for a many-body state
is generally difficult. Simplification can be achieved for a special type of quantum state, the
Gaussian state. I will introduce the formalism of Gaussian state entanglement computation

— the correlation method.

2.1.1 Entanglement: inseparability

Quantum entanglement stems from the superposition of quantum states, which is fundamen-
tally different from classical correlation. To motivate it, let’s first define the quantum state
that only possesses the classical correlation — the separable state. We take a general density
matrix p4p of the total system supported on region A U B, which is positive semi-definite,
and its trace is equal to 1. We restrict to the case where the total Hilbert space H is the
direct product of Hilbert spaces on subregions H = H4 ® Hp. Using pyp, the reduced

density matrix py is obtained by tracing out subregion B: py4 = Tr gpsp, and similarly

pB =Tr 4paB.

Definition 1 (separable state). The state p is separable, iff it can be written as a convex

summation of product states,
A B
PAB = Y _PiPi @ p; - (2.1)
1
Convex summation requires that p; > 0 and ), p; = 1; each product state takes the form of
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it pp.

In the special case where pyp is a pure state pgp = |¢)(¥|, the separable condition is

simplified to
) = |va) ® V). (2.2)

Separable state only possesses classical correlation, because it can be produced by local

operations and classical communication (LOCC).
Definition 2 (entangled state). A state p is quantum entangled iff it is inseparable.

Simple as it is defined, determining whether a state p is separable or not turns out to be
an NP-hard problem. There exist various sufficient conditions for entanglement (which are,
necessary conditions for separability). But until today, no general solution is known except
for simple cases such as the two-qubit system.

The sufficient conditions for entangled states can be associated with entanglement wit-
ness or entanglement measure. Although in this thesis we shall focus on the entanglement
measure, it is worth mentioning that entanglement witness is commonly used for experi-
mental detection of quantum entanglement. Let’s now focus on the entanglement measure
E(p) associated with a quantum state p. Entanglement measure is a function that quantifies

entanglement. Moreover, the basic requirements of entanglement measures include:
1. E(p) shall vanish for a separable state.
2. E(p) shall be invariant under a local change of basis.

3. E(p) shall not increase under LOCC. This is because LOCC can only create classical

correlations.

In the history of the quest for entanglement measures, various functions were studied: en-

tanglement of distillation, and entanglement cost, to name but a few. It was shown that
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with a few reasonable assumptions, the unique entanglement measure of pure states is just

the von Neumann entanglement entropy [4]. We shall introduce it in the next subsection.

2.1.2 won Neumann entanglement entropy

The von Neumann entanglement entropy of a state p is defined as
S =—-Tr(plnp). (2.3)

It can be regarded as the quantum counterpart of the classical Shannon entropy s(X) asso-
ciated with a random variable X. When p is a pure state, one can show S(p) = 0 and the
requirements of entanglement measure are satisfied.

Alternatively, von Neumann entanglement entropy can be viewed as the limit of Renyi

entropy S () at n — 1, where the Renyi entropy is defined by

5 = . i ~InTr (7). (2.4)

The Renyi entropy satisfies the a-entropy inequalities [5, 6, 7|, which states that for any
separable state, p4p, the a-th Renyi entropy (« > 1) of the subsystem cannot be greater

than that of the whole system,

SO (pap) > S (pa), S D(pap) > 5D (pp). (2.5)

a-entropy inequalities provide a necessary condition for separability. It is worth noting its
similarity to the inequalities of Shannon entropy: the Shannon entropy associated with a

single random variable X cannot be greater than that of two variables,

s(X,Y) > s(X), s(X,Y)>s(Y). (2.6)



Indeed, in the classical realm, subsystems cannot be more disordered than the whole system.
The violation of a-entropy inequalities signals the quantum entanglement as a sufficient
condition.

Renyi entropy is useful because only the power of p is involved, which makes it more
readily to be measured in the experiments compared to von Neumann entanglement en-
tropy. Specifically, the second Renyi entropy is closely related to purity and concurrence.
Furthermore, Renyi entropy plays a central role in the theoretical technique such as the
replica approach, which we will introduce in the later section.

One can view the reduced density matrix p4 as a thermal state and define the entangle-

ment Hamiltonian (modular Hamiltonian) K4 via
Kg=—Inpy. (2.7)

Now, EE is simply the expectation value of entanglement Hamiltonian, Sy = (K4). The
spectrum of entanglement Hamiltonian K 4 is called entanglement spectrum {£}. The entan-
glement spectrum provides richer information than entanglement entropy. Remarkably, the
low-lying part of the entanglement spectrum of a ground state wavefunction resembles the
physical edge spectrum [8]. In other words, the ground state wavefunction “knows” about
the physical edge spectrum which includes the excited states on the edge. We will explore
more about this insight in Sec. 2.3.2.

As a simple example of entanglement entropy calculation, let’s consider the Bell pair state
that consists of two qubits, 1)) = \/ii(]OU +10)). The entanglement entropy associated with

one of the qubits is In2. In some sense, In 2 is the “natural unit” of entanglement entropy.



2.1.3 Entanglement scaling

Introduced first in quantum information theory, von Neumann entanglement entropy was
later widely studied in the context of condensed matter physics to understand the phases of
quantum matter. One specific question is the entanglement scaling: given a quantum pure
state |¢)) supported on H = H 4 ® Hp, how the entanglement entropy S4 = S(py) grows
as the size of subregion A increases? Naively, one may expect the entanglement entropy to
be an extensive quantity and shall grow linearly with the growth of the volume of subregion
A. While this intuition applies to the thermal states, there exist other entanglement entropy
scaling for the states under physics interest. Below, we introduce three types of entanglement

scaling: area law, volume law, and logarithmic law.

Area law

The ground state of the local gapped Hamiltonian typically follows area law entanglement
scaling. Area law entanglement scaling states that the entanglement entropy grows like the
boundary 0A of the subregion A (see |9] for a nice review). In other words, the quantum
entanglement between two regions is established via their boundary; the entanglement comes
from local correlations. The area-law scaling for a general gapped spin chain can be proven
using the Lieb-Robinson theorem [10].

An important case is one-dimensional systems, where the boundary 0A of an interval
A consists of two endpoints. Therefore, the “length” of the boundary does not grow when
increasing the length of A, and subsequently, the entanglement is (mostly) a constant. The
fact that entanglement keeps constant in one-dimensional systems is the key for numerical
simulation?, allowing the efficient marix product state representation [11].

Example As a first numerical example, let’s take a look a the Su—Schrieffer—Heeger (SSH)

1. In higher dimensional case, area law generally allows, but does not guarantee the PEPS representation.
A counterexample is the bulk of the integer quantum Hall system.
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model, which is a one-dimensional free fermion chain with the nearest-neighbor hopping,

N

Hssu = > vfl jfip +wliy afip+he (2.8)
=1

There are two atoms within a unitcell, labeled by A and B. The hopping amplitude within
a unitcell is v, and between two unitcells is w. The SSH model is gapless when v = w and
gapped otherwise. We adopt the periodic boundary condition with parameters v =1, w = 2
and the total system consists of N = 80 unitcells. The entanglement scaling of the ground
state and several excited states are shown in the left panel of Fig. 2.1, including the first
excited state. The subregion A consists of V4 unitcells, and the entanglement cut is chosen
between the unitcells. We observe that only the ground state exhibits the area law scaling.
On the right panel of Fig. 2.1 we plot the half-chain ground state entanglement entropy with
respect to w, and v = 1 is fixed. We see that in the gapped phase w # v, the entanglement
entropy does not increase when increasing the total system size N. Furthermore, S4 = 0
deep in the trivial phase (w < v) and Sy = 2In2 deep in the topological phase (w > v).
This is because the entanglement boundary cuts through two Bell pairs in the topological
phase, each contributing to In 2.
OJ
Moving forward to the ground state of two-dimensional gapped Hamiltonian, the entan-
glement entropy scales as

SA=al—7, (2.9)

where L is the length of JA (the boundary of region A). The leading term is the area
law term; and more interestingly, the subleading term + captures the topological data. For

the state possess topological order and A being a disk-like geometry, v is the topological
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Figure 2.1: (Left panel) Entanglement scaling of the ground state (0) and several excited
states (1,50,100,200,400) of the gapped SSH model at v = 1, w = 2 with system size N = 80.
(Right panel) Half chain entanglement entropy with respect to parameter w (the value v = 1
is fixed).

entanglement entropy (12, 13|, encoding the total quantum dimension

vy=InD=1In /Zdi27 (2.10)
i

where d; is the quantum dimension of anyon ¢, and D is the total quantum dimension.
The topological entanglement entropy can be derived in various ways; after introducing the
conformal field theory, I will show proof based on boundary CFT in Sec. 2.3.2. Furthermore,
more information about the topological order can be revealed by tripartite entanglement,

which will be the focus of Chapter 3.

Volume law

While the ground state typically exhibits area law entanglement scaling, the entanglement
of the thermal states scales with the volume of the subregion. The quantum entanglement
comes from the nonlocal correlations. An extremal point of the thermal state is the infinite

temperature state p o< 1, where the entanglement entropy saturates and reaches the maximal
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value Sy4 = Indy, where d 4 is the dimension of H 4.

Besides the featureless infinite temperature state, the maximal entanglement appears in
another context: the average entanglement entropy of random pure states, known as the
Page curve [14, 15, 16]. Concretely, the random pure state in H 4 ® Hp takes the form of

dsa dp

) =YY Xiali)a @ a)p. (2.11)

=1 a=1

Here, d4,dp are dimensions of Hy and Hp, and {|i) 4} and {|a)p} form orthonormal
bases on H 4 and Hp. The coefficients X;, are independent and identically distributed
complex Gaussian random variables satisfying (X, j*ﬁ> = @&j‘saﬁ' Using random
matrix techniques, one can show that in the thermodynamics limit (large total system limit),

the average entanglement entropy is given by

dA
=1 - — 2.12
<SA> ndy 2d5 ( )

when dy < dp. If the degree of freedom on each site is the qubit, the Hilbert space dimension
is related to the number of qubits viady = 2N4 and the above Page curve relation is reduced

to

(S4) = NyIn2 —2Na=Np=1 (2.13)

The first term is the volume law scaling term with maximal entanglement. The deviation

~Ns=1 Wwhich is exponentially small for

from the maximal entanglement N4In2 is 24
N4 < Np and is at most order one (1/2) when Ny = Np.
Another type of system that exhibits the (nearly) maximal entanglement is the Sachdev-

Ye-Kitaev (SYK) model, which is a zero-dimensional system 2 of N Majorana or complex

fermions with all-to-all coupling with random coefficients. The SYK models for ¢ > 2 are

2. Zero-dimension is important; Otherwise, the locality would bring a subleading vV scaling term where
V is the volume of the system. See the discussion in Ref. [17].
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maximally chaotic, thus it is expected that the average ground state EE shall also reach
maximal entanglement. The numerical calculations [18; 19| show that the entanglement
is nearly maximal: volume law entanglement is observed with coefficient 0.675 (0.665) for
Majorana (complex) fermion, which is slightly smaller than In2 = 0.6931.

An interesting question arises: if we restrict ourselves to a corner of the whole Hilbert
space by considering the random free fermion state, how does the average entanglement
behave? It turns out that they still follow the volume law entanglement scaling but with
coefficients depending on the subsystem fraction. More interestingly, when imposing sym-
metries, the universal features of symmetries are encoded in the constant term. This will be

the subject of Chapter 4.

Logarithmic law

Besides area law and volume law, another entanglement scaling is also ubiquitous in physical
systems: the logarithmic law, where entanglement scales as logarithmic of the subregion size
N 4. Tt applies to the ground state of one-dimensional local gapless Hamiltonian exhibiting
criticality. Moreover, the coefficient is proportional to the central charge ¢ of the model,

SAzglogNA—i—cl, (2.14)

and c1 is a non-universal constant. We will derive this result in Sec. 2.3 after introducing
conformal field theory. Conversely, the logarithmic entanglement scaling is an efficient way
to extract the central charge of the critical lattice model.

The canonical examples of critical one-dimensional lattice models include the free fermion
model, SSH model at critical point v = w, transverse field Ising model at the critical point,
and XXZ model at radius R = /2.

The logarithmic law can be generalized to higher dimensional gapless systems, with the
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extra subtlety coming from the shape of the Fermi surface. There are two scenarios. The
first is the higher dimensional free fermion systems with the Fermi surface being a sphere
surface. One can show Sy ~ Lj_l In L 4 for cubelike domain [20]. Crudely speaking, each
antipodal points on the sphere surface contribute In L 4 of entanglement. The second scenario
is the system described by higher dimensional CFT. Depending on the dimension, higher

dimensional CFT predicts S4 ~ Li_l or Sy ~ Lffl entanglement scaling [21].

2.1.4 Covariance matriz method

We have seen that there exist free fermion models that exhibit area law, volume law, and

logarithmic law scaling. Free fermion states belong to Gaussian states defined as below [22],

Definition 3 (Gaussian state). Gaussian states are those states for which Wick’s theorem
holds. A fermionic Gaussian state is a thermal state of quadratic Hamiltonian,

p=Cexp (EE)TQ$> , (2.15)

where Y is a vector of Majorana fermions and ) is an imaginary antisymmetric matrix.

In our convention, the Majorana fermion operators are related to the complex fermion
operators via f; = %(¢2i_1 — i1)9;), fj = %(wgi_l + i1p9;). The entanglement calculation of
Gaussian states is much simpler than the general many-body state, thanks to the covariance
matrix method [23, 24, 25].

Let’s first define the covariance matrix. Given a density matrix of a fermionic Gaus-
sian state p, the covariance matrix I' is defined by the two-point function of the Majorana

fermions,

Dy o= 5 T (ol ) (216)

Here the indices j, k run over all relevant degrees of freedom, site, spin, orbital, etc. T' is also

an imaginary antisymmetric matrix with eigenvalues come in pairs {£7;}. The covariance
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matrix is related to Q via I' = —tanh(£2/2), which can be shown by using orthogonal
transformation to bring € into canonical form in the rotated basis ¢. In the rotated basis,
the density matrix takes a simple form p = ]}, 5(1 4+, 1¥5.), from which we can derive

the formula of entanglement entropy,

/
S:—;{(%—F%)ln(%ﬁ-%)+(%—’y2—k)ln(%—%):|. (2.17)
Here, the prime on )  means we only sum over one of the eigenvalues in the ++; pairs.
To summarize, when computing S4 corresponds to a subregion A, all required is to find
the covariance matrix I'4 using p4. The entanglement entropy is ready to be computed
once knowing the eigenvalues {7;} of I'4. In practice, one can first compute the correlation
matrix I'y g of the whole system on A U B and take I'4 as a submatrix of I'4g by keeping
only the degrees of freedom ) in the region A; this has the effect of tracing out region B.
Given a physical free fermion Hamiltonian, it is typically more convenient to compute
the correlation matrices C, F',
Cij:="Tr (Pf;[fj) (218)
Fj="Tr (pfjfj)

The covariance matrix can be expressed in terms of C, F' as
r=C-cMel+1-c-cNoo,+(F+FYoo, —i(F-F)®ao, (2.19)

where the Pauli matrices act on the space of odd and even indices of the Majorana fermions.
Let’s consider a special case of the single particle Hamiltonian H = Z%’:l fZ-THZ-jfj, and
find its ground state correlation matrix. The N x N matrix H can be diagonalized by a
unitary matrix U via U THU = D where D is a diagonal matrix of eigenvalues, arranged from
smallest to largest. We denote the rotated basis as f =yt J. It the first N eigenvalues are

negative, the many-body ground state is a product state filled with the first Ny eigenstates,
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GS) = fT e j‘:T 0). We denote V' as a N x Ny submatrix of U consisting of its first N
1 Ny f f

columns, and the correlation matrix Cj; = (GS| f;r f;1GS) can now be expressed using V' by
c=vvT. (2.20)

The correlation matrix F' = 0 because the above Hamiltonian preserves the particle number.
Finally, C'4 is obtained by truncating C, keeping only the degree of freedom in A.

In particle-number-conserving systems, the eigenvalues -y, are related to the single-
particle entanglement spectrum €j, which are eigenvalues of Hp defined from the reduced

density matrix
pocexp [ ) f;r(HE>ijfj
ij

by €. = In[(1 —v4)/(1 + v;)]. For n;, being eigenvalues of C, €}, can be expressed equivalently

as €, = In[(1 —n)/n;)]- Entanglement entropy can also be expressed using {n;} by

S==> I, + (1 —ngp) In(1 = )] (2.21)
p

To have a better grasp of the correlation matrix method, let’s play with the following
example of free fermion.
Example Consider the 1d free fermion hopping Hamiltonian with periodic boundary con-
dition,

N
H=—tY (cleipr + he). (2.22)
=1

This is a gapless model. From the tight-binding method, the eigenvalues of H are £} =
—2t cos k, which are labeled by momentum k in the range of [—m, 7]; the corresponding
eigenstates are simply the plane waves. When ¢ > 0, the ground state is formed by filling

the momentum modes in the range [—m/2,7/2], and the correlation matrix takes the form
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of (using Eq. (2.20))

Cj=q ") (2.23)

[N
o~
I
<

We see the correlation matrix elements exhibit power law decay, Cj; ~ 1/]i — j|. Let’s
take the region A as the first Ny sites of the chain, therefore Cy is simply the upper-left
Ny x N4 submatrix of C'. By numerically calculating the eigenvalues 7 of C' 4, we can obtain
the entanglement S4 using Eq. (2.21). The numerical result gives Sy = %ln Ny + cq, from
which we extract the central charge ¢ = 1.

In fact, the above scaling can be derived analytically by the cumulant method [26]. The
cumulant method states that the leading term of EE is governed by the second moment of

charges, which can be expressed using the trace of C'y and 0124,

2
Sy = %Tr (Cy—C2). (2.24)

From the above correlation matrix, Tr C'y is simply given by TrCy = N4/2. The trace of

C’El can be evaluated by

Ny
TI“CI24 = Z CA,ijCA,ji
ij=1
Na/2 Na/2
NA 1
== L
T A Z (2n — 1) 7;1 m—1
N
N7A__1HNA+0( ).

The polygamma functions are used to obtain the large N4 result in the last line, where we
keep the contributions up to the constant term. Knowing Tr C'4 and Tr C’i, the entanglement

entropy is

1 1



as what we observe from the numerical simulation.

2.2 Conformal field theory

Having introduced quantum entanglement, we now shift the gear to two-dimensional confor-
mal field theory. Conformal field theory is an important subject from the string theory as the
language to describe the worldsheet. In statistical mechanics, it enjoys much success as the
field theory of second-order phase transition. The conformal invariance beautifully yields the
universal behaviors of physical quantities, for example, the two-point correlation function.
Perhaps it is too ambitious to introduce such a profound subject in a short section. In this
section, I will take a condensed matter physics point of view and focus on the emergence
of CFT in lattice models where the lattice Ising model will be used as a concrete example.
In Sec. 2.3, we will see how CFT helps derive elegant results of quantum entanglement of
critical systems and topological entanglement entropy.

“It is worth learning CF'T at least once in your life”; for readers who would like to learn

CFT more systematically, I recommend [27, 28] and [29].

2.2.1 Conformal invariance

A conformal field theory is a quantum field theory that is invariant under conformal trans-

formations.

Definition 4 (Conformal transformation). Conformal transformation is an invertible coor-
dinate transformation f : p — f(p) (in terms of coordinates, f : ¥ — ') that leaves the

metric tensor g invariant up to a scale,

Fg(f(p)) = Mx)g(p). (2.26)



In terms of components, the above equation is

/ /
o' 9z P
ngaﬁ(f(]?)) = A(f)g;w(P)- (2.27)
For general dimension d > 3, the group of conformal transformation is generated by
translation, rotation, dilation, and special conformal transformation. Under the current
discussion of Euclidean spacetime, the conformal group is isomorphic to SO(d + 1,1); the
algebra of infinitesimal conformal transformation is finite.

The conformal group in d = 2, the case of our interest, is drastically different from d > 3.

1 0

Let’s introduce the complex variables z = 29 + 2!, 2 = 20 — iz!. One can show that: any
holomorphic function f(z) = z 4 €(z) gives rise to an infinitesimal two-dimensional confor-
mation transformation z — f(z). The algebra of infinitesimal conformal transformations is
Witt algebra with generators {l,,}, which is infinite dimensional. Thanks to the structure of
infinite dimensional algebra, 2d CFT is sometimes exactly solvable.

The Witt generators take the form of I, = —2"t19, and [, = —2"T195. In particular,

when using the polar coordinate (7, ¢), one can form the combinations
lo+1lo=—rd and il —ly) = —dy. (2.28)

We see that [y + o is the generator for dilations and i(ly — lg) of rotations. This intuition
will be useful in the later discussion of operator formalism.

We now introduce the primary fields, which are representations of conformal algebra.
Primary fields will play an important role in our later discussion on Hilbert space formalism

and the minimal model.

Definition 5 (Primary field). A spinless field is called a primary field of conformal dimen-
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sions (h, h) if it transforms under conformal transformation z — f(2) according to

, ar\" raf\" ]
o2 (20 = (2] (3) et fan (2.29)
If the above relation holds only for global conformal transformation f € SL(2,C)/Zso, then

¢ 1is called a quasi-primary field.

One can show that the two-point function of two quasi-primary fields is fixed by the

global conformal symmetry f € SL(2,C)/Zo,

C120h, 1y 0%, by
(21 — 22)?M1(z) — z9)%Mn

(f1(21, Z21)P2(22, 22)) = (2.30)

We can always normalize C'19 to 1 by rescaling the field ¢. The three-point function of three
quasi-primary fields is also fixed by f € SL(2,C)/Zo,

(P1(21,21)02(22, Z2)P3(23, Z3)) =
. 1 1 (2.31)
123" hi+ho—hy hotha—h1 ha+hi—=hs _hy+ho—h ho+hs—hy ha+hy—hs’
12 23 13 219 %93 “13

up to the structure constant Cj93. We will see in the following that h;, h; and Ciji are
among the conformal data of a given CFT.

In the Lagrangian formalism, the action S is invariant under conformal transformation.
By the Noether theorem, one can define the stress-energy tensor 7'(z) from the infinitesimal
transformation of metric. One can show that 7'(z) is a quasi-primary field and its operator

product expansion (OPE) takes the form of

T(2)T(w) = G (i/i)él - (jT_(Z;2 + a;“ig) e (2.32)

where ¢ is the central charge and |z| > |w|. Central charge ¢ is another conformal data of a
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given CFT.

Central charge ¢ captures the conformal anomaly. It is related to the breaking of con-
formal symmetry by introducing a macroscopic scale into the system [27]. The macroscopic
scale can be introduced by the boundary condition, or the curvature in the system. For
example, the vacuum energy density on the cylinder is <Tcyl> = —gﬂTz, where the central
charge is proportional to the Casimir energy; the scale is introduced by the periodic bound-

ary condition with circumference L. The entanglement entropy scaling of a subregion of an

infinite chain is S4 ~ §log N 4; the scale is introduced by the entanglement cut.

2.2.2  Hilbert space formalism

Having introduced the Lagrangian formalism, we now wish to quantize the CFT. To do so,
we first need to choose the space and time directions. Let’s take a 2d plane and choose the
space direction along concentric circles centered at the origin, and the time direction as the
radial direction which is orthogonal to the space direction. This choice of spacetime leads
to radial quantization of 2d CFT. The radial quantization can be obtained from the usual
J;O—I—ixl'

Minkowski quantization from a conformal transformation z = e% = e Specifically,

the past infinity z' = —oco is mapped to the origin z = 0.

Operator-state correspondence

Given a quasi-primary field ¢ with conformal dimension (h, k), one can perform the mode

expansion (Laurent expansion) around the origin,

$(z2)= S ey (2.33)

n,mez
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We define an asymptotic in-state |¢) to be

¢) = lim ¢(z,2)[0). (2.34)

z,Zz—0

To have a non-singular state, we need to require ¢y ,|0) = 0 for n > —h,m > —h. Under

this requirement, the state |¢) is

|0) = lim _¢(z,2)|0) = ¢_;, _710). (2.35)

z2,Zz—0

In other words, each primary field ¢ corresponds to a state |¢). In particular, the identity

field 1 corresponds to the vacuum state (ground state) |0).

Hamiltonian

To define the Hamiltonian, we perform the mode expansion of stress tensor 7'(z),

1
T(z) = Z 2" 2L,, where L, = 5 dzz"1T(2). (2.36)

v
nez

The Laurent modes L, can be identified with the generators of infinitesimal conformal
transformations. One way to understand this is by noting that L, satisfies the Virasoro
algebra (can be proven using OPE of T),

C
[Lin, Ln] = (m = n)Lmgn + E(m3 — M) 6m,—n, (2.37)

and the Virasoro algebra is the central extension of the Witt algebra of ;.
Hamiltonian is the generator of time translation, which is the dilation operator in radial

quantization. Similarly, the momentum operator is the generator of space translation and
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corresponds to rotation. This allows us to identify (see Eq. (2.28))

H=1Ly+ Eo, P = i(LO — Eo) (2.38)

Using the OPE between 7'(z) and ¢(w), one can show the state |¢) is eigenstate of H and

P,
H|g) = (h+ h)|¢) = Alg),
) (2.39)
Plg) = i(h = h)|¢) = is|¢).
Here we define the scaling dimension A = h + h and spin s = h — h.
The Laurent expansion of T'(z) also requires
Lpl0) =0 for n>-—1. (2.40)

This leads to the ground state |0) indeed having zero energy; Moreover, the ground state is

annihilated by global conformal transformation generators L_1, Lq, L.

Highest weight representation

We saw above that each primary field ¢ corresponds to a state. On the other hand, each
primary field gives rise to an infinite set of descendant fields by taking derivative 9F and
normal ordered product with 7. The primary field ¢ and its descendant form a conformal
family [¢]. These descendant fields also correspond to states in the Hilbert space, with higher
energy.

For simplicity let’s only consider the chiral states, where |¢) = ¢_;|0) has energy h:
H|¢) = h|¢). The first descendant field 0¢ corresponds to the first excited state L_1¢_p|0)
with energy h+ 1. The next two descendant fields are 92¢ and N (¢T'), which corresponds to
states L_1L_1¢_p|0) and L_o¢_p|0) with energy h+ 2. More generally, the field N(¢p0"T)

corresponds to the state L_,,_9¢_j|0). Taking a special example of ¢ = 1 and n = 2, we
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arrive at the statement that stress tensor 7'(z) is the descendant field of identity field 1.
In the highest weight representation, we start from a primary field ¢(z, z) and build the

Hilbert space as

|0), L_1|¢), L_1L_1]¢), L_2|¢), - - (2.41)

The set of all these states is called the Verma module V}, .. There might exist null states and
negative norm states in the Verma module. Requiring the absence of negative norm states
leads to the unitary minimal model.

In Sec. 2.2.4, we will take the lattice Ising model as an example to illustrate the state-

operator mapping and highest weight representation.

2.2.3  Minimal model

The appearance of null states in the Verma module imposes constraints on the operator al-
gebra of conformal families. In general, there exists an infinite number of conformal families.
However, under periodicity conditions, only a finite number of conformal families arise, and
the corresponding model is called the minimal model.

For simplicity, we only discuss the unitary minimal model, which can be labeled by an

integer m > 3. The central charge and primary fields of (m, m + 1) minimal model is

1

c=1—-6——

m(m + 1)
9 (2.42)

(m+1)r—ms)*—1
hps = , 1<r<m-1,1<s<m.
’ 4m(m + 1)
The Hilbert space is the direct sum of irreducible modules M, s,

H = @1§r§m—1,1§s§mM(hT,S7 C) ® M(h/r’s, C), (243)

where the irreducible module M, is obtained from the Verma module V}, . by quotienting
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out submodules associated with null vectors. The character of the irreducible representation
M; s is defined by

Xrs(q) = Trglo21. (2.44)

The character encodes the information on the number of states in a given level, from which
we can read the location of null states. The characters of irreps in the minimal models can
be derived analytically.
The simplest minimal model is the Ising CFT where m = 3. One can read the central
1

charge ¢ = % and there are three primary fields 1, o, € with conformal dimension A = 0, 1%, ok

respectively. In Sec. 2.2.4, we will study the lattice model where Ising CFT emerges.

Minimal model on the torus

Finally, when putting the CFT on a torus (a lattice with period a1, @), one can define the

torus partition function parametrized by 7 = ag/aq
= _ LO_L —EO_L
Z(1,7) = Tray(q™0 " 2mq 0" 2), (2.45)

where ¢ = €2™7. For the minimal models, the torus partition function is related to the

characters by

Z = ZXT',S(Q)XT,S(Q)' (2.46)

There exist different choices of (aq,a9) that give the same lattice and leave the torus
invariant. These transformations form the modular group, which acts on the modular pa-

rameter T as

T —

b a b
ST+0  where € SL(2,7)/Zs. (2.47)

ct +d ¢ d
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The modular group is generated by the S and 7" modular transformations, defined as,

T:7—=71+1

1 (2.48)
ST —= ——.

T

Now, for the minimal model, the characters transform into each other under the modular

transformation,
1
Xi(—=) = Sijx;(7)
T (2.49)
Xi(T + 1) = Tisxi (7).
The matrix § and T are called modular matrices, which are symmetric and unitary. In
particular, 7 is a diagonal matrix with diagonal elements associated with the conformal

dimension, T; = 2mi(hi=31)  The modular S matrix determines the fusion rule by the

Verlinde formula, which will be useful in Sec. 5.

2.2.4  An example: lattice Ising model

Having introduced the basic ingredients of CF'T, we now ask the following question: given
a lattice model at the second-order phase transition point, how do we identify the emergent
conformal field theory? More concretely, how do we identify the conformal data: central
charge ¢, conformal dimension of primary fields %;, and OPE coefficients C};;,7 Some solu-
tions were proposed in [30, 31, 32, 33|.

Let’s consider the ferromagnetic critical lattice Ising model as a canonical example. The

lattice Hamiltonian under periodic boundary condition is

N
H = —Zalxaﬁrl — 0. (2.50)
1=1

The Hamiltonian exhibits the translational symmetry 7)., which allows us to find simul-

21s

taneous eigenstate of H and T, H|) = Al), Tplt) = ¢/~ . In Fig. 2.2, we plot the
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Figure 2.2: (Left) Energy-momentum spectrum of critical Ising lattice model on a N = 14
chain. There are three primary fields, corresponding to the three lowest energy states |1),|o),
and |e). Therefore, there exist three conformal families [1], [0], [¢]. (Right) Finite-size scaling
of extracted central charge from the Koo-Saleur method.

energy-momentum (A versus s) spectrum of N = 14 Ising spin chain. The energy A is
rescaled by fixing Ap — Ay = 2, and move the ground state |1) to zero energy.

From the spectrum, we can read the three lowest energy states as |1),|0), and |¢). Indeed,
the energy A of the first excited state |o) is % and of the second excited state |e) is 1, in

agreement with the Ising CFT data,

1
Furthermore, the clear conformal towers emerge for low energy states:
1), L_2[1),- -
0), Llo), L L1lo), (aL_1L_1 +bL_g)|a), - (2.52)
l€), L—1le), -+ .

The level one descendant of |1) does not exist, agrees with the fact that L_1]0) = 0. At the

level two descendants of state |o), there exists only one state rather than two states L_g|o)
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and L_1L_q|o), which indicates the existence of a null state at level two. Applying the
Virasoro algebra yields the null state solution as |x) = [L_2 — %LQ_1”O'>.

The next conformal data is the central charge. As discussed previously, the central charge
can be read off from the ground state entanglement scaling. The central charge can also be
obtained by entanglement-independent methods, including the ground state energy scaling
and the Koo-Saleur generator method. Here we briefly introduce the Koo-Saleur method
[34, 30].

Starting from the Virasoro algebra with m = 2,n = =2, [Lg, L_s] = 4Lg + §, the norm
of the state L_9|0) is (0|L2L—2|0) = 5. In the lattice simulation, |T") is the normalized,

thus |T') = \/%L72‘0>. This leads to,

(T|L_5]0) = \/g (2.53)

Once knowing the lattice representation of L_5, we can use the above formula to compute

c. The lattice version of the Virasoro generator is the Koo-Saleur generator, given by

N
s e 2T
L2 =" N (2.54)
j=1
where h; is the lattice Hamiltonian density, h; = —afcr;” 1 0]25 in the lattice Ising model.

On the finite lattice size N = 14, one extracts ¢ = 0.5128. The deviation from ¢ = 1/2 is
due to the finite size effect. The finite size scaling of ¢ is shown in the right panel of Fig. 2.2
using system size from N =9 to N = 16, and the intercept yields ¢ = 0.4996.

There is one more piece of conformal data, the OPE coefficient C; ;. Efficient numerical

methods are lacking until recently. This will be the focus of Chapter 5.
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2.2.5 Boundary conformal field theory

The last piece of this introduction is devoted to boundary conformal field theory (BCFT).
BCFT studies the CFT on a manifold with boundaries. In the presence of a boundary,
the boundary conditions need to be specified when computing the partition function. It was
realized [35] that using open-closed duality, the effect of boundary condition can be captured
by the boundary state in the closed sector.

It is perhaps surprising that boundary state is very useful in understanding quantum
phases. It marks its appearance in various contexts: entanglement of topological order phase,
quantum systems with defect, and boundary entropy, to name but a few. In the following,
I will introduce the boundary state, and its application will be discussed in Sec. 2.3.2.
Furthermore, I will generalize the boundary state to vertex state in Chapter 3 and use it to
study the tripartite entanglement.

Consider the CFT on the upper half plane, where the boundary is the real axis. Ev-
ery boundary condition has to preserve conformal symmetry; in other words, no energy-
momentum flow shall go across the boundary. This leads to the “gluing condition” on the
boundary state

(Lp — L—p)|B) = 0. (2.55)

In the presence of U(1) symmetry, the condition can be formulated using the current oper-

ator,

(n % 5-n)|Bryp) = 0. (2.56)

where N and D stand for Neumann and Dirichlet boundary conditions. One can show
Eq. (2.56) leads to Eq. (2.55).

Given a CF'T, there might exist multiple solutions of the gluing condition, and their
arbitrary superposition is also a valid solution. However, not all states can arise on the

physical boundary. The physical boundary state should further satisfy Cardy’s condition
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coming from the open-closed duality.

Consider an annulus with width L and circumference T', with the boundary condi-
tion a and 8 on the two boundaries. The partition function on this annulus is 7,5 =
Tryy, 5 (qLU_C/ 24). Note that only chiral algebra appears because, for the CFT on a manifold
with boundaries, the chiral and anti-chiral operators are not independent. Now, by open-

closed duality, this partition function allows a different interpretation as the propagation of

closed strings, emitted and absorbed by the boundary states. This allows us to write

Zozﬁ = tT'Hag (qLoiﬁ)
= (aleLH|8) = (a]e LT LotLo—12)|g) (2.57)

— (a|(G"/?)Fotlo—12)|8),

where ¢ = 2™ 7 = iT/2L and § = e_i%ﬂ. The open and closed interpretations are related
by the modular S transformation. This is Cardy’s condition, which imposes constraints on
the superposition coefficients of the boundary states.

For later convenience, we write down the boundary state solution for free Majorana

fermions and the rational CFT in the following.

Free Majorana fermion

Free Majorana fermion field allows the mode expansion ¢(0) = > ,.cz.1/ e 19T, in the
Neveu Schwarz sector (namely, under anti-periodic boundary condition). For free Majorana

fermion, the boundary condition takes the form of

(@Er - EQ/)—T)|B> =0, (2-58)
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where € = 1 for Neumann boundary condition and € = —1 for Dirichelet boundary condition.

The solution can be found as

|B) ~ exp <—€ > 2/}—7“—1/2'45—7“—1/2) 10). (2.59)
r=0

We see the solution is a fermionic Gaussian state.

Minimal model

The boundary states of the minimal model (and its generalization, rational CFT) will play
an important role in the later discussion of bulk-boundary correspondence and topological
entanglement entropy.

In the minimal model, each primary field ¢; corresponds to a solution of gluing condition,
and the solutions are called the Ishibashi states. The explicit form of Ishibashi state is the
summation over all states |h;, N;k) in the irreducible module M (hg, c), tensor producted

with its corresponding state |h;, N; k) in the anti-chiral module M (}_L¢, c),

e 9] i
=) Z \hi, N3 kY @ |hi, N k), (2.60)
N=0 k=1

where i is the label for primary field,V is the level, and dj, (N) is the dimension of subspace
for level N. Note that |h;, N;k) form an orthonormal basis in space M (hg,c). We observe
that the Ishibashi state is the maximally entangled state in M (hg, c) [36]. The general form

of a boundary state is the linear superposition of Ishibashi states,

= > cailBi). (2.61)

with ¢, ; being superposition coefficients.

The Cardy condition imposes constraints on the coefficients ¢, ;. Using the Verlinde
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formula, one can show the Cardy state satisfies such constraints and takes the form of
Ba) = Y0 S0l gy, (2.62)
~ Vi

where § is the modular & matrix.
Example Let’s take the Ising CFT as an example. Using the known S matrix, the three

physical boundary states in Ising CF'T are,

+
~

|
=X

1 1
)= 5+ f|> il
(2.63)

L
I
DO | e

1
)= 5+ f|> —7lo)
)= 1) — [é).

—_
=~

Nk

The three Cardy states are identified with the up-spin, down-spin, and free boundary con-
dition +, —, f [35]. One application of the boundary state is to derive the dimension of the
boundary condition changing operator. The changing of boundary condition from « to g
is equivalent to the insertion of boundary condition changing (b.c.c.) operator Pap- As an

example, let’s consider ¢4 _. Its conformal dimension can be obtained by noting

< Fooe 1 r .. 1 1 -
Zi = (0](g"/?)Fotho 2[5) = 5x0(@) + 5xe(d) = —5Xa(d)
; 1 V2 1 (2.64)
= 5505x3(@) + 55¢x; (@) — ESUij(q) = Xe»
which gives the conformal dimension of ¢4_ as h = %
O
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2.3 Quantum entanglement meets conformal field theory

As advertised (several times), now is a good time to apply CFT to compute the entanglement
quantities. We will show two examples: entanglement entropy in 1d critical chain, and

topological entanglement entropy of 2d topological liquid.

2.3.1 FEntanglement in 1d critical chain

In this section, we compute the simplest case: ground state entanglement of an interval
A = [u,v] on a 1d infinite chain at criticality, where the length of the subregion is L4 = v—u.
The von Neumann entanglement entropy can be viewed as n — 1 limit of Renyi entropy S (");
we will evaluate the Renyi entropy using the replica approach. The key ingredient is the
twist field in CFT [37, 1, 38|, whose two-point function governs the logarithmic entanglement
scaling. We introduce the replica method and twist field in this example.

The starting point is to formulate the path integral representation of Tr (o'} ). Let’s take

1

the density matrix of a thermal state at temperature 3, p = Ze_ﬁH , and take the f — oo

limit at the end. In the Euclidean path integral formalism, the matrix element of p is

p{o")"} oy D) = 271 [ ote, ) T]o0(e.0—oa)) [T (60w, 5)- (") 5",

‘ ‘ (2.65)
where Sp = foﬁ Lpdr = foﬁ Hdr. Tt can be viewed as a path integral on a strip, with
boundary configuration ¢/(2’) at one boundary 7 = 0 and configuration ¢”(z”) at another
boundary 7 = (. Now, the trace Z = Tr(e_ﬂH ) is simply found by sewing these two
boundaries, by setting {¢/(2/)} = {¢"(2")}. Namely, Z = Tr (e PH) is a cylinder path
integral. Similarly, the reduced density matrix p4 = Tr A(efﬁ H ) is obtained by sewing the
region A, the complement of A. The path integral of Tr (p4) is on a cylinder with a slit, as
shown in Fig. 2.3(a).

Now, Tr (p"j) can be computed by taking n copies of p4 and sewing the slits such that
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N
s

Figure 2.3: (a) Path integral representation of p 4 at finite 5. (b) Path integral representation
of Tr (p'}) at B — oo. The illustration (b) is taken from [1].

¢;€(a:) = % Jrl(av) for all z € A (¢, 41 is identified with ¢1). This forms a n-sheeted Riemann

surface R as shown in Fig. 2.3(b), and Z,,(A) is the path integral on R. After normalization,

_ Zn(4)

T (ol = 720, (2.66)
and von Neumann EE can be obtained by taking the limit
S li 0 Tr o' (2.67)
= — lim —Trp/y. .
A n—10n PA

This is the so-called “replica method”.

Next, we need to compute the path integral Z,(A) on the Riemann surface R. We adopt
the ansatz that the effect of n-sheeted Riemann surface R is equivalent to inserting two
twist operators 7,7 on the complex plane C. In fact, the twist fields 75, 7, are the primary
fields in the cyclic orbifold CFT, obtained by gauging the Z,, cyclic symmetry of n copies of
original CFT. Under this ansatz, Tr p} of an interval A = [u,v] is the two-point function of
the twist fields, whose behavior is dictated by CFT

Zn(A)
ZTL

(2.68)

. —4nhr,
Trp'y = [V u]) .

=0 <7'n77'n>n =C ( a
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Here hr, is the conformal dimension of the twist operator 3 and a is the lattice constant
acting as a cutoff.

We then proceed to evaluate hr,. The trick is to use a conformal transformation to bring
the n-sheeted Riemann surface with coordinate w to the complex plane with coordinate z:

2= ((w—u)/(w —v)}/™. Using the above ansatz, the stress tensor shall satisfy

{T'(w)7n(u)Tn(v))c

Thr = W m e

(2.69)

The left-hand side can be evaluated by the conformal transformation of the stress tensor

which involves Schwarzian derivative {z,w}. The result gives

1-/m%)  (w—u?

c c
T = — = . 2.
(Ter = 33 (2w} = g e (2.70)
The right-hand side can be computed using Ward identity, which yields
— th (U — U)2
(T(w)mn(u)Tn(v))c = (2.71)

(w = u)(w = v)[u — v[m”

and the denominator (7, (u)7,(v))¢ is simply a two-point function 1/|u —v|*'m . Identifying

the left and right-hand side, the conformal dimension of the twist field can be read out as

hy = —(1— ). (2.72)

This finishes the calculation of Tr p} using Eq. (2.68).

Finally, the entanglement entropy can be computed by the replica method. Denote

3. In the literature, there exists another convention in defining the twist operator; their conformal dimen-
sions differ by a factor of n.
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L4 = |v — ul as the length of the interval, the results read

Sq=—lim 2Trpffl— —In—=
10n (2.73)
st — InTrp” = E(1—|— —)1n La |
A~ n pA_G a

The logarithmic entanglement scaling is correctly predicted by conformal field theory.

By further conformal transformation, the above method can give results for entanglement
entropy on the periodic chain, or finite temperature. By fusion of twist operators, one can
compute the logarithmic negativity.

As briefly mentioned above, the twist operator 7, is a primary field in the cyclic orbifold
CFT. In cyclic orbifold CFT, there exists a family of twist operators, and the one introduced
here is the “leading” twist operator, the one with the lowest conformal dimensional. We will
see in Chapter 5 that the whole family of the twist operators plays an important role in the

context of universal finite-size correction.

2.3.2 BCFT and topological entanglement entropy

Moving beyond the critical spin chain described by CFT, for the general quantum field
theories, calculating entanglement entropy is a difficult task. Among them, topological
quantum field theory is a special case where entanglement is computable. There exist various
techniques, and we shall use the bulk-boundary correspondence, which we call the “edge-
theory approach”. Specifically, we will use the boundary CFT to evaluate the topological

entanglement entropy of the 2d bulk.

Edge-theory approach

Here, we consider a two-dimensional bulk theory of topological liquid. In the edge-theory

approach [39, 40, 41, 42, 43, 44, 45|, we compute the entanglement between subregions of a
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Figure 2.4: Entanglement cut of bipartite entanglement on the cylinder geometry.

topological phase by first physically cutting the system along the entanglement cut, which
gives rise to the edge states. We then “glue” the system back together by introducing a
tunneling interaction to gap out the edge states. Since the correlation length vanishes in the
bulk, we can approximate the entanglement between the bulk subregions as arising solely
from entanglement between the gapped edge modes. The first step in this computation is
then to determine the ground state of this gapped interface along the entanglement cut. For
the case of a simple bipartition, this ground state is known to take the form of a conformal
boundary state, or more precisely, an Ishibashi state [39, 42].

Let’s illustrate the above argument using a simple example, the chiral p-wave supercon-
ductor on an infinite spatial cylinder. The entanglement cut partitions the cylinder into two
half cylinders A and A (see Fig. 2.4), and the entangling boundary is a circle. We phys-
ically cut the cylinder along the entanglement cut, As described above, we physically cut
the system along the entanglement cut, resulting in gapless edge modes on the boundaries
of regions A and A, respectively. In the case of the chiral p-wave superconductor, they are
described by chiral real (Majorana) fermion theories with opposite chiralities, denoted by ~r,

and yr. Their dynamics at low energies can be described by

2
Hy = /0 do[1i0ev1, + YR(~100)VR) - (2.74)

Here, we take the circumference of the cylinder to be L = 2x for simplicity. For later
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purposes, it is convenient to introduce

Vo) =(0), V(o) = g2 — o). (2.75)

The edge state Hamiltonian is then written as

Hy = / o do Y pliogy!. (2.76)
0 =12
In the Neveu-Schwarz sector, the chiral Majorana fermion field ¢)(o) can be Fourier expanded
as P(o) = ZseZ+1/2 e84, and the vacuum of the NS sector is defind by ¢5[0) = 0 for
s> 0.
In order to “glue" the system back together, we introduce a tunneling term that gaps
out the chiral edge degrees of freedom. Explicitly, we describe the gapped edge with the

Hamiltonian Hy + H;,;, where

2 2T
Hjp = im/ doypygp = im/ do ! (o)? (2r — o). (2.77)
0 0

As described above, we identify the entanglement between A and A as arising purely from
the entanglement between the chiral and anti-chiral Majorana fermions in this gapped state
(i.e. the “left-right" entanglement [46]).

The gapped ground state is in fact related to a conformal boundary state, or more
precisely, an Ishibashi state, | B), of the gapless theory described by Hy. In terms of ol w2,

the boundary condition is

[0 (0) = iv*(2r - 0)]|B) = 0. (2.78)
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One can show that

B) =exp(i > L,42%,)[0) (2.79)

r>1/2
is the ground state of H in the limit |m| — oo. From the Ishibashi boundary state, we
can approximate the ground state of the (2-+1)d topological phase near the entanglement

boundary for large but finite m with the regularized state,
IG) = Ne=FHo|B). (2.80)

Here, the regulator 3 is inversely proportional to the bulk energy gap. Indeed, the conformal
boundary condition (and the explicit form of the Ishibashi states) pairs up the left and
right movers, just as a tunneling interaction would gap out the left and right movers at the
interface. The reduced density matrix can then be constructed from |G) by tracing over
A, pa = Tr 5 |G)(G|. We emphasize that, while we took the non-interacting fermion theory
as an example, essentially the same construction of the reduced density matrix using the

Ishibashi boundary state can be done for a much broader class of theories.

Topological entanglement entropy

We now apply the edge-theory approach to topological liquid whose bulk is described by
the Chern-Simons theory. After physically cutting the cylinder, the edge modes on the
boundaries of A and A are described by a corresponding rational CFT (TQFT/CFT cor-
respondence). As we introduced in Sec. 2.2.5, each primary field ¢; yields a solution of
Ishibashi state |B;). We can approximate the ground state of the (2+41)d topological phase

near the entanglement boundary by a regularized boundary state,

e_ﬁHO
G) = C; Bi 5 Bi = Bi . 2.81
&) ZZ: Bi), [Bi) W' ) (2.81)
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Here Hy is the CFT Hamiltonian Hy = 2%([/0 + Lo — 15), where Ly, Ly are zero modes of
the stress tensor T, T, c is the central charge, and L is the length of the entanglement cut.
The normalization factor n; is defined such that these regularized states are orthonormal
(Bj|Bj) = 0;;. In the context of the bipartition of the cylinder, the Ishibashi state |B;)
describes the gapped interface along the entanglement cut when a single anyon line ¢ pierces
the entanglement cut.

With the description of the interface in hand, we can approximate the entanglement
entropy between the bulk regions A and A as the “left-right" entanglement entropy of the
boundary state — that is, the entanglement entropy between the chiral and anti-chiral sectors
of the interface Hilbert space. Explicitly, for an interface state of the form |G) =), ¢; |By),

corresponding to the density matrix

*

_ “i%  _3H, _BH,
P—Z ninje 0|B;) (Bjle T, (2.82)

i,J
describing a superposition of states with single anyon lines threading the entanglement cut,

we can explicitly compute the reduced density matrix for the left-movers (or chiral sector,

with states |h;, N; k)),

pr =Trr[[v) (W], (2.83)

where the trace is performed over the right-movers (anti-chiral sector). The entanglement

entropy is then straightforwardly computed using the replica trick,

i 1
Sy =—Tr[pplogpr] = %1_>ml . InTr pf. (2.84)
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Carrying this through with the modular S transformation [42|, one finds

crL

Syp = m - St0p07

(2.85)

where the first is the non-universal area law contribution while the second term is the topo-

logical entanglement entropy,

Stopo =D+ > Jei In[¢i|* =Y |es* Ind;, (2.86)
1 1

where d; is the quantum dimension of anyon i and D = />, dzz is the total quantum
dimension. For an Ishibashi state ¢; = d; ,, corresponding to a state with a definite anyon
line threading the entanglement cut, the topological contribution is Stopo = InD — Indg;
this further reduces to Stopo = InD in the absence of anyon line insertion (¢ = 1). For
Abelian topological order, all quantum dimensions d; = 1 and the topological entanglement
entropy reduces to Sopo = InD + 3, ;|2 In |¢;|?, where the second term is the Shannon
entropy associated with the probability distribution {|c;|?}. We thus see that the boundary
state description of the interface captures the expected bipartite entanglement structure of
the bulk topological phase. It correctly yields the topological entanglement entropy in the
absence of anyon insertion.

The edge-theory approach is applicable to more interesting cases, for example, the 2d
torus with anyon insertion. Due to the possible ground state degeneracy of 2d topological
order, the bulk ground state under interest can be a superposition of degenerate ground states
|W) = >, ¢;|®;); this bulk state precisely corresponds to the boundary state |G) = > . ¢;|B;)
with the same superposition coefficient. When dividing the torus into two finite cylinders

A, A, so that each region is non-contractible, the resulting topological entanglement entropy
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is [42]

Stopo = 2D+ > |¢j* loge;|* = 2> |e;* log d;. (2.87)

] 2

The edge-theory results agree with TQFT calculation and lattice calculation [47, 48].
In this section, we have learned how to compute bipartite entanglement entropy of topo-
logical liquid from the edge-theory approach using the boundary CF'T. This prepares us for

the topic of the next chapter: tripartite entanglement in topological liquid.
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CHAPTER 3
TOPOLOGICAL LIQUID

Topologically ordered phases of matter are characterized not by local order parameters but by
their pattern of long-range entanglement. Concretely, from the scaling of the entanglement
entropy of a bipartition, one can extract a universal property of topological ground states, the
so-called topological entanglement entropy |12, 13|, as discussed in the last chapter. While
the topological entanglement entropy provides a signature for topological ground states, it
is far from a full characterization of topological data; there are topological states that share
the same topological entanglement entropy yet are distinct from each other.

Recent publications [45, 49, 50, 51, 52| initiated the study of multipartite entanglement
of topological ground states in two spatial dimensions. In particular, Refs. [45, 49, 52| inves-
tigated the recently introduced reflected entropy [53| as well as the entanglement negativity
for tripartitions of topological ground states, in which the three spatial subregions meet
at junctions. For a system of three spin 1/2 degrees of freedom, the reflected entropy (or
more precisely, the Markov gap which is the difference between the reflected entropy and
mutual information — see below) detects the tripartite entanglement of the W-state, while it
is insensitive to GHZ-type tripartite entanglement [54]. The reflected entropy can thus cap-
ture quantum correlations beyond simple Bell or EPR-type bipartite correlations. Indeed,
a structure theorem was proven in Ref. [55], classifying the set of states with zero Markov
gap 1 There, the reflected entropy was further studied for gapped as well as critical ground
states in one spatial dimension.

In this chapter, we dicuss the reflected entropy Sp(A, B) for two regions A and B for the
ground state of two-dimensional topological liquid [45, 52|. Here, the total system is put on
a spatial sphere and tripartitioned into three regions A, B, and C that meet at two points

(junctions). The region C' = AB is partially traced out to obtain the reduced density p4p

1. See Ref. [56] for further discussion that gave the Markov gap its name.
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matrix for AU B. By using the bulk-boundary correspondence and techniques from string
field theory, we found for the chiral p-wave superconductor and the integer quantum Hall
state [45] that the Markov gap, which is the difference between the reflected entropy and the

mutual information, is independent of the subregion sizes and given by the universal formula
h(A, B) := Sp(A, B) — I(A, B) = gmz, (3.1)

where ¢ is the central charge of the topological liquid, and ¢ = 1 and ¢ = 1/2 for the
integer quantum Hall state and chiral p-wave superconductor, respectively. On the other
hand, Ref. [49] studied the Markov gap for string-net models (the Levin-Wen models), for
which the central charge is zero, and found that h(A, B) = 0. (See also Ref. [57].) Equation
(3.1) relates tripartite quantum entanglement to the central charge and hence captures the
universal data of topological liquid beyond the topological entanglement entropy. These
calculations were done for ideal, representative topological ground states realized deep inside
a topological phase. Refs. [45, 49] also numerically studied the reflected entropy in a lattice
model of Chern insulators. While the Markov gap was still found to be insensitive to the
subregion and systems sizes, the formula (3.1) does not hold verbatim, but its RHS provides
a lower bound of the Markov gap, h(A, B) > (¢/3)In2. Putting these results together, the
Markov gap in the tripartition setup above is conjectured to capture the central charge of
stable (ungappable) degrees of freedom at the boundary of topological liquid; that is to say,
a non-zero Markov gap may be an obstruction to completely gap out the boundary (edge)
theory.

We next [52] generalize the above result and present an analytical approach to multipar-
tite entanglement that can be applied to generic (chiral) topological ground states in two
spatial dimensions. Following Ref. [45], we use the bulk-boundary correspondence and re-
duce the calculations of the entanglement quantities to calculations in conformal field theory

(CFT). Specifically, we will show that the calculations can be reformulated in terms of defect
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(interface) CFT, and furthermore simplified by taking the advantage the limit of small 5/L,
where 1/0 is the bulk gap and L is the length of the entangling boundary. By using a series
of conformal transformations, a given entanglement quantity can be evaluated as a path
integral on a cylinder with topological interfaces.

This chapter will be organized as follows. The tripartite entanglement of interest, the
reflected entropy and the Markov gap, will be introduced in Sec. 3.1. To evalute the tripartite
entanglement, we generalize the edge-theory approach and define the vertex state in Sec. 3.2,
based on Ref. [45]. The explicit vertex state solution for the chiral p-wave superconductor
will be constructed, with the numerical results for the Markove gap. This result is generalized
to general topological ground states in Sec. 3.3 by conformal interface technique, based on

Ref. [52].

3.1 Reflected entropy and Markov gap

Reflected entropy Sp(A, B) provides a correlation measure for tripartite Hilbert spaces.
Given a reduced density matrix pyp supported on A U B, we can obtain its canonical
purification [,/p)) in the doubled Hilbert space (AU B) U (AU B), where A and B are
identical copies of A and B, respectively (with complex conjugation). The reflected entropy
Sr(A, B) is defined as the entanglement entropy of the purified state |\/p)) when tracing out

the degrees of freedom in B, B:

Sr(A,B) = S(py,2),  Pavi=Trpup (Vo) (VPI). (3.2)

The reflected entropy has been studied in various many-body quantum systems. For example,
in (14+1)d CFT, the reflected entropy has been studied for the ground state [53], and for
time-dependent states after quantum quench [58, 59, 60]. The reflected entropy was also

computed for multi-sided thermofield double states in (non-chiral) (141)d CFT (which has
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some similarly to vertex states that we will introduce later) [61]. The reflected entropy is a
more sensitive probe of multipartite entanglement than the von Neumann entropy [54, 55].

The difference between the reflected entropy and mutual information

is bounded from below, h(A, B) > 0 [53|, and called the Markov gap in Ref. [62] as it is related
to the fidelity of a particular Markov recovery process on the canonical purification. The
difference h(A, B) is proposed as a non-negative universal tripartite entanglement invariant
[33]. It was also shown that for the ground states of 1d lattice quantum systems at conformal
critical points when the subregion A and B are adjacent to each other, h(A, B) takes a
universal value, h(A, B) = (¢/3)In2, where c is the (non-chiral) central charge [33].

For the ground states of (2+41)d topological liquids, it was recently conjectured in Ref.
[49] that h(A, B), when computed for the tripartite setting in Fig. 3.1, captures the total
central charge of the topological liquid. Specifically, from the topological ground state | V),
we consider a state U|W) where a local unitary U acts near the junction. This unitary U can
be optimized such that it removes non-universal, short-range correlation near the junction.

Then, the claim in [49] is that the optimized version of h(A, B),
KB (A, B) = mingh(A, B)(U|D)), (3.4)
takes the universal value,
hB(A, B) = §1n2 +0(e %), (3.5)

where ¢ is the correlation length, ¢ is the length scale for the three regions, and ¢ is the

central charge of the topological liquid that measures ungappable edge degrees of freedom,
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i.e., cf, + cp where CL/R is the left /right central charge. This conjecture was tested in Ref.
[49] for sting-net models, for which ¢ = 0, and for a non-interacting Chern insulator model

with proper optimization over U.

3.1.1 Gaussian state approach

For Gaussian states, the reflected entropy can also be computed conveniently using the
covariance matrix method [63]. Using the orthogonal transformation O to bring p and T" to

canonical forms: .
= H —(1 4 ypCyp_1Ch)  where ¢ = Oc,

2

k

0 iv (3.6)
r=0" Dk 0.
=1 0
The purified state is given by
14 Yk ~ 1-— Yk ~

voh =11 5 |0&l0)k + 4/ = DkDk ]| (3.7)

k

where |0), |1); are states in the second copy of the Hilbert space for the k-th mode. The

associated covariance matrix for |\/p)) is

VoY —iy/1—~21
yp=0 |o § oo (3.8)
iy/1 —fy]%]l —y0Y

The reflected entropy Sg(A, B) is then computed as the von Neumann entanglement entropy

using the A, A blocks in F\/ﬁ.
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Figure 3.1: Tripartition of topological liquid on a two-dimensional plane (a) and two-
dimensional square lattice (b).

3.2 Edge theory approach: vertex state

In this section, we use the edge theory approach to evalute the tripartite entanglement
quantities by generalize the boundary state to its tripartite analog, the vertex state. After
motivating the definition of vertex state in Sec. 3.2.1, we introduce the Neumann coefficient
method in Sec. 3.2.2 as a vertex state solution ansatz for free fermion. The Neumann
coefficient method is versatile and can be applied to both Neveu Schwarz (NS) and Ramond
(R) sector. The explicit solution of vertex state and the numerical result for entanglement

are presented for bipartition and tripartition in Sec. 3.2.3 and Sec. 3.2.4, respectively.

3.2.1 Vertex state

Having defined the tripartite entanglement quantity, the reflected entropy, we proceed to
evaluate it for the topological liquid and show h(A, B) = £ 1n 2. In the edge-theory approach,
the bipartite entanglement quantities are evaluated using boundary state defined on the
entanglement cut. We now extend this method to tripartition and define the vertex state.
For simplicity, we first consider the free fermion case, the chiral p-wave superconductor.
We first note that the configuration in Fig. 3.1(a) is topologically equivalent to the one
obtained by first considering three cylinders, corresponding to the regions A, B, C', and then
gluing these cylinders together [Fig. 3.2(a)]. As in the case of a bipartition, we cut open the

system along the cut, resulting in an edge theory comprising three free Majorana fermions,
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as described by the Hamiltonian,

2T 3 7 7
Hy :/0 da;gz; 0. (3.9)

We again heal the cut by introducing tunneling terms of the form,
™
Hipy = im / do Y "' (o)! (2m — o), (3.10)
0
I

such that the total Hamiltonian is Hy + H;y,;. (Here and henceforth, we use the convention
¢4 = ). Analogously to the Ishibashi boundary state satisfying the condition (2.78), the
ground state in the limit |m| — oo is given by a conformal boundary state, |V), which

satisfies
W' o) i 2r — o) V) =0, 0<o<m (3.11)

Solving the constraint, the state |V') is given in the form of a fermionic coherent state (which
is Gaussian state). These types of states, which we will refer to as vertex states, have been
considered in the context of string field theory [64, 65, 66, 67| where they describe the inter-
action among strings. As before, we regularize this state and consider |G) = Ne PHo|V),
which provides an approximation to the ground state of H for large but finite |m|. Once |G)
is obtained, we can compute the reduced density matrices p4p, ppc, and pco 4 as well as the
entanglement measures.

Although Eq. (3.11) uniquely defines the Majorana fermion vertex state, an equivalent
and more general definition of vertex states, which also motivates the so-called Neumann
coefficient approach to constructing them, proceeds as follows. In the interest of generality,
we consider the most general case of an N-junction, such that N edge theories meet at a

single point (the tripartition setup of our interest corresponds to N = 3). Hence, we start
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Figure 3.2: (a) Gluing three cylinders from edge theory point of view. (b) The conformal
map used to define vertex states for tripartition. One disk (0 < o < 27,7 < 0) is mapped to
the one-third of the whole plane. The past infinity point 7 = —o0, denoted by the black filled
circle, is mapped to wy g = em/3,w2’0 = e_m/3,c<J370 — e~ for I = 1,2,3 by Eq. (3.16).

with N copies of chiral CFTs (edge theories) defined on a spatial circle parameterized by
0 < o < 2m. Their Hilbert spaces are denoted by Hj o N, respectively. Together with
the (imaginary) time direction 7, we have a cylindrical spacetime. As usual, we can map
each theory to the conformal plane through the coordinate transformation z = ™ such
that the half of the cylinder —oo < 7 < 0 is mapped to the unit disk, |z] < 1. We next
consider conformal maps wy from the I-th unit disk to the complex plane C that are analytic
inside the unit disk. In particular, they map each disk to a separate wedge of the complex
plane C, with the requirement that the edges of each wedge are flush with one another so
that the desired boundary conditions are implemented. This sequence of maps for one disk
is illustrated for the case N = 3 in Fig. 3.2(b). We will elaborate more on this after we
present the explicit form of the conformal maps momentarily. Then, we define a vertex state

V) € Hi ® Ho ® --- ® Hy by requiring it reproduce correlation functions on the complex

plane as follows [67]:

(V] (0al0)1 ® O5l0)2 @ - - ® O4]0) )

= (w1]0a] w2[0g] - - wN[04] ) (3.12)
where |0); is the vacuum in Hj, O, g.... , Tepresents an arbitrary (primary) operator acting
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onHjyo... N, wr|O] represents the transformation of a primary operator O by wr, wr[O(z)] =
[w’I(z)]hO(w 7(2)), where h is the conformal dimension of O. In order to fix the form of the
conformal transformations wy which define the vertex state, we must impose additional
constraints on |V). First, it is clear that, since the N Hilbert space copies are equivalent,
the vertex states must invariant under their cyclic permutation. That is to say, focusing on
N =3,

(Vizg] = (Vas1| = (Va1al, (3.13)

where the subscripts label the Hilbert space indices. Physically, this is just the statement
that the trijunction is invariant under 120° rotations. A second, less obvious requirement is

given by, again focusing on N = 3,

(V125[(Vsigal = (Vazs (Vs s (3.14)

The two sides of this expression correspond to gluing together two N = 3 vertex states
to obtain N = 4 vertex states. This constraint expresses the fact that this N = 4 vertex
state must also be invariant under cyclic permutations of the Hilbert spaces (i.e. under
90° rotations of the “tetrajunction”).2 Enforcing these constraints restricts the choice of
conformal transformations wy, which in turn define the vertex state |V'). We next describe
choices of the wy satisfying these constraints, which then lead to vertex states satisfying
Eq. (3.11).

For N = 2, we can choose the following conformal maps [68]:

1 .
wi(z) = wr o3 i 5 wrg=—ie™ 1=1,2 (3.15)

In this way, the first disk is mapped to the upper half plane and the second to the lower

2. In the original string field theory context in which these vertex states first appeared, these cyclicity
constraints follow from demanding gauge invariance of the string interaction vertex.
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half plane. Note also that the infinite past 7 = —oo is mapped to =i, respectively. Here,
we note that a quantum state at 7 = 0 or |z| = 1 can be obtained by a path integral from
T = —o00 or |z| = 0 with possibly an insertion of an operator. By the conformal maps wy 2,
the 7 = 0 slices of the disks are both mapped to the real axis. Hence, the field configurations
for ¢! and 12 are subject to the constraint in (2.78); we will show this more explicitly in
the following subsection.

Likewise, for NV = 3, we can choose wy 23 as

1 3 amil
wr(z) = wry (1i—j) swrp=e 3 " 1=1,2,3. (3.16)

Note that wy(2m — o) = wryq(o) for 0 < o < m. These conformal maps bring three disks
(0 <o < 27,7 < 0) to the whole plane, such that each unit disk is mapped to a separate
120° wedge of the conformal plane, as shown in Fig. 3.2(b) and Fig. 3.4(a). Here, the points
at infinity are identified. We note that this construction is similar to, but slightly different
from, the conformal maps used in open string field theory by Witten [69]; the CFTs we
consider obey (potentially twisted) periodic boundary conditions. Though this alternative
definition of the vertex states seems obtuse at first glance, we will see in the following that

it provides an elegant way of deriving the explicit form of said states.

3.2.2  The Neumann coefficient method

Let us now move on to the methods of constructing vertex states. On the one hand, the
overlap condition (3.11) can be solved directly, and the vertex state can be constructed as a
coherent state. We discussed the direct construction in Appendix A of Ref. [45] and showed
the two methods give consistent results numerically.

On the other hand, the definition of vertex states (3.12) suggests the following strategy

to construct vertex states, which we call the the Neumann coefficient method. For now, we
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focus on the NS sector for simplicity. We postulate the following Gaussian ansatz for |V):

Vi=ep( S Sul K)o, (3.17)

r,s>1/2
(Here and henceforth, we adopt the convention in which repeated flavor indices I, J, - -
are summed over implicitly, unless otherwise stated.) The coefficients K{g’ are chosen to
reproduce the correlation function on the right-hand side of (3.12). Since |V) is Gaussian,
it is sufficient to consider the two point functions of the fermion fields. We then consider, at

7 = 0, the Neumann function

K (0,0 = (gl (@) wsle? ()] )
— dﬂ 1/2 d(,dJ 1/2 1
a <z’do—) <ida’) o=, (3.18)

(Here, I, J are not summed on the right hand side.) The Neumann function is constructed

using the conformal map wy. The Neumann coefficients K7 are related to the mode expan-

sion of K17 (5,0') as

K1 (5,0") = Z eimeilegg—I—&J Z e~ ir(o=o"), (3.19)
r,s>1/2 r>1/2

Note that there are two contributions to K77: the regular piece that contains K7 and the

singular piece 077> ,~1 /2 e~(0=0") The presence of the singular piece is non-trivial, and
needs to be verified case by case.
We now show the ansatz solution indeed satisfies the boundary condition (3.11). We

first note that, with a proper choice of a branch in the conformal factor (dw;y/ ida)l/ 2 the
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Neumann function satisfies
iK"Y (21 —0,0") = K™t (5,0"), 0<o<m, (3.20)

which reflects the cyclic constraint of Eq. (3.13). Using the mode expansion ! (o) =

DT Teiro 41 (0)|V) can be expressed as

W (0)|V) (3.21)
_ Z ¢£T€—ira|v>+ Z ZTGKIJ¢JS|V>
r>1/2 rs>1/2
= [ K (0,0l (V). (3.22)

where 1/’& (@) =21 /2 Pt re_im. Using the cyclic property of the Neumann function given
in Eq. (3.20), we find,

do’

vl(er o)) = [ K 2n — 0,0 )i (oIV)
~ ) | %KIH’J(U, oY V)
— —ip! (o) V). (3.23)

This completes the proof. Note that it was crucial to carefully take into account the singular
part of the Neumann function. The proof presented here applies for the NS sector, and we
leave the more complicated case of the R sector (Sec. 3.2.4) to Appendix A.1.1, A.1.2.

The direct and Neumann coefficient methods complement one other. When both methods
can be applied, they give rise to the same (consistent) vertex states. In other sectors, because
of the presence of zero modes, and because of the branch cuts, sometimes one method has an
advantage over the other method. In general, vertex states obtained from these two methods

are consistent, but may differ by an extra operator insertion at the junction [70, 71].
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Complex fermion

We close this subsection by commenting on the case of complex fermions, which parallels
the treatment for real fermions. Indeed, the desired vertex state is obtained by combining
two copies of real fermions. We consider complex fermion fields fZ (o), f1f(c). In the NS

sector, they can be expanded as

foy="3 g o= Y doegl

s€Z+1/2 s€Z+1/2

with {f,, [} =d,.. (3.24)

We have a similar mode expansion in the R-sector. We consider a vertex state obeying the

overlap condition,

[ o) —iff(2m — 0)]|V) =0,

(45T (0) —ifl T 2r — o) V) = 0. (3.25)

The complex fermion field f, fT can be decomposed into two real fermion fields, 1) and ¢
as f = (U —ip)/V2, fI = (¥ +ip)/v/2. Correspondingly, the Fourier modes of fT and
f, flo) = >, el f,. ({f;[,fs} = dr5), are related to the Fourier modes of ¢» and ¢ as
fr = (r —igr) V2, f;f — (¢Y—p +ip_y)/V/2. The ansatz solution is then

1
Vy=ep (5 > vlaivl o+l ke o)
r,s>1/2

—exp (Y AL )0),

r,s>1/2

(3.26)

The treatment of the R sector follows similarly, although we need to take into account the

presence of zero modes properly, as we shall see in the following subsections.
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Figure 3.3: Flux insertion configurations considered in computation of the bipartite entan-
glement on the cylinder geometry. (a) No fluxes are inserted. All edge fermions obey NS
boundary conditions. (b) A single w-flux, corresponding to the insertion of a ¢ anyon flux,
through the cylinder. All edge fermions obey R boundary conditions. (c) A single w-flux is
inserted through the right half of the cylinder, but exits through the entanglement cut. The
edge fermions on the left (right) cylinder obey NS (R) boundary conditions. In (b) and (c),
the zero modes on the inner (outer) edge are X(ly X% ()Z(l), X%)

3.2.3  Bipartite boundary states and entanglement

As a warm-up, in this subsection we consider the bipartitions of a chiral p-wave supercon-
ductor and a Chern insulator, using the Neumann coefficient method described above. We
investigate the effect of inserting non-trivial 7-fluxes through the cylinder on the entangle-
ment. As shown in Fig. 3.3, we consider the insertion of (a) no flux (b) m-flux through the
cylinder, and (c) a 7-flux through one end of the cylinder, which exits through the entan-
glement cut. For the chiral superconductor, a m-flux is an extrinsic defect which traps a
Majorana zero-mode, forming an Ising anyon. Thus, (b) can be viewed as creating a pair of
Ising anyons in the bulk and dragging them to opposite ends of the cylinder, while (c) results
from dragging only one Ising anyon to an edge and leaving the other in the bulk. In the bulk
language, the creation and manipulation of the Ising anyons leaves behind a Wilson line on
the cylinder or, equivalently, an anyon flux through the cylinder. At the level of the edge
theories, the braiding of the Majorana fermions around the Ising anyon flux results in a phase
of —1. Hence, the three configurations in Fig. 3.3 are described by the boundary condition
sectors of the edge theories: (a) NS-NS, in which all fermions obey anti-periodic boundary
conditions (b) R-R, in which all fermions obey periodic boundary conditions, and (c) NS-R,
in which the fermions on the left (right) cylinder obey anti-periodic (periodic) boundary

conditions. We compute the entanglement in each sector in turn. As is well-established,
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we obtain an area law for case (a) and an area law term plus a subleading In /2 correction
from the Ising anyons for case (b), which requires a careful treatment of the zero modes
[72, 43, 44]|. The case (c) has not been considered before and we find a novel subleading

correction to the entanglement.

The NS-NS sector

The setup of the calculation for the NS-NS sector is already outlined above; all that remains is

dwy _ 22wrp
ido — (1-2 )

cuts carefully (/@10 = Vi, W2 = iv/i, which leads to | /W1,0w2,0 = —1), we obtain:

to explicitly evaluate the Neumann functions. Noting and choosing the branch

A/ /
11 g22 VZ2 —ir(oc—o)
KU=KZ= 0= 2« ’
r>1/2

K12 - g2l —i Y e r(o+o’)
1 _
2 r>1/2

(3.27)

Note that K11 = K22 yields the expected singularity. We also note that under o — 27 — o
(z = 1/z, /z = —1/4/2), the Neumann function satisfies K1/ (21 — 0, 0') +iK?/(0,0") = 0
and K2/ (21 — 0,0') — iK' (0,0') = 0 for 0 < 0 < 2r. From the expansion of K2 w
conclude K12 K21 = 0rs. Plugging this into Eq. (3.17), we obtain the Ishibashi state

(2.79) as expected.

The R-R sector

Let us now consider the vertex state in the R-R sector. We denote the fermion fields with

the R boundary condition as x?(c). As before, the vertex state satisfies

(o) +ix*(2r — 0)]|V)

— () — iy 2r — o)[V) = 0 (3.28)
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for 0 < 0 < 2m. In the bulk, this situation corresponds to a flux or, Ising anyon Wilson
line, threading the hole of the cylinder [Fig. 3.3 (b)]. From the edge theory point of view,
we need to include suitable twist operators to introduce branch cuts, which enforce periodic
boundary conditions for the fermions. This will modify the Neumann function, which we

now denote as R/, It is related to the Neumann function in the NS sector via:
R (0,6") = K (0,0") ¢! (0,0"), (3.29)

where gI 7 is the new factor arising from the branch cuts. (Here, the summation convention

does not apply in the right hand side.) We work with the following choice of the branch

cuts,
/
17 1| [(wr—wio)(W]) —wap) ,
g’ == + (wr & W), (3.30)
2 [\/(w} —w1,0)(wr —wap) 4
where we recall wy () = i,wg g = —i. Other choices are also possible and give an identical

vertex state, as we demonstrate in Appendix A.1.1. Using the conformal map in Eq. (3.15),

the explicit form of gI I is

1 [z /2
g11:922:§< y‘i‘ ;>,
(3.31)
1 1
o2l =2 (Ve + )
g g B ( o

These functions satisty ¢'/(o,0") = —¢®/ (27 — 0,0’) (using z = 1/z,+/z = —1/1/2). The

Neumann function is:

lz+72 1 VS
R _ Rp22 _ — -4 e in(c—o’)
— ’
22—z 2 1 3.32)
R12 R 21+ZZ/_3'+Z-Z€m(a+a’) '
N 21—z 2 =~
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They satisfy R/ (21 — 0,0") — iR*/ (0,0") = R*/ (2 — 0,0") + iR/ (0,0’) = 0. Again, the
correct singular terms show up in R'' and R?2. The solution for |V') for real fermions in the

R-R sector is then

V) =exp (=i xLaxa)19), (3.33)
n>1
with an additional requirement [X(% + ZX%“Q) = 0. One can verify that they satisfy the
boundary condition (3.28). The requirement that |V') has definite parity for the zero mode
can also be understood from the i/2 term in R'2.

The zero modes X(l), X% of the real fermion need to be handled with extra care. X(l), X% live
on the inner edges of the cylinders. To have a well-defined Hilbert space, we also need to in-
clude the zero modes on the outer edges of the cylinders, which we denote as )2(1), )2(2), as shown
in Fig. 3.3(b). Indeed, we recall that before making a physical cut along the entanglement
cut, the cylinder with an Ising anyon flux passing through it is topologically equivalent to a
sphere with a pair of Ising anyon defects. The anyons yield a double degeneracy, as each has
quantum dimension /2. This corresponds to choosing whether the complex fermion formed
from the corresponding zero modes, )2(1) + i)’(%, is occupied or unoccupied. We must make a
choice of which state in this degenerate subspace we wish to compute the entanglement for.
For concreteness, we choose the state in which this fermion is unoccupied, which amounts
to imposing the boundary condition [)‘(é + @)‘(3] |2) = 0 for the outer edge zero modes. If we

define the complex fermion

1 1 . 2 1 -1 - _2
. PR + 7 , = —— —|— 1 R 334
9 \/Q(XO XO) Jdo \/i(XO XO) ( )

the zero-mode vacuum state is |©2) = |0;,0,). This completes the construction of the bound-
ary state.

Note that g; and g, mix the Hilbert spaces of the left and right cylinders. When we
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compute the entanglement we must trace out one of these cylinders, and so it is necessary
to perform a change of basis to complex fermion modes localized on either the left or right
cylinder: g4 = (X(1)+i)2(1))/\/§, gB = (X%+Z)Z(2))/\/§ In this basis, the vacuum is a maximally
entangled state:

[2) = 10;,00) = (1040B) —ilLalp))/V2. (3.35)

Below, we will see this gives a contribution of In2 to the entanglement entropy.

The NS-R sector

Finally, we consider the NS-R sector which, as described above, describes a novel configu-
ration in which we insert an anyon flux through one end of the cylinder which then exits
through the entanglement cut. From Fig. 3.3(c), we see that the fermions on the right cylin-
der braid around the anyon flux and so obey R boundary conditions, whereas the fermions
on the left cylinder do not and hence are in the NS sector. In order to describe the gapped

edge state at the entanglement cut, we must impose a modified boundary condition:
[¢(0) +isgn(m — o)x (27 — o)} |V) = 0, (3.36)

for 0 < o < 2m. Here, ¥ (x) obeys NS (R) boundary conditions. Formally, the sign function
is needed to ensure the above expression is well-defined under shifts of ¢ — o+2n. Physically,
it represents the fact that an anyon flux is piercing the entanglement cut. Indeed, the Ising
twist field is precisely the operator at the level of the edge CFT which introduces such a
“kink" for the Majorana fields.

To the best of our knowledge, the vertex state in this case was first constructed in [68].

In the NS-R sector, we only need to introduce the branch cut for the second string. The
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branch cut factor g/* is chosen as [68]:
1 Wy —w Wi —w
g (o0 = o | [ g [ L2 (3.37)
2 wJ — w270 wr — w270
1 1—2 1—=2
n_1
773 \/1—z+\/1—z’>’
12_i 1—2/ 1 ; 1—=z2
1 1—-2 [z 1—2 [2
22 _ L[ | [Z ] JE
73 1—z z’+ 1—2 z)

R satisfies R/ (0,0") = —iRI 1/ (21 — 5,0") for 0 < 0 < m. The mode expansion of R’

Explicitly,

needed to extract the RI/ in the definition of the vertex state, takes a more complicated

form than that of the preceding two cases:

r—s

= muw—lws—ly
12 21 _ _nAT
Ry = —Rpy = mum—luzm (3.39)
29 n—m
where uy, is the expansion coefficients of u(x):
1+z = n
u(z) = e Zounx : (3.40)
n=

Making use of this mode expansion and separating the oscillator and zero-mode contribu-

tions, we can write out the vertex state of Eq. (3.17) as
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Vi—en( Y SeRlet Y X aBm

7’5>1/2 m,n=>1
(3.41)
Y e Rt Y 2 R+ 3 2R B )10,
r>1/2,n>1 r>1/2 n>1

Now, as in the R-R sector, to fix the form of the vacuum |2), we must treat the zero-mode
sector carefully. Indeed, due to the 7 flux through one half of the cylinder, we have another
zero mode, Y, on the outer edge of the left cylinder |Fig. 3.3(c)]. We can combine them to
define the complex fermion operator gg:

1 1 1
0

9o = E(Xo —iX0), = —=(x0 +X0)- (3.42)

N

Now, prior to making the entanglement cut, this flux configuration is again topologically
equivalent to a sphere supporting a pair of Ising anyons, corresponding to the yg and xq
zero modes, yielding a double degeneracy associated with the occupation of gg. (Note that, in
contrast to the R-R case, cutting the system along the entanglement cut does not introduce
additional zero modes). We must again make a choice of which state in which to compute the
entanglement. We can fix the state by choosing a value for the occupation number of gg of
the reference state |Q2); for simplicity, we take gg to be unoccupied, so that |2) = |0). Finally,
to simplify the expression for the vertex state, we observe that X = \/§(Zr21 /2 @D_TR%% +
S not X-nRZ)gh and Y = V2(3,51 o ¥R + S0s1 X-nR23)g0, commute, [X, Y] =0,

and hence eXTY = eXeY | The vertex state thus takes the form

—exp< Z ¢ TR ¢ + Z _X anmX m

rs>1/2 mn>1
(3.43)
+ Z (. ranX n+\/_ Z (. TR +ZX nR )‘O>
r>1/2,n>1 r>1/2 n>1
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Entanglement entropy

Having constructed the relevant boundary states for the NS-NS, R-R, NS-R sectors, we now
proceed to compute the entanglement entropy S 4 after tracing out one half of the cylinder.
Let us start with the NS-NS sector. We recall that the ground state of the entanglement
interface is given by a regularized version of the boundary state, as stated in Eq. (2.80); this
amounts to replacing 1! o Pl e in Eq. (2.79). The entanglement entropy can directly

be evaluated as

d
S = <1 - e%) [ ] (t+4") (3.44)
r>1/2
where ¢ = 2™ = ¢=4€ and 7 = % We can write the argument of the logarithm in terms

of the Dedekind 7 function and a Jacobi # function:

[T a+q7) =4/ ba(7) (3.45)

V>172 n(r)

Under the modular § transformation and taking the limit ¢ — 0 limit (which corresponds

to taking the bulk gap to be very large), we have:

0 f3(—1 1 x2
) nl=1) (e )L/
We thus find,
1/2) L L

as expected. Here, we reinstated the IR length scale L (which has been set to 27 for
simplicity) to make the area law form of the entropy more explicit and so that the dimensions
are correct. We also make the chiral central charge ¢ = 1/2 dependence explicit.

The entanglement entropy in the R-R sector can be computed similarly. However, the

presence of the zero modes make the calculations slightly more subtle. Let us first compute
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the contribution from the oscillator modes n > 1. With the regulator ¢, it can be computed

as

S, = (1= e ) mITL1+") (3.49

n>1

The product can be identified with 69 function:

[Ta+q¢= % %qlm. (3.49)
n>1

Under the modular S transformation and again taking the limit e — 0, we have:

1
Oor) _bal=9) , 1 _ = (3.50)
n(m)  n(=3) (e FH
This gives
w(1/2)L 1

For the zero mode part, after the basis transformation, the vacuum takes the form of a max-
imally entangled state, |Q) = [0;,0,) = (|0405) —i|1415))/V/2, which gives a contribution

of In2. Summing up these two terms, the total entanglement entropy is:

1/2) L
sReal, — ﬂ-(Q—zi)z +Inv2. (3.52)

Compared with S]P\{,esr?% Ng» the extra contribution In V2 is exactly the topological entangle-
ment entropy from the o anyon, as expected [72].

We now proceed to the NS-R case. Since the entanglement entropy in this case is not
amenable to analytical calculations, we will perform a numerical computation using the
correlation matrix method introduced in Sec. 2.1.4 with a cutoff of mode N.. For a given
value of €, we take N, to be sufficiently large such that S4 does not appreciably change with

further increases in N.. We collect the results in Table 3.1. We observe that the area law
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e | 0005 0.008  0.01 0.02

SReal [ 82.5933 517508 41.4699 20.9082
SReal o | 82.3433  51.5008 41.2199  20.6582
AS | 02500  0.2500  0.2500  0.2500

Table 3.1: S]%e_a]l% and S]%e_a}\'f g for various choices of €. For each fixed €, we increase cutoff N
until S saturates. We observe that the difference AS = S%‘ia}i; — S%Sa}\', g is a constant.

contributions (O(L/¢)) to S%ia}é and S}i‘,‘?&  cancel out exactly, and the difference
AS = SFeE — SR ¢ = 0.2500 (3.53)

appears to be remarkably well quantized. Now, we recall that, in the R-R sector, the presence
of the anyon flux passing through the cylinder (i.e. the presence of Ising anyons on the ends
of the cylinder) led to a contribution of ASy = S%Sa]l%‘ — JP\%J‘LNS = Inv/2 = 0.3466 to
the entanglement entropy over the NS-NS case, in which there was no flux. We see that
0 < AS < ASjy. This seems reasonable, as one expects the two halves of the cylinder in
the present NS-R case where one Ising anyon straddles entanglement cut to somehow be less
entangled than the R-R case, where the Ising anyons are located deep in the bulks of the two
subregions. Evidently, ASy—AS = 0.0966 corresponds to a contribution to the entanglement
from the anyon flux which pierces the entanglement cut. We should, however, perhaps be
careful in identifying this as a universal contribution, as this cut-and-glue approach likely
corresponds to a particular choice of regularization of how the anyon flux pierces the cut. The
value of this new topological contribution may depend on this regularization. Additionally,
we note that the examination of the entanglement spectrum in the NS-R sector shows that
levels are all equally spaced with no degeneracy. The equal spacing structure encodes the
CFT signature.

Finally, we consider the entanglement entropy for the case of complex fermion, i.e., the

edge theory of a Chern insulator with unit Hall conductivity, and make a comparison with
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the above results. In the NS-NS sector, the entanglement entropy for the complex fermion

is simply twice as large as the real fermion case,

Cplx. ™
S yg = 25Nt — (3.54)

NS—N NS—NS — 24'

o

In the R-R sector, we need to include the effect of the fermion zero modes properly, while

the treatment for the oscillator part is essentially the same. For the zero mode part, since

t

X0 is already a well-defined degree of freedom, paired with y;, we can only consider the

inner edges. The vacuum |Q2) needs to satisfy (X(l) - ZX%)|Q> =0, (X(l)f[ - ixg’T)|Q> = 0, which

can be chosen as [2) = (X(Q)’Jr + ix(l)’T)|0>. This is a maximally-entangled pair state and gives

So = In 2 contribution to S. To sum up,

™

- (3.55)

m‘|b<

Cplx.
SRE;(% = 2Soscil. + 50 =

There is no topological contribution for the complex fermion. Furthermore, the numerical

calculation of the NS-R case shows S](\j{)gbi' NS = S](\j,%)i' R= ngjlj;. This is desired since we

expect Sﬁ%i’R to lie between S](\j[%}fNS and S]C%F_ﬂ};'. Once again, the NS-R entanglement

spectrum shows equal spacing behavior with no degeneracy.

3.2.4  Tripartite vertex states and entanglement

Having illustrated how the Neumann coefficient method reproduces the expected boundary
states and entanglement entropy for a bipartition on the cylinder with and without flux
threading it, as well as having derived a new result for the entanglement in the case where
a flux pierces the cut, we turn to the main focus of this work, namely the entanglement
for a tripartition |[Fig. 3.1(b)]. We will again focus primarily on the case of a chiral p-
wave superconductor and consider the effect of inserting m-fluxes through the cylinders. In
particular, we investigate the entanglement when no fluxes are inserted and when two fluxes
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are inserted through two cylinders such that one flux exits through the remaining cylinder
and the other flux through the entanglement cut [Fig. 3.4(a)]. At the level of the edge
theories, these correspond to the NS-NS-NS and R-R-R sectors, respectively. We construct
the vertex states for each case next before discussing the tripartite entanglement measures
introduced in Sec. 3.1.

As a complement to the Neumann coefficient approach, we also introduced a direct cal-
culation method for computing the vertex state in Ref. [45]. We showed these two methods

give identical results for the vertex state solution numerically.

The NS-NS-NS sector

We first consider the simplest case in which no fluxes are inserted through the cylinders.
The required vertex state |V) is given by the Gaussian ansatz of Eq. (3.17), the construction
of which is outlined in Sec. 3.2.2. All that remains is to determine the explicit form of the
Neumann coefficients from the correlation function, Eq. (3.18). The conformal factor in
Eq. (3.18) is given explicitly as (%)1/2 = #(ﬂ(}l))l/z We choose the branch such that

T
w}/ 4(27r —0) = iw}fl(a). This can be achieved by the following choice:

.\ 1/6
1/4 [ 1+e?
wr (U) = wI 1 — eto

with @1 = em/u, Wy = e_ih/m, w3 = et3m/4, (3.56)

The explicit form of the Neumann coefficients K. 7:’ ;J is technically involved and not particularly

physically illuminating, and so we relegate it to Appendix A.1.3.
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wap = P

i

Figure 3.4: (a) The ¢ anyon flux insertion in the R-R-R sector. One o-anyon is forced to be
exited at the junction. (b) The choice of the branch cuts for the R-R-R sector tripartition
vertex state. The branch cuts connect wy ( to oo.

The R-R-R sector

Next we consider the case in which all fermions are in the R sector. Similar to the NS-R sector
discussed for the case of a bipartition, in the R-R-R sector, the conservation of topological
charge enforces the presence of an Ising anyon at the junction where all three entanglement
boundaries meet. From the edge theory point of view, we must again compute the Neumann
functions for periodic fermions, which takes the form in Eq. (3.29) with the factor gI J
accounting for the branch cuts. We choose to work with the branch cut configuration in
Fig. 3.4(b).

To determine the branch cut factor gI J (0,0"), the following general properties should
be satisfied [29]: (i) w and w’ are symmetric in ¢!’ (thus anti-symmetric in R!7); (ii) The
branch points include wy o, w9 o, and w3 ; (iii) g reduces to 1 when W — w, s0 RI7 reduces
to K17 in this limit. Furthermore, for our specific problem, R/ should also satisfy: (iv)
The singular term in R/ must be 6/ anl e=i(0=9") t5 ensure the boundary condition
is properly satisfied, as we show in Appendix A.1.2. This extra requirement is non-trivial,

and may rule out some of the candidates that satisfy (i-iii).
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We propose to use the following branch cut factor:

1/2
17, o L[ (wr —wip)(wr —w20)wr —wsp)
g (Ua o ) -5 / / /
2 |\ (W) —w10)(w] —w20) (W) —wsp)

N (W) — w1,0) (W) — wa ) (W) — w3 ) 12
(wr — wi,0)(wr —wap)(wr —w3,0) ’

ir/3 —iﬂ/3,w3’0 — ¢~ and wy(0),w’;(0") are defined in Eq. (3.16).

where w1 = e ywo 0 =€
It is easy to check that this candidate fulfills the requirements (i-iii). The branch points
also include co. The branch cuts can be chosen from wy ( to 0o, wo o to oo, and w3 o to oo,
as shown in Fig. 3.4(b). We will compute the singular terms explicitly later, which verifies
requirement (iv).

It turns out that gI 7/ is the same for any I,.J, and the mode expansion of gI 7 in powers

of z = €% is given by

1 1 / r 1 Ir
=LV Y T (- ve) X

r>1/2 r>1/2

(NN

i [eia(éer)i"Q/ _ o rm)+ig | o (dm)—i§ _ o' (3+m)+ig | (3.58)

m=0

It is worth noting that this expression is valid for the vertex state of an N-junction with

arbitrary N and the insertion of N twist operators. As an example, we give the construc-

tion of the vertex state for N = 2 using this branch cut factor in Appendix A.1.1, which

reproduces the result for the R-R sector bipartition calculation of the preceding section.
We are now ready to examine requirement (iv). Combining the singular term of the

Neumann coefficient in the NS-NS-NS sector K1/ = §17 D> 1/2 e~(7=") with the branch

sing.
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cut factor gI J | we obtain:

> . / oI 2 . .y
ngg J_ sl Z o~ i(r+1/2)(c—d’) + T[ Z pimo _ Z ezma]' (3.59)

r>1/2 m=0 m=1

The first term gives the correct singular term in the R-R-R sector,

o0
1J 1J —im(oc—o’
Rsmg 0 Z € ( )7
m>1
and the second term contributes to the zero mode parts Rg p,, R 0, Ro,0. This shows that
our choice of gI J is indeed a valid one. We thus verified the Neumann function has the

following expansion:

RIJ(U, 0_/) _ Z eimchglJneina/ + 51,] Z e—inaeinal‘ (3.60)
m>0,n>0 n>1

The non-singular terms can be worked out easily in a similar way. We summarize the
expansion coefficients below:

r! s’

1 1J 1J 1J 1J
Rr—|—1/25—|—1/2_§[ Z (Krs+1_Krs) Z (Kr—i—ls_Kr/,s)]’
r=1/2 s=1/2
S/
1 7 Lo
R i1/o = 5 D Ky =507
s 1/2 (3.61)

/
1 < 1.7
Rs+1/20_ 2 Z KS ,1/2 55 )
s=1/2

1
Rl = o1’
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Finally, using the Neumann coefficients, the vertex state can be constructed as

1
Vi=exp [ > oxbmBanxla+ Y 2 nRioxg | 19)- (3.62)
m,n>1 m>1

We show this state satisfies the boundary condition explicitly in Appendix A.1.2.

As discussed in Sec. 3.2.3, to have a well-defined Hilbert space, we need to combine the
Xé zero modes with )‘(6 at the outer edges. Indeed, physically speaking, prior to physically
cutting the system along the entanglement cut, the R-R-R sector configuration is topologi-
cally equivalent to a sphere with one Ising anyon placed on the entanglement cut and three
Ising anyons in the three regions A, B, and C'. These correspond to the three outer edge
Majorana fermion zero modes and one of the zero modes that appears at the inner edge
when we physically cut along the entanglement cut. This results in a four-fold degener-
acy and we must choose one of these states for which to compute the entanglement. To
do so, we define the complex fermion as in Eq. (3.42), )(6 = (gé + gé’T)/\/ﬁ. Denoting
X = ﬂZle xR Tjn‘]og(];‘] Y = ﬁZmzl XI_mRTIﬁ]Og(‘)], one can show [X,Y] = 0 and

XHY — XY 1n order to fix a state within the four-fold degenerate subspace, we

hence e
must fix the occupations of the zero modes. For simplicity, we choose the reference state |£2)
to be one of definite fermion parity take |©2) = |000), which is annihilated by all gé . Under

this choice, the solution is simplified to:

V) = exp ( Z X RE T+ 37 Vax-mRELgb J) 0). (3.63)

mn>1 m>1

Finally, by combining two copies of real fermions, we can construct the complex fermion

vertex state as

J o 1
V) =exp Z g- mRUngIL + Z 2Rm0 g- mgg Jn gf)]) 12). (3.64)
m,n>1 m>1
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‘ a_1 ao aq ‘ b_q bo by
Majorana (NS-NS-NS) | 0.0654 0.0299 —0.0232 | 0.0491 0.0310 —0.4021
Majorana (R-R-R) 0.0654  0.6227 —5.3746 | 0.0491 0.3341 —0.2984
Dirac (NS-NS-NS) 0.1309  0.0597 —0.0119 | 0.0982 0.0600 0.3657
Dirac (R-R-R) 0.1309 —0.1139 22.9493 | 0.0982 0.0025 15.1538

Table 3.2: The scaling of the entanglement entropy and negativity with respect to L/e from
the numerical analysis.

Again, we postpone the verification of boundary condition in Appendix A.1.2. We choose
|©2) to be the vacuum that is annihilated by gé. Identifying X =23+ Ril']ogimgg"], Y =

!
2 m>1 R{n‘{)glgjgo‘], and [X,Y] =4 Zm,n21 an‘]OR{l/O‘]g;r{I gim, the solution is simplified to

51T J
Vy=exp | Y gL RELa + 3 268 RE b | (0, (3.65)
m,n>1 m>1

with RS = RIS — 2RIK R

Entanglement entropy, negativity and reflected entropy

With the tripartite vertex states in hand, we now proceed to the calculations of the correlation
measures, namely, the entanglement entropy S4 and spectrum when tracing out B and C,
and negativity £4.p and the spectra when tracing out C', and the reflected entropy R4.p
when tracing out C'. Once again, the regularization |V) — |G) = Ne~“H0|V) amounts to
multiplying the Neumann coefficients by an exponential factor, e.g., R{n‘]n — R{n‘]nefe(er").
As the resulting state |G) is Gaussian, we can use the correlator method to compute various
entanglement measures, as described in Sec. 3.1.1. The technical details are left to Appendix
A.3. To evaluate the correlators (covariance matrices) numerically, we need to introduce a
cutoff N. to truncate the Neumann coefficients. The correlation measures (for a given L /e)
are then computed for different V. and the results are extrapolated to N. — oo. We typically

take N, > 200 — 800.
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We first present our results for the entanglement entropy and negativity. For both cases,

we find that they scale with L/e as

€
J— _l’_ ceey
L (3.66)

L
Eap=b1=+by+bi—+
€ L

L
SA:a—lz"'aO‘i‘al

for both the NS-NS-NS and R-R-R sectors. The numerically extracted coefficients are sum-
marized in Table 3.2. The coefficients a_; and b_; are the same for the NS-NS-NS and
R-R-R sectors. The numerical result for a_q is consistent with a_; = m¢/24 (see Sec. 3.2.3).
On the other hand, the numerically computed b_1 is consistent with b_1 = 37¢/96. These
may be understood as commonly appearing coefficients in the entanglement entropy and
negativity in topological liquids. For example, for the mutual information and negativity on
the torus, when A, B, C' are non-contractible and A and B are adjacent, the area law terms
of these quantities are proportional to (1/n + 1)(7rc/12) (n — 1), and (4/ne — ne)(cm/48)
(ne — 1) [42]. We also note that the area law terms should cancel in €3 = 2E4.5 — E4u0-B,
and we know E40.5 = SSS?:B ~ (3mc/48)(L/¢€). The constant term ag in the NS-NS-NS
sector is small compared with In2 ~ 0.693, and may be consistent with ag = 0, the result
we expect from the calculation for a bipartition. On the other hand, in the R-R-R sector, ag
is an order of magnitude larger. We may attribute it to the extra ¢ anyon positioned at the
junction. We recall that we obtained a similar result in the NS-R sector for a bipartition.
In Fig. 3.5 we plot the entanglement and negativity spectra. Here, we focus on the NS-
NS-NS sector (as the R-R-R sector shows the same features). Both the entanglement and
negativity spectra exhibit an equal-spacing structure. For the entanglement spectrum, this is
expected as it is given by the spectrum of the CFT realized on a physical edge [8]. Similarly,
the equal-spacing structure of the negativity spectrum may suggest that it is described by
some CFT. For the Majorana fermions, the entanglement spectrum is non-degenerate while

the negativity spectrum is two-fold degenerate. For the complex fermions, the degeneracy of
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the entanglement spectrum is two-fold, while that for the negativity spectrum is four-fold.
We will see in the next section that the degeneracy matches with the lattice calculation
result deep in the topological region.

Plotted in Fig. 3.5(b) is the single-body spectrum {(} of pﬁﬁ p (the spectrum of the
correlation matrix I'y). The eigenvalues appear to come in various branches; those that
are circularly distributed and those that are clustered near the real axis. The non-trivial
distribution of the spectrum over the complex plane can be regarded as a smoking gun of
topological non-triviality of the bulk. As a comparison, we note that for a simple product
state the spectrum {(} consists of just two eigenvalues, ( = 1 and ( = —1. We also note
that such non-trivial distribution of the eigenvalues {(} was found previously in (1+41)d
fermionic CFTs [73], and (1+1)d SPT phases (the Kitaev chain) [74]. In these examples,
the many-body spectrum of pﬁﬁ p has a 8-fold rotation symmetry. On the other hand, we
do not find such a symmetric pattern for the case of our (241)d topological liquids. In the
next section, we will see that a similar distribution of {(} is also found in the lattice Chern
insulator calculation.

Finally, we turn to the reflected entropy and the conjecture (3.5). We study this difference
for the four aforementioned cases and show the results in Fig. 3.6. For the Majorna and
Dirac fermion edge theories in the NS-NS-NS sector, and the Majoran fermion edge theory
in the R-R-R sector, h4.p does not change with e, with the values being 0.1172, 0.2344,
0.2850 respectively. The results for the NS-NS-NS sector are consistent with the prediction
(¢/3)In2 = 0.1155,0.2310 for ¢ = 1/2 and ¢ = 1, respectively. (Alternatively, if we extract
the central charge from our numerics, we obtain ¢ = 0.5073,1.0145, 1.2335, respectively.)
For the R-R-R sector, the numerics suggests that hy.p is slightly bigger than (¢/3)In2,
which once again may be attributed to the Ising anyon at the junction. Finally, for the
Dirac fermion in the R-R-R sector, h 4.p changes with € and the polynomial fit up to second

order gives the intercept 0.5698. Notice that 0.2344 is twice as large as 0.1172, and 0.5698 is
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Figure 3.5: (a) The evolution of S 4 and negativity £ 4. g with different regulator € at N, — oo
limit, in the NS-NS-NS§ sector for the Majorana fermion. (b) Distribution of the eigenvalues
of 'y, at N. = 500 and € = 0.02 for the complex fermion. (c,d) Entanglement spectrum and
negativity spectrum for N, = 200 at different €, which shows equal spacing behavior.

(almost) twice as large as 0.2850. We note that to get the universal result in the edge theory
calculations, we do not have to consider a local unitary that remove short-range correlations

at the junction(s).

3.3 Conformal interface technique

The numerical results using tripartite vertex state in the last section suggests h(A, B) =
§ln 2. In this section, we turn to an analytical approach to multipartite entanglement that
can be applied to generic (chiral) topological ground states in two spatial dimensions. We
show the calculation of multipartite entanglement of vertex state can be reformulated in
terms of defect (interface) CFT. In this approach, a given entanglement quantity can be
evaluated as a path integral on a cylinder with topological interfaces after using a series of
conformal transformations.

In addition to reflected entropy and the Markov gap, this approach also allows us to
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Figure 3.6: The difference between reflected entropy and mutual information hy.p =
Ry.Bp — I4.B- (a) The NS-NS-NS sector for Majorana fermion and complex fermion. The
intercept (0.2344) is twice of that of the Majorana fermion (0.1172). (b) The R-R-R sector
for Majorana fermion and complex fermion. Using a power two polynomial fit, the intercept
(0.5698) is almost the twice of that of the Majorana fermion (0.2850). In (a) and the real
fermion case of (b), hy.p does not change with e.

calculate the so-called corner contribution to the bipartite entanglement entropy studied in
Refs. [75, 76, 77]. In these works, the subregions for bipartitions containing sharp corners
or cusps were considered. It was found that the entanglement entropy receives a geometric
angle-dependent contribution. (See also several works on closely-related quantities and se-
tups, such as the charge fluctuations for a subregion with a sharp corner |78, 79|, and others
[80, 77, 81]. Quantum Hall states on surfaces with cusp singularities were also studied in the
literature (82, 83, 84]. As we will see, the corner contribution from our approach, Eq. (3.88),
does not seem to match precisely with the previous works above. We will speculate on the
possible source of the discrepancies. Nevertheless, we will show that our prediction (3.88)
agrees with numerically-computed entanglement quantities for four vertex states in the free
fermion theory. Here, we extend the construction of three-vertex states (vertex states that
can be used to tripartition a topological liquid) in the free fermion theory in Ref. [45] to four
vertex states. This allows us to tetrapartition the topological liquid, and test our analytical
predictions for the corner contribution and the reflected entropy (Markov gap).

The rest of the chapter is organized as follows. In Sec. 3.3.1, we revisit the calculation

of bipartite entanglement entropy for topological ground states in two dimensions using
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the bulk-boundary correspondence. As is well known, the calculation can be formulated
in terms of boundary states in boundary conformal field theory (BCFT). For later use, we
reformulate the calculation in terms of defects (interfaces) in CFT and also show that the
calculation can be simplified in the 8/L — 0 limit. In Sec. 3.3.2, we generalize and extend the
approach of Sec. 3.3.1 to multipartitions by considering p-vertex states (p > 2). This allows
us to calculate the corner contribution to bipartite entanglement entropy and the reflected
entropy in Sec. 3.3.3. In Sec. 3.3.4, we present the construction of four-vertex states and
the numerical calculations of entanglement quantities, verifying the predictions of previous

sections.

3.3.1 Conformal interface technique: bipartition

As we reviewed in Sec. 2.3.2, the explicit form of the Ishibashi states are known for generic
rational CFTs, allowing for a simple and direct computation of the bipartite entanglement en-
tropy, reproducing the known result for the topological entanglement entropy. Similarly, for
a multipartitioning, as discussed in Sec. 3.2.1, the configuration of gapped interfaces can be
approximated by a so-called verter state. The explicit form of such states for generic rational
CF'Ts is not known, necessitating an alternative approach to computing the entanglement.
With this in mind, we introduce a complementary path integral approach to computing
the bipartite entanglement entropy, making use of conformal interfaces. Furthermore, we
present an approximation of the preceding path integral, which reduces the computation
of the entanglement of a CF'T partition function on a torus to one of CFT partition func-
tions on two cylinders. We emphasize that these two subsections, while simply reproducing
known results for the bipartite entanglement entropy, lay the technical foundations for the
subsequent computations of the corner contributions to the bipartite entanglement entropy

in Sec. 3.3.2 and the reflected entropy in Sec. 3.3.3.
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Conformal interface approach

As described at the beginning of this section, a direct computation of the entanglement en-
tropy from the ground state will not be possible when we later consider multipartitions of
the bulk topological phase. While the ground state will satisfy similar conformal boundary
conditions as the Ishibashi states, its explicit form for general CFTs is not known. With this
in mind, we now develop an alternative approach to computing the bipartite entanglement
entropy using path integral and conformal interface methods 85, 86|, which will generalize
to the multipartite case. Our strategy will be to re-express the Rényi moments of (reduced)
density matrices formed from regularized boundary states as CFT partition functions on
closed manifolds with insertions of conformal interfaces through a series of conformal map-
pings.

First, we start by expressing the density matrix p in Eq. (2.82) as a path integral as
depicted pictorially in Fig. 3.7(a). The top and bottom rows correspond, respectively, to
the ket |B;) and bra (B;|. Focusing first on the ket, the two spacetime sheets correspond
to the chiral and anti-chiral sectors of the the theory. The horizontal direction is the spatial
direction, of length L, with the tildes indicating periodic boundary conditions. The bottom of
the path integral denotes the unregularized boundary state | B;). The dashed lines connecting
the segments a and b indicate how the chiral and anti-chiral sectors are glued together
as per the conformal boundary condition. The vertical direction denotes imaginary time
evolution by 3, yielding the regularized state |B;). More generally, we can start from a linear
superposition ) ; ¢;\/1; -1 | B;), and the Euclidean path integral prepares the regularized state
> cin/mi temPHO|By).

Combining these elements yields the glued path integral representation of the ket in the
right-most column. Similar considerations hold for the bra, (B;|, represented in the second
row of the same subfigure. Combining the bra and ket gives the path integral representation

of the density matrix p = |B;) (B;|. When computing the trace Tr (p), the top red lines of
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Figure 3.7: (a) Spacetime path integral representation of the regularized boundary state
|B) starting from the unregularized boundary state |B) as the initial condition, as well as
(B| and (B| as path integral. The vertical direction denotes the imaginary time evolution.
“oluing” amounts to identifying chiral and anti-chiral copies, and we consider the case of
two anyon lines insertion a and b. The black tilde symbol means taking periodic boundary
condition. (b) Unfolding the boundary state. In this picture Z, = Tr (p} ) can be expressed
as path integral of a chiral theory on the torus with interfaces inserted.

bra and ket are glued together (v4 to v4, v to 74), and the spacetime manifold becomes
a torus.

Now, the computation of entanglement entropy requires computing the Rényi moments of
the reduced density matrix, Tr (p7,)". These quantities can be represented as path integrals
with conformal interface insertions, as we now demonstrate. We first take the path integral
of p, and unfold the boundary state |B;) and (B;|, as shown in the left of Fig. 3.7(b). After
the unfolding, the doubled sheet of width 5 becomes a single sheet with width 25. We define

the interface operator Z; as the unfolded boundary state |B;):

0o dn; (V)
=Y > |hi,Nik)(hi, Nk, (3.67)
N=0 k=1
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where the ket of anti-chiral mode is “flipped” to the bra of chiral mode. In other words, Z;
is an Ishibashi-type projector on the chiral sector ¢, Z; : V; — V;. Note this is a well-defined
projector since |h;, N; k) is an orthonormal basis in V;. In general we can consider the linear
superposition Z = >, cl-\/n_flli. Moreover, in the present context, these interfaces are
topological, meaning they can be freely deformed in spacetime. Thus, after unfolding, each
boundary state |B) ((B|) maps to an insertion of the interface operator Z (Z1).

To obtain py,, we take the path integral of Z, IT, and glue the red lines v 4 for 7 and IT,
as shown in the left of Fig. 3.7(b) by the black dashed line. Then to obtain Tr (p’ ), we take
n copies of path integral of py, and glue the red line v, for Z of copy ¢ to the the red line
v4 for Z' of copy i + 1, where i runs from 1 to n. After this gluing, we obtain a torus with

circumferences L and 44n, and the path integral on this torus is Tr (o7 ):
Zp=Tr (p}) = Tr ((IIT)”6—4”5HL) . (3.68)

The Hamiltonian Hj, in this expression is the chiral Hamiltonian Hy, = 2T”(L@ —37) 3. This
is shown in the right of Fig. 3.7(b). In Fig. 3.8(a), we show an equivalent path integral
representation of Tr (pz) where the order of gluing is changed (first glue v4,7 1, then glue
a and b). In this way, the spacetime path integral can be constructed by gluing annulus
amplitudes where each annulus has width 238 and circumference L. The closed boundary
condition is made explicit in this picture.

The path integral on the torus can be evaluated readily using standard CFT techniques.
In CFT, the character of primary field sector i is defined as x;(¢q) = Tr Vi(qLO_Tcél). As a

first example, let’s consider the special case of Z1 with ¢; = 9; 4. Z1 can be directly related

3. We treat our BCFT as an interface CFT (ICFT) by the unfolding. Then, the ICFT corresponds to a
chiral part of the BCFT.
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to the character:

2y ="Tr (T ) = (), g = PR/, (3.69)
a

Since Z1 = 1 by definition, one can read out the normalization factor ng, = x4(q)-

We now compute Z,, in the large gap limit of interest 5 — 0. To work in this limit, we
need to use the modular § transformation that brings ¢ = e2mi(4Pi/L) ¢ q= e2mi(=L/ 4&),
and 8 — 0 corresponds to the limit of § — 0. The characters are related by x;(q) = S;;7x;(q)
under the modular S transformation. Taking ¢ as a small quantity, the new character can
be expanded as x;(§) = th’_i + --- and only the lowest order term shall be kept. By

keeping only the lowest order term, Z,, is:

2n
_ ¢l
Zp =Tt ((IIT)"e ‘WHL) _yo
" Z X7 (q)
1 (3.70)
Z |ci |2” Sixy(ar) L ea ) > el S
- 1 ~ 1 ) )
ZZ/X’L (Q)) p w0
and we make another approximation to keep only the lowest order term in yg: ¢ —c/24 4,
Using this result, the entanglement entropy between the bulk regions A and A is:
Sy = lim In Z,
n—1 n
(3.71)

wLc
=55 D el e+ leil* n Sy
: 5

Recalling S;y = d;/D, this reproduces the known result of Eq. (2.85) and Eq. (2.86). We

stress that although, at this point, conformal interface is simply a reformulation of boundary

4. While the first line appears to indicate that we have a single path-integral representation for Z,,
due to the normalization of the Ishibashi states, we need separate path integrals for the numerators and
denominators. If we were to interpret Z,, as a single path integral, the normalization factors would contribute
to the spectrum as states with negative dimension. This subtlety, however, does not matter in the 5/L — 0
limit where we only keep the vacuum block as in the last line.
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Circumference :L

Figure 3.8: The spacetime path integral can be constructed by gluing annulus amplitudes
(the annulus has width 25 and circumference L). Here, as an example, Z; = Tr (p) is
constructed for (a) p =2 and (b) p = 3. After the gluing, the spacetime manifold becomes
torus and 2-genus, respectively.

CF'T approach, the path integral viewpoint will be useful in the later discussion of tripartite
entanglement. Finally, we also note that for the pure state density matrix p, the reflected
entropy is simply related to the entanglement entropy Sy by Sp = 254. One can verify this

relation using conformal interface approach.

Path integral decomposition

Before concluding our discussion of bipartite entanglement, we introduce one final ingredient.
The preceding path integral computation was tractable, as it amounted to computing CFT
partition functions on the torus. When we turn to multipartite configurations, the exact
path integral representation of the entanglement quantities of interest will be defined on
higher genus surfaces, for which the partition functions are not readily obtained — see Fig.
3.8(b) for an example of the tripartite configuration. Here, we make use of a pair-of-pants
decomposition, valid in the § — 0 (i.e., large bulk gap) limit, which reduces the torus path
integral to a product of two cylinder path integrals. This decomposition will likewise simplify
the multipartite path integrals to render the computations tractable.

We first note that the replicated path integral (partition function) Z,, = Tr p7 can be
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Figure 3.9: Pants-like decomposition of Z.joseq. In the limit 5/L — 0, the replica partition
function Zgjggeq can be approximated by (Zopen)? (Center Figure). Each of the two strips
has width 25 and length L/2. The partition function Zopen can be thought of as a disk
partition function with two twist operators (Right Figure).

obtained by gluing the annulus in Fig. 3.8(a). In the limit §/L — 0, the annulus is thin and
hence only the lowest dimension states (lowest energy states) propagate, taking the spatial
direction as a fictitious time direction.

Consider cutting the annulus into two strips with length L/2 and width 248 (Fig. 3.9).
Here, cutting the strip is equivalent to inserting a complete set of states at the cut. When
crossing the cut, the gluing condition is changed so the leading non-zero contribution in the

complete set comes from:

Ip){p| _ o) (pol
%:Wp @l = VP Golpo) (3.72)

where pg are the lowest energy states, which correspond to the twist operator o, with

conformal dimension hy, = hg, = 57 (n — %) The (regularized) normalization factor is

[87]:
No = (polpo) = lei"Siy ™ (3.73)

In general, we interpret the constant W, as the number of states p. However, in this case,

this is not necessary to be an integer because the normalization of the Ishibashi state depends
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on the moduli parameter. We can show that

This just comes from the closed channel expansion of (3.70),

_h L

Zp = Wyye 0725 (3.75)

Before giving the expression in terms of these constants, we would first like to explain the
motivation for expressing the partition function in the closed string channel expansion (i.e.
the quantization with the time direction along the interface). Unfortunately, it is difficult to
fix these theory-dependent constants [e.g. the normalization factor (3.73) and the coefficients
Wy (3.74)] in general, as we will see later in Sec. 3.3.3. Nevertheless, the closed string channel
expansion is useful because we can easily evaluate the kinematic parts in this expression. In
fact, we only need the kinematic parts to study the quantities of interest (i.e., the area law
term, the corner contribution, and the Markov gap). In other words, for our purpose, the
closed string channel expansion is more useful even though it involves the theory-dependent
constants.

By this approximation, valid in the limit 5/L — 0, each annulus amplitude can be
approximated as a product of two strip amplitudes. Correspondingly, the total partition
function Z,, can be approximated as a product of two partition functions, each obtained by

gluing the strips,
Zn = Zelosed ~ Nn_2 - N - (ZOpen)2- (3.76)

Here, the factor of A, 2 comes from the normalization factor while A, comes from the

coefficient Wp,,. Note that while we have the double insertions of the complete sets, we do
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not need to square Eq. (3.74) since (pglgo) = dpy,qp- Each factor of N, contributes to the
entanglement entropy by lim,, ﬁ InN;, = —Stopo- Taking care of these contributions,

we recover the entanglement entropy (2.85):

Sclosed = 25'Open + 2S‘copo - Stopo

mel mel
=2 (@ - Stopo) =+ Stopo = m - Stopo-

(3.77)

Finally, we stress that using the open boundary condition introduces the cutoffs at the two
21
boundaries (at —L/4 and L/4) of the strip. After the conformal transformation z — e~ 45,

the cutoff is (see the right figure of Fig. 3.9):
46 = e 8/8 . (378)

The area law term in Syepen can be equivalently expressed in terms of the cutoff as:

mcel ¢, _
Sopen,area = @ = 6 Ine L. (3.79)

This expression will be convenient in the following to take care of the contribution to the
entanglement entropy by conformal transformation. Namely, the change of the entanglement
entropy is encoded in the change of cutoff ¢ — €¢/. More generally, if the cutoffs on the left
and right end of an interval are €; and €9, respectively, the area law part can be expressed

as.

c 1
Sopen,area = 1 In @ (3.80)

We also note that the topological term Stopo is independent of the cutoff e.
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Figure 3.10: (a) Bipartition setup: A spatial sphere divided into two regions A, B, and with
four anyons (a,a,b,b) insertion. We take the size of the subsystem as py (pg + pg = p),
which leads to a corner with an angle § = 2wp4/p. (b) Tripartition setup: A spatial sphere
divided into three regions A, B and AU B, and with six anyons (a,a, b, b, ¢, ¢) insertion.

3.3.2  Vertex States: Corner contributions to Entanglement Entropy

We are now ready to generalize the previous discussions to more complicated setups. First,
we can consider the bipartition setup where we partition the two-dimensional space into
two regions A and B with a sharp corner (cusp) [Fig. 3.10(a)]. This type of bipartition
was considered in Refs. [75, 76, 77] and a contribution to the entanglement entropy, the
so-called geometric or corner contribution, has been identified. Second, we can consider
the multipartition setup where we partition the two-dimensional space into multiple regions
A, B,C,... where all subregions meet at a junction (or junctions) [Fig. 3.10(b)|. This setup
was discussed in Refs. [45, 49|, and the reflected entropy (the Markov gap) and entanglement
negativity were computed. We note that the first setup can be obtained from the multiparti-
tion setup by simply grouping the multiple regions A, B, C, ... into two groups and regarding
the regions in the same group belonging to the same Hilbert space.

In this section, we focus on the corner contribution to bipartite entanglement entropy.
To provide a unified treatment, we will consider the setup in Fig. 3.10(b) throughout the
paper, in which we p-partition the spatial sphere, and consider two regions A and B (and the
rest). The corner angle of the region A is denoted by 6 = 27wp4/p (1 < py < p). We limit

out discussion to the case where A and B are adjacent, unless specified otherwise. We also
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insert pairs of anyons (a and a, etc.) across the interfaces (entangling boundaries) that give
rise to extra topological contributions to bipartite entanglement entropy, while they have

nothing to do with the geometrical contribution.

Vertex state in RCFT

As discussed in Sec. 3.2.1, using the bulk-boundary correspondence, the multipartition setup
can be related to vertex states in CFT. Specifically, the topological ground states near the
multipartite entangling boundary can be approximated by a p-vertex state. Analogously to
boundary states, a vertex state |V') defined in the tensor product of p-copies of the CFT

(defined on a spatial circle of length L) satisfies
[T (o) = T (L -0)][V) =0, 0<o<L/2 (3.81)

where Ti(a) is the stress-energy tensor of the i-th copy (i = 1,...,p), and o coordinatizes
the spatial circle. If there is a (conserved) current in CFT, vertex states satisfy, additionally,
a condition as Eq. (3.11) in terms of the current. For general CFTs (RCFTs), on the other
hand, finding vertex states is a yet challenging task. However, as we will show below, by
using the path integral representation and conformal interface approach, we can still obtain
the universal behaviors of its entanglement measures.

We have to mention that the p-vertex state is defined after the conformal map (see Fig.
3.11),

z— 22, (3.82)

The reason is as follows. On the one hand, the multipartite entanglement measures are
computed on the two-dimensional spatial sphere with a p-partition setup. On the other
hand, by definition, the density matrix of p-vertex state is defined on the spacetime manifold

with four excess angles, each takes the value 27(5 — 1) as shown in Fig. 3.11 (a) (and after
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Figure 3.11: (a) Illustration of the excess angle of the p-vertex state density matrix path
integral. As shown in the figure, on the outer edge of the top of the annulus, the total angle is
pr, thus the excess angle is pr—27 = 2%(% —1). Similarly, the excess angles on the inner edge
of the top, and the outer and inner edge of the bottom of the annulus are also 27r(‘g - 1).
(b) The p-partition setup of the two-dimensional spatial sphere, where the multipartite
entanglement measures are computed. To obtain the corresponding p-vertex state on the
entanglement boundary, we first map the spatial sphere (Left) into the Riemann surface

with exceed angle 2r (§ — 1) (Center) by conformal transformation z — 2P/2. Applying
the bulk-boundary correspondence to this surface, we obtain the vertex state (Right), whose
density matrix is defined on spacetime manifold with four exceed angles, each taking the
value 27 (5 — 1).

taking the trace of p, the spacetime path integral becomes a p—1 genus). Thus, the conformal
transformation in Eq. (3.82) is required to bridge them, as shown in Fig. 3.11 (b). If this is

not included, the final results for all entanglement measures would carry an extra factor of

p
%1112

Entanglement entropy with corner contribution

We are now ready to calculate the entanglement entropies Sy, Sp, and Syp associated to
the regions A, B, and AB. in Fig. 3.10(b). The multipartition can be done by using the
p-vertex state. The corresponding replica path integral for computing n-th Rényi entropy is
defined on a Riemann surface. For example, when p4 = 1, the path integral is on a Riemann

surface with genus n(p — 2) + 1. The path integral on the higher genus surface is not readily
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Figure 3.12: Sketch of our setup for 4-vertex state partition function with open boundary
condition. The width of each strip is 2/ and the length is L /2. When evaluating n-th Rényi
entropy, the intervals v4 and yp denote the n-th fold branch cut. On the top and bottom,
we have the excess angle 27?(% — 1) = 2.

obtained. However, in the limit of 5/L — 0, it can be evaluated by using the path integral
decomposition described in Sec. 3.3.1. Here, we factorize the partition function (with closed
boundary condition) into two with open boundary condition by inserting a complete set of
states. In the limit 5/L — 0, the open partition function can be approximated by taking
the leading twisted operator or vacuum. Thus, the replica partition function Z.ygeq can
be approximated by Zejgsed =~ N ! (Zopen)Q. The constant N is a combination of the
normalization factor and the coefficient W), which contributes to the entanglement entropy
as the topological entropy, as discussed in Eq. (3.77). This strip partition function can be
illustrated as in Fig. 3.12 for the case of p = 4, where the width and length of each strip are
23 and L/2, respectively. We take two intervals 74 and g as shown in the figure, namely,
the two bulk regions A, B are adjacent. The intervals v4 and g denote the n-th fold branch
cut when evaluating n-th Rényi entropy.

The entanglement entropy S4 and S4p can be computed by the open partition function
Zopen- To evaluate the partition function Zopen, we consider the following conformal maps

(the following figures are illustrated for p = 4,p4 = pg = 1):

1. Mapping from cylinder to hemisphere: z — ¢ 257,

2. Rotating : z — %%

(insertion points of twist operators (0, 00) mapped to (1,—1) )

2
3. Unwrapping: z — zP and gluing p copies.



z— 22

4. Rotating : z — —e » 2=¢ 2

_2mi 2mi
(insertion points of twist operators (e v e v ) mapped to (0,1,00) )

5. Mapping from sphere to cylinder z — In z.

a R—F

9 VB‘_ ‘VAI \

2log(e)~?

In Step (4), the interval vg is mapped to (0, 1) and the interval 74 is mapped to (1, 00).

_nL
The cutoff e = e 38 at the end of the intervals (z = 0,1, c0) transforms as

2
e%e'zf%e, at 2 =0,
psin <%
/ 4
€— € = T at z =1, (3.83)
ptan 7
1 1 psin3lg
- 5 = -, at z =o0.
e € 2 €

The interval v4 U yp is mapped to (0,00). By using Eq. (3.79) with the modified cutoffs
in Eq. (3.83) (Sopen,area = %ln(e’)_l), and the normalization factor from Eq. (3.73) and

the coefficient W, from Eq. (3.74), the entanglement entropy Syp including the corner
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contribution is given by

SAB = 2Sopen + Stopo

mcl ¢, . 27w
=2 155 + 6 In sin > )" Stopo (3.84)
mcL ¢ dady,

S lnsin 2T 41
= — — 1nsim — n .
246 3 M D

The topological term comes from the anyons insertion a,a and b, b, where unique fusion
channel is assumed We set d as the trivial interface from now on. In this expression the factor
%lng is removed by Eq. (3.82). Similarly, to find the entanglement entropy for interval 74,
we can perform an additional shift 2 — z — 1 such that the interval 74 is mapped to (0, c0)
and apply Eq. (3.80):

dbdc
D

mel Cl 1 . 27Tt T 41
= — +—In|=sin—tan — n
248 6 2 D P

mcL N Clnsin ™ . dpd,.
= _—+-lnsin—+1n .
248 3 D D

(3.85)

And similarly, for Sp,

mcl e .o dadc
_ T Cnsin T 41 . .
215 "3 nsin ’ n (3.86)

Sp

Combining these results, we can also obtain the mutual information:

I(A,B) =S4+ Sp — Sap

wcl ¢ tan = d?
i | P ip =<,
213 T30 2 D

(3.87)

The above results, presented for p4 = 1, can be readily generalized to 1 < py < p. Le.,
subregion A has a cusp with angle § = 27p4/p. The entanglement entropy S4 in this case
is given by

Sp=——+-In sing — Stopo- (3.88)



This is the central result of this section. The second term gln sing can be identified as

the corner contribution to the entanglement entropy. Recalling that we have two corners
with equal angles in our setup, we may introduce a(f) := —(1/2) x §In sing that represents
contribution from each corner (with the minus sign to be consistent with the convention
in [75, 76, 77]. We note that —2a(#) takes the same form as the entanglement entropy of
the ground state of (14+1)d CFT on a finite periodic chain (of length p) associated with an
interval (of length p4). It is known that the same contribution arises when the subregion of
our interest includes a physical edge [80], although there is no physical edge in our setup.

In Sec. 3.3.4, we will compute the corner contribution for the case of the free Majorana
fermion CFT (¢ = 1/2) and p = 4. There, we will construct the p = 4 vertex states
explicitly, and calculate the bipartite entanglement entropy numerically. We will confirm,
within numerical errors, the above result (3.88).

We also note that the corner contribution a(f) was previously discussed in the literature
for the integer quantum Hall ground states |75, 76, 77|. In [76], it was numerically observed
that the corner contribution (from one corner) behaves as a(f) ~ /6 for small 6 while
a(0) ~ o(§ —n)? for @ ~ 7, where numerical constants « and o were determined numerically.
While the latter behavior of the corner contribution near 8 ~ 7 is consistent with ours,
the small 6 behavior disagrees with (—c¢/6)Insinf/2 ~ (—c/6)Inf. We also note that in
[76], the constant o is estimated for the v = 1 integer quantum Hall state as o ~ 0.02836,
that should be contrasted with (—c/6)Insin6/2 ~ (¢/48)( — m)? with ¢/48 ~ 0.02083 for
¢ = 1. The source of the discrepancy is not entirely clear. We nevertheless recall that
the (single-particle) bipartite entanglement spectrum for the integer quantum Hall state in
the lowest Landau level is linear only for small momentum along the entangling boundary
[88], while in our ansatz state (2.82) a perfectly relativistic spectrum is assumed. It is also
possible that for small enough 6, the representation of the topological ground state near the

cusp by using the vertex state, e_fBHoﬂ/}, is not entirely accurate. Our numerics in Sec.
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3.3.4, where we verify the formula (3.88) for relatively large 6 by using the explicit form of
€_BHO|V>, is in favor of these speculations. Finally, we should also note that not all bulk
geometrical properties of topological liquid may be captured by using the edge states and

the bulk-boundary correspondence [89].

3.3.83 Vertex states: Reflected entropy and Markov gap

In this section, we consider the multipartition setup as in Fig. 3.10(b) and compute the
reflected entropy as well as the Markov gap for the p-vertex state for the case where A and
B are adjacent and py = pg = 1. We will use the replica trick to compute the reflected
entropy and show that the Markov gap is 5 In2 analytically.

To compute the reflected entropy, two replica indices m,n shall be introduced and the

open partition function to be evaluated is:

Zon =Te axe (Te ey NP 1) (3.89)

Here n is the index for Rényi replicas, and m is the index for handling the square root of
the reduced density matrix, where we take m — 1 at the end of the calculation. The n-th

Rényi reflected entropy is computed using:

Sp = lim In : (3.90)

and the reflected entropy is Sg = limy,, 1 S

Similar to the previous discussion, the path integral for evaluating S% is performed on
a higher genus surface and is hard to compute. Using the path-integral decomposition as
in Sec. 3.3.1, we again focus on the open partition function. For reflected entropy, the
normalization factor and the density of the lowest energy states become highly complicated.
Therefore, we first focus on the special case where the topological term can be neglected and
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give a few comments later.

To evaluate the partition function Zj, s, we consider the following conformal maps. The

steps (1)-(4) are the same as in Sec. 3.3.2, and the conformal maps from step (5) are:

1
5. Unwrapping: z — zm.

m-th fold n-th fold
branch cut branch cut

AN

Unwrapping
1

z > zm
6. Rotating : z — %

(insertion points of twist operators (—1, 1) mapped to (0,00) )

1
7. Unwrapping: z — zn.

8. Map from sphere to cylinder: z — In z.

_
4np’
L )

T
L/2

After the above conformal transformations, Zy, s, is brought to a partition function on a

cylinder with interfaces, and with a new cutoff:

/ 1 4
€€ =—
2m ptan

EG.

p

This conformal factor (2m)_2h” is the OPE coefficient C 11
0gAcYg 094 9B

(3.91)

of twist operators

[53]. Since we assume the interfaces to be topological, we can freely move junction fields
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so that the net of the interfaces is simplified as shown in step (8), where ' = — nlL _ —

8In(c)
8
B+ 2§ + 0(82)
Using the new cutoff €, the reflected entropy can be evaluated by Eq. (3.79):
B ptan T
SR:EIHE/ '~ tim S e ! +mom+In P\ (3.92)
3 m—13 4

where we use the assumption that the topological contribution is zero. Taking into account
the effect of the conformal map (3.82), we obtain the reflected entropy for the p-partition

setup,

s

c c

= -1 Py —In2. 3.93
g T3ty tam (3.93)

The first term corresponds to the area law term. The second term comes from the conformal

transformation (3.83). This term can be understood as a corner contribution. The third

term comes from the (2m)~! factor in (3.91). This is the universal contribution related to

the OPE coefficient C' 11 .
09JA0dp 094 9B
With the above results on mutual information and reflected entropy, let us now evaluate

the Markov gap. Combining the results from the previous two subsections and assuming the

topological contribution can be neglected, we find the Markov gap is:

h=Sp(A,B) — I(A,B) = §1n2. (3.94)

In summary, the corner contribution from mutual information and reflected entropy cancel
out exactly, and the Markov gap does not receive the corner contribution. This is verified
numerically in the Majorana fermion CFT in Sec. 3.3.4.

Now, to reiterate, we restricted our computation to the case in which the reflected entropy
does not receive additional topological contributions from anyon insertions. In previous
sections, we considered configurations in which a single pair of anyons pierces each interface,

with the anyon label being determined by the corresponding interface operator, as depicted
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in Fig. 3.10(b). While we have been unable to compute the Markov gap in this more
general case, we suspect that it should still vanish. Indeed, as noted in the Introduction,
Ref. [55] proved that the Markov gap vanishes for so-called “sum-of-triangle" states. For a
tripartition of a Hilbert space H = H 4 ® Hp ® H and further bipartitions of each subspace,

Ha = @j Hai ® /Ho@é a sum of triangle states takes the form

) = Z\/p—jWﬂA%Bi 1V3) i ca Vi i ag

J

where ) jpj=1and \wj)ag% 5 has support in 7—[&% ®H ;. Qualitatively, the anyon config-

8y,
uration Fig. 3.10(b) takes this triangle state form, with each anyon pair entangling two of
the three subregions. Based on this heuristic, we suspect that this particular configuration

of anyons will not lead to a non-zero Markov gap. It is possible that other, non-trivial anyon

configurations could lead to a non-vanishing Markov gap.

3.8.4 Four-vertex states in the Majorana fermion CFT and correlation

measures

In this section, we consider the free real fermion CFT with ¢ = 1/2, and construct four-vertex
states explicitly. From the explicit form of the vertex states, various correlations measures
(entanglement entropy, reflected entropy, entanglement negativity, etc.) can be calculated
numerically. We will see that the numerics is consistent with the analytical results in the
preceding sections. In addition, we can calculate the correlation measures in the setups that
are not amendable in the analytical treatment. For example, we will discuss the correlation
measures when subregions A and B are not adjacent.

In the following, we will present two approaches to construct vertex states; the direct
method and the Neumann function method (see Sec. 3.2.2). We will also note that there are

at least two vertex states, which satisfy what we call “usual” and “kink” boundary conditions.
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We will show that the Neumann function method, when applied naively, gives rise to the
vertex state with the kink boundary condition, and the kink boundary condition reproduces

the correlation measures as predicted in the previous sections.

Usual and kink boundary conditions

Let us consider four copies of the Majorana fermion CFT and construct the vertex state.
We denote the Majorana fermion fields by W(U) where 1 = 1, ..., 4 denotes the copy index,
and 0 < ¢ < 27 coordinatizes the spatial circle. For simplicity in this section we set the
circumference of the circle to be L = 2. They satisfy the canonical anticommutation relation
{'(0), I (o)} = 2709 Y, cp0(c — o’ — 27n). We will work with the Neveu-Schwartz
(antiperiodic) boundary condition in ¢. Under the antiperiodic boundary condition, the
fermion field can be expended in the Fourier modes labeled by half-integers as wi(a) =
Y oreZal /2 Yle™9 Using the Fourier modes, the canonical anticommutation relation reads
{048} = 690,150,

As discussed in Sec. 3.2.1, we define a vertex state |V') in terms of the boundary condition

it satisfies. First, we introduce the usual boundary condition by
[Wi(o) + i 2r — o) |Vu) =0, i=1,---,4 (3.95)

where 0 < o < , and the periodic boundary condition 1° = ¢! is understood. On the other

hand, we introduce the kink boundary condition by

[Wi(o) +i' T (2r —o)]|Vi) =0, i=1,2,3
’ , (3.96)
[W'(o) — 't 2er —o)|Vi) =0, i=4,

where again 0 < o < 7. Here, we observe that the boundary state — which can be regarded as

the two-vertex state — satisfies a similar kink boundary condition: [¢!(c)+i? (21 —0)]|B) =
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(12 (0) — i (2m — 0)]|B) = 0 (0 < ¢ < 7). The kink boundary condition is “natural” from
this perspective. We will also see that the Neumann function method applied p-vertex states
with p even naturally gives rise to the kind boundary condition. We will see below that
the kink boundary condition yields the predicted entanglement behaviors in Secs. 3.3.2 and
3.3.3.

Direct method

We first present the Dirac method, which is able to solve for the vertex state for both usual
and kink boundary conditions. Since there is no interaction, the solution to Eq. (3.95) or
(3.96) can be explicitly constructed as a coherent state (Gaussian state). For simplicity,
we will focus below the usual boundary condition and delegate the details for the case of
the kink boundary condition to Appendix A.2.2. It can be numerically verified that for the
kink boundary, direct calculation method gives the same result as the Neumann coefficient
method.

The boundary condition (3.95) can be diagonalized by a unitary transformation. FEx-

plicitly, we introduce the “rotated” fields as n = U1 where the unitary matrix U is given

by
1 1 1 1
1 - -1 ¢ 1
-1 1 -1 1
1 —1 —2 1

nez
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We note that the matrix U diagonalizes the “shift” matrix as

0100 10 0 0
0010 0i 0 0
=yl U. (3.98)
0001 00 -1 0
1000 00 0 —i

The original boundary condition is translated into the boundary condition of the trans-

formed fields 7:
(7' (0) + isgn (o)n" (27 — 0)]| V) = 0,

[ (0) — isgn (o) (21 — 0)]|Vi) = 0,
(o) — n*(2m — 0)]|Vi) = 0,

(o) + (27 — 0)]| Vi) = 0.

(3.99)

We note that the boundary conditions for ! and 7 are decoupled and take the form (o) —
isgn (0)e™82 ()0 p (2 — 5)]|V) = 0 (0 < 0 < 27) where § = 0 or 7. The solution to this

boundary condition is derived in [45] and given by

1
V) o< exp ( Z EKTS(Q)T]—’/‘U—S> 0), (3.100)
rs>1/2

where |0) is the ground state of the n-fermion field. Given 6, the explicit form of K(0) is
summarized in Appendix A.2.1. As for the boundary conditions for n? and 7]4, they can be

written in terms of the Fourier modes as

4 2
0 1 2
Ty =l v = o, (3.101)

7]7% -1 0 774—7‘

The modes with different r decouple, which allows a simple boundary state solution.
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To summarize, the vertex state in the n basis can be constructed as

1
V) ocexp (Y 7" K8 b )]0) (3.102)
r,s>1/2

where the matrix K, is given by

Ky = , (3.103)

in the basis (nl_T,T]zr,ﬁ?ir,Uir)T. Finally, |V},) can be written in the original ¢ basis by

“rotating back”,

Vi) ocexp( Z @ZJZ ;S>|0>, (3.104)

rs>1/2

where the matrix K is obtained from K; as K = UTKUU.

Neumann function method

In the Neumann function method, we start from the Gaussian ansatz solution of the form
(3.104) and find the matrix K such that the vertex state reproduces the two-point correlation
function (Neumann function) on the plane. Specifically, we consider the two-point correlation

function of the fermion field ~ 1/(w — w’) on the complex plane and consider

1 1
1] N _ ) J
K" (o,0") (z’@a) wy(o) = wj(g,) <i80’) . (3.105)
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Here, w; is the conformal transformation from p copies of half cylinders to the full complex

(3.106)

plane:
w;i(z) = wi,0<1 —

.2
with the constant term satisfies w;;10 = (€'")Pw; . From the Fourier transform of the

Neumann function we read off K as
(3.107)

Kij(U,J/): Z eiraeisa’ 72%_’_51']' Z —ir(oc—o’)
7,5>1/2 r>1/2

From the given Neumann function (3.105) one can check explicitly the presence of the second

term (“singular term”) — see Appendix A.1.4 for details.
In order to see the boundary condition satisfied by the so-constructed vertex state, we

need to check the behavior of the Neumann function under the reflection o — 27 — o. This

amounts to z — 1/z and leads to:

1 1+ 1\2 14+2\2 1
wi(3) =wo(=3)" = (72)" —
: 13 =
1 (3.108)
= wi——y = w;—1(2)
(=1)»
On the other hand, the derivative is transformed as
Ows 1 —4 . 1
(,wl)2—>( - ““2)2. (3.109)
i0o p(1 — 2%) (—1)7
where we noted
ow; 2/14=2 4zw;
— s e = . 3.110
i0o wl’0p<1—z> p(1—22) ( )
To satisfy the usual boundary condition K% (21 — 0,0") = —iK'" Vi (0,0’) (i = 1,--- ,4),
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we need to choose to branch cut of wz.l {)2 such that:
; %
—5 | =y, (3.111)

For p = 4, this leads to e3i”/4wl-162 = w11121 9> Which cannot be satisfied no matter how the

branch cut is chosen. On the other hand, the kink boundary condition is

Kij(27r —o0,0') = —Z'Kifl’j(a, o), =234,

g o (3.112)
Ki(2n —0,0)=iK'" " Yi(0,0"), i=1,
which can be satisfied by choosing w1 = t,we 9 = —1, w39 = —t,wgp = 1 and wi/OQ =

em/4’w%,/02 _ ei37‘r/2’w§7/02 _ €i37r/4’wi/02 1
To summarize, from the Neumann function (3.105), we can construct the vertex state
|V}.) obeying the kink boundary condition explicitly as a fermionic Gaussian state with the

coefficient K;?S in (3.107). More details and the explicit form of the matrix K are given in

Appendix A.1.4.

Correlation measures

With the explicit forms of the vertex states |V,,) and |V;), we are ready to calculate the
correlation measures, i.e., entanglement entropy, mutual information, reflected entropy, and
entanglement negativity. As the constructed vertex states are Gaussian, we can calculate
these quantities numerically and efficiently |23, 63, 90, 91]. Specifically, we partition the 4
copies of the CFTs (edge states) into three parties, A, B, and the compliment of AU B. The
particular partitions we consider are listed in Table 3.3. The first two partitions correspond
to the case where subregions A and B are adjacent which can be directly compared with the

analytical results in the previous sections, as we will discuss in details below. We set the
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Partition

(p) 41.2389 41.1811 82.2467
SAB (k) 41.2389 41.1811 82.2467
(u) 41.2389 41.1811 82.2467
(p) 41.1234 41.2389 0.1155
I(A,B) | (k) 41.1233 41.2389 0.1155
(u) 41.1233 41.2389 0.1155
(p) 41.2389 41.3544 0.2471
Sr(A,B) | (k) 41.2389 41.3544 0.2471
(u) 41.2276 41.3481 0.2471
(p) | 0.1155(= 3 $In2) | 0.1155(= 3 ¢ 1n2) 0.1316
h (k) 0.1155 0.1155 0.1316
(u) 0.1043 0.1093 0.1316

(p) 30.8425 30.9292 -
E(A,B) | (k) 30.8185 30.9054 0.0708
(u) 30.8191 30.9054 0.0708

Table 3.3: Three different partitions and the corresponding entanglement measures for |V7,)
and |V;) at = 0.01. For each entanglement measure, the first row (p), second row (k) and
third row (u) record predicted value, numerical result using kink boundary condition, and
numerlcal result usmg usual boundary condition, respectively. Reference value: for g = 0.01,

5 = 411234 and J5; = 30.8425.

regulator (cutoff) § = 0.01 in this subsection. We also recall that the circumference is set to
L = 2.

First, for the entanglement entropy of bipartition S 4 g, the two boundary conditions give
the same result. For Partitions 1 and 2, we can also check that the numerics agrees with the
prediction Eq. (3.88). Here, we note that we need to restore the extra contribution §ln§
discussed in Eq. (3.82) and that the topological piece is zero, Stopo = 0, in the free fermion

model,

7rcL T™AB = C
SAB=— —1 —In2 3.113

104




where p4p = 2,3 for Partition 1 and 2, respectively.

For Partition 3 where the region AU B consists of two disconnected parts (A and B), the
calculation in Sec. 3.3.2 does not apply since the subregion was assumed to be simply con-
nected there. Nevertheless, recall that we observed below Eq. (3.88) the corner contribution
is identical to the bipartite entanglement entropy of the ground state of (1+1)-dimensional
CFT. Motivated by this, it is then tempting to compare the numerical result for Partition 3
with the entanglement entropy of the ground state of (1-+1)-dimensional CFT with disjoint

intervals. For the free fermion CFT, it is given by [38]
¢, [sin|xaq|sin |x30|sin|z43]sin |z41 | 2¢

S1g= =1 — —1In2 3.114
ld = 3™ sin |x31] sin |249] 3 o ( )

where the end points of the two disjoint intervals [z, x9] and [z3,z4] using the cord coor-
dinate are given by z1 = 0,29 = 7/2,23 = 7,14 = 37/2, and zi; = x; — xj. Thus, we

compare our numerics with

mcl ¢

SAB:2<——|——1112)——1112:—. (3.115)
Here, the factor of 2 in the first term comes from doubling the number of twist operators in
this case. The mutual information (A, B) can be obtained from Syp. As demonstrated in
Table 3.3, the numerics agrees well with Eq. (3.115).

Unlike the entanglement entropy Syp and mutual information I(A, B), we found that
the reflected entropy and Markov gap depend on the boundary conditions. For Partitions
1 and 2, we checked that the numerical results with the kind boundary condition agree
with the CFT prediction (3.93), and reproduce the Markov gap h = $1In2. For Partition
3, the usual and kink boundary conditions seem to give the same result. Once again, the

CFT prediction (3.93) is not directly applicable here since region A and B are not adjacent.

Nevertheless, the numerical calculation on the 1d free fermion model shows hy; = 0.1316
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(when extrapolating to L — 00), which again agrees with the above prediction.

We can also discuss logarithmic negativity £(A, B) for the same configurations 1,2 and
3. For the case of integer quantum Hall states, logarithmic negativity in these configurations
was studied in Ref. [81]. While we do not have the corresponding CFT calculations along
the line of Sec. 3.3.2 and Sec. 3.3.3, we once again borrow the corresponding one-dimensional

result [92], leading to the following prediction:

mcl, ¢ c Sm(m) sin (M)
E(AB)= — +-In24+ -1 P P 3.116
@B =g T a2 |y | (3.116)
p

2

when region A and B are adjacent. For Partition 2, the predicted value is 393 = 30.8425,
which does not match perfectly with 30.8185 from numerics. Nevertheless, the difference
between the negativities for Partition 1 and 2 is AE(A, B) = 0.0869, and close to the
predicted value 7 1In2 = 0.0866.

There is a potential ambiguity in the O(1) term in the one-dimensional result for loga-
rithmic negativity due to the OPE coefficient between twist operators. Unlike the reflected
entropy, where the OPE coefficient is universal, depending only on the central charge, the
OPE for negativity depends on the full operator content of the theory because the replica
manifold is a Riemann surface with genus growing with replica number. We have set the

OPE coefficient to one by hand and have found good agreement with numerics.

3.4 Summary

We have investigated correlation measures, i.e., entanglement entropy, entanglement nega-
tivity, and reflected entropy, in the ground states of topological liquid in (2+1) dimensions, in
the multipartition setting (Fig. 3.1). This was done by constructing vertex states explicitly
in various configurations with or without fluxes.

In the bipartition case, we study the entanglement entropy in the NS-NS, R-R, and NS-R
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sectors, and unveil a new topological contribution in the NS-R case. This contribution is
due to the non-trivial configuration where a o-anyon exits from the entanglement cut.

In the tripartition case, we find the correlation measures capture various universal char-
acteristics of topological liquids. For example, we found that the spectrum of the partially
transposed density matrix is non-trivially distributed over the complex plane. This is some-
what similar to the spectrum previously computed for (1+41)d fermionic conformal field
theory and symmetry-protected topological phases. There, a non-trivial dependence of the
spectrum on the spin structures was observed |73, 74]. We also found universal topological
contribution to negativity and h4.p. In the NS-NS-NS case, we verified the conjecture (3.5)
for the reflected entropy, while there exists an additional contribution to h(A, B) in the
R-R-R sector due to the o-anyon.

The conjecture (3.5) was further proven by developing an analytical approach. Using
the conformal interface approach, we calculate the corner contribution to bipartite entangle-
ment entropy and multipartite entanglement quantities (reflected entropy and Markov gap in
particular) for generic (2-+1)-dimensional topologically-ordered ground states. Some of our
central results are presented in Eqgs. (3.88), (3.93) and (3.94). This then supports the conjec-
ture on the Markov gap made in the previous works by looking at examples, h = (¢/3)In2.
We hope this analytical approach helps us better understand the conjecture that relates the
Markov gap and gappable boundaries. It is of fundamental importance to understand this

better.
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CHAPTER 4
RANDOM GAUSSIAN STATE

Quantum entanglement provides insight into thermalization of isolated quantum systems
or lack thereof [93, 94, 95|. In fact, entanglement entropy of typical states in quantum
chaotic systems is maximal and proportional to the volume of the subsystem (i.e., vol-
ume law), resulting in thermalization and thereby validating thermodynamics and statistical
physics [96, 97, 98, 99, 100, 101, 102]. Such typical quantum entanglement entropy also holds
significant importance in black hole physics [14, 103]. Recently, researchers have also studied
quantum entanglement of typical Gaussian states in free fermions and found a signature of
thermalization [104, 105, 106, 107, 108, 17, 109, 110]. Correspondingly, the single-particle
quantum chaos of free fermions has attracted growing interest [111, 112, 113, 114, 115].

An important signature of quantum chaos manifests in spectral statistics [116, 117|. Tt
is widely believed that the spectrum of a nonintegrable quantum system exhibits random-
matrix statistics [118] whereas that of an integrable system obeys Poisson statistics [119].
The universality classes of random matrices are determined solely by the fundamental tenfold
symmetry classes of time reversal, charge conjugation, and chiral transformation, known as
the Altland-Zirnbauer (AZ) symmetry classes [120]. As a prime example of quantum chaotic
many-body systems, the Sachdev-Ye-Kitaev (SYK) model [121, 122, 123, 124] is classified by
these tenfold symmetry classes and exhibits tenfold quantum chaotic behavior [125, 126, 127,
128, 129, 130, 131, 132|. Furthermore, the AZ symmetry determines the universality classes
of Anderson transitions [133, 134] and topological insulators and superconductors [135, 136,
137, 138, 139]. Despite the significance of the AZ symmetry in quantum chaos and the
physics of free fermions, its impact on typical quantum entanglement has remained unclear.

In this chapter, we establish the classification of typical quantum entanglement in free
fermions on the basis of the tenfold fundamental symmetry classes. We show that the

volume-law term of average entanglement entropy is invariant in all the classes. Conversely,
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Figure 4.1: Typical entanglement entropy in the tenfold Altland-Zirnbauer symmetry classes.
All the results are calculated for particle-number-conserving free fermions at half filling and
for half the degrees of freedom. Each datum is averaged over 10° disorder realizations.
(a) Average entanglement entropy (S) with respect to the volume-law term sN as functions
of the inverse of the total system size N without internal degrees of freedom [s = log2 —1/2
in the standard classes and s = 2(log2 — 1/2) in the chiral and Bogoliubov-de Gennes
(BAG) classes|. (b) Variance of entanglement entropy, ((AS)?), as functions of N. The
black dashed lines are the analytical results ((AS)2) = 2(3/4 —log?2) /3 in the standard
classes and ((AS)?) = 4(3/4 —log2) /f in the chiral and BAG classes with the Dyson index
B=1,24

we find that the constant terms of the average and variance of entanglement entropy depend
on symmetry and yield tenfold universal values unique to each symmetry class (Table 4.1 and
Fig. 4.1). In addition to numerical calculations, we analytically derive these tenfold universal
values of typical entanglement, using random matrix theory (Weingarten calculus [140, 141,
142, 143, 144]). Our findings clarify the role of symmetry in typical quantum entanglement

and quantum chaos.

4.1 Altland-Zirnbauer symmetry

We consider a generic free fermionic system

H: Zf;rHijfj, (4'1)

ij
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where f;’s (i =1,2,---, N) are complex fermion operators, and H is an N x N single-particle
Hamiltonian. In general, H is classified according to the fundamental internal symmetries

of time reversal, charge conjugation, and chiral transformation:

T-YH*T = H, T'T = +1, (4.2)
CI'H*C = —-H, C*C =41, (4.3)
STlHS = —H, §%=+1, (4.4)

where, T', C, and S are unitary operators. Fermions include the spin (particle-hole) degree of
freedom in the presence of time-reversal symmetry with sign 7*7 = —1 (chiral or particle-
hole symmetry). Time-reversal symmetry T gives the threefold Wigner-Dyson symmetry
classes [145, 146], and its combination with particle-hole symmetry C' and chiral symmetry
S gives the tenfold AZ symmetry classes [120]. Spectral properties of Hermitian random
matrices are universally determined by their symmetry [147, 148, 116|, characterized by the
random-matrix indices (a, 8) (Table 4.1).

Depending on the symmetry classes, single-particle eigenstates are Haar-randomly cho-
sen from different classifying spaces [149|. For clarity, we focus on half-filled many-body
eigenstates and calculate entanglement entropy of a subsystem with half the size. Notably,
our random free fermionic Hamiltonians are equivalent to the two-body SYK model with
complex fermions [121, 122, 123, 124], whose entanglement entropy was studied in the ab-
sence of symmetry (i.e., class A) [105, 17|. Below, we demonstrate that additional symmetry
changes the constant terms of the average and variance of entanglement entropy and yields
tenfold universal values unique to each symmetry class. The AZ symmetry classification does
not include unitary symmetry that commutes with Hamiltonians, the effect of which can be
studied in subspaces of fixed conserved charge [109, 150|. By contrast, the AZ symmetries

cannot be captured in such a manner.
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4.2 Symmetry classification of typical entanglement entropy

In this section, we summarize the results of the tenfold symmetry classification of typical
entanglement entropy. We explicit write down the ensemble of eigenvectors for each symme-
try class, which is the starting point of numerical evaluation (Sec. 4.2) as well as analytical
calculation (Sec. 4.3). The numerical results in this section demonstrate the volume law
term in typical entanglement entropy is universal for all symmetry classes; in contrast, the
constant term encodes the symmetry classes, which can be positive or negative. Further-
more, the variance in entanglement entropy depends universally on time-reversal symmetry

index . The analytical derivation will be outlined in the next section.

4.2.1 Standard (Wigner-Dyson) class (classes A, Al, and All)

In the standard (Wigner-Dyson) class (classes A, Al, and AII), Hamiltonians are only con-
cerned with time-reversal symmetry. In the many-body Hilbert (Fock) space, time-reversal

symmetry is described by the antiunitary operation defined by
TemT 1= Tnén, VzeC T2T 1=z~ (4.5)
n

Here, T is an antiunitary operator that acts on the many-body fermionic Fock space while

T = (Timn) is a unitary matrix in the single-particle Hilbert space. A system respects

m,n

time-reversal invariance if the Hamiltonian H satisfies
THT ' =H. (4.6)

In fact, if this relation is satisfied, we have 7O (t) T~ = O (—t), where O (t) = et He-iMlt

A

is the time-evolved operator of an arbitrary operator O. In terms of the single-particle
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Hamiltonian H, time-reversal invariance is equivalent to
T-'H*T = H. (4.7)

Because of antiunitarity of time-reversal symmetry, the symmetry operators are required to

satisfy
2= @)Y, T =41 (4.8)

with the number operator N = 3 é}:én Then, the standard (Wigner-Dyson) classes—
classes A, Al, and All—are defined as follows:

e In the absence of time-reversal symmetry (and any other internal symmetry), Hamil-

tonians are defined to belong to the unitary class (class A).

e In the presence of time-reversal symmetry with the sign 7*T = +1, Hamiltonians are

defined to belong to the orthogonal class (class Al).

e In the presence of time-reversal symmetry with the sign 7*T = —1, Hamiltonians are
defined to belong to the symplectic class (class AII). An important feature of symplectic

time-reversal symmetry is the Kramers degeneracy.

In the following, suppose the total system size is N, the subsystem size is N4, and the
particle number is M for classes A and Al. For class AIl, on the other hand, the degree
of freedom is double because of the Kramers degeneracy; the total system size is 2N, the
subsystem size is 2N 4, and the particle number is 2M. Importantly, depending on time-
reversal symmetry, generic single-particle Hamiltonians H are diagonalized by the matrix U

that belongs to the unitary group U (N), the orthogonal group O (IV), and symplectic group
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Sp (N):

/

U(N) (class A);

UeqO(N) (class Al); (4.9)

Sp (V) (class AII).

\

These groups are called classifying spaces and characterize each symmetry class.
Using the eigenstate matrix U introduced above, we calculate entanglement entropy [23,

25]. The truncated correlation matrix is given as
Cq=V1y, (4.10)

where V' is an M x N4 matrix satisfying

T
|74 vt
U= : (4.11)
w W’
The entanglement entropy is obtained as
S==Y [AilogAj + (1= X)) log (1 — )], (4.12)

7

where \;’s (1 = 1,2,--+ ,Ny) are the eigenvalues of C'4. In class AIl, V is a 2M x 2Ny
matrix, and the number of eigenvalues of C'y is 2N,. The spectrum of the correlation
matrix C'y is two-fold degenerate because of time-reversal symmetry with the sign —1, and
we calculate the entanglement entropy only from half of the entanglement spectrum.

To obtain the typical entanglement entropy for the standard classes, we numerically
calculate the entanglement entropy for U Haar-randomly distributed in the classifying spaces

in Eq. (4.9). In Ref. [17], the average and variance of such typical entanglement entropy
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Figure 4.2: Typical quantum entanglement entropy in the standard (Wigner-Dyson) classes
with the half bipartition and half filling for classes A (red dots), Al (blue dots), and All
(green dots). Each datum is averaged over 10° ensembles. (a) Average (S) of entanglement
entropy as functions of the system size N. The black dashed line is the analytical result
(S) ~ (log2—1/2) N. (b) Deviation of (S) from the volume-law term (log2 —1/2) N as
functions of 1/N. (c) Variance ((AS)?) of entanglement entropy as functions of N. The
black dashed lines are the analytical results ((AS)2) = 2(3/4 —log2) /8 with the Dyson

index 8 = 1 (class AI), 3 = 2 (class A), and 3 = 4 (class AII). (d) Variance ((AS)?) as
functions of 1/N.

without symmetry (i.e., class A) were analytically derived as

(S) = (10g2—%> N—I—ﬁ—{—O(l/N?’) — (0_193147...)]\[_‘_ﬁ_i_O<1/]V3>7

(4.13)

(AS)?) = Z “log2+ 0 (1) = 0.0568528- - + 0 (1) (4.14)

for the half bipartition and the half filling. However, no analytical or numerical results
have yet to be obtained in the presence of time-reversal symmetry (i.e., classes Al and AlI).
Below, we numerically calculate the average and variance of typical entanglement entropy
and show that the O (1) constant terms of the average and the variance crucially depend on
time-reversal symmetry. In Sec. 4.3, we derive these results analytically.

As shown in Fig. 4.2 (a), the average (S) of entanglement entropy grows almost linearly
with respect to the system size N for all the three symmetry classes. It is also consistent

with the analytical result for class A in Eq. (4.13). Then, we fit the numerical results by
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[Fig. 4.2 (b)]

(S) = (log2—%)N+So+%+o(1/N). (4.15)

The fitting results for all the three symmetry classes are summarized in Table 4.2. The tiny
O (1) term Sy ~ 2% 107° and O (1/N) term S_1 =~ 0.245 for class A are compatible with the
analytical result in Eq. (4.13). In contrast to class A, the O (1) constant terms are present
in classes Al and AIlL. They are negative for class Al and positive for class AIl. On the basis

of log2 — 1/2 = 0.193147 - - - | the average entanglement is supposed to be

(S) = <log2 — %) (N +1-— %) +o0(1) (4.16)

with the Dyson index 5 = 1 (class Al), § = 2 (class A), and § = 4 (class AIT). We analytically
demonstrate this result in Sec. 4.3. Notably, this result implies that one particle is effectively
removed in class Al and one half of particle is added in class AIl in comparison with class
A.

Figure 4.2 (c) shows the variance ((AS)?) of entanglement entropy for the three symmetry
classes. Clearly, each symmetry class is characterized by the different values of ((AS)?); in
comparison with class A, ((AS)?) increases in class Al and decreases in class AIL In general,
level repulsion of random matrices is suppressed (enhanced) in class AT (AIT), which is also
compatible with the larger (smaller) value of ((AS)?) in class Al (AII) [147, 148, 116]. We
fit the numerical results of ((AS)2> by |Fig. 4.2 (d)]

(A8)%) = of + =L + 0 (1/N), (4.17)

which are summarized in Table 4.2. Here, the numerically obtained variance 0(2) ~ (0.057 in

class A is compatible with the analytical result in Eq. (4.14). The variance 0(2) in class Al is
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almost twice larger than that in class A while that in class AII is almost half of that in class

A. These numerical results are

(AS)?) = (Z — log 2) +o0(1) (4.18)

2
B
with the Dyson index 5 = 1 (class Al), § = 2 (class A), and 5 = 4 (class AII). This behavior
of the variance of entanglement entropy reminds us of the universal conductance fluctuations,
which are one of the important applications of random matrix theory in condensed matter
physics [151, 133|. In fact, in the diffusive regime of mesoscopic wires, the variance of
conductance universally behaves as oc 1//3, similar to the variance of entanglement entropy

in our work.

4.2.2  Chiral class (classes AL, BDI, and CII)

In the chiral classes (classes AIIl, BDI, and CII), Hamiltonians are concerned with chi-
ral symmetry. In the many-body Fock space, chiral symmetry (or equivalently, sublattice

symmetry) is defined by the antiunitary operation defined by

SemS™ =" Smnéh, (4.19)
n

where S is an antiunitary operator on the many-body fermionic Fock space, and S =
(Smn )., is a unitary matrix on the single-particle Hilbert space. In contrast to time-
reversal symmetry, this operation mixes fermion annihilation and creation operators. In the
simultaneous presence of time-reversal symmetry and particle-hole symmetry, chiral symme-
try appears as a combination of the two symmetries. Even in the absence of time-reversal
symmetry and particle-hole symmetry, chiral symmetry can be respected, for example, in bi-

partite hopping models. The system respects chiral symmetry if the many-body Hamiltonian
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satisfies

SHS ' =1, (4.20)
which leads to Tr H = 0 and

ST1HS = —H. (4.21)

The matrix S can be chosen to be Hermitian and satisfy S$2 = 1 without loss of generality.
In the presence of chiral symmetry, single-particle eigenenergies appear in opposite-sign
pairs (E, —F), and zero-energy modes are subject to a special constraint. According to the

combination of chiral symmetry and time-reversal symmetry, the chiral classes—classes AIII,

BDI, and CII—are defined as follows:

e In the absence of time-reversal symmetry, chiral-symmetric Hamiltonians are defined

to belong to the chiral unitary class (class AIIT).

e In the presence of time-reversal symmetry with the sign 7T = +1, chiral-symmetric

Hamiltonians are defined to belong to the chiral orthogonal class (class BDI).

e In the presence of time-reversal symmetry with the sign 7T = —1, chiral-symmetric
Hamiltonians are defined to belong to the chiral symplectic class (class CII). Because
of symplectic time-reversal symmetry, Hamiltonians in class CII generally exhibit the

Kramers degeneracy.

In classes BDI and CII, time-reversal symmetry is imposed so that it will commute with
chiral symmetry.
We obtain the typical quantum entanglement entropy in the chiral classes. Suppose the

total system size is 2N (4NV), the subsystem size is N4 (2N4), and the particle number is

119



M (2M) in classes AIIl and BDI (class CII). Here, N denotes the number of the unit cell.

Because of chiral symmetry, the single-particle Hamiltonian can be expressed as

0 h
H = , (4.22)

A
where h is an N x N (2N x 2N) matrix in classes AIIl and BDI (class CII). In this repre-
sentation, the chiral-symmetry operator is chosen as S =0, ® [ N(2N)» where [ N(2N) is the
N x N (2N x 2N) identity matrix. In the following, we assume the absence of zero modes.
The same assumption was imposed also in Refs. [105, 107, 17| for Bogoliubov-de Gennes
(BdG) Hamiltonians in class D. We are interested only in the entanglement properties of
eigenstates; we can flatten the spectrum of the Hamiltonian to +1 and deform the matrix
h so that it will be unitary. Depending on additional time-reversal symmetry, the matrix h

belongs to the unitary group U (IV), orthogonal group O (N), and symplectic group Sp (IV):

P

U(N) (class AIII);

heJO(N) (class BDI); (4.23)

Sp (V) (class CII).

\

These groups give the classifying spaces in the chiral classes and characterize eigenstates and
their entanglement (Table 4.2).

A generic normalized single-particle eigenstates of H in Eq. (4.22) is given as

1 1)

|ui) = E it na)

, (4.24)
where € € {41} is the flattened single-particle eigenenergy (i.e., H |u;) = € |u;)), and |n;) is

the N-dimensional (2N-dimensional) orthonormal basis in classes AIIl and BDI (class CII)
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Figure 4.3: Typical quantum entanglement entropy in the chiral classes with the half bipar-
tition and half filling for classes AIII (red dots), BDI (blue dots), and CII (green dots). Each
datum is averaged over 10° ensembles. (a) Average (S) of entanglement entropy as functions
of the system size N. The black dashed line is the analytical result (S) ~ 2 (log2 — 1/2) N.
(b) Deviation of (S) from the volume-law term 2 (log 2 — 1/2) N as functions of 1/N. (c) Vari-
ance ((AS)?2) of entanglement entropy as functions of N. The black dashed lines are the
analytical results ((AS)%) = 4(3/4 —log?2) /3 with the Dyson index 8 = 1 (class BDI),
B =2 (class AIII), and 8 = 4 (class CII). (d) Variance ((AS)?) as functions of 1/N.

that satisfies [n;); = d;;. Then, the 2N x 2N (4N x 4N) unitary matrix U collecting all the
2N (4N) eigenstates in classes AIIl and BDI (class CII) is given as

I I
U:L N(@2N) IN(@2N)

v o (4.25)

From this eigenstate matrix U, the truncated correlation matrix C'4 is given as Eq. (4.10),
and the entanglement entropy is obtained as Eq. (4.12). Because of chiral symmetry, the
eigenvalues of C'y come in (A, 1 — \) pairs. We numerically calculate the average and variance
of entanglement entropy in the chiral classes by Haar-randomly choosing h in each classifying
space in Eq. (4.23). Here, we focus on the half-filled many-body eigenstates constructed from
all the single-particle eigenstates with negative eigenenergies. Similarly to class All, the
spectrum of the correlation matrix C'y is two-fold degenerate in class CII, and we calculate
the entanglement entropy only from half of the entanglement spectrum.

In a similar manner to the standard classes, the average (S) of entanglement entropy

grows almost linearly with respect to the system size N for all the three symmetry classes
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[Fig. 4.3 (a)]. Then, we fit the numerical results by |Fig. 4.3 (b)]
1 S_1
(S) =2 log2—§ N+SO+T—|—0(1/N). (4.26)

We note that the total number of sites is chosen to be 2N in the chiral classes. The fitting
results for all the three symmetry classes are summarized in Table 4.2. In class AIIl, the
O (1) term Sy ~ —1 x 10~4 is tiny, similar to class A. On the other hand, the O (1/N) term
S1 >~ 0.056 in class AIII is much smaller than that in class A. Time-reversal symmetry with
the sign +1 gives rise to the negative O (1) term Sy ~ —0.039 in class BDI while time-reversal
symmetry with the sign —1 gives rise to the positive O (1) term Sy ~ 0.020 in class CII,
both of which are much smaller than the O (1) terms in classes Al and AIl In Sec. 4.3, we

analytically show

<S>—2(log2—%)]\7+ (1_%) (glog2—1> +o(1) (4.27)

with the Dyson index § = 1 (class BDI), § = 2 (class Alll), and = 4 (class CII), which
are consistent with the numerical results.

Figure 4.3 (c) shows the variance ((AS)?) of entanglement entropy for the chiral classes.
Each symmetry class is characterized by the different values of ((AS )2> In comparison with
class AIIL, ((AS )2) increases in class BDI and decreases in class CII, which is similar to the
standard classes. We fit the numerical results of ((AS)2) by Eq. (4.17), as summarized in

Fig. 4.3 (d) and Table 4.2. Notably, these numerical results are

(AS)?) = % (Z ~log 2) +o(1) (4.28)

with the Dyson index 5 = 1 (class BDI), 8 = 2 (class AIll), and 8 = 4 (class CII). This is

twice larger than the variance in the standard classes [i.e., Eq. (4.18)].
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4.2.8  Bogoliubov-de Gennes (BdG) class (classes D, DIII, C, and CI)

The BdG classes (classes, D, C, DIII, and CI) are concerned with particle-hole symmetry.
Particle-hole symmetry (or equivalently, charge-conjugation symmetry) is described by the

unitary operation defined by
ComC™ =3 Chnéh, (4.29)
n

where C and C' = (Cpnp)

m.n, are unitary many-body operators and single-particle matrices,

respectively. It describes the transformation between particles and holes, and flips the sign of
the electron charge with respect to the charge neutral point é@é -1 —Q with Q = N-N /2.

The many-body Hamiltonian is particle-hole symmetric if it satisfies
CHC ' =1, (4.30)
which leads to Tr H = 0 and

c~'HTc = -H. (4.31)

Thus, particle-hole symmetry acts as unitary symmetry on the many-body fermionic Fock
space but acts as antiunitary symmetry on the single-particle Hilbert space. Similarly to

time-reversal symmetry, the symmetry operator and matrix are required to satisfy
2= ()N, C*C =+l (4.32)

In the presence of particle-hole symmetry, single-particle eigenenergies appear in opposite-
sign pairs (E, —F), and zero-energy modes are subject to a special constraint. According to

the combination of particle-hole symmetry and time-reversal symmetry, the BdG classes—
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classes D, C, DIII, and Cl—are defined as follows:

e In the sole presence of particle-hole symmetry with the sign C*C' = +1, particle-hole-
symmetric Hamiltonians are defined to belong to class D. In the additional presence of
time-reversal symmetry with the sign 7*7T = —1, Hamiltonians are defined to belong

to class DIII.

e In the sole presence of particle-hole symmetry with the sign C*C = —1, particle-hole-
symmetric Hamiltonians are defined to belong to class C. In the additional presence of
time-reversal symmetry with the sign 7*T = +1, Hamiltonians are defined to belong

to class CI.

In classes DIII and CI, the combination of time-reversal symmetry and particle-hole sym-
metry gives rise to chiral symmetry, which anticommutes with time-reversal symmetry and
particle-hole symmetry.

We obtain the typical quantum entanglement entropy in the BAG classes. Similarly to
the chiral classes, we assume the absence of zero modes and flatten the spectrum to be {£1}.

First, 2N x 2N single-particle Hamiltonians H in class D respect particle-hole symmetry

H* = —H, (4.33)

where the particle-hole-symmetry operator is chosen as C' = Io. If we define A by H =: 1A,

A is a real antisymmetric matrix. Then, we diagonalize A with a proper basis as

0 I
A=0 Mo, (4.34)
—Iy O
where O is a 2N x 2N orthogonal matrix
O € O(2N). (4.35)
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This orthogonal matrix O contains all information about single-particle eigenstates, and the
orthogonal group O € O (2N) gives the classifying space in class D (Table 4.2). In fact, from
this orthogonal matrix O, a generic normalized eigenstate of H is given as
o [ Ini)
|ui) = 2 ) (4.36)
—i€[n;)

where ¢ € {41} is the flattened eigenenergy (i.e., H |u;) = €lu;)), and |n;) is the N-
dimensional orthonormal basis that satisfies [n;); = d;;. Then, the 2V x 2N unitary matrix
U collecting all the 2N eigenstates is given as

I I
A N (4.37)

V2 —ix Iy ixIy

where I is the NV x N identify matrix. From this unitary matrix U, the truncated correlation
matrix C'y is given as Eq. (4.10), and the entanglement entropy is obtained as Eq. (4.12).
Because of particle-hole symmetry, the eigenvalues of C'y come in (A,1 — \) pairs. We
numerically calculate the average and variance of entanglement entropy in class D by Haar-
randomly choosing O in the classifying space in Eq. (4.35). Similarly to the chiral classes,
we focus on the half-filled many-body eigenstates constructed from all the single-particle
eigenstates with negative eigenenergies.

Next, 2N x 2N single-particle Hamiltonians H in class C respect particle-hole symmetry

where the particle-hole-symmetry operator is chosen as C' = oy ® Iy. If we define A by

H =:1A, A satisfies Al = — A and oyA*oy = A. Then, we diagonalize A with a proper basis
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as

0 I
A=U Mo, (4.39)
—Iy O
where U is a 2N x 2N symplectic matrix
U€eSp(N). (4.40)

Using this symplectic matrix U instead of the orthogonal matrix O in Eq. (4.35), we obtain
entanglement entropy in a similar manner to class D.

In class DIII, chiral symmetry is present as a combination of time-reversal symmetry and
particle-hole symmetry. Owing to chiral symmetry, 4N x 4N single-particle Hamiltonians in
class DIIT are generally written as Eq. (4.22) with h € U (2N), where the chiral-symmetry
operator is chosen as S = o0, ® Io). In addition, we choose the time-reversal-symmetry

operator as T' = 0, ® ioy ® Iy. Then, time-reversal symmetry T-'H*T =H imposes
(oy @ Iy) b (oy @ In) =, (4.41)
leading to the general representation
h=fT(oy@In) floy®In), fe€U(@2N). (4.42)

Thus, f € U(2N) contains all information about the single-particle eigenstates, and the
unitary group U (2N) gives the classifying space in class DIII (Table 4.2). In other words, h
belongs to the circular symplectic ensemble. Similarly to classes AIl and CII, the spectrum
of the correlation matrix Cy is two-fold degenerate in class DIII, and we calculate the

entanglement entropy only from half of the entanglement spectrum.
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In class CI, 2N x 2N single-particle Hamiltonians also respect chiral symmetry and are
generally written as Eq. (4.22) with A € U (IV), where the chiral-symmetry operator is chosen
as S = 0, ® I)y. Then, we choose the time-reversal-symmetry operator as T' = o0, ® Iy.

Time-reversal symmetry imposes
KT = h, (4.43)
leading to the general representation
h=fTf feU(N). (4.44)

Using this general representation of h, we calculate entanglement entropy in a similar manner
to class DIII. Here, h belongs to the circular orthogonal ensemble.

In passing, we note that the random matrices in Eqgs. (4.35), (4.40), (4.42), and (4.44)
have gauge ambiguity. For example, in class D, the orthogonal matrix O in Eq. (4.35) obeys

the gauge transformation

) {0 Iy). 0 I )
000, st. O Nlo-t= M1, ocoen). (4.45)

—Ixy 0 —Iy 0

If we introduce a matrix G that rotates o, ® Iy to oy ® Iy, i.e.,

1 I —ix1
oy @Iy =GooIy)G Y, G=—| N N (4.46)

\/5 iX[N [N

127



0.
80 ‘
(@) “f o 1 ) o (0 - (d) S
DIl e > o D 0.20 o 0.20 = DIl
60 i} ) DIl c
o Y, = DIl
—~ —~
c Q 0.0 C ] 0.1 c [a] 0.1 Lo
o~ | y — —~ cl —~
W 40 — | -0 - C Sp! T ©0
~ ¥ P T S < 0.0 <] o010
/ @ > -
% 3 . Nt N
20 = PR
p S o 0.0 00
e
s |
04 !
% 40 80 120 160 200 & Yo 0.05 0.10 0920 80 120 160 200 %00 005 0.10
2

Figure 4.4: Typical quantum entanglement entropy in the Bogoliubov-de Gennes (BdG)
classes with the half bipartition and half filling for classes D (orange dots), DIII (purple
dots), C (light-blue dots), and CI (yellow dots). Each datum is averaged over 10° ensembles.
(a) Average (S) of entanglement entropy as functions of the system size N. The black dashed
line is the analytical result (S) ~ 2 (log2 — 1/2) N. (b) Deviation of (S) from the volume-law
term 2 (log2 — 1/2) N as functions of 1/N. (c) Variance ((AS)?) of entanglement entropy as
functions of N. The black dashed lines are the analytical results ((AS)?) = 4 (3/4 —log2) /8
with the Dyson index = 1 (class CI), 8 = 2 (classes D and C), and § = 4 (class DIII).
(d) Variance ((AS)?2) as functions of 1/N.

the above gauge transformation reduces to

G tog)~! = v 0 ., OeO(2N). (4.47)

0 —In 0 —In

(1
G tog) |

Hence, the allowed gauge transformation is generally given by

Wo 0) |
Gl W, eU(N). (4.48)

o)
Il

0wy

Thus, O in Eq. (4.34) belongs to O (2V) /U (N), which precisely gives the classifying space
in class D. Such gauge ambiguity is also summarized in Table 4.2 for all the symmetry
classes. In our calculations of typical quantum entanglement entropy, the gauge ambiguity
of the classifying spaces is irrelevant, although it is relevant, for example, to Anderson
localization [134] and topological insulators and superconductors [139].

From the above representations, we calculate the average and variance of entanglement

entropy in the BdG classes (classes D, DIII, C, and CI), as summarized in Fig. 4.4. Similarly
128



to the other symmetry classes, the average (S) of entanglement entropy grows almost linearly
with respect to the system size NV for all the four symmetry classes [Fig. 4.4 (a)]. Then, we fit
the numerical results by Eq. (4.26) [Fig. 4.4 (b)]. The fitting results for all the four symmetry
classes are summarized in Table 4.2. The O (1) term of (S) in class D is positive, and that
in class C is negative, both of which have almost the same absolute value. In Sec. 4.3, we

analytically show

(S) :2(10g2—%)N+%(1—a) (1 -1log2)+o(1) (4.49)

with the index a = 0 (class D) and a = 2 (class C) [120, 116]. On the other hand, the O (1)
term of (S) in class CI is twice larger than that in class DIII, the signs of which are opposite
to each other. This behavior is similar to the average entanglement in classes Al and AlI,
as well as that in classes BDI and CII. In Sec. 4.3, we analytically show

(S) :2<10g2—%)N+% (1—%) log2 + o (1) (4.50)

with the Dyson index 5 =1 (class CI) and 5 = 4 (class DIII), which are consistent with the
numerical results.

Figure 4.4 (c) shows the variance ((AS)?) of entanglement entropy for the BdG classes.
The variance ((AS )2> of entanglement entropy coincides with each other in classes D and C,
and ((AS)?) in classes DIII and CI is twice larger and smaller than that, respectively. We fit
the numerical results of ((AS)?) by Eq. (4.17), as summarized in Fig. 4.4 (d) and Table 4.2.
Notably, these numerical results follow Eq. (4.28) with the Dyson index § = 1 (class CI),
B =2 (classes D and C), and § = 4 (class DIII). This is twice larger than the variances in

the standard classes [i.e., Eq. (4.18)] and the same as those in the chiral classes.
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4.3 Analytical derivation

Now, we analytically derive the typical entanglement entropy results in the last section. The
derivation is performed by resolvent method and Weingarten calculas for symmetric groups.
We review the resolvent method in Sec. 4.3.1 and give an example of class Al in Sec. 4.3.2.
Due to the length limitation, we refer the interested readers to Ref. [152] for complete results

of ten symmetry classes.

4.3.1 Resolvent method

Let us first review the basic ingredients of the resolvent method, which is a powerful method
to compute the spectral density from the moments. As described in Sec. 2.1.4, in free
fermions, entanglement entropy is computed by the truncated correlation matrix C'y sup-
ported on a subregion A. Let D(X) = > ,0 (A — \;) be the spectral density of C4 and

(D(X)) be its ensemble average. The average entanglement entropy of the subregion A is

1
@%::A;dw—xbgA—(1—A)mg1—An<D¢ny (4.51)

To obtain the spectral density, we introduce the resolvent R(z) of C'4 by

M@:ﬂ(g%@) (4.52)

for z € C and the identify matrix I. The spectral density D(\) is obtained from the resolvent
R(z) by

1 I 1
D) =56\~ A\) = —~Im lim T — “Tm lim RO\ +i
(\) EZ: (A=) = ——Im lim Tr <(A+i€)]_CA) —Im lim_ R+ i),

(4.53)
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where we use lim__,g+ 1/ (z +ie) = P (1/x) — ind(z) for € R. To evaluate the resolvent,

let us expand it at z — oo by

I X Tr i
n=1
Thus, for random free fermions, the trace of moments of the truncated correlation matrix,

Tr C%, allows us to obtain the spectral density of C'4 and consequently the average entan-

glement entropy.

4.3.2  An example: class Al

In this section, we take the class Al as a nontrivial example to illustrate the techniques to
compute the typical entanglement entropy. The evaluation is performed by resolvent method
and Weingarten calculus for orthogonal group.

Recall that in class AI, Hamiltonians respect time-reversal symmetry with the sign 7%7T =
+1 and are diagonalized by matrices O that belong to the orthogonal group O(N). Therefore,

the trace of moments is expressed by the submatrix V' of the orthogonal matrix O:

(TrC%) = (Tr (VIV)™)

N/2
= Z /dOOi2i10i2i30i4i3Oi4i5"'OiQnizn—1Oi2ni1

ip=1

N/2
= D OOy i Ot ju Ottty Oityin Oy Ot g1 05t 5,
N/2

= > / dOO;yj, -+ O35, Oi s 1insr *~ Qijon

{ig,drx}=1

) 6in+1i1 T 5i2nin5jn+2j1 T 6j2njn—15jn+ljn' (4.55)
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To perform the integral (average) over the N x N random orthogonal matrix O, the average
is evaluated by the Weingarten formula for the orthogonal group [143]. Let My, be the set

of all pair partitions on {1,2,---2n}. Each pair partition o € Ma, is uniquely expressed by

{o(1),0(2)},{0(3),0(4)},---{o(2n = 1),0(2n)}}, (4.56)

with 0(2i — 1) < 0(2i) for 1 < i < n and with (1) < ¢(3) < --- < d(2n — 1). As
a simple example for n = 2, the set My consists of three elements o1 = {{1,2},{3,4}},
oo = {{1,3},{2,4}}, o3 = {{1,4},{2,3}}. Now, the Weingarten formula for the orthogonal

group is expressed by the summation over elements o, 7 in the set of pair partitions Ma,:

n
/dOOi1j1 Oy = Z WeO(N;o,7 H o(2k—1)t JT(zk 1)Jr(2k)" (4.57)
o,TeEMsy, k=1
Here, WgO(N ;0,7) is the Weingarten function for the orthogonal group, which is an element
of the Weingarten matrix.
By definition, the Weingarten matrix is the pseudo-inverse matrix of the Gram matrix,
which is determined by the graph constructed from o and 7. For example, for n = 2, one

can derive from the definition

N+1
0 NNigw—op =)
WO (N:07,07) = (458)
1
T e U7
with 4,7 = 1,2,3. An immediate observation is that for the large-N expansion of the

Weingarten function WgO(N ;0;,0;), the leading term and the subleading term differ by
1/N, rather than 1/N 2 in the large-N expansion of WgU. This suggests the appearance of

O(1) term in typical entanglement entropy for class Al, as shown below. In practice, the
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Weingarten function for the orthogonal group is evaluated by the zonal spherical functions
of the Gelfand pair; see, for example, Ref. [142| for the explicit expressions up to n = 6.

From the Weingarten formula and Eq. (4.55), the trace of moments of C'4 reduces to

N/2 p
(TrC) = Z Wg (N;0,7) Z H 6Zkln+k H 0 o(2k—1)to(2Kk)
o,7€Msy, {ix}=1k=1 (4 59)
N/2 g n '
Z H ]k]n+1+ k mod n) H ]’T 2k— 1).77(2k)
{k}=1k=1 k=1

The terms in the square brackets can be evaluated graphically. For the first square bracket,
given o € My, one can define a graph consisting of vertices {1,2,---2n} and the edge set
consisting of (k,n + k) and (o(2k — 1),0(2k)). Namely, each delta function is regarded as
an edge. Let us denote L(o,0) as the number of loops in this graph, and the first square
bracket takes the value (N/ 2)L(‘770). Similar treatment can be applied to the second square
bracket, where the edge set consists of (k,n+ 1+ (k mod n)) and (7(2k — 1), 7(2k)), and we

denote the number of loops as L(7,1). These graphical evaluations lead to

mep) = Y Wel(Nio,r) (g)ua,m (g) e (4.60)

0,7€ Moy,

From the explicit forms of Wgo, we obtain (Tr C}); we list (Tr C}) below for n = 1,2,--- .5

up to O(1):
n 1 2 3 4 5
(Tr 1) Iy SNr— 2nso Dy 2 By S
(4.61)

Based on these values, we conjecture the closed-form formula:

e =g (", i (M) oo ez e
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Then, the average resolvent for C'4 in class Al is

N X (TrCh) N 1(1 1 ) 1 _1
R(z)) = — + = +-( =+ -+ 0N,
(h(2)) 2z ;::1 Zntl 2¢/z(z—1) 4\z =z-1 2/ z(z — 1) ( )
(4.63)
and the corresponding spectral density of Cy is
N-1 1 1 .
D) = ————1 + -0 \N)+-0(A=1)+O(N). 4.64
(D(N) TSR Y 4() 4( ) +O(NTY) (4.64)

As a consistency check, one can verify fol dA(D(\)) = N/2, which is the number of filled
particles. The two delta functions d(A),d(A — 1) do not contribute to the entanglement
entropy but are needed to ensure fol dA(D(\)) = N/2. Finally, the average entanglement

entropy is

(S) = /01 dA[=Alog A — (1 — X)) log(1 — N)](D(N)) = <log2 - %) (N-1)4+O(Nh.
(4.65)
Indeed, the Weingarten function for the orthogonal group leads to the O(1) term in the
average entanglement entropy
1

So = —(log2 — 5), (4.66)

which effectively removes one fermion. For details on the evaluation to all ten symmetry

classes, we refer the readers to [152].

4.3.8  Spectral density

We presented the result of spectral density of class Al in Eq. (4.64). More generally, from

the aforementioned Weingarten calculus in the standard classes, we obtain

(D(\) = N+1-2/8

C2m/A (1= )
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Figure 4.5: Average density of the single-particle entanglement spectrum for the quadratic
Sachdev-Ye-Kitaev model enriched by symmetry, or equivalently, random Bogoliubov-de
Gennes Hamiltonians in (a) classes D (orange curve), C (blue curve), (b) DIII (purple
curve), and CI (yellow curve). Each datum is averaged over 10° disorder realizations for

N = 100. The black dashed curves are the volume-law term (D) /N = 1/2m/A(1 — \).
The singular peaks or dips appear at A = 1/2, consistent with the analytical results

(1—-—a/2—-1/8)0(N—1/2).
which leads to Eq. (4.16). The overall difference in the entanglement spectrum, which
originates from the different Weingarten functions for U (N), O (N), and Sp (N), results in
the different constant terms of the typical entanglement entropy in Eq. (4.16).

In the chiral and BdG classes, by contrast, an additional delta function appears at the

center A = 1/2 of the entanglement spectrum. In the chiral classes, we have

(D(\) = %1[0,” _ % (1 _ %) 5 (A _ %) FON).  (468)

Similarly, (D (\)) includes (1 — a/2 —1/5) 6 (A — 1/2) in the BdG classes. These additional
delta functions also contribute to the constant terms of the average entanglement entropy,
leading to Eqs. (4.27), (4.49), and (4.50), similarly to the topological contribution [153,
154, 155, 156, 157, 158]. Notably, the two types of constant terms originate from different
origins and behave in a different manner. In fact, while the density of states is generally
less universal than the higher-order correlation functions (e.g., level-spacing statistics), that
around the chiral-symmetric or particle-hole-symmetric point is known to be universal {120,
116]. Consequently, the delta functions at the center of the entanglement spectrum should

be more universal than the other constant contributions.
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We also numerically calculate the average density (D (\)) of the single-particle entan-
glement spectrum for the quadratic SYK model with Majorana fermions (Fig. 4.5). The
delta-function peaks or dips are resolved for finite NV, their smooth signatures appearing at
the center A = 1/2 of the entanglement spectrum, consistent with the analytical results for
infinite N — oo. Different symmetry leads to distinctive behavior at A = 1/2, characterizing

symmetry-enriched quantum chaos of the SYK model.

4.4 Summary

In this chapter, we developed the symmetry classification of typical quantum entanglement
in free fermions. We demonstrated that while the volume-law term of average entangle-
ment entropy is unaffected by symmetry, the constant terms of the average and variance
of entanglement entropy yield the tenfold universal values unique to each symmetry class.
Importantly, typical quantum entanglement underlies thermalization of isolated quantum
systems and validates thermodynamics and statistical physics (93, 94, 95]. Our findings
should be useful in understanding the role of symmetry in quantum chaos and thermaliza-
tion. Furthermore, additional topology can make a constant contribution to entanglement
entropy [153, 154, 155, 156, 157, 158|. It merits further study to investigate typical entan-
glement in topological insulators and superconductors in different AZ symmetry classes, as

well as that subject to Anderson transitions [134].
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CHAPTER 5
CRITICAL SPIN CHAIN

Universality is one of the most prominent features of phase transitions [159]|. Near a contin-
uous phase transition, physics at low energies is determined by the universal data. In 1+1
dimensions, a continuous phase transition is usually described by a conformal field theory
(CFT) [160]. As reviewed in Sec. 2.2, A CFT is completely determined by the conformal
data, which consists of a set of primary operators ¢, with scaling dimensions A, and con-
formal spins sq, the operator product expansion coefficients C, 5, and the central charge c
[161, 162].

Given a quantum critical spin chain, it is both important and challenging to compute
the universal data. One approach, initiated by Cardy, Affleck and others in the 80’s [163,
164, 165], is based on the operator-state correspondence. In this approach, one starts with
the low-energy eigenstate |¢n) of the critical quantum spin chain with periodic boundary
conditions (PBC). Once the Hamiltonian is properly normalized, the scaling dimensions A,
and conformal spins s, are given by the energies F, and momenta p, of the states. In order
to compute the OPE coefficients, one has to first identify lattice operators that correspond
to CFT primary operators [166, 167], which is in general hard to do without prior knowledge
of the CFT.

To overcome this difficulty more recently, it has been proposed in Refs. [168, 169] that
the OPE coefficients can be numerically extracted with the eigenstates alone. The key is to
start with three normalized eigenstates [¢qa), |¢g), |$) of the critical quantum spin chain
with PBC and sizes Ni, N9 and N3 = Nj + No, respectively. It is then shown that the

wavefunction overlap

Aapy = <¢’y|¢o¢¢,@> (5.1)
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is related to the OPE coefficient Cj,5,. This provides a numerically feasible way to extract
the OPE coefficients by computing the wavefunction overlaps. In passing, we note that
wavefunction overlaps of this type have also been investigated in integrable models [170, 171].
Our focus in this paper will be generic lattice quantum many-body systems at criticality
without relying on integrability.

However, two important problems remain unsolved in Ref. [169]. Firstly, the paper only
considered the case where N7 = Ns. It remains a question if OPE coeflicients can still be
extracted when the sizes are not equal. Secondly and more importantly, the relation between
wavefunction overlap A,g, and the OPE coefficient C( g is only expected to hold in the

thermodynamic limit. At finite sizes, the finite-size corrections to A may be large. Unlike

afy
the finite-size corrections to the energies F, whose exponents are determined by the scaling
dimensions of irrelevant operators of the CFT through standard conformal perturbation
theory [172], an understanding of finite-size corrections to A, is still missing. This makes
it hard to extrapolate the finite-size data to the thermodynamic limit.

In this chapter, we solve these two problems. First, using a generalized conformal map
from three-sided cylinder to the complex plane which appeared in the string field theory

literature [173, 174, 175], we establish a relation between wavefunction overlaps A and

By
OPE coefficients C, g~ for general sizes. Second, we show that the exponents in the finite-
size correction to A3, are universal by mapping the wavefunction overlaps to three-point
correlation functions of the cyclic orbifold of the original CFT. The exponents are determined
by the operator content and fusion rules of the cyclic orbifold, which are in turn determined
by the original CF'T. The result also implies similar universal finite-size corrections in Renyi
entropies of CFT, as observed in Ref. [176]. As a benchmark, we examine the finite-size
corrections to A, g, for the Ising and XXZ spin chain. All numerical data agrees with the

theoretical predictions in high precision.

Our result enables us to compute the conformal data from A,g, in a systematic way,
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with a proper estimation of finite-size corrections. For example, when N1 = N9 = N, the
overlap (¢~|11) scales as
_c By
A11y = O(N737727)), (5.2)
where |1) is the ground state. The exponent gives the central charge and scaling dimensions
without proper normalization of the lattice Hamiltonian. Another example is that if the
CFT has a spin-1 conserved current J and its conjugate J*, then

AJJ*]l 1 —92
= — N™7). .
Q=g O (5.3)

As an application, we compute the overlaps in a recently proposed Haagerup model [177, 178|,
which is conjectured to have ¢ = 2 and a spin-1 current .J. Our numerical result, however,
indicates that the CFT has ¢ ~ 2.1 and that the proposed operator J cannot be a conserved
current that saturates the unitarity bound A; > 1. Rather, our numerical result supports
that the operator is a spin-1 primary operator close to the unitarity bound, with an upper
bound of the scaling dimension A ; < 1.4.

Our work is both of interest from numerical and theoretical perspectives. Numerically,
we provide a simple method to compute the conformal data based solely on the low-energy
wavefunctions. Compared with the prior work, our method does not rely on input such as
identification of lattice operators with CFT operators, symmetry of the model or correct
normalization of the Hamiltonian, which makes it practical to explore a less-known CFT.
Theoretically, we show that the wavefunction overlaps encode the information of the corre-
sponding cyclic orbifold CFT. It is therefore interesting to investigate how to relate other
orbifold CFT data with measurable quantities in the original CFT model. Furthermore, as
noted in Ref. [169], the overlaps considered here can be regarded as wavefunctions of a toy
three-sided wormhole in holography [179]. Thus it may be desirable to find a holographic

interpretation of our results.
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The rest of the paper is structured as follows. In Sec. 5.1 we review the operator-state
correspondence and derive the relation between wavefunction overlaps A3, and the OPE
coefficients Cp5,. In Sec. 5.2 we review the cyclic orbifold CFT and relate its operator
content to the exponents in the universal finite-size corrections to A4, Bry- As a corollary, we
also derive finite-size corrections to the second Renyi entropy of CFT. In Sec. 5.3 we compute
Anpy for the Ising and XXZ model and verify that the finite-size corrections all match the
analytical predictions with good accuracy. In Sec. 5.4 we apply our method to the Haagerup
model and extract part of the conformal data. Finally, we discuss possible applications and

extensions of the present work.

5.1 Operator fusion from Wavefunction overlaps

In this section we derive the relation between wavefunction overlaps and OPE coefficients
of the CFT. We first represent the wavefunction overlaps as path integral on a three-sided
cylinder. Then we use a conformal transformation to map the path integral to a three-point
correlation function on the complex plane. Our derivation generalizes that of Ref. [169] in

that we do not restrict two sides of the cylinder to have the same size.

5.1.1 CFT on a cylinder

Consider a CFT on a Euclidean cylinder with circumference L. The compact dimension
represents the space with coordinate z € [0, L), and the non-compact dimension represents
the imaginary time with coordinate 7 € (—o00,00). It is convenient to use the complex
coordinates, denoted as z = 7 4+ ix and Z = 7 — ixz. The Hilbert space is supported on the
equal-time slices. A CFT is composed of a set of local scaling operators that are covariant
under global rescaling of the spacetime, where the eigenvalue is the scaling dimension. The
scaling operators are organized into conformal towers. For each tower, there is a primary

operator ¢, with the lowest scaling dimension A, and other descendant operators (later
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abbreviated as des.) with scaling dimensions that differ A, by integers.

A crucial property of the CFT is the operator-state correspondence, which states that
each scaling operator corresponds to a state on the cylinder. The energies of the states are
related to the scaling dimensions by

Bo=2" <Aa - 1-2) , (5.4)

where ¢ is the central charge of the CEFT. For a unitary CFT, the ground state |1) corresponds
to the identity operator 1 with scaling dimension Ay = 0. Other states can be created by

acting with the scaling operator on the ground state at infinity,

|9a) = ¢a(—00)|1). (5.5)
(Pal = (Llpg(+00), (5.6)
where
—Aa 2w
(ba(j:oo)z(%r) Tgrilooeifﬁawa(ﬂ()), (5.7)

is a shorthand notation and ¢}, is the conjugation of ¢,. In many cases the primary operator

is self-conjugate and we will not distinguish the two. The states form an orthonormal basis,

(Paldg) = dap- (5.8)

Given three primary operators ¢a, ¢g, ¢, the three-point correlation function is determined
by the operator product expansion (OPE), where the only independent coefficient is given
by

—A,
Casn = () @11oa(0ls) (5.9)
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Figure 5.1: The path integral for the wavefunction overlap A3, = (¢%|¢é¢%) The geometry
is a three-sided cylinder ¥ with circumference L1 + Lo = L.
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Figure 5.2: Illustration of the conformal transformations that map three-sided cylinder to
the complex plane. (a) Left two figures: Eq. (5.15) for the case of L1 = Lo and (b) right
two figures: Eq. (5.17), for the case of Lo = 2L7. Colored lines represent equal time slices
with equal real part of z. Darker color corresponds to larger 7. Red lines correspond to
equal time slices on cylinders 1 and 2, and the blue lines correspond to equal time slices on
cylinder 3. For better illustration purposes we show both w and 1/w for the two conformal
transformations.

Other correlation functions, including those of descendant operators, are completely deter-
mined by the OPE coefficients of primary operators. If C,,g, # 0, there is a fusion channel
¢a X ¢g — ¢, and we denote it by Na,ﬁ,'y # 0. Otherwise, the fusion channel is said to
be forbidden, and N, 5. = 0. In all cases considered in this work, N,, 5 is either 0 or 1,

depending on whether the fusion channel is forbidden or allowed.
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5.1.2  Path integral for wavefunction overlaps

Let us consider three cylinders with circumference L1,L9 and L3 with L1+ L9 = Lg. On each
cylinder a primary operator is inserted at infinity to create a state. Then the wavefunction

overlaps can be represented by a path integral on the three-sided cylinder ¥ with three

insertions
aﬂ'y ¢7‘¢a¢ >
’ (5.10)
= | DO 6 (=o0)(—o0)ed (+oc)e el
where D® is the functional measure and Scpt is the action of the CFT,
Scrtl®] = | drds Loprle] (5.11)

where LopT[®] is the Lagrangian density. An illustration of the three-sided cylinder is shown

in Fig. 5.1. The partition function is the path integral with no insertions, thus

/ D® e—Scrr[®] _ <13|1112>' (5.12)
)
Taking the ratio gives

(631 ¢a03)

) = (@ (-00)83(-o0)6 (roc)) (5.13)

Note that the three cylinders meet at zyg = ¢L1 on the 7 = 0 time slice.
Next, we use a conformal transformation w(z) to map X to the complex plane C. Inspired

by the string field theory literature [173, 174|, the conformal map is defined implicitly by

24+ A=
1

%[Ll log(w — wy) + Lo log(w — wy) — Lz log(w — ws)], (5.14)
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where wy, w9 and wsg are arbitrary complex numbers and A depends on the w’s. The role
of A will be evident shortly. It is clear that the conformal transformation maps the three
infinity points to wy, we and ws, respectively. One example considered in Ref. [169] is
when Lsg = 2Ly = 2L9g = L, w; = t,wy = —t,w3 = 0 and A = 0, where the conformal

transformation simplifies to an explicit form

w = 1 (5.15)

\edrz/L _ 1.

There is a second-order algebraic branch point at zg = 0 where the three cylinders meet. This
is illustrated in Fig. 5.2 (a). For general choices of parameters, the conformal transformation
w(z) is hard to express explicitly. However, the conformal transformation still possesses
a second-order algebraic branch point, which can be shifted to zyp = 0 by tuning A. Let

w(zp) = wp, then the branch-point condition demands that
d =0. 5.16
 (wo) (5.16)

Solving the equation gives wq. Substituting wg back to w(zg) = wp then fixes A. For
example, if we choose Ly = 2L = 2L/3 and wy = i,w9s = —i,w3 = 0, then wy = 3i and
A = (Llog(32/27))/(6m). The conformal transformation then becomes

32 6z (’UJ — z)(w + 2)2

—.e L =
97 ¢ ws

: (5.17)

which is illustrated in Fig. 5.2 (b).

Using conformal transformation of primary operators, the correlation function on 3 trans-
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forms into a three-point correlation function on the complex plane C,

(¢a(—00)@3(—00)¢5" (+00))x

= [T Galwn)of(w)ed (ws))e, (5.18)
where
Ji = ei@j—j)(wi) (5.19)
2T

is the conformal factor. The prefactor e %"~ comes from the definition Eq. (5.7), where
the plus sign is taken for cb?’y and the minus sign is taken for qbcly and (b%. The three-point

correlation function on the complex plane has the standard form

(D0 (w183 (w2) 3 (w3)) @ = Cupy [ [ lwi — wjl =4, (5.20)
i<j
where dj9 = Ay + Ag — Ay, and others follow from permutation symmetry.
Finally, combining Egs. (5.18), (5.20) and the expression for A, we obtain
(#3]600%)
(13[1112)

Lg L3

Ly
= (L) (L)
B <L1) (L2) Capy (52)

The result is independent of the parameters wy, w9 and w3, as expected. The special case
in Ref. [169] corresponds to Lg = 2L1 = 2L9, where the expression simplifies to

(63]080%)

_ 9—2A4—2A3+A

On a finite lattice, Eqgs. (5.21) and (5.22) are satisfied up to finite-size corrections. Physi-

cally, the finite-size corrections come from the singular point where the three cylinders meet.
145



In order to define the geometry, one has to put a UV cutoff € around the singular point, analo-
gous to the UV cutoff in the calculation of entanglement entropy in CFT [180, 181, 182, 183].
On the lattice, the UV cutoff € is inversely proportional to the number of spins N. So far
the conformal transformation works in the limit of € — 0. Thus we expect that Egs. (5.21)
and (5.22) strictly hold in the thermodynamic limit N — oo. In what follows, we focus on
the special case with L1 = Lo and study the finite-size corrections to Eq. (5.22). To this
end, it is useful to switch from a path integral of a CFT on ¥ to an equivalent viewpoint,

the Zo orbifold of the CF'T defined on a cylinder.

5.2 Universal finite-size corrections

In this section we consider finite-size correction to Eq. (5.22). Specifically, we consider the

normalized wavefunction overlap

i (03 166,03)

aﬁv = —<]13’]11]12> (523)
and its finite-size corrections
i _ 5(0) i) Ar—Da
Aoy = Aggy + Y Adg N 7Pow, (5.24)
Papgy>0
where
7(0)  _ 5—2A,—2A5+A
AQB7 =2 B VCaﬁv. (5.25)

We show that p,g, only take on specific values determined by the scaling dimensions and
fusion rules of the cyclic orbifold of the original CF'T. They are given explicitly in Eq. (5.51).

When a CFT possesses a global symmetry, one can define an orbifold CFT by gauging
the symmetry. The orbifold CFT has been extensively studied in string theory [184, 185,

186, 187, 188, 189, 190, 191|, and in this work, we shall focus on the cyclic orbifold where
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the cyclic permutation symmetry Zy is of interest [192, 193|. Cyclic orbifold has played
an important role in the study of entanglement in quantum field theories. It is defined by
gauging the cyclic permutation group Zy of N copies of the original CF'T. In this work we
focus on N = 2, but generalizations to larger N is straightforward.

In the following, we first review the definition and the operator content of the cyclic
orbifold. We then map the wavefunction overlaps to the OPEs of the cyclic orbifold and
derive the universal finite-size corrections. Finally, we remark on the implication of our

construction on the finite-size corrections to entanglement in CFT.

5.2.1 Clyclic orbifold on the cylinder

Given any CFT with Lagrangian density Lcopr[®], the cyclic orbifold is defined as follows
[192, 193]. We start with two copies of the original CFT known as the the mother CFT,

whose Lagrangian density is given by

Linother[P1, P2} = LopT[P1] + LopT[P2)- (5.26)

The mother CF'T has a Zo global symmetry that swaps the two copies. Denote the generator
of the Zs symmetry as o, then

o®; = 0y, (5.27)

where the subscript is understood to have periodicity 2. The cyclic orbifold theory is ob-
tained by promoting the global symmetry to a gauge symmetry. The meaning of gauging
a symmetry is twofold. Firstly, we enlarge the Hilbert space by allowing twisted boundary

conditions,

Q;(1,x 4+ L) = 0®;(7, ). (5.28)
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This plays the role of gauge fields in usual gauge theory such as electrodynamics. Secondly,

L This amounts to

we project the Hilbert space onto subspace that is invariant under o
enforcing gauge constraints in usual gauge theory.

To see the operator content of the cyclic orbifold, first note that there are two sectors of
operators, the untwisted sector and the twisted sector. The untwisted sector contains eigen-
states of the mother CFT with periodic boundary conditions. The twisted sector contains
eigenstates of the mother CFT with twisted boundary conditions. Second, only the opera-
tors that are invariant under the o swapping is kept. This is essential to obtain a consistent
CFT because any operator that is not invariant under o is non-local with respect to the

twist sector. In the following subsection, we review the operator content of cyclic orbifold in

more detail.

5.2.2  Operator content of cyclic orbifold

As has been well studied, the operator content of the cyclic orbifold is completely determined
by the original CF'T. The operator content is composed of the untwisted sector and the
twisted sector. In the untwisted sector, the states are obtained from the tensor product
theory. For a # 3, the symmetric states |94 4)|dg ;) + |03, )|#q,i) and anti-symmetric states
9a,i)|95.5) — |¢5,j)|¢a,i) in the Hilbert space are isomorphic. The labels i, j in the above
expressions are the labels for descendants. Due to the isomorphism, we only keep one of the
copies, say, the symmetric states. We denote the orbifold primary operator corresponds to

this copy as:

O ) (5.29)

1. More precisely, we need to keep every inequivalent irreducible representation once in order to have a
modular invariant partition function. This subtlety arises in cyclic orbifold.
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with scaling dimension:

A(Oz,ﬂ) = Aa + Aﬁ (530)

For a = 3, the above isomorphism fails because when o = 3,7 = j, the antisymmetric
state does not exist. For this reason, both the copies should be kept, and we denote the two

orbifold primary operators as:

Pas)s: Plaa)er (5.31)
where s stands for symmetric and a stands for anti-symmetric. Their scaling dimensions are:

A( s — 2A047

a,0)

2Aq + 2, if ¢q has level-1 des. (5.32)

Ck,Oé)a -

A(
2A, + 4, otherwise,

where ‘des.” stands for descendant. Note that qb(a,a)a has larger scaling dimension than
D(a,a), Decause antisymmetrization of the state with lowest Lo eigenvalue |ba)|da) simply
vanishes. Hence, a primary state |¢q) must be combined with its descendant and then
antisymmetrized. As far as the chiral algebra involves only conformal symmetry, only 1
operator does not have a level-1 descendant. (Namely, |1) is the conformal vacuum.) This is
no longer the case if the Kac-Moody algebra is taken into account, where the 1 operator does
have level-1 descendants which are current operators. The identity operator in the orbifold
theory is (Zs(ll,ll)s’ which has A = 0.

Summarizing, if the original theory has n primary operators, then the untwisted sector
of the orbifold theory has n(n —1)/2 4+ 2n = n(n + 3)/2 primary operators. In Appendix

B.1 we list the characters of each orbifold primary.
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In the twisted sector, the operator with the lowest scaling dimension is denoted as (1,0)

whose scaling dimension is completely determined by the central charge,
(5.33)

This is known as the branch-point twist operator in the literature [182]. However, there are
other primary operators in the twisted sector, which play an important role in this work.
One may fuse T(1,0) with each primary operator Qb(a,ll) in the untwisted sector to generate

other twist operators:

T1,0) X Y1) 7 T(a0) T T(aiy @7 L (5.34)

For each a, there are two primary operators in the twisted sector?:

@) (o) (5.35)
with scaling dimensions:
c  Aqg
Rad) T8 T3
g+ % + 1, if ¢q has level-1 des. (5.36)

¢+ 5~ +3, otherwise.

Summarizing, if the original theory has n primary operators, then the orbifold theory has
2n primary operators in the twisted sector. We would like to note that the fusion of twist
operator and CF'T operators has been useful for studying a wide range of properties of CF'T,

including entanglement in non-unitary CFTs [194, 195], symmetry-resolved entanglement

2. This is also true for « = 1, and T(1,1) can be generated using channel T(8,0) X by, B# 1.
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[196], and behavior resembling that of the c-theorem [197].

Finally, we need the fusion rules of the orbifold theory. It is intuitively clear that an

operator in the untwisted sector fusing with an operator in the twisted sector only gives

operators in the twisted sector. Furthermore, it has been shown [192] that the fusion rules

are completely determined by the modular S and 7 matrices of the original CFT. For an

introduction to modular matrices and details of the derivation, see Appendix B.1. We will

need the following two fusion coefficients,

(a7ﬁ)a(77¢)7(53§6) o 82 )
Ul 1In
and
N}a’a)&(,)/ﬂ;)a(&)%) -
‘5.2”78’)/778#< Sanpfynp

1 E ns , 1 im(V+x) 2 : *5
2 Y
2 7 8]177 2 7 817,7

where P = TY/28T28T1/2. In particular, Eq. (5.37) can be simplified to

N’(aﬁ)a(%iﬁ),(&k) - Z Na8,sNv,5,5+

S

if all primary fields are self-conjugate.

5.2.3  Universal finite-size corrections in wavefunction overlaps

(5.37)

(5.38)

(5.39)

Now we relate the wavefunction overlaps to path integral of the cyclic orbifold. Denote the

field on ¥ as

@1(7’,27) - @(T,l’), 0§I<L1,

CI)Q(T? J]) = (I)<T7 ZL’), Ly <z <Ls.
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Figure 5.3: Mapping the path integral for the wavefunction overlap A,g, to the cyclic
orbifold path integral. (a) The three-sided cylinder is conformally equivalent to the double-
sheeted Riemann sphere with branch cut on [1, 00). The conformal transformation is achieved
by 2/ = e2m#/L1, (b) The corresponding path integral of the cyclic orbifold for A,g,. The
insertions of branch-point twist operators at 7 = 0 and 7 = +o00o correspond to the branch
cut in (a).
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It is then clear (as illustrated in Fig. 5.3(b)) that the fields are subject to the boundary

conditions

O;(r,x+ L) = Pi(r,z), 7<0, (5.42)

i(r,x+ L) = o®i(r,x), T2>0, (5.43)

where 0®; = ®;, 1 and the subscript is understood to have periodicity 2. Now we see the
path integral on Y is exactly that of the cyclic orbifold on a cylinder with circumference L1,

with two twist operators 7 inserting at 7 = 0 and 7 = +o0,
(1%]110%) = (1|7 (+00)7(0)[ L)y, (5.44)

where the twist operator changes the boundary condition. The twist operator may contain
all operators in the twisted sector, and it can be expanded as

A A
p— ~ (O[ﬂp) ~
T gw @) Taah) T des. (5.45)
Q,

where we have introduced the UV cutoff €, and U ) is presumably non-universal constant

o,
that depends on specific lattice realizations of the CFT. Some of the coefficients may also
vanish due to symmetry of the lattice model, as we later examine specific models.

Using the operator-state correspondence, Egs. (5.5) and (5.6), we obtain

@11112) = (73 o l7O)l6(a,1), dorb (5.46)

where the bra is fixed to <’7'(1 6)| because other states in the twisted sector die off under

the infinite imaginary time evolution. Using Eq. (5.9) and the fact that Cy44 = 1 for any
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primary operator ¢ (we are using ¢ = T(1,0) here), we see
Ajpg = (13|1112) = a(]m)N_C/S, (5.47)

where N = L1/(2me) is the system size of the lattice model, and ¢/8 is the scaling dimension
of the leading twist operator T(1,0)° This is remarkable, since it gives a way to compute the
central charge of the CF'T from wavefunction overlaps.

Now we consider the general wavefunction overlap (¢%|¢é¢%> The ket state can be
created by inserting Qﬁ(aﬁ) at 7 = —oo. Hereafter we take gb(a’a) to mean ¢(a7a)s. The
bra state can be created by inserting ¢>(k7 1) at 7 = +00°. Recall that at 7 = 400 there is
already a twist operator T(1,0) insertion, so the two operators fuse to give T(1,0) X gb(%l) —

7'(7*’0)+T(7*,1), and we only keep T(y*.0) at 7 — 400. Therefore, we obtain

(03]68,03) = (74,0)[7(0)0(a,8)) orb- (5.48)

Using Eq. (5.45) and (5.9) we obtain the expansion

3141 42\ _ —A6x NI
(@nléadi) = 2 a0 N V60600 (5.49)
X
where - -- stands for contributions from descendant operators. The OPE coefficients can be

computed from the OPEs in the original CFT following Ref. [194]. In particular,

— 272A0‘72A,3+A"/C

C afy

(a36)7(1’0)7(’730) (55())

which recovers Eq. (5.22) in the thermodynamic limit. Furthermore, we obtain the finite-size

3. The reason that the second subindex is 1 can be understood in the following way. One considers a
four-sided cylinder where the third side of the three-sided cylinder is further split into two cylinders. We
insert primary operator ¢, and ¢g for the kets and ¢ and 1 for the bras. On the bra side, the two insertions
fuse into ¢ which gives the desired overlap (¢,|¢ads)-
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corrections of the form Eq. (5.24), where the exponents are

Papy € {8610 = Aw,0) Mas).6.0.0+0) 7 O (5.51)

This is the central result of our work. We see that the exponents inside the finite-size
corrections are universal, as claimed. Later we will consider various CFTs and their lat-
tice realizations, where we numerically extract the leading exponent p,g, in the finite-size

corrections. To compare it with Eq. (5.51), it is useful to use the crossing symmetry,

N,

(@.8).(6.0).(r0) =N

(,8),(7%,0),(6*,%)" (5.52)

The leading A((;’)A() in the set of Eq. (5.51) is the lowest scaling dimension of the twist
operators (except Ta 0)) in the OPE of ¢(,, gy and T(ye.0)"
One simple example is <¢%]]11]12) when ¢~ # 1. The fusion channel is forbidden, meaning
0 o o . A . ) .
that Ay y = 0. Since the fusion of identity operator with T(y,0) only gives (.0 the leading

exponent in finite-size correction is

A7
P11y = A(”Y*vﬁ) - A(]l,()) = . (5.53)

2
This provides another consistency check of scaling dimensions of primary operators.
We stress that the result Eq. (5.51) only applies to wavefunction overlaps with Ny = Ns.
For Ny # No, the exponents Pap~ In finite-size corrections may be different. Nevertheless,
the exponents are still the difference between the scaling dimensions of an operator T(5.X) in

the twisted sector and T(1,0): while the operator T(6,%) does not necessarily satisfy the fusion

constraint in Eq. (5.51). This is examined and further explored in Appendix of [198§].
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5.2.4  Finite-size corrections to Renyi entropy of CFT

Cyclic orbifold has also played an important role in computing the entanglement of CFT.
The twist operators as well as its fused version provide valuable tools for computing various
entanglement measures [180, 181, 182, 183, 199, 200|. We expect that the second Renyi
entropy of CFT has similar finite-size corrections as the wavefunction overlaps, since the
twist operator insertion is essentially of the same nature as Eq. (5.45). Consider, for example,

the ground state of a CFT on the complex plane and the reduced density matrix on [0, ],

p="Trr [o [1)(L]. (5.54)

The Renyi entropies are defined by

1 Tr pN

= TN B Ty v (5.55)

Specializing to N = 2, the purity can be computed as the path integral of the cyclic orbifold

on the complex plane with two twist operators insertions,

Tr p2
(Tr p)?

= (L7 (0)7()[1)orp- (5.56)

Using Eq. (5.45), the correlation function can be expanded as

O r@ILor = 3 afy gy 20+ (5.57)
(a,X)
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where - -- contains contributions from descendant operators. In the limit where [ > ¢, the

second Renyi entropy also has universal finite-size corrections

c l
So = Z—llogg — 2log @y

2
a ~
N Z (Za,x) ] Q(A(a,yg)_A(]l,ﬁ))7 (5.58)
(0 )£(1,0) “(1.0)

where the last term contains the universal finite-size corrections, which has been observed
in Ref. [176]. As a side remark, one may consider similar finite-size corrections to other
Renyi entropies on the same footing, and then analytically continue the result to the case
of entanglement entropy (N = 1). Finally, we note that only the twist operators T(0,0)
have been considered in previous work that discusses entanglement of CFT. As we will show
numerically, in the context of wavefunction overlaps the other twist operator (o) also plays
an important role. It remains to be explored whether operators such as T(a,i) €A1 be observed

in the finite-size corrections to the entanglement entropy of CFT.

5.3 Applications to Ising and XXZ models

In this section, we apply the above general method to two specific lattice models: the Ising
model and the XXZ model. The Ising model is the lattice realization of the ¢ = 1/2 Ising
CFT, which is a minimal model. The XXZ model is a lattice realization of the ¢ = 1
compactified boson theory at radius R, which is a rational CFT at special radii. Both the
Ising model and the XXZ model at R = 2 can be mapped to a free fermion problem. Thus
we are able to obtain low-energy eigenstates for up to thousands of spins using the covariance
matrix techniques [201].

We first review the operator content of each CFT and the N = 2 cyclic orbifold, and
then show how the orbifold fusion rule determines the universal finite-size corrections in

wavefunction overlaps. We then verify the leading exponent in the finite-size corrections
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Eq. (5.24) numerically. All the exponents agree with our analytical expression Eq. (5.51).

5.3.1 The Ising model

In this subsection we study the ferromagnetic Ising model. For later discussions, it will
also be useful to study the antiferromagnetic Ising model which is described by the same
CFT. Since the computations are largely identical, the result for the antiferromagnetic case
is shown in Appendix B.2. The ferromagnetic Ising spin chain Hamiltonian at the critical

point is:
N N
H=-) XiXi1-) Z (5.59)
1=1 1=1

where X, Z are Pauli matrices. There are three primary operators in the Ising CFT: 1, 0,¢,
with scaling dimension A = 0, 51;, 1, respectively.

The non-trivial OPE coefficients in the Ising CF'T are:
1
Crin=1 Ca=1 Crp1=1 Cooe=g, (5.60)

and the modular matrices are (in the basis 1,0, ¢€):

e H o0 0 1 1 3
T = 0 e 0 . S= 11 -2 |- (5.61)
0 0 €73 V2 V2 0

N —

In the following, we consider the cyclic orbifold theory of the Ising CF'T. It is straightforward
to compute scaling dimensions of all primary operators and the fusion rules using general
framework presented in Sec. 5.2.2. For the Ising CFT, however, it is possible to map the
cyclic orbifold to a more familiar CF'T, that is, a compactified boson Zs orbifold at radius
R = 4. The U(1) charge conservation symmetry in the latter CFT makes it more intuitive

to understand the fusion rules. We have checked that the fusion rules given by Eqs. (5.37)
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and (5.38) coincide with the those of the free boson orbifold.

Orbifold operator content

Following the general discussion in Sec. 5.2.2, there exist 15 primary operators in the cyclic
orbifold CFT, 9 in the untwisted sector and 6 in the twisted sector. The 15 primary operators

are listed in the first column of Table. 5.1, along with their characters y in the last column.
Untwisted sector The three primaries for a # 3 are
(L,0), (L€, (o), (5.62)
with scaling dimensions A = 31;, 1, % Additionally, there are 6 primary operators,
(L, )s, (o,0)s, (€,¢€)s, (5.63)
with A =0,1,2 and

(L, Da, (0,0)a; (€6 (5.64)

with A =4, 9, 4.

Twisted sector In the twisted sector, twist operators T(a,0) have scaling dimension A =

g+ éfa, which gives A = 1%, %, 1% (o) have conformal dimension A = ¢ + éya + 1,
except for T,y which has A = ¢ + % + 3. This stems from the fact that 1 corresponds
to conformal vacuum |0) and L_1|0) = 0. Thus, we have A = %9;, %, %’ for the primary

operators T(a i)

159



Mapping to compactified boson orbifold

It has been noted in Ref. [193] that the scaling dimensions of the Ising orbifold listed above
are identical to those of the compactified boson Zo orbifold at radius R = 4. Indeed the two

theories are dual to each other. The free boson action is:

S = i/d%@g@écp. (5.65)
4dr

The compactified boson with radius R is obtained by identifying ¢ = ¢ + 27mnR,n € Z. It
has a Zs reflection symmetry: ¢ — —p, and a U(1) symmetry ¢ — ¢ + a. After gauging
the Zo reflection symmetry, we obtain the compactified boson orbifold theory.

The compactified boson orbifold at radius R = v/2k with k € Z. is a rational CFT with
k 4+ 7 extended primary fields, which consists of the following five families [27]:

2

1. ¢, A=1,2,---,k— 1 with dimension Ay = 3.
2. ®1) and <I>(2), with dimension A = 15—2 = %

3. 0(1), o) with dimension A = %, and T(l), 7(2) with dimension A = %

4. Identity operator 1 with dimension 0.

(@3

. Operator © with dimension A = 2.

When taking k = 8, i.e., at radius R = v/2k = 4, the conformal dimensions of these 15
extended primaries match those of the 15 primaries in the cyclic Ising orbifold, as shown in
Table 5.1. This correspondence of conformal dimensions was first noticed in [193]. We took
one step further and also verified numerically that this correspondence holds at the level of
the characters y and the modular matrices T, S.

Mapping to the compactified boson orbifold at radius R = 4 is useful in the problem

concerned, because the fusion rule in the compactified boson orbifold is well understood,
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which we will now exploit to derive the universal finite-size corrections. For example, the

U(1) charge conservation gives:

[0A] X (0] = [Oagp] + [Or—pl, 1w # A2k =X (5.66)

and
[©] x [¢i] = [¢il- (5.67)

The latter corresponds to the fact that © is charge neutral.

Universal finite-size correction

Now we examine the universal finite-size corrections in Eq. (5.24). As the Ising model has a
75 global symmetry, the expansion Eq. (5.45) does not contain Tox) X = 0,1. We further
consider several examples.

As a first example, let us compute the universal finite-size correction to the wavefunction

overlap Ages for the following allowed OPE channel:
o X €— 0. (5.68)

To find all the scaling terms in the wavefunction overlap, we would need to find all operators

T(a,R) such that C(

a% 0) is non-zero. Using the crossing symmetry, we can compute
3

0,€),(,X),(0,0
C’(U ),(0,0),(a.5) equivalently. By mapping to compactified boson orbifold, (o, ¢€) is mapped

1)

to 7(1) and T(6,0) is mapped to o). The fusion rule reads:

[r W] x (0] = [¢1] + @3] + 5] + [07], (5.69)
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Untwisted

primary

>

primary

(Ising orb.) (boson orb.) X

(1,0) L ol X1(7)xo (7)

(L,e) 1 4 X1(7)Xe(7)

(o,¢€) % 71 , XO’(T)XIE(T)

(1,1)s 0 1 ?X%(T) + ?Xl(%)

(1,1)q 4 o(1) ¥X]21 (1) — ?X]l(zT)

(0,0)s % $2 ?X?;(T) + ?XU(QT)

(0,0)a 1 b6 71)(%(7) - ?XU(%)

(€, €)s 2 © ?X?(T) + ?Xe(QT)

(€, €)a 4 o) 3Xe(T) — 5xe(27)

Twisted
primary primary
(Ising orb.) A (boson orb.) X

T(]l’()) %G o1 %[X]l(%) + T]l_fX]l(% + %)]

Twi) 18 7 s (f) - T]l_fxn(% +3)

T(0,0) 5 42 3o (3) + Tr *xo(% + 3)]
_1

iy 5 "0 she@) T X+ D)
_1

7(67()) % ®3 %[XE(%) + T 2X6<% + %)]
_1

T(gi) %% o5 %[X6<%> — T QXE(% + %)]

Table 5.1: Correspondence between the primary fields in the Ising cyclic Z9 orbifold (first

column) and the free boson Zso orbifold (third column) at R = 4. T; = e2mi(hi=31) i5 the
i-th diagonal element of the modular 7 matrix.
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which maps back to:

[(0,€)] % [T(U’@)] = [7'(]17())] + [T(e,())] + [7'(671)] + [7'(]1 j)]- (5.70)

S

The four resulting primaries on the r.h.s. have scaling dimensions A = 1_16’ 1%, %, 1—2,

respectively, and the scaling of the wavefunction overlap is thus:

L 9
Ao 2 001,00, 10 00N T T %) Y00 000N T (571)

where we only keep the leading and first subleading terms. The leading term scales as N ~16
with power agrees with —g. This aligns with the fact that the wavefunction overlap for
an allowed fusion process has a leading term that scales as N ~§. After dividing by Aq11
and subtracting the leading term, the universal finite-size correction scales as N *%, namely,
Doeoc = 1% - %6 = % This is exactly what we get from numerics in Fig. 5.4.

As a second example, let us study the channel:
0 X0 e, (5.72)

where we need to find non-zero C’(

. The fusion rule [p9] X [p3] — [¢1] + [@5] is

UvU)SaTP7T(e,f))
mapped to [(o,0)s] X [T(e 0)] — [T(]l 0)] + [T(e i)]' This shows 7, can take T(1.,0) °F T(eiy: and
the difference of their scaling dimension predicts pyoe = % — 1_16 = %

Following the same reasoning, for the OPE channel:
exe— 1, (5.73)

the corresponding orbifold fusion channel is [©] X [¢1] — [¢1], which translates into [(e, €)] X
[T(]l ())] — [T(ﬂ 0)]. This indicates 7, lies within the conformal tower of [T(]l ())]. Indeed, the
leading exponent is controlled by a level-two descendant, which gives p..1 = 2.
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Finally, we consider the following forbidden channel:
1 xe—1. (5.74)

The fusion rule [p4] x [p1] = [p3]+[@5] is translated to [(1, €)] x [7'(]1 0)} = [T(E 6)]+[T(e i)]’ which
predicts the leading term in this forbidden channel scales as N *1%, ie, Plel = 1% — 1% = %

We show in Fig. 5.4 the numerically obtained finite-size scaling F,, 3, defined by:

_(Bleadd) ()

afy = <]13’]1112> T apy

(5.75)
_ M _ 9280 —205+Ay
A1 by
which agrees exactly with our prediction that for the leading order,
log Fly3y = —Pagy log N + const. (5.76)

For readers’ reference, the finite-size corrections for all fusion channels are listed in Table

5.2.

5.3.2 The XXZ model

The XXZ model is a lattice realization of ¢ = 1 compactified boson with radius R. The free

boson has a U(1) current J = idy. In the spin basis, the Hamiltonian is
N
H == (X;Xjs1 +YiYiy1 + AZZiyy), (5.77)

1=1

where the radius R is related to A via A = cos(2r/R2?). At A = 0 (namely, k = 2, R =

V2k = 2), the spin Hamiltonian can be Jordan-Wigner transformed into the free fermion
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Responsible Responsible F'S correction
overlap operator 7, fusion channel leading power p
Ix1—e [7(c.0)] (L Ds] < [7.6)) = [T 0)] 2
Ixe—1 e (T O] < [7 6)) = [71,0)] 2
exe—1 [T(Lﬁ | des. | [(€,€)s] x [7-(]1,0)] — [7'(]17())] 2
EX€E—>e€ 7 (c.0)] (&, €)s] X [T )] = [T(e,())] 3
Ixe—e [T(Jli)] [(L,€)] % [7(11,1)] — [T(e,ﬁ)] 3
Ixo—o [T(Q@)] [(1,0)] x [7'(6,0)] — [T(a,())] 2
OXE—=O [7(.0)] (@, )] < [T 6)) = 1750 2
oxo—1 [T(e,())] [(0,0)s] % [T(e,ﬁ)] — [T(]lao)] %
oX0o—E€ [T(e,i)] [(0,0)s] x [T(e,i)] - [T(e,())] %

Table 5.2: Universal finite-size corrections to wavefunction overlaps of the ciritical Ising
model for all fusion channels. The wavefunction overlaps for 1 x 1 — ¢ and ¢ X 0 — ¢ are
strictly zero due to the global Z9 symmetry in the Ising model.

— p=0.4972
10724 —
p = 0.4958
10—3 ]
< _ =4
§1O_4_ P = 1.5000
1075 4 oXe—o
gxXo—e p = 2.0000
10-6 - exe—1
— Ixe—1
102 2 % 10?2 3% 102 4 x 102

Ny

Figure 5.4: Finite-size corrections of wavefunction overlap in the critical Ising model, for
the four channels: 0 x ¢ = 0, 0 X 0 = €,e X ¢ — 1,1 x ¢ — 1 under discussion. The
powers of leading finite-size corrections are p = %7 %, 2, %, respectively, from the orbifold
CFT. In the numerical computation we choose the system size Ny € [100,500), and we see

the discrepancy between the theory and numerical value is less than 1%.
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Hamiltonian

N
H=-2 Z(c;.rc,qu + c;[+1ci). (5.78)
1=1

In the following, we will focus on this free fermion point for its numerical efficiency.

Operator content

Original theory At radius R = v/2k, the valid chiral and anti-chiral momentum modes

in the compactified boson theory are

.m nR_m+

P=RpT 5 =9 Th « 70
7_m_nR_m_ c7 (5.79)
p_R 2_2 n; man )

where m is the quantized momentum and n is the quantized winding. The operators can be
labeled by O(m’n). The partition function is obtained after summing over contribution from

valid momentum modes:
7 — qu%(%ﬂffﬁq%(%—%{ (5.80)

where 7(7) is the Dedekind eta function. Equivalently, for integer k, this U(1) chiral algebra
can be viewed as being extended by two vertex operators {ei‘/ﬁ‘/’, e_im@}, which allows

us to interpret it as u(1); rational CFT and block diagonalize the partition function

2k—1
1 9 12
Z::Eﬂ§ ST el o= ¢Fte), (5.81)
=0 n

From the block-diagonal partition function, we read off 2k extended primaries. For the

u(1)9 rational CFT at k = 2, there are 2k = 4 extended primaries with scaling dimension
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(m,n)
L | (0,0), (0,2), (2.1), (4,0)
O1 | (1,0), (—3,0) (5.82)
Oy | (2,0), (—2,0), (0,1)
O3 | (3,0), (—1,0), (1,1)

Namely, (9(1’0), (9(73,0) belong to the conformal family Oq, etc.
The modular matrix 7 can be obtained directly from the scaling dimension: 7;; =

exp (2mi(A;/2 — ¢/24)), and the modular matrix S is

1 A

8171/ = \/_z_k exp( 2 ) (583)

The original theory modular matrices allow us to compute the modular matrices in the
orbifolded theory.
For later discussions, we focus on the wavefunction overlap associated with current op-

erator J = i0y. Specifically, we consider the process
JxJ = 1. (5.84)

In the U(1) Kac-Moody algebra, J is the Kac-Moody descendant of (9(0’0) = 1 (while not

being the Virasoro descendant).

Orbifold theory Following the general procedure in Sec. 5.2.2, the untwisted sector has

14 primary operators, including operators like (1, O1), (01, O9), (01, Ol)s/a, etc.; and there
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are 8 primaries in the twisted sector:

A 1 9 1 5
8 8 1 1 (5.85)

T(02,0) | T(02.1) | T(03.0) | T(03.0)

5 21 5 13

Ay g 1 T

Note that the difference between A for T(1,0) and T(1,) is 1 rather than 3 as in the Ising
orbifold. This is because we are considering the Kac-Moody algebra and J is a level-1

descendant of 1 with respected to the extended symmetry.

Universal finite-size correction

1073

p = 1.0055

10 10724

p = 1.0009
-3 |
T O(l.ll) X Oy =1 50001 10 — Oqp) X 0(71.0) =1 p = 18973
p=2.
10-6 J x Ou0) = Oup ! J % Ou) = Opp
— JxJ—=1 — JxJ—=1 .

102 2 x 102 3% 10> 4 x 102 6 x 10° 10! 2 % 10!
N1 Nl

p = 1.0397

Fa;%,
Fajw

Figure 5.5: Finite-size correction of wavefunction overlap of the XXZ model at (a) A =0
and (b) A =1/2, for the three channels under discussion. At the free fermion point A =0,
the system size is chosen in the range Ny € [100,500). The discrepancy between the theory
and numerical value is less than 0.1%. At A = 1/2, we resort to tensor network method and
the system size is chosen in the range Ny € [6,24]. Due to the relatively small system size,
the largest discrepancy is 5.1%.

Since the XXZ model has a U(1) global symmetry (which corresponds to m charge con-

servation in primary operators O(mm)), the expansion Eq. (5.45) does not contain TO5%) 1 =
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1,2,3,x =0,1. As a first example, consider the OPE channel

From Eq. (5.82), (’)(170) belongs to the conformal family O and (9(71’0) belongs to the
conformal family O3. We thus need to find 7, such that [(O1, O3)] x [1p] — [T(]l 0)] is valid

in the orbifold theory, namely, C(Ol 03),75,(1,0) is non-zero. Using the crossing symmetry

77—17;

0(01,03)771,,(]1,6) = 0(01703)7(]176),717* and orbifold fusion rule

[(01,03)] x [T(]l’())] = [7'(]17())] + [T(]lj)]a (5.87)

we see Tp can be either T(1,0) °F T(1,i)" The scaling dimension of the leading term T(1,0)
gives the leading scaling A = %, which agrees with ¢/8. The difference between the scaling
dimensions of (1.,0) and T1,1) gives the finite-size correction with power p = % — % =1.

We may also consider the channel involving current operator J, which belongs to the

conformal family 1. Consider the OPE channel
J x 0(1’0) — 0(170), (588)

we need to find non-zero 0(1’01)7Tp’(0170), which is 0(11,01),((9370) . by crossing symmetry.

7Tp
The relevant orbifold fusion rule is

[(1,01)] % [7(037())] = [T(ﬂ,ﬁ)] + [T(Lj)]- (5.89)

Again, this gives the finite-size correction with power p = 1 as the previous example.

In the third example, let us consider

JxJ—1, (5.90)
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where we need to find non-zero C(]l,]l)sﬂ'p, (1,0)° There is only one valid 7, = [T(LO)] from

(1)) % [rp )] = I ) (5.91)

In this case, we observe p = 2, which means a level-2 descendant in the expansion Eq. (5.45)
is responsible. Similarly, the process J x (’)(271) — (’)(271) also has correction p = 2 using the
same orbifold fusion rule. We summarize the numerical results for the above three channels
in Fig. 5.5(a).

Moving away from the free fermion radius, we have to resort to exact diagonalization
or tensor network methods. We have examined the case of R = /6 (namely, A = 1/2)
where the system size is chosen in the range Ny € [6,24]. The results of finite-size correction
exponents for the above three channels are shown in Fig. 5.5(b). We observe the fitting results
agree with analytical predictions, with the largest discrepancy being 5.1%. The discrepancy
is relatively larger for the channel involving higher energy states, as what usually happens
for finite-size corrections in CF'T; the state corresponding to J has higher energy than the
states corresponding to (’)(170), (’)(_1’0). The numerical results at R = v/6 demonstrate the

applicability of our method to interacting lattice models.

5.4 Applications to the Haagerup model

In the previous section, we have examined the universal finite-size corrections in the Ising
model and XXZ model. We now move on to the Haagerup model, which is a recently
proposed [177, 178] anyonic chain that is believed to be described by a CFT with ¢ ~ 2.
The input data for the lattice Hamiltonian is the H3 fusion category. The fusion rule in
this category is non-commutative thus does not admit braiding. The operator content of the
Haagerup CFT is still obscure due to strong finite-size corrections as only very small systems

are numerically accessible. Due to its Zg global symmetry, one of the candidate theory is the
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Zs orbifold of toroidal compactified sigma model, with central charge ¢ = 2. The candidate
has two current operators J and J* with scaling dimension and conformal spin A = s = 1.
The holomorphic nature of the current operators strongly constrain possible fusion channels
involving these operators, which enables us to check it numerically.

In what follows, we use the wavefunction overlaps to compute central charge, conformal
dimensions of certain primary states. We present strong evidence that the lowest operator
with s = 1 is not a holomorphic field, thus ruling out the possibility of this Zsg orbifold.
Nevertheless, we will denote the operators as J and J*. Our results give an upper bound
of the scaling dimension A; < 1.4, and indicate that the central charge is roughly ¢ ~ 2.1.

Our code for numerical calculation is available in GitHub 4.

5.4.1 Haagerup anyon chain and spectrum

‘Hs fusion category

In the following we give a short review on ‘Hg fusion category [202, 203]. There are six simple

objects (anyons) in this category:
1,a,ad?, p,ap, a2p. (5.92)

We will use a? and «* interchangeably. 1,a,a* are invertible objects and p,ap,a”p are non-
invertible simple objects. Their quantum dimensions are: dj = dq = dg+ = 1, dp = dgp =
da*p = %ﬁ The non-trivial fusion rules read:

=1, ap=pa* pP?=1+1+a+d)p. (5.93)

4. https://github. com/YuhanlLiuSYSU/Haagerup_wave_function_overlap
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Figure 5.6: Energy-momentum spectrum of the Haagerup model at (a) N = 12, and (b)
N =13.

Note that for example, a and p does not commute, ap # pa. Given the fusion rule, the

F-symbols can be determined by the pentagon equations (self-consistency requirement).

Anyon chain construction and spectrum

Given a fusion category as input data, the anyon chain Hamiltonian is constructed using the
fusion rule and the F-symbol [204, 205, 177]. The Hilbert space consists of the anyon chains

la1, a9, - ,ap) that satisfy the following fusion constraint:

Ai—1 Aj Aj41

(5.94)

Namely, the fusion a; x p needs to contain p. We assume periodic boundary condition for
the anyon chain.

The Hamiltonian is then constructed as sum of projectors acting on three subsequent
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anyon sites [177, 204]:

H=-% P,

) ;_ a;_
Pl yaiaia1) = S (81 asel Fai ) Jorclai1diais).
a;

(5.95)

The projector P, projects the fusion p x p into channel p. The above anyonic chain construc-
tion is standard, and can be regarded as a generalization of the spin-1/2 Heisenberg chain
[205].

It is nontrivial and has to be verified case-by-case whether an anyonic chain Hamiltonian
corresponds to a lattice realization of a CF'T. One should distinguish the input fusion category
with the Moore-Seiberg tensor category of a rational CFT, where the object of the Moore-
Seiberg tensor category are in one-to-one correspondence with primary operators which is
not true for the input fusion category. For the Haagerup model, previous evidence of CFT
comes from ground state energy and entanglement entropy [177]. We will see in the following
that the ground state wavefunction overlap Ajyy provides another evidence for CFT with
consistent central charge.

By the Haagerup fusion rules, the Hamiltonian has a global Zs symmetry:

y:il—=a—a" =1, p—ap—ap—np. (5.96)

This can also be seen at the level of F-symbols. There is another intrinsic shift Z3 symmetry
s, that is, translation by 3n,3n+1 and 3n+ 2 sites. The shift symmetry is nontrivial because
the energy spectrum depends on /N mod 3. Similar phenomena occur in the antiferromagnetic
Ising model, which we review in Appendix B.2. To gauge the shift Zg symmetry s, we keep
only the states near P = 0 at system size N = 3n,3n + 1, 3n + 2, which correspond to the

original Hilbert space H, shift Z3 twisted Hilbert space Hs and H 2. It is clear from the Zg
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symmetry that Hs = H_o.
The energy-momentum spectrum of N = 12 (H) and N = 13 (Hs) anyon chain is shown
in Fig. 5.6. To better understand the conformal towers, we also use the Koo-Saleur lattice

Virasoro generators as in Refs. [206, 207, 167/,
N

Hy = Zlhje N, (5.97)
j:

where h; is the Hamiltonian density operator at site j. These operators correspond to linear
combinations of the Virasoro generators,

Hp = Ly + Ly — %571,0. (5.98)

There are several numerical observations with the Koo-Saleur generators:

1. There is only one spin-2 low-energy state that has nonzero overlap with H_5|1), which
we identify as the stress tensor state |7"). This is used to normalize the energies in the
plot by utilizing |T') has A = 2. H_1 acting on |1) gives zero overlap for every state

in the spectrum, confirming this state is the conformal vacuum.

2. In the spectrum of N = 13 chain (shift Zs twisted sector Hs), there exists a state with
Zs = 0 being close to P =1, A = 1. This is proposed to be the chiral current operator

J. There is a similar state in the N = 14 chain, which is proposed to be J*.

3. In the N = 13 chain, H_ acting on the lowest primary state in Z3 = 0, P = 0 gives
the largest overlap with the second lowest state in Zg = 0, P = 1. This overlap is
significantly larger than that with the first excited state with Z3 = 0, P = 1. This
indicates the lowest state in Z3 = 0, P = 1 is not a descendant of the primary state.

Thus it is a primary state.
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Z.3 orbifold of sigma model

The Zs orbifold theory referred in this paper is the nonlinear sigma model on torus target
space modded out the Z3 rotational symmetry on the target space. We will briefly review
the the relevant features of this CF'T below.

Let us start with the toroidal compactified boson theory, namely, there are two bosonic
fields and the target space is T2 [208]. Recall that in the familiar example of compactified
boson, the target space is S!, which is equivalent to saying that the boson field ® can only
take value in ® € [0,27R), and & ~ & + 2nwR,n € 7Z are identified. Analogously, the
toroidal compactification free boson theory has two massless scalar fields ®#, u € {1,2}. For
the target space torus T2 generated by A1, Ao, we need to identify:

ol ol
~ +niA1 +n9X9, ny € Z,ny € Z. (5.99)
P2 P2
This compactification gives constraint on the momentum modes p, p, from which one can
write down the partition function [208].

When the target space torus T' 2 g generated by basis vectors proportional to A1 = (1, O)T,
Ay = (—%, @)T, the theory has an additional Zg rotational symmetry. Gauging (modding
out) this Zs rotational symmetry gives the Zg orbifold theory. The partition function of
this rational CFT can be written out explicitly, from which we can read out the operator
content. We list the several important features that are relevant to our problem, and refer

the interested readers to Ref. [208] for more details. The features are:

1. The spectrum includes two chiral current operators: J; = i0®! and Jo = id®2. This

is true for all toroidal compactified theory, independent of the Z3 symmetry.

2. In the Zg twisted sector, the lowest energy state is three-fold degenerate, with (h, h) =

(%;, %) Similar feature appears in Z% twisted sector. The degeneracy comes from the
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three target space fixed points under rotation.

The exact degeneracy in the second feature is hard to confirm numerically, as the states
suffer from strong finite-size corrections and the energies do not exactly coincide. However,
the wavefunction overlap provides a way to check the first feature, with relatively small
finite-size corrections. We will see below that the overlap indicates that the lowest spin-1
operator is not a current, which contradicts the proposal that Haagerup model is described

by this Zg orbifold.

5.4.2  Wavefunction overlaps

We now turn to the wavefunction overlaps, from which we can extract conformal data, such as
central charge, scaling dimensions and OPE coefficients. We perform exact diagonalization
for small system sizes N < 15 and the periodic uniform matrix product state (puMPS)
techniques for up to N = 27.

Firstly, from the conformal vacuum state overlap, we can extract the central charge via:
Aqqy NS, (5.100)

We obtain ¢ = 2.06, in a reasonable agreement with previous results, which give ¢ = 2.03
[178] and ¢ = 2.11 [177]. If we discard the data from the smallest system size (N = 3),
then we obtain ¢ = 2.12 by fitting the remaining three points. Given that current numerical
methods all give ¢ > 2, it is possible that the true central charge is not exactly at ¢ = 2, but
c~2.1.

Secondly, we compute the scaling dimension of the first spinless Z3 neutral excited state,

which we denote as |¢). The relevant overlap is

Ane | y-ac2 (5.101)
Aq11

176



/8 = 0.257
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Figure 5.7: Ground state overlap Ajqy for the Haagerup model with N, N and 2N spins,
where N = 3,6,9,12. The first two points are obtained by exact diagonalization, and the
last two points are obtained by puMPS with maximal bond dimension D = 66.

As shown in Fig. 5.8, we obtain A: =~ 0.26. This agrees with the energy spectrum with
reasonable accuracy.

Thirdly, we compute the Ajj«y where |J) is the lowest eigenstate with s; = 1 at size
N = 3n+ 1. Similarly, J* is the lowest eigenstate with s+ = 1 at size N = 3n+ 2. Suppose
the operator J and J* are chiral currents with scaling dimension 1, then they would be
Kac-Moody descendants of 1, and the wavefunction overlap A jj+3 would only involve one

fusion channel in the cyclic orbifold,

(1, 18] % [y g)) = [T (5.102)

This implies that the finite-size corrections to A jj+; would come from descendants of T(1,0)°

thus we would expect

AJJ*IL 1 -2
= —+O(N 5.103
An11 16 ( ) ( )

similar to the XXZ model considered in Sec. 5.3. However, our numerical result shown in

Fig. 5.9 violates Eq. (5.103) as the extrapolation gives Ajj+1/A111 ~ 0.02. Therefore we
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Figure 5.8: Aqq1./Aq11 for the Haagerup model. The states are taken from the Haagerup
model with sizes 3n,3n and N = 6n, where n = 2,3, 4.

can conclude that J is not a current. The scaling dimension can be estimated by

1. A
Ay = ——logy L1 (5.104)

which gives Aj ~ 1.4. Considering the error in finite size extrapolations, we conclude that

Ay <14

5.5 Summary

In this work we have studied wavefunction overlaps A, 5, = (¢y[¢adg) of a critical quantum
spin chain, where the three states are primary states of the spin chain. Through a conformal
mapping from the three-sided cylinder to the complex plane, we derive the relation between
OPE coefficients C, 5, and the ratio of wavefunction overlap A3, J/A111. In order to study
the finite-size corrections, we rewrite A,g, as a path integral of the cyclic orbifold on the
cylinder, with twist operator insertion at the branch points. We then show that finite-size
correction exponents p,g, are universal, and are completely determined by the orbifold

operator content. As a benchmark, we extracted OPE coefficients 4, and finite-size
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Figure 5.9: Ajj+1/Aq111 for the Haagerup model. In A j+q the three states are taken from
the Haagerup model with sizes 3n+1,3n+2 and N = 6n+3. In Ajqy, the three states are
taken from the Haagerup model with sizes 3n,3n + 3 and N = 6n + 3. The three points in
the plot correspond to n = 2,3, 4.

correction exponents p,g, for the Ising model and the XXZ model and found that they
agree with the prediction using the cyclic orbifold.

We then illustrate an application of our method to a less-known CFT. We have computed
the wavefunction overlaps for the Haagerup model, and found that it has central charge
c =~ 2.1, lowest spinless primary operator with dimension A; ~ 0.3 and lowest spin-1 primary
operator with dimension A j < 1.4. The fact that A« /Aq11 is not close to 1/16 provides
negative evidence against the conjecture that J is a current operator, so the Haagerup CFT
is likely more complicated than the free boson Zsg orbifold.

As noted in Ref. [169], the overlap A3~ can be viewed as a wavefunction of a multibound-

afy
ary wormhole state. In this work we interpret the same overlap as a three-point correlation
function involving twist operators in the cyclic orbifold. It would be interesting for future
work to explore the holographic interpretation of twist operators and cyclic orbifold.

Given three primary states, it is possible to construct other overlaps that are inequivalent

to the three-sided cylinder, but nevertheless also contain similar universal information of the

CFT. One useful example is given in Ref. [45], where the authors consider the vertex state
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that describes a trisection of a two-dimensional chiral topological phase. It is shown in the
appendix of [198| that conformal data, such as central charge and OPE coefficients, can be
extracted from the wavefunction of the vertex state, with finite-size corrections that appear
universal. It is an open question whether the finite-size corrections to these wavefunction
overlaps are indeed universal, and if so, what operators are responsible. More generally,
given a bunch of primary states, it is possible to construct many different overlaps, which
may correspond to multi-point correlation functions of the CF'T. The finite-size corrections
remain elusive at this point.

In conclusion, we have developed a method based on wavefunction overlaps that compute
conformal data solely from low-energy eigenstates of a critical quantum spin chain. We have
shown that the finite-size corrections are universal, which provides consistency conditions on
the wavefunction overlaps at finite sizes. It is interesting both practically and conceptually.
Practically, the method is useful for identifying new CFTs realized in lattice models with-
out too much prior knowledge. Conceptually, the method relates wavefunction overlaps to

operator fusion in the cyclic orbifold, which may be easily generalized.

180



CHAPTER 6
SUMMARY AND OUTLOOK

In this thesis, we develop the quantum entanglement and conformal field theory toolkits
and use them to study various systems, unveiling new universal fingerprints. Recently, more
and more interest are drawn to the non-equilibrium phases of matter. Examples include
the quench dynamics of unitary evolution, the dynamics of the system in the presence of a
bath which can be described by the Lindbladian master equation, and the systems described
by effective non-Hermitian Hamiltonian, to name but a few. Analogously to the spatial
entanglement scaling, one can study the temporal entanglement scaling of such dynamical
processes, which gives rise to new phases of matter.

The phase transition of dynamical systems is proposed to be described by more exotic
conformal field theory. For example, the phase transition point of the non-Hermitian Hamil-
tonian is proposed to be captured by non-unitary conformal field theory, and the phase
transition point of measurement-induced phase transition is proposed to be captured by log-
arithmic conformal field theory. However, little is understood about these exotic CFTs. In
fact, many of the proposals are based on entanglement entropy scaling; the full CF'T context
is yet to be understood and remains a non-trivial task.

Finally, the experimental detection of bipartite and multipartite entanglement remains
an important question. Up till today, experimentalists can measure entanglement witnesses
and second Renyi entropy in solid state and cold atom systems; the measurement protocols
are cleverly designed according to the experimental platforms. It is a crucial task to design
protocols to measure the universal entanglement piece such as the topological entanglement

entropy and the Markov gap in the experimental platforms.
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APPENDIX A
DETAILS OF VERTEX STATE CALCULATION

A.1 Details of Neumann coefficient method

A.1.1 Different choice of the branch cuts in the R-R sector

For the vertex state for bipartition in the R-R sector, we can work alternatively with the

following choice of the ¢!/ function:

g[j _ 1 [\/((W_WI,O)(W_WZO) 4 (w Hw/) _ (A.1)

7T 2 W' —wi )W —wap)

Both choices lead to the same vertex state as we demonstrate below. The choice we made
in the main text is somewhat simpler, while this choice here is closer to the branch cuts we

choose in our calculations in the R-R-R sectors for tripartition. Using w; = w LO(%), and

w10 = 4,w2,) = —1, the Neumann function is given by
Rl _ p22 _
vz 1 1—2 |2 '1—2z 2 + Z Z
z2—2'2 l—z 21—2| 1 z >
" (A.2)
R12 _ R21
vz 1 1 -2 Il—z] . nm n nn
H]— DIECRET)SEEd i)
m>0 n>0 n>0

We note that we obtain the desired singular term >, ~1(2//2)" =37, <4 e—im(o=o") i RI1

and R?2. From the expansion coefficients and use the same ansatz solution in Eq. (3.62), we
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obtain the vertex state:

.2 1
V)y=exp |=i > xLoxZn+ Y ( Loxo + x20xG + ixtnxg — ZX—nXO) ). (A3)
n>1 n>1
This is the same solution as Eq. (3.33) with the additional requirement (X(l) + 2)%)](2} = 0.
Similarly, for the Dirac fermion field in the R-R sector, one can show the solutions from the

two choices of the branch cuts also match.

A.1.2  Verification of the boundary condition in the R sector

In this subsection, we verify that the R-R-R sector vertex state ansatz satisfies the boundary
condition for real and complex fermion. The verification for the NS-R two-string solution
simply parallels the proof below|68], which we shall omit.

For the Majorana fermion case, the ansatz solution is:

J 1 1J . J
V) = exp Z X mA nX—n +2 Z X=mm0X0 |€2). (A4)
m,n>1 m,n>1

Let us denote A = mezl %X_ RLJ nx_ + Zle 2XI_mRI OXO To show explicitly that

this state satisfies the boundary condition, we define
J JI
= Z 2XZmBno- (A.5)
m>1

Using

XpIVy =3 RENXT VY +exp (A) [2RE (i = Y- B RED | 19),
n>1 m>1

XV =exp (A) [ xd— Y 2x R | 1),
m>1
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one can check the following relation:

XNV = xhe IV +xb IV + ) XL e V)

p>1 p>1
= > e RINTLVY 43 e exp (A) 2RI 0] — D XEnRAD | 19)
p,n>1 p>1 m>1
+ x6|V> + Z XﬂpeipC’W).
p=>1
(A.7)
On the other hand, defining
Ko =D xLne™ +2xg + DY, (A.8)
n>1
and using
(D + 2)IV) = exp (A) | 2x6 = D 2 B | 1), (A.9)
m>1
one can check,
d
[ i o 1Y)
—i I —1 I
= > ™ RyxlV) + Z e M REN(DT + 2x)IV)
+ D RexLalV) +org <DJ +2)V) + D xEme™IV)
n>1 m>1
=x' (o)),
where we exploited the fact Rmo = —ROJTIn and Réo‘] =I5 J%. Finally, using the property

RITL (5,6") = iRL/ (21 — 0, 0"), it ensures that x satisfies the desired boundary condition
X'Ho)V) = ix! 2m — o) |V). (A.11)
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For the complex fermion, we start from the ansatz solution in Eq. (3.64):
J i
Vi=exp | S gl nREL G+ ST 2RI (680 + ol ad) |19,
m,n>1 m>1

We can verify the following relations:

I 0V) = [ 5 R (0,038 0V,

i 01V) = [ 2R (0,03l V),

where

Ger(0) =Y gLpe™ + (2g) + D), D' =" 2R}f’,,
n>1 m>1

T N I /
a0 =3 gb e v (20" + DM, DN = 3" 2rJEgh.

n>1 m>1

These relations allow us to verify the boundary condition:

g W) = [ R 0.8 (0IY)

(do’ 1y Ned
=1 %R 21 —0,0") g (0)|V)

—igl (21 — 0)|V).

Similarly, for g7, we can verify gt/ T1(0)|V) = igl(2n — 0)|V).
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A.1.8  Tripartition: Explicit form of the Neumann coefficients in the

NS-NS-NS sector

The explicit form of the Neumann coefficient matrix K in the NS-NS-NS sector is derived

following the methods of Ref. [65] and is summarized below:

K = ]3 ® Kaa + J_|_ ® Ka,,a—H + J_ ® I((l,Cl—l7

I (n—i—_nT+1 + T:_%) Uptym 1 = even,m = odd
rs — s

<n+%+1 — nfm> upum n = odd,m = even

_l’_ —

Foaa _ 11 + Mr—1/2,5—1/2 N MT—1/2,3—1/2

rs T gtls r+s r—s ’
Mvirm = - [(n + 1)gn+1(m + 1)9m+1 - ngnmgm] ) {(_1)71 - (_1)m] )
My, = = [(ngn(m + D)gms1 — (0 + Dgpyimgm] - [(=1)" = (=1)"],

L _

Feaatl _ 11 1 (—z’)\/§ Mr—1/2,5—1/2 n Mr—1/2,3—1/2 (A.16)

s D 2 r+s r—s ’

Myt = [(n+ Dgni1(m + 1) gmi1 — ngpmgnm) - [(=1)™ + (=1)™],

My = [(ngn(m + Dgms1 — (n+ 1)gn+1m9m] : [<_1)n + (_1)m] )
_ _

_ 1 1 (—1) Mr—1/2 s—1/2 Mr_—l/2 s—1/2
Ka'aa/ 1 — _]' _ —rsaa 3 ’ )
s 97" gTirs + 2 V3 r+s + r—s ’
1 00 010
B=|o1o0], J4=oo0 1|, J=0pTl,
0 01 1 00

where r = n+ %, s=m+ % up, is the coefficient in the expansion of (%i‘—g)l/Q =30 g upa”,

which can be expressed compactly as ug, = uo,1+1 = ( ni)(—l)”. We note u,, satisfies the
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recursion relation:
ugp=ur =1, 2nug, = (2n— ugy—2, Uy = U2pt1- (A.17)

(1—1—3:)1/6 S g gna™. Finally, Ay, = M,,,,/(r—s) contained

X

gn is the coefficient in g(z) =
in the diagonal(r = s) term should be evaluated using A,, = % Sor—o(=1)" n—k 2 . We note,
in addition, that the above coefficients differ from those appearing in Ref. [65] by factors
of 4. This is a consequence of the fact that we deal with free fermions with (anti-)periodic
boundary conditions rather than open boundary conditions and hence different conformal
maps wy [Eq. (3.16)] than those in Ref. [65]. One can also show explicitly that the singular

—ir(o—0o’)

terms are indeed 077> ,~1 /€ , as required.

A.1.4  Tetrapartition: Ezxplicit form of solution with kink boundary condition

In this appendix, we write down the explicit form of vertex state solution |V}.) with kink

boundary condition by finding the mode expansion of K% (z,z') in Eq. (3.105):

Koy = <ag;> moET (@(;U;) ' S

Here w is the conformal transformation that brings p copies of half cylinders to a complex

plane:
1+ 2
1—=z

wi(z) = wig(~2)2, 2z =€, (A.19)

with the constant terms satisfy w; 19 = 1w; . In the following we aim to write Kij(a, o)

. . 1 1
in terms of mode expansion "2, (2/)"t2:

K(o,0") = 3 Kifz"3(2/)"3, (A.20)
n,m>0
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To do so, we will write down the mode expansion of (%)1/ 2 and —

wi(o)—w;(o’)’

Let us start from the mode expansion of (%%i)l/ 2. Using;:

ow; 1—\Y2
<i80> - Wi0 (1—{—2) (1—2)2 (A-21)
and we denote
1+2z.1
o) = GO, (A2

the factor (%%)1/2 can be rewritten as:

Ow; 1 /9 1/2 212
— = (w; —z). A2
(CLiY112 — (g ) 2 g(2) (A23)
We thus need to obtain the mode expansion of g(z).
1
For g(z) = (%)Z = > n>09n?"", the coefficients g, satisfy the recursion relation:
1
S9n = (n+1)gnt1— (n—1)gn-1, (A.24)

2

and the first two coefficients are gg = 1,91 = % This with the recursion relation allows us

to obtain all the gy,.

: 1 : 1 _ m34m?nimn?4n?
Next, we would need to rewrite (o) w; (@) By using ——; = g

we can

obtain:

(1_2)5(1_21)% 3 "3 _ / N i
1= =2 {wg”o(l +2)2(1-2")2 + w%owj,o(l +2)(1—=2)(1+2)2(1 - 2)
+w; OwJQO(l + z)%(l - z’)%(l + 21 —2) + wio(l + z/)%(l - Z)%} :

(A.25)
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Combining (A.23) and (A.25), K% (z, 2') is rewritten as:

T PN VRN SR JCOL g(=2)g(~*)
K ( ) ) ( 1,0) ( ]O) 4(2—2/)(1—2’2’) (1_2)%(1_2/)%
X {wzo(l + z)%(l - z/)% + wj gwjpo(l+2)(1 — 21+ z’)%(l — z)%
fwgwlg(1+2)2(1— )3 (14 2)(1 = 2) + udg(1+2)3(1 - 2)3 |
(A.26)

There are four terms in the curly bracket.

For the four-vertex state, i, j take values from {1,2,3,4}. Since K% only depends on the

difference between ¢ and 7, there are four difference circumstances. For i = j:

K = =) + =o)L (A27)
For j =i+ 1:
i AP2(N2 fwig -3 N /
R 2(1 — z2) (wj’()) [9(2)g(=2") +ig(=2)g(")] . (A.28)
For j =i+ 2:
K= 22(2Z<i ;/) (Z]};g) g()9(=) — g(=2)g(2)]. (A.29)
For j =i+ 3:
iivs _ 222 (wig B N /
K = 2(1 — z2/) (wj,o) [9(2)g(=2") —ig(—2)g(z")] . (A.30)
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To evaluate the expansion coefficients of K%/, we need to use the following two relations:

9(2)9
2(2 2;0 m 4 sing.
n.m (A.31)

1

with Pl =

[Gnt19m+1(n + 1)(m + 1) — gngmnm](—=1)",

where sing. denotes the singular term m; and

n,mZO,n;ﬁm m>0
(A.32)
. _ n_lm[ngn(m + Dgm+1 — gntr1(n+ Dgmm](=1)™ n#m
with P, =
3 2 0<n<m 9o (=1)" n=m

The above two relations can be derived using:

9(2)g9(=7)

(Op+ 9y +1) = —2(1+ 2200 (g(2)g9(—2"))

and

0 — 0,029 _ oy od(g(2)g(—)).

By plugging (A.31) and (A.32) into (A.27) - (A.30), we obtain the mode expansion

coefficients of K% (z, 2'). We summarize the explicit expressions below.
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Summary

To summarize, the mode expansions for K% are:

. /
K= 30 (B, = Pl + Y ()"

1
w 2 1
et = () TS by, ip)
+1,0 n>0,m>0
1 (A.33)
w 2 1
K+ (w. i.0 ) SR (B 4 P
'L+2,0 nEO’mEO
.
1
Kz,l—i—?’ (w.i’so) SNt3 (Z/)m+§ (Pn_m _ ZPT?_In)
? ’

22(2)2 _ Z(z_)n%, (A.34)

n>0

which is what we desired in order to satisfy the boundary condition (as discussed near Eq.
(3.107)).

Let’s denote Ko = Pt — (PH)T, K1 = P~ +4i(P7)T, Ky = Pt + (P)T and K3 =
P~ —i(P7)T. The whole K matrix is:

1 1 1
o () e (@) e @)t
1 1 1
w20\ 2 w20 2 w20 2
K = <m> 1K3 Kol <w3’0> i <w4’0> 1K2 (A.35)
1 1 1
wio) "2 wip) "2 wi) 73
<m> K (w2,0) K <w370> K3 Ko

As a consistency check, let us verify K is antisymmetric. Note that by definition K

is antisymmetric and K9 is symmetric. Using our previous choice of branch cut (wq( =
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. . 1/2 ; 1/2 ; 1/2 i 1/2
i,wy o= —1,w309=—i,wyp=1and wl/O = 6”/4,102,/0 = e’37r/2,w3’/0 = 623”/4,1047/0 =1),

)

the factors are (%)_1/2 = 1, (%)_1/2 = i, so the blocks associated with K9 has the

desired property under tranposition. For the blocks associated with K7 and K3, for example:

o (@)
<%>_2 K3 0 (A.36)
) o (%g)_% (P~ +i(P)T)
(322) 2 (P~ —i(P)T) 0

wl,O)—l/Q _ 6i57r/4 ~

—1 — 4. One can check:
w20

Using our previous choice, (

(1 =i (P~ +i(PT)")T = (=1 =i)((PT)" +iP7),
(—14+)(P~ —i(P)) =1 +)P )T + (-1 +i)P,
which shows this block is indeed antisymmetric. Note that the antisymmetric property is

dependent on the choice of wy. If we make another choice of branch cut (%’g)_l/ 2 = gidm/4,

this block would not be antisymmetric.

A.2 Details of direct method

A.2.1 Solution to single fermion boundary condition

In this section, we give the solution of a single fermion boundary condition, which is useful
in the direct method for obtaining the vertex state. Here, the solution is stated without
proof and we refer to [45] for the detailed derivation.

The single fermion boundary condition is formulated as:

(o) + g(o)n(2r —0)]|B) =0, 0<o <2, (A.37)
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with the consistency relation g(o)g(—c) = 1. To write down the solution, let’s first expand
g(c) in terms of the Fourier modes: g(0) = 3,c7 €™ gn. If we define matrix N with
components Ny m = g—p—m, the boundary condition in terms of the Fourier mode is [n, +
> s Nrsns]|B) = 0, where r, s runs through both positive and negative half integers. To
separate the creation operators (1 with negative r) and annihilation operators (n, with
positive r), we then introduce a block structure:

N+t Nt

N - ,
N-t N

(A.38)
N;t;r = Nrs = g—r—s, N?isi = Np—s=g—r+ts

Nr_,;_ = N_rs = gr—s, NES_ =N_p—s = gr+s-

In the above blocks 7, s only take positive values, namely, r, s > 1/2. We state without proof

that the solution of boundary condition (A.37) is:

1
|B) o exp 5 Z Krsn—rn—s | 10), (A.39)
r,s>1/2

where K matrix is given in terms of the four blocks of N matrix:
K=10+NHI W) =w"H1la+n5) (A.40)
In the discussion of the vertex state, the function g(o) takes the form of
g(o) = —isgn (o)c" ()

which carries a parameter §. The corresponding matrices N and K are denoted as N () and

K(6).
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A.2.2  Direct method: kink boundary condition

In this appendix, we solve the vertex state with kink boundary condition |V},) by the direct
method. As a consistency check, we have numerically verified that this solution is the same
as |V}.) obtained from the Neumann coefficient method.

Consider the kink boundary condition on 0 < o < T,

[ (o) + i @r —a)]|Vi) =0, i=1,23 o

(W' (0) — i (2m — 0)]|Vi) =0, i=4,
We would like to find a matrix U that diagonalizes the “shift” matrix and use it to rotate
the basis. The boundary condition thus decouples in the rotated basis. To start, we notice

the “shift” matrix can be diagonalized by:

0 100 Y2(1 4 i) 0 0 0
0 010 0 2a-i) 0 0
i U, (A.42)
0 00 1 0 0 V2(—1— i) 0
100 0 0 0 0 V2 (-1 +1)
with unitary matrix U:
R(—14d) i EA+i) 1
S 1| R1-) i R i
2
V2
2
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The rotated real fermions are thus n = Ut). By

vul = : (A.44)

the anticommutation relation of the rotated basis 7 is {n},n2} = Or 45,05 {2, 3} = Or45,0-
Let’s first consider the nl,n? pair. For n!, the boundary condition is:

L) +ietint(2r — 0)]|[Viyn) =0, 0<o <
[0 (o) +ie" 1" (21 — 0)][V(12)) o<m (A5

(o) — ie_i%nl(%r —0)lVi12)) =0, 7m<o<2m

This amounts to choosing ] = %77 in the boundary condition [1(c) —isgn (')e82 (7)0y (27 —

N|V) =0 (0 < o < 2r). Similarly, for 52, the corresponding angle is fy = %W. Now in

terms of the Fourier modes, the boundary condition can be rewritten as:

2 3T 1
0 Nr5<92 = —4‘) n
U s Nrs(‘gl = _471) 0 Ms

We can separate the creation and annihilation parts explicitly, where r, s > 0:

n? Nt (62) 0 0 N5 (62) n?

ol 5 0 NEF(O1) NET(01) 0 g V=0

Lo | S| 0 Nate) Na() o n, |
L\ 72, Nyt (62) 0 0 Nys (62) "2s )
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from which we read out:

N NTF(6) 0 N 0 NT=(62)
12 ’ 12 !
" R (I A B G VR
(A.48)
0 N—T 01 N~ (61 0
N = B R
N~F(62) 0 0 N~ (09)
Using the four block matrices, the vertex state solution for n!,n? pair is:
1 S :
’V(lz)> oc exp 92 Z Z nZ_TKZﬁ),rSn]—T ‘O>’
r,s>5 6j=1.2 (A.49)
with  K(j9) = u.+Nj§) (Na$)
Similarly, for the n3,n* pair, the corresponding angles are 5 = Tand 04 = —%, and

K (34) can be obtained in a similar way. Finally, we need to rotate back to the original 1

basis. The vertex state solution in the basis ¢ is thus:

Vi) o exp Z Sl ke, | o),
f,=3>1l,j 1,234
(A.50)

K(12) 0

with K = UL U.

Although the vertex state solution for kink boundary condition |V}) can be obtained
from either the direct method or the Neumann coefficient method, the Neumann coefficient

method is more desirable for numerical calculation, because it does not involve the matrix

inverse which would lead to numerical inaccuracy.
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A.3 Correlation matrix for the vertex state

Once the vertex states are obtained, we can compute various entanglement measures by
the correlator method. Here, we collect some details for the numerical calculations of the
correlation matrices. For numerical purposes, we need to truncate the matrix at size N,.
Then, K is a 6N, x 6N, real anti-symmetric matrix, so we can use an orthogonal matrix ¢

to bring it to standard block diagonal form

0 o
K=0Q"sQ, =0y, 3= (A.51)
— 0L 0
In the block diagonal basis b' = QV'T, the state |G) is
1
IG) = N exp 5(bT)szT 10)
-3Nc
= Nexp | Y opbh, bh | 10). (A.52)
k=1

In order to calculate the entanglement entropy and negativity, we need to compute the

correlation matrices C' and F'. The non-zero elements are

(Glbhy_(bh,1G) = —(GIbh Y, _1G)

g
= —(Gbog—1bog|G) = (Glbogboy1]G) = 1_k
+ 0oy
] B t B ‘
<G|b2k—1b2k—1|G> = (G|b2kb2k|G> = m7
1
(Glbgg-1bLy,_1|G) = (Glbogb | G) = T3 (A.53)
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and the correlation matrices C, I’ are expressed as

Crs = (GIVIVAIG) = (GIbhbg| G)QprQys
3N, 2

g

k

=y = 5 (Qo—1,rQ2k—1,s + Qok rQork.s),
=1 " %k

Frs = (GIVIVE|G) = (GIohb1G)Qpr Qs
3N,

o,
= Z T 5 (Q2k—1,rQ2k,s — QokrQok—1,5)- (A.54)
k=1 " %k

These correlators need to be rotated back to the original basis f4, fg, fc by unitary trans-
formation U. Noting that fJr transforms with U* rather than U, the full transformation
matrix U’ is

0 0 0

1
U=U"® +U® (A.55)
0 0 0 1

where 1 is the N, x N. identity matrix. The correlation matrices transform via
C— Uhict', F— (U)FU. (A.56)

With C| F, we can obtain the correlation matrix I' using Eq. (2.19) and compute various

entanglement measures.
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APPENDIX B
DETAILS OF WAVEFUNCTION OVERLAP METHOD

B.1 Fusion rules of cyclic orbifold from modular transformations

We first recall basic aspects of modular invariance which are crucial to the consistency of a
CFT defined on a torus. A torus is characterized by two period vectors w; and ws, which
can be represented as complex numbers. Scale invariance of CFT implies that the partition
function only depend on the modular parameter 7 = wy /wq. There are two basic operations
S:7— —1/7and T : 7 — 7+ 1 that generate equivalent descriptions of the same torus.
Therefore, the two operations generate the modular group under which the CFT partition
function is invariant.

Modular invariance puts strong constraints on the operator content of the CFT. To see

this, we first recall that the partition function is bilinear in the character of conformal towers,
Xa(T) = TraqLO_c/24, (B.1)

where ¢ = exp(2miT), and a is the label of primary operator. Expanding the character in
the power of ¢ gives degeneracy of the conformal tower at each level of descendants. In a

diagonal theory, the partition function is simply
2
Z(r) =Y Ixa(m), (B.2)
a

where the summation is finite for minimal model !, for example, the Ising CFT. Modular

1. For rational CF'T, the partition function can be organized into finite summation of extended characters.
See the example of compactified boson (the XXZ model in the main text).

199



invariance then demands that

Xa(=1/7) = D Sapxp(7); (B.3)
b

(T+1) = > Tuxe(n), (B.4)
b

where S and 7T are unitary matrices that form a representation of the modular group. One
can further show that

7~ab _ 627Ti(ha—c/24)5ab (B5)

is diagonal with hq, = A, /2 and
Sab = Sba (B~6)

is symmetric. The celebrated Verlinde formula relates the fusion rule to the modular matri-

ces,
Sz’mSij:;m

o (B.7)

Nijk=)

m

Next, we review how characters of the orbifold theory can be constructed from the original
theory and use the Verlinde formula to derive the fusion rules.

The characters in the orbifold theory are related to the characters in the original theory
via:

X(a,5) () = Xa()x3(7)

1 .
X(aa)y (T) = 5 DA + €™ xa(2r)] (B3)
1 ; - 1
Xy = 3 [xal3) + T PxalG + 3)].

Here Ty, = exp (2mi(hq — ¢/24)) is the diagonal matrix element in 7 matrix, ¢ can take 0

(symmetric sector, denoted as s in the main text) or 1 (antisymmetric sector, denoted as a
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in the main text), and 1 can take 0 or 1. The partition function of the orbifold theory is:

Z = Zun + Ztw,
Zun = Z ’X(a,ﬁ)(7)|2 + Z |X(a,a)¢(7—) 2
a<f
1
= —Z Xa(T)Pxa(m)* + 52 xa(27)]%, (B.9)

o

Ztw = Zﬂ} |X(a &)(7)
= 5 S + el + P

We see that since the characters of qb( include x4 (27), it is necessary to include the

ava)s/a
twisted sector with characters xo(7/2) and xq(7/2 + 1/2) such that the partition function
is modular invariant.

For the purpose of computing wavefunction overlap, we need to use the following two

orbifold fusion coefficients: N(a,ﬁ),(w/}),(é,@’ a # [ and N’(ava)57(’73¢);(57>2)’ where 1, x take
value in {0, 1}.
We now derive the Eq. (5.37), (5.38) in the main text. Using the Verlinde formula, the

first fusion coefficient can be expressed as:

NMa ,m( )(5,>

_ Z mS(s.),mSm (6
(]l 1)s,m
-y S(O"*B)’(”’"MS(%@),(77777)¢SZ<77,77)¢,(57>%)
7,6 S )5, (nn)g (B.10)

(SanSsn) ( ¢! ¢5v77> ( e TS, >
%,
Sansﬁnsvns §
S]h7

||
=M il
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From the second to the third line, we use the relation between the orbifold modular &
matrix and the original & matrix, which can be derived using the orbifold character Eq.
(B.8) as in [192]2. For the case where S is real (e.g., the Ising CFT), this still gives the
correct result; while for the general case where S is complex (e.g., the compactified boson

rational CF'T), this would change the final expression. Only when S is real can we decompose

N ass), (v, (6.9)

orbifold CFT is fully determined by the modular matrices of the original theory.

into the product of NV in the original CFT. In short, the fusion rule of the

Similarly, the second fusion coefficient can be written as:

M @)osr:0),(6.0)
— S(a’a)s’mS(’Y,d})vam?(a?X)
m S(L,1)sim
> Sta@)esn)sSa.8), 0 )S@m@wxx+E:Smﬂpmﬁswﬁmméﬂm@wx)
1o S(.1)s.(n, Mg e 5(11,11)5,(17,5)
- (35h) (3708 (3770s;) 1y
351,
(35n) (360, (Jemintenops )
+ Z 18
B.& 29m
_ = Z 01778’)/77 1 e’m—(w—’—X) Z Sanpfynp;;,é’
2 p 81777

where P = T1/28T28T1/2.

2. Note that there is a typo in the fusion coefficient N derived in [192]|, where the conjugate sign is
missing.
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B.2 Wavefunction overlaps for antiferromagnetic Ising model

In the main text, we consider the ferromagnet Ising model, where 1,0, € are the primary
operators when taking periodic boundary condition (PBC), and pu,1,v appears in anti-
periodic boundary condition (APBC). There is no distinction of low-energy spectrum for
even and odd number of sites, and all the primary operators are inside the light cone at
P =0.

On the other hand, the low-energy spectrum of the antiferromagnetic Ising model depends
on even or odd number of sites. Furthermore, there exists lightcones centered at P = 0 as well
as P = m. The Haagerup model is more similar to the antiferromagnetic Ising model, in the
sense that (1) the operator content changes with different system sizes N = 3n,3n+1,3n+2;
and (2) there appear three light cones which are located at P = 0, P = n/3, P = —n/3 if
N = 3n. For this reason, we study the wavefunction overlap for the antiferromagnetic Ising
model in this appendix, with an emphasis on the case where low-energy eigenstates with odd
number of sites fuse into low-energy eigenstates with even number of sites. This provides an
analogy to what we did for the Haagerup CFT.

The operator content of the antiferromagnetic Ising model is summarized below, for both

boundary conditions (PBC/APBC) and for both types of lattice site (even/odd):

spin PBC spin APBC | fermion

even | 1,e: P=0 |9,0:P=0 NS
c:P=m w:P=m R (B.12)

odd |, :P=7|1le:P=n NS

pw:P =0 oc:P=0 R

A possible fusion may be, for example, obtaining A, by fusing o at size N = 2N + 1
and o at size No = 2N — 1 into 1 at size N3 = 4N. This is analog to what we did for the

current operator in the Haagerup model. We then take the ratio A,,1/A111 where the 1 in
203



the denominator is taken from Ny = No = 2N and N3 = 4N. For a better comparison with
Haagerup model, we use the small systems, where N takes value from 5 to 12, and show the
results in Fig. B.1.

In Fig. B.1(a), we show the scaling of Ayyy computed using N; = 2N, N9 = 2N, N3 =
4N, where the theoretical derivation gives Ajqq = a(]l’())N —1/16 " The fit gives the power
—0.0623, which is within 1% error even for such a small system. In Fig. B.1(b-f), we show
the finite-size correction F, 3, for the five different channels ooe, e, ool, pul, eel, where
Anpy is computed using Ny = 2N —1, Ny =2N +1, N3 = 4N, and Ag{oﬂ)v is computed using
Eq. (5.21) with different system size. From the value of log F', we see in (f) the numerical
value approaches the theoretical value much quicker that (b,c); and (b,c) are quicker than
(d,e). This is expected because p = 2 for eel, p = % for ool and ppl; and p = % for
ooe, e, At this system size, the largest error for p is 8%, and the error for p gets smaller
with increasing N.

The above observation shows that the overlap result A4, By /A111 is indeed more accurate
for larger p, g~ -

The extraction for p matches with the value in Table 5.2 as we further increase the system

size N.
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Figure B.1: (a) Scaling of Aqyq, computed for Ny = 2N, No = 2N, and N3 = 4N. (b-f)

Scaling of Fi,3., where A is computed for Ny = 2N +1,Ng = 2N — 1, and N3 = 4N. To
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simulate small system, NV takes value from 5 to 12.
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APPENDIX C
NUMERICAL METHOD

Back in the Southern Song Dynasty (around the twelfth century), Lu You wrote, “The
knowledge from reading the papers is sometimes shallow; deep understanding is gained from
putting the ideas into practice.” In my exploration of physics, much understanding is gained
from or solidified by numerical simulation. In this appendix, I will introduce two numerical
methods, the exact diagonalization (ED) method and the tensor network method!. The
exact diagonalization method is ansatz-free and applies to any system; however, the system
size it can reach is relatively small due to the “exponential wall”. In contrast, the tensor
network method is designed to handle the many-body ground state with a large system size.
However, its power is limited to the low-entanglement states, including the ground states.
In the following introduction, I will also summarize the numerical techniques and practice

that I found useful.

C.1 Exact diagonalization

Unsurprisingly, exact diagonalization is the first resort when one wants to understand the
eigenspectrum and eigenstates of a Hamiltonian. One obstacle for simulating many-body
Hamiltonian using ED is the exponential wall: the time complexity and the memory grows
exponentially when increasing the system size. For example, to simulate a 1d chain made
from qubits, the local Hilbert space dimension is d = 2; therefore, the complete basis for
a chain of length N consists of 2NV states. Nevertheless, being an ansatz-free numerical
method, ED is still a valuable tool for studying small systems, and serve as a benchmark for
other numerical methods such as tensor network where various ansatz are used. In fact, our

simulation for the Haagerup model is performed using ED up to N = 13 (where the local

1. I thank Yijian Zou for a lot of discussions on tensor network methods.
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Hilbert space dimension is d = 6). Below, we introduce several techniques that allow us to
reduce the computational cost, so as to push the boundary of ED and reach a larger system

size N before hitting the exponential wall.

Sparse matrix and iterative solver In condensed matter systems, we typically focus on
the ground state; the Hamiltonian typically only involves local interactions (nearest or next-
to-nearest-neighbor couplings). These two observations are crucial for the first reduction
of computational cost: the Hamiltonian can be implemented by sparse matrix, and one
can use iterative methods such as the Lanzcos algorithm and Arnoldi algorithm to find the
lowest several eigenstates. To see the computational cost reduction, let’s consider the simple

example of the spin-1/2 XXZ chain with length N,

N
H=Y" [%(sj TS Sh) + JSESE | - (C.1)
The Hamiltonian is a 2V x 2V matrix, consisting of 4N elements. However, by a quick
estimation, one can show the number of nonzero elements is N - 2V approximately. The
Hamiltonian is indeed sparse, and sparse matrix implementation can greatly reduce the
memory cost. Furthermore, the average number of nonzero elements in each row is of order /V;
therefore, the time complexity of the Lanczos algorithm for computing m lowest eigenvalues
is O(N - o m). This is greatly reduced from O(23N ), which is the complexity of solving
the full eigenspectrum of a 2V x 2% matrix.

For an elegant implementation of the sparse matrix for Hamiltonian, we refer the readers

to Ref. [209].

Symmetry Many of the physical systems have conserved charges. For example, the quan-
tum XXZ chain under the periodic boundary condition commutes with the summation of

S%, Q = ;57 (which is the U(1) charge after Jordan-Wigner transformation). There-
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fore, the Hamiltonian is block-diagonal under a proper choice of basis. The eigenstates are
simultaneous eigenstates of H and Q).
When trying to simultaneously diagonalize the Hamiltonian H and the conserved charge

operator (), one can construct

H = H+ €Q, (C.2)

where e is a small quantity (smaller than the energy gap), and diagonalizes H'. This construc-
tion creates a tiny splitting for the degenerate eigenstates with different symmetry charges
2 and the resulting eigenstates are also eigenstates of Q.

In fact, symmetry can lead to a second reduction of computational cost by restricting the
basis states in the symmetric sector [210]. For example, if we want to study the ground state
in the half-filled sector of the spin-1/2 XXZ model on a 1d chain of length N, we only need
to generate the Hamiltonian elements on the basis |s1, s, -+, s) where Zfil s; = 0 (each
s; takes value in s; = j:%) This reduces the number of required basis states from 2V to

( N]\;Q)v allowing us to reach a larger N. The coupling terms in the Hamiltonian are located

using the hashing key of the basis states (each state is assigned to a unique hashing key).

Genrate the basis and Hamiltonian iteratively Depending on the nature of the
Hamiltonian and symmetry, more efficient ways can be used to implement the symmet-
ric constraint. For example, in the Haagerup model, the valid basis state is constrained by
the fusion rule, which makes it natural to generate the basis in an iterative manner. Namely,
we first generate the valid basis for the length N chain, then use them to generate the valid
basis for the length N + 1 chain. Similarly, the matrix elements of the Hamiltonian are
generated iteratively, where the Hamiltonian of the length N + 1 chain is generated by that
of the length N chain. To identify the matrix components of Hamiltonian, a user-defined

data class (modified from the linked list data type) was used to keep track of the relationship

2. This technique reminds me of the Zeeman effect (and the good old days of modern physics experiments
back in undergraduate).
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of basis states. The implementation details can be found in our GitHub repository. Depend-
ing on the specific problem, this may lead to further reduction of computational cost. In
the Haagerup model, the time complexity of our implementation is O(3.4N ), outperforming

O(6N) for a 1d chain with local Hilbert space dimension being d = 6.

In summary, exact diagonalization remains a useful method and serves as a starting point
before turning to advanced algorithms. As discussed in this subsection, various techniques
can be applied to maximize the value of the exact diagonalization method before hitting the

exponential wall.

C.2 Tensor network

Tensor network method is perhaps one of the most important numerical methods [11, 211,
212, 213|. It empowers us to find the quasi-exact solution of the eigenstates that satisfy the
area-law entanglement scaling and study the time evolution dynamics from a given quantum
state. Here we briefly summarize the matrix product state (MPS) representation with a focus
on the canonical forms, and the various existing tensor network algorithms. As an example,
we will introduce the time-evolving block decimation (TEBD) algorithm on a finite chain in

detail and point out the important ingredients of tensor network algorithms.

C.2.1 MPS representation

Any quantum state can be represented using the matrix product state (MPS) representa-
tion by a series of singular value decomposition (SVD). The MPS representation takes the

following form,

) => MTIM2-.. MN|o). (C.3)

Here, o; is the degree of freedom on the local Hilbert space of site 7; for the qubit degree

of freedom, o; = j:%. Each M7 is a matrix with dimension y; X x;41. Schematically, the
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above MPS representation can be diagrammatically represented as

M  MCi+1 MCit+2 MOi
| |_| |_| Xi Xit1
o | | | i

Here, the vertical legs are the physical bonds (connected with |o;)) and the horizontal legs

(C.4)

are the virtual bonds. The dimension for the physical bond d is equal to the dimension of
the local Hilbert space d (d = 2 for qubit). For the area-law state, due to its non-growing
entanglement, we can set a constant upper bound y for the dimension of the virtual bond,
independent of the length of the 1d chain N. In comparison, for the volume-law scaling state,
the virtual bond dimension y grows exponentially with the system size. The complexity of
a valid tensor network algorithm scales as O(x?). Therefore, the MPS representation and
the related tensor network algorithm are useful for the area-law state and can get over the
exponential wall; while for the volume-law state, the exponential wall persists for the tensor
network algorithm.

The state represented by the MPS representation is unchanged under the “gauge trans-

formation”,

M7 = G; MG Y. (C.5)

By using the gauge degree of freedom, one can bring the MPS into canonical form. There
are two commonly used canonical forms, one in the “AB notation”; and the other in the “I'A
notation” [214, 211]. One can show the canonical forms in these two notations can be easily
transformed into each other.

The canonical form in the “AB notation” is defined as follows. Any quantum state can

be brought into left-canonical form by performing SVD from the left to the right,

) = ATIA%2... AON|g), (C.6)
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where

> (A7)TA% = 1. (C.7)

03

Similarly, we can define the right-canonical form,

) => BB”...BN|o), (C.8)
where
> Boi(B7) = 1. (C.9)

The canonical form will be useful when we introduce the tensor network algorithm.

C.2.2  Tensor network algorithm

In this section, we focus on solving the ground state in one-dimensional systems. Various
algorithms exist for ground state searching, and part of them are listed in Table. C.1. Among
various algorithms, the most basic ones are density matrix renormalization group (DMRG)
and time-evolving block decimation (TEBD) [214]. The more advanced algorithms such as
the time-dependent variational principle (TDVP) and variational uniform matrix product
state (VUMPS) are implemented in practice, for a higher efficiency and explicit preservation
of symmetries.

When learning or developing a new algorithm, we need to bear in mind several questions:
(1) Which canonical form is used? (2) How to perform the truncation? (3) How to normalize
the tensor in each step? (4) Is the runtime at the same scale or below O(x?3), where y is
the bond dimension? In the following, we take the TEBD algorithm on a finite chain as a
pedagogical example to illustrate the above questions.

In the TEBD algorithm, we consider the local Hamiltonian with the nearest neighbor
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Algorithm Idea Suitability Benefit /Drawback
. . . Infinite chain Saturation time is long
TEBD Imaginary time evolution finite chain | when near the critical point
Optimize the . . More accurate than TEBD
DMRG local Hamiltonian finite chain for finite chain
Gradient descent in the
TDVP variational manifold of Infinite chain | Symmetries are preserved.
the uniform MPS.
Combine the tangent space . . .
VUMPS idea with DMRC Infinite chain Most efficient

Table C.1: List of tensor network algorithms for solving the ground state. Here, TDVP
stands for the time-dependent variational principle [2|, and VUMPS stands for the variational
uniform matrix product state [3].

interactions,

N-1
H=> hpp. (C.10)
r=1

Now, given an initial state |ig), the ground state of H can be simulated using an imaginary

time evolution,

) = exp(—HT)[vo)

~ Ilexp(—Hr)[o) (C.11)

To numerically simulate the evolution, we break the total time 7 into N; number of steps,

so that 07 = 7/Nr, and use the Suzuki-Trotter decomposition

N-1 Ne
e~ Zr hr,r+17_ — H e*hnrﬁ»l(sT + O(NQTQ/NT) (Cl?)
r=1

In other words, the whole evolution is broken into N, steps and each step consists of N — 1
two-qubit gates U, 1 = e~ hrr+197 If N scales as N272/e, the error is at most e.

For convenience, in each step, the two-qubit gates can be arranged into two layers. The
first layer consists of Ujg,Usy, -+ and the second layer consists of Usg, Uys,---. During
each step, we sweep from the left to the right of the MPS chain to implement the evolution
operators Uy 41 in the first layer; then sweep from the right to the left to implement the
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second layer. During the evolution, the left sites of the site r are kept in the left-canonical
form, and the right sites of the site r + 1 are kept in the right-canonical form. The canonical
form is guaranteed by SVD. Moreover, the singular spectrum of the SVD is truncated to
size x (only the largest x singular values are kept and others are abandoned). Finally, since
the imaginary time evolution is not unitary, the singular values ;. after truncation should
be normalized at each two-qubit gate evolution to guarantee the norm of the MPS is one,
Me = A/ o1 A3

The details of the algorithm are as follows. In the pictorial illustration, the sites in the

left canonical form are in red, and the sites in the right canonical form are in green.

1. Initialize state |1)g) as a direct product of N random qubit state. At this step, the

virtual bond dimension is x = 1 and the physical bond dimension is 2.

2. Sweep from left to right by acting Uy9,Usy4, Usg, - - - and bring the MPS to the left-
canonical form. The details of implementing each U; ;11 are as follows. (1) After
acting U; ;41 on site 4,1 + 1, we first perform an SVD © = XAY to update 4; = X.
As discussed, A shall be truncated to size y and then normalized. (2) We next perform
another SVD to bring AY into the left canonical form. This is done using AY = X’'A’Y”’
and update A;11 = X', A; 10 = N'Y'A;1o. Now, A;, Aj;1 are in the left-canonical
form. A;,o is not in the canonical form; but this is fine because we will perform

Uit2,i+3 at the next step, which does not require the canonical form for site ¢ + 2 and
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1+ 3.

A;=X A Y Aisa
0 U ar=xay
Aj Aiv1 Ajpr A A =X N Y A
Appr = NY'Ai
W F <

(C.13)

. Sweep from the right to the left by acting Ux_o y_1,Un—_4 N—3, - ,U2,3 and bring

the MPS to the right-canonical form in a similar way.

. Repeat step 2 and step 3 until convergence. The final MPS is in the right-canonical
form and can be used to compute the expectation of ground-state energy. To utilize
the right canonical form, we compute (H; ;1) from the left to right, and after each
step, we bring A; to the left-canonical form by SVD: A; = X, A;, 1 = AYA;, 1. We

then compute (H;iq;42). This is illustrated below with emphasis on the order of
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contraction,

Aiyo

(C.14)

The order of contraction is important so that the time complexity is no more than

o(x%).

Let’s stress again that in the above description, the canonical form, truncation, nor-
malization, and complexity are taken care of. These details are important for numerical
implementation, albeit frequently omitted in publications.

Although TEBD is not the most efficient ground-state searching tensor network algo-
rithm, it is easy to implement and always serves as a benchmark. Furthermore, TEBD is
useful for another task, time evolution, which plays an important role in the simulation of
time-dependent dynamics. For example, TEBD-like algorithms are widely used in simulating
the Lindbladian dynamics [215, 216|. It is worthy to carefully examine the canonical form,
truncation, normalization, and complexity of the tensor network algorithm for the mixed
state dynamics, so as to understand the applicability of such algorithms. We leave this to

our future work.
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