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ABSTRACT

Bayesian approach for inference has become one of the central interests in statistical inference, due
to its advantages for expressing uncertainty in probability space, and the main hurdle is to sample
from posterior distribution in various cases. Markov chain Monte Carlo (MCMC) is the most
popular technique while theoretical properties have not yet been well understood. In this work,
we study and propose several new sampling algorithms in cases of discrete variable sampling,
when prior distribution is not smooth or even unbounded, and when likelihood itself is analytically
unavailable and computationally intractable. The approaches we develop can be well applied to
many real world applications such as community detection, image uncertainty quantification, and
SO on.

Chapter 2 studies computational complexity of a Metropolis-Hasting algorithm for Bayesian
community detection. We first establish a posterior strong consistency result for a natural prior dis-
tribution on stochastic block models under the optimal signal-to-noise ratio condition in the litera-
ture, and then give a set of conditions that guarantee rapid mixing of a simple Metropolis-Hasting
Markov chain. Chapter 3 proposes a novel sampling algorithm for non-smooth posterior sampling
problem, motivated by the idea of unadjusted Langevin Monte Carlo algorithm and Tweedie’s pos-
terior mean formula. We provide rigorous non-asymptotic convergence analysis, and show that
it outperforms other algorithms in some aspects. Chapter 4 provides an approximate Bayesian
distribution via approximate Bayesian computation (ABC) that naturally incorporates prior infor-
mation with loss function, when likelihood is not accessible. Asymptotic contraction results and
Bernstein-von Mises type of property are proved for proposed Bayesian distribution under certain

conditions.
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CHAPTER 1
INTRODUCTION

Bayesian inference is fundamental primitive in statistical learning, and the central hurdle is to
draw samples from posterior distribution. MCMC is the most well-known sampling method, in
which the equilibrium distribution of the Markov chain matches the target distribution. Despite
its popularity in Bayesian statistics and many other areas, there are limited understanding to the
convergence of MCMC algorithms as well as some restrictions when likelihood itself is not analyt-
ically available. Examples of those are the application on Bayesian community detection, Bayesian
sparse linear regression, and Bayesian generative model analysis.

In Chapter 2, we consider both statistical and computational performance of a simple Metropolis-
Hastings algorithm for community detection problem. The primary goal is to study computational
complexity for recovering the community memberships in a social network using a simple Markov
chain. To be concrete, we construct a Bayesian model with some specific prior, analyze the per-
formance of the corresponding posterior distribution, and provide a rapidly mixing time bound for
the induced Metropolis-Hastings algorithm. The mixing time of a Markov chain is the number of
iterations required to get close enough to the target distribution, in the sense that the total variation
distance is bounded above by some small constant €.

In Chapter 3, we tackle the problem of sampling from non-smooth or even unbounded density
function. Inherited from Langevin Monte Carlo (LMC) algorithm, we propose a novel sampling
algorithm that first smooths the density function through Tweedie’s transformation, and then ap-
plies LMC algorithm. Tweedie’s transformation reveals some advantages compared with Moreau-
Yosida envelope studied in [28] and Gaussian smoothing studied in [15], as the first method can
only be applied to unbounded and convex function, and the second method yields slower conver-
gence rate. The non-asymptotic convergence analysis is performed in this work in terms of total
variation distance. The proposed LMC algorithm via Tweedie’s formula also works in non-convex
cases but needs to be studied case by case according to its spectral gap.

In Chapter 4, we turn to generative model analysis, where the likelihood does not have closed-
1



form expression and cannot be numerically evaluated. We consider a special case where a frequen-
tist estimate By is given, obtained by optimizing some loss function L,(6,Y) with observation
Y = (Y;)"_,, and we aim to naturally incorporate prior information to get a Bayesian distribution.
The proposed Bayesian distribution is constructed by prior distribution and the sampling distri-
bution of §y, which yields asymptotic contraction result. In order to sample from the Bayesian
distribution, we adopt modified ABC algorithm to draw samples, and show that the approxi-
mate Bayesian distribution induced by ABC also shares asymptotic contraction result as well as
Bernstein-von Mises type of property, in the sense that it asymptotically recovers the frequentist

distribution of \/ﬁ(é\y — 6p) with underlying true 6.

1.1 Summary

This thesis is intended to investigate various sampling algorithms to perform Bayesian inference
in different cases. In Chapter 2, we focus on sampling discrete random variable on the topic
of community detection. In Chapter 3, we work on sampling from some non-smooth and even
unbounded distribution, a common issue in sparse Bayesian regression problems. In Chapter 4,
we propose a new type of Bayesian distribution for generative model, and adopt modified ABC

algorithms to do Bayesian inference, when the likelihood is not tractable.

1.2 Notation

Throughout the thesis, we will use the following notation. For positive sequences {ay}, _, and
{bn};_y, we write ap = o(by), an = O(byp) and an S by, if limy—ye0(an/bp) = 0, limsup,, ., (an/bn) <
oo, max{a, — by,0} = o(1), respectively. For an integer d, we use [d] to denote {1,2,...,d}. For
a set S, we write 1{S} as its indicator function and |S| as its cardinality. For a vector v € R, its
norms are defined by ||v||; = Zflzl vil, IVlI? = Z?:l viz, and ||v||,, = max; <;<4 |v;|. The Hamming
error of two binary vectors vi,v, € {0,1}9 is defined by H(v,vp) = 2?21 I{vy(i) # vo(i)} . For
Al =X jex] Al

a matrix A € REK*K its norms are defined by ||A|., = max; jc (k| A and

2



|A||» = max IAxlla ~ppye L, norm of matrix coincides with the the spectral norm, and we will
70 Tl

generally omit the subscript to simply write it as ||A]|. The notation [P and E are generic proba-
bility and expectation operators whose distribution is determined from the context. We use C, ¢
and their variants to denote absolute constants, and the values may vary from line to line. For any
two distributions P and Q, the total variation distance is defined by ||P — Ql|1y = % J|dP—dQj,
and the KL divergence is defined by D (P||Q) = [dPlog g—g. For simplicity, we write D (p||q) to
denote D (Bernoulli(p)||Bernoulli(g)) for p,q € [0, 1]. For any two numbers a and b, we use a A b

and a V b to denote min{a,b} and max{a,b} respectively.



CHAPTER 2
MIXING TIME OF METROPOLIS-HASTINGS FOR BAYESIAN

COMMUNITY DETECTION

Markov Chain Monte Carlo (MCMC) is a popular sampling technique, in which the equilibrium
distribution of the Markov chain matches the target distribution. Most attention to date has been
focused on Bayesian applications in order to sample from posterior distributions. Despite its popu-
larity in Bayesian statistics and many other areas, its theoretical properties are not well understood,
not to mention the limited theory for computational efficiency of MCMC algorithms, where the piv-
otal interest lies in the analysis of mixing time. The mixing time of a Markov chain is the number
of iterations required to get close enough to the target distribution, in the sense that the total varia-
tion distance is bounded above by some small constant €. We call the Markov chain rapidly mixing
(resp. slowly mixing) if the mixing time grows at most polynomially (resp. exponentially) with
respect to the sample size of the problem. One central research interest is to determine whether a
designed Markov chain is rapidly mixing or slowly mixing.

Though slow mixing is the central hurdle of Markov chains, to the best of our knowledge, there
has been little work on the theoretical analysis of mixing time. A series of studies have made efforts
to design efficient Markov chains [75, 83, 55, 45, 77, 83] without providing theoretical guarantees.
Over the past fifteen years, a surge of research has led to breakthroughs in the understandings of
geometric ergodicity of Markov chains [67, 54, 26, 73], and several elegant techniques were de-
veloped to characterize the mixing property [12, 40, 26, 73, 53, 66, 50]. Canonical path is one
main tool to show rapid mixing of Markov chains, and the idea is to design a set of paths between
all pairs of points such that no edge is “overloaded” (congested). The method of canonical paths
heavily relies on the graph structure, and the design of low congestion canonical paths remains a
highly non-trivial artwork especially for exponentially large state space of Markov chains, which
limits the range of applications. However, in some statistical problems, the construction of canoni-

cal paths may take advantage of the underlying model, and quantitative bounds for the convergence
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rate and mixing time of Markov chains can be obtained under some general conditions. Yang et al.
[85] was one of the first to apply the canonical paths idea to a Bayesian variable selection problem,
and obtained an explicit upper bound for the mixing time under some mild conditions. Inheriting
their ideas, this paper applies the same technique to a Bayesian community detection problem.
Motivated by the computational advantages of Gibbs sampling, a Bayesian point of view of
community detection was first suggested in [74] with only two communities. The approach was
further extended in [60, 43] to incorporate adjusted priors on community proportions as well as
edge probabilities and allow for the case of more than two communities. There has been little
theoretical analysis of Bayesian community detection until very recently, when the consistency
results of posterior distribution were obtained by [79]. However, they required the expected de-
gree of a node to be at least of order logzn to ensure the strong consistency of Bayesian posterior
mode, which is a suboptimal condition for strong consistency [1, 2, 89]. Compared with the work
on statistical performance, little work has been done on the computational efficiency to sample
from the posterior distribution, and it was once suggested that the mixing time for high dimen-
sional Bayesian community detection should scale exponentially, because the Markov chain must

eventually go over all possible states.

2.1 Bayesian Community Detection

Networks have arisen in various areas of applications and have attracted a surge of research inter-
ests in fields such as physics, computer science, social sciences, biology, and statistics [36, 58, 81,
32, 16, 86, 87, 88]. In the realm of network analysis, community detection has emerged as a funda-
mental task that provides insights of the underlying structure. Great advances have been made on
community detection recently with a remarkable diversity of models and algorithms developed in
different areas [35, 59, 42]. Among various statistical models, the stochastic block model (SBM),
first proposed in [44], is one of the most prominent generative model that depicts the network
topologies and incorporates the community structure. It is arguably the simplest model of a graph

with communities and has been widely applied in social, biological and communication networks.
5



Much effort has been devoted to SBM-based methods and their asymptotic properties have also
been studied recently [11, 14, 10].
In this section, we give a precise formulation of the community detection problem and intro-

duce a Bayesian approach. Then, we present the posterior strong consistency result.

2.1.1 Problem formulation

Consider an unweighted and undirected network with n nodes and K communities. The adjacency
matrix is denoted by A € {0,1}""*", A = AT and A;; =0, for all i € [n]. The edges are inde-
pendently generated as Bernoulli variable with EA;; = F;;, for all i < j. Here, P;; denotes the
connectivity probability for nodes i and j, and depends on the communities that the two nodes are
assigned to. In this paper, we focus on a homogeneous SBM and assume F;; = p if two nodes are
from the same community and F;; = g otherwise. We call p (resp. g) as the within-community
(resp. between-community) connectivity probability and assume p > ¢ to satisfy the “assortative”
property. Extensions to heterogenous SBMs are straightforward, but will not be considered in the
paper for the sake of the presentation.

Let Z € [K]" denote a label assignment vector, where Z; is the community label for the ith
node. Let B € |0, 1]K *K pe a symmetric connectivity probability matrix and thus F;; = BZ,-Zj with
Buq = p for all a € [K], and B, = q for all a # b. According to the description of the model, the

likelihood formula can be written as

1-A;j
p(A|Z,B) = HB (1—le.z}.> a (1)
i<j
We use Z* to denote the underlying true label assignment vector, and further assume that

LK iﬂ{zf:k}gﬁ—;,forallke[l(], )

where B > 1 is an absolute constant. It indicates that the all community sizes are of the same order.



When f8 = 1+ 0(1), all communities have almost the same sizes. Furthermore, we assume K is a
known constant, p,q — 0 and p < g throughout the paper. To conclude, this paper focuses on a
sparse homogeneous SBM with a finite number of communities.

Note that community detection is a clustering problem, and thus any label assignment gives an

equivalent result after a label permutation. To be specific, let

[(Z)={c0Z:0 € Pk}, 3)

where Pk stands for the set of all permutations on [K], and then any Z' € T'(Z) leads to an equiv-
alent clustering structure. Hence, with the identifiability issue, our ultimate goal is to reconstruct
the community structure, or equivalently, to recover the community label assignment Z* up to a

label permutation.

2.1.2 A Bayesian model for community detection

In addition to the likelihood formula of the adjacency matrix A given in (1), we put a uniform
prior on Z over a set Sy, where Sq is the set of all feasible label assignments depending on a
hyperparameter o. The connectivity probabilities B, for 1 <a < b < K receive independent Beta

priors. More precisely, the Bayesian model is given by

. Aij 1-A;;
stochastic block model: p(A|Z,B) = HBZJZ- (1 - BZij) ,
i<j
label assignment prior: n(Z)<1{Z € Sq},
connectivity probability prior: B, id Beta(ky, k), 1<a<b<Kk,

where K71, k» > 0 measure the prior information of the connectivity probabilities and have negligi-

ble effects on the results when the sample size is large enough. This is essentially the same set-up



in [79], except that we introduce a uniform prior over set Sq. The key set S¢ is defined by

Sa:{z:iﬂ{zi:k}e[i,@],forauke[lq}, @)
P oK K

where the hyperparameter & controls the size of the feasible set S¢, which rules out those models
whose group sizes differ too much. We require o > 8 so that Z* € Sy As will be clarified in
Section 2.3, this additional constraint seems to be necessary for the rapidly mixing according to
our practical experiments.

The induced posterior distribution can be expressed as

n(zja) = | [T 557 (1 = Bay) @~ O @)ari(s)

[O’I]K(K—H)/Z b ab
oc H Beta(Oyp(Z) + k1,145 (Z) — Oy (Z2) + %2), forZ € Sq,
a<b
and it follows that for Z € S,
logII(Z|A) = ) logBeta(Oyp(Z) + K1, ngp(Z) — Ogp(Z) + K2) + Const, 5)

a<b

where n,,(Z) = ng(Z)np(Z), nga(Z) = ng(Z)(ng(Z) — 1)/2 for all a # b € [K]. We use ny(Z)
to denote the size of community a, i.e., ns(Z) = |{i : Z; = a}|. We use O, (Z) to denote the
number of connected edges between communities a and b, which takes the formula O, (Z) =
YijAijl{Zi=a,Zj=b} and Oua(Z) = ¥, jA;j1{Z; = Z; = a} for all a # b € [K]. Note that the

posterior distribution is permutation symmetric, i.e.,

[1(Z|A) =T1(Z'|A), forall Z' € T'(Z). (6)



2.1.3 Posterior strong consistency

Before stating the theoretical properties of the proposed Bayesian model, we introduce some useful

quantities. The first quantity / plays a crucial part in the minimax theory [89],

1= —2log(\/pg++/(1—p)(1—q)),

which is the Rényi divergence of order 1/2 between Bernoulli(p) and Bernoulli(g). It can be shown

that when p,q — 0,

I=(140(1)(v/P— @)

Then, we introduce an effective sample size to simplify the presentation of the results. As men-
tioned in [89], the minimax misclassification error rate is determined by that of classifying two
communities of the smallest sizes. When K = 2, the hardest case is when one has two communi-
ties of the same size n/2. When K > 2, the hardest case is when one has two communities of sizes

n/KpB. Thus, we define

, for K =2,
(7N

S
I

n
—, forK >2,
KB
as the effective sample size of the problem. The following result characterizes the statistical per-

formance of the posterior distribution I1(Z|A) under mild conditions.
Theorem 2.1.1 (Posterior strong consistency). Recall that I'(Z) ={coZ: 0 € Pk}, where Pk

stands for the set of all permutations on [K|. Suppose that

al
liminf —
n—o logn

> 1, ®)

and the feasible set S¢, satisfies that o — B is a positive constant. Then, we have that

E[TI(Z € T(Z2)[A)] > 1 - nexp(—(1 - na)al) = 1 —o(1)



for a large n and some positive sequence My, tending to 0 as n — oo, and the expectation is with

respect to the data-generating process.

We defer the proof of the theorem to Section 2.4. It is worth noting that the condition required in
Theorem 4.2.1 is identical to the fundamental limits required for exact label recovery [1, 2, 89]. In
the special case of two communities of equal sizes, we require nl > 2logn to guarantee the strong
consistency result. Hence, Theorem 4.2.1 implies that under our Bayesian framework, posterior
strong consistency holds under the optimal condition.

We can also compare the statistical performance of our model with other Bayesian commu-
nity detection approaches. The first Bayesian SBM was suggested by [74], who considered two
communities and proposed a uniform prior for both community proportions and the connectivity
probabilities. It was further extended for more communities with Dirichlet priors on community
proportions and Beta priors on the connectivity probabilities. However, the field of Bayesian SBM
grows in a slow pace due to lack of theoretical analysis in terms of statistical consistency. Recently,
van der Pas and van der Vaart [79] proved that the strong consistency result holds under a condition
where the expected degree satisfies A4, > log2 n. In contrast, our model introduces a feasible set
So and proposes a uniform prior for label assignment Z on set S¢,. It results in the strong consis-
tency of posterior distribution under the condition that n(p —¢)?/p > logn, much weaker than the

condition required in [79].

2.2 Rapidly mixing of a Metropolis-Hastings algorithm

In this section, we propose a modified Metropolis-Hastings random walk, and analyze its statistical
performance as well as the computational complexity. Due to the identifiability of the problem, the

rapidly mixing property is analyzed in clustering space that will be defined in the sequel.

2.2.1 A Metropolis-Hastings algorithm

A general Metropolis-Hastings algorithm is an iterative procedure consisting of two steps:

10



Step 1  For the current state X;, generate an X’ ~ g(x|X;), where g(x|X;) is the proposal distribu-

tion defined on the same state space.

Step 2 Move to the new state X’ with acceptance probability p(X;,X'), and stay in the original
state X; with probability 1 — p(X;,X’), where the acceptance probability is given by

p(X")q(Xi|X") } 7

pXe,X') = min{l’ p(Xe)q(X'1X;)

where p(-) is the target distribution.

In this paper, we are sampling the community label assignment Z € [K]". In particular, we take
the single flip update as the proposal distribution, which is to choose an index j € [n] uniformly at
random, and then randomly choose ¢ € [K]|\ {Z;(j)} to assign a new label. The whole procedure

is presented in Algorithm 1.
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Algorithm 1: A Metropolis-Hastings algorithm for Bayesian community detection

Input: Adjacency matrix A € {0, 1}"**",
number of communities K,
initial community assignment Z,
inverse temperature parameter &,
maximum number of iterations 7.
Output: Community label assignment Z7.
for eachz € {0,1,2,...,T} do
Choose an index j € [n] uniformly at random;
Randomly assign a new label for index j from the set [K]\ {Z(j)} to get a new
assignment Z';

Z,.1 = Z' with probability

U B 1 CIvA7)
p(Z,,Z)_mm{l,m},

otherwise set Z; | = Z;.

The Markov chain induced by Algorithm 1 is characterized by the transition matrix, which

takes the form as

( g; /
;)min{Lw}, ifH(Z,7') =1,

n(K—1 15 (Z|A)
P(z,2)={1-Y P(z,7), if7z =2z, 9)
747
0, ifH(Z,7") > 1,

\

where H(Z,Z') is the Hamming error between the two label assignments Z,Z’. The inverse tem-
perature parameter & satisfies that & > 1. The algorithm is sampling from the scaled distribution
T1(Z|A), where TI(Z|A) o< I1% (Z|A) for any Z € [K]". As & — oo, the probability mass of I1(-|A)
concentrates on the global maximum of I1(:]A), in which case the algorithm is deterministic and

12



reduces to a label switching algorithm, as discussed in [11]. When & = 1, asymptotically the algo-
rithm is sampling from the true posterior distribution. The possible choices of & will be discussed
in the sequel.

The parameter 7" in Algorithm 1 is the total number of iterations required. As long as the
Markov chain mixes after 7', according to Theorem 4.2.1, Zr recovers the true community label
assignment up to a label permutation with high probability, i.e., Zy € I'(Z*) where I'(Z*) is as
defined in (3). Even though Theorem 4.2.1 is only stated for & = 1, it is easy to see that its
conclusion also holds for II(-|A) for a general & > 1.

Due to the identifiability issue, the theoretical analysis of mixing time will be performed in
the clustering space {I'(Z) : Z € Sq }, where I'(Z) is defined in (3). We denote the state in the
clustering space at time ¢ as I'y = I'(Z;), where Z; is generated from Algorithm 1. The graphical

model of the sequence {I'},>¢ is illustrated by Figure 2.1.

State Z, @ @ @
- ® OO O O

Figure 2.1: Updating process of I'(Z;).

Proposition 2.2.1. The sequence {1’ };>( induced by Algorithm 1 is a Markov chain.

Proof. The proof relies on the permutation symmetry of the posterior distribution given by (6). We

first introduce a distance between two clustering structures I" and I, defined by

HI.I'Y= min H(ZZ). 10
(,17) zemin (2,2) (10)
When H(T;1,T) < 1, we have
P{Iyy | Ty, s<t}= Z P{I'y 1|2 =2} P{Z =Z | T, s <t}. (11)
Zely

13



The equality holds since given Z;, I'; 1 and {I's : s <t} are independent. We proceed to calculate
P{T;41 | Z = Z}. In the case of H(I',1,T}) < 1, it is obvious that for any Z € T, there exists a

unique Z’' € Ty, 1 such that H(Z,Z') < 1. Thus, we have that

P{Ty1|Z=2}= Y P(z,2)=P2Z7Z). (12)
ZEFI+1

By (9), the transition probability P(Z,Z’) only depends on the ratio of I1(Z’|A) and I1(Z|A), and

(Z'A) _ T(I(ZN)]A) _ TI(T;4]A)

= = ; (13)
[(zja)  MT(2)jA)  TI(I%A)
which only depends on I'; and I'; ;1. It follows that
PAL 1 | Ziy =P{Lpsy [ 1}
Hence, plug the above identity into (11), and we have
P{Ti1 [Ty s<ty= ¥ BP{Tiy [T} -P{Z =Z | Ty, s<1}
zZely
—P{[ |0} Y P{Z=2Z|Ty s<1)
Zer,
=P{Tyy1 [I7}
When H(T;1,I) > 1, it is obvious that
P{Ly11 | T, s <1} =0=P{T;4y | T}).
Therefore, {I't };>( is a Markov chain by combining the conclusions of the two cases. O

According to the above proposition and its proof, we can define the transition matrix P from
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state ["'to I as

L min —H(FI‘A) é if " =
0 {1,[ ] }, tH(I,I') =1,

n(K — TI(T]A)
POT)=q1- ¥ pr,r), T =T, (14)
['+4D
0, if H(T,T') > 1.

We perform the analysis of mixing time for the Markov chain {Iy},>o. Write S¢ = {I'(2) :
Z € S¢ ) for simplicity, and we define the target distribution in the clustering space as TI(I'JA) =
Yzer T1(Z|A) for any I' € S¢. We show in the next section that {I't }t>0 is rapidly mixing to the

target distribution IT(-|A).

2.2.2 Main results

Before stating the main theorem, we first review the definition of €-mixing time, as well as the loss

function that we need for the community detection problem.

e-mixing time. Let I\) = I'(Z)) be the initial state of the chain. The total variation distance to

the stationary distribution after ¢ iterations is

1

AZo(t) = Hpt(r‘()v ) _I!I(‘A)HTV =5 Pt(l—‘o,r> _I!I(F|A)‘ ’

Te{l(Z):ZeSy}

where P'(I'y,-) and I1(-|A) are both distributions defined in the clustering space. The £-mixing

time for Algorithm 1 starting at Z is defined by
Te(Zp) =min{r € N: Ay (t') < eforall ' >1}. (15)

It is the minimum number of iterations required to ensure the total variation distance to the station-

ary distribution is less than some tolerance threshold €.
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Loss function. We introduce the misclassification proportion as a loss function, which is defined
by

0(z2,2*) = -H(['(2),T(Z%)), (16)

S | =

where H(-,-) in defined in (10).

To this end, let us show that the proposed modified Metropolis-Hastings algorithm in Section 2.2.1

gives a rapidly mixing Markov chain {I'; };>( under the following conditions.

Condition 2.1. There exist some positive sequences = 1(n) and ¥y = ¥y(n) such that

inf PUZ,2") <30} = 1-n.

We proceed to state the conditions for .

Condition 2.2. Suppose the sequence Y in Condition 2.1 satisfies one of the following cases:

e Case 1: there are only two communities, i.e., K = 2, and
(1—Ky)*nl — o, (1-Ky)(1—KBy)n — o, (17)

where 8 > 1 is defined in (2).

e Case 2: there are more than 2 communities, i.e., K > 3, and

% =o(1). (18)

Condition 2.1 and Condition 2.2 require that the misclassification number of the initial label
assignment is less than the minimum community size n/K 3 with high probability. Consider the
special situation where K =2 and B = 1 +o0(1), i.e., the underlying two community share the
same size asymptotically, Condition 2.2 is satisfied when the initial misclassification proportion is

1/2 — € for some sequence € — 0. When K > 3, we require a stronger condition that the initial
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label assignment need to be weakly consistent, i.e., the initial misclassification error goes to 0
as n — oo, The initial condition can be easily satisfied by algorithms such as spectral clustering

[52, 70, 21, 31].

Condition 2.3. Suppose limsup,,_,.,logn/il = 1 — gy. With the hyperparameter & defined in Al-

gorithm 1, one of the following cases holds:

e (Case 1: there are only two communities, i.e., K = 2, and

1 a?
§>(1—80){2—80\/m}a (19)

where « is defined in (4), and 7 is defined in Condition 2.1.
e Case 2: there are more than 2 communities, i.e., K > 3, and

1—80
28() '

&>

(20)

Note that the condition for the inverse temperature hyperparameter & also depends on the signal
condition (&) and initialization condition (}p). The condition of & is provided to ensure the strong
rapidly mixing property in the worst scenario. Note that with stronger initialization condition for
the case of K > 3, the condition of & is slightly weaker than the case of K = 2.

Here are some intuitive understandings of Condition 2.3. Theorem 4.2.1 shows that poste-
rior strong consistency holds under the condition liminf;,,_s.7//logn > 1. Suppose for two la-
bel assignments Z;,Z, that I1(Z;]|A) > I1(Z,|A), with hyperparameter & > 1, the posterior ratio
I (Z,|A) /TI5 (Z,|A) gets enlarged, and the Markov chain is more certain to move towards the
maximum point. However, the value of & is also constrained by the initialization Zy. With a larger
g, ¢ (Zp|A) is smaller and it takes longer for the Markov chain {I'; };>( to get mixed. The special
case is that when the initialization Z; is weakly consistent, or equivalently, £(Zy,Z*) — 0 as n — oo,
then the value of & only depends on &;. It gives the following alternative condition that can replace

Condition 2.2 and Condition 2.3.
17



Condition 2.4. Denote limsup,,_,.,logn/nl = 1 — &y. The positive sequence 7y defined in Condi-

tion 2.1 and the hyperparameter & satisfy that

1—80

28, (21)

Yo :0(1)7 5 >

Theorem 2.2.1 (Rapidly mixing). The initial label assignment is denoted by Z. Suppose Condi-
tions (2.1, 2.2, 2.3) or Conditions (2.1, 2.4) are satisfied. Then, the €-mixing time of the modified

Metropolis-Hastings algorithm is upper bounded by
te(Zy) < 4Kn®max {yp,n" 7} - (5 log <H(ZO |A)_1> +log(e™! )) 22)

with probability at least 1 — Clrfc2 — 1 for some constant C1,Cy > 0, where 7T is a sufficiently

small constant, and 1 is defined in Condition 2.1.

Remark 2.2.1. It is classical to perform theoretical analysis on a lazy version of Markov chain,
which has probability 1/2 of staying unchanged, and the other probability 1/2 of updating the state.
Theorem 2.2.1 is proved for the lazy Markov chain induced by Algorithm 1, i.e., the corresponding
transition matrix is (15—1—1 )/2. The same tricks are widely used in [85, 50, 8, 56]. It is worth noting
that this is only for the proof, and in practice, we still use the original transition matrix in Algorithm

1.

Theorem 2.2.1 implies the mixing time depends on the initialization Z and the choice of £. In
order to show that the mixing time is at most a polynomial of n, we still need the following lemma

to lower bound the initial posterior value IT(Zy|A).

Lemma 2.2.1. Under the conditions of Theorem 4.2.1, we have
logT1(Z9|A) > —C3n’I-£(Z,Z"), (23)

with probability at least 1 — C4n_C5 for some positive constants C3,Cy,Cs.
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Theorem 2.2.1 and Lemma 2.2.1 jointly imply that 7 (Zg) < n?(n?I +log(e~1)) with high
probability, which demonstrates that the Markov chain of Metropolis-Hastings algorithm is rapidly
mixing. To the best of our knowledge, (22) is the first explicit upper bound on the mixing time of
the Markov chain for Bayesian community detection.

Note that the target distribution of Algorithm 1 is II(:|A) o IT5(-|A). Since & > 1 and the
posterior strong consistency property still holds for fI(|A), Theorem 2.2.1 shows that Algorithm

1 will find the maximum a posteriori in polynomial time with high probability.

Corollary 2.2.1. Under the condition of Theorem 2.2.1, for any iteration number T such that
T > Cen®(n®1 +log(e~ 1)) for some constant C, the output Zy of the Algorithm 1 satisfies that

Zr € T(Z*) with high probability, or equivalently, {(Zy,Z*) = 0.

The following corollary focuses on the case of & = 1, and gives explicit conditions for the

Markov chain to converge to the posterior distribution TT(-|A).

Corollary 2.2.2. When nl/logn — oo, suppose Condition 2.2 holds, and we can take & =1 in
Algorithm 1, which reduces to the standard Metropolis-Hastings algorithm sampling from T1(-|A).
We have that the e-mixing time of the Markov chain is upper bounded by O(n*(n®I +log(e~1)))

with high probability.

The conditions of the above results can be weakened in the case where the connectivity proba-
bility matrix B is known. When B is known, there is no need to put a prior on B. Thus, the posterior

distribution can be simplified as

p(l—gq
10gH(Z|A):10g¥ZAin{Zi:Zj}—
q( _P),'<j
g (24)
logl_pZH{Zi:Zj}—l—Const, forZ e Sq.

i<j

The posterior formula is essentially the same as likelihood, while we restrict Z inside the feasible

set Sq. It can be shown that the posterior strong consistency property still holds in this case.
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Theorem 2.2.2 (posterior strong consistency). Suppose that limsup,_...7il/logn > 1, and the

feasible set Sy satisfies that o — B is a positive constant, then it follows that

E[II(Z € T(Z2*)|A)] > 1 —o(1),

with high probability, and the expectation is with respect to the data-generating process.

Condition 2.5. Suppose limsup,,_,.,logn/il = 1— g). Assume the positive sequence 7y, defined

in Condition 2.1 and the hyperparameter & satisfy one of the following conditions:

e Case 1:
1—¢
0=oll), &= . (25)
e Case 2:
1 o
(1—80)<—\/—>, for K =2,
2 4(1-K
(1 Kayy)?nl — o0, & > & 4(1—Kay) (26)

o

(1_8°>(2_e<)v45(1—1<am>)’ o=

Condition 2.5 yields the rapidly mixing property when the connectivity matrix B is known.

Theorem 2.2.3 (Rapidly mixing). Suppose we start the algorithm at Z, and Conditions (2.1, 2.5)
hold. Then, the e-mixing time of the Metropolis-Hastings algorithm induced by Equation (24) is

upper bounded by
te(Z9) < 4Kn max {10,n~ "} - (€ logTI(Zp|A) " +log(e ™)),
with probability at least 1 — C7n~8 — 1 for some constants C7,Cg, where 7 is a sufficiently small

constant, and 1 is as defined in Condition 2.1.

Compare the result with Theorem 2.2.1, and we can see that Theorem 2.2.3 obtains the same

upper bound with slightly weaker conditions for the initialization Zy and hyperparameter &.
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2.3 Numerical Results

In this section, we study the numerical performance of the Metropolis-Hastings algorithm.

Balanced networks. In this setting, we generate networks with 2500 nodes, and 5 communities,
each of which consists of 500 nodes. Figure 2.2 shows the trajectories of the Markov chains (each
denoted by a black line). By posterior strong consistency, the true label assignment receives the
highest posterior probability (denoted by the red line), and the Markov chains converge rapidly to

the stationarity (within 40r iterations), demonstrating the rapidly mixing property.

—297500

—500000 ~300000

—501000 -302500

rior

—502000 -305000

-poste
posterior

—503000 - —307500

log

LI}‘

g

3

3
log

—310000

—=505000 —312500
— logNn(z|A)

—— logN(Z" |A)
—506000 -315000

0 20n 40n 60n 80n 100n 0 10n 20n 30n 40n
iterations w.r.t number of samples iterations w.r.t number of samples

— logNn(Z|A)
—— logMN(Z"|A)

Figure 2.2: Log-posterior probability versus the number of iterations. Each black curve corre-
sponds to a trajectory of the chain (20 chains in total), and the red horizontal line represents the
log-posterior probability at the true label assignment. (a) A network with p = 0.48 and ¢ = 0.32.
(b) A network with p =0.3 and ¢ =0.1.

Heterogeneous networks. In this setting, we generate networks with 2000 nodes and 4 commu-

nities of sizes 200, 400, 600, and 800, respectively. The connectivity matrix is set as

0.50 0.29 0.35 0.25
0.29 045 0.25 0.30
0.35 0.25 0.50 0.35

0.25 030 0.35 0.45

The algorithm still performs well. As shown in Figure 2.3, the posterior strong consistency still

hold, and the Markov chains rapidly converge to the stationarity.
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Figure 2.3: Log-posterior probability versus the number of iterations. Each black curve corre-
sponds to a trajectory of the chain (20 chains in total), and the red horizontal line represents the

log-posterior probability at the true label assignment.

Necessity of the initialization condition. ~We show that the initialization condition required by
our main theorems is necessary by numerical experiments. Consider the network with two com-
munities of size 270 and 460, and the connectivity probabilities are set to be p = 1071, g=10"8.
The initial label assignment Z satisfies ¢(Zy,Z*) = (1 — €)/2a., and then Condition 2.5 is equiva-
lent to € > 0 and €21 — oo. In simulations, we run experiments for € =0.2,0.1,—0.1,—0.2, and

the results are shown as below.
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Figure 2.4: Log-posterior probability versus the number of iterations. The initial label assignment
Zp 1s constructed so that the labels of the community of size 270 are all correct, and there are
n(1—¢€)/2a labels in the community of size 460 are incorrect. Each black curve corresponds to a
trajectory of the chain (20 chains in total), and the red horizontal line represents the log-posterior

probability at the true label assignment.

Figure 2.4 shows that when € < 0, it is very likely for the algorithm to get stuck at some local

maximum, and does not converge to the stationary distribution.

Fundamental limit of the signal condition. We check that the fundamental limit of the signal
condition can be achieved by the Metropolis-Hastings algorithm. We generate homogeneous net-
works with 1000 nodes and 2000 nodes, and each has two communities of equal sizes. Figure 2.5
is the heatmap of the number of misclassified samples, where every rectangular block represents
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one setting with different values of p and g. In each setting, we run 20 experiments with indepen-
dent initializations and adjacency matrices, and the value of each block is the average number of
misclassified samples in the 20 experiments. Figure 2.5 shows that when nl > 2logn, we are able
to exactly recover the underlying true label assignment, and the result of simulation coincides with

the posterior strong consistency property in Section 2.1.3.
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(a) Network with 1000 nodes (b) Network with 2000 nodes

Figure 2.5: The heatmap of the number of misclassified samples. The red line in each plot repre-

sents the fundamental limit with K = 2.

2.4 Proofs

The posterior strong consistency property, Theorem 4.2.1 and Theorem 2.2.2, is proved in Section
2.4.1. The main result of the paper, Theorem 2.2.1, is proved in Section 2.4.2. Other technical

proofs are in Appendix.

2.4.1 Proof of posterior strong consistency

We first state the proof in the case where the connectivity probability matrix B is known (Theorem
2.2.3). Then, by similar techniques, we have the result of Theorem 4.2.1. To distinguish the
two cases, we denote the posterior distribution as ITy(-|A) with a known connectivity probability

matrix. In this section, we use d(Z,Z*) = nl(Z,Z*) = m(Z) to denote the number of mistakes for
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the label assignment Z. For simplicity, we also write m for m(Z) with a slight abuse of notation.

Proof of Theorem 2.2.2

We first state a lemma in order to prove the theorem.

Lemma 2.4.1 (Lemma 5.4 in [89]). For any constants o« > 3 > 1, let Z € Sq be an arbitrary
assignment satisfying that d(Z,Z*) = m with 0 < m < n. Then, for the I1y(Z|A) =I1(Z|A) defined

in (24), we have

exp <—(ﬁm —m2)1> , m< %7
P{IIy(Z|A) > T1p(Z*|A)} < nml n
exXp (—da’ﬁ 7) y m > ﬁ(v

where da’ B is some positive constant that only depends on o, B.

Proof of Theorem 2.2.2. Recall that for any Z' € I'(Z), we have I1y(Z'|A) = I1y(Z|A). For each
Z € Sq. let Gz = {I1y(Z|A) > T1p(Z*|A)}, and define G = Uzcg,G7. Let Pz denote the likelihood

function for the assignment Z. With the uniform prior on S¢, we have

Elly(Z ¢ T(Z%)|A) =Pz+T1o(Z € T(Z7)|A)I{G"} + Pz-T1o(Z ¢ T'(Z7) |A)I{ G}

Py

ST e
ZeT(Z¥) PZ* + ZZPZ

H{GS}+ Y, Pr(Gy)
74T(z")

P
<Pz Y SEHGH+ Y Pr(Gy)
zgr(z) % Z¢r(zr)

= Y PzG%)+Pr(Gy)
74T(2)

=2 ), P{(ZIA) > IIp(Z"|A)},
Z¢T(z*)
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where the last inequality is due to symmetry. We also have

enK

{[:3ZeT,s.t.d(Z,2") =m}| < (Zl) (K-1)"< min{ (W)mm}

Note that {Z : Z ¢ T'(Z*)} is equivalent to set {Z : m(Z) > 1}. With the condition that 2l > logn,

it follows by Lemma 2.4.1 that

Elly(Z ¢T(Z")|A) <2 ) <:1) K™ exp <—(ﬁm — mz)l) +2 Y K'exp (—daﬁmnI/K)

1<m<n/2K m>n/2K
<2 Y <n>K’" exp <—(ﬁm — mz)l) +2nK" exp (—anl) (27)
1<m<n/2K

for some constant C. We proceed to upper bound the first term in (27). It follows that

(:1) K™ exp (—(ﬁm—m2)1> < Z (enK)" exp (—(ﬁm—m2)1> = me

1<m<n/2K 1<m<n/2K m

where Py, = (enK)" exp (— (im —m?)I ) . The ratio of P, and P; is calculated as
2 — (enK)" Vexp(—l(m— 1)+ (m*> — 1)I) = (enK exp (—il + (m+ 1)1))" 1.

Define m' = &'n for some positive sequence €’ = &, with &’ — 0 and &'nl — oo. Then, ¥ <<, /2 Pin

can be split into summation of ¥y <,y P and Y., << /2 P Where

m'—1 P m —1
Y Pu=P Y <P Y (enKexp(—il+m'I))""!
m=1 m=1 Py m=1

< enKexp(—al +1)- (1 +2enK exp(—al + €'nl)),
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and there exists some constant C such that

Z Py < nK"exp(—€'(C— €")n’I) < exp(—n).
m' <m<n/2K

Hence, by combining all parts and based on the condition that il > logn, we have I1y(Z ¢

I'(Z*)|A) < Cnexp(—nl) for some constant C and for a large n.

Proof of Theorem 4.2.1

Lemma 2.4.2. Let Z € Sq be an arbitrary assignment with d(Z,Z*) =m > 0. If p,q — 0 and
p =< q, there exists some positive sequence Y = Y, with Y — 0 and }/an — oo, such that for the

I1(Z|A) defined in (5), we have

I1(Z|A) 2 }
P max log———=< > —Cyn“l ; <4exp(—n),
{ZGSa:m>yn gH(Z*|A) - 1y - p(=n)

and

T(Z|A) Ty (Z|A) ]
p ! - - 1>0% < nexp(—(1—o(1))il
{ZESIB:%%W e Ti(zoA) 8Ty (zejay XYl > O < nexp(=(1=o()al),

for some constants C,Cp. Here, I1o(Z|A) is the posterior probability with known connectivity

probabilities.

The proof of Lemma 2.4.2 is deferred later. We now state another lemma that is based on

Proposition 5.1 in [89].

Lemma 2.4.3 (Proposition 5.1 in [89]). For any Z € Sq where d(Z,Z*) = m < n/2K,

o [Mozia)

~ 2
< exp (—iiml +m?1)
Ty (Z*]A) <exp(imi +m
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Proof of Theorem 4.2.1. With Lemma 2.4.2 and Lemma 2.4.3, we divide Sq into a large mistake
region and a small mistake region according to whether m > yn, where ¥ is a positive sequence

defined in Lemma 2.4.2.
Large mistake region. For m > yn, by Lemma 2.4.2, with probability at least 1 —4exp(—n),

I(Z|A)

W < nK" eXp<—C1'}/n21) < exp(—n).

ZGSa:m>'}/I’l

Denote & = {Y. 7S, :m>m % < exp(—n)}, and it follows directly that

E Y, 1(zA)

ZeSq:m>yn

<E[L(Z:m> ynA)I{&} +P{&} < 5exp(—n).

Small mistake region. Form < yn,let Gz = {I1o(Z|A) > I1o(Z*|A)}. Let 6 denote all unknown

parameters and 6y denote the underlying true parameters respectively. Define

I1(Z|A) y(Z|A)
F = max lo —lo —Crymnl >0
{ZGSa:mSYn £ H(Z* |A) & HQ(Z* |A) 27 }
as in Lemma 2.4.2. Then, we have
EIN(Z:1<m<1vynlA)
I1(Z|A)
< Y PZ*,eomH{G%ayc}Jr Y, Ppogl{Gz}+P{F}
Z:1<m<vyn Z:1<m<vyn
IH(Z|A
< Y Prg BT <Z*|A) I{G5}exp(Crymnl) + Y Pz ,1{Gz} +P{F}
Z:1<m<vyn ( | ) Z:1<m<vyn

< ), exp(Cymnl)ProI{Gy}+ ), Pz g J{Gz} +P{F}
Z:1<m<vyn Z:1<m<vyn

<nexp(—(1—o(1))al)).
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Recall that ITj(-|A) denotes the posterior distribution with knowledge of the connectivity probabil-
ities. The second inequality is due to IT1(Z*|A) < 1. The third inequality is due to the definition of

the event .%. The last two inequalities hold by Lemma 2.4.1 and symmetry.

Combine the two regions, and then
EIN(Z €T(Z*)|A) < nexp(—(1 —o(1))al).
The proof is complete. 0

2.4.2  Proofs of Theorem 2.2.1 and Theorem 2.2.3

Backgrounds on mixing time

Consider a reversible, irreducible, and aperiodic Markov chain on a discrete space € that is com-
pletely specified by a transition matrix P € [0, 1]|Q‘ 19 with stationary distribution IT. Let @ € Q
be the initial state of the chain, and then the total variation distance to the stationary distribution

after ¢ iterations is

Ao(t) = [[P(@,-) =]y,

where P'(®,-) is the distribution of the chain after # iterations. The &-mixing time starting at @ is

given by
Te(®) =min{t € N: Ay (r') < eforall s’ >1}.

With this notation, we say a Markov chain is rapidly mixing if 7¢ (@) is O (poly(log(|Q|/€))) in the
case where |Q| scales exponentially to the problem size n. This means we only need to update the

Markov chain for poly(n) steps in order to obtain good samples from the stationary distribution.
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The explicit bound for the mixing time through the spectral gap is

—logII(®) +1log(1/¢€)
Gap(P)

Te(@) < : (28)

where Gap(P) represents the spectral gap of the transition matrix P, defined by Gap(P) =1 —
max{| Ay (P)|, | Amin(P)|}, where A (P), Ayin(P) are the second largest and the smallest eigenvalues

of the transition matrix P. See the paper [82] for this bound.

Preparation

Suppose P(-,-) in (9) is the transition matrix introduced in Algorithm 1 defined in the label assign-
ment space S, and P(-,-) in (14) is the transition matrix of {I'; },>( defined in the clustering space
So ={I(Z) : Z € Sg}. The stationary distribution for P and P are denoted as IT and IT respec-
tively. We require a good initializer, and use the following lemma to guarantee that all possible

states visited by the algorithm remain in a good region with high probability.

Lemma 2.4.4. Suppose we start at a fixed initializer Zy with ((Zy,Z*) < Yy where Yy satisfies
Condition 2.2, 2.4, or 2.5. Then, the number of misclassified nodes in any polynomial running

time can be upper bounded by
m=n-U(Z,Z") §nmax{}/0,n_r}—|—log2n, (29)

with probability at least 1 —exp(— log2 n), where T > 0 is a sufficiently small constant.

The proof of Lemma 2.4.4 is deferred to Section A.1.1. Note that Lemma 2.4.4 is stated
conditioning on a fixed initial label assignment Z, with ¢(Zy,Z*) < . This is slightly different
from the original initialization conditions where we use Z; dependent on data. A simple union
bound will lead to the final conclusion. Lemma 2.4.4 quantifies the maximum possible number of
classification mistakes when starting at a good initializer. Here, (log n)2 is chosen for simplicity

and can be replaced by any sequence v,; > logn.
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Let 4(Y) denote a good region with respect to the initial misclassification proportion, defined

by
4 (1) ={Z € Sq. : m < nmax{yp,n” "} +logn}, (30)

where 7 is a sufficiently small constant. Accordingly, we can define a good region in the clustering

Space as

9(1) ={02): 2% (n)},

and Lemma 2.4.4 ensures that for any 7 that is a polynomial of n, {I'; }o<;<7 stays inside o (%)
with high probability. Sometimes we write ¢ (}) and ¢ () as ¢ and ¢ for simplicity. Then, we
modify the distributions and transition matrices according to the regions ¢ and ¢ . Denote the mod-
ified distributions as Ty (Z|A) o< 15 (Z|A)I{Z € ¥} for all Z € Sq, and TT¢(T'|A) o< TI(T|A)I {F cd }
for all " € S¢. Define in the label assignment space the new transition matrix Py (-,-) correspond-
ing to ﬁg(-|A), by replacing I15 (-|A) with ﬁg(-|A) in (9). Define in the clustering space the new
transition matrix Py(-,-) corresponding to ITg(-|A), by replacing I1(-|A) with HHA)]I{' € gv} in
(14).

With these notations, we proceed to bound the total variation error between the distribution of

I'7 and T1(-|A) after T steps for some 7 that is a polynomial of 7.

Lemma 2.4.5 (TV difference).
E|[ g (-14)  F1(-14) |7y < nexp(—(1—o(1))7).
Proof. We have
E |1 (-14) — F1(-14) |7y < 2BFL( ¢ 914) < 2BI(L # T(Z°)|A) < nexp(—(1 - o(1))a).

The second inequality is due to the definition of & . The last inequality directly follows by Theorem

4.2.1 or Theorem 2.2.3, and the condition that & > 1. O
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Thus, by triangle inequality, we can decompose the total variation bound at time 7 as

HIBT(FO’ ) _rVI("A)HTv
(3D
<||F (o, = B (o, )| |, + |7 (Cos) =Tl |+ [T = T1C14) .

where T is the number of iterations. Lemma 2.4.4 implies that the first term is O with high proba-

bility for T < poly(n), since the algorithm stays in the region ¢ (). The third term can be upper

bounded by Lemma 2.4.5. Therefore, the remaining proof is to adopt the canonical path approach
to bound the second term in (31).

For the purpose of the proof, we replace the transition matrix }V’g by its lazy version, which has

a probability of 1/2 at staying at its current state, and another probability of 1/2 at updating the

state. The same technique can be also found in [85, 50, 8, 56]. It is worth noting that this technique

is only for the proof.

Canonical path

Given an ergodic Markov chain %" induced by the lazy transition matrix F’g in the discrete state
space ¢, we define a weighted directed graph G(%) = (V,E), where the vertex set V =% and
an edge between an ordered pair (I',T”) is included in E with weight Q(T',I”) = I14(I')Py(T,I7)
whenever P (I',T’) > 0. A canonical path ensemble .7 is a collection of simple paths {7 y} in
the graph G(%), one between each ordered pair (x,y) of distinct vertices. As shown in [73], for
any choice of canonical path .7, the spectral gap of the transition matrix I5g can be lower bounded
by

. 1
Gap(Pg) > (DT

where /(.7) is the length of the longest path in .7, and p(.7) is the path congestion parameter

defined by p(y) = max(r’p)eE( F 1_‘, Zg y9 F F’) Hg( )I!Ig(y)
In order to apply the approach, we need to construct an appropriate canonical path ensemble
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7 in the discrete state space . First, we construct a unique canonical path from any clustering I"
to the underlying true clustering I'*, where I'* = I'(Z*). Suppose for any label assignment Z, we

define a function g : S¢ — S¢ such that

argmax II(Z'|A), ifZgT(Z%),
¢(Z) = 7'eB(Z)NSq (32)

Z, ifZel(Z"),

where
B(Z)={Z :d(Z,z*)=d(2,2*)-1,H(Z2,Z") = 1}.

We use A(Z) N Sq to denote the set of available states that have fewer mistakes than the current
state Z. Here, #(Z) NS¢ is always non-empty for Z ¢ I'(Z*). Here, g(Z) is the optimal state
in #(Z) in the sense that g(Z) maximizes the posterior distribution. Then, for any current state

I € Sy, we define the next state §(T") to be

g ={g(2):Z€T}

Since for any Z € T, g(Z) gives the equivalent result, and thus g(I') € S is well defined. Hence,
the canonical path from any current state I' # I'(Z*) is a greedy path, and the number of mistakes
keeps decreasing along the canonical path.

Second, we construct a unique canonical path between any two states I" and I, defined by
91",? = — ‘yf“,l"*' The operations on simple paths are the same as defined in [1]. It is worth
noting that the construction of the canonical path is data dependent, i.e., for different adjacency
matrix A, the construction of the canonical path might be different.

Let A(T) = {IN“ €ed:Te %7r*} denote the set of all precedents states before I" along the
canonical path. Let & = {([,I") € E(%¥) : I € A(I") } denote the ordered adjacent pairs along the
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canonical path. It follows that

1
p(J)=  max
(rree@) QT & S5y

1

< I, (x)I1
< (Ff}l,a)’; ) XGA%‘,’yGQ g ()Tg(y)
= max M — max Hg(A(F>)

rMes QIY) ey OT,8(T))

where we simply take maximum only over all states in the discrete space 9. By the definition of

Algorithm 1 and the lazy transition matrix, Q(I',I”) can be expressed as

O(P4(T) = Ty (T)A(T (1)) = 55 min {TTg(1). T (2(T) .

It leads to the bound for the congestion parameter as

=2(K—1)nmax ———= ( o
reg min {TI(T'|4), II(¢(T") |A)
)

v

}
=2(K - 1)nﬁa§{%-mw{hﬁ¢w>}}v

where IT(T|A) = Yz II(Z|A) forall T € Sg.
Lemma 2.4.6. Recall that g(Z) is the next optimal state of Z defined in (32), and 4 () is defined

in (30). Suppose Zy is given with {(Zy,Z*) < yy where 7y satisfies Condition 2.2, 2.4, or 2.5.
Suppose & satisfies Condition 2.3, 2.4 or 2.5. Then, we have
M(Z|A)

max ————— <exp(—Cnl)
2e9 (1) I1(g(2)|A)

for some constant C > 1 — gy with probability at least 1 — Cln_cz.

The proof of Lemma 2.4.6 is deferred to Section A.1.4 and Section A.1.5. By Lemma 2.4.6
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and by permutation symmetry, we have

) AEA)
K —— = ———— <exp(—Cial) < exp(—Cil),
rez I(EIM)A)  ze¥ T1(g(2)|A)

for some constant C > 1 — g, with high probability. Denote m = nmax{yy,n *} + log?n for

simplicity, and it follows that

1(A(T)|A L=y
ma)gM <1+ max Z (n m) (K — 1)\ exp(—Clil)
rey II(I'|A) msm (= \ 1

<1+C'nexp(—Cil),

for some constants C’ and C > 1 — gj. Then, we have

Ly [ A f T
p(7)<2(K~-1) { T1(I]A) {l’v(g(F)lA)}}

< 2(K — 1)n(1+C'nexp(—Cal)).

Furthermore, since the canonical path is defined within <, we can upper bound the length of the

longest path by
0(7) < 2nmax{yy,n" *} +2log’n.

Recall that I'j = I'(Z). By Lemma 2.4.4 and Lemma 2.4.5, together with (28) and the strong

consistency property of ITg(+|A), we have that for any constant € € (0, 1),

<&, (33)

BT (o, ) ~T1(14) |
holds for any

T > 4(K ~ 1) max{10,n~ "} (~&logM(Zl4) +loge™") (1+o(1)), (34)
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for large n with probability at least 1 — C3n_c4 for some constants C3,Cy, where I (ZplA) <
I1,(Tp|A) always holds. Finally, if P{¢(Zy,Z*) < ¥} > 1 — 1, then the conclusions of Theorem

2.2.1 and Theorem 2.2.3 can be obtained by a simple union bound argument.

Coupling

We require 7 to be at most a polynomial of » so that Lemma 2.4.4 holds. Thus, the previous total
variation bound (33) holds only for 7 < poly(n). In order to bound the mixing time defined in
(15), we further use coupling approach to show the total variation bound holds for any ¢t > T'.

We call a probability measure w over Q x Q is a coupling of (u,v) if its two marginals are u
and v respectively. Before the proof, we first state the following lemma to relate the total variation

to the coupling.

Lemma 2.4.7 (Proposition 4.7 in [50]). For any coupling w of (u,v), if the random variables (X,Y)

is distributed according to w, then we have

lu—vllry <P{X #Y}.

Back to our problem, in order to upper bound ||ﬁ’ (Tp,-) —T1(-|A) HTV for any r > T, we first
create a coupling of these two distributions as follows. Consider two copies of the Markov chain

X; and ¥; both with the transition matrix P:
o Let Xy =TIy, and Yy ~ I1(-|A).

e If X; # Y;, then sample X, and Y, | independently according to P(X;,-) and P(¥;,-) re-

spectively.
e If X; = Y;, then sample X, .| ~ P(X;,-) and set ¥, | = X, 1.
Thus, it is obviously that for any # > 1, ¥; ~ I1(-|A), and X; ~ P'(Iy,-). Set

T = 4Kn®> max{yp,n" "} (—5 logTT(Zp|A) +1ogs*1) (140(1))
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defined in (34). By Lemma 2.4.7 and (34), we have forany t > T,

|2 (To,) —TI(|A) ||y S P{X; # Y} <P{Xr # Y7}
=1-P{Xy =Yr}
<1-P{Xy =Yy =T%}

<2-P{Xp =T*} —P{y; =T"}.

By (33), we have

P Ty, ) ~114) |, = max| P (o, ) ~T(slA) | < e

TV

with high probability. Together with the strong consistency result, it yields

[P (To,) =X1(-|A) ||y <2—P{Xy =T"} —P{rp =I"}
< 1— (I(T*|A) — ) —T1(T*|4)

<e(l+o(1)),

. K — / . oqe
with probability at least 1 —Cn € for some constants C,C’. Here, the high probability statement
is with respect to the data generation process, i.e., adjacency matrix A.

To combine, we reach the result that for any constant € € (0, 1),
e(Zp) < 4Kn*max {10,n~%} - (£ logT(Zpl4) " +log(e ™)),

with high probability where 7¢(Z) is defined in (15).
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CHAPTER 3
UNADJUSTED LANGEVIN MONTE CARLO VIA TWEEDIE’S

FORMULA

In the area of Bayesian computation, Markov Chain Monte Carlo (MCMC) is the most popular
technique, in which the equilibrium distribution of the Markov chain matches the target distribu-
tion. Most recent works have been done on proposing novel MCMC schemes and studying the
computational efficiency [24, 39, 68, 90], where the central interest is to analyze the mixing time
of Markov chain, also referred to as the convergence rate. However, the non-asymptotic analyses
of mixing time with respect to dimension depends heavily on the smoothness of distribution, which
is usually not satisfied in sparse Bayesian inference with non-smooth prior distribution.

Among a great variety of MCMC techniques, Langevin Monte Carlo (LMC) is one of the most
famous method that is derived from stochastic Langevin diffusion process. The continuous dy-
namic diffusion process was first proposed in [71, 61], and the corresponding stochastic differential
equation (SDE) is constructed based on the negative log-density function (referred to as potential
function) of the target distribution. Under some general conditions, the SDE admits one stochastic
solution that converges to the target distribution [69]. In practice, Euler-Maruyama discretization
is adopted to approximate the stochastic solution [61], referred to as LMC algorithm, which can
be viewed as iterative updating procedure to approximately sample from the target distribution.
Over the past five years, a surge of research has led to breakthrough in the understanding of the
convergence rate of LMC. Dalalyan [23] first established the non-asymptotic convergence analysis
in total variation for the LMC algorithm, targeting the log-concave and smooth density function
with a good initialization. Durmus and Moulines [27] followed the work in [23] and studied the
convergence rate in wasserstein distance. Cheng and Bartlett [ 18] reformulated the sampling prob-
lem as a minimization problem in a probability measure space, and provided the result in terms
of Kullback-Leibler divergence. However, nearly all well-established results for LMC algorithm

require convex and smooth condition of potential function, which is a big limitation to application.
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In this work, we aim to tackle the problem of sampling from non-smooth or even unbounded
density function, and provide non-asymptotic convergence analysis under certain conditions. Mo-
tivated by Tweedie’s formula, we propose a novel LMC sampling scheme where, at each step,
the point was updated through a posterior mean calculation. We show that it is equivalent to first
smooth the density function, and then apply LMC algorithm. The smoothing scheme studied in
this work is referred to as Tweedie’s transformation. Tweedie’s transformation reveals advantages
compared with Moreau-Yosisa envolope studied in [29] and Gaussian smoothing studied in [15].
Moreau- Yosisa envolope (also referred to as proximal method) cannot be applied to an unbounded
density function and the smoothness bound requires convexity condition, which restricts its ap-
plication in area of Bayesian regression with sparse priors. Gaussian smoothing technique yields
slower convergence rate than Tweedie’s transformation both under Lipschitz condition, since its
smoothness constant after smoothing depends on the dimension.

The non-asymptotic convergence analysis is performed in this work in terms of total variation
distance. In particular, we focus on the minimum number of iteration steps required to guarantee
the total variation distance is less than some predefined threshold € (also referred to as mixing
time in Chapter 2). When the potential function is convex and smooth, the minimum number of
iterations in theory scales as &' (d / 82> with dimension d. Without smoothness condition, we are
able to show the number of iterations scales as & <d3 / 86) under certain conditions. It is worth
noting that the proposed algorithm also works in non-convex cases, but needs to be studied case

by case according to its spectral gap.

3.1 Bayesian Formulation and Computation

In this section, we formulate the problem and introduce the Langevin Monte Carlo (LMC) algo-

rithm.
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3.1.1 Problem Formulation

In this work, we focus on sampling from a probability distribution on R with density u(x) given

by
e~ UW)

O = g

Y

for some measureable function U : R? — R, referred to as the potential function. Throughout the

chapter, we require U to satisfy the following conditions:

Condition 3.1. U = f+g, where f,g: R? 5 R satisfy that:

(1) f 1is strongly convex with positive constant m and smooth with positive constant M, i.e., for

any x,x € ]Rd,

) = F) = VI (=) = T =3,

IVF(x) = V()2 < Mx—x'||3

(ii) g is separable, i.e., g(x) = ):?1:1 gi(x;).

We assume f to be strongly convex for simplicity. If f is convex with m = 0, we can always
add a small convexity into the function and then tune the magnitude to bound the convergence
result. Notice that the function g is allowed to be non-smooth, non-convex, and even unbounded.
One typical example is sparse Bayesian inference. In this settings, we focus on sampling from the
posterior distribution taking the form of p(x) < exp (—f(x) —logm(x)), where f(x) is the negative
log-likelihood function that is smooth and strongly convex, and 7(x) is some sparse prior that is
not necessarily upper bounded.

Due to intractable integration in the denominator, direct inference of u(x) is generally infea-
sible, which leads to Markov Chain Monte Carlo (MCMC). In this work, in order to tackle the
non-smoothness and even unboundedness, we propose a new MCMC methodology and establish

theoretical convergence rate.
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3.1.2 MCMC: Unadjusted Langevin Monte Carlo

One of the most popular MCMC methods is unadjusted Langevin Monte Carlo (LMC), derived
from the discretization of over-damped Langevin diffusion. It was first introduced in the physics
literature [61], and attracts more attentions in computational statistics community [37, 38]. Sup-
pose we want to sample from fi(x) e exp(—U (x)) for a general function U : R? — R that is contin-
uously differentiable. Then, the stochastic differential equations (SDE) of corresponding Langevin
diffusion process is given by

dL; = —VU(L;)dt +/2dB, (1)

where (B;);> is a d-dimensional Brownian motion. Under additional mild assumptions, this SDE
admits a unique strong solution (L;);>¢. In addition if [exp(—U(x))dx < oo, then the unique
invariant distribution of the semi-group associated with the Langevin SDE is given by fi(x) o<
exp(—U(x)) [48]. In practice, the discretization of the Langevin difussion is obtained by the
Euler-Maruyama discretization scheme, and leads to the discrete time Markov chain (X )0, that
forall £k > 0,

LMC: X1 =X — hVU(Xk) + Vv 2/15](_,_1, 2)

where & > 0 is the step size, and (i) > is a sequence of iid d-dimensional standard Gaussian vari-
ables. The process (X )x>0 can be viewed as samples approximately drawn from fi. The proposed
iterated algorithm is also referred to as Unadjusted Langevin Algorithm (ULA) in some literature.
Under the smoothness condition of U(x), the divergence between continuous time process and

discretized time process can be well bounded through the following lemma.

Lemma 3.1.1 (Discretization approximation, Lemma 2 in [23]). If U : R - R satisifies the second
inequality in Condition 3.1 with smoothness constant M, and x* € R s one stationary point
satisfying VU (x*) = 0. For any k > 0, let on’kh and P;O’kh be respectively the distributions of

Langevin diffusion after time kh and its discretization process after k steps, with the same initial
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value Xy ~ V. Then, if the step size h < ﬁ, it holds that

M3n? dkM?*h?
D <IP’ZO’thIP§O’kh> <= (Bvy [1%0 —x" 3] +2knd ) + —

By Lemma 3.1.1, the divergence between two processes only depends on the smoothness of

potential function and the initialization.

3.2 Unadjusted Langevin Monte Carlo with Tweedie’s Transformation

We present our novel sampling algorithm in this section, which combines LMC with Tweedie’s
transformation to tackle the non-smooth or even unbounded issue. We first introduce Tweedie’s
transformation through a toy example, study its theoretical properties and present some graphical
results in various cases. Then, we propose main algorithm along with some theoretical convergence

guarantee.

3.2.1 Tweedie’s Transformation

Let g : RY — R be any measurable function with [pqe ™8 (W dx < oo, and define the Tweedie’s

transformation of g as
Hx 12
= —log/ —s0y 1 (2mA)~ d/zdy— log]E[ glx _\/IZ)} , where z~ .47 (0,1;). (3)

The transformation stems from Gaussian kernel convolution, and we have the following lemma.

Lemma 3.2.1. Suppose y € R? follows distribution q(y) o< e 80) 2o ¥ (0,1;), y L z and define

x=y+VAz Let g* (x) be defined as in (3). Then, it follows that
(i) Invariant normalization constant: [ exp (—g}‘ (x)) dx = [exp(—g(x))dx;
(ii) Convexity preservation: if g(y) is convex, then g (x) is convex;

(iii) g’l (x) € C*%, i.e., g)L (x) is infinite smooth;
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(iv) Tweedie’s formula: Vg*(x) = %(x—EMx]). When g is differentiable, we further have

Ve (x) = E[Vg(y)|xl:

(v) Smoothness: Vg (x) = %Id - %Cov(z|x). When g is twice differentiable, we further have

V2 (x) = E | V2g(y) | — Cov (Ve(y)l);

The proof is deferred to Section 3.4.2. In Lemma 3.2.1, g’1 (x) stands for the negative log-
likelihood of x after Gaussian convolution, and its derivative recovers Tweedie’s formula [30].
When A — 0, g7 (x) point-wisely converges to g(x). In addition, from (i,v) in Lemma 3.2.1,
it follows that HV2g7L (x)H2 < % always holds if g(x) is convex. Worth noting that from (v) in
Lemma 3.2.1, when g is convex and smooth with smoothness constant Mg, then it directly follows
that g*(x) is convex and smooth with smoothness constant min {1/A,Mz}. Hence, Tweedie’s
transformation in (3) provides a smooth approximation for g and we can make it arbitrarily close
to g by tunning the value of A.

We pause here to provide some toy examples to better understand the Tweedie’s transformation.
Results are collected in Figure 3.1. For the sake of clear presentation, all transformations are
applied onto one-dimensional functions.

From Figure 3.1, we observe that Tweedie’s transformation works well to various kinds of
functions, and all functions after transformation are smooth, even if the function itself is not upper
bounded (as in plot (c)) or lower bounded (as in plot (d)). As A becomes smaller, g7L is getting
closer to g. As shown in plots (a,b,c), when original function g is convex, the resulting g7L 1s also
convex, which coincides with Lemma 3.2.1. We will discuss in detail about horseshoe function in
Section 3.3.

From computational point of view, if g is separable, i.e., g(x) = X" | g;(x;), then Tweedie’s

transformation only involves one-dimensional integration, which is tractable in practice.
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Figure 3.1: Tweedie transformation applied onto quadratic function, absolute function, constraint
function, and log horseshoe function. The blue line in each plot represents the original function
g, and other lines with different colors represent g7L using different values of A. The formula of
horseshoe prior is given by (4), and here we take 7 =0.1.

3.2.2  Proposed LMC with Tweedie’s Transformation

Recall that we want to sample from p(x) o< exp(—U|(x)), where potential function U = f + g
satisfying Condition 3.1. When g is not smooth or even unbounded, we focus on smoothed version
Ut = [+ g}” via Tweedie’s transformation on g. It leads to an alternative target density /.L;L o<
exp (—U l) . Combined with LMC in (2) and Tweedie’s formula in Lemma 3.2.1, we then propose

the following novel algorithm.
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Algorithm 2: Unadjusted Langevin Monte Carlo via Tweedie’s Formula (TDLMC)
Input: Initialization X ~ vy,

Smoothing level A,
Step size h,
Number of iteration steps K.
for eachk € {0,1,2,...,K} do
Draw &iy1 ~ A (0,1);
Update Xj_, | according to
Xyt = (1 - %) X, —hV (X)) + %]E VIXi] + V2hE 1,

where

a2
p(y|Xy) o< exp (—g(y) _ W) _

We refer to Algorithm 2 as TDLMC for simplicity. The crucial part of TDLMC algorithm is
appropriately choosing value of A. When A is small enough, the divergence between distributions
u and ‘LL)‘ is negligible, while A also controls the smoothness of potential function U A which
further controls the accuracy of approximation with discrete time Langevin process by Lemma
3.1.1. Notice that when A — 0, TDLMC reduces to the original LMC algorithm.

We further compare the TDLMC algorithm with MYULA algorithm proposed in [29]. Worth
noting that TDLMC is using posterior mean in each update, and MYULA is using posterior mode

to update. Hence, MYULA does not apply to some cases where g is not lower bounded.

3.2.3 Main Results

In this section, we present a detailed theoretical analysis of TDLMC algorithm with fixed smooth-
ing level A and step size . Recall that the original potential function is U = f 4 g where f satisfies

Condition 3.1. Without smoothness in g, we apply Tweedie’s transformation on g to obtain g}” as
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defined in (3), and construct smoothed potential function U A= f+ g’l. Recall that 1 o< e~ U is the

e _ygh C e
target distribution, and thus ,u7L < e U serves as a surrogate distribution. In order to construct the

convergence rate of sampling from u, the key points are to bound the divergence between p and
‘LLA, as well as to show the convergence rate of sampling from [,LA.

To begin with, we study the convergence rate in convex case.
Condition 3.2. g: R? — R is convex.
Condition 3.3. g:R? — R is L-Lipschitz, i.e., [g(x) — g(y)| < L||x—y|| for any x,y € R,

Condition 3.1 and Condition 3.2 guarantee that U A s strongly convex by Lemma 3.2.1. Con-
dition 3.3 ensures that the total variation between y and ,u7L are well bounded by the following

lemma.

Lemma 3.2.2. Suppose Condition 3.3 holds with L\/Ad < 1/2, then we have that

8(x) — g ()| <28LVAL,

sup
X

and

y)
- < CLVAd
H“ H HTV -

for some universal constants C > 0.

Proof. By the definition of g% (x), we have

‘g(x) — g (x)‘ = ‘logE [eg<x>_g(x_‘/zz)} , Where z ~ A4 (0,1).

It follows that

sup |g(x) — g* (x)| < logE
X

Jet—gte- Az)\] < togE [#V2H] < 2817d
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where the last inequality holds by Lemma 3.4.1. Then, we have for any x € R4,
o f(x)—¢"(x) Je—f(x)—8(x)

fe_f(x)_gl(x)dx/fe_f(x)_g(x)dx

=g(x)— gt (x) —logEy [eg(x)igjL (x)] < 56LVAd.

log =log

It follows that

ut (x)

< CLVAd,
1 (x)

—1

Hu —MHTV = / (u(x) —ul(x)]dx < sup

for some universal constant C. L]

It leads to the following main theorem.

Theorem 3.2.1. Let X be initialization draw from vy, and Vi j, be the distribution of Xk after K
iterations of TDLMC Algorithm with step size h. If Conditions (3.1, 3.2, 3.3) hold with Lv/Ad <
1/2 and h(M+1/1) < 1/2, then we have

HvK,h—unsc(e—m“\/mvoum+hMi/2¢EVO||Xo—x*u2+hMl@+Lm),

where M), = M + 1/A with M defined in Condition 3.1, x* is the minimizer of U’l, and C is some

universal constant.

Notice that we are using fixed step size in Theorem 3.2.1 for simplicity, but it can be easily
generalized to decreasing step size hg, since the smoothing procedure doesn’t depend on the step
size. Theorem 3.2.1 involves the initial distribution. With a warm start, we can simplify the result

in the following corollary.

Corollary 3.2.1. Under all assumptions of Theorem 3.2.1, assume initialization X is a warm start

and follows N (x*7 Gz[d) for some fixed variance, if we set



then HvK,h — 'uHTV < €, where Vi j, is the distribution of Xk after K iterations of TDLMC Algo-

rithm with step size h. Here, C1,Cp,C3 are constants depending on m, M, L.

We pause here to do some literature review and compare the results. The best rate given so far in
convex and smooth case using LMCis h = & <82 / d) andK =0 (d / 82> in terms of total variation
bound, ignoring the smoothness and convexity constant [18, 23]. However, without smoothness
condition, we have the bound on mixing time (total number of iterations need) K = & <d3 / 86) by
Corollary 3.2.1. Under the same condition, our result is better than the result in [15] whose mixing
time bound is & (dS / 87) with Gaussian smoothing, since their smoothness bound depends on
dimension d after transformation. Moreau-Yosida proximal transformation proposed in [28] can
also address non-smoothness, but the final rate is not precise as the constant C still involves the
dimension d. Also notice that Moreau-Yosida only works for g that is lower bounded and requires
g to be convex so that g’l after transformation is smooth. In contrast, Tweedie’s transformation
works for unbounded g as well, and is smooth even when g is not convex.

Before proceeding with the non-convex case, we pause here to present a crucial role in the
study of continuous process convergence rate, known as Poincaré constant (also referred to as

spectral gap). The Poincaré constant of an arbitrary distribution 7 is given by

2
y*:inf{W: fec'®HNL*(n), f+0, /fdnzo}.

By Theorem 4.2.5 in [4], we can well establish the convergence rate of continuous process via

spectral gap. Hence, it leads to the following main theorem.

Theorem 3.2.2. Let X be initialization draw from Vo, and Vg 5, be the distribution of Xk of
TDLMC algorithm with step size h. Suppose Condition 3.1 and Condition 3.3 hold with L/ Ad <

1/2 and h(M+2/1) < 1/2, then we have

Ivics—llry <€ (’f‘ K2\ [ (vol |22 + gy WEVOHXo—x*n%hMA@%M) ,
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where My = M+2/A with M defined in Condition 3.1, x* is the minimizer ofU)“, Y* is the spectral

gap of /,L)“, and C is some universal constants.

Worth noting that the smoothness of g)L after Tweedie’s transformation does not require the
convexity of g by Lemma 3.4.2, and hence this is so far the only theorem establishing the con-
vergence rate in non-convex and non-smooth case. Here, y* is the spectral gap of ,u)“ o< e _gl,
which may depend on dimension d in some cases. The crucial part is to lower bound y*. Some

related work has been elaborated in [65, 17, 84] and it will not be the focus of this Chapter.

3.3 Numerical Results

In order to show the validity of Tweedie’s transformation as well as the fast convergence of
TDLMC algorithm, we first present simulation result in one dimensional space, aiming to match
the sampled distribution with the theoretical distribution . Then, we move experiments to large

dimensional cases.

(-a)?

Gaussian with Laplace prior. Suppose we want to sample from (< e™ 2 L|x|, which can
be viewed as posterior distribution for Gaussian observation with Laplace prior. Here, we fixa =5
and set initialization Xy = a, and study how TDLMC algorithm performs with different value of L.
We choose A o< 1/ L? according to Lemma 3.2.2. It is better to set smaller step size / such that the
approximation of discrete time Langevin process is more accurate, but it requires more iterations

to converge. For simplicity, we set # = A and K = 60,000, and the results are shown below.

From Figure 3.2, we see that Tweedie’s transformation and Algorithm 2 are valid and work well to

sample from non-convex distribution, as all histograms well fit red curves.

(x-a)?
Gaussian with horseshoe prior. We then sample from p o< ™2 p(x), where p(x) takes the

form as horseshoe prior [13]. Horseshoe prior can be viewed as normal prior with random variance
of the form

A~ A (O,1),  p~m(u) o w2 (1 4u/t?) 7 )

1. Code is available in https://github.com/zhuobumeng/Tweedie_sampling/
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= Sampled distribution 06 = Sampled distribution 20 = Sampled distribution

(@ L=1 (b)) L=2 ©L=5

Figure 3.2: Tweedie transformation applied onto Laplace prior. Blue areas denote the histogram
of sampled data using Algorithm 2, and red curves represent the true distribution. Here, we choose
A =0.05/L2.

We plot the potential function of horseshoe prior in Figure 3.1 by taking 7 = 1. As shown in Figure
3.1 plot (d), the original function is unbounded, not smooth, and not convex, such that common
sampling methods, including Moreau-Yosida proximal sampling, fail. To show the advantages of
our proposed algorithm, we do experiment in one dimension, and match the sampled data to its
true distribution. We again set a = 2, Xy = 2, K = 60,000, and only change the value of 7. Here,
T controls the variance of normal prior, and as T gets larger, the prior is less informative and the
posterior is more toward the observation data (¢ = 2 in our case). Since we require step size to be
smaller when 7 is smaller, we choose A o /7 heuristically, and set the step size & = A. The results

are shown below:

10
200 —— True distribution — True distribution —— True distribution
= Sampled distribution mm Sampled distribution 0.6 = Sampled distribution

(@) 7=0.5 b t=1 ) 7=2

Figure 3.3: Tweedie transformation applied onto horseshoe prior. Blue areas denote the histogram
of sampled data using Algorithm 2, and red curves represent the true distribution. Here, we choose

A=h=0.017.

Large dimension Bayesian sparse linear regression. In this part, we study how fast the algo-
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. : o : _ l—ax?
rithm converges to stationary distribution. We focus on sampling from y ~ e 2~ p(x) where

x,y € R". Here, A € R"*" is design matrix, and p(x) is sparse prior. It can be viewed as Bayesian
sparse linear regression problem, and we want to sample from the posterior. For the likelihood
model, We set sample size n = 100, and use independent design matrix where A; iy (0,1). We
set sparsity s = 10, i.e., the first 10 elements of underlying true x* is 0, and all remaining elements
are set to be 10@, larger than the universal threshold of \/W~ Observation y is

generated through likelihood model.

We begin with experiment using Laplace prior, given by p(x;) o< e Ll for each i € {1,...,n}.
We choose L = /2nlogn, and try to sample from the corresponding posterior. This is non-smooth
distribution sampling problem, and we present below the results using our algorithm TDLMC via

Tweedie’s transformation and the MYULA algorithm in [29] via Moreau-Yosida envolope.

900 900
—— TDLMC: h=0.005 —— MYULA: h=0.005
U 800 1 —— TDLMC: h=0.001 o 800 4 —— MYULA: h=0.001
E TDLMC: h=0.0005 E MYULA: h=0.0005
u 700 —— TDLMC: h=0.0001 ¥ 700 —— MYULA: h=0.0001
=] =
2 600 - 2 600 |
7] [F]
[=) [¥)
c [= \
& 500 1 & 500
@ "
o pel
T 400 T 400
z z
] 5 PO AT .
b e, s
& 300 A 7 300 A o~ .-_v_...v-*:'*‘.;ﬁ?.,;_ i e
: Sl it i
200 200 4
T T T T T T T T T T T T T T T T T T
0 5n 10n 15n 20n 25n 30n 35n 40n 0 5n 10n 15n 20n 25n 30n 35n 40n
Iteration Iteration
(a) TDLMC (b) MYULA

Figure 3.4: Comparison of TDLMC and MYULA algorithms. In each plot, each line represents
one Markov chain. Here, x-axis represents the number of iterations in terms of the sample size,
and y-axis represents the L, squared distance from the current point to the true value x*, given by
X —x*||2. In each plot, different colors represent different step size h and smoothing level A, and
we set h = A for simplicity. In each color, there are 4 lines, representing 4 different replicates of
experiments. The initializations are chosen to be standard Gaussian.

From Figure 3.4, we can see that both two algorithms converge to stationary distribution very fast.
We can also see that for both two algorithms, when step size is smaller, it takes longer time for

Markov chains to converge. In this case, the performances of two algorithms are very similar, but
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the application of MYULA is limited.

We then shift gears to sparse Bayesian regression with horseshoe prior, given by (4), where the
density is unbounded at 0. MYULA is using posterior mode and it fails in this case. It is worth
noting that so far, to the best of our knowledge, TDLMC is the only sampling algorithms that can
sample from the posterior distribution with horseshoe prior when design matrix is not orthogonal.
The prior p(x;) for each i € {1,...,n} is defined by (4). The experiment design is the same as
regression with Laplace prior. The regularization parameter 7 in horseshoe prior is set to be #

according to [78]. The result is shown below.

800 A

700 A

600 -

500 - g .""" : 2 e ¢ ,!- ‘M&kﬂ\ -!M «w@*‘\ﬁ%iﬁ
5 : Ia"m‘\"‘i + o i "r\" q

400 A L LG B A

300 A

MN —— TDLMC: h=0.001

—— TDLMC: h=0.002
—— TDLMC: h=0.003
TDLMC: h=0.004

200 1 i
100 - E: o

T T T T T T T T T
0 10n 20n 30n 40n 50n 60n 70n 80n 90n 100n
lteration

L2 squared distance to true value

Figure 3.5: TDLMC applied on sparse Bayesian regression with horseshoe prior. Each line repre-
sents one Markov chain. Here, x-axis represents the number of iterations in terms of the sample
size, and y-axis represents the L, squared distance from the current point to the true value x*, given
by ||x; —x*||?. In each plot, different colors represent different step size 4 and smoothing level A,
and we set h = A for simplicity. In each color, there are 4 lines, representing 4 different replicates
of experiments. The initializations are chosen to be standard Gaussian.

As seen in Figure 3.5, TDLMC works well for sampling from non-convex, non-smooth and even

unbounded distribution. When the step size is slightly larger, Markov chains reaches plateau faster.

3.4 Proofs

In this section, we present the technical proofs for lemmas and theorems. Some other technical

proofs can be found in Appendix.
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3.4.1 Proof of Lemma 3.2.1

Proof of Lemma 3.2.1. The first claim holds by Proposition 3.5 in [72]. For other two claims, we
slightly change notation here for general proof. Suppose y ~ p defined in RY, 2o N (0,A1;),y Lz

and x = y +z. Denote m(x) (resp. p(y), q(z)) as exp(—@u(x)) (resp. exp(—p(y)), exp(—dq(2))).

It follows that

m(x) = pxq(x) = /p<x—Z)CI(Z)dZ = /p(y)Q(x—y)dy-

If the density function of y is log-concave, then the density function of x is log-concave. The

strongly log-concave property is also preserved [72]. And we have

CVm(x) [ p(y)Vg(x—y)dy

Vom(x) = —Vlogm(x) = m(x) m(x)

_ Vo (x—y)p(y)g(x—y)dy
m(x)

:E[V¢p<)7) {)H'Z:x}.

=E[Vo,(2) | y+2=1]

The last equation holds when ¢, is differentiable. It directly gives the Tweedie’s formula that

Vout) = E[Voy(ol] ~E | Sl

x] _ x—E[l]

As shown above,

mx) e [exp <—¢p<y> - %) dy

is an average version of the density p after Gaussian kernel convolution. When A — 0, m(x) point-

wise converges to p(x). Furthermore, ¢y,(x) is a smooth and convex approximation of ¢, (x). It
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follows that

V2¢m(x)

=VE [V‘f’q(Z) M =V </q(x—y) -V(])q(x—y)p(y)dy. m)

[a(2)V4(z)p(y)dy Vm(x)
m(x) m(x)

= [ Va(@)- Voyx=" pO)dy/mx) + [ a(2)- Vo @)y /m(x) -
—E [V20,(2) | x| ~E | V0,(2)- Yoy ()" | x| + E [Voy(2) | 1] - E [Voy(2) | 1]

=E[V24,(2) | x] - Var (V4,(2) | x)

—E V29, (y) | x| = Var (V6,(5) | x)
The last equality holds if V2¢p (y) exists. O
Lemma 3.4.1. Suppose Z ~ A (0,1;). If L\/A < 1/2, we have logE [eL\/I”Z”] <28LVAd.

Proof of Lemma 3.4.1. We have
B [eVAI) = [Tp{tVRE > i Yar < at [T {AE 2 1),
0 N N a N

where a = eZLm. It follows that
[TR{eV A s Yar= [T > <%)2 o
a o a “\LVA
. <log<r> ) >4 . <log<r>>2
§/a exp —% dtg/a exp —% dt

2

« Y
/log(a) =P ( 16127 y) Y

> (y—8L*2)*\ 1 2
= — dy- 4LP) ) 4LV A
log(a) P ( 16L2A 4L\ A Y- exp ( )

<8TLVAexp(4L*1.)
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3.4.2 Proof of Theorem 3.2.1 and Theorem 3.2.2

Proof of Theorem 3.2.1 and Theorem 3.2.2. We begin with the proof of Theorem 3.2.1. Suppose
we have continuous time diffusion process defined in (1) and discretized LMC defined in (2), with
potential function U A, given by U A — f+ g)“. Suppose two processes start at the same initial
distribution v(y. For the sake of the presentation, we use U; to denote the distribution of continuous
time process at time 7, and use Vj 5, to denote the distribution of LMC after k steps with step size .

Continuous time convergence. It is easy to see that U A s m-strongly convex by Condition
3.1, Condition 3.2, and Lemma 3.2.1. By Bakry-Emery theorem ([80], Th. 21.2 and Remark 21.4),
we have that the distribution p? (x) o< exp(—U* (x)) satisfies a logarithmic Sobolev inequality with

constant m, i.e., for any 7 that is absolutely continuous w.r.t. ,u)“,

D<7EH[,L’1) < ﬁ/@u’ldx, where p = ,u%

It follows directly Theorem 5.2.1 in [4], that
D A — A
(/,L,Hu ) <exp( 2mt)D<v0H[,L )

Hence, by Pinsker inequality, we have H,ut — u’l HTV <4/ %D (llt ||ul) <exp(—mt)\/D (VOHH/I)-

Discrete time process approximation. By Lemma 3.1.1, at time ¢ = kh, we have

My 3h? dkM; %h?

4 >

(Ev, [1Xo —x*[|3] +2khd) +

1
HVk,h—MthTV < \/ED(Vk,hHlikh) < \/

where M, is the smoothness constant of U A By Lemma 3.2.1 and the convexity of g, we know

1V2g* (x)| < % Hence, we can simply take M; = M + 1/A, where M is the smoothness constant

of f.
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Tweedie’s transformation. By Lemma 3.2.2, we have that
A
- <CLVAd
H“ K HTV - ’

for some constant C.

Finally, due to the triangle inequality of total variation, after combining all three bounds, it

directly gives us the result of Theorem 3.2.1.

In order to prove Theorem 3.2.2, without convexity condition, we need to replace the contin-

uous time convergence rate and bound the smoothness of g’l (x). By Theorem 4.2.5 in [4], we

directly have

<o (ufp).

H“’_ HTV

where 7" is the spectral gap of ,u’l, and needs to be analyzed case by case. By Lemma 3.4.2, we

have HVzg’l (x) H < % Hence, the result directly follows.

Proof of Corollary 3.2.1. 1t follows that

v()Hu :/vo ((x))dx

:/vo )log v (x dx+/v0 U’l( )dx—l—log/exp U’l( ))dx,

where

1 d
2n62 2’

d
/vo(x) log vy (x)dx = Elog

and

/VO(X)UA(X)dx = /VO(X) (Ul(x*) * A%”x—x*“%) dx = U™ (x*) + d%cz
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and

/exp (—U’l (x)) dx < exp (—U’l (x*)) /exp <—§||x—x*||2> dx = exp(—U* (x*)) (2_71;)61/2.

m

Combining all inequalities and ignoring constants expect for step size &, smoothing level A, and

dimension d, it directly gives the result. [

Lemma 3.4.2. Suppose g satisfies Condition 3.1 and Condition 3.3. After we apply Tweedie’s
Vzgl(x)H <2/A.

transformation to get g (x), we have

Proof. By Condition 3.1 and Condition 3.3, for any x € R?, we have g(x) = szzl gi(x;), and each
g; 1s L-Lipschitz. In addition, we have that g7L is also separable by (3), and hence Vzg’I is a

diagonal matrix. Combined with Lemma 3.2.1, we have

2 o b Var(zilx)
8x,-g (x) - l A{ 9

2
fori=1,...,d, where p(z;|x;) =< exp <—g(x,- —z) — ZZ_I)L) By Lemma 3.4.3, we have that when

LVAd <1/2, we have

a)ggﬂx)‘ <2/A. O

Lemma 3.4.3. Suppose g : R — R is L-Lipschitz, and x,y,z € R satisfy that y ~ g(x), z~ A4 (0,1),

y L z, and x = y+\/Az. Then, we have

6
Var(z|x) < geLzl.

When L/A < 1/2, Var(z|x) < 2.

Proof of Lemma 3.4.3. We have that

_ [2e 86V g (7)dy < [ 280 =8(6=VA) g ()dz < [ 2LVl g (2)dz
B [e=&0)dy - [e8s®) =80 ay = Jellay

Var(z]x) <E [zz ) x]
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where fe"x_y|dy =2, and

E [ZZeL‘qu < \/IE (4 E [ezu/ﬂz\] < \/3 (]E [ezL\/IzD IR [e—ZL\/XZ} < V6l
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CHAPTER 4
APPROXIMATE BAYESIAN COMPUTATION WITH BERNSTEIN-VON

MISES PROPERTY

Bayesian approach for inference has become one of the central interests in statistical inference,
due to its advantage of expressing uncertainty in probabilities rather than using criteria integrating
out the whole sample space. The full inference using Bayesian approach is based on the posterior
distribution and is widely studied. Though it is convenient, there are still some limitations to the
full Bayesian inference, especially in scenarios where the likelihood does not have closed-form
expression or cannot be numerically evaluated, while it is accessible to simulate synthetic data
from generation model for given parameter of interest. In addition, full inference based on the
posterior distribution is not attractive considering model misspecification, when the likelihood is
no longer a good criterion for parameter estimation. In the past century, a surge of research works
have improved frequentist approaches to data analysis and model fitting, but it still remains unclear,
to the best of our knowledge, how to naturally combine the frequentist approach of parameter
estimation with prior information, when posterior inference is not preferable.

In recent years, approximate Bayesian computation (ABC) draws great attentions as one of
popular Bayesian techniques [7, 22], when other likelihood-based inferences are limited by the
difficulty of computing the likelihood. ABC provides approximate inference in generative models
with tractable algorithms, and has proven useful in various applications [76, 49]. It is a simulation-
based approach that first samples parameter according to prior distribution, and then simulates
synthetic data based on generation process given the sampled parameter. If the synthetic data and
true data are close enough, then we accept the sampled parameter. The closeness is measured
according to the distance between summary statistics compared with user-defined threshold level.
All ABC samples form an approximate distribution, and is close to posterior distribution, if the
selected summary statistic is sufficient and the threshold level is small enough [5]. The choice of

summary statistics is crucial and most works have been focused on choosing sufficient summary
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statistics in order to increase the information available to the ABC procedure, with great hope of
recovering the posterior distribution [9, 63, 57]. However, in most cases, it is not preferable to
choose sufficient statistics since we may only focus on one part of information among all data.

In this work, we consider a special case where a frequentist estimation §Y is given, obtained by
optimizing some loss function L, (8,X) with observation Y = (¥;)!"_, with sample size n, and we

aim to answer the following three questions:
e How to naturally incorporate prior information of 8 with the loss function?
e How to do Bayesian inference?
e [s there any good property of Bayesian distribution when sample size is large enough?

The proposed Bayesian distribution in this work is constructed by the prior distribution and the
sampling distribution of é\y. To the best of our knowledge, the Bayesian distribution proposed
in this work is the only distribution that not only combines information from loss function and
prior distribution, but also possesses Bernstein-von Mises type of property, in the sense that the
asymptotic shape of Bayesian distribution is the same as that of the sampling distribution of §y.
In addition, when éy is taken to be maximum likelihood estimate, then the Bayesian distribution
asymptotically converges to the full posterior distribution. The sampling distribution is not feasible
in most cases, and thus we adopt ABC algorithm to do Bayesian inference. The approximate
Bayesian distribution obtained by ABC algorithm is also proved to share Bernstein-von Mises
type of property under certain conditions. Due to computational complexity, we further provide an

alternative algorithm pseudo ABC that is more efficient.

4.1 Problem Formulation and Background Introduction

In this section, we mathematically formulate our problem of constructing Bayesian distribution
for generative model. Then, some background of approximate Bayesian computation is presented,

followed by some related work in constructing Bayesian distributions.
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4.1.1 Problem Formulation and Generative Models

Throughout this work, we consider distribution class {Pg : 8 € ®} indexed by 8 € © C RY. We
denote the data by Y = (Y7,...,Y,) drawn from Pgo, where 6 denotes the true parameter as an
interior point in ®, and »n is the sample size. Each observation y; can be of arbitrary dimension.
We consider the asymptotics as n — oo and d is fixed. Suppose the loss function is given, denoted

by L,(0,X), and the estimate By is given by
6y = argminL,(6,Y). (1)
0

In addition, we have prior information of 6, denoted by distribution 77(6). Our goal is to naturally
incorporate prior information with the assigned loss function.

Very often, for complex loss functions, such as Tukey’s depth function [3] and generative ad-
versarial net, it is difficult to do inference and study the distribution of §Y In this paper, we propose
a new type of Bayesian distribution and adopt approximate Bayesian computation to address these
issues. We consider inference for purely generative models, i.e., it is feasible to sample from Py

forall 6 € ©.

4.1.2 Approximate Bayesian Computation

Approximate Bayesian computation (ABC) is a likelihood-free method for implementing Bayesian
inference. It was first proposed in [64], and then improved and popularized in population genetics[7],
systems biology [76], finance [62], and statistics [33, 9, 51]. Suppose we have dataY = (Y,...,¥,) ~
Pgo, where 6 € O is the true parameter. Let 7 denote the prior distribution on 8. Then the basic

ABC procedure is presented below:
(1) Draw a parameter 6 ~ 7(6);
(2) Sample fake data X = (X1, ...,Xy) ~ Py;

(3) Accept 8 if d(w(X),w(Y)) < I;
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(4) Repeat procedure and collect all remaining 6;

Here, d(-,-) can be any user-defined distance metric, w(X),w(Y) are summary statistics used
to distinguish true data from fake data, and € is the threshold of ABC. According to this procedure,

the final accepted samples are drawn from ABC posterior distribution, given by
7, 7€ (6) o« ﬂ(G)/H{d(W(X),W(Y)) < h}dPg(X) o< m(6)Pg {d(w(X),w(Y)) < h},

where with a slight abuse of notation, we use [Py to take probability over all variables drawn from
Py, and hence Y is treated as fixed. It is easy to check that if w(X),w(Y) are sufficient statistics,

when i — 0 as n — oo, and n}‘?BC

converges to the true posterior distribution. In most cases where
the likelihood is not tractable, ABC is adopted to recover the posterior distribution by carefully
choosing summary statistics, which is not the focus of this work.

Notice that the above procedure is referred to as rejection ABC, and the more general version

will be discussed later.

4.1.3 Contribution and Related Works

Prior to our work, there are two types of work of constructing Bayesian distribution in order to
incorporate the prior information. One type of work focuses on analytical form, given by ¢(6) o<
exp(—AL,(0,Y))7m(0) [46, 47, 19, 20], where the loss function plays the role as a scaled negative
log-likelihood, and A is an extra parameter. It can be also viewed as a optimization problem with
negative log prior as regularization. The other type of work focuses on ABC procedure replacing
distance metric by loss function, i.e., accept sampled parameter 6 when the loss on fake data is
small enough [41, 57, 9]. However, these two types of work both depend heavily on the scale of
loss function, which should be irrelevant considering that the frequentist estimate does not change
with the scale of loss function.

In this work, we propose a novel way to add prior distribution on top of frequentist estimation,

and propose a feasible algorithm to do inference, along with rigorous proof of nice asymptotic
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properties.

4.2 Approximate Bayesian Distribution

In this section, we propose theoretical Bayesian distribution that combines the loss function and
the prior distribution. Due to lack of analytical form, we adopt ABC algorithm to sample from the
Bayesian distribution, and the output samples are drawn from an approximate Bayesian distribu-
tion. Then, we present rigorous theoretical proofs to show both two distributions share Bayesian

contraction and Bernstein-von Mises type of property under certain conditions.

4.2.1 Bayesian Formula

We begin with the theoretical Bayesian distribution proposed in this work. Recall that the frequen-
tist estimate §Y is defined in (1) w.r.t. data ¥ ~ P”O, and let §X be the same statistics w.r.t. fake data
X where X ~ Pg for some 0, i.e., §X = argming L, (0,X). We define a new Bayesian distribution,

taking the form of

)

m(6)

D

¥)

B p§X|9(
q(0) )6

 Jom(8)rg, 4

; 2)

)

D

where Pay o (@y) is the density of §X given 0 taking value of gy. We pause here to better explain
the distribution through a toy example. Suppose Py = .4 (60,1;). Let Yy,..., Y, ~ A (6y,1;) for
some true 6, and the estimate obtained from some loss function takes the form of §y =Y. Then,

the proposed Bayesian distribution in this case is given by

o o a7 -0
4(0) = w(0)pg, () =< 7(8)pg, o (By) o= (0) exp ).

which boils down to the standard posterior. Worth noting that the construction of the proposed
Bayesian distribution works for any loss function that gives consistent estimate. If we take negative
log-likelihood as our loss function, then the Bayesian distribution converges to the full posterior

distribution asymptotically as n — oo, since maximum likelihood estimate is asymptotic sufficient.
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4.2.2 Bayesian Computation

The Bayesian distribution defined in (2) is intractable as we do not know the density of §X for
each given 6. Considering it is easy to generate data from Py for each 8, then it is feasible to do

inference via ABC. Hence, we provide the first main algorithm via ABC.

Algorithm 3: Basic approximate Bayesian computation
Input: Loss function L,

Frequentist estimate By = argming L, (0,Y),
Proposal distribution S(6),
Choice of kernel function: .# : R — R

Large constant K > 7 (0) maxg T))’

(6
0
Bandwidth (or threshold) 4,
Number of samples N.
for eachic {1,2,...,N} do
Generate 6() ~ §(6);
Sample X = (X1,...,Xy,) ~ Pg(i);
Solve By = argming L, (6,X);
Accept 6() with probability

Output: A set of sampled parameters 6(1) , 6! yeens o)

Algorithm 3 is rooted from the ABC rejection algorithm but is more general. In Algorithm 3,
we use .# : R? — R to denote any multidimensional kernel function that must satisfy the following

properties:
e % (u) > 0is a symmetric density function;

o [, H (w)du=1, [, ux (u)du=0,and [,uu’ # (u)du = 0.
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We use %, to denote the kernel function with bandwidth /, given by ¢, (u) = h~4.# (u/h). In
particular, if we take % (u) o< [{||u|| < 1} in Algorithm 3, then it gives back the ABC rejection
algorithm. Another big difference is that, in ABC procedure, we need to seek for summary statistics
w(X) in order to recover the posterior distribution, while here we fix the summary statistic to be
the solution of the loss function w.r.t. the fake data and true data.

The samples obtained from Algorithm 3 no longer follow the Bayesian distribution defined in

(2), but instead follow an approximate Bayesian distribution, given by

 m(0) Jy i (Bx — By ) apy(x)
Jo(8) fx #i, (Bx — By ) dp4(x)do’

qn(0) (3)
where % is the kernel function defined above with bandwidth 4, Pg is the product measure, and
§X; §y are solutions of loss function w.r.t. true data Y ~ Pgo and fake data X ~ Pg. In particular,

when we take 7 (1) o< I{||u|| < 1}, the approximate Bayesian distribution is simplified to

an(8) = 7(8)Pg {[|6x — By || <h}.

The main idea of Algorithm 3 is to sample parameters according to the prior distribution, and
then keep those parameters whose fake data cannot be well distinguished from the true data by
the loss function. Hence, the approximate Bayesian distribution defined in (3) is a natural way
to combine prior and the loss function, which is also tractable. Notice that both Q and Q) are

constructed given observation Y.

4.2.3 Main Results of Asymptotic Properties

Before diving into main theorems, we first present some assumptions. Recall that we study the
asymptotic property with n — o and d fixed. Throughout this section, let 8y be an inner point of
©. Let Oy = argming L, (0,X) for X ~ Py. We use B(a,€) to denote the e-neighbor of point a,

taking the form of B(a,e) = {0 : |0 —a|| < €}.
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Assumption 4.2.1. The estimate §X is uniformly consistent for all 0 € @, that is, for any & > 0,

Jim sup Po {[0x 6] = 5} =0

Assumption 4.2.2. There exists an open set neighborhood U of 6, such that for any € > 0, there

exists some large constant M, such that

lim sup Pg {\/ﬁHéx—QH ZM} <e.
= gcy

Assumption 4.2.1 implies that the loss function is good in the sense that it gives the uniformly
consistent estimate for all 0 € ®. Assumption 4.2.2 implies that for any 6 in a neighbor of 6y,
J/11||8x — 8] = Op(1). Let Fy(8,-) denote the distribution of \/n (§X - 9) with density £,,(8,-),
where X ~ Py, and use F(8,-) to denote its limit distribution with density f(6,-). We have the

following stronger assumption to make sure f;,(6,-) is close to f(0,-).

Assumption 4.2.2°. There exists an open set neighborhood U of 6, such that f,(0,t) — f(0,t)

forallt and all 6 € U, and for any fixed large constant M,

fn(6,1)

f(6,1)

lim sup sup
Qe |t]| <M

Worth noting that Assumption 4.2.2° implies Assumption 4.2.2. In addition, we have the fol-

lowing continuously differentiable assumptions on limit density function.

Assumption 4.2.3. There exists an open set neighborhood U of 6, such that for any fixed constant

M, there are corresponding constants Ly, Ly satisfying that

sup sup HVelng(e,t)H <Ly, sup HV[]ng(eo,t)H < Ly, 4)
0cU |l <M Jell<m
where Ly, Ly depend on constant M. That is, f,(0,t) is uniformly continuously differentiable w.r:.

0 and t forany 6 € U.
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Assumption 4.2.4. Suppose sup, f(60q,t) < L, i.e., the limit density function is upper bounded.

Assumption 4.2.3 is a general condition for most density functions, and is easily satisfied if
Vglog f(0,t) and V;log f(0,t) are continuous within the constraint set. The final assumption is

for prior function as shown below.

Assumption 4.2.5. There exists some small constant 6z such that

sup  |[Vglogm(0)|| < Lg, 5)
6B(6).5)

for some constant Ly, i.e., w(0) is continuously differentiable.

We then proceed to present asymptotic properties of the Bayesian distribution and the approx-

imate Bayesian distribution.

Theorem 4.2.1 (Contraction result). We use Q to denote the Bayesian distribution with density
function defined in (2). If Assumptions (4.2.1, 4.2.2°, 4.2.3, 4.2.4, 4.2.5) hold, then for any small

€ > 0, we can find corresponding large constant M', such that
Eg,0 (vin|o—r| = M) <e,

for large n, i.e., for any positive sequence My, — oo, Eg O <\/r_l H 06— 5y H > Mn> — 0. Here, Eg,

is taking expectation over the true data generation process Y ~ Pg .
o

Theorem 4.2.2 (Contraction result). We use Qy, to denote the approximate Bayesian distribution
obtained by Algorithm 3 with bandwidth h. If Assumptions (4.2.1, 4.2.2°, 4.2.3, 4.2.4, 4.2.5) hold

with \/nh = O(1), then for any small constant € > 0, there exists a corresponding large constant

M’ such that

Ee, 0 (Vi [0 —Br| =) <e,
for large n, where Eg, is taking expectation over the true data generation process Y ~ Pgo.
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Theorem 4.2.1 and Theorem 4.2.2 provide the contraction results of two distributions. Some
results similar to Theorem 4.2.2 have been provided in [9, 33]. However, they used the probability
concentration bound to show the contraction result and thus the bandwidth is required to be h =
Q(1/4/n). With above assumptions on density function, we can improve the contraction result
with bandwidth 7 = O(1/+/n).

The following two theorems character the shape of Bayesian distributions.

Theorem 4.2.3 (Bernstein-von Mises). Under all conditions in Theorem 4.2.1, suppose variable

0 ~ Q for given §y, then we have that

Vn(By —8) | By ~ F(6p,")

with high probability, where F(6y),-) is the limit distribution of ﬁ(@y — 6y), asymptotic conver-
gence in distribution is measured via total variation distance, and the probability is taking over

the true data generation process Y ~ Py.

Theorem 4.2.4 (Bernstein-von Mises). Under all conditions in Theorem 4.2.2, for given By, if we

run the ABC algorithm to sample 6 with h = o(1/+/n), then we have that

Vn(By —8) | By ~ F(6p,")

with high probability, where F(6y,-) is the limit distribution of \/ﬁ(é\y — 6y), asymptotic conver-
gence in distribution is measured via total variation distance, and the probability is taking over

the true data generation process Y ~ Pg.

From Assumption 4.2.1 and Assumption 4.2.2’, it directly follows that +/n( Oy — 6p) ~ F(6y,-).
Theorem 4.2.3 and Theorem 4.2.4 prove that the proposed Bayesian distribution and approximate
Bayesian distribution possess BvM property and are capable of recovering F' (6, -) with large sam-
ple size. The main assumption to verify is Assumption 4.2.2°, and thus we present the following

lemma as one possible tool.
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Lemma 4.2.1. Letr X,,(0) = \/ﬁ(é\x — 0) with X ~ Py for simplicity. Suppose there exists some
sufficiently small constant 8, such that for all 6 € B(6,8), Xn(8) =X (0) +W;(8), where X (6) ~
F(6,-) and W, (0) =op(1). IfsuPeeB(eO,S) E [|[W,,(0)| = o(1), and Assumption 4.2.3 and Assump-
tion 4.2.4 hold, then Assumption 4.2.2° holds.

4.3 Efficient ABC Algorithms

Algorithm 3 provides a feasible way to sample from the Bayesian distribution, but in most cases,
for a given loss function, to obtain §X = argming L, (0,X) for all fake data X ~ Pg is complicate
and inefficient. For instance, if the loss function is given by generative adversarial net, then both
generation process and discrimination process involve optimization of neural networks, and thus
updating §X for all fake data X is computationally expensive. To reduce the computational cost,
in this section we propose an alternative efficient algorithm referred to as pseudo ABC without

rigorous proof.
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Algorithm 4: Pseudo approximate Bayesian computation
Input: Loss function L,

Frequentist estimate By = argming L, (0,Y),

Proposal distribution S(6),

Choice of kernel function ¢,

Large constant K > % (0) maxg %,

Tolerance level/bandwidth &,

A positive sequence M, = o(\/n),

Number of iterations N.
for eachic {1,2,...,N} do
Generate 6() ~ $(6);
if \/7||6 — 6y || < M, then
Sample X = (X1,...,Xy,) ~ Pg(l.);
Calculate Sy (8y,X) = VgL, (6y,X);

Accept 0() with probability

else

Go to next iteration;

Output: A set of parameters 9(1), 9(2), e, o(N)

As shown in Algorithm 4, pseudo ABC does not measure the distance between two summary
statistics, but measures the norm of gradient. Compared with Algorithm 3, there are two major
differences in pseudo ABC. The one is that we restrict all sampled 6 into a small region around §y
due to the consistency of §y. The other is that we replace §X — §y in Algorithm 3 by Sn(gy,X )s
the gradient of loss function L,(6,X) at point § = 6y. Recall that 8y = arg ming L, (6,X). The

intuition is that if §y is close to @X, then the gradient at 5y is close to 0. We use P¢ to denote the
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distribution generated by pseudo ABC algorithm, and density function is given by

Sn(Xa /G\Y)

pe(e)“ﬂ((?)/%< )dPS(X)-H{\/ﬁ||6—§Y||§Mn}, (6)

where M,, = o(,/n) is some positive sequence tending to oo, and € is the bandwidth of kernel func-
tion. In particular, if we take special kernel J# (1) = I{||u|| < 1}, the corresponding distribution

can be simplified as

pe(6) = (6)Pq {|

s8] <} (o <10}

Algorithm 4 depends heavily on the choice of bandwidth €. Possible improvements of algo-
rithms are to adopt adaptive sequential ABC discussed in [25, 9, 6, 49]. In this work, we only focus
on its property of recovering the shape of distribution, and it leaves as future work to better modify

pseudo ABC algorithm

4.4 Numerical Results

In this section, we present some experimental results by applying pseudo ABC algorithms defined

in Algorithm 4, and examine how well the approximate Bayesian distribution recovers the distri-

bution of /n( §y — 6p) with large sample. Notice that this paper does not focus on how to tune

the bandwidth of ABC algorithms to get best performance. We first begin with toy experiments

in one dimension and compare with the density plots. We then move to multi dimensional cases.
e

We only use exponential kernel /(1) o< exp(— ;) and box kernel %, (1) o< I{[|ut|| < h} in the

simulations. The code is available in https://github.com/zhuobumeng/pseudo_ABC.

Maximum likelihood estimates. We start with a toy example by taking MLE as our frequen-
tist estimate, where the loss function is given by L,(0,X) = —%Z;’:l log pg(Y;), and S,(6,Y) =
—% " Vglogpg(Y;). For the sake of clear presentation, we do one-dimensional experiment in

all four cases and compare the resulting distribution of /1 (éy —0)|6y with A <0, Iy ! > , Where I
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1s fisher information matrix at true parameter 6. In each experiment, we generate n = 10,000 sam-
ple data from the true distribution, and then use pseudo ABC algorithm 4 to sample N = 10,000
parameters from the Bayesian distribution. For the sake of clear comparison, we use improper
uniform prior in order not to induce any bias of distribution. The proposal distributions are set to

be the same in all cases. The results are shown below.

reject bandwidth: 0.00060

(a) Gaussian distribution .4 (6, 1)

reject bandwidth: 0.00150

(c) Poisson distribution Poisson(A) (d) Bernoulli distribution Bernoulli(p)

Figure 4.1: The left plot inside each subplot is density plot where green histogram is the proposal
distribution of \/ﬁ(§y — 0) for given éy, the blue histogram is the sampled distribution, and the
red curve is the theoretical distribution. The right plot inside each subplot is cumulative density
plot where the green line is the proposal distribution, the blue line is the sampled distribution, and

the red line is theoretical distribution.

In Figure 4.1, top two experiments (a, b) are for samples with continuous values, and the bot-
tom two experiments (c, d) are for samples with discrete values. From Figure 4.1, pseudo ABC
algorithm works well to recover the shape of the underlying true distribution, .4 (O,IO_ 1) , with
appropriate value of bandwidth 4. As for CDF plots, all blue lines well align with red lines, again
implying that approximate Bayesian distribution well recovers the true distribution. In order to see

the influence of the choices of bandwidth, we then change different values of bandwidth, and the
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result is shown below.
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(c) Poisson distribution Poisson(A) (d) Bernoulli distribution Bernoulli(p)

Figure 4.2: Inside each subplot, red curve represents the theoretical density curve. Other lines in

different color represent fitted density curve with different values of bandwidth 4.

From Figure 4.2, when bandwidth is relatively smaller, the density fitted using sampled parameters
is closer to the true distribution, which coincides the result in Theorem 4.2.4. We can refer to
adaptive ABC procedure [57, 9, 6, 25] to appropriately choose the bandwidth /4, which is beyond

the scope of this work.

Quantile g-and-k Distribution. We then move to a more complex case. The univariate g-and-
k distribution is a unimodal distribution that can characterize data with significant amounts of
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skewness and kurtosis. It is defined in terms of its quantile function:

_ 1 —exp(—gz(r)) 20k
atr) =a+5 (14081 2HTE) (14202 20),

where z(r) refers to r-th quantile of the standard Normal distribution. In this case, the likelihood
formula is not analytically available, but it is still accessible to simulate synthetic data. For sim-
plicity, we write the parameter of interest as 6, and represent the data generation as Gg(z) where
z~ A (0,1), and use the function G to represent the transformation. One popular technique to do
estimation in this case is adversarial network, which combines the generator and discriminator in

one loss function, given by

By = argmin | Y D, ()~ E[Dy(Go ()] ~ 2wl

w i=1

where D is discriminator class usually constructed by neural network, and A is the regularization
constant. Here, we choose D(x) as neural network with two hidden layers, layer-width is 20 for
each layer, and choose regularization term A = 0.01. Recall that the purpose of experiment is to
naturally incorporate prior information, and also recover the frequentist distribution of 5y when
sample size is large. We take the true parameters to be a = 3,b =2,g = 1,k = 1/2, generate
observation Y as our data with sample size 10,000, and solve optimization to obtain @y Then,
we plug /G\y into pseudo ABC algorithm to generate parameters from the Bayesian distribution.
Again for the sake of clear presentation, we choose prior distribution to be improper prior, and set
proposal distribution as uniform distribution. Here, we present the results of estimating b and k

separately, since the estimates for b,k given by the loss function seem consistent.
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Figure 4.3: (a,b,c) are plotted when sampling b, and (d,e,f) are plotted when sampling k. (a,d)
are the plots of gradient Sn(é\y,X ) and (b,c) are the plots of loss function Ln(gy,X ), both with
X ~ Py. In (a,b,d,e), x-axis denotes the value of parameters 6 sampled from the Bayesian dis-
tribution, the red vertical lines represent the value of §y and the blue vertical lines represent 6.
Here, (c,f) are the histogram plots, where the yellow histograms stand for the true distribution of
\/ﬁ(/@\y — 6)), obtained by generating data repeatedly and running optimization for 1,000 times,
the green histograms stand for the proposal distribution of \/71(§y — 9)]§y for given §y, and the

blue histograms stand for the approximate Bayesian distribution of \/n (§Y —0)| gy for given §Y

The result in Figure 4.3 shows that pseudo ABC algorithm works well that the Bayesian distri-
bution almost perfectly recover the shape of the underlying true distribution. Not to mention that
it took more than 15 hours to simulate the true distribution, while it took less than 1.5 hours to
run pseudo ABC algorithm. According to first two columns of plots, we can tell that Bayesian
distribution centers around /9\Y’ and the loss and gradient is smaller when the sampled 0 is closer

to /Q\y.

Multivariate generative adversarial model. =~ We then move to study the performance on multi-
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variate case. We study Gaussian distribution .4 (6,1;) with the loss function given by

n

1
minmax — Z logS(W!Y; +b) +E

[log (1 — ST Gg(2) +b> )} ,

where Z ~ A4 (0,1;), Gg(Z) =Z+ 0, and Yy,...Y,, ~ A (609,1;). It is a complex generative

adversarial model but the solution is simply given by sample mean according to [34], which makes

it a good example to test the performance of pseudo ABC algorithm on multivariate generative

adversarial network. We set d =4 and n = 10,000 with true parameter is 6y = (O.l,O.l,O.l,O.l)T.

Again we set the prior to be improper uniform prior, and apply pseudo ABC to draw 50,000

samples from the Bayesian distribution, and the result is shown below.
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Figure 4.4: From top left to bottom right, it shows the density plots for four coefficients of \/ﬁ(gy —

0)| §y, with 6 drawn from Bayesian distribution using pseudo ABC and /G\Y is given. In each plot,

red line represents the theoretical density, and other lines in different colors represent different

bandwidth A.
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From Figure 4.4, we can see that when bandwidth is smaller, Bayesian distribution better recovers
the true distribution, as the shape of blue curve is the closest to the red curve. However, when
dimension is getting larger, it gets harder to accept samples with small bandwidth. It remains as
future work to modify the pseudo ABC algorithm such that the proposal distribution gets updated
during the process to be closer to the true distribution, and hence more samples can be accepted in

the end.

4.5 Ancillary Analysis

Before ending this chapter, we present the following ancillary lemma and theorem for pseudo ABC

algorithm, but the condition is hard to check.

Assumption 4.5.1. Suppose there exists some positive definite constant matrix Iy, some fixed kernel

function %, and some sufficiently small constant 6, such we have

S (X, 6,
el (55
sup

6.6y €B(6),5) Ex~pr [Ji/ (IO\/E@(—@) )}

=1+o0(1),

&n

for some sequences &, €}, — 0, where 1/7, is the rate of Sp(X, 6y).

Theorem 4.5.1. Suppose 9PABC|§Y ~ P¢ generated by pseudo ABC, where the density takes the

form as

n ~
Po(X)dX -T{\/n||6 ~ 8y | < My .
& L

1

m@«ﬂ@/%(ﬂﬂ&ﬂg

1

Under Assumptions (4.2.1, 4.2.2°, 4.2.3, 4.2.4, 4.2.5,4.5.1), if €, — 0, then we have \/ﬁ(é\y —

B4pcp)|By ~+ F(8y,-) with high probability.

The proofs are deferred to Appendix. The above theorem provides some intuition that it is

reasonable to replace Algorithm 3 with pseudo ABC algorithm under some conditions.
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4.6 Proof

4.6.1 Proof of Theorem 4.2.1 and Theorem 4.2.2

Proof of Theorem 4.2.1. For the sake of clear presentation, we write
T(G,M):]P’{\/ﬁH@(—GHzM‘Xng} %

to simplify the notation.

For some M to be specified later, denote event & = {\/ﬁ H@y — GOH <M }, and
s [o (vao -] 230)] <, o (vio - = ) 461+ 7 {5

The second term can be trivially bounded by Assumption 4.2.2, and we proceed to bound the first

term. Let random variable T = \/ﬁ(é\y — 0) with distribution Q, and its pdf §(¢) is defined as

o Lo By — 1)) fa(By —t/Vn0)
Q(l)—nd/QCI(GY t/v/n) 20y 1/ fulBy /D)

Thus, we have

~ o~

oI > M) = f||t||2M’7t(9Y_t/\/ﬁ)fn(GY_t/\/ﬁat)dt _ (4)

Jym(By —t/\/n) fu(By —t/\/m0)dt  (B)

Under event &, it follows that

(B) > /WMI 7By —t/7/m) ful(By —t/N/m,t)dt

> (1= (My+M)Lg//n) ©(6p) /||t||<M1 fu(By —1//n,t)dt (By Assumption 4.2.5)

—(=otya(en) ([ fuleondrs [ (Gl —t/vin) @) )

7]l <M,
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where

60,1)dt =P n”§ —eHgM =1-T(68g,M).
/||l||§M1fn(O) 90{\/_ x — 60 1} (80, M)

Furthermore, under the event & and by Assumption 4.2.3, it follows that

/”t”<M1 (fn(é\Y—l‘/\/ﬁ,t) —fn(e()’t)) dt
— fn(é\Y—l‘/\/ﬁ,l‘) B
§ /Ilr||<M1 !

fn(60,2) fn(60,t)dt

:_/ fn(é\Y_t/\/ﬁat) f(@(),l‘) f(/éY_t/\/ﬁvt)
lell<My | f(By —t//n,t) fa(60,t)  f(60,1)

> —C(M+My)Ly/v/n,

—1

fn(6p,1)dt

for some constant C, where L depends on constant M. Thus, to conclude, under event &, we

have
(B) > (1 —C(M;+M)Lz//n)7(6p) (1 —T(60,M;) —C(M+M,;)Ly/v/n), (8)

for some constant L; depending on M. The above (8) holds for any large constant My, and there
exists some M| — oo such that (B) > (1 —o0(1))x(8y).

We now proceed to lower bound (A). We can always decompose (A) as

D=yt i T hpcpr %= A0+ 42 ©)

for any sufficiently small constant & (to be specified later). Write variable S = \/r_z(éy —6p), and

S|6p ~ Fu(6y,-) with pdf as f,,(6p,-). Then, the first term in the above equation is bounded in
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expectation by

B SN =B, | [ (B —0/vi) (B o/ Vi) 16 )

t]|>+v/nd
s—1 s—t
< /S |<M/t|>\f57t (904‘7) Jn (904—7,1‘) fn(6p,s)dtds
s—1 fn(@(),S)
_/SI<M/t|>f3 (90+ \/‘)f” (90+ N ) (8,5 dtds

(By change of variable, and Assumption 4.2.2”)

< (1-+0(1))sup /(80.1)- sup Py { ||y — 6] > 5.
t 0cO

(Assumption 4.2.1 and Assumption 4.2.4)

Similarly, the second term in (9) is bounded by

Ee, (421{£}] = (B =1/ Gy 1/ AT |

UM’<IIIII<\T6
s—1 s—1
=0 +0(1))/||s||sn4/Mfgnrns\/?u‘s7r (9°+ W) I (9°+ W’t) FBo,s)dids

s s / /
< (1+0(1))/||s’||<M+\/ﬁ5/M’<t|<\/ﬁéﬂ<90+ \/ﬁ) Jn (90+ \/ﬁ,t> f(6g,s +1)dtds

< sup f(6p,1) - sup Pe{\/ﬁH@(—GH ZM’},
t 0EB(60,5+M//n)

(By Assumption 4.2.2 implied by Assumption 4.2.2°, and Assumption 4.2.4)

where we choose § sufficiently small such that B(6y, +M/\/n) C U as defined in Assumption

4.2.2°. Combining all bounds and we have

) supT(0,v/nd)+ sup T(6,M)

Eg,Q <\/ﬁ“9_§y" ZM/) ST(GO’M)Jr(lJrO(l))supt(t'g ;) ) 0<B(6),5)

Choosing M and M’ to be large constants directly leads to the result. [

Proof of Theorem 4.2.3. Define % = {t : ||t|| < M’} for some large constant M’, and define event
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= {\/7_1 H 6y — GOH <M } Let 0% be the distribution of variable T = \/ﬁ(é\y — 0) restricted to

region %/ . Then, we have

|G- Fa6o. Iy < |0 0% |, + [0 ~F¥ (60,1

" (907')_Fn(907')H

TV TV
<||6” ~ R (60.)||, +20(%C) +2Fa(60, %),
where the latter two terms are both negligible, and
|0% —F¥ 0.,
2 | Ja @h)dh [ fu(60,h)dh
6Y_l‘/\/_) fn(eY_t/\/_ t) jt(eO)f%fn(e()ah)dh f (90 ) ‘.
fn(60;1) Joy 7(Oy —h//n) fu(By —h/\/n,h)dh T
Under event &, it follows that for ||¢]] < M/,
(6y (—et/)\/ﬁ) _ Jogm(6—1/y/m)—logm(6) _ 140 (La(M+M)/ /7).
{60
(By Assumption 4.2.5)

falby —t/\/n1) _ f(By —1/v/n,1)
fn(e()vt> f(e()vt)

(1+0(1)) = og f(By—1//n)— Ing(GOa)—1+ﬁ(L1(M+M)/\/_)

(By Assumption 4.2.2° and Assumption 4.2.3)

Thus,

0% —F” (6, -)HTVI[{é’} =o0(1), and we have

Egy |0 = Fa(60,-) |7y < Egy [[[C—Fa(60, ) || 1y T{€}] +Po, {gc} <e

holds for any sufficiently small constant €. By assumption, \/n (éy —6p) ~ F(6y,-), and it directly

leads to the result. O]

81



Proof of Theorem 4.2.4. Denote & = {ﬁH@y — 6| gM}, and T = /n(6y — 6). Follow the

same argument in the proof of Theorem 4.2.1, it suffices to upper bound

i N _ dlizme Js In 2 japdsdm (A
T||>M')==—""= ~ (B)
O (I = M") Ji Js In fapdsdr (B)’

under event & in expectation w.r.t. Pg. Under &', it follows that

(B) > /HIH<M1 w8y —t/V/) [ FaOy —1/VR,8) H g (5 —1)ddr

_ n(gy—t/\/ﬁ)/ufn(éy—t/\/ﬁ,tnt\/r_zhu),)i/(u)dudt

el <M,

= [, O NSy 1 ) A () d
uJ||t|| <M,
There always exists some large constant R such that ¢ {u : ||u|| > R} < &g is negligible. Define
Kgr = {u:||u| <R}. Thus, we have

A (u)
KR

(B) > /|u||gR /||r||3M1 7By — /) fuBy —t/ /ot + Vrhu)dt = du - Ky
zCn(eo)/||u||<R/||t||<Ml fn(§y—t/\/ﬁ,t+\/ﬁhu)dt=%;((”)

R

du  (By Assumption 4.2.5)

— Cr(6) /HMHSR /HIHSMl Fo(80,1 + v/hie) +

<fn(§y —t/\/n,t +/nhu) — f,(6p,t + ﬁhu)) dt%;((u)du.

R

It follows that

Lo o o+ Vi ™ v, i e <, e}
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The above quantity is close to 1 if we choose M| to be sufficiently large. We also have

) H (u)
2_/ / fu(Oy —t/V/n,t +/nhu) fn(90,t+\/ﬁhu)dt%(u)du
[[ul <R e[| <M

fn(e(),l‘ —+ \/ﬁhu) Kgr
> —OL(M+My)/vn,

the last inequality follows Assumption 4.2.3 with some constant L; depending on (M + \/nhR).

Then, We proceed to upper bound (A). For any small constant d, we can decompose (A) into

W= [0 s Lt dsdms [t ydsdm = (41) + (A2)

By some calculations, we have

Eq, [A11{&}]

§(1+0(1))/u/|s§M/||t||z\/ﬁén (90+S—\;ﬁt) f (90+S—\;ﬁt,t+\/ﬁhu) F(60,5)dtds. A (u)du
S(”O(l))/u/s//tz\/ﬁs”(eﬁ\s_f;) i (60+s7/rl,t+\/ﬁhu> F(B0,5 +1)drds' A (u)du

<(140(1))sup £(6,1) (1 — Kg+Kg- sup Py {H@X _ GH > 5—hR}> ,
t 0cO

where the last inequality follows by dividing the domain of U into {||u|| < R} and its complement.
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Similarly, we have

Egy [A21{&}]

oy | [ o ST VS 1/t i) )1 (6) duc|

//s|<M/M/<IIt||<f6 (90+ \/_)fn (90+ vn' H—\/_hu) f(80,s)dids A (u)du
<// / T <BO+S—) In (90—|— t+\/_hu> f(60,s" +1t)dtds' # (u)du
w8 || <MA+/nS IMI<||t]|</nd vn Vi’ ’

§s1t1pf(90,t) <1—KR+KR- sup ]P’{\/r_zH@(—OHzM/—\/ﬁhR}).

0EB(60,5+M/\/n)

Again, we choose § sufficiently small such that B(6y,M//n+ 6) C U defined in Assumption
4.2.2. We choose M’ — /nhR to be a large constant such that the the latter part is negligible. To
conclude, for any 2 < & (1/+/n), for any sufficiently small €, we can choose R, M to be sufficiently

large correspondingly, such that the result holds. 0

Proof of Theorem 4.2.4. We first define some quantities and distributions for the clear presentation

of proof. Let & = {\/ﬁ (@y —6p) <M } for some large constant M. We consider the joint variables

(U,T) ~ Qu . with pdf
qu,r(u,t) o< T(Oy —t/v/n) fu(By —t/v/n,t +/nhu) # (u).
Let O7 be marginal distribution of variable 7 with density function given by

= /MQU,T(W)CZM

and it suffices to show that

Eg, ||Or — Fu(60,)|| 1y — O

As proved in Theorem 4.2.2, for any large constant R with K = 7 (|U|| < R) > 1 — &g, we
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have

t)

sup;

Eg,Qu,r(IUl| > R) <Eg,Qu r([IU]| = R)I{E} +Pg,{&} < C—L="=(1 - Kg) +Pg, {&}.

(10)

(6o,
7(6o)
Define region % = {(t,u) : ||t|| < M’, ||u|| < R} for some large constants M’ R, and IE90Q~U7T(%C)
is negligible by Theorem 4.2.2 and (10). Then, we define the truncated distribution of (U,T)

restricted to region %/ as Q%T

Define another joint distribution of (U, T) as Fy 7 with pdf
Jur(u,t) = fu(60,t+ /nhu) A (u),
and the marginal distribution of T as Fr with pdf
u(t) = /ufn(GOat+ Vinhu) A (u)du
It follows that
Fy, (%) < A (U] > R)+Poy { v/l B — 6ol > M’ /ahR}

which is negligle as well if R and M" — \/nhR is large. We also define the distribution of (U, T)
restricted to region % as Fl?/T' Now we proceed to prove the theorem.

We first upper bound the total variation distance between Q7 and F,(6y, ) by

HQT _F”(GO")HTV < HQT _FTHTV+ HFT _F”(GO")”TV (an

85



where the second term on the RHS is bounded by

2HﬁT_}'ﬂn(QOf)HTV

(60, + /nhu) 2 (u)du— f,,(6g,t)|dt

dt+ Fy r(%€)+T(6,M'),

N t u
<
el <p’

/ Fa(B0s7 + /i) A (1) dut — Fn(Bp,1)
Jul|<R

(T(6,M’) is defined in (7) for simplicity.)

where

dt

/IIIISM’

S/HﬂSM/IIuSR | fu(80.1 + v/nhu) — fo(8,1)| A (u)dudr

/ Fa(B0s7 + /) A (w)du — fn(60,1)
lul|<R

<CLy+\/nhR, (By Assumption 4.2.3)

where L, is some constant depending on the quantity (M’ + /nhR). The first term in (11) on the

RHS is bounded by

|07 = Frlpy <

< HQ%T - HTV +20u,1(% ) +2Fy 1 (%°),

where Qu (%) and Fyy 7(% ©) are negligible by choosing M, R to be sufficiently large, and the

first term can be further bounded by

TV //ute%

qUT )

1fg/T(u,t)dudt,
Tl (us1) ’

<
Qur—
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where

q?]{T(”J)
fg{T(u,I)
_ w(By —t/ /) fa(By —t/\/n,t + /nhu) H (1) I Jswyear fn(Bo,5+/nhv) (v)dvds
a fn (0t +~/nhu) % (u) I Jsmyea ®(By —s/3/m) fu Oy — s/ /n, s+ /) A (v)dvds
By —t/\/n) fa(By —1/ /At + /rhu) I Jis e ®(80) fn (80,5 + v/nhv) % (v)dvds
@) B0t Vah) [y By — s/ v/m) fa(By — s//Rs + /rhv) H (v)dvds

Thus, under the event &, by Assumption 4.2.5 and Assumption 4.2.3, we have
AU /A / _
|0t — ||, 1E} < Clim+ L)+ 1)/ V= o(1),

where L depends on (M’ 4 \/nhR).

Hence, if h = o(1/4/n), then for any small constant €, we have

E@o ||QT _F(G()? ')HTV <eg,

hold for n sufficiently large. 0

Lemma 4.6.1. Let X,,(6) = \/7_1(5)( —0) for X ~ Py for simplicity. Suppose there exists some suf-
ficiently small constant 8, such that for all 6 € B(6,8), X,(8) =X (0) +W,(6), where X(6) ~
F(0,-)and W,(0) =op(1). IfsuP(—)eB(eo,S) E ||Wn(0)|| = o(1), and Assumption 4.2.3 and Assump-
tion 4.2.4 hold, then Assumption 4.2.2° holds.

Proof of Lemma 4.2.1. By definition, we have f,,(0,t) = [,, f(0,t —w)pg ,(w)dw, where pg ,(w)
is the density for W, (6) depending on 6 and n. For any large constant M, define B(0,M) =

{t:||t] <M}. For all 6 € B(6y,5) and all t € B(0,M), there exists some corresponding small

87



constant 717 such that

%_ ': /W(—f(]?(’;;)w)—Qp(w)dw‘
< [P 1|t < myptoae [ [Z2= 1ol > ) plwsa,
— (A)+(B),

where the first term can be bounded by

(A) < / ‘eLZHWH - 1‘]1{||w|| <} p(w)dw (By Assumption 4.2.3
w

el 1
< [ Tl < 0 plw)e

el2m 1
<

IACHP

and the second term is bounded by

B) < sup; f(6,1)

®) (inftSMf(97t)
< (suptf(G,t)eLzM
h f(6,0)

—1>P{||Wn(9)|| >N}

—1)P{||Wn<e>|| > 1)

The constant L, depends on M + 1. Let n — o and the result directly follows. 0
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CHAPTER 5
DISCUSSION

In this thesis we proposed and studied the sampling algorithm that works in the area of Bayesian
community detection, Bayesian sparse linear regression, and Bayesian generative model. We now
summarize the results and discuss potential future research directions.

In Chapter 2 we discussed the Metropolis-Hasting algorithm to sample discrete community la-
bel from posterior distribution. We provided posterior strong consistency result under the minimal
signal-to-noise ratio condition in the literature and showed that the algorithm converges to station-
ary distribution polynomially fast. This is the first convergence analysis in Bayesian community
detection area. It remains interesting to study the convergence without artificial temperature pa-
rameter in Algorithm 1.

Chapter 3 proposed TDLMC algorithm to sample from some non-convex and even unbounded
distribution. We provided non-asymptotic convergence analysis indicating that the algorithm con-
verges to stationary distribution polynomially fast in some cases. We also compared our algorithm
with others in [28, 15], and showed our algorithm outperformed their algorithms in theoretical and
practical aspects. It might be interesting to study the theoretical convergence of TDLMC algo-
rithm sampling from some non-convex distribution, when the distribution contracts to small area.
Possible applications to high dimensional Bayesian sparse regression are also interesting.

In Chapter 4 considered a special case where a complex loss function is given, and we aims to
add prior information. The Bayesian distribution proposed in Chapter 4 is natural and yields good
asymptotic properties. Though itself is intractable, we provided ABC algorithm and showed the
approximate Bayesian distribution induced by ABC algorithm also shares asymptotic contraction
and Bernstein-von Mises type of properties. In most cases, ABC algorithm is not efficient to run
optimization for all synthetic data, and hence we provided pseudo ABC algorithm. It remains
interesting to accelerate the pseudo ABC algorithm such that more samples are accepted during

the process.

89



APPENDIX A
PROOFS

A.1 Proofs in Chapter 2

A.l1.1 Proof of Lemma 2.4.4

For any state Z € Sq, we define

W(Z):{Z’:H(Z’,Z)zl},
={Z eV (z):d(Z,2*)=d(z,Z*) + 1}, (1)

={Z eV (z):d(Z,2*)=d(z,Z*) -1},

where .4 (Z) denotes the neighborhood states of Z with only one sample classified differently, and
o/ (Z) (resp. HB(Z)) denotes the set of states with more mistakes (resp. fewer mistakes) in the

neighbor. We further define

1
P a——— min
2(K — 1)”z’e¢%)msa { I,

1

pm(Z) =P(Z,4(Z)) = (
(Z'|4)
i) =P = S, A M {1 iz }

2)

where py,(Z),qm(Z) are the probabilities of Z jumping to states with the number of mistakes equal
to m+ 1, m — 1 respectively. We have the following lemma to bound the ratio of p,,(Z) and g, (Z)

for any Z € ¢. Recall that 4 = ¥4() is defined in (30).

Lemma A.1.1. Suppose vy satisfies Condition 2.2, 2.4, or 2.5. Let T be any sufficiently small

constant T, and denote 9* = {Z :n~" < (Z,Z*) < max{yy,n"*} + (logn)?/n}. Then, we have

P{ o 220 > 0} <exp (01 )

2e9* qm(Z)
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for some small constant 4t < 1 < 1. The probability is with respect to the data-generating process,

i.e., the adjacency matrix A.

The proof of Lemma A.1.1 is deferred to Section A.1.6. We take the 7 in Lemma A.1.1 to be the
same as T defined in ¢. In order to show that the Markov chain will stay in ¢ with high probability,
we transform the original problem into an one dimensional random walk problem. Lemma A.1.1
shows that the probability ratio of the one dimensional random walk on the region ¢* can be
bounded with high probability. All the following analysis is conditioning on the adjacency matrix

A such that the event

W= g <)

happens. We construct the following three types of Markov chains in order to prove Lemma 2.4.4.

Type I MarKov chain. Consider a particle starting at the initial position # on the x-axis where
0 <u < battime t = 0, and it moves one unit to the left, to the right, or stay at the current position
at time t = 1,2, ... with probability g;, ps, or 1 — g; — ps, where 1 > p;/q; for all time z. It stops
once it reaches the left or the right boundary, and we are interested in the probability of its stopping

at the boundary b or the boundary O.

Suppose the position of the particle at time 7 is X;, and X, | = X; + &, where & follows the

distribution

P{& =1} =p;, P{&=—1}=q;, P{&=0}=1—p;—aq:.

We define ¥; = exp((b — X;)logn). It is easy to verify that the stochastic process Y; is a super-
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martingale, due to the fact that

E (Y41]Y:) = exp((b— X;)logn) - E (exp(—¢&; log 1))
= exp((b—X;)logn) - (1= pr —qr +pe/M + 41 - M)

<Y.

Let T =min{t > 1 : X; = b or X; = 0}, and 7 is stopping time of this random walk. It is evident
that |Y;az| < 1 since X; < b for all time ¢. By Doob’s optional stopping time theorem, it follows

that E (Yz) <E(Yp), i.e.,
P{X; =b} <P{X; =0} -n°+P{X; = b} < nb7, 3)

where the first inequality holds since P{X; =0} > 0, and the second inequality is due to Doob’s
optional stopping time theorem. By (3), the probability of the particle reaching boundary b first

b—u

is upper bounded by n”~%, where u is the starting position. Let P,f = P{Xy =u,X; = b} for

u € (0,b) denote the probability of starting at # and stopping at b. Then, we have Pf’ < nb -1

Now suppose a particle starts at 0, i.e., Xo = 0. It moves to the right or stay at the current
position with some fixed probability pgy or 1 — pg. Let P(()) =P{Xy=0, X; =0}, and P? =

P{Xy =0, X; = b}, where 7 is the stopping time as defined before. Then, we have that

Py =po-P{+(1—=po), P§=po-Pl, Py+P5=1. 4)

Type II Markov chain. We now define another Markov chain that is similar to the previous
one. Consider a particle starting at position 0 at time 0, and follows the same updating rule as the
previous chain but different stopping rule. We use W; to denote the position of the particle at time
t. The particle will only stop when it reaches the boundary . When it is at the position 0, it still

moves to the right or stay at O with fixed probability py or 1 — p( (the same probability as defined
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in Type I Markov chain). Thus, this newly defined Markov chain is a reflected random walk.

It is worth noting that the Type II Markov chain can always be decomposed into several Type
I Markov chains. We use Ty to denote the stopping time of Type II Markov chain, defined by

Tw = min{r > 1 : W; = b}.

Type III Markov chain. Now return to our original problem and construct Type III Markov
chain. Let my = nl(Zy,Z*), and we use H; = nl(Z;,Z*) — my to denote the position of the particle,
where Z; is the label assignment after ¢ steps. The state space is all integers between —my and b,
where we take b = max{0,n' =% —mq} +log?>n. When H; € (0,b), the particle moves to the left,
to the right, or stay at the current position with probability ¢;, pr, or 1 —g; — ps, which is the same
as the Type II chains. The particle will only stop when it reaches the boundary b. The stopping

time of Type III Markov chain is defined by 77 = min{t > 1 : H; = b}.

Proof of Lemma 2.4.4. Recall that b = max{0,n' =% — my} +logZn. In order to prove Lemma
2.4.4, it is equivalent to show that, for any 7 that is a polynomial of n, the event {H; < b, t <T}
happens with high probability, i.e., {7y > T} happens with high probability. By the definition of

Type II and III Markov chains we have that
]P’{TH < T} < ]P){‘L'W < T}.

The above inequality holds since Hy = W, H; > 0 for all time ¢, and the updating rule of H; and
W; are exactly the same when Wy, H; € (0,b).

We now connect the Type IT Markov chain with multiple Type I chains. The event {7y < T'}
means that the particle starts at 0 and reaches the boundary b within 7" steps, and it can be written

as

kﬁl {x§" =0, x3) =0}

i=1

T
{TWST}ZU{

k=1

N{x" =0, x }ﬂ{Zr,<T}}
&)

where we use X () to denote the ith Type I Markov chain, and 7; is the stopping time of X (i), Note
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X s independent with X (/) for i # j. The right hand side of (5) can be interpreted as that the

particle reaches the boundary O for k — 1 times with k < T before reaching the boundary b, and the

total number of steps is less than 7. Therefore, it follows directly that

]P){TWgT}:]P){

M=

=
——

AN VAN

M=

T
(X

T

U

k=1

k—1

{

i=1

N {x’ =0, x{ o}

N

Y

The first inequality holds by a union bound. The third inequality is by the independence. By (4),

we have that

T

b pO\k—1 ONT
Y PI(R) T =1—(Fg)
k=1

< —TlogP) <T-—% =

0

< n

1

Pf
T -— <exp| log————
po = p gl_n,

Since T is a polynomial of n, and b > logn, then it follows that

Pt <7} <Py <7} Soxp (~(1—o(1)bog ).

Thus, based on the result of Lemma A.1.1, for any given initial label assignment Z with ¢(Z,,Z*) <

Yo Where 7y satisfies Condition 2.2, 2.4, or 2.5, we have that in any polynomial running time, the

number of mistakes is upper bounded by

m < mo+ b =max{mg,n' "%} +log?n < nmax{yy,n”*} +log’n,
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with probability at least 1 — exp(—log?n). O

A.1.2  Some preparations before the proofs of Lemma 2.4.2 and Lemma 2.4.6

In this section, we will define some events and introduce some quantities to simplify the main

proof.

Basic events

For any Z € Sg, recall that O,,(Z) = Y; jA;jl1{Z;=a,Z; = b}, and define X,,(Z) = Oyp(Z) —
E[O,4(Z)] for any a,b € [K]. Let X(Z) denote a K x K matrix with its (a,b)th element equal to
X, (Z) for any a,b € [K|. For any positive sequences € = &,, ¥ = ¥y, and 0 = 0, satisfying that
£,7,0 =0, £2nl — oo, and Gzynl — oo, consider the following events:

£(8) = {max X@).. saﬁp—q)},

ZeSqy

& = { ax [X(2) - X(2")].~ (a4 ymn(p ) /K <0}
6@ = { pax X(2) - X@). <20 0) |
a1.0)={, max|X2)-X(@)]. < emn<p—q>} , ©
1
f—{mm ity O T DI
1
56(%9){Z€SIS%>WmZ/ Z)ﬁSaag’ w(Z)] <6n(p—q) ¢,

where #(Z) is defined in (1). We may also use &] to denote &) (&) for simplicity, and such

simplification also applies to any other event. Denote

E=E(E,y,0)=ENENENELNESNE. @)
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By Lemmas A.1.8, A.1.10, A.1.11, A.1.12, A.1.13, and A.1.14, it follows that for any €,7,0

satisfying the conditions,

P{&(&,y,0)} > 1—nexp(—(1—o(l))al).

Likelihood modularity

The posterior distribution is hard to deal with directly. Hence, we first analyze the performance of
the likelihood modularity function, and then bound the difference between the likelihood modular-
ity function and the posterior distribution to simplify the proof.

Likelihood modularity is first introduced in [11], which takes the form as

_ n 0ab<Z)
Om(Z,A) = agb ab(Z)T (—nab(z)) ; 8)

where 7(x) = xlog(x) + (1 —x)log(1 —x). This criterion replaces the connectivity probabilities by
maximum likelihood estimates. Instead of comparing the direct difference between the Bayesian
expression and the likelihood modularity as in [79], we have the following lemma to bound the

relative difference.

Lemma A.1.2. Under the event &(€,7,0) defined in (7), we have

I1(Z|A
max |log (Z14)

ZESq H(Z*|A)_(QLM(Z7A)—QLM(Z*,A)) <Crm

for some constant Cy yy only depending on K, @, 3.

The above lemma is rephrased and proved in Lemma A.1.19.
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Discrepancy matrix

For any label assignment Z € Sq, let Rz be a discrepancy matrix, which takes the form of

n

Rz(ab) = Y. 1{Z =a,Z; =b}. abe[K] ©)
i=1

where Rz(a,b) is the number of samples misclassified to group a but actually from group b based
on the true label assignment. Note that the true label assignment is only unique up to a label
permutation, and thus we always permute the rows of Rz to minimize the off diagonal sum. Later
we write Rz (k,[) as Ry; for simplicity.

Using the discrepancy matrix Rz, we have

E[04(Z)] =E ZAU]I{Z =a,Z; _b}] (RBRT),,, fora+be[K],

Li,j (10)

E[0w(2)]=E|Y A;l{Z;=2Z; —a}] (RBRT ZBkkRak> fora € [K].

Li<j

A.1.3  Proof of Lemma 2.4.2

Before proving the lemma, we need to present some notations that will be frequently used:

= Y 0w(Z)=) A;jlI{Z;=2Z;},
a€[K]

i<j

= ) naa(2)= ) 1{Z=2;},
a<[K]

i<j

AOyp, = O (Z) — Op(Z*), AO5 = Z AOgq,
K]

Nigpy = nap(Z) —nap(Z7), A, Z Anggq,
K]

and we may write n,;,(Z*), O,4,(Z*) as ngy,, Oy, for simplicity.

Proof of Lemma 2.4.2. For any positive sequences ¥ = ¥, and 6 = 6, such that y — 0, )/znl — oo,
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an nl — oo, we can construct the event ¢ (€, 7, efined 1n setting € = v, and perform
d 62ynl h & (8,7, 0) defined in (7) by setting & = ¥, and perf:

analysis on a large mistake region and a small mistake region separately.

Small mistake region. For m < yn, by some calculations, it follows that

Orm(Z,A)— Qrm(Z*,A)

Oup(Z)
=logIy(Z|A) —logTTy(Z*|A)— Y n ab )+
O, (Z) ) ~ ~ ( nab(z)_oab(z) )
A0 (1o —logByp | + (M, —AOy) ( 1o “log(1 —
(E;;or)
(11)
where by (24)
logIy(Z|A) — logIy(Z*|A) = 2¢* (Aés - A*Aﬁs> : (12)
and
« 1 —q p(l—q) . 1. p(l—gq)
A =lo lo , tT==lo : (13)
gl—p/ Sq(1—p) 2 % 4(1—p)

Under the event &(€,7,60), by Lemma A.1.22, we have (Error) < Cymnl for some constant C.

Hence, for any fixed Z € S, by Lemma A.1.2, we have that

i) o o(ZlA)
m(z+]a) T2 ]A)

<Qrm(Z,A) — Qrm(Z*,A) +Crpy —log

log

p(Z]A)
o (Z*|A)

<Cymnl +Cpyy.

Thus, there exists some constant C, such that under the event &,

I1(Z|A ITH(Z|A
max Tog DZA) _\ TIy(Z]A)

el 7 T — Cyymnl <0,
ZeSmomem CSTI(ZFA)  CETy(zrjA) AT S

which proves the second statement in Lemma 2.4.2.
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Large mistake region. For m > yn, we have that

Om(Z,A) = Qrm(Z",A) =} ngp( (Ob—(Z)) —n(Z%)T (Oab_(z*))

a<b nap(Z) nap(Z*)

= (G(2)+A(2)) - (G(Z") +A(ZY)),

(14)

where we write

6() = X nap(ye (22800,

=, nap(*)
- p () ()

Let B, =E[0,,(Z)] /n,,(Z) for an a,b € |K|. By (10), it follows that
ab ab ab y y

) =2 Z nap(Z)T (Eab>

a<b

=2 Zb]E [0up(Z)] loggab + (nap(Z) —E[04(Z)])1og(1 - Eab)
a<

= Y RuRy(ByylogByy+ (1 —By)log(1—Bgyp)) Z”a Z)(plogBaa+ (1 —p)log(1 — Baa)).
a,bk,l

Then, we have that

2G(Z) —2G(Z¥)

= Y RuRyi(BiylogBupy+ (1—By)log(1—Byp)) — Y. RuycRpi(BiylogByy + (1 —Byy)log(1—By))
abkl abkl

~Lna(2) ((p1ogBaa-+ (1~ p)log(1 = Bua)) ~ (plogp+ (1 - p)log(1 - p))

ab) +Z”a (P Eaa) .

=— Y RuRpD (Bkl
abk,l

15)
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By Lemma A.1.23 and Lemma A.1.25 that bound the above two terms separately, we have
2G(Z) —2G(Z*) < —Cmnl,

for some constant C. Under the events & (€),83(€),84(y, 0) in (6), by Lemma A.1.19 and Lemma
A.1.26, we have that

———= —(Qrm(Z,A) — Qrm(Z" ,A))| < Crm,

and

max  |A(Z) —A(Z%)| < emnl,
ZeSo:m>yn

for some € — 0. Hence, it follows that there exists some constant Cy such that

I1(Z|A)
P log———~- > —C I <4 —n).
{Zesi‘?lééw DY) v }— exp(—n)

Combining the result of two regions directly gives Lemma 2.4.2.

A.1.4  Proof of Lemma 2.4.6 with known connectivity probabilities

In order to distinguish from the case where probabilities are unknown, we use Iy(:|A) to denote
the posterior distribution in this case, and define fIO( |A) as the scaled distribution proportional to

Hg (+|A). Tt suffices to prove the following lemma.

Lemma A.1.3. Recall that g(Z) is the next state of Z. Suppose Y satisfies Condition 2.2, 2.4, or

2.5. Then, there exists some positive sequence Y — O such that, with probability at least 1 —C 1n_C2,

Mo(zA) _ exp (—enl), if m < yn,
Mo(8@)IA) ™ | exp(—a(1/Ka— ) n(1—o0(1)), ifm>m,
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holds uniformly for all Z € (%) defined in (30). Here, € is any constant satisfying € < 2&q with &
defined in Condition 2.5, and C1,Cy are two constants depending on €. Furthermore, if & satisfies

Condition 2.5, then by choosing € € ((1—gy)/&,2¢€y), we have

max _0(ZI4)
ze9 (1) Io(g(2)]A)

< exp(—Cnl)

for some constant C > 1 — gy with probability at least 1 — C3n’C4.

Proof of Lemma A.1.3. Recall the definitions of </ (Z), #(Z), and .4 (Z) in (1). We introduce
some notations first to simplify the proof. For any a,b € [K] and any two label assignments Z,Z’,

we write

AOab = Oab(z) - Oab(zl), AOs = ZAOaa,
a
Angp = nab(z) - nab(Z,)7 Mg = ZAnaa,
a
1— 1-—
1-p q(1-p)

Suppose the current state is Z, and we randomly choose one misclassified sample from group a and
move to its true group b. Denote the new state as Z'. It follows that R,(a,b) = Rz(a,b) — 1, and
Ry/(b,b) = Rz(b,b) + 1. Write Rz(a,b) as Ry, for simplicity. Furthermore, let {x;};>,{X;};>1

be i.i.d. copies of Bernoulli(¢) and {y;};~1,{y;};> be i.i.d. copies of Bernoulli(p). We have that

Raa"’Zk;&mb R Rpp Ryp—1 Zk;éb Rpy,
M(z.Z)= ) (=AY A+ Y Gi-AY) - Y (AT, (16
=1 =1 =1 =1

By (24), it directly follows that

o(Z]A) _, - N L. p(l—q)
— =2t My(Z,7"), tT =<1 17
oz~ A2 =gl 0

log .
2 "q(1=p)

For some positive sequence Y = ¥, — 0 to be specified later, we can again divide Sq into two
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regions.

Small mistake region. For m < yn, we have

o(ZIA) | _ [ r#anz,2)
B Ay _E[e }
[ Raa Rpp
=FEexp |t* (Z(xl—l*)—Z(yl—l*)>] (18)
=1 =1
[ [Ry—1 Yitb Rok Yitap Rak
Eexp [t [ ) —A")— ), @-A+ Y (@—-A"|]. (19)
=1 =1 =1

Based on Lemma 6.1 in [89], for any positive integers ny,n,, we have

i=1 i=1

Eexp

and it leads to

(18) =exp <_M> < exp <_ (na +np —m)l

2 2= < exp(-(1 - e,

for some constant c. By Lemma A.1.17, we have
(19) < (exp(Copl))™ = exp(Coml) < exp(Coynl),

for some constant Cy. It follows that

Ip(Z]A)

E L S
Iy(Z'|A)

<exp(—(1-Cyy)al)) (20)

for some constant C| depending on C. Let € be any small constant satisfying € < 2¢&y, and
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w = €nl/2t*. By Lemma A.1.27, since ¥ < ¢y, g, we have #(Z) C Sq. Then,

P min  Ay(Z,Z)>-wp <P AM(Z,Z") > —mw
Z2'€eB(Z)NSq e )

=P< exp An Z,7") | >exp(—t*mw)
Z’e%’

<E |exp An (2,Z)) | -exp (t*mw)
Z’e%

=E |exp (1" Y Au(Z,Z) | -exp(emil/2)|, (21)
VASZAVA)

The first inequality holds because the minimum is smaller than the average. The second inequality

is due to Markov’s inequality. We now proceed to bound (21) by exp(—(1 —o(1))mal).

We first define set ¢'(Z) = {i: Z; = Z}, which is the set of samples that are correctly classified.
Thus, we have |4/(Z)| = X[k Raa = n— m. Suppose 7' € B(Z) corrects kth sample from a
misclassified group a, where Z; = a, to its true group b, where Z, = b. Then, we must have

€ [n]\ ¢ (Z), and by Lemma A.1.28, we can rewrite

M(Z,Z) =Y (Aul{Zi =2} -2 )= ) (Agl{Zi =7} — 1)

i€[n] i€[n]
= Y @Al{Zi=z}-2)- Y Aul{zi=7}-17)
i€€(Z) €6 (Z)
(A0)
+ Y Al{zi=7}-2")— Y, Axl{Zi=27}-21%)
i7e2) i7e(2) )
(B)

Here, A, By, correspond to summations in (18) and (19) respectively. We further have

Y MzZZ)= Y (A+B).

7€ B(Z) ken\€(2)
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Itis obvious that Ay L A fork, j € [n]\‘€'(Z), and L c,\ ¢ (z) Ak can be written as the independent
sum of the random variable A;; for some i € [n] \ €' (Z) and j € C(Z). As for Y1\ (z) Bk it is

the summation of A;; for some i, j € [n] \ ¢'(Z). For each random variable A; ;, the coefficient is at

o
most 2 (since it can only be added twice or canceled out), and the total number of random variables

is at most (’51) Hence, by the argument from (18) to (20), we can bound (21) by
21) <exp(—(1—Cy—¢/2)mnl),

for some constant C. By the definition of g(Z) defined in (32), we have

Ty(Z|A) ] , ,
P _ > —enl) s =P A(2,Z) > —
{;% o (s(z)4) = P >} {gn)mgu @2) }

mosa
<Y < )(K—1)mexp(—(1—0y—e/2)mﬁ1)

m=1 m

yn
< Z (enKexp(—(1—Cy—¢g/2)al))"
m=1

=nexp(—(1—g/2)al(1—-o(1))),

(22)
where we require € < 2¢&; in order for the last equation going to 0 as n tends to infinity.

Large mistake region. For m > yn, recall that (7)) C S¢, and S is defined in (4). If Z’
corrects one sample from group a to group b, by (16), we have Ang = n/, — ng — 1. By 16, we have

A(Z,Z) = NOs — A*Mns. Let A = (p+q) /2, mp = Yrzp Ripr 1y = na(Z), and nj, = ny,(Z) for
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simplicity. Thus, it follows that

E [An(Z,Z))] = E[AOy] — A* Ang = E [AOg] — AAng + (2 — ™) Ang

+q—2M* N
F T (= mp) — (p— A7)

- —}%(n2+ng—2mb—2Rab) +

P—q p+q—24"
< —T(n2+n2—2m)+#(ng—n2)

:—M(n;+n2—2m—Cl(n;—n2))

= 5+ Caly - (1= Cy )y — 2m)
n

< (= _ _

where C) =2(A —A1%)/(p—q). Itis easy to verify that C; € (0,1), and Cy tends to 1 (resp. tends
to 0) when (p —g)/p tends to 1 (resp. tends to 0). If y satisfies that (1 — K otyy)2nl — oo, it follows

that

1
E[AO] —A*Ang) < — | — — —q)(1—o0(1)). 23
Ze%(r)rfz)e)l?(m>ynz’e%l(az)§ﬂsa( 1405 )< (KO‘ YO) p=g){1 =) @)

Denote oy = 1/K o — ¥ for simplicity. Then, it follows that (23) < —dyn(p —¢q)(1 —o(1)). Since
Sgnl — oo, there exist some positive sequences Y and 0 such that y, 0 — 0, 92}/111 — o0, and 0 K Jy.
To be specific, we may take y = 1/(8yv/nl), 6 = 8 /(5+y/nl)/4. Hence, we can construct the event

&6(7,0) as defined in (6). Note that X(Z) — X (Z*) = AO(Z) —E[AO(Z)]. Under the event &, we

105



have

ZeSqm>n z'e%?rﬁ Z)NSq 1405 ~ E[A0]]
= Zesmnmn m Z/g@(ZZ)msa A0 — E[AOy]|
= zeSumom y%(Z)l ASal e, aezm [AOuq — E [AOqd]|
= ZeSumom L%’(z)lm Sal Z L [Xaa aa ()]

Z/Gr@ )OS(X a<a

<6n(p—q).
Then, it follows that
max min  A,(Z,7))

729 (y):m>ynZ' € B(Z)NSq

=  max min  (AOs — 1™ Any)
ZG%(}’O) m>ynZ' €B(Z)NSqy

<  max min (A0 —E[AO])+  max max  (E[AOs] — A*Any) (24)

Ze94 (y):m>ynZ' c B(Z)NSa ZeSq:m>ynZ'c B(Z)NSy
<6n(p—q)—don(p—q)(1-o(1))

=—6(1—o(1))n(p—q).

By the definition of g(Z) and by (17), we have that

IIH(Z|A) p(l1—q)
log———— 7 —
zegtpymeyn - To(2(Z)|A) ~ S q(1—p)

< —log (g) don(p—q)(1—o(1)).

max min  Ay(Z,7))
Ze9(y)m>ynZ' e B(Z)NSa

Furthermore, since

(p—q)log (5)
(vp—va)*

> 4,

= (vP—va) (1 +o(1)),
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we have

p
g () (0 0) 2 45 V@ =411 ~o(1),
Then, it follows directly

o(ZIA) s s
Zea o o g(Z)]4) = P (40T =o(D))).

By Lemma A.1.14, we have that &g happens with probability at least 1 —exp(—n).

Combining results of two regions directly gives the result of Lemma A.1.3. U

A.1.5 Proof of Lemma 2.4.6 with unknown connectivity probabilities

It suffices to prove the following lemma when the connectivity probabilities are unknown.

Lemma A.1.4. Suppose v satisfies Condition 2.2, 2.4, or 2.5. Then, there exists some positive

sequence Y — 0 such that, with probability at least 1 —Cin~©2,

(zla) exp(—enl(1 —0(14))), if m< yn,
MG@IA) = | o <_%(1 _0<1>>> Cfmem

holds uniformly for all Z € 4 (%) defined in (30). Here, € is any constant satisfying € < &, and
C3,Cy are constants depending on €. Furthermore, if & satisfies Condition 2.3 or 2.4 correspond-

ingly, then by choosing € € ((1 —gy)/&,2¢y), we have

Nﬁ(ﬂ < exp(—Cil)

ax <
269 (1) T(3(2)|A)
for some constant C > 1 — &y with probability at least 1 — C3n_C4.

Note that when the connectivity probabilities are unknown, the initial conditions are different

for the case of two communities and the case of more than two communities. In order to prove
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Lemma A.1.4, we again divide S¢ into a small mistake region and a large mistake region, according
to whether m > yn, where Yy — 0 is a positive sequence to be specified later. It is worth noting that

we always start from the likelihood modularity, and then bound the exact posterior distribution.

Proof of Lemma A.1.4. Under the conditions of Lemma A.1.4, let &y, = 1 — Ky for simplicity, and
we have e%nl — oo, &y (1 = KByp)n — oo. Then, for any positive sequences &,7, 6 — 0 satisfying
that £2n — oo, 02ynl — oo, 87,0 > €, and 8},0 > O&. To be specific, we can set € = 8%0/(8},01’11)1/4

Y= %, 0=1/\/ynl.

All the following analyses are based on the event &(€,7,0).

Small mistake region. We write .#Z; = {Z € ¥(y) :m <7yn}. By Lemma A.1.27, since y <
Cq B> We have that for any Z € .#;, #(Z) C Sq. By Lemma A.1.20, under the event & (), we

have

) I1(Z|A)
max min log——"—-=
zeM,z’ex(z)  11(Z'|A)
I1(Z]A)

1
< max — Z log H(Z/|A) (25)

ZeMs 1 71 22 7)

1
< max — (OLm(Z,A) — QLm(Z A)) +erm.
ZeMs m Z'e%(z)

Thus, we proceed to upper bound Qy/(Z,A) — Qrm(Z',A). By some calculations, we have

Orm(Z,A) — Qrm(Z',A)
TIy(2/A) 0,
Eo(Z[A) ~ L Maa (n

a<a ad

=log

0utl))

Nag (Z )

a<d ! <Z) Naa (Z)

O, Z (Z)—0, (2
Z AOaa ( n—(> _logB ) + (Anaa’ _AOaa’) (log laa ( ) s ( ) —log(l _Baa’>)7
aa

J/

E rrziZ’ )
(26)

where log [T1(Z|A) /T1y(Z'|A)] is calculated in (17). Now suppose we correct one sample from a
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misclassified group b to its true group b’. Then, by Lemma A.1.28, we have

AOb/b/ + AObb + AObb/ O AOS AObb + AOb/b/

AOup+AO =0, A0,y =0, foranya,d c[K]\{b,b'}.

Denote B, = E[0,,(Z)] /4y (Z) and B,y = O,(Z)/n,y(Z) for any a,d’ € [K]. By Lemma
A.1.21, we have

Zk#l RakRal ifa— a/
Baa’ - Baa’ nla (nét - 1) ’ ’
= =l 7)
pP—q R ;R
Zk /ak/ a’k7 lf a ?é al,
ngn,

and HB BH <2Kam(p — q)/n. Under the event &1 (€) defined in (6), by Lemma A.1.9, we have

2Kam
n

|5-s]_< -5+ |5-5]_ < (ce+ZE ) p-a s v 20— @

We then bound Err(Z,Z') in (26) under the event &(&,7,0). Since p < g, by some calculations,

we have

Y, Err(z.Z) Zlog

Y, (MO — AL Myy) (29)

7€ B(2) a<d B a I_Baa)Z’E%( )
Clla *
< —HB—BH Y| ¥ (A0 — A% Any) (30)
p “a<d |7'cB(Z)

. 7

for some constant C, where

Af =1lo _44a /10 ad 4’ c|B,,AB, B, VB /] .
ad g B, g B,(1—B,) aa ad' »Paa aa

Under the event &(€,7,0), for any Z € .#;, we bound the above term (A) by the following three
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terms separately,

Z Z (AOaa’ —E [AOaa’]) S mn(p - Q)a (31
a<d' |Z'e B(Z)

Z Z (E[AO 10] — By Mgy ) | < Z Z |E[AO /] — By Mgy | < 2Kmn(p —q),
a<d' |Z'e B(Z) Z'eB(Z)a<ld

(32)

~

Y| L B X< ¥ Y gl |B-B|_ S (r+eymn(p—q).
a<d' |Z'eB(Z) 72'eB(Z)a<d

(33)

The first inequality directly follows by Lemma A.1.13. The second inequality is due to that for each
fixed Z', there are at most 2K pairs of groups contributing to the summations of the absolute values,
and for each summation, there are at most n random variables associated. The third inequality

follows by (28) and Lemma A.1.28. Hence, under the event &' (&, 7, 6), we have

Y, Err(z,Z) <C(y+&)mil,
7'ceHB(Z)
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for some constant C where ¥, € — 0 as defined in the beginning of the proof. Hence, it follows that

I1(Z|A
P{max min log Z| )>—8ﬁ1}

zettsze#(z) I1(Z'|A)

1 [1(Z|A
max — Z log& > —enl

max — Y log > —enl —C(y+ &)l — ey p +P{&°}

ZE-/ZS mZ’E,@(Z) HO(Z/|A)

<P
< {Ze///smzfegg(z) I1(Z'|A)
<P max - Y Owm(Z,A)—Om(Z',A) > —eil — ey, 6 § +P{E€}
ZEeAM M 712 2 (7)
(34)
1 Ip(Z|A) / ) _

<P{ max — log————~+Err(Z,Z") | > —enl —epp, & p +P{&EC

{ZGJ//S mZ’E%(Z) < Ho(Z/|A) ( ) { }

{ 1 My(Z14)

=P max t* Y Au(Z,Z') > —menl/2—Cm(y+&)il/2—mepy /2 p +P{E}.
Zeds  z1cp(z)
where €737 — 0 is defined in (51), and € is any small constant satisfying € < 2&y. A simple union

bound and following the argument from (21) to (22) lead to that

. zia) _ - / (1 e N
P{z%%zf?é%z)logH(Z’|A)> 8nl}§Cnexp( (1—¢/2)al(1—o0(1))),

for some constant C’.

Remark A.1.1. Before performing the analysis for the large mistake region, it is worth noting that
for the small mistake region, the proof works for any sequence ¥ — 0. Thus, in the case of more
than two communities (K > 3), if ) — 0, by Lemma 2.4.4, () C . for some sequence y — O,
and then the proof is complete. Therefore, we only need to analyze the large mistake region for

K=2.

Large mistake region. We write .#; = {Z € 4(yy) : m > yn}. By the same argument in (25),
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we start with Q7 37(Z,A) — Qrp(Z',A). For K = 2 and Z € ./, by some calculations, we have
OLm(Z,A) = QLu(Z',A)

= ¥ nat(2)t ((’355/—'((22))) - Y (2t (%Lg)))

ad

a<a a<d
Ouu(Z Ouu(Z 0w (Z) || Ou (Z
=Y A0, log au' >+(Anaa/—Aoaa/)log (1— a( >) -Y naa/(Z/)D< ad ,) aa'(Z)
a<d Naa’ (Z) Nag (2) a<d Naa’ (Z") Naa! (2)

< Y A0y 108 By + Mgy — AO ) log (1 - Eaa,) +

a<d
N

J/

P(Z,Z')+Err(Z,Z')

0,,(2) - Oua (Z) =
Z A0,y (logm —logBaa/) + (Mg — AO,y) (log <1 - m —log (1 —Baa/) ,

a<a
Errﬁ,Z/)
(35)
where we write
P(2,Z) = Y, E[AOuy]10gByy + (Myq ~E (A0 ))10g (1-Buy ) (36)
a<d
B,

Err(2,Z) =Y (AOuy —E[AO,y])log —44—. (37)

a<d 1- ad

Recall g(Z) and A(Z) are defined in (32) and (1) respectively. Let N = |B(Z) N S¢|. By Lemma

A.1.27, we have N > min{cn,m} for some constant c.

Step 1: bound P(Z,Z’). ByLemma A.1.32,forZ € .4, withm=d(Z,Z*) and any Z' € B(Z)N
Sa, we have

1
—P(z,7) > %ﬂs%max{l —B4+1/a,en}(1—0(1)) > nl,

where €, = 1 — Km/n. Note that m < n/K 3 under the condition. The last inequality holds because
&n— Oonlyif B — 1,and m/n — 1/K. Thus, 1 — B+ 1/a > &y.
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Step 2: bound Err|(Z,Z'). Recall that N = |%(Z) N Sq|. Under the event &(y,0) defined in

(6), we have

1
max — |AO, —E[AO, ]| < 6n(p—q),
ZGSa2m>YnNZ/€@Z)mSa agz ad ““ ]

for the positive sequence 8 — 0 defined in the beginning of the proof. When K = 2, and Z’ corrects
one sample from group b to &', by Lemma A.1.28, Erry(Z,Z’) in (37) can be expressed as

Byy(1—B Byy(1—B
Erry(Z,Z') = (AOp, — E[AOy]) log = By = Byy) | (A0 —E [AOy]) log By (1= Byy)

By (1—Byp) By (1= Byy)

By p < g and (n—2m)(n—2Bm)/n — o, it follows by Lemma A.1.29 that

1 _
— Z Errl(Z’Z/)SCIM

N e %)nsq p

On(p —q)*det(R) [2a 3
( )" det( Py (|Ryp — Ryyp| + [Rpp — Ry |)

. (‘Eb’b’ _Ebb’ -+ ‘Ebb _Eb’b

<G

O1det(R)(n—2m)
n2

Y

C3

for some constants C,C,,C3. Hence, under the event & (&, 7, 0), where the sequences are defined
in the beginning of the proof, if (n — 2m)(n —2Bm)/n — o and (n —2m)/n > 6, then by Lemma
A.1.33 we have

1 Oldet(R)(n—2 1
N Z Err(2,7)) <« il )2(11 m) < N Z
Z'eB(Z)NSy n 7' B(Z)NSy

P(z,2),

for any Z € ..
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Step 3: bound Erry(Z,Z'). Recall N = |%(Z) N Sq|. By (35), we have

1 B,y (1—B,,)
¥ Y  Emn(z.Z) Z logE 1 3 aa (MO, — A Mg y)
21 B(Z)NSq N < o (L= Baat) 71 3(Z)ns,
1 *
_HB BH N (MO — Ay )|
Z'eBZ)nSa

where

Aa*a’ :10g aa /10 Baa Aaa) S B ’/\Baa ,B a’vgaa’]'

Under the event &'(€,7,0) defined in (6), by Lemma A.1.9, we have maxzcg,, HB\— I?H <E&p-—

q)- By the same argument from (28) to (33), we have

1
N Z (AOaa/ —E [Aoaa’]) < Gn(p - Q>7
a<d |Z'€eB(Z)NSq
1 ~
N Z Z <]E[A0aa’] _Baa’Anaa’> SC(n—Zm)(p—q) ngn(p_CI)»
a<d' |Z'e B(Z)NSq

~

N Z Z (Eaa’ - Aaa’)Anaa

§K2nH§—§H <én(p—q).
a<a Z'eB(Z)NSq ~

It follows that for any Z € .#; withd(Z,Z*) =m

1 o N2
— Z Eer(Z,Z')SM(G-i—Sm-l-E‘),

N 21c 478,

where €, = 1 —2m/n. Hence, under the event &'(€,7, 6), where the sequences are defined in the

beginning of the proof. If €7, >> 0F, &2, > £, and &3, >> &2, then we have

1 / 1 /
NZ’ ) Ern(2,7)) < — / Y P(z7),
€B(Z)NSq Z'eB(Z)NSqy
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forany Z € ..

By combining all three steps, we require that for all Z € ¥(y) with d(Z,Z*) = m,
(1 —=2m/n)*nl — oo, (n—2m)(n—2Bm)/n— oo (for Lemma A.1.32). (38)
By the definition of ¢4 (%) in (30) and by Lemma 2.4.4, it suffices to require

(1—2y)*nl — o0, (1 —27)(1—2B%)n — oo.

Recall that £y, = 1 — 2y in the beginning of the proof. Then, under the event & (&, 7, 6) defined in
(6), by the conclusions of three steps and by Lemma A.1.20, we have
ma min  lo LCA%Y
X
ZempeBDns. - (ZA)

com Y T1(Z|A)
< max — 0g ——
zeiN pcgZns,  ENA)

1
< max Y, (Om(Z,A) - 0rm(Z,A) +erm)
e N 71 3(7)0S,

1
=max — Y. {P(ZZ)+Erm(Z,Z)+Erm(Z.Z")} +eu (39)

zei N 41c 300,
1
=max — Y P(ZZ)(1—-o0(1)+ey
ZeiN z1c 470,

nl
<— ms% max{1— B +1/a,&,}(1—0(1))

nl 4
S — T“ZEYO(I —0(1))

Combine the results of two regions, and Lemma A.1.4 directly follows. [
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A.1.6  Proof of Lemma A.l.1

For the simplicity of presentation, we first introduce some notations that will be used in the proof.

Denote

m=nmax{y,n "} +log>n, m*=n'"",
where 7 is a sufficiently small constant defined in (30). For any Z € ¥(7), we define the following
set

F(Zm)={S Cc N (2Z)NSq:|S'| >N |B(Z)NSal}, (40)

where 1) is a small constant satisfying 27 <1 < 1/2, and «/(Z), B(Z), N (Z) are defined in (1).

Then, we have the following lemma.

Lemma A.1.5. Suppose vy, & satisfy all conditions for Theorem 2.2.1 or those for Theorem 2.2.3,

with probability at least 1 —exp(—n'=%), we have

. . I(Z|A) . II(Z'|A) _
max max min min = ,  min — < exp(—Cnl),
ZeSq:m*<m<mS'€.S(Z,n) 7'eS'nB(Z) 1I(Z!|A) Z'eS'n (Z) TI(Z|A)

for some constant C > 1 —¢gy, and 21 <1 < 1/2.

To understand Lemma A.1.5, we say that Z' € 4(Z) is making a mistake if Z' € 2(Z) but
rejected, or Z' € 27 (Z) but accepted. Lemma A.1.5 implies that under all the conditions, for any
current state Z with m € [m*,m|, if we make at least | %(Z) NS¢/ different choices of Z’, then
there is at least one Z’ such that it is not making a mistake with high probability. In other words, it
holds with high probability that Z’ will make less than n|%(Z) N S| mistakes among all possible
choices.

Though Lemma A.1.5 seems very similar to Lemma A.1.3, Lemma A.1.3 works for all Z €
(), and focuses on the posterior ratio of the current state and the next possible state in set
HB(Z), while Lemma A.1.5 works for Z € ¥ () with m € [m*,m], and also bounds the probability

of updating to <7 (Z).
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Proof of Lemma A.1.1. By Lemma A.1.5, with probability at least 1 —exp(—n'—7), for any Z €

4 (1) with m € [m*,m], by (2), we have that

pm(Z) = p(Z,4(Z)) =

! | L(Z1A)| _ nlZ(2)nSe| +e
Z(K_l)nZ’EM(Z)OSa ’Hg(ZyA) 2(K—1)n ~’

1 ﬁg<z'A>} _ (1=n)|Z(Z)N Sl

am(2) = p(Z,%(2)) =

e — 1, =
2(K=1)1 ye h )84 1 { I, (Z|A) 2(K—1)n

where € = nexp(—Cnl) — 0 for some C > 1 — gj. It follows that with probability at least 1 —

exp(—n'=%), pm(Z)/qm(Z) < 21 holds for any Z € ¥ (y) with m € [m*,m). N

In order to prove Lemma A.1.5, we first state two lemmas according to whether the connectivity
probabilities are known or not. In the case of known connectivity probabilities, we use Iy (+|A) to

denote the posterior distribution.

Lemma A.1.6. When p, q are both known, given T sufficiently small and 1 satisfying 2t <n <1/2,

if (1 —Kotyy)2nl — oo, then we have

m . : Iy(Z|A) . TIh(Z'|A)

ax min min = AN min P re—

S'es(Zn) z'esn#(z) o(Z'|A) zesna (z) Ho(Z|A)
exp(—enl), ifm* <m< yn,

exp(—4(1/Ka—o)nl(1—o(1))), ifyn<m < i,

holds uniformly for all Z € 4 () with m € [m*,m] and some sequence 'y — 0, with probability at

least 1 —exp (—nl_f) Here, € is any small constant satisfying € < 2€.

Lemma A.1.7. Given t sufficiently small and N satisfying 2t < N < 1/2. Suppose 7y satisfies

Condition 2.2 or 2.4, there exists some positive sequence Y — 0 such that with probability at least
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1 —exp (—nl_'”),

. . [1(Z|A) . I1(Z'|A)
max min min AN min
S'es(Z,n) 7'esn®(2) INZ'A) z7esna (z) TI(Z|A)

exp(—enl(1—o(1))), ifm* <m< yn,
< _ 4
exp (—%(1—0(1))) , ifyn<m<m,

holds uniformly for all Z € 9 (yy) with m € [m*,m|. Here, € is any constant satisfying € < 2g.

The proofs of Lemma A.1.6 and Lemma A.1.7 will be presented in the sequel. We first proceed

to prove Lemma A.1.5 based on these two lemmas.

Proof of Lemma A.1.5. The result directly follows Lemma A.1.6 and Lemma A.1.7 by choosing &
properly in Theorem 2.2.1 or Theorem 2.2.3. Then, by choosing € € ((1 —¢g)/&,2gy), we have

that

| fiEw . -
max max min min = = , min ———» <exp(—Cnl),
ZeSq:m*<m<mS'€S(Zn) 7'eS'nB(z2) II(Z!|A) Z'eS'ne (Z) TI(Z|A)

for some constant C > 1 — &, with probability at least 1 — exp(—nl_f) for the sufficiently small

constant 7. [
We finally present the proofs of Lemma A.1.6 and Lemma A.1.7 to complete this section.

Proof of Lemma A.1.6. We consider any positive sequences 7, 0 satisfying 7,0 — 0, Gzynl — oo,

and 6 < 1 —Kayy. Suppose yn € [m*,m], and we perform analyses for the following cases.
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Case 1: m* <m < yn. Since the minimum is upper bounded by the average, it follows that

1 | i) I(ZA)
0og max max min mn ————=,  min = 41
Zm*<m<ynS§'c.#(Z,n) zesn#(z) o(Z'|A) " z7es'n (z) TIp(Z|A)
1 IIH(Z|A Iy(Z'|A
< max max _/ Z log M _|_ M

< log
Zm*=m=<ynS'c.s(Zn) N 7'eS'NAB(Z) o(Z'|A) Z'eS'nd (2) Ip(Z]A)

2r*
= max max o A (Z>Z/)+ A (ZI’Z) ’
Zm*<m<ynS'e.¥(Z,n) |S/| Z’ES;%’(Z) " Z’ESI;JZ{(Z) "

where A,(Z,Z') is defined in (16). By a similar argument from (21) to (22), we have

E [¢* Y AzZh+ ) aZ.Z))| <exp(—(1—Cy)|S|aD).
7'eSNAB(Z) 7'eS'N ()

We also have |%(Z) N Sq| = m by Lemma A.1.27. For any small constant &€ < 2¢&j, write Cy,e =

1 — Cy— €/2 for simplicity. It follows that

P{@4) > —eal} < Y (Z)(K—l)m y (!I;D exp(—Cjig|S/|fzI)j

m*<m<yn |S"|>nm .
~ AN -— _  bound for each given Z and S’
all possible Z all possible S’
K

< (n>(K— l)m( n) exp (—Cy,enmil)

m*<m<yn m nm
<(" (K—1)" Kn exp (—Cy,enm*nl)
~ m* nm* ,)/78

. % eKn
Sexp | —Cyenm™al+(n+1)m logF . (42)
m

For any sufficiently small 7, when 11 > 27 and m* = nl =% itis easy to check that

T *
(42) S exp (—m* (Cy,gnﬁl —(n+1)log el;n )) <e ™.

Case 2: yn <m <m. Recall that AOs(Z,Z") = O5(Z) — O5(Z') for any label assignments Z and
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Z'. By (17) and (23), we have that
| HO(Z’A)
y(Z'|A)
max max  E[A,(Z,Z))] < - (L—}/O) (p—q)(1—o(1)).

Z2€9 () Z'€B(Z)NSq Ko

= 2" An(2,2)),

Since |S'| > 1|%(Z) N Sq|, by the same proof in Lemma A.1.14, we have that with probability at

least 1 —exp(—n),

max _  max { Z ‘AnZZ E[An(Z,Z’)”}
Z/es

ZeSq:yn<m<mS'eS(Z,a)

- AOg(Z,7") —E[A0y(Z,7'
ZESar?rEllim<mS’er‘I§1(aZXa { /Z ’ s [ s( s )”}

where the positive sequence 0 is defined in the beginning of the proof. Thus, by a similar argument

from (23) to (24), the result directly follows.

Combining two cases gives Lemma A.1.6 directly. Note that in the case of m* > yn or m < yn,

the result trivially follows. [

Proof of Lemma A.1.7. Consider any positive sequences €,7,0 — 0 satisfying that E2nl — oo,
02ynl — oo, (1 —K7y)% > &, and (1 — Ky)3 > 0. Note that the second case in Lemma A.1.7
is only for the case of K =2. When K > 3, we require yy — 0, and thus there exists some y — 0,
such that for all Z € (%), m < yn always holds.

The following proof is similar with those of Lemma A.1.4 and Lemma A.1.6. Denote AQ(Z,Z') =
Qim(Z,A) — Qrp(Z',A) for any two label assignments Z,Z" € S¢, where Qrps(Z,A) is the like-

lihood modularity function defined in (8). Under the event &} (€), by Lemma A.1.20, there exists
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some sequence €737 — 0 such that

. . [1(Z|A) . I1(Z'|A)
log max min min 7 s min
S'e.s(Zn) zesn®(2) INZ'A) zes'na (z) TI(Z|A)

1 y (zlA) | T(ZA)

< max —- g
ses(zn) || 7'eS'NB(2) M(z'|a) Z'eS'N (Z) f(zja)

1
< — Y A0zZ)+ ) A0(Z.Z)+ewn (43)
seszn) S| 7'eS'N%(Z) Z'eS'nd/ (Z)

The first inequality is because minimum is smaller than the average.

Case 1: m* <m < yn. In this case, B(Z) C S¢ by Lemma A.1.27. By (26), we have that under

the event & (€),

/
43)< max y o(Z]A) Ty (Z'|A)

log ———+~+ log ———+
seszm 81 | pesnaz — MoZl4) Z’GS;M(Z) Mo(z}4)

+ Y |Err(Z,Z)| } + e
A=Y

By a similar argument from (26) to (34), in order to prove Lemma A.1.7, it suffices to show that

1 !
max Err(Z,7")| = o(nl). (44)
Ze94(p): *<m<YnS’€«5”Z77 ’S|zg&’ ( )‘ (Al)

Recall that Err(Z,Z') is defined in (26). It follows by (30) that under the event & (£), for any

Z € 9(y) with m € [m*, yn],

Err(Z,Z
Sleyzn |S/|Zésl} 7’7" )‘
p—4q
AO * An
(7"’_8) ) S’Grﬁagn |S/|ngla§;1 ’ ad’ a’ aa|

S+ AW+ B+ ()

121



where

1
(A) a S/EI}}a(-é n) m gS’ < ,|A0aa —E [Aoaa’H 5 n(p _CI)’
a<a
1
(B) — max —/ ’]E [Aoaa/] Baa/Anaal‘ < n(p Q)
S/Ey(z n) ’S | 7'eS a<a
1
C)= max —- B A <n
( s () ’ /‘ Z’eS’agﬂ ‘( aa’ aa aa ‘ p Q)

The first inequality holds with probability at least 1 — e by the same proof of Lemma A.1.6 and
Lemma A.1.13. The second and the third inequalities hold due to the same arguments for (32) and

(33). Hence, the proof is complete for the small mistake region.

Case 2: yn <m < m. We only analyze this case for K = 2. By (35), we have that under the event
&1(8),

(43) < max ! Y PzzZ)+ Y PZZz)p+

!
s'es(Zn) ’S | 7'eS'NAB(Z) 7'eS'Nd (Z)
1 !/ !
max — Err(Z,2')|+ |Errp(Z,Z + &M,
S’E&”(Z,n) |SI|Z§S/<| ( )‘ ‘ ( )‘)
where Err((Z,Z') and Erry(Z,Z') are defined in (35) and (37). According to arguments in Lemma
2.4.6, we only need to bound Err|(Z,Z') and Erry(Z,Z') in order to upper bound bound (43) as
well as the posterior ratio. The only term inside Erry(Z,Z’) and Erry(Z,Z') needed to be treated

specially is

1 , /
m E z (Z2,Z2")—E|A0,,(Z,Z
Z€Sq: 72§m<m5’€,5ﬂa§ m IS Zes acu | [ wd(Z, )} ‘ )
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denoted by D for simplicity. By the same proof of Lemma A.1.14, we have that
P{D>6n(p—q)} <e”,

for the positive sequence 6 defined in the beginning of the proof. Hence, following the same

arguments from (35) to (39), the proof of Lemma A.1.7 is completed for the large mistake region.

Combining two cases gives Lemma A.1.7 directly. Note that in the case of m* > yn or m < yn, the

result trivially follows. 0

A.1.7 Proof of Lemma 2.2.1

In this section, we proceed to lower bound the posterior distribution.

When connectivity probabilities are known

Let {x;};>1,{y j}jzl be i.i.d. copies of Bernoulli(g) and Bernoulli(p). According to (24) and

(12), for any Z € S¢, we have that

log % =log % (A5s ~E [Aés] +E [Aﬁs} - A*Aﬁs> ,

where AO; = Zi.\gl X — ):?ﬁl yi> and

Nd:ZH{Zi:Zj,Z;k7éz;f}, NS:ZH{Z;":z;f,Z,-%Zj}. (45)
i<j i<j

Recall that my = Y' | 1{Z; = k, Z7 # k}, and it follows that m = Yrelk) Mk Write

Be=Y {zi=2;=k7; #7;}
<Jj

123



for simplicity, and we have

Be =Y. RiaRip < Rije- my+mj = nymy, < z
a<b

It follows that N; = ZkK:1 Bi < aomn/K. Similarly, we have Ny < Bmn/K, and

E [A@S] — A*Nig = Nyg — Ngp — A*(Ny — Ny)
=—(Ng- (A" —q)+Ns-(p—217))

> —(Ng+Ns)-(p—q) > —(oe+ B)mn(p—q) /K.

Furthermore, by Lemma A.1.10, with probability at least 1 —nexp(—(1 —o(1))al), for any Z € Sg

withm = d(Z,Z*), we have

‘A@ _E [Aés}

< Y 40w —E [A0ul| = ¥ [Xaa(Z) ~ Xaal2")|
aclK] a€[K]

<K|[X(Z2) =X(Z") o < (ot + B)mn(p—q).

Hence, it follows that

Mo(zla) | P(1=9)
Moz la) = q(i=p)
(p—q)?
q(1-p)
> —C'nml - (1+0(1)),

log

-Cmn(p —q)

> —Cmn-

for some constants C and C’ with probability at least 1 —nexp(—(1—o(1))al).
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When connectivity probabilities are unknown

In order to simplify the proof, we first define some events, and all the following analysis are
conditioning on the given events. For any positive sequences 7y, 0 — 0 with yznl — oo, and Gzynl —
oo, let € = y for simplicity. Consider events & (&), &, &3(€), &4(y,0) defined in (6). Under the
events &7 (€) and &3(€), by Lemma A.1.19, we have that for any Z € Sq,

I1(z|A)

1 N v/
8 T1(z*]A)

_AQ(sz*) > _CLM>

where AQ(Z,Z*) = Qrm(Z,A) — Qrp(Z*,A). Thus, it suffices to lower bound AQ(Z,Z*).

Case 1: m < yn. By (11), we have

AQ(Z,Z7)
Iy(Z|A) } (OQb Oab(Z)>
=log—— >~ — »(Z°)-D | =%
* o (Z* |A) agbn b( ) "ab || "ab (Z)
(A4) )
A Oup(Z) ~ =~ Nap(Z) — Oyp(Z)
+ a;bAOQb (log _nab(z_) — logBab) + (Ang, — AOyp) (log nn(Z) —log(1— Bab)> ,

(©)
where II(-|A) is defined in (12). We proceed to bound each term above separately. Under the

event &) and by the same argument in Section A.1.7, we have

A2 —mnl.

By Lemma A.1.36, under the events &} (€) and &>, we have

B<mI.
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By Lemma A.1.22, under the events & (€) and &, we have
CZz —(E+y)mnl.
Hence, under the events &’ (€), &>, &3(€), we have that for any Z € Sg with m < yn,

I1(Z|A
(Z|A) >AQ(Z,Z")—Cry > —Cmnl,

1 R S N
“TI(z*]A) =

for some constant C.

Case 2: m > yn. By (14), we have
AQ(Z,Z7) = G(Z) - G(Z") + A(Z) - A(Z"),
where by (15) and Lemma A.1.35, we have

G(Z)—G(Z") > -5 ¥ RyRyD <Bk1H§ab) > _mnl.

1
2.bkl

By Lemma A.1.26, under the events &) (€) and &4(7, 0), for any Z € S¢ with m > yn, we have
AZ)—A(Z") > —emnl

for some sequence € — 0. Hence, under the events & (&), &3(€), and &4(7,0), we have that for

any Z € Sq with m > yn,

[1(Z|A)

" S AQ(Z.ZF) = Crpyp > —C'mnl
Tz > Q(Z,2*) —Cry > —C'mnl,

log

for some constant C’.
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Combining two cases, we have that with probability at least 1 —nexp(—(1 —o(1))al),

in (1og XA L o) > 0
min | log ——— +Cmn ,
Zesy \ B TI(z*[A) =

for some constant C. By Theorem 4.2.1, we have logII(Z*|A) > C for some constant C with high

probability. To conclude, there exists some constants C3, C4 and Cs such that for any Z € S,

min (logII(Z|A) + Cymnl) > 0.
ZeSqy

A.1.8 Bounding probability of events

We first introduce some notations. For any Z € Sy and any a € [K], we use n, to denote ny(Z), my

to denote n,(Z) — Ry for simplicity.

Lemma A.1.8. Denote X,;;,(Z) = Oy, (Z) —E [0y (Z)] for any a,b € [K], then for a general K > 2,

we have

P{é“s X2, > én2<p—q>} < exp(—n),

as long as E2nl — oo,
Proof. For K > 2, we have Var (0,,(Z)) < ng(Z)p < o>n®p/K?. Then, by a union bound and
Bernstein inequality, it follows that

]P’{erglgx 1X(Z)]|., > énz(P—Q)} < 2K2K" (exp (— en’(p — q)sz) Fexp <_w)>

a 2062p 2
52K2n21>

< K"t —(1-o(1
< eXp(( o(1)) 2

< exp(—n),

for any € satisfying that 821l — oo, U
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The conclusion of Lemma A.1.8 directly leads to the following lemma.

Lemma A.1.9. For K >2 and any a,b € [K], let By, = Ogp(Z) /ngp(Z), and By, = E[04p(Z)] /1 (Z).

Under the event & defined in (7), we have

S X(Z2) _ En*(p—
B_BHm:maX max_ bl )S it Q)—Cé(p—CI),

€5, ZeSaabelK] nap(Z) — (Ka/n)2

YASNY

for some constant C depending on K and «.
We state the following lemmas whose proofs will be given together.

Lemma A.1.10.

P{an; 1X(2) = X(Z°) . — (0 + B)mn(p— q) /K > o} < nexp(—(1—o(1))nl/K).

Lemma A.1.11.

P{Zﬁés IX(2)-X(2%)].. > én2<p—q>} < exp(—n),

as long as E2nl — oo,

Lemma A.1.12. For any positive sequences Y — 0, 8 — 0 satisfying Gzynl — oo, we have

P{, max IX@)-X@)] > 6mn(p-a) } < expl-n).

Proofs of Lemmas A.1.10, A.1.11, and A.1.12. Recall that X, (Z) — X,(Z*) = AO,y, — E [Aéab]

for a,b € [K]. We first consider the case where a # b, and it follows that Aaab = Yijes, Aij —

Yi jes,Aij, where

|51’: Z (H{Zi:a,zj:b}—ﬂ{zizzgk:a,Zj:Z;f:b}>,
i, j€ln]
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S)= Y (H{z;‘ =a,Z! :b} —]I{Z,— —Z=a2;=2] :b}) .
i,j€(n]

Therefore, we have

oamn
1S1] = ngny, — RaaRpp < man, +mpng < =

Similarly, we have |S>| < Bmn/K. Thus, Var (Aaab> < (ot+B)mnp/K. A similar argument
gives that for any a € [K], Var (Aaab> < (o4 B)mnp/K also holds. Then, by a union bound and
Bernstein inequality, we have

P { e [X(2) - X(2°) ]~ (a4 Bymn(p )/ = 0

<K? Y (n>(K—l)mexp(—(l—o(l))mnI/K)

Z:m<cn/K n

<nexp(—(1—o(1))nl/K),

for some constant ¢, which leads to Lemma A.1.10.

Since Var <A5ab) < (a+B)n?p/K for any a,b € [K], we also have

P { max 1X(Z) = X(Z")||o0 > En*(p — q)}

VASNY
E2Kn*(p—q)*
2(a+B)?p

<2K?K"exp <—(1 —o(1))

<exp(—n),

as long as g2nl — oo, which leads to Lemma A.1.11.

For any sequences ¥, 0 — 0 satisfying 92}/111 — oo, we also have

2,220 ) _ o2 ol
P{|IX(Z) = X(Z*)|l.. > Omn(p—q)} < 2K* (eXp <_29(a+[3§11:mpq/)1() e (_W» '
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It follows that

P{ max ||x<z>—x<z*>||msemn<p—q>}
ZES(x:m>'}/I’l

<c") (")K’" exp(—CO°mnl)
m>Yn

<y (%) exp(—CO2mnl) (46)

m>yn

K
<c’ Z exp (—m (Ceznl—log _e))
m>Yn Y

<exp(—n).

The last inequality holds since 82yl — oo and thus 621l > 1 /vy > log(1/y). Tt directly leads to
Lemma A.1.12. ]

Recall that for any a,d’ € [K],
Xaa’ (Z) = Oaa’ (Z) -E [Oaa’ (Z>] ) AOaa’ = Oaa’ (Z) - Oaa’ (Z/)’

it follows that
Xy (Z) =X (Z') = MO 4y —E[AO 4] -
We state the following two lemmas and the proofs will be presented together.

Lemma A.1.13. Let N = |A(Z)

1
P ¢ max — Z Z |AO i —E[AO, ]| > 10n(p —q) p < nexp(—2nal).

2&Sa N 71c 47)nSqazd’

Lemma A.1.14. Let N = |%(Z) N Sq|. For any positive sequence y — 0, 8 — 0, and 0>ynl — oo,

we have

1
P zesime N A0y —E[AO,]| > On(p—q) o < exp(—n).
Zesam>ynNZ/€%Z)mSaa;a | aa aa ” ( ) p( )
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Proofs of Lemma A.1.13 and Lemma A.1.14. In order to apply Bernstein inequality, we proceed to
eliminate the absolute function. Note that AO,,, depends on both the current state Z and the next

state Z'. For any Z € Sq, we can rewrite

Z Z |A0aa’ —E [Aoaa’H

e B(Z)NSqa<d

= max hqa (Z/) (AOy, —E [AOab])+
he{—l,l}(””wz'e%(zz)msa ae[K]Z\’{b’}
47)
K
Y hayk—1(Z) (A0 —E[AOuy)) +hak—1(Z') (AOpy — E [AO4y])
ac[K]\{b}
= max S(h)

_I’ZE{—I,I}(ZK_I)XN

where h € {—1,1}K=D*N s 3 matrix whose elements are either 1 or —1. We use h(Z') to
denote a column vector of / corresponding to Z’, and hy(Z') is the ath element of (Z'). To prove
the equality in (47) holds, we suppose the next state Z' updates one sample from a group b to
another group »'. Then, AO,, = 0 for any a,d’ € [K]\ {b,b'}. Hence, for any possible choice of
7', h(Z') € {—1,1}*%~1 and then the equality holds.

Claim: for any samples i, j, the random variable A;; appears at most four times in (47). This
is because A;; can only appear when we update sample i or sample j. Suppose the sample i is
corrected, then A; j appears in AOZ,-,Z,- and AOZlf,Zj- Thus, the claim holds, which means the same
Bernoulli variable appears at most four times in (47).

By the above claim, for any matrix 4, it trivially follows that

V(h) = Var(S(h)) < 16Nnp.
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Hence, for any Z € S¢ and w > 0, by a union bound and Bernstein inequality, we have

1
PSS , ) Y A0, —E[AO, ]| > w
Z'eB(Z)NSga<d

hG{*l,l}(ZK_l)XN

:]P{ max S(h) zNw}

< Y P{S(h) > Nw}
he{_Ll}(ZKfl)xN

N2w? 3Nw
<72KN _ _ONw

where V = 16Nnp. Thus, by a union bound, there exists some constant C such that for w =

Cn(p —q), we have
1
P max ) Y. 180,y —E[AO, ]| > w
2€8a Z'eB(Z)NSga<ld

<Y <:1>(K—1)m1@ 1%[ Y Y A0y —E[AOu]| > w

72'eB(Z)NSqa<ld
n NZw? 3Nw
< (K—1)"22KN [exp [ ——— | +-exp (——)
= (m) 2V 2-4
<nexp(—2al).

The last inequality holds since N > min{m, Ca, ﬁn} by Lemma A.1.27. It is easy to verify that
when C = 10, the result holds, which leads to Lemma A.1.13.

For any positive sequences ¥, 8 — 0 satisfying yzenl — oo, let w = On(p — q). Then, it follows
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that

1

P max — |AO,, | >w
ZESa:m>}/nNZ/€%Z)ﬂSa ag ad ]

<Y (D) k-0"ES L E T (804 - B8Ol 2w

Zlge% )ﬂSa a<a

<’y (Z) (K — 1)M22KN expy (—C92an>
m>1

SGXP(—I’I),

where the last inequality holds by the same argument for (46) and Lemma A.1.27. Thus, the proof

of Lemma A.1.14 is complete. [

A.1.9 Proofs of technical lemmas

Lemma A.1.15. P,lg are the probability measures defined in set Q. Suppose there exists a subset

A C Q such that P(B) = P(BNA)/P(A) for any set B C Q. Then, we have
|P—p|, <2pP@e).
TV

Proof. Ttis obvious that P(B) = P(BNA)+ P(BNA€). Then,

Hﬁ—PH = max
TV

P(BNA)—P(A)P(B) ’

B P(A)
_|P(BNA)P(A®) — P(A)P(BNAS)
- mgx P(A)
< 2P(A%).
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Lemma A.1.16. For any positive integers x and y, for any constant B > 0, we have

ﬁZ
<xlogx—ylogy— (x—y)+ ] +(B+2)

I'(x+pB)
C(y+pB)

y+ﬁ

log log

Proof. For any positive constants a and b, if b — a is a positive integer, then it is easy to verify that

F(b) b—1
log —— = Y logk < blogh—aloga— (b—a),

F(a) k=a

(b 1 1 b
log%a; > blogh—aloga— (b—a) — (; ~3 —f—log;) .

b
> blogb —aloga — (b —a) —2log —
a

Then, for any a,b > 1, if a — b is an integer, then we have

Ia)

log 0

b
<aloga—blogh— (a—Db)+2 (log Z)
+

Now, let a = x+ 3 and b = y+ 3. It follows that

I'(x+pB)
PTG+ p)
beﬂX+B)—ybyy+ﬁ%—@—y%+ﬁw%@+ﬁ)—byy+ﬁ»+2(ngig)
_|_
<xlogx—ylogy—(x—y)+ (B +2) log ﬁ +Err,

where we write

Err=(xlog(x+ ) —ylog(y+B)) — (xlogx —ylogy)

=xlog (x—;B) +ylog( iﬁ)

By
=P - y— +B
ﬁz
_W.
134



Hence, the result follows. O

Lemma A.1.17. Suppose x ~ Bernoulli(q) and y ~ Bernoulli(p) with p,q — 0, p < q. Then, for

any constant C, we have that

for some constant C', and t*,\* are defined in (13).

Proof. Since p,g — 0 and p < g, we have

l—gq

P—q
1
og1

1_q> >
1—p— l—q_p N

<log2 <P 1, 10g
q q

Suppose C > 0, and then it follows that

E[exp (Ct*(x — A™))] = exp(—=Ct*A*) (gexp(Ct*) + 1 —q)

< exp(—Cr*A* + gexp(Ct*) — q)

C C
— = — + —
<exp| 2 (p—q) Q(P/ZCI) q(l o(1))-1
(VP —4)
<exp(C' 1),
for some constant C’' depending on C. The other cases follow by a similar argument. [

Lemma A.1.18. For any a,b € (0,1) and x,y € R, we have

a a(l—>b)
1-b

b(l—a)

log

' < |x—byl-

a
xlogz+(y—x)log ’—i—]y|'D(bHa).
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Proof. 1t follows that

— 1—
xlogg + (y—x)log . _Z = (x—by—l—by)logg—f— (y—by+by—x)log 0 _Z
a(l—>b)
= (x—by)l —y-D(b||a).
(x—by) g Y (blla)
Thus, the result directly follows. 0

A.1.10 Proofs of auxiliary lemmas

Lemma A.1.19. When the connectivity probabilities are unknown, under the events &) (&) and

&3(€) defined in (6), if p < g, then we have

I1(Z|A)

eréeg; logm —(Qm(Z,A) = Qrm(Z%,A))| < Crm

for some constant Cyyy.

Proof. When the connectivity probabilities are unknown, by (5) we have

logII(Z|A) = ) logBeta(Oyp(Z) + K1,y (Z) — Op(Z) + K2) + Const.
a<b

By Lemma A.1.16, we have

I1(Z|A)
log —— =~ 48
“®T1(z*|A) (48)
<Om(Z,A) = Q1m(Z",A)+
1 1 1
2
K1+ 1) ( + + ) + (49)
M1t L\ Gzt m  n @) - 0wZ) T @
(k1 +K2+2) ) (logM ' nab(Z) — Ogp(Z) + K2 ‘ nap(Z) + K1+ 10
i<b Oup(Z¥) + K nap(Z*) — Ogp(Z*) + 12 ngp(Z*) + K1 + K2

(50)
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Recall that Z* is the true label assignment, and AO 4, = O, (Z) — Oyp(Z*) for any a,b € [K]. Under

the events &) (€) and &3(€), we have

max max |04, (Z2) —E[0,4(2)]] < en’ (p—q),
ZeSq ab

max max ’Aaab —E [Aaab} ’ < é”lz(l? —q).
ZESO( a7b

It is easy to check that ) ,<j, m is the dominant term in (49). Thus, we have
- a

1 1

49) < CK?- =
(49) = pn? /K202 " n?p

for some constant C. Since |log(a/b)| < |a—b|/|min{a,b} |, by a similar argument, we have

2 5,2 2,2 /12
K
(50)§C’K2-<np+8np n“a”/ )xl,

n?p/K2a?  n?/K?o?

for some constant C’. By symmetry, the same argument also applies to upper bound log I[T(Z*|A) —

logII(Z|A). Hence, the result of Lemma A.1.2 holds. O

Lemma A.1.20. When the connectivity probabilities are unknown, under the event & (&) defined

in (6), if p < g, then we have that

max max |log —(Qm(Z,A) — Qrm(Z',A)) | < €L, (51)

ZeSqZ'e N (Z) I1(Z'|A)
for some positive sequence €rpr — 0.

Proof. Recall the definition of .4 (Z) in (1). For any label assignment Z € S¢, and any Z' € .4 (Z),
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by Lemma A.1.16, we have

T1(Z]A)

1
8 TI(Z/[A)

<Qm(Z,A) — Qrm(Z' . A)+

1 1 1
2
K| +12)% ( + + )+ (52)
( ) ag’b Oup(Z)+ K1 ngp(Z') = Op(Z') + Ky ngp(Z) + K1 + K
0,,(Z Z)— 0, (Z Z
(k1 +12+2) Y <10g—ab( )+ 51 ’1 "ablZ) ~ Oab(Z) + Ky +’10g nap(Z) + K1 T Ky )
i<b Oup(Z') + K nap(Z') — Ogp(Z') + 1 ngp(Z') + K1 + Ko

(53)

Under the event & (€) defined in (6), we have

max max |0, (Z) —E[0.(2)]] < &n(p—q).

s mas 00(2) ~E[Owy(2)]| <& (p—q)
Since max,, e (g E[0up(Z)] < ngp(Z)p = O (nzp/K2>, it follows that under the event & (&),
Ow(Z)=0 <n2 p>. Since } ,<p m is the dominant term in (52), there exists some con-
stant C such that

C 2
52) < K- < .
( )_nz/Kz-p anp

By Lemma A.1.28, |AO;| < 2no /K and |Ang,,| <2na /K always hold. Since [log(x/y)| < |x —y| /min{x,y}

for x,y > 0, we have that

1
53) < C'K2 [ —— ~ )< —
(53) = (nzp/Kz%_nz/K2 ~ np’

for some constant C’. Hence, under the event & (), we have that

I1(Z|A)
1(Z'|A)

max max

log
ZeSaZ'e N (Z)

— (QLm(Z,A) - QLM(Z,aA))' < &M,
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for some positive sequence & 3y — 0. The absolute sign is due to the symmetry. [l

Lemma A.1.21. For a general K > 2, define By, = E[0y(Z)] /ngp(Z), and we have

R R
N 217&1/ akRal fa=d.

_ —1)

Baa/ Baa/ na(”a
P—4 | YuRuRs .
+ak7 ifa#d.
ngn,
It follows that
~ ~ 2Ko
HB_BH = max |By, —Bgp| < m(p_Q)
a,be[K]

for some constant C depending on o, .
Proof. We split the proof of Lemma A.1.21 into two cases and calculate the results based on (10).
Case 1: a =b. It follows that

gaa - Baa

_ ‘ (RBRT) 4q — pr, ' / p—aq) _ YizRaRal < 2ma _ 2Kamg _ 2Koum

P—q n(n—l n(n,-1) —n, =~ n — n’

a

where the first inequality holds trivially by analyzing the cases with m, =0, my; = 1, and m, > 2,

respectively. The second inequality is by the definition of S¢.

Case 2: a # b. In this case, we have

By — Bap _ (RPRT)ab B /(p_q) _ Y« RuRpk RaaRba +RbbR p +magmy,
P—q n -, ng-m, g -,
Mg - mp+nj, - mg _ Koma+Komy, _ Kam
ny-ny - n ~ n
The result simply follows by combining two cases. [

139



Lemma A.1.22. Let €,y be any two positive sequences satisfying that y,€ — 0 and &2nl — oo.

Denote B, = O,4,(Z) /ngp(Z). Under the events & (8) and & defined in (6), for any Z € S with

m < yn, we have

~

~ B N ~ 1-B,
AOab log (B_ab> + (Anab — AOab) log <—ab>

S (E+y)mnl.

)}

a<b ab 1 =By

Proof. By Lemma A.1.18, we have

(54 < ¥ |AOu — Bapliiap

log Bab(l _Bab)
a<b B (1

ab\1t — Bab

Bab) .

J

+ Z |Mab| ‘D (Bab
a<b

/

g

(A) (B)

For any a,b € [K], we have

AOab - Aﬁab 'Bab

< 0[] | [o00] 50 5

= |Xup(Z) _Xab(Z*)| +14p(Z) |Bap — Bap

on\2 ||~
<IX(@2) - X2t () || B-5]_-
Thus, under the events & (€) and &, by Lemma A.1.21, it follows that

mz;)x ‘Aaab — Mg - By
a7

S mn(p —q).

(54)

Under the events &’ (€), by Lemma A.1.9 and Lemma A.1.21, we further have that for any Z € Sq,

HE_BHW = H§_§Hw+ HE—BHW S (E+Y)(p—a),

and thus it follows that

(A) S (E+7y)mnl.

For the term (B), under the events & (€), since |An| = |ngp (Z) — ngp(Z*)| < 2mn trivially holds,
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by bounding the Kullback-Leibler divergence with xz—divergence, it follows that

~ 2
—HB_BHw < (E+y)°mnl.

(B) < K? max {|Aﬁab| -D (Bab
p

~ a,b€[K]

Eab)} < mn-

By combining (A) and (B), the result directly follows.

Lemma A.1.23. Suppose p < q. Then, we have

Zna(Z)D <p‘ Eaa> < Cnl,

for some constant C depending on .

Proof. Recall that n/, = ny(Z). By Lemma A.1.21, since By, < p for any a € [K], then we have

= Zk;él RaiRai 2myg
p—Baa =00 (P—q) < nl (r—q)

We upper bound the Kullback-Leibler divergence by xz—divergence, and it follows that

=Y ! (P_Eaa)z
Baa) S;n" q(1—q)

;na(Z)D (p‘

;1 4mi(p—q)?
STy

<Cnl,

for some constant C depending on «.

Lemma A.1.24. Suppose p,q — 0, p < q. For any x,y € [q, p, we have

(x=)?*

D >
(xly) 2 23
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Proof. Suppose we fix x, and construct

B X l—x (x—y)?
7(0) =xlog 4 (1 =) log 7 — 2
and
FY (v 1 1
where 1/y(1 —y) > 1/p always holds. Thus f(y) > f(x) =0. N

Lemma A.1.25. Let Y — 0 be any positive sequence with yznl — oo, For m > yn, we have that

Y RuRpD <Bkl ~ab> > C(a, B,K)mnl,

abk,l

for some constant C depending on o, 3, K.

)2
Proof. By Lemma A.1.24, D (x||y) > (ng) . Then, we have

Bab)
a,b.k,l
ZZ RaRauD (Bkl‘ gaa)
a k|l

1 ~
ZZ—ZZR (p—Baa) +2PZZRakRaz (p—4)— (p—Baa))*. (55)
a a kAl

Ry RpD (Bkl‘

The first inequality holds since we only keep the terms with b = a. The second inequality is using

Lemma A.1.24. By Lemma A.1.21, it follows that

~ Yt RaRa
B ———(p—q).
P —Daa = }’l, (I’l/ _ 1) (p Q)

a\""a
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For simplicity, let

To=n(n,—1), Ba=Y RuyRa, Y R% =T,+nl,—Bq.
] k

Then we have that

l\.)

1
Z—z
a a

1 2
Zﬁ( Ba)Ba+nB>
a a

By (T
; Ba)

(55 =

(Ta+n Ba)Bz—i-Ba(Ta—Ba)z)

~

Letx =34 Rﬁk, and thus 0 <x < mg Then, we can write

Ba — 2Raama + m‘% —X,

Ty—By=R2,+x—nl.
Since B, (T, — B,) is a quadratic function of x that is concave, it follows that

(r—9)*
(55) > ———~— >

1
7 — min {2Raama (Raa + m —n > (2Raamq +m )(R2 21)} :
a

Claim: there exists an @’ € [K] such that R, > Cn and m, > C'm for some constants C and
C'. This is because of the following argument. Since m = ¥, m,, there must exist some a such
that m,; > m/K. Without loss of generality, suppose m; > m/K. Then, there are two cases we

need to consider next. Case 1: if R > then we take @/ = 1. Case 2: if Rj| <

2[3K2 ’
(2K—1)n
2K2

Without loss of generality, suppose Ry >

2;31{2’
. Then, there must exists some a # 1 such that

(2K—1)n
2K2(K—1)B K2B

by the definition of discrepancy matrix

since ny > Kn_ﬁ’ it follows that ), 41 Rj| >

(2K—1)n
al = m-

my > Ry >

R > Then, we have

Kzﬁ Kzﬁ and thus Ryp > Ry1 — Ry > 2K2[3

R. Then, we take ¢’ = 2. Hence, the claim always holds.
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Based on the above claim, we have that

2
_ 1
(55) > %T—mm {2Ra/a/ma (Rg,a, +mZ, —né,) , 2Ry ymy +m621,)(RZ,a, —n;,)}
/

a

2 mnl.

The proof is complete. 0

Lemma A.1.26. Recall that

( (Oab( )) (E[Oab(‘)]>)

Z nab -1 )

a<b nap(+) nap ()

where T(x) = xlogx + (1 —x)log(1 — x). For any positive sequences € =7y — 0, 8 — 0 with

Y2nl — oo and 02ynl — oo, under the events & (&) and &,(y,0) defined in (6), we have that for
any Z € Sq with m > yn,

A(Z)~AZ")| < emnl,

for some positive sequence € — 0.

Proof. Recall that for any a,b € [K], Byp(Z) = Oup(Z) /np(Z) and By (Z) = E [0, (Z)] /1ngp(Z).
Then, B,y (Z*) = B,p. Note that 7/(x) = log 1%, and 7”(x) = i ll—x)' By Taylor expansion, it
follows that for any Z € S¢ and any a,b € [K], there exists some &, (Z) € [Byp(Z), By (Z)] such

that

o 1
=)L (B“b(z)> )+ Z 2nab ) Ea(2)(1-Eu(2))

a<b

J

Err(Z)

144



Similarly, since B,,(Z*) = By, we have &,p,(Z*) € [Byp(Z*),Byp) such that

Z 7 ( X (Z*) +Err(Z).
a<b

We write B(Z) = B for simplicity. Then, we have

AZ) — AZ")|
Z 7/ Z)+ Z 7 Z*)+Err(Z)—Err(Z%)
a<b a<b
¥ (Bap) | Xap(Z)|+ | L, ¥ (Ba) (Xap(2) — Xap(Z°)) |+ [Err(2) = Err(Z")],
a<b a<b T
@ g y . . (©)
(4) (B)

and we proceed to bound each term.

Under the event &7 (), by Lemma A.1.21, we have that for any Z € Sq,

Bl - B 5]
BoplL = Pop) . E e X @) < .

By (1—Byp)

A< )

a<b

log 1X(Z)lleo <

Under the event &4(7, 0), we have that for any Z € So, with m > yn,

a a<b
= (T/(P) —7(q)) 'Z(Xaa(z) Xaa(Z*))
p(l — Q> _ *
< tog 2= K [X(2)~X(2)].
< Omnl

where the second equality holds since Y. ;<5 Oyp(Z) = ¥ 4<p Ogp(Z7¥), and thus Y, <5 (X5 (Z) —
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X (Z¥)) = 0 always holds. Under the event &1 (y), we have that for any Z € Sq,

Xap (Z) 2 1
D=2 @IS p L@ G- &)

X(Z 1
eI ] e
n p

Since m > yn, it follows that under the events &7(7y) and &4(y,0), there exists some sequence

€ — 0, such that for any Z € S¢ with m > yn,

|A(Z) — A(Z")| < emnl.
The proof is complete.

Lemma A.1.27. Recall that B(Z) is defined in (1). We have

S N B(Z)| > min{ﬁ%—%— 1,“”%’3”— l,m} > min{cg gn,m},

fOl’ some constant C(Lﬁ'

Proof. We split the proof of Lemma A.1.27 into three cases.

Case 1. Suppose there are totally kK’ groups with size [n/Ka] (reaching the small size boundary),

denoted as the set #”, and |.#”| = k. Then,

n
Klegl= L ma= Y Rt )} Rot ) Ra
acx’ acH’ a,be " a#b acx' b x"!

= Z ng — Z Rpq — Z Rpq | + Z Rap+ Z Rap

ac k' bex"\{a} bg ! a,be X" .a#b ace X' bg "
= Y na= ), ) Rut ) Ra
aex’! ae X" bg k"’ aeK' bg x"!
n
> k’K— - Y Ry,
B ag X' bex’
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and thus L@( )ﬂSa| >Za€%’ bE%’Rab >k/ nﬁ I_L(X-I > Kiﬁ_%_l'

Case 2. If there is at least one group with size | @n/K| (reaching the large size boundary), de-

noted as group a. It directly follows that

on n on n
ma:”éz_Raaznz_naZ L?J—%Z?—%— .

Case3. If B(Z) C Sq, then |Sq N B(Z)| = |B(Z)| = m.

]

Lemma A.1.28. Suppose the current label assignment is Z, and Z' corrects the kth sample from a

misclassified group b to its true group b'. Then, for any a,a’ € [K]\ {b,b'}, we have

AOab_ZA”( - :b}—ﬂ{z{:a,z}:b}) — Y Aul{Z =a},
i
AO,y = ZA,J (]1{2,: b} - H{z{_az _b’}) — — Y Apl{Z =a},
i

80y = Y i (1{Zi =2 = b} ~1{Z} = Z; = b} ) = Y Aul{Z/ = b},
i<j i

80y =Y Aij (H{Zi = 2=} ~1{Z} = Zj =¥} ) = = Y Au1{Zi = '},
i< 7

80y =Y i (1{Zi=b,2; =¥/} ~1{Z{ = b,Z) = ' } ) = =20}y — 804,
i

A0y = 0.

Lemma A.1.29. Recall that B,y = E[0,,(Z)] /n,y(Z) for any a,d’ € [K]. When K =2, if (n—

2m)(n—2Bm)/n — oo, we have that

det(R)(R11 —R12)(p—9q) (1—0(1))

Bi| —Bir =
ol ni(ng —1)np
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and by symmetry,
det(R)(Ry2 —Ra1) (P —9)
ny(ny —1)n

Byy — By =

(1—o(1)).

Proof. We use b to denote one group label, and use ' to denote the other. By Lemma A.1.21,

~ ~ Y i1 Ry iRy Yk Rpi Ry
By — By, = (p— f/—(p—q) —|q+ #bk(p—q)

my (g — 1) nly -1y
_ det(R)(Ryp —Rpyp)(P—4q)  (RppRpy +RppRpyp) (P —q)
ny, (ny, — 1)ny, ny, (ny, — 1)n), ’

where Ry — Ry, = ”;9’ —m>n/2 —m. By Lemma A.1.31, det(R) 2 n(n—2m). Since Ry, Ry +
Ry Ry, < n?, under the condition that (n — 2m)(n —2Bm) /n — oo, the second term is negligible

compared to the first term. [

Lemma A.1.30. For any Z € Sq, suppose Z' corrects one sample from a misclassified group b to

its true group b'. Recall P(Z,Z') is defined in (36). Then, we have

P(z,7")
< - -
~ B 1-B
== ) Ra (Blb’ log =2~ + (1 — By ) log Nab/)
al=1 Bap 1 =By,

_ P—4q Z log éab/(l _Eab) ( Z Rb’k(Rab’ _Rak)) — Z (na(Z) — 5ab’>D (Bab’

_”b’(z)aE[K] Bap(1 = Buy) \i ac[K]

Bab) s

where Ry = Ry — 1, otherwise R, = Ry, Here, 8,y = 1 when a = b/, otherwise 8, = 0.

Proof. We write P(Z,Z') = ¥4 o P, o/(Z,Z'). Since Z' updates one sample from a misclassified

group b to its true group ', by Lemma A.1.28, we have for a € [K]\ {b,b'},

B, 1-B,
Pa,b(Z7Z/> +Pa,b’ (sz/) == (E [AOab] log ~ab’ + (Anab —E [Aoab]) log ~ab’> )
Bap 1 =By
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where Ay, =ng(Z) = ny(Z'), and E[AO) = Yie[k) RaiBy - Then, it follows that

B 1
Pyp(Z,2')+ P, y(2,2') = — | log 95" Y RyByy +log Y. Ru(1—Byy)
Bap I€[K] —Bap l€[K]

—Byy

Furthermore, we have

B, 1—B,
Py p(Z,Z)+ Py y(Z,Z') + Py y(2,Z) = — (E [AOy,] 1og =22 + (Anyy, — E[AO,]) log ~bbl>
Bpp 1 — By,
B 1—-B,
— E [AOb/b/] log ~bbl + (Aﬂb/b/ ]E [AOb/b/]) log —bb/ s
Bb/b/ 1 _Bblb/

where Anbb = nb(Z') = nb(Z) — 1, A”b’b’ = —ny (Z), E [AObb] = Zl RblBlb’ _Bb’b” and E [AOb’b’] =
Y1 Ry By . 1t follows that
Pyp(Z,Z') + Py y(Z,Z)) + Py 1y (2,2])

B 1-B,
=— Z (10g~Lb/ZRalBlb’ +log 1 Eab/ ZRal(l - Blb/)> (56)

ac{b,b'} Bap 7 —DPab |

By
—|—Bb/b/ lOg— + (1 — Bb/b/) log
Bpp 1 — By,

1-B
i i (57)

Thus we have

K ~ ~
- By 1— B

— Z Ral Blbllog%—f—(l—Blb/)lOg j ) N
a,l=1 < Bap 1 =By

where Ry = Ry — 1, otherwise R, = R,y It leads to the first equality of Lemma A.1.30.

By some calculations, it follows that

~ E / ~ 1 —g /
= ) Ral ( By _Bab’)logga_b‘i' (Bap — By ) log " _ab > + Y RuD <Bab’ Bab) :

ale ab —Bap a,le[K]

J/

Hy
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where H| can be written as

Zl Bay(1= Buy) Z 1(Biyy = Bay)-

Bab(1 Bab’ €[K]
By Lemma A.1.21, we have for a # b/,

Yie[k] RakRpk

Y Ru(Byy—Buyy)= Y, Ry(Byy —q— o
le[K] le[K] a’p
Yie[k) RarRp/k
=Ry (p—q)— Z Ry 7
ngny,
P—q
= Ry Y. Ryp— Y, RuRyy
v ke[K] ke[K]
pP—
=" (ZRb’k ay —Ra )>,
b \kAY
and for a = b’, we have
2
Lie[k] Ry

P—q))

P—q)

~ ~ ~ b/
Y. Ryi(Biy —Byy) = ) Ry (sz'—q— T, —1)
/

I€K] 1€[K] Ry \1y,

/
€K b’k Ny

Yielk
= Rb/b/ pP— q Rb/l
DT

1)

P—9q
= o (Rb’b’ —1 l’lb/ — Z Rb’k_l_nb’
4 ke[K]
— P9 Y Ryp(Ryyy — Ry
- nz ) ert 4 k b’y — Nk

Thus, the result follows by plugging the results into Hj.

Lemma A.1.31. For K =2, when m < n/Kf, we have det(R) > n(n—2m)/4a.
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Proof. Suppose ny =n{(Z*), np =ny(Z*), and m = d(Z,Z*). Then, we can write R as

m—(3-x)  Fx
)

7-x  m—(7+x)
for some x € [—m/2,m/2|. Therefore,

det(R) =nynp — gn —x(ny —ny) = (n—ny)np —x(n—2ny) —mn/2.

Without loss of generality, we assume % >np>5>np > % Then, we have the following

conditions that
na n
n1+2x:n—n2—|—2x§7, nyp —2x > —.

200

Combine all these conditions, and it directly follows that

2

—
|
I
N
S
_|_
- Rl
|
E

where the last inequality holds since m < & [
Lemma A.1.32. When K = 2, for any Z € So, with d(Z,Z*) = m, denote €, = 1 —2m/n for
simplicity. If (n —2m)(n—2Bm) /n — oo and (1 —2m/n)3nl — oo, then we have

3

gonl
min  —P(Z,Z)) > max{l—B+1/a,&,}(1—0(1)).
o —P(2.7) > S ma 1= B 1 o) (1 —o(1)

Proof. Suppose Z' € 9B(Z) NSy is corrects one sample from a misclassified group b to its true
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group b’. Decompose —P(Z,Z') = (A) + (B) by Lemma A.1.30, where

(=29 ¥ 1og a1 =Ba) ( Y Rb/k<Rab/—Rak>>

ny(Z) &k Bab(1—Bay) \iZiy

=) 3 L (BB g,
b/

"o aelb, Bap(1 = Bupy)

and

(B)= ¥ (1a(Z) = 8y)D (Bay

a€[K]

Bab)

By Lemma A.1.29, when a = b, under the condition that (n —2m)(n —2m) /n — o, since Ry —

Ry, = nyy —m > 0, we have

By (1—B. By — B,
lOg M (Rb/b/ —Rb/b) > = by A{?/b . (Rb/b/ —Rb/b)
Bb’b(l _Bb’b’) Bb’b/(l _Bb’b’)
> (1 _0(1))det(R)<Rb/b/ _Rb/b)z(p_q) . 1 _
o I’l;),(n;)/— 1)”;9 Bb/b/(l—Bb/b/)
> (1 _0(1))det(R)<Rb/b/ _Rb/b)z(p_q) . l
- n;),(n;), —1)ny p’

and a similar argument also applies to the case with a = b. Hence, it follows that

(A) > Rb/b(p—q)zdet(R) ((Rb/b/ —Rb/b)2 + (Rbb _Rbb’)2> (1 _0(1))

n;? nzz,n;) nzzn;),
Ryp(p—q)* det(R) (n—2m)>
Z / ] (1_0(1))
ny, nynyn
8R —q)%det(R)(n—2m)?
> b’b(p q) 64( )(n m) (1_0(1))7
on

where the second inequality holds by Cauchy-Schwarz inequality,

( Ry — Ryyp,)? N (Rpp — Rppy)?

7 7 ) . (nz, —|—l’l;7) > (Rb’b’ — Ry p +Rpyp _Rbb’)2 = (n—2m)2.
My p,

Third inequalities holds since n),n;y < (n}, +n},)?/4 and n) < an/2. We proceed to lower bound
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the term (B). By Lemma A.1.24, we have D (x||y) > (x—y)?/2p, and

nZ,D <§b/b/ gb’b) +I’IE)D (gbb/ Ebb)
2 2 2
2(P—9)” [ (Ryy —Ryp)”~ | (Rpp — Rppy)
> det(R) 2 ( 32 ) (1—-0o(1))
b"’b by
(p—q)?* 2 (n—2m)?
b
8(p —q)%det(R)2(n—2m)?

l’lsp

Upper bound Kullback-Leibler divergence by xz-divergence, and we have that D (Ebb’

Ebb) <cI

for some constant C. Under the condition that (1 —2m/n)3nl — oo, we have

8(p —g)*det(R)*(n —2m)?

(B) > (1—o(1)).

It directly follows that

~P(Z,Z) = (A)+(B) >

8(p—q)%(n Z 2m)? det(R) (Rb’b N det(R)

Ja-om. o

np o n
Note that
% < Rpp+ Ry < Rpyp + % — (m—Ryyp),
and thus
Rb/meaX{§—¥+£, o}. (59)

By Lemma A.1.31, we have

_ (p—CI)z(n—zm)3max{g(l_ﬁ,“/a),

aZndp
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where (p —q)?/p > I, and thus the result follows. O

Lemma A.1.33. Under the conditions of Lemma A.1.32, for Z € Sq, with d(Z,Z') = m, we have
that
(n—2m)?%det(R)I

— " >

forany Z' € B(Z) N Sq.
Proof. By (58), (59) and Lemma A.1.31, we have

(n—2m)?det(R)I

/
_P(Z7Z)Z l’l3

max{l—B+1/a,1 —2m/n}.

Since m < n/2f, then 1 —2m/n — 0 only if B — 1, and thus 1 — 8 + 1/ is a constant. Hence,

the result follows. [

Lemma A.1.34. For K =2, we have

max max |E|AO, /| —B,1An <Cln—2m)p—
Z'e B(Z)NSqa.a {12} (A0 uat] = Bag Ay | < C( )(p—q)

for some constant C depending on .

Proof. Without loss of generality, suppose the current state is Z, and Z’ corrects one sample from

misclassified group 1 to true group 2. We write ny = n|(Z*), np = ny(Z*) for simplicity. Then, we
have
ny—s t ny—s r—1
5 Rzl -
s ny —t s ny—t+1

where ¢ :Zflzlll{Zi =1, Zf =2}, ands:Z?zlll{Zi =2, Zf =1}. Thus, t+s=m. By Lemma
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A.1.28, we have

~ —(n1 —s)(n1 —m)
A0y —B11Angy = ,

i
~ —s(np—m—+1)
A2y — ByAnyy = e
"
~ —s(np—m) nys+npt—m
A0 —B1ahnyy = 7 - Y
" L)
—(n1 —s)(np —m)

A0y — B1pAnyy = 7 ;
1

and it directly follows that

aad’ 5 (n—2m) (p_Q)'

Lemma A.1.35. For any Z € Sq, write Rz(a,b) as R, for simplicity. Then, we have

Y. RuRyD <Bkl ~ab> Smnl.

a.bk,l

Proof. Since D (x||y ( ik for any x,y € (0,1), we have
y(1=y)

_ | _
Y RuRpD <Bkl ab) < (1_ Y. RukRpi(By—Bgp)
abk,l AN =9) 4 bk

=~

~ 2
R Rp; ((Br; — Bap) + (Bap — Bap))
a,b,

=~

A

2 ~ 2
Ry Rp; ( By — Byp)” + (Bup — Bup) )
9 b
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where by Lemma A.1.21,

and

IA

Y
(A) H (Z Y RuyRa+ Y, ZRakak> S mnl,

a k£l a#b k

since ¥ Yk41 RakRar < Lana(Z)mg < mn, and a similar bound holds for ¥, Yk RukRpi- By

combining (A) and (B), the proof is complete. O

Lemma A.1.36. Let v — 0 be any positive sequence. Under the events & (&) and &, defined in

(6), for any Z € Sq with m < yn, we have

Oab (Z ) m2
nas(2) ) =t

Z”ab'D<%

a<b Nab

for some constant C only depending on K, 3, .

Proof. For any a,b € [K], we have

Oab_Oab(Z) o Xab(Z*)_Xab<Z) +B _E
AR Z) ab ab
Nap nab( ) Nab nab(
~ X, (Z* Z)— X (Z*)—X ,(Z
<|B,,— B+ ab( )(nab() nab) ab( ) ab()
Nap(Z) - ngp nap(Z)
) (B) ©)
By Lemma A.1.21, we have
2Kom m
(A) s ——(p—a)=—(r—4q).
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Under the event &7 (&), we have

en’(p—q)-2mn m
- EZ/KZ?)“Z Xé;(P—Q)y

(B) <

where £ is the positive sequence that defines the event &’ (€). Under the event &>, we have that

(a+B)mn(p—q)/K _m

C) < = —(p—aq).
Hence, it follows that
o 0., (Z m
ab _ Oub >]s—<p—q>,
Nab nab<Z) n

for all Z € S¢ with m < yn. Furthermore, under the event &’ (€), we have

Oab(z) Xab(z) ~ )
- B;,—B,| <(& _
nap(Z) ab| = ngp(2) +|Bap — Bap| S (E+7)(P—9),
Oub(Z) > < (x_y)z
and thus gy (Z) ~ P Hence, by D (x[|y) < = for any x,y € (0, 1), we have that,

<m?I.

) (5

Z Ngp - D <0ab

a<b Nap

A.2 Proofs in Chapter 4

Lemma A.2.1. Suppose Y =X +op(1), where X,Y are Op(1). Then, there exists some €, — O,

such that

<
L&~

where & can be indicator kernel or any fixed kernel function with E [V1og # (u)] bounded.

Proof. Denote Y =X + W, and W = op(1). There exists some positive sequence 1y, &, — 0, such
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that P{||W|| > nn} < &,. Denote event & = {||W|| < n,}. Then, we have

B (@) @) semeiele o () -+ (3)) e

b
where

(o () (2)) e

X+w\Tw
— | v A
/lem %( ) L&) dr

€n

t€[0,1] &n

1 X+w|? 5

_ v .
< /te[o,l]\/E sz( - ) VE(W(PT{&Yd

1 X+ 1w\ |2 5
<— E|V A/ E[|W||“TI{&}dt|.
<l /tem\/ a (FE)| e P ar

In addition, we have

W

&n

IN

I{&}dt

2
X +tW
EHW( )= 19 @R rcwtenan

n

= &l [ |V1og# ()2 ¢ (1) fsaw (enu)d
< efl [ V108 2 ()| 2 () s (e}

< C&E||Viog.# (u)]*.

Hence, we have

(o (1) (2)) s s

and it is clear that E [# (X /&,)] = (14 0(1)) fx (0)&Z. Tt follows that the ratio is at the order

—1-d/2 _
&n / Mn+ &, d§n~
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Hence, there exists some &, such that the result follows.
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