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Supplementary Note 1. DERIVATION OF QNTK DYNAMICS

In this section, we provide details on the derivation of Eq. (8) in the main text. The time difference of QNTK is

SK(t)=K(t+1)— K(t) (1)
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The second term in the last formula has two §, so it is in higher orders in 7, and we only focus on the first term. We
utilize the leading order Taylor expansion on d0e(0)/06, as
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So we have
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which leads to the gradient descent dynamical equation of K (t) as
SK(t) = —2ne(t)u(t) + O(1°), (10)

where we omit the explicit dependence on 6 and only present the t-dependence. It recovers Eq. (8) of the main text.

Supplementary Note 2. SCHRODINGER EQUATION INTERPRETATION

In this section, we provide more details on applying statistical physics tools to study the properties associated with
the dynamical transition. If we consider an unnormalized ‘differential state’ as a superposition of two output states
of the QNN,

(W(0)) = [1(8)) — [¢(67)) = N(6) (0 — 67), (11)
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Supplementary Figure 1. Spectrum gap and correlation functions in the Schrédinger equation interpretation. (a)
The spectrum gap versus the scaled target value (Og — Omin)L with different number of parameters. We choose Oy — Omin €
[-0.5,0.5]. Dots from light to dark represent gaps with increasing L. The dashed lines with corresponding colors show
Gu ~ (|Oo — Omin|L)"* with v1 ~ 1 from fitting. Red dots represent the critical point Oy = Omin. The nonvanishing gap at
Oo = Onmin is due to finite training time. In (b), we plot the decay of autocorrelators A.(7) with different Og § Onmin (green for
‘<’, red for ‘=" and blue for ‘>’). In (c) and (d), we show the scaling of correlation length § ~ (|Op — Omin|L)™"? with vy ~ 1
(dashed lines) by fitting for both Og < Omin. Dots from light to dark represent & with increasing L variational parameters, and
the dashed lines with the corresponding color represent fitting result. Here we choose Og — Omin € [—0.5,0.5]. In (b) the RPA
consists of D = 96 layers (equivalently L = 96 parameters). In all cases, the RPA is applied on a system of n = 4 qubits and
the parameter in XXZ model is J = 2.

where N(0) = 9]1(0))/90 at @ = 0* is a d x L dimensional matrix. Formally, the pseudoinverse of the linear relation
is denoted by N(6)~!. From Eq. (18) of the main text, the effective Hamiltonian H,, = NMN~! can be obtained

from
5| (6)) = N(6)-66 = —nN(9)M(9)N(6)'|¥(9)). (12)

which is the Schrédinger equation with imaginary time 7. Note that the quantum mechanical Hamiltonian is valid
only under the late-time limit ¢ — oco.

To show that the large depth limit is well-defined, we evaluate the Hessian gap of QNNs at late time for various
different circuit depth, or equivalently the number of parameters (i.e. the ‘parameter size’). As we see in Supple-
mentary Figure 1(a), the curves of the spectrum gap versus a rescaled target value (Oy — Omin)L collapse well as the
parameter size L increases, indicating a well-defined transition at the large-depth limit. We notice a linear-closing gap
around the critical point (red triangle in Fig. 4 of the main text), and verify the scaling in Supplementary Figure 1(a)
via fitted the gap Gjs to

GM ~ (|OO - Omin|L)D17 (13)

resulting in 4 = 0.996 +0.004,1.09 +0.021 for Op < Op,in (dashed lines). However, we also notice that the minimum
gap in the numerical study has no significant dependence on the parameter size L—it is dominated by the finite training
time in the numerical simulation which fails to achieve the infinite time limit. As at the critical point Oy = Omin, the
QNN training dynamics converges polynomially, which makes accessing the infinite-time limit numerically difficult.
However, we do expect that the Hessian gap vanishes exactly at infinite time as both error and QNTK will vanish.
Such an exact gap closing within finite size is in contrast to normal phase transitions in statistical physics and therefore
we regard the transition not as a conventional phase transition in the statistical physics sense.

Despite not being a genuine phase transition, we can still adopt tools from statistical physics to provide more insight
into the gap-closing transition. Regarding the QNN as a Schrédinger system described by a Hamiltonian dependent
on both L and ¢, we then study the correlators. Both K () and €(¢) has the same correlator behavior and we focus on
€ here (see Supplementary Note 3) and define the autocorrelator A (7) = E [e(t)e(t + 7)], where the average is over
ensemble of trajectories and we will consider the ¢ > 1 region. Here ¢ is adopted as it captures the residual error



for the study of fluctuations. Away from the critical point, from the mean-field dynamics at late time according to
Eq. (33) of main text, we expect the autocorrelator

Ac(7) ~ exp [[7|/¢] (14)

to decay exponentially with a finite correlation length £, which is verified in Supplementary Figure 1(b). In Supple-
mentary Figure 1(c)(d), the correlation length £ versus the rescaled target value |Og — Omin|L also collapses with the
increasing number of parameters L, which aligns with the behavior of the spectrum gap in Supplementary Figure 1(a).
We further reveal the scaling of correlation length as

§~1/|C] ~ (|00 = Omin| L), (15)

where vy is found to be 0.961 4+ 0.012,1.01 £ 0.025 for Oy < Oppin, shown in Supplementary Figure 1(c) and (d). The
numerical values of v (Supplementary Figure 1(a)) and v are indeed identical up to numerical precision, as expected.

At the critical point Op = Opipn, any physical quantity F' is expected to exhibit power-law correlation Ap(7) ~
1/|7)?2F) for |7| > t, defining the scaling dimension A[F]. Based on the definitions Egs. (5), (6) and (9) of the main
text, one can establish the following scaling relations

AN = Alu] - A[K]. (16)

As shown in Supplementary Figure 1(c), our numerical result suggests Ale] = 1/2. This seems consistent with the
solution Eq. (34) of main text, assuming the correlation is factorizable. In Supplementary Note 3, we also find
A[K] = Afp] = 1/2, while A[\] = 0 as A is a constant. We see that the scaling relations in Eqgs. (16) are indeed
fulfilled.

In summary, we have taken tools from statistical physics to study the dynamical transition, which is shown to
mimic certain properties of a continuous gap-closing transition in a quantum mechanical system described by the
time-independent effective Hamiltonian H.,. We also want to mention that reaching the truly infinite-time limit
poses challenges both numerically and experimentally. In our estimation of the correlation function in Supplementary
Note 3, we rely on taking the subtle limit 7 > ¢ > 1 and the fluctuations being small.

Supplementary Note 3. DETAILS OF AUTOCORRELATORS

In this section, we provide a mean-field approach to provide an insight to the scaling of autocorrelators. For any
time-dependent quantity F'(¢) that has ensemble fluctuations, we define the late-time autocorrelator as

Arp(r) = E[(F(t) — F(00)) (F(t + 1) — F(00))], (17)

where the average is over the ensemble of trajectories and we will consider ¢ >> 1 region. Here F'(c0) = limp_, o0 f;T dtF(t)/T
is the smoothed late-time value of the function. For €(t), the definition in Eq. (17) leads to A.(7) = E [e(t)e(t + 7)],
which is the one adopted in the main text.

When Og > Opin with € > 0, utilizing the solution Eq. (33) of the main text, the mean-field approximated
autocorrelator in Eq. (17) becomes

A(r) = [ dr(nar(B) /X (18)
€ (BlenCt _ 2) (BlenC(t+T) _ 2)
C?)\?
2 -2
~ T e (20
B1 e2nCtenCr

where I'(\), ['(By) is the distribution of conserved quantity and fitting parameter in different initialization. Similarly,
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Supplementary Figure 2. Decay of autocorrelators and corresponding correlation length with Op away from critical points as
Oo < Omin (top) and O¢ > Omin (bottom). The first two columns plot the autocorrelators. In (c), (f), the overlapping red and
green dots represent correlation length fitted from Eq. (25) and dashed lines with same color show the fitting results. Black
dashed lines represent its scaling as 1/|O¢ — Omin|. The observable is the Hamiltonian of XXZ model with J = 2, and circuit
ansatz is n = 2 qubit RPA with L = 64 layers.

for Oy < Opin with C' < 0, we have

Adlr) = /dF(A)dP(Bl) <Ble%f_2 - R) (fwcc(t/i)? - R) (21)
= /dF(A)dF(Bl) (1316712%—2 — R> <lwc(fi)_2 - R> (22)
_ g2 / A0\ dT(B1)7— Bllle_wt — Bllle_nc(m) (23)
BB e (24)

We numerically show the decay of autocorrelators with different Oy in Supplementary Figure 2(a), (d). In both cases,
we see the exponential decay of autocorrelators, and the correlation length defined by Ap(7) ~ exp (—7/&) is

§~1/(nlC) ~ |00 — Omin| ™" (25)

For Oy < Onin, we directly have |C| o |Op— Omin| which leads to o = 1. This is verified in Supplementary Figure 2(c),
with the fitted exponent vo = 1.006. For Oy > Opin, we have |C| = |K| = Gy, with G being the spectrum gap of
Hessian at late time, which indicates that vo = v4. This is again verified in Supplementary Figure 2(f) with the fitted
exponent vo = 1.038.

From the duality between € and K, the autocorrelator of K also decays exponentially, when the system is not at
the critical point, shown in Supplementary Figure 2(b), (e). The corresponding correlation length exponent can also
be found as vy = 1.006,1.034 for Oy < Omin. In general, we have

Vo = 1, (26)

within our numerical precision.



101k \\\\ A — A, 4
N 1/7’
—~ 2L .
E 10 ~§~~~
~— ~~ao

Supplementary Figure 3. Decay of autocorrelators for €(t), K(t), u(t) at critical Og = —6 (solid curves). Dashed lines with
corresponding color show the fitting results with Ale] = 0.494, A[K] = 0.499 and A[u] = 0.506. Black dashed line represent
the scaling 1/7.

On the other hand, at the critical point Oy = Opin we have

B 1/X2
A1) = /dr()‘)dF(Bz) (By" +2nt) (By ' +2n(t + 7)) o
N 1/2?2
~ / dF(A)dP(Bz)W =
1N 1 (29)

~ An?t(t + 1) o

which decays polynomially with 7 (see Supplementary Figure 3). Note that the scaling of A.(7) ~ 1/7 holds only if
T > t, otherwise it is nearly a constant. As A = u/K approaches a constant, we have that y ~ K ~ 1/t, and thus
A, (7) ~ 1/7. From the definition of scaling dimension, Ap (1) = 1/7221F] one can find that

Al = AK] = Alu = 1/2, (30)

which is verified in Supplementary Figure 3, and A[u] = 0.

Supplementary Note 4. OBSERVABLE TRACE PROPERTIES

In this work, we mainly focus on the traceless observables, where a typical example is the spin Hamiltonian of
many-body system. In general, a n-qubit observable can always be written in the form of linear combinations of
nontrivial Paulis O = SN | ¢; P, with P; € {I, 0", 0, 02}®"/{I®"}, where 1 < N < 4" — 1 is the number of ungiue
Paulis in the observable. We discuss the scaling of the trace of its powers up to four with respect to Hilbert space
dimension d and number of terms N. To begin with,

tr(0) = 0, (31)

N
tr(02> = Z cilciz tr(PilPiz) = ZC? tr(Pf) + Z cilciz tI‘(PiIPi2> ~ Nd (32)
i i1 F£i2

i1,i2=1

For higher orders, we focus on some typical cases of observables to provide an insight to its scaling.



Supplementary Note 4.1. One-body observable

For the simplest case, a linear combination of 1-local Paulis O = ). ¢;P;, where P; is nontrivially supported on
only one qubit and ¢; € R, the trace of its third and fourth power is

(Ol locml) Z Ciy Ciy Cig tr(Pi1Pi2 Ba) =0, (33)
11,12,13
(Ol local) = Z Ciy CiyCigCiy tr(PhF)hPisPM) (34)
11,12,13,14
= ZC C tr P21P722) +2 Z 012101'201'3 tI‘(P)flePm) + Z Ci CiyCigCiy tI‘(PhPiQESPM) (35)
21 ’Lz i17i2¢i3 il;éiQ
i37Fia
*Zc ¢ tr(I)+0+2 i o} tr(PP2) (36)
11,19 e
~ N?d+2N(N —1)d ~ 3N?d, (37)

where the contribution from Paulis nontrivially supported on the same qubit is overestimated. In a special case where
O incorporates all possible 1-local Pauli with equal weights, the rigorous result is tr (04) = (3N? —6N)d ~ 3N?d,
leading to a sub-order correction to the estimation in Eq. (37).

Supplementary Note 4.2. Two-body observable: XXZ model

In the 2-local Pauli case, we consider the Hamiltonian consists of Paulis at most non-trivially supported on two
qubit, and specifically, the two qubit are nearest neighbors. Here we take the Heisenberg model as an example,

n—1

Oum = — Z (Joofofy + Jyolol y + J.ofof,,) — hZaf. (38)

=1

Specifically, when J, = J, and J, = h but J, # J,, the general Heisenberg model is reduced to the XXZ model as

n—1 n
Oxxz = — Z (0cFoly +o0lyip1 +Jofof,) — JZaf. (39)
i=1 i=1

which is studied in the main text.
The trace of its power from second to fourth can be exactly solved as

n—1

tr(O%xz) = tr(ofof 0507 ,) + tr(o! ol 0} J+1) + J? tr(of 07110505,1) Z J?tr(of o7 (40)
1,j=1 7,j=1
n—1
= > (2te(I) + J*tx(I) —|—ZJ2tr (41)
i=1
=[(J?+2)(n—1)+ J*n]d (42)
~ 2(J2 + 1)nd, (43)

where in the second line we only keep the nonzero terms and omit the zero contributions.
With one more step, we can find the trace of its third power as

n—1 n—1
tr(O%xz) = —6J Z tr(afaﬁrla;-’agﬂaza,iﬂ) —3J3 Z tr(afafﬂojo,i) (44)
i, k=1 igyk=1
=6(n—1)Jd—6J%(n—1)d (45)
=6J(1 —J*)(n—1)d, (46)

~6J(1 — J*)nd, (47)



where again the first equation is an effective equation for all non-zero contributions. When J < 1, we have tr (O;}XZ) ~
FNd, and at the critical J = 1, we have tr(O%XZ) =0.
The trace of fourth power is

4
tr(Oxxz)
n—1
_ T _x o T _x T _x T _x o Yy vy 2 r _x T _x z _z z _z
= E [Qtr(ai 0i+1050410k0k4+10] Jl+1)+4tr(0i 0i4105 0541001110} Jl_H)JrSJ tr(ai 04105041050k 410] O'l+1)
4,95
k=1

xr _x vy T _x vy 2 T _x z _z z _z z _z 4 z _z z _z z _z z _z
—|—2tr(ai 0i410;0; 10,0k 110 O’l+1) +4J tr(ai 0i410;0;410%,0%+107 Uz+1) +J tr(ai 0;410;0;410%0%+107 O'H_l)]

n—1 n
2 T _x T _x z _z 2 T _x Yy z _z 4 z _z z _z z _z
+ E E [8] tI‘(O’i Ui+1ojaj+1akal)+8J tr(oi Ui_,_lajoj_,_lakal)-l-GJ tr(aioi+lajaj+10kal)]
i,j=1k,l=1
n—1 n n
2 T _x z _x _x z 2 T _x z Yy y z 4 zZ _z _z =z
+ E E [4] tr(aiaiﬂajakakﬂal)—i—élJ tr(ai aiﬂajakakﬂal)] + E J tr(aiajakal) (48)
ik=1j,0=1 @4,k =1

=2(n—1)(3n — 5)d + 4(n — 1)’d + 8J*(n — 1)°d + 2(n — 3)>d + 4J°(n — 3)>d + J*(n — 1)(3n — 5)d

+87°n(n — 1)d + 8J% (=2(n — 1)d) + 6J*(n® + 3n — 8)d + 4J*(n — 1)(n — 4)d + 4J> (2(n — 1)d) + J*'n(3n — 2)d  (49)
= [12(2+ 1) + 420" 1977~ 9) n — 437" + 68J° + 32] d (50)
~12(J* +1)*n’*d ~ N?d, (51)

where in the first equation we only show the nonzero unique contributions and the coefficient ahead of each term
counts its repetitions.

We leave observables with more body interaction for future work though it does not change the major conclu-
sion/scaling of this work.

Supplementary Note 5. METHOD IN ENSEMBLE AVERAGE CALCULATION
To assist the following discussion, we present the expression of first order gradient of residual error by commutators

as

C%Z = 8y, (Yo|UT(0)0U (8) 1) = % (vo|U; [Xg, UZLOUﬁ} Up-|tho) = % (Wo|UL (X0, 0041 Up-[tho),  (52)

where [1g) is the initial pure state of system. Here we define the unitary notations U,- as

-1 L
UZ* = H Wka(ek), U[+ = H Wka(ek)7 (53)
k=1 k=t

and Op+ = UL OUy+ for simplicity.
The second order gradient assuming ¢; < ¢5 and ¢; = ¢ = ¢ can be written in a similar way as

0%¢ 1 1

900 =1 <1/10|U;; (Xe,, U o, (X, UJ;OUG]UZMQ]UZI— o) = 5 <¢0|U;1, [Xe, UJ, 4, [ Xz, Oy Uty -1,)U - 0)
(54)

0% 1
g7 = 1 (WolUL [Xe, [Xe, O U [tho) (55)

4
where
52—1

Uty e, = H Wi Vi (0k)- (56)

k=t



Supplementary Note 6. DEFINITION OF RESTRICTED HAAR RANDOM UNITARY ENSEMBLE

In this section, we provide the definition of restricted Haar (abbreviated as “RH”) random ensemble, which will be
used in Supplementary Note 7 and Supplementary Note 12. For the optimization problem considered in the main text,
we always search for the optimal output state satisfying the constraint from minimum loss function. Equivalently, we
can regard it as a state preparation problem with observable O = |®)®|. Therefore, the optimal unitary has to be
able to map the trivial input state towards the target state while its mapping on the rest states orthogonal to input
state can be arbitrary. We can then define the unitary to implement this operation as

Ui = (g 7). (57)

where V is a unitary of dimension d—1 and we assume V' ~ Upaar(d—1). Here the columns correspond to orthonormal
basis including |¢p) while rows correspond to the basis including |®P).

Supplementary Note 7. FRAME POTENTIAL WITH RESTRICTED HAAR ENSEMBLE
Supplementary Note 7.1. Frame potential applied to QNN

To quantify the randomness of an ensemble of unitaries, we evaluate the kth frame potential F(*). For an arbitrary
unitary ensemble &,

(k 1 k
F = €2 ST (Ui > FL =k (58)
U U €€

where the minimum is achieved by Haar ensemble [1].

To provide insight into the ensemble in the case of Oy < Oy, wWe evaluate the frame potential of the restricted
Haar ensemble

(k) _ k! (k1+k2)
]:R'H B Z kll(kgl)z(kj — k‘1 — 2k2)!fHaar (59)

k1,k2=0
k142k2<k

> FED — (41, (60)

Haar

We verify the above Eq. (59) and lower bound (k 4 1)! in Supplementary Figure 4(a).

To verify that the ensemble distribution of unitaries of the QNN satisfy the restricted Haar ensemble in Eq. (17),
ideally we want to consider the different unitaries from random initialization that lead to the same converged state,
so that the ensemble averaged values can provide insight into a specific training dynamics where a specific converged
state is observed. However, this is in general challenging as random initialization in general will lead to convergence
to different local optimums, unless in the case of Oy < Opin, where the converged state will be the ground state, up
to a finite degeneracy. In this case, we can directly evaluate the frame potential over late time unitaries from different
initializations. We numerically evaluate the dynamics of 2-order frame potential F() in Supplementary Figure 4(b)
where different Oy is considered. For k = 2, the frame potential F(¥) over the restricted Haar unitary ensemble is
F® = 7 according to Eq. (59) and F?) = 2 for Haar random ensemble. Indeed, we see that for Oy < Opin, the
ensemble frame potential approaches to the prediction of restricted Haar ensemble. When Oy > Omin, F is far
away from it, this is because the converged state is not unique for Oy > O, and different random initializations fail
to provide the ensemble of unitaries with a fixed converged state: When one consider different random initialization,
each training trajectory converges to a different state and the entire unitary ensemble under random initialization
does not capture the restrictions and in fact approach Haar random. While in each single trajectory, the convergence
still places a restriction on the typical unitary that maps the initial state to the final state.
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Supplementary Figure 4. (a) Frame potential F ) for the restricted Haar ensemble with dimension 2" = 4. Red dashed line
is the exact theory prediction in Eq. (67) and magenta dashed line is its lower bound (k + 1)!. (b) The evolution of 2-order
frame potential F @) for ensemble of RPA circuit unitary with different target Op. The observable is Oxxz with J = 2, with

Omin = —6. Black dashed line is exact value of F*) in Eq. 59.

Supplementary Note 7.2. Details of formula

For simplicity, we assume V is a Haar random unitary in Eq. (57). The kth frame potential of the unitary ensemble

is thus

1

k
}—F({H):W > lw(Ut) P
UU e
= ST pa(vivR
€] UUcE

y k
:/ avav’ (1+ (Vv + e (VIV) + [ (VIV)?)
Haar

where the second line comes from the definition in Eq. (57).

For simplicity, we denote tr (VTV’ ) = z and then have
F = / AVAV' (14 2+ 2* +]2)"
Haar

k k
= AV AV |z|?kr p+kz2 ks
Z (k'lv k2ﬂ k3) /Haar | |

k1,k2,k3=0
ki+ko+k3<k

= 2 — -
i kil(kaD)2(k — k1 — 2k2)!
k1+2k2<k
k

_ Z k! ];~(7€1+k2)
Ky !(ko!)2(k — Ky — 2kg)!” Haar
k1,k2=0

k1+2k2<k

> F A RFE = (ke DFEL, = Fh.

Haar Haar Haar Haar

/ dVdV'|z|?k| 2|2k
Haar

where in Eq. (66) we only keep ks = k3 from the above line to keep frame potential to be real.

(61)

(62)

(63)

(64)

(65)



11
Supplementary Note 8. DETAILS ON DYNAMICS WITH LINEAR LOSS FUNCTION

In this section, we provide details on derive analytical theories for dynamics with linear loss functions. Following
the same formalism, we can still parameterize the quantum neural network via a parameterized quantum circuit, for
instance, random Haar ansatz we considered in the main text. The loss function to be considered is

L(8) = (%o|UT(8)0U(8)[¢o) , (69)

where g is a trivial input state and U(0) is the parameterized quantum circuit as usual. With sufficiently deep
circuit, the loss function will be minimized to the ground state energy O, of the observable, and thus we describe
its converge via the residual error () = (O) — Opin.

Via gradient descent, each parameter is shifted as

0L(0) 0e(0)
30¢(t) = —n a6, "5, (70)
Thus under small learning rate n < 1, the total error is updated as
Se(t) ~ 86 59 Z 07%€0) 50, 50 (71)
T < e 894189 G
= —nK(0)|o=s(1) + 5772M(0)\9:9(t), (72)

where the QNTK K (6) and dQNTK u(0) is defined the same as in the main text. The dynamical equation in the
first order of 7 is

Se(t) = —nK(t) + O(n?). (73)

We can also derive the dynamical equation of K (t) as following. Recall from Supplementary Note 1,

226 0e(0) ) 0¢(0) 5 0¢(0) ’ (74)
89@ 0=0(t) 90, 0=0(t) 00, 6=0(t) 90, 6=0(t)

where the second term is second order of 1, and thus can be omitted in our calculation. The first term becomes

0¢(0) 0%¢(0)
= 06
( 00, 90(15)) %: 6941892 £1
So we have

Z 5 9=(0)
aee ooy 00

which leads to the gradient descent dynamical equation of K (t) as

SK(t) = —=2nu(t) + O(). (77)

+ O(n?). (75)
0=0(t)

z oe10)
H@) 8051805 a0y,

- 0%¢(0) 0(0) 0=(0)
0=0(t) o7 00000, 06y, 90,

+O0(M?) = —nu(®)]e—o(y + O(n°), (76)
0=0(1)

Recall that the relative dQNTK is defined as A(t) = u(t)/K(t), and again we assume it converges to a constant A
in late time (see Supplementary Figure 5(c)), the above dynamical equations in Eqs. (73), (77) can be reduced to

OK(t) = —2mAK(t
{ 8t5(t()) = —777}((15)( ) (78)

Notice that the dynamics of K(t) is self-consistent and e(¢) is fully controlled by K (), we can then directly solve the
dynamics of €(t) and K (t) as

2Xe(t) = K (t) = Ae 21, (79)

where is exactly the solution we propose in Eq. (25) in the main text. Here A is a free parameter to be fitted. Both
residual error and QNTK exponentially decays to zero in the late time at a fixed rate, and the dynamical transition
does not persist.
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Supplementary Figure 5.  Dynamics in QNN in the example of XXZ model with linear loss function. Dynamics of residual
error (a) £(t) and (b) QNTK K(t) are plotted. Grey lines represent simulation with random initializations and blue lines
represent the ensemble average. Red dashed lines show the theory model from Eq. (79). In (c), we show the convergence of
dQNTK A(t). Blue dashed line represent the average as A = fi/K. Here the random Pauli ansatz (RPA) consists of L = 192
parameters on n = 6 qubits, and the observable is XXZ model with J = 2.

Supplementary Note 9. MORE DETAILS ON NUMERICAL RESULTS

We first present the training dynamics of another well-established controllable QNN ansatz, hardware efficient
ansatz (HEA) [2], and optimize the corresponding quadratic loss function. Suppose the HEA consists of D layers
on n qubits, in each layer RY and RZ single-qubit gates are applied on every qubit, where each of them includes
a trainable parameters, and single-qubit gates are followed by CNOT gate arranged in brickwall style on nearest
neighbors. Therefore, for a D-layer HEA, the total number of trainable parameters is L = 2nD. In the optimization
problem, we choose the observable to be the Hamiltonian of transverse-field Ising model (TFIM) as

OTFIM:_ZUfJf+1_hZJiI7 (80)

where h describes the strength of transverse field. In Supplementary Figure 6, we show the training dynamics of error
and kernel with Og z Omin, where the two branches of dynamics and the critical point can also be identified. We still
see alignment between numerical simulation (blue) and our theories (red), indicating the applicable of our theory to
characterize the dynamics for general deep controllable QNNs.

Next, we provide numerical evidence to support the assumption in the main text that at late time, relative dQNTK
A(t) converges to a constant in a relatively shallow QNN. In Supplementary Figure 7, we show the dynamics of A(t)
of random samples in Fig. 6 in the main text, and see that A(t) converges to a constant no matter Op;n E Omin(L)
though the fluctuation among different samples is comparably large in shallow QNNs.

In the following, we show more numerical results associated with the restricted Haar ensemble. Recall the definition
of Moo = floo/Koo, We can have the average of Ao, defined via the following two as E[As] = fioo/Koo, and Aoy =
Tioo /Koo In Supplementary Figure 8(al)(bl), we see that with increasing of L, the discrepancy between E[\,] and
oo vanishes for different kind of observables like state projector and XXZ model, which suggests it is free to exchange
the definition of average as we have done in definition of relative sample fluctuation of A in the main text. Similarly,
for (oo = €oolioo/ K2, we see similar results for E[(s] = €oofioo/K2 and (o = m/fwz In Supplementary
Figure 9, we show the relative sample fluctuation of Ao and (. versus parameters L (thus depth D in RPA) with
observable to be the XXZ model. The findings discussed in the main text for state projector observable also hold
here.

At the end, we provide more details on the training dynamics with linear loss function. In Supplementary Fig-
ure 5(a)(b), we see good agreement between our theory (red dashed lines) in Eq. (79) and numerical simulation results
(blue lines). Note that the exponential decay of total error is also found in a recent work [3] with similar interest via
the Riemann gradient flow formalism.

All our numerical simulation is performed with TensorCircuit [4] on Jax backend.

Supplementary Note 10. DETAILS OF EXPERIMENTS

In this section, we provide our noisy model to characterize the dynamics on noisy devices. Given a noiseless idea
prediction €geal(t) = tr(UpoUTO) — Oy, we consider the depolarizing noise model N, (p) = (1 — p)p + pI/d where I
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Supplementary Figure 6. Dynamics in QNN in the example of TFIM model. The top and bottom panel shows the dynamics
of total error e(t) and QNTK K (¢) with respect to the three cases Og z Onmin. Blue solid curves represent numerical ensemble
average result. Red dashed curves in panels represents theoretical predictions on the dynamics of total error in Eq. (14), (15), (16)
(from left to right). Grey solid lines show the dynamics for each random sample. The inset in (c1) shows the exponentially
decay of residual error €(t). Here hardware efficient ansatz (HEA) consists of D = 48 layers, equivalently L = 768 variational
parameters, on n = 8 qubits, and the parameter in TFIM model is h = 2.

OD > Omir}(L) . - OD < Qmin(L)

0 5000 0 50000 0000 0 10000 30000
¢ ¢ ¢

Supplementary Figure 7. Dynamics of relative dQNTK A(¢) in shallow QNN in the example of XXZ model with Og E Onin(L)
(from left to right). The critical point Omin(L) for shallow QNN depends on L. Here random Pulai ansatz (RPA) consists of
L = 6 variational parameters (D = L for RPA) on n = 6 qubits, and the parameter in XXZ model is J = 2.

is the identity matrix of dimension d. The depolarizing noisy total error eqp(t) then becomes

eap(t) = tr(Np(UpoUT)O) — Og (81)
= (1-p) [tr(UpoUTO) — Og] + p[tr(0)/d — Oy (82)
= (1 = p)éideal (t) — pOo, (83)

where in the last line we assume O is a traceless observable. Therefore, compared to ideal case, the total error under
depolarizing noise model is simply shifted by a constant depending on target. The residual error can also be studied
similarly with eqp(t) = €dp(t) — Rap, where Rqp = limy_, o €qp(t) could be different from ideal case due to noise.
For Oy > Opin, we have Rg, = —pOy while for Oy < Opin, we have Rgqp = (1 — p)Omin — Op. In Supplementary
Figure 10, we provide intuitions via the difference €(t) — €qeal(t), and for different Op, we see that the differences
quickly approach to a constant. We can further estimate the depolarizing probability p via least error as follows. For
a given Oy, we have multiple data points from ideal simulation {€;gear(t;)}2;, and true experimental data {e(t;)}M;.
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Supplementary Figure 8.

Comparison between E[As] and Aoo (top) as well as (s (bottom) versus L. Blue dots left panel

represent results for state projector observable in n = 5 qubit system with Op = 1. Green dots in right panel show results for
XXZ model with J =2 in n = 6 qubit system with Oy = Omin.
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Supplementary Figure 9.

Late-time scaling of relative dQNTK Ao and dynamical index (s on number of parameters D.

Relative sample fluctuation of (a) Ae and (b) (o versus L at late time. Inset (al) and (bl) shows the average Ao o< L and
Cs — 1/2 separately. Red dashed line in (al) is the linear fitting of Ao over L. Here the RPA is applied on n = 6 qubits
with different L parameters (equivalently D layers). The observable and target is XXZ model with J = 2 and the target is
Op = Omin = —22.

From Eq. (83), the SSR (sum squared error) is

SSR = Z [e(ti) — (1 = p)éideal () + pOo)*

i=1
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and the minimum with respect to p is

o_ OSSR _
= =

> i [€ideal (ts) — €(ts)] [€ideat (i) + Oo] (86)
> l€ideat (i) + Oo]” .

For the three different O % Omnin, we find p = 0.028 £+ 0.007,0.044 + 0.011,0.051 + 0.005 which are close and the
fluctuation could origin from other types of error other than depolarizing noise and the drift of device. We then
verify our noisy model via different experimental trajectories in Supplementary Figure 11 . In contrast to the ideal
simulation (red dashed line), the noisy model (magenta) shows a better agreement. We see that each trial also follows
the scaling though larger fluctuation exists due to the other circuit and measurement noise.

2 Z [e(ti) — (1 — p)€ideat (i) + pOo] [€ideal (i) + Oo) (85)

p:

1 1 1
=1 |
E
o N/ WA AW
0 VW AN
S — 0y >Onin
b ()U :()m'm
— Og <Onin
1 1 1
0 20 40

t

Supplementary Figure 10. Difference between experimental result €(¢) and ideal noiseless simulation result €;qea1(t) for different
Oop. Shaded areas of different colors represent the fluctuation with corresponding Og. Here the hardware efficient ansatz (HEA)
consists of D = 4 layers on n = 2 qubits, and the observable is XXZ model with J = 2.

10
% 10V
—1

Supplementary Figure 11. Dynamical trajectories (grey) of each measurement trial of experiment on IBM Kolkata in Fig. 8
of the main text. From (a)-(c) we present Op E Omin. Red dashed lines represent the ideal simulation for reference. Magenta
dashed lines represent the noisy model prediction in Eq. (83) with p = 0.028,0.044,0.051 (from left to right).

T T T T
1.5F .
J10F .
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——  Niots = 1000
1 1

00— 10 15 20

Number of samples

Supplementary Figure 12. Experiment result of the error €(t) for different number of shots in the measurement repetitions for
estimating the observable in an individual sample. Multiple samples of training are performed to show the sample fluctuation.
As the number of samples increase, the average € becomes almost independent of the number of the shots. The shaded region
indicate the sample fluctuation in standard deviation. Og = 10 and the results are at late time of ¢ = 40.
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To rule out other noise sources causing the deviation, we also consider changing the number of shots of measurement
in the estimation of the observable. As we see in Supplementary Figure 12, the average error all converge to around
the same value, regardless of the number of shots in the estimation. For 20 rounds of experiment, we find the error
as € = 1.02+£0.41,0.95 £ 0.23,1.00 = 0.18 for number of measurement shots Ngpots = 200,600, 1000. The difference is
much smaller than the sample fluctuation between multiple runs of the experiments.

Supplementary Note 11. RESULTS WITH HAAR RANDOM ENSEMBLE

In this section, we present results evaluated from Haar random unitary ensemble, which provides characterizations
of QNN dynamics at early time. The rest of the contents are regarding ensemble averaging over Haar (App. Supple-
mentary Note 11) or restricted Haar ensemble (App. Supplementary Note 12), where we have utilized symbolic tools
RTNI from Ref. [5].

Supplementary Note 11.1. Average QNTK under Haar random ensemble

With random initialization, the circuit forms a Haar random ensemble, and the ensemble average of QNTK is

_ 2
Ko =), By {(ék) ] , where the ensemble average inside the summation is

90,
de \ 2 1
Ettaar K%) ] = _Z/ dU,-dUyg+ (vo|U;- [Xe, Og+] Up- |o0) <7/10|UJ— [Xe, O+ ] Up-[10) (87)
uHaar
1
=-7 /u AUy~ dUps tr (poUJ- [Xe, 004) Up- poUL- [Xe, Op4]Us- ) (88)
Haar
o (X, 00 %)
S P i 0

where pg = [po)(¢o|. Using the trace identity tr([4, B]?) = 2tr(ABAB) — 2tr(ABBA), we then have

E de )’ AU tr([Xl’Oﬁ]Q) 2 AUy tr (X045 X0 0?2 90
o | (352) | = o 0 i = w00 X0 —u(0)] o0

_ dtr(0?) — tr(0)?
2d—-1)(d+1)2°

(91)

Note that here we assume both U,- and U,+ form a Haar random ensemble (2-design) separately. Therefore, the
ensemble average of QNTK is

_ de \ 2 dtr(0?) —tr(0)®> L ) 5
o= 2 B [(89) ] =L 3 (150 - OF). .

where we approximate it by d > 1 in the last equation to simplify expression. Specifically, for the traceless operator
we considered in the main text, we have

Ky ~ — tr(0?). (93)

Supplementary Note 11.2. Average relative dQNTK under Haar random ensemble

We define the average \ as

X=7/K, (94)
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where dQNTK g is defined as

0% Oe Oe
= . 95
a ;; 00y, 00,, 99y, 00y, ©3)

In the following, we calculate the Haar ensemble average of dQNTK as

=22, E T +Z1E de )’ (96)
o 1<t Hiteor 89@189€2 89£1 aegz Utaar 892 89
825 86 86 626 86 9
=HL- 1k LE, 0% (e N7\
(L — DEyy,,, {30@13022 96y, a%] + LEuy,., [ 0 ( 5 ez) ] (o7)

2
a. Calculation of g—;; (8875) with Haar random ensemble

2
We first evaluate the summation of 2 802 (%)

% [ 9e \’ 1 2
Ettione |25 | 27 ) | = */ AUy dUp+ ($o|UL_ [Xe, [Xe, Op+ )Ue- |90} (olU [Xe, Og+] Uy |tho) (98)
00; \ 00, 16 Jugoo,
1
=16 dU,-dU+ tr (PoUgf [Xe, [Xe, O U= poUy- [Xo, Op+ ] Up-poU,_ [ Xy, O] Ué*)
UHaar
(99)
2
JU tr ([XEJ [XE7 OZJrH [XZ7 O@*] ) 100
- /L,H o 8d(2 + 3d + d?) (100)
=0, (101)
where the last equation is obtained from the trace cyclic identity.
b. Calculation of %6‘3—;6222 with Haar random ensemble
2
We next consider the term 8927860,32 a‘zz 8252 assuming ¢ < fo as
0%c  Oe Oe
Untaar | 90,, 004, 00, 00y,
1 i i
= E y dUél’dUzl’@dUZ; <w0|U£;[X€17Uf1+€2[X‘€27O@;}UZI*ZZ]UZI|,(/JO> <¢0|Ue [Xfu ] o |¢0>
Haar
X (ol UL UYL, 4, [Xes, Oyt Ut .Uy [th0) (102)
1
=7 . dUZ; dUgﬁdeZ; (103)
tr (pOUZ, (Xe0, Uf {ng, 0@} Uty-0a)Upg; poU- [Xgl,oeﬂ Uyy 00U} U o, [ng, 0@] Us, ot Ue;) (104)
1

- s [ et [ (%o 0 [0 ] [50.0, ) 0[50 )
Haar

ttr ([Xe 0| (X0 UL L, [Xes Ot | UnialUF Ly [ X O | Ui )|
(105)

where in the last equation we do the Haar integration (4-design) over U, oo Next we evaluation the Haar integral over
Uty o055 Upy separately.
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The first term tr ([XZUUL%Z {X@, Oéﬂ Uzl»eg] {Xgl,Oeﬂ Ugﬁh [XZQ,OZ;] Ugﬁg2> is further integrated as
/ AUt 1, dU,s tr ([XKNUZ% [ng,Oéﬂ U,MZ] [Xgl,oﬂ ul ., [XEQ,O,Z;} UM2)
Unaar
:/ dU@l%szé; [tr ()QIUZ_)22 [ng,Oéﬂ UzﬁnglU;l_)gQOe;— [XEWO@;—} U£1»22)
Unaar
: f f
+tr<[XZ2’Oéﬂ Uél9Z2XZ1U£19£QOZ;UZI*€2X41UE1»€2>

—tr (Xflnglz [ng,oeg—} OZ;UZIAZQX&U,Z_)ZQ [XKQ,OQ.} Ugﬁ&) —tr ([XZ27OQ}QOZ;>:|

(106)
tr (Of; [X£2,O£3_}2) dtr({X&’Oe;}z) tI‘(O)_tr<OQ— [X£2’043}2> tr (OQ— |:X£2;Oe;_:|2)

N /uH W 1—d2 * 2 —1 - 1— a2
_tr(oq [XQ,qu)] (107)
B /uH qud [trQXZ”Oéﬂ )tr(;) : j tr<0€2+ [Xe 0] )] (108)

2d |tr(0)* —dtr(0?) d [tr(0) tr(0?) — dtr (03

:d2d—1(“(0) | 21 }_d ! t(d2_)1 i )]) (109)
@ | (0%) - 3dtr(0%) 1r(0) + 2(0) o)

(@ —1)?
where we perform Haar unitary integral over Uy, ¢, and U, 4+ to obtain Egs. (107), (109) correspondingly.

The second term tr ([Xgl,Oeﬂ [Xgl, Ugﬁb [ng,Oeﬂ Ugﬁgz} UeTﬁzQ [ng,Oeﬂ Ugﬁgz) becomes

/u dUy, *fszK; tr ([Xel,()e;r} [X&’Ugl%z |:X€2,O€;r:| Ufl*fz} Ugl»éz {Xisze;r} Ue1.>22>
Haar

2
L deléfgdU[;’ |:tI' <|:X£2,OE2+:| UéleszflUgl.)€2Oeg’Ugl"Z2X£1 Ug1->€2>
Haa
+tr (XglUgﬁ& [X@’Oé;r} UgléngglUgﬁez [X(z,O[;} OGrUgﬁgQ)

\ 2
—tr (XgerTl_)leZ;r [XgQ,OEJ} Uél')€2X£1Ug1’é2 {X@,Oe;} Uzl-)£2) —tr ([XgQ,Oq] Ol;>:|

(111)
2 2 2 2
dtr({Xwaz;r} ) tr(O) —tr <O/2+ [XewOZ;r} ) tr <O£2+ [ng O/;r:| > tr <O£; |:X€2’O£;r} )
- /MH W 21 + 1— a2 - 1— a2
2
—tr <OZ; |:Xg2,043—:| ):| (112)
2 2
d {u([xh,o@] )tr(O) —dtr<022+ [Xb,oq] )]
- /UHaar dUZ; d2 B 1 (113)
@ [ 4:(0) = 3dtx(0?) tr(0) + 2x(0)’]
- . (114)

(@ - 1)
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Combine Eq. (110) and (114), we then have the average of ﬁ a?Z 82: as
1 2 2

Fyp 0%¢ Oe Oe ] _ : 1

004,004, 00,, 00y, 6(d3 + 3d? + 2d
+tr ([XZNOZT} [Xll’Ugwéz [XZQ,OZ;—} Ueﬁgz} Ugl_)b [X&’Oé;'} Uzﬁb)}

) [t ([Xe Uy [Xeas O | U] [ X, 04 | ULy [ X2 O | Ui

(115)
d [d2 tr(0%) — 3dtr(0?) tr(0) + Qtr(oﬂ
B 8(d—1)2(d+1)3(d+2) ' (116)
c.  Summary of average relative dQNTK \o under Haar random ensemble
Summarizing from Eq. (101) and (116), the mean of dQNTK 7y is
&% Oe Oe 9% [ 0 \°
o = L(L — 1)E LE — | =
lu’o ( ) Unaar |:(99[189[2 aeEI 8962:| + Unaar lae% <69[> ] (117)
a[@ r(0%) - 3dtr(0%) tx(0) +212(0)*|
=L(L— 11
( ) 8(d—1)2(d+1)3(d + 2) (118)
L2
~ [d? tr(0%) — 3dtr(02) tr(0) + 2tr(0)3] , (119)

where the last line is approximated in the wide QNN limit with d > 1. Since tr (03) can be nonzero depending on
specific choice of O, our result characterizes more of Tig’s scaling compared to the result of fig = 0 from Ref. [6] where
UZ;’UZT’UKQU@; is considered to be independent Haar random unitaries, instead, only UE;,Ugﬁz?, Uz; should be
considered as independent Haar random unitaries.

According to the definition of Ay = Jig/ Ko, we have

Ao = Tio/ Ko
d {d? tr(0%) — 3d tr(0?) tr(0) + 2tr(0)3}
=(L-1) 5 (120)
A(d—1)(d+1)(d +2) [dtr (02) — tr(0) ]
L d?tr(0%) — 3dtr(0?) tr(0) + 2tr(0)? (121)
T 4a? dtr(0?) — tr(0)? '
Specifically for traceless observable, it is further reduced to
— L tr(03)
Ao >~ — . 122
07 4d tr(0?) (122)
Supplementary Note 11.3. Average dynamical index with Haar random ensemble
We define the average ¢ as
C=e/K". (123)
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The Haar ensemble average of eu becomes

0% de Oe
= E 124
e ;; it [ 20,00, 00, a%] (124)
%€ de Oe
=Y Fuy. {tr (pUtOU) } — Oofig (125)
i 004,004, 00,, 00y,
0%¢ Oe Oe 9% [ 9e \*
=2 E t f E t foU) = ( = | | — Ootio 12
Z; Unaar |: r(,DoU OU) aeel aeez 86@1 86@2] + ; Unaar I'(poU OU) 693 <89€) OO/LO ( 6)
0%¢ Oe  Oe % [ 9e \*
= L(L - 1)E f LE f — (=) | — Oomo. 12
( )ty |:t1“(p0U OU) 06,,00,, 90, 59@2:| + Unaar tr(pOU OU) 693 <692) Oofio ( 7)

where in Eq. (125) we expand € = tr(poU tou ) — Oy following its definition. As fig is already solved above, we only
need to evaluate the first two parts.

2
a. Calculation of tr (pOUTOU) g%;f ({?—;{) with Haar random ensemble
1

2
The ensemble average of tr(poUTOU)g—;S (63—92) is
14

9% [ 9e \*
S 000 5 (5
1 2
=16 AUy AU+ (4o|US- O Up-0) (40U [Xe, [Xe, Opr JU-[900) (40U} [Xe, Opr] Up- |t (128)
UHaar
1
=16 dUp—dUy+ tr <poUng O Uy~ PoUgf (X, [Xe, Oe+]]szPoUgf [X¢, Op+]U, - poUgf [Xe, Oe+]sz) (129)
UHaar

1

N /uH e dld+1)(d+2)(d+3) [tr([Xe, O+ 1) tr([Xe, [Xe, Op+]Op+) + 2t ([Xe, O+ J*[Xe, [Xe, 0p+]]Op)

+2 tI’([Xz, OZ‘*’MXZ, [le OZ‘*‘]][XEa O€+]OZ+) + Qtr([Xfa [XZv OZ‘*’H[va O€+]2OZ+)} )
(130)

where we do the Haar integral (4-design) over U,- to obtain the last equation.
The integration over Uy+ of the first term tr([X,, Op+]?) tr([Xe, [X¢, Op+]]Op+) is

/M dUﬁ tI‘([Xg,Og+]2) tI‘([Xg,[Xg,Oﬁ]]Oﬁ)

_ / AUy [8tr(XgOg+XgOg+)tr(02) — 441(XOps XoOps )% — 4u~(02)2}
Unaar

- 8r(0%) [d6:(0)” — 1x(0%)]

2
21 74tr(02)

4 4

T @) (@ -4 (@ —9) [(a
+(d +d' = 120" = 5% 124 + 24) tr(0)” — 24 (d* + 2d° — 14d + 2) tr(0")

(131)

—d® —9d? + 4d + 20) tr(0)* + 2d (—3d> + 5d + 7) tr(0?) tr(0)?

@9 (d24_ 4 (@2 1) {* (d* — d® — 942 + 4d + 20) tr(0)* + 2d (d* — 104 — 5d + 29) tr(0?) tr(0)?

— 8 (3d% — 5d — 7) tr(0%) tr(0) — (d° + d&° — 11d* — 12d* + 18d* + 12d + 60) tr(O?)”
+2d (d* + 2d? — 14d + 2) tr(0%)] . (132)

where in last line we do simple algebra to reduce all terms to same denominator.
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The integration of the second term tr([Xy, Op+]?[ Xy, [X¢, Op+]]Op+ ) becomes

/ dUy+ tr([Xe, Op+ [ Xo, [Xe, Op+]]Op+ )

Unaar

- / dUp+ [8tr(XeO0p+ X003, ) — Atr(X,07 X034 ) — 2t1(XeO0p+ X0Op+ XoOg+ X¢Op+ ) — 2t (0%)]
UHaar

2 [4 (@ = 7) tr(0°) tr(0) + (21 = 2%) tx(0%)” — d (d — 7) tx(O*) — 2d1r(02) (0)* + tr(0)']
= : (133)
(@ —1)(d* - 9)

The third term tr([Xe, Op+][Xe, [Xe, Op+]][Xe, Op+]Op+) becomes

/ dUp+ tr([Xe, Op+][Xe, [ X, Op+ ][ Xe, Op+]Op+)

Unaar

= / dUp+ [4 tr(XgO§+X[O?+> + 2t1(XO0p+ XOp+ XoOp+ X¢Op+ ) + 2tI‘(O4> — Str(XgOg+XgO?+)] (134)
Unaar

2 [4 (@ = 7) tr(0°) tr(0) + (21— 2%) tx(0%)” = d (& — 7) tx(O*) — 2d1tr(0?) tr(0)* + tr(0)']
- _ G . (135)

The last term tI‘([Xg, [Xe, Op+]][ X, Og+]20g+) becomes

/ dUp+ tr([Xg,[Xg,Og+]][Xg7Og+]205+)

uHaar

= / dUp+ [8tr(XeO0p+ X003, ) — Atr(X,07: X074 ) — 2t0(XeOp+ X0Op+ X¢O0gr X4Op+) — 2tr(0Y)]  (136)
Unaar

2d {4 (a2 —7) tr(0%) tr(0) + (21 — 2d2) tr(02)* — d (d? — 7) tr(O*) — 2d tr(02) tx(0)” + tr(0)4]
- D@9 : (137)

2
Therefore, we have the Haar ensemble average over tr(poUTOU) gz; (ﬁ) as
14

9% [ 9e \° 1
tor) e (99 | = =
Futrtaar [“"(p“U ov) 962 (aw) } 1 (T A2y d 122 - 3@t 3 K
+2d (—d* + d* 4+ 10d” + d — 29) tr(0?) tr(0)* — 4 (d® — 11d” — 6d” + 38d + 14) tr (0°) tx(O)
+ (d° +3d° — 11d* — 41d® + 184% + 96d + 60) tr(0?)” + d (d° — 13d°* — 4d* + 56d — 4) tr(O4)} . (138)

d* —2d* — 9d® + 8d + 20) tr(0)*

b. Calculation tr(poUTOU) ﬁ% 6‘2: with Haar random ensemble
1 2 1 2

2 . .
The Haar ensemble average of tr (pOU tou ) 80[6750[% 8(3; assuming {1 < {5 can be written as
1 2 1 2

2
Ettitaar [tr(pOUTOU) 0% de O ]

90y, 004, 90y, 00y,

1
16 u dUe;dU&»fsze; [<1/’0|U,3} Ugﬁboz;Ufl»ézUz;W@ <1/’0|U,1— {X&’Ugﬁzg {X@,,O@} Uél%z} Uz;|¢0>
Haar
X <7/)0|UT; [Xel,Oz;r} Uy-1to) <1/10|UZ— U} ., [Xez,Ogﬂ Uel»zzUzl—Wo)} (139)
1
= 6 dUél—dUzﬁdeUeg tr (pOUZ*UZ%QOK;UZI*QUZIPOUT; |:X£17 Ulj-ﬁfz [X427OZ;:| U€1»22:| Uzl—po

Unaar

1

Ul (X6, 00| U, poU! UL, Xt 0yt | Uty ) - (140)



The integration of U, - over Haar unitary ensemble becomes

/M AU, dUp, .4, dU, tr (pOUgl_ Ul\-2043 Utsot2U U X0 U gy [ X2 Opt | Ut | Uy o
Haar

Ul [Xer: O | Uy poU Uy, [y Oy | Ui U )
1

22

- /]/{H dU€1->€2dU£;r d4 + 6d3 + 11d2 + 6d |:tI'(O) tI‘ (|:X€17O£Ir:| Ugl»éz |:X€2aO[2+:| U@r’fz [XKUUZ%? |:Xg2,0£;r:| U@1->€2:|)

+tr(0) tr (Ugﬁb [Xb,oeﬂ Us, e, [Xgl,oﬁ] [X@I,UJMQ [ng,o@] UMQD

+tr (UZ% [XEQ,OQ} Us,oe, {Xel,OﬁD tr ([Xgl,UJMQ [Xb,Og} UMJ UJMZOQUZMQ)
:Xgl,ogﬂ UJMZOQUMZ) tr (Ug% [X@,Oeﬂ Us, ot [Xgl,UJMz [ng,oeﬂ UMZD
[Xgl,oq] [Xgl,UgMz [XEZ,oﬁ] UMQ] Ul ., [ng,oﬁ} OZ;U@M?)

Xy,.0, } [Xgl,UgMQ [ng, H UMQ} e [Xb,oﬁ} UM2)

:Xgl,Uzl%z [Xb,oeﬂ UgMZ] [Xgl, 4 ul ., {ng, ﬁ} OﬁUMZ)

(X0, Uf o, [0 04 | U] [Xer, 00 | UF 0,00 [X2: 04 | Ut

le,Ogﬂ UZ% {XZQ,OQ} Uty e, [Xel, U}MQ [X@,Og;] Uel»ez} UgﬁbOgUel»zg)

_l’_
o

+
o

+
o

+
o

+
o

+
o

X0, U, [XZZ,OE;} UMZ] ul ., [X@,Ozﬂ Us, -t {Xgl,OL;ﬂ UJMZOGUMQ)

X0, 04t | [Xer ULy [Xe0s O | U] ) 00 ([Xen 04 041 )] -

_|_
Y

+
o+
~
N N N NN TN N N
r y r y

We will evaluate the integration over Uy, .¢,, U, ¢ on each item in the following.

The first two are already solved before (see Eqgs. (110) and (114)) up to a cyclic transformation in trace

/ AUty 60U t2(0) tr ([ Xy, Oyt | Uy, [ X Ot | Ukt [ X, Uiy [ X Ot | Ut )
UHaar
d? [d2 tr(0?) — 3dtr(0?) tr(0) + 2tr(0)3}

(2 — 1)

/UHW AU, +0,dU 1 tr(O) tr (UL@Z [XeQ,Og;r] Uty +t, [XeUOgﬂ [le,U;ﬁéQ [ngOq} Ugl%])

=tr(0)

& [ 1x(0%) - 3d1x(0%) tr(0) +2tx(0)°

=tr(0) & 1)

(141)

(142)

(143)
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The integral of the third one becomes

/u dUglégZdUGr tr (Uljrl»& |:Xg2, Oé;] U, s, [XZNO[T}) tr (|:X51,Ugﬁ£2 [ng,O@ﬂ U€1->Zz} UZ»ZQOZJUKY’Z?)
Haar

= Z/M dUgﬁgszé; {2'61" (Piz)inglngezOe; [ng,Oeﬂ Ufﬁfzph,izX&Ugﬁ[Q [ng,Oéﬂ Oe;UZﬁfz)

7;1 71'2 Haar

—tr (PizailelUglaégOZ; [ng,Olﬂ UZ1*f2pi1,i2Xf1Ugl->[2022+ [ng,oe;r} Ufﬁfz)

—tr (pmlxgl ul ., [Xb,ozﬂ O Ut Py ia X, Uy, [XZZ,OQ} oe;Ug”b)} (144)

dtr(O?; {X&,Oe;r) _tr(Oe;r [Xzz,og;bz

+tr(0€2+ [X@’O@D? - dtrg?@ 1[X‘2’O€§} Oy [XZZ’O@D (145)
2d [tr <o§+ [X@,%D - tr(Og [ng,oeﬂ Oyt [Xzz,Oe;m
= / dU€2+ : a2 —1 (146)
Unaar
g [4(4(0Y) +15(0%)° ~2:(0)1x(0%)) 24 (1x(0%)° — (0 x(0%)) 147
d2 1 1— d2 d2 -1
242 [4tr(0)tr(03) —dtr(0*) — 3tr(02)2}
_ | (148)

(2 —1)”

where in Eq. (144) we expand each trace in the first line via an orthonormal basis |i1), |i2) separately, and regroup
them together to a single trace operation via projectors Py, ;, = |i2)(i1] and P;, ;, = |i1){i2| for conveninent calculation
with RINT [5].

The fourth one is simply

/dU@lﬁgszq tr ([Xgl,Oq} Ugl%zOg;r Ug1.>22> tr (Ugﬁ& [ng, Og;r:| Ue,se, [Xél ) Ugl by |:X€27O[2F:| Uh%z}) =0
(149)

by the cyclic property of trace from expansion.
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The fifth term through integration is

/M AUty dUys tr ([Xer, Oy ] [Xer, Ul oy [Xew, Ot | Uit | UL,y [ X2 Oy | O Ut )

Haar
2 2
:/u dUelgdee;r |:t1" (XllUglelgoerel’ézXélngég [Xez,ogj} OZ;UgVe?) — tr ([XQ,O[;} OZJ;)
Haa.

+tr (XelUgl»@ [szvOé,:,r] Uzl*szfl Ugl»lz [X‘Z?’OZ;] O?; Uel%?)

—tr (XflUgl-»ZQOz;r [vaog;r] U51*42X31U1T1->£2 [Xffzvog;} Oz;r Ull*lz)] (150)
2 2 2 2
dtr(0) tr([ng,Oé;r] oé;) —tr([ngOq] oj;> tr([ng,Oéz‘r] ol?;) tr([Xb,Oq] oj;>
2
_tr<[xgz,oeﬂ Oj;)] (151)
:/ v, —4 |(0) e [Xz 0 +]20 o) —dtr [Xé ) +}202+ (152)
U 2 A2 —1 27 £ 227ty L3
d . d?
- /M U {ﬁtr(O) [tr (X0, X0, 031 ) = 12(0%)] = 7 [263(Xea 03 X1,y ) — t1(Xea 074 X0, O ) ftr(04)]}
(153)
d d [tr(0) tr(0?) — dtr(0?)] @ d 2
— 5 1(0) e S [tr(0°)" = 24x(0) tr(0%) + d x(0*)] (154)
2
- (dzdﬁ [1£(0)? 1x(0%) — 3dx(0) tr(0°) +d1x(0*)° + a2 tr(0")] (155)

The sixth item is

/u dUgﬁszUZ; tr ([XZNOZT] [XZNUZTPEg [XZWOZ;'] Ugﬁerz] UJMzOZ; [XZQ,OG—] Uz1»z2>

Haa.

:/u dUZI»EQdUe; [tr (XelUgTﬁezO@Uel»@Xel Uzﬁgz [XEQ,O[;} O£+ [Xemoﬁ} Uérfz) —tr ([XZWOZ;] Oé; |:X42,O[2+:| ij)
Haa

+tr (XhUel-»eQ [szvOng} Uty 50, Xty Uel Z20Z+ [Xlzv g+} +U41*/2)

—tr (Xllel-»ZzOe* [Xlz’oﬁ] UZ1*Z2XZ1U21.>ZQO¢+ [XZQ, [+] Uflaﬁz):| (156)
2
dtr(O)tr(X ,O o )—tr Xy, Oyt | Oy | Xy, X, 0 X¢,,0,4| O
P o 9 o O R O Y NI RN
_tr([szaOl;} ?ej* d[QXez,Oez*] OG) _ tf([Xzz,Ogﬂ 0, |:X[27022+:| Oe;) (157)
- /MH Via {tr(O) “([X‘Z’%r %) — dtx([ X, Ot | Opp [ Xz, O] Oe;ﬂ (158)
= /UH dU+ {de tr(O) [tr (XzQOg;XZQO%) — tr(03)} _ CFLJ—QI [tr(XeQOj;XeQO?;) —tr(XgZO?;ngOeg_)}} (159)
- ir(0)LL1©) trgi) - (0] _ dzdj (0%~ (0) r(0%)] (160)
= % [tr(O)2 tr(Oz) — 2dtr(02)2 + dtr(O) tr(03)] . (161)
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The seventh item is

/u dUél’[Z dUe;' tr ( |:Xf1 ) Ugl 2 [Xlz ) Og;':| Ue, *52] [Xh ; Ogi*'} Ung 20 [ng, Og;':| Og;' Ue, *52>

Haar

_ / AUt 30U [o0 (Xe UL gy [Xew Ot | Utz Xe Ul 0, Ot [ Xt 0,5] O Utiots ) — tr ([Xew, O | Oy [Xea, 0,5] O )
UHaar
+tr (X‘glUlj—lengl;Uél"z2X€1Ulj—1*52 [sz’Oé,ﬂ Oe; [X@,Oq] U‘v’l*@)
—tr ()QlUgl_)g2 [XZQ,OZ;] OZIUZI"bXZlnglz [XZQ,OZ;] OEZTUZI"ZZ)] (162)
d2

- E— [t1(0)? 1(0%) = 2dtx(0%) + dr(0) r(0%) | (163)

The eighth item is

/u dUp, 1,dU,s tr ([XEI,UETMQ [ng,oeﬂ UZMQ} [Xgl,oeﬂ U} 0,00 [Xb,ozﬂ U@ﬁgz)
Haar
2
:/u dUgﬁgszé;r |:tI“ (XglUgﬁb [ng,O&ﬂ U@ﬁ@XglUZ%&O?; [X@’Oé;r] Uh»@z) —tr ([X@’Oé;r] O?;)
Haar

2
+tr (XélUgl»eQOe;UIZwézXllUle»eQOz:; [XKZ,OE;} Ug19g2>

“tr (Xgl Ul . {Xb,OZﬂ Ot Uty -0, X0, Uf, 1, Oy [XgZ,Ozﬂ UMQ)] (164)
tr<[X42,oe2+]2032+> dtr(0) tr([ng,Og]zOg> - tr([ngOgrOj;) tr([ngOgrO?;)
B /uH W 1—a? - 21 - [
—tr([ng,OZ;rr Oj;ﬂ (165)
- /u . d%d%l [tr(O) tr([XZQ, oe;r o€;> - dtr([ng,OZ;r oj;)} (166)

— (d2d_21)2 [1(0)” 12(0?) = 3dx(0) tx(0%) + dtx(0%)” + a2 tr(0%) ] (167)
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The ninth item is

/ dUp, +0,dU s tr (|:X51;Og;r:| Uj o, {XENO@} Uty [Xe,, U} g, [Xewa;] Ueléez]UgﬁgzOgUzp@)
Unaar
:/u dU@lézszeg [tr (XflUgﬁbOe;r [ng,Oéﬂ UeléerelUgﬁeQ [ng,oeﬂ Oé;U(ﬁgz)

Haar

2
+tr (Xfl Ul;rl»& |:X(27 Oé;} Uty 0, X, UZ»ZQO?; Us, *@2>

2
—tr (XelUg1~>ZQOZ; [ng,Oéﬂ UglngXglUgﬁbOg;Ueﬁgz)
—tr (XflUgl»Eg |:Xg27082+:| Ue1_>(2XglUl;rl%2 |:X(2,O€2+} O?;U@l,gz)} (168)
2 ) 2 2
tr<[Xe2,0£2+] 053) dtr(O )u([xgz,olﬂ ) —tr({XgQ,Oeﬂ og>
B /uH Wey 1—d? - 2 -1
2
dtr(0) tr({X&,Oﬁ} ozg) - tr([XgQ,Oﬁ} 0€+> tr<[Xe2,oe+] 0€+>
_ 169
dz -1 1—d? (169)
d 2 2
:/u AU —— [tr(OQ)tr([Xzz,Oeﬂ )—tr(O)tr([ng,o@] o@)} (170)
Haar
d 5\ 2d[tr(0)” — dtr(0?)] d d[tr(0) tr(0?) — dtr(0?)]
=5 tr(O ) 21 - tr(O) FE ] (171)
& 2 2 2\2 3
- @1 [t1(0%) tr(0)° — 2d1x(0%)* + dx(0) tx(0)] . (172)
The tenth item is
/u dUp, 4, AUy tr ([XZI,UZTMQ [ng,oeﬂ Us,-0)US o, {ng,Oeﬂ Us, e, [Xgl,oeﬂ U}ﬁbo@wl%)
Haar
- 12
:/u dUgﬁ@dU[; |:t1" (XglUZpez X@2,Oe2+ Uél»lzXélUL%zO?;UZl»Zg)
Haar - -
+tr (X‘glUlj-l-)ZQ _X£27OZ;'_ Oe;Uél»ZzXélUgﬁ@Oe; [ng,Oeﬂ Uzpb)
2
—tr (X& ngfg |:X5270€,:F:| OK;UZI"Z2X€1 UZ»EQOE;U&*&)
—tr (Xfl Ugleéz _X€27OZ§_ U@ﬁ[zXel Ugl»ézO?; [X@?OZ;] Uel"£2>:| (173)
2 2 2 2 2 2
dtr(O )m([xb,o@] )m([xb,o@} og) tr<[Xg2,0Eﬂ OQ)
- ~/Z/1Haar dUe; d? -1 " 1—d?
2 2 . 2 .
dtr(O)tr({Xb,Oq} O€;> —tl“(|:Xz2,OZ;-:| O€;> tr({XgQ,OZ;} Oé;>
B _ 174
d2 -1 1— d? (174)
& 2 2 2)2 3
- @ [tr(0%) 11(0)° — 2d1x(0%)* + dx(0) tx(0)] . (175)

The eleventh (last) item is

/u WUy t1([Xes, O | Xet, Ul iy [Xeas O | Usnoa]) ([ X, O | 0y ) =0 (176)
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due to the cyclic property of trace by expansion of commutators.

Combing the above eleven terms, we have tr(poUTOU) ﬁ% a‘z;
1 2 1 2

2
Fu tr(poUTOU) 0%  Oe Oe }

90,00y, 90,, D0y,
d

= TP OETS [2 t1(0)* = 3(d — 1) tx(0)? tr(0%) — 3(d + 1) tr(0?)? + (@2 — d + 4) tx(0) tr(0?)

+(d* — d)tr(0")] . (177)

c.  Summary of average dynamical index Co under Haar random ensemble
Summarizing from Eq. (138) and (177), combined with the result from Eq. (118) we thus have &g as

0%e

2 2
0c O Oc tr(poUTOU) S5 ( 86> ] — Oofio (178)

90y, 004, 00;, 90,

Eoho = L(L - ].)]Ez/{Haar |:tr (p()UTOU) :| + LEuHaar

962 \ 90,

_ L 4 _ 933 _ g2 4
T M- )T (A= 2)(d+ 2)2(d—3)(d+ ) (@'~ 24 — 9 + 8d + 20) 1x(0)
+2d (—d* + d® +10d* + d — 29) tr(0?) tr(0)® — 4 (d° — 11d° — 642 + 38d + 14) tr(0%) tr(O)

+ (dS + 3d® — 11d* — 41d% + 1842 + 96d + 60) tr(0?)” + d (d° — 13d® — 4d* + 56d — 4) tr(04)}

+ S(d— 1)2((1[:(?1;(1;61 AT 3) [—Q(d +3)00 tr(0)* + 3d(d + 3)O tr(O) tr(0?) + (d* — d + 4) tr(0) tr(0?)
+d(d—1)tr(0%) — d*(d + 3)0p tr(0?) — 3(d — 1) tr(0?) tr(0)? — 3(d + 1) tr(0?)* + 2tr(0)4} . (179)

One can then find
— — 2
o = €ofo/ Ko (180)

where €ip and K, can be found in Eq. (179) and (92), though too complicated to show it completely here.
In the asymptotic limit of L > 1,d > 1, Eq. (179) can be reduced to

€oflo —FIJG [tr(0)4 —2dtr(0?) tr(0)* — 4dtr(0?) tr(0) + d* tr(02)2 + d? tr(O4)}

2 B
+ o [~24001(0)" + 3020y 1(0) 1(0%) + & 1(0) 1(0°) + 2 1x(0") — &0y ()

—3dtr(0?) tr(0)? — 3dtx(0?)% + 2tr(0)4} . (181)

We then have the ratio (o as

G = Y (182)

1 tr(0)* — 2dtr(02) tr(0)* — 4dtr(0?) tr(0) + 2 tr(02) + d2 tr(0*)
(dtr(02) - tr(O)2>2

+ ! 5 [—2d00 tr(0)” + 3d20p tr(0) tr(0?) + d? tr(0) tr(0%) + d* tr(0*) — >0y tr(0?)

2 (dtr(()?) - tr(0)2)

~3dtr(0%) tr(0)? — 3dtr(0%)” + 2tr(0)4] . (183)

Specifically, for traceless observable, the (; can be further simplified as

G = 2 (184)

C1t(0)° +tr(0Y) L1
L tr(0?)? 2d tr(02?)?

~

[atr(0*) = a0 r(0%) = 3tx(0%)°] . (185)
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Supplementary Note 11.4. Fluctuations of error and QNTK under Haar random ensemble

At the end of discussion about Haar ensemble result, we discuss the standard deviation of total error SD [eg] and
QNTK SD [Kj]. To calculate the standard deviation, we first focus on the variance.

Supplementary Note 11.4.1. Relative fluctuation of total error under Haar random ensemble

The variance of total error € over Haar random ensemble is

Var [eg] = ¢ — & (186)
= Ettyone [(10) = 00)*| = (Bt [(0)] — O0)” (187)
= Ettynne [(0)*] = By, O (188)
tr(0)* + tr(0%)  tr(0)?
2+d & (189)
_ dtr(0?) —tr(0)°
B d?(d+1) (190)

Then the standard deviation of error is

dtr(02) — tr(O
D [eg] = +/Var [] \/ EdT D) ) 7 (191)

and the relative fluctuation can be obtained directly as

SD [eo] 1 dtr(0?) — tr(0)?
€ _tr(O)/d—Oo\/ d2(d+1) (192)

Specifically, for traceless observable we have SD [¢g] = /tr(0?)/d(d + 1) and SD [eg] /€5 = —+/tr(0?)/d(d + 1)/O.

Supplementary Note 11.4.2. Relative fluctuation of QNTK under Haar random ensemble

The variance of K is Var[Ko] = K2 — FOQ, which can be written as

2 2
Oe —2
Var KO ; EE EuHaM [(89( > <69@2> ] - Ko (193)
=23 Ey NEIRY +3 By o' iy ros (194)
= Haar 89,@ 8962 " Haar 89@

e \2 [ 9¢e \?
s () ()

Under the random initialization of circuit parameters, we can calculate the variance via Haar integral as following.

-~ K. (195)
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4
a. Calculation of E [(;;@) } with Haar random ensemble

4
We first evaluate Eqy,, {(g&) } , which can be expanded as

. [(%)4] — 5Bt | (101U X6 0] i) | (196)

1
= 1—6 dUZ* dU£+ tr (POUJ_ [X€7 OZ‘F} Uz—pOUT_ [Xg, O[Jr] U@— poUg_ [Xé7 OZJr] szpoUT_ [Xéa O€+] Ug—) (197)
/ 3tr([Xg7O€+]2)2 16t ([Xp 0]

Ui 16d(d + 2)(d? + 4d + 3) ’

Utaar

(198)

where we evaluate the integral over U,- by considering U,- forms Haar random (4-design) ensemble.
From the expansion of tr([Xg, Og+]4), we have

/ dUg+ tr ([Xg705+]4) =
Ut aar

/ dUp+ [21:1‘ (XeOg+XeOg+XgOg+XgOg+) — 8tr (XgO?+XgOg+) + 4tr (XgO?+XgUg+O?+)} —|—2tr(04). (199)
Unaar
The expansion follows from Supplementary notes of [6]. With the help of RTNI [5], we have the integrals as

/ dUg+ tr (XgOg+XgOg+X@Og+XgOg+)
Uaar

_ 221x(0?) tr(0)* + (2 +9) tr(0*) — dtr(0)* — 84 tr(03) tr(0) — 3d tr(0?)

d* —10d? +9 (200)
f dtr(0) tr(0?) — tr(O*
/ Uyt tr (X,0%, X,044) = H0) r(2 ) —r(07) (201)
Z/{Haar d - 1
dtr(0?)* - tr(O*
/ Uy tr (X,02, X,0%,) = r( )2 1Y) : (202)
Ustons a2 -1
where U+ follows Haar random unitary (4-design).
The ensemble average of Ey,,.. [tr([Xe, Op+]*)] is thus
EL{er [tlf([_Xz7 O¢+}4)]
2d [(28 — 4d?) tr(03?) tr(0) + (2d* — 21) tr(02)2 + (d® — 7d) tr(0*) + 2d tr(0?) tr(0)* — tr(0)*
- d*—10d%2+9 (203)
On the other hand, tr([Xy, Og+]2)2 can be expanded as
/ dUyp+ tr ([Xe,04+]2)2 = Z /dUe+ tr (Piy i, [Xe, ¢+ 12 Py, iy [Xe, Ogr])?) (204)
uHaar Z‘lA,’L-Q
= Z/ dU,+ [4tr (PiQ’ileOg+XgOg+Pil,iQXzOg+XgOg+)
i1774'2 MHaar
=8tr (Pyy,i, X¢Op+ X004+ Py, 3,071 ) + 4tr (P4, 054 Piy 3,074 )] - (205)

where again in the first equation we introduce P, ;, = |i1){i2| to combine the two traces together such that it can be
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evaluated by RTNI [5]. Similar to above calculation, we then can find

> AU+ tr (Pyy.i, XeOpr X0t Piy iy X¢Opt X¢Oyp+)
Z‘17i2 Unaar
_ (d®—-6) tr(0)* + (2d* —9) tr(02)2 — 6dtr(0?) tr(0)* — 6d tr(O*) + 24 tr(0?) tr(O) (206
B d* —10d% + 9 )
tr(02) (dtr(0)* — tr(02
> / dUy+ tr (P, 4, X004+ X0O0p+ Py, 1,074 ) = @) ( ] ( )) (207)
i1,io Y UHaar -
Z / dUy+ tr (Pi, 4,03 Pi, 4,07+ ) = tr(o2)2. (208)
i1,io Y UHaar
Combining the above three equations, the average over tI‘([Xg, Og+]2)2 is
EuHaar [tr([Xg,Og+]2)2:| =
1] (@ = 6) tx(0)" = 2 (¢ ~ 6d) tr(0?) tr(0)” + (d* — 6¢* — 18) tr(02)” ~ 6dtx(O*) + 241x(0%) t(O)]
d* —10d? + 9 - (209)
N4
Therefore, the ensemble average of (%) is
e \* _ 3tr([X4,Og+]2)2+6tr ([Xg,0g+]4)
Bttt [(ael) ] - /MH Wer 16d(d + 2)(d2 + 4d + 3) (210)

3 [(d2 +3d+3)tr(02)” + d(d+ 1) tr(0) + t(0)* — 2dtr(02) tr(0)? — 4(d + 1) tr(0?) tr(O)]
A(d —1)d(d+ 1)2(d + 3)2

(211)
_3tr(0%)”  30(0Y)  3tr(0)* 3t2(0?) tr(0)°  3tx(0%) t2(0)
T 4dt Ad* 4ds 2d° - ds ’

(212)

where we still approximate by d > 1.

2 2
b.  Calculation of By, {(a‘zz ) (3‘35 ) } with Haar random ensemble
1 2

2 2
For the evaluation of Ey,, .. {( 3‘35 ) ( 825 ) } , there are four different unitaries Ue; U 05 U eTvU ¢f assuming 0 <
“1 ©2

l5. Note that UG = Ugﬁgng; and U£1+ = U@ Uy, 50, are not fully independent, so the Haar average has to be
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performed in with respect to U,-, Up, 5¢,, U, o individually only.

2 2
Ey, Oe Oe
2\ 90y, 90y,

1 2 2
= E dU[; dUh *€2dU£; <¢0|UT— |:X€1’ O[Ir:| Ue; |1/)0> <¢0|Ug— U[;rl >l |:X€27 0[2*:| U[l +0o UZ; |1/’0> (213)
Unaar 1 1
1
- AU, dUp, 4, AU, tx (pOUT_ [Xgl : Oeﬂ Uy-poU}- [X@l : oeﬂ Up-poU_Uf [ng, 0@} Us,-0,U,-
Z/[Haar 1 1 1
'POUZ— Ulj‘1~>22 [szﬁ Oé;} Ue, st UZ;) (214)

1
~16d(d +2) (d? + 4d + 3)

x /u  dUs., U {tr ([Xgl,%m fr ([Xel,o@m + 2t (U, [Xe, 00| Uty [X0,,0,2])

2 2
+4t1‘ (|:X[1,O£T:| Ugl_)ez |:X€17O£;>:| U£1->€2)

2

+ tr (Uérl_)é2 [le,OZ;—} Uglag2 [Xgl,Oq-} Uljrwéz [le,ozg-} Ugﬁgz [Xgl,oer})} , (215)

where in the first equation we expand the derivative and write U, > and U, ¢ In terms of Ug,se,,U, 7> Upg Next we
evaluate the average over Uy, ,¢, and Ue; of each term separately.

2 2
The average of first term, tr({Xgl,Oeﬂ > tr([XgQ, Og] ), becomes

[, e w([xe.05]) o [0 ]) 10
- /MHaar dUe;‘err({X@,qu) dtr(O; : ;r(OZ) B tr(O2)1 (217)
- dtr(OC); = ir(OQ) - tr(07%) dtr(OC); - ;r(OQ) - tr(OQ)] (218)
A [tr(0)2 - dtr(OQ)r "

(@ —1)?
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2
The average of second term, tr(UZ%2 [ng,O&ﬂ Uy, e, {Xfl’OETD is

2
/L{ dUel*‘[Z dU[;’ tr (Uzl o |:XZ27 O[;i| Ull +o |:X€1 3 O/T:| )

Haar

-3 AUt -0, AU, tr (Piz,ilUgMz [szo[ﬂ Uty ot [le,Oq] PuinUf o [Xez,Oeﬂ Uty e [X,gl,oq]) (220)

i1,io Y UHaar

:Z/M

1,00 Haar

2 2
AUt -e,dU [tr (0[2F [XZZ,OZ;} UZMQXZIUJP,Q) Tt ([Xb,oq] OQUZMQX,ZIUJMZ,)

—21tr (OZ;r [XZ27OZ;:| UelgngglUgﬁb) tr ([XZZ?OZSF] OZ;Ugl,ethUgl»ez)} (221)
2 2 2
L[ g |40 X 0] O [Xen O ]) —er(04; [Xer, O ]) (04 ¥ 0g])" - au([xu0,] 0}, )
- /uH 4 a2 -1 M 21
(222)
2
s d“(% [Xe2, 0t | Ogt |22, 0] ) —“<[sz’oz;] Of;) -
- /uH o 21 (223)
2d
—F-1), s [2 tr (OZF ngO%Xg?) —24r (ogz+ X0, ojgxh) —24r (ngogxh O}y ) +tr (XEQ 0% Xe, oj;) + tr(O4)]
(224)
2d
—7-1), s [3tr (0% X6, 074 X1 ) = 4tx (01 X0, OF Xy ) + (0% ] (225)
2d [dtr(0%) +3tr(0%)" — 44x(0) r(0%)
- . . (226)
(@ —1)
2 2
The average of third term, tr([le,OZﬂ UJ1*£2 {X@Q, Oq} Ugﬁ&) is
2 " 2
/M AUt e,dU,: tr<[xgl,0el+] Ul 0 [ng,oq] Uz19@2>
Haar
2 2
:/ dUgl%Qdngr [tr<XélOZ;rXélUlT1»ZQOZ; [XZQ’OZI] UeV[Q) +tr(XelOll+leUgﬁ£2 [ng,,oz;] OggUelgeQ)
Z/{Haar
2 2
_tr<Xglojl+leUgM2 [ng,og] UMQ) —tr(Oz:‘r [ngoeﬂ )} (227)
2 2 2 2 9 2 9
dtr(O)tr([Xb,Oq] OZ;) 7tr(|:X42,O£;r:| 0[3_) dtr([XgQ,OZ;] )tr(O ) 7tl‘(|:Xg2,Oé;:| OZ;’)
- /UH e |2 a2 —1 - a2 —1
2
_tr<oj2F [ng,og] )} (228)
2 5 2 2 5
d|—dtr [XZQ,OL,;] 0% ) +26(0) & [ng,oq] Op ) —tr [ng,Oeﬂ tr(0?)
_ /M g — (229)
g [ d[du(0f) +6(0%) —26(0) u(0%)] o Ar(0) 11(0%) —dtr(0%)] 24 [1(0)° — dtr(0)]
e 21 +2t:(0) a2 —1 —r(07) 21
(230)
@ [atr(0%) +3tr(0%)" = 44x(0) tx(0%)]
- (231)

(@ -1

The average over Uy, .¢, in the last term, tr (Ugl%2 [ng, Oq] U, 50, [Xgl,Oéﬂ UeTl»zz [ng, O@] U, 50, [Xgl,Osz
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is

/MHW Wer-628Up tr(Ugﬁfz {X%’Otz;} Uti-t, [Xelaoej} Ul ., {Xez,Oﬁ} Ue,+t [le,O D

/M dUs, .6,dU, {tr (leUgﬁ,ZQO@ [ng,oéﬂ Us ot X0, UJ L, O [sz,oﬁ} UZMZ)
Haar

+tr (le ul ., [Xew oéﬂ O Un-t, X0,UJ Ly, [ng : OZ;] o UMQ)

—21tr (Oegr [X@,Oé;} OK;Ugﬁ@Xgl Ugl»fg {XZWO%J Uél»ZQXél UZ»Q)}

(232)
2
dtr([Xes, 0,5 0y ) = t0([X0. 00y | Oy [Xe2s 0, ] 04y)  00(04; [X02 00| Oy [ X041 ])
— / dU£+2 2 2 > 2 2 2 2 + 2 2 2
Unaar 2 d -1 d2 -1
(233)
2
2dt1"( [ng , 053—} OZ;’)
—0, (235)
where the last line can be found by the cyclic property of trace directly.
2 2
Therefore, we can conclude on Fyy,, .. [(Bzzl) ( a‘z;> ] is
2 2
Ey Oe Oe
= |\ 00y, 90y,
2
) 1d? [1(0)” = atr(02)| 2a? [atx(0Y) + 31x(0%)” — 44x(0) tr(0%) ]
= 2
16d(d + 2) (% 1 4d 1 3) (@12 * (@ 1)
@ [atr(0%) +31:(0%)” — 41x(0) r(0%)
+4 . +0 (236)
(d? 1)
@[ (d + 3 +3)tr(02) + d(d +1) tr(0?) + 1x(0)" — 24tr(0) tr(0)* — 4(d + 1) tr(0%) x(0)]
= 237
4(d—-1)2(d+1)3 (d+2)(d+3) (27)
(0% L u(0Y) , w(©0) (0% 1(0)°  (0%) tr(0) 238)
T 444 44+ 445 2d> ds ’
c.  Summary of relative fluctuation SD[Ky]/ Ky under random initialization
To summarize from Eq. (212) and (238), the ensemble average of Var[Kj)] is
de \* [ e \* e\
Var[Ky] = L(L — 1)Ey,,.. <59@1> (86‘[2) + LEy,... (89@) — Ky (239)
d [(d2 +3d+3) tr(0%)° + d(d + 1) tr(0%) + t(0)* — 2dtr(0?) tx(0)? — 4(d + 1) tr (O?) tr(O)}
=L(L-1
( ) 4(d—1)%2(d+1)3(d+2)(d + 3)
3 [(d2 +3d+3)tr(02)” + d(d + 1) tr(0?) + tr(0)* — 2dtr(0?) tr(0)? — 4(d + 1) tr(0%) tr(O)}
L
+ 4(d — 1)d(d + 1)2(d + 3)2
2
dtr(0?) — tr(0)?
[ p4u(07) ~ (O (240)
2(d—1)(d+1)2

The relative fluctuation is then

SD[Ko]/Ky = +/Var[Ko] /Ko, (241)
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where Var[K] and Kj can be found in Eq. (240) and (92).
In the asymptotic limit of L,d > 1, we have

M (dtr(OQ) — tr(O)Q)2

Var[Ko) ~ |2 6:(0%)” + @ 1(0%) + 1(0)" — 24tr(0%) 1(0)” — 4d1r(0%) tx(0)| — L

445 445

(242)
Thus we have the standard deviation of QNTK as

2%3 ((L2 +30) {dQ tr(02)2 > tr<04) . tr(O)4 _ thr(og) tr(0)2 B 4dtr(03) tr(o)} B (dtr(02) — tr(0)2>2) 2 .
(243)

and the relative fluctuation is

SD[Ko] N
T =
) o\ 1/2
((L2 +3L) [d2tr(0%)° + & 1x(0%) + 1(0)" ~ 2d1x(0%) tr(0)* ~ 4d tx(0%) tr(0)] ~ L* (dtr(0?) — (0)*) )
v ! . (244)
L (dtr(02) - tr(O)Q)
For traceless observable O, the standard deviation and relative fluctuation are reduced to
SD[Ko] ~ —/12t(0%) + 3L tr(02)? (245)
2d? ’
4
SDIo] |, L [y (OY) (246)

K VI tr(02)?

Remark
A further simplification is considered in [6] by treating the four unitaries UZ;,UZI, L, Ui,-1,U, o that appears in

2 2
E {( 8‘32 ) ( 8252) } are independent sampled from Haar random, which leads to the scaling of SD[Kj] ~ V'L only.

Supplementary Note 12. RESULTS WITH RESTRICTED HAAR ENSEMBLE

We first review the restricted Haar random ensemble here. Recall the unitary in the restricted Haar ensemble Urg
is defined as (see Supplementary Note 6)

Urn = ((1) 3) , (247)

where V is a unitary of dimension d — 1, and in restricted ensemble, we assume V follows Haar random ensemble.
As the overall circuit unitary Urng = Up-Upr = Uy, - Uy, o, Ugt (see definitions around Egs. (53), (56)), the form of

Eq. (57) will lead to constraint on the unitaries U, Up+, Uy, —, Up, op,, U[QF utilized in evaluation. It turns out that
the specific distribution of V' for the overall unitary ensemble {Ugrp} does not affect the ensemble averages and thus
we do not specify the distribution of V. To implement the constraint, we can assume that the unitaries of a part of
circuit including U,-, U, o Up, 50, ~ Unaar(d) follow independent Haar random distribution; while Up+, Uz,j are directly
determined by U,+ = UrnuU, T and U@ = URHUJ, Ugl vl due to the constraint.

To prepare a target state O = |®)X®|, we can keep the loss function in Eq. (1) in the main text with a target value
Op > 0, and the total error as

e = [{®[U o) [2 - O (248)
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As fidelity between arbitrary two quantum states is bounded from zero to unity, when 0 < Oy < 1, we expect the
error can be decreased to zero with sufficiently large L, leading to the frozen kernel dynamics; On the other hand if
Op > 1, the error can only be optimized to a negative constant leading to the frozen error dynamics; Oy = 1 will
become the critical point. To capture late-time dynamics, we have the fidelity

Fy = [{®|U]tho) |* = Op + R, (249)

where R = lim;_, » €(¢) = min{1 — Og, 0} which is consistent with definition in the main text.

Supplementary Note 12.1. Average QNTK under restricted Haar ensemble

We can evaluate average of QNTK K., under restricted Haar ensemble. Recall that the QNTK is defined as
_ 2
Koo = By {(5992) }, thus we have

e \ 2
EZ/IRH l()
00,
1
=— dURH/ adU,- {tr (PoUngeUrORHpoUngesz ORH) +tr (pOORHUgfXEUZ*/)OORHU}LXZUZ*>
Unn u

Haar

1
_ _Z/dUk AU+ tr (pOUl;[ [X¢, Op+] UrpoUt [Xe¢, Op+] UE*) (250)

—tr (poU},Xng— ORHpooRHU;,XgUg—> —tr (poORHU;,Xng—p()Ug,XeUg—ORH>}

(251)
2 dtr(poOrn)” — tr(poOrupoOrn)  dtr(OrnpoOrn) — tr(poOrupoOrn)
_ 2 ates ! _ . (252)
4 2 -1 dz =1

. 2d {tlf(f)OORH)2 — tr(OrupoOrn) (253)
B Uru o 4(d2 - 1)
~ dFy(1 - Fy)
U F), (254)

where Orpg = UFT{HOURH is defined for simplicity. In the last line, we utilize the fact that tI‘(poORH)2 = FZ and
tr(ORHPOORH) = Fy. Thus the QNTK is

— oe \?| LdFy(1-F

T =1 |(77) | = “2 = 25
—7Ld Oo+R) (1 —0Og—R ~ L Og+R) (1 —Og—R 256
_2(d2—1)( o+R) (1 —Oo— )—ﬁ( 0+R) (1 —O0o—R), (256)

where in the last equation we utilize the relation between Fy and Og, R in Eq. (249). The approximation in the last
line is taken for d > 1 for direct identification on its scaling. When Oy > 1 with R = 1 — Og, we directly have
Ko =0; when Og = 1 with R = 0, we also have K., = 0; however when Oy < 1 with R = 0, we have a finite nonzero
QNTK as Ko, o< Op(1 — Op) and specifically, Ko, & Oq in the limit of Oq close to unity.

Supplementary Note 12.2. Average relative dQNTK under restricted Haar ensemble

In this section, we evaluate the factor Ao, = Jisg/Kos under restricted Haar ensemble. As K., is already cal-

culated above, we focus on dQNTK 7 in the following. Recall that fic = L(L — 1)Eyyy, [ﬁ 8‘3: a‘zj } +
01 OVt OV, 23

2
LEy {g:g ( 8872) } , we evaluate the two ensemble average separately.
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2
2 .
a. Eygy [395 (%Z) ] under restricted Haar ensemble

2
We first consider Eyyyy, {g:; (3%) } .
£
D% [ 0e\® 1
Ettrus [aez (8—9[) ] =1 / dU,-dUy+ tx (poUf- O+ Up- poUL- (X, [Xe, O |Up- poU- [Xe, 01Uy poU- (X2, 041U, )

(257)
2
=16 dURH/ dU,- [tr (ORHPUORHPOU;rXZU5+ORHPOUJ+XEU4+) +tr (pOORHPOORHUngXZUeJrPOORHUngXZU5+)
Urn u

Haar

—tr (POORHPOUlLXéUﬁORHPOORHUJ+XZUz+) —tr (ORHPOORHPOORHU;+XZU2+poU;JerUﬁ)
+ tr (p()UlLrX(UHOR,HU;+XEU5+POUJ+XZUngORHPOOR.HUngXZUéJr)

+tr (ORHPOU;+XZU2+ORHUJ+XZUZ+POORHU2+XZUE+POUJ+XéUéJr)

—tr (ORHpOUg+ XUyt OruaUS, XUyt poUl, XoUpt OrupoU, XgUH)

~tr (pUL. XeUp OruUL XeUps poOrinl}, XeUpt poOruUfy XeUpe )|

(258)
One can see that the first two terms equals and they are

dURH / dUg— [tl" (ORHpQORHpoUg+XgUg+ ORHPOUngXéUZJr) + tr (poORHpooRHUg+XgUg+p00RHUg+XgUg+)}
Urn Unaar
2
= dURHﬁ [dtr(poOrn) tr(poOrEPoOrE) — tr(pP0OrRHPOORELOORH)]
Urn -
2(d —1)F}
=200 2
d2 —1 ( 59)

The third and fourth term also equals and are

Urn 125

Haar

AU, [tr (POORHPOUJ+X1€UZ+ORHPOORHU(LXKUH) +tr <0RHP00RHP00RHUKT+X£U4+POUJ+X2U5+)]

1
= / dURHﬁ [dt]f(/)oORH)2 — tr(poOrupoOrupoOru) + dtr(poOrupoOru) — tr(POORHPOORHPOORH)}
Urn -
(260)
2(dF§ — Fp)
==="—3J Y7 261
a2 -1 (261)
The fifth term is

| dvwa |
Urn U

dU,- tr (poUlLX@UK+ORHUJ+XgUg+p0Ug+X@Ug+ORHp00RHUg+XgUg+)

Haar

1
= / dURHﬁ [<d2 — 3) tr(pOORHPOORHPOORH) + 2(d - 3) tr(poORH)(— tI‘(p()ORH) +d+ 2)
Uni (@ —9)(d*> —1)
—2 tr(poORHpQORH)<d tr(poORH) +3d — 9)] (262)
Ry (d(F§+2) + F§ —8Fy +4) (263)
B d3+3d>—d—3 '

The sixth term can be found to be equal to the fifth one above. The seventh term is

/ Ugss /
Urn Un

dU,- tr (ORHpoUg+Xng+ORHUJ+X¢U5+poUg+XgUg+ORHp0Ug+XgUg+)

aar

1
_ EE T [tr(poORH)Q(g tr(poOru) + d(2d — 5) — 6) + dtr(poOrupoOru ) (—3 tr(poOru) + d — 4)
+6(tr(poOrEPOORE) + t1(poOrREPOOREPOORE))] (264)
_ 3F§(d— Fy)

T B+3d2—d-3 (265)
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The eighth term is also equal to the seventh one above.

Conclude from the above calculation, we have

9% [ 9e \?
Ettn | 725 | 7p - dUs—dU,+ tr (po Ul OpUp-poU] [ Xe, [Xe, Ops \Us- poUL [Xe, Op+)Us- poU}- [ X, OMUZ,)
962 \ 96, 16

C2|(d-1)F}  (dF}-F})  Fold(F§ +2) +F§ —8Fy+4]  3F3(d— Fy) (266)
8| d2—1 d2—1 d3+3d2 —d—3 d3+3d2—d-3
_ @42 (F - F[(d+2)F -2 (267)

A(d—1D)(d+1)(d+3)

9% de  Oe .
b. Eupn [WW 8%] under restricted Haar ensemble

% de _0Oe |
The other part EURH [WW 8922i| 1S

0%¢ Oe  Oe

EURH
00,00, 00;, 00y,

1

- = / dU,-dUs, .¢,dU ¢

tr (poUl [Xe,, U, [Xe Ot | Uniona| U poU) [Xe, 0y | Uy poUL U, [Xes Oy | U0, )
1 1 1

1

-~ [ dUsn / AU, - dUp, -1, [t (OrupoU Xe,UJ, 0, X22Uni-0aU, OripoU) X, Uy OrupoU) U, o, Xe Uty -,y )
UrH Un

1242

16

aar

b tr (po Ul X6,U},.0, XU -U OritpoOruU)- Xe, Uy poOruU} Uy, Xe Uty Uy )
—tr (Po Ul Xy, Ung 20, X0 Uty -0, Up= Orupo UZ_ X0, Uy OrupoOru UZ_ U}l 0o X0 Uy, U )

—tr (ORHPO X, Ung o XU, U ORHPOORHUZ_ X0, Up- poUZ_ UJI 0o X0 Unyo, U )
tr ORHPOUT— Xo,Uy-Orn Ugl_ UeTl o XUy, U POORHUZTI_ Xo,Up=po UZ— Ung 1o X0a Uy, U
tr U Xel Uy OruU, U}l w1, X0 U0, U= po Ugl_ X0, Uy OrupoOru U;f Ugl 1o XUy, U
—tr ORHPO Xel Uy-Oru UT? UJI o X0 U6, Uy poUTf X0, Uy Orupo UT? UJI 1o X0a Uy, U
tr PoU o X, U,- ORHU Uzﬁ@sz Ut,-,U- pOORHU XUy pOORHU Ugﬁngereleeg Up-

U Ueleerfz Ugl ggQU ORH Xgl sz poUe; Xgl Uel—ORH/}OoRHUE; Ugl »Zngtel >0o Uél—

tr ORHPOUJL UJI 0, X0 U 6, Uy ORHU;} XUy poUZT; XUy ORHPOU;} UJI 1o X0 Uy, U

tr

e W W W e e e e

+

+

+ tr

_ UT U %2X¢2 Uty -,U,-OruU, Xgl Uy-poOrn Ugl, XUy poOra UZ, U} 0, XUt .U
tr ORHPOORH Ufl %Zng Ug,s0, X0, UZ’ pOUTfX'g1 Ué, ORHPOUT, ngerL’z U, s, U£1—>

+

r(ORHpo UMQX@UZ%UEIORHUJ;X&Ue;poORHU;;XequpoU;;UJMZX@UMQU@;
tr(poORH UglggQXeQUel»erel - poORHU XUy poORHU ngngereleézU(g;

— tr{ poOruU, UEMQX@ Uty o0, X0, U poUZ; XUy ORHPOORHUZ; Ul 0, Xe,Ut, o, Ug;)

+tr (ORHPOORH U;; UJI 20, X0 U0, X0, Up- poOru UZT; Xo, Uy POUKT; Ule 2, X0 U0, U ] . (268)
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The integral over Ué; U, e, of first term is

/ AUy / AU, dUy, g, tr (ORHpOUg, XUl 1, XeUts-:Uy; OrinpoU)- Xe, Uy OruapoUf Uy, Xe, UZMQUZI-)
Urn U 1 1

Haar

1
= / dURHW [(d2 + 1) tr(POORHPOORHPOORH) — thr(pOORH) tr(POORHPOORH)] (269)
Urn -
F3
= T +01)2 . (270)

The second term is

/ dURH/ dUél—dUgﬁgztr(,OoUJ,leUgl_)ngbUgﬁgtel—ORH,O()ORHU Xgl o poORHU Ug
Urn U, 1

1+£2

X, Uzl»nggl—)

Haar
 FZ(Fy +d? —2d)
(@17

(271)
The third term is

| dna [ U, Ut (U] XU, XeUs U OriapU), XUy OvnpoOrenU), Uy, XesUs-U )
Urnu U,

Haar

F2(d — Fy)
= m. (272)

The fourth one equals the third one above.
The fifth one is

/ AU / AU, dUy, .4, tr (ORH poU} X0, Uy OraUJ U, o, Xe Uty U poOruUS XUy poU) U, XeuUty Uy )
Urnu U,

Haar
Fo(Fy —d)?
=7 273
The sixth term equals the first; the seventh and eighth equals the third and fourth; the ninth equals the fifth; the
tenth equals the sixth; the eleventh and twelfth equals the seventh and eighth; the thirteenth equals the second; the
fourteenth equals the first; the fifteenth and sixteenth equals the third and fourth.
Conclude from the above calculation, we have

0%¢ Oe  Oe
EURH
00y, 00, 00,4, 00y,

- = / dU,-dUs, .4, dU ¢

tr (poU] [Xgl,U&% (Xt Ot | Uty U poU} (X0, 00| U, poUL U}, X6, 00| Ui U, )
L[ AR 2Ry —2d)  SFAd—Fy)  2Fs(Fo—d)?
T 16 {(d+1)2 @—12  (d+12d-1)  (&®—-1)? ]
A Fy(Fo — 1)(2F — 1)
- 8(d2 —1)2 '

(274)

(275)

c.  Summary of average relative dAQNTK )\, with restricted Haar ensemble
Combining Eq. (267) and (275), restricted Haar ensemble averaged dQNTK i is

00,,00,, 004, 00, 002 \ 90,
d>Fo(Fy —1)(2Fy — 1) n L(d +2)(Fo — 1) Fy [(d + 2)Fp — 2]
8(d? —1)2 4(d—-1)(d+1)(d+3)

2
e = L(L — 1)Ey, 0%¢ Oe 6€:|+

=L(L—1) (276)
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Combining with the average QNTK calculated above, we have

Moo = ?{E (277)
_ d(1—2Fy)  (d+2)[(d+2)Fy —2]
=(L-D3myy - RSN (278)
_ mu — 20y—2R) — m [(d+2)(00+R) — 2] (279)
L Oo+R
~ (1 —209—2R) — 02 , (280)

where in the last line we still make approximations under d > 1 for direct understanding on its scaling, and we can
see that A is a constant « L/d regardless of Oy § 1.

Supplementary Note 12.3. Average dynamical index under restricted Haar ensemble

We evaluate the restricted Haar ensemble averaged (oo = €xg Iho /| K 002 in the following.

Echlioe = By [Bth(PoUﬁHOURH)M} — Oofioo

9% Oe  Oe
00,004, 06,, 00,

= L(L — 1)Eyy,, {tr (pon;HOURH) ] +LE

a6z \ 26,

9% [ e \*
tr(pOUg{HOURH) : < 6) ] — Oofio-
(281)

2
a. Eypy [tr (poU}T{HOURH) %:g (a%) ] under restricted Haar ensemble

2
We first consider Ey,, {tr(poUPT{HOURH) 2—25 (%) }
£

Ettun | tr(poUk OU )‘9—26 De)”
Urn PoYrnYURH 02 \ 90,
1
= 16 dU;-dUy+ tr (poUg,Og+Ug—poUg, [Xe, [Xg,Og-f-HUg—poUg, [Xg,Og-f—]Ug—poUg, [Xg,Og+]Ug—>

2
= 1—6 dURH/ dUg— {tr (ORH[J()ORHpoORHpoUlLXeUg+ORHp0Ug+XgUg+)
UrH U

Haar
+ tr (pOORHPOORHPOORHUlL— XeUp+ POORHU(L XeUz+) —tr (POORHPOORHPOUJ+XZU5+ ORHPOORHUL— XeUe+)
—tr ORHPOORHPOORHPOORHUngXZUZJrPOUtLXZUZJr)
+ 11 (poOrupoU, XoUpt OruUy, XoUg+ poU}. XoUps OrpoOrnUf, XUy
+ tr

—tr ORHPOORHPOUCLXZUFr ORHUZT+XeUz+ poU4T+XeU£+ ORHPOUZT+X2U5+

N T N N TN N

ORHPOORHPOUJ+XZUZ+ ORHUJ+X15U£+POORHUJ+ XU+ P0U4T+X£Ue+)

—tr poORHpoUlLXzUﬁ—ORHULXgUg-%—p()ORHUtLXgUg+p()ORHUg+XgUg+ } (282)
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The first and second terms equal and are

/ dURH/ dUg— {tl‘ (ORHp()ORHp()ORHpoUJ+Xng+ORHpoUg+XgUg+)
Urnu U

Haar

+tr (pOORHPOORHPOORHUlL- XU+ POORHUL- XeUﬁﬂ

2
/ dUrn 3— [dtr(poOrn) t1(poOrnPoOrRHPoORK) — tr(poOrHPoORIP0 ORI POORN)]
Urn -

_ 2(d—-1)Fy
o d2-1

The third and fourth terms equal and are

(283)

/ dURH/ dUg— {tl‘ (poORHpQORHpoU;+XgUg+ORHpoORHUlLXng-#)
Urnu U,

Haar

+tr (ORHPO OrupoOrupoOruU, X¢Ups poU XoUp+ ) }

1
= / dUrn 55— [dtr(poOrn) t1(poOrnPoORK) — tr(PoOrHPoORHPoORIPoORM) + d t1(poOr poORHPoORH)
Urn -

(284)
—tr(poOruPoORIPoOORHPOORN)] (285)
_ 2(dFf — Fy)
T2 -1 (286)

The fifth term is

/ dURH/ dU,- tr (POORHP0U4T+X6U£+ ORHU(LXeUHPOULXeUH ORHPOORHUlLXZUZ‘F)
Urn Unaar

1
= / dURHm {(d2 — 3) tr(poOruPoOrREPOOREPOORH) + 2(d — 3)(d + 2) tr(poORH)2 + 3tI‘(poORH)3
Urn - -

— tr(poOrn) [(4d — 6) tr(poOrupoOrm) + dtr(poOrupoOripoOrn)] — dtr(poOrupoOrnu)’

+(15 — 4d) tr(poOru poOrupoOru) } (287)
F§ [d (F§ +2) + F§ — 8Fy +4]

- B3 —d-3 '

The sixth term can be found to be equal to the fifth one above.
The seventh term is

(288)

/ dURH/ dU,- tr (ORHpQORHpoU;+XgUg+ORHUJ+XgUg+poUg+XgUg+ORHpoUg+XgUe+)

Urn Unaar
1

= m [tr(poORHpoORH) (tI‘(poORH) [3 tI‘(p()ORH) + d(?d — 5) — 6] — dtI‘(p()ORHpoORH>)

+d tr(poOru poOr1poOru ) (—2 tr(poOru) + d — 4) + 6(tr(poOrupoOrupoOrE) + tr(poOr1 o Or1PoOREPOORH))]

(289)
3ES(d — Fy)
== 2
d®+3d*>—d—3 (290)
The eighth term also equals to the seventh one above.
Summarizing from above, we have
2 2
t ¢ [ Oc
Bty | tr (0 OUna o0 (aw) ]
_2|(d-D)F} (dF§ - Fy) I [d(F§ +2) + F§ — 8F) + 4] _ BF(d—Fy) (201)
8| d2-1 d?—1 d3+3d>—d-3 d®+3d>—d—3
_ (d+2)(Fo — DFF[(d +2)Fp — 2] (202)

Ad—1)(d+1)(d+3)
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] under restricted Haar ensemble

] can be expanded as

[XépUglélz [XZQ,OQ.} Uel»ez] UZI—I)OU;; [Xluoq—] Ull_
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1 1 1
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+tr ORHPOORHPOORHU;; UJMZX@ Utyo0 X, Uy poUgl, Xe,

+tr poORH,DOORHU Uj

1242

—tr POORHPOORHU Uj

1242

+ tr

The integral over U,-, Uy, ., of first term is
1

ORH poOru U
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U, poOru Ugl, X, U, poU
O Ujl, XUy po U;} X, U,
00ORH PO U;l_ Ul o, Xea Uty oty U,-Orn Ugl_ Xe,Uy poOrn Ugl_ Xe,Uy poOrn Ugl_ Ul o, XUy oty Uy-
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XoyUpy o0, Xy U‘f POU;; X U,- ORHPOORHU

ORHPOORHPOORHU;_ UJI vea Xt Uty 50, Xy U‘ﬁ_ poORHUg_ Xy, Ufl_ poUl:r_ UJI 2, X Uty -0, U,
‘1 1 1

U/z

1242

X22U21.>22U217>
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&

/ dUrn / AUy dUs, ¢, p0OrnpoU}- Xe,UJ, ., Xe,Ut,o1,Up OriapoU]- X, Uy OripoUJ-Uf, g, Xe, U, Uy )
Urn Unaar 1 1

1
= AUy
/URH Ui g 12

_dtr(l)OORHPOORH)Q}
_F
C(d+1)2

[(d® + 1) tr(poOrupoORHPoORH PO ORH) —

dtr(poOrmu) tr(poOrupoOrEPLOORH)
(295)
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The second term is

[
Urnu U,

dU,-dUs, -, tr <pooRHp0Uljl, Xe, Ul Lo, X0, Uty oty U,- Orn poORHUZ, XU, poORHUZ, Ul o, Xea Uty oty U,- )

Haar

1
= @ =1 [tr(poORrHPoOrPoOr1 PoORH) + d tr(poOr1 poOr1poOra) — 2d tr(poOru) tr(poOrupoOrn )] (297)
F3(Fo +d* — 2d)
= (298)

The third term is

o 2
Urn U

tr(poOruPoOrHPoOREP0ORE) + d’ tr(poOruPoOrRHPoOORH)

AU, - dUs, ., tr (poORHpoUgl_ Xo, U} 0, X0, Uty oty U,-Orn pOUgl_ Xe,U,- Orn poORHUZ_ Ul 0, XUy oty UL,;)

Haar

1
@ e |
—dtr(poOru) (tr(poOruPoOrH) + tr(poOrHPoOrHPoORH))] (299)
_ Fd-FR)
T (d+1)2(d—-1) (300)

The fourth one equals the third one above.
The fifth one is

/u dUrn /u AU, dUs, -1, tr (ORH poORH po Ugl, Xe,U, Orn Ugl, Ul 0, Xea Uty oty U, poOrn U/jl, Xe,U,- po Ugl, Ul 0, X0, Uty ot U,- )
b RH A Haar

1
T @E 12 [tr(poOrmpoOrpoOrmpoOrn) + d* tr(poOrupoOrn) — 2d tr(poOrn) tr(poOri poOri)| (301)
F§ (Fo — d)®
== 2
(@ — 12 (302)

The sixth term equals the first; the seventh and eighth equals the third and fourth; the ninth equals the fifth; the
tenth equals the sixth; the eleventh and twelfth equals the seventh and eighth; the thirteenth equals the second; the
fourteenth equals the first; the fifteenth and sixteenth equals the third and fourth.

Concluding from the above sixteenth terms, we have

0%  Oe Oe 1 4F% 2F3(Fy + d? — 2d 8F3(d — F 2F2(Fy — d)?
Buts |0 (o0 OV |- L[ 20 ) SRd-Fy)  2R(Fo—d)
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(303)
PF2(Fy — 1)(2F — 1)
a 8(d? —1)? (304)
Summarizing from Eq. (292) and (304), E [tr (poUPT{HOURH) u} becomes
Ly [tr(pOUrT(HOURH),U}
0%  Oe Oe 9% [ e \*
_ _ T T i
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c.  Summary of average dynamical index Cso with restricted Haar ensemble
By subtracting Oglie, solved in Eq. (276), the ensemble average of ey under restricted Haar ensemble is

€oofloc = E {tr (pOUlTiHOURH),U} — Oofice (307)
B d*F3(Fy — 1)(2F, — 1) (d+2)(Fy — 1)FZ [(d+2)Fy — 2]
=L(L-1)— 8(()d271)20 L 4(d(11)(d11)(d+3)0
BPFy(Fy —1)(2Fy — 1) (d+2)(Fo — 1)Fp [(d + 2)Fy — 2]
~ o {L(L -)— S[EdQ - 1)20 L 4(d - 1)(di 1)(d + 3)O (308)
2 _ _ _ _
—p( - TR IR (1, o) 4 IR DR DD (50 (a09)
~ 2ol *SléngO —1 (Fy — Op) + Lw (Fy — Op) . (310)
The ratio (s becomes
Co= ;i“ (311)
- (2Fy — 1) (d+2)(d*> —1)[(d+2)F — 2]
_(L_1)72LFOFFO_1) (Fo — O0) + Ld2(d+3)Fo(Fo—10) (Fo — Op) (312)
L-1 (200+2R—-1)R (d+2)(d? = 1) [(d+2)(Og+R) — 2| R 313
2L (Og+R)(Og+ R—1) * Ld*>(d+3) (Oo+R)(Op+R—-1) (313)
R 1 d
T O+ R-1 (1 T 200 R) " L) ‘ (814)

where in the last line approximate it with L,d > 1 to simplify the formula. When Oy < 1 with R = 0, we directly
have (o = 0. At the critical point of Oy = 1 with R = 0, we have (o, = 1/2 4 d/L, and in the large limit L > d, we
have (o, = 1/2. However for Op > 1 with R =1 — O, we have limg_,(1_0,)~ (oo — +00 which diverges to infinity.
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