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ABSTRACT

Stochastic control models are a class of mathematical models that have applications in
various fields. They are widely used in applications like autopilot, robotics, and financial
economics due to their ability to handle uncertainty in decision-making processes. The naive
stochastic control models estimate noise distributions directly from the dataset, which makes
it vulnerable to both erroneous data points and over-fitting. While distributionally robust
optimization techniques have been developed in recent years to tackle one-stage problems,
due to the complexities involved in multiple stages, it is not sufficiently developed in control
theory. The focus of this thesis is to develop distributionally robust control with statistical
methods.

In this thesis, we will cover four topics relating to distributionally robust control. We will
begin by discussing the framework of distributionally robust control, bridging the gap between
classical risk-averse control and Wasserstein control. Then, we dive into risk-averse control
and generalize the classical risk-averse linear quadratic Gaussian control to the mixture of
Gaussian scenarios. We will discuss scenarios with and without uncertainty on components’
probability. While the latter can be solved with a closed-form solution, the former is more
complex due to the curse of dimensionality. We propose a relaxation of the former and prove
a minimax theorem for it. Following that, we introduce group lasso into distributionally
robust control as a tool for outlier robustness. We provide a controller that is selectively
robust on high-influential points. It can also handle scenarios where erroneous data points are
present in the dataset. We also discuss the most general nonlinear non-Gaussian risk-averse

control, which may not be solvable but tractable with a sequential approximation.
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CHAPTER 1
INTRODUCTION

A well-known aphorism in Statistics states, “All models are wrong.” (Box, 1976, 1979;
McCullagh and Nelder, 1989) The complexity of the physical world from the perspective of a
modeling endeavor has been widely appreciated by the different scientific communities in the
development of modern methods. The pursuit of ideality and simplicity is the natural desire
of humanity and it is the starting point of many mathematical theories. For example, when
Newton’s laws are stated, it is typically considered in the ideal scenarios, without errors, and
with exact positions, velocities and accelerations (Newton and Chittenden, 1850). But the
reality is usually different from the story Occam’s razor tells (Punch, 1639). Heisenberg’s
uncertainty principle tells us it is never possible to get exact positions and velocities at the
same time (Heisenberg, 1927). And more than that, the practical failure of Maxwell’s demon
indicates that perturbation and imperfections broadly exist in the real world (Maxwell, 1872).
In the community of control theory, classical controls are like Newton’s laws proposed in the
ideal scenarios. They are, of course, imperfect models from the perspective of nature. And so
appeared the task of robust control to make these models “more useful” even when they are

wrong.

1.1 Robust Control and Robust Statistics

Robustness, at least in control problems, may be instantiated in multiple ways. It can be
defined technically can be from a few important features. If one aims to avoid extreme cases,
this can be assessed for example with a prescribed quantiles, e.g 0.95-quantile. This approach
is called Value-at-Risk in the control community (Duffie and Pan, 1997). Or one can use
the expectation conditional on the realization of tail values (Rockafellar and Uryasev, 2002).

If the target is not avoiding extreme cases but reducing variance, exponential criteria are



appropriate here since they penalize tail behaviors (Jacobson, 1973). But if one is very risk
averse, worst-case control will be the choice (Korn and Menkens, 2005). Though there can
be many kinds of criteria, and new ones are proposed, regularly, we believe that there are
only two primary problems in the robust control. The first one is, how is the optimal policy
structured? And the other one is, what perturbations or errors on the inputs and their
distributions one expects the control policy can tolerate?

From a theoretical perspective, distributionally robust control can be unified by a minimax
framework. Such a unified point of view we believe has eluded the control community so far.
Though not explicitly expressed, this principle can be identified in several major approaches,
which inspired us to use it for a framework. For example, while (Jacobson, 1973) deals with
exponential criteria control it also exhibits a deterministic minimax equivalence. We will later
show in Chapter 2that it is in fact a minimax problem with Kullback-Leibler divergence which
connects with the relative entropy method developed later (Petersen et al., 2000; Kullback
and Leibler, 1951). Moreover, when the Wasserstein distance is introduced into the control
literature, the minimax framework was used implicitly again (Yang, 2020; Kim and Yang,
2020; Vaserstein, 1969). Inspired by these works and other recent advances in the adversarial
learning and computer vision communities, we realized that the key to unifying all these
criteria in robust control is to define Wasserstein distance “improperly” (Jiang et al., 2021,
Arjovsky et al., 2017; Croitoru et al., 2022) . The recent theoretical advances of Wasserstein
distance in optimization problems from different scientific communities stems from its strong
duality properties (Gao and Kleywegt, 2016). We know that the traditional definition of
Wasserstein distance requires the intrinsic metric to be a true metric, but interestingly, the
strong duality properties do not require it (Gao and Kleywegt, 2016). As we show in §2.4,
the soft-constraint strong duality properties with generalized Wasserstein distance still hold
true in distributionally robust control settings. This suggested us a way to unify many issues

in robust control: the choice of the intrinsic pseudo-metric of Wasserstein pseudo-distance



decides what scenarios your models can work on.

There is a close connection between robust statistics and robust control. The idea from
robust statistics community can help us give an answer to the warning of “All models are
wrong” that needs to be addressed by any modeling-centric endeavor as control often is.
Robust statistics offers many valuable ideas in helping us to push the envelope of robust
control. For example, least absolute shrinkage and selection operator (lasso), elastic net and
group lasso suggest an approach to formalize robustness problems with respect to outliers
(Tibshirani, 1996; Efron et al., 2004; Zou and Hastie, 2005; Yuan and Lin, 2006). In a related
vein, stochastic gradient descent ascent methods provide us a way to optimize with complex
models (Beznosikov et al., 2022), but they also suffer from possible misspecification problems
that can be addressed by robust approaches. One objective of this dissertation is to bridge
the gap between the control and statistics communities and apply these great ideas to the real
world.

The desire for robustness in decision processes when presented with sensor data streams
occurs naturally in the real world. Recent well-known events concern the crashes of the
Boeing 737-MAX. The essential reason for that tragedy was the failure of one the angle of
attack sensors, which produced unexpected data (Demirci, 2021), as well as the decision of
the manufacturer to use only one of the two angle of the attach sensors in the Maneuvering
Characteristics Augmentation System (MCAS) control procedure that corrected the airplane
pitch. If the controller in would have been designed to identify and handle outliers, this
situation could have been averted (When MCAS was corrected it was decided to implement
the correcting action only when the two sensors agreed). Moreover, in the motion planning
of robotics and unmanned aerial vehicles, quite often the realized motion is different from
the planned ones (Latombe, 2012). This difference can be due to Gaussian or non-Gaussian
errors or discrepancies, like the sudden changing of winds. It is necessary to consider possible

errors to maintain the reliability of plans. As one can thus see, there are in fact two types of



robustness problems. The first is how to design a policy that it is robust to possible errors,

the second is how to deal with cases where the input data is in fact incorrect.

1.2 Existing Work

As we will later show, we can unify both types of problems with the framework, but the
computation tractability is not trivial for most models. This was observed early on in
statistical physics where significant computational difficulties were encountered early on. Like
models in particle physics and electrodynamics, though we have “Maxwell’s equations” as a
unifying framework, it is too hard to get analytic or even numerical solutions due to the curse
of dimensionality when there is randomness in the problem (Maxwell, 1861; Bellman, 1966).
We have a few results for linear quadratic models. But for general models, the answer to
the questions we raise here are not easy. In statistical parlance, we are playing a conceptual
trade-off between models’ generalization errors and tractability. Simplification of the real
model is sometimes necessary, and we will see the power of statistical methods in robust

control.

Linear Quadratic Models with Gaussian Uncertainty The most basic models in
statistics are Gaussian. Risk-free linear quadratic Gaussian problems were proposed in
(Kushner, 1971), and then risk-averse models were introduced in (Jacobson, 1973). It was
followed by (Schildbach et al., 2013) which changed the risk description towards chance
constraints and (Kishida and Cetinkaya, 2022) to conditional Value-at-Risk. An interesting
observation is that the latter recovers Jacobson’s (Jacobson, 1973) results when it is considered
in the stationary setup. (Gattami, 2009) considers the problem with second-order moment
constraints. And (Petersen et al., 2000) rephrases it in minimax form with relative entropy
penalizer as we mentioned in §1.1. The references (Yang, 2020; Kim and Yang, 2020) instead

use a standard Wasserstein distance penalizer. In turn, the works (Scokaert and Rawlings,



1998; Bemporad et al., 2002) discuss the deterministic constrained version problem. And
(Xu and Anitescu, 2018) studies the long horizon deterministic constrained convex quadratic
problem and shows the exponential decay in the decomposition of the original problem. The
references (Cohen et al., 2018) deals with an online version of the problem under the unknown
coefficients linear dynamics. In turn, (Mania et al., 2019) shows that online least squares
estimation are sufficient for the near-optimal regrets. The references (Alt and Schneider,
2015) discusses the problem with L' control cost. Finally, (Ting et al., 2007) studies the
problem of our second question, "wrong data", using Bayesian methods to include cases with

erroneous data.

Nonlinear Models Nonlinear models are generally far more difficult than linear quadratic
models. The straightforward deterministic iterative linear quadratic models are proposed in
(Li and Todorov, 2004) from a pure application aspect with little theory. Later, the similar
idea is developed into nonlinear stochastic control under Gaussian settings (Todorov and
Li, 2005; Farshidian and Buchli, 2015; Nishimura et al., 2021). While some scenario-tree
based approaches have been used for nonlinear stochastic control, they are limited to very
small problems. As a result, the reinforcement learning point of view, using policy gradient,
is the preferred choice in the optimization of complex models (Sutton et al., 1999; Silver
et al., 2014). Alpha Go is a famous successful example of deterministic control with complex
models (Silver et al., 2016). The development of robust reinforcement learning is quite
similar with the development of robust control. To that end, (Tessler et al., 2019) introduces
robustness concepts into policy gradient methods. The references (Noorani et al., 2022)
studies reinforcement learning problems with exponential criteria, whereas(Urpi et al., 2021)
optimizes with conditional value-at-risk. The reference (Ren et al., 2020) uses log-likelihood
penalizers, which is equivalent to exponential criteria in the sense of exchanging distributions’

orders in Kullback-Leibler divergence.



Using Wasserstein Metrics in Robust Formulations It is worth noticing the recent
advances in adversarial learning and applications of Wasserstein distance. For a number
of reasons, Kullback-Leibler divergence is unfriendly to empirical measures. For example,
it can only describe deviations in distributions happened in the same support, while when
empirical measures are used this will be too limited. And the computational tractability
for empirical measures is far worse than for parametric models. Moreover, an important
feature of the Wasserstein distance that makes it so popular in the robust context consists of
the strong duality results around it (Gao and Kleywegt, 2016). The Wasserstein distance is
thus intensively used in recent research topics in conjunction with robust stochastic control.
The reference (Abdullah et al., 2019) uses Wasserstein distance penalizers in the context
of a nonlinear formulation, but its methods are based on the expansion approaches and
are not exact. An important application of Wasserstein distance of major interested is
within generative adversarial networks (Arjovsky et al., 2017). It is pretty intuitive that
robust control has many similarities to adversarial learning. In particular, the recent topic of
diffusion models are exactly a robust control problem in the context of deep learning models
and applications in computer vision (Croitoru et al., 2022), and (Sinha et al., 2017) uses
a Wasserstein formulationss for fast adversarial learning. The reference (Jiang et al., 2021)
develops this further with complexly modeled using intrinsic distance, whereas(Dou and
Anitescu, 2019) deals with robust decision problems under vector autoregressive processes
setting with Wasserstein metric. Whereas, (Shafieezadeh Abadeh et al., 2018) develops

Wasserstein distributionally robust Kalman filter.

Distributionally robust optimization (DRO) DRO is a topic closely related to robust
control and can be interpreted as robust control with only one stage. In the context of control
and decision processes in general, robustness to randomness distribution mis-specification
is an important endeavor particularly in the context of high-risk installations. Driven by

improving the sensitivity of inference to small perturbations many machine learning algorithms
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have established distributionally robust behaviors and can thus be used to achieve similar
objectives in control (Rahimian and Mehrotra, 2019; Staib and Jegelka, 2019; Faccini et al.,
2022; Chen and Paschalidis, 2018). An important part of DRO reusable by robust control is
the regularization term (Rahimian and Mehrotra, 2019). It can be classified into Wasserstein
and ¢-divergence types. Wasserstein-type DRO is closely related to empirical measures and
is thus very popular in data science. Such DRO formulations for machine learning tasks was
discussed for lasso (Blanchet and Kang, 2017), logistic regression (Shafieezadeh Abadeh et al.,
2015), inference in general (Blanchet et al., 2019) as well as Wasserstein-DRO extensions
for many modern machine learning algorithms (Blanchet et al., 2019) . In a related thread,
(Sinha et al., 2017) studies stochastic gradient methods in the same context. ¢-divergence
type DRO optimizes the trade-off between expectations and variances, directly relating to
(Jacobson, 1973). Reference (Namkoong and Duchi, 2016) studies stochastic gradient methods
in DRO with ¢-divergence whereas (Duchi et al., 2016) provides the equivalence between
variance regularization problems and ¢-divergence DRO. Moreover, (Namkoong and Duchi,
2017) discusses it in parameter learning problems under convex settings, (Shapiro et al.,
2021) develops in under a Bayesian setup, whereas (Shapiro and Pichler, 2022) studies it in

conditional settings.

Distributionally robust control (DRC) DRC is the natural instantiation of DRO to
dynamic optimization. To this end, Wasserstein distributional robust control was discussed
in (Yang, 2020; Tagkesen et al., 2023), which aims at providing a DRC tool for empirical
measures. (Dixit et al., 2022) presents DRC with total variation distance to optimize a
relaxation of conditional Value-at-Risk, whereas (Van Parys et al., 2015) discusses DRC
with conditional Value-at-Risk by restricting policies to linear decision rules. The references
(Schuurmans and Patrinos, 2021) and (Hakobyan and Yang, 2022) study partially observed
linear DRC problems and (Coulson et al., 2019) studies DRC with unknown dynamics. The

reference (Guigues et al., 2021) studies upper bounds of risk-averse DRC with stochastic dual
7



dynamic programming methods (Pereira and Pinto, 1991). Finally, (Shapiro, 2021) presents
connections between DRO and DRC.

DRC is a relatively new area. While inspired by the literature we described and related
works, it is the aim of this thesis to advance the frontier of knowledge of DRC particularly by

using statistical techniques.

1.3 Contributions of this Dissertation

The dissertation includes the work of the candidate on four topics of robust control. They
are bridge classical risk-averse control and Wasserstein control, risk-averse linear quadratic
mixture of Gaussian control, outlier robust control with group lasso, and nonlinear non-
Gaussian risk-averse control.

Chapter 2 is of kernel methods for risk-averse linear quadratic controls. It is in fact a
work connecting classical approaches (Jacobson, 1973) and Wasserstein robust control as
in (Kim and Yang, 2020). An interesting observation of the latter work is that it gives a
control algorithm without access to noises’ covariance matrices. Exchanging the order of
distributions in Kullback-Leibler is in fact giving a log-likelihood estimation and have to be
related to the covariance matrices. Thus it is believed that there is something missing in
the Wasserstein robust controls. Qur contributions in this chapter include the proposal of a
kernel method which can fill the gap between these two directions, the proposal of a unified
DRC framework which can unify the usual concepts in the DRC with generalized Wasserstein
distance, and the proposal of a risk measure method working for arbitrarily given robustness
concepts. Specifically, if a radial basis function is used in the model, it will be able to recover
(Jacobson, 1973)’s and (Kim and Yang, 2020)’s results with different parameters (Buhmann,
2000; Scholkopf et al., 2004). It can be applied in more general settings with different kinds
of kernel choices. This is also results in a proposal for a unified framework of robust controls.

It in fact indicates that regularizations using Wasserstein distance will have little information

8



about probabilities even if the intrinsic distance needs to take it into consideration.

Chapter 3 is the risk-averse linear quadratic mixture of Gaussian controls and is mainly
based on the classical view of robust control. When (Jacobson, 1973) proposed risk-averse
linear quadratic Gaussian controls, it is based on the assumption that noises follow Gaussian
distribution. This assumption is valid for applications where noises come from the central
limit theorem. But there are also plenty of applications that have non-Gaussian noise, and
the sample size is not large enough to model it as Gaussian distributions with central limit
theorem. For example, in network communication problems (Shih and Hero, 2003), the
delay between different nodes most of the time follows a Gaussian distribution. But there
is a certain probability that the traffic is congested, and it will be described by another
Gaussian distribution that has higher expectations in that regime. So in the designing of
stochastic control of applications involving servers like (Raeis et al., 2019; Ali et al., 2018), it
is necessary to use an alternative model to handle the Gaussian noises. The aim of our second
chapter is to deal with robustness problems under mixture of Gaussian noises. Different from
Gaussian noise, applying of mixture of Gaussian noises suffers from the curse of dimensionality
and cannot have a closed form. It is easy to derive the Bellman equations but it is hard
to solve them either analytically or numerically. Our contribution in this chapter is the
provision of a closed-form solution for risk-averse linear quadratic mixture of Gaussian control
when there is no uncertainty on components’ probability, and a tractable concave relaxation
for risk-averse linear quadratic mizture of Gaussian control when there is uncertainty on
components’ probability. In the case that there is no uncertainty on components’ probability,
we show that dynamic programming of DRC can be solved with induction. And when there
is uncertainty on components’ probability, we relax the original DRC with an independence
condition. And we prove a minimax theorem for it, showing that the relaxation is tractable
and concave.

Chapter 4 focuses on the robustness problems to outliers . In real-world applications it



is highly likely that outliers, if they exist, vary in a large domain, and only appear a few
times, resulting in the difficulties of modeling them, and less likely the majority shifts even a
little. For example, in the driving of unmanned aerial vehicles, most of the time winds can be
modeled following Gaussian distributions. But the sudden changing of either winds’ direction
or intensity is possible. The main reliability problem of unmanned aerial vehicles will be
how to be robust to such sudden changes. Wasserstein distance was recently introduced into
robust control (Kim and Yang, 2020). With ideas from lasso, elastic net and group lasso, the
compound intrinsic norm is usedy for outliers robustness problems (Tibshirani, 1996; Efron
et al., 2004; Zou and Hastie, 2005; Yuan and Lin, 2006). The contribution of this chapter is a
outlier robust controller with generalized Wasserstein distance composing of squared 2-norm
and 2-norm, which can be thought of as a version of group lasso in DRC. This optimization
formulation replaces the Kullback-Leibler divergence that appeared in the classical control
(Jacobson, 1973) with the new composite Wasserstein distance. Outliers can possibly have a
high impact on the cost-to-go functions. So in the equivalent form of the minimax problem,
we can see that the robust controller is, in fact, a controller selecting out high-influence
data points and optimizing the worst case that they are shifting in a certain range. Though
this is a multistage problem of DRO lasso problems, we still can get efficient computational
tractability under the linear quadratic settings.

Chapter 5 is nonlinear non-Gaussian risk-averse control. Nonlinear control problems are
important and useful but hard. It is still unclear how to find efficiently a global minimum for
a nonlinear optimization problem with nonlinear dynamics. For example, the previous work
on the deterministic nonlinear control is purely based on the numerical experimental results
(Li and Todorov, 2004). So this chapter is not aiming to solve general nonlinear control
problems but to provide a tractable algorithm for nonlinear non-Gaussian risk-averse control.
Our contribution in this chapter is the proposal of a sequentially approzimated distributionally

robust control algorithm for nonlinear non-Gaussian risk-averse control. The approach to

10



deal with risk-averse nonlinear controls is to separate deterministic parts from the stochastic
parts. The separation we propose is not unique. It is just like finding a trajectory of a
deterministic system first and then describing the stochastic component as a perturbation to
this trajectory. We assume that the deterministic parts can be solved efficiently, whereas the
stochastic parts are approached with a sequence of quadratic programming problems with
different deterministic trajectories. And we prove a minimax theorem for the stochastic part.

Combining these two controllers gives a risk-averse nonlinear controller.

11



CHAPTER 2
BRIDGE CLASSICAL RISK-AVERSE CONTROL AND
WASSERSTEIN CONTROL

2.1 Introduction

Linear quadratic Gaussian (LQG) control is one of the most basic models in the control
theory. It assumes linear dynamics and quadratic objectives and optimizes the expectation of
the objective. In some scenarios, the tail behavior of the objective function needs to be taken
into consideration. And thus, risk-averse linear quadratic Gaussian control is developed in
the (Jacobson, 1973). It deals with the trade-off problem between expectation and variance
by optimizing an exponential agent of the original objective since the exponential function
has heavier weights on tail values, which means that for any real random variable f, the

agent objective is
~logE exp (1)) = ELf] + JV1/] + 0(2?) 21)

Later, it is followed by (Petersen et al., 2000) for relative entropy penalty. Instead of
optimizing the expectation of the objective, it optimizes a minimax problem with Kullback-

Leibler divergence. If we denote the original distribution of f to be P, then it optimizes

E, s 2.2
P,KLngi(P)gw pp ] 22

Recently (Kim and Yang, 2020) uses Wasserstein penalty in the LQG, which optimizes

1 ~
m}ngf plfl— ;W22(P, P) (2.3)

where Wy is Wasserstein-2 distance and here, P is the empirical distribution of the data. An
interesting observation for the Wasserstein controller in (Kim and Yang, 2020) is that it will
not depend on the covariance matrices of noises, but the classical LQG did. This paper aims
to deal with this gap between the two types of controllers. We find a way to unify all these

three types of controllers as the same type of controller with different parameters.
12



The main points of this paper include,

1. We provide a kernelized method to connect classical risk-averse LQG controllers and
Wasserstein robust controllers. We show Wasserstein robust controllers are, in fact, an
over-robust choice in the linear quadratic control problems if kernelized methods are
not used. We argue from probabilities aspects, geometries aspects, and physical aspects

that the kernel method is necessary.

2. We introduce general sense Wasserstein discrepancy for control problems here. We
provide a framework to unify the usual concepts in robust controls and provide proof

for soft-constraint strong duality properties in general control problems.

3. We claim Wasserstein distance has problems of redundant robustness in all control
problems that noises have underlying geometric properties. We provide a locally linear
embedding (LLE) algorithm to deal with it. We show that this algorithm is, in fact, in

the framework of the kernelized method.

4. We provide a highly tractable method to evaluate risk with arbitrarily given robustness

concepts and for general nonlinear control problems.

2.2 Problem Formulation and Assumptions

This paper will consider linear quadratic control problems (LQP) with Wasserstein penalty

terms. We will use kernelized distance in the Wasserstein distance, which is

: 1 ~
Vi(xy) = n&n Pma);aE 37?4_1Qt+175t+1 + U?Rtut + Vt+1<33t+1)] - ;Wt(Pt, P)
1e~ Py

(2.4)
s.t.xpp1 = Ayrr + Brug + Creg

13



where v > 0, Vp(zp) = 0,24 € R% € R%2, e, € RY3. ¢4 are independent, Qt, Ry, A¢, By, Cy
are matrices in proper dimension. Py are empirical measures on n data points &; ;. We define

the kernelized Wasserstein distance as

Wy(P.P)= min / er(,y)dT (. ) (2.5)
I=I1(P,,P,)

This concept is previously discussed in (Oh et al., 2019) from application aspects. However,
its role in the control theory and its connection with classical risk-averse control are not

discussed. In this paper, we will use ¢;(x,y) constructed by kernels,

ct(z,y) = Kiy(z,2) — 2Kt y(x,y) + Kty (y, y) (2.6)

where K¢y (z,y) are any positive definite kernel functions defined on R% x R which in
turn implies that ¢;(x,y) > 0. Notice that we do not use Wasserstein distance in the usual

sense but generalize it to the discrepancy sense. We will claim its validity in §2.4.

2.2.1 Assumptions

We will use common assumptuions in the risk-averse control,
Assumption 2.1. @y > 0.

Assumption 2.2. Ry > 0.

Assumption 2.3. rank(B;) = ds.

Assumption 2.4. The minimum of (2.4) exists.

For notation simplicity, if not specified, ||-|| are always assumed to be ||-||2 in this paper.
Moreover, if we mention ;41 without dynamics at any place, then the dynamics are assumed

to be the one in (2.4).

14



5

Figure 2.1: This is contour fitting for the case of a two-component Gaussian mixture. Risk-
averse LQG will model them as one Gaussian, as the green curve shows. Standard Wasserstein
robust controllers model it as the yellow curve shows. We can independently recover two
components’ contours with a radial basis function kernel.

2.3 Local Density Estimation

We will use the kernel
Ki(z,y) = xTEgjy (2.7)

and radial basis function (RBF) inside it (Broomhead and Lowe, 1988; Scholkopf et al., 1997),

T
wt’
Sty = Z wi i Z ST 1j )t Eti
(2.8)
Wy ] .
7 ~=n . /.\%tj +e 2 Id s
Z < imywei(y) °
lly=egll?
wri(y) =e 27 . (2.9)

o is a hyper-parameter to tune. In two limit regimes it connects classical risk-averse

linear quadratic Gaussian controllers in (Jacobson, 1973) and Wasserstein robust controllers
15



in (Kim and Yang, 2020). It is the weighted sample convariance (Price, 1972) by putting
weights wy ;(y) on &4 ;. Let 0 — 0, the data point &; ; closest to y will have normalized weight

wy i (y) .
S w ) — 1 and thus the first term of the X, is 0. Then Xt — I, and

ct (z,y) = o = yll, (2.10)
which is the distance used in (Kim and Yang, 2020). Let ¢ — oo, we have
1 n
Yty = o Z €t,j€gj~ (2.11)
j=1
Define ¥; = %Z?:l etJe;fj, then we have
N T -1
ct (z,y) = (x —y)” 3 (x—y). (2.12)

We will show (2.12) recovers (Jacobson, 1973)’s results at Theorem 2.3 and Lemma 2.5.

Theorem 2.1. (2.4) is equivalent to

: T T
Vi(wt) = min _max K [$t+1Qt+1fﬂt+1 +up Ryug + V($t+1)}
Py é~Py

N L
T Z (Et,i - 8t,i)T Zt’il (Et’i — 8t,i) (213)

n
" 1=1

s.t.xpy1 = Ay + Brug + Ciéy

where Py are empirical measures on n data points € ;, and & ; are any data points in R

Proof. Observe that maximizing over P is equivalent to maximizing over &;;, for i =

1,2,...,n. This is by Theorem 2.8. ]

Theorem 2.2. Define

. L. 1.
Vi (1) = min _max_ E |2f 1 Q1241 +uf Rews + Vg (z441) — 5 (e —e) o7t (G —er)
Pyéi~Fy

(2.14)
16



where the expectation is over the random selection 1,... n, which is equivalent to (2.13), and

Vr (zp) =0 (2.15)

for any point xp € RYA. Then Wt < T, we have

T n
V(o) =0 S +2) ) xSy rieri+ (2.16)

7=t i=1
where = € Rdl’dl, St € Rd17d3, zt € R. Here, z¢ is a constant that depends on t but not
on x¢ and thus does not affect solutions of optimization problems for time indices smaller

than t. The optimal policy of (2.14) is

T-1 n

up = Uzt + > Y Uprjery, (2.17)

7=t j=1

and Uy € R2:d1 Utr,j € R%2:43 . Here, fort < T, we have

Ut = — (BtT (Qt+1+Z¢41) <Bt
_1
+yCiE [(—’YCtT (Qt+1 + Zt41) Cr + Et_l) } Cl Qi1 +Zi11) Bt)
R (2.18)
+ Rt) B (Qi11 +Zi41) (At
1
+yCiE {(—VC@T (Qt41 + Zp41) Cr + Et_l> } Cl Qi1 + Et+1)At) :
1

Utj = - (BtT (Qt41 + Eps1) <Bt

~1
+yCLE l(—thT (Q41 + Z41) Cr + Et—l) } Cl Qa1 +Zi41) Bt) (2.19)

+ Rt) Bf (Qt1+E141) Cr <_70tT (Qt+1 +Zp41) Ct + Z;jl> s

17



and for T >,
Utrj=— (BtT (Qi41 + Zp41) (Bt

+ ’th]E

T - N\ A7 -
(-’Vct (Qt41+Z41) Cr + %4 ) Ci (Qiy1 +Z¢41) B

-1
+ Rt) (BtTEH—l,T,j

1
+ B (Qt41 + Er1) GE [<—VCtT (Qt41+Z¢41) Cr + Et_l> } CtTEH—l,T,j) :
(2.20)

Moreover, fort <T we have

. X T . .
=t =E [(At+BtUt+CtAt+CtBtUt> (Qt41+Zt41) (At+BtUt+CtAt+CtBtUt> 2.21)
2.21

. L/ o NT i/« -
+ Ut RU; — ; (At —+ BtUt) Zt (At —+ BtUt) ,

N N T
Etty =E {(At + BiUp + Cr Ay + CtBtUt>

— 1
(Qt+1 + Zt41) BeUpyg j + - (At + BUy
i : 1AT T - 1\ et
+ Ct Ay j + CeBy j — ;Ut Ct <—70t (Qi41 +Z41) Cr + Zt’j> Xy

T 1 T - 1\ 1
+ Ui RiUypyj — o (-7@ (Qt+1+Z441) Cr + Et,j> Y5 —lag |
(2.22)

and for T > t,

. L \T
Etrj=E {(At + BiUp + CrAr + CtBtUt> (Qt+1+Zpy1) ((Qt+1 +Z¢41) BiUs 7
T - 1\ e - T
+Cy (—’VCt (Qt1 +Zp41) Cr + X5 ) Ci Zti1,rj + 21,0 | U ReUprj

oA NT T — N\ e
—<At+BtUt) )N (-”YCt (Qt41 +Z41) Cr + %4 ) Ci Ett1rj] -

(2.23)
In equations 2.18-2.23, for t <T' we use the notation:
N -1
Api =7 (—VCtT (Qt+1+Zp41) Cr + E;}) CF (Qpe1 +Zi41) A, (2.24)
- T - N\t AT -
By =7 (—VCt (Qi+1 +Ep1) Cr + 5y, ) Ci (Qt41 +Ep41) Br. (2.25)

18



Proof. This can be shown by induction. Firstly, it is true for ¢ = T'. Since Vp(zp) = 0, we
only need to choose relevant matrices to be zero. Assume it holds for t = m + 1 where m € N,

then for ¢ = m, by the dynamic z441 = Aix + Biug + Ciéy and the induction, we have

Vi(zt) = E | (At + Brug + Cé) T (Qpi1 + Zev1) (Avae + Brug + Ciéy) + ud Ryuy

T n
AT — L . 14
+2 ) Z(At$t+Btut+Ct5t>T5t+1,7-,z'57-,z'_;(5t_5t)T2t1(515—515) + 241

T=t+11=1
(2.26)

By the optimality conditions for the inner problem applied to 2.14, at the maximum point

€, fori=1,2...n, we get

201 (Qt+1 + Z11) Ctéri + 201 (Qps1 + Ep1) (Apwe + Byuy)

2 (2.27)

T n
— —E;il (ét,i — 61571') + 2 Z Z OtTEt+1,T,j57,j =0.
7 T =t+1j =1

1
;= (-70? (Qt41 + Zi41) Cr + E,Zil) YOI (Qpi1 + Eps1) (A + Brug) + E;ilgt,i

T n
T —
+7 > Y C{Errirjery
T=t+1j=1
2 A - 1\ 1
= Ay vt + By jur + (_7022? Q41+ E+1) Cr + Xy ) Xt

T

1 n
+ (—’VCtT (Qt41 + Ep41) Ct + EZ;) Z Z Cf Ety1rjery.
T=t+1j=1
(2.28)
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Computing now the expectation with respect to the random selection now, we get

. T - N\ a7 -
E[é] =~E [(—7(% (Qt+1 +Z441) Cr + & ) } Ci (Qy1+ Zp41) Aray

T - \7H AT -
+E [(-7@ (Qt41 + Ep41) Cr + X4 ) } Ci (Qt4+1 +Z¢41) Brwg
. (2.29)
+E [(-70? (Qt+1 +Z441) Cr + E{1> Ztlﬁt]

T n
> ZCtTEt-l-l,T,ng,jv

-1
+E [("VCtT (Qt+1+ E41) Cr + Zt_l>
T=t+1j=1

where the expectation is over the random selection process.
Using now the optimality condition on u;, we have by Danskin’s theorem (Danskin,
1966) that the derivative of the minimum problem in minimax problem (2.14) equals to the

derivative of the minimum problem fixing P; to be maximum point first

2B (Qt41 + Zts1) Brug + 2Bl (Qui1 + Ergr) (Agay + CLE [24])

T n - (2.30)
+ 2Ryup + 2 Z Z By 241,767, = 0.
T =t+1i=1

20



Then, solving for us, we get that:
u = — (BtT (Qt4+1 + Et41) <Bt

T - AN R, -
+ yC{E {(-7@ (Qt+1 +Z441) Cr + 5 > } Ci (Qt4+1 + Zt41) Bt)
1
+ Rt) Bl Qi1 +E41) (At

—1
+yC{E {(-’VCLLT (Qt41 + Egy1) Ct + Zt_l> } Cl Qi1 +Ep41) At) T

1
+ Bl (Qii1 +Z441) GE {(—’YCtT (Qt41+ Zp41) Cr + Zt_1> Et_lgt}

T n
+ Z Z (BtTEtJrl,T,j

T=t+1j=1

1
+ 9Bl Q11+ Ee41) GE [(—VCET (Qt+1 + Ep41) Cr + 2{1) } CtTEt—H,T,j) Erj

T n
= Uxy + Z Z Ut,r,jgr,j

7=t j=1
(2.31)
We can now compute the expression of the value function at ¢ in (2.14), by substituting
x441 from the dynamics recursion, and then using the optimal expressions of us (2.31) and

i, 1 = 1,2,...n, from (2.28), while using the expectation with respect to the random

selection. We get
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Vi(zt) = E | (Arzt + Brug + Ceé) T (Qpi1 + Zev1) (Avae + Brug + Ciéy) + ul Ryuy

T n
AT — 1, 1,4
+2 ) Z(AtxtJrBtUtvLCt&t)T:t+1,r,i57,i—;(Et—ﬁt)TEt1(€t—€t) + 2441
r=t+1i=1

o A T N
=FE x; <At + BiUy + Cr Ay + CtBtUt> (Qt+1 +E¢41) (At + BiUp + Cr Ay
) 1 . NT .
+ CtBtUt> Tt + w?UgRtUtIt — ;:E; (At + BtUt> b 1 (At + BtUt> Tt

T n
R ~ T
+2af <At + BiUt + Cr At + CtBtUt) Qi1 +Z41) Bt Y Y Uprjer

7=t j=1
oy (-t =00+l et
+ Ct (—7Cf (Qt41 + Ee41) Cr + X4 ¢t
1 T n
— 1 T—
+vCt <_’YCtT (Qty1+Z41) Cr + %4 ) Y Ol Eiarger
T=t+1j=1
T n T n
- T7 T
+ D Srirgeng | ¥ 20 U ReY Y Urrjer
r=t+1j=1 T—=t j—1

2 N A T __ — _ _
- ;%T <At + BtUt> I <_'VOtT (Qt41+Z41) Cr + %4 1) n ey

T n
~1
+7 <_'70tT (Qt41+ Zp41) Cr + Zt_l) Z Z CtTEt+1,T,j5T,j —et || + 2t

T=t+1j=1
(2.32)
Thus, by identifying the relevant matrices in (2.32), we obtain that
_ A L N\T _ ) .
= =E {(At+BtUt+CtAt+CtBtUt> (Qt+1+E¢+1) (At+BtUt+CtAt+CtBtUt> 2.33)
2.33

+ UtTRtUt — % (At + BtUt>T Et_l (At + BtUt>}
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and that, Vi, 7 > t, j,
p— N A~ T f— —
Etrj=E <At + BiUp + Cr Ay + CtBtUt) Qi1+ Z¢41) | (Qeg1 + Zpy1) BtUp 1§
T - SN\ AT - T
+ 7 Cy (_70t (Qt41 +Z41) Cr + 54 > Ct Etp1,7,j + Eta1,ry | +Up ReUsrj

R . T -1
- (At + BtUt) I (-70? (Qr41 +Z441) Ct + 2{1> CtTEt—Irl,T,]} )
(2.34)

and that Vi, 7,

1

) N\T
Ettj =E {(At + BUp + Cr Ay + CtBtUt> (Qr+1+ Ze1) BeUtp g + — (At + BtUt

T
A A 1 — R Nt T
+ CtAyj + OBy j — ;Ut) Cy (-’YCtT (Qt41 + Zp41) Cr + Zt’;) Zml

T 1 T - 1\ et
+ U ReUypyj — o (-’th (Qt1+Z441) Cr + Zt,j) i lag )
(2.35)

This completes the induction hypothesis and the proof.

]

To see how this framework connects (Jacobson, 1973) and (Kim and Yang, 2020), we
consider two distributionally robust control problems: one with Wasserstein distance from
(2.3), (2.36), and one with KL-divergence, (2.38). The Wasserstein distributionally robust

control problem is

1

— ;Wt(pt,PtW), (2.36)

: T T
Vi(we) = min prnaxp E [%HQtthH + ui Ryu + Vi+1(l’t+1>]
t,E It

where PtW is an empirical measure with mean ji; and covariance 3¢, and where we take the

terminal condition to be Vi (z7) = 0. The "generalized" Wasserstein distance we will use is

Wy(BpPy) = min / (2 — )T S(x — y)dT(x, ). (2.37)
I=I1(P,P;)

Note that, when ¥ is taken to be the identity matrix, the problem (2.36)-(2.37) uses the

classical Wasserstein W22 distance and is thus equivalent to the setup in (Kim and Yang,
23



2020). On the other hand, the KL-divergence distributionally robust control problem from

(Jacobson, 1973) is stated as:

: 2 ~
Vi(zt) = min _Iax, E |21 Q12011 + uf Rewg + Vi1 (zq1) | — ;KL(Pt, PRy (238)
t,e~ It

Here PtK is a N(fi, X¢) and we take again as terminal condition Vi (z77) = 0. We will later
show that the KL controller (2.38) is equivalent to the risk-averse controller from Theorem 2.10.
Our framework allows us to consider the relationship between the following two workflows:
get the data for the noise, ¢4, 1 = 1,2,...,m compute the empirical covariance and then
(a) compute the Wasserstein risk-averse controller, relative to the empirical distribution, by
solving (2.36) with metric (2.37) or (b) compute the KL risk-averse controller by solving
(2.38) relative to the normal distribution with covariance matrix the empirical covariance
itself. We then claim that (2.36) and (2.38) have the same optimal control policy, which
illuminates the subtle relationship between the two distributionally robust control paradigms.

We show this in Theorem 2.3 and Lemma 2.5,

Theorem 2.3. Observe that, by Theorem 2.1, the problem (2.36)—(2.37) is equivalent to

: L. 14
Vt (a:t) = mim max {E x;+1Qt+1xt+1 + utTRtut — ; (Et — €t)T Et 1 <€t — Et) +V (:L’H_l)

Ut Py g~Py

b

(2.39)

where x4y = Arxy + Byug + Ciéy, and

VT (Z'T) =0 (2.40)

for any point xp € RA. Then Vit < T, we have the optimal control for problem (2.39)-

(2.40), and, consequently, for problem (2.36)—(2.37) satisfies uy = Upzy + sztl Ut rfir where

U € R4 gpq

T-1
Vi (21) = o Zgmp +2 Z ol Epriir + 21, (2.41)

T=t
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where =4 € Rdl’dl, z+ € R. Here, 2z is a constant that depends on t but not on to x¢ and thus
does not affect solutions of optimization problems for time indices smaller than t. Here, for

t<T, Ut and Uty are defined as

N1
U= — (BtT (Qt41 + Z¢41) Bt + Ry + Bl (Qiy1 + 1) CtBt) Bl Q111 (2.42)
—+ Et_|_1) (At + Ctzzlt> ,

N N
Ut = — (B;’F (Qt41 + B11) Bi + Ry + BE (Qry1 + Ep 1) CtBt> Bl (Qii1+Er11) CiCy,
(2.43)

and fort > T,

N1
Upr=— (BtT (Q11 +Zep1) Br + Ry + BE (Qiq1 + Z41) CtBt) Bl (Qi41

(2.44)
+ Zt41) (70t0t2t0t5t+1,7 + BtT’Et—Fl,T) :

Moreover, = and Zt+ are defined as

- - T A 2
=) = <At + BiUp + Ct Ay + CyByUp ) (Qpy1 + Zpv1) <At + BiUs + Cpde + OtBtUt) (2.45)

+ UtTRtUt — % (At + BtUt)T i;1 (At + BtUt> )

Ett = (At + BiUp + CiAy + CtBtUt) (Qt41 + Ep41) (BtUt,t + CyByUs 4 + Ctét> (2.46)

1/- - L
+ UtTRtUt’t - ; (At + BtUt) Zt_lCt

and for T > t,

; . \T ~
Etr = (At + BiUp + Cr Ay + CtBtUt> (Qt+1 +Z¢41) <BtUt,T + CyBUy +
+70tC~'titC£[5t+1,T> (2.47)
1/ = NT ey /s e
+ UtTRtUt’T — ; (At + BtUt> X 1 <BtUt77- + 92 1CtZtCtT:t+1,T> )
25



where

i S T - -1 7 -
Ap =~ (Zt —C; (Q41 + Ei41) Ot) Ci (Qi41 + Ei41) As, (2.48)
N N 1
By =~ (Zt_l —7CL Q41+ Et11) Ct) CF (Qp1 +Zi41) B, (2.49)
= 51 T - e
Cy = <2t —7Ct (Qi+1 +:t+1)0t> DI (2.50)

Proof. This can be shown by induction. Firstly it is true for ¢ = T". Since Vp(zp) = 0, we
only need to choose relevant matrices to be zero. Assume it holds for t = m + 1 where m € N,

then for ¢ = m, by the dynamic x4, 1 = Arxy + Brug + Ciép and the induction, we have

T-1
: T — T T — ~
Vi (t) = min. max - q Tyq (Qt41 + Zpr1) Teg1 + vy Ryug + 2 E Ty 15t41,r iy
t P é~Py T=t+1

(2.51)
1 .

. T&—1 /2
_ ; (Et — St) Et (St — 6,5) + 2t41-
Applying the optimality conditions on &;;, i=1,2,... n in the inner problem, same as we

did in Theorem 2.2, results in

CF (Quy1 + Ers1) Ciéri + CF (Qpi1 + Eep1) (Avy + Brug)
o . (2.52)
+ Z Ci Epg17ir — =7 (Eri —eri) =0,
T =t+1 v
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and therefore, by solving for & ;, for ¢ = 1,2,...,n, and then, forcing v out, also in

1

. — 1o —

Eri=— (CtT (Qt+1+ Zt41) Cr — ;& 1) CI Qi1 +Ze41) (Avar + Bruy)
T-1

1

_ . _ 1~_ 1-_

+ Z Cl B rfir | - (CtT (Qt+1 +E41) Cr — azt 1) ;Et Leys
T=t+1

- -1
— (Et_l —4C Qi1 + Er11) Ct) OF (Quiq + Zer1) (At + Bpuy)  (2:53)

T-1
~ -1 .
+ Z CI=pir i | + (Et_l —7CF (Qe41 + Et+1)0t> S les
T=t+1
T-1 R
= Ayxy + Byup + 7y Z OtztoérEt_F]_’TﬁT + C’ti’ft,i
T=t+1

where A; is defined in (2.48), By is defined in (2.49) and C; is defined in (2.50).

Applying the expectation operator, over the random selection, to (2.52), implies that

CT Qi1 +Z411) CHE &) + CF (Qp11 + 1) (Arwe + Brug)
T-1

, . (2.54)
+ Y Ol Eriir — =SB — &) = 0.
= Y
T =t+1
By E [e¢] = fit, and solving for E [¢;] in (2.54), we get that
Elé) = A+ Brug +v Y CiSyCE S 1fir + Cifi. (2.55)
T=t+1

Applying now the optimality condition on wu in the outer problem, we have by Danskin’s
theorem (Danskin, 1966) that the derivative of the minimum problem in minimax problem

(2.14) equals to the derivative of the minimum problem fixing I5t to be maximum point first

B (Qi11 +Zi41) Brug + BE (Quy1 + Zea1) (Apze + GE &)
T-1
+ Ru+ ) Bl S sl =0,
T =t+1

(2.56)
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and, consequently, by solving for us and using (2.42), that
T - T - 5\ L T -
up = — (Bt (Qt+1 + Et41) Be + Ry + By (Qey1 + Zg41) CtBt> B (Qi+1+ E41) (At

N N
+ CtAt> T — (B;tr (Qt41 +Z441) Br + Ry + BE (Q41 + Ze41) CtBt> B (Qi11

T-1 71
+E¢41) Ce | v Z Ct2iCiZp1 i + Criig | + Z Bl 41 11t
T=t+1 T=t+1
T-1
= Upry + Z Ut riir-
T=t

(2.57)

Plugging in u; and &; ; from (2.53) back into Vi(x¢), we have
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Vi(zy)

T-1
=E | | Avr + By | Upry + Z Ut it
T=t
T-1 T-1 r
+Cy | Awe+ By | Ui + > Uprfie | +7 Y CiSiCF Zep1 7 + Crey (Qt+1
T=t T=t+1
T-1
+Zq1) | Awee+ Be | Ui + Y Ut it
T=t
T-1 T-1
+ Cy | Ay + By | Upry + Z U riig | +7 Z CeSiCl 21 1fir + Ciey
T=1 T=t+1
T-1 T T-1
+ | Uy + Z Utrite | R | Upre + Z Ut ritt
T=t T=t
) T-1 T-1 T
—— | Agwe+ By | Upry + Z Ugriie | +7 Z CiiOF S ciir +Crey | 570 | Avay
v T=t T=t+1
T-1 T-1
+ B | U+ Y Urriie | +7v Y CiSiC S rfir + Crer | | + 2041
T=t T=t+1

3 . N\T 5 3
=af ((At + BUp + CtAr + CtBtUt> (Qi41 + Zt41) (At + BiUp + Cy Ay + CtBtUt>
T 1y~ = NT ey /- -
+ Ut RUy — ; (At + BtUt) Et <At + BtUt) Tt
+ 22 ((At + BUp + Cr Ay + CtBtUt> (Qt41 + Zp41) (BtUm + CtBUst + Ctét>

T-1
1/- - _ - y
+ UtTRtUt’t - — (At + BtUt) Et_l(]t) i+ 2 Z CL{ ((At + BUr + Cr Ay

v T=t+1

. \T 5 .
+ CtBtUt> (Qt+1 +Z¢41) (BtUt,T + CtBiUp + + VC'tCtZtC?EtH,T) + UL RyUs

Ao s (5 165,07 ;
S A + BiUr ) Xy BtUpr + 9% " CeltCy Zppi ) ) fir + 2t
T-1
= $;Et$t + 2 Z :l?f’trEt’TﬂT + 2¢.

T=1

(2.58)
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This completes the proof.
m

Lemma 2.4. For any random variable X following a distribution P which has density dP(x),

the maximum point P of the problem

1 -
maxEp X] - ;KL(PHP) (2.59)

also has same support with P if the maximum in (2.59) ezists, and its density satisfies the

condition

dP(z) ~ dP(z) x 7. (2.60)

Consequently, we have the identity

dP(z)
dP(x)

maxE 5 [X] - %KL(PHP) = /xdﬁ(x) — %log (

o ) dP(z) = %long [eVX] . (2.61)

where Ep [eWX} is the normalized constant for the dP(z) in (2.60).

Proof. Consider the function
logEp [GVX} = log/erP(x). (2.62)

For any distributions P(z) that has density and same support with P(z),

v o (252
> / (’ya:dp(:c) +log (Z?Eg) dp(x)) ,

where the last inequality comes from Jensen’s inequality in probabilistic setting (Durrett,

2019). Divide « on the both hand side of (2.63), we have

SlogEp [ 2 Bp o] - S KL(PP). (2.64)

Equality can be attained from Jensen’s inequality with the condition
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dP(z) ~ dP(z) x e17. (2.65)

Note that the distribution constructed from (2.65) always exists if (2.62) is not infinity.
Thus if (2.62) is not infinite, the maximum of (2.59) exists.
Asssume now (2.62) is infinite. By constructing P(z), we get

dPg(z) ~ dP(z) x 7* x I(||z||< R), (2.66)

where R € R, we have Pp always exists and feasible in (2.59). Denote C'p to be the normalized

constant such that
- 1
dPg(z) = C—dP(x) x e x I(]|z]|[< R). (2.67)
R

Since (2.62) is infinite, we must have that

lim Cpr = Rlim /eﬂm X I(||z]|[< R)dP(x) = oo
—00

R—

Let R — oo, we have

, 1 . , . 1 dPgr(z)\ = _
1 Es [X|—-—-KL(Pgr|P)=1 dP ——1 dP =1
A Ep, (X1 = ZKL(PR||P) Rgnoo/x R(r) =~ log ( dP(:c)> r(z) = lim

1 dp - 11 1
——log _dPRlx) dPgr(z) = lim —%ewdp(x) = lim —logCgr = cc.
¥ eV dP(x) R—oo Jz|l<r 7 CR R—00 7

(2.68)
From (2.68) and (2.64) we have that the existence of the maximum of (2.59) is equivalent
to the finite property of (2.62). When finiteness of either occurs, we can invoke (2.64) and

(2.65) to claim our conclusion. This completes the proof.

]

Lemma 2.5. Consider the KL-divergence distributionally robust control problem with Gaus-

sian noise, Py = N (fi, it),

Vi (z¢) = min _max_ {E

Ut Py &~P

2 .
$C£|_1Qt+1l‘t+1 + U?Rtut — ;KL(PtHPt) +V (:Ct+1)

| o
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where xy11 = Arxy + Byug + Ciég, and
Vp (zp) =0, (2.70)

for any point xp € R, Then Vt < T, we that the optimal control solution of (2.69) satisfies

up = Uy + 1L, Uy rfig where Uy € R4 U - € R2:4 and

Ty
Vi (a:t) = x?Etxt + 2 Z x?Etﬂ—ﬂt + zt, (2.71)

T=t
where = € Rdlvdl,EtJ € Rd17d3, z+ € R. Here, z is a constant that depends on t but not on
to x¢ and thus does not affect solutions of optimization problems for time indices smaller than

t. Fort <T, Uy and Usy are defined as

N1
U= — (B;‘F (Q11 +Zep1) Br + Ry + BE (Qiq1 + Z41) CtBt) B (Qi41

(2.72)
+Zi11) (At + CtAt> :

N1 N
Uit =— (BtT (Qt11 +Z¢41) Be + Re + BE (Qp41 +Z441) CtBt> Bl (Qii1+E111) CiCh,
(2.73)

and fort > T,

-1
Upr =— (BtT (Qt41 + Z¢41) Bt + Ry + Bl (Qiy1 + 1) CtBt) Bl (Qi41

(2.74)
+Z¢y1) <’7CtCtEtCtEt+1,7 + BtT5t+1,7> :

Moreover, =t and Zt ¢ are defined as

) L \T i ;
EF{m+&m+@m+Q&w @HHEHﬁ@HBM+Qm+@&m>@%)

1/,. . \T. L
+ UtTRtUt — ; (At + BtUt) Et_l (At + BtUt> )

Ett = <At + BiUp + Cy Ay + CtBtUt) (Qt41 +Z¢41) (BtUt,t + CtByUs 4 + Ctét> (2.76)

1 /- . .
+ UtTRtUt’t — ; (At + BtUt> )30 1Ct
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and for T >,

N . N\T N
Etr = (At + BiU; + CtAi + CtBtUt> (Qi41 + Zp41) <BtUt,T + CiBiUy +

+’thétit0tT5t+1,T> (2.77)

T .

1o s e T
+ UtTRtUtJ — ; (At + BtUt> Zt 1 (BtUt’T + ’}/Zt ICtEtC?:t_H’T) ,

where

i 5 -1
A=~ (Zt_l —7Cf (Qe1 + Eer1) Ct) CF (Qpe1 +Ze1) Ar, (2.78)

i 5 -1
By =~ <Zt_1 — 7O (Qpe1 + Eer1) Ct) C (Qi41 +Z441) B, (2.79)

3 5 1.
Cr= <2t_1 —9CF Q41 + Zp41) Ct) ot (2.80)

Proof. This can be shown by induction. Firstly it is true for ¢ = T". Since Vp(zp) = 0, we
only need to choose relevant matrices to be zero. Assume it holds for t = m + 1 where m € N,

then for ¢t = m, by the dynamic xy41 = Azt + Biug + Ciéy and the induction, we have

Vi(z¢) =min max < E :ctT+1 (Qra1 + Zpg1) Tg1 + uf Reug
Ut Ppé~Py
(2.81)
T-1 9
+2 ) w1 Serie - ;KL (PtHPt> + 241
T=t+1

Fixing u; first, then by Lemma 2.4, the maximum point of the inner problem P; still

belongs to Gaussian family and

dP; ~ dP; x exp % (A + Byug + Crer) ' (Qu1 + Erg1) (Agy + Byug + Ciey)

(2.82)
T—1
+2 > (Ayy + Byug + Coey) " S i
T=t+1
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Since Py = N(fit, it), we have

5 5 1.
P =N <Et_1 —vCF (Qu41 + Epp) Ct) Sy ir + 90T (Qe1 + E1) (Apwe + Byuy)

T-1

. -1
+v > G Ziaqiir | (2{1 —7Cf (Qer1 + Eig1) Ct)
T=t+1

(2.83)

We now apply the optimality condition to the outer minimization problem of (2.81), and

by Danskin’s theorem the gradient w.r.t. u; of the outer problem is the gradient w.r.t u; of

the original problem when P; fixed to the maximum point. We then have

B (Qi11 +Z441) Brug + BE (Quy1 + Zeg1) (Apre + GE &)
T—1

T (2.84)
+ Ryug + Z Bi Z¢y1 57 = 0.
T =t+1

Solving for u; from this equation we get
B (Quir +Zps1) Be + Be+ BE (Quat +Z001) CiBy) BT (Quar + Epar) (A
Ut = — ( t t+1 T =t4+1) Dt t t t+1 T =t41) Ut t) t t+1 T 241 ( t

N -1
+ CtAt) Ty — (B? (Qt41 +Z441) Br + Ry + BE (Q1 + Be41) CtBt> B (Qi11

-1

T-1
— & . SN T _
+Ea)Cr |7 Y CSiCiEsrriir + Cois | + Y B Epgr i
T-1
= Upry + E Ut,rfir,
T=t

(2.85)

where we used the definitions of Uy, (2.73), and Uy -, (2.73)-(2.74).
The KL-divergence between two Gaussian N (pu1,31) and N (ug, X9) in R (Duchi, 2007)
is

1 S
KL(N(p1,21)||N(p2,32)) = 5 <1Ogu —ds

= + (11— p2)T 251 (1 — pa) +t7’{22_121}) :

(2.86)
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Thus, using the optimal control, (2.85), and the expression of the KL divergence, (2.86),

in the objective function (2.81), we get

T-1 T
Vi(ae) =B | | Ao+ By | U+ Y Uprjie | +Cie | (Qeat + Zeg1) | Avat
T=t
T-1
+ By | Upzy + Z Ut riit | + Ciéy
T=1
T-1 T T-1
+ | Upre + Z Utrie | R | Uy + Z Ut,riit
T=1 T=1
T-1 T-1 r
+2 Z Atz + By | Upre + Z Utrpt | + Ctét | Zpy1r0r
T=t+1 T=t
L[ (e- - a1 T -
- - (Et el Qi1 +Zi41) Ct) Yy i +7C; (Qt1 + Ety1)
T-1 T-1 T
Ap+ By | Usre+ ) Ui | |+ Y Cf Eraglie | = e | S
T=t T=t+1

N 1.
(Efl —vCF (Qe41 +Et41) Ct) Sy i+ 70 Qe + 1) | At + By | Upy

-1 T-1
+ Z Urrie | | +7 Z CtTEtH,T/]T — it | | + Constant + z4q
T=t T=t+1

(2.87)
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5 . N\T 5 5
=af ((At + BUp + CtAr + CtBtUt> (Qi41 + Zp41) <At + BiUp + Cy Ay + CtBtUt)
T 1y~ = NT ey /- -
+U; iUy — ; (At + BtUt> Et (At + BtUt> Tt
+ 22 ((At + BiUs + C Ay + CtBtUt) (Qi41 + 1) <BtUt,t + CtBiUp s + Ctét)

T-1

1/ - L 3

+ UtTRtUt’t — a (At + BtUt) Et_l(]t> i+ 2 E CL{ ((At + BiUy + Cr A
T=t+1

_N\T 3 o
+ CtBtUt> (Qt41 + Egs1) (BtUt,T + CtBiUp + + VCtCtEtC?5t+1,T> + UL RiUy

Ao s (5 165,07 ;
5 t+ BeUp ) Xy BtUpr + 92, Ce3iCyp Zpy17 ) ) fr + 2t

T-1
T— Te -~
= Xy Syt + 2 E Ty Storitr + 2,

T=t
where Z; is defined in (2.75), Z¢ - is defined in (2.76)—(2.77), A; is defined in (2.78), C} is
defined in (2.80) .

This completes the proof.
O

Remark 2.5.1. By Theorem 2.3 and Lemma 2.5, with any given dataset, if we use the
(Jacobson, 1973)’s controller with fitted mean and covariance, then we get exactly the same

controllers as Wasserstein DRC' problem.

Figure 2.1 explains difference between those controllers. To see the yellow curve is the
contour fitting for standard Wasserstein distance, just plug ¥ = I, into Theorem 2.3 and

compare it with Lemma 2.5.

2.4 Unified Understanding of Distributional Robustness

2.4.1  Distributionally Robust Control

We want to give a unified framework of distributionally robust control here to have a better

understanding of the essence of robust control. For any functions f; and g;, consider problems
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T-1

T-1
: 1 ~
min _max_E [ Y fra1 (w41, ) —55 hi (P, Pr)
t=0

ut(xt) pt,EtNPt t=0 (288)

Stxt_|_]_ = g¢ (xt7 ut, Et) )

where h; are any similarity measures between two distributions. It can be Kullback-Leibler
divergences or Wasserstein distance. We generalize Wasserstein distance to a more general

setting with non-negative functions ¢;(§, ()

Wy(B.P)= min (/qumnao (2.89)

I=II(P;,P;)

i.e. V¢ € supp (P;),ct (¢, ¢) = 0. The choice of ¢; decides what sort of robustness we will
have in the problem. We want to point out that, as we indicated in the previous section, §2.3,
several paradigms of robust and/or risk-averse control, e.g. Wasserstein and Kullback Leibler,
can be unified by (2.88) and (2.89) with properly designed ¢; in the setting of control theory.
Moroever, since other robust control approaches (e.g. Hx) can be shown to be equivalent to
Wasserstein they can also be incorporated in this framework (Kim and Yang, 2020).

We allow v to be negative to accommodate circumstances with some fraction of erroneous
data.When ~ is negative, the minimax problem becomes a minimum problem with two stages,

that is,

T-1 T-1

) ) 1 ~
min _min E E Jta1 (g1, up) +; E Wi (P, Py)
=0

’U,t(It) pt,gtwpt t=0 (290)

st.xip1 = gt (l’t, Ut, 5t) .

It has been used in many applications outside the control theory. For example, in image
denoising, the objective to repair an image y is

minlly — |3 +nR(x), (2.91)
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where R(x) is the negative log-likelihood of a guessed image = under the image generative
model, which is in fact an agent for Kullback-Leibler divergence (Fan et al., 2019).

With this insight, we give a unified framework for distributionally robust control using a
generalized Wasserstein distance, which encompasses risk-averse KL, Hy, formulations, and

standard Wasserstein settings:

-1 T-1
1 .
min — max_vE | > fir1 (wen,u) | — Y Wi(P, Pr)
Ut(fﬁt) 8 Preg~ Py =0 =0 (292)

s.t.ri 1 = gt (T, ug, €¢) -

This in fact defined a monotonically non-decreasing function of v whose domain is R by

providing its definition at v = 0, as follows

( [1-1
E Y firt (@egn, up) ,7=0
=0
Fy(ug) = - . (2.93)
1 ~
= max E | fr (@ w) | = Y Wi(PLP) v #£0
. ’Y Pt,EtNPt t=0 =0

Though we do not pursue this in this paper, this gives a way to evaluate risk under
arbitrary robustness concepts. Since Fi(u¢) is a non-decreasing function, we can use a uniform
upper bound for a set of candidate policies u(x¢) and bisect to get maximized 7 as their
risk. Even for general nonlinear problems, which are hard to solve optimal policy, we can
easily verify risks, since it is a concave/convex function of Py and in many cases strongly
concave/convex.

1

For example, if we have two candidate policies u} (z;) and u?(z¢), we will wonder whether

they are reliable to make certain amounts of profits. Assume we want to evaluate their risk
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to make 1,000,000 profits, we can perform bisect to get 1 and o for u%(mt) and u%(xt)

correspondingly such that

Fy, (uf (1)) = Fyy(u? () = 1000000. (2.94)

If we get 71 > 0 > 79, then it tells us that even if there are some erroneous data points in
the dataset, utl(xt) still can make this amount of profit. And if we want u% (x¢) also make
this amount of profit, then it would be possible only if there are some erroneous data points
in the dataset. The order between 1 and 9 tells which policy is more reliable at this profit

level. We can then define the risk of a policy uz(x¢) at a certain profit level L by

max-y
7 (2.95)

S.t.Fry(Ut(l’t)) < L.

(2.95) doesn’t require the continuity of F»(u¢(x¢)) on v and thus can be applied with
general bisection algorithms. In the case Fi(u¢(x¢)) lacks of continuity on v, an alternative

problem may need to be considered at the same time

min-y
7 (2.96)
s.t.Fy(ug(xy)) > L.

Notice that this quantification of risk is also close to the discussion of convex measures of risk
(Frittelli and Gianin, 2005) in Economics. We in fact uses %W(P, P) as the penalty function
in their dual representation. What’s different is that we define v and generalized Wasserstein
distance separately here and thus can quantify risk with maximized ~.
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A metaphor of the difference between Wasserstein distance and KL-divergence is that
Wasserstein distance describes the microstates discrepancy of thermodynamics systems, while
KL-divergence describes the macrostates discrepancy of thermodynamics systems (Dechant
and Sakurai, 2019). It is natural for particles in microstates to get anisotropic forces, and thus
we define ¢¢(x,y) asymmetrically, in a physical sense, with positions y and the cost of energy
to move y to x. The minimization inside Wasserstein distance is then simply thing like the
principle of least action in analytical mechanics (Lagrange, 1853). And thus, philosophically,
we can, of course, describe the macrostates with the microstates.

The following result invokes strong duality for an extension of a case presented in (Gao

and Kleywegt, 2016). That is,

Lemma 2.6. Let = be a set and P(Z) be the set of Borel probability measures on . Given
vePE)and V€ LY(v), for any 6 > 0 and p € [1,00), define W), to be standard Wasserstein-

p distance, the strong duality holds for the primal

sup {/H\If(g) : Wp(p,v) < 9} (2.97)
peP(E) =
and the dual
it Lo [ int par(e.0) - w(ea) | (29)

The strong duality still holds if W), is replaced by generalized Wasserstein distance defined

in (2.89), that is, the primal
sp { [ 0©): Wi <o (2.99)
pePE) V=

and the dual

it {20 [t Dete. ) - weemao } (2.100)
Proof. The strong duality between (2.97) and (2.98) is by the Theorem 1 and Proposition 2
of (Gao and Kleywegt, 2016). The strong duality between (2.97) and (2.98) is by applying
Remark 2 of (Gao and Kleywegt, 2016) to generalized Wasserstein distance. O
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Theorem 2.7. Choose hy to be Wy from (2.89) and Py to be empirical measures on n data
points, and assume that v > 0. Then, the distributionally robust control problem (2.88) is

equivalent to

T-1 T-1 n
min max E Z ft Ttaq, ut — Z Ct gt ,0 515 K
ut(xt) Ppép~Py t=0 Tw t=0 i=1 (2-101)

st.xi11 = gt (ﬂﬁt,ut, ét)

where Py are empirical measures on n data points & ; and €4 ; can be arbitrary points in RY3.

Proof. For a given optimal control function sequence, u(x¢), t = 0,1,...T — 1, assume that
the distributions that are solutions of the inner minimization problem, {ptO} of (2.101),

satisfy Wt(f’tl, P) =wy, fort =0,1...,7 — 1. We claim that

~0}
f €arg _ _ max_ E fr(xpt,ue) | - (2.102)
{ t=0,1,...,.T-1 Pt~ Py, Wi (P, Pr) <wi Z

We will prove this claim by contrapositive. If (2.102) does not hold, then another
distribution sequence {ptl}t 01 T is a maximum point of (2.102), and in particular it

is a feasible point with a strictly better objective.

That is, it satisfies Wt(]5t1, P) <wq, fort=0,1,T7 —1, and

T-1 T-1
E., pi | D filwesru)| > B po | Y filwesr,u). (2.103)

Since, due to the feasibility, we must have that

1 T-1 1 T-1 1 T-1 R
—= Y WH(PL P) == wr=—= Y Wi(B P, (2.104)
=0 70 720



adding (2.103) and (2.104), we get

T-1
E, p > felwper,ue) | — 5 Z Wi(P, Py
=0 =0 (2.105)
T-1 L T-1
> B, po > filwigr, ug) —;ZWt P, py)
=0 =0

which contradicts the assumption that {ﬁto}, fort =0,1,...,7 — 1, is a solution of the
inner maximization problem at given uz(x¢), t = 0,1,...7 — 1. We thus conclude that (2.102)

holds.
Then we have that

max _[E th T 41, Ut)

T-1

- = Z Wi (B, Pr)
Pret ~Py =0

[T

-1 i T-1
1
= max_ E Z ft(xt+1,ut) - Wt Pupt <2'106>
Pt et~ Py Wi (P, Py) <wy t=0 7 t=0
[T-1 1 722
= max E fr(ep,u) | — = ) wr
Pt et~ Py Wi (P, Py) <wy t=0 720

By Lemma 2.6,
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T-1
__max E | Y fi(wpenu)
Pret ~P Wi (P, P)<we | 52

= min ¢ Agwp

Ao>0
T-1
—/H}in Aoco (€0,€0) — max E | filwperu)| p dPy(5)
€0 g0=¢0,Vt=1,et~P, Wi (P, P)<wr | 1
= min ¢ Agw
Ao=>0 070
1 n T-1
—— > min{ Aoco (0,,20,1) — max B> felwigr,ur)
i3 o e0=¢0,i,Vt=lex~ P, Wi (PP )<w: | 1—

= min max ¢ A\gwo

A0=0 £o
1 T-1
- = Z Moco (0:€04) — . max_ i E Z Jt(@pg1, up)
i3 Pyeo=¢é,i,Vt=1ee~P, Wi (P, Pr)<we | 1=
1 T-1
= min max ¢ — Z ) max_ ) E Z fe(xpa1,up)
2020 o | I\ Preo=20,, V> Ler~ B, We(PrP)<wr | 32

Ao — X
- ?o Z co (£0,4,€0.,i) + Aowo

n n n T-1
. . . 1
= min max min max... min max . — fe(ween, ug
Ao=0 €o,i A120 €14 Ar—1208p_1; Z Z : Z nt Z (we41,we)
’ ’ ’ 19=1141=1 ip_1=1 t=0 c1=E, i\
T-1 A\ T-1
t A
- - Z ¢t (Eriveri) + Z Atwt
t=0 =1 t=0
(2.107)
Since A\p_q1 = “lY is feasible in the inner problem of (2.107), we have
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n n n 1 T-1 T-1 A
. t A
min  max Z Z Z — Z fr(xegr, ug) — — Z ct (éireti)
Ar—1 208p—1; | - n n:
’ 190=111=1 ip_1=1 t=0 e1=21 t=0 1=1
t
T-1 n n n 1 T-1
+) hwpp<max YN Y = Y filwg,w)
=0 T-Li | jo=li=1  ip_=1"" =0 .
Et=Ct iy
T-2 A\ n 1 n T-2 1
t A ~
- . th (Et,i75t7i) . cT—1 (5T—1,i75T—1,i) + Z Atwt + —wr_1
t=0 =1 Tz t=0 K
(2.108)

n n n
min max min max Z Z Z LT Z fe(xpa1,up)

Ar_9 20€p_9; Ap_1 20&7_1;

et=Eti;
T-1 n
At R
-2 2 (ét.irct.)
t=0 =1
T-1 n n n 1 T-1
+ Z Awi ¢ < min - max max Z Z Z — fe(xpa1, up)
P Ar_0>0&r_o; €11 Py e S U
= 0o=1li1= iT—1= = E1=¢14,
T-2 A\ n 1 n T-2 1
t A ~
= - > e (Brieni) — — > oo (Brovper—1i) + Y Mwr + —wr_g
t=0 " i=1 Tim t=0 !
n n n 1 T-1 T-3 A
S max max DI T fe(es1,ut) - Ezct (8tie04)
T=24°T=1i | jo=141=1  ip_1=1" =0 =g, =0 =1
=é14,
1 T-1 n T-3 1 T-1
- DD e Grivera) + D> Mwr+— Y, wr
TiZr 2= =0 =T 2
(2.100)
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Apply this from ¢t =T — 1 to t = 0, we have

n n n
. . . 1
min max min max... min max — fr(mpaq, ug
Ao >0 €9 A1 >0 &1 Ar—1 20€p_1 Z Z Z T (1, )

10=111=1 ir_1=1 t=0 c1=E, i
T-1 A\ n T-1 T-1
t A
-) gzct (Erireri) + ) Mwr p < max {E > frlwpenw)
t=0 " i=1 t=0 Pr.ge~by t=0
1 T-1 1 T-1
==Y aEriverg) p A= Y wr
20 =1 720
(2.110)
Therefore, from (2.110) and (2.107), we obtain that
T-1 T-1
max_E [ fi(zyu)| < max SE|D filair, w)
Py ~Fy =0 Py g~y =0 (2.111)
1 T-1 n 1 T-1
) th(%i, eti) ¢+ = Z wt
t=0 i=1 t=0
Now by subtracting the last term from both sides and using (2.106), we get
T-1 1 T-1
max_ B | ) filwpgru) | — = Y Wi(P Pr)
L =0 (2.112)
T-1 1 T-1 n
< max (E | filwru) | —— D> cilériier)
P é~Py =0 M0 i
Also notice that for any empirical measures lf’t and P, we have that
1 T-1 n T-1
E Z Z Ct(étmgt,i) > Z Wy <Pt, Pt) . (2.113)
t=07=1 t=0
To justify this, observe that W} is the optimal transport cost.
T-1 T-1
t =0 t—0 I=11(F,Fy)
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We have that ]5,5 is a measure over Z; with mass only at & ;, fori =1,2,...,n, and P
is measure over Z; with mass only at &; ;. Therefore a measure I'(z,y) over Z; x Z; whose
marginal in z is P, and in y is P can have mass only at points (€t4,€1,5)- We denote that
mass by I't; ; > 0, for 4,7 =1,2,... N.

In that case, the right-hand side of (2.114) is simply the linear program

n 1 (2.115)
Z t,’L’]_g,t:O, 7T_17 /L:l, ,n
j=1
& 1
S Tyij=—t=0,....T-1 j=1...n
“ B n
1=1
By choosing I'y ; ; = % fort =0,...,T—1,: =1,...,n, we get a feasible solution of

(2.115), which is the left-hand side of (2.113) and thus it is also an upper bound for the
right-hand side of (2.114). Therefore, (2.113) holds.

Therefore

1 R
Z fe(xepr,ue) | — — th(ﬁt,w?t,z‘)

Ptﬁt NPt M0 i1

(2.113) - 1 L= X
<  max Z t(wip,ue) | — = Y Wi(Pr, ) (2.116)
Pyep ~P =0 R

T-1 T-1

1
< max_E Z fe(wepr,ue) | — =
Pyei~by +=0 720

since the last maximum is taken over a larger set.

Finally, since (2.112) and (2.116) are reverse inequalities between the same quantities, we
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obtain

T-1 1 T-1
max B> filwnu) | — = > WP, Pr)
I =0 (2.117)
T-1 1 T-1 n
= max B> filwru)| —— > D ctlérieri) ¢
Ppéi~Py t=0 T30 =
which completes our proof. O

Similar to the result in Theorem 2.7, we have equivalence between the dynamic program-

ming recursion formulated with Wasserstein distance and a finite-dimensional version.

Theorem 2.8.

1 .
Vi(wg) = min_max B [fy11(2sq1,u) + Vigr(2e41)] — =We( P, Py)
PPy 7 (2.118)
st.xip1 = gt (Jit,ut,&?t)

1 equivalent to

1 .
Vi(z) = min_ max E[fi1(zp1,u) + Vit (@) — — Y cilErinery)
U Py RAl (2.119)

s.t.xt+1 = gt (-ilit, Ut, ét) )

where Py are empirical measures on n data points & ; and €4 ; can be arbitrary points in R,

Proof. This is the same with the proof of Theorem 2.7 but only one stage. O

2.4.2 Worst case

Theorem 2.9. Consider worst-case optimization problems with e¢ € Zy,

Vi(ae) = min max {fe1(@eg1,ue) + Vigr (@e41) )
RS (2.120)

st.xip1 = gt ($t,ut>5t)
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The robust formulation (2.120) is equivalent to the generalized Wassersein version (2.118)

for Py empirical measures on n data points and the choice of cost function

0,z € =
o (x,y) = : (2.121)
00,z ¢ E

Proof. Consider

i 1 ¢
Vi (7¢) = min _max {E[ft(gt(xt7Ut,€t),Ut)+Vt+1(gt(It,Ut,et —HZCt 5t275tz}
1=1

ut Pt EtNPt
(2.122)
and
VT (-TT) =0 (2.123)
Since the choice &;; = ¢;; € Z¢, @ = 1,2,..., N results in a finite value of the inner

problem objective, it must be that any solution of (2.122) satisfies &;; € Z¢, 1 = 1,2,...n.
With the choice of transport cost, we get that - ZZ 1Ct (515 irEt Z) =0.

Therefore, each &; ; in the support of Py needs to satisfy

€1 € arg max { fy (g¢ (z¢, ug, &) ue) + Vi (ge (2, ue,€1))} - (2.124)

€Ty
As a result, at the inner maximum, each component under the expectation will have the
same value, the one of the optimal objective in (2.124). Therefore the expectation is over a
constant, and results in the recursion for the worst-case robust optimization recursion.
Thus, for any t, (2.122) is equivalent to

Vi (#¢) = min max {fe (gt (ve, ue, €6) s ue) + Vigr (9e (e, ue, €0)) } (2.125)
&t t

Apply this backward from ¢t =T — 1, and we get V} to be cost-to-go functions of (2.120).
O
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24.3 Hy

Consider the Hy, control problem where noises ¢; € =¢,t =0...,T — 1,

T-1(,T T
. Zt:() ($t+1Qt+1$t+1 + uy Rt“t)
min sup E

up(wt) ez S Hle2 (2.126)

s.t.xpy1 = Ay + Brug + Chey.

The expectation is on a single sample €; every stage and thus unnecessary, but we keep it
to clarify the equivalence with our generalized Wasserstein formulation. (2.126) is equivalent
to the problem

min min max A\
A ug(xe) ELEEL
s.t.xpr1 = Ay + Brug + Creg (2.127)
s <$15T+1Qt+15€t+1 + UtTRtut)

T-1
>i—o lletll?

<A\
The innermost problem can be understood as a feasibility problem whose value is the
parameter defining the constraint, \, if feasible, and oo otherwise (Kim and Yang, 2020).

Note that the last inequality in (2.127) can be reformulated as

T-1 T—1
E| S (oF1@Qeerzes +uf Ru) =AY [l [ < 0. (2.128)
t=0 t=0

For any fixed A\, we only need to solve the problem

T-1 T-1
min maziE Z <$?+1Qt+1$t+1 + U?Rtut> - A Z HStH2
ut(xt) EtESL =0 =0

(2.129)
s.t.xpr1 = Ay + Brug + Creg
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to check whether the innermost problem in (2.127) is feasible.

Consequently, the smallest A for which the optimal value of (2.129) is non-positive is the
optimal objective of (2.126).

Observe now that (2.129) is a Wasserstein DRC problem (2.101) with ¢(z,y) = |-[|3,
n =1, and Py = §(0), i.e the reference density has all mass at 0. Similarly to out discussion
about risk values, it can be shown that the optimal objective of (2.129) is increasing with
decreasing A. Therefore, the optimal value of (2.126), and the optimal policy that goes with
that corresponds to the smallest A for which the optimal value of (2.129) is non-positive.

That value of A can be obtained by bisection as we did in the discussion of risk in (2.95).
The optimal policy of the Hy problem is the same as the Wasserstein DRC policy of (2.129)
at that value of A. It is the optimal control policy which is most reliable among all policies

at profit level 0 in the setting of (2.95).

2.4.4 KL diwergence
Theorem 2.10. Consider exponential criteria optimization problems in (Jacobson, 1973),
T-1

1
min —logEp [expq v | Y fir1 (@es1, ur)
ug(ze)Y =0 (2.130)

st = gt (SUt7 Ut 5t)

(2.88) has same optimal policy with (2.130), when replacing Zf:?)l hi(P, Py) with h(P, P) =
KL(P||P), where P has same support with P and P = HlfT:BI P

Proof. By Lemma 2.4, we have

-1 T-1
1 1 -
;ngP exp Y | Y ft (wegr, ue) >Ep | ) felweer, ur) —;KL(PHP)- (2.131)
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Equality can be attained with

T-1
dP ~ dP x exp{ 7 Z fr (pa1,up) . (2.132)
t=0
O
Lemma 2.11. (2.130) equals
T-1 v T-1
min B | Y frp (e, u) | + 5V > frri(@eru) | +0(%)
ut(zt) t=0 t=0 (2133)
st.apy = g(xe, ug, ¢)
Proof. This is by the expansion of the exponential and logarithm functions, which gives
1 gl 2 2 2
~1ogE [exp{7X}] = E[X] + 1 (E | x?| —E[X]*) + 0
~log E[exp{1X}] = E[X] + ] W) 00D
= E[X]+ 2V [X] +0(+?).
O
From (2.132), we learn that the maximum point P may have cross terms from
T-1
expy [ D fr(wru) | ¢ (2.135)
t=0

. In a simple case like linear quadratic control, it tells us that the maximum P will no longer

have a cartesian production structure.

Theorem 2.12. Consider the dynamic programming of KL-divergence DRC,

) 1 ~
Vi(xt) = min H?XE i1 (@1, ue) + Vigr(w41)] — ;KL(PtHPt)
t

(2.136)

Stxt+1 - g(l‘t, Ut, 8t)7
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where Py has same support with P;. We have

Vi(wy) = Hllj,itn % log E [exp {7 (fr1 (w1, ut) + Vig1(ve41)) ]

-1 T-1
. 8 2
= min E fro1(@rirur) | + 5V fra1(@ri1,ur) | +O(Y7).
ut(wt),...;ur—1(T7-1) ; T 2 ; T
(2.137)
Proof. First by Lemma 2.4,
1
Vi(wt) = min S log B [exp {7 (fi41(z41, ut) + Vig1(w441)) H - (2.138)

Then by expanding V;1(z¢y1) with the recursion in (2.138) and using the dynamics we

obtain that

Vi(xt) = min % log E [exp {7 (fe41(wes1,ut) + Vig1(z¢41))}

1
= min — logE
ut ’y

exp {7ft+1(37t+1, ut) (2.139)

+  min  {logE [exp {vfir2(zi42, up11) + Viga(ri42)} |93t+1]}}]-
ut+1($t+1

Note that

o1
Vi(we) = min =~ log / exp {7 fi1 (@41, ut)} X
min  {exp {log E [exp {7 ft12(wt 42, ur+1) + Vira(e42)} |2e41]}} dP(er).

Ut+1(ﬂft+1)
(2.140)
We also have that
exp {7V frr1(xer1,ue)} >0 (2.141)
and
exp {log E [exp {7 fi+2(wt+2, ut+1) + Vita(zi+2)} [2e41]} > 0. (2.142)
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Thus, the minimum inside the integral in (2.140) can be moved out of the integral. Then

we have

) 1
Vi(ry) = min  — 10g/eXp I ferr(@pgr, ue) }
ug U1 (Te41) Y

exp {1og E [exp {7 fi+2(2t42, ut1) + Viga(zi42)} |ve41]} dP(er) (2.143)

) 1
= min  —logE [exp {7 fei1(x41,ur)
g1 (Te41)

+ log E [exp {7 fr42(xt42, uty1) + Vigo(zi12)} |21} -

By a similar argument applied from t 4+ 2 to T"— 1, we have
Vi(xt)

. 1
= min  —logE [exp {7 fey1(x141,ut)
ug, 1 (Tpp1) Y

+ log E [exp {7 fr42(zi42, ut+1) + Viga(@iy2)} |2p41]}]

. 1
= min —log E [exp {7 fr41(w¢41,u) + log E [exp {7 fri2(zt 42, urs1)
Ut (Te1) Uy 2(Te42)

+log B lexp {7ft43(xt43, ur+2) + Vir3(we43)} [wepal} [2e41]}]

. 1
= min —log E [exp {7 fe41 (241, ut)
Ut Ut 41 ($t+1 ) yUt4-2 (xt-i-Q)a"'aqul (33T71)

+10g E [exp {7 fi+2(zt42, u41) +10g E [exp {vfrr3(@i43, ug2) + ...} |2} |we41]}]
(2.144)

Note that by the expansion of the exponential function, same as in Lemma 2.11, we get

for the stage 7" — 1, since Vp(zp) = 0, that

%ng[eXP {vfr(ep,up—y) lep_1}] = E[fr(zp, up—1) |lop—1] (2.145)

+ %V [fr(er, up_1) lep_1] + O().
For stage T'— 2, we have
%IOgE[GXP {(vfr—1(er—1,ur—2) +1og E [exp {7 fr(zp, up—1) lwp_1}]} |op_o]. (2.146)
Then we plug the right-hand side of (2.145) for the second term, which gives
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1
—logE {GXP {7fT—1($T—1, ur—g) +YE [fr(zr,ur_1) |z7_1]
v (2.147)

2
+ %V [fr(zp,ur—1) lrp—q] + 0(73)} A

Again by the expansion of the exponential and logarithm function, same as in Lemma 2.11

and combining the O(y?) terms, the expansion of (2.147) gives

E [fT—l(flfT—laUT—2)+E[fT($TaUT—1) !mT—lH%V [fr(er,up_1) lep_1]+0(%) !$T—2]
+ %V [fT—1(93T—1, up—2) + E[fp(ep, up_1) lvp_1]
+ %V [fr(er, up_1) lep_1] + O(%) |vp—s
=E [fT—l(fET—la up—9) + fr(zy,up—1) + %V (@, up—1) lep—1] |515T—2]

+ %V fr_1(zp_1,ur_2) + E[fr(ar,ur_1) |vp_1] |v7_o] + O(7?).
(2.148)

Note that conditional on xp_1, fr_1(xp_1,up_9) is a constant (not a random variable),

we get that
EV [fr(zr,ur—1) lvr_1] lor—o] =E[V [fr_1(vr_1,ur—2) + fr(2vp,up_1) |[27_1] |T7_2]
(2.149)
and
Vifr—i(zr_1,ur—2) + Elfr(zp,ur_1) |vr_1] |r7_2] (2.150)
=VI[E [fr—1(vp_1,ur—2) + fr(zp,ur—1) [v7_1] |v7_2].
Also
E[fr(zp,up_1) lvr_o] = E[E [fr(zp,up_1) lo7_1] |o7_2]. (2.151)

Using (2.151), we get
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E[fr_1(zp_1,ur—2) + fr(ep,ur_1) |[r7_9] + %E Vfr(ep,up_1) [vp_1] |z7_2]

+ %V r_1(er_1,ur_9) + E[fr(zr,up_1) lop_1] |or_o] + O(?)

14 2.150
(2.149), ( )E[fT_l(;pT_l,uT_g) + fr(zp, up_q) [vp_2]

+ %E (VIfr—1(zp_1,ur_2) + fr(zp,up_y) lvp_1] |o7_0]

+ %V B [fr—1(@r_1,ur—2) + fr(zp,ur_1) lvp_1] lop_o] + O(y)
=E[fr_1(zr_1,ur—2) + fr(zr,ur_1) |z7_2]
+ %V [fr—1(@r—1,ur—2) + fr(ar,ur—1) ler—o] + O(¥?),
(2.152)

where the last identity follows from the variance decomposition formula. By applying a
similar argument from stage T' — 3 to t we complete the proof.

]

(2.130) is well known as an agent for optimizaing a trade-off between expectations and

variances. An alternative viewpoint for it is penalizing log-likelihood.

Theorem 2.13.

. 1 5
Vi(wy) = minmax E [f 11 (241, ug) + Vig1(2441)] — ;KL(PtHPt)

"B (2.153)

st.xpyr = g(xe, up, et)

15 equivalent to

Vi(2¢) = min m}ng [fra1(zer1, ue) + Vg1 (ve1)] + % <]Ept log dPy(e)] — Ep, [1055 dpt(@D

U
t t

s.t.rpr1 = g(xg, ut, €¢).

(2.154)
Proof. This is by the definition of KL-divergence
5 dPy(et) \ 5
KL(P||P) = /10 dPy(et). 2.155
(Bi1P) = | 1o <dpt(5t) (=) (2.155)
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]

Remark 2.13.1. This can be understood as the process of selecting an alternative distribution

hypothesis Py. From Gibbs’ inequality, we have that
0 < KL(B|[P) = Ep, [logdPy(c)] — Ep, [1og dﬁt(g)] ,

which can be interpreted as a difference between log-likelithoods. Therefore the penalty on the
KL divergence in (2.155) can be interpreted as a penalization on the log-likelihood difference
(the second term in (2.155)) that comes from the observed distribution Py under the hypothesis

2%

We now show that generalized Wasserstein distance DRC can approximate the KL-
divergence DRC in the same sense of penalizing likelihood. We first prove the following

lemma

Lemma 2.14. For ¢;(€,¢) = ||€ — ¢||?, define K, (n) to be Gaussian kernel (Li and Racine,
2007) with h > 0, then

(€,m) = 202 ( [ 10 By ctmiien - [ 1og ﬁt,<<n>dﬁt,g<n>) S (2156)

where Pt’g(n) 15 the kernel estimated probability measure with only 1 data point &

Pre(n) = Kp(n—¢€)
1 _ ln—¢1i? (2.157)

R — 2h2
ds €

(27Th2) 2
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Proof.

. . (2.157) 1 . 1
J1ow Brcmipien =" [ = olc = nlPdy gl +og —
(27h?)2
1 1
= By (1% 1Y) o —
27X~P, d
2h t,§ |: i| (27Th2)73
1 ( ) 1
(B, , [Ix-ExX+EX-¢| >+log—
2 X~P, d
2h t,& |: :| (27Th2)73
1 ds 1
= —an - C||2—§ +log ——-. (2.158)

(2mh?) 2

The last identity occurs since the entries of X — EX are independent Gaussian random

variables with mean zero and variance h2. For the first term in (2.157), we get

. . ds 1
10w By glmarelm = =2 +log— ., (2.159)
2 o 53
(2mh=)2
by taking ( — £ in (2.158).
Thus, by subtracting (2.159) from (2.158), we get
~ ~ ~ ~ 1
[ 108 Buctnar ) — [ og PrcmiPietn) = 5516 — I (2.160)
[
Remark 2.14.1. Consider the dynamic programming of Wasserstein DRC,
. 1 ~
Vi(z) = min _max_E[f1 (@1, w) + Vigr (ze41)] — —W(P, Py)
Y Pab 7 (2.161)

sit.xypy = ge(ze, ug, &),

where Py is empirical measure on n data points {et},,, W2(ﬁt, Py) is standard Wasserstein

distance with c;(€,¢) = ||€ — ¢||?.
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Notice that the strong duality of (2.161) gives

n

. 1 .
Vi(r) = min max  E([fry1 (w1, ue) + Vigr ()] = - > e —enill®
t P é~P i (2.162)
s.it.wpy = gr(we, ug, ér)
and (2.156) from Lemma 2.14 gives
A 2 2 - .
160 — erall® = 2h (Eptyé“ log dPic,, | ~Ep,, log dPt’ét’J> L (2163)

We can now understand the standard Wasserstein DRC as modeling local density for each
data points by pt’gti first, and then looking for alternative distribution hypothesis from the
Gaussian distribution family by penalizing the log-likelihood difference. It will then use & ;

from the maximized distribution to the risk-averse control.

However, estimating the local density with only 1 data point would be inaccurate, and we
can group them up to increase the number of data points to k to have a better estimation of

the local density.
Theorem 2.15. Consider the dynamic programming of Wasserstein DRC,
Vi(2¢) = min max E [fer1(ze1,ut) + Vig1(@e41)]

Ut PF (&1, k) ~PF Ei~Rand(Ey 1,61 k)

IR (2.164)
Y
S.t.xt+1 = g(xb Ug, ét)7

where Pf is empirical measure on m groups of k joint data points (et1,...,€¢ )- W(ﬁt, P)

s the generalized Wasserstein distance with

r(1r- ). G s 60)) = [ log BBl — [ 1og Blcadlic(n. - (2165)
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pt]f<(§1, ..., &) 1s the kernel estimated probability measure with k data points ¢ = ((1,..., (k)

whose density function is

k
Z w(n— &), (2.166)

where Ky,(n) is Gaussian kernel with h > 0
Kp(n) = —© 2h? (2.167)
(2rh2)3
and h may depend on k.
Then the generalized Wasserstein distance with cost function (2.165) is well-defined.
Assume the dataset contains m groups of data points {5% = (5%71, e ’Eé’k)}z’—l ) , (2.164)

18 equivalent to

Ve(wg) =min _— max o Elfyrr (@1, ut) + Vi (@)
P={g=E 1))}
+ ii Epi [logdPf ()] ~Epi [logdPf(e)] (2.168)
yim = Pr, [O8 0 el Pr,[O8T g\e
i= €1 £t

sit.apy1 = g(og, ug, &),

where the expectation is over the random selection process that selects é% from
{&=C1 a0}z m (2.169)
first, and then randomly selects é¢ from (éal, e ,éi,k).

Remark 2.15.1. In this formulation, the maximization step searches for ]Stk. And then
the random process draw (&1, . ..,E)) from f’tk, following by drawing £¢ uniformly from
(Et1s- -2 Etk)-

Alternatively, we can view the original random process in the expectation as randomly
draw from m group first and then draw data points from the group, which doesn’t change
the expectation as long as each data points appear same times. Then (2.164) just performs

risk-averse operations in the first step.
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Proof. We only need to verify this definition of ¢; is proper. Note that

(€15 &) (G- Cr)) =/logpt]fg(m)dpt]fg(x)—/bgptlfc(x)dptlfﬁ(x) (2.170)
_ KL(ﬁt’fgnﬁt’fC),

we have
(Gt Gy (G2 GR)) = 0 (2.171)
and
(€1, €0, (o G)) > 0. (2.172)
Then (2.164) is equivalent to
Vi(zy) = min - max E [fi+1 (i1, wt) + Vigr(2e41)]
P={i=E, el )}
+ Li lo dﬁk (g)dﬁkﬂ (5) — | dloe PF. (g)dpkA (8) (2.173)
ym “ ] & t,e} t,E¢ & t,Et t,é¢
1=

s.t.xgr1 = g(xg, ut, €¢).

Note that

/log dpt]fsi (s)dptlfét (e) = Ept,?ét [log d]f’t]fgé (5)} (2.174)
and
/log dPt]fét (5)dPt]fét (e) = Eptkét [log dPt]fét (5)} , (2.175)

this completes the proof.
O

Remark 2.15.2. This explains the intuition of our framework in §2.3. Notice that when
m =1 and k = n, it recovers KL-divergence DRC' controller approzimately, which restricts
the alternative distribution hypothesis to a parametric family. When m =n and k = 1, this is
standard Wasserstein DRC' controller. With decreasing m from n to 1 and grouping nearby

data points, we perform a sample selection process, which is why we define (2.8). Under
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certain conditions, DRC' controller for m =1 and k = n will be exact KL-divergence DRC' as

we have shown.

Remark 2.15.3. From the non-parametric statistics (Devroye, 1985), when n and k go to
infinity, the error that comes from kernel density estimation will go to 0. Thus, when n and
k go to infinity, though the above alternative distribution is restricted to certain distribution

families, it will not differ significantly from the whole distribution space.

2.4.5 Standard Wasserstein Distance

Theorem 2.16. Consider the Wasserstein DRC' problem,

T-1 1 T-1
min max [E ft (wpg1,up) | — — W Pt,Pt
Ut(xt) Pt EtNPt g v ; (2176)
st.xea1 = gt (Te,ug, e¢)
where f
Wo(PP) = min ( [ie-arare.o) (2177)
I'= H ts t
(2.176) is equivalent to
T-1 1 T-1 n
min  max E ft (@egp1,u) | — — 827 — et.4ll
ut(zt) Py ép~ Py tz% ny g ; (2.178)

S.t.xt+1 =gt (xta Uut, ét) .

Standard Wasserstein distance is one of the most robust distances in the setting of
distributionally robust control. It ignores any underlying geometry and probabilities of

problems, figure 2.2 is an explanation of why it can be too robust in many scenarios.
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Figure 2.2: Blue points are data points. The orange ball is the range of possible shifting from
one point that will be considered in the robust problem. Assuming that noises are distributed
on specific manifolds, standard Wasserstein distance ignores any underlying geometry of the
problem. It ensures it is robust in all directions, including every possible shifting in the ball,
even outside the manifold. This explains why it will bring redundant robustness. In this
sense, it is the most robust distance in the distributionally robust control.

2.5 Distribution on Manifold

From the above argument, we see the direct applications of standard Wasserstein distance
will have the problem of redundant robustness. One way to avoid this problem is to use the
kernel trick used in (2.8), which is shown in figure 2.3, explaining why it can remedy the
redundant robustness. We provide an alternative way to deal with this problem with locally
linear embedding (Roweis and Saul, 2000).

Consider LLE Wasserstein robust problems,

T-1 T-1
. 1 ~
min max_E Z (xtTJrth_,_lel + u;thUt> - = Z Wi (P, Pr)
ut(xt) P~ Py t=0 v t=0 (2179)

s.t.xey1 = Ay + Bug + Crey

Define s¢(y) = {Zt,k}K to be K nearest neighbors of y in the set {sm}n, where K is a
parameter to tune, then we define
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Wy(P,P)= min /quﬂ@w (2.150)
I=II(P,,P,)

where

ct (x,y) = ||[Projy(z) — P?"ojt,y(y)ﬂ2 + al|(z — Projiy(z)) — (y — Projty(y)) 12, (2.181)

and « is another parameter to tune. Here, Proj;y(z) is the projection on the regression
hyperplane of the nearest K neighbors of y, that is

Projiy(x) = arg min |z — e||2, (2.182)
’ eeSpan{si(y)}

where

T . T 2
Spani{st(y)} = {x : af 4 + bty =0,aty,bty € arg rzngl Z (a e+ b) }. (2.183)
e€st(y)
It’s not hard to verify that ¢; is non-negative, ¢(y,y) = 0, and Vy, convex in z. Then we

have

Theorem 2.17. (2.179) is equivalent to

min max E Z <xt+1Qt+1xt+1 + uy Rtut)
ut(xt) P éy~ Py

1 T-1 n

o 2 > (I1Prostey (E1d) = Projuc, (e0) IP (2.184)
t=0 i=1
+afl (ét,z‘ — Projte, ; (&‘tz)) - (ﬁm — Projte, ; (5t,i)) H2>

s.t.xey1 = Apry + Brug + Céy

Proof. This is by Theorem 2.7. O

We can compute the basis of the hyperplane with simple algebra, but it will involve matrix
computations and increase the time complexity. Instead, we use a soft-constraint version

here,
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(a) Standard Wasserstein Distance (b) Kernelized Wasserstein Distance

Figure 2.3: Comparison between standard Wasserstein distance and kernelized Wasserstein
distance. By putting higher weights on the nearby points, the local geometry structure is
recovered and thus remedies the redundant robustness.

Theorem 2.18. The soft-constraint version of (2.184) is

T-1
min _ max max E Z (xal Q41741 + u? Rtut>
ut(t) Pyéy ~Pr g i.byiséeier =0
1 T-1 n 9
~ 2 N ~ 2 AT 7
o SN llewi = érall® + allérs — éri —eri+enill >+ o1 > (am@ + bt,i)
t=0i=1 e€st(eti)

A~ \2 A~ 0\ 2
+ p2 ((dg;iét,i + bt,i) + (aziet,i + bt,i) ) + p3 (Het,i — el + llér — em!l2)
st.xpp1 = Ay + Brug + Ciéy,

(2.185)

which is a special case of the kernel method with kernel constructed by the inner maximum

point g i, by g, 2 . eqq of (2.185), p1,pa,p3 >0, dg; € R by € R, 25, e45 € RS,

Proof. This is by relaxing the equality and minimum condition in (2.182) and (2.183). [
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CHAPTER 3
RISK-AVERSE MIXTURE OF GAUSSIAN CONTROL

3.1 Introduction

In stochastic programming, the optimization objective is selected to be the expectation.
Given the model f, we optimize

E[f]. (3.1)
(3.1), in fact, assumes two impossible things. The one is the ground truth distribution is
known, and the other one is in the application of the stochastic models, the realized data
points will strictly follow the same distribution.

The first one is not hard to understand. If anyone claims a group of data points following
Gaussian, they do not mean they know the parameter of N(u,Y) that generates the data
points, but more closely mean that the cumulative distribution function of the data points is
close to a Gaussian with estimated parameters N (f, f]) The most information one can know
is j1 and 3, but the ground truth parameters p and > can never be learned. Pessimistically,
the ground truth distribution for general cases cannot even be described with a finite number
of parameters.

The other one is about the limit-sense definition of distributions. Even if you know the
ground truth parameters for N(u, X)) in (3.1), in the application, if you run 1000 times on it,
it is a question of whether the distribution of data points is closer to N(u, ) or N(f, f)),
where [ and 3 are parameters estimated from the data points directly? In the first 1000
runs, it may look like N (/i f]l) But in another 1000 runs, it maybe look like the other
Gaussian N (i, 22). It just means if we use N (fiq, 21) in (3.1) for the first 1000 runs and
use N(fi2, 22) for the second 1000 runs, we should be able to have better results. This occurs

because distributions are defined in the limit long-run sense. If you only sample limited times

from a distribution, the samples will never follow the same distribution strictly.
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Instead, control theory has two frameworks to deal with these problems under Gaussian
settings. The first one is risk-averse control (Jacobson, 1973), which optimizes a trade-off

between expectations and variances,

E[f]+ 3V (3.2)

with agent

%logE lexp{vf}] = E[f] + %V [f]+O0(H?). (3.3)

The second one is minimax control with relative entropy (Petersen et al., 2000), which

put constraints on relative entropy,

max  Ep[f]. (3.4)
P KL(P|P)<y

(3.2) can be understood as penalizing statistical fluctuations by penalizing variances,
while (3.4) describes the difference between the ground truth distribution P and the realized
distributions P with Kullback-Leibler divergence. (3.2) is called risk-averse control since it
penalizes variance while optimizing the expectation. (3.2) and (3.4), in fact, can be proven
equivalent and work for Gaussian distribution.

In this paper, we will discuss the risk-averse control problem under mixture of Gaussian
distribution. In many applications, noise will deviate from Gaussian heavily. Instead, they
may be modeled with mixture of Gaussian family. And thus, our method is designed for
mixture of Gaussian distribution but can work for more general distribution families. It
brings significant convenience to model uncertainty coming from multiple different sources.
We will discuss two types of RLQMG problems. The one is with uncertainty on competent
probability, and the other one is without that uncertainty. We show that the first one is a
highly nonlinear optimization problem but can be approached by putting an independence
assumption on the components’ risk-averse probability. And luckily, the second one can be
solved exactly.

This paper is organized in the following order. The problem and assumptions are stated

in the second section. In the third section, we show the equivalence between (3.2) and (3.4).
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And we will use the equivalence form to discuss RLQMG. In the fourth section, we discuss
the RLQMG without uncertainty on components’ probability. In the fifth section, we discuss
RLQMG with uncertainty on components’ probability. In the sixth section, we give an
independence relaxation for the RLQMG with uncertainty on components’ probability. In

the last section, we provide experiment details for them.

3.2 Problem Formulation and Assumptions

The problem we consider in this paper is

T-1

o1
min — logE [exp ¢ v Z (a:tT+1Qt+1xt+1 + utTRtut>
ut ()Y P

sty = Ayry + Brug + Creg (3:5)

n
gt ~ Z i N (Mt,zﬁ Et,i) ,€¢ are independent.
1=1

3.2.1 Assumptions

We will use common assumptions in the risk-averse control,
Assumption 3.1. @y > 0.

Assumption 3.2. R; > 0.

Assumption 3.3. rank(B;) = ds.

Assumption 3.4. Vt,i,0 <m; < 1,50 1 m ;=1

For notation simplicity, if not specified, ||-|| are always assumed to be ||-||2 in this paper.
And if at any place we mention x4y1 without dynamics, then the dynamics are assumed to

be the one in (3.5).
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3.3 Equivalence

Theorem 3.1. (3.5) differs from

T-1 T-1
. g
min E Z <$?+1Qt+lmt+1 + u;Rtut) + §V <$?+1Qt+lxt+1 + ugRtut)
ut(xt) t=0 t=0
s.t.xey1 = Ay + Brug + Crey (3.6)
n
Ef ~ Z i N (,ut’i, Et,i) ,€¢ are independent
1=1
in O(+2).
Proof. This is by the expansion of the logarithm and exponential function. O]

Lemma 3.2. For any random variable X following a distribution P which has density or

mass dP(z), the mazimum point P of the problem

1 -
max B [X] = ZKL(P||P) (3.7)

also has same support with P if the mazimum in (3.7) exists, and its density satisfies the

condition 5

dP(z) ~ dP(z) x €', (3.8)

Consequently, we have the identity

1o . 1 dP(z)\ - . 1
max B [X] — ZKL(P|P) = /a:dP(x) - log <dp(x)> dP(z) = - logEp [eWX} . (3.9)

where Ep [eVX} is the normalized constant for the dP(z) in (3.8).

Proof. Consider the function

logEp [eWX} = log/erP(x). (3.10)
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For any distributions P(z) that has density and same support with P(z),

log/erP(x) = log/ew (Z;Ei;) dP(z)

> / (w;dﬁ(x) + log (Z}Z Eg) dP(x)) ,

where the last inequality comes from Jensen’s inequality in probabilistic setting (Durrett,

(3.11)

2019).

Divide 7 on the both hand side of (3.11), we have

1 1 -
SlogEp [GWX} >Ej 2] - ;KL(PHP). (3.12)

Equality can be attained from Jensen’s inequality with the condition

dP(x) ~ dP(z) x e7*. (3.13)

Note that the distribution constructed from (3.13) always exists if (3.10) is not infinity.
Thus if (3.10) is not infinite, the maximum of (3.7) exists.

Assume now (3.10) is infinite. By constructing P(z), we get

dPp(z) ~ dP(z) x 7* x I(||z||< R), (3.14)

where R € R, we have Pp always exists and feasible in (3.7). Denote C'p to be the normalized

constant such that

dPp(z) = CLRdP(a;) x 7% x I(||z]|< R). (3.15)

Since (3.10) is infinite, we must have that

lim Cr = lim /ew x I(||z||< R)dP(x) (3.16)
R —o0 R—0o0
=00

Let R — oo, we have

1 - - 1 P _
lim E]E’R [X] - ;KL(PR“P) = Rll—{noo/deR(z) — alog (d R(m)) dPR(:B) — lim

R —o0 dP(x) R—00
1 dISR(:U) - ) llogCpr , 1
——1 —————— | dP =1 ———e"dP(x) = lim —logCRr = oo.
v o8 (e”/de(x)) #(@) Rsoc lz|<RY CR ‘ (@) R1—1>r<l>o'y o8 TR = 20

(3.17)
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From (3.17) and (3.12) we have that the existence of the maximum of (3.7) is equivalent
to the finite property of (3.10). When finiteness of either occurs, we can invoke (3.12) and

(3.13) to claim our conclusion. This completes the proof.

[
Theorem 3.3. (3.5) is equivalent to
T-1 1 B
min maxE Z (:U?+1Qt+1xt+1 + ugRtut> — —KL(P|P)
ut(rt) P P Y
(3.18)

s.t.xey1 = Ay + Brug + Chey

(e0,€1,-..,e7—1) ~ P,

where P = [T} (01 N (i, Sei)).-

Proof. Fixing ut(x¢) first, we can apply Lemma 3.2 to the objective of (3.5). Then, (3.9)

gives the inner maximization problem. O]

Theorem 3.4. Consider the dynamics programming

o1
Vi(we) = min = logE [GXP {7 (iftT+1Qt+1$t+1 +uf Ryug + Vt+1($t+1)> H

s.t.xey1 = Ay + Brug + Crey (3.19)

n
£t ~ ZWMN (“L‘J? Eti) ,€¢ are independent,
=1

whose terminal condition s

Vr(Xr) =0. (3.20)
Vo(zg) solves (3.5).

Proof. First by Lemma 3.2,

o1
Vi(zy) = Hzlén ; log E [exp {7 <xf+1Qt+1xt+1 + ugRtut + Vt+1(xt+1)> }] . (3.21)
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Expand Viy1(z¢41), we have

) 1
Vi(x) = min —logE {exp {7 ($?+1Qt+1xt+l + U?Rtut
ut upt1(Te41)

1
+ 5 log E [eXp {’Y (m;:r+2@t+2xt+2 +uly Reprugs + Vt+2($t+2))} \%HD H :
(3.22)

exp {’Y (%THQHHWH +uf Ryuy
L 1ogE T T R v
+ S 1os B [exp (7 Ty oQir2Tiro + upp Rep1usr1 + Vigo(wei2) ) ¢ 120
= exp {’Y <$;:T+1Qt+133t+1 + utTRtut)

1
+ (; log E [GXP {7 <$t+2Qt+2ﬂft+2 oy Ryyrupen + Vt+2(l‘t+2 !$t+1 }
= exp {’Y <9€%F+1Qt+1l't+1 + uthut) }

1
exp {”Y <7 log & [exp {’Y (%+2Qt+25€t+2 + Ut+1Rt+1Ut+1 + Vt+2(ﬂ7t+2 \$t+1 ) }
23)

(3.23)

we have

i 1
Vi) = min —logE {exp {’y <a:’£r1Qt+1xt+1 + utTRtut>}
ug,upr1(Te41) Y

1
exp {7; log E [eXp {7 (xtT+2Qt+2iUt+2 gy Reprugs + V%+2(93t+2)>} |$t+1} H

) 1
= min —logE [exp {7 (xtT+1Qt+1xt+1 + utTRtut) }
ut upt1(Te41) Y

E [GXP {’Y (37£L2Qt+2$t+2 + U15T+1Rt+1ut+1 + Vt+2($t+2))} \%HH .

(3.24)
When conditioned on z;41, we have
T
exp {’Y ($t+1Qt+1th+1
+ utTRtut> } E [eXp {’Y <$tT+2Qt+2ivt+2 +uf  Reyupg + Vt+2(l’t+2)) } ‘xtJrl} (3.25)

=E [GXP {’Y <I15T+1Qt+1xt+1 + utTRtUt)}

T T
exp {7 (xt+2Qt+2It+2 +up Repugn + Vt+2($t+2))} |l‘t+1] :
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Thus

Vi(we)

— min  ZlogE[E T T'r T TR

= g exp ¢V | i1 Qrr17e 11 +up Reug+xp 0Qpi 0w 0 +up  Repupyn
up,up1(Teg1) Y

+ Vt+2($t+2)> } |1?t+1H

= min 1 logE T I'r T I R

= gE lexp ¢ v (71 Qrp17e41 + up Ryu + 23 9Qp 19719 + upy Repqups
ugup1(Teg1) Y

+ V%+2(17t+2)> }] :

(3.26)
Continue this to the stage T we complete the proof. m

Theorem 3.5. (3.19) is equivalent to

: T T
Vi(z¢) =min max E [%+1Qt+1$t+1 + ui Ryuy + V75+1(95t+1)]
NEY

1 =~ _ 1 N
= > # K L(Py || Pry) — ;KL(WtHWt)
i=1 (3.27)
s.t.xey1 = Ay + Bug + Crey

n
€t ~ Zﬁt,ipt,z‘,
i=1

whose terminal condition s

VT(Z'T) = 0. (3.28)

Remark 3.5.1. Observe that, if x4 is a random variable, then the solution distribution will
depend on xt. While for the case of one cluster, this does not pose major difficulties as shown
in (Jacobson, 1973), for multiple clusters this will make for a very difficult backward recursion

that we will later address.
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Proof. (3.19) can be formulated as

1 o
Vi(x¢) = min — log (Z 7rt7iE5tht7i [exp {’y (xtTHQtHle + utTRtut + ‘/t+1<$t+1)) H)

u i—1
1 n
= min — lo T4 exX
ain g(; i p{v

1
x> logEe,p,, [exp {7 ($?+1Qt+1xt+1 +uf Ryup + Vt+1(xt+1)> H }) '

(3.29)

By applying Lemma 3.2 with the mass function 7 ;, (3.29) is equivalent to

n
. .1
Vi(zt) = minmax E i log e, p, [GXP {’V (%THQHN%H +uf Reug + Vt+1(37t+1)) }]
=1

Ut Ty T

1
— — K L(m¢||m4).
S (7t]|mt)

(3.30)
By applying Lemma 3.2 again on the

1

5 logEe, ~p,; [GXP {7 <$%F+1Qt+1xt+1 +uf Ryus + Vt+1($t+1)> H : (3.31)
we have (3.29) equivalent to
n
Vi(at) = min max > il p,. [371fT+1Qt+1$t+1 +uf Ryug + Vt+1($t+1)]

b meiPrij— ’ (3.32)

1o . 1 5
— =Y FiKL(Pyi|| Prg) — —KL(7¢||m).
Y i1 8

Combine 7; ; into the expectation part; now we get the distribution to be mixture of

Gaussian ) ;" 1 7 ;P ;.
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We can see from (3.27), the original problem (3.5) can be written as

T-1
min ) max E| > (xt—HQH—lﬂ?H—l + uy Rtut)
Ut(0,EL 5+ ,EL—1) 7Tt(507517~-~75t—1);Pt,i(50751a---a €t) +—0
1 | 11
1 -
N S KL BR)  L S KL th!m)]
’Y t=0 i=1 v t=0

s.t.xey1 = Ay + Brug + Crey

(3.33)

where the density of the joint distribution of noises (gq,e1,...,e7_1) is

Z H 7Tt Zt 507817"'agtfl)dptit(g()?gla"'7515*1)' (334)

1050150 07—1 t =

This is because from Theorem 3.4 and Theorem 3.5, we see the risk-averse distribution

n
Z ﬁ-t,i(g()a €1, -- agt—l)Pt,i(‘C:Oa €1y -- >€t—1) (335)
i =1

is, in fact, a robust alternative to the condition distribution

P(et|(e0, €1y -5 €6-1))- (3.36)

Multiplying all stages together gives the density.

3.4 Without Uncertainty on the Component Probability

There are certain applications that don’t have uncertainty on the component probability. For
example, if we have 100 students in 3 classes, where they are divided by 40/30/30. And we

want to evaluate the teaching effectiveness from quizzes given to all students monthly. Then
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the risk-averse problem based on students’ scores can be formulated as

, T T
Vi(ey) =min Jgnax o Elap g Quiiwen + ug Beug + Vi (o4)
t Py 1,P2,P; 3,66~100 Pr,1+ 100 Pr2 100 3

1 /40 ~ 30 ~ 30 ~
— — | =—=KL(P1|| P —KL(P 2| P —KL(P 3| Py
L (S RLPAIP) + KL i) + LK LPeal )
s.t.xep1 = Ay + Brug + Chey

et ~ Pt.

(3.37)

The difference is that, in the above example, we don’t have uncertainty in the m; the number

of students in each class is always determined. (3.27) is replaced by

U n
t Pyt~ i mP

1 .
— =Y miKL(P || Pry)
7=

Vi(zt) = min max K [%THQtHthH +uf Ryuy + V%+1(33t+1)]

(3.38)
s.t.xpy1 = Ay + Brug + Crey
n ~
et~ Y m Py
1=1
For the convenience that will be shown in the following argument, we use % instead of %
in the (3.38). That is, we will consider
Vi(zy) =min max E [$?+1Qt+1$t+1 + ugRtut -+ V;t—i—l(xt—kl)]

U n D
t Py~ iy TPy

2 — .
- > m i KL(Pyl| Pry)
i-1 (3.39)

s.t.wpp1 = Az + Brug + Cheg
n
£t ~ Z?Tt,ipt,i-
1=1
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Theorem 3.6. (3.39) has solution

Vi(zy) = $?Et$t + thT:z:t + 2z (3.40)

and
ur = Upzy + 1y, (3.41)

where =¢ € Rdl’dl, U € RdQ’dl,ft € Rdl, ur € RdQ, 2zt € R.

The closed form of the solution fort <'T' s

n
Up=— (Z Tt i (BtT (Qe1+Z141) By + BLCL (Qigr + Ze1) By
i=1

e N
+ Bl (Qt41 +E41) Ci By + Bﬂcf (Qt+1+Z441) OBy — ;BtT,z'Et,Z-lBt,z‘

1
+ Rt)) (Z Tt (B%F (Qi11 +Zi41) At + B (Qus1 + Ee1) CiAy
i—1

5 B 5 _ § 1. -
+ ngﬂ? Q41+ Zpq1) At + BtTﬂCtT (Qi41 +ZEp41) CrAs; — ;&,i%f&,i)) ,

(3.42)

n
ut = — <Z Tt i (BtT (Qu41+ Ze41) Br + BLC (Quy1 + Ziq1) By
i=1
_ - _ A
+ B (Q41 + E41) CiBy; + BLCT (Qpi1 + Z41) CiByy — ;BZ}EM}Bt,z‘
_]_ n
+ Rt)) (Z Tt i (BtT (Qt+1 + Et41) Cr (ﬂt,z‘ + §t+1,i> (3.43)
i=1

- _ B ~ 1 -~ . B ~
+ BZ}CtT (Qt+1+ Zt41) C <Nt,i + €t+1,i> - ;BtT,iEt} (ut,z’ + &1 — Nt,i)

+ (Bt + CtBt,i>T5t+1)> ,
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n
Sr=) m, ((At + BiUNT (Qiy1 + Zeq1) (At + BiUy)
=1

_ 3 T
+ (At,i + Bt,iUt) CF (Qri1 + i) (At + Bily)

—_ 1 ~ 3.44
+ (A + BiU)T (Qpy1 + Z41) Cy <At,i + Bt,z’Ut) (3:44)
} ~ T _ ~
+ (At,i + BmUt) Cl Q1 +Ep41) G <At,i + Bt,z’Ut>
1/ + ; T 1(; ; T
- (Am + Bt,iUt> DNy (Am' + Bt,iUt) + Uy BUy ),
n
&= m, ((At + BiU)T (Qpa1 + Epg1) Bty
i—1
+ (A + BT (Qpy1 +Ee41) G (Bt,iat + fig,; + §t+1,i>
_ N T
+ (At,z' + Bt,iUt> CF (Qiy1 + Z11) Brg (3.45)
; N T y 3
+ (At,i + Bt,iUt> C (Qi41 +Er1) G (Bt,zﬂt + fig i + §t+1,z‘> + U Ryiiy
1 /- B T, .
-5 (At,z' + Bt,iUt> Et,il (Bt,iut + fig i+ g1, — Mt,i)
N By T
+ <At + CrAg; + (B + Cth')Ut) £t+1) ,
- T T - : T
2= Z T (ut By (Q¢41 + Zi41) Brug + 2 (Bt,z'ﬂt + fig; + €t+1,z'> Ci
)
(Qt+1 + Z¢41) Brug +
3 5 T N N
(Bt,iﬂt + fig; + €t+1,i> CF (Qt41 +Zt11) G (Bt,iﬂt + fig; + 5t+1,i> + @ Ryy
1, 3 T, By
- = (Bmut + g+ &1 — um) Et,il (Bt,z'ut +fig i+ &1 — Mt,i)
K (3.46)

+ 25;";1 (Ctﬁt,z‘ + (Bt + CtBt,i> ﬂt)

-1
(Z;il — 1G] (@41 +Erp1) Ct)

G ~ dy

1
7
1 (v—1 T - -1
T2y <Zt,i —vC; (Qt4+1 + Zi41) Ct)
+Cf (Qt41 + Ey1) Gt (Em —vC¢ (Qpy1 + Zer1) Ct) ) + 211,
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where

_ 1
Api=1 (2;} — 0T (Qt41 + 1) Ct) CF (Quy1 +Es1) Ar, (3.47)
Bj=~ (=7t —y0T =00 of =.11) B 4
i =7 (20 — 70 Q1+ Evg1) Cr i (Qt4+1 + Zi41) By, (3.48)
- -1 T - 11
fit,i = (Em —C; (Qt41 + Zi41) Ct) Xy Mt (3.49)
: 1 T - -1 7
$i41,i = (Et,i — 70t (Qt+1 + Zpv1) Ct) Ct &ta1- (3.50)

Fort =T, all these quantities are 0.

Proof. This can be proved by induction. Firstly (3.40) is true for ¢ = T" with all relevant
matrices and coefficients to be 0. Assume it holds for ¢t = m + 1, then for ¢t = m,

Vi(zy)

: T T T = T
=min _ max _ E [%HQHM:&H +up Ryup + 251 Spp1@p 01 + 280120041 + Zt+1}
t Pyt~ i mP

2 — X
==Y miKL(Py| Pry)
7=

n

: T T T = T

=min » m; | maxE_ 5 |2 Q121 Fup Brug+ xS o1 + 2811 + 2041

Ut 4 : P, &t Pt,z
1= »?

2 ~
- ;KL(Pt,iHPt,i)) + 241
(3.51)
We have
— 2 ~
r%axEst P, [xtTHQHle - utTRtut + x?+1:t+1xt+1 + 2§£1xt+1] — §KL(PMHPM)
ti ’

= max Eetwﬁ’“ [(Atxt + Byuy + Ctgt)T (Qt41 + Z¢41) (Apxy + Brug + Creg) + ugRtut

2 ~
+%ﬁﬂmm+&w+0mﬂ—;Kuﬂﬂﬂﬂ
(3.52)
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By Lemma 3.2, the maximum point Pm satisfies

dﬁm ~ exp {

B2

((Atxt + Byug + Cre) ! (Qpy1 + Svy1) (Agy + Byug + Cey) (3.53)

+ U?Rtut + 2512_1 (Atxt + Byug + Cté‘t)>} X dPt,i-
Since P ; is Gaussian, we get that ﬁt,i is still Gaussian,
; -1 T - -1
Pri~N <Et,i =70 (Qpy1 + Zet1) Ct) (Em [t i

1
+9CF (Qus1+ Eeg1) (Agy + Brug) + §t+1)) ; (E;il —CF Qi1 +Zi41) Ct) ) :
(3.54)

The KL-divergence between two Gaussian N(u1, %) and N(ug, o) in R% (Duchi, 2007)
is

1 X9 _ _
KL (VG 50182, ) = 5 (108 (2 = dot (1 = ) 557 (o = o) 4055150 )
(3.55)
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Plug (3.54) and (3.55) into (3.52), we have

H]%ax EEt P, [(At:ct + Bruy + C’tgt)T (Qia1 + Z¢a1) (Apxy + Brug + Creg) + u,i.rRtut
ti ’

D) 3
+ 268, ) (Agwe + Bpug + Cté‘t)} - ;KL(Pt,iHPm)
1
= (Agzt + Brug) T (Qpa1 + Eva1) (At + Brug) + 2 <(ZZ¢1 —7CF Qi1 + Et11) Ct)
T T g
(Z;ilﬂt,i +7CF (Qe41 + Ep1) (Agar + Brug) +7Cy §t+1>)
T —_ -1 T _ -1
Cy (Qt+1 + Ze41) (Arxe + Brug) + (Zm =70t (Qt+1 + Et41) Ct)
1 T T T
(E;i fii + 70 (Qua1 + Eig1) (Ave + Brug) +7Ch ft+1>>
T = -1 T - -1
Ci (Qi41+E¢41) Gt (Et,i —7C; (Qpy1 +Zi41) Ct)
(E;’Z‘lﬂt,i
T - T T
+ 'VCt (Qt—l—l + ~t+1) (AtIt + Btut) + ’}/Ct §t+1>) + up Rpuy

1 B _ 1
- = (((Zm-l — O (Qt41 + E11) Ct)

5
1 T T L
(E;Z. e +7CE (Qeg1 + Egy1) (Arx + Brut) +7Cy §t+1>> - Mt,i) Dy
1 T - -1
(Zm —7C (Qt+1 + Et41) Ct)
E_l ] CT = A B CT _ .
1 Mti +YCE (Qugr + Zg1) (Agwg + Brug) + 70 &1 oy
T 1 T - -1
+ 2§41 | Atz + Brug + Cy (Zt,i —7Ct (Qt+1 + Et41) Ct)
>y + 0l = A B cr
1 i +YCE (Qugr + Eg1) (g + Brug) + 70 &

1 B _ 1
— (10g|2t,i|_ log <Zt,i1 —vCF (Qp41 + Zpt1) Ct)

-1
+ ““{E;il (E;il —CY (Qu1 + Erg1) Ct) }) +CF (Qp41 + Z441) G <Z;Z-1

1
—CF Qi1 + Epi1) Ct)
(3.56)
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= (Azy + Brug) T (Qeg1 + Erp1) (Agzy + Byuy)
_ N 5 T
+2 <At,iivt + By jup + fig ;i + §t+1,z'> CF (Qt41 + Ze41) (Agy + Byuy)

) N 3 T y
+ <At,ﬂt + By jup + fig i + €t+1,i) CF (Qiy1 +Er1) G <At,m
) ) 5 1 /- 3 ) 5 T
+ By jus + iy ; + €t+1,i> +uf Ryuy — 5 <At,il“t + By jut + jig i+ &1, — Mt,z’) Zt,il <At,i37t
+ By jup + i + &1 — Mt,i)

+ 2§£r1 (Atxt + Byu + Cyjip j + Ct/it,ixt + Otémut) + Constant,

where the constant includes everything that doesn’t depend on ¢ and w¢, such as the trace

term in the KL distance between normal densities. (3.51) then becomes
n
Vi(wt) = min > i ((Atﬂft + Byug)" (Qeg1 + Epr1) (Agzy + Bruy)
1=1

N N N T N
+2 (At,ixt + By jug + fig i + 5t+1,z’) CF (Qts+1 + Epg1) (Agwy + Byug) + (At,iivt

5 T N

~ - T —_— > ~ ~
+ By jut + fig; + §t+1,i> Ci (Qi41 +Ep41) Gy (At,ixt + By jut + fig; + €t+1,i>
+ utTRtut

1/- B L T 3 o
5 (At,ixt‘i‘Bt,iUt +Mt,i+§t+1,z‘—ut,i) Eml <At7ixt+Bt,iut+/v‘t,i"‘gt—f—l,i_/im')
+2¢ef 4 (Atift + Byug + Cyfiip; + Ce Ay jay + CtBt,iUt>

1
(Z,Zil — 10 (Qu41 + Eps1) Ct)

1 _
— ; <log\2t,i1|— log —d3

~1 T - -1
+ tr{Zm <Et,2’ — ’th (Qt—H + :t—H) Ct) } + Zt41-
(3.57)
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The optimality condition on wu; gives

n
(Z T (BtT (Qe41+ Eeq1) Br + BLCH (Quy1 + Ei41) By
i=1

- I P
+ B} (Qe11+E141) CeByi+ BLCE (Qra1 +E141) CtBt,i—;BgizmlBt,i

n
+ Rt)) ut + (Z Tt (BtT (Qe41+Ee1) At + B (Qry1+EZ141) CrAy
i=1
+ BLCE Qi1 + Zp01) A+ BLCE Q1 + Z041) Crdy
n

- %Bt,izgilfit,i)> Ty + (21 T (BtT (Qt+1+ Z¢41) G (ﬁt,i + 5t+1,z')

i
+ Btj:iOtT (Qt+1 + Zt41) Gy (ﬁt,z’ + 5t+1,z’>

1

~ - _\T
B ;BﬁE;} <ﬁt,z’ + 841, — Nt,i) + <Bt + Cth) gtﬂ)) —0.

(3.58)

Thus we have
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n
up = — (Z Tt (BtT (Qt—i—l + Et—H) B + Btj:ng (Qt—i—l + Et—i—l) By
=1

+ B (Q41 + Z41) CiBy i + BLCL (Qpy1 + 1) CiByy — Bt 1574 B

—1 n
+ Rt)) (Z Tt (BtT (Qes1 +Ee1) At + B (Qra1 +Ep11) CrAy
i=1

1 .-
BIZ‘F Cl (Qe41 + Eps1) Ar + B} th (Qes1 + Zpg1) CrA; — ;Bmzt,ilAt,i)) Tt

Bt (Qt41 + Ep11) Bt + B th (Qt41+ Zt41) Be

(&

||M:

_ _ - 1~
+ B (Q41 + Z41) CiBy i + BLCL (Qpy1 + Z4a1) CiByy — Bt 50 B

1,
+ Rt)) (Z Tt (BtT (Qt+1 + Zi41) Cy (ﬂt,i + §t+1,i>

i—1
BL.cT 2 ) O (g + Erors) — BTy :
+ By iCt (Qtt1+ Ze41) Cr (i + &1 ) — - B tz fit; + &1 — fit

+ (Bt + CtBt,i> ! §t+1) )

= Upxy + Uy.
(3.59)

Plug (3.59) into (3.57) we have
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n
Vi=af (Z Tt i ((At + BiU)" (Qua1 + Zpan) (Ar + Bely)
i=1

_ N T
+ (At,z' + Bt,iUt) CF (Qr+1 + Epy1) (A + BiUy)
+ (A + BUp) T Qi1 +Z41) G <At,i + Bt,iUt>
N N T _ N
+ (At,z' + Bt,z‘Ut> CF (Qiy1 +Ep41) G <At,i + Bt,z’Ut>
1 /- 3 T N
- (Aei+ Brotn) 3t (A + Brati) + Uf RtUt>) zy

n
+2 (Z Tt i ((At + B (Qeg1 + Ep1) Bey
i=1

+ (A + BiU)T (Qpy1 + 1) C (Bt,iﬂt + fig i + §t+1,i>
_ 3 T
+ (At,z' + Bt,iUt> CF (Quy1 + Z11) Brg
_ B T 3 §
+ (At,i + Bt,iUt> CF Q41+ Zi41) G (Bt,zﬂt + fit; + §t+1,z‘> + UL Ry

1 /- 3 T /- .
5 (At,z' +Bt,iUt> Y (Bt,iut + g+ St —Ht,i>

T
§ 3 T
+ (At + CrAy; + (B + CtBt,i>Ut> €t+1)) Ty

n
DL (@?BtT (Qt41 + Zpg1) Brug + 2 (Bt,iﬂt + fig i + €t+1,i>T cf
i=1
(Qt41 + Z¢q1) Brug +
(Bt,iﬂt + fig i + §t+1,i>T CF (Qi41 +Eri1) G (Bt,iﬂt + fig i + gt+1,i> + @f Ry
- % (Bt,iﬂt i+ i — Mt,z’)T Z;il (Bt,iﬂt i+ 1 — Nt,i)
2680 (Coin i+ (Be + CobBr ) e

1 B _ 1
- = (Eml —7CF (Qey1 + Epy1) Ct)

5
-1
+tr {2;} (2;} —7CF Qi1+ Et11) (Jt) })

_d3

<10g|2t,i |—log

—1
+ OtT (Qt—i—l + Et—f—l) Ct (Et_,il - VC;F (Qt+1 + Et+1) Ct> ) + 2t
= :L’?Etl‘t + 2£tTJ:t + 2

84

(3.60)



This completes the proof.
m

And in many settings, we will need to consider unequally uncertainties among distributions,

which can be modeled as

: T T
Vi(wt) =min max E [%+1Qt+1$t+1 + up Ryug + WH(%H)]
t Pt~y i TPy

n_o 3
- Z — K L( P || Pra)
i1 Yi

(3.61)
s.t.xey1 = Apre + Birug + Crey
n ~
et~ Y m Py
1=1

Theorem 3.7. (3.61) has solution

Vilwy) = o] gy + 26 2y + 2 (3.62)
and

up = Upzy + 1y, (3.63)

where = € Rdl’dl, U € RdQ’dl,ﬁt € Rdl, u € Rd2, zt € R. Fort =T, all these matrices and
coefficients are 0.

The closed form of the solution fort <'T is

n
Up = — (Z T (BtT (Qe+1+ Ee41) Br + BLCT (Qpar + Ze41) By
i=1

_ o _ o
+ B/ (Qe1+Ei41) CeByi + B G (Qri1 + Epy1) CiByi —

1

71 n
+ Rt)) (Z Tt (ng (Qi11 + Zis1) At + B (Qus1 + Ee1) CiAy
i—1

~T 15
Bt,izt,i By

B B i _ i 1. -
+ BLCE Qi1 + Ep1) Av + BLCT Qi1 + B41) Cry; — ;&,i&f&,i)) ,
2

(3.64)

85



n
up = — (Z Tt (BtT (Qe41 +Z¢41) B+ B Gl (Qu1 +Z441) Br
i=1

3 3 3 1 - 3
T - T AT - T -1
+ B (Qt41 + E41) CeByi + By Cp Qg1 + Ze41) Ce By — ;Bt,iﬁt,i By
VA

-1,
+ Rt)> (Z Tt (BtT (Qt+1 +Zi41) Gy (ﬁt,z’ + 5t+1,i> (3.65)
=1
~ _ B ~ 1 -~ . B ~
+ BLCE Q1 +E141) Gt (Nt,i + §t+1,z‘) - ?BEZEJ (Mt,z' + &1, — Mt,z’)
1

+ (Bt + CtBt,i>T5t+1)> :

n
Er= m, ((At + BiUN)" Qi1 + 1) (A + Bily)
i=1

y N T
+ (At,i + Bt,iUt) CF (Qr+1 + Epy1) (A + BiUy)

— ~ ~ 3.66
+ (A + BiUp) T Qi1 + Z41) G <At,i + Bt,iUt> (3.66)

+ (At,i + Bt,iUt>T CF (Qt41 +Zt11) G <At,i + Bt,iUt>

- i <121t,i + Bt,iUt>T E;il (At,i + Bt,iUt> + UtTRtUt) v

7

n
&= T, ((At + BU)T (Quy1 + Erg1) Brg
=1

+ (At + BiUDT (Qiy1 + Epi1) Cr (Bt,zﬂt + fig ; + §t+1,z’>
§ 3 T
+ (At,i + Bt,iUt) Cl (Qiy1 + Et11) Bty
_ 3 T B 5
+ (At,i + Bt,iUt) CF (Qi1 +Zt41) Gy (Bt,iﬂt + fig i + §t+1,¢) + UL Ry

1 /- B T |/~ 5
- — (At,i "‘Bt,iUt) Xp (Bt,iut + fig i+ g1 —Mt,z‘>

(3.67)

2

§ N T
+ <At + Ct Ay i + (B + OtBt,i)Ut> §t+1) ,
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n
= muf B Zy1) Briig+2 ( Bratie+ies+&1s) CF Z¢41) Bra
t= > i\ U By (Qey1+Ze41) Brug+2 ( By +iig;+&414) Cp (Qey1+Zi41) Beig+
i=1
o B T o _ o 3 o
(Bt,iut + [t + ft—&-Li) Ci (Q41 +Z¢41) Ct (Bmut + fig; + ft—&—Li) + uy Ryty
1 /- s T s s
o (Bt,iut + s+ &1 — Mt,z’) Em-l (Bt,iut + i+ &1 — Mt,i)
1
+ 252‘11 <Ctﬂt,z' + (Bt + CtBt,i> ﬂt)

. B _ 1
- (Eml —%CF Qi1+ Zp41) Ct)

(10g|2t,z’|_ log —d3

]

-1
+ir {EZ} (E;il — %CF Qi1 + Zp41) Ct) })

-1
+Cf (Qer1 +E41) G <ZZ¢1 — %G (Qer1 +E41) Ct) ) + 241,

(3.68)
where .

At = (2;-1 — %08 (Qp41 + Z41) Ct> Cl Qi1 +Eis1) Ay, (3.69)
By ;= (27 —~0f =.0¢) of =41) B 3.70
ti =% (5 — 70 (Qir1 +E1) G i (Qt+1 + Z¢41) By, (3.70)

- -1 T - 11
fit,i = (Et,i —7Ct (Qt41 +:t+1)0t) Xy Mt (3.71)

;o (sl _ AT = o
41, =% (S —%Ct (Que1 +E41) Cr)  Cf &t (3.72)

3.5 With Uncertainty on Component Probability

The more general setting of RLQMG is with the uncertainty on m;. But this problem is much
more difficult than the case without uncertainty. To see this is a nonlinear programming

problem, we can come back to (3.27). For the last stage t =T — 1,

n

. . LT T

Vr—i(zr—1) = min max mp?;(;ﬂ,z (EsT_lem [l’TQT!L‘T - UT—lRT—luT—l] -
1 ~ 1 -

- ;KL(PTLZ‘HPTLZ')) - ;KL(WTAHWTA)-
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By Lemma 3.2 and (3.40), fixing up_1 and 7p_q first, we have the inner maximum

T T
max EET—I ~P,; [ITQT.I‘T +up_Rp_qup_q
P ’ (3.74)

1 ~ T =2 o N
- ;KL(PT—l,iHPT—l,z') = wp_1Er-1ur—1 + 287 _q jur—1 + Fr-1,

where we use éT—l,i e Rd2.d2, {AT_M e R, zr—1,; € R from Theorem 3.6 for fixed 7, these
matrices and coefficients are constant functions of up_q.

Then by Lemma 3.2, the maximum point 7 in the outer maximum problem satisfies
P14 : T Er 1, 26k, TORE 3.75
Tp1; ~ Tr—1; X exp Y (Wp_1Er—1ur—1 + 280y jur—1 + Zr—1i) ¢, (3.75)

which means

Tp_1,; X €Xp {7 (U%_lngl,iqul + 25%_172-1@4 + éTfl,i>} (376)

ﬁ _ g —
r 172 n NG T = . + 2AT + 2 .
> i1 TT—1,i X eXp (¥ (Wp_ 1 Er—1ur—1 + 27 g ur—1+ Er-1

Plug (3.76) back into (3.73) we have

Vr_1(zp_1)

= min E

YT D Tim TP—1,4 X exp {7 (U%,lET—1,iUT—1 + 25%,17iuT—1 + 5’T—1,i>}

T 2 T 5
1, X €Xp {’Y (UT_luT—uuT—l + 287 jur—1 + ZT—l,i)}

T =2 o7 X
up_Er—qiur—1 + 28 jur—1 + Zr_1

T = o7 .
TP_1,i X €xp {7 (UT,1~T71 ur—1+ 28 jur—1 + 211 z)}

1
— — | log

n

v > i1 TT—1,i X €xp {’Y (UT 1~T 1,iUr—1+ 2$T 1,Ur-1 7+ 71,

)}
o 2)

77)

Thus, we can see even for one stage, it is a nonlinear optimization problem since up
appears at the top and the bottom of the fraction. Therefore (a) we no longer have the

closed-form solution for the risk-averse problem, and thus (b) since the function is certainly
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not quadratic, we cannot easily write the T — 2 step algebra. While we do not carry the
complete calculation here, the main difficulty is that, since we cannot solve the problem
recursively in closed form, the resulting expression of V'(-) has a combinatorial dependence
on 7 ; on z¢ which is intractable when numbers of stage increase. Instead, we come back to

(3.33) and consider an relaxation,

T-1
min _ max Z <%+1Qt+1$t+1 + uy Rtut>
ut(50781a"'75t—1)ﬁt,Pt’i(EO,E]_,...7 ) t=0
1 1 . (3.78)
YO mKL(P || P) — = KL(WtHWt)]
/Y t=0 i=1 v t=0
s.t.xpr1 = Ay + Brug + Ciey,
where the density of the joint distribution of noises (gq,£1,...,e7_1) is

Z H 7Tt thPtZt 507€1a"'7€t—1)' (379)

207117 ZT 1 t -
That is, we consider 7¢(g,€1,...,&¢) to be a constant instead of a function. We will call this
semi-independence relaxation, as it essentially says the previous state doesn’t influence the

distribution of 7y, or mathematically

P(Iy = i|(gg, €1, - - - €0—-1)) = P(Iy = 1), (3.80)

where I} is the selected component of ¢-th stage. As our original distribution has an indepen-
dence assumption among m¢ and Py ;, this relaxation just imposes the original assumption to
the 74 in risk-averse distribution. As independence is usually solid in models like Brownian
motion, the consideration of correlated risk-averse distribution is instead redundant and

unnecessary. This relaxation can also be understood from a corner case where Gaussians
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shrinkage to points, then (3.78) is approximately

T-1 -1
. 1 =~
min max[E Z <xtT+1Qt+1SUt+1 + UtTRtUt> - Z K L(f||m)
Ut(€07€15---;€t—1) Tt t=0 ’y t=0 (381)

s.t.xey1 = Ay + Brug + Ciey.

Compared to Theorem 3.3, we see that (3.81) is still doing distributionally robust control but

with an independent structure. If we removed the independent relaxation, then it becomes

-1 T-1
) 1
min maxE Z ($%F+1Qt+lxt+1 + UgRtUt> — —KL(x|| H L)
ut(507€1a"'76t—1) T t=0 fy t=0 (382)

s.t.xey1 = Ay + Brug + Ciey,

where 7 will have n? parameters and becomes intractable. What our relaxation does is to
move from questioning the structure of the ground truth distribution to questioning
the accuracy of parameter estimations.

We are going to show in this section that

Theorem 3.8. dvq,Vy < 70,

T—

[y

( min e max E <xt+1Qt+1xt+1 + uy Rtut>
Ut \E0sEL,--Et—1) T 71—') il€0,E15--+5E —
74, Py i (€056150,64—1) —0 (3.83a)
1 T-1 n 1 T-1
— = Y FGKL(Pl|P) — = > KL(7|m)
T =0 i=1 7120
T— 1
= max ( min ) E xt+1Qt+1xt+1 + uy Rtut>
Tt Ut(EQs€15---»Et—1 P €1,
N [= (3.83b)
1 T-1 n 1 T-1
> > mKL(Pil|Prg) — = > KL(#||mt)
55 7=

The proof of Theorem 3.8 will require a few auxiliary theorems, and we will leave it at

the end of this section. We provide a sketch of the proof here first,
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Proof Sketch. We start from the maximin on the right hand side, (3.83b)

max ( min ) B max Z <$t+1Qt+lwt+l + Uy Rtut>
Tt UL(E0,E15--5Et—1) Py ;(€0,E1 s —
i (€05E1 5161 —1) t=0 (3.84)
1 T-1 n 1 -
— =Y ) FGKL(P || Py) — = Z L(7¢||me)
i t=0 1=1 7 t=

The proof will proceed as follows

e As we showed in Theorem 3.6, at fixed 74, the optimal control policy u; will be a linear
function of z4. As z¢ is linear in (g, €1,...,6¢_1), it results that u; itself is a linear
function of (gq,€1,...,£4-1). We can thus parameterize u; as a linear function; which

we prove in Theorem 3.9.

e We will prove in Lemma 3.10 and Lemma 3.11 that this function is continuous on
v, which, for v small enough gives us a bound on the resulting parameters defining u.
We will then show, also in Lemma 3.11, that this bound is also independent of 7.
Subsequently, using the bounds as constraints on the inner minimization problem will

not affect either the optimal solution of the inner and outer problems.

e Subsequently, in Theorem 3.12, we show that the inner problem in (3.84) is equivalent
to one stated over a bounded domain. Note that the bounds will not themselves be
attained, this serves to emphasize that the solution of the inner problem will always be

in a compact set for the assumptions stated.

e Subsequently, in Theorem 3.13 we show that the outer function in (3.84) (which we
will then maximize with respect to 7) is in effect concave over the compact set defined
at the previous point by computing and bounding the corresponding Hessian. The
bound on the parameters defining u; makes the Hessian of the first two terms in (3.84)
also bounded. But the Hessian of the last term is ——dzag{ oo 7T0 R ﬁ}, which
is smaller than —%I. Thus, when v — 0, we must have a negative-definite Hessian.
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e Finally, we have convexity on u; and concavity on 7¢. Applying Sion’s minimax theorem
(Sion, 1958), as the constraint from the bound doesn’t change optimality, we complete

the proof of Theorem 3.8.
0
Note that the inner minimax problem of (3.83b) and (3.84) is the solution to the problem

with prescribed cluster weights, 4 = 74, which we solved in (3.39) with u; as a function of

(€0,€1,---,¢¢—1). Applying the results from (3.39), we get the following.

Theorem 3.9. The optimal control of

T-1
( min 5 max E (mt+1Qt+1xt+1 + uy Rtut>
Ut (EQ,EL,--Et— P’L JE1 9yt — —
t\€0,¢1 t—1 t, (80 €1 £t 1) t=0 (385)
T 1 n
- - Z > i KL(Pl Pry)
t 0 =1
1s a linear decision rule
t—1
up(20,€1,- -, e-1) = Hywo + > Hyrer + hy, (3.86)
=0
where
= Uy H s + BsUs) (3.87)
t
Hiy = [] (As+ BsUs)Cr (3.88)
s=7+1
and
t—1 t—1
=U; > [ (As+ BsUs) Byt + . (3.89)
w=0s=w+1

Ut and uy are defined in Theorem 3.6 with replacing 7y by 7. The definition of the product

on matrices multiplication s

li[ e (Aj + BjU;) (Aj_1 + B;1U; 1) - (A + BUy) 5>
s =i I j=i—1.
(3.90)
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Proof. The optimal control of (3.39) is a linear decision rule which depends on x4,

ut(xt) = Uzt + Uy. (3.91)

Ty = Ay + Brug + Cieg, (3.92)

we have

rp1 = Ay + By (Upay + ug) + Ciey
= (A + BiUp)zt + Biug + Cieg

t t t t t
=[] (As+BU)zo+ > [ (As+BsUs) Butiw+ > [ (As+BsUs) Cuwtw
5=0 w=0 s=w+1 w=0 s=w+1
(3.93)
Plug (3.93) into (3.91), we have
t—1 t—1
UtH s+ BsU) o+ U Y [ (As + BsUs) Butiw
w=0 s=w+1
t 1 t-1
+U: Y ] (As + BsUs) Cuew + 1t (3.94)
w=0 s=w+1
t—1
= Hyxg + Z Ht,TET + ht.
7=0
]

We now show that the parameters defining the solution in Theorem 3.6 are uniformly

bounded with the values of the cluster weights, for all 4 small enough.

Lemma 3.10. dy¢ > 0, L, S > 0, such that, Vv < g, for all values of my, 71, ..., 7p_1 with
0<m;<1and) ;' m;=1, we have

U< L, vt (3.95)

d
" IE]< S, vt. (3.96)

Here, Uy and =; are the quantities defined in Theorem 3.6.
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Proof. We are going to prove this recursively and show that 9L; > 0,5 > 0,t =0,1,...,T — 1,

under the same condition of the lemma,

IU|I< Ly, Ve, (3.97)
||Et||§ St, Vt, (3.98)

where = is defined in (3.44). Without loss of generality, we define Zp = 0 and Sp = 0 as
Vir(zp) = 0. Then by (3.42),
n ~
Up = — (Z Tt (BtT (Qe1+Zt41) B+ BLCH (Qei1 +Z441) By
=1
— ~ ~ — ~ 715
+ B (Q41 + Zp41) CiBy i + BLiCL (Qpy1 + 1) CiByy — ;BtT,Z-Et,}Bt,i

_1 n
+ Rt)) (Z Tt (BtT (Qt11 +Ze41) At + B (Qr41 + Eei1) CiAy,
=1

B _ B _ _ 1. .
+ Btj:iCtT (Qe41 +Zp41) At + B,fiCtT (Qt41+ Zpq1) CrAy; — ;&,z‘%f&,i)) :

(3.99)
where At,z’ and Bt,i are defined in (3.47) and (3.48),
i 1 T - -7 -
Api =" <Et,i —7C¢ (Qt1 + Epy1) Ct) Ci (Qt1+Ze41) At (3.100)
- -1 T - -7 -
Byi=v <Et,i —C; (Qt+1+ 1) Ct) Ci (Qt+1+ Ei41) Br (3.101)
(3.100) gives an upper bound for HAt,iHa
i ~1 T = - T =
1Acall< 7 || (0 = CT @ +E00) | [eF @i+ 20 4| (3:102)

For any stage t, if we have a ’yéJrl and Siyq such that Vy < ”yéJrl, IZ¢+1]|< Sir1, then

Vy < 76+1, dmy, s.t.

HCtT (Qt+1 + Zg41) AtH < my. (3.103)
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Also, as

= 1 ~1_1
H — 1G] Qe + 5t+1)> = Hzfz (I — G Qi1+ EH—I)) e

1 T _ -1 1
< HE2 (I —7C; (@1 + :t+1)> ' 5
T _ -1
= [|Z¢4]| HI —7Cy (Qt+1 + :t+1)H :

(3.104)
and ||Z;41/|< Si41, we can choose a 47 < 'y(t)+1, which we can find an lower bound ng,
vy <A,

HI — 1G] Qi1 + Et+1)H > HIH - HC;‘F (Qe41+ Et+1)H (3.105)
> .

Then by (3.102), Vy < 4¢, we have

A ;|1 < ymene = yay, (3.106)

where a; = myn; is a constant not depending on 7. Similarly, we can find ﬁt < 76+1 and by,
Vy < %’ , we have )
1B ill< ~be, (3.107)

where by is a constant not depending on 7. Now we come back to (3.99),

U]

n
(Z Tt i (BtT (Qt+1+Z141) Be+ BLCH (Qp1 +Z141) Bi+ Bl (Qp1 +E441) CiBy
i—1
-1

n
> <BtT (Qt+1+Er+1) At

i=1
BI Zp1) Ci Ay + BL.CT =pq) A+ BLCT Zi1) CrAy
+ By (Qt+1 + Et41) CtAr; + By jCp Qi1 + Epg1) At + By ;Cp (Qp1 + Zey1) CrAg

1~
- _Bt ZZ At z)

(3.108)

~ _ B 1. .
+ B, Qi +:t+1)CtBt,i_;ngizt,ilBt,i—l—Rt))
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If we choose v < min{4¢, %’}, for the second term, as 0 < m;; < 1,51 m; = 1, we have

BY (Qt1 + Z41) At + B (Qes1 + Erg1) CrAy + BLC (Qry1 + i) A

n
> m (BtT (Qer1 +Z41) A + Bl (Qrs1 +Zer1) Crdy
i=1

y _ N _ y 1- .-
+ BgiCtT (Qty1+Zpq1) At + BZZ-OtT (Qt41 + Zpy1) CrAy; — ;Bt,izt,ilAt,i)

< max
2

. _ _ 1~ .-
+ BLCE Q1 + Ep1) CrAy; — ;Bt,izt,ilAt,i
(3.109)

For any ¢, by triangle inequality,

H (BtT (Qt41 + 1) At + B (Qug1 + 1) Cedy + Bﬂ-CfT (Qt41+ Zi41) At
N _ _ 1. .-

+ Bgicf (Qt11 +Zpy1) CrAy; — ;Bt,izt’ilAt,i) ”
< HB%F (Qt41 + Z¢r1) AtH + HBtT (Qt+1 + 1) CrAy;

+ HB;‘FZ(%T (Qt4+1 + Et41) AtH + HBtTZCtT (Qe+1 + 1) CrAy;

11~ _ 1~
" v HBtvizt,ilAt,i
(3.110)

Plug in (3.106) and (3.107), we have

(3.110) < HBtT (Qt41 + Z¢x1) AtH + yat HBtT (Qt41 + Zpt1) CtH

+ bt HCtT (Qt41 +Et41) AtH + 7% asby HCtT (Qt41 +Z¢41) CtH + vaby HZ;,ZJ
(3.111)

As ||Z¢41||< Str1, and the RHS of (3.111) depends continuously on +, we can find a ¢; > 0,

such that Vy < min{4¢, %’}7
(3.111) < ¢, (3.112)
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where ¢; is a constant not depending on 7. For the first term,

ZWt i | BY Qi1+ Z441) Bi+ BLCE Qi1 + Ee41) B+ B (Qea1 + Ze1) Ce By,

-1
~ _ ~ 1 -~ -
+ BLOE Q41 + Ei41) CiByy — ;Bgigml By + Rt))

(3.113)
will be bounded by the inverse of the minimum eigenvalue of

n
> m (BtT (Qr+1+ Ze41) Br + BLCE (Qry1 + Z441) B + BE (Que1 + Z41) Ci By,
i1

; _ A T
+ BLCT Q1 +5441) CiBy; — ;BtT’izmlBt’i + Rt) .
(3.114)

Consider the i — th term of (3.114), as

Btj:ictT (Qi41 + Zi41) Be + B (Qig1 + Zi41) CiBy

’ . (3.115)
=BGl (Qe1 +Z041) Bi+ (BEZ-CtT (Qt+1 + Ze41) Bt) :

and

~ -1
B (Qeat + Ze41) B = <v (Zit =2 @ +200C) Qe

T
+Et+1)3t) Cf (Qr41+ Ee41) By (3.116)
=Bl (Qu+1+Z111)" G (Et_ll

1
—CF Qi1 + Epi1) Ct) Cl(Qiy1+Ze41) Br,

we can choose 4§ < min{4¢, %’ } such that for all 7,

St =90 (Qug1 +E4a1) Cr > 0. (3.117)

Then we have
(3.115) > 0. (3.118)
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it (BtT (Qi41 + Zp41) Br + BEiCtT (Qt41 + Zt+1) Be
+ B (Q41 + Z41) CiBy i + BLCL (Qpy1 + Z41) CiByy — _Bt o lBt i (3.119)

— 1 D - ®
+ Rt) T > Wt,ixT (BtT (Qt+1+Z¢y1) B — ;Bg:ixt,ilBtvi) x

As Q41 > 0 and Bt,i < vby, we can choose %d < 4f, such that for all y < %j and all 7,

1 . —
HVBt iS5 Bril| < §ml}DIT (Qiy1 +Eps1) 2. (3.120)
Then we have
1
(3.119) > 7 iz minz Qa1+ Ep) 2
1 (3.121)
> 5Amin Qt+1)
> 0.

As 0 <m; <1,% 0 m,; =1, we have

Z Tt i ( (Qr41+ Ze41) Br + BLCE (Qra1 + Zi41) B + B (Qus1 + E41) Ci By,
i =1

: - A
+ BZZO? (Qt—i—l + :t+1) OtBt,i — Bt ZZ Bt i + Rt)
> mina? | B (Qp11 +Zt41) By + BLCT (Quy1 + 1) Bi + BE (Qpy1 + 1) CiBy
2 )

; _ - 1 -
+ BtT,iOtT (Qt+1+ Ei41) Ce By — Bt il 'By i+ Rt) T

1
> §>\min(Qt+1)'
(3.122)
Thus, )
3113) <2————. 3.123
( ) Amin(@t—i—l) ( )
Combine this with (3.112), we have Vv < ’yg,
1
U] € 2——+——¢, 3.124
H H )‘min(Qt—H) ( )
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where ¢; is a constant not depending on m. Thus we pick
1

Li=2—q. 3.125
)\min(QtJrl) ( )

Now we come to find S for =;. The triangle inequality gives

n
> i ((At + BiU)" (Quy1 + Zpa) (Ar + BeUy)
i=1

-
=, || =
—1

N N T . _
+ (At,i + Bt,z'Ut> Ci (Qi41 + Zi41) (At + BUt)
+ (A + BT (Qu1 +Eig1) C <At i+ By zUt>

+ <At,i + Bt,iUt> T Qi1 +Ers1) Ci (At i + By Up

1. N
- = <At,i + Bt,iUt> (At i+ By zUt + UL RyUy H
7 (3.126)
< Z?Tt i (H (A¢ + BiU) T (Qpa + Eprr) (Ar + BtUt)H
=1
_ N T . _
+ (At,i + Bt,iUt) Cy (Qpy1 + Zpr1) (Ae + BUy)
+ H(At + BU)T (Qr1 +Eiy1) C (At,i + By ;U t)
N N T N N
+ H (At,i + Bt,iUt> CF (Qi41 +Eri1) G (At,i + By t)
1/ B
+ H— (Am- n Bt,iUt> (Am n B“Ut> ' v HUt RtUtH)
v
AsO<m,; <130 m,; =1, we have
=) < max]||(A¢ + BeUt) Qo1 +Z) (Ar + Bilh)|
N N T . _
+ (At,z' + By iUt) Cf (Qig1 + Epg1) (Ar + BiUy)
+ || (A¢ + BiU)T (Qps1 + Ze1) G (z‘im + Bt,iUt> H (3.127)

’+ |vF R

+ ( i + By zUt> CH Qi1 +E441) G (At,i + Bt,iUt>
1
Y

(At i+ By zUt) Z;il (At,i + Bt,z‘Ut)
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As Hflm are in O(7), when v — 0, RHS of (3.127) will converge to a constant.

and Hét’i

Note that RHS is a continuous function of v in (0, 00). Thus, we can pick 76 = %i and

Sp = max max||(4 + BUDT (Quir +Zpe1) (Ar + By
O<y<vh

By ~ T
+ <At7i + Bm'Ut) CF (Qe+1 + Erg1) (Ar + BiUy)

e + BT (Qpay +Z001) € (Am + Bt,iUt) H (3.128)

‘+ HUtTRtUtH.

+ <At,i + B’t,z’Ut)T CF (Qe41 +Ers1) G (At,i + Bt,iUt)

+ ;5(Aui+réuﬂ%>T§%il<Aui+-éuﬂﬁ>

So far, we have gotten Ly and St for the stage t. By induction, we can complete the proof for
(3.97) and (3.98) for all t. By choosing vy = 78, L = maxy Ly, S = max; S¢, we complete the

proof. O]

We now prove that the parameters defining the optimal policy in Theorem 3.9 are uniformly

bounded with respect to the cluster weights for all v small enough.

Lemma 3.11. Jyg > 0, M1, Mo, M3 > 0, such that, Vv < 7, for all values of mg, 71, ..., 7_1

with 0 < mpy <1 and Y1 7 =1, we have

| Hyr||< My, Ve, T, (3.129)
| Hy|| < My, i, (3.130)
[he]| < Mg, Vt. (3.131)

Here, the quantities Hy r, Hy, and hy parameterize the linear policy defined in Theorem 5.9.

Proof. With g from Lemma 3.10, we have

t
[Hes|| = | TI (As+ BsUs)Cr
s=7+1 (3.132)
t
<max{||Ctll, T] UAsll+IBslIUsI) [C1}-
s=7+1
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By (3.95),
t

[Her|| <max{|[Cell, T[] (IAsI+IIBslIL) 1C-I}- (3.133)
s=71+1
Choosing
t
My = max max{[|Cyl, IT (WASI+IBsIL) [CHI1Y (3.134)
’ s=7+1

gives (3.129). The argument is similar for H;. And for h¢, note

n
Ut = — (Z Tt (BtT (Qt41+ Zt41) B + BgZC;‘F (Qt+1+ Et+1) By
1=1

_ S _ e
+ B (Qp41 + Zp41) CiBy; + BLC (Qpy1 + 1) CiBy s — ;BZZ-EJBM

-1, 5
+ Rt)) (Z Tt <BtT (Qt41+ Et41) Ct (ﬂt,i + ft+1,z’> (3.135)
i—1
~ _ 5 ~ 1 -~ . B ~
+ BEiCtT (Qt+1 + Z¢41) G (Mt,z‘ + 5t+1,z‘> - ;B%Z-Etj (Mt,z‘ + &1 — um)

+ (Bt + CtBt,i)T§t+1>> :

where .
fit,; = (E;il ~7C (Quy1 + Eep1) Ct> S Bt (3.136)

N -1
$i14 =7 (21;-1 —7CL (Qps1 + Et11) Ot) Cl &, (3.137)

n
&= m, ((At + BiU)" (Qr1 + Eeq1) Briy
i—1

+ (A¢ + BiU)T (Qpy1 + Z41) Cy <Bt,i7~7t + fig i + §t+1,i)
_ B T
+ (At,i + BmUt) CF (Qiy1 + Zi41) Brig
_ N T N B
+ (At,i + Bt,iUt> CF (Qrs1 + Zi41) G (Bt,z'ﬂt + fig; + €t+1,i) + UL Ry

1 /- 3 T . .
- <At,i + Bt,iUt> DNy <Bt,z’ut + g+ &1, — Mt,z‘)

(3.138)

N 3 T
+ <At + CiAg; + (Be + CtBt,z‘)Ut> §t+1) :
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The inverse part in (3.135) has been discussed in (3.113). The norm of the second part can

be bounded simply by triangle inequality, providing that
1257 =2 (Q1 + Ze1) Gl (3.139)

is bounded, which has also been discussed in (3.104). O

We now show that the minimax problem we described in Theorem 3.9 can equivalently

be solved on a compact set.

Theorem 3.12. 3y, My, Mo, M3, N, such that, ¥y < 7, (3.85) is equivalent to

T-1
: T T
min _max ) E Z <xt+1Qt+1xt+1 + Uy Rtut>
(He,Hyrhi) €M Ky €K, Py =N (fug 1,5 ;) =0
1 T-1 n
==Y wKL(P | Py)
v t=0 =1
t—1
staug(eg, €1, ..., 60-1) = Hyzg + Z Hy rer + hy, Vi,
7=0
1
€0

-1
i = (S} =0T Qe + 2040 C) St K | o |

£t-1
3 ~1
Xt = (E;il —1CF Qi1 + Ei) Ct) Yt
(3.140)
where
H = {(Hy, Hy v, he) ||| Hy o | < My, || Hel|[< Mo, [|he|| < M3} (3.141)
K= {EplllKell< N (3.142)
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My, My, M3, N are quantities that don’t depend on the value of 7.

Proof. We can choose 7 to be 7g in Lemma 3.11. Then, by Theorem 3.9 and Lemma 3.11,

we have (3.85) equal to

T-1
min } max Z (xtTJrth_,_le_l + u;[Rtut>
(HtaHt,T7ht)€H Pt,i(50761a"'a€T—l) t=0

1 -1 n

=Y wKL(P | Pry) (3.143)

’Y t=0 =1
t—1

s.tug(eg, €1, .- 60—1) = Hexg + Z Hy rer + hy, Vt.
7=0
By (3.54), the maximum point Pt,i(eo, £1,...,6¢_1) is a Gaussian with mean

1 T - 1/ T -
(Zt,i — 70y (Qpy1 + Zpq1) Ct> (Et,i i + 70t (Qig1 + Zgg1) (A + Brug) + §t+1)>
(3.144)

and covariance

—1 T _ -1
(Et,i =G (@41 + Epy1) Ct) ; (3.145)

where & is defined in (3.45). Expand z; with dynamics and plug (3.86) into (3.144), we can
see the mean is a linear function of €g,€1,...,6;-1, which gives K ;. As Hy, Hy 7, hy are

bounded, K ; are naturally bounded by a function of My, Mo, Ms. O]

After all the bounds we obtained before, we are now ready to prove the concavity result,
which will allow us to invoke duality results and thus reverse the order of the min max.
Theorem 3.13. With vo, H, K defined in Theorem 3.12, 3v1 < g, such that, Yy < vy1 and

(Ht, Hy vy hy) € H, we have that

T—

—_

max E (%+1Qt+1xt+l +up Rtut)
Kt,i EK:,Pt’Z:N(,U/t iuzt Z) t=0 (3 146)
T 1 n
- Z S F K L(Pyg|[Pri) — — Z K L(ft|lm)
t 0 =1
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is concave in Ty ;.

Proof. By plugging dynamics and (3.86) into (3.146), (3.146) can be written as

T-1 T-17-1
max v Mozo+ Y g AE e + > Y Eled]” Aoy Eer]
Ky €, Py i=N (ji,:,2%¢:) t—0 t =071 =t (3.147)
T-1 L T-1 n ) L 11 '
+> E [5?/\3,7584 -E |- 1K L(Pyill Pri) — = > KL(F|m) |
t=0 720 i=1 720

where Ag, A1y, Aoy 7, A3y are matrices as a function of (Hy, Hy -, ht) and not depending on
Tt i K g it,i‘ As we will not use their values, we do not give them here. Note that IC is a
compact set, by Danskin’s theorem (Danskin, 1966), at any given point (Hy, Hy r,ht) € H,

the derivative of (3.147) w.r.t. 7 ; is

T—1 T-1T-1 T-1
> afAMgVaE[]+ )Y Vn (E ) Aoy +E [af]) + ) ViR [gtTA:s,tgt}
=0 t=0T=t t=0 (3.148)
—VaE | =YY mK LBl Pa) | == Y (log#y;+1 —logm,),
iz i 7 =0 i=1

where ﬁt,i in (3.148) is taken to be the maximum point. With (3.148), we can compute

Hessian and it is

T-1 T-1T-1 T-1
> A VIR + > > VE (Eled” AoyrEler]) + Y VEE |of Aggei]
t =0 t=0T1 =t t =0 (3149)
1T71 n 1T71 n 1
—VIE | = > > w KL(P|Pry) | — = Zﬁ—
720 i=1 V=0 i=1 T
Note that E [e¢] is the expectation under the density
T-1
> I #idPri(co.e1, - em1) (3.150)
10,481,507 —1 t =0

and can be quite complicated; we don’t expand it there. However, as 0 < 7y ; < 1 and Ky ; are

bounded, the Hessian of the first three terms should be bounded when vy < . For the fourth
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term, as pt,i is Gaussian, and KL-divergence between two Gaussian N (uq, X1), NV (ug, X9) is

given by
KL(N(i1. SN (. 5)) = © (1 M—d — ) s (g — v ly
(N(p1,21)|N(p2, 2))—2 %8 |5,] 3+ (1 —p2)” By~ (1 — po) +tr{S5 X1} ).
(3.151)
Thus,
- 1 Y, .
KL (Pt,i”Pt,i>:§ log R —d3 (3.152)

]
‘(Eml — CT (Q141 + E41) Ct)

€0
+ | (st —~cf 500G S s K — i | o
ti — 0t Qi1 +E41) C pi i B | e [t i 1

€t—1

€0
—1 T . -1 1
(Zt,i —7C; (Qr41 + Zi41) Ct) Zt,i pii + K | oer | = e

€t—1

—1 (y—1 T - -1
+r{ (215,@' — G (Qt+1+:t+1)0t> }
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Essentially, we see the Hessian of the fourth term
T 1 n

ZZWMKL Pyl Prq) (3.153)

tOZl

is also bounded. While % > 1, the last term adds at least —% to the diagonal of the Hessian.
When v — 0, as the diagonal goes to negative infinity, the Hessian goes to negative definite,

and we have (3.146) is concave in 7y ;. O
Now we can prove Theorem 3.8,

Proof for Theorem 3.8. With g to be 1 in Theorem 3.13 and H, KC from Theorem 3.12,

max min max Z (act +1Qt+1xt+1 + uy Rtut>
Tt ut(£0,61564-1) Py j(£0,61,.6¢-1) =0
1 — w— 1 —
;ZZ L(Py || Py,q) —;Z L(t||mt)
=0 =1 =0 (3.154)
T-1
= max min _max K Z (a:tT+1Qt+1xt+1 —|—utTRtut>
T (He,Herht)eH Ky ;€l0,P =N (.5 | =0
T 1 n
- = Z D F K L(Pyl|Pry) — — Z K L(#|m)
t 0 =1

As the objective is convex in (H¢, Hy -, ht), and by Theorem 3.13, concave in 7 ;, by Sion’s

minimax theorem, we have

T-1
H}?E:X (Ht,Hgil,rflLt) CHK,, EIC,Pi?i)Jif(ﬂt,i,it,i) - t=0 (xt+1Qt+1xt+1 o RtUt>
L T-1 i , T-1
5 2 izzlﬂt,iKL(Pt,z'HPt,i) —3 g KL(7||m)
o ) (3.155)

= (Ht’HT:’I}Lt)eH rr;gx Km.g@ﬁi?jj}\(f(ﬂt’i?ﬁt’i) E ; <$t+1Qt+1$t+l + uy Rtut>

1 T-1 n ~ 1 T-1
== D> > K L(Pl|Pri) — = Y K L(7e|m)

720 i=1 75



As changing maximin to minimax doesn’t influence the innermost problem, we have

T-1
min max max K Z <$,‘tr+1Qt+1$t+1 + UtTRtUt>
(Hy,Hyzhe) €M Tt Ky €K,P =N (i 3,5¢.4) =
113 & =
oy ZWHKL PtzHPtz —;ZKL 7t ||le)
- = (3.156)
, o1 .
" (i pti(ﬁof?i?(.75t,1)E g (xtHQtthH +uy Rt“t)
1 T-1 n
Ty tX% z;ﬁtzKL(PmHPm - = Z K L(7||m¢)
i

(Ht, Hy r,ht) € H is a constraint put on uz, which will make the objective non-decreasing,

T-1
min max _ max E <SC? 1Qt4+1T¢41 + U?Rtut>
(HtaHt,T7ht) €EH ™ Pti(507517---75t—1) tz% *
1 T=1 = T 1
;ZZ L(Py 4| P0) ——ZKL wt||me)
=0 =1 T =0 (3.157)
> min max  max E Z (xglrlQHlxtJrl + utTRtut)
Ut(EO,EIl,...,Et_l) Tt Pt7i(50,€1,...,6t_1) 0
1T—1 n T 1
— =Y w K LBl Prg) ——ZKL it me)
i t=0 i=1 " t=0
Note the LHS of (3.157) equal
T-1
max min _ max E (It 1Qt41T141 + Uy Rtut>
7t (H¢,Hyrhe) €H Pt,i(507517~-~75t—1) =0 N (3 158)
1 T-1 n 1 T-1 '
- me PyillPri) — = > KL(7¢|lm) |
’Y =0 i1 R
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and apply max-min inequality to the RHS of (3.157), the RHS is greater or equal to

T-1
max ( min 5 max E <$t Q1T + g Rtut)
Tt Ut(€0,€15--5Et—1) P s 3E1yeeey —
i (€01 5161 —1) t=0 (3.159)
1 — <« 1=
_227} Pt’L”PtZ ——ZKL 7Tt”7Tt 5
v t=0 i v t=0
which is, by (3.154),
T-1
max min max E (xt+1Qt+1$t+1 + uy Rtut>
Tt (thHt,'raht) €EH P i(€05ETL e sEt— _
t,i (E05E15+5E8—1) t=0 (3.160)
T 1 n
- = Z > FK LBl Prg) — — Z K L(#|m)
t 0 =1

We see (3.158) and (3.160) are same. Thus, all inequalities here are equalities. We complete

the proof. O

Note that the model discussed in this section limits v to be the same for any of the
mixture components. However, this assumption can be relaxed and can be replaced by ;
for each of the Gaussian components and one parameter, v for the vector of cluster weights.
In particular, this will allow us to have different risk aversion for different portions of the
uncertainty space. For example, we may choose to be more risk-averse to outlying components
of the distribution. The theorems in this section still apply as long as max{~vy1,v2,--.,Vn, 7}
is sufficiently small. We now discuss our algorithm allowing for different v and describe its

pseudocode in Algorithm 1 and Algorithm 2.

Algorithm The objective of the algorithm is to compute a control policy that solves (3.5);
that is the linear quadratic risk-averse control with Gaussian mixture noise in the dynamics.
As we discussed in §3.5, the solution of this problem results in a complex backward recursion

for the optimal weights (3.76) and, consequently, for the objective function (3.77), which we
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cannot reduce from it sum form. Consequently, when carrying out the backward recursion,
the resulting expressions contain as many combinations as the number of stages resulting in
a combinatorial explosion.

To address this issue, we consider a relaxation whereby the weights of the adversarial
density do not depend on the prior realizations of the noise, (3.79). For this relaxation,
Theorem 3.8 allows us to use Sion’s theorem for v sufficiently small, and solve an inner
problem with the fixed weights, which has an explicit solution by §3.4, and then solve an
outer optimization problem in the weights by computing the gradient of the fixed weight
objective relative to these weights. It should be noted that in §3.4 the risk parameter is
% instead . This should be changed back to v in the implementation. We describe that
algorithm in Algorithm 1 and the computation of the gradients in Algorithm 2.

In Algorithm 1, we perform a gradient ascent with backtracking and Wolfe conditions. It
will intensively use Theorem 3.6 to compute objective values and gradients. Note that the
optimal control policy in Theorem 3.6 is computed recursively, we can apply chain rule to
lower time complexity significantly when computing gradients. We provide a back-propagation
algorithm in Algorithm 2 for the computation of gradients. It first performs a backward run to
get quantities. And then it computes one-step gradients for recursions in Theorem 3.6, which
is the first loop in Algorithm 2. In the second loop of Algorithm 2, the previous one-step

gradients are summed up by chain rule. It finally returns % for all £,7 to Algorithm 1.

3.6 Experiment

3.6.1  Without Uncertainty on Components’ Probability

We consider a planning problem with 30 stages. Each stage will have a demand ¢4 ;, which
comes from two independent sources and has 50/50 chances for each one occurring. At

the beginning of each stage, we take the decision us and pay a cost clu% to fulfill us unit
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Algorithm 1: Risk-Averse Gradient Ascent with Uncertainty on Components’
Probability

Data: 7y, piy 4, 24 i, At, B, Ct, Ry, Qy, risk parameters -, initial step size €, step
size shrinkage rate 3, minimal step size €, maximum steps NV, cq, co for Wolfe
conditions, t =0,1,..., T —1,i=1,2,...,n.

Result: Uy, uy and control policy uy(xy) = Upxy + g, t =0,1,..., T — 1.

fort=20,...,T—1do

fori=1....,ndo
| i = T

k=0;

while £k < N and ¢ > € do
€ = €0;

//Compute the objective value and gradient
Compute Vj at 7z ; by (3.40);
Compute gradient Vr at 7; ; with Algorithm 2;
while € > € do
//Project to feasible region
fort=0,...,7—1do
fori=1,...,ndo
Tt = Tt — €EVTL;;
;= min{1, max{0, 7} };
Tt =D i1 Tt
fori=1,...,ndo
Tt
Tt

Tt =

//Check Wolfe Condition
Compute Vp at T i by (3.40);
Compute gradient V7 at i with Algorithm 2;
if V) < ¢ (Vo — e|]V7rH2) and —V7T'Vr < —co||Vr||? then
//Satisfies Wolfe Condition and exits
Break;

else

//Backtracking

| €= e

| k=1

Get Uy and 1z by (3.42) and (3.43);
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Algorithm 2: Gradient Computation in Risk-Averse Mixture of Gaussian Control

Data: risk parameter v;, current position 7y ;, system parameters
iy Xty Aty B, Cr, Ry, Q6 =0,1,..., T = 1i=1,....n

Result: vm_a‘g;f”fﬂ)( Dt=0,1,....T—1i=12...,n

//Backward run to compute all quantities
Solve all matrices in Theorem 3.6 from 7" — 1 to 0 at 7y ;;
//Compute one-step gradients based on dependency
fort=0,...,7—1do
Compute % at 7y ; from (3.64) ;
aut _Ouy A )
Compute 88”1 5&“ at 7y ; from (3.65);
Compute r Wt at 7y ; from (3.66);

0 0 0 0
Compute 8“?1 55@ 3&%1 agi at 7y ; from (3.67);

Compute m grzil 0zt ¢ 7y ; from (3.68);

for:=1....,ndo
Compute -2Vt Ut aUtt, at 7, ; from (3.64);
. . 7 )

Compute Oy , Ouy , aﬁt, aat, at m;; from (3.65);
K 77/ ’

Compute 2=t ~Et' 85;, at 7 ; from (3.66);
3& 3& 05 0% 04 .
Compute DA DBy Derins Dles O at 7y ; from (3.67);

8Zt 8zt 8215 3215 A~ .
Compute DB Derry Oy Om at 7y ; from (3.68);

Ay N
Compute ?ET:-ZI at 7y ; from (3.69);

Compute ?EBWZ at 7y ; from (3.70);

8’at’ - .
Compute 3Et+l1 at 7 ; from (3.71);

011 Oi1,

Compute O0Z¢4+1 7 Ot+1

at 7441, from (3.72);
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//Backpropagation
fort=0,...,T—1do

Omy; — 02741 Omyy 0&ry1 Omyj 0Ty
0=, _ 0%, 0%, , 0%, OU,
aﬂ'tz — 0= 87rtz WTW,’L
857 — aET au7'—|-1 + 857— oU; 8§T 8&—_,_1
Om; — O0Er41 Omy 0 OUr Omyy o 0&r41 Omy

o (3.67);
Ozr _ 0z 0= Ozr 0&r41 | Ozp Oy | 92r41
Om; — O0Zr41 Omyy ;1 Omy | Oug Om; '+ Omyy

rule to (3.68);

for j=1,...,ndo
0Ar; _ 0Ar; 95,4,y
an-ﬁ-l aﬂt,i
aBT,j aBT,j 0=r41
0=ry1 Omy;
Ofirj _ Ofrj 0241
Ome — O=rq1 Omg
Ofri1 _ 06ri1,j 05,1 | Oty 8£T+1

o ; 0=r11 Omy 0&ry1 Omyy

by applying chain rule to (3.69);

by applying chain rule to (3.70);

by applying chain rule to (3.71);

for j=1,...,ndo

oU; _ oUr  9U; 0Ar;
Oy Oty aAm oy ; BBTJ om.i

Ouy _ Ouy | dur 9Brj | ou, i1y . Oy Ohrj
Omei — Omi  9B.; Omei | 064 OThi Opir,j Omy
chain rule to (3. 65)
857 — aET a'—‘T 5 T.J
Omi — Omy + OA; ; Omi *
0 _ 04 4 9% 04,

9=, 9B

OB, O

fori=1,...,n do
for 7 = t t— ,0do
0%, oU. : : .
gg; = 6(%2]11 87&1 o1 by applying chain rule to (3.64);
iy _ _Quy 0Zr41 4 Oty 9r41 | Our

+ % by applying chain rule to (3.66);

by applying chain

by applying

96 OBrj | 0& iy I

Omei — Omi | 9A, 37TtJ + 0B, ; Omti 06,41, Ome
applying chain rule to (3.67);
(927— _ 62'7— 8B T,] 6zt agTJrl,j 32’7 5ﬁ7,j
It 9B,; Omti 06,41, OTt Ofirj Omy
chain rule to (3.68);

Ozy _ Oz 4 02741,
| Omy; — Omy 0 Omy

T 0= 0
V?TtZ =z Wtoxo—l—QxT% + W

1

+ 327 by applying

by applying chain rule to (3.65);

+ 887%7 i by applying chain rule

by applying chain rule to (3.72);

+ : 9B %1 by applying chain rule to (3.64);

O, ~.J hy applying chain rule to (3 66);

by
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.05 quantile

.25 quantile

.50 quantile

.75 quantile

.95 quantile

v1 = 0.005, v = 0.005

75891.7

79523.6

82163.7

84886.8

88906.7

71 =0,7 =0.

T77578.8

81546.

84383.3

87304.3

91604.6

Table 3.1: Quantiles of objective values for risk-free and risk-averse controllers.

demand. Denote the difference between realized demands and x;_1 + uz to be x4, that is,
xt = x4_1 + ur — £¢. This difference will be penalized by 0295%. The demand & ; is modeled

as N(puti,%¢4),t=0,1,2,...,29,4 = 1,2, where

do+ p;,t=0,1,2,3,4 mod 7

i = (3.161)

di 4+ pi,t =5,6 mod 7
We consider different uncertainty levels for demands from different sources with the model in
(3.11). Here, we assume that the weight of the two clusters is known and it is exactly 0.5 for
each.

In our experiment, we first input the correct parameters i ; to the model to check the
tail behavior. Then, we choose p ; different from the one used in the design of controllers to
simulate the error in the estimation of yi; ;, with an error parameter e; ; (which represents the
difference between the true parameter and the one used in the computation of the risk-averse
policy). We choose the other parameter values in the model as ¢; = 10,c9 = 5,dg = 7,d =
3, u1 =9, pu2 =6,%,; =11.

The tail behavior is shown in figure 3.1, with v = 79 = 0.005. As we can see, the risk-
averse controller produces more mass in the green area and has a lighter tail as expected. We
now choose the misspecified yi; ; by having an error of 3 at each stage. We now compare risk-
averse controllers and risk-free controllers under this scenario. As risk-aversion parameters,
we choose 71 = 9 = 0.005. The results are displayed in figure 3.2 and table 3.1. And we can
see the risk-averse controller will perform much better comparing to risk-free controller in

this scenario.
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Figure 3.1: Tail behavior under exact parameters.
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Figure 3.2: Risk-averse control under inexact parameters.
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.05 quantile | .25 quantile | .50 quantile | .75 quantile | .95 quantile
71 =0.007,79 =0.,e;1 =6.,e49 = 0. 71466.8 80730.8 87723. 94680.7 105296.
711 =0,7=0,e1=06.,¢e9=0. 72561.4 82028.4 89156.3 97073. 108517.
71 = 0.007, 72 = 0.002,¢e; 1 = 6.,e49 = 2. 83153.5 91502.7 97647.6 104135. 113629.
11 =0,792=0,e1=06.,¢9=2. 85428.5 94282.9 100728. 107425. 117491.

Table 3.2: Quantiles for risk-averse and risk-free controllers when the main uncertainty is on

the Ht,1-
.05 quantile | .25 quantile | .50 quantile | .75 quantile | .95 quantile
71 =0.,79 =0.007,e;1 =0.,e4 9 = 6. 76409.4 80086.3 82924.8 85763.5 89674.7
11 =0,7%=0,¢61=0,€2=6. 77541.3 81489.3 84357.8 87216.5 91424.6
7 = 0.002,79 = 0.007,¢e41 = 2.,¢;. 9 = 6. 90144 .4 92863.5 94743.6 96661.7 99502.8
11 =0,7%=0,¢e1=2,¢e.9=6. 92607.2 95556.4 97557.7 99638. 102632.

Table 3.3: Quantiles for risk-averse and risk-free controllers when the main uncertainty is on
the py 9.

We also consider the problem of having different uncertainty levels. We set the error to
be e;1 = 6,e40 =0o0r e;1 = 0,e,9 = 6. And for each case we set y; = 0.007,72 = 0 or
71 = 0,772 = 0.007 (with the choice of zero risk parameter being the one of zero error in the
respective case). The simulation results are shown in figure 3.3a and figure 3.3b, which is
same with the above conclusion. We then increase the smaller value between e; 1 and e; 9
to be 2, and set the smaller value between ~; and 79 to 0.002, then we have figure 3.3c and
figure 3.3d, which are more obvious to see the advantage of our risk-averse controllers. The
detailed comparison on quantiles of these controllers are listed in tables 3.2 and 3.3.

Tuning v; when the errors are different is difficult and we do not currently have a crisp
principle by which to do it, though our choices in these experiments seem to behave properly.
An appropriate value of 7; should include the ground truth distribution into consideration
but not be exceedingly conservative. As data points sampled from the true distribution may
come from different sources, we can sort them in order of confidence, with a smaller ~; for

distributions with reliable sources.
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Figure 3.3: Risk-averse control with different uncertainty levels.

3.6.2  With Uncertainty on Components’ Probability

We now use Algorithm 1 to solve the same model used in §3.6.1. v is chosen to be the same
for all distributions with a value 0.0002. The tail behavior under the exact parameter is
shown in figure 3.4, where the risk-averse controller has more mass in the green area. We also
compare this risk-averse controller with the risk-free controller and the risk-averse controller
in §3.6.1 under inexact parameters. The ground truth value of 7 ; is chosen to be (0.75,0.25)
instead of the model input value (0.5,0.5). The histogram figure 3.5 shows that the controller

with weight robustness outperforms others significantly.
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Figure 3.4: Tail behavior under exact parameters.
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Figure 3.5: Risk-averse control under inexact parameters.
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CHAPTER 4
OUTLIER ROBUST CONTROL WITH GROUP LASSO

4.1 Introduction

Robustness, at least in control problems, is a term that has multiple definitions. Some describe
it with the portion of data falling into tails like value-at-risk (Philippe, 2001) and conditional
value-at-risk (Uryasev, 2000), while some define it as a trade-off between expectation and
variance, optimized over which using exponential criteria (Jacobson, 1973), and some consider
extreme cases having worst-case optimizations (Tadmor, 1990). It is not hard to understand
why there are so many definitions for a single term in the control problems, since we have
different desires when data is not generated in the expected way, and we have different ways to
characterize the deviations that happened in the dataset. There is a viewpoint understanding
robustness as the concept of optimizing under statistical fluctuation, which is previously used
in (Petersen et al., 2000; Tzortzis et al., 2015; Yang, 2020). Their methods are successful
when the dataset is well-sampled. However, when outliers exist in the dataset, people usually
lack knowledge about them. And the target of this paper is to deal with this problem in the
robust linear quadratic control model.

Robust control problems are, in fact, quite close to the discussion of distributionally robust
optimization(DRO) (Rahimian and Mehrotra, 2019). While they have problems in solving
things like moments constraints, with the convenience of discrete data points, empirical
measures are more widely used in the recent discussion, like (Namkoong and Duchi, 2016;
Kim and Yang, 2020; Sinha et al., 2017). (Sinha et al., 2017) is the first paper we know
applying Wasserstein distance in the discussion of robust optimization, while (Yang, 2020;
Kim and Yang, 2020) shift from the general optimization and focus on applying W5 into linear
quadratic controls. The difference between control problems and general optimizations is

that we usually can solve Bellman equations, thus possibly having lower time complexity. All
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of their results are based on the strong duality result of Wasserstein constraints optimization
(Gao and Kleywegt, 2023). We will keep the setting of discrete data points in this paper, and
also use the strong duality result.

In this paper, we will mainly study the problem of robustness to the outliers. The term
outlier, in fact, has two types of meanings. The one is, you have a few unusual data points
outside the majority, on which you have little knowledge and it may vary in a large domain.
Another one is, your dataset is contaminated and has erroneous data points. The latter one
is previously studied by (Ting et al., 2007) with Bayesian methods. In this paper, we propose
to use generalized Wasserstein distance with ||z||3+al|z|| term to deal with the robustness
problems of outliers. And we will show that, though it has two definitions for outliers, our
model can handle both cases by simply changing the sign of the penalty. We summarize the

points of this paper here,

1. We show that using ||z||3+al|z|| in the generalized Wasserstein distance is a natural
generalization of exponential criteria linear quadratic Gaussian (LQG) problems. And

thus with this penalty term, they are in fact risk-averse LQG problems.

2. We provide equivalent forms of (4.1) and (4.2) which have intuitive interpretations. We
explain why they are robust to outliers and what’s the difference between those two

equations. In fact, they correspond to two scenarios where outliers appear.

3. We provide tractable algorithms to solve (4.1) and (4.2), which transfers (4.1) and (4.2)
into the form of group lasso (Tibshirani, 1996; Yuan and Lin, 2006) and makes use of

ADMM iterations (Boyd et al., 2011) to solve it.

We want to use a few plots to illustrate the view of statistical fluctuation and the
difference between a few distributions’ similarity measures. In the case that we have a dataset,
in the stochastic control, we want to optimize over expectation to minimize the designed

performance. However, when we sampled again or applied it in reality, we may not see the
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same dataset again, and this is called statistical fluctuation. When KL-divergence is applied
in the optimization problems, it is, in fact, considering perturbation weights on each data
point, as shown in the figure 4.1, to minimize the worst criteria in the local domain. Different
from KL-divergence, Wo considers the shifting that happened in each data point, as shown
in the figure 4.2. Our proposed penalty describes a domain for outliers only, as shown in
figure 4.3, keeping the majority fixed. Most of the risk-averse control papers assume the risk
parameters v to be positive. However, we point out there that v < 0 also has important

meanings. We will clearly see the role of v < 0 and its important applications later.

05

0.4

) I i
‘ 00 N_
5 10 15 5 10 15

(a) Input dataset (b) Perturbed dataset

0

Figure 4.1: Local KL-divergence domain
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Figure 4.2: Local W9 domain
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Figure 4.3: Local Outlier Robust W domain
4.2 Problem Formulation and Assumptions

In this paper, we will consider the linear quadratic control problem (LQP) with Wasserstein

penalty. We consider two problems,

T-1 T-1
: 1 =
min “max_E E (x;‘r+1Qt+1xt+1 + utTRtut) — = g W (P, Py)
Ut(€0,E1,+5Et—1) Py.ey~ Py =0 Y =0 (4‘1)

s.t.xey1 = Ayry + Biug + Cheg,

where v > 0 and

T-1 T-1
: : 1 ~
min ~min_E E <Q;75T+1Qt+1xt+1 + uthut) - — E W (P, P)
ut(50a517~~75t71) Pre~Py =0 7 —0 (4.2)

s.t.xpp1 = Aywy + Brug + Chey,

where v < 0. We assume o > 0, 24 € Rdl,ut € RdQ,et € RdS, gt are independent noise,
Q¢, Ry, A¢, By, Cy are matrices in proper dimension. In our settings, P; are empirical measures
on n data points € ; at each stage. W(]St, Py) is generalized Wasserstein distance equipped

with d(z,y) = ||z — yl|3+allz — |2,

W(B,P)= min / e — yl3+allz — yll2dl(z, y). (4.3)
I=I1(P,,P,)
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Notice that (4.3) is not a distance in the usual sense, it is instead a discrepancy between

two distributions. An unified view of (4.1) and (4.2) is

T-1 T-1
: 1 .
min — max ~E 5 (x?JrlQHlel + utTRtut> — g W (P, Py)
ut(s(]aelv"'vet—l) Y Pt,€tNPt t=0 t=0 (44)

s.t.xey1 = Ay + Bug + Chey.
4.2.1 Assumptions
We will use common assumptions in the risk-averse control,
Assumption 4.1. Q); > 0.
Assumption 4.2. R; > 0.
Assumption 4.3. rank(B;) = da.
Assumption 4.4. The minimum of (4.4) exists.

For notation simplicity, if not specified, ||-|| are always assumed to be ||-||2 in this paper.
And if at any place we mention x4y without dynamics, then the dynamics are assumed to

be the one in (4.4).

4.3 Generalization of Risk-Averse LQG

It is a long time since the discussion of risk-averse linear quadratic problems. There are
many kinds of risk-averse controllers coming from optimizing different sorts of criteria, like
value-at-risk (Philippe, 2001), conditional value-at-risk (Uryasev, 2000), and exponential
criteria (Jacobson, 1973). We are going to start from the exponential criteria to see that (4.1)

and (4.2) are natural generalizations of classical risk-averse LQP.

122



In the exponential criteria risk-averse LQG, the optimization problem is

T-1
min E |exp ¢ v Z ($%F+1Qt+1$t+1 + UtTRtut>
Ut(€0,E15-5E4—1) =0 (4.5)

s.t.app1 = Ayry + Brug + Creg

where v > 0 and &; are i.i.d. Gaussian. Notice that v > 0 is a general assumption in the
risk-averse control. But we want to argue that, v < 0 also has a role in risk-averse control.

We will explain the reason later and use an extension of (4.5) in the discussion to allow v < 0.

T-1
) 1
min —logE [exp < v Z <xf+1Qt+1xt+1 + u?Rﬂ%)
Ut(E04E1 e rEt—1) Y =0 (4.6)

s.t.xey1 = Ay + Brug + Ciey

It is well known the exponential criteria gives a risk-averse controller since it is a trade-off

between expectations and variances when  approaches 0.

Lemma 4.1.

T-1
1
5 logE [exp 47 Z <ItT+1Qt+1€Et+1 + utTRtUt) }
T—

t=0
T-1 ~ 1
=K Z <ItT+1Qt+1JJt+1 + ul?Rtut) + EV (x?+1Qt+1It+1 + utTRtut) + o(y)
t=0 t=0
(4.7)
Proof. )
exp{7e} = 1+ 72 + -a® +o(1) (4.8)

Thus for any Gaussian random variables X, since its moment generating function exists

outside 0,
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2
log E [exp {7X}] = log (1 +~vE [X] + ) [X}2 + 0(72)>

2
=B [X]+ 7;IE [x?] - %21@ (X2 + 0(+?) (4.9)
2
=1E[X]+ %V [X]+ 0(+?)
O

For cases v > 0 and 7 < 0, each of them corresponds to one of (4.1) and (4.2).

Lemma 4.2. For any random variable X following a distribution P which has density dP(x),

the mazimum point P of the problem

1 N
maxEp [X] = - KL(P|P) (4.10)

also has same support with P if v > 0 and the mazimum in (4.10) exists, and its density

satisfies the condition

dP(z) ~ dP(z) x €', (4.11)

Consequently, we have the identity

dP(z)
dP(x)

maxE [X] - %KL(PHP) _ /xdp(x) - %log < ) AP(z) = %1og1@p ], a2

P

where Ep [eAVX} is the normalized constant for the dP(z) in (4.11).
Proof. Consider the function

logEp |:67Xi| = log/ewdp(x). (4.13)

For any distributions P(z) that has density and same support with P(z),

log / e’"dP(x) = log / e (%8) dP() (4.14)

> / (’ya:df;(:’) +log @g Eg) dﬁ(x)) ,




where the last inequality comes from Jensen’s inequality in probabilistic setting (Durrett,

2019). Divide « on the both hand side of (4.14), we have

%logEP [GVX} >Epz] - %KL(]SHP) (4.15)

Equality can be attained from Jensen’s inequality with the condition

dP(z) ~ dP(z) x 17 (4.16)

Note that the distribution constructed from (4.16) always exists if (4.13) is not infinity.
Thus if (4.13) is not infinite, the maximum of (4.10) exists.
Asssume now (4.13) is infinite. By constructing P(z), we get

dPp(z) ~ dP(z) x * x I(||z||< R), (4.17)

where R € R, we have Pp, always exists and feasible in (4.10). Denote C'p to be the normalized

constant such that

APp(z) Cide(x) < % x I(||z]|< R). (4.18)

Since (4.13) is infinite, we must have that

lim Cp = Rlim /eW x I([|z||< R)dP(x) = o0
—00

R—o0

Let R — oo, we have

1 - - 1 P .

R —o0 dP(x) R—o0
1 dPp(x) ~ : 1log CRr .1
——1 ——_ | dP =1 ———2TdP(r) = lim —logCp = co.
v 8 (erP(x)) R () Rgnoo lz|<RY CR c (z) Rgnoov YR =0

(4.19)

From (4.19) and (4.15) we have that the existence of the maximum of (4.10) is equivalent
to the finite property of (4.13). When finiteness of either occurs, we can invoke (4.15) and

(4.16) to claim our conclusion. This completes the proof.
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Theorem 4.3. Vv > 0,

T-1
) 1
min —logE |exp < v Z (a:tT+1Qt+1xt+1 + ugRtuO
Ut(€07€1,...,5t71)7 t=0
(4.20)
sty = Ayry + Brug + Creg
et ~ Py, et are independent.
1s equivalent to
T-1 1 T-1
min “max_E Z (If+1Qt+1$t+1 + ugRtut> — —KL | P H P
ut(€0’517"'75t—1) P,&'tNPt t=0 7 t=0 (421)
s.t.xpy1 = Ay + Brug + Ciey.
Proof. This is a direct application of Lemma 4.2. m
Theorem 4.4. Vv < 0,
1 T-1
min —logE [exp < v Z <$?+1Qt+1$t+1 + ugRtut>
ut(€07515"'7€t—1)’y t=0
(4.22)
s.t.xey1 = Ay + Brug + Ciey
et ~ Py, et are independent.
1 equivalent to
T-1 1 T-1
min ~min_E Z (xtﬂlQH_le_l + utTRtut) ——KL | P H P
ut(Eanlv"'aet—l) Pt,EtNPt t=0 Y t=0 (423)

s.t.xey1 = Ay + Biug + Ceg.

Proof. This is also an application of Lemma 4.2. But since now v < 0, we have to reformulate
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(4.22) to be

T-1

1
max — —logE [exp{ —v | — <$?+1Qt+1$t+1 + ugRtut)
Ut(EQ,El,...,St_l) fy t

I
o

(4.24)
$t.xpyq = Ay + Brup + Crey

gt ~ P

Then by Lemma 4.2, we have

T-1
1
—;logE expg —7 | — Z (23%;_1@,54_1%54_1 + U?Rtut>

t=0 (4.25)
T-1

T-1

1 ~

= max_ —E Z (xtTJrth_i_lfL‘t_A'_l + utTRtUt) + —KL PH H Pt
Pe~by t=0 7 t=0

This gives the equivalent form of (4.24)

T-1 T-1

1 .
max max —E Z (xtT+1Qt+1xt+1 + utTRtut> +—-KL | P| H Py
Ut(zt) Pei~P; t=0 7 t=0

(4.26)
s.t.xpr] = Agry + Brug + Creg

gtNPb

which is equivalent to (4.23).
[l

KL-divergence is a measure comparing the similarity between two distributions and is not
necessary. There are many other choices other than KL-divergence to compare the similarity,
for example, Wy or our proposed generalized Wasserstein distance. We claim the equivalent
forms of (4.1) and (4.2) here to point out that the two scenarios, v > 0 for minimax problems

and v < 0 for minimum problems, are, in fact, from a unified form.

127



4.4 Minimax Problem

We will first consider the case v > 0 and make use of a strong duality result to reformulate

(4.1). With what we have shown in §2.4 for general forms, we have

Theorem 4.5. (4.1) is equivalent to

T-1

min “max E Z (xt+1Qt+1$t+1 + uy Rtut>
ut(€07517"'75t—1)Pt,étNPt t=
=1ln . (4.27)
> (i — eral®ralléi — el
n’V
t=0 i=1

s.t.xpy1 = Ay + Brug + Ciéy.

Proof. This is a direct application of Theorem 2.7. n

The minimax problem is hard to optimize as it is over function space. Instead, we consider

the problem that exchanges the optimization order,

T-1

Pmaxp ( min )IE Z <x£_1Qt+1xt+1 +uitrRtut>
t,ét ~ tut €05E15--5Et—1 t=0 (4 28)
T-1 n
~ = 33 (v = el + allén = 2l
t =04 =1
Theorem 4.6. 3, Vv < Yo,
T-1
min max [ (xalQHlel + utTRtut)
ut(£0,€1,Et—1) Py.8p ~ P, =0 (4.202)
T-1 n
~ = 303 (v = il + allée — 2l
t =07 =1
T-1
= max_ min E Z <x?+1Qt+1xt+1 + utTRtut)
P éy~ Py ut(Eo,El,...,6t_1) t=0 (429b)
T-1 n
1
o 20 2 (leri = eeall® + ol — <)
t 0 =1
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We will need a few lemmas and theorems for the proof of Theorem 4.6. The first one is

the closed-form solution of risk-free linear quadratic control when noises have non-zero mean.

Lemma 4.7 (Bellman equation). Define

Vi(zy) = H}LitnE (Agzt + Byup + Coée) T Qpy1(Arae + Byug + Ciéy) + ui Ryuy

(4.30)
+ Vir1 (A + Brug + Ctét)] ,
with the terminal condition
VT(xT) 0 (4.31)
then we have
T-1 T-1T-1
Vi(we) = x?Et,Oxt + Z x?Et 1Efer] + Z Z 7] :175—12’72151 €ry] + Z [57 ‘—‘7'57':|
T=t T1=t T2=T1
(4.32)
and the optimal control policy of (4.30) is
T-1
ut(xt) = Uiry + Z UthE [éT] , (4.33)
T=t
where = Ht 0 Hgl, :?2’ 2 2., Uy, Ut,r are matrices in proper dimension, and

_(nT T —L/or T—
Ui = — (Bi Q+1Bt + Ry + Bi Z411,0B; By Qey1At + By Zep10At ), (4.34)

-1
Ure = = (B Qe B+ B+ BUZi010Br) (BT QenaCo+ Bl Zi10Ch) , (4.35)

forT >t,
_ lyop T 1 rer
Ur = =5 (Bt Qe B+ B+ By Ee10B) - By Zipa 1 (4.36)
210 = (A + BiUp)? (Quy1 + Erg10) (At + BeUy) + UL Ry, (4.37)
E%,l =2(A¢ + BiUy) " (Qes1 4+ Zt41,0) (Ct + BUsy) + 2UL RyUyy, (4.38)
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forT >t,

=i =2(A+ BiUn)T (Qua1 + Z11,0) BeUt.r + 2UL RUy - + (A¢ + BiUp) T Eir11, (4:39)

_tit — _
St = = U}, (Bt (Qi+1+Et410) Br + Rt) Ut + 208 (Qu1 + Er10) BilUny, (4.40)

forT >t,
—t, T (T -
:t,; = 2U;, (Bt (Qt41 + Et41,0) Br + Rt) Ut r (4.41)
+20T (Qp41 + Sp410) BiUsr + OF =L, + UL BTET 4,

for T >t, 790 =19,

—T1,T2 __ —=T1,T2 T T - T T—=T
Zio = 12 Ui (Bt (Qt41+Et110) Be + Rt) Uty + Uiy B Egy11, (4.42)

for T >t, 19 > 19,

=TLT2 — ZTLT r T = T pT'=T -
Eip =E1at2Uig <Bt (Qe+1+E1110) Bt+Rt) Uty +Utry Bt B 1+ 5411 BiUt o,
(4.43)
Zt = OF (Qes1 + Zis10) Cr. (4.44)

Proof. This can be shown by induction. Firstly it is true for ¢ = T" with all matrices being 0.

Then assume it is true for t = m + 1, for t = m,
Vi(xe) = min E (Agwy + Byug + Crée) T Quir (Apwe + Byug + Ciéy) + uf Rywg

+ Vit1(Aszs + Byug + Ctét)]
= H};inE (Atl’t + Bruy + Ctét)TQt+1(Atxt + Biug + Ctét) + utTRtut
t

+ (Apwy + Brug + Ctét)TEtH O(Atxt + Byug + Ciéy)

T-1 T-1 —
+ Z Atmt—f-Btut-f-Ct&t) HH_llE Z Z € :tle’T2]E[ )
T=t+1 T1=t+1T2=T1
T-1
+ Z E[ET:T{ET]
T=t+1
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This is a quadratic form of u, by optimality condition, we have

2Bl Qi1 A + 2B] Qu 1 Bruy + 2B} chtE 6] + 2Rypug + 2B] 2441 0 Bruy

. (4.46)
+ 2Bl S 11 g Ay + 2B Ep41 0CiE 4] + Z By 2{111E ] =0.
T =t+1
This solves
T T— R T .
up = — (Bt Qi+1Bt + Ry + B; :t+1,03t> Bi Qi1 Atz + By Qi1 CHE [&4]
| T2 »
+ BtTEt—s-LOAtl’t + BzEt+1,OCtE [ét] —+ 5 Z B;FE;-_HJE [éT] ( . 7)
T=t+1
T-1
= Uxs + Z U rE [E7],
T=t
where
T T 1o Te
U == (Bl QuuaBe+ Re+ Bl Zei10Bt) (Bl QuiaAc+ Bl Sip104r) , (448)
T T —L/or Te
Ut = — (Bt Qt+1Bt + Ry + By :t+1,OBt) (Bt Qi+1Ct + B; :t+1,00t> , (4.49)
for 7 > t,

1 _ o
Utr = =5 (BtTQtHBt + Rt + BtT:tH,oBt) ETACHIERE (4.50)
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Then we have

T
T-1
Vi(xy) =E Arxy + By | Upzy + Z U E [Er] | + Ciés Qev1 | Aty
T=t
T-1
+ By | Uiz + Y U B [2] | + Ciéy
T=t
T-1 T T-1
+ | Uwe + " Ui Eler] | Re | Ui+ > Up B[]
T=t T=t
T-1 T
+ | Atzy + By | Upy + Z U -E €] | + Ciér Z141,0 Ay (4.51)
T=t
T-1
+ By | Ui+ Y U B [2] | + Ciéy
T=t
— T-1 T
+ > | Awe+ B (Ui + Y UrnElén) | +Ciér | Ef41Elén]
T1=t+1 To=t
B S A e TR S E
T1=t+1T2=T1 T=t+1
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Multiply terms out and combine them, we have

Vi(xy) = :L’IT ((At + BtUt)T (Qt—H + EH—LO) (At + BUy) + UtTRtUt> Tt

T-1
+ 207 (Ap+ BiU)T (Qry1 + Epy10) | CHE[E) + > BiUiE ]
T=t
-1 T-1
+20f UM Ry | > Ui-EB &) | +af (A +BU)" | Y Ef E[&]
T=t T=t+1

+E [égCtT (Qt+1+ Zt41,0) Ctét]
T-1 T T-1

+ | D Bt E[E] | (Qup1+Eig10) | Y BiUisE 6]
T=t T=t (452)

T-1
+2E (&7 of (Qe+1 + Et41,0) Z BiUy +E [é7]
T=t

T

T-1 T-1
+ CE [&4] + Z Ut,TQE [57'2] 52}1_1’11[5[57'1]
T1=t+1 To=t

1 T-1 T-1

R . T 4
+ Z Z E[En] ELTHE [En) + Z E[ET:TsT].

T1=t+1T2=T1 T=t+1
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Reformulate (4.52) into the form of (4.32), we have

Vi(at) = ay ((At + BT Q111+ Etr1.0) (A + Bily) + UtTRtUt> t
+ x <2 (At + BtUt)T (Qt—H + Et+1,0) (Ct + BtUt,t) + 2UtTRtUt,t> E [ét]

T—1
+ Z Ty ( (At + BeU)T Q11 + Zp41.0) BrUpr + 2UL RUy

T=t+1

+ (A + BT EZHJ) E[¢,]

T—17T-1
+3Y Y Eln) UL, (BtT (Qt41+Z4+1,0) Bt + Rt> Ut E [é7,]

T1=t T9=t
+Y E " <2CtT (Qe41+Zi41,0) BtUt,T> 7] + Z tT:tTH 1EEr]

= T=t+1
T-1 T-1 T-1 T—
. 1T —

+ > Y Eln] ULLEL B+ ) Z [Er] EFVTSE [Ex)

T1=t+1 1=t 7-1 =t+1T9=T1

+E [étTCt (Qt—i—l + =10 C’tet] Z E [E HTET] .

T=t+1
(4.53)
Thus,
Ero = (As + BtUt)T (Qt_|_1 + EL‘—H,O) (At + BiUy) + UtTRtUt, (4.54)
Zf 1 = 2(Ar + BiUp) " (Quy1 +Zp410) (Cr + BelUryg) + 2Uf RyUsy, (4.55)
for 7 > t,

=71 =2 (A + BT (Qus1 + Zes10) Blir + 2UL RiUpr + (A + BiU)T Z1, 1. (4.56)

_tt _ _
St = = U} <Bt (Qt+1 +Zi41,0) Br + Rt) Ut +2C7 (Qpi1 + Zpg10) BelUps, (4.57)

for 7 > t,
—t =
Ery = U (Bér (Qt+1 +Zt410) Br + Rt) Utr (4.58)

T - T T T=
+ 20} (Qpy1+ Bt11,0) BtUtr + Cy Ef 1 + Uiy By Z141 1,

134



for y > t, ™ = 14,

=T1,72 _ =T1,72 T T - T pT—=T
Zio =5 Ui <Bt (Qt1+Ee41,0) Br + Rt) Uty + Uiy Bi 4411, (4.59)

for T > t, 9 > 71,

=T1,72 __ =T1,T2 T T - T pT—T :TT
St =S t2Ui s <Bt (Qt+1+Z¢+10) Bt+Rt> Uty + Uty B E4311 5111 BtUt s,
(4.60)

= T -
o = Ct (Qt+1 + :t+1,0) Ct. (4.61)
O
Remark 4.7.1. Through the recursion we see Vy(xq) is a quadratic function of
T T T T .T T T T T T
E0,1560,2 -1 E0m E1,15E1,20 -+ El s+ 6P 115 6T—1,20-- 2 E7—1m) - (4.62)

Theorem 4.8. The optimal control of (4.30) is given by

t—1 T-1
ut(£0, €15 - -+, 60-1) = Hyxg + Z Hirer + Z hi +E 7], (4.63)
7=0 7=0
where o
Hy =U; [ ] (Ar + B:U7), (4.64)
7=0
t—1
Hy, = Z U [] (Aw+ BuwlUw)Cr, (4.65)
= w=s+1
—1
ht’T _ Ut ( w=s+1 (Aw + Bwa) BsUs 7') , T <t ‘ (4.66)
Ut ( w= 3_|_1 (Au) + Bwa) BsUs T) + Ut,’]’ , T2t
The definition of the product on matrices multiplication is
J Ai+ BiU) (Ai_1 + Bi_Ui_1) - (Aj + B;U;) ,j >
H(AS+BSUS): (] J])(] J J ) ? 11
(4.67)
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Proof. By (4.33),
T-1
up(w) = Uprg + > UpB[E,]. (4.68)

T=t

Also, by dynamics,

Tiqpl = Arzy + Brup + Céy
T—1
= Awwt + By | Uprg + Y UpsE[67] | + Ciéy
T=t
T-1
= (At + BiUp) xp + Ciée + Y BiUs 7B [é7]
T=t
= (At + BtUp) (A1 + By 1Up—1) wp—1 + (Ciép + (At + BrUp) Cr—164-1)
T-1
> BiUirE[er] + (At + BlUt) D BroaUp1E[E7]
= T=t—1

= L (4.69)

— H (AT "‘ BTUT) .CCO + Z H (AT + BTUT) Cgés
T:0 §= OT s—|—1

+Z H (Ar + B:U;) ZBSUswE

s=071=s+1
t t t

= H (Ar + B;Ur)zo+ > [[ (Ar+ BrUy) Csés
s=071=s+1
t} t

—1 min{w,
Z Z [I Ar+ B:Ur) BsUsw | B[]

T=5+1

136



Thus,

T-1
up = Upe + Y Up R[]
T=t
t—1 t—1 t—1
= Ut H (Ar + BrUz) g + Z H (Ar + BrUr) Csés
7=0 s=071=s+1
T—1min{wt-1} [ ¢-1 T-1
+> > [I (Ar+ B:Ur) BsUsw | Eléu] | + > Ui E[é7]
w=0 s=0 T=5+1 T=t (4.7())
t—1 t—1 t—1
=U; [[ (Ar + BrUp)zo+ Y U [ (Ar + BrUy) Csés
7=0 s=0 T=s5+1
t—1 w t—1
w=0 \s=0 T=5+1
T-1 [t—1 t—1
w=t \s=0 T=s5+1
O]
Theorem 4.9.
T-1
_max min E (xtTJrlQH_lel -+ U;Rtut>
P& ~Put(0e1,e-1) | 2
1 T-1 n
o 22 2 (ews = erall e — <1l
t=07=1 (4.71)
T-1
= max_ min E (xtTJrlQHlel + utTRtut>
Py~ Py hmut:Htxo-i-ZtT_:lo Hi ret+hy +—0
1 T-1 n
= S (v — el + alléns = eal)
720 i=1
where hy € R%2, Hy and Hy ; are defined in (4.64) and (4.65).
Proof. This is a direct application of Theorem 4.8. O
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Theorem 4.10. Parameterize ut(eg, €1, ... ,6¢—1) with

t—1
uy = Hyzg + Z Hy rer + Dy, (4.72)
7=0

where hy € R%2, Hy and Hi ;- are defined in (4.64) and (4.65), then 3vp,Vy < Y0,

T-1 T-1 n

1 . A
B> (afniQeerreet +uf Reu) | == 57 37 (lens = cuall® + alleys = euall ) (473)

t=0 t=017=1

is a concave function of & ;.

Proof. As ||é;; — &t ] is a concave function of &; ;, we only need to prove the concavity of

T T-1 n

1 .
E <$?+1Qt+1xt+1 + UtTRtUt) o SN léri — el (4.74)
t t=0i=1

|
—_

|
o

We compute the Hessian of (4.74) to check concavity. With the parameterization (4.72), the

first term of (4.74) gives a quadratic form of & ;,

T-1 ¢ r

t s—1
E Z Z H As (BT (HTIO + Z HT,wéw + h7'> + CTéT> Qt+1 (4-75)

t=0 \ \7=0 \s=7+1 w=0
t

t s—1
ST 4s (BT <HTJ,-O + ) Hrwéuw + h7> + CTéT>

7=0 \s=7+1 w=0
t—1 T t—1
- (Htxg + Y Hyrer + ht> Ry (thl:o + Y Hirer + ht>
7=0 7=0

Note that ht doesn’t influence the Hessian of the first term, and Hy, Hy ; are given. It means
for arbitrary values of hy and &;;, the Hessian of the first term is always fixed, which is
decided by the system itself. Note the Hessian of the second term of (4.74) is —%I. Thus,

when v — 0, we must have the total Hessian negative-definite. This gives the concavity. [

Now we can prove Theorem 4.6,
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Proof of Theorem 4.6. We start from a restricted maximin problem and choose vy to be g

in Theorem 4.10,

T—

[t

K max min E <xt+1Qt+1mt+1 + uy Rtut>
P éy NPt,Héti”ST Ut (€0,E15+5Et—1) =0 (4 76)
T-1 n
~ = 3 > (lens = vl + allrs — el
t 0 =1

where 7 is a constant that uniformly bounds &; ;. Then, by Theorem 4.8 and Theorem 4.9,

(4.76) equals

T-1
R max miP ) E Z <$t+1Qt+1xt—|—1 + uy Rtut)
Py éy ~Pyl|ég ;|| <r he,up=Hyxo+) " — Hy rer+hy —0 (4.77)
T-1 n
=3 > (e = eval® + alls — <l
t 0 =1

The objective of (4.77) is a convex function of h; and, by Theorem 4.10, a concave function
of &; ;. Note that the constraint ||, ;||< r limit & ; to a compact set. Thus, we can apply

Sion’s minimax theorem and have (4.77) equal

T-1
mi? . R max E Z <33g1+1Qt+137t+1 + U?Rtut)
ht ut :Ht$0+27_:0 Ht’»r&rJrht P ét N-PtaHét,iHST n (4 78)
T-1 n
= 3 > (v = cvall + allrs — el
t 0 =1

As (4.78) is a minimization problem putting constraints on uy, it is always greater than the

unconstraint problem

T-1
min ) max E Z <xtT+1Qt+1xt+1 + u%FRtut>
Ut(eovfl,...7€t—1> Pt,ét NPt,”ét’/L'HST t:O (4 79)
T-1 n
R 9 R
> <||€t,z' —epill” +allé; - 6t,i||> :
t=0 =1

139



The max-min inequality gives

T-1
(4.79) > max min E <xt+1Qt+1xt+1 + uy Rtut>
R o e G e e VAN e (4.80)
T-1 n
= 3 > (lens = vl + allrs — el
t 0 i=1

As the RHS of (4.80) equals (4.77), this means all inequalities here are, in fact, equalities.

So far, we prove for all r that

T-1
min X max E Z (fftT+1Qt+lxt+1 + utTRtut>
Ut(€0,E1,+1E¢—1) Py ép ~P 4| < =0 <4 81&)
T-1 n
= — 33 (i — evill® + allérs — <l
" t=0 1=1
T-1
= max min E Z <xtT+1Qt+1xt+1 +utTRtut)
By éirPy il <rue(eoe1,€-1) t=0 (4.81b)
T-1 n
= 3 3 (v = cvall + allrs — el
t 0 =1
For the unconstrained maximin problem
T-1
_max min E <$t+1Qt+1xt+l + uy Rt“t)
Pt,ét N.Pt ut(EO’E]J'“?Et ]. t=0 <4 82)
T-1 n
=33 (M = enall s — zual)
t =04=1

denote £} to be its maximum point and r1 = max; ;|£} ;|| At this 71, denote its minimum

point to be uy. Then, Vr > r1, we have
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T-1
_max min E ($t+1Qt+15’3t+1 + uy Rtut>
P ér ~ P Ut(50>€1,-~-,€t 1 t=0 (4 83&)
T-1 n
= 33 (v =l + e — =l
t =0:=1
T-1
= max min E Z <$?+1Qt+1$t+1 + ugRtut>
Ppgi~Pyl|ég ]| < ut(eoetnei—1) | (50 (4.83b)
T-1 n
=3 (v el + el = vl
t 0:=1
T-1
= max min E Z (xf+1Qt+1xt+1 —|—utTRtut)
Py Py |gl| <rui(€o.ermgi-1) | (4.83c)
T-1 n
== 3 3 (12w = eval® + g — =l
t 0 =1
T-1
= min R max E Z <x$+1Qt+1xt+1 + ugRtut>
Ut(E04E1 e rEt—1) Pt,étNPt,||ét7i||§'f‘ t=0 (4 83d)
T-1 n
=33 (rs = erall® + allérs — erall)
v t=0 =1

As the maximum and minimum point of (4.83c) are fixed when r > r{, the minimum point of
(4.83d) is also fixed, and the same with the minimum point of (4.83c). Denote this minimum

point to be uy and £;* to be the maximum point of the problem

— T-1 n

max Z <$t+1Qt+1l’t+1+ut Rt%) - — Z > <||€tz etill? +a||5tz_5tz||>

Pié ~P =0 T i=0i=1
(4.84)

With ro = maxy ;||€77]|, we have
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T—
T T
max [E Z <xt+1Qt+1$€t+1 + u}k Rtuf{)

—_

Pree~Ft | 1=0 (4.85a)
T-1
1
o 2 3 (e —zuall® + e — el
t—Oz =1
= ~ max Z <xt+1Qt+1mt+1 + uj Rtut>
Pyép~Py||ér i|| <max{ri,ro} =0 (4.85b)
T-1 n
ZZ(!QZ StzH +allgr; — 51&2”)
t 0 =1
T-1
= ~ max min E (SL’H_lQH_lLUH_l + uy Rtut)
Pt,étNPt,HétiH<HlaX{T’1,T’2}ut(€07517'-->€t 1 t=0 (485C)
T-1 n
= 3 3 (lens = vl + allérs — el
t 0 =1
T-1
= max_ min E Z (xath—HxH—l +ugRtut>
PtaétNPt ut(507€1a'“7€t—1) t=0 (4 85d)
1 T-1 n
- > (Hét,i—ft,z’\|2+a\|5t,¢ —€t,¢|\)-
v t=0 i=1
As minimax problem is always greater than or equal to maximin problem,
T-1
min max E Z ($$+1Qt+1$t+1 +ugRtut>
(507817 EL— 1) Pt Et N.Pt t=0
T-1 n
=3 3 (et el + alléea =<l
TZ0i=1 (4.86)
T-1
> max min E Z <$?+1Qt+1$t+1 +ugRtut>
Dy éi~Pru(oer,ei-1) |2
T-1 n
1
(e = =eill® + allzts — =l
t 0 =1

142



and we see the lower bound is attained at uj by (4.85), we have

T-1
_max min E Z (xtT+1Qt+1a:t+1 + U?Rtut)
P& ~Pyut(01,8-1) | 2
1 T-1 n
o 2 D (e el + e — el
t=0i=1 (4.87)
T-1
= min “max [ Z (xalQHlel + U?Rtut)
ut(€07€13"'35t71) Pt,étNPt t=0
1 T-1
= — 33 (I — el + allé — =rall)
ny ‘
t=0 =1

4.5 Group Lasso

Group Lasso is a tool widely used in statistics to select significant coefficients among lots of
possibly unrelated coefficients. It has been used intensively in fields like biology and computer
science but has not yet been advanced in control theory. The standard form of group lasso

can be formulated as

G
1
mﬂlnglly—XﬂH%+AZCgI|Bg||27 (4.88)
g=1
where X is data matrix, y is response, f3 is coefficient that are concatenated by 84,9 = 1,...,G,
that is
5]1
B2
g = ) (4.89)
Ba

The coefficient § is divided into G groups 1, f2, . . ., Bg and the penalty term ||34||2 ensures

that when A is decreased from infinity to 0, 84 will change from zero to non-zero in the order
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of their importance. That is, only a few high-influential predictors will be selected when A is
properly tuned.
To see the role of group lasso in the robust control, we come back to the previous

equivalence and see that

T-1
_max min E <xg+1Qt+1$t+1 + U;Rﬂ%)
Ppé~Pyut(eoer,gi-1) | i)
T-1 n
1 . ) (4.90)
- (12t = etall+allés; — etall)
720 i=1

s.t.xpr1 = Ay + Brug + Ciéy

is, in fact, a group lasso problem, with 85 = &;; — &;;. This is because in the recursion
of Lemma 4.7, the objective value of expectation depends quadratically on &; ;. And thus,
when we change the sign of (4.90), it becomes group lasso in a non-standard form. The
interesting point here is that according to group lasso, &;; — €4 ; will be selected in the order
of their influence. That is, with a properly tuned v in our model, we will only be robust to
those points that really need to be considered. And when -~y is negative, we will modify those
points that can reduce the objective value significantly, which would possibly be classified as
erroneous outliers. When +y is positive, this process is reversed and now becomes robust to
outliers, which means control policies will be selectively robust to high-influential points.

The standard form group lasso (4.88) has a ADMM iteration to solve (Boyd et al., 2011),

B8 = (XTX + p) Y (X Ty + pla?t — P71y,

ol = Ry (BF + w0l 9=1....,G, (4.91)
P

where

Ry(z) = (1 = 7——)4@ (4.92)



and p is a parameter to tune.

To form (4.29b) into the standard form of group lasso, from (4.32), we have

Theorem 4.11.

W) = (-

where

for j #1,

for T #1t,

By denote é = (gg“l, y

£0,1 £0,1
r_ ln) o +a3 0 + 2 =0 00,
éT—l,n éT—Ln
= L it
Ot.i).(ti) = 5t + 5502
Ot,i),(t.5) = O(t.),(t:0)
L e
= 32002
Ot,i),(r.5) = O, (t.0)
1 _min{t,r},max{t,7}
n270:2 ’
- 1_,
O = =01

(4.93)

(4.94)

(4.95)

(4.96)

(4.97)

T T
5% 1 n> and € = (8%17 e ,&?%:71 n) , (4.29b) can be reformu-
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lated as

T—1 n
T ~ . - 1 . .
max é' ©¢ + z) O¢ + () 9 020 — p— > D <||5t,i —erll3 + allér,; — 5t,i||2>
¢ TiZ0i=1
_ R Tos TA/ T—
=max(é —e+e€)  O(€ —e+e) +x50(€ — e +€) + x5 Z0,070

T-1 n
1 R 9 R
=33 (v — evall3 + allérs — el
v t=0 i=1
— max(é — e)TO(E —€) + L O(e — ) + 2 O —¢)
€—E€
1 T-1 n
-—> > (||ét,i —erill3 +allé; - 5t,i||2> + Constant (4.98)
nry .
t=0 i=1
—min—(¢ —e)TO(—€e) —TO@E—e) -zl O(e—¢)
€—€
1 T-1 n
+—> ) <||Fft,z' —erill3 +allé — 6t,z‘\|2> + Constant
n-y ‘
t=0 =1
1 ~
—min—(E—e)T(e—e)—(e—e)TO(E—e)— el O —€) — 2l O (e —¢)
€—e Ny
o T-1 n
+ o 2 ; (IIéri — t.ill2) + Constant

Thus we have

Theorem 4.12. (4.29b) is equivalent to a group lasso problem in the form of (4.88) with

1 1
X=(—I-0) 4.
(n'y ©)2, (4.99)
L li_e) (@ +06Ty ) (4.100)
y - 2 nv € 0> .
2a
= =1 4.101
A n'y’cg (4.101)

We give the algorithm for the minimax problem in Algorithm 3.
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4.6 Minimum Problem

The minimum problem is in the opposite direction of the minimax problem. It can be formed

into a group lasso following the same procedure in §4.5. We give the detailed quantities here.

Theorem 4.13. (4.2) is equivalent to

T-1
min ~min [E (xtTJrth_HxH_l + utTRtut>
U{;(Eo,gl,-.-,gt_l) Pt,étNPt t=0
T-1 n
1 A ) (4.102)
+— 33 (I — villP+allér — el
ny ;
t=0 =1
s.t.xey1 = Ay + Brug + Ciéy.
Proof. This is a direct application of Theorem 2.7. m
Follow the same notation in §4.5, we have
Theorem 4.14. (4.102) is a group lasso problem with
X = (L1403 (4.103)
= ’ _
1.1 _1 ~T
= (14 6)72 (0 4+ 6"z, 4.104
y=—5(=1+0)7} (04 67y (1104)
2
A=, =1 (4.105)
ny

We give the algorithm for the minimum problem in Algorithm 4.
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Algorithm 3: Outlier Robust Control for v > 0

Data: ¢; ;, Ay, By, Cy, Ry, Qy, risk parameters -, relative norm parameter o, ADMM
parameter p, maximum iteration step K, minimum update distance €.,
t=0,1,....,T—-1,:=1,2,...,n.

Result: Uy, 4y and control policy uy(xy) = Upxy + ug, t = 0,1,..., T — 1.

Solve (4.30) at &4 ; and get 5671, Eg’;, = for all ¢, 7

fort=0,1,..., 7T —1do

for r=0,1,...,7—1do

if t == 7 then

fori=1,2,....ndo

for =1,2,...,ndo

if © == 7 then

t Ot,i), (i) = n=t T 72502}

else
fori=1,2,....ndo
Lforjzl,Q,...,ndo
1 =

T

t
t Otti),(r.5) = O(r),(ti) = 5,20,20

X =(L1-0)k;

1 ~
y = %(%I—@) 2 (@6+@Tx0>;
)\_ 2a.

=y

fort=0,1,....,T—1do

fori=1,2,...,ndo
0 _o.
| Oy =0
B0 = (X1 X)Xy,

w0 = 0;
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for k=1,2,..., K do
BF = (XTX + pI) "M (X Ty + p(af =1 —wh=1y);
if Hﬁk - 5k_1”§ Emin then
L Break;
fort=20,1,...,7—1do
fori=1,2,...,ndo
L a’(ft’i) = R%(ﬁé‘%ﬂ.) + wkt’_i)l) , where Ry(z) is defined in (4.92);
wh = k=1 4 gk _ ok

fort=0,1,...,7—1do
fori=1,2,...,ndo
L Eti = Bei) T etis
Compute Uy from (4.34);
Compute uy = ZZ;tl Ui +E [é7] from (4.35) and (4.36);

4.7 Experiment

We consider a five stages model

4
min Y <5x§ 1+ 10u§)

Ut(€07€1,...,5t71) t=0
(4.106)
St.wyy] = 1t +up — ¢

et ~ 0.85N(0,1) + 0.15N(15,3),

which mixes N(15,3) into N(0,1) with a low probability and z¢g = 0. The N(15,3) can be
either erroneous data points or true outliers. We sample from this mixture of Gaussian 100
data points for each stage. The histogram of all data points is shown in figure 4.4. It can be
seen that apart from Gaussian around 0, we have a few data points away from the origin.
We consider the case that those extra data points are erroneous data points first, which
corresponds to 7 < 0. And we choose v = —100, « = 300. And in the simulation, we only
generate noises from N(0,1). The numerical result is shown in figure 4.5. It shows that our

controller reduces the objective value significantly.
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Algorithm 4: Outlier Robust Control for v < 0

Data: ¢ ;, A¢, By, Cy, Ry, Qy, risk parameters v, relative norm parameter o, ADMM
parameter p, maximum iteration step K, minimum update distance €y,
t=0,1,....,T—1,:=1,2,...,n.

Result: Uy, uy and control policy wi(x¢) = Upxy +ug, t =0,1,...,7 — 1.

Solve (4.30) at &;; and get 5671, Eg”g, = for all ¢, 7

fort=0,1,...,7—1do

for r=0,1,...,7—1do

if t == 7 then

fori=1,2,...,ndo

for j=1,2,...,ndo

if 1 == j then

t @(t?l)?(tal) o ﬁ‘_lt + WH0327
else
1 =ti
| O (tg) = Ot (ti) = 7209
1—t

else
fori=1,2,...,ndo
Lforjzl,Q,...,ndo

| O (r) = Ori)(ti) = 22505

X = (-L1+0)z;

n|y| ) )
y = —%(ﬁI +0)"2 (@6 + @Tx());
)\ = 2o
nly|’

fort=0,1,...,7T—1do

fori=1,2,...,ndo
0 _n-
|y =0
80 = (XTX) " xTy,
w0 = 0;
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for k=1,2,...,K do

AP = (XTX + pD)~H(X Ty + p(a?~! —wh1));

if ||6% — 1< epnin then

L Break;

fort=0,1,...,7—1do
fori=1,2,...,ndo

L O‘](ft,i) = Rm(ﬁfm) + wé“t;)l) , where R¢(x) is defined in (4.92);
)

wk = wh=1 1 gk _ ok,

fort=0,1,...,7T—1do
fori=1,2,...,ndo
t €t = By + et
Compute Uy from (4.34);
Compute s = Zz:tl Ui E [é7] from (4.35) and (4.36);
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Figure 4.5: Outlier robust control when erroneous data points exist.
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Figure 4.6: Histogram of objective values when outliers exist.

Then, we consider the case that those data points are outliers, which will repeatedly
occur but cannot be modeled with N (0, 1). And we will generate noises from the mixture of
Gaussian to simulate this behavior. We choose v = 0.02, « = 0.06, and the histogram for
objective values in 100,000 runs is shown in figure 4.6a. The tail behavior cannot be told from
the histogram as the tail falls in a long range. Thus, we take the greatest 10,000 objective
values and check its tail behavior carefully in figure 4.6b. It can be seen it has much more
mass in the first bin. And the robust controller has less mass in most of the following bins.
We also check the quantile plot with robust controller versus risk-free controller. The plot is

shown in figure 4.7. The robust controller is, as expected, with a lighter tail.

20000fF

15000 -

10000 |-

Controller With Robustness

5000 -

I I I I I
5000 10000 15000 20000 25000

Controller Without Robustness
Figure 4.7: Quantile plot when outliers exist.
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CHAPTER 5
NONLINEAR NON-GAUSSIAN RISK-AVERSE CONTROL

5.1 Introduction

In general cases, nonlinear optimization is not believed to be solvable due to the limited
information from the problems themselves. Especially in control theory, when the number of
stages increases, nonlinear control problems become extremely hard. In the deterministic
control, a tractable approximation was proposed about two decades ago, which mainly
focuses on the experimental aspects with few theoretic guarantees (Li and Todorov, 2004).
Later, it is extended to the stochastic case with a similar iterative scheme (Todorov and Li,
2005; Sideris and Bobrow, 2005). After a decade, it is generalized to the risk-averse case
(Farshidian and Buchli, 2015). Then, (Nishimura et al., 2021) tries to generalize the problem
to the non-Gaussian noise in the distributionally robust control framework. However, their
understanding of non-Gaussian risk-averse control is still limited and inexact. (Nishimura
et al., 2021)’s work attempts to solve it with ambiguity sets constructed from Gaussian. This
doesn’t essentially differ from the Gaussian risk-averse control.

While some may think Gaussian is good enough for risk-averse control, we point out here
there are crucial differences when noise is non-Gaussian. This point can be explained with a
simple example. Assume that noise follows a mixture of Gaussian 0.99N (0, 1) + 0.01N(30,1).
Then we perturb it to be 0.98N(0,1) + 0.02N (30, 1). This perturbation is subtle, and the
KL-divergence between these two distributions is 0.0039 as small as expected. However,
if we model the original distribution to be Gaussian N(0.3,9.91), then the KL-divergence
between it and the perturbed distribution would grow insanely to 1.4937. It just means in the
risk-averse Gaussian control, the perturbed distribution is far from worth to be considered.
When distributions have compact supports, the difference becomes more significant. Thus, in

this paper, we will discuss nonlinear risk-averse control problems under non-Gaussian noise.
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5.2 Problem Formulation

We consider nonlinear risk-averse control under non-Gaussian noise in this paper,

T-1

. 1

min —logE [exp {7 th(iﬂtﬂ,ut)
t=0

Ut(x0750,...75t71)7 (51)

s.t.xpy = gy, up) + he(we, ue)et,
where v > 0, z; € R4, ut(eq, -, 6¢-1) € R & € RY3, f;. g, us are functions. & are inde-
pendent noises. The joint distribution of (eg, €1, ...,ep_1) is denoted as P (g¢, €1, ...,ep_1) =

HtT;()l Pi(et). We assume P; to be empirical measures and they are all independent in this

paper. And the optimization is over the function space in search of the optimal control policy

uj (€0, €1, - -+ E4—1)-
For notation simplicity, we will omit (gq, ...,¢—1) when use u(eq, ..., e¢—1) in this paper.
u¢ should be always referring to a function w(eqg, ..., e¢-1).

5.3 Distributionally Robust Control Understanding

(5.1) is interesting as an objective approximates a trade-off between expectation and variance,

Theorem 5.1. (5.1) is equivalent to

T-1 T-1
. g
minE | Y fi(wpu) | + 5V | D filwe,u) | + 002
ut 2
t=0 t=0 (5.2)
starr1 = gr(we, up) + he(ze, wp)e,
Proof. This is by the expansion of the logarithm and exponential function. O]

We can also understand this problem from the aspect of distributionally robust control.
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Lemma 5.2. For any random variable X following a distribution P which has density or

mass dP(z), the mazimum point P of the problem

1 .
maxEp [X] — ;KL(PHP) (5.3)

also has same support with P if the maximum in (5.3) exists, and its density satisfies the

condition .
dP(x) ~ dP(zx) x e*. (5.4)

Consequently, we have the identity

1 - 1 dP(z)\ -~ . 1
max B [X] — ZKL(P|P) = /a:dP(x) - log <dp(x)> dP(z) = - logEp [(ﬂX} . (5.5)

where Ep [e'YX} is the normalized constant for the dP(z) in (5.4).
Proof. Consider the function

logEp [67){} = log/ewdp(:c). (5.6)

For any distributions 15(3:) that has density and same support with P(z),

log / 1¥dP(z) = log / Rk (%8) dP(x)

N / (yxdp(l’) +log (Z;Eg) dﬁ(:ﬁ)) :

where the last inequality comes from Jensen’s inequality in probabilistic setting (Durrett,

(5.7)

2019).
Divide 7 on the both hand side of (5.7), we have

%long [BVX} >Epz] - %KL(]B”P)- (5.8)

Equality can be attained from Jensen’s inequality with the condition

dP(z) ~ dP(z) x 1% (5.9)

Note that the distribution constructed from (5.9) always exists if (5.6) is not infinity.

Thus, if (5.6) is not infinite, the maximum of (5.3) exists.
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Assume now (5.6) is infinite. By constructing P(z), we get

dPp(z) ~ dP(z) x 7* x I(||z||< R), (5.10)

where R € R, we have ]SR always exists and feasible in (5.3). Denote C'g to be the normalized

constant such that

APp(z) CiRdP@) < 7 x I(||z]< R). (5.11)

Since (5.6) is infinite, we must have that

lim Cp = lim /ew x I(||z]|< R)dP(x) (5.12)
R —o0 R—o0
=00
Let R — oo, we have
' 1 - _ - 1 dPp(z)\ = ,
lim E5 [X]|—- —-KL(Pg||P)= 1 dP — =1 dP =1
i By (X] < SKL(PRIP) = Jim [ sdPpla) - > og<dp<x>) p(z) = Tim.
1 dP - 1logC 1
——log _APR(w) dPg(x) = lim —Mewdp(x) = lim —logCpR = .
v eV dP(x) R—00 J||z||<R Y Cpr R—c0 7y
(5.13)

From (5.13) and (5.8) we have that the existence of the maximum of (5.3) is equivalent
to the finite property of (5.6). When finiteness of either occurs, we can invoke (5.8) and (5.9)

to claim our conclusion. This completes the proof. O
Theorem 5.3. (5.1) is equivalent to

T-1
1 ~
min _ max E | felwg1,u) | — —KL(P||P)
ut P7(507511“'a8T—1)NP t=0 v (514)

sit.axppy = gi(we, ug) + he(xe, ug)et.

Proof. This is a direct application of Lemma 5.2. For every fixed wu, Zg:ol fr(xpp1,ug) is

the random variable X in Lemma 5.2. O
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5.4 Sequential Approximation of Nonlinear Control

Nonlinear control is among the hardest problems in control theory. It doesn’t have clear
solutions for general problems, but it can be approximated with tractable algorithms. The
approximation we will use in this paper is the sequential trajectory-based linear quadratic
approximation. In the iteration of each step, we will set up a trajectory first and then update
the linear quadratic approximation of the original problem around the trajectory. That is,
we decompose x; and uy into

r(€0,€1, - - -, 60—1) = Tt + T¢(e0, €1, - - -, E4-1), (5.15)
ut(€0,€1, - -, €¢—1) = Ut + Ut(€0,€1,- - -, E¢—1)- (5.16)

And we iteratively perform linearization at (¢, ut), which gives

T-1
o _ T _
min min _ max _E E (($t+1 = Ty11)" Qut1 (Te+1 — Teg1)
Lottt P (eg,e1,.67-1) ~P | 12

+ (ug — )T Ry (ug — tig) + 2 (w411 — Tp1)? Serr (ug — @) + Myiq (2441 — Tey1)
_ _ _ 1 ~
+ Ni(ug — ) + fro1(Teg1, W)) - aKL(PHP)

st.wpyy = Ap(ze — Tt) + Blug — @) + Creg + g, W),

(5.17)
where Myi1 = Va fii1(Zes1, @), Ne = Vufep1 (Tee1, W), Qeer = Var fr1(Zeg1, ), Ry =
Vuufer1(Tea1,4t), Ser1 = Vaufir1(Tegp1, ), At = Vag(@e,Ut), By = Vug(Ty, ), Cp =
hi(z¢,ut). In each step of the outermost problem, we fix the trajectory z¢,u; and solve the
inner problem first. Then, we perform gradient descent on the outer problem to minimize
the approximated objective.

Note that when ¢; are all Gaussian, the inner minimization problem of (5.17) is a classical
risk-averse linear quadratic Gaussian problem. Thus, by reformulating matrices in (5.17) into
standard form, we can solve the inner minimization problem. The standard form we will use
is
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Theorem 5.4.

T-1
: T A T - 1 ~
min _ max E 5 (I?+1Qt_~_1$t+1 + utTRtut> — ;KL(PHP)

Ut P(eo.er,er—1)~P | 12 (5.18)

St.2p41 = zzlt:it + Btﬂt + étgt,

where
z(
€0
- Tt | . €1
Ty =Ty (20, €0,€1,- - 60—1) = wle1 | |) =Trouw(zo, 20,1, - e0-1),
1 .
€t—1
1
(5.19)
. Ar  — Ay — By + gi (¢, ug) - By - C
Ay = 1. B = Ify.Cp = , (5.20)
0 1 0 0
Qt, Ry, f‘t717ft,2 are from the orthogonal decomposition
Qs Q: 0 'l Q0 0
t 1@l
vl v, V| = rf | e=1 ) : (5.21)
0 R 0 F?QRtFt,Q
SE V3 Ry ’

with V1 = —Qti“t—stﬂt—l—MtT,VQ = i;Qtft+ﬂgRtﬂt+2f?Stﬂt—Mti’t—Ntﬂt—l—ft(.@,ﬂt),V;), =

—Ryuy — Sérzft + NtT

However, the application of (5.18) is quite limited. As it requires noises to follow Gaussian,
this leads to the paper’s interesting point, the discussion of nonlinear risk-averse control

under non-Gaussian noise.
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5.5 Non-Gaussian distributions

(5.18) is a well-defined distributionally robust optimization problem. But it is hard to use
for general distributions in distributionally robust control. For example, in distributionally
robust control, distributions are usually given stage by stage instead of a unified distribution
P. Modeling it as a unified distribution P will bring the curse of dimensionality. Instead, we
propose a friendly model for distributionally robust control.

T-1 T-1
. ~ . T 1
mln max, E g (xath_,_le_l + ugRtut> - = E KL(P||P), (5.22)

== 2 | =0 720

that is, we model the stage-wise risk with P independently. It is equivalently requiring the
risk-averse distribution P to keep the independent structure as P has. This is not hard to
understand why will make sense. In many scenarios, like Brownian motion, we have the solid
independence assumption but will have doubt about the accuracy of parameter estimations.
(5.22) focus on the robust problem towards errors in the estimation of parameters instead
of the model’s independent assumption. The difference between (5.18) and (5.22) is stated
mathematically in Theorem 5.6 and Theorem 5.7. Before this, we first illustrate how to solve

(5.22).

Theorem 5.5. If Q; > 0, Ry > 0, then there exists v, ¥y < Y0,

T-1 T 1

min_ max E Y0 (@THQH@M +a?Rtat> _Z Z KL(B||P)  (5.232)

u p =T P —

t=0 t=0 t—O
T—1 ] ] L T-

—  max  minE |} (thHQtH:zHﬁathat) -~ Z L(P||P,). (5.23D)
P=[1L ' P, w — V=
[li=o Bt t=0 t=0

Proof. Since (5.23b) constraints P to have independent structure, we can apply Lemma 4.7

and have that
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T-1

T-1
1 .
max minE xt 1 Qi 1841 + U Rtut> - — KL(P||P)  (5.24a)
P H? 01 Py Ut ; ' v Z

t =0
T—1 5 3 1 T-1 y
— max minE xt 1Qt+153t+1+a?3tat) — 25" KL(B| P, (5.24b)
where
t—1
= {Z Utrer + be|¥7, Upr € R92:5 1y € Rd2} . (5.25)
7=0

This is because that @; is a linear function of z; in Lemma 4.7. By expanding z; with
(€0,€1,---,6¢—1), we can see 1y falling into the set ;. Then, we parameterize u; and write

(5.24b) as

T-1

. ST A .
| max o min E Z Ty Q41T
P :HtZO Pt t,T7 t t:O

t—1 T s LTl
+ (Z Utrer + bt> Ry (Z Utrer + bt> - — Z KIL( PtHPt)

7=0 7=0 t =0

(5.26)

From (4.34), we see the solution does not depend on the distribution but only on the matrices
from the system. That means the minimum point Uy - keeps the same for all distributions in

(5.26). We denote this minimum point to be Uy'.. Then, We have (5.26) equal

. T A .
max min E Z T 1Qp1Tt41

t—1 T = LTl
+ (Z Ut’T€T+bt> Ry (Z Ut,757+bt> - = ZKL PtHPt)
7=0

7=0 t =0

(5.27)

As Py are empirical measures, Py are also empirical measures. P; can be parameterized by a

vector m¢. We compute the Hessian w.r.t. m ;, note that
~ 1 1
Vi KL(PP) = dzag{— — .., —} (5.28)

11 T2 Tn
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we have
T—1 i ) ) ) i

V2 Y KL(AIR) = diag {V3,KL(R|Fo). V3, KPP . V3, KL(Pr_i]|G529) }
t =0

1

(AR
=~

InxT-

Also, note that b;’s value doesn’t influence the Hessian of the first part, and U;"_ is fixed for

all P, we have
T

T-1 t—1 t—1
VAE | Y| # Qi + <Z Uf rer + bt> Ry <Z Uf rer + bt> (5.30)

t=0 7=0 7=0
is a constant matrix regardless of P; and b;. Thus, we can always find v to make
T—-1 t—1 T t—1 )
ViE Z f?HQtHi’tH + <Z Ui rer + bt) Ry (Z Ui rer + bt) — I <0.
=0 =0 7=0 i
(5.31)
With such ~, the objective of (5.27) is a concave function of P at any given b;. It is also a

convex function of b at any given P;. By Sion’s minimax theorem, we have (5.27) equal

T-1
. ~T ) r
min  max E Tip1Qt+17t41
Utr =U7:bt p =T]L ! P, ; i
(5.32)

t—1 T _ (it 1 P

. (Z Uirer + bt) R (Z Usrer + bt) -~ KLAIR).
7=0 7=0 =

In the outermost problem of (5.32), we have a constraint on @ such that u; = Zt;:lo Ut rer+by.

It is greater than or equal to the unconstrained problem

T-1 T-1
. T A T 1 ~
min_ max  E|Y (:ctTHQtthH + utTRtut> ~— S KL(B|P) (5.33)
[I;=o I t=0 t=0
T-1 t—1 T t—1
< min max [E j?—&-l @tJrlftJrl + Utrer+bt Rt Ut rer+bt
T2 i
— =Y KL(P|P).
7 =0
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(5.26) = (5.27) gives

T-1 T-1
- ~ 5 T 1
_max, min E Z (xtTJrthHle + ugRtut> - = Z KL(P||P) (5.34)
P=[[ ) B @ t=0 720
T-1 i t—1 T
=_ max  min E Z P Qui1Fr + (Z Ut,757+bt> Ry (Z Ut,T€r+bt)
P=Il;oy P Utr=Uisbt |5 =0 =0
L T-1 i
— =Y KL(P|R).
720
We have
T-1 =
min_ max E Y (a;tHQtthH + ] Rtut> 2 Z KL(B|| ) (5.35)
ut p =T p —
t=0 t=0 t =0
(5.33)
<
T-1 ) t—1 T
miI}k - max K fg;_th—i—ljt—i—l"' ZUt,T€T+bt Ry ZUt,T€T+bt
Utr=Urs 0 P=;i ' Bt | 1=0 =0 =0
= i
— =Y KL(PP)
720
(5.27)=(5.32)
T-1 i t—1 T
maX1 min E i’ﬁ_thJrli‘tJrl + (Z Ut,r€7+bt> Ry (Z Utﬂ—ET—l—bt>
P=TTi=g B Uer=Uirbe | {55 =0 7=0
= i
— =Y KL(PP)
720
T-1 -
5.34 . N ~ - T~ 1
( = ) | max min E Z (xath_,_lel +utTRtut> - Z KIL( PtHPt
P=[1l ' A @ | 7 =0
As
T-1 i i = i
_ max mink (i}a—th—i-lft—i-l + ﬂtTRtﬂt> — =Y KL(PP)
P=]lizo Bx " t=0 Ti=o (5.36)
T-1 i i L T-1 i
<min _max B |3 (1@ +af Rei) | - = >0 KLIBIIR)
Y P=[lim0 P& |t=0 720
is always true; we complete the proof. O
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Remark 5.5.1. This theorem tells us that the optimal control policy of (5.22) is still linear.
To solve (5.22), we can switch the optimization order and figure out the worst distribution P
first. Then, the global optimal control policy is the optimal control policy under this worst

distribution. The worst distribution can be found with our coupling method in §5.6.

Theorem 5.6. If Q; > 0, Ry > 0, then there exists 7o, Vv < 7o, the optimal control policy of
(5.18) is the same as the optimal control policy of
T-1

min _ max E Z <fitT+1C~2t+1i't+1 + ﬁgét%) : (5.37)
Ut PKL(P[P)<c(v) |3=0

where ¢(7y) is a non-decreasing function of .

Proof. Replace ¢(v) in (5.37) by a constant ¢ first. And it is equivalent to
T-1

minmax min E | 3 (@THQH@M + affztat) —w (KL(PHP) - c) L (5.38)
w p w20 |

At any given i, as the objective of (5.37) is a concave function of P, and K L(P||P) is convex

in P, it satisfies Slater’s condition and we have (5.38) equals

!
min min maxE Z (@T+1Qt+1it+l + Q?Rtﬂt> —w (KL(pHP) — c) . (5.39)
u w=>0 p P
which also equals
! ) ] )
min min max E (gthHQtngtH n athat> —w (KL(PHP) - c> . (5.40)
w>0 u p —

Now consider the minimum point w as a function of ¢. Then w(c) is a non-increasing function
of ¢. When we increase ¢ from 0 to infinity, w(c) should converge to some value wy. If we pick
v such that % > wp, the inverse function of w(c) gives c(%) Thus ¢(7y) is a non-decreasing

function. Now consider the inner problem of (5.40),

T-1
minmaxE | 3 (i:tTHQtHitH + a?émt) —w (KL(PHP) - c) . (5.41)
Ut P

t=0
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As it is convex in 7, concave in P, and P is empirical measure which can be parameterized

by ¢, we can apply Sion’s minimax theorem and have

T—-1
minmaxE | Y (:E;FH@H@H + afétat> —w (KL(PHP) - c> (5.42a)
P t=0

= max mln]E Z (xt+1Qt+lxt+1 + Uy Rtut> —w <KL(P||P) — c) . (5.42b)

t=0
Thus, the optimal control policy will only depend on the maximum point P. When coming
back to (5.18), for the same reason we can apply Sion’s minimax theorem and have it equal

T
3 _ 1 .
~ max  minE|Y (ftTQtaz«t + atTRtat> _2KL(P|P).  (5.43)
P (0,616 7—1) ~P Ut =1 v

Comparing (5.40) and (5.43) at ¢ = ¢(v), they will have the same maximum point P; this

completes the proof. O

Theorem 5.7. If Q¢ > 0,R; > 0, then there exists Y0, VY < 70, the optimal control policy of

(5.22) is the same as the optimal control policy of

T-1

min max E Z(itTHQtH@H—FﬂtTRtﬂt) L (5.44)
i p =TT Pt K L(P|Py)<ci(7) =0

where c¢(y) are non-decreasing functions of 7.

Proof. Note (5.44) is not a concave optimization problem of P as the set of independent

distribution is not convex. We first convexify this set and consider the problem

T-1

min _ max E|. <ftT+1C~2t+1fft+1 + @tTRtﬂt> ; (5.45)
Ut PEP,Vt,KL(PtHPQSC“’Y) t=0

where P; in the constraint K L(P||P;) < ¢4() is the t-th marginal distribution of P and

m T-1 m
S NPIP =T BLY Ni=10< ) <1,m>0,Vti, KL(P}||P) < ¢4()
) — t=0 i=1

(5.46)
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Then, the maximum problem in (5.45) is a concave optimization problem of P with Slater’s
condition held. Thus, we have strong duality and have (5.45) equal
T-1

min min max E | (@T+1@t+1ft+1 ‘|‘atTRtat> Z (KL By Pr) —Ct(7)> . (5.47)
u we >0 p cp =0 =0

Note the objective of (5.45) can be written as

T-1 T-1
Ep Z (@T+1Qt+1fit+1 +if tUt> Z NE b (fﬂt+1Qt+1!Et+1 + Uy Rtﬂt>
t=0 t=0
(5.48)
For any distribution P= Sy )\sz‘ € P, we can choose P! having the greatest
T-1
- ~ - T 7 ~
EPZ Z <x?+1Qt+1It+1 + uy Rtut> . (5.49)
t=0
Then this P! has independent structure and satisfies constraints, and
- m T-1
- ~ - T3 ~ - ~ - T3 ~
>, (xf+1Qt+l$t+1 + UtTRtUt> >3 NEpi [ Y (ftT+1Qt+1l"t+1 + 1y RtUt)
t=0 =1 t=0
T-1
=Ep | Y <$t+1Qt+1l’t+1 + Uy RtUt)
t=0
(5.50)
This just means
T-1
max IE (:17H_ t+1T¢41 + Uy Rtut>
P PN KL(P||P)< _
(PlPI=etn | i=0 (5.51)
= . max Z <$t+1Qt+1$t+1 + uy Rtut>
P Ht 0 Pt,Vt KL(PtHPt)<Ct( t=0
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Note the strong duality for (5.47) in fact says

-1 T-1
min max E | ) <ftT+1Qt+195t+1 + ﬂtTRtﬂt> - (KL B P - Ct(V))
wy ZOP ep t=0 t =0
T-1 N 3 T-1
= max min E (jg;_th—Hjt—H + Q;Rtﬁo wy (KL PP — ct(7)> (5.52)
pepue=0 155 =0
T-1
= max E Z (fg+1Qt+1ft+1 + ﬂgRtﬂt>
PEP Vit KL(Pt||Pt)<Ct( ) t=0

Apply (5.51) and write constraints into the objective,

T-1

~ max E Z (57?+1Qt+15t+1 + ﬂ?f?tﬂo

P eP,Vt,KL(PtHPt)gct(v) t=0

5.01 —

( = ) ] Ty - max Z (xtJrth—i—lxt—i—l + uy Rtut)

P:Ht:70 Pt,vt,KL(PtHPt)SCt( t=0
T-1 B B T-1 B

—  max  mnE|Y (:EtTHQtH:th +atTRtat> Ny (KL(PtHPt) —ct(fy)>.

P=IT= A=Y |50 t=0

(5.53)
The max-min inequality gives
T-1 ~ 3 T-1 3
~ max  min E Z (f;‘F+1Qt+1it+1 —I—ﬂ?Rtﬁt) — Z wi (KL(PtHPt) — ct(7)>
Pl Bwe=0 | = t =0
- T-1 B

< m1>rb | max Z (%+1Qt+1l’t+1 + uy Rtut> — wy (KL(PtHPt) - ct(7)> :

w0 P=ITi 5 e | =0 t=0

(5.54)
As
T—l T-1 5

- max _E Z 51 Qi By + 11 RtUt) - ) w (KL(PtHPt) - Ct(V))

P:tho Py t=0 t =0 (555)
-1 T-1
< gla; >, < B Qe By + 1 RtUt) - ) w (KL(PtHPt) - Ct(7>> :
€ =0

t=0
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we have

T-1 T-1
min  max E Z (ftTJrth_,_lle +ﬂ%rRtut KL (P||Py) — ct(7)>
we20P =[P | i t =0
-1 T-1
< min maxE | " ( 1 Qe + i RtUt) — ) w (KL(PtHPt) - Ct(v))
wy=0 PeP t=0 t=0
(5.52) R iy P =
= " max min E (%+1Qt+1xt+1 + Rtut> wy (KL B||P) — ct(’y)>
= t=0
(5.56)
and
-1 T-1

min  max E Z (j?+1ét+lft+l —l—ﬂtTRtht> Z < Pt”Pt) — Ct(’y)>

WP R |5

(5.54) - -1
>  max minE Z (mt+1Qt+1xt+1 + Uy Rtut) wy (KL P||P) — ct(’y)>
P= T-1 Pt thO — —
t=0 t=0 t=0
T-1 B R
= - max E Z (ig+1Qt+1ft+1 +ﬁgRtﬁt)
P:Ht:_(] Pt,Vt,KL(PtHPt)SCt(’Y) t=0
T-1
(5.51) o T -
= max E Z (x?+1Qt+l$t+1 + ugRtut>
PePNt,KL(P||P)<ct(v) =0
T-1 5 3 T-1 5
=max min E | Y~ (ftT+1Qt+157t+1 + ﬂ?&%) — > w <KL(PtHPt) - Ct@)) :
= t=0

(5.57)
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(5.56) and (5.57) are inequalities in different directions, combine them and we have

- T-1
min max Z (xt Qe + i) Rtut> -3 w <KL(PtHPt) - ct(7)>
e = P=[l;5 P, t=0 t =0

T-1 T-1
_ : T
=max min E | ( Ty Q1T + T RtUt) - > w < (Pi|Py) — Ct(7)>
pepui=0 1D =0
T-1
= max E Z (@THQtHftH + ﬂ;Rtut>
 PePKLB|P)<al) | S
T-1
(5.51) oA R
= max Z (l‘?_’_th_Hl‘H_l + U;Rtua
P=TT{=y' P, KL(P|P)<ci(v) | =0

T-1 T-1

~ max minE|Y (;zalcgtﬂml +atTRtat> Ny (KL(PtHPt) —ct(’y)).
P=[— Bt=0 |15 t=0

(5.58)

(5.44) then is

T—

min min max E Z (ff+1ét+1ft+1 + Q?Rtﬁt> Z (KL PtHPt) — ct(’y))

—_

(5.59)
Now consider the inner problem of (5.59)
T-1 T-1
T A~ T3 - 5
min max E Z (%+1Qt+1$t+1 + ay Rtut> - wy (KL(PtHPt) —ct(7)> . (5.60)
“ P=Ili B | =0 t=0
By Theorem 5.5, for sufficiently large wy, we have strong duality and it equals
T-1 T-1
E i Q17 al Ry ) | — KL(P||P) — 5.61
R minE | Y (& Qy1F41+0 Ryiig wt (Bl|P) —ce(y) ) - (5.61)
=M=y P =0 t =0

Now, we can follow the same logic of the proof of Theorem 5.6. This completes the proof. []
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5.6 Coupling Method

Consider the maximin problem
T-1 B B 1 T-1 B
max  min B | (21 Quadi + i Reie) | -~ > KL(BR). (5.62)
P=lZ P e(@) 15 7120

By Lemma 4.7, we can replace the inner minimum with

T-1 T-1
Vo(zo) = xo 21,070 + Z 20 E{1E [er] + Z Z ler,] :?2’72191 Ery) + Z [ HTeT] ,
71=0T2=T1
(5.63)
where ; ~ P;. This gives
T-1 T-1 T-1
) m‘g?fl ) 56’0 00 + @) B E [er] + Z > Elen]' E15™E[en)
P:H T =0 =072 =71 (5.64)
T-1
+Z [ uTgT]__ZKLPt”Pt)
t—O
Theorem 5.8. 3, Vv < Yo,
T-1 T-1 T-1
_max xo E40T0 + Z T =, i 1E [er] + Z Z E [er] :ZETQE[ 5]
P:Ht o P T=0 7 =072 =71 (5.65)
T 1
+ Z [ HTeT] _ = Z KL(P||P)
t—O

is a concave function of P;.

Proof. As %K L(IStHPt) is %—strongly convex in P, and P; are empirical measures on a fixed
support, with sufficiently small v the Hessian will be diagonally dominant. Thus, it is concave
in Py O
(5.65) will require a gradient ascent. Alternatively, we have a better way to compute the

maximum point under the independent assumption. We introduce two new independent
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random variables & ~ P and n ~ P, we have (5.64) equals to

T-1 T-1 T-1
1 - =
T 1TSS JECAES o DECS L
p =IT;=o Ptv('f U)NPXP T1=0T2=T1 =0
T-1 T-1 —
+ ]E xo Zt,070 + Z Ty = Ht 1777' + Z Z 7771:;—71277-257'2 + Z T]ZETUT
T71=0T72=T1 7=0
T 1
- - Z KL(P| Py).
t—O
(5.66)
Now we relax (5.66) to
1 T-1 T-1
el ST s Y Y A
Pl :tho Pl t’PQZHtZO P2 tanglanNPQ = =0 To=T1
1 T-1T-1 —
+ Z & Srtr | +5E |20 070 + Z B+ Y Y ME et Z 1y Erilr
71=0T72=T1 7=0
1 T-1 1 T-1
- — Z KL(Py4||Pr) = o~ Z KL(Pyy|| Fy),
t—O t 0
(5.67)
where P; and P, are independent.
Theorem 5.9. 3y > 0,Vy < 7, (5.67) is jointly concave in ]51715 and ]52715.
Proof. The proof is similar to the proof of Theorem 5.8. m

Theorem 5.10. 3yg > 0,Vy < 79, (5.67) equals (5.65).

Proof. We choose v to be the vy of Theorem 5.9. Denote the objective value of (5.67) to
be F(pl’t, Pg’t). And denote its maximum points to be p{)t and ]52016 As it is symmetric in
]517,5 and ]52,,5, we have F(p{)t,pgt) = F(Pgt, p{)t) If P{)t + ]520157 we choose Pl*t = Pékt =

% <]5]9,t + Pg,t) : Then, due to the COnC&Vit}G we have

S 1 50 B0 50 B0
F(Pyy, Pyy) > 5 <F<P1,tv Pyy) + F(Pyy, Pl,t)) (5.68)
F



As (f’lo " ]520 ;) is the maximum point, we have
F(pl*,t’ p2*,t> = F(Pﬂm p20,t)' (5'69>
Thus, we have (5.67) < (5.65), as for each of its maximum points, we can find a point in

(5.65) with the same objective value. Also, note that (5.67) is relaxed from (5.65), we have

(5.67) > (5.65). Finally, we have (5.67) = (5.65). 0

Theorem 5.11. Given 152, the maximum point 151 18

t—1
D = —T,t
dPy (&) o dPry(&) x exp Qv | #d =4 1&e + Y Ep (7] E756
=0 (5.70)

T-1 i\ T
T (=t, &
+ > By A" (215) G+ =e]
T=1

and given Py, the mazimum point Py is

t—1
N _ Tt
dPy () o< dPo (1) X exp { fb“oT:f,mt + ZEFH e = S
7=0 (5.71)
T-1
—t, fad
+ > Ep, l&-]" <~t ;) ne -+t S
T=t%
Proof. By Lemma 5.2, the maximum point
dPy(£,€1, -, &r—1) o< dPL(€p, €1, -, Ep1)
T—-1 T-1
x exp 7 | @) Zp.0m0 + Zmo Eabr+ Y > EHELTE, [nn)
T1=0T2=T1
T-1 T-1 T-1
+ 3 > Bl 55 + Y 5
71=0T2=T1 7=0
(5.72)
As
dP (&0, &1, &ro1) = ] dPia(&), (5.73)
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we have dPj still have the independence structure and

t—1
~ —_ —T,t
Py 4(&) oc dPy (&) x expQ v | 2h Eh &+ Y Ep, [”T]T:bft
=0 (5.74)

T-1 T )
+ Z Ep, T (Eté) &+ 6L i
7=t

The proof is similar for dPs. ]
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Algorithm 5: Nonlinear Non-Gaussian Risk-Averse Control with Coupling Method

Data: initial point .zclmt u%mt initial step size miyit, step size shrinkage rate f3,

minimal step size egtop, c1, co for Wolfe conditions, data points Datas, minimal
increase of inner step €jyc.
Result: x4, us, Uy, Ut,r and & for control policy uz(x¢) = Upxy + Zt Ut 7—57- + Uug.
fort=0,...,T—1do

L Ty = x%nlt Uy = u%mt

7 = Minit»
while 1 > €4, do
11 = Tinit»
Compute gradients Dg, D1, ..., Dp_1 at T¢, up from Algorithm 6;
while € > € and Wolfe conditions not satisfied do
L n=pn.
fort=0,...,T—1do
| (@, ut) = (2t,ut) — nDy;
Expand (5.14) to (5.17) at &y, uy;
Reformulate (5.17) to (5.18);
Perform the backward run of (4.30) and get its matrices;
A= €inc + 1;
Set Py + and Pgt to be uniform distribution over Datay;
Compute Vj from the objective of (5.67) at Pl,Ov . »Pl,T—l and f’270, ce P27T_1;
while A\ > ¢;,,. do
fort=0,...,T—1do
Compute pnew from (5.70) with given P it
Compute P2 'ZW from (5.71) with given phew.

1t o
Pl,t_Plg 7P2t_P2n§W7

Compute V7 from the objective of (5.67) at PLO, ey Pl,T—l and ]52)0, - ,PQ’T,l;
A=V — VW

fort=0,..., T —1do
P = % (Pl,t‘f'—ﬁzt);
& =Ep el
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Algorithm 6: Gradient Computation in Nonlinear Non-Gaussian Risk-Averse Con-
trol

Data: point ¥y, uy, data points Datay, minimal increase of inner step €.
Result: Gradient D;
Expand (5.14) to (5.17) at &y, ty;
Reformulate (5.17) to (5.18);
Perform the backward run of (4.30) and get its matrices;
A = €ipe + 1;
Set ]517,5 and ]527,5 to be uniform distribution over Datay;
Compute Vj from the objective of (5.67) at 151,0, o ,[f’le_l and 152’0, . ]52,T—15
while \ > ¢;,. do
fort=0,..., 7 —1do
Compute ﬁlnﬁw from (5.70) with given f)ﬁ;
Compute ]52115“” from (5.71) with given Z-:’fﬁw;
Py = P1H7§W7P2,t — pnew.

2t
Compute Vj from the objective of (5.67) at ]51,0, ce ]51,T—1 and 152,0, e 7152,T—1§
A=V =V
L Vo=V1;

fort=20,...,T—1do
b= % (151,15 + 152,15);
fort=20,....,T—1do
L Compute the gradient D; of (5.62) w.r.t. zy,ur at Py, ..., Pp_1;
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