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I. DETAILS ON THE LINEAR AND THE QUADRATIC MODELS
A. Linear model

Before we discuss the quantum model setup, we start by reviewing the linear and quadratic models in the classical setup. The
linear and quadratic models are originally solved in the framework presented by [1, 2], and in this section, we will give a brief
review.
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We define the model as

zi5(0) = Z Wijd; (xs) - (1)
J

Here x; is the data point ¢ in the space D, and W;;s are weights and biases. We use the slack notation such that Wy; = b,
includes the bias. The model is called the linear model, which is linear in weights, but we wish to keep the feature map ¢ in
general. Moreover, we write 6 as a compact notation of the vectorized .

We wish to optimize the following loss function

L4(0) = %Z via — > Wijdj (xa)| - 2)
J

i,a
For the sample set 4. Again, we will use the notation & such that & is in the sample set .A. We define the kernel

dzi;él dZ,j;(;Q

. 3
2 Wy AWV, ©

k6152 =k (X517X52) = Z (bz (x51) ¢’i (X(sz) =

Note that the right hand side does not contain a sum over 4. It is equal for all is. Moreover, We call 4 € D as the whole data set,
while A C D is the sample set. We define ks, 5, With tilde to indicate the submatrix. We also define [3]

> E ke, = 051 )
azeA

namely, the upper index means the inverse. Similar to the main text, we consider the gradient descent algorithm,

0L A
dag, = —n . 5)
a 00,
The partial derivatives are computed as
OLA(W
OLaW) _ _ > Giadjed; (Xa) |Yia — Y Wijd; (xa)
Was G.i.j i

= b0 (xa) (Zasa = Yaia) = Y Caadh (Xa) (6)
& a
where ¢ is the residual training error,
dWij = -1 ¢; (Xa) ia - (7)

So we have

8Zi;5
aWab
a,b

dz.s = AWap = —772 ksaciza - (®)

In the linear model, the kernel ks is static. The solution for the residual training error is
Eisay (t) = Z Udldz (t)gi;ﬁq (0) ) 9
Qs

where
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[(1- nk)t]&tao
= Z (0a601 — Nkara,_1) - (0ara0 — Mkarao) - (10)



Now we could predict the model output for an arbitrary 5. We have
zis6(00) = 2i;5(0 Zkaa {Uiﬁi;&(s)}
= 2;:5(0 Zk‘ga nz ZUW“ $)€isa O)]}
= 2;;5(0 Z ksa {772 (1 - nk)s]dal } €iza, (0)
s=0

6% Otl
e 771
= Zi; 5 Z kéa{ ]- - 1 - Uk)] } €isa, (O)
a, Otl
= 215(0) = Y ksak ™ eiq,(0) (11)
&,00

where we have made use of geometric sums. It is easy to check that
%:5(%0) = Y5, (12)

where we take & € A.

B. Quadratic model

Now we start to study perturbative corrections about the linear model. We consider the model definition,
g
Zis(0) =Y Wijos (xs) + ) > Win Wigo s, (X5) - (13)
J J1,J2

Here o is a small number as a perturbative correction. Thus, the model prediction difference up to the quadratic order will be
given by

dzi;s = Z ¢; (xs5) +e Z Wijihjj (x6) | dWij + 5 Z Vo (x5) AWij, dWij, . (14)

J Jj1=0 ]1 2J2
The first term here is the effective feature map,

dzis

¢5 (Xé) = de = (bj (Xé) + O'Z Wikwkj (X(;) . (15)
v k

Now, we could collect our dynamical equations for z, ¢, W as

ag
Az = Y AWijof (x5) + ) D AW, dWij, 15,5, (Xs)

J J1,J2

Ao (xs) = O'Zdwikwkj (xs)
aw;; = nZ% a)Eia - (16)
Moreover, now we have an MSE loss as

La= %Z Yisa ZW1J¢)J Xa) — = Z Wi Wija®is (xa) | - A7)

1, ]17J2



So we could write the dynamics of z more explicitly as
dzig = =0 | D 0% (xs)0% (xa) | €ica
a J

2
n
+g DD ot (x6) 05, (%a,) 85, (Xas) | isan Eisain - (18)

a1,a2 | Jji,j2

We define the effective kernel:
ko, = D 08 (x6,) 05 (x5,) (19)
J

and the meta kernel,

98185 = O Z Vi (X5o) b (xs,) Pjs (x5,)

J1,J2
=0 Y el (Xs,) 08, (%5,) 05, (x5,) + O (0°) . (20)
J1,J2
So we have

2

n
dzis = _"Z Kisacia + 5 Z 166r 62 Eisin Eiss + O (02) @1)

« x1,02

The meta kernel is fixed. The effective kernel will satisfy the following dynamics

k5,5, = =1 (o100 + Ponsia) €isa + O (07) (22)

Now we could try solving the output z. Based on perturbation theory, we could divide the whole output by the free term 2% and

the interacting term 2/,

2ia(t) = 25(t) + 21.5(t) - (23)

The free part follows the following exponential dynamics,
d“zf(; = 7772 k(;&ef?& = zﬁ; — 772 ksa [zf& - yi;&] . (24)

Here, k is the old definition of the kernel without quadratic terms, which is different from the effective kernel by O (o). Moreover,
we have

kiEi;(héQ (t)
:kiE’L;5162 (0) - Z (/14515254 + /1‘525154) ai;d(t) 5 (25)

where

aia(t) = Z/;(m (eialt) —fa(t)) - (26)

where 1" is the free part of the residual training error 2 — y. Then, one could compute the interacting piece. We have

dzfs ==Y mksazfa(t) +nFis(t) . @7

J,&



Here F is the damping force

Fi;é(t) = - Z [kga(t) - ké&]ff?d(t) + g Z u5&1d265&1 (t)ff?dz) (t),

a aq,0

and we have

Zil;é(t)

I
=

Fiw(s) = > ks, k¥ P Fia,(s)| + D koa k%22l (1) .

s=0 a,G2 a,G2

The whole system is a set of non-linear difference equations.

1. The residual training error

Now we could try to solve the residual training error. We note that, for & € A, we have

ialt) —efa(t) = ZzI&(t) .

)

So we have

kiEi;6162 (t) = k‘g;éléz (O) - Z (/'451525t + M5251d) ];64&221.1;&2 (t) .

&,
Moreover, we call
A _ 1A _ 1L.E
kii;éléz = kii;5152 = kii;éléz (0) - k6152 :

‘We note that the effective kernel looks like,

kfsis, = D05 (x5,:0) 65 (x5,30)
J

=> (asj (x6,) + 0 > Wir(0)r; (x@) (@- (x5,) + 0 Y Wik(0)y (X52)>
J k

k’

= ks, + 0 ) Wir(0)thn; (x5,) &5 (x5,) + 0 D Wik (0 (x5,) 65 (x5,) + O(0?) .

Jik gk
Keeping the leading order, we have
ki sis, =0 Wik(0) (x5,) 65 (x5,) + 0 > Wir(0)thij (xs,) b5 (%s,) ,
3k gk

and

kil;?;éléz (t) = kiEi;élég (O) - Z (/-1’5152& + u5251&)k&&2zi1~&2 (t)

&,

= ks,s, + k‘ﬁ’glaz - Z (5,606 + Hézéla)kd&22id2 (t).
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(29)

(30)
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(33)

(34)
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Moreover, let us solve the damping force [F:

Fis(t) = — Z [kf&(t) - k(;&}sf&(t) + g Z N5&1d255&1(t)55&2 (t)

& Gi1,02

=— Z kEs5a(0) = > (msaa, + Hasa,) K %2el 5 (8) — ko | Usas ()5, (0)
Q1,002
n
+ 5 Z Héay ao Udlds (t)Ud2&4 (t)gi;&z (0)52';&4 (0)
a1,02,03,04
= — > kitsaUaas(Deia; 00+ D (saa, + pasar) K % Usay (H)eias (0)2] 4, ()
&,as3 &,Q1,02,03
n
+ 5 Z :U’55¢1072U561543( ) 012044( )El 043( )Ei;&4(0) . (36)

Gu1,02,03,004
The second and the last term in the last equality contributes higher orders. Thus, if the initial £ is not vanishing, we have
=D KizsaUaas (Deia, (0) + O(o) - (37)
&,Gs

The contribution in the first term will dominate at least in the early time when & is not vanishing. In the late time where U
decays significantly, we would have some non-perturbative effects.
Thus, we can plug the expression back to solve 2! (¢). We have

t—1
Za(t) =1) > Usa, (t— 1 - 5)Fig, (s)

s=0 dl

_77 Z Z U&éél 1 - S)U&2&3( )k’ﬁ a1a252§5¢3 (O)

s=0 &1,02,a3

=0 (1—nk) " kG (0 — nk)*ei(0) (38)

The last formula is given in the following matrix form:

(1= 1k)aras = Oaras — Mharas = Oaras — 1 Y 65 (Xay) &5 (Xas) |

(kA (xlaz = GZ Wlk wa (Xal) ¢] Xag + UZ Wtk wk_y (Xag) Qsj (Xal) = (Mi)&l,&g )

-k J:k
(:(0))a = €5:a(0) - (39)
Moreover, we could indeed get more information by just making the bound. We have
t—1
[ZEa @] = 0D (1 —nk) ™ k(1 = nk)*ei(0)
s=0
t—1
1-s
<y 11—kl KR I =0k lleiO)]
s=0
1
=7 (Z 11— k|| ) [[£5[ lles(0
1 -1 i
= ntl[ L — k]| {[kG | e 0)] = ot L —nkl T IMC]| e (0)]] - (40)

Now we compare the convergence time noticing that

zal ZUamz Ei; az(o) . 41



So
lef O < 11— nkl" les(O)]] - 42)
Schematically, we have

=N ot M| lle: (O omt [V

~ ~ . (43)
lef @] 11— nklllle: ) 11— nkl
The relative perturbative error contribution will grow linearly in time.
2. The asymptotic regime
Now instead of only looking at the training set, we study the asymptotic regime for general inputs. We start from
t—1 . 3
25 =) |Fis(s) = Y koa, k% Fia,(s) | + > ksa, k%205, (1) . (44)
s=0 &1,002 ai,02

At the asymptotic convergence, the interacting perturbative correction on the training set will converge to zero, so we have
o0 o0
; s
zi5(00) = [77 > Fi;é(S)] — Y ksa kOO [77 > Fia, (S)] : (45)
s=0 aq,009 s=0

So we need to perform the sum

ﬂZFi;a(s) = Z (Msaao + Hasao) {nZai;do(s)gl{&(s)}
s=0 6‘0 & =
')’] o0
+ 5@2@ Héayao {UZOET‘,;&I (5)65&2(5)} . “6)
1,002 s=

‘We note that

3
=> Xﬁ1&25‘35‘45i;d3(0)5i;&4 (0) . (47)
ag,04

Here, we define the following inverting tensor:

X8 = S k)] o (= 1k) g (48)
s=0
which is implicitly defined as
&y 5o &1doasdg 1 7 A
5&56&5 = Z X|| 2t — [6&3d55&4&6 - (55!3545 - 77k63d5) (6&4546 - nk&4&6):|
Q3,004 N
= Z Xﬁ1&2d3&4 (I;d3&555¢4&6 + Oaas kaaas — 771;&3&5];1&4(16) . (49)

Gi3,04
Using the inverting tensor, the final expression is given by
Zi5(00) = 2 (0) = > ke, k1?44, (0)
Q1,02
+ Z H&q6as — Z k6&5%&5d6ud1@6@2 Zgld2d3&4€i§&3 (O)ei;&a (O)

Q1 yeeny Qg as,a6€A

+ Y moman— Y ksask™ ™ tagaias | 252 M eia,(0)Eia, (0) (50)

Q1 yeeny Qg as,a6€A




where Zs are the algorithm projectors,

Zd1&2&3&4
A

= kala;; Oé (e %} E ko&gaox(llla5a3a4 ,

Z&1&2d3&4 —

R‘l

Z];,& 285 Xa1a5a3a4 + 727X|£‘!1042a30t4 . (51)

Finally, in the continuum limit, we could drop out the 7 terms in the algorithm projectors,

a1aoa3ty &1ho@3ty _ .01 03 1.Oo iy 7.60 (s a1 a5 agty
Z8 - 78 e L Y P :

as

Z XOt1CK2(X30’4 (%&3&5(5&4&6 + 5&35‘5];5445‘6) — §drgas (52)

a5 " Qg
ag3,04

The existence of algorithm projectors shows algorithm dependence in those perturbative corrections. This will typically happen
when the model has multiple (local) minimal.

II. DETAILS ON THE QUANTUM OPTIMIZATION
A. General setup

The quantum optimization problem we discuss here has a simpler formulation compared to quantum machine learning. Since
the loss function does not contain the training data, we do not need to consider the difference between the training set and the
whole space. It could be understood as a limiting case of the quantum machine learning problem.

We use the loss function,

L(0)

(W [UTOU| o) — 0p)” = =22 . (53)

1 1
2 2

T] 1€ 1 ai]lable ansatz iS,

Here, note that since the operator O is Hermitian, the loss function is always real and non-negative. The gradient descent is

dL(o) d (¥, [UTOU| ¥o) de
df, = _nTee =-n (<\IIO |UTOU’ \IJ()> — Oo) a0, = _HETGE ) (55)
where
= (U, |[UTOU | ¥o) — Oy . (56)
Thus
de de
dz = —dag Z TR (57)
The object
de de
K= —_—
ze: dfe db,’ (58)
is the optimization analog of the QNTK. More precisely, we have
de  d(¥, |UTOU| V) fob s
= . — i (0 |UL, [Xe, UJWIUL ,OU_ ;Wi Uso| W0 (59)



with the help of the definition,

—1
Uoe= ] Wele,
=1
L
Uyy= H W lUp . (60)
0=0+1
So,
de = — Zﬁﬁsf €<\I/ ‘UT {X viwiut ou WU]U ‘\If >2 ©61)
_nzdegdw_n o(Vyp|Ae, UgWoU_ —eWeUe| Uyl ®¥o) -
Can we solve the difference equation? We have
age = in (o [UL, [ Xe, UTW]UL LOU_ Wil | Uy 00) . (62)
In the continuum limit, we have
do,
=L =ine (o |UL, [Xe, UIWIUL 0U_ Watre| UL Wo) (63)

where 7. = n/dt is the continuous version of the learning rate. In principle, this is a coupled nonlinear ODE system, and one
could use the ODE theory to study them. Moreover, we have

vl [xeuiwivt ou- woe| vy, = Ut U | X Wit ou | n, (64)
Defining
A= [Xg,WJULeOU,JWg} : (65)

and if we are expanding 6, when it is slightly deviated from O (more generally, around a fixed angle, which is equivalent to a
redefinition of constant gates), we have,

UL JUJAUWUL = UL AU, —i0,UT [ Xe, A Ug o + O(67) - (66)

Thus, we note that the second-order expansions of 8, here means second-order commutators among X, and some unitary-
addressed versions of the operator O, which is the operator we wish to optimize. Our experiences could be easily generalized to
high orders.

B. Frozen QNTK

Now, we rescale the original variational angles by a factor § where the variational angles are around 6* 4 d. The constant term
6* will produce a constant gate exp(i6; X;), such that W,U, — W exp(i6; X¢) exp(idp¢X¢). So we could absorb the 8* depen-
dence to the definition of the constant gate by defining W, (0;}) = W, exp(i6; X,), and we have W, U, — Wy(0}) exp(idpsXy).
Thus, for simplicity, we could understand the trainable gate as U, — exp(idppX,) with a redefined constant gate. In our calcu-
lation later, we will drop the 6* notation and understand the variational angles as small parameters rescaled by J for our notation
convenience.

In the frozen QNTK limit, we have,

K =023 (wo Wi, [x wiw!t ow_wi|w,| \1/0>2 . (67)
4
And we define
-1 L
W_,=[We, Wie= [[ We. (68)

=1 V=041
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Note that the frozen QNTK does not depend on the variational parameters. The gradient descent dynamics, in this case, is very
easy to solve. We have

e(t) = (1 — nK)te(0) = (1 w0 <\p0 ’WLE [Xg, WZTWLZOW,,ZWZ} WH’ \1/0>2) £(0) . (69)
4

The convergence rate is given by,
T = —log(l — nK) = nK

2
= n0? > (o [W], [Xe, WiWE OW_ W] Wi | wo )
14
< 200° L]0 max|| Xe* . (70)

C. dQNTK

Now let us focus on the second order to develop an analog of representation learning theory in the quantum optimization
example. We have

(o () I )

—i5> " e (Wo ’WL@ (X wiwt ow W] WH’ Wo )
4

S o Uo (W, [Xe, QF 4, | X WEWE , OW_ 0, Wi, | Quaey | Wety | Wo ) s 1 > £ o
- = IR, J
2 e re Uy WLQ X527Q};2,51 XKNWZTIW:ZIOW—AW& Qeyoy | Wi o,| Vo) 1 b1 < b
where
£y—1
Wi, = H Wy,
=01 +1
- W[thW(gQ 1l < Ay
Qél,ég - { 1 . el — 62 . (72)
Moreover, we have
de
dor = nES (73)
Pe
Thus
de de 1 d?e de de
de = — — — e+ —n?e? . (74)
77%: docdpe” 2" le,; dipe,dpe, dipe, dipe,

The structure of the gradient descent equation for the residual optimization error is very similar to the case in the quadratic model
and representation learning context. We define the free part and the interacting part of € as

e=el 4+l (75)
The free part is given by,
el = (1-nK)'e(0)

K=" (w, ‘Wl_l X, wiwt ow_ W] WM‘ xI:0>2 , (76)
14
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and the interacting part is given by
el(t) = —nt(1 —nK)"K2<(0), (77)

where we define the effective kernel up to the dQNTK order,

de de
KP=)y —— . (78)
ZZ: dpe dpy
And we have
de de det’ det’
KA _ KE =
<Z db, d@g) Z db, d@p

— 28y <\IJO ]WH X0, w7} WLKOW_,@WZ] Wie| o)
L
o [ W1, [Xer, QL [Xe WIWE ,OW_ W] Wi o Wi | W o

2 o | W1, | X0 QL [Xer, WEWS L OW_ o Wor| Wor oW | W o[ w6 ) - 0

\IJ()> : E/ > 14
e (0). (79)
I 12

Similarly, one define the quantum meta-kernel (dQNTK) as
4 o W—T— £y
p='y

+
£y1,62 Po W+ 12

Xo , WEWE , OW_ (Wi, | Wy g, | g
XZQ,WJQWLZQOW,,ZQW&_ W+7[2 P ) X

Uo (W, [ Xe, QF 4y | Xeo WEWE , OW_ 0, Wiy | Qoo | Weoy | Wo ) : 1 > £

T T Tyt (80)
0 W+»£2 XZ2’Q€2,€1 Xel’W&W—,&OW*’ElWZl Qel,éz W+,£2 \IIO 181 <‘€2

Finally, we wish to mention that in [1], for the classical neural networks they study, the leading order perturbative contribution
O(1/width) is both given by dNTK and ddNTK in dynamics. In our frozen QNTK limit (in the context of lazy training), this
does not happen because of power counting in 4.

Finally, we wish to mention that the scaling of e/ will lead to the so-called catapult effect. In general, in higher order
corrections, we get schematically the correction ~ t? exp(—nKt) for a more general polynomial ¥ in the prefactor of the
exponential decay. This type of correction forms a first-principle explanation of the catapult effect, where a similar related
model is discussed. A full characterization of the catapult effect in classical and quantum cases is beyond the scope of this paper,
and we refer the detailed research to the future [4].

III. DETAILS ON THE QUANTUM MACHINE LEARNING: HERMITIAN OPERATOR EXPECTATION VALUE
EVALUATION

A. General setup

We define our model as
zis = 2 (0,%5) = (¢ (x5)| UTO;U | (x5)) . (81)

where O; is the i-th Hermitian observable. We assume that O; is taken from a subset of Hermitian operators of the Hilbert space
‘H, denoted by O(H). The dimension of O(H) is upper bounded by polynomials of the dimension of the Hilbert space, dim H.
The trainable ansatz is,

L L
U=1I,_ WU =]1,_, Weexp(i6:Xe) . (82)

One could take the derivative,

dzi;g
dfy

dzs = do, , (83)
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The loss is
1 2 1 o
L) = 3 ; (Yisa — 2i:6)” = 3 ;é};a : (84)
So
= aT - 85
a6, ; 53T, (85)
The gradient descent rule is
- dﬁA _ dZZ‘;@
dby = =05 = n;&;a b, (86)
so we have
dzs dzirg
dz.s = — e =, 87
2458 T]e;d Eila do, do, (87)

Since we measure the expectation values of operators, our s are always real. Defining the kernel,

/ dzi.s dzira
Pa=) ot =, (88)
7 db, dby
we have
dzis = —n Y Kiieia . (89)
We could also make the joint indices
6,i)=a, (&i)=0, (90)

which are running in the space D x O(H) and A x O(H ) respectively. The notation a is indicating that the data point component
belongs to the training set A, while the notation a means that the data point component is general in D. And we have

=-n> Kue. o1
b

In general, one could prove the following statement.
Theorem 1. The matrix K is non-negative and symmetric.
Proof. Tt is symmetric by definition. Moreover, we consider an arbitrary vector f;. We have
S faKafs= Y [l oo =
a,b 8,07 iyi!
2

Z fézf& )4/ dZZl ik dzz& = Z Zf&zdz’“s >0. (92)

8,07 ,4,i" £

O

Thus, the matrix K is a proper version of the positive semi-definite symmetric (PDS) kernel [5] in the sense of the classical
learning theory.
Now, putting the variational ansatz inside the kernel, we get

d;gj _ <¢(x5) ‘Ui,e [Xe, UJWJULZOZ-U_JW@U@} U_‘_7g’ ¢(X5)> ,
d;g;& — <¢ (xa) Uy, [Xe, UJWJULZOi/U_,zWeUe] U-&-,é‘ ¢(x@)> ) (93)

So we have
:Zdz“;dzza:7z ’ ) Xe»UgWgTU O;U_ ZWZUE}U+E‘¢ X5>
v doe db z ¢(( M|t e UiwiUt 00U Wit U | 6 (xa) )

(94)




13

B. No representation learning

The statement of no representation learning corresponds to the limit where all the change of variational angles are sufficiently
close to zero. In this case, the QNTK becomes frozen (static), similar to the optimization problem. With the variational angle
redefined, and the frozen QNTK limit, we have,

X, wWiwt 0w EWZ} W+z‘¢ X5>

_ \
K‘*’&fiﬁze: ¢( i | xewiwt o, W_ZWZ} W+g‘q§ xa> ©2)

Here, J is the factor we are used to redefine the variational angles 6 by 6* + 6 x ¢. Moreover, one could exactly solve the gradient
descent dynamics. We start from the equation

dea = -1 K - (96)
b
Thus we have
ea(t) = Z Usyas (t)€4,(0) 97)
2
where
Usyan(t) = [(L=nE)] . ©98)
One can compute the convergence time as
o = || =og (1 = k) |~ |[K35 | ©9)

And we could compute the prediction similarly by

za(00) = 25(0 nZKabZ&?b

—+oo

- Ku| Y [(1—77K)t]513 €4, (0)
b t=0,bg 0
= 2(0) bzhelwm>hﬁw>
ZKabZ (K™ 55,5, (0) (100)

Moreover, we could compute the prediction by firstly defining the kernel inverse. We define

> KMRa =0, (o1
aEAXO(H)
so we get
za(00) = 23(0) = Y K" Kq,e4,(0) . (102)
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C. Representation learning

Now we start to develop our quantum representation learning theory at the dQNTK order. We make a quadratic expansion:

< &)> — Yisa

d(xa) UTO‘U’¢(Xa)>—yi;d

(1))

,Z(gzw< )W [ wiwt oav W] W oxa)) = 3 g
21 ZQ
Y(xa) (W, | X0, Q) oy | Xew WEWT , OW_ 0, We, | Wey o, We, | We, | 90(xa) ) 1 01 > £ 103)
ZZJ(X ) WJ,L- 0o XZ27QJ([27E1 XflanJeri’glOin,&Wfl W51,£2W52 W+.,Z2 1/’(Xd) :El <‘€2
At the dQNTK order, we have,
Bris = S B 40, 15257 4y oy, G5 104
26 = TW WYe — 5 ;@: P, 0P, 01400 ( )
1,£2
where we define
Si
Gyl 1y = Gry (0(x5), O)
- d(xs) (W1 o, [Xer, QL g, | Xew WEWT [, OW_ 0, Wo, | Weo, We, | We, | $(x5) ) 2 1 > £
3(xs) W o, | Xy Qb oy | Xew s W W, OSW_ 0, W | Wey 0, Way | Wy | 0(x5) )t 4 < Lz )
00" = O4(¢(x5),0;) = <¢(xa) ane [XngWi)eOiW—,ZWK} W+,e’ ¢(X5)> : (105)
Moreover, we want to define
0% = 0,(p(x4), 0;) = <¢>(x5) ‘WLZ [Xg, W) Wi,zoiw,,gwg] WH‘ ¢(X5)> . (106)
We will now compute the effective kernel. We have,
dz;s — 0% _ 2 Z@Z/Gd;i
d‘pé 14 > 2,0
s __iseii — 23 pp G (107)
dpy T ’
Thus, we define
dzi.s dzir.a
E 71 ;0 i 5é
, (108)
Z doe dpy
and
K7 (0) = KL + Ko (109)
We find
K" =i0® Y (006,077 +i6° Y pu (0)Ge 05" . (110)
0,0 00

Now we could write down the prediction on the training set. We have

ealt) = &5 (1) +e5(t) (111)



where

and

g>~

( nz (1—nK)"™'" SKA(l—nK)SE(O)>

It is the compact matrix product form in the space A x O(H). Moreover, we have

a

[ @)]] < ntllt = K| [ EA]][l=(0)

Finally, we discuss the asymptotic convergence regime. We could compute the quantum meta-kernel. We notice that

dzi.s dzy, i Pz dzia, dziya
2 2,5 11,001 12,02
dzzé =N § isa 1 E €iy;a1Cigsan -

< doy dpy dpe,dpe, dpe,  dpg,

£1,€2,01,i1,802,12

So we define

d? Zis§ de' e dz’i e
iivis 1501 2302
/“‘Lécnotz Haara2 = Z dSOZldS% ( ds@zl dQOZQ

»=0

in the leading order. Note that it is natural to extend the definition to more general inputs

iot1i2  __ — 20590 21501 123502
Hoodudy = Haotata Z  dpy,dpy, ( dge,  dpu,
=0

So the asymptotic convergence is given by
2a(00) = 2a(0) — Y Kaa, K*%¢,(0)

a1,a2

+ Z Haraan — Z Kﬁdsde&GﬂﬁfladQ Zild2&3&45&3 (0)55«4 (0)

G1,G2,03,44 as,a6

+ > | taaa — Y, Kaag K% taga,a, | 25 %% 4, (0)ea, (0)

G1,G2,03,04 as,G6

where the algorithm projector Z4 gs are
Zfll[“%‘i“ — finas frazas _ ZR&Q[ZE)Xl{‘il&SdeAI
- b

1020304 — 70103 [ra204 G205 yG105G304 ﬂ 41320304
Zigtnsin = g g ZK S R B
and
oo
Xa1a2a3a4 = Z 1 - 77K a1d3[(1 - nK)s]dZd‘l ’
s=0

which is defined implicitly as

52;622 = Z Xﬁ“a2&3d4 (Kﬁsfls(sﬁu% +6@3&5f{ﬁ4d6 nKasaoKa4ﬁ6> :

as,a4

15

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)
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Now we write down all components of ;. We have

dzi1'51 . ¢ ~61,0
2R () = —5@010
d@ll (QO ) R ’
d2i2'52 .o ~Oo,i
Disida (1, _ ) = —ig@P2iz
depe, (p=0)=~io0y,
dZZio;(so 2 80,8
dpndpg 0 (122)
So
40911 dQZio ;00 dzi1'51 d2i2:52 4 81,1 82,1 80,1
Hoooros = Z L =o'y epreptayy . (123)
¢ dopdpe, \ dpe, dor, - =

IV. DETAILS ON THE QUANTUM MACHINE LEARNING: AMPLITUDE ENCODING
A. General setup

Here, we consider alternative quantum machine learning models with the amplitude encoding. In this case, we naturally
extend the NTK formalism to the complex version. We consider the variational setup where

zis = zi (0, %s) < HW[U@ > ) (124)

One could take the derivative,

dzis = ddzé 5(1‘0; , (125)
The loss is
Z yia — 2 a| Z (Yisa — 2is6) Wisa — Zisa)” - (126)
So 7
d%zga) - ;;5@& d;;f + ;; fad;éa = Re Zsz a d9£ : (127)

Note that if we count the number of times that U appears in the loss function, the amphtude encoding model is a squareroot of
the operator expectation value model. The gradient descent rule is

AL 4 n dzis 1 dzi.a
dfy = — =—= ha—— — = ¥ , 128
Tae, T 22y, T2 24Ty, (128)
a,t &t
so we have
dzz 6 dz;'k/'&
dzizs = R v
=3 G “Re (210 0
_ N, dE d%/;d NN e QRie davia (129)
2 4= do oy 2 ST dO, By
We notice that the variable z is complex in general. So we could write,
n dzis dzina o dzis dzina
dzis = —— i o2 i :
#is Z& v df, db, 2 e &67’ Y do, db,
. n " dz;;; dZi/;& n dZ’L .5 dZ/
dzjs =~ > eha —= (130)

s e d@g d94 2[ y deg d@g

;!
0,1 & i &
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Defining the kernel
- N dz;5 425, dz;.s dz
K i > 3, o, Z 9, —do,
5,6 sa | = ¢ (131)
— 1 i1 - dz* . dz¥ - dZ il ?
Jretmts K*,j—,” i:6 SFilia Ziss
§,& d,& Z df, db, E dby dee
we have
+ n ,u
dZi;g = E K Eila — E K5 : Ho
d i 07 i’
* n *,—,0 i/ n *
dois = —5 0 Ky eva— 5 0 Kii el (132)
a,i’ a,il

Here we also use K* to denote the complex conjugate. We introduce the worldsheet index ¢, ﬁ to denote the two-component of
the complex variable (dz, dz*). So we have [6]

dzis = —2 oy K8l (133)
&,8,i
where
+,i1 =i’
o [ €is gobit _ [ Bsa K g (134)
Eio = 5;‘_5 ’ 5, - K*,*,ii' K* + i’ :
; 5.&

We could also make the joint index
(G.qi)=p, (&p,i)=70, (135)

which is running in the space D x Zs x H and A X Zy x H respectively. The notation /i is indicating that the data point
component belongs to the training set A, while the notation /i means that the data point component is general in D. And we have

dzy = —g 3 Kuoeo - (136)

In general, one could prove the following statement.
Theorem 2. The matrix K is non-negative and Hermitian.

Proof. One could easily check that the matrix form

.. .. . T
+,i4" — i3’ ) *,4,4 *— 10
e K5 / K & / _ [ Ksa / K; 5 /
pv — *,— 01 *, 4,11 - —,i +,i7
Na1 a Na1 a
K5 K§ K5 K§
., T .. T .. .
4,44’ —,1 +,10 —,i'q
(Kéd ) (Kﬁ& ) _ K a K§.& _
a ) r | = & &) = Kap (137)
(K*ﬁ,u’) (K+ u) KHow 4,10 HY
5,& J4,& 4,&

is Hermitian. Moreover, consider an arbitrary vector fj, we have

i —,ii’
F Koan [y = (fii f5i) Kss  Ksj for it
piprJo = 54 46, K*’i’ii/ K*’+,,L’i/ f*/ ,
i, v 8,87 i §,8' 5,8 '
*,— zz * * —,ii’ * *,—0—,1'1"
-3 ( Fiifo o K337+ foals Ky ™ + Fiifi o Ko + fsafd o K35
8,67 ,i,i
dzi.5 421,50 dz},5 dz}r.
2 : fg,if&,i’ dég do, +f6,if5’,i’ d?} ,;92
* dzi;zi dzi':é' * Z:;s dzi’;ts’
5,87 i, 0 +f6if6/ ' 0, db, + fsils ' "df,  db,

d 1. ST Xy Y
= Z <f6’L le5> <f61 i 0 f61d215>

8,87 i, 0

2

2
dzl dz;. dz},
Z th S i :4; Re;ﬁs,i o =0 (138)
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Thus, the matrix K is a complexified version of the positive semi-definite symmetric (PDS) kernel in the sense of the kernel
method of statistical learning theory (see, for instance, [5]), but running during the training dynamics. Moreover, our work
provides a complexified version of the NTK theory that could be useful for machine learning itself.

Now, putting the variational ansatz inside the kernel, we get

-1
dzzoz
¥ d96< [T weve|o >> < [ Wevex. H WenUpn | 6 (x )> : (139)
=1 =1 =4

A 4 ! . bk
6, — a6 <¢(xa) 1T viwi Z> N _Z< (xa) | [T UE W)X H U Wi) - (140)
oo 0=L =1

And we have
dzi;a
db,

dz;‘;a ]
a0, <¢ (%a)

=1 <Z |U7,4X4W5U4U+’g‘ (b (Xa)> s

tulwixut |i) . (141)

So we have

dzi5 42}1.4 .
P i :Z(Z|U7,4XZW4U£U+,4|¢(X6)><¢(Xd) Luiwixut,
L )4

i'> 7

a0, db,

dZ dZ‘/-~ . A
> deus d;’a == (|U_ e X WUy ] ¢ (x5)) (i |U- o XeWeUeUsy 4| ¢ (%)) (142)
¢ £ £ ¢

and their conjugates. Now, we define some notations. We define the feature S-matrix

psa = |9 (X5)) (& (xa)] , (143)

and the feature projector

Airs = 16 (x5)) (0] (144)

> ‘).

Ky A Z (U_ y X WoUpUy g Ny aU— o XeWoUpUy o] ¢ (%5)) - (145)
7

‘We have

X WUy opsaUL UIWIXUT

B. No representation learning
In the frozen QNTK limit with the variational angle redefined, one could compute the expressions of the kernel as

-/
el>v

Ka_a” = -6 Z (@ \W_ o XWoUys oNi.aW— o XeWeWo 4| ¢ (x5)) - (146)
¢

K =02 (i |Wo e XeWaWp epsa WL W] X oW1
4

Here, ¢ is the factor we are used to redefine the variational angles 6 by 0* + & x ¢, and we define

-1 L
W_, = H Wy, Wy,= H Wy . (147)
=1 0 =¢+1

Moreover, one could exactly solve the gradient descent dynamics. We start from the equation

dgﬂ:_gZKﬂQEQ. (148)



Thus we have
€ (t) = Z Uﬂl fi2 (t)gﬂz (O) )
fi2
where

Upaia () = [(1 N nK)t]mﬁm .

[\

One can compute the convergence time as

o= e (1-35) > 5
2 2

+,ii’ — it
Ks4 ) Ksa )

symydi gk, i :
Ksa Ks'a

And we could compute the prediction similarly by

+o0
2a(00) = 2a(0) = 5 3 Ko > o(t)

+oo

= 2:(0) — Z;KW tzzo;% {(1 _ ZK” - €50 (0)
= 2,(0) — ZZKMZ [(1 — (1 - ;IK))I} mgﬁo(o)

= 2,(0) — Z Ko Y [K571 0 €00(0) -

o
Moreover, we could compute the prediction by firstly defining the kernel inverse. We define
i fie 7 _ Sk
Z Kb, o = 5/1?1’ 7
REAXLy X H
So we get

2n(00) = 2(0) — D KM K564, (0) -

f1,02

C. Representation learning
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(149)

(150)

(151)

(152)

(153)

(154)

Now we start to develop our quantum representation learning theory at the dQNTK order. We make a quadratic expansion:

Uo) — H Wy exp (1dpe X¢) = H Wy +id Z CeWo, W X Wy 1
l 4

¢
B 152 Z o0 00 Wey, - Wo, Xoe, Wey 0, We, X, Wy 4 0y <y
2" 5 1 Wy Wi, X, We, e, We, Xo Wiy 4 0 41 > 4o
1,£2
Now, we could call
Gy) = Wng )

@ Z | Wa -Wo, Xe We, 6, We, Xe; Wey 12 41 < b
bl — Wy, - W, Xo, Wiy 0, We, Xo, W, 4 {1 > 4o

So the model will look like

. 1
2o = D ([T Wedidi (xs) +i6 Y~ 0eGy )i (xs) = 587 D erpnGii, ;i (%) -

i 0 il 1,01,02

(155)

(156)

(157)



So we could write down the derivatives

dzj.s
J, 6 Z G‘e JZ¢Z X6 62 Z SOZ/ Géi’) j’L GE?Z Jz)él (X6) .
0,0

Moreover, we have

dzj.s = zéZZd‘sz %3 (%5) 52 Z Z dpe, 00,G 6142 i%i (%5)

i £y,02
1 2
- 752 Z Z o, dpe, G glgz i (xs) — 552 Z Z dgogldcpg2Gél?€27ji¢i (x5) -
i 4,0 (W2

The leading order piece is exactly the effective feature map. A more compact version is,

dz;.s 1
dzjs = ﬁdw( — 5(52 Z Z dpe, deZng?&,ji(bi (X5) .
. APt i 01 0o
Firstly we need to compute the effective kernel, we have
dz; F) 1 2
=3 ~w2w(wﬂawaww
7,0
dzi’;a 1
d - 62Géz)z 62Z¢€/( M’iz Z’211)¢1( Ot)7
Pe
dz}
i Qe 1,(1) 2 1,(2) ,(2)
doe - —’L(SZ(ﬁ GZ i 75 ZSDZ ¢ ) (GEZ’ i T Gé%,ii’) :
0,0

Thus, we define

*
Z dz;;s dzi/;& dzis 2.4

” i
KE bt KE7+,,M KE’ )1l ( ) B dw depy 7 dpe  dpe
K* E,f,,u K* E 4,04 ¥) = dz 5,

6,&

dz;r
Z Tpe dipy Zd” do;

and

P K+’~ii/ K ,n K ,+ i’ K s ,ZZ
E,ap, A d,& §,& d,& §,&
Ka,&aﬁ "(0) = Ka’B g + K5 aﬁ W ( & + i ok A i

*,— i’ *,4,7 * A e
K5,6c K&,& K6,& K&,&

We find

i’ 2
’Jr = 53 Z SOZ, ( £ ig + Gél{ij) GZ 7(”1/¢J (X5) ¢z” (Xoé)

jl’ 11

_ 753 S 00(0) (G2 + G2 G4y (xs) 6 ()

7, 0 R

3 2
KA =158 S p0(0) (62, + G2y 651, (x5) 0 (x)

]el ;11

53 Z SDZ’ (G&?/) il + G@/Qgﬂ‘/i//) G;},L)]Qﬁj (Xé) d)i// (Xd) .

VR
We could also write it in the bracket fashion
Ko = L >t (il (G +G2)) 16 (xs) (6 (xa) GE O 12)
— (o (xa)l (G2 + 6L ) 1) 61 G 1 (xs)
(G4 + G2 16 6xs)) (1 G 16 (xa)
+ (' (G + G2 ) Iir (xa)) (11 GEY 16 (x5)

_z’L _ 7(;32()0@/
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(158)

(159)

(160)

(161)

(162)

(163)

(164)

(165)



Now we could write down the prediction on the training set. We have

ealt) = ef (1) +eh(t)

where

5(t) = Z Upjps (t)€p, (0)

Up o (t) = [(1 B gK>t] fi1 fi 7

and

el(t) = <—727 T (1- gK>tilisKA (1- ZK)85(0)> E

= s

It is the compact matrix product form in the space A x Zy x H. Moreover, we have

et @l < Zefr - Zr | K2 o)

Finally, we could discuss the asymptotic convergence. We could start by computing the meta-kernel. We notice that

Bog = 1 3 5 08 deia 0§~ o s dovia
2 47 doe dpe 2 2 dpg dipy

e, dpe,

Q1,11 Q1,11 Q2,02 Q2,i2

We have

d ; Q150 di'& i9;0
zd &t zgn,mdhwz i g Zawmdbuz

IR
Ve dpe, a1,i1 a1,i1 DR DR

2 1 al 17&’2
_ Z d*z.s dzzl = dziz;dz L1 b
d‘ﬁﬁd(pfz d(pfl d(pb o e

£1,€2,001,11,802,02,01,02

So we define

2 B 1 1
M’ii}izjﬁlildz = fipas Z d°z; dZ“ 511 deQ,o?;
dé1 g L L2 A dgpgl ngKQ dgpgl d@@g L 9

in the leading order. Moreover, in general we have,

2 4o 1—an 1—ce
i0192;00 01 G2 d”z Fio380 <d221 301 dzlz ;02 >

H5051 52 = Haopapz = Z dgogldgoz2 doe,  depg,
©=0

So the asymptotic convergence is given by

2a(00) = 2(0) = 3 K, KM224,(0)
1,02
+ Z Hprppe — Z KﬂﬂsKﬂSﬂGMﬂlﬂeﬂz Z£11L2/L3/L4Eﬂ3 (O)Eﬂ4 (O)
B1sf2,fi3, 0 | s, fie
+ Z Hapipe — Z Kﬂﬂskﬂsﬂeﬂﬂsﬂlﬂz Z“UQHJIME (O)E}M(O))

A1z, | fi5,fi6

dzi27a2

d 26 2 ,a * dzi Ret 2 Hed % &
( ) Z d Z 511,041 d =+ Z €irsa1 d(,;g,‘,l Z Eigsan d2 >+ Z Cigan d(ng
L2

dziz;&z
a2 d@fz
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(166)

(167)

(168)

(169)

(170)

(171)

(172)

(173)

(174)



where the algorithm projector Z4 gs are

and

which is defined implicitly as

Now we write down all components of p. We have

So

z’oilig;OOO _

600192

i0i1i2;001 _

306162

i0i1i2;010
600192

i0i142;011
505152

i0i1i2;100
800102

1,17,17 8y o

P

LSRN

o

LSRN

igi1i2;101

600192

ioilig;llo
600102

i0i1i2;111
6001902

1
- _554 Z

USTARGH

N

LSRN

o

£142,i0%

elk (2)

5152 11,0

+ GZ2Z1 7,02) Gél 7,1’L

+G

21 62 7/Lo

(GT +(2)

(GT 2

l1£2 110

ah@

6122 ZZ(J

+G

7.(2)

£201,iig

e

6261 7,7,0

GT +(2)

52[1 ZZ()

(2)

020y ,iio

)

)

GT (1) GT

[1111

T,(1)
leiieNe

)

Zl Zl’L/

G(l)

51 11 i’

el

fg 22 i’

52 Z//ZQ

(2)

£a,i2

Zﬁ1ﬂ2ﬂ3ﬂ4 = KAz friafa _ Zf(ﬂz%Xll‘hﬂfsﬂsM ,
fis
f1fiafizfia — frfugfis friiofia i i /11/15/13#4 N < fis fiz fis fia
ZB = KH1IK3 [(H2H4 ZK25XH XH :
s
oo s .
XH1#2#3H4: {1_QK } {I—QK } 7
: ; ( 2 ) fa s ( 2 ) fizfia
55;552 = Z Xﬁ‘luzu?,lm (Kﬂ3ﬂ55ﬂ4ﬂ6 + 645 Kpajig — K/J'3M5KH4M6) )
fi3,fia
Teigsy _ _Ls Z G +aG%) .
m - 5 - 0142, ZoZ 0241 ,i0% ¢2 (XJO) 3
@_7752Z¢ ) (6h@ L gh®
dee,doe, ttaiio T Gty idg ) 0
dz} 6 L s
IE = —id * GT 5 ) & — s o\
d@ll ¢ lz/ ¢Z (X(Sl 01,i"11 dspfl Z 51 ;11 X51) )
dz} s s
12502 _ _.6 >‘k” GT,(l/)/ , 742« 2 5 G(l) 11 QD! .
dspez ? ;d)l (X52) £a,i"io dQOZQ Z b ,ini ¢ X§2)
1 1
- 764 Z (GZ;Q 10t + GZ2£1 zoz) Gzl(z)zl Gzz z”zzd)l (X5o) ¢ (Xél) (b (X62) y
1,4,47 01,62
1 9 9 n )
- _754 Z (Gélzmioi + Gézzhioi) Gzl(z N 22 zgz/’¢l (X50) (bi’ (X51) ¢i” (X52) s
1,4/ ,i" 01,02
1 9 9 ) ) .
- 7564 Z (GLLJN G§2;1 lOz) Gél)lﬂ Gzz(l)zzqsl (Xéo) bir (X5,) P (Xs,)

bi (X50) bir (X51) or% (X52) )
&7 (x5,) O3 (X5,) Gin (X5,)

3! ¢;k (Xéo) d)};’ (X51) ¢i” (X(Sz) )

GZ;(E/)’Q ¢’T (Xéo) (bi’ (Xﬁl) ¢,>;H (Xéz) s

(2)

[2 12 i’

0i (x5,) Dir (%5,) Pirr (X5,) -
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(175)

(176)

177)

(178)

(179)
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One could also write them in the bracket notations.

ioiziz; 1 , (1) | @y,
i 32 = 5003 Gol (GE, + G ) 16 () (6 (s )| LV i) (6 (es)| GV i)

1,02
pieO0 = 254 5™ ol (G2, + G2, ) 16 (xan)) (6 (e )| LY i) (o] GLL 16 (s, ))
£y,
pEO0 = 5t 5™ ol (G52, + G2 ) 16 (xan)) (62l G816 () (6 (s, ) GEV Jin)
01,42
p O = 250 (ol (G2, + G, ) 16 (e )) (] G 16 (xs,)) (2] G2 16 )
l1,42
PO = 255 40 Gea ) (GED + GLD Y lio) (0 0 )| G Jin) 0 (o) GV i)
l1,8o

10%1%2; 1 ) ) y ? ) )
HE = =260 3 (0 (k)| (GHE + GLD) lio) (6 (xs) | GL i) (2] G 16 (x5.))

£1,02
i a0 = =500 (0 s, (GEE) + GLD) lio) Gia] G 16 (x5,) (6 (x5)| GV i)
£y,
ioinia; 1 (2 O ARy 1 )
i = 5003 (@ (x| (GHE + UL ) lio) (1a] G116 (x5))) fizl G 16 (x3,) - (180)
£1,62

D. Reading the amplitude

Here, we review the amplitude protocol for realizing the evaluation of the inner product of two states: (x|y) [7]. The protocol
is very similar to the celebrated Hadamard test. For a given pair of quantum states |z) and |y), we need to get access to the state

1
|<P>:ﬁ

The first qubit is serving as an ancillary qubit. Applying the Hadamard gate to the first qubit, we get

(10)]) + 11)y)) - (181)

o) = %(I0>(|x> + 1) + D (|z) = 1v)) - (182)

Now we could measure the probability to obtain |0) in the ancillary system. We have

p=5(0+Re((zly). (183)

Thus, we could use the probability to estimate the real part of the inner product. Moreover, we could add a phase rotation to |p)
to get

1
|90>:ﬁ

Then, we apply the same Hadamard gate and measure the first qubit in the Pauli-Z basis. We get the probability,

(10)]) =2l 1)]y)) - (184)

1
p =5 (1 +Im((aly)) (185)

to obtain |0). Similar to the Hadamard test where we need to get access to a controlled unitary acting on an arbitrary state,
here we need to get access to the state |¢). The inner product evaluation operation has a statistical error coming from the
measurement. If we measure N times, the error scales as 1/v/ N.
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V. SUPPRESSION OF NON-GAUSSIANITY IN THE LARGE-WIDTH LIMIT

In this section, we visit the statistics of hybrid quantum-classical neural networks. The model is defined as the following.
First, we initialize the neural network by a quantum model,

Ay = (01 (xa) [UT (607) O, U* (67)] 61 (x0)) - (186)
Here we use the notation j,, to denote the index of the operator space O“(H“), where w € [1,2,---, €] is denoting the layer
of the hybrid quantum-classical neural network. Here we are starting our first layer, so w = 1. We use zﬁa; ;., to denote our
quantum model output. We also use
Lw
U“(0%) = [[ Wi exp (67, X7) (187)
£,=1

to denote our wth quantum ansatz, and ¢,, is used to denote the wth feature map. In each layer, after the quantum network, we
connect it with a classical neural network by

dim 0% (H*)

C o w w Q W — w C
Wage =05 | D Wit 2 dag, 05 | = 0% (Caug) - (188)
Jw=1
Here, we call
dim O (H*)
C _ w Q W
ZwiasiS = Z Wic j. %, T Vie s (189)
Jw=1

as classical preactivation in each layer, and we use the non-linear activation o. At initialization, we will set all Ws and bs
distributed randomly from the following Gaussian statistics:

w w Cty/
]E(le w7]1 ij‘zC:wajZ,w> 6]101;.17-72 wéjlw’jQMW ’
E ( ie.big w) =dj¢,.58.00 - (190)

Moreover, after the classical network in each layer, we can move to the next quantum layer by doing the following encoding,
i = (B (Wam1i0) | U (0°)05,U% (87) [ (Wer-130)) (191)

where we use the vector notation W, = (W) jc- Moreover, we will assume that the initial distribution of quantum variational

angles is given by a statistical ensemble. We denote all those ensemble averages as [E. One could, for instance, compute the

two-point function as

dim O% (H*) dim O% (H*)

C e} _ w Q w w Q w
E (Zw;a;jlc:wzw;ﬁ?jgw) =E Z Wjﬁwjl,wzw?a?jl-,w + bjl(’:w Z W]’z wiJz,w s 8372, + bjg.,w
jl,wzl j2,w:1
dim O% (H*)
_ w w Q Q w
- Z (WJ1 W1, wa wiJz2, w> E (Zw;a;jw ZW;B?jZ,w) +E ( JT wbjg w)
J1,w,J2,w=1
o dim O® (1)
_ W . Q Q
~ dim O (H») Z 6J1ij2 w5JIMJ2vwE(Zw;a;j1,uZw;ﬂ;jz,w) + 5J1Cw 35, wOb
J1,wsd2,0=1
ci dim O (H*) o
=00 o | e Y B2l 2ls5,) TCF | - (192)

Trewd2e | dim O (H®)

Ju=1
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In order to compute non-Gaussianities of preactivations, we start from the connected part of the two-point function, which is

given by

Q

C c
sa1;iC, “wiaziif Cwiasiis, Cwiaa;if

C C C C C C C
4 g s ) ( wia13jf, w;az;ng) ( w;az3is, w;m;]f,w)

=E O 2o v :
Zwian;5C, Fwianiis, Fwiasiig, fwiensif,

—E C o JE(2C o 20 o) —E(28 20 o VE(2Y 20 o).
2 al,Jl e, Fwiasiig, Pwian;if, Fwiaasif, Pwian;if, Fwiaasif, Pwian;if, Fwiasiis, (193)

We proceed by direct computation. We have

Econn (z

Q €

c C c
(Zw;al;jfw Fwsa2;5S ., Fwiasid§, “ws a4,J4 u)
dim 0% (H*)
+

dim O (H*) o o
we, =z b, w«, =z . b,
i Zﬂ 3€ idt,w SWianiinw it ; 271 3§ wid2,0 TWi025d2,0 + 7S
—F 1,w= 2,b0=
dim O (H*) o dim O% (H*) o
we, oz . b, we oz . b,
) 3 dzw “Wiasids.w + 35 Z 3§ wrdaw “wiaiia,w + i
J3,w=1 ’ ’ Ja,w=1 ’ ’
dim O“ (H*)
_ w w w w Q Q Q Q
=k Z ijw7j1,ij§w,j2,ij§w ,js,ijfwm,wa;m;jl,w Zw§a2;j2,wzw;(¥3;j3,w Zw;a4;j4,w
J1,w:02,w593,w5J4,w=1
dim O (H¥)
+E bjgwbjfw Z le ed1, wszcjw;]é,wZw§a1§j1‘wzw§o‘2§j2,w + (5 perms.)
J1,w:J2,0=1
+E (b b b b ) 194
J W J2 w J3 w 34 w ( )

The notation 5 perms means that ( ;L > — 1 = 5 permutations of indices 1,2,3,4. Now, combining with the disconnected

four-point function result,

E C ) C ) E C ) C )
Zwi0135C,, Fwianiif, Fwsasii§ ., “wieasil,

o dim O% (1) o o
W w
dim Ow (H¥) . E E (zw;aﬁjl,wzw;az;jl,w) + Cb
=d.c .c 0.c .o Ie=1
T I IZ e 3w ddw cs dim O% (H*) 0 Q
W
dim O“’(H“) . Z 1 E (Zw;a3§j2,wzw;a4§j2,w) + Cb
J2,w=
92 [dim O“(HY) dim O“ (H®)
v S OE(28 P E(z2, . 29
dim O (H¥) ) w1371, w Wi J1,w . w;a3;J2,0 TWi4;j2,w
J1,w=1 Jj2,w=1
=9 . . . dim O% (H“ dim O (H*
6jlc,wu§fw6]3c,wjf,w I cE.cy Z( )E ,Q ,Q " Z( )]E ,Q ,Q )
dlmO“(H“’) ) wia13J1,w TWi2;3J1,w . wia3;j2,w Wi j2, w
J1,w=1 J2,w=1
2
+(Cy)
(195)
and its two other ¢ (14-23) and u-channel (13-24) permutations, we have
C C C C
Econn (Zw;m;jfwzw;az;jgw Zw;as;jgc,wzw;m;jfw)
dim O (H*) o o o o
6J16wj2 w(s]acwhw ‘ Z ) Econn (Zw;ozl;jd,wZw§a2§j1,wzw;a3§j2,uZw;a4§j2,w)
J1,wyJ2,w=
( w )2 dim 0% (H*) 0 Q 0 Q
W
S T R Y ]E(zzzz) . (196)
i I1,wI3,w J2,w 04w . - W;ia13]1,w TWi3;3 1w T W23 )20 Wi 72,w
dim O« (Hv) b BNy G dnwe=1 “ “
dim O% (H*) 0 o 0
—H;chwvh w5]2 I8 > Econn (ZW;al?jl,wzw§a4?jl,wZW;Q2§j2,wZW§013§j2,w)

J1,w:J2,0=1
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Here, the connected piece made by quantum circuits is given by

Econn (Zg;al 1w 2302;j1,w Zg;as;jz,w 2304;j2,w )

=E (Zﬁaﬁjl.wz‘?;a%jl,wZﬁa3§j2.wzﬁa4§j2,w)

—E (zg?a1§jl,w23a2§jl,w) E (zﬁa3;j2,wzﬁa4§j2,w) : (197)
Now, we note that since we have O ((dim OW(H“)))2) terms in the sum, the connected part will at most scale as O(1) since

the quantum outputs are made by normalized states whose norms are bounded by 1. However, if we assume

Q Q Q Q _
Eeconn (Zw;al;h,wzw;az;jl,wzw;as;jz,wzw;m;jz,w) =0(1) x 6j1,w73'2~w ) (198)
and their permutations for all ws, we have
Q Q Q Q
Econn (Zw@l;jl,wzwmz;jl,wZw;a3;jz,wzw;a4;j2,w)
cs, 9 dim O (H*)
- (dim ow(Hw)> R R I ) E D DI TR Ce)
J1,w5J2,0=1
cy, 2
_ : w w
= (dim Ow(%w)) x O(dim O (H*)) x (5jfw,j§w5j£w,j£w +056,.56,05¢.08, T 5j€w,j£w5j§w,j§w)
—wXO(l)X ) ) +4 § + 6 é (199)
" dim 0% (Hv) 3500350038 008w T 03800080 008 08w T 0980080 08 wiS e )

Thus, the connected part is suppressed by the large width 1/ dim O (H%).

The orthogonal condition we impose for quantum neural networks might be satisfied by random assumptions of choices of
operators O or random variational ansitze (say, averaging over the Pauli group or the 1-design). Similar arguments could be
made for the dynamical NTK. It is beyond our scope in this work to discuss how to connect the suppressed non-Gaussian
correlations randomized over initialization, and the suppression of ANTK (dQNTK) in dynamics in the large width. Thus, we
hereby make more general arguments and leave the detailed work in the future. Consider the schematic formula of dQNTK in
the hybrid network

iniqi d2Z‘ -5 dz; %) dz; )
0172 _ 20590 21501 12302 200
Haos16, eze dfy, dby, ( dby, dby, )’ (200)
1,%2

We schematically use notation 6, to denote both classical and quantum training variables. The sum will lead to a combination
of the following three cases: classical contribution, quantum contribution, and the classical-quantum mixed contribution. For
pure classical contribution, the formula from Gaussian correlations will lead to 1/width suppression. For quantum contribution
and its mixture with classical ones, the meta-kernel will be naturally suppressed by 1/ dim O(H) for its corresponding operator
space dimension dim O(H). Otherwise, there are non-negligible terms that give O(1) modification to NTK during the gradient
descent, leading to a non-linear regime of training dynamics and representation learning. Otherwise, the training dynamics will
linearize, and we get an exponential convergence of the residual training error. The observations indicate a possible connection
between barren plateau, random unitary, and large-width limit in classical neural networks, where we will leave details to our
future works.

VI. ON THE LECUN PARAMETRIZATION AND THE NTK PARAMETRIZATION

In this section, we will clarify the issue of the initialization (parametrization) convention we use comparing to different
literature. In several original papers about classical NTK [8], there is a convention which is called the NTK parametrization,
which defines the Gaussian correlation of weights as

E(WijWhi) = 0ir0;1Cw . (201)

The initialization will lead to rescaling of parameters as the following table,

In our work, we use the standard (LeCun) scaling, where we will still naturally obtain the natural NTK, and the dNTK suppres-
sion results [1]. However, there are also studies pointing out alternative parametrizations [9].
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Type Weight Single-layer Learning rate
LeCun E (WijWkl) = Wx+b n= O(l)/width
5ik5leW/Width
NTK E(Wi;W) = (Wx + b)/v/width n=0(1)
9ik01Cw

TABLE I. Comparison between the LeCun (standard) parametrization and the NTK parametrization.

VII. SIMULATION DETAILS AND ADDITIONAL DATA

We simulate the NTK dynamics in a concrete example using the Qiskit python library. In the main text, we consider a binary
classification task carried out with a 3-qubit quantum neural network (QNN) in a supervised learning setting, using an ad-hoc
data set provided in Qiskit Machine Learning. The input data points have 3-dimensional features, and are partitioned in a training
set (20 elements) and a test set (5 elements). Each input x = (x[0], x[1],x[2]) is encoded through the ZZFeatureMap

2
ZZFeatureMap = qo : , (202)
q ©
g2 D ¢(22022) —D—D— #(23132) —D

where ¢(0) is the single-qubit phase gate and &; = m — x;. The trainable part of the quantum neural network, which appended
to the quantum circuit after the feature map, is represented by a 3-layer RealAmplitudes variational ansatz, combining
parametrized 12, rotations and entangling CNOT operations:

RealAmplitudes =
(203)
9 = — R,(00) (R, (03)] [Ry(05)] R, (69)
@ : R, (01) |- (R, (00} (R, (0) |- Ry (610)
42+ = Ry (02) F———&—— Ry (85) [——0—— Ry (0s) [ ——— R, (0n1)

The QNN output is obtained as the expectation value of the 3-qubit observable ZyZ; Z,, where Z; is the single qubit Pauli Z
operator. Our model is

25 = (6(xs)|UTOU |6(x5)) (204)
where O is given by
O = diag(1,-1,-1,1,-1,1,1,-1) . (205)

Note that we only have one observable O, so our quantum neural network only has a scalar as the output. In this setup, the
QNTK is given by

it
dzs dzs ] ¢ [Xe UIWIUL LOU_ Wil Us | 6 (x5) ) %
Ksa = Z d95 do, Z Y Rratsal > ’ (206)
— df, do - ¢( Lo [Xe UIWIUE 0U_ WU Uy o] 6 (xa) )
and the frozen QNTK is given by
Xe, WEWE OW_aWe| Wi | 6 (x5) ) x
Kso=—0") ‘ P S o)) (207)

0 (

+,

X WIWE oW W W] 6 x))

with the help of the initial angle redefinition. All the theories we have discussed could be applied in a straightforward way in
our simulation case. For the theoretical prediction, we take the variational angle 8 at the last step of our training.
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Noiseless diagonal kernel entries
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FIG. 1. Noiseless diagonal and off-diagonal entries of QNTK during the noiseless gradient descent dynamics. We compute the gradient descent
evolution of five random diagonal and off-diagonal elements in the QNTK. The solid line is the actual value of the QNTK entries during the
experiment, and the dashed line is the theoretical prediction of the frozen QNTK.

Noisy diagonal kernel entries

Values Noisy off-diagonal kernel entries
0.8 Values
W 0.4]
0.6
0.2
0.4 N AN A~ Vo > S VAo =
~0ah s | X
o ARAY v Foxy o o - - -
0K /W20 a0 60 80/  aog"erations
02 \\\ A NW A N /4‘”(, W v‘ \ % -
N A e p T 020 v
- v v Iterations
20 40 60 80 100

FIG. 2. Noisy diagonal and off-diagonal entries of QNTK during the gradient descent dynamics. We compute the gradient descent evolution
of five random diagonal and off-diagonal elements in the QNTK. The solid line is the actual value of the QNTK entries during the simulation
of a noisy quantum processor, and the dashed line is the theoretical prediction of the frozen QNTK.

In addition to the plots reported in the main text, here we show more data about the properties of QNTK during the gradient
descent. See Fig. 1 and Fig. 2. We could see that, even including a model of device noise, the simulation is successful and the
kernel is stable at the late time including the effect of the error mitigation. This will indicate an exponential decay of the residual
training error at the late time for noisy quantum circuits.
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