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Trotter and linear combination of unitary (LCU) operations are two popular Hamiltonian simulation
methods. The Trotter method is easy to implement and enjoys good system-size dependence endowed by
commutator scaling, while the LCU method admits high-accuracy simulation with a smaller gate cost. We
propose Hamiltonian simulation algorithms using LCU to compensate Trotter error, which enjoy both of
their advantages. By adding few gates after the K'th-order Trotter formula, we realize a better time scaling
than 2Kth-order Trotter. Our first algorithm exponentially improves the accuracy scaling of the Kth-order
Trotter formula. For a generic Hamiltonian, the estimated gate counts of the first algorithm can be 2
orders of magnitude smaller than the best analytical bound of fourth-order Trotter formula. In the second
algorithm, we consider the detailed structure of Hamiltonians and construct LCU for Trotter errors with
commutator scaling. Consequently, for lattice Hamiltonians, the algorithm enjoys almost linear system-
size dependence and quadratically improves the accuracy of the Kth-order Trotter. For the lattice system,
the second algorithm can achieve 3 to 4 orders of magnitude higher accuracy with the same gate costs
as the optimal Trotter algorithm. These algorithms provide an easy-to-implement approach to achieve a
low-cost and high-precision Hamiltonian simulation.
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I. INTRODUCTION

Hamiltonian simulation, i.e., to simulate the real-time
evolution U(f) = e~ of a physical Hamiltonian H =
>, H,, is considered to be a natural and powerful appli-
cation of quantum computing [1]. It can also be used as an
important subroutine in many other quantum algorithms
like ground-state preparation [2,3], optimization problems
[4,5], and quantum linear solvers [6]. To pursue real-world
applications of Hamiltonian simulation with near-term
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quantum devices, we need to design feasible algorithms
with small space complexity (i.e., qubit number) and time
complexity (i.e., circuit depth and gate number).

One of the most natural Hamiltonian simulation meth-
ods is based on Trotter formulas [7-22], which approx-
imate the real-time evolution of H = ZlelHl by the
product of the simple evolution of its summands e,
Besides its prominent advantage of simple realization
without ancillas, Trotter methods are recently rigorously
shown to enjoy commutator scaling [13,20], i.e., the Trot-
ter error is only related to the nested commutators of the
Hamiltonian summands {H;}. This is very helpful for the
Hamiltonians with strong locality constraints. For exam-
ple, when we consider n-qubit lattice Hamiltonians, the
gate cost of high-order Trotter methods is almost linear
to the system size n, which is nearly optimal [13]. The
major drawback of the Trotter methods is its polynomial
gate cost to the inversed accuracy 1/¢, Poly(1/¢). This
is unfavorable in many applications where high-precision
simulation is demanded to obtain practical advantages over
the existing classical algorithms [23].

Published by the American Physical Society
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In recent years, we have seen the developments of “post-
Trotter” algorithms with exponentially improved accuracy
dependence [24-29]. Due to the smart choice of the expan-
sion formulas (i.e., Taylor series [25] or Jacobi-Anger
expansion [28]), these post-Trotter methods are able to
catch the dominant terms in the time-evolution operator
U(#) with polynomially increasing gate resources, leading
to a logarithmic gate-number dependence on the accuracy
requirement 1/¢. Unlike Trotter methods, these advanced
algorithms are not able to utilize the specific structure of
Hamiltonians due to the lack of commutator-based error
form. Consequently, for instance, for n-qubit lattice Hamil-
tonians, their gate complexities are O(n*), which is worse
than those in Trotter algorithms O(n!T°(M). Furthermore,
these post-Trotter algorithms require the implementation
of linear combination of unitary (LCU) formulas [30,31]
or block encoding of Hamiltonians [27], which often costs
many ancillary qubits and multicontrolled Toffoli gates.
This is still experimentally challenging in a near-term or
early fault-tolerant quantum computer [32]. To reduce the
hardware requirement of compiling the LCU formulas,
recent studies focus on a random-sampling implementation
of a LCU formula [30,33-35], where the elementary uni-
taries are sampled to realize the LCU formula statistically.
In this case, the Hamiltonian simulation is not performed
by coherently implementing the unitary U = e~ but is
instead realized through random sampling. This method
remains effective for common applications, such as esti-
mating the properties of the final state. Similar ideas
have also been studied in the ground-state preparation
algorithms [36-38].

Here, we propose composite algorithms that combine
the inherent advantages of Trotter and LCU meth-
ods—easy implementation, high precision, and commuta-
tor scaling—by performing the Trotter method and then
compensating the Trotter error with the LCU formu-
las we construct. We primarily focus on the random-
sampling implementation of the LCU formula [30,33—
35], with the goal of estimating the properties of
the target state after real-time evolution. We demon-
strate that optimal performance can be achieved by
allowing the Trotter circuit to handle the majority of
the simulation, with the LCU method completing the
remainder.

In Sec. II, we provide a summary of our construction
and results, aimed at a general audience. We explain the
key ideas behind the constructions with intuitive exam-
ples. For readers interested in the technical aspects, we
introduce the necessary preliminary knowledge of Hamil-
tonian simulation in Sec. III to facilitate understanding
of the technical results. Next, in Secs. IV and V, we
present a detailed construction and gate complexity analy-
sis of the two Trotter-LCU algorithms. Finally, in Sec. VI,
we conclude our discussion and outline possible future
directions.

II. SUMMARY OF RESULTS

A. General idea

The major idea of the proposed Trotter-LCU algorithm
is illustrated in Fig. 1. In a normal Kth-order Trotter cir-
cuit, we decompose the time evolution U(f) = e~ to v
segments, each with a small evolution time x = ¢/v. For
consistency, we denote the Oth-order Trotter formula as
So(x) = I. After we perform the Kth-order Trotter for-
mula Sx (x)(K = 0, 1,2k, k € N ), there will be a remain-
ing Trotter error Vi (x) := U(x)Sk (x), which affects the
simulation accuracy. To address this problem, we intro-
duce a random LCU formula to compensate the Trotter
error using one ancilla and simple gates, which achieves
a high-precision Hamiltonian simulation with low cost.

Consider the following LCU formula of an operator V,

r-1

V=Y PV, (1)

i=0

such that the spectral norm distance ||V — V]| < ¢. Here,
i > 0is the 1-norm (i.e., /;-norm) of the coefficient vector,
Pr(i) is a probability distribution over different unitaries
V;, and {Vi}ll.:o1 is a set of unitaries. There are usually two
ways to implement the LCU formula: the coherent imple-
mentation [24,25] and the random-sampling implementa-
tion [33—35]. Our major focus is on the random-sampling
implementation, where we can estimate the properties of
the target state p = U()poU(¢)" with only one ancillary
qubit. In Appendix H, we discuss the potential use of the
coherent implementation of our algorithm. In the random-
sampling implementation, we can use Eq. (1) to estimate
an arbitrary observable value O on p,

Tr(Op) ~ pu2 Y pip; Te(OVipo V). )
i
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FIG. 1. (a) In the normal Kth-order Trotter circuit, there will
be a remaining Trotter error Vi (x) after each segment. (b) We
introduce random LCU formulas to compensate Vg (x) with a
single ancilla qubit and simple gates.
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FIG. 2. (a) In the Kth-order Trotter-LCU algorithm, we first

implement Kth-order Trotter formula, then compensate the
remainder using the LCU formulas we construct. (b) Random-
sampling implementation of the LCU formula. We sample the
elementary unitaries 7; and V; independently based on the LCU
formula of Vk (x) and implement the controlled V; and V; gate.
Then the Trotter remainder Vg (x) can be compensated in a
Hadamard-test-type circuit. (c) A variant of the implementation
where the ancillary qubit is measured and reset in each segment.
The detailed sampling procedure of ; and V; is shown in Figs. 5
and 7.

As is shown in Fig. 2(b), since the estimation of
Tr(OV;pg VJT) can be implemented using Hadamard-test-
type circuits [39], we only need to sample V; and V; based
on the LCU formula in Eq. (1) to estimate Tr(Op) with &
accuracy using O(u*/e?) sampling resource, which owns
an extra u* overhead compared to the normal Hamiltonian
simulation algorithms [35]. To make the algorithm effi-
cient, we need to set p to be a constant. We also provide
a variant in Fig. 2(c) where the ancillary qubit is mea-
sured and reset in each segment, which is equivalent to
Fig. 2(b) for the observable estimation. In this case, the

expectation value of 12X Y @ Og provides an unbiased
estimation of Tr(Op) where X ©) := &);_, X is the mul-
tiplication of all the ancillary measurement values. This
variant reduces the need to store the ancilla qubit, sim-
plifying the implementation on a fault-tolerant quantum
computer.

The construction of an appropriate LCU formula for
the Kth-order Trotter remainder, Vg (x), is crucial for
developing an efficient Hamiltonian simulation algorithm.
In the following subsections, we briefly introduce two
approaches for constructing the LCU formula for Vi (x).
The resulting composite Trotter-LCU algorithms are
referred to as paired Taylor-series compensation (PTSC)

and nested-commutator compensation (NCC), respec-
tively. Detailed analysis and performance proofs for these
two algorithms can be found in Secs. IV and V.

B. Paired Taylor-series compensation: overview

Without loss of generality, we focus on the case of an
n-qubit Hamiltonian H, which can be written as

H=Y H=Y) aPi=1y pP, ()

where {P;}; are different n-qubit Pauli operators. We set
all the coefficients {o;}; to be positive and absorb the
signs into Pauli operators {P;};. A 1= ), o is the /;-norm
of the Hamiltonian coefficient vector. We consider the
Hamiltonians where A increases polynomially with respect
to n.

We first consider to construct the LCU formulas for
Vi (x) from Taylor-series expansion [25]. In the Oth-order
case, when no Trotter formula is introduced, the Trotter
remainder Vy(x) is the short-time evolution U(x) itself,
which can be expanded as

—ixH L - (—ix)* s
Vo) =™ =3 Fos(0 =) ——H
s=0 s=0 ’

oo
— M ZPoi(s; AX) Z pi PPy P (4)
s=0 1 els

Here, Poi(s;a) := e “a’/s! is the Poisson distribution.
Fys(x) denotes the s-order expansion term. Equation (4)
illustrated in Fig. 3(a) is a LCU formula of Vy(x) with
l-norm pu, = e**. The 1-norm of the overall evolution
U(f) = U(x)" is then i = €, which, unfortunately, grows
exponentially with respect to ¢ regardless of how much we
increase the segment number v. This implies that the direct
random-sampling implementation of the LCU formula
Vo(x) in Eq. (4) is not feasible. In Ref. [25], the authors dis-
cuss the coherent implementation of V(x) instead and find
that one can achieve good time and accuracy dependence
in that scenario.

When focusing on the random-sampling implementa-
tion, we need to suppress the 1-norm u, of each segment.
To this end, we first consider the usage of the Trotter
formula. For example, if we apply first-order Trotter for-
mula S (x) = ]_[,L:l e ™11 in each segment, the first-order
remainder V; (x) := U(x)S; (x)T can be expanded as

1 0
Ne =e ] =3 Fi@
I=L

s=0
1
(—i0) o
_.Z r!HHrl!H’ )
i1 5FD el =L
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(a) (b) (c)
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M(U(x)) = e/ //u(Vl(x)) =14+ 0((Ax)2) H(Vl(p)(x)> =1+ O((AX)4)
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FIG. 3. Illustration of the idea of paired Taylor-series compensation (PTSC) algorithm. We take the first-order algorithm as an

example. (a) Taylor-series expansion of the small-time evolution

U(x). The 1-norm is A(U(x)) = &~ = 1 + O(rx). The dominant

term is contributed from the first-order expansion Fy (x). (b) By introducing the first-order Trotter formula S (x), the first-order
expansion F|; in the Trotter remainder V;(x) becomes 0. As a result, the 1-norm of V;(x) is suppressed to 1 4 O((Ax)?), limited by
the second-order expansion term F) »(x). (c) By further noticing that F,, and F) 3 are anti-Hermitian, we introduce Euler’s formula
in Eq. (7) to pair the leading-order terms to F o := /. This will double the order of , — 1 and further suppress the 1-norm p of the

overall evolution U(%).

where {r,...,r;} denotes L expansion variables related
to the Trotter formula and s :=r + Zlel ri. F1 denotes
the s-order expansion term of V7 (x). The 1-norm of V;(x)
in Eq. (5) is e***, which seems to be even larger than the
Oth-order case. However, since V;(x) denotes the (multi-
plicative) Trotter error, we have F;(x) = 0. Using this
condition, we can rewrite V;(x) as

Vi) =1+ Fiyx),

s=2

(6)

as illustrated in Fig. 3. From the Taylor-series expan-
sion, we can bound the 1-norm of the new LCU formula
in Eq. (6) by px = € — (2Ax) < e’ In this way,
we reduce . from 14+ O(x) to 1+ O((Ax)?). The 1-
norm of the overall time evolution becomes p© = u) <
exp((2A£)?/v). As a result, by increasing the segment num-
ber v —or equivalently reducing the unit evolution time x —
we can decrease the 1-norm u, leading to a lower sampling
cost. If we choose the segment number as v = O((A)?), i
will remain constant.

From the above discussion, it is clear that, to reduce the
l-norm p of the overall LCU formula for U = e~ our
main objective is to suppress the leading-order term of the
I-norm remainder u, — 1 for each segment, which deter-
mines the number of segments v and hence circuit depth
when u is set to be a constant.

0103

We can further reduce the 1-norm p, of V;(x) by taking
advantage of the structure of Trotter errors. For an anti-
Hermian Pauli operator +iP where P € {I,X,Y,Z}®", we
have the following Euler’s formula,

I+ iyP = /1 + y2e*P, (7)

Here, 6 = tan~'(y) and we suppose 0 <y < 1. The 1-
norm of the left-hand side of Eq. (7) is 1 + y, while the
1-norm of the right-hand side is /1 +y2 < 1 +y?/2 =
1 + O@(?). As a result, the exponent of 1, — 1 is effec-
tively doubled. In Sec. IV B, we prove that the expansion
terms F1, and F3 in the LCU formula Eq. (5) are anti-
Hermitian. As a result, we can further suppress w, by
pairing the terms in F; ;(x) with F; o = 7 using Euler’s for-
mula in Eq. (7). When y = x°, the paired formula R, s(x) as
a summation of Pauli rotation unitaries owns the 1-norm
of uy = 1+ O(x*), whose x dependence is doubled, as
illustrated in Fig. 3(c).

To generalize the discussion, for the Kth-order Trotter
error Vg (x) (K =2k, k € Ny ),wehave Fx | = - - Fx g =
0 [8,20]. Moreover, we can show that Fg x+1, Fxx+2,- - - »
Fkokx+1 are anti-Hermitian. We call the term with s =
K + 1 to 2K + 1 the leading-order terms. The algorithm
utilizing Kth-order Trotter formula and the paired idea
in the LCU construction is called the Kth-order PTSC

59-4
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algorithm. We provide the detailed algorithm description
and gate-complexity analysis in Sec. I'V.

The PTSC algorithm is generic for the L-sparse Hamil-
tonian H = Y7 Hy =AY o piPywith A = 3, || Hy|| and
{P;} are Pauli matrices. It can be implemented using a
simple and universal classical random-sampling proce-
dure: first, we sample the order s from the Taylor-series
expansion, and then we sample a Pauli string based on
the Hamiltonian coefficients. With the random-sampling
implementation, we prove that by appending few gates
after the Kth-order Trotter formula with only one ancillary
qubit, one can improve the time scaling from 1 4+ 1/K to
1+ 1/(2K 4 1) and exponentially improves the accuracy
scaling of the Kth-order Trotter formula compared to the
Kth-order Trotter. We have the following theorem.

Theorem 1. (Informal, see Theorem 3 in Sec. IV) In
a Kth-order paired Taylor-series compensation algorithm
(K =0,1 or 2k, k € N), the gate complexity in a single
round is

O(()»l)l+2Kl+1(KKL—|— log(1/¢) >’

loglog(1/¢)

where A = ) |Hj|l, kx =K when K =0or 1, kg =2 x
5K72=1 otherwise.

From Theorem 1, we observe that setting K = 0, i.e.,
not using Trotter formulas, still yields a valid PTSC
algorithm by pairing Fy; with /. In this case, the gate
complexity is independent of the sparsity L but quadrati-
cally dependent on ¢, similar to the algorithm in Ref. [34].
Conversely, when using a Kth-order Trotter formula, the
PTSC algorithm becomes L dependent with an almost
linear dependence on ¢. In both cases, the PTSC algo-
rithms achieve high simulation accuracy €. We expect the
Oth-order algorithm to be particularly useful for quantum
chemistry Hamiltonians with large L, while higher-order
algorithms are better suited for generic L-sparse Hamilto-
nians with long simulation times ¢.

C. Nested-commutator compensation: overview

The PTSC algorithms above are generic and applica-
ble to any Hamiltonian. When we consider the detailed
structure of Hamiltonians, we could make the compen-
sation algorithms more efficient by taking advantage of
the commutation relationship of the terms in the Hamil-
tonians, which was formerly also studied in the Trotter
algorithms [20].

We will take the first-order Trotter remainder ¥ (x) as
an illustrative example. Following the Taylor-series expan-
sion in Eq. (5), the second-order term F 5 (x) in V;(x) can

be written as

il L iEy
rr =L

r+y =2

Since F»(x) is anti-Hermitian, all the Hermitian expan-
sion terms in Eq. (8) will cancel out. We can then simplify
Fi,(x) as,

L H2
Fiat) = @)’ [ Y=+ > HHy
=1

2!
L=
L . 2
. . (—ixH)
+ (—ixH) Z(’XHI) +—
=1
x2
== 2 [HrH, ©)

Li"i=1

which is a summation of L(L — 1) commutators. Since
the commutators of Hermitian operators are always anti-
Hermitian, this implies that the nested-commutator expan-
sion of F»(x) in Eq. (9) is compact enough since there is
no Hermitian expansion terms in it.

For a common physical Hamiltonian with locality con-
straints, we can take advantage of the commutator-form
expression like Eq. (9). For example, for an n-qubit lattice
Hamiltonian with the form,

n—1
H=7 Hj, (10)
j=0

where the summand H;;; acts on the jth and (j +
1)th vertices. We can split the Hamiltonian to two com-
ponents H =A+B where 4:=3 . Hjj, B:=
> jwodd Hj j+1 » so that the summands 7} ; 11 commute with
each other in each component. We denote the norm of each
Hamiltonian summand as

(In

A= max 1 jll, A= max 1)+l

Now, suppose we estimate the 1-norm of /1 5 (x) of the lat-
tice Hamiltonian based on Eq. (9), we can see that there are
only n nonzero terms: for any given Hamiltonian compo-
nent H; ;. (,only H;_;; and H; ;> do not commute with
it. Then, the norm of F; »(x) is bounded by

2

IFL2 (0l < nm% = O(nm?). (12)

Comparing with the original bound in Eq. (62),
IF12(0) 11 < n2 = O((Ax)?) = O(n*x?), we improve the

010359-5
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system-size-related factor n. The improved system-size n
dependence of the 1-norm |Fj2(x)|; suggests a corre-
sponding improvement in the system-size dependence of
the gate complexity for the nested commutator algorithm.
Now, we are going to generalize the idea above. In
Sec. V, we show how to expand the second- and third-order
terms of V;(x) as a summation of nested commutators,

x* (—=ix)° /o
Fl,s(x) = o s—1 = —'<A£0ml)(HL,. . .,Hl;H)

s! s!
L

B ZAg;nl)(HL’ e ’Hl+1;Hl))a § = 2, 3)
I=1

(13)
where A (4;,...,4;;B) is defined to be

S
d”t...ad”'B. 14
Z (ml,---,m)a Ap 8% (19

my+-t+mp=s

We also use the adjoint notation ady, ---ady B :=
[Ar,...[41,B]---]. It is easy to check that the form of
Fi4(x) (s =2 or 3) in Eq. (13) is anti-Hermitian, which
is consistent with the discussion in the paired Taylor-series
algorithm in the previous section. We can also generalize
the method to the case of Kth-order Trotter remainder, that
is, to express the expansion terms Fy , of the Kth-order
Trotter remainder based on the nested commutators.

(a) (b)

Commutator
L Vl(nC)(x)

u (Vl("c) (x)) =1+ 0(nx?)

(- Fro(x) =1 1 (H Fio) =1
F1(x) 0 F11(x)
4 . 4
Fia@) * 2)? F9 0
L 1,3 3!( x) L 13 X
1
- Fa) @ (2Ax)* - Fa() —

FIG. 4.

Based on the nested-commutator expansion, we propose
the Kth-order NCC algorithm. As is illustrated in Fig. 4,
in the construction of NCC, we first utilize the nested-
commutator forms of Trotter error terms from K + 1 to
2K + 1 order, i.e., the leading-order terms; then we apply
the order-pairing techniques similar to PTSC in Fig. 3(c)
to further suppress the 1-norm of w,. A key difference
between NCC and PTSC algorithms is that in PTSC
algorithms, we compensate the Trotter error Vg (x) up to
arbitrary order; while in NCC algorithms, we only com-
pensate Vi (x) for leading-order terms, which shrinks the
error from O (xX*1) to O (x**2) in one slice with the sam-
pling cost u = 1 4+ O(||Cx |1 /(K + 1))x*(+2). The gate
complexity estimation is then converted to the calculation
of the I-norm of the commutator ||Ck|;. For instance,
if we consider the n-qubit lattice Hamiltonian models in
Eq. (10), then we can prove that |Cx|; = O(n). We can
then provide the following performance guarantee for the
NCC algorithms.

Theorem 2. (Informal, see Theorem 4 in Sec. V) In
a Kth-order NCC algorithm (K = 1 or 2k) with n-qubit
lattice Hamiltonians, the gate complexity in a single round
is O(nl+ﬁtl+2l<]ﬁ8_ﬁ).

Compared to the performance of Kth-order Trotter
algorithm O ((nf)'+1/K¢=1/K) [13], we achieve - and e-
dependence better than 2Kth-order Trotter using only
Kth-order Trotter formula with simple compensation gates

(c)
Introduce order-pairing
techniques

/
H (Vl(”c"’)(x)) = 1+ 0(n2x*)

1 ( 1
0 0
P,
0(nx?) 0(n2x%)
0(nx®) 0(n?x%)

Fiq4 (x) —

1 4 1. 4
71 (240 . o (22x)

Ilustration of the idea of nested-commutator compensation (NCC) algorithm. We take the first-order algorithm K =1 as

an example. (a) The Taylor-series expansion of the first-order Trotter remainder. We consider a truncation such that the higher-order
terms with order s > 2K + 2 will not be compensated. (b) We derive the nested-commutator form for the leading-order expansion
terms 7"y’ (x) and F\y (x), which own better system-size dependence. (c) Since F’s’ and F\";’ are anti-Hermitian, we introduce
Euler’s formula in Eq. (7) to pair the leading-order terms to F; o := /. This will double the order of u, — 1 and further suppress the
1-norm p of the overall evolution U(?).
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of Pauli-rotation operators. To generalize the result in
Theorem 2, we also study the performance of NCC algo-
rithms when applied to a general Hamiltonian in Sec. V C.

D. Efficient random-sampling implementation

A simple implementation of the Trotter-LCU algorithm
in Fig. 2(b) or Fig. 2(c) requires not only an easy-to-
implement quantum circuit but also efficient classical ran-
dom sampling of Pauli operators from the Trotter remain-
der Vk(x). We now briefly discuss how to realize an
efficient classical random sampling in PTSC and NCC
algorithms, that is, with a space resource of O(kxK) and
time resource of O(K(logL + logkk)) where L is the
sparsity of the Hamiltonian.

A key idea for achieving efficient sampling is to use
a multistage hierarchical sampling algorithm. Rather than
fully expanding the Trotter remainder into a direct summa-
tion of Pauli operators, we structure the LCU formula into
multiple layers. This allows us to decompose the overall
Pauli operator sampling process into a series of simpler,
more manageable sampling tasks.

In the PTSC algorithm, the Trotter remainder in Eq. (5)
is derived by expanding the time evolution e ™ and
each Hamiltonian summand term e””! by Taylor series
independently. As a result, the sampling can be done by
first sampling the overall expansion order s, then sam-
ple the individual expansion order » of Hamiltonian H or
the expansion order 7 := [ry,75,...,r;] of the summands
{H,}. The sampling of r and 7, following the analysis in
Sec. IV, can be done based on a multinomial distribution
Mul(r, 7 {%,%};s) where p := [p1,pa,...,p.] denotes the
normalized coefficient factor of H defined in Eq. (3). For
the sampled Hamiltonian H, we further sample the sum-
mands H; inside based on p. We summarize the sampling
algorithm in Fig. 5.

In the NCC algorithm, the Trotter remainder is expanded
based on the adjoint operators. For example, for the lat-
tice Hamiltonian H = 4 + B in Eq. (10), we can write the
second- and third-order Trotter remainder of V; (x) as,

(n) x?
F1,2 ()C) = —;adAB,
- (15)
(nc) X
FI5' () = i3; (2adgad,B + adiB).

We can first sample the expansion order s = 2 or 3. If s =
3, we then sample the specific commutator, i.e., adgad4B or
adle. For the given commutator, for example, adgad B =
[B,[A4,B]], we first randomly sample a summand /; ;;
for the rightmost B as the starting point of the adjoint
operator. The action of the subsequent ad, and adp will
enlarge the support of H; ;,, but within a “light-cone”
region shown in Fig. 6. We then sample the Hamiltonian
summand Hj, ;, 41 and Hj, ;, 1 for the adjoint operators adp

Sample or (K = 1 asanexample) :

(2) Sample 7, 7:

[ {r,7}~Mul ({r, 7} {%g} ; S) ]

(3) Sample Iy, 1, ..., L,

(1) Sample s:

{1y b 3~P
(4) Generate the unitary

se{23}) . Set: W= (=D 2P Py, P TT, P
(leading order)  « £ 1y is anti-Hermitian: set W « (—i)W
* Return: V; = exp(if(ng) W)

s =>4

e Return:V; = (—=)""27p, P, ..P, TIL, P"
(higher order) =D L1, 1 =1 By

FIG. 5. The sampling procedure of V; or V; in Figs. 2(b)
and 2(c) in the PTSC algorithm. We set K = 1 as an example.
Prﬁ”) (s) is a discrete probability distribution given in Eq. (77).
Ny =0y + 13 and 5, := 2Ax)°/s!. B(y) := tan~ ().

and ad,, but within the light-cone region. This will ensure
our sampling to be efficient and with nested-commutator
scaling.

A problem of sampling the Hamiltonian summands
H; j 41 in the commutator is that, since the Hamiltonian A
may be nonhomogeneous, the 1-norm of H; ;. with differ-
ent j may be different. This will complicate the sampling
algorithm, since we need to first calculate the 1-norm of all
the elementary commutators with the form of

adez Ja+1

(16)

ad[—[j'l,j1+ll—1j’j+l >

forallj,j, and j,. When the Trotter order K and the expan-
sionorder s = K + 1,...,2K + 1 gets larger, the number
of elementary adjoint operators will increase exponen-
tially. Consequently, we cannot estimate the 1-norm of all
the elementary commutator.

To solve this problem but still keep the advantage of the
NCC algorithm, we introduce the following Hamiltonian
“padding” technique to ensure all the elementary nested
commutator own the same 1-norm. Consider a Hamilto-
nian summand H; ;;, which can be expanded to some
Pauli operators,

Hijp =Y P, (17)
2]

where o is a positive number and Pj(“;)H is a nor-

malized Pauli operator whose support is on qubit j and
j + 1. Recall that Ay :=max; |H; 1l and |[H; 1]l :=
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Starting “Padding” the virtual “Light cone” of
summand summands £/ on ) nesgted commutators
Hy, virtual ancilla qubits
3 o Virtual ancilla

qubits for the
padded LCU

Overall contribution
* of virtual terms in the

LCU of ad® H, , is 0

1

5 G H—
6 U—r—
ady,,,ady,, € ady Largest support of the
resulting operator
FIG. 6. [Illustration of the generation of elementary commuta-

tors in a given commutator form adgad,adgad,f; ;. Here we
setj = 1. Start from H, », we sequentially apply the adjoint oper-
ation of elementary summands Hj, 1| (the yellow blocks) on the
operator. The blue blocks indicates the largest possible support
of the resulting operators. When the support reach the boundary
of the Hamiltonian, we introduce extra virtual ancillary qubits to
construct padded LCU. The operators on the virtual qubits are
always =/, so that we only need to implement a phase gate on
the control qubit without the need to perform operations on the
virtual qubits.

Yo ozj(w). When ||H; ;1111 is smaller than A, we add extra
trivial terms £/ in the Pauli decomposition of H; ;;,

_ SA SA
§ () p(®) 1 1
w

N 19

where §A| := Ay — ||H; j11]1. Equation (18) holds nat-
urally, but now with a manually predetermined 1-norm
value A;. Similarly, we can pad all the elementary com-
mutators with the form

adel,/1+1I_IJ}/+1 = PI/1J1+1PI/J+1 - I_IJ‘J+1I—]J‘1,/1+1’ (19)
so that their 1-norms are all 2A2. In this way, we ignore
the commutator relationship between H; ; | and H;, ;11 as
long as they are in the light-cone region.

After the padding procedure described above, all ele-
mentary nested commutators of the same order will have
the same 1-norm. This property allows us to uniformly
sample these commutators: the starting summand H; ;4
is sampled uniformly from those in B, and the subsequent

Hj, j,+1 and Hj, ;, 1 are sampled uniformly within the light
cone region. However, when the starting summand H; ;4
is near the boundary, applying a few adjoint operators may
cause it to touch the boundary. This reduces the num-
ber of possible elementary nested commutators compared
to those starting from the center, resulting in different 1-
norms for ad4H; ;1 depending on j. This complicates the
sampling of the starting summand H; ; ;. To resolve this
issue and ensure uniform sampling of /; ; 1, we introduce
virtual qubits at the boundary, as illustrated in Fig. 6, and
pad the virtual qubits with 0-summed =/ terms. Since we
only perform £/ operation on the virtual qubits, we do not
need to introduce it in the real experiments.

We remark that, our padding method preserve the
locality structure. As a result, the performance guaran-
tee in Theorem 4 still holds. We summarize the sam-
pling algorithm in Fig. 7. If we consider the Heisenberg
Hamiltonian

H= Z&i‘}i—o—l + ZZi, (20)
i i

Sample or | V; (K = 1 asan example) :

(1) Sample s: (2) Sample commutator form ad®)B

s =2: adyB,
{adBadAB, w.p. g

adﬁB, w.p. § ’

s ~ Pr§nc)(s), s=23,
Pr{"(s) « | EG2 00|
),

s=3

(3) Sample the starting (4) Sample the adjoint summand

summand H; .1 €B o o
Jj+1 Hj j,+1 €4, Hj,j,41 €AorB

j ~U(0:n),j:odd

Jj1~U(G—1:j+1), ji:even
Jo ~U( — 2:j +2), j,:even/odd
depends on the form of ad®)B

(5) Sample w, w1, w, and multiplication order by, b, € {0,1}

(o=t

b ~U{01}), 1=12 J

(6) Generate the unitary (the multiplication order given by by, b, )

(w2)  plw) | plw)
I:}z.]‘2+1 P}Lj1+1 P}J"'l'

(w2) C(— (w) . (w1)
B v CDF B

if by =0, b, =0,

. () ST =
Set:(=D)*HW if by =1, by, = 0,

 Return: V; = exp(if (ngw)) w)

FIG. 7. The sampling procedure of V; or V; in Fig. 2(b) in
the NCC algorithm. We set K = 1 as example. The notation
[ : I + kindicates the number array of ,/ + 1, ...,/ + k. b; deter-
mines whether to multiply P/(;;ilul to the left or the right side
of the current Pauli operator. U(e) refers to a uniform distri-
bution in the set. ng’c) = ||Fl(f’26)||1 + IIFI(ZC)III. O(y) := tan~' ().
The probability ﬁj(w) is given by the Hamiltonian information in
Eq. (18).
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as an example, where 0; := (X;, Y;, Z;) is the vector of Pauli
operators on the ith qubit, we can define the summand
H; j 41 tobe

1 1 1 1
Hyjp =4 (Z Xt Y+ 420+ ZZJ) :
2

In this case, A| = [|H; ;41| = 4. The probability distribu-
tion 13]'(“’) in Fig. 7 is to uniformly sample the XX, YV, ZZ,
and ZI term. As a demonstration, we explicitly present the
algorithm to sample the Pauli-rotation operator in the first-
order NCC algortihm for the Heisenberg Hamiltonian in
Eq. (20) in Algorithm 1.

As a final remark, the sampling procedure in both
PTSC and NCC algorithms are independent of the imple-
mentation of the quantum circuit and the measurement
outcome. Thanks to this property, we can perform the clas-
sical sampling during the quantum circuit implementation
or even generate the sampled Pauli matrices before the
implementation of the quantum circuits.

E. Performance comparison

In Table I, we compare the implementation complexity
and the gate complexity in a single round of experiment of
the Oth-order PTSC, Kth-order PTSC, and Kth-order NCC
algorithms to previous Hamiltonian simulation algorithms.
For a fair comparison, we set the 1-norm of all LCU for-
mulas p to be constant. In this case, the sample complexity
of PTSC and NCC algorithms incurs a u* overhead com-
pared to standard sampling from the Kth-order Trotter or
post-Trotter algorithms.

We show that by inserting a few randomly sampled
Pauli-rotation gates after each Trotter segment, as illus-
trated in Fig. 1, both PTSC and NCC achieve improved
accuracy and time dependence. The gate counts for PTSC
exhibit logarithmic dependence on accuracy, log(l/e),
while the NCC gate counts show improved system-size
dependence.

To demonstrate how the Trotter-LCU algorithms can
help reduce gate costs in practical scenarios, we estimate
the single-shot gate count of random-sampling Trotter-
LCU algorithms and compare it with the state-of-the-art
Trotter algorithm, i.e., fourth-order Trotter [9,12,20]. To
ensure a fair comparison, we set 1-norm of the LCU for-
mula to be 4 = 2. Based on Proposition 1, this implies that
the random-sampling Trotter-LCU algorithm will require
an additional factor of 16 in the sample number to estimate
the properties of the target state Up U where U := e to a
given precision compared to the normal Trotter or coherent
implementation of LCU algorithms.

We compile their quantum circuits to CNOT gates,
single-qubit Clifford gates, and single-qubit Z-axis rota-
tion gates R.(9) = . Here, we mainly compare the

ALGORITHM 1. Demonstration: sampling of V; or V; of first-
order NCC algorithm for the Heisenberg Hamiltonian in Eq. (20)

Input: An n-qubit Heisenberg Hamiltonian H in Eq. (20);
unit evolution time 0 < z < 1 for each Trotter segment;

Output: Sampling of a Pauli-rotation operator V; from the
Trotter remainder V," ().

1: Sample the expansion order s € {2,3} with the probabil-
ity {1555 945 )

2: if s =3 then

3: Sample the adjoint form ad®B
{adpad 4 B,ad? B} with the probability {1/3,2/3}.

4: end if

5: Sample the starting index j uniformly from all odd indices
in 0,...,n—1. Sample the Pauli operator P; ;i1 uniformly
from {XX,YY,ZZ,ZI} on qubit j and j + 1.

6: Set W := Pi,j+1'

7: Sample the adjoint index ji uniformly from {j — 1,5 +
1}. Sample the Pauli operator Pj, j,+1 uniformly from
{XX,YY,ZZ,ZI} on qubit j1 and ji1 + 1. Sample the
multiplication order b, uniformly from {0,1}. #

8: if by = 0 then

9: Set W := Pj17j1+1W.

10: else

11: Set W .= *W.le,j1+1.

12: end if

13: if s = 3 then

14:  if ad®B = adpada B then

15: Sample the adjoint index j2 uniformly from {j —
2,7,7+ 2}. Sample the Pauli operator Pj, j,+1 uniformly
from {XX,YY,ZZ,ZI} on qubit jo and j2 + 1. Sample
the multiplication order by uniformly from {0,1}.

16:  else >ad®B = ad} B

17: Sample the adjoint index j2 uniformly from {j —
3,7 — 1,7+ 1}. Sample the Pauli operator Pj, j,+1 uni-
formly from {XX,YY,ZZ,ZI} on qubit j2 and jo + 1.
Sample the multiplication order b2 uniformly from {0, 1}.

18: end if

19: if b2 = 0 then

from

l>b1:1

20: Set W := P}, j,1W.

21: else >by=1
22: Set W := —WPj, jy+1-

23: end if

24: end if

25: Return V; := exp (10W) as the sampled Pauli-rotation
operator. Here 6 := tan™'(16nz?(1 4 24z)).

number of R.(f) gates since they are the most resource-
consuming part on a fault-tolerant quantum computer [40].
The CNOT gate-number comparison results can be found in
Appendix G, which is similar to the R.(6) gate compari-
son. We also compare the gate counts of the Trotter-LCU
algorithms to the coherent-implementation of LCU [24,25]
and QSP [27,28] in Appendix G.

In the first comparison, we consider the simulation of
generic Hamiltonians without the usage of commutator
information, for which we choose the two-local Hamilto-
nian, H = ), XX+ > :Z; where X; and Z; are the Pauli
matrices on the ith qubit. Figures 8(a) and 8(b) show the
gate counts for the fourth-order Trotter formula and the

010359-9



ZENG, SUN, JIANG, and ZHAO

PRX QUANTUM 6, 010359 (2025)

TABLE L.

Comparison of the implementation hardness and gate complexity in a single round of the circuit for Trotter-LCU methods

versus previous algorithms. Here, log(x) := log(x)/ loglog(x). The (implementation) hardness refers to whether one needs to imple-
ment multicontrolled gates with plenty of ancillary qubits. In the comparison for the system-size scaling of lattice Hamiltonians, we

use the fact that A = O(n) and L = O(n).

Algorithm Implementation hardness Accuracy Size scaling (lattice Hamiltonian) Time dependence
Kth-order Trotter [8] Easy O(e~V/K) Om'+%) O@+1)
Post-Trotter [25,27] Hard O(I(Eg(l /€)) On?) O
Oth-order PTSC Easy O(log(1/¢)) Om?) O3
Kth-order PTSC Easy O(og(1/e)) On*+ 1) O+ =)
Kth-order NCC Easy O(e~1/K+D) O+ ) O )

PTSC Trotter-LCU algorithms with different orders with
an increasing time ¢ and increasing system size n, respec-
tively. The gate counting method for fourth-order Trotter
with random permutation is based on the analytical bounds
in Ref. [12].

From Figs. 8(a) and 8(b), we can clearly see the advan-
tage of composition of Trotter and LCU formulas: if we do
not use LCU and merely apply Trotter formulas, the gate
resource of fourth-order Trotter suffers from a large over-
head that is 2 orders of magnitudes larger than the PTSC
algorithms. Moreover, if we increase & from 1073 to 1072,
we can see a clear increase of the gate resources for the
Trotter algorithm. For the PTSC algorithms, however, the
gate number is almost not affected by ¢ since they enjoy a
logarithmic e-dependence.

On the other hand, if we do not use Trotter for-
mula, the Oth-order PTSC algorithm owns a quadratically
worse ¢-dependence (O(#%)) than the fourth-order Trotter
(O(#'%)), second-order PTSC (O(¢'?)), and fourth-order
PTSC (O(¢'")) algorithms in Fig. 8(a). For a short-time
evolution ¢ = n, the system-size dependence of second-
or fourth-order PTSC in Fig. 8(b) outperforms Oth-order

PTSC algorithm. In the case when long-time Hamilto-
nian simulation is required, for example, ¢ should be set
to 10° for the phase estimation [11], the advantage of
second- or fourth-order PTSC to Oth-order PTSC will
be more obvious. The composition of Trotter and LCU
formulas enables second- or fourth-order PTSC to enjoy
good ¢ and ¢ dependence and small gate-resource overhead
simultaneously.

Next, we compare the gate count when simulating the
lattice models, where the commutator analysis will help
remarkably reduce the gate count. We consider the Heisen-
berg Hamiltonian H = ), 6;6:41 + ), Z; using the nested
commutator bounds. In Fig. 8(c), we choose n =t =12
and 50 and show the gate number with respect to the accu-
racy requirement &. The fourth-order Trotter error analysis
is based on the nested commutator bound (Proposition
M.1 in Ref. [20]), which is currently the tightest Trotter
error analysis. The performance of our second-order NCC
algorithm is based on the analytical bound in Sec. H in
the Appendix. We mainly present results for the second-
order NCC algorithm due to its simplicity and leave precise
higher-order NCC gate count analysis for future study.

(@) jor (b) o4 (€) 48 T
Fourth Trotter * (1-3) Fourth Trotter * (1e-3) Fourth Trotter (= 12)
Fourth Trotter * (1e-4) Fourth Trotter * (1e-4) Fourth Trotter (n = 50)
Fourth Trotter * (1e-5) Fourth Trotter * (1e-5) —&— Second NCC (n=12)
0 0th PTSC (1e-5) 0th PTSC (1e-5) | L= =_second noc (n=50)
107" F| —o— second PTSC (1e-5) 102 k| —e— second PTSC (1e-5) 10
—&— Fourth PTSC (1e-5) —&— Fourth PTSC (1e-5) ]
o %) 2 e
2 2 I
3 8 [ I
g 10 o 10"f & 10}
6
10/ 10 105 /
10° 10’ 102 10° 20 40 60 80 100 1078 107 1078 106
Time System Size Precision e
FIG. 8. Non-Clifford R, (6) gate-number estimation for simulating real-time dynamics with Trotter and Trotter-LCU algorithms. (a)

and (b) show the R.(0) gate counts when simulating the Hamiltonian H = ), ;XX + Y. Z;. (a) shows the R.(0) gate count with an
increasing time and fixed system-size n = 20. (b) shows the R,(0) gate count with an increasing system size with the time 1 = n. We
list the performance of Oth, second, and fourth-order PTSC algorithms with © = 2. The fourth-order Trotter analytical bound is from
Ref. [12]. (¢) The R, (6) gate count for the nearest-interaction Heisenberg model using the nested commutator bound with » = 12 and
n = 50. The fourth-order Trotter commutator bound is from Ref. [20].
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From Fig. 8(c), we can see that, while enjoying near-
optimal system-size scaling similar to the fourth-order
Trotter algorithm, which is currently the best one for lattice
Hamiltonians [13,20], the second-order NCC algorithm
shows better accuracy dependence than fourth-order Trot-
ter algorithm. Particularly, using the same gate number as
the fourth-order Trotter, we are able to achieve a 3 to 4
orders of magnitudes higher accuracy ¢.

I11. PRELIMINARIES

In this section, we review the Hamiltonian simulation
algorithms based on Trotter and LCU formulas.

In all the Hamiltonian simulation algorithms discussed
in this work, we divide the real-time evolution U(¢) into v
segments,

Ut) = e = (Ux))" = (e7)", (22)

with x := t/v, and consider the construction of each small
segment U(x). Without loss of generality, we assume
x> 0.

A. Trotter formulas

The most natural way to approximate U(x) is to apply
the Lie-Trotter-Suzuki formulas [8,9]. Hereafter, we refer
to them as Trotter formulas. The first-order Trotter for-
mula is

<«

L
Si(x) = l_[efszl — o HL | pmixHy p—ixH) _. l_[efsz'
=1

(23)

Here, H = [Hy,Hy,...,H]. In Eq. (23), we simplify the
notation of the sequential products from / =1 to L with
the same form, using the arrow to denote the ascending
direction of the dummy index /. The Hermitian conjugation
of S (x) can similarly be written as S (x)" = [Te™".
The second-order Trotter formula is

S2(x) = Dy(—x) Dy (x) = Sl(—%‘ﬁsl(g)
— l_[e—l%xl_‘} l_[e—i%xl_:]’ (24)

where D (x) := S (x/2). We have S>(—x)T = S (x).
The general 2kth-order Trotter formula is [9]
2 () = Dot (=x)" Doy (x)

= [Su—2 )2 Sa—2 (1 — 1) %) [Sop—2 (sx) 1%,
(25)

with u; :=1/(4 —4/C&=Dy for k> 1. The operator
Dyi(x) is defined recursively,

Di(x) := Day_2((1 — 4up)x)Sos 2 (x)*. (26)

By induction from Egs. (25) and (26) we can show that
S (—x)" = Sy (x).

We also denote the zeroth-order Trotter formula to be
So(x) = I for consistency. We denote the multiplicative
remainder of the Trotter formulas as

V() = Ux)Sk ()T, (27)

for K =0,1,2k. In what follows, we name this Trotter
error term Vi (x) as the Kth-order Trotter remainder to
avoid ambiguity to other error effects such as truncation
error.

In Ref. [8], Suzuki proves the following order condition
for the Trotter formulas:

Sk(x) = Ux) + O@KH) = e ifrostth — og)

for K =1 or even positive K. As a result, the remain-
der Vik(x) will only contain the terms of x? with g >
K + 1. We will use the following order condition of Trotter
formulas in the later discussion.

Lemma 1 (Order condition of Trotter formulas, Theorem
4 in Ref. [20]). Let H be an Hermitian operator and
U(x) := e "* to be the time-evolution operator with x €
R. For the Trotter formula Sx(x) defined in Egs. (23)
and (25), where K = 1 or positive even number, we have
the following:

(1) Additive error: Ax (x) := Sg(x) — U(x) = OK+).

(2) Multiplicative error: My (x) := Ux)Sx(x)" — I =
O(XK+1).

(3) For the exponentiated error Ex (x) such that Sk (x) =
T exp ([ dv(—iH + Ex(7))), we have Ex(x) =
O(xK).

B. LCU formulas

Instead of decomposing U(x) as a product of elementary
unitaries, another way is to decompose U(x) to a sum-
mation of elementary unitaries. We now provide a formal
definition of a LCU formula.

Definition 1 ([30]). A (u,e) LCU formula of an opera-
tor V' is defined to be

r-1

r—1
V=Y caVi=un) PV (29)
i=0

i=0

such that the spectral norm distance ||V — V|| < €. Here,
i > 0 is the /;-norm of the coefficient vector, Pr(i) is
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a probability distribution over different unitaries V;, and
{V,»}ll; _01 is a set of unitaries. Here, we assume ¢; > 0 for
all i and absorb the phase into the unitaries V;. We call u
the 1-norm of this (u, £)-LCU formula.

In what follows, we define the 1-norm || V]|; of an opera-
tor V'to be its smallest 1-norm over all possible (¢, 0)-LCU
formulas for V. Note that, ||U||; = 1 for any unitary U. One
can easily check the validity of this norm definition.

We may consider two ways to implement the LCU for-
mula of the operator V. In the first way, we coherently
implement the LCU formula by introducing an ancillary
system A4 with the dimension I', which costs [log, I']
qubits. For the LCU lemma defined in Eq. (29), we define
the amplitude-encoding unitary Uz and the select gate
Sel(¥) to be,

r-1
Uag [0), =) v/Prd 1),
i=0

r—1

Sel(7) =) 1) (il ® V.

i=0

(30)

Then, the following controlled-gate W,z acting on ancil-
lary A and system B defines a way to realize LCU
coherently when we prepare |0) on 4 and measure it on
computational basis to get |0),

Wi= (Ul ® DSel(D)(Uir ® ). 31)

More precisely, if we set the initial state on B to be |v),
then we have

1 ~ 1
W10 1Y) p = o 1004 (V1¥))+ /1= 2 NIDTR

(32)

where |® ) 5 is a state whose ancillary state is supported
in the subspace orthogonal to |0).

If we perform computation-basis measurement directly
on 4, the successful probability to obtain f/W) is 1/u%. To
boost the successful probability to nearly deterministic, we
can introduce the amplitude amplification techniques [24].
To this end, we consider the following isometry:

V= —WRWRW(0) ®1) 5. (33)
Here, R is a reflection over |0) on the system 4,
R=1-210),(0]. (34)

Consider the case of 4 =2 and ¢ is small for the LCU
formula. If V is a unitary, then we have ((0| @ )V = V.

—»

1 Xy @ Op

FIG. 9. Estimate the observable value Tr(Vp V' O) based on the
random sampling implementation of (i, £)-LCU formula of the
V defined in Eq. (29).

For a general 7/, we can verify the resulting operator

iy, (35)

N —

(01 ® D)V = %V—

is close to ¥V with the spectral norm distance bound
£ := (&% 4+ 3¢ + 4)e/2. Also, the successful probability to
project the ancilla to |0) is larger than (1 — £)2.

In the second way to implement the LCU formula, we
randomly sample the terms {V;} in Eq. (29) based on the
probability Pr(i) [30]. This way saves the ancillary qubit
number and the cost to implement the multiqubit Toffoli
gates in U,z and Sel(¥) in Eq. (30), which is more suitable
to implement in the near-term devices. Instead of imple-
menting the operator V directly, we now focus on the task
to estimate the properties of the target state o = Vp V'
where p is the initial state of the Hamiltonian simulation
task. Suppose we want to estimate the expectation value of
a given observable O on o, we can then embed the task to
the Hadamard test [39] shown in Fig. 9.

We first prepare a |+) state on a single ancil-
lary qubit. After that, we implement two controlled
operations 0}, (0] ® I + |1)5 (1| ® (V)5 and |0}, (0] ®
(V;)p+ 1) (1| ® Iz where V; and V; are sampled inde-
pendently from the LCU formula in Eq. (29). The mea-
sured expectation value of (u>X,; ® Op) is then a nearly
unbiased estimation of Tr(Vp V' 0). We will use the follow-
ing performance guarantee for the observable estimation.

Proposition 1 (Performance of the random-sampling
LCU implementation, Theorem 2 from Ref. [35]). For a
target operator V and its (u,&)-LCU formula defined in
Definition 1, if we estimate the value (O), := Tr(VpV'0)
with an initial state p and observable O using the circuit
in Fig. 9 for N times, then the distance between the mean

estimator value O and the true value (O) 18 bounded by
10— (O)y] < 101Be + &), (36)

with successful probability 1 — 8. Here, N = 2u* In(2/8)/
8,21, [|O]| is the spectral norm of O.

From Proposition 1 we can see that, the 1-norm u of
the LCU formula affects the sample complexity while the
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accuracy factor ¢ introduces extra bias in the observable
estimation. To estimate (O)y using Hadamard-test-type
circuits with & accuracy, we need O(u*/e?) sampling
resource, which owns an extra u* overhead compared to
the normal Hamiltonian simulation algorithms [35]. To
make the algorithm efficient, we need to set u to be a
constant.

In the later discussion, we will construct new LCU for-
mulas from the product of LCU formulas. We will use
following proposition.

Proposition 2 (Product of LCU formulas). Suppose we
have a (u, )-LCU formula V for an operator V" with the
form of Eq. (29). Then the product formula

7= Z Pr(iy) Pr(iy) - - - Pr(i,)ViVa -+ Vy, v €N,
150250y

(37)

isa (u', &’)-LCU formula for V¥ with

/ v

w=u" & <vue. (38)

Proof. The 1-norm is obvious. We now bound the
distance &’ between U” and U".

|0 — 0| = Z U -0k
k=1
<Y IUU - oo
k=1

<v|U=0T1 Y max{|[U], | T}
k=1

<vep' ! <wule. (39)
|

We remark that, when there are common unitary com-
ponents for all {V;} in the LCU formula Eq. (29), we can
simplify the circuit in Fig. 9 by removing the ancillary con-
trol on the common unitary components. Suppose we have
the following LCU formula for an operator V,

V=u Y Prlivis....i)Vi, Wy Vi Wali WA,
01,2500y

(40)

such that ||V — V|| < &, where Wy, Ws, ..., W, are some
fixed unitaries. Then according to Definition 1, Eq. (40) is
a (u,€)-LCU formula of V" with the elementary unitaries
to be V=V, W, --- Vi, WoVy Wy for i={iy,i,...,i,}.
Instead of naively apply the Hadamard test circuit in

(c)
12 (®F=1 Xi)
® Os
p
FIG. 10. Improve the random-sampling implementation of

Hamiltonian simulation based on (u,&)-LCU formula in
Eq. (40). (a) The LCU formula of V in Eq. (40) with determinis-
tic components. (b) The improved application of Hadamard test.
We remove the control on the fixed unitaries and apply them only
once. (¢) A variant of Hadamard test, where the ancillary qubit
is measured and reset for each randomly sampled unitary V;, for
k=1,...,v.

Fig. 9, we can introduce an equivalent circuit implemen-
tation shown in Fig. 10(b). The performance guarantee in
Proposition 1 also holds for the improved implementation.

Furthermore, we notice that Tr(Of/,o 7t) can be written
as,

Eil,/l;"';iquTr[Ogiv,fv e} Wv O... O gil,fl e} W1 (,0)], (41)

where Wy (e) := W, e W,t and &, j, (o) := %(V,»k ° erk +

Vi e ij) for k=1,2,...,v. As a result, we can imple-
ment each channel W; by a unitary and each map & j,
by a Hadamard-test-type circuit. This leads to a variant
circuit shown in Fig. 10(c), where the ancillary qubit is
measured and reset for every segment. While this circuit
owns the same gate complexity as Fig. 10(b), it is benefi-
cial in a fault-tolerant quantum computer since we do not
need to store the ancillary qubit for a long time—the ancil-
lary qubit is activated only in the compensation stage and
is quickly measured.

IV. TROTTER-LCU ALGORITHMS WITH PAIRED
TAYLOR-SERIES COMPENSATION

In this section, we construct a (i, &)-LCU formula for
the remainder Vg (x) of the K-th order Trotter formula
based on the idea to perform Taylor-series (TS) expan-
sion on all the exponential terms in Vx(x). Although TS
expansion is naturally a LCU formula of Vi (x), it usually
owns poor u performance. To further suppress the 1-norm
of the expansion, we will modify the introduce a “pairing”
idea to combine the terms that correspond to different TS
expansion orders. We first consider a simple case without
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Trotter formula in Sec. IV A to illustrate the major idea to
construct TS-based LCU formula. Then we take the con-
struction of LCU for the first-order Trotter formula as an
example in Sec. IV B. Finally, in Sec. IV C, we discuss
the random-sampling implementation of the algorithm and
analyze its sample and gate complexity.

A. Zeroth-order case

We begin our discussion from the case where the Trot-
ter formula is trivial, i.e., So(x) = I for each segment. In
this case, the Trotter remainder is Vo(x) = U(x) = e ™,
To construct LCU formula, we expand Vy(x) by Taylor
series [25],

o0

(—irx)$
Vo) = == D pupi - pLPyPy Py
s=0 1yl
= Fos), (42)
s=0
where
(—irx)*
Fos) = —=—= Y pup---piPyPy--- Py (43)
S / I
) EXEH S
The 1-norm of Vy(x) is
o
Vo)l = Z 10,5 M1
s=0
1
=14 (x) + E(Ax)z +.o=e" (44)

That is, the 1-norm of Vy(x) is exponentially large
with respect to Ax. Suppose we use Vy(x) directly for
the random-sampling implementation of LCU following
Fig. 2(b), the composite LCU formula for U(¢) = Vy(x)" is
the product of ¥ (x). Based on Proposition 2, the 1-norm of
the product formula is p = (**)” = €, which increases
exponentially with the simulation time ¢. Based on Propo-
sition 1, this implies an exponentially increasing sample
cost N = O(u*). To make the TS expansion practical for
the random-sampling implementation, we need to reduce
1-norm of Vy(x).

When Ax is a small value, the major contribution to
[I7o(x)]l1 comes from the low-order terms of Fy ,(x). Note
that the first-order term Fjy(x) is anti-Hermitian. This
allows us to utilize the following Euler’s formula on Pauli
operators: for a Pauli matrix P and y € R,

[ +iyP = /1 +y2e?0"

where 0(y) :=tan"!(y).

(45)

To suppress || Vo(x) |1, we rewrite Vy(x) as follows:

Vo) =Y Fo,()
s=0

L [e'e}
=1—ix ) pPi+ Y Fo,@)

=1 s=2

L 00
=Y pd —ixP) + Y Fo ). (46)
=1

s=2

Then, we can apply Eq. (45) on Eq. (46) to convert the
first-order term to Pauli rotation unitaries

L oo
P60 =1+ 002 pe™ +> " Fou(x),  (47)
=1 s=2

where 6 := tan~!(—Ax). We call the formula in Eq. (47)
the Oth-order PTS formula.

In practice, to avoid the sampling in the infinitely large
space, we introduce a truncation s. > 2 to the expansion
order of x. After this truncation, the approximated LCU
formula of Vép) (x) is

L Se
PP =00 @ =T+ 002 Y pie® 4+ Fo )
I=1 §=2

= (x) (Pré”)(l)Vé’jf + iprg”(sng:) ,
s=2

(48)
where
wd @) = V1+ 002+ > [ Fos@lh
s=2
S VI 00?2+ (-1 -xx),
@) 1 \Y 1+ ()\-x)z, s = l,

Pry ' (s) := o (Ax)*
“’O (x) ||F0,S(x)||1= ,S:2,3,...,SC,

0 P; =1
P = 2 e(x) U s=1, 49)

le:spll:s(_l) Pll:s’ S = 2’ 3’ e oS

After “pairing” the terms with s = 0 and s = 1, we obtain
Eq. (48), which is a new LCU formula with the 1-norm
M(()p ) (x). We have the following proposition to characterize
the LCU formula in Eq. (48).

Proposition 3 (Oth-order Trotter-LCU formula by paired
Taylor-series compensation). For x >0 and s, > 2,
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7P (x) in Eq. (48) is a (1 (x), " (x))-LCU formula of
Vo(x) = Ulx) with

nd () < 307,

se+1
®») < erx 50
&y (x) = (Sc 1 . (50)

Proof. For the normalization factor, we have

u(()p)(x) < l+()»x)2+( Y —1—x)
<1+ E(,\x)2 + (M — 1 —2x)
<™ 4 %(Ax)z < ed?, (51)

The fourth inequality is due to e* — x < ¢ forx € R.
For the distance bound, we have

7o) = Vo@)Il < D I1Fos@)l

§>S¢

)\’ S
<3 (j) 170,

§>Sc¢

by N A set+1
_Z(x) _( :ﬂ) . (52)

§>S¢

In the second inequality, we use the fact that

Pl (=D’ Py Py - Pl < 1.

Wosl < D pupy -

Idaels
(53)

In the fourth inequality of Eq. (52), we apply the following
Poisson tail bound formula,

2 X ex \F!
— < 54
Z s! _<k+l> ’ (54

s=k+1

which can be proven from Theorem 1 in Ref. [41]. |

From Proposition 3 we see that, the 1-norm of the
LCU formula ¥ (x) in Eq. (47) is exp(3(ax)?) ~ 1 +
O((Ax)?), whose leading term is quadratically smaller
than the one of || Vép)(x)Hl =exp(Ax) ~ 1 + O(Ax) when
Ax < 1. We will later see that Vf)p)(x) provides us an

efficient random-sampling implementation of the Trotter-
LCU algorithm.

B. First-order case

Following similar ideas in Sec. IV A, we now study the
PTS compensation of the Trotter remainder Vi (x). We will

take first-order case as an example. The Trotter remainder
Vi(x) is

Vi(x) = Ux)S (0" (55)

From Egs. (23) and (42) we have

St = ﬁ o = (]_[ e&x) Z Poi(F: &x) ]z[(iﬁ)f'

A
Ulx) = Z( a2l thplz pi.(=)" Py P -+ Py,

= M Z Poi(r; Ax) Zp(r) (— l)rP(r) (56)

I

Here, we adopt the vector notations introduced in Sec. [II A
to simplify the expressions. In Eq. (56), we also extend the
notation of Poisson distribution,

L
Poi(7; ax) 1= HPoi(rl; ax).
=1

(57)

Based on Eq. (56), we then write the Taylor-series expan-
sion of first-order remainder as follows:

Vi(x) = Ux)S (x)*

2“2Pm(r Fiax,ax) Y p (=) =P HP’

Iy

(58)

which is a LCU formula with 1-norm ¢**. Here, » and 7
are two groups of independent variables.

Now, we utilize the order condition of the Trotter for-
mula in Lemma 1 to reduce 1-norm of Eq. (58). To this
end, we first rewrite Eq. (58) by classifying the terms
based on the power of x, which is determined by the value
s=r+) 7

= > IFL@ 1 Vi

s=0

Vi(x) (59)

=Y Fi&)
s=0

Here, ||F (x)]1 is the 1-norm of the s-order expansion for-
mula Fj 4(x). V15 denotes the normalized LCU formula for
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the s-order terms. We have

(x)" (x)"
2 r! [ Ao
> orry [P

I

Vi = Z Pr(r,7ls) Y pi” (=i P TP, (60)

P

In the expression of Vi, weuse r— Y r=r—(s—r) =
2r — 5. The conditional probability Pr(r, 7|s) indicates the
probability to sample » and ¥ when their summation s is
given,

=rr=PHNE=s))
Pr{s = s}

! 1\ P\
AR (E) H(E)
:Mul({r,?};{%,‘%};s), (61)

which is a multinomial distribution Mul(-; -; s) with s trials
and (L + 1) outcomes. In each trial, the (L 4+ 1) outcomes
{r;r1,ra,...,r} occur with the corresponding probability
{%, %pl, %pz,...,%pL}. Recall that p = {p1,ps,...,pL} is
the normalized Hamiltonian coefficients defined in Eq. (3).

We first estimate the normalization cost ||F}¢(x)||; for
different s orders,

Pr(r, 7|s) = Pr{@

”FI,S(X)HI = Z 1 [r-|- Z’j!: S] ()»j)r (l_[ (Og)r>

Qx4+ ax) (2w
- s! Y

In the second inequality, we use the following equation:

7

X S1 X 852 X +x r
Z 1[S1+S2:r](1)' (2)' :(1 ' 2)'
si! 0 so! 7!

(63)

51,59=0

We denote 71, := (2Ax)*/s!, which will be frequently used
in the following discussion.

From Eq. (62) we can see that, similar to the expansion
of Vy(x), the 1-norm of the expansion terms with differ-
ent orders of x in V(x) follow the Possion distribution.
This motivates us to eliminate the low-order terms such as

F11(x). Based on Lemma 1, we have
F]’] (x) =0. (64)

As a result, we can directly remove the term F);(x) in
Eq. (59). The resulting formula is,

N =1+ 0 (65)

s=2

After the elimination of the first-order term, we now intro-
duce Euler’s formula to suppress higher-order terms in
V12 and V3. For the convenience of later discussion, we
simplify the notation of F (x) in Eq. (60) as follows:

Fis(x) =15 ) Pr(r, y[9)P1(r, y), (66)

ry

where y is used to denote all the expansion variables
{F,1,.,} besides r. Pr(r, y|s) and P;(r,y) are then defined
to be

Pr(r, ys) := Pr(r, r|s)p(’>

2r sP(’) l_IPi

To apply Euler’s formula in Eq. (45) to Eq. (65), we need
to make sure that the Pauli operator P is Hermitian. To this
end, we classify the Pauli terms of F; in Eq. (66) into
Hermitian and anti-Hermitian types,

(67)
Pi(r,y) == (=

Fis)=n, Y Pr(ryls)Pi(r.y)
{r,y}€eHer

+ ing Z

{r,y }€anti-Her

Pr(rﬂ )/|S)(—l.)P1’S(]", V), (68)

where {r,y} € Her and {r,y} € anti-Her, respectively,
indicates the set of {r, y} such that P(r,y) is Hermitian
and anti-Hermitian. When {r, y} € Her, the corresponding
Pauli operator owns a real coefficient, which cannot be
paired with / based on Euler’s formula.

It seems that we cannot eliminate the Hermitian terms in
Eq. (68) by Euler’s formula. However, by taking advantage
of the properties of Trotter remainder V; (x), we can show
that V;, and V3 are actually anti-Hermitian. Recall that
we can write the exponential form of V(x) by applying
the BCH formula on the definition of V;(x) in Eq. (27),

Vi(x) = exp (l'(El,zJC2 +Ei3 + Epgx* + - D), (69)
where {E)} are some Hermitian operators determined by
the BCH formula. The first-order term £} ; vanishes due to
the order condition in Lemma 2.
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Lemma 2 (Lemma 1 in Ref. [13]). Let F(x) be an
operator-valued function that is infinitely differentiable.
Let K > 1 be a non-negative integer. The following two
conditions are equivalent.

(1) Asymptotic scaling: F(x) = Q@K+,
(2) Derivative  condition: F(0)=F'(0)=---=
F®0) =0.

From Eq. (69) we then have

Fi(x) = ix’E1 2,

(70)
Fi3(x) = ix’Ey3

by the Taylor-series expansion on Eq. (69).
Comparing Egs. (68) and (70), we can see that

Y Pr(nylPL(ny) =0, s=23. (1)

{r,y}eHer

This is because F; »(x) and F'; 3(x) are anti-Hermitian from
Eq. (70).

We can then modify the form of F;(x) (s =2 or 3) in
Eq. (68) as follows:

Fisx)=ing Y Pr(r,yls)Pis(r,y)
{r,y}€eHer

+i Y

{r,y }eanti-Her

=in, Y _ Pr(r,y[s)(—)! PrsCantitiep, )
ry

Pr(r, y ) (=)P14(r,y),

(72)

In Eq. (72), we intentionally add an extra phase i on the
Hermitian terms, which has no effect on £ 5(x) as they own
zero summation value. In this way, all the Pauli expansion
terms in F,(x) and F3(x) are with imaginary coeffi-
cient, which can be paired with / using the Euler’s formula
in Eq. (45). We call the second- and third-order terms
Vis(s = 2,3) the leading TS expansion orders of V;(x).
The major reason to the Hermitian terms with zero sum-
mation value is to simplify the sampling procedure of Vs,
which will be clarified later.

Now, we are going to eliminate the leading order terms
in V1 (x),

3
Vi@ =1+ inVi + > nVis
s=2

§>3
Viy= Y _ Pr(rylo)P,(ry), s=2.3 (73)
ny
Vie=Y_Pr(ny|s)(=)*Pis(r,y), s=4
ny

Here, the Pauli operator for the leading-order term
P (r,y) == (=) Prsyantifenpy (i y) is always with a
real coefficient. We can then pair / with the Pauli operators
in F5(x) and F 3(x),

o
W) =1+ Vi, +inVis+ Z nsVis
s=4

o
Ui n
= 2+ sV, 00) + =+ nxVi500) + Y 0
nx b =4

/ n n .
=y1+n; (n—;Rl,z(nz) + n—;R1,3(Uz)> +Y 0.

s=4
(74)

Here, ny := 1 + n3. The third line of Eq. (74) is the final
LCU formula used for the first-order PTSC algorithm. In
the third line, we apply the following pairing procedure:

I+nsVi,=I+ins Y Pr(ry|s)P(r.y)
ry

=Y Pr(r,yI9)( + 1sPi (1, ¥))
ry
=/ 1+n% > Pr(r,y1s) exp (0 (75)P} (7, 7))
ny
=1+ n%Ri:(ns), s=2,3. (75)

In practice, we introduce a truncation s. on the expansion
formula in Eq. (74). For the convenience of analysis, we

set s. > 3. The truncated LCU formula for Vip) (x) is then

0 =n? 0 (X P ©Rms) + Y P61
=4

=23 K

(76)

with the 1-norm uﬁp)(x) and probabilities Prgp)(s) to sam-
ple the s-order term

w0 = 1+0:+ ns,

s=4
1+ s
+n2'72’

1 { s=2,3,
1@ |,

s=4,5...,s..
77

Combined with the deterministic first-order Trotter for-
mula, the overall LCU formula for U(x) is

07 (x) = 77 (0)8) (x). (78)

The following proposition gives the performance charac-
terization of 0<1p )(x) in Eq. (78) to approximate U(x).
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Proposition 4 (First-order Trotter-LCU formula by
paired Taylor-series compensation). For 0 < x < 1/(2A)
and s, > 3, 7,(x) in Eq. (76) is a (u?”’(x),e" (x))-LCU
formula of the first-order Trotter remainder V; (x) with

2 4 2eix \ !
p = e B < (ZE0)T )

As a result, U;(x) in Eq. (78) is a (u?”’(x), " (x))-LCU
formula of U(x).

Proof. We first bound the normalization factor ,ugp) (x).
When 2ix < 1 we have

w@ < V1+ 02+ ng
s=4
1 3
2 20x
§1+§772+<e —gns)
L1 @0V [ <
@) (§+ 3 ) + e =D

1 1 1)\ ’
< — 2)\‘ 4 _ _ 20x _ B
_2( X) <2+6) +(e SE_IU)
< 3(2)\,)()4 + ee(Z)»x)4 < e(@+%)(2)\.)€)4' (80)

For the distance bound, from Egs. (58) and (76) we have

V160 = PPl <Y nllVisl

§>5¢

2ix)° 2erx \*!
:Z( X) < erx 81)
s! s.+ 1

§>S¢

In the second line, we use the fact that || V1 4|| < 1. In the
third line, we apply Eq. (54). ]

From Proposition 4 we have shown that, by introducing
first-order Trotter formula, we can further suppress the 1-
norm of the LCU formula V(lp) (x) to exp(c(Ax)) ~ 1 +
O(Ax)*, where ¢ is a constant. In Appendix A, we discuss
the generalized LCU formula construction of higher-order
Trotter remainder Vi (x) with K = 2k, k € N,.. Under such
constructions, we have,

V2 )i = exp(c(ax)®(+2). (82)

In Sec. IV C we will see how this can help us to improve
the time scaling of the whole simulation algorithm.

C. Random-sampling implementation and
performance

We have now derived the LCU formulas for Trotter
remainders Vg (x) and hence the small time evolution
U(x) = Vi (x)Sk (x) based on the idea to utilize the Trotter
order condition and pair the leading-order terms in Vi (x)
to suppress the normalization factors. We now discuss the
practical random-sampling implementation of them, taking
the first-order case as an example.

Suppose we want to perform Hamiltonian evolution e
on an initial state p. As is illustrated in Fig. 2, in each seg-
ment, we first implement the Trotter circuit S; (x) and then
compensate the remainder V;(x) by LCU. In the random-
sampling implementation of LCU, we embed the LCU
sampling into a modified Hadamard test. In Fig. 5, we
show the detailed sampling procedure of ; and V;. In stage
(1), we sample the Taylor-expansion order s from a finite
probability distribution Prip )(s). Afterwards, in stage (2)
and (3), we randomly sample Pauli string indices {r, 7} and
l1,...,1. based on the LCU formula of F; 5. The variables
{r,7} obey a multinomial distribution Mul(r, 7; {%,%};s)
defined in Eq. (61) while {/,,0,...,/,} are sampled iden-
tically and independently from normalized Hamiltonian
coefficients p defined in Eq. (3). Finally, in stage (4),
depending on whether s is the leading order (s = 2,3 for
K = 1) or not, we determine the sampled unitary V; to be
a Pauli-rotation unitary " or just Pauli operators P.

For the gate complexity of the random-sampling imple-
mentation, we have the following theorem.

iHt

Theorem 3 (Gate complexity of the Kth-order ran-
dom-sampling Trotter-LCU algorithm by paired Tay-
lor-series compensation). To realize a (probabilistic)
Hamiltonian simulation of ¢/ with accuracy e, the gate
complexity of random-sampling Kth-order Trotter-LCU
algorithm (K = 0,1 or 2k) based on paired Taylor-series
compensation is

log(1/¢)

1+ 5ty
© <(’\t) L+ log(1/2)

)) . (83)

Here, kx =K if K=0 or 1, or xx =2 x 5K/271 if
K = 2k.

Proof. Without loss of generality, we focus on the case
when K = 1. The case of K = 0 and K = 2k, k € N can
be analyzed similarly following Propositions 3 and 10,
respectively.

For the random-sampling implementation, the overall
LCU formula for U(?) is to repeat the sampling of Uﬁp (%)

for v times, U(ft) (1 = (7(1" )(x)". Using Propositions 2

ot
and 4, when 0 < x < 1/2X and s. > 3, we conclude that
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O (1) is a (W, (1), e, (1)-LCU formula of U(#) with

1,tot

® ®) vy _ (etep @2
I’Ll,tot(t) = lul (X) 5 € v L

@t ( 2erx \*!
(e () < ve V3 (— .

s+ 1
(84)

() )
gl,tot(t) = 1)'u“l,tot

Here, ¢y = 2/9.

To realize a (u, €)-LCU formula for U(#), we only need
to set the segment number v and the truncation order s, to
satisfy

V > max {vfp)(t),ZM} ,
In (£v{”(0)
W (%vap)(t) In (%v@(f)))

Se > max —-11,3;,

(85)

we can then realize a (i, €)-LCU formula for U(r) based
on v segments of Uip) in Eq. (78). Here, vfp)(t) =
2(e + cl)kt/ln,u,)l/3 2At. Wy(y) is the principle branch
of the Lambert W function whose scaling is approxi-
mately In(y) according to the tight bound in Lemma 7 in
Appendix F. To derive the bound for s, in the second line
of Eq. (85), we use Lemma 6 in Appendix F.

The gate complexity of the random-sampling implemen-
tation of the Trotter-LCU algorithm is determined by the
segment number v, Trotter order K and the gate complex-
ity of each elementary gate in the LCU formula. As shown
in Fig. 5, to construct controlled-U(¢), we split it to v seg-
ments. In each segment, we need to implement Kth-order
Trotter circuits and LCU circuits. The gate complexity of
each elementary gate in the LCU circuit is determined
by the truncation order s. of the Taylor-series compen-
sation. Specifically, we consider the compilation of the
controlled-Pauli gate and controlled-Pauli rotation gate, as
shown in Fig. 11. The number of gates is determined by
the weight of the sampled Pauli matrices wt(P;), which is
upper bounded by O(s,.).

Therefore, the gate complexity of the overall algorithm
using Kth Trotter formula (K = 0, 1, 2k) is given by

N = Ow(kgL + 5.)) (86)
where
0, K =0,
Kg = 1, K = 1, (87)
2.5K2-1 K =2k keN,.

(a) V;/V;: n-qubit Pauli matrices P,

(b) Vi/Vj: n-qubit Pauli rotation unitary e‘®s"t

I clt
K

f
wt(P;) CNOT gates

- el

FIG. 11. (a) Compilation of the LCU circuit when V;(V;) is
a n-qubit Pauli gate. (b) Compilation of the LCU circuit when
Vi(V;) is a Pauli rotation unitary. Here, C is a Clifford gate with
wt(P;) CNOT gates.

Based on Eq. (86), the gate complexity of the 2kth-order
Trotter-LCU algorithm is then

log(1
OW(kxL +50) = O ((M)lﬂf#l(xKL /o) )

loglog(1/¢)
(88)

Here, kx is the stage number of the Trotter formula. When
K =0,kx = 0. When K = 2k, kx = 2 x 5K/2-1, -

From Theorem 3 we can see that, by introducing the
LCU compensation, the time scaling of the Kth-order
Trotter-LCU algorithm improve the bare Kth-order Trot-
ter time scaling from 1 + 1/K to 1 + 1/(2K + 1). More-
over, the accuracy scaling is exponentially improved.
This allows us to achieve optimal gate complexity with
lower-order Trotter implementation. For example, the
time dependence of using first-order (respectively, second-
order) Trotter formula can be improved from #* (respec-
tively, #'+1/2) to t'+1/3 (respectively, #'+1/3) by adding LCU
compensation.

V. TROTTER-LCU FORMULA WITH
NESTED-COMMUTATOR COMPENSATION

In this section, we provide detailed construction of
the nested-commutator compensation Trotter-LCU algo-
rithms and the gate complexity analysis. We first sketch
the procedure to derive the nested-commutator form LCU
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formula in Sec. VA. Then we construct the LCU for-
mula of of the first-order Trotter remainder of the lattice
Hamiltonians in Sec. VB as an example. In Sec. VC,
we describe the random-sampling implementation of the
nested-commutator compensation algorithm and analyze
its gate complexity.

A. Derivation of the nested-commutator formula

Our aim is to expand the LCU formula for the Kth-order
Trotter remainder Vg (x) := Ux)Sx(x)" (K = 1 or 2k, k €
N.) in the following form:

2K+1

Ve() =1+ > FEO) +FEG,  (89)
s=K+1

where the leading-order terms F' 1((” ? (x) are written as a
summation of nested commutators. We will use the fol-
lowing lemma of the operator-valued differential equation.

Lemma 3 (Lemma A.1 in Ref. [20]). Let H(x), R(x) be
continuous operator-valued functions defined for x € R.
Then, the first-order differential equation

D ey = HEWE) + RO,

W(0) known,  (90)
dx

has a unique solution given by

W(x) =T exp (/X drH(r)) w(0)
0

+ /X dtT exp </X d‘L’zH(‘L’z)> R(zry). (91)
0

71

Here, 7 is the time-ordering operator.

In Eq. (90), if we set W(x) to be the real-time evolution
U(x) = e " we can find that H (x) = —iH and R(x) = 0.
Therefore, R(x) reflects the derivation of W(x) from the
exponential function. We are going to apply Lemma 3 to
Sk ()7, ie., we set W(x) := Sx(x)" and H(x) = iH. The
deviation of Sk (x) from U(x)" = ™/ is characterized by
the following function:

d
Ric(x) = =Sk ()" — iHSk ()" (92)
X
Applying Lemma 3, we have

Sx(x)t = e / dre 1Ry (7). (93)
0

The Trotter remainder Vx (x) can then be expressed as
Vi(x) = Ux)Sx ()T =1+ / dre ™Ry (1)
0
=1+ / dtU(t)Sk (1) Sk ()R (1)
0

I+ / e Vi (t)Jk (1), 94)
0

where
Jk (x) := S (x)Rk (x). 95)

Equation (94) provides a recurrence formula to solve the
expansion terms in Vg (x). To be more explicit, if we
expand Vx(x) and Jg(x) based on the operator-valued
Taylor series,

o _X,'S o0 xs
Vi) =) Gig, Jk0 =) G (96)
s=0 : s=0 :

where G; and C; denotes the respective s-order term, then
we have

(s+ D! / . 7*
Gy = ——— d E GuCsepy—————
! st Jo ‘ m!(s — m)!

m=0

= XS: (;) GmC\'fm (97)

m=0

since Eq. (94) holds for all x € R. This is a recurrence for-
mula, which can be used to solve all the expansion terms
G, of the remainder V' (x) from the expansion terms C, of
JK (x) .

To solve the explicit form of Gy, we need to study the
form of expansion terms {Cr}i;(l) for the function Jx (x). We
will use the following proposition derived from Lemma 2.

Proposition 5 (Order condition). For the Kth-order
Trotter formula Sk (x), the multiplicative remainder Vi (x)
and derivative remainder Jx (x) defined in Egs. (89), (92),
and (95), respectively, the following statements are equiv-
alent.

(1) k() = U) + OGEH,

2) (Sk(O)%) = (—iHY, for0 <j <K,

(3) Jk(x) = O(K),

@) Ux(0) =0,for0<j <K —1,

(5) Vic(r) = I + OGK+),

(6) Vix(0) =1 and (Vk(0)Y) =0, for 1 <j <K.

Here, f(x)¥) is the j th-derivative of the function f'(x).

Proof. First, we note that (1) < (2), (3) & (4), and
(5) < (6) by applying Lemma 2 and setting F'(x) to be
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Sk (x) — U(x), Jx(x), and Vi (x) — I, respectively. So we
only need to prove (2) < (4) and (2) < (6).

We first prove (2) < (4). From (2) we also have
Sx(x)NH) = (GHY for 0 <j < K. Based on Egs. (92)
and (95), the derivatives of Rg (x) and Jx (x) are

(Rx () = (Sxk ()Y —iH (Sk ()P,

J

kGNP =" (Jl> (Sx ()P R (x))V .

=0

(98)

Based on (2) we have (Rx(0))Y) =0 for0 <j <K — 1.
Hence (Jx(0))Y) =0for0 <j <K — 1.

For the reverse direction, we notice that Rg(x) =
Jx (x)Sk (x)T. This implies

J .
R () =" (ﬁ)(JK(x»“) SkhHv.(99)

1=0

If we have (Jx(0))Y) =0 for 0 <j <K —1, then
(Rx(0)Y) =0for0 <j < K — 1. Then, from Eq. (98) we
have (Sx(x)")Y) = (iHY for 0 <j < K, which is equiva-
lent to (2).

Now, we prove (2) < (6). Based on Eq. (89) we have

J .
(ZEIREDY (ﬁ)(U(x))”)(SK(xﬁ)” . (100)

=0
From (2) we have

J .
OREDY (ﬁ)(—iH)laH)” =0, (101

=0

for 1 <j < K. The reverse direction can be proven sim-
ilarly based on the derivative of the formula Sg(x) =
Vi ) UX). [ |

From Proposition 5, we have the following order condi-
tion for the Kth-order Trotter formula and remainders:

Sk(x) = Ux) + O,
Jgx) = OG"),
Vi) =1+ O

(102)

Compare the recurrence formula in Eq. (94) and the order
condition in Eq. (102), we will obtain the following rela-
tionship for the Taylor-series expansion terms G, and C;

for Vi (x) and Jk (x), respectively,

G,=0, s=12,... K,
C,=0, s=0,1,....K—1, (103)
Gy=Cyy, s=K+1,K+2,....2K+1.

Based on Eq. (103), we are going to expand Jx (x) based on
the operator-valued Taylor-series expansion with integral
remainders,

2K s

X
Tk®) = Jx 1 (0 + Jkresax @) = Y C— + Jkres 2k (),
K A
(104)
where
C,=J200), s=K,K+1,...,2K,
(105)

JK,res,s(x) :/ dtg‘]}(ﬁ_l)(f)-
0 S!

Here, Jx 1 (x) := fo,( Cy(x%)/(s!) denotes the leading-
order terms in Jx (x). Then, from Egs. (94) and (103), the
Kth-order Trotter remainder can be expressed as

2K+1
Vk() =T+ Mg@) =1+ Y F @) + (),
s=K+1

S

. X
F,(("?(x) = Cs—l_', s=K+1,K+2,...,2K+1,
" s!

FEO(x) = / dt (M (1) g 1 (T) + Vi (D) Ik ses 2k (7)) -
0
(106)

Here, My (x) := Vg (x) — 1.

From Eq. (106) we can see that, the leading-order
expansion terms F ,((" j) (x) of Vk(x) with s =K + 1,K +
2,...,2K + 1 owns a simple expression related to C;_; :=

J ,S"*l) (0). Later we will show that, C; can be simply written
as a summation of nested commutators with the form,

.
adez,- = -adjlf,lz2 adjff,lll H, (107)
where Zj m; = s, H, H,,, ... Hj are different summands

in H. Furthermore, we will show that {C} are all anti-
Hermitian. As a result, the expansion-order-pairing based
on Euler’s formula introduced in Sec. IV can also be
applied here. Since {C,} are anti-Hermitian, we can expand
them by the Pauli operators as follows:

Co = illCilly Y_ Pr(y |s)P" (y), (108)
¥

where {P{"(y)} are Hermitian Pauli operators with coeffi-
cients 1 or —1. || Cs||; denotes the 1-norm of this expansion.
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The leading-order expansion term F ,(<" ﬁ) (x) can then be
expressed as

F]((rli)(x) = l”CS 1”1— ZPr(ng _ I)P(l’lc)(y)

)
— ninc) V;?; )

(109)
Here, n" := ||Cy_1|1x*/s! is the 1-norm of the LCU for-
mula of F ("‘)(x) in Eq. (109). V(,?;) is the normalized LCU
formula.

The residue term F ](g' ie)s in Eq. (106), however, is com-
plicated and hard to be expressed simply using nested
commutators. Due to the hardness to compensate F- {ne)

K res’
will remove it in the truncated Trotter remainder formula,

_ 2K+1
O =1+ Y FEx)
s=K+1
(nC)
(nc) ne)
- (,,C) < > V<K,s>
s=K 'z
2K
= 1+ 02 (,,C)Rﬁ??mz) (110)
s=K 12

Here, n("c) = fo;g}rl |Cs—1]l1x*/s!. In the forth line, we
apply the following pairing procedure based on the Euler’s
formula, similar to Eq. (75),

I+ 089V =1 +ing? Z Pr(y ls = DP(v)

=1+ Y Pyl = Do (i6gHP )
=y 1+ my)?RyY (g,

for s=K+1L,K+2,...
tan~! (x).

729 (x) in Eq. (110) is the final LCU formula for the
nested-commutator compensation of Vi (x). In what fol-

lows, we estimate the 1-norm ;L("C) (x) and distance &' (x)
of this LCU formula,

ug? (0 =1+ (g2,

el () = 17 (00) = Vk 0l = IFL, ().

(111)

,2K + 1. Recall that 6(x) :=

(112)

Proposition 6 (Bound the 1-norm and error of nest-
ed-commutator expansion formula). V' (x) in Eq. (110)
is a (,u,("c) (), 8("0) (x)) formula of the Kth-order Trotter

remainder Vi (x) with

2K 2

s+1
ng? ) =1+ ") = 1+<Z||Cs||1‘<sx+ 1)")
s=K ’

8;(7!0)()6) < /(; dt (HMK(T)””JK,L(T)” + ”JK,res,ZK(t)”) >

(113)
where
2K s+1
Wi (@I < Z IG
Wik (0] < / L@l
_ (K—1
My (D) < / dr, / dz%nﬂ’“(mu.
(114)

Proof. The value of u(”c)(x) is derived based on

Egs. (109) and (110). To calculate £ (x), we will use the
following bound:

e () = [IFZ )l

5/0 dr (IMx @Ik L @1+ Vi @k res 2k (D1])

=/O dr (IMg Ok L@ + Wk res2x (D) . (115)

In the second equality, we use the fact that Vg (7) is a
unitary. To bound ||Jx .(7)||, we have

2K x5l

Jx (D) < Cs 116
Wi () < Zn ||(+1), (116)
To bound Jk res 21 (7) in Eq. (115), from Eq. (105) we have
G =1 e

Wisesax (D] < / ar ) i)

Finally, to bound || Mk (7)] in Eq. (115), we have

Mk (D) = ‘

/ dt1 Vg (t1)Jk (T1)
0

< / dr i (2] = / A i sesk1 (2D
0

/ i / dtz(“_’”) W @)l
(118)

In the first line, we use the definition of Mg (t) = Vi (t) —
I and the recurrence formula in Eq. (94). In the second line,
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we use the property that Vg (t) is a unitary. In the third line,
we use the order condition in Proposition 5. In the final
line, we apply the operator-valued Taylor-series expansion
on Jx (1) and set the truncation order s, = K — 1. |

From Proposition 6 we can see that, to study the perfor-
mance of the truncated LCU formula f/z'c) (x) in Eq. (110),
we only need to study the property of the derivatives of
Jx (%), including {C,}. In the following section, we are
going to derive the explicit formula of 17216) (x), taking the
lattice Hamiltonian with first-order Trotter formulas as an
example.

B. Example: first-order lattice Hamiltonian
Now, we focus on the lattice Hamiltonians with the form
H = A+ B in Eq. (10). For the lattice Hamiltonian, the
first-order Trotter formula is S; (x) = e *Be~_ Here, we
assume that the time-evolution of each two-qubit compo-
nent e *jJj+1 is easy to be implement on the quantum
computer.

To derive the explicit form of the LCU formula 17(1”6) (x)
in Eq. (110), we first derive J; (x) defined in Eq. (95) and

its derivatives Cs := Jl(“') (x). From Egs. (92) and (95) we
have

d T . T .r _ixA ixB
Ri(@) = —-81(0)" — iHS1(x)" = i[e"™, Ble™,
X
Jl (x) — Sl (X)Rl(x) — l-e—iXBe—ixA[eixA,B]eixB

=i(B— e ™o Up) . (119)

Applying the general Libniz formula to J; (x) we have,

Jl(S) (X) — (_l-)S—H Z

my,ni;
m)+ny=s

Ky . .
( )e zxadgad’gle ixady adZIB.
m

(120)

If we set the truncation of Jl(s) (x) to be s. and apply the
following operator Taylor-series expansion formula,

Sc

0w =Y 5070+ [ ar "o,
! 0

se!
s=0 ¢

(121)

we can expand J; (x) as

Sc )CS
D00 =D G+ s (), (122)
s=0 :

where

C=J00 = (=" Y
m:n-‘}-zlll;zs

* X —T)
Jl,res,sg(x) = / dT(
0

s
ady'ad”' B,

(123)

Sc
TJI(SC—H)(I)‘
We can see that, C; can be written as the summation of
nested commutators with concise form ady'ad’} B. Note
that, (—i)**'ady'ad) B with m; +n; = s is always anti-
Hermitian when A and B are Hermitian. On the other hand,
these nested commutators are all with the nice property that
their spectral norm and 1-norm is linear to the system size
n. To be more specific, we have the following norm bound.

Proposition 7. Consider a lattice Hamiltonian H = 4 +
B with the form in Eq. (10). Suppose the spectral norm
and 1-norm of its components H; ;; are upper bounded
by A and A;. Then for the nested commutators appearing
in Eq. (123), we have the following bound:
||€_iradBadgle_itadA adZIB” < §3m| on 2SAS+1, (124)
where m,n; are non-negative integers satisfying m; +
n; = s. As a result, we can bound the spectral norm of Jl(“')

as ||J1(S) @] < glO*"A"*l. The 1-norm upper bound is to
simply replace A by Aj.

Proof. We first focus on one Hamiltonian term H; ;4
contained in B and bound the norm,

||€7itadgad’glefirad,4ad1’;1 (I{jzi+1) || < 3m12n12sAs+l'
(125)

To do this, we are going to decompose commutator to the
elementary nested commutators in the following form:

—itadp
€ adeS’jSJrl adenﬁrla/'n]Jrl*l
o (126)
—itady . ..
€ adenlJnl-H ade1=1'1+11_1-1’1+1’

where ji,j,...,js are the possible vertices’ indices. For
each elementary nested commutator, the spectral norm can
be easily bounded by (2A)*A by simply expanding all
the commutators and applying triangle inequality. Here,
we use the property that the spectral norm of all the
exponential operators with anti-Hermitian exponent is 1.
Now, we count the number of the possible elementary
commutators with the form in Eq. (126). We will check
the action of each adjoint operator ad, or adz from the
right to the left. For the first location, if we expand ady,
there will be only two possible elementary nonzero com-

ponents, ade_lJ and ade 142t If the next ad is still ad,,
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the support will still be on the four qubits: j — 1,7,7 + 1,
andj + 2. As a result, there will still be only two possible
components, ady, . and ady,,,;,,. Similarly, the expo-
nential operator e~""24 will not enlarge the support since
one can expand it to the power of ad,. The support will
be enlarged when adg comes. In this layer, the support of
the operator will be expanded to six qubits, and there will
be three elementary components. The number of possible
elementary commutators is then
3mm, (127)
Combining the number of elementary nested commutators
and the norm bound for each commutator and applying tri-
angle inequality, we will obtain Eq. (125). Finally, in the
operator B, there are n/2 possible summands. This finishes
the proof of Eq. (124).
Now, we apply Eq. (124) to bound the norm of JI(S) (x).
From Eq. (120) we have

FRISTEESY

mp,ng;

N . .
( ) “e—txadgad’;’le—lxadA adZIBII
m

my+n|=s
n N
< _2SAS+1 ( >3m12n1
2 m%:l; i
m)+ny=s
noos s+1
= 1A% (128)

In the third line, we apply the binomial theorem.

Since 1-norm can be estimated based on the same logic
by counting the number of elementary nested commutators
and the 1-norm of each nest commutator, the derivation for
the 1-norm is similar by replacing A to A;. ]

As introduced in Sec. VA, when K = 1, we set F’ l(ff) ()
with s = 2,3 to be the leading-order terms and set the
truncation order s, = 3. That is, we only compensate the
second- and third-order error using LCU methods. While
we are not able to achieve the logarithmic accuracy sim-
ilar to PTSC algorithms, we can achieve a high accuracy
of O(e~!/3), which is cubicly improved comparing to the
bare first-order Trotter result O(s ™).

Based on Eq. (110), the truncated nested-commutator
LCU formula for V;(x) can be written as

3
@) =1+ F"),

s=2
(nc) : ’,’(nc) (nc)
=y 1+ (772 )2 %Rl,s (nx). (129)

s=2 1%

Here, n(z"c) = Z;’ZZ |Cs—y ||ﬁ;—’:. The explicit form of
R(I"Sc )(%;) can be obtained by the definitions in Eqgs. (109),

(111) and the Pauli operator decomposition based on the
nested-commutator form in Eq. (123).

Combined with the deterministic first-order Trotter for-
mula, the overall LCU formula for U(x) is

0V (x) = PV ()81 (). (130)

Following Propositions 6 and 7, we can bound the 1-norm
and error of the LCU formula in Egs. (129) and (130) as
follows.

Proposition 8 (First-order Trotter-LCU formula by
nested-commutator compensation for lattice Hamiltoni-
ans). Consider a lattice Hamiltonian with the form in
Eq. (10). For min{1/4A,3/20A,} > x > 0, Eq. (129) is a
(1" (x), " (x))-LCU formula of ¥ (x) with

w0 < exp (1007 (A10)*) (131)
£/ (x) < 157 (A%)"

As a result, Ug"c)(x) in Eq. (130) is a (/Li"c)(x),sinc) (x))-
LCU formula of U(x). Here, A; and A are defined in
Eq. (11).

Proof. We start from bounding the 1-norm Minc) ().
From Proposition 6 we have

1" (x)

IA

2 2
xs+l
1 Cillj———
+ (Zl I ||1(S+1)!)
2 2
1 xs+1
14— Cillij————
+3 (le I ||1(S+1)!>

L(25 ., 250
=1 +n §(A1X) +E(A1x)

1250 .
+ o5 (Ax)

IA

313!

25
<1+ 3n2§(A1x)4 < exp (10n°(A1x)?).
(132)

In the third line, we use the fact that C, = Jl(s) (0) and
Proposition 7. In the fourth line, we use the assumption
that A1x < 3/20.

Now, we bound the spectral norm distance 85"0) x) =

| F l("rz)sn From Proposition 6 we know that we only need

to bound ||J12()ll, Mires2(T)ll, and M;(r) based on
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Eq. (114). For ||J; .(7) ||, from Proposition 7 we have

s 2 s
n s A s+1 T
/1. (O < E I1Csll —' 5 E 10°A "k (133)

For ||/} res2(7)]l and ||M,(7)||, from Eq. (114) and Propo-
sition 7 we have

1sesa ()| < /O T dn%uﬁ”(mn
< —103A4t3
1M ()| < f dr| / dn I () |
gIOAZ;. (134)

Based on Egs. (133), (134) and Proposition 6,

X
IF) < / dr (IMy @£+ [ res2 (D))
0

2 2 3

n n T
108‘+1 _103A4_

/O (4 2 TR 3!

=1

2 )
— " Z 10S+1£ + 203 (Ax)*
4 = s21s+3) 2 4!
n? (Ax)*  n (Ax)*
<2.—10° ~10°
- 4 8 + 2 4!

< 1507%(Ax)™. (135)

In the fourth line, we use the assumption that x < 1/4A.
[ |

C. General construction and performance

We can easily extend the first-order analysis above to the
higher-order case. In Appendix B, we provide an explicit
construction for second-order nested-commutator expan-
sion, which will be used for the later numerical results. For
the general LCU formula for the Kth-order Trotter remain-
der, we have the following proposition to characterize the
LCU formulas 7k (x) in Eq. (110).

Proposition 9 (Trotter-LCU formula by nested-com-
mutator compensation for lattice Hamiltonians). Con-
sider a lattice Hamiltonian with the form in Eq. (10).
We set B:=2(4x +5) where « is the stage num-
ber of the Kth-order Trotter formula (K =1 or 2k).
For min{(K + 1)/BA, (K +2)/BA1} > x > 0, P7(x) in

Eq. (110) is a (1% (x), eV (x))-LCU formula of Vk (x)
with

2,2 p2(K+1)
(ne) _ nkp 2K+2
Mg~ = €xp <—2(K!)2 (Ar1x) ,

IBZK—H

(VlC)
< (me)? KK+ DI

(136)
)2K+2

As a result, U0 (x) in Eq. (110) is a (u{ (x), eV (x))-
LCU formula of U(x). Here, A and A are, respectively,
the largest spectral norm and 1-norm of the lattice Hamil-
tonian components defined in Eq. (11).

The proof of Proposition 9 is in Appendix C.

The circuit of random-sampling implementation of the
NCC algorithm is similar to the PTSC algorithm, which is
illustrated in Fig. 7. The only difference is that we sam-
ple the Pauli operators based on the nested-commutator
expansion formula. In Appendix D, we generalize our
random-sampling algorithm to the Kth-order situation to
demonstrate its scalability. Specifically, the space and
time cost of the sampling algorithm are O(Kkg) and
O(K (logkk + logn)), respectively. In practice, we need
to expand the leading-order terms {Fk s} to a summation
of different adjoint operators based on the methods in
Sec. V A first, and then calculate the corresponding sam-
pling probability Pr(y|s). We have the following theorem
to characterize the gate complexity of the Kth-order NCC
algorithm with random-sampling implementation.

Theorem 4 (Gate complexity of the Kth-order random-
sampling Trotter-LCU algorithm by nested-commu-
tator compensation for lattice Hamiltonians). In a
Kth-order Trotter-LCU algorithm (K = 1 or 2k) based on
nested-commutator compensation, if the segment number
v satisfy all the requirements below,

vaax{

BA ; ﬂAlt
K+1"K+2

P 2K+1 P ol

> ————— B TRFI p2KFT (A f) T2RAT
21In pu(K!)?

1

2 2K+1
> L i IBE_ZK]ﬁnﬁ(At)I_FZK]ﬁ,
=K1k + 1!
(137)

we can then realize a (u, &)-LCU formula for U(¢) based
on v segments of f]}"c)(x) in Eq. (110). As a result, the
gate complexity of random-sampling Kth-order Trotter-
LCU algorithm based on nested commutator compensation
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for the lattice Hamiltonian is

O (n' ot e ). (138)
Here, B := 2(4x + 5) where « is the stage number of the
Trotter formula. A and A, are, respectively, the largest
spectral norm and 1-norm of the lattice Hamiltonian com-
ponents defined in Eq. (11).

Proof. For the random-sampling implementation, the
overall LCU formula for U(¢) is to repeat the sampling of
Uﬁ?c) (x) for v times, U(I?,iz,t(t) = (:/(Ié'c) (x)¥. Using Proposi-
tions 2 and 9, when 0 < x < min{(K + 1)/8A, (K + 2)/
BA1}, we conclude that ~,?‘;Z,t(t) is a (M%ilt(t),egfgt(t))-
LCU formula of U(¢) with , ,

1o () = g ()’ < exp (

n2/<2,32(K+1) (Alt)2K+2
Q(K!)z p2K+1 >

el (B < v (el (x)
e ,32K+1 (Al)2K+2
< vpgo® ((my BE D v
(139)

To realize a (u, €)-LCU formula for U(#), we only need the
segment number v satisfy all the requirements in Eq. (137).
It suffices to choice

= O(nﬁlz“ﬁls—zﬁ). (140)

Based on Eq. (86), the gate complexity of the Kth-order
Trotter-LCU algorithm is then

OW(KkL +s0)) = O (n" 5 1T~ 5T) . (141)

Here we use the fact that s, =2K +1 = O(1) and L =
O(n) for lattice Hamiltonians. |

So far, we have restricted our construction of the nested-
commutator expansion to lattice Hamiltonians. In practice,
various physical Hamiltonians, including those for the
electronic structure of quantum materials [42], quantum
chemistry Hamiltonians [43—45], and power-law interac-
tion Hamiltonians [20], also possess sparse properties. As
a result, the methods for the nested-commutator expansion
of the Trotter remainder Vi (x) introduced in Sec. V A can
also be applied to a general Hamiltonian H.

In Appendix E, we discuss how to perform the nested-
commutator expansion of Vi (x) for general Hamiltonians,
and discuss the performance of the resulting LCU formula
in Proposition 13. We find that the 1-norm of the LCU
formula based on nested-commutator expansion is closely

related to the following nested commutator norm of the
Hamiltonian H = Y1_, H;:

L L
Feom(H) := Y -+ Y [Hy,,s- . [Hio H - 10

ls41=1 h=1

(142)

dcom(H) is originally defined in Ref. [20] to analyze the
performance of Trotter methods. In Ref. [20], the authors
estimate the values of ag) for typical Hamiltonian models
like plane-wave-basis quantum chemistry models, k-local
Hamiltonian, and Hamiltonians with power-law interac-
tions. Following similar estimation methods, we can also
calculate &com(H) for different models and consider their
explicit nested-commutator expansions. We will leave the
explicit evaluation of other typical Hamiltonians for a
future work.

VI. CONCLUSION AND OUTLOOK

We study the Hamiltonian simulation algorithms based
on the composition of Trotter and LCU algorithms. In both
theoretical and numerical studies, we show that the Oth-
order PTSC algorithm, 2kth-order PTSC algorithm and the
2kth-order NCC algorithm enjoy different advantages and
will be useful in different scenarios. Taking the n-qubit
lattice Hamiltonian as an example: the Oth-order PTSC
algorithm performs the best when ¢ is small compared with
n and 1/e; the 2kth-order PTSC algorithm performs the
best when 7 is small compared with ¢ and 1/¢; while the
2kth-order NC algorithm performs the best when 1/¢ is
small compared with » and z. In practice, with finite sys-
tem size n, simulation time ¢ and inverse accuracy 1/e,
we can think about a hybrid implementation of different
algorithms. For example, when the sparsity L of a given
Hamiltonian is large, we can first split the Hamiltonian to
two parts,

L
Z Hy,

k=L1+1

Ly
j=1

where the summands in H; are the few dominant terms
with large coefficients. We can then perform second-order
Trotter only for H;, and use PTS to expand the remainder

1 Ly
Vo Hy) = [ e [T e (144)
J1=Ly Ja=1

If the number of dominant terms L; is small, we can then
reduce the L dependence of the algorithm similar to Oth-
order PTSC algorithm while keep the good ¢ dependence
of second-order PTSC algorithm. As another example, we
can hybridize second-order PTSC and NCC algorithms:
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we apply the nested-commutator compensation for the
leading-order terms (i.e., the terms with s = 3,4, and 5),
and normal Taylor-series compensation for higher-order
terms. In this case, we can find an optimal truncation
location s., which fulfills the high simulation accuracy
requirement and keeps the nested-commutator scaling for
the leading-order compensation terms.

The design of Trotter-LCU algorithms is based on a
series connection of Trotter and LCU algorithms. A similar
composition method can also be exploited for other Hamil-
tonian simulation algorithms [46]. For example, we may
replace the deterministic Trotter with the ones with random
permutation [12]. Recently, Cho et al. [47] consider similar
idea to compensate the Trotter error using randomized uni-
tary operators. Using anticommutative cancellation [48],
we can further reduce the compensation terms.
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APPENDIX A: PAIRED TAYLOR-SERIES
COMPENSATION WITH HIGHER-ORDER
TROTTER FORMULAS

Following the same idea in Sec. IV B, we now gen-
eralize it to the case with 2kth-order Trotter formula.
Expanding the 2kth-order Trotter remainder, we have

Var(x) = Y Fare®) = ) niVarss (Al
s=0 s=0

where

Fars (@) = 1, Y Pr(r,y[s)Poc(r, v),

ny
Pr(r, y1s) := Pr(r, Frue, Pl I8) Y pi,
ll:r (AZ)
Py y) i= (= = [TP* - TTP7 (Pf) -

17 [17

Here, we use y to denote all the expansion variables
{Fli, 7)., l1:r} besides 7.

We ignore the derivation and provide the general form
of the LCU formula for f/g? x),

4k+1
7 (x) = Mg,?(x)( 3 P ©RE (1)
s=2k+1
+ > P (s) Vg;g) , (A3)
s=4k+2
where
Se 4k+1
pE @ =Vi+ e+ Y 0, = Y n,
s=4k+2 s=2k+1
1+ ()%,
1 = ..
Pr(P)(S) — (p) § 2k+192k+2: a4k+15
/'sz (.x) Ns,
s=4k+2,4k+3,...,s,.
(A4)

The Pauli rotation unitary R;‘,’C?z g+10) 1= exp(if (y) Py,
(r,y)) where 6(y):=tan"'(1 +?) and P (r,y) =
(_i)ll [Pak,s (r,y):anti—Her]sz(r’ Y )

Combined with the deterministic Trotter formula, the
overall LCU formula for U(x) is

08 @) = V) (0)Su). (A5)

The following proposition gives the performance charac-
terization of Ug’,? (x) to approximate U(x).

Proposition 10 (2kth-order Trotter-LCU formula by
paired Taylor-series compensation). For 0 < x < 1/(2A)
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and s, > 4k + 1, %) (x) in Eq. (A3) isa (u¥) (x), e2’ (x))-
LCU formula of V,;(x) with

B () < eleren @0t
@) 2edx \ <! (A6)
82" () = <sc+1) '
Here,
1 o\ 2
(=) A7
*=3 (2k+ 1) (A7)

so that 0.3 > cx > 0. As a result, Ug’}() (x) in Eq. (AS)is a
(1P (x), £% (x))-LCU formula of U(x).

Proof. We will focus on the case with £ = 1. The proof
fora general k is similar. We first bound the normalization

factor ,u (x) When 2Ax < 1 we have
oo
1@ < VI+ 02+ n
5s=6
| 5
<l+ong+ (ez“ - Zgn)
2 5
2ax  (2ax)?
_ 6 20X
= (2x ) (3' TR ) +<e 21:’7)
1 = 1\’ >
6 2Ax
E(ZAx) (; ;) + (e - ; m)
1

1 (f)6 (23x)° 1@ et @)
2\3 -

IA

IA

(A8)

In the fifth line, we use Corollary 1.
The distance bound can be derived in the same manner
as the one in Proposition 4. |

APPENDIX B: TIGHT NESTED-COMMUTATOR
ANALYSIS FOR SECOND-ORDER TROTTER-LCU
ALGORITHM

We can easily extend the methods for the first-
order analysis in Sec. VB to higher order case. Taking
the second-order case as an example, the second-order
Trotter formula of the lattice Hamiltonian is S,(x) =
e—i%AefixBe—i%A‘

To derive the explicit LCU formula 7" (x) in Eq. (110),
we first derive J,(x) defined in Eq. (95) and its derivatives

C, :=J. (x). From Egs. (92) and (95) we have

S,(x)f = e + / dre DR, (1),
0

RQ(T) _l[ i A B]eer l A [el A I’CB A]e

hm=&m&m=§@

_ e—i%ad,q e—ixadBA>

. —ix X — X
+l<e l2adAB—e lzadAe zxadBe lZadAB)_ (Bl)

Following the approach in Sec. V A, we expand V;(x) and
J>(x) by

(B2)

oo _XS o0 xs
N =) Gl b =) G,
s=0 : s=0 ’

then based on Proposition 5 and the recurrence formula
Eq. (94) we have,

Gi=G,=0, Cy=C; =0,
(B3)
Gy=Cy1, s=3,4,5.
Combining Egs. (B1) and (B3), we can show that
G, = O(n'3h). (B4)

Therefore, the first three nontrivial terms Gs, G4, G5 =
O(n). These terms will be set as the leading-order terms.

Based on Eq. (B3), we are going to expand Jx(x)
based on the operator-valued Taylor-series expansion with
integral remainders,

4 S
X
So(0) =21 (0) + Soresa() = ) o+ ares (),

(BS)
where

Co=J0(0), s=2,3,4,

T =) (B6)
bmgw=/dwf;—é“%y
0 :

Jop(x) = ZS > C‘ .| denotes the leading-order terms in
Jx (x). Then, from Eqs (94) and (B3), the second-order
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Trotter remainder can be expressed as

5
@) =1+ FyO @) + Fyo ),

s=3
Fi9%0) =G, 3,45,
’ s!
FZ(T;Ce)s(x) = / dt (Ma(0) o1 (7) + Vo (1) Jases s (7)) -
0

(B7)

We put the explicit nested-commutator expressions of the
leading-order terms Fz(f'f) (x) (s = 3,4, or 5) in Sec. B.

In practice, we truncate the formula with the order s. =
5. Based on Eq. (110), the truncated nested-commutator
LCU formula for V,(x) can be written as

5
f/z(x) =1+ ZFQ(TISC)(X),

s=3
v = 17
nc nc
=1+ @82 =R (ns).
s=3 n

z

(B8)

(ne) ,_

Here, ny” =3 . IC1li. The explicit form of
R;"Sc )(%) can be obtained by the definitions in Egs. (109),
(111) and the Pauli operator decomposition based on the
nested-commutator form in Eq. (B12).

For a tight numerical estimation, we seek for a tighter
bound of the 1-norm ,ué"c) (x) and spectral norm accuracy

&{"”(x) for the LCU formula in Eq. (BS).

1. Bound the 1-norm of recurrence function

Hereafter, we define 4’ := —£4 and B' := —iB to sim-
plify the notation. We have

Sr(x) = Ja(x) +Jp(x),

Jox) = (e 4’ — 4'), (B9)
Jb(x) — (exadA/exadB/exadA/B/ o exadA/B/) ]
Apply the Libniz rule to J,(x) and J;(x), we have
J;S) (x) = Z (;) rady adfq/exadB/ ad};lA/,
=0
IO (x) = 5. (B10)
> ) Z (11312,13)

l1.0.13
h+h+3=s,l+13#0

1 I 1
¢ adl e ad 2 e ad B

Then,
s—1
G, =) ad,ady'4
1=0

o

hih,l
h+h+h=sl+1#0

* adlad2adB. (B11)
h,h,1

We can solve the explicit form of the leading-order terms
with s = 2,3, and 4,
C, = (adj 4’ + 2adadpd’) + (3ad}, B + 2adpad,yB),
C; = (ad}, 4" + 3adsady A’ + 3ad’adpd’) + (Tad}, B’
+ 3adpady B’ + 6adyadgady B + 3adyadyB),
Cy = (adp A’ + 4adyady A’ + 6ad’ady A’ + 4ad)adp ')
+ (15ad}, B’ + 4adpad’}, B’ + 12ad} adpady B’
+ 12adyadgady B’ + 6adjad’ B’

+ 12adyadyady B’ + 4adyady B). (B12)

We can then expand the operators 4" and B’ to Pauli opera-
tors and solve the 1-norm of C,, C3, and C4 under the Pauli

decomposition based on Eq. (B12). The 1-norm of 7Y (x)
is given by

4 s+1 2

- (1) x5+
= |1+ Clh——] - B13
fy (x) <S§=2 l |I1(S 1)!> (B13)

We summarize the procedure to estimate the segment
number v of second-order Trotter-LCU under nested-
commutator compensation as follows.

(1) For a specific lattice Hamiltonian, get the explicit
Pauli expansion form of C,, C3, C4 by Eq. (B12).

(2) Get the expression of the l-norm i (x) by
Eq. (B13). Calculate xy based on 1 (x) = 2.

(3) Solve the following residue operator:

Vares(¥) = Va(x) — Ta(x) = Ux)$1(x)",  (B14)

calculate its spectral norm || V7 res(x)|| numerically.
Check whether either the following requirement are
satisfied:

t
||V2,res(x)||)_c <e, (BIS)

where ¢ is a preset accuracy requirement. If not, we
search the largest x value in the region 0 < x < xy
by dichotomy which makes Eq. (B15) satisfied.
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(4) The number of segments is given by v := #/x. We
then calculate the number of gates based on methods
in Appendix B 2.

We have a tighter count bound for the norm of J* (x) and
Jy ),

Proposition 11. Consider a lattice Hamiltonian H =
A + B with the form in Eq. (10). Suppose the spectral norm
and 1-norm of its components H; ;| are bounded by A
and A ;. Then for the recurrence function J,(x), we have
the following norm bound for its derivatives:

,1(7S + 12S)AS+1,

137 @l < 3
. . (B16)
1,7 ) < 5(7‘S + 123)AS1+ .
Proof. From Eq. (B10) we have,
3 - S xad 4/ a s—1 4/
[RAEN S Z (l) lle™ ad’, e ads, " A'||,
1=0
s
IR0 < . (B17)
TACTEREDS <11,12,13>

11,03
h4bh+=sl+137#0

le*d ad'} e ad}} ¢ ad’} B'|.

To bound the norm of nested commutators, we use the
same methods in Proposition 7. We have

le® ad’, e ads, 'A||
= 327hwear- (34).
le s ad'}, &% ad ¢ ad’} Bl

< (41‘3122l3)(A11 (2A)12A[3) . (gA> . (B18)

Here, the first bracket of each bound corresponds to pos-
sible nest commutators, while the second bracket of each
bound indicates the norm enlargement of each nested
commutator.

Combining Eqs. (B17) and (B18), we have

N

(s) s L. A E
IV <X>“fZ(,>(3A> @207 (34)

1=0
n

=) (34),

LTS

(o)
s li,h, I

W+l +13=s,l+137#0
CYSKICRINEIINOE (%A)
< (12A)° (gA) . (B19)

The 1-norm bound can be derived in the same way. |

We can derive the bounds for /15"") (x) and sé”c) (x) as
follows:

2

4
- (n0) _ xs+1
i3 () = 1+<; ||cs||1—(s+l)!) (B20)
< |1+ (Do e B! 2 (B21)
- 4\ & (s + D!
< exp (35nm)*(A10)°), (B22)
2 4 s+4
(nc) n_ 2 2 s s (Ax)
&) < 27 +12);(7 )3
nos 5, (AX)°

+ 3P+ 12) == (B23)

< (3n* + 185n)(Ax)® < 370n*(Ax)S, (B24)

Here, Eq. (B22) holds when A x < 1/3, Eq. (B24) holds
when Ax < 21/72.

2. Estimating the gate counts
To estimate the performance, i.e., gate complexity of
the Trotter-LCU algorithm based on nested-commutator
compensation, we need to first estimate the number of seg-
ments v = ¢/x in the algorithm. This is determined by the
following three constraints:

Ax,Ax <1 <« v>max{At, At},

BN <2 & vinp" <2,

(B25)

vl (") <e < ve™ < %8.

After we solve the required segment number v by
Eq. (B25), we can estimate the gate number accordingly.
Here, we introduce the method to estimate the gate number
of the LCU part. The gate number in the implementation
of second-order Trotter formula can be evaluated follow-
ing the methods in Ref. [49]. In the worst-case scenario,
the Pauli weight of the gate is determined by the weight of
Pauli operators contained in Cy4 in Eq. (B12). The largest
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Pauli weight is 6. As a result, a controlled-Pauli gate will
cost at most six CNOT gates and no non-Clifford gate.

If we consider the paired algorithm, when we sample the
third-order term, it will be a Pauli rotation unitary on four
qubits. In this case, it will cost eight CNOT gates and two
single-qubit Pauli rotation gates R, (6).

We summarize the whole procedure to estimate the gate
complexity.

(1) Input: Hamiltonian parameters: H = A + B, n, A,
Ay. Normalization requirements @ = 2, accuracy
requirements &, time requirements 7.

(2) Normalization factor estimation.

(a) Analytical way (scalable). Using Eq. (B21) to
get the function 2" (x).

(b) Numerical way (scalable). Using Eq. (B12) to
get the form of C,, C3, and C4. Then get the
function 1 (x) by Eq. (B20).

(3) Accuracy estimation.

(a) Analytical way (scalable). Using Eq. (B23) to
get the function £ (x).

(b) Numerical way (unscalable). Calculate
Vares@) = UNS1(0)" — 1 — Y\, e/
((s + 1)!) numerically. Solve its largest singular
value, which is an upper bound of £ (x).

(4) Based on the constraints in Eq. (B25), calculate the
segment number v.
(5) Analyze the CNOT and R (6) gate number.

APPENDIX C: EXPLICIT
NESTED-COMMUTATOR COMPENSATION FOR
HIGHER-ORDER TROTTER REMAINDERS

In this section, we provide detailed results for the
nested-commutator compensation for higher-order Trotter
remainders introduced in Sec. V. Here, we will focus on
the lattice model Hamiltonians in Eq. (10). The results for
general Hamiltonians will be presented in Appendix E.

As is introduced in Sec. V A, for the (asymmetric) mul-
tiplicative remainder Vx (x), our aim is to construct a LCU
formula with the following form:

2K+1
Vk) =1+ > FIO@)+Fi(,  (Cl)

s=K+1
where F'0) (x) denotes the term with x-order O(x*+2).

In practice, we will use the truncated LCU formula with

paired leading-order terms, derived in Eq. (110),

2K+1
O =1+ Y FE )

s=K+1

2K
=I+iy n"ves

s=K

(nC)

= (nc) (

(nc) ne)
2 V(K,s>

=1+ “’”)22 N E??mz) (C2)
s=K 2
where P9 = Y20 000 = 2K I h et/
((s + D).

We are going to finish the following tasks:

(1) (Sec. C1) Derive the explicit formulas for the
leading-order expansion terms F ,(<” 5) (x) with s =
K+1,...,2K+ 1.

(2) (Sec. C2) Prove the l-norm '’ (x) and error
bound &' X )(x) in Proposition 9.

1. Derivation of LCU formula with
nested-commutator form

We first introduce the canonical expression of the Kth-
order Trotter formula,

Sk (x) == W(x) = ﬁ Wix) = Wex) - Wa(x) W (x),
-~ (C3)
where
W;(x) := e "hiBeminaid, (C4)

is the j th stage of the Trotter formula. « is the stage num-
ber. We have x =1 for K =1 and « <2 x 5! when
K = 2k. The stage lengths a; and b; are determined based
on Egs. (24) and (25). We have

OfajabA =< 13

Zaj :Zb‘ =1.

j=1

Vi =1,2,...,k,
(C5)

For example, for the second-order Trotter formula S, (x) =

A .
xBo=¥3 | we set the stage number x = 2 with a; =

1,by=0.

_id
e IXZe
1 )

301 =1a, =
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The Hermitian conjugate of W(x) is

1
o' =[]w o =mwmew'
Jj=K

W) (C6)

As is discussed in Sec. VA, to derive the nested-
commutator form of Vi (x), we first solve Jx(x) defined
in Eq. (95). We have

Rx(x) = — iHW(x)",

Jk(x) := W(X)Rg (x).

iW( )T
a (C7)

From Proposition 5, we can write the Kth-Trotter remain-
der Vg (x) and Jx (x) as the following form:

2K+1 |
V@) i=T+Mg() =1+ Y Coa= + Frpes®),
S
s=K+1
2K s

X
) =Y G+ Jkaesax (0,
s=K :
(C8)

where FK,res(x) - O(XZK+2) and JK,res,2K(x) = O(x2K+l)
are the higher-order remaining terms to be analyzed later.
We also denote

2K+1

Frix):= Y Gy 1

s=K+1

2K ¥

E Cs S_‘ >
s=K ’

as the leading orders whose explicit forms will be cal-
culated in this section. We will show that F; (x) contains
O(n) term where n is the lattice size.

Now, we are going to solve the exact form of C; for
the leading orders. We first try to solve the succinct form
of Rk (x) based on its definition in Eq. (C7). Taking the
derivative for each Trotter stage, we have

(€9)

Jr(x) :

1 1
Re) = — | [[m@" | —H ][ w0
j=x j=x
Jj+l1
= Z H W) — Lot H wix)f

j=K I=j—1

1 1
=Y GgA+ib;B) [ [ W),

Jj=K I=k

(C10)

Here we assume 1 <j —1<j+1<k. When j =1
(or k), the value of the product ]_[,1:]_1 wi(x)" (or

]_[j +1 W;(x)T) will be regarded as /. Recall that w; ) =
”“’/A biB We further expand d/ (dx)I/Vj()c)T and merge
the two terms together,

1

1
- Z ]_[ Wi(x)" (ia; AW; ()" + W; (x) Vi, B) -

Rk (x)
j=x I=j—1
J+1
[[mo - Z(za,A + ib; B) ]_[ Wix)"
I=k Jj=K I=k

Jj+1

—Z l_[W;(x) ia;j 1A+ ibjB ]_[W,(x)f (C11)

Here, we assume a,,; = 0. Now, we simplify the com-
mutator by splitting the product and then change the
summation order,

1
Ry (x) = ZZ( [T Wn' 7" iy 14+ ity B -

Jj=k s=j m=s—1

s+1 Jj+1

I1 Wm(x)T> [
m=j I=k
1 s 1
- Z Z ( l_[ Wm(X)T[Ws(X)T,iajHA +ib, B] -

S=K j=k m=s—1

s+1 Jj+1

[Twn@) [Twiw'
m=j =k

s+1
—Z ]"[ W) W) i A + idBI T [ W10,
S=Kk m=s—1 =«
(C12)
where
coi=) @, di=) by, s<k. (C13)
j=x J=x

We also set ¢, = 0.
Based on Eq. (C12), we now derive the succinct form of
JK (x) 5

Jg(x) = Wx)Rx (x) = ]_[ Wi(x)Rk (x)
=1
s+1
= Z H W), icsd + id B [T W@,
S=K [|=s m=k

(C14)

We expand each stage of the Trotter formula W;(x) in the
formula,
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1 j+1
T =iy H Wi0)T (ja1d +d;B) [ [ Wi0)" — H W) (¢j14 + d; B) H Wi
Jj=k \I=j+1 I=k I=j I=k
1 K K
— _ZZ l_[efithadBefiraladA (Cj+1A 4 ij) _ 1_[ e*irbladgefitaladA (Cj+1A + ij) (CIS)
j=k \I= I=j+1
Finally, we apply the following operator-valued Taylor expansion formula with integral form of the remainder:
Foxs o (x—1)k
0w =Y 5070+ [(ar o). (C16)
—o s! 0 !
By the general Libniz formula, we obtain the derivatives of Jx (x) as follows:
J® s+l S .
K (X) l) Z Z mj,nj,...,mK,nK
My 5 Sy e
mj ,nj ;é() Z[ = mj+n;=s (C17)

n(b;nla’l’ll) 1_[ (e*ix”ladBadgle*ix“ladAad;;l) (cj—HA + d]B)

I=j I=j

We can then expand Jg (x) around ¢ = 0 as follows:

K s

Jx(x) = Zc + JK res 2k (¥).
)

(C18)

Here, we use the order condition in Proposition 5 so that
the terms with expansion order from 0 to K — 1 are all
zeros. The sth-order term C; and the 2Kth-order residue
Jk res2k (x) can then be expressed as

Cy =JS0),

(C19)

X (x_ )
JK,resQK(X) =/0 dTW‘]]((ZK-H)( )

2. Norm bounds for LCU formula

In Sec. C 1 we have derived the explicit form of the LCU
formula for the Kth-order Trotter remainder Vi (x). Based
on Egs. (C15), (C17), (C19), and Proposition 6, we are
going to prove the 1-norm bound 1" (x) and error bound

("c) (x) in Proposition 9.

Flrst of all, we need to estimate the norms of J ,?) (x). We

have the following results.

Proposition 12 (Upper bound of the norm of nested
commutators). Consider a lattice Hamiltonian H = 4 + B
with the form in Eq. (10). Suppose the spectral norm and 1-
norm of its components H; ; 1 are bounded by A and A;.

(

Then for the nested commutators appearing in Eq. (C19),
we have the following bound:

K

i m; —j n
1_[6 zrb/adgad%le zta,adAadAl(Cj+lA + ij)
I=j

< eat (g [ [@U—) + 2mea— + 1
I=j

[\S)

K

g [Tea—p+3mea-j+2m),

I=j

(C20)

where {my,n;}}_, are non-negative integers satisfying
Z';:j (m; + nj) = s. k is the stage number determined by
the Trotter formula in Eq. (C3). {a;, b;}}_, are defined by
the Trotter formula in Eq. (C4). {c;,d;}_, are defined in

Eq. (C13). As a result, we can bound the norm of J1(<S) (x)
defined in Eq. (C17) as follows:

IS 0 < nk(dx + 52 A, (C21)

The 1-norm upper bound for J, ,(f) (x) is to simply replace A
by A
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Proof. To begin with, we now focus on one Hamilto-
nian term H; ;| in 4 and bound the norm

K
—ithjad, m| —itajad ny

l_le Bady'e """ Mad, (Hj j+1)

I=j

<2AHTJ@U-7)+2™MQd—j)+ D" (C22)
=

To this end, we decompose operator to the elementary
nested commutators with the form,

—itadp
e ad . ad . ) .
Jnlﬁf‘ H/s—m,(-%—lzls—m;(-%—1+l

—itadp (C23)
mj +nj mj +n nj+1 nj +1
—iradA
¢ adH/'nj,/'njH adH1J1+11_]J’/+1’
where ji, />, . . . ,js are the possible vertex indices. For each

elementary nested commutator, the spectral norm can be
bounded by

2A)°A (C24)
This can he done by expand all the commutators and
apply triangle inequality. Here, we use the property that
the spectral norm of all the exponential operator with
anti-Hermitian exponent is 1.

Now, we count the number of the possible elementary
commutators with the form in Eq. (C23). We will check
the action of the adjoint operators from right to left. For
the first location, we know that ad,H; ;1 = 0. For sim-
plicity, we keep the term ady; ,, H; ;41 in the counting of
elementary commutators. If the next ad is still ad4, the sup-
port will still be on the two qubitsj andj + 1. As a result,
there will be one possible elementary term ady, ., left.

Similarly, the exponential operator e~"72%4 will not enlarge

J

& @l < Z Z

J=k M e e
2y mitn=s

< 2SAS+1 Z Z

=k M T 5 e T
pay —j mitnj=s

(mj,nj,.. s My, Ny

the support since one can expand it to the power of ad,.
The support will be enlarged when adp comes into play.
In this layer, the support of the operator will be expanded
to four qubits: j — 1,7, + 1, and j + 2. We can decom-
pose adp to 2 nonzero elementary elements, adeflJ and
adp,,, ., If the next operator is still adp or e 8 it will
not enlarge the support. Following this logic, we can see
that the number of possible elementary commutators is
bounded by

47+13+12M 17

(2 =) +2)"™ QU —j) + 1™ -

=[]eu-iH+2™eu—j+nm

I=j

(C25)

We remark that, the elementary nested commutators with
n; # 01is actually 0. Here, we keep these commutators for
the simplicity of counting.

Combining the number of elementary nested commuta-
tors and the norm bound for each commutator and applying
triangle inequality, we will obtain Eq. (C22).

Similarly, we can check one Hamiltonian term H; ;1 in
B and bound the norm with

K
—ithjad, m| —itajad, ny

[ [e ™ ady e "™ ady (H; 1)

I=j

< 2°A° 1_[(2(1 =) +3)MQU—=j)+2)". (C26)
I=j

The counting logic is similar to the case for H; ;4 in 4.
The only difference is that when counting the number of
elementary nested commutators, the action of the first ady
will enlarge the operator space to four qubits.

Applying Egs. (C22) and (C26) for all the components
H; ;11 in H, we will obtain Eq. (C20).

Now, we apply Eq. (C20) to bound the norm of J, 1(<S) (x)
in Eq. (C17). We have

) H(bm]a;ll) l_[ 7itb]ad3adglefitaladl4adﬁl) (Cj-HA 4 dJB)

B K

mp nj

( )H(bl a')
M, Ny, s My, Ny 1=

< (g Jeu-pH+2™Mel—j)+ D" +d [Jei—j)+3)"@d—j)+2)"

I=j

I=j
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1 K
n
< 2SAS+15 Yo [ Do bU-H+)+ai-j)+1) ] +d

=« I=j

1
n 3 . s
SPNTIDD G Bk =) +3) +d; (Gl =) +5)

Jj=x

1
= 2ATIZ Y (Gl =) +3) + @l =) +5)
J=K

s s+lE . s sAs A s+1
<2°A > 2k (4 + 5)° = nk(4k +5)°2° A7

In the third line, we use the multinomial theorem. In
the fourth line, we use the fact that a;,b; > 0 and
> yai, >, by < 1. The fifth line is due to 0 < ¢;,d; < 1 for
all j . In the sixth line, we use the following bound:

K k—1
Y Gk —j)+a) =) @l+a)
j=1 =0
« : 1 (4k + a)**! — a*H!
< 4 ‘dx = =
=< /0 (4x 4+ a)’dx 1 p

(C28)
m=0

Here, a is any real number.

Since 1-norm can be estimated based on the same logic
by counting the number of nested commutators and the 1-
norm of each nest commutator, the derivation for the 1-
norm is similar by replacing A to A;. |

Now, we prove the 1-norm bound /L("C) (x) of Vx(x).
From Proposition 6 we have

17k @)l =

2K xs+1 2
+(S_ZK||Cs||lm>
2
<l+= (Z” 3”1( +1)')
s(A x)5+1
<1+ n (2,3 (s+l)'>

N N

> b1 -j)+3) + a2l —j) +2)
I=j

(C27)
[
2

1 (Alx)KH
<14 2222k + 1K+
=g <( LRGN Ty

2K2,32(K+1)
<1 A 2K+2
< +—2(K!)2 (A1x)

i gAE+D -

Here, we set 8 :=2(4kx + 5). In the third line, we use
Proposition 12. In the fourth line, we use the assumption
that BA1x < (K + 2).

Then, we prove the distance bound e("c) () = |Fk resll-
From Proposition 6 we know that we only need to bound
k. (O, g ses2x (), and M (¢) based on Eq. (114),

We start from [|Jx . (7)]|. From Proposition 7 we have

2K s
-
k(D] < ;{ ICil

2K ;
-
<ncy BAT R (C30)
s=K
Then, we bound |[Jkres2k(T)|| and |[Mk(7)]. From
Eq. (114) and Proposition 12 we have
o —n)k (2K+1)
1k res2x (D < ; der” (Tl
2K+1
< (B1) K42,
Q2K + !
(r — r)
1My ()] < / dr, / doy————— — @
K K+1
< nK'BT—AK'H (C31)
K+ 1!
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Based on Egs. (C30), (C31) and Proposition 6 we have

”FK,res(x)” = /0 (“MK(T)””JL(‘[)” + ”JK,res,ZK(t)”)

2K
- /x ( K)z ,35+K A s+K+2.L,s+K+1
K ¢!
0 P ( + l)S

,32K+1A2K+2‘L'2K+1

Ry Y

2K s+K sHK+2
_ 2 B (Ax)
= (m) ; K+ Disls+K +2)

,32K+1 (Ax)2K+2
2K +2)!
ﬂzK(AX)2K+2
Q2K +2)K!'(K + 1!
,32K+1X2K+2
2K 4+ 2)!
ﬂ2K+l

2—
= ) K TN

+ (n«)

< () (K + 1)

+ (n«)

2K+2
)

(C32)

In the fourth line, we assume SAx < K + 1. In the fifth
line, we use the fact that nx > 1.

To summarize, from Eqgs. (C29) and (C32), we have
proven that,

2,2 R2(K+1)
(nc) ._ n“k°p 2K+2
tr = V)|l <exp <W(AIX) ) ,
el 1= |7k (x) — Ve Q)| = 1Fk res @)l
< BT pep, (C33)
- K!I(K + D!
Here, p:=2@4k+5). We assume that pBx <

max{(K + 1)/A, (K +2)/A}. This finish the proof of
Proposition 9.

APPENDIX D: EFFICIENT SAMPLING FOR THE
HIGHER-ORDER NESTED-COMMUTATOR
COMPENSATION ALGORITHM

Following the analysis in Appendix C, we now design
a general sampling method for the general Kth-order Trot-
ter remainder I7<K”C) (x). We consider the general Kth-order
Trotter formula in the canonical form in Eq. (C3).

The truncated Trotter remainder can be expanded as

2K+1
Vk() =1+ > Fgs,
s=K+1 (D])
xS
FK,S = Csfl_'-
S!

Based on Eq. (C17), we have shown that C; can be
written as

(D2)

1
A’ B
C=) Cj +C7,
Jj=x

where A’ := —iA,B’ .= —iB,

COMN
Cv,/' = cj""l Z

My 15 Sy Ny
mj nj #O;Z'fzj mj+ny=s

( S )
mjenj9"'5mkank
K

m; nj my ] /
[ [@)"a") (adyad’) 4,

I=j
( S )
Mj R, My, R

SHET DS
[ [@"a)") (adyad?) B

mj,ng 5o My N
mj nj #0;2}(21- my+nj=s
=i

(D3)

The values ¢, and d; are defined in Eq. (C13).
We now construct efficient random sampling of Cﬁ; ) and

Cg) Eq. (D3) based on LCU formulas with the 1-norm of

A) _ Hsps+1l
=2A1" =

M 2¢;+1x3/J,
(B8 +17 B
'U“s,j = .?,SAAI+ Edj X}S?’J’
respectively. Here,
K
Xaj =Y bi2U—j)+2) + @@l —j)+ 1),
—
' (DS)

Xy =Y bi2U—j)+3)+ a2l —j)+2).
I=j

There are n/2 summands {H, 1} in A’. We now focus on
a generic summand H, 4 in A" and check the action of the
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adjoint operators on it,

ad“). .

Sy sm,n

A an AP LA L]
(—Dadgad, ---ady " ad, " ady ad H; 441

q.q+1 *=

(D6)

Recall that m +n, + - +mj 1 +nj 1 +m; +n; =s.

We would like to follow that construction in Proposi-
tion 12, where we first decompose the adjoint operator in
Eq. (D6) into the elementary operators with the form,

--ady

e Tlagtt-

(D7)

(s) e (_n\s+H] .
adquxHq’q+] _( l) adHQs»qﬁrl

For each elementary nested commutator, the 1-norm is

AY = QA )AL (D3)
Here, we have assumed that all the summands {H, 1} in
A or B have been padded similar to Eq. (18) so that their
1-norms are all Aj.

Now, we count the number of elementary nested com-
mutators with the form of Eq. (D7) in the adjoint operator
adgf}/) in Eq. (D6). In the proof of Proposition 12, we show
the number of possible elementary nested commutator is
upper bounded by

N(ad“).

Sy sm,n

= QK —j) +2)"™ Q2K — ) + 1) .- 4"i+13%+127 17

7.q+1)

=[Jeu-pH+2meu—j+

I=j

(D9)

We now discuss how to achieve this bound by “padding”
zero-valued elementary nested commutators into the

decomposition of adﬁ,ﬁ). We notice that, after the

sequential action of adzj,, adgl{ , adfljfrl , adj;{ ..., the sup-
port, i.e., the index of the qubit where the operators
act nontrivially, of the resulting operator is given by
the “light cone” of ¢ : (¢ +1),(¢—1): (¢ +2),(g —2) :
(g+3),(g—3):(g+4),...,asisillustrated in Fig. 6. We
keep track of the largest possible support of the result-
ing adjoint operators and pad the LCU formula in the

following situations:

(1) (Padding small summands) When the 1-norm of the
summand H,, 4,41 is smaller than A, we add extra
+/ terms in the LCU formula of H, 4,11 to make its
I-norm to A, similar to Eq. (18).

(2) (Padding 0-valued commutators) Many nested com-
mutators with the form of Eq. (D7) may be 0
due to the commutation relationship, for example

aqu Y +3aqu_1,qu,q+1 =0, since the support of

ady, , ,Hyq+11sonqubits g — 1, and g + 1, which
commutes with H, > ,.3. However, we keep all
these 0-valued terms as long as the support of the
nested commutator is in the “light-cone” range of
the operator.

(3) (Padding boundary terms) For the summands H, 4
which are close to the boundary, after a few action of
the adjoint operators, the “light cone” will touch the
boundary of the system. In this case, we introduce
virtual padding ancillary qubits and extra padding
nested commutators on it:

(a) For the summand Hy or H,, which own only
one-qubit support on the boundary, we redefine
the Pauli terms in the LCU of them. For exam-
ple,if Hy= A1 )", pa,P(()w), we then redefined it
toH_19=Y,pPu -1 ®Po)”.

(b) We define the “virtual” summand H,, ;.1 where
qubits ¢y, q; + 1 are all virtual qubits as

Ay

Hy gp41 = 5 (]611~q1+1 + (_Iql»qzﬂ)) . (D10)

Since all the operations on the virtual qubits are £/,
we do not need to introduce these qubits in the real
implementation.

After these padding, we have now construct the LCU
formula of ad” with the following form:

(V0]
ads,j aiag+

= N( d(A/)H )
= Nad; fHgg+1):
§ : ~s+1
(_l) adHlIA’,IIA'+1 e aqu],q]+1anq+1
q1s--9s

=:N(@d; Hygs1) > adl) Hygun (D11)
q1,---4.

where ¢q1, . . ., g5 are indices in the light cone region. Recall
that all the elementary operators with the form Eq. (D7)
are with the same 1-norm of (2A)*A,, irrelevant of the
qubit index ¢ and the rank number {m,;, n;}j_;. Therefore,

’
the 1-norm of adff; )Hq,q+1 is

,u{ad(A/)a .

Sof SN

gg+1} =N (ad(A,)

5, s,

) QAYA;, (DI2)

which is irrelevant of the qubit index gq.
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Now, based on Eq. (D11), we can write Cf,?/) in
Eq. (D3) as

Ci+1 e e mi, Ny, ..., My, Ny

I=<g=<n .15
g:odd Z}‘:j my+nj=s

K
)
l_[(bml ])ads,] RN ‘I‘I‘H
I

( s )
e T mi,Nj,...,M, Ny

L<q<n™j Ny
g:odd Z’l(=j my+nj=s

K
[[®"a) )N (@d$; Hygir) D ad®) Hygin

= Xj/ -Mul ({mjanj9 sy My, nl(}: {ﬁA’,b’ﬁA’,a};S) :

>0 > adl) Hyg, (D13)
1<q<nqi,--qs
g:odd
where
bi2(1—j)+2) a2l —j)+2)
Papy=——"—, Plagl=— ",

X4 j X4'j
(D14)

forl=j,j +1,...,k and Mul(v; p;s) denotes a multino-
mial distribution where we sample the variable value v
based on the probability distribution p for s times. Based
on Egs. (D12) and (D13), we can easily check that the
I-norm of C(A,) is given by ,u(A/) in Eq. (D4). More impor-

tantly, since the 1-norm of ad' 1) H, 4.1 is independent of

q and q1,...,qs, the samphng of g from all odd qubits
and gy, ..., qs from the light-cone region follows uniform
distribution.

Similarly, we can decompose and pad extra terms in
Cg) to construct LCU with the following form:

(B')
;’f = xp Mul ({(mj, ..., me,ncY; o os Psr.als) -
i
S Y g o
1<q<nqi,..4s
g:even
bi2(1—j) +3) a2l —j)+2)
Py =—"" > PBal=— >
XB'j X4'j
(D15)
forl=j,j +1,...,k, so that the 1-norm ofcg) is given
by ,u(B) in Eq. (D4). Again, the 1-norm of the operator

qu ,,,, ” ad((;l),\,Hq,qul is (2A1)*A;, independent of g and
q1,- . .,qs. Therefore, the ll—norm of Cy in Eq. (D2) is
WGy =Y uy + sy, (D16)
and the 1-norm of Fi ; is
xS
M{FK,S} = /’L{Csfl}g~ (D17)

Based on the above analysis, we summarize the overall
sampling procedure in Fig. 12 and Algorithm 2. We con-
sider a multistage sampling: first, we sample the expansion
order s based on u{Fk}; second, for a given expansion

order s, we sample the terms C(A ) or Cfo in the nested
commutator C,_; based on Eqs (D2) and (D4) third, we
sample the power of the adjoint operators 7 and 7 based
on the multinomial distribution in Egs. (D13) and (D15);
fourth, we uniformly sample the specific Hamiltonian sum-
mands H, 1 and uniformly sample the adjoint Hamilto-
nian summands {Hg, 4, +1,--.,Hy_, 4. +1}, €ach from the
light-cone region; finally, if there are multiple terms in
the Hamiltonian summands, we then uniformly sample the
specific Pauli terms in the summands.

Now, we analyze the space and time cost of the whole
sampling algorithm in Algorithm 2. The calculation of the
l-norms of C; and its components C;’;/) and Cg) requires
O(Kk) spacetime resources. Consider a parallel calcula-
tion, we need O(K«k) spatial resources and O(1) time
resources. We store all the above 1-norm coefficients in
the memory with the size O(K«). The sampling of F
from K discrete values requires O(log K) steps [50]. For a

given nested commutator C;_;, the sampling of Cif}) and

C( ) from « discrete values requires O(logk) steps. The
multlnomlal sampling of the power of adjoint operators
and 7 requires O(s log k) steps. Finally, the uniform sam-
pling of the Hamiltonian summands from the light-cone
region requires O (slogn) steps. To summarize, the space
and time cost of Algorithm 2 are O(K«) and O(K (log k +
log n)), respectively.

APPENDIX E: NESTED-COMMUTATOR
COMPENSATION FOR TROTTER FORMULAS OF
GENERAL HAMILTONIANS

We now extend the methods to analyze the lattice model
Hamiltonian to a general Hamiltonian. Consider a L-sparse
Hamiltonian with the form H = Zlel H,. The Kth-order
Trotter formula (K = 1 or 2k, k € N) for U(x) = e ™
can be written as

Kk L
Sk (x) = l_“_[e 4G DT

j=1I=1

(ED)

Here, « is the number of stages in the Trotter formula,
that is, how many times each Hamiltonian component H; is
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ALGORITHM 2. Nested-commutator
algorithm: sampling of Pauli operators.

compensation

Input: An n-qubit Hamiltonian H; unit evolution time 0 <
x < 1 for each Kth-order Trotter segment; the canonical
form of the Kth-order Trotter method with coefficients
{aj,b;} for j =1,...,K;

Output: Sampling of a Pauli operator P@jii9isbs) from
the Trotter remainder VI ().

1: Calculate the 1-norm of the nested commutator Cs for
s = K,...,2K and its jth-stage components C’S(é,) and

OB for j =1,...,x based on Eq. (D4) and Eq. (D16).
2: Sample the expansion order s € {K,...,2K} based on the
l1-norm p{Frk sy1} = M{Cs}%. This determines the
sampled nested commutator Cs.
3: From Cs, sample the jth-stage components C’é?/) or Ciﬁ/)
based on the 1-norm M(‘z/) and Mgﬁl) in Eq. (D4).

4: From Ci:‘;/) (or C’gl)) with a given j, sam-
ple the power of the sequential adjoint operators
mj,nj;...;Mg, Ny based on a multinomial distribution
1\/[111({7?7,7 T_i}, {ﬁA’(B/),by ﬁA’(B/),a}; S) defined in Eq. (Dl?))
and Eq. (D15).

5: Sample the index of the starting Hamiltonian summand
q uniformly from A’ (B’). Sample the index g1, ...,qs of
the subsequent adjoint Hamiltonian summands, each from
the “light cone” region of that location.

6: For Hamiltonian summands indexed by ¢ and {q1, ..., qs},
sample the Pauli operators P(“i) and {P<“’j1), e P<“js)}
independently based on the padded LCU formula for each
Hamiltonian summand in Eq. (18). For each adjoint lo-
cation qi, ..., ¢s, uniformly and independently sample the
multiplication order b, ..., bs € {0, 1}, which indicates the
multiplication order of the Pauli operators.

7: Set P := P

8: for [ =1 to s do > Calculate the output Pauli operator

9: if by = 0 then

10 Set P := PWi) . p,
11: else

12: Set P:= —P.PWi),
13: end if

14: end for

15: Output P as the sampled Pauli operator.

repeated in the implementation. We have k = 1 for K = 1
and k = 2 x 57! when K = 2k. The stage length coeffi-
cients a ;) are determined based on Egs. (24) and (25).
The permutation 7; indicates the ordering of the sum-
mands {H;} within the jth stage in the Trotter formula.
In Suzuki’s constructions [8] of Trotter formulas consid-
ered in this work, we alternately reverse the ordering of
summands between neighboring stages.

In what follows, we omit the subscript K in Sg(x) for
simplicity. To further simplify the notation, we introduce
the lexicographical order [20] for the pair of tuples (, /)
in Eq. (E1). For two pairs of tuples (j,/) and (j/,1"), we
have

(M) G, =G 1)ifj >j' orifj =j" andl > I'.
2 G,D =G, IHifG,D) = G, ) and (G,0) # (G',1).

Top-down multistage sampling

I7“£nc)(x)
xS Expansian order
ﬂ{FK,s} = I‘L{CS—I}F se{K+1,..,2K+1}

U

Sample based on

Cs

(¢Y)] (B")
Cs—l,j or Cs—1,j

Sample based on Power of adjqint operators
Mul({ir, 7} {Bar s Bara}is — 1) i, i

\ 4

Ah
ads_l’ I

(s—-1)
adg,  Hoqt

;

Sample based on
@y B9
s—1,j’ Fs—1,j

The stage index
Je{l.., Kk}

.

A

Ell
E1

Hamiltonian summand index

Sample uniformly o :
341, i qs—1

FIG. 12. A general procedure to obtain the sampling weights
and perform the sampling in the nested-commutator compensa-
tion algorithm.

We can also define (7,1) < (j',I’)and (j,I) < (j/,1’) in the
same way. We denote the number of different tuples (j, /)
in Sk (x) as Y, which is usually equal to xL. We can then
express Sk (x) and Sk (x)" in the following way:

<« —
Sk (x) = l_[e a1 8 SK(X)T — Helm(j,l) ()
G.D G.D

(E2)

Similar to the case of lattice Hamiltonians, based on
Egs. (94) and (111), we can expand the Trotter remainder
Vi (x) to the following form:

Vi) =14 Fp(x) +FK,res(x)a (E3)
where
2K x5t
F = Cs s
1) ;{ GO

FK,res(x) = / dr (MK(T)JL(‘[) + VK(T)JK,res,ZK(T)) .
0
(E4)

Here, F(x) indicates the leading-order terms to be com-
pensated by LCU formula, Fg res(x) = Ox*(+2) is the
high-order part. In practice, we remove the high-order part
with order s > 2K + 1 and implement only the leading-
order terms

2K+1
I}(nc) _ _ x*
K0 =1+F@ =1+ ) Coy
s=K+1 s
2K+1 .
(nc)\2 n;m) (nc)
=1+ mEN? Y 2RV (s),  (ES)
s=K+1 >
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where 73 1= 32K Gy l11x°/s!. The explicit form of

R;"SC )(%;) can be obtained by the definitions in Egs. (109),
(111) and the Pauli operator decomposition based on the
nested-commutator form in Eq. (B12).

We are going to finish the following tasks:

(1) (Appendix E 1) Derive the explicit formulas for
the leading-order expansion terms C; with s =

1. Derivation of nested-commutator form for general
Hamiltonians

Based on the Trotter formulas in Eq. (E2), we expand
Rk (x) in Eq. (92) as follows:

e 1
Rey=iy ] "™ (ayH,)-

K,....2K e
(2) (A[')I').e;ldix.E2) Prove the 1-norm ,u%’c) (x) and error ﬁ Gty ﬁ oy (E6)
bound 8}?6) (x) of the LCU formula 17(1?0) (x) in o e ’
Eq. (E5). " "=
Jx (x) in Eq. (95) can then be written as,
T o _ T
k) =iy [ ¢ """ "iaH)—i[[e ™" H. (E7)
y=1y'=y+1 y'=1
The derivative of Jx (x) is
T p T .
go=iy ¥ V(T ccinpntn )
y=1 Myy1my My+1, ..., My y'=y+1
s ! ixa, sad
. . m., —ixa ady ,
o Z <m1, .. .,WIT) l_[ (_laV'adHy’) ve TV H. (E8)
miy---my /=1
ZI:] my=s i’
Using the operator-valued Taylor-series expansion in Eq. (121), we have
r N
=iy, ) <{m o }) [1 agada, )" | @G He o)
y=1 Z(j’,l/) mer jry=s (R0 G0N, /
G'AN>G LD
s <«
. . me.r g/
o Z ({m(//l’>}) l_[ (_m(//’l/)adH”ﬂ(”)) . (E)
Z(j’,l’) M1 1) =$ ’ G
[
which is the nested-commutator form. Here, {m-;} area  we can simplify Eq. (E9) as
group of integers whose summation is s. Their correspond- . .
ing multinomial coefficient is given b s /
g g y C, =— Z Z adjly 4,
! Mytl,...,My v’
( S ) = Tome (E10) r=t vl
{m(]'/,l/)} ) 1_[(/.,’1/) m(j/,l’)! ) v=y+1 my=s
s
N ’
If we define + ) <m1 mY) I1 adff:, (—iH),  (E12)
mye-my LR —1
Ay =4, = —iayH, = —iag yHy o, (E11) ST my=s !
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which is the summation of nested commutators. Therefore,
one can still pair the leading-order terms F7 (x) defined in
Eq. (E4) with [ to suppress the 1-norm, shown in Eq. (E5).

2. Norm bounds for the nested-commutator expansion

Now, we are going to bound the 1-norm ,uﬁ?c) (x) and

distance 8}?6) (x) of the truncated LCU formula Vﬁ?c) (x)
in Eq. (110) for a general Hamiltonian. We will use the
following formula in the derivation.

Lemma 4 (Theorem 5 in Ref. [20]). Let Ay, As,...,
A, and B be operators. Then, the conjugation has the
expansion,

eradAr . eradA2 eradAlB
s—1

T
(s — D!

- G0+Glf+"'+Gs—1 +Gres,s(f)'

(E13)

Here, Gy, Gy, ..., Gs_; are operators independent of 7. The
operator-valued function Gy () is given by

»
tad
Gres,s(t) = E E eradAr e vl

y=1m+-+my=s

my #0
1 _
T 4 2(1’ — ‘[2)’”}/ mttmy efzﬁdAy admy o admlB
0 (my — Dlmy 11 -my! Ay 4
(E14)

Furthermore, we have the spectral-norm bound,

[Gress (D) < @Ay ., Ay BYLEL 27 Dyt 11,
’ s!
(E15)
for general operators and
|T|Y
”Gres,s(f)” = Oléi))m(Ar, . . AI:B) (Elé)
when 4y, ..., A, are anti-Hermitian. o) (4,,...,4;;B) is

defined in Eq. (E18).
We have the following proposition.

Proposition 13 (Trotter-LCU formula by nested-commu-
tator compensation for general Hamiltonians). For x > 0,
Vi (x) in Eq. (E5) is a (1" (x), " (x))-LCU formula of

Kth-order Trotter remainder Vg (x) = U(x)Sk (x) with

(o) S g X 2
) < |1 4 42 ),
n = K ; Hl(S+1)|

2K
& © xs+K +2

H K+ DIs+K +2)

2K+2
X (K+1)

QK + 211

e < 442 oy

+ 2 (E17)

Here, we define the nested-commutator norms to be

ay = Zaéf,)m({Hn,(z/) s Hy,
ald, Ay, ...

S
d” ...ad”'B|, E18
R L Ll

my+---+mp=s

,A1;B) =

where {Hnj,(p)} indicates a sequence of T = x L summands
with the lexicographical order given by the Kth-order
Trotter formula in Eq. (E2). 0‘1(5?1 is defined similarly by
replacing the spectral norm to 1-norm in Eq. (E18).

Proof. From Eq. (E12) we can bound the 1-norm and
spectral norm of C; by

Gl < Zaéf,inwn.. Ay 13 4y)
+a§f))m(AT,...,A1;H),

ICh < Zaif;n,1<AT,...,Ay+1;Ay>
+al) Ay, A H). (E19)

Now, we are going to bound ||Jx (x)|| and ||Jx res2x (X)]l.
From Eq. (E7) and using Lemma 4 we have

T T T d
ST & @+ [ —im

y=ly'=y+l y'=1

Jr(x) =

3

=Y Gl ) + G (). (E20)

In the second line, we use Lemma 4 to expand all the
conjugate matrix exponentials to the following form:
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T
d,
1—[ &N U) =GP +GVx+ -
y'=y+l1
+GY, + Gl vy =127,

1K = 1)

Y
1—[ Sy (i) = G® + GOx +

o X! )
+GK71 (K— 1) GresK (E21)
The low-order terms GV’ with s =0,1,...,K —1 in

Eq. (E20) cancel out due to the order condition in Proposi-
tion 5. Therefore, we have

T
eI < D IGH cll + 1GQ )

y=1
K
< E(Zagmm,... Ay Ay)
+ a0 (A A1 H) )
XK !’
gzﬁzagfgl(AT,...,Al;Hy)
y=1

<_—_
=25 Zaéoﬁl( aganHy, ans Hi)

K
Zacom({Hﬂ /(1/)} H) = 2/(_0(;1[{). (E22)

Following the same way, we can bound | Cs|| and || Cs]|; in
Eq. (E19) as

ICl < 2kayy, :
(E23
Gl < 2Ka);.

Now, we are going to bound |Jx res2x(x)||. Similar to
Eq. (E20), we expand all the conjugate matrix exponentials
to 2Kth-order,

T Y
w=2, ]
y=ly'=y+l

T
)+ [ i
y'=

= Z C + Z G 2k+1 (%) + G£23,2K+1(x)’
(E24)

in the second line, we use the expansion of Jg(x) in
Eq. (104). Based on Eq. (E22) we then have

JK res 2k (X) = ZGgs)ZKJrl(x) + GE23,2K+1 (x)

T
(62) 0
= Wkres2k @I < D NG 1 @ + 1Grsage s @l
y=1

2K+1
X (K+1)

< E25
=k (E25)

We omit the derivation to the second line since it is the
same as the one in Eq. (E22).
Then we can bound || Mg (x)|| by

K+1

1Mk @)l < / de (D)l = 2% v
0

KT (E26)

Finally, by applying Proposition 6 and using Eq. (E23), we
can bound the 1-norm ,u("c) (x) as follows:

2
(ne) > 0 X
) < |1+ 4 (Za,ﬂ(s“)'), (E27)

while the accuracy eU”(x) can be bounded using
Egs. (E19), (E25), and (E26),

eV (X) = | Fres@)l < / dv (|Mx I + 1k res 2k (1)

X ‘L’K+1 ‘L'2K+1
< / dr [ 4«? ) Za“) ) Sn—— L
0 K+ 5! QK + 1)!
2K s+](+2 x2K+2
< dictaly o alf (E28)
= '(K+1)'(s+1<+2) (2K+2)!
[ ]
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From Proposition 13 we can see that, to characterize the
performance of the Trotter-LCU algorithm, we only need

to estimate the values of a,(j) and 0‘2)1 for a given Hamil-

tonian. We can further simplify the form of afg;) by the
following upper bound [20]:

L L
a <k > Y N H iy Hyp H D

lgp1=1 h=1

=: i’ aeom(H), (E29)
which is because the commutator terms in the left-hand
side must be of the form on the right. Moreover, if we fix
one term ||[H],,, ... [H),, H]]- - -]l on the right-hand side,
we can find at most «* times of this term on the left-hand
side.

APPENDIX F: SOME USEFUL FORMULAS IN
THE PROOF

Lemma 5 (Tail bound for the Poisson distribution
(Theorem 1 in Ref. [41])). Suppose X isa random variable
with Poisson distribution so that Pr()A( =s) = Poi(s;x) =
e *x*/s!, where x > 0 is the expectation value. Then, for
any € > 0, we have,

A 62 €
Pr(X >x+e) <e =, (F1)

and, forany 0 < € < x,

A 62 €
Pr(X <x —¢) <e =M%,

(F2)
Here, h(u) := 2““‘“‘;# foru > —1.

From Lemma 5 we have the following corollaries.

Corollary 1. For x > 0 and positive integer & such that
x < k+ 1, we have

= X ex \FH!
Z o= k41 '
s=k+1 S +

Proof. Wesete = (k+ 1) — x. From Lemma 5 we have

(F3)

(

2x X

L ex \!
¢ \k+1 ’

. k+1—x)? k+1-—
Pr(XZk+1)§exp<—( + x)h + x)>

(F4)

Therefore,
A =X ex \FM!
PrX >k+1)=e" — <e”
rX >k+1)=e ZS!_e (k—i—l)
s=k+1
i x5 ( ex )k—H
= — < . (F5)
et s! k+1
|

Corollary 2. For x > 0 and positive integer k£ such that
x < k—+ 1, we have

(F6)
s=1
Proof. Whenx < k + 1, from Corollary 1 we have
X ex \*!
e_XS:Xk;l; =e” <k+ 1)
i x* ex !
=1 —e_x—e_"sgl:s—! <e* (k—l— 1)
k x5 ex !
:>ex_§12551+<k+1>
ket
<1+ % < et (F7)
|

Lemma 6 (Proposition 9 in Ref. [34]). For any 8 > 0,
1 >¢e >0, we have (ef/s)’ <e, for all s> f(B,¢€) :=
In(1/€)/ Wy (1/(eB) In(1/€)). Here, Wy(y) is the principle
branch of the Lambert 7 function.

Lemma 7 (Theorem 2.7 in Ref. [51]). When y > e we
have

I Inin(y)
In(y) —Inln(y) + 5 In() = Wo(»)
e

InIn(y)
<In(y) —Inln@y) + =1 o)

APPENDIX G: ADDITIONAL NUMERICAL
RESULTS

(F8)

In this section, we provide more numerical results by
comparing the gate costs of Trotter-LCU algorithms with
other typical algorithms, especially the Trotter algorithm
and “post-Trotter” algorithm with best performance, i.e.,
the fourth-order Trotter algorithm and the quantum sig-
nal processing (QSP) algorithm. We will mainly consider
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two different scenarios—generic L-sparse Hamiltonians
and lattice Hamiltonians. In the former case, the previously
known best result is given by the QSP algorithm [28]; in
the latter case, since we can take advantage of the spa-
cial locality and commutator information, the fourth-order
Trotter algorithm is known to have the best performance
[13,49].

For the Trotter algorithms and Trotter-LCU algo-
rithms, we first compile the circuit to CNOT gates, single-
qubit Clifford gates and non-Clifford Z-axis rotation gate
R.(A) = €%, On the other hand, the circuit compilation
for the QSP algorithm is more complicated: we need to
decompose the state-preparation oracles and the select-H
gates. We follow the QROM design in Ref. [52] based on a
sawtooth structure. The detailed gate resource analysis can
be found in a companion work [53]. Based on the qROM
design, we decompose all the state preparation oracles and
the select-H gates to Toffoli gates, which can be further
decomposed to CNOT gates, single-qubit Clifford gates, and
T gates.

For a fair comparison between the gate costs of Trot-
ter, Trotter-LCU, and QSP algorithms, we need to further
compile the Z-axis rotation gate R, (0) to T gate. We follow
the gate compilation work in Ref. [54], where the expected
T-gate number to compile R, (6) with random 6 is about

cr = 1.1491og,(1/€) + 9.2, (G1)
where € is the compilation accuracy. We set the accuracy
e = 1071 in the later resource estimation. In this case,
cr ~ 66.

1. Generic L-sparse Hamiltonians

For the generic L-sparse Hamiltonian, we choose the
two-local Hamiltonian

H=Y JiXX +Y Z
ij i

with J; = 1 as an example, in which case we ignore the
commutator information between different Hamiltonian
summands. This simple model works as a representative of
many generic Hamiltonians where the commutator infor-
mation is not helpful or too complicated to count on,
e.g., quantum chemistry Hamiltonian for the molecules.
Without the commutator information, the former best
Hamiltonian simulation algorithm is QSP [28].

In Figs. 13 and 14, we estimate and compare the CNOT
and T-gate counts for the PTSC algorithms, QSP, and
fourth-order Trotter algorithm with respect to the evolu-
tion time. We choose fourth-order Trotter algorithm with
random permutation since it performs the best over all the
Trotter algorithms. The gate counting method for fourth-
order Trotter with random permutation is based on the
analytical bounds in Ref. [12]. For the QSP algorithm, we

(G2)

1012 Fourth Trotter * (1e-3)
Fourth Trotter * (1e-4)
Fourth Trotter * (1e-5)
QSP (1e-5)
Oth PTSC (1e-5)
1010 f | —— Second PTSC (1e-5)
% —&— Fourth PTSC (1e-5)
O]
=
o
5
108 1
108
i . .
10° 10 102 103
Time
FIG. 13. CNOT-gate number estimation for simulating the

generic L-sparse Hamiltonian with an increasing time. The sys-
tem size is set as n = 20. The simulation is exemplified with the
two-local Hamiltonian in Eq. (G2).

estimate the gate count based on the qROM construction in
Ref. [52]. Only the high-accuracy results & = 10~ for our
method and quantum signal processing are presented since
our method and quantum signal processing has a logarith-
mic dependence and hence are less prone to the accuracy
while the Trotter formulae has polynomial dependence on
the accuracy.

From Figs. 13 and 14 we can see that, the PTSC
algorithm owns a lower CNOT-gate cost than the QSP
algorithm because it does not need the gqROM for classical

10" - T
Fourth Trotter * (1e-3) i
Fourth Trotter * (1e-4)
Fourth Trotter * (1e-5)
QSP (1e-5)
Oth PTSC (1e-5)
—6— Second PTSC (1e-5)
—&— Fourth PTSC (1e-5)

—
o

-

N
o

T-gate number
>
>

L
108
10° 10" 102 108
Time

FIG. 14. T-gate number estimation for simulating the generic
L-sparse Hamiltonian with an increasing time. The system size is
set as n = 20. The simulation is exemplified with the two-local
Hamiltonian in Eq. (G2).
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250 T T T I
QSP
—e— PTSC
200 r
@
Ko}
€ 150
>
z
E
o}
O 100
50 f
20 40 60 80 100
System Size
FIG. 15. Qubit number required for simulating the generic

L-sparse Hamiltonian with an increasing system size. The sim-
ulation is exemplified with the 2-local Hamiltonian in Eq. (G2).

data loading. On the other hand, the PTSC algorithms have
a larger T-gate cost than QSP algorithm. This is mainly
due to the compilation cost of arbitrary Z-axis rotation
gate R.(0) to T gates: for each R.(f) gate with a ran-
dom phase 6, we need ¢y = 66 T gates on average to
compile it to the accuracy of ¢ = 10713, In the Trotter or
Trotter-LCU algorithms, the non-Clifford gate cost mainly
originates from the R.(f) gates: in each segment, there
are roughly kgL R.(0) gates, leading to about xxcrL com-
piled T gates. As a comparison, there are only few R.(6)
gates in QSP algorithm used for the phase iteraction pro-
cedure to realize the Jacobi-Anger polynomials. The major
non-Clifford gate cost lies in the compilation of state-
preparation oracles and the select-H gates, each of which
can be realized by about 4L T gates based on the gROM
design in Ref. [52].

In Fig. 15 we compare the qubit number required to
implement the QSP and the PTSC algorithms, based on
the two-local Hamiltonian model. We can see a clear
advantage of the spacial resource cost of PTSC to QSP
algorithm.

2. Lattice Hamiltonians

Now, we consider the case of lattice Hamiltonians.
We consider the Heisenberg model, H =J ), 6,0:41 +
hY;Z;, where 6, := (X;, Y3, Z;) is the vector of Pauli oper-
ators on the ith qubitand J = 4 = 1.

We compare the CNOT and 7-gate number of the second-
order NCC algorithm, QSP and fourth-order Trotter
algorithm in Figs. 16 and 17, respectively. The fourth-order
Trotter error analysis is based on the nested-commutator
bound (Proposition M.1 in Ref. [20]), which is currently
the tightest Trotter error bound. The performance of our

10"

T
Fourth Trotter * (1e-3)
Fourth Trotter * (1e-4)
Fourth Trotter * (1e-5)
QSP (1e-3)

Oth PTSC (1e-3)
O Second PTSC (1e-3)
x  Second PTSC (1e-5)

cNot Gate

4 8 12 20 30 50
System Size

FIG. 16. cCNOT-gate number estimation for simulating the
Heisenberg Hamiltonian using the nested commutator bound
with an increasing system size #. The simulation time is setas t =
n. The fourth-order Trotter formula uses the nested-commutator
bound shown in Proposition M.1 in Ref. [20]. Our result is based
on second-order NCC algorithm with the analysis in Sec. B.

second-order NCC algorithm is analyzed based on the
detailed analysis in Sec. B. We explicitly calculate the
I-norm of the LCU formula and use the analytical bound
for the accuracy analysis. Here, we do not introduce the
empirical analysis for a fair comparison. Since the explicit
evaluation of our fourth-order NCC algorithm is compli-
cated, we mainly present the results for our second-order
algorithm.

As addressed in Refs. [13,20], fourth-order Trotter for-
mula shows a near-optimal scaling with respect to the
system size for the lattice model, which is clearly shown
in Fig. 16. From Fig. 16 we can see that, our second-order

1010 T T T T
Fourth Trotter * (1e-3)
Fourth Trotter * (1e-4)
109 L Fourth Trotter * (1e-5) =
QSP (1e-3)
oth PTSC (1e-3)
sl O Second PTSC (1e-3)
o 0 x  Second PTSC (1e-5)
©
Q@
= 07
10°
105 —/‘ 1 1 1 1 3
4 8 12 20 30 50
System Size
FIG. 17. T-gate number estimation for simulating the Heisen-

berg Hamiltonian using the nested-commutator bound with an
increasing system size n. The stage is set up the same as that in
Fig. 16.
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NCC algorithm shows an advantage over the fourth-order
Trotter algorithm. Furthermore, the n and ¢ scaling of our
second-order NCC algorithm is similar to the fourth-order
Trotter algorithm, which is near optimal.

APPENDIX H: COHERENT IMPLEMENTATION

In the main text, we primarily focus on the random-
sampling implementation of the Trotter-LCU algorithms
due to its simplicity. When the block encoding of an LCU
formula of V is feasible on a fault-tolerant quantum com-
puter, we can also consider the coherent implementation of
the Trotter-LCU algorithms.

The gate complexity of the coherent implementation of
the Trotter-LCU algorithm is determined by the segment
number v, the Trotter order K, the number of elementary
unitaries I' and the gate complexity of each elementary
unitary in the LCU formula. The value I' is related to
the specific compensation method we use, which is usu-
ally proportional to L and the truncation order s.. The gate
complexity is

Nk = O(v(kgL +T)). (H1)
To estimate the segment number v, we first find a proper
evolution time x such that the 1-norm w, < 2. The segment
number is then v = #/x.

For the PTSC formula, based on the 1-norm bound in
Theorem 3, we find that to ensure w, <2, it is suffi-
cient to set x = 1/24(In2/(e + ¢x)) /K2 = O(1/1). As
a result, the number of segment v = ¢t/x = O(At). From
Eq. (H1), the overall gate complexity of the algorithm is

log(1/¢)

® _ = Too loo(1 /)
NE =0kl +T) =0 (“Llogloga/e)) - (1)

which is the same as the case when no Trotter formula is
applied [25].

For the NCC formula, based on the 1-norm bound in
Theorem 4, we find that to ensure ©, < 2, we need to set

1 <21n2(1<!)2
X

2K+2 1
= IBAI (nK)2 ) =V = O(nKT'lt)

To achieve an overall simulation accuracy &, we need

. 2 1 1
vsﬁ{"‘)(x) <e=v=0mKATEITgTEIT),  (H3)
Therefore, it suffice to choose v to be
2 gy 1 1
v = QW& TR g7 KA, (H4)

In each segment, we need to implement Kth-order Trot-
ter formula and the (K + 1)th- to (2K + 1)th-order LCU

formula. The number of elementary unitaries is O(n).
Therefore, the overall gate complexity is

N9 = O(n' 2 1+ o g~ e, (H5)

Although it does not achieve the logarithmic accuracy
dependence seen in standard post-Trotter algorithms [25,
27], it has the unique advantage of a system-size depen-
dence of O(n), which could be advantageous in large-scale
coherent Hamiltonian simulations.
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