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ABSTRACT

This dissertation is about inference problems for general nonlinear functionals of time-varying
covariance matrices using high-frequency observations, under a class of nonparametric mul-
tivariate It6 semimartingale models. Two distinctive approaches are investigated, which

employ time-domain and frequency-domain techniques.

The time-domain technique adopts the pre-averaging method to attenuate noise and utilizes
truncation to deal with possible sample-path discontinuities. The frequency-domain tech-
nique computes the discrete Fourier transform of sample-path increments which allows for
asynchronous observations and missing data, and then estimates the Fourier coefficients of

covariance matrix by finite-order Bohr convolution.

Given instantaneous covariance matrix estimates, the functional estimation is carried out by
evaluating the functional of interest at these estimates. In case the functional is nonlinear,
second-order bias correction becomes necessary in order to achieve the optimal convergence
rates in various settings. Closed-form expressions of bias, asymptotic variance and their

estimators are available.

Applications are considered. Particularly, the attention is focus on factor models by prin-
cipal component analysis. The author demonstrates how to combine the general results in
this dissertation with matrix calculus to conduct statistical inference of realized principal

component analysis for non-stationary noisy high-frequency data.
Main results are:
(1) nonparametric plug-in frameworks for functional estimation;
(2) theoretical guidance on the choice of tuning parameters;

(3) bias corrections in the light of higher-order derivatives;

vi



(4) statistical theories on consistency, convergence rates, asymptotic normality, efficiency;
(5) statistical uncertainty quantification for non-stationary factor analysis;
(6) an empirical analysis of large high-frequency panel data spanning 16 years.

Besides principal component analysis, this dissertation provides a methodological foundation
for inference of continuous-time regression models, Laplace transform, generalized method of
moments and specification tests, as well as statistical uncertainty quantification. The work
presented here extends theories and methodologies of previous literature to more empiri-
cally realistic settings by solving non-trivial statistical challenges posed by noisy data and

asynchronous observations.
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CHAPTER 1
INTRODUCTION

1.1 Problem statement

In this dissertation, the author studies several problems surrounding statistical inference

of
t
S(Q)t:/o 9(Xs) ds, (1.1)

where ¢(+) is a smooth linear or nonlinear transformation that is of statistical interest, X is
time-varying covariance matrix at time s. >4 can be understood as a matrix-valued random

function of time.

The author proposes estimators and relevant uncertainty quantification using non-stationary
high-frequency data. Such data are accumulating rapidly, cf. Figure 1.2 and Figure 1.1. A
pictorial summary of the sampling frequency is provided in Figure 1.3. Principled analyses

with statistical guarantees are in pressing need.
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Figure 1.1: Accumulated sizes of TAQ quotation data
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Figure 1.2: Accumulated sizes of TAQ transaction data
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Figure 1.3: Daily average frequencies S&P 100 stock transactions

1.2 Motivations

Astronomical amount of high-frequency data have already attracted close attention from
academic researchers, industry practitioners, economic policymakers and regulators. This

leads to rapidly growing lines of research endeavors.



The availability of high frequency financial data brings both opportunities and challenges.
With the increasing amount of data, according to properties of Itd6 semimartingales, we can
estimate some important quantities of tremendous financial interest with unprecedented high
accuracy, for instance powers of volatility and jump components. However, along opportu-

nities come challenges.

e High-frequency data is often contaminated by microstructure noise. The presence of
noise invalidates many methods which enjoy nice statistical properties like consistency

and asymptotic mixed normality only when noise is absent.

e High-frequency data, especially tick-by-tick data, is not observed irregularly; in the
multivariate setting, data in different dimensions are not recorded at the same time
grid. This asynchronous/missing data issue causes conceptual and operational difficul-

ties in estimating time-varying covariance.

High-frequency activities in the financial markets present numerous open statistical ques-
tions. How to model the observations of fleeting microscopic behaviors? Is there an identi-
fiable and operational notion of cross section of non-stationary high-frequency data? How
to design estimators such that they are consistent, rate-optimal, and efficient if achievable?
What are the implications for market regulation and policy decisions? Inquiry and investi-
gation into these questions have already become top priorities in the agenda of policymakers

and researchers.

1.3 Literature review

Perhaps the most important research topic of all, and the very topic draws most of the atten-
tion and interest in high-frequency financial econometrics literature of the recent two decades,

is the estimation of time-varying covariance matrix. Various applications concerned in finan-



cial econometrics involve volatility. Particularly, the main focus is nonparametric inference

of stochastic volatility and related functionals. Various nonparametric estimation methods

for volatility using noisy high-frequency financial data have already been established.

1.

11.

iii.

Zhang et al. [2005] found the first consistent estimator (two-time scale realized volatil-
ity, TSRV hereafter) using sub-sampling and averaging in the presence of additive
independent noise and Zhang [2006] gave a multi-scale version with the optimal rate
of convergence. Li and Mykland [2007] studied the robustness of T'S with respect to
assumptions on noise in general. Kalnina and Linton [2008] generalized the TS to
the model with endogenous and diurnal noise and put forward a modified version of
TSRV. Later, Ait-Sahalia et al. [2011] generalized the model to allow for correlated
noise under stationary and strong-mixing conditions, a two-time-scale-based method

to estimate covariance using asynchronous noisy data was introduced by Zhang [2011].

Barndorff-Nielsen et al. [2008] constructed a kernel-based estimator under the model
in which the noise process is temporarily dependent and possibly linearly correlated
with the latent It6 process. The inference is robust to endogenous sampling times.
Barndorff-Nielsen et al. [2009] investigated the performance of realized kernels in prac-
tice, and Barndorff-Nielsen et al. [2011] extended the realized kernel method to covari-

ance matrix estimation.

Jacod et al. [2009] designed a generalized version of the pre-averaging method [Podol-
skij and Vetter, 2009b], under a Markovian noise model which allows arbitrary fashion
of noise but without noise autocorrelation. Jacod et al. [2010] provided an assortment
of limit theorems relevant to the pre-averaging method for continuous It6 semimartin-
gales and It6 semimartingales with jumps. Christensen et al. [2010] extended the
pre-averaging method for multivariate observations and Hautsch and Podolskij [2013]

applied the pre-averaging method in empirical analysis.



iv. Motivated by the likelihood method of Ait-Sahalia et al. [2005], Xiu [2010] established
the quasi-maximum likelihood estimation (QMLE) for integrated volatility. Recently,

Shephard and Xiu [2017] provided the econometric theory of multivariate QMLE.

v. Reif} [2011] studied the asymptotic properties of a common statistical model underly-
ing the volatility estimation problem using noisy data, showed the statistical model is
asymptotically equivalent to a continuously observable Gaussian shift model, and in-
troduced a method utilizing spectral decomposition and local likelihood based on this
asymptotic equivalence to estimate spot volatility. An efficient integrated volatility es-
timator can be formed by aggregating the spot estimates. To overcome non-convexity
and estimate covariance matrices, Bibinger et al. [2014] extended this line of work and
developed the local generalized method of moments (LMM) and showed this method
achieves the efficiency bound. Later on, Altmeyer and Bibinger [2015] showed that
the LMM is robust to drift and stochastic volatility. Recently, Bibinger et al. [2019]
extended the LMM to accommodate autocorrelated noise and employed the method

for spot covariation and correlation in an empirical application.

In recent years, research interests shifts from integrated volatility to spot volatility and
the functionals. Various applications concerning high-frequency financial data require func-
tionals of time-varying covariance matrices. To accommodate various needs of pressing
importance, inferential theories of general nonlinear functionals of covariance matrices are

developed in this thesis.

Previous literature already studied volatility functional estimation using noiseless and reg-
ularly sampled observations [Mykland and Zhang, 2009, Jacod and Rosenbaum, 2013, Li
et al., 2019]. Following the framework of Jacod and Rosenbaum [2013], good spot volatility
estimators are essential in the inference of volatility functionals. In the absence of noise,
plugging in finite differences of the realized variances leads to efficient estimation [Jacod and

Rosenbaum, 2013, Li et al., 2019]. In this noiseless setting, specialized methods for specific
5



functionals include Laplace transform [Todorov and Tauchen, 2012], generalized method of
moments [Li and Xiu, 2016], specification tests [Li et al., 2016], linear regressions [Li et al.,

2017], and principal component analysis [ATt-Sahalia and Xiu, 2019].

However, in empirical applications high-frequency data is commonly noisy, and is observed
irregularly and asynchronously. To utilize noisy observations, the author uses the pre-
averaging method [Podolskij and Vetter, 2009b, Jacod et al., 2009, 2010]. For functional
inference when data is asynchronous, the author adopts frequency-domain technique, par-
ticularly the Fourier-Malliavin method [Malliavin and Mancino, 2009, Clément and Gloter,
2011].

In developing the theoretical framework, the author tries to make the underlying data-
generating process, noise mechanism, and the volatility functionals as general as possible.
As a result, the methodologies developed in this thesis are applicable to a broad spectrum

of statistical and econometric questions.

1.4 A panoramic review of applications

1.4.1 uncertainty quantification

In the univariate setting, the so-called quarticity which is a functional of volatility appears
in the asymptotic variances of many extant volatility estimators. The multivariate counter-
part involves more complicated volatility functionals in asymptotic variances. As a result,
the volatility functional estimation facilitates uncertainty quantification of various volatility

estimators.



1.4.2 Laplace transform

Todorov and Tauchen [2012] put forward an estimator of the realized Laplace transform of

t
/ew)ES ds.
0

This transform can be viewed as the characteristic function of volatility under the occupation

volatility defined as

measure. By matching the the moments of realized Laplace transform with those induced
by a model, we can estimate model parameters or test the model. An open question noted
by Todorov and Tauchen [2012] is the estimation of realized Laplace transform using noisy

data.

1.4.3 generalized method of moments

Li and Xiu [2016] proposed the generalized method of integrated moments for financial
high-frequency data. In estimating an option pricing model, one observes the process Z; =
(t, X¢,7¢,dy) where Xy is the price of the underlying observed without any noise, r; is the
short-term interest rate, dy is the dividend yield. One model of the arbitrage-free option

price under the risk-neutral probability measure is

Bt = f(Z, 54, 67),

where f is deterministic, #* is the true model parameter. The observed option price is often

modeled as

}/;'An = 6’iAn + €,



where ¢; is pricing error and E(¢;) = 0. Let g(Z¢, 3¢;0) = E[Y; — f(Zt, X¢; 0)], then we have

the following integrated moment condition:
G(0*) =0,

where G(6) = fotg(ZS, Yg;0)ds.

1.4.4 linear regression

In the practice of linear factor models and financial hedging, one faces the tasks of computing
the factor loadings and the hedge ratios. These tasks can be formulated as the estimation

of coefficient § in the time-series linear regression model
Zf =pBYS{+ R
t — t ts

where

{ Sy = So—i-fgbgdu—i-fgagdW{?—i-Jf
Zr= Zo+ fy bl du+ BT 5o aWF + [goltawl+ 7,
WS why =0, 8, € R Z, € R, and S¢, Z¢ are the continuous parts of the Ito

semimartingales.

Let X = (ST, Z)T, we can write Xy = Xo—l—fg by du—i—fg oy AWy + J¢ where b = (bS’T, bZ)T,

W= WSt whT j= (75T J%)T and



SO

5555.T 555513 5285 y5Z

Y=o00" = —
BT6S5ST BTaSeSTg o (oR)2 w28 22
hence by letting ¢(2) = £5%71592 we have 8 = t715(g);. Li et al. [2017] proposed

this method for the situation in which the process X can be perfectly observed without

noise.

1.4.5 principal component analysis

An interesting question about stochastic volatility is its spectral structure Ygvg = Agvs.
Aft-Sahalia and Xiu [2019] applied principal component analysis to non-stationary finan-
cial data by conducting inference on the realized eigenvalue fg As ds, realized eigenvector
fg vg ds, realized principal component fg vs— dXg. In the basic setting where \g is a simple
eigenvalue of X3 and vy is the corresponding eigenvector, both g(Xs) = As and g(Xs) = vs
are continuously differentiable. It turns out that the inferential results of S(g) are appli-
cable to principal component analysis. More recently, Chen et al. [2019] extends principal

component analysis to asynchronous and noisy high-dimensional data.

To improve the convergence rate and estimation accuracy of principal component analysis,

the author will introduce new estimators in Section 5.3.



CHAPTER 2
STATISTICS OF ITO SEMIMARTINGALES

2.1 Model

The following general Ito6 semimartingale model is used in this dissertation.

The latent process is a R%-valued It6 semimartingale X described by the following Grigelionis

decomposition form on a filtered probability space
(2@, 7O, (7, PO),

which is large enough to support the [to semimartingale and whose information filtration

(F, t(())>t is rich enough so that X; is ]-"t(o)-measurable Vt > 0 and

t t
0 0
drift Gaussian martingale

+ 531, )L g5 o ) (- dud
/(O,t]xE( w ) Lgy5( )<y (P —a) (-5 du, dz)

N J/
-~

pure jump martingale

" /(o,t]xE 0(5u, )L s( w13 P du d), (2.1)

.

large jumps

where
(1) bis a R%-valued, optional, cadlag process;
(2) Wisa R -valued standard Brownian motion;

(3) dis R%-valued, predictable function on QO xRt x E with E being a complete separable

10



metric space (Polish space) endowed with a o-finite measure A having no atom;

p is a Poisson random measure on R™ x E, and q = dt - A\(dz) is the predictable com-
pensator (unique up to P(Y)-null set) of p in the sense that tA(A) = Epo[p(-;(0,t], A)]

and (p — v)((0,t], A) is a local martingale, for VA € B(F) and Vt > 0;

o is a R x Rd/—valued, progressively measurable, cadlag process with d > d, and it

satisfies the property that
¢ = op0p € M},Vt >0, (2.2)

almost surly, where ./\/l:l' is the space of R*A_yalued positive semi-definite matrices.
Oftentimes, we need to assume the following assumption on the dynamics of stochastic
volatility.

Assumption A-c (stochastic volatility). The drift b has a Holder—1/2 sample path

almost surely, and

L) L (o)
ct:co—l—/ buC du+/ auc dW,,
0 0

+ /(0 AxE 6(0)( U, x)]l{H(S(c)( ;U,CC)Hgl} (p — q) ( ;du’ dl‘)

[\ J/

pure jump martingale component in volatility

+ /(O ixE 5(C)< yu, I)]I{H(S(C)(' ;U’I)H>1} p( s du, dgj), (23)

(.

large volatility jumps

where b9 s RdXd-valued, optional, cadlag process; o(©) s RdXdXd/-tensor-valued,

adapted, cadlag process; 5(0) 4s RI*A_yqlued, predictable function on 00 x RT x E.

¢t is called stochastic volatility and can be understood as instantaneous covariance

matrix. The integrated volatility (aka the continuous part of quadratic variation) is

11



defined as
t
Cy :/ cs ds. (2.4)
0

The integrated volatility can be understood as a generalization of the notion of covari-

ance matrix to non-stationary continuous-time processes.

To model noisy observations, let’s introduce hidden Ito semimartingale model.

(1)

(2)

(3)

The d-dimensional observable process, namely Y, can be described on another filtered

probability space (Q(l), F), (]-"t(l))t, ]P(l)).

Define the difference between the observable process Y and the latent process X to be

microstructure noise process €.

To investigate the potential dependence structure between the market microstructure
noise € and the latent process (or efficient price in financial term) X, and to discuss
robustness of any inferential theory with respect to different natures of market mi-

crostructure noise, it is beneficial to introduce a conditional probability measure on
(o), F0).
Qi) (2O, 70y 5 (W), ZDY — [0,1). (2.5)

In particular, we have fQ(1) Q (A(O),dw(l)) =1, for Vt > 0 and vAWO) ¢ F(0), Then,

we can define the conditional noise variance process:

7= / oy Y@y @y, dw®) — X X7, (26)
Q

All the stochastic dynamics in the hidden semimartingale model can be described on

the filtered extension (Q, F, (Ft)e>0, IP’), where

(i) Q=00 x o),

12



(i) F =70 g FO),
(i) o = Moo (F 0 FD) Fi = Nosy (FO 0 FD);
(iv) P(AD) x dw®) = PO(AO) . 450Q1(AD) dw)), vAO) ¢ F(O),

To preserve the property on the enlarged probability space (2, F, (F¢)t, P) of any It
semimartingale which is originally defined on (Q(O) L FO) (]-"t(o))t, ]P(O)), it requires that

Qi(+, ALY (O, FO)y 5 10,1] is Ft(o)—measurable vAD ¢ }"t(l).

(6) We let E(-) be the expectation operator, either on (20, F(0)) or (Q, F); we let E(-|H)

be the conditional expectation operator with H being ]_-t(())’ .Ft(l), Fi or .7?,5.

To guarantee identifiability and consistent estimation under this hidden Ito semimartingale
model, we need to assume the microstructure noise is mean-0 conditional on F ©), More-
over, for deriving second-order asymptotics of functional estimation under the hidden It6
semimartingale model, it also requires that the time-varying noise variance itself is another
[to semimartingale. Below we summarize the necessary assumption on the noise.

Assumption A-v (noise). For Vt € RT

/ YowM) Qu(w®, dw) = X, (),
QM
further, fort # s,

/ml /Q(l) = XM [¥s (@) = Xs(@ ] Qo0 ), dw®) (!, dwlV)) = 0,

13



furthermore,

L) )
%::W+/5JM+/UJM%
0 0
+/(o,t]><RdXd (5(7“)(-;u,x)ll{||5(r)(.;u,w)||§1} (b — q) (- ; du, dz)

+ /(O’t]XE 5(T)( Uy, $)]l{||5(T)(,u7m)||>1} p( : du’ dl’)

It turns out to be helpful sometimes to decompose the It6 semimartingale into continuous

part and discontinuous part.

e When the small jumps are summable, i.e.
10C 5w, 2) | Lgys. q(-;u,z) < o0,
/<o,t]xE {15 o)l <1}
the following decomposition often appears in the analysis of various estimators
X=X+ X+ (2.7)

where

! t
X{ = /0 [bu—/E(S(-;u,l’)ﬂ{||5(_;u7x)||§1})\(dx)l du_|_/0 oy AWy,

Jp = / d(-;u, ) p(+; du, dz).
(0,t]xE

The drift in X', namely,

by = bt — [E5(-;t,$)1{||5(.;t,m)g1}A(d$)7 (2.8)

is the “genuine” drift.
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e Another decomposition representation is also handy:
X=Xg+X"+J, (2.9)

where

, t
X! = / {bu+/ 5('§U,$)1{||6(.;u,x)||>1}/\(dx):| du+/ ou AWy
0 E 0

I = l/" 55, ) (p — q)(- du, d).
(0,t]xE

To gain desired asymptotic properties of various estimators, we need some regularity condi-
tions on the sample path. We assume the following assumption on the characteristics of the
[to6 semimartingale. It is called local boundedness.

Assumption A-v (local boundedness). There are a localization sequence (Tp)neN (in other
words, a sequence of stopping times) increasing to 0o, and a sequence of nonnegative bounded

A-integrable functions (I'y)p>1 on E such that Vw0 e Q(O),

@) <n, o @) <n
t<m@®) = PO <n, (ol WO)) <n

(
16w@ ¢, 2)[|Y A1 < Tp(z), v €[0,1), Ve € RY

t <) = 16w, ¢, 2)|2 A1 < T(x), Vo € RY

| 1160 @©, 8, 2)| A1 < Tn(w), Vo € RY,
and b’ is cadlag.

Based on the localization lemma Lemma 4.4.9 in Jacod and Protter [2012], without loss
of generality, we can replace the local boundedness assumption Assumption A-v to the

strong boundedness assumption:
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Assumption SA-v. boundedness There are a constant K, and a nonnegative bounded -

integrable function I' on E such that vw(® € QO gnd vt > 0,

;

o (@) <K, [or(w @) < K

16w < K, [lo W) < K

17 @) < K, ol w®)] < K,

16w, ¢, 2)[|” < T(x), v € [0,1),Vz € R
160 (), ¢, 2)|]? < T(2), Vo € RY

| 1160w, 1,2)|? < T(), Vo € RY,
and V' is cadlag.
2.2 In-fill asymptotics and notation

First we need some notation for observation times.

o UJ (resp. UJ*) is the j-th (resp. (j, k)-th) component of U where U is a R%valued

(resp. R™“_valued) process;
o TJ = {le, h=0,---,n;} is the set of observation times of X7,
o/ }jL = ( Z—l’ TZ] is time interval between two consecutive observations of X7

o AN =7)

5 W T}‘Z_l is the length of [j, A = maxj, Ai;

e n =min;n;, n = max;n;, A(n) = max; A/;

6% is the first-order difference operator according to the observational times 77, i.e.,
given a generic scalar process U, 52(U) = U(TZ) — U(Tg_l) is the increment of the

process U over the time interval [ }jl
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The statistical methods in this thesis will be analyzed in the in-fill asymptotic setting.!
Speaking in detail, the estimators are constructed from high-frequency data contaminated
with noises from a finite time interval with an asymptotically shrinking mesh of the obser-

vation grid, i.e., A(n) o

The following notation is used in this dissertation. For » € NT C"(S) denotes the space
of r-time continuously differentiable functions on the domain §; Sc‘l" is the convex cone of
d x d positive semidefinite matrices; I; is the d x d identity matrix; || - || denotes a norm on
vectors, matrices or tensors; given a € R, |a| denotes the largest integer no more than a;
a Vb = max{a,b}, a A b = min{a,b}; a, < b, means both ay, /b, and by, /ay, are bounded
for large n; AT is the transpose of the vector or matrix A; for a multidimensional array, the
entry index is written in the superscript, e.g., X; = (th, e ,XLEZ)T, A% denotes the (j, k)-th
entry in the matrix A; d;,9 and 832-k7lmg denote the gradient and Hessian of g with respect
to the (j,k)-th and (I,m)-th entries in its matrix argument; Eﬂf) (resp. i;) denotes
stable convergence of processes (resp. variables) in law?; “EB denotes uniform convergence
in probability on compact sets; MN(0,V) is a mixed Gaussian distribution with mean 0

and conditional variance V.

2.3 Moments of It6 semimartingale increments

The most important and most commonly used result in the inferential theory of It6 semi-
martingales is the Burkholder-Davis-Gundy inequality. For the slightly confined case where

p > 1, the inequality is called Burkholder-Gundy inequality.

1. It is also known as fixed-domain asymptotics in spatial statistics, high-frequency asymptotics in finan-
cial econometrics.

2. See section 2.2.1, 2.2.2 in Jacod and Protter [2012] for stable convergence. The sampling distributions
of my estimators depends on the sample path of covariance matrix. I need a mode of convergence in which
my estimators converges jointly with other random variables, so that I can estimate the asymptotic variances
of sampling distributions consistently to compute confidence intervals.
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Theorem 1 (Burkholder-Davis-Gundy inequality). V local martingale M adapted to a fil-
tration (Ft)¢>0 and ¥ finite stopping times S and T such that S < T, Vp > 1, 30 < ¢p <

Cp < oo such that

1/2 1/2
e M, Ml = (M, Mgy < || sup |3y — M| < Gy M. MIp — (01, Mg 5
te(S,T] p
where || Z]|p = E[|Z||P]YP for every p-power integrable random variable Z.
Proof. Please refer to Protter [2005]. O

To establish the consistency and stable convergence to a conditional centered Gaussian mar-
tingale, we need more estimates and moment bounds for It6 semimartingales (some are
classical, others are refined versions of well-known results). Most of these moment bounds

for semimartingales come from Jacod and Protter [2012] and the papers cited wherein.

The following lemmas provide the bounds (possibly infinite) for moments of different com-
ponents of an It6 semimartingales of the form (2.1). In those lemmas, || - || denotes the
Euclidean norm (i.e., L? norm) for vectors and the Frobenius norm for matrices. In practice,
we can use those results under different conditions with various choices of the power p. The
K’s appearing in different places are not necessarily the same which possibly depend on
{Xit}i>0, d, and we use Ky if it depends on an additional parameter g.

Lemma 1 (drift). Suppose T is a finite stopping time. For any Ité semimartingale given by

(2.1), ¥p>1

sup
u€(0,s]

T+u p T+s p 1 T+s
/ bdt]| < (/ Hbu||du> gsp<-/ Hbqudu).
T T s JT

Proof. The first inequality is trivial. For the second inequality, applying Holder’s inequality,
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we can get
T+s T+s p el T+s %
[ s ([0 a) ([ e aa)”
T T T
Taking the power p on both sides of the inequality will reach the desired conclusion. ]

Lemma 2 (continuous Gaussian martingale). Suppose T is a finite stopping time. For any

Ité semimartingale given by (2.1), and ¥p > 1,

T+u P 1 T+s p/2
E( sup / or AWy ‘]_.}O)) < Kpsp/QEK—/ ||Uu||2du) ’]—"}O) :
uel0,s] 11 /T SJT
Proof. This is an immediate consequence of Theorem 1. O]

To discuss moment conditions of the jump components in an [t0 semimartingale, we need
to define some quantities associated with the predictable function 6.

Definition 1 (quantities associated with jumps).

R 1 t+s
o(p, )t,s = g/t /Rd 1€ 52, ) IPL g5 s, | <) M) du

N 1 t+s
s = 5 [ [ 15wl Ade) du

~ ~

1 t+s
o = 8005 [ [ 180Dl s o) Mede) du

~

N 1 t+s
s = ot [ A €RY 66 ua)]| > 1) du

Lemma 3 (jump martingale). For an Ité semimartingale given by (2.1), we have the fol-

lowing results:

1) suppose Eralle o, z)|[2 M dx) du < oo, Vi, then J! in (2.9) is a locally square inte-
0 JR t

grable martingale;

(i1) ¥ finite stopping time T, ¥s > 0 we have
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e ifpell2]

E( o s~ J’Tnp\f}‘”) < KpsEBmr 7Y, (210)
ue|U,s

e ifp>2

-~

Remark 1. The variable §(p)7 s can be infinite, neither increasing nor decreasing in p in

general.

Under the assumption of Lemma 3, fg Jra 163w, 2)[|2 A(dz) du < oo, Vt, g(p)T’s is finite

~

Vp > 2, yet 6(p)7 s might be infinite when p € [0,2). For this reason, the right-hand side
(hereafter RHS) of (2.11) is usually finite, whereas the RHS of (2.10) is infinite in many
cases. (2.10) and (2.11) agree in the case p = 2. When g(P)T,s < 00, the typical magnitude
of the RHS of (2.10) is Op(s) regardless which value of p is taken in [1,2].

Lemma 4 (normalized jump martingale). Suppose p € [1,2], Vq € [0,1/p], Vs € [0,1], ¥V

finite stopping time T, we have the following result for the process J' in (2.9):

J! —J! P
E{ sup (—H Ttu T” /\1) ’]—"}0)

< K ' o(p, /%), + 5002 ()
s ’
u€[0,s]

S

)

Remark 2. Under the assumption V¢ fg Ja 1605w, 2)[|2 A(dz) du < oo, using Lemma 4,

upon taking p = 2 and ¢ = 1/2, we have

JL o — Jb o)
T+s T P_> 0.
s

Lemma 5 (jump). We have the following result for the pure jump process J in (2.7):

(i) if fg)\({x e R ||6(-;u, 2)|| > 0}) du < oo, V¢ > 0, then the process J has finitely
20



many jumps on any finite interval, almost surly;

(ii) if fg Jra lI6(-;u, )| A(dz) du < oo, ¥t > 0, then the process J has locally integrable

variation.
Furthermore, for s > 0 and V finite stopping time T', we have

e forpe (0,1]

0
E( sup || Jprgq — JT||p’]:1(ﬂ)) < KpsE[ T5|]: }
u€l0,s]

o forp>1

E( Sl[lop]”JTw—JT”p‘fi(”O))<Kp<5E[ sl 7] + SB[ Ts‘f D
u€l0,s

Lemma 6 (normalized jump). Set p € (0,1], Vg € [0,1/p], Vs € [0,1], V finite stopping time
T, the following holds for the d-dimensional process J in (2.7):

u€l0,s] sd T,

Lemma 1, 2, 3, 5 give the “moments” of non-normalized quantities; on the other hand,
Lemma 4, 6 are results for normalized quantities of discontinuous parts of It6 semimartin-
gales. The “moments” of normalized quantities are particular handy when p < 2. In the
case where the predictable function ¢ is bounded in some way, we have a simpler “moment”
estimates. In view of the usefulness of “moments” of normalized discontinuous martingales
and jump components in deriving the bounds of errors in various estimators, we state a

corollary.
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Corollary 1 (normalized jumps). Suppose the d-dimensional predictable function satisfies
[0, 2)[ < T'(x), Ve,

where T is a measurable function on R. Set p >0, v € (0,2] and ¢ € [0,1/v).

(i) ifv e (1,2] and [ TV(x) AT (x) A(dz) < oo, then Vs € (0,1] and ¥V finite stopping time

T, the process J' in (2.9) satisfies

) p K s(=ap/ve(s) ifp<v
E[ . (ll P T||M> ‘IT}<{ (s) ifp<
uel0,s] 5 K s'=%q(s) if p> v,

where K and a depend on p,q,v,I" and \; when ¢ > 0, a(s) — 0 as s — 0; when ¢ =0,

a < 005

(i) if v € (0,1] and [TV (z) AT(z)A(dx) < oo, and if p > 1, ¢ < (p—1)(p — v), then

Vs € (0,1] and ¥V finite stopping time T, and K, ¢ in (i), the process J' satisfies

17w =20 P 1—qv
E| sup (—/\1) ‘FT < Ks  a(s);
u€l0,s] 51
(i) if v e (0,1] and [TV (x) A1 X(dz) < oo, then Vs € (0,1], V finite stopping time T and
K, a in (i), the process J in (2.7) satisfies

_ K s(1—qv)p/v <
E[ - (HJT—HL JTHM>p‘FT] s{ s a(s) ifp<v

u€el0,s] s K s'=%a(s) if p>w.

Combine the results from Lemma 1, 2, 3, 5, we will have an estimate for general Ito

semimartingale.

Corollary 2 (It6 semimartingale). For an Ito semimartingale of the form (2.1), ¥ finite
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stopping time T and Vs > 0 and Vp > 2, the following holds true:

T+s p T+s 9 p/2
( / ||bu||du) ; ( [l du)
T T

T+s
T / / 16(- u, ) [PA(de) du
T Rd

T+s o2
- (/ / 16(- 3 u, )] \(dz) du)
T |8 (- ju,x) || <1}

T+s ;
i (/ / 10(- 5 u, z)||A(dx) du) )]:'T
T z:)|6(- ju,z)||>1}

Under Assumption SA-v, we have a stronger version of estimate for It6 semimartingales

B( sw 1Xpeu - XelP|7r) < Kb
u€(0,s]

for p > 2:

E( sup || X711y —XT||p\]:T) < K,E [(sp+sp/2) + S/de(x)/\(dx)
u€(0,s] R

p/2
+Sp/2(/Rd F2($)]1{F(I)S1})\(d$)>

+8p</RdF(:v)ﬂ{r(x)>1}>\(d$))p]-

Corollary 3 (standard estimates for X and c¢). In the form (2.7) for Ité6 semimartingale,

under Assumption A-c, SA-v we have the following results:

1E(X,, — X + | E(erss — erlF) |+ | E(rris — B < Ks

0
L (SuPue[O,s] ||X%+u - XC/Z"lefj(" )> < KsP/2
0
B (supyeo g llozsu — ezl + rpu — 17l 1 7)) < Ko/

where T is an almost surely finite stopping time and p > 0.

Proof. Under Assumption SA-v, the results for the continuous It6 semimartingale X’

follow from Lemma 1, 2; the results for ¢ follow from Lemma 1, 2, 3, 5. O
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The moment bounds introduced above are well known and is far-reaching for theoretical
analysis. For the inferential purpose in high-frequency framework with noise, we need more

refined “moment estimates”. This is the task of section 3.2.
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CHAPTER 3

VOLATILITY MATRIX ESTIMATION WITH NOISY DATA:
PRE-AVERAGING METHOD

3.1 Pre-averaging method

When the observations are entangled with noise, statistical methods designed for perfectly
observed signals would suffer from biases (finite or explosive). If one is interested in some
quantities related to the sample path of It6 semimartingale, one general approach to utilize
the high-frequency data and meanwhile mitigate the noise effect is the so-called pre-averaging

method [Podolskij and Vetter, 2009b, Jacod et al., 2009, 2010].

The idea of the aforementioned pre-averaging method is actually quite intuitive — to take
a moving window sliding over the time period within which one takes averages (simple or
weighted) of the observations recorded in the moving window.! If one controls the window
length in such way that the length of smoothing window is shrinking to 0 and the number
of observations in the window goes to infinity in the meantime, then the averages would be
able to approximate the uncontaminated processes satisfactorily provided the microstructure

noise does not exhibit long memory.

In this thesis, I consider the pre-averaging method when noisy observations are regularly
spaced among all the dimensions.

Assumption A-7 (synchronous observations). ny = --- = ng and min; T}jl = max; T}jl for

1. We distinguish this method from the contiguity method developed for statistics of Itd6 semimartingales
[Mykland and Zhang, 2009]. The premise of the latter is that the parameter, such as volatility, of an
1t6 semimartingale is almost constant subject to some controllable and analyzable errors of magnitude the
square root of the length of the local window. This idea is prevalent in various methodologies in high-
frequency econometrics, and the local-consistency approximation in in-fill asymptotics is valid for many
inferential purposes and is a cornerstone for existing high-frequency statistical procedures. For an application
of contiguity in the presence of microstructure noise, please see Mykland and Zhang [2016].
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h=1,---,ny.
Assumption SA-7 (synchronous and regular observations). nq = --- = ng, min; Tz =

max T;L and miny Ay, = maxy Ay, forh=1,--- ny.

[ assume Assumption SA-7 in chapter 3 and chapter 4. Under Assumption SA-T,

Api=A) Vji=1,--,d h=1,---n.

For notational simplicity, for a process U and a filtration (Gy); living on some underlying

probability space, we define the following discretized objects:

Uy = Una,
AU = UM -UP
G = Gna,
I(n,h,h') = (hAy,, (h+h)A)

I(n,h) = I(n,h,1).
A prototypical regular grid would be the following.

té =0 ... t;: VAV tyn = LT/ATnJ JAVS

To precisely guide the idea, let’s mathematically describe the procedure. First we choose a
local window of length k,, used to estimate the spot volatility matrix at time iA,,, similarly
we can also take a local sub-window of length I, = o(ky) to conduct pre-averaging in the
local window I(n,i,l,) = (iAp, (i + l,)Ay], then estimate the spot volatility matrix by

pre-averaged data.

A visual illustration for the computing scheme for the incoming estimator ¢} of ¢ for i =
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0,1,---,|t/An| — ky or more generally ¢, t € I(n,i —1) fori =1,--- [t/An| — ky is in

Figure 3.1.

T iA, (i 4+ kn) Ay

Figure 3.1: Computing scheme of instantaneous covariance

(1) Choose the bandwidths ky, and [,, satisfying

{kn—>oo, knp — 0

I — 00, In/kn — 0;

(2) Choose the weight function ¢ € C(|0, 1]) for the pre-averaging method such that

Jo () du > 0, p(0) = (1) =0

©(+) is piecewise C1;
We also need the following quantities associated with the function ¢:

1
bo(s) = /'wwww—@dw b = 60(0)

1
p1(s) = /gﬂwww—@ma b1 = 61(0)

o7 = ¢(i/ln),
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and for any continuous-time processes U, define

In—1
Ul'(ln;p) = o) 1/22@ noU (3.4)
n
i zn 1
= <wozn>1/2 Z Pt~ Ui
and _—
1
UlM(In; ) = T Z(w2+1—w2)2A LU AP UT (3.5)
=0

(3) Compute the pre-averaged values in the local window I(n, i, ky,):

1 In—1

V(s o) = 1 > ORAL Y, j=1, kp—lp+1. (3.6)
(¢0ln) h=1

Example 1 (pre-averaging via arithmetic average). The pre-averaging method appears in
Podolskij and Vetter [2009b], Wang and Mykland [2014] takes a special form corresponding
to p(u) = (u A (1 —u))4 in (3.6). Note that 1y = 1/4. For the ease of exposition, suppose

Iy is a even integer, then the following gives us an intuitive understanding of }_/Z”(ln)

ln/2 1 ln—1 l
_ ln—k
Yil) = 2 Z ALY +2 ) Al LY
k=1, /2
n/2 1
- Z Z+k Z z+k'
" k=l,/2 n
X2 X
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3.2 Pre-averaging for continuous It6 semimartingales

Define pre-averaged spot volatility estimator for continuous [t6 semimartingale model as

1 kn—Iln+1

& (s lni ) = 7 i) - Vi) = V0] . (37)

where Y* = X’ + ¢, X’ is defined in (2.7), and in view of (3.4), (3.5),

In—1
n
1 ln—l
Y niw) = gpe S (e - e2An Y AL, vt
0n h=0

Though the estimator (3.7) is infeasible to implement if the stream of high-frequency data
contains jumps, we need this intermediate quantity in our statistical analysis. Here we give
some estimates of the various terms regarding the lst-order and 2nd-order properties of
(3.49). The following analysis before section 4.3 can be skipped in the first reading. These
analyses will be called upon in section 4.3.3. In the analysis, for notational ease, we will

write Ui” in place of Uﬁ(ln; ) for any process U in discussion.

3.2.1 wariables to analyze

The Russian playwright Anton Chekhov said “If there is a rifle handing on the wall in act
one, it must be fired in the next act. Otherwise it has no business being there”. First of all,

define

In—1
- 1
' = Wn};( eiEA, C
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hAR +1,—1

1
= T Z,h’ = Ul Z (Po—ht1 = Lo (p_pri1 — Co_p) W0
¢O n - ,
v=hVh
Rl = V1)
= Y (o) Y ()t — CfF = T (3.8)

The magnitudes of these quantities are influential to the behavior of pre-averaging method.
We can interpret C_';? as discretization of volatility due to the kernel, and interpret F? j as

noise contribution to the pre-averaging estimator.
To get a stable central limit theorem, we proceed in the following two steps:

e express the 1st- and 2nd-order properties of 3_/2-”’5 in terms of X ;s and F? JACH

pln—1 pn

e analyze the sums of the form » 57~ (%,

i.e. the summation of (;'’s over intervals of

length pl,, where p is a fixed positive integer, and separate these sums by intervals of

length I,, to ensure independence.?

Given p € N7, we need to consider more variables. They are

i+plp—1
W = Y [P T - G
h=i
i+plp—1 -
«xpy = > [xpexp -cp
h=i
1+plp—2 i+pl,—1 T Wk
, _ _
CU,p)" = Z Z U;}-U}Z/ 1 (T), U=W,o!'W or X
h=i h'=h+1

2. This step is necessary since the pre-averaging estimator (3.7) involves overlapping intervals such that
Y™ and Y™ are dependent if |j — k| < I,.
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i+pln,—1

Cvpi = > G (3.9)
—
Ap)i = sup  ([[bs — bull + [les — cull + [vs — yull)
s,u€l(n,i,ply)
AP = JE[@PAF.

Given p € N*, let m(n,p) = | a5~ |, a(n, p, h) = 1+h(p+1)ln, b(n, p, h) = a(n, p, h)+pln.

According to (3.7), (3.8) and (3.9), we can decompose the estimation error as

Bp)i =¢" —ci = &(0);" +&(1)7 +&(2)7 + N(p)i' + M(p)7, (3.10)
where
1 kn—Iln+1
S0 = Z Chn =
kn—Ilp+1
s = W Z Dy,
kn—ln—i—l
€@ = W Z Riip
1 ( ,p)fl ke —1n,
NI = A | 2 Dt 2 i+1+h
T k=0 h=m(n.p)(p+1)In
1 m(n,p)—l
MO = oA, 2 O (3.11)

Since the pre-averaging method is based on smoothing kernel ¢, to express the asymptotic

behavior we need to define

1 1
@lmz/ 61(8)bm(s) ds, \Iflmz/ soy(s)om(s)ds  Lm = 0,1, (3.12)
0 0

where ¢, [ = 0,1 are defined in (3.3).
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3.2.2 estimates of discretization and noise offset effects

Assuming Assumption A-c, Assumption A-v, based on Corollary 3, we can already

estimate 5(0)?:

0),
e(conz®)]| < wima, 513
B(lE@719F0™) < KylbA) @M, g0
Lemma 7. Under Assumption A-c and Assumption A-v,
0), _
| (cwmE)| < K (nan+i")
B (lepIar?") < Ky [(aan) @M 4 157], g e N*.
Proof. Note that
In—1 In—1
1 < A, | 1
Dro— n\2 A O — A 1 n\2 -
i Yoln hz::l(gph) ( i+h C; n)+ %0 hz::l(gph) I 7/’0]
A ln—1 1 ln—1 A,
n 2 (.n n n\2 n n
= oy =)+ —— AL C—c' p Ay —|—O< )
¢Oln ];(@h) (Z+h 1 Z) woln hgl(gph) ( i+h i+h—1 ) P ln

(i) Since the c is locally bounded, by Fubini’s theorem and Corollary 3,

HE(M | — | FY )H < KhAA,

HE<Az+hC Cirth—1 n|]: )H <f1m+h 1) HE< — Ghpe 1|]'" )H ds < KA2.

(ii) By Corollary 3 again,

<||C?+h_1—0?||q|ﬂ<0)’”> < Ky (hAy)@/2M

(HAHhC - c?—l-h—lAan |‘Fi(0)7n> < Ky A(q/\l)+q (3.14)
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(iii) By Holder’s inequality, for ¢ € NT,

“(lI

Combine (i),(ii) with Hélder’s inequality, we have

Z+hl

q " 1/
)s ) H <||Dz+hl |q|f~i(0)7 ) q'

HE (DH’F )H < K (i by An) (3.15)
(HDZan,]:Z, ) < K, <Z£Lq/2)/\1A%q/2)A1]+q n lqu%)
use (iii) and consider ¢ € N,
1 kn—Iln+1 kn—In+1
ne « -
h1=1 hg=1
we prove this lemma. O

Lemma 8. Under Assumption A-vy, Assumption A-v
IEE@)FFNI < KL,?

i K (kY2200 + kU 1A Y2 g =1
E([IE@2)7 11157 <
Kyl A (bl + 8n), geNtg>2

Proof. we can write

where
kn n n,h n_ Ay . APYT _an 0
Doy XU =4 i Yie1 ~

k n,h
2ply Ay Xy
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nh 1 (hAly) N2
and ¢1 -1, Zh’ 0\/ h— kn-i-ln—l)(@h/—kl QOh/) . Note that

IE@PFEDI = E(ATX|HF ) < KA,
E (|nM9Fr) < Ky . (3.16)
B (||, ) = B(II, 187 X12) < KAk, ming i — byl =2
thus
|E (FMF| - < Kknly*An
)
E([|FM9)FP) < Kgknly ™, g € NT
Besides
2 2
Z Az+h’7l Z (Ohe1—2n)" + Z A?Hﬂl_ Z (“h+1—2h)
W =kp —lpy+2 " h=h —kptly—1
| Il
2
+ (Vi k=t 41— 7f+zn—1)a > (@ — e
h=0

by Corollary 3, | E(y!, =y FM) < KpAn, E(|[v2, = I4F") < K (pAn) @M, thus

1E (@GP < K knly*An
E (|G FP) < K, (kgq/mg,;?q n ng) Al/2n1

By these intermediate estimates of F' and G7' with Holder’s inequality and Jensen’s in-

equality, this lemma is proved. O

3.2.3 estimates of Brownian motion functionals

Given any function f, define fy,(t) = Zl" 1 f;;l h—1)An,hA, }( ); for a generic process U,
define
t+s
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We have

1 _ 1,
77/}1/2 1/2 (@7 (l 1)An)7 Czl = _CiAn((PQ, (ln - 1)An),

Xt =

hence by Assumption SA-v,
ICT ] < KA.

We need a lemma to facilitate estimates of (3.9).

Lemma 9. Forp e N, andl,m =0, 1,

i+pln—2 i+pl,— W h
Z Z ¢l ( ) ém ( ) = l721 (PP, — Vi) + O(pln).
=h+1 In
Proof.
i+pln—2 i+plp— /
h' —h
h=i  h=h+1 "
H—(p—l)ln h+1,—1 i+plp—2 i+plp—1 / ’
h' —h h' —h
= Z In Z + Z In Z le( )Qbm( I
h=i =h+1 h=i+(p—-1)l,+1 K'=h+1
l
— l
=(p— 1)l721 Dy + O(pln) + l721 Z . (bl (h/ln) dm (h/ln)
h=1 In

(3.18)

(3.19)

= (pq)lm - \Ijlm) l% + O(pln).
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Lemma 10. Under Assumption A-c, Assumption A-v,

0),
E(Ilcw.pp 47" < Kptiiag

0), 1 13/2
B E"] = o — Vo) L dn +pOp (1 0)
ik l 0), 2 il n.k gm n,kl
U LA ] e R TG R R AR L Y
0

20, [zi”/%i (1 N )g)} .

Proof. By the scaling property of Brownian motion,

. 1/2 In—1
[ 1 B) Z 90h/+1 SOh/)W(h+h’)/ln7
v? i
SO 12
—r A
;Ll: 1/2Uh/l _'_eha (3.20)
%

In —1 (h+h'+1)/1
where Uy = — f() u) Wity duand e} = 1/2 Z h+h’)/l )/In " () (W= Wy 1)

Note that E([|e}[|7) < Kq(An/ln)q/Q. Besades Up = fo u) dWyt¢, so Uy is a Gaussian ran-
dom vector with independent entries, so E(UtUt Ts) = ¢o(s)Iy by It6 isometry, hence for

h,h' >,

— T )] A |h' — h| =172
E{thh, Fa ]_ %gzﬁo( ) Tat Oplln " 20n)

B[R FEO" = Am@m - 1)1+ 0,1, AT, m e NT. (3.21)

(1) Based on Assumption SA-v, (3.19) and (3.21)

nyd 00 _ 44 T8 T (61 A
E (llkwpI4F0") = 'k 0, (Kgg?fpln EQWEI®) + BT 1°1CE )
E(IWEIICEI®) + EQWEIPICE®) + EQCHIY)] ) < Ko,
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hence the inequality is confirmed.

(2) By (3.21),

E[C(W " H—pl =2 i+ply— W h 32
P FY T 2 Z cbo o1 | = ) Ta+pOp(ln"An),
h=i  W=h+1 "

according to Lemma 9, the first equality is proved.

(3) Let UP'(p) = Sy~ o W) (o Wiy T, 57 (p) = 23,27 C, then

CW,p) 7 (W, p) ™ = UT (p)TRUP (p) + 5P (p)IF ST ()™

7

_yn

7

(p)?*SP ()™ — UL (p)msP (p)F. (3.22)

(i) By the decomposition of D! in the proof of Lemma 7, cr = Ay + Op(I7 1Ay +

ApA(p)) for i < h < i+ ply, hence

Szn<p> = C? plnAp +pOyp [An + lnAn)\(p)rﬂ‘ (3.23)

(ii) Moreover, by (3.20),

z—l—pln—l

2N (o' U, )0 Up )T + el (p),
h—i

U (p) £

=

where E(|[e}'(p)[|?) < Kqp? Z%/QA%. Hence by (3.21)

E[UP)F "] = ¢ plalsn + pOp(1y/

7

Ap). (3.24)

(iii) Furthermore, let §h’]klm = (o, n.J- Uh/ln)( Uh/ln) ( Uh’/l )( Uh’/l )T where
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U?’j' is the j-th row of o', then

A2 i+plp—1i+ply—1

B[O Vo o)™ FO Z S R + 020,02 2).

h=1 h'=1

Let Uh ¥ Uh/ln — Uh//ln¢0(|h, — h|/lp) /g, using the fact that U}?,h’ and Uh’/ln are

independent,

e I (AR A (G N R R [ A (AR A
+clﬁo(hl_—nh')

Note E(U” U}?h,T) = (g — ¢(2)/¢0)Id, E(Uh’/anh’/lnT) = 1Ypl; based on Gaussian mo-

ments and the representation fh,’j}f, bm _ Hv:j kLm Zr 1 Jn UTU,C,/Z ;

(gh,jk; lm) wO( n,jk nlm_i_cn,jlcn,km_i_cn,jmcn,k;l)’

' h i 1 B} 1 (]

SO

ZTL 2 2 2

h=1'N\?, -
(Sh,]klm) wQ n,]k nlm+¢ (‘ |> (C?,]lcﬂ,km_‘_cﬂ,]mcn,kl).

Apply Lemma 9 to these intermediate results in (iii),

j 0), Jk nl
B[UP P Up ()™ 7] = IR A

7

2 il nk im n.kl 3/2
+ 2 (p®oo — Woo) (ci 7 el 4 MMM IZAZ + p? Op(ln/ A2Z). (3.25)
0

Combine (3.22), (3.23), (3.24) and (3.25), we can prove the second equality. O
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3.2.4 estimates of diffusion functionals

Because ¢ is piecewise C1, [ — epl < K/l

Since the smoothing kernel satisfies ¢(0) = (1) = 0, Zh 0 (gph+1 ¢y) = 0, hence

Y In—1
X = =g (e — oM(XP, — X/ (¥ln) /2. By Corollary 3,

E(IZ719F707) < Kad? (3.26)
Lemma 11. Under Assumption A-c, Assumption A-v,

KAl

Kp (l2A2 + l3/2 3/2 X(p)n>

7

B (I )y 1417
|2 x|
B iE] = o - vo) el B,
+920p (B2, [zi/QAWH( )
E [ pp e, mp™ F0 T = 50 (pP00 — Woo) (e 7! o A 2 A2
2 0p (BA2 [0 + 12032 X))

IN

IN

Proof. We prove these estimates case by case.
(1) Based on (3.19) and (3.26), a similar calculation as part (1) in the proof for Lemma 10

yields the result.

(2) Recall (3.18), by Corollary 3,

HE[Xt 0, 5)| FL }H < Ks (3.27)

E(supHXt ©, s Hq]}" ) < KqSQ/2. (3.28)

Let Zs = [y ¢n(u—1t) dXy, we can see that Zs = 0if s < ¢ and X{'(p, s) = Zi1,. According
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to Ito’s formula, ZtJrSZt]’iLS = tHS ) dzk + f”s zk 4zl + f”s —1)2 dcdk so

X7(,5) - XP(p5) " = B(n,t,5) + M(n,t,5) + CP (¢, 9), (3.29)

where

B(n,t,sVE = [I75 [X2 (. 5) b + X0 (0. 5) b on(u — 1) du

M(n,t,s)k = ftHS (X, 4(p,9) ok + Xu’_s(go, s) o, | on(u —t) dWy,.

Since E[M(n,t, s)]}"t(o)] =0, use (3.29) we get

i+plp—1
n 1 n
BeptEM = o 3 B U= DANIF]. (330
" h=i

Write B(n, hAp, (Iln — 1)An) = B (1) + B}(2), where

B (W™ = [ hin—1) [XZLj(gn_l)An( (I — 1)An)52’k

X A, @ (= DALY (= hAy) du

Bh (2 f[ (n,h,ln—1) [ng(ln_l)An(% (ln - 1)An)(b1kj - bZ’k)
+XZ7—]€(ln—1)An (¢, (In — 1>An)(b‘1j¢ - bZ’j)] on(u — hAy) du.

On one hand, by (3.27), HE[B” 1)]}"}(10)’71} H < KZ%A%; on the other hand, by Cauchy-

Schwarz inequality and (3.28), and max;<p<;y;, —1 X(I)Z < APy,

|EBr@IA"

1/2
SZnAnXum-E( S P AN n<@,<zn—1>an>||2\f£”>’”>
uel(n,h,l,—1)

< KEPAY2 N (p)r

7

therefore this case is checked.
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(3)&(4) These 2 cases can be justified in a similar fashion.
(i) Note for u > v > t, (Xy — Xy) — 0t (Wy — Wy) = [/ bsds + [/ (05 — o¢) AW, we have

for iA, <t <t+s<(i+plp)An,

E(wpHmﬁ&wwmﬁmeWﬂsmﬁﬂmwwwﬂ,
w,vE(t,t+s]

hence for i < h < h' <i+ ply
B (X35 = X31) = o (W = Wi [1F") < K [(a2n)? + (aAn) 2 ()]
(3.31)
(ii) For m € NT, o™ — b = (a — b) " Lalym=1-1 g0

m—1)/2

H()_(;Z%j)m ( JWn mH<K A( HXh W;;L

. (3.32)

-1 B = — _
(iii) By (3.4) and S (@, — @) = 0, X — ol WP = —(voln) V2200 (0l —
@?)[(X}ZH X7 —ay(W[;H —Wih)], combined with (3.31), (3.32) and |90h+1 — " < K/ly,

Y S q _
B (|| Ky = w10 < Koptmaal™? [ + @) - (3.33)
Now we are ready to check the last 2 cases. Let £, ,/ = Xh X}’Z, - (U?Wﬁ)(a?Wﬁ)T.

ln—2 lp—1
° C(Xa p);n - C(O’vav, p>/n = ZHP Zl+ph+1 gzlh h/¢1 < h)
Note ggh,h’ = )_(}Z()_(}'Z, — O?W;f,) ”W" (X” — U"Wh)T by Cauchy-Schwarz in-
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equality, Assumption SA-v, (3.21), (3.26) and (3.33) with m =1,¢ = 2,

B (|Jecx. i = e | 170)

_ _ 0)n /2
<K sw B (IXP VTR
1<h<i+pl,

_ _ 0y 1/2
X sup FE (HX}Z — G?Wﬁﬂzl.ﬂ( ) n)
1<h<i+ply,

< Kp2A, [(lnAn)1/2 + )7 .

o COGP)TIRCX ) =W, p) TR (W) = (X )T = (W )T (W )

X)X ) = CWp)f ™). Note C(X,p)P — (Wi p)i = St ten, .

Cauchy-Schwarz inequality and (3.33) with m = 2, ¢ = 2 yields
0), —
E (1600 ) = v p)P P 17 < Kp A2 () + p)])?]
apply Jensen’s inequality and Cauchy-Schwarz inequality,

B (¢8I, p)™ = v, )R,y O

n]1/2 " . n11/2
< B [lep) = cmpPED ] B [l + v IPlE ]

— 4
< Kpludn [(1n30)2 4 30)7] - B (160697 + <)

based on estimates of E[||¢(W, p)?|\4].7:i(0)’n] and E[\|C(X,p)?\|4\.7:i(o)’n], this case is
checked.
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3.2.5 estimates of noisy diffusion functionals

Lemma 12. Under Assumption A-vy, A-v,

, , 1 W —h g
i <hh <i4ply,—1= th,:woﬂm(' T |)fy§‘+0p[ln3+ln2>\(p)ﬂ,
n

and

i+pln—2 i+ply,—1

ghpnl 1 gk nl _ _
> Z Thi i = Ja (P11 = ) o7 + 92 Op [l + 1, 2A(0)1].
h=i =h+1 0'n

Proof. Firstly, note that |¢]" | —¢'| < K/ln and [[y)' =~ < A(p); for i <1 < i+ (p+1)ln,

so fori <h <h <i+ (p+1)ly, by Assumption SA-v,

h+l,—1
1
Z,h' = Doln E : (SDZ—hH - "OZ—h)(SDZ—h’Jrl — eyl + (o =)
v="h'

h' —h
w1l2¢1< )fyz +OP|: +l 2)‘< ) ]

so TRy 2y-d 42 (—h/l;h> AR L O (175 + 174 A(p)), and

h,h! = h,h!
i+plp—2 i+plp—1 . NG ,yk nlm i+ply—2 i+ply—1 )
n,J Tl m o __ A
> Ym0 Y A ()
—h+1 =h+1
+p2Op 152 + 1,20 (0)1].
by Lemma 9, we finish the proof. m
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Lemma 13. Assume Assumption A-vy and Assumption A-v, Vq,r € NT, we have

(

0 qg+r=1

Ol ¢=r=1
—7/2

Op(ln /)1{\h—h’|§ln} q+r=3

Op(17®) g+r=3,

E7U?:J‘“XZJV(Z?k_ ) i J

and

BT ) (T S (= ) (5 = )

,jlrn,km ,jm n,kl

_ F ,ijn lm 4T

Proof. We prove these estimates case by case.

(1) g+r = 1. Since }7}? — )_(]’;” = (woln)_1/2 Zi} _Ol(gperl )(Y]:ﬁrv X};‘JFU) this case

can be confirmed by Assumption A-v, Assumption A-v;

N,J TN (1R k ln—2
(2) g =7 =1 (V" = XpT)(V® = X5%) = (wola) L Sy S0 (0l — (@ —

© )ghiv Z,iv By Assumption A-vy, Assumption A-v, consider supp(y) C [0, 1],

_nvj _n7j _’I’L,k
B[ = X = X F ]
1 hAR +1p—1 .
= J
~ Yoln Z (o1 — on) (Po_ps1 — o) W
v=hVH

hence this term is checked;
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(3) ¢+ r = 3. According to Assumption A-v, Assumption A-v,

\Va 7. 2 7. 2 \Va
B[ — X2 0 - X FEm L ] =
hAR +1p—1 .
—3/2 2 12
(toln) 3/ }: (¢Z—h+1“@3_h)(¢ﬁ—m+1 P M)E[( j> o |, Ah’l]
v=nhVHh'

then this case is confirmed;

(4) ¢+ r = 8. This can be shown by viewing (}7}?"7 — )_(Z’j)q as the sum of
2 : ' j
- n, n, laq.
(oln) ™2 T (1 — e )V, = X2, )'s;
r=1

(5) Let

G = BT R M F ) - B(e N F ) B (e S L),

and
" 1 h+1,—2 h+l,—1 . i
nz’j woln Z (¢Z—h+1 - S0:}—h> Z (SDZ/_}H_l - @Z/_h)(Ev’jEn, + 52 5”, )
v=0 v'=v+1

Based on the case g =r =1,

B = KR T = X (7 = X3 (7 = ) ]
hAR +1p—1

_ n,gkndm 1 2 2 n,gk,Im
P L+ wéa% Z (Po—ht1 = Po—n) (Py_pri1 — Pop)” &v
v=hVh'

,k nlm
+E< B ‘ /\h/ )7
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since for v/ > v, h/ > h, E(sv’]sn,kszl Z,m| Filhp) 7 0if and only if v = h,v" = 1/,

hAR +1,—2 hAR +1,—1

,]k nlm _ 1
E( M, 7 /\h’) T G212 Z Z (¢Z—h+1 - SOZ—h)(SDZ—h’H — Po—p)
0" y=hVK v'=hVH v'#v
gl n.k , kl
X (@0 pq = O g — @) (T AT IR

= Ty + T

, Kl
h ﬁnrn T Oplly ),

which validates this case. O

Lemma 14. Assume Assumption A-vy, SA-v,

E(CFM) = XrXr - op
1E (¢ 1F7) |

(Ch,jkg;z/lm| /\h’) _ (X-n,j)?n,k _ 5}7},]%) (X-n/,l)?n/,m _ én/,lm)

IN

K (1223 + 12832 X))

n,j vn,l-n.km n,j vn,mpn,kl
—I—X X th, +X X th/

o n,l-n,gm v,k gnmpqn,jl
—|—X X th/ +X X/ thl

7l 7k 9. k;l *72
FLPRTTET 4+ TP T 4 Opl1® + (1X51 + 1 X5 2]

IA

B(IGINFR) < K(S+a%).

Proof. We prove these case by case.
(1) Because Ch (X"X” — O + [ = XY — X’;Z)T — I+ X (Y - )_(}’L‘)T

(Y}'{‘ — X}Z)X}Z , the first case can be validated by Assumption A-y and Lemma 13;

(2) In view of (3.17) and (3.29), we have E((;'|F]!) = (oln) " LE[B(n, hAp, (1, — D) AR)|F.

By a similar calculation in part (2) of the proof for Lemma 11, we can confirm this case;
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n7j .] Ve 7.’U 7'1} 3
(3) Let €h1-~1~hqq =TT¢_, (Y}ZJ] - X;Zvj ), by Assumption A-v,

3

ik n,l wn,j vn.k ~n,7k\ ( v, ~n,l k.l
E(C;LLJ C;Ll; m’f-}llr/L\h/) — (X;LL,JX;L% _ OZJ )(X]?; X}Zl;m . C«;Ll/, M) + Z 0‘(7”)2:%/’ m,
r=1

where

a(l)n,jk,lm _ ij)—(n,lgn,km + Xg,szl,mémkl _}_)—(;L,k)?g/,lfn,jm _{_Xg,k)—(n,mgmjl

h,h! h h! Shh! hh! hh' A Shh!
n,jk,lm n,jkim n,jkn,lm n,dmn,jk n,jkn,lm

@y = En — i Tt G Ty TR
n,jk,lm v n,J en,klm v,k en,jlm vl n,gkm vn,m n,jkl

o)y = X G Xy S+ Xy G Xy i

then this case can be justified by Lemma 13 and (3.26);

(4) According to (1), IC]1* < K (1G4 + [ITE4 + KBS + [T — XOS). By (3.19)
(3.26), the first claim in Lemma 12 and the case ¢+ = 8 in Lemma 13, this case can be

checked. O

Set 0 = lnA}n/ 2. Before stating the next results, for a given p € NT, we need to define a

d x d x d x d-tensor-valued function over the domain ./\/ljj' X M}':

_ 20 | pPoo — Yoo pPo1 — Vo1 pP11 — Vg
Ex,zp) = — |———2(v) + —5———0O(2,2) + ———X , 3.34
where Y and © are also tensor-valued functions such that
Z(:L‘)jk’lm _ leka + :L,jmxkl
Oz, 2)IRlm = gl km g gim kL phm gl gkl gm, (3.35)
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Similarly, define another tensor function

_ 20 ) (0]
=) = 73 oo (x) + 3 O(r,2) + - E(2)| | (3.36)
0

we have Z(c,v;p) — Z(c,y) pointwise as p — 0.

Lemma 15. Under Assumption A-vy, SA-v,

ECY,p)I|IF"M = X, p)f

IEC oI FN < Kp (BaZ+ 0 X))

2

Bl pPIF] < KtV (01 idal), g=1,2.3.4
moreover

k ! 3/2 :
‘E [C(Yap)?’] C(KM?’ m|]_—in] —(p+ 1)lnAn/ :(c?,fyzn;p)]k’lm <

Kp? (120, + a3+ B3 + 1 AY?) + (72 + A+ BAD AR} (337)

Proof. We are going to check these 4 estimates case by case.
(1)&(2) These 2 cases are consequences of the second claim in Lemma 11 and the first

claim in Lemma 14.

(3) Note (j} and ¢, are independent if |h' — h| > I, this case can be checked by the second

and last claims in Lemma 14 with Jensen inequality.

(4) Let

a(l)zﬁ,lm _ X}T;,JXZ;ZPZ:;CLIm + )—(}TZ,JX*Z/,mFZZ}kJ + XZ,kXZ/,lFZﬁz + Xg,k)—(z;mrzz%l/

n,jk,m n,jl+~n,km n,jmyn,kl
o(2) )y =Tl T T
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according to Lemma 14,

i+pln—1 i+pln—1
i ! on.j ok Ank ol 5 .l
YY) = Y (X =G Y (X X =)
h=1 h'=i

i4pln—2 i+ply—1
k.l Im,jk ikl Im,jk
+ > Y [a(1)Z§L,’m+a(1)Z:hﬁ”” +a(2),7" + a(2) }
h=i  h=ht1
sy ; 2 1/2
+ Z U a(@)p | 02 0, (1% + 1 2N,

by (3.9), (3.26), as well as Lemma 12,

E [C(KP)?’jkC(Y,p)?’lmIf{” = C(X, p) e (x, pym

?

+ [C(X,p)m’ﬂ’yn Jkm +C(X, p)m,jmfyn Kl +C(X, )ln kl’Yn’]m +C(X, p)/n km”y;n’jq

Wol? !
il nk Jm_nkl
2T T A AT

+ R

(p®11 — V1)

+ 2013 + 1Y 2AN? + (172 + AAR)].

combined with Lemma 11, this case is checked.

3.2.6  estimates of local estimation errors

Lemma 16. Under Assumption SA-v, Vp € NT,

N{* =1 kp—lp+1 b
DRI
1=0 =

NP1 kel

- P
Z > ADikpr14n — 0
i=0  h=m(n,p)(p+1)ln

N*—1m(n,p)—1 b

Plnln > Z D), +af ,p,h)\/)‘(l)?kn+b(n,p,h) — 0
1=0 =
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in addition, if Assumption A-c, A-v hold,
N (7 1/271/2 \1/2
)‘(p)i < Kp /=l T A
Proof. Corollary 3 implies the last claim. Let’s focus on the first two claims. Set

N(©ut = Dseuart] A{jav)>e} + 1{jac>e} + 1{jjav>e})

p(€,0)t = subycscuts<t(lbs = bull + llcs — cull + [|vs — Vu||)1{N(e)u75=0}>

since ky, — I, — m(n, p)(p + 1)l < ply, we have

X(p)? < KN(E)iAn,plnAn + p(€, plnln)t

Sk I, < KN (©)ia, ka, + knple, lnAn); (3.38)

kn_ln N
2 mnp) o0t A Di1n < KN (€1 m(n,p) (p+1) 1) Anopln A

+plnp(€, lnAn)t

Note that N;* =< t(knAp)~! and N{'m(n,p) < t(plnAn) ™1, by (3.38),
Ngl_l kp—ln+1
Ap Z Z XD 4n < K [InAnN(€)os + to(e, lndn)i]

Nj— 1m( -1
Plnln Z Z X vatnpny S K [PalaN (o + t ple plnAn)i]
1=0 =

Ni'—1 kn—ln

p A > > ADi14n < K [p_lk”A”N(e)o’tHP(G’Z”A”)t]’
i=0 h=m(n,p)(p+1)l,

since E[N(e)g¢] < Kct, and limsupa 0 p(e, klnAp); < 3¢, Vk € N, this lemma can be

proved. O
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Lemma 17. If we let lnA}/? = 0 where 0 is positive finite and knAi/Zl — 0, Vp e NT,

|2 ME)FFD] < K{ S - Z X<p>?+a<n,p,h>]

IE(NEPED] < K | (p Ay + pky! Z A )

kn—In

_ 1/4 ~
+kn1An/ E Ml)?ﬂﬂz] ;
h=m(n.p)(p+1)ln

additionally, if Assumption A-c, A-v hold,

( 1/2y—q/2
Kq(knAy'7) ., qg=1,2,4
E(IMp)7I11F") < 172\ 2

Ko[p=0/2 + pla/2IV1 (5, AN =0/2] (k, ANH) /2, g =1,2,4

E(IN(p)F1YF") <
K[p™'+ p(knA}/z)‘l} (knA}/z)_z, q=3

Proof. We can write

N(p)i = N(p,1)i + N(p,2);, (3.39)

]

where

Np )P = (kn =) tA S0P ¢y, 1>z+b( )

_ —1A—1x~kn—In
(1) By Lemma 14, Lemma 15 and m(n,p) < p_lk‘nlgl, kn —lp —m(n,p)(p+ 1)l < plp,

IEM ()3 |71

IN

[lnAwLPk 1P >ohe 07p ()z+a ,p,h)}
[—11 A + kU2 A2 e n) = 3 D2, b ph)] :

1/2 A 1/2 —ky— zn <
IBING. 2017 < K [pha s + b B2 ay 2 b W8]

IN

IEIN (p, 1) | F7]]

(3.40)

then the estimates of norms of expectations can be deduced from (3.38) and (3.40);

o1



(2) for ¢ = 2,3,4, by the independence among ((Y,p)?

; +a(n,p,h)’s and the independence

among ((Y, 1>z+b(np h)’

(n,p)—1

n n K n mn

E[|M (@), 2&}<,€2A2( > B[P agupm 1P
h=0

p)—1m(n

+ Z Z HE[C(Y’p)i+a (n,p,h) |‘Fn]|| HE[ )era (n,p,h’) ‘Fn”)

m(nap)_l
K
BlIM ) 3F) < kw( S B gy P

m(n,p)—1m(n,p)—1

+ > > B apnpm PIEDIELY DT oy

3 m(n,p)—1

- H Z HE[C<Y’ )H—a (n,p,hy) ”)

m(n,p)—l
K
E(IM)} I < kw( S (ISP A1)

h=0
m(n,p)—1 m(n,p)—1
+ Z E(HQ(Y, p>?—i—a(n,p,h)”3|‘7:ln) Z HE[C(Y’ )H—a (n,p,h) |]:n} ||
h=0 h=0

m(n,p)—l m(n,p)—l

+ > Y B apn i PIF) EUC D) o iy IP1IF)

h=0 h'=0
m(n,p)—1 2 m(n,p)—1
T Z E(”C(Y’ p)?Jra(n,p,h) H2|‘Fln) H Z HE[C(Y’ p)?Jra(n,p,hr)’fin] ||
h=0 r=1 h,=0
4 m(n,p)—1
- H Z HE[C(Y’ )H—a (n,p,hy) ]_—n]H)
r=1  h,=0

We have similar expansions for E(||N(p, 1)?||2|]:Z") Similar calculation for the third claim
52



of Lemma 15 can give an estimate of E(||N(p,2)![|?]|F;"). The estimates of expectations
of norms are readily implied by Lemma 14, 15 and the last claim in Lemma 16 with

Jensen’s inequality. O

Lemma 18. Under Assumption A-c, A-y, SA-v, if we let lnATI/2 = 0 where 0 is positive

finite and knAi/Ll — 0, given p € NT,

kn—ln+1
IE@BFM < K kol + Etay Z AU},

Ky [(on ) @M + (/%) 70/2] g =1,2,4

BB 7) < s
additionally,
ik ol [ :
B(5" B F) = — 5= Ay

np)-1
_ 1/2. 12 ~
< K |knAp 4 p ke AYH 1 2 (kAL Z AP+ D ampn) |

where Z(c, )} is defined in (3.56).

Proof. The estimates for || E(B]'|F/")|| and E(||3!||?|F]*) can be derived from (3.10), (3.13),
Lemma 7, 8 and the independence between (', ;' provided \h' — h| > I,,. Next, we will

focus on the estimate of E (ﬂ?’j kﬁ?’lm\fg“) and proceed as the following 5 steps.

(1) Notation

We need to define some variables. Recall the variables in (3.8), define

ply—1
RO, = il R?M
+pln—
D(p)iy, = ZU ; Dy,
+ l -1
AP, = Xl (G — A,
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and define

aly, = =R, DR+ (G, — A+,
a(p);’.fh = —R(p)} ap T D(p)? ap T Ap )z+h + (Y, P)Hh
Oé(p)glh - _R(p)z+h + D( )z+h + A( )H-h’
then we have
] m(n,p)—1 kn—In
Bl =——— | D> eb+D} amph) T > SIRET (3.41)
(kn = In)An h=0 o h=

(2) Ingredient Estimates

Note
v+ply—1
A(p)Z_H} =A, Z A?Jrhc X (v + plp — h) +plnAn(c?+v —c),
h=v+1
we have

E(JA@) IUFR) < Kq(knlaAn)IAY DM (ply, 0@/
IE[A()2 JF < KplnAZ(pln + )

Use (3.15) and the fact that D' LD}, if |h] > I to estimate E(HD(p)?H%]—"Z‘), multiply the
bounds in Lemma 7, 8 with kA% and then swap ky, with pl;, to estimate E(||R(p)?||2|.7:f),
|ER@)FFII, N1E(D(p)i|Fi*)|; use Lemma 15 and let I, < A;l/z, we have the following

scaling properties.

scaling properties | E(|| - ||2|]:Zn> ||E<|}.Zn)||
D(p)z pA%/Q A,
R(p)7! pA3/? DAY/
AO | PARA ) sl (pan "+ 0)
(Y,p)} A, [An+A3/4 X))

(3) Main & Edge Terms
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By the ingredient estimates above about E(]| - ||2|]-"Zn) and Cauchy-Schwarz inequality,

k l ik l
B ([atp+ 0} e+ 013" = cVip+ DY+ D

77)
< K (A 4+ p32AY%12)  (3.42)

Let a(p)/™ = Zk" I according to the table above, by Cauchy-Schwarz

TL
n,p)(p+1)l, Vi, 1+h
inequality and 1ndependence between a(p)”“ and a(p + 1)7 a(nph) with h < m(n,p) — 2,

Jk 4 Jk !
E (|a)]" o) "] + la@){"Fap+ 0100 ]) < Kpd,
n,p)—2
m.jk e n,lm

E | |ap); Z a(p + 1)i,a(n,p,h)
h=0
" 0/4 m(n,p)—2

< Kp B3 4 pkn &S0 Mo+ D] (3:43)
h=0

(4) Cross Terms
By the ingredient estimates above and Cauchy-Schwarz inequality, for v # v/,

< Kp?A2 [pA;W +p1/2A;1/4(01/2 i U/1/2) n 01/20/1/2],

1,V

ik l
B [am) a7

(3.44)

furthermore by exploiting independence,

Jk m,l
B piiaw)mF | <
, 1/2 1/2
k|2 Im|?
E (\<<Y7p>?ﬁv !Fz-") E (\a@%m |7 ) Ljo'—of=1}

e[| |B lo@i ]+ e

i+v 1,00

where e(p)n’jk}lm = plpAp |E[ .D); ’J’f(c’%lm — nlm |]—"”]|1{U 'y} Using Lemma 15,

1,0, i+v Vi’ H—v
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the ingredient estimates above and Assumption SA-v, we get

Jk mil
‘E[ Yp)z—iijv ()z?v’m’ff]

< K [P0 + 0 2al P ) 1y

2 (A0 + A0+ A ) + AN W) | (3.45)

(5) Decomposition

Given j,k,l,m =1,--- ,d, we have

7.k 7l 1 2 —-—1i= j 71 72 73 74 75
BB = (kTS AP = g 4 4 g e

where
m(n,p)—1
gn,l o 1 Z E() ( _'_1> n,jk a( +1>n,lm
R Y T ia(np )W ia(np.h)
n,jk n,lm
Y+ DS P+ Do) ‘ |]:n>
m(n,p)—2m(n,p)—1
n2 n,jk n,lm
S0 = k:2A2 Z Zh 1 B oo+ 1@+ Dl )
+
n,m n,jk
TP+ 150y 0P+ 1 | T }
and
’I’L,?) _ an ’I’le
) jk,Jm
(0 OB gy Vesatupy T D 17
m(n,p)—1
nd (p+2)¢ = (. n : jk.m
S k2 Ay ,LZ%) )E [“(CiJra(mp,h)’7i+a(n7p,h)’p+ 1)

—Z(cf', v p+ 1)Jklm|f”} ‘
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n5 1 (p+2)0 kn, —n n ikl
- —1 =(c . 13 1
ST A [l L i omsp+ )
1 ; _
+m (l’%’p—l—l)jk,lm_:‘(z"yz)jklm
n

By (3.43), e(p)i < Kp[(k%An)*1+pkﬁ1A7ln/4 Zh_<0’m Ap+ 1)z+a( ,p,h)] is the edge term.
o by (3.42), €' < Kpl/2k, 2,
o by (3:44) and (3.45), &% < K [l An-+p"/ 2k EERON A DY VI o)
o by (3.37), &" ’ < K[p (knAgz/Zl)_l +p?(kpdg) ! Zh ()’p Ap + 1)2_1_@( ,pﬁ)};
e by Assumption A-c, Ay, SA-v, £ < KAL?, by (3.34), €% < K (phn Ay~

Combine these upper bounds on f?’r, r=1,2,3,4,5 and €(p)}, this claim can be justified.
]

For the purpose of correcting bias and quantifying uncertainty, we need to estimate Z(ci’,7;")’s.

I use an plug-in estimator - plug in the spot estimates of volatility and noise covariance into

function =.

Formally, we estimate Z(c}', ") by Z(c;",7]"), where ¢;" is defined in (3.51) and

o 1A T
= 2, ALY - ALY, (3.46)
h—1

with my, = |0/A, 1/ 2J, 0’ positive finite. To study the accuracy of this estimator, we de-

fine

A = B A = 27, (3.47)

and we have the follow lemma regarding .
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Lemma 19.
1/2, —
E(PUFP) < Ko| (knAn)? + (ko AYH=02] g =1,2.

Proof. Let xi' =7]" — 7", we have

1 1 & 1
Xi = 2 Z Miyh T Z(Vﬁh —)+ 2—(7 Vigmn)
= h=1
where ' = A?YA?YT - =i Note
Mp, mp—1 Mp—2 Mp
2

Z 77;”:% Z [y Z 10 ity g |+ 2 Z Z H"z+h”z+h'”
h=1 h=1 hW=h+2

By (3.16),

(15

by Corollary 3, the choice of m,, and Jensen’s inequality

‘.7:”) < K(my + m%AQ)

E(4FR) < K,AYY g =1,2, (3.48)
by (3.35) and (3.36),

2
I 1< K (B + I+ PN + DRI I+ X 1),

hence this lemma can be checked by Lemma 18 and (3.48). [
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3.3 Pre-averaging for 1to6 semimartingales

If the It6 semimartingale is driven by a jump process of finite activity besides the Brownian
motion, we can identify the intervals in which jump occurred3. For the purpose of estimating
volatility, we can discard those intervals that contain jumps. A natural approach is to
select a threshold value v, = aAh. where « is positive finite and possibly depends on the
local volatility level, and p < 1/2 by classic estimates in section 2.3 to keep the Brownian

increments (diffusion components).

I define pre-averaged spot volatility estimator? for general It semimartingale model as

kn—Ilp+1
' (ks b vni 9) = o5 i —zn Z [ Fn(ni ) Vi) 1 VL, (i) <vn}
_ }/ﬁ_h(ln’ gp) , (349)
where
vp =< A (3.50)

with some suitable choice of p < 1/2.

The second term on the right hand side of (3.49) is for bias-correction. It is negligible in the

first-order asymptotics due to noise, hence a “small order” correction. It does not matter to

3. However, the problem of positioning jumps are much more difficult, depending on the jump activity
of the underlying process (Blumenthal-Getoor index). In the simplest case where there are finite jumps
on a bounded interval, one can easily separate the jumps from the continuous evolution. If the jump
activity is infinite, the matter is complicate to discuss and beyond the discussion of estimating spot volatility.
Nonetheless, for the purpose of identifying the intervals containing jumps (single or multiple jumps) and
estimating volatility and the functionals, the intuition described here would suffice to guide us to the right
path.

4. There are a few slightly different versions of pre-averaging estimators in the extant literature. For the
sake of generality, we adapt the convention from Jacod et al. [2009, 2010], Christensen et al. [2010]. A special
usage example of pre-averaging can be found in Podolskij and Vetter [2009b], Wang and Mykland [2014].
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the consistency, so one can also use

kn— anrl
N . Yy .
i) = o o 2 Valaio) Vali o g,y 35Y

The advantage of the estimator (3.51) is that the estimator is guaranteed to be positive
semi-definite in finite sample.

Lemma 20. Under Assumption A-y and Assumption SA-v with v € [0,1), choose I,
such that lnA,lL/2 =0+ 0<A111/4)7 we have

B(vmry) < Kal?
B(IFMWEr) < maal 2o
B (1T v T 9R) < Kol
> (llJnH > |Ji”] < KqanALLI/Qf(wfl/Zl)V]X[l/\(q/y)]7

for some ap — 0.

Proof. We show these inequalities case by case.

(1)&(2) We define X’”, er, jZ” according to (3.4), which are associated with process X', ¢
J respectively. By (3.26), E(H)_((”HQLF.(O)’n) < KqA%ﬂ; by Theorem 1, E(|]§?||q|]?f) <
Kqly % we can write JI' = (gln)~ 1/2 BN (cp, (In, — 1)Ap,) according to (3.17), by Lemma
5, B(| 70470 < Kylh?A,. Notice ¥ = XM 420 ¥ = V1 4 J1, the first 2

cases can be verified.

(3) We define Xl'n, er, Jln according to (3.5), which are associated with process X', ¢, J re-

spectively. By Lemma 5, Corollary 3, E(||)A(§n||q|fi(0)’n) < qungA%’ E(||Zﬂ||Q|fZ(0)7”) <
Kyl 2 An; besides, B([[E7]19|F7) < Kqlp 2. Notice [V < K (| X" + [|2(]),

Ve <

K(H)?Z’”H + ||§?H + HjZ”H), this case is checked.
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(4) Note that

7] _ in, (@ (ln = 1)An) _ i, (@ (ln = 1)Ap)
Al (o) /2A8 Ayl 22w, A ) 20-1/2

then this case can be checked by Corollary 1. O]

Lemma 21. Under the definition (3.51) and (3.49), when v < 1, there is a sequence ay, — 0

such that
B (16 = &4 F]) < K any 2070072004 A2

Proof. We have
|7 Ty = 0 = (B T =) | <o)+ ) + 0 3),

¢ {IIYZ-”IISVn} !

where

n B on T, sn o, To
) = ||yv Ly ~ Y Y “{HY;"HgVn}H
(2 = [V -y
=y )
w3 = IV gy

(1) estimate of n;*(1)

Consider z = (y + v)(y + U>T]l{||y+v||§un} — ny]l{llylléun}’ we have the following 4 cases:

2
ly + o]l V |yl < un = (gl + 101D <20
2 < K|yl? (Jyll /un)? O=20)

)2/ (1-2p)

ly + vl < up < |yl

2
2 = lyll® (lyll/un

-

-
un/2 < |lyl <un <ly+vl| =
-

2
2|yl < un < ly + 2] 2 < Kuplyy, <o)}
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hence

12l < 2 72y 242/=20) 1 (1 [y (ol AT+ [Jof)2 A ).
Let uy = Vn/A1/2 = YZ-*"/A}@/Q and v = J_Z?”‘/A}/Q, we have
2] < u /(1 2p)<zn)2+2/(1 2p)+(1+Zn) [Qn+u (Vn) }

S 1/2 = 1/2 =
where 27 = | V77 |/ A%, Q1 = (ITPI1/AW %) AL V= (IT21/A5) A1

Let H be the o-algebra generated by random variables p(A) with A € B(RT x Rd) being

Borel sets. Let (F;) be the smallest filtration such that .7::75 C Ft and H C F;. By Lemma

20,
E[ZF) < K,
E[(Q?)(]L/—_'Zn] < Kq (1/2 v/4)x[1A(q/v)] an
E[(VMFM] < K, A[l/2 (p=1/4)v]x[1A(q/v)] an,

where a;, — 0. In case v < 1, ¢ > 1, note /(1) = ||z]|Ap, by successive conditioning on F*

and then F',

E[(n ()Y F!] < KgAj, [A%Jr < AY2Zv/4 Agl?ﬂfl)qﬂ/?f(pfl/zl)y) an}

< K AWy,

(2) estimate of n}*(2)

Note ?;n—?z*” = (Yoln)~ Zh 0 (wh—kl @Z)Qeﬁ_h, where ]! = A?X'A?JT+A?JA?JT/2+
Al'e ATLJT By Cauchy-Schwarz inequality, Lemma 5, Corollary 3, E(|[e|?|F") <
K A for q > 1, therefore E[(n7(2))1|F1] < K,ALT/2,

(3) estimate of n}*(3)
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By Markov’s inequality and Lemma 20,
_ _ _ /
PIT > vl 1) < BTGP 17 @2 a00) L=< Al (3.52)
By Cauchy-Schwarz inequality and (3.52),

= 172 (1-2p)¢ /2 +(1/2-p)d
Bl ()1F) < Ky B (Il Fp) " Al 200 < i, o ad im0,

Combine estimates of n"(m), m = 1,2,3 with sufficiently large ¢’ for "(3), we can deduce

this lemma. N

- _ kn_ln+1 o : -n B
Define ¢! = (kp — In)™ Z c¢i', we have an uniform convergence result for ¢’ —
cr.

7

Lemma 22. Assume Assumption A-c, A-y, A-v, k, < A} with k € <% Vv 2_44—37 %), and
in (3.50) pe[1/4+ (1 —k)/(2—v),1/2), then

sup [[¢ —¢;'[| = op(1),
€1y,

where I, = {0,--- , Nj* — 1}.
Proof. We prove this lemma in 2 steps.

(1) Show supjeg, |lci' — || .

Note that |I| < (knAn) ™1, according to Lemma 21, there is a sequence a,, — 0 such that

E (Sup i —A;-k”!Hf?) < K [an PR om 0]y A2
i€ly,

Y

by the condition on x, we get the result in this step.

P
(2) Show Sup;er, ||5;kn - — 0.
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Note that ;™ — ¢! = £(1)! +£(2)7 + N(p)!' + M(p)}, by Lemma 7, 8, 17 and x < 3/4,

7

B(lem — @ [4Fm) < KAZ, so
E(sup e —?H!f?) < KAB?,

1€l

since k > 2/3, we accomplish this step. Combine these 2 steps, this lemma is verified. O
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CHAPTER 4

INFERENCE OF VOLATILITY MATRIX FUNCTIONALS BY
PRE-AVERAGING METHOD

4.1 Functional estimation when noise matters

Now we are ready to study the functional inference problem of (1.1). We assume the following

smoothness property of the matrix functional:

10" ()] < K1+ le]™™"), h=0,1,2,3. (4.1)

Jacod and Rosenbaum [2013] studied the same problem when the observations do not suffer
any noise, so did Li et al. [2019]. What if our high-frequency observations are noisy? We
can use pre-averaging! We compute the instantaneous covariance matrices by pre-averaging,

and plug them in the functional of interest and apply necessary bias correction.

Overlapping intervals would result in more efficiency than the non-overlapping alternative
when we use the pre-averaging method to estimate covariance matrices, while overlapping
intervals will not lead to any asymptotic efficiency gain in estimating the integral by Riemann
sums. Taking this fact into account, it is reasonable to use overlapping intervals to estimate
instantaneous covariances and use non-overlapping intervals as building blocks for functional

estimators.

If one uses non-overlapping smoothing windows!, the corresponding sampling scheme can

be depicted as the following.

1. Note that, we will use overlapping window of length [,, to improve efficiency and our choice of sampling
scheme is not as the picture describes. This sampling scheme pictured above is only meant to demonstrate
the double moving windows in my methodology.
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to t1 to ety e thot, e tok,1, e tlnfinfln tn

7—0 7‘1 “ e Tkn N Tan

/\0 /\1 )\2

Iy, is the window length (in terms of observations) for kernel smoothing; &, is the window
length (in terms of local smoothing windows) for volatility estimation. {t; = iAn}i—.... p
is the set of time points where noisy high-frequency data is observed; the local windows
for de-noising are obtained via partition points 7, i = 0, -+, [n/(lnkn) | kn; the time points

Aiy i =0,---,|n/(lnkn)] are those on which spot volatilities are to be estimated.

Mentioned in section 3.1, the spot volatility estimate based on the data in the interval

kn—Iln+1
1 _ _
oA Yoo (- YR (L
Cikn, (kn — ln)An ; Zk‘n'i‘]( n; 90) zkn—|—]( n; P ) {Il l/fn-f—]( i) <vn )

- Z‘ZnJrj(ln;SO) )

where i = 0,1,2,--, [t/(knAp)| — 1, and Y (In; ), 2"(ln;¢) are defined in (3.4), (3.5),
vp = alAh, a > 0,p€[0,1/2). The estimator of integrated volatility functional g over [0, ]

is defined as

NP-1

d d d

S(g>? = knAn Z g(g;lkn)— 1/2 Z Z Z Z a lmg an E(Tknfy\ﬁgn)]k,lm )
=0 2kn Ay " =1 k=1 1=1 m=1

(4.2)

where N* = |t/(knAp)| and Z(c,7) is defined in (3.36).

There are three tuning parameters in the spot estimator ¢} and the functional estimator

S (9)f- They are summarized in Table 4.1.

66



tuning parameters | description

In length of overlapping window for local moving averages
kn length of disjoint window for spot volatility estimation
Un truncation level for jumps

Table 4.1: Summary and description of tuning parameters in the pre-averaging method

4.2 Jacod’s theorem

A groundbreaking landmark and widely used probabilistic result for deriving central limit
theorems associated with discretized stochastic processes is the following theorem applicable
to discretized processes. Literature calls the result stable convergence to a progressive con-
ditional continuous process of independent increments. It is adapted from Theorem [X.7.28
in Jacod and Shiryaev [2003].

Theorem 2. Suppose M is a Ri-valued continuous local martingale satisfying E|M <
00, Vt > 0, and the components in the triangular array (X')1<i<n,neN are square integrable,

and xj' is Fj'-measurable for each i.

Assume C, G, B are continuous, adapted processes on the probability space B = (Q, F, (F¢)t, P),
and they take values Mﬁ, Rde, RP | respectively. Furthermore, Vt > 0,Ve > 0,1 < j, k < p,
1 <1 <d, and VY bounded martingale N on the same probability space which is orthogonal to

all components of the process M, assume

[nt/T] b
sup Z E(x}Fity) — Bl — 0 (4.3)
201 =
[nt/T ]

ECSININFR) - EGOH I FR ) B ER) | S off 4.4

Z (Xi Xi ’ Z—l) (Xi | z—l) (Xz’ ’ z—l) — G ()
i—1
Ty .
> E(GYArMI L) = 6 (4.5)
i—1
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[nt/T]

P
> B (NP F) =0 (4.6)
1=1
[nt/T|
Y E(JAINIFL) o0, (4.7)
1=1

then 3 an extension B of the probability space B and a M-biased F-progressive conditional

continuous martingale X with independent increments on this extension satisfying ¥Vt > 0

(X, X = G
(X,M); = Gy,
and such that
|nt/T|
S wES B+
=1

4.3 Central limit theorems

4.3.1 decomposition

By Cramér-Wold theorem, we can suppose g is a R-valued function without loss of general-

ity.

Based on 2nd-order Taylor expansion, we can decompose the estimation error of volatility

functional in the following way:

82 4 Bg)" - S(g)] = VmO 4 TRy T2 4 PR L T, (48)
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where

N -1

‘—/tn,O _ —1/4 Z/

t

g(ch ) gles)ds — / o(cs) ds

n an,kn NtnknAn

N—1 ¢4
1/ ,2 3 4 ;‘k a‘k "k
T = kY S et [0 s <]
1=0 j=1k=1
N'—1 d d
3 3/4 Jk Jk
7=kt S [g @) —o(ch,) = D> Omglely, ) Cp’™ — ™)
i=0 J=1k=1
1 d d d
92 - ~ k,l
S5 3 gt < S ]
anA j=1k=11=1m=1
4 3/4Ntn 'L k k
V)t = kpA ZZ [N@)Z;;Z + M( )Z;ﬂ

4.3.2  asymptotic negligibility

In this subsection, we show V" e 0 m = 0,1,2,3. One recurring intermediate result I
rely upon is the following maximal inequality.
Lemma 23. Let Z;;i = 1,--- , M be random wvariables and H; = o(Z1,---,7Z;) be the

o-algebra generated by Z7,--- , Z;, then

m M 1/2
Z[Zi—E<Z¢|%>]H) < K(ZE(HZZ-HQ)) :

i=1 i=1

E sup
m=1,- M
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Proof. Since {H;} is the natural filtration of {Z;}, {3 1"(Z; — E (Z;|H;)]}m is a martingale.

By Jensen’s inequality and Doob’s maximal inequality,

m m 9 1/2
E sup (Z; — E(Z;j|H;) <E sup (Z; — E(Z;|H;)]
(o [ s <z (w550
. o\ \ 1/2 o 12
<[+ s =2(|Sz-p@m) <x(SE(iz) "
m=1,- .M = i=1
O
3/4
Lemma 24. If we let kpA; ~ — 0,
(A=)
Proof. One can write
t
e e (49)
NIk, A

where A} = — Zf\ﬂ; (Gfk + 0 ) and

{eykn = 2 S iy [90€0) = a(elh) = S0 S Ojrg(e (el = )] as

1/d—~d  —d ik njk
on, =AM e 0i9(C ) Jrinit k) (5 — Ci ) ds.

3/4

Due to the fact that k,A;) — 0 and A, ~1/4

||f]<7"k; A, g(cs)dt]| < Kk:nA%M, it suffices

to show A" ““% 0. By assumption (4.1), 16, I < KA_I /4

Fubini theorem E H@Z”an <K k,%AZL/ 4

Ji( nikn,kn ) lles — el ds, by

By Corollary 3, |[E(@ |Fi")|| < Ki2AYT. By
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Cauchy-Schwarz inequality and Corollary 3 again,

2

Flon

ikn,

(0)’n> < KAgl/Q sup FE
j7k:1>"'7d

o / Ak _ ik g
(” ki I(nyikn,dn) ik

<KASY? up E(An/ (clF — iky? ‘]—" ”)gKk%A?/Q.
d I(nikn,kn)

G k=1,
Note that
N{'—1 N*—1 NI'—1
sup || A7 < Z 165, 1+ Z |E@ Fi ™)+ s |2 [0 —EE )] |
86[0 t SE[O,t] i=0

because {Q%H — (ngn{ ; kn > } is a martingale difference sequence w.r.t. (]:i(lg,}n)i’ based

on Lemma 23,

NP-1 NP—1 1/2
o | 3 o — (o |7 | <2 X RGP | < wvim A
sEUH i=0 i=0

u.c

thus E( SUP4e(0,4] AT < K(tknA%/4+\/fk7l1/2A%/4), thus A" ““%" 0 by Markov inequality.

Therefore, V"0 R, O

Lemma 25. If vy, < A} in (3.49) satisfies p € [(3 — v)/[4(2 — v)],1/2),



we have

* Z IS #1/2 Ha?k,lmg(x) x E(x, 2 — 0% 1 g(y) x Z(y, z)jk’lmH :

according to (4.1),

lgn(z.2) = galy 2 < K [1+ (Ll v Qg™ e = )

K .
i 1 (el v Ity e =l (12l + 11212)

’Il’I’L

K L )
NN <1+ lyll" )Hw—yll (Hw—yll + HZHIIx—yH),
kA

n=n

50 [|gn(x, 2) — gn(y, 2)|| < K [L+ (||=]] V ly])" "] ||z — y|| when n is sufficiently large. Note

E ( sup HV” 1

NP—1
3/4 ~ =~
]) < kst 37 |lgn(@, A — on @ AR
SE Ot ]

1=

< Kt (an 4010220 L A1),

by Lemma 21. Since p > ( 1/4 (p—1/4)v—(1—2p) > 0, this lemma is verified. [

Lemma 26. If we let I, = A, / and knAS* 50,
‘_/TL,2 .C. 0
Proof. Consider the process
K /4 N{—1 4 d .
Vi = kaA > 2 kg i
1=0 j=1k=1
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and suppose £ € RA*d gatisfies

1/4

1B &) = KA an

1/2._
E (|2 FR) < K(kaAY )b,

IA

(4.10)

where ay, by, — 0. Since 0g is bounded,

NP1
— 3/4
(gl s Easn
» NP—1
+ KkpA)y 'E SZL[I&)ﬂ ; [fﬁcn—E<3€n| lecnﬂ" ;
by Lemma 23,
NP—1 N1 12
B s | 32 (6, — B (s )] | < 50| 2 B (7))
selot] || izo i=0

note that k,A,N/* < t, we have

E| sup
s€[0,t]

thereby we show that V" is uniformly asymptotically negligible on compact intervals.

1//n
VS

DSK@%+ ) 0,

To show the asymptotic negligibility of V"2, we need to show & satisfies (4.10) in each of

the following 3 cases:

(1) & =£(0)7
by (3.13), (4.10) is realized with an = kAL %, by = (knAS/H2;

(2) & =£(1)7
by Lemma 7, (4.10) holds with an = L,AY* + (1,AYN7L by = keaAY 41,05 4
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(lnArlz/8)_2];

(3) &' = <)}

i ; : : 1/8\-2 3/8\—4
according to Lemma 8, (4.10) is satisfied with ap, = (I,Ay ") 7%, by = (InAY )% O
Lemma 27. If we let lnA}l/Q = 0 where 0 is positive finite, and knA%M — 0, knA%/g — 00,

s e

Proof. We can rewrite V™3 as

Vn,S - G" + Hn’

where
NP -1
3/4
Gt o= kY [ty oty + B (v 1 FR )]
=0
NP-1
3/4
H' = lann/ Z [v?kn_E<vinkn| ﬁ“ﬂﬂ’
1=0
and
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By (3.47) and (4.1),

-3 3
sl < K@+l )87

?

7 7

1/2,—
lafl < KA 1020 157

HIO%g (e} + B7) = Pg(e) < (IECF A+ 571D ],
hence by Assumption SA-v,

Pl -+l ll < BRI + i)~ (B2 + 821+ 182INIA2) ). (4.11)

(1) Study of G"
By Lemma 19, we have E(|[ul[||F") < K(knA}l/z)_?’/z. By (4.1), Assumption SA-v
and the last claim in Lemma 18, we have

m(n.,p)—1

IB@PIFD < K [kndn + (pkndi*) ™+ p2(R20) ! hz A+ D a(npm)-
=0

These yield

NP -1
(g o) < st S et ) o |

s Ki [’fnﬁf/ L Y 4 (kY 4)—1}

N—1m(n,p)—1

3/4\ — Y
+Kpka &Y TVE [phan 3 A+ Diknratnph) |
=0 h=0

by the last claim in Lemma 16, G" =}

(2) Study of H"
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First we have by (4.1), Assumption SA-v, Lemma 18,

1
2
E(loi' 717" < K

Lemma 23 implies

“

hence H™

NP1 1/2

2
sup [|H{| > E(|lof, II7)
SQ[O,t] i=0

) < KkpAY*

u.c.p.
LB,

Therefore, V3 = G" + H™ LCly,

4.3.83 stable convergence
Define
- 4 A3/ il d
V(p,0)" = kpAy E:E:E: (cfh. )
1=0 j=1k=1
- 4 3/4Nt L
Vip, D" = kadd™ DY 0> 0(ciy,)
1=0 j=1k=1

note that V"% = V(p,0)™* + V(p, 1)™4.

kA2

2
7}

]

—n,jk,lm

< K [lndhn + (Bt %)

< KVE 3" + (s %) 712

n,jk
ikp,

N(p)

n,jk
P)ik, -

Lemma 28. If we let lnA}/Q = 6 where 6 is positive finite, ly/kyp — 0, p — 00, p/kp — 0,

u.c.p.

V(p,0)* =25 0.

Proof. Based on (3.39), we can write V (p, 0)"4 = ky (ky, —
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where

V(p,0,0)™* =39, 30, A, 1/42 Zh o7p Ojrg(ciy, )XC(Y’l)Zéiib(n,p,h)

. A —1/4 o — zn n.jk
Vip,0, )™ =3930 A, ORI e ) (ot 1) QiR ) X Gt

By Lemma 15, 23

Ni'=1m(n,p)-1
E ( sup HV p,0,0) n4H> < KA, ~1/4 Z Z HE[ (Y, 1)zkn+b( ,p,h)]H
s€[0,¢] =0 h=0
N*—1m(n 1/2
+KA51/4 Z Z Mg (Y, 1)k aner n.ph H }
<K [tpfllnAf/‘* V(0732 4 61212
NP—1m(n,p)—1
QI/QZnA 2% Z /\ zkn—i-b J%h)]
; _
Similarly,

E ( sup |[V(p,0, )¢ H) < K [tp6 (b A/ )T+ VE(O73 4 012) (pf )
s€[0,t]

N1

+ 2 Z Z X(l)?/{n+1+h]a

i=0 h=m(n,p)(p+1)l,

then this lemma follows from Lemma 16. O

Lemma 29. If we let I, < 9A771/2, then for Vp € NT,
et £

where Z(p) is a process defined on an extension of the space (Q,]—", (]:t)tzo,]P)), such that
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conditioning on F it is a continuous mean-0 Gaussian martingale with variance
d

- t d d d .
EZ(p)Z(p)"|F] :/O SN ST Y 0k9(es)Amg(es) T E(es, v p)F ds,

j=1k=11=1m=1
where E is the conditional expectation operator on the extended probability space and =(x, z; )

is defined in (3.34).

Proof. We will prove this result using Theorem 2.

Firstly, we can write

d d N'—=1m(n

> n,4 71/4 ,jk
V(p, 1)t Z Z C 7p an+a ’p,h) X ajk'g(czlkn%
1=0 h=0

" i=1k=1

Secondly, let H(p) .7-"Z”+a( npih)? by Lemma 15, 16,

Ny =T m(n.p)-1
A2 Z% Z_: | I ) o )zh]H

3 A5/? 1/2Nﬂ tmlp) =1 P
SVINGEIIES Y P vatupdy| — 0
1=0 h=0

and note that by Jensen’s inequality

109 I EAC, P I 2 109 E (ISP 1M e pymsetosemiy T

> (I9(eIE (1Y, DI v mpsestontep 7))

Hence, the following 4 statements about convergence in probability for any indexes j, k, 1, m

can verify the conditions (4.3) - (4.7) of Theorem 2, which then will prove the stable
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convergence:

N*—1
A1/ Z mz 199 )1+ || [CO% ) g MOV ] | = 0 (412)
1=0 =

Nt _lm( n,p )_1 4
ALY 10wl I [0 g | 1G] 5> 06013
1=0 h=0

and

N1 m(n,p)—1
A2
/ Z Z 19 )Omg(ch )
n,jk n,lm
X S o) SOV ity POV

P _ .
—>/0 ajkg(cs)almg(CS)T :(087’Ys§p)jk’lmds (4.14)

N*—1m(n
—1 4 P
/ > Z ou(e W[ 60 p iy AN @, M), 4] | 0.
(4.15)
where N is a bounded martingale orthogonal to W or N = W for some [ = 1,2,---,d', and

AN(P)Z}L = Nin—l—b(n,p,h) - N;L+a(n7p7h)'

(1) (4.12) can be shown by the second claim of Lemma 15,

N'—=1m(n
1/4 Z Z ||8g( HE[ Yp)lk +a(n,p,h) |H< )an’h] H =
1=0 h=0

/ / / N*—1m(n,p)—1 b

3 4 3/2 \5/4 Z Z

K tln + l A an+a( ,p7h) —> 0-
=0 h=0
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(2) (4.13) can be verified by the third claim of Lemma 15,

N" 1m(n

A gg 2_; st N B B[00 ]|

< Ktp(I,°0,% + 3A2) — 0.

(3) (4.14) be established by the last claim of Lemma 15,

I'—=1m(n,p)—1

A2
/ Z Z 0jkg(clh ) Oma(clh, )T
1=0 =

Jk il
X E [C(Y> p)?kiJra(n,p,h)C(Y’ p>?knﬂ}ra(n,p,h) |/H(p)?kn,h}
N{*—=1m(n,

p)—1
T, = k.l
Z Z W) O, % E (G ta(np by Vikta(upt) P) @+ Dinbn
1=0 h=0

—1m(n,p)-1
1/4 1/2
+p Op(tA/ +p A/ Z Z Ap an+a( ,p,h)>
=0 h=0

then (4.14) can be proved by Lemma 16 and Riemann summation.
(4) (4.15) follows from the same argument of Jacod et al. [2009] for (5.58) therein.

[]

Theorem 3. Assume Assumption A-c, A-y, A-v hold for v € [0,1). Suppose g €
03(./\/13) satisfies (4.1) for some constants K >0 and r > 3.

Furthermore, assume either one of the following two conditions:
(i) X is continuous, and vnA,” — oo with p € [0,1/2)
(i4) vy =< AR with

€ [1/4+1/(4(2 - v)),1/2). (4.16)
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Beside, given 0 positive finite, we control the bandwidths in such way that

1/2

[N/A BN (4.17)
kA

Then we have the following functional stable convergence in law:
— ~ L
A4 [S(9)" = $(9)] =\ 4 (4.18)

where Z is a process defined on an extension of the space (Q,]—", (]-})tzo,IP’), such that con-

ditioning on F it is a continuous mean-0 Gaussian martingale with variance
E[2Z1|F] = V().

where E is the conditional expectation operator on the extended probability space and

d d

Vigh = / Z Z DD Oirgles) Omgles) " Eles,vs)" ds, (4.19)

J=1k=11=1m=1

with =(c,v) being defined in (3.56).

Proof. This result can be obtained by Lemma, 24, 25, 26, 27, 28, 29, and that

E(CSa ’757p) — E(087 78)7

as p — o0. O
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We can estimate the asymptotic variance by plugging in spot estimates:

d d d d

where ¢} is defined as (3.49); 7" is defined as (3.46).

Remark 3. We have for all finite ¢,
[7(0) = Vighl| = Op((knri/)71).

Since E(||B'|1]F*) > E(||x}'[9]F}*), the estimation error of V(g) is dominated by B, so it
is dictated by the tuning parameter [, for pre-averaging. We are satisfied with ‘7(9) being
consistent and this order of error, and will not purse the central limit theorem of V(g) in

this dissertation.

4.8.4 positive semi-definite plug-ins

As in (3.51), we can modify the original definition of the pre-averaging estimator (3.49) for

spot volatility by dispensing with the noise-correction term ?Zn in (3.49),

| Fn—ln+1
P = = 4.21
K ( - ln Z H_h {HY_HLH<Vn} ( )
This new estimator (4.21) is positive semidefinite by definition.
Correspondingly, we define the following conceptual “estimator” like (3.7),
a kn—Ilp+1 -
KT, DS VI
o _ Z v (4.22)

i (kn — 1n)An —zn
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Similarly to (3.10), we have the following decomposition:
d
BT =" = = €(0)] + E(DF + £ + N(p)i + M(p)7., (4.23)

where £(0)7*,£(1)1, N(p)}', M (p); are defined in (3.11), and

2 17

kn—ln+1

5(2)? = ( Z Ferha

with I'}' being defined in (3.8).
Define the functional estimator with positive semidefinite covariance plug-ins as

N'—1

S( ) n,psd __ = kn /A, Z [ psd
0P i ,ps ~n,psdy jk,Im
- 1/2+5ZZZZ%M9( ik, Y x D) , (4.24)

where ¥(c) is defined as (3.35).
Theorem 4. Assume Assumption A-c, A-y, A-v hold for v € [0,1). Suppose g €
C?’(M:lr) satisfies (4.1) for some constants K >0 and r > 3.

Given 0 positive finite, we control the bandwidths ly,, ky and the truncation threshold vy, in

such way that

o= 08,770 Se (. d)
b= oAt me (R VLI E4E) aw)
v = oAb pe[%—i-%—l—%:—';,%),
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then we have the following functional stable convergence in law
— ~ L—
AR [F(gprt — s(g)] ©Y) 2, (4.2

where Z' is a process defined on an extension of the space (Q,F, (ft)tZO,IP’), such that

conditioning on F it is a continuous mean-0 Gaussian martingale with variance
EZ'ZV\F) = V(g),

where E is the conditional expectation operator on the extended probability space and

t d .
Vioh =20 [ 333 a(en) e T S(en s, 421)

with 3(c) being defined as (3.35).

4.4 Simulation

As a proof of concept, when d = 1 estimators corresponding to g(c) = ¢2, g(c) = ¢,
g(c) = log(c) are calculated based on the simulation model

Vo= X

dX; = .03dt+ /e dWy + X AN

deg = 6(.16 —¢p)dt + Dy/crdBy + /e~ Jf AN},
where e "X N(0,.0052), E[(Wiia, — Wi)(Biya, — B)] = —6A,, JX ~ N(—.01,.022),
Nt)—(kAn - NtX ~ Poisson(36Ay,), log(Jf) ~ N(=5,.8), fea, — Vi~ Poisson(12A,).

Each simulation employs 23400 x 21 data points with sampling interval A,, = 1s. The author
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chooses the tuning parameters according to Table 4.2, where &

2 is an estimate of the average

volatility by bipower variation [Podolskij and Vetter, 2009a).

functionals ‘ In kn, Un

glc) = ¢ AP (A Y] 165247
gle)=cb [ IALP] [ALT] 155247
glc) =log(c) | [ALP] (A7) 155247

Table 4.2: Tuning parameters of the pre-averaging method in simulation

Simulation results are shown in Figure 4.1.
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Figure 4.1: Simulation of volatility functional estimation by the pre-averaging method
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CHAPTER 5

STATISTICAL UNCERTAINTY QUANTIFICATION FOR
REALIZED PRINCIPAL COMPONENT ANALYSIS

Factor analysis is one of powerful statistical tools that help us obtain information and gain
insights from huge and complex datasets. It reduces dimensionality, greatly facilitates data
visualization, reveals common trends et cetera. One major approach to factor analysis is
the principal component analysis (hereafter PCA) [Jolliffe, 2002], which can be done by
estimation of spectral structure of covariance matrix. Along the same line, PCA of high-
frequency data modeled by Itd6 semimartingales can be investigated through the lens of
stochastic volatility matrix spectra, i.e., ¥tq+ = A\tqt, where ¥y = ¢; is the instantaneous
covariance matrix at time ¢. In this chapter, I denote the instantaneous covariance matrix
by ¥ (notation widely used in factor model literature) rather than ¢; (notation in the

literature of limit theorems for stochastic processes).

The inferential theory of PCA of high-frequency data relies fundamentally on the results of
volatility matrix functionals fOT g(X¢)dt. In the basic setting where \; is a simple eigenvalue
of ¥ and ¢ is the corresponding eigenvector, the mapping >t — A+ and ¥; — ¢ are three-
times continuously differentiable, cf. Magnus and Neudecker [2007]. Therefore the inferential

results for S(g) in section 4 are immediately applicable.

Based on Jacod and Rosenbaum [2013], Ait-Sahalia and Xiu [2019] developed the realized
PCA method for high-frequency financial data, in absence of microstructure noise. The real-
ized PCA method provides inference on the realized eigenvalue fot A ds, realized eigenvector
fg ¢s ds, realized principal component fg vs— dXg. Ait-Sahalia and Xiu [2017] applied this
high-frequency PCA methodology under a high-dimensional approximate factor model to
estimate large volatility matrices. Recently, Chen et al. [2019] extended the realized PCA

to asynchronously observed noisy data.
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5.1 Formulation of PCA

Suppose we have observations X, X1, -+, X, of a random variable X taking values in RY,
PCA seeks to reduce the “apparent” dimensionality of data and find an “intrinsic” dimen-

sionality in which the original data structure/relation is preserved as much as possible.

Let ¥ = Var(X) and suppose the following eigenvalue factorization

A1
Y =0Q QT (5.1)
Ad

where Q = [q1,- -, qq] is orthogonal and Ay > --- > \;.

Consider the dimension-reducing linear transform F = WX from R? to R”, where W =

[wy, - ,wr]T and wy, - ,w, are mutually orthogonal, i.e., WWT = I,. We see that

X =WITF=wTWX is the projection of X onto the subspace RY,

In the same spirit of least squares, one natural criterion of dimension reduction is to minimize

the mean square error of the projection X with respect to X, which is

E(|X - X|?) = E(u[(X - X)X -x)7))

I
E
=
H
=
I
=
H
=
4
A
=
H
=
\g
=
H
=

Therefore, equivalent to minimizing the mean squared projection error, we would like to find

weight vectors wy, -+, w, € R such that

o [wil|=1,j=1,---,7;
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o wi X WwiX, j#k (-wjw,=0,j# k)
® w; = arg maxq aTsa.

We can derive the solution using Lagrange multipliers. Define

Li(o, ) = aSa — pi(ata—1),

then

0
—L1 =2Ya—-201a=0 = Ya=[a,
Oa
it also implies aTya = [B1. Thus we should take 51 = A\ and w; = ¢q1.

Next, for j = 2,--- ,r, define

Lj(Oé,Bj,@l,' 0] 1)—06 Ea—ﬁj «Q Oé—l Zekja dk,

the first-order condition is

j—1

o J

a_oz£‘7 = 2Ya — QﬁjOz — Z quk = 0, (5.2)
k=1

multiply qg, k=1,---,j — 1 respectively on both sides of (5.2),

0
an L;=2 g, — 2850 qp — Opatqr = 05 = 0,

hence Ya = fja, since we require Oquk =0, k=1,---,7— 1, we should let f; = A} and

a = @, in the optimization problem.

Therefore we shall use the linear transformation

F=lq, ¢l X
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The reconstruction W1 F, is the most feature-preserving among all linear transforms, in the
sense of minimizing the mean squared error. Such F is called “principal components” in

PCA and “factor” in the parlance of factor analysis.

5.2 Matrix calculus relevant to PCA

The eigenvalues and eigenvectors can be considered as functions of the corresponding co-
variance matrix. Since X is real symmetric, 3 d pairs ()\T(Z), qr(Z)), r=1,---,d, where

M (2) € R, ¢r(X) € RY, such that

Xqr(X) = M (2) ¢r (), (5.3)

and we can recast (5.1) as

Y=g (%), qa(B)] : : (5:4)

By requiring the unit length and specifying the directions, eigenvectors are uniquely deter-

mined.

According to Weyl’s inequality, 3K > 0, V “small” perturbation matrix ¢,

[Ar(E+6) = Ar(2)] < KJ|6]],

consequently, the eigenvalues are Lipschitz continuous functions.

The derivatives of eigenvalues and eigenvectors with respect to the corresponding covariance

matrix are indispensable to the functional inferential results presented in section 4. We
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will discuss the matrix calculus relevant to eigenvalues and eigenvectors in the rest of this

section.

The existence of relevant derivatives hinges upon whether the eigenvalue is simple or re-
peated. If an eigenvalue is simple, both the gradients and Hessians of the eigenvalue and
the associated eigenvector exist. However, if an eigenvalue is repeated, the eigenvalue is only
first-order differentiable but is not twice differentiable, the eigenvector is not differentiable

at all.

5.2.1 simple eigenvalues and corresponding eigenvectors

2
Let Ojp, 8]2'k,lm be shorthand for differentiation operators 5§jk’ 8Zj;?321m acting on the
function f(X). For example, 0;;3 is the matrix in which the (j, k)-th entry is 1 and all other

entries is 0.

Before deriving the derivatives, we need to show that simple eigenvalues and the correspond-
ing eigenvectors are differentiable functions. Suppose ¢, is an eigenvector associated with a

simple eigenvalue A\, of ¥. Define the function

Xq— Mg
62((]?)‘): T )
g q—1

we can see that Oy, € C®°(R? x R) and Ox,(¢r, Ar) = 0. Note that

Y-MI; ¢
Vos@ Ml=| " " =2 ]]0w - A #0,
2q; 0 vFET

by the implicit function theorem, Ar(-) and ¢,(-) are C° in a neighborhood of .

(1) Gradients
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Based on the definition (5.3) and chain rule, for r =1,--- ,d,

ajkE X qr(3) +X X 0; er( )= ajk/\rQ]) X qr(X) + Ar(X) x 04 kQT( ), (5.5)

Let ¢-(2)T multiply with both sides of (5.5),

ajk)‘r(z) =qrj X qr - (5.6)

By (5.5),

[)\r(z) Iy — } X 0; qu( ) = Oj X X qr (%) — ajk)\r(z) X qr(X).

Assume )\, is a simple eigenvalue of 3, then

. }
N
1 T
XAl G
(ATId_E)T:[QL 7qd] 0 )
1 T
o= qq
1
L )\r_)\d .
(5.7)
SO

(ML - %) g =0, (5.8)

note A = ()\,«Id — E)T(Arld — Z) + qrqu is symmetric and idempotent,
rk(A) = tr(A) = tr[(A\Ig — E)T()\Tld — )] +tr(grg)) = d,

thus A = I; since q;nfq,n =1, q;r Ojrqr = 0, hence ()\rId — E)T()\rld — E) Ojkar = Ojkqr-
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Therefore, when A, is a simple eigenvalue,
aijr(Z) = ()\r Id - Z)T X 8jk2 X qr,
ie.,
Dipar(S) = (A Iy — o)1 x
jkdr rid j XAk
Dipars(S) = (A Iy —0)1 x
ikdr,s riq sj Ak

equivalently,

jk%‘ Z /\r — %,j Qr.k X Qu

1
0jqu,s(2) = E SV Qu,s X Qu,j X Qr L
r v
vFET

It follows from (5.8) and (5.9) that

Z ik dr Oy (Z1Zkm + ZjmEk)

g,k l,m=1
d d
= > (M- >\r Iy - E)}L <> g e (21 5km + Zjm )
J,0=1 k,m=1
d d
= Z (AL — >\r Iy - )ZT X Z G (M E51 40k + M g1 ar )
7,0=1 k=1
d
= & > (L= D)l gy x (1 - 3)]
jl=1

d

HA2Y (AT - qr] X Z ATy —

J=1

lqu

= AT =) s (T =) A2 (0T, - E)Tqr[()\rld )],
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(5.9)

(5.10)

(5.11)



SO

T
> Ot Ot (1S km + Sjm k)
7,k lm=1

SEHEE FESIHION PR L

(2) Hessians

In view of (5.6) and (5.11), when A, is a simple eigenvalue,

Do M () = Oimlrj X e + drj X Omdr

= [MIg— 2} T‘z X Gr gy Grom + [Ar Ig — Y] Lz X r.j qrym

= ZA —— X (Qu,j Gt Gk Trm + Qo ks Qo G j Tram)-
vFETr "

For the eigenvector associated with the simple eigenvalue A, by (5.10) we have

(5.12)

(5.13)

(5.14)

al Ay — al A
a?k,lmch’ — Z m)\ v )\ 77’5 r X qv7j q’l‘,k‘ Qv
(Ar = o)
vEr
1
' Z Ar = A - (qv’j Gr ke % Oum@v + O, j X Grk qv + Oimdr k X Qv %)a
vtr v
by (5.6),
1
2
8jl€,lmQr = Z M — M\)2 X (%,l Qu,m Qu,j dr k — Quv,j dr.k dr,l Grm) Qv
(Ar — M)

vET

+ Z Z U )\b) X dp,l Qu,m Qu,j qrvk Qp
vFET b;év

" ZZ - A ) —\p) X Gb,j Ib,l Qv,m Gy k Qv
vET b;év v b

1

+ Z Z )\ ) — )\ ) X qbvk qbyl QT,m q’U,j q’Ua

v#r b;«ér v b
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note that

d d
2 2 2
> (S S im k) Qo om Qo e = 2N Y o Qo drk = P2 S|
j7k7l7m:1 j>k:1

d d
2 2 2
Z (Z1Zkm +ZmEk) Qo j Gk G Grm = 2X; Z e Qo,j Orj = 227 L rp—pys
7.k, lm=1 j,k=1

d
> (St S Sk) G Goan Qg Gk =

d

2
Moo Y (@b Gk Qo Gk + G0 j Qo Grk) = Moho (Lgpmomry + Lipery)
Jik=1

d
Z (Z1%km + ZjmEk1) @b j Gb.1 Qo Gk =
j)k7l7m:]‘

d

2
Modo Y (@ j Gk G + B Dok Do, Gre) = Mo (Lmry + Lpmpeyy)
jo=1

d
Z (Z1%km + ZjmEk1) Gk @1 Grom do,j =
Jik,lym=1
d

2
MoAr D (e G ok G, + Qoo B Qoj) = Mo (Lpmrmy + Lirmyy)s
J,k=1

then it follows from (5.14) that

d
ArA
Y T @ (TS km + ZjmSh) = — Y m Gr- (5.15)
7k, l,m=1 vtr v
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5.2.2  spectral functions of repeated eigenvalues

Based on (5.6), (5.10), (5.13), (5.14), if A, is a simple eigenvalue of ¥, we know both A.(-)
and ¢, () are twice differentiable at 3. However, if A\, is a repeated eigenvalue, A,(-) is only
first-order differentiable but is not second-order differentiable, and ¢ (-) is not differentiable

at 2.

For this reason, the general functional results in Theorem 3 and Theorem 4 can be applied
to simple eigenvalues and the associated eigenvectors, but they can not be directly applied
to repeated eigenvalues and the associated eigenvectors. This is bad news. The good news
is we can still have a central limit theorem for repeated eigenvalues formulated as a spectral

function.

Let F be a function defined on the space Sd+ of positive semi-definite matrices, we call I is
a spectral function if the value of F' only depends on the eigenvalues of its argument, i.e.,

VY e Sc—li—’ Vd x d orthogonal matrix O,

F(2) = F(OTx0).

Let f be a function defined on RY, we call f is a symmetric function if for any d x d

permutation matrix P, and Vz € Rd,

Define A to be a function on S;lr such that for ¥ € Sj,

AE) = (), 2a(®)]
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with A\{(2) > -+ > A\4(2). Note by definition, a spectral functional is a symmetric function
of eigenvalues. For a spectral function F', we can write F' = f o A with some symmetric

function f and o meaning function composition.

Here we restate a proposition based on Theorem 1.1 of Lewis [1996] and Theorem 3.3 of
Lewis and Sendov [2001].
Proposition 1. Suppose ¥ = Q Diag(A(2)) QT, F = fo ), then

OikF(X) = Zarf 2)) QjrQpr

FopamF(Z) = }j 92, F(N( c%T@kAvamv+f§j'Hrv 2)) Qr Q1 Qpy Qo

ro=1 ro=1
where
0, r=uv
7]:11(%) =q 02 f(x) — 2, f(x), r#v, zp =2y
e

According to Proposition 1, spectral function of the form F = f o \ is twice continu-
ously differentiable at the point ¥ € Sd+ if and only if the symmetric function f is twice

continuously differential at the point A(X).

Suppose the eigenvalues of ¥ form K clusters so that
)\7«0+1 Z > )\rl > AT1+1 > > Ar2 > e > )\TK_]_+1 Z et 2 >\TK7 (5].6)

where rg = 0, 7 = d. We define the following symmetric functions on R

1 &
fulw)=—— 3 1
h hl‘7 rn_1+1
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Define spectral functions Fj, = fp o A for h = 1,--- K. These functions return simple
averages of repeated eigenvalues. Note that 0y f, = (1, — j_1) " Z;":rh_ﬁl Lgj—py and

92, fr, = 0. According to Lemma 1,

1 &
th Z arfh er@kr = Z erriv (5-17)

Th = Th—1

r=rp_1+1
and
! J

ajszth(E) = Z Z HT,}%()‘(Z)) er@lervav

r=1v#r

1 o L=y — Lip—y
- —r Z Z Z N — \ Q]rerkava
Th T Th=l T el A EA, rT A
1
- r. —or Z Z + Z Z )\ ererkava
b Th=1 =y, 1+1Av¢xr PR s s
1
o _r Z Z N — 0\ QJT’erkava‘f’Q]levaerr)
h h17”7“h1+1/\v7é/\ r
By (5.7),
1
()‘TId_E)}Ll_ Z N\ Q]UQan
AoFEA
hence
1 h
B Pn(®) = — 3 (v Ta = ) @@+ Ty = 2) [ QurQuar |- (5.18)
T r=rp_1+1
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According to (5.17),

Z ik Fn (%) O Fr () (215 km + X jmZki)

7,k Im=1
1 Th d
- (T’ —r )2 Z Z errileva(EﬂEkm+2jm2kl)
h h=1 roo=rp_1+1 j.klm=1
2 Th d d
2
T =) Yo N QiQjv Y QrrCQro
h h=1)" ppmrp 41 j=1 k=1
Ly
= —3 Noly,._
_ 2 v H{r=v}>
(rh = 7rh-1)® = )

SO
2 2
Z i1 F(2) Oy Fi(2) (Xt Zpm + ZjmEwt) = Ay (5.19)
7,k,l,m=1 h h—1
According to (5.18),
2 h
Z Tam () (S + ZjmSa) = ——— > Tn,
k,l,m=1 h h_lrzr_—H
ja 0y h—1
where
: T
Iy = Z (AMIg = 2) 1 QirQur (Z15km + Zjm D)
7.k, lm=1
d T d
k,mzl ]:1
d d d
= Y AL -9 xS+ Ak Y (WL - ) Qur
k,m=1 k=1 m=1

= Mte[(AIg - 5) x5,
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In consideration of (5.4), (5.7),

Ao
tr[(ArId—E)TxE]_tr< qqu) 3 tr (T q0)
Ao E A AFEAr
AEA T MFEh v
thus
Ary A
Z klth 2) (215 km + SjmSg) = 2 ﬁ (5.20)
Jiklm=1 MoFA, T

5.3 Asymptotic normality of realized eigenvalues and

eigenvectors

In this section, we provide a central limit theorem for realized (simple and repeated) eigen-

values of ¥y = atagf , and a central limit theorem for realized eigenvectors associated with

simple eigenvalues, based on Theorem 4.

Suppose (5.16), and let ICy = {rg—1 +1,--- ,rg} forg=1,--- | K. Let

Z)\m"; Z/\T

A(S) = {
TE/Cl KT TK-1 TEICK

rn —7

Note that A(+) is a spectral function. The objects to estimate are

t
SO = /0 A(S,) ds
t
S(a = /qu(zgds,r—lm,d.

We estimate these two realized quantities by Riemann sums of the spot estimates )\(iZ’de)
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and Qr( ’psd) at times h = 0, ky, 2kn, - - - .
Define

rh = Ar(fZ’de)

\Non = —— > A A b

q— T
a-= 1r€IC

then we can write

_ T
n,psd
S = [ Lo »/\?(JJ
We define the estimator of realized eigenvalues to be

SVF = [SNEp- ST

NP1 ~
SO, = knA S 2% ) Av by W (5.21)
rt — hn=2n 9 1/2+5 \ )\n r,hky> :
h=0 Yokl " vgk, rhkn T ok

and define the estimator of realized eigenvectors associated with simple eigenvalues to be

NP-1

0dqo r hkn v hkyn an,psd
Slaf =kadn 3 1t = g D e | S 622
¢0 knA 117&7‘ r hkn v,hky,

where 0, ®gg and 1)y are defined in (4.17), (3.3), (3.12).

Remark 4. Suppose X is the covariance matrix of X, and we have ¥q, = \.q, where A\, is
the r-th largest eigenvalue. When we permute the elements of X by a permutation matrix
P, the covariance becomes PEPT. There is some reason to permute X in empirical finance,

i.e., sort assets before covariance matrix estimation, cf. Fan et al. [2016].

Suppose PLP1g, = XT«E]}, what is the relationship between Xr and A, the relationship

between ¢, and g7
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Since P is an orthogonal matrix, ppT =1,
P(2PYG — PG =0,

because P is of full rank,

PTG =X PTG,

hence

)\7" - )\r

g = Pgr.

Proposition 2. Assume Assumption A-c, A-y, A-v hold for v € [0,1). Given 0 positive
finite, we control the bandwidths Iy, ky, and the truncation threshold vy, according to (4.25),

then we have the following functional stable convergence in law:
_ ~ L—
Ay P S 00 — s ] =0z (5.23)

where Z(X) is a process defined on an extension of the space (Q,}", (.7:15)1520,]}”), such that

conditioning on F it is a continuous mean-0 Gaussian martingale with variance
) T
E[Z(NZA)|Fl=V(A)

where E is the conditional expectation operator on the extended probability space and

1 t
r1—"0 fo Ary (23)2 ds

40P
V(A= w2oo (5.24)
0
1 ¢ 2
Frer Jo Aric(Bs)7 ds
Proof. This is the consequence of Theorem 4, (5.19), (5.20). O
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Proposition 3. Assume Assumption A-c, A-y, A-v hold for v € [0,1) and A\t is a
simple eigenvalue of ¢, Vt > 0. Given 0 positive finite, we control the bandwidths Iy, ky and
the truncation threshold vy, in accordance with (4.25), then we have the following functional

stable convergence in law:
A, L/AT2 [3*( S(qr ] ), (5.25)

where Z(qyr) is a process defined on an extension of the space (Q,}", (]—"t)tzo,]P’), such that

conditioning on F it is a continuous mean-0 Gaussian martingale with variance

E[Z(QT)Z(QT)TU:] = Vi)

where E is the conditional expectation operator on the extended probability space and

200 A
Vg = 00/ }: 3 ”;’5 st 0 (5) gu(85) T ds (5.26)
TS US

Proof. This is the consequence of Theorem 4, (5.12), (5.15). O

5.4 PCA of TAQ millisecond data: 2003-2019

So far, the author have demonstrated how to utilize the theoretical results on volatility
matrix functionals in Chapter 4 to develop a useful statistical theory and method of realized

PCA for non-stationary time-dependent noisy high-frequency data.

In this section, this statistical method is applied to the TAQ dataset. Snippets of this dataset
are plotted in Figure 5.1 and Figure 5.2. Realized PCA is instrumental to reduce the apparent
dimensionality and facilitate a better understanding of both temporal evolution and cross-

section structures.
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3 Accumulated daily log returns of SP100 constituents
T T

— index returns%

-3

2004 2006 2008 2010 2012 2014 2016 2018 2020

Figure 5.1: Accumulated daily log returns of S&P 100 stocks

2019/12/20 accumulated intraday log returns of SP100 constituents
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Figure 5.2: Accumulated intraday log returns of S&P 100 stocks on 2019/12/20
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The data to be analyzed is transaction data of 90 S&P 100 stocks (the dimensionality is 90),
sampled every second during 9:35 - 15:55 EST on each business day, from 2003/09/10 to
2019/12/31. There were 4106 business days in 852 weeks. By focusing on the time window
9:35 - 15:55 EST, we can remove overnight returns which contain big jumps and returns in-
curred in the first and last 5 minutes of trading hours which are relatively volatile. 10 illiquid

assets out of the S&P 100 constituents were excluded from the statistical analysis.

The realized PCA ought to be applicable to financial data on the logarithmic scale, be-
cause asset prices are modeled by exponential jump-diffusions such as geometric Brownian

motion.

Instantaneous volatility matrix and its eigenvalues and eigenvectors were estimated for every
business day. The realized eigenvalues and realized eigenvectors were computed weekly
by aggregating the instantaneous eigenvalues and instantaneous eigenvectors within each

week.

The temporal evolution of four leading eigenvalue estimates along with statistical uncertainty
are plotted in Figure 5.3. It shows A,/ Zj Aj rather than the original scale, hence it shows
the proportions of total variation that can be explained by principal components. The
first eigenvalues are conspicuously separated from the others and indicate the first principal
component explains more than 60% of the cross-section variation for the majority of time.
Moreover, it is evident from this dataset that the first four leading eigenvalues were simple

rather than repeated.

It is reasonable to interpret the first principal component as a market indicator on how the
economy performs in general. As all the major corporations and their stock values are moving
with the overall economy, the eigenvector corresponding to the first principal component is

expected to comprise only positive entries.

An interesting question is how the first principal component is compared with S&P 100 index.
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Time series of weekly realized eigenvalues and confidence intervals
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Figure 5.3: Weekly integrated eigenvalues and the confidence intervals

Chen et al. [2019] calculated the accumulated returns from 2007 to 2017 of the portfolio
based on the eigenvector ¢ associated with the first principal component. Chen et al.
[2019] normalized the eigenvector so that Z;i q1,; = 1 and used ¢ ;’s as portfolio weights so
that the resultant portfolio is self-financing. A curious finding of Chen et al. [2019] is that
this portfolio outperformed the market index hence beat the passive investment. Here the
author would like to test this portfolio using pre-averaging-based PCA, over a longer time

span.

The principal components are fg qr(Xs—)dXg, r=1,2,--- where Xij = log(Stj) and Sy is
the vector of asset prices at time t. However, one obviously can not transact in logarithmic
currency, so a pending question is how to find a portfolio that is analogous to the first

principal component and requires trading on the currency’s original scale.
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Chen et al. [2019] proposed the following construction. Let
T
Ry n = [(S1a4a —S16)/S16,+ - (Sapen — Sat)/Sat]

be the vector of returns in percentage. When ||R; All is small,

log (1+ ¢l Ry a) = qf Ry,

and
Sjit+A — St Sit+A — St Sjt+A
g1~ 3 L~ qp 4 log (1 + 3 ’ ) = q1,5log <—JS >,
jt ,]7t jvt
SO

qf (Xpin — X¢) ~log (1+qf Ry p).

Therefore, it is sensible to regard ), log(1 —|—q1T Ry A) as an approximation to the first realized
principal component, which is also the accumulated log return if there is no transaction cost
and Z? q1; = 1. In this case, exp { >;log(1 + qlTRt’A)} —-1=1L0+ qlTRt’A) — 1 is the

accumulated return of this self-financing portfolio in the absence of transaction cost.

Since the volatility matrix and the eigenvector ¢; are updated on every business day, the
portfolio can be re-weighted daily. One caveat is that the numerical values of eigenvector
estimates are relative less stable. Roughly speaking, the eigenvector viewed as a function
of the corresponding positive semidefinite matrix is less smooth than the eigenvalue. Due
to this reason, heuristically, an error in the covariance matrix estimation tends to result
in a larger error in the eigenvector estimate, as compared to the eigenvalue counterpart.
To stabilize eigenvector estimates, it is advisable to compute moving averages of the initial
eigenvector estimates over a window of six business days, hence the author re-weighted the

portfolio on all the business days from 2003/09/17 to 2020/12/31.

Before the portfolio re-allocation according to the new weights on the next business day, one
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can either let positions stand overnight or clear positions at the end of trading hours. The

former allows overnight returns to be absorbed into the portfolio returns.

The accumulated returns of the portfolio that mimics the first principal component are
plotted in Figure 5.4. The portfolio returns were computed using daily prices of S&P 100
constituents which can be obtained from the Compustat database. As we can see, morpholo-
gies of the portfolios that mimics the first principal component are similar to that of S&P 100
index. The portfolio that was cleared at the end of trading hours slightly underperformed

the index. Interestingly enough, the portfolio that stood overnight manifestly outperformed

the index.
Accumulated log returns of the portfolio based on the 1st PC
—— PC portfolio
PC portfolio overnight
1.5/ — SP100

%))
c
>
o+
€ 10
(@)]
e
©
3
o 0.5
>
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>
9]
O
< 0.0

-0.5

2004 2006 2008 2010 2012 2014 2016 2018 2020

Figure 5.4: Accumulated log returns of the portfolio based on the first principal component
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CHAPTER 6

VOLATILITY MATRIX ESTIMATION WITH MISSING DATA:
FOURIER-MALLIAVIN METHOD

6.1 The Fourier-Malliavin method

In this chapter, the author considers a different setting: there is no observational noise present
in the data, but the data is sampled irregularly in each dimension and asynchronously across
different dimensions. The absence of noise means we can directly observe the values of X at
discrete time points. However, the pre-averaging method in this dissertation is designed for

regularly and synchronously sampled data, hence an new volatility estimator is needed.

This new instantaneous volatility matrix estimator is inspired by the premise of Fourier
analysis to avoid temporal alignment or data interpolation altogether. Given a function ¢

on [0,T), for ¢ € N*, define Fourier transform and Fourier-Stieltjes transform as

Flp)y = J& olu)eizmau/T gy
F(dg)g = [y e /T dp(u).

If © is periodic, it can be expanded into Fourier series:

1 :
oty =7 D Flp)gem /T, (6.1)
q=—00
Define
-~ 1 = lg| 2mqt )T
Mey== > (1- L)), (6:2)
q=—M+1
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by a classic result of approximation theory,

sup (|3 (£) — o(8)]| < Ap(4/M), (6.3)
t€[0,7]

where A, is the modulus of continuity defined by

Arp) = sup |lp(x) — o)l (6.4)
[z—y[|[<A

In this and the next chapters, the notation introduced in section 2.2 is still in force. To avoid
notational clutter, a slight change is adopted: the component index is written as subscript

RdXd

instead of superscript, i.e., for a R%valued (resp. -valued) process U, U; (resp. Ujy,) is

the j-th (resp. (j, k)-th) component of U.

In statistical applications, we can not evaluate the exact Fourier transform nor Fourier-
Stieltjes transform because of discrete sampling, i.e., our signal is digital rather than ana-
log. However, according to Malliavin and Mancino [2002, 2009], we can approximate the

Fourier-Stieltjes transform of X and the Fourier transform of ¢ over [0,7] by the following

quantities
Ty
Faxyr = Y e /T 5l (X)), (6.5)
h=1
~ N 1 ~ ~
Flejp)g” = N D F(AX;)g_s x F(dXg) (6.6)

The available frequency coordinates for ﬁ(de)” are 0,+1,---,4|n;/2], and given N <

S

| ng./2] the available frequency coordinates for F\(cjk)g’N are0,£1,--- , £(|n;/2]=N).

Based on the Fourier coefficient estimates F (cjk)g’N’s, the spot volatility can be estimated
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by Fourier-Fejér inversion

NM, 1 a9\ o N
Mgy = LS (1 0 B e, (6.7)

where M < |n;/2] — N + 1.

Remark 5. The estimator F(dX ;)4 is the discrete Fourier transform (hereafter DFT) of the
increments of X; the volatility spectrum estimator F (cjk)Z’N is based on the idea akin to
that of Bohr convolution, i.e., a scaled discrete convolution of the finite sequences F (dX;)g’s
and F(dX};)™s; the spot volatility estimator E?]’CN’M (t) is the M-order Cesaro summation of
inverse discrete Fourier transforms (hereafter IDFT) of the Fourier coefficient estimates, in
the other word, IDFT with Fejér kernel.

Remark 6. It is worthwhile to understand the fundamental constraints on the tuning pa-

N N, M

rameters N and M in the estimators F (cjk)g’ and Ci (t), namely,

IN

{N lng/2) A (Inj/2) — M +1)
M < |nj/2] - N+1.

Firstly, we start from the Fourier-Stieltjes transform (6.5), in order to avoid aliasing due to

discrete sampling of the continuous-time signal, we only compute F(dX ;)¢ for [s] < |n;/2] L

Secondly, due to the form of convolution in the definition (6.6) and the constraint by the

Nyquist frequency, it follows that N < [ng/2].

Thirdly, according to the definition (6.7) and the Nyquist frequency, M < [n;/2] — N + 1.2

1. It is the so-called Nyquist frequency (folding frequency), which is the highest frequency coordinate
without aliasing.

2. An interesting modification is to use different N’s for different frequency coordinate ¢’s. For instance,
when estimating a low frequency we can use a relative large N to increase accuracy.
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6.1.1 its relation with kernel methods

Here we provide some intuition of the Fourier-Malliavin method of Malliavin and Mancino

[2009], and compare it with other nonparametric volatility estimators.

Suppose d = 1 and we observe the univariate process at times {7, 71, -+, 7}, and let

oy = 5% be the first-order difference operator. Based on (6.6) and (6.7), one has

ﬁ(c)”,N _ e*lQﬂ'QTh/T 2ms(mp,— TU)/T5 ( ) ( )
a 2N+1 ||§thwzl h
_ ZZ(2N+1 Z eiQWS(Tthv)/T>efiQWth/T(Sh(X)(sv(X)
h=1v=1 [s|<N
_ ¢ —12777' T —i2mqry, /T z27rs7' T)/T 5h( )5 (X)
- hzl amn/Ts, ( _i_hZ?év q7h/ (||¥N (Th=7v)/ )T—i—l
—127qT] 127qT, 0p (X )0 (X
= Ze 2qh/T(5 +hz7éve Qqh/TDNC_hT ) h<2N)+(1 ), (6.8)

where DV (.) is a kernel function defined later in (6.16). Furthermore, based on (6.7) and

(6.8), one has

/C%,N,M(t): %Z Z (1 Lq\/[‘> i2mq(t— Th)/T(S ( )2

h=1|q|<M
HEE X (- e (o
hetv |q|<M
1 M(t—Th 9 1 M= T\ AN (Th — Tv\ 0p(X)6u(X)
_?;F < T >5h(X) +?};}F <T>D< Tv> 2N+v1 (69

where FM (.) is another kernel function defined later in (6.18).

Figure 6.1 shows some examples of the kernel functions F™(-) and DY (-). There are some

wiggles away from the origin due to the fact that they are trigonometric polynomials. As N
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and M become large, the kernel put more weight around the origin. Some of their analytical

properties are given in Section 6.3.

2

as a proxy of cr,, then F (C)ZL’N as an estimator of the Fourier

If one interprets & (X)
coefficient of ¢ is a combination of the DF'T of the proxies §; (X )?’s and cross terms involving

the sample auto-covariances weighted by the kernel DYV (+):

F (C)Z’N = DFT of volatility proxies + weighted sum of sample auto-covariance;

M (1)

similarly, can be interpreted as a kernel estimator plus cross terms, the kernel

is FM(.) and the cross terms are sample auto-covariances weighted by both FM(.) and

DN(~):

.M (t) = a kernel estimator 4+ weighted sum of sample auto-covariance.

Naturally, we shall ask, given the possible variations due to the cross terms, why not just
use the DF'T of volatility proxies d;(X)’s to estimate the Fourier coefficients? Why not just

use the kernel estimator to estimate the spot volatility?

There are a few considerations, here are two significant merits of the Fourier-based estima-

tors.

e In multivariate settings, (6.6) and (6.7) can estimate the spot co-volatility and its
Fourier coefficients when different processes are observed asynchronously, because the
Bohr convolution is computed in the frequency domain and one does not need to
worried about data misalignment in the time domain; however many other estimators

require data alignment as a prerequisite.
e When the sampling frequency is high enough so that microstructure noise ¢ is present,
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given an appropriate choice of N and M, the estimators (6.6) and (6.7) are still con-

sistent; whereas ¢ (X + 6)2 can no longer be a good proxy for volatility.

Dirichlet kernels DV
30 *
20+ *
N\ — D3x) |
1ok — D'%(x) |
(s |
—6.4 —6.2 010 O.‘Z 0.‘4
Fejér kernels FM
15¢ T
10 T
— F{x) |
— Flo(x) |
5t B
(s |

-04 -0.2 0.0 0.2 0.4

Figure 6.1: Dirichlet kernels and Fejér kernels
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6.1.2 additional assumptions

Signal reconstruction by the Fourier transform suffers from the so-called Gibbs phenomenon
if the signal exhibits any jump discontinuity. To avoid the Gibbs phenomenon, I need to
impose the continuity assumption on the data generating process X.

Assumption A-X (continuity). 6(¢,2) =0 in (2.1) and 6°(t,z) = 0 in (2.3) almost surely
fort €10,T).

In order to establish an inferential theory for the Fourier-Malliavin method, it is necessary
for us to put constraints on the smoothness of volatility sample paths.

Assumption A-« (volatility regularity). ¢(0) = ¢(T) almost surely. The modulus of conti-
nuity of ¢ satisfies

we(A) < A%,

where a > 0, we 1s defined in (6.4).
Remark 7. Assumption A-X and A-v are needed for consistency; Assumption A-«
with o > 1/2 is further needed for central limit theorems. Assumption A-v, A-« can be

rephrased that the volatility as a function of time belong to the Holder ball

HO(K) = {f e C([0,7))

sup_ £+ sup LD =TI K}

t€[0,T] tu |t —ul®

for some K > 0.

6.2 Estimating the Fourier coefficients of volatility

In this section, we study the asymptotic theory for volatility spectrum inference, i.e., the

convergence of I (C)Z’N.

First, we introduce a short-hand representation of the data generating process X under
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Assumption A-X:
X=X(0)+A+ M,

where A(t) = fg b(u)du, M(t) = fot o(u) dW (u).

Note that
a N N N
Flep)g™ = Fleji)g = RO, + RO+ RE2)N, o (6.10)
where
N 1 2 a 2 a
ROy = 3 1 Y [FAX)g-F(dXy)§ — F(AMy)g_  F(dMy)?]
|s|<N
N 1 a 5
RO = svig 2 |FAM)GoFaM)] — P(AM))g-sF(AM))s]
|s|<N
1
N
|s|<N

R(O)?];Z\é is the effect of the drift term; R(l)?ézg is the effect of discrete observations of the

continuous-time model; RQ)% q is the error due to finite Bohr convolution.

Study of R(1)"V

We have
. T
F(de)g—F(de)q = /0 /\Zq(t) de(t),
where .
n’ ) )
_ i J _ _ )
h=1
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Note |/\§Lq(t)| < KT~ 'qA(n), by Burkholder-Gundy inequality,

E(|F(dM;)i Y < KT?

IA

KT?

IA

B (|F(dM;)q[*)

E(|F(dMy)g - FAM))gl*) < KT %¢*A(n)*,
by Cauchy-Schwarz inequality,

E(|F(dM))?_ F(dM;,)? — F(dM;)g—s F(dMy)s]?)

Y2 R F(dMy)? — F(dMy)s M)

< 2[B(|F(any);_|

+B(F @M1 E(F@M-, - Fa 9",

SO

E(|R(1 )]k,q| %) < KN?A(n)%. (6.12)

Study of R(2)Y
Define a C-valued martingale Fé(t) = fg e~i2mqu/T dM;j(u) for j = 1,---,d. We see that
T)(T) = F(dM;). By Itd’s formula,

() A = Fiegla + [ T @tk + [ Thoard o),
0 0

hence

where
T
AWy = —2]\71+1 sl Jo T s(6) dTE(1)
A(2)§'\lfaq - 2N+1 Z|s|<Nf0 0 dFé s(1).
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By (6.16), we have

T £ "
AN = /O o1 (1) AWV (1) /O e/ T LDV (U D)o () ()

T . to1 u—t
N —i2mqt/T W N W
A@jkg = /0 AL (t)/o N1’ ( T )Ukv'(t)d (),

by It6 isometry?, (6.27) and (6.21),

/OT (/Ot r— 2N1+ 1DN<U; t) de(U))Qckk(t) dt]

1 Tt onap/u—t T2
= F +1< )d dt = —
2N+1/0 /0 T )TN

can be bounded by a similar argument, so

E(JAM),*) =E

the term A(2)% T

JIRq
- —1/2

E(|R@2)N ) < TN (6.13)
Study of R(0)"N
For a generic scalar process, we can write I (AU)g fO ﬂ?q dU(t) for j =1,--- ,d, where
g () = S5 eIy 1),

h

By linearity of discrete Fourier transform, F (dX;)g = (dAJ )g + F (dM;)g,

F(AX))g_ s F(dXp)% — F(AM;)g_ F(dMy)} =

F(dA)D (F(dAg)T + F(dA)D (F(dMy)? + F(dAR)PF(dM;)D-,

3. It is also called as Ito energy identity.
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By Parseval’s identity,
T 2
Z |F(dA;j)s / |b;(£)]* dt < oo,
S=—00
note

R T
F(dA)! — F(dA)), = /0 N (1) bi(#) dt,

where /\? q(t) is defined in (6.11). By Cauchy-Schwarz inequality,

K T K (T 1/2
R(0):N) < b(t)||% dt / b(t)||% dt
RO S 537 /)] +(2N 11/ lPar)

( F(dMy)s )1/2+<2N+1 D |F(aMj)q- 5|> 2]

|s|<N |s|[<N

From the study of the term R(2)Y  we know

Jk.q’

3 FAMy)? :/OTDN@) cpp(t) dt

|s|<N

+ 2/0T o (1) AW (1) /Ot DN(t ;“) o, (u) AW (w),

by Cauchy-Schwarz inequality, (6.27), (6.21),

1 T ot
D ( ) £)dt
2N+1/0 7 ) k()

= —\ﬁ(/f P (%) dt) W( /OT Ckk:(t)2dt>1/2 < KTN™1/2,
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by Jensen’s inequality, Burkholder-Gundy inequality, (6.27), (6.21),

E{2N1+ - /OT op. (1) AW (1) /Ot DN<t ;“)o—k,.(m dW(u)]
< 2N1+1]E[(/0Tak,,(t) AW (1) /Ot DN(t;”)ak,.(umW(u))Q} 2

T rt 1/2
] [ ] v
0 0

hence ﬁ—klZISISN |F(dMy)s)2 < KTN~Y/2,

Similarly, syr1 |51 <iv [F(dM)g—s|* < KTN~Y/2. Thus

n,N

E(|R(O)jk,q

) < KTN—3/4, (6.14)

According to (6.12), (6.13) and (6.14), we have the following lemma.

Proposition 4. Under Assumption A-v, A-X,
E( (ﬁ(cjk,):}N - F(cjk>q‘> < K[NA(n) +TN2].

Remark 8. For volatility spectrum estimation on a finite time horizon, depending on the

tuning parameter NV, we have the following magnitudes for various error terms in Table 6.1.

Table 6.1: Estimation errors in volatility spectrum estimation
discretization &
error sources | drift effect | asynchronicity effects | statistical error

magnitudes ‘ < KN-3/4 ‘ < KNA(n) ‘ = N—1/2

Remark 9. A good piece of news is that the size of the drift effect is dominated by other

terms regardless of the choice N. In subsequent asymptotic analysis of the volatility spectrum
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estimator, we can safely assume, without loss of generality,

t
X(t) = X(0) + /0 o (u) AW (w). (6.15)

6.3 Dirichlet kernel and Fejér kernel

For asymptotic analysis, some trigonometric polynomials pervasive in Fourier analysis will

be introduced. Define the g-order Dirichlet kernel as
Di(z) =) €™, (6.16)
|sl<q
we have, for z ¢ N,

1 — i2m(2¢+)z  i2m(2¢+1)z/2 _ —i27(2¢+1)x/2

q _ —i2mqx —
D¥(x) € 1 _ ei2nx o127z /2 _ o—i27mz/2

sin[m(2q + 1)z]
sin(mx)

Y

hence
sin[7r(2q+1)x} " ¢ N
Di(z) = sin(rz) (6.17)
29 +1, x € N.

Based on Dirichlet kernels, we define Fejér kernel of order M as

1 M-1
FM(z) = i > Di(x), (6.18)
q=0
we have
FMz) = % (1 - %)equ. (6.19)
lg|<M
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Note for = ¢ N,

MFM
q=0

hence we have

and

le sin|m 2q—|— 1x ]
sin(mx) sin(7

( Z oi2m(q+1/2)z >

1 — cos(2mrMx)

sin(mx) einT — e=ImT
sin(rMz)?
FM(CL’) _ M sin(rz)?’ z¢N
M, r eN,
1
F2M—|—1 DM 2.
S VS

Furthermore, we have the following result,

1 (T rt\2 2T
Ly a2
M/O T 3

cf. remark 5.2 in Cuchiero and Teichmann [2015].

6.3.1 properties of the Dirichlet kernels

1 67,27TM£C_1
L m()

)

2 sin(mr)?

(6.20)

(6.21)

(6.22)

In this section we study the asymptotic effects of discrete and asynchronous observations

through the lens of the Dirichlet kernel and the Fejér kernel.

Define step functions of time, for j =1,--- ,d,

Q;?(t) = sup {TZ, Tl‘z < t}

_ J J J
9?(25) = inf {Th, t < Th} A Tin -
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Define the shifted and scaled Dirichlet kernel

s B k=1,---.d. (6.24)

The function d?];N(t, u) was introduced in Clément and Gloter [2011] and it is indispensable

in the upcoming asymptotic analysis.
Note |[07(t) — 03:(1)] /T| < 1. By (6.17)
sin ((2N+1)7[07()—07(1)]/T)

d?,;N(t, £)={ @N+1)sn (wlon(
1 if 07() — 07(t) = 0,

~
~
|
>
=3
—~
~
=
~
~—]

hence
e if the j-th and k-th components are observed synchronously, d?];N(t, t) =1;

e if the j-th and k-th components are observed asynchronously but /N is chosen in a way

N L
such that NA(n) — 0, d?k (t,t) — 1.

The following lemma is a modified adaptation of the Lemma 3 in Clément and Gloter [2011].
It investigates the LP norm of the shift and scaled Dirichlet kernel.

Lemma 30. Forp>1, N < |(n; Ang)/2], 3K)p < oo,

T N
sup sup / |d;1]’C (t,u)’pdug KpN_l.
J:k t€]0,17/0

Proof. By the definitions (6.16), (6.24) and the periodicity of the Dirichlet kernel, it suffices

a+T/2 1 Hn(t) —a
sup sup / DN (]—)
j CLE[O,T] (l*T/Q 2N + 1 T

to study
b 1
dt < KN~
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Note that
2T
(2N +1)|z|’

1 N
D T’<1
‘2N+1 (/T)] < 1A

and Va € [0,T],Vj=1---,d, |t —a|] > |0§L(t) —al — |t9§‘(t) — t|, thus

[ lam )

~T/2 2N +1 T
2T

a— 5 17A(n) a+T/2 1 Qn(t) —ay |p AT
S(/ ' +/ 27 )‘QN lDN<J T >’ dt+2N 1+2A(n)

a—T/2 at g +A(n) + +

2T

A= 5NFT —A(n) (L+T/2 2T P AT
< + / ( ) dt + +2A(n),
(o e @G| a0

by a change of variable,

af#j_;_lfA(n) a+T/2 oT P AT 0o
( + ) ’ dt < z Pda,
a—T)2 at o2y Am) /(2N +1)(t —a) 2N +1 /h

2N+1

thereby this lemma is proved.
For j,k,l,m =1--- ,d, by Fubini’s theorem and Holder’s inequality,

T T tAu v

N2 / / dtdu[ / "N (¢, 0) d%N (u,0) do / drN (v,ﬁ)Qdﬁ}
0o Jo 0 J J o ™
T T T v
2 n, N n, N n, N 2
<N /O dv[/v d (t,v)dt/v dl (u,v)du/o Y (v,9)? |

gNQ/OT dv(/vT d?];N(t,vﬂdt)Z(/Ov‘d%N(v,ﬁ)‘2dﬁ>

3p—2 TN p o \2/P TN 2
<T N(/O N (¢, ) at) (N/O A (0, 9)]” a9).
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according to Lemma 30, we have for p > 1,

T rT tAu )
sup NZ / / dt du [ / AN (¢, o) dN (u,0) do / ™ (v,9)? v
0o Jo 0 J J 0

j)k7l7m

As Clément and Gloter [2011], we formulate the assumption on the irregular and asyn-
chronous observation times through the shifted and scaled Dirichlet kernel.

Assumption A-d2. For 1k, l,m = ,d, the quadratic integrals ofd N nd d?ﬂ’lN
verge as n, N — oo. Specifically, 3 L1 functions ij’lm, 9jk:,lm> ij,lm, ij’lm, such that

vt € (0,77,

=

/N/ nNuv nN(u,v)dvdu

/ N d?]’CN(u, v)dy N(v, w) dvdu
0 0

¢

/Oéjmm(u)du
t

/o 01 1m (v) du
t

/0 0,1 i (1) du

t U N N t
/ON ; d;l]; (U,u)d}% (v,u)dvdu /Oﬁjk’lm(u)du

=

=

t u
N dn’N(U, w) dn’N(u, v) dv du
0 0 ik Im

I=

The following lemma follows from Assumption A-d? and Lemma 30.

Lemma 31. For any fy, f1 € C([0,T]), we have Vt € [0,T],

t

=

/fo audy [* i o) di N o) o) do 0 1. m() Folu) 1 (u)
/fo duN/ nN s (U,u)fl(v)dv
/Ofo(u)duN/O d?]’{N(v,u)dZ’nN(u,v)fl(v)dv

t U
/Ofo(u)duN/O d?];N(U,u)d;%N(U,u)fl(v)dv

t

éjk,lm(“) fo(u) f1(w) du

t

011 () fo(w) f1(u) du

t

= I~

=

%%c\c\

]k: im(w) fo(u)f1(u) du
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Proof. Let’s focus on the first convergence. Ve > 0, |0§‘(u) = 02 ()| A O] (u) — O, (v)] > € if
|lu — v| > € and n is sufficiently large. By the property of Dirichlet kernel and (6.24), when

both n and N are sufficiently large,
u—e n, N n, N -9
/O dj]’f (u,v)dy (u,v)dv < KN™%,

then combined with Assumption A—d2, it implies

N/ N (0 Z;lN(u v)dv -, éjklm( )
N/ dfl%N(u v)dv — 0

Since f1 € C([0,T]),

u u
N/O d;L];N(u, v) dZ;lN(u, v) f1(v)dv = N/ d;L];N(u, v) dZ;lN(u, v) f1(v) dv + op(1).
u—e

Because € can be chosen arbitrarily small and f; is continuous, the first claim is shown. The

other 3 claims in this lemma follow from similar arguments. ]

The following lemma reveals the limiting behavior of shifted and scaled Dirichlet kernels when
temporal spacings are synchronous (but possibly irregular) across different dimensions.

Lemma 32. Assume Assumption A-t, then Vt € [0,T], Vfy, f1 € C([0,T]),

I
I
=N
S
—
—
<
S~—
o,
IS

T U

/0 fo(u) duN/O d?];N(u, v) dZ;lN(u, v) f1(v)dv 1
T U

/ fo(u) duN/ dn’N(u, v) dnﬁN(v, u) f1(v) dv 1

I
I
=%
S
—
—
<
~—
[
IS

T

[ nwan [* e e soa E L pwsma
T

[ nwan [* a5 e o noa T pwnma
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Proof. Because of synchronous observations, d?,;N(u,v) d?T;lN(u,v) = dTiN(u,v)z, then by

(6.24) and (6.20),

T U
/0 fo(u)duN/O dqfiN(u,v)2f1(v)dv

[ pwan [ (FAEO g,

2N+1

by Riemann summation,

/ folu du/O F2N+1<w>f1(v)dv

= [ sotwan [TE¥E () fw o 0,

via changes of variables,

/ folw) du /O PN () o) o = 72 / fo(Tu) du /0 FANHL () £ (To) do

note that F2V+1 is a delta sequence, as N — oo, fé‘ F2N+1(u —0)f1(Tv)dv — f1(Tu)/2,

then this lemma follows from a change of variable. O

6.3.2 classical results on the Fejér kernel

Given a function ¢ on [0, 7], define its truncated Fourier inversion as

—_ 71 Z F()s pi2msz /T

Is|<q
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One can express ¢ as the convolution between ¢ and a Dirichlet kernel,

1 ‘ T ‘
—q _ - i2wsx /T —12msu/T
Plw) = D e / p(u)e”2m/T du

1s|<g 0

1

T ) T
= /0 o) 32 2Ty — / () D|(z — u)/T) du.

1s|<g 0

Given an interval I with |I| =1, VM € N,
| M1 _ | M1
/FM(x)dxz— 3 / S gy = 3 / e,
I M — Jr M — Jr
q=0 "7 |s|<q q=0

as a consequence, for example,

1/2 1
/ FM(z)de =1, / FM(z)de = 1.
—1/2 0

(6.26)

(6.27)

Based on (6.20), we know FM(z) < sin(nd)"2M~! for § < |z| < 1/2. Hence V5 €

(0,1/2),
/ FM(z)de < K(82M)~ 1.
0<]z|<1/2

Moreover, we have

FM(x)< M

< T TElF21/2)

Given a generic function ¢ on [0, 7], define

M=t Y (1= W) pg), e,
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note that

1 M-1 ) 1 M—-1
P() = = S0 3 Fle)s T = 3 pi)
¢=0 |s|<q q=0
and by (6.26), (6.18),
| M- T | M- T ;
5V pt l(t) = T/O W(U)M qz(:) DYt —u)/T)du = —/0 o(u) FM[(t — u)/T] du,

T
M) =5 | e@PMie— /T (6.31)

We have the following lemma which implies the uniform convergence of @M :

sup (M (1) = o (t)] < Kuwip(1/M), if 9(0) = o(T)
t€[0,T)

~M

swp |2V () — ()| < Kwp(1/0M), it 0(0) £ (T
te[1/M,T—1/M]

Lemma 33. If the function ¢ is continuous, then

1 T M t—u .
b () el olt) < Kepl130. i 200

o(T)

1 (T M(t—u ‘
V[T 1)) T/o E ( T )w(“)d“_ﬂt) < Kwp(1/M), if p(0) # o(T).

Proof. By (6.27),

M@ty =T

L (Y ) du - et

(1) If p(0) = o(T'), by periodization, we can extend the definition of ¢ to the real line and
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retain its modulus of continuity. By a change of variable and the periodicity of F' M and ®,

M LM T v
Mo =| [ M) et —w]au < [ @) ole) = e — )l du
t—T —T/2
1M
([ +] )EM (0 T) - () ~ ot — )
—1/M  J1/M<[u|<T/2
FM(z) < 1—1—]]\\44%2’ re[-1/2,1/2,
we have
1/M o 1 1/M o 1
/ F2(u/T) - |p(t) — ot —u)|du < Kwy(M )/ FP(u/T)du < Kwy(M™7),
—1/M —-1/M
and
/ Y (u/T) -l0) = (¢ =)
1/M<|u|<T/2
< S lu|* 2 du < K[ww(]\/[fl) + M*I},

= M Jim<pul<T)2
then this lemma in the case ¢(0) = p(7") is proved.

(2) If p(0) # @(T), then for t € [1/M, T — 1/M],

t=1/M  pt+1/M T —u
O A A T L e R

then by a similar argument, the lemma in the case ¢(0) # ¢(T') can also be proved. O
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6.3.3 more results on the Fejér kernels

Lemma 34. If M/n — 0, for 67(t) defined in (6.23), Vf € C([0,T1), vt € [0,T7,

T ot 07w T w(t—u M
M J _ M < -
/0 F ( T >f(u)du /0 F < T )f(u)du _KTn.
Proof. Denote the L.H.S. by D() %\/‘[, note
T t—0"(u) t —
n,M M J M u ‘
) < - J ") _
DUy <K | ‘F ( - ) F (T)du
"j P " J J

P () - ()| ol () - ()

where u?z el ,‘1 for each h by mean value theorem.

Let Jp = ((t—l—bMT)\/O, (t+(b DT )/\T} Bo—mf{b t+ b+1 >0} By —sup{b t—l—
T},then

n,M < ot (T ar(t =
DO <K 3 30 et (=) - Y ()|

b=DBo TZGJb

; j .
Based on mean value theorem, HU% [uh, Th] for each h such that FM ( ) M (t#) =

(Th — vh) (9FM(t;i>, SO

> alfr (S50 e () < s D [or ()

e rel,

2 _
< KnA(n) sup ‘8FM<t—U>‘
veJy T
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Based on (6.20),

t— t— t—
sup ’0FM< U)‘gKMsupFM< v)SKM2/ FM<—u>du,
ved, T vE) T I T

thus we have

M

)
n

3

By
t_
D) < KMnAmn)* S /J FM< T“) du= KT
b=B b

from which this lemma follows. O

6.4 Univariate asymptotic analysis

First of all, let’s consider the estimation of univariate volatility. In this section, we let
X=X1,c=c11, T = 7'}1, 8, = oF, 0™(t) = 0'(t), 6™(t) = 0}(t). We are interested in the
asymptotics of

T

N2 [ o) T - (o] .
0

for a a-Holder continuous function p where « is specified in Assumption A-a.

Because T'— 7, < A(n), w.l.o.g., we can assume 7, = 7. By the definition (6.7),
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6.4.1 decomposition

Let

1 q =, N
AN — " <1 - %)F(p)qF(c)g .
lq|<M

Note by (6.8),

n
=" 2/ T, (X)2 +ap +aglN,
h=1

where
n h—1
nN _ i2mqry, /T N(Th - Tv) du(X)
h=2 v=1
agl = Do 0(X) 3 e (P o (6:32)
v=2 h=1
hence

1 q ~ N
AmNM — % ( —%)F(p)qx [Zemm/%h( )+ alig + ol ]
h=1

:ZﬁM(Th)(Sh(X)2+% > (1_‘Mi’)F<p) (g +ali).

h=1 lg|<M

Therefore, we have the following decomposition:

N1/2 /O ' p(O) [N () — e(t)] dt = o™ 4 el VM, (6.33)
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where

oM N2 /I (5™ (1) — p(t)] c(t) dt
h=1"*h

n.N.M N1/2 lq| n, N
e = T Z ( - M)F(p) ( qO + )
lg|l<M

1/2 - SM 2 [ . ,
+IES M ) [ ) | ol

and the function pM is defined by (6.2).

Based on (6.27), (6.31), (6.23), Fubini’s theorem, and Lemma 34,

og’M = N1/2 /OTc(t) dt%/OT M <u%0"(t)) [p(u) — p(t)] du

1/2
N 0, (Vi)

where

JM :/OT/OTFM(“;)[,)(U) ~ p(t)]e(t) dt du.

By symmetry of variables, JM = fOT fOT FM[(u—)/T)[p(t) — p(u)]e(u) dudt, hence

JQM = —% /OT du /OT FM(U; t> [p(w) — p(t)] [c(u) — c(t)] dt.

The modulus of continuity of p is determined by that of ¢, let
M r M
1 () = /0 FM[(u— )T [plu) — p(t)] [e(w) — e(t)] dt,

by periodicity of ¢ and p, L fuzz:/; FM{(y — t)/T] [p(w) — p(t)] [c(u) — c(t)] dt.
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Note

24 ()] < </|ut§1/M * /ut|>1/M>FM<u

through an argument similar to the proof of Lemma 33, we have E’L%(u)‘ <K [M_QO‘ +

s <o)+ () )

T t) o) = p(t)|[e(u) — e(t)| dt,

M*(1+O‘)], thus

, . . . ey v . iy n,M
by Markov’s inequality, we have shown the asymptotic negligibility in probability of o7,
ie.
M
oy’ Fyo, (6.34)
n,N, M

thus the asymptotics solely relies on e

Plug in the definition (6.32), recall the definition (6.2), use (6.15) and Ito’s formula, we

have

n,N,M

T T’ b +6

where

G aca. N1/2Zp (7)0 (X ZDN(Th > dy(X)

b 2N +1
N.M Pr = 70— 7h\ 0p(X)
R UAD _ 1/2 ~M N{({'v—
A = N0 3 M (") ot
N.M n Th t
NN Z N2 S M () / X (1) / dX (u).
h=1 Th—1 Th—1
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By (6.23) and (6.24), we have the following representation

T 0" (t)

N = W2 [Tt maxe [T @ axi
71
Tn 6" (t)

M = V2 [T [T M6 ) N ) X )
T1

t

sy M _ on1/2 [T M gn Q).
@) N [T myaxo [ ax

Note the for u € [0"(t),t], 0"(t) = 0™ (u), thus

MM = )M ey VA (6.35)

where

Tn t
™M = N2 [T wax ) [ @ e wax)

0
e nN.M 1/2 ~M (g1 N (4 0,
OB N /O dx (¢ / (0" (w)) N (¢, u) dX (u).

6.4.2 preparing some martingales

Now let’s define some martingales useful in the incoming asymptotic analysis. They are

Uy = /ﬁd"’N () AW (u)
0
_ t
Nt = /0 AN (¢, u) pM (6™ (w)) o (u) AW (u) (6.36)
UvN() = /UFM t= 6 ))d"’N(U,u)a(v)dW(v),
0
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and It6 martingales

~~

ZzvN (1) = /O VN (t,w) o (w) U™N (w) AW (u)

N = /0 "N (1) o) TN () T ()

20 =[N0 0 ) o) U ) aw )

Z7vN (@) = /0 t AN (&, u) pM (07 (w) o (w) TN (u) AW (). (6.37)

By It6’s formula,

t
g2 = /0 N (8,02 e(u) du + 227N ()
U o) = /O Ly (t,w)? M (0" (w)) e(u) du + 2N () + 2N (1)

~ t o~
U (4?2 = / VN (it u)? M (07 (w))? e(u) du + 22N (). (6.38)
0
Lemma 35. There exist some finite positive constant K such that

E[U™N @)UY ()] \/E[U"N 6)T"N (u)] \/ B[O ) 0™ ()]

tAu
< K/ VN (it 0) dN (u, v) do,
0
and

E[z"N )z ()] \/E[Z2™N ()2 ()] \/ E[Z™N () 2N (u)] \/ E[Z2"N (6) 2" (u)]

tAu v
< K/ AN (¢, v) N (u, v) dv (/ "N (v, 5)? ds).
0 0
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Proof. By 1t6’s formula,

n,N n,N _ thu n,N n,N
E[U™ (6)U™ (u)] A" (t,v) d™ (u,v) Ele(v)] dv

tAu
4N, v) d N (u, v) E[ﬁM(Qn(v)) c(v)] dv

o

E[U™N 60N (w)] =

tAu

BTN OT V@] = [ d (e d Y w0 B (67 (0) o)) v,

S— S—

thereby the first claim is shown.

According to Itd’s formula, (6.37), (6.38),

wN N [ N n,N nN N2
E[Z™™ () 2™ (u)] =E ; A" (t,v) d™ (u,0) U (0)* e(v) dv

tAu
<K / AN (t,0) dVN (u,0) E[UN (0)?] dw,
0

and

i 3 tAu
E[Z"N () 2N (u)] = E /0 "N (t,0) d"N (u,0) UN ()2 M (07 (v) e(v) dv

tAu
<K / AN (t,0) dVN (u, ) E[UN ()] dw,
0
similarly,

E[Z™N (4) 2N (u)]

IN

tAu ~
K / AN (t,0) N (u,0) E[UN (v)?] dv
0

7, N (N 7n, N thu n, N n, N r,IN (N2
E[Z"Y () 2" (v)] < K ; d™ (t,v) d™Y (u,v) E[U™ (v)7] do,

then the second claim follows from the first claim proved earlier.
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6.4.3 stable convergence

By (6.36), we can write

O = N2 [T ) o v ) aw
0

Tn N
()N~ N1/2 / o(t) TN (£) AW (2). (6.39)
0
First, let’s consider, for r =1--- ,d’,

(e(0)NM 1) = N2 / "M 0n (1)) o1 () U (1) dt
0

Tn ~
(e MM W), = N2 / o1, () U™V (1) dt.
0
Notice that

@mwMMﬂw%INAmﬂmﬂﬁwmmemmUu@mAw

x U™ N (U™ N (u) dt du,
according to Lemma 35, and by Fubini’s theorem and Holder’s inequality,

9 Tn Tn tAu
E[(e(0)"NM W,)2] < KN / / dt du ( / dN (t,0) dVN (u, ) dv)
0 0 0

< KN/OTn dv (/UT" N (1, 0)| at) ([" " (u,0)] du)

3p—2 T 2/p
<KT 7 N(/ [N (¢, )] at) ”,
0
similarly,

Tn Tn ~ ~
(e(NM )2 = N / / o1 (o1 () x TN ()TN () dt du,
0 0
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through a similar argument applied to E[(e(0)N:M WH%],

_ T
E[{e(1)™MM ;)7 < KT?’TN(/O ‘d”’N(t,v)‘pdt>2/p.

By Lemma 30, Jensen’s inequality and Markov’s inequality,

<6”JVJW}VV%>T'::<€(0)nJVJJaVV%>J’+‘<€(1)nJVJw}LV}>I'_E+ 0. (6.40)

Second, let’s consider

<6n7]\f,.7\47 6n7N,M>T _ <€<O)n7N,M7 €(O>n,N,M>T

+2(e(0) VM o)AMYy ()N ey N (6.41)

T?

note, by (6.39),

Tn

(e(0)NM ey VMY, = N i M 6™ ()% c(t) U™ N (£)% dt
(e(0)NAM g1y VMY = N OTnﬁM(G”(t))c(t) UnN (@) U™ (4) de
(e()NAM ey MMy = N " ey TN (12 dt,

0

in view of (6.38),

<€<O)H,N,M’ 6(0)7’7,,N,M>T — 20(0)%,N,M + V(O)H,N,M

T
N, M N, M N, M
(e(0)"NM ey N, = o) +0(2)7 + V()T
N,M N,M
{e(Q)NM yn MY = 20(3)7; + V)T,
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where

oMM = N/ M (07 ()% c(t) 27N (t) at
oMM = N/ pM(0n (1)) e(t) 2N (1) at
o)M= N/ P (0m(1)) e(t) 2N (1) dt
o@E)pNM = / t) 2N (1)

and

v(o)mNAM /07”5 (07(1))2 (t)[zv /OtdmN(t,u)?c(u)du} dt
vVt - /OTnﬁM(G"(t))c(t)[N /O td"vN(t,u)QﬁM(ewu))c(u>du} dat
vVt - /0 T"c(w[N /O tdnvN(t,U)QﬁMW(u))?c(u)du} dr.

Let consider the asymptotically negligible terms,

O©OENMP2 = N2 /0 " /0 M (67 () 25M (67 (w))? e(t)e() 27N (27N () it du

o)A~ N2 / " / M (g ()M (07 () e(t)e(u) 27N (1) 27N () it du

0P = N2 [T [T @) (0" ) tt)etw) 27N (02 () de
j0@) M1 — N2/ / w) 2N (0 2N (u) dt du,
by Lemma 35,

(‘O n N,M ‘2)
Tn Tn tAu v
< KN? / / dt du [ / dN (8, 0) dVN (u, v) ( / dN (v, 5)? ds) dv],
0 0 0 0
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by (6.25),

E(|o0)n NPy < KT 5 N2/, (6.42)

By similar arguments, we can show the same upper bound applies to E(|O(1);’N’M|2),
E(jo@y™ %), E(o@)™ ).

Now, let’s consider the terms which contribute to the asymptotic variance. By Lemma 33,

31,

T T
vttt = S /0 p(t)? c(t)? dt

thus we have the following lemma

Lemma 36. Assume Assumption A-v, A-X, A-a. Let NA(n)Y/?2 = 0o, N < |n/2],
M — oo, M < N,

N1/2 /0 ! p(t) [N (8) — ()] dt £ MN(O,T /O ' ()2 x c(t)2dt>.

6.5 Bivariate asymptotic analysis

Here we study the asymptotics of

T -
N2 [ 0[N0 = eju(o)] .

for a a-Holder continuous function p where « is equal to that in Assumption A-a.
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Given a smooth function p on RT, by the definition (6.7), we have

0.5.1 decomposition
Recall the definitions (6.5) and (6.6), based on (6.23) and (6.24), we have the expression
F(dX;)P_y x F(dXp)! = /0 e~ 2ma=907 /T q (1) /O e=2ms08 W)/ T q 0, (),
by (6.15) and Ito’s formula,

F(dXj)g-s x F(AXR)s = yg s i+ x(0)g s 5 + XD ks

where

n
Yq.5.5k

B /T —i2mat ()T i2rs [9g(t)—eg(t)}/chk () dt
0

T N n t N n n
VO = /0 1270} ()T 4 (1) /0 6@2775[9j(t)—9k(u)]/T A, (1)

T t . n . n n
X(l)Z&jk _ /0 dX 4 (t) /O e—z27rqt9j (u)/T6227r5 [Gj (u)—07 (t)} /T de (u),

then by (6.6), (6.16), (6.24),

n,N

A~ ,N
Flejp)g™ =Y N4 F(O)qjk + (1)

o (6.43)
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where

T TL
v = O o)

T t
roy = /O 2 /T X (1) /0 4V (1) dXy (w)

t o .
) = /0 ax; (1) /0 ~2na /T N (4, ) X ().

then by (6.2) and (6.43),
T
7N7M [y ,N NM 7]\]-7]\4
Nl/ZA;?k :N1/2/0 Py (07 (&) e (1) cjp(8) At +e(0) T3 ™ +e(1) 7

Jk,T

where

T t
e(0)ipM = N2 /0 PIOD (1) o.(1) AW (1) /0 A5 (¢ u) o (u) AW (u)

T t
)M~ N2 /O o (£) AW () /O S0 (w)) Y (1) 0. () AW (). (6.44)

Therefore, we have the following decomposition:

T -
7N;M 7]\4 ’M NM 7]\[7]\4
N1/2 /0 Pk [ M (1) = cip)] dt = o(0) 401 +e(0) M e M (6.45)
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where

o(0)iy = N1/2Z /] ML) = pjp(®)] et dt

T
o(1yVM N1/ /O O ) el [ (8.1 — 1] d. (6.46)

On one hand, by (6.27), (6.31), Fubini’s theorem, and Lemma 34,

T w— 0" (t
o0t =N [Cepank [ P (O ) — 0]
N;/QJ T—}—Op(Nl/ZM/n)?

where

JkT //FM u_t [P;k() pik(t)]cjp(t) dt du.

. T T
By symmetry of variables, ‘]]]’\/[k,T = I o FM[(u—t)/T] [pjk(t)—pjk(u)} cjr(u) dudt, hence

L [P et — o 0] e 0] .

jkT

The modulus of continuity of p is determined by that of ¢, let
T M
Lijp(w) = /O F¥((u—1)/T[pjr(u) = pjr®)] [ejn(u) — cjr(t)] dt,

M

by periodicity of ¢ and p, LM 1) = ["512 FM{(u — 1)/T] [pj(u) = pji(0)] [ej(w) -

u—T/2

cjk(t)} dt. Note

‘L]kT )| = (/|u—t§1/M+/u—t|>1/M)FM<u

through an argument similar to the proof of Lemma 33 , we have ]E‘L e T( )| <K [M 200y

t)|dt

Vo) = o O] [ejuw)
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M_(1+O‘)], thus

oot < K () + (3) )

by Markov’s inequality, we have shown the asymptotic negligibility in probability of 0(0)?];]\:/‘;,
ie.,
M P
o(0)jj.p — 0. (6.47)

On the other hand, by the Taylor series of the sine function and the definition (6.24),

duN t,t) — 1| < KNA(n), so E(|o(1 nN,M < KN3/2A(n , hence
Jk JkT

o(1): M Ly, (6.48)

JkT

Thus the asymptotics is dictated by e(O)?é]\%M + e(l)?];]glM.

6.5.2 preparing some martingales

Now let’s define some It6 martingales useful in the incoming asymptotic analysis. They

are

~ t
00 = [ n 2 ) o) W ) (6.49
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and

t

Z;T‘,;N(t) — /0 d;?,;N (t,u) o (u) U;?,;N(u)dvv(u)

25N = /O t A (8 ) o () U () AW ()

ZZ;N@ = /0 t d;T“N (u, t) Py (607 (u)) 7. (u) Uﬁ;N (u) AW (u)

Z?I;N(w = /0 t d;?,;N (u, t) Py (67 (u)) 7. (u) U“;?,;N (u) AW (w). (6.50)

By Ito’s formula,

t
U @? = / a5 () e () du + 2275 (1)
0
t
7N r7 7N 7N 7N o ~ 7N y 7N
v N @ TN () = /0 N (1) Y () DY 07 () g () du o+ 25N (1) + 25N (1)

N2 = td”’N 2 5M (gn (4,))2 du + 22" 6.51
)7 = i (u, 1) 5y (05 ()™ ¢4 (u) du + 22357 (). (6.51)

We have the following lemma about the magnitudes of quadratics.

Lemma 37. Under Lemma A-v, there exist some finite positive constant K such that

tAu
N N N N
E[U]nk WU (w)] < K/() d?k (t,v) d?k (u,v)dv

- tAu
E[0"Y TN w)] < K / 5N (1 0) %Y (v, 0) do
0

gk Jk J
~n,N , \77n,N tnu n, N n,N
E[Ujk <t)Ujk (w)] < K ; djk (v, 1) djk (v, u) dv, (6.52)
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and

4N (v,9)2 dv

tAu
N N N N
E[Zjnk (t)Z;.Lk (w)] < K/O d?k; (t,v) d?k: (u,v)dv it

4N (9, v)2 dv

tAu
51, N N 51, N N N
E[Zjnk (t)Z;Lk (w)] < K/O d?k: (t,v) d?k: (u,v)dv ik

tAu
E[Z%N 070N w)] < K 4N, ) dBN (w,u) do [ a5 (v,0)2 do
o IF

jk jk
E[Z2N0 70N W) < K YN (0,8)d (v, 1) dv
jk jk 0 ik ) ’

Proof. By 1t0’s formula and (6.49),

tAu
B[V UL )] = /0 a5 (0) 7Y (u,v) Elejp (v)] dv
~ tAu
EU 00 W) = [ a0 4 e B0 ) i) do
Jk jk

~ ~ tAu
E[07N (00N ()] = /0 N (0,0) 5N (0, 0) B[P (02 (0))2 ¢4 (0)] o,

thereby the first claim follows.

According to Itd’s formula, (6.58), (6.59),

tAu
7N 7]\/v 7]\/’ ,N ,N 9
E[Z ()25 (w)] =E /0 a5 (1 0) d5iY (u,0) e (0) U (0)% do

similarly,

tAu

tAu
o ’N o ’N ’N 7]\] 7]\] 2
E[Z; " (O)Z) (w)] < K /O di (v t) d (0, w) E[UR (0)%] do

tAu
~n.N 5. N N N ~nN [ \2
E[Z]nk (t)Z;lk (w)] < K/O dh (v, t) d?k (U,U)E[Ufk (v)?] do,



then the second claim follows from the first claim proved earlier.

6.5.3 local mean square rate

According to (6.6), (6.43) and (6.49), we can write

T t—0"(u)
N, M 1 N
M (1) = /O M (—J) AN (u, w) ¢, (v) du

T T
1 [T ot 0°! (u) N 1 (TN
— FPM(— - )y (u)d — I (¢ d
w7 | P () v e avtn + 4 [0 o) v )
therefore
N, M N, M N, M N, M
/C\?]{; (t) Cjk‘(t) = Q(tv 0)?]€’T + Q(t7 1)?]@’1’ + Q&)?]ﬂ’]" ’ (653>

where

n,N,M 1 /0 g FM(ﬂ> U () 0. () AW (u)

Q(tao)jkj = T T ik
T
N, M L [ 5aNM
QY = 7 [ O o )
T t—0"(u)
nNM 1 M j n,N
Q(t)jk,T = f/o F (T) d. (u, u) cjp(u) du — ¢ (t).
By Ito’s formula and Fubini’s theorem,
T t—0"(u)\2
nN,M12y 1 M j n,N, \2
Bllo®0jr ] = 72 | F () Bl @ ej(w)] du
T
n,N,M 2 1 =~n,N,M 2
EHQ(t’l)jk,T H = ﬁ/0 E[Ujij (t,u) ckk(u)} du,
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because of Assumption A-r and Lemma 37,

T

< K[u:}g)ﬂ /OTd?];N(u,vﬁdv} : [/OTFM<w>2du],

T t—On ) U
[!Qto”NMF <K/ FM(J> du/ a5 (u, v)? dv
0 0

and by Fubini’s theorem,

< K[UGSEJI’)T] /OTd?,;N(v,u)Q du} : [/OT FM<¢>2du],

according to (6.22) and Lemma 30,

n,N,M 2 n,N,M 2 M
Q05 77 |+ QU D a7 | < K= (6.54)
Notice
QM = @0 M o )+ o2 1, (6.55)
where
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Based on the Taylor series of sine function, Assumption A-v, (6.27),

4
N,M 2 N

E( sup [Q(¢,0)" )gK—]l WA

te[O,T]l jk,T | nd U7k}

according to Assumption A-v, 34, we know

2
M2 M

]E( sup |Q(t, 1) ) < K—5;

t€[0,T] | kT n?

by Lemma 33,

E<Supte[1/M,T—1/M] Q, 2)%,T|2> < KM™2%, if ¢(0) # ¢(T)

E(suppeor) (20022 7 [) < K2, if c(0) = (7).

then based on (6.53), (6.54), (6.55), (7.2), we have the following proposition.
Proposition 5. Under Assumption A-v, A-X, A-«, there exists a finite positive constant

K such thatVy,k=1,--- ,d,

sup

gl NM N4 M)
te[M—1,T—M~1

2 —2
Cjk: (t)—Cjk(t)| < K(Fl{ﬁék}—'—M a“f‘ﬁ
additionally, if ¢(0) = ¢(T),

1
N,M 2 N 20 M
sup E[@VM (1) — cin(t) gK(—]l L + M +—).
el0r] |gk k()] nd U7k} N

Remark 10. The various terms in the upper bound in proposition 5 arise from estimation

errors of different natures, cf. (6.53) and (6.55). The sources of these estimation errors are:
e asynchronous observations;

e approximation by convolution with the Fejér kernel (one type of delta sequences in

Fourier analysis);
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e statistical error in the form of stochastic integrals of the Fejér kernel with respect to

Brownian motion.

The magnitude of these estimation errors are summarized in table 6.2

Table 6.2: Estimation errors of the Fourier-Malliavin method for spot volatility
error sources ‘ asynchronicity error ‘ delta sequence approximation ‘ statistical error
magnitudes ‘ = N?A(n)? ‘ =M« ‘ = /M/N

6.5.4 stable convergence

By (6.44) and (6.49), we can write

T
O = N2 [ e a0 U o aw

T
N,M ~n. N
ey = pv1/2.}g o (t) UJy" (1) W/ (1) (6.56)
First, let’s consider, for r =1---,d’,

T
MW&%W%ﬂszAﬁ%%W%MWM%&

ik
T
N.M ~n N
(@M W)y = N2 /0 o (8) U (1) .

Notice that

O W = [ [ e e 0o

N
xUjk (t)Ujk (u) dt du,
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according to Lemma 37, Fubini’s theorem, Hélder’s inequality,

E[(e(0 nNM WT>T <KN/ / dt du /t/\ud?]’{N(t,U)d?éN(u,v)dv>
§KN/0 dv /v }d;LI;N(t,vﬂdt)([JT‘d?];N(u,v)}du>

T T 2 3p—2 T 2
< KN/ dv(/ d’?,;N(t,v)\dt) < KTppN</ d”,;N(t,v)|pdt) .
0 v 7 o 7/

similarly,

NM ~n.N
< n WT>T—N/ / Ukr Ukr )XU]nk (t)U]k ( )dtdu
by a similar argument applied to E[(e(O)] Wr) ],

_ T )
Bl w3 < ke ([N wapa)

By Lemma 30, Jensen’s inequality and Markov’s inequality, we have the following lemma.

Lemma 38. Under Lemma A-v,

N,M N,M P
(e(0)ip " + () W) — 0.

Second, let’s consider

el e ) = N B0 e 0 U (1) de
T
O e g = N [ EE0) e U O T (1) de
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in view of (6.59),

n,N,M n,N,M _ n,N,M n,N,M
<e(0)jk ,e(0)37 v = 200) .7 + V(0);7 7
n,N,M n,N,M . n,N,M n,N,M n,N,M
<e(0)jk ce(1)5 ro= OW)jr7 +0@)5 7 +V)ir
n,N,M n,N,M . n,N,M n,N,M
<€(1)jk »6(1)jk >T = 20(3)jk,T +V(2)jk,T )
where
n,N,M T M 2 n,N
OO = N | k@) ess(t) 23" (1) de
T
7N7M ~M ~ ,N
0(1);?“ = N i D1 (07 (£)) cjp(t) 230 (¢) dt
T
N, M . N
0@ = N | e @) () 25 (1) i
T
N.M =n,N
OB)r = N | aw®)Zy " (t)dt,
and

T t
N,M ~ N
VoM - /0 O30 ¢jj(1) dt [N /0 5 (1) e (u) du

T t
N,.M ~ N N ~
vt = /0 L2 0)) cji(t) dt [N /O N (1) 5N () D07 () g3 ()

T t
N, M N N
VR = /0 () dt [N /O dii (u,t)? p%(Q;L(u))chj(u)du].
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Let consider the asymptotically negligible terms,

T T
N, M 2 . . N N
oo = | /O AL ()2 07 ()2 (1) e350) 25N (1) 275N ()t du
T T
N, M 2 . . N\ 5n,N
oM = N2 A7 (1) D07 () i (1) i) Z55N (8) 25 (w) dt
IR, 0 0 J J J J
T rT
N, M |2 . . cn, N\ 5n,N
0@ = N2 | /O O (1) DA 07 ) i (1) i) 25N (1) 25 (w) dt d

N.M 2 ~n.N o\ 5N
‘0(3)?k,T I© = N? ; e (t) () Z;.Lk (1) Z;Lk (u) dt du,
by Lemma 37,

E(|0©)5 3" %)

then by (6.25),

3
E(JoO)5 M P) < KT N2, (6.57)

By similar arguments, we can show the same upper bound applies to E(|O(1);L];]\§1M|2),

E(Jo@ %M 1P), B(lo@) Y ).

Now, let’s consider the terms which contribute to the asymptotic variance. By Lemma 31

and Lemma 33,

T

=
(@]
SN—
<
v@‘
N
l@
C\
>
ol
—
o~
N—
o
=
ol
<.
x5
~—~
~
SN—
D
3
~—~
~
S~—
@)
x5
x5
—~
~
S~—
o,
~

Based on the derivation above, we have the following lemma.
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Lemma 39. Assume Assumption A-v, A-X, A-a, A-d>. Let NA(n)Y/2 = oo, NA(n)?/3 —

0, M - 00, M <N,
1/2 T ~n,N,M L—s
N2 [ O 0) = ejett)) de 5 AN (0. Vi),
where

T ~ N ~
Vit = /O o2 5 { [0, (0) + Ot i ()] 45 (1) car(t) + 205 (1) e (1) at

6.6 Multivariate asymptotic analysis

Finally, we are ready to tackle the general multivariate asymptotics

Nl/QZ/ pik(t A”NM(t)—cjk(t)]dt.

J,k=1
for a a-Holder continuous function p where « is specified in Assumption A-a.

6.6.1 prepare more martingales

Define the following It6 martingales:

7200 (1) = / AN (4, u) o () U (u) AW (u)

jk,m Im
t ~
20y = [ it oe 0 O @ aww)
t
20 = [ e s ) o U @ aw
n,N t
ZEN @) = / N ) AL 07 ) . () T () W (), (6.58)



Based the definition (6.49) and by It6’s formula,

t
N N N N
N OURY @ = [ N e Y ) e dus 20+ 25,0
t
N\ =n,N N N on, N
Ufk (t) Uﬁn (t) = /0 d?k; (t,u) dfm (u,t) le(‘gl( u)) ey (u )du+Zklm( )"’Z;'lk,gm(t)
t n,N n,N M
Ujk ()Ulm (t) = /Odj]; (u,t)dh;l (taU)ij(Q?(U))ij( )du+Zlm]k() Zlmdk<>
t
N\ 70N N N
G000 = [ d w50 0) e ) el du
~n.N
+ij,l (t) + Zlm,]k(> (6.59)
We have the following lemma about the magnitudes of quadratics.
Lemma 40. There exist some finite positive constant K such that
n,N n,N t/\u nN v n,N 2
E[Zjl;,lm(wzgklm( u)] < K/ t,v j]; (um)dv/o dy, (v,9)" dv
t/\u v
>n,N >n,N n,N n, 2
E[ijm(t)ij’Zm(u)] < K/ t,v jk (u,v)dv/o dy, (U,0)°dv
E[Z%Y (#)zmN < & [Ny a N o [ a0 0) 0
Z35 1 (O Z ) (W] < G (v, t) d,p," (v, u) dv A ik (W )’
tAu v
>n,N n,N n, N n, N n,IN 2
E[ij’lm(t)Zij(u)} < K/O djk (v,t)djk (v,u)dv/o dy, (0,0)"dv
Proof. According to [t6’s formula, (6.58), (6.59),
n,N n,N tnu n,N n,N n,N ; \2
E[Zjl;,lm(t)zjlé,lm(uﬂ :IE/O dﬂ; (t,v) dﬂ; (u,v) cpp(v) U, (v)=dv
2 n,N n,N n,N 2
<K/0 a5 (8, 0) a5 () E[U2Y (0)2] o,
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similarly,

tAu
>n,IN >n, N n,IN n, N ~n,N ;, \2
E[ij,lm(t)ij’lm(u)] < K/O djj (t,v) d] (u,0) E[U"" (v)7] dv

tAu
°n,N °n,N n,N n, N n,N ; \2
EZ50mOZ5 1 (w)] - < K/O dp, (. 0) dy™ (v, u) E[U (v)7] dv

tAu
>n,N -n,N N N ~n,N 2
EZ, 0750 w] < K [ 88w @ oG e a,

then this lemma follows from (6.52). O

6.6.2 stable convergence

By (6.47), (6.48), it suffices to study

n,N,M _

prAVA

d
N.M ,N,M

)M + e M,
jk=1

because of Lemma 38, it remains to study the limit of the angle bracket <\If”’N M yn,N,M >T
in probability.

d
<\I/n’N’M,\I/n’N’M>T _ Z [<6(0)?];N’M,6(0)n’N’M>T I <6(0)?];N’M,6(1)H’N’M>T

lm
j)k7l7m:1

+ (e e+ (e e ) 7.
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and by (6.56),

(o)1

N, M
(e(0)%;

N.M
(e(D)3}

7k

so by (6.59),

<\Ifn’N’M7 \Ij’n,N,M>T —

where

ey = N OTﬁ%w (1) B (07 (1)) cqn(®) U @) U (1) de
ey = N OTﬁj‘zwj (1) cim MUY (0 TN (1) at
Oy < N [ a0 T 0o o
UMy - N / (0 TN (0 TN (1) at,

d

D

7,k lm=1

3 3
N,M
> Ot + 2V )
r=0

r=0

jkJdm,T

n,N,M ]

M M
(1) [Z;Lk’lm(t) + 7

P07 (1)) By (07 (1)) I, jk

(t)] de

T ~M pgn >n,N ~M /nn
= N/O [pjk(ej () ¢jm () Z g, 1 () + Dy (07" (1)) cpa (t )er,’wk( )] dt
= N [ FROO) cim(0) 2550 (1) + RO O) ena(t) 27, (0)] e

~n.M
= N 0 Cm (1) [Z;'lk,lm( )+ Zlm,]k:( )} de,
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and

t -
PO () Ph (07 (0) cju() dt [N /O A (1) diyy” (8,00) g (1)

T t -
VDimr = /O PO (D) cjm(t) b [N /0 i () iy (o, 6) Py (0] () e () du

t i
P (07 () epa (1) dt | N /0 A5 () i (8, 0) D0 () o () dut

T t
VO = [ @t [V [ ) di ) 200 0) A6 () (00 du]

To show the asymptotic negligibility of O(T)?];JyﬁMT for r =0,--- 3, by symmetry, it suffices

to study the following terms:

SO = N | DO O) 6] (1) e(t) Zi,, (1) d

oWjiamr = N OTﬁ%w;‘(t»cjm(t)kaf7m<t>dt

oy = N OTﬁ%w?(t))c]m(t)ijf7m<t>dt

0@y = N it 2 (t) dt
Note
(6Ol = N? OT /OTﬁ%(m(t))ﬁ%(Q?(t))ﬁ%(g())sz(ez())

et eju(w) 235, (0) 2055 () dt du

o5 = 2 [ S0 00 0 cante) 23,0 23, )
o = 3 [ [ B O ) ) 205, 0 23 0 0
|6 ( ?,j‘{ ﬂ%} — N2 OT OTckm(t)ckm(u) iyéflvm(t) Z;?,;{}fm(u)dtdu,



by Lemma 40,

(1900 3

?)
T rT tAu v
2 n,N n,N n,IN 2
< KN /O /0 dtdu[/o diN (¢ 0) df (u,v)dv/o AN (v, 9) dﬁ],

by (6.25),

(JOO)NA 2 < g5 N2/, (6.61)

By similar arguments, we can show the same upper bound applies to E(|q§(1)?]’j\l77’7]l\/’[T|2),

E(}gb(Q)?];]\lZ’?yT}Q), ]E(‘(b (3 ;ll;]\lfr’yT‘Q) Thus by Jensen’s inequality and Markov’s inequality,

we can prove that ¢(r )nk]\l[ MT, r=0,1,2,3 all converge to 0 in probability.

By Lemma 31 and Lemma 33,

~

N, M
VORSAT | o3k o) Ban(0) ie) (0
T
NM P
V)iimr — /0 Pjk(t) P () O 1 () Cjm (8) cpa(£) dt
T
NM P
Ve £ [ k0 i ® im0 a0

N,M b
v L /0 030 pm®) D31 (8) 1(8) rn(£) .

Therefore, we have the following proposition.
Proposition 6. Assume Assumption A-v, A-X, A-a. Let N — oo, NA(n)2/3 — 0,
M — oo, M < N,

N1/2Z/ pinlt A”NM(t)—cjk(t)]dtﬂMN(O,VT),
7,k=1
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where

d

T
vp= % / pi4() P ()%
7,k lm=1

{ [0:8.0m () + 03 1m ()] €51(E) o () + (652 (&) + O 1 ()] i (2) Ckz(t)} dt.
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CHAPTER 7

INFERENCE OF VOLATILITY MATRIX FUNCTIONALS BY
FOURIER-MALLIAVIN METHOD

7.1 Functional estimation given missing data

Given a functional of statistical interest and a nonparametric estimator of spot volatility,
we can construct a functional estimator via the plug-in framework of Jacod and Rosenbaum
[2013]. In this framework, computing a functional estimator entails (i) computing the non-
parametric estimates of spot volatility at various time points; (ii) plugging the nonparametric

estimates into the functional and computing the Riemann sum.

To cope with asynchronicity and generalize the framework of Jacod and Rosenbaum [2013],
the author chooses the Fourier-Malliavin method to compute nonparametric estimates of
spot volatility. The Fourier-Malliavin method for volatility functional estimation comprises

of three steps:
1. estimate the Fourier coefficients of volatility by DFT and Bohr convolution;

2. estimate the spot volatility from the estimates of its Fourier coefficients by IDFT and

Fejér kernel;
3. plug in the estimates of spot volatility and evaluate the functionals.

The first two steps have been described in Chapter 6. For the third step, the volatility

functional estimator is defined as
~ hT\\T
n _ N, M g
St= > g(c (—B ))B. (7.1)
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There are four tuning parameters, namely N, M, B, L. The tuning parameters N and M are
inherited from the spot estimator ¢V The tuning parameters B and L dictate how to

construct the functional estimators:

e B is the number of plug-ins in the Riemann sum; a higher B results in a more accurate

approximation to the integral, with the cost of higher computational load;

e [ is the bandwidth at the boundaries of the time window, in which no spot estimate

will be taken in the Riemann sum.

The boundary values of a volatility sample path ¢(0) and ¢(T) are different in general. How-
ever, the spot estimator (6.7) is based on trigonometric series and is periodic by construction,
e (o) = VAT

hence . Because of this artifact, no spot estimate near the boundaries

will be used in the functional estimator (7.1).

It is required that the tuning parameters N and M satisfy

(

N — 00
N <|n/2| -M+1
/2] (72)
MA/N = o
\ M?/N =0,
where « is specified in assumption A-«, and B and L satisfy
B/N? =
L=0 if ¢(0) = ¢(T) (7.3)

L=B/M if ¢(0) # (7).

The spot volatility is a crucial element in volatility functional estimation. For a given func-

tional, the large sample properties of the functional estimator largely relies on the asymp-
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totics of the nonparametric estimator of spot volatility.

The author have shown the analyses of Fourier coefficient estimation and volatility estimation
in Chapter 6. In this chapter, the author is going to show the analysis of volatility functional

estimation based on the Fourier-Malliavin method.

7.2 Central limit theorems

7.2.1 decomposition and asymptotic negligibility

We can write

N'2[8(g)3 = S(g)r] = S(0)7 M + 5N + 5@, (7.4)
where
B T
SENAE = NY2 ST (@ N M (hr/B)) T/B —/O g(@NM (1)) at
h=1
T
SN = N2 [ g M 0) - (et
0
Z mN Mgy — cjk@s)} } dt
7,k=1
SENM o Z N1/2 / Or(e) [ M (1) ejp0)] ar.
7,k=1
By Riemann summation,
IS = 0,(NY2/B),
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in view of (7.3),

507 7] = 0. (75)
By (4.1),
lo@ 2 t)) - =30 OGO —en®] | = Op (1 () 0],
therefore

|’§(1)%’N’MH < KTNY? sup HE”’N’M(t) - c(t)Hz.
t€[0,T)

According to Proposition 5,
n, N,M M
E[[S(1) | < KT—p

Thus by (7.2) and Markov’s inequality,

SN = o. (7.6)

7.2.2  stable convergence

Let pjx(t) = Ojxg(c(t)), we get

d T I
S = 30 N2 [ o[ - o] at.
k=1 0

In view of (7.4), (7.5), (7.6), and Proposition 6, the author derives the following theo-
rem.

Theorem 5. Assume Assumption A-v, A-X, A-d?, and Assumption A-o with o >
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1/2, ¢(0) = ¢(T') and (4.1), and choose the tuning parameters according to (7.2), (7.3) with
e N < |n/2| = M +1 if Assumption A-7 holds,
e N =o(n 4/5) if Assumption A-1 does not hold,

then we have

NY2[S(9) ~ S(a)r] 55 MN(0,V (9)7),
where

Var- 3 [ ossatett) amotetvn

7,k,l,m=1

{1070m(® + 031 (D] €41(8) @) + Gt (8) + Byt (D] om0 g (0 . (7.7)

We have the following corollary which immediately follows from Theorem 5 and Lemma
32. It states that when different time series are observed synchronously, the functional
estimator based on the Fourier-Malliavin method can be rate optimal and efficient.

Corollary 4. Assume Assumption A-t, A-v, A-X, and Assumption A-a with o >

1/2, ¢(0) = ¢(T) and (4.1). Choose the tuning parameters according to (7.2), (7.3) with
= |n/2] — M + 1, we have

A(n)"M2[8(g)8 — S(g)7] =5 MN(0,V (9)5),

where

Vig)r = Z / kg (c(t)) Omg(c(t)) X [ei(t) cpm(t) + cjm(t) cpa(t)] dt.

7.k, l,m=1

The convergence rate A(n)"1/2 =< nl/2 is optimal and the asymptotic variance V(9T
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achieves the efficiency bound, cf. Jacod and Rosenbaum [2013] and Clément et al. [2013].

The author provides an estimator of the asymptotic variance (7.7), which is defined as

d
> SN, M,B N,M,B
V= > VO + vt (7.8)
7.k, lm=1
where
S N, M, B 7 N,M N,M
VO fims = 5 22 0ka@ M (n)) 0mg @M (1) 25 ) T (1)
h=1
[th/6(n))
xNS(n) >0 AN (s 00) di (b, 00) + AN Do, t) i (90, )
v=1
5 1\, N,M,B T N, M N,M
VOSAEE = 23 0g@ N M (14) Do (@ N M (1)) T (1) ™M (1)
h=1
[tn/d(n))
xNd(n) Z [d]k (thﬂ%)d (ﬁv,th)"i‘d (ﬁvath)d (th71911>
v=1

and t;, = hT/B with B satisfying (7.3), 0y = vd(n), 6(n) = min; miny, A{L.

According to (4.1), Proposition 5, and the choices of ¢, and J,, it immediately follows

that under the conditions of Theorem 5,

7.2.8 interference phenomenon

In the presence of asynchronous observations, the condition N = o(n 4/ %) in Theorem 5
means the convergence rate is strictly less than 22/ 5. If we allow the limit distribution to be

non-centered, we can improve the convergence rate to be exact QQ/ 5,
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To formulate this non-centered asymptotic result, we define “cubic variation of time” as

P (t) = n? fg [Qy(u) — Gg(u)}z du, note

o4y — 2 k__J ko N\20  _k . , ,
Pi(t) = n Z [(Th/\T Th 1 VTo—1) " 1T — 7ol Y aeh <t gk and Ihg )
LNIE#0
Ik J kN2 k . . .
+ (VT = T V1) T — Tl Lo aek <oricr o theriy

J k J k 2 .
+ (Th ATy —Th 1V 7' 1) |Th -7y |°1 TZ1VT§—1§’5}]’

and under Assumption A-7, Pﬁ:(t) = 0 uniformly.
Assumption A-0 (cubic variation of time). Vj, k =1,---  d, 3 an integrable function Qjks

such that ¥Vt € [0,T], as n — oo

P t
1 (t) —>/ ik (u) du
0

The next proposition states a limit result with exact rate ﬂ2/ 5 and the cubic variation of
time emerges as the bias in the asymptotic distribution.

Proposition 7. Assume Assumption A-X, A-v, A-t, A-d®, A-0, A-a with o > 1/2,
c(0) = ¢(T) and (4.1). Choose the tuning parameters according to (7.2), (7.3) with N =
|kn®/% | A (|n/2] — M +1), we have

w*/?[S(g)f ~ Sla)r] =5 MN (ul9)r.V (9)7),
where V (g)7 is defined as (7.7) and

7T2 &5/2
plo)r =~ /' ) () oju(t) dt,

with o), being defined in Assumption A-0.
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The bias in the second order can be estimated by

972 ,5/2 d B

N, M
372 > g (@M (1)) @M (1) [Pl () = Ph(ta—1)].
j.k=1h=1

wg)r = —

In the asynchronous scenario, if N = |n/2| — M +1, the functional estimator (7.1) generally
is no longer consistent. However, there is still an asymptotic result with optimal convergence

rate and a new limit. Define

we can write

-~ N = N.M.B = N.M = N.M
NY2[S(g)% — S(9)p™] = SN 5N M 4 52)n M, (7.9)

where g(O)g’N’M’B is defined in (7.4) and

T
SO = N2 [ {a@ N 0) - gl 0)

d
> Opa(™N @) [E?,;N Mg —g?,;N (t)]}dt
k=1
_ d T J
Syt = 3N /0 09 ("N () [EM (8) = N (1) et)] at

J,k=1
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i) =) - St 0~ |

(”»nNM

therefore

||§(1nNMH <KTN1/2 Sup H/%NM(t)

N ().
te[0.T)

Notice that

N, M N,M N,M N, M N,M
VM (1) — ) = QUM + Qe M 2 TN a2

where Q(t, O)nk]\;M and Q(t, 1)nkj\;M are defined by (6.53) and

o, )M = %/OT [5“(&) _ FM(“T“)} A5 (u, ) i (w) du

1 (7T M(t—u N N
a2y = ?/0 F ( - )d?;g (1 10) e (a) du — 5N (8 1) 30,

by a similar argument preceding Proposition 5,
M
E[S)pN Y| < KT

- N1/2°

Thus by (7.2) and Markov’s inequality,
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Let Bjk(t) = 8jkg(g”’N(t)), then

d T —
a N, M 1/2 N,.M N
SeEVM = 3 NY / a0 M0 - N ] an (1)
jik=1 0
The analysis of 5(2)%N7M can be done analogously as that of Proposition 6. Before state

the result, we need an additional assumption on the almost everywhere convergence of the
Dirichlet kernel of time gaps.
Assumption A-d (Dirichlet kernels of time). Vj, k = 1,--- ,d, 3 an integrable function Tk

such that ¥Vt € [0,T], as n — oo

t t
/0 d?];m/% (u, Gy(u)) du 2 /O rix(u) du.

If N =|n/2| — M + 1, under other conditions, S (97 —S (g)%’N converges rate-optimally to
a mixed normal distribution.
Proposition 8. Assume Assumption A-X, A-v, A-7, A-d®, A-d, A-a with o > 1/2,
c(0) = ¢(T) and (4.1), and choose the tuning parameters according to (7.2), (7.3) with
N =|n/2| — M + 1, we have

n'2[3(g)n — S(9)2N] 55 M (0, V(9)r),

where
d T
Vir=2 3 [ 0elro c®) dmalr o c(t)x
7.k, lm=1

{ [0:8.0m () + 03 1m (0] €51(E) o (@) + (652 (&) + O 4 ()] i (t) Ckz(t)} dt,

r(t) = [rjr()]k, and © denotes the Hadamard product.
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Remark 11. The biases in Proposition 7, 8 arise from asynchronicity. Note ﬁ(dX i)s
defined in (6.5) can be regarded as a wave function, the multiplication term F (dX;)g—s X
F(dX;)™ in the spectrum estimator (6.6) can be interpreted as a “superposition” of two
waves. When the observation times of the j-th and k-th components are asynchronous, the

~

waves F(dX;)g_s and F(dX})" are out of phase. This results in the scaled and shifted

Dirichlet kernel d?];N(t, t) and is the source of asynchronicity biases.

7.3 Simulation

The author adopts the following simulation model to illustrate the functional estimator based

on Fourier-Malliavin method

AX(t) = .03dt 4 \/c(t) dW (1)
ct) = )= [e(T)—c0)]¢/T

de(t) = 6(.16 —&(t)) dt + .5./2(t) dB(t),

where E[(Wiran — Wi)(Biia — Bi)] = —.6A. Each simulation employs 23400 x 21 data

points with A(n) = 1s.

In the first simulation experiment, we simulate synchronous observations and compute es-

timators for functionals g(c) = ¢, g(c) = ¢, g(c) = log(c) based on the realized variance
and the Fourier methods. For these three functionals, the tuning parameters are given in
Table 7.1.

tuning parameters ‘ kn N M B
values ‘LAE%J Lﬂ'75J LﬂgJ LQBJ

Table 7.1: Tuning parameters of the RV and Fourier-Malliavin method in simulation

The tuning parameter kj for realized variance is chosen according to (3.6) in Jacod and
Rosenbaum [2013].
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The empirical densities of studentized estimators are shown in Figure 7.1.

Figure 7.1: Simulation of volatility functional estimation by realized variances & the Fourier-
Malliavin method
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CHAPTER 8

SUMMARY

The author presented, in the preceding chapters, some statistical theories and methodologies
for covariance matrix functional estimation under nonparametric It6 semimartingale mod-
els. The models allow for non-stationarity and time-varying covariance matrix. The theories
and methodologies are applicable to a wide range of nonlinear smooth functionals using
high-frequency observations. Their applications include principal component analysis, gen-
eralized method of moments and specification tests, time series linear regression, statistical

uncertainty quantification et cetera.

The novelties in this dissertation are the dealings with microstructure noise and asynchronous
observations (missing/incomplete data), while the previous literature has only tackled this es-
timation problem in the absence of noise and observational asynchronicity. For the first time
in the study of volatility functional estimation, the author demonstrated that microstruc-
ture noise can be handle by the pre-averaging method, and asynchronous observations can

be utilized by the Fourier-Malliavin method.

New statistical results in this dissertation include convergence rates, correction of bias caused
by functional non-linearity, bias as a manifestation of wave interference due to asynchronicity,
asymptotic mixed normality and optimality. The asymptotic bias can be derived by second-
order expansion. After bias correction, the pre-averaging method can achieve the optimal
convergence rate of volatility functional estimation, and the asymptotic variance can be
estimated. The Fourier-Malliavin method inherits wave properties from Fourier transform.
The asynchronicity effect goes into the estimator through wave interference, and when the
multivariate data is observe synchronously, the Fourier-Malliavin method is not only rate-

optimal but also achieves the efficiency bound.
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Based on the pre-averaging method and its statistical guarantee, a large-scale empirical
analysis is implemented on the millisecond transaction data from the TAQ database. As a
proof of concept, this demonstrates how to apply the results in this dissertation to complex

large time-dependent data.

Nonetheless, there are theoretical limitations to the current work. One major limitation is
that the methodologies proposed here can handle noisy or asynchronous data, but are not
sufficient when noise and asynchronicity are both present. A good candidate to overcome this
difficulty is the Fourier-Malliavin method. An advantage of the Fourier-Malliavin method
is that it can cope with noise in a straightforward manner. For white noise, its energy is
persistent across the whole spectrum. A working idea is to apply low-pass filters to sieve
out noise at high frequencies. How to design low-pass filters for accurate covariance matrix
functional estimation is still an open problem. A shortcoming of the pre-averaging method
is statistical efficiency. Modifying the smoothing kernel in the light of Karhunen-Loeve
expansion is a potential approach to boost the efficiency of covariance matrix estimation in
the presence of noise. Interestingly, it is spectrally adaptive rather than temporally adaptive,

but it has not been investigated in the context of volatility functional estimation.

The author has implemented principal component analysis based on the pre-averaging method
on noisy high-frequency data (e.g. transaction data sampled every second). Principal compo-
nent analysis based on the Fourier-Malliavin method can be applied to noiseless synchronous
high-frequency data (e.g. data sampled every minute), and can also be used for analysis of
asynchronous data (e.g. liquid stocks are sampled at higher frequencies, less liquid stocks
at lower frequencies). However, canonical Fast Fourier Transform (FFT) can not be directly
applied to data that is asynchronously sampled. Typical sample sizes of high frequency fi-
nancial datasets are hundred thousands or millions, hence computing the Fourier transforms
without FFT is unfortunately not scalable. The author hopes to embed the non-uniform

FFT (NFFT) algorithms into the Fourier-Malliavin method in the near future.
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