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I. INFORMATION-THEORETIC QUANTITIES FOR MIXED-STATE ENTANGLEMENT

Consider a state p in a bipartite system Ha4 = Ha, ® Ha,. p is said to be a separable state if it can be written as
a convex combination of product states,

! q
p= Zpi (pi)a, @ (pi)ay, 0<pg <1, Zpa -1, W
=t a=1

Such a state has no quantum entanglement, as the correlations in it can be given a classical hidden-variable description
[1], and it may be prepared using only LOCC without any need for EPR pairs between A; and Ay. Any state p that
is not separable is said to be entangled.

While no general criterion is known to determine whether or not an arbitrary state p is entangled (doing so is an
NP-hard problem [2]), we can use various quantities to study entanglement in mixed states. One familiar quantity is
the mutual information

I(A1, A2) = S(pa,) + 5(pa,) — S(pa), (2)

where S(p) is the von Neumann entropy

S(p) = —Tr[plog p] (3)

of p, and pa,_ in (2) refers to the reduced density matrix in subsystem As. While the mutual information is non-zero
for any entangled state, it is also nonzero for the separable state (1) with ¢ > 1, and can hence reflect both classical
and quantum correlations. Note that we can also define the Rényi mutual information in terms of the n-th Rényi
entropy,

In(A1, A2) = Su(pa,) + Su(pas) = 5alpa), Su(p) = —— log ") @

although the physical interpretation of this quantity is not well-understood, and in particular it can take negative
values.

Another useful measure is the logarithmic negativity, defined in terms of the partial transpose p’2 of p, which is
given by

T2 _
Patas,biby — Paibz,bias - (5)

where a1,b; and asg, by are indices in A; and A, respectively. In terms of the eigenvalues \; of pzz, the logarithmic
negativity is defined as

E(A1, As) = log <Z |A,-|> : (6)

States with £(A1, As) > 0 are always entangled. States with £(A;, As) = 0 are referred to as positive partial-transpose
(PPT) states, and include the entire set of separable states, but also include some (bound) entangled states.

From an operational perspective, two natural measures are the entanglement cost and the distillable entanglement.
For both quantities, we take n copies of the original system, A" @ A$™. We allow only local operations and classical
communication between AP™ and A$™, and consider conversions between p®" and (|JEPR)(EPR/|)®™, where

1

[EPR) = =

(10Y2, 102y + 1)z, |1)2y), 1,79 are qubits in AP, AS™. (7)



First consider the conversion from (|[EPR)(EPR|)®™ to p®" under different choices £ of LOCC operations, with
vanishing error in the limit n — oco. FE, is defined as the minimum ratio ”* over all choices of £ [3]. We can also

require that the error in the conversion vanishes before taking the n — oo limit, and the corresponding minimum ratio

™ is then called the exact entanglement cost plexact) [4]. Next, consider the conversion from p®™ to (|[EPR)(EPR|)®™
under LOCC operations £. Now the maximum ratio " over all choices of L is defined as the distillable entanglement

E, if we require the error to vanish only in the n — oo limit, and the exact distillable entanglement E((fxm) if we
require the error to vanish before taking the n — oo limit. While for pure states p4, E. and E4 are both equal to the
entanglement entropy S(pa4,), for mixed states in general F. > E; and neither of these quantities must be equal to
S(pA1 )

If we consider the set of PPT-preserving transformations ( i.e. transformations that send any state o with o72 > 0
to another state o’ with (¢/)72 > 0 ), of which LOCC transformations are a proper subset, then we can again consider
the asymptotic rates of converting between (|EPR)(EPR/|)®™ and p®" under such operations. The entanglement costs
and distillable entanglements under such operations, EPPY E’C(lppt)7 EPPEexact) ond E((ippt’exad)
natural generalizations of the definitions for LOCC in the previous paragraph.

It is clear from the above definitions that for a fixed set of operations, the exact costs are always greater than or
equal to the costs, and the LOCC costs are always greater than or equal to the corresponding PPT costs.

While the various entanglement costs and distillable entanglements are all difficult to compute in practice, they are
related to calculable measures such as I and £ through various bounds, such as [5, 6],

are then given by the

E4(A1, Ag) < SI(Ar, Az), EPPLY (A1, Ay) > (A1, As). (8)
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II. EQUILIBRIUM APPROXIMATION FOR RENYI AND LOGARITHMIC NEGATIVITY

We consider a system evolving from a far-from-equilibrium pure state pg = |Uo)(Tp| to a state p = |¥)(¥| with
|¥) = U|¥g), which is in equilibrium at macroscopic level. We assume that the macroscopic physical properties of
the equilibrated pure state p can be approximated by an equilibrium density operator p(¢® as in (1) from the main
text.

Consider the n'* Rényi entropy with respect to a subsystem R,

—(n— (A) n n n
Zog=e "V = Trpph = Trg (TraUpoUT)" = (nr @ eg|(U @ UN)™|po, €) (9)

where in the last equality we have written this quantity as an amplitude in the replica space (H ® H)™, with the
following notation. For any operator O acting on H, the state |0,0) € (H ® H)"™, where o is an element of the
permutation group S, of n objects, is defined as

(iiyiglhy - - -iniy| O, 0) = Oivit o, Oisit -+ Oiir, 5 Oig = (ilO]]) - (10)
Here {|iyi}igib - - ini),)} is a basis for (H ® H)", and o(i) denotes the image of i under o. For O given by the identity
operator, we will denote the states obtained in this way simply as |o). When the system is divided into subsystems,
we can similarly define states by associating different permutations to different subsystems. For example, suppose
H=Has®Hz. Then |O,74 ® 03) with 7,0 € S,, is defined as

T AT . . AT
<Zlallbllazlb g iy Oy, T, [0 TA ® O'A> =0

o , O . 11
Zlu“b’z;(l)al;‘(l)b Olnalnbv’;(n)a’;(n)b ( )

where [ix, ), [i}, ), |ix,), |7},) respectively denote basis vectors for subsystems A and A in the k" veplica of H ® H.
In (9), for the state |ng ® eg), O is the identity operator 1, e identity permutation and 7 the cyclic permutation
(n,n—1,---1), which sends n ton — 1, n — 1 to n — 2 and so on.

As explained in [7], we can find the approximate late-time value of Z,, g in a chaotic system by inserting a physically
motivated projection in (9). The projection involves the effective identity operator Z, associated with the macroscopic
equilibrium of p, and leads to equation (2) in the main text.

(PT)

For the partial transpose partition function ZT(LPT), a similar set of steps starting from an expression for Z, ~’ as an
amplitude in (% ®H)" leads to the expression equation (6) of the main text, where n~! is permutation (12...n—1n).
Each term in equation (6) can be given a diagrammatic representation, as shown in Fig. 1. These diagrams make it
easier to understand the dependence of different terms on Z, and the sizes of various subsystems. We can insert the



identity in the terms of equation (2) to write

<77A1 ®n23®eB|IouT> = Z <7]A1 ®’I7221®eB‘7;12'71...1'”77”><i127/1...in{/n|Ia7T>,
TR Ry (12)

|im> = |ima>A1 Iima>A2

Z-mb>B7 |Z_/m> = |i_/ma>A1|i_/m6>Az|i_lmb>B-

!
n(m)a
lines, 4,,, with i%,l(m)a using dotted lines, and i,,, with i, using solid lines, as shown in Fig. 1(a). The upper half of

The lower half of each diagram represents (14, ® 0. ® epli1i1...ini’, ) by connecting iy, with i using dashed

the diagram represents <i1i71...ini7n\Ia, T>, by connecting i,, with i'T(m), as shown for some examples in Fig. 1. There
is a similar diagrammatic representation for equation (2) of the main text which was explained in [7].

FIG. 1. (a) shows the common lines of all diagrams for different terms in equation (6) of the main text, and (b)-(d) show
examples for three choices of 7 which are dominant in various regimes, for the case n = 4. The dotted loops are shown in two
different colors in (c) to make the distinction between different loops clear.

In the thermodynamic limit, the RHS of (2) and (6) of the main text can be approximated by the terms from
some subset of permutations that give the dominant contribution. For the Rényi partition function (2), the dominant
contribution is always given by either 7 = e or 7 = 7, leading to

Sn(pr) = min(SH, 54 (13)

where SS%) is the n'™ Rényi entropy of R for the state p(®®. For the partial transpose partition function ZT(LPT) with
even n, the dominant contribution for all choices of Z,, is given in different parts of the phase diagram by one out
of T =e, 7 =norn !, and 7 = Trg, where Tgg refers to the two permutations with two-cycles among adjacent
elements,

rBs = {(12)(34)...(n — 1n), (23)(45)...(n1)} (14)



The diagrams corresponding to e, n and one of the permutations in 7gg for n = 4 are shown in Fig. 1. On analytic
continuation to n — 1, the contributions to ZT(LPT) from these permutations respectively give the finite-temperature
expressions for the negativity in the NE, ME and ES phases in (16)-(18), (22)-(24), and (26)-(28) of the main text.
In gravity setups, where we take B to be the black hole subsystem and A to be the radiation, the contributions
to Zr(LPT) from the permutations 7zg, 1, and ! all involve replica wormholes. For example, consider the model for

black hole evaporation in [8] where the black hole subsystem consists of JT gravity with EOW (end-of-the-world)

branes. The boundary calculation of Zy(lPT) between two parts of the radiation in this model is precisely equivalent
to equation (6) in the main text, with effective identity operator

T, =1a@e P f(Hp). (15)

This is a special case of equation (15) from the main text, with A at infinite temperature and an additional factor f(Hp)
which captures contributions from end-of-the-world (EOW) branes. In this example, we can read off the boundary
expressions for Z& ") (1) in terms of da,,da,, Z, p from the diagrams in Fig. 1 (where Z, p = Tr[(e #H2 f(Hp))"]).
Using the relation between bulk and boundary partition functions in holography, we then find geometries like the
ones shown in Fig. 2 for evaluating 2D in the ES and ME phases. Both involve connected Euclidean gravity
path integrals between multiple asymptotic boundaries. More generally, equation (6) in the main text can be used to

systematically derive replica wormhole prescriptions for calculating Z,gPT) in other gravity setups.

(a) 7= (12)(34)

FIG. 2. Euclidean gravity path integrals with replica wormholes for calculating 2" in the model of [8], for n = 4. The
dominant contribution in the ES phase, shown in (a), involves connected partition functions Z2 g between two asymptotic
boundaries, while the ME phase contribution in (b) involves Z, g. The black lines with arrows are asymptotic boundaries in
JT gravity (each with length 3, although the lengths appear to differ in the figure), and the green lines are EOW branes. The
dashed and dotted loops simply give factors of d4, and da, respectively.

III. CALCULATION OF LOGARITHMIC NEGATIVITY THROUGH THE RESOLVENT

In order to find the von Neumann entropy and the logarithmic negativity, especially in the cases at finite temperature
where we cannot a priori use analytic continuation, it is useful to first find the equilibrium approximation for the
resolvents in equations (3) and (7) from the main text. Below we will explicitly discuss how to find Ry ; the calculation
for the resolvent for the von Neumann entropy is similar.

It is useful to see Ry as the trace of a matrix

>/\>—‘

= 1
ZT "o 1P =1P0)alP2)ass 12) = la1)a,le2) 4 (16)
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We can apply the equilibrium approximation to each (pgz)”pq. The common lower half of the diagrams for all

permutations in this case can be deduced from Fig. 1 (a) for Tr[(p’?)"] by erasing the dashed line connecting 7/,

and i,,, and the dotted line connecting 47, and ig,, and instead taking the inner product of |ia,), iy, ), |ia,), |i5,)

with |p1), |p2), |q1), |g2) respectively. The resulting lines are shown in Fig. 3, which also explains how the factors

of =51 and - that are common to all terms for a given n in (16) (the second factor comes from the equilibrium
1

approximation) are incorporated into these lines. In the limit where the effective dimension of A; is much larger than
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FIG. 3. “Boundary” lines for the equilibrium approximation for R,q with n = 4.

that of As, it is sufficient to consider contributions from planar diagrams for all n to R,;. We can write R,, in terms
of a self-energy ¥,, as shown in Fig. 4(a). ¥,, is a sum of diagrams without any disconnected parts connected by
+0pq, to which the first few contributions are shown in Fig. 4(b). We take |p1),[q1) and [p2), |g2) to be elements of
the energy eigenbasis in A; and A, respectively, so that we approximately have that

(P11{p2|Zalq1)|g2) o< Op, ¢ Ops g2 (17)

for both the canonical and microcanonical ensembles, and hence from the diagrams contributing to ¥,, we can see
that both X,, and R,, are proportional to dp,.

FIG. 4. Diagrammatic representation of Rp, and the first few diagrams contributing to ¥,, in the case where A; is larger than
As.

We can immediately see by summing the geometric series on the RHS of Fig. 4(a) that

1
Ry =) Ry Ry=1—% (18)
P p

We can systematically include all planar contributions to 3, using the Schwinger-Dyson equation shown diagram-
matically in Fig. 5. For general choices of Z,, this Schwinger-Dyson equation in general leads to a complicated



set of equations relating R, for all different p to each other. Below we consider a few choices of 7, for which the
Schwinger-Dyson equation simplifies. More details of each of these calculations will be discussed in [9].

FIG. 5. Rewriting of the RHS of Fig. 4(b) as a Schwinger-Dyson equation. All a;,b; are independently summed over (unless
they have delta functions among each other or with p, ¢ according to the diagram).

A. Infinite temperature

Taking Z,, to be the identity operator on the full system, the Schwinger-Dyson equation for R, becomes independent
of the index p in A, and we have

1
=d = —, 1
Ry =daR:,, R R (19)

Each line on the RHS of Fig. 5 now simplifies to a geometric series, and we get a cubic equation for R,

L . (20)

1
AR? —BR?>+ [ — =\ 1= = :
B Rl + (a ﬁ)Rl + < ) Rl + O’ @ dAdB’ (dAde)Q

da

Dy (A) and € can be found numerically from the solution to (20), and turn out to agree with the analytic continuation
in equations (11)-(13) from the main text, as discussed in [10].

Now consider the regime where dy4, /(da,dp) < 1. This corresponds to being outside the ME phase. Then since in
this regime a > 8, Ry is O(1), and A is O(1/d4), (20) simplifies to a quadratic equation for Ry,

aR$+<1—A)Rl+1:0. (21)
da

The same quadratic equation can be obtained diagrammatically by ignoring all contributions to the Schwinger-Dyson
equation in Fig. 5 except the first term in each line on the RHS. This corresponds to including contributions to Z,(LPT)
for all n from permutations where all cycles have either one or two elements (including 7 = e and 7 = 7gg, as well
as other permutations such as (12)). We can now solve (21) to get a simple semicircle form of Dy (\) from Ry (A),
which can be integrated analytically to get the NE phase and the ES phase, and the correct transition line between
them at ¢ = % But as expected, this approximation misses the ME phase.

B. Canonical ensemble with infinite temperature in A

Next, consider Z, as in equation (15) from the main text, with infinite temperature in A. For this case, the RHS
of Fig. 5 implies that R,, ¥, again become independent of the index p, so that we have (19) again, but now with ¥,



dependent on the partition functions Z,, g = Tr[e "##5]. We find for this case

oo RNe 13 2k—1 RNe_ﬂE 2k‘
A1‘“:‘“”“2/ 4Bp(E ; (dAdhle) e\ Canzie) | (22)

We then complete the geometric sums to find

d1242RN (dAZLBBﬁE + RN)
BB 7

ARy =da + / dEp(E) (23)

where p(E) = e¢V*(F/V) is the density of states for B. On specifying the density of states, this equation can be can
be solved numerically for Ry () and used to obtain £. The solution with a gaussian entropy density is shown in Fig.
6 (a) as a function of ¢ at A = % The result agrees with the expressions for £ in the ME and ES phases in equations
(16) and (18) from the main text and the naive phase transition line between them in equation (19).

Similar to the infinite temperature case, we can obtain an analytic expression for the regime where the effective

dimensions d4,,d4,,

tations contributes in this regime at finite temperature as the one that contributed at infinite temperature, we can
then include only the first diagram from each line on the RHS of Fig. 5. We again find a semicircle form of Dy (A),
which can be integrated analytically to get equations (16) and (18) and the transition (19) from the main text. But
note that in this case we do not have a systematic way of justifying the truncation to the permutations with cycles
of only length one and two, so it is important to confirm these expressions numerically using the full resolvent as in
Fig. 6 (a).

Analogously to the above steps, we may find an integral expression for the resolvent for the von Neumann entropy
of pa,

'R —BE R

The von Neumann entropy can again be evaluated numerically, confirming the expectation from analytic continuation
in equation (14) of the main text, as shown in Fig. 6 (b).
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FIG. 6. Left: For the canonical ensemble with A at infinite temperature, the logarithmic negativity is computed numerically
using the resolvent (23) and compared to the naive analytic continuation in equations (16) and (18) from the main text, with
excellent agreement. Right: The same is done for the von Neumann entropy of A; = A using the resolvent (24). Clearly, the Page
transition occurs at the same place as the naive analytic continuation in equation (14) of the main text and not at, for instance,

the transition for the second Rényi entropy. For simplicity, we have used a Gaussian density of states p(E) x exp [—E—Z] and

2Np
taken \ = %

C. Microcanonical ensemble with B at infinite temperature

In this case, R, is no longer independent of p, but instead depends on the energies of |p1),|p2). The resolvent
calculation for this case becomes more complicated, and we are not able to find £ from the sum over all permutations
either analytically or numerically. But if we again truncate to the contributions from permutations that have cycles



with only one and two elements, assuming this truncation is valid away from the ME phase, then this results in a
form of Dy () which can be integrated analytically to confirm equations (22) and (24) from the main text. The naive
transition line where we set equation (24) to zero is also confirmed by this calculation.

D. Microcanonical ensemble with As at infinite temperature

In this case, the expressions for Z,(LPT) are such that the resolvent can be expressed in a simple way in terms of the
infinite-temperature resolvent from (20). As a result, the quantity Z(PT) = exp & can also be expressed in a simple

way in terms of its infinite temperature value ZgT)(dAl,dAz, dg),

200 23" pp, 28D, day, d_p,) (25)
Eq

where ng = eVrs(Er/VR) refers to the density of states in subsystem R at energy Eg, with s(e) the entropy density
for the system, and

A1 9B
_ dpdp_p,

_ A1 B
Ng NE*ZdEidE*Eﬁ' (26)

B

PE,

In the thermodynamic limit, for certain ranges of ¢ and A, (25) gives the expressions expected from analytic continu-
ation in equations (26)-(28) from the main text. In addition to these, we get two new phases, where

Erps—mE1 =logda, +Va, (s(03) — s(e)) — Vps(e). (27)
gES_MEQ = VA1 (28(92) - 8(6)) — VB 8(6) . (28)

with € = and A and 63 defined implicitly as solutions to the equations

_F
Va,+Ve>

— 0
¢ (Va, + “/f) Va, 2) = Va, s(02),
B

€ (VA1 + VB) — VA1 03
Ve

logdA2 + Vi s (

Va, 8(03) + Vg s ( ) =logds .

The full phase diagram is shown in Fig. 3 of the main text.
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