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Driven-dissipative quantum systems generically do not satisfy simple notions of detailed balance based
on the time symmetry of correlation functions. We show that such systems can nonetheless exhibit a hidden
time-reversal symmetry, which most directly manifests itself in a doubled version of the original system
prepared in an appropriate entangled thermofield double state. This hidden time-reversal symmetry has a
direct operational utility: it provides a general method for finding exact solutions of nontrivial steady states.
Special cases of this approach include the coherent quantum absorber and complex-P function methods
from quantum optics. We also show that hidden time-reversal symmetry has observable consequences
even in single-system experiments, and can be broken by the nontrivial combination of nonlinearity, ther-
mal fluctuations, and driving. To illustrate our ideas, we analyze concrete examples of driven qubits and
nonlinear cavities. These systems exhibit hidden time-reversal symmetry but not conventional detailed

balance.
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I. INTRODUCTION

Time reversal is a basic symmetry that plays a cru-
cial role in a vast variety of physical systems. For open
classical systems subject to dissipation and driving, it man-
ifests itself as detailed-balance constraints on transition
rates (or equivalently drift and diffusion functions). It also
places a strong symmetry constraint on steady-state two-
time correlation functions 4 () B(0): they must be invariant
when each quantity is replaced by its time-reversed version
and t — —¢. This symmetry is sometimes referred to as
Onsager symmetry, as it plays a crucial role in the deriva-
tion of Onsager reciprocity relations. In classical systems,
this symmetry has a direct operational utility: it provides
a simple route for finding steady-state probability distribu-
tions (i.e., potential conditions that can be used to solve
Fokker-Planck equations [1]).

There is a long history of works that extend notions
of Onsager symmetry and detailed balance to quantum
open systems described by a Markovian master equation
in Lindblad form [2—13]. The most natural definition
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requires that steady-state correlation functions in the quan-
tum theory obey an Onsager symmetry analogous to the
classical case [2,3,8]; this condition necessarily holds if
the microscopic system-bath dynamics obey time-reversal
symmetry [3]. Later more formal works considered gen-
eralized definitions of quantum detailed balance (QDB)
[9,10], framed in terms of quantities that are not directly
measurable and whose physical interpretation is somewhat
opaque. The ultimate operational utility of all these quan-
tum definitions of detailed balance are unclear. Unlike
classical detailed balance, these quantum symmetries are
not known to enable a simple method for finding a non-
trivial system’s steady-state density matrix [14].

In this work, we introduce a powerful, symmetry-based
formulation of quantum detailed balance that goes beyond
the simple definition in Ref. [2], and that directly enables
an efficient way for finding nontrivial steady states. Our
work builds on Ref. [11], which showed that a particu-
lar generalized definition of QDB introduced in Ref. [15]
can be formulated using an entangled, thermofield double
(TFD) state [16]. We use this to introduce the notion of
“hidden” time-reversal symmetry (TRS) in an open quan-
tum system. This antiunitary symmetry need not reveal
itself through some simple invariance of the original mas-
ter equation, nor through a standard Onsager symmetry of
two-time correlation functions. Instead, this symmetry is
directly tied to a time symmetry of correlation functions
of a doubled version of the original system prepared in
a thermofield double state whose form is directly tied to
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FIG. 1. (a) The concept of hidden time-reversal symmetry
helps unify disparate-seeming topics in the study of driven-
dissipative quantum systems. (b) A driven-dissipative system
described by a Lindblad master equation. The conventional
definition of quantum detailed balance is formulated as a time
symmetry of steady-state correlation functions. (c) Hidden TRS
is a symmetry ensuring that correlation functions of a doubled
version of the original system, prepared in a thermofield double
state, are time symmetric. It is defined by an antiunitary operator
7. Hidden TRS can hold even when the correlation-function sym-
metry in (b) fails; it also enables a powerful method for finding
exact solutions.

the symmetry operator [see Fig. 1(c)]. Crucially, we show
that a system can possess hidden TRS even if it fails to
have the conventional QDB (CQDB) defined in Ref. [2]
(though in the limit of infinitely weak dissipation, these
notions coincide).

Hidden TRS is not just a formal curiosity: it provides a
powerful tool for understanding complex nonthermal and
nonclassical steady states. We show that the existence of
hidden TRS directly yields a simple and direct method for
analytically finding the steady-state density matrix of a
Lindblad driven-dissipative quantum system. This method
is not limited to situations of weak driving, interactions, or
dissipation. It represents a generalization of the coherent
quantum absorber (CQA) method introduced in Ref. [17],
and extended in Ref. [18]. Hidden TRS is also connected to
well-known exact solution methods from quantum optics
based on the complex-P phase-space quasiprobability [19—
22]: these methods can be viewed as special cases of our
more general approach.

While experiments on doubled quantum systems pre-
pared in thermofield double states have recently been
performed [23], hidden TRS also has experimental

TABLE I. Common driven-dissipative quantum systems and
their status both with respect to CQDB (cf. Sec. II D), and our
new notion of hidden TRS. Italics indicate systems with hidden
TRS that do not have CQDB. Some of these systems possess
multiple distinct hidden TRS (rightmost column).

Hidden
Hidden TRS:
System CQDB TRS unique?
Thermal qubit Yes Yes Ty, e =1
Thermal linear cavity Yes Yes 7o, e =1
Kerr cavity, 1-ph. drive No Yes Yes
Kerr cavity, 2-ph. drive No Yes No; 7y, T
with nonzero temp. No No N/A
Driven qubit No Yes Yes
with nonzero temp. No No N/A

consequences in experiments on just a single system.
Unlike CQDB, systems with hidden TRS will not exhibit
Onsager time symmetry of all correlators. However, we
show that there are always a class of special correlation
functions that are guaranteed to have this time symme-
try. This provides a direct means for probing hidden TRS
(and its possible breaking) in a variety of experimental
platforms. We explore in detail two classes of ubiquitous,
experimentally accessible systems (see Table I): Rabi-
driven qubits subject to dissipation, and driven-dissipative
nonlinear quantum cavities. These systems exhibit, in gen-
eral, no correlation-function time symmetry, and hence
do not possess CQDB as defined in Ref. [2]. They, how-
ever, do possess hidden TRS in the low temperature or
small nonlinearity limit. This explains the surprising exact
solvability of a variety of driven nonlinear cavity mod-
els [1822]. We explore how hidden TRS is broken in
these models by the combination of nonzero temperature,
driving, and nonlinearity. For nonlinear cavities, break-
ing of detailed balance was extensively studied in the
semiclassical limit [24-30].

For clarity, the specific example systems we choose to
illustrate our ideas are either single qubit or nonlinear
cavity systems. We wish to stress though that the basic
notion of hidden TRS and connection to exact solutions we
present is extremely general, going far beyond these sim-
ple examples. We thus anticipate these ideas will also have
utility in the study of driven-dissipative many-body sys-
tems. This is an increasingly active area of research, both
experimentally (see, e.g., Refs. [31-34]) and theoretically
(see, e.g., Refs. [35-40]).

The rest of this paper is organized as follows: in Sec. II
we review the doubled-system formulation of classical
detailed balance and the definition of CQDB [2,3]; we
show that CQDB only holds for a limited class of systems
that possess trivial steady states. Section III introduces the
notion of hidden TRS, and connects it to the definition
of generalized QDB introduced in Ref. [15]. In Secs. IV
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and V we demonstrate how the existence of hidden TRS
enables an extremely direct method for finding exact solu-
tions for steady states. In Sec. VI we discuss how a
variety of driven quantum cavity models possess hidden
TRS, while in Sec. VII we discuss how thermal fluctua-
tions in some cases can break this symmetry. Section VIII
shows how hidden TRS underlies the complex-P function
exact-solution method. We conclude in Sec. [X.

I1. CLASSICAL DETAILED BALANCE AND
CONVENTIONAL QUANTUM DETAILED
BALANCE

A. Classical detailed balance

Consider a classical stochastic system with a discrete
set of microstates indexed by integers n, whose Marko-
vian dynamics is fully described by a set of transition
rates [, ,,. The time-dependent probability p (n, ¢) for the
system to be in a given state n then obeys

d
D) = ijp(m, O pn — ijp(n,t)rnqm. (1)

We assume that this equation admits a time-independent
steady-state probability distribution p (r). This steady state
is said to have detailed balance if there is a balancing of
probability fluxes between any given pair of states and
their time-reversed partners. Letting # denote the time-
reversed version of the microstate », the condition is (see,
e.g., Ref. [1]):

pMm =pm)Ti;. ()

This definition generalizes directly to systems with a con-
tinuous state space: Eq. (1) then becomes a Fokker-Planck
equation, and Eq. (2) becomes a constraint on drift and
diffusion matrices (so-called potential conditions). As is
well known, these “zero probability flux” conditions give
a direct way to find the steady-state distribution. In the dis-
crete case, one uses the zero-flux condition to iteratively
find the probability of each microstate in terms of the rates.
The continuous version of this yields the steady state in
terms of a potential function that is determined by drift and
diffusion matrices (see, e.g., Ref. [1]).

One can equivalently define detailed balance by a time
symmetry of correlation functions, what we term here
an Onsager symmetry. Suppose X and Y are arbitrary
functions of the microstate n of our system. Steady-state
correlation functions can be defined in the usual manner in
terms of conditional probabilities p (m, t|n, 0), which can
be computed from Eq. (1). For example,

X0Y0) =) Xmpm,iln,0)Ym)p(n).  (3)

The detailed-balance condition of Eq. (2) is then equiva-
lent to requiring that the following symmetry hold for all
steady-state correlation functions:

X(0Y(0) = Y X (0). “

Here, the time-reversed function X is defined as
X () =X (n).

B. Doubled-system formulation of classical detailed
balance

Consider now an alternate but equivalent formulation
of classical detailed balance [11]. We imagine making a
copy of our original system that has exactly the same set of
microstates as the original. This auxiliary system (system
B) is completely static, whereas the original system (sys-
tem A) retains its transition rates and dynamics, see Fig. 2.
To be explicit, the doubled system is described by a proba-
bility distribution p,g(ny, ng; ), which satisfies the master
equation:

d
S Pas(nn’s0) = > pan(m, ;DT

- ZPAB(W, n/;t)rn—>m~ (5)

We further assume that the doubled system is initially
prepared in a correlated state described by the probability
distribution:

pap(n,m;0) = p(n)d,,;, (6)

where p(n) is the single-system steady state of inter-
est. Note that the correlations in this state partner each
microstate 7 in system A4 with its time-reversed partner 7
in system B. It is easy to confirm that the marginal prob-
ability distribution describing each subsystem alone (4 or

(@) (b)
O
(I
OO

X ()Y (0) =Y ()X(0)

O O
(O =
'S0 e’ @

Xa(t)Yp(0) = Ya(t)X5(0)

FIG. 2. (a) System with discrete microstates, described by a
classical master equation. Detailed balance [Eq. (2)] is equiv-
alent to a time symmetry of stationary correlation functions.
(b) Equivalent formulation of classical detailed balance, involv-
ing a doubled system prepared in an initial correlated state
given in Eq. (6); the auxiliary system B has no dynamics. The
detailed-balance condition in (a) is equivalent to requiring a time
symmetry of doubled-system correlators.
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B) is time independent and equal to p (n) for system A, and
p(n) for system B. In contrast, the total state of the two
systems will evolve nontrivially. The result is that while
quantities involving only each subsystem are completely
static, correlations between the two subsystems will evolve
in time.

Given this dynamics and initial state, we now ask
whether intersystem correlations at time ¢ > 0 are invari-
ant if we “exchange” the two subsystems. To be concrete,
we consider two observable quantities X and Y that we
could measure on either system A4 or B; these are functions
of microstates, i.e., X (n,m) = X (n), Xg(n,m) = X (m).
We now define a doubled-system Onsager time symmetry
by the requirement:

X4(0)Yp(0) = Y(0X5(0), (7
for all possible observables X, Y. We stress that system B
is not dynamical.

Superficially, this looks very different from the standard
Onsager time-symmetry constraint in Eq. (4). We are not
exchanging observation times, but rather the subsystem in
which each quantity is measured. There is also no explicit
time-reversal operation in this equation (it is instead hard-
wired into the initial correlated state). Despite these differ-
ences, one can easily show (see Ref. [11] and Appendix A)
that the above symmetry relation is completely equivalent
to standard Onsager time symmetry. While this formula-
tion thus provides nothing new in the classical context,
we see that it motivates an extremely powerful generalized
notion for quantum systems, namely the notion of a hidden
time-reversal symmetry.

C. Markovian quantum open system: general setting

Onsager-like correlation-function time symmetries can
also be considered in the context of open quantum systems
[2,3,8]. For systems well described by a Lindblad mas-
ter equation, the dynamics is completely specified by the
Hermitian system Hamiltonian H and a set of jump oper-
ators ¢; that describe the influence of external dissipative
reservoirs. Defining Aoy = H — (i/2) > 8‘761, our general
Lindblad equation of motion for the system density matrix
o) is

Q.|&_

= —z(Heffp ,oH ff) + 201,551 = L[p], ()
=1

where we introduce the Liouvillian superoperator L.
Given a particular steady state of this equation (i.e.,
a time-independent solution pss), steady-state correla-
tors between two system operators X and ¥ obey
time-translation symmetry and can be calculated from
the master equation (see, e.g., Ref. [41]). To state this

compactly, we first introduce the adjoint Liouvillian super-
operator L, determined by (see, e.g., Ref. [42])

M
LIA] = i(ld — Al + )2 ). 9)
=1

Following the quantum regression theorem [43], correla-
tion functions are then computed as

X0 70)) = Tr (5,[)?]?,533) . & =exp (E_t) . (10)

Stated explicitly, & is a superoperator generated by expo-
nentiating the superoperator £ times ¢. £[X ] is then a stan-
dard operator generated by having &, act on the operator X,
ie,E[X] = > 0(t”ﬁ”[)(]/n')

We briefly note that while time-independent Lindblad
master equations provide an excellent description of many
physical systems and are ubiquitous in many areas of
physics, there are of course more general kinds of open-
system descriptions. For example, if one is interested
in describing driving effects beyond the rotating-wave
approximation, one is often led to master equations that are
explicitly time dependent (see, e.g., Refs. [44—47]). Sim-
ilar to previous studies of quantum detailed balance, we
do not consider this situation here. We note that even in a
strictly classical context, there is no universally accepted
definition of detailed balance for systems described by
explicitly time-dependent master equations. Standard text-
book discussions only consider detailed balance in the
time-independent case [1].

D. Conventional quantum detailed balance

As mentioned in the introduction, a variety of defini-
tions of quantum detailed balance have been formulated
for Lindblad Markovian master equations [2,5,11,48]. The
simplest and best-known definition of quantum detailed
balance involves the same constraint on correlation func-
tions that exists in the classical setting [2,3]. With this
definition (which we call conventional quantum detailed
balance), detailed balance requires

(X (Y(0) = (Y (X7 (0). (11)
Here X and ¥ are arbitrary system operators, and tilde is
used to denote the time-reversed version of an operator,
i.e., B= TBT!, where T is the antiunitary time-reversal
oper~ator. Note that on the rhs of Eq. (11), we have Y'(¢) =
&[7'].

Besides being simple to state, the CQDB correlation-
function symmetry also has a direct connection to a micro-
scopic symmetry: this correlation-function time symmetry
necessarily holds if the microscopic system-bath dynam-
ics has time-reversal symmetry [3]. This requires both that
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the entire system-plus-bath Hamiltonian has time reversal,
and that the bath state also relaxes to a time-independent
state (not just the system state). This connection to micro-
scopics (and the fact that it involves measurable correlation
functions) has led many to consider CQDB the most nat-
ural generalization of classical detailed balance to quan-
tum systems [8]. Note that CQDB is also referred to as
“Gelfand-Naimark-Segal detailed balance” [12].

E. CQDB implies a trivial steady state

As has been noted previously [4,9,10], the CQDB con-
dition is extremely restrictive: it only holds for systems
with steady states that are diagonal in the energy eigen-
state basis (i.e., [H,pss] = 0) [49]. Such states are in
some sense trivial, as they can be found by solving a
classical (Pauli) master equation, obtained by setting all
energy-eigenstate coherences in Eq. (8) to zero. The result-
ing steady state can thus be interpreted classically: the
Hamiltonian plays no role, and steady-state probabilities
are determined by balancing incoherent transition rates
between different eigenstates. A simple proof of this result
is presented in Appendix B.

The upshot is that CQDB is found in an extremely
limited class of systems, and is not a useful tool for find-
ing nontrivial quantum steady states; in fact, the presence
of CQDB makes it impossible to have such a state. In
Appendix C, we show explicitly that an extremely sim-
ple model of a Rabi-driven-dissipative qubit fails to have
CQDB (though it will possess the hidden time-reversal
symmetry we introduce in the next section).

II1. HIDDEN TIME-REVERSAL SYMMETRY AND
GENERALIZED DETAILED BALANCE

A. Basic formulation

As we discuss, the simple CQDB condition of Eq. (11)
corresponds directly to microscopic time-reversal symme-
try [3]. We now consider something more general, the
notion of hidden time-reversal symmetry, which we formu-
late in a doubled version of our original system (in rough
analogy to the classical construction in Sec. IIB). This
unusual symmetry will connect directly to an abstract vari-
ant of quantum detailed balance (so called “SQDB-6")
studied in the mathematical physics literature [9,10], and
which was recently linked to entanglement [11]. Our work
complements these studies by providing a direct physical
motivation for this definition and connects it explicitly to
symmetry. More importantly, we show that this formula-
tion has great practical utility: it allows us to solve for non-
trivial steady states. This connection was not previously
known.

Our starting point is again the Lindblad master equation
of Eq. (8) and particular steady state pss, which we write

in diagonal form as

fss =Y paln)(nl. (12)

Throughout this work, we assume that pss is full rank, and
further, that the p, have no degeneracies.

We next construct a purification of this state: an entan-
gled pure state |1/7) of a doubled version of our system that
yields pss if we trace out the auxiliary system B. We take
system B to have the same Hilbert space as the original
system 4. To construct |y7), we first choose an antiuni-
tary operator 7, which will define our hidden time-reversal
symmetry. We then use this choice to construct |7) in a
manner that mimics the classical doubled-system state in
Eq. (6): we pair each pointer state |n) in the original sys-
tem with its time-reversed partner in the auxiliary system.
We thus have

¥ =3 s (71m) )_Z@|nA|n (13)

With this definition, |17} is invariant under a gauge change
of the pss eigenkets |n) — €™ |n). The state |7) has the
form of a so-called “thermofield double state”; such states
have been studied in many different contexts [16], though
usually without including a time-reversal operation in its
definition. We stress that the form of |/7) is contingent on
the choice of 7.

We next specify the dynamics of the doubled system: as
we did in the classical case, we take subsystem 4 to evolve
as per the master equation in Eq. (8), but take the auxiliary
subsystem B to have no dynamics at all. The dynamics of
the joint system thus follows the Lindblad master equation:

%ﬁAB(f) = [£L ® 1] pan(®), (14)
where L is our original single-system Liouvillian, and
1p denotes the unit superoperator acting on subsystem
B. Starting the doubled system at # = 0 in the pure state
048(0) = Y1) (¥rl, this dynamics leaves the reduced den-
sity matrices of each subsystem invariant. It does not,
however, leave the full joint state p,p time invariant. The
result is that single-system expectation values are time
independent, but correlations between them can evolve.
We now use these evolving intersystem correlations
to define the notion of a hidden time-reversal symmetry.
We define s1ngle subsystem operators in the natural way,
ie., XA =X® 1 XB =i®X. Starting in the state |y7)
and evolving as per Eq. (14), hidden TRS holds if all
intersystem correlations obey the following symmetry:

Tr [XA s ﬁAB(f)] =Tr I:?AXB ﬁAB(f)] . (15)

Stated explicitly, the symmetry requires that intersystem
correlations at any time ¢ > 0 are invariant if we exchange
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which subsystem each quantity is measured in. Note that
as system B has no dynamics, we can equivalently write
this condition in the Heisenberg picture. Defining

WXy O ¥s1r) >0

TFD =
CTO= N aita-oZslun) 1<0°

(16)

the condition for having hidden-TRS condition then
becomes

CHP () = CEP(—0). (17)

Note that for a general system that does not have hidden
TRS, the definition in Eq. (16) implies that not only can
C)T(};D(t) be asymmetric, it can even fail to be continuous at
t = 0. We also stress again that the hidden-TRS condition
above is contingent on the choice of antiunitary 7. As we
see, there exist physical systems where hidden TRS is in
some sense degenerate: there are a whole family of distinct
operators 7" for which Eq. (17) holds.

Despite mirroring the classical doubled-system con-
struction, in the quantum case Eq. (17) gives us something
truly new: there are systems that fail to satisfy the Onsager
symmetry condition of Eq. (11), but nonetheless satisfy
the generalized condition in Eq. (17). In these cases, we
describe the particular antiunitary operator 7 used to define
[vrr) as a hidden time-reversal symmetry. Note that if a
system has hidden TRS, the steady state is invariant under
the corresponding time-reversal operation:

TpssT™" = pss. (18)

This follows directly by assuming hidden TRS [i.e.,
Eq. (15)], and taking the choice ¥ = 1. The only way the
remaining condition can hold for all X isif Eq. (18) holds.

To gain intuition for the role of entanglement in our
formulation of hidden TRS, it is useful to express the dou-
bled correlation function in terms of the eigenstates of pss,
c.f. Eq. (12). Using Eq. (16), we have

CHP > 0) =Y /Dupm(n|X (1)]m) (7| V1)
= Ch(0) + C(0), (19)
where

Ciy(®) =Y palnlX (0)|m) (7l V172 (20)
CH (O =Y /Dabm (X O m) G| V). (21)
n#m

For times ¢ < 0, Egs. (19)+21) are defined analogously to
CyP (1) itself.

The above separation has a direct physical significance,
as it is the second contribution in Eq. (21) that encodes
the contribution from quantum entanglement. To see this
explicitly, suppose that we initially had prepared our dou-
bled system in a state that only had classical correlations
(but not entanglement) between systems A4 and B, i.e.,

pap(0) =Y puln, i) n, 7. (22)

In this case, our entire intersystem correlation functions
would be given by Eq. (20):

Te[Ra0 T pas | = Y- putnl 0 1m) (il 1)
= CH(). (23)

We can thus view C%;(¢) in Eq. (21) as the extra contribu-
tion to the TFD correlator that stems from having quantum
entanglement (as opposed to purely classical correlations).

B. CQDB as a special case of hidden TRS

At this point, it is natural to ask whether there is any
simple relation between our notion of hidden TRS and con-
ventional CQDB (which we stress is directly connected
to microscopic time reversal of the complete system plus
environment [3]). The first key result here is that CODB
is a special case of hidden TRS: any system satisfying
CQDB automatically has a hidden TRS, but the converse
is not true. Recall from Sec. IIE that systems satisfying
CQDB necessarily have somewhat trivial steady states (in
that they are diagonal in the energy-eigenstate basis). In
contrast, there are many systems that have hidden TRS
but not CQDB, and have steady states with nonzero coher-
ences between energy eigenstates. This is a crucial result:
hidden TRS does not preclude having a nontrivial steady
state.

To understand the origin of the above result, it is useful
to introduce an effective dimensionless Hermitian Hamil-
tonian defined by the steady-state density matrix pss, the
so-called modular Hamiltonian:

A

H, = —log pss. (24)

Any system possessing CQDB has an extremely tight
constraint on its dynamics [50]: dynamical evolution gen-
erated by the full Liouvillian £ must commute with evo-
lution generated by ﬁp (i.e., by the unitary e~""). This
symmetry allows one to demonstrate that CQDB is a
special case of hidden TRS, using the same methods intro-
duced to study a class of generalized QDB conditions in
Refs. [9,10]. In Appendix E, we give a nontechnical proof
of this result: for any system with modular symmetry,
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CQDB and hidden TRS are equivalent [9], and thus CQDB
implies hidden TRS.

The second key result connecting hidden TRS and
CQDB involves the limit of vanishing incoherent dynam-
ics. Consider a system that possesses hidden TRS even as
the strength of the incoherent dynamics is tuned to zero
(i.e., replace the jump operators ¢; — A¢; in the master
equation, and let A — 0). In such systems, hidden TRS
reduces to CQDB in the limit of vanishing dissipation.
Hence, while in many cases finite dissipation destroys
CQDB, hidden TRS can continue to be a symmetry.

This result can also be understood using the modu-
lar Hamiltonian. In the limit of vanishing dissipation, the
full dynamics is completely generated by the Hermitian
Hamiltonian A ,l.e.,

L[]~ —ilH, p]. (25)

Further, in this limit the steady state pss must commute
with A in order to be stationary. These two facts then nec-
essarily imply that in this asymptotic zero dissipation limit,
the full Liouvillian commutes with the modular Hamilto-
nian. As discussed above, this then implies that our system
has CQDB in the zero-dissipation limit. This proves the
desired result: systems with hidden TRS always recover
CQDB in the weak dissipation limit. At a more physical
level, systems with hidden TRS do not necessarily have
(single system) correlation functions that are time symmet-
ric. However, the lack of time symmetry vanishes in the
zero-dissipation limit.

C. Hidden TRS has observable consequences for a
single system

Hidden TRS might initially seem to be experimentally
irrelevant in most settings, as it is defined in terms of
TFD correlators [cf. Eq. (16)] that require one to prepare
two copies of the system of interest in an initial entan-
gled state. This is usually extremely challenging (though
see the recent trapped ion experiment in Ref. [23]). For-
mally, one could define this correlator as a single-system
quantity involving a state-dependent observable. We first
introduce a superoperator [/, which acts on single-system
operators:

TXlvr) = Xpl¥r), (26)

J is well defined and unique when psg is full rank, and is
given by the explicit formula (see Appendix D)

TR = g% s @7)

The TFD correlator in Eq. (16) can then be written as a
single-system correlator, e.g., for ¢ > 0:

CHP 0 = R 0I) =t (R0IMpss) . (28)

Using this correspondence, the defining symmetry condi-
tion of hidden TRS in Eq. (17) can be written in a manner
that involves only a single system:

(Y0 T s ) = (Y0 TR Vbss) - 29)
The above condition is formally equivalent to one of
the many generalized quantum-detailed-balance condi-
tions discussed in Refs. [9,10] (so-called SQDB-0). It
is also referred to as “Kubo-Martin-Schwinger detailed
balance” [12].

In general, the symmetry condition in Eq. (29) is not
helpful as an experimental tool, as it involves an operator
whose very form depends on the system state psg, i.€., it
is nonlinear in pss. This is reminiscent of the problem of
measuring Renyi entropies [51—53]. Remarkably, all hope
is not lost. As we show in Sec. V, systems with hidden
TRS are guaranteed to have their effective Hamiltonian
H.g and jump operators & transform very simply under
the action of 7. For correlation functions involving these
operators, Eq. (29) becomes a standard (and often simple)
single-system correlator.

We thus have a key result that makes it possible to
directly and simply test for hidden TRS in experiment:
hidden TRS implies that only a certain restricted class of
correlation functions (directly identifiable from the master
equation) are guaranteed to have Onsager time symmetry.

D. Example: hidden TRS in dissipative Rabi-driven
qubit

We show in Appendix C that a simple Rabi-driven qubit
with loss fails to respect CQDB: its correlation functions
do not exhibit Onsager time symmetry, regardless of how
one tries to define time reversal. Here we show that this
system nonetheless possesses a hidden TRS. Working in
the rotating frame set by the drive, and making a rotating-
wave approximation, the master equation has the form of
Eq. (8) with M = 1 and

H=A02+30x,

& = Jx6_. (30)

For simplicity, we consider the resonant-driving case A =
0 in what follows.

This system has a unique steady state, and correspond-
ing thermofield doubled states can be constructed accord-
ing to Eq. (13). This construction depends on the choice of
the hidden TRS operator T as discussed in Appendix C,
the requirement that the steady state be TRS invariant [cf.
Eq. (18)] constrains 7 to the form:

N sin(y/2) /a . . ~ | R
7= [TM (1 — 21box> + zcos(l/f/z)f’z] K., 3D
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where b = Q/k, K. is the complex conjugation operator
acting in the &, basis, and  is at this stage an arbitrary
real parameter.

To determine whether our system has hidden TRS, we
must find a 7 such that Eq. (17) holds (i.e., intrasys-
tem TFD correlators have a time symmetry). We thus
compute TFD correlators between different pairs of Pauli
operators. Here we consider only the correlation function
CIFP (1), and we leave the other two correlation functions
to Appendix G.

Using Eq. (19) we can decompose this into the clas-
sical correlation CCI () and the entanglement correction

Ce(1) as: CiFP(1) = CiL(1) + C32(2). The classical corre-
lation is independent of v, and its time asymmetry is
nonzero irrespective of how 7' is chosen:

32h° sin (%Kt) e~ B/t

1 _ Lo
G0 = Cel= = a(2b? + 1)(4h2 + 1)

(32)

Here, o = +/16b% — 1. We thus see that were we to neglect
the entanglement correction, the system could never have
hidden TRS.

Now, we look at the time asymmetry of the entangle-
ment correction, which is dependent on :

3207 sin (4xt) e~ G/«
2P+ )@ + 1)

G () = G0 = — os Y.

(33)

Comparing Egs. (32) and (33), we see that for the TRS
with ¥ = 7, the entanglement correction to CyTZF D(#) mod-
ifies the classical correlation in just the right way to cancel
the net time asymmetry. We see just how stark the effect is
in Fig. 3, which compares the full TFD correlation function
with the classical correlation terms for 5 = 1 at the TRS
Y = . For reference, the single-qubit correlation func-
tion C,.(¢) for b = 1 at ¢y = m is also included. This result
shows the importance of the entanglement correction to
restoring a notion of detailed balance to the Rabi-driven
qubit and highlights the fact that the notion of hidden TRS
has a distinctly quantum nature.

From the above, we conclude that our model does
have a unique hidden TRS, described by the antiunitary
operator T h

N 1 ~ ~
= ————( —2i6)K.. 34
" VAR 1 34

In Appendix G we confirm that the remaining two correla-
tion functions are time symmetric for this TRS.

It is interesting to consider the form of 7}, in vari-
ous limits. For weak Rabi driving (i.e., b — 0), Eq. (34)
reduces to 7, = K.. In this limit the qubit system in fact
satisfies SDQB with 7' = K. (i.e., all correlation functions

0.2F

(t)

3
yz

o

Time, t/k

FIG. 3. Correlation functions and hidden TRS in a driven
qubit. Stationary, connected (o, (f)o.(0)) correlation functions
for the dissipative Rabi-driven qubit system in Eq. (30), for a
drive © equal to the decay rate «. Blue: the standard single-
system correlation function C,.(¢) is asymmetric as a function of
time, reflecting the fact that this system does not satisfy conven-
tional quantum detailed balance. Red: two-qubit correlator for a
system prepared in a TFD state corresponding to the hidden-TRS
operator 7" defined in Eq. (34). All TFD correlators symmetric
in time, reflecting the presence of hidden TRS. Green: “clas-
sical” part of the TFD correlator [cf. Eq. (19)], which has no
time symmetry. The lack of symmetry shows that the importance
of entanglement in the definition of hidden TRS. Note that the
correlators C;i (1) and C}FP (1) are guaranteed to be real by con-
struction, C,.(7); however, for our chosen parameters it too is
purely real.

have standard Onsager time symmetry). In the strong drive
limit 6> 1, T, — —zoxK Up to a phase, this just com-
plex conjugation in the &, basis. To make sense of this,
consider the steady state Eq. (C2) in this limit. To first
order in small b~! « 1, the steady state reduces to pss =
1 /2 + (b'/2)6,. The form of the hidden-TRS operator in
this limit thus directly reflects the eigenvectors of pss. Fur-
thermore, one can show that for any b, the hidden TRS
7y, corresponds to complex conjugation in the steady-state
eigenbasis.

IV. HIDDEN TIME-REVERSAL SYMMETRY AND
DYNAMICAL CONSTRAINTS

We now introduce our notion of hidden TRS [cf.
Egs. (15), (17)], and demonstrate that this symmetry can
hold even when the more standard CQDB symmetry is
broken. It still, however, may seem that hidden TRS is
nothing more than a formal curiosity. We show here that
this is not the case: hidden TRS is a symmetry that has
direct operational utility in helping us understand com-
plex phenomena, as it enables the exact solution of steady
states of nontrivial systems. In particular, it is the sym-
metry condition that enables the surprising but powerful
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coherent quantum-absorber method introduced in Ref. [17]
and extended in Ref. [18].

A. Equivalent subsystem dynamics and hidden TRS as
a self-dual condition

We start by demonstrating that the hidden TRS con-
dition can also be expressed as a kind of dynamical
equivalence between the two subsystems in our TFD state.
Consider a general system and a TFD state, which do not
necessarily satisfy the hidden TRS condition of Eq. (17).
We stress that the TFD state is defined completely by the
steady state of interest pss and choice of antiunitary 7.
We take pgg to be full rank in what follows, and con-
sider intrasystem correlations in this TFD state as defining
a bilinear form:

(X, )7 = (YrlXaYalr), (35)
where X, ¥ denote arbitrary single-system operators. This
bilinear form can then be used to define the dual £* of any
given single-system superoperator £ via

(X)L D)1 = (X, E YD) 7. (36)
Of particular interest is the case where £ is the adjoint evo-
lution operator &; = exp[ L] defined in Eq. (10) in terms of
the adjoint Liouvillian £ [cf. Eq. (9)]. The lhs of Eq. (36)
then describes the correlation of a subsystem-4 operator
at time ¢ and a subsystem B operator at time zero. In this
case, the dual (&£,)" has a direct physical interpretation:
it represents an alternate and equivalent time evolution
of subsystem B that would result in the same intersys-
tem correlation. This dual time evolution can be written as
(&N =exp [ﬁ_*t]. Thus, for a given subsystem-4 dynam-

ics £, we have a corresponding “mirrored” dynamics L*
for subsystem B, defined by the constraint that it yield
identical intersystem correlations, i.e.,

(e [£]%) 1) = (% (e [2]7) ) . @7
4 "It BlT

These notions now give an extremely transparent way to
rephrase the hidden time-reversal condition of Eq. (17): the
original system-A dynamics and its mirrored version must
be identical, that is L is self-dual,

L= L. (38)
To see this, note first that if a system satisfies the hidden
TRS condition of Eq. (17), then the bilnear form in Eq. (35)
must be symmetric, i.e., (X, 1) 7 = ((Y,X))7; this fol-
lows from the ¢ = 0 limit of Eq. (17). This in turn implies
that the steady state pss of the original master equation
must be invariant under our hidden time-reversal opera-
tor 7' (i.e., consider the case ¥ = i). Combining these two

conditions lets us express the hidden-TRS condition of
Eq. (17) as

Wil O VO 1) = WX O 0y, (39)
where for either subsystem, O(I) = E,[O]. This now looks
more like a standard Onsager-type correlation-function
symmetry, except that the two operators are measured
on different subsystems. Finally, comparing this equation

against Eq. (36) directly yields the self-duality condition
in Eq. (38) [54].

B. Hidden TRS as a symmetry of the Liouvillian

We now show that the hidden TRS condition can be
viewed as a dynamical symmetry that directly constrains
the system’s adjoint Liouvillian £. To do this, we step back
and consider a general system and 7, such that hidden TRS
is not necessarily satisfied. We then explicitly construct
the dual Liouvillian £* that generates the mirrored-system
dynamics, by considering each term in Eq. (9). Our con-
struction will explicitly make use of the exchange super-
operator 7 introduced in Egs. (26) and (27); recall that
this superoperator lets us convert subsystem A into corre-
sponding subsystem-B operators (and vice versa) such that
TFD expectation values are preserved.

The exchange superoperator allows us to efficiently
express the desired dual of the adjoint Liouvillian £. This
is done using the following relations, that follow directly
from the definition of 7 in Eq. (26):

(X0, 1)) = (X, YT[ON) 7, (40)
(0K, D)) = (X, T101 1)) 7. (41)

We can thus obtain an explicit expression for the desired
dual £* as

LAl = i(T[Healt A — AT[He))

+Y JeAgien. (42)
)

Recall I:Ieff is the effective non-Hermitian Hamiltonian,
and ¢; the jump operators in our original Lindblad mas-
ter equation Eq. (8). We thus see that the properties of
the system-B “mirrored dynamics” are encoded in the
exchange superoperator 7.

We now ask what constraints ensue when we insist that
the hidden TRS condition holds, and hence £* = L. For
two Liouvillians (each defined with traceless jump opera-
tors) to be equivalent, the effective Hamiltonians for each
must be identical (up to an additive real constant), and the
jump operators related by a unitary mixing matrix (see,
e.g., Ref. [55]).
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Hence, insisting that our system has hidden TRS leads
to the following constraint equations:

M
JlHe] = Ha+E, Tl =) Usl, U =1.
k=1

(43)

E is a real number, and Uy, is a M x M unitary matrix.
The last constraint on U (i.e., that it is involutory) follows
from the fact that if hidden TRS holds, then the steady
state is itself invariant under 7 [cf. Eq. (18)]. This result-
ing additional symmetry of the TFD state then implies [via
Eq. (26)] that two exchanges yield the identify superop-
erator: 72 = 1. This immediately constrains the unitary
matrix Uy to have purely real eigenvalues [56].

Equation (43) represents necessary and sufficient con-
ditions for our system to have a hidden TRS. They are,
however, somewhat unwieldy, as they directly involve the
exchange superoperator, which is itself a function of T
and the steady state pss. We can eliminate the explicit
appearance of J by using the fact that since psg is full
rank, the TFD state is separating (see, e.g., Ref. [57]): if
two subsystem-A4 operators have the same action on the
TFD state, then they must be identical operators. Stated
explicitly,

(faw) =talm)) & (£ =7). @
Using this, we can eliminate 7 from each equation in
Eq. (43) by taking each side of each equation to be a
system-A operator, and applying it to the TFD state |{7).
Using the definition of the exchange operator on the result-
ing state, this gives us an equivalent but more useful set of
constraint equations:

Henp |Wr) = (Hes +E) Y1) (45)
M

cip 1Y) = (Z Ulk£’k,A> [¥r), (46)
k=1

U =0U" = 1. 47)

Equations (45)—47) are the main result of this subsec-
tion: they express the existence of a hidden TRS symmetry
directly as a constraint on the Hamiltonian and jump
operators that define our open-system dynamics. Heuristi-
cally, these conditions imply that the action of Heg and the
jump operators are “almost” the same whether they act on
subsystem A4 or B. Hidden TRS requires that these equa-
tions must hold for some pure state |1/7) of the doubled
system, some constant £ and some involutory M x M uni-
tary matrix U. One can view this as a generalization of
the classical detailed-balance condition in Eq. (2). While
the classical condition involves only transition rates, our

quantum conditions above constrain both the incoherent
dynamics generated by the ¢; operators, as well as the
coherent system Hamiltonian 4.

We stress that the above equations are equivalent to
those derived in Ref. [9] when considering the abstract
“SQDB-6” version of quantum detailed balance. By phras-
ing these conditions directly in terms of the thermofield
double state, we will be able to directly exploit them
as a means for efficiently finding unknown steady states
(something that was not considered previously).

Finally, we note that Eqs. (45) and (46) tell us that if hid-
den TRS holds, the action of the exchange superoperator is
extremely simple when acting on Hy or the jump opera-
tors ¢;. This means that doubled-system TFD correlation
functions involving these operators can be directly con-
verted to single-system correlation functions. As discussed
extensively in Sec. IIIC, this gives a direct means for
experimentally testing for hidden TRS in a single system:
hidden TRS ensures that a certain reduced class of cor-
relation functions will obey Onsager-like time symmetry
[cf. Eq. (29)].

V. HIDDEN TRS AS A ROUTE TO EXACT
SOLUTIONS

A. Basic idea

Classical detailed balance has a profound operational
utility: it provides an extremely efficient method for find-
ing the steady state of a given dynamical model (i.e.,
so-called potential solutions of Fokker-Planck equations
[1]). It is thus natural to ask whether something similar is
possible using our notion of hidden TRS. If a system sat-
isfies this symmetry, does this directly provide a method
for solving for the steady state? As we now show, the
answer is a resounding yes. The existence of hidden TRS
places a strong constraint on the form of our dynamics
via Eqs. (45)+(47). These equations also provide an effi-
cient method for finding an unknown steady state. To see
this, we change perspective, and view |i7) in these equa-
tions as an unknown pure state of a doubled version of the
original system. The goal is then to find a pure state |7),
constant £, and unitary matrix U such that Eqs. (45)+47)
are satisfied. If we are able to do this, then as we show, our
system has hidden TRS, and the desired system-A4 steady
state pss is obtained by tracing out system-B from |v/7).
Conversely, if we cannot do this, then our system does not
have hidden TRS, and there is no generic simple route to
finding the steady state.

We stress that the above procedure for finding the steady
state is simpler than a direct brute-force approach. Sup-
pose our original system has a Hilbert-space dimension
d. Without assuming hidden TRS, solving for the steady
state of Eq. (8) reduces to the problem of solving for the
null space of a matrix with dimensions d?> x d@*. Without
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additional assumptions, this matrix does not have any obvi-
ous sparseness properties. In contrast, with the assumption
of hidden TRS, we need to solve Eqgs. (45) and (46).
Each of these M + 1 equations also involves a d* x d?
matrix. However, each of these matrices has a simplified
structure as there are no terms corresponding to an interac-
tion between the two subsystems. As a result, there can
be at most O[d®] nonzero matrix elements. In addition,
our constraint equations decouple the effective Hamilto-
nian physics [Eq. (45)] from the incoherent “jump” physics
[Eq. (46)]. This effective noninteracting property provides
a considerable simplification, as we exploit more fully in
the next section.

B. Connection to perfect quantum absorbers

As we show below, the presence of hidden TRS guar-
antees that we can construct a simple mirrored system that
perfectly absorbs everything emitted by the main system
into its environment. Such absorbing systems have been
studied previously as a method for deriving exact solutions
of certain Lindblad master equations [17,18]. Our dis-
cussion here will provide a generalization of this “coher-
ent quantum absorber” method to systems with multiple
jump operators, and also show that its success is indeed
intimately connected to hidden time-reversal symmetry.

To establish this connection, we again consider a gen-
eral system described by the master equation Eq. (8) with
a steady state pgs. We also construct a doubled system
as in Sec. Il A with a TFD state given by Eq. (13).
To start, we do not assume that the system has hidden
TRS. As discussed in Sec. IV, for a given subsystem-4
dynamics (generated by L), we can always construct a
corresponding “mirrored” dynamics on subsystem B (gen-
erated by L£*), such that either evolution generates the
same time-dependent intersystem correlations, cf. Eq. (37).

Somewhat remarkably, this mirrored dynamics is also
exactly what is needed to make subsystem B a “perfect
absorber” of energy and information emitted by subsystem
A into its environment (Fig. 4). This can be established
by using the exchange superoperator J introduced in
Eq. (26), which converts the action of a subsystem-4 oper-
ator acting on the TFD state to a subsystem-B operator (and
vice versa). From the definition of 7 we have

Hepa 1W7) = T Heitlz 1¥1) (48)
Cralvry = Jes V), (49)

where [:Ieff is the effective Hamiltonian in our master
equation, and ¢; are the jump operators.

As shown in Appendix H, these equations can be rewrit-
ten as

Hyglyr) =0, (J[eds — &a)l¥r) = 0. (50)
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FIG. 4. Hidden TRS and perfect quantum absorbers. (a) A
Markovian quantum system evolves according to a master
equation in Lindblad form, with Hamiltonian H and jump oper-
ators ¢;. (b) A particular realization of the environment as a
collection of unidirectional waveguides. (c) The dual Lindbla-
dian £ always formally solves the “perfect absorber” problem
for the Lindbladian £ depicted in (a): when a system described
by c placed downstream, it absorbs all of the output radiation
(red squiggly arrows) emitted by the original 4 systems. As a
result, the two quantum systems A and B relax into a pure entan-
gled state (which has the general form of a thermofield double
state). In general, the Hamiltonian £/’ and jump operators 7 [¢]
of the B system are extremely complex and difficult to find. (d) If
the master equation in (a) has hidden TRS, then it is extremely
easy to construct the Hamiltonian and jump operators of the
absorber B system.

Here, the Hermitian Hamiltonian ﬁAB describes an
interaction between the two subsystems in our doubled
system:

. M
R ~ ~ 1 A~ A
PR IEN D (&), Tleds —he), (5
=1

with

i =Re [j[ﬁeﬁ]] ,
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We denote the Hermitian part of an operator A as Re[/f].
Note that A is nothing but the Hermitian Hamiltonian in
our original master equation.

Equation (50) has an extremely suggestive form: it tells
us that [i7) is necessarily a zero-energy eigenstate of a
Hermitian Hamiltonian describing a doubled system with
an inter-system coupling, and that it is also annihilated
by particular combinations of jump operators. Together,
these conditions imply that [¢/7) is a zero-energy pure-
state, steady state of the cascaded doubled system sketched
in Fig. 4(c). In this cascaded system [58,59], there is an
independent chiral (directional) waveguide associated with
each jump operator ¢; in our original master equation.
These channels mediate a directional coupling between
systems 4 and B, with B downstream from 4. Using the
standard theory of cascaded quantum systems [42,58], the
full master equation for this system is

M

dpas = —ilHup, pas] + Z D [e4 — J&]s] pas. (53)
=1

Here pyp is the density matrix of the doubled system, and
DI21p = 2pzt — {272, p}/2 is the standard Lindblad dissi-
pation operator. One can easily verify that if |7) satisfies
Eq. (50), then it is a steady state of Eq. (53).

We thus have established the desired connection: the
same formal construction that gives us a correlation-
conserving mirrored dynamics on subsystem B also tells
us the precise dynamics that is needed for subsystem
B to be a perfect absorber for subsystem 4. We stress
that for each possible choice of candidate time-reversal
operator 7, we have a different TFD state, a different
mirrored dynamics (i.e., Hamiltonian A, jump operators
J[¢i]), and hence a different possible coherent quantum
absorber.

C. Hidden TRS and simple absorbing dynamics

The cascaded master equation in Eq. (53) in princi-
ple provides a route for finding the steady state of the
physical system A. If one could find the steady state of
this master equation, then tracing out system B neces-
sarily yields a steady state of the original single-system
master equation. One could simplify this procedure by try-
ing to find a pure-state solution to Eq. (53). Of course,
there is an obvious problem to this approach: the con-
struction of Eq. (53) is contingent on already knowing the
steady state pss, as this is needed to construct the exchange
superoperator 7.

Things simplify considerably though in the case where
our system possesses a hidden TRS. In this case, we
can use Eqs. (45)+H47) to dramatically simplify the cas-
caded master equation for our system. The system-B jump

operators and Hamiltonian are then given by

M

gt (= vicn) . we(ta) 1+
m=1

(54)

for some involuntary unitary M x M matrix U and real

constant £, and the Hamiltonian of the coupled system
becomes

. M
A N N i IR
HABZHA—H —El_gl (CLAd],B—h.C.),

(55)

where E is now implicitly absorbed into an energy shift of
the dark state.

We can now view this as a method for finding an
unknown steady state of our original system-4 master
equation in Eq. (8). If we assume the existence of hid-
den TRS, finding this steady state is equivalent to finding a
involutory M x M unitary matrix U and energy E, such
that the cascaded master equation in Eq. (53) [with the
simplifications of Eqgs. (54) and (55)] yields a pure-state,
steady state. This pure state then gives us the desired
system-A steady state by just tracing over system B.

The technique detailed above is a generalized version
of the CQA exact-solution method introduced in Ref. [17]
for solving master equations with a single jump operator.
Our extension to systems with multiple jump operators
involves a new object, the involutory unitary matrix U.
We show that this solution technique is thus intimately
connected to the notion of a hidden TRS, and thus to the
generalized SQDB-0 quantum detailed-balance conditions
introduced earlier on purely formal grounds [9,10]. As far
as we know, this is the first example of this notion of
quantum detailed balance having an operational utility.

VI. HIDDEN TRS IN NONLINEAR
DRIVEN-DISSIPATIVE QUANTUM CAVITIES

At this stage, we establish the basic notion of hidden
TRS. This symmetry can hold even if the more conven-
tional CQDB condition (Sec. II D) is broken. Moreover,
it directly enables a simple but powerful method for find-
ing nontrivial steady states (Sec. V). We illustrate these
ideas by explicitly considering hidden TRS in a model of a
dissipative Rabi-driven qubit (see Appendix C and III D).
In this section, we turn to a more complex class of mod-
els. These describe a bosonic mode (canonical annihilation
operator @) with a Kerr or Hubbard- U type interaction, sub-
ject to both one- and two-particle coherent driving, as well
as one- and two-particle losses. The system is described
by a Lindblad master equation Eq. (8) with a coherent
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Hamiltonian:

and with jump operators

= Jia, &= Jaa. (57)

This model describes a dissipative cavity mode driven both
with linear and parametric drives that have commensu-
rate frequencies (working within rotating-wave approxi-
mations, and in a rotating frame that eliminates the time
dependence of the drives). It is a ubiquitous system, having
both been studied extensively in quantum optics, and more
recently in the field of superconducting quantum circuits
as a route to error-corrected quantum memories [60—64].

It is well known that the steady state of this class of
systems can be found analytically using quantum-optical
phase-space methods [19,21,65]; more recent work has
shown that these exact solutions can be derived more
directly (and even extended) using the CQA method
[17,18]. An underlying explanation, however, for why
these models are solvable has been lacking. We now have
such an explanation: this class of models possess hidden
TRS, which directly leads to their solvability.

In what follows, we discuss the nature of hidden TRS
in these systems, showing that hidden TRS is present even
though (generically) CQDB does not hold. Crucially, we
show that the presence of hidden TRS has observable con-
sequences even in experiments on a single system: while
generic correlation functions do not exhibit a time sym-
metry, there is a special class of correlators that do. In
Sec. VIII, we show how hidden TRS directly enables the
required symmetry exploited in the complex-P function
phase-space methods that were first used to solve these
systems [19,65].

A. Multiple nontrivial hidden TRS symmetries

We start by noting that our general driven-dissipative
resonator problem does not satisfy CQDB, and thus its
correlation functions do not all exhibit a simple time sym-
metry. An example of such a lack of correlation-function
symmetry is shown in Fig. 6. More generally, as discussed
in Sec. I[IE, CQDB can only hold if the system’s steady
state commutes with . This condition is violated except
in the vanishing dissipation limit «1, k; — 0F.

Despite the lack of CQDB, these systems always possess
hidden TRS, which explains their solvability. The specific
nature, however, of the symmetry operator (or operators)
depends on the particular version of the model. Consider
first the most common case, where there is no two-photon
loss, k3 = 0. To determine whether our system has hidden

TRS, we consider a doubled two-cavity system and a two-
cavity state |y7). The question is whether this state could
represent a TFD state constructed using an antiunitary
operator 7, which describes a hidden TRS [cf. Eq. (13)].
From Eqgs. (45)+47), such a state must satisfy

alyr) = ublyrr),
(Heirs + E)|Yr)

(38

HegalYr) = (59)
for some real energy E and constant u = +1. Here
(as always) Hyg=H— ikiata/2 is the effective non-
Hermitian Hamiltonian in our master equation. If we can
find a two-cavity state |7) satisfying the above equations,
then we are guaranteed both to have hidden TRS, and to
be able to solve for our system using the CQA method of
Sec. V.

If we have a nonzero single-photon drive A;, one can
only solve Eqgs. (58) and (59) if u =1 and £ = 0. With
these choices, there is a unique solution for the two-cavity
state [y7). This was explicitly found and expressed as
a confluent hypergeometric function in Ref. [18], which
demonstrated that this model can be solved using CQA.
Hence, the system has a unique hidden-TRS operator 7
in this case. As we see in the next section, this gives
us more than just a way to understand the solvability
of the model: it also directly lets us predict a surprising
correlation-function symmetry.

It is also interesting to consider the special case where
there is no single-photon drive, A; — 0. Because of the
single-photon loss, the system still has a unique steady
state. However, there are now two distinct hidden-TRS
symmetries 7y, each corresponding to distinct TFD states

Y7 ):

W) =Y /palnaTxln)s (60)

We stress that both these states each yield the same pss
when the auxiliary second cavity is traced out. Formally,
the two TFD states (and corresponding 7.) are found
by solving Egs. (58) and (59) for E=0,u =1, and £ =
0,u = —1. The explicit states can be found analytically in
terms of Bessel functions [18].

We thus have our first example of a physical system with
multiple, distinct hidden-TRS symmetries; other examples
are listed in Table 1. Using the explicit forms of the TFD
states, we can explicitly compute the action of the hidden-
TRS symmetry operators T+ and 7_. In general, their
action is highly nontrivial (as can be seen in Fig. 5, where
we show their action in phase space on an initial coherent
state).

In the limit of vanishing nonlinearity K — 0, the
hidden-TRS operators 7, take a simple form. In this case,
the two TFD states limit to simple two-mode squeezed
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(a) Weak nonlinearity (b) Strong nonlinearity
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[ ‘ : ! ——___________|
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FIG. 5. Hidden time-reversal symmetry operations in a para-

metrically driven Kerr cavity. For vanishing single-photon drive
A1, the driven-dissipative cavity model in Egs. (56) and (57) has
two distinct hidden time-reversal symmetries, corresponding to
antiunitary operators 7. Here, we plot the Wigner functions of
the states 7, » |a), where |&) is a coherent state (amplitude o =
V/2i, black dots). (a) For weak nonlinearity, K =5 x 10~%«,
and two-photon drive A, = 6.25 x 107k, T . are simple phase-
space reflections about the axes 6 = =+ arg(A,/ik) (indicated by
dashed black lines). (b) For strong nonlinearity, K = k1, A, =
«/8, hidden-TRS operations become highly non-Gaussian, as
indicated by the presence of significant Wigner negativity in the
final states.

states:

(61)

+ Ay /2A5@t 2512
i) o~ @@= 0,0),

where Aqr = A +ix;/2 and |0, 0) is the two-cavity vac-
uum state. Expanding out the exponential allows us to
pick out the corresponding hidden time-reversal operators,
which correspond to simple phase-space reflections about

the axes 6§ = Farg(A,/Aq) in phase space:

A

PSP
7. ~ A8(EN2/ Aep)a ag.
K—0

(62)
where here, K denotes complex-conjugation in the Fock
basis. For nonzero Kerr, the corresponding time-reversal
operations become highly nontrivial and non-Gaussian,
and must be extracted via a numerical Schmidt decom-
position. In Fig. 5, we show the action of 7% for both
K =5 x 10~*; (weak nonlinearity) and K = «; (strong
nonlinearity).

B. Experimental consequences of hidden TRS

Our finding that driven-dissipative nonlinear cavities
possess a hidden TRS does more than simply explain
why these systems are exactly solvable: it also lets us
predict observable phenomena that are accessible in a stan-
dard single-system experiment. Recall our discussion in
Sec. III C: while hidden TRS (by definition) guarantees a
symmetry of doubled-system TFD correlation functions,
for certain operators, this directly implies time symmetry
of standard, single-system correlators. In particular, these
special operators are ones that transform simply under
the exchange operator 7. By virtue of Eqs. (45)+47),

1.5
3.90 A - 1.0
— =
= 3.85 1 - 0.5 N
e C;<
S) Lo 2
i U og
‘:Gd-’ 3.80 ~
- —0.5
S == Re[Cxap2 (1)
T T T T T _1.0
-2 —1 0 1 2
Time,t/ K

FIG. 6. Time symmetry of special correlation functions in a
driven Kerr resonator. Real part of the connected, steady-state
correlation function C,3 ,(f) = (@3 (Ha) [cf. Eq. (63)] for a para-
metrically driven nonlinear cavity with A, = K, k; = 0.4K, and
ko = A; = A = 0. This correlation function is symmetric in ¢,
something that is guaranteed by the existence of hidden TRS. We
also plot another quartic correlation function Cy2p2 (f) (Where X,
P are canonical quadrature operators). This correlator is clearly
asymmetric as a function of time. hidden TRS ensures only that a
certain restricted class of correlators are time symmetric (in con-
trast to the more commonly studied CQDB, which guarantees all
correlators exhibit a form of time symmetry).
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the effective Hamiltonian Hey and jump operators ¢ are
guaranteed to be such special operators.

As a specific example, consider the following steady-
state, single-system correlation function:

(@ (Ha(0))
(a(=0a*(0))

t>0

Carall) = t<0

(63)

If we set k = 0, Eqgs. (45)47) ensure that J[a] = +a.
From the definition of the exchange operator, it follows
that J[a™] = (—1)"a™. As a result, hidden TRS guaran-
tees [via Eq. (29)] the above correlator has an Onsager-like
time symmetry: Cp ,(t) = Cp ,(—1). We stress that this
correlation-function symmetry is special: unlike the case
with CQDB, most correlation functions will not exhibit any
time-symmetry. This behavior is shown explicitly in Fig. 6,
where we contrast the correlator C, ,(7) (time symmetric)
with a more generic correlator involving quadrature opera-
tors X = (@ +a)/v/2, P = —i(a — a%)/+/2. hidden TRS
does not enforce any special symmetry of this latter corre-
lator; hence, as expected, it is manifestly not symmetric in
time. We stress that even though 7 [a4?] is simple, this does
not imply that J[a'a] is simple.

We thus have a clear experimental test for confirming
the existence of hidden TRS in this class of systems.

VII. BREAKING OF HIDDEN TRS BY THERMAL
FLUCTUATIONS AND INTERACTIONS

We demonstrate that hidden TRS holds in two very dif-
ferent zero-temperature dissipative models: a Rabi-driven
qubit with loss (Sec. III D), and a driven nonlinear cav-
ity with one- and possibly two-photon loss processes
(Sec. VI). Within the setting of our Lindblad master
equations, zero temperature corresponds to only having
dissipators that remove (and not add) excitations.

The natural next question is to ask what happens to
hidden TRS if we introduce a nonzero temperature to
the above systems. This corresponds to adding dissipa-
tive processes that can add excitations. We show that in
a generic setting where there is both coherent (Hamil-
tonian) driving as well as nonlinearity, introducing such
thermal dissipators can break hidden TRS. The only excep-
tions to this are the case of no driving (where the system
is effectively classical), or the case of no nonlinearity
(where the steady state is Gaussian). Our results here sug-
gest that for a generic nonlinear driven-dissipative system,
hidden TRS is a symmetry associated with vacuum fluc-
tuations, and hence emerges only as one approaches the
zero-temperature limit.

Our work here is inspired by and complements seminal
studies from Dykman and co-workers of related phenom-
ena in driven nonlinear oscillators [24—30]. These works
studied the basic nonlinear resonator model of Egs. (56)

and (57) in the limit of weak dissipation, where the quan-
tum master equation can be reduced to a simpler Pauli
master equation (i.e., one can drop off-diagonal elements
of the density matrix in the energy-eigenstate basis). The
resulting classical master equation was found to satisfy the
classical detailed-balance condition of Eq. (2) at zero tem-
perature; in a semiclassical limit, this could be shown ana-
lytically. Further, it was shown that this classical detailed
balance failed to hold at nonzero temperatures, and that in
the semiclassical limit, the corresponding transition tem-
perature became exponentially small. Our work extends
these results: by formulating detailed balance in com-
pletely quantum manner using hidden TRS, we are not
limited to weak-damping or semiclassical regimes. We
also discuss how the breaking of hidden TRS by thermal
fluctuations is contingent on having driving and nonlinear-
ity; without both these ingredients, there is no symmetry
breaking. Finally, we discuss how this symmetry breaking
could be directly probed in experiment by measuring the
time symmetry of correlation functions.

A. Rabi-driven qubit subject to thermal dissipation

A driven-dissipative qubit is a simple example to illus-
trate the breaking of hidden TRS due to thermal fluctu-
ations. While this model has hidden TRS at zero tem-
perature (cf. Sec. III D), this symmetry is broken in the
presence of both coherent driving and thermal fluctuations.
We consider a Rabi-driven qubit in the standard weak-
coupling, rotating-wave limit. The master equation is of
the form Eq. (8) but now with M = 2 and

N . Q.
H = Ao, + EGX’

6'1 = K(l + Flth)é—f’

Here Q2 is the amplitude of the Rabi drive, and A =
wqb — wqr 18 the drive detuning, i.e., the difference between
the qubit splitting frequency wq, and the drive frequency
wg:- The dissipation here describes 7 relaxation of the
qubit due to a transverse coupling to a thermal bath.
The coupling rate to this bath is «, and ny, represents
the bath thermal occupancy at the qubit frequency: ny =
[exp(wqp/T) — 177" where T is the temperature of the bath.
This master equation is widely used to describe driven two-
level systems both in a variety of atomic, quantum optical,
and quantum-information settings.

6’2 = Kf_ltha'+. (64)

1. Thermal dissipation with no drive

In the absence of a Rabi drive (i.e., 2 = 0), the unique
steady state of our master equation has the thermal equilib-
rium form:

1 =+ ﬁth ﬁth
- + -
1 4 2ng, g) (] 1+ 2ng

p= le) (e[, (65)
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where |g) , |e) denote 6, eigenstates. This steady state com-
mutes with A, and it is easy to confirm that the system has
CQDB. Due to the lack of coherences, the problem is anal-
ogous to a classical two-state system; hence, the presence
of detailed balance is not surprising.

Formally, the system still possesses a set of hidden-TRS
symmetries; this symmetry is, however, not unique. There

is a one-parameter family of hidden-TRS operators
T'= (" le)(el + ) (gDK.. (66)

For each 1 there is a corresponding U matrix [cf. Eq. (43)]

0 e
Ul// = (eh// 0 ) (67)

for which the dynamical constraints Eqs. (45)—(47) are
satisfied.

The presence of hidden TRS in the finite temperature,
undriven qubit system implies that it can be solved using
the coherent absorber method of Sec. V B. The qubit-plus-
absorber system has the cascaded Hamiltonian Eq. (55),
where H, is the qubit Hamiltonian H= %woc}z acting on
the physical qubit 4 and Hy is the Hamiltonian acting on
the auxiliary qubit B (the absorber). The cascaded system
also has the collective jump operators

Ci=2e14—e Wiy, (68)

éz = 8‘2,14 — €iw£‘1,3. (69)

The pure state, which is simultaneously dark with respect
to HAB, C], and C2, is

1 .
Vo) = e (V1 + ulsg) + € Vialee)) . (70)

After tracing out the absorber system, the single-site
steady-state density matrix is precisely Eq. (65).

2. Thermal dissipation with a nonzero drive

We now ask what happens to our thermal qubit when
a nonzero drive is added (2 # 0). For simplicity we
take A = 0 (resonant driving), and define the dimension-
less driving &' = Q/k (1 4 2ny,). With this definition, the
steady state pss r of the driven qubit with thermal dissi-
pation is given by the zero-temperature result in Eq. (C2)
with the simple substitution b — &',

Furthermore the eigensystem of the Liouvillian at finite
temperature is obtained from the zero-temperature results
in Egs. (C5)~C8) by replacements pss — pss.r, b — b/,
and k¥ — k(1 4 2ny,). Finally, the permissible TRS of
the finite-temperature system are given by Eq. (31) with
b—b.

We consider the TFD correlation function CJFP(1)
defined in Eq. (16) for Pauli operators 6y,6.. As in the
zero-temperature case, we decompose this into classical
correlation and the entanglement correction using Eq. (19),
and we look at the time asymmetry of each. At finite tem-
perature, the classical correlation asymmetry picks up new
temperature-dependent terms:

CiL(t) — CoL(—D)

_ 8'sin (§kr) e O/
o ab2+ 1)@ +1)

[46* + (40" + D],
(71)
where we define

1

(14272 (72)

Nm =1

In contrast, the {-dependent entanglement correction is
80’ sin (%KZ) e~ G/t
a(b? 4+ 1)(4b2 + 1)

x [21;/2\/419'4 @b+ 1)%] cos ¥,
(73)

CR(0) — C(—1) = —

which also gains temperature-dependent terms.

At zero temperature the above expressions reduce to
Egs. (32) and (33) so for ¥y = 7, C}P(¢) has time symme-
try, and our system has a hidden TRS. However, as soon as
ny, 18 nonzero, hidden TRS is broken. For nonzero temper-
ature, there is a choice of i for which the time asymmetry
of the correlation function. To see this explicitly, suppose
we set the time asymmetry of C]°(7) to zero and attempt
to solve for cos ¥r. We obtain

4p7% + 1

?
cosy = — 1+17W.

(74)
For any finite temperature n > 0 so the right-hand side
has a magnitude greater than 1, thus there is no solution
for . This shows explicitly that for finite temperature
and nonzero driving, the driven-dissipative qubit problem
has no hidden TRS. This breaking of correlation-function
time symmetry is shown explicitly in Fig. 7. At a heuristic
level, this symmetry breaking is a result of the classical
contribution growing faster with sy, than the entangle-
ment contribution, breaking the cancellation that occurs at
flth - O

B. Parametrically driven nonlinear cavity at finite
temperature

The qubit example above corresponds to a system where
the strength of the nonlinearity is essentially infinite.
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FIG. 7. Hidden-TRS breaking in a driven qubit. Inset: the

doubled-system TFD o0,-0. connected correlation function
CyTZF D(#) [cf. Eq. (16)] as a function of time, for a Rabi-driven-
dissipative qubit for a nonzero temperature corresponding to
nn = 0.3. The TFD state is defined by the hidden-TRS opera-
tor [cf. Eq. (34)]. Main plot: the time asymmetry of the TFD
correlation function C;}; ) — C;g(—t) versus time ¢ for various
temperatures. The values of 7y, are in order from top to bottom:
0,0.01,0.03,0.1,0.3, and 1. The g, = 0 trace is identically zero,
which reflects the presence hidden TRS at zero temperature. The
onset of asymmetry heralds the breaking of hidden TRS with the
introduction of thermal fluctuations. All functions are computed
for a resonant Rabi drive with amplitude 2 = « (1 + 2n¢,), where
k is the loss rate.

We now consider a driven-dissipative system where the
strength of the nonlinearity is tuneable: the parametri-
cally driven damped nonlinear cavity of Sec. VI, but now
with thermal dissipation. For simplicity, we consider where
there is only a parametric (two-photon) drive, and there
are only single-photon dissipation processes. We then have
a Lindblad master equation with a Hamiltonian given by
Eq. (56) (with A| = A = 0), and dissipators

& =Vl +mna, &= ia'. — (75)

As is standard in the derivation of quantum optics mas-
ter equations, the thermal occupancy ng corresponds
to a Bose-Einstein factor evaluated at the bath tem-
perature 7 and cavity resonance frequency weay: iy =
1/ (exp[hwcay/kgT] — 1). For simplicity, we ignore two-
photon dissipative processes (i.e., k; = 0).

At nonzero temperature, hidden TRS is broken unless
one or both of the nonlinearity K or drive A, are zero. To
see this, note that for hidden TRS to hold, Eq. (46) requires
that for some two-mode state |7) and 2 x 2 involutory

unitary matrix U the jump operators must satisfy

[¢14 — (Ui + Unaéap) ] 1¥r) =0, (76)
[24 — (UniC18 + Unéap)] 1¥r) = 0. (77)

The equations imply that |y7) is annihilated by two inde-
pendent canonical annihilation operators. As such, this
state must be Gaussian, which in turn implies that pgs must
be Gaussian. However, this steady state is Gaussian only
if one or both of A, and K are zero. We thus have an
important conclusion: the combination of thermal fluctua-
tions, driving, and nonlinearity together can break hidden
TRS. Note that for a more explicit proof that hidden TRS
does not hold, one can explicitly try to solve both Egs. (45)
and (46); for both A, and K nonzero, one can confirm that
it is impossible to solve these equations.

It is interesting to consider the simple case of an
undriven, linear thermal cavity (i.e., K =0, Ay = 0, ny, >
0). In this case, the steady state is essentially classical
(no Fock-state coherences), and it is well known that
CQDB holds [2]. Formally, our system also has hidden
TRS, implying that this system can be solved using the
CQA method. This can be explicitly shown by solving
Eqgs. (45)+47). We find that solutions are possible when
E = 0 and when U is chosen to have the form

i60
U= <eo,-6 eo ) (78)

Here, 0 is a real parameter. We thus have a continuous fam-
ily of distinct hidden-TRS operators Ty (see Table I), in
contrast to the pair of hidden time-reversal operators 7,
seen for nonzero parametric driving and zero temperature
(ie,K =0,A; =0,n4h = 0).

For each possible hidden-TRS operator T, 5, we have a
corresponding thermofield double state. These always have
the form of Gaussian, two-mode squeezed states:

W) =Y e "2 |n,n). (79)

n=0

Returning now to the more interesting case where we add
both parametric driving and nonlinearity, we can study
how thermal fluctuations break the hidden TRS that is
present at zero temperature. We focus on an experimentally
accessible quantity that shows this symmetry breaking: the
time asymmetry of the steady-state correlation function

~D %
(@ (OH(0)) =0 (80)

Cna® = (a—na20) 1<0”

where as always, He is the non-Hermitian effective Hamil-
tonian associated with our master equation. As discussed
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above, at zero temperature hidden TRS guarantees that this
special correlator has time symmetry. This time symmetry
is lost as 7y, 1s increased.

To see this explicitly, we plot the total time asymmetry
versus temperature, which we define as

() = /0 (Cp (0 — Cop o (—DIdE. (81)

As shown in Fig. 8, the total asymmetry remains zero as
long as the temperature 7 is small, but then suddenly jumps
at a critical “transition” temperature, consistent with a sud-
den breaking of detailed balance. This temperature can be
understood from the size of the system’s dissipative gap
I' at ng, = 0. At a heuristic level, the transition occurs
when the new thermal excitation rate k#ny, is comparable
to I'. I corresponds to the slow switching rate between
two coherent states |to) (|a| = +/A,/K) that are eigen-
states of the coherent Hamiltonian [60,63]. Using Lindblad
perturbation theory, one finds that for large |«| this rate is

10" ¢
107! F Re[C(t) — C(—1t)]
2
®
£ 1073 F 0.000 qrrmmm—rr =t
g
SN
= —0.025 A
1072 F .
0
10-7 | Time,t/k
10=* 107% 1072 107! 10° 10!
Temperature, kT /fiweay
FIG. 8. Hidden-TRS breaking in a driven nonlinear cavity.

Main plot: total correlation-function time asymmetry m(7T) ver-
sus temperature for a parametrically driven Kerr resonator,
cf. Eq. (81). Solid green: integrated asymmetry for the special
correlation function Cp2 ; () [cf. Eq. (80)], which is guaranteed
to be symmetric if hidden TRS holds. There is a sudden onset
of asymmetry above a threshold temperature, indicating a sharp
temperature at which hidden TRS is broken. In contrast, we also
plot the total time asymmetry of a correlation function whose
behavior is not constrained by hidden TRS, function Cy2 p2(?)

(dashed red curve); here X and P are standard quadrature opera-
tors. This correlator is asymmetric already at zero temperature,
and shows no strong temperature dependence. Inset: real part
of the correlation-function asymmetry of C(¢) = CaZ,Heﬁ(t) for
ny = 0 (solid green), and ny, = 0.2 (dashed green). For all plots
we take Ay = 3K,k =0.0lK,A=A; =k, =0.

TABLE II. Dictionary connecting hidden TRS and an effec-
tive classical notion of TRS in the effective phase space used in
the complex-P function method. We list objects and conditions
commonly appearing in the solution of quantum master equa-
tions via quantum detailed balance (i.e., hidden TRS), and their
counterparts in the language of classical detailed balance in the
complex-P representation. This correspondence exists only for
multimode bosonic systems coupled to local zero-temperature
dissipation.

Hidden TRS

W) = T1y)
CYP() = K0 ¥5(0)
\7[&] = Ufl, j[Heﬁ'] = Heff+E-

Classical TRS
(@, B) = (Ua, UB)
CT () = X (HT(0)

Potential conditions
(U must be unity)

exponentially small [66,67]:
T = 2ic|a|e 4, (82)

Defining a cross-over temperature via 7ig cross = I'/k pro-
vides a good qualitative estimate for the symmetry-
breaking temperature in Fig. 8.

We stress that even at zero temperature, most system
correlation functions do not exhibit any time symme-
try. Such correlation functions do not show any dramatic
behavior as a function of temperature. As an example, we
plot the asymmetry of the correlation function Cy2 p2(2),
defined as

my2p2 (T) = \/0 |CX2,P2(t) - CX2,P2(_I)|dt, (83)

in Fig. 8; here, X, P are standard quadrature operators.

VIII. HIDDEN TRS AND PHASE-SPACE
METHODS: A QUANTUM-CLASSICAL
CORRESPONDENCE

In this final section, we turn to driven-dissipative sys-
tems comprised of one or more bosonic modes, and con-
nect our notion of hidden TRS to phase-space methods that
are well known in quantum optics, and have been used
to solve nontrivial problems using an effective Fokker-
Planck equation in an expanded phase space. The focus
is on Lindblad master equations of the form

ap = —ill, p]+ Y _ 1 Dla]. (84)
J

Here, [a;, &,t] = §jx is a standard set of independent bosonic
modes, «; represents a decay rate for each mode, and
H is an arbitrary bosonic quantum many-body Hamilto-
nian. We establish that for this restricted class of mod-
els, the fully quantum notion of hidden TRS (described
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by an antiunitary operator 7) coincides with a classical
notion of time reversal in an expanded phase space, i.e.,
an involution of the form (x,p) — (x,p) (where x,p are
classical phase-space coordinates). Hence, the effective
detailed-balance properties (and potential conditions) of
a complex-P Fokker-Planck equation is directly tied to
hidden TRS. This allows us to directly understand the suc-
cess of the complex-P method in solving several nontrivial
driven cavity problems [19]. Interestingly, we show that
for extended models, this correspondence no longer nec-
essarily holds. For example, by simply adding two-photon
loss processes, there exist hidden-TRS operators that have
no correspondence to a simple operation in an extended
phase space.

The context of our discussion is the complex-P
phase-space representation of the general bosonic mas-
ter equation in Eq. (84). This is a particular nondiagonal
expansion of the system’s density matrix in terms of coher-
ent states that can be used to convert the master equation
into a well-behaved, Fokker-Planck-like equation (see [68]
for a pedagogical introduction). Consider the single-mode
case first for simplicity. We consider a doubled phase
space described by complex coordinates («, 8), and choose
appropriate integration contours C,C’ for each of these
variables. This lets us express the density matrix as

5 / da / a2 by gy, (85)
c o {alB*)

where P(w, B8) is the complex-P quasidistribution func-
tion. Using standard techniques [19], one can often convert
the Lindblad master equation for p into a Fokker-Planck
equation for this function, which is required to be non-
singular on the integration surface C x C’ defined by the
contours. The resulting equation has the standard form:

0P (e, B) = 9, [C" (o, B)P(r, B)]
+ 9,0y [D"" (o, BYP(ar, B)]. (86)

Here, C*(«,B) represents a generalized drift vector,
and D""(a, B) a generalized diffusion tensor. The above
derivatives are holomorphic derivatives [19], and Einstein
summation notation is implied.

We can now state our quantum-classical correspondence
principle: if the quantum master equation Eq. (84) has
a hidden quantum time-reversal symmetry T and corre-
sponds to a well-defined Fokker-Planck equation in the
complex-P representation, then this associated Fokker-
Planck equation has a well-defined classical TRS cor-
responding to T. In the case where this classical TRS
operation is trivial (i.e., the identity operation), this sym-
metry then correspond to a standard detailed-balance con-
dition, meaning that the drift and diffusion matrices satisfy
potential conditions [1]. This directly enables an efficient

solution for the steady-state distribution function P(«, 8),
and hence the steady-state density matrix.

The fact that the complex-P Fokker-Planck equations
satisfy potential conditions is precisely the property that
enabled exact solutions of a variety of nonlinear driven
cavity models [20]. Our result shows that this surprising
property is directly tied to a more general, and fully quan-
tum symmetry: hidden TRS. In what follows, we describe
precisely how to construct the classical time-reversal oper-
ator corresponding to a hidden TRS 7, and then show
how this correspondence can be broken by considering
higher-order Markovian loss channels.

A. Detailed balance in generalized P representations

We start by defining a notion of time-reversal symmetry
that is meaningful for the complex-P distribution function
P(a, B). We stress the well-known fact that this distri-
bution function is in general complex valued, and thus
does not represent a meaningful probability distribution.
Nonetheless, we can formally use it to define quantities
analogous to expectation values and correlation functions.

Note first that the expectation value of a holomorphic
function X (¢, 8) defined on our complex phase space is
defined as

X= /C dar /C dpPss@. pX@f).  (87)

We can also define a time-evolved function X («, 8;1)
defined by the solution of the dual Fokker-Planck equation

X (a, B) = =0, [C*(a, B)X (e, B)]

+ 9,0y [D*" (o, B)X (, )] (88)
With these definitions in hand, we define time-reversal
symmetry in our doubled, complex classical phase space
as the existence of a phase-space involution

(@, ) = (@, ), (89)

such that all two-time correlation functions (calculated as
defined above) are time symmetric:

X (HY(0)
Y(—HX(0)

t>0

Cyy( = (90)

t<0’

Here X,Y are any two holomorphic functions, and the

time-reversed functions are given as
X(a,B) = X(@,B), o

where m is the time-reversed counterpart to («, 8),

i.e., another point in the integration surface on which the
complex Fokker-Planck evolution is taking place. All we
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require is that this time-reversal operation squares to the
identity, namely, time reversing a point twice recovers the
original point on C x C'.

For complex-P distributions, one can establish a gener-
alization of a standard result in classical probability theory,
which we rigorously establish in Appendix J: in the limit
where the time-reversal operation is just the identity, the
classical detailed-balance condition Eq. (90) is equivalent
to the potential conditions on the Fokker-Planck equation
[1,69]. Recall that these conditions correspond to the hav-
ing the (pseudo)probability current vanish in the steady
state at every point in phase space, where the pseudo-
probability current J*(a, B, 1) is defined by rewriting the
Fokker-Planck equation as a continuity equation:

0P(c, B3 1) = 0, J" (e, B 1). (92)

This constraint allows a direct method for solving for the
steady state in terms of a potential function.

Note that in the case where the time-reversal opera-
tion (a, B8) — (()(,/73/) is not the identity, there is no sim-
ple potential-condition method for solving Fokker-Planck
equations, unless the time-reversal symmetry is known
beforehand (see, e.g., Ref. [69]).

B. Constructing the classical TRS corresponding to a
hidden TRS T

We briefly outline the correspondence here in the single-
mode case, and leave the discussion of the multimode case
to Appendix F. For these systems, hidden TRS implies
(among other constraints) the constraint

Jla] = ua, 93)

where J is the exchange superoperator as always, and u =
+1. In Appendix F we show that, under the assumption
that Eq. (93) holds, hidden TRS is equivalent to classi-
cal detailed balance in the complex-P representation with
respect to the following classical time-reversal operation:

(@, B) = (uat,up). (94)

Note that the fact that u squares to one, an intrinsic prop-
erty of the exchange superoperator, ensures that this is
a valid classical time-reversal operation in the effective
phase space used for the complex-P representation.

This surprising correspondence is the result of TFD
correlation functions of normally ordered operators coin-
ciding with complex-P correlations. More precisely, if
Jla] = ua with u = %1, then we have (see Appendix F):

Cey(0 =3P, (95)

where X, Y are the classical representatives of X , Y in
the complex-P representation. Explicitly, without loss of

generality, X, ¥ can be written as

X =" sum@hra", (96)
Y= xm@ya (97)

In terms of the normally ordered expressions above, the
classical representatives X, Y have the following form:

X(@B) =D XnmB"a", (98)
Y@, 8) =) AumB'a" (99)

Finally, the classical time-reversal operation used to define
the reversibility of the Fokker-Planck equation is given
in Eq. (94). Therefore, in this situation, hidden (quan-
tum) TRS is equivalent to classical TRS in the complex-P
representation.

C. Breakdown of the correspondence principle: going
beyond phase-space methods

The simplest situations in which the above correspon-
dence principle breaks down is in systems with higher-
order loss dissipators, e.g., a system of the form

d . e
—p = —i[H, p] + «D[E&]1p.

= (100)

An example of this is the driven cavity problem consid-
ered in Sec. VI, in the regime where all single-photon
terms are set to zero: A; = x; = 0. We are left with a
model with an interaction, detuning, two-photon drive, and
two-photon loss. The full master equation in this case con-
served photon-number parity, and thus does not have a
unique steady state.

For this model, we still have hidden TRS for each of
the steady states. The full set of hidden-TRS compatible
TFD states, i.e., obtained by solving Eqgs. (45)+(47), has
the form

[Yr(y, ) = yI¥E) +vivr), (101)
where the individual terms |1ﬁ7jf) in the superposition cor-
respond to the two simple thermofield doubled states
encountered in Sec. VI, and which, upon tracing out the
auxiliary cavity B, correspond to a single steady state of
the master equation Eq. (100):

AL = Trglly ) (Wi 1 = Trsllyr )W [l (102)

According to the quantum-classical correspondence out-
lined in this section, this stationary state corresponds to a
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stationary complex-P distribution with both a trivial TRS
(corresponding to the potential conditions) and an inver-
sion TRS (corresponding to something more complicated):

i = [ /ﬂﬁ i
- [« [

In light of the above observation, one might interpret
the more exotic thermofield doubled state |y (y,v)) as
describing a quantum TRS, which corresponds to a “super-
position” of both the trivial and inversion TRS, and thus
this hidden time-reversal symmetry no longer has a classi-
cal analog.

Indeed, it is well known that the stationary state obtained
via solution of the potential conditions is not the only sta-
tionary state of the quantum master equation Eq. (100)
[21,62]. Tracing out the auxiliary cavity B for arbitrary
parameters y, v reveals a family of quantum steady states:

Pss(a, B), (103)

Pss(—a, —B). (104)

= Trp[|Yr(y, V) (Yr(y, v (105)

pss(¥,v)
While any 7 and TFD must yield an exchange superopera-
tor 7 that acts simply on &° [via Eq. (46)], the action on &
need not be simple. In fact, we get only a simple action
when v =0 (y = 0), in which case J[a] =a (J[a] =
—a). For the more general case, the identity Eq. (93) is
broken. The more complicated nature of the hidden TRS
operator and the corresponding J implies that the steady
states corresponding to [Y¥7(y,v)) cannot be easily found
using the complex-P phase-space solution method.

IX. SUMMARY AND OUTLOOK

In this work, we introduce a new symmetry that can
exist in driven-dissipative systems described by a Lindblad
master equation: hidden time-reversal symmetry. We show
explicitly how this goes beyond the conventional definition
of quantum detailed balance introduced by Agarwal [2];
crucially, hidden TRS can exist in systems whose steady
states have nonzero energy-eigenstate coherences, some-
thing that makes it impossible to have CQDB. While
hidden TRS is most naturally formulated in terms of a
doubled system prepared in a thermofield double state, we
demonstrate that it has a direct observable consequence:
a certain class of single-system correlation functions are
guaranteed to be time symmetric. This is in contrast to
CQDB, which requires all correlation functions to obey
a time symmetry. To illustrate our ideas, we analyze how
several ubiquitous driven quantum systems (qubit and non-
linear cavity models) can have hidden TRS despite not
having CQDB.

Perhaps most importantly, we establish how hidden TRS
provides a powerful means to derive analytic solutions

for nontrivial steady states of quantum master equations.
In particular, hidden TRS underlies both the coherent
quantum-absorber exact-solution method [17,18], as well
as phase-space methods based on the complex-P func-
tion [19].

We hope that our results will lay the groundwork for
further studies exploiting hidden TRS as a means to under-
stand even more complex systems. This symmetry could
provide an interesting means for finding nontrivial, exactly
solvable driven-dissipative systems, not only in bosonic
contexts, but also possibly for qubit and fermionic sys-
tems. It could also lead to novel perturbative techniques for
studying systems that weakly break hidden TRS. Another
interesting direction would be to see whether these ideas
could be extended to systems with a Floquet structure,
i.e., Lindblad master equations where the Hamiltonian
and/or jump operators have a periodic time dependence
(see, e.g., Refs. [44—47]). Finally, the prospect of using
hidden TRS to explore many-body models is exciting and
provides a fruitful direction for future work. Thinking even
more generally, it would also be extremely interesting to
rephrase this symmetry fully in terms of a dissipative field
theory describing the system of interest (i.e., in terms of a
Keldysh action [70—72]). This could yield further insights,
and also perhaps enable an extension of these ideas into
non-Markovian regimes.
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APPENDIX A: DOUBLED-SYSTEM CLASSICAL
DETAILED BALANCE

In this section, we prove that classical detailed bal-
ance may be equivalently stated as the following symmetry
condition:

X4 Yp(0) = Y (0 Xp(0), VX,Y. (Al)
The reason why the above condition is equivalent to the
standard definition of detailed balance is that the doubled-
system correlation function X, (#) Yz(0) is actually a single-

system correlation function in disguise:

X (0Y50) =Y p(m)8uiX (t,m)Y(0,m),

n,m

=Y PMX (&mY(0,7) = X ()Y(0), (A3)

(A2)
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Therefore, the doubled-system correlation function
X4(?) Y(0) is time symmetric for all random variables X, ¥
if and only if

X(Y(0) =YX (0), VX,Y. (A4)
Now, making the replacement Y — ¥ in this single-
site symmetry condition yields the definition of classical
detailed balance used in the main text. Therefore, Eq. (A4)
is equivalent to classical detailed balance:

X(HY(0) = Y()X(0), VX,Y. (A5)
Note that we implicitly use the fact that ¥ — Y is a bijec-
tion of the algebra of random variables. In summary, we
show that the doubled definition Eq. (A1) of classical
detailed balance is completely equivalent to the standard

definition Eq. (AS).

APPENDIX B: CQDB RULES OUT STATIONARY
COHERENCES BETWEEN ENERGY
EIGENSTATES

We now demonstrate that systems with CQDB have
steady-state density matrices that are always guaranteed to
be diagonal in the energy eigenbasis. There are many refer-
ences that show this explicitly [4,5,50]. However, here we
assume an intermediate result, namely that CQDB implies
modular symmetry [50], that is, a symmetry of the driven-
dissipative dynamics with respect to the unitary dynamics
generated by the modular Hamiltonian

A, = —log pss. (B1)

The reason for taking this symmetry-based perspective is
that it informs most of the central results in the theory of
quantum detailed balance [9,10].

Indeed, once the above symmetry is established, the
proof that steady states with CQDB are diagonal in the
energy eigenbasis is very easy. We provide here a sim-
ple argument that works in the finite-dimensional case. We
begin with Lindblad’s original expression for the effective
Hamiltonian as a classical average [73]:

iHer = L[U] - U, (B2)

where here, U is a Haar-random unitary, and £ is the

Heisenberg-picture Lindbladian, which generates time-

evolution of observables. We now observe how the effec-

tive Hamiltonian evolves under the modular (dynamical)
—it.

group O(f) = pi.Opgd":

iHe(t) = s LIUT - Upgd' (B3)
The above identity holds for any Lindbladian, and thus
contains no hidden assumptions about the system in ques-

tion. Now suppose, however, that £ satisfies CQDB, and

thus has modular symmetry. Then, in particular, we have

pELIUN = LIp4U" hsd 15k (B4)
Substituting the above identity into the Haar-random
average defining the effective non-Hermitian Hamilto-
nian yields a simple result—H.g is time independent with
respect to the unitary dynamics generated by the modular
Hamiltonian:

ille(t) = LIUT ()] - U(H) = LIUT] - U = iH(0). (BS)

Therefore, the effective Hamiltonian commutes with the
modular Hamiltonian, and thus the effective Hamiltonian
commutes with the steady state itself: [I:Ieff, 0Oss] = 0. By
taking the anti-Hermitian part of the commutator, we

immediately have that H commutes with 0ss.

APPENDIX C: EXAMPLE OF BROKEN CQDB:
DISSIPATIVE RABI-DRIVEN QUBIT

To make the ideas of Secs. II D and IT E more concrete,
we consider a simple but ubiquitous system, which does
not satisfy CQDB, but does have hidden TRS.

1. Violation of CQDB via correlation-function
asymmetry

Our example is a qubit (with Pauli operators 6y, )
subject to a coherent Rabi drive in the presence of loss.
Working in the rotating frame set by the drive, and making
a rotating-wave approximation, the master equation has the
form of Eq. (8) with M =1 and

N R N . .

H = Ao, + Eax, ¢ = Jk6_. (C1H
Here A is the detuning of the drive from the qubit split-
ting frequency, 2 is the Rabi frequency, and « is the decay
rate of the qubit excited state. The steady state for this sys-
tem is easy to find and given in many textbooks, see, e.g.,
Ref. [42]:

—

AAQ - Qi .
o} 0,
16A2 +2Q2 +,2 5 " 16A2 +2Q2 + 2 7
16A% + k2 )
— 0.
2(16A2 4+ 2Q2 + k2)

Pss=§

(C2)

Given the external driving, this steady state does not cor-
respond to thermal equilibrium, and hence a priori there
is no reason to expect that it will satisfy CQDB. While
this may seem obvious, we now show that CQDB is bro-
ken explicitly, by directly uncovering correlation-function
time asymmetry in this system. We stress that the CQDB
condition in Eq. (11) is contingent on the choice of time-
reversal operator 7. We take a general approach here (and
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throughout this paper): we do not preselect the definition
of T using additional knowledge of our system, but rather
ask where there is any possible antiunitary 7, which would
give rise to a symmetry. Hence to truly rule out CQDB,
one must check Eq. (11) for all permissible choices of 7.
We thus show that CQDB does not hold no matter what
choice is made for 7.

In what follows, for simplicity we assume a resonant
drive (i.e., A = 0), and introduce the dimensionless Rabi
frequency b = Q/k; CQDB is violated even for nonreso-
nant drives, see Sec. C 2 below. The first step is to parame-
terize all possible TRS operators. Since CQDB holds only
if pss is itself invariant under TRS, this constrains the
form of TRS. The only permissible TRS operators are then
parameterized by a single phase ¥ and have the form

o [ sin(y//2)

N/TSEN (i - 2ib6x) + icos(w/2)8z] K., (C3)

where K. is the complex conjugation operator acting in
the 6. basis. The complex conjugation operator K is an
antilinear operator, K (cqla) + cp|b)) = cjk la) + cZk |b),
whose action is basis dependent [74]. In the &, basis
(basis state denoted |1)) the complex conjugation opera-
tor K is defined by K. (c|£)) = ¢*K.|+) = ¢*|4), i.e., K.
leaves the basis states invariant but conjugates complex
coefficients.

To show that CQDB cannot hold in this system, it is
sufficient to show that at least one correlation function vio-
lates Eq. (11) for each TRS angle . As our main object
of study, we introduce the correlation function defined for
positive and negative times:

(6,(06:(0)) =0

(6:(—D6,(0)) <0’ €4

Cyz (t) = {

where &, = 76;7~'. CQDB holds, then Eq. (11) implies
time symmetry: C,.(f) = C,.(—1). In what follows we
show that the properties of the TRS and the eigenmodes
of the Liouvillian do not allow for the time symmetry of
C,- (1) and other correlation functions.

The Liouvillian of the driven qubit system is readily
diagonalized. Letting A; denote its eigenvalues and 7; the
corresponding right eigenvectors, we find

ho =0 7= pss, (C5)
M=—3 =0, (C6)
h=—tGtio h=g+ T (o
Ay = —Z Goit) Fy= O Ibia)@ &, (C8)

where b= Q/k, a =+/16b2 — 1 is the dimensionless
damped Rabi frequency. For b < 1/4 the qubit is over-
damped and the frequency is imaginary: @ — i~/1 — 1652
The essential feature of the eigensystem is that the o,
coherence behaves differently from the &, coherence or
the classical population (6,). The 6, coherence decays
exponentially with rate (—A;) = «/2. The &, coherence
and the classical populations decay with (—Re X,3) > «/2
for any finite 5. This implies that (6, (#)6;(0)) has a time
dependence that is always different from (G, (#)6%(0)) or
(6. (£)64(0)) for any 6.

With this in mind, we turn to the time-reversed operator
0, which, in general is a linear combination of all three
Pauli operators. In particular, the 6, component is

6. = —(Q2b/VAb> + 1) sin 6y + - - - (C9)
We can see that for any ¢ # 0, 7, for which sin ¢ # 0, the
expression C,. (¢ < 0) will have terms measuring the decay
of 6, coherence. Thus the time dependence at ¢t < 0 must be
qualitatively different from that at# > 0. Evenat ¢ = 0,x
the correlation function is generically not time symmetric.
As an example, we show a generic plot of the time asym-
metry of C,;(#) in Fig. 9 for b = 1 computed for various .
Although the argument breaks down at ¢ = 0, 7, we can
show definitively that CQDB cannot hold by considering

0.0 F —

? —0.1F
\1; Cyz(t) for p =0
O —02F
I
= -03F
S}
Q
~ —04F

*05 B 1 1 1

Y =0 -5 0 5
0 2 4 6 8 10
Time,t/x
FIG. 9. The Rabi-driven qubit violates conventional quantum

detailed balance. Inset: the correlation function C,.(¢) is shown
as a function of time for TRS 1 = 0. Although time symmetry is
not explicitly ruled out for ¢ = 0, the lack of time symmetry is
clear. We show only the connected part, which decays to zero for
|t| > k. Main plot: the time asymmetry of the symmetrized cor-
relation function Re[C,.(f) — C,.(—1)] as a function of time ¢/x
for different permissible TRS. The correlation function is com-
plex in general for ¥ # 0,7; however, the time asymmetry is
manifest even in the real part alone. The values of i in order
from top to bottom are w, 57/6, 37 /4, 57/8, /2, and 0. All
functions are computed for Rabi drive strength b = 1.
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C.: (1), which is defined analogously with C,.(#). Since at
¥ = 0, there are no &, terms in &, the time dependence
of C,,(t < 0) must be qualitatively different from the time
dependence of C,, (¢ > 0). Therefore, we conclude that the
Rabi-driven qubit does not satisfy CQDB.

2. Violation of CQDB for any detuning

In the preceding section we restrict our analysis to the
resonantly driven qubit for which A = 0 primarily because
the diagonalization of the Liouvillian becomes unwieldy
for A # 0. Here we show by an alternate route that for any
detuning, the Rabi-driven system violates CQDB.

Recall from Appendix B that a system that satisfies
CQDB must have a steady state that is diagonal in the
energy eigenbasis. The commutator [H, fss] is equivalent
to taking the cross product between the Hamiltonian “vec-
tor” (£2/2,0, A) and the traceless part of Oss. Imposing the
constraint that the commutator is zero requires the form of
,555 to be

ﬁss=%<i+aﬁ>, (C10)
where « is a real constant of proportionality. Crucially,
the above expression is linear in A and 2, whereas the
true steady state is a quadradic rational function of these
parameters and the decay rate «, cf. Eq. (C2). Therefore
we conclude that for any detuning, the Rabi-driven qubit
does not satisfy CQDB. Furthermore, one can numerically
diagonalize the Liouvillian at any drive detuning and ver-
ify that there does not exist any TRS for which the steady
state is invariant and for which all correlation functions are
time symmetric.

3. Permissible TRS

Here we show how the permissible TRS of Eq. (C3) are
determined from the steady state Eq. (C2). We require only
that 7 leaves the steady state invariant as a necessary con-
dition of CQDB. All possible TRS take the form 7' = VK,
for unitary ¥ and complex conjugation kp in the steady-
state eigenbasis such that T, ﬁSST ~1 = pgs. This condition
implies that the action of 7 on the eigenstates of pss (i.e.,
pointer states) is restricted to be

1) = 1),
712) = €Y |2)

(C11)
(C12)

up to a global phase. Thus in the steady-state eigenbasis the
permissible TRS take the form 7= (|1)(1] + ¢V [2) (2K,
for any ¥, where K » 1s complex conjugation in the steady-
state eigenbasis and the pointer states are assumed time-
reversal invariant: IA<p |n) = |n).

As the final step, we represent 7' in the familiar 6. basis.
Recall that in the steady-state eigenbasis, 7' = I7f(p. Given

the unitary U that diagonalizes the steady state, Upss U =
diag(p1, p2), the permissible TRS are given in the &, basis
as

T=UVK,0=UVUK. (C13)
Here we use the relation
K, = UK.U", (C14)

which defines K, in terms of K, [74].
For completeness U is given in terms of b = ©/k and

s = +/4b% + 1 as

l(im

0=
NSNS

(C15)

)

Substituting this into the expression for 7" above recovers
Eq. (C3) [which is also Eq. (31) in the main text].

APPENDIX D: EXPLICIT CONSTRUCTION OF
EXCHANGE SUPEROPERATOR J

By definition, the exchange superoperator is supposed to
act on a single-site observable O and produce a new single-
site observable, J[O], which, upon acting on site B of the
thermofield double, produces the same state as one would
obtain by acting on site 4 with the observable O:

J10lsl¥r) = Oalyrr). (D1)
One may interpret the above equation as the vectorization
of an operator equation, according to the rules

Oulyx) — OpL, (D2)

R R
Oslv) — pss 07, (D3)
where |yx) is the therrpoﬁeAld doubled state where the
time-reversal operation 7' = K is complex conjugation in
the eigenbasis of the steady state. Explicitly,

k) =Y /Paln)ln). (D4)

Furthermore, O — O denotes matrix transposition in the
eigenbasis of the steady state.

An arbitrary time-reversal operation can be decom-
posed as T = VK, where V commutes with Oss. Explicitly,
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an arbitrary thermofield doubled state corresponding to a
hidden TRS must always have the expression

Wr) = ZJpﬂn ) n), (D5)

=" /paln) PK]n). (D6)

Under the above rules, the thermofield doubled state with
an arbitrary time-reversal operation for a unitary V satisfies
the following identities:

Oulyrr) = O4Vilk) — OBV, (D7)
Oplyr) = (OV)lyk) — Pl (ONT. (DY)

We now verify the formula J[0] = Al/zOTlassl/2 used in

the main text. First of all, any hidden TRS must leave the
steady state invariant, and we can rewrite this formula as

A2 AT A—1/2
JI0] = psi 0" s, (DY)
We can then proceed to verify Eq. (D1) directly:
(P35 0pss Malvrr) — AT (p O ps™T.  (D10)

Taking advantage of the fact that ¥ commutes with Oss, We
have

A1/2 VT(ﬁééz O p: 1/2)T o5 1é2 —0p A1/2 P (DI
which is just the operator representation of éA |Yr7) accord-
ing to the rules Egs. (D7) and (D8).

APPENDIX E: FROM CQDB TO HIDDEN TRS

In this appendix, we show that, for systems with
modular symmetry, CQDB and hidden TRS are equiv-
alent. Since CQDB already implies modular symmetry
by itself [5,50], this will demonstrate that CQDB neces-
sarily implies hidden TRS. Therefore, CQDB is a strict
subphenomenon of hidden TRS.

Indeed, consider an arbitrary driven-dissipative system
described by a Lindblad master equation. The definition of
the exchange superoperator tells us that

Cx.gm® = CYy®, V=0 (E1)
The above correlation function, for negative times, is
harder to rephrase as a two-site quantity:
A= 1/285A1/2\ oo
Crom(=0 = ((bss " ToEHOXT).  (E2)
However, the above expression simplifies considerably
in systems with modular symmetry. Indeed, let us now

assume that the driven-dissipative system in question is
symmetric with respect to the modular Hamiltonian I:Iﬂ,
as is always the case with systems that have CQDB
[5]. Then, we can write (g 2y 1/2)(t) = pg 1/ZY(t),éééz
Substituting this identity into Eq. (E2), we get

Cx.gm(—1) = Cy 7 (=),

Therefore, for any driven-dissipative system with modular
symmetry,

vVt > 0. (E3)

Cx.gm(@®) = Cyy (@) VieR, (E4)

Therefore, since 7 is a bijection of the observable algebra,
CQDB and hidden TRS are equivalent for this class of sys-
tems, as time symmetry of one set of correlation functions
implies time symmetry of the other.

APPENDIX F: COMPLEX-P AND HIDDEN TRS
CORRESPONDENCE THEOREM

We now consider a general many-body bosonic Lind-
blad master equation, with, say, n bosonic modes. Recall
that classical detailed balance for this class of master equa-
tions can be formulated in the complex-P representation as
the time symmetry of the correlation function

X (HY(0)
Y(—HX(0)

t20 (F1)
t<0’

CYy( = {
where, here, X (@, 8), Y(@, B) are arbitrary multivariate
holomorphic functions, and averages are understood to be
taken with respect to the stationary complex-P distribution,

e.g.,

X= / d"ad" B Pss (@, B)X (&, B), (F2)
b
where ¥ is a 2n-dimensional closed integration sur-
face (the many-body analog of the pair of integration
contours C,C’ mentioned in the main text). Further-
more, X (a, ,3) - X@, ,3) is a well-defined classical time-
reversal operation, that is, induced by a bijection of the
phase-space squaring to one [cf. Eq. (91) in the main text].
Recall that hidden TRS for a quantum system is defined
as the time symmetry of the thermofield doubled correla-
tion function, which, e.g., for positive times, is given by a
symmetric bilinear form:

CYr= (X @, Nr, (F3)

and for negative times (with a time-reversal invariant

steady state), is expressible using the same bilinear form:
CPR (=0 = (X, Y() 1, (F4)

where the relevant bilinear form (which depends on a par-
ticular choice of time-reversal operator 7) is defined in the
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main text as follows:

A

(X, ), = C=0). (F5)

Clearly, the condition of hidden TRS is equivalent to iden-
tifying the left-hand side of Eq. (F3) with the left-hand
side of Eq. (F4), which, upon examining the right-hand
sides of said equations, is equivalent to the symmetry of
the Heisenberg-picture time-evolution superoperator &; =
e~ 'F with respect to the bilinear form (-, -)) 7.

One can form an analogous construction to express clas-
sical correlations in the complex-P distribution in terms of
a bilinear form. Indeed, for any pair of normally ordered
quantum observables X,Y and a classical time-reversal
operation X — X, one can write

Cy 30 = (X D, D, (F6)

and for negative times (with a stationary complex-P
distribution, which is time-reversal invariant), we can also
write

Cp (=0 = (X, YO)», (F7)
where we introduce a new symmetric bilinear form
(X, 1)p = CL 3 =0), (F8)

where X, Y are the normally ordered symbols of X s IA/,
i.e., the classical representatives of the observables X s )
in the complex-P representation. Explicitly, if X =
>, ey @hi - @hnal! - - aly, then the normally ordered
symbol X is

X=) cyp'-praf -y, ete,  (F9)
J

where [ ={i,...,i,} and J ={j,...,j,} are multi-
indices. The condition of classical detailed balance in
the complex-P representation, i.e., the time symmetry of
Eq. (F1), is equivalent to identifying the left-hand side
of Eq. (F6) with the left-hand side of Eq. (F7), which
is equivalent to the symmetry of the Heisenberg-picture
time-evolution superoperator £ = e~** with respect to the
bilinear form (-, -))p.

With these definitions in hand, we return to the general
problem of interest: a Markovian multimode bosonic sys-
tem where each mode is subject to loss. For simplicity,
we start by assuming each mode has the same loss rate,

implying a master equation of the form

d. e
Jh =il 5]+ > " «D[a]. (F10)

j=1

If this system has hidden TRS with respect to a particular
quantum time-reversal operation 7, then as discussed in the
main text [cf. Eq. (43)] there must exist a N x N unitary
matrix U such that

Jla1=)Y Ugar, U =1. (F11)
ki

Here (as always) J is the exchange superoperator.

What we show in this section is a remarkable coinci-
dence between the two families of bilinear forms, under the
above jump operator constraint. That is, Eq. (F11) implies
that we can identify both bilinear forms, i.e.,

A A

(X, V)p = (X, T)r VX, 7| (F12)

where the classical time-reversal operation on the
complex-P side is none other than the change-of-Kraus

representation given in Eq. (F11): (&, 8) = (Ua, UB). In
what follows, we first prove this result in the single-mode
case, then extend to the multimode case where each mode
has an identical damping rate «. Finally, we extend the
result to the more general case where each mode has a
different damping rate ;.

1. Single-mode case
Consider Eq. (F10) in the single-mode limit N = 1. If
this system has hidden TRS with respect to a particular
quantum time-reversal operation 7, then the jump-operator
constraint reduces to J[a] = ua, with u = %1 a scalar
quantity. We show in what follows that this in turn implies
the following identity:

(X, p = (X, V)7, (F13)

where the bilinear form on the right-hand side is defined

using the classical time-reversal operation (a,/\/?) =
(ua, uB). To see this, note that both the left- and right-hand
sides are bilinear with respect to X s ) , and so it suffices to
verify the above identity in a basis of normally ordered
monomials. That is, without loss of generality, we may
assume that

X =@hka!, Y= @hras. (F14)
We begin by computing, e.g.,
(X, D)7 = (wrl@)* a &'y b 1yr). (F15)
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Substituting in the definition of the exchange superopera-
tor, we get

A A

(X, yr = (@H'a' gra'yan), (F16)
where, here, (O) = Tr[pss 0] denotes a steady-state expec-
tation value. Now, we utilize the fact that J[OO'] =
JLO1TJ[0] for generic O, O':

(X, Pyr = (@H* ' way! 71@H. (F17)
Finally, by direct computation we also have that 7 [é' 1=
pss T [0]" pss for generic 0, and so (via the cyclic nature
of the trace)

A A

(X, Y)r

= (wa"y @hka way?)
_ / dar f dB Pss(a, B)F? Bralal.  (F18)
C !

Immediately, we recognize here the normally ordered sym-
bols of X , f’, which are, explicitly,

Y, ) = '’ X(a,p) = p'a’ (F19)
With the above observation, we thus prove Eq. (F13),
which establishes the equivalence of generalized quan-
tum detailed balance, that is, hidden TRS, with classical
detailed balance in the complex-P representation. Note
that the potential conditions, as well as the original CQA
method, as originally formulated in Ref. [17], both corre-
spond in this context to the special case of a trivial TRS,
e, U=1.

2. Many-body case

Now, consider the multimode master equation Eq. (F10).
If this system has hidden TRS with respect to a particu-
lar quantum time-reversal operation 7, then we have the
constraint Eq. (F11) on the jump operators, which we
write as

T = . (F20)

a = Z Ujray.
Jk

What we demonstrate in this section is that this jump-
operator constraint implies the following identity:

(X, Typ = (X, P)r, (F21)

where the bilinear form on the right-hand side is defined

using the classical time-reversal operation (a, ,3)

(Ua, U,B) To see this, note that both the left- and right-
hand sides are bilinear with respect to X, ¥, and so it
suffices to verify the above identity in a basis of normally

ordered monomials. That is, without loss of generality, we
may assume that

X =@hh...@hkal .. a, (F22)
v=@hy - @hymat .. a. (F23)

We begin by computing, e.g.,
(R Dyr = (rl@)h - @hray--ay (F24)
By BT B yr).  (F25)

Substituting in the definition of the exchange superopera-
tor, we get

A A

(X, Iyr = (@hh -

S Jr@he -

@k (F26)

@praf" ---alrl),  (F27)
where, here, (O) = Tr|pss é] denotes a steady-state expec-
tation Value Again, we now utilize the fact that 7[OO'] =

J[01T[O0] for generic O, 0':

A A

(X, Tyr = (@hh -

~q A~ At
. all . .aZ”j[(al)p] e

@) (F28)

@Hr).  (F29)

F 1nally, by dlrect computatlon we also have that J[O1] =
OssT [O] ,0SS for generic O and so

A

(X, ) (@)

~tkn Al
@hHeay -

= (@

. (&I)kl ~Alp ~d1

a al &Zn)’ (F30)

:f d”ad",BPss(&,E),éfl"‘Bﬁn
x

”ﬁy/fnail . O[l"Oll &Z" (F31)

Immediately, we recognize here the normally ordered sym-
bols of X, Y, which are, explicitly,

Y@, B) = Bpl BT, (F32)
X(,B) =By - Blnalt ol (F33)

With the above observation, we thus prove Eq. (F21),
which establishes the equivalence of generalized quan-
tum detailed balance, that is, hidden TRS, with classical
detailed balance in the complex-P representation.
Finally, consider the general case where each mode has
a different damping rate «;. In this case, the corresponding
classical TRS is modified to be
Ki
Uj — K_jl]ij:

(F34)

which can be proven by trivially repeating the steps above.
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APPENDIX G: DOUBLED-SYSTEM
CORRELATION-FUNCTION SYMMETRY FOR
TRS ¢y ==

In the main text we show that the TFD correlation func-
tion C;JP(7) is time symmetric for the TRS ¢ = 7. We
must still explicitly verify that the other two correlation
functions, C(z) and CIFP (1), are time symmetric for the
same TRS.

The expansion of the TFD correlation functions as in
Eq. (19) is practically useful for computing correlation
functions if the time-dependent operators are easily found
because it reduces the problem to computing matrix ele-
ments. For the qubit system, the time-dependent operators
are readily written in terms of the Liouvillian eigenmodes
as

61(t) = Z P Tr(Gin) (G1)

This definition ensures that the operators reproduce the
correct time averages and single-system correlation func-
tions under the hypotheses of the quantum regression
theorem. We can then immediately write the time-evolved
operators as

é\')c(l‘) = e_Kt/z&x: (Gz)
3
6,(t) = (6,) + Y _ "' Te(G, 7], (G3)
n=2
3
6:(t) = (62) + Y €' Tr(827n)1] (G4)

n=2

With these in hand we proceed to compute the matrix
elements.

We label the pointer states of the steady state by |%)
satisfying pss|£) = p+|£) for eigenvalues pL = %(1 +
V/4b2 4+ 1/4/2b2 + 1). The eigenstates lie in the YZ plane
of the Bloch sphere, namely

|+) = cosB|g) — isinb]e) (G5)
for some angle 6 whose precise value as a function of b
does not concern us (except that 0 < 8 < /2 so that these
do not reduce to pure 6, or ¢, eigenstates). The matrix
elements of 6, = 6,(0) and 6, (¢) follow immediately as

(£]6,(1)|%) = 0, (G6)
(—16:()|+) = (+]6: ()| =) = ie ™ > (GT)

and the matrix elements in the time-reversed pointer state
basis are easily found for the TRS ¢ = 7 [cf. Eq. (31) in

the main text]:

(El6x|E) =0, (G?®)
(=16x|+) = (F16x]=)* = —i. (G9)

We thus arrive at an interesting result already: the doubled-
system classically correlated state has identically zero cor-
relation functions Cfcly H=0= Cf; (). We therefore need
to compute only the off-diagonal elements of &, (f) and
6.(#). Given the TRS ¢ = 7 and the form of the pointer
states, it is straightforward to compute these in the time-
reversed pointer-state basis. The relevant result is that they
are real and thus

(=16y1F) = (16,1, (G10)
(=6:1F) = (+16:]-), (G11)

as required by their Hermiticity. To see why this must
be true without explicitly computing the matrix elements,
note that in the time-reversed pointer-state basis, 6, (¢) is
off-diagonal and imaginary and thus plays the role of an
effective “6,” in this basis. Therefore, 6, and 6. must be
linear combinations of the effective “6,” and “6.” and
hence their off-diagonal matrix elements must be real and
equal.

Furthermore, we can draw the same conclusion about
the matrix elements of the time-dependent 6, (¢) and 6. (¢):

E3]

(=6, O1+) = (+l6, D), (G12)
(=loz01+) = (+lo=()]-). (G13)

Again &, is off-diagonal and imaginary and because 1, and
15 have only 6, and 6, components, the time-dependent
operators must remain as linear combinations of the effec-
tive “6,” and “6,” which have real and equal off-diagonal
matrix elements.

Finally putting everything together, the TFD correlation
functions are

CTFD () — jovi/2 [(Z16,1F) — (F16y7)] t>0
v [(+16,]—) — (=16, DI+)] t<0
=0 (G14)
and
CTFD () — jovi/2 [(Z16:1F) — (F16:17)] t>0
= [(+16:(0]—) — (—16:)|+)] <0
=0, (G15)

which are obviously time symmetric. Therefore, all TFD
correlation functions of the Rabi-driven qubit are indeed
time symmetric for the TRS ¢ = &, Eq. (31).
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APPENDIX H: MAPPING TO A CASCADED
QUANTUM SYSTEM

In this section, we show that the dual Liouvillian Z*, as
defined and discussed in the main text, can be reinterpreted
as a “perfect absorber” of the output radiation of £ [17].
We start with the following identity in the main text (which
is just a rewriting of the definition of 7):

Hegpa |¥7) = T Hetlz 1¥7) (HI)
Cialvry = Jes V), (H2)

where I:Ieff is the effective Hamiltonian in our master
equation, and ¢; are the jump operators. We denote the Her-

mitian (anti-Hermitian) parts of an operator A as Re [/f]

(ilm [/f]) One can then tautologically rewrite Eq. (H1) as
[ﬁu — Re(J[Hea)s

. M
~ (5 eZAe,,A—ﬂm(j[ﬁeﬁDBﬂ ¥r) = 0. (H3)

=1

A short but nontrivial calculation in Appendix I then shows
that

. M
itm (J[Herl) = =35 Y Tlel'Tled, (H4)

=1

so that Eq. (H3) simplifies to

|:HA — Re[J (He) 15

. M
—% > el sera - J[Cz]EJ[CI]B)} [Yr) =0.  (HS)
=1

Now, separately note the following algebraic identity
[which is independent of Eqgs. (H1) and (H2)]:

(e} eou — TlelTlerls)
= (61,,4 + u7[2‘l]B)T (61,,4 - j[al]B)
+ (&, JTes —hee). (H6)

Using the above equality along with Eq. (H2) to simplify
Eq. (HS), one obtains

. M
[HA — RelJ (He)ls — 5 ) (&L, T[1)s — h.c.)}

=1
[¥r) =0,

as desired.

(HT)

APPENDIX I: ANTI-HERMITIAN PART OF THE
EFFECTIVE HAMILTONIAN FOR AN
ELECTROMAGNETIC ABSORBER

In this appendix, we compute the anti-Hermitian part
of the effective Hamiltonian for the absorber system dis-
cussed in Appendix H:

N 1

ilm J[Hen] = 5<J[ﬁleﬂ~] — J[Hel"),
1 N ~ PN
= S (I [Her] - P TIH1bss). (1)

We now apply J? to both sides:

A

1 A N A AL
ilm J[Heg] = EJ[Heff - pSSHJﬂ‘pSSI]a
i A N At Al
= 5.7 [—i(Hempss — pssHPpss 1. (12)

Now, since psg is a steady state of the Lindbladian £, we
have

—i(Hepss — PssHp) + Y epsse; =0, (13)
I

Therefore, plugging the above identity into Eq. (12), we get
ilm J[Her] = éj[— X;: 3’1,0ss5'7ﬁs_sl],
=2 YT s T
= 2 YTt T (14)
1

which is the expression utilized in Appendix H.

APPENDIX J: THE POTENTIAL CONDITIONS:
MANIFESTATION OF TRIVIAL TRS IN THE
COMPLEX-P REPRESENTATION

The main goal of this appendix is to reproduce a well-
known result in classical probability theory, which is
known for Fokker-Planck equations. Specifically, these
results apply to Fokker-Planck equations of the form

P, 1) = 9,[C*(X)P(X,H)] + 3,0,[D"" (X)P(X, 0], (J1)

where P(X, £) is the probability distribution of a real-valued
random process on RY, with stationary expectation values
of observables X (¥) described in the standard way, e.g.,

X = / dxPgs (V)X (%). J2)

The statement about these Fokker-Planck equations that
we wish to generalize to the complex-P representation
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is as follows [75]: provided that D*’(X) is positive
definite for all X, then the potential conditions are equiv-
alent to detailed balance with respect to a trivial time-
reversal operation X = X. By the potential conditions, we
mean the statement that the stationary probability current
vanishes.

In this appendix, we generalize the above result for
the pseudo-Fokker-Planck equations encountered in the
complex-P representation:

9P@, B, 1) = 3,[C*@, B)P@, B)]
+8,0,[D"" @, fP@, B,0].  (J3)

A complex pseudoprobability current may then be defined
for the complex-P distribution in the way described in
Sec. VIII:

3P (@, B, 1) = 0,J" (@, B, 1). (J4)

However, there are significant departures from standard
probability theory: the complex-P distribution is com-
plex valued, and thus violates the axioms of classical
probability. In particular, stationary moments are given by

X = / d"ad"BPss(@, B, DX (@, B). Js)
D)

Here, X is a 2n-dimensional closed integration surface (the
many-body analog of the pair of integration contours C, C’
mentioned in the main text). Furthermore, as the diffusion
tensor D*¥ (&, B) is generically complex, it may fail to be
positive definite.

Despite these differences, in this appendix we nonethe-
less prove that the standard classical result in Ref. [75]
still applies [however, here there will be no assumption
on the diffusion tensor D*¥(a, B)]: the potential conditions
are equivalent to detailed balance with respect to a trivial
time-reversal operation:

@.P) = @.B). 16)

This result is critical for bosonic many-body systems with
local onsite loss, as, with a nontrivial U parameter, hid-
den TRS corresponds to a nontrivial classical TRS in
the complex-P representation, and thus potentially corre-
sponds to a richer symmetry than that encapsulated by the
potential conditions.

We first establish the forward implication: if the sta-
tionary pseudoprobability current Eq. (J4) vanishes, then
a straightforward calculation shows that

L(XPss) = PssL*(X), J7)

where L is the Liouvillian for the pseudo-Fokker-Planck
equation, Eq. (J3), and L£* is the adjoint Liouvillian,

obtained via integration by parts [19]. The proof almost
exactly follows Ref. [75], except while carrying out the
calculation we notice that positive definiteness of the dif-
fusion tensor D*¥ (&, B) is not needed in the proof, and thus
the assumption of positive definiteness may be relaxed.
From Eq. (J7), detailed balance is immediate, as, by
integrating by parts on the surface ¥ (which is valid, as
X, Y are holomorphic), the dual Liouvillian £* can then be
shown to be symmetric with respect to the bilinear form

X,Y) = / d"ad"B PssXY. (J8)
b
From this and the expressions

XOY(0) = (¢ (X), ), 9)
Y(HX (0) = (X, e "*"(V)), (J10)

we have detailed balance. For the converse direction, the
proof follows analogously to the classical case as well:
one starts by proving the following (assuming Psg is
nonvanishing on X):

(—L*(X),Y) = (D*8,X,8,Y) + (X, Pl 0, YJL).
(J11)

The above is a generalization of the lemma in Sec. 4.6 of
Ref. [75], to pseudo-Fokker-Planck equations, and may be
proven by invoking the holomorphicity of X, Y. With the
above, one can compute the asymmetry of the Liouvillian:

(L5X), Y) — (X, L5(D))

=2/ d"ad"B Y(@, )0, X &, F)JL @, B). (J12)
D)

Now, if detailed balance holds with respect to a trivial
TRS, then the Liouvillian £* is symmetric, and thus the
right-hand side must vanish for all pairs of holomorphic
functions X, Y. The only way that this can happen is if the
stationary current vanishes everywhere on the integration
surface, i.e.,

J@, B =0 V@,p) ex. (J13)
However, the above is precisely the statement of the
potential conditions.
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