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To my teachers



One time she found a big white vertebra in the sand. It was too hard to work but could not

have been made prettier anyway, so she put it in the magic forest as it was.

—Tove Jansson, The Summer Book
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ABSTRACT

This thesis consists of four research papers stapled together. In lieu of an introduction to the
whole, we suggest that the reader start with the introduction to the fourth paper, “Algebraic
Braids and the Springer Theory of Hitchin Systems.” Even though it was written last, it
provides (in the author’s eyes) the motivation for the other three.

There is significant overlap between the background sections of the four papers. We hope

this repetition will be viewed as an aid to the reader, rather than as wasted space.
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Chapter 1

Annular Homology of Artin Braids I

1.1 Introduction

1.1.1. Let W be a finite Coxeter group and Bryy the corresponding Artin group. We can
view Bryy as a generalization of the braid groups studied in geometric topology: If W = S5j,,
the symmetric group on n letters, then Bry, = Bry, the group of topological braids on n
strands.

Any element [ € Bry, can be represented by a tangle diagram joining n points at the
base of a rectangle to n points at the top. Closing up the rectangle into an annulus, we
obtain the annular closure of 3, a diagram representing a link in a solid torus. Embedding
the annulus into a plane, we obtain the planar closure, which represents a link in 3-space. It
is usually difficult to decide whether two braids have the same planar closure. By contrast,
the conjugacy class of § determines and is determined by its annular closure. In this sense,
conjugacy class generalizes the notion of annular closure from braid groups to other Artin
groups.

Let Ko(W) denote the ring of virtual representations of W. We will introduce a class

function on Bryy, the annular character, that takes values in a graded version of Kqo(W):

(1.1.1) ANN : Bryy — Ko(W)[q].

This paper is the first of a trilogy in which we explain how ANN is related to various kinds of

representation theory.

(I) In this paper, we show that ANN is a refinement of Y. Gomi’s bivariate Markov trace
on Bryy. If W is crystallographic, then ANN is itself categorified by a functor on the
Hecke category of W that refines triply-graded Khovanov-Rozansky homology, closely

related to the “horizontal traces” studied in [51] and [49].



(IT) In [106], we show that if W is crystallographic, then ANN can be decomposed into a
weighted sum of Green functions, i.e., graded representations of W afforded by the total

cohomology of Springer fibers.

(III) In [107], we show that special values of ANN are the graded characters of interesting

representations of the rational Cherednik algebra of W.

In a companion paper [108], we will state a conjecture relating ANN with representations of
W afforded by the cohomology of affine Springer fibers. Using the previous papers, we will
give evidence for the conjecture and relate it with the P = W conjecture of nonabelian Hodge

theory.

1.1.2. In the first part of this paper, we give a definition of ANN motivated by knot theory.
There is an isotopy invariant of links in 3-space that is valued in bivariate Laurent series. It
is named the HOMFLY series after the initials of its discoverers [41]:

1)11

(1.1.2) HOMFLY : {links in R3} /isotopy — Z[(q% —q 2 1,

,a
Alexander showed that every link in 3-space is the planar closure of some braid. Ocneanu,
extending work of Jones, used this result to construct HOMFLY in terms of annular braid
invariants, i.e., class functions on the groups Bry,. These functions factor through linear
functions, now known as Markov traces, on corresponding Iwahori-Hecke algebras [56]. Gomi,
extending work of Geck-Lambropoulou, gave a uniform generalization of Ocneanu’s Markov

traces to any Iwahori-Hecke algebra Hyy with W a finite Coxeter group [46]:
(1.1.3) TR : Hyy — Zlgt2)(a).

Remarkably, Gomi’s construction relies on a pairing on the irreducible characters of W

derived from Lusztig’s exotic Fourier transform (see Section 1.3).



We, too, define ANN purely algebraically in terms of the exotic Fourier transform (see

Definition 1.4.3). A priori, it is a function of the form

o=

(1.1.4) ANN : Bryy — Ko(W) ® Qu(q2),

where Qyy is a splitting field for W. We show that we can recover TR from ANN by taking

certain isotypic components. To make this precise, let (—, —)y = dim Homyy (—, —), viewed
1

as a bilinear pairing on Ko(1W) ® Qyy7(q2) by linearity, and let V' be a (faithful) realization

of W of rank 7. In this introduction, we will assume that VWV = 0.

Proposition 1.1.1. We have

(1.1.5) TR(3) = (—q2) 18! ( L= %)r S (—a®) (AY(V), ANN(B) ),

1=a®/ ySizr
where || is the writhe of 5 (see Section 1.2).

Example 1.1.2. Let 1 € Bryy be the identity. In Section 1.5, we show that (1 —¢q)"ANN(1) is

the regular representation of W, placed in g-degree 0. This recovers the fact that TR(1) = 1.

Using the character theory of Hyy, we will give a more precise characterization of the
1 1
image of ANN. In doing so, we will show that ANN retains the well-known q2 — —q2

symmetry of the HOMFLY series.

Theorem 1.1.3. We have

1 _ 1 _1
(1.1.6) ANN(B) € Ko(W)[q] N (g2)/7""Ko(W)(q2 — g 2).
Moreover, (1, ANN(8))w|q—0 = 1. Consequently, ANN(3) is a rational function of q of degree
|B| — r such that (q%)r_wANN(ﬁ) is invariant under q% — —q*%.

Our examples in Section 1.5 suggest a positivity conjecture. Let Br;;[/ C Bryy denote the

positive submonoid (see Section 1.2), and let K6L (W) € Ko(W) denote the semiring of actual,



not virtual, characters of W.

Conjecture 1.1.4. If 3 € Bra/, then ANN(3) € K{ (W)[q].

1.1.3. In the second part of this paper, we assume that W is crystallographic and use
algebraic geometry to categorify ANN. This step is again motivated by knot-theoretic ideas.

Dunfield-Gukov—Rasmussen conjectured [32], and Khovanov—Rozansky constructed [62,
61], a refinement of HOMFLY to an isotopy invariant valued in triply-graded vector spaces.
Its graded dimension can be expressed as a series in q%, a,t that recovers HOMFLY when
we set t = —1. Michel observed [111, 417] that this invariant can be recast in terms of a
categorification of Gomi’s Markov trace on Hyy .

Recall that Hyy is the Grothendieck ring of a much-studied monoidal triangulated category,
which we call the Hecke category of W and denote Hy. Gomi’s trace can be categorified by

an additive functor
(1.1.7) HHH : Hyy — Vects gy,

where Vects_g, is the category of Z3-graded vector spaces (over a given field of characteristic
zero). This functor is now called Khovanov—Rozansky homology.

Suppose F is a finite field and W is the Weyl group of a semisimple group G over F with
split form G over F. We can define Hyy in terms of Gg-equivariant mixed complexes of (-adic
sheaves on By x By, where By is the flag variety of Gg. In [110, 111, 112], Webster—Williamson
constructed Khovanov—Rozansky homology via the so-called horocycle correspondence between
By x By and Gg. Explicitly, they realized HHH as a composition of additive functors between

(bounded) homotopy categories:

GrV H*(G\G,-)

(1.1.8)  Hyy = KP(Pur(G\(B x B))) 27 Kb (Pur(G\G)) » KP(Vectg gr),

where Z = Zy ® F and Pur(Z) is the full subcategory of DP(Z) formed by pullbacks of pure



weight-0 complexes on Zj. Above, Corr is induced by the horocycle correspondence, and
GrYY H*(G\G, —) is induced by the weight filtration on the hypercohomology of objects of
Pur(G\G).

Let T be a split maximal torus of Gy and form the graded Qg-algebra:
(1.1.9) A = QW] w H*( - /T, Qy).
Let A-Modgr be the category of graded A-modules. We will introduce a functor
(1.1.10) AH : Hyy — KP(A-Modg)

that we call annular braid homology (see Definition 1.7.8). (It is not the annular link
homology already in the literature.) The construction is close to Webster—Williamson’s, but
instead of applying H*(G\G, —), we apply Eth\G(Sl, —), where &7 is the Grothendieck—
Springer sheaf on G\ G, and keep only the pure part of the weight grading. The A-module
structure on AH essentially arises from the Yoneda product of Ext-groups.

Rouquier [92] described a map 8 — R(f) from elements of Bryy to objects of Hyy, taking
braid compositions to monoidal products up to isomorphism. We will show that the functor

AH refines Khovanov-Rozansky homology, and that the function on Bryy defined by

(1.1.11) AH() = (q20)le © @ gt FHL (AW (R(8))) € K§ (W)[q?]11]
7.k

(where ¢ is the sign representation of W) is a refinement of ANN, hence also of TR.

Theorem 1.1.5. AH satisfies AH(K ® L) ~ AH(L ® K) for all K, L € Hyy. In particular,

AH is a class function on Bryy. Up to normalization factors depending on |3|, we have a



commutative diagram of specializations:

Hompy (A*(V), =)

AH(R(B)) HHH(R(3))
(1.1.12) tzll lt:l
ANN(f) 0w TR(3)

Above, the horizontal arrows amount to taking N*(V)-isotypic components and the vertical

arrows amount to setting t = —1.
Example 1.1.6. In Section 1.7, we check that AH(1) ~ @®; q%tOAj ~ @, 't Sym‘(V).

Remark 1.1.7. In [5, 6], Beliakova et al. introduce the notion of the horizontal trace of a
bicategory. After one adapts their definition to a monoidal additive category like Hyy, it
is roughly the universal linear functor under which the images of K ® L and L ® K are
isomorphic for all objects K, L. In [51], Gorsky—Wedrich show that if W = S;, and G = SLy,,
then the horizontal trace of Hyy takes values in K’(A-Modg,). (Technically, they work with
G = GLy.)

We will not discuss horizontal traces in this paper; we defer the topic to [51] (and the
recent sequel [49]). But it seems natural to speculate that AH is the horizontal trace on Hyy,

up to differences in formalism (e.g., triangulated vs. dg-categorical).

In [106], we conjecture a bivariate generalization of Theorem 1.1.3 with AH(3) in place
of ANN((). It is motivated by the “curious Lefschetz” phenomenon observed by Hausel—

Rodriguez-Villegas in the cohomology of character varieties [54].

1.1.4. Lastly, on the submonoid Brﬁ/ C Bryy, we will give a more concrete construction of
the W-action on AH, using certain varieties studied by Broué-Michel [17] and Deligne [27].

By their work, there is a map § — O(f)g from elements of Br‘v‘{/ to G-varieties over By x By



that takes braid compositions to fiber products up to isomorphism. Set

(1.1.13) O(B)o = O(B)o XByx5, (Bo x Go),

where By x Gy — By x By is the action map (z,g) — (x, gz). The variety

(1.1.14) Sta(B)o = O(1)o X, O(B)o

is an analogue of the Steinberg variety from Springer theory.

Let Prg : Go\Stg(B)o — Go\Gp be the natural map. In Section 1.8, we will express
AH(3) in terms of the !-pushforward of the constant sheaf along Prg, by means of the
so-called chromatography functor in Webster—Williamson’s work [112]. (This functor was
first introduced by Bondarko; see [12; 13].) We will also show how to construct the W-action

on AH(p) from cohomological correspondences on the “Steinberg-like” variety St (5)o.
Theorem 1.1.8. Let Chr: DY (Perv(G\G)) — KO(Pur(G\G)) be the chromatography functor
in Appendix 1.9. For all § € BT‘%, we have

(1.1.15) AW (8) = Gr)¥ B (G\G, Chr(Prg, Q).

where we apply Gr}?V Hj(G\G, —) term-by-term to the chromatographic complex. The W -
action on AH(B) is induced by a W-action on Prg), Q€,07 constructed via cohomological

correspondences on Stg(8)o-

Remark 1.1.9. We hope that AH(/) admits a much simpler formula in terms of Steinberg-like

varieties. Let Uy be the unipotent locus of Gg, and let

(1.1.16) SH(B)o =Up x g, Sta(B)o-

Let St(3) be the pullback of S#3)g to F. Again using correspondences, one can construct



an W-action on its cohomology. For elements 3 € Br?/{/ such that the image of 5 in W is

elliptic, we expect a W-equivariant isomorphism

(1.1.17) AH(B) ~ 171 @) (g2t eV HE(G\SH(8), Q).
7.k

See [106] for further details, including the expectation for general positive braids.

1.1.5. Acknowledgements I warmly thank Ben Elias, Victor Ginzburg, Eugene Gorsky,
Matt Hogancamp, Oscar Kivinen, George Lusztig, Anton Mellit, Andrei Negut, Bao-Chéau
Ngb, Alexei Oblomkov, and Zhiwei Yun for their interest. Also, I'm indebted to Olivier
Dudas for explaining Alvis—Curtis—Kawanaka duality to me, and E. Gorsky for pointing me
to his paper [51] with Wedrich. I'm grateful to Laura Ball and B.-C. Ngb for proofreading my
drafts. During this work, I was supported by an NSF Graduate Research Fellowship (grant
#1746045) and benefited from workshops at MSRI and AIM.

Remark 1.1.10. I presented the construction of AH in a talk at the FRG conference on
“Hilbert Schemes, Categorification and Combinatorics” held at UC-Davis during June 2019.

Later at the same conference:

« Matt Hogancamp spoke about his (then ongoing) work with Gorsky and Wedrich on

the horizontal trace of Hyy, which has since appeared in [49].

o Anton Mellit spoke about a functor very similar to AH, which will appear in his
forthcoming work on the V-positivity conjecture of algebraic combinatorics. Mellit’s

construction stays on the B x B side of the horocycle correspondence.
It would be interesting to study further the relationship between my work, Gorsky-Hogancamp—
Wedrich’s, and Mellit’s.

Remark 1.1.11. I presented results from [106, 107, 108] in talks at MIT in December 2019.

After my talks, George Lusztig told me about his joint preprint [77] with Yun, which appeared



on aryiv the following day. For F a finite field and W the Weyl group of a reductive group
G over F, they introduce a class function ¥ : W — Kq(W)[q]. It refines the (surjective) map
from conjugacy classes of W to unipotent classes in G that Lusztig introduced in [76]. We
expect that ¥(w) and ANN(Sy,) (where w +— (3, is defined in Section 1.2) differ by a power

of 1 — q depending on w.

1.2 The Coxeter System

1.2.1. A useful reference for this section is the book [43] by Geck—Pfeiffer. We especially

recommend Chapter 4 for the facts we cite about the Artin braid monoid.

1.2.2. Let (W, S) be a finite Coxeter system. This means W is a finite group and S C W is
a subset that freely generates W modulo relations of the form (st)™s* =1, where ms s =1
and mgt > 1 for all s, € §. We say that W is a Coxeter group; it is irreducible iff it
cannot be written as a product of (nontrivial) Coxeter groups.

If w € W, then a word in S for w is a sequence (s1,...,sy) of elements of S such that
w = s1---Sp. The reduced words for w are those of minimal length. The Bruhat order
on W is the partial order where w’ < w iff some reduced word for w’ occurs as a subsequence
of a reduced word for w, not necessarily a contiguous one.

The common length of the reduced words for w is called the Bruhat length of w and
denoted |w|. There is a unique element wy € W of maximal Bruhat length, known as the

longest element of (W, S).

1.2.3. The Artin braid monoid of (W, S), which we denote Br?/{/, is the monoid freely

generated by formal elements (4 for each s € S, modulo the relations

mg ¢ terms Mg terms

(1-2-1) 5561558 = Btﬁsﬁt T




for distinct s,t € S. The Artin braid group of (W, S), denoted Bryy, can be defined as
the group completion of Brﬁ,. We refer to the elements of Bry as Artin braids.
There is a surjective morphism Bryy — W that sends s + s. The kernel is generated by

the elements of the form 32.

Example 1.2.1. In the Coxeter system of type A, _1, we take W to be the symmetric group
Sp and S to consist of the transpositions (i i 4+ 1) for i = 1,...,n — 1. Here, we can identify

Bryy with the group Bry, of topological braids on n strands.

If g e Bra,, then a word in S for 8 is a sequence (s1,...,sy) of elements of S such that
B = Bsy - -+ Bs,- All words for 8 have the same length, which is called the writhe of 8 and
denoted |3|. Unlike Bruhat length, writhe is additive: It defines a morphism of monoids
EE BT+W — Z>(, which extends uniquely to a morphism of groups |—| : Bryy — Z.

If we W and (sq,...,sy) is a reduced word for w, then 3y, = s, - - - Bs, depends only on
w, not on the chosen word. The map w + 3, defines a set-theoretic section of the morphism

BT_I;/ — W that satisfies |5y| = |w].

1.2.4. The Iwahori-Hecke algebra of (W, S), which we denote Hyy, is a variant of the

1
group ring Z[W] where we modify the relations s2 =1 to depend on a variable g2:

Zqt2)(Br)]

(1.2.2) Hy = : 1 .
U (G- ahGrah s es)

1
The set {Bw }wep forms a free Z[qt2]-basis for Hyyr. By induction on the Bruhat order, one

can show that the multiplication table for this basis is given by

Bws ws > w

(1.2.3) BuwBs = 1 1
Bws + (C_Ij - q*f)ﬂw ws < w

forall s € S and w € W. Thus, S — w defines an explicit isomorphism HW|q1 j2_q = LW

10



1.3 Representation Theory of Coxeter Systems

1.3.1. Characters By “representation,” we mean a finite-dimensional linear representation
over (a subfield of) C. We write Ko(W) for the Grothendieck ring of virtual representations of
W. Abusing notation, we treat the elements of Ko(W) interchangeably with their characters.
Let K (W) C Ko(W) be the semiring of actual, not virtual characters, and let Irr(W) C
KaL (W) be the set of irreducible characters. Let Qp C C be the field obtained by adjoining
to Q the character values ¢(w) for all w € W and ¢ € Irr(W).

We write 1 and ¢ for the trivial and sign characters of W, respectively. By definition,

e(w) = (=1)Iwl. Let (=, =)y be the Z-valued pairing on virtual characters defined by

(¢, ¥)w = dim Hom(1, ¢ @ v)
(1.3.1) 1 .
S p(w)p(wt)

N ‘W’ weW

for all ¢,¢ € Ko(W). For any ring R, we extend (—, —)y to a pairing on Ko(W) ® R by

linearity.

1.3.2. Realizations If K is a subfield of C, then a realization of (W,S) over K is a
finite-dimensional K-vector space V together with a (faithful) representation W — GL(V')
that identifies S with a set of reflections in V. Let M(q | V) be the element of Ko(W)[q] =
Ko(W) ® Z[q] defined by

(1.3.2) M(g|V)=Y q'Sym'(V).
i>0

11



For all ¢ € Ko(W), the power series

My(q| V)= ((Jﬁ,M(q | V))
(1.3.3) (w=1)

|W] Z det —qu | V)

is called the Molien series of ¢ with respect to V.

Every finite Coxeter system admits a realization over R. We say that (W, S) is crystal-
lographic iff it admits a realization V' over Q, in which case W is the Weyl group of a root
system ® C V and S is the set of reflections corresponding to a system of simple roots in ®.

For crystallographic Coxeter systems, Qp = Q [101, Cor. 4.8].

1.3.3. The Generic Hecke Algebra Consider the following base change of Hyy:

[N
l\')\»a

(1.3.4) Hy(q2) = Hy ® Zig* Y] Qw(q2).

M\»—A
~—
.—.
‘_.

By Thm. 9.3.5 of [43], we have an isomorphism of QW(q%)-algebraS HW(q%) ~ Qw(q

Thus we obtain an isomorphism of Grothendieck rings:

~

Ko(W) — Ko(Hwy(q
¢ = @q

D=

(1.3.5) )

Again, we will identify the representations ¢4 with their characters. Thus we write ¢q(8) =
1 1

tr(B | ¢q) for all B € Hy (g2) and ¢ € Irr(W). For example, we have 14(8w) = (g2)l*! for

all w e W.

1 |
Let 7¢ : Hyy(q2) — Qu(g2) be the symmetrizing trace defined by

(1.3.6) 7q(Bw) =

12



The corresponding symmetrizer is > ,ew fw ® B,,-1 € Hy ® Hyy. By Schur orthogonality,

we can write

1

(1.3.7) = >

pElrr(W) 8(¢q) Ya

where the Schur element s(¢q) € QW(q%) is defined by

LS ba(Bu)da(By-1).

(1.3.8) s(0a) = 57 3

In particular, s(1¢q) = Xew q!"!, the so-called Poincaré polynomial of (W, S).

1.3.4. Fake and Generic Degrees To each ¢ € Irr(W), we attach two polynomial

invariants:

« Fix any realization V. The fake degree of ¢ is the ratio

My(q|V)

(1.3.9) Py(q) = ACIGS

Springer showed [101, §2.5-2.6] that Pg(q) is an element of Z[g| that does not depend

on V.

o The generic degree of ¢ is the ratio

(1.3.10) Dyl(q) = sllq)

Benson—Curtis showed [43, Cor. 9.3.6, Rem. 9.3.7] that Dy(q) € Qwlq].

Using the fake degrees, Opdam defined an involution o = oy on the set Irr(1W) [91, 448].

(In Opdam’s paper, o is denoted j.) It is uniquely determined by the following properties:

1. f W = W7 x Wy, then oy = oW, X Oyy,-

13



2. Pogy(@) = q2degP¢P¢(q_1) for all ¢.
3. If the coefficients of Pg(q) are palindromic, then o fixes ¢.

As it turns out, o is the identity in every irreducible type except F7, Fg, H3, and Hy4. For
these exceptions, the action of o is explicitly stated in [79, 493] (see also [43, 296]). It

commutes with sign twist: o(e¢) = co(¢) for all ¢ € Irr(IV).

1.3.5. The Exotic Fourier Transform Fake and generic degrees are related by a mys-
terious pairing that we now briefly sketch. In [70, 73, 74|, Lusztig assigned to every finite

Coxeter group W a finite set UCh(W), equipped with:
1. An embedding Irr(W) — UCh(W) that we denote ¢ — py.

2. A function UCh(W) — Qyy[q] that we denote p — Dp(q). It satisfies D, (q) = Dy(q)
for all ¢ € Irr(W).

3. A hermitian unitary pairing
(1.3.11) {—,—}: UCh(W) x UCh(W) — Qw

known as the exotic Fourier transform.

(In type Hy, his work was completed by Malle [78].) For W the Weyl group of a reductive
group over a finite field, Lusztig used this data to relate almost-characters parametrized by
Irr(W) with unipotent irreducible characters parametrized by UCh(WV'). We refer to [70] for
details. For general W, Lusztig proposed a list of postulates that characterized the data
uniquely [73, §2].

Example 1.3.1. In type A, it turns out that UCh(W) = Irr(W) and {—, —} is the Kronecker
delta on Irr(1V).
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In this paper, we will only use the restriction of the exotic Fourier transform to a pairing

on Irr(W). Thus we will write {¢, ¥} = {pg, py} for all ¢,9 € Irr(W):
(1.3.12) {—, =} :Ic(W) x Irr(W) — Q.

Below, we collect the properties of UCh(WV) and {—, —} that we will need.

Property 1.3.2. If W = Wy x Wy, then UCh(W) = UCh(W7) x UCh(W2). The other data

attached to UCh(W), including {—, —}, is similarly multiplicative.

Property 1.3.3. We have

(1.3.13) Dy(a) = > {6, 0}Py(a)
Yelrr (W)

for all ¢ € Irr(W), where o is the involution from the previous subsection.
Property 1.3.4. We have {e¢,ep} = {¢, ¥} for all ¢, € Irr(W).
Remark 1.3.5. We collect references for these statements.

« Property 1.3.2 is Postulate 2.3 in [73].
« Property 3.2.2 is cited as Theorem 4.3 in [79].

o Property 3.2.3 does not seem to be stated in the literature. For Weyl groups, it is a
consequence of Alvis—Curtis—-Kawanaka duality [19, §8.2]. For general W, we can check

it by using Property 1.3.2 to reduce to the irreducible case.

Remark 1.3.6. Property 3.2.2 is stated inaccurately in a few places in the literature. As
noted by Marberg in [79], Carter’s book [19, §13.6] omits the involution o. This omission

also occurs in Gomi’s paper [46, 580], which we need in the next section.

1
Recall that in the character decomposition of the symmetrizing trace 7¢ on Hyy(g2), the
weights take the form ﬁ%). Using Property 3.2.2, we can re-express these weights in terms

of Molien series and the exotic Fourier transform.
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Proposition 1.3.7. Let V' be a realization of (W,S) of rank r. Then

(1.3.14) —(1-q) Y {0 Myy(alV)

S(qbq) pelrr(W)
for all ¢ € Irr(W).

Proof. By Property 3.2.2, it remains to prove s(1q)Mi(q | V)= (1—-q)7".

Indeed, if dy,...,d, are the invariant degrees of the W-action on V' [43, 149], then

l—q
(1.3.15) s(lg)= ]
1<i<r 174 1<i<r 1 — @

The left-hand side is a formula of Bott—Solomon for the Poincaré polynomial of (W, .S) [100];

the right-hand side holds by construction. O]

1.4 Numerical Invariants

1.4.1. Markov Traces Recall a link in a 3-manifold is a disjoint union of (finitely many)
embedded circles. The HOMFLY series of a link A C R3 is a bivariate Laurent series that

1

only depends on its isotopy class. We will write it in terms of the variables a and q2:
1 1

(1.4.1) HOMFLY()\) € Z[(q2 — ¢~ 2)*! o™

There are many different constructions of this invariant [41]. Ocneanu’s approach relies on
Alexander’s theorem, stating that every link in R? is the planar closure of a braid. One
constructs for each n > 1 a certain function on the Iwahori-Hecke algebra of type A,,_1, now
known as a Markov trace [56]. If A is the planar closure of 3 € Bry,, then the HOMFLY series
of X is the Markov trace of 3, multiplied by a factor depending only on || and n.

Y. Gomi generalized Ocneanu’s Markov traces in a uniform way beyond type A, extending

work of Geck—Lambropoulou in type BC' [46]. We follow Gomi’s conventions here.
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Let (W, S) be any finite Coxeter system. If S’ C S, then the subgroup W/ C W generated

by S’ is a parabolic subgroup, meaning (W', S’) is again a Coxeter system and Hy C Hyy.

1
A Markov trace on Hyy is a Z[q™2]-linear function

(1.4.2) TR : Hyy — Z[g*2](a)

such that:
1. TrR(1) = 1.
2. TR(fBv) = TR(7P) for all B,y € Hyy.

3. We have

1 1
2 —q 2
(1.4.3) TR(B;y) = —a¥! (qq_l) TR(7)
a—a
for all s € S and y € Hypr, where W is the subgroup of W generated by S \ s.

Axioms (2) and (3) are also known as the first and second Markov moves, respectively.

Theorem 1.4.1 (Ocneanu). These azioms uniquely define a Markov trace TR on the Twahori—

Hecke algebra of type Ap—1 for alln > 2. If we set

_ n—1
(1.4.4) HOMFLY(f3) = (—a)'ﬁ‘ (M) TR(S)
q2 —q 2

for B € Bry, then HOMFLY(3) only depends on the isotopy class of the planar closure of 5.

1 1
Suppose a Markov trace on Hyy exists. After base changing from Z[qif] to Qu(g?), we

1
can view it as a trace on Hy(g2). So it can be written

(1.4.5) TR= )  TRydq
pelrr(W)
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1
for some weights TRy, € Qu(q2)(a).
The axioms for TR hint that it is a bivariate version of the symmetrizing trace 74 on
1
Hyy(q?). Proposition 1.3.7 then suggests that its weights TRy should involve bivariate Molien

series. These observations motivate the form of Gomi’s Markov weights. Below, let

My(g.z | V)= (—2)'q’ (¢, A'(V) ® Sym? (V)

(1.4.6) 120
e _1 det(l —aw | V)
W wGZW¢(w >det(1 “qu | V)

Theorem 1.4.2 (Gomi). Let V be a realization of (W, S) of rank r. Then the weights

(1.4.7) TR¢:<11—q>r > {60 Mgy (g0 | V)

a2
@ pelrr(W)
define a Markov trace on Hyy, independent of the choice of V.

This theorem is a bivariate analogue of Proposition 1.3.7. Above, we have fixed Gomi’s

statement from [46] to incorporate the involution o, c¢f. Remark 1.3.6.

1.4.2. Annular Characters Henceforth, TR will always denote the Markov trace in Gomi’s
theorem, as well as its pullback to a function on Bry,. We fix a realization V' of rank r.
We will construct a refinement of TR where the a-grading is replaced by a W-isotypic

decomposition. First, let A : HW(q%) — Ko(W) ® QW(q%) be the trace defined by:

(1.4.8) AB) = > {d.v}oq(Bo(¥).
o elrr(W)

Definition 1.4.3. Let ANNy : Bryy — Ko(W) ® QW(q%) be the class function defined by:

(1.4.9) anny (8) = (—g2)PIA(3) - eM(q | V).
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We say that ANNy/ () is the annular character of 8 with respect to V. We also set
(1.4.10) ANN = (1 — @)™ s xny.

Equivalently, ANN(3) is the annular character of 5 with respect to V/(VW).

We introduce the trace A for convenience, even though it is ANNy, that appears in our
“real-life” applications. Since M (q | V') is invertible in the ring Ko(W)[q], we can always
recover A(f) from ANNy/(5).

We now prove Proposition 1.1.1 from the introduction. We must show that:

(14.11) (3) = (~a) P (125) T (- i), sy ()

0<i<r

The following lemma lets us write the weights of TR in terms of a? rather than a2

Lemma 1.4.4. We have

(1.4.12) =T S (2 HIANY) = A=y

Proof. On the left-hand side, multiply both the top and the bottom by (—x)". Then use the
identity AT7H(V) = e AY(V). O

Proof of Proposition 1.1.1. We expand:

1-— CL2 " 2
( ) TRy = Z {(bvw}Mao(w) (q,a” [ V)

(1.4.13) e pet) |
= > Aoy} Y (=) '@ (N (V),e0(v) - Sym (V).
Yelrr(W) i,j=0

The first equality uses the lemma with 2 = a?; the second uses the self-duality of Sym/ (V)
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as a representation of W. By comparing the terms in the last expression with the terms that

make up ANNy (), we get the result. O

1.4.3. Proof of Theorem 1.1.3 As motivation for Theorem 1.1.3, recall that the HOMFLY

series of a link A\ satisfies the following properties:

1 1
1. Symmetry. HOMFLY (\) is invariant under g2 — —q~ 2. More strongly, it is an element

of Z[(qZ — ¢ 2)*!,a*),

1
2. Parity. HOMFLY()) is a g2-monomial shift of an element of Z[q][a™!]

Z[q2][a*].

, not just

3. Lowest Degree. If X is the planar closure of 3, then the term of HOMFLY () of lowest

1 1
degree in both g2 and a is equal to (gZa~1)" I8!,

Below, Corollaries 1.4.6, 1.4.9, 1.4.11 are respectively the analogues of properties (1), (2),
(3) for ANN. Our proof shows that for Weyl groups, Corollary 1.4.6 is a consequence of

Alvis—Curtis—Kawanaka duality via Property 3.2.3.
Lemma 1.4.5. A|q,1/2_>_q1/2 =e®A.

Proof. For all § € HW(q%) and ¢ € Irr(W), we have (o(v), A(B))w = Xg.p 10, ¥} dq(8)-
By Property 3.2.3,

(o(¥),eA(B))w = (o(ey), A = Zw {¢.ev}oq(B
(1.4.14) = E;l} {e0,e¢} (e @ ¢)q(B)
= {¢, ¥} (e9)q(B).
b
Since (¢¢)q(8) and ¢q(53) are interchanged under g2 — —g~ 2, we are done. 0

Corollary 1.4.6. (q%)r_mANNV(B) e Ko(W) ® QW(q% - q_%).
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1 1 1
Proof. 1t suffices to show that (qf)r_mANNV(ﬁ) is invariant under q2 — —q~ 2. By the

1 1
previous lemma, we reduce to showing that g2 — —q~ 2 sends
(1.4.15) aZM(q|V)—e-q2M(q|V).

Observe that the inverse of M(q | V) in the multiplicative group Ko(W)[q]* is the element

>0 (—q)" A*(V). So applying Lemma 1.4.4 with # = g concludes the proof. ]

Remark 1.4.7. For Weyl groups, we expect that the invariance of ANN under q% — —q_% arises
from some form of “curious Lefschetz/Poincaré duality” in the sense of Hausel-Rodriguez-
Villegas [53, 54], via the geometric interpretation of ANN in Section 1.7. In the papers we
have just cited, Alvis—Curtis—-Kawanaka duality is used to prove curious Lefschetz for the
Hodge numbers of character varieties in type A.

13
Lemma 1.4.8. For all § € Bryy, we have A(B) € q_%KO(W)[q].

~ 18]
Proof. Let § = q2 (. It suffices to show that the element

(1.4.16) (o), AP)w = > {0,¢}oq(5) € Qwlg
P pelr(W)

N[ =

)

actually belongs to Z[q] for all ¢ € Irr(W). We make a series of reductions:

By the multiplicativity postulate for {—, —}, we can assume that (W, .S) is irreducible.

By the defining relations of Hyy, we can expand 3 as a Z[q]-linear combination of the
elements [, = q@ By for w € W. So we can assume that 3 = 3, for some w.

We can now check the non-crystallographic types case by case. So we can assume that
(W, S) is crystallographic.

A formula of Lusztig that we cite in Section 1.7 (Theorem 2.2.5) shows that in the
crystallographic case, (o(), A(B))w € Z[qi%}. So it remains to show (o(¢)), A(8))w € Qlq].

Since {—, —} takes values in Qyy = Q, it is enough to show that ¢q(3w) € Qlq] for all ¢.

When (W, S) is not of type E7 or Eg, this is a theorem of Benson—Curtis [7]. Otherwise, it fails:
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D=

In types E7 and Fg, there are two characters ¢ for which we can only ensure ¢q(3,) € Qlq

].

However, it turns out that (o(1), A(Bw))w € Q|q| for all ¢ and w anyway. O]
Corollary 1.4.9. ANN takes values in Ko(W)[q].

1
Lemma 1.4.10. For all § € Hyy, we have (g, (—qj)w'A(ﬁ))W\qlm%O =1.

Proof. The axioms for o imply o(¢) = ¢, and by [70, Ch. 4] and [79, §2.4], we have {¢,e} =0
for all ¢ # €. Now the claim follows from the formula 4(3) = (—q%)fw. O

Corollary 1.4.11. For all 3 € Bryy, we have (1, ANN(B))w |q—0 = 1.
Proof. We have M(0 | V') = 1 from which (1, ANN(5))w |q—0 = (1, ANN(S3)|q—0) = 1. O

Corollary 1.4.12. For all € Bryy, the annular character ANN(() is a rational function in

q of degree |B] — .

1 1 1

Proof. Corollary 1.4.6 shows that (qE)T_WANN(ﬁ) is rational in g2 — g~ 2. So ANN(f3) is
1

rational in g2. But Corollary 1.4.9 shows it is also a power series in g, so it must be rational

in q. Finally, Corollary 1.4.11 shows ANN() has nonzero constant term, so the invariance of

(q%)’"*WANN(B) under q% — —q_% forces degg ANN(3) = [B] — 7. O

Together, Corollaries 1.4.6, 1.4.9, 1.4.11 imply Theorem 1.1.3. In the paper [106], we

establish even further constraints on the image of ANN for the crystallographic case.

1.5 Examples

1.5.1. The Trivial Braid Let 1 = (7 denote the identity of Bryy,. We will calculate

ANNy/ (1) for arbitrary (W, S). For all ¢ € Irr(W), we observe that:
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Applying Property 3.2.2, we deduce:

(1.5.1) A)= > {svps(Do()= > v@o(w)= > vy

d el (W) Yelrr(W) Yelrr (W)

That is, A(1) is the regular representation of W, placed in g-degree 0. In particular, it
satisfies A(1) - ¢ = ¢(1)A(1) for all ¢. Using this property, we find:

(1.5.2) ANNy (1) =A(1) > o(1)My(q | V).
pelr(W)

Since g d(1)My(q | V) =tr(1| M(g|V)) = (1 —q)~", we arrive at:

(1.5.3) ANNy (1) = S ().

(1-q) PYelrr (W)

In the paper [107], we generalize this example significantly: We calculate ANNy () for any

braid [ such that some root of 3 is also a root of the so-called full twist.

1.5.2. Type A1 Set W = Sy and S = {s}. We have Irr(W) = {1,e}. We compute that:

14 qe

(1.5.4) MalV)= =it g

At the same time, Bryy = (8s). By induction, we can obtain a formula for 7" in terms of

1 = p1 and fs. Since {—, —} and o are trivial in type A, we compute:
1 1
(1.5.5) ABS) = D oq(B)d=(a2)" + (—q 2)"e.
pElrr(W)

Altogether, we have:

— (@)™ + (q+ (—q@)™)e
1—gq '

(1.5.6) ANN(BIY) = C
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For instance, ANN(BZF ) = (14+ @2+ +¢*) + (g+¢> + - + ¢¥ e

1.5.3. Type Az Set W = S3 and S = {s,t}. We have Irr(W) = {1, ¢, e}, where ¢(1) = 2.

We compute:

B et (w) Pola)d
(15.7) MialV)= (1-q)(1+q)(1+q+g?
- 1+ (q+q%)¢ + g’
(1-q)"1+q(1+qg+gq?

The conjugacy classes of W are {1}, {s,t,wp}, {st,ts}. Below, we list (¢, A(Bw))w = ¥q(Bw)
for all w € W and ¢ € Irr(W).

{1}  {s,t,wp} {st,ts}
1
(1.5.8) Ly 9
¢ | 2 gt —q 7t 1
€ 1 —q_% q !

From this matrix, we can compute ANN on the standard basis of Hyy .

(1-q)2(1+2p+e) w=1

(1.5.9) ANN(Bw) =§ (1—¢)"1(1+9¢) w € {s,t,wp}

1 w € {st,ts}

1.5.4. Type BCo Set W = Dihg and S = {s,t}. We have Irr(W) = {1, 6, ¢,£, ¢}, where

d(1) =1 and ¢(1) = 2. We distinguish ¢ and £J by assuming that 6(s) = 1. We compute:

Xoetr(w) o)
(1-q)"(1+q)(1+q+q*+g°
14+¢% + (g +q*)¢+ q%ed + gt
C (1-@r(+q)(1+q+4¢*+4%)°

M(q|V)=

(1.5.10)
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The conjugacy classes of W are {1}, {s, tst}, {t, sts}, {st, ts}, {wo}. Below, welist (¢, A(Bw))w

for all w and 1. Note that in this setting, {—, —} is nontrivial but o remains trivial.
() {sdst}  {tstsh {stts}  {wo)
1 1 2
. q? q2 q q
5|1 2 -3 0 1
(1.5.11) ql 1 ql 1 -
¢ | 2 2-q 2 q*—q?2 -1 0
1 1
) 1 —q 2 qz 0 -1
e |1 g2 g2 q ! q

The values of ANN(f3,,) are:

(1—q) 21 +5+20+ed+e) w=1
1-@) ' (1++9) w € {s, tst}
(1.5.12) ANN(Bw) = (1 —q) (1 +¢e6+ ¢) w € {t,sts}
1 w € {st,ts}
1+q°+q¢ w = wy

1.5.5. An Iterated Torus Braid We only describe one nontrivial example in type As. Set
W =Sy and S = {s,t,u}. We have Irr(W) = {1, 0,9, e¢,e}, where ¢(1) = 3 and (1) = 2.

We distinguish ¢ from ¢ by assuming ¢ is the character of a realization of W. Let

(1.5.13) B = (BsBtBu)®Bs € Bryy = Bry.

Using SAGE, we calculate:

(1.5.14) AB)=q% —qPé+ (g2 —q 2 +q Ped— g Ze.
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The nonzero coefficients of ANN() are listed below:

qO ql q2 q3 q4 q q q q q ql() qll q12 q13 q14 q15 q16
1 1 1121 31 3 1 3 1 2 11 1
(1.5.15) 0] 11 2 2 4 3 5 3 5 3 4 2 2 1 1
1 21 3 1 4 1 3 1 2 1
10 11 2 2 3 2 3 2 2 11
€ 1 1 1

This table offers a vivid illustration of Theorem 1.1.3. It also gives us a measure of belief in
Conjecture 1.1.4 (stating that 5 € Brﬁ}v implies ANN(S3) € K (W)[q]), one somewhat more

striking than that of the previous examples.

Remark 1.5.1. Let A be the planar closure of 3. As a consequence of Proposition 1.1.1, the
1,,e¢, and e rows of the table list the coefficients of HOMFLY () up to shifting by a?'g—8
for various 1.

3 7
As it happens, A is the link of the plane curve singularity given by y = x2 + z7 in the

complex (z,y)-plane. In particular, it is an example of an iterated torus knot.

1.6 The Hecke Category

1.6.1. Setup Now we assume that (W, S) is crystallographic. In this section, we review
the categorifications of Bryy and Hyy that Webster-Williamson used to construct Khovanov—
Rozansky homology, and which we will use to define annular braid homology.

Fix a finite field F = F; and a prime ¢ > 0 invertible in F. We will make repeated use of
the notations established in Appendix 1.9, including D?, Perv, Dg’n, and Pur (see Definitions

1.9.1-1.9.2). In particular:

o We will use a subscript 0 to indicate stacks over F and sheaves over them. We omit

the subscript to indicate their pullbacks to F.
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o Chris the chromatography functor that is the focus of Appendix 1.9.

In addition, we will always assume that the Grothendieck—Verdier six operations on D? and

Dﬁ’n are derived; we will often drop R, L, etc., from our notation. For example, if f is a map,
1 _

then we write fy, f« for the functors R fi, R f«. Lastly, we fix a square root ¢2 € Qy, so that

).

As W is crystallographic, we can assume that W is the Weyl group of a root datum

we can define the half-Tate twist (%), and set (1) = [1](

DN —

(®,X,®Y,XY) and that V is the Q-span of the character lattice X, i.e.,

(1.6.1) V=XozQ.

The root datum defines a split reductive group G over F. Fix a split maximal torus Ty C Gy
and a Borel subgroup By C G containing Tj;. We can assume that X is the character lattice
of Ty and that S is the set of reflections corresponding to the system of simple roots of ®
defined by Bj.

Let By = Go/ By, the flag variety of G, and for all w € W, let Oy, ¢ be the Gy-orbit of
By x By indexed by w in the Bruhat decomposition. Recall that the closure order on orbits

is precisely the Bruhat order, meaning Oy, o is the union of all O, ¢ with v < w. Let

(1.6.2) Xo = Go\(Bo x Bo),

and let Xy, o be the image of Oy, o in Xy. We write jy : Xy o — &p for the inclusion map.

For each w € W, we define the following objects in Dl;n(XO):

(1.6.3) A0 = Ju 1 Qe(dim Xy o),
(1.6.4) Vw0 = jw,«Qp{dim Xy o),
(1.6.5) ICu,0 = Ju 1+ Qe(dim Xy, ),

where dim X, o = |w| — dim By, the stacky dimension of X, . Since jy, factors through an
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affine open embedding Xy — X, all of these complexes are perverse sheaves. Also, ICy,0 is
simple and pure of weight 0.
The category D%()\fg) is equipped with a monoidal convolution ©. In terms of the three

projections

b1y 2,Pr 3,Pr2 3

(1.6.6) Go\(By x By x By) » Go\(Boy x By) = &),
it is given by

(1.6.7) K © L =pry3,(pr] o K ® pra 3 L)(dim By).

The unit object with respect to ® is Aj g = V19 = ICq g. Deligne’s theorem on weights [26]
implies that ® preserves the subcategory of pure complexes of weight 0 over A;. Thus, it

induces a monoidal product on Pur(&X).

1.6.2. Soergel Bimodules Soergel showed that the structure of the monoidal additive
category Pur(X) is largely already encoded in the hypercohomology of its objects. Consider
the graded Qy-algebra:

(1.6.8) B =H*(- /T, Q).

Explicitly, the cohomology of - /T is isomorphic to Sym*(V ® Q) in degree 2i and vanishes

in odd degrees. Via the composition of maps

(1.6.9) X = B\G/B—T\ /T = (-/T)x(-/T),

the hypercohomology of any object of Db(X ) forms a bimodule over B, equipped with
B-module gradings on both sides.

Let B-Modg, be the category of B-bimodules equipped with a B-module grading on the
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left. A Soergel bimodule is an object of B-Modg, that arises from the hypercohomology of
some object of Pur(X) (by forgetting its grading on the right). Soergel proved [99, Thm. 15-17]

that the functor H*(&X, —) : Pur(X) — B-Modg, satisfies the following properties:
1. It takes the shift [1] to the cohomological shift.
2. It takes the convolution product (—) ® (—) to the tensor product (—) ®p (—).

3. (»Erweiterungssatz«) It is fully faithful (i.e., induces graded isomorphisms of Hom-

spaces).

For all w € W, we have a Soergel bimodule
In particular, By = B.

1.6.3. The Hecke Category For the purposes of this paper, the Hecke category H = Hg

is the target of the chromatography functor for Ay (see Appendix 1.9). That is,
(1.6.11) H = KO (Pur(X)),

and chromatography is a functor

(1.6.12) Chr: DY, (Perv(Xp)) — H.

The monoidal product ® on Pur(&X’) induces a monoidal product on H, which we again denote
by ®. If G is semisimple, then we write Hyy in place of H¢, abusing notation.

Let Ko(Pur(X)) denote the split Grothendieck group of Pur(X), hence also of its homotopy
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category H. It forms a Z[qi%]—algebra via the product ® and the algebra action
(1.6.13) q2 — [-1].

The following is [103, Thm. 2.8]:

Theorem 1.6.1. The monoidal additive category formed by H is a categorification of the

Twahori-Hecke algebra Hyy. Explicitly, there is a Z[qi%]-algebm isomorphism
(1.6.14) Ko(Pur(X)) = Hy,

1 1
that sends ICg — q~ 2 + Bs = q2 + 53_1'

Note that the simple objects ICy, o{n) for w € W and n € Z generate the pure complexes
of weight 0 over &{y by taking iterated extensions. Thus, by the semisimplicity theorem, the
objects 1Cy[n] generate Pur(X’) merely by taking direct sums.

For general w € W, the image of 1C,, in Hyy is called the Kazhdan—Lusztig element
assigned to w. We deduce that the Kazhdan—Tusztig elements span Hyy over Z[qi%]. In

1
fact, they form a basis for Hyy as a free Z[g*2]-module.

1.6.4. Rouquier Complexes For any s € S, we can explicitly describe the images of A
and Vo in the Hecke category. In what follows, when we write a complex, we enclose the

degree-0 term within a box. Let
(1.6.15) RS =Chr(Asp) and R, =Chr(Vs).

Then R} and R, can be represented by complexes

Rf = 0 = — 1C4[1,
Ry = I1C{[-1] — — 0,

(1.6.16)
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where the nontrivial morphisms are induced by the canonical weight filtrations of the perverse
sheaves Ag g and Vg, respectively. (Above, [1] is the shift internal to Db()( ).)

Indeed, the weight filtrations of Ag g and Vo are given by:

(1.6.17) Wo,Asg | 0 = 1C10 = Ay

WS*VS,O 0 — ICS70 — VS,O'

This gives, for instance, GrBN Ag o =1C5 0 and Gr‘_ﬂi Ag 0 = ICq 0, from which we can deduce

the form of Ry . A similar computation works for R .

Remark 1.6.2. By way of Theorem 1.6.1, the form of these complexes reflects the fact that if
vs is the Kazhdan—-Lusztig element of Hyy that corresponds to s, then we simultaneously
1 1
have 83 = vs — q~ 2 and ﬁs_l =7 —q2.
Using this explicit computation, Rouquier gave a categorification of the Artin braid group
Bryy in terms of H. Observe that any Artin braid can be represented by a word of the form

o ﬁ;ﬁ, where s1, ..., sy is a sequence of simple reflections, possibly with repetition, and

¢; € {£1} for all i. Rouquier proved [92] that if 3 = Bl --- 5% in Bryy, then

(1.6.18) R(B) = R; ®-- 0 Rgﬁ

only depends on (8 up to isomorphism in H. That is, ® respects the defining relations of
Bryy. In Section 1.8, we will review a similar statement for positive braids due to Deligne.
The hypercohomology functor H* (X', —) : Pur(X) — B-Modg, can be lifted to a functor

at the level of homotopy categories:

(1.6.19) H*(X, —) : H = KP(Pur(X)) — KP(B-Modg,).
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For all g € Bryy, we set:
(1.6.20) B(B) = H* (X, R(8)).

Then B(S) can be viewed as a complex of Soergel bimodules that only depends on 3 up to
homotopy. In the literature on Soergel bimodules, B() is generally known as the Rouquier

complex of .

1.6.5. The Horocycle Functor The cocenter of an associative algebra A is the largest
commutative quotient of A, i.e., the algebra A/[A, A]. Roughly, we can categorify the map
from the Iwahori-Hecke algebra Hyy to its cocenter using the horocycle correspondence.

It is the diagram

(1.6.21) Xy = Go\(By x Boy) —— Go\(By x Go) —— Go\Gi
where, at the level of orbit representatives,

(1.6.22) (9B, hgB) —=~ (¢B, h) —— h.

By Deligne’s theorem on weights, we obtain an additive functor:

(1.6.23) Corr = pry o act™ : Pur(X) — Pur(G\G).

The following well-known result, for which we could not find a concise reference, explains

why we view Corr as a categorified cocenter map.

Proposition 1.6.3. For all K, L € Pur(X), there is an isomorphism

(1.6.24) Corr(K ® L) ~Corr(L ® K)

32



in Pur(G\G).

Proof. Let F : Pur(X) x Pur(X) — Pur(G\G) be the additive functor (K, L) — Corr(K ® L).

Then F is induced by pullback and pushforward along the solid arrows in the diagram below:

pr
Go\(Bo x By x Gg) ----- > Go\(Byp x Go) — Go\Go

(1.6.25) Go\(By x By x Bp)

pry3

PTry 2 X Pra 3

Xy X &

Let the square in the diagram be cartesian. By applying proper base change to that square,

we find that F = by o a™, where, at the level of orbit representatives:
e a:Go\(By x By x By) — Xy x Xy sends (zB,yB,g) — (zB,yB) x (yB, gxB).
e b:Go\(Bg x By x By) = Go\Gy sends (zB,yB,g) — g.

Now consider the diagram
Xy X Xy ——— Go\(By x By x Gyp)
(1.6.26) i i Go\Go
Xo x Xy <—— Go\(By x By x Go)
where, at the level of orbit representatives:
o i1 € Aut(Xy x Xy) sends (zB,yB) x (z/B,y'B) — (2'B,y'B) x (xB,yB).

o i9 € Aut(Go\(Bpy x By x Gg)) sends (zB,yB, g) — (yB, gzB,g).

One can check directly that the square on the left and the triangle on the right commute.

(The former is where we use Gg-equivariance.) Thus the whole diagram commutes, giving us
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an isomorphism F(K, L) = F(if(L, K)) = F(L,K). O

It will be convenient to write Ch = KP(Pur(G\@)). (The notation Ch is meant to connote

“character sheaves,” discussed below.) We can lift Corr to a functor on homotopy categories:
(1.6.27) Corr: H — Ch.

By abstract nonsense, we deduce:

Corollary 1.6.4. The analogue of Proposition 1.6.3 holds with H and Ch in place of Pur(X)
and Pur(G\G).

For all w € W, we set:
(1.6.28) Ew = Corr(ICy,).

A unipotent character sheaf of G is any simple perverse sheaf over G\G that, up to shift,

forms a summand of &, for some w.

Example 1.6.5. & is the -pushforward of the constant sheaf along B\B — G\G. It is
also known as the Grothendieck—Springer sheaf. If we write G for the locus of regular
semisimple elements in G, then &1 is the IC-extension of a local system over G\G™ with
monodromy group W. Thus, we have a canonical isomorphism EndQe(El) ~ Q[W], by

means of which £ can be decomposed into W-isotypic components:

(1.6.29) S~ P oLy,
pElrr(W)

where L is a simple perverse sheaf over G\G for all ¢.

In a similar way, for all 3 € Bry, we set:
(1.6.30) E(B) = Corr(R(B)).
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Then £(F) can be viewed as a complex of unipotent character sheaves that only depends on
£ up to homotopy. By Corollary 1.6.4, the map that sends £ to the isomorphism class of
E(B) in Ch defines a class function on Bryy. The goal of Section 1.7 will be to study how

various annular invariants of Artin braids factor through this map.

1.6.6. The Work of Webster—Williamson In [110, 111], Webster—Williamson related
the Hochschild homology of Soergel bimodules to the hypercohomology of the objects & .
The Hochschild homology of any object M € B-Modg, is defined by:

(1.6.31) HH, (M) = TorB®B (B, M).

This vector space is equipped with an internal grading, coming from M itself, in addition
to its Hochschild grading. The hypercohomology of &, like that of IC,,, decomposes into a
direct sum of pure subspaces under Frobenius. Thus the same holds for the hypercohomology
of any direct sum of (shifted) unipotent character sheaves.

Below, we write Gr? HH, C HHy for the summand of internal degree k; and we write
Grzfv H* C H* for the summand of weight k, i.e., the summand where the eigenvalues of

k
Frobenius have absolute value ¢2.

Theorem 1.6.6 (Webster—Williamson). For allw € W and i,j € Z, we have
(1.6.32) Grp  HH;(By) ~ Gt HY (G\G, Eu),

where By, and &, are respectively defined by (1.6.10) and (1.6.28).

For all n > 0, we let Vect;,gr denote the category of Z"-graded Qy-vector spaces. Viewing

GrB HH, and GrV H* as functors to Vecto_gr, we lift them to functors:

(1.6.33) Gr)HH, Kb(B'MOdgr) — Kb(Vectg_gr)7

GrYWWH* : Ch=K'(Pur(G\G)) — KP(Vectog).
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By chasing definitions, we arrive at:

Corollary 1.6.7. For all 8 € Bryy and 1,j, we have
(1.6.34) Grp HH;(B(B)) ~ GrY, B (G\G, £(B)),

where B(B) and E(B) are respectively defined by (1.6.20) and (1.6.30).

1.7 Geometric Invariants

1.7.1. Khovanov—Rozansky Homology In [62], Khovanov—Rozansky gave a categorifi-

cation of HOMFLY of the form
(1.7.1) HOMFLY : {links in 53} /isotopy — Vects gr.

As we will explain below, if the graded dimension of HOMFLY is suitably expressed as a
Laurent series in variables q%, a,t, then HOMFLY is the ¢t = —1 limit.

The construction in [62] uses the theory of matrix factorizations. In [61], Khovanov
showed how to construct HOMFLY by instead using the theory of Soergel bimodules. To wit,
let Khovanov—Rozansky homology be the following composition of functors of homotopy

categories:

H*(X,—) GrB HH,
— _

(1.7.2) HHH : H = K®(Pur(X)) K®(B-Modg) KO (Vecty gr) C Vects gr.

To track the different gradings, we write:
(1.7.3) HHH; ; 1, (—) = Hy(GrP HH;(H* (X, -))).

Restated in words, HHH; ; ;. (K) is the degree-k homology of the component of the complex
H*(X,K) € Kb(B—Modgr) where the Hochschild degree is ¢ and the internal degree is j.
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It will be very convenient to write the objects of Vects g, as trivariate Laurent series with
coefficients in Vect, so that we can track grading shifts by means of variable substitutions.

Given V = j 1 Vi j i, let us write:

(174) [V]a,ql/Q,t = G.Bk(llq2t ‘/i,j,k'
%7,

With this notation, we can state:

Theorem 1.7.1 (Khovanov). Suppose G = SLy,, so that r = n—1. If HOMFLY(f3) € Vect3_g,

is given by

1 .
(175)  [moMELY(B)), 12, = (at)Pla™" @) (aPq2t)" gt FHHE, 1. 1(R(B))
1,7,k

for all B € Bry, then the isomorphism class of HOMFLY() only depends on the planar closure
of B. Indeed, HOMFLY is isomorphic to the isotopy invariant of links defined by Khovanov

and Rozansky in [62]. It follows that dim HOMFLY|;—_1 = HOMFLY.

By Corollary 1.6.6 due to Webster—Williamson, we can rewrite HHH(R(3)), and hence

HOMFLY(f3), in terms of £(f):
(1.7.6) HHH; 11,k (R(9)) = Hy (G B (G\G, £(8))).
This observation motivates us to seek a similar refinement of ANN in terms of £(f).

1.7.2. HHH of the Trivial Braid Before moving on, we demonstrate how to use the
viewpoint of Webster-Williamson to compute the well-known Khovanov—Rozansky homology

of R(1). First, we recall the hypercohomology of the Grothendieck—Springer sheaf.

Lemma 1.7.2. We have a W -equivariant isomorphism:
(1.7.7) GryV, B (G\G, &) ~ HY(T) @ B/ 7'( - /T).
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In particular, er_]j H/(G\G, Ly) is the ¢-isotypic component of the right-hand side.

Proof. We know that H*(G\G, &1) ~ H*(B\B) ~ H*(T\T); these isomorphisms preserve

weight gradings. Since the conjugation action of T" on itself is trivial,

(1.7.8) HI (T\T) ~ D HY(T) ® B/ 74T\ -).

Above, Frobenius acts by q% on the term H/~/(T\ - ) and by ¢’ on the term H*(T), so it
it

acts by qTJ on the ith summand of the right-hand side. Therefore, this summand must be

GrY HI(T\T).

The W-equivariance of the isomorphism is essentially proven in [111, 416]. From it, the

statement about £¢ follows. O

Corollary 1.7.3 (Khovanov-Rozansky). We have

(1.7.9) [HOMFLY(l)]aqu/g,t = (a_lq%)r EB (a2t)’"_iHi(T) ® EB q%Hj( - /T).
0<i<r j=>0

In particular, the graded dimension is

2 r
(1.7.10) dim [HOMFLY(1)] g2 = <a_1q5 (1 +a t))

in Z(q?)[a*L,1].

Proof. Just as R(1) € KP(Pur(X)) can be represented by the complex
(1.7.11) ---—>O—>—>O—>---
so £(1) € Kb(Pur(G\@)) can be represented by the complex

(1.7.12) 505 [E] =50
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The result now follows from Corollary 1.6.7 and Lemma 1.7.2; after simplifying. [

1.7.3. Annular Braid Homology We introduce the semidirect product algebra:
(1.7.13) A = QW] x B.

We endow A with the grading in which QE[W] is placed in degree zero and B retains its
original grading. Thus, like with B, the grading on A is concentrated in even degrees. We
write A-Modg, for the category of graded A-modules.

We will construct a refinement of HHH that takes values in Kb(A—Modgr) rather than
Vect3 gr. Since Qg[W] is a subalgebra of A, the homology of any object of Kb(A—Modgr)
forms a representation of W equipped with two gradings, one internal and one external.
In our construction, these two gradings will correspond to the q%- and t-gradings in the
Khovanov-Rozansky link invariant. Specializing ¢ = —1 will give an element of Kq(W) [[q%]]

that, up to normalization factors, recovers the annular character of Section 1.4.

To start, we need a way to construct graded A-actions. Observe that
(1.7.14) H*(G\G, —) = EXtE\G(CL - (= H*(RHome(G\G) (L1,-))),

since L1 is just the trivial local system. It is natural to replace £1 with the Grothendieck—

Springer sheaf £ of which it is a direct summand, forming the functor:
(1.7.15) EXtE\G(SL -).

Henceforth, we abbreviate by writing Ext* = EXtZ‘\G'

For all K € Pur(G\G), the Yoneda product of Ext-groups defines an associative, bigraded
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Q/-linear map:
(1.7.16) GrV Ext*(€1,E1) © GrYY Ext* (&1, K) — GrYY Ext*(&, K).

Consequently:
1. Gr}ZV Ext*(&1, &) forms a bigraded Q-algebra.
2. GtV Ext* (&1, K) forms a bigraded module over GV Ext* (&1, &1).

However, as it turns out, we will only need the “pure” parts of these Ext-groups for our
purposes (due to Proposition 1.7.12 below).
The following result is a stacky (or G-equivariant) version of [44, Thm. 8.1]. It is the

analogue of Lemma 1.7.2 with Ext*(€1, —) in place of H*(G\G, —).

Theorem 1.7.4 (Ginzburg). We have a W -biequivariant isomorphism of vector spaces:
(1.7.17) GryY; Ext! (€1, &) ~ Qu[W] @ HY(T) ® B/ ~'(- /T).

It induces an isomorphism of bigraded Qu[W]-algebras:

(1.7.18) GrV Ext*(€1,E1) ~ QW] x (H*(T) @ H*(- /T)).

(On the right-hand side, X is the semidirect product with respect to the W-action on H*(T')

and H*( - /T).)

Remark 1.7.5. To clarify the W-actions on both sides of (1.7.17): On the left, W and WP
respectively act on the first and second copies of £1. On the right, W and W°P act via the

inclusion of Q,[WW] into the tensor product.
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Corollary 1.7.6. We have an isomorphism of graded Q[W]-algebras:

(1.7.19) A~ @Gr}?" Ext/ (&1, &1).
J
The corollary suggests that we introduce functors

(1.7.20) EW(—) = P Gr)Y Ext? (&), -)
J

and EH* = @ EHJ. Doing so, we find that A = EH*(&1) and that EH* defines a graded

additive functor:
(1.7.21) EH* : Pur(G\G) — A-Modgy,

where objects of Pur(G\G) are graded by the shift [1].

Remark 1.7.7. A simple perverse sheaf on G\G is said to be cuspidal iff it does not occur in
E1. Tt follows from the stacky version of Proposition 7.2 of [71] (¢f. the proof of Proposition
8 in [111]) that if £ is cuspidal, then Ext*(€1,£) = 0, and thus, EH*(L) = 0. We deduce
that EH* factors through the subcategory of Pur(G\G) spanned by the simple objects of the

form Ly[n] for ¢ € Irr(W) and n € Z.

Definition 1.7.8. We define annular braid homology to be the following composition of

functors of homotopy categories:
(1.7.22) AH - H £ ch £ Kb(A-Modg).

Moreover, for all 8 € Bryy, we set

N[ =
=

~
i

(1.7.23) AH(B) = (q20)le & @ g}t FHL(AH (R(8))) € K (W)]q
i,k
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and say that AH(S) is the annular braid homology of the Artin braid 5.

Example 1.7.9. For the trivial braid, we see AH(1) = EH*(E(1)) is the complex consisting

of EH*(€1) >~ A in degree zero and no other terms. Thus, AH(1) ~ @; q%Aj.

It follows immediately from Corollary 1.6.4 that AH(K®L) ~ AH(LOK) forall K, L € H.
In the next two subsections, we prove that AH specializes to Khovanov—Rozansky homology
and that AH specializes to the annular character ANN, thereby completing the proof of

Theorem 1.1.5 from the introduction.

Theorem 1.7.10. We have an isomorphism of additive functors
(1.7.24) HHH; ;4 (—) = Homyy (A“(V), Hy (AH/ 7 (=))) : Ch — Vect

for alli,j.

Theorem 1.7.11. We have AH(S)|=—1 = ANNy (3) for all B € Bryy.

1.7.4. Proof of Theorem 1.7.10 By (1.7.6), it is enough to show:

Proposition 1.7.12. We have Homyy (AY(V), EH/ (=) ~ Grﬁj H/(G\G, —) as additive

functors Pur(G\G) — Vect.

In turn, we will deduce the above result from Theorem 1.7.4. First, taking (W x W°P)-

isotypic components on both sides of said theorem, we have:

Lemma 1.7.13. We have er—]j Extj(£¢, Ly) =~ Homyy (¢, @ H(T) @ HI~i( - /T)) for all
¢, € Irr(W).

The isomorphism in the lemma is functorial in the sense that it identifies the Yoneda
product on the left with the composition of Hom’s on the right. That is: Given ¢, 1, & € Trr(W)

and indices 7, k,j’, k', if we abbreviate
(1.7.25) HUR) = @ H=I(T) @ HY k(. /1),
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then the following diagram commutes:

Gl Ext/ (Ly, L) ® Gl Ext/' (L, Le)

(1.7.26) Homyy (¢, ¥ %)) @ Homyy (1, €U"4)) ~
id @ (—)W"k) J

Homyy (¢, 19F)) @ Homyy (1 (5F), 5(j+j’,k+k’))

Grzxk/ Extj+j’(£¢, Le)

Homyy (¢, ¢+ F+K))

Proof of Proposition 1.7.12. We need to check a (functorial) isomorphism for every object
of Pur(G\G). By Remark 1.7.7, it suffices to consider objects of the form L[n] for some ¢
and n. Since Ly[n] is the base-change to F of the shift-twist Ly 0{n), we have EHJ (Lyln]) =

5Hj+n(£¢). So it suffices to assume n = 0. Using Lemma 1.7.13, we now compute:

Homyy (A'(V), EH/ (&1, L)) = Homyy (AY(V), ¢ @ HI /(- /T))
(1.7.27) ~ Homyy (1,¢ @ HY(T) @ H/~¢( - /T))

~ Gyt (G\G, L),

as needed. Finally, the functoriality of this isomorphism follows from (1.7.26). O

1.7.5. Proof of Theorem 1.7.11 Explicitly, we must check that

(1.7.28) S (—1)k gt L (EW (£(8))) = A(B) - M(q | V)
7,k

in KO(W)(q%) Throughout, we rely on the fact that EH* : Pur(G\G) — A-Modgy, being a

1
graded additive functor, descends to a Z[gZ2]-linear morphism

(1.7.29) 3" g% EHI(~) - Ko(Pur(G\G)) = Ko(W)(g?),
J

where the Z[q%]—module structure of Ko(Pur(G\G)) is given by q% — [—1] (¢f. (1.6.13)).
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Let {vw}wew denote the Kazhdan—Lusztig basis of Hyy. The following lemma lets us

reduce (1.7.28) to the case where § = =y, for some w.

Lemma 1.7.14. Suppose 5 =Y e Mw(5)Yw, where my,(B) € Z[qi%] for all w. Then

(1.7.30) S (DR HEH(E(B) = Y Y qmu(8) £ (£y)

D=

in Ko(W)[g™2].

Proof. Let £(();. denote the kth term of a complex that represents £(3). By the Hopf trace

formula,

(1.7.31) S (—1)EgEH(EHI(E(8))) = 3 (~1)hq? EHI(E(B);)

J:k Jk
in Ko(W) [qi%]. Now we simplify the right-hand side:

Viewing Ko(H) as a module over Z[qi%] via q% — [—1], we know by Theorem 1.6.1 that:

(1.7.32) S (—DFRB)] = gmwwmcw]

k

in Ko(H). Applying Corr, we get:

(1.7.33) S (DFEB)K = D mu(B)[Eu]
k w
in Ko(Ch). Finally, applying >-; q% EHY, we get the result. O

To handle (1.7.28) in the case of Kazhdan-Lusztig elements, we use the following formula

quoted in [111, 413]:

44



Theorem 1.7.15 (Lusztig). We have

(1.7.34) Ewl = > {6, 0}oq(w)Ly] + cuspidal terms
p el (W)

in the Z[qi%]—module formed by Ko(Ch). (Above, “cuspidal terms” refers to the contribution

of simple objects not of the form El/J')

Corollary 1.7.16. We have

(1.7.35) Zq% EHY (E) = Alyw) - M(q | V)
J

D=

in Ko(W)[g™2].

Proof. Applying 3°; q% EHY to both sides of Theorem 2.2.5, we obtain:

S EHi(E) = S {60 g(n) St EHI(L,)
J o, elrr(W) J

(1.7.36) = Y {6 )eglw) S aPe @ HI( - /T)
o elrr(W) J

= Y {o¥}og(w)v @ M(q| V).
o pelrr(W)

The first equality follows from Remark 1.7.7; the second follows from Lemma 1.7.13 and the

self-duality of HI( - /T) as a representation of W. To finish the proof, we claim that

(1.7.37) (0(¥), Alyw))w = (¢, Alw))w

for all w and 1. Indeed, by Property 1.3.2 of the exotic Fourier transform, we can reduce to

checking this identity by hand for the irreducible types E7 and Ej. O
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1.8 Positive Braids

1.8.1. Broué—Michel Varieties The positive monoid Br"vif affords a “representation” val-
ued in Gg-varieties over By x By. Roughly, each positive braid 5 defines a variety O(5)g in
such a way that the composition of braids corresponds to the fiber product of varieties. As
we will explain below, the complex R(/3) has a simpler geometric interpretation in terms of
O(p) (or rather, the quotient stack Go\O(5)g)-

Remark 1.8.1. The varieties O(f)q are called “open Bott—Samelson spaces” in [95]. We
suggest that they be named after Broué—Michel, because they first appear in their paper [17].
Deligne explicitly attributes them to Broué-Michel in [27].

Given varieties Oy and O over By x By, we write Oy X B, Oy for the fiber product in
which Oy — By is the right projection and O — By is the left projection. This endows the
category of (By x Bp)-varieties with a monoidal product with unit O(1)g =~ By.

Given (z,y) € By x By, we write z — ¥ to indicate that (z,y) € O(w)g. Deligne proved

27, 1.11] that if 3 = s, --- s, in Brﬁ/, then the variety

O(B)o = O(Bs1)o xBy O(Bsy)0 X8y - -+ XBy O(Bsy)o

/+1 . S1 52

(1.8.1)
s
:{(a:l,...,xg,y)eb’o -$1—>I2—>"'—>$g—g>y}’

equipped with the map O(8)g — By x By that sends

(1.8.2) (x1,...,20,y) — (21,7),

only depends on f up to isomorphism over (By x By). That is, X B, respects the defining

- -
relations of BrW.

Remark 1.8.2. A more precise statement of Deligne’s result goes as follows. There is a map

B — O(B)p from positive Artin braids to varieties over By x By such that:

1. For all w € W, we have O(By) = Oy and jg, = juw, cf. Section 1.6.
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2. If p=7p'5"in Brjv, then there is a fized isomorphism

(1.8.3) O(B)o = O(8")0 x5, O(8")

of varieties over By x By.

3. f p=p'p"p" in BWV‘V, then there is a commutative diagram

O(B)o O(B'8")0 xp, OB o
(1.8.4)

080 xB, O(B" " )0 —— O(8")o x5, O(B")0 xB, OB )0
where the arrows are the isomorphisms of (2).

There is a diagonal Gg-action on O(f3)g given by ¢ - (x1,...,24,y) = (921,. .., 9T, gY).
With respect to this action, the map (1.8.2) and all of the isomorphisms in the preceding
remark are Go-equivariant. Thus, everything above descends to the level of quotient stacks.

We let X(8)g = Go\O(B)o, and let

(1.8.5) jﬂ : X(B)g — X

be the map of stacks induced by (1.8.2). The following result is asserted on page 1106 of [95]:
Proposition 1.8.3. The chromatography functor Chr: D (Perv(Xy)) — H preserves ©.
Corollary 1.8.4. For all § € Brﬁ/, we have R(f) ~ Chr(jﬂ’!Q&O).

Proof. We can check that 3 = S, --- 35, implies jﬁ,!QE,O ~ A(s1)g® -+ ®A(sy)g by chasing

diagrams. n

Just as we applied the horocycle functor Corr: H — Ch to the objects R((5) € H, we can

pull/push the spaces O()g and X () through the horocycle correspondence, cf. (1.6.21).
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To this end, we form the commutative diagram

O(B)o O(B)o
(1.8.6)
Box Bo g Box Co (w,g)Hg\\ Go
where 6(6)0 is defined by making the square cartesian. Explicitly,
(1.8.7) OB)o = {(x1,...20,9) € By x Gy : 21 5 w9 22 oo = 2y 25 gy ).

There is a natural Gg-action on 6(ﬁ)0 making the whole diagram equivariant. We let

X(B)g = Go\O(B)o and write

(1.8.8) prg: X(B)o — Go\Go

for the map induced by the dashed arrow. By smooth base change, we deduce:
Corollary 1.8.5. For all § € Brﬁ,, we have E(f) ~ Chr(prﬂ’!Qg’o).

Example 1.8.6. On the level of points, we can check:

(1.8.9) X(1)o = Go\{(zB,g) € By x Gy : 2 gz € B} ~ By\By.

Thus, pry @ X(1)g — Go\Gy is precisely the (stacky) Grothendieck—Springer map. In
particular, prq is proper and Chr( pTl,*Q&O) can be represented by a complex consisting of

&1 ~ prq Qg in degree zero and no other terms, as we saw earlier.

1.8.2. Steinberg-Like Spaces From Corollary 1.8.5, we deduce that the Khovanov-
Rozansky homology of a positive braid § is the homology of the chromatographic complex

associated with the map prg : X(8)o — Go\Go. We can describe the annular braid homology
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of # in an analogous way, after replacing X' ()¢ with a certain fiber product reminiscent of

the Steinberg variety.

Definition 1.8.7. For all g € Bra/, we define the Steinberg-like variety of § to be

(1.8.10) Sta(B)o = O(1)o X, O(B).

We define the corresponding Steinberg-like stack to be

(1.8.11) Go\Sta (o = X(1)o X\, X (Ao,
and write
(1.8.12) Prg : Go\Stq(B)o — Go\Go

for the natural map.

Theorem 1.8.8. For all B € BTJFW and j > 0, we have
(1.8.13) A () ~ Gr)¥ 1 (G\G, Chr(Prg,) Qqp))

in Kb(Vect), where the hypercohomology functor is applied to Chr(Prg, Qg’o) term by term.

To start the proof: Observe that by Corollary 1.8.5,
(1.8.14) AHY(B) = EWY (Chr(prs Qo).

The following lemma lets us relate the two chromatographic complexes at hand:

Lemma 1.8.9. We have Chr(Prg ) Qyq) ~ & ®LChr(prﬁ7!ngo), where the functor & @ (—)

is applied to Chr(prﬂngg,O) term by term.
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Proof. Let & g = pr,act*(ICq ), the mixed perverse sheaf underlying &£. Using the relative

Kiinneth formula, we expand:

1,0 ®" pra Quo = pr1+Quo ®" prs Qg
(1.8.15) ~ Prg1(Quy &%w) Qc0)

= Prg 1 Qu.

It remains to show that Chr(&1 o @l Ko) ~ & oL Chr(Ky), where Ky = pTﬂ7!Qg70.
In the notation of Appendix 1.9, it is enough to show that if an exact triangle is an
a-distillation of Ky, then it remains an a-distillation after tensoring with &; . This holds

because &1 is pure of weight 0 and Verdier self-dual. O

Proof of Theorem 1.8.8. By [44, 86], there is an isomorphism of derived functors:
(1.8.16) priapri(—) ~ & & (=) : DY(G\G) — D' (G\G).

By adjunction, we obtain an isomorphism of functors:

(1.8.17) Extin (€1, —) ~ HY(G\G, & &% (-))

One can check that everything above admits an analogue over Go\Gy in the mized setting,

where the isomorphisms preserve weights. Then, taking the jth pure part on both sides,
(1.8.18) EW(—) = GrYY H(G\G, & @ (-)).

Combining the last isomorphism with the lemma finishes the proof. ]

Example 1.8.10. For the trivial braid, Theorem 1.8.8 specializes to:

(1.8.19) AH(1) = @ q? Gr)¥ B/ (G\G, Prg, Q).
J
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The right-hand side is very close to the pure part of the compactly-supported cohomology
of G\ St (1), except that above, we have H/ instead of H/. Recall from Example 1.7.9 that
AH(1) ~ @, q%Aj.

It is interesting to compare these results with the main theorems of [31] and [64]. These
papers essentially show that A, under its opposite grading and up to a shift, is the compactly-
supported cohomology of G\St(1), where St(1) is the pullback of St;(1) to the unipotent

locus of G. (Note that they only discuss the variety S#(1), not the stack G'\St(1).)

1.8.3. Cohomological Correspondences Theorem 1.8.8 lets us describe the W-action
on AH(B) via cohomological correspondences on Gg\Stn(3)g. For a beautifully concise
exposition of the formalism of correspondences, see [?, Appendix Al.

First, we recall the construction of the W-action on the Grothendieck—Springer sheaf
by means of correspondences, cf. [21, §3]. For the later application to St;(3)g, we write

everything in the setting of GGy rather than G. Let
(1.8.20) O = {(zB,g) € O(1)o : g € G}  O(1)p.

Springer observed that 6(1)6s — G{} is the pullback of the W-cover Tjj® — Tj° / W, whence

W acts on O(1). We can decompose
(1.8.21) Sta(DF = O xg, O()§ € Stg(1)

into the disjoint union of the action graphs I'y, ¢ as w runs over W. Let Stg(1)y,0 be the

closure of I'y, g in Stz (1)g. In the terminology of [?],

Sta(1)o
(1.8.22) Pry P2
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is a graph-like self-correspondence of 6(1)0 over G. Everything is Gg-equivariant, so these
correspondences descend to self-correspondences of X (1)p over Go\Gp. The resulting action
on £10 = pry « ngo is the Springer action.

We bootstrap the Springer action to a W-action on Prg Q&O. Below, let

(1.8.23) Sta(1,8)0 = O(1) x ¢, O(1)o X, O(B)o-
By pullback,

StG(L 6)0

(1.8.24) V X‘*

St(B)o Gy St(B)o

is a graph-like self-correspondence of Stg(/3)p over G. For each w, we let St;(1, 8)w,0 be the
pullback of St(1),0 to Stg(1, 8)g. These correspondences descend to self-correspondences on
Go\ St ()0, so we obtain a W-action on Prg; Q.

Since everything is weight-preserving, we get an action on Chr(Prﬁvg Qg’o). Then by

Theorem 1.8.8, we get an action on AH(S3). We conclude by affirming:

Proposition 1.8.11. For all § € Brﬁ,, the following coincide:
1. The W -part of the A-action on AH(5) defined by means of the Yoneda product.
2. The W-action on AH(j3) constructed above by means of correspondences.

Proof. One can check that the isomorphism of functors (1.8.17) identifies:

1. The W-part of the ExtE\G(Sl,Sl)—action on ExtE\G(El, —) defined by the Yoneda

product.

2. The W-action on H*(G\G, & @ (-)) induced from the W-action on £; by the functo-

riality of & @ (-).
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At the same time, diagram chasing shows that under the isomorphism in Lemma 1.8.9, the
W-action on & @ Chr(prﬁ’!Qg) corresponds to the W-action on Chr(Prg Qg’o) that we

constructed via correspondences. O]

1.9 Appendix: Chromatography

1.9.1. Let k be a field. Fix a prime ¢ invertible in k.

If X is a k-scheme of finite type (later, an Artin stack), then we write D?(X) for the
derived category of bounded constructible complexes of étale Qg-sheaves over X. We write
Perv(X) for the full subcategory of DP(X) of perverse sheaves (with respect to the middle

perversity), and D?(Perv(X)) for the bounded derived category of Perv(X).

1.9.2. Fix a finite field F = Fy. Henceforth, we assume that k = F and that X is equipped
with an F-structure, i.e., an F-scheme Xq such that X = Xy ® k. Following [4], we also use
the subscript 0 to distinguish sheaves on X from their pullbacks to X.

Let DY (Xp) be the full subcategory of D?(X() of mixed complexes. For all o € R, let
D%a(XO), resp. DbZa(Xo), be the full subcategory of D%L(Xo) of complexes of weight < a,
resp. > «. The notations Db<a, Db>a are defined similarly.

We refer to Chapitre 5 of Beilinson—Bernstein—Deligne-Gabber’s book [4] for the suite
of fundamental theorems describing how perverse sheaves over X( interact with weights,

mixedness, and purity. We introduce two notations that are not standard:

Definition 1.9.1. Let D? (Perv(Xy)) be the full subcategory of D?(Perv(Xp)) of mixed

objects, i.e., complexes whose cohomology sheaves are mixed perverse sheaves.

Definition 1.9.2. Let Pur(X) be the full subcategory of D?(X) formed by the pullbacks of

pure complexes over X of weight 0.
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1.9.3. The chromatography functor, introduced by Bondarko in [12, 13] under the name of

“weight complex functor” and by Webster—Williamson in [112], is a certain additive functor
(1.9.1) Chr: DY (Perv(Xg)) — KP(Pur(X))

of triangulated categories, where K?(Pur(X)) is the bounded homotopy category of complexes

of objects of Pur(X). We will sketch its construction, following Bondarko.

Remark 1.9.3. A further exposition of Chr can be found in Section 6 of the paper [95]. As the
authors explain on page 1103, the name comes from chemistry. It connotes the separation of

a mixture into pure substances.

The existence of the chromatography functor is motivated by the result below from [4,

Th. 5.3.5):

Theorem 1.9.4 (Beilinson—Bernstein—Deligne-Gabber). Let Ey be a mized perverse sheaf
over Xo. Then there is an increasing filtration {W<;Eo}; of Eo by perverse sheaves, such

that for all i, the quotient
(1.9.2) GrV Ey = W1 Eo/W<i Eg

is either zero or a pure perverse sheaf of weight i. Such a filtration is strictly compatible with
all morphisms of mized perverse sheaves. If we require the GrZVV Ey to be nonzero, then it is

unique up to isomorphism.

Above, it turns out that the shifted quotients GrZVV Ep[—i] can be assembled into a single
complex, thereby giving an object of Kb(Pur(X )). We will explain this procedure in the
course of the general construction of the chromatographic complex.

Let Ko € D2, (X(). We define an a-distillation of K to be an exact triangle of the form
(1.9.3) K<a0 = Ko = K>at1,0 = Ko[1]
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in which K<, € Dbga(XO) and K>q41,0 € Db2a+1<X0)' The lemma below follows from

(3)-(4) of [13, Prop. 3.5.3]:

Lemma 1.9.5 (Bondarko). Let Ky, Lo € Dg’n(Xo), and let i,7 € Z, where i < j. Fix an
i-distillation of Ko and a j-distillation of Lg. Let ¢ : Ky — Lo be a morphism of mixed

complexes.

1. Ifi < j, then there is a morphism of exact triangles of the form

K< Ko K>it10 K<ioll]
(1.9.4) J ld, J l
L<jo Lo L>jt10 L<;joll]

Moreover, the induced maps K<; — L<j and K>j11 — L>;11 are uniquely determined

by the original data.

2. If i = j, then there is a commutative diagram of the form

K<i K K>it1
(1.9.5) ‘ lq) l
L<j L Lzj+1

We define a distillation of K to be a choice of i-distillation of K for all 7, along with
a system of compatible morphisms of exact triangles between them, such that K<; o =0
for i < 0 and K>; o = Kq for i > 0. We can visualize this data as a pair of sequences of

morphisms:

(1.9.6) _>K§i—1,0_>K§i,0 — - and --- _>K2i,0_>K2i+1,0_>
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Abusing notation, we write
(1.9.7) Gr; Ko = cone(K( <;—1 — Ko <;)-

Since DbSZ‘(XO) and DI’ZZ-(XO) are stable under extensions, Gr; K is pure of weight i. Also, it
vanishes for ¢ < 0 and 7 > 0.
We use the Gr; K to assemble an object of Kb(Pur(X )). To start, consider the exact

triangles
(1.9.8) Gr; Ko — cone(Kq <j—1 — Ko, <jy+1) — Grip1 Ko % Gr; Ko[1].

Let Gr; K denote the pullback of Gr; Ky to X. The chromatographic sequence associated

with the distilling filtration is the sequence of morphisms
. 81 . az'—l .
(1.9.9) o= Gry K[—(i+1)] = Gr; K[—i] — Gr; _ K[-(i —1)] = ---
where Gr; K[—i| occurs in degree i. Using the octahedral axiom, one can check that this is
actually a complex [112, Lem. 3.5]. Also, every term belongs to Pur(X) by construction.

Lemma 1.9.6. Fvery mized complex admits a distillation.

Proof. By Theorem 1.9.4, the statement is true for mixed perverse sheaves. So by induction
on the filtration of a general mixed complex by perverse truncations, it suffices to show the
following: If Ly — Ky — Mgy — Lg[1] is an exact triangle and there exist distillations of Ly
and My, then there exists a distillation of K. By Lemma 1.9.5(1), we further reduce to the

following: If there exist 0-distillations

(1.9.10) L<o,0 — Lo = L>1,0 — L<o,0[1];

(1.9.11) M<,0 = Mo — M>10 — M<qo[1],
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then there exists a 0-distillation of K. This follows from an argument using the octahedral

axiom and the stability of Dbgo and Dbzl under extensions [112, 2571-2572]. O

The following theorem is essentially proved in [12], using Lemma 1.9.5 to check the
functoriality of the chromatographic complex. However, instead of D%(Perv(Xo)), that paper
considers a triangulated category satisfying more restrictive conditions. Bondarko generalized

the results to D2, (Perv(Xp)) in [13].

Theorem 1.9.7 (Bondarko). If K € Db (Perv(Xy)), then any two distillations of K¢ yield
homotopic chromatographic complexes. The map that sends K to its chromatographic complex

up to homotopy extends to a functor DY (Perv(Xp)) — KP(Pur(X)).

Formally, the chromatography functor Chr is the functor established by this theorem.

For any K € D, (Xp), the object Chr(Kj) is called the chromatographic complex of K.

Remark 1.9.8. In [13], Bondarko refers to O-distillations as weight decompositions and to

distillations as bounded Postnikov towers.

1.9.4. Bondarko’s paper [13] only deals with the setting where X is a scheme of finite type
over F. In his work, the domain of Chr is actually D2 (Xq) instead of D? (Perv(Xp)). Below,
we explain why the construction of Chr still works when X is an Artin stack of finite type,
as long as we take the domain to be DY (Perv(Xy)).

The Grothendieck—Verdier yoga of six operations on Artin stacks locally of finite type
over a finite-dimensional affine excellent base was worked out by Laszlo—Olsson in [65], along
with a yoga of t-structures and perverse sheaves in [66]. Notably, Theorem 9.2 in the latter
paper is the stacky generalization of Theorem 1.9.4. So Lemma 1.9.6 still holds for stacks.

In both [13] and [112], the proof that any two distillations of Ky give rise to homotopic
chromatographic complexes relies on being able to express K as a complex of perverse sheaves
in DY (Xp). When Xj is a scheme of finite type, D?(Perv(Xy)) ~ D?(X) by a theorem of

Beilinson. But this theorem fails when X is an Artin stack (e.g., when Xg = (- /Gy)).
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Altogether, it is essential that the domain is D?(Perv(Xj)), not D?(Xy), in Theorem 1.9.7.

Besides this change, the proofs in ibid. go through.
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Chapter 2

Annular Homology of Artin Braids II: Springer Fibers

2.1 Introduction

2.1.1. Let W be a finite, crystallographic Coxeter group. Let Kg(W) be its ring of virtual
representations, and let Bry be its Artin group. In the paper [105], we introduced a class

function on Bryy called annular braid homology, taking the form
(2.1.1) AH : Bryy — Ko(W)[q2][t).

We motivated the existence of AH using ideas from geometric topology. When W = S},, the
elements of Bryy can be viewed as topological braids on n strands, which can be closed up
end-to-end to form links in 3-space. In this way, AH can be used to reconstruct an isotopy
invariant of links valued in Z((q%)) (a1, ¢!, due to Khovanov-Rozansky [62, 61]. In this
paper and the sequels [107, 108], we turn to relating annular braid homology with other
phenomena in the geometric representation theory of W.

Let F = F, be a finite field and fix a prime ¢ > 0 invertible in F. Suppose that W is the
Weyl group of a split semisimple group Gg over F. Throughout, we will use the subscript 0 to
denote spaces over F, and omit the subscript to denote their base change to F. In particular,
G = Gy ® F. The notation F will denote geometric Frobenius maps.

Let By be the flag variety of Gy and Uy C Gy the unipotent locus. Springer observed in

[102] that for any u € U F there is a W-action on the f-adic cohomology of the proper variety

(2.1.2) B, ={Be€B:uec B}
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The varieties B, are now called Springer fibers; the graded characters

(2.1.3) Qu =Y q'H*(By, Q) € Ko(W)[q]

120
are generally called total Springer representations. The functions of the form u +— Qq(w) =
tr(w | Qu), for w € W, play a major role in the character theory of GT'. In this paper, we

will show that for any 8 € Bry, we can decompose

(2.1.4) ANN(B) = AH(8) |11

as a Z[qg]-linear combination of the characters @,,. We note that for W =S, a certain sum
of isotypic components of ANN can be used to reconstruct the HOMFLY series: the t — —1
limit of the Khovanov—Rozansky link invariant.

We also fix a Coxeter presentation of W, which fixes a positive submonoid BT+W C Bry.
When g € B?AV{, and we specialize ¢ — ¢, we can interpret the coefficients of the Springer
decomposition of ANN as point counts on certain stacks over F attached to 5. Among other
applications, this relationship between ANN and point-counting gives evidence toward a

conjectural relationship between AH and cohomological weight filtrations.

2.1.2. To motivate our results, we briefly sketch how AH is related to algebraic geometry.
The Artin group Bryy is categorified by a certain monoidal category of sheaf-theoretic objects

over Go\(Bp x By), discussed in [105, §6]. The horocycle correspondence

act pr
Go\(Bo x By) ~——— Go\(Bo x Go) —— Go\Go

(B,9B) 4 (B,g) 9

(2.1.5)

(where G acts on itself by conjugation) is roughly an algebro-geometric incarnation of the
passage from elements of Bryy, to their conjugacy classes. Accordingly, AH is defined in terms

of the pullback-pushforward of sheaves through this diagram.
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In the rest of this introduction, we focus attention on the submonoid Br?/i/ C Bry to

make things more concrete. The work of Broué-Michel [17] and Deligne [27] gives a map

(2.1.6) B = O(B)o

from elements of BrIfV to Go-varieties over By x By up to isomorphism, which takes the
composition in Br?/{/ to the fiber product of varieties over By. We let 6(5)0 be the pullback

of O(B)p along act. Then there is a commutative diagram of G-equivariant maps:

(2.1.7) { l

By x By «<— By x Gg — Gy

We note that (the underlying reduced schemes of) the fibers of O(1) — G over UL are
precisely the Springer fibers B,,. Indeed, Springer’s W-action on the cohomology of B,, arises
from an action on the pushforward of the constant sheaf along this map.

In [105], we give a formula for AH(J) in terms of the Steinberg-like variety

(2.1.8) Sta(B)o = O(B)o xg, O(1)o-

However, the formula is somewhat technical: Most notably, it involves the chromatography
functor of Bondarko [12, 13] and Webster—Williamson [112], applied to the pushforward of
the constant sheaf along Go\ Stz (5)g — Go\Go. Loosely, this functor turns a mixed complex
of sheaves into a complex where the terms themselves are pure complexes of weight 0.

We seek a cleaner formula for AH(/3), relating it directly with the cohomology of some
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stack. To this end, for any Artin stack X over F, let

1 J =
(2.1.9) E(q2.t| X) = Pq2tF GrlV HE(X, Q).
Jik

where H} (X, Qy) is the compactly-supported f-adic cohomology of X and W<, is its weight

filtration. Let

(2.1.10) St(5)o = Uy X Gy Sta(B)o-

Via the factor G\O(1), there is a weight-preserving W-action on HX(G\St(5), Qy). Thus, we
can view E(q%,t | G\St(P)) as an element of KQ(W)[[q%]][t] We conjecture that it differs

from AH($3) only by a change of variables and a normalization factor.

Conjecture 2.1.1. For all 5 € Brﬁ/, we have

(2.1.11) AH(B)| 1/ 17201 = (12 Eg2 1 | G\SK(5))

in KO(W)[[q%]][t], where r is the rank of G and |3 is the writhe of B (see [105, §2]).

Example 2.1.2. Let 1 € Br+W be the identity. Its writhe is 0. In [105, §7], we computed

that

(2.1.12) AH(1) ~

By a stacky version of the main result of [31, 64], we have

1 QW]
(qt?)" (1—q 1t=2)"

(2.1.13) E(g?,t | G\SH(1)) ~

This verifies the conjecture for g = 1.

62



2.1.3. We will prove that Conjecture 2.1.1 holds in the ¢ — —1 limit. For any X over F, let
1 1
(2.1.14) Bq? | X) = Bla?,t | X)l1,

an element of Ko(W) [[q%]] In the literature, the graded dimension of E(q% | X) is known
as the virtual Poincaré series of X(. By the results of [54, Appendix], we can show that
E(q% | G\St(B)) specializes to the F-point count of G\ St) when we take ¢ — ¢. In this
way, we are led to study the fibers of St(3) over U, which take the form O(S)y x By for

uwelur. Ultimately, we will prove:

Theorem 2.1.3. For all 5 € Br?/i/ and q > 0, we have

(_1)T—|ﬁ\

ueld¥

(2.1.15) ANN(B)|q—q =

in KO(W)[q][‘G—lﬂ], where ANN = AH|;_,_1.

This identity is the relationship between ANN, total Springer representations, and point-
counting described at the beginning of the paper. To prove it, we apply Deligne-Lusztig
theory to the purely algebraic definition of ANN given in [105], which involves Lusztig’s exotic

Fourier transform. As a first application, we deduce:

Theorem 2.1.4. For all 5 € BWVE/, we have
(2.1.16) ANN(B) = (~1)" P E(q? | G\SK(8))

in Ko(W)[q].

In [105, §4], we proved that the shifted annular character (q%)r_m |ANN() is invariant

1 1
under the substitution g2 — —q~ 2, or equivalently,

(2.1.17) ANN(B)| 1/2,_g-1/2 = (—q)"1Plann(B).
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This shows Theorem 2.1.4 is the ¢ — —1 limit of Conjecture 2.1.1.

As a second application of Theorem 2.1.3, we show that ANN is compatible with parabolic
induction. Observe that if W’ is a parabolic subgroup of W with respect to the chosen
Coxeter presentation, then the inclusion W/ — W induces an inclusion of Artin groups

Bryyr — Bryy. Let ANNy and ANNypy denote the appropriate versions of ANN.

Theorem 2.1.5. For any parabolic subgroup W' — W, we have a commutative diagram

ANNyy 1

Bryys Ko(W')[dl
(2118) [ Jv (1 _ q)rlf'r Ind%,
ANNwy
Bry Ko(W)l[q]

where v and v’ are the ranks of W and W', respectively.

In [105, §4], we proved that ANN(f) is a rational function of q. As a third application
of Theorem 2.1.3, we combine it with Lusztig’s techniques in [76, §5] to show that the only
pole of ANN(f3) occurs at ¢ = 1. In what follows, let X be the character lattice of G and let

V =X ® Q, a representation of W. Let r = dim V, and for all w € W let
(2.1.19) r(w) = dim VY.

Note that VW = 0 because we assume G is semisimple.

Theorem 2.1.6. If 3 € Brﬁ; maps to w € W under the surjection Bryy — W, then

1

(2.1.20) ANN(p) € m

Ko(W)lq].

In particular, the pole of ANN() at ¢ = 1 has order at most r(1) =r.

Remark 2.1.7. While this work was in preparation, Lusztig—Yun uploaded the preprint [77]

64



to the aryiv. It introduces a class function
(2.1.21) U W — Ko(W)lq|

that refines Lusztig’s map in [76] from conjugacy classes of W to unipotent orbits of G. For
all w € W, we expect that ¥(w) = (1 — q)T(w)ANN(Bw), where (3, € BTJVE/ is the positive lift

of w of minimal writhe.

Using the function w — r(w), we can formulate a new conjecture that simultaneously

refines Conjecture 2.1.1 and Theorem 2.1.6.

Conjecture 2.1.8. If 3 € Br?/{/ maps to w € W, then
(2.1.22) (1 - )" AH(B) = (qi> — 1) “E(q2, 1 | G\SKB)).

Moreover, both sides belong to KO(W)[q%][t], not just Ko(W) [[q%]][t]

At the very least, this new conjecture is compatible with Example 2.1.2. Note that it is

compatible with Conjecture 2.1.1 only if the integer
(2.1.23) 8] =7+ r(w)

is even. As we point out in [108, §9], this can be checked by induction on the writhe of £.
2.1.4. To conclude this introduction, we suggest two further directions of study.

The Full Twist Let 7 € Brﬁ/{/ be the central element known as the full twist; let 5 € Bry,
be arbitrary. When W = 5, the elements § and fr are topological braids that, when
closed up, form distinct links in 3-space. In this setting, Kalman discovered a remarkable
coincidence of coefficients between the HOMFLY series of the links attached to 5 and fm [58].

His theorem can be generalized to arbitrary finite Coxeter groups by replacing HOMFLY
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series with Markov traces. When ( € Br‘v‘{/, we can use Theorem 2.1.3, together with the
relation between ANN and Y. Gomi’s Markov trace proved in [105, §4], to reinterpret the

result as a coincidence of point counts:
Theorem 2.1.9. If § € Brﬁ,, then |O(Bm)E| = |U xg O(B)F| for ¢ > 0.

Together, Theorems 2.1.4 and 2.1.9 imply a result that Shende-Treumann—Zaslow proved

using Legendrian knot theory [95, Thm. 6.34].!

Corollary 2.1.10 (Shende-Treumann—Zaslow). If G = PGL,11 and 8 € Brﬁ;, then

_ 1060

1 —r
(2.1_24) [(qza 1)|ﬁ| HOMFLY(@’)]|(q1/2’a)_>(q1/270) |GF]

for ¢ > 0, where HOMFLY([3) € Z(q%)[a] is the HOMFLY series of the link attached to (.

It seems natural to ask whether Theorem 2.1.9 can be categorified to an isomorphism
of weight gradings in cohomology. In [48], Gorsky—Hogancamp—-Mellit-Nakagane categorify
Kalman’s theorem in the language of Soergel bimodules. Essentially, they show that the
complex of Soergel bimodules attached to 7 is a dualizing object for the Soergel category,
which implies that Kalman’s work can be lifted from the level of HOMFLY series to the level
of Khovanov-Rozansky homology. In light of Conjecture 2.1.1, together with the relation
between annular braid homology and Khovanov—Rozansky homology proved in [105, §7], we

expect the geometric counterpart of [48] to be:

Conjecture 2.1.11. If § € Br?/{/, then E(q%,t | G\O(Bm)1) = E(q%,t | G\(U xc O(3))).

Curious Lefschetz Symmetry Mellit has recently established the so-called curious Lef-

schetz property for generic character varieties with structure group G = GL;, [82] (see also

1. In particular, we answer a question of Shende on MathOverflow: https://mathoverflow.net/
questions/160810/the-markov-trace-via-bott-samelson-fibers
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[54]). For an Artin stack X over F, this property amounts to the existence of isomorphisms
\%% k ~ ~ \%% k+2j ~
(2'1'25) Grl"dim X—j Hc (Xv QE) — Grrdim X—j Hc+ ](Xa QE)

for all j, k. This means the series (q%)*dimX E(q%,t | X) is invariant under the substitution
q% > q*%t_l. Mellit’s argument relies on decomposing a vector bundle over the given
character variety into vector bundles over the varieties 6(6 ) for various 3 € BTIJ/FV. Roughly,
he shows curious Lefschetz for the former follows from curious Lefschetz for the latter.

We likewise hope that the compactly-supported cohomology of G\ St(3) satisfies curious

Lefschetz after we “ignore the stacky part.” More precisely, we expect that
1o 18= 1
(2.1.26) (q2)" 1) (q? — 1)7E(q2, 1 | G\SH(B))
1 1
is invariant under q2 — g2t~ 1. In light of Conjecture 2.1.8, we can recast this statement

in terms of AH, where it can be generalized from elements of Br?/{, to elements of Bryy:

Conjecture 2.1.12. If 3 € Bryy maps to w € W, then
(2.1.27) (q2) A=) (1 — gy Am(s)

1 1
is invariant under q2 —» q_itfl.

In [105, §4], we used a form of Alvis-Curtis—-Kawanaka duality to show that this conjecture

holds in the ¢t — —1 limit.

2.1.5. Acknowledgements I warmly thank Victor Ginzburg, George Lusztig, Andrei
Negut, Bao-Chau Ngo, Jay Taylor, David Treumann, and Zhiwei Yun for their input. In
particular, J. Taylor pointed me to the paper [76], and G. Lusztig told me about his preprint
[77], which drew my attention to the order of the pole of ANN at ¢ = 1. Sections 2.4-2.5

closely resemble Lusztig—Yun’s arguments in [77]. I'm grateful to Laura Ball for proofreading
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and O. Kivinen for catching faulty conjectures in an earlier draft.
During this work, I was supported by an NSF Graduate Research Fellowship (grant
#1746045) and benefited from workshops at MSRI and AIM.

2.1.6. Notation Throughout this paper, we will retain all of the notation from Sections

6-8 of the prequel [105], except that we will assume G is semisimple, not just reductive.

The Group W Recall that we fix a Coxeter presentation of W, with respect to which:
o If w e W, then |w| is the Bruhat length of w.
o If € Bry, then || is the writhe of S.
o Ifwe W, then gy € Br"v{/ is the unique lift of w such that |5y,| = |w|.

o Hyy is the Iwahori-Hecke algebra of W over Z[qi%]. We write {Sw}ypew for its

standard basis.
We treat the elements of Ko(1/) interchangeably with their characters.

o Irr(W) C Ko(W) is the set of irreducible characters of W.
e 1 and ¢ are the trivial and sign characters of W, respectively.
e (—,—)w is the multiplicity pairing on Kq(W).

e If ¢ € Ier(W), then ¢ : Hy — Q(q2) is the Tits deformation of ¢.

The Group G If X is a stack over F, then we let X denote its base change to F. We

write F': X — X for the geometric Frobenius. We also fix a square root q% € Q.
o (g is a split semisimple group over F with Weyl group W.
e V=X®zQ, where X is the character lattice in the root datum of G.
o By is the flag variety of G.
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o If we W, then Oy is the Gp-orbit of By x By, i.e., Bruhat cell, indexed by w. We

write B % B’ to indicate that (B, B') € Oy.
e If B e Br?/{/, then O(f3)g is the Broué-Michel variety attached to f.

e U is the unipotent locus of G.

2.2 Preliminaries

2.2.1. Deligne—Lusztig Theory For w € W, the Deligne—Lusztig variety X,, C BxB
is the (transverse) intersection of Oy, with the graph of F': B — B. Since X, is stable under

the action of GI on B x B, it gives rise to a virtual representation of GI', namely,

(2.2.1) Ry = (=1)'H(Xw, Q).

1

where HY; denotes étale cohomology with compact support. A virtual representation of GF s

called unipotent iff it occurs with nonzero multiplicity in R,, for some w.

Example 2.2.1. When w = 1, we see that X1 = B, a finite set of points, and that Ry is

the Qy-vector space of functions on BY. If B is an F-stable Borel of G, then B ~ GF/BF.

It follows that we can construct Ry by inducing the trivial character from B to G¥.

For all B € BF , let 15 € Ry be the indicator function on B. The Hecke operator 7%,

is the Gf'-equivariant endomorphism of Ry defined by

(2.2.2) Tw(lp)= > 1p.
BB

The following well-known result implies the Hecke operators span Endr(R7).
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Theorem 2.2.2 (Iwahori). There is an isomorphism of Qg-algebras

(2.2.3) Hy ® 1 Q= Endgr(Ry)
Z[g—2]

|w] 1 1
that sends By — q~ 2 Ty, where above, the tensor product is defined by q2 — q2.

We recall two ways that irreducible representations of W give rise to unipotent virtual

representations of GI':

1. Deligne and Lusztig showed that (Ry, R,y)or # 0 if and only if w and w' are conjugate

in W. Therefore, for any ¢ € Irr(W), the Q-linear combination

1

Z P(w) Ry

weW

is a unipotent virtual representation of G¥. Its character is called the almost-

character attached to ¢.

2. It turns out that for all ¢ € Irr(IW), the Iwahori-Hecke character ¢g maps Hyy into

31140
Z]g™2] [43, Ch. 9-10]. Thus, we can set

1
(2.2.5) G = bqlgis2_yp1/2 + Hw — Zlg2].

By Iwahori’s theorem and the double centralizer theorem, we have an isomorphism of

(Hyy, GF)-bimodules

2.26) R @ 6@
p€lrr(W)

where py is a unipotent irreducible representation of GF' called the unipotent princi-

pal series attached to ¢.

Remark 2.2.3. Let Py(q), resp. Dy(q), be the fake, resp. generic, degree of ¢, as exposited in
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[105, §3]. Then Ry (1) = Py(q) and pg(1) = Dy(q).

There is another way in which ¢4 and py are related. Let (—)|p,, be the additive functor

from representations of G to representations of Endgr(Ry) ~ Hy ® Qy defined by

(2.2.7) play, = Homgr(R1, p).

Applying (—)| gy, to both sides of (2.2.6), we get an isomorphism of Hyy-bimodules:

(2.2.8) HyoQr~ @  ¢q2 (09)lHy, -
pelr(W)

By Artin-Wedderburn for Hyy ® Qg, we deduce:

Proposition 2.2.4. For all ¢ € rr(W), we have py|py,, = ¢q as representations of Hyy .

2.2.2. The Exotic Fourier Transform As Lusztig showed [70], the unipotent irreducible
characters of GI' can be indexed by a set that only depends on W, which we will denote by
UCh(W). The map ¢ +— pgy defines an embedding Irr(W) — UCh(W). It is a bijection in
type A, but not in general.

In his work on the classification of the unipotent irreducible representations of G¥', Lusztig

introduced a hermitian unitary pairing
(2.2.9) {—,—}: UCh(W) x UCh(W) — Q

now known as the exotic Fourier transform. Very roughly, the matrix formed by {—, —}
takes the vector of almost-characters of G¥' to the vector of unipotent irreducible characters

of GI" and vice versa. The actual statement, below, involves an involution

(2.2.10) o:Irr(W) — Irr(W),
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which was implicit in Lusztig’s work and formally defined in Opdam’s paper [91] (where it is

denoted 7).

Theorem 2.2.5 (Lusztig). For any unipotent irreducible character p of GF, we have

(2.2.11) p=2 Appp}Boy) and Ry = > {psrlp
Yelrr(W) peUCh(W)

in Ko(GF) @ Q.

A brief summary of some properties of {—, —} and o was given in [105, §3|, where we

used them to state an algebraic definition of ANN. We recall this definition in Section 2.3.

2.2.3. Broué—Michel Varieties For w € W, we define 61070 by requiring the square in

the commutative diagram

(2.2.12) [ l

By x By «— By x Gog —— G

to be cartesian. At the level of points,

(2.2.13) Owo = {(B,g) € By x Gy : B~ 9B}.

For all g € G, we let (Ow)g be the fiber of the map O, — G above g. Using the definition of
the Hecke operators, we can check:

Proposition 2.2.6. We have tr(Ty X g | R1) = |(6w)5| for allw e W and g € GF.

Recall from [105, §8] that for 5 € Brﬁ/, the Broué—Michel variety O(3)q can be defined

up to isomorphism in terms of the varieties Oy, o by the following properties:

1. O(Bw)o = Oy, for all w € W.
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2. O(B1P2)o =~ O(B1)o X, O(B2)o for all By, B2 € Bryy,.

In addition, recall that we define O(3)q in terms of O(j3)g in analogy to the way we define

Oy 0 in terms of Oy, o: namely, by requiring the square in (4.1.20) to be cartesian. Then by

Iwahori’s theorem, we deduce:

Corollary 2.2.7. We have q@ tr(f x g| Ry) = |6(ﬁ)5! for all B € Br?/{/ and g € GF'.
2.2.4. Springer Fibers The proper (in fact, small) map pry : 51,0 — G is known as
the Grothendieck—Springer resolution. We let By be the underlying reduced scheme of
(61)9 for all g € G. The varieties By are called Springer fibers.

As explained in [105, §7], there is a W-action on the pushforward of the constant sheaf
along pry : O1 — G. This action induces a W-action on the cohomology of By, which is
weight-preserving when ¢ € GI'. The latter was first constructed by Springer [102] and later
by many other authors, including Lusztig [69]. Throughout this paper, we follow Lusztig’s

conventions, which differ from Springer’s by a sign twist. We set

(2.2.14) Qg =" (g2 VH/ (B, Q) € Ko(W)[q2].

J

Springer showed that the characters )y, as we run over elements u of the unipotent locus U F
satisfy a certain orthogonality formula (anticipated by Deligne-Lusztig in [28, Thm. 6.9]).

We will use the version of this formula quoted by Shoji on page 510 of [97]:

Theorem 2.2.8 (Orthogonality). For all ¢ € Irr(W), we have

(2.2.15) B¢ cQ1 = Y (Qu.¢)wQu

ueld¥
in Ko(W)lq].

Remark 2.2.9. We see that B1 = B. It is a theorem of Borel that the cohomology ring of B is
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isomorphic to the algebra of W-coinvariants of V: That is,
(2.2.16) H*(B, Q) ~ Sym*(V)/ Sym* (V)Y ® Qq
as graded Qy-algebras, where V is placed in degree 2. Using this fact, one can check that

(2.2.17) g ™BQ; = (~1) - |GF| - Y ¢ Symi(V)
>0

in Ko(W)[4q].
Springer conjectured [102], and Kazhdan proved [59], the following relationship between

the characters (04 and the unipotent representations of GF.

Theorem 2.2.10 (Kazhdan). If ¢ > 0, then we have

(2.2.18) Qq(w)] 12,172 = Ru(g)

for allw e W and g € GF'.

Lastly, we will also need the following properties of Springer fibers proved in [104] and

[24], respectively:
Theorem 2.2.11 (Springer). If g € G, then H (Byg, Qy) is pure of weight j under Frobenius.
Theorem 2.2.12 (de Concini-Lusztig-Procesi). If j is odd, then H/(By, Q) = 0.

Corollary 2.2.13. If g € G, then we have E(q%,t | Bg) = ®i>0 (qt2)iH2i(Bg, Q).

2.3 Point Counting and Weights

2.3.1. Proof of Theorem 2.1.3 In the prequel [105], the function ANN : Bry —

Ko(W)[q] was called the annular character and initially defined in terms of {—,—}
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and o. First, we introduced a function A : Hyy — Ko(W) ® Q(q%) defined by:

(2.3.1) AB)Y = Y {pp pyteq(B)o(v).

¢ el (W)

Then ANN was defined by:

(23.2) ANN(B) = (~g2)/IA(B) - 3 g Sym (V).

>0
To prove Theorem 2.1.3, we start by giving an analogue of Kazhdan’s identity for A(/3).

Lemma 2.3.1. We have

(2.3.3) tr(w | AB))|g172_, 172 = Bulry, (5)

forall 8 € Hyy and w € W.

Proof. By Theorem 2.2.5 and Proposition 2.2.4, the left-hand side can be written:

(2.3.4) Yo (pg Ry)qrpgl Hy (B0 (w).
p, el (W)

If p does not take the form py for some ¢, then p|g;, = 0. Therefore, the sum over ¢ € Irr(W)

above can be extended to a sum over p € UCh(WW). Altogether,

tr(w | AP g1z g2 = 2 . (. Ry)grplmy, (B)¢(w)

Irr(W UCh(W
(2.3.5) Yelr(W) peUCh(W)
= Y Rylg, B)Y(w)
Yelrr(W)
By Schur orthogonality for W, the last expression equals Ru| gy, (8)- ]

Via Proposition 2.2.6, the next lemma is essentially a point-counting interpretation of the

expressions Ryl g, (8) from the previous lemma.
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Lemma 2.3.2. We have

1

(2.3.6) 7

Z Rw|HW(5)Rw(9) =tr(8 x g | R1)
weW

for all B € Hyy and g € GF.

Proof. By Schur orthogonality for W, the left-hand side can be written:

(2.3.7) Y Ryl (B)Ry(9)-
Yelrr(W)

After we expand Ry, = ZpeUCh(W){p> pw}p using Theorem 2.2.5, this becomes:

(2.3.8) Yoo a9 Y e e pyt
p,0' €UCH(GF") Pelr(W)
Since {—, —} is a hermitian unitary pairing on UCh(W), the last expression simplifies to:
(2.3.9) > oy (B)e(g)-
peUCH(GT)

Again, p|g,, # 0 only if p = py for some ¢. So the sum over p € UCh(WW) above can be
restricted to a sum over ¢ € Irr(W). By (2.2.6), the outcome is tr(8 x g | Ry). O

~ 18]
We now finish the proof of Theorem 2.1.3. Let 8 € Bryy be arbitrary, and let § = q 2 j.

By Theorem 2.2.8 and Remark 2.2.9,

(2.3.10) ANN(B) =
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By Schur orthogonality, Theorem 2.2.10, and Lemmata 2.3.1-2.3.2,

(QuaA(B))W|q1/2_>q1/2 Z tr(w | A(B))Qu(w)
wEW

2.3.11
(23.11) - T wezWmeW( ) Rus ()

= tr(B X u | Ry)
for ¢ > 0. By Proposition 2.2.6, we can conclude:

Theorem 2.3.3. If 3 € Bryy satisfies f = Y yew mw(q)Bw in Hyy for some my(q) € Z[q],

then for ¢ > 0, we have

)18l
(2.3.12) ANN(f)|q—q = (-1 |GF| > Y mw(@)(Ow)k 1Qulg—g
uet wew

in Ko(W)[q].

When (3 belongs to the positive submonoid BTJVE/ C Bryy, we can sharpen this statement

by relying on Corollary 2.2.7 rather than Proposition 2.2.6. Theorem 2.1.3 follows.

2.3.2. Virtual Poincaré Series We prepare the ground for the proof of Theorem 2.1.4.

For any Artin stack X over F, we set

1 1
E(q? | X) = E(q2,t | X)|t=—1

2.3.13) 4 C
( _ z}; (—1)Fq2 GrYV HE(X, Q).
.7?

A priori, this series defines an element of Ko(Vect)[q], where Vect is the category of finite-

dimensional Qy-vector spaces. If X( admits a (left) Gy-action, then
(2.3.14) E(q? | G\X) =

holds in Ko(Vect)[q], ¢f. [57, §4].
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If there is a weight-preserving W-action on H¥(X, Qy), then we can promote E(q% | X) to
an element of Ko(W)[q]. In our context, the W-action will arise via a map f : Xg — Y over
F and a W-action on the pushforward R f Qg’o, where Qg,o is the constant sheaf over X. If
f is equivariant with respect to Gg-actions on Xg and Y{, then (2.3.14) lifts to Ko(W)[q]
once we take the Ko(WW)-structure of E(q% | G) to be trivial.

Using (2.3.14), we will reduce our analysis of E(q% | X) to the setting where X is a
scheme of finite type, not a stack. Here, the cohomology of X is bounded, so we can relate
E(q% | X) to point-counting via the Lefschetz trace formula, following Katz in [54, Appendix].
First, if Xy admits a model over a finitely-generated Z-algebra R such that, for all finite

fields Fy and morphisms R — Fg, the point count X F— | X0(Fg)| is a polynomial in ¢, then
. 1 F
(2.3.15) dimE(¢2 | X) = | X" |.

To handle W-actions, we introduce a refinement. For all w € W, we define the twisted

Lefschetz number:

A(w | X) =Y (1) tr(Fw | H(Y,R/Qy))
(2.3.16) . o
= > D (=D)'tr(Fw | Ho(Xy, Qp)).

yeYFi=0

If f:Xp— Yp admits a model over R such that for all Fy and morphisms R — Fg, the

Lefschetz number A(w | X) is a polynomial in ¢, then

(2.3.17) tr(w | B(g? | X)) = Aw | X).
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2.3.3. Proof of Theorem 2.1.4 By Theorem 2.1.3, we want to show that for all § € Brﬁ/

and ¢ > 0, we have

(23.18) Bl | G\SUP) = 1r 3 101 Qulg-sg

uEUF
in Ko(W)[q] [ﬁ] Since the point count of GG is a polynomial in ¢ for all ¢ > 0, we have

1
(2.3.19) dimE(q2 | @) = |GF].
Thus we can use (2.3.14) to reduce to showing

(2.3.20) Eq? | SU(8 = Y 0By |- Qulg—qg

ueld¥

in Ko(W)[q-

For convenience, let V(8)o = Uy X, 6(5)0 and let the map

(2.3.21) pg: V(B)o — Uo

be induced by the map 6(@0 — Go. Let Fy = qug’O, the Springer sheaf over . Applying

base change across the cartesian square

(2.3.22) [

we see that Rp!ﬁ}"o coincides with the pushforward of the constant sheaf along St(5)g — V(8)o.
So the W-action on the cohomology of St(3) arises from the W-action that Rplﬁ]-"o inherits

from Fg.
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Since everything in sight has polynomial point-count for ¢ > 0, we can use (2.3.17) to

get:

tr(w | B(q? | $H(B))) = A(w | SHB))
— Y Aw | SHBw).

veV(B)F

(2.3.23)
If pg : V(B) — U sends v — u, then SH3)y = V(1)y, and by the discussion in the previous
paragraph, A(w | SH(B)y) = A(w | V(1)y). Thus we arrive at:

(2.3.24) tr(w | E(g2 | S3 = 3 VBL - Aw | V(1))

ueldt

Since V(8)y = O(8)y and V(1)1¢d = B,, for all u € U, it remains to check that
(2:3.25) Qultw)lgg = Aw | Bu)

Indeed, the left-hand side equals E(q% | By) by Corollary 2.2.13 and the right-hand side
equals E(q% | By) by (2.3.17).

2.3.4. Proof of Theorem 2.1.9 Recall from [105, §4] that the Ocneanu—Gomi Markov

trace on Hyy is a function of the form:
1
(2.3.26) TR : Hyy — Z[q™2](a).

As in that paper, we normalize it so that TR(1) = 1.
When W runs over the symmetric groups, the corresponding Markov traces can be used
to construct the HOMFLY series invariant of topological links in 3-space. Namely, Ocneanu

showed that if W = S, and A denotes the planar closure of an n-strand topological braid
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B € Bryy, then

o n—1
(2.3.27) nomrLy(B) = (—a)?l [ S—2 | Tr(B)
q2 —q 2
only depends on the isotopy class of the link A.
For general W, not even necessarily crystallographic, the Markov trace TR can still be

defined by a formula involving the exotic Fourier transform. In [105, §4], we related TR to

our function ANN by the identity

o . _2\"
2329 AW = o) (125 ),

where V is any faithful realization of W for which VW = 0. By comparing (2.3.27) and
(2.3.28), we see that for any topological braid 3, each term of HOMFLY(/3) appears as a term
of ANN(f3) up to an overall monomial shift.

For general W, we let m € Brf;/ denote the full twist. In terms of the map W — Br%

denoted w — [y, it is defined by
(2.3.29) T =82

where wq is the longest element of W. The theorem below is the main result of [58]:
Theorem 2.3.4 (Kalman). For all topological braids 3, the following series in q% are equal:
1. The coefficient of al®*7" in HOMFLY(BT).
2. The coefficient of alPl=" in HOMFLY([3).

Kélmén’s article gives two proofs. The second proof (suggested by the referee of [58]) can

be generalized in a straightforward way to prove:
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Theorem 2.3.5. Let W be an arbitrary finite Coxeter group of rank r, and let

1—a2\"
2.3.30 R = R.
( ) T (1_(]) T

Then for all B € Bryy, the following series in q% are equal:
1. The coefficient of a®" in TR(S).
2. The coefficient of a® in TR(f).

Recall that 1 and e respectively denote the trivial and sign characters of W. Applying
(2.3.28), we deduce:

Corollary 2.3.6. For all 8 € Bryy, we have
(2.3.31) (e, ANN(BT)) = q"“0l(1, ANN(B)) 1y

in Z[q].

We can finally conclude the proof of Theorem 2.1.9. Recall that |wg| = dim B, and recall

the following facts about total Springer representations:

e (1,Qu)w =1 forall u e UF.
¢« (6,Qw = qi™mb.
e (5,Qu)w =0 for all u # 1.

Applying these identities to Theorem 2.1.3 gives

—nr=lsl .
(2332 (e (A = S 10| g,

—1)yr—18l ~
(2.3.33) (L, ANN(B))w = = ut XaF oB)F|.

|G
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Now, Theorem 2.1.9 follows from Corollary 2.3.6.
1
To prove Corollary 2.1.10, observe that the left-hand side of (2.1.24) equals the g2-series

coefficient of alfI=" in HOMFLY(3).

2.4 Parabolic Induction

2.4.1. Parabolic Data Let S be the set of simple reflections in the Coxeter presentation
of W. A subgroup of W is S-parabolic iff it is generated by a subset of S.

Suppose that W/ C W is an S-parabolic subgroup. Recall that S determines the positive
submonoid Brﬁ, C Bryy and the set-theoretic map W — Bra/ denoted w +— [3y,. Via this
lifting map, the inclusion W’ — W induces an inclusion of positive monoids Bri., — BT%
that preserves writhe. Since Bry» and Bry are the group completions of Br;/lr/, and Br;{r,,
we obtain an inclusion of Artin groups Bry» — Bryy that again preserves writhe.

In terms of the W-action on VV = XY ® Q, we can realize S as the set of reflections
corresponding to a system of simple roots in X. After we fix a split torus Ty C Gy, this defines
a Borel By D Tyy. If Py is a parabolic subgroup of GG containing By, then the Weyl group
of the Levi quotient of Fj is an S-parabolic subgroup of W. Conversely, every S-parabolic
subgroup of W arises in this way.

Henceforth, we fix a parabolic subgroup Py C G with unipotent radical Uy and Levi

quotient Lg. We distinguish the data attached to Lo with a subscript; thus,

W, is the Weyl group of Ly.

Br, is the flag variety of Lg.
« U is the unipotent locus of Ly.
o If we Wy, then:

— Ry, 4 is the virtual Deligne-Lusztig representation attached to w as an element of

W1, not W.
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- (O is the variety attached to w over Lg, not over Gy.
Lw)0 y 0 0

o If u €Uy, then Qp,,, is the total Springer representation attached to u as an element

of Uy, not U.
By definition, parabolic induction with respect to PF is the functor from representations of
L¥ to representations of G that sends
F F
(2.4.1) pr — Indgp ResILDF PL-

Its left adjoint is the functor that sends

F o F
(2.4.2) p (Resgp Y,

where (—)UF means we take UF -invariants.
The following Frobenius-type formula is Prop. 7.4.4 in [19]. It gives a precise sense in

which the Deligne-Lusztig characters of L and G¥ are compatible with induction.

Theorem 2.4.1 (Deligne-Lusztig). For all w € W, we have

F 1
(2.4.3) R)Y = Y Ry uat
WLl oy e
zwr~eWy,

as Q-linear virtual characters of L.

2.4.2. Proof of Theorem 2.1.5 Note that r — = dim VWZ. We will abbreviate by

writing dj, = dim V"L and ANN%L = Ind%L ANNyy, . Then we must show that

ANN%L (8)

(2.4.4) ANNyy (B) = 1—q

for all 8 € Bryy, . It suffices to show equality in the ¢ — ¢ limit for all ¢ > 0.
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By Theorem 2.3.3, we reduce to the case where 8 = (3, for some w € Wy,. Here,

(2.45) NN (D)l sg = (|>_ S (G Qulgsa.
ueld¥

The exact analogue of this formula for L is not true, because L may not be semisimple.

However, we can fix it by introducing a factor of (1 — g)4im VWL, cf. 1105, §4]:

_1)r—lwl ~
ANNy, (B)lg—g  (—1) 3 |(OL7w)5/|QL,u‘q—>q‘

(2.4.6) oo T
(1 _q) L |L | uleug

Now, by Theorem 2.2.10,

) |w|
247)  tale | A5 9)lag = g X [OuEIReCo)
uelt
tr(z | ANNI (8))]g—q (_1)7“—|w| 1 ~  .F
(248) (1—qL)dL — ;V |LF| %F’(OL’“’)“”Rhy:ﬁy—l(“/)
y e
yry teWwy, T

for all x € W. By Theorem 2.4.1, it remains to show:

3 OB ) = o Y Ol Resr R (),

(2.4.9)
IS Py |71 welf

In what follows, let {L{ZF }; be the set of GF-orbits of 4. Instead of working with Oy, it

will be more convenient to work with
(2.4.10) Gw={9€eG:B% 9B},

where By is the Borel of Gy contained in F.
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Lemma 2.4.2. We have

U xyr Ol Uf NG|

24.11 L
(2.4.11) GF BF|

foralleWanduGUl-F.

Proof. Since B = GF/BF, we compute:

|GlF| Ul xyr OF| = |G1F| {(g.u) € G" xUf :9B 2 "I BY|
(2.4.12) = |G’1F| {(g.u) € GE xul . B2 9 uapy
= fueuf : B UBY.
The last expression is |Z/IZF NnGEl. O

Let By, = BN L, so that By, is a Borel subgroup of L. For all w € Wy, let Ly be the

analogue of Gy, with L, By in place of G, B.

Lemma 2.4.3. For all w € Wy, we have
(2.4.13) Guw =Ly U= Ly x U.

In particular, U N Gy = (U, N Ly) - U.

Proof. To show the first statement, lift w to a point w € L. Then
(2.4.14) Gw = BB = UBpwBU = (BpwBp)U = Ly, - U,

as claimed. For the second statement, observe that U C U already. [

As above, let {Z/{ZF}Z be the set of GF-orbits of U, For each i such that Z/IZF NGE +0,
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pick a point u; € L{ZF. Using Lemma 2.4.2, we can expand:

1 ~ 1 ~
GFj 2 (Ouhi|Ra(w) = g UL 0 Gy Ru(w)
uelt’ i
(2.4.15) 1
— BF > Rg(u).

ucUFnGE

Let {Z/{ﬂj}j be the set of LT -orbits of Z/{f. For all j, we pick a point ug € Z/{ﬂj N LE. Then

we can also expand:

(2.4.16) | B | weuFnLE

1
B g
L WeuFnik
u"éUF

Since |BF'| = ]BEHUFL we are done by Lemma 2.4.3.

Remark 2.4.4. The group Bryy is usually much smaller than the preimage of W’ along
Bryy — W, which we will denote W’ xy Bryy. For example, if W = Sy and W/ = {1},
then Bryyy = {1} whereas W/ xy Bryy is the index-2 subgroup of Bryy ~ Z. It would be
interesting to find a generalization of Theorem 2.1.5 from Bryys to W xy, Bryy. Such a

generalization could yield an alternative to the proof of Theorem 2.1.6 below.

2.5 The Pole at 1

2.5.1. Elliptic Elements Recall that V is a faithful realization of W for which VW = 0.

An element w € W is elliptic iff V¥ = 0, or equivalently,

(2.5.1) det(1—w | V) #0.
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The hypothesis on V' ensures that this notion only depends on w. The following fact is
Theorem 3.2.12 in [43]:

Theorem 2.5.1 (Geck—Pfeiffer). For all w € W, we can find a unique subset S’ C S up
to W-conjugacy such that if W' C W is the parabolic subgroup generated by S', then w is

W -conjugate to an elliptic element of W'.
Keeping the notation of the theorem, pick w’ € W such that w' is elliptic in W’ and
conjugate to w in W. Let V' = V/(VW/), and let
(2.5.2) n(w) = det(1 —w' | V).
From the factorization of characteristic polynomials
(2.5.3) det(1 — qu | V) = (1 — q)"™) det(1 — qu’ | V),
we see that the number n(w) only depends on w, not on w'.

2.5.2. Proof of Theorem 2.1.6 Our key tool is the following result. Its proof is similar

to, and generalizes, the proof of Theorem 5.2 of [76].

Theorem 2.5.2. If 3 € Br?/{/ maps to w € W, then the isotropy groups of the G-action on

O(B) are diagonalizable groups of order dividing (1 — q)"“n(w).

We keep the notation above. By combining Theorems 2.1.3 and 2.5.2, we deduce that for

all ¢ > 0, the specialization ANN(3)|q—q is an element of

1

(2.5.4) =@t

Ko(W)l[q]-
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The number n(w) does not depend on g. Therefore, ANN(f) is an element of

1
(1— @) ®@n(w)

(2.5.5) Ko(W)lq]-

But we also know ANN(3) € Kq(W)[q]. Therefore we can dispense with the term n(w) in

the denominator. Theorem 2.1.6 follows.

2.6 HOMPFLY Revisited

In this section, we demonstrate through examples how the HOMFLY series of a link can be
recovered from a linear combination of total Springer representations by way of Theorem

2.1.3. Our examples build on ones introduced in [105, §5].

2.6.1. Type A Set G = SLg, so that W = Sg and S = {s}. We have Irr(W) = {1,¢}. In

[105], we computed that

(261) ANN(E) = T (1= (™) + (g + (—a)")),
corresponding to the formula

—% m—1
(2.6.2) HOMFLY (Th 4,) = (ql_)q2(am—1(1 — (_q)m—i-l) — am+1<q +(—q)™)e).

for the (2, m)-torus link 75 ;,,. Note that in this setting, HOMFLY carries as much information
as ANN because there are so few irreducible characters of W.
For m > 0, it is illustrative to simplify the formula for ANN(5Y") by breaking into even

and odd cases:

(26.3)  ann(g) = <1 f Pt

(2.6.4)  ANN( §k+1) = (1+ q2 4+ q%) F(g+-+ q%*l)e
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The unipotent locus UL admits two GF-orbits, which can be represented by u = ((1) %) and
1= ((1) ?) The respective Springer fibers are isomorphic to a point and a projective line.

The respective total Springer representations are:

(2.6.5) Qu=1,

(2.6.6) Q1 =1+gqe.

Altogether, we find that

2k—2

(2.6.7) ANN(BZF) = —g®~1Q, + (1 +q+ T ) Q1,

(2.6.8) ANN(BZFHY) = g2RQu + (1 + @2 + -+ g2 )0y,

exhibiting ANN(SI") as a linear combination of 1 and Q. As expected, the pole at ¢ = 1
only depends on the parity of m.

To go further, we can interpret the g-coefficients as point counts. The orbit of u is a
Gf;;—torsor over B ~ (PH¥ and its stabilizer is isomorphic to Gg . The orbit of 1 consists

of itself and its stabilizer is GI'. So Theorem 2.1.3 asserts that:

02 5y
2.6.9 105 )u | _ |
(269 cr !
0BT 22 5y 2
2.6.10 _ _ T S
O(B2k+HE
(2.6.11) O Jul _ 2k
[e?2
O(g2k+1\F

G|
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Since |GE| = ¢ and |GF| = q(q — 1)(¢ + 1), these identities are equivalent to:

(2.6.13) 0B =a™,

(2.6.14) OB | =d™ + (—=1)"q.

For general m, it is easiest to compute the left-hand sides by expanding £¢* in the standard

basis of the Iwahori-Hecke algebra and applying Proposition 2.2.6.

2.6.2. An Iterated Torus Braid Set G = SLy4, so that W = S and S = {s,t,u}. We
have Irr(W) = {1, ¢,¢,e¢,e}, where ¢(1) = 3 and ¥(1) = 2. In [105], we computed the

isotypic decomposition of ANN(/3) for the braid

(2.6.15) B = (BsPBu)’Bs € Bryy.

The G¥-orbits of UF" are indexed by the partitions of the integer 4. If the identity orbit

corresponds to the partition 4 =1+ 14 1 + 1, then the total Springer representations are:

Q41
®@31|1+4q9
(2.6.16) Qo2 | 1+q¢+q*
Q11 | 1+ (@ +dH)o+ @Y +g’co

Qri11 |1+ (@+a*+a*)o+ (a> +a")v + (¢ +q* + ¢°)ep + q%
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Comparing against the data in [105], we calculate directly that:

ANN(3) = q'%Q1 + (' + ¢! + ¢1? + ¢ + ¢') Q31
+(@®—q"+a®+q'" + ¢'?)Qa
(2.6.17)
+(@+a*+¢°+2¢° +2¢" +2¢° + ¢ + ¢'9)Qa11

+(1+a®+qHQ1111

By way of (2.3.27) and (2.3.28), the 1-, ¢-, e¢-, and e-isotypic components of ANN(/3) recover
the coefficients of the HOMFLY polynomial of the planar closure of 5. However, the -isotypic

component is novel.
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Chapter 3
Annular Homology of Artin Braids I1I: Rational Cherednik

Algebras

3.1 Introduction

3.1.1. Let W be a finite Coxeter group, not necessarily crystallographic, and let Bry be the
corresponding group of Artin braids. There is a distinguished central element of Bry, called
the full twist, which we denote by 7. If W = S, then Bry, = Bry, the group of topological
braids on n strands; here, 7 is the braid given by twisting the row of strands through a full
revolution. For general W, we will say that an Artin braid S € Bryy is a fractional twist
of slope 2 € Q iff there exists v € Bryy such that 3 =™ and 7 = ",

In this paper, we will describe a precise relationship between fractional twists in Bry and
the representation theory of a certain ring A™' known as the rational Cherednik algebra or

rational double affine Hecke algebra (DAHA) of W. The relationship relies on the annular

character that we introduced in [105]: a class function on Bry of the form

(3.1.1) ANN : Bryy — Ko(W)[q],

where Ko (W) is the ring of virtual representations of W. This function was inspired by, and
refines, Markov traces used to construct the HOMFLY series invariant of links in 3-space
[41, 56]. We will show that if § € Bryy is a fractional twist, then ANN(S) is the graded
W-character of a virtual A™'"-module, and in many cases, it is representable by an actual
module with interesting properties. Our results specialize to an identity observed by Gorsky—
Oblomkov—Rasmussen—Shende [50], relating HOMFLY polynomials of torus knots with simple
modules of the rational Cherednik algebras of symmetric groups.

The authors of ibid. conjecture that their identity can upgraded to a statement about

Khovanov—Rozansky homology, a categorification of the HOMFLY polynomial [62, 61]. In a
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similar way, we expect that for crystallographic W, our work can be refined in terms of a
conjectural A'™%-action on the cohomology of the “Steinberg-like” stack attached to 3 [105],

which is expected to categorify ANN(f) [106].

3.1.2. To explain our results, we review rational Cherednik algebras in more detail.

Let Qp C C be any splitting field of W (see [105, §3]). Let V' be a faithful realization
of W over Qy such that V' = 0. For all v € C, we let A" = A (V) be the rational
Cherednik algebra of (constant) central charge v defined by V. It is a deformation of
AR = C[W] x D(V), where D(V) denotes the Weyl algebra of differential operators on
Vc. Notably, there is a canonical element h € A" that can be interpreted as an Euler
vector field; it commutes with the subalgebra C[IW] C ALt

It was discovered in [8] and [34] that the representation theory of A is remarkably
similar to that of a finite-dimensional semisimple Lie algebra. In particular, Alrf’bt admits
a “category O of well-behaved modules. In the same way that a semisimple Lie algebra
contains a Cartan subalgebra, and modules for the former decompose semisimply under the
action of the latter, A" contains C[W] as a subalgebra, and any A!*-module decomposes
semisimply under the action of W. In contrast to the story for semisimple Lie algebras,
however, an A!*-module admits a further decomposition into W -stable eigenspaces under
the action of h. We will only consider modules for which the h-eigenvalues are half-integers.

Given such a module M, we obtain a formal Laurent series

(3.1.2) [M]q = Zq%Mj/Q € Ko(W)((g2)).
J

where M, C M is the h-eigenspace with eigenvalue «.

The simple objects of category O are parametrized by the set Irr(W) of irreducible
characters of W. For all ¢ € Irr(W), we let L,(¢) denote the corresponding simple At
module and Ay (¢) the corresponding Verma module. A major problem in the representation

theory of A is to understand how the graded W-characters [A,(¢)]q, which are explicit,
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can be used to express the graded W-characters [L,(¢)]q, which are a priori mysterious. The
problem is highly sensitive to the value of v: When v ¢ Q, category O is semisimple and
[Ly(¢)lq = [Av(9)]q; when v € Q, category O grows more complex as the denominator of v
grows smaller.

We will relate the annular characters of fractional twists in Bry, with the characters
[Ay(¢)]q by way of polynomials known as generic degrees, which we also discussed in [105,
§3]. For all ¢, let Dy(q) € Qu[g] be the generic degree of ¢. It specializes to ¢(1) in the

q — 1 limit.

Theorem 3.1.1. Ifv € Q and € Bryy is a fractional twist of slope v, then

(3.1.3) a2 NVaANN(B) = YD D) [Au(9)]q
p€lrr(W)

in KO(W)((q%)), where r is the rank of V and N is the number of reflections in W.

Remark 3.1.2. On the left-hand side, the factor qg_N Y ensures the expression is invariant
1 1 .
under the substitution q2 — —q~ 2. On the right-hand side, the numbers D¢(e2m”) are all

rational integers, cf. [105, §4].

Corollary 3.1.3. If B € Bry is a fractional twist of slope v, then [L,(1)]q occurs in ANN(3)

with multiplicity one.

Recall that we define ANN(f3) in terms of a pairing on Irr(W), derived from the so-called
exotic Fourier transform of Lusztig, and the values ¢q(3) for ¢ € Irr(W), where ¢q is the
character of the Iwahori-Hecke algebra of W that corresponds to ¢ (see Section 3.4). To
prove Theorem 3.1.1, we use an idea of Jones in [56, §9] to express ¢q(f) in terms of ¢(w),
when w is the image of 8 under Bryy — W.

Following [90], we say that v € Q is a regular elliptic slope iff it is the eigenvalue of
an elliptic element of W acting on a regular eigenvector in V. When W is crystallographic,

we can combine Corollary 3.1.3 with a theorem from [106] to obtain a new proof that:
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Theorem 3.1.4 (Varagnolo—Vasserot, Etingof). If v is a regular elliptic slope, then L, (1) is

finite-dimensional.

Remark 3.1.5. The converse also holds. Varagnolo—Vasserot proved the biconditional statement
in the crystallographic case [109]. Etingof generalized it to arbitrary finite Coxeter groups

(and rational Cherednik algebras of nonconstant central charge) [39].

As the denominator n shrinks, the extent to which simple modules other than L, (1) occur
in ANN(S) grows. The cleanest situation arises when the denominator of v in lowest terms is
cuspidal in the sense of Bezrukavnikov—Etingof [11, §3.9], meaning it divides only one of the
invariant degrees of the W-action on V. In this case, we say that v is a cuspidal slope. It

is a strictly stronger condition than v being regular elliptic. We will prove:

Theorem 3.1.6. If 8 € Bryy is a fractional twist of slope v € Q, and v is cuspidal, then

(3.1.4) g2 Mann(B) = S [Lu()lg
Yelrr(W)y

in KO(W)((q%)), where Trr(W)1 C Irr(W) is the set of elements of greatest a-value in e*™ -
blocks of defect 1 of the Twahori-Hecke algebra of W (see Section 3.4).

Corollary 3.1.7. We keep the hypotheses of Theorem 3.1.6. Suppose that W is irreducible

and at least one of the following is true:
o W is not of type Eg or Hy.
1
o U ¢ BZ
Then q2~ NV ANN(B) = [Lu(1)]4.

The key tool in the proof of Theorem 3.1.6 is the Knizhnik—Zamolodchikov functor from
[45]. If Hyy denotes the Iwahori-Hecke algebra of W over Z[qi%], then this functor relates
7ri1/)

representations of A with representations of Hyy (e = HW‘ql J2_,omiv- We will also

need results from the block theory of Hyy(e™), worked out by Geck [42].
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Let (—, =)y be the multiplicity pairing on (graded, virtual) representations of W. When
W = S,, Corollary 3.1.7 can be specialized further to the following identity, which was proved

in [50] by combinatorial methods:

Theorem 3.1.8 (Gorsky-Oblomkov-Rasmussen—Shende). Let m,n > 0 be coprime integers,
and let W = Sy,. Then, as an element of Z[q, a?], the (reduced) HOMFLY polynomial of the

(m, n)-torus knot equals

(3.1.5) am DD (—a?) (A [Lm (D]g)s,,

1

where A is the Specht module of Sy, associated with the ith hook partition of n.

3.1.3. In the rest of the paper [50], the authors keep the hypotheses of Theorem 4.8.8 and
construct three different filtrations on L%(l) that are compatible with the h-grading. They
conjecture that all three are the same filtration F, and that Theorem 4.8.8 can be promoted
to an isomorphism between the Khovanov—Rozansky homology of the (m,n)-torus knot and
the associated graded module of the filtration F on L%(l).

Now assume that W is merely crystallographic. In this setting, in [105], we constructed a
common refinement of both ANN and Khovanov—Rozansky homology, which we called annular
braid homology (distinct from the annular link homology in knot-theory literature). We
expect it to shed new light on the conjectures of Gorsky, Oblomkov, Rasmussen, and Shende,
as well as on the results of this paper.

Suppose that F is a finite field and that W is the Weyl group of a reductive group G over
F. Let B be the flag variety of G. The Hecke category of W is a certain categorification of
the Iwahori-Hecke algebra Hyy, defined in terms of complexes of sheaves over G\ (B x B)

equipped with a convolution product. A priori, annular braid homology is a trace on the
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Hecke category taking values in Kb(A—Modgr), where
(3.1.6) A = C[W] x Sym™(V)

and A-Modg, is the category of graded A-modules. (Here Sym*(V) is placed in degree 2i.)
We note that regardless of v, there is an embedding of filtered algebras A — A After

partially decategorifying, we can view annular braid homology as a class function
(3.1.7) AH : Bryy — Ko(A-Modg)[t],

where Ko(A-Modg) denotes the split Grothendieck group of A-Modgy, equipped with the
grading it inherits from A.

It would be natural to conjecture that for any fractional twist 5 of slope v, the graded
A-action on AH(j) extends to a filtered A'-action compatible with Theorem 3.1.1 and

Corollary 3.1.7 under decategorification. Unfortunately, this cannot work:

Example 3.1.9. If W = Sy, then there is a unique fractional twist g € Bryy = Bry of slope
%. As a topological braid, its planar closure is the trefoil knot. For any generator o € Vo,

we calculate that:
1. « acts by zero on AH(J3).
2. « acts by a 3-step nilpotent operator on L%(l).
So there cannot be an isomorphism AH(5) ~ L 3 (1) that categorifies Corollary 3.1.7.

We speculate that the mismatch can be fixed when S belongs to the so-called positive
submonoid Brﬁ, C Bryy (see [105, §2]). The fix involves a certain Steinberg-like variety
St(B) over the unipotent locus of G, introduced in [106].

The compactly-supported ¢-adic cohomology of the stack G\S#() admits a Springer-

type action of W. At the same time, it admits a W-stable weight filtration W<, via the
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F-structure on St(3) induced by the split form of G over F. In [106], we conjectured that up

to certain renormalizations, the bigraded W-representation formed by

(3.18) B(g2,t | B) = @ gtk arWV HE(G\SHB), Qo)
i,k

matches that formed by AH(/3). We proved the conjecture in the ¢ — —1 limit.

Conjecture 3.1.10. If g € Brﬁ, is a positive fractional twist of slope v € Q, then the

bigraded W -action on E(q%,t | B) extends to a bifiltered AX -action. The resulting ALt-

module:
1. Is semisimple and contains L, (1) with multiplicity one.

2. Decategorifies in the t — —1 limit to a virtual A"-module possessing the graded

W -character in Theorem 5.1.1, possibly up to sign.
3. Is isomorphic to L, (1) in the situation of Corollary 3.1.7.

When W = Sy, the variable t corresponds to a splitting of the filtration F in [50].

3.1.4. Acknowledgements I warmly thank Pavel Etingof, Victor Ginzburg, Eugene
Gorsky, Oscar Kivinen, Andrei Negut, Bao-Chau Ngo, Emily Norton, and Alexei Oblomkov,
for helpful discussions; and Laura Ball, for her generous proofreading. During this work, I
have received support from an NSF Graduate Research Fellowship (grant #1746045) and

benefited from workshops at MSRI and AIM.

3.1.5. Notation Throughout this paper, we will retain the notation used in [105] and [106].

Thus, we fix a Coxeter presentation of W, with respect to which:
o If w € W, then |w| is the Bruhat length of w.

. Brﬁ, C Bryy is the positive submonoid of Bryy .
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o If 8 € Bry, then || is the writhe of §.
o Ifwe W, then gy € Br?/{/ is the unique lift of w such that |8y| = |w|.

o Hyy is the Iwahori-Hecke algebra of W over Z[qi%]. We write {Sw}wew for its

standard basis.
We treat the elements of Kqo(W) interchangeably with their characters.

o Irr(W) C Ko(W) is the set of irreducible characters of W. We write Qp C C for
the field obtained by adjoining to Q the character values ¢(w) for all w € W and
¢ € Irr(W).

o 1 and ¢ are the trivial and sign characters of W, respectively.

e (—,—)w is the multiplicity pairing on Kq(1¥'). We extend it to a pairing on Kq(1V)[q]

by linearity.
« V is a realization of W over Qyy (see [105, §3]) such that VW = 0.
o If ¢ € Irr(W), then:

— ¢q : Hy — Q(q%) is the Tits deformation of ¢.

— s(¢q) € QW(q%) is the Schur element attached to ¢q, defined by

LS a(Bu)dalBy ).

(319) 8<¢Q) = gb(l) =

— P4(q) € Zq] is the fake degree of ¢, defined by

(3.1.10) Py(q) =

(3.1.11) Dylq) =




o {—,—} is Lusztig’s exotic Fourier transform (see [105, §3]). Like in [105], we will only

use its restriction to a pairing on Irr(1V):
(3.1.12) {—, =} :Ic(W) x Irr(W) — Q.

e o:Irr(W) — Irr(W) is Opdam’s involution on Irr(W) (see [105, §3]).

We do not assume that W is crystallographic.

3.2 Families of Characters

3.2.1. Using induction on parabolic subgroups of W, Lusztig described a partition of Irr(11)
into subsets called families. In this section, we collect properties of this partition that we
need in Sections 3.3 and 3.6.

First, families appear in the definitions of the exotic Fourier transform {—, —} and the
involution o. As a result, if {—, —} and o are expressed as Irr(WW') x Irr(IW) matrices, then

these matrices are block diagonal with respect to Lusztig’s partition.

Remark 3.2.1. If W is an irreducible Coxeter group of type E7, Eg, Hs, or Hy, then o
permutes a single two-element family in Irr(1W') and preserves all other elements. If W is

irreducible but not of these types, then the involution o is trivial.

The following properties of {—, —} and o appeared in [105, §3]. Note that the presence

of o is mistakenly omitted in several places in the literature, c¢f. the remark in loc. cit.

Property 3.2.2. We have

(3.2.1) Dy(@)= Y. {0.¢}Psy)(@)
Yelrr(W)

for all ¢ € Irr(W).

Property 3.2.3. We have {e¢,cv} = {p, ¥} for all ¢, € Irr(W).
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Property 3.2.4. We have o(c¢) = co(¢) for all ¢ € Irr(W).

3.2.2. In [70], Lusztig introduced functions a, A : Irr(W) — Z>( defined by

(3.2.2) a(¢) = valg Dy(q),

(3.2.3) A(p) = degq Dy(q)-

Lemma 3.2.5 (Lusztig). The functions a and A are constant in families.

Later we will use a directly. We only will use A by way of the auxiliary function that
follows. Let Ref(W) be the set of elements of W that act on V' by reflections. (It is
independent of V' and its elements are usually just called reflections.) Motivated by the

theory of partitions, we introduce:

Definition 3.2.6. For all ¢ € Irr(WV), the content of ¢ is the number

(3.2.4) )= — Y o).

¢(1) teRef (W)
We set N = ¢(1) = |[Ref(W)].

It W = S, then there is a bijective correspondence between irreducible representations
of W and partitions of n. Under this bijection, ¢(¢) is precisely the content of the partition
attached to ¢. For general W, the following result about ¢ is essentially [17, Cor. 4.2], cf.
[45, §6.2]:

Lemma 3.2.7 (Broué-Michel). We have ¢(¢) = N — a(¢p) — A(p) for all ¢ € Irr(W).

Corollary 3.2.8. The function c is constant in families.
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3.3 Fractional Twists

3.3.1. Let wqy be the longest element of W with respect to the Bruhat length. The full

twist of Bry can be defined as the positive braid
(3.3.1) ™= B2, € Brij.

It is central in Bryy.
Definition 3.3.1. We say that an Artin braid 8 € Bryy is:
+ Periodic iff 3 = 7" for some I € Q.

« A fractional twist iff there exist v € Bryyy and 7 € Q such that § =+"" and 7 = 7"

Jr
Note that we can always assume vy € Bry;,.
. m .
In either case, we say that 7 is the slope of 3.

Conjecture 3.3.2. An Artin braid is periodic of slope "% only if it is a fractional twist of

slope > (The converse is clear.)

Remark 3.3.3. Conjecture 3.3.2 holds in type A (that is to say, for topological braids) as a

consequence of a theorem of Kerékjarto-Eilenberg [35] (see also [47]).

Remark 3.3.4. Since Bry, /7 forms the mapping class group of a sphere with n punctures, there
is a Nielsen—Thurston classification of its elements according to their action on Teichmiiller
space. An element of Bry, is periodic in the sense of Definition 3.3.1 if and only if its image
in Bry, /7 is periodic in the Nielsen-Thurston sense, i.e., has a Teichmiiller fixed point. It
would be interesting to know whether a Nielsen—Thurston classification exists for elements of

arbitrary Artin groups.

3.3.2. The following result, an incarnation of Schur’s lemma, is Theorem 9.4.3 in [43].
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Theorem 3.3.5 (Springer). If ¢ € Irr(W), then the full twist acts on the underlying Hyy -

module of ¢pgq by the scalar qc(¢). In particular, ¢q(m) = qc(‘b)qb(l).

The following corollary, and its proof, are inspired by Lemma 9.4 of [56], which Jones

uses to calculate the HOMFLY polynomials of torus knots.

Corollary 3.3.6. If ¢ € Irt(W) and B € Bryy is periodic of slope v € Q, then

(3.3.2) 0q(8) = ¢V p(w),

where w € W is the image of B under the surjection Bryy — W.

1
Proof. 1t suffices to prove the result when g2 has been specialized to a generic complex

1 1 1 1 1
number ¢2. We set Hyy[q2] = Hyy ®Z[qi1/2] C, where Z[qii] — C sends g2 — ¢2, and

(3.3.3) g = ¢q\q1/2ﬁq1/2~

Write v = ' in lowest terms. By the theorem, g~ M) 7™ acts on the underlying Hyy [q%]—
module of ¢4 by the identity operator I. Since 5" = 7', we deduce that q*”c(‘b) [ acts by
an nth root of I.

Recall that Hyy|,—1 = Z[W]. Choose a generic path in the complex plane from ¢ to 1.
Since the (diagonalizable) roots of I do not deform, the deformation of ¢ along this path

shows that the following operators must have the same eigenvalue spectrum:
1. The action of ¢=7¢(%) 8 on the underlying H[q%]—module of ¢q.
2. The action of w on the underlying C[W]-module of ¢.

The result follows. O

3.3.3. Fractional twists in Bryy are closely related to the so-called regular elements of W,

which we now review.
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A vector of V is regular with respect to W iff its stabilizer in W is trivial, or equivalently,
it avoids the reflecting hyperplanes that generate the W-action. Suppose that an element
w € W admits a regular eigenvector in V ® C with eigenvalue ( € C*. In this case, ( must
be a root of unity. We say that ( is regular with respect to W and that w is a (-regular

element of W. Springer proved [101]:

Theorem 3.3.7 (Springer). For any (, the set of (-reqular elements of W is either empty

or forms a single conjugacy class.

Theorem 3.3.8 (Springer). If w € W is a (-reqular element, then

(3.3.4) d(w) = Py(¢) = Py(Q)

for all ¢ € Irr(W).

Remark 3.3.9. When ( is regular, Springer refers to the order of ( as a regular number of
W. In the last sentence on page 170 of [101], he claims that if n is a regular number, then
the regular elements of W of order n form a single conjugacy class. This claim, which is
stronger than Theorem 3.3.7, does not hold when W is not crystallographic. For example,
let W be the Coxeter group of type I3(5) and let w be a Coxeter element. Then w and w?

are both regular elements of order 5, but they are not conjugate.

The following results are Proposition 3.11 and Théoreéme 3.12 of [17], respectively.
Proposition 3.3.10 (Broué-Michel). If w € W is regular of order n, then B, = 7.

Theorem 3.3.11 (Broué-Michel). If v € Br?/{, satisfies v'* = w for some n, then its image

2mi
in W is a en -reqular element.

We emphasize that Theorem 3.3.11 is deeper than Proposition 3.3.10: Its proof relies on
results used by Charney to prove the biautomaticity of Artin groups [17, 3.19]. It would be
very desirable to extend the following corollary of Theorem 3.3.11 from fractional twists to

all periodic braids.
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Corollary 3.3.12. If 3 € Bryy is a fractional twist of slope ™, then the image of 5 in W is

;m
a ¥ -reqular element.

3.3.4. Recall that in [105], the annular character ANN is defined in terms of an auxiliary

function A : Hyy — Kog(W) ® QW(q%), namely,

(3.3.5) AB)= > {d¥}oq(B)o(¥).
o el (W)

By assembling all of the discussion above, we can show:

Proposition 3.3.13. If 8 is a fractional twist of slope v € Q, then

(3.3.6) AR = X @YDy (¥ )y

D=

in Ko(W)[g™2].

Proof. By Corollary 3.3.6 and Theorem 3.3.8,
(3:3.7) bq(8) = g" P Py(*™).

So, by Property 3.2.2 and Corollary 3.2.8,

S {60 oq(8) = @7 ST {g, 0} PP
(3.3.8) pelr(W) pelrr(W)

_ ql/c(z/J)D )(62m'u)‘

o(v
Finally, again by Corollary 3.2.8, ¢(¢) = ¢(o(%))). O

In Section 3.6, we revisit this result to finish the proof of Theorem 3.1.1.
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3.4 Blocks of Symmetric Algebras

3.4.1. In this section, we review the block theory of Iwahori-Hecke algebras at roots of unity.
For clarity, we first explain what happens in a general setting. Throughout, we write Kg(—)
to denote Grothendieck groups of modules.

Let E be a field of characteristic zero, and let A C E be a subring. Let H be a free

A-algebra of finite rank such that the F-algebra

(3.4.1) Hp=H®4E

is split semisimple. Let k& be another field and 6 : A — k a ring morphism. We set
(3.4.2) Hypy=H®yk.

We will explain how Brauer’s theory of decomposition maps gives a direct relation between
the representation theories of Hg and Hy, or more precisely, between Ko(Hpg) and Kg(Hy),
as long as A is integrally closed in F.

First, let Ko(Hp)>0 € Ko(Hp) be the subset of elements that can be represented by
actual, not just virtual, modules. This is a multiplicative submonoid of Ko(Hg). Letting ¢

be an indeterminate over K, we have a map:

Ko(Hg)so 2 Tlg (1 +tK[t])
(3.4.3)

M — {detE(l —to | M)}OéGH

The Brauer—Nesbitt theorem [43, Lem. 7.3.2] implies that p is injective. The following result
is Prop. 7.3.8 of [43]:

Lemma 3.4.1. If A is integrally closed in E, then p factors through (1 + tA[t])H.

We define Ko(Hg)>o and pg : Ko(Hg)>0 — (1 + k[t]) analogously to Ko(Hg)s( and p.

107



We can now state Theorem 7.4.3 of [43]:

Theorem 3.4.2 (Brauer). Suppose A is integrally closed in E. Then there is a unique

additive map dy : Ko(Hg)>0 — Ko(Hg)>0 such that the following diagram commutes:

Ko(Hp)s0 —— (1+ tA[)?
(3.4.4) dy 0

Ko(Hp)=0 — o (1 + th{t) "

In particular, dg is compatible with the formation of characters from modules.

Above, dy is called the decomposition map of §. Note that if ¢ € Ko(Hg)>¢ is
irreducible, then dy(¢) € Ko(Hp)>0 is usually no longer irreducible.
Let Irr(Hp) € Ko(Hp)>0 be the set of irreducible characters. The Brauer graph of Hy

is the (undirected) graph in which:
1. The vertex set is Irr(Hp).

2. There is an edge between M and M’ iff there is a simple module shared in common by

the decompositions of dy(M) and dy(M') in Ko(Hp)>o.

The connected components of this graph are called the 6-blocks of Hr. The partition of
Irr(Hg) into blocks corresponds to a direct-sum decomposition of Hy into idempotent ideals
called block ideals, such that the simple modules over any block ideal are in bijection with

the characters in the corresponding block.

3.4.2. Recall that Qp C C is a splitting field of W. As in [105], let

D=

(3.4.5) HW(Q%) = Hyy ®Z[qﬂ:1/2] Qw(q?).
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Fix a number v € Q. Let C% — ™ and let HW(C%) be the QW(C%)—algebra

D=

(3.46) Hw(C2) = Hw ©_ .y Quw(c?)
[a™2]

L1 1 1 1
where the map Z[g™2] — Qp(¢2) sends q2 — (2.
Let Zyy be the ring of integers of Qyyr. Then we can apply the formalism in the previous

subsection to the setup where:
41
« A=Zylg™2]
1
- E=Qu(q?).
e H = HW 24/ Zw.
1
« Hp = Hy(q?).
1
« k=Qw(C?).
e 0: A — kis the specialization map q% — C%.
1
« Hy= Hy(C2).

So, Brauer’s theorem yields a decomposition map:

(3.4.7) dy  Ko(Hyy (q2)) 50 — Ko(Hy (C2))o.

We will refer to the #-blocks of HW(q%) as (-blocks. The principal block is the block that

contains the trivial character 1.

3.4.3. By Proposition 7.3.9 of [43], we have

[

(3.4.8) s(dq) € Zwlg™2]
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1 1
for all ¢ € Irr(W). The (-defect of ¢ is the multiplicity with which g2 = (2 occurs as a
root of the Laurent polynomial s(¢q) (after we extend scalars). This number measures the

complexity of the (-block containing ¢ in the following sense:

Theorem 3.4.3 (Geck). The characters within a given (-block have the same (-defect, so

we can speak of the defect of the block itself. Moreover:
1. If the defect is 0, then the block is a singleton.

2. If the defect is 1, then the block is a line of characters ordered by a-value. Its block

ideal is isomorphic to a Brauer tree algebra of type A (see below).
Proof. This restates Prop. 7.4, Prop. 8.2, and Thm. 9.6 of [42]. ]
Remark 3.4.4. By contrast, we do not know of a structure theorem for blocks of defect > 2.

Example 3.4.5. Suppose that we are in type A, _1, meaning W ~ S,,, and that v = m/n
with m coprime to n.

Here, the principal (-block is a line. If V' is the standard representation of Sy, then the
principal block consists of the exterior powers Ai(V), ordered along the line from ¢ = 0 to
1 =n—1. We refer to the associated block ideal as the Brauer tree algebra of type A, _1.

All other blocks are singletons.

3.5 Representations of Rational Cherednik Algebras

3.5.1. Let (—,—) : V x V¥ — Qyy denote the evaluation pairing. For every reflection

t € Ref(W), we fix nonzero vectors ay € V and o € V'V such that
1. {ag, —) = 0 is the hyperplane of V' fixed by t.
2. (—, ') = 0 is the hyperplane of V fixed by t.

3. {ag, ) = 2.
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In the literature, the vectors a; and oz%/ are called roots and coroots even when W is not
crystallographic. Condition (3) will ensure that in what follows, our constructions do not
depend on the exact choices of a4, atv .

Below, we write A ® B to denote a noncommutative tensor product of C-algebras and
A - B to denote a commutative one. The generic rational Cherednik algebra or rational

DAHA of (W,V) is the graded C-algebra

Clu,w] - (C[W] x (Sym* (V) ® Sym*(V¢))))

<ym—xy—w<a:,y>—u 3 <m,aV><a,y>t:xevc,yev(¥>
teRef (W)

(3.5.1) ATt —

)

where the grading is given by:
e degu = degw = 2.
o degx=2forall x e V.
o degy=0foralyeVV.

e degw =0 for all w e W.

If v € C, then the rational Cherednik algebra of (W, V) of central charge v is

(3.5.2) AT — ATy w — 1),

Although this algebra is no longer graded, the grading on A™' descends to an increasing

filtration on ALY,

Remark 3.5.1. The embedding of filtered algebras A < A" mentioned in Subsection 3.1.3

of the introduction is the natural composition

(3.5.3) A — AT, ATAL

The first map is grading-preserving.
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Remark 3.5.2. For v = 0, the defining relations of A" simplify to [z,y] = (x,y) for all  and
y. This shows why A} is isomorphic to C[W] x D(V(), the semidirect product of C[W]

with the Weyl algebra of V.

Like the universal enveloping algebra of a semisimple Lie algebra, A" admits a triangular
decomposition in the sense of the Poincaré—Birkhoff-Witt theorem. It consequently admits
an analogue of the Bernstein—Gelfand—Gelfand category O, which we will denote by O,. The
Verma modules in O, are indexed by Irr(W). For all ¢ € Irr(W), we write A, (¢) for the
corresponding Verma module of A%, and we write L, (¢) for its simple quotient. Explicitly,
A, (¢) can be constructed by inflating ¢ from C[IW] up to A = C[W] x Sym*(V¢), then

tensoring up to A2t

Remark 3.5.3. In the literature, A, (1) is known as the polynomial module of A'™' and

L, (1) is known as the simple spherical module.

Like the Weyl algebra of Vo, the rational Cherednik algebra contains a canonical “Euler
element” h. (For the precise definition, see [38, Ch. 11].) It commutes with the subalgebra
C[W] C A and its action on any object of O is locally finite. Thus, each object M € O

is endowed with a decomposition into finite-dimensional, W-stable h-eigenspaces
(3.5.4) My ={m e M : hm = am}.

In all situations that we will encounter, the eigenvalues will be half-integers. We define the

graded W-character of M to be:

(3.5.5) (Mg =3 a¥M; 5 € Ko(W)((a?)).
J

By construction [38, Ch. 11], we have

(3.5.6) [A(9)lg = q2 "3 ¢ Sym' (V)
>0
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for all ¢ € Irr(W).

3.5.2. Any A!-module M € O, can be viewed as a W-equivariant quasicoherent sheaf on
V'V = Spec Sym* (V). The support of M is the W-stable subvariety of V'V that forms its
support as a sheaf.

Let O C O, be the Serre subcategory of modules that are torsion over Sym* (V%) C At
Then, by [45, Lem. 5.1], O'°T is also the full subcategory of O, of modules supported on the
discriminant locus of V'V, i.e., the common complement of the reflection hyperplanes of the

W -action.

Remark 3.5.4. One can show that an object of O, is finite-dimensional if and only if its

support is {0}, but we will not use this fact.

Let C% = ™ and let Mod(HW(C%)) be the category of HW(C%)—modules. By the

discussion in Section 3.4, each character ¢ € Irr(W) gives rise to an object

(3.5.7) 6¢ = dg(dq) € Mod(Hyy (C2))

up to isomorphism. In [45], Ginzburg-Guay-Opdam-Rouquier introduced the Knizhnik—

Zamolodchikov (KZ) functor, an exact monoidal functor
(3.5.8) KZ : 0, — Mod(Hy(C2)).

We summarize its properties [45, Thm. 5.14, Cor. 5.18, Thm. 6.8]:
Theorem 3.5.5 (Ginzburg-Guay—Opdam-Rouquier). For all v € C,

1
1. KZ induces an equivalence O, /0" ~ Mod(Hy (C2)).

2. KZ induces an isomorphism between the (vertical) center of Oy, i.e., the algebra of

1
endomorphisms of its unit object, and the center of Hyy((2).

5. KZ(Du(0)) = éc.
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3.5.3. As preparation for the final section, we introduce several subsets of Q of increasing
specificity and describe what we will prove when v belongs to each subset. Below, let

{di}icr(w) be the multiset of invariant degrees of the W-action on V' [43, 149], and let
(3.5.9) LW)={iel(W):ve ;Z}.
Concretely, if n is the denominator of v in lowest terms, then 7,,(W) is the set of indices i
such that n divides the invariant degree d;.
Definition 3.5.6. If v € Q and ¢ = €2 then we say that v is:

1. A singular slope iff |I,(W)| > 1.

2. A regular slope iff W contains a (-regular element.

3. A regular elliptic slope iff W contains a (-regular element w such that V% = 0.

(Recall that we assume VW =0.)
4. A cuspidal slope iff |I,(W)| = 1.

We say that an integer n > 0 is a singular number, etc., iff it is the denominator in lowest

terms of a singular slope, etc.

Lemma 3.5.7. There is a chain of implications:
(3.5.10) cuspidal = regular elliptic = reqular = singular.

Proof. 1t is tautological that regular elliptic implies regular. That regular implies singular

follows from [101, Thm. 4.2(iii)]. That cuspidal implies regular elliptic is [11, Rem. 3.28]. [

Example 3.5.8. In type A,, the invariant degrees are 2,3,4,...,7+ 1. An integer is regular
if and only if it is a divisor of either r or r 4+ 1 [101, §5.1]. The only regular elliptic number is

the Coxeter number r + 1 [109, Ex. 1.1.2].
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Example 3.5.9. In type BC, the invariant degrees are 2,4,6,...,2r. An integer is regular,
resp. regular elliptic, if and only if it is a divisor of 2r [101, §5.2], resp. an even divisor of 2r

[109, Ex. 1.1.2]. To demonstrate: In type BCjy, we find that:

e The singular numbers are 1,2, 3,4, 5,6, 8, 10.

e The regular numbers are 1,2, 5, 10.

The regular elliptic numbers are 2, 10.

The only cuspidal number is 10, the Coxeter number.

This is a minimal example where each implication in Lemma 3.5.7 is strict.

Theorem 3.5.10. Let v € Q, and let

(3.5.11) Q=Y Dy(e®™)A(9),

a virtual AY-module. Then:

1. Ly(1) occurs in 0y, with multiplicity one.
2. If v is a singular slope, then Q,, € Ko(O%0r).

3. If v is a reqular slope, then
(3.5.12) [Q]q = g2~ NV ANN(B)

for any fractional twist B € Bryy of slope v, where r = dim V.
4. If v is a reqular elliptic slope, then $0, is a difference of finite-dimensional modules.

5. If v is a cuspidal slope, then:

(3.5.13) [Qy]q = Z [LV(¢)]Q



N[

where Irr(W)1 C Trr(W) is the set of elements of greatest a-value in (-blocks of Hyy(q

)

that have defect 1.

Compared to the statements in the introduction, part (3) is Theorem 3.1.1, part (1)
implies Corollary 3.1.3, parts (1) and (4) imply Theorem 3.1.4, and part (5) implies Theorem
3.1.6. We will discuss Corollary 3.1.7 and Theorem 4.8.8 in the subsection after the proof of

part (5).

Remark 3.5.11. By combining parts (1) and (2) of Theorem 3.5.10, we recover the result of

Dunkl-de Jeu-Opdam [33] that v is a singular slope if and only if L, (1) € O,

3.6 Rational Slopes

3.6.1. Proof of Theorem 3.5.10(1) We have Di(q) = 1, and for any v, the only Verma

module that contains L, (1) as a constituent is A, (1).

3.6.2. Singular Slopes We prove Theorem 3.5.10(2). First we note that, in the proof of

the lemma below, we will freely use the background discussed in Section 2 of [106].

Lemma 3.6.1. We have

(3.6.1) Y. Dy(@)¢q(Buw) =
o€lrr(W) 0 w# 1

N[

in Qw(q?).

Proof. It W = Wy x Wy, then Dy, »4,(q) = Dy, (q) - Dy, (q) for all ¢; € Trr(W;). So we can
assume that W is irreducible. After checking the non-crystallographic types by hand, we can
also assume that W is crystallographic.

Suppose that F = F; and that W is the Weyl group of a reductive group G over F. Fix

1 _
a prime ¢ invertible in F and a square root ¢2 € Qy. Let F': G — G be the Frobenius map
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with respect to the split form of G over F, and let R1 be the unipotent ¢-adic Deligne-Lusztig
representation of G attached to 1 € W. Explicitly, Ry = HO(BF ,Qy), where B is the flag

variety of G. Via the Iwahori isomorphism

1
(3.6.2) Hy(q?) ~ Endr(Ry),
we have an isomorphism of Hyy-modules (see [106, §2]):

(363) Rz Y Dylaey
pelrr(W)

|w]
Since the Iwahori isomorphism sends (,, — ¢~ 2 T},, where T}, is the Hecke operator on R

attached to w, we conclude that:
1. 31 acts on Rj by the identity operator, which has trace \BF |.
2. If w # 1, then B, acts on R; by an operator with zeros along the diagonal.
Since |BF| = 8(1¢)|q—¢, we are done. O

To prove Theorem 3.5.10(1), it suffices to show that the HW(C%)—module KZ(Qy,) is the
zero module. Indeed, by Theorem 3.5.5(1), the functor KZ restricts to a bijection between
the simple objects of O, /O%" and the simple modules of Hyy (¢ %) By Theorem 3.5.5(3), we

have

(3.6.4) KZ()= Y D)o
p€lrr(W)

1
This is the image, under the decomposition map from Section 3.4, of the virtual Hyy(q2)-

module 3> Dy(q)pq. So by Lemma 3.6.1, it suffices to show that

(3.6.5) S(lq)’ 1 1 =0.



This follows from the Bott—Solomon formula [100], which says

1—qdi

(3.6.6) s(lg)= ]I
and the definition of singular slope.

3.6.3. Regular Slopes We prove Theorem 3.5.10(3).
1
At the end of Section 3.3, we restated the definition of the function A : Hyy — Quy(g?2)

from [105]. The annular character ANN is defined in terms of A by the formula:

(3.6.7) anN(8) = (~g2)IA(B) - & 3 ¢’ sym(V),
1>0

where || denotes the writhe of 5. Note that || = 2N, for example, by Theorem 3.3.8, so if

[ € Bryy is a fractional twist of slope v € Q, then |5| = 2Nv. We want to show:

(3.6.8) > D) [Au(9)lg = g2 NVVANN(B).
pelr(W)

The proof will involve a subtle point about signs, which we address with the lemma below.
Lemma 3.6.2. If v is a regular slope, then D¢y(() = (—1)2N”D¢(C) for all ¢ € Irr(W).

Proof. Let w be a (-regular element of W. By Properties 3.2.3-3.2.4 in Section 3.2 and the

discussion in Section 3.3,

Dey(€)= > {¢.c0}o(9)(w)

pelrr(W)
(3.6.9) = > {evlo(eg)(w)
pelrr(W)
= c(w) - Dy(0).
Finally, e(w) = (—1)1*l = (=1)2N" because |w| = || = 2N (v — |v]). O
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To lighten notation below, we set M(q | V) = ;>0 q' Sym*(V)) € Ko(W)[q]. Using the

lemma, we compute:

[\l

S Dy(QIA(0)] = g q " Dy(Q)¢- M(q| V)

>

(3.6.10) p€lrr(W) pelrr(W)
>

pelrr(W)

N3

a D (e - M(q | V).

q

Using the formula for A(/) in Proposition 3.3.13, along with the fact that ¢(e¢) = —c(¢) for

all ¢, we can simplify the last expression to
(3.6.11) (~)*NVqEA() - eM(q | V),

which completes the proof.

3.6.4. Regular Elliptic Slopes We prove Theorem 3.5.10(4). It suffices to show that the

graded W-character of {2, is finite-dimensional, i.e., that
(3.6.12) [2]q € Ko(W)[al.

2mi
Write v = ™. By hypothesis, we can pick a e n -regular element w € W such that V¥ = 0.

e
By Proposition 3.3.10, B! € Brﬁ/ is a fractional twist of slope ', so by Theorem 3.5.10(3),

proved in the previous subsection,
(3.6.13) []q = 2N w anN(BI).

We are done by the following result proved in [106, §5]:

Theorem 3.6.3. If 3 € Brit, maps tow € W, then (1 —q dim V' s Nn(B) € Ko(W)lq].
w
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3.6.5. Cuspidal Slopes We prove Theorem 3.5.10(5). We will freely use the terminology

of Section 3.4.

Lemma 3.6.4. If C% = ™ then the C-defect of the principal C-block of HW(q%) is equal

to |1, (W)].

Proof. Observe that the Bott—Solomon formula (3.6.6) can be rewritten

(3.6.14) = [ ®n(g)i€IW)inldi]
n>1
where ®,, is the minimal polynomial of e% over Q. O]

Proposition 3.6.5. The (-defect of any (-block of HW(q%) is bounded above by I,(W).
Equality holds if and only if Dy(C) # 0. Moreover, if |I,(W)| < 1, then there are two kinds
of blocks:

1. Any block of defect 0 is a singleton. If ¢ belongs to such a block, then Dy(¢) = 0.

2. Any block of defect 1 is a line of characters ordered by a-value. If

(3.6.15) {00 >¢1> > dp1}

is such a block, then D¢j(() = (=1)7 for all j.

Proof. The only claim that does not follow from Theorem 3.4.3 and Lemma 3.6.4 is the claim

about generic degrees in case (2). Recall that, by definition,

s(1q) _
3(¢j,q) ql/2s¢1/2

(3.6.16) Dy, (¢) =

Work of Broué [16, §3.7] shows that such ratios of Schur elements at roots of unity are Morita
invariants of the block ideal. (Strictly speaking, Broué worked with group algebras, not

Iwahori-Hecke algebras, but see the footnote on page 286 of [20].) Thus, by Theorem 3.4.3(2),
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these ratios match the corresponding ratios for the Brauer tree algebra of type A,,_1. In this
way, we reduce to the setting where W = S, and v = % Here, we have ¢; = AJ (V), so it

remains to show that

(3.6.17) Dyjry(em) = (—1)7.

Let w be an e%-regular element of W. By Remark 3.7 in [56], the right-hand side above
equals tr(w | A7(V)). By Property 3.2.2 and Theorem 3.3.8, the left-hand side also equals
tr(w | AJ(V)). O

We return to the proof of Theorem 3.5.10(5). For cuspidal v, we can combine part (3) of

Theorem 3.5.10 with Proposition 3.6.5 to arrive at:

(3.6.18) lg= > D (=DIA6)g,

r={¢}}; J

1
where the outer sum runs over (-blocks of Hyy(q2) of defect 1.

To conclude, we must show that the inner sum on the right-hand side simplifies to
[Lu(9§)]q, where @ is the element of greatest a-value in the block I'. This follows from the

result below, which is itself a corollary of Theorem 3.5.5(2).

Theorem 3.6.6. Suppose that {¢pg > ¢1 > -+ > dp—1} is a (-block of HW(q%), ordered by
a-value. Then, in Oy, there is a “Bernstein—Gelfand—Gelfand” resolution of L, (¢g) of the

form
(3.6.19) Ay(dp-1) = -+ = Ay(P1) = Ap(do) — Lu(dg) — 0.

In particular, we have

(3.6.20) Lo(do)lg= > (1Y [Au(e))lq

0<j<n—1
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in Ko(W)]al-

Remark 3.6.7. We believe that the first appearance of this theorem in the literature is [93,

Thm. 5.15]. The type A case was used much earlier, in [9].

3.6.6. Proofs of Corollary 3.1.7 and Theorem 4.8.8 There are only two cases where
W is an irreducible Coxeter group, v is a cuspidal slope, and there is a (-block of HW(q%)
of defect 1 besides the principal block. Namely, W must be of type Eg or type Hy and the
denominator of v in lowest terms must be 15.

In these cases, there is one other (-block of defect 1 and its element of greatest a-value
is the character of V, assuming as before that VW = 0. We refer to these as the two
exceptional cases. Theorems 3.1.4-3.1.6 now imply the following, more complete version of

Corollary 3.1.7:

Corollary 3.6.8. If W is irreducible and v is cuspidal, then:

(3.6.21) (g = [Lv(D]g + [Lv(V)lg (W,v) is exceptional

[Ly(1)]q else

in Kog(W)[q]. In particular, the right-hand side is finite-dimensional.

Remark 3.6.9. This statement also recovers the observation of Bezrukavnikov-Etingof [11,
Rem. 3.31] that for irreducible W and cuspidal v, the only finite-dimensional simple At
modules are those appearing on the right-hand side of (3.6.21).

Remark 3.6.10. If W ~ W' x W" and V! ~ V' @ V", such that V' and V" are realizations

of W/ and W, respectively, then:

o |L(W)| = |L,(W")|+ |I,(W")|, where the right-hand side is defined in terms of V' and
V" rather than V.

o Category O for the rational Cherednik algebra of W is the tensor product of the

corresponding categories for W/ and W”.
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Using these facts, Corollary 3.1.7 can be generalized to any pair (W, v) such that v is cuspidal

with respect to each irreudcible factor of W.

To conclude, we explain how to get the Gorsky—-Oblomkov-Rasmussen—Shende identity

(Theorem 4.8.8) from Corollary 3.1.7. For W = S, we see that

(3.6.22) r=n-—1,

(3.6.23) N =n(n-1)/2.

The (m, n)-torus knot is the planar closure of a fractional twist 5 € Br+W of slope v = .

Since n is the Coxeter number of Sy, it is cuspidal. We obtain:

(3.6.24) 18| =m(n—1),

(3.6.25) [Ly(D]q = g

= (¢72)" D=1 ann(B).

Finally, we have the following comparison from [105] between the annular character and the

HOMFLY polynomial in variables q% and a:

Theorem 3.6.11. For all § € Bry, we have
(3.6.26) nomrLy(B) = (g 2a) P ST (—a?)i(AT, ANN(B)), .

0<ilr

where A' = Ai(V) is the Specht module associated with the ith hook partition of n.
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Chapter 4

Algebraic Braids and the Springer Theory of Hitchin Systems

4.1 Introduction

The origin of this paper is a striking relationship between algebraic geometry and the theory
of knots and links. We will situate both sides within the gestures of representation theory. In

doing so, we will introduce some conjectures that relate:

1. Symmetries of affine Springer fibers and Hitchin fibers [115].

2. Categorified trace functions on Artin braid groups, introduced in our paper [105] and

inspired by HOMFLY-type link invariants [41, 62].

Crucial to the statements is the notion of an algebraic braid, which we introduce to pin
down the Artin braids that arise from algebraic geometry. Our results from [106, 107] will

allow us to obtain some evidence for our conjectures.

4.1.1. At the risk of anachronism, we start with the representation-theoretic motivation for
our work.

Let G be a complex semisimple group with Lie algebra g and Weyl group W. Fix a Borel
B C @G, so that B = G/B is the flag variety of G. Each element v € g(C) induces a vector

field on B, whose fixed-point locus is the projective variety
(4.1.1) By={gBecB:vy¢c Lie(¢9Bg~ M}

Springer discovered [102] that W acts on the (Betti) cohomology H*(By, C), and moreover,
that these graded representations of W bear application to the unipotent representation
theory of G. The varieties B, are now called Springer fibers.

We are interested in the loop analogue of Springer’s construction. Below, we let D =

Spec C[w], the infinitesimal disk. Let n = D\ 0 = Spec C((w)) and 7 = Spec C((w%)) At
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the level of points, the loop group of G is defined by LG(C) = G(n). The Borel subgroup
B C G lifts to an Iwahori subgroup I C LG, in terms of which the affine flag variety of G is

the infinite-dimensional quotient
(4.1.2) Flg = LG/1.

To get an analogue of Springer’s construction, let g C g be the locus of regular semisimple

elements. Kazhdan—Lusztig showed [60] that if v € g(D) N g™(n), then
(4.1.3) Flp,=1{91€ Flg:v € Lie(gIg~H)}

is a nonempty finite-dimensional scheme, now called an (Iwahori) affine Springer fiber. It
need not be of finite type, and in general, its geometry is richer than that of the non-loop
case. Lusztig showed [75] that the affine Weyl group of G acts on H*(Flp ,, C).

It will be convenient to set ¢ = g / G and ¢° = g*® / G. The natural map g — ¢ sends ~
to an element f € ¢(D) N ¢°(n). Up to isomorphism, Flig - only depends on f.

At the same time, f defines a conjugacy class in the étale fundamental group of ¢°: namely,
ét

the class of the image of 1 under Z ~ n$*(n) — n{*(¢°), which we will denote

(4.1.4) %] € w{* ().

We emphasize that [ﬁfct] is far coarser than a as an invariant of . We therefore ask:

Question 4.1.1. To what extent is the affine Springer fiber Fip -, or at least its topology,

encoded in the conjugacy class [ﬁ?t] C m$t(c®)?

Suppose that f : D — ¢ can be extended to a map from a curve into ¢. Then we can
extend f(n) to an unbased topological loop in the analytification of ¢°. As a consequence,

[Bjéct] is the image of a specific conjugacy class in the topological fundamental group of (¢°)?".
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To denote it, we simply omit the superscript:

(4.1.5) (B¢ € m1((c®)™).

The group 71 ((¢°)?") is very well-studied. By theorems of Brieskorn and Chevalley, it is

isomorphic to the Artin group of W: an infinite group
(4.1.6) Bryy — W,

whose defining relations generalize those of the braid groups studied in geometric topology.
Indeed, if W = Sy, then Bryy = Bry,, the classical braid group on n strands.

We will refer to the elements of Bry as Artin braids. Those that have the form j, for
some map f : (D,n) — (c,¢°) will be called algebraic. As it turns out, this notion only

depends on W, not GG. A subsidiary question that we defer to the future is:

Question 4.1.2. What are the algebraic Artin braids for a given W?

4.1.2. As an initial answer to Question 4.1.1, we will use a formula of Bezrukavnikov [10] to
show that the dimension of Fp ., only depends on [3f]: See Theorem 4.6.4.

As a more comprehensive answer, we present a suite of conjectures that relate the
cohomology of affine Springer fibers to homological invariants of algebraic braids.

To describe the latter, let Ko(WW) be the ring of virtual representations of W. In [105],

we constructed a class function on Bryy called annular braid homology, taking the form
(4.1.7) AH : Bry — Ko(W)[q2][t).

Its existence was motivated by knot-theoretic ideas. Recall that a link is a closed 1-manifold
(tamely) embedded in a 3-manifold; it is a knot iff it is connected, i.e., a circle. We showed

that when the elements of Bry are topological braids, AH can be used to reconstruct the
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isotopy invariant of links in 3-space known as Khovanov—Rozansky homology [62, 61].
In this paper, we need a slight variant of AH. First, let X be the character lattice of the
root datum of G, so that X¢ = X ® C is a representation of W. If the map Bryy — W

sends  — w, then we set r(w) = dim (X¢)* and

o \rw) 1
(4.1.8) %H(5)=<11+3t> AH() € Ko(W)[gb. 1]

In [105, §4], we showed that the specialization

(4.1.9) AH(B)]1——1 = AH(B) |11,

which we called the annular character of 53, is a rational function of q. In [106, §5], we
showed that r(w) is the order of its pole at g = 1.

We would like to compare H*(Flp , C) and 2H(3y) as representations of W. Roughly,
we expect that the t-grading on 2H(8f) corresponds to the weight grading on H*(Flp , C).
However, to obtain a correspondent of the g-grading on AH(S,), it turns out that we must
pass from the environment of the local field C((w)) to that of the global field of functions on
a proper curve.

In 1987, in his work on Yang—Mills theory, Hitchin introduced [55] an algebro-geometric
integrable system depending on a semisimple group G, a smooth projective curve ¥, and a

line bundle L — ¥ (originally, the cotangent bundle Ty — X):
(4.1.10) h: M(G, X, L) = AG, %, L).

The base A is a weighted vector space, and the total space M is a moduli space of decorated
G-bundles over ¥, known as Higgs bundles. The generic fiber of the map h is roughly a
(stacky) abelian variety; other fibers can be highly singular. Maps of this form have found

broad application across complex algebraic geometry and representation theory, including the
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solution of the Langlands—Shelstad Fundamental Lemma by B.-C. Ngo in 2008 [87]. One of
the innovations of Ngd’s proof is a homeomorphism between a Hitchin fiber and a product of
(spherical, rather than Iwahori) affine Springer fibers, up to the action of certain commutative
group stack on both sides.

Fix a basepoint 0 € X(C). We will work with a parabolic version of M, denoted

(4.1.11) M =M(G,%,L),

that classifies Higgs bundles that are further decorated with a B-flag at 0. As explained in
Section 4.5, each point a € A(C) defines a section of a certain ¢-bundle ¢;, — 3, and in a

neighborhood of 0, the section restricts to a map
(4.1.12) ag : D = Spec @2’0 e

Assuming ag sends 7 into ¢°, a mild generalization of Ngd’s product formula [113, §2.4] relates
the (parabolic) Hitchin fiber M, to the affine Springer fiber F IB,~ whenever ag € ¢(D) lifts
to v € g(D). Moreover, there is an affine Weyl action on H*(M,, C) compatible with the
action on H*(Flp -, C), as shown by Z. Yun [113]. In a slogan, the Hitchin fiber is the
analogue of the affine Springer fiber when the curve ¥ replaces the disk D.

The advantage of M, is that its cohomology admits a perverse filtration P, defined
in terms of h via the machinery of perverse sheaves [4]. We expect that the g-grading on
AH corresponds to the P-grading on the associated graded vector space Grf H*(Ma). As
we explain later, a similar perverse filtration on the moduli space M is known to play an
important role in the “nonabelian” Hodge theory of >.

In Section 4.7, we gather our conjectures relating the cohomology of Hitchin fibers and

annular braid homology. The main conjecture is:
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Conjecture 4.1.3. If a is a C-point of the anisotropic locus of A (see Section 4.5), then

(1113) X () Fgih P oV H (WMa)s = AH(Ba0) - [T (LAH(G00)) ",
ia.jak veEan\O

where both sides are viewed as elements of KO(W)[[q%,t]]. In detail,

o H*(My)g is the stable summand of H*(My) in the sense of Ngé’s work [S7, §6].
o P—, and W<, are the (compatible) perverse and weight filtrations on H* (M) st

e g is the genus of the smooth projective curve 3.

e Baw € Bryy is the algebraic braid, up to conjugacy, attached to the map
(4.1.14) ay: D =5 Spec Oy, & .

Here we use the fact that if a is anisotropic, then ay, sends n into ¢°.

o (1,2AH(Baw))w € Z[[q%,t]] is the bigraded dimension of the space of W -invariants of
QlH(ﬂa,'U>.

o The notation Hvezan\o (—)dx(v) denotes a product integral over the underlying complex-

analytic space of ¥\ 0, i.e.,

(4.1.15) 11 (—)dX(v):exp o log (=) dx,
pexan\ =20

where dx is the Lebesque measure defined by Euler characteristic (see Section J.7).

4.1.3. At this point, we discuss the history that inspired our conjectures, and situate the

results of the paper in this context.
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Links of Plane Curves At the turn of the twentieth century, Wirtinger observed [37]
that the study of topological links is closely intertwined with the study of complex algebraic
functions. If C' is a locally-planar algebraic curve, possibly singular, and p € C'(C), then in a

local chart, the intersection of C' with a small 3-sphere around p is a link
(4.1.16) Aop=S>noMmcC s,

For instance, if p is the cusp of y2 = 23, then Ac,p 1s a trefoil knot.

The Hilbert scheme of C' is roughly a space Hilb(C') whose points parametrize the finitely-
supported subschemes of C. At the beginning of the past decade, Oblomkov and Shende
conjectured [89] a remarkable numerical identity relating the topology of Hilb(C') with the
links A¢ ), as the point p runs over the singularities of C. We give the precise statement in
Section 4.8. It involves a link invariant called the HOMFLY series, discovered independently
by several mathematicians building on work of Jones [41, 56]. Some years later, in joint work
with Rasmussen [88], Oblomkov—Shende proposed a refinement involving Khovanov—Rozansky
homology, which categorifies the HOMFLY series.

The original Oblomkov—Shende conjecture, an identity in variables q% and a, was proved
by Maulik [80], building on work of Diaconescu-Hua—-Soibelman [29] that recasts Hilb(C) as
a moduli space of framed sheaves on a Calabi—Yau variety. Maulik’s proof uses Donaldson—
Thomas theory and skein theory to induct on the sequence of blowups that resolve each
singularity of C'. Ultimately, he reduces to the case where C' = {y" = 2™} for some m,n,
which can be checked by hand combinatorially. This proof does not seem to generalize to the
Oblomkov—Rasmussen—Shende (ORS) conjecture, an identity in variables q%, a,t.

In an unpublished research statement [94], Shende proposed a radically different approach
to the ORS conjecture, based on interpreting Hilb(C') in terms of Hitchin systems. First,
observe that if C'is singular, then its Jacobian is no longer an abelian variety; but as long

as C' is integral and projective, its Jacobian admits an integral, projective compactification
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Jac(C) [1], equipped with a generalized Abel-Jacobi map

(4.1.17) Hilb(C') — Jac(C).

It is essentially an observation of Hitchin [55] (see also [2]) that when G’ = SLj, and ¥ = P!,
well-behaved fibers of the Hitchin map for (G, X, L) are stacky versions of these compactified

Jacobians. Namely, each anisotropic point a € A(C) defines a branched n-fold cover

(4.1.18) Yy — 2

embedded in L, known as the associated spectral cover, such that My ~ Jac(X,) up to
stackiness. In this situation, the Abel-Jacobi map lets us relate the cohomology of Hilb(3,)
to the cohomology of Mg, as explained in [81, 84].

Altogether, the Oblomkov—Rasmussen—Shende conjecture becomes an identity relating
the cohomology of Hitchin fibers for SL;, and the Khovanov-Rozansky homology of certain
links. It is explained in [50, §9] that to incorporate the variable @ correctly, we must replace
H*(M,) with a sum of certain Sy-isotypic summands of H*(M,).

In Section 4.8, we show that the (G, %) = (SLy,, P1) case of Conjecture 4.1.3 specializes

to the ORS conjecture once we restrict to such isotypics. The proof uses the comparison

between annular braid homology and Khovanov—Rozansky homology established in [105, §7].

Nonabelian Hodge Theory For general G, a significant feature of the moduli space
M(G, %, TEV) is the nonabelian Hodge correspondence, established in the 1980s principally by
Corlette, Donaldson, and Simpson [98]. This theorem asserts that there is a transcendental
homeomorphism between the so-called semistable locus of the Hitchin moduli space and the
moduli space of G-local systems over ¥, also known as the character variety or Betti moduli
space of (G,Y). It can be viewed as a multiplicative analogue of the comparison between

Dolbeault and Betti cohomology in the classical Hodge theory of .
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The effect of the homeomorphism on cohomological structure is especially mysterious.

The P = W conjecture of de Cataldo-Hausel-Migliorini [22] says it should identify:

perverse filtration on Hitchin side <>  halved weight filtration on Betti side.

In [94], Shende speculated that the ORS conjecture would follow from a “wild” variant of the
P = W conjecture for SL;, (or an isogenous group). Since then, he and his collaborators have
proved theorems that relate the virtual weight polynomials of wild character varieties to the
HOMFLY series of certain links [95, 96].

We only discuss a portion of their work. There is a map

(4.1.19) B 0(B)

from positive Artin braids § (see Section 4.3) to G-varieties over B x B, originally due to
Broué-Michel [17] and Deligne [27]. It takes braid compositions to fiber products over B up
to fixed isomorphisms. Let act : B x G — B x B be the action map, and let é(ﬁ) be defined

by the cartesian square:

O(B) O(B)
(4.1.20) l l
BxG—" > BxB

As explained in [96], the quotient stack G\O(f) is a moduli space of decorated G-local

systems. For example, if 1 € Bryy is the identity, then the composition

(4.1.21) O(l) = BxG—=G

is the Grothendieck-Springer resolution of G, and the quotient G\O(1) classifies G-local

systems over a circle with a B-flag at a basepoint.
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For W = S, we know that Bry = Bry and 3 can be viewed as a topological braid. By
closing up /3, we get a link in 3-space. In this setting, Shende-Treumann—Zaslow showed [95]
that the virtual weight polynomial of the fiber of G\O(8) — G\G over 1 forms part of the
HOMFLY series of the link.

For general W, consider the Steinberg-like variety
(4.1.22) SHB) =U xg O(1) xg O(p),

where U is the unipotent locus of G. In [106, §3], we proved that up to a sign, the annular
character of § defined by (4.1.9) matches the virtual weight series of the stack G\St(5),
equipped with the W-action it inherits from the Grothendieck—Springer map. Via Springer
theory, this result refines Shende-Treumann—Zaslow’s.

In Section 4.9, we use our theorem to show that Conjecture 4.1.3 would imply numerical
P = W identities of a new kind. Suppose that [, o] admits a positive representative and
some other restrictive conditions, discussed in §4.7.3, apply to |5q.| for all v # 0. Then the

t — —1 limit of the conjecture would imply

(4.1.23) 3 (-1)'q! Gr} H'(Ma)s = £(1 - q)Ve 3 (~1)iqt GV HL(G\SK(5u0))
1,] L]

Na essentially encodes the contribution

for some integer V. The normalization factor (1 — q)
from the abelian part of Ngo’s Picard stack (see Section 4.5). The identity above is equivariant
with respect to Springer-type actions of W on both sides.

Keeping the hypotheses above, let v € g(D) be a lift of ag : D — ¢. If ~ is elliptic (see
Section 4.4), then F IB,q 1s a proper variety. In this setting, the Ngo—Yun product formula

lets us replace the left-hand side of (4.1.23), up to the normalization factor, with a series

(4.1.24) S (1! Gif HY(Flpg )
ij
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for some summand H*(Fip ,)st € H*(Flp ) and filtration P<, on H*(Flp ,)st. We expect,
but do not know how to prove, that this filtration is intrinsic to Flg .

Suppose further that v is topologically nilpotent. In the Grothendieck ring of varieties,
we can decompose Flp - into a linear combination of Springer fibers Be, as e runs over
representatives of the nilpotent orbits of g. Based on the conjectural purity of affine Springer
fibers, we speculate that we can thereby decompose (4.1.24) into a Z[q]-linear combination

of total Springer representations

(4.1.25) > q'H%(B).

Significantly, we showed in [106] that the right-hand side of (4.1.23) admits an analogous
decomposition, albeit stated in terms of the unipotent orbits of G. Recall that there is a
G-equivariant isomorphism between the nilpotent locus of g and the unipotent locus of G.
This observation suggests that our putative P = W identities are compatible with, i.e., factor
through, the simultaneous decomposition of Flp , and G\St(Ba,0) into Springer fibers. We

refer to Section 4.9 for further details.

Rational Cherednik Algebras For any v € C, the rational Cherednik algebra or rational
double affine Hecke algebra (DAHA) of W of central charge v is an associative algebra AL,

given by a certain quotient map
(4.1.26) ClW x (Xg ® X&) - ALt

Its representation theory closely parallels that of a semisimple Lie algebra. In particular, it
admits a “category O” of well-behaved modules [45]. Independently of v, the simple objects
of category O are parametrized by the irreducible characters of W. We will denote the simple,

resp. Verma, object that corresponds to the trivial character by L, , resp. M.
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Each object M € O defines a graded W-character. For our purposes, it can be denoted

N

(4.1.27) [M]q € Ko(W)(q2).

The construction of M, essentially shows that

(4.1.28) (My)q = g7V 3 ¢’ Sym’ (X ),
>0

where r = dimV and N = dimB. On the other hand, one of the basic problems in the
representation theory of A is to determine [Ly]q.

If v ¢ Q, then the simple objects and the Verma objects of category O coincide. If v € Q,
then the relation between simples and Vermas depends strongly on the denominator of v in
lowest terms. Notably, L, is finite-dimensional if and only if the denominator is a reqular
elliptic number in the sense of [109] (see also Section 4.11).

In [90], Oblomkov and Yun construct Al#-actions on the cohomology of parabolic Hitchin

fibers, or more accurately, on vector spaces of the form
(4.1.29) GrP HY 1 (Ma).

Above, M, is a special kind of Hitchin fiber that they call homogeneous of slope v. This
condition is highly restrictive: It essentially forces the underlying curve ¥ to be a weighted
projective line, while ensuring the existence of a certain Gy,-action on M,. The subscript
w = 1 indicates that we take the Gy,-equivariant cohomology of M, then specialize the
equivariant parameter w to 1. Oblomkov—Yun show that in the regular elliptic case, L,

appears as a summand of their construction.

Remark 4.1.4. As an A -module, GrP F—1(Mg) has an underlying graded W-character.

This grading turns out to coincide with its P-grading. Thus, our use of g in (4.1.27) is

consistent with our use of g in Conjecture 4.1.3.
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In Section 4.11, we combine Oblomkov—Yun’s work with our results from [107] to exhibit
infinitely many examples where the ¢t — —1 limit of Conjecture 4.1.3 holds. The key is to
observe that, in their setup, the algebraic braid 3, ¢ is conjugate to a fractional twist in
the sense of [107]. We proved in ibid. that if W is irreducible and the denominator of v is the
Coxeter number of W, then the annular character of 3, o matches [L;]q.

In type A, the resulting examples recover the cases of the original Oblomkov—Shende

conjecture where C' = {y" = 2™} and m,n are coprime integers.

4.1.4. Itinerary Here is a summary of what we do in each section.

Section 4.2 For a C-scheme U of finite type, we define algebraic loops in both the étale and
the topological setting. We explain how this notion relates to the classical notion of
algebraic links when U = Conf”(AI). In Proposition 4.2.12, we show the existence
of a special class of algebraic loops, which we call fractional loops, essentially when U

admits a free G,-action.

Section 4.3 We introduce the Coxeter group W. We review the Artin group Bryy and its
topological interpretation as m1((c°)®") via Brieskorn’s theorem. Then we define an
algebraic braid for W as a c-algebraic loop in ¢°. Fractional twists, e.g., roots of the full
twist, are fractional loops, hence algebraic. Simple twists are algebraic braids arising
from disks transverse to the discriminant locus. In Theorem 4.3.12, we essentially
show that the writhe of an algebraic braid equals the intersection number between
its associated disk and the discriminant. The argument prefigures much of the global

geometry we introduce later in Sections 4.5-4.6.

Section 4.4 We introduce the reductive group G and its loop version. We review finite and
affine Springer theory, including the interpretation of affine Springer fibers as moduli of

decorated G-torsors.

Section 4.5 We introduce the base curve Y. Following Ngo and Z. Yun, we review the
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Hitchin fibration, its parabolic variants, and its relation to finite and affine Springer
theory. In the last section, we introduce the bigraded virtual character of W on the

left-hand side of Conjecture 4.1.3.

Section 4.6 We prepare the ground to state our conjectures. First, we explain how a
point of the Hitchin base gives rise to a collection of algebraic Artin braids. Next, by
combining Theorem 4.3.12 with formulee of Bezrukavnikov and Ngo6, we show that the
local and global d-invariants of Hitchin fibers can be expressed entirely in braid-theoretic
terms: See Theorem 4.6.4 and Corollaries 4.6.7 and 4.6.9. Finally, we discuss the

technical adjustments needed to extend our ideas to orbifold curves.

Section 4.7 To begin, we summarize the basics of annular braid homology from [105]. Then
we state several versions of our main conjecture, which relates the bigraded W-character
from Section 4.5 and the annular braid homology of the elements of the corresponding
collection of Artin braids. Conjectures A is the most general version. B is the version
from this introduction, while Conjectures C and D are useful special cases. Notably,

Conjecture D is a statement for affine Springer fibers rather than Hitchin fibers.

Section 4.8 We review the Oblomkov-Rasmussen—Shende conjecture in detail. We also
explain the reduction of the conjecture to a conjecture about parabolic Hitchin fibers
for G = SLj,, carried out in [50, §9]. In Theorem 4.8.9, we show that our Conjecture
C implies the ORS conjecture. The proof relies on a well-known identity relating the

Milnor number and J-invariant of a plane curve singularity:.

Section 4.9 We review the Broué-Michel varieties and Steinberg-like varieties attached
to positive Artin braids, following [105, 106]. We also review the formula we proved
in [106], expressing the annular character of 5 € Bryy in terms of the weight series
of a Steinberg-like stack, and a conjectural formula for the annular braid homology
of § itself. Via these formulee, our main conjectures imply identities that match (1)

perverse gradings on Hitchin fibers and affine Springer fibers with (2) weight gradings
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on Steinberg-like stacks. These are summarized in Propositions 4.9.4 and 4.9.5.
In the nil-elliptic case of Proposition 4.9.5, we deduce a surprising consequence for

substrata of affine Springer fibers, stated in Corollary 4.9.7.

Section 4.10 We introduce the degenerate affine Hecke algebra H and its rational degen-
eration A. Following Yun, we review how the bigraded W-character from Section 4.5
can be upgraded to a bigraded A-module. We speculate about a refinement of our

conjectures at the level of A-modules.

Section 4.11 We introduce the rational Cherednik algebra A;at O A. The work of
Oblomkov—Yun realizes certain A™'-modules in the cohomology of Hitchin fibers
and affine Springer fibers. By combining their work with our results from [107] and
Sections 4.2-4.3, we deduce Corollary 4.11.8: The t — —1 limit of our conjecture

holds for almost-simple, simply-connected G' and “Coxeter” fractional twists.

4.1.5. Acknowledgements This work was much inspired by ideas in Vivek Shende’s 2013
NSF proposal [94]. In addition, I warmly thank Ron Donagi, Victor Ginzburg, Eugene
Gorsky, Oscar Kivinen, Davesh Maulik, Benedict Morrissey, Andrei Negut, Bao-Chau Ngo,
Alexei Oblomkov, Cheng-Chiang Tsai, and Zhiwei Yun for helpful discussions.

During this work, I've received support from an NSF Graduate Research Fellowship (grant

#1746045) and benefited from workshops at MSRI and AIM.

4.1.6. Notation We work over C. We will write — / — to denote GIT quotients and —/—

to denote stack quotients in the fpqc topology. A curve is a 1-dimensional, reduced, separated

C-scheme of finite type. Later, we introduce orbifold curves, which have stacky structure.
A priori, all torsors are fpqc. If GG is any algebraic group stack, not necessarily affine, and

FE, X are stacks that admit actions of G, then we set

(4.1.30) ENC X = (E x X)/G.
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If £ — S is a G-bundle over some base S, then we can view F AG X as the associated bundle
over S with fiber X.

For any Artin stack X over C, we let Db(X ) be the bounded derived category of con-
structible complexes of sheaves over X. All constructible sheaves will be valued in C-vector
spaces. We always assume that the Grothendieck—Verdier sixz operations are derived. Thus we
write fx instead of R f, etc.

Let W<, denote the weight filtration on the (compactly-supported) cohomology of X.

The virtual weight series of X is defined by

(4.1.31) E(z | X) =3 (-1)iz*ar)V H (X, C).
ik

Thus, E(1 | X) = x(X), the Euler characteristic of X. In the course of the paper, we will

also introduce modifications of E(x | X).
4.2 Loops
X 1 1
4.2.1. Etale Loops We write C((w™>)) = Up>1 C((@n)). Let

(4.2.1) 1 = Spec C((@)),

1

(4.2.2) i = Spec C((@™)).

In the étale topology, we can view 7 as a point in the shape of a circle and 7 as its universal

cover. The étale fundamental group of n with basepoint 7 is

(4.2.3) i (n,7) = lim i,
n

where py, C C is the group of nth roots of unity and the inverse system is given by the

transition maps ¢ — (% : tnd — tn for n,d > 1. Since we are working over C, there is a
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2mi

canonical generator of l&nn fn, namely, (e n )y,. It allows us to identify W'lét(n, 7) with 7, the
profinite completion of the group of integers.
Let U be a connected scheme of finite type over C, and fix once and for all a basepoint

x € U(C). A map f:n— U induces a morphism of profinite groups:

(4.2.4) for Z= 7t (n, ) — 7S(U, £(7)).

Any étale path (i.e., isomorphism of fiber functors) from f(7) to x defines an isomorphism
from 7§ (U, £(7)) onto n$*(U, ). Any two such isomorphisms differ at most by conjugation.

So the element fy(1) € W?t(U , f(17)) gives rise to a well-defined conjugacy class
(4.2.5) 851 € (" (U, ).

If f is regarded as an unbased infinitesimal loop in U, then [ﬁjéct] may be regarded as the

isotopy class of this loop.

Definition 4.2.1. In general, we refer to conjugacy classes of W(ft(U ) as étale loops of U.

An étale loop is algebraic iff it takes the form [Bfit] for some map f:n — U.

Let D = Spec C[w]. We regard D as an infinitesimal disk with generic point 7. Let X

be another C-scheme of finite type, equipped with an open embedding U — X.

Definition 4.2.2. In the setting of Definition 4.2.1, we say that [ﬁ?} is X-algebraic iff we

can extend f:n— U toamap D — X.

Example 4.2.3. Let X = Al and U = Al \ 0. Then a map f :n — U is equivalent to an

element f# € C(w))*. We can extend f to a map D — X if and only if f# € C[w] \ 0.
We know that ﬂft(U ) ~ 7. Under this isomorphism, [ ¢ corresponds to the integer

valg (f #). Thus, the algebraic loops of U are the classes of the elements that come from

m(C*) =~ Z. The X-algebraic loops are those that come from Zx.
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Example 4.2.4. If X is proper, then by the valuation criterion of properness, “algebraic’
and “X-algebraic” are equivalent conditions on the étale loops of U. That is, X-algebraicity
is only interesting when X is not proper. As an extreme case: If U is itself proper, then the

only algebraic loop of U is the class of the identity.

4.2.2. Topological Loops Let (—)*" denote the analytification functor from C-schemes

of finite type to complex-analytic spaces. We have a morphism of groups:
(4.2.6) T (U 2) — 7S (U, z).

It induces an isomorphism 71 (U") ~ Wft(U ), where 71 is the profinite completion of 7.

Definition 4.2.5. We refer to conjugacy classes of 71 (U?") as loops of U*". We say that
a loop is algebraic, resp. X-algebraic, iff its image in ﬁft(U ) is contained in an algebraic,
resp. X-algebraic étale loop.

In future work, we will prove that every algebraic loop of U is the image of some loop of

UA", For the purposes of this paper, it is enough to consider the following situation:

Definition 4.2.6. Given a map f : (D,n) — (X, U), a model of finite type for f consists

of the following data:
1. A complex integral curve 3, not necessarily proper.

2. A nonsingular basepoint v € 3(C). We let D, = Spec @Z’v, the completed germ of X

at v.

3. A factorization of f as a composition
(4.2.7) D = Dy — ¥ — X,

where the first map is an isomorphism and the second map is the natural inclusion.
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We denote the model by (3, v). It will be convenient to let 7, and 7, be the images of n and

7, respectively, under the isomorphism D = D,,.

Lemma 4.2.7. If f: (D,n) — (X,U) admits a model of finite type, then [B?t] is the image

of a distinguished loop [ﬁf] that depends on f but not on the model.

Proof. We first show that to any model of finite type (3, v), we can attach a loop [By. ,] €
71 (U*) whose image in 7{'(U) is contained in [B¢]. We then show that [y, ,] does not
depend on (X, ).

Fix a small analytic disk D" C ¥2" containing v, and fix a basepoint 0 € D"\ v. Let 7

be the positively-oriented generator of m1(D*" \ v,0) ~ Z. Then, up to a choice of étale path

from 7, to o in 3 \ v, the following are conjugate:

1. The image of 7 under the composition

(4.2.8) D™\ v,0) = 71 (S \ v, 0) = #1(Z*\ v,0) = 7T\ v, 0).

2. The image of 1 € Z ~ Wf’t (n,n) under the composition
(429) ﬂ—fto’/v ﬁ) :_> ﬂ-ft(n’lh ﬁv) — ﬂ-%t(z \ v, ﬁ’U) :_> W(ft(g \ v, O)'

Let y be the image of o in U. Then, up to a choice of topological path from y to z, (1) and

(2) map into the same conjugacy class of W‘ft(U ,x). But the composition
(4.2.10) (D™ \ v,0) = 7$HZ\ v,0) = 7U, y) ~ 7{HU, 2)

factors through 71 (U, y) ~ 71 (U*", x), so the image of 7 in 71 (U*", x) defines a conjugacy
class [By; ,] € m (U™, z) whose image in m{(U, z) is contained in [szt].
Suppose that (¥/,v') is another model of finite type for f. We want to show that

[Bs:,0] = [Bsy 1] After shrinking ¥, resp. ¥, to a smaller neighborhood containing x, resp.
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7', we can assume that both schemes embed into X. Then v = v/. We find that (X NY/ v) is

again a model of finite type for f and that By, ,] = [Bynsy o] = [Byy ,)- O
Remark 4.2.8. Following [40, 178-179], a discrete group II is said to be:

1. Residually finite iff the profinite completion map I — I is injective.

2. Conjugacy separable iff the map from conjugacy classes of 11 to those of Il is injective.

Property (2) is strictly stronger than property (1).

A priori, we do not know that 71 (U?") satisfies either property. In other words, there
could be multiple loops of U?" that map to a given étale loop of U. The purpose of Lemma
4.2.7 is to allow us to pick out topological loops without ambiguity when we have a model of

finite type.

Example 4.2.9. Let X = Sym”(A!) and U = Conf”(A!). The C-points of X parametrize
the length-n divisors of Al, and the C-points of U parametrize the divisors where no point

occurs with multiplicity. The universal spectral cover is the hypersurface

(4.2.11) CCXxAl

such that for all closed = € X, the fiber C; C Al is the divisor corresponding to x.
We can describe C more rigorously as follows. Fix coordinates A" ~ Spec Clz1,. .., zp]

and Al ~ Spec C[z]. We have X ~ A" // S, so by Chevalley’s restriction theorem (stated

more generally in Section 4.3), we have X = Spec Clo1, ..., 0y], where o; is the ith symmetric
polynomial in x1,...,x,. Now, C is given by
(4.2.12) Mo b o124 0, =0

in these coordinates on X x Al
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Observe that C — X is an n-fold cover, unramified over U. Given a map f : (D,n) —
(X, U), we can pull back C along f to obtain an n-fold cover D § — D embedded in D x Al

and unramified over 7:

C— X xAl Dy —— D x Al
(4.2.13) J — l
X D

Conversely, any n-fold cover of this form is the pullback of C — X along a unique map

(D,n) — (X, U). Explicitly, if D is given by
(4.2.14) M tay (@) a1 (@) 4+ an = 0,

then f: D — X is given by f(0;) = a;(w).

Suppose that f admits a model of finite type, say (X, v). The cover Dy — D extends to
a cover ¥y — ¥ embedded in X X Al possibly after we shrink the model. Let D3 C yan
be a small analytic disk at v, and let v be a loop that represents the positive generator of
71 (D? \ v). Then the restriction of the cover E?cn — 2 to 7 is an unramified n-fold cover

Yf — 7, where 7 is contained in the annulus
(4.2.15) Ow = (D™ \ v) x C.

We may regard 7y as the annular closure of a topological braid on n strands.

Let Bry, be the n-strand braid group. The annular closure of a braid determines and
is determined by its conjugacy class in Bry, i.e., they are equivalent data. At the same
time, Bry, is isomorphic to w1 (U?") = 71 (Conf™(C)), essentially by definition. Under this

equivalence, the annular link vy C Oy corresponds to the conjugacy class 8 f] C Bry,.
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4.2.3. Algebraic Links If ¢ C A2 is a plane algebraic curve and p € C(C) C C2, then

the link of C' in any 3-sphere centered at p is defined by:
(4.2.16) Aop=8*nC™C s,

If the radius is small enough, then the isotopy class of A, does not depend it. The links in
3-space that arise this way are called algebraic links [36, 67]. Using Example 4.2.9, we will
explain how this notion inspires the notion of an algebraic loop.

In the example, the curve % is embedded in 3 X Al so it is locally planar. Suppose
that the fiber of X above v consists of a single point, say v itself, and let Ay = )‘Zf,v with
respect to a fixed 3-sphere at v. Then Ay is contained in the annulus Oy, possibly after we
shrink the 3-sphere further. By pushing Ay around horizontally, we can isotope it within Ow
to coincide with 7. Altogether, A is the planar closure of the annular link 7¢, a fortiori of
the braid Sy.

We refer to [36] for the definitions of the knot-theoretic terms that follow. If the plane
curve germ Dy = Spec (’52 X is unibranch, i.e., irreducible, then Ay is an iterated torus knot
and its structure can be read off from the Newton-Puiseux expansion of D by the procedure

described in Appendix A of [36]. To wit, suppose that

~ e €2 er
(4.2.17) Os,p = Clm,@® + @® + -+ @hdrir],

where each fraction e;/(didg - - - d;) is in lowest terms and
(4.2.18) dy < dydo < ---<dydo---dy =n.

Then the n-strand braid B; is the (dy, er)-cable of...the (dg,ez)-cable of the (d1, e1)-cable
of the identity braid. It follows that Af is the (dy, e}.)-cable of...the (d,eb)-cable of the

(d1, €})-torus knot in its blackboard framing, where €| = e; and e;+1 =e;411 +d;d;y1e; for
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all 1 > 1. We refer to loc. cit. for details.
We conclude that: The existence of Puiseur expansions for plane curve germs entails

strong constraints on the structure of algebraic loops in Conf™(Al).

4.2.4. Homogeneity In this subsection, we assume that:
o X and U are affine varieties.
o X is equipped with a G,,-action that restricts to a free action on U.

We write Gy, - = for the subscheme of U formed by the orbit of x € U(C), and C* - x for the
analytification of Gy, - x.
Let z be the image of x in the quotient stack U/Gy,. From the long exact sequence of

homotopy groups, we get the following exact sequence:
(4.2.19) 1= m(C*-z,2) = (U™, 2) = 7 (U™/C™, z)

Let 7 € m (U™), resp. 7€ € 7{"(U), denote the image of 1 € Z ~ 71(C* - z) in 71 (U),

resp. 7$t(U).

Definition 4.2.10. We say that a loop of U*" is fractional of slope 7 € Q iff it can be

represented by an element § € 71 (U*") such that § = o' and 7 = o™ for some «a € 71 (U").

We will show that fractional loops are algebraic, and furthermore, we will identify an
explicit construction for them. To this end, we introduce some notation and terminology
inspired by Oblomkov—Yun [90, §3].

Observe that 1 embeds into Gy, as the punctured disk at the origin. Thus, the action of
Gy, on itself by multiplication can be pulled back to a Gy,-action on 7. We consequently get

a (G x Gyp)-action on the space of maps n — U, given by

(4.2.20) (5,8) - f(w) =t~ fsw)
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for all (s,t) € G X Gy and f € U(n).!
For all 2% € Q, written in lowest terms, let Gy, (v) be the subtorus of Gy, x Gy, defined

by the exact sequence

(m,n)

(4.2.21) 022 —5Zd7Z~X(Gy x Gp) = X(Gp(v)) — 0.

(The assumption that 7 is in lowest terms ensures that Gy, (v) is reduced.)

Definition 4.2.11. We say that f € U(n) is homogeneous of slope v iff it is a fixed point

of the Gy, (v)-action on U(n).

Proposition 4.2.12. If f : (D,n) — (X, U) is homogeneous of slope v € Q, then f admits

a model of finite type and [B¢] C m (U™") (defined by Lemma 4.2.7) is fractional of slope v.

Proof. First, we establish the case where v = 1. Let v = f(0) € X(C), and let ¥ C X be the
subvariety of points that contract onto v under the Gy,-action. Then f factors through X.

We claim that (3, v) is a model of finite type for f:

1. Since ¥ intersects U and the Gy-action on U is free, we must have (2,v) ~ (A1, 0).

In particular, 3 is a curve.

2. Write D, = Spec @U,v' Then the map (D,n) — (U, U \ v) factors through
(4.2.22) (D, n) = (Dv, mv)-

That f is homogeneous of slope 1 means that (4.2.22) is equivariant with respect to the
G,-actions on D and D,. This forces the degree of the map n — 7, to be one, which

in turn forces (4.2.22) to be an isomorphism.

To finish the proof for v = 1, it remains to show [3¢] = [7]. Fix a basepoint o0 € ¥(C) \ v, so

that 3\ v is the Gy-orbit of 0. Up to a choice of topological path from o to z, the loop [3]

1. More rigorously, the (G, x G,,)-action is defined on the loop space LU, where LU(R) = U(R(w)))
for all C-algebras R, cf. §4.4.3. Here, however, we only use the C-points of LU.
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defined by Lemma 4.2.7 can be represented by the image of 1 € Z under

(4.2.23) Z ~ 1 (C* -0,0) = 71 (Z* \ v,0) = 7 (U™, 0) =~ 7 (U™, z).

Since the Gy,-action on U is free, this element is conjugate to the image of 1 € Z under
(4.2.24) Z~m(C* zz)— m (U™ 1),

giving [Bf] = [7] as desired.

Next, we establish the case where v = % Consider the composition of maps

n

(4.2.25) g: (D) L o Lo xL o,

where the first arrow is the branched n-fold cover of D by itself. Then ¢ is homogeneous of
slope > = 1. So by our preceding work, g admits a model of finite type (X, v) ~ (Al, 0), and
moreover, [34] = [7]. The n-fold cover (—)" : D — D extends canonically to an n-fold cover
(=)™ : ¥ — X, given in coordinates by the same nth-power map. It follows that we can fill in

the dashed arrow in the commutative diagram below:

(D,n)
(4.2.26) l |

Thus, f also admits a model of finite type of the form (X, v) ~ (Al, 0), and by construction,
[6%] = gl
m

Finally, we consider the general case v = 7. We claim that there is a map g : n — U

such that g admits a model of finite type and [3f] = [34'] and [r] = [3]]. Without loss of
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generality, assume m and n are coprime. We have
(4.2.27) f(t"wm) =t"- f(w)

for all t € C*. After choosing coordinates on the affine variety U, we can express this
condition in terms of a collection of power series that define f. Then, by coprimality of m
and n, we see that it can hold only if f(w) is not just given by power series in w, but by

ower series in w’. That is, we can factor f as a composition
b

m

(4.2.28) £, 25 (0 % (x0)

for some g : n — U. By construction, g is homogeneous of slope %, so by the previous case, it
admits a model of finite type (X,v) ~ (Al,0) and furthermore satisfies [84] = [7]. By pulling
back (3, v) along the m-fold cover (=) : D — D, we get the model of finite type for f and

the identity [37'] = [Bf], finishing the proof. O

Example 4.2.13. Fix coprime integers m,n > 1. The plane curve C C A2 defined by
(4.2.29) y"t ="

is smooth at the origin when at least one of m or n equals 1, and has a cusp at the origin
otherwise. Projection on the z-coordinate defines an n-fold cover C' — A! ramified over
0, so in the notation of Example 4.2.9, there is a map f : D — Sym"™(A!) for which the
cover Dy — D is isomorphic to the cover Spec @C,O — Spec @Al,O' In the coordinates on
Sym™(Al) discussed there, we have f(oy,) = @™ and f(o;) = 0 for i < n.

We observe that C' contracts to the origin under the Gy,-action defined by

(4.2.30) te(z,y) = "z, t"y).
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The existence of this action corresponds to the fact that f is homogeneous of slope 7.

4.3 Artin Braids

4.3.1. The Group W Let (W, S) be a finite Coxeter system. That is, W is a finite group
generated by S modulo relations of the form (s¢)™(5) = 1, where m(s,s) = 1 and m(s,t) > 1
for all s,t € S. We write | — | : W — Z> for the Bruhat length with respect to S.

Let {Bs}scg be a copy of the set S. The Artin group of (W, 5), denoted Bryy, is the

group freely generated by the elements 55 modulo the relations

m(s,t) terms  m(s,t) terms

ﬁsﬂtﬁs = 5tﬂsﬁt to

(4.3.1)

for distinct s and t. There is a surjective morphism Bryy — W that sends s — s. Its kernel,
denoted PBryy, is generated by the elements 53 for s € S. We refer to elements of Bryy,
resp. PBryy, as Artin braids, resp. pure Artin braids. The elements s are sometimes

called simple twists.

Example 4.3.1. If W = S,, and S is the set of transpositions (i i + 1) fori=1,...,n—1,
then the pair (W, S) is a Coxeter system. The Artin group Bryy is isomorphic to Bry, and
the map Bryy — W sends a topological braid on n strands to its underlying permutation.

The kernel is the subgroup of pure topological braids, usually denoted PBry,.

The positive Artin monoid is the submonoid Bra/ C Bryy generated by the elements
Bs but not their inverses. If g € Br?/{,, then every sequence (si,...,sy) of elements of S
such that 3 = fs, --- s, has the same length |3|, known as the writhe of 5. The map
s — (s extends to a set-theoretic section w +— [, of the morphism Brﬁ, — W, uniquely

characterized by the following properties:

1. |Bw| = |w| for all w € W.
2. If Jwiwe| = [wi| + |wa], then Buwiws = Bwi Buws-
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Brieskorn—Saito [15] and Deligne [25] showed that Bryy is isomorphic to the group completion
of Bra/, so the writhe function extends uniquely to a map | — | : Bryy — Z.
Let wg € W be the longest element with respect to Bruhat length. The full twist of

Bryy is the positive braid m = 6300 € Brﬁ/. Since w% =1, we know that = € PBryy.

4.3.2. Brieskorn’s Theorem Let t be a realization of W, meaning a faithful and finite-

dimensional complex representation on which S acts by reflections. Let
(4.3.2) c=t/ W

The Chevalley—Shephard—Todd theorem states that ¢ forms a vector space and the map t — ¢
takes the dilation action of G, on t to a weighted action of Gy, on «¢.
Let ¢® C ¢ be the unbranched locus of the cover t — ¢, and let t© C t be the preimage of

¢®. The following theorem is essentially proved in [14]:

Theorem 4.3.2 (Brieskorn). We have an isomorphism of exact sequences:

1 PBryy, Bryy w 1
(4.3.3) : 2 I
L —— m ((t°)™) —— m((c)™") w 1

In particular, the groups w1 ((t°)?") and 71 ((c°)*") only depend on W, not on t.

Remark 4.3.3. For W = S),, Brieskorn’s theorem recovers the isomorphisms Bry ~ Bry, and

PBryy ~ PBry, in the following sense. Taking t = A" we find that:
1. ¢ = Sym"(C), the space of unordered n-tuples of points in C.
2. (¢°)*™ = Conf"(C), the space of unordered n-tuples of distinct points in C.

3. (°)*" = PConf"(C), the space of ordered n-tuples of distinct points in C.
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Now recall that Bry, = m1(Conf"(C)) and PBry, = m1(PConf”(C)).

Brieskorn’s theorem lets us characterize the full twist 7 topologically. Observe that the
G -action on t restricts to a free action on t°, so §4.2.4 applies to (X,U) = (t,t°). The

discussion in [18, §2] shows that:

Lemma 4.3.4. The isomorphism PBryy — 71 ((t°)™) in Theorem /.3.2 sends 7 to the
image of 1 € Z under the embedding Z ~ w1 (C*) — w1 ((t°)*") of §4.2.4.

Remark 4.3.5. For W = S, this lemma says that the full twist corresponds to the topological

braid formed by twisting a row of n strands through a full revolution.

4.3.3. Algebraic Braids Henceforth, we only study algebraic loops of the following form.

Definition 4.3.6. An algebraic braid for W is an element of Bry, whose conjugacy class

is a c-algebraic loop of (¢°)?", or, by abuse of terminology, the loop itself.

Example 4.3.7. For W = S),, the algebraic braids are precisely the elements of Br;, that can
appear in Example 4.2.9. That is, they are the topological braids that arise from branched

n-fold covers over a disk.

Remark 4.3.8. We may ask: Does Bryy have the properties listed in Remark 4.2.87 The
Artin group Bryy is known to be linear [30]. Hence, by a theorem of Malcev [40, 179], it is
residually finite. By contrast, it is an open problem whether Bry, is conjugacy separable,

even in the case where W = S, and n > 4.2

Fractional Twists In [107], we defined a fractional twist of slope ' € Q to be an
element 8 € Bryy such that o* = g and o' = 7 for some « € Bryy. From Lemma 4.3.4,
we infer that Brieskorn’s isomorphism Bryy — 71 ((¢®)2%) sends any fractional twist into a

fractional loop of (¢°)®" with the same slope. By Proposition 4.2.12, we conclude:

2. See https://mathoverflow.net/questions/237029/are-braid-groups-conjugacy-separable.
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Proposition 4.3.9. If f : (D,n) — (c,¢°) is homogeneous of slope v € Q, then the loop
[B7] € m1((c®)*) = Bry (defined by Proposition 4.2.12) can be represented by a fractional

twist of slope v.

Example 4.3.10. A Coxeter element of W is an element conjugate to a product of the
form sy --- sy, where s1,..., s, is an enumeration of the generating set S C W. The Coxeter
elements of W form a single conjugacy class [43, Thm. 3.1.4]. Their common order is called
the Coxeter number of W and denoted h. For instance, if W = S, then the Coxeter
elements are the n-cycles and h = n.

Prop. 4.3.4 of [43] shows that if W is irreducible, i.e., not a product of smaller Coxeter
groups, and w € W is a Coxeter element, then [, is a fractional twist of slope % It is
claimed in loc. cit. that the result extends to the reducible case, but this is not correct: If

W = S9 x S3, then h = 6 but the full twist is a braid of writhe 8.

Simple Twists and the Discriminant We will show that simple twists are algebraic as
well. To this end, define the discriminant divisor ® C ¢ to be the branch locus of t — ¢,

i.e., the complement of ¢°. For any map f : (D,n) — (¢, ¢°), we set
(4.3.4) Dy =fHD).

By definition, f is transverse to ® if and only if valz (D) = 1.

Lemma 4.3.11. If f: (D,n) — (c,¢°) is transverse to ©, then there exists s € S such that
Bs € Bryy ~ m1((¢°)*") maps into [ﬁfct] C 78%(c°). If, in addition, f admits a model of finite
type, then [Bf] = [Bs].

As preparation for the proof, we describe the irreducible components of @, following the
exposition in [18, §2].

Let Ref(1V) be the set of elements of W that act on t by reflections, or equivalently, the

set of all conjugates of elements of S. For each t € Ref (W), we can pick a root oy € tV, i.e.,
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a linear functional on t that cuts out the corresponding hyperplane. The conjugacy class

[t] € Ref(W) gives rise to a W-invariant closed subscheme, cut out by:
(4.3.5) I o2 =o0.
t'elt]

This subscheme descends to a divisor @[t] C c. It turns out that these divisors are precisely

the irreducible components of ©.

Proof of Lemma /4.5.11. In what follows, we will only write out the proof of the statement
about [/cht], as the statement about [3¢] does not use anything further.

For f to be transverse to ®, it must intersect only one of the irreducible components
of ®, say C‘D[t], and the intersection must occur at a nonsingular point f(0) € @m. At this
point, the pair (c, ’D[t]) can be locally modeled by (A", 0 x AT*I), where 7 = dim ¢, in the

sense of an isomorphism of pairs of germs:
(4.3.6) (Spec @c’f(0)7 Spec @@[ﬂ 7f(0)) ~ (Spec @Ar’o, 0 x Spec @Arfl,()),

In this way, we can reduce to the situation in Example 4.2.3. We deduce that up to conjugation,
B is a multiple of a generator of the monodromy around C‘D[t] at f(0). Transversality of f
means that it is conjugate to the positive generator. By the discussion preceding the proof,

the latter is conjugate to s for any s € S in the class [t] (see also [18, 142]). O
Theorem 4.3.12. If f : (D,n) — (c,¢°) admits a model of finite type, then [Bf| = valz D

Proof. We use a deformation argument that presages the geometry introduced in Section 4.5.
A number of objects in the proof will be studied more formally in that section.
Let (Xg,0) be a model of finite type for f, and let ¥ be a smooth compactification of ¥,

i.e., a smooth proper curve into which Y embeds. After choosing a line bundle L — 3 of
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high-enough degree, we can extend the map >y — ¢ to a section of the vector bundle
(4.3.7) ¢, =c®L.

We will denote the section by a : ¥ — ¢;,. It defines a C-point of the vector space of global
sections A =T'(X2, ¢).

Since ¢ and © are stable under the Gy,-action on ¢, they give rise to sub-bundles ¢7 C ¢y,
and ©; C ¢; with fibers ¢® and ®, respectively. Let AY C A be the dense open locus of

sections b : ¥ — ¢y, that send the generic point of ¥ into ¢7, or equivalently, for which
(4.3.8) 9, =b"1(D})

is a divisor on X. We note that a belongs to A@(C) because it sends 7y into ¢7. For all

be AY(C) and v € £(C), we can form a map
(4.3.9) by: D = Dy — ¢,

up to choosing a uniformization D ~ D, and a trivialization of ¢; in a Zariski neighborhood
of v. We will show in Lemma 4.6.1 that the algebraic braid [3;, ] C m1((c®)*") is well-defined
for all (b, v).

Let D3 C Y2 be an analytic disk at 0, small enough that 0 is the only point of ©, N D™,
Using Rouché’s principle, a.k.a. conservation of number, we check that the following remain

constant as we perturb b in a small-enough neighborhood of a in (AY)2:

L. ZveDan |Bby|~
2. Y yepan valg, Dy, where wy, is a uniformizer of D,,.

When b = a, we see that (1) equals |3¢] and (2) equals valgy D y. When b represents a section

of ¢, everywhere transverse to ®, we see that (1) and (2) both equal |, N D*"|. Since the
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latter case is generic when deg L > 0, we can always find a small perturbation b of a that

realizes it. We then have |3¢| = [D, N D*| = valy D . O

4.4 Local Springer Theory

4.4.1. The Group G Fix a root datum (X, X", ®, ®") of rank 7. Let G be the (connected)
reductive group it defines over C, and let g be the Lie algebra of G. Later, we will assume
that G is semisimple for certain applications.

Let T be the Cartan torus defined by the character lattice X. Henceforth, we assume
that W is the Weyl group of the root system ® and that t is the Lie algebra of T'. We have
identifications W = Ng(T)/T and t = XV ® C, under which the W-action on t corresponds
to the Ng(T)-action on X by conjugation. By definition, » = dim 7' = dim t.

The Chevalley restriction theorem states that restriction of functions from g to t induces

an isomorphism of rings C[g]® = C[", hence an isomorphism of GIT quotients

(4.4.1) c=t)/W Sg/G.

The Chevalley map is the induced map x : g — ¢. It is Gj,-equivariant with respect to
the dilation action on g and the weighted action on c.
The universal centralizer of g is the group scheme I = Iy over g that, at the level of

C-points, classifies pairs (£, ¢g) € g X G and Ad(g){ = £. In terms of I,

e The regular locus g'® C g consists of points § such that /¢ is of minimal dimension, or

equivalently, commutative.

o The regular semisimple locus g™ C g8 consists of points & such that I ¢ Is a torus. As

a more rigorous definition, we may set g™ = y~1(¢°) [115, §1.2.2].

4.4.2. Springer Fibers The main reference for this subsection is [115, Lect. I].
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Let B be the flag variety of G. In terms of a fixed Borel B C G, we have B = G/B.
We write § C B x g for the subvariety of pairs (zB,v) such that v € Lie(zBz~!). The

Grothendieck—Springer resolution is the projection map
(4.4.2) s:g—g.

As suggested by the name, s is a proper map and restricts to an isomorphism over an open
locus of g, namely, g™. In fact, setting g™ = g' x4 g and 8" = s|gs, one can show that s'

fits into a cartesian diagram:

(4.4.3) k l

In [102], Springer showed that W acts on the derived pushforward s,C € Db(g). In [69],
Lusztig explained how to see this action in terms of the diagram above. First, the vertical
arrow on the right is an unramified W-cover, so by pullback, there is a W-action on s-°C.
Next, in the language of perverse sheaves [4], s+C turns out to be the intermediate extension
of s°C along the inclusion g < g, so it too receives a W-action. We point out that
Lusztig’s action differs from Springer’s by a sign twist. Throughout the rest of the paper, we
will adopt Lusztig’s convention.

For all v € g, the Springer fiber above ~, denoted By, is the underlying reduced scheme

of the fiber of s above . At the level of C-points, we have:
(4.4.4) B+(C) = {gB € B(C) : Ad(g~ 1)y € Lie(B)(C)}.

By proper base change, the W-action on s4C restricts to an action on H*(B5, C).

We will also work with the stacky version of the Grothendieck—Springer map, where we
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quotient by the adjoint action of G' on g:

(4.4.5) s:9/G—g/G.

Let b be the Lie algebra of B. Since the map g — B is a vector bundle with fiber b above B,

we find that §/G ~ b/B as quotient stacks.

4.4.3. The Loop Group Let LG be the loop group of G. Recall that it is the ind-group

over C defined by the functor

(4.4.6)

on C-algebras R, where R(w)) = R[w][= 1.
Each parabolic subgroup P C G defines a parahoric subgroup P C LG. At the level of
C-points, LG(C) = G(n) and P(C) is the preimage of P(C) along the map G(D) — G(C).

The corresponding affine flag variety is the fpqc sheaf quotient

(4.4.7) Flp = LG/P.

We will focus on the cases P = B and P = GG. The parahoric attached to B will be called an
Iwahori subgroup of LG and denoted I. The ind-scheme Flg is also known as the loop
or affine Grassmannian.
Remark 4.4.1. If G is simply-connected, then Flg = LG/I can be identified with the moduli
space of Iwahori subgroups of LG. In general, however, I is not self-normalizing in LG and
this identification fails [115, §2.1.6].

Following [116, Lect. I], we can interpret the affine flag variety Flp as a moduli space
of decorated G-bundles over the disk D. Recall that P defines an integral model of G ® n

over D with special fiber P. This fact can be used to show that, for any C-algebra R, the set
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Flp(R) classifies triples (E, ¢, E(%D ) such that:
1. E— D ® R is a G-torsor.
2. 1 is a trivialization G x (n ® R) = E|n®R'

3. Eéj is a reduction-of-structure-group from G to P on Elgpec R-

On C-points, the sheafification map LG /P — Flp sends a coset gP to the tuple (F, ¢, EéD)
in which F is trivial and ¢ : G x n = G x n = E|j is just multiplication by g. Note that in

this language, the map Flp — Flg amounts to forgetting the datum E(])J .

4.4.4. Affine Springer Fibers The main references for this subsection are [90, §5] and
[115, Lect. I1].

Let v € g*(n), or equivalently, v € g(n) Ng™(7). Let F l]%f}yr be the closed sub-ind-scheme
of Flp defined by

(4.4.8) FIPY(R) = {gP € Flp(R) : Ad(g~ ")y € Lie(P)(R)}.

The (P-type) affine Springer fiber of v is the underlying reduced ind-scheme

(4.4.9) Flp., C FIPY.

In [60], Kazhdan-Lusztig showed that Fip forms a (possibly infinite) union of projective
varieties of bounded overall dimension.
Let LG C LG be the centralizer of v. It acts on F l]‘%nvr, hence also on Flp., by left

multiplication. Note that we can identify LG~ (C) with the set of n-points of a torus
(4.4.10) Gy C G xn.
The split rank of GG is the rank of any maximal C((w))-split subtorus of G. We say that
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7 is elliptic iff the split rank of Gy equals zero. In this case, Kazhdan-Lusztig showed that
Flp, is of finite type and projective.
We can interpret the affine Springer fiber Fip, in terms of decorated G-bundles, like we

did for the affine flag variety. For any C-algebra R and G-torsor E — D ® R, let
(4.4.11) ap = E A% g,

the associated bundle over D @ R with fiber g. Then the set F IB~(R) classifies triples

(E,, EF) € Flp(R) such that, in addition to conditions (1)-(3) listed in §4.4.3,
4. ¢ induces an isomorphism ¢g : g X (n ® R) = 9E|77®R with the following effect on ~:

(a) tg(7y) extends to a section of gp over D.

(b) tg(v) is compatible with the P-structure on Elgpe g in the sense that it sends

Spec R into p/P, where p = Lie(P).

In Section 4.5, we will see that conditions (1)-(4) correspond to similar conditions in the
definition of a parabolic Hitchin fiber.

Note that condition (4b) makes it apparent that there is an evaluation map evp :
Flp, — p/P defined by evp(F, ¢, EP) = tg(7)(0) on C-points. In the coset interpretation,
it corresponds to evp(gP) = Ad(g~1)y.

Let f = x(7) € ¢°(n). We claim that the isomorphism class of Flp ., only depends on f.
First, if v/ = Ad(g)y for some g € G(n), then in the coset interpretation, left multiplication by
g defines an isomorphism Flp = Fl p~/- This shows the isomorphism class only depends
on the G(n)-orbit of v in g(n). Using the Galois cohomology of G over C((w)) and the fact
that ~ is regular semisimple, we can check that the Chevalley fiber above f consists of a
single G(n)-orbit, as claimed.

The Chevalley map admits a section valued in the regular locus, called the Kostant
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section and denoted x : ¢ — g'®. It will be convenient to set
(4412) ]:lpjf — ‘FZP,K(f)'

As explained in [115, §2.2.8], Flp s is nonempty if and only if f € ¢(D).

The Local Picard Action Ngo showed [87, §2] that there is a commutative, smooth, affine

group scheme J over ¢, equipped with an Ad(G)-equivariant morphism
(4.4.13) X =T

of group schemes over g that restricts to an isomorphism over g'®8. Since J is commutative,
its classifying stack - /J forms a commutative group stack over ¢. Via (4.4.13), - /J acts on
g/G fiberwise over ¢ in such a way that the map ¢"°®/G — ¢ forms a J-gerbe.

Suppose that f € ¢(D) N c™(n). We let J¢ be the group scheme over D formed by the
pullback of J along f. Then J; is an integral model of G over D. We let LtJ 7 be the arc

group of Jy, i.e., the scheme

+ _ N
(44.14) L Jf(R) Jf(D ® R)
= Jo(R[=]).

The local Picard stack of f is the fpqc sheaf quotient
(4.4.15) Py =LG~/LT Ty,

where v = k(f). For any C-algebra R, the groupoid Pr(R) classifies pairs (Q,t), where
Q—D®Risa Jy-torsor and ¢ is a trivialization G X (n ® R) = Q|77®R'
Ngbo proved [87, §3.3] that the action of LG~ on F l}%nwr factors through Pr. Hence the

same is true for Fip,. In particular, the Pr-action on Flg r admits a dense open orbit 87,
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Lem. 3.3.1, Cor. 3.10.2].

The Local W-Action We now focus on the case where P is a Borel B.
Observe that the map Fig r — Flg, y, which we will denote by s, is the pullback of the

stacky Grothendieck—Springer map. That is, we have a cartesian square:

evp

Flp.y b/B
(4.4.16) ka ‘
'FZG,f e g/G

By pullback, the W-action on s,C induces an action on s ,C. Therefore, at least in the case
where Flg ¢ is of finite type, we obtain a W-action on the Betti cohomology H*(Fip ¢, C).
It commutes with the action of the local Picard stack. (In general, Flg s need not be of
finite type and the definition of H*(Flp ¢, C) requires more care [90, §7], but the action still
exists.)

In [75], Lusztig extended this action of W to an action of W = W x XV, the extended

affine Weyl group of G. However, we will not use the XV-part of W in this paper.

4.5 Global Springer Theory

This section is largely based on Yun’s exposition in [113]. We keep the notation of the

previous section.

4.5.1. The Curve ¥ Fix a smooth projective curve ¥ over C of genus g. Later, we will
allow X to develop orbifold structure, in which case g will denote the coarse genus of ¥.
Fix a line bundle L — Y. The frame bundle of L, which we denote L™ — 3, is the

G,-torsor formed by the complement of the zero section in L. Any C-stack X equipped
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with a Gy-action gives rise to an associated bundle over ¥ with fiber X, namely,
(4.5.1) Xp, = X AGm L,

Given a Gy,-equivariant map f : Y — X, we write f;, to denote the induced map Y; — Xj.
We let T'(X, X)) denote the stack that, at the level of points, parametrizes sections of the

projection X7 — .

4.5.2. The Hitchin Fibration An L-twisted Higgs bundle over ¥ is a pair (E,6)

consisting of a G-torsor £ — X and a section 6 of the vector bundle g ® L, where
(4.5.2) ap = EnCg.

The section @ is also known as a Higgs field.
The L-twisted Hitchin moduli space of ¥ is the stack M = M(G, X, L) over C that,

at the level of points, classifies L-twisted G-Higgs pairs over Y. Equivalently,
(4.5.3) M =T(%,[g/Glr).

The Hitchin base A = A(G,X%, L) is

(4.5.4) A=T(2,¢cp),

the (weighted) vector space of global sections of ¢, — 3. Since the Chevalley map y : g — ¢
transforms the scaling action of Gy, on g into the weighted action of Gy, on ¢, we get a map

[g/G|1, — c¢r. This, in turn, induces a map

(4.5.5) h:M— A
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that we call the Hitchin fibration.

Let ev: M x ¥ — [g/G]f, be the evaluation map ev(F,0,v) = 6(v). For any parabolic
subgroup P C G with Lie algebra p, the associated parabolic Hitchin moduli space is
the stack Mp = Mp(G, %, L) that we obtain by pulling back [p/P], along ev. That is, we

have a cartesian diagram:

evp

Mp p/PIp

L

M x L ——[g/G]},

Explicitly, M p classifies tuples (F, 0, v, E{f ), where (E,0,v) € M x ¥ and Ef is a reduction-
of-structure-group from G to P on the fiber F,, compatible with the Higgs field # in the sense
that #(v) € p in any local trivialization of E around v. The associated parabolic Hitchin

fibration is the composition
(4.5.7) hp: Mp - M — A
Note that, with our notation, Mg = M x ¥ and hg = h.

The Global Picard Action Recall the group scheme J over ¢ from §4.4.4. The Gy,-action
on ¢ induces an action on J, letting us form [ - /J|r.

The global Picard stack P = P(G,C, L) is
(4.5.8) P=T(C,[ /L),

the commutative group stack of global sections of [ - /J];, — . Observe that the map
[+ /J]|, — ¢, induces a map P — A. To describe the fibers more explicitly, let a € A, and
let J, be the group scheme over Y obtained by pulling back J;, along a : > — ¢;. Then

P, is the stack that classifies J4-torsors over Y. For sufficiently generic a, its connected
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components can be pictured as abelian varieties with stacky structure. Roughly, this happens
because the generic fiber of J — ¢ is a torus.

Let Ip = Ig|p. Essentially by [113, Lem 2.3.1], the composition (x*J)|p = x*I — Ig
factors through Ip. Therefore, the [ - /J]-action on g/G can be lifted to an action on p/P.
We deduce that | - /J]|1, acts on [p/P]y, fiberwise over ¢y, and hence, P x ¥ acts on Mp
fiberwise over A x 3.

Observe that there is a dense open substack M'® C M, that classifies Higgs bundles
(E,0) : ¥ — [g/G], that factor through [g"°¢/G]|. Since g'°¢/G — ¢ is a J-gerbe, we deduce
that M'& — A is a P-torsor. As a result, the Pg-action on M, admits a dense open orbit for
all a. We explain below that for sufficiently generic a, we can view M, as a compactification
of this dense orbit. (In general, the analogous statement for the Pg-action on Mp, ,, is false

[113, Rem. 2.3.5].)

Loci in the Hitchin Base Throughout the rest of this section, we assume that G is
semisimple.
Recall that the discriminant divisor ® C c¢ is the branch locus of t — ¢, hence stable

under the action of G,. For all a € A, we set
(4.5.9) Do =a 1(D}),

analogously to the definition of © ¢ in §4.3.3. The hyperbolic locus AV C A is the locus
of points a such that © is a divisor of X, i.e., a finite set.

By [87, Prop. 5.2], the group stack P, is smooth for all a € A" Note that m0(Pa) is a
finitely-generated commutative group. The anisotropic locus A C AV is the locus of
points a such that m(P,) is finite.

The inclusions A4?M C AY C A are open embeddings, essentially by the upper semi-

continuity of dimension. Moreover, A" is dense in A, and if G is semisimple, then 42" is
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nonempty and thus dense in A% [113, 280]. We set

v
(4.5.11) hy = Rl .
(4.5.12) PY =Pl 0

We define M%gm, pani. h%)ni similarly.
Essentially by [113, Prop. 2.5.1], the stack ./\/l?gmi is smooth and Deligne-Mumford. By
Cor. 2.5.2 of loc. cit., the map h?gni ; /\/l?gm — A % 3 is proper. Taking P = G, this

explains why we can regard M, as a compactification of the Py-torsor My ® for a € AN,

Remark 4.5.1. If G is not semisimple, then A is empty. To fix this, one might introduce the
elliptic locus A° C AV, defined as the locus of points a such that rkg mo(P,) = dim Z;.

We defer its exploration to a future paper.

The Product Formula We review the product formula from [113, §2.4], relating parabolic
Hitchin fibers to parahoric affine Springer fibers.

Fix a € AY(C). For all v € ¥(C), we write D, = Spec (’A)Z’U, in accordance with the
notation of Section 4.2. After we fix a uniformization D, ~ D and a trivialization of the line

bundle L in a Zariski neighborhood of D, the section a : ¥ — ¢, defines a map:
(4.5.13) ay: D = D, — .

The condition a € AY(C) implies that a, sends 7 into ¢°. Thus, we can define the affine
Springer fiber Flp,, and the local Picard stack F,. Up to isomorphism, these do not depend
on either the uniformization of D,, or the trivialization of L around D,,.

Fix a basepoint 0 € 3(C). The Ng6—Yun product formula [113, 2.4.1] states that there is
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a homeomorphism of stacks:

red ~
(4.5.14) Flpagx 11 Flaa, | Alesante p, =5 pp
vEDL\0
Above, the operation A is defined via an embedding [[ e, 00 Fa, — Pa- Roughly, this
embedding sends a collection of J,, -torsors @)y, — Dy, to the Jy-torsor over X that we get
by gluing each of the @, to the trivial J,-torsor over X\ (D, U 0), using Beauville-Laszlo

descent.

The Global W-Action We now focus on the case where P = B.
The map Mg — MY x 3, which we will denote s@, is the pullback of the L-twisted

Grothendieck—Springer map sy, : [b/B];, — [9/G]r,. Thus we have a commutative diagram:

My ——— [b/B];

SO SL

(4.5.15) mg | MY x5 —— [g/G]},
h@ X
AV x© cr

Since the W-action on s,C is equivariant under Gy, it induces an action on the twisted
version sy, ,C. The top square in the diagram is cartesian, so by pullback, we get a I¥-action
on S?C. By pushforward, we arrive at an action on hg’ ,C. For the most part, we will only
use its restriction to h%“,i*

By pullback we obtain a W-action on H*(Mp 4 ,,, C) for all (a,v) € A As we will
see in §4.7.3, this global W-action is compatible with the local W-action on H*(Fip 4, ,C)
described in §4.4.4.

To quote Yun [113, 269], parabolic Hitchin fibers “carr[y] a richer symmetry” than finite

or affine Springer fibers. In ibid., Yun extended the action of W on haBm*C to an action of a
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trigonometric Cherednik algebra. We will only make use of a subalgebra known as the graded
or degenerate affine Hecke algebra, introduced by Lusztig in [72]. We defer the discussion of

its action to Section 4.10.

4.5.3. A Bigraded W-Character Let Kg(I¥) be the Grothendieck ring of virtual char-
acters of W. Abusing notation, we treat the elements of Ko(W) interchangeably with their
underlying complex representations.

The aim of this subsection is to define, for all (a,v) € A*(C), the series
(4.5.16) EP(~t,q | Mp.a0)st € Ko(W)[g,1]
that will be our subject later in the paper.

The Perverse Filtration Let P7<; and P7>; be the jth perverse truncation functors, and

let PHI = Pr<;PT>;, the jth perverse cohomology sheaf.

ani

By the decomposition theorem of [4], h%" C is isomorphic to a direct sum of shifts of

simple perverse sheaves over A x ¥. Thus the morphism
(4.5.17) pTSj &BH}*C N aBn’i*C

is a direct-summand inclusion in D?(A*™ x ) for all j. It defines a split increasing filtration
on h%“i*C, known as the perverse filtration and denoted P<,. It is convenient to shift the

filtration numbering so that

(4.5.18) P ihH5.C =7 dim axchHLC.

With this convention, we have

(4.5.19) GrF hit C = P T AXC (pani €)[—j — dim A x 3,
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SO Grf haBni*C is a shifted perverse sheaf in perverse degree j + dim A x ¥ for all j.

The Stable Summand Let mo(P/ AQ) be the maximal étale quotient of the smooth group

stack over AV formed by P@, so that at the level of stalks, we have
(4.5.20) 70(P/A”)a = mo(Pa)

for all € AY. Then the P®|A®X2—action on Mg descends to a WO(P/A@HA@XE—action
on hgle.

Let mo(P/AM) = 1o(P/AY)] _qani- By the definition of the anisotropic locus, this is a

ani

sheaf of finite abelian groups. We have an mo(P/A™™)]| jani v, action on k", C. Again using

the decomposition theorem [4], we can define the stable summand
(45.21) (Wi§L0)y € ALC

to be the maximal direct summand of AL C on which 7o(P/A) acts trivially. Then for

all (a,v) € A3 x O, the stalk of (A1 C)g at (a,v) is the summand
(4'5'22) H*(MB,a,Ua C)st - H*(MB,aﬂ)a C)

on which m(P,) acts trivially.

As in §4.4.4, the action of W on haBrikC commutes with that of WO(P/Aam)uanixE.
Therefore, it restricts to an action on ( %H,I*C) st, hence also H*(Mp g4 4, C) 5.

We again write P<, to denote the restriction of the perverse filtration to (h%ﬁ* )st- The
W-action on (h%ni* )st is induced by a degree-preserving action on s2™C, so it descends to

bidegree-preserving actions on Grr (haBIfl* )st and GrP H*(MB 4.0, C)st-

ani

Remark 4.5.2. Even though the decomposition of 5", C into shifted simple perverse sheaves

need not be canonical, the stable summand is canonical.
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One can consider the more general isotypic decomposition of haBIfi*C under mo(P /A,
For a € A™i Ngo's work on the Fundamental Lemma reveals a close relationship between the
induced isotypic decomposition of H*(M,, C) under my(P,) and certain endoscopic groups of
G attached to a. Roughly, the summands that correspond to nontrivial characters of mg(Pg)
can be matched with the stable summands of the cohomology of Hitchin fibers for smaller

endoscopic groups.

The Weight Filtration The weight filtration on H*(Mpg 4, C) is stable under the action
of the finite group my(Py), so it is compatible with the formation of the stable summand.
Moreover, it is strictly compatible with the perverse filtration P<, [81, 28]. So at last, we

can form:

(4.5.23) EP(—t,q | Mpa0)sa = > (—1) kgl GrlV G} H (Mp q0,C) st
05,k
This is the element of Ko(1V)[g,t] we desired. Our notation is meant to emphasize that it is

a modification of the virtual weight series of Mp o, ¢f. §4.1.6.

Remark 4.5.3. The appearance of the stable summand may seem unmotivated. However, as
we indicate in Section 4.10, we need to restrict to it in order to equip a certain action of the
degenerate Hecke algebra of W with the right grading.

While this action does not appear in our main conjectures, it appears in the work of
Oblomkov—Yun in [90], which we use in Section 4.11, and we will use it to state stronger
conjectures in future work. We emphasize that the evidence we offer in this paper for our

conjectures will not detect whether (—)g is strictly necessary or not.

4.6 Synthesis

4.6.1. From A to B(raids) Let Bry/~ be the set of conjugacy classes of Bryy. The

relation between Hitchin fibers and algebraic Artin braids rests on the following lemma.
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Lemma 4.6.1. There is a map

AV(C) = (Bry/~)*"
(4.6.1)

a = ﬂﬁa,v]}vezan

in which the [Bqu] are defined by Lemma 4.2.7. In particular, each [Bqn| is algebraic and

only depends on a|p, : Dy = Spec @E,v — .

Proof. Fix a € AY(C) and v € £(C). We recall how a : X — ¢, gives rise to ay : D — «,
recapitulating §4.5.2 but keeping track of more detail.

Pick a Zariski open ¥/ C ¥ containing v such that L is trivializable over Y. After we
choose the trivialization of L, the section a|sy : ¥’ — ¢y |sv becomes a map o’ : ' — ¢. So

after choosing a uniformization D, ~ D, we get a composition
~ / a/
(4.6.2) ay: D — Dy — ¥ — ¢

Again, the condition a € AV ensures that a, sends n into ¢°. Therefore, a, gives rise to a
c-algebraic étale loop | g’tv] C W‘ft(co) and (¥, v) forms a model of finite type for a,. By

Lemma 4.2.7, there is a distinguished loop

(4.6.3) [Ba,0] € m1((c?)™) =~ Bry

ét
a,v

that maps into [35",] and only depends on ay,.

We know that [34,4] does not depend on the uniformization of Dy, because any two
uniformizers differ by an automorphism of the disk D, which induces the identity morphism
on w%(D). Tt remains to check that [3,,] does not depend on the trivialization of L.

Any two trivalizations differ by pointwise multiplication by a nowhere-zero function
g : ¥ — Gy, If multiplication by g changes [84,], then for some small analytic disk

D3 C (X)) centered at v, the map g pan\, : D" \ v = C* must have nontrivial winding
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number. But g first restricts to a map D** — C* and we know that D?" is simply-connected,

so this cannot happen. O

4.6.2. Delta Invariants As motivation for the conjectures to come, we show how the local
and global d-invariants defined by Ngo [87, §3.7, §4.9] can be expressed using braid-theoretic

data via Lemmata 4.2.7 and 4.6.1. Recall that:

1. For all f:(D,n) — (¢, c°), the local é-invariant of f is

(4.6.4) S f) = dim./_“lG’f = dim Pf-

2. For all a € AV, the global é-invariant of a is
(4.6.5) d(a) = dim R,

where we write R for the maximal affine part of P,.

There are explicit formulee for (1) and (2), respectively due to Bezrukavnikov [10] (see also
[87, Prop. 3.7.5]) and Ngb [87, §4.8]. When G = SL,,, these invariants recover the classical
0-invariants defined by Serre for algebraic curves and their germs, as we briefly discuss in

Section 4.8.

We first discuss the local é-invariant. Consider a map f : (D,n) — (¢, ¢°). Following Ngo,
let the cameral cover D ¢ — D be the pullback of t — ¢ along f. The monodromy of
D fln — n defines a morphism

(4.6.6) 7 ~7t(n,7) — W.

In what follows, recall that r is the rank of G and r(w) = dim (X¢g)".
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Theorem 4.6.2 (Bezrukavnikov). For all f : (D,n) — (¢, ¢°), we have
(4.6.7) 20(f) =valg @ —r+r(wy),

where D § = YD) (see Section 4.3) and wg € W denotes the image of 1 € Z under (4.6.6).
Corollary 4.6.3. If f : D — ¢ is transverse to or does not intersect ©, then 6(f) = 0.

Proof of Corollary 4.0.5. 1t [ is transverse to D, then we have valg Dy =17 — r(wf) =1.If

instead f does not intersect D, then we have valg Dy =1 —1(wy) = 0. [

We note that (4.6.6) factors through the morphism w¢*(n,7) — 7¢*(¢°) induced by fly
We further note that if f admits a model of finite type, then valz © ¢ = |8¢| by Theorem

4.3.12. So in this case, Bezrukavnikov’s formula can be expressed purely in terms of [3]:

Theorem 4.6.4. If f: (D,n) — (c,¢®) admits a model of finite type, then we have

(4.6.8) 20(f) = 1Bgl —r +r(wy),

where [w¢] €W denotes the image of [Bf] C Bry . In particular, d(f) only depends on [Bf].

Remark 4.6.5. If v € g(D) Ng(n) lifts f, then the split rank of G equals r(wy). In particular,

7 is elliptic if and only if r(wy) = 0.

We now turn to the global §-invariant.

Proposition 4.6.6 (Ngo). For all a € AY(C), we have

(4.6.9) Sa)= 3 6(ay).

veX(C)

Note that by Corollary 4.0.53, the sum on the right can be restricted to ®, = a_l(ﬁDL).
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Corollary 4.6.7. For all a € AV (C), we have

(4.6.10) 20(a) = Y (|Bapl =7+ r(wanw)),
VED,

where [wgp) € W denotes the image of [Ban] € Bryy. In particular, 6(a) only depends on

the collection {[Bau]}yexan.
The following formulee of Ngo are Prop. 4.9.5 and Cor. 4.13.3 of [87].

Proposition 4.6.8 (Ngb). For all a € AY(C), we have

(4.6.11) 25(a) = [®]deg L — 3" (r — r(wan)),
VED,
(4.6.12) 2dim P, = ](I>| deg L — Tx(Ean),

where x denotes Euler characteristic (so that x(X*") =2 — 2g).

Note that if G is semisimple, then |®| equals the writhe of the full twist 7 € Bryy (see
Section 4.3), via |®| = 2|wg| = |r|. Combining Corollary 4.6.7 with the first formula of

Proposition 4.6.8, we deduce:

Corollary 4.6.9. For all a € AY(C), we have

(4.6.13) > |Baw| = |7|deg L.
VED,

In particular, the sum on the left only depends on W and L.
4.6.3. Interlude: Orbifold Curves Up to this point, ¥ has been a smooth projective
curve, a fortiori a scheme. However, for the purposes of Section 4.11, we adapt the ideas of

the previous two subsections to a setting where X has stacky structure. The exposition that

follows is based on §1.3.6 of Behrend’s article [3].
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An orbifold curve is a 1-dimensional, reduced, separated Deligne-Mumford C-stack of
finite type that is generically schematic. If X is an orbifold curve, then by hypothesis, the set
of stacky points of X is finite. If v € ¥(C) is a nonsingular stacky point, then étale-locally
around x, we can model Y as the stack quotient of a smooth curve by a finite cyclic group.
Ultimately, one can check that any smooth orbifold curve arises as follows: Given a pair
(21, A), where ST is a smooth (non-orbifold) curve and A is a divisor on X1, there is an
orbifold curve ¥ with coarse space > such that for all v € ¥(C), the automorphism group
at v is cyclic of order 1 + ord,(A).

Each divisor on X corresponds to a Q-linear divisor on ET, say >.;a;v;, that satisfies
aj|Aut(v;)| € Z for all i. Conversely, each such Q-linear divisor on X1 lifts to a Z-linear

divisor on ¥. Thus, there is a degree map of the form
(4.6.14) deg : Pic(X) — 1Z,

where we can take n to be any common multiple of the numbers 1 + ord,(A) for v € A. For

any line bundle L — X, we have the following version of Riemann—-Roch:
(4.6.15) X(E,L)=|degL] +1—g,
where ¢ denotes the genus of £ [3, Cor. 1.189).

Below, we explain how Lemma 4.6.1, Theorem 4.3.12, and Proposition 4.2.12 generalize to
orbifold curves. For brevity, we discuss everything in the global setting only.
Suppose that v € ¥(C) is a stacky point and that n = |Aut(v)|. Slightly abusing notation,
we set Dy, = Spec @Z,v and 7, = Dy \ 0. Then

(4.6.16) v >~ D/,

(4.6.17) Mo =~ 1/ tin.
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Since 7 = Spec C((w)) is an n-fold étale cover of 7,, we can fix an identification 7, ~

Spec C((w)). Then the isomorphism C((w)) ~ C((w")) induces an isomorphism
(4.6.18) N~ ny.

This does not extend to an isomorphism between D and D,. Nonetheless, for all a € .A@,
we can use (4.6.18) to obtain a map ay : n — ¢© as in the proof of Lemma 4.6.1. Since
the construction of the algebraic braid [$4,] in Lemma 4.2.7 only depends on a punctured
analytic disk at oo, it too remains well-defined.

To generalize Theorem 4.3.12, observe that ordgn(—) = %Ordw(—). This implies

(4.6.19) |Baw| = %y@gﬂ = Lord5(®,,) = ordgn (Da,),

so the formula in the theorem extends to orbifold curves. We deduce that Theorem 4.6.4 and
Corollaries 4.6.7 and 4.6.9 also extend with their formulae unchanged.
Finally, we extend the notion of homogeneity to the stacky setting. Observe that with

respect to the coordinate 7, ~ Spec C((w")), the G,-action on 7, is given by
(4.6.20) s -w' =s"w".

Accordingly, the (Gy, X Gy )-action on a, € ¢°(n,) is given by

(4.6.21) (s,t) - f(@") =t f(s"T").

Defining Gy, (v) as the same subtorus of Gy, X Gy, as in §4.2.4, we get the following version

of Proposition 4.2.12:

Proposition 4.6.10. Let v € X(C) be a stacky point, and let n = |Aut(v)|. If ay : ny — ¢°

is a fized point of the G (v)-action on ¢®(ny), then [Ba] is fractional of slope 7.
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The second formula of Proposition 4.6.8 does not extend unchanged to orbifold curves,
because its proof relies on Riemann—Roch. To state the correction, let d, ..., d, denote the

weights of the Gy,-action on t.

Proposition 4.6.11. For a general orbifold curve ¥ and a € A@(C), we have

7

(4.6.22) 2dim P, = |®|deg L — 2 (—rg +> o((d; — 1) deg L)) :

where g is the genus of > and
(4.6.23) o(la) =

for all o € R.

Proof. We have dim Py = —x(X, Lie(Jq)) = —x(Z, ¢f ® L)), so by (4.6.15),

dimPy = 3 —x(5,0(—(d; — 1)deg L))
1<i<r

=rg+ Y, (=|=(di—1)degL] —1).
1<i<r

(4.6.24)

Let n be the common denominator of the numbers (d; — 1) deg L € Q. To finish, we invoke

the following identities that hold for all a € %Z:

(4.6.25) —|-a)-1=la—1],
(4.6.26) a—|a— %J = o(«).
Indeed, it is a formula of Kostant [87, 79] that >; (d; — 1) = %|<I>] O

Remark 4.6.12. This proof was inspired by the author’s attempts to parse [90, Prop. 6.5.2].

If ¥ is not stacky, then the sum in (4.6.22) simplifies to 7, recovering the second formula
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of Proposition 4.6.8. In Section 4.11, we will encounter a situation where X is stacky, yet

(4.6.22) still simplifies drastically. Until then, it is convenient to set
(4.6.27) o(G, 3, L) =7 — 3 ol(d; — 1) deg L) > 0,
1

so that 2dim P, = |®|deg L — rx(X2") 4+ 20(G, X, L).

4.7 The Main Conjectures

4.7.1. Annular Braid Homology Let K (W) C Ko(WW) denote the semiring of actual,

not virtual, characters. Let (—, —)y be the Z-valued pairing on Kqo(W) defined by

(17.1) @ = 7 X Sy,

weWw

For any ring R, we extend (—, — )y to Ko(W) ® R by linearity. We write 1 for the trivial
character of W, so that (1, —)y is the functor of W-invariants.
We recall from [105] that for all 5 € Bry, the annular braid homology of § can be

viewed as a bivariate series:

(4.7.2) AH(B) = @ q*t*AH, 4(8) € K (W)[a?][1]
7,k

It only depends on the conjugacy class [§] € Bryy/~. As in the introduction, we set

o\
(4.7.3) QlH(B):<11+;It> AH(B),

where w € W is the image of 8. Since w — r(w) is a class function on W, we again find that

2AH(/) only depends on [5]. The annular character of J is

(4.7.4) ANN(B) = AH(B)]j——1 = AH(B)|r——1.
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We refer to [105] for the technical definition of AH, which uses the homological algebra of
mixed perverse sheaves on B x B and G. In [106], we proved a simpler, more manifestly
geometric formula for ANN in terms of virtual weight polynomials, which will be restated in
Section 4.9. In that paper, we also conjectured a similar formula for AH. Combining results

proved in [105, §4] and [106, §5], we have the following constraint on ANN:

Theorem 4.7.1. For all 5 € Bryy, the annular character ANN(B) is a rational function of q

of degree |B| —r such that (1, ANN(f3))|q—0 = 1. Moreover,

1

(1—q)r@ Ko(W)lg] N (g2)/F1="Ko(W)(q? — ¢~ 2),

(4.7.5) ANN(B) €

where w € W is the image of (.

4.7.2. Statements Fix an orbifold curve ¥ and a basepoint 0 € ¥(C). To ease notation,

let
(4.7.6) h:M— A
be the pullback of h: Mp — A x ¥ to 0. Thus, for all a € A*™(C), we write

(4.7.7) Ma = Mg 40,

(4.7.8) EP(~t,q | Ma)st = EX (=1, | Mpa0)st:
where EF (—t, q | MBp.a0)st € Ko(W)|g, t] was defined in §4.5.3. We let
(4.7.9) Us=%\(®D,U0),

a dense open of Y.
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Conjecture A. For all a € A*™(C), we have

(4.7.10) EP(~t,q | Ma)st = 1+ qt)No - AH(Ba0) - [[ (L AH(Baw))w
vEDL\O

in Ko(W)|q,t], where Ny = 20(G,%, L) — rx(UZ™).

In the introduction, we stated Conjecture A for non-stacky curves in an abstract form
that did not involve ®, or U, explicitly. To present it, we need a multiplicative version of

Lebesgue integration over X\ 0 with respect to Euler characteristic.

Definition 4.7.2. Let X be a C-scheme of finite type and R a commutative ring. For any
constructible function f : X®" — R, we define the product integral of f over X" with

respect to the Lebesgue measure dy to be:

(4.7.11) I f@)XE@) = T )
reXan AR

The right-hand product is finite because f is constructible and X is of finite type.

Observe that for fixed a € AY(C), the function

(4.7.12) Z = Ko(W)lg2.1]
v = AH(Baw)

is constructible because it only changes value at the points of ®,. As for the points of Uy:

Lemma 4.7.3. Ifv ¢ D, then 4y = 1, the identity of Bryy. Moreover,

(4.7.13) AH(1) = (1—|—1qt)7’ civl,

where C[W] denotes the reqular representation of W.

Proof. If v ¢ ®, then the map ay sends D, not just 7, into ¢°. This implies 84, = 1. The

claim about 2AH(1) follows from the calculation of AH(1) in [105, §7]. O
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Lemma 4.7.3 implies that in the non-stacky case, Conjecture A specializes to the following

simple “integral formula.”

Conjecture B. If ¥ is non-stacky, then for all a € A*™(C), we have

(4.7.14) EP(~t.q | Ma)s = 2H(Ba0) - T (1 AH(Ban))je"”
vEXAM\0

in Ko(W)|q,t].

Remark 4.7.4 (Dimension). By relative perverse hard Lefschetz (cf. [81, §2.16]), the top
perverse degree of Grf H*(Ma) st coincides with the top cohomological degree, which is twice
the dimension of M,. Combining this fact with Theorem 4.7.1 and Corollary 4.6.9, we see

that Conjecture A implicitly asserts:

2dim Mo = 20(G, %, L) —rx(Ug") + > (1Bap| —7)
(4.7.15) vEDU0

=20(G, %, L) — rx(Z*") + |®| deg L.

At the same time, by [113, Cor. 2.4.2],
(4.7.16) dim M, = dim M, = dim P,.

In this way, Conjecture A recovers Proposition 4.6.11. Similarly, Conjecture B recovers the

second formula of Proposition 4.6.8.

Remark 4.7.5 (Symmetry). The relative perverse hard Lefschetz theorem ensures that the

underlying bigraded dimension of

(4.7.17) g I MaEP(—t g | M)y

is invariant under the substitution g — ¢~ ~2. We speculate that this symmetry respects

the Ko(W)-structure as well.
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In [106], we proposed a similar conjecture for annular braid homology, stating that if

w € W is the image of § € Bryy, then
(4.7.18) (q2)/l7rr @)1 - gy @) AH(B)
is invariant under q% — q*%t_l. Theorem 4.7.1 shows that the £ — —1 limit holds: That is,

(4.7.19) (g~ %)/ ann(B)

D=

1 _
is invariant under q2 — —q 2.

Remark 4.7.6. Taking W-invariants on both sides of Conjecture B, we get a non-parabolic or

“spherical” version with M, in place of My, stating that

(4.7.20) EP(~t.q| M) = T[T (1LAH(Ban))iE"”
vedan

1
in Z[q2,t]. Here, no basepoint needs to be chosen on .

Remark 4.7.7. When we form the product integral of a function f : X?" — R, we only use
the multiplicative structure of R, not its additive structure. This suggests that we should
only define the product integral when we know that f takes values in R*.

Accordingly, we expect to show in forthcoming work that 2AH(8) € Kg (W) [[q%,t]] X for
all 3 € Bryy. In particular, we expect that (1, AH(3))y7|q—0 = 1, generalizing the analogous

statement for ANN(S) in Theorem 4.7.1.

4.7.3. Special Cases We enunciate two situations where the collection of Artin braids

{Ba,v}v is particularly simple.

Let A0 C A2 he the (open) locus of points a such that for all v # 0, the map a, : D — ¢

is either transverse to, or does not intersect, ©. By an argument similar to the proof of [87,
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Prop. 4.7.1], we can show that:
Lemma 4.7.8. If deg L > 2g, then A0 is nonempty, hence dense in A,

Remark 4.7.9. The locus A0 is different from the locus A9 C A2 introduced by Ngé in

[87, §4.7], only because the defining condition of A0 excludes the basepoint 0.

Lemma 4.3.11 shows that if a € AY0(C), then for each v € D,, we have some s, € S
such that [84] = [Bs,]. We can calculate (1, AH(8s))w, and hence (1,AH(8s))w, from
the definition of AH in [105]: more precisely, from the explicit description of the sheaf-
theoretic Rouquier complex of Fs and the comparison between annular braid homology and

Khovanov—Rozansky homology. Below, we just state the formula.

Lemma 4.7.10. We have

(4.7.21) (1, AH(Bs) )y = Tra T

forall s € S.

Plugging Lemma 4.7.10 directly into Conjecture A leads us to:

Conjecture C. If a € AV(C), then
(4.7.22) EP(~t.q | Ma)st = (1+ gt)™ - AH(q,0)

in Ko(W)|q,t], where Ny = 20(G,%, L) — rx(U3"™) — (r — 1)|Dq \ 0].

Another useful situation occurs when we can cleanly compare Hitchin fibers to affine

Springer fibers. For this, we want

By Propositions 4.6.6 and 4.6.11, the above is equivalent to requiring;:
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L Yep, (r=r(wap)) = rx(E*) = 20(G, %, L).
2. §(ay) =0 for all v # 0.

The left-hand side of (1) is nonnegative, which forces ¥ to have genus 0 or 1. The genus-0

case is the interesting case. Below, we will also assume that 7(wg ) = 0.

Definition 4.7.11. Suppose that ¥ is of genus 0, i.e., > is a projective line possibly with

orbifold points. Then we say that a € A™(C) is tidy iff:
L. r(wq,0) = 0. In particular, 0 € D,.
2. dim Py = dim P,.
3. d(ay) =0 for all v # 0.

By Remark 4.6.5, condition (1) implies that Flp ,, is projective. By Theorem 4.6.4, condition

(3) is equivalent to the condition that |fq.u| =1 — r(wew) for all v # 0.
Lemma 4.7.12. Suppose that 8 € Bryy maps tow € W. If |G| = r — r(w), then

1

(4.7.24) ANN(S) € m

Ko(W)

and (1, ANN(B))yy = (1 — q) ().

Proof. By Theorem 4.7.1, the hypothesis |G| = r — r(w) implies that (1 — q)r(w)ANN(ﬂ) is a
polynomial in g of degree 0, hence an element of Ko(W). The claim about (1, ANN(S))w

also follows from Theorem 4.7.1. ]

Corollary 4.7.13. If ¥ is of genus 0 and a € A*™(C) is tidy, then the t — —1 limit of the

right-hand side of Conjecture A/B simplifies to ANN(S3q).

Let us assume that a € 42" is tidy and explain how to derive a conjecture about affine

Springer fibers.
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The product formula of §4.5.2 is defined via a morphism:

(4.7.25) Pyyx [ Pay = Pa

vEDL\O
Let Sy 0 be the kernel of the map P, o — Pq. Explicitly, this map sends a Jg-torsor Q — Dy
to the Jy-torsor Q' — ¥ formed by gluing @ to the trivial J,-torsor over ¥\ 0. We deduce
that S0 is the automorphism group of @’. Then, by [87, Cor. 4.11.3] (see also the proof of
[90, Prop. 6.6.3]), we can embed S, ¢ into 70, and by 7(wg ) = 0, we know that the latter
is a finite group. Therefore, S, ( is also finite.

Letting Qo be the kernel of the map P, o — P4, we have the exact sequence:
(4.7.26) 0 — Sa,0 = Pag = Pa — Qa0 — 0.

Since Sg ( is finite and dim Py, = dim Pg, we know that Q, ( is discrete. Letting Qg be the
kernel of the map (4.7.25), there is a surjection Q4o — Qq. At the same time, we have a
surjection mo(Pg) — m0(QLa,0) = Qa,0, S0 the condition a € A2 pow implies that Qg is
finite.

Finally, we observe that d(ay) = 0 implies g, and Flg ,, are discrete. Since Py has

dense open orbit on Flg g, , this forces Flg o, = ngd. By the product formula, we conclude:

Lemma 4.7.14. If ¥ is of genus 0 and a € A*(C) is tidy, then there is a fiber bundle

My — Qq, where Qg is finite and the fibers are homeomorphic to FIB uy/Sa0-

By the lemma, we have a composition of morphisms:

(4.7.27) H* (M) =5 H*(Qu) @ H* (Flp 40)50 — H*(Flp 40)50.

The first arrow sends the stable summand H*(Mg)¢ into the Qg-invariant summand of
the middle term, so we get an inclusion of H*(My)¢ into H*(]:lBjao)SavO. Let H*(FIB a0)st

denote the image. We again write P <, for the filtration on H*(Flp ,,)st formed by the image
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of the perverse filtration on H*(M,)s. Then we obtain:

(4.7.28) EP (L | Ma)s = 3 (1)’ Gr} H'(Flp 40) st
L)

Below, we instead denote this series by EP(l, q | FlB q,)st to emphasize that we are really

studying Flpg 4, rather than M.

Conjecture D. If ¥ is of genus 0 and a € A*(C) is tidy, then
(4.7.29) E¥(L,q | Flp a)st = ANN(fa,0)

in Ko(W)]q]-

Remark 4.7.15. Above, the W-action on EP (1, q | FIB qq)st is compatible with the Springer

action of W on H*(Flp 4,) from §4.4.4, by way of the product formula of §4.5.2.

We believe but have not shown that the summand H*(Fip 4,)st € H*(Flp q4,), together

with its filtration P<,, depends only on ag, not on a.

4.8 Links of Plane Curves

In this section, we show that Conjecture C implies the Oblomkov-Rasmussen—Shende con-
jecture. Most of the “heavy lifting” we need has been carried out in our paper [105] and in

Section 9 of [50]. At the risk of rewriting [50], we will introduce the story gently.

4.8.1. The ORS Conjecture In §4.2.3, we sketched the relationship between plane curve
germs and topological links. The ORS conjecture [88] relates the Hilbert scheme of such a
germ to the so-called HOMFLY homology of its link.

The HOMFLY series is an isotopy invariant of links in 3-space, introduced jointly by
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multiple authors in 1985 [41]. It takes the form:

1)i1

(4.8.1) HOMFLY : {links in R3} /isotopy — Z[(q% —q 2 +1),

,a
It is a common refinement of the Alexander polynomial, discovered in the 1920s, and the
Jones polynomial, discovered in 1984.

Answering a conjecture of Dunfeld-Gukov-Rasmussen [32], Khovanov-Rozansky showed
[62] that HOMFLY can be categorified to an invariant valued in triply-graded vector spaces,

now called HOMFLY or Khovanov—Rozansky homology. We will write
1
(4.8.2) HOMFLY : {links in R3} /isotopy — Z((¢2))[a™!, 1]

for the Poincaré series of their invariant, where the grading is normalized so that HOMFLY is

the ¢t = —1 limit of HOMFLY.

The Local Conjecture Fix a curve C' and a point p € C(C) where C is locally planar.
The Hilbert scheme of the germ (C,p), denoted Hilb(C,p), is a scheme locally of finite
type over C that classifies the finite-length subschemes C' supported at p, or equivalently, the
ideals I C @C,p such that @Cm /I is a finite-dimensional vector space. There are constructible

Z>o-valued functions ¢ and m on Hilb(C, p)*", defined by

(4.8.3) U(I) = dimg O¢ /1,

(4.8.4) m([) = dimc ]/mcpf,

where m,, is the maximal ideal of @C,p' The function ¢ is called the colength and its values
index the connected components of Hilb(C, p). Each connected component is a projective
union of varieties. Note that by Nakayama’s lemma, m(/) > 1 for all I.

As shown in [23] (see also [54, Appendix]), the virtual weight series E(—t | —) (see §4.1.6)
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defines a constructible Lebesgue measure dE(—t) on C-schemes of finite type. In what follows,

we set
7o g, a,t| C.p) = [ ¢ I 0+ a?)an(-)
Hilb(C,p)an 1S1k_[§m
(4.8.5)
=Y ¢'B(—t[HDCp) T 1+ a?),
>0 1<k<m
m>1

where Hilb®™ (C, p) denotes the stratum of Hilb(C, p) of ideals I C (’A)O’p such that ((I) = ¢
and m(I) = m, a quasiprojective variety.

Recall that if @C,p ~ C[x,y]/(f), then the Milnor number y = ¢, is given by

C
(4.8.6) nep = dime J[[Zcfi/]]

where J(f) = <%, g—i}, the Jacobian ideal of f. Now, the main conjecture of [88] states:

Conjecture 4.8.1 (Oblomkov-Rasmussen—Shende). Let A = A¢, be the link of C at p.

Then we have the identity

1 1 2t
(4.8.7) Zlocal(q,a,t | C.p) = (qia_l)“ ) 1+ a
—-4q

- HOMFLY(\)

in Z((q?)a*!,1].

As mentioned in the introduction, the ¢ — —1 limit of the ORS conjecture was originally
announced by Oblomkov—Shende in [89] and proved by Maulik in [80] using Donaldson—
Thomas theory. We refer to Migliorini’s Bourbaki survey [83] for a thorough exposition of

Maulik’s work.

Theorem 4.8.2 (Maulik). The t — —1 limit of Conjecture J.8.1 holds. That is,

(qza— 1y

(4.8.8) ‘(1 —a®)" Lay = e HOMFLY())

/Hilb(C,p)
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|
in Z((q2))[a™?], where dx is the Lebesque measure with respect to Euler characteristic.

The Global Conjecture We need a version of Conjecture 4.8.1 in the setting of an actual
curve, rather than its germ at a single point. Henceforth, we assume that C' is an integral
projective curve, smooth away from (at most) a planar singularity at p.

The Hilbert scheme of C, denoted Hilb(C'), is a C-scheme that classifies finite-length
subschemes A C C, without restrictions on the support of A. Analogously to (4.8.3), (4.8.4),

we have functions ¢, m,, : Hilb(C') = Z>( defined by

(4.8.9) ((A) = dimc I'(A, Op),

(4.8.10) mp(A) = dimc IA,p/mC,pIA,pa

where Zx denotes the ideal sheaf of A. Once again, the connected components of Hilb(C)

are indexed by the values of £. Thus the series

4811)  z8M (g at|Cp)= 3 ¢B(—t [HILY () T (1+F1a?)
€2>01 1<k<m
m=

is a global analogue of Zlocal(q, a,t | C,p). We note that the @ — 0 limit,

(4.8.12) Z(g.t|C) =" q"E(—t | Hilb (C)),
(>0

does not depend on the basepoint p. If C' is smooth at p, then ZglObal(q, a,t)=Z(q,t), and
moreover, Hilb!(C') = Sym®(C) for all ¢.
Let C be the normalization of C, and let § be the genus of C, i.e., the geometric genus of

C. In the Grothendieck ring of varieties, we can write

(4.8.13) [C]=[p] +[C\{p1,---.mp}],
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where b = bc , is the number of branches of (C,p) and py, . .., py are the preimages of p along

C — C. By [52], we have the corresponding identity of formal series:
(4.8.14) z8l (g a,t| C,p) = 2V q,a,t | Cp) - Z(g.t | C\ {p1,....mp}).

where on the right-hand side,

Z(g.t| C\{p1.....;p}) = (1 —q)* - Z(q,t | C)
(1+qt)29(1 — q)*!
(1—qt?)

(4.8.15)

Thus, Conjecture 4.8.1 is equivalent to the following version from [50, §9]:

Conjecture 4.8.3. For any integral projective curve C', smooth away from a planar germ at

p, we have

(48.16)  Z8M(g a,t | C,p) =

1 —1\u 23(1 _ ~\b—1 2
(q%a ><1+qt>)<1 Q)" Lt oLy

(1 - qt? 1-q
. 1 +1 0~ .
in Z((g2))[a™",t], where we write g for the geometric genus of C.

In the course of [50, §9], Gorsky—Oblomkov—Rasmussen—Shende explain how this version
can be transformed into a conjecture about Hitchin fibers for the group G = GL,,. We explain

this step in the next subsection.

4.8.2. From Hilbert to Hitchin First, we explain how the Hilbert scheme of C' is related
to its so-called compactified Jacobian, by way of a generalized Abel-Jacobi map. Then, we

explain how these objects are related to Hitchin fibers for GL,,.

Picard Objects The Picard stack of C, which we will denote P(C'), classifies line bundles
on C. We write P! (C) C P(C) for the connected component that corresponds to degree

¢, and write Picf(C) for the O-truncation (i.e., destackification) of P%(C). That is, Pic!(C)
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classifies degree-¢ line bundles on C' up to isomorphism. The natural map PK(C' ) — Picé(C')
is a Gy,-gerbe.

Recall that PicO(C) forms an algebraic group, known as the Jacobian of C' and denoted
Jac(C). It acts simply transitively on Pict(C) for all . If C is smooth, then Jac(C) is an
abelian variety, but otherwise, it is not even proper.

We write P! (C) for the C-scheme that classifies torsion-free coherent sheaves over C
of degree ¢ and generically of rank 1, and write Pic!(C) for its O-truncation. Since every
line bundle is torsion-free, we have inclusions PY(C) € PY(C) and Pict(C) C Pict(C). The
compactified Jacobian of C' is defined to be Jac(C) = Pic?(C).

Altman-Tarrobino-Kleinman proved [1] that, under the assumption that C' is integral and
projective with at worst planar singularities, WK(C ) is an irreducible projective variety of
which Picf(C) is a dense open. A similar statement can be made for P¢(C).

For all ¢, there is an Abel-Jacobi map

mibi(c) 4L i (o)
(4.8.17)
A+~  IX=Hom(Za,O¢)

The fibers of AJ are projective spaces. Indeed, if F is a C-point of PTCE(C), viewed as a
torsion-free sheaf over C, then there is a bijection between the nonzero global sections of
F and embeddings 7V < O because C' is Gorenstein. This yields an isomorphism from
AJY(F) to the projective space PT(C, F) [89, §4].

When C' is smooth, the Abel-Jacobi map is a fiber bundle. Via the isomorphisms
Pict(C) ~ Jac(C) for each ¢, a classical formula of Macdonald relates the cohomology of
Hilb(C') = [, Hilb?(C) to that of Jac(C).

If instead C has planar singularities, but remains integral projective, then there is a
generalization of Macdonald’s work, independently due to Maulik-Yun [81] and Migliorini-
Shende [84]. We need a parabolic refinement of their formula, stated in [50, §9]. Before we

introduce it, we explain how to interpret PTCE(C) via Hitchin systems for GLy,.
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Spectral Covers In what follows, we set G = GLy, in the notation of Section 4./4. Thus,

W =5, and t = A". Recall from Remark 4.3.3 that this implies
(4.8.18) (c1,¢§) ~ (Sym™(Al), Conf™(A1)).

As in Section 4.5, we fix a non-stacky smooth projective curve > and a line bundle L — X.

In Example 4.2.9, we described a correspondence between:
1. Maps of the form f: (D,n) — (Sym”(Al), Conf?(Al)).

2. Branched n-fold covers Dy — D embedded in D X Al and unramified over .
The analogous statement with X instead of D is a correspondence between:

1. Points a € AY(C), meaning sections
(4.8.19) a:%—c~Sym"(A) @ L

that send the generic point of ¥ into ¢§ ~ Conf"(Al)® L.

2. Branched, generically unramified n-fold covers
(4.8.20) Tg : Lg — 2

embedded in L. Note that 7w, being generically unramified means >, is reduced, so ¥

is a (possibly singular, reducible) curve.

We say that ¥, is the spectral curve corresponding to a.
To describe ¥, more explicitly: Recall from Example 4.2.9 that we have Sym”(Al) ~
Spec Clo1,...,0p], where o; has weight ¢ under the Gy,-action on Sym"(Al). This choice

of coordinates yields an isomorphism
(4.8.21) A~T(S, Lo L% @ @ Lo,
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Under this isomorphism, we can express a € A@(C) as a tuple (ay,...,ap), where q; is a
section of L. In terms of a vertical coordinate z on the fibers of L — ¥, we find that X, is

the closed subscheme of L cut out by
(4.8.22) a2V a1z +ap =0.

Compare to (4.2.14).
Recall that GLj-torsors correspond bijectively to rank-n vector bundles, via the map that

sends a GLj,-torsor E to the vector bundle
(4.8.23) Vp = E NG AT

We write M% C M for the connected component of the Hitchin moduli space for (GLy,, %, L)
that classifies Higgs pairs (E, 0) where Vg is of degree d. The following result, proved using
a relative version of the Cayley—Hamilton theorem over X, is implicit in Hitchin’s paper [55]

and appears as Prop. 3.6 in [2].

Proposition 4.8.4 (Hitchin, Beauville-Narasimhan-Ramanan). For all a € A@, there is

an isomorphism-preserving bijection between.:

1. Pairs (V,0), where:

(a) V — X is a vector bundle of rank n and degree ¢ — (g) deg L.

(b) 6 is a section of End(V') ® L having (4.8.22) as its characteristic polynomial.

2. Torsion-free coherent sheaves F over ¥, of degree £ and generically of rank 1.

Equivalently, we have an isomorphism
(4.8.24) ME~Pl(x,),

where { = d + (g) deg L. (Under the bijection, mq xF is the underlying sheaf of V.)
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Remark 4.8.5. There is a similar isomorphism P, ~ PO(ZG). Together, these isomorphisms

identify the Py-action on M, with the PO(Z,)-action on P(%,).

Let H¢ denote the scheme over C that classifies triples (E,0,0), where (E,0) € M® and
o € PI'(3,Vg). (The addition of o makes the data rigid.) Via Proposition 4.8.4 and the

section-theoretic description of the fibers of the Abel-Jacobi map, we obtain:

Corollary 4.8.6 (GORS). For all a € AY(C), we have an isomorphism
(4.8.25) H? ~ Hilb! (S,),

where { = d + (g) deg L.

Let M?% C M be the pullback of Md, and let H? be the pullback of Md along the

forgetful map HY — M. Then both squares in the diagram below are cartesian:

HA M [6/B];,
(4.8.26) l l l
e Md lal,/GLx] L

For all k > 0, we set A¥ = Ak(C”_l), viewed as the irreducible representation of .S, attached
to the hook partition (n — k,1,...,1). By means of the combinatorics of Kostka polynomials

for Sy, which encode the Sy-isotypic structure of the cohomology of (non-affine) Springer

fibers for GL;,, Gorsky-Oblomkov-Rasmussen—Shende show [50, Lem. 9.5]:

Lemma 4.8.7 (GORS). For all a € AY(C) such that X is integral, we have
(4.8.27) 780 (g, a,t | Sa,p) = (1+a®) Y- q"(a®) (A" B(—t | HD))s,
d.k

in Z[q,t][a], where E(t, H%) € Ko(Sn)|q,t] via the pullback of the Sp-action on s,C.
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Moreover, they introduce the following parabolic Macdonald formula, based on the

non-parabolic version in [81, 84].

Theorem 4.8.8 (GORS, aprés Maulik-Yun, Migliorini-Shende). Let a € AY(C) such that

Y 18 integral, and let /\312’* be the O-truncation of Mg. Then

(4.828) 3 qitarVHr(#L C) = ! 5 > @thGrt GV HA (MO, C)
d,k>0 (1 - q)(l - qt ) 5,k>0

in Z[q,t][a]. This isomorphism is equivariant with respect to the Sp-actions induced by

pulling back the Sy-action on s4C.

4.8.3. Conclusion Our goal is to show:

Theorem 4.8.9. Conjecture C, in the cases where G = SLy, for some n and ¥ = PL, implies

Conjecture /.8.5.

We first make a series of reductions. In Conjecture 4.8.3, we have freedom to choose the

structure of C' away from a planar affine chart at p. So it suffices to assume that:
(I) C = S, where ¥ = P and deg L > 0 and a € AY(GLy,, %, L)(C) for some n.
(I) p is the unique point of the fiber , 1(0) C C.
After a change of coordinates, we can further assume that:
(I115Ln) o = (aq,. .., an) satisfies a; = 0.

This means a belongs to
(4.8.29) (2,00 L% @ @ L") ~ A(SLy, %, L) € A(GLy, %, L),

once we identify the Cartan subalgebra of gl,, with the C-vector space of diagonal n x n

matrices, and that of sl,, with the subspace of diagonal matrices of trace zero. Since SLj,
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is semisimple and deg L > 0, we know that A" (SLy,, %, L) is dense in AQ(SLH, ¥, L) by

Lemma 4.7.8. So after perturbing a, we can take:

(I190) @ € AY0(SLy,, S, L)(C).

If £ — ¥ is a GLj-torsor, then a reduction-of-structure-group on E from GL, to SL,, is
equivalent to a trivialization of det V. When ¥ = P1L, the latter exists for every vector
bundle of degree 0. Therefore, for all a € AQ(SLn, P!, L), we have the following isomorphisms

of O-truncations:

(4.8.30) M(GLy, PY L)% ~ M(SLy,, P, L)
(4.8.31) P(GL,, P, L)% ~ P(SL,, P!, L)}

Since the Grothendieck—Springer resolution of sl;, is the restriction of that of gl,,, we also

have the parabolic statement:
(4.8.32) M(GL,, P, L)% ~ M(SL,,, P!, L)}

Note that M(SLy, P!, L), differs from M(SLy, P!, L)L essentially by the classifying stack
of the finite group uy,, so these spaces have the same rational cohomology. Finally, note
that P(SLy, Pl L)q is connected, so the cohomology of M(SLn, P!, L)g is equal to its stable
summand. (What we are really using is the irreducibility of ¥,.)

By Lemma 4.8.7 and Theorem 4.8.8, we conclude that Conjecture 4.8.3 is equivalent to

the following version:

Conjecture 4.8.10. For all integersn > 1, line bundles L — %, and a € AY0(SLy,, PL, L)(C)
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satisfying (1), (1), (III°0), we have

(4.8.33) 0<k<n

= (q%a—l)ﬂ(l +qt)%9(1 — q)" ' HOMFLY())
in Z(q?)[a*". 1)

Let [3] = [Ba0] € Brp, and let [w] € W be the image of [3] under Bryy — W. By

assumption (II), the planar closure of  is precisely the link A. In particular,
(4.8.34) r(w) = number of connected components of A =b — 1.

From [105], we have the following comparison between the annular braid homology of 5 and

the Khovanov-Rozansky homology of A:

(4.8.35) (qza™ 1) TomELy(\) = 3 (a26)F (A%, AH(B)) g, .
0<k<n

To finish the proof, it remains to check the identities

(4.8.36) p=|pl—r,

(4.8.37) 2§(Xa) = No — r(w),

where Ny = —rx(Ug) — (r — 1)|D4 \ 0] in the notation of Conjecture C.
To prove the first one, we invoke a formula of Milnor [85, Thm. 10.5]. Let § = d¢,, be the

d-invariant of the plane curve germ (C,p) as defined in loc. cit.
Theorem 4.8.11 (Milnor). For any plane curve germ, 20 = pu+b— 1.

Recall that at the same time, ¢, is equal to the local d-invariant ¢(ag) defined by Ngo
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(see §4.6.2). Combining Theorem 4.6.4 and Milnor’s theorem, we get

(4.8.38) 18] =7+ r(w) = 26(ag) = 200p=p+b—1

By (4.8.34), we arrive at u = || — r, as desired.

To prove the second identity, we use a Riemann-Hurwitz argument. Since we are assuming
a € AOO(C), we know that the only ramification points of £, — ¥ = P! are ordinary double
points, and exactly one such point occurs above each point of ®, \ 0. This fact, plus the

identity n = r + 1, yields:

X(Za) =1+ nx(Ug) + (n —1)|Dg \ 0]
(4.8.39) =x(X) — Ny

:2_Na

Since p is the only point where 3, can have multiple branches,
(4.8.40) X(Xg) =2—-2g(3,) +b— 1.

Therefore, —2§(X4) +b — 1 = —N,. Again by (4.8.34), we're done.

4.9 P =W Phenomena

In this section, we show that our conjectures would imply numerical identities suggestive of

P = W phenomena, in the sense of nonabelian Hodge theory.

4.9.1. From Braids to Varieties We briefly summarize the definition of the varieties
O(f), O(B), St(3) mentioned in the introduction.
Recall that by Bruhat, the diagonal (left) G-orbits of B x B are indexed by the elements

of W. We write Oy, for the G-orbit corresponding to w € W. Deligne showed in [27] that
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there is a map from elements 3 € Bra/ to G-varieties O(f) over B x B such that:
1. O(Byw) = Oy, for all w.

2. If 3=p'8"in Br"vf/, then there is a fixed isomorphism O(3) = O(B') x5 O(B8"). Here,
the fiber product is formed with respect to the right projection O(3’) — B and the left
projection O(S") — B. Moreover, these isomorphisms are associative in the sense that

the diagram

O(ﬁlﬁﬂﬁm) 0(5/5”) XB O(B///)

(4.9.1)
O(8') xg O(B"") —— O(8') xg O(8") xp O(B")
is commutative.

Explicitly, if 8 = By, - - Bw,, for some sequence of elements wy, ..., wy € W, then

Deligne attributes the varieties O(f) to Broué-Michel (see also [17]). We view the map
B+ O(pB) as an “algebro-geometric representation” of the positive Artin monoid Brﬁ/.
The horocycle correspondence is the diagram of stacks

(4.9.3) G\(B x B) < G\(B x G) —— G\G

(xB,gzB) < (2B,g) ———— g

where G acts on itself by the adjoint action. As explained in [105, 106], pullback-pushforward
of objects through this diagram from the left to the right is very roughly an analogue of

the passage from elements of Bry to their conjugacy classes. To make this more precise for
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positive braids g € BTJ'W7 let
(4.9.4) 08) 22 G = pr,act*(0(8) — B x B).

In words, prg : O(B) — G is the G-equivariant map formed by pulling back O(3) — B x B

along act and extending along pr. Then one can check directly that
(4.9.5) G\O(F'") = G\O(8" ")

as stacks over G\@, for all 5/, 3" € Brﬁ/. Note that the isomorphism does not hold at the

level of varieties, i.e., without the quotients by G.

Remark 4.9.1. The transitive closure of the relation 3’3" ~ B”p" defines an equivalence
relation on Bra/ called conjugacy by circular permutations [17, Déf. 3.16]. It is weaker
than the relation of being conjugate in Bry: For example, if s, ¢ are distinct simple reflections
in W = S, for some n > 3, then [§s] = [B¢] in Bryy = Bry, but s 4 B¢. It appears to be

unknown whether O(f) only depends on the conjugacy class 18] € Bryy.

Let G = O(1). By definition, G C B x G is the subvariety of pairs (2B, g) such that
g € xBz~ L, so the map pry G — G is the analogue of the Grothendieck—Springer resolution
s:g — g with G in place of g. In particular, there is a W-action on prq ,C € Db(G). Like
in the Lie-algebra setting, all of these structures admit stacky versions in which we take
quotients by G.

Let U be the unipotent locus of G. In [106], for any § € Brﬁ/, we defined the Steinberg-

like variety St(() by the cartesian square:

(4.9.6) l l
U
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Strictly speaking, the paper [105] adopts the setting of a finite field Fy rather than C. Via
the comparison theorems for weight structures on the cohomology of varieties over F, versus

C, we can ignore the difference in what follows.

4.9.2. Virtual Weight Series As explained in ibid., the W-action on pry ,C induces an

action on the compactly-supported cohomology of St(3), hence that of the Steinberg-like

stack G\St(). Therefore the virtual weight series E(q%, G\St(B)) (see §4.1.6) forms an
1

element of Ko(W)[q2].

In [106, §3], we showed the identity
(19.7) AN(B) = (1) E(g? | G\SH())
1
in Ko(W)[g2]. Moreover, in terms of

(4.9.8) E(g2,t | —) = Partt WV HE (-, ©),
ik

we conjectured the refined identity

qt2—1
l—gq

w
(4.0.9) AH<@>=( ) EM(gh.t | G\SKB))

in Ko(WW) [[q%]][t], where as usual w € W is the image of 5. Note that (4.9.7) and (4.9.9) are

compatible by way of:
Lemma 4.9.2. For all § € Bryy, the integer |B| —r 4+ r(w) is even.

Remark 4.9.3. If [5] = [B4] and a : (D, n) — (¢, ¢°) admits a model of finite type, then this

fact can also be seen from Theorem 4.6.4.

Proof. 1f § changes by s, then || changes by 1. Simultaneously, w changes by s. By

induction on the Bruhat order of W, we can show that this changes r(w) by 1. [
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Comparing (4.9.7) and (4.9.9) against Conjectures C and D and accounting for the lemma,

we obtain:

Proposition 4.9.4. Suppose that for some a € AY(C), Conjecture C holds and [Ba0] €

Bryy admits a positive representative. Let
(4.9.10) Xa(g,t) = (1+ qt)Na—T(wa,O)(th _ 1)7"(100,,0)’

where [wq 0] € W is the image of [B40]. Then:

1. We have
(4.9.11) EP(1,q | Ma)st = Aa(q, —1) - E(g2 | G\SK(B))

in Ko(W)lq].

2. If (4.9.9) also holds, then we have
- 1

in Ko(W)|q, t].

1
Significantly, in both of these identities, q tracks a perverse grading on the left and q2 tracks

a weight grading on the right.

Proposition 4.9.5. Suppose that ¥ is of genus 0 and a € A*I(C) is tidy. If Conjecture D

holds for a and [B,.0] € Bryy admits a positive representative, then we have
1
(4.9.13) EP(1,q | Flp q,)st = B(q2 | G\St(B))

in Ko(W)lq].
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Remark 4.9.6. For 8 € Bryy not necessarily positive, we showed in [106, §3] that we still have

(4.9.14) )BT ANN(B) = S mu(@)E(g? | G\SH(Bw))
weWw

in Ko(WW) [[q%]], where the my,(q) € Z[q] are polynomials such that

18l lwl
(4.9.15) g2 8= > muwl@)q? Buw
weW
in the Iwahori-Hecke algebra of W over Z[qi%] (see ibid. for the definition). In this way, we

can extend Propositions 4.9.4 and 4.9.5 to the setting where we do not assume that [3, o]

intersects Br?/i/. Nonetheless, we expect every algebraic braid class to intersect Br%.

4.9.3. Unipotent vs. Nilpotent Loci Let N be the nilpotent locus of g, and let N be
the pullback of A/ along the Grothendieck—Springer map s : § — g. According to [63, §IV.3],

we can fix a G-equivariant (algebraic) isomorphism
(4.9.16) v N =S U.

(Note that v is not unique in general.) For all e € N, it induces an isomorphism from
the Springer fiber B, C N to the underlying reduced scheme of the fiber év(e) C G. This
isomorphism respects the weight structures and IW-actions on their cohomology.

The cohomology of the Springer fibers B. can be endowed with “uninteresting” perverse

and weight filtrations in the following sense.

o By the smallness of the Grothendieck—Springer map s, the perverse truncations of s,C
coincide with its standard truncations, so the perverse filtration on the cohomology of

B. coincides with the (increasing) cohomological filtration.

o The cohomology of Be is pure [104] and concentrated in even degrees [24], so the weight

filtration coincides with the cohomological filtration.
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In formulee, we can write:
(4.9.17) BP(1,q2 | B.) = E(g? | Be) = 3 q?H'(B,, C).
>0

From these observations, we will draw a surprising corollary to Proposition 4.9.5.
Recall from [60] that an element v € g(D) N g(7) is said to be topologically nilpotent
iff v(0) € N(C). If v maps to a € ¢(D) N c°(n), then this condition is equivalent to the

condition a(0) = 0. For such 7, we have a cartesian square:

evp

Flp N/B
(4.9.18) ‘sxf
Flg, —— N/G

For all e € NV, we let Flg ¢ denote the fiber of Flg  above the G-orbit [e] C N. If we
further assume that v is elliptic (see Section 4.4), so that Flg - is of finite type, then in the

Grothendieck ring of varieties over C, we have a decomposition:

(4.9.19) [FlpAl= > [Fl e[ Be)-
le]eN/G

At the same time, we have a similar cartesian square involving the varieties O(/) and St(/3).

Letting U be the pullback of U along the map pr1 : G = G, the square is:

SH() u
(4.9.20) l l il

UxqOpB) ——U

For all u € U, we let é(ﬁ)w denote the fiber of O(f) above the G-orbit [u] C 2. Then in
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the Grothendieck ring of varieties,

(4.9.21) (S8 = > [O(B))[Gul-
[uW]eG\U

1
Given that the formation of the virtual weight series E(g2 | —) factors through the

Grothendieck ring, we further obtain the identity:

(49.22) E(g? |G\SHB) = Y E(g? | G\O(8)y)E(a? | Gu).
[u]eG\U

By way of the isomorphisms B, ~ éf}e((i) for all e € N(C), we conclude:

Corollary 4.9.7. Under the hypotheses of Proposition 4.9.5, we can decompose:

(4.9.23) EP(Lq| Flga)st = Y. Elg? | G\O(Ba0)uie))EF (L q? | Be).
[e]eN /G

That is: By way of (4.9.19), the perverse grading on GrP H*(Flp 4q)st factors through the
halved perverse gradings on H*(B.) for each e.
In particular, up to the original choice of a € A, there is a canonical q-deformation of

the Euler characteristic of ]:lG,ao,[e] : namely,

(4.9.24) X(Flg age]) = E(g? | G\O(Ba,0)u(e)))g1/251-

In general, this q-deformation bears no relation to E(q% | "rlG,ao,[e]) itself.

We speculate that there is an intrinsic definition of this g-deformation of x(F lG7a07[6]),

depending only on ag and [e] but not involving the braid £, ¢.
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4.10 The Degenerate Affine Hecke Action

Throughout this section, we write (1) to denote the Tate twist of any weight structure. It

shifts weights down by 2, so the shift-twist [2](1) preserves weights.

4.10.1. The AHA The notation (—, —) : X x X" — Z will denote the evaluation pairing,
as well as its base change from X to X¢.

Recall from Section 4.3 that Ref(W) is the set of reflections in W. For all ¢t € Ref(W), let
(4.10.1) (a,0) € Dy x Y

be the corresponding positive root-coroot pair, so that (v, 041\5/ ) =2.

Following Lusztig [72], the degenerate affine Hecke algebra (AHA) of G is

Clu](W @ Sym*(X¢))

(4.10.2) H = (s€ —s5€s—ul,aY) £ X, s€S)

Its “rational” degeneration is

(4.10.3) A = Cu](W x Sym* (X)),

where the symbol x means s = %¢s for all £ € X and s € S. This algebra appeared in our
papers [105, 107].

Consider the following bigrading;:
1. degu = (2,0).

2. degé& = (2,1) for all £ € X
3. degw = (0,0) for all w € W.

We equip H with the first component of this bigrading, and A with both components.
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4.10.2. The AHA Action Theorem B of Yun’s paper [113] specializes to the following

statement: There is a morphism of graded algebras

(4.10.4) H — @ End* (h3,.C)(i),
1>0

where End%(haBrikC) = Home(AanixE)(haBn,ikC’ haBn,i* 2i]). Above,

1. The action of u is induced by cup product with the Chern class c1(L| ganiyy;), Wwhere L

is our fixed line bundle over X.

2. The action of X is induced by cup product with the Chern classes ¢1(O())|  jani) for
B

A € X, where O(A) is the line bundle over - /T defined by A and we pull back along

the composition of maps
(4.10.5) M [6/B], — [¢/T) — - /T.

3. The action of W on h%n*C is the one discussed in §4.5.2.
The graded H-action on haBni*C induces a graded action on the stable summand:

1. The action of ¢1(L| 4aniyy) on haBIfiC commutes with that of 7o(P/A*™)| janiyy, S0 it

restricts to an action on (haBrtl* ) st-

2. The cl(O()\)|M%ﬁ)-aC’cion on A Cy is defined by
(1106)  (WHLC)w = hAC L RELCERIL) - (RFLC) Y1),

where the first and last arrows are the direct-summand inclusion and projection maps,

respectively.

The H-action interacts with the perverse filtration P<, in the following way:
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1. The action of ¢1(L| ganiyy,) takes place over A 5 350 it preserves the perverse

filtration and descends to:
(4.10.7) P_;(hLC) s — P<j(RFLC) 4[2)(1).

2. The action of cl((’)()\)\MaBni) is induced by a morphism C — C[2](1) over M3, so it

descends to a morphism
(4.10.8) P_;(hHLC)s — Pejya(hHLC)s[2)(1).

However, by Lem. 3.2.3 of [114], the post-composition of the above map with the

projection to GrngrQ (h%rfiC)st[Z](l) is zero. So we obtain a morphism

(4.10.9) P j(h.C)s = P<jy1(RELC) 4 [2(1).

By [90, Prop. 4.3.1], these properties imply that the graded H-action on ( aBHLC) st descends

to a bigraded A-action on Gr¥ (haBn?I* )st- That is, we have a bigraded morphism
(4.10.10) A — @ End* (Gr} RHLC) (i),

i.J
extending the action W — End?(GrP haBni*C) from §4.5.2, where

(4.10.11) deg Gr} End* (h3.C) (i) = (2i, )

for all ¢, j.

Let A2 : MM 5 A301 he the pullback of b : /\/laBni — A3 5 ¥ to the basepoint 0. Base
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change yields an A-action on h*MC. So for all a € A*(C), we have a bigraded A-action on

(4.10.12) P GryY GrF H (M,, C).

i),k
that preserves the weight grading. Note that while the action of Sym*(X¢) C A respects
the perverse grading, it only respects the increasing filtration by cohomological degree, not

the cohomological grading itself.

4.10.3. A Conjecture for A-Modules? In Section 4.7, we presented annular braid
homology as a class function on Bryy valued in K (W)[[q%]][t] However, the construction in
[105, §7] shows something stronger:

Let A—Modg:) be the category of graded A-modules on which elements of X act by
degree n. Let KO(A—ModgL)) be the split Grothendieck group of A—I\/Iodg?) , and let KaL C Ky
be the semiring of actual, not virtual, modules. Then our construction in [105] actually

produces a class function:

(4.10.13) AH = @ #AH; : Bryy — K (A-Mod{2)[1].
)

At the same time, the preceding discussion shows that we can write:

(4.10.14) D (-1 PP Gl H (M, C)y € Ko(A-Modg) 1],
ik J

In this light, it is natural to ask whether Conjecture A/B can be upgraded to a conjecture
that compares bigraded A-modules, possibly up to a reindexing that sends A-Modg) into
A-Mod?).

However, this cannot work. In the next section, we will explain that a variant of (4.10.14),
involving Gy,,-equivariant cohomology, forms a module over a larger algebra called the rational

Cherednik algebra. The action of X will preserve the equivariant parameter. For cases where
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we can compute the X-action on the ¢ — —1 limit, the result fails to match the X-action
on the ¢ — —1 limit of (4.10.13) when 8 = (3, . In fact, we discussed an example of this
mismatch in the introduction to our paper [107].

Recall from Section 4.9 that for g € Brﬁ/, we have conjectured an identity that relates
the underlying W-representation of AH(/5) and the compactly-supported cohomology of the
Steinberg-like stack G\ S#(3). There is an action of H*( - /T') ~ Sym™*(X ) on H}(G\S#(5))

by pullback of Chern classes along
(4.10.15) G\St(B) = G\G = B\B — T\T — T\ -

By direct calculation, one checks that the W- and X-actions on H}:(G\St(()) generate an
A-action. From this observation, and the P = W philosophy that underpins the discussion in

Section 4.9, we suspect that the A-module formed by
(4.10.16) D+ P )Y uE(G\syB), C)
k J

is—up to normalization—the replacement for (4.10.13) that fixes the mismatch of X-actions,

at least when f3, o is a positive braid. We will explore this possibility in a sequel.

4.11 The Oblomkov—Yun Examples

In this section, we establish infinitely many cases of Conjecture D for any irreducible Dynkin
diagram, by combining the work of Oblomkov—Yun with our work from [107]. The crucial
link between the two is Proposition 4.3.9. As a consequence, we get examples “beyond type

A” of the P = W phenomena proposed in Section 4.9.
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4.11.1. The DAHA According to Oblomkov—Yun [90], the rational Cherednik algebra
or rational DAHA of G is

Clu, w](W x (Sym*(X¢) ® Sym*(X§))) _
<77£ —n=0Em—u Y. (EaMapnt:E€V,ne VV>

teRef (W)

(4.11.1) ATt —

It is equipped with the following bigrading:
1. degu = degw = (2,0).
2. degé& =(2,1) forall £ € V.
3. degn = (0,—1) foralln € V.
4. degw = (0,0) for all w € W.

Thus, there is an inclusion of bigraded algebras A C A In the paper [107], we considered
A" without the second component of the bigrading.

For any v € C, we have two versions of the rational DAHA of central charge v:

(4.11.2) AT — AT/ ),

(4.11.3) AT — ATt/ ),

The grading on A™! descends to a grading on Af,%t, which in turn descends to an increasing

filtration on A!2'. Note that A2 will not appear again until Theorem 4.11.6 below.

We write O, for the Bernstein-Gelfand-Gelfand category of modules over A, The
Verma modules in O, are indexed by Irr(WV), the set of irreducible characters of W. For all
¢ € Irr(W), we write A, (¢) € O, for the associated Verma module and L, (¢) for its simple

quotient. By definition,

(4.11.4) Ay(¢) =AY @4 ¢.

211



In the literature, A, (1), resp. L, (1), is sometimes called the polynomial module, resp. the
simple spherical module.

Let h € A}* be the element formed by the Euler vector field on X (see [38, Ch. 11]).
Every object M € O, admits a decomposition into finite-dimensional, W-stable eigenspaces
under h. In our work, the eigenvalues will always be half-integers. Thus we can define the

graded W-character of M to be

DN

(4.11.5) Mg = Y q2 M5 € Ko(W)((q
JEZ

),

where M /2 denotes the h-eigenspace of eigenvalue j/2.
For generic v € C, the category O, is semisimple and L, (¢) = Ay (¢) for all ¢. For v € Q,

its behavior is highly sensitive to v, as we now describe.

Regularity Let ¢ = e2™. We say that v is a regular slope iff there exist £ € t° and
w € W such that £ is an eigenvector of w with eigenvalue (. In this case, we say that w is
(-regular.

Springer showed [101] that all {-regular elements of W are conjugate. It follows from
work of Broué-Michel [17, Prop. 3.11, Th. 3.12] that v is regular if and only if there exists a
fractional twist 5 € Bryy of slope v (see Section 4.3). In this case, we showed in [107, §6]
that ¢~ 1PlANN(8) is the graded W-character of a virtual A™ -module in which L, (1) occurs

with multiplicity one.

Ellipticity We say that v is a regular elliptic slope iff it is a regular slope and, in the
situation above, we can choose w so that t% = 0.
Varagnolo—Vasserot showed [109] that v is regular elliptic if and only if L, (1) is finite-

dimensional.
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Cuspidality As before, di,...,d, are the weights of the WW-action on t. We say that v is a
cuspidal slope iff there is a unique index i such that the denominator of v in lowest terms
divides d;, or equivalently, such that ¢ € pg,.

In [107, §6], we showed that if v is cuspidal and 3 € Bryy is a fractional twist of slope v,
then ANN() is the graded W-character of a sum of simple A -modules that each occur
with multiplicity one. If, in addition, W is irreducible, then
Ly(D)]g + [Lu()]g W =W(Eg)andv € +Z
we s = | B 0 () 5

[Ly(1)]q else
Notably, if v is a Coxeter slope, in the sense that its denominator in lowest terms is the

Coxeter number of W (see Example 4.3.10), then v is cuspidal and ANN() = [Ly(1)]q.

4.11.2. Homogeneity Revisited We turn to the geometric setup used by Oblomkov—Yun

; t
[90, §6] to construct representations of AT

Fix n € Z. We take X to be the orbifold curve:
(4.11.7) Pl(n,1) = (A?\ (0,0))/Gm,

where G, acts on A2 with weights (n,1). In the weighted homogeneous coordinates that
Pl(n,1) inherits from A2, we set 0 = [0 : 1] and oo = [1 : 0]. Then 0 is an ordinary point,
whereas co has automorphism group py, (and oo is the only stacky point).

Note that the degree map yields an isomorphism deg : Pic(X) = %Z. For a line bundle

L of nonnegative degree, we have
(4.11.8) ['(X, L) = {homogeneous polynomials in x,y of weight ndeg L},

where degx = n and degy = 1.
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In §4.2.4, we introduced the notion of homogeneous loops. For our present choice of X,
there is a global analogue of homogeneity, described below:

Via the inclusion G, C Pl(n, 1) = X, we have a Gy,-action on 3. In coordinates, it is

(4.11.9) s- [z y]=[sz:yl.

For any line bundle L — ¥, we can lift this action to a Gy,-equivariant structure on L that

contracts onto the fiber Ly. The induced action on global sections is

(4.11.10) s f(x:y)=f(sz:y)

for all f € T'(3, L). In this way, the Gy,-action on ¥ gives rise to actions on the Hitchin
moduli spaces M p(G, %, L) and the Hitchin base A(G, X, L).

Concurrently, we have Gy,-actions on M p and A that respectively arise from the Gy,-
actions on g and ¢ by dilation. So we actually have (G, X Gy,)-actions on Mp and A. In

particular, the action on A is defined by

(4.11.11) (s,t) - a(zx:y)=t-a(sx:vy)

once a € A is viewed as a section a : X — ¢y,. It restricts to an action on AV
As in §4.2.4, any rational number v € Q defines a subtorus G, (v) C Gy, X Gy, (see
(4.2.21)). Following [90], we say that a € A is homogeneous of slope v iff it is a fixed

point of the Gy, (v)-action on A. To make this explicit, suppose that the weights of the

Gy-action on ¢ are di < ... < d,. We can fix an isomorphism
(4.11.12) A~ P TI'(%,0(d; deg L)).
1<i<r

In these coordinates, Lem. 6.4.2 of ibid. states:
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Lemma 4.11.1 (Oblomkov—Yun). A point a € A(C) is homogeneous of slope v € Q if and

only if there exist c1,...,c, € C such that
(4.11.13) a; = Cixdiuydi(degL—y)n

for all i. In particular, we must have d;v € Z for all i such that c¢; # 0.

We write A, C A for the (closed) locus of points that are homogeneous of slope v. The

lemma shows that a necessary and sufficient condition for A, to be nonzero is 0 < v < deg L.

We also set Ay = A, N AY and A2M = A4, N A2,

At this point, we draw the relation between Oblomkov—Yun’s setup and the notions about
Artin braids that we have introduced in this paper. By our discussion of algebraic braids in
the orbifold setting from §4.6.3, and the explicit description of A, from Lemma 4.11.1, we

arrive at this result:

Proposition 4.11.2. If v € Q and a € A?, then:
1. ©4 C {0, 00}.
2. aq is homogeneous of slope v.
3. axo s homogeneous of slope deg L — v.

In particular, [Bq 0] and [Ba,c0] are fractional twists.

Remark 4.11.3. Above, we see that |5, 0| + |Ba,00| = || deg L, which verifies that Corollary

4.6.9 continues to hold in this stacky setting.

The following corollary is implicit in [90]: The first statement can be deduced from their
Thm. 3.2.5, which uses a more direct argument inspired by Moy—Prasad theory, and the

second is essentially their Prop. 6.5.2.
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Corollary 4.11.4 (Oblomkov—Yun). If A,S? is nonempty, then v € Q is a reqular slope. In

this case, 2dim Py = |®|deg L — r — r(wq,0)-

Proof. The first statement follows from combining Proposition 4.11.2, Proposition 4.3.9, and
the results of Broué-Michel that we mentioned in §4.11.1. As for the second statement, we

must show in the notation of §4.6.3 that

(4.11.14) 20(G, %, L) = r +1r(wgp)-

By [101, Thm. 6.4(v)], the (diagonalizable) action of w, o on t has eigenvalues e2mi(di—1)v

for 1 <17 <r. Let n be the denominator of v in lowest terms, and for all m, let t,,, be the

2mi . f
e“™n -eigenspace of t under wg o. Then

dim t,,.

m
n

r n
(4.11.15) > o((d; —1)degL) =
=1 m=1
For 1 < m < n, the Killing form restricts to a perfect pairing t,,, X t,—y;, — C. Thus,
omo I .
(4.11.16) > —dimt, = §(d1mt+d1mt0),
m=1"

as needed. O

Corollary 4.11.5 (Oblomkov—Yun). Suppose that degL = v. Then v € Q is a reqular

elliptic slope if and only if every point of A2 is tidy (see §4.7.3). In this case, AY = AN

Proof. We see that v is a regular elliptic slope if and only if both t“e0 = 0 and wg is
e2™V_regular element of W. The first condition says r(wg,p) = 0, and by the previous
corollary, the second condition is equivalent to dim P, = dim P,. Finally, the condition

deg L = v ensures that |84 00| = 7 — 7(Wa,00) = 0, whence 6(aco) = 0. O

4.11.3. The DAHA Action Henceforth, we assume that the (connected) reductive group

G is almost-simple and simply-connected. Every crystallographic, irreducible finite Coxeter
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group W occurs as the Weyl group of some such G. Also, we now assume that n is the

denominator of v in lowest terms.

We keep the setup in which ¥ = P1(n, 1), etc. Let
(4.11.17) hY MY — AY

be the pullback of h to AY, so that M, and hy are fixed by the Gy, (v)-action on Mp. As

we will work with G, (v)-equivariant cohomology, we fix an isomorphism
(4.11.18) H*( - /Gp(v),C) = Clw],
where degw = 2, and abbreviate

(4.11.19) w=wo(—) =Hg, ) (=)l

That is, Hf,_,,, denotes Gy, (v)-equivariant cohomology where the parameter w is specialized

to wp. What follows are the main results of [90] regarding A™'-actions on the cohomology of

Hitchin fibers.

Theorem 4.11.6 (Oblomkov—Yun). Suppose that deg L = v and v € Q is a regular elliptic

slope of demominator n in lowest terms. Then:

1. The A-action on Gr¥ (R2MQC); from Section 4.10 extends to a (bigraded) A™ -action.

The element w € A acts by the equivariant parameter w € H*( - /G (v)).

2. The A™ _qction on GrY h2MC from (1) descends to an A -action on Gr¥ BS*C

Moreover, (ﬁg*C)st = ’ng*c.

The analogous statement to (1), resp. (2), holds in the (Gy, X G )-equivariant derived

category of A resp. the G (v)-equivariant derived category of AY. Thus, for all a € AY,
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there is a bigraded AT -action on
(41120) GI‘E H*Gm(u) (Ma)st = GI‘E Ham(y) (Mq),

where deg Gr? H%—%m(V) (Mq) = (2i, 7).
Assume that deg L = v and v € Q is at least a regular slope. Then following §5.4.6 of

Oblomkov—Yun, we define the local braid group at a to be

(4.11.21) Bry = w1 (A, a),

2miv

It is mentioned in loc. cit. that for any e“™"”-regular element w € W, this is isomorphic to

the Artin group attached to the so-called little Weyl group Cyy(w) (which may be a complex
reflection group, rather than a Coxeter group).

Below, parts (1) and (2) summarize [90, Thm. 8.2.3], whereas part (3) is [90, Ex. 8.2.6].

Theorem 4.11.7 (Oblomkov—Yun). Suppose that deg L = v and v € Q is a reqular elliptic

slope of denominator n in lowest terms. Then:

1. The monodromy action of Bry on Ham(y) (M) descends to GrE H*Gm(u) (My), where

it commutes with the A% -action.

2. After specializing w — 1, we have an isomorphism of AX**-modules

(4.11.22) Ly(1) ~ GrP HY (M) Pre.

3. If v is a Coxeter slope, then Brg acts trivially on HY _{(M,).

Tying everything together, we claim:

Corollary 4.11.8. Suppose that:
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1. G is almost-simple and simply-connected.

2. v is a cuspidal slope of W such that either W # W (EgR) or v ¢ 1—15Z.
3. ¥ = Pl(n, 1), where n is the denominator of v in lowest terms.

4. L — X is the line bundle of degree v.

Then ANN(Bq0) is a virtual summand of EP(l, q | Ma)st. If. more strongly, v is a Cozeter

slope of W, then Conjecture D holds for (G,%, L) and a € .AZQ,?.

Proof. By hypothesis (2), ANN(8,0) = [Lv(1)]q. By Corollary 4.11.5 and the fact that
cuspidal implies regular elliptic, a € A,@ni is tidy. So by the other hypotheses and Theorem

4.11.7, it remains to check that

(4.11.23) > (—1)'¢! Gr} Hoy (Ma) e = 37 (=1)'q! Grf H (M) P2
i, ]

as elements of Ko(W)[g]. The graded dimensions are the same because we can write
1 ~ kyyi—2k
Gp(v) = DT
k

The W-actions match because W commutes with w in the definition of At OJ

We expect that via explicit computations of the monodromy action of Bry, we will be able

to generalize this result to all regular elliptic slopes v. In more detail, we intend to prove:
Conjecture 4.11.9. Suppose that we retain the hypotheses of Corollary 4.11.8, except we

now assume that v is only a reqular elliptic slope of W. Then

(4.11.24) > (—1)'¢? Gr} H' (Ma) = ANN(B,0)
iJ

in Ko(W)lq].
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Moreover, there is a bijective correspondence between the (virtual) Brg-isotypic summands

on the left-hand side and the (virtual) A -isotypic summands on the right-hand side.
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