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2.1 Model diagrams. (A) The full SEPIAR model used for inference.
The model is an extension of an SEIR formulation that considers both pre-
symptomatic transmission (from compartment P ) and asymptomatic transmis-
sion (from compartment A). B) When the strength of pre-symptomatic
transmission bp is set to 0, the SEPIAR model reduces to the SEIAR
model. Since we assume that ϕU = ϕE , when bp = 0 the infectious pre-
symptomatic compartment behaves like an additional exposed compartment. C)
When the strength of asymptomatic transmission ba is set to 0, the
SEPIAR model reduces to the SEPIR model. Individuals in the asymp-
tomatic infectious compartment (A) make no contribution to the force of in-
fection, so asymptomatic individuals essentially recover after leaving the pre-
symptomatic period (P ). In all three panels, circular/elliptical compartments
contribute to the force of infection, while rectangular compartments do not. The
green ellipse denotes the point at which severe/hospitalized COVID patients are
sampled and enter the testing queue for severe cases, while the red ellipse denotes
the corresponding entry point for the queue for non-severe symptomatic cases. 12

2.2 The probability of symptomatic infection. (A) Simulated vs. observed
cases from the profile of the asymptomatic transmission strength (ba)
using the SEPIAR model. The red line is the median from 100 simulations
using the Maximum-Likelihood Estimates (MLE), while the red shaded region
denotes the 2.5 to 97.5% quantiles across 100 simulations from all parameter
combinations within 2 log-likelihood units of the profile MLE. Likelihoods here
are with respect to case data. The observed daily case counts are denoted by the
blue line. B) Model Likelihood as a function of the proportion of cases
that are symptomatic (pS) for each parameter combination from panel
A. The y-axis shows the likelihood for that parameter combination with respect
to serology data. All parameter combinations above the blue line have likelihoods
within 2-log-likelihood units of the MLE (defined with respect to serology). This
corresponds to a range of values for pS of approximately 13 to 18%. C) Com-
parison of observed vs. simulated estimates of herd immunity in the
population from parameter combinations supported by both case and
antibody data (all points above the blue line in panel B). The red line
denotes the median value of herd immunity (the proportion of the population

that has recovered (RN ) at that point in time in 100 simulations from the MLE
parameter combination. The red shaded region denotes the 2.5 to 97.5% quan-
tiles for these simulations from all parameter combinations within 2-log-likelihood
units of the MLE with respect to serology (all parameter combinations above the
blue line in panel B). The blue line denotes estimates of herd immunity from a
recent serological survey in New York City [1]. The blue shading denotes 95%
confidence intervals for those serology estimates using the methods of [1]. . . . . 13
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2.3 Plots of the reproductive number of symptomatic individuals (R0)
(A) and the overall reproductive number (R0NGM

) (B), as a function
of the relative strength of pre-symptomatic transmission (bp) and the
relative strength of asymptomatic transmission (ba).
Each point represents one parameter combination within 2 log-likelihood units
of the MLE (with respect to serology) from the ba profile. C) Plot of the
overall reproductive number vs the reproductive number in symp-
tomatic individuals for the same points colored by ba. The black arrows
show the direction of increasing strength of asymptomatic transmission (ba) and
pre-symptomatic transmission (bp). For this same plot except colored by the
strength of pre-symptomatic transmission (bp), see Fig. 2.11. For ease of plot-
ting, we exclude two parameter combinations which had a very low relative rates
of pre-symptomatic transmission (i.e. bp was lower than 0.020). The two outlier
combinations had high reproductive numbers (R0 = 17.77, R0NGM

= 3.95 and
R0 = 4.97, R0NGM

= 4.37). These outliers are included in the Fig. 2.12. . . . . 16
2.4 The contribution to the force of infection at the peak of the outbreak on

April 14, 2020 from symptomatic, asymptomatic, and pre-symptomatic
infections under different relative asymptomatic transmission rates ba.
For each parameter combination from the fitted SEPIAR model supported by
case and serology data (corresponding to the points in Figure 2.3), we simulate
100 trajectories and calculate the proportion of the overall force of infection on
April 14,2020 that is due to asymptomatic, symptomatic, and pre-symptomatic
infections. We pool trajectories from all parameter combinations that have the
same value of ba, and calculate the median, 2.5%, and 97.5% quantiles for each
infection class and value of ba. The colored bars represent for each infection
class, the median proportion of its contribution to the force of infection (and
hence may not sum exactly to 1). The error bars represent the corresponding
2.5%, and 97.5% quantiles. Versions of this plot calculated respectively 4 weeks
before, and 4 weeks after, the peak can be found in the SI Appendix Fig. S9.
We excluded two outlier parameter combinations that had extremely low relative
rates of pre-symptomatic transmission (i.e. where bp was less than 0.02). . . . . 17

2.5 Comparison of daily COVID hospitalizations under the model with
observed COVID hospitalizations in New York City and emergency
department respiratory syndrome surveillance reports. The red line rep-
resents the median daily case hospitalizations from 100 simulations from the pa-
rameter combination with the highest likelihood with respect to serology from the
ba profile. The red shading represents the bounds of the 2.5% and 97.5% quantiles
across all parameter combinations from the ba profile that are supported by case
and serology data. The blue line shows observed COVID daily hospitalizations
in New York City. The yellow line denotes daily reports of respiratory illness
from syndrome surveillance in New York City emergency departments, while the
pink line denotes anomalous respiratory surveillance reports compared to previous
years. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6 Diagram of the grid searches for the SEPIR (A) and SEIAR (B) mod-
els. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
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2.7 SEPIAR Profile Fitting Procedure. This diagram summarizes how the
Monte Carlo profile of ba for the SEPIAR model was fit to case data and subse-
quently to serology. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.8 Diagram of the general testing framework described in Section 2.6.4.
The New York City-specific modifications described in Section 2.6.4 are not shown
here. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.9 Diagram of the testing priorities described in Section 2.6.4. . . . . . 51
2.10 Monte Carlo profile of the strength of transmission in asymptomatic

cases relative to that of symptomatic cases (ba). Each point represents
the parameter combination from the Monte Carlo profile for ba with the highest
log-likelihood (with respect to observed cases) for a given value of ba. All points
above the blue line are supported by the case data (i.e. they have likelihoods
within 2 log likelihood units of the profile MLE). . . . . . . . . . . . . . . . . . 57

2.11 Additional plots of the overall reproductive number (R0NGM
) vs the

reproductive number in symptomatic individuals (R0) from parame-
ter combinations supported by case and serology data from the full
SEPIAR (A) and SEIAR (B) models. A) Each point represents one pa-
rameter combination within 2 log-likelihood units of the MLE (with respect to
cases and serology) from the ba profile using the full SEPIAR model. Each point
is colored by the strength of pre-symptomatic transmission (bp). B) Each point
represents one parameter combination within 2 log-likelihood units of the MLE
(with respect to serology) from the grid search of the SEIAR model (no pre-
symptomatic transmission). Points are colored by the relative strength of asymp-
tomatic transmission (ba). For ease of plotting, in panel A) we exclude two pa-
rameter combination with very low pre-symptomatic transmission rates bp. These
outliers are also excluded from Figure 3 in the main manuscript , but are shown
in Supporting Figure S2.12. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.12 Additional plots of the overall reproductive number (R0NGM
) vs the re-

productive number in symptomatic individuals (R0) including the out-
lier parameter combination colored by the relative strength of asymp-
tomatic transmission (ba) (A) or the relative strength of pre-symptomatic
transmission (bp) (B). Each point represents one parameter combination within
2 log-likelihood units of the MLE (with respect to cases and serology) from the ba
profile of the full SEPIAR model. We include here the outlier parameter combi-
nations with very high symptomatic R0 greater than 15 that were excluded from
Figure 3 and Figure S2.11. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.13 Monte Carlo profile of the probability that an individual (who does
not have COVID-19) who shows up to the emergency department with
respiratory symptoms is severe enough to merit testing for COVID-19
(s). Each point represents the parameter combination from the Monte Carlo
profile for the scaling parameter s with the highest log-likelihood (with respect
to observed cases) for a given value of s. All points above the blue line have
likelihoods within 2-log likelihood units of the profile MLE). . . . . . . . . . . . 60
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2.14 Contributions from pre-symptomatic, symptomatic, and asymptomatic
infections to the overall force of infection 4 weeks before (A) and after
the peak in reported cases (B). The calculation of the contribution to the
overall force of infection from simulated trajectories of parameter combinations
from the SEPIAR model supported by case and serology data as described in
Figure 4 of the main manuscript was replicated using time points 4 weeks before
and after the peak of reported cases on April 14, 2020 instead of at the time of the
peak. As in Figure, two parameter combinations with rates of pre-symptomatic
transmission bp below 0.02 were excluded from the plot. . . . . . . . . . . . . . 61

2.15 Plot of observed respiratory syndrome surveillance reports compared
to simulations from fitted statistical model The red line corresponds to
weekly respiratory infections from syndrome surveillance reports in NYC hospitals
in 2016, 2017 and 2019 that were used to fit the statistical model in Section 2.6.5.
The blue line represents the median estimate for the number of expected syndrome
surveillance reports (G(w, y) for that week and year from 100 simulations from
the fitted statistical model. The shaded light blue region represents the 2.5% and
97.5% quantiles from those 100 simulations. . . . . . . . . . . . . . . . . . . . . 62

2.16 Validation analysis results from fitting model to simulated data. We
are particularly interested here in verifying the ability of the inference
pipeline to estimate the value of the probability of symptomatic infec-
tion pS used in the simulations. A) Observed data and simulated tra-
jectories used for fitting. The green points denote observed daily reported case
counts in New York City. The red points denote daily reported cases from a repre-
sentative simulated trajectory from a ”low” ba parameter combination (ba = 0.07,
R0 = 6.10, bq = 0.23, bp = 0.94, pS = 0.15, pH = 0.16, γ = 6.33,E0 = 63566.34
z0 = 13443, and the overall reproductive number R0NGM

= 2.27), while the
blue points denote daily reported cases for a representative trajectory from a
”high” ba parameter combination (ba = 0.97, R0 = 3.08, bq = 0.16, bp = 0.99,
pS = 0.15, pH = 0.17, γ = 11.73, E0 = 54806, z0 = 11625, and R0NGM

= 3.50).
B) Supported parameter ranges for the proportion of cases that are
symptomatic (pS for fits to simulated and observed data. Red and blue
dots represent respectively parameter combinations supported by the case data
when the model was fit to the low ba (red) or high ba (blue) trajectories. For
comparison, the green dots represent parameter combinations supported by the
case when the model was fit to observed case data (as shown in panel B of Fig-
ure 2). All parameter combinations above the green line have likelihoods within
2-log-likelihood units of the MLE defined with respect to serology. Our approach
recovers the value of pS used in the simulations, and does so accurately. . . . . . 63
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2.17 Comparison of infection fatality ratios (IFR) estimated from fitted
model parameters under different testing strategies. The red shaded
region denotes a histogram of the infection fatality ratio calculated with respect
to all cases, both symptomatic and asymptomatic. The IFR was calculated for
each parameter combination from the SEPIAR model that was supported by both
case and serology data. The proportion of hospitalized cases that result in deaths
was estimated from observed confirmed COVID-19 hospitalisations and deaths
in New York City during time period of the study. The red histogram shows the
range of IFR values expected under the SEPIAR model if all cases (symptomatic
and asymptomatic) are observed. Each count in the histogram represents the
expected IFR for one parameter combination that is supported by the case and
serology data. The blue histogram shows the expected IFR if all symptomatic
cases are observed. The higher IFR obtained in the blue histogram compared
to the red histogram demonstrates how different testing strategies can alter the
IFR. The orange line denotes the observed IFR calculated by dividing the to-
tal number of confirmed COVID-19 deaths in NYC during the study period by
the total number of confirmed cases. The gap between the orange line and the
blue histogram illustrates how limited testing capacity can affect the IFR that
is estimated, since not all symptomatic cases were tested due to limited testing
capacity early in the outbreak. . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.1 A) Graphical illustration of how the expected number of skips (nc)
is calculated. The black dots represent the threshold fraction of the popula-
tion susceptible at the time of prediction required for n skips to occur (sc(n)).
The plot shows (sc(n)) as a function of n (the number of skips) obtained from
Equation 1 with seasonality amplitude δ = 0.2 ( contacts per person per day)
and reproductive number R0 = 1.4. In this example, the red line represents
the fraction of the population susceptible at the time of prediction (s0). If s0 is
smaller than sc(n), at least n skips will occur. To find the expected number of
skips (nc), we identify the largest number of skips n such that s0 is smaller than
the susceptibility threshold required for those skips sc(n). In this example, the
red line intersects the sc(n) curve between sc(n = 6) and sc(n = 7). Therefore,
a critical skip number of nc = 6 is obtained. B) and C) The critical skip
value nc as a function of R0 for (B) different values of the amplitude of sea-
sonal transmission δ with s0 = 0.7 and (C) different values of the fraction of the
population susceptible at the time of prediction (s0) with δ = 0.70. In all three
panels, the frequency of transmission ω the population turnover rate µ and pop-
ulation growth rate r are fixed at respective values ω = 2π

365days
−1 corresponding

to an annual periodicity, ω = 1/(74.46∗365))days−1 corresponding to an average
lifespan of 75 years, and r = 1.55µdays−1 consistent with the growth of the city
of Rio de Janeiro. These values were chosen for the purpose of illustration, based
on the inverse of the average life expectancy in Brazil in 2012 according to the
2010 census [2] , and the interpolation of population estimates for the resident
population of the municipality of Rio de Janeiro from the 1991 [3] and 2000 [4]
censuses assuming exponential growth. . . . . . . . . . . . . . . . . . . . . . . 71
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3.2 (A) Observed dengue case data. Monthly reported dengue cases in the city
of Rio de Janeiro, Brazil from April 1986-1995. The grey shaded region denotes
observations that were included in the fitting of the stochastic model from May 1,
1986 to July 1, 1988 inclusive. Serotype DENV1 re-emerged in 1990. DENV2 was
first detected in the state of Rio de Janeiro in 1990 but did not become dominant
until 1991 [5, 6]. Both co-circulated afterwards. We focus on the invasion of
DENV1 from 1986-1987 and its initial re-emergence in DENV1 in 1990 using a
single serotype transmission model. This allows us to evaluate this transmission
model in a region where only one serotype was circulating, where cross-immunity
could not easily be invoked to explain the absence or reduction of dengue in a given
year. (B) Deterministic critical number of DENV1 skips nc for Rio de
Janeiro from September 1988. Expected number of skips nc with amplitude
of seasonal transmission δ = 0.7 and the fraction of the population susceptible
after the first DENV1 invasion as of September 1, 1987 (s0) calculated from the
data (A). We use a reporting rate ρ of 3% when calculating s0 , consistent with
serological estimates from the literature [7]. For comparison purposes, we also
include the expected number of skips nc assuming a reporting rate of 10%. . . . 73

3.3 A-C) Selected parameter profiles for the stochastic model. Profiles of the
mean annual transmission rate β0 (A), seasonal transmission amplitude δ (B), and
reporting rate ρ (C). The red curve is a polynomial fit to the subset of the profile
points shown on the figure. The single dashed grey horizontal line represents the
likelihood value 2 log likelihood units below the maximum likelihood estimate.
This line provides an estimate of confidence intervals for the given parameter.
The grey vertical line denotes the parameter value of the maximum likelihood
estimate. The maximum likelihood estimate for the reporting rate in panel C
is very close to the literature value obtained from serology (approximately 3
percent). [7] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.4 A-B) Comparison of simulated values with the fitted model and ob-
served data on a log (A) and regular (B) scale. Observed monthly cases
from April 1986 to June 1988 are shown in blue. Median values from 100 sim-
ulations with the maximum likelihood parameter combination are shown in red.
The shaded red region denotes the 2.5% and 97.5%th quantile boundaries from
those simulations. C) Estimates for R0(t). The black line denotes the tra-
jectory of R0(t) for the maximum likelihood estimate. The shaded grey region
represents the 2.5% and 97.5%th quantile boundaries for trajectories from all
parameter combinations within 2 log likelihood units of the maximum likelihood
estimate. Each parameter combination has only one seasonal trajectory for R0(t)
since R0(t) is a deterministic quantity. R0(t) for all parameter estimates ranges
from 1.79-2.09 in the on season to 0.31-0.52 in the off-season. . . . . . . . . . . . 76
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3.5 A) Expected number of skips (nc) calculated using parameters ob-
tained from the fitted stochastic model. The open circles show the ex-
pected number of skips nc from Equation 1 using parameters and the fraction
of the population susceptible after the initial DENV1 invasion (s0) estimated
from the fitted stochastic model. Each circle corresponds to one parameter com-
bination, and we included here all parameter combinations for the fitted model
with a seasonal transmission amplitude (δ of 0.7 (contacts per person per day)
and a likelihood value within two log-likelihood units of the maximum likelihood
estimate (MLE). See Fig. 3.20 for expected skips from parameter combinations
with different values of δ and Figure S10 for parameter combinations from the
profile of the recovery rate, γ. For comparison purposes, the black line shows
the expected number of skips for the deterministic skip calculation from panel
B of Fig. 3.2 with the reporting rate ρ fixed at the literature value of 3%. B)
Probability of epidemic in 1990 under forward stochastic simulation
of fitted model. The fitted stochastic model was simulated forward in time
from 1986-1990 with population growth. A pulse of 20 infected individuals were
assumed to arrive each day in January 1990. Each parameter combination within
2 log likelihood units of the maximum likelihood estimate was simulated 100
times. The re-emergence probability was calculated by determining the number
of simulations in which the susceptible population decreased in 1990. The plot
shows re-emergence probability as a function of the process noise intensity σP.
Each point represents a single parameter combination. The maximum likelihood
estimate parameter combination is circled in red. . . . . . . . . . . . . . . . . . 78

3.6 Observed vs simulated cases from parameter combination for the
stochastic SIR Cosine Model, fit to 2.5 years of DENV1 case data
(fixed recovery rate) Log of observed monthly cases from April 1986 to June
1988 are shown in blue. Simulated cases were estimated from 100 simulations for
each parameter combination within 2 log-likelihood units of the highest likelihood
parameter combination (the MLE). Median values from 100 simulations from the
MLE the are shown in red. The range of simulation medians across all parameter
combinations within 2 log-likelihood units is shaded pink. The shaded blue region
denotes the 95% quantile boundaries across all 100 simulations from the MLE.
The shaded grey region denotes 95% quantile boundaries from all simulations
(across all parameter combinations within 2 log-likelihood units of the MLE). . . 106
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3.7 A-B Comparison of simulated values with the fitted model and ob-
served data on a log (A) and regular (B) scale.) Observed monthly
cases from April 1986 to June 1988 are shown in blue. Median values from 100
simulations with the maximum likelihood parameter combination are shown in
red. The shaded red region denotes the 2.5% and 97.5%th quantile boundaries
from those simulations. C) Estimates for R0(t). The black line denotes the
trajectory of R0(t) for the maximum likelihood estimate. The shaded grey region
represents the 2.5% and 97.5%th quantile boundaries for trajectories from all
parameter combinations within 2 log likelihood units of the maximum likelihood
estimate. Each parameter combination has only one seasonal trajectory for R0(t)
since R0(t) is a deterministic quantity. Results for three models are shown: the
SIR Cosine Model (described in the main manuscript) as well as an SIR Spline
and SEIR Spline Model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

3.8 Comparison of all examined parameter combinations within 2 log like-
lihood units of the maximum likelihood estimate for each fitted model
with observed dengue case counts for each of 3 models. For each param-
eter combination, 100 independent stochastic simulations were conducted. The
right hand panel shows cases on a standard scale, while the left hand panel is
on a log scale. Log of observed monthly cases from April 1986 to June 1988 are
shown in blue. Simulated cases were estimated from 100 simulations for each
parameter combination within 2 log-likelihood units of the highest likelihood pa-
rameter combination (the MLE). Median values from 100 simulations from the
MLE the are shown in red. The range of simulation medians across all parameter
combinations within 2 log-likelihood units is shaded pink. The shaded blue region
denotes the 95% quantile boundaries across all 100 simulations from the MLE.
The shaded grey region denotes 95% quantile boundaries from all simulations
(across all parameter combinations within 2 log-likelihood units of the MLE). . 108

3.9 Profiles of reporting rate (ρ) for all three models. The red curve is
a polynomial fit to the subset of the profile points shown on the figure. The
single dashed grey horizontal line represents the likelihood value 2 log likelihood
units below the peak of the profile. This line provides an estimate of confidence
intervals for the given parameter. The grey vertical line denotes the parameter
value of the maximum likelihood estimate across all parameter profiles for that
model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.10 Profiles of the environmental process noise magnitude parameter (σP)
for all three models. The red curve is a polynomial fit to the subset of the
profile points shown on the figure. The single dashed grey horizontal line rep-
resents the likelihood value 2 log likelihood units below the peak of the profile.
This line provides an estimate of confidence intervals for the given parameter.
The grey vertical line denotes the parameter value of the maximum likelihood
estimate across all parameter profiles for that model. . . . . . . . . . . . . . . . 110
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3.11 Profiles of the measurement noise magnitude parameter (σM) for all
three models. The red curve is a polynomial fit to the subset of the profile
points shown on the figure. The single dashed grey horizontal line represents the
likelihood value 2 log likelihood units below the peak of the profile. This line
provides an estimate of confidence intervals for the given parameter. The grey
vertical line denotes the parameter value of the maximum likelihood estimate
across all parameter profiles for that model. . . . . . . . . . . . . . . . . . . . . 111

3.12 Profiles of the initial number of infected people at the start of the
simulation (I0) for all three models. The red curve is a polynomial fit to
the subset of the profile points shown on the figure. The single dashed grey
horizontal line represents the likelihood value 2 log likelihood units below the
peak of the profile. This line provides an estimate of confidence intervals for
the given parameter. The grey vertical line denotes the parameter value of the
maximum likelihood estimate across all parameter profiles for that model. . . . 112

3.13 Profiles of the phase parameter (ϕ) for the SIR Cosine Model. The
red curve is a polynomial fit to the subset of the profile points shown on the
figure. The single dashed grey horizontal line represents the likelihood value 2
log likelihood units below the peak of the profile. This line provides an estimate
of confidence intervals for the given parameter. The grey vertical line denotes the
parameter value of the maximum likelihood estimate across all parameter profiles
for that model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

3.14 Profiles of the recovery rate (γ) for the SIR Cosine Model. The red curve
is a polynomial fit to the subset of the profile points shown on the figure. The
single dashed grey horizontal line represents the likelihood value 2 log likelihood
units below the peak of the profile. This line provides an estimate of confidence
intervals for the given parameter. The grey vertical line denotes the value of
gamma that was used for the original fit of the SIR Cosine Model (where the
recovery rate was fixed) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

3.15 Expected number of skips from deterministic calculation given all com-
binations of R0, seasonal transmission amplitude (δ), and reporting rate
(ρ) from each parameter combination of the recovery rate (γ) profile
within 2 log likelihood units of the parameter combination with the
highest likelihood in the original model. In Figure 5 panel A, expected
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within 2 log-likelihood units from the maximum likelihood estimate of the SIR
Cosine Model. Parameter values from the profile of the recovery rate (γ) in
the sensitivity analysis shown in Supplemental Figure 3.15 were not included in
the skip calculations for Figure 5 Panel A. Here, we replicate those skip calcu-
lations for all parameter combinations from the γ sensitivity analysis within 2
log-likelihood units of the original maximum likelihood estimate. . . . . . . . . 115
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3.16 Comparison of reporting rate (rho) vs. reproductive number (R0) and
environmental process noise magnitude σP) for each parameter combi-
nation of the γ profile of the SIR Cosine Model within 2 log-likelihood
units of the parameter combination with the highest likelihood in the
original model. This figure compares the values of R0 and reporting rate (ρ)
and process noise magntiude (σP) for all parameter combinations from the gamma
profile used for the deterministic skip calculations shown in Supplemental Figure
3.15. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.17 Comparison of filter means between maximum likelihood parameter
combination and parameter combination with large process noise over
third year of simulation. Average of filter means for the number of monthly
cases (C) at each observed data point from 10 runs of the Sequential Monte Carlo
algorithm pfilter run at MLE parameter combination ( in green) and at the pa-
rameter combination with the highest likelihood out of all parameter combination
with the highest permissible amount of process noise (σP = 1) shown in red. The
observed cases are shown in blue for comparison. Only the third year of the fit
(corresponding to the period from January 1988 through July 1988) is shown.
Shaded ribbons show the average of the filter mean +/- 2 times the standard
deviation of the filter means (across all 10 runs). . . . . . . . . . . . . . . . . . 117

3.18 Comparison of filter means between maximum likelihood parameter
combination and parameter combination with large process noise over
second year of simulation. Average of filter means for the number of monthly
cases (C) at each observed data point from 10 runs of the Sequential Monte Carlo
algorithm pfilter run at MLE parameter combination ( in green) and at the pa-
rameter combination with the highest likelihood out of all parameter combination
with the highest permissible amount of process noise (σP = 1) shown in red. The
observed cases are shown in blue for comparison. Only the second year of the
fit (corresponding to the period from January 1987 through December 1987) is
shown. Shaded ribbons show the average of the filter mean +/- 2 times the
standard deviation of the filter means (across all 10 runs). . . . . . . . . . . . . 118

3.19 Probability of stochastic epidemic in 1990 vs Process Noise Inten-
sity (σP) under simulation from top 2LL parameter combinations of
stochastic SIR Cosine Model. The fitted stochastic model was simulated
forward in time from 1986-1990 with population growth. Daily pulse rates of
2,5,10,20, 50, and 100 infected individuals per day in January 1990 were used.
Each parameter combination within 2 log-likelihood units of the maximum likeli-
hood estimate was simulated 100 times. The re-emergence probability was calcu-
lated by determining the number of simulations in which the susceptible popula-
tion decreased in 1990. The plot shows re-emergence probability as a function of
the process noise intensity σP. Each point represents a single parameter combina-
tion at a particular pulse rate. Points are colored by pulse rate. MLE parameter
combination points are circled in red. . . . . . . . . . . . . . . . . . . . . . . . 119
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3.20 Expected number of skips from deterministic calculation using param-
eter estimates from the fitted stochastic model. The red crosses show the
expected number of skips nc from Equation 1 of the main text using parameters
and the fraction of the population susceptible after the initial DENV1 invasion
(s0) estimated from the fitted stochastic model. Each circle corresponds to one
parameter combination, and we included here all parameter combinations for the
fitted SIR Cosine model with different values of the reproductive number R0, sea-
sonal transmission amplitude δ, and reporting rate ρ. See Supplemental Figure
3.15 for the expected number of skips for all parameter combinations obtained
from the profile of the recovery rate (γ). . . . . . . . . . . . . . . . . . . . . . . 120

3.21 Different combinations of mean transmission rate β0 and recovery rate
γ that yield the same reproductive number R0 value have different
values of the fraction of the population susceptible ( SN ) after 1 year.
For example, suppose that we have the parameter combinations δ = 0.5, β0 = 0.3
, γ = 0.2 and δ = 0.5, β0 = 0.15, γ = 0.1 . While both parameter combinations
give an R0 of 1.5, the first yield an S

N after one outbreak of around 20%, while

the second gives an S
N of approximately 40%. The plot shows values of S

N as
a function of γ with β0 modified to give different values of R0. For all points
in the plot, the amplitude of seasonal transmission δ = 0.5, the initial number
of infected individuals I(t = 0) = 1, and the frequency of the seasonality of
transmission ω = 2π

365 , corresponding to an annual periodicity. . . . . . . . . . . 121
3.22 Transmission rate considered by Stone et al [8] in (black), and in this work (red). 122
3.23 A boxplot of R0 for each month in Rio de Janeiro from 2010-2016

with monthly estimates from [9] . The superimposed solid red line indicates
the mean monthly R0 obtained from our stochastic SIR cosine model with the
parameter combination with the highest likelihood. . . . . . . . . . . . . . . . . 123

3.24 A) Weekly temperature of the city of Rio de Janeiro. The data is repre-
sented by black dots and cosine function by the solid red line. B) Transmission
rate re-scaled between 0 and 1. The black line is the fitted sinusoidal trans-
mission rate and the blue line the is the effective transmission rate shown on
Eq.(3.40). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

4.1 Heatmaps of observed dengue cases and temperature anomalies for
20 municipalities surrounding the city of Rio. A) Heatmap of weekly
observed dengue cases on a log scale from January 2012 thru June
2013. Grey shaded values denote dates with zero observed cases. Municipalities
are arranged in increasing order of population. B) Heatmap of temperature
anomaly for each municipality and date. We obtained mean daily tem-
perature estimates for each municipality using ERA5 reanalysis data.
Temperature measurements were smoothed using a 2-week moving av-
erage. For each date, we calculated the mean temperature across all
municipalities for the smoothed temperature time series. The daily
anomalies are shown here. . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
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4.2 Plot of the log ratio of total cases during the peak epidemic seasons
(January-June) in 2013 vs 2012 for each of the 20 municipalities as a
function of their A) log total daily flux to the city of Rio de Janeiro
and B) log average population density excluding areas with less than
50 people per square kilometer. We can see here that cities which have larger
flues to the city of Rio tend to have smaller peak ratios (more cases in the first
year of the epidemic compared to the second year. Points are colored by their For
cities with similar total flux to Rio (such as Queimados, Mesquita, and Nilopolis)
, higher population density appears to be associated with a lower peak ratio. B)
Map of the 20 cities surrounding Rio used to fit the panel model. Each
municipality is shaded by the proportion of outbound flux from that municipality
to all other municipalities in the state of Rio that has a destination within the 20-
city region. The proportion of outbound flux is at least 80% in all municipalities,
indicating that the selected region is relatively self-contained. . . . . . . . . . . 130

4.3 Plots of observed and simulated cases. A) Plot of observed and simu-
lated time series on a log scale. The blue time series denotes the observed
weekly cases for each city. The dark red line represents the median value for 100
simulations from the parameter combination with the highest likelihood from the
grid search (the MLE). Red shading denotes the bounds for the 2.5% and 97.5%
quantiles from the simulations. B) Plot of total observed cases vs total
simulated cases on a log scale from 100 simulations of the MLE. We
aggregate cases in each simulation trajectory across days 1-200 (first peak), 200-
400 (trough) and 400-600 (second peak). The filled circles represent the median
value of the total simulated cases across all 100 trajectories within each epidemic
stage and municipality, while the error bars denote the 2.5% and 97.5% quantiles.
The black line is the 1:1 line. The points are colored according to the propor-
tion of flux in each municipality to or from Rio. This quantity is obtained by
adding the total flux between that municipality and Rio (in both directions) and
dividing by the total inbound and outbound flux from that municipality to other
municipalities within the region (including Rio). For a version of this plot using
the parameter combination with the second-highest log-likelihood, which was the
only other parameter combination from the grid search within 2 log-likelihood
units of the MLE, see Fig. 4.8. . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

4.4 Coupling to Rio de Janeiro has a substantial impact on dengue dy-
namics. Contribution to the force of infection in Itaborai and Nilopolis
from commuters who work in Rio de Janeiro during the day. The force
of infection was calculated for 100 trajectories from the MLE for both munici-
palities, and contributions from Rio were averaged across all trajectories for each
month and municipality. Movement from Rio makes a substantial contribution
to the force of infection in Nilopolis, which is located just north of Rio de Janeiro
and has a large proportion of flux to Rio. Movement from Rio makes a smaller
contribution to the force of infection in Itaborai, which is located at the eastern
edge of the region, and has a low proportion of flux to Rio. Itaborai does have
substantial commuter traffic to some of the suburbs of Rio such as Niteroi which
is not captured in the panel model. . . . . . . . . . . . . . . . . . . . . . . . . 133
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4.5 Peak ratio plots as a function of total flux from each municipality
to Rio de Janeiro colored by population density. Peak ratios were
calculated using A) observed cases B) 100 simulations from the MLE
and C) 100 simulations from the only other parameter combination
with 2 log-likelihood units of the MLE. For simulated peak ratios, filled
points represent the median peak ratio across all trajectories. The median values
of the simulations can somewhat capture the general trend of cities with higher
flux having lower peak ratios (i.e. more cases in the first year). However, the
simulations are generally unable to capture the differences in peak ratios between
cities with the same commuter traffic to Rio but different population densities. 134

4.6 Error Analysis for panel model. A) Map of log mean-squared error for
normalized cases during second peak. For each of 100 simulation trajec-
tories from the MLE, we divided the simulated cases by the population of each
municipality and calculated the squared error for this normalized value with re-
spect to the observed cases divided by the population at the same time and city.
We then calculated the average mean squared error across all 100 trajectories
and time points within the interval of the second peak (days 400 thru 600 of the
simulation). Note that many of the municipalities east of the city of Rio have
higher MSE during the second peak. B) Map of epidemic intensity in 2013.
We calculate the Shannon entropy of epidemics in each municipality in 2013 using
observed case data, following the approach of Dalziel et al [10], excluding obser-
vations with zero cases. Cities with higher Shannon entropy values in 2013 had
more intense epidemics, with a larger proportion of the total observed cases in
2013 concentrated within a short time interval. C) Proportion of flux to and
from Rio. See Figure 3 for an explanation of how this quantity is calculated.
Note that the municipalities east of Rio have a substantial proportion of intra-
peri-urban fluxes that do not originate or end in Rio. D) Plot of log MSE in
second peak as a function of the proportion of flux to Rio. Municipali-
ties are colored by their epidemic intensity in 2013. Note that the municipalities
east of Rio tend to have high MSE and a low proportion of flux to Rio, while
municipalities with a high proportion of Rio flux can have a low or high MSE. . 135

4.7 Slice of intra-peri-urban flux parameter. Each black dot represents the
log of the mean likelihood from 10 repetitions of the block particle filter for the
fully coupled model parameterized using the same values as the MLE from the
gird search of the panel model with the addition of the parameter κsuburb, which
represents the proportion of the workday spent at the work location for movement
fluxes that do not start or end in the city of Rio. The size of this parameter is
a proxy for the importance of non-Rio fluxes. The blue line is equal to two log-
likelihood units below the peak of the slice. The non-zero location of the slice
peak may indicate that non-Rio fluxes may play a role in the dynamics. However,
since the panel and coupled models are not fully nested and this slice analysis
is not a true profile, we cannot make this assumption. For a version of the slice
that uses the parameter combination with the second highest log-likelihood from
the panel model grid search instead of the MLE, see Fig. 4.10. . . . . . . . . . 136
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4.8 Plots of observed and simulated cases. A) Plot of observed and simu-
lated time series on a log scale. The blue time series denotes the observed
weekly cases for each city. The dark red line represents the median value for 100
simulations from the parameter combination with the second-highest likelihood
from the grid search. Red shading denotes the bounds for the 2.5% and 97.5%
quantiles from those simulations. B) Plot of total observed cases vs total
simulated cases on a log scale from 100 simulations of the parameter
combination with the second highest log-likelihood. We aggregate cases
in each simulation trajectory across days 1-200 (first peak), 200-400 (trough) and
400-600 (second peak). The filled circle represent the median value of the total
simulated cases across all 100 trajectories within each epidemic stage and mu-
nicipality, while the error bars denote the 2.5% and 97.5% quantiles. The black
line is a reference line along which total simulated cases are equal to the total
observed cases. The points are colored according to the proportion of flux in each
municipality to or from Rio. This quantity is obtained by adding the total flux
between that municipality and Rio (in both directions) and dividing by the total
inbound and outbound flux from that municipality to other municipalities within
the region (including Rio). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

4.9 A) Map of log mean-squared error for normalized cases during second
peak. Here we use the parameter combination with the second-highest log-
likelihood instead of the MLE. B) Plot of log MSE in second peak from
second-highest log-likelihood parameter combination as a function of
the proportion of flux to Rio. . . . . . . . . . . . . . . . . . . . . . . . . . 166

4.10 Slice of intra-peri-urban flux parameter. Each black dot represents the
mean likelihood from 10 repetitions of the block particle filter for the fully coupled
model parameterized using the same values as the parameter combination with
the second highest log-likelihood from the gird search of the panel model with
the addition of the parameter κsuburb, which represents the proportion of the
workday spent at the work location for movement fluxes that do not start or
end in the city of Rio. The size of this parameter is a proxy for the importance
of non-Rio fluxes. The blue line is equal to two log-likelihood units below the
peak of the slice. The fact that the slice peaks at a non-zero value indicates that
non-Rio fluxes may play a role in the dynamics. However, since the panel and
coupled models are not fully nested and this slice analysis is not a true profile,
we cannot make this assumption. . . . . . . . . . . . . . . . . . . . . . . . . . . 167

4.11 Small sigma P MLE. Plot of observed vs simulated cases and MSE vs propor-
tion of Rio flux for parameter combination that had the highest log-likelihood out
of all parameter combinations with low environmental noise. This log-likelihood
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4.12 Contribution to the force of infection in Itaborai and Nilopolis from
commuters who work in Rio de Janeiro during the day. The force of
infection was calculated for 100 trajectories from the MLE for both municipalities,
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ABSTRACT

Emerging viruses such as COVID-19 and dengue pose substantial public health risks in large

cities, but their impact on host populations can be quite heterogeneous and hard to quantify

using traditional mathematical models. I quantify the extent and impact of heterogeneity

in infection status and in underlying transmission for both diseases. In my first chapter,

I use a model that incorporates daily changes in testing capacity to precisely quantify the

proportion of COVID-19 cases in New York City that were symptomatic during the initial

epidemic wave. In my second chapter, I demonstrate that susceptible depletion on a city-

wide aggregate level cannot explain the rapid re-emergence of dengue serotype DENV1 in the

1980s in Rio de Janeiro, Brazil, and suggest that inter-annual variation in climate, spatial

heterogeneity within a large city, and coupling between cities may play an important role in

dengue dynamics. In my third chapter, I use a panel of mechanistic models driven by cases

from Rio to show that connectivity to the city of Rio played a crucial role in the spread

of DENV4 through the Rio metropolitan area in 2012-2013, and that secondary movement

hubs in the suburbs east of Rio could also be very important in facilitating the virus’ spread

to more outlying areas. These essential fluxes could be incorporated into statistical models

that can already capture inter-annual variation in climate and socio-economic variables or

integrated with smaller-scale mechanistic models to provide a multi-scale understanding of

dengue transmission and re-emergence.
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CHAPTER 1

INTRODUCTION

Emerging viruses such as COVID-19 and dengue pose substantial challenges to public health.

These pathogens can have a heterogenous impact on human populations, whether in terms

of the severity of morbidity such asymptomatic, symptomatic, and severe infections as well

as in terms of the underlying drivers of transmission such as heterogeneity in population

density between neighborhoods in a large city or differences in connectivity between munic-

ipalities in a metropolitan area. Mathematical models of infectious disease transmission are

an important tool for characterizing this heterogeneity and evaluating its consequences on a

population level, particularly during the early stages of an outbreak. Questions on hetero-

geneity are intertwined with those of the scale of description in challenging ways. Moreover,

emerging viral outbreaks pose unique challenges for epidemiological inference and require

modification to existing approaches and model formulations.

Our theoretical understanding of infectious disease transmission as well as the inference

framework that we use to obtain that understanding are based on the dynamics of more

endemic childhood diseases [11, 12, 13, 14] and to some extent seasonal influenza. These

diseases are characterized by multi-year time series in which demographic turnover and

susceptible-depletion at city-level scales are the primary drivers of disease dynamics, along

with human movement between cities [13, 12], and well-established surveillance systems.

Substantial progress has been made in developing inference methods for these types of time-

series data [15, 14, 16, 17]. These types of approaches have also been extended to seasonal

influenza [10] and applied at the scale of large urban landscapes to evaluate heterogeneity in

influenza transmission across U.S. cities.

However, emerging virus outbreaks such as COVID-19, Zika, and new dengue serotype

invasions exhibit very different characteristics. Many are characterized by short time series,

with invasions occurring over a 2–3-year period [18, 5, 19]. New viruses such as COVID-

19 have substantial under-reporting [20], with reporting rates that increase in time due to
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increases in testing capacity [21]. This increase in testing capacity can make it difficult

for models to distinguish between cases that were underreported due to a lack of testing

capacity or due to a lower severity of symptoms. This confounding may explain why many

early models of COVID-19 fit to case data had difficulty estimating the proportion of cases

that were symptomatic [20] and had to wait for detailed symptom data from transmission

studies to become available much later in the course of the epidemic.

New model formulations that can incorporate changes in testing capacity and reporting

can help evaluate heterogeneity in infection status during the early phases of COVID-19 sta-

tus. These model formulations can leverage other alternate data sources that were available

earlier in the epidemic, including testing capacity estimates [22], serology [1], and syndrome

surveillance reports [23]. For my first chapter, I use a model which incorporates all these

data sources and accounts for changes in daily testing capacity to precisely estimate the frac-

tion of COVID-19 cases that are asymptomatic. I find that between 1 in 5 and 1 in 7 cases

are symptomatic, and that non-symptomatic cases substantially contribute to community

transmission. Furthermore, depending on the strength of asymptomatic transmission, either

the overall or symptomatic reproductive number during the first wave was higher than often

assumed.

Like COVID-19, dengue can have a heterogenous impact on human populations. Much

of this variation may be shaped by differences in drivers such as temperature [24, 25],

rainfall[26, 27, 28, 29], and human movement, as well as heterogeneity in population density

and socioeconomic status. Mathematical models are frequently used to determine when pre-

viously circulating arbovirus serotypes may re-emerge and understand how epidemics spread

from one location to another during the invasion of a new serotype.

Although dengue serotypes have been circulating for decades, the invasion of new serotypes

can result in large outbreaks. The invasions of dengue serotypes DENV1 and DENV4 in

southeastern Brazil in 1986 and 2012 [30, 18, 31] provide several illustrative examples. Unlike

dengue epidemics in Thailand, where all four serotypes of dengue have been co-circulating

2



for decades [32], dengue dynamics in southeastern Brazil are characterized by sequential in-

vasions of dengue serotypes [5, 18, 33], with each invasion taking place over a 2–3-year period

in which the invading serotype is the dominant serotype, as well as occasional re-emergent

outbreaks of serotypes that invaded in previous years[34, 30]. The most recent dengue inva-

sion (DENV4) in 2012 [31, 30, 33, 18] was followed by the invasion of chikungunya in 2015

and Zika in 2016 [35].

Multiple factors can play a role in shaping dengue dynamics, including serotype interac-

tions [32], antibody-dependent enhancement [36], climate drivers such as temperature [24, 25]

and rainfall [26, 27, 28, 29, 37], socio-economic variables such as population density [38] and

access to water sources [37], human movement patterns [39, 40, 41], as well as the depletion

of susceptible hosts. Immunity to the same dengue serotype is believed to be long-lasting,

with short term cross-immunity between serotypes [42]. However, intra-serotype immunity

may not necessarily be long lasting, since neutralization studies have indicated that intra-

subtype antigenic variation can be just as large as inter-subtype variation [43]. The dengue

virus is transmitted by the Aedes aegypti mosquito, which is also the transmission vector

for the chikungunya, Zika, and yellow fever viruses. Prior infection with Zika can increase a

host’s risk of severe dengue infection [44] . The Aedes aegypti development and biting rates

are temperature dependent [24, 25], and these dependencies can be parameterized using re-

sults from laboratory experiments [25]. Rainfall can impact mosquito populations in several

ways. The Aedes aegypti mosquito breeds in pools of standing water in which biomass is

available. Increased rainfall can result in increased vector capacity by creating more pools of

standing water [37]. However, flooding can also reduce mosquito population sizes by washing

out mosquito larvae [26, 27]. Furthermore, periods of drought can also indirectly increase

mosquito population sizes if the drought alters water storage patterns [37]. Within a large

city, neighborhoods with different human population densities and socio-economic charac-

teristics can have different mosquito population sizes, with denser areas experiencing higher

transmission [45, 38]. Household to household transmission of dengue via human movement
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is also an extremely important driver of dengue epidemics [39].

Some of these factors, such as susceptible depletion [13], serotype interactions [46, 32],

and temperature dependence [25] can be represented into dynamic models, while others

such as rainfall dependence are difficult to include mechanistically [37]. Stochastic versions

of these models can also account for demographic stochasticity, measurement error, and

environmental noise due to environmental variables that cannot be explicitly included in

the model [47]. Human movement can also be incorporated into mechanistic dynamical

models, although fitting stochastic meta-population models to case data can be technically

challenging due to the high dimensionality of the state space [48]. Fitting these models often

requires either additional vector capacity data [41] or fitting only a few cities in a region

[40]. Dynamical models have difficulty mechanistically capturing the impact of rainfall on

transmission. These models can be parameterized such that the ratio of mosquitoes to

humans in a particular area is a function of population density, but these relationships have

only been explored for case data at very fine spatial scales [38].

Spatiotemporal statistical models can easily capture lagged effects due to climate vari-

ables such as temperature and rainfall, as well as site-specific terms due to population density

and socio-economic variables [49, 37, 50]. While they cannot account for the depletion of sus-

ceptibles mechanistically, these models can use year-specific terms to account for years with

large epidemics [49, 37]. However, these models use case data aggregated at a micro-region

scale rather than at the municipality scale [49, 37] to avoid dealing with many observations

with zero observed cases in smaller municipalities in regions with non-endemic dynamics

such as southeastern Brazil. Furthermore, these statistical models often have difficulty in-

corporating human movement fluxes between non-adjacent municipalities. [37, 51] )

Dynamical mechanistic models are frequently used to make long-term re-emergence fore-

casts on the order of decades [52], while statistical models can be used to make short-term

forecasts on the order of months [49]. Both mechanistic and statistical models have been

used to understand the spread of new dengue serotypes across locations[32, 49], depending
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on the factors which are assumed to be important at the scale and location being examined.

At a large scale, when analyzing epidemics at a regional, national, or continental level,

climate drivers such as temperature and rainfall are often assumed to be the key drivers of

arbovirus transmission along with population size. Re-emergence forecasts [52] or dengue

“risk maps” [53] using mechanistic models at this scale frequently consider differences in sea-

sonality in transmission due to temperature variation between locations, but do not consider

inter-annual climate variation. At a national scale, mechanistic models that seek to explain

the spread of dengue from one municipality to another may include movement patterns in

some form [40].

Factors such as population density and other socio-economic variables are often empha-

sized at intra-city scales such as at the neighborhood scale or even smaller. Many detailed

transmission studies of dengue focus on these scales [45]. While several approaches have

been developed to incorporate the impact of heterogeneity in population density into trans-

mission models in which susceptible depletion occurs at the sub-census tract level [38, 54],

these parameterizations require fine-scale case data, and these effects are often not included

in larger scale models which assume that susceptible depletion occurs at the city level.

For this analysis, we focus on understanding dengue re-emergence and spread at the level

of a large city, specifically Rio de Janeiro, Brazil. This scale is finer than the region-wide

scale used for re-emergence forecasts and risk maps, but coarser than the neighborhood scale

used for transmission studies. This scale is particularly important for several reasons. First,

large cities serve as key hubs for dengue transmission in a region [55, 50]. Secondly, public

health surveillance and responses are often implemented on a local level[56]. Finally, while

some cities may make finer-scale case data available in specific scenarios, city-wide case data

are often the finest resolution of case data that are available to scientists during an emerging

outbreak. Approaches that require very fine scale case data may be difficult to generalize

and apply to multiple cities at once. Given this context, it is important to investigate the

utility and limitations of the city-level transmission models most likely to be deployed during
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an emerging outbreak or across large regions.

There are several challenges associated with modelling large cities, since cities in essence

are collections of smaller neighborhoods, each with their own transmission characteristics.

Treating the large city as a giant well-mixed population essentially ignores this underlying

meta-population structure. Secondly, large cities are not closed systems and their munic-

ipal boundaries do not necessarily correspond to population boundaries. Large cities are

becoming increasingly connected and integrated with the suburbs that surround them. Un-

derstanding how arboviruses spread in these environments may require mathematical ap-

proaches that consider the metropolitan region as a whole along with the movement fluxes

between the municipalities that comprise them.

There are two inter-related questions which my work seeks to address. The first one

concerns the extent to which susceptible depletion and heterogeneity population density at

smaller scale explain dengue dynamics at larger scales. My second chapter begins to answer

this question by first examining whether modelling susceptible depletion at a city-wide scale

(essentially treating the city as a large well-mixed population) is sufficient to capture re-

emergence dynamics. This is an assumption that has been made when making re-emergence

forecasts for other arboviruses such as Zika [52]. In my second chapter, I investigate the

extent to which susceptible depletion at the city-wide level can explain the re-emergence

of DENV1 following its initial invasion in 1986 [5]. I show that a model fit to the initial

invasion substantially under-estimates the time to re-emergence, and the expected time to re-

emergence can be very sensitive to small changes in transmission parameters. These results

suggest that treating the city as a well-mixed population may not be sufficient.

These results are consistent with intriguing empirical patterns for reported cases at a

very fine scale within the city of Rio de Janeiro [54]. In particular, patterns for the ratio of

successive epidemic waves indicate an important role of population density at the extremely

fine scales of census tract (about a block or two). This ratio is of central interest because it

reflects the interplay of herd immunity build-up and transmission seasonality. The patterns
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further suggest a key role of population density through arrival time, and a dependence of

the rate at which new “sparks” of infected cases arrive in units in the city during the 2012

DENV4 invasion as a function of the population density of that unit but also total prevalence

at the level of the whole city [54]. This suggests a simpler metapopulation model than the

typical formulation requiring the full coupling among all units, in which local population

density is finely resolved but coupling is global. I discuss future directions concerning this

model in the Conclusions.

My third chapter investigates the ways in which connectivity due to daily commuter

movement may facilitate the spread of dengue epidemics spread between municipalities in

a metropolitan area . Spatiotemporal statistical models are well-suited to investigate how

dengue epidemics spread between municipalities [37, 51], but their inability to incorporate

movement fluxes between municipalities is a major limitation of this approach [51]. Current

research efforts have focused on ways to incorporate the “essential” aspects of the underlying

movement structure into statistical models [51]. However, it is not clear what the epidemi-

ologically “essential” aspects of this movement structure are in the first place, particularly

for large metropolitan areas like Rio de Janeiro. There can be substantial heterogeneity in

movement fluxes in the municipalities surrounding Rio, with some having large amounts of

commuter traffic and others being more isolated. Furthermore, several “suburbs” of Rio are

themselves rather large municipalities and may also be destinations for commuter traffic. In

my third chapter, I use a panel dynamical model in which 20 surrounding municipalities are

coupled to Rio via commuter traffic but are independent of each other and investigate the

extent to which this model can capture observed dynamics of the DENV4 invasion. I then

use newly developed particle-filtering techniques [57, 58] to evaluate the likelihood of a fully

coupled version of this model, specifically the importance of peri-urban movement fluxes that

do not start or end in the city of Rio. Early results indicate that movement to and from the

city of Rio de Janeiro did play an important role in the spread of DENV4 from Rio to the

surrounding municipalities and fluxes from the city of Rio were sufficient to reproduce some
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of the observed dynamics. However, we also found that including peri-urban fluxes improved

the performance of the model, especially in municipalities which had a high proportion of

flux to or from cities other than Rio. Our results suggest that incorporating fluxes to and

from large cities may be a reasonable approximation to the underlying movement structure

when developing future extensions to statistical models as long as those large cities are the

main sources of that flux, but that peri-urban fluxes can also be epidemiologically mean-

ingful. More broadly, our results illustrate the importance of understanding the underlying

movement structure of a metropolis, and that it should be possible to make considerably

simpler approximations of that structure.

Overall, this thesis provides several examples for how existing modelling approaches

can be modified to understand the heterogeneous impact of emerging viral outbreaks and

the importance of making those modifications. All these approaches make use of city-level

case data typically available during an emerging outbreak. In my first chapter, I use of

models incorporating testing capacity to estimate the fraction of COVID-19 cases that are

asymptomatic in New York City in spring 2020. In my second chapter, I demonstrate

that models which assume that the depletion of susceptibles occurs at a city-wide level

fail to predict the rapid re-emergence of DENV1 in Rio de Janeiro, Brazil, suggesting the

potential importance of models that can incorporate small-scale heterogeneity in population

density within a large city. Finally, in my third chapter, I develop a panel framework that

incorporates movement fluxes between the city of Rio de Janeiro and each of 20 surrounding

municipalities and use this model to evaluate which aspects of the heterogeneity and structure

in commuter movement are epidemiologically meaningful.
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CHAPTER 2

QUANTIFYING ASYMPTOMATIC INFECTION AND

TRANSMISSION OF COVID-19 IN NEW YORK CITY USING

OBSERVED CASES, SEROLOGY AND TESTING CAPACITY

[Originally published as: Subramanian, R., Q. He, M. Pascual. 2021. Quantifying Asymp-

tomatic Infection and Transmission of COVID-19 in New York City using Observed Cases,

Serology and Testing Capacity. Proceedings of the National Academy of Sciences 118(9):

e2019716118]

2.1 Introduction

Since the emergence of the novel coronavirus in December 2019 [59], the COVID-19 pan-

demic has resulted in over 16 million cases and 600,000 deaths worldwide [60]. Schools and

universities in the United States are gradually re-opening amid concerns that a second wave

of the epidemic may re-emerge in the fall and winter of 2020.

As they craft testing policies and intervention strategies to mitigate a second wave, public

health officials need to better understand the role that symptomatic and asymptomatic

individuals play in the community transmission of COVID-19 and in the development of herd

immunity to the disease. However, fundamental epidemiological questions remain poorly

understood, including what fraction of cases are symptomatic and how well asymptomatic

cases can transmit relative to symptomatic ones. These questions are especially urgent given

ambiguity in recent CDC guidelines regarding the testing of asymptomatic individuals [61].

Answering these questions can also provide further insight on the basic reproductive

number of SARS-CoV-2, and how the virus would spread in a population in the absence

of interventions. This number known as R0 is defined as the mean number of secondary

cases arising from a primary case in the absence of immunity, and is estimated on the basis

of a particular epidemiological model. Mathematical models for the population dynam-
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ics of COVID-19 incorporate different features such as asymptomatic and pre-symptomatic

transmission, super-spreading, or heterogeneity in susceptibility. A considerable range of R0

estimates has been reported, ranging from at least 1.5 [62] to 5.7 [63] in Wuhan. A much

narrower range between 2 and 3 is frequently cited in the popular press, or assumed when

simulating models [64] or fitting these to data [65, 66] . This assumption may be based on the

dynamics of COVID-19 in regions that implemented interventions early [20, 67, 68, 69, 70].

A more precise estimate of R0 from a city where substantial transmission was occurring

prior to intervention, such as New York City, would provide a relevant baseline. Further-

more, if ”super-spreading” by a small fraction of symptomatic infections fuels COVID-19

transmission, a precise estimate of the mean number of secondary cases arising from such

an individual, may be just as valuable. A model that precisely estimates the fraction of

symptomatic cases may help epidemiologists discern if either the overall or symptomatic

reproductive numbers are higher than assumed.

The probability that a COVID-19 infection is symptomatic is difficult to estimate [71] and

a wide range of values have been suggested [71, 72, 73]. Estimates from cruise ship outbreaks

[74], Wuhan evacuees [75], long term care facilities [76], and contact tracing of index cases

[72] may not be representative of the general population. Increases in the testing capacity

for COVID-19 over time [77, 21, 20] make population-level estimation of this probability

difficult due to confounding with other parameters such as the reporting, hospitalization,

and fatality rates. When the testing capacity is limited in the early stages of an outbreak,

severe cases are more likely to be tested, which can bias estimates of the probability that

an infection is symptomatic and the fatality rate. Changes in testing capacity over time

also confound the definition itself of asymptomatic individuals in transmission models, when

these are not differentiated from unreported cases. These changes can also bias the reported

deaths attributed to COVID-19.

These challenges can be improved upon by explicitly incorporating changes in testing

capacity into an epidemiological process model. While some early models of the COVID-
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19 outbreak in Wuhan attempted to take into account changes in testing capacity [21] or

differences in reporting rate during periods of the epidemic [20], the limited information on

these trends in Wuhan meant that they had to be estimated on a coarse temporal scale (2-3

week intervals) and had to be inferred along with other parameters in the model. In the

United States, many states and municipalities such as New York City [78, 22] have published

daily estimates of the number of total COVID-19 tests conducted, together with the number

of positive COVID-19 tests. While these data are often used by public health officials to

gauge the spread of the COVID-19 outbreak, they have yet to be incorporated explicitly into

epidemiological models.

We present an epidemiological model that incorporates RT-PCR testing as an integral

process informed by empirical levels. The explicit consideration of testing allows us to

clearly define asymptomatic individuals as those that will never transition to displaying

symptoms, and to differentiate them from those who have been unreported because they

were not tested. We fit the model to PCR-confirmed COVID-19 cases in New York City,

using publicly available data provided by the New York State Department of Public Health

[22]. The resulting model can clearly delineate symptomatic and asymptomatic infections

independently from the reporting rate. We subsequently fit the model to estimates of prior

exposure obtained from a recent serological study in New York City [1] to further constrain

inference results.

Our model obtains a precise estimate for the symptomatic proportion of COVID-19 cases.

We show that most COVID-19 infections are asymptomatic, and that these asymptomatic

infections together with pre-symptomatic ones substantially drive community transmission,

contributing 50% or more of the total force of infection. Furthermore, depending on the

transmissibility of individual asymptomatic cases relative to symptomatic ones, either the

overall reproductive number or the symptomatic reproductive number may be higher than

typically assumed. Our results highlight the importance of testing and contact tracing of

asymptomatic individuals, and of making these data publicly available as health officials

11
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Figure 2.1: Model diagrams. (A) The full SEPIAR model used for inference.
The model is an extension of an SEIR formulation that considers both pre-symptomatic
transmission (from compartment P ) and asymptomatic transmission (from compartment
A). B) When the strength of pre-symptomatic transmission bp is set to 0, the
SEPIAR model reduces to the SEIAR model. Since we assume that ϕU = ϕE , when
bp = 0 the infectious pre-symptomatic compartment behaves like an additional exposed
compartment. C) When the strength of asymptomatic transmission ba is set to 0,
the SEPIAR model reduces to the SEPIR model. Individuals in the asymptomatic
infectious compartment (A) make no contribution to the force of infection, so asymptomatic
individuals essentially recover after leaving the pre-symptomatic period (P ). In all three
panels, circular/elliptical compartments contribute to the force of infection, while rectangular
compartments do not. The green ellipse denotes the point at which severe/hospitalized
COVID patients are sampled and enter the testing queue for severe cases, while the red
ellipse denotes the corresponding entry point for the queue for non-severe symptomatic
cases.

prepare for and manage a second wave.
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A) B) C) 

Figure 2.2: The probability of symptomatic infection. (A) Simulated vs. observed
cases from the profile of the asymptomatic transmission strength (ba) using the
SEPIAR model. The red line is the median from 100 simulations using the Maximum-
Likelihood Estimates (MLE), while the red shaded region denotes the 2.5 to 97.5% quantiles
across 100 simulations from all parameter combinations within 2 log-likelihood units of the
profile MLE. Likelihoods here are with respect to case data. The observed daily case counts
are denoted by the blue line. B) Model Likelihood as a function of the proportion
of cases that are symptomatic (pS) for each parameter combination from panel
A. The y-axis shows the likelihood for that parameter combination with respect to serology
data. All parameter combinations above the blue line have likelihoods within 2-log-likelihood
units of the MLE (defined with respect to serology). This corresponds to a range of values for
pS of approximately 13 to 18%. C) Comparison of observed vs. simulated estimates
of herd immunity in the population from parameter combinations supported
by both case and antibody data (all points above the blue line in panel B).
The red line denotes the median value of herd immunity (the proportion of the population

that has recovered (RN ) at that point in time in 100 simulations from the MLE parameter
combination. The red shaded region denotes the 2.5 to 97.5% quantiles for these simulations
from all parameter combinations within 2-log-likelihood units of the MLE with respect to
serology (all parameter combinations above the blue line in panel B). The blue line denotes
estimates of herd immunity from a recent serological survey in New York City [1]. The blue
shading denotes 95% confidence intervals for those serology estimates using the methods of
[1].

2.2 Results

We present a stochastic epidemiological model (Fig. 2.1) that explicitly incorporates daily

changes in testing capacity and the lag between sampling and testing (see Methods). The

13



underlying model, referred to hereafter as the SEPIAR model (Fig. 2.1 A) has a susceptible-

exposed-infectious-recovered structure with compartments for both severe (hospitalized) and

non-severe symptomatic infections as well as pre-symptomatic (P) and asymptomatic (A)

infections. We also consider two nested simplified versions: one with no pre-symptomatic

transmission (the SEIAR model, Fig. 2.1B); and one with no asymptomatic transmission

(the SEPIR model, Fig. 2.1C). By varying specific parameters weighting the transmission

rate of P and A relative to that of symptomatic individuals, we can continuously move across

these two extreme structures. Daily reports of the number of tests conducted in New York

City are fed in as a co-variate in the testing sub-model (see SI Appendix). The model takes

into account CDC priorities in sampling and testing: all hospitalized cases are sampled and

eventually tested, while non-severe symptomatic individuals are sampled and tested only if

excess capacity is available at the time of sampling. We also incorporate the re-testing of

hospitalized individuals as they leave the hospital. This model is fit to observed cases in New

York City from March 1,2020 to June 1, 2020 and serological estimates of herd immunity

in New York City from March 8,2020 to April 19,2020 (see Methods and SI Appendix). We

compare the full model with the two nested simplified versions. Although all three model

structures are supported by the case data, the model with no asymptomatic transmission is

not supported when these data are considered in conjunction with serology information (SI

Appendix, Table 2.2).

To evaluate the strength of transmission in asymptomatic cases relative to symptomatic

cases, we construct a Monte Carlo profile using the full SEPIAR model (SI Appendix, Fig.

S5). We isolate parameter combinations from the profile that are supported by the case

and serology data, and examine the values of those combinations. Particular parameters of

interest that we focus on include the proportion of cases that are symptomatic, pS , the ratio

of the transmission rate of asymptomatic individuals to that of symptomatic individuals, ba ,

and the reproductive numbers. We use R0 to denote the symptomatic reproductive number

(i.e. the mean number of secondary cases arising from each primary symptomatic case), and
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R0NGM
to denote the overall reproductive number for the model (i.e. the mean number of

cases arising from a primary infection, where the average considers all types of infections).

The proportion of COVID-19 cases that are symptomatic is well identified, with a confi-

dence interval ranging from 12.9% to 17.4% (Figure 2). Although a wide range of parameter

combinations for the proportion of symptomatic infection are supported by the case data

on its own, a much narrower estimate is obtained when the case and serology data are

considered together (Fig. 2.2A, B). Within this range, estimates of herd immunity are con-

sistent with the dynamics of observed serology (Fig. 2.2C), in particular the rapid rise in

seroprevalence over March and April 2020. We validated the inference pipeline by fitting

the model to two simulated trajectories from two parameter combinations that are both

supported by the case, serology, and testing data but correspond to regimes with strong or

weak asymptomatic transmission. As shown in panel B of Fig. 2.16, models fit to both of

these trajectories instead of observed cases are able to accurately estimate and recover the

proportion of symptomatic cases used in the simulations.

The overall reproductive number or symptomatic reproductive number may be larger than

is often assumed. From our profile of the relative asymptomatic transmission rate ba, we

identify two main regimes of transmission that are supported by both the case and serology

data (Fig. 3), in which either R0 orR0NGM
is higher than the 2-3 range often assumed

for COVID-19. Notably, we find no parameter combinations in which both reproductive

numbers are below 3 and fall within this range.

In the first regime, asymptomatic individuals transmit at almost the same rate as symp-

tomatic individuals. That is, ba is large, even close to 1 in some parameter combinations.

The overall reproductive number takes on values between 3.2 and 4.4, and asymptomatic

cases substantially contribute to the overall force of infection (Fig. 2.4).

In the second regime, asymptomatic individuals transmit at very low rates relative to

symptomatic individuals, with estimates of ba close to zero or in some parameter combi-

nations even equal to zero. Concomitantly, the symptomatic reproductive number is much
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Figure 2.3: Plots of the reproductive number of symptomatic individuals (R0)
(A) and the overall reproductive number (R0NGM

) (B), as a function of the rela-
tive strength of pre-symptomatic transmission (bp) and the relative strength of
asymptomatic transmission (ba).
Each point represents one parameter combination within 2 log-likelihood units of the MLE
(with respect to serology) from the ba profile. C) Plot of the overall reproductive num-
ber vs the reproductive number in symptomatic individuals for the same points
colored by ba. The black arrows show the direction of increasing strength of asymptomatic
transmission (ba) and pre-symptomatic transmission (bp). For this same plot except colored
by the strength of pre-symptomatic transmission (bp), see Fig. 2.11. For ease of plotting, we
exclude two parameter combinations which had a very low relative rates of pre-symptomatic
transmission (i.e. bp was lower than 0.020). The two outlier combinations had high repro-
ductive numbers (R0 = 17.77, R0NGM

= 3.95 and R0 = 4.97, R0NGM
= 4.37). These outliers

are included in the Fig. 2.12.

higher than frequently assumed, taking on values between 3.9 and 8.1. Nevertheless, even in

this regime pre-symptomatic and asymptomatic infections together contribute at least 50%

of the overall force of infection at the peak of the outbreak.

In both regimes, pre-symptomatic individuals transmit at almost the same rate as symp-

tomatic individuals, with estimates of bp close to 1, also making a substantial contribution

to the overall force of infection (Fig. 2.4).

We also observe a third regime in which both reproductive numbers are higher than

assumed, but in this regime pre-symptomatic individuals transmit at a very low rate, with

bp close to 0. Several combinations in this regime can be observed in the top right corner

of Fig. 3 (C) and in Fig. 2.12. This is also the regime obtained in Fig. 2.11 if one uses the

SEIAR model, which assumes that pre-symptomatic individuals do not transmit (i.e. bp is
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Figure 2.4: The contribution to the force of infection at the peak of the outbreak
on April 14, 2020 from symptomatic, asymptomatic, and pre-symptomatic in-
fections under different relative asymptomatic transmission rates ba. For each
parameter combination from the fitted SEPIAR model supported by case and serology data
(corresponding to the points in Figure 2.3), we simulate 100 trajectories and calculate the
proportion of the overall force of infection on April 14,2020 that is due to asymptomatic,
symptomatic, and pre-symptomatic infections. We pool trajectories from all parameter com-
binations that have the same value of ba, and calculate the median, 2.5%, and 97.5% quantiles
for each infection class and value of ba. The colored bars represent for each infection class,
the median proportion of its contribution to the force of infection (and hence may not sum
exactly to 1). The error bars represent the corresponding 2.5%, and 97.5% quantiles. Ver-
sions of this plot calculated respectively 4 weeks before, and 4 weeks after, the peak can be
found in the SI Appendix Fig. S9. We excluded two outlier parameter combinations that
had extremely low relative rates of pre-symptomatic transmission (i.e. where bp was less
than 0.02).
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fixed at 0). Given previous evidence of pre-symptomatic transmission of COVID-19 [79, 80],

we focus on the two regimes which incorporate substantial pre-symptomatic transmission.

In line with previous studies [81], we estimate a large value for the initial number of

infected and incubating individuals with COVID-19 in New York City at the start of the

simulation on March 1st. Parameter combinations that were supported by the case and

serology data ranged from 9,000-18,000 initial infected individuals and 44,000-72,000 exposed

individuals. A key question to consider when evaluating the plausibility of this magnitude

of undetected infections is whether it is consistent with no signal of an anomalous number

of hospitalizations. In other words, would this large rise in early infections result in a

corresponding rise in COVID-hospitalizations that may not have been detected as COVID-

related? We examine this question by comparing simulated daily hospitalizations from our

fitted model with observed COVID-19 daily hospitalizations in New York City, as well as

with syndrome surveillance reports of respiratory illness from emergency departments in

New York City hospitals (Fig. 2.5), which we can use as an indicator for a rise in undetected

hospitalizations. We show that a scenario with a large number of initial infections on March

1st is indeed consistent with the time at which observed COVID-19 hospitalizations peak,

providing further support for this contention. We also find that the imposition of social

distancing on March 17th and the stay at home order on March 22nd in New York City

resulted in a substantial decrease in the initial transmission rate. Parameter estimates for

the ratio of the post-intervention transmission rate to the pre-intervention transmission rate

(bq) ranged from 0.134 to 0.240, corresponding to a 75.98%-86.62% reduction in the strength

of transmission after the intervention.

Testing strategies and capacity can substantially influence estimates of the infection fa-

tality ratio, or IFR (Fig. 2.17). This metric of outbreak severity is generally defined as

the total number of deaths divided by the total number of cases. In practice, this ratio is

calculated by dividing the total number of confirmed deaths by the total number of observed

cases. However, depending on the testing strategy used and the testing capacity available,
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Figure 2.5: Comparison of daily COVID hospitalizations under the model with
observed COVID hospitalizations in New York City and emergency department
respiratory syndrome surveillance reports. The red line represents the median daily
case hospitalizations from 100 simulations from the parameter combination with the highest
likelihood with respect to serology from the ba profile. The red shading represents the
bounds of the 2.5% and 97.5% quantiles across all parameter combinations from the ba
profile that are supported by case and serology data. The blue line shows observed COVID
daily hospitalizations in New York City. The yellow line denotes daily reports of respiratory
illness from syndrome surveillance in New York City emergency departments, while the pink
line denotes anomalous respiratory surveillance reports compared to previous years.
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not all cases will be observed. Using parameters from the fitted SEPIAR model that are

supported by case and serology data, we generate a range of infection fatality ratios that

would be expected under two different testing strategies. Since we do not model deaths from

COVID-19 hospitalized patients in our model, we estimate the proportion of hospitalizations

that result in death using confirmed COVID-19 hospitalizations and deaths in New York City

during the study period. In the first testing strategy, all cases are observed; in the second

one, all symptomatic cases but no asymptomatic ones are observed (red and blue shaded

histograms, respectively, in Fig. 2.17). Testing only symptomatic cases can result in at least

a four-fold increase in the IFR that is calculated. Limitations in testing capacity may also

impact the estimated IFR. If the testing capacity is limited at the start of the outbreak, the

observed IFR measured during the epidemic (the orange vertical line in Fig. 2.17) will be

higher than the IFR expected if all symptomatic cases were tested. Variation in individual

model parameters within the range supported by the case and serology data does not result

in substantial variation in the IFR calculated for each testing scenario.

Discussion

With a transmission model that incorporates daily changes in RT-PCR testing capacity and

is fit to observed case data and serology, we estimate that the probability that an exposed

individual develops symptoms is low. Since asymptomatic infections represent a large frac-

tion of the infected population, they contribute substantially to community transmission in

the aggregate together with pre-symptomatic cases, even when they individually transmit

at a low per-capita rate. They also contribute substantially to building herd immunity.

We use testing information to estimate the probability that a new case will become

symptomatic without the biases present in cruise-ship [74] and traveler studies [75], or the

parameter confounding present in city-wide models. Early cruise-ship and evacuee studies

found that most COVID-19 cases were symptomatic. However, given the small number

of total infections [75, 82], evacuee studies may over-estimate the fraction of symptomatic
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cases if infections in observed severe cases [83] last longer [84] than in asymptomatic ones.

Cruise-ship studies may likewise over-estimate this parameter if asymptomatic cases, which

were tested later than symptomatic cases [74], recover prior to testing. City-wide models,

which avoid these biases, indicate that most COVID-19 cases are undetected [20]. They

confound however the fraction of symptomatic cases with the reporting or hospitalization

rate, as they neglect daily testing changes, and cannot distinguish between asymptomatic

and undetected cases. The alternative approach of fitting the models to death data is not

necessarily exempt from biases in parameter estimates, due to changes in hospital capacity

over time [85, 86], co-morbidities in host populations [87, 88], and the long delay between

the onset of infection and death [89]. Furthermore, the under-reporting of cases can also

bias the assumed case fatality rate [86]. Our approach resolves these issues by incorporating

daily testing capacity as part of the model when estimating parameters from serology and

case data. Models without explicit consideration of this capacity have difficulty estimating

the proportion of cases that are symptomatic from these data [90], suggesting that including

testing is crucial.

If asymptomatic individuals transmit at a high rate, then the overall reproductive number

pre-intervention in New York City is larger than the 2-3 range often assumed in models [64,

65, 66] and media reports [68, 91, 92, 93] based on early estimates from Wuhan [62, 94, 95].

Furthermore, we find no supported parameter combinations in which both the overall and

symptomatic reproductive numbers fall within this range. Early Wuhan models may under-

estimate R0 by ignoring pre-symptomatic transmission and making restrictive assumptions,

including that COVID-19 has the same incubation period and serial interval as SARS-CoV

[62, 94, 95], or that most cases are symptomatic [96]. Early Wuhan case data may be

insufficient to precisely estimate R0 without making these assumptions [97, 98, 99]. Thus,

models and intervention strategies should consider that the overall R0 may be higher than

3 in certain locations [63, 100].

If asymptomatic individuals are unlikely to transmit and do so with low probability,
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then the small fraction of cases that are symptomatic are transmitting at a high rate, in

line with recently reported “super-spreading” events [101, 102]. Super-spreading events are

instances in which a single infected individual infects a large number of people. These events

can be hard to measure on a population level in the absence of detailed transmission data.

In classic super-spreading dynamics, most primary cases do not result in many secondary

cases, while a subset of primary cases result in a large number of secondary cases [103,

104, 66]. This heterogeneity in the reproductive number is indeed what we observe when

asymptomatic individuals transmit poorly. Our model is admittedly a coarse description of

this heterogeneity, since it incorporates only two different classes of infections, symptomatic

or asymptomatic. Future models can build upon this framework with additional classes for

age, socio-economic status, location or susceptibility [105] using fine-scale case data. These

models could elucidate how infections in hospitals or home-care settings may be contributing

to the high R0 of symptomatic cases. However, our results also indicate that even when the

symptomatic reproductive number is large, pre-symptomatic and asymptomatic infections

contribute together to at least 50% of the overall force of infection.

It follows that community-wide interventions that account for non-symptomatic cases

should be crucial for mitigating outbreaks. If asymptomatic cases transmit poorly, then

concurrent additional interventions targeting super-spreading symptomatic infections may

help reduce community transmission.

Resolving the non-identifiability of the relative strength of asymptomatic transmission

(ba), would require extensive community testing and contact tracing of asymptomatic cases.

Community testing on its own can provide an estimate of the total proportion of cases

that are asymptomatic, but it may not provide insight on whether those asymptomatic

individuals can transmit and how well they can transmit. Symptomatic and asymptomatic

individuals have similar viral loads [106], but a high viral load does not necessarily imply

high transmissibility. One limitation of early contact tracing studies is that estimates of

transmissibility may over-sample symptomatic index cases and contacts, particularly during
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the early phase of an epidemic [72, 107]. In certain studies, only symptomatic contacts

are further investigated. Ideally, one would use frequent systematic community testing for

studies identifying both symptomatic and asymptomatic potential index cases for further

contact tracing and testing of all contacts regardless of symptoms. Furthermore, fixing the

probability that an infection becomes symptomatic based on the results of serology-informed

models such as ours, could increase the precision with which contact tracing studies can

estimate the strength of asymptomatic transmission. Colleges that are currently re-opening

may be ideal test locations for this kind of combined approach, which may also help detect

super-spreading events.

While it cannot capture all testing intricacies, our framework illustrates how transmis-

sion models can incorporate daily changes in testing capacity and identify parameters that

were previously difficult to estimate such as the probability that an infection will become

symptomatic. While we do not explicitly denote differences between labs, hospitals, or

diagnostic tests, we account for this variation by including additional measurement noise

after simulating the RT-PCR testing process. We also consider how sampling individuals

without COVID-19 may deplete the daily testing capacity. In particular, hospitalized in-

dividuals with non-COVID-19 related severe respiratory disease may have a higher priority

for testing than non-severe COVID-19 cases. Our model uses syndrome surveillance reports

[108, 23, 109, 110] of respiratory illness from New York City hospitals in previous years,

along with weekly influenza cases, to estimate the number of non-COVID-19 severe respira-

tory cases that were tested. The statistical model assumes that in every year, only a fraction

of influenza cases are confirmed and that non-influenza respiratory cases exhibit seasonality.

We use flu and syndrome surveillance estimates from previous years to estimate the fraction

of influenza cases that are not confirmed and the shape of the seasonality on non-influenza

related respiratory illness. During the 2020 epidemic, COVID-19 mitigation measures that

reduced urban mobility may have also reduced transmission of other respiratory diseases

such as influenza. The model captures some of this decrease, since the number of severe
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non-COVID respiratory cases is a function of the number of confirmed flu cases in the same

season. The model thus captures the impact of decreased flu cases in 2020 due to changes

in mobility patterns. This framework could be used in conjunction with other epidemiolog-

ical models, and extended to other municipalities or countries with location-specific testing

priorities, re-testing procedures, or diagnostic tests.

In cities where mobility information is available, the statistical model may include overall

population mobility as a co-variate. In other cities that report the daily number of hospi-

talized individuals with COVID-19 symptoms who were tested each day, one could subtract

from this number the total COVID-19 hospitalizations estimated by the epidemiological

model, to obtain the number of non-COVID-19 positive hospitalized cases that were tested.

Depending on the information available for each location, future iterations of this framework

could explicitly incorporate different diagnostic tests and their respective sensitivities and

specificities. It could also be used to examine how altering testing strategies such as switch-

ing from symptom-based testing to community testing may improve transmission parameter

inference and efficacy of control efforts. This may be an important consideration for coun-

tries that have limited testing capacity but are still in the midst of the first pandemic wave,

such as India.

Given the potential role of population density and socioeconomic status on contact rates

and access to care, there may be considerable heterogeneity in infection rates and seropositiv-

ity in different neighborhoods of New York City. While over-dispersion in measurement error

can implicitly account for this variation in our implementation, future formulations could do

so explicitly with a spatial model of transmission between neighborhoods and within specific

settings such as hospitals and home-care networks. This level of resolution would require

however observed cases, testing capacity and hospitalizations within each unit. Incorporat-

ing human movement estimates into the model could enable analysis of how the infectious

period of the virus may impact the clustering of cases within particular neighborhoods.

Future studies can investigate the impact of including a testing sub-model on parameter

24



estimation and the level of detail required in such a sub-model. For example, one could

compare the results of parameter estimation from fitting a given epidemiological model with

a queue-based testing model to those that assume a fixed reporting rate and a delay in the

reporting of cases. We expect the former to exhibit more uncertainty when informed by

surveillance data from the beginning of the pandemic when little testing capacity is avail-

able, but to reduce this uncertainty as the time series is extended and this capacity changes.

Models that assume a fixed reporting rate may under-estimate the range in uncertainty of

epidemiological parameters that are heavily informed by the early part of the time series,

and may even under-estimate the values of the parameters themselves. Models with a queue-

based testing sub-model may obtain more precise estimates of parameters that impact the

end of the outbreak, such as those related to the depletion of susceptible individuals, ac-

quisition of immunity, or in our model, the impact of social distancing and stay-at-home

orders on overall transmission. Even if including some form of testing model that takes into

account changes in capacity is key to obtaining more precise parameter estimates, simpler

versions of our implementation may be sufficient. For example, the more generalizable com-

ponents such as the testing of hospitalized individuals may be more important than taking

into account their re-sampling as they leave the hospital. Simplifying the testing model

based on model selection analyses can facilitate wider adaption of the testing framework to

other cities, countries, or time periods.

Future versions of the model could also capture heterogeneity in the severity of infec-

tion and the acquisition of immunity. When fitting the model, we treat seropositivity as a

reasonable correlate of herd immunity. The assay used to measure seroprevalence in New

York City [1] elicits neutralizing antibodies [111] and can detect seroconversion in severe,

mild, and asymptomatic cases [111]. We assume that this herd immunity does not decay

over the course of the study, given the short duration of time from March to June 2020

and the observation that antibody responses can persist for at least 5 months following the

start of the pandemic in New York City [112]. The immune response to the SARS-Cov virus
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consists of several components including antibody [113] and T-cell mediated [114] responses,

and heterogeneity in particular pathways of the immune response can influence the severity

of infections [115, 116]. The severity of infection may in turn impact the type, strength and

duration of the immunity acquired [117, 118]. As future experimental studies determine how

each immune response can mitigate infection, viral shedding, and transmission, relevant as-

pects of the dynamics of host immunity can be incorporated into the model and corroborated

with data. Understanding how host heterogeneity in immune responses may impact the in-

fection severity and herd immunity may be valuable when considering long-term vaccination

policies.

While a model with explicit within-host dynamics would be challenging to fit using

case data, relevant aspects could be incorporated in several ways. For example the model

could include additional classes of infection corresponding to levels of severity. Alternatively,

a distribution of susceptibility or immunity could be used to capture heterogeneity in the

immune response between individuals. Finally, the model could incorporate functional forms

for the acquisition and waning of immunity that are fixed based on experimental observations

of serology and T-cell dynamics. Fitting these models to times series from multiple locations

will improve inference, but the testing capacity and strategy in each location should be taken

into account when doing so.

Our finding that many individuals were already infected by March 1st is consistent with

earlier estimates that community transmission began in February in NYC [23, 119, 81]. Pre-

vious studies could not explain however why no substantial increase in COVID-19-like illness

was observed prior to February 28th in syndrome surveillance data [23]. Our simulations

show that the lag between infection onset and hospitalization can explain this discrepancy.

Even when initialized with many infected cases on March 1st , simulated hospitalizations

do not rise until several weeks later concurrent with observed COVID-19 hospitalizations

(Fig 2.5) Most likely, the estimated initial conditions suggest multiple parallel foci of initia-

tion of the epidemic with multiple importations of infections. Another suggested possibility
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is a dosage-dependence effect, wherein the severity of an individual’s infection depends on

the size of the virus population that the person becomes infected with during one or more

transmission events, and hence on the overall viral load of COVID-19 in the community. In

this scenario, early COVID-19 cases in February and early March would be less severe. This

would be consistent with the syndrome surveillance data, where we see a rise in early March

of respiratory infection reports in the emergency departments of hospitals, but do not yet see

a rise in COVID-19 hospitalizations. This phenomenon might also explain why our model

slightly under-estimates the peak in daily hospitalizations, even though it correctly identifies

the time and shape of that peak.

We show that testing capacity and strategy can substantially affect estimates of the in-

fection fatality ratio, a quantity that is frequently used by public health officials in assessing

the severity of an outbreak. Our model ignores several factors such as non-hospital deaths

from COVID-19, which may increase the true IFR, and rising trends in hospital capacity and

improved treatments, which may decrease it. Nevertheless, our results underscore the im-

portance of considering testing strategy and capacity when interpreting literature estimates

of the infection fatality ratio.

In conclusion, explicit consideration of changes in testing capacity allows us to infer with

certainty from case and serology data that most new COVID-19 cases do not become symp-

tomatic. We also inferred that the overall or symptomatic reproductive number may be

larger than often assumed depending on how well asymptomatic cases can transmit. Despite

this uncertainty, the strong consistent contribution to community transmission from cases

without symptoms observed across scenarios supported by the data, should be considered

when formulating public health intervention strategies. Making available detailed informa-

tion on testing policy and data on testing capacity over time will strengthen the ability of

epidemiological models to learn from the past and inform us about the future.
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2.3 Methods

We examine three different model structures that have been used to characterize COVID-19

dynamics in previous studies (Fig 2.1). All models are modified versions of the traditional

susceptible-exposed-infected-recovered (SEIR) model [120]. The first model, the SEPIR

model [74, 121], is the most standard extension in which transitions are between a linear

chain of compartments. Its formulation adds a compartment P for pre-symptomatic trans-

mission. The second one, the SEIAR model [65, 20], differs conceptually in that it includes

asymptomatic individuals rather than pre-symptomatic ones, and defines them as distinct,

in the sense that they will never transition to exhibiting symptoms. This definition implicitly

recognizes that there are essentially two classes of individuals in terms of susceptibility to

disease and symptoms. The third structure for the SEPIAR model [80, 64] is a combination

of the first two and includes them as nested, particular, cases.

All three models include a chain of m exposed classes to incorporate the total time

between the onset of infection and the onset of symptoms as gamma distributed (with mean

5.5. days and standard deviation 2.25 days) [122]. Symptomatic individuals are subdivided

into two sequential classes IS1 and IS2 for practical purposes, to follow their numbers before

and after some of them transition to hospitalization. Individuals spend an average of 1
ϕS

days in IS1 and 1
γ days in IS2 .

The parameter R0 represents the reproductive number experienced by symptomatic indi-

viduals. We define a baseline pre-intervention transmission rate in symptomatic individuals

β0 by dividing R0 by the average total time that non-severe cases transmit with symptoms.

We also define a post-intervention transmission rate β1, which is equal to the pre-intervention

transmission rate β0 multiplied by a scaling factor bq. Low values of bq represent a substan-

tial reduction in the transmission rate due to interventions. Social distancing guidelines were

issued by New York City starting on March 17 [123, 56], and a stay-at home order was issued

which took effect on the evening of March 22 [124]. Thus,prior to the imposition of social
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distancing, the transmission rate of symptomatic individuals in our models, β(t), is equal to

β0. From March 18th thru March 22nd, β(t) decreases linearly from β0 to β1. From March

23rd onwards, β(t) is equal to β1.

In all models, a fraction pS of exposed individuals Em becomes symptomatic. After an

average of 5 days of transmission, symptomatic cases are hospitalized with probability pH.

Symptomatic cases that are not severe enough to require hospitalization recover at rate γ.

Hospitalized individuals recover at rate hv = 1
13 [84] and do not transmit while hospitalized.

In practice, some individuals with severe COVID-19 symptoms that required hospitalization

may not have been hospitalized due to barriers to care. However, their contribution to

community transmission is unlikely to have been substantial. These individuals would remain

isolated at home during the period of severe infection and avoid non-household contacts,

while household contacts would have been exposed for a substantial time prior to the onset

of severity. We assume a fixed population size for New York City of 8 million individuals

[125].

Assumptions about which infected classes are infectious and how they contribute to the

transmission rate allow us to reduce the SEPIAR model to the SEPIR or SEIAR models.

Pre-symptomatic individuals transmit for an average of about a day (0.92 days [79]) at a

transmission rate equal to the baseline transmission rate β(t) multiplied by a scaling factor

b=bp. Asymptomatic infections transmit for an average of 5 days, equal to the average

duration between the onset of symptoms and hospitalization in severe cases, at a transmission

rate equal to the baseline rate β(t) multiplied by scaling factor ba.

The models are implemented numerically via an Euler approximation of the deterministic

equations to which demographic stochasticity is added. Specifically, the number of individ-

uals making state transitions from compartments with more than one exit is drawn from

an Euler-multinomial distribution [17]. The number of individuals making state transitions

from compartments with only one exit is drawn from a binomial distribution.

Description of Testing Model: The model takes into account daily changes in the
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testing capacity using estimates of daily tests conducted in New York City from the New

York State Department of Health [22], as well as the re-testing of severe and non-severe

symptomatic cases prior to leaving the hospital or quarantine. We assume that there are

two categories of cases-severe (hospitalized) cases and non-severe cases subject to different

testing priorities [126]: the initial testing of new hospitalized COVID-19 cases (highest pri-

ority), the re-testing of those individuals when they leave the hospital, the testing of new

non-severe symptomatic COVID-19 cases, and finally the re-testing of those symptomatic

cases (lowest priority). All severe COVID-19 cases after March 1st are sampled when they

enter the hospital and eventually tested once enough capacity is available. We assume that

symptomatic non-severe cases are sampled at the same time in the course of their infection

as severe cases. However, we assume that they are not tested if they recover before enough

testing capacity is available. During the early stages of the epidemic, the CDC recommended

test-based strategies to determine when to conclude home isolation or hospitalization [61].

Accordingly, we assume that hospitalized cases are re-tested twice (over a 24 hour period)

after the average length of time in the hospital (13 days), while non-severe cases are likewise

re-tested twice after the end of a 14-day quarantine period.

We also take into account the potential for non-COVID-19 severe respiratory cases to be

sampled in hospitals and tested (with the same priority as hospitalized COVID-19 cases). We

use confirmed influenza cases [127] and syndrome surveillance reports of respiratory disease

from emergency departments in New York City hospitals in previous years [128] to estimate

the number of non-COVID-19 severe respiratory cases that may have been sampled (see

SI Appendix). We assume that the RT-PCR testing has a sensitivity of 90% [129], that

testing takes 48 hours [130], and that there is an additional negative-binomial distributed

dispersion after the RT-PCR testing with standard deviation σM. This dispersion takes into

account variation in sampling and testing protocols across laboratories and hospitals, as well

as variation in the sensitivity and time required for different PCR assays.

Overview of the model fitting and inference strategy. Unless otherwise mentioned,
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we fit the following parameters: the recovery rate for non-severe symptomatic infections (γ),

the scaling factors for asymptomatic, pre-symptomatic, and post-intervention transmission

(ba, bp, and bq), the symptomatic probability (pS) and the hospitalization probability (pH),

the reproductive number for symptomatic cases (R0), the dispersion parameter for RT-

PCR testing (σM ), and the initial number of infected (I0) and exposed (E0) individuals

at the start of the simulation on March 1, 2020. We use the iterated filtering algorithm

MIF [131] within the R-package POMP (for partially observed Markov process models) to

fit parameter combinations by likelihood maximization. The iterated filtering algorithm is

specifically designed for fitting stochastic and nonlinear models with hidden variables in the

presence of both process and measurement error. We apply the Sequential Monte Carlo

algorithm pfilter [47] to evaluate the likelihood of the final parameter combinations obtained

with the computational search. Likelihoods are estimated by simulating state variables

at each observation time from an underlying Markov process model, and then calculating

the likelihood of each observation given the simulated value of the state variable and a

measurement model. For the analysis of the full SEPIAR model, we generate a Monte Carlo

profile [132] for the relative strength of asymptomatic transmission (ba).

For all resulting parameter combinations within 2 log–likelihood units of the MLE, we

then calculate the likelihood with respect to serology using seroprevalence data previously

published by [1] from a screening group representative of the general population using plasma

samples from patients at Mount Sinai Hospital in New York City. In the Mount Sinai

study, random, de-identified, and cross-sectional samples were obtained over the course of

the outbreak from patients at OBGYN visits and deliveries, oncology-related visits, as well as

hospitalizations due elected or planned surgeries, transplant surgeries, pre-operative medical

assessments and related outpatient visits, cardiology office visits, or other regular office or

treatment visits whose purpose was unrelated to COVID-19 [1]. The assay used to measure

seroprevalence [1] elicits neutralizing antibodies [111] and can detect seroconversion in severe,

mild, and asymptomatic cases [111]. We treat the seroprevalence measurement at each
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time point as a measure of short-term herd immunity in the population, specifically of

the proportion of the population that has already recovered from COVID-19 infection. We

assume that this herd immunity does not decay over the course of the study, since antibodies

have been shown to persist for at least 5 months [112]. We compare the seroprevalence at

each time point from the serology data to the recovered fraction of the population R
N from

simulated trajectories of the epidemiological model. When calculating the likelihood of each

trajectory at each observation time with respect to the seroprevalence data, we assume that

the number of people who seroconverted in the Mount Sinai study is drawn from a Binomial

distribution with p equal to the value of R
N in the simulated trajectory at that time, and

N equal to the total number of people sampled. We sum the log-likelihoods across all

observation time points and then average over all trajectories using the logmeanexp function

in the R package POMP [47] to obtain a log-likelihood for each parameter combination with

respect to the serology data. We isolate all combinations supported by the serology data

that have log-likelihoods within 2 units of the MLE.

For each combination, we examine the proportion of cases that are symptomatic pS , the

reproductive number in symptomatic individuals R0, and the overall reproductive number for

the model R0NGM
. We derive the following expression for R0NGM

using the Next Generation

Matrix [133] :

R0NGM
=
β ∗ bp
ϕU

+
β ∗ ba(1− pS)

ϕS
+
βpS
ϕS

+
β(1− pH)pS

γ
(2.1)

Calculation of the Infection Fatality Ratio (IFR). The Infection Fatality Ratio or

IFR is frequently defined as the ratio of deaths to cases. Let IFRall represent the IFR with

respect to all cases:

IFRall =
Confirmed deaths

All cases
(2.2)
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This is equivalent to the proportion of all cases that result in death. We can estimate

this quantity using the parameters from the fitted SEPIAR model. Recall that pS is the

probability that a case is symptomatic, and pH is the probability that a symptomatic case

becomes hospitalized. These quantities are equivalent to the proportion of all cases that

are symptomatic, and the proportion of symptomatic cases that are hospitalized. Let pF

represent the proportion of all hospitalizations that are fatal. Since this parameter is not fit

in the SEPIAR model, we estimate it from observed data by dividing the total number of

confirmed COVID-19 deaths by the total number of confirmed COVID-19 hospitalizations

in New York City during the study period. We use data updated on June 15, 2020 from the

New York City Health Department COVID-19 Data Portal [78], and obtain an estimate of

pF = 0.33. We can then write an expression for IFRall using the parameters estimated with

the fitted SEPIAR model:

IFRall = pSpHpF, (2.3)

and obtain this quantity for each parameter combination supported by case and serology

data (red histogram in SI-Appendix Fig. 12).

Let IFRsymp represent the IFR that would be estimated if all symptomatic cases were

observed but no asymptomatic ones were observed. This is equivalent to the proportion of

all symptomatic cases that result in death:

IFRsymp =
Confirmed deaths

All symptomatic cases
= pHpF (2.4)

(shown in the blue histogram of Fig. 17).

We compare these two quantities with the observed IFR, calculated by dividing the total

deaths by the total number of PCR confirmed COVID cases in NYC during the study period
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(the orange line in Fig. 17).

Additional details: Further details of the SEPIAR equations, testing model, Monte

Carlo Profile of the SEPIAR model, initial grid searches and model comparison of the SEPIR

and SEIAR models, and derivation of the overall reproductive number R0NGM
, are provided

in the SI Appendix.
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2.6 Supporting Information

2.6.1 SEPIAR Model Details

SEPIAR Model Compartments

ODE Equations

dS

dt
= −(λFOI(t))S(t) (2.5)

For exposed compartment Em where m = 1:

dE1

dt
= (λFOI(t))S(t)− ϕEE1(t) (2.6)
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Compartment Infection Status

S(t) Susceptible
Em(t) Exposed in compartment m
P (t) Pre-symptomatic
A(t) Asymptomatic
IS1(t) Infected symptomatic not yet sampled
IS2(t) Infected symptomatic (non-severe)
H(t) Hospitalized (severe infected)
RA(t) Recovered (Asymptomatic)
RF(t) Recovered (Symptomatic Non-Severe)
RH(t) Recovered (Severe)

Table 2.1: Comparmtents in the SEPIAR epidemiological model

For exposed compartment Em where 1 < m <=M :

dEm

dt
= ϕEEm−1(t)− ϕEEm(t) (2.7)

dP

dt
= ϕEEM (t)− ϕUP (t) (2.8)

dIS1
dt

= pSϕUP (t)− ϕSIS1(t) (2.9)

dH

dt
= pHϕSIS1(t)− hVH(t) (2.10)

dIS2
dt

= (1− pH)ϕSIS1(t)− γIS2(t) (2.11)
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dA

dt
= (1− pS)ϕUP (t)− ϕSA (2.12)

dRA

dt
= ϕSA (2.13)

dRF

dt
= γIS2(t) (2.14)

dRH

dt
= hVH(t) (2.15)

λFOI(t) =
β(t)[(IS1(t)) + (IS2(t))] + βa(t)[A(t)] + βp(t)[P (t)]

N
(2.16)

Accumulator Variables

Let CQ1 represent the total number of individuals with severe COVID-19 cases who enter

the hospital over a single-day period. In the SEPIAR model, this is the number of people

moving from compartment IS1 to H in a single day.

We assume that non-severe COVID-19 cases are sampled at the same time in the course of

their infection as severe cases, provided that sufficient testing capacity is available. Let CQ3

represent the total number of people who move from compartment IS1 to compartment IS2

over a single day in the SEPIAR model. These people represents symptomatic COVID-19

cases that do not become severe.

The quantities CQ1 and CQ3 generated from the epidemiological model are used as inputs
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for the testing model.

2.6.2 Model Fitting Techniques

Fitted Parameters

Unless otherwise mentioned, we fit the recovery rate for non-severe symptomatic infections

(γ), the scaling factors for asymptomatic and pre-symptomatic transmission (ba and bp), the

scaling factor for post-intervention transmission (bq), the proportion of new infected cases

that will become symptomatic (pS), the proportion of symptomatic cases that are severe

enough to require hospitalization (pH), the reproductive number for symptomatic cases (R0)

the dispersion parameter for RT-PCR testing (σM), and the initial number of infected (I0)

and exposed (E0) individuals at the start of the simulation on March 1, 2020. We constrain

the fitting algorithm to explore only positive values for all fitted parameters and only values

between 0 and 1 for pS, pH, ba, bp, and bq.

Initial Grid Searches of SEPIR and SEIAR Models

We first fit the SEPIR model, which does not have asymptomatic transmission, and the

SEIAR model, which does not have pre-sympamatic tranmission (Figure 12.6). For each

model, we generate a grid of 25,000 initial parameter combinations using Latin Hypercule

Sampling. For each initial combination, the given model is fit to observed case data for two

sets of 50 iterations using the iterated filtering algorithm MIF2 [131] using 50,000 particles.

The final likelihood of each parameter combination with respect to observed case data is

then estimated using the sequential Monte Carlo algorithm pfilter [47]. We then isolate all

parameter combinations within 2 log-likelihood units of the parameter combination with the

highest likelihood (the maximum likelihood estimate or MLE), and calculate the likelihood

of each combination with respect to the serology data. We then isolate the parameter

combination with the highest likelihood with respect to the serology data.
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Fit each parameter combination to 
observed case data using iterated 

filtering, keep b_a fixed at 0.

Generate 25,000 initial parameter 
combinations via Latin Hypercule 

Sampling  

Isolate all parameter combinations 
within 20 log-likelihood units  of 

MLE with respect to observed 
cases

Isolate all parameter 
combinations within 2 log-

likelihood units of MLE with 
respect to observed cases

Calulate Likelihood with respect to 
serology

Isolate MLE with respect to 
serology

Fit each parameter combination to 
observed case data using iterated 

filtering, keep b_a fixed at 0.

Generate 25,000 initial parameter 
combinations via Latin Hypercule 

Sampling  

Isolate all parameter combinations 
within 20 log-likelihood units  of 

MLE with respect to observed 
cases

Isolate all parameter 
combinations within 2 log-

likelihood units of MLE with 
respect to observed cases

Calulate Likelihood with respect to 
serology

Isolate MLE with respect to 
serology

Fit each parameter combination to 
case data using iterated filtering; 

b_p is fixed at 0 but other 
parameters can vary

Generate boundary box for 
initial parameter values for 
profile from SEPIAR model 

using maximum and 
minimum values of these 

combinations. 

Isolate all parameter combinations 
within 20 log-likelihood units  of 

MLE with repsect to observed 
cases

Isolate all parameter combinations 
within 2 log-likelihood units of 
MLE with respect to observed 

cases

Generate 25,000 initial parameter 
combinations via Latin Hypercule 

Sampling  

Isolate MLE with respect to 
serology

Calulate Likelihood with respect to 
serology

A) B) 

Figure 2.6: Diagram of the grid searches for the SEPIR (A) and SEIAR (B)
models.
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Monte Carlo Profile of SEPIAR Model

For the analysis of the full SEPIAR model, which includes both pre-symptomatic and asymp-

tomatic transmission, we construct a Monte Carlo Profile[132] of the relative strength of

asymptomatic transmission (ba). As Figure 2.7 illustrates, we generate a set of starting

points at 30 different evenly spaced values for ba between 0 and 1. For each of those 30

starting points, we create 40 different initial sampling points with the same value of ba but

different values for the other parameters being fitted. Initial values for the relative strength

of pre-symptomatic transmission bp were drawn from a uniform distribution between 0 and 1.

The values for all of the other fitted parameters were uniformly drawn from the boundaries

of all parameter combinations obtained from fitting the SEIAR model that had likelihoods

with respect to case data within 20 log-likelihood units of the MLE. This yielded a total of

1200 starting points. Each profile starting point was then fit to case data using the iter-

ated filtering algorithm MIF2 [131] and the Sequential Monte Carlo algorithm pfilter [47],

with MIF2 constrained to keep ba unchanged. For all parameter combinations that were

supported by observed case data (i.e. that had log-likelihoods within 2 units of the MLE),

we then calculated the likelihood with respect to serology. All parameter combinations from

the full SEPIAR model with serology likelihoods within 2-log-likelihood units of the MLE

were used in subsequent analyses of the proportion of cases that are symptomatic (pS), the

reproductive number in symptomatic individuals ( R0), and the overall reproductive number

for the model (R0NGM
) which was calculated using the Next Generation Matrix [133].

Model Comparison

We compare the likelihoods with respect to the serology data of all the maximum likelihood

estimates from the SEPIR, SEIAR, and SEPIAR models via the Likelihood Ratio Test.

Recall that when calculating the likelihood with respect to case data, all three models had

maximum likelihoods that were not statistically different.
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Generate 30 initial values of b_a 
for profile, evenly spaced between 

0 and 1.

Isolate all parameter combinations 
within 2 log-likelihood units of 

MLE with respect of observed case 
data. 

Calulate Likelihood with respect to 
serology

Isolate MLE with 
respect to 
serology

Calculate 
symptomatic and 
overall R_0 values 

for each combination

Generate boundary box for initial 
parameter values using  using 

maximum and minimum values of 
grid search from SEIAR Model. 

Add boundaries for b_p (between 
0 and 1) to boundary box.

For each initial value of b_a, 
generate 40 initial parameter 

combinations where the other 
parameters are uniformly drawn 

from the boundary box.

Fit all 1200 parameter 
combinations to observed case 

data using iterated filtering; keep 
b_a unchanged.

Isolate all parameter combinations 
within 2 log-likelihood units of 
MLE with respect to serology

Figure 2.7: SEPIAR Profile Fitting Procedure. This diagram summarizes how the
Monte Carlo profile of ba for the SEPIAR model was fit to case data and subsequently to
serology.

Model Log-Likelihood

SEPIAR -24.34239**
SEIAR -24.6274**
SEPIR -29.17705

Table 2.2: Comparison of MLE Likelihoods from SEPIR, SEIAR, and SEPIAR models with
respect to serology data
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2.6.3 Testing Model

The testing model is implemented with discrete time steps of a day, denoted hereafter by t.

Testing Capacity Data

We use the total number of RT-PCR tests conducted each day across the five counties

compromising New York City as measured by the New York State Health Department’s

COVID tracker as the daily testing capacity for the city. This capacity is fed into the model

as a co-variate (Lreported(t)).

Let L0(t) represent the initial testing capacity on day t. Recall that we assume it took

2 days to conduct a RT-PCR Test. Therefore, we advance the testing capacity by 2 days

from the observed value, since the testing capacity on day t will correspond to the number

of tests conducted on day t+ 2.

L0(t) = Lreported(t+ 2) (2.17)

2.6.4 Testing Priorities

Given a finite daily testing capacity, we assume that tests are used in the following order

during any given day until the testing capacity is exhausted:

1. Initial testing of hospitalized patients. Hospitalized patients include patients

who have severe cases of COVID-19 (Queue 1) as well as individuals who do not have

COVID-19 but are hospitalized with respiratory symptoms (Queue NC). Patients are

added to queue 1 as they enter compartment H in the epidemiological model.

2. Re-testing hospitalized patients when they leave the hospital (Queue 2).

Patients hospitalized with COVID-19 are re-tested twice over a 24 hour period as they

exit the hospital.
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3. Initial testing of non-severe symptomatic cases (Queue 3).Patients are added

to queue 1 as they enter compartment IS2 in the epidemiological model.

4. Re-testing of non-severe symptomatic cases 14 days after they are first

sampled (Queue 4).

We assume that any remaining unused testing capacity remaining after all four queues

have been tested is used to test individuals without COVID-19. Thus, this unused capacity

does not roll over to the next day.

Supporting Figure S2.9 illustrates these testing priorities.

General framework for incorporating changes in testing capacity

Below we provide the detailed steps of the general testing framework which can be applied

to other locations where testing capacity is changing over time. A diagram of this framework

is shown in Supporting Figure S2.8. We illustrate the steps by focusing on the testing of

hospitalized severe COVID-19 cases. In subsection 2.6.4, we describe several modifications

to this framework that we make to take into account additional queues and modifications

that are specific to New York City in the early stage of the epidemic.

We use the variable Q1 to represent all COVID-19 hospitalized cases that have been

sampled but have not been tested yet. We first add the hospitalized COVID-19 cases that

have just been sampled on day t (CQ1(t)) to Q1.

Q11(t) = Q11(t) + CQ1(t) (2.18)

Let the variable TQ1 represent all of the people in Queue 1 who will be tested. If L0(t)

is bigger than the Queue 1, then everyone in Queue 1 can be tested and
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TQ1(t) = Q1(t) (2.19)

Let Lunused(t) represent the testing capacity left over after Q1 has been tested:

Lunused(t) = L0(t)− TQ1(t) (2.20)

There are then no individuals left in Q1 who need to be tested.

Q1(t) = 0 (2.21)

However, suppose that on a given day there is not enough testing capacity to test everyone

in Q1 (i.e. at the start of that day, L0(t) < Q1(t)).

In this case, we assume that all of the testing capacity is used to test Q1:

TQ1(t) = L0(t) (2.22)

We therefore decrease Queue 1 by the number of people who were tested.

Q1(t) = Q1(t)− TQ1(t) (2.23)

In this case, there is no unused testing capacity:

Lunused(t) = 0 (2.24)
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Let YQ1(t) represent the number of people who tested positive on day t, and c the

sensitivity of the RT-PCR assay.

We simulate RT-PCR testing as a draw from a Binomial distribution where

N = TQ1(t) and p = c.

YQ1(t) ∼ Binomial(TQ1(t), c) (2.25)

If there is unused testing capacity after everyone in Queue 1 has been tested (i.e. Lunused(t) >

0, then this capacity can be used to test individuals in other queues with a lower priority;

see Section 2.6.4).

If testing of any of the individuals in these later queues results in additional new positive

cases, these are added to YQ1(t) to obtain the total number of expected new COVID-19

cases during day t, denoted by Ysum(t).

NYC Specific Modifications and Additional Queues

There are several aspects of the testing model that are particular to New York City and the

initial wave of the epidemic in the U.S. We summarize those aspects here. With sufficient

description of the specific testing implementation, similar modifications could be considered

for other locations.

• Re-Sampling of Hospitalized Cases-We assume that hospitalized COVID-19 cases

will be re-sampled twice over a 24-hour period as they leave the hospital, to make sure

that they have recovered. We take this into account with a second queue, Queue 2

(Q2(t)), which represents patients who tested positive who had a severe COVID-19

infection, were re-sampled as they left the hospital, and need to be tested again. We

do not simulate RT-PCR testing, keep track of results of testing, or deal with lags for

Queue 2, since the RT-PCR results of this re-sampling are not relevant for our model.
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Remove  the T_Q1 samples that 
were teseted from the queue 

(Q_1 = Q_1 - T_Q1)

Compare current samples in 
queue 1 (Q_1) with avialable 
daily  testing capacity (L_0)

Add newly sampled cases to 
queue each day

(Q_1 = Q _1+ C_Q1)

Determine samples to be tested 
that day from queue 1 (T_Q1) 

If L_0  >= Q_1, then T_Q1 = Q_1.
If L_0 < Q_1, then T_Q1 = L_0.

Simulate PCR Testing with 
sensitivity c

Y_Q1 ~ Binomial(T_Q1, c)

Combine new positive cases from 
all queues

Y_sum  = Y_Q1 + {New Positive 
cases from other queues}

Measurement Model
Y ~ Negative Binomial(Y_sum, 

sigma_M)

Calculate new hospitalized cases 
each day (C_Q1) from SEPIAR 

epidemiological model

Update available testing 
capacity for that day

L_unused = L_0 - T_Q1

Follow-up steps for queues 
with lower priority

(See Figure S4)
 

Figure 2.8: Diagram of the general testing framework described in Section 2.6.4.
The New York City-specific modifications described in Section 2.6.4 are not shown here.
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What is relevant is that at least some of the available testing capacity Lunused(t)

may be used up re-testing hospitalized patients as they leave the hospital before other

groups such as non-severe symptomatic patients can be tested.

In our epidemiological model, we assume that individuals spend an average of 13 days

in the hospital. To be consistent, in our testing model, we assume that individuals who

test positive for COVID-19 will be re-sampled once 13 days after they enter Queue 1,

and then re-sampled a second time 1 day later. To keep track of the days since each

sample entered Queue 1, we modify our implementation of Queue 1 by introducing

initial sampling cohorts. There are thirteen cohorts, representing people who entered

Queue 1 up to 13 days before time t. Let TQ1v
(t) represent the number of people who

were sampled v days before day t who will be tested on day t. We calculate TQ1v
(t)

as we loop through each cohort v in Queue 1, Q1v , starting with the oldest (Q1V ) and

ending with the most recent (Q11).

For example, if there is sufficient capacity to test everyone in the oldest cohort (i.e.

L0 > Q1V (t)), then we essentially follow a similar procedure to equations 2.19 and

2.20:

TQ1V
(t) = Q1V (t) (2.26)

Lunused(t) = L0(t)− TQ1V
(t) (2.27)

We similarly decrease Lunused(t) as the capacity is used up from testing each subse-

quent cohort. For example, suppose that there is enough capacity to test a subsequent
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cohort v (i.e. Lunused(t) > Q1v(t)). Then:

TQ1v
(t) = Q1v(t) (2.28)

Lunused(t) = Lunused(t)− TQ1v
(t) (2.29)

Alternatively, when we do not have enough testing capacity to test all of the cohort,

then:

TQ1v
(t) = Lunused(t) (2.30)

We loop through all cohorts in Queue 1 until either all the people in the queue have

been tested or until the unused testing capacity is exhausted. When simulating RT-

PCR testing, we again loop over all sampling cohorts v from 1 : V . Equation 2.25 is

modified accordingly:

YQ1v
(t) ∼ Binomial(TQ1v

(t), c) (2.31)

For the first re-sampling, we need to keep track of those individuals who tested positive

when they first entered the hospital. Because different cases form the same cohort may

be tested on different days, we need a variable to accumulate those cases that tested

positive and belong to the same cohort. Let PQ1v
(t) represent all cases from Queue 1

initially sampled v − 1 days before time t who have tested positive so far.

We accumulate the total number of people in initial sampling cohort v who have tested
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positive so far by adding the number of people from that cohort who tested positive

on day t (YQ1v
(t)) to PQ1v

(t):

PQ1v
(t) = PQ1v

(t) + YQ1v
(t) (2.32)

For the first re-sampling, the oldest cohort is entered into Q2(t) :

Q2(t) = Q2(t) + PQ1V
(t) (2.33)

For the second re-sampling, we keep track of the individuals in this oldest cohort and

enter them into Q2 again one day later (on day t+ 1).

At the end of each simulation day, all initial sampling cohorts are advanced by 1 day.

• 2-Day Lag in Testing- We incorporate a 2-day lag between when tests are conducted

and results are reported to take into account the 48 hour testing time of early RT-PCR

tests. We do not update cohorts during this lag, so this effectively adds another 2

days between the initial sampling and the re-sampling beyond the 13 days spent in

the hospital. If this framework is applied to other locations and time periods, this

modification may not be needed, particularly if rapid diagnosis RT-PCR tests are in

use.

• Testing of non-symptomatic severe cases-Queue 3, which records the number of

non-severe symptomatic cases that need to be tested, is implemented identically to

Queue 1, except that individuals can exit the queue at rate γ as they recover, even if

they have not yet been tested. Sampling cohorts are used in this queue as well.

• Re-testing of non-symptomatic severe cases- Early CDC guidelines [61]) recom-
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mended a 14-day quarantine for non-hospitalized symptomatic individuals, and that

these individuals be re-tested at the end of the quarantine. Queue 4, which records the

re-sampling of non-severe symptomatic cases as they exit quarantine, is implemented

identically to Queue 2, except that cases are re-sampled 14 days after they enter Queue

3, rather than 13 days, to match the length of the quarantine period.

• Queues are numbered in order of priority- Any unused testing capacity after

Queue 1 is empty is applied to Queue 2, and subsequently Queues 3 and 4.

• Severe non-COVID hospitalized cases- Queue NC, which represents severe non-

COVID-19 respiratory cases, is implemented in a similar fashion as Queue 1. Let

Gsevere(w, y) represent our estimate of the weekly expected severe non-COVID-19 res-

piratory cases that would be sampled for testing in the hospital, where w denotes the

week, and y, the year. This estimate is obtained from syndrome surveillance data as

described later in Section (2.6.5). The number of daily new cases that enter Queue

NC, CQNC
, is therefore:

CQNC
=
Gsevere(w, y)

7
(2.34)

Queue NC has the same priority as Queue 1, since both groups of individuals will

present with severe respiratory symptoms at the time of sampling. Both groups are

hence sampled at once. For the situation where testing capacity is greater than the

total samples in a given sampling cohort in Queue 1 and Queue NC, we simply test all

samples from that cohort in both queues. For the situation where the testing capacity

is limiting, we simulate a draw from a hypergeometric distribution. For example, in

the model, we modify equation 2.30 as follows:

TQ1v
(t) ∼ hypergeom(Q1v(t), QNCv

(t), Lunused(t)) (2.35)
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We assume that the RT-PCR test is 100% specific, so all cases in Queue NC will test

negative since they do not have COVID-19. We thus do not simulate RT-PCR testing

for Queue NC. The main importance of individuals in Queue NC is that they deplete

some of the testing capacity that would otherwise be used for Queue 1.

Measurement Model

Let Ysum represent the total number of new positive tests from all of the queues.

We assume that there is additional negative-binomial distributed dispersion after the

RT-PCR testing with standard deviation σM. Thus, if Y is the observed number number of

daily cases, we simulate Y from a negative binomial distribution with mean equal to Ysum

and and variance Ysum +
σ2M

Ysum
2

2.6.5 Syndrome Surveillance Estimates

We estimate the number of non-COVID-19 severe respiratory cases that may have presented

each week of the epidemic in NYC hospitals using syndrome surveillance data from NYC

hospital emergency departments and observed influenza cases in NYC in previous years. The

estimate we seek here represents the typical number of non-COVID-19 respiratory cases one

would expect in a given week of the year given the seasonal pattern of influenza cases and

that of other respiratory ailments that present to NYC hospitals.

Description of Data

Syndrome Surveillance for Respiratory Disease Weekly respiratory syndrome surveil-

lance reports for all emergency departments in New York City hospitals from 2016-2020 were

obtained from the New York Health Department’s web portal [128]. These reports include

all cases in which the chief complaint mentioned bronchitis, chest cold, chest congestion,

chest pain, cough, difficulty breathing, pneumonia, shortness of breath, or upper respiratory

infection. For this analysis, we use weeks 2-20 from 2016,2017 and 2019.
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Retesting of individuals as they 
leave the hospital using remaining 
capacity (L_unused) instead of L

L_unused = L_unused - T_Q2

Test Hospitized COVID-19 
cases  (Queue 1) and non-COVID-
19 hosptialized cases (Queue NC) 

at the same priority
L_unused = L_0 - T_Q1 - T_Q_NC

Testing of non-severe 
symtpomatic COVID-19 cases with 

remaining capacity
L_unused = L_unused - T_Q3

Re-testing of non-severe 
symptomatic COVID-19 cases  14 

days after infection
L_unused = L_unused - T_Q4

Start with daily available 
testing  capacity (L_0)

Figure 2.9: Diagram of the testing priorities described in Section 2.6.4.
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Confirmed Flu Cases Confirmed influenza cases from all New York Counties from 2016-

2020 for all counties in New York State were obtained from the New York State public

health portal [127]. We used data from the five countries comprising New York City that

correspond to the same time period as the syndrome surveillance data. We excluded 2018

from this analysis since 2018 was an anomalous, severe, influenza season [134].

Description of Statistical Model

Recall that Gsevere(w, y) is the number of non-COVID-19 respiratory infections during week

w of year y that were severe enough to be sampled for COVID-19 testing. This was the

quantity added to Queue NC in Equation 2.34 of Section 2.6.4. We assume that these

cases are a fixed fraction s of the total non-COVID respiratory syndrome cases presenting

in the emergency departments of hospitals in NYC in week w of year y, which we denote as

(G(w, y)):

Gsevere(w, y) = G(w, y) ∗ s (2.36)

We assume that in the absence of COVID-19, a portion of observed respiratory syndrome

surveillance reports are associated with influenza, and that the non-influenza associated

reports have a fixed seasonality.

Therefore, we consider that our estimate for the non-COVID-19 weekly respiratory syn-

drome surveillance cases (G(w, y)) varies linearly with confirmed influenza cases F (w, y)

in NYC and presents additional weekly variability whose effect is represented non-para-

metrically with a polynomial dependency as follows:

G(w, y) = g0 + gFF (w, y) + b3w
3 + b2w

2 + b1w + b0 + ϵ (2.37)
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where

ϵ ∼ rnorm(0, σϵ) (2.38)

Model Fitting and Simulation We estimate the intercept g0 and influenza coefficient

gF via a linear regression of respiratory syndrome surveillance reports and confirmed cases in

New York City in 2016,2017 and 2019. We then fit the residuals from this linear regression

to a third-order polynomial seasonality function to obtain estimates of coefficients bi. We

estimate the error term σϵ by measuring the residual standard error from the polynomial fit.

When fitting the epidemiological model, we simulate values for G(w, y) using observed

weekly influenza cases in 2020 as the co-variate F (w, y) obtained from the same source [127].

A plot of the fitted model is shown in Figure S2.15.

Estimation of Proportion Sampled for COVID-19 testing

Recall that the scaling parameter s represents the probability that an individual who shows

up to the emergency department with respiratory symptoms is severe enough to merit testing

for COVID-19. As a proxy for this value, we use the ratio of individuals aged 65 or older

who were hospitalized for influenza to the number of individuals aged 65 or older who had

a medical visit for influenza during the 2018-2019 influenza season [135].

The value we use for this scaling parameter s for the fitting of all three models is 0.16.

We profile over this parameter value as a sensitivity analysis(see Figure S2.13). Allowing

this parameter to vary does not result in a higher likelihood with respect to serology data

compared to the MLE parameter combination from the main analysis.

Table of Fitted Parameters
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Parameter Value

gF 0.12
g0 1183
b3 0.012
b2 0.981
b1 -37.2
b0 229
σϵ 109
s 0.16

Table 2.3: Parameter values used for the non-COVID-19 severe cases estimate (rounded).

Detection of anomalies in 2020 syndrome surveillance

From our model of non COVID-19 respiratory cases, we can obtain an estimate of the

expected number of syndrome surveillance reports Gw,y in 2020 in the absence of COVID-

19. Note that we do not use the scaling parameter s in this calculation, unlike when fitting

the epidemiological model.

If we subtract this value from the observed respiratory syndrome surveillance reports in

2020, we obtain a metric for anomalous respiratory syndrome surveillance reports related to

COVID-19. This is the pink line in Figure 5 of the main manuscript.

2.6.6 Overall Reproductive Number Derivation

Following [133], we derive R0NGM
as the leading eigenvalue of the following matrix:

K = −TΣ−1, (2.39)

which is composed of two other matrices, T and Σ−1, defined below.

The Transmission Matrix is given by
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T =

0 0 0 0 0 βP βA β β

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

The Transition Matrix is given by

Σ =

−ϕE 0 0 0 0 0 0 0 0

ϕE −ϕE 0 0 0 0 0 0 0

0 ϕE −ϕE 0 0 0 0 0 0

0 0 ϕE −ϕE 0 0 0 0 0

0 0 0 ϕE −ϕE 0 0 0 0

0 0 0 0 ϕE −ϕU 0 0 0

0 0 0 0 0 (1− pS)ϕU −ϕS 0 0

0 0 0 0 0 pSϕU 0 −ϕS 0

0 0 0 0 0 0 0 (1− pH)ϕS −γ

Then, the first five columns of the inverse of the transition matrix are:
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Σ−1 =

−1
ϕE

0 0 0 0

−1
ϕE

−1
ϕE

0 0 0

−1
ϕE

−1
ϕE

−1
ϕE

0 0

−1
ϕE

−1
ϕE

−1
ϕE

−1
ϕE

0

−1
ϕE

−1
ϕE

−1
ϕE

−1
ϕE

−1
ϕE

−1
ϕU

−1
ϕU

−1
ϕU

−1
ϕU

−1
ϕU

−(1−pS)
ϕS

−(1−pS)
ϕS

−(1−pS)
ϕS

−(1−pS)
ϕS

−(1−pS)
ϕS

−pS
ϕS

−pS
ϕS

−pS
ϕS

−pS
ϕS

−pS
ϕS

−(1−pH)pS
γ

−(1−pH)pS
γ

−(1−pH)pS
γ

−(1−pH)pS
γ

−(1−pH)pS
γ

The last four columns of the inverse of the transition matrix are:

Σ−1 =

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

−1
ϕU

0 0 0

−(1−pS)
ϕS

−1
ϕS

0 0

−pS
ϕS

0 −1
ϕS

0

−(1−pH)pS
γ 0

−(1−pH)
γ

−1
γ

From the leading eignvalue of the resulting matrix K, we finally obtain:

R0NGM
=
βP
ϕU

+
βA(1− pS)

ϕS
+
βpS
ϕS

+
β(1− pH)pS

γ
(2.40)

2.6.7 Supplemental Figures
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Figure 2.10: Monte Carlo profile of the strength of transmission in asymptomatic
cases relative to that of symptomatic cases (ba). Each point represents the parameter
combination from the Monte Carlo profile for ba with the highest log-likelihood (with respect
to observed cases) for a given value of ba. All points above the blue line are supported by
the case data (i.e. they have likelihoods within 2 log likelihood units of the profile MLE).
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A) B) 

Figure 2.11: Additional plots of the overall reproductive number (R0NGM
) vs the

reproductive number in symptomatic individuals (R0) from parameter combi-
nations supported by case and serology data from the full SEPIAR (A) and
SEIAR (B) models. A) Each point represents one parameter combination within 2 log-
likelihood units of the MLE (with respect to cases and serology) from the ba profile using
the full SEPIAR model. Each point is colored by the strength of pre-symptomatic trans-
mission (bp). B) Each point represents one parameter combination within 2 log-likelihood
units of the MLE (with respect to serology) from the grid search of the SEIAR model (no
pre-symptomatic transmission). Points are colored by the relative strength of asymptomatic
transmission (ba). For ease of plotting, in panel A) we exclude two parameter combination
with very low pre-symptomatic transmission rates bp. These outliers are also excluded from
Figure 3 in the main manuscript , but are shown in Supporting Figure S2.12.
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A) B) 

Figure 2.12: Additional plots of the overall reproductive number (R0NGM
) vs the

reproductive number in symptomatic individuals (R0) including the outlier pa-
rameter combination colored by the relative strength of asymptomatic trans-
mission (ba) (A) or the relative strength of pre-symptomatic transmission (bp)
(B). Each point represents one parameter combination within 2 log-likelihood units of the
MLE (with respect to cases and serology) from the ba profile of the full SEPIAR model.
We include here the outlier parameter combinations with very high symptomatic R0 greater
than 15 that were excluded from Figure 3 and Figure S2.11.
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Figure 2.13: Monte Carlo profile of the probability that an individual (who does
not have COVID-19) who shows up to the emergency department with respira-
tory symptoms is severe enough to merit testing for COVID-19 (s). Each point
represents the parameter combination from the Monte Carlo profile for the scaling parameter
s with the highest log-likelihood (with respect to observed cases) for a given value of s. All
points above the blue line have likelihoods within 2-log likelihood units of the profile MLE).
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A) B) 

Figure 2.14: Contributions from pre-symptomatic, symptomatic, and asymp-
tomatic infections to the overall force of infection 4 weeks before (A) and after
the peak in reported cases (B). The calculation of the contribution to the overall force
of infection from simulated trajectories of parameter combinations from the SEPIAR model
supported by case and serology data as described in Figure 4 of the main manuscript was
replicated using time points 4 weeks before and after the peak of reported cases on April
14, 2020 instead of at the time of the peak. As in Figure, two parameter combinations with
rates of pre-symptomatic transmission bp below 0.02 were excluded from the plot.
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Figure 2.15: Plot of observed respiratory syndrome surveillance reports compared
to simulations from fitted statistical model The red line corresponds to weekly res-
piratory infections from syndrome surveillance reports in NYC hospitals in 2016, 2017 and
2019 that were used to fit the statistical model in Section 2.6.5. The blue line represents the
median estimate for the number of expected syndrome surveillance reports (G(w, y) for that
week and year from 100 simulations from the fitted statistical model. The shaded light blue
region represents the 2.5% and 97.5% quantiles from those 100 simulations.
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Figure 2.16: Validation analysis results from fitting model to simulated data. We
are particularly interested here in verifying the ability of the inference pipeline
to estimate the value of the probability of symptomatic infection pS used in
the simulations. A) Observed data and simulated trajectories used for fitting.
The green points denote observed daily reported case counts in New York City. The red
points denote daily reported cases from a representative simulated trajectory from a ”low”
ba parameter combination (ba = 0.07, R0 = 6.10, bq = 0.23, bp = 0.94, pS = 0.15, pH = 0.16,
γ = 6.33,E0 = 63566.34 z0 = 13443, and the overall reproductive number R0NGM

= 2.27),
while the blue points denote daily reported cases for a representative trajectory from a ”high”
ba parameter combination (ba = 0.97, R0 = 3.08, bq = 0.16, bp = 0.99, pS = 0.15, pH = 0.17,
γ = 11.73, E0 = 54806, z0 = 11625, and R0NGM

= 3.50). B) Supported parameter
ranges for the proportion of cases that are symptomatic (pS for fits to simulated
and observed data. Red and blue dots represent respectively parameter combinations
supported by the case data when the model was fit to the low ba (red) or high ba (blue)
trajectories. For comparison, the green dots represent parameter combinations supported
by the case when the model was fit to observed case data (as shown in panel B of Figure
2). All parameter combinations above the green line have likelihoods within 2-log-likelihood
units of the MLE defined with respect to serology. Our approach recovers the value of pS
used in the simulations, and does so accurately.
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Figure 2.17: Comparison of infection fatality ratios (IFR) estimated from fitted
model parameters under different testing strategies. The red shaded region denotes
a histogram of the infection fatality ratio calculated with respect to all cases, both symp-
tomatic and asymptomatic. The IFR was calculated for each parameter combination from
the SEPIAR model that was supported by both case and serology data. The proportion of
hospitalized cases that result in deaths was estimated from observed confirmed COVID-19
hospitalisations and deaths in New York City during time period of the study. The red
histogram shows the range of IFR values expected under the SEPIAR model if all cases
(symptomatic and asymptomatic) are observed. Each count in the histogram represents the
expected IFR for one parameter combination that is supported by the case and serology
data. The blue histogram shows the expected IFR if all symptomatic cases are observed.
The higher IFR obtained in the blue histogram compared to the red histogram demonstrates
how different testing strategies can alter the IFR. The orange line denotes the observed IFR
calculated by dividing the total number of confirmed COVID-19 deaths in NYC during the
study period by the total number of confirmed cases. The gap between the orange line and
the blue histogram illustrates how limited testing capacity can affect the IFR that is esti-
mated, since not all symptomatic cases were tested due to limited testing capacity early in
the outbreak.
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CHAPTER 3

PREDICTING RE-EMERGENCE TIMES OF DENGUE

EPIDEMICS AT LOW REPRODUCTIVE NUMBERS: DENV1

IN RIO DE JANEIRO, 1986-1990.

[Originally published as: Subramanian, R., V.R. Aznar, E. Ionides, C.T. Codeço, M. Pascual.

2020. Predicting re-emergence times of dengue epidemics at low reproductive numbers:

DENV1 in Rio de Janeiro, 1986-1990. Journal of the Royal Society Interface 17: 20200273.]

[Note: My colleague V.R. Aznar designed and performed several of the analyses described

in this chapter, specifically the derivation of the skip threshold and the fast dynamics vector

model analysis, and wrote the corresponding sections of the published manuscript. This

approximately corresponds to Figure 3.1, and panel B of Figure 3.2, and panel A of Figure

3.4 (provided skip expression used in figure), in the Results section, Figures 3.20 and 3.25

(provided skip expression), and Figures 3.27 thru 3.29, as well as sections 3.8.1 and 3.8.4 in

the Supporting Information. I include these results and text in this chapter for completeness

since they were included in the published manuscript, while acknowledging her contribution.

]

3.1 Introduction

Epidemics of arboviruses such as dengue [136], Zika [137, 138], and chikungunya [139] re-

sult in substantial global morbidity. Over the past decade, invasions of several arboviruses

have triggered large outbreaks in the Western Hemisphere. In Brazil, these invasions in-

clude dengue serotype DENV4 in 2012 [140] as well as Zika [137, 141] and chikungunya

[142] between 2014-2016. Predicting and understanding the re-emergence of arboviruses af-

ter these invasions has important consequences for epidemic preparedness, particularly in

regions where climate factors limit mosquito transmission in the off-season. These regions

typically exhibit highly intermittent seasonal epidemics, lasting one to three years with long
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periods of no, or low, reported cases in between, and low mean reproductive numbers (the

number of secondary cases arising from each primary case in a completely susceptible popu-

lation, R0) [140, 5, 6, 19]. Several proposed explanations include the depletion of susceptible

individuals following initial epidemics [143] and the time required for their replenishment via

population growth [144], inter-annual variation in climate [145, 146, 147, 148, 149], and anti-

genic interactions between strains of different serotypes [46, 32, 150, 151]. These temporal

patterns contrast with the recurrent seasonal outbreaks observed in childhood diseases with

high reproductive numbers, whose extensive study has provided the basis for our theoretical

understanding of SIR (Susceptible-Infected-Recovered) dynamics in infections that confer

lifelong or lasting immune protection [15, 11, 12, 152, 153, 14, 154, 8]. Statistical models

of dengue transmission that take into account climate dependencies can be used to make

short-term re-emergence forecasts on the order of 4 months [49] or 16 weeks [147]. Many

epidemiological models that predict the re-emergence of arboviruses such as Zika [143, 52]

on longer time-scales of a year [143] or several decades [52] rely however on compartmental

formulations such as SIR-type approaches [143] or Ross-McDonald equations that explicitly

incorporate vector transmission [52]. Both formulations assume transmission between any

two individuals in the population (‘well-mixed’ conditions), typically at aggregated spatial

scales. These process-based formulations, for example those recently applied to Zika, repre-

sent the acquisition of immunity in the population and its loss via demographic growth and

turnover. These models do take into account seasonality of transmission and spatial hetero-

geneity in the intensity of transmission due to climate at coarse resolutions (at large city,

state, or country-level scales). Nevertheless, the replenishment of a well-mixed susceptible

population is frequently assumed to be the principal driver determining when the disease will

re-emerge given a particular seasonal pattern for R0 at a particular location [52]. Stochas-

ticity can also play an important role in long-term models of re-emergence [52]. Variation

in reporting rates of arboviruses between locations [155] can add further complexity. Al-

though childhood diseases with high reproductive numbers display different dynamics from

66



emergent arboviruses [15, 11, 12, 152, 153], their compartmental models share a basic SIR

structure given the acquisition of long-term immunity after infection. The resulting deple-

tion and replenishment of the susceptible population is known to clearly drive inter-annual

variability and re-emergence in the former [152, 14, 154]. In particular, recent theory [8] has

derived analytical expressions for the number of “skip” years for a measles-like disease in the

pre-vaccine era, where “skips” are defined as seasons when transmission occurs but does not

cause susceptible depletion. In other words, although the number of infections increases in

such seasons, it is not large enough to offset the growth in the susceptible population due

to demography. The resulting expressions specifically provide a threshold condition for the

number of skips expected following an initial invasion as a function of R0. Their derivation

did not include under-reporting and assumed a closed-population SIR model with ‘school-

term’ seasonality, alternating two different rates for low and high transmission. We examine

in this work whether replenishment of susceptible individuals under the typical ‘well-mixed’

assumption explains dengue (DENV1) re-emergence at the whole-city aggregated level. We

specifically address the uncertainty inherent in such predictions at the low reproductive num-

bers characteristic of arboviruses, not previously considered in applications of the analytical

approach. To this end, we first extend the threshold derivation to take into account popu-

lation growth, continuous (sinusoidal) seasonality, and under-reporting of cases. We then fit

a stochastic SIR model to observed monthly dengue case counts from the DENV1 invasion

in Rio de Janeiro, Brazil from 1986-1988 [5, 19, 7] and numerically predict expected times

to re-emergence. We describe high uncertainty in re-emergence times for these seasonal,

low transmission regions, and show the insufficiency of susceptible replenishment in a sim-

ple SIR model to explain the short periods observed in DENV1 re-emergence. We discuss

possible explanations and the need for model formulations that would scale to coarse spatial

resolutions.
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3.2 Results

We start with the analytical approach for a seasonally forced SIR system with intermittent

outbreaks and population turnover, to consider general features of re-emergence at low R0.

In such a system, the onset of the off-season can bring an end to an initial outbreak, and

the replenishment of susceptible individuals due to births and population turnover can be a

major determinant of recurrence times. Let S represent the number of susceptible individuals

in a population and s0, the fraction of the population still susceptible at the end of an initial

epidemic, t0, when a prediction for the time to the next outbreak will be made. If there are

enough susceptible individuals left in the population (i.e. if s0 is large), another outbreak

will occur in the following year once the on-season resumes. However, if the initial outbreak

was very large, s0 may be too small, and the outbreak may “skip” one or more years. A skip

year is defined as a year in which the susceptible population does not decrease, whether or

not infections increase. The smaller the fraction of the susceptible population at the time

of prediction (s0), the longer it will take for the susceptible population to replenish, and

the larger the number of skips that will occur. Previous theory [8] allows prediction of the

number of skips that will occur given s0. Specifically, it demonstrated that s0 must fall below

some threshold sc(k) for k skips to occur. An analytical expression was provided for sc(k)

in terms of the reproductive number and population turnover rate for a closed-population

SIR model with school-term seasonality [8]. The derivation of the threshold presented in [8])

requires the assumption that the transmission rate or reproductive number of the disease

is high and that the fraction of the population susceptible at the time of prediction (s0)

is small. We extend this approach to take into account population growth and sinusoidal

seasonality (which describes the transmission rate of dengue more accurately than a discrete

high-low representation). Our derivation does not require assuming that the transmission

rate or reproductive number are high or that the fraction of the population susceptible at the

time of prediction is small. We follow the criteria developed in [8] (see details in [156]), which
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essentially consider the sign of the logarithm of the ratio between the respective number of

infections at two times, t0 and tn > t0. A positive value indicates that an outbreak will still

occur at tn; conversely a negative value indicates no outbreak at that time. By setting the

logarithm of this ratio to zero, the threshold sc is obtained (See Section 1 of the Supporting

Information for details). The resulting expression for sc(n), the critical fraction of susceptible

individuals required at the time of prediction for n or more skip seasons to occur, is

sc(n) = 1 + (π(2n+ 1)(1− 1/R0)− 2δ)/(ωf(ω, δ, r, n)) (3.1)

where f(ω, δ, r, n) = (1 + e−r(πω )(2n+1)) ωδ
(ω2+r2)

− 1−e−r(πω )(2n+1)

r ,

R0 is the annual mean of the reproductive number, δ the amplitude of seasonal transmis-

sion (as infectious contacts per person per day), ω, the transmission frequency (in days−1

and r, the population growth rate (also in days−1). The full expression for the seasonal

transmission rate is given by β(t) = β0(1 + δsin(ωt+ ϕ), where ϕ corresponds to the phase

(in radians) and β0, to the mean seasonal transmission rate (infectious contacts per person

per day). The quantity β0 is related to the annual mean reproductive number R0 via the

expression R0 = β0
γ , where γ is the recovery rate (in days−1).

Figure 3.1 illustrates the implications of this formula. As before, t0 corresponds to the

time of prediction, in practice usually after a large initial epidemic or invasion. Likewise, s0

represents the fraction of the population susceptible at the time of prediction. Intuitively,

the smaller the fraction of the population susceptible at the time of prediction (s0), the

longer it will take for the susceptible population to replenish, and the larger the number of

skips that will occur. In practice, as we will illustrate below, values of s0 can be computed

from surveillance data provided one has an estimate of the reporting rate. For n skips to

occur, the fraction of the population susceptible at the time of prediction (s0) must fall below

the susceptibility threshold sc(n). Figure 3.1A shows that the larger the number of skips
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n one is considering, the smaller the threshold sc(n) that s0 must fall below for at least n

skips to occur. Let nc denote the critical skip number corresponding to the number of skips

expected at the time of prediction (t0). We use the fraction of the population susceptible at

the time of prediction (s0) and identify the maximum value of n for which s0 is smaller than

sc(n). In the example shown in Fig. 3.1A, this fraction s0 = 0.7 is smaller than sc(n = 6)

and bigger than sc(n = 7), which means nc = 6. We therefore expect six years of skips

followed by re-emergence in the seventh year. Formally, for a given value of s0 at the end

of the transmission season, we define the critical skip number nc as the value of n for which

sc(nc) > s0 > sc(nc + 1).

With this general approach at hand, we explored the effects of the reproductive number

R0, amplitude of seasonal transmission δ and fraction of the population susceptible at time of

prediction s0, on the critical number of skips nc (Figure 1 Panels B and C). Consideration of

both the variation of the reproductive number R0 and fraction of the population susceptible

at time of prediction s0 is relevant here. Different combinations of transmission rate (β0) and

duration of the infection ( 1γ ) can yield the same R0 but different fractions of the population

susceptible at the time of prediction (Fig. 3.21). Importantly, Fig. 3.1 panels B and C

show that the time to re-emergence is very sensitive to R0. A singularity is observed as R0

approaches 1 where the expected number of skips goes to infinity. The approach to that

singularity can be very steep, meaning that small changes in R0 can result in large increases

in the expected re-emergence time. The obtained values of nc are not as sensitive to the

amplitude of seasonal transmission (Fig. 3.1 Panel B) but are sensitive to the fraction of the

population susceptible at the time of prediction (Fig. 3.1 Panel C). The shift of the curve

in Fig 1 Panel C for small values of the fraction of the population susceptible at time of

prediction s0 means that, for a given R0, more time is required to replenish the susceptible

population and therefore to observe a re-emergence.

We next apply this approach to the surveillance data from the 1986 invasion of DENV1 in

Rio de Janeiro (Figure 3.2). The initial DENV1 invasion in Rio de Janeiro is an ideal initial
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Figure 3.1: A) Graphical illustration of how the expected number of skips (nc) is
calculated. The black dots represent the threshold fraction of the population susceptible
at the time of prediction required for n skips to occur (sc(n)). The plot shows (sc(n)) as a
function of n (the number of skips) obtained from Equation 1 with seasonality amplitude
δ = 0.2 ( contacts per person per day) and reproductive number R0 = 1.4. In this example,
the red line represents the fraction of the population susceptible at the time of prediction (s0).
If s0 is smaller than sc(n), at least n skips will occur. To find the expected number of skips
(nc), we identify the largest number of skips n such that s0 is smaller than the susceptibility
threshold required for those skips sc(n). In this example, the red line intersects the sc(n)
curve between sc(n = 6) and sc(n = 7). Therefore, a critical skip number of nc = 6 is
obtained. B) and C) The critical skip value nc as a function of R0 for (B) different
values of the amplitude of seasonal transmission δ with s0 = 0.7 and (C) different values
of the fraction of the population susceptible at the time of prediction (s0) with δ = 0.70.
In all three panels, the frequency of transmission ω the population turnover rate µ and
population growth rate r are fixed at respective values ω = 2π

365days
−1 corresponding to

an annual periodicity, ω = 1/(74.46 ∗ 365))days−1 corresponding to an average lifespan of
75 years, and r = 1.55µdays−1 consistent with the growth of the city of Rio de Janeiro.
These values were chosen for the purpose of illustration, based on the inverse of the average
life expectancy in Brazil in 2012 according to the 2010 census [2] , and the interpolation of
population estimates for the resident population of the municipality of Rio de Janeiro from
the 1991 [3] and 2000 [4] censuses assuming exponential growth.

test case for this technique given the lack of widespread prior immunity from to prior dengue

epidemics, vaccination campaigns, cross-immunity from other disease outbreaks. Specifically,

the 1986 invasion occurred prior to the development of dengue vaccines. The outbreak was
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the first dengue invasion in the area since the initial eradication of the Aedes aegypti mosquito

in Brazil in the 1950s [157, 158, 159, 160] following a sustained intervention program that

began in the 1930s and 1940s in Rio de Janeiro and other cities [158]. Cross-immunity from

yellow fever vaccination appears to be very limited [161]. Given the young age distribution

of the population in 1986 [162], most individuals were not alive during the period when mass

yellow fever vaccination or prior dengue epidemics occurred.

We let our time of prediction t0 be equal to September 1, 1987, corresponding to the end of

the initial DENV1 invasion (see panel A of Figure 3.2). In panel B of Figure 3.2, we evaluate

the number of expected skips expected in Rio de Janeiro, nc, on the basis of a range of R0

values from 1.18 to 2.02 from the literature [9, 163]. The critical susceptibility threshold

for n skips to occur (sc(n)) is calculated using Equation 1 with an annual seasonality, a

population growth rate interpolated from the census (see Methods section), and δ = 0.7 [9].

The fraction of the population susceptible at the time of the prediction (s0) is estimated

as the difference between the total population N0 (total population N at (t0 =Sep. 1987))

and the total number of people infected between the start of the invasion and the time of

prediction (September 1, 1987). The total number of infected people during the outbreak

is computed by summing the ratio between the observed monthly cases and the reporting

rate for DENV1 in the city. Literature estimates from serology during the DENV1 invasion

in Rio de Janeiro indicate a reporting rate of around 3% (33) which we use and fix for this

analysis. For comparison purposes, we also include the number of skips expected under a

higher reporting rate of 10%. These curves show that the expected re-emergence could be

very sensitive to small variation in R0 and ρ, two quantities that are difficult to estimate

with precision in the absence of serology. In particular, assuming a reporting rate of 3%, a

reproductive number of 1.2 with 20% uncertainty can yield large changes in the expected

re-emergence time. We highlight the potential sensitivity of the expected number of skips

to the reporting rate as well to illustrate the importance of uncertainty in this parameter in

cities or epidemics where its value is unknown.

72



Figure 3.2: (A) Observed dengue case data. Monthly reported dengue cases in the city
of Rio de Janeiro, Brazil from April 1986-1995. The grey shaded region denotes observations
that were included in the fitting of the stochastic model from May 1, 1986 to July 1, 1988
inclusive. Serotype DENV1 re-emerged in 1990. DENV2 was first detected in the state of
Rio de Janeiro in 1990 but did not become dominant until 1991 [5, 6]. Both co-circulated
afterwards. We focus on the invasion of DENV1 from 1986-1987 and its initial re-emergence
in DENV1 in 1990 using a single serotype transmission model. This allows us to evaluate
this transmission model in a region where only one serotype was circulating, where cross-
immunity could not easily be invoked to explain the absence or reduction of dengue in
a given year. (B) Deterministic critical number of DENV1 skips nc for Rio de
Janeiro from September 1988. Expected number of skips nc with amplitude of seasonal
transmission δ = 0.7 and the fraction of the population susceptible after the first DENV1
invasion as of September 1, 1987 (s0) calculated from the data (A). We use a reporting rate ρ
of 3% when calculating s0 , consistent with serological estimates from the literature [7]. For
comparison purposes, we also include the expected number of skips nc assuming a reporting
rate of 10%.

3.2.1 Replenishment of Susceptible Individuals is Insufficient to Explain Re-

Emergence

To obtain more precise bounds for the reporting rate and R0 and to determine if the de-

pletion and replenishment of susceptible individuals could explain the rapid re-emergence
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Figure 3.3: A-C) Selected parameter profiles for the stochastic model. Profiles
of the mean annual transmission rate β0 (A), seasonal transmission amplitude δ (B), and
reporting rate ρ (C). The red curve is a polynomial fit to the subset of the profile points
shown on the figure. The single dashed grey horizontal line represents the likelihood value 2
log likelihood units below the maximum likelihood estimate. This line provides an estimate
of confidence intervals for the given parameter. The grey vertical line denotes the parameter
value of the maximum likelihood estimate. The maximum likelihood estimate for the report-
ing rate in panel C is very close to the literature value obtained from serology (approximately
3 percent). [7]

of dengue in Rio de Janeiro, we fit a stochastic aggregate SIR model to case data from the

DENV1 invasion from 1986-1988. The stochastic SIR model assumes that the underlying

deterministic transmission rate varies seasonally as a sinusoidal function with annual mean

β0, seasonal transmission amplitude δ, frequency ω (equal to 2π
365), and phase ϕ. The model

takes into account demographic stochasticity, environmental stochasticity in the transmis-

sion rate, and measurement error due to under-reporting and variation in reporting of cases

(See Materials and Methods and the Supporting Information). Panels A,B, and C of Figure

3.3 show the likelihood profile of the annual mean transmission rate, β0 the amplitude of

seasonal transmission δ and the reporting rate ρ respectively. In particular, our estimate of

the reporting rate matches that from serology in the literature (Panel C).

Overall, the model is able to capture key dynamics of the DENV1 invasion including the

two peaks of incidence in 1986 and 1987 and the subsequent reduction of transmission in
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1988. This is shown by comparing the trajectories for an ensemble of simulations with the

fitted model to the observed values of cases (Fig. 3.4). Estimated values for the transmission

rate indicate a low value for R0 (Figure 3.4 Panel C). Both of these conclusions generally

hold even if one takes into account uncertainty in parameter estimates by examining all

parameter combinations with log likelihoods within 2 log likelihood units of the maximum

likelihood estimate (the grey region in Fig. 3.4 Panel C as well as Fig. 3.6), although some

parameter combinations (not the maximum likelihood estimate) have substantial process

noise (Fig. 3.6).
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Figure 3.4: A-B) Comparison of simulated values with the fitted model and
observed data on a log (A) and regular (B) scale. Observed monthly cases from April
1986 to June 1988 are shown in blue. Median values from 100 simulations with the maximum
likelihood parameter combination are shown in red. The shaded red region denotes the 2.5%
and 97.5%th quantile boundaries from those simulations. C) Estimates for R0(t). The
black line denotes the trajectory of R0(t) for the maximum likelihood estimate. The shaded
grey region represents the 2.5% and 97.5%th quantile boundaries for trajectories from all
parameter combinations within 2 log likelihood units of the maximum likelihood estimate.
Each parameter combination has only one seasonal trajectory for R0(t) since R0(t) is a
deterministic quantity. R0(t) for all parameter estimates ranges from 1.79-2.09 in the on
season to 0.31-0.52 in the off-season.
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We now apply the obtained parameter estimates from the fitted model to address the

expected re-emergence time on the basis of, first, the analytical expression for the skip

calculation (Equation 1), and then the stochastic simulations of the fitted model. The

parameter estimates used here are those for the reporting rate ρ the reproductive number

R0, and the amplitude of seasonal transmission δ from all combinations within 2 log likelihood

units of the MLE. The expected number of skips following the DENV1 invasion in 1986-1988

is considerably higher than the observed 2 years. Depending on the parameter combination

used, we obtain anywhere from 27 to 100 skips (Panel A of Figure 3.5). Even the fastest

estimated return from the skip analysis (27 years) is much slower than the observed re-

emergence time.

Forward simulation of the stochastic model likewise does not predict the rapid re-

emergence of DENV1 (Panel B of Figure 3.5). Under a pulse of 20 infected individuals

arriving per day, there was a low probability of re-emergence for parameter combinations

with low process noise (Panel B of Figure 3.5). Only parameter combinations with high

amounts of process noise (which have limited predictive value) had a non-zero emergence

probability. We consider alternate pulse rates in Supplemental Figure S14. Re-emergence

probabilities under forward simulation of the stochastic model thus corroborated the deter-

ministic skip findings. The depletion of susceptible individuals from 1986-1988 and their

replenishment via population growth from 1989-1990 under an aggregate SIR model was

unable to explain the rapid re-emergence of DENV1 in 1990.
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Figure 3.5: A) Expected number of skips (nc) calculated using parameters ob-
tained from the fitted stochastic model. The open circles show the expected number
of skips nc from Equation 1 using parameters and the fraction of the population susceptible
after the initial DENV1 invasion (s0) estimated from the fitted stochastic model. Each circle
corresponds to one parameter combination, and we included here all parameter combinations
for the fitted model with a seasonal transmission amplitude (δ of 0.7 (contacts per person
per day) and a likelihood value within two log-likelihood units of the maximum likelihood
estimate (MLE). See Fig. 3.20 for expected skips from parameter combinations with differ-
ent values of δ and Figure S10 for parameter combinations from the profile of the recovery
rate, γ. For comparison purposes, the black line shows the expected number of skips for the
deterministic skip calculation from panel B of Fig. 3.2 with the reporting rate ρ fixed at the
literature value of 3%. B) Probability of epidemic in 1990 under forward stochastic
simulation of fitted model. The fitted stochastic model was simulated forward in time
from 1986-1990 with population growth. A pulse of 20 infected individuals were assumed to
arrive each day in January 1990. Each parameter combination within 2 log likelihood units
of the maximum likelihood estimate was simulated 100 times. The re-emergence probability
was calculated by determining the number of simulations in which the susceptible popula-
tion decreased in 1990. The plot shows re-emergence probability as a function of the process
noise intensity σP. Each point represents a single parameter combination. The maximum
likelihood estimate parameter combination is circled in red.
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Sensitivity Analysis:

To examine the robustness of our findings to adding an incubation period or altering

the form of seasonality, we conducted a sensitivity analysis by considering both SIR and

SEIR models with spline seasonality. The results are presented and discussed in the Sup-

porting Information and show that our conclusions remain unchanged. (See the Supporting

Information including Fig. 3.7-3.12 ). Comparison with Vector Model and literature

R0 The fitted stochastic SIR model uses a cosine function as a simplification to represent

the seasonal forcing that would be created by climate variation (temperature [45]) via the

changes in infected mosquitoes. To evaluate whether this simplification is realistic, we take

two approaches. The first one compares the mean seasonal R0 resulting from our model to

values of this reproductive number directly estimated from time series data in the literature

for DENV1 and DENV4 in Rio de Janeiro from 2010-2016. There is a close match between

these very different ways to estimate R0, and in particular the shape of the seasonality

produced by our model is realistic (Fig. 3.23).

The second approach considers a simple temperature-driven vector model. To this end,

we initially show that the seasonal variation in temperature in Rio de Janeiro can be ap-

proximated via a cosine function (Panel A of Fig. 3.24 and use this approximation to drive a

transmission rate that includes the vector explicitly. To obtain an expression for the seasonal

transmission rate we consider an explicit mosquito model with compartments for infectious

and susceptible mosquitoes in which a number of parameters depend on temperature (T )

(see Section 4 of the Supporting Information). By assuming fast dynamics of the mosquito

(so that levels of infection in the mosquito population quickly equilibrate to the dynamics

of infection in the human population), we derive the following expression for the effective

transmission rate in the mosquito-human model in terms of the biting rate a(T), probability

of human infection given an infectious bite b(T , probability of mosquito infection given biting

of an infectious human pMI(T ), adult mosquito mortality rate µ, carrying capacity K of the
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mosquito population, human population size N , and mosquito demographic function g(T ):

βeff = (
a(T )2b(T )(pMI(T ))

µM
)
K

/
N(1− µM/g(T )) (3.2)

The function g(T ) is the product of the eggs laid per female mosquito per gonotrophic

cycle, the mosquito egg-to-adult survival probability, and the mosquito egg-adult develop-

ment rate divided by the adult mosquito mortality rate µM The temperature-dependence of

these components was borrowed from the literature [164, 165] (see Supporting Information

Section 4 for details). Under the fast dynamics assumption, this effective transmission rate

βeff is an implicit representation of the force of infection inflicted on humans by the vectors of

the coupled human-vector model. When re-scaled between 0 and 1, βeff corresponds closely

with βMLE the transmission rate from the fitted stochastic SIR cosine model (Panel B of

Supplemental Figure S19). This close correspondence indicates that the SIR cosine model

is able to capture the shape of the seasonality of DENV1 in Rio de Janeiro.

3.3 Discussion

We developed two lines of evidence regarding the uncertainty and predictability of the time

to re-emergence for diseases with low reproductive numbers, on the basis of a seasonally

forced SIR model under the ‘well-mixed’ assumption at aggregated, city-wide, scales. We

showed with an analytical approach that the time to re-emergence (expressed as the num-

ber of “skip” years) was highly sensitive to small changes in R0 and the fraction of the

population still susceptible s0 at the time of prediction (e.g. at the end of the initial out-

break). This sensitivity applies to dengue in Rio de Janeiro where re-emergence times can

vary on the order of decades based on literature parameters. This uncertainty contrasts

with previous applications of this analytical approach to SIR dynamics in childhood diseases

such as measles with much higher R0 values where accurate predictions of much shorter

skip times have been made [8] . We also showed with a stochastic SIR model with seasonal
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transmission fit to DENV1 observed case data for Rio de Janeiro from 1986-1988 that sus-

ceptible depletion and replenishment are insufficient to explain dengue re-emergence. The

fitted model failed to predict by far the re-emergence of DENV1 in 1990 in terms of ei-

ther the number of skips expected or the outbreak probability under forward simulation.

Transmission parameters like R0 are generally defined with respect to a particular model.

Given that we aggregated cases at the city level and used a short time series, care should

be taken in interpreting parameter values. Nevertheless, fitted transmission parameters cor-

respond well with literature values and exhibit well-defined confidence intervals. Estimates

of the reporting rate in particular closely match the 3% value [5] obtained via a serologi-

cal study conducted during the 1986 invasion [5, 7]. Reporting rates during the onset of

an epidemic may be much lower in regions that have not recently experienced transmission

[7, 166] than in those with re-occurring outbreaks and an established surveillance network.

This may explain why serological studies of the 1986 invasion [5, 7] and our results, estimate

a lower reporting rate for dengue than studies conducted in later years in Brazil [167]. Even

though different combinations of the transmission rate and duration of infection can yield

the same reproductive number, the parameter estimates that compose R0 across all models

considered in the sensitivity analysis (which take into account those different combinations)

are relatively well-defined. These values are also consistent with the effective reproductive

number estimated for local dengue epidemics from 2012-2016 [9] and 1996-2014 [163] taking

into account differences in serotype circulation and population size during those periods.

More complex model structures are possible and often used for arboviruses that include an

explicit representation of the vector. We expect our results to hold as this vector compo-

nent should largely affect the phase and shape of seasonality in the transmission between

human hosts, which we have modeled phenomenologically as a cosine wave. With two typ-

ical successive epidemic years from an emergent virus, parameter inference from such short

observation period is unlikely to justify a more complex model. Nevertheless, to exam-

ine transmission seasonality further, we compared the seasonal R0 resulting from the fitted
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model to the seasonal R0 directly estimated from time series of cases in the literature [9].

We also considered the transmission rate experienced by humans in a simple vector-human

model forced by the typical seasonality of temperature in Rio de Janeiro. The shape and

timing of the vector-human model’s transmission rate was comparable to that of the cosine

transmission rate we employed. More complex models that do not assume fast dynamics of

infection in the vector relative to epidemic spread would likely exhibit a difference relative

to our transmission rate, especially a delayed phase, whose consequences should be exam-

ined in future work. We posit that this difference would not influence our results on the

predictability and uncertainty of re-emergence, since the values of other parameters (such

as the length of infection in humans) can compensate for it. Factors that could explain

the observed rapid re-emergence include inter-annual climate anomalies, antigenic evolution,

or micro-scale spatial heterogeneity in transmission intensity and associated susceptible de-

pletion. Larvae washout following flooding coupled with temperature-driven seasonality in

transmission could have temporarily halted the invasion in 1988 and delayed the epidemic in

1989. Widespread flooding was reported in February 1988 [168]. Large amounts of rainfall

washed away mosquito larvae in lab and field studies [26]. High rainfall negatively affected

dengue transmission in Singapore [27, 28] and India [29]. The impact could be compounded

in Rio de Janeiro if the high rainfall occurs during the transmission season. If the larvae

population has not fully recovered before the start of the off-season, the impact of the rainfall

anomaly could extend to the subsequent season. The large amount of process noise observed

in the aggregate model would be consistent with this effect, given that the process noise

parameter σP represents random variation in the transmission rate due to environmental

factors. However, the model’s inherent structure limits its ability to take into account flood-

ing events via σP, since the magnitude of the process noise does not change between years.

Incorporating an inter-annual climate driver could provide more accurate re-emergence pre-

dictions. The response to rainfall would be nonlinear: positive at low to moderate levels

and negative at higher ones. Intra-serotype antigenic evolution from 1986-1990 could also
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facilitate faster re-emergence. Many models focus on inter-serotype variation and assume

long-lasting homosubtypic immunity [46, 32, 151]. However, the antigenic variation within

and across dengue serotypes is comparable [43], and antigenic differences between strains of

the same serotype influence overall dengue evolution [169]. Sequences associated with case

data were unavailable, making direct analysis challenging. We cannot rule out the possi-

bility that genetic differences between the circulating strains enabled re-infection. A future

SIRS-type model (Susceptible-Infected-Recovered-Susceptible) could incorporate this intra-

serotype antigenic evolution. Micro-scale spatial heterogeneity in transmission intensity and

the effects of human movement between neighborhoods could also explain the rapid re-

emergence. Small-scale differences in socioeconomic status and population density between

neighborhoods in a large city can result in different relationships between mosquito and hu-

man population sizes, resulting in widespread heterogeneity in R0 across neighborhoods [38].

Previous studies of mosquito trap data in the city have demonstrated that neighborhoods

with differing socioeconomic characteristics have different vector population patterns [45].

In fact, schoolchildren from neighborhoods with divergent socioeconomic characteristics had

varying levels of seroconversion during the 1986 invasion [7]. Human movement between

neighborhoods may also influence transmission within [39] and between [170] those neigh-

borhoods, potentially resulting in non-uniform depletion of susceptible populations between

highly connected and isolated areas of a city. Whether arising through the effects of spatial

heterogeneity in transmission or intra-city movement, non-uniform levels of herd immunity

could enable faster re-emergence. Our findings reveal the uncertainty of re-emergence pre-

dictions with the simplest SIR models, those that would be most useful at times of emergent

public health threats. Consideration of the above factors in transmission models whose goal

is to inform public health over large regions, and to do so soon after, if not during, an

emergent outbreak, is clearly a challenge. For example, coarse resolutions are typically used

because of the scales at which the observed cases are reported, the scales at which the climate

covariates are available, and the difficulties inherent in incorporating microscale variation in-
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cluding connectivity. Our results should motivate further research into the central question

of how we can scale microscale heterogeneity to formulate aggregated models that include it

implicitly. It should also motivate the related further understanding of how such microscale

heterogeneity influences susceptible depletion and replenishment in particular case studies.

From such efforts, we should be able to evaluate whether the increasing availability of high-

resolution data makes it feasible to parameterize transmission models at higher resolutions,

or to inform new model formulations at coarser resolutions. The inability of susceptible

depletion and replenishment in a simple seasonal SIR formulation at a large, city-wide scale,

to explain DENV1 re-emergence has potential implications for other arboviruses. Recent

long-term Zika forecasts [52] assume that susceptible depletion and replenishment brought

an end to the 2015-2017 epidemics and will determine when re-emergence occurs. DENV1

and Zika share the same vector and invaded a completely susceptible population (not ac-

counting for pre-existing cross-immunity from dengue). If factors absent from the basic

model were key drivers of DENV1 inter-annual variability, it would not be unreasonable to

infer that similar types of factors could have played a major role in the Zika dynamics ob-

served from 2015-2017. Zika re-emergence could similarly occur much earlier than expected.

With changing temperature patterns due to climate change, cities in Asia, Europe, and the

western hemisphere that currently do not have recurrent local transmission may transition

in the near future to the kinds of dynamics studied here. Our results suggest that estimates

should be interpreted in the context of this sensitivity to small changes in the reporting rate

and reproductive number. Factors like variation in reporting rates, micro-scale transmission

heterogeneity and inter-annual climate drivers that are often ignored in long-term forecasts

may thus become critical in determining re-emergence times. Overall, the large uncertainty

in re-emergence times may be unavoidable for these regions. Improved models are needed

together with richer data than currently used, to address the question of the relevant spatial

scales of susceptible depletion.
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3.4 Methods

The derivation of the expression for the number of skip years (Equation 1) is included in

Section 1 of the Supporting Information. We fitted a stochastic version of the SIR model

to observed monthly case counts in Rio de Janeiro from 1986-1988 to estimate parameters

needed to apply this expression, and also to separately predict in parallel the time to re-

emergence via numerical simulation Expected re-emergence times were then compared for

the two approaches.

3.4.1 Data Description

We used monthly dengue case estimates in the city of Rio de Janeiro, Brazil from 1986-1990.

Cases were reported to the local public health surveillance system [6, 19] . The case counts

did not contain serotype information, but prior studies indicated that the dengue serotype

DENV1 invaded the city of Rio de Janeiro in 1986 [19] and was the dominant serotype in

circulation in the state of Rio de Janeiro from 1986-1990 [5] prior to the arrival of DENV2

in 1990. DENV2 did not become dominant until 1991 [5].

3.4.2 Basic Model Formulation

Because dengue infection confers full immunity to the same serotype, we considered an

SIR (Susceptible-Infected-Recovered) model. The deterministic model for the number of

individuals in the Susceptible (S), Infected (I), or Recovered (R) class is given by the following

system of ordinary differential equations:

dS

dt
= rN − λ(t)S − µHS (3.3)
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dI

dt
= λ(t)S − γI − µHI (3.4)

dR

dt
= γI − µHR (3.5)

λ(t) = β(t)
I

N
(3.6)

β(t) = β0(1 + δsin(ωt+ ϕ)) (3.7)

Deaths occur at rate (µH) given by the inverse of the life expectancy of Brazil in 2012

(74.49 years [2]). All individuals are born susceptible. The term r represents population

growth. The human population growth rate was estimated from census resident population

estimates in 1991 [3] and 2000 [4] assuming exponential growth. This rate was used to in-

terpolate the estimated population in 1986 (See Supporting Information Section 2.1.1 for

details). The per capita rate at which susceptible individuals become infected was given by

the force of infection λ(t) (Equation 5). Individuals recovered at per-capita rate γ whose in-

verse is the duration of infection. Estimates of the duration of infection in dengue vary. One

analysis estimated that symptoms of dengue infection last 2-7 days following an incubation

period of 4-10 days [171, 172]. For our analysis, we fixed the recovery rate γ to be 1/17,

assuming an exponentially distributed duration of infection with mean of 17 days encapsu-

lating the maximum extent of the combined incubation and symptomatic period in humans.

86



We take into account the possibility that duration of infection could vary by profiling over

the duration of infection in the sensitivity analysis. The short duration of the available

time series meant that fitting a formal vector model could prove difficult and could require

additional assumptions in terms of which parameters could be fitted or fixed from existing

formulations in the literature. We therefore used an SIR framework in which the infected

stage served as a proxy for the exposed and infected human and vector compartments in a

vector model of dengue transmission. A duration of infection was thus chosen that corre-

sponds to the upper bound of the estimated pre-infectious period (4-10 days) and infectious

period (2-7 days) in humans [171, 172]. We profiled over the duration of infection in the

sensitivity analysis to verify that this parameterization is reasonable. This transmission rate

β(t) was represented as a cosine function with mean β0 (units of contacts per person per

day) and seasonal oscillations of amplitude δ(same units as β0) and frequency ω, which was

assumed to be annual (ω = 2π
365) days

−1. The annual mean R0 was thus given by:

R0 =
β0

γ + µ
(3.8)

The observed dengue data in Rio de Janeiro consisted of monthly case counts. Serological

studies of the DENV1 invasion in Rio de Janeiro also indicated substantial under-reporting

[5, 7]. Let C represent the true number of monthly cases that would be obtained by summing

the number of individuals entering the infected class (I) over the course of a month. For

the purposes of the skip analysis, we assume that a fixed fraction ρ of the true cases C are

observed, where ρ is the reporting rate.

The stochastic model is an approximation of the deterministic one used for the skip

analysis. For simplicity and given the short time interval, we assumed that there was no

population growth over the two and half years of the DENV1 invasion (r = µH) and that

births and deaths occurred at rate µH = (1/(74.9 ∗ 365)), which is equal to the inverse of
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the average life expectancy in Brazil from the 2010 census [2]. However, population growth

is taken into account when simulating forward in time from the fitted stochastic model. We

also assumed that there were no recovered individuals at the start of the epidemic, so all

other individuals in the population not initially infected were susceptible. We considered

time in units of days and used a time step ∆t of 1 day.

The stochastic model is a discrete-time model with fixed time step ∆t and a discrete

state space (i.e. the number of people in each compartment S, I, R, and C, at any point in

time must be integers). The number of individuals who moved from one compartment to an-

other over the course of each day was calculated via Euler simulation from the deterministic

equations (See Supporting Information). Demographic stochasticity was then incorporated

into the Euler approximations to obtain integer state variable values after each time step.

We specifically assumed that the number of individuals making each state transition was

drawn from a binomial distribution with exponentially decaying probability (See Supporting

Information). Environmental noise (variation in the transmission rate β(t) due to random

environmental variation) was captured via multiplicative gamma white noise in the trans-

mission rate as described by [173, 174]. On time step size ∆t, we multiplied the transmission

rate by ∆Γ
∆t where ∆Γ

∆t was drawn from a Gamma distribution with mean 1 and variance
σ2P
∆t .

The measurement model assumed that the observed number of monthly dengue cases

(Y (t)) at time t were drawn from a negative binomial distribution with mean equal to the

true number of monthly cases C multiplied by a reporting rate ρ, with dispersion parameter

σM. More details of the measurement model can be found in Section 2.4 of the Supporting

Information.

3.4.3 Fitting the stochastic model

We fitted the transmission parameters (β0 and δ), reporting rate (ρ, process noise parameter

(σP), measurement noise parameter (σM, and the number of infected individuals at the start

of the outbreak in May 1986 (I0). While the first cases of DENV1 were reported in April
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1986, we started the model fitting in May 1986 to avoid complications from changes in the

reporting rate as the surveillance system was established during the start of the DENV1

invasion. We used in an interpolated initial population size of 5,281,842 for Rio de Janeiro

in May 1986.The model was fit using the mif2 method in the R-package pomp. The model

fitting method is described further in the Supporting Information and in [175]. Calculating

expected skips using parameter estimates from stochastic model Following the completion

of the Monte Carlo Profiles, a maximum likelihood estimate (MLE) parameter combination

was obtained from the Monte Carlo Profiles of the fitted model by selecting the parameter

combination with the highest likelihood across all profiles. The table of MLE parameter

values is shown in Supplemental Table ST1. All sets of parameter combinations within 2

log-likelihood units of the maximum likelihood estimate (from all profiles) were used for

the expected skip calculation. The reporting rate (ρ), β0, and δ value of each parameter

combination within 2 log likelihood units of the maximum likelihood estimate were applied to

a finer gridded version of the deterministic skip calculation described earlier. A distribution

for the number of skips expected in Rio de Janeiro following the DENV1 invasion from

1986-1988 was obtained.

3.4.4 Stochastic Simulation

We then simulated re-emergence probabilities under the stochastic model. Each parameter

combination within 2 log likelihood units of the MLE estimate from the stochastic fit was

simulated again without any immigration from 1986 until 1990 but with population growth.

During January 1990, “sparks” of infectious individuals were assumed to have arrived in

the city at some fixed rate. There were low but non-zero levels of DENV1 incidence from

1988-1989. We chose to wait until January 1990 before introducing new DENV1 infections

to be conservative, as this is when an uptick in DENV1 incidence was first observed. Had

we introduced sparks earlier in 1988-1989, we would likely have observed even earlier re-

emergence times. We explored rates from 5 to 100 infected individuals per day. This process
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was repeated 100 times, and the probability of an epidemic occurring in 1990 was calculated.

An epidemic occurrence in this situation was defined as a net decrease in the susceptible

population over the course of the year (after taking into account population growth), to best

match the definition of an epidemic used in the skip analysis.

3.4.5 Sensitivity Analysis

We assessed how parameter estimates of R0 and ρ may depend on the model formulation by

fitting several more complex SIR-type models to the same data using the fitting procedure

described in the Methods section: an SIR Spline Model and SEIR Spline Model. As an

additional sensitivity analysis, we profiled over the recovery rate for the SIR Cosine Model

(Fig. 3.14). For details, see the Supporting Information.

3.4.6 Comparison with Vector Model and literature R0

For a full description of the explicit coupled human-mosquito model with compartments for

infectious and susceptible mosquitoes and comparison of transmission rates between this

model and the simpler seasonally forced SIR , see the Supporting Information.
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3.8 Supporting information

3.8.1 Supplemental Methods: Analytical Skip Derivation

Background

This skip analysis is based on [8]). The goal is, given the number of susceptible after an

outbreak S0, predict how long we should expect for a new epidemic, or equivalently, the

number of skipping years that will occur. In Stone et al [8]), a skipping event is when both

the number of infectious and susceptible individuals increase in time. However, if the number

of infectious individuals increases while the population of susceptible decreases, the event is

defined as an outbreak.

A year is taken to have only two seasons and it starts in the Low season at times tLn = nT
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with n∈N0 and T = 1 year. This is followed by the High season at times tH n = T
2 (2n+ 1).

Then, assuming β = β0(1± δ) (with β = β0(1− δ) for the Low season and β = β0(1+ δ) for

the High season), and no human population growth (N = N0 = const, since the mortality

and birth rates are equal, µ = λ), they obtain for the critical threshold for the susceptible

population S0

Sc(k)

N
= sc(k) =

γ + µ

β0
− (k + 1)µ

2
(3.9)

Finally, if Sc(k+1) < S0 < Sc(k), the disease will skip k years and an outbreak will emerge

on the k+1-th year. For details on how they obtained Eq. (3.9) see the Supplementary

Information of Stone et al [8]).

The dynamical system

The SIR model Equation (3.10 shows the SIR infectious model, where λ and µ are the

birth and mortality rates, β the transmission rate and γ the recovery rate.

dS
dt = λN − β(t)SIN − µS

dI
dt = β(t)SIN − γI − µI

dR
dt = γI − µR

(3.10)

From Eq. (3.9) the nullcline curve of S is defined as:

dS/dt = 0 = βS

(
λN − µS

βS
− I

N

)
⇒ I∗

N
=
λ− µS/N

βS/N
(3.11)

After an outbreak, I << I∗ and the trajectory is below the S nullcline. Under this slow

build dynamics of the system the susceptible differential equation on Eq. (3.10) may be

approximated by
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dS

dt
= β

SI∗
N

= λN − µS (3.12)

Calculation of the critical value, SC

The assumptions To obtain the critical value, SC(k) (Eq. (3.9)), Stone et al [8] consider

no demographic growth, that is, λ = µ =⇒ N(t) = N0 ∀t. With this assumption the nullcline

curve (Eq. (3.11)) is given by i∗ = µ(1− s)/(βs), where i = I/N and s = S/N . Then they

approximated i∗ by

i∗ =
µ(1− s)

βs
≃ µ

βs
=⇒ ds

dt
⋍ µ (3.13)

In this paper we proceed as in Stone et al. [8] but considering:

1. A sinusoidal transmission rate, β = β0(1− δsin(ωt)) (see Fig. (3.22)).

2. Population demography, N = N(t), λ ̸= µ.

3. And a I∗ without approximation. The approximation on Eq. (3.13) is not always

applicable and in particular gives some contradictory results when r0 = β0/(γ+µ) < 1.

Specifically the threshold sc shown on Eq.(3.9) allows outbreaks even when r0 < 1.

The calculation When I << I∗, that is, in the period of the slow build dynamics, the

set of differential equations of the system is

dS
dt = λN − µS

dI
dt = β(t)SIN − γI − µI

dN
dt = (λ− µ)N

(3.14)

where, because N = S + I +R, we have replaced the equation of the number of individuals

recovered by the equation of the total population. By defining, Z = β0
γ+µS = r0S and
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X = ln(I)/(γ + µ), and solving the equation of Ṅ with N0 = N(t = t0), we obtain the

following system, equivalent to Eq. (3.14)

Ż + µZ = r0λN = r0λN0e
(λ−µ)(t−t0)

Ẋ = (1− δ sin(ωt)) Z
N0
e−(λ−µ)(t−t0) − 1

(3.15)

The variable Z in Eq. (3.15) is described by a first order differential equation which can be

solved with standard techniques, and Eq. (3.16) shows the result

Z(t) = (Z0 − r0N0)e
−µ(t−t0) + r0N(t) (3.16)

where Z0 = Z(t = t0). By replacing Eq. (3.16) on Eq. (3.15), defining z0 = Z0/N0, and

taking t0 = 0, we obtain

Ẋ = (r0 − z0)e
−λtδ sin(ωt)− δr0 sin(ωt)− (r0 − z0)e

−λt + r0 − 1 (3.17)

Then, the strategy is to evaluate the sign of the integral between t0 (which has been taken

as 0 without lost of generality) and tH n = T
2 (2n+ 1) (the high season starting time) of Eq.

(3.17). In particular, by zeroing this integral, the following expression for SC is obtained,

sC =
Sc
N0

= 1 +
π(2n+ 1)(1− 1/r0)− 2δ

ωf(ω, δ, λ, n)
(3.18)

where f(ω, δ, λ, n) =
(
1 + e−λtH n

)
ωδ

ω2+λ2
−
(
1− e−λtH n

)
1
λ .
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3.8.2 Supplemental Methods: Stochastic Model Description

Parameterization

The stochastic model is an approximation of the deterministic model used for the skip anal-

ysis. For simplicity and given the short time interval, we assume that there is no population

growth over the two and half years of the DENV1 invasion (r = µH) and that births and

deaths occur at rate µH = 1
74.49∗365day

−1 (the inverse of the average life expectancy in

Brazil according to the 2010 census [2] expressed in units of days). Note that population

growth is re-introduced in numerical simulations below that consider a longer time period.

We assume that there are no recovered individuals at the start of the epidemic, so all other

individuals in the population not initially infected are susceptible. The recovery rate γ is

fixed at 1
17day

−1, assuming an exponentially distributed duration of infection with mean 17

days. We then profile over the recovery rate to verify that this fixed value of γ is plausible

(see Sensitivity Analysis). We set ω = 2π
365day

−1. The numerical solution to the stochastic

model is a discrete-time model with fixed time step ∆t = 1 day, and a discrete state space

(i.e. the number of people in each compartment S, I, and R at any point in time must be in-

tegers). During simulation, the number of individuals who will move from one compartment

to another over the course of each day is calculated via Euler simulation.

We first describe the Euler approximation for an ordinary differential equation. Then,

we explain how we add demographic stochasticity (the consequence of a process acting prob-

abilistically on a collection of discrete individuals) and environmental stochasticity (fluctua-

tions in process rates depending on random, or unmodeled, effects that act at a population

level). Finally, we specify how we model measurement noise (error in measuring the true

number of dengue cases each month taking into account both a fixed mean rate of under-

reporting and additional variation).

Population Growth Recall that the term r represents the per capita rate at which new

individuals enter the population, while µHis the death rate. Let h represent the per capita
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growth rate of the population (i.e. h = r−µH ). We assume that the net population growth

rate is exponential:

dN

dt
= hN (3.19)

Census population estimates from 1991 [3] and 2000 [4] were used to calculate h assuming

exponential growth. This rate was used to interpolate the population in 1986. In the

implementation of the stochastic model, the population growth over each time step was fed

in as a covariate using the R package pomp.

Euler Simulation with Demographic Stochasticity

We simulate the underlying SIR process model with fixed time steps of constant size ∆t

to obtain estimates of compartment sizes at time t (S̃(t), Ĩ(t), and R̃(t)). The model

incorporates demographic stochasticity into the Euler approximations to obtain integer state

variable values after each time step. For example, suppose that we want to calculate the

number of individuals who move from the susceptible to the infected class over the course

of a time step. Let µSI(t) represent the instantaneous rate at which individuals move from

the susceptible to the infected compartment. Under the deterministic model, we have:

µSI(t) = β(t)(
I(t)

N
) (3.20)

Let ∆ÑSI represent the Euler approximation for the number of individuals who move

from the susceptible to infected compartment between time step t and time step t + ∆t.

We assume that ∆ÑSI is drawn from a binomial distribution with exponentially decaying

probability:

∆ÑSI ∼ Binomial(S̃(t), 1− e−µSI(t)∆t) (3.21)
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All of the instantaneous deterministic transition rates are shown below. The symbol •

denotes transitions entering and leaving the study population (i.e. •S denotes births and S•

deaths):

µSI(t) = β(t)(
Ĩ(t)

N
) (3.22)

µIR(t) = γ (3.23)

µ•S(t) = r (3.24)

µS•(t) = µI•(t) = µR•(t) = µH (3.25)

Euler approximations for all compartment transitions are shown below:

∆ÑSI ∼ Binomial(S̃(t), 1− e−µSI(t)∆t) (3.26)

∆ÑIR ∼ Binomial(Ĩ(t), 1− e−µIR(t)∆t) (3.27)

∆Ñ•S ∼ Binomial(Ñ(t), 1− e−µ•S(t)∆t) (3.28)

∆ÑS• ∼ Binomial(S̃(t), 1− e−µS•(t)∆t) (3.29)

∆ÑI• ∼ Binomial(Ĩ(t), 1− e−µI•(t)∆t) (3.30)

∆ÑR• ∼ Binomial(R̃(t), 1− e−µR•(t)∆t) (3.31)

Using these expressions, we can write an expression for the number of people in each

compartment at the end of each time step (time t+∆t)

S̃(t+∆t) = S̃(t)−∆ÑSI +∆Ñ•S −∆ÑS• (3.32)

Ĩ(t+∆t) = Ĩ(t) + ∆ÑSI −∆ÑIR −∆ÑI• (3.33)
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R̃(t+∆t) = R̃(t) + ∆ÑIR −∆ÑR• (3.34)

Environmental Stochasticity

As stated in the Materials and Methods section, environmental noise (variation in the trans-

mission rate β(t) due to random environmental variation) was captured via multiplicative

gamma white noise in the transmission rate as described by [174]). On time step size ∆t we

multiplied the transmission rate by ∆Γ
∆t where ∆Γ

∆t was drawn from a Gamma distribution

with mean 1 and variance σP
2

∆t .

The gamma white noise method used in this model is further described in [174]).

Measurement Error

Notation and Observation Times for Observed Data in Stochastic Fitting The

observed data Y1:M represent monthly observed case counts in the city of Rio de Janeiro

taken at times tOBS1 , tOBS2 ...tOBSM , where M = 26 observations. Observation Ym in that

sequence was taken at time tOBSm and is the number of observed infections reported between

time tOBSm and time tOBSm−1
. Time tOBS0 corresponds to the start time for the simulation

of the initial epidemic (May 1, 1986). In the stochastic model simulation, the time variable

t is defined as the number of days since January 1, 1986. Therefore, tOBS0 = 120. The first

observation used in the fitting is then observation Y1 measured at time tOBS1 = 151 (June

1, 1986). Note that in the raw data, the date for Y1 is listed as ”May 1986”, corresponding

to the total number of cases observed by the local health system between May 1, 1986 and

May 30, 1986. The last observation used is tOBSM = tOBS26 = 912 (July 1, 1988).

Monthly Accumulation of Expected Reported Cases Let Cm represent the true

number of reported cumulative cases for each month at observation time tOBSm .

Recall that during the Euler Simulation of the stochastic model, the number of individuals

who move from from Susceptible S to Infected I is calculated for every time step of size ∆t.
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This is the quantity ∆ÑSI from Section 2.3.

For ease of notation, let us use Ut to denote the value of ∆ÑSI calculated for the time

step between time t and time t+∆t.

We can write an expression for Cm as the summation of the ∆ÑSI values over all of those

time steps in month m. Formally:

Cm =

tOBSm∑
t=tOBSm−1

Ut (3.35)

In the pomp implementation of the model, this issue is dealt with by designating the

variable C as an accumulator variable via the accumvars() argument to the pomp constructor.

The true number of reported cases are then accumulated for each (monthly) observation.

Measurement Model The measurement model relates how the true number of cumulative

cases for each month Cm relates to the observed number of monthly cases Ym.

The formulation of the model takes into account under-reporting via the reporting rate

parameter ρ. However, the true reporting rate may not necessarily be constant in time,

for example, as the epidemic spreads to new neighborhoods within the city of Rio or as

the surveillance system is constructed and activated. To take into account additional over-

dispersion in the observed case data, we incorporate a measurement model in which we

assume that the observed number of monthly dengue cases (Ym) (the observed data) at

time t corresponding to the end of a reporting month are drawn from a negative binomial

distribution with mean equal to the true number of cases multiplied by the reporting rate

ρCm and dispersion parameter σM. The mean of the distribution is µ = ρCm while the

variance can be written as µ+ σ2Mµ
2 . Thus, when the dispersion parameter is close to zero

(σM → 0), the measurement model reduces to a Poisson distribution.
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Model Fitting

The model was fit using the mif2 method in the R-package pomp. The mif2 method im-

plements the iterated filtering algorithm known as IF2 and described in [175]). For each

parameter being profiled, the profileDesign function in the pomp package was used to gen-

erate a set of starting points at 30 different evenly spaced values within prescribed ranges.

The function created 40 different initial sampling points drawing from a box given by the

boundaries of the original parameter range. For example, for the I0 profile, a set of 30 start-

ing points evenly spaced between 1 and 10,000 was generated. For each of those 30 starting

points, the profileDesign function created 40 different initial sampling points with the same

value of I0 but different values for the other parameters being fitted (β0, δ, γ, ϕ, σM, and σP)

where the different values were uniformly drawn from the boundaries for those parameters

in the original box. This yielded a total of 1200 starting points for each parameter profile.

The mif2 search from each starting point was repeated five independent times.

Sensitivity Analysis

In the sensitivity analysis, we consider two alternate models to the SIR Cosine model: the

SIR Spline Model, and the SEIR Spline Model. The SIR Spline Model was an SIR model like

the main stochastic model but assumed that the transmission rate was a function of three

periodic cubic splines instead of a cosine function (SIR Spline Model). The spline coefficients

b1, b2, and b3 were fit instead of the cosine-function parameters. The second alternate model

used splines but had an additional exposed class (the SEIR Spline Model) and an additional

fitted initial value parameter (E0). The duration of the incubation period was fixed at 10

days and the duration of infection at 7 days so that both periods sum to the value of the

infection period fixed for the SIR Spline and Cosine Models. During the fitting of all four

models, the duration of infection was fixed (at 17 days in the SIR Models and 7 days in the

SEIR Models). The second part of the sensitivity analysis was a profile of the recovery rate

using the SIR Cosine Model. We used a range of recovery rates corresponding to durations
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of infection between 2-22 days.

3.8.3 Supplemental Results: Sensitivity Analysis

Adding an incubation period or altering the form of seasonality in the model did not alter

parameter estimates for R0, reporting rate ρ and amplitude of seasonal transmission δ bet-

ter explain observed dynamics. All three models (SIR with Cosine Seasonality, SIR with

Spline Seasonality, and SEIR with Spline Seasonality) gave similar parameter estimates and

likelihoods with respect to 2.5 years of observed cases from 1986-1988. The SEIR model had

a higher AIC score but a narrower profile for the environmental process noise standard de-

viation σP (Supplemental Figure 3.10, Supplemental Tables ST2 and ST3) compared to the

flat σP profiles of other models. Selected profiles for all models are included in Supplemental

Figures 3.9, 3.10, 3.11, and 3.12. An additional profile for the transmission phase parameter

ϕ for the SIR Cosine Model is included in Supplemental Figure 3.13.

The flatness of the environmental process noise standard deviation (σP profile and high

σP values for all parameter combinations with non-zero re-emergence probabilities (Figure 5)

may both be additional indicators of model misspecification. Analysis of filter trajectories

showed that the maximum likelihood estimate parameter combination in the SIR Cosine

Model, which did not have high σP could not easily explain the rapid decrease in dengue

transmission in the beginning of the transmission season in 1988 (Supplemental Figure 3.17).

Some parameter combinations with high σPoutperformed the maximum likelihood estimate

in capturing this decrease (Supplemental Figure 3.17), but under-performed the maximum

likelihood estimate in capturing the peak during the second year of the epidemic (Supplemen-

tal Figure3.18). More generally, the increased variance of the large process noise parameter

combination may impact predictive utility. Varying the duration of infection did not sub-

stantially reduce the expected time to re-emergence. During the principal analysis fitting,

the duration of infection was fixed at 17 days in the SIR Models and 7 days in the SEIR

Models. As an additional sensitivity analysis, we profiled over the recovery rate γ for the SIR
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Cosine Model (Supplemental Figure 3.14) with a range of recovery rates corresponding to

durations of infection of between 2-22 days. Based on the range of parameter combinations

in the profile within 2 log likelihood units of the profile peak, durations of infection between

5 and 20 days for the SIR Cosine model were supported by the data. The expected number

of skips was re-calculated using all parameter combinations within 2 log likelihood units of

the γ profile maximum and ranged from 25 to over 100 years (Supplemental Figure 3.15).

Parameter combinations with re-emergence times longer than 100 years had values of R0¡1

(Supplemental Figure 3.15), high reporting rates (up to 30%), and substantial process noise

(Supplemental Figures 3.15 and 3.16). The support for these deterministically implausible

parameterizations may be an artifact of the short length of the time series and the large

magnitude of the process noise.

3.8.4 Supplemental Results: Vector Model Considerations

Epidemic model

The mosquito-human coupled dengue model considered follows the equations of [25]) but

without the ’exposed’ class compartment. Our purpose is to illustrate that explicit consider-

ation of the vector is consistent with the seasonal transmission rate we have adopted in our

SIR model, in particular in terms of its basic shape. For this purpose, we rely on a simple

representation of the mosquito component, with two classes as in many modeling studies (

[176, 177, 178, 179, 180]) . Given the temperature variation in Rio de Janeiro, the duration

of the omitted exposed class would be short, and the typical mosquito lifespan would not

preclude transmission.

In the model, the mosquitoes M can be susceptible W or infectious Z:

dW

dt
= g(T )M(1− M

K
)− a(T ) pMI(T )W

I

N
− µMW (3.36)

dZ

dt
= a(T ) pMI(T )W

I

N
− µMZ (3.37)
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where a is the biting rate, µM is the adult mortality rate and pMI is the probability of

transmission. The function g(T ) = EFD(T ) pEA(T )MDR(T ) µ−1
M depends on mosquitoes

parameters: EFD corresponds to the eggs laid per female per gonotrophic cycle (num-

ber/female), pEA represents the mosquito egg-to-adult survival probability, and MDR is

the mosquito egg-to-adult development rate (1/days). The human population is described

by the following equation:

dS

dt
= −a(T ) b(T ) Z S

N
dI

dt
= a(T ) b(T ) Z

S

N
− γI

dR

dt
= γI

(3.38)

We considered a mosquito mortality rate independent from temperature. This choice

follows from the known difficulty in mapping laboratory thermal curves for this parameter to

those from the field [178]) . In particular, field observations exhibit constancy at intermediate

values of temperature (including the range of variation in Rio de Janeiro) rather than the

typical bell-shaped curves from the laboratory.

By considering a quasi-static approximation to Eq. (3.37) and Ŵ ≃ M̂ [181], we obtain

the following expression for Ẑ,

Ẑ ≃ a(T ) pMI(T )

µM

M̂ I

N
=
a(T ) pMI(T )

µM

I

N
K(1− µM

g(T )
) (3.39)

, where M̂ = K(1 − µM
g(T )

) is obtained by zeroing the sum of Eq.(3.36) and Eq.(3.37) since

M = W + Z. Then, we incorporate Eq.(3.39) in Eq.(3.38) and we obtain the following

effective transmission rate βeff

βeff ≃ a(T )2 b(T ) pMI(T ) µ−1
M

K

N
(1− µM

g(T )
) (3.40)
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Comparison of the transmission rates

To compare the behavior of the expression shown in Eq. (3.40) with the transmission rate

obtained from the fitted SIR cosine model, we use a cosine function to describe the temper-

ature of Rio de Janeiro. The dots in Fig. 3.24A show the weekly temperature reported in

[9] and the solid line correspond to TempSim(t) = 25 + 5 cos(2πt/365− 0.5).

The transmission rate obtained from the cosine temperature and the Eq. (3.40) (values

of the parameters are taken from [164] and [165]) is shown on Fig. 3.24B, as well as the

transmission rate of the fitted SIR cosine model. The values have been rescaled between 0

and 1 for a better comparison of the curves.
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3.9 Supplemental Figures
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Figure 3.6: Observed vs simulated cases from parameter combination for the
stochastic SIR Cosine Model, fit to 2.5 years of DENV1 case data (fixed recovery
rate) Log of observed monthly cases from April 1986 to June 1988 are shown in blue.
Simulated cases were estimated from 100 simulations for each parameter combination within
2 log-likelihood units of the highest likelihood parameter combination (the MLE). Median
values from 100 simulations from the MLE the are shown in red. The range of simulation
medians across all parameter combinations within 2 log-likelihood units is shaded pink. The
shaded blue region denotes the 95% quantile boundaries across all 100 simulations from the
MLE. The shaded grey region denotes 95% quantile boundaries from all simulations (across
all parameter combinations within 2 log-likelihood units of the MLE).
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Figure 3.7: A-B Comparison of simulated values with the fitted model and
observed data on a log (A) and regular (B) scale.) Observed monthly cases from
April 1986 to June 1988 are shown in blue. Median values from 100 simulations with the
maximum likelihood parameter combination are shown in red. The shaded red region denotes
the 2.5% and 97.5%th quantile boundaries from those simulations. C) Estimates for
R0(t). The black line denotes the trajectory of R0(t) for the maximum likelihood estimate.
The shaded grey region represents the 2.5% and 97.5%th quantile boundaries for trajectories
from all parameter combinations within 2 log likelihood units of the maximum likelihood
estimate. Each parameter combination has only one seasonal trajectory for R0(t) since
R0(t) is a deterministic quantity. Results for three models are shown: the SIR Cosine Model
(described in the main manuscript) as well as an SIR Spline and SEIR Spline Model.
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Figure 3.8: Comparison of all examined parameter combinations within 2 log
likelihood units of the maximum likelihood estimate for each fitted model with
observed dengue case counts for each of 3 models. For each parameter combination,
100 independent stochastic simulations were conducted. The right hand panel shows cases
on a standard scale, while the left hand panel is on a log scale. Log of observed monthly
cases from April 1986 to June 1988 are shown in blue. Simulated cases were estimated
from 100 simulations for each parameter combination within 2 log-likelihood units of the
highest likelihood parameter combination (the MLE). Median values from 100 simulations
from the MLE the are shown in red. The range of simulation medians across all parameter
combinations within 2 log-likelihood units is shaded pink. The shaded blue region denotes the
95% quantile boundaries across all 100 simulations from the MLE. The shaded grey region
denotes 95% quantile boundaries from all simulations (across all parameter combinations
within 2 log-likelihood units of the MLE).
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Figure 3.9: Profiles of reporting rate (ρ) for all three models. The red curve is a
polynomial fit to the subset of the profile points shown on the figure. The single dashed grey
horizontal line represents the likelihood value 2 log likelihood units below the peak of the
profile. This line provides an estimate of confidence intervals for the given parameter. The
grey vertical line denotes the parameter value of the maximum likelihood estimate across all
parameter profiles for that model.
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Figure 3.10: Profiles of the environmental process noise magnitude parameter
(σP) for all three models. The red curve is a polynomial fit to the subset of the profile
points shown on the figure. The single dashed grey horizontal line represents the likelihood
value 2 log likelihood units below the peak of the profile. This line provides an estimate of
confidence intervals for the given parameter. The grey vertical line denotes the parameter
value of the maximum likelihood estimate across all parameter profiles for that model.
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Figure 3.11: Profiles of the measurement noise magnitude parameter (σM) for all
three models. The red curve is a polynomial fit to the subset of the profile points shown
on the figure. The single dashed grey horizontal line represents the likelihood value 2 log
likelihood units below the peak of the profile. This line provides an estimate of confidence
intervals for the given parameter. The grey vertical line denotes the parameter value of the
maximum likelihood estimate across all parameter profiles for that model.
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Figure 3.12: Profiles of the initial number of infected people at the start of the
simulation (I0) for all three models. The red curve is a polynomial fit to the subset of
the profile points shown on the figure. The single dashed grey horizontal line represents the
likelihood value 2 log likelihood units below the peak of the profile. This line provides an
estimate of confidence intervals for the given parameter. The grey vertical line denotes the
parameter value of the maximum likelihood estimate across all parameter profiles for that
model.

112



●●●

●●●

●●●

●●●

●●●

●●●

●●●

●●●

−176

−174

−172

−170

−168

0.8 1.0 1.2 1.4
Transmission Phase(φ)

 L
og

 L
ik

el
ih

oo
d 

Figure 3.13: Profiles of the phase parameter (ϕ) for the SIR Cosine Model. The
red curve is a polynomial fit to the subset of the profile points shown on the figure. The
single dashed grey horizontal line represents the likelihood value 2 log likelihood units below
the peak of the profile. This line provides an estimate of confidence intervals for the given
parameter. The grey vertical line denotes the parameter value of the maximum likelihood
estimate across all parameter profiles for that model.
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Figure 3.14: Profiles of the recovery rate (γ) for the SIR Cosine Model. The red
curve is a polynomial fit to the subset of the profile points shown on the figure. The single
dashed grey horizontal line represents the likelihood value 2 log likelihood units below the
peak of the profile. This line provides an estimate of confidence intervals for the given
parameter. The grey vertical line denotes the value of gamma that was used for the original
fit of the SIR Cosine Model (where the recovery rate was fixed) .
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Figure 3.15: Expected number of skips from deterministic calculation given all
combinations of R0, seasonal transmission amplitude (δ), and reporting rate (ρ)
from each parameter combination of the recovery rate (γ) profile within 2 log
likelihood units of the parameter combination with the highest likelihood in
the original model. In Figure 5 panel A, expected numbers of deterministic skips were
calculated for all parameter combinations within 2 log-likelihood units from the maximum
likelihood estimate of the SIR Cosine Model. Parameter values from the profile of the recov-
ery rate (γ) in the sensitivity analysis shown in Supplemental Figure 3.15 were not included
in the skip calculations for Figure 5 Panel A. Here, we replicate those skip calculations for
all parameter combinations from the γ sensitivity analysis within 2 log-likelihood units of
the original maximum likelihood estimate.
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Figure 3.16: Comparison of reporting rate (rho) vs. reproductive number (R0)
and environmental process noise magnitude σP) for each parameter combination
of the γ profile of the SIR Cosine Model within 2 log-likelihood units of the pa-
rameter combination with the highest likelihood in the original model. This figure
compares the values of R0 and reporting rate (ρ) and process noise magntiude (σP) for all
parameter combinations from the gamma profile used for the deterministic skip calculations
shown in Supplemental Figure 3.15.
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Figure 3.17: Comparison of filter means between maximum likelihood parame-
ter combination and parameter combination with large process noise over third
year of simulation. Average of filter means for the number of monthly cases (C) at each
observed data point from 10 runs of the Sequential Monte Carlo algorithm pfilter run at
MLE parameter combination ( in green) and at the parameter combination with the highest
likelihood out of all parameter combination with the highest permissible amount of process
noise (σP = 1) shown in red. The observed cases are shown in blue for comparison. Only
the third year of the fit (corresponding to the period from January 1988 through July 1988)
is shown. Shaded ribbons show the average of the filter mean +/- 2 times the standard
deviation of the filter means (across all 10 runs).

117



●

●

●

●

●

●

●

●
● ● ● ● ●

●

●

●

●

●

●

●

●
● ● ● ● ●

●

●

●

●

●

●

●

●
● ● ● ● ●0

5000

10000

15000

1.00 1.25 1.50 1.75 2.00
Years since January 1, 1986

F
ilt

er
 M

ea
n 

of
 S

im
ua

te
d 

C
as

es
 (

C
) 

Parameter Combinations
●

●

●

Large Process Noise
Maximum Likelihood 
 Estimate
Observed Data

Figure 3.18: Comparison of filter means between maximum likelihood parameter
combination and parameter combination with large process noise over second
year of simulation. Average of filter means for the number of monthly cases (C) at each
observed data point from 10 runs of the Sequential Monte Carlo algorithm pfilter run at
MLE parameter combination ( in green) and at the parameter combination with the highest
likelihood out of all parameter combination with the highest permissible amount of process
noise (σP = 1) shown in red. The observed cases are shown in blue for comparison. Only
the second year of the fit (corresponding to the period from January 1987 through December
1987) is shown. Shaded ribbons show the average of the filter mean +/- 2 times the standard
deviation of the filter means (across all 10 runs).

118



●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●

●

●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●
●
●●●●●●●●●●●
●
●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●●●●●●●

●

●●●●●
●
●●●●●

●

●●●●●●●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●●●●●●●
●
●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●●●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●
●
●●●●●●●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●
●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●
●
●

●

●●●
●

●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●
●●

●

●

●●●
●

●

●

●●●●●

●

●●●●
●

●

●●●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●
●
●●

●

●

●●●●
●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●●

●

●

●
●
●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●
●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●
●
●
●

●

●

●●●●

●

●

●●●

●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●
●

●

●●●
●

●

●

●
●
●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●●●

●

●

●
●●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●●

●

●

●
●
●●

●

●

●
●
●
●

●

●

●●●●

●

●

●
●
●
●

●

●

●
●
●●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●●

●

●

●
●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●
●●

●

●

●
●
●●

●

●

●●●
●

●

●

●
●
●●

●

●

●●
●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●

●

●

●

●●
●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●

●

●

●

●●●

●

●

●

●
●
●
●

●

●

●●●

●

●

●

●●
●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●
●
●●

●

●

●●●●

●

●

●●
●

●

●

●

●●
●
●

●

●

●●●

●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●

●

●

●

●
●●
●

●

●

●●
●●

●

●

●
●
●
●

●

●

●
●●●

●

●

●
●●
●

●

●

●●●●

●

●

●●●

●

●

●

●●●
●

●

●

●●●●

●

●

●●
●
●

●

●

●●●●

●

●

●●
●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●
●
●

●

●

●

●●●
●

●

●

●●●●

●

●

●●
●●

●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●
●
●

●

●

●

●●●
●

●

●

●●●

●

●

●

●
●
●

●

●

●

●
●
●
●

●

●

●●●

●

●

●

●●
●

●

●

●

●●
●
●

●

●

●●●

●

●

●

●●
●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●●●

●

●

●

●●●●

●

●

●●
●
●

●

●

●●
●
●

●

●

●
●
●

●

●

●

●●●●

●

●

●●●●

●

●

●
●
●
●

●

●

●

●
●
●

●

●

●
●
●●

●

●

●●●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●
●
●

●

●

●
●
●
●

●

●

●
●
●
●

●

●

●●
●
●

●

●

●
●●
●

●

●

●●
●

●

●

●

●
●
●●

●

●

●
●●
●

●

●

●●
●●

●

●

●●
●

●

●

●

●
●
●
●

●

●

●●
●
●

●

●

●●●
●

●

●

●
●●
●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●
●

●

●

●

●●

●

●

●

●●
●
●

●

●

●
●
●

●

●

●

●●●

●

●

●

●●●

●

●

●

●●
●
●

●

●

●
●●

●

●

●

●●
●
●

●

●

●
●
●
●

●

●

●
●
●

●

●

●

●●●

●

●

●

●
●●
●

●

●

●●
●
●

●

●

●●●
●

●

●

●●
●●

●

●

●
●●

●

●

●

●●●

●

●

●

●●●
●

●

●

●●●

●

●

●

●●●

●

●

●

●
●
●

●

●

●

●
●
●
●

●

●

●●●
●

●

●

●
●●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●
●●

●

●

●●●
●

●

●

●●
●●

●

●

●
●
●

●

●

●

●●
●
●

●

●

●●
●●

●

●

●
●
●
●

●

●

●
●
●
●

●

●

●●
●
●

●

●

●
●●

●

●

●

●
●
●
●

●

●

●
●
●●

●

●

●●
●●

●

●

●●●
●

●

●

●●●
●

●

●

●
●
●

●

●

●

●●●

●

●

●

●●
●
●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●
●●

●

●

●●
●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●

●

●

●●●●

●

●

●●
●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●
●
●●●●●
●
●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●
●
●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●
●
●

●

●

●●
●●

●

●

●
●
●

●

●

●

●
●
●

●

●

●

●●●

●

●

●

●●
●
●

●

●

●
●
●
●

●

●

●●

●

●
●

●

●●●●

●

●

●●●
●

●

●

●●
●

●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●●
●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●

●

●

●

●
●●

●

●

●

●●
●

●

●

●

●
●
●

●

●

●

●●●

●

●

●

●
●
●
●

●

●

●●
●●

●

●

●
●
●
●

●

●

●
●
●
●

●

●

●●●●

●

●

●●●●
●

●

●
●
●
●

●

●

●●
●
●

●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●● ●
●
●
●

●

●

●●
●

●

●

●

●
●●
●

●

●

●
●●
●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●
●
●
●

●

●

●
●
●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●
●

●

●

●

●
●

●

●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●
●

●

●

●
●●●

●

●

●
●●●
●

●

●●●●

●

●

●●●●●●●●●●●● ●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●●●●●●●

●

●●●
●

●

●

●●●●

●

●

●●
●●

●

●

●●●●
●

●

●●●
●

●

●

●
●●●

●

●

●●
●●

●

●

●
●
●

●

●

●

●●
●
●

●

●

●●
●

●

●

●

●●●●
●

●

●●●●
●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●

●●

●

●

●●

●
●

●

●

●
●●

●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●
●●

●

●

●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●● ●●
●●

●

●

●●
●
●

●

●

●●●
●

●

●

●
●●
●

●

●

●●
●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●
●
●

●

●

●●●
●

●

●

●
●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●●
●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●
●

●

●

●●●
●

●

●

●
●
●

●

●

●

●
●
●
●

●

●

●●
●
●

●

●

●●●●●
●
●●●●●● ●●

●
●

●

●

●●●●

●

●

●●●
●

●

●

●●
●●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●
●

●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●
●●●●●
●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●
●

●
●

●

●

●
●
●
●

●

●

●
●●
●

●

●

●●●

●

●

●

●●●
●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●
●
●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●
●
●

●

●

●

●●
●●

●

●

●
●
●

●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●●
●
●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●
●
●

●

●

●●
●

●

●

●

●
●●●

●

●

●
●●●

●

●

●
●●
●

●

●

●●●●●

●

●●●●
●

●

●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●●
●
●●●●●● ●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●
●

●

●

●●
●●

●

●

●●
●●

●

●

●
●
●
●

●

●

●
●●

●

●

●

●●●●●●●●●●●●●●●●●
●
●●●●●● ●●

●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●

●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●

●

●

●

●●
●

●

●

●

●
●●

●

●

●

●●●
●

●

●

●●
●
●

●

●

●●
●
●

●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●
●
●

●

●●
●

●

●

●

●●

●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●
●●●

●

●

●

●●●

●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●
● ●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●
●

●

●●●●

●

●

●●●●●
●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●
●

●
●

●

●

●●
●

●

●

●

●
●●
●

●

●

●
●

●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●●
●
●●●●●
●
●●●●●●●●●●●
● ●●

●
●

●

●

●●
●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●
●

●

●

●

●
●
●

●

●

●

●
●
●

●

●

●

●
●●
●

●

●

●●
●

●

●

●

●●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●●

●

●

●●●●

●

●

●●●
●
●

●

●●●●●

●

●●●●

●

●

●●
●
●

●

●

●
●
●

●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●
●
●●●●●
●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●

●

●

●

●●
●●

●

●

●●●
●
●

●

●
●●●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●
●

●

●

●●
●●

●

●

●●●●

●

●

●
●
●●

●

●

●●●
●

●

●

●●●●●
●
●●●●●
●
●●●●●
●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●
●●

●

●

●

●●
●

●

●

●

●●●
●

●

●

●●
●
●

●

●

●
●
●●

●

●

●●●●

●

●

●
●●
●

●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●● ●●

●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●
●
●
●

●

●

●●●●

●

●

●●
●●

●

●

●●●
●

●

●

●●
●●

●

●

●●

●
●

●

●

●●
●●

●

●

●
●
●
●

●

●

●●
●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●

●

●

●

●●
●
●

●

●

●●●
●

●

●

●●
●

●

●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●
●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●
●
●

●

●

●●●
●

●

●

●
●
●

●

●

●

●●●●

●

●

●
●
●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●
●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●
●

●

●

●

●
●
●
●

●

●

●●●
●

●

●

●●●

●

●

●

●●●

●

●

●

●●●●●

●

●●●●●●●●●●●
●
●●●●●●●●●●●
●

●●
●●

●

●

●
●
●●

●

●

●
●
●
●

●

●

●
●●
●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●
●

●

●●●
●

●

●

●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●
●
●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●●
●
●●●●●●●●●●●
●
●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●

●

●●●●
●

●

●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●
●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●

●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●
●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●● ●●●●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●● ●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●●●●●●●
●
●●●●●
●

●●●●●

●

●●●●●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●
●

●

●●●●●
●
●●●●●●●●●●●●●●●●●
●
●●●●●
●

●●●●●●●●●●●● ●●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●● ●●●●●
●
●●●●●
●
●●●●●
●
●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●
●

●

●●●●●●●●●●●
●
●●●●●●●●●●●
●
●●●●●
●

●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●● ●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●
●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●
●
●●●●●
●
●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●
●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●● ●●●●●

●

●●●●●
●
●●●●●

●

●●●●●

●

●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●

●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●●●●●●●
●
●●●●●●●●●●●
●

●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●
●●
●

●

●

●
●
●
●

●

●

●●
●

●

●

●

●●
●
●

●

●

●●

●
●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●
●●
●

●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●
●
●●●●●●●●●●●● ●●●●●

●
●●●●●●●●●●●
●
●●●●●

●

●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●●
●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●●

●

●●●●●
●
●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●
●

●

●

●●●●

●

●

●●●
●

●

●

●
●●
●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●
●●

●

●

●●●

●

●

●

●●●●

●

●

●●●
●
●

●

●●●●

●

●

●●●
●

●

●

●●●
●
●

●

●●●●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●●
●
●●●●●
●
●●●●●●●●●●●
●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●

●

●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●

●

●

●

●●●
●
●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●
●
●

●

●

●●●
●

●

●

●
●
●

●

●

●

●●●●
●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●
●

●

●
●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●● ●●
●
●

●

●

●●●
●

●

●

●●●
●

●

●

●●
●●

●

●

●●●
●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●

●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●
●

●●●●●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●
●
●

●

●

●●
●●

●

●

●●●
●

●

●

●●
●
●

●

●

●●●

●

●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●

●

●

●●●●

●

●

●●●●

●

●

●●●
●

●

●

●●●
●

●

●

●●●●

●

●

●
●
●
●

●

●

●●●●

●

●

●●●●

●

●

●●●●●
●
●●●●●
●
●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●

●

●

●

●●●●

●

●

●●
●●

●

●

●●●●

●

●

●●●●

●

●

●●●●
●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●
●

●

●

●

●●●●

●

●

●●●
●

●

●

●●●●

●

●

●●●●

●

●

●
●
●
●

●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●●●●●●●●●●●●● ●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●

●

●●●●
●

●

●●●●
●

●

●●●●●

●

●●●●
●

●

●●●●●

●

●●●●●●●●●●●

●

●●●●●

●

●●●●●

●

●●●●●●0.0

0.1

0.2

0.3

0.4

0.5

0.00 0.25 0.50 0.75 1.00
 Process Noise (σP)

R
e−

E
m

er
ge

nc
e 

P
ro

ba
bi

lit
y 

in
 1

99
0

25
50
75
100

 Sparks 
 per Day 
 in Jan 1990

Figure 3.19: Probability of stochastic epidemic in 1990 vs Process Noise Intensity
(σP) under simulation from top 2LL parameter combinations of stochastic SIR
Cosine Model. The fitted stochastic model was simulated forward in time from 1986-1990
with population growth. Daily pulse rates of 2,5,10,20, 50, and 100 infected individuals per
day in January 1990 were used. Each parameter combination within 2 log-likelihood units
of the maximum likelihood estimate was simulated 100 times. The re-emergence probability
was calculated by determining the number of simulations in which the susceptible population
decreased in 1990. The plot shows re-emergence probability as a function of the process noise
intensity σP. Each point represents a single parameter combination at a particular pulse rate.
Points are colored by pulse rate. MLE parameter combination points are circled in red.
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Figure 3.20: Expected number of skips from deterministic calculation using param-
eter estimates from the fitted stochastic model. The red crosses show the expected
number of skips nc from Equation 1 of the main text using parameters and the fraction of
the population susceptible after the initial DENV1 invasion (s0) estimated from the fitted
stochastic model. Each circle corresponds to one parameter combination, and we included
here all parameter combinations for the fitted SIR Cosine model with different values of
the reproductive number R0, seasonal transmission amplitude δ, and reporting rate ρ. See
Supplemental Figure 3.15 for the expected number of skips for all parameter combinations
obtained from the profile of the recovery rate (γ).
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Figure 3.21: Different combinations of mean transmission rate β0 and recovery
rate γ that yield the same reproductive number R0 value have different values of
the fraction of the population susceptible ( SN ) after 1 year. For example, suppose
that we have the parameter combinations δ = 0.5, β0 = 0.3 , γ = 0.2 and δ = 0.5, β0 = 0.15,
γ = 0.1 . While both parameter combinations give an R0 of 1.5, the first yield an S

N after

one outbreak of around 20%, while the second gives an S
N of approximately 40%. The plot

shows values of S
N as a function of γ with β0 modified to give different values of R0. For

all points in the plot, the amplitude of seasonal transmission δ = 0.5, the initial number
of infected individuals I(t = 0) = 1, and the frequency of the seasonality of transmission
ω = 2π

365 , corresponding to an annual periodicity.
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Figure 3.22: Transmission rate considered by Stone et al [8] in (black), and in this work
(red).
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Figure 3.23: A boxplot of R0 for each month in Rio de Janeiro from 2010-2016
with monthly estimates from [9] . The superimposed solid red line indicates the mean
monthly R0 obtained from our stochastic SIR cosine model with the parameter combination
with the highest likelihood.
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Figure 3.24: A) Weekly temperature of the city of Rio de Janeiro. The data is
represented by black dots and cosine function by the solid red line. B) Transmission rate
re-scaled between 0 and 1. The black line is the fitted sinusoidal transmission rate and
the blue line the is the effective transmission rate shown on Eq.(3.40).

124



CHAPTER 4

CONNECTIVITY STRUCTURE AND POPULATION SIZE

SHAPE THE SPREAD OF A NEW DENGUE SEROTYPE

ACROSS A METROPOLITAN AREA

4.1 Introduction

Arboviruses such as dengue [136], Zika [137], and chikungunya [139] pose a substantial public

health burden, especially in large metropolitan areas with heterogeneous climates, population

densities, socio-economic conditions, and connectivity and seasonality in transmission. This

burden is expected to grow in future decades as the range of suitable habitat for Aedes aegptyi

mosquitoes increases due to both climate change [149] and urbanization. Understanding

the spatiotemporal dynamics of dengue is crucial when preparing for future epidemics, but

obtaining such an understanding is challenging due to the multiple factors involved in the

spread of the disease. These factors include climate variables such as temperature [24] and

rainfall [26, 27, 28, 29, 37], socioeconomic variables such as population density [38, 54] access

to water sources [49], and human movement [39, 40, 41].

Human movement in particular is a key driver in the spatial propagation of the dis-

ease [39, 40, 41], and previous waves of dengue outbreaks due to new serotype invasions in

Brazil have spread outward from large cities to mid-size cities and surrounding areas [50].

Statistical models for the spatiotemporal patterns of dengue are well-suited to tackle large

regions such as the whole of Brazil, and have done so at typically coarse spatial scales at

a micro-region level, identifying a combination of climate and socioeconomic factors and

testing predictability of the dynamics [49, 37, 50]. Nevertheless, incorporating the structure

of human movement into these statistical models used to make large-scale dengue forecasts

remains an open problem [51]. Movement networks may be too complex to include fluxes

from all other municipalities as covariates in a statistical model without over-fitting the
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model. One class of statistical models uses conditional auto-regressive models as spatially

structured random effect terms to account for neighborhood effects [49, 37]. Municipalities

that are geographically neighboring, however, may have limited movement flows between

them. Modifying these random effect terms to consider movement fluxes can be difficult,

since calculating the determinant of the matrix used to represent this spatial structure can be

computationally expensive [182]. To bypass these limitations requires a deeper understand-

ing of the structure of human movement to identify key aspects that are most important

in the spread of dengue. We use a mechanistic model in a panel setting, in an ensemble of

locations for which disease surveillance has occurred in parallel, to investigate the structure

of commuter movement within a large metropolitan area and identify features with epidemi-

ological consequences. We define a ”panel” model as a model in which each city’s dynamics

are independent of the dynamics in other cities that are being fitted, conditional on any

shared or city-specific covariates.

Large metropolitan areas represent increasingly important landscapes for the overall bur-

den of arboviruses[55, 50, 41] given the urban niche of their mosquito vectors and the concen-

tration of human hosts. Within these areas, connectivity via commuter movement becomes

a potentially meaningful driver of dengue epidemics at intermediate spatial scales, smaller

than those used for country-wide analyses of climate yet larger than the neighborhood-level

used for household transmission studies. Spatial coupling to the most populated core of a

metropolis is expected to play a role, but is it sufficient to explain why some cities had a

larger epidemic of DENV4 in 2013 than others? And if not, what other flows should be

specified? To address these questions, we focus on 20 municipalities surrounding the mega-

city of Rio de Janeiro, Brazil. We use a process-based model to test whether incorporating

movement fluxes to and from each surrounding municipality to the city of Rio de Janeiro

is sufficient to explain observed dengue dynamics in the surrounding cities, especially if we

account for altitudinal variation in temperature . Variation in epidemic intensity reflects

endemic patterns in the most populated areas vs. explosive but less persistent transmission
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in other locations. We show that including only fluxes to and from the city of Rio de Janeiro

is sufficient to explain dengue dynamics in many of the outlying municipalities, with the

exception of those with substantial fluxes to peri-urban areas.

By focusing on fluxes to and from large municipalities, our modeling approach provides

a framework for incorporating the essential features of movement patterns. Our results

show that connectivity to a large urban municipality plays an important role in the spread

of dengue throughout the metropolitan area. Furthermore, large peri-urban municipalities

can serve as additional hubs of commuter movement relevant to epidemiology, providing a

stepping stone from a large municipality like Rio de Janeiro to more outlying areas. Both

connectivity to a large central city and commuter movements between suburban municipali-

ties may be epidemiologically important for the spread of dengue and should be incorporated

into statistical models in the future.

4.2 Results

We fit a panel of mechanistic models to case data from 20 municipalities surrounding the

city of Rio de Janeiro to identify how the structure of commuter movement within that

region impacts the spread of new dengue serotype, and to determine the extent to which

this movement structure can be approximated by only considering movement fluxes to and

from its largest city. We selected the 20 cities by starting with a set of cities that spanned a

latitudinal gradient from the city of Rio to the mountainous areas in the north of the state,

and then trimmed that region to remove municipalities which had large fluxes to or from

municipalities located outside of the region. The resulting region is highly self-contained,

with at least 80% of all outbound fluxes from any city in the region staying within the region

(Figure 4.2 Panel B).

There is substantial variation in the spread of DENV4 during the 2012 and 2013 epidemic

seasons in these 20 municipalities. In general, cities with larger population sizes experienced

higher peaks during the epidemic season and less pronounced troughs during the off-season,
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Figure 4.1: Heatmaps of observed dengue cases and temperature anomalies for
20 municipalities surrounding the city of Rio. A) Heatmap of weekly observed
dengue cases on a log scale from January 2012 thru June 2013. Grey shaded
values denote dates with zero observed cases. Municipalities are arranged in increasing
order of population. B) Heatmap of temperature anomaly for each municipality
and date. We obtained mean daily temperature estimates for each municipality
using ERA5 reanalysis data. Temperature measurements were smoothed using
a 2-week moving average. For each date, we calculated the mean temperature
across all municipalities for the smoothed temperature time series. The daily
anomalies are shown here.
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while many municipalities with smaller population sizes had highly intermittent dengue

outbreaks with many weeks of zero reported cases (Fig. 4.1 Panel A). These smaller cities

also tended to have more observed cases during the 2013 epidemic season compared to

2012, had lower connectivity to the city of Rio de Janeiro (Fig. 4.2 Panel A), and cooler

temperatures compared to the rest of the region (Fig. 4.1 Panel B). There is also considerable

variation in epidemic intensity. Some outlying cities in the far north of the region exhibit

intense epidemic dynamics with more explosive boom and bust patterns of incidence. Cities

to the east of Rio de Janeiro, on the other hand, had higher overall prevalence but more

endemic dynamics(Fig. 4.6, Panel B).

We quantified some of these differences by calculating the ratio of the total cases during

the epidemic season in 2013 compared to 2012. This ratio increases with the total flux into

Rio (Fig. 4.2, Panel A), suggesting that movement to and from Rio may explain why some

municipalities had more cases in the first year of the outbreak than others. For cities with

similarly large fluxes to Rio, municipalities with higher densities had lower peak ratios. This

result is in line with studies showing a strong role for population density in shaping dengue

dynamics at very small scales within the city of Rio [54]. Overall, our preliminary data

analysis indicates that population size, flux to Rio, temperature, and potentially population

density may all play a role in the rate of spread of DENV4 in 2012-2013.

We fit a panel of process-based models to case data from the 20 cities to disentangle the

variables at work. We parameterized the models with temperature-dependent transmission

rates and coupled only to the city of Rio with movement fluxes to from Rio obtained from

census data. Instead of trying to simulate the dynamics within the city of Rio de Janeiro

explicitly, we used the observed cases in the city as a covariate that we fed into the model.

Our model captures many of the key aspects of the dynamics in most cities, including the

seasonality of transmission (Figure 4.3, Supporting Figure 4.8). However, the model appears

to more closely match municipalities with trajectories that are more similar to Rio de Janeiro

in that they have more cases in 2012 compared to 2013 (Figure 4.3, Supporting Figure 4.8).
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Figure 4.2: Plot of the log ratio of total cases during the peak epidemic seasons
(January-June) in 2013 vs 2012 for each of the 20 municipalities as a function
of their A) log total daily flux to the city of Rio de Janeiro and B) log average
population density excluding areas with less than 50 people per square kilometer.
We can see here that cities which have larger flues to the city of Rio tend to have smaller
peak ratios (more cases in the first year of the epidemic compared to the second year. Points
are colored by their For cities with similar total flux to Rio (such as Queimados, Mesquita,
and Nilopolis) , higher population density appears to be associated with a lower peak ratio.
B) Map of the 20 cities surrounding Rio used to fit the panel model. Each
municipality is shaded by the proportion of outbound flux from that municipality to all
other municipalities in the state of Rio that has a destination within the 20-city region. The
proportion of outbound flux is at least 80% in all municipalities, indicating that the selected
region is relatively self-contained.
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Figure 4.3: Plots of observed and simulated cases. A) Plot of observed and sim-
ulated time series on a log scale. The blue time series denotes the observed weekly
cases for each city. The dark red line represents the median value for 100 simulations from
the parameter combination with the highest likelihood from the grid search (the MLE). Red
shading denotes the bounds for the 2.5% and 97.5% quantiles from the simulations. B) Plot
of total observed cases vs total simulated cases on a log scale from 100 simula-
tions of the MLE. We aggregate cases in each simulation trajectory across days 1-200 (first
peak), 200-400 (trough) and 400-600 (second peak). The filled circles represent the median
value of the total simulated cases across all 100 trajectories within each epidemic stage and
municipality, while the error bars denote the 2.5% and 97.5% quantiles. The black line is
the 1:1 line. The points are colored according to the proportion of flux in each municipality
to or from Rio. This quantity is obtained by adding the total flux between that municipality
and Rio (in both directions) and dividing by the total inbound and outbound flux from that
municipality to other municipalities within the region (including Rio). For a version of this
plot using the parameter combination with the second-highest log-likelihood, which was the
only other parameter combination from the grid search within 2 log-likelihood units of the
MLE, see Fig. 4.8.
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In other words, in several municipalities the model tends to underestimate the second peak;

to some degree, this under-estimation of the second peak seems to relate to how well the

off-season cases during the intervening trough are captured.

In many cities, infections due to commuter movement to Rio de Janeiro make an impor-

tant contribution to the force of infection (Fig. 4.4, Table 4.1, Fig. 4.13). This contribution

is quite substantial in cities such as Nilopolis which are close to Rio de Janeiro and have

a large proportion of their commuter movement fluxes terminating in Rio. Commuter traf-

fic makes a smaller contribution to the force of infection in cities such as Itaborai which

have a smaller proportion of traffic to Rio. Overall, the panel model with movement from

Rio outperformed a version of the model without any movement fluxes (Fig. 4.4 Panel B),

indicating that connectivity to Rio is an important driver of dengue dynamics in the region.

Model Log-Likelihood

Panel with movement -5117.251**
Panel without movement -5156.804**

Table 4.1: Comparison of Likelihoods from versions of panel model with and without move-
ment from Rio de Janeiro. The likelihood for the version with movement is obtained from
the MLE of the grid search, while the likelihood for the version with no movement from
Rio is obtained from the profile of the coupling paramaeter κ, specifically the parameter
combination with the highest likelihood at which κ = 0. The version without movement is
fully nested within the original version with movement.

The model captures some of the broad qualitative aspects of the case ratio pattern ob-

served in the preliminary data analysis, namely that municipalities with increasing flux to

Rio tend to have lower peak ratios, with more cases during the first year of the invasion (Fig.

4.5). However, the panel is unable to capture the underlying dynamics of susceptible de-

pletion with sufficient precision because the magnitude of variation in the peak ratio within

different trajectories for the same parameter combination is much larger than the magnitude

of the differences between municipalities.

The model has difficulty capturing dengue dynamics in municipalities with a large pro-

portion of movement traffic that does not originate or terminate in the city of Rio de Janeiro
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Figure 4.4: Coupling to Rio de Janeiro has a substantial impact on dengue dy-
namics. Contribution to the force of infection in Itaborai and Nilopolis from
commuters who work in Rio de Janeiro during the day. The force of infection was
calculated for 100 trajectories from the MLE for both municipalities, and contributions from
Rio were averaged across all trajectories for each month and municipality. Movement from
Rio makes a substantial contribution to the force of infection in Nilopolis, which is located
just north of Rio de Janeiro and has a large proportion of flux to Rio. Movement from Rio
makes a smaller contribution to the force of infection in Itaborai, which is located at the
eastern edge of the region, and has a low proportion of flux to Rio. Itaborai does have sub-
stantial commuter traffic to some of the suburbs of Rio such as Niteroi which is not captured
in the panel model.
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Figure 4.5: Peak ratio plots as a function of total flux from each municipality to
Rio de Janeiro colored by population density. Peak ratios were calculated using
A) observed cases B) 100 simulations from the MLE and C) 100 simulations
from the only other parameter combination with 2 log-likelihood units of the
MLE. For simulated peak ratios, filled points represent the median peak ratio across all
trajectories. The median values of the simulations can somewhat capture the general trend
of cities with higher flux having lower peak ratios (i.e. more cases in the first year). However,
the simulations are generally unable to capture the differences in peak ratios between cities
with the same commuter traffic to Rio but different population densities.
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Figure 4.6: Error Analysis for panel model. A) Map of log mean-squared error for
normalized cases during second peak. For each of 100 simulation trajectories from the
MLE, we divided the simulated cases by the population of each municipality and calculated
the squared error for this normalized value with respect to the observed cases divided by the
population at the same time and city. We then calculated the average mean squared error
across all 100 trajectories and time points within the interval of the second peak (days 400
thru 600 of the simulation). Note that many of the municipalities east of the city of Rio
have higher MSE during the second peak. B) Map of epidemic intensity in 2013. We
calculate the Shannon entropy of epidemics in each municipality in 2013 using observed case
data, following the approach of Dalziel et al [10], excluding observations with zero cases.
Cities with higher Shannon entropy values in 2013 had more intense epidemics, with a larger
proportion of the total observed cases in 2013 concentrated within a short time interval.
C) Proportion of flux to and from Rio. See Figure 3 for an explanation of how this
quantity is calculated. Note that the municipalities east of Rio have a substantial proportion
of intra-peri-urban fluxes that do not originate or end in Rio. D) Plot of log MSE in
second peak as a function of the proportion of flux to Rio. Municipalities are colored
by their epidemic intensity in 2013. Note that the municipalities east of Rio tend to have
high MSE and a low proportion of flux to Rio, while municipalities with a high proportion
of Rio flux can have a low or high MSE.
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(Fig. 4.6 Panel D, Fig. 4.9, Fig. 4.11). Many of these municipalities are clustered around

Niteroi to the east of Rio (Fig. 4.6 Panel A, Fig. 4.9). While there are some parameter

combinations which have additional error in municipalities which do have a large proportion

of flux to Rio (Fig. 4.6 Panel D, Fig. 4.9), this overall trend becomes quite apparent if

one examines best performing parameter combination with low environmental process noise

(Fig. 4.11).
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Figure 4.7: Slice of intra-peri-urban flux parameter. Each black dot represents the log
of the mean likelihood from 10 repetitions of the block particle filter for the fully coupled
model parameterized using the same values as the MLE from the gird search of the panel
model with the addition of the parameter κsuburb, which represents the proportion of the
workday spent at the work location for movement fluxes that do not start or end in the city
of Rio. The size of this parameter is a proxy for the importance of non-Rio fluxes. The blue
line is equal to two log-likelihood units below the peak of the slice. The non-zero location of
the slice peak may indicate that non-Rio fluxes may play a role in the dynamics. However,
since the panel and coupled models are not fully nested and this slice analysis is not a true
profile, we cannot make this assumption. For a version of the slice that uses the parameter
combination with the second highest log-likelihood from the panel model grid search instead
of the MLE, see Fig. 4.10.
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To address the role of movement fluxes between cities other than Rio in the region, we

took an approach which allows us to take advantage of recent methodological developments to

estimate likelihood in spatiotemporal systems, without formally inferring parameters for the

fully coupled spatiotemporal model (Methods). We specifically verify whether adding intra-

suburban movement can improve the performance of the model by evaluating the likelihoods

of two “slices” in parameter space using a fully coupled model. This fully coupled model

contains an additional coupling parameter, κsuburb which represents the proportion of the

day that a host who is commuting to/from cities other than Rio de Janeiro spends in their

work location. In practice, this parameter serves as a proxy for the strength of coupling

fluxes that do not involve the city of Rio. When κsuburb is zero, the coupled model becomes

similar to (but not fully equivalent to) the panel model that only considers fluxes to and from

the city of Rio de Janeiro. For each slice, we take the top two best performing parameter

combinations from the panel model and evaluate their likelihood assuming varying values

of κsuburb. For both slices, parameter combinations in which κsuburb had a non-zero value

had a higher likelihood. This result suggests that intra-peri-urban movement fluxes may

play an important role in the dynamics of the DENV4 invasion, but more formal analysis is

required, including a full profile of the κsuburb parameter as well as ideally fitting the full

coupled model and developing a new version of the panel model that can be fully nested

within it.

Overall, these results demonstrate that commuter movement plays an important role in

the spread of dengue from a large city to surrounding areas within a metropolitan region,

and that a panel of mechanistic models can potentially be used to capture crucial aspects

of movement structure that impact this spread. However, these approaches may require

further augmentation when applied to municipalities that have a large proportion of flux

that is unaccounted for in the panel model.
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4.3 Discussion

4.3.1 Summary of Results

We investigated how human movement within the metropolitan area of Rio de Janeiro can

facilitate the spread of a new dengue serotype in an environment with substantial heterogene-

ity in temperature and population size. We identified particular aspects of the movement

structure that are epidemiologically relevant. With a panel of mechanistic models we show

that connectivity to the city of Rio de Janeiro via commuter movement plays an important

role in the spread of DENV4. However, we also find that fluxes to and from the city of Rio de

Janeiro are insufficient to explain the dynamics of the second year of the dengue invasion in a

subgroup of municipalities, especially in the suburbs east of the city. We provide preliminary

evidence that including these peri-urban fluxes may improve model performance. Overall,

our results indicate that both primary movement hubs such as the city of Rio de Janeiro as

well as secondary movement hubs adjacent to this central city, such as the suburb of Niteroi,

play a role in the spread DENV4. Fluxes from both types of hubs should be included as

epidemiologically essential features of the movement network in statistical models of dengue.

An illustrative example of the role of secondary hubs is the relationship between Rio

de Janeiro, Niteroi, and Itaborai. Niteroi is a large city directly east of Rio de Janeiro.

Although Niteroi is theoretically a suburb of Rio, it is itself a large city with a population of

several hundred thousand people. Niteroi has substantial connectivity to Rio as well as to

cities further east, such as Itaborai. Itaborai does not have itself much connectivity to Rio

de Janeiro but is quite connected to Niteroi. Many of the larger municipalities to the east of

Rio de Janeiro have more endemic dynamics with less deep troughs in the off-season (Fig.

4.8) which the panel model has difficulty capturing (Fig. 4.9). The panel model is unable to

capture the influx of commuters from surrounding municipalities who work in Niteroi, since

the panel model assumes that Niteroi is only connected to Rio de Janeiro. This influx of

commuters may help explain the endemicity of cities like Niteroi. Furthermore, commuters
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who work in Niteroi but live in Itaborai may play an important role in spreading dengue

from Niteroi to Itaborai. The existence of these hubs may have important consequences

for public health intervention strategies. If large suburbs like Niteroi serve as intermediate

transition points between large cities like Rio de Janeiro and more outlying cities such as

Itaborai, targeted intervention in large suburbs may help prevent the spread of dengue to

outlying areas. Furthermore, if approximations in movement structure are developed for

use in statistical models, our results would indicate that these approximations should also

consider fluxes from secondary movement hubs from large suburbs in addition to those from

primary ones form the largest cities.

4.3.2 Relationship to Previous Work

Our result that connectivity to the city of Rio de Janeiro drives the spread of a new dengue

serotype between different cities in a metropolitan area builds on previous studies emphasiz-

ing the importance of human movement in the spread of dengue at the household level[39],

national level[40],and between districts of a large city [41]. We use a transmission model

formulation that incorporates temperature-dependent mosquito development rates [25] in

line with recent mosquito models that incorporate temperature-dependence[25, 149, 164].

By assuming that the infected mosquito population does not substantially change over the

time interval in which hosts are infected (the quasi-static approximation, see Chapter 3

Supplemental Results:Vector Model considerations and [181]), we obtain an expression for a

temperature-dependent transmission rate based on mosquito demographic functions without

an explicit representation of the susceptible and infected mosquito populations.

Our results that cities with a higher population density and connectivity to Rio de Janeiro

have more cases in the first wave of the epidemic compared to the second one are in line

with previous studies showing the impact of population density at fine spatial scales. Ratios

of peak cases in differing seasons have been used to investigate the spread of DENV4 at

much finer spatial resolutions of about a block (250m2) within the city of Rio de Janeiro
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[54]. At small scales, this quantity can be influenced by the rate at which new cases arrive

as well as the rate at which susceptibles are depleted. Both of these aspects may depend on

population density, with the peak ratio decreasing as population density increases and then

decreasing again at very high population densities. In our analysis, we only see a part of this

pattern corresponding to the decrease of the peak ratio with population density (and flux

to Rio). If the underlying dynamics of susceptible depletion and arrival at fine scales are

indeed determined by the population density of a particular location, the average population

density of a municipality may be much less dense than the population density of a 250m-by-

250m grid cell within the city of Rio, even if individual patches within that municipality are

just as dense. We are thus unlikely to reach regimes with extremely high population density

in which the case ratio increases as population density increases. Moreover, at the regional

level, there is considerable heterogeneity in movement, which may play just as important a

role in influencing the arrival time as the population size or density of a municipality.

Heterogeneity in connectivity may also explain observed differences in epidemic intensity,

although heterogeneity in population density may also play an important role. The panel

model is able to capture the explosive epidemic dynamics we observe in the small municipal-

ities to the far northwest of the city of Rio de Janeiro, but has difficulty capturing the more

endemic dynamics in the large suburbs to the east of the city such as Niteroi. These suburbs

have large intra-suburban movements that are not accounted for in the panel model. The

model also has difficulty capturing the dynamics in two large suburbs directly to the north

of Rio de Janeiro, Nilopolis and Duque du Caxias, despite both being highly connected to

Rio, Niteroi has a very high population density, which the model does not take into account.

At very high population densities, the number of humans that a mosquito encounters may

be very large, resulting in a high reproductive number and potentially a more explosive epi-

demic. The model thus under-estimates the explosive epidemic in the city during the first

year of the invasion. While the average population density in Duque de Caxias is lower than

that of Nilopolis, there is considerable heterogeneity in population density within the munic-
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ipality that is not captured at a city-level scale. Duque de Caxias has a history of mining and

polluted water sources that serve as breeding sites for mosquitoes. Dengue transmission in

the highly dense areas of Duque de Caxias may explain the more intense dengue epidemics.

On a larger national scale, larger, more dense cities in the United States have been

shown to have more diffuse and less intense influenza epidemics compared to smaller cities

[10]. However, our results indicate that at the scale of a metropolitan region, the intensity

of dengue epidemics in southeastern Brazil may have a slightly different relationship with

population size, density, and connectivity. In general, larger cities and suburbs do have less

explosive epidemics than small towns. However, municipalities that either have a high overall

population density or contain sub-divisions with a high population density may experience

more intense outbreaks compared to cities with similar population sizes but lower densities.

4.3.3 Model Caveats

There are several caveats in our analysis that need to be addressed in future versions of

the model . We note that there is a large amount of stochasticity in the maximum like-

lihood estimate. This is not surprising, considering that we are fitting dengue time series

from multiple small cities using only one shared environmental process noise parameter as

well as demographic stochasticity. Dengue epidemics in these small cities exhibit highly

stochastic behavior, and this is one reason why many statistical models of dengue in south-

eastern Brazil aggregate cases at the micro-region level rather than at the municipality level.

For our purposes, this would not be effective, since the micro-region scale would be too

coarse to analyze the movement structure within metropolitan area. The high amount of

environmental stochasticity is also not surprising. When fitting a stochastic model with an

environmental process noise term, large estimates for this term can be an indication of model

mis-specification, as the inference algorithm attempts to account for discrepancies between

model trajectories and observed data by increasing the magnitude of environmental noise.

Some of the fluctuations in the observed data may be due to changes in other climate vari-
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ables such as rainfall and humidity, which cannot be captured by our model explicitly. We

added an additional term, ϵ, to represent the effect of a small amount of additional constant

immigration of infected individuals which directly augments the force of infection in each

city. This term helps buffer the system from some of these fluctuations. Another key way in

which we know that the panel model is already mis-specified is it only contains fluxes to and

from each city to Rio de Janeiro and ignores intra-peri-urban fluxes. If we look at the top

parameter combination from the grid search with a small amount of environmental process

noise (see Fig. 4.12), we can see that the model has a much higher log mean squared error

during the second peak in cities with a lower proportion of flux to Rio. This pattern is a

much sharper version of Fig. 4.4 Panel D in the results. One way in which the inference

algorithm can explain this discrepancy in the second between observed and simulated data

is by invoking a large amount of environmental noise. A second caveat concerns the high

reporting rates in outlying municipalities observed in the MLE for the panel model. Some of

these reporting rates are higher than the 33% reporting rate we assumed for Rio de Janeiro

based on rates of viremia in blood samples [183], which seems unlikely. As a result, there

is little depletion of susceptible hosts in many outlying municipalities under this scenario.

One potential explanation may be that the reporting rate in Rio de Janeiro is higher than

33%. The confidence interval from [183] was very large, ranging from 25%-72%. If the

true reporting rate in Rio is higher than 33%, then the model may be over-estimating the

number of infected cases arriving in the outlying cities from Rio de Janeiro. The reporting

rate was fixed at 33% since the reporting rate and the carrying capacity for the city when

taken together are non-identifiable. One long term solution is to increase the length of the

time series used for fitting to include the rest of 2013 and 2014, when few dengue cases were

observed in the region. This will provide the model with the information that an outbreak

did not occur during the third year, which may help in identifying reporting rates that are

low enough to result in susceptible depletion. In our current strategy of fitting only cases

in 2012 and 2013, we avoid making any assumptions about whether susceptible depletion
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brought an end to the outbreak in 2014. An alternative explanation to susceptible deple-

tion for the drop in dengue cases in 2014 could be environmental forcing due to anomalous

climate conditions, such as the drought which occurred in southeastern Brazil between 2014

and 2017[37]. If a drought had indeed brought an end to the DENV4 invasion in 2014, we

would expect to observe however a re-emergence of DENV4 as soon as climate conditions

improved in subsequent years. While there have been outbreaks of other serotypes in recent

years in Rio de Janeiro [34], there have not been any large outbreaks of DENV4 since 2014

[34, 184, 35]. An additional complication when fitting case data from 2014 is that DENV4

was not the dominant serotype in 2014[34, 184], so one cannot assume that observed cases

in the state of Rio are in fact DENV4 cases. One potential solution to this challenge is to

modify the measurement model for observations that occur during 2014 to place an upper

bound equal to the observed number of cases.

By construction, the panel and coupled models used in this analysis are not completely

nested, although they become quite similar when the parameter governing inter-peri-urban

fluxes (κsuburb) is set to 0. The fundamental difference between the two models is how they

treat people who live in the city of Rio but work in a different city. The panel model assumes

that all people who live in the city of Rio de Janeiro either work in Rio de Janeiro during

the day or in city u, where u is the panel city being fitted. The coupled model, on the other

hand, assumes that all individuals who live in the city of Rio stay in the city during the

workday . This lack of nestedness may explain why the likelihood of the coupled model in

the κsuburb slice was about 200 log-likelihood units lower than the panel MLE value. One

solution to this problem is to reformat the panel model so that it only includes each outlying

city’s commuter traffic to Rio, rather than traffic in the other direction. This new panel

version can then be integrated into the fully coupled model.
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4.3.4 Implications

Overall, our results provide an illustrative example of how a panel of mechanistic models

can be used to quantify the impact of connectivity on the spread of a new dengue serotype

in a metropolitan area. This approach obviates some of the technical challenges associated

with fitting a fully spatiotemporal model to case data. The high dimensional state space of

such a model can make inference challenging.

The fully coupled model we formulated could be used to further quantify the contribution

of peri-urban movement hubs such as Niteroi. Particle filtering algorithms that are frequently

used to estimate the likelihood of stochastic epidemiological models are often unable to

estimate the likelihood of spatiotemporal models with a large number of units, since the

number of particles required to explore the high-dimensional state space of the model scales

exponentially with the size of the model [48]. We provided a demonstration of a recently

developed technique, the block particle filter [57] implemented in the R package spatPomp

[58], that avoids this problem of particle depletion and can be easily applied to evaluate the

likelihood of a coupled dengue model with a specified parameterization. Iterated versions

of this algorithm that are currently under development as well as several other recently

developed techniques could in theory be used to fit the coupled model to case data. Many of

these algorithms have been implemented in in the R package spatPomp [58], including the

iterated guided intermediate re-sampling filter [185] and the iterated un-adapted bag filter

[186] as well existing techniques such as the iterated ensemble Kalman Filer [187]. The block

particle filter in particular is fast, computationally affordable, and reasonably accurate, and

can be used to infer noise parameters. For these reasons, the iterated block particle filter

once it is developed may be ideally suited for inference with fully spatiotemporal dengue

models.

Epidemiologically relevant aspects of the commuter movement structure within a

metropolis can be identified using a panel of mechanistic models and then incorporated into

statistical models. For example, on a national scale, statistical models can be augmented
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with information from the most connected provinces [51] . At the scale of a metropolitan

region, one could first use a network analysis of commuter movement data to identify both

key central nodes such as Rio de Janeiro as well peri-urban movement hubs such as Niteroi.

Once those hubs have been identified, information from those hubs could be incorporated as

co-variates in a statistical model. This approach could also be integrated with distributed

lag-nonlinear models [37] that can account for lagged effects of climate variables such as

rainfall. An integrated framework that can capture inter-annual variation in climate, socio-

economic factors, and the key aspects of human commuter movement would be extremely

useful when forecasting the spread of new dengue serotypes in large metropolitan areas.

4.4 Methods

4.4.1 Data

Weekly dengue case data from January 1, 2012 thru June December 28th, 2014 were obtained

from the Info Dengue surveillance system [188]. The model simulations are initiated on

January 1, 2012 approximately corresponding to the time point at which DENV4 became

dominant in the city of Rio [30]. The first observation used for fitting is on January 8,

2012, while the last observation is on June 30, 2013. Daily mean temperature ERA5 re-

analysis data was obtained from the Google Earth Engine database [189]. The temperature

data were averaged over all locations within each municipality and were smoothed using a

two-week moving average. Fine-scale population density information for each municipality

was obtained from the Gridded Population of the World Dataset, accessed via Google Earth

Engine [190]. For the population density measurements in the preliminary analysis, we

obtained the number of individuals per square kilometer for gridded spatial cells at a 30

arc-second resolution (approximately 1km) . This resolution for the dataset is designed to

be compatible with other remote sensing datasets. We then obtained the mean population

density in each municipality by averaging the population density units that fell within the
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boundaries of the municipality, excluding all spatial units that had fewer than 50 people

per square kilometer. Although these sparsely populated areas may play a role in inhibiting

dengue spread at a very fine scale, we assume that human movement at a larger scale

(between municipalities) plays a larger role in driving the outbreak, and that dengue cases

in these areas do not substantially contribute to overall cases within the municipality. If we

did not make this adjustment, we would under-estimate the population density experienced

by most individuals in that municipality.

Commuter movement fluxes were obtained from the 2010 census [2]. The fluxes describe

the average raw number of daily commuters from city i to city j where i and j consist of all

municipalities within the state of Rio de Janeiro for which movement fluxes are available.

4.4.2 Model Description

We use an SEIR model with Susceptible, Exposed, Infected, and Recovered sub-

compartments.

Susceptible individuals in city u move to the exposed compartment at rate µSE(t). In-

dividuals in the exposed compartment become infected at rate µEI and recover at rate γ.

The rate at which individuals move to the exposed compartment (µSE(t)) in location u

is the force of infection in that location λu(t).

This force of infection in each location λu is a function of the transmission rate in unit

u (βu), the Infected population in unit u (Iu), the total population in unit u, the infected

population in all other units ũ within the region (Iũ), as well the daily commuter fluxes from

individuals who live in unit u and commute to unit ũ (muũ) and vice versa (mũu).

We assume that the seasonality in transmission is driven by changes in the daily mean

temperature. Let T (u, t) represent the daily mean temperature at location u at time t. When

estimating T (u, t), we use the daily mean temperature within municipality u from the ERA5

daily mean temperature reanalysis data-set. To obtain our estimate for T (u, t), we average

over all grid points within municipality u and over the 14 days preceding day t. The transmis-
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sion rate in each location βu is the product of a function βfast(T )of the temperatureT (u, t) at

time t in location u and a term dΓ
dt representing multiplicative white noise in the transmission

rate with intensity σP. This white noise term captures environmental noise (variation in the

transmission rate due to random environmental fluctuations).

We also take into account demographic stochasticity in the transition between infection

classes, implemented assuming Euler-multinomially distributed transitions.

The measurement model assumes that a fraction ρ of all cases are reported, with ad-

ditional negative-binomially distributed measurement noise with dispersion parameter σM.

The reporting rate for the city of Rio de Janeiro is given by the parameter ρrio.

On the basis of [191], we assume that mosquitoes in each city have a different surivival

probability.

We assume that the differences between the mortality rates in different municipalities

are larger than the variation within the same municipality across wet and dry seasons (this

is somewhat supported by the results obtained in that paper). We use the survival rate for

Favela do Amorim in the dry season as our starting estimate for the lifespan in all cities,

with each city fitted separately.

4.4.3 ODE Equations

SEIR Compartment Equations

dSu
dt

= µHNu(t)− µHSu(t)− λu(t)Su(t) (4.1)

dEu

dt
= λu(t)Su(t)− µHEu(t)− µEIEu(t) (4.2)

dIu
dt

= µEIEu(t)− µHIu(t)− γIu(t) (4.3)
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dRu

dt
= γIu(t)− µHRu(t) (4.4)

SEIR Compartment Equations

Briere functions:

α(tempu(t)) = cαtempu(t)(tempu(t)− tempminα)
√
tempmaxα − tempu(t) (4.5)

EFD(tempu(t)) = cEFDtempu(t)(tempu(t)−tempminEFD)
√
tempmaxEFD − tempu(t) (4.6)

MDR(tempu(t)) = cMDRtempu(t)(tempu(t)− tempminMDR
)
√
tempmaxMDR − tempu(t)

(4.7)

b(tempu(t)) = cbtempu(t)(tempu(t)− tempminb)
√
tempmaxb − tempu(t) (4.8)

pMI(tempu(t)) = cpMItempu(t)(tempu(t)− tempminpMI
)
√
tempmaxpMI − tempu(t) (4.9)
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Quadratic functions:

PDR(tempu(t)) = cPDRtempu(t)(tempu(t)−tempminPDR
)
√
tempmaxPDR − tempu(t) (4.10)

pEA(tempu(t)) = cpEA(tempu(t)− tempmaxpEA)(tempu(t)− tempminpEA) (4.11)

lf(tempu(t)) = clf(tempu(t)− tempmaxlf)(tempu(t)− tempminlf) (4.12)

Mosquito equations for the city of Rio

Briere functions:

α(tempRio(t)) = cαtempRio(t)(tempRio(t)− tempminα)
√
tempmaxα − tempRio(t) (4.13)

EFD(tempRio(t)) = cEFDtempRio(t)(tempRio(t)−tempminEFD)
√
tempmaxEFD − tempRio(t)

(4.14)

MDR(tempRio(t)) = cMDRtempRio(t)(tempRio(t)−tempminMDR
)
√
tempmaxMDR − tempRio(t)

(4.15)
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b(tempRio(t)) = cbtempRio(t)(tempRio(t)− tempminb)
√
tempmaxb − tempRio(t) (4.16)

pMI(tempRio(t)) = cpMItempRio(t)(tempRio(t)−tempminpMI
)
√
tempmaxpMI − tempRio(t)

(4.17)

Quadratic functions:

PDR(tempRio(t)) = cPDRtempu(t)(tempRio(t)−tempminPDR
)
√
tempmaxPDR − tempRio(t)

(4.18)

pEA(tempRio(t)) = cpEA(tempRio(t)− tempmaxpEA)(tempRio(t)− tempminpEA) (4.19)

Fast Dynamics transmission rate

βFastu(t) = α(tempu(t))
2bupMI(tempu(t))lf(tempu(t)

Ku(t)

Nu(t)
(1− µM

g(tempu(t))
) (4.20)

where

g(tempu(t)) = EFD(tempu(t))pEA(tempu(t))MDR(tempu(t))lf(tempu(t)) (4.21)

In the previous equation, Ku(t) represents the carrying capacity of the mosquito popu-

lation in city u at time t. We assume that this scales linearly with the human population of

city u at time t, denoted by Nu(t).
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We define the mosquito-human population ratio k as follows:

ku =
Ku(t)

Nu(t)
(4.22)

We fit the parameter ku as a unit specific parameter. Plugging in the expression for ku

into our expression for βFastu(t) we obtain:

βFastu(t) = α(tempu(t))
2bupMI(tempu(t))lf(tempu(t)ku(1−

µM
g(tempu(t))

) (4.23)

βu(t) = βFastu(t)
dΓ

dt
(4.24)

For the city of Rio, we define the transmission rate βRio(t), where:

βRio(t) = α(tempRio(t))
2bRio)pMI(tempRio(t))lf(tempRio(t)kRio(1−

µM
g(tempRio(t))

) (4.25)

and:

g(tempRio(t)) = EFD(tempRio(t))pEA(tempRio(t))MDR(tempRio(t))lf(tempRio(t))

(4.26)

4.4.4 Panel Model Movement Equations

To approximate the infected cases in the city of Rio at time t, we divide the reported number

of cases at time t (which is really the total monthly reported cases for the month in which t

falls) by the reporting rate for the city of Rio:
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Itextrio(t) =
riomunicases(t)

ρrio
(4.27)

We assume that the city of Rio de Janeiro is the only external driver in terms of outside

cases. Furthermore, we assume that the dynamics of the city of Rio are not affected at all

by the dynamics in any of the surrounding cities u (i.e. Rio is strictly a source).

We also assume that the city of Rio is the only commuting destination for individuals

who live in city u.

Infections from Rio de Janeiro contribute in two ways to transmission in city u.

The first is when people who live in the city of Rio de Janeiro commute to city u for

work. The second is when people who live in city u commute to the city of Rio for work, at

which point they experience the force of infection present in the city of Rio.

The probability that someone living in Rio de Janerio commutes to work in city u is

given by the movement co-variate mru. The proportion of the workday that they spend in

the city they are working in given by κ, so the total probability that that someone who lives

in Rio is currently in city u during the workday is given by κmru.

We denote the quantity mworkru to account for this adjusted movement probability that

someone who lives in Rio is currently in city u during the workday:

mworkru = κmru (4.28)

We denote the corresponding quantity mworkur to account for this adjusted movement

probability that someone who lives in city u is currently in the city of Rio during the workday:

mworkur = κmur (4.29)
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In this model, we assume that any time that a person who lives in city u does not spend

in the city of Rio is spent in city u, and that all people who do not commute to the city

of Rio spend all of their time in city u. Therefore, we can come up with an expression for

mworkuu , the probability that someone who lives in city u is currently in city u during the

workday:

mworkuu = 1−mworkur (4.30)

mworkuu = 1− κmur (4.31)

Likewise:

mworkrr = 1−mworkru (4.32)

mworkrr = 1− κmru (4.33)

The force of infection experienced by someone who stays in city u during the workday

(λresident) will come from both infected people from the city of Rio who are in city u during

that time of the workday as well as infected people from city u who stayed in city u during

the workday. Both groups will experience the transmission rate of city u at that time:
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λresident(t) = βu(t)
mworkuuIu(t) +mworkruIrio(t)

mworkuuNu(t) +mworkruNrio(t)
(4.34)

We add in extra immigration, denoted by ϵ, which represents the average number of

people who arrive in any city multiplied by the probability of transmission from those indi-

viduals. We assume that this extra immigration term is the same for all cities.

The modified form of the previous equation taking into account extra immigration via ϵ

is then:

λresident(t) =
[βu(t)(mworkuuIu(t) +mworkruIrio(t))] + ϵ

mworkuuNu(t) +mworkruNrio(t)
(4.35)

Fully specify by plugging in movement terms:

λresident(t) =
[βu(t)([1− κmur]Iu(t) + κmruIrio(t))] + ϵ

[1− κmur]Nu(t) + κmruNrio(t)
(4.36)

The force of infection experienced by someone who stays in the city of Rio during the

workday (λcommuter) will only depend on the current infected population and total popula-

tion of the city of Rio de Janeiro. This population will experience the transmission rate of

the city of Rio at the time t. We assume that the additional influx of commuters from other

cities does not affect either the total population present in the city of Rio at the time N(t)

or the infections I. Thus, we can say that:

A more complete expression may have been:

λcommuter(t) = βRio(t)
mworkurIu(t) +mworkrrIrio(t)

mworkurNu(t) + [1−mworkru ]Nrio(t)
(4.37)
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However, because of these assumptions, we ignore the contribution to the FOI in Rio for

people from city u

Therefore:

λcommuter(t) = βRio(t)
mworkrrIrio(t)

mworkrrNrio(t)
(4.38)

The modified form of the previous equation taking into account extra immigration via ϵ

is then:

λcommuter(t) =
(βRio(t)mworkrrIrio(t)) + ϵ

mworkrrNrio(t)
(4.39)

Fully specify by plugging in movement terms:

λcommuter(t) =
(βRio(t)[1− κmru]Irio(t)) + ϵ

[1− κmru]Nrio(t)
(4.40)

Now to calculate the total force of infection for city u, we take a weighted average of

the force of infection experienced by residents of city u who stay in city u and those who

commute to the city of Rio, weighted by the probability that they were in city u or Rio at

that point of the workday:

λu = mworkurλcommuter(t) +mworkuuλresident(t) (4.41)

Plugging in movement terms:
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λu = κmurλcommuter(t) + [1− κmur]λresident(t) (4.42)

Plugging in resident and commuter components:

(4.43)
λu = κmur[

(βRio(t)[1− κmru]Irio(t)) + ϵ

[1− κmru]Nrio(t)
]

+ [1− κmur][
[βu(t)([1− κmur]Iu(t) + κmruIrio(t))] + ϵ

[1− κmur]Nu(t) + κmruNrio(t)
]

Equations for model with demographic stochasticity

Rates in continuous time:

µSuEu
(t) = λu(t) (4.44)

µ·S = µH (4.45)

µS· = µE· = µI· = µR· = µH (4.46)

µEI = µEI (4.47)
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µIR = γ (4.48)

4.4.5 Discretizations

Eulermultinomial discretization of compartment flows from time t to time t+∆t

Several compartments have more than one exit at each time step. Instead of a binomial

transition probability, we thus use the Euler multinomial distribution to model transition

events using the function reulermultinom in the R package pomp as described by He and

Ionides [17]).

We use the implementation of eulermultinomial transitions in:

https://raw.githubusercontent.com/kingaa/sbied/master/measles/measles.R as a guide.

We summarize briefly that function here. Given a population X, a time interval ∆t, and

a set of rates r1...rk, the number of individuals remaining in that class or moving to other

classes is multinomially distributed:

(X −
k∑

i=1

(dxi), dx1, . . . , dxk) ∼ Multinomial(X; p0, p1, . . . , pk) (4.49)

Each probability pj where j = 1...k is calculated as follows:

pj = (1− exp(−
k∑

i=1

(ri∆t)))
rj

(
∑k

i=1(ri))
(4.50)

For our model:
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(S̃u(t)−∆ÑSu·−∆ÑSuEu
,∆ÑSu·,∆ÑSuEu

) ∼ reulermultinomial(S̃u(t), µS·, µSuEu
,∆t)

(4.51)

(Ẽu(t)−∆ÑEu·−∆ÑEuIu ,∆ÑEu·,∆ÑEuIu) ∼ reulermultinomial(Ẽu(t), µE·, µEI ,∆t)

(4.52)

(Ĩu(t)−∆ÑIu·−∆ÑIuRu
,∆ÑIu·,∆ÑIuRu

) ∼ reulermultinomial(Ĩu(t), µI·, µIR,∆t) (4.53)

(R̃u(t)−∆ÑRu·,∆ÑRu·) ∼ reulermultinomial(R̃u(t), µR·,∆t) (4.54)

(Ñu(t)−∆Ñ·Su ,∆Ñ·S) ∼ reulermultinomial(Ñu(t), µ·Su ,∆t) (4.55)

4.4.6 Compartment Transitions

∆S̃u = ∆Ñ·Su −∆ÑSu· −∆ÑSuEu
(4.56)

∆Ẽu = ∆ÑSuEu
−∆ÑEu· −∆ÑEuIu (4.57)
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∆Ĩu = ∆ÑEuIu −∆ÑIu· −∆ÑIuRu
(4.58)

∆R̃u = ∆ÑIuRu
−∆ÑRu· (4.59)

∆Ñu = ∆Ñ·Su −∆ÑSu· −∆ÑEu· −∆ÑIu· −∆ÑRu· (4.60)

∆C̃u = ∆ÑEuIu (4.61)

4.4.7 Measurement Model Equations

Yu ∼ NegativeBinomial(µ = ρC̃u, size = σM) (4.62)

4.4.8 Model Fitting Strategy

We fit the panel model using the panel iterated filtering algorithm PIF implemented in the

R package panelPOMP[173]. We fix the probability of mosquito infectiousness (b(T ) and

the probability of mosquito infection (pMI(T )) at 0.41, which is the mean value for b(T )

across all temperatures experienced in the city of Rio de Janeiro during the time period

being fitted. For other mosquito parameters, we use the fitted values of [25].

Some of the parameters in the model are shared, while others are city-specific. Shared pa-

rameters that we fit include the recovery rate γ, rate of leaving the exposed class µEI, the pro-

portion of the day that commuters spend at their workplace location κ, the mosquito/human
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population ratio in the city of Rio de Janeiro (kRio), the environmental noise parameter σP

and the measurement noise parameter ψ . We fix the reporting rate in the city of Rio de

Janeiro to be 33%, based on [183].

Specific parameters that we fit include the initial number of infected (I0(u)) and exposed

(E0(u)) cases in each municipality u (excluding the city of Rio), as well as the reporting rate

ρu and the ratio of mosquitoes to humans in each city (ku).

Grid Search

For all fitted parameters except I0 and E0, we generate a grid of 1,000 different parameter

combinations using Latin Hyper-cube Sampling via the lhs() function of the R package tcp.

We then generate initial estimates of I0 and E0, based on the values of the recovery rate

γ, rate of leaving the exposed class µEI, unit-specific reporting rate ρu, and the number of

cases reported during the first week of 2012 in each city.

First, we calculate the duration of infection and the duration of the internal incubation

period by taking the inverse of γandµEI. To estimate I0 initially, we start by taking the

total cases reported in the first week and dividing by the reporting rate ρ. This corrects for

under-reporting. We then need to correct for the difference in time scales. The quantity we

have is the corrected number of new infections over the course of a whole week. However,

the time step of our simulation (∆t) is 1 day. We correct for this by dividing the corrected

number of new infections by 7, assuming that new infections are evenly distributed across

all days of the week. We now have an expression for the expected number of new infected

cases each day. One final correction we need to make is that the people in I0 also includes

those who were infected on a previous day and have not yet recovered. To account for this,

we multiply the quantity we have calculated by the duration of infection (in days).

To calculate E0, we use our estimate for I0, and then multiply by the ratio of time that

people spend in the exposed class (the duration of the intrinsic incubation period) to the

time that people spend in the infected class (the duration of infection).
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Because the parameter space is high-dimensional, we fit the model in four stages. In

the first stage, we fix the specific parameter values at their initial estimates and only fit the

shared parameters, and perform two successive runs of the panel iterated filtering algorithm

pif. During the second stage, we fix the shared parameters at the ending values from the first

stage, and instead fit only the unit-specific parameters and again perform two successive PIF

runs. During the third stage, we again fix the unit-specific parameters at their end points

from the second stage and only fit the shared parameters, although this time we only perform

one run of PIF. Finally, in the fourth stage, we fix the shared parameters at their end points

from the third stage and perform one PIF run fitting the unit-specific parameters.

All pif runs consisted of 50 iterations, 2,000 particles, and a random walk standard

deviation of 0.005 for all fitted parameters. The likelihood was measured and the start

and end of each PIF run using the panel sequential Monte Carlo algorithm pfilter in the R

package panel pomp [173] with 10,000 particles and 10 replicates.

Movement flux metrics

Two metrics that we calculate for each municipality within the region include the proportion

of flux to Rio and the proportion of flux that stays with in the region. For the first metric,

we sum the total inbound and outbound flux from a given municipality within the region

that originates or terminates in the city of Rio de Janeiro by the total inbound or outbound

flux that originates or terminates within the region. For the second metric, we sum the total

inbound and outbound fluxes for a given municipality within our region that stay within the

region, and divide this quantity by the total total fluxes that originate or terminate from this

municipality, including fluxes that originate or terminate outside of the region but within

the state of Rio de Janeiro.
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Mean Squared Error Calculation

We obtain 2 parameter combinations within 2-log-likelihood units of the maximum-likelihood

estimate(MLE) for the grid search, including the MLE parameter combination itself. For

both parameter combinations, we calculate the mean-squared normalized error by simulating

from 100 trajectories of the parameter combination, dividing the number of simulated and

observed cases by the population in each city, and then calculating the mean squared error

for this normalized value. We calculate this metric separately for each city and time period

(the first peak, trough, and second peak).

Profile

As an additional sensitivity analysis, using the maximum and minimum values of all pa-

rameter combinations from the grid search within 20-log-likelihood units of the grid search

MLE as the bounds of the sampling interval for other parameters, we generate a profile of

the proportion of time during the workday that commuters spend in their work destination

κ. For each of 30 evenly spaced values of κ between 0 and 1 inclusive, we generate 40

parameter combinations from the bounds of all grid search parameter combinations within

20-log-likelihood units of the maximum likelihood estimate (MLE).

For each parameter combination, we perform three successive pif runs using the same

tuning parameters as the grid search with one difference. Instead of fitting unit-specific and

shared parameters in separate stages, we instead utilize a newly developed block feature of

the algorithm which enables both shared and specific parameters to be fit concurrently in

the same stage.

Slice

For both the MLE and the parameter combination with the second-highest log-likelihood

(which was also within 2LL of the MLE), we calculate the likelihood for each parameter

combination using the fully coupled, sampling 30 different evenly spaced values of the sub-
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urban flux parameter but keeping all other parameters at the best fit value from the panel

model. We use the block particle filter algorithm [57] in the R package spatPomp [58] with

200,000 particles and a block size of 1.

Selected movement equations for the fully coupled model are included in the supplement.
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4.7 Supporting information

4.7.1 Supplemental Figures

4.7.2 Fully Coupled Model Equations

4.8 Details for Coupled Model Equations

mworkuv (4.63)

mworkuv =



κmuv, if v = U + 1 and u ̸= v

κmuv, if u = U + 1 and u ̸= v

1− κmu(U+1) −
∑U+1

v=1 κsuburbmuv, if u = v and u ̸= U + 1

1−
∑U

j=1 κm(U+1)j , if u = v and u ̸= U + 1

κsuburbmuv, otherwise

Let r = U + 1, which represents the index for the city of Rio de Janeiro. We can then

re-write this as:

mworkuv =



κmuv, if v = r and u ̸= v

κmuv, if u = r and u ̸= v

1− κmur −
∑U

v=1 κsuburbmuv, if u = v and u ̸= r

1−
∑U

j=1 κmrj , if u = v and u = r

κsuburbmuv, otherwise

Furthermore, define
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Figure 4.8: Plots of observed and simulated cases. A) Plot of observed and simu-
lated time series on a log scale. The blue time series denotes the observed weekly cases
for each city. The dark red line represents the median value for 100 simulations from the
parameter combination with the second-highest likelihood from the grid search. Red shading
denotes the bounds for the 2.5% and 97.5% quantiles from those simulations. B) Plot of
total observed cases vs total simulated cases on a log scale from 100 simulations
of the parameter combination with the second highest log-likelihood. We aggre-
gate cases in each simulation trajectory across days 1-200 (first peak), 200-400 (trough) and
400-600 (second peak). The filled circle represent the median value of the total simulated
cases across all 100 trajectories within each epidemic stage and municipality, while the error
bars denote the 2.5% and 97.5% quantiles. The black line is a reference line along which
total simulated cases are equal to the total observed cases. The points are colored according
to the proportion of flux in each municipality to or from Rio. This quantity is obtained by
adding the total flux between that municipality and Rio (in both directions) and dividing by
the total inbound and outbound flux from that municipality to other municipalities within
the region (including Rio).

Irioact =
riomunicases

ρrio
(4.64)
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Figure 4.9: A) Map of log mean-squared error for normalized cases during second
peak. Here we use the parameter combination with the second-highest log-likelihood instead
of the MLE. B) Plot of log MSE in second peak from second-highest log-likelihood
parameter combination as a function of the proportion of flux to Rio.

Increment the total infections in the working population in city v (Jv) by all infections

in people who live in city w but work in city v.

Initially, assume that we are not calculating this quantity for Rio (so v ̸= r):

Jv = mworkrvIrioact +
U∑

w=1

mworkwv
Iw (4.65)

Jv = mworkrvIrioact +mworkvvIv +
U∑

w=1,w ̸=v

mworkwv
Iw (4.66)

Plugging in we have:
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Figure 4.10: Slice of intra-peri-urban flux parameter. Each black dot represents the
mean likelihood from 10 repetitions of the block particle filter for the fully coupled model
parameterized using the same values as the parameter combination with the second highest
log-likelihood from the gird search of the panel model with the addition of the parameter
κsuburb, which represents the proportion of the workday spent at the work location for
movement fluxes that do not start or end in the city of Rio. The size of this parameter is
a proxy for the importance of non-Rio fluxes. The blue line is equal to two log-likelihood
units below the peak of the slice. The fact that the slice peaks at a non-zero value indicates
that non-Rio fluxes may play a role in the dynamics. However, since the panel and coupled
models are not fully nested and this slice analysis is not a true profile, we cannot make this
assumption.

Jv = κmrvIrioact + [1− κmvr −
U∑

j=1,j ̸=v

κsuburbmvj ]Iv +
U∑

w=1,w ̸=v

κsuburbmwvIw (4.67)

Increment the total working population in city v (Qv) by the number of people who live

in city w but work in city v

167



PETRÓPOLIS QUEIMADOS SÃO GONÇALO SÃO JOÃO DE MERITI SEROPÉDICA

NILÓPOLIS NITERÓI NOVA IGUAÇU PARACAMBI PATY DO ALFERES

JAPERI MAGÉ MARICÁ MESQUITA MIGUEL PEREIRA

BELFORD ROXO DUQUE DE CAXIAS GUAPIMIRIM ITABORAÍ ITAGUAÍ

Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun Jan Jun

−1
0
1
2
3
4
5

0

1

2

3

0

1

2

3

4

0

1

2

3

4

0

2

4

6

8

0

2

4

6

−1
0
1
2
3
4

0

2

4

6

0

1

2

3

4

0

2

4

6

0

2

4

6

0

2

4

6

8

0

2

4

6

8

0

2

4

6

0

2

4

6

8

−1
0
1
2
3
4
5

0

2

4

6

0

1

2

3

−1
0
1
2
3
4
5

−1

0

1

2

3

4

Date

lo
g(

W
ee

kly
 C

as
es

)

data

simulation

BELFORD ROXO

DUQUE DE CAXIAS
GUAPIMIRIM

ITABORAÍ

ITAGUAÍ

JAPERI

MAGÉ

MARICÁ

MESQUITA

MIGUEL PEREIRA

NILÓPOLIS

NITERÓI

NOVA IGUAÇU

PARACAMBI

PATY DO ALFERES

PETRÓPOLIS

QUEIMADOS

SÃO GONÇALO

SÃO JOÃO DE MERITI

SEROPÉDICA

−20

−18

−16

−14

0.0 0.2 0.4 0.6 0.8
Proportion of intra−region flux to/from Rio

Lo
g 

M
SE

 o
f s

ec
on

d 
pe

ak
 n

or
m

al
ize

d 
ca

se
s

0.25

0.50

0.75

1.00

    Epidemic 
Intensity 2013

A) B)

Figure 4.11: Small sigma P MLE. Plot of observed vs simulated cases and MSE vs
proportion of Rio flux for parameter combination that had the highest log-likelihood out
of all parameter combinations with low environmental noise. This log-likelihood is several
hundreds units lower than the overall MLE.

Qv = mworkrvNrio +
U∑

w=1

mworkwv
Nw (4.68)

Break apart the summation terms:

Qv = mworkrvNrio +mworkvvNv +
U∑

w=1,w ̸=v

mworkwv
Nw (4.69)

Plugging in:
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Figure 4.12: Contribution to the force of infection in Itaborai and Nilopolis from
commuters who work in Rio de Janeiro during the day. The force of infection was
calculated for 100 trajectories from the MLE for both municipalities, and contributions from
Rio were averaged across all trajectories for each month and municipality. Movement from
Rio makes a substantial contribution to the force of infection in Nilopolis, which is located
just north of Rio de Janeiro and has a large proportion of flux to Rio. Movement from
Rio makes a smaller contribution to the force of infection in Itaborai, which is located at
the eastern edge of the region and has a low proportion of flux to Rio. Itaborai does have
substantial commuter traffic to some of the suburbs of Rio such as Niteroi which is not
captured in the panel model.

Qv = κmrvNrio+ [1− κmvr −
U∑

j=1,j ̸=v

κsuburbmvj ]Nv +
U∑

w=1,w ̸=v

κsuburbmwvNw (4.70)

Calculate the total force of infection F experienced by an individual working in city v:

Fv =
βvJv + ϵ

Qv
dW (4.71)
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Figure 4.13: Heatmap of the deterministic reproductive number R0 from the MLE
for each date and municipality assuming a fully closed SEIR model with no move-
ment from Rio. To estimate this quantity, we use the temperature-dependent transmission
rate from the panel model at the MLE parameter values at each observation date for each
location, ignoring environmental stochasticity.

Plugging in we obtain:

Fv =
βv[κmrvIrioact + [1− κmvr −

∑U
j=1,j ̸=v κsuburbmvj ]Iv +

∑U
w=1,w ̸=v κsuburbmwvIw] + ϵ

κmrvNrio + [1− κmvr −
∑U

j=1,j ̸=v κsuburbmvj ]Nv +
∑U

w=1,w ̸=v κsuburbmwvNw
dW

(4.72)

Update force of infection for people living in city u with the force of infection that someone

working in city v would experience. Weight by the probability that someone living in city u

would work in city v:
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Figure 4.14: Heatmap of the deterministic reproductive number R0 from the pa-
rameter combination with the second-highest log-likelihood from the grid search
for each date and municipality assuming a fully closed SEIR model with no
movement from Rio. To estimate this quantity, we use the temperature-dependent trans-
mission rate from the panel model at the second-highest loglikelihood parameter values at
each observation date for each location, ignoring environmental stochasticity.

λu =
U+1∑
w=1

mworkuvFv; (4.73)

We experimented with several simplified versions of this fully coupled model assuming

that only people who live in Rio de Janeiro contribute to the force of infection in Rio de

Janeiro. Those equations are omitted here for brevity.
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Figure 4.15: Initial value parameters (the initial infected population I0) for the
parameter combination with the highest log-likelihood from the panel grid search
(the MLE) on a A) regular and B) log scale.
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Figure 4.16: Initial value parameters (the initial infected population I0) for the
parameter combination with the second-highest log-likelihood from the panel
grid search on a A) regular and B) log scale.
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Figure 4.17: Initial value parameters (the initial exposed population E0 ) for the
parameter combination with highest log-likelihood from the panel grid search
(the MLE) on a A) regular and B) log scale.
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Figure 4.18: Initial value parameters (the initial exposed population E0 ) for the
parameter combination with the second-highest log-likelihood from the panel
grid search on a A) regular and B) log scale.
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Figure 4.19: Maps of unit-specific parameters (reporting rate ρ and mosquito to
human population ratio k) from the MLE parameter combination. Note that the
value of k shown here is the parameter value multiplied by 5, as is the case within the process
model. This re-scaling in conjunction with a logit parameter transformation ensures that
the mosquito to human population ratio is bounded between 0 and 5.
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Figure 4.20: Maps of unit-specific parameters (reporting rate ρ and mosquito to
human population ratio k) from the panel grid search parameter combination
with the second-highest log-likelihood. Note that the value of k shown here is the
parameter value multiplied by 5, as is the case within the process model. This re-scaling
in conjunction with a logit parameter transformation ensures that the mosquito to human
population ratio is bounded between 0 and 5.
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CHAPTER 5

CONCLUSION

5.1 Concluding remarks

Large cities and their surrounding metropolitan areas play an important role in the trans-

mission of emerging viruses such as COVID-19 and dengue. This thesis uses newly developed

inference approaches to characterize the extent and consequences of heterogeneity in both

symptom severity and drivers of transmission for these pathogens in these locations.

Quantifying heterogeneity in symptom severity and factors driving transmission in large

cities can be challenging using traditional mathematical models designed for more endemic

diseases such as measles [8] or seasonal influenza [10]. For newly emergent pathogens such

as COVID-19, disease reporting rates may increases over time as testing capacity increases,

confounding estimates of the proportion of cases that are symptomatic. The first chapter

uses a model that incorporates daily changes in testing capacity to precisely estimate the

fraction of COVID-19 cases that are symptomatic and shows that non-symptomatic cases

contribute substantially to community transmission in New York City in Spring 2020.

The transmission of arboviruses such as dengue, Zika, and chikungunya can be influenced

by numerous factors, including immunity, temperature, rainfall, population density, socio-

economic status, and human movement, which can act at different scales. Understanding

which scales are relevant is especially crucial for large cities, and can be viewed at a variety

of scales. At a very large scale, a city may appear to be a single well-mixed population.

However, at smaller scales, a large city can be viewed as a meta-population of numerous

highly connected neighborhoods with considerable heterogeneity in population density and

socio-economic status. This large city may itself be part of a meta-population consisting of

other cities within the metropolitan area that are highly connected via commuter movement.

The second chapter shows that susceptible depletion at a city-level assuming a well-

mixed population with seasonality is insufficient to explain the rapid re-emergence of dengue
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serotype DENV1 following its initial invasion in 1986 in Rio de Janeiro, Brazil. This result

suggests that other drivers of transmission such as inter-annual climate variation, small-scale

heterogeneity in population density, and human movement between municipalities may play

an important role in the spread and re-emergence of dengue in large cities.

Spatiotemporal statistical models that represent inter-annual climate variation and so-

cioeconomic variables provide one potential tool for understanding how dengue serotypes

spread in large cities [37, 51]. However, these models have difficulty incorporating human

movement patterns [51]. Specific features of a movement network can be added to a statis-

tical model, but this requires understanding which specific types of movement fluxes within

a metropolitan area are epidemiologically meaningful. In the third chapter, we use a panel

of mechanistic models to show that human movement to and from the city of Rio de Janeiro

played an important role in the spread of dengue serotype DENV4 from 2012-2013 and sug-

gests that additional commuter movement to and from large suburbs of Rio may also be

important in facilitating the spread of the virus to more remote areas. Both types of fluxes

could be incorporated into statistical models [37, 51] to improve our understanding of how

new dengue serotypes spread in metropolitan areas.

Overall, this thesis uses a variety of spatial scales and model frameworks to characterize

the extent and impact of heterogeneity in infection status and transmission for emerging

viral pathogens.

5.2 Future directions

There are several potential lines of inquiry that could be pursued in future. Two of those

lines of inquiry are described below. The results from the second chapter of the thesis

suggest that treating the city as a well-mixed population may not be sufficient to capture

the dynamics of susceptible depletion. These results are consistent with intriguing empirical

patterns for reported cases at a very fine scale within the city of Rio de Janeiro [54]. In

particular, patterns for the ratio of successive epidemic waves indicate an important role of
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population density at the extremely fine scales of census tract (about a block or two). This

ratio is of central interest because it reflects the interplay of herd immunity build-up and

transmission seasonality. The patterns suggest a that the population density may impact

the arrival time of dengue cases in a unit. Furthermore, the rate at which new “sparks” of

infected cases arrive in units in the city during the 2012 DENV4 invasion can be written as

a function of the population density of that unit and the total prevalence at the level of the

whole city [54]. The patterns further suggest a key role of population density through arrival

time. The rate at which new “sparks” of infected cases arrive in units in the city during the

2012 DENV4 invasion is both a function of the population density of that unit as well as

the level of total prevalence of the whole city [54]. This suggests a simpler metapopulation

model than the typical formulation requiring the full coupling among all units, in which local

population density is finely resolved but coupling is global [54].

One could potentially verify whether this spark model can explain dynamics observed at

a city-wide scale by simulating at a fine resolution but subsequently aggregating the simu-

lated cases and fitting at a higher resolution. Specifically, instead of aggregating cases from

geographically contiguous units, one could aggregate simulated cases from units with similar

population densities. The composite time series from each population density “grouping”

could then be fit to the composite time series of observed cases from the same units. If the

observed total number of cases in the city and the spark arrival function are treated as known

co-variates, then each grouping can be considered to be independent and the panel iterated

filtering algorithm PIF [192] can be used for inference. If the depletion of susceptible hosts

at a local scale using the “spark” model can explain observed patterns of dengue dynamics

at a city-wide scale, this would be a strong argument for the importance of heterogeneity

in population density in driving the spread of new dengue serotypes in large metropolitan

areas.

Likewise, the results of the third chapter could also be further extended by fitting the

fully coupled model of DENV4 transmission in the Rio metro area to case data to quantify
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the role played by suburban movement hubs. Several algorithms that can cope with the

curse of dimensionality can potentially be used to evaluate the likelihood of the coupled

model are currently implemented in the R package spatPomp [58], including the Guided-

Intermediate Resampling Filter or GIRF [185], the Un-adapted Bag Filter or UBF [186], the

Ensemble Kalman Filter (EnKF) [187], and the Block Particle Filter [57]. Iterated versions

of GIRF, and UBF, and EnKF that can be used for inference have also been implemented

thus far in the package [58]. However, experimentation with several of these techniques

using the coupled model revealed that the I-GIRF algorithm has a long run-time which may

make rapid inference and model iteration difficult, while the I-UBF is extremely fast and

parallelizable but computationally expensive. The I-ENKF algorithm could theoretically be

used to fit the fully coupled model, although it should not be used to infer the environmental

process noise and measurement noise parameters in the model. Recall that in the dengue

model, the environmental stochasticity term represents the effects of climate variables such as

rainfall which are known to be important but cannot be easily implemented in a mechanistic

dynamic model. Since the value of this parameter is expected to be large and important,

this parameter may need to be profiled when using the iterated ensemble Kalman filter

for inference. This inference step would be substantially facilitated by the development of

an iterated version of the block particle filter, since this algorithm is fast, computationally

affordable, and reasonably accurate when evaluating the likelihood for spatiotemporal models

and can be used to infer noise parameters. Additionally, to control for the complexity of the

movement network, one could use a version of the coupled model for fitting with the same

number of edges as the panel model, except with a different topology. For example, one

could use the twenty largest commuter movement fluxes across the whole region, regardless

of whether those fluxes include the city of Rio de Janeiro. Quantifying the role played by

secondary movement hubs in the spread of DENV4 to outlying municipalities would provide

additional information on essential movement fluxes that could be incorporated into future

larger-scale statistical models of dengue and contribute to a major-scale understanding of
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the drivers of dengue epidemics.
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José Eduardo Levi, Claudio Sérgio Pannuti, and Camila Malta Romano. Evalua-
tion of serological cross-reactivity between yellow fever and other flaviviruses. In-
ternational Journal of Infectious Diseases, 81:4–5, 2019. ISSN 1201-9712. doi:
10.1016/j.ijid.2019.01.023. URL https://doi.org/10.1016/j.ijid.2019.01.023.

[162] Jose Alberto Magno de Carvalho. Demographic dynamics in brazil: recent trends and
perspectives. Brazilian journal of population studies, 1(1):5–23, 1997.

[163] Flavio Codeço Coelho and Luiz Max de Carvalho. Estimating the attack ratio of dengue
epidemics under time-varying force of infection using aggregated notification data.
Scientific Reports, 5:18455, 2015. doi: 10.1038/srep18455https://www.nature.com/
articles/srep18455\#supplementary-information. URL https://doi.org/10.1038/
srep18455.

[164] Erin A. Mordecai, Jeremy M. Cohen, Michelle V. Evans, Prithvi Gudapati, Leah R.
Johnson, Catherine A. Lippi, Kerri Miazgowicz, Courtney C. Murdock, Jason R. Rohr,
Sadie J. Ryan, Van Savage, Marta S. Shocket, Anna Stewart Ibarra, Matthew B.
Thomas, and Daniel P. Weikel. Detecting the impact of temperature on transmission
of zika, dengue, and chikungunya using mechanistic models. PLOS Neglected Tropical
Diseases, 11(4):e0005568, 2017. doi: 10.1371/journal.pntd.0005568. URL https://

doi.org/10.1371/journal.pntd.0005568.

[165] Marcelo Otero, Nicolás Schweigmann, and Hernán G. Solari. A stochastic spatial
dynamical model for aedes aegypti. Bulletin of Mathematical Biology, 70(5):1297,
2008. ISSN 1522-9602. doi: 10.1007/s11538-008-9300-y. URL https://doi.org/
10.1007/s11538-008-9300-y.

[166] Salihu Sabiu Musa, Shi Zhao, Hei-Shen Chan, Zhen Jin, and Daihai He. A mathe-
matical model to study the 2014–2015 large-scale dengue epidemics in kaohsiung and
tainan cities in taiwan, china. Mathematical biosciences and engineering, 2019. ISSN
1547-1063.

[167] Natsuko Imai, Ilaria Dorigatti, Simon Cauchemez, and Neil M. Ferguson. Estimating
dengue transmission intensity from sero-prevalence surveys in multiple countries. PLoS
neglected tropical diseases, 9(4):e0003719–e0003719, 2015. ISSN 1935-2735 1935-2727.
doi: 10.1371/journal.pntd.0003719. URL https://www.ncbi.nlm.nih.gov/pubmed/
25881272https://www.ncbi.nlm.nih.gov/pmc/articles/PMC4400108/.

[168] New York Times. 127 die in floods and mud slides in brazil, 02/08/1988 Feb 08 1988.
URL https://search.proquest.com/docview/426748587?accountid=14657http:

202



//sfx.lib.uchicago.edu/sfxlocal?urlver=Z39.88-2004\&rftvalfmt=info:ofi/
fmt:kev:mtx:journal\&genre=article\&sid=ProQ:ProQ\%3Anytimes\&atitle=
127+Die+in+Floods+and+Mud+Slides+in+Brazil\&title=New+York+Times\&issn=
03624331\&date=1988-02-08\&volume=\&issue=\&spage=A.4\&au=AP\&isbn=
\&jtitle=New+York+Times\&btitle=\&rftid=info:eric/\&rftid=info:doi/.

[169] Sidney Bell, Leah Katzelnick, and Trevor Bedford. Dengue antigenic relationships
predict evolutionary dynamics. bioRxiv, page 432054, 2019. doi: 10.1101/432054.
URL http://biorxiv.org/content/early/2019/04/30/432054.abstract.

[170] Giorgio Guzzetta, Cecilia A. Marques-Toledo, Roberto Rosà, Mauro Teixeira, and
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