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ABSTRACT

In this thesis, we study subadditive thermodynamic formalism of fiber-bunched cocycles. In
particular, we study the norm potentials and their equilibrium states of such cocycles. We
present mainly three results, each of which can be viewed as a suitable generalization of the
corresponding result for locally constant cocycles.

The first result concerns with an open and dense subclass of fiber-bunched GL;(R)-
cocycles called the typical cocycles. We show that the norm potentials of typical cocycles
have unique equilibrium states with the subadditive Gibbs property. The main body of
work amounts to establishing a property called quasi-multiplicativity, which implies the
stated result. As a corollary, we obtain the continuity of the subadditive pressure and the
equilibrium state (with respect to the weak-* distance) on such cocycles.

Second, in joint work with Clark Butler, we study thermodynamic formalism of fiber-
bunched GLo(RR)-cocycles. Exploiting the low dimensionality of the cocycles, we fully analyze
their norm potentials. We show that irreducible fiber-bunched GL9(R)-cocycles have unique
equilibrium states. We also provide a criterion for their norm potentials to have multiple
ergodic equilibrium states.

Lastly, in joint work with Benjamin Call, we study the ergodic properties on these unique
equilibrium states. Under the settings considered in the above two results, we show that if
the unique equilibrium state is totally ergodic, then it has the Kolmogorov property. This

is done by extending a result of Ledrappier.

vi



CHAPTER 1

INTRODUCTION
Given a finite set of Myy4(R) matrices A = {Aj,..., A} and an infinite word 2% =
rox172 ... where each z; € {1,2,..., ¢}, consider the products
Ag, .. Agg, (1.1)
for n = 1,2,.... The study of such products naturally arises in many settings and has

numerous applications. For instance, suppose each A; is contracting, and 7T; is an affine
transformation of R? whose linear part is A4;; that is, T;(x) = A;x + r; for some trans-
lation vector r;. Then there exists a unique self-affine attractor X C R invariant under
{Ty,..., Ty}, in the sense that X = _qu T; X; see [31]. The local geometry of the attractor X
depends on the properties of the colrzg)osition of the linear contractions (1.1); for example,
the Hausdorff dimension of X is intimately related to the growth rate of the product (1.1)
over all possible words z .

The product of matrices (1.1) can be placed in a broader context. To any dynamical
system f: X — X and map A: X — My, 4(R), we associate a linear cocycle F 4: X X RY —
X x R4 given by

Fa(z,v) = (fo, Alx)o).
We say that F 4 is generated by f and A. By an abuse of notation, we will often refer to the
cocycle F 4 simply by A. For n € N and z € X, we write F'(z,v) = (f"x, A" (z)v), where

A (z) = A(f" 1) . A(f2) A(z).

The definition of linear cocycle F' also extends to (not necessarily trivializable) vector bundles
& over X as a family of linear maps Fy: & — Ey, covering a base system (X, f).
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When the base system is the left shift operator ¢ on a one-sided shift E; ={1,2,..., q}NO,
then the cocycle generated by a map A: ZCJIF — Mgy q(R) defined by z = (z;);en, = Axq
encodes the products (1.1) in the sense that A"(x) = Az, ;... Az,. Such cocycle is an
example of a locally constant cocycle.

Another natural class of linear cocycles comes from smooth dynamics. When the base
system f: M — M is a smooth map or diffeomorphism of a closed Riemannian manifold M,
the derivative cocycle Df is a cocycle generated by the map A(z) = Dy f: TuM — Ty, M.
More generally, for any D f-invariant sub-bundle £ C T'M, the derivative map restricted to
E gives rise to a linear cocycle D f|g. If f is uniformly hyperbolic (i.e., expanding or Anosov),
then there exists a symbolic coding of f by a subshift of finite type [45, 10]. From such a
coding, the derivative cocycle of a uniformly hyperbolic map can effectively be regarded as
a linear cocycle over a subshift of finite type.

Our main objects of interest are linear cocycles A over two-sided subshifts of finite type
(X7,0). Any A: Xp — GLg(R) defines a sequence of continuous functions {¢ 4, }nen on
Y given by

pan(z) =AM ()],

where || - || is the operator norm. The submultiplicativity of the norm || - || implies that this

sequence is submultiplicative in the sense that for any m,n € N,

0< CAntm < (@A,n © Um) “PAm: (1.2)

Such a submultiplicative sequence gives rise to a norm potential ® 4 = {log ¥ 4 , }nen-

The norm potentials ® 4 are example of subadditive potentials ® = {log pn }pen Which
can be thought of as generalizations of the Birkhoff sums S,¢ for continuous potentials
¢ € C(X7,R). Cao, Feng, and Huang [17] showed that the usual thermodynamical notions of

the pressure and the equilibrium states for additive potentials naturally extend to subadditive



potentials. In particular, for any subadditive potential ® they established the existence of the

subadditive pressure P(®) and showed that it satisfies the subadditive variational principle:

1
P(®) = h lim — [1 d
(®)=, s )+ i, [ lowond)

where the supremum is taken over the set M(o) of all o-invariant measures. Any o-invariant
measure i € M(o) achieving the supremum is called an equilibrium state for ®. Such equi-
librium states have important applications in dimension theory of fractals; see for instance
(23, 47, 19, 3, 29, 4] and references therewithin. See also Subsection 2.2.4 and Section 3.4
for a brief discussion on this topic.

The above discussed topic of subadditive thermodynamic formalism has its basis in the
classical thermodynamic formalism where additive potentials and their equilibrium states are
studied. Even for the classical thermodynamic formalism, it is often difficult to determine
the number and the properties of the equilibrium states given arbitrary dynamical systems
and potentials. On the other hand, there are suitable assumptions which reveal relevant
thermodynamical information. Such information is then used in studying the underlying
dynamical systems.

For example, in his fundamental work on thermodynamic formalism, Bowen [11] showed
that Holder potentials on mixing hyperbolic systems such as (X, o) have unique equilibrium
states with the Gibbs property; see Proposition 2.18 for the precise statement. This class
of unique equilibrium states is now well-studied, and known to possess further ergodic and
statistical properties; see [11, 12, 44, 42]. In suitable settings, commonly studied invariant
measures such as the measures of maximal entropy or Sinai-Ruelle-Bowen measures belong
to this class of equilibrium states.

It is natural to ask if Bowen’s result (with suitable generalizations) on the uniqueness of
the equilibrium states holds for subadditive potentials such as ® 4. Unfortunately, the ana-

logue of Bowen’s theorem does not necessarily hold for general subadditive potentials: while
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the existence of at least one equilibrium states is guaranteed from the upper semi-continuity
of the maps yt — hy(o) and p — nlggo % / log vy, du, there are examples of subadditive
potentials with multiple ergodic equilibrium states; see [28] and also the discussion at the
end of Chapter 2.

The main theme of this thesis is to investigate and study sufficient conditions for sub-
additive potentials arising from matrix cocycles to have unique equilibrium states. We also
study ergodic properties of such equilibrium states. In what remains of this introduction,

we will outline what each chapter is about and state the main results. For terminologies

appearing in the results, we refer the readers to Chapter 2 for their precise definitions.

1.1 Typical cocycles and Quasi-multiplicativity

In Chapter 3, which is the the first main chapter following the chapter on preliminary
results, we will study a property called quasi-multiplicativity for subadditive potentials. This
property is important because it is a sufficient condition to extend the above mentioned result
of Bowen on the uniqueness of the equilibrium states; see Proposition 2.26 for the precise
statement.

Denoting the set of all admissible words of X7 by L, for any cocycle A: Xp — GL;(R)
and I € L, we define

JAD)]| = max ¢ 4 7(z) = max | A" (z)]]. (1.3)
z€(l] z€(l]

We say A is quasi-multiplicative if there exist ¢ > 0 and k € N such that for any words

I,J € L, there exists K = K(I, J) € £ with |K| < k such that IKJ € £ and
AR =l ADIAD)]- (1.4)

Quasi-multiplicativity may be thought of as follows: given any two words I, J € L of arbitrary
length, we can obtain the reverse inequality to the submultiplicativity (1.2) at a cost of
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inserting a connecting word K = K(I,J) in between I and J of uniformly bounded length.
While we have formulated the above quasi-multiplicativity (1.4) for matrix cocycles and their
norm potentials, we note that the same notion of quasi-multiplicativity makes sense for any
subadditive potentials that are not necessarily given by the norm potentials; see Definition
2.25.

Quasi-multiplicativity is also known to be verifiable in certain cases. For instance, if
A is a locally constant GL4(R)-cocycle over a full shift generated by an irreducible set of
matrices, then A is quasi-multiplicative; see [26]. For such cocycles, quasi-multiplicativity
ensures that their norm potentials have unique equilibrium states; see Proposition 2.27.

In Chapter 3, we address the question of whether quasi-multiplicativity holds for more
general cocycles beyond locally constant cocycles. It is not entirely clear what the natural
counterpart to irreducibility might be for general cocycles. Even in the settings where a
suitable version of irreducibility can be defined, it is not known whether it translates to quasi-
multiplicativity in the most general setting. On the other hand, since quasi-multiplicativity
is a common feature among locally constant cocycles, it is reasonable to expect that quasi-
multiplicativity holds for a more general class of cocycles under suitable assumptions.

Throughout this thesis, we will restrict our attention to Holder continuous and fiber-
bunched cocycles, a class that contains the locally constant cocycles. The fiber-bunching
assumption is an open condition which roughly says that the cocycle is nearly conformal.
We denote the space of a-Hélder and fiber-bunched functions by Ci' (37, GLg(R)), viewed
as a subset of C*(X7, GLy(R)).

Our main result for Chapter 3 establishes that quasi-multiplicativity holds generically
among the fiber-bunched cocycles. More precisely, Bonatti and Viana in [8] introduced the
notion of typical cocycles among fiber-bunched cocycles (see Definition 2.8, 2.9, and 2.11 for

precise formulations). The set

U:={AecCy(Er,GLy(R)): Ais typical}
)



is open in C}' (X7, GLg(R)), and they also proved that U is dense in C}* (X7, GLy(R)) and

that its complement has infinite codimension.

Theorem A. Every A € U is quasi-multiplicative. Moreover, the constants ¢, k in (1.4) can

be chosen uniformly in a neighborhood of A in U.

Since quasi-multiplicativity implies the uniqueness of the equilibrium states for fiber-

bunched cocycles (see Proposition 2.26), the above theorem has an immediate corollary:
Corollary 1.1. For A € U, the norm potential ® 4 has a unique equilibrium state 4.

As an application of Theorem A, we use the uniformity of the constants ¢, k to prove the

continuity of the subadditive pressure P(® 4) and the equilibrium states p 4 on U.
Theorem B. The following statements hold true:

1. The map A +— P(® 4) is continuous on U.

2. The unique equilibrium state p 4 varies weak-* continuously on U.

Via a different approach, Cao, Pesin, and Zhao [18] recently proved a result that implies
Theorem B (1). See comments at the end of Section 3.3 for further remarks on related
results.

The paper [41], where Theorem A and B originally appear, contains further applications
and generalizations these theorems. However, for coherence of this thesis, we will only briefly

comment on them at the end of Chapter 3.

1.2 Fiber-bunched GL;(RR)-cocycles

While the results formulated above show that the norm potentials of typical cocycles have
unique equilibrium states, it is not known whether the same can be said for cocycles that fail

to satisfy the typicality assumption. In the special case of fiber-bunched GLg(R)-cocycles,
6



we exploit the low dimensionality of the cocycles and fully analyze their norm potentials in
all cases as described in the next two results.

We say a fiber-bunched cocycle is reducible if there exists a proper sub-bundle that is
invariant under the cocycle as well as the canonical holonomies. For fiber-bunched GLa(R)-
cocycles, such a sub-bundle is necessasrily be a line bundle. We say a fiber-bunched cocycle
is srreducible if it is not reducible; see Definition 2.6 for the precise definition. The main
result of Chapter 4 formulated below establishes that irreducibility implies the uniqueness

of the equilibrium states for fiber-bunched GL2(R)-cocycles.

Theorem C. Let A be a fiber-bunched GLg(R)-cocycle. If A is irreducible, then the norm

potential ® 4 has a unique equilibrium state p 4.

In the proof of this theorem, we introduce a class of weakly typical cocycles that gener-
alizes the notion of typical cocycles, and we use such cocycles to provide a classification of
irreducible fiber-bunched GL9(RR)-cocycles; see Theorem 4.8.

We will also show that Theorem C may alternatively be obtained by manipulating a
result of Bochi and Garibaldi [6]. They introduced and established of a property called
spannability that is aimed at different applications. It turns out that the spannability implies
quasi-multiplicativity, and hence, the uniqueness of the equilibrium state. This approach is
outlined at the end of Chapter 4.

We also study thermodynamic formalism of reducible cocycles. By straightening out the
invariant line bundle, a reducible fiber-bunched GL9(RR)-cocycle A admits a Holder conjugacy
C: X7 — GLa(R) such that B(z) := C(ox).A(x)C(x) ! is upper triangular for every = € Xy
Since ® 4 and ®g have the same set of equilibrium states (see Remark 2.22) the study of
reducible cocycles reduces to the study of Holder cocycles taking values in upper triangular

madtrices.

Theorem D. Let B € C% (X7, GLo(R)) be an a-Hélder cocycle taking values in the group



of upper triangular matrices:

B(z) = : (1.5)

The norm potential @5 has a unique equilibrium state, unless
1. log|a| is not cohomologous to log |¢|, and
2. P(loglal) = P(log |c]).

If these two conditions hold, then ®5 has exactly two distinct ergodic equilibrium states.

1.3 Kolmogorov property

In the final chapter this thesis, we study the ergodic properties of the unique equilibrium
states for the norm potentials established in the above formulated results. From uniqueness,
it is clear that they are ergodic. Due to intimate connections with their defining cocycles,
it is also reasonable to expect that suitable assumptions on the structure of the cocycles
impose further stronger ergodic properties on such equilibrium states.

In this direction, Morris [37, 38, 39] recently showed in a sequence of papers that if the
unique equilibrium states for irreducible locally constant cocycles are totally ergodic, then
they are actually Bernoulli, which is the highest (strongest) ergodic property in the hierarchy
of various ergodic properties. He does so by providing a characterization for the failure of
total ergodicity in terms of certain structures on the cocycle.

The following main result of Chapter 5 is similar in flavor to Morris’ result and shows
that under suitable assumptions, total ergodicity which sits lower in the hierarchy implies an
evidently stronger ergodic property called the Kolmogorov property (K-property). The K-
property is stronger than mixing of all orders and weaker than Bernoulli. While the result is
not as strong as the result of Morris, our result is applicable to a broader class of subadditive

potentials.



Theorem E. Let & = {log ¢y, },en be a subadditive potential on Yp, and suppose it is
quasi-multiplicative and has bounded distortion. If the unique equilibrium state p for @ is

totally ergodic, then i has the K-property.

We note that the bounded distortion property appearing as one of the assumptions in
this theorem is a mild assumption that is satisfied by all subadditive potentials considered
in this thesis, including the norm potentials of fiber-bunched cocycles.

The key result used in proving this theorem is a result which shows that for subaddi-
tive equilibrium states, weak mixing is equivalent to the K-property under some suitable
assumptions, similar to those used in [11]. This result which holds even for non-symbolic
systems is formulated in Theorem 5.6, and we expect it to be of independent interest.

The remaining results in the chapter are obtained by applying Theorem E to equilibrium
states appearing in the previously stated results. By verifying total ergodicity on the unique

equilibrium states for typical cocycles, we obtain the following theorem:

Theorem F. Let A: X7 — GL;(R) be a typical cocycle. Then the unique equilibrium state

it 4 from Corollary 1.1 has the K-property.

Lastly, by considering all cases depending on the number of equilibrium states for fiber-
bunched GLy(R)-cocycles as done in Theorem D, we study their K-property. The following
theorem may be thought of as follows: for fiber-bunched GLg(RR)-cocycles A, the case spec-
ified in the theorem is the only case where the ergodic equilibrium states for ® 4 fail to be

K.

Theorem G. Let A: ¥7 — GL2(R) be a Holder continuous and fiber-bunched cocycle.
Every ergodic equilibrium state of ® 4 is K up to a period, that is, (X7, o, pi4) is isomorphic

to a K-system times a finite rotation. Indeed, the only case when p 4 is not K is when A



can be conjugated to another cocycle

Bla) = 0 a(x)
b(x) 0

such that f(z) := log|a(ox)b(x)| and g(x) := log|b(cz)a(x)| viewed as potentials over

(X7, 02) have distinct equilibrium states ¢ and po.
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CHAPTER 2
PRELIMINARIES

2.1 Symbolic dynamics

An adjacency matriz T is a square (0,1)-matrix. A one-sided subshift of finite type defined

by a ¢ x ¢ adjacency matrix 7' is a dynamical system (EjTL, o) where
E}' = {(®i)ieng: 7 €1{1,2,...,q} and Ty, 4, = 1 for all i € Ny}

and o is the left shift operator. Similarly, we define a two-sided subshift of finite type (X, o)

using the same notation ¢ for the shift operator where
Yr = {(7i)icz: vi €{1,2,...,q} and Ty, 4, , = 1 for all i € Z}.

Then (Xp,0) is the natural extension of (EJTF,J): denoting the projection from X7 onto
Z; by m: Xp — Y+, each z € Y corresponds to one possible sequence of preimage of
n(z) € Z;ﬁ under o.

We will always assume that the adjacency matrix T' is primitive, meaning that there
exists N > 0 such that all entries of TV are positive. The primitivity of 7" is equivalent to
the mixing property of the corresponding subshift of finite type (X7, 0).

Fix 0 € (0,1) and endow Y with the metric d defined as follows: for x = (2;);ez,y =
(Yi)iez, € X7, we have

d(z,y) = 0%,

where k is the largest integer such that x; = y; for all |i| < k. Equipped with such metric,
the left shift operator o: X7 — X7 becomes a hyperbolic homeomorphism of a compact

metric space 2.

11



An admissible word of length n is a word iq...i,_1 with i; € {1,...,q} such that

Tijij =1 for all 0 < j <n—2. Let £ be the collection of all admissible words. For I € L,

we denote its length by |I|. For each n € N let £(n) C L be the set of all admissible words
of length n. For any I =g ...i,_1 € L(n), we define the associated cylinder by
0] =Tlip...in—1] :={y € Xp:yj =i; forall 0 < j <n—1}.
For x € ¥ and n € N, we similarly define
(@] i ={yeXp:y; =x; forall 0 <i<n-—1}.
We define the local stable set W} (z) of x € ¥ by

Wi () =={y € Ep: ; = y; for all i > 0}.

In other words, y € X belongs to Wy () if the forward orbit of y exponentially shadows
the forward orbit of z, meaning that d(c™z,c™y) < #"T1 for all n > 0. We then define the

stable set W*(x) of © € L by
WH(x) == {y € p: o"y € Wy .(0"x) for some n > 0}.

Analogously, the (local) stable set of o1 is called the (local) unstable set WZ‘ ) of 0.

loc

Explicitly, they are defined as
Wi (x) :=={y € Sp: x; = y; for all i <0}

and

WY (x) == {y € B7p: 0"y e Wi (c"z) for some n < 0}.

12



For any z,y € YXp with xg = yg, we say y is in the local neighborhood of z. For such x

and y, the following bracket operation
[z,y] =W (2) "W (y) € Ep (2.1)

is well-defined. From the definition, [z, y] is the unique point in the local neighborhood of z
and y whose orbit exponentially shadows the orbit of x in the past and the orbit of y in the
future.

Recall from the introduction that to any dynamical system (X, f) and Mgy 4(R)-valued
function A on X, we associate a linear cocycle A. It is clear from the definition of A"(-)

from the introduction that the following cocycle equation holds:
AV () = AT(fMa) A™(z) for all n,m € N.

If the base system (X, f) is invertible and the image of A is a subset of GL4(R), then
we define A%(\) = I and A™"(x) := (A”(f_”x))_l for n € N so that the cocycle equation
holds for all n,m € Z.

If A: ¥p — My q(R) is locally constant, then from the compactness of ¥, there exists
k € N such that A(x) depends only on the word z_j. ...z, € L(2k + 1) for every = =

()iez € L. A locally constant cocycle A is a cocycle whose generator A is locally constant.

Remark 2.1. For any locally constant GL4(R)-cocycle A on X7, there exists a re-coding of
27 to another subshift of finite type X such that A is becomes to a GL;(R)-cocycle on Y
depending only on the 0-th entry zg of x = (z;);ez € Y. For simplicity, we assume that
all locally constant cocycles considered in this paper are cocycles that depend only on the

0-th entry.

Irreducibility defined below is a commonly imposed assumption on locally constant co-

cycles over full shifts.

13



Definition 2.2. A finite set of matrices A = {Ay1, ..., Ay} is reducible if there exists a non-
trivial proper subspace V C R% such that A;V =V forall 1 <17 <q. We say A is irreducible
if it is not reducible.

We say a locally constant cocycle A: ¥y — GLy(R) over a full shift generated by A is

wrreducible if A is irreducible.

2.1.1 Fiber-bunched cocycles and canonical holonomies

In this thesis, we will mostly work with a class of cocycles that generalize locally constant
cocycles. Such a class of cocycles consist of fiber-bunched cocycles which we introduce now.
Let A be an a-Holder GL;(R)-cocycle on X7, meaning that there exists C' > 0 such that
for all x,y € ¥p,

[ A(z) — A(y)|| < Cd(z,y)?,

where || - || is the standard operator norm.

Definition 2.3. A local stable holonomy for the cocycle A is a family of matrices Hiy €
GLg4(R) defined for any z,y € ¥ with y € Wy _(z) such that

1. H . =1and Hy ,o H} , = Hj , for any y,2 € Wy (),

2. A(m) = Hgy,agc © A(y) o Hﬂi,gp

3. H%: (z,y) — Hj , is continuous.

A local unstable holonomy Hy , is likewise defined for y € WS (x) satisfying the analogous

properties above.

Definition 2.4. An a-Hoélder GL;(R)-cocycle A is fiber-bunched if for all x € Xp

Al AG@) 6" < 1,

14



where 0 is the hyperbolicity constant defining the metric on the base ¥7. We denote the
space of a-Hélder and fiber-bunched GL4(R)-cocycles by Ci' (37, GLg(R)).

It is clear that any conformal cocycles and their perturbations are fiber-bunched. In fact,
fiber-bunched cocycles may be thought of as nearly conformal cocycles.

By projectivizing the action on the fibers, any cocycle A: ¥7 — GL4(R) gives rise to
the projective cocycle PA: ¥ X pi-1 Y X P9=1. Then the fiber-bunching condition
is equivalent to the condition that the rate of expansion (respectively, contraction) of the
projective cocycle PA at every point x € X is bounded above by 1/0% (respectively, below
by 0%). In particular, the Holder continuity and the fiber-bunching assumption on A €
Cpt (X7, GLy(R)) together ensure the convergence of the canonical stable/unstable holonomy

Hg,/; for any y € Ws/u(az),

loc

H, = lim A"(y)"'A™(x) and HY,:= lim A"(y)"'A"(). (2.2)

)y - n—oo n——0oo

See [32] for details. It is clear that once canonical holonomies H s/u converge, then they
satisfy the listed properties in Definition 2.3.

A cocycle may admit multiple holonomies. However, when the cocycle is fiber-bunched,
the canonical holonomies are unique in the sense that they are the only holonomies varying
Holder continuously in the base points [32] with the same Holder exponent «: there exists
C > 0 such that

|HE —id|| < C - d(x, y)", (2.3)

for any y € Wi) /C “(x). In particular, the canonical holonomies are uniformly continuous,
and for this reason, we will always work with the canonical holonomies for fiber-bunched

cocycles.

Remark 2.5. It is worth noting that for locally constant GLj(R)-cocycle, the canonical

holonomies from (2.2) converge trivially to the identity and satisfy the properties listed
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in Definition 2.3.

Using the second property of Definition 2.3, we can extend the definition of the local
stable holonomy to the global stable holonomy H , for y € W?*(z) not necessarily in the
local stable set of x:

-1
3, = A"y) " Hgny gny A" (z),

for some large enough n € N so that 0"y € Wy (0"x). We can likewise define the global

unstable holonomy.

2.1.2  Irreducibility and typicality

We now formulate two assumptions on fiber-bunched cocycles. First, the following definition

of irreducibility has previously appeared in the literature, such as in [6].

Definition 2.6. A cocycle A € C}'(X7, GLy(R)) is reducible if there exists an A-invariant
and H*/U-invariant subbundle over Y. We say A € Cit (X7, GLg(R)) is irreducible if A is

not reducible.

Remark 2.7. We remark that for fiber-bunched cocycles that are also locally constant, the
irreducibility condition as fiber-bunched cocycles (Definition 2.6) coincides with the irre-
ducibility condition as locally constant cocycles (Definition 2.2).

Indeed, consider a fiber-bunched and locally constant GLg4(R)-cocycle A over X, which
is reducible as in Definition 2.6. Let V be the corresponding A-invariant and bi-holonomy
invariant subbundle. As A is locally constant, we have H s/u = id, and we may suppose
that A is generated by A = {A1,..., A4}. From the bi-holonomy invariance, the bundle V
must be constant over each cylinder [i] and consist of ¢ subspaces {V;}7_; invariant under
the action of A. As ¥ is a full shift, we must have A4;V; =V; for all 1 <4,5 < ¢. Fixing
an ¢ and varying over all j shows that all V;’s are equal and hence V is a constant bundle.

We have just shown that the generating set A preserves a common subspace V, and hence,
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is reducible. The other direction of the equivalence also follows from a similar reasoning.

We say a point z € X is a homoclinic point of a periodic point p if z € W9 (p) N W"(p) \
{p}. The homoclinic points of p are characterized as the points other than p whose orbits
synchronously approach the orbit of p in both forward and backward time. For a hyperbolic
system such as (X7, 0), the set of homoclinic points of any periodic point is dense in Y.

Consider any periodic point p and a homoclinic point z. We define the holonomy loop
wg as the composition of the unstable holonomy from p to z and the stable holonomy from
z to p:

1/15 = Hj’p o Hg,z. (2.4)

The following definition is a slight weakening of the assumptions of [8, Theorem 1]; see

the discussion below Definition 2.11.

Definition 2.8. Let A € C}j'(X7, GLy(R)) and H*3/" be the canonical holonomies for the

cocycle A. We say that A is I-typical if it satisfies the following two extra conditions:

(AO) there exists a periodic point p such that P := AP (p) (p) has simple real eigenvalues of

distinct norms. Let {v;};<;<q be the eigenvectors of P.

(B0O) there exists a homoclinic point z of p such that ¥y, twists the eigendirections of P into
general position: for any 1 <i,j < d, the image ¥;(v;) does not lie in any hyperplane
W spanned by all eigenvectors of P other than v;. Equivalently, the coefficients ¢; ;
in

Up(vi) = Y cijvy,

1<j<d

are nonzero for all 1 <1i,7 <d.

We will often refer to (A0) and (BO) by pinching and twisting conditions, respectively.

If z is a homoclinic point of a periodic point p of period n, then ¢™" z is also a homoclinic
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point of p for any r € Z. Their holonomy loops (2.4) are conjugated by P":
vz 02 pr
Py = @bp P

It then follows that if the twisting condition (BO0) holds at z, then it also holds at o™ z. We
also establish the following identity to be used later: assuming that p is a fixed point of o
and that z € W (p) and olz e Wi (p) for some £ € N, 7, then

vy =P loH}, o Al(z)o Hy.. (2.5)

p o'z,

For each 1 < t < d, we denote by A" the action of A on the exterior product (R%)".
For a fiber-bunched cocycle A, its exterior product cocycles AN, ¢ € {1,...,d}, also admit
stable and unstable holonomies, namely (H s/ WAL So, for a 1-typical cocycle A, we consider

similar conditions appearing in Definition 2.8 on A",

Definition 2.9. Let A be 1-typical. For 2 <t < d — 1, we say A is t-typical if the same

points p, z € X from Definition 2.8 satisfy
(A1) all the products of ¢ distinct eigenvalues of P are distinct;

(B1) the induced map (1/15)/\’j on (RHM satisfies the analogous statement to (B0) from

Definition 2.8 with respect to the eigenvectors {v;; A ... Av;, 1<ii <. <i;<a Of PN

Remark 2.10. Denoting by M the matrix of ¢ in a basis of eigenvectors Aper(p) (p), the
twisting assumption (B1) is equivalent to the condition that all ¢ X ¢ minors of M are non-
zZero.

Also notice that the definition of ¢-typicality only asks for (A1) and (B1); that is, the
definition does not require that A also be fiber-bunched. On the other hand, we will use
the fact that the stable and unstable holonomies (H s/ WAL are uniformly continuous; see

(2.3).
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Definition 2.11. We say A is typical if A is t-typical for all 1 <t < d — 1. We denote

U C Cpf (X7, GLy(R)) to be the set of all typical cocycles.

A few comments regarding the assumptions are in order. Typicality assumption is first
introduced in Bonatti and Viana [8] as a sufficient condition to establish the simplicity of the
Lyapunov exponents of A for any ergodic o-invariant measure with continuous local product
structure. Their result generalizes the corresponding result on the simplicity of Lyapunov
exponents in the setting of i.i.d. product of random matrices. Indeed, the pinching and
twisting conditions of the typicality assumption are coined precisely to replicate the effect
of proximality and strong irreducibility of Furstenberg [30]; see also [9].

For their 1-typicality assumption, the pinching assumption is the same as in Definition
2.8 above, but their twisting assumption is formulated as follows: any P-invariant subspaces
E F C R? whose dimensions add upto a number less than or equal to d satisfy ¢5(E) NF =
{0}. Interpreting this formulation in regards to the minors of M where M is as in Remark
2.10, it can be seen that such formulation is equivalent to (B0) together with (B1) for all ¢.
In particular, 1-typical cocycles of [8] satisfy all assumptions of typical cocycles defined in
Definition 2.11 except (Al).

Moreover, they also show that U is open and dense in Cj*(X7,SLg(R)). While their
setting is for fiber-bunched SL;(R)-cocycles, we remark that the difference in the settings
(SLg(R) for [8] and GLy4(R) for this paper) does not cause any issues in translating the
relevant statements and results from [8] to this paper.

Avila and Viana in [1] then improved the result by weakening the assumptions: only
assuming 1-typicality (as opposed to assuming t-typicality for all 1 < ¢t < d — 1), they
allowed the number of symbols of 37 to be countably infinite and proved analogous results
to [8]. They call 1-typical cocycles of [8] by simple cocycles, and applied this result to

Kontsevich-Zorich cocycles [2].
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2.2 Ergodic theory and thermodynamic formalism

Throughout this section, X is a compact metric space, f : X — X is a homeomorphism,

and M(f) denotes the set of all f-invariant probability measures.

2.2.1 Mixing properties of invariant measures

Although the main ergodic property we establish in Theorem E and Theorem F is the K-
property, we will make use of various mixing properties along the way. We give a brief
introduction to the ones that we will use, in increasing order of strength. In many cases,
there are many equivalent formulations of these definitions where we refer the readers to [43]

for a more comprehensive discussion on various mixing properties.

Definition 2.12. A measure-preserving transformation (X, f, i) is totally ergodic if (X, ™, )

is ergodic for all n € N.

Definition 2.13. We say u € M(f) is weakly mixing if for all measurable subsets A, B C X,

there exists £ C N with upper density d(E) = 0 such that for n ¢ E,

. n o
Jim pu(fPANB) = p(A)u(B).
Observe from this definition that if p is weak mixing, then it is totally ergodic. The
following is a now classical result that we will also make use of.
Proposition 2.14. (X, f, u) is weak mixing if and only if (X x X, f X f, u X p) is ergodic.

Finally, we introduce the K-property. There are a myriad number of equivalent formu-

lations, for details of which we refer to [21].

Definition 2.15. Let (X, B, 1) be a probability space, and let f be a measure-preserving

invertible transformation of (X, B, ) The system has the Kolmogorov property, or simply
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0o
the K-property, if there exists a sub-o-algebra K C B satisfying £ C fK, \/ f'K = B, and
1=0

o .
N /'K ={0.Xx}.
1=0
An equivalent definition of independent interest is that of completely positive entropy.

Proposition 2.16. A measure ; € M(f) has the K-property if and only if it has completely
positive entropy. Equivalently, the maximal zero entropy factor, called the Pinsker factor,

is trivial.

Remark 2.17. In particular, any K-system has positive measure-theoretic entropy.

We say a system (X, f, u) is Bernoulli if it is measurably isomorphic to a Bernoulli shift.
Without too much difficulty, one can use the above definition to show that every Bernoulli

system is K.

2.2.2 Additive thermodynamic formalism

A potential on X is a continuous function ¢: X — R. A subset E' C X is (n,¢)-separated if
every pair of distinct z,y € F satisfies

dn(z,y) = 0<rln<a7§<_1d(fi:r, f'y) > e.

Using (n, e)-separated subsets, we can define a thermodynamical object called the pres-

sure P(p) of ¢ as follows:
1
P(p) := lim limsup — log sup{ Z eon?(®) . B g an (n,e)-separated subset of X},
e=0 n—oo N
zeF
where Spp = o+ 1o f+ ...+ o f s the n-th Birkhoff sum of ¢. When ¢ = 0, the
pressure P(0) is equal to the topological entropy h(f), which measures the complexity of the

system (X, f).
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The pressure satisfies the variational principle:

P(e) =sup {u(F) + [ wdus i€ M(7)}.

where h,(f) is the measure-theoretic entropy. See [46].

Any invariant measure p € M(f) achieving the supremum in the variational principle is
called an equilibrium state of ¢. If the entropy map p — hy(f) is upper semi-continuous,
then any potential has an equilibrium state. However, the existence, the finiteness, or the
uniqueness of the equilibrium state for a given potential is a subtle question that depends
on the system (X, f) as well as the potential .

On the other hand, there are specific settings where such questions have an affirmative
answer. When (X, f) is a mixing hyperbolic system such as (X7, 0), and the potential ¢ is
Holder continuous, then the result of Bowen [11] states that there exists a unique equilibrium
state p1,, which has the Gibbs property. Bernoullicity of such equilibrium states can be found

in [12, 44].

Proposition 2.18. [11, 12] Let (X7, o) be a mixing subshift of finite type, and ¢ be Holder
continuous. Then there exists a unique equilibrium state p, for ¢, characterized as the
unique o-invariant measure satisfying the Gibbs property: there exists C' > 1 such that for

any n € N and I € £(n), we have

-1 /Mp(m)
S s =C (2:6)

for any x € [I]. Moreover, p, is Bernoulli.

Remark 2.19. One necessary condition for the Gibbs property (2.6) to hold is that the

variation within each cylinder should be uniformly bounded: there exists a constant C' > 0
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such that for every n € N and I € £L(n),

|Spe(x) = Sne(y)| < C

for every z,y € [I]. We call this property by bounded distortion.

In the setting of Bowen’s theorem, the hyperbolicity of the system and the Holder regu-
larity of the potential guarantee the bounded distortion property.
We end this subsection by commenting on a sufficient condition on the potentials which

guarantees the coincidence of their equilibrium states.

Definition 2.20. Two continuous functions ¢, € C(X) with P(¢) = P(¢) are cohomolo-

gous if there exists a continuous function h such that ¢ — ¢ = h oo — h, and we denote it

by ¢ ~ .

It is clear from the variational principle that if ¢ ~ 1), then their set of equilibrium states
are the same. If the base dynamic (X7, 0) is uniformly hyperbolic, this is an if and only if
statement when restricted to the class of Holder potentials; that is, two Holder potentials ¢

and 1 are cohomologous if and only if their unique equilibrium states coincide [12, Theorem

1.28].

2.2.3  Subadditive thermodynamic formalism

The additive theory of thermodynamic formalism extends to the subadditive theory with
suitable generalizations. A sequence of continuous functions {py,},eny on Xp is submulti-

plicative if each ¢, is a non-negative function on ¥ satisfying

0< omin < @n-pmoa, for all m,n € N.
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If we set ® = {log ¥n}pen, then ® becomes a subadditive sequence of functions on . We
will consider such ® obtained from a submultiplicative sequence {¢n}pen as a subadditive
potential on Y. A natural example of a subadditive potential is the norm potential ® 4 of
a GLgj(R)-cocycle A defined as in the introduction.

We define the subadditive pressure of a subadditive potential ® = {log ¢ },ecN as

1
P(®) := lim lim sup — log sup{ Z on(x): E is an (n, e)-separated subset of ET}, (2.7)

e—=0 n—soo N
zel

where the existence of the limit is guaranteed from the subadditivity of ®.

Remark 2.21. When the base dynamical system is a subshift of finite type (X, 0), due to

the expansivity the pressure P(®) may be expressed as follows:

1
P(®) = limsup — log Sup{ Z on(x): E is an (n, 1)-separated subset of ZT}; (2.8)
n—oo N
el
that is, we can compute the pressure by looking at (n, 1)-separated sets, and drop the limit

in € from the definition of the pressure (2.7). See Section 4 of [34].

There are a few different generalizations of the additive notion of the pressure to the
subadditive setting: Barreira [5] defines the subadditive pressure using open covers while
Cao, Feng, and Huang [17] define it using Bowen balls. Our definition of the subadditive
pressure (2.7) is based on [17]. See also [23]. It is not known whether two definitions of
the subadditive pressure are equal in general, but there are known settings in which two
definitions agree. In particular, it is shown in [17] that two notions are equivalent when
the entropy map p — hy,(f) is upper semi-continuous, which includes our setting of mixing
subshifts of finite type (X1, 0).

Cao, Feng, and Huang [17] also establish the subadditive variational principle:

P(@) = sup { () + F(@,10): p € M(f), F(®.p) # o}, (29)
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where

1 1
F(P,pn) ;== lim —/logwn dp = inf —/lognpn dpu,
oo n n—oon

whose limit is again guaranteed from the subadditivity of ®. In the case where ® is given
by a norm potential A of a matrix cocycle A, we note that F(®,u) is the top Lyapunov
exponent of A with respect to u, and we will often denote it by Ay (A, ).

Similar to the additive setting, any invariant measure 1 € M( f) achieving the supremum
in (2.9) is called an equilibrium state of ®. Also, at least one equilibrium state necessarily

exists for any subadditive potential ® if the entropy map j +— hy(f) is upper semi-continuous

[27]. See also [35].

Remark 2.22. Similar to cohomologous additive potentials, if a cocycle A € C(3p, GLy(R))
is continuously conjugated to another cocycle B € C(Xp, GL4(R)), then from the subaddi-
tive variational principle (2.9) the pressures and the set of equilibrium states for the norm
potentials ® 4 and ®p are the same. This follows because F(P 4, un) = F(Pg, ) for all
€ M(o) as the norm ||C(z)|| of the continuous conjugacy C: YXp — GLg(R) is uniformly
bounded from the compactness of Y. However, it is not necessarily true that two cocycles

A and B are conjugated to each other just because their equilibrium states coincide.

2.2.4  Singular value potentials

We have mostly been discussing the norm potentials of matrix cocycles, but there is another
important class of subadditive potentials arising from matrix cocycles called the singular
value potentials. While most results in this thesis are formulated for the norm potentials for
coherency, some of those results readily extend also to the singular value potentials and we
will comment on them whenever relevant. Hence, we briefly define here the singular value
potentials and describe their applications.

The singular values of A € My, 4(R) are eigenvalues of vV A*A. We define the singular
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value function ¢°: Mgy 4(R) — R with parameter s > 0 as follows:

a1(A). .. a,(Aarg (A 0<s<d,
o5 4) = sy )ers)
| det(A)|3/4 s> d,

where a1 (A) > ... > ag4(A) > 0 are the singular values of A. It is well-known that ¢® is

submultiplicative for all s: for any A, B € M;,4(R) and s € [0, 00),
¢"(A)p*(B) = ¢*(AB).

Moreover, the function (A, s) — ¢®(A) is upper semi-continuous, and has a discontinuity at
s = k € N only if there is a jump in the singular values of the form aj_1(A4) > ai(A) = 0.
In particular, if A takes value in GL;4(R), then ¢*(A) is continuous in both A and s.

For any cocycle A and s > 0, we define the s-singular value potential as

®% = {log ¥ ;, Jnen where % . (2) := ¢* (A" (2)).

Since the norm || A|| is the 1-singular value aq(A), it is clear that the singular value potentials
are generalizations of the norm potentials.

As mentioned in the introduction, the singular value potentials have applications in
the dimension theory of the fractals. For instance, given a mixing repeller A C M with
respect to a diffeomorphism on a closed manifold M, we may associate to it a sequence
of subadditive potentials ®3 defined similar to the singular value potentials above. Under
certain conditions, the Hausdorff dimension of the repeller is bounded above by the unique
zero of the function s +— P(®%). What is more, the unique zero of such a function is often
equal to the Hausdorff dimension of the repeller; see [24].

This is a generalization of Bowen’s result [13] where he computes the Hausdorff dimension
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of quasi-circles arising from quasi-Fuchsian groups. Bowen uses the classical thermodynamic
formalism involving additive potentials and shows that the unique zero of the so-called

Bowen’s equation computes to the Hausdorff dimension of the quasi-circle.

2.2.5  Quasi-multiplicativity

We can extend the notion of bounded distortion for additive potentials introduced in Remark
2.19 to subadditive potentials. We say a subadditive potential ® = {log ¢y, } ,en has bounded

distortion if there exists C' > 1 such that for any n € N and I € £(n), we have

1< #l®) _ o (2.10)

for any x,y € [I]. The following lemma shows that the norm potentials of fiber-bunched

cocycles have bounded distortion.

Lemma 2.23. Let A be a Hélder continuous and fiber-bunched GL;(R)-cocycle over Y.

Then its norm potential ® 4 has bounded distortion (2.10).

Proof. From the uniform continuity of the canonical holonomies H s/ % we can fix ¢ > 1 such
that the norm HH;/yuH is bounded above by ¢ whenever y € Wlso/cu(x).
Consider any n € N, I € L(n), and =,y € [I]. Then, setting z := [y, x] and using the

second property of the holonomies from Definition 2.3 as well as the submultiplicativity (1.2)

of the operator norm, we have

A @) < A = [Hong gn, 0 A"(x) 0 HE 4| < [ A" (2)].

Using the canonical unstable holonomy instead, we have ¢=2 < || A" (y)||/||A™(2)| < 2.

Then, the statement follows by setting the constant C' equal to A O
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Remark 2.24. The canonical holonomies H/" vary continuously in \A. Hence, by increasing
the constant C' from Lemma 2.23 if necessary, the bounded distortion holds on ®p for all

B € Ci' (X7, GLy(R)) sufficiently close to A with a uniform constant C.

Definition 2.25. Given a subadditive potential ® = {log ¢} on X7 with bounded distor-
tion, consider a subadditive potential log on L given defined by ¢(I) := méﬁ on(x). We
xe

say ® is quasi-multiplicative if there exist constants ¢ > 0 and k£ € N such that for any words

I,J € L, there exists K = K(I, J) € £ with |K| < k such that IKJ € £ and

(IKJ) > cp(Dp(J).

In the same vein, we say A: YXp — GL4(R) is quasi-multiplicative if its norm potential
® 4 is quasi-multiplicative. This agrees with the definition of quasi-multiplicativity (1.4) of
A from the introduction.

The main usage of quasi-multiplicativity is due to the work of Feng [27] who showed that

it is a sufficient condition to guarantee the uniqueness of the equilibrium state.

Proposition 2.26. [27, Theorem 5.5] Let & = {log ¢, },,en be a subadditive potential on Ep
with bounded distortion. If ® is quasi-multiplicative, then there exists a unique equilibrium
state € M(o) satisfying the subadditive Gibbs property: there exists C' > 1 such that for

any z € Xy and n € N, we have

_ p([x]n)
< = P@) 0 ([2]n) S

This result is a partial generalization of Proposition 2.18 to subadditive potentials. The
differences, however, are that we need an extra assumption of quasi-multiplicativity on the
subadditive potential and that wp is not necessarily Bernoulli. Regarding such differences,
we note that the proposition is no longer true without assuming quasi-multiplicativity, and

examples of subadditive potentials with multiple ergodic equilibrium states may be found
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in [28]. The lack of Bernoullicity is partially addressed in Chapter 5 where we establish the
K-property on p under suitable assumptions.

We also note that this proposition is established for subadditive potentials over one-
sided subshifts of finite type in [27]. However, the same result readily extends to two-sided
subshifts of finite type; see [41].

It is clear from Proposition 2.26 that quasi-multiplicativity is an important property
one hopes to verify on subadditive potentials. In the case where subadditive potentials are
norm potentials of locally constant cocycles, the following result of Feng [26] shows that

irreducibility implies quasi-multiplicativity.

Proposition 2.27. [26] Let A: ¥£; — GL4(R) be a locally constant cocycle over a full shift.
If A is irreducible, then A is quasi-multiplicative, and hence, its norm potential ® 4 has a

unique equilibrium state py4 € M(o) with the subadditive Gibbs property.

We conclude this preliminary chapter with some comments and discussion on this propo-
sition with regards to the main results of this thesis.

Theorem A can be viewed as a generalization of the above proposition that the norm
potentials of “most” fiber-bunched cocycles have unique equilibrium states. A few merits
of Theorem A is that this is one of the first few results on the subadditive thermodynamic
formalism of cocycles that are not locally constant. Another merit of Theorem A is that
it connects a seemingly unrelated topological condition (typicality) on the cocycles to the
uniqueness of the equilibrium states for the norm potentials.

Theorem C is another generalization of the above proposition. Instead of having to
restrict to fiber-bunched GLo(R)-cocycles, we have a more direct generalization under ir-
reducibility assumption only, which is strictly weaker than typicality. For fiber-bunched
GLg4(R)-cocycles, the same result holds true under an extra assumption called the stronger
bunching; see spannability introduced in Bochi and Garibaldi [6] and its connection to the

uniqueness of the equilibrium states outlined in Section 4.4. We expect that the stronger
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bunching assumption is unnecessary and that norm potentials of irreducible fiber-bunched
GL4(R)-cocycles have unique equilibrium states, but there is currently no established proof
on such a problem.

Once the uniqueness of the equilibrium states 1 4 for irreducible locally constant cocycles
was established by Feng, there had been attempts to further investigate various properties
on them. For instance, the result of Morris [37, 38, 39] mentioned already in the introduction
shows that if ;4 is totally ergodic, then it is Bernoulli. His result can be compared to the
unique equilibrium states for Hélder potentials (from Proposition 2.18) which are Bernoulli
without needing to impose any further assumptions. With that said, Morris’ result is in some
sense similar to how a non-trivial assumption such as quasi-multiplicativity is necessary to
extend Bowen’s result on the uniqueness of the equilibrium state to subadditive potentials.

Theorem E and F are also results along this direction. While we do not quite obtain
Bernoulli property in those theorems, the K-property is a property right below Bernoullicity
in the hierarchy of ergodic properties. Hence, we may consider them as partial generalizations
of Morris’ result to fiber-bunched cocycles.

The complementary results to the above proposition concerning the existence of multiple
equilibrium states for the norm potentials of locally constant cocycles have also been studied
by Feng and Kéenméki [28]. It is clear from the above proposition that such cocycles
are necessarily reducible. In particular, such cocycles can simultaneously be conjugated to
upper block triangular matrices where the tuples of diagonal blocks are irreducible. Feng
and Kédenmaki showed that the number of ergodic equilibrium states for the norm potential
is necessarily finite. What is more, they established that each diagonal block can contribute
at most one equilibrium state, which then implies that the total number of equilibrium states
is bounded above by the number of diagonal blocks.

There is a similar result for the singular value potentials for locally constant cocycles.

Bochi and Morris [7] showed that for any locally constant cocycle A: ¥; — GLg(R) and
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any s > 0, the number of ergodic equilibrium states for the singular value potential @il
is finite. Compared to the norm potentials, their proof for the singular value potentials is
more involved and requires in dept analysis on the structure of the cocycles using tools from
algebraic geometry.

Lastly, we note that there is no analogue of Bochi-Morris’ result for fiber-bunched co-
cycles. Their method does not readily generalize to fiber-bunched cocycles, and new tools

would have to be introduced to establish such a result.
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CHAPTER 3
QUASI-MULTIPLICATIVITY OF TYPICAL COCYCLES

This chapter originally appears in [41] L

3.1 Preliminary linear algebra

We collect preliminary lemmas and relevant constants needed in the proof of Theorem A.

Definition 3.1. For A € GL;(R), we choose a singular value decomposition (SVD)

A=UAV*,

where the singular values in A are listed in a non-increasing order. We define u(A) and v(A)
as the first column of U and V', respectively.

If the singular values of A are distinct, then the singular value decomposition of A is
unique (up to signs), and hence so are u(A) and v(A). If there are repeated singular values,
then the singular value decomposition of A is not necessarily unique. In this case, we simply

choose a singular value decomposition of A, and set u(A) and v(A) accordingly.
Roughly speaking, u(A) and v(A) can be thought of as the most expanding direction of
A* and A, respectively. From the definition, we have

| Allu(A) = Av(A). (3.1)

Throughout the section, when we measure the angle between nonzero vectors, we mean
the angle between the lines spanned by the vectors. Similarly, when we measure the angle

between a nonzero vector v and a hyperplane W, we mean the minimum angle £(v,w)

1. Published in Communications in Mathematical Physics, and reproduced here with permission.
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over all w € W\ {0}. Also, we will not distinguish between a vector in V \ {0} and its
corresponding point in the projective space P91 when there is no confusion. We have an

easy lemma from linear algebra.

Lemma 3.2. Given any A € GLj(R) and any w € RY, we have
[ Awl| > cos £ (w, v(A)) A - [[w]].

Proof. Let v = v(A), and write w = av+v where |a| = ||w]|| cos £(w,v) and v/ € v'. Letting

u = u(A), we have from (3.1) that
Aw = a||Allu + AV

Since the singular vectors are pairwise orthogonal (i.e., columns of U are pairwise orthogonal),

we have Av' € ut and the lemma follows. O]

Recall that the co-norm m(A) of A € GL4(R) is defined by
m(A) = [ A7H7

The following lemma will be useful in proving Theorem A.

Lemma 3.3. Let # > 0 be given and A, B,C, D € GL;(R) such that
£(B*v(A), (Cu(D))*1) > 6.

Then,
m(B)%m(C)

[ABCDI| = ||A]l - [ DI] - sin(8) - 1B]
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Proof. We have

|BCu(D)]| COSA(BCU(D),U(A)) = [(v(A), BCu(D))|
= [(B*v(A), Cu(D))]
> || B u(A)||[|Cu(D)]| sin(0).
Hence,

m(B
18Il

~—

cos £(BCu(D),v(A)) > sin(6)

It then follows from (3.1) and Lemma 3.2 that

[ABCD| = [[ABCDu(D)|| = || D] - [[ABCu(D)]|
> || D] - cos £(BCu(D), v(A))||A] - | BCw(D)|

= [[A[F- 1D - sin(0) - == - m(BC).

This completes the proof. O

For v € P41 let the cone around v of size € be
Clv,e) :={w e P L(v,w) < e}.

If P € GL4(R) has simple eigenvalues of distinct norms with corresponding eigendirec-
tions {v1, ..., vy}, then for any v € P41 there exist indices 4, j € {1,...,d} such that P™v
converges to v; as n — oo and to v; as n — —oo. Given an € > 0, it then follows that P"v
eventually enters and remains in the e-cone of {vy,...,v4} as |n| gets sufficiently large. The
following lemma shows that there exists a uniform constant N € N such that the number
of n € Z in which P"v lies outside of the e-cone of {vy,...,v4} is bounded above by N,

independent of v € pd-1,
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Lemma 3.4. Suppose P € GL;4(R) has simple eigenvalues of distinct norms. Given € > 0,

there exists N = N(¢) € N such that for any v € P41,

#{n €Z: P'v¢ OC(vi,s)} < N.

=1
Proof. The projectivization of P is a Morse-Smale diffeomorphism on P?! with d fixed
points vy, ...,v, and no other periodic points. Hence, there exists N = N(¢) € N such that

the conclusion of the lemma holds true. O]
Remark 3.5. Since the eigenvalues of P from Lemma 3.4 vary continuously in P, we can
choose N to work uniformly near P.

In the proof of Theorem A, we will also make use of the adjoint cocycle. For any cocycle

A, we define the adjoint cocycle Ay over o~ ! generated by Ay where Ay is defined by
Ailx) = [A(o 2)]* (3.2)

Suppose A admits holonomies H5/%. Then the adjoint cocycle Ay also admits holonomies
given by
H;:Z = (Hg,ﬂf)* and Hg:; = (H:lj,l‘)*

This can be easily seen by plugging u = (H; ,)*u and v = H?

o1y 51,0 Into (3.2) for some

y in the stable set of & with respect to o. The following lemma shows that many properties

of A carry over to As.

Lemma 3.6. Let A € C}' (X7, GLg(R)). Then,
1. A, is fiber-bunched if and only if A is fiber-bunched.
2. Ay is 1-typical if and only if A is 1-typical.

3. Ay is typical if and only if A is typical.
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Proof. (1) follows from the fact that a matrix and its transpose have the same singular
values. For (2), we note that the eigenvalues of the transpose P* are equal to the eigenvalues
of P; in particular, they are simple and distinct in modulus. Indeed, if we define W; to be
the hyperplane spanned by all but the j-th eigenvector v; of P, then the j-th eigendirection
of P* is given by w; := (W;)=. The twisting condition (B0) from Definition 2.8 is then

equivalent to

(p(vi),wj) # 0 for all 1 < 4,5 < d.

Hence, (v;, (15)*w;) # 0 for all 1 <i,j < d; this is equivalent to Ax being 1-typical because

V" = HZp o Hy' is equal to (15)*. (3) then trivially follows from (2). O

We end the preliminary set-up with a lemma which allows us to assume that the periodic

point p from Theorem A is a fixed point by passing to a power.

Lemma 3.7. Suppose A is fiber-bunched. For any n € N, consider 6 := o™ and A := A".
If A is quasi-multiplicative as a GL;(R)-cocycle over &, then A is quasi-multiplicative as a

GL4(R)-cocycle over o.

Proof. Let 1,J € L be any two admissible words with respect to o. Denoting |I| by a € N
and writing T = 4(...iq_1, we extend I to I :=ig...i;_1 € £ such that the length |I| of I is
equal to @ :=n - [a/n]. Since a is a multiple of n, we may consider I as an admissible word
with respect to . Similarly, we denote the length |J| by b € N, and extend J = jg...j,_1
to a ¢-admissible word J := Jy_j---Jo---Jp—1 of length b:=n-[b/n].

Then from quasi-multiplicativity of fl, there exists a ¢-admissible word K of uniformly
bounded length so that

AR > e AD] - [ AD)].

Since G —a is bounded above by n—1, | A(I)|| is uniformly comparable to ||.A(I)|| upto a con-
stant depending only on A and n. Similarly, ||.A(J)|| is uniformly comparable to ||.A(J)||. Not-

ing that ./Zl(if(j) is equal to A(IKJ) with K :=14,. .. id—lKjb_g ... j—1, quasi-multiplicativity
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of A then follows. O

3.2 Quasi-multiplicativity of typical cocycles

Throughout the section, let A € U be a typical cocycle over (Xp,0). From Lemma 3.7, we
may assume that p is a fixed point of 0. Let {v;};<;<4 be eigendirections of P := A(p) listed
in the order of decreasing modulus of eigenvalues. Similarly, we denote the eigendirections
of P* := A«(p) by {w;}1<ij<q- We define W; be the hyperplane in R% spanned by all v;’s
except v;.

Remark 3.8. As in the proof of Lemma 3.6, we have w; = (W'j)L for each 1 < j < d. It then
follows that the angle formed by the top eigendirections v and wy of P and P* is necessarily

bounded away from 7 /2.

Suppose a, b, ¢, d € Y are related by
[c,a) =0 and [a,c] =d,

where the bracket operation is defined in (2.1). We say such configuration of points form a
rectangle with vertices a,b, ¢, and d, and denote it by [a, b, ¢, d].

Note that a rectangle is defined by prescribing two opposite vertices. All rectangles
appearing in the proof will have one of its vertices at p.

For ¢ € Xp in the local neighborhood of p, but not on Wy (p) UW)! (p), consider the
rectangle [p,x,q,y] having p and ¢ as opposite vertices. We define the holonomy of the

rectangle [p,x,q,y] by

— u S u S
Ry = HypoHyyoHy g0 Hp,.

Since canonical holonomies are Holder continuous, the holonomy composition R; uni-
formly approaches the identity as the rectangle degenerates (i.e., as a pair of opposite sides

degenerates to a point) to a line or a point.
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Recall that 6 € (0, 1) is the hyperbolicity constant defining the metric on the base 3.

The following lemma is immediate from the uniform continuity of the canonical holonomies

e/,
Lemma 3.9. Given € > 0, there exists m = m(e) € N such that

(i) If [p,z,q,y| has an edge whose length is at most #™, then

L(Rg(v),v) < %0 for any v € P41,

(i) If all edges of [p, z, q,y] are no longer than §™, then
L(Hy 0 Hpy 4(v),v) <eo/2 and £(H, o0 Hy,(v),v) < eo/2,

for any v € pd-1,

Lemma 3.10. There exists € > 0 such that for any ¢ > 0, there exists ¢y := {y(gg) € N
d
such that for any ¢ > ¢y and v € |J C(v;,¢), we have
=1

Py (v) € C(v1,£0/2).

Proof. The twisting condition (BO) implies that there exists £ > 0 such that
A(w;(u),wj) > g,

d

for all 1 < j < d whenever v € |J C(v;,¢). Then from the pinching assumption (A0) and
=1

the fact that v; € P! is the top eigendirection of P, there exists {y(cg) € N such that

Péwg(v) € C(vy,e0/2) for any ¢ > {. O

We now begin the proof of Theorem A.
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Proof of Theorem A. Let A € U be a typical cocycle, and p and z be the periodic and
homoclinic point given by the hypothesis. We may assume that p is a fixed point and that
z is on Wi (p).

Let

B = L(vy,wi) = L(v1, W).

Note that f§ is necessarily positive from Remark 3.8. Let & > 0 be from Lemma 3.10 (i.e.,

from the twisting condition (B0)), and fix
g0 € (0,min(e, 5/8)). (3.3)
Letting m := m(eq) and £g(gg) be from Lemma 3.9 and 3.10, fix £ € N such that
0> ly(cp) and d(atz,p) < 6™ (3.4)

Remark 3.11. By slightly relaxing the constants f3,ep, m, and ¢ (i.e., decrease 3,gy and
increase m, ) in the sequential order they are defined if necessary, we may assume that
they work for the adjoint cocycle A, as well. For the adjoint cocycle A, we denote the
corresponding points (on the orbit of z) playing the role of z € Wy! (p) and olz € Wi (p)
by 2 € Wy (p) and otz e W)L (p), respectively. In particular, we assume that the corre-
sponding versions of Lemma 3.4, 3.9, 3.10, as well as (3.3) and (3.4) hold for P*, {w;}1<;<q,
H5/v* and (P*)fypa.

Moreover, since all data such as H /U and P used in defining 3,0, m, and ¢ depend
continuously on the cocycle A € U, we may assume that such constants also work for all

cocycles B € U sufficiently close to A.

Since the adjacency matrix T of the subshift 7 is primitive, there exists 7 € N such

that 77 > 0. Such 7 is the mixing rate of the system (X7,c). Then for any given I € L,
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there exists @y € [I] N W#(p) such that /147G, e Wi .(p).
We set

wp = o' wy where 7 = 7(I) := [I| + 7 + m.

Since O"IH_?(DO is already on the local stable set W} (p) of p, we have d(wg,p) < 6. Define

gy = Hiy yu(AT (@) € P71,

Let N € N be given by applying Lemma 3.4 to P and £9/2. In the same spirit as
Remark 3.5 and 3.11, we assume that N also works for P* as well as for cocycles B € U
sufficiently close to A € U. Lemma 3.4 applied to ug, gives n := n(ug,) < N such that

PMug, € C(vj,e0/2) for some 1 < i < d. Using ug, and n, we construct a new point

note that wy € Wi (o) N [T]. We set

wr = O’T(DI, and wr := UnJréwI.

The forward orbit of wy € [I] first comes close to p, arriving at wy, then dwells near p for n
iterates, and then shadows the orbit segment from z to aéz, and finally lands on W} (p) at

the point wy. Define

ugy = HE WA (@) HY (A (@) € P71

Lemma 3.12. ug, is equal to P%;RJ,%P%@O

Proof. Consider the rectangle [p, J”wo,a_gﬁl,z] with opposite vertices at p and o"wy =
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a_gful and its holonomy rectangle:

R = HY H® , H"

HS
o~ 20 oo,z oMwg,o o o two

Combining this with the relation H5 , Af(c ‘@) = AY(2)H®_,. and (2.5), we obtain
wr,0°z ot

Ik

wl pATH_é( )HZZ)LO w1 = H(f;l pAe(o- WI)ATL(WI)HWO w1
= HS A HS o HY, o A (wp)

wlp azwl oo,z o"wg,o oy

l
= H;KZJ)A (Z)H;)L,ZRU*ZQI o"wy pAn<WO)
4
=P szO'_E@IHUnUJO pAn(wo)

_ pt
= PYY Ry i P HE, )

Then it follows

uay = HE, A" (wor) HYy (AT (@0)

:Pﬁwg}za_Z P"H? u( AT (@p))

wo,pt
l
=P l/JgRU_gaIPnu(;jo,
as claimed. n

Lemma 3.13. ug, € C(v1,€0/2) and d(wr,p) < 0™,

Proof. From the choice of n = n(ug,), P"ug, € C(v;,e0/2) for some 1 < ¢ < d. Since
the edge between p and o"wq of the rectangle [p, o"wg, ooy, z] has length at most 6",
RU_%IP”UQO belongs to C(v;,eq) from Lemma 3.9. Since gy < ¢ and ¢ > {y(eq), the first
claim follows from Lemma 3.10. The second claim of the lemma also follows from the choice

of ¢ that d(@y,p) = d(otz,p) < ™. O
Remark 3.14. In this remark, we summarize what we have done so far. We identify (w,n) €
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Y1 x N with the forward orbit segment starting at w of length n.

From a given word I € £, we construct an orbit segment (&g, 7) starting at wy € [I] and
ending at wg € Wy (p) using the mixing property of the base system (X7,0). We do not
however have any control of the singular direction ug,; it could be anywhere in Pi—1. So we
construct a new orbit segment (wr, 7 + n + ¢) which first shadows the orbit of wy for time
7 4+ n and then shadows the orbit of z for time ¢. By choosing n in such a way that P"ug,
is close to one of the eigendirections of P, we ensure that ug, is close enough to the top

eigendirection vy of P.

We apply the same argument to the adjoint cocycle Ay with 2 € Wy (p) and otz e

W)L (p) from Remark 3.11 playing the role of z and olz. Similar to @y, we obtain ig € ol’lJ

from the mixing property of (X7, ) such that

—7(J)

w:i=0o io € Wioo(p) where 7(J) = |J| + 7 + m.

Applying Lemma 3.4 to P* and the direction Hfo’:;,u(A:(J)(io)) gives n < N such that

(P*)ﬁHfO’jDu(AI(J)(ZO)) belongs to the cone C(w;,e0/2) for some 1 < ¢ < d. Define

and set

7(J) i—~

ty=o0 "“Yiyand ty =0 " 1.

Then the analogue of Lemma 3.13 holds for A4 and ¢:

Lemma 3.15. d(i3,p) < 6™ and the o1 orbit of ij satisfies

HE AT 1) g u( AT i) € Cluon.e/2).

Having two points w; € Wy, (p) and 73 € W/ (p) with the desired control on the singular
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directions (Lemma 3.13 and 3.15), we connect their orbits by taking their bracket

X ‘= [&I”ZJ]’

and set Y := J*T(I)fnfgx € [[] and x := JT(J)JrﬁJréX e ol [J]. From the construction, every
edge of the rectangle [p, @y, x, ;] is no longer than #™. Then from Lemma 3.9, H“ H;M
is sufficiently close to the identity in that it does not move any line off itself more than eq/2
in angle. It then follows from Lemma 3.13 that

ug = A" (T HY

wo, O’T(I)X

(A (@p))
= HY A (W) HY, u(AT (@)

_ HU S U
WILX PywI wI

belongs to C(v1,gq). Similarly, H% ’*;( o H;’T* does not move any line off itself more than /2

)

in angle. From the definition (3.2) of the adjoint cocycle Ay, we have
u(AT (1)) = oA (wg)).

Then it similarly follows from Lemma 3.15 that

n+l, _n+t
- A ( X)HLO O-n+€X

w(A™I (1))

belongs to C(w1,ep). By our choice of ey € (0,3/8), uy € C(v1,¢0) and vy € C(wy,ep)

together give the following uniform gap between the singular directions:

4<U>A<7UJ:) > % (3.5)
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Using this uniform gap, we now establish quasi-multiplicativity on A. First, we set
k:=2m+ 27 + 2N + 2¢.

Note that £ is independent of I and J. Then we define the connecting word K using the orbit
of x:

K= [olllg)2,
where k = 2m + 27 +n + i + 2¢. The length of K is at most k as n,7n < N.

Lemma 3.16. There exists ¢ > 0 independent of K such that
AIKI)[] = el AD[[A)]]-

Proof. Using the uniform continuity of the canonical holonomies, we fix Cy > 1 that serves
as the constant for the bounded distortion property (2.10) for the norm potential ® 4 as well

as the upper bound on HH;’/;H whenever y € Ws/u(x). Then we apply Lemma 3.3 with

loc

Ay, € = AWy HY , and D = A" (wy).

wo,0 ™My

A e AT<J)([/O)7 B — HOS'TAL+EX’LO

Recalling that H;’/; = (Hg’é;s)*, the uniform gap (3.5) implies that such choice of A, B,C
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and D satisfies the assumption of Lemma 3.3 with 0 = 33/4:

JATKD)|| > || AR gy
— AT (0™ ) AP () AP (™D ) ATD ()|
>C 2” ()( n+4 )An—&-f( )An-l-f( ()X)AT( ( )

o,

A™D (@)

XLO
= O A () H e, AT A 0™ W) HE
= Cy%||ABCD||

m(B)*m(C)

> Cy % sin(38/4)| Al D| 1B]

Setting T := max (max | A(z)|], 1) and ¢ := min ( min m(A(z)), 1), we have
TEXT TEXT

CoTN T > ||B|, and m(B),m(C) > Cy o T

It then follows that

—6 o PN 7(J) (1) (5
I AT = Co ™ sin(36/4) Ty A (o) - A (o)
e BN+ +2(7+m) ] il
> Oy sin(38/4) g IAY 0 lio) |- 1AM (@o) |
> | ADMITADI,
5. BN+HO+2(7+m)
where ¢ := C, " sin(33/4) Y

By slightly relaxing them if necessary, the constants ¢ and k uniformly work for cocycles

in a small neighborhood of A due to Remark 3.11. This completes the proof of Theorem

A.

Remark 3.17. Unlike constants ¢ and k, it is clear from the above proof of Theorem A that

the connecting word K = K(I, J) € £ cannot be chosen uniformly in a small neighborhood of

45



A. This is because although B may be arbitrarily close to A, the singular direction u(B" (@g))
could be drastically different from u(A"(wg)) if the length of I (and, hence, 7 = m + 7 + |1])
is arbitrarily large. Then the number of iterates n of P needed to turn Hg ,u(A”(&g)) close

to one of the eigendirections of P would be different from that of Hg ,u(B7(wp)). Hence

we cannot expect K to be chosen uniformly near A.

3.3 Continuity of subadditive pressure

In this section, we prove Theorem B based on the proof of Fekete’s lemma. For any A: ¥p —

GL4(R), we obtain a subadditive sequence {log a;,(A)},,en where

an(A) = > pal) = > max o(A” (z)).

= il=n "

Recall from Remark 2.21 that we have

P(®4) = lim llogocn(A).

n—oo n

We say that a sequence {an},en is almost superadditive with constant C' > 0 if for all
n,m € N, we have

an+m Z an ‘l_ am - O

In the following lemma, we use quasi-multiplicativity from Theorem A to show that given
any A € U, the sequence {logay,(B)} is almost superadditive with the uniform constant

C > 0 for all B sufficiently close to A.

Lemma 3.18. Let A € U be typical. Then there exists C' > 0 such that the following holds:
there exists a small neighborhood of A in U such that for all B in the neighborhood, the

sequence {log a,(B)},en is almost superadditive with constant C.

Proof. There exists C7 > 0 such that a,41(A) < Crap(A) for any n € N. In fact, we can
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set C1 =7 - q where T := max | A(z)]| and ¢ is the number of alphabets in ¥p. We may
rexr
increase (' slightly to ensure that this property also holds for all B in a small neighborhood

of A. After shrinking the neighborhood if necessary, we have

k k
can(Bam(B) £ 3" anpm1i(B) < (D C1)amn(B)
1=0 1=0
where ¢ and k are the uniform constants from Theorem A. The lemma follows by setting
ko
C =log (c_l- ZC}) O
1=0

We are now ready to prove Theorem B.

Proof of Theorem B (1). Let A € U, and € > 0 be given. We will show that there exists a
small neighborhood of A such that any B in that neighborhood satisfies |P(® 4)—P(®g)| < €.
For any m,n € N, we write n = tm-+r with 0 < r < m. For all B in a small neighborhood

of A, Lemma 3.18 gives

1 1 1 1
ol |t log @ (B) + — log ar (B) < = log an(B) < ~ log am(B) + — log a,(B).
n n n n n n

Notice that as n — oo, we have t/n — 1/m and %log ar(B) — 0 because there are only m

possible values of a;(B). Sending n — oo,

2Q

1
P(25) — —logan(B)| <
We choose m € N large so that C/m < ¢/2. Then we shrink the neighborhood of A if

necessary such that for any B in the neighborhood,

1 1
Elog am(A) — Elog am(B)| < ¢e/2.

Then for all B in such neighborhood of A, the claim follows. m
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Proof of Theorem B (2). Suppose A, € U converges to A € U. By passing to a subsequence
if necessary, let v be any weak-+ limit of p 4 . We recall that two maps p +— hy(c) and
(®, ) — F(P, ) are upper semi-continuous; the entropy map is upper semi-continuous from
the expansivity of the base dynamical system (X7, 0), and F is upper semi-continuous from

being an infimum of continuous functions. From Theorem B (1), » must be an equilibrium

state of @ 4:
P(® ) = lim P(®4,) = lim Dy () + F(@a,.04,)
< hy(0) + F(D g, v).
Since A € U, the equilibrium state p 4 of ® 4 is unique. Hence v = pi 4, as desired. O]

We note that Cao, Pesin, and Zhao [18] recently showed the continuity of the subadditive
pressure in a more general setting. In particular, their results imply that the map A —
P(®4) is continuous on C*(Xp, GLy(R)), and Theorem B (1) is implied by their result.
However, the methods of proof are different. Cao, Pesin, and Zhao construct a horseshoe
with dominated splitting which carries most of the pressure. Using the structural stability
of horseshoes, they establish the lower semi-continuity of the pressure. See [18] for details.
On the other hand, we compare P(®4) to P(®p) using the uniform constants of quasi-
multiplicativity from Theorem A.

For similar results in this direction, Feng and Shmerkin [29] showed that locally constant

cocycles are continuity points of P(® 4) in L>(X7, My q(R)).

3.4 Further applications

In this section, we briefly remark on further applications of Theorem A. For coherence of
this thesis, we will only comment on them without providing the proof. For more detailed

discussion, we refer the readers to [41].
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First, Theorem A holds also for the singular value potentials @it. What is more, given
any I,J € L, the connecting word K = K(I,J) for the quasi-multiplicativity of q)f4 can be
chosen to work simultaneously for all s > 0. The proof is almost identical to that of Theorem
A once we replace Lemma 3.4 to a suitable simultaneous version of the lemma.

The continuity of the pressure also extends to the singular value potentials of typical
cocycles. That is, any (A,s) € U x ]R(")" is a continuity point of the map (A, s) — P(®%).
This has application to the dimension theory of the fractals. Given a C1¢ diffeomorphism
f on a closed manifold M, suppose there exists a repeller A C M such that the derivative
cocycle Df restricted to A is fiber-bunched (in a suitable sense; see [41] for the precise
formulation). For each s > 0 we can associate a subadditive potential ®%, and we denote
by s(A) the unique zero of the function s — P(®}) which serves as an upper bound for the
Hausdorff dimension of the repeller A. The continuity of P(®%) from Theorem B can be
translated to this setting in order to deduce the continuity of the map g — s(A4) on an open
and dense subset near f.

Lastly, quasi-multiplicativity reveals information on the shape of the pointwise Lyapunov
spectrum. The pointwise Lyapunov spectrum L 4 of a cocycle A is the set of all real numbers

that can be realized as the Lyapunov exponent for some z € >7:
Li=f{yE€R|7y= lim ~log|A™a)| € Sr}
A:=1{y v=lim —log x)|| for some x T}

Feng [25, 26] showed that quasi-multiplicativity of the norm potential implies that the point-
wise Lyapunov spectrum is closed and bounded (i.e., a closed interval). After showing that
the extremal (i.e., minimum and maximum) Lyapunov exponents o and (3 are attained by
some points x and y respectively, he used quasi-multiplicativity to concatenate the forward
orbits of x and y alternatively so that the Lyapunov exponent of the resulting point can be
made precisely equal to any given v € [«, 8]. Using his argument, we can deduce similar

results on the pointwise Lyapunov spectrum of typical cocycles. Moreover, there is a natu-
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ral generalization of such a spectrum by considering all (i.e., not just the top) d-Lyapunov
exponents simultaneously. Under typicality assumption, we can show that such an object is

closed and bounded as a subset of RY.
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CHAPTER 4
THERMODYNAMIC FORMALISM OF FIBER-BUNCHED
GL,(R)-COCYCLES

This chapter is joint work with Clark Butler and originally appeared in [14]2.

4.1 Reducible fiber-bunched GL;(R)-cocycles

We will first consider the norm potentials of reducible (as in Definition 2.6) fiber-bunched
GLa(R)-cocycles. More precisely, we will show that the norm potential ® 4 of a reducible
cocycle A € Cp' (X7, GLa(R)) has a unique equilibrium state unless the conjugated cocycle
B as in (1.5) satisfies two conditions from Theorem D, in which case there are two ergodic
equilibrium states for ® 4.

For reducible cocycles, we treat them by modifying the results of Feng and Kédenmaéki [28].
For locally constant cocycles, they showed that after simultaneously conjugating the cocycle
into upper block triangle matrices of the same indices such that the tuples of diagonal blocks
are irreducible, the number of ergodic equilibrium states for the norm potentials cannot
exceed the number of the diagonal blocks. Since the norm potentials of fiber-bunched cocycles
have bounded distortion property (2.10), we may modify and apply the result of [28].

Recall that A4 (A, p) denotes the top Lyapunov exponent of A with respect to p. When
1 is ergodic, then

) 1
A(A ) = T~ log A"z

for p-a.e. x. The following proposition states that given a GLo(R)-cocycle taking values in
upper triangular matrices, both the top exponent and the subadditive pressure come from

the diagonal entries.

2. Published in Discrete and Continuous Dynamical Systems, and reproduced here with permission.
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Proposition 4.1. Suppose B € C (X7, GL2(R)) is of the form (1.5):

Then for any ergodic probability measure pu,

1. the top Lyapunov exponent Ay (B, u) satisfies

A(B, ) = maX{/loglal du,/log|0| du}-

2. P(@p) = max {P(log |al), P(log c]) }.
In order to prove Proposition 4.1, we need a lemma from ergodic theory.

Lemma 4.2. Let (X, B, i) be a probability space, f: X — X an ergodic measure-preserving

transformation, and ¢: X — R a p-integrable function with sup |p(z)| < co. Denoting
reX

o= /gp du, for any € > 0 and p-almost every x € X, there exists n; = ny(x) € N such
that

|Sne(fMr) —nal < (n+m)e
for any n > ny and any m € N.

Proof. Let Xg C X be a full measure subset from Birkhoff Ergodic Theorem such that
1

the Birkhoff average —Syp(x) converges to a for any x € X. For each x € X, choose
n

ng = ng(x) € N such that

<e/2

1
‘ﬁsn@(x) -«

for each n > ng. Denoting a,, := Sp¢(x) — na for each n € N, define ny = ny(z) > ng such

that

ny >2/e- ( max |ai]> :

1<i<ng—1
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Consider any n > n1 and m € N. If m > ng, then

[Sne(fx) = nal = [ (Sntmep(z) — (n+m)a) — (Sme(r) —ma) |
< (n+2m)e/2

< (n+m)e.

If m <ng—1, then

1Sne(f"x) —nal = | (Sntme(z) — (n+m)a) — (Sme(r) — ma) |
< (n+m)e/2+ |am|

< (n+m)e

where the last inequality follows because n - /2 > nqy - /2 > |ap)|. O

Corollary 4.3. Under the same assumptions of Lemma 4.2, let Cpy := sup |p(z)] < oc.
reX
Then for any € > 0 and for p-almost every = € X, there exists C(z) > 0 such that

|Snp(fMr) —nal < C(z) + (n+m)e

for all n,m € N.

Proof. In view of Lemma 4.2, it suffices to set C(x) = (Cy + |a|)(n1(x) — 1) for each x €

Xo. O

Proof of Proposition 4.1. By considering a(z) and ¢(z) as multiplicative cocycles over Y,

n—1 )
let 7"(z) = ‘Ho 7(f'x) for 7 = {a,c}. Then for any n € N, we have
1=
n—1 . . )
a(z) S a" o a)b(otz)d (x)
B"(x) = i=0
0 A (z)
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Denoting the (7, j)-entry of a matrix A by A; ;, we have

2
max {|B"(2)1.1] 18" (@2l } < IB" ()] < 2° mas [B" (). (41)

Here B"(z)1,1 = a"(x) and B"(1)9 2 = " ().
For any € > 0, Corollary 4.3 applied to each ¢(z) = log |a(x)| and ¢(x) = log |c(x)| gives

C(z) > 0 for p-almost every x € X7 such that
" (o1 g)| < exp (C(:L’) +(n—1—1) /log la| dp + ns)

and

()| < exp (C’(m) +i/log || d,u+i5>.

Denoting L := max |b(x)|, we have
TeEXT

J

n—1
B (@)1l = | 30 a" (S ()l )
i=0
n—1
< ZLexp <2C’(:1:) +(n—i— 1)/10g|a| d,u+i/log]c] dp + (n+z’)€>,
1=0

< nLexp (20(:L‘) —I—nmax{/log |a| d;z,/log|c| du} + 2n5>.

Since € > 0 was arbitrary, it follows from (4.1) that for p-a.e. x € X7, we have

. 1
Ao (Buo) = i o 8”(o)| = max{ [ 1oglal d, [ 1og]c] di}

establishing the first statement of the proposition.
From the first statement and the subadditive variational principle (2.9), the second state-

ment also follows. Indeed, let {up},en be a sequence of ergodic measures in such that
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by, (o) + A (B, i) limits to P(®p). By comparing /log la| dpy, to /log le| dup, for each
n € N, without loss of generality, we may assume that there exists n; — oo such that
/log|a| dpin, > /log|c| dfin, for each k& € N. Then from the first statement and the

variational priniciple (2.9), we have

Py (7) 4 (B tng) = b () + [ Mo | dyn < Pllog o).

From the choice of pup, the left hand side limits to P(®g) as k — oo and this proves
P(®g) < max {P(log la|), P(log |c|)} Conversely, applying similar arguments to log |a| (i.e.,
by choosing a sequence py, € (o) such that hy,, (o) + /log la| dpy, limits to P(log|a|) and
making use of the first statement and the subadditive variational principle (2.9)) and log |¢|

establishes the reverse inequality. O

If we further suppose that B from Proposition 4.1 is Hélder continuous, then each log |a|
and log |c| is a Holder potential over a mixing hyperbolic system (X7, ) and has a unique
equilibrium state from Proposition 2.18. Moreover, Mog |al is equal to Mog |c| if and only
if log|a| and log |c| are cohomologous. Hence, the following corollary is a consequence of

Proposition 4.1. Also, it is clear that this corollary implies Theorem D.

Corollary 4.4. Suppose B € CP(Sp, GLa(R)) is of the form (1.5). Then the following
holds:

1. If P(log|al) # P(log |c|), then log |a| +¢ log |c| and ® 4 has a unique equilibrium state.

2. If log |a| ~ log |c|, then P(log|a|) = P(log|c|) and ® 4 has a unique equilibrium state

Mlog |a| = Mlog ||

3. If log|a| # log|c| and P(log |a|) = P(log |c|), then ® 4 has exactly two distinct ergodic

equilibrium states Mog |l and HMog ||
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Remark 4.5. The third alternative from Corollary 4.4 is not a vacuous option in that there are
cocycles B satisfying such conditions. For instance, take any two positive Holder continuous
functions log|al, log|c| € CP(Sp, RT) such that there exist two periodic points p, ¢ € S of
some periods n, m € N such that the Birkhoff sum (5, log |a|)(p) equals (Sy, log |¢|)(p) while
(Smloglal)(q) differs from (S;, log|c|)(¢). The assumption on the Birkhoff sums along the
orbit of g ensures that log |a| is not cohomologous to log |c|.

If P(log |a|) = P(log |¢|), then by setting b = 0, the cocycle B satisfies the conditions from
the third alternative of Corollary 4.4. If not, then suppose P(log|a|) > P(log|c|) without
loss of generality. Since log|c| is a positive function, from the variational principle (2.9),
P(slog|c|) limits to oo as s — 0o. So there exists sg > 1 such that P(log |a|) = P(sglog|c|),
and the assumption on the Birkoff sums along the orbit of p ensures that log|a| is not
cohomologous to sglog |c|. Then setting b = 0 again and replacing the function log |¢| by
solog ||, the cocycle B satisfies the conditions from the third alternative from Corollary 4.4.

We may also choose such functions so that B is fiber-bunched as well. Indeed, start with
any constant function log|c| = k with k& € R™ sufficiently large compared to the entropy
htop(c) of (X7,0), and let log|a| be a small perturbation of log|c| obtained by slightly
increasing the function in a neighborhood of some periodic orbit. If the perturbation is
small enough, then sq is sufficiently close to 1, and the resulting cocycle B will be fiber-

bunched.

4.2 Trichotomy for fiber-bunched irreducible GLy(R)-cocycles

In the rest of the chapter, we will prove Theorem C. To do so, we introduce a class of weakly

typical cocycles in Cf*(Xr, GLo(R)).
Definition 4.6. We say A € C}'(X7, GLo(R)) is weakly typical if

1. (pinching) There exists a periodic point p € 37 such that Aper(p) (p) has simple eigen-

values of distinct norms with corresponding eigendirections v4,v_ € P;
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2. (twisting) There exist homoclinic points z4,z— € W?*(p) N W¥(p) \ {p} such that for

each 7 € {+, —}, the holonomy loop ¢" := HZ_, 0 H} . twists v;:

byzr

¢§T (vr) # vr.

We denote the set of weakly typical cocycles by

Uy = {A € C}} (37, GLa(R)): A is weakly typical}.

As in the case for typical cocycles, the set of weakly typical cocycles Uy, is open and dense
in Cp* (X7, GL2(R)), and has infinite codimension. In the following remark, we point out the
differences between the typicality assumption from Definition 2.11 and the weak typicality

assumption defined above.

Remark 4.7. The main difference between typicality and weak typicality lies in the formu-
lation of the twisting assumption. The twisting assumption for typical cocycles (Definition
2.11) requires that there exists a single homoclinic point z whose holonomy loop wg twists
all eigendirections.

On the other hand, the weak typicality assumption (Definition 4.6) allows each v4,v_ € P
to be twisted under holonomy loops of different homoclinic points z4, z_, respectively. In
particular, since we only require that ¢,7 (v;) # vy for each 7 € {4, —}, it could happen that
w§+(v+) = v_ and @/);_ (v—) = vy4. Moreover, as we will see, the weak typicality is flexible
enough to establish the trichotomy in Theorem 4.8 below, and yet has enough structures to

guarantee the uniqueness of the equilibrium state.

Next theorem establishes a trichotomy among irreducible cocycles in Cj' (37, GL2(R))

with weak typicality being one of the alternatives.

Theorem 4.8. Suppose A € C}'(X7, GLo(R)) is irreducible. Then either
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1. A is weakly typical (i.e., A € Uy), or
2. there exist two bi-holonomy invariant line bundles interchanged by A, or

3. there is a Holder conjugacy of A into the group of linear conformal transformations of

RZ.

The content of Theorem 4.8 is similar to the fact that a subset of GLy(R) which does
not preserve a common line either generates a Zariski dense subgroup, preserves a union of
two lines, or belongs to a subgroup of the form O(2) x R* in some inner product.

As (X7, 0) is a mixing hyperbolic system, for any periodic point p € Y the set of

homoclinic points of p is dense in X7.

Lemma 4.9. Let A € Cj'(X7,GLa(R)) be an irreducible cocycle. For any fixed point

p € Y and any line L € P, either
1 A@p)(L) # L, or
2. there exists a homoclinic point z of p such that 15 (L) # L.

Proof. Suppose the conclusion of the lemma does not hold. Then there exists an A(p)-
invariant line L € R2 that is preserved under wf; for all homoclinic points z of p. For each

homoclinic point z, we define
L,:=H,.(L)=H, (L)

The second equality holds because L is invariant under ¢§.
We will show that such extension of L to the set of homoclinic points of p is Holder
continuous. Suppose z,y are homoclinic points of p with d(z,y) small. Setting z := [y, z|, z

is also a homoclinic point of p. Then Hiz maps Ly to L,:

L,= Hg,z(L) = H;,zH]g,x(L) = Hg,z(Lx)-
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Similarly, L, = Hy ,(Ly). Hence,
Ly = Hg,yHg,z(Lx)

Since H. ;Z,/ yu varies a-Hoélder continuously in z and y from (2.3), there exists C' > 0 depending
only on A such that

Since the set of homoclinic points of p is dense in Y7, it follows that L can be uniquely
extended to an A-invariant and H*/U-invariant line bundle over Y, contradicting the irre-

ducibility assumption on A. ]
The following corollary is an immediate consequence of Lemma 4.9.

Corollary 4.10. Let A: ¥7 — GL4(R) be a fiber-bunched irreducible cocycle, p € X7 a
fixed point, and L € P an eigendirection of A(p). Then there exists a homoclininc point z

of p such that 15 (L) # L.

The following proposition from Kalinin and Sadovskaya [33] produces an A-invariant
conformal (not necessarily non-trivial) sub-bundle when the extremal Lyapunov exponents

of A coincide for all periodic points.

Proposition 4.11. [33, Proposition 2.1, 2.7] Let f be a transitive C? Anosov diffeomorphism
on a compact manifold M, £ a finite-dimensional vector bundle over M, and A: & — £ an
a-Holder linear cocycle. Suppose for every periodic point p € M, the invariant measure fiy

supported on the orbit of p satisfies

Then either A preserves an a-Holder continuous conformal structure on £ or A preserves
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an a-Holder continuous proper non-trivial sub-bundle £ C £ and an a-Holder continuous

conformal structure on &’.

Although it is not formulated in the statement of Proposition 4.11, the assumption (4.2)
has other consequences as well. First of all, it implies that the canonical holonomies H s/u
for A converge and are as regular as the cocycle A (see the proof of Corollary 3.6 in [32]).
Moreover, the sub-bundle & from Proposition 4.11 is H s/U_invariant.

For fiber-bunched cocycles, the following proposition from Bochi and Garibaldi [6] shows

that the converse also holds:

Proposition 4.12. [6, Corollary 3.5] Let A be an a-Hdlder fiber-bunched cocycle of a vector
bundle £ over a hyperbolic homeomorphism. An A-invariant sub-bundle F C £ is a-Holder

if and only if it is H s/U_invariant.

Remark 4.13. While [6, Corollary 3.5] is stated for fiber-bunched cocycles over general hy-
perbolic homeomorphisms, the same result readily extend to our setting where the base

dynamical system is a mixing subshift of finite type (X7, 0).

Hence, the conclusion of Proposition 4.11 for A € C* (37, GLo(R)) satisfying (4.2) may
be stated as follows: either A preserves an a-Holder continuous conformal structure on
Y7 x R? or A is reducible. The former alternative is equivalent to the existence of an a-
Holder continuous conjugacy of A into the group of linear conformal transformations of R2.

With this observation at hand, the proof for Theorem 4.8 now easily follows.

Proof of Theorem 4.8. Let A € Ci'(¥7, GLo(R)) be an irreducible cocycle. We divide the

proof into a few cases.

1. There exists a periodic point p € ¥ of period n such that A"(p) has two eigenvalues

of distinct absolute values. Let B be a cocycle over (X7, 0"™) defined by B(z) := A" (z).
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(a) In the case where B is irreducible, then Corollary 4.10 applies to p which is now
a fixed point with respect to ¢”. Hence, B is weakly typical, which then implies

that A is weakly typical. This gives the first alternative of Theorem 4.8.

(b) In the case where B is reducible, we get the second alternative of Theorem 4.8;

see Lemma 4.14 below for the proof.

2. The absolute value of two eigenvalues of Aper(p) (p) are equal for every periodic point
p € Y. In this case, the assumption (4.2) is satisfied. Proposition 4.11 and 4.12 then
imply that either there exists an a-Holder continuous conjugacy of A into the group
of conformal linear transformations of R2? or A is reducible. Since A is irreducible, it

must be that A falls into the third alternative of Theorem 4.8.
This completes the proof. O

Lemma 4.14. Let A: X7 — GLy(R) be an irreducible fiber-bunched cocycle. Suppose there
exists a periodic point p € Y of some period n € N such that A"(p) has two eigenvalues
of distinct absolute values. If B := A" is reducible, then A interchanges two bi-holonomy

invariant line bundles.

Proof. Let L be the bi-holonomy invariant and B-invariant line bundle. Then there are n bi-
holonomy invariant (but not A-invariant nor necessarily distinct) line bundles {L1,..., L,}
defined by L; := A'L; that is, L;(z) := A'(c 'x)L(c'z). Some of these line bundles
might coincide with one another, so we denote the distinct lines bundles among them by
{Ly,..., L}

Note k > 2 because otherwise the irreducibility assumption on A would be violated. By
distinct line bundles, we mean that for i # j, there exists x € X such that £;(z) # L;().

In this case, we will show that if i # j, then in fact £;(x) differs from £;(z) at every x € ¥p.

Claim: For i # j, we have £;(x) # L;(x) for every x € Y.
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Proof of Claim. Suppose, for the sake of contradiction, that £;,(r) = L (z) for some ig # jo
and ¥ = (2n)pez € Y. From bi-holonomy invariance of £;’s, it follows that £;, and L;,
agree on 1-cylinder [zg).

Letting i1, j1 € {1,...,k} be the indices such that £, = ALy, for x € {i,j}. From the
previous paragraph, it follows that £; and L;, agree on all y with o lye [zg]. Notice also
that i # j1 because if they were the same, then this would imply that £;, and L;; agree
everywhere, contradicting the fact that £;’s are distinct line bundles.

Repeating this argument iteratively for each m € N gives distinct indices iy, j;m €
{1,...,k} such that Ly, = ALy, _, for x € {i,j} and that £; and L; agree on all y
with o=y € [xg].

Recall that (X7, o) is a mixing subshift of finite type with ¢ letters defined by a primitive
matrix 7. Letting mg € N be the mixing rate of (S, 0), we can find y(™) € [r] for each
r € {1,...,q} such that J_moy(r) € [zg]. This implies that £Z~m0 and L'ij agree at y(r) for
each r € {1,...,¢}. From bi-holonomy invariance of 523, two line bundles Eimo and ‘ijo
agree everywhere on Y. However, this is a contradiction to the fact that £;’s are distinct

line bundles. [

We now conclude that k& = 2. This is because if & > 3, then A"(p) preserves the
union of k-distinct lines {£1(p),...,Lx(p)}, and hence, it is conjugated to a conformal
linear transformation. However, this is contradictory to the assumption that A" (p) has two
eigenvalues of distinct absolute values. Therefore, k = 2 and A interchanges £ and Lo

because otherwise the irreducibility assumption of A would be violated. ]

4.3 Irreducible fiber-bunched GL;(R)-cocycles

We prove Theorem C in this section. We begin by establishing the uniqueness of the equi-

librium state for ® 4 in the three case of Theorem 4.8.
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The first case of Theoorem 4.8 concerns with weakly typical cocycles. Using the iden-
tical argument as in the proof of Theorem A, such cocycles can be shown to be quasi-
multiplicative. Indeed, in the proof of Theorem A we used the same homoclinic point z to
build the paths from I to p and J to p. For weakly typical cocycles, the only difference is
that we need to use z_— to build a path from I to p and use z4+ to build a path from J to p

separately. We omit the details and state it as a proposition:

Proposition 4.15. Let A € Uy, be a weakly typical cocycle. Then A is quasi-multiplicative,

and its norm potential ® 4 has a unique equilibrium state.

For the second case of Theorem 4.8 where there exist two bi-holonomy invariant line
bundles interchanged by the action of A, by conjugating A if necessary, we may assume that

A takes the following form:

Then consider a cocycle B over (X7,02) defined by B(z) := A%(z); then B(z) is a
diagonal matrix with entries given by a(oz)b(x) and a(z)b(cx). From Theorem C, the norm

potential &g has a unique equilibrium state unless two additive potentials

f(z) :==log|a(oz)b(z)| and g(x) := log|a(x)b(ox)]

have equal pressures but are not cohomologous with respect to 2.

If & has a unique equilibrium state, such equilibrium state must also be the unique
equilibrium state for ® 4. This is because P(®g,0%) = 2P(®4,0) (see Lemma 5.11 for
instance), and hence, any equilibrium state for ® 4 is an equilibrium state for ®g; see for
instance [16, Lemma 4.10].

If instead ®p has two distinct equilibrium states uq, pg € M(UQ), each corresponding to

f and g, we will show that ® 4 has a unique equilibrium state given by the average of p
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and p9.

Lemma 4.16. If &5 = ® 4o has two distinct equilibrium states 1, puo € M(c?), then ® 4

M1+ 2

has a unique equilibrium state given by 5

Proof. Suppose that ® 4 has two distinct equilibrium states p,v € M(o). Considered as
equilibrium states of ®p, each has to be a linear combination of p; and po. From Lemma
4.17 below, this implies that p1 and po are o-invariant. In particular, pq is an equilibrium
state for f/2 over o. This follows because p; is an equilibrium state for ®p which is also

o-invariant. Then

PO 2:0%) = P(f.0%) =y (2) & [ Fdiir =2(byy() + [ /21
< 2P(f/2,0) < P(f,0?)

where the last inequality is due to the fact that any o-invariant measure, including any

equilibrium state for f/2, can be thought of as a o2

-invariant measure. Hence, all inequalities
are indeed equalities, and g7 is an equilibrium state for f/2 over o. Likewise, analogous
argument shows that pg is an equilibrium state for g/2 over o.

However, this is a contradiction to g1 and po being distinct measures because considered

as potentials over (Xp,0), f/2 and g/2 are cohomologous:
f/2—g/2=hoo—h

where h := %(log la| — log |b]). Hence ® 4 has a unique equilibrium state py € M(0).
In order to show that 4 is the average of ;1 and pg, first notice that oypq coincides
with po. This follows because oypu1 is an ergodic equilibrium state for 5 distinct from
1 (if it were equal to pg itself, then p; would be o-invariant, and by applying the same

argument to po, we would end up in the contradictory setting of the previous paragraph), so
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M1+ Ooxpl 1+ pe. . 2 . :
= is o-invariant from the o“-invariance

it must be po. Then notice that

2 2
of p1 and an equilibrium state for ® 4. From the uniqueness of the equilibrium state for ® 4
established in the previous paragraph, it follows that p 4 is equal to W O

Lemma 4.17. Let ug, uo be o2-invariant. If there exist more than one v € [0,1] such that

yp1 + (1 —)ueo is o-invariant, then pq, po are o-invariant.

Proof. Suppose there exist distinct v1, 2 € [0, 1] such that both p =~y + (1 — 1)z and
v =911 + (1 —y92)uo are o-invariant.
If one of v1 and 79 is 0 or 1, suppose without loss of generality that v; = 1, then u = 1y

is o-invariant. Since both v and pq is o-invariant, so is us.

Vi

—pig for i = 1,2 and by

(3
subtracting the equation for ¢ = 1 from the equation for ¢ = 2 we get that

1
If neither v; and 79 are 0 nor 1, then we have —pu = u1 +
Vi

The left hand side is o-invariant and the coefficient of uo is nonzero (as y; # 72), we have

that po is o-invariant. Similarly, we get that pq is also o-invariant. O]

For the third case of Theorem 4.8 where there exists a a-Holder conjugacy C: Y7 —
GLa(R) such that B(z) = C(ox)A(z)C(z) ! is conformal, the conformality of B implies that

the norm of B is multiplicative:

n—1
1B ()| = [T I1B(c"2)]|
i=0

for any € ¥7 and n € N. Then &g = {log||B"(-)||}n>0 becomes a Holder continuous
additive cocycle generated by pg(z) :=log ||B(x)|| in the sense that Spe(x) = log||B"(x)||.
Hence, &5 has a unique equilibrium state u € M(o) from Proposition 2.18. Since A and

B are conjugated by a continuous conjugacy C, the set of equilibrium states for their norms
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potentials are the same (see Remark 2.22), and hence p is the unique equilibrium state for

® 4. This completes the proof of Theorem C.

4.4 Alternate approach via spannability

In this section, we explain how Theorem C may alternatively be established based on the
result of Bochi and Garibaldi [6]. This method employs techniques used to prove Theorem
A, but the approach in obtaining quasi-multiplicativity circumvents invoking Theorem 4.8.

Bochi and Garibaldi [6, Proposition 3.11] showed that irreducible and strongly fiber-
bunched automorphisms of Holder vector bundles over hyperbolic homeomorphisms are uni-
formly spannable. While they established this results for other usages, we explain below how
it applies to thermodynamic formalism of the norm potentials of GL;(R)-cocycles.

In our context of GLa(R)-cocycles, the strongly fiber-bunching condition coincides with
the usual fiber-bunching condition. For GLj(R)-cocycles with d > 3, the strong fiber-

bunching requires that for all x € X,
JA )| - [lA@) |- 0973 < 1.

Note that the exponent «/3 is specific to our case of subshifts of finite type. For more
general hyperbolic homeomorphisms, the exponent «/3 needs to be replaced to another
constant which depends only on the base dynamic system and the Holder exponent of the

cocycle; see [6] for precise definition.

Definition 4.18. [6, Section 3.4] A fiber-bunched GL4(R)-cocycle A over Y7 is spannable

if for any x,y € ¥ and u € RY, there exists
1. x1,...,x5 € WY (z), and

2. ny,...,ng € Ny such that the points y; := o"iz; all belong to W5(y),
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with the property that {vi}gzl defined by
v; = Hy, o A" (x;) o Hy () (4.3)

forms a basis of RY.

In the context of GLy(R)-cocycles, the relevant result of [6] can be formulated as follow,

where the irreducibility is defined in Definition 2.6.

Proposition 4.19. [6, Theorem 3.7] Let A: ¥ — GL,4(R) be a strongly fiber-bunched and

irreducible cocycle. Then A is spannable.

In fact, Bochi and Garibaldi proved a stronger statement [6, Proposition 3.9] under the
same assumptions of Proposition 4.19: using the compactness of ¥, they showed that A is

uniformly spannable: there exist k£ € N and Cy > 0 such that
e H*/" from (4.3) are local holonomies,
e FEach nq,...,n4 can be chosen to be at most £,

e A linear map L: RY — R? sending {Uz'}gl:1 to an orthonormal basis of RY satisfies

1] < Co.

Proposition 4.20. Suppose that a fiber-bunched cocycle A € Ci* (X7, GLy4(R)) is uniformly

spannable. Then A is quasi-multiplicative.

Proof. Let k and C( be the constants from uniform spannability of A. Given any I,J € L,
let Z € [I] be the point such that ||AI)|| = [|AM(zZ)], and set z := ol!l(z). We similarly
let y € [J] such that |A(J)|| = | APl(y)]|. Applying uniform spannability to z,y € S and
u=u(A"(z)) gives vectors {Ui}?zl defined by (4.3) that span R?.

From the condition ||L|| < Cpy on a linear map L straightening out {Ui}?zl into an

orthonormal basis, the angle between each pair v; and vj, ¢ # j, is uniformly bounded below
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by some constant € > 0 depending only on C{. In particular, at least one of them, say vy,
satisfies £ (v( Al ()L, v¢) > £/2; this is similar to the angle gap obtained from (3.5).
Then Lemma 3.3 applied to A = AVl(y), B = id, ¢ = HS  A"(2))HY, , and D =

Yty Z,Tt?
Al (z) gives

|AP () H, A ) HY o AT @) > el AP ) AT ) |
= | AD AW

for some ¢ > 0 that only depends on A, ¢, and k. Denoting the cylinder of length n;
containing z¢ by [K], we have 7y = o Mz; € [IKJ] with [K| < k. Since the left hand

side of the above inequality is equal to ||H® A|I|+nt+|J|(ft)H% 7 ll; it is uniformly
g )

nt+|J|xt’g|J|y
comparable to || A(IKJ)|| due to the bounded distortion (2.10) of ® 4 and Hélder continuity

of the canonical holonomies. This establishes the quasi-multiplicativity of A. O

Since the strong fiber-bunching is merely the usual fiber-bunching for GLo(IR)-cocycles,
in view of Proposition 2.26 it is clear that Proposition 4.19 and 4.20 provide an alternative

proof that irreducible fiber-bunched GLg(R)-cocycles are quasi-multiplicative.
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CHAPTER 5
KOLMOGOROV PROPERTY

This chapter is joint work with Benjamin Call, and originally appeared in [16]3.

5.1 Ciriteria for K-property

The goal of this chapter is to prove the remaining theorems from the introduction. First,
we will prove Theorem 5.6 which establishes sufficient conditions for an invariant measure
to have the K-property. This will be based on Ledrappier’s criterion suitably generalized for
the subadditive setting. Throughout this section, we will consider (X, f) to be an expansive
homeomorphism on a compact metric space. Throughout the chapter, we will also use the
following notation P, (®) := hy,(f) + lim 1 /log on dp.

n—o0 N

5.1.1 Uniqueness of Equilibrium States

In this subsection, we establish sufficient conditions for subadditive equilibrium states to
be unique, based on [11]. In doing so, we will need to make use of the Kolmogorov-Sinai
entropy of a transformation. We assume that every partition appearing here onward is
measurable, which as we restrict ourselves to finite partitions, means only that each element
is measurable. Furthermore, we recall that a measurable partition ¢ generates the Borel
o-algebra B, if, as n — 0o, the o-algebras associated with \/I"_ fi¢ generate B. In what
follows, we use the convention that 0log0 = 0, and note this defines a continuous function
x+— —xlogx on [0,1].

For any measure v on X and any finite partition & of X, define

Hy(€) = — 3" w(A) log v(4)

Aeg

3. Published in Dynamical System: An International Journal with Open Access.
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and

n—oon n—,oo n

n—1
ho(f,€) = lim ~H,( \/ Foie) = b SH,(\ £ (5.1)
1=0

where the infimum is due to subadditivity. Then the Kolmogorov-Sinai entropy of v is

defined by
hy(f) = sup hu (f,€)-

finite partitions &
By Sinai’s theorem, if a partition £ generates the Borel g-algebra, then hy,(f) = hy(f, ).
We say a subadditive potential ® = {log ¢y} on X has bounded distortion if there exists

C' > 1 such that for all ¢ > 0 sufficiently small, z € X, n € N, and y, z € By(z,¢), we have

<C. (5.2)

Here B, is denotes the ball with respect to the metric d;,, and this definition is a general-
ization of the bounded distortion (2.10) defined for the subshift (X, ).
For the following lemma, we only need the lower inequality of the Gibbs property stated

in Proposition 2.26. We call such a property by the lower Gibbs property.

Lemma 5.1. Let ® = {log ¢p, },,en be a subadditive potential on X with bounded distortion
and suppose n € M(f) is an ergodic equilibrium state of ® with the subadditive lower Gibbs

property. Then 7 is the unique equilibrium state of ®.

Proof. We follow the proof of [11, Lemma 8| closely. Assume for the sake of contradiction
that v € M(f) is an ergodic equilibrium state not equal to . Then v and 7 are mutually
singular, and so there exists a (v + n)-measurable set B C X such that f(B) = B, n(B) =0
and v(B) = 1. For instance, we could take B to be the set of generic points for v.

Let 4¢ > 0 be smaller than the expansivity constant of (X, f) and small enough for
the bounded distortion (5.2) to hold. For each n € N we fix a maximal (n, 2¢)-separated

set By, C X. Then we fix an adapted partition &, = {Ay: © € Ep} of X such that
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Bn(z,¢) C Ay C Bp(z,2¢) for each = € Ey,.
In order to make use of the expansivity assumption, define for all n, the partition €2, :=
f (/2] &n and denote the element of €2, containing y € X by wy,(y). From the construction of
Qp, for any y € X there exists some « € Ey, such that By (z,e) C f~ /2], n(y) C Bn(z, 2¢).
It then follows that f~["/2lw,(y) C By(y,4¢). Therefore expansivity gives ﬂN wn(y) = {y}
ne

for all y € X, and by [20, Lemma 3.14] there exists a sequence {C, },,cy where Cy, is a union

of elements of Q,, such that nlgréo(v +1)(Cp A B) — 0. Since B is f-invariant, setting
U = 120,

which consists of a union of elements of &,, we have (v + n)(U, A B) — 0. From the
assumptions on B, this is equivalent to n(Uy,) — 0 and v(Uy) — 1.
s (X, f) is expansive, &, is a generator under f" by observing that given y,z €

N "By (zy, 2¢) for some {w}}rez C X, we have that d(f¥y, f¥2) < 4e for all k € Z.
keZ
Consequently,

nhy(f) = hz/(fn) - hy(f”,ﬁn) < H,,({n)

where the last inequality is from (5.1). Moreover, from the subadditivity of ®, we have

1 1 1
lim —/loggpkdu: inf —/logg@ndyg —/loggpndy
k—oo k n

k—oo k

for each n € N. Hence,

nP(®) :n(hy(f) + lim %/loggpk du)

k—o00

<Hu(£n)+/logg0ndy
= > <_V(Aa:)logV(Aa:)+/10ggpn~XAxdy>,

Az€n
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Let C be the constant given by the bounded distortion (5.2) on ®. Then

/1og ©n - XA, dv <v(Ag) (C + log gpn(x))

for all n sufficiently large. In particular, we have

nP(@) < C+ > v(Ag)(—logu(An)Hlogen(w) )+ Y. v(Ar)(—log(Ar)+log pu(a)).
AUy, ApNUyp=0

Applying a Jensen-type inequality (see [11, Lemma 7]) to each sum, we have

nP(®) — C < 2C* + v(Uy) log Z on(x) | +vU;)log Z on(z) |,
Az CUp, A NUp=0

where C* := max —tlogt.
t€[0,1]
Let Cy be the constant from the subadditive lower Gibbs property of 7. Then after

rearranging the terms, we have

20" = C < v(Uy) | log Z (pn(x)@_np(q)) + v(US) log Z (pn(x)e—nP((I))
AxCUy, ApNUp=0

< v(Up) log(Con(Un)) + v(Uy,) log(Con(Uy))

= log Cy + v(Up) log n(Up) + v(Uy;) log n(Uy,).

This, however, is a contradiction because as we send n — oo, the lower bound —2C* — C
is independent of n € N while v(Uy,) log n(Uy) — —oo and v(UJ;)logn(Uy;) — 0. Hence, v

cannot be an equilibrium state of ®. n
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5.1.2  Subadditive generalization of Ledrappier’s criterion

In order to state Ledrappier’s criterion for the K-property, we need to consider the product
space (X x X, f x f). On the product space, we take the metric to be the maximum of the

distance in each coordinate:

d((71,91), (x2,92)) := max{d(z1,z2),d(y1,y2)}-

Ledrappier [36] then showed that these equilibrium states have the K-property by means

of the following proposition.

Proposition 5.2. [36, Proposition 1.4] Let (X, f) be asymptotically entropy expansive and
let ¢ : X — R be continuous. Suppose that (X x X, f x f) has a unique equilibrium state
for the potential ®(x,y) = w(z) + ¢(y). Then the unique equilibrium state for ¢ has the

K-property.

Lemma 5.3. For any subadditive potential ® = {log ¢y, } ,en on (X, f), consider a sequence

of continuous functions ¥ = {log ¥y, } ey on (X x X, f x f) defined by

Un(z,y) = on(x) - on(y). (5.3)

Then VU is subadditive and P(¥) = 2P(®).

Proof. Subadditivity of ¥ follows immediately: as for all n,m € N,

log Yn+m (xa y) = log on+m (33) + log @n%—m(y)
< logpn(x) +logpy o f () + log on(y) + log wn o f™(y)

= log Yn(z,y) + log ¥n(f"x, fMy).

For the second statement, let u be an equilibrium state for ®. Then p x p € M(f x f),
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and we also have

1 .1
Puxu(¥) = huxu(fxf)nLnlggog/log@Dnduxu: 2hu(f)+2nlggoﬁ/10g80ndll:QPN(CI’)-

Therefore, by the variational principle (2.9), we see that P(¥) > 2P(®).
For the reverse direction, we again proceed by the variational principle. Let v € M(f X f)
be arbitrary, and write v and 19 to be the projections of v onto the first and second

coordinate, respectively. Each v; is a f-invariant measure on X. An elementary calculation

shows that hy (f % f) < hy (f) + huy(f) (see for instance, [22, Fact 4.4.3]), and

1 1
lim —/logwndyz lim —(/logwndul—i-/log(pndm).

n—oon n—,oon

Therefore,

.1 .1
Py (V) < hyy (f) + nlg%o n /log on dvy + by (f) + nlggo ﬁ/log ¢n dvy < 2P(D).

This completes the proof. O

Corollary 5.4. If p € M(f) is an equilibrium state for ®, then u x p € M(f x f) is an

equilibrium state for .

We can now state the subadditive generalization of Proposition 5.2 for establishing the
K-property. Recall that we call a measure p is K if and only if it has no nontrivial zero

entropy factors.

Proposition 5.5. Let ® = {log vy, },en be a subadditive potential on X with unique equi-
librum state p € M(f). If p x p € M(f x f) is the unique equilibrium state for ¥, then

has the K-property.

Proof. We follow the original proof of Ledrappier, and prove the contrapositive. Let u €

M(f) be the unique equilibrium state for ®, and suppose it is not K. Then the Pinsker
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factor II for p is non-trivial. We therefore can define m € M(f x f) different from p x p to
be

m(Ax A) = [ Bl |Mdy

for all measurable A, A’ C X. To see this is different from p x p, take A to be II-measurable
with 0 < z(A) < 1, and observe that m(A x A) = u(A) # u(A)? = (u x p)(A x A). For
those familiar with joinings, this is the relatively independent self-joining of u over II.

The entropy calculation from [36] is purely dependent on the measure, and so is unaffected
by the subadditive setting. For a reference where this calculation is carried out in full, see
[15]. Hence, hy(f % f) = 2hu(f). Now because m(A x X) = m(X x A) = pu(A), and ¢ is

is defined independently in each coordinate, we observe that for all n € N, / log 1y, dm =

2 / log pp, du. Therefore,

.1 .1
P (V) = hm(fxf)—i-nlgréo - /log¢n dm = 2hy(f)+2 nlgréo - /log on dp = 2P, (®) = 2P(D).

Hence, m is an equilibrium state for ¥ in M(f x f), as is g x p. So there exist multiple

equilibrium states for the product system. O]

Now, recall from Proposition 2.14 that a measure p € M(f) is weak mixing if and only

if uxpe M(f x f)is ergodic. Using this fact, we obtain the following theorem:

Theorem 5.6. Let (X, f) be an expansive homeomorphism on a compact metric space
and ® = {log¢p},en be a subadditive potential on X with bounded distortion. Suppose
n € M(f) is a weak mixing equilibrium state of ® with the lower subadditive Gibbs property.

Then 7 has the K-property.

Proof. First, as n is a weak mixing equilibrium state, n X 1 is an ergodic equilibrium state.

Therefore, if we can show Lemma 5.1 holds for the system (X x X, f x f) with potential W

defined as (5.3), then it follows that 1 x n is the unique equilibrium state. Therefore, by the
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subadditive version of Ledrappier’s criterion (Proposition 5.5), it immediately follows that 7
is K.

We now verify the assumptions in Lemma 5.1. First, (X x X, f x f) is still an expansive
homeomorphism on a compact metric space. Thus, we only need to check that ¥ has the
bounded distortion and the subadditive Gibbs property.

Since the metric on our product space is the maximum of the distance in each coordinate,

it follows that

Bn((z,y),e) = Bn(x,e) x Bp(y,e).

From this, it follows that the subadditive Gibbs property on n and the bounded distortion

of ® induce the corresponding properties on n x n and W. O

We note that weak mixing is a natural assumption to impose in this theorem, as one
can easily define a system which is not weak mixing and satisfies all other conditions of this

theorem.

5.2 Total ergodicity to K-property

In this section, we prove Theorem E and F by applying Theorem 5.6. Note that these
theorems concern with subadditive potentials over a subshift (37, 0), unlike the previous
section where the base dynamical system was arbitrary.

We recall the setting of Theorem E. Let ® = {logyn},en be a quasi-multiplicative
subadditive potential on Y with bounded distortion (2.10). Let u € M(o) be the unique
equilibrium state for ® with the Gibbs property from Proposition 2.26, and suppose that u
is totally ergodic. We wish to show that p is K. By Theorem 5.6, it suffices to show that
is weak mixing.

The following proposition is essentially a reformulation of [37, Theorem 5 (ii)]. The

setting there is for norm potentials of irreducible locally constant cocycles; however, the proof
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generalizes easily to any quasi-multiplicative subadditive potentials with bounded distortion.

Lemma 5.7. Let ® = {log ¢y, },en be a quasi-multiplicative subadditive potential on Y
with bounded distortion. Suppose the unique equilibrium state u € M(o) of ® from Propo-

sition 2.26 is totally ergodic. Then p is mixing.

Proof. The proof of [37, Theorem 5 (ii)] extends without much modification; we only point
out minor modifications required to extend the proof. From Proposition 2.26, it follows that
1 has the Gibbs property with constant Cj.

As in Definition 2.25, we will make use of the subadditive potential ® = log ¢ on £ defined
by ¢(I) := ;naf{ i (x). Denoting the constant from the bounded distortion (2.10) of ® by C1,

ell]
for any n € N, I € L(n), and z € [I] we have the following bounds on ,u([I])/(e*”P(@)(D(I)):

- . (1) (1)
(Cocy) <t e_"PM((I))gon(x) < e—“/'i(‘b)cb(l) <y

Then for any cylinders I, J € L of length n and m, we have for any k > n,

Mo )= 3 aIKI)

|K|=k—n
IKJel
<Gy Y e mP@giKy)
|K|=k—n
IKJel
<Cy 3 e HmP@gmaK)B()
|K|=k—n
IKJeL
< cichumun( Y u(K))
K|=k—n
|II|<J6£

< cdcu(mu().

This gives limsup u([I] N o~ *[J]) < Cu([1])u([J]) where C = C’gC’%. Using this property

k—oo
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together with total ergodicity of pu, the rest of the proof from here on (i.e., promoting total
ergodicity to weak mixing, and then to mixing) follows that of [37, Theorem 5 (ii)] verbatim,

following the method of Ornstein [40]. O

Theorem E now follows as an easy consequence of Proposition 2.26 which gives an equilib-
rium state with the Gibbs property, Lemma 5.7 which shows that total ergodicity is enough
to get weak mixing, and Theorem 5.6 which lifts these together to K.

In view of Theorem A and E, the only missing ingredient in proving Theorem F is the
total ergodicity of u 4 which we establish below. For each n € N, consider A" as a cocycle
over (X7,0") and denote the corresponding norm potential by ® 4n. It can be easily checked
from the definition that if A is fiber-bunched over (X7, o), then so is A" over (Xp,0"™). The

idea of the proof is similar to that of [38, Theorem 5 (i)].

Proposition 5.8. Let A € Cp'(X7, GLy(IR)) be typical. Then the unique equilibrium state

pg € M(o) of @ 4 is totally ergodic.

Proof. Note that the holonomies H s/U for A are also holonomies for A" for every n € N.
Moreover, A" is typical with respect to (X7,0") via the same periodic and the homoclinic
points p and z from the definition of typical cocycles. Applying Theorem A to A™ and
(X7, 0™), ® gn has a unique equilibrium state pgn € M(c™). In particular, puyn is ergodic
with respect to (Xp,0"). From Lemma 5.11 which also applies to ® 4n, it follows that pgn

coincides with p 4. Hence, 11 4 is totally ergodic. O]

Remark 5.9. As noted in Section 3.4, Theorem A and B hold also for the singular value
potentials of typical cocycles. In the same spirit, the same argument of Proposition 5.8 also
applies the unique equilibrium states for such potentials. Hence, Theorem F holds for such

equilibrium states also.
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5.3 Application to fiber-bunched GL;(R)-cocycles

Let A: X7 — GLo(R) be a Holder continuous and fiber-bunched cocycle.

Lemma 5.10. If A € Cj*(X7, GL2(R)) is reducible, then all ergodic equilibrium states of

® 4 are Bernoulli.

Proof. Since the set of equilibrium states of 4 is a subset of {14, la|> Mog | C|} from Theorem

D and both 14, la and 414, || are Bernoulli from Proposition 2.18, our claim follows. O

Lemma 5.11. For any n € N, we have P(® 4n) = nP(® 4). Moreover, any equilibrium state

€ M(o) of & 4 is an equilibrium state of ® gn.

Proof. We proceed via the variational principle (2.9). Observe that ¢ gn , = © 4 - Then,

we see that if u € M(o),

1 1
hy(o") + lim — / log p n gy dpp = nhy (o) +n lim — [ log o4 mn di.

m—o0 mn

Considering p as a ¢"-invariant measure, we have just shown that P, (® gn) = nP,(® 4) and

the variational principle implies that nP(® 4) < P(® 4n).
n—1
For the reverse inequality, take p € M(c") and define v = Z
1=0
invariant, and furthermore, h,(c™) = hy(0™) = nhy (o). Since A is continuous and Xp is

7
(U )*M. Then v is o-

compact, for any 0 <4 < n — 1, two functions log p gn , © o' and log ¢ An m are uniformly

comparable. Hence,

1 : 1
lim — [loggn,o0'dy= lim — [ logygn p, dp.

m—00 1M m—00 1m
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Then it follows that

n—1

1 o1 1 ;
e / log p Amndy =l 0 Z% n / 108 p.anm 0 " dp
1=
1 . 1
= g mlgnoo E lOg LA™ m d/L.

Therefore, P, (® gn) = nPy(® 4). This gives the reverse inequality, and the result follows.

That any equilibrium state of ® 4 is an equilibrium state of ® 4» is a direct consequence. [J

Proof of Theorem G. In view of Lemma 5.10 it suffices to focus on irreducible GLo(R)-
cocycles. Let A € Cp'(X7, GL2(R)) be irreducible, and p4 € M(c) be the unique equilib-
rium state for ® 4 from Theorem C.

We then consider the cocycle A2 over (X, 02). Noting that Theorem D also applies to

A2, we divide into two cases depending on the number of equilibrium states of ® A2

Case 1: 9 42 has a unique equilibrium state.

Such a unique equilibrium state must be 4 by Lemma 5.11. Uniqueness then implies
that (X, o2, i 4) is ergodic. We claim that in fact, p 4 is totally ergodic, which by Theorem
E, would imply that p 4 is K.

It suffices to show that ® 4n has a unique equilibrium state for each n € N because this
will then imply (X7, 0™, u4) is ergodic for each n € N. Assume for the sake of contradiction
that there exists n € N such that ® 4n has at least two ergodic equilibrium states. Since A"
is still a fiber-bunched GLg(R)-cocycle over (X7,0"), ® g4n can have at most two distinct
ergodic equilibrium states by Theorem D. So ® 4» must have exactly two distinct equilibrium

states pu, g € M(c™). Consider the map

ox: {p, po} — {p1, pa}-
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Since the n-th power of this map is the identity by o"*-invariance, o4 must be injective. Conse-
quently, either both 1 and p9 are o-invariant or o, interchanges p1 and p9o. In the latter case,
1 and po are distinct, o2-invariant, and equilibrium states for ® 42, a contradiction. Mean-
while, the former case contradicts uniqueness of the equilibrium state for ® 4. This shows that

it 4 is the unique equilibrium state for ® 4n for all n € N, which in turn implies total ergodic-

ity.

Case 2: @ 2 has multiple equilibrium states. This case is similar to the proof of
Theorem 4.8. From Theorem D, A? over (X7, 02) must be reducible and ® 42 must have
two distinct ergodic equilibrium states g, uo € M(O’Q). In fact, denoting the A%-invariant
and H*/U-invariant line bundle by L1, consider another A2-invariant and H s/U_invariant line
bundle Lo defined by Lo(ox) := A(z)L1(z). Since A is irreducible, L1 and Lo are distinct
bundles. Then as in the proof of Lemma 4.14, Ly (z) differs from Lo(z) for all x € Xp.

For each x € ¥, let C(x) € GLg(R) be the unique linear map that takes the standard
basis of R? into {L1(z), Lo(z)}. Then B(z) := C(ox) L A(2)C(z) exchanges the coordinate

axes of R2, and hence must be of the form specified in Theorem G:

Then B?(z) is the diagonal matrix given by diag(a(cz)b(x),a(z)b(ox)). Moreover, two
potentials log |a(ox)b(x)| and log [b(cx)a(x)| have the same pressure (with respect to o2),
and their az—ergodic equilibrium states are p11 and us9, respectively, each of which is Bernoulli
by Lemma 5.10. From the assumption that p1 and po are distinct, and Lemma 4.16 shows
that 1(,ul + p2) is the unique equilibrium state p 4 for ® 4. It is then clear that such p g4 is

2
not totally ergodic, and this is the only case where p 4 fails to be K. ]
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