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To my teachers



In the case of all things which have several parts and in which the totality is not, as it

were, a mere heap, but the whole is something besides the parts, there is a cause.

Aristotle (384-322 BC)
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ABSTRACT

This thesis studies two NP-complete problems, Clique and Boolean Satisfiability (SAT), under
the proof complexity view.

For Clique, we study its average-case hardness. We show that with high probability over
an Erdos-Rényi random graph G, the proof system under consideration has no short proof
of the true statement “G contains no k-clique”. Here k is a suitable parameter, and the
shortness of proof is defined by natural complexity measures such as size, width, degree, etc.
Specifically, we prove an exponential-in-£ size lower bound for the Resolution system, and
an almost optimal degree lower bound for the Sum-of-Squares (SoS) system.

For SAT, we study a different aspect, that is the proof-theoretic power and limitation
of Conflict-Driven Clause-Learning Algorithms (CDCL-solvers), a standard class of modern
SAT-solving algorithms whose often surprising performances call for explanation. We define
proof systems modeling CDCL-solvers and, for solvers with the ordered-decision strategies,
show their equivalence to either resolution or ordered resolution, depending on the learning

scheme employed.

vil



CHAPTER 1
INTRODUCTION

1.1 Proof complexity

Assume there is a fast algorithm A for an NP-complete problem, say the Boolean Satisfiability
problem (SAT), then on any formula 7, the “running trace” of A gives a short proof of 7’s
(un)satisfiability. This is a nontrivial consequence, as a priori, there seems no reason that
short proofs should always exist. (If 7 is satisfiable, they surely exist.) Indeed, the existence
of short proofs as such can be rephrased as NP=coNP [39], if “proofs” are in the Cook-
Reckhow sense, i.e., any string that passes a pre-fixed, sound, polynomial-time computable
“proof checker”.

We do not believe short proofs always exist. Although proving such a general lower bound
seems out of reach at present, there are many concrete proof systems for us to study and prove
lower bounds for, which arise naturally from fields such as logic, algorithms, optimization,
etc. The proofs can be in the sequential, Hilbert style (e.g., deduce B from A, A — B), or
they can operate with algebraic expressions (not necessarily boolean) and have the magical
one-line style (e.g., 2% + 23 + 23 — 3w12903 = (21 + x2 + x3) (2] + 23 + 23 — z122 — 2ow3 — T321)
refutes (z1+x2+x3 = 0) A (23 +23 + 23 — 3z12023 = 1)), or in other mixed styles. Some familiar
examples of proof systems include Resolution and subsystems, bounded-depth Frege, Frege,
Polynomial Calculus, Cutting-Planes, Nullstelensatz, Sum-of-Squares, and so on. Fixing such
a system S, we can ask whether there is a “simple” S-proof for a given statement 7 that is
encoded in the language of S. Out of convenience, we study refutations of wrong statements
(still call them proofs). Some examples of T are the (negation of) counting-related principles
such as pigeonhole and Tseitin tautologies, as well as statements from co-NP problems such
as “graph G contains a clique of size k” (given an instance G and parameter k), “function f

can be computed by a size-t circuit” (given the truth table of a function f), etc. As for the
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simplicity of a proof, it can be measured in various ways, the usual ones being the length,
size, width, degree, space, and so on, depending on the proof system and our interests.

Questions as above (among others) are studied by proof complexity. It turns out to be
a fruitful direction for developing lower bound techniques, with deep technical connections
to communication and circuit complexity (see e.g. [69, 91, 94, 60, 49, 48]) and fundamental
mutual influences to fields like algorithms and optimization. In fact, the two main systems
studied in this thesis, resolution and Sum-of-Squares (SoS), have strong motivation from
and direct applications to the field of SAT-solving and optimization, respectively; for more
details see the introduction of chapter 4 and 5.

Our focus is on the so-called non-uniform proof complexity. The uniform counterpart,
which studies certain fragments of first- and second-order arithmetic theories (thus also called

bounded arithmetics, see e.g. [34, 70, 96]), will not be discussed.

1.2 Results and techniques

We study proof complexity-questions for two NP problems, Clique and SAT.

For Clique, we study its average-case hardness on the Erdos-Rényi random graph G(n, p).
This means to show that w.h.p. over GG, the given proof system has no short proof of the
true statement “G contains k-clique”, for suitable k.

A few words on average-case hardness. For many problems, if the underlying distribu-
tion of inputs has many independent components, then the so-called statistical threshold
phenomenon will appear. For instance, if G ~ G(n,1/2), then as long as k is not in a thin
range (2 & €)logn, it is trivial to tell correctly w.h.p. whether G has a k-clique—e.g., if
k > 2.1logn then just say “no” ([29]). However, to prove the “no” answer seems difficult

most of the time, and our task is to prove such intuition on weak proof systems.!

1. This is reminiscent of the Shannon effect in circuit complexity: a simple counting shows that random
function has no small circuit, while proving this for a given function seems almost always difficult.



Chapter 3: Resolution size lower bound on dense graphs. We prove an 29(]“1_6)

_ 2
resolution size lower bound, where k = nf, ¢ € (0, %) (The parameter p is n~ k=1 for some
5
large constant & > 1.) This extends the previous lower bound that is for £ > n6 [16] and
the bounds on resolution subsystems for roughly the same range of k as here [24, 8]. But

Qk) for subsystems [24, 8], and the difference is

note that our bound is not as optimal as n
significant for small k’s (say k = poly(logn)).

Our method is the classic bottleneck-counting /random-restriction, the key being a variant
of the clause width measure defined from graph-theoretic neighborhood density. The idea
is a common one in complexity theory: if the system operates with only the class of local,
partial information (low-“width” clauses) then its deduction closure is very limited, so it has
to produce and use the more accurate, deep information (high-“width” clauses), and we show
that the final contradiction is essentially a piece-by-piece aggregate of all such high-accuracy
information thus the proof needs at least to deduce all of them.

Chapter 4: Almost tight SoS degree lower bound on G(n, %) Let us now follow
the convention in the optimization literature and use letter w to represent the size of an
intended clique (whose existence we want to refute). It is well-known that degree d-SoS can
solve the problem w.h.p. if degree d > 2.11logn or w = O(y/n), so an optimal lower bound is
expected to be d = Q(logn) for w = n%_€. Previous lower bounds have two kinds: either in
the form d = Q(log,, n) [47, 79, 43, 57], or in the optimal form d = O(e? logn), w = n2~¢ but
weakens the clique-size axiom to an inequality [13]. Note the latter formulation is potentially

significantly weaker, as all polynomial multiple of that axiom are removed from constraints.

elogn

1
Toglogn 1Ogn), w =n2" ¢ for the original problem.

We prove an almost optimal bound d = Q(
This time, we are dealing with the “degree d-SoS deduction closure” of the axioms, i.e. all
possible polynomials that is a sum of multiples of the axioms and squares (all of degree < d).

The fundamental method here, as is in many cases in optimization theory, is duality, which

turns non-existence problems into constructive ones. It works by designing dual assignments



to monomials (called pseudo-ezpectations) and proving the resulting pseudo-moment matrix
is PSD (positive semi-definite). Within this framework substantially more needs to be done,
which is the nontrivial part. For the clique problem, our method intuitively is to combine
the previous vertex-based technique (Johnson schemes) and edge-based technique (Fourier
character-matrix factorization) in the analysis, achieved via using Hadamard product and
Euler transform. At the heart of the pseudo-expectation design is a special matrix family

which we term as the factorial Hankel matrices.

Next, we turn to the SAT problem. Due to its convenient formulation, SAT has quite a
few practical applications and it’s no wonder there are numerous algorithms and heuristics for
solving it, all sharing the name SAT-solvers. A dominating class in modern SAT-solving is the
Conflict-Driven Clause-Learning algorithms (CDCL-solvers) which has gained considerable
theoretical interests (see e.g. [64, 26, 37]). Roughly speaking, they are algorithms that use
resolution to find a satisfying assignment /refutation, possibly incorporating nondeterminism
or randomness in various aspects, such as how to do a so-called unit propagation, how to
decide to which variable to assign a value (decision strategy), and how to derive a new clause
when the current assignments result in a contradiction (learning scheme).

Chapter 5: Proof-theoretic power and limitation of CDCL-solvers with the
ordered-decision strategies. Decision strategies are often a non-trivial, non-deterministic
or random part of CDCL-solvers in the literature for achieving the best theoretical power.
How about the deterministic, simple, yet popular ordered-decision strategy? This means
when the solver chooses a variable to assign a value, it always chooses the first unassigned
one in a prefixed variable order. Since CDCL-solvers are based on resolution, with ordered-
decision strategies they are naturally expected to fall between ordered and general resolution.
We show, somewhat surprisingly, that with two different natural learning schemes inspired
from practice, both extremes can be achieved: the resulting system modeling these solvers

is equivalent to either resolution or ordered resolution, both regardless of the order in use.



Both results are proved by non-trivial simulations, where we use surgery-like processes
to get a fine-grained understanding of the structure of a proof. One of the proof systems
encountered here is non-closed under variable restrictions, and a fresh technique we introduce
to analyze such systems is the wvariable deletion operator. When viewed semantically, it
amounts to a projection of boolean cubes; we use it to break a proof into two subproofs, say
one for z1 = 0 and one for x1 = 1, without overlap and without assuming the proof to be

tree-like.



CHAPTER 2
NOTATION

G = (V, E) will always denote a simple, undirected graph. The set of neighbors of a vertex
veVis Nw) = {u| (u,v) € EF}. A k-cligue in G is a set C C V with size k s.t.
Yu,v € C,u # v = {u,v} € E. The Erdés-Rényi graph G(n,p), with 0 < p < 1, is a random
n-vertex graph that places an edge between any two vertices with probability p independently.

A literal over a Boolean variable x is either x or its negation —z (also denoted as ),
where z is the underlying variable of the literal. We sometimes use the abbreviation 2" for
the negation of z and z! for z (so that the Boolean assignment x = a satisfies the literal
x?). A clause C' =11 V...Vl is a disjunction of distinct literals where there is no appearance
of z, —x together for any variable x (otherwise the clause is 1). t is the width of C, denoted
as w(C'), and Var(C') is the set of variables appearing in C. The empty clause is denoted by
0or L. A CONF formula T = C1 A .... A Cpy, is a conjunction of clauses. For a CNF 7, Var(7)
is the set of variables appearing in 7, i.e., the union of Var(C) for all C € 7. A w-CNF'is a
CNF in which all clauses have width < w.

A resolution proof of clause C' from a CNF 7 is an ordered sequences I' = (Dq, ..., Dy)
where D = C and, for all i € [L], D; is either a clause in 7 (called an aziom) or is derived

from Dj, Dy, j, k < by the resolution rule:

CVal DV =@

L ae{0,1}. (2.1)

where D; = AV z,Dy, = BV —z,D; = AV B, D; # 1. x is the resolved variable. We will
sometimes make use of the notation Res(AV x, BV —x) for the conclusion clause AV B. The
size of I is L, denoted by |[I'|. If C' = 0, then I' is called a refutation. Let Var(I') denote
the set of variables appearing in I', i.e., the union of Var(C') for C appearing in I". For a

CNF 7 and a clause C, we let Sp(7 F C) be the minimal possible size of a resolution proof
6



of the clause C' from clauses in 7 (oo if C' is not implied by 7). Likewise, w(7 = C) is the
minimal possible width of such a proof, defined as the maximal width of a clause in it. A
resolution proof 7 F C'is tree-like if its underlying proof graph—the natural directed acyclic
graph (DAG) whose nodes correspond to the clauses in I', C' at the top/root—is a tree, and
it is regular if along any path from axioms to root, no variable is resolved more than once.
The Sum-of-Squares (SoS) proof system! works with polynomials over R, where given a
set of polynomial identities (axioms) fi(x) =0,..., fr(z) = 0 on variables x = (21, ..., xy), a

SoS proof of f1,..., fi., is an identity

k
—1=> fiq,'—i—erQ. in Rlzy,...,zn), (2.2)
i=1 7

where q1, ..., qi, 71, ... are arbitrary real polynomials on x1, ..., z,,. Note this actually refutates
the existence of a solution, but for convenience we still call it a proof. The degree-d SoS

proof system carries the obvious degree restriction on identity (2.2):

max{deg(f;) + deg(q;), 2deg(r;)} < d. (2.3)

2Y)

For any real matrix M, ||M|| denotes its Lo-norm.
“LJ” denotes the disjoint union of sets.
13 2

Similar to the conventional abbreviation “w.h.p.” for “with high probability”, “w.p.

will stand for “with probability”.

1. It is also known as the Positivstellensatz system [51].
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CHAPTER 3
RESOLUTION LOWER BOUND OF CLIQUE

The content of this chapter is from the work [86] that appeared at the 16th International

Computer Science Symposium in Russia (CSR 2021).

3.1 Introduction

The k-Clique problem is one of the fundamental NP-complete problems and its computa-
tional hardness has been intensively studied in both algorithmic and lower bound worlds
([82, 95, 55, 108, 99, 105, 53]). Proof complexity studies, among many other aspects, the
hardness of proving f(x) = 0 for a boolean function f and input x, which is a natural and
necessary step for understanding the computational hardness of f. The underlying proof
system should be sound and efficiently checkable (called Cook-Reckhow systems). Given
such a system A, the proof-theoretic version of the k-Clique problem is, “is there a short
A-refutation of the CNF encoding of the fact ‘G contains a k-clique’?” In this chapter, A
will be resolution and its sub-systems, and we study the average-case problem, i.e. when GG
is a random graph and we ask if there a short refutation with high probability. The random
graph should be k-clique-free w.h.p. (otherwise, there is no refutation of a correct claim,

short or long), and the most studied setting is the Erdés-Rényi random graph G(n, p), with
2

p below the so-called threshold of containing a k-clique, usually taken as p = n k=1 where

¢ > 1 is a constant.

O(F)_sized tree-like resolution refutation is not hard to see when

(kS /)

Previous work. An n
G doesn’t contain a k-clique. For lower bounds, a 282 size lower bound for resolution
is known [16], which is meaningful for k£ > n5/6: the optimal n2(%) size lower bounds are

1
known for tree-like resolution [24] and regular resolution [8] (for k < na—0(1)).



Our results. Like in almost all previous work, we state and prove the results for a strong
encoding of the problem, the “transversal clique” formulation (equation (3.2)). Our main
result is an exp(k:lfe) average-case resolution size lower bound of the k-Clique problem in this
encoding, when G ~ G(n,p) as above (Corollary 3.1). This result holds for k’s that do not

1/3

exceed n'/° thus complements the result of [16] (which requires k > n®/ 6). More precisely,

it holds for k = n where cq, € are arbitrary positive parameters s.t. min{% — ¢, €cp} >
(logn) /5.
Our second result (Theorem 3.3) extends the (k) average-case lower bound to a new

1/3_6, as a possible step towards the same

model called a-irregular resolution, for £ < n
bound for resolution.

A few words on the second model. It is a Cook-Reckhow system with the following moti-
vation: imagine that in general, the “hard part” of a short resolution proof is the derivation
of some clauses with nontrivial width (or some variant) such that, once they are in place,
the rest is easy. Then how hard is it to derive these clauses? In particular, if in deriving any
wide clause we can’t be too irregular, is there still a short refutation? Formally, we restrict
that in deriving any clause of large (block-)width, few (blocks of ) variables are irregularly re-
solved. Here, large and few will be characterized by the parameter a € (0,1) (a = 0/1 means
regular/general resolution), and block is used in the main version where a variable partition
is part of the input. It turns out (Remark 3.3) that all known CNF families separating
regular resolution from general separate, in fact, regular resolution from this model with

~Q1) " (Our result holds for constant a.) Previously, [30] considered an extension of

a=n
regular resolution called d-reqular resolution by restricting the number of irregularly-resolved
variables on any path. Our restriction is simpler in the sense that the resulting system is

clearly Cook-Reckhow, but the two seem incomparable, and it will be interesting to know

their exact relation.



Proof idea. For the first result, we consider a class of clauses (not depending on the
refutation) where each one is very small (under certain “measure” on clauses), while we
show that in any refutation, the clauses from this class together “have measure 1”. Such a
clause C' has the property that its associated set of falsifying assignments, when regarded

% in the natural way!, has many indices i € [k] s.t. the i-th

as a k-product subset in [n]
component is small in a certain sense. The empty clause has full measure 1. We show
that, when traveling down the proof DAG with some strategy, one always ends in such a
small clause, and thus there are many such clauses in C'. This argument is similar to the
bottleneck counting method as in [54, 92] and might be possible to be translated into a random
restriction-based argument, while the current language is chosen since it works consistently
for the second result too.

The second result is built on [8] in a straightforward manner. In a given refutation, we
find one small clause C' (in the above sense) s.t. the sub-proof deriving C' is regular after a
suitable restriction. The useful graph-theoretic property used in the regular case seems not
inheritable to sub-graphs (which occurs from the restriction), but this can be fixed by using
a relativized property (section 3.4.3).

The proof of the first result has the merit of simplicity and the drawback is there, too:

Qk) Jower bound

the pseudorandom graph-theoretic property used is insufficient for an n
(Remark 3.2). On the other hand, we don’t know of a similar limitation of the property used

in the regular case and the second result.

Chapter structure. After giving preliminaries in section 3.2, we prove the first result

in section 3.3. In section 3.4 we introduce the new model and prove the second result.

1. More precisely, it is a product-subset of [n/ k‘}k ; the reason is clear after seeing the strong encoding
(section 3.2) where the vertex set is partitioned into k parts.

10



3.2 Preliminaries

Recall we use G = (V, E) to denote a simple, undirected graph. For A, B C V| NA(B) =
AN (Nyep N(v)) denotes the set of common neighbors of B in A; when A = V it will
be simplified as N (B). G will denote the n-vertex Erdés-Rényi random graph G(n,p),
0<p<l1 Forl<k<n, n_k%l is the well-known threshold probability [29]: G(n,p)

2 2
contains a k-clique (or not) w.h.p. as n — oo if p > n~ (1m0 5= (or p < n_(H_O(l))m).

_ 2
We take p =n k=1, £ > 1 a constant, throughout the chapter.

We now introduce the two natural k-Clique CNFs from the literature?. Clique(G, k) is

the encoding of “Gf contains a k-clique”, on variables x; ,, (i € [k], v € V):

2y V Ty Vi, j € [k],u,v € V s.it. i # 3, {u,v} ¢ F;

2 V DTy Vi € [k]l,u,v € V s.t. u # v.
The other one, Cliquep;yer. (G, k), is the encoding of “G contains a k-transversal clique” w.r.t
any fixed balanced vertex-partition:
V=Viu.uV, V| =1V, €{0,%£1} for all i, 5 € [K],

where a clique C is transversal if VI € [k], |C N V| < 1.

\/ = Vielk);

veV;

Ty, V Ly Vi#jelkl,ueViveV;st {uv} ¢ E;

Ty, V Ty Vie [k], u,v € V; sit. u #v.

2. There is also the so-called binary encoding ([73]), which we will not discuss here.

11



In both encodings, the first group of axioms is called clique azioms, the second group edge
axioms, and the third group functionality axioms. Clearly, the block encoding claims some-
thing stronger (hence is easier to refute) so a lower bound on its refutation length is stronger,

too. We have the following observation which seems to be folklore among researchers.?

Theorem 3.1. For any graph G that contains an Q(k)-clique, the exp(2(k)) resolution size
lower bound holds for Clique(G, k). In particular, the bound holds for the random graph

G(n, k2_—£1) (€ > 1 constant) with high probability.

Proof. By a reduction to the functional pigeonhole principle FPHP. More precisely, if G
contains a clique C, take the restriction p which sets x; ,, to 0 for all i € [k],v ¢ C, then the
refutation refutes F'PH P|kc|. But an exp(|C|) lower bound for the latter is known (e.g. [97]).

Finally, note a random graph from G(n, kZ—El) contains Q(k)-cliques with high probability. [

Remark 3.1. The encoding Clique(G, k) inherits hardness from FPHPS which has lit-

(k)
tle to do with the underlying graph. For Cliquepor(G, k), however, such a reduction on
random graphs seems unlikely4 as it just prohibits permutation on [k]. This is one reason

Cliquepper (G, k) is regarded as more technically appropriate (cf. a similar remark in [16]).

In the rest of the chapter, we concentrate on the CNF Cliquepoer (G, k).

Notation. We view a resolution proof I', i.e. a refutation of a CNF 7 as a top-down
DAG with the L on top, and identify a clause C' with the partial-assignment that minimally
falsifies it. For example, {x] = 1,29 = 0} represents clause C' = -1 V x9, and the empty
assignment represents L. For clarity, we call such a representation an object and use letter
P to denote it. Any non-leaf P € I' is labeled by a query “z =7” on a variable x, and
an answer is * = 1 or x = 0, leading to one child whose object contains the answer. For

the clique problem, more conveniently, we can denote a query by “(L,v)?’ intended for

3. For complete (k — 1)-partite graphs, a similar reduction is observed earlier by Alexander Razborov
(personal communication).

4. For some specially structured G this is possible; see Remark 3.2.

12



“is xy=17" where [ € [k], v € V}, and the answer is (I,v)Y*% or (I,v)"°, which chooses
a child whose representation includes z, = 1, z, = 0 respectively. For distinction (and
inspired by the pigeonhole principle), let us call [ € [k] a pigeon and v € V} a vertex; the
semantics of Cliquep; .1 (G, k) is, therefore, “assign to each pigeon a vertex so that they form

a k-transversal-clique”.

Definition 3.1. Given object P, let P := {(l,v) | (I,v)¥*5 € P}, Py :={(l,v) | ({,v)"° € P}

. For a pigeon | € [k|, denote

P(l)y:={veV| (Lv)* € P} Py(l) :={veV| (l,u)" e P}. (3.3)

Prie(l) == VI\Po(l) PlLive == U PrLive(l). (3.4)

le[k]
By definition, Py(1) "N Py(l) = 0, Py = Ujep{l} x P1(0), and Py = Uy {1} x Po(l). We
use dom(Pp),dom(Py) to denote the projection to [k] from Pp, Py. A live-clique in P is a
transversal clique in Pr;,.. A partial function f : [k] — V is a live-clique assignment in P

if f(I) € V; whenever it is defined, and its image is a live-clique in P.

In most situations, each Pj(l) has size 0 or 1. Intuitively, an object P gives a product
set P(1) x ... x P(k) CVj x ... x V}, where P(l) = Pi(l) if Py(l) # (0 and P(l) = V;\ Py(1)
otherwise. For example, if P is the empty assignment (i.e. the L clause) then this set is the
full Vi x ... x V3.; while if P;(l) is nonempty for many [’s, then the corresponding set has
many coordinates of size 1. We will think of the “largeness” of P by measuring this set in a

certain way (see the discussion under Definition 3.3).

3.3 2*-type lower bound for resolution

Parameter regime. Throughout section 3.3, we use the following parameter regime.

13



¢ > 1 a constant;

k = n where cg, € € (0,1/3) arbitrary parameters s.t.

min{ecgy, 1/3 — g} > (log n)_1/5; (3.5)
1 18 - N
N =1+ max{ , — 1}, :£—§
1 =3¢y ecy 1/3 — ¢y
k 1 2
r=_,qg=-nt"0"2 where § = —5
t 2 kE—1

W.l.o.g. we can assume k,r, g are integers. The meaning of k,cq, € is self-evident. r is a
sufficiently small portion of k, and ¢ is appropriately below the expected number of common

neighbors of an r-subset in a random graph GG. N, t are used only for technical reason. Note

1/3—60

-1/2
12 < 5r < N

(logn)

The reader can assume for simplicity the parameters are in the “typical” case, i.e. €,cg
and N,t are all constants. We do not try to optimize the parameter range, e.g. the number
(logn)~ /% is just a convenient choice for the estimates in Lemma 3.2 and (3.22) to go

through.

3.3.1 Graph properties

Fix a balanced vertex partition V' =V U ... U V}..

Definition 3.2. A subset A C 'V is called (r, q)-neighbor-dense ([24], [8]) if for any U CV
with size < r, it holds that |N4(U)| > q. G is called (r,q)"°% -neighbor-dense if for every

J € [k], Vj is (r,q)-neighbor-dense.

Lemma 3.1. (Inheritability of neighbor-denseness) For any integers ay,ag,bi, by and fixed
G, if ACV is (a1 + ag, by + by)-neighbor-dense and Ay C A is not (a1, by)-neighbor-dense,
then A\ Aq is (a9, by)-neighbor-dense.

14



Proof. Take a witness W7 of size aj for Ay s.t. |J\7A1(W1)| < by. Forany W CV, |[W| < a9,
[N gy, (W)= [N g, (WL UW)| = [Ny (W UW)| = [N g, (WL UW)| > (by + ba) — by,

where the second inequality used |W; UW| < aq 4 a9 and A is (a1 + a9, by + ba)-neighbor-
dense. O

28
Lemma 3.2. W.p. > 1 —exp(—0.5\/Iogn), G ~ G(n,n" ¥=1) is (2r, q)?/°* _neighbor-dense

with parameters in (3.5).

Proof. By standard use of Chernoff bound and union bound. For any fixed j € [k], any
R CV with |R| = 2r, B[ [Ny, (R)| | > (n/k — R|) - n=°" > gn!=070" > ¢. So

nl—co—%r

Pi{ | Ny (R)] < 501 < expl~ )

48 (3.6)
< exp(—n20tT)  gince 6r < 1/3 — ¢ by (3.5).

The first “<” in above uses Chernoff bound as all different edges are independent. Finally,
take a union bound over R’s whose total number is at most n?" < exp(0.5n2% logn), and

exp(—n20H07) L exp(0.5n2 log n) < exp(—0.5y/Iogn) since or > (logn)~1/2 in (3.5). O

Remark 3.2. Some particular graph family is also neighbor-dense, yet being far from pseu-
dorandom. For example, consider a complete (k—1)-partite graph G where 2r < ky <k (r,k
as in (3.5)), with partition V.= W1 U...UW},, where [W;NV;| ~ ﬁ foralli € [ki],j € [K].
Notice, however, for these graphs there is a 28n2k? refutation (e.g. [24]) which is regular,
and thus to obtain strong lower bound nSk) the property of neighbor-denseness is not enough,

even for reqular resolution.”

5. Although a variant of it seems sufficient for tree-like resolution, cf. [24].

15



3.3.2  Lower bound proof

block _peighbor-dense

Theorem 3.2. For parameters as in (3.5) where k = n, if G is (2r,q)
then any resolution refutation of Cliquepjoer(G, k) has size > exp(Q(k17¢)/t2), where Q(-)
only relies on some absolute constant. In particular, if cg, € € (0,1/3) are constant, then the
bound is exp(Q(k1€)).

Corollary 3.1. (of Theorem 3.2 and Lemma 3.2) Within the same parameters as in Theorem
3.2, Cliqueyoe; (G, k) is sub-exponentially hard for G(n,n=%) on average, where § = ;Tfl,

& > 1 constant.

The rest of this section is devoted to the proof of Theorem 3.2. To show size lower
bound, we design an answering strategy that finds many different objects in I'. We call this
an adversary strategy (against the prover I'; cf. [92]).

Fix any resolution proof I' of Cliquey,er(G, k). We will first describe an adversary

strategy and then analyze the size bound from it.

Adversary strategy.

1. Probabilistic part. Choose a set of § pigeons from [k] uniformly at random, each
—1
with probability (7]72) . Then choose an a, a transversal clique assignment to the chosen

pigeons, according to the following distribution:

(Distribution of &) Suppose the chosen pigeons are ly, ..., l% € [k]. Choose a(ly)
uniformly from V', then a(ly) uniformly from NVZZ({a(ll)}), a(l3) uniformly — (3.7)

from NVlg({a(ll),a(lg)}) and so on till a(lr) is chosen.

3
Denote this distribution by D, which is well-defined when G is (2r, ¢)?"°*-neighbor-dense.

The strategy is deterministic after « is chosen.

2. Deterministic part. Fix a sample a from above.
16



Definition 3.3. (Narrow pigeons) Given an object P, pigeon | € [k] is narrow in P if:
‘ 1 .
Py(l) is (r, éq)—nezghbor—dense.

The set of useful pigeons for P is defined to be dom(Py) U {narrow pigeons in P}.

Intuitively, an object is small if it contains > & many useful pigeons. The property the

strategy keeps is: as long as the number of useful pigeons in the current object is < r/2,

1. a, P; are compatible as functions;
(*) : 2. 3 function B: {narrow pigeons in P} — V s.t. o, Pj, 3 are consistent

and together is a live-clique assignment for P (Def. 3.1).

Note at the beginning of any path (top node), () trivially holds.

Claim 3.1. If for an object P the above (x) holds, then P is not an axiom.

Proof. This follows from a direct check. O]
The strategy continues as follows. Suppose the property () holds for current object P

where the query is (I,v)7. Answer according to the following:

(1) If |useful pigeons in P| > r/2, then halt. Otherwise,
(2) (2a) If [ € dom(a U Py U ), answer according to a U Py U 3; (3.8)

(2b) Otherwise, say “No”.

Lemma 3.3. Suppose the current object P satisfies (x). Then either we halt, or after

extending the path by one more step we still keep (x).

Proof. For item 1 in (%), it holds for the next object because of (2a) of the strategy. Now we

prove item 2. If P has > r/2 many narrow pigeons then we would halt by (1) of the strategy.
17



Otherwise, by assumption there is § for Py as in (x). We prove that the “intermediate”
object

@ := P U {the new answer}

satisfies (), and the lemma follows because () is monotone w.r.t. the object.

Assume the new query is ({,v)?. In case (2a), the same § for P suffices for @, trivially
from inductive hypothesis. In case (2b), either Py(l) U {v} is (r, %q)—neighbor—dense in G, or
it isn’t. In the latter case, the pigeon [ is still not narrow in ), and thus () holds for Q. In
the former case, let R := Im(aU U Py). By assumption,

r

5 =T (3.9)

|IR| < |a] +|UP| = g + |{useful pegions} < g +

Moreover, Py(l) U {v} is not (r, %q + 1)-neighbor-dense by the case assumption. So by
Lemma 3.1, where we take A := V), A} := Py(l) U {v}, and a; = a9 = %q, we get that
VIN(Po(l) U{v}) = VI\Qo(l) = QLive(l) is (7, %q — 1)-neighbor-dense. In particular, as
% >> 1, we can choose a w € NQLive(l)(R)' Extend S to S U {B(l) = w} will keep (x) for

0. 0

The answering strategy is now completed: we extend [ so that (x) holds until we halt.

Lower bound analysis.

Since I is a correct proof, the query process must stop. By Claim 3.1, it could only be halted

in Case (1) of (3.8). Let T" be the set of all such halting objects (over all ) in T'.

Definition 3.4. We say a % transversal clique assignment « leads to object P (inT') if when

chosen o in the beginning, the adversary strategy halts at P.

Lemma 3.4. Given the distribution o ~ D (3.7), for any fixed P € T

Pr| o leads to P | < exp(—Q(k' 7€) (3.10)
18



where the parameters are as in (3.5).

Proof. By definition of T" and Lemma 3.3, for P we have |{useful pigeons}| > r/2. Recall

1

e 21%% = o7 and denote ag := [€'r]. By the

r = k/t in (3.5). Take another parameter €

first part of definition of «,

Pr[ |dom(a) N {useful pigeons}| < ¢'r | s
:a;() (’”22) (f /; i/ z) / (TI;Q) < ag- (7“(1/02) (Tk/ 2— _7°/a20) /(Tl/“2), (3.12)

—r r/2—a)? a r/2—a)?
Denote f(a) = (T’C/LQ) (f/z_/z) then f(a+1) = f(a)- (ailﬁk—?)dra)’ S0 fgc(j;)l) = (a—ﬁlé?k—;—ka) >

1/2—2€)r? k 2
% > 2 when a < 2ag. Also note (r/?) = ZZ/:O (a). Thus (3.12) < ag - Jf(g?o)) <
ér 27T < exp(—Q(k/t?)). Therefore,
Pr[ a leads to P | <
exp( — Q(k/t?)) + Pr[ a leads to P, |dom(a) N {useful pigeons}| > ¢'r |
We bound the second term below. There are two cases:
ér
|dom(a) N'dom(Py)| > bR Or (3.13)
/
|dom(a) N ({narrow pigeons}\dom(Py))| > % (3.14)

Here as usual, dom(a) denotes the domain of a (a subset of [k]). In the following, o/ will
denote an arbitrary choice of a that satisfies the item’s condition.

1. In the first case, (3.13), o has to assign exactly the same vertices as P to pigeons in
dom(P;) Ndom(a/). Since G is (2r, ¢)P* -neighbor-dense where ¢ = %nI*Q‘S’", so in partic-

nl—co—26r

ular, there are > % many choices of vertices for each such pigeon. By definition
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(3.7), @ chooses among them uniformly. Thus

Pr[ a leads to P and |dom(a) Ndom(Py)}| > €'r/2 ]

< Z Pr[dom(a) Ndom(P;) =S A forallie S, a(i) = P;(i)]
SCIK], |S|>e'r/2

- 3 Pr(dom(a) Ndom(Py) = S |- Pr[ for alli € S, a(i) = Py(i)]

SC[k], |S|=€'r/2
< Z Pr[ dom(a) N dom(Pl) =9 ] . (%nl—CO—Q(ST)E’T/Q
SClk], |S|>€'r/2

<1. n—coe’r _ an(cok/tz)

where (3.17) is from the independence of the two parts in the definition of a ~ D.

(3.15)

(3.16)

(3.17)

(3.18)

2. In the latter case, (3.14), let B denote {narrow pigeons (in P)}\dom(P;). In the

process of choosing vertices to a pigeon i € dom(a’) N B, vertices in Py(i) must not be

chosen (by (2a) in the strategy). On the other hand, for any such pigeon i, it is narrow in

P so Py(i) is (r, %q)-neighbor—dense. Therefore,

. T
NPO(i)(Im(a/’dom(a’\{i}))) > = an 0—20r

So for such 4, as |Vj| = nl=¢,

‘ o nl—co—20r 1 o,
Pr[a(z)géPO(z)lzedom(a)]gl—w—_q):l—zn :

Now we can bound the overall probability of this case by

> Pr[ dom(a) N B = S and a(i) ¢ Py(i) for all i € S ]
SCB, |S|>€'r/2

20
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Similar to estimation (3.15), from (3.20) we have
1
(3.21) < (1— Zn—257“)€’7“/2 < exp(—Q(k1¢/£2)), (3.22)

where the last inequality uses k = n, 2dr < ecq in (3.5).

Finally, note ¢y < logn so the sum of probability is exp(—Q(k'=€/t?)). O

Since any choice of a results in halting at some object in T', Lemma 3.4 implies |T'| >
exp(Q(k179)) = exp(Q(n1=9))). In particular, there are at least this many different objects

in I'. Theorem 3.2 is proved.

3.4 nF-type lower bounds for a-irregular resolution

3.4.1 The model

Like before, let us view a resolution proof I' as a top-down DAG (L on top). A variable z

is called irregular on a path L in T if it is queried more than once on L. For a node (clause)

Cin ') z is irreqular under C' if there is some path down from C' on which x is irregular.
We are going to introduce the model of a-irregular resolution. Its main version assumes

a variable partition in input. Let’s start with a simpler one.

Definition 3.5. For a <1, a resolution proof I' on m wvariables is unblocked a-irregular

if for any clause C € ', w(C) > am = [{variables irreqular under C'}| < am

So regular resolution is O-irregular, and general resolution is 1-irregular.
We continue to the main version. Given m variables and x : Var — [k]| a partition of
variables (1 < k < m), we say x belongs to block k(z). Define the block-size of a variable set

to be | X| := |k(X)|, and the block-width to be

w?(C) = |Var(C))°. (3.23)
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Definition 3.6. (Main model) For a < 1, k as above, a resolution proof T' is a-irregular

for k if for any clause C € T, w(C) > ak = |{variables irreqular under C})|* < ak.

It is easy to see that this model is at least as strong as “resolution refutations with small
block-width (for the same variable partition)”; and it always subsumes the unblocked aﬁk—
irregular model, regardless of the partition.

The unblocked a-irregular resolution (Definition 3.5) is already exponentially stronger
than regular even for a = k’*Q(l), and the situation is clearer for the main model. It
turns out that the known exponential separations between the regular and general resolution
([2, 107]) are, actually, separations between regular and the a-irregular resolution with a

natural partition x and a = S

Remark 3.3. We next give the details of how the a-irreqular resolution can handle the hard
instances from the known general-reqular separations. The instances are Stone formulas

([2]), Lifted pebbling formulas ([107]), and a variation of the Ordering principle ([2]).

1. Stone formulas. Under the notation of [2], the m = Q(n?) many variables are
{Pis|teS} foreachi € V(G) and {Ry | t € S}, where |S| = Q(|[V(G)|) = Q(n). The
variables are naturally partitioned into k = n + 1 blocks according to the vertexr index, plus
a block of all stones. Azioms have block-width < 4, and the short resolution in [2] (their
Lemma 4.1) is 5/k-irreqular for k, since every clause in that resolution has block-width < 4.

This short resolution proof is also unblocked m~1/2

-irreqular; actually, only the stone
variables { R} are irreqularly resolved since a path in the proof naturally corresponds to a

path in G and G is acyclic. There are O(n) = O(m/2) many stone variables.

2. Lifted pebbling formulas. [t is noted in [107] that the Stone formulas can be
regarded as a “lifted” version of the so-called Pebbling formulas, Pebbs, on the same graph
G. They give a similar but different family of CNFs: in short, given boolean variables
T1,...,Tn, consider a wvariable change by encoding every literal x§ by /\jeN(i)(_‘si,j Vv 7“5)

(e € {0,1} and 2V := —x), where {si,j,r?} are fresh variables corresponding to a bipartite
22



graph H on components [n], J (In]NJ = 0), and we add the default axioms VieN(i)Si.j
for all i. If the left degree of H is d, then there are nd + |J| many variables. The Stone
Formulas are the resulting CNF expression from this variable change on Pebbq, when H s
complete; [107] showed the same separation holds if take H to be a more economic sparse
bipartite expanders®, with d = ©(n/|J|) (their Theorem 12). For us, the short resolution
refutation in example 1 now only simplifies, so the block width is still constant where blocks
are the same {s; ;} (for each i € V(G) and {r;}.

Similar to example 1, the short proof is also unblocked 1/d-irreqular, and in applications

d > O(loglogn) (their Theorem 13).

3. A variant of the Ordering principle, denoted by GT},. It has m = n(n — 1)
variables x; j, i # j € [n], with the intended meaning x; j < element i (in some n-element
set) is greater than element j. We refer the reader to [2] to this CNF family; what’s important
for us is that if partition the variables according to the second subscript j, into k = n blocks,
then the azioms have constant block-width, and the short refutation (Corollary 3.4 in [2]) is
4/k-irregular. Namely, that refutation first resolves x;, j, V Tjy ja V Tjg iy V pl(i1,i2,13) with
Ty iy V Tigis V Tig iy V Tplin,d,i3) for all iy,io,13, where p(-) refers to some literal and
all clauses have block-width < 4, then it uses the short refutation from [102] to finish, in
which all clauses are either the so-called Cy,(7)’s (in notation of [102]) or azioms, all with

block-width < 4. So, the refutation is 4/k-irreqular for this partition.

Remark 3.4. In all the examples above, the variable partition not only has a natural se-
mantic meaning but also makes axioms have constant block-width.” This maght be considered
together with the technique of variable substitutions in form x; = f(y; 1, ..., yit) with y; ;’s
being distinct new variables (a.k.a. lifting; see e.g. [94, 60, 48]), where “blocks of variables”

appear naturally. For the lifted CNF, it is reasonable to expect that the block-width measure

6. The actual construction has one more twist called mirroring, which we ignore here.

7. Other partitions might also seem natural but fail the second property, and we do not know the power
of the model with them.

23



on proofs w.r.t. this variable partition reflects the hardness of the original CNF which itself
is often narrow. In our context, this perspective explains the power of the model in examples

1, 2. It seems to say nothing about example 3, though.
The main theorem of this section is the following.

Theorem 3.3. Fiz the natural partition kg : xp — i if v e V; in ViU ..UV, Let & > 1
be constant and € > 0 be any parameter s.t. (log n)*1/2 < € < 1/200. Then for any k s.t.
€2(100/€)3 < k < nt/3740¢ whp. over G ~ G(n,n 2/(E=1)) " qany %—irregular resolution

proof for Cliquepoer. (G, k) has size nke’/(2006)%

3.4.2 More graph properties

Definition 3.7. (relativized neighbor-denseness, Definition 3.2) Given G and a,b € Ny, for
A, B CV, B is called (a,b)-neighbor-dense if VU C A, |U| < a = |[Ng(U)| > b. When

A=V, we simply say B is (a,b)-neighbor-dense.

Note A’ C A, then (a, b)4-neighbor-denseness implies (a, b)A/—neighbor—denseness.
Another pseudorandom property which played an important role in the proof for regular
case says: for any (r, ¢)-neighbor-dense sets in G, all witness sets of its non-(tr, ¢’)-neighbor-

denseness are non-trivially concentrated (for suitable ¢,¢’).

Definition 3.8. (/8/) W C V s called (tr,r,q, s)-mostly-dense in G, if 3S C V, |S| = s
such that: YU C V of size < tr, [Ny (U)| < ¢ = |UNS| > r. For convenience, we say G
itself is (tr,r,q', s)-mostly-dense if every (r, q)-neighbor-dense set is (tr,r,q , s)-mostly-dense

(when q is clear from the context).

Proposition 3.1. (mostly-denseness is inheritable w.r.t witness S) Suppose A C'V, and W
is (tr,r,q , s)-mostly-dense. Then 3S1 C A of size < s such that, for any U C A, |U| < tr,

if Ny (U)| < ¢ then |UNSy| > r.

24



Proof. Take S7 to be SN A, where S is as in Definition 3.8. O

As usual, denote k2_—£1 by §. For simplicity, we always take & > 1 to be constant. The

main result of [8] is the following.

Theorem 3.4. For any parameter ¢ € (0,1/2) and constant &€ > 1, if k < n}/4~¢ and

/€ < n/27¢ then:

_ 2
(1) (their Theorem 6.1) W.h.p., G ~ G(n,n” ¥=1) is (tr, tq)-neighbor-dense and (tr,r,q, s)-
—otr
mostly-dense, with t = 6;2‘5, r= %, q= ”14—tt, 5= (%)1/2 and ¢’ = 3estt€log s.

(2) (their theorem 5.4) Let t - 4 <t < k be any parameter and r = 4k/t>. If G is (tr,tq)-
neighbor-dense and (tr,r,q, s)-mostly-dense, then any reqular refutation of Clique(G, k) re-

quires size %min{ser/Q, (1— 7'3_(1+6)/26k)_q,},

We will need Theorem 3.4(1) for the following parameters. Theorem 3.4(2) will be actu-

ally re-proved and refined following the original method (Lemma 3.8, 3.9).

Parameter regime. In the rest of section 3.4, we use a parameter regime that is similar
to that of [8]. As before, let £ > 1 be a constant and ¢ = %

€ = any parameter in ((log n)_l/2, 1/200);

P (ﬁ n1/3—4oe) .

€ €

mn ) . (3.24)
1-86tr / —itr

r=3 4= g [k, 4 = a7

s k2n9(5tr+€’ P n—(9(5t7‘+26)/k‘

We can assume k,7,q,q’,s are integers whose meaning is clear from Definition 3.8; p is

used for a biased-coin in the argument. As before, the “typical” case is when € is a small
2

constant, and the bound is nf¥k/€%)  Our choice of p= n_(g‘str+2€)/k: is larger than that in

the original Theorem 3.4(2) (which is roughly n~(1t€)/2): this makes the two bounds in the

1/4 1/3

proof of Lemma 3.9 more balanced thus slightly improves the range of k£ from n'/* to n'/°.
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Theorem 3.5. With parameter regime (3.24), w.h.p. G ~ G(n,n~%) is

(i). (8tr, 4tq)?% neighbor-dense; and
(3.25)

(i1). (tr,r,q , s)-mostly-dense.
Proof. (i) is proved identically to Lemma 3.2. (ii) is Theorem 3.4(1) except for a difference
in parameters; we only have to point out that parameters (3.24) satisfy ne/2+1 < qn_at’"s Jtr

so can be safely replaced to their proof. O
Theorem 3.3 thus reduces to the following.

Theorem 3.6. Recall V(G) = Vi U...U Vg, and kg is the “canonical” partition that maps
v toiifv eV If G satisfies (3.25) with parameters (3.24), then any %—irregular resolution

for (Cliquepoer. (G, k), ko) Tequires size nek /6t

3.4.3 Lower bound proof (Theorem 3.6)

Proof overview.

As described in the introduction, the idea is simple: use a suitable restriction to reduce to
the regular case. The induced sub-graph is not quite pseudorandom, but not far: the only
additional observation is to use a weaker, relative notion of pseudorandomness (Lemma 3.6,
3.9).

As before, we give an adversary strategy followed by its analysis, where we will need to

open up the argument in the regular case.
Definition 3.9. (Narrow pigeons, with new parameters (cf. Def. 3.3) Suppose I' is a
resolution proof, P € T' an object. A pigeon | € [k] is narrow in P if
1
Py(l) is (4tr, 2tq)-neighbor-dense, where recall 2tq = an_St(sr/k‘.
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We use narrowp to denote the set of narrow pigeons in P.

Adversary strategy.

Stage I (find a restriction). Travel down the proof, and keep a live-clique assignment 5p

(Definition 3.1) s.t.
Bp 2 Py, dom(Bp) = dom(Py) U narrow p. (3.26)
where P is the current object. Suppose the query at P is “(I1,vq)?”. If
[narrow p U dom(Py)| > tr (3.27)

then go to Stage II; otherwise if {1 € dom(P])Unarrow p, answer according to Sp; otherwise,

answer No. Let us show that during Stage I the property (3.26) always holds.

Claim 3.2. If G is (80tr, 4tq)Pok -neighbor-dense, 1 ¢ narrowp, then Pri(1) is (46tr, 2tq)-

neighbor-dense.
Proof. Apply Lemma 3.1 to A <V}, A1 < Py(l), a1 = ag = 4dtr, by = by = 21q. O]

Denote the next node by PT. There is at most one new narrow pigeon /1, so by Claim
3.2, |NPLive(ll)(Im Bp)| > 2tqg > 1. Take a v € NPLive(ll)(Im Bp)\{v1}, extend Bp by | — v
then restrict it to narrow p+ U dom(P;") as Bp+. (3.26) holds for PT.

This completes Stage 1.
Claim 3.3. The query-answer process must transit to Stage II at some node P.
Proof. Similar to Claim 3.1: if (3.27) fails then P falsifies no axiom. O

Stage II (reduction to the regular case). Suppose we arrive at this stage at node

P*. We find a variable restriction as follows. Note |P; Unarrow p| increases by at most 1 per
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step in Stage I (it might decrease), so it must be the case that [narrowp« U Pf'| = tr = k/t.
Now |P*|® > k/t and since T is %—irregular, all irregular variables below P* belong to some

fixed block set Ipx of size < tr.
Claim 3.4. There exists a live-clique assignment E for P* s.1.

3 extends Bp+ and  dom(B) = dom(Bp+) U Ips. (3.28)

Proof. Extend the function Sp+ on Ip«\dom(Sp+) C I ps\narrow p+ one by one. In each step,
the function to be extended has image size < (|dom((P*)1)| 4 [narrow p«|) + [Ip+| < 2tr, so

it is possible to find a common neighbor in P ;y.(l) for any [ ¢ narrowp« by Claim 3.2. [

Now we make a self-reduction of the problem to G. Fix a B in Claim 3.4. Let

G=G[ |J W whee V;=Np. (ImP), 1€ K\dom(3).  (3.29)
1€[k]\dom(5)

Restrict more appropriate variables to 0 so that axioms become Cliqueyoer (G, k—|dom(3))).
The restricted proof under P* is regular. Denote it by I'*.
Finally, we use a strategy on I'* from the regular case [8]. Suppose we travel

down I'™* from the root P* along a path L to node @, and is faced by a query “(l1,v1)?”.
1. If Jv e ‘N/ll s.t. (I1,v) was answered Yes along L, answer No (forgotten-forced answer);
2. Otherwise, if v1 ¢ N(Im Q1), answer No (edge-forced answer);
3. Otherwise, answer Yes w.p. p, No w.p. 1 — p independently (random answer).

This completes the adversary strategy.

28



Pseudorandomness of G.

Recall G is the induced subgraph (3.29). Assume w.l.o.g. dom(g) = [k +1,k]. The lower

bound depends only on the pseudorandomness of G in Lemma 3.5, 3.6 below.

Lemma 3.5. Assume G is (8tr, 4tq)Po% -neighbor-dense (t,q as in (3.24)). Then Vi € [%],

V, is (2tr, 2tq)V -neighbor-dense in G (the upper “V 7 stressed here).
In particular, G itself is (2tr, 2tq)blOCk—neighbor—dense.

Proof. Like in Claim 3.2, we apply Lemma 3.1 to A <= Vj and Aj < (P*)o(l) with a1 =

ag = 4tr, by = by = 2tq, where [ ¢ dom(f) O dom(narrowp«). As a result we have

Pfive(1) is (4tr, 2tq)-neighbor-dense in V. (3.30)

Now for any R C V of size < 2tr, |Im(§) UR| < 2tr + 2tr = 4tr, so ]N%(R)\ by def.
N R ~ by (3.30)

NG o m@) B =INpe m B UR) > 2tg. D

Live(l)
Lemma 3.6. Assume G is (tr,r,q , s)-mostly-dense. The relativized mostly-denseness holds
for (G,é): for all (r,q)" -neighbor-dense set W C V,3SCV of size <s s.t. VUCV, if

\U| < tr and |Ny (U)| < ¢ then |SNU| > r.

Proof. Since G'is (tr,r,q, s)-mostly-dense and W is (r, q)V—neighbor—dense, Wis (tr,r, ¢, s)-
mostly-dense. In Proposition 3.1 take A <+ 17, as a result there exists 51 C A = V that

satisfies the condition in the lemma. ]

Remark 3.5. This relative property is apparently weaker than (tr,r,q , s)-mostly-denseness

of G since {(r,q)V -neighbor-dense sets in V} C {(r, q)v—neighbor—dense sets in V}).

Lower bound analysis.

Now we use the method in [8] to show regular resolution lower bound on G.
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Notation. Let L denote the random path from P* to axioms in strateqy on I'*. A path
(not necessarily from P* to axioms) is eligible if it can be traveled through with nonzero
probability. If Z is a node on L, L(Z) denotes the sub-path from Z. For an eligible L,

similar to Definition 3.1, let

Ly :={ (l,v) | (I,v)Y° is answered along L }, and similarly Lo; (3.31)

rand(L) :={ (l,v) | ({,v)? is answered randomly along L }. (3.32)

Lo(l) :={v | (I,v) € Lo}. A subset of {(,v) | v € V},l € [k]} is called a query set.

Definition 3.10. Let X be a query set. A path L is XY¢-compatible if X N Ly =0, and is

X"0_compatible if X N L1 = (.

So, if I'* is regular then L1 N Ly = (), meaning L is Lzl/es— and L{j°-compatible. It’s easy to

verify that any eligible path L to axioms must end in a clique axiom C} := VUGVZ Ty, | € [k].

Lemma 3.7. If L is an eligible path to axiom Cj as above, then along L there is no forgotten-

forced answer to l. In particular, L is X"°-compatible for X = {l} x 171

Proof. By regularity. O]

So it suffices to upper bound the probability Pr[ L ends in Cj |, VI € [k], which is done

by the following two lemmas. Note Lemma 3.8 actually holds without assuming regularity.

Lemma 3.8. For any query set X and eligible path L' from P* to Z,

P, if 0 = yes,
Pr [L(Z) is X9-compatible, [rand(L(Z))NX|>a|L D L/] <

(1 —=p)* if 8 =no.
Proof. We prove for 6 = no; the other is the same. Note if L is in the support of the event

on the LHS, then on L any query ({,v)? in X must be answered no by compatibility. Let
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Prr/ 7 denote the probability on the LHS (X fixed). If Z is an axiom, then a = 0 so the
conclusion is obvious.

We pass the probability Pry, 7 , to the one or two possible successor(s) of Z, and so use
reverse-induction on the length of L'. Suppose the query at Z is (I,v)?. If (I,v) ¢ X or
the answer is a forced-No (which can be decided given L', Z), then the probability passes to
the successor(s) with a unchanged. Otherwise, the answer is a random-No, and Pry/ 7, =
(1=p)-Prpn g1 41, where L extends L' by Z — Z" and Z' is the unique possible successor.

The inductive hypothesis on L’ completes the proof. O

Lemma 3.9. VIl € [ k|,
Pr|[ L ends in aziom C), (VZ on L) |Z1| <r/2] < [T*]?- pek/3? =1 (3.33)

Proof. (cf. [8]) Due to item (1) in Stage II's strategy, there are at most k Yes-answers along
any support of L. Given such a L, divide it into consecutive segments LYU...L? such that
I(LP)q] < (%W < tr/2, Vi € [2t]. Here recall (L'); is defined by (3.31). Below we consider
(Lo(1); note by choice of I, Uie[zt](Li)O(Z) =V

We can see by contradiction that one of (P%)o(1), say (L" )o(1), is (r, ¢)V -neighbor-dense:
otherwise, they give a union of 2¢t many sets of size r, together having < ¢ -2t many common
neighbors in \N/l, contradicting Lemma 3.5. Fix such an ¢* for L.

Let Z, Z' be the start and end nodes of L (decided by L). For simplicity, denote (Z, Z’)

by pair(L), and let A = Im(Z;) U Im((L?*);). Also, abbreviate the event
“L ends in C}, and (VP on L) |Py| < r/2” (i.e. the event in the lemma)
as L<. Since L ends in C}, by regularity of I'*, (L*)(l) = Zy(H\Zo(1). So,

LHS of (3.33) = Pr[ L<, |NZ,0\ZO(A)| > ¢ |+ Pr[ L=, |Nz'0\z0 (A)<qd ] (3.34)
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= > (Pr[L=, pair(L) = (2,2),|N g\ z,(A)] = ¢']
Z,7'el’

+ Pr LS, pair(L) = (2, Z'), [Nz, 7, (A)] < ¢ ]) .

For fixed (Z,Z7') € T', we bound the above two terms separately.

First term. By Lemma 3.7, any No-answer in (L')(l) is random or edge-forced. By
definition of A, the > ¢/ many No-answers to NZ(’)\ZO (A) along L% (1) are all random. Also,
by Lemma 3.7, any path to C} is X"-compatible, X := {l} x V. So the event of this term

implies event F := “L is X"°-compatible, [rand(L) N X| > ¢’.” By Lemma 3.8 (Z < P*),
Pr[E] < (1 - p)? < exp(—pq') < exp(—nl267200" /(G44k2)) < p—ck (3.35)

where we used 0tr < ¢, k < n}/3740¢ ¢ > (logn)~1/3 by (3.24).

Second term. By choice of i*, Z{\ Zy is (r, q)V -neighbor-dense. Now |A| < r/2+tr/2 < tr,
so by the (¢r, 7, ¢, s)-mostly-denseness of G and Lemma 3.6, 35 C V, |S| < s s.t. |[ANS| > r.
As |Im(Z1)| < 7/2 in the event L<, if let §1 = Im((L%');) N S then L< = |S;| > r/2.

Therefore, as every Yes-answer is random, this term is bounded by

> Pr[ {1} x S € L(Z); Nrand(L(Z)) ]. (3.36)
S1CS, |Si|=r/2

For any fixed S, this is < pr/ 2 by Lemma 3.8 (the compatibility condition is from the fact
after Definition 3.10). Now (g)p’"/2 < (2«275271_6)k/t2 < n_ek/3t2_10, by (3.24).

The lemma follows by a union bound over Z, 7’ € I'* in (3.34). O
Theorem 3.6 is now a straightforward corollary.

Proof. (of Theorem 3.6) Recall G is (8tr, 4tq)?°* _neighbor-dense and (tr,r, ¢, s)-mostly-
dense, and I' is %—irregular resolution w.r.t. the canonical partition. By Claim 3.3, we only

need to bound |[I'*|(< |T']). Consider an eligible path L down from P*. If for some @ on L,
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|Q1] > r/2, we call L type-1; otherwise it is type-2.

For a type-1 L, fix such a node Q). L is le}es—compatible (by @1 C L1 and the fact after
Def. 3.10), |@Q1] > 4. Yes-answers are random in Stage II so Lemma 3.8 applies to the
sub-path from P* to @ (with X < @1). By a union bound over ) € T'*, a type-1 path
appears w.p. < |['¥| -p% < || - p—ek/

For a type-2 L, by Lemma 3.9 it appears w.p. < k|F*|2n*6k/3t2*1 (unioned over [ € [k]).

Together, type 1,2 appear with probability 1, so |T™*| > nek/6t% ]
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CHAPTER 4
SUM-OF-SQUARES LOWER BOUND OF CLIQUE

The content of this chapter is from the work [87] that appeared at the 36th Computational

Complexity Conference (CCC 2021).

4.1 Introduction

A variant of the clique problem on random graphs G(n, 1/2) was proposed in [62, 71], known
as the planted clique problem: if we additionally and independently plant a random clique X
of size w > logn to G, can X be recovered? Information-theoretically it is possible, since for
any fixed choice X C [n], w.h.p. over G it holds that |N(v)NX| < (say)0.51|X| for allv ¢ X.
But computationally, the problem is still widely believed to be hard on average after being
intensively studied, and it has inspired a broad range of research directions (cryptography
6], learning [23], mathematical finance [7], computational biology [89], etc.). So far, the
best known polynomial-time algorithm works only when w = Q(y/n) [3], which is a so-called
spectral algorithm (see e.g. [59]).

The sum-of-squares hierarchy (SoS) [101, 88, 72] is a stronger family of semidefinite pro-
gramming algorithms (SDP) which, roughly speaking, is SDP on the extended set of variables
{zg | S Cnl], |S| < d} according to the degree parameter d. They can be significantly more
powerful than spectral algorithms and traditional SDPs (see e.g. [11, 59]), and the recent
years have witnessed rapid development on SoS-based algorithms that turns out to provide
a characterization of a large class of algorithmic techniques ([14, 59]). The SoS proof system
as described in chapter 2 is the natural proof-theoretic counterpart of these algorithms. It is
known that in most cases, including when all variables are boolean (i.e. 3:22 = r; are axioms),
such a refutation exists if the axioms have no common solution; see [85, 93] for more on the

relation between SoS proofs and algorithms.
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The average-case hardness of the planted clique problem has a very simple form in proof
complexity, and a lower bound would automatically give the hardness on any class of algo-
rithms based on the proof system. Given that the decision version of the spectral algorithm
of [3] corresponds to a degree-2 SoS proof, a SoS degree lower bound potentially can bring
us a much better understanding of algorithmic hardness. The standard problem formulation

is the following.

Definition 4.1. Given an n-vertex simple graph G and a number w, the Clique Problem

for degree-d SoS proof system has the following axioms.

(Boolean) x? =ux; Vi€ n]

(Clique)  @jzj =0 Y{i,j} non-edge (4.1)

(Size) 1 +..+zp=w

A fundamental feature of SoS systems is the duality: to prove degree lower bounds it
suffices to find a pseudo-expectation whose moment matriz! is positive semi-definite (PSD).
With boolean variables (which is our case), this can be demonstrated on multi-linear poly-

nomials as below. Let X<¢ = {zg | S C [n], |S] < d} for any d € N.

Definition 4.2. A degree-d pseudo-expectation for the Clique Problem on G is a map

E:X¢ >R satisfying the following four constraints when extended by R-linearity.

Default Exy=1 4.2
0

(Clique)  Exzg =0, VS:|S|<d, G|lg non-clique (4.3)

(Size) E((x1+...+xn)x5) —w-Exg VS: |S]<d-1 (4.4)

where in (4.4), xp-xg = x4up- To define the last constraint, define the moment matrix

1. The name is simplified from the more cautious one, pseudo-moment matrix.
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M to be the (<[g}2) X (<[g}2) matriz® with M(A,B) = ExAuB; then:

(PSDness) M is positive semi-definite. (4.5)

It is not hard to see that, if a degree-d pseudo-expectation exists, then there will be no
degree-d SoS refutation as in (2.2), (2.3) for the Clique Problem.

A relaxation of the problem was studied in [13], asking if E like above exits except with
one change by weakening the Size Constraints (4.4) to a single inequality E (x14...+xn) > w.
Henceforth, we call the Clique Problem (Definition 4.1) Exact Clique and this relaxation

Non-Exact Clique.?

How to deal with the exact problem is a subtle but important open problem. On itself,
lower bounds on the non-exact (weak) formulation indeed gave an important algorithmic
message, but still, they do not rule out the possibility that SoS algorithms, when equipped
with the additional constraint family f - (z1 + ... + 5, — w) = 0 (arbitrary f), become
stronger and output “infeasible”; cf. the similar discussion in the case of random CSP [65].
This “weak vs. strong” distinction also involves how one thinks the SoS SDP optimization

problem should be formulated.

Perhaps more importantly, it is about the techniques for average-case SoS lower bounds.
The current so-called pseudo-calibration heuristic [13] tends to deal successfully with “soft”
constraints (inequalities, or usually a threshold on the dual objective value) while being
poor at handling “hard” constraints (polynomial identities generated from a fixed objective
value); we want to find techniques to deal with the latter. Progress toward this goal is made
in [65] for random CSPs, where the idea is that the hard constraint is a sum of “local”

ones, each of which can be satisfied by a distribution on “local” variables, where locality is

2. d is always assumed to be even.

3. There is no “planted clique” in the problem formulation now, but traditionally this is still called the
planted clique problems due to the algorithmic motivation behind.
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formulated from a familiar notion of graph closure on expanders (cf. [50, 100, 22, 12, 68]).
For Exact Clique, whose constraints do not have a similarly clear global-local structure, it
seems unlikely a similar strategy could work.

There are also some concrete applications of lower bounds on Exact Clique, e.g. to the
approximated Nash-Welfare [67], and a successful technique here might help deal with the

related problems [65, 66, 63] (graph coloring, stochastic block models, etc.).

Previous work

For lower bounds, on Exact Clique, [47] showed that the (weaker) d-round Lovasz-Schrijver
system cannot refute it for w = O(W), [79] proved degree-d lower bound on SoS for
w = O(n'/%) which was later improved to O(nl/3) for d = 4 [43] and further to 5(nw)
for general d [57]. For Non-Exact Clique, [13] proved the almost tight lower bound d =

Q(e2logn) for w = nl/2—¢

, € > 0 arbitrary.
For upper bounds, if w = Q(y/n) then degree-2 SoS can refute Exact Clique with high
probability [46]. On the other hand, if w > d > 2.1logn, a degree-d SoS refutation for Exact

Clique is not hard to see, which we include below for completeness.

Observation 4.1. (Upper bound for Ezact Clique if w > d = 2.11logn) Note that (x1+ ...+

xn)d = w® modulo the Size Aziom. The LHS can be multi-linearly homogenized to degree-
dbyxg = U%M Zi¢5 TS} by this axiom again, after which w.h.p. all terms are 0 by
Clique Azioms since there is no size-2.11logn clique in G ~ G(n,1/2) w.h.p.. This gives the

contradiction 0 = 1. Note the proof is actually in the weaker system Nullstellensatz (see e.g.

[15]).

Results of the chapter

Our main result is the following.

37



Theorem 4.1. Let € > 0 be any parameter, w = nl/2=¢. With probability (w.p.) at least
1 —n=408n pyer G ~ G(n, %), any SoS refutation of Fxact Clique requires degree at least

¢ logn/loglogn, where € = min{eQ, ﬁ}/QOOO.

We also have the following result. It does not allow to improve the lower bound but
provides a new, hopefully simplifying, perspective on certain techniques that were used for

the non-exact problem.

Theorem 4.2. (Informal) For the Non-Ezact Clique problem,

(1). There is a way to define the correct pseudo-expectation from simple incidence algebra
on the vertez-set;

(2). For the resulting moment matriz M, there is a weakened version of the quadratic
equation M = NN T whose solvability is given by, and actually equivalent to, a general graph-

decomposition fact from which a “first-approximate” diagonalization of M can be deduced.

4.2 Proof overview

The two results use almost completely different ideas, so we treat them separately in this
proof overview. The first two subsections 4.2.1 and 4.2.2 are for the proof of the main result,
Theorem 4.1. The proof of Theorem 4.2 is sketched in subsection 4.2.3.

Let us start with a common idea for designing pseudo-expectations. Suppose we deal
with degree-d SoS i.e. deal with size < d-subsets of [n], then as is usual in complexity
theory, we take a parameter 7 > d (think of d < 7 < logn) and make our construction
on all size < 7-subsets, in hope to later have a good control on its behavior on all size < d
subsets. This idea is most clearly demonstrated in the non-exact case (section 4.3.1), and is

also the reason for the 7-parameter for the exact case (in (4.6) below).
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4.2.1 FEzact pseudo-expectation

The constraints force us to design the pseudo-expectations in a top-down manner, as follows.
Fix Exg for all |S| = d first, then recursively set Exg w+‘5| %g Exsu{i} if |S| < d. The
Clique Constraints (4.3) will be satisfied if Edq: g factors throughzlg is clique on § as functions
on G. Inspired by (almost all) previous work in the literature, we use Fourier characters and

consider

Exg= Y  F(V(D)US)-xr VSCInl [S|=d (4.6)
T:|V(T)US|<t

for some function F : N — R. We call F a d-generating function.* Thus

i > XT[ZU: (\V(T) Ui| —d+u) (n— \Z(_T2U5|)

Exg =
W) rvimosisr Lo

CF(V(T)U S| +u— c)}

where u := d — | S|, for all S with |S| < d. One key novelty we bring is the choice

(z+872) w,,
Flz) = ———— (—)". 4.7
@) = &) (4.7)
The moment matrix M will be JT/[/(A,B) = > M(A, B;T)xr for A,B C [n],
T:|V(T)UAUB|<7
|Al,|B| < d/2, where M (A, B;T) =
1 " ([V(T)UAUB| - (d—u)\ (n—|V(T)UAU B|
(w—d—|—u) Z c u—-c
u c=0
. (|V(T> U A U B| +u—c+ 87’2)! . (('_d)|(V(T)UAUB)|—|—u—C (48)
(872)! n ’

F(|V(T)UAUB|+u—c)

4. To be distinguished from the usual generating functions for sequences.
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where u = d — |[AU B].

This seemingly mysterious choice of F' is ultimately for proving the PSDness of M , but
it probably can be seen only after a series of technical transformations (Remark 4.1, 4.4). It
will be very interesting to know if there is a priori an explanation of it. See Remark 4.3, 4.11
for why some traditional choices from the literature that simulate some planted distributions

apparently cannot work here.

4.2.2  Moment matriz analysis

1. Hadamard decomposition and Euler transform. For the exact problem, by the

standard SoS homogeneity reduction (Lemma 4.9), it suffices to prove PSDness of the (an]ﬁ X

((En]z) principal minor of M. Denote this minor by M. One unpleasant feature of M is that
in its expression (4.8) the parameter u = | AN B| appears in a deeply nested way. To analyze
M (in particular, get a clue of how to diagonalize it), we resolve this intricacy in two steps.

d
First, M = 2320 me o M. where “o” is the Hadamard product, and m,., M, are matrices

as follows. For all |I],|J| = d/2,

me(l,J) = (w—d—i—u) w"¢  where u denotes |I N J[; (4.9)
u
> xT - Mc([IOJ[[V(TYUTUJ|), if[InJ]>¢
M(I,J) = { TV (T)uIug|<r (4.10)
0, 0.W.

whose coefficients are

a—(d— U)) (n — a)n—(“‘c) (a+u—c+ 872)!(£)a

c u—c (872)! n

Mefwa) = (

where u = [INJ|, a = |V(T)UIUJ|.

The intuition is to let m. carry (as much as possible) the “purely” vertex-set-based
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information, |1 N J|, so that the second factor M, will be left with (mainly) edge-set-based

information. As can be expected, in the analysis we will also treat m., M.’s separately.
The more difficult part is M. In fact, we will further remove the dependence on [INJ| in
M_c(I,J) by one more step: a decomposition M, = > M where each M is supported
Re(Ly)

on rows and columns whose index contains R, and the expression of MCR’S can be derived

from M. by FEuler transform. In summary, we will prove:

Lemma 4.1. (XII-decomposition of M, Lemma 4.13)

d
2 |R|
M = me o Z ME| = Z choMCR (4.11)
=0 n n =0
¢ Re(g[d}2) Re(g[d}z) ¢

where each me is by (4.9) and MCR has the following expression. First, MCR =0if |R| <c.
Also if R € I N J then ME(I,.J) = 0. Finally, if |R| > ¢ and R C I N J, then ME(I,.J) =

> MI(I, J;T)xr where, denoting a = |V(T)U I U J|, MII, J;T) = (£) -
T:|V(T)UIUJ|<T
Ye(|R|,a) and

r

—c 7—2 ! .
3 (1)) (HL (G- et s

Ye(r,a) = { I=¢ (4.12)

07 o0.w.

Moreover, for all0 < ¢ <r <d/2 and 0 < a <7, |Ye(r,a)] < 7°7.

The intuition behind (4.11) is that, the first factor m. “decreases” in ¢ and mq is “very
positive”, while for fixed R, M({{ is positive and other MCR’S (¢ > 0) are “not too large”.

This is expounded by the following two lemmas.

d
Lemma 4.2. For each ¢ =0,...,d/2, mg =wm] = ... =w2mg > %Id.

[\V|sH
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Lemma 4.3. (Main Lemma) In (4.11), w.p. > 1 — n= 218" the following hold. For all
Re (M) et PRE=(1e (Y| RC T},

<d/2 d/2
1). ME = ndiag(Ql) pr,, pr; (4.13)
2). +w ME < 07/ Ml vo<c<|R) (4.14)

These two lemmas directly imply M(G) = n~ % 1diag(Cl(G)) w.h.p., and The-

(a7) (37%)
orem 4.1 is an easy corollary of this (Cor. 4.1, 4.2).

The proof of Lemma 4.2 is relatively easier using Johnson schemes (similar to [79], see

Lemma 4.12). Below we give the idea for proving the Main Lemma.

2. Recursive factorization: an extension. To prove the Main Lemma, an important
first step is to derive an approximate diagonalization of MéR, for which we use the recursive

factorization technique of [13]. In section 4.7 we will derive an approximate PSD factorization

—

~\ T
ME ~ LR (-) <LR) . This we roughly describe as below.

Lemma 4.4. (Recursive factorization, Lemma 4.20) For any R € (<[g}2) and 0 < ¢ < |R|,

we have the following decomposition.

ME = LR.

D (Qﬁo — QP 4.+ Qfd) DT} - (ﬁ)T + el (4.15)

where LT is some matriz of dimension (

[VIs®

(¢

) x (T4 1)) , D7 is the diagonal matrix

A
diag ((Cﬁu)g) ®ldrg . 71x{0,....r)» and the “middle matrices” ka s are (T +
AC|n],|Al<d/2 o o ’
1) x (7 + 1)-blocked, each block of dimension <[§n‘ii) X <[§ncil) The “error” ER(G) is supported

within rows and columns that contains R and is clique (given G), and w.p. > 1 — n—9logn

) er\| < ner/2

For the reason of the “larger” dimension of matrices, see Remark 4.11.
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3. Proving PSDness: encounter with Hankel matrices. With Lemma 4.2 and 4.4

at hand, the following is the key step towards the Main Lemma.

Lemma 4.5. W.p. > 1 —n=8198" oper G, the following holds: for all R € (<[Z}2),
R _ OR R T g (& R (4 In]
(1). QO,O — Q()’l +... £ QO,% = 77 . diag <CI>SR><SR’ where ST = {(A,i) € (gd/2) X
{0,...,7} | AD R, |A] +i> &},

_ R R R —c/4 . 1; e)
(2) \V/0<C§ ‘R’, +w C(QC’O_QCJ—F...:I:QC’%) j n C/ «dlag (CI)SRXSR

To prove this lemma, modulo somewhat standard steps (three Lemmas 4.23, 4.24, 4.25)
the final technical challenge is: show the positiveness of E[Qé%o] (Corollary 4.3).
We describe below how this is done. After simplification, the real task is to analyze the

positiveness of the following matrix®:

r r
Z(—l)rl(#) H_ 48,2 forany 0<r<d/2 (4.16)
=0 ’

where {Hy, ¢} is the family of (m + 1) x (m + 1)-matrices

Hpm(i,§) = (i+j+t)! V0<ij<m.

This is a special family of the so-called Hankel matrices whose (i, j)th element depends
only on ¢ + j. General Hankel matrices seem to arise naturally in moment problems but
are notoriously wild-behaving in many aspects (see e.g. [103]). Fortunately enough, for the
special family here we can manage to get a relatively fine understanding; we term this family
factorial Hankel matrices. The key observation is that they have a concrete recursive

diagonalization (Proposition 4.8), resulting in the following.

5. The subscripts are not exactly as in the problem but suffice to demonstrate the spirit.
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Proposition 4.1. If parameters m,t,r satisfy
t+1> 8- max{rZ,m}, (4.17)

then Hyp 11 = 27"2Hm,t-
Remark 4.1. Condition (4.17) is why ‘8727 is used in the numerator of F, (4.7).

With this proposition, it is relatively easy to complete the proof of the Lemma 4.5, hence

the Main Lemma. This completes the proof overview of Theorem 4.1.

4.2.3 A new perspective

We now explain Theorem 4.2, that is, to give a different perspective on certain techniques

used in the non-exact case.

On defining the pseudo-expectation. Previously, the pseudo-expectation was ob-
tained via the so-called pseudo-calibration method. We define the same E but from a differ-
ent perspective, the incidence algebra on the vertex-set, which is also a simple refinement of
the construction in [47].

The (-matriz on [n] is the 2" x 2" 0-1 matrix with ¢((A,B) = 1iff A C B. We
observe that (¢ reveals the basic linear structure of the true expectation on cliques if G is a
single planted clique. So we use ( to define E. That is, we define a degree-r approximate-
distribution vector p(G) first—it approximates the distribution of 7 cliques inside a planted
clique, with a standard twist so that it is only supported on cliques of the given G (4.25)—
then take the vector (4, - pr(G) as Ex (Def. 4.5). Here, (-); means to truncate the matrix

or vector to indices of size < 7. In this way, E inherits the linear structure posed by ( too.

On deducing the first-approximate diagonalization. The goal is to come up with
a coarse, “first-approximate” diagonalization of the moment matrix. We deduce its form

in two steps: 1. Analyze the expectation of the matrix; 2. Observe that the (imaginary)
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diagonalization of the matrix is in essence a quadratic equation, which we weaken to a proper
“modular” version to solve.

We call step 2 the mod-order analysis (see section 4.6.1). The underlying idea is
inspired by and similar to the more broad dimension-analysis in physical sciences: weaken the
equation to its most significant part in a well-defined way (Def. 4.19). The main ingredient
for defining the weakening is the norm information on certain pseudo-random matrices (the
graph matrices), and the resulting equation has a nice structure to work with (see Lem.
4.16 and Cor. 4.6). Using standard techniques for studying algebraic equations—a simple
polarization (Appendix)—we can deduce a solvability condition for the polarized equation,
which translates to the existence of a general graph-theoretic structure (equation (4.163),

Fact 4.9.1). The “coarse” diagonalization is then formulated based on this structure.

d/2
matrix: M'(I,J) = > (%)W(T)UIU‘”XT where |I| = |J| = d/2.
T:|V(T)OIUJ| <7
Step 1: expectation. By using Johnson schemes as in [79], we get an explicit decom-

To demonstration this, it suffices to concentrate on the ( "] ) X ((E%)—minor of the moment

position E[M'] = CCT where C is @7]2) X ( <[g}2)’ and actually with a fine understanding of

the spectrum of E[M’].

Step 2: mod-order analysis. Given that E[M'] = CC'T, ideally we hope to solve the

quadratic matrix equation (about the matrix variable N)
M =NNT (4.18)

and E[N] = C, N extending C' by non-trivial Fourier characters. Two observations follow.

(1) Order in “. Entries of M’ all have a clear order in . Like in fixed-parameter

problems, we treat £ as a distinguished structural parameter and try to solve the correct

power of % in NV first.
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(2) Norm-match. A closer look into CC'T shows

et

~ (%2) -(%)d—rnd/z—", r=0,..4d/2, (4.19)
where €' = (Cy, ..., C/9), each C having column dimension ([?}). Assume N = (No, ..., Ny/2).
Then we expect ]VTJV,,T to concentrate around C’TC’T,T for each r, and so expect the norm of
the non-constant part of NTN;'_ to be bounded by (4.19). Under this condition, the known
tight norm bounds on related matrices would tell us, for each possible appearing term in N,

the least order of % in its coefficient.

With these two observations, we can weaken equation (4.18) to a simple “modular ver-
sion” that is more informative about the (imaginary) N. Namely, abstract (%) as a fresh

variable a and work in ring R, {x7}], consider
(M"  mod high order) = (N mod high order) - (N7 mod high order) (4.20)

where “order” means power of o (think of o as an “infinitesimal”). We call (4.20) the

mod-order equation and its analysis the mod-order analysis. For details see Definition 4.19.

We feel that this approach leads us more naturally to the realization of using the graph-
theoretic structure beyond guesses, and the simple idea behind the mod-order analysis might

hopefully find other applications.

Structure of the chapter

In section 4.3 we define the pseudo-expectations and prove Theorem 4.2(1). In section 4.4
we recall some fundamental tools for analysis. The proof of the main Theorem 4.1 consists of
three steps: section 4.5 the first step (combinatorial transforms), section 4.6, 4.7 the second

(recursive factorization), and section 4.8 the last (structural and pseudo-random matrices).
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The proof of Theorem 4.2(2) can be read independently and is in section 4.6.1.

Notation. [,J, A, B,S will stand for vertex-sets, and T for edge-sets. FE(S) := (g)

“C E([n])” will be omitted in summation over edge sets on [n] when there is no confusion.

Parameter regime. Throughout the chapter,

1
€ = any positive parameter (wlog € < —);

40
w = pl/2de,
= - logn/loglogn;
T = 55 logn/ loglogn;
d:LT.
100

4.3 Pseudo-expectations

As a warm-up, in section 4.3.1 we construct the non-exact pseudo-expectation. In section

4.3.2 we give the construction for the exact case.

4.3.1 Non-exact case

Given a graph G we can think of a degree-d pseudo-expectation as assigning a number Ex S
to each subset S C [n] of size < d, so that the resulting vector Ex looks indistinguishable to
the expectation resulted from the case when a random-w clique is planted, from the view of
degree-d SoS. As explained at the beginning of section 4.2, to make such an assignment we
first go beyond to slightly larger subsets of size 7, define an “approximate distribution” on

size < 7-cliques, then use it to generate pseudo-expectation on all size < d-subsets.
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(-function and Mobius inversion

]

Given n-vertex graph G, let p(G) € R2™ pe the max-clique-indicator vector. Then ¢(G) :=

¢ - p(G) is a vector supported exactly on all cliques in G, where ( is the 2l x o[l matrix
((A,B)=1if ACB, VA BC]|n] (4.21)

In particular, if G is a single clique then ¢(G) is the clique-indicator. We will use ¢, to
denote the submatrix of ( on rows (gl) and columns ([Sng), and use similar notation on all
related vectors. Consider the when G is just a randomly planted clique, whose distribution

can be represented by a plant-distribution vector pplant € RQM , and let the output-expectation

dout be the vector of cliques in G in expectation. Then gout = ¢ - pplant- We call such a pair

(pplant7 Jout) a plant-setting.

Definition 4.3. (Two plant-settings) The exact plant-setting (pg, qq) is

n—|S|
1 . , ( — 5)
po(S) = m if |S| =w and 0 otherwise, qu(S) = ({py)(S) = L?TS' (4.22)
w w
Le. in this setting a random size-w subseteq is chosen to be the planted clique.
The independent plant-setting (p1,q1) is
w Wy w
pi(S) = ()= 281 gy(9) = (¢pa)(8) = ()] (4.23)

for all S C [n]. Le. any vertex is included in the planted clique w.p. % independently.

Thus the matrix ¢ reveals the basic linear relations between (pplant; Gout)- 1t is upper-
triangular (with row- and column-indices ordered in a size-ascending way), invertible, with
the inverse the M6bius inversion matrix: C_l(A, B) = (—1)‘3\‘4‘ if A C B, and 0 other-

wise. Note (Ca.a) ™! = (("1)a.a, Ya < n. Moreover, if let the pseudo-expectation be defined
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as Bx = pE RQM for some vector p, then the “full” 217l x 2l moment matrix is

Mgos = (diag(p)¢ - (4.24)

In particular, if p is a nonnegative vector then Mgpg is immediately PSD.

Non-exact pseudo-expectation for (py, ¢1)

Given G, we first construct a degree-r “approximate plant-distribution”, p-(G), that simu-
lates the plant-distribution and that p-(G) is supported on size < 7-cliques in G. Then we
can take Ex = (4,7 - Pr(G) so that the result inherits the linear structure posed by (.

What is this pr(G)? From the view of approximation it seems taking ¢ . Tl(ql)T would
suffice, while to make it supported on cliques, same as in [47] we add a clique-indicator
factor, thus

S
pr(G)(S) = (zl(z>|01S(G> : g;}<q1>T) (S) VS C [n] of size < 7 (4.25)
S
where Clg(-) is the clique indicator function and 2l(2)l is for re-normalization.
~ S

Definition 4.4. For any S C [n], the scaled clique-indicator is Clg(G) := 2/(2)lC1g(@),
which is a function on G. CNI(G) is the (column) vector of them over a family of S’s, which

will always be clear from the context.

Definition 4.5. The non-exact pseudo-expectation is

Enonexact = Cd,r pr(G) = Cd,r - (GI(G) © CT_,Tl) (q1)r € R(Sd (4.26)

(1

where “o” 1s the Hadamard productG.

6. In general (M; o My) - M3 # My o (Ms - Ms), but they are equal if M; is a column vector.
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In short, Enonexact refined the construction in [47] by one step: factor through size-
subsets (in the only non-trivial way) so that the size-d output inherits linear relations posed

by (. Similarly to (4.24), the resulting moment matrix is

Mnonexact(G) = Cd/Q,T - diag (pT(G)) : (Cd/277-)—|—- (4'27)

Remark 4.2. Enonexact looks like a true expectation on cliques in G, namely, if pr(G) were
nonnegative then the PSDness of Myonexact(G) would be immediate. Alas, this is not true
by computation”. That the PSDness could still possibly hold is because Cd/2,7 in (4.27) is

degenerate.

Lemma 4.6. (Theorem 4.2(1)) For all S C [n] s.t. |S] <d,

jd w
T:|V(TUS|<T

Proof. Note 615 = ZTQE(S) x7 for all S. Now for S, S" with appropriate size bound,

0 (—DINSL s C g
(Cl o C;}) (S, S’) _ ZTEE(S) XT ( ) i |

0, 0.W.

(Gar(Cloh) (880 = > > xr ()W

S".SCS"CS \TCE(S")

— Z X7 - Z ESIEAtY

T:V(T)USCS/ S".V(T)USCS"CS!
= Y xrdy—vmus= Y, XT
T:V(T)USCS! T:V(T)US=S'

7. One intuition, suggested by a referee, is that any true expectation on cliques has objective value
Sz = O(logn) w.h.p., now if p.(G) were nonnegative then it would be almost a distribution since

Eronexact (Zg) ~ 1 (can be checked by (4.28)) with a problematically big objective value nz—e.
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Therefore, Enonexact®s =

(Cd,T-(GloCT_})(qm) S = > 3 XT-(%)W'
S8 <t \T:V(T)uS=5'
= WaIV(T)uS
= > XT'(E)| (T)us|
T:|\V(T)US|<r

for all S with |S| < d. O

4.3.2 FEzact case

Now we construct a pseudo-expectation for the exact problem.
First, there is a generic way to generate possible candidates. That is, the Size Constraints
(4.4) suggests to define Exs in a top-down fashion: fix E’xs for all |S| = d first, then

recursively set

- 1 -
E$S < o ’S’ %E$SU{i} (429)

for smaller-sized S’s. If denote by E’da: the vector of the assignments for S’s s.t. |S| = d,

then this amounts to multiplying de by the following matrix.

Definition 4.6. The d-filtration matrix Fil; _g, of dimension (

—lANTE
Gl . #ACB (where |B = d);

Fily —4(A, B) = (4.30)

0, otherwise.

Definition 4.7. Given vector de which assigns a value to each d-subseteq S C [n], the

exact pseudo-expectation generated by de 18
Ex = TFily_q- Ey. (4.31)

o1



Lemma 4.7. The pseudo-expectation in Definition 4.7 satisfies Size Constraints (4.4), re-

gardless of the choice of de.

(

w—1S|, if S =S;

Proof. For |S| < d, take vector vg by vg(S') =< —1, if " 28, |S"\S| = 1; which is
0, otherwise
\
[n]
in R(Sd). Then it suffices to show U;’—Fﬂd7:d = 0, which is a direct check. O]

The E generated like so should further satisfy:

1. Clique Constraints (4.3);

2. PSDness Constraint (4.5);

3. Default Constraint (4.2) (so far we only have w - E:vw = Exq + ...+ Exp).

Item (3) is not a problem as long as E:c(z) > 0, since we can always rescale everything by

(Ez@)’l without affecting other constraints.

Remark 4.3. (Example) The following construction seems natural. Combining Def. 4.7
with the perspective from section 4.3.1, we can take (4.26) with the exact plant-setting (pg, qo),

Jfollowed by multiplying Fily —q-

Eesamples = Fila—a - (G - (CUG) 0 1) - (a0)r ) -

As can be checked, this satisfies the Clique Constraints. It also has a nice Fourier expression:

by some computation which we omit here, modulo provably negligible error the resulting
(nf|V(T)UIUJ\)

matriz is Mexample(!,J) = D W= VUL

; ()
V(T)\(IUJ)|<T—d
1s that we don’t know how to prove the PSDness. Despite a transparent similarity to the

The only problem, however,

previous expression (4.28), a similar proof breaks down seriously here due to the loss of
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(o—2)

()

. See also

nice arithmetic structure when changing from function (%)* (in (4.28)) to

Remark 4.11.

Now we construct an Ed in Definition 4.7. With the motivation stated in section 4.2.1, we
give the construction matter-of-factly here. First, take the pseudo-expectation for |S| = d
in the form Exg = > xt - F([V(T)US|) for some function F. We call F a d-

T:|V(T)US|<r
generating function, to be chosen shortly after. For now, for any |S| < d, by (4.30) the

pseudo-expectation has form: denote u = d — ||,

Exg = w_;dw Y o {Zu: (|V<T) us|- d+u> (n - |V(_T) U 5|>

( u )T:\V(T)u5|§r c=0 (4.32)

CF(V(T)U S| +u— c)} .

Lemma 4.8. (4.32) always satisfy Clique and Size Constraints (4.3),(4.4).

Proof. 1t satisfies Size Constraints by Lemma 4.7. For Clique Constraints, fixing S, the

“[..]”-part in (4.32) only depends on |V (T') U S|, so Exg has the form

> QuTUSIXT =2 D> GEXT,
TV (T)US|<T k T:\V(T)US|=k

the inner sum factors through Clg = Y yp. Thus, M (I, J)(G) = 0if Cl;_;(G) =0. O
TCE(S)
Definition 4.8. (Ezact d-generating function) We choose

(x4 872)  w

F(z) == N (g)x~

Remark 4.4. As already mentioned in section 4.2.1, the design of F, especially its first

factor, is technical; the goal is to make the resulting M positive. The numerator (z + 87'2)!
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will be used in Prop. 4.9, where the 82 can be replaced by larger polynomials in . The

(872)! in denominator is added for convenience (see Remark 4.5).

Definition 4.9. The exact moment matrix M is defined as

M(A, B) = ) M(A, B; T)x for all A,B C [n], |Al,|B| < d/2,
T:|V(T)UAUB|<T

where M(A, B;T) =

Eﬁ%@jé;CVﬂvuAUf%—w—uv(n—WSEiAUBU

(V(TUAUB| +u - ¢+ 877)! ((V(T)UAUB) [ u-e
(872)! n

. J/
-~~~

F(IV(T)UAUB|+u—c)

(4.33)

Here we denoted d — |AU B| by u.

Remark 4.5. In (4.33), the “most significant” factor is (%)'V(T)UAUB| - w™ ¢, if notice

(nIVUALBIY [V(T)UAUB|+u—c+872)!
(872)!

win~(U=c) « w,n, and that factors like ( are qualita-

™)

tively smaller than w in our parameter regime.

4.4 Some preparation

Homogenization for Exact Clique

With the Size Constraints (4.4) satisfied, any moment matrix can be reduced to its (0[17}2)—
principal minor, which is slightly more convenient to work with. The following homogeneity
trick is standard in the SoS literature.

Given any degree-d moment matrix Mjg505(G) that satisfies the Size Constraints (4.4),

let M(G) be its principal minor on @7}2) X (c[l7]2)

Lemma 4.9. MdSOS(G) 1s PSD & M(G) 1s PSD.
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[n]

Proof. The = part is trivial. Now suppose M 50g is not PSD, then da € R(Sd/Q) s.t.
a' Mygpga = —1. With the presence of boolean constraints (i.e. we can additionally define
E (x? -p) := E(x; - p) for all i and all polynomial p of degree < d — 2), this is equivalent to
E(g?) = —1 for some multi-linear polynomial g = o'z = >_|S|<d/2 asts- Now substitute
every xg (|S] < d/2) in g by the corresponding linear combination of {zg | |S'| = d/2}
from (4.29), we get a multi-linear, degree-d/2 homogeneous g;. Since g — gq thus g% — g% is

a multiple of the constraints,

E(g}) = E(¢%) = —1. (4.34)
Assume g1 = bl = where z denotes (7$)|5)=d/2- Then (4.34) says bT Mb = —1, so M is not
PSD. O

Concentration bound on polynomials
The following bound on random polynomials is standard.

Lemma 4.10. Suppose a < logn, and p is a polynomial

p= Y,  dD)xr creR
T: |V(T)|=a

and C > 0 is a number s.t. |¢(T)| < C for all T. Then W.p. 1 —n=10108n oper @G,
Ip(G)| < C - n@/290” ptloglogn, (4.35)
Proof. For all k € N,

= > c(T1)..c(To) X1y X Ty (4.36)
T1,....15: |V(Ti)|:a

and we take the expectation of this. Each E[x7,...x1,, (G)] # 0 (i.e. equals 1) iff every edge
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appears even times in 77, ..., Ty, which implies |V(T7 U...UTy;)| < % -2ka = ka. There are

ka

at most ka ( ,Zl) < n"® many choices of V(11 U ... U Ty). For each choice, there are at most

(kaa) 2(3) < (ka)® - 9a”/2 many ways to choose each T;. Therefore,
2k
Ep?] < 2 ke (ka)20/2) " = N where N = O/ (ka) - 27712

By Markov inequality, Pr [pzk > (2N)2k} < 272k Take k := 10log2n, we get that w.p.

>1—n~10ogn @) <2N < C- n@/290° pAloglogn go) o) large enough n. O

Norm concentration of pseudo-random matrices

Like in almost all previous work on the subject, the norm bound on certain pseudo-random
matrices called graph matrices ([1]) will be a fundamental tool for us. Intuitively, such a

matrix collects all possible Fourier characters from embeddings of a fixed small graph.

Definition 4.10. (¢f. [1, 79, 58, 63]) A ribbon R is a triple (A, B;T) where A, B are
vertex-sets and T is an edge set. A, B are called the side sets, or individually the left and

right set of R, respectively. The size of R is |V(R)| = |V(T) U AU Bj.
By definition, a ribbon as a graph always has no isolated vertex outside of AU B.

Definition 4.11. We say R = (A, B;T) is left-generated if every vertex in V(R) is either
in B or can be reached by paths® from A without touching B. Being right-generated is

symmetrically defined.

Definition 4.12. A shape is a equivalent class of ribbons, where two ribbons (A, B;T),
(A", B"; T") are equivalent or “of the same shape” if there is an isomorphism o between the
corresponding graphs s.t. o(A) = A" and o(B) = B'. Denote a shape by U, represented by a
ribbon (A, B;T). V(U) :== AU BUV(T) and its size is |V (U)|.

8. We always stick to the convention of including degenerate paths (one-point path).
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Thus we may speak of the shape of a ribbon R. We say a function f defined on a set
of ribbons is symmetric w.r.t. shapes if, whenever R and R’ are of the same shape and

f is defined on them, f(R) = f(R).

Definition 4.13. ([1]) Fiz n and shape U = (A, B;T). The graph matrix of shape U is

the following olnl x 2lnl _matrix My:

VI,J Cn), My(I,.J)= > XTy
Ty:

Jinjective ¢ : ‘}(U) — [n] s.t.

o(A)=I, ¢(B)=J, o(T)=Ty

(= 0 if no such ¢ exists). Here, » on T means the natural induced map on edges.

In [1], the matrices have columns and rows indexed by tuples with elements in [n], instead
of subsets (which is our case), but our matrix is always a sub-matrix of it, e.g. ours can be

viewed as supported on strictly increasing tuples.

Theorem 4.3. (Norm bounds on My, [1]) For any shape U = (A, B;T) of size t < logn,

—10logn yer G,

w.p. >1—n

1My (G)]| < n'2" - 200) . (1og n)Ot+p=2r) (4.37)

where 1 = |A N B| and p is the maz number of vertex-disjoint paths between (A, B) in U.

Moreover, under the same notation, if further denote s = M then
t—
1My (@) < n' 2" 200 (1og n)Ot=2). (4.38)

The bound in Theorem 4.3 is almost tight ([1]). It is proved by a careful estimation of the
trace-power E[tr(Mﬁk)] (for some k > 0) which we omit here. Its “moreover” part follows

from (4.37) since t > |[AUB|=2s—r,p<s,s0t+p—2r <t+s—22s—1t)=3(t—s).
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Some notions on graphs

Definition 4.14. (Vertez-separator) For a graph H and A,B C V(H), we say S C V(H)
is an (A, B)-vertex-separator, or S separates A, B in H, if any path from A to B in H

must pass through S. Let

sa,B(H) :=min{[S| | S is an (A, B)-vertez-separator}.

A wertex-separator achieving this minimum is a min-separator. Let mSepy g(H) denote
the set of all min-separators.

The definition naturally applies to a ribbon R = (A, B;T'), with A, B being the two vertez-
sets. In that case, we can write the corresponding min-separator size as s g(T) and set of

the min-separators as mSep 4 g(T') or mSep(XR).

Theorem 4.4. (Menger’s theorem) For any finite graph H, s 4 g(H) equals to the mazimum

number of vertex-disjoint paths from A to B in H.

Definition 4.15. For ribbon R = (A, B;T), define its reduced size to be

ean(T) == [V(T)UAUB| —s4 5(T). (4.39)

The reduced size is double of the exponent in n in the bound of Theorem 4.3, hence is

the controlling parameter of the norm of the graph matrix.

A fundamental fact is that the set of all min-separators has a lattice structure.

Theorem 4.5. ([{5]) For a ribbon (A, B;T), mSepy g(T) has a natural poset structure:
min-separators Ay < Asg iff A1 separates (A, Ag;T), or equivalently as it can be checked, iff
Ag separates (A1, B;T). The set is actually a lattice under this partial-ordering: VAy, Ag €
mSep 4. B(T) their join and meet exist. In particular, there exist unique minimum and

maximum.
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We denote the minimum in the above theorem by S;(A, B;T) and the maximum by

Sr(A, B; T), meant to be the leftmost and rightmost min-separator, respectively.

Johnson schemes

We only need a minimal amount of knowledge here.

Definition 4.16. ([42]) Fix natural numbers n > k, n > 0. A Johnson scheme J is an

([Z]) X ([Z})—matm'x that satisfies 3(I,J) = J(I', J') whenever [INJ| = |I'NJ'|.

It can be checked that (fix n, k) all Johnson schemes are symmetric matrices and form
a commutative R-algebra, so they are simultaneously diagonalizable. In below we fix n and

k = d/2. An obvious R-basis for Johnson schemes is Dy, ..., Dy /2 where

L, if|InJ=r g
Dy(I,J) = VI, J € a/2)° (4.40)
0, o.w.

Another basis which we denote by Jg, ~--73d/2 is

3o(1,J) = (‘”;J’), VI, J € ([g). (4.41)

Jo, ~-~n~3d/2 are PSD matrices since

[n]
3 = Z uAujl where ug4 € R< k), ug(B) =1acB- (4.42)
AC|n],|Al=r

Also, clearly, J, /2= Id. A basis-change from D to J is given by the following.

d)2 ,
Lemma 4.11. D, = 3 (1) (") - 3.
r'=r
d/2 1INJ|
Proof. The RHS(1.) = 3 (=17~ (7) (") = 52 (= (1) (M077) = (M0
r'=r r'=r
Lingj=r = Y1ng)=r O
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4.5 PSDness analysis, I: Hadamard product and Euler transform

Notation. Henceforth throughout the chapter, M exclusively refers to the d/2-homogeneous

minor of the moment matrix M in Definition 4.9.

Our main theorem is the following.

Theorem 4.6. W.p. >1—n"218" M (G) = n=9 ldiag (61((?))

(<)
Corollary 4.1. W.p. > 1 —pn—ologn Ex@ > 0.
_ (uJ—d/Z) _ (Lu—d/?)
Proof. By construction (4.29), Exy = d_d/2 S Erg = =42 Ty(M), and by The-
DR sysae S Gl
orem 4.6 this is positive with high probability. O

Proof. (of Theorem 4.1 from Theorem 4.6) Lemma 4.9 and Theorem 4.6 proves the PSD-
ness of the moment matrix from Definition 4.9, which also satisfies the Default Constraint
(Corollary 4.1 and the discussion above Remark 4.3) and the Clique and Size Constraints

(Lemma 4.7). The degree-d lower bound follows. O

In the rest of the chapter, we prove Theorem 4.6. We will use three steps to achieve it,

and this section makes the first step.

To begin with, by definition of M (I, J) (Def. 4.9, (4.33)),

U
1 _
M(I,J;T) = {—(w_dﬂ)w“ ‘.
c=0 u

' <(a - (cci — u)) (Z - Z) —(u—c)(at u(;TZ)T 872)! (%)aﬂ (4.43)

N J/
-~

:=Mc(u,a)

where u = |[INJ|,a = |V(T)UIU.J|. In this expression the parameter u appears nestedly
and makes it difficulty to analyze. (It doesn’t appear in the non-exact case (4.28) at all.)

To resolve the issue, we express M in a XII-form, i.e. a sum of Hadamard products, so that
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in each leaf matrix the dependence on u is removed to some degree:

d
2
M =Y "meoM. (4.44)
c=0

where m,, M. are matrices as follows. For all |I],|J| = d/2,

me(l,J) = mw“_c where u = |I N J| (4.45)
A
> Mc([IO I V(T VT U )xr i [I0J] > ¢
Me(1,J) = { TIV(TuIUg|<r (4.46)
0 , O.W.

Remark 4.6. It is important to note that me is supported on all (I,J) while M.(I,J) =0

if |[INJ| <e, sothat (4.44) holds.

To analyze (4.44), we would hope that the second factor M, is “close” to each other for
varying ¢, while the first factor m. is qualitatively decreasing in c¢. This, if true, would make
it possible for us to concentrate on showing the PSDness in the main case ¢ = 0. The next
Lemma 4.12 proves the second half of the above intuition; the other half will be stated more

precisely in the Main Lemma 4.14.

d/2
Lemma 4.12. For each ¢ = 0,...,d/2, m¢=w™ ¢ > b - Jp, where Ji.’s are the Johnson
k=0
basis (4.41), by /k! € [%, 1+ 2&#] In particular,
d 1
mg=wmi = .. =w2mg > —Id. (4.47)
2 w
d/2

Proof. By definition, me = w™¢ > w_”—leDl, where D; (I =0, ...,d/2) are the simple basis

= (“7)
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of Johnson schemes (4.40). By basis-change (Lem. 4.11),

d/2 k
N AL Ykt w e
Me =W ];::0"’@ W z;( 1 Lu—(d—l) o= @d-) &k

=/, (1), which is 1/k! if {=0

k
For fixed k, fj(1) is increasing in [ so S (=1)*=1f.(1) > fu(k) — fi(k — 1) > % (1 +
=0

42)k-1 > . Note for k = d/2, Ja/2 = 1d, 50 we get (4.47). 0

w

Euler transform. Fixing ¢, now we look into the second factor M, in (4.44). For fixed

(1,J;T) denote u = |INJ|,a=|V(T)UIU.J|, then by (4.43) we have that

Mo, a) = (a — (d - U)> (n - a) ey (@t u—ct 872)] @y (4.48)

c u—c (872)! n
is the coeflicient of xp in M.(I,J) for ¢ < w.

Definition 4.17. (Extended M.(u,a)) For fizred ¢ > 0, the function M(u,a) in (4.48) is
partial, defined for (u,a) € N2 s.t. u>e¢, u+a>d+ec. It can be naturally extended to
N2 by letting

(" N a) =0 ifu<e (4.49)

u—=c

and using the convention on binomial coefficients: (_km) = (—1)k . (m+]§_1) for all m > 0,

k>0; (7)) =1 for allm € Z; and

<TZ) =0 forall0<m<k. (4.50)

In the rest of the chapter, we will use Mc(u,a) to mean this extended function.

In particular, if 0 < a — (d — u) < ¢ then M,(u,a) = 0 since (a_(g_u)) =0.
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One trouble with M, is that, still, w = |I N J| appears in it in an unpleasant way. To

further remove the dependence on u, we consider a decomposition

Me= Y M (4.51)

[n]
Re(_q)

[]

where for each R € ( <d) the matrix MCR is supported on rows and columns whose index
=3

contains R. More explicitly, for any (I, J;T) let a = |V(T) U I U J|, suppose

()" > Ye(|R|,a) - xp S if RCINJ;
MCR([> J) = T:|V(THUIUJ|<T (4'52)

0 , O.W.

for some function Y.(u, a) to be chosen, then comparing for every tuple (I, .J;T) we see that

equation (4.51) is equivalent to the following: for any fixed c, a,

u

2 (ﬁ)%(r, 0)(2)" = Me(u ) (4.53)

r=0

This suggests to take Yc(u,a)- (%)* to be the inverse Euler transform (w.r.t. variable u)

of the extended function M.(u, a).

Fact 4.1. 9 If z(m), y(m) are two sequences defined on N s.t. for allm, x(m) = Simo Ty,
then x(m) is called the Euler transform of y(m). The inverse transform is given by that

for all m, y(m) = Z}io(—l)m_l(ﬂf)x(l).

Definition 4.18. (Coefficients in M(/R) For every fized ¢ > 0, define

" a—+i—C 7'2 . .
0 ) (O iz
Ye(r,a) =  =¢ (4.54)

0 , 0.W.

9. Coincidentally, this fact can be seen as an application of (-matrix and its inverse.

63



Then as a clear-up summary, we prove the following the main result of this section.

Lemma 4.13. (The Hadamard-product decomposition of M)

d
2
M=> "meco > ME (4.55)
—0 "
¢ R:Re(g[d}2)
|R|
= Z Z Me O MCR (4.56)
. —0
Re(g[db)\ - _
=MR

where each me is as in Lemma 4.12 and each Mf has the following expression.
1. ME =04 |R| <¢;
2. IfRZINJ, ME(I,J)=0;

S If|IR|>cand RCINJ, ME(I,J) = > MZE(I,J:T)x where if denote
T:|V(T)UIUJ|<T

a=|V(T)UIUJ|, then ME(I, J;T) =
|R|

L L o

=

J/

~~

Ye(|Rl.a) (4.54)

4. Forall0<c<r<d/2and0<a<T, |Ye(r,a)| < T,

Proof. (1), (2), (3) is by definition. To check (4.55) i.e. M. = > p MZE | we check for every
(I1,J;T) where |I| = |J| =d/2, |V(Th)UIUJ| < 7. Let u=|INJ|,a=|V(T)UIlUJ|, then

note a — (d —wu) > 0, and

11nJ)|

S BT = Y MCRU,J;T>=<5)“Z(']”J')Yc<r,a>-
R:

n T
R:RCINJ r=0
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By the Euler transform and (4.53), the RHS equals the extended M.(u,a). Thus, we only
need to see M(u,a) = 0 if further v < ¢ or a — (d — u) < ¢ (in particular, in such cases
¢ > 0), and this is by (4.49), (4.50).

For (4),

Ye(u, a)| =

S (1! <l> ( e d) [(7:g)n—<z_c>] (at e 872)

l=c

<7227 1 (972 < 7

where note r < d/2 < 7 in our parameter regime. ]

Lemma 4.14. (Main Lemma) In the decomposition (4.56), w.p. > 1 — n= 51987 4pe

following hold. For all R € (S[Q}Q)’ denote PRt = {I € (6[17]2) | R C I},

(2). +w=°ME < /6. ME w0 <c<|R|

Corollary 4.2. (Theorem 4.6) W.p. > 1 — n=o18n puer G,

M(G) = n~% Ldiag(Cl(G)) (I

R
Proof. Fix an R, M® = 3~ m. o M. Suppose Lemma 4.14 (1), (2) hold (w.p. probability

c=0
>1-— n_51°gn). Since Hadamard product with a PSD matrix presevres PSDness (Schur
R| |R|
product theorem), we have > meo ME < 3 meo <wcn_c/6 : M§> by Lemma 4.14(2).
c=1 c=1

B
The latter equals | > n—c/6. mg | o Mé% by Lemma 4.12 which then < n_l/GmO o M({z
c=1

R
Similarly, 3 meo ME = —n=1/6mg o ME. Thus
c=1

MR = (1- n_l/G)mO o M(j)R = n_d_ldiag(cvl)PRXPR (Lem. 4.12 and 4.14(2)).
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0£Re( L)) @/

The rest of the chapter is devoted to proving the Main Lemma 4.14.

4.6 Recursive factorization technique

In this section, we introduce the recursive approzimate factorization technique of [13]. Tt will

be formalized and properly extended in section 4.6.2 (for later use in section 4.7).
Notation. Throughout section 4.6, for simplicity, we discuss the non-exact moment

matrix which suffices to lay the ground for the technique, denoted by M’. It is the ([g]) X ([g])—

minor!Y of the non-exact moment matrix:

M(1,]) = > (VDVIVIL v T e (CE”]Q) (4.58)
T:|V(T)UIUJ|<T " /

The goal of section 4.6 is to diagonalize M’ approximately in the “LQLT” form s.t. the

difference matrix is negligible w.h.p. (when plugging in G).

4.6.1 A detour

This subsection is independent and only for showing Theorem 4.2(2); the reader can safely
skip it and proceed to 4.6.2 for the proof of the Main Lemma 4.14. The goal of this subsection

is to deduce a “coarse” factorization of M’ via mod-order analysis.

10. Strictly speaking, PSDness of this minor is not sufficient as we do not have a homogeneity reduction
in non-exact case. Nevertheless, it suffices to demonstrate the factorization.
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Step 1: Diagonalization of E[M’]

Proposition 4.2. E[M'] = CC'", where C is the (5/1]2) X (<[Z}2) -matrix

€ = (¢ apszap2 - i VTAD (459)

and t(r) = (1 — O(L)) - ()4 for all 7 =0, ..., d/2.

n n
We show it by a similar calculation as in [79], using Johnson schemes (Def. 4.16).

Fact 4.2. (See e.g. (4.29) in [42]) The Johnson schemes (for (n,d/2)) have shared eigenspace-

( [n]

decomposition R 472) _ V& ... 8 Vg, and

[\I|sH

Jr = A(2) - IL;  forr=0,..,d/2
1=0

where 11; 1s the orthogonal projection to V; w.r.t. the Fuclidean inner product, and the

d_; n—‘—i—z’ d
M@ = (27" 2 0<i<<.
0-(E)0E) veiss

Lemma 4.15. E[M'] = %2 1(r)3, where cach t(r) = (1 — O(42)) . (2)d=T

n

eigenvalues are

n
d/2 d d/2 / /
Proof. By definition, E[M'] = 37 7% (4)* " D;. By Lemma 4.11, D, = > (=1)" ~"(") - 3
r'=r
SO
d/2 d/2 )
W g_ 1T\ .
e = S (e (!
7’:0 T/:T
d/2 " ,
_ ~ Wid—r r—r(T
=Y a0 [Ty (1) (4.60)
’[",:O 7':0
d/2
— N, (a9
D RN I
r'=0
which proves the lemma. O
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. . d— / /
By Lemma 4.15 and (4.42), if let t(r) = (5)“7" [1 — %]" then

EM] = Y t<|A|>uAu£=<<T>d/2,<d/2~diag(t<|A|>)-<<d/2,d/2:coi
A:|A|<d/2

where used that the matrix (CT)d/z,gd/Q has columns {uy | |A| < d/2}. This proves

Proposition 4.2.

Step 2: Mod-order analysis

Reminder. This subsection is only for Theorem 4.2(2). The reader can safely skip it if

he/she wants to proceed directly to proof of Theorem 4.1.

Given E[M'] = CCT in Step 1, ideally we hope to continue to solve for
M =NN'T (4.61)

with E[N] = C, and N extending C' by non-trivial Fourier characters. Also, we restrict
ourselves to symmetric solutions w.r.t. shapes. Toward this goal, we start with a relaxed

equation as Definition 4.19, with the following motivation.

(1) Order in % Entries of M’ all have a clear order in % Like in fixed-parameter

problems, we treat £ as a distinguished structural parameter and try to solve the correct

power of * in the terms of N.

(2) Norm-match. Let’s have a closer look into E[M'] = CCT = 276120(1 —O(dwy).
()43, By fact 4.2, each J, b has norm (dﬁ) .nd/2-T o
d/2
|| ~ ( i ) (@)t o df2 (4.62)

We expect Ny-(N;) " to concentrate around C-(C;) T, so the norm of the “random” part,

i.e. matrix of nontrivial Fourier characters in N,-(N;) ", is expected to be bounded by (4.62).
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The essentially tight bound from Theorem 4.3 (cf. [1]) tells how this may happen, as below.

. ) . =lAl
It is convenient to scale the variables: let L = (Ly, ..., L

%) = (Ny- (%) 2 >0§r§%’ then
M= Lediag (M) LT with E[L] = (Cr-(5)7"2), L0y gp. (463)

Now suppose L,(I,A)= >  Bra(T)xr, A € ([:f]), where assuming as in (1) that the
small T
order of % can be separated:

Bra(T) =

SRS

* - ( factor < Zand > = ). (4.64)
w n

——
main-order term

Fix I, A, T, we are looking for the condition on z to control the expected norm of Lr(%)T(LT)T.

Ignore for a moment the cross-terms, such a single graph matrix square in Lr(%)TL;r is

w

(

PRz G Rl a)

with norm?!!

(&2 pera(l) 0V (T)UIUA
n

log n)~Y

QA

by Theorem 4.3. Here recall ey 4(T) = [V(T)UIUA|=s5 A(T)(> [I|—|A| = %—7“). Compare
this with (4.62), we need (%)anerA(T) < (d£2)(\/iﬁ)d/2*r. If think of 27 as qualitatively

smaller than any positive constant power of w,n, the natural bound to put is z > ey 4(7)

log w
logn

which actually is the limit requirement when — % Suggested by this, we will set the

restriction x > ey 4(T) right from the start in the relaxed equation.

The above motivation leads to the following definition. Take a ring A by adding fresh

variables o and xp’s to R for all T' € ([g]), with only relations {x7v-xpr = x7 : T'®T" = T}.

11. Here the matrix is truncated from size 2"} x 2[")| which doesn’t change anything since the original
matrix is always 0 elsewhere.
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Definition 4.19. The mod-order equation is
L - diag (a‘A|> (La) " = M, mod () (4.65)

on the (an]z) X (<[3}2) matriz variable Lo, in A, where My (I, J) := > 04|V(T)UIUJ‘XT,
= T:|V(T)OIUJ|<r
and mod (x) is the modularity, which means position-wise mod the ideal

({alV ORI Y g VD) UTU | > 7}).
Moreover, if denote Lqo(I, A) = Y 1 Br,A(T)xT where Br A(T) € R[a], then!?
atAD) | g (T) VI A,T. (4.66)

We are interested in solutions that are symmetric, i.e. 31 A(T') = By p(T") whenever
(I, A; T, (J,B;T") are of the same shape.

The following is the key observation, whose proof is presented in the Appendix.
Lemma 4.16. (Order match) If a product ol 4l Br.A(T")-Bya(T") from the LHS of (4.65)

is nonzero mod (x), then both of the following hold:

A is a min-separator for both (I, A;T'), (J, A;T"); (4.67)

(V(ThuITud) n (V(T")UJUA) = A. (4.68)
Moreover, (4.67), (4.68) imply that

A is a min-separator of (I, J;T) (where T =T & T"); (4.69)

V(THUTUA]l, V(T"YUJUA|l<T. (4.70)

12. Recall ey 4(T") is the reduced size |V(T") UT U A| — sy, a(T") (Def. 4.15).
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By this lemma, in an imagined solution we should assume [y, A(T") # 0 only when it
satisfies its part in conditions (4.67), (4.70). Using this information, plus a further weakening
as polarization, we can deduce the following Proposition 4.3 which is the main takeaway. In
the deduction, the graph-theoretic fact—the “in particular” of Theorem 4.5—appears exactly

as the solvability condition. We leave details to the Appendix.

Proposition 4.3. (Mod-order diagonalization) Let

/
Lall, ) i~ 5y at1a()
T |V(T"UIUA|<T
A=S;(1,A;T")

T'NE(A)=0
(I,A;T") left-generated (Def. 4.11)

T,
Qo4 B) = Y atanny,
Tm: |TUAUBI|<T
A,BemSep 4 p(Tm)

(T, to indicate “middle”). Then

: < A) : ( |A> T
Lo -[diag (a2 ) - Qoo -diag (a2 )] L, = My mod (x) (4.71)

where recall (x) means ideal ({o!VDVIVIHL Y O (V(T)UT U J| > 7)) entry-wise.

Equation (4.71) is weaker than (4.65) but is sufficient for all use since we are only con-
cerned with PSDness. In particular, it gives the first-approximate diagonalization of the

matrix M’ recast as Definition 4.20 below. This shows Theorem 4.2(2).

4.6.2  Recursive technique

In this subsection, we give a systematic treatment of the recursive factorization technique.
We formulate it on matrix-products (Def. 4.22, 4.23) with simplification (Lem. 4.18) and

an extension (Prop. 4.5) that will be used in Section 4.7 for the exact case.

71



The goal is to refine the coarse diagonalization (4.71), recast below.

Definition 4.20. Let L be the ([Z]) X (Ln[]i)-matm'x
2 =2

L(I,A) = > =
T': V(T UIUA|<7
AZSI(I,A;T/)
T'NE(A)=0
(I,A;T") left-generated

and Qo be the (Lné) X (<¢)-matm'x
=3 =3
— WAV (T, )UAUB|
QO(A7B) : E (n> XT, -

T | T UAUB|<T
A,BemSepy p(Tm)

Finally, let

D := diag ((%)"S')AE( o)

<d/2

We call L(DQ)L" the first-approximate diagonalization of M.

WA IV(THUTUA|—|A
WV (TIUA-IAL,

(4.72)

(4.73)

(4.74)

Despite its name ( “approximate”), the difference M’ —L(DQoD)L" is far from negligible.

This is where the recursive factorization will be applied, and in the end it will give

M =L-[D-(Q—Q1+Q2..£Qyp)-D]- LT +¢

for some negligible error-matrix €.

(4.75)

Remark 4.7. The use of D in the above is superficial. We only keep it to make the middle

matrices (Q; have slightly more convenient expressions.

Let us start with some necessary notions.
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More notion on graphs

Definition 4.21. ([13] Def. 6.5) For ribbon R = (I,J;T), the canonical decomposi-
tion is a ribbon triple (R;, Rm, Ry) = ((I, A1), (A, B;Tw), (B, J;1y)) as follows. A =
Si(1,J;T), B=Sy(I,J;T). V(R;) is A unioned with the set of vertices reachable by paths
from I in T" without touching A, and T; = T|y (g \E(A). Symmetricallywe define V(R;)
and Ty. Finally, Ty, = T\(T" UT"). Ry, Ry, Ry are called the left, middle, right ribbon

of R, respectively.

Remark 4.8. For better clarity, we list a few properties that follow from the definition of
the canonical decomposition.

1. A= S/(1,A;Ty), B = Sp(B,J;Ty) (so they are unique min-separators of R;, R,
respectively);

2. ;N E(A) =0 = T, N E[A];

3. Ry is left-generated, R, is right-generated;

4. A,B € mSepA’B(Tm) (in particular, |A| = |B|).

The above are properties about Ry, Ry, Ry individually (“inner” properties). There is
also an intersection property on pairs of them (“outer” properties):

5 VRNV (Ry,) CA V(Rpp) NV(Ry) C B, V(%) NV(R,) C AN B. This implies
e(Ry) + IV (Rin)| + e(Rr) = [V(R)].

The canonical decomposition can be reversely described, as follows.

Definition 4.22. (Inner-, outer-canonicality) For a ribbon triple
(:Rla meﬂRr) - ((I7 Aa 71[)7 (A7 Bmi)7 <B7 J; T’I")>7

their ribbon-sum is ribbon (I, J;T) where T =T} @ Try, @ Ty (i.e. each edge mod 2 sum,).
The triple is called inner-canonical, if they satisfy the “inner” conditions: items 1—4 in
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Remark 4.8. The triple is outer-canonical if they satisfy the “outer” condition: item 5 in

Remark 4.8. The triple is canonical if it is both inner- and outer-canonical.

Proposition 4.4. Canonical triples are 1-1 correspondent to their ribbon-sum, via ribbon

sum and canonical decomposition.
Proof. This follows directly by checking the definition. m

The above notions can be extended to related matrix products. Denote by R[{x7}] the
ring by adding fresh variables (“characters”) yp’s into R for every 7' C ([g]) (fixing an n),

with relations {x7+ - x7v = x7 | T' ®T" =T}.

Definition 4.23. (Approzimate form) Suppose matrices X,Y have their rows and columns
indexed by subsets of [n] and entries in R[{x1}]. A character in an entry of such matriz can
be regarded as a ribbon on the side sets row and column. Assume all ribbons have size < T
and X,Y have dimensions s.t. XY X" is defined.

Then every triple product (without collecting like-terms) in XY X T has form

X(1,A; )Y (A, B; Tip) X (J, B; TT)JXI}@TmEBTT’ (4.76)

N

nonzero in R

and can be identified with a ribbon triple (Ry, Ry, Ry-) in the natural way. We say (4.76) is
the resulting term of the ribbon triple; it is an outer-canonical product if the ribbon

triple is outer-canonical. The approximation form of XYXT is:
XYXT = (XYX Dean + (XY X ) pon-can (4.77)

where <XYXT> collects all terms of outer-canonical products, (XYXT)HOH_Can col-

out-can

lects all terms of non-outer-canonical products.
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Machinery of recursion

Using the above notion, the first-approximate factorization (Def. 4.20) can be recast as
M’ = [L(DQyD)L " Jean — Edeg = L(DQyD)L" — [L(DQoD)L Nnon-can — Edeg  (4.78)

where €4o consists of all terms in [L(DQyD)L M can with [V(T)UTUJ| > . € deg 18

13

actually negligible in matrix norm™°, and the main task is to analyze the “main error”,

[L(DQyD)L " |non-can. The key insight is:
[L(DQOD)LT]HOH_Can itself factors through L, LT approximately, too. (4.79)

That is, 3Q1 s.t. [L(DQoD)L " |non-can = [L(DQ1D)L Jcan + €1.negl for some €1 .p,01 Where
[L(DQ1D)L " |ean = L(DQD)LT — [L(DQ1D)L " |non-can by (4.76); then we recurse on

[L(DQlD)LT]non_Can]. We need the following notation to describe this.

Definition 4.24. (/13]/) An improper ribbon is a ribbon plus with a new set of isolated
vertices. In symbol, denote it as R* = (A, B;T*) with T* = T UJ, T an edge-set and I a
vertez set disjoint from V(T) U AU B. J is called the isolated vertex-set of R*, denoted
by J(R*). V(R*) :=V(T)UAUBUI. (A, B;T) is called the (unique) largest ribbon in R*.

Note a usual ribbon is an improper ribbon with J = ().

Note J(R*) could be different from the set of isolated vertices of the underlying graph,

since there can be isolated vertices in A U B.

Definition 4.25. The triple (Rl, Rm, Rr) = ((], ATy, (A, B; Th), (B, J; Tr)) is called side-
inner-canonical if the left and right ribbons, R;, R, satisfy the inner-canonical conditions

on their part (item 1-8 in Remark 4.8), and Ry, is just a ribbon.

13. They are supported on rows and columns where G is a clique.
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Suppose a triple (R;, Ry, Ry) = (1, A;T7), (A, B;Ty,), (B, J;T})) is side-inner-canonical
and non-outer-canonical. Let T := T; & T}, ® T and Z be the multi-set of “unexpected”
intersections, i.e. the multi-set of vertices from (R;NRy,) — A, (R, NRy) — B, (RiNR,) —

(AN B). Call |Z| their intersection size, denoted as z(R;, Ry, R;-). Note
V(R) UV (Rin) UV(Re)| = [V(R)] + [V(Rin)| + [V(Re)| = [A] = [B] =2 (4.80)

We further separate this triple into an “outer-canonical” one by the following operation,

which is the core of recursive factorization.

Definition 4.26. (Separating factorization, [13]) Let S) be the leftmost min-separator of
(I, AU(ZNV(R))); T;), similarly S.. the right-most min-separator of (BU(ZNV(R;)), J; Ty).
Note S}, S, CV(T)UTU.J.

Define R := (I, 5);T}), whose vertex set V(R}) is Sj unioned with the set of vertices in
R; reachable from I by paths in T without touching S), and T] is T)\E(S]) restricted on
V(R). Ribbon R, is symmetrically defined. In particular, T/ T} = 0. Then let Ry, be the
improper ribbon (S}, 57 Ty,), Ty, := (T\(T] UT}))) UWI(R},) where I(R;,) collects all the

rest isolated vertices:
IRy,) =V(R)UV(Rp) UV (R,) — V(T)UTUJ. (4.81)
(R}, R}y, R.) is called the separating factorization of (R;, Ry, Ry), denoted as
(Ry, Rim, Ryr) = (R}, Ry, RY). (4.82)

Remark 4.9. Let (R, R, Ryr) — (R}, R}y, R}.) be as above. We list some basic properties

of this operation that are direct from the definition.

(1). (R}, R}, R)) is side-inner- and outer-canonical. The latter means their pair-wise
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vertex intersections are in Sl’, S). and Sl/ N S)., respectively. So if replace R, by its largest
ribbon, the triple would be canonical.

(2). R; C Ry, S] separates (V(R;), V(R;) —V(R))) in R;. So we can talk about the part
of R; that is strictly to the right of S|, which is disjoint from R; and is further contained in
Ry,. The similar fact holds for R,.

(8). In Ry, since S| separates (I, A) and A is the unique min-separator of Ry, there are

|A| many vertex-disjoint paths between A and Sll' Simalarly for R

Lemma 4.17. Under the notation of Def. 4.26,
(1) [S]1+ 157 = |Al + [B| + 1;
(2).14 Let s = MQU‘?', p' be the mazx number of vertex-disjoint paths from Sl’ to Sl in

R*

ms and p be the max number of vertex-disjoint paths from A to B in Ry, then

205 = 5) + (0 = ) + 1IRE)| < 2(Rp, Ryn, Ryr).

Proof. (1): by definition, there must be some unexpected pair-wise intersection between
the triple (R;, Ry, Ry). In either of the three cases of breaking the outer condition (Def.
4.22), there exists some v € Z that is in V(R;) — A or V(R,) — B. W.l.o.g., suppose the
first case happens. Then Sl/ # A since v can be reached from I without passing A by
the left-generated condition on R;. Similarly, if [S]| = |A] then it is A as A is the unique
min-separator separating (I, A), so this is impossible. Thus Sl, > A.

(2). This is Lemma 7.14 of [13]. We omit the proof here. O

Apply to M’

Now we analyze [L(DQoD)L " Jnon-can in (4.78). Conceptually, the separating factorization

allows us to “cancel” [L(DQD)L " |non-can using L, LT. Namely, a term (R;, Ry, Ry) in

14. Recall in our setting R,, is always a ribbon, without any isolated vertex.
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[L(DQoD)L " |non-can at the (I, .J)-th position can be “countered” by the term — (R}, RS, RY.)
in a new matrix product [L(DQ1D)L " |can: R; at entry (1,5)) in L, R; at entry (S}, J) in
LT, and the largest ribbon of Ry, at (Sl', S)) in a new middle matrix DQ1D.

Of course, there are other triples whose separating factorization is the same, and each
entry of L is a sum of many different R;s, so we need to insure that this cancellation works
for them simultaneously. This is by the following proposition. We state a refined version

(distinguishing the (i, ) parameter) which will be fully needed later (in Lem. 4.21).

Proposition 4.5. (Solvability condition, cf. Claim 6.12 in [13]) Fiz (I,.J,5),5}) and a
improper ribbon Ry, with side sets (S}, S;). Let (R}, R.) be inner-canonical left and right
ribbons with side sets (I, S)), (Sy,J) respectively, as in Def. 4.22. Let (R}, R}) be another
such ribbon pair, with the same reduced size e(R)) = e(R}), e(R}.) = e(RY) (the same size,
equivalently). Then for every fized (i, j, z) the following holds: 3 1-1 matching between triples

(ijz 7:R ) — (R’,R* >R/)7
(Ry, Rom, Ry) 5.1, e b (4.83)

(G(Rl)v e(:RT)v Z<Rl’Rm7IRT>) = (ivja Z)
and

(Ry, R, Ryr) — (R, Ry, Ry,
(Rp, Ry, Ry 5.1, e b (4.84)

(€<RZ)> €<IR7~), Z(:Rlv :RTTMRT)) = (i7j7 Z)'
Moreover, this matching fixes every middle Ry,.

Proof. We give a reversible map from (4.83) onto (4.84). Take a (R;, Ry, R;-) from (4.83).
By Remark 4.9 (2), the part of R; to the right of ] is in R}, hence is disjoint from both R,
and R]. Similarly for R, R. Now take a map (R, R, Rr) = (A(R}), Rin, #(Rr)), where
¢(R;) replace R) by R in Ry, ¢(R;) replaces R]. by R in Ry; so R}y, (thus Ryy,) is unchanged.

Since R, iRE’ have the same size by assumption, by the disjointness property in Remark 4.9
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(2), the replacement operation keeps the size of R;. Moreover, R;, ¢(&R;) have the same right
set which is the unique min-separator of both, so e(R;) = e(¢(R;)). Similarly for R, ¢(R;),
so the parameter (i, j) is unchanged by ¢. The intersection parameter z is unchanged too,
since the changed part is disjoint from Z(R;, Ry, R;). Finally, the inverse map is given the

same way by changing the role of (R}, R.) and (R, R})). O

We are going to define one round of factorization. Let L be as Def. (4.20), @

be any (<[g}2) X (<[g}2)-matrix with Q(A, B) = > (%’)W(:Rm)‘q(me) *XT,
- - T |V (T )UAUB|<T

where Ry, denotes (A, B;Ty,) and ¢(-) is a function symmetric w.r.t. shapes. Let us define

matrices (', Enegl s follows so that
(LQLT>non—can = (LQ/LT)can + 8Jaegl- (4.85)

Let Q'(A, B) = > (%)‘V(Rm”q’(jzm)XTm, ¢ (Ry) defined as below. For
T |V (T )UAUB|<T

any Ry, = (A, B;Ty), let t = |[V(Rp) (S 7), s = %ﬁ; then for every improper R;, that
contains Ry, as its largest ribbon and [V(R;,)| < 7, fix any pair (R, R}.) s.t. (R}, R}, R
is the separating factorization for some triple with [V/(R}),[V(R})| < 7 (if there is none,

exclude R, in the summation below) and let

w *
¢ (Ri) = > (PN () where
R, improper ribbon on (A,B)
V(Ri)I<T

largest ribbon is R,

w
(@)= Y > ) q(®).
1<z<d/2 P=(R;,R,R;): side-inn. can.
P—= (R}, Ry, R7.) for the fixed R}, R).
z(P)=z

(4.86)

Note ¢/(Rm) doesn’t depend on the choice (R}, R.) by Prop. 4.5, so ¢/(-) is also symmetric

w.r.t. shapes. Now define €00 such that (4.85) holds.
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Lemma 4.18. (One round) In the above notation,

(1). Wop. > 1 — 9081 uer @,

8neng < max{q(A, B;T)} -n™;
(2). Given an Ry, let p be the maz number of vertex-disjoint paths in it between the two

side sets. If there is a number C' s.t.

YR, 1a(Rim)| < C-(

)P (4.87)

then |¢'(Rim)| < C - ()57 PHL/3 for all Ry,

nl—¢
Proof. We compare [LQ'L " |can, [LQL " Jnon-can as step (0), then prove (1), (2).

(0). For any fixed (I,.J), recall [LQL " non-can(1, J) is

WV (R V(R V(R)|—-|A|—-|B
Z (E)l ROIHV Ren) [V (Re) [=[AI=1B (R,
(R, R, Ry ): side. inn. can.
non-outer-can.
all three have size <t

XT,®T,, T (4-88)

where we denote the side sets of Ry, by (A4, B). For each (R;, Ry, Ry) in the sum, there
is a unique (R}, Ry,, R}.) that is its separating factorization: (Rj, Ry, Rr) = (R}, Ry, R7.).
There are two cases of a term in (4.88).

First case: |V(R},)| < 7. In this case, there is the corresponding term

(%)|V(fRE)|+|V(fR§n)|+V(fR/r)|*|Sl/|*|S§| : (%))ZHJ(REN 'Q(R%)XTZ’@T;L@T; (4.89)
in (LQ'L")ean(I,J), where R, denotes the largest ribbon of R¥,, T means the edges of
R],, and z > 1 is the intersection size of (R}, Ry, Ry). In the separating factorization, recall
TeTy el =T e Tn® T, V(R) UV(Rn) UV (Ry)| = [V(R)] + V(RG] + [V(R)] —
1SiL =183 = [V(R)] + [V(Ri)| + [V(Re)| = |A| = |B] = 2z and |[V(R,)| = [V(Ry,)| +
[J(R};,)], so the coefficient in (4.89) equals the one in (4.88) for (R}, R}, R;.). Conversely, at
a position (R}, R}, [LQ'L"]can by (4.86) and Prop. 4.5 collects exactly all terms from a
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triple (R;, R, Re) in [LQL T Jnon-can whose separating factors have (R}, R}.) as the left, right
part and whose R, has size < 7.

Therefore, &,,05 Will collect exactly all terms in the next case.

Second case: [V(R},)| > 7. By the above explanation, &, ¢g(1, J) =
w —Al—
Z (;)|V(:Rl)|+|v(me)‘+|V(:RT)‘ A |B|q<Rm)Xﬂ@Tm@Tr' (4.90)
(R, Rm, Ry ): side. inn. can.

non-outer-can.
all three has size <7

resulting |V(R},)|>7

where we omit writing the sum condition “R; (R;) has left (right) vertex-set as I (J)”.

(1). Fix any (R, Ry, Ry) in (4.90). Note |J(R},)| < z+d/2 as a quick corollary of Lemma
417. Fix T = T} Ty, ®Tr and a > 7—|V(T)UIUJ|, we count the number of triples in (4.90)

(V(T)uIUJ|+a . x7 (ignoring q(R;,) for the moment): to create such a triple,

resulting in (%)
we choose a set as J(RY)) of size < a/2+d/4, a intended to be |[J(R*,)|+2 so a > 2J(R*)—d/2

(by the above), then decide the triple over the vertex set in < 337 . 93(3) many ways. S0,

(a+d)
if let Bp := max{q(-)}, then |coefficient of yp in (4.90)| < BO(%)W(T)UIU‘]HGTL 70277
Bo(—2 6)\V(T)UIUJ|n—QE(\V(T)UIUJ\)(\/iﬁ)an%2272 < BOH—W—%(W(T)UIUJHaH%2272

< Bo(n_l/Q)W(T)UIU‘]‘n_l'5€T, where we used w < nl/274€ WV(T)UIUJ|+a > T (case
condition) and d < e7/10, 227 < n/10. Also, all yp appearing in (4.90) has |V (T)| < 3r.

By Lemma 4.10, for any (I,J), w.p.> 1 —n—10logn,

3T )
|8negl<[a J)| < Z Bon—a/Qn—lbeTna/QnéLloglognza < p—lder
a=0

By union bound on (I,J), w.p.> 1 — n~—9logn 8neng < nd.plder o per,
(2). ¢'(Rin) = >, (&) Fm)l+= > g(R) for any
2, R P=(R;,R,R): side-inn. can.
largest ribbon = Rp, P—= (R}, Ry, R).) for the fixed R},R).

2(P)=z
fxied Ry, by (4.86). For a fixed R}, there are < 8*7 < n* many triples in the inner sum
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(recall fR;, R]. are fixed), as after fixing how each vertex appears in all three ribbons and fixing
side sets A, B C R, we only need to decide the edges that appear more than once in the orig-
inal triple; such an edge must has at least one end in the already fixed (multi-set) Z. So by

Lem. 4.17(2), (4.87), |inner sum|< n(£)* PRl ()| < (#)2(8’—8)+(p—p’)+2|5(9%)|

O (=) P <0 (%)QW(R%” : (#)S/—pq'lﬂ, where the parameters (s, p) for R and (s', )

for Ry, have the same meaning as in the lemma, and s’ — s > 1/2 by Lem. 4.17(1).

Finally, in the outer sum, for any 4o there are < n’ many R¥, s.t. |J(R%,)| = ig and
d/2 . ,
1< 2 <37 80 |¢/(Rpn)| <37 32 Coni0(2)%0. () PH2 < 0 () =P8 O
i0=0

Apply Lemma 4.18 to [L(DQyD)L " non-can with Q < (DQoD), then repeat as described

under (4.79), we get the recursive approximate factorization of M

M = L(D(Qo —Q1+Qo— .. % Qd)D) LT — &qeg + (—el;negl ..t 81+d;negl)- (4.91)

Here it implicitly used:
Proposition 4.6. ([15] Claim 6.15) Q4.1 = 0.

Proof. First we use induction in k to show that, in (); every appearing ribbon R, =
(A, B;Ty,) has |A| + |B| > k. The base case k = 0 is trivial. For k + 1, by Lemma
4.18 every Ry, = (A", B';T},) in Q1 is the largest ribbon of some R¥, in the separating
factorization of some non-outer-canonical triple in L(DQkD)LT. Suppose that triple has
the middle part R, = (A, B; Tp,), then by inductive hypothesis |A| 4+ |B| > k. By Lemma
4.17(1), |A’| +|B'| > |A] +|B| +1 > k + 1, completing induction. For k = 1 + d, no ribbon

with both side sets in (c[l%) can satisfy this. O]

We have completed the preparation of the recursive factorization technique.

Remark 4.10. PSDness of M would follow from (4.91) by some standard steps (similar to

the arguments in section 4.8), which we omit here.
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4.7 PSDness analysis, II: Exact recursive factorization

Now we apply the recursive approximate factorization to matrices Mﬁ in (4.56).

The high-level steps are the same as in section 4.6: define the first-approximate fac-
torization (Def. 4.27, 4.29 and Lem. 4.19), then refine it recursively to get the eventual
factorization, Lemma 4.20, which is the main result of this section.

)

Definition 4.27. Fiz R € ([ d) For every i =0, ...,7 define matriz LIt g
=3

(
0 JifREINA;
o) @)ixr |, o
L™ I, A) =< T: |V(T)UIUA|<T (4.92)
A= SI(I A,T)
TNE(A)=0
(I,A;T) left-generated
{ er,A(T)=i

of dimension ([2]) X (Lnjl) Let [/:R = (LR’O,...,LR»T) the left factor, ([A/R)T the right
g d

=3
factor. Note these matrices do not depend on “c”.
1Al
Definition 4.28. D7 := diag ((%) 2 ) & Id{o <0, 7}
AC[n]: |A|<d/2 o Y

Our goal is to find a middle, ((<c]l) (t+1) ) ((Ln[]i) x (1 + 1))—matrix QCR s.t.
=32 S32
ME =~ (LR LB (D7 QF. D7) - (LY LRT)T | achived as Lemma 4.20.

J

-~ -~

o (17)’
Remark 4.11. Here the middle matriz has “larger” dimension (x{0,...,7}) compared to the
non-ezxact case. The reason is that in (4.54), or more broadly in any exact pseudo-ezpectation
generated by the method in section 4.5.2, the parameter a = |V(T)U I U J| appears nestedly
in an essential way—in the non-exact case (4.28), (£2)* = (%’)e(ml)ﬂv( m)l+e(Re) (Remark
4.8) is a product of the “local” left, middle, right terms; but now terms like (a+é_d) . (?:g)

are no longer log-additive in a, losing the product structure. Our method will need to consider

additional parameters as (e(R;), e(R;)) € {0,...7} x {0,...7}.
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The (%) factor in (4.57) can be separated into left, right, middle factors as before,

(2)e = (@)e() . (%)\V(Rmﬂ : (%)e(%); we leave the “hard” factor Y¢(r,a) to the middle

n n

matrix QX ((, er), (- er)) where ¢, e, are the “intended” reduced sizes, as below.

Definition 4.29. (First-approzimate factorization) Define QE?O to be the {0, ..., 7}x{0, ..., 7}-
block matriz, each block of dimension (<[le}2) X (<[3}2), that is 0 outside of the principal minor

S« SE where

d
ST ={(4,i) € (J’jﬂ) X {0, TH AD R |4 +i > 5}, (4.93)
and on this principal minor, ng ((A, i), (B,j)) =
w _AHIB] o
> (E>‘V(Tm)UAUB‘ 2 - Ye(|R, [V(Ti) UAU Bl + (i +))) Xz,
T/ngégggﬁ AA; (B;Jj;— defined gy (4.54)
(4.94)

~ ~\T
LE. <DT . Qfo . DT> . (LR> is called the first approximate factorization of MCR

Remark 4.12. (Intended meaning of parameters in Qfo.)

(1). The set ST (4.93) is defined independently of ¢, where the condition |A| + i > d/2
is by the intended meaning of i as |V(T")\A| > |I| — |A| for some ribbon (I, A;T") in LR,
If |A| +1i < d/2 the corresponding column in [73 18 always 0. Similarly for j.

(2). Qfo is supported only on those ((A,1), (B, 7)) € ST x ST with |A| = |B|.

(3). (c¢f. Remark 4.8) Regarding (4.94), in “canonical” situations (i.e. for outer-

—~ ~\T
canonical products in LT - <DT . Qg‘o . DT> . (LR> ) it holds that
V(Tm) UAUB|+ (i+j)=|V(T)UIUJ|

for any ribbon R = (I, J;T) that has (A, B;Ty,) as the middle part of its canonical decom-
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position and e(R)) =i, e(R,) = j.

Lemma 4.19. (Qé%o gives the first-approximation) Fix R, ¢ < |R|. For every (I,J;T) s.t.
V(T)ulTuJ| <71 and R C 1IN J, there is exactly one outer-canonical product in the

Xyx’ -type matrix product

~ ~\T
LE (D@l D7) (17) (4.95)
as ({)(7! \ — J/

as 4{Y77

It is from the canonical decomposition of (I,J;T), and results in term Mg%(l, J;T)xr-

Proof. Suppose R C INJ. First, note every triple in (4.95) is inner-canonical by definition of
ﬁ%, ng, so all outer-canonical triples there 1-1 correspond to their triple-product (I, J;T)
via the canonical decomposition.

Fix an (I, J;T) and its canonical decomposition, where |V(T)UT U J| < 7. (I, A;T")
appears exactly once in LNR(I, A) in block L€l where ¢; = er, A(T"); similarly for (J, B; T")
and e, = ey p(T"). Further, there is exactly one outer-canonical product in (4.95) corre-

sponding to this triple, with coefficient

|A] |B|
LR, AT ()7 - QF (A, BiT) - (2) 7 - LR (1, B T"). (4.96)
n ’ n
By definition (4.92), (4.94), if let a := |V(T) U I U J| then the above coefficient is
(£)% - Ye(|R|,a) = ME(1,J;T). Compare (4.54), (4.57), where note a = [V(T) UI U J| =
e; + |V (Tim) U AU B| + er by canonicality, we see that the lemma holds. O

Definition 4.30. Let &8

c:deg be the matriz that collects all products in [lf)\é . (DTngDT) .

~\T — —
<LR> Jean with [V(T)UIUJ| > 7 (cf. (4.78)), and [LE-(DTQE D7) (LR) Tlnon-can collects

all terms from triples that are non-outer-canonical.
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Summarizing, we have the first-approximate factorization:
~ ~\T ~ ~\T
ME=LR. (DTQ§0D7> : (LR> —[LE. <DTQ§ODT> . <LR) Jnon-can — Egdeg. (4.97)

~ ~\T
The crucial fact is that again matrix [L¥ - (DTQ§0D7> . <LR> |non-can factorizes through

LR (L®)T approximately, allowing us to factorize recursively (cf. (4.91)).

Definition 4.31. For a fized R C [n], we say a function f defined on ribbons on the ground
set [n] is R-symmetric w.r.t. shapes, if [ takes the same values on isomorphic ribbons

whose side sets both contain R.
The main conclusion of this section is the following.

Lemma 4.20. (Recursive factorization, exact case) VR € (<[g}2), 0<c<|R|

—~ ~\T
ME=LR. [DT (ng = le + ... £ Q(]fd) DT} : (LR) + &t where (4.98)

(1). All ka s are supported on the principal minor ST x ST ((4.93));
(2). Qfo is by Definition 4.29;

(3). V1< k <d/2, ka is a (1 +1) x (1 + 1)-block-matriz supported on ST x SE,

A(aiEi)= X i), (1.99)

T |V (T )JAUB|<T

where we denote Ry, = (A, B; T), qfk(~,i,j) 's are R-symmetric w.r.t. shapes, and

.o .o w _
V(i,5) 1l (Rni 5) < 70T () PR/ (4.100)
’ n
where s = Mlgﬂ, p is the max number of vertex-disjoint paths between A, B in Ryy,.

(4). For any G, 8§(G) is supported within rows and columns that is clique in G and

contains R. Moreover, w.p. > 1 —n~9l0gn 85 <n €/,
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To prove it, as before, we first describes a single round of factorization using an analogue
of Lemma 4.18. Fix an R C (an]Q) and for ease of notation denote nq := (an]Q) X (T+1). Let

LR be from Definition 4.27, Qf be any ny x nj-matrix supported on ST x S% and

. . w ..
Q™((A,4),(B,j)) = > (E)‘V(Rm”q(me,z,j) X1, (4.101)
T |V(Tin)UAUBI<T
where Ry, denotes (A, B; Ty, ), and ¢(-,4,7) is R-symmetric w.r.t. shapes for any fixed (i, 7).

We define matrix @', Enegl SO that
(LR Q- (LB Tnon-can = [LR - Q" - (L) Tean + €pegr- (4.102)

Namely, let Q'((A, i), (B, j))= ) (HIVRlg/ (R, i, 7)x7,,, and be only sup-
T |V (T)UAUB|<T

ported on ST x SB with ¢ (R, 1, 7) as follows. For a fixed Ry, = (A, B;Ty,) and (i, 5), let

[A[+|B|
2

t=|V(Rp)| <71, s = , and for every improper ribbon R}, that contains R, as its

largest ribbon and |V/(R},)| < 7, fix any a ribbon pair (R}, R].) so that (R}, Rj,, R].) is the

separating factorization of some ribbon triple, |V(IR;)], V(R <7 and
(e(R)), e(R7)) = (i, ). (4.103)

If there is no such choice, exclude this Ry, in the summation below. Define

.. w * ..
¢ (Rinsi, j) = S (P " (R5.4.) - where
R¥,: improper ribbon on (A4,B)
V(R <7

largest ribbon is Ry,

ik - w .
q (:Rmalaj): Z Z (E)Z'Q(IRJ&?]I)‘
(2,81,41): P=(R;,R,Ry): side-inn. can.
1<z<d/2 P— (R}, R}, R).) for the fixed R}, R},
2(P)=z, e(Ry)=i1,e(Rr)=51
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Here, ¢" (R, i,7) doesn’t depend on the choice (R}, R;) by (the full of) Prop. 4.5, so

¢ (-,1,7) is also R-symmetric w.r.t. shapes. Finally, &4, is defined s.t. (4.102) holds,

Lemma 4.21. (One round of factorization, ezact case)
(1). Wp. >1—n=91087 pyer @, Hc?neng < max{q(:)} - n";

(2). If there is a number C for which

)P (4.104)
where p is the mazx number of vertex-disjoint paths between A, B in Ry, then

Ry 1 Ren)| < C - (=) P2,
Proof. (of Lemma 4.21) The proof is almost the same as that of Lemma 4.18; we point out
and explain the differences below. First, note the support condition (i.e. only on SR % SR)
doesn’t affect anything since [7/?/ is automatically 0 on columns and rows not in Sh,

In step (0), we expand [LAI% Q- (LAZ%)T]can to compare with [[/:R Q- (LAj‘z)T]non_Can
term-wise, using Prop. 4.5. Here, notice that when (7, j) and R}, are fixed, the size of any
choice of (R}, R].) satisfying (4.103) are also fixed, so the proposition is applicable.

The comparison of orders on (%) between the two is the same as in step (0) in the proof
of Lem. 4.18, and we get that &, collects all products in [ER Q- (i\é)T]non_can whose

Ry, in separating factorization exceeds size 7. Le. Epegl (1, J)) =

5 3 (cﬁu)|V(IRZ)|+|V(me)|+\V(937’)|*\A|*|B|q(3€m, i, J)XT,

. (R}, Rm,Ry): side inn. can.
non-outer-can.
all three has size <t

V(R5)I>T, (e(Ry),e(R))=(i.7)

where T' = T} & T, & T and we omitted writing the default condition in the summation
that R; (R,) has the left (right) side vertex set I (J).
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Conclusions (1), (2) follow from the same estimates as in Lem. 4.18 (after (4.90)). Note
the norm bound from Theorem 4.3 is still applicable to our case where a graph matrix can
be nonzero only on (A, B) s.t. R C AN B; this is because we can process the original graph
matrix by diag(1g) - (—) - diag(1r) where 15(A) = 1 iff R C A, which does not increase
norm. Finally, for (1) we have an extra (1 4 7)?-factor compared with before (occurring
from a union bound on blocks), but the estimate in Lem. 4.18 is loose enough that when

multiplied by this additional factor it is still < n™¢. ]

~ ~\ T
Proof. (of Lemma 4.20) As before, we apply Lemma 4.21 to [L%- (DTQfODT> . <LR> Jnon-can

repeatedly. As the result, MCR is decomposed as:

—~ ~\T
R R R R R R
LR <DT (QC,O - Qc,l +oE Qc,d) DT) (LR) B Ec;deg + <_8c,1;negl T 8c,d—l—l;negl)
(4.105)
where again it uses that QcRd+1 = 0, by the same Prop. 4.6.

(1). All ka is supported within S x ST by definition of a round (Lem. 4.21).

(2). This is by definition.

(3). The coefficients {qgk(-,i,j)} of each ka (k =0,1,...,d) are always R-symmetric
w.r.t. shapes by Lem. 4.21. By (4.94) and Lem. 4.13(4), |qfo(9€m)| = |Ye(IR], |Rm|)]| -
(%)|V(T)UAUB| < 757 .1 for all Ry, i, j. Note QEO is special in that for all R,;, = (A, B; Ti)
in it, there are |A| = |B| many vertex-disjoint paths between A, B in Ry, ie. s = p

_ [Al+[B]
Eebatil

(as usual s := and p denotes the max number of vertex-disjoint paths between

A, B). So the above can be equivalently written as ]qfo(meﬂ < (#)3_1%57. Now we use
Lem. 4.21(2), whose “q(-)” is qgk here, the “Q” matrix is DTkaD, the “(%)W(Rm”q(-)” is
(@) Rm)l=s . (@) gR - As the result, |gf (R, i, 5)] < 757 - ()5 PHE/S,

~\T
D7 (ng ~QF + .. £ Qfd) DT} (LR> are

supported on clique rows and columns that contain R by definition. So it is the case for the

(4). When plugging in G, both M LR

difference, £, too. We only need to bound ||€f|| := ||_8§deg+ <_8§1'negl +...+ 8§d+1-negl> Il
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By Lem. 4.21(2) and induction on k = 0, ..., d, it always holds that |q5k| < 797, Also for

R 57, —€T —0.9¢r
8k;negl <71n <n )

each &0

k;negl® by Lem. 4.21(1) w.p. > 1 — n—9logn

As for 85 deg’ recall by Def. 4.23, its (I, J)-th entry is the sum of outer-canonical products
— ’ T
in LR - <DTQ§ODT> : <LR> at (I, J) where |V(T) UIUJ| > 7. Thus

R _ w\ |V (THUIuJ R
Ec;deg(I’ ‘])_ Z (H)‘ (T) | 'qc,O(Rm7€<R1)ae(Rr>)XT
(R, R, Ry ): side-inn.can.
outer.can.
all three has size <t

[V(T)UIUJ|>T

where T' = T; & Ty, & T}, and in the summation R; (R,) should have I (J) as the left (right)
set. Note this equation uses |[V(T) U I U J| = ¢ + e + [V(Ri)|, a fact from outer- and
side-inner-canonicality. By canonicality again, the sum contributes to a (I, J;T) by at most

337 triples. Since 37 > [V(T)UIUJ| > 7 and |qf“o()| < 797, we have by Lem. 4.10 that

3T 9
Egdeg(]’ J)’ < 767, 3 <%)max{7,c}(nc/220 n4loglogn> < 2T wp. > 1— n—10logn So,
’ c=0
by union bound over (I, J), Efdeg ‘ < /Ay 2eT o —er w.p. >1—pn-95logn

Together, summing the bounds on ‘ 85,6; negl ’ and ‘ Egde ol by union bound over k =
1,...,d, we get that w.p. > 1 — n—910gn7 85 < n€7/2. O

4.8 PSDness analysis, 1II: Structural and pseudorandom

matrices
In this section, we prove the Main Lemma 4.14. Recall for each R, ¢ < |R| by Lemma 4.20,
~ ~\T
ME-LR.|DT (ng QN + .. & Qfd) DT - (LR) +elt

[ J/

=QF

The key is the following lemma.
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Lemma 4.22. W.p. > 1 —n=8198" guer G, the following holds.
n R _7 . i
(1). VR € (<d/2) QOO Q() 1+ E Q = 77 . diag (Cl)stsR, where recall

’2

SE={(4,i) € (<d/2) {0,.. T} |AD R,|A| +i > §}.

_ R R —c/4 3 el
(2). VR, 0 < ¢ < |R|, +u C<QC,O_QC]-+ +Q g> < n~*diag <CI>SRst.

Proof plan of Lemma 4.22. Fix an R € ( <[ d}Q) We will prove the lemma by three
ingredients: Corollary 4.5, Lemma 4.24, Lemma 4.25.

Proof plan. Corollary 4.5 (section 4.8.1, 4.8.2): Positiveness of Q&O. This is the last real
technical challenge. We use a natural “structural part + pseudo-random part” decomposition
of ng (Def. 4.33), aiming to show that on their common support, the structural part is
positive enough and the pseudo-random part is small enough in norm. The main difficulty
here is in analyzing E[Q&O] which, ultimately, is about the choice of generating function F
in Definition 4.8.

Lemma 4.24, 4.25 (section 4.8.2): Other ka’s (k> 0 or ¢ > 0), when timed with w™¢,

are small and appropriately supported. These are proved by standard means.

We carry out this plan in the upcoming two subsections 4.8.1, 4.8.2.

Definition 4.32. Define the root diagonal-clique matrix as

0 if A+ B;
Dey(A, B) = (4.106)

27(‘13')/2-61/1:2 ( )/ ZTCE |XT 0w

of dimension (S[Z}Q) X (g[g}Q)’ so that D%I(A,A) = CI(A) for all A € (5/1]2) Also let

Dy = D¢y ®Id{0’_“’7}x{0’m,7} which is again diagonal.

Definition 4.33. The structural-pseudorandom decomposition of Qé%o 18

Qo = D&y - ElQffo] - D7y + (Qffo — Doy - EIQE) - DEy). (4.107)
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where the summand D¢ - E[Q&O] - Dfy is called the structural part, and the summand

<Q§O — Dy - E[QORO] . DE*Z) the pseudo-random part.

4.8.1 Positiveness of structural part

Proposition 4.7. Fiz R € (g[g}z) and 0 < c < |R|, let r .= |R|.
(1). E[Qfo] is supported on the blockwise partial-diagonals {((A, i), (A,j)> e SR x ghty
where ST is by (4.93) (i.e. requires R C A and |A| + min{i, j} > d/2).

(2). For all ((A,z’), (A,j)) e 58 x 58, E[QL] ((A,z’), (A,j)) =

i(—l)r_l&<|f1|+i+j+l_d) <|A|+8T2+(l_c)+(i+j>)!
(1 —c)! c )

l=c
1.57
+0 (T ) .
n

(4.108)

In particular, for ¢ =0,

E[Q{] <(A,z‘), (A,j)) = Zr:(—l)r—l@. OA, e +j)) | +0 (71'57) . (4.109)

| AT
= il (874)! n

(3). For every A € (<[3}2) let 14 4 be the (<[Z}2) X (<[:ll}2) -matriz with a single 1 on
position (A, A). Then

EQffo) = D>, 1aa® (Z(—l)”% : P|A|+l> + EBX (4.110)
Ac(dy,) =0
ADR

where for every fived A, P|A\+17E§ are (T + 1) x (7 4+ 1)-matrices both supported on the

principal minor {i | d/2 — |A| <i <7} x{i | d/2 —|A| <i < T}, satisfying HE%H < %
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and
|A[+l+8¢2+(i+j))!
Paja(i, ) = il , o d/2— Al <ij<T (4.111)

Proof. For (1), the constant terms in (4.94) correspond to Ty, = ), which is nonzero only

when A = B for A, B in ST
For (2), by definition (4.94) notice again T),, = () and A = B. E[ng((A,i),(A,j))]

=Y:(|R|,|A| + i+ j), which expands to:
~N Y—

=r =a

S () () (T s e

l=c

Def. 4.17

Now use (Tll:g)nf(l—c) _ (l—lc)! (n—a)...(nrgilc—(l—c)—i—l) _ (l_lc)[(l . O(dQ/n)) and

(?) ( " d) (7: : ) a2t e 872)!‘ < () (972 < 77

to (4.112), we get (4.108). Further, in (4.112) when ¢ = 0 we have (a+(l)_d) = 0 regardless of
a+ [ — d (any value of it, positive, negative or 0). And the same analysis gives (4.109).
For (3), each Ef has dimension (7 + 1) x (7 + 1) and each entry is absolutely < 7157 /n

from part (2). The expression of P4, is directly from (4.109). O

Remark 4.13. (Specialty of ¢ = 0). Comparing E[ng] and E[ng] (4.108), (4.109), the

Al+l—d
i

specialty of the case ¢ = 0 1s that the factor ( 1s always 1, which is important for

E[Q&O] to be positive. In cases ¢ > 0, (|A|ng_d) maight be 0 or negative depending on the

order between 0, ¢, |A| + [ — d, making E[Qfo] possibly not PSD.

Definition 4.34. For every m,t € N, define the factorial Hankel matrix to be

Hypt(iyj) = (i+j+1)! Y0<i,j<m. (4.113)
93



The following is our key observation on the structure of these matrices.

Proposition 4.8. (Almost common decomposition of {Hp 1})
(1). Hpt = Ly - (Nm,t - Dip g - (Nm7t>‘l'> . (L,—%) where Ly, Dy ¢ are diagonal and Ny, 4

18 lower-triangular, with expressions
o . o . . 1+t
L (i,7) = 4! Dy (i,1) = H (1+ t/) Ny t(i,7) = < >

In particular, Ly, is independent of t, and Hy, 1 is positive.

(2). Let Jp, be the usual (1 4+ m) x (1 +m) lower-triangular Jordan block

1 ,ifi=jgori=75+1;

0 , ow.

Then the “left factors” Ny, ¢ satisfy the recursive relation Ny, 11 = Nt - JIm.
Proof. The two items follow from a direct inspection of the definition. m

Proposition 4.9. If parameters m,t,r satisfy
t+1>8-max{r?, m} (4.114)

then it holds that Hy, t11 = 2T2Hm,t-

Proof. By Proposition 4.8 it suffices to show that under (4.114),
T Dyt - I = 27° Dy
Equivalently, we need to compare the quadratic forms for fixed m:

qr+1(z) == (:BTJm)Dm,Hl(JTZx) v.s. qx) = o2 . xTDm,tx (4.115)
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, T is the formal variable row-vector. Define two polynomials

where 2| = (zg, ...,z
t t+1
ay) =2 TJw+t), Bw=][[w+t).
t'=1 t'=1
S a0 2 - 2
Then we have q;11(z) = > B(i)(x; + x11)° (Tme1 :=0) and g (x) %a(z)xi.
1= 1=
To compare gi(z), 41(z), note gs1(z) = X% BG) - (2 + 7i41)°
m ‘ N
N ) . (4) 9 B(i) P
al)z; + 1) —alr) ) (T + 55— - -
> 2@+ (800 — o) -0+ 5 ) - 0
~ : — ) BG=1) 1 _
Soif for 1 <i<mlet b :=1— ggg — (52(1') P bp=1-— 5E g then
= Ll
g1 () =Y _ali)z] + Zﬁ p; i+l (4.116)
1=0 1=0
qt(z)
Claim 4.1. For all i < m we have b; > 1/2
Proof. (of the claim) By definition, by = 1 — D +1) and
2 .
2r L L sy (4.117)

b: =1 — —
! (t+1+4) (E+1+4) b,

For 1 <171 < m, b; =

2% S 1/2 by (4.114).
O

Use induction for the claim: by = 1 — 77
2 : 2 _ .
1-— t—Eg—H‘ = bi171 >1- tQTTI — 747 ' 2> 1/2 by (4.114) and inductive hypothesis.

By (4.116) and positiveness of each b; (Claim 4.1), ¢;41(x) > g¢(x). This proves (4.115)
[

and thus the proposition.
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Now we apply Proposition 4.9 to matrices BaA| 4 (4.111). Note

1
Pl = (87_2)!HT—(d/2—|A\), d—| A|+872+1

where A is fixed, [ varies. We have the following:

Corollary 4.3. (Positiveness of E[QORO]) In the decomposition (4.110) of E[QORO],

(Z(—U”% : PA|+1> + BB+ diag (7*67) (4.118)

= O<i<r—(d/2—|Al)

where we regard the matrices’ support as {i | d/2—|A| <i < 1)}2=2{0,...,7—(d/2—|A]}>.

In particular, by (4.110)

R . —67 T —67
EQfol = Y Laawding(r >d/2—|A|s¢gT_dlag G P

ac(ln)

ADR

(4.119)

where recall ST = {(A,i) | R C A, |A| +i > d/2}.

Proof. The “in particular” part is straightforward from (4.118) by checking the support, and
noticing that tensoring with a nonzero PSD matrix preserves the relation >. Below we prove
for (4.118).

Fix A, let 79 = 7 — (d/2 — |A]), tg = d — |A| + 87%. Then

r T
_ 1
> (=1 l(ll—,) “Bal+ = & (Xr + X2+ ) (4.120)
1=0 ' '

" r — 2v)2
where, V0 < v < [7/2], X 9, = %(HT(),W—H“—QU - ﬁ]{m,to—kr—%}—l) and

—

<r?
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Hy, —1:= 0. Since t( > 8 max{r?, 1}, by Proposition 4.9

r
X’/‘—Q’U - (r—2v)

1
- m ) max{iﬂm,to—w—%a 7’2}17'0,&)—!—7“—21)—1} VO<v< T/2~

So in (4.120), in particular,

T T
1 Prop. 4.8 D
—1 P t T
> (—1)" (ZL,)'PIAIH = ey ot = L(Nto'(STQO).'(Nto) )L (4.121)
1=0 ‘ ' '

where we temporarily abuse the notation by omitting the index 7y in the RHS.

Using the following claim, we can finish the proof of (4.118):

RHS of (4.121) = L - diag <T—5T)0<,< 'L (by Claim 4.2)
SUXT0

= diag (7'_5T> ,
0<i<my

2
< % < 7757 (using the parameter regime). So

while by Proposition 4.7 (3), HEE‘

LHS of (4.118) = diag (r°7 —777) ;= RHS of (4.118). O
Claim 4.2. Under the notation of Cor. 4.3, the following holds:

ot
' 9) 0<i,j<m (4.122)
i

Nkt = -1
(which is defined as 0 if i < j);

. Dto
0 (872)!

Ny  (Ny) T+ diag (7*57) (4.123)

0<i<ry
Proof. For (4.122), multiply this matrix with N, then the (7, j)th entry is
i+ 1o\ [kt ! b (Gt (K G+t
)ik 0 0) _ ik 0 0
S e (G = e () ()

j<k<i k'=0
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where ¢/ = i — j, k' = k — j. To see it is the identity matrix, we use a generating
function. Let Dy,[(1 + )% denote the coefficient of 2™ in (1 4+ x)* m > 0,a € Z, the
above RHS = (—1) 4, Dy_pu[(1 4 )7 0] . Dy [(1 4 2)~ (o0 = (—1)¥' Dy [(1 +

)i Hitto—(to+i+ D)) = (—1)" D, [(1 + 2)" 1] = 1,y

7

As for (4.123), note it is equivalent to:

Dy,
(872)!

= Nt (N (4.124)

To upper bound the RHS, let ag = 7757 consider the quadratic form

T ar—1
x' Ny~ -ap- (N to x—aOZyJ, (4.125)

=]
2
70 ° Z ; (ZHO) m%, thus RHS of (4.125) = qg Z]O ()y] < ag Zz 0% z ' <TO Z] =0 (H—to) >
<L 0 (T_BT : (97'2)2”2)%2. Now (4.124) follows since, for each i, in the LHS of (4.124)

Dy (i)
(872)!

i <719 <7,d< 7. Combining these two conclusions, we get (4.124). O

where by (4.122), y; = (a:T ) Z ( 1) ](ZHO)xi. By Cauchy-Schwartz, yjz <

> (872)~(d/2=14]) by definition, and the latter > 724 > 7757 . (972)2i42 yging

We arrive at the main conclusion of this subsection.

Corollary 4.4. (Positiveness of the structural part of QORO (Def. 4.33))

[Qo ol Dfy = 7767, diag (61)

stractural part of QO 0

SRy SR’

.

Proof. 1t follows from Corollary 4.3 and the fact that D%I(A,A) — ClI(A) in Definition
4.32. [
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4.8.2  Bounds on rest matrices

In this subsection, we bound the rest matrices:

QYo — DGy -EQo)- D& Qg (k>0),  w QM (¢>0,k>0)

pseudo—random part of QORO (Def. 4.33)

by three Lemmas 4.23, 4.24, 4.25, respectively, which would prove Lemma 4.22.

The arguments are standard but somewhat lengthy, as we need to be careful about the
block structure and the support of matrices. Like in the proof of Lem. 4.21, when fixing an
R C [n] we only consider ribbons whose both side sets contain R, so the corresponding graph
matrices will be multiplied by diag(1g) from left and right, where 15(A) = 1 iff R C A; this

does not affect the norm bound in Thm 4.3.

Definition 4.35. Recall the (blocked) root diagonal-clique matriz Del, Def. }.32. Denote by
D' its 0-1 valued version. Le., D' is diagonal and D'((A, 1), (A,7)) = Cly for all A € ( ] )

<d/2
and 0 <7 <.
Lemma 4.23. W.p. > 1—n"218" the following holds: VR € (<[§}2)’
£ (Qffy — D&y ElQffo] - Dp)(G) = n - ding (CUG)) (4.126)

-~

pseudo—random part of Q(I)%O

Proof. Fix R. In this proof abbreviate Qps := Q()RO — D¢y - E[QORO} - Dy (“ps” for
pseudo-random). It is (7 + 1) x (7 + 1)-blocked with blocks <st’(i’j)>0§i,jgr'
In block (i, 7), by Def. 4.29 and Prop. 4.7, st,(z',j) is supported within S; ; x S; ;, where

Si i = {A | |A] +min{i, j} > d/2}. For each A # B, by Prop. 4.7 (1), st’(i’j)(A,B) =
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QB (A, ), (B, ) =

3 (&) Tm)0AUBI-BELd By (4.127)

n
T |V (T )UAUB|<T
A,BemSep 4 g(Tm)

and

Qps, (i) (A, A) = > (%)'V(Tm)UAFlA' a(A A Tm) X, (4.128)
T 1|V (T)\A|<7—|A]

Here we have abbreviated q(A, B;Ty,) :== Yy (]R|, \V(Trm) UAUB| + (i + j)> ((4.94)) and

have omitted the indices |R|,i 4+ j when they are fixed. Two properties we need:

q(A, B; Ty,) depends only on |V (Ty,) U AU B| when fixing (A, B); (4.129)

‘q(A7 B; Tm)' <77 (by Lemma 4.13 (4)). (4.130)
By (4.129), Qs i) (A, B) always factors through Clayp thus Cl4Clp. In particular,

Qps =D - Qps- D' (D' from Def. 4.35). (4.131)

- —9.5logn —1.1e s (10 -
Claim 4.3. W.p. > 1—n sn +Qps (i) =1 diag | 2\ 2 for all (i,7),
o Sfix Sk

where | :== min{i, j} and SZR ={A¢€ (<[g}2) | AD R, |Al+1>d/2}.

The lemma follows from this claim and (4.131), as follows. We consider a different
decomposition of Qps: for every b € [0, %], let I == {i | d/2 —b < i <7}, and let Qpgy,
be the principal minor on W}, := <PbR X Ib) X <PbR X Ib> of Qps (0 elsewhere), where
PR ={ACn]|RC A,|Al =b}. Then

d/2
{((A,9),(B,j)) e STt x st |0<|A| =|B| < d/2} = béo W, (disjoint union).
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Note Q?O is supported only on those ((4,7),(B,J)) € S x S% with |A| = |B| (Remark
d/2

4.12(2)); in particular for ¢ = 0, we have a decomposition Qps = > Qpg.p-
b=0

Now inside block Ij, X Ij, Qp.p is further block-wise, each block a principal minor of

b
stj(m-). By Claim 4.3, (&) all such blocks < n~19¢ . diag (2(2)>PbR><PbR together w.p.
b b
> 1—n=9518n which implies +Q g < 72 - n~ 15 diag (2(2)> < n—¢diag (2(2)>
; W, W,
|A]
So, summing over b, £Qps < n~ “diag (2( 2 )) w.p. 1 —n 918" Insert this to the
SEx SR

. 141
middle of (4.131), where Cl4 = 2(2) . Cl,, Cl4 = C12, we get (4.126). O

Proof. (of Claim 4.3) We use the norm bounds from section 4.4. Fix (4, 7), consider Qi;aé i)

off — _ diag
and QU (;.j) = Qps.(ij) ~ Ups,(3,) ScPaTately:

Diagonal part. For any (A4, A) in the support (i.e. |A|+1i > d/2, |A|+j > d/2),

QUL (A, 4) = Cly > (VTN Alg(A, A Ty, | by (4.128). This
Tm: 1<|V(Tm)\A|<T—| 4]
TmNE[A]=0
=g(4)

g(A) can be bounded by norms of diagonal graph matrices as follows. First, q(A, A;Ty,) de-
pends only on |V (Ty,)\A| (we have fixed R, i, j, A), so temporarily denote it as q(|V (Tin)\A|).
For any 1 < v < 7 — |A| let UY, ...,ug(v) be all different shapes (A4, A;T) (Def. 4.13) s.t.
TNE[A =0, |V(T)\A| = v. Note

h(v) < olAl+v*  gince we required 7' N E[A] = 0. (4.132)

| T—|A] h(v)
So w.p. > 1—n=9610En_|g(A)| = ] @ (X X ) \
z=1 Tin:(A,A;Ty,) has
shape UY

(.

D'

=My (A,A) by Def. 4.13

T—|A| h(v) 7|4 h(v)
< Y (3)v) - X ‘Mug < > (%)UTE)T > ‘Mug by (4.130) and that each My is
v=1 r=1 v=1 =1
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-
diagonal; this is further < > (%)”757 olAl+e? p590(1Al+) by (4.132) and Theorem 4.3,
v=1
-
which is < 3 n 73V . pfv < p—1.2¢
v=1

Off-diagonal part. By R-symmetry of coefficients (4.129), Qgg (i.j) is a sum of graph

in our parameter regime.

. s,t s,t
matrices. Let Uj ,...,uh(svt)

mSep 4 g(T) and |V(T) U AU B| = t, then by (4.127), Q;’)g(i i) is a block-diagonal matrix,

be all shapes (A, B;T) s.t. |Al =|B| =s, A# B, A/B €

with blocks s = d/2—1,...,d/2 according to s = |A| = | B|, the sth block being Qgg(i j)<5) =

>t s<t<r(h )= SZ St q(U St)Mui,t. Here naturally, we denote q(A, B;Ty,) = q(u%t) if

(A, B; Tyy,) has shape uxv . By Theorem 4.3,

“Qlo)g(l;J)(S)H < Z (g)t_s . h(t, 8) . nt_TSZO(t) (10g n)O(t—s) (4133)

n
s<t<T

t
wp. > 1 —n98l08n Al clearly, h(t,s) < 2(2)+0() S with the same probabil-

ity, the RHS of (4.133) < > (%)t*SZ(é)JFO(t)nFTS(log n)O(=3) where note
d/2—max{i,j}<s<d/2
s<t<T

(g)t752(§)—|— (t) tT(logn) (t—s) < n*26(t*5)20(t>2(§)(2t+5 logn)o(tis) < 2(;)n71.95e‘ Now

4]
taking the blocks together, we get :l:QOH < n~ 19 diag (2( 2)
" S

(1.9)
min{é,j} Smln{z jt
By a union bound on the two parts in the above, w.p. > 1 — n=9:5108n it 110lds that
di 4]
Qs (1) = HQpef ) + QT ) < n L diag < 2(%) . 0
Sﬁin{i,j} x Sﬁin{i,j}

Corollary 4.5. (Positiveness of Q(J)%O) For any R € (<[§}2); w.p. >1—n-8logn

R o —61r g (&
Q@) = 7 diag (Cl(G))SRst.

Proof. This is by Lem. 4.23, Cor. 4.4, and the fact that 7617 > n~¢/10, O

Lemma 4.24. (Bounds on QO ) Wp. >1-n —9logn the following holds. For all R € ( i )

<d)?2
and all 1 < k < d/2, iQoﬁ( ) = n k10 diag <CI<G)>SRXSR'
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Proof. We will use union bound over (R, k), so fix one first and abbreviate QORk by Q.

Recall the definition of QORk (Lem. 4.20 (3)): Q is supported within S® x ST,

. . Wt ..
o B)= ¥ O, (4.131)
To: |V (Tyn)UAUB|<
where t = |AU B|, s = |A|J2F‘B‘. Abbreviate q(l)%k as qp. By Lemma 4.20(3), ¢x(-,1,7)

is R-symmetric w.r.t. shapes for all fixed (i,j) (the R-symmetry condition), and also
g6 (R, 0, §)| < 707 (=4)5=PHK/3 (the coefficient-size condition) where t = [AU B|, s =

n
M and p is the max number of vertex-disjoint paths from A to B in T},. By symmetry

of qi.’s, Q((A,1), (B, 7)) factors through CI(A)Cl(B), so
Q=D"-Q-D (4.135)
where D’ is by Definition 4.35. It suffices to show that
wp. >1—n98len Lo < ,7k/10 gjue (2('3'>) . (4.136)
SRx SR

This is because, like in the proof of Lemma 4.23, we can insert (4.136) to the middle of
(4.135) which proves the lemma for the fixed R, k. Below, we prove (4.136).

As a blocked matrix Q = (Q(m))ogi,jgﬂ Q(Z}j) supported on A’s s.t. |A| + i > d/2.
For any fixed (i,j), any (s1,s2) € {0,...,d/2}? s.t. 51 +i > d/2, so+ j > d/2, and any
t > max{sq,so}, let uﬁ?“’”, ...,U%l;;?sz) be all different shapes (A4, B;T) where |A| = sq,
|B| = s2, [V(T')U AU B| =t. Then by (4.134) and R-symmetry,

h(t;s1,52) ( )
t;51,8 .o
Qij= D > U ) My
(t;51,82) =1
81+i,82+j2d/2

T>t>51,52
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This can be alternatively expressed as Q(z‘,j) = > Q(317i)7(52,j) where

51,52
s1+i,s9+j>d/2

h(t;81,82)

t;51, ..
Q(517i)7(52’j) = Z Z qk(u"(ﬂ o1 82)727j) : Mu(t;sl,SQ)- (4137)

t:
51,82<t<T

Q(sl,i),(SQ,j) is a ([n]) X (@)—matrix on the (7, 7)th block, and w.p. > 1 — n—10logn

51

W4 w _ t—p —
[ Qo= X hitisrse) Q=) 0 F 20 0g ™) (2.138)
t: t<t
t2>51,52
by Thm. 4.3 and coefficient-size condition, where s = @ and p is the max num-

t
ber of vertex-disjoint paths between the two side sets. Since h(t;sq,s9) < 2(2)+0() —

2(2) TOW+(t+5)-(t=5) ' (4.138) implies (note k > 0, 20() < ne/10, 757 ~ 1/30)
HQ(Slai)a(32aj)H _o8) 57 —k/6,—e(t=5) _ o(3),—k/8 (4.130)

Finally, we sum over all double-blocks and use Cauchy-Schwartz. Namely, regard each

Q(s1,i),(s0,j) BS ON ST ST (extended by 0%s), Q = 3 Q(51.1).(s2,j) Where

(51,1),(s2,4)
s1+i,s9+j5>d/2

_ 51 52
iQ(Slai)v(52aj) < M (2(2>Id(81,i)a(s1,i) - 2(2)Id(82,j),(82,j)> /2

by (4.139) and Cauchy-Schwartz. Summing over (s1,1),(s2,j), w.p. > 1 —n95108n e oot

A A
+Q < 20 */8diag (2('2')) < nk/0giag (2(2')> |
Shx SR SRy« SR

]

Lemma 4.25. (Bounds on Qch’ ¢>0) Wp. >1—n"918" the following holds: for all

Re (). 0<c<|Rland 0 <k <df2, 207 QF < n=/3 - diag (C1)

<d/2 Ry GR’
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Proof. The proof is almost the same as the previous one (Lemma 4.24). First, by a union
bound over all such (R, ¢, k), it suffices to show that w.p. > 1 — n~=951087 the inequality

holds for a fixed (R, ¢, k), which we prove below.

Fix (R, ¢, k) as in the lemma. If £ > 0 then the proof is identical to that of Lemma 4.24
(¢ = 0), as the same R-symmetry and coefficient-size conditions hold (by Lem. 4.20), and
moreover, the matrix ng is supported within S x S% too.

So we only need to deal with the case ¢ > 0, k£ = 0, i.e. Qfo By Definition 4.29, it is

supported on ST x ST with expression QCRO <(A, i), (B,j)) =

|Al+| B
Z (%)W(Tm)UAUB\— 2 -Ye(|R|, [V(Tm)UAUB|+(i+3)) - x1,, (4.140)
Ton:|V (T ) UAUB| <7

A,BemSep 4 (Tm)
where |Yo(|R|, |V(Tn) UAU B|+ (i +5))| < 7°7 by Lemma 4.13 (4). For a fixed (A, B; Tjy,)
denote t = |V(Tj,) WAU B|, s = M\;ﬂ(: |A| = |B| in this case), then the coefficient in
(4.140) is bounded by (£)!~5 -797 in absolute value. So we have the support condition, the R-
symmetry and coefficient-size conditions as in Lemma 4.24; we proceed the same as there till
(4.137), and a single term on the RHS now is h(¢; s1, s2) - (%’)t*ST‘r’T -nFTPQO(t)(log n)Ot=s),
Note in (4.140) any appearing ribbon Ry, = (A, B; Tp,) has A, B € mSepy p(Tin) so p = s
(the specialty of k = 0). So we can replace the bound on the RHS of (4.139) by 3203 .
n3¢(t=5)5790(t) < 9(5) 767 and then proceed to get j:Qé)O < 777 . diag (2(@'))5}2 o
X

1
Nowec> 1, w= nz4€ (e < 1/40), 717 < n1/15’ <0
—cR —¢/3 1; (IA\)
tw Q) < n “ diag ( 2\ 2 .
, SRxsh

Once again by Qg = D/ngD/’ we have i—w’Cng < n~/3diag (61) SRy GR" O

Lemma 4.22 follows immediately from Corollary 4.5, Lemma 4.24, 4.25.
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4.8.83 Put together

Now we prove the Main Lemma 4.14 thus Theorem 4.6. For any fixed R, recall the definition
of PR={1e (Y| RC I}, DT (Def. 4.28) and SE (4.93).

d/2
Lemma 4.14 recast: W.p. 1 — n~?198" it holds that for all R C (c[l7]2)
R —d _ 3: e .
Myt = n~% - diag(Cl) pr,, pr; (4.141)
tw ME < 00 Mt Vo< <R (4.142)

The following lemma will be handy.

Lemma 4.26. LED" - diag (61>S
( [n]

<d/2), when evaluated on any G.

DT([TE)—r - (%)d/Qdiag <61>P PR for any R €

Ry R R

Proof. Fix any R € ( <[le}2)' Without confusion, we omit subscript SR« gR by regarding
the supports as the vertex-set [n/] = [n] — R and regarding the corresponding matrix indices
/ !/ ~
as (c[l7/]2) or (S[g,}z), where d'/2 = d/2 — |R|. 7 is unchanged. We will still use C1(X) to

mean Cl(X U R) for X C [n/].
Since DTdiag(CNI)DT is nonnegative and diagonal for any G, we have

LR (DT . diag (61) : DT) (LRYT &= RO (DT - diag (61) : DT) (LROT (4.143)
where recall LR — (LR’O, ...,LR’T). Further, L#0 = (LOR’O, ...,Lg’/oz), where Lf’o is the
matrix on column set (Z/) This means LdR/’(2)7|R\ = <O, ..., 0, diag (61) ( [",])x(["/] )> since in

d' /2 d /2

L0 (Def. 4.27) only ribbons R = (I, A; T') with 0-reduced size can occur, forcing A = I
and 7" C E(I). In particular, this implies RHS of (4.143) = (%)d/2 - diag (61) ( (/]

n/ .
d//z)x((g//]z)
Translated back to [n] and d/2, this is exactly the bound in the lemma. O
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Proof. (for Lemma 4.14) Fix R € (<[g}2). By Lemma 4.20, for all ¢ < |R|

—~ ~\T
M= LR [DT (ng Qi + .. £ Qfd) DT} : <LR> +elt (4.144)

The following bounds all hold w.p. > 1 — n~81°8" from the corresponding lemmas, and we

take union bound so the overall probability is > 1 — n 2187 First,

M = LR

~\T
D" (Q{fo — Q¢ + - :I:Qé%’d)DT} : (LR) +eft

- T {Zﬁ . D" diag (61> DT (Zi%)T} + 86% (Lem. 4.22(1))

SEx SR
—7r(WN\d/2 g ~ R
= ()Y - diag (Cl) piy pi €0 (Lemma 4.26)
—7r (W d/2 —er /2 . ("’)
- “yd/2 _ : .
= (7 () n /%) diag (C1) g (Lemma 4.20(4))
= nd. diag(él)PRxPR (parameter regime)

Then for (4.142), fix R and let 1 < ¢ < |R|, we have:

—~ ~\T
ME = LR. {DT<Q§o - QR +...iQfd)DT} : (LR> +ef

~\ T
DT R R
pogn D (L ) ]+80 (Lem. 4.22(2))

< wln e/ [LNRDT - diag (61>S
< W[l - ef)] + eF (Lem. 4.22(1) and (4.144))

< wcn*C/E’Mé% + (cucnfc/4 + 1) n~diag (C)pr, pr  (Lem. 4.20(4))
So together,

W ME < 0P ME £ 2072 diag (ON) pr, pr
< (=5 o2 M ((4.141) and C1 > CI)

n=c/6. ]\4&z (¢ <|R| < d/2 and parameter regime)

(PN

107



The same analysis holds for —w™¢M. O

4.9 Appendix. Mod-order analysis

Set-up recap

We complete the deductions in section 4.6.1 now. Recall the ring A is got by adding fresh
variables @ and y7’s to R, where T" ranges over edge sets on [n] and with only the relations

{x7r - xpr = xT whenever T" & T" = T}. The mod-order equation is
Lo, - diag <a|A|> (La)T = Mo mod (%) (4.145)

on the (an]Q) X ( Jg}?)—ma’crix variable Ly in ring A, where

Mo(IJy= Y VOVl g1 = 1| =d/2,
T:|\V(T)UIUJ|<t

and mod (%) means to mod the ideal ({o!V(TVIVII+1y Aty (V(TYUTUJ| > 7))

position-wise on each (I, .J). We call (x) the modularity. Moreover, if denote
LA, A) =) BralT)xgr,  Bra(T’) €Ro]
T/

then we require

atAT) | g \(T') VI, AT (4.146)

where ey 4(T") is the reduced size |V/(T") UTU A| — s; 4(T") (Def. 4.15).

Expressed in terms, equations (4.145), (4.146) become the following.

Z Z Oé|A‘ . ﬂLA(T/) . ﬁJ,A(T”) _ a|V(T)UIUJ‘ mod a|V(T)UIUJH—1 (4147)

[n] 771"
Ae (gd/2) T/EB&W:T
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for every (I, J;T) with [V(T)UIU J| <7, and
1AM | g 4 (T') (4.148)

for every (I, A;T").

The main observation is the following (Lemma 4.16 recast).

Lemma 4.27. (Order match) In the LHS of equation (4.147), only products a4 Br.a(T)-

ByA(T") that satisfies the following are non-zero modulo ().

A is a min-separator for both (I, A; T, (J, A;T"); (4.149)

(V(ThuTuA4) n (V(T")UJUA) = A. (4.150)
Moreover, (4.149), (4.150) imply that

A is a min-separator of (I, J;T) (where T =T @ T"); (4.151)

V(T UITUA|, V(T"YUJUA|l<T. (4.152)
Proof. Pick a term a4l . Br.a(T") - By 4(T") form the LHS of (4.147). By (4.148),
its order in a > |A| + |[V(T") UTUA| — sy 4(T") + [V(T")U AU J| = 55 4(T").

By modularity on the RHS of (4.147), the term is non-zero only if: (its order in )<
V(T)uITuJ|and [V(T)UIUJ| <7, where T =T" & T". This implies

V(T UTUA +|V(T"YUJUA < |V(T)UITUJ|+ (SI’A(T') + sJ,A(T”) — |A]) (4.153)

d @
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Note ) < [A] and “=” holds iff s; A(T") = 57 4(T") = | A]. While the LHS above

= |(V(THuITuA)u WV (T U JUA)lJrl(V(T’) UIuA)n V(T uJuA).
>V(1)uIUT =D >41>@)

Therefore, (4.153) could hold only when all “="’s hold, which means: (1). A is a min-
separator of (I, A;T"), (J, A;T"); (2). (V(THYUITUA)UWV(T"YUJUA)=V(T)UIlUJ;
3). V(THUuITuA)N V(T UJUA) = A.

Next, we show (1),(3) imply A € mSep; ;(T) (and also (2), actually). By (3), T, T”
could overlap only in E(A). Now T =T'® T", so

T=T7uT"” modulo E(A) (4.154)

(also = V(T") U V(T") C V(T) U A). By (1) there are |A| many vertex-disjoint paths
Plsss D)4 from I to A in 7', and similarly ¢q, o A from J to A in T”. These paths are
also present in T' by (4.154)—where it naturally assumes every path touches A only once
at its endpoint. By (3) again, any p;,qj do not intersect beside endpoint in A so they are
paired to |A| many vertex-disjoint paths from I to J in T, all passing A (this also implies
ACV(T)UIUJ). On the other hand, if p is a path in 7" from I not passing A, then it is a
path on 7 U V(T") by induction using (3). Now by (3) again we have (V(T")UI)NJ C A,
so p can’t reach J. So A € mSepy ;(7T).

Finally, under the above implications, V(T")UTU A C V(T) U I U J and similarly for

V(T")U J U A, so both have size < 7. O

By this lemma, we can assume that in an imagined solution, 8r, A(T") # 0 only when it
satisfies the conditions (4.149), (4.152) on its part. If assume further that the solution is sym-
metric (which looks plausible), i.e. B; A(T") = 87 g(T") whenever (I, A;T"), (J, B;T") are

of the same shape, then this lemma is particularly informative about some special (I, J;T)’s.
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Corollary 4.6. If (I, J;T) has a unique min-separator A, then

> Bra(T’) - B a(T") = a1 @) (4.155)
T/,T//I T,@T,/:T
(4.149), (4.150) hold

where ey j(T) = |V(T)U T U J| = sp j(T). In particular, in symmetric solution,

S BrafieT)? =a?ead) (4.156)
T1CE(A)
for all (I, A;T") such that
A is the unique min-separator of (I, A;T'). (4.157)

Proof. The first part is directly from Lemma 4.16. For the “in particular” part, let (I, A;T")
satisfy (4.157). By mirroring (I, A; T") through A, we get a (J, A; T") that satisfies the same
condition and they together satisfy (4.149), (4.150). There are always enough vertices in [n]
to carry out this mirroring operation. By the symmetry assumption, 87 4(T") = B 4(T").
From mirroring it is not hard to see that A is the unique min-separator of (I, J;T = T'®T"),

so for this triple (7, .J;T) equation (4.155) holds, giving that ZTlgE(A) Bra(l’ & )% =
lV(DUIVT|=[A] — (2([V(T)UIUA|-|A]) O

Summarizing what we got so far, let all 87 4(7" @ T1)’s in (4.156) be equal (which is a
A
plausible assumption) then 37 4(T") = 2_(‘ 2')/2_0[@[7,4(T’) (taken all + signs); collecting these
A ~
terms, we get a matrix Lj: L (I, A) = > 2*(|2‘)/2a|V(T/)UIUA|_|A|XT/ - Cly,

T |V(T"UIUA|<T
(4.157) holds

T'NE(A)=0
~ ~9 Al ~
where Cly = > xp. To see how far this is from a solution, notice Cl4 = 2(‘2|)CIA and
TCE(A)
consider
L - diag <a|A|> ()T = L - diag (a\f” : GlA) L7 (4.158)
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where Lj is the matrix in A as below (which is cleaner than L) to use).

Definition 4.36. ¥1 € (1), A€ ([]),),

Li(I, A) = 3 olV(THIVAI-1A]y (4.159)

T |V(T"UIUA|<T
(4.157) holds
T'NE(A)=0

Surely L] is not a solution to the mod-order equation, since (4.158) equals (mod (*)) only
the part of M, consisting of the special (I,.J;T)’s from Cor. 4.6. For a general (I,J;T),

Lemma 4.27 only says:

> Br.A(TByA(T") = 17T mod ac1s (1)L, (4.160)

AT T". T'oT"=T
AemSep; ;(T)
(4.149),(4.150) hold

To see how to proceed further, we inspect a further weakening: polarization.

Polarized solution

Roughly speaking, polarization weakens linear equations with “xzz’s” by replacing these terms
with multi-linear “z;y;’s”, where g are fresh variables, and we plug in a “tentative” solution

Z( and solve for ¢ (the equations become in ¢) then see how to modify z( further.

Definition 4.37. The polarized mod-order equation w.r.t. Ly is:
' Al ¢ I =
Ly -diag (! Cly) - Ly = My mod (x) (4.161)
where (%) is the modularity in (4.145), L1 is by (4.159), Lo is a matriz

L= S T (4.162)
T |V(THUIUA|<T
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with variables {5}2}4(71/)} required to satisfy acrA) | ﬁj(~2j)4(T’),‘v’([, AT.

In this polarized form, the essential condition (4.160) becomes

Z acrAT) BSQA(T//) = a19T) mod afrs T+ (4.163)
AT T": T'sT"=T

(I,A;T") appears in Ly
(4.149),(4.150) hold
By (4.163), existence of a solution Ly requires at least the following condition: for general
(I,J;T), there always exist “(I, A;T') appearing in L1” and T" which satisfy the condition
in the LHS of (4.163). By a direct (but careful) check, this is actually equivalent to the “In

particular” part of the graph-theoretic fact 4.5 due to Escalante, restated below.

Fact 4.9.1. For any ribbon (I, J;T), the set of all min-separators, mSepy ;(T), has a nat-
ural poset structure: min-separators Ay < Ag iff Ay separates (I, As9;T), or equivalently as
can be checked, iff Ag separates (J, A1;T). The set is further a lattice under this partial-
ordering: VA, Ao € mSepLJ(T) their join and meet exist. In particular, there exist a unique
minimum and maximum.

Denote the minimum by Si(1,J;T) and the mazimum by Sy(I,J;T), which is the “left-

most” and “rightmost” min-separator, respectively.

By this fact, some (I, A;T") indeed appears in (4.163) with A = S;(I, J;T). Moreover,
(4.163) is naturally satisfied if take

LQ(J7 A) = Z CYe‘LA(T”)XT//. (4.164)
T": V(T UJUA|<T
AEmSGp(LA(T”)
T'NE(A)=0
(J,A;T") left-generated
Here, recall being left-generated means every vertex is either in A or can be connected from

J without touching A. Also, with this Lo only one product in the LHS of (4.163) contributes
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to the right modulo a1+ We get:

Proposition 4.10. The pair (L1, L2) is a solution to the polarized mod-order equation

(4.161), (4.162).

Remove the polarization. One more use of fact 4.9.1 actually shows that, if move the
“left-generated” condition from L9 to Ly, then Lo itself factors through Lj—that is, we can

replace diag(Cl) - LJ by some X - L{ in (4.161), and this finally gives the following.

Proposition 4.11. (Mod-order diagonalization; Prop. 4.3 recast) Let

'
La(_[, A) = Z aeI’A(T )XTla
T |V(T"UIUA|<T
A=8(I,AT")

T'NE(A)=0
(I,A;T") left-generated

T
Qo,a(A, B) == > aca.8Tm)y
Tm: |TUAUBI|<T
AaBemsepA,B(Tm)

(where Ty, indicates “middle”). Then
: 141 . 14] T
Lo -[diag (a2 ) - Qoo -diag (a2 |]- L, = My mod (k) (4.165)

where (x) is the modularity in (4.145).

Proof. Given Fact 4.9.1, we immediately have the canonical decomposition of graphs as in
Definition 4.21 and Remark 4.8. This implies that in the LHS of (4.165) only the products

from canonical triples are non-zero modulo (x), and they give M. H

Thus we get a “L(—)LT”—shape decomposition of M, meaning that we do not lose much
from the polarization step since our goal is only to prove the PSDness of the matrix. Indeed,

(4.165) gives the “first-approximate” decomposition in Definition 4.20.
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CHAPTER 5
ON CDCL WITH ORDERED-DECISION STRATEGY

The content of this chapter is from a joint work with Nathan Mull and Alexander Razborov,
whose abbreviated version appeared at the 23rd International Conference on Theory and

Applications of Satisfiability Testing (SAT 2020) [81].

5.1 Introduction

SAT-solvers have become standard tools in many application domains such as hardware ver-
ification, software verification, automated theorem proving, scheduling and computational
biology (see [52, 61, 33, 78, 38] among the others). Since their conception in the early 1960s,
SAT-solvers have become significantly more efficient, but they have also become significantly
more complex. Consequently, there has been increasing interest in understanding the theo-
retical limitations and strengths of contemporary SAT-solvers. Much of the recent literature
has focused on the connections between SAT-solvers and subsystems of the resolution proof
system originally introduced in [27, 98].

This connection essentially started with the Davis-Putnam-Logemann-Loveland proce-
dure (DPLL) [41, 40], a backtracking search algorithm that builds partial assignments one
literal at a time until a satisfying assignment is found or all assignments have been exhausted.
Since DPLL is sound and complete, its computational trace when applied to an unsatisfiable
formula is a proof of unsatisfiability. It is generally accepted as a folklore result that the
computational trace of DPLL on an unsatisfiable formula can be converted into a tree-like
resolution refutation. Thus, tree-like resolution lower bounds imply DPLL running time
lower bounds. And in some sense, these lower bounds are tight: DPLL, given oracle access
to a tree-like resolution refutation II of the input formula, can run in time that is polynomial

in the length of II. That is, DPLL is essentially equivalent to tree-like resolution and thus
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can be viewed as a propositional proof system in the Cook-Reckhow sense [39].

Nearly all contemporary SAT-solvers are variants of DPLL augmented with modern al-
gorithmic techniques and heuristics. The technique most often credited for their success is
conflict-driven clause learning (CDCL) [64, 77], so these solvers are interchangeably called
CDCL SAT-solvers, CDCL solvers, or simply CDCL (for further information regarding the
design of SAT-solvers, see the Handbook of Satisfiability [26]). Just as with DPLL, the com-
putational trace of CDCL can be converted into a resolution refutation, but may no longer
be tree-like or even regular. Thus, general resolution lower bounds imply CDCL running
time lower bounds, but it is unclear a priori whether these bounds are tight in the same
sense as above.

The line of work on the question of whether CDCL solvers simulate general resolution was
initiated by Beame et al. [18] and continued by many others [104, 83, 56, 35, 20, 90, 9, 44].
The primary difference between all these papers is in the details of the model, the models
considered by Pipatsrisawat and Darwich [90] and Atserias et al. [9] being perhaps the most
faithful to actual implementations of CDCL SAT-solvers. But almost all models appearing

in the literature make a few nonstandard assumptions.

1. Very frequent restarts. The solver restarts roughly O(nQ) times for every clause in the
given resolution refutation I (where n is the total number of variables). Though many
solvers do restart frequently in practice [25], it is unclear if this is really necessary for

the strength of CDCL.

2. No clause deletion policy. The solver has to keep every learned clause. In practice,

some solvers periodically remove half of all learned clauses [10].

3. Nondeterministic decision strategy. The solver uses oracle access to Il to construct a

very particular decision strategy. In practice, solvers use heuristics [76, 80, 75].

It is natural to ask whether these assumptions can be weakened or removed entirely. In
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this respect, the first two assumptions have become topics of recent interest. With regards
to the first, much research has been dedicated to the study of nonrestarting SAT-solvers
(104, 35, 36, 31, 19, 74]. The exact strength of CDCL without restarts is still unknown and,
arguably, makes for the most interesting open problem in the area. With regards to the
second, Elffers et al. [44] proved size-space tradeoffs in a very tight model of CDCL, which
may be interpreted as results about aggressive clause deletion policies.

In this chapter we are primarily concerned with the third assumption, i.e., how much does
the efficiency of CDCL-solvers depend on the nondeterminism in the decision strategy? We
study a simple decision strategy that we call the ordered decision strategy which is identical
to the strategy studied by Beame et al. [17] in the context of DPLL without clause learning.
It is defined naturally: when the solver has to choose a variable to assign, the ordered decision
strategy dictates that it chooses the smallest unassigned variable according to some fixed
order. There is still a choice in whether to fix the variable to 0 (false) or 1 (true), and we
allow the solver to make this choice nondeterministically. If unit propagation is used, the
solver may assign variables out of order; a unit clause does not necessarily correspond to the
smallest unassigned variable. This possibility to “cut the line” is precisely what makes the
situation much more subtle and nontrivial.

Thus, our motivating question is the following:

Is there a family of contradictory CNFs {Ty}7" | that possess polynomial size resolution

refutations but require superpolynomial time for CDCL with any ordered decision strateqy?

Before describing our contributions towards this question, let us briefly review analogous
separations in the context of proof and computational complexities. Bonet et al. [32] proved
that a certain family of formulas requires exponential-sized ordered resolution refutations but
has polynomial-sized regular resolution refutations. Bollig et al. [28] proved that a certain
boolean function requires exponential-sized ordered binary decision diagrams (OBDDs) but

have polynomial-sized general BDDs. These results tell us that order tends to be a strong
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restriction, and the above question asks whether this same phenomenon occurs for CDCL.
It is also worth noting that this question may be motivated as a way of understanding the
strength of static decision strategies such as MINCE [4] and FORCE [5]. But since such

decision strategies are rarely used in practice we will not dwell on this anymore.

Our contributions

Per the discussion above, a proof system that captures any class of CDCL solvers should
be no stronger than general resolution. It can also be reasonably expected (and in two
particular situations will be verified below as easy directions of Theorems 5.2, 5.3) that with
any ordered decision strategy, they should be at least as strong as ordered resolution with
respect to the same order. Our main results show that, for a nondetermistic model of CDCL
in which the solver may arbitrarily choose conflict/unit clauses if there are several, may
elect not to do conflict analysis/unit propagations at all, and may restart at any time, both
extremes are attained. In this setting, the strength of the system depends on the learning
scheme employed; that is, it depends on the method used to determine which clauses are

learned after conflict analysis. More specifically, we prove

1. CDCL with the ordered decision strategy and a learning scheme we call DECISION-L
is equivalent to ordered resolution (Theorem 5.2). In particular, it does not simulate

general resolution.

2. CDCL with the ordered decision strategy and a learning scheme we call FIRST-L is

equivalent to general resolution (Theorem 5.3).

Remark 5.1. As the name suggests, DECISION-L is the same as the so-called DECISION

1

learning scheme used in practice.”~ Hence these two results, taken together, go somewhat

against the “common wisdom.” Namely, it turns out that in the case of ordered decision

1. We use this slightly different name so that it fits our naming conventions below.
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strateqy, an assertive learning scheme is badly out-performed by a scheme that, to the best of
our knowledge, has not been used before. That said, FIRST-L is similar to the learning scheme
FirstNewCut [18], and both schemes have the property that they are designed somewhat

artificially to target particular resolution steps in a given refutation.

We also prove linear width lower bounds for CDCL with the ordered decision strategy
(Theorem 5.4), which are in sharp contrast with the size-width relationship for general
resolution proved by Ben-Sasson and Wigderson [21].

With the ability of possibly postponing conflict analysis and unit propagation, the model
of CDCL we consider differs in these aspects from solvers that occur in practice. This is
in part because our intention is to focus on the impact of decision strategies. But this
substantial amount of nondeterminism also allows us to identify two proof systems that
are, more or less straightforwardly, equivalent to the corresponding CDCL variant. (This
correspondence is very much like the correspondence between regWRTI and a variant of
CDCL with similar nonstandard features called DLL-LEARN, both introduced by Buss et
al. [36, 31].) Determining the exact power of these systems constitutes the main technical
part of this chapter.

The first proof system might be of independent interest; we call it half-ordered resolution.
For a given order on the variables, ordered resolution can be alternatively described by the
requirement that in every application of the resolution rule, the resolved variable is larger
than any other variable appearing in both of the two antecedent clauses. We relax this
requirement by asking that this property holds for at least one of them, which reflects
the inherent asymmetry in resolution rules resulting from clause learning in CDCL solvers.
Somewhat surprisingly (at least to us), it turns out (Theorem 5.1) that this relaxation does
not add any extra power, and half-ordered resolution is polynomially equivalent to ordered
resolution with respect to the same order.

The second proof system, which we call trail resolution, extends half-ordered resolution
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and is more auxiliary in nature. It is based on the observation that with the amount of
nondeterminism we allow, all trails® that a CDCL solver manages to create can be easily
recreated when needed. Accordingly, the system works with lines of two types, one for clauses
and another for trails. Clauses entail nontrivial trails via a unit propagation rule while trails
can be used to enhance the half-ordered resolution rule. We show that trail resolution is
polynomially equivalent to resolution (Theorem 5.5), and since it is by far our most difficult
result, let us reflect a bit on the ideas in its proof.

Like other CDCL-based proof systems, trail resolution is not closed under restrictions
or weakening, so many standard methods do not apply. Instead, we use two operations on
resolution proofs (lifting and variable deletion) in tandem with some additional structural
information to give us a fine-grained understanding of the size and structure of the general
resolution refutation being simulated. The properties of these operators allow for a surgery-
like process; we simulate small local pieces of the refutation and then stitch them together
into a new global refutation.

Finally, in order to aid the above work (and, perhaps, even facilitate further research
in the area), we present a model and language for studying CDCL-based proof systems.
This model is not meant to be novel, and is heavily influenced by previous work [83, 9, 44].
However, the primary goal of our model is to highlight possible nonstandard sources of
nondeterminism in variants of CDCL, as opposed to creating a model completely faithful to

applications. For example, Theorem 5.3 can be written in this language as:
For any order m, CDCL(FIRST-L, w-D) is equivalent to general resolution.

We will also try to pay a special attention to finer details of the model sometimes left
implicit in previous works. This entails several subtle choices to be made, and we interlace

the mathematical description of our model with informal discussion of these choices.

2. A trail is essentially an ordered partial assignment constructed by CDCL during its execution.
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The chapter is organized as follows. In Section 5.2 we give all necessary definitions and
formulate our main results as we go along.

In Section 5.3 we prove Theorem 5.2 on the power of CDCL with the ordered decision
strategy and the DECISION-L learning strategy. Section 5.3.1 contains proof-complexity
theoretic arguments about half-ordered resolution, while in Section 5.3.2 we establish its
translation to the language of CDCL.

In Section 5.4 we prove Theorem 5.3 on the power of CDCL with the ordered decision
strategy and the FIRST-L learning strategy. To that end, in Section 5.4.1 we show the
equivalence of this system to trail resolution (mentioned above) and in Section 5.4.2 we
establish that trail resolution is actually equivalent to general resolution (Theorem 5.5).

In Section 5.5 we prove Theorem 5.4 that, roughly speaking, states that the simulation
provided by Theorem 5.3 fails extremely badly with respect to width. Among other things,
this implies that there does not seem to exist any useful width-size relation in the context

of CDCL with ordered decision strategy.

Related works

The recent work of Vinyals [106] also studied the strength of decision heuristics in CDCL,
where it was shown that CDCL with the popular VSIDS decision strategy (among others)

cannot simulate ordered resolution.

5.2 Preliminaries and main results
def

Throughout the chapter, we assume that the set of propositional variables is fixed as V'

{z1,...,zn}. Recall the resolution proof system is a Hilbert-style proof system whose lines
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are clauses and that has only one resolution rule (2.1). Note that the weakening rule

C
CvVvD

is not included by default. In the full system of resolution it is admissible in the sense that
Sr(T F 0) does not change if we allow it. But this will not be the case for some of the

CDCL-based fragments we will be considering below.

Remark 5.2. Despite the above distinction, it is often convenient to consider systems that
do allow the weakening rule. We make it clear when we do this by adding the annotation
‘“+ weakening’ to the system. For example, resolution + weakening is the resolution proof

system with the weakening rule included.

Resolution graphs

Our results depend on the careful analysis of the structure of resolution proofs. For example,
it will be useful for us to maintain structural properties of the proof while changing the
underlying clauses and derivations. We build up the following collection of definitions for
this analysis, to which we will refer throughout the later sections. The reader may skip this

section for now and return to it in the future as needed.

Definition 5.1. For a resolution + weakening proof 11, its resolution graph, G(II), is a
directed acyclic graph (DAG) representing 11 in the natural way: each clause in 11 has a
distinguished node, and for each node there are incoming edges from the nodes corresponding
to the clauses from which it is derived. Every node has in-degree 0, 1, or 2 if its corresponding
clause 1s an axiom, derived by weakening, or derived by resolving two clauses, respectively.
Denote the set of nodes by V(II), and the clause at v € V(II) by cp(v). We do not assume

that cpy s injective, that is we allow the same clause to appear in the proof several times.
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There is a natural partial order on V (I1) reflecting the order of appearances of clauses
in I1: v > w if and only if v is a descendant of u, or equivalently, there is a (directed) path
from u to v. We sometimes say that v is above (resp. below) u if v > u (resp. v < u). If,
moreover, (u,v) is an edge (directed from u to v), we say that u is a parent of v. A set of
nodes is independent if any two nodes in the set are incomparable. Note that we have defined
this order so that we naturally view resolution graphs in bottom-up orientation, where axioms
appear at the bottom and derivations flow upwards.

Mazimal and minimal nodes of any nonempty S C V(II) are defined with respect to this

partial order: maxp S def {veS:Vue S=(v<u)}, and similarly for ming S.

Definition 5.2. Let S C V(II). The upward closure and downward closure of S in G(II)
are uclyp(S) def {ve V() :Jwe S(v>w)} and dclyp(S) def {ve V) :3Jwe S <w)},
respectively. A subset of nodes S is parent-complete if for any v € S of in-degree 2, one
parent of v being in S implies that the other parent of v is also in S. It is path-complete if
for any directed path p in G(I1), the two end points of p being in S implies all nodes of p

are.

Remark 5.3. The following are some basic facts about these definitions.

The upward closure ucly(S) is path-complete but need not be parent-complete.

The downward closure dcly(S) is always both path-complete and parent-complete.

Path-completeness does not imply upward-closedness.

The complement of any upward-closed set is downward-closed.
Also, these definitions behave naturally, as demonstrated by the following proposition.

Proposition 5.1. Let S C V(IT) be a nonempty set of nodes that is both parent-complete
and path-complete. Then the induced subgraph on S in G(I1) is the graph of a proof which

derives maxyy S from mingy S.
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Proof. Let S* C S be the set of all nodes in S “provable” from minp S inside S. Formally,
it is the closure of minpy S according to the following rule: if v € S and all its parents are in
S* then v is also in S*. We need to show that S* = S.

Assume not, and fix an arbitrary v € mingp(S\ S*). Since v € minyy S, there exists w € S
below v. Since S is path-complete, we can assume w.l.o.g. that w is a parent of v, and since
S is parent-complete, all parents of v are in S. Now, since v is minimal in S\ S*, all of them

must be actually in S*. Hence v € S*, a contradiction. O

In the sequel, we refer to a proof (refutation) defined on a subgraph in this way as a

subproof (subrefutation).

Definition 5.3. A resolution graph is connected if | maxy V(I1)| = 1, i.e., there is a unique

sink.

This is not the usual definition of connectedness for directed graphs. But it implies that
every node can be connected to the unique sink by a directed path, and thus implies the
weak connectedness in the usual sense (i.e., there is an undirected path between any two

nodes).

Remark 5.4. For a resolution proof I and v € V(II), the subgraph on dclip({v}) is a

connected resolution graph whose axiom nodes are among axiom nodes of G(II).

Ordered and half-ordered resolution

Fix now an order m € Sp. For any literal | = x, m(l) def m(k). For k € [n], let Vark

denote the k£ smallest variables according to m. A clause C' is k-small with respect to 7 if
Var(C') C Vark.
The proof system 7-ordered resolution is the subsystem of resolution defined by imposing

the following restriction on the resolution rule (2.1):

Vie CV D (r(l) <m(x;)).
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That is, the two antecedents are i-small. We note that in the literature this system is usually
defined differently, namely in a top-down manner (see e.g. [32]). It is easy to see, however,

that our version is equivalent.

Definition 5.4. w-half-ordered resolution is the subsystem of resolution in which the rule

(2.1) is restricted by the requirement

Vie O (n(l) < m(z;)). (5.1)

That is, at least one of the antecedents is i-small.

Recall [39] that a proof system P p-simulates another proof system @ if there exists a
polynomial time algorithm that takes any @-proof to a P-proof from the same axioms (in
particular, the size of the P-proof is bounded by a polynomial in the size of the original
proof). Two systems P and @) are polynomially equivalent if they p-simulate each other.

We are now ready to state our first result.

Theorem 5.1. For any order m € Sy, m-ordered resolution is polynomially equivalent to

w-half-ordered resolution.

The next proof system, m-trail resolution, is even more heavily motivated by CDCL
solvers. For this reason we interrupt our proof-complexity exposition to define the corre-
sponding model. As we noted in the introduction, we will try to highlight certain subtle

points in the definition of the model by injecting informal remarks.

5.2.1 CDCL-based proof systems

A unit clause is a clause consisting of a single literal. An assignment is an expression of
the form x; = a (1 < i <mn, a € {0,1}). A restriction p is a set of assignments in which
all variables are pairwise distinct. We denote by Var(p) the set of all variables appearing
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in p. Restrictions naturally act on clauses, CNF's, resolution proofs, etc.; we denote by
Clp, Tlp, H|,... the result of this action. Note that both m-ordered resolution and 7-half-
ordered resolution are closed under restrictions, i.e., if II is a 7-(half)-ordered resolution
proof, then II|, is a |,-(half)-ordered resolution proof of no-bigger size, where |, is the

order induced by 7 on V' '\ Var(p).

Remark 5.5. Restrictions of proofs also act on resolutions graphs, i.e., they give rise to a
transformation from G(II) to G(Il|,). For example, if a clause is satisfied by a restriction
p, its node will be immediately removed. And even if a clause is not satisfied, its node still

might be not used in constructing G(11|,) since e.g. a parent is removed.

An annotated assignment is an expression of the form z; Za (1<i<n, ae{0,1},x€
{d,u}). Informally, a CDCL solver builds (ordered) restrictions one assignment at a time,
and the annotation indicates in what way the assignment is made: ‘d’ means by a decision,
and ‘v’ means by unit propagation. See Definition 5.6 and Remark 5.8 below for details

about these annotations.

Definition 5.5. A trail is an ordered list of annotated assignments in which all variables are
again pairwise distinct. A trail acts on clauses, CNFs, etc., just in the same way as does the
restriction obtained from it by disregarding the order and the annotations on assignments.
For a trail t and an annotated assignment x; = a such that x; does not appear in t, we

*

denote by [t,x; = a] the trail obtained by appending z; = a to its end. tlk] is the kth

assignment of t. A prefix of a trail t = [z 4 S i ar] is any trail of the form

[, L, T, 2 ag] (0 < s <r) denoted by t[< s]. A is the empty trail.
A state is a pair (C,t), where C is a CNF and t is a trail. The state (C,t) is terminal
if either C|y = 1 for all C € C or C contains 0. All other states are nonterminal. We let

Sy, denote the set of all states (recall that n is reserved for the number of variables), and let

Sy C Sy, be the set of all nonterminal states.
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Remark 5.6. As unambiguous as Definition 5.5 may seem, it already reflects one important
choice, to consider only positional® solvers, i.e., those that are allowed to carry along only
CNFs and trails, but not any other auxiliary information. The only mathematical ramifica-
tion of this restriction is that we will have to collapse the whole clause learning stage into

one step, but that is a sensible thing to do anyway.

Remark 5.7. We are now about to describe the core of our (or, for that matter, any other)
model, which can be viewed as a labeled transition system consisting of the state space Sy
and possible labeled transitions between states. But since this definition is the longest one,
we prefer to change gears and precede it with some informal remarks rather than give them
after the definition.

Proof systems attempting to capture performance of modern CDCL solvers are in general
much bulkier than their logical counterparts and are built from several heterogeneous blocks.
At the same time, most papers highlight the impact of one or a few of the features, with
a varying degrees of nondeterminism allowed, while the features out of focus are treated
in often unpredictable and implicit ways. We have found this state of affairs somewhat
impending for the effort of trying to compare different results to each other or to build useful
structure around them of the kind existing in “pure” proof complexity. Therefore, we adapt
an approach that in a sense is the opposite. Namely, we rigorously describe a basic model that
1s very liberal and nondeterministic and intends to approximate the union of most conceivable
features of CDCL solvers. Then models of actual interest will be defined by their deviations
from the basic model. These deviations will take the form of “amendments” forbidding certain
forms of behavior or, potentially, allowing for new ones.

Besides this point, there are only few (although sometimes subtle) differences from the

previous models, so our description is given more or less matter-of-factly.

3. The name is suggested by a similar term “positional strategy” in game theory.
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Definition 5.6. For a nonterminal state S = (C,t) € S9

n>

we define the finite set Actions(S)
and the function Transitiong : Actions(S) — Sp; the fact Transitiong(A) = S’ will be

usually abbreviated to S :A> S’. Those are described as follows:
Actions(S) & D(S) U U(S) U L(S),

where the letters D, U, and L naturally stand for decision, unit propagation, and leamz'ng.4

e D(S) consists of all annotated assignments x; 4 a such that x; does not appear in t

and a € {0,1}. We naturally let

(C, 1) 2o (C, [tz < a]). (5.2)

e U(S) consists of all those assignments x; La for which Cl|¢ contains the unit clause
xl; the transition function is given by the same formula (5.2) but with a different
annotation:

ﬂf‘—ua
7
(

(C,t) B= (C, [t, 2 L a)). (5.3)

o As should be expected, L(S) is the most sophisticated part of the definition (cf. [9,
Section 2.3.3]). It consists of clause-trail pairs (C,t*) where C' is a learnable clause and
t* is a prefix of t with the assignments that persist after learning C and backtracking.
The exact class of such pairs is given in Definition 5.7. The transition function is then
defined naturally:

c,t) ' cu{oy ).

Definition 5.7. Given (C,t) € SO, the set of learnable clauses from S is defined as follows.

*p

Let t = [z;, 4 a,...,x;, = ar|. By reverse induction on k = r +1,...,1 we define the

4. Restarts will be treated as a part of the learning scheme.
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set Cp.(S) that, intuitively, is the set of clauses that can be learned by backtracking up to the
prefix t[< k.

We let

def
Cry1(8) = {DeC|DJ; =0}

be the set of all conflict clauses.

For 1 <k <, we do the following: if the k-th assignment of t is of the form x;, 4 ay,
then Ci(95) def Ci41(8). Otherwise, it is of the form w;, = ag, and we build up Cj(S) by

processing every clause D € Cy1(S) as follows.

e If D does not contain the literal % then we include D into Cp(S) unchanged.

o [f D contains %, then we resolve D with all clauses C' € C such that Cly<j,_1) = zf:

and include into C(S) all the results Res(C, D). D itself is not included.

To make sure that this definition is sound, we have to guarantee that C' and D are actually
resolvable (that is, they do not contain any other conflicting variables but xzk) For that we

need the following observation, easily proved by reverse induction on k, simultaneously with

the definition:
Claim 5.1. D|; =0 for every D € C.(5).

Finally, we let
r
def
c(s) = (J cr(s),
k=1

and

{(C,t*)| C € (C(S)\C), t* a prefix of t such that Clx # 0} otherwise.
(5.4)
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Example 1. Consider the scenario in which

C= {1 VT, T3V g, 21VazVay v1VI3Vay}
t:[arlgO, x4 =0, x3=1]

S =(C,t).
Then

Cy(S) = {73V ay, 21 VT3V 24}
C3(5) = {z1 V 24}
Co(S) = {z1}

C1(5) = Ca(9)
so C(S) = {z1, x1 V x4} and, finally,
L(S) = {(a1,A), (w1 Vag, A), (1 Vg, (51 £0)}.

This completes the description of the basic model.

Remark 5.8. For nearly all modern implementations of CDCL, the annotations are redun-

dant because CDCL solvers typically require unit propagation always to be performed when it

is applicable (in our language of amendments, this feature will be called ALWAYS-U ). Never-

theless, the presence of annotations makes the basic model flexible enough to carry on various,

sometimes subtle, restrictions and extensions. In particular, we consider solvers that are not

required to record unit propagations as such. This allows for the situation in which x; d a

and z; = a are in Actions(S), and the set of learnable clauses is sensible to this.

Remark 5.9. In certain pathological cases, mostly resulting from neglecting to do unit prop-
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agation, the set Actions(C,t) may turn out to be empty even if (C,t) is nonterminal and C is
contradictory. But for the reasons already discussed above, we prefer to keep the basic model

as clean as possible syntactically, postponing such considerations for later.

The transition graph I'y, is the directed graph on S,, defined by erasing the informa-
tion about actions; thus (S,5") € E(Ty) if and only if S/ € im(Transitiong). It is easy
to see (by double induction on (|C|,n — [¢|)) that '), is acyclic. Moreover, both the set
{(S,A)| A € Actions(S)} and the function (S, A) — Transitiong(A) are polynomial-time®

computable. These observations motivate the following definition.

Definition 5.8. Given a CNF C, a partial run on C from the state S to the state T is a

sequence

Ar_
S—5, M g A 5, Hslg - (5.5)

where A € Actions(Sy). In other words, a partial run is a path in Ty, with annotations
restored. A successful Tun is a partial run from (C,A) to a terminal state. A CDCL solver
is a partial function® p on SO such that u(S) € Actions(S) whenever u(S) is defined. The
above remarks imply that when we apply a CDCL solver u to any initial state (C, A), it will
always result in a finite sequence like (5.5), with T being a terminal state (successful run) or

such that u(T) is undefined (failure).

Remark 5.10. Theoretical analysis usually deals with classes (i.e., sets) of individual solvers
rather than with individual implementations, and there might be several different approaches
to defining such classes. One might consider for example various complexity restrictions like
demanding that p be polynomial-time computable. But in this chapter we are more interested

in classes defined by prioritizing and restricting various actions.

5. in the size of the state S, not in n

6. It is possible for Actions(S) to be empty, see Remark 5.9.
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Definition 5.9. A local class of CDCL solvers is defined by a collection AllowedActions(S) C
Actions(S), S € S2. It consists of all those solvers p for which p(S) € AllowedActions(S),

whenever 1u(S) is defined.

We will describe local classes of solvers in terms of amendments prescribing what actions
should be removed from the set Actions(S) to form AllowedActions(S). Without further
ado, let us give a few examples illustrating how familiar restrictions look in this language.

Throughout the description, we fix a nonterminal state S = (C,t).

ALWAYS-C If C|; contains the empty clause, then D(S) and U(.S) are removed from Actions(S).
In other words, this amendment requires the solver to perform conflict analysis if it

can do so.

ALWAYS-U If C|; contains a unit clause, then D(S) is removed from Actions(S). This
amendment insists on unit propagation, but leaves to nondeterminism the choice of
the unit to propagate if there are several choices. Note that as defined, ALWAYS-U is
a lower priority amendment than ALWAYS-C: under the latter, if both a conflict and
a unit clause are present, the solver must do conflict analysis while under the former

both unit propagation and conflict analysis are permitted.

ALWAYS-R In definition (5.4) of L(S) we keep only those (C,t*) for which t* = A.

NEVER-R In definition (5.4) of L(S), we require that t* is the longest prefix of ¢ satisfying
C#+ # 0 (in which case C|s+ is necessarily a unit clause). As described, this amendment
does not model nonchronological backtracking or require that the last assignment in
the trail is a decision. However, this version is easier to state and it is not difficult
to modify to have the aforementioned properties. Furthermore, all open questions

pertaining to this amendment remain open for either version.

ASSERTING-L In definition (5.4) of L(S), we shrink C(S) \ C to (Uj—; Cr(5)) \ C, where

s < r is the largest index for which x;, = as is annotated as ‘d’ in . This amendment
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is meaningful (and mostly used) only when combined with ALWAYS-C and ALWAYS-U,
in which case we can state expected properties like the fact that every learned clause

contains the literal les—as (we do not need this fact, so we leave its proof to the reader).

DECISION-L In definition (5.4) of L(.S), we shrink C(5)\C to C1(S)\C. This amendment has
appeared in practice as a natural asserting learning scheme. By induction on length of
the trail ¢, it is not hard to see that the learned clause according to this amendment is
falsified by just the decisions in ¢. The clause could consist of a strict subset of those

decided variables.

FIRST-L In definition (5.4) of L(S), we shrink C(S) \ C to those clauses that are obtained
by resolving, in the notation of Definition 5.6, between pairs C' and D with D € C.
As noted in the introduction, this is similar to the scheme FirstNewCut [18] but one is
not a generalization of the other. FIRST-L is applicable in more settings (FirstNewCut
was designed in a setting with mandatory conflict analysis). And the “New” in First-
NewCut refers to its ability to perform more resolutions in order to derive a clause not

currently in the formula, which is not modeled by FIRST-L.

7m-D, where 7 € 5, is an order on the variables We keep in D(S) only the two assign-
ments x; 4 0, z; d 1, where x; is the smallest variable w.r.t. 7 that does not appear
in ¢. Note that this amendment does not have any effect upon U(S), and our main
technical contributions can be also phrased as determining under which circumstances

this “loophole” can circumvent the severe restriction placed on the set D(S).

WIDTH-w, where w is an integer In definition (5.4) of L(S), we keep in C(S) \ C only
clauses of width < w. Note that this amendment still allows us to use wide clauses as

intermediate results within a single clauses learning step.

SPACE-s, where s is an integer If |C| > s, then L(S) is entirely removed from Actions(S).

This amendment makes sense when accompanied by the possibility to do bookkeeping
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by removing “unnecessary” clauses. We will briefly discuss positive amendments in

Remark 5.12 below.

Thus, our preferred way to specify local classes of solvers and the corresponding proof
systems is by listing one or more amendments, with the convention that their effect is cumu-
lative: an action is removed from Actions(S) if and only if it should be removed according

to at least one of the amendments present.

Definition 5.10. For a finite set Ay, ..., Ar of poly-time computable amendments,” we let
CDCL(Aq,...,Ay) be the (possibly incomplete) proof system whose proofs are those successful

runs (5.5) in which none of the actions A; is affected by any of the amendments Ay, ..., Ap.

Remark 5.11. The amendments ALWAYS-C, ALWAYS-U are present in most previous work
and, arguably, it is precisely what distinguishes conflict-driven clause learning techniques.
Nonetheless, we have decided against including them into the basic model as they may be

distracting in theoretical studies focusing on other features; our work is one example.

Remark 5.12. Let us briefly discuss the possibility of extending the basic model rather
than restricting it. The most substantial deviation would be to forfeit the assumption of
positionality (see Remark 5.6) or, in other words, to allow the solver to carry along more
information than just a set of clauses and a trail. Two such examples are dynamic variable
ordering and phase saving.

For positional solvers, extending the basic model amounts to introducing positive amend-
ments enlarging the sets Actions(S) instead of decreasing them. Here are a few suggestions

we came across during our deliberations.

CLAUSE DELETION For S = (C,t) € S?

n

we add to Actions(S) all subsets Co C C. The

7. An amendment is poly-time computable if determining whether an action p(.9) is in AllowedActions(.S)
is poly-time decidable given S and u(S).
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transition function is obvious:
C
(C,1) == (Co.1).

This is the space model whose study was initiated in [44], and like in that paper, we
do not see compelling reasons to differentiate between original clauses and the learned

ones.

MULTI-CLAUSE LEARNING In the definition (5.4) of L(S), we can allow arbitrary nonempty
subsets Coy C C(5) \ C instead of a single clause C' and require that Cl # 0 for any

C € C, with the obvious transition

Co,t*
(C, 1) (G ) (CUCq, t%).
Though existing SAT-solver implementions tend not to do this, it is natural to consider

when thinking of Pool resolution or RTL proof systems as variants of CDCL (see e.g.
[104, 36]).

INCOMPLETE LEARNING In the definition (5.4) of L(S), we could remove the restriction
Clg # 0 on the prefiz t*. This positive amendment could make sense in the absence

of ALWAYS-C, that is, if we are prepared for delayed conflict analysis.

In this language, the (nonalgorithmic part of the) main result from [9, 90] can be roughly

summarized as

CDCL(ALWAYS-C, ALWAYS-U, ALWAYS-R, ASSERTING-L) is polynomially equivalent to

resolution.8

8. Their result is actually stronger in that the choice of which unit to propagate and which clause to learn
can be made adversarially.
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The algorithmic part from [9] roughly says that any CDCL solver in the associated class,
subject to the only condition that the choice of actions from D(S) (when it is allowed by
the amendments) is random, polynomially simulates bounded-width resolution?. The open
question asked in [9, Section 2.3.4] can be reasonably interpreted as whether CDCL(ALWAYS-
C, ALWAYS-U, WIDTH-w) is as powerful as width-w resolution, perhaps with some gap
between the two width constraints (We took the liberty to remove those amendments that
do not appear to be relevant to the question.) Finally, we would like to abstract the “no-

restarts” question as

Does CDCL(ALWAYS-C, ALWAYS-U, NEVER-R) (or at least CDCL(NEVER-R)) simulate

general resolution?

where we have again removed all other amendments in the hope that this will make the

question more clean mathematically.

5.2.2  Technical contributions

As they had already been discussed in the introduction, here we formulate our results (in

the language just introduced) without additional exposition.

Theorem 5.2. For any fized order m on the variables, the system CDCL(7-D, DECISION-L)

18 polynomially equivalent to w-ordered resolution.

Theorem 5.3. For any fized order m on the variables, the system CDCL(w-D, FIRST-L) is

polynomially equivalent to general resolution.

Theorem 5.4. For any fixed order m on the variables and every e > 0 there exist contradic-

tory CNFs T, with w(m, = 0) = O(1) not provable in CDCL(7-D, WIDTH-(1 — €)n).

9. That is, has running time n©“ (™) with high probability, given a contradictory CNF 7, as an input.
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Finally, let us mention that while CDCL(Aq,...,A;) can be naturally regarded as a (pos-
sibly incomplete) proof system where proofs are efficiently checkable, it need not necessarily
be a Hilbert-style proof system, operating with “natural” lines and inference rules. Assume,

however, that the set AllowedActions(S) additionally satisfies the following two properties:

1. whenever AllowedActions(S)NL(S) # 0, it contains an action leading to a state of the

form (C, A) (i.e, restarts are allowed);

2. (monotonicity) If S = (C,t), S’ = (C',#) and C C C’ then AllowedActions(S)N(D(S) U
U(S)) € AllowedActions(S”) N (D(S) U U(S)).

Then every trail ¢ that appears in a run can always be recreated, at a low cost, when it
is needed again. Thus, under these restrictions we get a “normal” proof system with nice
properties.

Note that property 2) might not hold in the presence of ALWAY-C, ALWAYS-U, and this
is the main reason why we do not include them in the basic model for studying CDCL as
a proof system. Let us now formulate this system explicitly for the case 7-D we are mostly

interested in.

Definition 5.11. Fix an order m on the variables. w-trail resolution is the following (two-
typed) proof system. Its lines are either clauses or trails (where the empty trail is an aziom),

and it has the following rules of inference:

t
. (Decision rule)
[t,z; = a

where x; is the m-smallest index such that x; does not appear int and a € {0,1} is arbitrary;

t C
. m ], (Unit propagation rule)
y g = @
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where C|p = xf;

CVay DV zl=a t

1

CvVvD ’

(Learning rule)

where (CV D)|y = 0, (z; = a) € t and all other variables of C' appear before x; in t.

It is straightforward to see that without the unit propagation rule, this is just w-half-
ordered resolution.

Then, the main technical part in proving Theorem 5.3 is the following.

Theorem 5.5. For every fixed order @ on the variables, w-trail resolution is polynomially

equivalent to general resolution.

5.3 CDCL(w-D,DECISION-L) =, m-ordered

In this section we prove Theorem 5.2. The proof is made up of two parts (Theorem 5.1,

Theorem 5.6), with half-ordered resolution as the intermediary.

5.3.1 m-half-ordered =, m-ordered

Half-ordered resolution trivially p-simulates ordered resolution, so the core of Theorem 5.1
is the other direction. In this section we will depend heavily on resolution graphs (Definition

5.1) and related definitions from Section 5.2.

Definition 5.12. A resolution refutation 11 is ordered up to k (with respect to an order 7)
if it satisfies the property that if any two clauses are resolved on a variable x; € Varf@, then
(1)-1

all resolution steps above it are on variables in Vary . We note that w-ordered resolution

proofs are precisely those that are ordered up to n — 1.

We now prove the main part of Theorem 5.1, namely that m-ordered resolution p-simulates

m-half-ordered resolution.
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Proof. (of theorem 5.1) Let II be a m-half-ordered resolution refutation of 7. Without loss
of generality, assume that m = id (otherwise rename variables).

We will construct by induction on & (0 < k < n — 1) a half-ordered resolution refutation
IT;. of 7, which is ordered up to k. For the base case, let Il = II. Suppose II;, has been
constructed; without loss of generality we can assume that IIj, is connected (otherwise take
the subrefutation below any occurrence of 0).

Consider the set of nodes whose clauses are k-small. Note this set is parent-complete. We
claim it is also upward-closed. Indeed, let u be any node in this set (i.e., c(u) = cfy, (u) is k-
small) and v be a child of u. Then ¢(v) is obtained by resolving a variable z; € Vark since we
disallow weakenings. The fact that II;, is ordered up to k implies Var(c(v)) C Vari—! C Vark
(otherwise, some variable in ¢(v) would have remained unresolved on a path connecting v
to the sink by connectedness), thus ¢(v) is also k-small i.e. v is in this set. Therefore, by
induction, any node above w is in the set.

Upward-closedness implies path-completeness (see Remark 5.3), so by Proposition 5.1,
the set {v | ¢(v) is k-small} defines a subrefutation of the clauses labeling the independent
set

Ly, def minyy, {v] ¢(v) is k-small}. (5.6)

Denote U := uclyy, (£) (= {v| c(v) is k-small}) and D := delyy, (£}) where D, U, L

stands for downward, upward, and layer, respectively. Then we have the following.
e UND = L}, (from the independence of nodes in L},);
e D is also a subproof (by Remark 5.3 and Proposition 5.1);

e [I, = UUD. To see this, note by connectedness any node v can be connected by
a directed path p in Il to the unique sink—the empty clause which belongs to U.
Consider the first u € p that is in U. If u = v then v € U, otherwise u € L}, (since U

is path- and parent-complete) and then v € D.
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That is, the “layer” £y, splits IIj, into two subproofs U, D and they meet at £ = mingy, (U) =
maxyy, (D). U contains all nodes labeled by a k-small clause, and D is the union of £}, and
the set of all nodes whose labeled clause is not k-small. In particular, all axioms are in D, all
resolutions in U are on the variables in Varfﬁ and, since I}, is ordered up to k, all resolutions
in D are on the variables not in Vark.

Define
e ming {w| c(w) is the result of resolving two clauses on xj 1} (5.7)

where mingy is taken with respect to the topological order in the proof D (cf. the last
paragraph in Definition 5.1). If M is empty, II; def ITj.. Otherwise, suppose M =
{w1,...,ws} (where wy, ..., ws are independent nodes in D), and define

A; el ({wy}). (5.8)

We will eliminate all resolutions on z3,q in D by the following process; it should be em-
phasized that the set of nodes stays the same during this process. Only the edges and
clause-labeling function change. More precisely, we update D in s rounds, defining m-half-
ordered resolution + weakening proofs D1, Do, ..., Dg. Initially Dy = D, i = 1. Let ¢;_;
denote the clause-labeling cp, . To define the transition D; 1 — D;, we need the following
structural properties of D; 1 (that will also be proved by induction simultaneously with the

definition).

Claim 5.2. Let u and v be arbitrary vertices in V(D).

a. If v is not above u in D, then the same is true in D;_1;

b. ¢i—1(v) is equal to cp(v), cp(v) V z1q or cp(v) V Tpiq;

140



c. Ifv¢ U;;ll Aj then ¢;_1(v) = cp(v), and c;_1(v) is obtained in D;_1 via application

of the same resolution rule as in D;;

d. D;_1 is a mw-half-ordered resolution + weakening proof.

In the base case (i = 1), Claim 5.2 holds simply because Dy = D.

Let us construct D;. By Claim 5.2(c), the resolution step at w; (which is not in U;;ll Aj
by independence) is unchanged from D to D; 1. Assume that it resolves cp(w') = BV xpq
and cp(w”) = C'VTgiq. Since I is half-ordered, either B or C is k-small. Assume without
loss of generality that B is k-small.

Recall that there is no resolution in D on variables in Vark. Thus, for all v € 4;, it
follows that B is a subclause of c¢p(v), and by Claim 5.2(b), we get the following crucial
property:

For all v € A;, B is a subclause of ¢;_1(v). (5.9)

Note that A; is upward closed in D; 1 by Claim 5.2(a). Accordingly, as the first step, for
any v € A; we set ¢;(v) = ¢;_1(v) and do not change its incoming edges.

Next, we update vertices v € A; in an arbitrary D-topological order maintaining the
property ¢;(v) € {¢;—1(v), ¢;—1(v) VT 1} (in particular, ¢;(v) = ¢;—1(v) whenever ¢;_1(v)
contains the variable z3,1). First we set ¢;(w;) == ¢;—1(w;) V T (recall that ¢;_1(w;) =
cp(w;) by Claim 5.2(c) and hence does not contain x, 1 by (5.7)), and replace incoming
edges by a weakening edge from w”.

For v € A; \ {w;} (as a reminder, it might be that v € (J;; A;), we proceed as follows.

1. If 211 € ¢;_1(v), keep the clause but replace incoming edges with a weakening edge

(w’,v). This is well-defined by (5.9), and note for the record that v’ <qp w; <p v.

2. If ¢;_1(v) = Res(¢;—1(u), ¢;—1(w)) on x4 1 where Ty 1 € ¢;—1(u), set ¢;(v) = ¢;—1(v)V

T+ 1, and replace incoming edges by a weakening edge (u, v).
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3. If ¢;_1(v) is weakened from ¢;_1(u) (and x4 1 & c;—1(v)), set ¢;(v) == ¢;_1(v) V ¢;(u).
In other words, we append the literal Z;;7 to ¢;(v) if and only if this was previously

done for ¢;(u).

4. Otherwise, z.1 ¢ ¢;—1(v) and ¢;_1(v) = Res(¢j—1(u),c;—1(w)) on some xy where
¢ > k+1. In particular, x5 1 € {c;—1(u),c;—1(w)}. Set ¢;(v) = Res(¢;(u), ¢;(w)) that
is, like in the previous item, we append Ty if and only if it was previously done for

either ¢;(v) or ¢;(w). Note that since ¢ > k + 1, this step remains 7-half-ordered.

This completes our description of D;; we have to check Claim 5.2 for it. For (a), note
that the only new edges were added in item 1, and see the remark made there. The items
(b) and (c) are straightforward. For (d), the only different resolution steps were introduced
in item 4; again, see the remark made there.

The next claim summarizes the necessary properties of the end result, Dyg.

Claim 5.3.

a. Dg is a w-half-ordered resolution + weakening proof without resolutions on Ty 1.

b. If cs(v) # ep(v) for some v € D, then there is a vertex w in dclp(M)\{M} such that
cp(v) = Res(cs(w), cs(v)) on xpy 1, and this resolution is half-ordered. In fact, w is a

parent (in D’s topology) of some node in M.

Proof.
a. No new resolution on the variable zj 1 has been introduced, while all old ones are in
Ay U---U Ag and thus have been eliminated. The conclusion follows from this observation

together with Claim 5.2(d).

b. Suppose ¢(v) was changed in D;_; — D, (and hence stayed unchanged afterwards by
Claim 5.2(b)) then in particular v € A;. Set w = w’ where w’ is the parent of w; we chose

in the paragraph above (5.9). Note that c¢s(w) = cp(w) since the latter contains the literal
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(say) xj41. Then we readily have cp(v) = cp, | (v) = Res(BV 41, cp(v) VI 1) by (5.9),

and it is half-ordered since B is k-small. O

Now to get Iz, 1, we try to reconnect Dg with U along £, (again, their node sets have
been unchanged so far), then clear out weakenings. The problem with this approach is the
added appearances of zj,_ | (where a may be 0 or 1) in ¢s(v) for v € Ly, as in Claim 5.2(b).
We introduce new nodes to deal with them. Namely, let Lzad ={ve Ly |cs(v) #cp(v)},
and for each node v € Lzad, keeping in mind Claim 5.3(b), create a new node denoted by
v labeled with the clause Res(cs(w), cs(v)) = ep(v). Denote the set of new vertices by N.
Define ﬁk+1 to be the result of connecting Dy LIN and U along (Lk\LZad) LN 10

Before this operation neither Dg nor U contained resolutions on xj 1, and hence ﬁkJrl
is a half-ordered refutation (with weakenings) that is ordered up to k + 1. Let Il 1 be
obtained by contracting!! all weakening rules in ﬁk—H- Then 11y 1 is also half-ordered up to
k + 1 since contracting weakening rules preserves this property. It only remains to analyze
the size, |IIx 1| (note that a priori it can be doubled at every step, which is unacceptable).

Since

g | < [Tl + L4l (5.10)

we only have to control [£y[. For that we will keep track of the invariant |delyy, (£4;)[; more

precisely, we claim that

|delqy,,, , (Lrr1)] < [delpy, (L)l (5.11)

21 V g but ¢s(v) = 21 V 22 V Tr11 (assuming k£ > 1). By

10. For example, suppose v € Ly and cp(v) =
CxyVas Vg and

Claim 5.3(b), there is a vertex w with ¢,(w)
c(v) := Res(cs(w), cs(v)) = 21 V xo = ¢p(v),

so we will use v instead of v in connecting D, and U to construct ﬁk+1.

11. By contraction here we mean the process implicit in showing that weakening rules can be eliminated
in a resolution refutation without increasing its size.
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Let us prove this by constructing an injection from dclyy,  (£x41) to delpy, (Lg); we will
utilize the previous notation.

First note that the resolution + weakening refutation ﬁk+1 and its weakening-free con-
traction Iy, ; can be related as follows. For every node v € V/(II; ) there exists a node
v* e V(g ) with cﬁkﬂ(v*) 2 cr1,,,, (v) which is minimal among those contracting to v.
If v is an axiom node of I} then so is v* in ﬁk+1. Otherwise, if v and w are the two
parents of v, and if v’ and w’ are the corresponding parents of v* (v* may not be obtained
by weakening due to the minimality assumption), then c=  (u*) is a subclause of c=  (u/)

Iy 41 g4

and c=  (w*) is a subclause of c=  (w'). We claim that (v — v*) which is

g1 My 41 ’dCIHkJrl (Lrt1) (

injective by definition) is the desired injection. We have to check that its image is contained
in delyy, (L)

Fix v € delyy, ,  (£g11). Then either v is an aziom or both its parents are not (k + 1)-
small (by (5.6)). By the above mentioned facts about the contraction ﬁk+1 — Iy q, this
property is inherited by v*. In particular, v* & N (the set of the newly added nodes when
constructing I1;) because all nodes in this set have at least one (k + 1)-small parent (the w
node in Claim 5.3(b)). Finally, since the corresponding clauses in D and Dy differ only in
the variable 3,1, v* cannot be in U, for the same reason (recall that all axioms are in D).
Hence v* € V(Ds) = V(D) = dclyy, (L)

Having thus proved (5.11), we conclude by the obvious induction that [£y| < |delyy, (£4)] <

el (Lo)| < [H]. Then (5.10) implies |II,, 1| < n|I], as desired. O

5.3.2  m-half-ordered =, CDCL(7-D, DECISION-L)

In this section, we prove the following theorem.

Theorem 5.6. The systems CDCL(w-D, DECISION-L) and w-half-ordered resolution are p-

equivalent.

One direction is almost trivial.
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Proposition 5.2. CDCL(7n-D, DECISION-L) p-simulates m-half-ordered resolution.

Proof. As usual, assume 7 = id. Suppose C'V D = Res(C' V x;, D V ;) is any half-ordered
resolution, and without loss of generality assume C' is i-small. It is enough to present a
partial run from (7, A) to (7 U {C Vv D}, A) of length at most n + 1, where 7 is any clause
set containing C'V x; and D V T;.

Let x; be the largest variable in C' (thus j < i). Consider a trail of the form

d d U d d d d
= [Il =at,. .. ,l’j = (lj7.17i = 17l'j+1 = aj—|—17 s i1 = Q1,41 = Qj41, - - T = an]
such that (C'V D)|; = 0. By definition, t[I] € AllowedActions((7,¢[< [ —1])) for all [ # j+ 1.
But since C' is i-small, (C'V z;)[y<; = x; and thus z; = 1 € AllowedActions((r,t[< j])) as

well. Therefore,

O O R Y ) L

is a partial run from (7,A) to (7,t). It now suffices to show (7 U{C V D},A) € L((7,1)).
This follows by verifying Definition 5.6 directly: (DV7;)|t = 0so DV7; € Cpy1((7,t)). For
4/ > j+1, the assignment t[;’] is a decision, so DVT; € Cjya((7,t)). Since (C\/%)’t[gj] = x;,
CV D = Res(CVux;,DVT) € Cjpi((r,t)). Finally, for j/ < j, t[5’] is a decision, so

CV D eCy(r,t)and (tU{CV D}, A) € AllowedActions((7,1)). O

The other direction of Theorem 5.6 is less obvious. We begin with some additional
notation.

Previous works describe standard learning schemes like DECISION-L with respect to so-
called trivial resolution on a set of particular clauses (e.g., in [90, 18]). We can recast this

notion in our model by the following lemma. Let

qof | Res(D,C) if C and D are resolvable on

Do C =
D otherwise (“null case”)

145



and we extend this definition by left associativity:
Co o"i1 Cq oviz ... ok Ck dif ( .. (CO o"i1 Cl) o2 ) olik Ck-

Note if Tj; appears maximally in C; (according to ) for each j € [k], then all the resolutions

are m-half-ordered.

Lemma 5.1. Assume, in the notation of in Definition 5.6, a clause D is learned from state
S=(Ct=ln Lar o Zal).

Assume D € C;(S) for some j € [r+ 1]. Then there exist k < r, indices j < i1 <
oo < <1 oand clauses Cy,...,Cpi1 € C such that x;, = ... = x;, = u (i.e. the indices

correspond to some unit propagations in t) and the following properties hold.
1. Ciyale = 0.
2. Culy<iy—1) = ny” for v e [k].
8. D = Cjpq 0”%k C}, - oY1 Cy where all operators are not null.

4. For any { € [j,r] with xy = u, if variable yp appears in Cy, for some v € [k + 1] then

(e {il,...,ik}.

Proof. This is by directly tracing Definition 5.6. Suppose D € C;, we use reverse induction
on j to define the desired clauses and indices. If j =7+ 1, let K =0 and Cy,; = D (the
conflict clause). If j < r, either D € C;11(S), or there are clauses D' € C;1(S5), C' € C
such that Cly<;_1) = y;j and D = Res(D',C) on y;. In the first case, the clauses and
indices are the same as for D € C;1(S5), and in the second case, enlarge the index list by
adding j and the clause list by appending C' to be the first. Items 1,2,3 follow immediately

by this definition.

. step r
Now we can represent the learning of D as a sequence of clauses X, 41(= Cpi1) <P,

step 1
=P,

X, — Xj(= D) where at each step iy, € {i1, ..., i)} aresolution X; = Res(X;,11,C))
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happens, and at each step a € [7,7]\{i1, ..., i1}, Xo = Xq+1. To prove item 4, assume ¢ € [r],
v € [k + 1] satisfy the assumption there. Let iz, 1 := 7+ 1 for convenience. First, it cannot
be that i, < ¢ since Var(Cy) C Var(t[< iy]) but yy ¢ Var(t[< iy]). So assume i, > ¢ (if
iy, = £ then we are done). By items 1 and 2, for any v/ with i,, > ¢, C,, does not contain y?e;
so in particular, yl}_a‘] € Cy by assumption. Then yl}_ae € X;, = (Cpyq 0"k Cy -+ - o¥iv Cy)
(where all resolutions are not null), and the literal yéfw appears in X; ...X,;1. Hence, a

resolution step on yy must happen at step ¢, which means ¢ € {iy, ..., i}. O

In short, Cjy is a conflict clause and the other C}’s are clauses in C chosen to do
resolutions while backtracking in a learning step. These clauses are not necessarily unique,

but we fix a choice arbitrarily.

Example 2. Let us consider the same scenario as in Example 1 with 7 = id (so thatt is a

legitimate trail). One way to learn the clause x1 € C1(S) is to take the clauses

Cir=x1V1y
Co=x1Var3Vay

Cy3=x1VT3Vay

so that (C3 o™3 () o™ C = 7.

The following Proposition 5.3 will complete the proof of Theorem 5.6, and with Theorem

5.1 this completes the proof of Theorem 5.2.
Proposition 5.3. w-half-ordered resolution p-simulates CDCL(7w-D, DECISION-L).

Proof. Fix a successful run in CDCL(7-D, DECISION-L). Since the clause set only changes

' cu

*1

{D},t*), there is a short half-ordered resolution proof of D from C. Suppose t = [y =

D.t*
after a learning step, it suffices to show that for each learning step S = (C,1t) (:>
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ai,...,yr = a,] and assume 7 = id, as usual. Fix the clauses Cy, for v € [k + 1] and the set
{i1,...,4}} as in Lemma 5.1 where we take j = 1 (that is, D € C{(.5)) due to DECISION-L.
Recall that

D = Ciyq oY Cp - oY1 C1. (5.12)

The high-level idea is the following. The sequence of resolutions (5.12) is not all half-ordered

only if some y?i” is not the largest in C}, (which may happen since the assignments in ¢ need

not necessarily respect the order 7). Our goal is thus to replace in (5.12), this time going
from right to left, each clause Cy, for v € [k] by a clause C;, in which y;  is the largest. This

will give the desired half-ordered resolution.

First, let C = C}. For v € [2,k + 1], let

Czl/ def C,, o¥iv-1 C’L_l LI Ci (5.13)

where this time some operators may be null.

It is immediate from (5.13) and Lemma 5.1(2) that
yiv € Cy, for all v € [k] (5.14)

and

v
Cl, C U Cy, for all v € [k + 1] (by induction on v). (5.15)
p=1

Lemma 5.2. For any p < v, variable Yi, does not appear in the clause Cyyo¥v—1 C’L_l .. .o¥in
/

Cy-

Proof. We first prove the fact that, for all v € [k + 1] and p < v,

Qi1
tk+1

(Cy Vw1 ¢! - oVin CL)|t[§iV—1] — ny” where y
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For this we use double induction, first on v and then on p = v...1. For u = v, this is
Lemma 5.1(2) (and Lemma 5.1(1) when p = v = k+1). For u < v let E def (Cy o¥iv—1
Cl_y - oYmtt C/{Hrl); we have to prove that (E o¥ Cly<i,—1) = ij” from El<;, 1] =
y?j”. We can assume without loss of generality that this operator is not null, and then note
C;L ’t[giu—l]: y?: by the inductive assumption applied to the pair v == pu, p = 1.

Now we prove the lemma. Again let F = C, o%v-1 Cl,_y - ot C’L_H. Note that
yf;“ € CZ(;L by (5.14) so y?j“ ¢ E (otherwise E [;<; _1j= 1, contradicting the above fact),
and the two clauses are consistent on other variables in C/’L (according to ¢[< iy, — 1]). Then
a simple case analysis on whether or not E oY C’Z{“ is a null operator shows that the result

does not contain Yi,, Or Yi,- O

Example 3. Considering the same clauses as in Example 2, note that the resolution C'30"3Co

is not (id)-half-ordered. The derivation from the above lemma would yield the clauses

Ci=C1
C’é:CQOxA‘C{::Bl\/:Eg

O = (C30"3 Ch) o™ O] = m1

where all resolutions are now half-ordered.

We now complete the proof of Proposition 5.3. By Lemma 5.2, the variable Yi, does not
appear in C,, o”v-1 Cl oYip CL (1 < v). Also, it does not appear in C,_1,...,Cy (by
Lemma 5.1(2)) and thus not in C’/{L_l, ...,C1 (by (5.15)). Hence it does not appear in C,

and we arrive at the following strengthening of (5.15):

v v—1

Ve [k+1), G, < (| N i, i) (5.16)
pn=1 pn=1

By Lemma 5.1(4) and the fact that 7 = 1 (here we use DECISION-L), (5.16) means any
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variable different from y; in C), is labeled as d in t<i,—1]- This implies y;, (v € [k]) is
maximal in C!, since we are in 7-D. Thus for all v € [k+1] the sequence Cy,0”»-1C! _ ...o%1
Ci is half-ordered. Taken together, these sequences yield a half-ordered derivation of C,’f 41
with O(k?) steps in total.
k+1 k
Finally, by (5.16) C’]’H_1 € (U CG\(U {¥i,,%i,}) C D where the latter inclusion fol-
u=1 u=1

lows by Lemma 5.1(3). This suffices for proving the proposition since the weakening rule is

admissible in m-half-ordered resolution. O

5.4 CDCL(w-D,FIRST-L) =, resolution

In this section we prove Theorem 5.3. We first show that CDCL(w-D,FIRST-L) and 7-
trail resolution (see Definition 5.11) are p-equivalent and then prove size upper bounds for

m-trail resolution.

5.4.1 m-trail resolution =, CDCL(7-D, FIRST-L)

Theorem 5.7. For any fized order m, the systems CDCL(w-D), CDCL(7-D, FIRST-L) and

w-trail resolution are p-equivalent.

Proof. Let II be a w-trail resolution refutation of a contradictory CNF 7. We simulate II
step-by-step in CDCL(7-D, FIRST-L) by directly deriving each clause in II. Suppose we have
arrived at a state (C, A), where C contains both premises in the inference

CVaf DV xl=a t

i

CvVvD ’

(5.17)

as well as all preceding clauses, and assume that all variables in C' appear before x; in t. Let

. f .
t= [z 4 at, .-, i ar T = a,.. .| and (for ease of notation) t de t[< s]. To derive

r

C Vv D, we first build the trail ¢,; note that since ¢ might be derived in II using the Unit
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Propagation rule, the sequence j1, ..., j, need not necessarily be m-increasing.

We build the trail ¢, simply by performing the corresponding actions in CDCL(7-D, FIRST-L)
for decisions and unit propagations. By induction, assume that we have already built t5_1,
s < r. If x4 = d then z;_is the smallest variable according to 7 that is not in t5_1, so by
definition z 4 as € D((C,t5_1)). In the case of the Unit Propagation rule (xg = u), there
is a clause £ in II preceding (5.17) such that E|;,_, = x?s__ll. Since £ € C by assumption,
T, = aj, € U((C,ts-1)).

Next, we build [t,, z; = a] from ¢, (note that it is different from ¢, if * = d), which is
possible since C'V z{ € C by our assumption. Then we further extend [t,, z; £ 4] by making
decisions in m-ascending order on the remaining variables {1, ...,z }\ (Var(ts) U {z;}) until
Dv x%_“ becomes a conflict clause. Denote the resulting state by S = (C,t').

Since all assignments after x; in ¢’ are decisions, D V x}*a € C,42(9), in the notation of
Definition 5.6. Therefore, C'V D € C,1(S), and hence (C'V D, A) is in AllowedActions(S)
even in the presence of FIRST-L. Induction completes the simulation.

The other direction is more straightforward: 7-trail resolution p-simulates CDCL(7-D)
by design. Whenever a run arrives at a state (C,t), we infer in w-trail resolution all clauses
C € C as well as all prefixes of ¢, including ¢ itself. More specifically, for a transition
(C,t) :A> (C',t), if A is a decision action or a unit propagation action, then we can derive
prefixes of #' using the Decision rule and the Unit propagation rule, respectively. If A is a
learning action, then it suffices to make the following simple observation: by construction,
for any v € [|t|], the clauses in C((C,?)) can be derived from clauses in C and C,1((C, 1))
using the Learning rule with the trail ¢.

It is easy to see that both simulations increase size by at most a multiplicative factor

n. ]
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5.4.2 m-trail resolution =, resolution

It remains to prove that m-trail resolution simulates resolution. This is the interesting direc-
tion of Theorem 5.5 and follows from Theorem 5.8 below.

Throughout this section, assume that m = id. We first introduce operators for [lifting
m-trail resolution proofs to include appearances of the literal x1 and deleting variables from
resolution refutations, both of which we use extensively in the proof of Theorem 5.8.

The lifting operator is primarily a bookkeeping mechanism for managing auxiliary ap-

pearances of the literal x1 in proofs.

Definition 5.13. Let 1 and 7 be CNFs such that x1 ¢ Var(y) and for each C € ¥, T
contains either C' or C'V x1. For C € 1, define Lift-(C) to be C if C € 7, and C V x1
otherwise. For a w-trail resolution proof 11 from 1 define Lift,(I1) to be the m-trail resolution

proof resulting from the following operations on 1.
e Add the derivation of [x] 4 0] by the Decision rule to the beginning of 11.
e Replace each trail t in 11 with [x; 4 0,t].

e Replace each aziom A appearing in 11 with Lift;(A) and then let the added appearances

of x1 be naturally inherited throughout the clauses of 11.

It is straightforward to verify that Lift(II) is a m-trail resolution proof and if IT derives
C from ¢ then Lift-(II) derives C' or C'V z1 from 7. Note also that this is only possible
because x; is the smallest variable according to m and hence does not interfere with the
Learning rule. In the proof of Theorem 5.8, we will want to construct II but will only be
able to derive clauses in 7, so we construct Lift(II) instead and then manage the additional
appearances of x1.

The second operator, variable deletion, is an analog of restriction for sets of variables

(as opposed to assignments). Let S C V be a set of variables. For a clause C, let Delg(C)
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denote the result of removing from C all literals whose underlying variables are in S. For a
CNF 7, define Delg(7) def {Delg(C) : C € 7}\{0}. Here we see the first interesting feature
of variable deletion, namely that we ignore clauses that become 0 after removing variables
from S. But, as we show below, if 7 is contradictory and the subset S is proper then Delg(7)
is also contradictory. This is not true in general for 7|, \ {0} of course.

The action of variable deletion on refutations will be described in Definition 5.14. It is
presented as a (linear time) algorithm that operates on the underlying resolution graph as its
input, by recursively changing edges and clauses while nodes keep their identity (although
some may be deleted). This is similar to the approach we took in Section 5.3.1. In order to
more easily keep the node structure fixed, the algorithm first produces a proof in the sub-

system of resolution + weakening in which all applications of the weakening rule are dummy

C

(that is, are of the form 5) We call proofs in this system generalized resolution proofs. We
further emphasize that variable deletion is defined only on connected refutations, as con-
nectedness is necessary for the output to be a refutation (cf. Claim 5.4(1)). Consequently,

we ensure in the proof of Theorem 5.8 that we only apply it to connected refutations.

In the following, recall crp(v) denotes the corresponding clause at node v in a proof II.

Definition 5.14. Let II be a connected resolution refutation of T and let S be a proper
subset of Var(II). Let I' be the generalized resolution refutation of Delg(T) whose resolution
graph is output by the algorithm below. The resolution refutation Delg(Il) is the result of

contracting dummy applications of the weakening rule in I

Deletion Algorithm

1. For each aziom node v, set c(v) = Delg(crp(v)). If ¢(v) becomes O (that is, when

Var(crp(v)) C S), delete it.

2. Processing nodes in topological order, let v be a resolution node and let vi,vo be its

parents.
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(a) If both vy and vy were previously deleted, delete v as well.

(b) If only one of them was deleted or none was deleted but c(vy),c(ve) are no longer
resolvable, then one of them, say, c(vy) is a subclause of Delg(c(v)) (we will see
this in Claim 5.4). Set c¢(v) = c(v1), and replace incoming edges with a dummy

weakening edge from vy.

(¢) If both vy and vg survived and c(v1), c(v) are resolvable, set c(v) = Res(c(vy), c(v2)).

After processing the root v of 11, output the current downward-closure of v.

We claim that this algorithm is well-defined (that is, the condition in step 2b is always
met) and that the root vertex v is not deleted and c¢(v) = 0 (that is, the algorithm produces
a generalized resolution refutation of Delg(7)). Both statements are immediate corollaries

of the following claim.

Claim 5.4.

1. A vertex v is deleted if and only if for every axiom node w € dcl(v) it holds that

Var(crp(v)) € S. In particular:

e The root vertez is not deleted (recall that 11 is connected);

o [fu is deleted then Var(cp(v)) C S.
2. For every remaining vertex v, c¢(v) is a subclause of Delg(crp(v)).

3. In the situation of step 2b, there indeed ezists v; such that c(v;) is a subclause of

Delg(crp(v))-

Proof. These are proved by induction, simultaneously with the construction. In the base
case, axioms, the three items clearly hold. In the inductive step, we prove them by analyzing

each case in Deletion Algorithm. The only interesting case is step 2b. If precisely one of
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the two vertices (say, v9) was deleted, then Var(cr(ve)) € S by Claim 5.4(1) and hence
crr(v) was obtained by resolving on a variable x; in S. Applying Claim 5.4(2) to the other
parent vy, we see that c(vy) is a subclause of Delg(crp(vq)) which in turn is a subclause of
Delg(crr(v)) since z; € S. Similarly, if both parents of v are alive but become non-resolvable,
then by Claim 5.4(2) the resolved variable is no longer in one of the parents (say v1) and

c(v1) is a subclause of Delg(crp(v)). O

One key difference between variable deletion and restriction is that II|, may be trivial,
in the sense that it is a single empty clause, while Delvar( 0) (IT) is not. As a simple example,

consider the CNF {x1,77 V 29, T3} and the refutation

x 1 VX
z2 T2

0
If p = {1 = 0}, then II|, is trivial, whereas Dely, y(II) is

T2 T2

0

The final property of Delg(II) is that its size can be characterized with respect to the
relationship between II and S. This allows us to “slough off” parts of the II that we might

have already seen before.

Lemma 5.3. Let I be a connected resolution refutation and let S C Var(Il). Let t denote

the number of resolution steps Res(C, D) in I on variables in S. Then

[Delg(In)| < || .

Proof. By Claim 5.4(2), all remaining resolution steps 2c are on variables that do not belong

to S. O

Remark 5.13. (Restriction as intersection, deletion as projection.) If we view a clause C

semantically as the set C~1(0) C {0,1}", then the restriction operator (say by p) on any
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clause C' means to take intersection with the subcube p~1(1): C~1(0) — C~1(0) N p~1(1);

while the deletion operator Delg(-) corresponds to the projection {0,1}" — {0,1}5" induced
on C~H0).

We now have sufficient machinery to prove Theorem 5.8. As is sometimes useful, the
simulation we define is more ambitious than necessary. Rather than outputting a refutation,
it outputs a proof that derives all literals (as unit clauses) appearing in the input. The
motivation for this is twofold. First, unit clauses make 7-trail resolution significantly more
powerful because they grant more control over the trails that can be derived. In particular,
if all literals appearing in a refutation II have been derived, then Il can be simulated in
n|II| steps by directly simulating each resolution appearing in it. Second, in reference to the
deletion operator, all clauses of Delg(7) can be derived using clauses of 7 and unit clauses
2V and 2! for z € S.

Our simulation algorithm is based on the obvious restrict-and-branch method, by which
one recurses on I]| {2;=0} and I (=1} lifts the resulting proofs to have axioms in 7, and
then derives 0 (if it has not been derived already) by resolving the unit clauses z; and
T;. The clear issue with this approach is that we cannot afford to recurse on both restricted
proofs: there are parts of II that are “double counted” as a consequence of its DAG structure
and the size may blow up. But recursing on just II| {2;=0} may ignore relevant parts of II,
namely those resolutions on variables not even appearing in II| {;=0}- This is the purpose
of the deletion operator. The refutation DelVar(H| {x,:O})(H) is a refutation with resolutions
that correspond to resolutions in IT but not in I {2;=0}» SO We can recurse on it without
worrying about this double counting issue. This can be iterated so that we eventually see
all literals appearing in II without considering a particular resolution more than once. So an
incomplete but instructive outline of our algorithm is this: recurse on II| {2;=0} and lift the
proof to axioms of 7, iterate the deletion operator to derive all literals appearing in II with

possible additional appearances of x;, and then simulate TI| {z;=1} directly to derive T; and
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remove all additional appearances of x;.

Before we finally state and prove Theorem 5.8, we present two simple lemmas that are
factored out of the proof to simplify its presentation. The first essentially states that a
variable in a connected refutation must play a nontrivial role, which intuitively should be
true if we want to derive its corresponding literals. The second tells us that once we can
directly simulate a connected 7w-trail refutation, we can also directly simulate a proof of all
its literals; this is essentially a stronger version of the observation in the previous paragraphs

that is more suited to the goal of deriving all literals.

Lemma 5.4. Let I1 be a connected resolution refutation of 7 such that x € Var(Il) and let
I’ be the downward closure of any appearance of 0 in H|{x:a}. Then there is a clause C' € T

l1—a

that contains x and appears restricted in I1'.

Proof. Suppose for contradiction that there is no such clause. Then all axioms in I’ are
axioms in Il not containing the variable x, so in the standard definition of restriction no
edges are contracted and G(IT') is a downward-closed subgraph of G(IT) with identical labels.
Since IT is connected it has a unique appearance of 0 (otherwise, 0 would be the premise of
some resolution step that is impossible). Therefore II' = II which contradicts the fact that

x € Var(Il). O

Lemma 5.5. For any connected resolution refutation Il of T, there is a resolution proof from

7 of size at most |II| + 2n? that derives, as unit clauses, all literals of variables in Var(IT).

Proof. It suffices to note that if literals of all variables in Res(C' V x?, Dv xll) have been
derived as unit clauses, then there is a proof of size at most 2n that derives :L‘? and xll This
process can be repeated on clauses in Il in reverse topological order (skipping clauses for
which x? and 1:11 have already been derived). Connectedness guarantees that every clause

appearing in II (and hence every variable) is processed. O
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Theorem 5.8. There is a polynomial time algorithm that, given a connected resolution
refutation T1 of T, outputs a w-trail proof of size O(n?|7||T1|) that derives, as unit clauses, all

literals of variables in Var(II).

Proof. We present the algorithm Sim which is recursively called on derivations with fewer

variables.
Simulation Algorithm (Sim)

1. If |Var(IT)| = 1, then for some variable x;, IT contains only a resolution of z; and —x;.

In this case, output the axioms z; and 7;.

2. Assume without loss of generality that all variables appear in II. Define IIV to be
the downward closure of some appearance of 0 in II] {21=0}- Derive LiftT(Sim(HO))
(note that |[Var(I1°)| < [Var(IT)|, which justifies the recursive call to Sim) and let
lya € {y% y*Va1} for y € Var(TIV) denote the lifted unit clauses appearing in it. Note
that IIY might be trivial, in which case x is an axiom in 7 and the next step can be

skipped.

3. If x1 appears in any Iy q from the previous step, then derive 1 = Res(ly0,ly,1)-
Otherwise, by Lemma 5.4, there is a clause C' € 7 containing the literal x1. Derive
x1 by consecutively resolving C' with literals @7, for all £y q in C. We note here that
these are half-ordered resolutions and hence admissible in 7-trail resolution, but we

refrain from pointing this out in similar cases below.

4. Derive the clauses {C' o™l x1 : C' € 7}.
At this point we have derived a set of clauses 7* such that for every clause C' in
def 0,1
v = Delg,y(mu J ')
y€Var(I10)
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the set 7* contains either C' or C'V 7.

. Set 8 := Var(ITV). While 8 U {z1} # V perform the following procedure constructing
a m-trail resolution proof from the set of axioms ). We maintain that at the start of
each iteration, all unit clauses in Uyes{yo, yl} have been derived. Also, to make clear,
the proof constructed in this step is not part of the output, but its lifted verison will

be (in step 6).

(a) Construct the clauses of Delg ¢, 1(7) by resolving each clause in Dely, 1(7) with
the unit clauses 2 for x € §. Then build Delg, {xl}(H) using the deletion algo-

rithm.

(b) Assume without loss of generality that Delgr,,1(II) is connected; otherwise, as
usual, take the downward closure of any appearance of 0. Construct the proof

Sim(Delgyy(4,(I1)). (This is the other recursive call to Sim.)

(c) Set 8 :=8 U Var(Delg ;1 (II)).

- Since Delg ¢,y (Il) is always nontrivial when $ U {z1} # V (this follows from the
well-definedness of the Deletion operator, Claim 5.4), the previous step terminates.
Call the resulting proof T; it is the union of the proofs from step 5 (T need not be
connected), which derives from ¢ all unit clauses z{ for 7 € [2,n]. Derive the proof
Lift+(Y), where 7* is the set of clauses in step 4. This proof derives (this time from

7) liq € {z,2{ V 21} for i € [2,n]. It remains to derive 7.

. For that purpose, it is now possible to build any trail (up to annotations) that extends
[z1 d 0] by using the Unit Propagation Rule with the lifted unit clauses from the
previous step. Therefore, we can simulate any resolution proof not containing the
variable x1 by directly simulating each resolution step. Do this to the resolution proof

extending TT| {z1=1} that derives all literals appearing in it (Lemma 5.5).
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8. By Lemma 5.4, there is a clause C' € 7 containing Z71 that appears restricted in
I {z1=1}- Derive 77 by resolving C' with all new literals from the previous step, when

possible.

9. Derive all remaining literals by resolving [; , with T when necessary.

Let f(n,m) and s(n, m) be upper bounds on the running time of Sim and the size of 7-trail
proof output by Sim, respectively, when Sim is run on a proof containing at most n variables
and whose size is at most m. Our primary focus is on understanding the contributions of
step 2 and 5 since the algorithm is called recursively in these steps. Step 2 adds at most

s(n — 1, |11°)) to s(n, |II]) and
f(n =1, |1°%) + O(n - s(n — 1, |11}))

to f(n, [II).
Suppose that step 5 iterates 7' (which is < n) times. For ¢ € [T7], define 8! to be the state
of 8 before the i iteration and define II’ to be Delsiu{xl}(ﬂ). Then steps 5-6 contribute

at most Zl-Tzl s(n — 1,|IT%|) to the size bound and

T

> fn =1 1T]) + O(nlr| - |11])
i=1
to the running time bound.

The most important fact here is that, by Lemma 5.3, ZZT:O TI?| < |II|. This is because
the sets Var(IT*) for i € [0,7] are pairwise disjoint and so the resolutions in each proof IT*
correspond to unique resolutions in II. Note the special case of II?, which uses the fact
that restrictions, like variable deletion, have the property that all resolutions in the resulting
proof correspond to resolutions in Il on the same variable.

The auxiliary operations performed throughout the algorithm (e.g., recreating trails by
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adding assignments to 1 at the start) are clearly O(n|7| - |II|) that yields the bounds
T
n, 1) < Y s(n — 1, 1)) + O(nf] - [11])
1=0

and

T T
n 1) <37 fn— 1) +0 | Y s(n—1,|I°) | + 0?7 [11)).
:O Z:O

By induction on n, first for s and then f, it follows that s(n,II) = O(n?|7| - |II]) and
f(n, [11]) = O(n?|7| - 11]). O

5.5 Width lower bound

Our last piece of technical work is Theorem 5.4, which demonstrates the limitations of
bounded width clause learning in the presence of the ordered decision strategy. Using the
connection to m-trail resolution from the previous section, Theorem 5.4 follows from a gen-
eral width lower bound for the latter. Some of the formulas to which this bound applies
have constant width (that implies polynomial size) refutations and hence, by Theorem 5.3,
automatically have polynomial size m-trail refutations. Thus this result also shows that
there is no size-width relationship for 7-trail resolution like the one for resolution proved by
Ben-Sasson and Wigderson [21].

Say that a clause C is almost-k-small with respect to m if [Var(C)\ Vark| < 1, and that a
trail t = [z, Ly, ... T, = a,] is k-trivial if for s def min(r, k), all assignments in ¢[< s] are

decisions on variables in Varﬁ in m-increasing order: t[< s] = [:L‘ﬂ(l) d a1, Tr(s) d asl.

Definition 5.15. The order mw is k-robust for a contradictory CNF 7 if for any restriction

p such that [Var(p) \ Vark| < 1, the following properties hold:

e the formula 7|, is minimally unsatisfiable, i.e., all strict subsets of 7|, are satisfiable;
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o foralli € [n], if (x; = a) € p then there is a clause in T that appears restricted in 7|,

1—a
;-

i.e., it is not satisfied by p and contains the literal x
Example 4. For a CNF 1, the r-ary parity substitution of T, denoted by 1,[®y], is the
formula in which for all i € [n], each variable x; is replaced with EB;:l yij where the
variables y; 1,Yi 2, .-, Yir are new and distinct. As described, T,[Dy] is technically not a
CNF, but its encoding as a CNF is straightforward and natural; see [84] for full details. It

18 also straightforward to check that whenever 1, is minimally unsatisfiable and contains all

variables x1,. .., Ty, the order m on the variables of m,[®r] given by

m(y11) <7(y21) < < 7(yn,1) <
mT(y1,2) <7(y22) < <7w(yp2) < - <

(Y1) < m(y2,) < - < 7(Ynyr)

is ((r — 2)n)-robust. In fact, this readily follows from the observation that any restriction

p that satisfies |Var(p)\\/ar$rr72)n| < 1 must leave unassigned at least one variable in each

group {Yi 1, Yir)-

The following theorem shows that robustness implies large width in 7-trail resolution.

Theorem 5.9. Let 7 be a contradictory CNF formula and let m be a w-robust order for T.

Then the width of any w-trail refutation of T is at least w.

Proof. Assume without loss of generality that 7 = id. Let Il be a m-trail refutation of 7
and let C' be the first almost-w-small clause appearing in II. We will actually prove that
Varll C Var(C).

First, we claim that all trails that appear before C' in IT are (w + 1)-trivial. Suppose
otherwise and let ¢ be the first trail in II that is not. Since II contains all prefixes of £, and all
such prefixes precede t, it follows that ¢ is of the form [t, x; L al, where t' = 11 4 ai,ro d
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ag...,T; d aj], i > j+2and j < w. Suppose that t follows from ¢’ by the Unit Propagation
rule with the clause D. This means D|y is a unit clause, which implies D is almost-w-small,
contradicting the assumption that C'is the first almost-w-small clause in II.

It then follows that all resolutions (corresponding to applications of the Learning rule)

that appear before C' are on variables not in Var?“. Indeed, suppose that the inference

DV zf EVz? t
DVE

appears before C' in II. By the claim in the previous paragraph, ¢ is (w+1)-trivial. Therefore
ifr; € Var%’+1, then it is actually assigned in ¢[< w+ 1] and so are all variables appearing in
D. This implies D is almost-w-small, contradicting the assumption that C' is the first such
clause.

Finally let IT* be the resolution refutation corresponding to II; that is, the refutation
constructed from IT by ignoring all trails. Let I be the connected subproof of C'in IT* on the
downward closure of C'. By the remark in the previous paragraph, all resolutions in I' are
on variables not in Var*!1. Lastly, let p be any restriction with the domain Var¥ U Var(C)
that falsifies C, so that I'|, is a refutation of 7|,. By the first property in the definition
of robustness, 7|, is minimal, which implies that all clauses in 7|, appear as axioms of
I'|y. Therefore, there are paths from these clauses (unrestricted) to C' in I'. By the second
property of robustness, each variable in Var¥ appears in at least one of these clauses. Since

all resolutions in T' are on variables not in Var*1 it follows that Var¥ C Var(C). O

Finally, we prove Theorem 5.4, which is restated here for convenience. The proof is a
simple variation of the one above (we only have to make sure that the variables in Var¥

appear in a learned clause).

Theorem 5.10. (Theorem 5.4 restated) For any fized order m on the variables and every

e > 0 there exist contradictory CNFs 1, with w(m, F 0) = O(1) not provable in CDCL(7-D,
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WIDTH-(1 — €)n).
Proof. The formula used here is Ind,,[®,] where Ind,, is the Induction principle

m—1

i AN\ @V 2i) AT,
i=1

and r will be chosen as a sufficiently large constant. The natural resolution refutation of this
formula has width O(r).

Fix e > 0. Let R be a successful run in CDCL(7-D) on Ind,,[®;] and let II be the natural
m-trail simulation of this run given by Theorem 5.7. We begin with some observations about
IT that are easily verified by examining the proof of Theorem 5.7. First, all clauses learned
in R are derived exactly in II, in the order they appear in R. Second, for any learning
step (C,t') in R from the state (C,t), the proof II contains the connected subproof of C
from C corresponding exactly to the sequence of resolutions used to learn C' (Lemma 5.1).
Furthermore, the trail ¢ appears before this subproof in II.

Let w = (r —2)m and let D be the first almost-w-small clause in II. Similar to the proof
of Theorem 5.9, it follows that Var¥ C Var(D) and all trails appearing before D in II are
(w + 1)-trivial. If D is not a learned clause, then it appears in the subproof of some learned
clause C. Suppose that C follows from the state (C,¢) in R. As is made clear in Lemma 5.1,
all resolutions in the subproof of C' are on variables whose assignments are unit propagations
in t. Since t appears before D, it is (w + 1)-trivial, so none of the variables in Var¥ are
resolved on to derive C'. This implies all variables in Vary are inherited in C' from D.

The result follows by taking r > 2/e so that (r —2)m > (1 — €)rm. O
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