
THE UNIVERSITY OF CHICAGO

SOME RESULTS IN PROOF COMPLEXITY AND SAT-SOLVING

A DISSERTATION SUBMITTED TO

THE FACULTY OF THE DIVISION OF THE PHYSICAL SCIENCES

IN CANDIDACY FOR THE DEGREE OF

DOCTOR OF PHILOSOPHY

DEPARTMENT OF MATHEMATICS

BY

SHUO PANG

CHICAGO, ILLINOIS

JUNE 2022



To my teachers



In the case of all things which have several parts and in which the totality is not, as it

were, a mere heap, but the whole is something besides the parts, there is a cause.

Aristotle (384–322 BC)
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ABSTRACT

This thesis studies two NP-complete problems, Clique and Boolean Satisfiability (SAT), under

the proof complexity view.

For Clique, we study its average-case hardness. We show that with high probability over

an Erdös-Rényi random graph G, the proof system under consideration has no short proof

of the true statement “G contains no k-clique”. Here k is a suitable parameter, and the

shortness of proof is defined by natural complexity measures such as size, width, degree, etc.

Specifically, we prove an exponential-in-k size lower bound for the Resolution system, and

an almost optimal degree lower bound for the Sum-of-Squares (SoS) system.

For SAT, we study a different aspect, that is the proof-theoretic power and limitation

of Conflict-Driven Clause-Learning Algorithms (CDCL-solvers), a standard class of modern

SAT-solving algorithms whose often surprising performances call for explanation. We define

proof systems modeling CDCL-solvers and, for solvers with the ordered-decision strategies,

show their equivalence to either resolution or ordered resolution, depending on the learning

scheme employed.

vii



CHAPTER 1

INTRODUCTION

1.1 Proof complexity

Assume there is a fast algorithm A for an NP-complete problem, say the Boolean Satisfiability

problem (SAT), then on any formula τ , the “running trace” of A gives a short proof of τ ’s

(un)satisfiability. This is a nontrivial consequence, as a priori, there seems no reason that

short proofs should always exist. (If τ is satisfiable, they surely exist.) Indeed, the existence

of short proofs as such can be rephrased as NP=coNP [39], if “proofs” are in the Cook-

Reckhow sense, i.e., any string that passes a pre-fixed, sound, polynomial-time computable

“proof checker”.

We do not believe short proofs always exist. Although proving such a general lower bound

seems out of reach at present, there are many concrete proof systems for us to study and prove

lower bounds for, which arise naturally from fields such as logic, algorithms, optimization,

etc. The proofs can be in the sequential, Hilbert style (e.g., deduce B from A, A→ B), or

they can operate with algebraic expressions (not necessarily boolean) and have the magical

one-line style (e.g., x31 + x32 + x33 − 3x1x2x3 =
(
x1 + x2 + x3

)(
x21 + x22 + x23 − x1x2 − x2x3 − x3x1

)
refutes

(
x1+x2+x3 = 0

)
∧
(
x31+x32+x33−3x1x2x3 = 1

)
), or in other mixed styles. Some familiar

examples of proof systems include Resolution and subsystems, bounded-depth Frege, Frege,

Polynomial Calculus, Cutting-Planes, Nullstelensatz, Sum-of-Squares, and so on. Fixing such

a system S, we can ask whether there is a “simple” S-proof for a given statement τ that is

encoded in the language of S. Out of convenience, we study refutations of wrong statements

(still call them proofs). Some examples of τ are the (negation of) counting-related principles

such as pigeonhole and Tseitin tautologies, as well as statements from co-NP problems such

as “graph G contains a clique of size k” (given an instance G and parameter k), “function f

can be computed by a size-t circuit” (given the truth table of a function f), etc. As for the

1



simplicity of a proof, it can be measured in various ways, the usual ones being the length,

size, width, degree, space, and so on, depending on the proof system and our interests.

Questions as above (among others) are studied by proof complexity. It turns out to be

a fruitful direction for developing lower bound techniques, with deep technical connections

to communication and circuit complexity (see e.g. [69, 91, 94, 60, 49, 48]) and fundamental

mutual influences to fields like algorithms and optimization. In fact, the two main systems

studied in this thesis, resolution and Sum-of-Squares (SoS), have strong motivation from

and direct applications to the field of SAT-solving and optimization, respectively; for more

details see the introduction of chapter 4 and 5.

Our focus is on the so-called non-uniform proof complexity. The uniform counterpart,

which studies certain fragments of first- and second-order arithmetic theories (thus also called

bounded arithmetics, see e.g. [34, 70, 96]), will not be discussed.

1.2 Results and techniques

We study proof complexity-questions for two NP problems, Clique and SAT.

For Clique, we study its average-case hardness on the Erdös-Rényi random graph G(n, p).

This means to show that w.h.p. over G, the given proof system has no short proof of the

true statement “G contains k-clique”, for suitable k.

A few words on average-case hardness. For many problems, if the underlying distribu-

tion of inputs has many independent components, then the so-called statistical threshold

phenomenon will appear. For instance, if G ∼ G(n, 1/2), then as long as k is not in a thin

range (2 ± ϵ) log n, it is trivial to tell correctly w.h.p. whether G has a k-clique—e.g., if

k > 2.1 log n then just say “no” ([29]). However, to prove the “no” answer seems difficult

most of the time, and our task is to prove such intuition on weak proof systems.1

1. This is reminiscent of the Shannon effect in circuit complexity: a simple counting shows that random
function has no small circuit, while proving this for a given function seems almost always difficult.
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Chapter 3: Resolution size lower bound on dense graphs. We prove an 2Ω(k
1−ϵ)

resolution size lower bound, where k = nϵ, ϵ ∈ (0, 13). (The parameter p is n−
2ξ
k−1 for some

large constant ξ > 1.) This extends the previous lower bound that is for k > n
5
6 [16] and

the bounds on resolution subsystems for roughly the same range of k as here [24, 8]. But

note that our bound is not as optimal as nΩ(k) for subsystems [24, 8], and the difference is

significant for small k’s (say k = poly(log n)).

Our method is the classic bottleneck-counting/random-restriction, the key being a variant

of the clause width measure defined from graph-theoretic neighborhood density. The idea

is a common one in complexity theory: if the system operates with only the class of local,

partial information (low-“width” clauses) then its deduction closure is very limited, so it has

to produce and use the more accurate, deep information (high-“width” clauses), and we show

that the final contradiction is essentially a piece-by-piece aggregate of all such high-accuracy

information thus the proof needs at least to deduce all of them.

Chapter 4: Almost tight SoS degree lower bound on G(n, 12). Let us now follow

the convention in the optimization literature and use letter ω to represent the size of an

intended clique (whose existence we want to refute). It is well-known that degree d-SoS can

solve the problem w.h.p. if degree d > 2.1 log n or ω = O(
√
n), so an optimal lower bound is

expected to be d = Ω(log n) for ω = n
1
2−ϵ. Previous lower bounds have two kinds: either in

the form d = Ω(logω n) [47, 79, 43, 57], or in the optimal form d = O(ϵ2 log n), ω = n
1
2−ϵ but

weakens the clique-size axiom to an inequality [13]. Note the latter formulation is potentially

significantly weaker, as all polynomial multiple of that axiom are removed from constraints.

We prove an almost optimal bound d = Ω( ϵ2 log n
log log n), ω = n

1
2−ϵ for the original problem.

This time, we are dealing with the “degree d-SoS deduction closure” of the axioms, i.e. all

possible polynomials that is a sum of multiples of the axioms and squares (all of degree ≤ d).

The fundamental method here, as is in many cases in optimization theory, is duality, which

turns non-existence problems into constructive ones. It works by designing dual assignments
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to monomials (called pseudo-expectations) and proving the resulting pseudo-moment matrix

is PSD (positive semi-definite). Within this framework substantially more needs to be done,

which is the nontrivial part. For the clique problem, our method intuitively is to combine

the previous vertex-based technique (Johnson schemes) and edge-based technique (Fourier

character-matrix factorization) in the analysis, achieved via using Hadamard product and

Euler transform. At the heart of the pseudo-expectation design is a special matrix family

which we term as the factorial Hankel matrices.

Next, we turn to the SAT problem. Due to its convenient formulation, SAT has quite a

few practical applications and it’s no wonder there are numerous algorithms and heuristics for

solving it, all sharing the name SAT-solvers. A dominating class in modern SAT-solving is the

Conflict-Driven Clause-Learning algorithms (CDCL-solvers) which has gained considerable

theoretical interests (see e.g. [64, 26, 37]). Roughly speaking, they are algorithms that use

resolution to find a satisfying assignment/refutation, possibly incorporating nondeterminism

or randomness in various aspects, such as how to do a so-called unit propagation, how to

decide to which variable to assign a value (decision strategy), and how to derive a new clause

when the current assignments result in a contradiction (learning scheme).

Chapter 5: Proof-theoretic power and limitation of CDCL-solvers with the

ordered-decision strategies. Decision strategies are often a non-trivial, non-deterministic

or random part of CDCL-solvers in the literature for achieving the best theoretical power.

How about the deterministic, simple, yet popular ordered-decision strategy? This means

when the solver chooses a variable to assign a value, it always chooses the first unassigned

one in a prefixed variable order. Since CDCL-solvers are based on resolution, with ordered-

decision strategies they are naturally expected to fall between ordered and general resolution.

We show, somewhat surprisingly, that with two different natural learning schemes inspired

from practice, both extremes can be achieved: the resulting system modeling these solvers

is equivalent to either resolution or ordered resolution, both regardless of the order in use.
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Both results are proved by non-trivial simulations, where we use surgery-like processes

to get a fine-grained understanding of the structure of a proof. One of the proof systems

encountered here is non-closed under variable restrictions, and a fresh technique we introduce

to analyze such systems is the variable deletion operator. When viewed semantically, it

amounts to a projection of boolean cubes; we use it to break a proof into two subproofs, say

one for x1 = 0 and one for x1 = 1, without overlap and without assuming the proof to be

tree-like.
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CHAPTER 2

NOTATION

G = (V,E) will always denote a simple, undirected graph. The set of neighbors of a vertex

v ∈ V is N(v) = {u | (u, v) ∈ E}. A k-clique in G is a set C ⊂ V with size k s.t.

∀u, v ∈ C, u ̸= v ⇒ {u, v} ∈ E. The Erdős-Rényi graph G(n, p), with 0 < p < 1, is a random

n-vertex graph that places an edge between any two vertices with probability p independently.

A literal over a Boolean variable x is either x or its negation ¬x (also denoted as x̄),

where x is the underlying variable of the literal. We sometimes use the abbreviation x0 for

the negation of x and x1 for x (so that the Boolean assignment x = a satisfies the literal

xa). A clause C = l1∨ ...∨ lt is a disjunction of distinct literals where there is no appearance

of x,¬x together for any variable x (otherwise the clause is 1). t is the width of C, denoted

as w(C), and Var(C) is the set of variables appearing in C. The empty clause is denoted by

0 or ⊥. A CNF formula τ = C1 ∧ ....∧Cm is a conjunction of clauses. For a CNF τ , Var(τ)

is the set of variables appearing in τ , i.e., the union of Var(C) for all C ∈ τ . A w-CNF is a

CNF in which all clauses have width ≤ w.

A resolution proof of clause C from a CNF τ is an ordered sequences Γ = (D1, ..., DL)

where DL = C and, for all i ∈ [L], Di is either a clause in τ (called an axiom) or is derived

from Dj , Dk, j, k < i by the resolution rule:

C ∨ xai D ∨ x1−ai

C ∨D
, a ∈ {0, 1}. (2.1)

where Dj = A ∨ x,Dk = B ∨ ¬x,Di = A ∨ B, Di ̸= 1. x is the resolved variable. We will

sometimes make use of the notation Res(A∨x,B∨¬x) for the conclusion clause A∨B. The

size of Γ is L, denoted by |Γ|. If C = 0, then Γ is called a refutation. Let Var(Γ) denote

the set of variables appearing in Γ, i.e., the union of Var(C) for C appearing in Γ. For a

CNF τ and a clause C, we let SR(τ ⊢ C) be the minimal possible size of a resolution proof
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of the clause C from clauses in τ (∞ if C is not implied by τ). Likewise, w(τ ⊢ C) is the

minimal possible width of such a proof, defined as the maximal width of a clause in it. A

resolution proof τ ⊢ C is tree-like if its underlying proof graph—the natural directed acyclic

graph (DAG) whose nodes correspond to the clauses in Γ, C at the top/root—is a tree, and

it is regular if along any path from axioms to root, no variable is resolved more than once.

The Sum-of-Squares (SoS) proof system1 works with polynomials over R, where given a

set of polynomial identities (axioms) f1(x) = 0, ..., fk(x) = 0 on variables x = (x1, ..., xn), a

SoS proof of f1, ..., fk, is an identity

−1 =
k∑

i=1
fiqi +

∑
j
r2j in R[x1, ..., xn], (2.2)

where q1, ..., qk, r1, ... are arbitrary real polynomials on x1, ..., xn. Note this actually refutates

the existence of a solution, but for convenience we still call it a proof. The degree-d SoS

proof system carries the obvious degree restriction on identity (2.2):

max
i,j
{deg(fi) + deg(qi), 2 deg(rj)} ≤ d. (2.3)

For any real matrix M , ∥M∥ denotes its L2-norm.

“⊔” denotes the disjoint union of sets.

Similar to the conventional abbreviation “w.h.p.” for “with high probability”, “w.p.”

will stand for “with probability”.

1. It is also known as the Positivstellensatz system [51].

7



CHAPTER 3

RESOLUTION LOWER BOUND OF CLIQUE

The content of this chapter is from the work [86] that appeared at the 16th International

Computer Science Symposium in Russia (CSR 2021).

3.1 Introduction

The k-Clique problem is one of the fundamental NP-complete problems and its computa-

tional hardness has been intensively studied in both algorithmic and lower bound worlds

([82, 95, 55, 108, 99, 105, 53]). Proof complexity studies, among many other aspects, the

hardness of proving f(x) = 0 for a boolean function f and input x, which is a natural and

necessary step for understanding the computational hardness of f . The underlying proof

system should be sound and efficiently checkable (called Cook-Reckhow systems). Given

such a system Λ, the proof-theoretic version of the k-Clique problem is, “is there a short

Λ-refutation of the CNF encoding of the fact ‘G contains a k-clique’?” In this chapter, Λ

will be resolution and its sub-systems, and we study the average-case problem, i.e. when G

is a random graph and we ask if there a short refutation with high probability. The random

graph should be k-clique-free w.h.p. (otherwise, there is no refutation of a correct claim,

short or long), and the most studied setting is the Erdős-Rényi random graph G(n, p), with

p below the so-called threshold of containing a k-clique, usually taken as p = n−
2ξ
k−1 where

ξ > 1 is a constant.

Previous work. An nO(k)-sized tree-like resolution refutation is not hard to see when

G doesn’t contain a k-clique. For lower bounds, a 2Ω(k
6/n5) size lower bound for resolution

is known [16], which is meaningful for k > n5/6; the optimal nΩ(k) size lower bounds are

known for tree-like resolution [24] and regular resolution [8] (for k < n
1
4−o(1)).
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Our results. Like in almost all previous work, we state and prove the results for a strong

encoding of the problem, the “transversal clique” formulation (equation (3.2)). Our main

result is an exp(k1−ϵ) average-case resolution size lower bound of the k-Clique problem in this

encoding, when G ∼ G(n, p) as above (Corollary 3.1). This result holds for k’s that do not

exceed n1/3 thus complements the result of [16] (which requires k > n5/6). More precisely,

it holds for k = nc0 where c0, ϵ are arbitrary positive parameters s.t. min{13 − c0, ϵc0} >

(log n)−1/5.

Our second result (Theorem 3.3) extends the nΩ(k) average-case lower bound to a new

model called a-irregular resolution, for k < n1/3−ϵ, as a possible step towards the same

bound for resolution.

A few words on the second model. It is a Cook-Reckhow system with the following moti-

vation: imagine that in general, the “hard part” of a short resolution proof is the derivation

of some clauses with nontrivial width (or some variant) such that, once they are in place,

the rest is easy. Then how hard is it to derive these clauses? In particular, if in deriving any

wide clause we can’t be too irregular, is there still a short refutation? Formally, we restrict

that in deriving any clause of large (block-)width, few (blocks of) variables are irregularly re-

solved. Here, large and few will be characterized by the parameter a ∈ (0, 1) (a = 0/1 means

regular/general resolution), and block is used in the main version where a variable partition

is part of the input. It turns out (Remark 3.3) that all known CNF families separating

regular resolution from general separate, in fact, regular resolution from this model with

a = n−Ω(1). (Our result holds for constant a.) Previously, [30] considered an extension of

regular resolution called δ-regular resolution by restricting the number of irregularly-resolved

variables on any path. Our restriction is simpler in the sense that the resulting system is

clearly Cook-Reckhow, but the two seem incomparable, and it will be interesting to know

their exact relation.
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Proof idea. For the first result, we consider a class of clauses (not depending on the

refutation) where each one is very small (under certain “measure” on clauses), while we

show that in any refutation, the clauses from this class together “have measure 1”. Such a

clause C has the property that its associated set of falsifying assignments, when regarded

as a k-product subset in [n]k in the natural way1, has many indices i ∈ [k] s.t. the i-th

component is small in a certain sense. The empty clause has full measure 1. We show

that, when traveling down the proof DAG with some strategy, one always ends in such a

small clause, and thus there are many such clauses in C. This argument is similar to the

bottleneck counting method as in [54, 92] and might be possible to be translated into a random

restriction-based argument, while the current language is chosen since it works consistently

for the second result too.

The second result is built on [8] in a straightforward manner. In a given refutation, we

find one small clause C (in the above sense) s.t. the sub-proof deriving C is regular after a

suitable restriction. The useful graph-theoretic property used in the regular case seems not

inheritable to sub-graphs (which occurs from the restriction), but this can be fixed by using

a relativized property (section 3.4.3).

The proof of the first result has the merit of simplicity and the drawback is there, too:

the pseudorandom graph-theoretic property used is insufficient for an nΩ(k) lower bound

(Remark 3.2). On the other hand, we don’t know of a similar limitation of the property used

in the regular case and the second result.

Chapter structure. After giving preliminaries in section 3.2, we prove the first result

in section 3.3. In section 3.4 we introduce the new model and prove the second result.

1. More precisely, it is a product-subset of [n/k]k; the reason is clear after seeing the strong encoding
(section 3.2) where the vertex set is partitioned into k parts.
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3.2 Preliminaries

Recall we use G = (V,E) to denote a simple, undirected graph. For A,B ⊆ V , N̂A(B) =

A ∩ (∩v∈B N(v)) denotes the set of common neighbors of B in A; when A = V it will

be simplified as N̂(B). G will denote the n-vertex Erdős-Rényi random graph G(n, p),

0 < p < 1. For 1 < k < n, n−
2

k−1 is the well-known threshold probability [29]: G(n, p)

contains a k-clique (or not) w.h.p. as n→∞ if p > n−(1−O(1)) 2
k−1 (or p < n−(1+O(1)) 2

k−1 ).

We take p = n−
2ξ
k−1 , ξ > 1 a constant, throughout the chapter.

We now introduce the two natural k-Clique CNFs from the literature2. Clique(G, k) is

the encoding of “G contains a k-clique”, on variables xi,v (i ∈ [k], v ∈ V ):

∨
v∈V

xi,v ∀i ∈ [k];

¬xi,u ∨ ¬xj,v ∀i, j ∈ [k], u, v ∈ V s.t. i ̸= j, {u, v} /∈ E;

¬xi,u ∨ ¬xi,v ∀i ∈ [k], u, v ∈ V s.t. u ̸= v.

(3.1)

The other one, Cliqueblock(G, k), is the encoding of “G contains a k-transversal clique” w.r.t

any fixed balanced vertex-partition:

V = V1 ⊔ ... ⊔ Vk, |Vi| − |Vj | ∈ {0,±1} for all i, j ∈ [k],

where a clique C is transversal if ∀l ∈ [k], |C ∩ Vl| ≤ 1.

∨
v∈Vi

xv ∀i ∈ [k];

¬xu ∨ ¬xv ∀i ̸= j ∈ [k], u ∈ Vi, v ∈ Vj s.t. {u, v} /∈ E;

¬xu ∨ ¬xv ∀i ∈ [k], u, v ∈ Vi s.t. u ̸= v.

(3.2)

2. There is also the so-called binary encoding ([73]), which we will not discuss here.
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In both encodings, the first group of axioms is called clique axioms, the second group edge

axioms, and the third group functionality axioms. Clearly, the block encoding claims some-

thing stronger (hence is easier to refute) so a lower bound on its refutation length is stronger,

too. We have the following observation which seems to be folklore among researchers.3

Theorem 3.1. For any graph G that contains an Ω(k)-clique, the exp(Ω(k)) resolution size

lower bound holds for Clique(G, k). In particular, the bound holds for the random graph

G(n, 2ξ
k−1) (ξ > 1 constant) with high probability.

Proof. By a reduction to the functional pigeonhole principle FPHP . More precisely, if G

contains a clique C, take the restriction ρ which sets xi,v to 0 for all i ∈ [k], v /∈ C, then the

refutation refutes FPHP k
|C|. But an exp(|C|) lower bound for the latter is known (e.g. [97]).

Finally, note a random graph from G(n, 2ξ
k−1) contains Ω(k)-cliques with high probability.

Remark 3.1. The encoding Clique(G, k) inherits hardness from FPHP k
Ω(k)

which has lit-

tle to do with the underlying graph. For Cliqueblock(G, k), however, such a reduction on

random graphs seems unlikely4 as it just prohibits permutation on [k]. This is one reason

Cliqueblock(G, k) is regarded as more technically appropriate (cf. a similar remark in [16]).

In the rest of the chapter, we concentrate on the CNF Cliqueblock(G, k).

Notation. We view a resolution proof Γ, i.e. a refutation of a CNF τ as a top-down

DAG with the ⊥ on top, and identify a clause C with the partial-assignment that minimally

falsifies it. For example, {x1 = 1, x2 = 0} represents clause C = ¬x1 ∨ x2, and the empty

assignment represents ⊥. For clarity, we call such a representation an object and use letter

P to denote it. Any non-leaf P ∈ Γ is labeled by a query “x =?” on a variable x, and

an answer is x = 1 or x = 0, leading to one child whose object contains the answer. For

the clique problem, more conveniently, we can denote a query by “(l,v)?” intended for

3. For complete (k − 1)-partite graphs, a similar reduction is observed earlier by Alexander Razborov
(personal communication).

4. For some specially structured G this is possible; see Remark 3.2.
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“is xv=1?” where l ∈ [k], v ∈ Vl, and the answer is (l, v)yes or (l, v)no, which chooses

a child whose representation includes xv = 1, xv = 0 respectively. For distinction (and

inspired by the pigeonhole principle), let us call l ∈ [k] a pigeon and v ∈ Vl a vertex; the

semantics of Cliqueblock(G, k) is, therefore, “assign to each pigeon a vertex so that they form

a k-transversal-clique”.

Definition 3.1. Given object P , let P1 := {(l, v) | (l, v)yes ∈ P}, P0 := {(l, v) | (l, v)no ∈ P}

. For a pigeon l ∈ [k], denote

P1(l) := { v ∈ Vl | (l, v)yes ∈ P} P0(l) := { v ∈ Vl | (l, v)no ∈ P}. (3.3)

PLive(l) := Vl\P0(l) PLive :=
⋃
l∈[k]

PLive(l). (3.4)

By definition, P1(l)∩P0(l) = ∅, P1 =
⋃
l∈[k]{l}×P1(l), and P0 =

⋃
l∈[k]{l}×P0(l). We

use dom(P1), dom(P0) to denote the projection to [k] from P1, P0. A live-clique in P is a

transversal clique in PLive. A partial function f : [k]→ V is a live-clique assignment in P

if f(l) ∈ Vl whenever it is defined, and its image is a live-clique in P .

In most situations, each P1(l) has size 0 or 1. Intuitively, an object P gives a product

set P (1) × ... × P (k) ⊆ V1 × ... × Vk where P (l) = P1(l) if P1(l) ̸= ∅ and P (l) = Vl\P0(l)

otherwise. For example, if P is the empty assignment (i.e. the ⊥ clause) then this set is the

full V1 × ... × Vk; while if P1(l) is nonempty for many l’s, then the corresponding set has

many coordinates of size 1. We will think of the “largeness” of P by measuring this set in a

certain way (see the discussion under Definition 3.3).

3.3 2k-type lower bound for resolution

Parameter regime. Throughout section 3.3, we use the following parameter regime.
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ξ > 1 a constant;

k = nc0 where c0, ϵ ∈ (0, 1/3) arbitrary parameters s.t.

min{ϵc0, 1/3− c0} > (log n)−1/5;

N = 1 + max{ 1

1− 3c0
,

1

ϵc0
}, t =

18ξ ·N
1/3− c0

;

r =
k

t
, q =

1

2
n1−c0−2δr where δ =

2ξ

k − 1
.

(3.5)

W.l.o.g. we can assume k, r, q are integers. The meaning of k, c0, ϵ is self-evident. r is a

sufficiently small portion of k, and q is appropriately below the expected number of common

neighbors of an r-subset in a random graph G. N, t are used only for technical reason. Note

(log n)−1/2 < δr <
1/3−c0
4N .

The reader can assume for simplicity the parameters are in the “typical” case, i.e. ϵ, c0

and N, t are all constants. We do not try to optimize the parameter range, e.g. the number

(log n)−1/5 is just a convenient choice for the estimates in Lemma 3.2 and (3.22) to go

through.

3.3.1 Graph properties

Fix a balanced vertex partition V = V1 ⊔ ... ⊔ Vk.

Definition 3.2. A subset A ⊆ V is called (r, q)-neighbor-dense ([24], [8]) if for any U ⊆ V

with size ≤ r, it holds that |N̂A(U)| ≥ q. G is called (r, q)block-neighbor-dense if for every

j ∈ [k], Vj is (r, q)-neighbor-dense.

Lemma 3.1. (Inheritability of neighbor-denseness) For any integers a1, a2, b1, b2 and fixed

G, if A ⊆ V is (a1 + a2, b1 + b2)-neighbor-dense and A1 ⊆ A is not (a1, b1)-neighbor-dense,

then A\A1 is (a2, b2)-neighbor-dense.
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Proof. Take a witness W1 of size a1 for A1 s.t. |N̂A1
(W1)| < b1. For any W ⊆ V , |W | ≤ a2,

|N̂A\A1
(W )| ≥ |N̂A\A1

(W1 ∪W )| = |N̂A(W1 ∪W )| − |N̂A1
(W1 ∪W )| ≥ (b1 + b2)− b1,

where the second inequality used |W1 ∪W | ≤ a1 + a2 and A is (a1 + a2, b1 + b2)-neighbor-

dense.

Lemma 3.2. W.p. > 1− exp(−0.5
√

log n), G ∼ G(n, n−
2ξ
k−1 ) is (2r, q)block-neighbor-dense

with parameters in (3.5).

Proof. By standard use of Chernoff bound and union bound. For any fixed j ∈ [k], any

R ⊆ V with |R| = 2r, E[ |N̂Vj (R)| ] ≥ (n/k − |R|) · n−δr > 2
3n

1−c0−δr > q. So

Pr[ |N̂Vj (R)| < 1

2
q ] ≤ exp(−n

1−c0−2δr

48
)

< exp(−n2c0+δr) since δr < 1/3− c0 by (3.5).

(3.6)

The first “≤” in above uses Chernoff bound as all different edges are independent. Finally,

take a union bound over R’s whose total number is at most n2r < exp(0.5n2c0 log n), and

exp(−n2c0+δr) · exp(0.5n2c0 log n) < exp(−0.5
√

log n) since δr > (log n)−1/2 in (3.5).

Remark 3.2. Some particular graph family is also neighbor-dense, yet being far from pseu-

dorandom. For example, consider a complete (k−1)-partite graph G where 2r < k1 < k (r, k

as in (3.5)), with partition V = W1 ⊔ ...⊔Wk1 where |Wi ∩Vj | ≈ n
k1k

for all i ∈ [k1], j ∈ [k].

Notice, however, for these graphs there is a 2kn2k2 refutation (e.g. [24]) which is regular,

and thus to obtain strong lower bound nΩ(k) the property of neighbor-denseness is not enough,

even for regular resolution.5

5. Although a variant of it seems sufficient for tree-like resolution, cf. [24].
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3.3.2 Lower bound proof

Theorem 3.2. For parameters as in (3.5) where k = nc0, if G is (2r, q)block-neighbor-dense

then any resolution refutation of Cliqueblock(G, k) has size ≥ exp(Ω(k1−ϵ)/t2), where Ω(·)

only relies on some absolute constant. In particular, if c0, ϵ ∈ (0, 1/3) are constant, then the

bound is exp(Ω(k1−ϵ)).

Corollary 3.1. (of Theorem 3.2 and Lemma 3.2) Within the same parameters as in Theorem

3.2, Cliqueblock(G, k) is sub-exponentially hard for G(n, n−δ) on average, where δ = 2ξ
k−1 ,

ξ > 1 constant.

The rest of this section is devoted to the proof of Theorem 3.2. To show size lower

bound, we design an answering strategy that finds many different objects in Γ. We call this

an adversary strategy (against the prover Γ; cf. [92]).

Fix any resolution proof Γ of Cliqueblock(G, k). We will first describe an adversary

strategy and then analyze the size bound from it.

Adversary strategy.

1. Probabilistic part. Choose a set of r
2 pigeons from [k] uniformly at random, each

with probability
( k
r/2

)−1
. Then choose an ααα, a transversal clique assignment to the chosen

pigeons, according to the following distribution:

(Distribution of ααα) Suppose the chosen pigeons are l1, ..., l r
2
∈ [k]. Choose α(l1)

uniformly from V , then α(l2) uniformly from N̂Vl2
({α(l1)}), α(l3) uniformly

from N̂Vl3
({α(l1), α(l2)}) and so on till α(l r

2
) is chosen.

(3.7)

Denote this distribution by D, which is well-defined when G is (2r, q)block-neighbor-dense.

The strategy is deterministic after α is chosen.

2. Deterministic part. Fix a sample α from above.
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Definition 3.3. (Narrow pigeons) Given an object P , pigeon l ∈ [k] is narrow in P if:

P0(l) is (r,
1

2
q)-neighbor-dense.

The set of useful pigeons for P is defined to be dom(P1) ∪ {narrow pigeons in P}.

Intuitively, an object is small if it contains ≥ r
2 many useful pigeons. The property the

strategy keeps is: as long as the number of useful pigeons in the current object is < r/2,

(∗) :

1. α, P1 are compatible as functions;

2. ∃ function β: {narrow pigeons in P} → V s.t. α, P1, β are consistent

and together is a live-clique assignment for P (Def. 3.1).

Note at the beginning of any path (top node), (∗) trivially holds.

Claim 3.1. If for an object P the above (∗) holds, then P is not an axiom.

Proof. This follows from a direct check.

The strategy continues as follows. Suppose the property (∗) holds for current object P

where the query is (l, v)?. Answer according to the following:

(1) If |useful pigeons in P | ≥ r/2, then halt. Otherwise,

(2) (2a) If l ∈ dom(α ∪ P1 ∪ β), answer according to α ∪ P1 ∪ β;

(2b) Otherwise, say “No”.

(3.8)

Lemma 3.3. Suppose the current object P satisfies (∗). Then either we halt, or after

extending the path by one more step we still keep (∗).

Proof. For item 1 in (∗), it holds for the next object because of (2a) of the strategy. Now we

prove item 2. If P has ≥ r/2 many narrow pigeons then we would halt by (1) of the strategy.
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Otherwise, by assumption there is β for P0 as in (∗). We prove that the “intermediate”

object

Q := P ∪ {the new answer}

satisfies (∗), and the lemma follows because (∗) is monotone w.r.t. the object.

Assume the new query is (l, v)?. In case (2a), the same β for P suffices for Q, trivially

from inductive hypothesis. In case (2b), either P0(l)∪ {v} is (r, 12q)-neighbor-dense in G, or

it isn’t. In the latter case, the pigeon l is still not narrow in Q, and thus (∗) holds for Q. In

the former case, let R := Im(α ∪ β ∪ P1). By assumption,

|R| ≤ |α|+ |β ∪ P1| =
r

2
+ |{useful pegions} < r

2
+
r

2
= r. (3.9)

Moreover, P0(l) ∪ {v} is not (r, 12q + 1)-neighbor-dense by the case assumption. So by

Lemma 3.1, where we take A := Vl, A1 := P0(l) ∪ {v}, and a1 = a2 = 1
2q, we get that

Vl\(P0(l) ∪ {v}) = Vl\Q0(l) = QLive(l) is (r, 12q − 1)-neighbor-dense. In particular, as

1
q >> 1, we can choose a w ∈ N̂QLive(l)

(R). Extend β to β ∪ {β(l) = w} will keep (∗) for

Q.

The answering strategy is now completed: we extend β so that (∗) holds until we halt.

Lower bound analysis.

Since Γ is a correct proof, the query process must stop. By Claim 3.1, it could only be halted

in Case (1) of (3.8). Let T be the set of all such halting objects (over all α) in Γ.

Definition 3.4. We say a r
2 transversal clique assignment α leads to object P (in T ) if when

chosen α in the beginning, the adversary strategy halts at P .

Lemma 3.4. Given the distribution ααα ∼ D (3.7), for any fixed P ∈ T

Pr[ ααα leads to P ] ≤ exp(−Ω(k1−ϵ)) (3.10)
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where the parameters are as in (3.5).

Proof. By definition of T and Lemma 3.3, for P we have |{useful pigeons}| ≥ r/2. Recall

r = k/t in (3.5). Take another parameter ϵ′ = 1
40

r
k = 1

40t and denote a0 := ⌈ϵ′r⌉. By the

first part of definition of ααα,

Pr[ |dom(ααα) ∩ {useful pigeons}| < ϵ′r ] (3.11)

=
∑
a<a0

(
r/2

a

)(
k − r/2
r/2− a

)
/

(
k

r/2

)
< a0 ·

(
r/2

a0

)(
k − r/2
r/2− a0

)
/

(
k

r/2

)
. (3.12)

Denote f(a) =
(r/2

a

)(k−r/2
r/2−a

)
then f(a+1) = f(a)· (r/2−a)2

(a+1)(k−r+a)
, so

f(a+1)
f(a)

=
(r/2−a)2

(a+1)(k−r+a)
>

(1/2−2ϵ′)2r2
2ϵ′rk > 2 when a < 2a0. Also note

( k
r/2

)
=
∑r/2

a=0 f(a). Thus (3.12) < a0 ·
f(a0)
f(2a0)

<

ϵ′r · 2−ϵ′r < exp(−Ω(k/t2)). Therefore,

Pr[ ααα leads to P ] ≤

exp(− Ω(k/t2)) + Pr[ ααα leads to P , |dom(ααα) ∩ {useful pigeons}| ≥ ϵ′r ]

We bound the second term below. There are two cases:

|dom(ααα) ∩ dom(P1)| ≥ ϵ′r
2
, Or (3.13)

|dom(ααα) ∩ ({narrow pigeons}\dom(P1))| ≥ ϵ′r
2
. (3.14)

Here as usual, dom(ααα) denotes the domain of ααα (a subset of [k]). In the following, α′ will

denote an arbitrary choice of ααα that satisfies the item’s condition.

1. In the first case, (3.13), α′ has to assign exactly the same vertices as P1 to pigeons in

dom(P1) ∩ dom(α′). Since G is (2r, q)block-neighbor-dense where q = 1
2n

1−2δr, so in partic-

ular, there are ≥ 1
2n

1−c0−2δr many choices of vertices for each such pigeon. By definition
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(3.7), ααα chooses among them uniformly. Thus

Pr[ ααα leads to P and |dom(ααα) ∩ dom(P1)}| ≥ ϵ′r/2 ] (3.15)

≤
∑

S⊆[k], |S|≥ϵ′r/2
Pr[dom(ααα) ∩ dom(P1) = S ∧ for all i ∈ S, ααα(i) = P1(i)] (3.16)

=
∑

S⊆[k], |S|≥ϵ′r/2
Pr[dom(ααα) ∩ dom(P1) = S ] · Pr[ for all i ∈ S, ααα(i) = P1(i)] (3.17)

≤
∑

S⊆[k], |S|≥ϵ′r/2
Pr[ dom(ααα) ∩ dom(P1) = S ] · (1

2
n1−c0−2δr)ϵ

′r/2

≤1 · n−c0ϵ
′r = n−Ω(c0k/t

2) (3.18)

where (3.17) is from the independence of the two parts in the definition of ααα ∼ D.

2. In the latter case, (3.14), let B denote {narrow pigeons (in P )}\dom(P1). In the

process of choosing vertices to a pigeon i ∈ dom(α′) ∩ B, vertices in P0(i) must not be

chosen (by (2a) in the strategy). On the other hand, for any such pigeon i, it is narrow in

P so P0(i) is (r, 12q)-neighbor-dense. Therefore,

N̂P0(i)
(Im(α′|dom(α′\{i}))) ≥

1

2
q =

1

4
n1−c0−2δr. (3.19)

So for such i, as |Vi| = n1−c0 ,

Pr[ ααα(i) /∈ P0(i) | i ∈ dom(ααα) ] ≤ 1− n1−c0−2δr

4n1−c0
= 1− 1

4
n−2δr. (3.20)

Now we can bound the overall probability of this case by

∑
S⊆B, |S|≥ϵ′r/2

Pr[ dom(ααα) ∩B = S and ααα(i) /∈ P0(i) for all i ∈ S ] (3.21)
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Similar to estimation (3.15), from (3.20) we have

(3.21) ≤ (1− 1

4
n−2δr)ϵ

′r/2 < exp(−Ω(k1−ϵ/t2)), (3.22)

where the last inequality uses k = nc0 , 2δr < ϵc0 in (3.5).

Finally, note c0 < log n so the sum of probability is exp(−Ω(k1−ϵ/t2)).

Since any choice of ααα results in halting at some object in T , Lemma 3.4 implies |T | ≥

exp(Ω(k1−ϵ)) = exp(Ω(n(1−ϵ)c0)). In particular, there are at least this many different objects

in Γ. Theorem 3.2 is proved.

3.4 nk-type lower bounds for a-irregular resolution

3.4.1 The model

Like before, let us view a resolution proof Γ as a top-down DAG (⊥ on top). A variable x

is called irregular on a path L in Γ if it is queried more than once on L. For a node (clause)

C in Γ, x is irregular under C if there is some path down from C on which x is irregular.

We are going to introduce the model of a-irregular resolution. Its main version assumes

a variable partition in input. Let’s start with a simpler one.

Definition 3.5. For a ≤ 1, a resolution proof Γ on m variables is unblocked a-irregular

if for any clause C ∈ Γ, w(C) ≥ am⇒ |{variables irregular under C}| ≤ am

So regular resolution is 0-irregular, and general resolution is 1-irregular.

We continue to the main version. Given m variables and κ : Var → [k] a partition of

variables (1 ≤ k ≤ m), we say x belongs to block κ(x). Define the block-size of a variable set

to be |X|b := |κ(X)|, and the block-width to be

wb(C) = |Var(C)|b. (3.23)
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Definition 3.6. (Main model) For a ≤ 1, κ as above, a resolution proof Γ is a-irregular

for κ if for any clause C ∈ Γ, wb(C) ≥ ak ⇒ |{variables irregular under C})|b ≤ ak.

It is easy to see that this model is at least as strong as “resolution refutations with small

block-width (for the same variable partition)”; and it always subsumes the unblocked ak
m -

irregular model, regardless of the partition.

The unblocked a-irregular resolution (Definition 3.5) is already exponentially stronger

than regular even for a = k−Ω(1), and the situation is clearer for the main model. It

turns out that the known exponential separations between the regular and general resolution

([2, 107]) are, actually, separations between regular and the a-irregular resolution with a

natural partition κ and a = k−Ω(1).

Remark 3.3. We next give the details of how the a-irregular resolution can handle the hard

instances from the known general-regular separations. The instances are Stone formulas

([2]), Lifted pebbling formulas ([107]), and a variation of the Ordering principle ([2]).

1. Stone formulas. Under the notation of [2], the m = Ω(n2) many variables are

{Pi,s | t ∈ S} for each i ∈ V (G) and {Rt | t ∈ S}, where |S| = Ω(|V (G)|) = Ω(n). The

variables are naturally partitioned into k = n + 1 blocks according to the vertex index, plus

a block of all stones. Axioms have block-width ≤ 4, and the short resolution in [2] (their

Lemma 4.1) is 5/k-irregular for κ, since every clause in that resolution has block-width ≤ 4.

This short resolution proof is also unblocked m−1/2-irregular; actually, only the stone

variables {Rt} are irregularly resolved since a path in the proof naturally corresponds to a

path in G and G is acyclic. There are O(n) = O(m1/2) many stone variables.

2. Lifted pebbling formulas. It is noted in [107] that the Stone formulas can be

regarded as a “lifted” version of the so-called Pebbling formulas, PebbG, on the same graph

G. They give a similar but different family of CNFs: in short, given boolean variables

x1, ..., xn, consider a variable change by encoding every literal xϵi by ∧j∈N(i)(¬si,j ∨ rϵj)

(ϵ ∈ {0, 1} and x0 := ¬x), where {si,j , rbj} are fresh variables corresponding to a bipartite
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graph H on components [n], J ([n] ∩ J = ∅), and we add the default axioms ∨j∈N(i)si,j

for all i. If the left degree of H is d, then there are nd + |J | many variables. The Stone

Formulas are the resulting CNF expression from this variable change on PebbG, when H is

complete; [107] showed the same separation holds if take H to be a more economic sparse

bipartite expanders6, with d = Θ(n/|J |) (their Theorem 12). For us, the short resolution

refutation in example 1 now only simplifies, so the block width is still constant where blocks

are the same {si,j} (for each i ∈ V (G) and {rj}.

Similar to example 1, the short proof is also unblocked 1/d-irregular, and in applications

d ≥ Θ(log log n) (their Theorem 13).

3. A variant of the Ordering principle, denoted by GT ′n. It has m = n(n − 1)

variables xi,j, i ̸= j ∈ [n], with the intended meaning xi,j ⇔ element i (in some n-element

set) is greater than element j. We refer the reader to [2] to this CNF family; what’s important

for us is that if partition the variables according to the second subscript j, into k = n blocks,

then the axioms have constant block-width, and the short refutation (Corollary 3.4 in [2]) is

4/k-irregular. Namely, that refutation first resolves xi1,i2 ∨ xi2,i3 ∨ xi3,i1 ∨ ρ(i1, i2, i3) with

xi1,i2 ∨ xi2,i3 ∨ xi3,i1 ∨ ¬ρ(i1, i2, i3) for all i1, i2, i3, where ρ(·) refers to some literal and

all clauses have block-width ≤ 4, then it uses the short refutation from [102] to finish, in

which all clauses are either the so-called Cm(j)’s (in notation of [102]) or axioms, all with

block-width ≤ 4. So, the refutation is 4/k-irregular for this partition.

Remark 3.4. In all the examples above, the variable partition not only has a natural se-

mantic meaning but also makes axioms have constant block-width.7 This might be considered

together with the technique of variable substitutions in form xi = f(yi,1, ..., yi,t) with yi,j’s

being distinct new variables (a.k.a. lifting; see e.g. [94, 60, 48]), where “blocks of variables”

appear naturally. For the lifted CNF, it is reasonable to expect that the block-width measure

6. The actual construction has one more twist called mirroring, which we ignore here.

7. Other partitions might also seem natural but fail the second property, and we do not know the power
of the model with them.
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on proofs w.r.t. this variable partition reflects the hardness of the original CNF which itself

is often narrow. In our context, this perspective explains the power of the model in examples

1, 2. It seems to say nothing about example 3, though.

The main theorem of this section is the following.

Theorem 3.3. Fix the natural partition κ0 : xv 7→ i if v ∈ Vi in V1 ⊔ ... ⊔ Vk. Let ξ > 1

be constant and ϵ > 0 be any parameter s.t. (log n)−1/2 < ϵ < 1/200. Then for any k s.t.

ξ2(100/ϵ)3 < k < n1/3−40ϵ, w.h.p. over GGG ∼ G(n, n−2ξ/(k−1)), any ϵ
ξ -irregular resolution

proof for Cliqueblock(G, k) has size nkϵ
3/(200ξ)2.

3.4.2 More graph properties

Definition 3.7. (relativized neighbor-denseness, Definition 3.2) Given G and a, b ∈ N+, for

A,B ⊆ V , B is called (a, b)A-neighbor-dense if ∀U ⊆ A, |U | ≤ a ⇒ |N̂B(U)| ≥ b. When

A = V , we simply say B is (a, b)-neighbor-dense.

Note A′ ⊆ A, then (a, b)A-neighbor-denseness implies (a, b)A
′
-neighbor-denseness.

Another pseudorandom property which played an important role in the proof for regular

case says: for any (r, q)-neighbor-dense sets in G, all witness sets of its non-(tr, q′)-neighbor-

denseness are non-trivially concentrated (for suitable t, q′).

Definition 3.8. ([8]) W ⊆ V is called (tr, r, q′, s)-mostly-dense in G, if ∃S ⊆ V , |S| = s

such that: ∀U ⊆ V of size ≤ tr, |N̂W (U)| < q′ ⇒ |U ∩ S| ≥ r. For convenience, we say G

itself is (tr, r, q′, s)-mostly-dense if every (r, q)-neighbor-dense set is (tr, r, q′, s)-mostly-dense

(when q is clear from the context).

Proposition 3.1. (mostly-denseness is inheritable w.r.t witness S) Suppose A ⊆ V , and W

is (tr, r, q′, s)-mostly-dense. Then ∃S1 ⊆ A of size ≤ s such that, for any U ⊆ A, |U | ≤ tr,

if |N̂W (U)| < q′ then |U ∩ S1| ≥ r.
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Proof. Take S1 to be S ∩ A, where S is as in Definition 3.8.

As usual, denote 2ξ
k−1 by δ. For simplicity, we always take ξ > 1 to be constant. The

main result of [8] is the following.

Theorem 3.4. For any parameter ϵ ∈ (0, 1/2) and constant ξ > 1, if k < n1/4−ϵ and

k
√
ξ < n1/2−ϵ, then:

(1) (their Theorem 6.1) W.h.p., GGG ∼ G(n, n−
2ξ
k−1 ) is (tr, tq)-neighbor-dense and (tr, r, q′, s)-

mostly-dense, with t = 64ξ
ϵ , r = 4k

t2
, q = n1−δtr

4t , s = (nξ )1/2 and q′ = 3ϵs1+ϵ log s.

(2) (their theorem 5.4) Let t : 4 ≤ t ≤ k be any parameter and r = 4k/t2. If G is (tr, tq)-

neighbor-dense and (tr, r, q′, s)-mostly-dense, then any regular refutation of Clique(G, k) re-

quires size 1
2 min{sϵr/2, (1− rs−(1+ϵ)/2ek)−q

′}.

We will need Theorem 3.4(1) for the following parameters. Theorem 3.4(2) will be actu-

ally re-proved and refined following the original method (Lemma 3.8, 3.9).

Parameter regime. In the rest of section 3.4, we use a parameter regime that is similar

to that of [8]. As before, let ξ > 1 be a constant and δ = 2ξ
k−1 .

ϵ = any parameter in
(

(log n)−1/2, 1/200
)

;

t =
64ξ

ϵ
, k ∈

(
3t2

ϵ
, n1/3−40ϵ

)
;

r =
4k

t2
, q =

1

32t
n1−8δtr/k, q′ =

1

4
qn−δtr;

s = k2n9δtr+ϵ, p = n−(9δtr+2ϵ)/k.

(3.24)

We can assume k, r, q, q′, s are integers whose meaning is clear from Definition 3.8; p is

used for a biased-coin in the argument. As before, the “typical” case is when ϵ is a small

constant, and the bound is nΩ(k/ξ
2). Our choice of p = n−(9δtr+2ϵ)/k is larger than that in

the original Theorem 3.4(2) (which is roughly n−(1+ϵ)/2); this makes the two bounds in the

proof of Lemma 3.9 more balanced thus slightly improves the range of k from n1/4 to n1/3.
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Theorem 3.5. With parameter regime (3.24), w.h.p. GGG ∼ G(n, n−δ) is

(i). (8tr, 4tq)block-neighbor-dense; and

(ii). (tr, r, q′, s)-mostly-dense.

(3.25)

Proof. (i) is proved identically to Lemma 3.2. (ii) is Theorem 3.4(1) except for a difference

in parameters; we only have to point out that parameters (3.24) satisfy nϵ/2+1 < qn−δtrs/tr

so can be safely replaced to their proof.

Theorem 3.3 thus reduces to the following.

Theorem 3.6. Recall V (G) = V1 ⊔ ... ⊔ Vk, and κ0 is the “canonical” partition that maps

v to i if v ∈ Vi. If G satisfies (3.25) with parameters (3.24), then any 1
t -irregular resolution

for (Cliqueblock(G, k), κ0) requires size nϵk/6t
2
.

3.4.3 Lower bound proof (Theorem 3.6)

Proof overview.

As described in the introduction, the idea is simple: use a suitable restriction to reduce to

the regular case. The induced sub-graph is not quite pseudorandom, but not far: the only

additional observation is to use a weaker, relative notion of pseudorandomness (Lemma 3.6,

3.9).

As before, we give an adversary strategy followed by its analysis, where we will need to

open up the argument in the regular case.

Definition 3.9. (Narrow pigeons, with new parameters (cf. Def. 3.3) Suppose Γ is a

resolution proof, P ∈ Γ an object. A pigeon l ∈ [k] is narrow in P if

P0(l) is (4tr, 2tq)-neighbor-dense, where recall 2tq =
1

4
n1−8tδr/k.
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We use narrowP to denote the set of narrow pigeons in P .

Adversary strategy.

Stage I (find a restriction). Travel down the proof, and keep a live-clique assignment βP

(Definition 3.1) s.t.

βP ⊇ P1, dom(βP ) = dom(P1) ∪ narrowP . (3.26)

where P is the current object. Suppose the query at P is “(l1, v1)?”. If

|narrowP ∪ dom(P1)| ≥ tr (3.27)

then go to Stage II; otherwise if l1 ∈ dom(P1)∪narrowP , answer according to βP ; otherwise,

answer No. Let us show that during Stage I the property (3.26) always holds.

Claim 3.2. If G is (8δtr, 4tq)block-neighbor-dense, l /∈ narrowP , then PLive(l) is (4δtr, 2tq)-

neighbor-dense.

Proof. Apply Lemma 3.1 to A← Vl, A1 ← P0(l), a1 = a2 = 4δtr, b1 = b2 = 2tq.

Denote the next node by P+. There is at most one new narrow pigeon l1, so by Claim

3.2, |N̂PLive(l1)
(Im βP )| ≥ 2tq > 1. Take a v ∈ N̂PLive(l1)

(Im βP )\{v1}, extend βP by l→ v

then restrict it to narrowP+ ∪ dom(P+
1 ) as βP+ . (3.26) holds for P+.

This completes Stage I.

Claim 3.3. The query-answer process must transit to Stage II at some node P .

Proof. Similar to Claim 3.1: if (3.27) fails then P falsifies no axiom.

Stage II (reduction to the regular case). Suppose we arrive at this stage at node

P ∗. We find a variable restriction as follows. Note |P1∪narrowP | increases by at most 1 per
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step in Stage I (it might decrease), so it must be the case that |narrowP ∗ ∪ P ∗1 | = tr = k/t.

Now |P ∗|b ≥ k/t and since Γ is 1
t -irregular, all irregular variables below P ∗ belong to some

fixed block set IP ∗ of size ≤ tr.

Claim 3.4. There exists a live-clique assignment β̃ for P ∗ s.t.

β̃ extends βP ∗ and dom(β̃) = dom(βP ∗) ∪ IP ∗ . (3.28)

Proof. Extend the function βP ∗ on IP ∗\dom(βP ∗) ⊆ IP ∗\narrowP ∗ one by one. In each step,

the function to be extended has image size ≤ (|dom((P ∗)1)|+ |narrowP ∗ |) + |IP ∗| ≤ 2tr, so

it is possible to find a common neighbor in PLive(l) for any l /∈ narrowP ∗ by Claim 3.2.

Now we make a self-reduction of the problem to G̃. Fix a β̃ in Claim 3.4. Let

G̃ := G [
⋃

l∈[k]\dom(β̃)

Ṽl], where Ṽl = N̂P ∗
Live(l)

(Im β̃), l ∈ [k]\dom(β̃). (3.29)

Restrict more appropriate variables to 0 so that axioms become Cliqueblock(G̃, k−|dom(β̃)|).

The restricted proof under P ∗ is regular. Denote it by Γ∗.

Finally, we use a strategy on Γ∗ from the regular case [8]. Suppose we travel

down Γ∗ from the root P ∗ along a path L to node Q, and is faced by a query “(l1, v1)?”.

1. If ∃v ∈ Ṽl1 s.t. (l1, v) was answered Yes along L, answer No (forgotten-forced answer);

2. Otherwise, if v1 /∈ N̂(Im Q1), answer No (edge-forced answer);

3. Otherwise, answer Yes w.p. p, No w.p. 1− p independently (random answer).

This completes the adversary strategy.
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Pseudorandomness of G̃.

Recall G̃ is the induced subgraph (3.29). Assume w.l.o.g. dom(β̃) = [k̃ + 1, k]. The lower

bound depends only on the pseudorandomness of G̃ in Lemma 3.5, 3.6 below.

Lemma 3.5. Assume G is (8tr, 4tq)block-neighbor-dense (t, q as in (3.24)). Then ∀l ∈ [k̃],

Ṽl is (2tr, 2tq)V -neighbor-dense in G (the upper “V ” stressed here).

In particular, G̃ itself is (2tr, 2tq)block-neighbor-dense.

Proof. Like in Claim 3.2, we apply Lemma 3.1 to A ← Vl and A1 ← (P ∗)0(l) with a1 =

a2 = 4tr, b1 = b2 = 2tq, where l /∈ dom(β̃) ⊇ dom(narrowP ∗). As a result we have

P ∗Live(l) is (4tr, 2tq)-neighbor-dense in V . (3.30)

Now for any R ⊆ V of size ≤ 2tr, |Im(β̃) ∪ R| ≤ 2tr + 2tr = 4tr, so |N̂
Ṽl

(R)| by def.
=

|N̂
N̂P∗

Live
(l)(Im(β̃))

(R)| = |N̂P ∗
Live(l)

(Im β̃ ∪R)|
by (3.30)
≥ 2tq.

Lemma 3.6. Assume G is (tr, r, q′, s)-mostly-dense. The relativized mostly-denseness holds

for (G, G̃): for all (r, q)V -neighbor-dense set W ⊆ Ṽ , ∃S ⊆ Ṽ of size ≤ s s.t. ∀U ⊆ Ṽ , if

|U | ≤ tr and |N̂W (U)| < q′ then |S ∩ U | ≥ r.

Proof. Since G is (tr, r, q′, s)-mostly-dense and W is (r, q)V -neighbor-dense, W is (tr, r, q′, s)-

mostly-dense. In Proposition 3.1 take A ← Ṽ , as a result there exists S1 ⊆ A = Ṽ that

satisfies the condition in the lemma.

Remark 3.5. This relative property is apparently weaker than (tr, r, q′, s)-mostly-denseness

of G̃ since {(r, q)V -neighbor-dense sets in Ṽ } ⊆ {(r, q)Ṽ -neighbor-dense sets in Ṽ }).

Lower bound analysis.

Now we use the method in [8] to show regular resolution lower bound on G̃.
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Notation. Let LLL denote the random path from P ∗ to axioms in strategy on Γ∗. A path

(not necessarily from P ∗ to axioms) is eligible if it can be traveled through with nonzero

probability. If Z is a node on L, L(Z) denotes the sub-path from Z. For an eligible L,

similar to Definition 3.1, let

L1 := { (l, v) | (l, v)yes is answered along L }, and similarly L0; (3.31)

rand(L) := { (l, v) | (l, v)? is answered randomly along L }. (3.32)

L0(l) := {v | (l, v) ∈ L0}. A subset of {(l, v) | v ∈ Ṽl, l ∈ [k̃]} is called a query set.

Definition 3.10. Let X be a query set. A path L is Xyes-compatible if X ∩ L0 = ∅, and is

Xno-compatible if X ∩ L1 = ∅.

So, if Γ∗ is regular then L1∩L0 = ∅, meaning L is L
yes
1 - and Lno0 -compatible. It’s easy to

verify that any eligible path L to axioms must end in a clique axiom Cl :=
∨

v∈Vl xv, l ∈ [k̃].

Lemma 3.7. If L is an eligible path to axiom Cl as above, then along L there is no forgotten-

forced answer to l. In particular, L is Xno-compatible for X = {l} × Ṽl.

Proof. By regularity.

So it suffices to upper bound the probability Pr[ LLL ends in Cl ], ∀l ∈ [k̃], which is done

by the following two lemmas. Note Lemma 3.8 actually holds without assuming regularity.

Lemma 3.8. For any query set X and eligible path L′ from P ∗ to Z,

Pr
[
LLL(Z) is Xθ-compatible, |rand(LLL(Z)) ∩X| ≥ a | LLL ⊇ L′

]
≤


pa, if θ = yes,

(1− p)a, if θ = no.

Proof. We prove for θ = no; the other is the same. Note if L is in the support of the event

on the LHS, then on L any query (l, v)? in X must be answered no by compatibility. Let
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PrL′,Z,a denote the probability on the LHS (X fixed). If Z is an axiom, then a = 0 so the

conclusion is obvious.

We pass the probability PrL′,Z,a to the one or two possible successor(s) of Z, and so use

reverse-induction on the length of L′. Suppose the query at Z is (l, v)?. If (l, v) /∈ X or

the answer is a forced-No (which can be decided given L′, Z), then the probability passes to

the successor(s) with a unchanged. Otherwise, the answer is a random-No, and PrL′,Z,a =

(1−p) ·PrL′′,Z ′,a−1, where L′′ extends L′ by Z → Z ′ and Z ′ is the unique possible successor.

The inductive hypothesis on L′ completes the proof.

Lemma 3.9. ∀l ∈ [ k̃ ],

Pr [ LLL ends in axiom Cl, (∀Z on LLL) |Z1| < r/2 ] < |Γ∗|2 · n−ϵk/3t
2−1. (3.33)

Proof. (cf. [8]) Due to item (1) in Stage II’s strategy, there are at most k̃ Yes-answers along

any support of LLL. Given such a L, divide it into consecutive segments L1 ∪ ...L2t, such that

|(Li)1| ≤ ⌈ k̃2t⌉ ≤ tr/2, ∀i ∈ [2t]. Here recall (Li)1 is defined by (3.31). Below we consider

(Li)0(l); note by choice of l,
⋃
i∈[2t](L

i)0(l) = Ṽl.

We can see by contradiction that one of (P i)0(l), say (Li
∗
)0(l), is (r, q)V -neighbor-dense:

otherwise, they give a union of 2t many sets of size r, together having < q ·2t many common

neighbors in Ṽl, contradicting Lemma 3.5. Fix such an i∗ for L.

Let Z,Z ′ be the start and end nodes of Li
∗

(decided by L). For simplicity, denote (Z,Z ′)

by pair(L), and let A = Im(Z1) ∪ Im((Li∗)1). Also, abbreviate the event

“LLL ends in Cl, and (∀P on LLL) |P1| < r/2” (i.e. the event in the lemma)

as LLL<. Since L ends in Cl, by regularity of Γ∗, (Li∗)0(l) = Z ′0(l)\Z0(l). So,

LHS of (3.33) = Pr[ LLL<, |N̂Z ′Z ′Z ′
0\ZZZ0

(AAA)| ≥ q′ ] + Pr[ LLL<, |N̂Z ′Z ′Z ′
0\ZZZ0

(AAA)| < q′ ] (3.34)
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=
∑

Z,Z ′∈Γ

(
Pr[ LLL<, pair(LLL) = (Z,Z ′), |N̂Z ′

0\Z0
(AAA)| ≥ q′ ]

+ Pr[ LLL<, pair(LLL) = (Z,Z ′), |N̂Z ′
0\Z0

(AAA)| < q′ ]
)
.

For fixed (Z,Z ′) ∈ Γ, we bound the above two terms separately.

First term. By Lemma 3.7, any No-answer in (Li)0(l) is random or edge-forced. By

definition of A, the ≥ q′ many No-answers to N̂Z ′
0\Z0

(AAA) along LLL0,i
∗
(l) are all random. Also,

by Lemma 3.7, any path to Cl is Xno-compatible, X := {l} × Ṽ . So the event of this term

implies event E := “LLL is Xno-compatible, |rand(LLL) ∩X| ≥ q′.” By Lemma 3.8 (Z ← P ∗),

Pr[E] ≤ (1− p)q
′
< exp(−pq′) < exp(−n1−2ϵ−20δtr/(64tk2)) < n−ϵk (3.35)

where we used δtr < ϵ, k < n1/3−40ϵ, ϵ > (log n)−1/3 by (3.24).

Second term. By choice of i∗, Z ′0\Z0 is (r, q)V -neighbor-dense. Now |AAA| ≤ r/2+tr/2 < tr,

so by the (tr, r, q′, s)-mostly-denseness of G and Lemma 3.6, ∃S ⊆ Ṽ , |S| ≤ s s.t. |AAA∩S| ≥ r.

As |Im(Z1)| ≤ r/2 in the event LLL<, if let SSS1 = Im((LLLi
∗
)1) ∩ S then LLL< ⇒ |SSS1| ≥ r/2.

Therefore, as every Yes-answer is random, this term is bounded by

∑
S1⊆S, |S1|=r/2

Pr[ {l1} × S1 ⊆ LLL(Z)1 ∩ rand(LLL(Z)) ]. (3.36)

For any fixed S1, this is < pr/2 by Lemma 3.8 (the compatibility condition is from the fact

after Definition 3.10). Now
(s
r
2

)
pr/2 < (2et2n−ϵ)k/t

2
< n−ϵk/3t

2−10, by (3.24).

The lemma follows by a union bound over Z,Z ′ ∈ Γ∗ in (3.34).

Theorem 3.6 is now a straightforward corollary.

Proof. (of Theorem 3.6) Recall G is (8tr, 4tq)block-neighbor-dense and (tr, r, q′, s)-mostly-

dense, and Γ is 1
t -irregular resolution w.r.t. the canonical partition. By Claim 3.3, we only

need to bound |Γ∗|(≤ |Γ|). Consider an eligible path L down from P ∗. If for some Q on L,
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|Q1| ≥ r/2, we call L type-1; otherwise it is type-2.

For a type-1 L, fix such a node Q. L is Q
yes
1 -compatible (by Q1 ⊆ L1 and the fact after

Def. 3.10), |Q1| ≥ r
2 . Yes-answers are random in Stage II so Lemma 3.8 applies to the

sub-path from P ∗ to Q (with X ← Q1). By a union bound over Q ∈ Γ∗, a type-1 path

appears w.p. ≤ |Γ∗| · p
r
2 < |Γ∗| · n−ϵk/t2 .

For a type-2 L, by Lemma 3.9 it appears w.p. < k|Γ∗|2n−ϵk/3t2−1 (unioned over l ∈ [k]).

Together, type 1,2 appear with probability 1, so |Γ∗| ≥ nϵk/6t
2
.
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CHAPTER 4

SUM-OF-SQUARES LOWER BOUND OF CLIQUE

The content of this chapter is from the work [87] that appeared at the 36th Computational

Complexity Conference (CCC 2021).

4.1 Introduction

A variant of the clique problem on random graphs G(n, 1/2) was proposed in [62, 71], known

as the planted clique problem: if we additionally and independently plant a random clique X

of size ω ≫ log n to G, can X be recovered? Information-theoretically it is possible, since for

any fixed choice X ⊂ [n], w.h.p. over G it holds that |N(v)∩X| < (say)0.51|X| for all v /∈ X.

But computationally, the problem is still widely believed to be hard on average after being

intensively studied, and it has inspired a broad range of research directions (cryptography

[6], learning [23], mathematical finance [7], computational biology [89], etc.). So far, the

best known polynomial-time algorithm works only when ω = Ω(
√
n) [3], which is a so-called

spectral algorithm (see e.g. [59]).

The sum-of-squares hierarchy (SoS) [101, 88, 72] is a stronger family of semidefinite pro-

gramming algorithms (SDP) which, roughly speaking, is SDP on the extended set of variables

{xS | S ⊆ [n], |S| ≤ d} according to the degree parameter d. They can be significantly more

powerful than spectral algorithms and traditional SDPs (see e.g. [11, 59]), and the recent

years have witnessed rapid development on SoS-based algorithms that turns out to provide

a characterization of a large class of algorithmic techniques ([14, 59]). The SoS proof system

as described in chapter 2 is the natural proof-theoretic counterpart of these algorithms. It is

known that in most cases, including when all variables are boolean (i.e. x2i = xi are axioms),

such a refutation exists if the axioms have no common solution; see [85, 93] for more on the

relation between SoS proofs and algorithms.
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The average-case hardness of the planted clique problem has a very simple form in proof

complexity, and a lower bound would automatically give the hardness on any class of algo-

rithms based on the proof system. Given that the decision version of the spectral algorithm

of [3] corresponds to a degree-2 SoS proof, a SoS degree lower bound potentially can bring

us a much better understanding of algorithmic hardness. The standard problem formulation

is the following.

Definition 4.1. Given an n-vertex simple graph G and a number ω, the Clique Problem

for degree-d SoS proof system has the following axioms.

(Boolean) x2i = xi ∀i ∈ [n]

(Clique) xixj = 0 ∀{i, j} non-edge

(Size) x1 + ...+ xn = ω

(4.1)

A fundamental feature of SoS systems is the duality: to prove degree lower bounds it

suffices to find a pseudo-expectation whose moment matrix1 is positive semi-definite (PSD).

With boolean variables (which is our case), this can be demonstrated on multi-linear poly-

nomials as below. Let X≤d = {xS | S ⊆ [n], |S| ≤ d} for any d ∈ N.

Definition 4.2. A degree-d pseudo-expectation for the Clique Problem on G is a map

Ẽ : Xd → R satisfying the following four constraints when extended by R-linearity.

(Default) Ẽx∅ = 1 (4.2)

(Clique) ẼxS = 0, ∀S : |S| ≤ d, G|S non-clique (4.3)

(Size) Ẽ

(
(x1 + ...+ xn)xS

)
= ω · ẼxS ∀S : |S| ≤ d− 1 (4.4)

where in (4.4), xA · xB := xA∪B. To define the last constraint, define the moment matrix

1. The name is simplified from the more cautious one, pseudo-moment matrix.
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M to be the
( [n]
≤d/2

)
×
( [n]
≤d/2

)
matrix2 with M(A,B) = ẼxA∪B, then:

(PSDness) M is positive semi-definite. (4.5)

It is not hard to see that, if a degree-d pseudo-expectation exists, then there will be no

degree-d SoS refutation as in (2.2), (2.3) for the Clique Problem.

A relaxation of the problem was studied in [13], asking if Ẽ like above exits except with

one change by weakening the Size Constraints (4.4) to a single inequality Ẽ(x1+...+xn) ≥ ω.

Henceforth, we call the Clique Problem (Definition 4.1) Exact Clique and this relaxation

Non-Exact Clique.3

How to deal with the exact problem is a subtle but important open problem. On itself,

lower bounds on the non-exact (weak) formulation indeed gave an important algorithmic

message, but still, they do not rule out the possibility that SoS algorithms, when equipped

with the additional constraint family f · (x1 + ... + xn − ω) = 0 (arbitrary f), become

stronger and output “infeasible”; cf. the similar discussion in the case of random CSP [65].

This “weak vs. strong” distinction also involves how one thinks the SoS SDP optimization

problem should be formulated.

Perhaps more importantly, it is about the techniques for average-case SoS lower bounds.

The current so-called pseudo-calibration heuristic [13] tends to deal successfully with “soft”

constraints (inequalities, or usually a threshold on the dual objective value) while being

poor at handling “hard” constraints (polynomial identities generated from a fixed objective

value); we want to find techniques to deal with the latter. Progress toward this goal is made

in [65] for random CSPs, where the idea is that the hard constraint is a sum of “local”

ones, each of which can be satisfied by a distribution on “local” variables, where locality is

2. d is always assumed to be even.

3. There is no “planted clique” in the problem formulation now, but traditionally this is still called the
planted clique problems due to the algorithmic motivation behind.
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formulated from a familiar notion of graph closure on expanders (cf. [50, 100, 22, 12, 68]).

For Exact Clique, whose constraints do not have a similarly clear global-local structure, it

seems unlikely a similar strategy could work.

There are also some concrete applications of lower bounds on Exact Clique, e.g. to the

approximated Nash-Welfare [67], and a successful technique here might help deal with the

related problems [65, 66, 63] (graph coloring, stochastic block models, etc.).

Previous work

For lower bounds, on Exact Clique, [47] showed that the (weaker) d-round Lovasz-Schrijver

system cannot refute it for ω = O(
√
n/2d), [79] proved degree-d lower bound on SoS for

ω = Õ(n1/d) which was later improved to Õ(n1/3) for d = 4 [43] and further to Õ(n
1

⌊d/2⌋+1 )

for general d [57]. For Non-Exact Clique, [13] proved the almost tight lower bound d =

Ω(ϵ2 log n) for ω = n1/2−ϵ, ϵ > 0 arbitrary.

For upper bounds, if ω = Ω(
√
n) then degree-2 SoS can refute Exact Clique with high

probability [46]. On the other hand, if ω > d ≥ 2.1 log n, a degree-d SoS refutation for Exact

Clique is not hard to see, which we include below for completeness.

Observation 4.1. (Upper bound for Exact Clique if ω > d = 2.1 log n) Note that (x1 + ...+

xn)d = ωd modulo the Size Axiom. The LHS can be multi-linearly homogenized to degree-

d by xS = 1
ω−|S|

∑
i/∈S xS∪{i} by this axiom again, after which w.h.p. all terms are 0 by

Clique Axioms since there is no size-2.1 log n clique in G ∼ G(n, 1/2) w.h.p.. This gives the

contradiction 0 = 1. Note the proof is actually in the weaker system Nullstellensatz (see e.g.

[15]).

Results of the chapter

Our main result is the following.
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Theorem 4.1. Let ϵ > 0 be any parameter, ω = n1/2−ϵ. With probability (w.p.) at least

1 − n−4 log n over G ∼ G(n, 12), any SoS refutation of Exact Clique requires degree at least

ϵ′ log n/ log log n, where ϵ′ = min{ϵ2, 1
402
}/2000.

We also have the following result. It does not allow to improve the lower bound but

provides a new, hopefully simplifying, perspective on certain techniques that were used for

the non-exact problem.

Theorem 4.2. (Informal) For the Non-Exact Clique problem,

(1). There is a way to define the correct pseudo-expectation from simple incidence algebra

on the vertex-set;

(2). For the resulting moment matrix M , there is a weakened version of the quadratic

equationM = NN⊤ whose solvability is given by, and actually equivalent to, a general graph-

decomposition fact from which a “first-approximate” diagonalization of M can be deduced.

4.2 Proof overview

The two results use almost completely different ideas, so we treat them separately in this

proof overview. The first two subsections 4.2.1 and 4.2.2 are for the proof of the main result,

Theorem 4.1. The proof of Theorem 4.2 is sketched in subsection 4.2.3.

Let us start with a common idea for designing pseudo-expectations. Suppose we deal

with degree-d SoS i.e. deal with size ≤ d-subsets of [n], then as is usual in complexity

theory, we take a parameter τ ≫ d (think of d ≪ τ ≪ log n) and make our construction

on all size ≤ τ -subsets, in hope to later have a good control on its behavior on all size ≤ d

subsets. This idea is most clearly demonstrated in the non-exact case (section 4.3.1), and is

also the reason for the τ -parameter for the exact case (in (4.6) below).
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4.2.1 Exact pseudo-expectation

The constraints force us to design the pseudo-expectations in a top-down manner, as follows.

Fix ẼxS for all |S| = d first, then recursively set ẼxS ← 1
ω−|S|

∑
i/∈S

ẼxS∪{i} if |S| < d. The

Clique Constraints (4.3) will be satisfied if ẼdxS factors through 1G is clique on S as functions

on G. Inspired by (almost all) previous work in the literature, we use Fourier characters and

consider

ẼxS =
∑

T :|V (T )∪S|≤τ
F (|V (T ) ∪ S|) · χT ∀S ⊆ [n], |S| = d (4.6)

for some function F : N→ R. We call F a d-generating function.4 Thus

ẼxS =
1(w−d+u
u

) ∑
T :|V (T )∪S|≤τ

χT ·
[ u∑
c=0

(
|V (T ) ∪ S| − d+ u

c

)(
n− |V (T ) ∪ S|

u− c

)

· F (|V (T ) ∪ S|+ u− c)
]

where u := d− |S|, for all S with |S| ≤ d. One key novelty we bring is the choice

F (x) =
(x+ 8τ2)!

(8τ2)!
· (ω
n

)x. (4.7)

The moment matrix M̃ will be M̃(A,B) =
∑

T :|V (T )∪A∪B|≤τ
M̃(A,B;T )χT for A,B ⊆ [n],

|A|, |B| ≤ d/2, where M̃(A,B;T ) =

1(ω−d+u
u

)[ u∑
c=0

(
|V (T ) ∪ A ∪B| − (d− u)

c

)(
n− |V (T ) ∪ A ∪B|

u− c

)

·
(
|V (T ) ∪ A ∪B|+ u− c+ 8τ2

)
!

(8τ2)!
· (ω
n

)|(V (T )∪A∪B)|+u−c︸ ︷︷ ︸
F
(
|V (T )∪A∪B|+u−c

)
]
,

(4.8)

4. To be distinguished from the usual generating functions for sequences.

39



where u = d− |A ∪B|.

This seemingly mysterious choice of F is ultimately for proving the PSDness of M̃ , but

it probably can be seen only after a series of technical transformations (Remark 4.1, 4.4). It

will be very interesting to know if there is a priori an explanation of it. See Remark 4.3, 4.11

for why some traditional choices from the literature that simulate some planted distributions

apparently cannot work here.

4.2.2 Moment matrix analysis

1. Hadamard decomposition and Euler transform. For the exact problem, by the

standard SoS homogeneity reduction (Lemma 4.9), it suffices to prove PSDness of the
( [n]
d/2

)
×( [n]

d/2

)
principal minor of M̃ . Denote this minor by M . One unpleasant feature of M is that

in its expression (4.8) the parameter u = |A∩B| appears in a deeply nested way. To analyze

M (in particular, get a clue of how to diagonalize it), we resolve this intricacy in two steps.

First, M =
∑d

2
c=0mc ◦Mc where “◦” is the Hadamard product, and mc, Mc are matrices

as follows. For all |I|, |J | = d/2,

mc(I, J) =
1(ω−d+u
u

)ωu−c where u denotes |I ∩ J |; (4.9)

Mc(I, J) =


∑

T :|V (T )∪I∪J |≤τ
χT ·Mc(|I ∩ J |, |V (T ) ∪ I ∪ J |), if |I ∩ J | ≥ c;

0, o.w.

(4.10)

whose coefficients are

Mc(u, a) =

(
a− (d− u)

c

)(
n− a
u− c

)
n−(u−c)

(a+ u− c+ 8τ2)!

(8τ2)!
(
ω

n
)a

where u = |I ∩ J |, a = |V (T ) ∪ I ∪ J |.

The intuition is to let mc carry (as much as possible) the “purely” vertex-set-based
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information, |I ∩ J |, so that the second factor Mc will be left with (mainly) edge-set-based

information. As can be expected, in the analysis we will also treat mc, Mc’s separately.

The more difficult part is Mc. In fact, we will further remove the dependence on |I∩J | in

Mc(I, J) by one more step: a decomposition Mc =
∑

R∈(
[n]

≤d
2
)

MR
c where each MR

c is supported

on rows and columns whose index contains R, and the expression of MR
c ’s can be derived

from Mc by Euler transform. In summary, we will prove:

Lemma 4.1. (ΣΠ-decomposition of M , Lemma 4.13)

M =

d
2∑

c=0

mc ◦

 ∑
R∈( [n]

≤d/2)

MR
c

 =
∑

R∈( [n]
≤d/2)

 |R|∑
c=0

mc ◦MR
c

 (4.11)

where each mc is by (4.9) and MR
c has the following expression. First, MR

c = 0 if |R| < c.

Also if R ̸⊆ I ∩ J then MR
c (I, J) = 0. Finally, if |R| ≥ c and R ⊆ I ∩ J , then MR

c (I, J) =∑
T :|V (T )∪I∪J |≤τ

MR
c (I, J ;T )χT where, denoting a = |V (T ) ∪ I ∪ J |, MR

c (I, J ;T ) = (ωn )a ·

Yc(|R|, a) and

Yc(r, a) =


r∑

l=c
(−1)r−l

(r
l

)(a+l−d
c

)(n−a
l−c
)
n−(l−c) (a+l−c+8τ2)!

(8τ2)!
, if r ≥ c;

0, o.w.

(4.12)

Moreover, for all 0 ≤ c ≤ r ≤ d/2 and 0 ≤ a ≤ τ , |Yc(r, a)| < τ5τ .

The intuition behind (4.11) is that, the first factor mc “decreases” in c and m0 is “very

positive”, while for fixed R, MR
0 is positive and other MR

c ’s (c > 0) are “not too large”.

This is expounded by the following two lemmas.

Lemma 4.2. For each c = 0, ..., d/2, m0 = ωm1 = ... = ω
d
2md

2
≻ d

2ω Id.
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Lemma 4.3. (Main Lemma) In (4.11), w.p. > 1 − n−5 log n the following hold. For all

R ∈
( [n]
≤d/2

)
, let PR = {I ∈

( [n]
d/2

)
| R ⊆ I},

(1). MR
0 ⪰ n−ddiag(C̃l)PR×PR ; (4.13)

(2). ± ω−cMR
c ⪯ n−c/6 ·MR

0 , ∀0 < c ≤ |R|. (4.14)

These two lemmas directly imply M(G) ⪰ n−d−1diag(C̃l(G))
( [n]
d/2)×( [n]

d/2)
w.h.p., and The-

orem 4.1 is an easy corollary of this (Cor. 4.1, 4.2).

The proof of Lemma 4.2 is relatively easier using Johnson schemes (similar to [79], see

Lemma 4.12). Below we give the idea for proving the Main Lemma.

2. Recursive factorization: an extension. To prove the Main Lemma, an important

first step is to derive an approximate diagonalization of MR
c , for which we use the recursive

factorization technique of [13]. In section 4.7 we will derive an approximate PSD factorization

MR ≈ L̃R (−)
(
L̃R
)⊤

. This we roughly describe as below.

Lemma 4.4. (Recursive factorization, Lemma 4.20) For any R ∈
( [n]
≤d/2

)
and 0 ≤ c ≤ |R|,

we have the following decomposition.

MR
c = L̃R ·

[
Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ
]
·
(
L̃R
)⊤

+ ERc (4.15)

where L̃R is some matrix of dimension
([n]

d
2

)
×
(( [n]
≤d

2

)
× (τ + 1)

)
, Dτ is the diagonal matrix

diag

(
(ωn )

|A|
2

)
A⊆[n],|A|≤d/2

⊗ Id{0,...,τ}×{0,...,τ}, and the “middle matrices” QR
c,k’s are (τ +

1)× (τ + 1)-blocked, each block of dimension
( [n]
≤d

2

)
×
( [n]
≤d

2

)
. The “error” ERc (G) is supported

within rows and columns that contains R and is clique (given G), and w.p. > 1− n−9 log n,∥∥∥ERc ∥∥∥ < n−ϵτ/2.

For the reason of the “larger” dimension of matrices, see Remark 4.11.
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3. Proving PSDness: encounter with Hankel matrices. With Lemma 4.2 and 4.4

at hand, the following is the key step towards the Main Lemma.

Lemma 4.5. W.p. > 1− n−8 log n over G, the following holds: for all R ∈
( [n]
≤d/2

)
,

(1). QR
0,0 −Q

R
0,1 + ...±QR

0,d2
⪰ τ−7τ · diag

(
C̃l
)
SR×SR

, where SR = {(A, i) ∈
( [n]
≤d/2

)
×

{0, ..., τ} | A ⊇ R, |A|+ i ≥ d
2};

(2). ∀0 < c ≤ |R|, ±ω−c
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d2

)
⪯ n−c/4 · diag

(
C̃l
)
SR×SR

.

To prove this lemma, modulo somewhat standard steps (three Lemmas 4.23, 4.24, 4.25)

the final technical challenge is: show the positiveness of E[QR
0,0] (Corollary 4.3).

We describe below how this is done. After simplification, the real task is to analyze the

positiveness of the following matrix5:

r∑
l=0

(−1)r−l
(r
l

)
l!
·Hτ, l+8τ2 for any 0 ≤ r ≤ d/2 (4.16)

where {Hm,t} is the family of (m+ 1)× (m+ 1)-matrices

Hm,t(i, j) = (i+ j + t)! ∀0 ≤ i, j ≤ m.

This is a special family of the so-called Hankel matrices whose (i, j)th element depends

only on i + j. General Hankel matrices seem to arise naturally in moment problems but

are notoriously wild-behaving in many aspects (see e.g. [103]). Fortunately enough, for the

special family here we can manage to get a relatively fine understanding; we term this family

factorial Hankel matrices. The key observation is that they have a concrete recursive

diagonalization (Proposition 4.8), resulting in the following.

5. The subscripts are not exactly as in the problem but suffice to demonstrate the spirit.

43



Proposition 4.1. If parameters m, t, r satisfy

t+ 1 > 8 ·max{r2,m}, (4.17)

then Hm,t+1 ⪰ 2r2Hm,t.

Remark 4.1. Condition (4.17) is why “8τ2” is used in the numerator of F , (4.7).

With this proposition, it is relatively easy to complete the proof of the Lemma 4.5, hence

the Main Lemma. This completes the proof overview of Theorem 4.1.

4.2.3 A new perspective

We now explain Theorem 4.2, that is, to give a different perspective on certain techniques

used in the non-exact case.

On defining the pseudo-expectation. Previously, the pseudo-expectation was ob-

tained via the so-called pseudo-calibration method. We define the same Ẽ but from a differ-

ent perspective, the incidence algebra on the vertex-set, which is also a simple refinement of

the construction in [47].

The ζ-matrix on [n] is the 2[n] × 2[n] 0-1 matrix with ζ(A,B) = 1 iff A ⊆ B. We

observe that ζ reveals the basic linear structure of the true expectation on cliques if G is a

single planted clique. So we use ζ to define Ẽ. That is, we define a degree-τ approximate-

distribution vector pτ (G) first—it approximates the distribution of τ cliques inside a planted

clique, with a standard twist so that it is only supported on cliques of the given G (4.25)—

then take the vector ζd,τ · pτ (G) as Ẽx (Def. 4.5). Here, (·)τ means to truncate the matrix

or vector to indices of size ≤ τ . In this way, Ẽ inherits the linear structure posed by ζ too.

On deducing the first-approximate diagonalization. The goal is to come up with

a coarse, “first-approximate” diagonalization of the moment matrix. We deduce its form

in two steps: 1. Analyze the expectation of the matrix; 2. Observe that the (imaginary)
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diagonalization of the matrix is in essence a quadratic equation, which we weaken to a proper

“modular” version to solve.

We call step 2 the mod-order analysis (see section 4.6.1). The underlying idea is

inspired by and similar to the more broad dimension-analysis in physical sciences: weaken the

equation to its most significant part in a well-defined way (Def. 4.19). The main ingredient

for defining the weakening is the norm information on certain pseudo-random matrices (the

graph matrices), and the resulting equation has a nice structure to work with (see Lem.

4.16 and Cor. 4.6). Using standard techniques for studying algebraic equations—a simple

polarization (Appendix)—we can deduce a solvability condition for the polarized equation,

which translates to the existence of a general graph-theoretic structure (equation (4.163),

Fact 4.9.1). The “coarse” diagonalization is then formulated based on this structure.

To demonstration this, it suffices to concentrate on the
( [n]
d/2

)
×
( [n]
d/2

)
-minor of the moment

matrix: M ′(I, J) =
∑

T :|V (T )∪I∪J |≤τ
(ωn )|V (T )∪I∪J |χT where |I| = |J | = d/2.

Step 1: expectation. By using Johnson schemes as in [79], we get an explicit decom-

position E[M ′] = CC⊤ where C is
( [n]
d/2

)
×
( [n]
≤d/2

)
, and actually with a fine understanding of

the spectrum of E[M ′].

Step 2: mod-order analysis. Given that E[M ′] = CC⊤, ideally we hope to solve the

quadratic matrix equation (about the matrix variable N)

M ′ = NN⊤ (4.18)

and E[N ] = C, N extending C by non-trivial Fourier characters. Two observations follow.

(1) Order in ω
n . Entries of M ′ all have a clear order in ω

n . Like in fixed-parameter

problems, we treat ω
n as a distinguished structural parameter and try to solve the correct

power of ω
n in N first.
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(2) Norm-match. A closer look into CC⊤ shows

∥∥∥CrC
⊤
r

∥∥∥ ≈ (d/2
r

)
· (ω
n

)d−rnd/2−r, r = 0, ..., d/2, (4.19)

where C = (C0, ..., Cd/2), each Cr having column dimension
([n]
r

)
. AssumeN = (N0, ..., Nd/2).

Then we expect NrN
⊤
r to concentrate around CrC

⊤
r for each r, and so expect the norm of

the non-constant part of NrN
⊤
r to be bounded by (4.19). Under this condition, the known

tight norm bounds on related matrices would tell us, for each possible appearing term in N ,

the least order of ω
n in its coefficient.

With these two observations, we can weaken equation (4.18) to a simple “modular ver-

sion” that is more informative about the (imaginary) N . Namely, abstract (ωn ) as a fresh

variable α and work in ring R[α, {χT }], consider

(M ′ mod high order) = (N mod high order) · (N⊤ mod high order) (4.20)

where “order” means power of α (think of α as an “infinitesimal”). We call (4.20) the

mod-order equation and its analysis the mod-order analysis. For details see Definition 4.19.

We feel that this approach leads us more naturally to the realization of using the graph-

theoretic structure beyond guesses, and the simple idea behind the mod-order analysis might

hopefully find other applications.

Structure of the chapter

In section 4.3 we define the pseudo-expectations and prove Theorem 4.2(1). In section 4.4

we recall some fundamental tools for analysis. The proof of the main Theorem 4.1 consists of

three steps: section 4.5 the first step (combinatorial transforms), section 4.6, 4.7 the second

(recursive factorization), and section 4.8 the last (structural and pseudo-random matrices).
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The proof of Theorem 4.2(2) can be read independently and is in section 4.6.1.

Notation. I, J, A,B, S will stand for vertex-sets, and T for edge-sets. E(S) :=
(S
2

)
.

“⊆ E([n])” will be omitted in summation over edge sets on [n] when there is no confusion.

Parameter regime. Throughout the chapter,

ϵ = any positive parameter (wlog ϵ <
1

40
);

ω = n1/2−4ϵ;

τ =
ϵ

200
log n/ log log n;

d =
ϵ

100
τ.

4.3 Pseudo-expectations

As a warm-up, in section 4.3.1 we construct the non-exact pseudo-expectation. In section

4.3.2 we give the construction for the exact case.

4.3.1 Non-exact case

Given a graph G we can think of a degree-d pseudo-expectation as assigning a number ẼxS

to each subset S ⊆ [n] of size ≤ d, so that the resulting vector Ẽx looks indistinguishable to

the expectation resulted from the case when a random-ω clique is planted, from the view of

degree-d SoS. As explained at the beginning of section 4.2, to make such an assignment we

first go beyond to slightly larger subsets of size τ , define an “approximate distribution” on

size ≤ τ -cliques, then use it to generate pseudo-expectation on all size ≤ d-subsets.
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ζ-function and Möbius inversion

Given n-vertex graph G, let p(G) ∈ R2[n] be the max-clique-indicator vector. Then q(G) :=

ζ · p(G) is a vector supported exactly on all cliques in G, where ζ is the 2[n] × 2[n] matrix

ζ(A,B) = 1 iff A ⊆ B, ∀A,B ⊆ [n]. (4.21)

In particular, if G is a single clique then q(G) is the clique-indicator. We will use ζa,b to

denote the submatrix of ζ on rows
([n]
≤a
)

and columns
([n]
≤b
)
, and use similar notation on all

related vectors. Consider the when G is just a randomly planted clique, whose distribution

can be represented by a plant-distribution vector pplant ∈ R2[n] , and let the output-expectation

qout be the vector of cliques in G in expectation. Then qout = ζ · pplant. We call such a pair

(pplant, qout) a plant-setting.

Definition 4.3. (Two plant-settings) The exact plant-setting (p0, q0) is

p0(S) =
1(n
ω

) if |S| = ω and 0 otherwise, q0(S) = (ζp0)(S) =

(n−|S|
ω−|S|

)(n
ω

) . (4.22)

I.e. in this setting a random size-ω subseteq is chosen to be the planted clique.

The independent plant-setting (p1, q1) is

p1(S) = (
ω

n
)|S|(1− ω

n
)n−|S|, q1(S) = (ζp1)(S) = (

ω

n
)|S| (4.23)

for all S ⊆ [n]. I.e. any vertex is included in the planted clique w.p. ω
n independently.

Thus the matrix ζ reveals the basic linear relations between (pplant, qout). It is upper-

triangular (with row- and column-indices ordered in a size-ascending way), invertible, with

the inverse the Möbius inversion matrix: ζ−1(A,B) = (−1)|B\A| if A ⊆ B, and 0 other-

wise. Note (ζa,a)−1 = (ζ−1)a,a, ∀a ≤ n. Moreover, if let the pseudo-expectation be defined

48



as Ẽx = p ∈ R2[n] for some vector p, then the “full” 2[n] × 2[n] moment matrix is

MSOS = ζdiag(p)ζ⊤. (4.24)

In particular, if p is a nonnegative vector then MSOS is immediately PSD.

Non-exact pseudo-expectation for (p1, q1)

Given G, we first construct a degree-τ “approximate plant-distribution”, pτ (G), that simu-

lates the plant-distribution and that pτ (G) is supported on size ≤ τ -cliques in G. Then we

can take Ẽx = ζd,τ · pτ (G) so that the result inherits the linear structure posed by ζ.

What is this pτ (G)? From the view of approximation it seems taking ζ−1τ,τ (q1)τ would

suffice, while to make it supported on cliques, same as in [47] we add a clique-indicator

factor, thus

pτ (G)(S) =
(

2|(
S
2)|ClS(G) · ζ−1τ,τ (q1)τ

)
(S) ∀S ⊆ [n] of size ≤ τ (4.25)

where ClS(·) is the clique indicator function and 2|(
S
2)| is for re-normalization.

Definition 4.4. For any S ⊆ [n], the scaled clique-indicator is C̃lS(G) := 2|(
S
2)|ClS(G),

which is a function on G. C̃l(G) is the (column) vector of them over a family of S’s, which

will always be clear from the context.

Definition 4.5. The non-exact pseudo-expectation is

Ẽnonexact = ζd,τ · pτ (G) = ζd,τ · (C̃l(G) ◦ ζ−1τ,τ ) · (q1)τ ∈ R([n]≤d) (4.26)

where “◦” is the Hadamard product6.

6. In general (M1 ◦M2) ·M3 ̸= M1 ◦ (M2 ·M3), but they are equal if M1 is a column vector.
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In short, Ẽnonexact refined the construction in [47] by one step: factor through size-τ

subsets (in the only non-trivial way) so that the size-d output inherits linear relations posed

by ζ. Similarly to (4.24), the resulting moment matrix is

Mnonexact(G) = ζd/2,τ · diag (pτ (G)) · (ζd/2,τ )⊤. (4.27)

Remark 4.2. Ẽnonexact looks like a true expectation on cliques in G, namely, if pτ (G) were

nonnegative then the PSDness of Mnonexact(G) would be immediate. Alas, this is not true

by computation7. That the PSDness could still possibly hold is because ζd/2,τ in (4.27) is

degenerate.

Lemma 4.6. (Theorem 4.2(1)) For all S ⊆ [n] s.t. |S| ≤ d,

ẼnonexactxS =
∑

T :|V (T )∪S|≤τ
(
ω

n
)|V (T )∪S|χT . (4.28)

Proof. Note C̃lS =
∑

T⊆E(S) χT for all S. Now for S, S′ with appropriate size bound,

(
C̃l ◦ ζ−1τ,τ

)
(S, S′) =


∑

T∈E(S) χT · (−1)|S
′\S|, if S ⊆ S′

0, o.w.

;

(
ζd,τ · (C̃l ◦ ζ−1τ,τ )

)
(S, S′) =

∑
S′′:S⊆S′′⊆S′

 ∑
T⊆E(S′′)

χT · (−1)|S
′\S′′|


=

∑
T :V (T )∪S⊆S′

χT ·

 ∑
S′′:V (T )∪S⊆S′′⊆S′

(−1)|S
′\S′′|


=

∑
T :V (T )∪S⊆S′

χT · δS′=V (T )∪S =
∑

T :V (T )∪S=S′
χT .

7. One intuition, suggested by a referee, is that any true expectation on cliques has objective value∑n
i=1 xi = O(log n) w.h.p., now if pτ (G) were nonnegative then it would be almost a distribution since

Ẽnonexact(xϕ) ≈ 1 (can be checked by (4.28)) with a problematically big objective value n
1
2−ϵ.
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Therefore, ẼnonexactxS =

(
ζd,τ · (C̃l ◦ ζ−1τ,τ )(q1)τ

)
(S) =

∑
S′:|S′|≤τ

 ∑
T :V (T )∪S=S′

χT · (
ω

n
)|S

′|


=

∑
T :|V (T )∪S|≤τ

χT · (
ω

n
)|V (T )∪S|

for all S with |S| ≤ d.

4.3.2 Exact case

Now we construct a pseudo-expectation for the exact problem.

First, there is a generic way to generate possible candidates. That is, the Size Constraints

(4.4) suggests to define ẼxS in a top-down fashion: fix ẼxS for all |S| = d first, then

recursively set

ẼxS ←
1

ω − |S|
∑
i/∈S

ẼxS∪{i} (4.29)

for smaller-sized S’s. If denote by Ẽdx the vector of the assignments for S’s s.t. |S| = d,

then this amounts to multiplying Ẽdx by the following matrix.

Definition 4.6. The d-filtration matrix Fild,=d, of dimension
([n]
≤d
)
×
([n]
d

)
, is

Fild,=d(A,B) =


(ω−|A|
d−|A|

)−1
, if A ⊆ B (where |B| = d);

0, otherwise.

(4.30)

Definition 4.7. Given vector Ẽdx which assigns a value to each d-subseteq S ⊆ [n], the

exact pseudo-expectation generated by Ẽdx is

Ẽx := Fild,=d · Ẽdx. (4.31)
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Lemma 4.7. The pseudo-expectation in Definition 4.7 satisfies Size Constraints (4.4), re-

gardless of the choice of Ẽdx.

Proof. For |S| < d, take vector vS by vS(S′) =


ω − |S|, if S′ = S;

−1, if S′ ⊇ S, |S′\S| = 1;

0, otherwise

which is

in R([n]≤d). Then it suffices to show v⊤S Fild,=d = 0, which is a direct check.

The Ẽ generated like so should further satisfy:

1. Clique Constraints (4.3);

2. PSDness Constraint (4.5);

3. Default Constraint (4.2) (so far we only have ω · Ẽx∅ = Ẽx1 + ...+ Ẽxn).

Item (3) is not a problem as long as Ẽx∅ > 0, since we can always rescale everything by

(Ẽx∅)
−1 without affecting other constraints.

Remark 4.3. (Example) The following construction seems natural. Combining Def. 4.7

with the perspective from section 4.3.1, we can take (4.26) with the exact plant-setting (p0, q0),

followed by multiplying Fild,=d:

ẼexamplexS = Fild,=d ·
(
ζd,τ · (C̃l(G) ◦ ζ−1τ,τ ) · (q0)τ

)
.

As can be checked, this satisfies the Clique Constraints. It also has a nice Fourier expression:

by some computation which we omit here, modulo provably negligible error the resulting

matrix is Mexample(I, J) =
∑
T :

|V (T )\(I∪J)|≤τ−d

(n−|V (T )∪I∪J |
ω−|V (T )∪I∪J |)

(nω)
χT . The only problem, however,

is that we don’t know how to prove the PSDness. Despite a transparent similarity to the

previous expression (4.28), a similar proof breaks down seriously here due to the loss of
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nice arithmetic structure when changing from function (ωn )x (in (4.28)) to
(n−x
ω−x)
(nω)

. See also

Remark 4.11.

Now we construct an Ẽd in Definition 4.7. With the motivation stated in section 4.2.1, we

give the construction matter-of-factly here. First, take the pseudo-expectation for |S| = d

in the form ẼxS =
∑

T :|V (T )∪S|≤τ
χT · F (|V (T ) ∪ S|) for some function F . We call F a d-

generating function, to be chosen shortly after. For now, for any |S| ≤ d, by (4.30) the

pseudo-expectation has form: denote u = d− |S|,

ẼxS =
1(w−d+u
u

) ∑
T :|V (T )∪S|≤τ

χT ·
[ u∑
c=0

(
|V (T ) ∪ S| − d+ u

c

)(
n− |V (T ) ∪ S|

u− c

)

· F (|V (T ) ∪ S|+ u− c)
]
.

(4.32)

Lemma 4.8. (4.32) always satisfy Clique and Size Constraints (4.3),(4.4).

Proof. It satisfies Size Constraints by Lemma 4.7. For Clique Constraints, fixing S, the

“[...]”-part in (4.32) only depends on |V (T ) ∪ S|, so ẼxS has the form

∑
T :|V (T )∪S|≤τ

a|V (T )∪S|χT =
∑
k

∑
T :|V (T )∪S|=k

akχT ,

the inner sum factors through C̃lS =
∑

T⊆E(S)

χT . Thus, M(I, J)(G) = 0 if C̃lI∪J (G) = 0.

Definition 4.8. (Exact d-generating function) We choose

F (x) :=
(x+ 8τ2)!

(8τ2)!
· (ω
n

)x.

Remark 4.4. As already mentioned in section 4.2.1, the design of F , especially its first

factor, is technical; the goal is to make the resulting M positive. The numerator (x + 8τ2)!
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will be used in Prop. 4.9, where the 8τ2 can be replaced by larger polynomials in τ . The

(8τ2)! in denominator is added for convenience (see Remark 4.5).

Definition 4.9. The exact moment matrix M̃ is defined as

M̃(A,B) =
∑

T :|V (T )∪A∪B|≤τ
M̃(A,B;T )χT for all A,B ⊆ [n], |A|, |B| ≤ d/2,

where M̃(A,B;T ) =

1(ω−d+u
u

)[ u∑
c=0

(
|V (T ) ∪ A ∪B| − (d− u)

c

)(
n− |V (T ) ∪ A ∪B|

u− c

)

·
(
|V (T ) ∪ A ∪B|+ u− c+ 8τ2

)
!

(8τ2)!
· (ω
n

)|(V (T )∪A∪B)|+u−c︸ ︷︷ ︸
f
(
|V (T )∪A∪B|+u−c

)
]
.

(4.33)

Here we denoted d− |A ∪B| by u.

Remark 4.5. In (4.33), the “most significant” factor is (ωn )|V (T )∪A∪B| · ω−c, if notice

(n−|V (T )∪A∪B|
u−c )

(ω−d+u
u )

ωun−(u−c) ≪ ω, n, and that factors like
(|V (T )∪A∪B|+u−c+8τ2)!

(8τ2)!
are qualita-

tively smaller than ω in our parameter regime.

4.4 Some preparation

Homogenization for Exact Clique

With the Size Constraints (4.4) satisfied, any moment matrix can be reduced to its
( [n]
d/2

)
-

principal minor, which is slightly more convenient to work with. The following homogeneity

trick is standard in the SoS literature.

Given any degree-d moment matrix MdSOS(G) that satisfies the Size Constraints (4.4),

let M(G) be its principal minor on
( [n]
d/2

)
×
( [n]
d/2

)
.

Lemma 4.9. MdSOS(G) is PSD ⇔ M(G) is PSD.

54



Proof. The ⇒ part is trivial. Now suppose MdSOS is not PSD, then ∃a ∈ R
( [n]
≤d/2) s.t.

a⊤MdSOSa = −1. With the presence of boolean constraints (i.e. we can additionally define

Ẽ(x2i · p) := Ẽ(xi · p) for all i and all polynomial p of degree ≤ d− 2), this is equivalent to

Ẽ(g2) = −1 for some multi-linear polynomial g = a⊤x =
∑
|S|≤d/2 aSxS . Now substitute

every xS (|S| < d/2) in g by the corresponding linear combination of {xS′ | |S′| = d/2}

from (4.29), we get a multi-linear, degree-d/2 homogeneous g1. Since g − g1 thus g2 − g21 is

a multiple of the constraints,

Ẽ(g21) = Ẽ(g2) = −1. (4.34)

Assume g1 = bTx where x denotes (xS)|S|=d/2. Then (4.34) says b⊤Mb = −1, so M is not

PSD.

Concentration bound on polynomials

The following bound on random polynomials is standard.

Lemma 4.10. Suppose a < log n, and p is a polynomial

p =
∑

T : |V (T )|=a

c(T )χT cT ∈ R

and C > 0 is a number s.t. |c(T )| ≤ C for all T . Then W.p. 1− n−10 log n over G,

|p(G)| < C · na/22a
2
n4 log log n. (4.35)

Proof. For all k ∈ N,

p2k =
∑

T1,...,T2k: |V (Ti)|=a

c(T1)...c(T2k)χT1 ...χT2k , (4.36)

and we take the expectation of this. Each E[χT1 ...χT2k(G)] ̸= 0 (i.e. equals 1) iff every edge
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appears even times in T1, ..., T2k, which implies |V (T1 ∪ ...∪T2k)| ≤ 1
2 · 2ka = ka. There are

at most ka
( n
ka

)
< nka many choices of V (T1 ∪ ... ∪ T2k). For each choice, there are at most(ka

a

)
· 2(a2) < (ka)a · 2a2/2 many ways to choose each Ti. Therefore,

E[p2k] ≤ C2k · nka
(

(ka)a2a
2/2
)2k

:= N2k where N = Cna/2 · (ka)a · 2a
2/2.

By Markov inequality, Pr
[
p2k > (2N)2k

]
< 2−2k. Take k := 10 log2 n, we get that w.p.

> 1− n−10 log n, |p(G)| < 2N < C · na/22a
2
n4 log log n for all large enough n.

Norm concentration of pseudo-random matrices

Like in almost all previous work on the subject, the norm bound on certain pseudo-random

matrices called graph matrices ([1]) will be a fundamental tool for us. Intuitively, such a

matrix collects all possible Fourier characters from embeddings of a fixed small graph.

Definition 4.10. (cf. [1, 79, 58, 63]) A ribbon R is a triple (A,B;T ) where A,B are

vertex-sets and T is an edge set. A,B are called the side sets, or individually the left and

right set of R, respectively. The size of R is |V (R)| = |V (T ) ∪ A ∪B|.

By definition, a ribbon as a graph always has no isolated vertex outside of A ∪B.

Definition 4.11. We say R = (A,B;T ) is left-generated if every vertex in V (R) is either

in B or can be reached by paths8 from A without touching B. Being right-generated is

symmetrically defined.

Definition 4.12. A shape is a equivalent class of ribbons, where two ribbons (A,B;T ),

(A′, B′;T ′) are equivalent or “of the same shape” if there is an isomorphism σ between the

corresponding graphs s.t. σ(A) = A′ and σ(B) = B′. Denote a shape by U, represented by a

ribbon (A,B;T ). V (U) := A ∪B ∪ V (T ) and its size is |V (U)|.

8. We always stick to the convention of including degenerate paths (one-point path).
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Thus we may speak of the shape of a ribbon R. We say a function f defined on a set

of ribbons is symmetric w.r.t. shapes if, whenever R and R′ are of the same shape and

f is defined on them, f(R) = f(R′).

Definition 4.13. ([1]) Fix n and shape U = (A,B;T ). The graph matrix of shape U is

the following 2[n] × 2[n]-matrix MU:

∀I, J ⊆ [n], MU(I, J) =
∑
T1:

∃injective ϕ : V (U)→ [n] s.t.
ϕ(A)=I, ϕ(B)=J, ϕ(T )=T1

χT1

(= 0 if no such ϕ exists). Here, ϕ on T means the natural induced map on edges.

In [1], the matrices have columns and rows indexed by tuples with elements in [n], instead

of subsets (which is our case), but our matrix is always a sub-matrix of it, e.g. ours can be

viewed as supported on strictly increasing tuples.

Theorem 4.3. (Norm bounds on MU, [1]) For any shape U = (A,B;T ) of size t < log n,

w.p. > 1− n−10 log n over G,

∥MU(G)∥ ≤ n
t−p
2 · 2O(t) · (log n)O(t+p−2r) (4.37)

where r = |A ∩ B| and p is the max number of vertex-disjoint paths between (A,B) in U.

Moreover, under the same notation, if further denote s =
|A|+|B|

2 then

∥MU(G)∥ ≤ n
t−p
2 · 2O(t) · (log n)O(t−s). (4.38)

The bound in Theorem 4.3 is almost tight ([1]). It is proved by a careful estimation of the

trace-power E[tr(M2k
U )] (for some k > 0) which we omit here. Its “moreover” part follows

from (4.37) since t ≥ |A ∪B| = 2s− r, p ≤ s, so t+ p− 2r ≤ t+ s− 2(2s− t) = 3(t− s).
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Some notions on graphs

Definition 4.14. (Vertex-separator) For a graph H and A,B ⊆ V (H), we say S ⊆ V (H)

is an (A,B)-vertex-separator, or S separates A,B in H, if any path from A to B in H

must pass through S. Let

sA,B(H) := min{|S| | S is an (A,B)-vertex-separator}.

A vertex-separator achieving this minimum is a min-separator. Let mSepA,B(H) denote

the set of all min-separators.

The definition naturally applies to a ribbon R = (A,B;T ), with A,B being the two vertex-

sets. In that case, we can write the corresponding min-separator size as sA,B(T ) and set of

the min-separators as mSepA,B(T ) or mSep(R).

Theorem 4.4. (Menger’s theorem) For any finite graph H, sA,B(H) equals to the maximum

number of vertex-disjoint paths from A to B in H.

Definition 4.15. For ribbon R = (A,B;T ), define its reduced size to be

eA,B(T ) := |V (T ) ∪ A ∪B| − sA,B(T ). (4.39)

The reduced size is double of the exponent in n in the bound of Theorem 4.3, hence is

the controlling parameter of the norm of the graph matrix.

A fundamental fact is that the set of all min-separators has a lattice structure.

Theorem 4.5. ([45]) For a ribbon (A,B;T ), mSepA,B(T ) has a natural poset structure:

min-separators A1 ≤ A2 iff A1 separates (A,A2;T ), or equivalently as it can be checked, iff

A2 separates (A1, B;T ). The set is actually a lattice under this partial-ordering: ∀A1, A2 ∈

mSepA,B(T ) their join and meet exist. In particular, there exist unique minimum and

maximum.
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We denote the minimum in the above theorem by Sl(A,B;T ) and the maximum by

Sr(A,B;T ), meant to be the leftmost and rightmost min-separator, respectively.

Johnson schemes

We only need a minimal amount of knowledge here.

Definition 4.16. ([42]) Fix natural numbers n ≥ k, n > 0. A Johnson scheme J is an([n]
k

)
×
([n]
k

)
-matrix that satisfies J(I, J) = J(I ′, J ′) whenever |I ∩ J | = |I ′ ∩ J ′|.

It can be checked that (fix n, k) all Johnson schemes are symmetric matrices and form

a commutative R-algebra, so they are simultaneously diagonalizable. In below we fix n and

k = d/2. An obvious R-basis for Johnson schemes is D0, ..., Dd/2 where

Dr(I, J) =


1, if |I ∩ J | = r

0, o.w.

∀I, J ∈
(
S

d/2

)
. (4.40)

Another basis which we denote by J0, ..., Jd/2 is

Jr(I, J) =

(
|I ∩ J |
r

)
, ∀I, J ∈

(
[n]
d
2

)
. (4.41)

J0, ..., Jd/2 are PSD matrices since

Jr =
∑

A⊆[n],|A|=r

uAu
⊤
A where uA ∈ R([n]k ), uA(B) = 1A⊆B . (4.42)

Also, clearly, Jd/2 = Id. A basis-change from D to J is given by the following.

Lemma 4.11. Dr =
d/2∑
r′=r

(−1)r
′−r(r′

r

)
· Jr′ .

Proof. TheRHS(I, J) =
d/2∑
r′=r

(−1)r
′−r(r′

r

)(|I∩J |
r′
)

=
|I∩J |∑
r′=r

(−1)r
′−r(|I∩J |

r

)(|I∩J |−r
r′−r

)
=
(|I∩J |

r

)
·

1|I∩J |=r = 1|I∩J |=r.
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4.5 PSDness analysis, I: Hadamard product and Euler transform

Notation. Henceforth throughout the chapter, M exclusively refers to the d/2-homogeneous

minor of the moment matrix M̃ in Definition 4.9.

Our main theorem is the following.

Theorem 4.6. W.p. > 1− n−5 log n, M(G) ⪰ n−d−1diag
(

C̃l(G)
)

( [n]
d/2)×( [n]

d/2)
.

Corollary 4.1. W.p. > 1− n−5 log n, Ẽx∅ > 0.

Proof. By construction (4.29), Ẽx∅ =
(ω−d/2
d−d/2)

(ωd)(
d

d/2)

∑
S:|S|=d/2

ẼxS =
(ω−d/2
d−d/2)

(ωd)(
d

d/2)
Tr(M), and by The-

orem 4.6 this is positive with high probability.

Proof. (of Theorem 4.1 from Theorem 4.6) Lemma 4.9 and Theorem 4.6 proves the PSD-

ness of the moment matrix from Definition 4.9, which also satisfies the Default Constraint

(Corollary 4.1 and the discussion above Remark 4.3) and the Clique and Size Constraints

(Lemma 4.7). The degree-d lower bound follows.

In the rest of the chapter, we prove Theorem 4.6. We will use three steps to achieve it,

and this section makes the first step.

To begin with, by definition of M(I, J) (Def. 4.9, (4.33)),

M(I, J ;T ) =
u∑

c=0

[
1(ω−d+u
u

)ωu−c·
·
((

a− (d− u)

c

)(
n− a
u− c

)
n−(u−c)

(a+ u− c+ 8τ2)!

(8τ2)!
(
ω

n
)a
)

︸ ︷︷ ︸
:=Mc(u,a)

]
(4.43)

where u = |I ∩ J |, a = |V (T ) ∪ I ∪ J |. In this expression the parameter u appears nestedly

and makes it difficulty to analyze. (It doesn’t appear in the non-exact case (4.28) at all.)

To resolve the issue, we express M in a ΣΠ-form, i.e. a sum of Hadamard products, so that
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in each leaf matrix the dependence on u is removed to some degree:

M =

d
2∑

c=0

mc ◦Mc (4.44)

where mc, Mc are matrices as follows. For all |I|, |J | = d/2,

mc(I, J) =
1(ω−d+u
u

)ωu−c where u = |I ∩ J | (4.45)

Mc(I, J) =


∑

T :|V (T )∪I∪J |≤τ
Mc(|I ∩ J |, |V (T ) ∪ I ∪ J |)χT , if |I ∩ J | ≥ c;

0 , o.w.

(4.46)

Remark 4.6. It is important to note that mc is supported on all (I, J) while Mc(I, J) = 0

if |I ∩ J | < c, so that (4.44) holds.

To analyze (4.44), we would hope that the second factor Mc is “close” to each other for

varying c, while the first factor mc is qualitatively decreasing in c. This, if true, would make

it possible for us to concentrate on showing the PSDness in the main case c = 0. The next

Lemma 4.12 proves the second half of the above intuition; the other half will be stated more

precisely in the Main Lemma 4.14.

Lemma 4.12. For each c = 0, ..., d/2, mc = ω−c
d/2∑
k=0

bk · Jk where Jk’s are the Johnson

basis (4.41), bk/k! ∈ [ d
2ω , 1 + 2dk

ω ]. In particular,

m0 = ωm1 = ... = ω
d
2md

2
≻ 1

ω
Id. (4.47)

Proof. By definition, mc = ω−c
d/2∑
l=0

ωl

(ω−d+l
l )

Dl, where Dl (l = 0, ..., d/2) are the simple basis

61



of Johnson schemes (4.40). By basis-change (Lem. 4.11),

mc = ω−c
d/2∑
k=0

Jk · k!


k∑

l=0

(−1)k−l ·
[

ω

ω − (d− l)
· ... · ω

ω − (d− 1)
· 1

(k − l)!

]
︸ ︷︷ ︸

:=fk(l), which is 1/k! if l=0

 .

For fixed k, fk(l) is increasing in l so
k∑

l=0
(−1)k−lfk(l) ≥ fk(k) − fk(k − 1) >

d/2
ω · (1 +

d/2
ω )k−1 ≥ d

2ω . Note for k = d/2, Jd/2 = Id, so we get (4.47).

Euler transform. Fixing c, now we look into the second factor Mc in (4.44). For fixed

(I, J ;T ) denote u = |I ∩ J |, a = |V (T ) ∪ I ∪ J |, then by (4.43) we have that

Mc(u, a) =

(
a− (d− u)

c

)(
n− a
u− c

)
n−(u−c)

(a+ u− c+ 8τ2)!

(8τ2)!
(
ω

n
)a (4.48)

is the coefficient of χT in Mc(I, J) for c ≤ u.

Definition 4.17. (Extended Mc(u, a)) For fixed c ≥ 0, the function Mc(u, a) in (4.48) is

partial, defined for (u, a) ∈ N2 s.t. u ≥ c, u + a ≥ d + c. It can be naturally extended to

N2 by letting (
n− a
u− c

)
= 0 if u < c, (4.49)

and using the convention on binomial coefficients:
(−m

k

)
= (−1)k ·

(m+k−1
k

)
for all m > 0,

k ≥ 0;
(m
0

)
= 1 for all m ∈ Z; and

(
m

k

)
= 0 for all 0 ≤ m < k. (4.50)

In the rest of the chapter, we will use Mc(u, a) to mean this extended function.

In particular, if 0 ≤ a− (d− u) < c then Mc(u, a) = 0 since
(a−(d−u)

c

)
= 0.
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One trouble with Mc is that, still, u = |I ∩ J | appears in it in an unpleasant way. To

further remove the dependence on u, we consider a decomposition

Mc =
∑

R∈(
[n]

≤d
2
)

MR
c (4.51)

where for each R ∈
( [n]
≤d

2

)
the matrix MR

c is supported on rows and columns whose index

contains R. More explicitly, for any (I, J ;T ) let a = |V (T ) ∪ I ∪ J |, suppose

MR
c (I, J) :=


(ωn )a

∑
T :|V (T )∪I∪J |≤τ

Yc(|R|, a) · χT , if R ⊆ I ∩ J ;

0 , o.w.

(4.52)

for some function Yc(u, a) to be chosen, then comparing for every tuple (I, J ;T ) we see that

equation (4.51) is equivalent to the following: for any fixed c, a,

u∑
r=0

(
u

r

)
Yc(r, a)(

ω

n
)a = Mc(u, a). (4.53)

This suggests to take Yc(u, a) · (ωn )a to be the inverse Euler transform (w.r.t. variable u)

of the extended function Mc(u, a).

Fact 4.1. 9 If x(m), y(m) are two sequences defined on N s.t. for allm, x(m) =
∑m

l=0

(m
l

)
y(l),

then x(m) is called the Euler transform of y(m). The inverse transform is given by that

for all m, y(m) =
∑m

l=0(−1)m−l
(m
l

)
x(l).

Definition 4.18. (Coefficients in MR
c ) For every fixed c ≥ 0, define

Yc(r, a) =


r∑

l=c
(−1)r−l

(r
l

)(a+l−d
c

)(n−a
l−c
)
n−(l−c) (a+l−c+8τ2)!

(8τ2)!
, if r ≥ c;

0 , o.w.

(4.54)

9. Coincidentally, this fact can be seen as an application of ζ-matrix and its inverse.
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Then as a clear-up summary, we prove the following the main result of this section.

Lemma 4.13. (The Hadamard-product decomposition of M)

M =

d
2∑

c=0

mc ◦

 ∑
R:R∈( [n]

≤d/2)

MR
c

 (4.55)

=
∑

R∈( [n]
≤d/2)

 |R|∑
c=0

mc ◦MR
c


︸ ︷︷ ︸

:=MR

(4.56)

where each mc is as in Lemma 4.12 and each MR
c has the following expression.

1. MR
c = 0 if |R| < c;

2. If R ̸⊆ I ∩ J , MR
c (I, J) = 0;

3. If |R| ≥ c and R ⊆ I ∩ J , MR
c (I, J) =

∑
T :|V (T )∪I∪J |≤τ

MR
c (I, J ;T )χT where if denote

a = |V (T ) ∪ I ∪ J |, then MR
c (I, J ;T ) =

(
ω

n
)a
|R|∑
l=c

(−1)|R|−l
(
|R|
l

)(
a+ l − d

c

)(
n− a
l − c

)
n−(l−c)

(a+ l − c+ 8τ2)!

(8τ2)!︸ ︷︷ ︸
Yc(|R|,a) (4.54)

. (4.57)

4. For all 0 ≤ c ≤ r ≤ d/2 and 0 ≤ a ≤ τ , |Yc(r, a)| < τ5τ .

Proof. (1), (2), (3) is by definition. To check (4.55) i.e. Mc =
∑

RM
R
c , we check for every

(I, J ;T ) where |I| = |J | = d/2, |V (T )∪ I ∪J | ≤ τ . Let u = |I ∩J |, a = |V (T )∪ I ∪J |, then

note a− (d− u) ≥ 0, and

∑
R:

MR
c (I, J ;T ) =

∑
R:R⊆I∩J

MR
c (I, J ;T ) = (

ω

n
)a
|I∩J |∑
r=0

(
|I ∩ J |
r

)
Yc(r, a).
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By the Euler transform and (4.53), the RHS equals the extended Mc(u, a). Thus, we only

need to see Mc(u, a) = 0 if further u < c or a − (d − u) < c (in particular, in such cases

c > 0), and this is by (4.49), (4.50).

For (4),

|Yc(u, a)| =

∣∣∣∣∣
r∑

l=c

(−1)r−l
(
r

l

)(
a+ l − d

c

)[(n− a
l − c

)
n−(l−c)

](a+ l − c+ 8τ2)!

(8τ2)!

∣∣∣∣∣
< r · 2r · (2τ)r · 1 · (9τ2)2τ < τ5τ

where note r ≤ d/2≪ τ in our parameter regime.

Lemma 4.14. (Main Lemma) In the decomposition (4.56), w.p. > 1 − n−5 log n the

following hold. For all R ∈
( [n]
≤d/2

)
, denote PR = {I ∈

( [n]
d/2

)
| R ⊆ I},

(1). MR
0 ⪰ n−ddiag(C̃l)PR×PR;

(2). ±ω−cMR
c ⪯ n−c/6 ·MR

0 , ∀0 < c ≤ |R|.

Corollary 4.2. (Theorem 4.6) W.p. > 1− n−5 log n over G,

M(G) ⪰ n−d−1diag(C̃l(G))
( [n]
d/2)×( [n]

d/2)
.

Proof. Fix an R, MR =
|R|∑
c=0

mc ◦MR
c . Suppose Lemma 4.14 (1), (2) hold (w.p. probability

> 1 − n−5 log n). Since Hadamard product with a PSD matrix presevres PSDness (Schur

product theorem), we have
|R|∑
c=1

mc ◦MR
c ⪯

|R|∑
c=1

mc ◦
(
ωcn−c/6 ·MR

0

)
by Lemma 4.14(2).

The latter equals

(
|R|∑
c=1

n−c/6 ·m0

)
◦MR

0 by Lemma 4.12 which then ⪯ n−1/6m0 ◦MR
0 .

Similarly,
|R|∑
c=1

mc ◦MR
c ⪰ −n−1/6m0 ◦MR

c . Thus

MR ⪰ (1− n−1/6)m0 ◦MR
0 ⪰ n−d−1diag(C̃l)PR×PR (Lem. 4.12 and 4.14(2)).
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So in (4.56), M = M∅ +
∑

∅̸=R∈( [n]
≤d/2)

MR ⪰ M∅ ⪰ n−d−1diag(C̃l)
( [n]
d/2)×( [n]

d/2)
.

The rest of the chapter is devoted to proving the Main Lemma 4.14.

4.6 Recursive factorization technique

In this section, we introduce the recursive approximate factorization technique of [13]. It will

be formalized and properly extended in section 4.6.2 (for later use in section 4.7).

Notation. Throughout section 4.6, for simplicity, we discuss the non-exact moment

matrix which suffices to lay the ground for the technique, denoted byM ′. It is the
([n]

d
2

)
×
([n]

d
2

)
-

minor10 of the non-exact moment matrix:

M ′(I, J) =
∑

T :|V (T )∪I∪J |≤τ
(
ω

n
)|V (T )∪I∪J |χT ∀I, J ∈

(
[n]

d/2

)
. (4.58)

The goal of section 4.6 is to diagonalize M ′ approximately in the “LQL⊤” form s.t. the

difference matrix is negligible w.h.p. (when plugging in G).

4.6.1 A detour

This subsection is independent and only for showing Theorem 4.2(2); the reader can safely

skip it and proceed to 4.6.2 for the proof of the Main Lemma 4.14. The goal of this subsection

is to deduce a “coarse” factorization of M ′ via mod-order analysis.

10. Strictly speaking, PSDness of this minor is not sufficient as we do not have a homogeneity reduction
in non-exact case. Nevertheless, it suffices to demonstrate the factorization.
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Step 1: Diagonalization of E[M ′]

Proposition 4.2. E[M ′] = CC⊤, where C is the
( [n]
d/2

)
×
( [n]
≤d/2

)
-matrix

C = (ζ⊤)d/2,≤d/2 · diag

(√
t(|A|)

)
A∈( [n]

≤d/2)
(4.59)

and t(r) = (1−O(dωn )) · (ωn )d−r for all r = 0, ..., d/2.

We show it by a similar calculation as in [79], using Johnson schemes (Def. 4.16).

Fact 4.2. (See e.g. (4.29) in [42]) The Johnson schemes (for (n, d/2)) have shared eigenspace-

decomposition R
( [n]
d/2) = V0 ⊕ ...⊕ Vd/2, and

Jr =

d
2⊕

i=0

λr(i) · Πi for r = 0, ..., d/2

where Πi is the orthogonal projection to Vi w.r.t. the Euclidean inner product, and the

eigenvalues are

λr(i) =

(d
2 − i
r − i

)(
n− d

2 − i
d
2 − r

)
, 0 ≤ i ≤ d

2
.

Lemma 4.15. E[M ′] =
∑d/2

r=0 t(r)Jr where each t(r) = (1−O(dωn )) · (ωn )d−r.

Proof. By definition, E[M ′] =
∑d/2

r=0(ωn )d−rDr. By Lemma 4.11, Dr =
d/2∑
r′=r

(−1)r
′−r(r′

r

)
· Jr′

so

E[M ′] =

d/2∑
r=0

(
ω

n
)d−r

 d/2∑
r′=r

(−1)r
′−r
(
r′

r

)
Jr′


=

d/2∑
r′=0

Jr′ ·

 r′∑
r=0

(
ω

n
)d−r(−1)r

′−r
(
r′

r

)
=

d/2∑
r′=0

Jr′ · (
ω

n
)d−r

′
(1− ω

n
)r

′

(4.60)

which proves the lemma.
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By Lemma 4.15 and (4.42), if let t(r) = (ωn )d−r
′
[1− ω

n ]r
′

then

E[M ′] =
∑

A:|A|≤d/2
t(|A|)uAu⊤A=(ζ⊤)d/2,≤d/2 · diag

(
t(|A|)

)
· ζ≤d/2,d/2 = CC⊤,

where used that the matrix (ζ⊤)d/2,≤d/2 has columns {uA | |A| ≤ d/2}. This proves

Proposition 4.2.

Step 2: Mod-order analysis

Reminder. This subsection is only for Theorem 4.2(2). The reader can safely skip it if

he/she wants to proceed directly to proof of Theorem 4.1.

Given E[M ′] = CC⊤ in Step 1, ideally we hope to continue to solve for

M ′ = NN⊤ (4.61)

with E[N ] = C, and N extending C by non-trivial Fourier characters. Also, we restrict

ourselves to symmetric solutions w.r.t. shapes. Toward this goal, we start with a relaxed

equation as Definition 4.19, with the following motivation.

(1) Order in ω
n . Entries of M ′ all have a clear order in ω

n . Like in fixed-parameter

problems, we treat ω
n as a distinguished structural parameter and try to solve the correct

power of ω
n in the terms of N .

(2) Norm-match. Let’s have a closer look into E[M ′] = CC⊤ =
∑d/2

r=0(1 − O(dωn )) ·

(ωn )d−rJr. By fact 4.2, each Jr b has norm
(d/2

r

)
· nd/2−r so

∥∥∥CrC
⊤
r

∥∥∥ ≈ (d/2
r

)
· (ω
n

)d−rnd/2−r, r = 0, ..., d/2. (4.62)

We expect Nr(Nr)
⊤ to concentrate around Cr(Cr)

⊤, so the norm of the “random” part,

i.e. matrix of nontrivial Fourier characters in Nr(Nr)
⊤, is expected to be bounded by (4.62).
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The essentially tight bound from Theorem 4.3 (cf. [1]) tells how this may happen, as below.

It is convenient to scale the variables: let L = (L0, ..., Ld
2
) = (Nr · (ωn )

−|A|
2 )

0≤r≤d
2
, then

M ′ = L · diag
(

(
ω

n
)|A|
)
· L⊤ with E[L] = ( Cr · (

ω

n
)−r/2 )r=0,1,...,d/2. (4.63)

Now suppose Lr(I, A) =
∑

small T
βI,A(T )χT , A ∈

([n]
r

)
, where assuming as in (1) that the

order of ω
n can be separated:

βI,A(T ) = (
ω

n
)x︸ ︷︷ ︸

main-order term

· ( factor ≪ n

ω
and ≫ ω

n
). (4.64)

Fix I, A, T , we are looking for the condition on x to control the expected norm of Lr(
ω
n )r(Lr)

⊤.

Ignore for a moment the cross-terms, such a single graph matrix square in Lr(
ω
n )rL⊤r is

(
ω

n
)2xR(I,A;T ) · (

ω

n
)r ·R⊤(I,A;T )

with norm11

⪅ (
ω

n
)2x+r · neI,A(T ) · 2O(|V (T )∪I∪A|) · (log n)>0

by Theorem 4.3. Here recall eI,A(T ) = |V (T )∪I∪A|−sI,A(T )(≥ |I|−|A| = d
2−r). Compare

this with (4.62), we need (ωn )2xneI,A(T ) <
(d/2

r

)
( ω√

n
)d/2−r. If think of 2d as qualitatively

smaller than any positive constant power of ω, n, the natural bound to put is x ≥ eI,A(T )

which actually is the limit requirement when logω
log n →

1
2 . Suggested by this, we will set the

restriction x ≥ eI,A(T ) right from the start in the relaxed equation.

The above motivation leads to the following definition. Take a ring A by adding fresh

variables α and χT ’s to R for all T ∈
([n]
2

)
, with only relations {χT ′ ·χT ′′ = χT : T ′⊕T ′′ = T}.

11. Here the matrix is truncated from size 2[n] × 2[n], which doesn’t change anything since the original
matrix is always 0 elsewhere.
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Definition 4.19. The mod-order equation is

Lα · diag
(
α|A|

)
· (Lα)⊤ = Mα mod (∗) (4.65)

on the
( [n]
d/2

)
×
( [n]
≤d/2

)
matrix variable Lα in A, whereMα(I, J) :=

∑
T :|V (T )∪I∪J |≤τ

α|V (T )∪I∪J |χT ,

and mod (∗) is the modularity, which means position-wise mod the ideal

(
{α|V (T )∪I∪J |+1χT }, {χT : |V (T ) ∪ I ∪ J | > τ}

)
.

Moreover, if denote Lα(I, A) =
∑

T βI,A(T )χT where βI,A(T ) ∈ R[α], then12

αeI,A(T ) | βI,A(T ) ∀I, A, T. (4.66)

We are interested in solutions that are symmetric, i.e. βI,A(T ′) = βJ,B(T ′′) whenever

(I, A;T ′), (J,B;T ′′) are of the same shape.

The following is the key observation, whose proof is presented in the Appendix.

Lemma 4.16. (Order match) If a product α|A| ·βI,A(T ′) ·βJ,A(T ′′) from the LHS of (4.65)

is nonzero mod (∗), then both of the following hold:

A is a min-separator for both (I, A;T ′), (J,A;T ′′); (4.67)(
V (T ′) ∪ I ∪ A

)
∩
(
V (T ′′) ∪ J ∪ A

)
= A. (4.68)

Moreover, (4.67), (4.68) imply that

A is a min-separator of (I, J ;T ) (where T = T ′ ⊕ T ′′); (4.69)

|V (T ′) ∪ I ∪ A|, |V (T ′′) ∪ J ∪ A| ≤ τ. (4.70)

12. Recall eI,A(T
′) is the reduced size |V (T ′) ∪ I ∪A| − sI,A(T

′) (Def. 4.15).
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By this lemma, in an imagined solution we should assume βI,A(T ′) ̸= 0 only when it

satisfies its part in conditions (4.67), (4.70). Using this information, plus a further weakening

as polarization, we can deduce the following Proposition 4.3 which is the main takeaway. In

the deduction, the graph-theoretic fact—the “in particular” of Theorem 4.5—appears exactly

as the solvability condition. We leave details to the Appendix.

Proposition 4.3. (Mod-order diagonalization) Let

Lα(I, A) :=
∑

T ′: |V (T ′)∪I∪A|≤τ
A=Sl(I,A;T ′)
T ′∩E(A)=∅

(I,A;T ′) left-generated (Def. 4.11)

αeI,A(T
′)χT ′ ,

Q0,α(A,B) :=
∑

Tm: |T∪A∪B|≤τ
A,B∈mSepA,B(Tm)

αeA,B(Tm)χTm

(Tm to indicate “middle”). Then

Lα · [diag

(
α

|A|
2

)
·Q0,α · diag

(
α

|A|
2

)
] · L⊤α = Mα mod (∗) (4.71)

where recall (∗) means ideal ({α|V (T )∪I∪J |+1χT }, {χT : |V (T ) ∪ I ∪ J | > τ}) entry-wise.

Equation (4.71) is weaker than (4.65) but is sufficient for all use since we are only con-

cerned with PSDness. In particular, it gives the first-approximate diagonalization of the

matrix M ′, recast as Definition 4.20 below. This shows Theorem 4.2(2).

4.6.2 Recursive technique

In this subsection, we give a systematic treatment of the recursive factorization technique.

We formulate it on matrix-products (Def. 4.22, 4.23) with simplification (Lem. 4.18) and

an extension (Prop. 4.5) that will be used in Section 4.7 for the exact case.
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The goal is to refine the coarse diagonalization (4.71), recast below.

Definition 4.20. Let L be the
([n]

d
2

)
×
( [n]
≤d

2

)
-matrix

L(I, A) :=
∑

T ′: |V (T ′)∪I∪A|≤τ
A=Sl(I,A;T ′)
T ′∩E(A)=∅

(I,A;T ′) left-generated

(
ω

n
)|V (T ′)∪I∪A|−|A|χT ′ , (4.72)

and Q0 be the
( [n]
≤d

2

)
×
( [n]
≤d

2

)
-matrix

Q0(A,B) :=
∑

Tm:|Tm∪A∪B|≤τ
A,B∈mSepA,B(Tm)

(
ω

n
)|V (Tm)∪A∪B|χTm . (4.73)

Finally, let

D := diag

(
(
ω

n
)
|A|
2

)
A∈( [n]

≤d/2)
. (4.74)

We call L(DQ0)L⊤ the first-approximate diagonalization of M ′.

Despite its name (“approximate”), the difference M ′−L(DQ0D)L⊤ is far from negligible.

This is where the recursive factorization will be applied, and in the end it will give

M ′ = L · [D · (Q0 −Q1 +Q2...±Qd/2) ·D] · L⊤ + E (4.75)

for some negligible error-matrix E.

Remark 4.7. The use of D in the above is superficial. We only keep it to make the middle

matrices Qi have slightly more convenient expressions.

Let us start with some necessary notions.
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More notion on graphs

Definition 4.21. ([13] Def. 6.5) For ribbon R = (I, J ;T ), the canonical decomposi-

tion is a ribbon triple (Rl,Rm,Rr) = ((I, A;Tl), (A,B;Tm), (B, J ;Tr)) as follows. A =

Sl(I, J ;T ), B = Sr(I, J ;T ). V (Rl) is A unioned with the set of vertices reachable by paths

from I in T without touching A, and Tl = T |V (Rl)
\E(A). Symmetricallywe define V (Rl)

and Tr. Finally, Tm = T\(T ′ ⊔ T ′′). Rl, Rm, Rr are called the left, middle, right ribbon

of R, respectively.

Remark 4.8. For better clarity, we list a few properties that follow from the definition of

the canonical decomposition.

1. A = Sl(I, A;Tl), B = Sr(B, J ;Tr) (so they are unique min-separators of Rl,Rr,

respectively);

2. Tl ∩ E(A) = ∅ = Tr ∩ E[A];

3. Rl is left-generated, Rr is right-generated;

4. A,B ∈ mSepA,B(Tm) (in particular, |A| = |B|).

The above are properties about Rl, Rm, Rm individually (“inner” properties). There is

also an intersection property on pairs of them (“outer” properties):

5. V (Rl) ∩ V (Rm) ⊆ A, V (Rm) ∩ V (Rr) ⊆ B, V (Rl) ∩ V (Rr) ⊆ A ∩ B. This implies

e(Rl) + |V (Rm)|+ e(Rr) = |V (R)|.

The canonical decomposition can be reversely described, as follows.

Definition 4.22. (Inner-, outer-canonicality) For a ribbon triple

(Rl,Rm,Rr) =

(
(I, A;Tl), (A,B;Tm), (B, J ;Tr)

)
,

their ribbon-sum is ribbon (I, J ;T ) where T = Tl ⊕ Tm ⊕ Tr (i.e. each edge mod 2 sum).

The triple is called inner-canonical, if they satisfy the “inner” conditions: items 1—4 in
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Remark 4.8. The triple is outer-canonical if they satisfy the “outer” condition: item 5 in

Remark 4.8. The triple is canonical if it is both inner- and outer-canonical.

Proposition 4.4. Canonical triples are 1-1 correspondent to their ribbon-sum, via ribbon

sum and canonical decomposition.

Proof. This follows directly by checking the definition.

The above notions can be extended to related matrix products. Denote by R[{χT }] the

ring by adding fresh variables (“characters”) χT ’s into R for every T ⊆
([n]
2

)
(fixing an n),

with relations {χT ′ · χT ′′ = χT | T ′ ⊕ T ′′ = T}.

Definition 4.23. (Approximate form) Suppose matrices X, Y have their rows and columns

indexed by subsets of [n] and entries in R[{χT }]. A character in an entry of such matrix can

be regarded as a ribbon on the side sets row and column. Assume all ribbons have size ≤ τ

and X, Y have dimensions s.t. XYX⊤ is defined.

Then every triple product (without collecting like-terms) in XYX⊤ has form

X(I, A;Tl)Y (A,B;Tm)X(J,B;Tr)︸ ︷︷ ︸
nonzero in R

χTl⊕Tm⊕Tr , (4.76)

and can be identified with a ribbon triple (Rl,Rm,Rr) in the natural way. We say (4.76) is

the resulting term of the ribbon triple; it is an outer-canonical product if the ribbon

triple is outer-canonical. The approximation form of XYX⊤ is:

XYX⊤ = (XYX⊤)can + (XYX⊤)non-can (4.77)

where
(
XYX⊤

)
out-can

collects all terms of outer-canonical products, (XYX⊤)non-can col-

lects all terms of non-outer-canonical products.
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Machinery of recursion

Using the above notion, the first-approximate factorization (Def. 4.20) can be recast as

M ′ = [L(DQ0D)L⊤]can − Edeg = L(DQ0D)L⊤ − [L(DQ0D)L⊤]non-can − Edeg (4.78)

where Edeg consists of all terms in [L(DQ0D)L⊤]can with |V (T ) ∪ I ∪ J | > τ . Edeg is

actually negligible in matrix norm13, and the main task is to analyze the “main error”,

[L(DQ0D)L⊤]non-can. The key insight is:

[L(DQ0D)L⊤]non-can itself factors through L,L⊤ approximately, too. (4.79)

That is, ∃Q1 s.t. [L(DQ0D)L⊤]non-can = [L(DQ1D)L⊤]can + E1;negl for some E1;negl where

[L(DQ1D)L⊤]can = L(DQ1D)L⊤ − [L(DQ1D)L⊤]non-can by (4.76); then we recurse on

[L(DQ1D)L⊤]non-can]. We need the following notation to describe this.

Definition 4.24. ([13]) An improper ribbon is a ribbon plus with a new set of isolated

vertices. In symbol, denote it as R∗ = (A,B;T ∗) with T ∗ = T ⊔ I, T an edge-set and I a

vertex set disjoint from V (T ) ∪ A ∪ B. I is called the isolated vertex-set of R∗, denoted

by I(R∗). V (R∗) := V (T ) ∪A ∪B ∪ I. (A,B;T ) is called the (unique) largest ribbon in R∗.

Note a usual ribbon is an improper ribbon with I = ∅.

Note I(R∗) could be different from the set of isolated vertices of the underlying graph,

since there can be isolated vertices in A ∪B.

Definition 4.25. The triple
(
Rl,Rm,Rr

)
=
(
(I, A;Tl), (A,B;Tm), (B, J ;Tr)

)
is called side-

inner-canonical if the left and right ribbons, Rl, Rr satisfy the inner-canonical conditions

on their part (item 1–3 in Remark 4.8), and Rm is just a ribbon.

13. They are supported on rows and columns where G is a clique.
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Suppose a triple (Rl,Rm,Rr) = ((I, A;Tl), (A,B;Tm), (B, J ;Tr)) is side-inner-canonical

and non-outer-canonical. Let T := Tl ⊕ Tm ⊕ Tr and Z be the multi-set of “unexpected”

intersections, i.e. the multi-set of vertices from (Rl ∩Rm)−A, (Rm ∩Rr)−B, (Rl ∩Rr)−

(A ∩B). Call |Z| their intersection size, denoted as z(Rl,Rm,Rr). Note

|V (Rl) ∪ V (Rm) ∪ V (Rr)| = |V (Rl)|+ |V (Rm)|+ |V (Rr)| − |A| − |B| − z. (4.80)

We further separate this triple into an “outer-canonical” one by the following operation,

which is the core of recursive factorization.

Definition 4.26. (Separating factorization, [13]) Let S′l be the leftmost min-separator of

(I, A∪(Z∩V (Rl));Tl), similarly S′r the right-most min-separator of (B∪(Z∩V (Rr)), J ;Tr).

Note S′l, S
′
r ⊆ V (T ) ∪ I ∪ J .

Define R′l := (I, S′l;T
′
l ), whose vertex set V (R′l) is S′l unioned with the set of vertices in

Rl reachable from I by paths in Tl without touching S′l, and T ′l is Tl\E(S′l) restricted on

V (R′l). Ribbon R′r is symmetrically defined. In particular, T ′l ∩ T
′
r = ∅. Then let R∗m be the

improper ribbon (S′l, S
′
r;T
∗
m), T ∗m :=

(
T\(T ′l ⊔ T

′
r)
)
⊔ I(R∗m) where I(R∗m) collects all the

rest isolated vertices:

I(R∗m) = V (Rl) ∪ V (Rm) ∪ V (Rr) − V (T ) ∪ I ∪ J. (4.81)

(R′l,R
∗
m,R

′
r) is called the separating factorization of (Rl,Rm,Rr), denoted as

(Rl,Rm,Rr)→ (R′l,R
∗
m,R

′
r). (4.82)

Remark 4.9. Let (Rl,Rm,Rr) → (R′l,R
∗
m,R

′
r) be as above. We list some basic properties

of this operation that are direct from the definition.

(1). (R′l, R
∗
m,R

′
r) is side-inner- and outer-canonical. The latter means their pair-wise
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vertex intersections are in S′l, S
′
r and S′l ∩ S

′
r, respectively. So if replace R∗m by its largest

ribbon, the triple would be canonical.

(2). R′l ⊆ Rl, S
′
l separates (V (R′l), V (Rl)− V (R′l)) in Rl. So we can talk about the part

of Rl that is strictly to the right of S′l, which is disjoint from R′l and is further contained in

R∗m. The similar fact holds for Rr.

(3). In Rl, since S
′
l separates (I, A) and A is the unique min-separator of Rl, there are

|A| many vertex-disjoint paths between A and S′l. Similarly for Rr.

Lemma 4.17. Under the notation of Def. 4.26,

(1). |S′l|+ |S
′
r| ≥ |A|+ |B|+ 1;

(2).14 Let s =
|A|+|B|

2 , p′ be the max number of vertex-disjoint paths from S′l to S
′
r in

R∗m, and p be the max number of vertex-disjoint paths from A to B in Rm, then

2(s′ − s) + (p− p′) + |I(R∗m)| ≤ z(Rl,Rm,Rr).

Proof. (1): by definition, there must be some unexpected pair-wise intersection between

the triple (Rl,Rm,Rr). In either of the three cases of breaking the outer condition (Def.

4.22), there exists some v ∈ Z that is in V (Rl) − A or V (Rr) − B. W.l.o.g., suppose the

first case happens. Then S′l ̸= A since v can be reached from I without passing A by

the left-generated condition on Rl. Similarly, if |S′l| = |A| then it is A as A is the unique

min-separator separating (I, A), so this is impossible. Thus S′l > A.

(2). This is Lemma 7.14 of [13]. We omit the proof here.

Apply to M ′

Now we analyze [L(DQ0D)L⊤]non-can in (4.78). Conceptually, the separating factorization

allows us to “cancel” [L(DQ0D)L⊤]non-can using L,L⊤. Namely, a term (Rl,Rm,Rr) in

14. Recall in our setting Rm is always a ribbon, without any isolated vertex.
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[L(DQ0D)L⊤]non-can at the (I, J)-th position can be “countered” by the term −(R′l,R
∗
m,R

′
r)

in a new matrix product [L(DQ1D)L⊤]can: R′l at entry (I, S′l) in L, R′r at entry (S′r, J) in

L⊤, and the largest ribbon of R∗m at (S′l, S
′
r) in a new middle matrix DQ1D.

Of course, there are other triples whose separating factorization is the same, and each

entry of L is a sum of many different R′ls, so we need to insure that this cancellation works

for them simultaneously. This is by the following proposition. We state a refined version

(distinguishing the (i, j) parameter) which will be fully needed later (in Lem. 4.21).

Proposition 4.5. (Solvability condition, cf. Claim 6.12 in [13]) Fix (I, J, S′l, S
′
r) and a

improper ribbon R∗m with side sets (S′l, S
′
r). Let (R′l,R

′
r) be inner-canonical left and right

ribbons with side sets (I, S′l), (S
′
r, J) respectively, as in Def. 4.22. Let (R′′l ,R

′′
r ) be another

such ribbon pair, with the same reduced size e(R′l) = e(R′′l ), e(R′r) = e(R′′r ) (the same size,

equivalently). Then for every fixed (i, j, z) the following holds: ∃ 1-1 matching between triples

(Rl,Rm,Rr) s.t.


(Rl,Rm,Rr)→ (R′l,R

∗
m,R

′
r),

(e(Rl), e(Rr), z(Rl,Rm,Rr)) = (i, j, z).

(4.83)

and

(Rl,Rm,Rr) s.t.


(Rl,Rm,Rr)→ (R′′l ,R

∗
m,R

′′
r ),

(e(Rl), e(Rr), z(Rl,Rm,Rr)) = (i, j, z).

(4.84)

Moreover, this matching fixes every middle Rm.

Proof. We give a reversible map from (4.83) onto (4.84). Take a (Rl,Rm,Rr) from (4.83).

By Remark 4.9 (2), the part of Rl to the right of S′l is in R∗m hence is disjoint from both R′l

and R′′l . Similarly for R′r, Rr. Now take a map (Rl,Rm,Rr) 7→ (ϕ(Rl),Rm, ϕ(Rr)), where

ϕ(Rl) replace R′l by R′′l in Rl, ϕ(Rr) replaces R′r by R′′r in Rr; so R∗m (thus Rm) is unchanged.

Since R′l, R
′′
l have the same size by assumption, by the disjointness property in Remark 4.9
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(2), the replacement operation keeps the size of Rl. Moreover, Rl, ϕ(Rl) have the same right

set which is the unique min-separator of both, so e(Rl) = e(ϕ(Rl)). Similarly for Rr, ϕ(Rr),

so the parameter (i, j) is unchanged by ϕ. The intersection parameter z is unchanged too,

since the changed part is disjoint from Z(Rl,Rm,Rr). Finally, the inverse map is given the

same way by changing the role of (R′l,R
′
r) and (R′′l ,R

′′
r ).

We are going to define one round of factorization. Let L be as Def. (4.20), Q

be any
( [n]
≤d/2

)
×
( [n]
≤d/2

)
-matrix with Q(A,B) =

∑
Tm: |V (Tm)∪A∪B|≤τ

(ωn )|V (Rm)|q(Rm) · χTm ,

where Rm denotes (A,B;Tm) and q(·) is a function symmetric w.r.t. shapes. Let us define

matrices Q′,Enegl as follows so that

(LQL⊤)non-can = (LQ′L⊤)can + Enegl. (4.85)

Let Q′(A,B) :=
∑

Tm: |V (Tm)∪A∪B|≤τ
(ωn )|V (Rm)|q′(Rm)χTm , q′(Rm) defined as below. For

any Rm = (A,B;Tm), let t = |V (Rm)|(≤ τ), s =
|A|+|B|

2 ; then for every improper R∗m that

contains Rm as its largest ribbon and |V (R∗m)| ≤ τ , fix any pair (R′l,R
′
r) s.t. (R′l,R

∗
m,R

′
r)

is the separating factorization for some triple with |V (R′l)|, |V (R′r)| ≤ τ (if there is none,

exclude R∗m in the summation below) and let

q′(Rm) =
∑

R∗
m: improper ribbon on (A,B)

|V (R∗
m)|≤τ

largest ribbon is Rm

(
ω

n
)|I(R

∗
m)| · q′′(R∗m) where

q′′(R∗m) =
∑

1≤z≤d/2

∑
P=(Rl,R,Rr): side-inn. can.

P→(R′
l,R

∗
m,R′

r) for the fixed R′
l,R

′
r

z(P)=z

(
ω

n
)z · q(R).

(4.86)

Note q′(Rm) doesn’t depend on the choice (R′l,R
′
r) by Prop. 4.5, so q′(·) is also symmetric

w.r.t. shapes. Now define Enegl such that (4.85) holds.
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Lemma 4.18. (One round) In the above notation,

(1). W.p. > 1− n−9 log n over G,
∥∥Enegl∥∥ ≤ max{q(A,B;T )} · n−ϵτ ;

(2). Given an Rm, let p be the max number of vertex-disjoint paths in it between the two

side sets. If there is a number C s.t.

∀Rm, |q(Rm)| ≤ C · ( ω

n1−ϵ
)s−p (4.87)

then |q′(Rm)| ≤ C · ( ω
n1−ϵ )s−p+1/3 for all Rm.

Proof. We compare [LQ′L⊤]can, [LQL⊤]non-can as step (0), then prove (1), (2).

(0). For any fixed (I, J), recall [LQL⊤]non-can(I, J) is

∑
(Rl,Rm,Rr): side. inn. can.

non-outer-can.
all three have size ≤τ

(
ω

n
)|V (Rl)|+|V (Rm)|+|V (Rr)|−|A|−|B|q(Rm)χTl⊕Tm⊕Tr (4.88)

where we denote the side sets of Rm by (A,B). For each (Rl,Rm,Rr) in the sum, there

is a unique (R′l,R
∗
m,R

′
r) that is its separating factorization: (Rl,Rm,Rr) → (R′l,R

∗
m,R

′
r).

There are two cases of a term in (4.88).

First case: |V (R∗m)| ≤ τ . In this case, there is the corresponding term

(
ω

n
)|V (R′

l)|+|V (R′
m)|+V (R′

r)|−|S′
l |−|S

′
r| · (ω

n
)z+|I(R

∗
m)| · q(R′m)χT ′

l⊕T ∗
m⊕T ′

r
(4.89)

in (LQ′L⊤)can(I, J), where R′m denotes the largest ribbon of R∗m, T ∗m means the edges of

R′m, and z ≥ 1 is the intersection size of (Rl,Rm,Rr). In the separating factorization, recall

T ′l ⊕ T
∗
m ⊕ T ′r = Tl ⊕ Tm ⊕ Tr, V (Rl) ∪ V (Rm) ∪ V (Rr)| = |V (R′l)| + |V (R∗m)| + |V (R′r)| −

|S′l| − |S
′
r| = |V (Rl)| + |V (Rm)| + |V (Rr)| − |A| − |B| − z and |V (R∗m)| = |V (R′m)| +

|I(R∗m)|, so the coefficient in (4.89) equals the one in (4.88) for (R′l,R
∗
m,R

′
r). Conversely, at

a position (R′l,R
′
r), [LQ′L⊤]can by (4.86) and Prop. 4.5 collects exactly all terms from a
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triple (Rl,Rm,Rr) in [LQL⊤]non-can whose separating factors have (R′l,R
′
r) as the left, right

part and whose R∗m has size ≤ τ .

Therefore, Enegl will collect exactly all terms in the next case.

Second case: |V (R∗m)| > τ . By the above explanation, Enegl(I, J) =

∑
(Rl,Rm,Rr): side. inn. can.

non-outer-can.
all three has size ≤τ
resulting |V (R∗

m)|>τ

(
ω

n
)|V (Rl)|+|V (Rm)|+|V (Rr)|−|A|−|B|q(Rm)χTl⊕Tm⊕Tr . (4.90)

where we omit writing the sum condition “Rl (Rr) has left (right) vertex-set as I (J)”.

(1). Fix any (Rl,Rm,Rr) in (4.90). Note |I(R∗m)| ≤ z+d/2 as a quick corollary of Lemma

4.17. Fix T = Tl⊕Tm⊕Tr and a > τ−|V (T )∪I∪J |, we count the number of triples in (4.90)

resulting in (ωn )|V (T )∪I∪J |+a · χT (ignoring q(Rm) for the moment): to create such a triple,

we choose a set as I(R∗m) of size ≤ a/2+d/4, a intended to be |I(R∗m)|+z so a ≥ 2I(R∗)−d/2

(by the above), then decide the triple over the vertex set in < 33τ · 23(
τ
2) many ways. So,

if let B0 := max{q(·)}, then
∣∣coefficient of χT in (4.90)

∣∣ ≤ B0(ωn )|V (T )∪I∪J |+an
(a+d)

2 22τ
2

=

B0( ω
n1−2ϵ )|V (T )∪I∪J |n−2ϵ(|V (T )∪I∪J |)( ω√

n
)an

d
222τ

2 ≤ B0n
− |V (T )∪I∪J |

2 −2ϵ(|V (T )∪I∪J |+a)+d
222τ

2

≤ B0(n−1/2)|V (T )∪I∪J |n−1.5ϵτ , where we used ω ≤ n1/2−4ϵ, |V (T ) ∪ I ∪ J | + a > τ (case

condition) and d < ϵτ/10, 22τ < nϵ/10. Also, all χT appearing in (4.90) has |V (T )| ≤ 3τ .

By Lemma 4.10, for any (I, J), w.p.> 1− n−10 log n,

|Enegl(I, J)| <
3τ∑
a=0

B0n
−a/2n−1.5ϵτna/2n4 log log n2a

2
< n−1.4ϵτ .

By union bound on (I, J), w.p.> 1− n−9 log n,
∥∥Enegl∥∥ < nd · n−1.4ϵτ < n−ϵτ .

(2). q′(Rm) =
∑

z,R∗
m:

largest ribbon = Rm

(ωn )|I(R
∗
m)|+z ∑

P=(Rl,R,Rr): side-inn. can.
P→(R′

l,R
∗
m,R′

r) for the fixed R′
l,R

′
r

z(P)=z

q(R) for any

fxied Rm, by (4.86). For a fixed R∗m, there are ≤ 8zτ < nϵz many triples in the inner sum

81



(recall R′l,R
′
r are fixed), as after fixing how each vertex appears in all three ribbons and fixing

side sets A,B ⊆ R∗m, we only need to decide the edges that appear more than once in the orig-

inal triple; such an edge must has at least one end in the already fixed (multi-set) Z. So by

Lem. 4.17(2), (4.87),
∣∣inner sum

∣∣≤ nϵz(ωn )z+|I(R
∗
m)| · |q(R)| ≤ ( ω

n1−ϵ )2(s
′−s)+(p−p′)+2|I(R∗

m)|

·C · ( ω
n1−ϵ )s−p ≤ C · (ωn )2|I(R

∗
m)| · ( ω

n1−ϵ )s
′−p′+1/2, where the parameters (s, p) for R and (s′, p′)

for Rm have the same meaning as in the lemma, and s′ − s ≥ 1/2 by Lem. 4.17(1).

Finally, in the outer sum, for any i0 there are < ni0 many R∗m s.t. |I(R∗m)| = i0 and

1 ≤ z ≤ 3τ . So |q′(Rm)| ≤ 3τ
d/2∑
i0=0

C · ni0(ωn )2i0 · ( ω
n1−ϵ )s

′−p′+1/2 ≤ C · ( ω
n1−ϵ )s

′−p′+1/3.

Apply Lemma 4.18 to [L(DQ0D)L⊤]non-can with Q← (DQ0D), then repeat as described

under (4.79), we get the recursive approximate factorization of M ′:

M ′ = L

(
D(Q0 −Q1 +Q2 − ...±Qd)D

)
L⊤ − Edeg +

(
−E1;negl + ...± E1+d;negl

)
. (4.91)

Here it implicitly used:

Proposition 4.6. ([13] Claim 6.15) Qd+1 = 0.

Proof. First we use induction in k to show that, in Qk every appearing ribbon Rm =

(A,B;Tm) has |A| + |B| ≥ k. The base case k = 0 is trivial. For k + 1, by Lemma

4.18 every R′m = (A′, B′;T ′m) in Qk+1 is the largest ribbon of some R∗m in the separating

factorization of some non-outer-canonical triple in L(DQkD)L⊤. Suppose that triple has

the middle part Rm = (A,B;Tm), then by inductive hypothesis |A| + |B| ≥ k. By Lemma

4.17(1), |A′|+ |B′| ≥ |A|+ |B|+ 1 ≥ k + 1, completing induction. For k = 1 + d, no ribbon

with both side sets in
( [n]
d/2

)
can satisfy this.

We have completed the preparation of the recursive factorization technique.

Remark 4.10. PSDness of M ′ would follow from (4.91) by some standard steps (similar to

the arguments in section 4.8), which we omit here.
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4.7 PSDness analysis, II: Exact recursive factorization

Now we apply the recursive approximate factorization to matrices MR
c in (4.56).

The high-level steps are the same as in section 4.6: define the first-approximate fac-

torization (Def. 4.27, 4.29 and Lem. 4.19), then refine it recursively to get the eventual

factorization, Lemma 4.20, which is the main result of this section.

Definition 4.27. Fix R ∈
( [n]
≤d

2

)
. For every i = 0, ..., τ define matrix LR,i as

LR,i(I, A) =



0 , if R ̸⊆ I ∩ A;∑
T : |V (T )∪I∪A|≤τ

A=Sl(I,A;T )
T∩E(A)=∅

(I,A;T ) left-generated
eI,A(T )=i

(ωn )iχT , o.w.
(4.92)

of dimension
([n]

d
2

)
×
( [n]
≤d

2

)
. Let L̃R := (LR,0, ..., LR,τ ) the left factor, (L̃R)⊤ the right

factor. Note these matrices do not depend on “c”.

Definition 4.28. Dτ := diag

(
(ωn )

|A|
2

)
A⊆[n]: |A|≤d/2

⊗ Id{0,...,τ}×{0,...,τ}.

Our goal is to find a middle,

(( [n]
≤d

2

)
× (τ + 1)

)
×
(( [n]
≤d

2

)
× (τ + 1)

)
-matrix QR

c s.t.

MR
c ≈ (LR,0, ..., LR,τ )︸ ︷︷ ︸

L̃R

·
(
Dτ ·QR

c ·Dτ
)
· (LR,0, ..., LR,τ )⊤︸ ︷︷ ︸(

L̃R
)⊤ , achived as Lemma 4.20.

Remark 4.11. Here the middle matrix has “larger” dimension (×{0, ..., τ}) compared to the

non-exact case. The reason is that in (4.54), or more broadly in any exact pseudo-expectation

generated by the method in section 4.3.2, the parameter a = |V (T ) ∪ I ∪ J | appears nestedly

in an essential way—in the non-exact case (4.28), (ωn )a = (ωn )e(Rl)+|V (Rm)|+e(Rr) (Remark

4.8) is a product of the “local” left, middle, right terms; but now terms like
(a+l−d

c

)
·
(n−a
l−c
)

are no longer log-additive in a, losing the product structure. Our method will need to consider

additional parameters as (e(Rl), e(Rr)) ∈ {0, ...τ} × {0, ...τ}.
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The (ωn )a factor in (4.57) can be separated into left, right, middle factors as before,

(ωn )a = (ωn )e(Rl) · (ωn )|V (Rm)| · (ωn )e(Rr); we leave the “hard” factor Yc(r, a) to the middle

matrix QR
c

(
(·, el), (·, er)

)
where el, er are the “intended” reduced sizes, as below.

Definition 4.29. (First-approximate factorization) Define QR
c,0 to be the {0, ..., τ}×{0, ..., τ}-

block matrix, each block of dimension
( [n]
≤d/2

)
×
( [n]
≤d/2

)
, that is 0 outside of the principal minor

SR × SR where

SR = {(A, i) ∈
(

[n]

≤ d/2

)
× {0, ..., τ} | A ⊇ R, |A|+ i ≥ d

2
}, (4.93)

and on this principal minor, QR
c,0

(
(A, i), (B, j)

)
=

∑
Tm:|V (Tm)∪A∪B|≤τ
A,B∈mSepA,B(Tm)

(
ω

n
)|V (Tm)∪A∪B|− |A|+|B|

2 · Yc
(
|R|, |V (Tm) ∪ A ∪B|+ (i+ j)

)︸ ︷︷ ︸
defined by (4.54)

·χTm

(4.94)

L̃R ·
(
Dτ ·QR

c,0 ·D
τ
)
·
(
L̃R
)⊤

is called the first approximate factorization of MR
c .

Remark 4.12. (Intended meaning of parameters in QR
c,0.)

(1). The set SR (4.93) is defined independently of c, where the condition |A| + i ≥ d/2

is by the intended meaning of i as |V (T ′)\A| ≥ |I| − |A| for some ribbon (I, A;T ′) in L̃R.

If |A|+ i < d/2 the corresponding column in L̃R is always 0. Similarly for j.

(2). QR
c,0 is supported only on those ((A, i), (B, j)) ∈ SR × SR with |A| = |B|.

(3). (cf. Remark 4.8) Regarding (4.94), in “canonical” situations (i.e. for outer-

canonical products in L̃R ·
(
Dτ ·QR

c,0 ·D
τ
)
·
(
L̃R
)⊤

) it holds that

|V (Tm) ∪ A ∪B|+ (i+ j) = |V (T ) ∪ I ∪ J |

for any ribbon R = (I, J ;T ) that has (A,B;Tm) as the middle part of its canonical decom-
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position and e(Rl) = i, e(Rr) = j.

Lemma 4.19. (QR
c,0 gives the first-approximation) Fix R, c ≤ |R|. For every (I, J ;T ) s.t.

|V (T ) ∪ I ∪ J | ≤ τ and R ⊆ I ∩ J , there is exactly one outer-canonical product in the

XYX⊤-type matrix product

L̃R︸︷︷︸
as “X”

·
(
Dτ ·QR

c,0 ·D
τ
)

︸ ︷︷ ︸
as “Y ”

·
(
L̃R
)⊤

. (4.95)

It is from the canonical decomposition of (I, J ;T ), and results in term MR
c (I, J ;T )χT .

Proof. Suppose R ⊆ I∩J . First, note every triple in (4.95) is inner-canonical by definition of

L̃R, QR
c,0, so all outer-canonical triples there 1-1 correspond to their triple-product (I, J ;T )

via the canonical decomposition.

Fix an (I, J ;T ) and its canonical decomposition, where |V (T ) ∪ I ∪ J | ≤ τ . (I, A;T ′)

appears exactly once in L̃R(I, A) in block LR,el , where el = eI,A(T ′); similarly for (J,B;T ′′)

and er = eJ,B(T ′′). Further, there is exactly one outer-canonical product in (4.95) corre-

sponding to this triple, with coefficient

LR,el(I, A;T ′) · (ω
n

)
|A|
2 ·QR

c,0(A,B;Tm) · (ω
n

)
|B|
2 · LR,er(J,B;T ′′). (4.96)

By definition (4.92), (4.94), if let a := |V (T ) ∪ I ∪ J | then the above coefficient is

(ωn )a · Yc(|R|, a) = MR
c (I, J ;T ). Compare (4.54), (4.57), where note a = |V (T ) ∪ I ∪ J | =

el + |V (Tm) ∪ A ∪B|+ er by canonicality, we see that the lemma holds.

Definition 4.30. Let ERc;deg be the matrix that collects all products in [L̃R ·
(
DτQR

c,0D
τ
)
·(

L̃R
)⊤

]can with |V (T )∪I∪J | > τ (cf. (4.78)), and [L̃R ·(DτQR
c,0D

τ )·(L̃R)⊤]non-can collects

all terms from triples that are non-outer-canonical.
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Summarizing, we have the first-approximate factorization:

MR
c = L̃R ·

(
DτQR

c,0D
τ
)
·
(
L̃R
)⊤
− [L̃R ·

(
DτQR

c,0D
τ
)
·
(
L̃R
)⊤

]non-can − ERc;deg. (4.97)

The crucial fact is that again matrix [L̃R ·
(
DτQR

c,0D
τ
)
·
(
L̃R
)⊤

]non-can factorizes through

L̃R, (L̃R)⊤ approximately, allowing us to factorize recursively (cf. (4.91)).

Definition 4.31. For a fixed R ⊆ [n], we say a function f defined on ribbons on the ground

set [n] is R-symmetric w.r.t. shapes, if f takes the same values on isomorphic ribbons

whose side sets both contain R.

The main conclusion of this section is the following.

Lemma 4.20. (Recursive factorization, exact case) ∀R ∈
( [n]
≤d/2

)
, 0 ≤ c ≤ |R|,

MR
c = L̃R ·

[
Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ
]
·
(
L̃R
)⊤

+ ERc where (4.98)

(1). All QR
c,k’s are supported on the principal minor SR × SR ( (4.93));

(2). QR
c,0 is by Definition 4.29;

(3). ∀1 < k ≤ d/2, QR
c,k is a (τ + 1)× (τ + 1)-block-matrix supported on SR × SR,

QR
c,k

(
(A, i), (B, j)

)
=

∑
Tm:|V (Tm)∪A∪B|≤τ

qRc,k(Rm, i, j) · χTm (4.99)

where we denote Rm = (A,B;Tm), qRc,k(·, i, j)’s are R-symmetric w.r.t. shapes, and

∀(i, j) |qRc,k(Rm, i, j)| ≤ τ5τ · ( ω

n1−ϵ
)s−p+k/3 (4.100)

where s =
|A|+|B|

2 , p is the max number of vertex-disjoint paths between A, B in Rm.

(4). For any G, ERc (G) is supported within rows and columns that is clique in G and

contains R. Moreover, w.p. > 1− n−9 log n,
∥∥∥ERc ∥∥∥ < n−ϵτ/2.
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To prove it, as before, we first describes a single round of factorization using an analogue

of Lemma 4.18. Fix an R ⊆
( [n]
d/2

)
and for ease of notation denote n1 :=

( [n]
d/2

)
× (τ + 1). Let

L̃R be from Definition 4.27, QR be any n1 × n1-matrix supported on SR × SR and

QR((A, i), (B, j)) =
∑

Tm: |V (Tm)∪A∪B|≤τ
(
ω

n
)|V (Rm)|q(Rm, i, j) · χTm (4.101)

where Rm denotes (A,B;Tm), and q(·, i, j) is R-symmetric w.r.t. shapes for any fixed (i, j).

We define matrix Q′,Enegl so that

[L̃R ·Q · (L̃R)⊤]non-can = [L̃R ·Q′ · (L̃R)⊤]can + Enegl. (4.102)

Namely, letQ′((A, i), (B, j))=
∑

Tm: |V (Tm)∪A∪B|≤τ
(ωn )|V (Rm)|q′(Rm, i, j)χTm and be only sup-

ported on SR × SR, with q′(Rm, i, j) as follows. For a fixed Rm = (A,B;Tm) and (i, j), let

t = |V (Rm)| ≤ τ , s =
|A|+|B|

2 , and for every improper ribbon R∗m that contains Rm as its

largest ribbon and |V (R∗m)| ≤ τ , fix any a ribbon pair (R′l,R
′
r) so that (R′l,R

∗
m,R

′
r) is the

separating factorization of some ribbon triple, |V (R′l)|, |V (R′r)| ≤ τ and

(e(R′l), e(R
′
r)) = (i, j). (4.103)

If there is no such choice, exclude this R∗m in the summation below. Define

q′(Rm, i, j) =
∑

R∗
m: improper ribbon on (A,B)

|V (R∗
m)|≤τ

largest ribbon is Rm

(
ω

n
)|I(R

∗
m)| · q′′(R∗m, i, j) where

q′′(R∗m, i, j) =
∑

(z,i1,j1):
1≤z≤d/2

∑
P=(Rl,R,Rr): side-inn. can.

P→(R′
l,R

∗
m,R′

r) for the fixed R′
l,R

′
r

z(P)=z, e(Rl)=i1,e(Rr)=j1

(
ω

n
)z · q(R, i1, j1).
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Here, q′′(Rm, i, j) doesn’t depend on the choice (R′l,R
′
r) by (the full of) Prop. 4.5, so

q′(·, i, j) is also R-symmetric w.r.t. shapes. Finally, Enegl is defined s.t. (4.102) holds.

Lemma 4.21. (One round of factorization, exact case)

(1). W.p. > 1− n−9 log n over G,
∥∥Enegl∥∥ ≤ max{q(·)} · n−ϵτ ;

(2). If there is a number C for which

∀Rm, i, j |q(Rm, i, j)| ≤ C · ( ω

n1−ϵ
)s−p (4.104)

where p is the max number of vertex-disjoint paths between A,B in Rm, then

∀Rm, i, j |q′(Rm)| ≤ C · ( ω

n1−ϵ
)s−p+1/3.

Proof. (of Lemma 4.21) The proof is almost the same as that of Lemma 4.18; we point out

and explain the differences below. First, note the support condition (i.e. only on SR × SR)

doesn’t affect anything since L̃R is automatically 0 on columns and rows not in SR.

In step (0), we expand [L̃R · Q′ · (L̃R)⊤]can to compare with [L̃R · Q · (L̃R)⊤]non-can

term-wise, using Prop. 4.5. Here, notice that when (i, j) and R∗m are fixed, the size of any

choice of (R′l,R
′
r) satisfying (4.103) are also fixed, so the proposition is applicable.

The comparison of orders on (ωn ) between the two is the same as in step (0) in the proof

of Lem. 4.18, and we get that Enegl collects all products in [L̃R · Q · (L̃R)⊤]non-can whose

R∗m in separating factorization exceeds size τ . I.e. Enegl (I, J)) =

∑
i,j

∑
(Rl,Rm,Rr): side inn. can.

non-outer-can.
all three has size ≤τ

|V (R∗
m)|>τ, (e(Rl),e(Rr))=(i,j)

(ωn )|V (Rl)|+|V (Rm)|+|V (Rr)|−|A|−|B|q(Rm, i, j)χT ,

where T = Tl ⊕ Tm ⊕ Tr and we omitted writing the default condition in the summation

that Rl (Rr) has the left (right) side vertex set I (J).
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Conclusions (1), (2) follow from the same estimates as in Lem. 4.18 (after (4.90)). Note

the norm bound from Theorem 4.3 is still applicable to our case where a graph matrix can

be nonzero only on (A,B) s.t. R ⊆ A∩B; this is because we can process the original graph

matrix by diag(1R) · (−) · diag(1R) where 1R(A) = 1 iff R ⊆ A, which does not increase

norm. Finally, for (1) we have an extra (1 + τ)2-factor compared with before (occurring

from a union bound on blocks), but the estimate in Lem. 4.18 is loose enough that when

multiplied by this additional factor it is still < n−ϵτ .

Proof. (of Lemma 4.20) As before, we apply Lemma 4.21 to [L̃R·
(
DτQR

c,0D
τ
)
·
(
L̃R
)⊤

]non-can

repeatedly. As the result, MR
c is decomposed as:

L̃R
(
Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ
)(

L̃R
)⊤
− ERc;deg +

(
−ERc,1;negl + ...± ERc,d+1;negl

)
(4.105)

where again it uses that QR
c,d+1 = 0, by the same Prop. 4.6.

(1). All QR
c,k is supported within SR × SR by definition of a round (Lem. 4.21).

(2). This is by definition.

(3). The coefficients {qRc,k(·, i, j)} of each QR
c,k (k = 0, 1, ..., d) are always R-symmetric

w.r.t. shapes by Lem. 4.21. By (4.94) and Lem. 4.13(4), |qRc,0(Rm)| = |Yc(|R|, |Rm|)| ·

(ωn )|V (T )∪A∪B| ≤ τ5τ · 1 for all Rm, i, j. Note QR
c,0 is special in that for all Rm = (A,B;Tm)

in it, there are |A| = |B| many vertex-disjoint paths between A,B in Rm, i.e. s = p

(as usual s :=
|A|+|B|

2 and p denotes the max number of vertex-disjoint paths between

A,B). So the above can be equivalently written as |qRc,0(Rm)| ≤ ( ω
n1−ϵ )s−pτ5τ . Now we use

Lem. 4.21(2), whose “q(·)” is qRc,k here, the “Q” matrix is DτQR
c,kD, the “(ωn )|V (Rm)|q(·)” is

(ωn )|V (Rm)|−s · (ωn )s · qRc,k. As the result, |qRc,k(Rm, i, j)| ≤ τ5τ · ( ω
n1−ϵ )s−p+k/3.

(4). When plugging in G, both MR
c L̃R

[
Dτ

(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ

](
L̃R
)⊤

are

supported on clique rows and columns that contain R by definition. So it is the case for the

difference, ERc , too. We only need to bound ∥ERc ∥ := ∥−ERc;deg+
(
−ERc,1;negl + ...± ERc,d+1;negl

)
∥.
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By Lem. 4.21(2) and induction on k = 0, ..., d, it always holds that |qRc,k| < τ5τ . Also for

each ERk;negl, by Lem. 4.21(1) w.p. > 1− n−9 log n,
∥∥∥ERk;negl∥∥∥ < τ5τn−ϵτ < n−0.9ϵτ .

As for ERc;deg, recall by Def. 4.23, its (I, J)-th entry is the sum of outer-canonical products

in L̃R ·
(
DτQR

c,0D
τ
)
·
(
L̃R
)⊤

at (I, J) where |V (T ) ∪ I ∪ J | > τ . Thus

ERc;deg(I, J)=
∑

(Rl,Rm,Rr): side-inn.can.
outer.can.

all three has size ≤τ
|V (T )∪I∪J |>τ

(ωn )|V (T )∪I∪J | · qRc,0(Rm, e(Rl), e(Rr))χT

where T = Tl⊕Tm⊕Tr, and in the summation Rl (Rr) should have I (J) as the left (right)

set. Note this equation uses |V (T ) ∪ I ∪ J | = el + er + |V (Rm)|, a fact from outer- and

side-inner-canonicality. By canonicality again, the sum contributes to a (I, J ;T ) by at most

33τ triples. Since 3τ ≥ |V (T ) ∪ I ∪ J | > τ and |qRc,0(·)| < τ5τ , we have by Lem. 4.10 that∣∣∣ERc;deg(I, J)
∣∣∣< τ6τ ·

3τ∑
c=0

(ωn )max{τ,c}(nc/22c
2
n4 log log n) < n−2ϵτ w.p. > 1 − n−10 log n. So,

by union bound over (I, J),
∥∥∥ERc;deg∥∥∥ < n−d/4n−2ϵτ < n−ϵτ w.p. > 1− n−9.5 log n.

Together, summing the bounds on
∥∥∥ERc,k;negl∥∥∥ and

∥∥∥ERc;deg∥∥∥, by union bound over k =

1, ..., d, we get that w.p. > 1− n−9 log n,
∥∥∥ERc ∥∥∥ < n−ϵτ/2.

4.8 PSDness analysis, III: Structural and pseudorandom

matrices

In this section, we prove the Main Lemma 4.14. Recall for each R, c ≤ |R| by Lemma 4.20,

MR
c = L̃R ·

Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
︸ ︷︷ ︸

:=QR
c

Dτ

 ·
(
L̃R
)⊤

+ ERc .

The key is the following lemma.
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Lemma 4.22. W.p. > 1− n−8 log n over G, the following holds.

(1). ∀R ∈
( [n]
≤d/2

)
, QR

0,0 − QR
0,1 + ... ± QR

0,d2
⪰ τ−7τ · diag

(
C̃l
)
SR×SR

, where recall

SR = {(A, i) ∈
( [n]
≤d/2

)
× {0, ..., τ} | A ⊇ R, |A|+ i ≥ d

2}.

(2). ∀R, 0 < c ≤ |R|, ±ω−c
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d2

)
⪯ n−c/4diag

(
C̃l
)
SR×SR

.

Proof plan of Lemma 4.22. Fix an R ∈
( [n]
≤d/2

)
. We will prove the lemma by three

ingredients: Corollary 4.5, Lemma 4.24, Lemma 4.25.

Proof plan. Corollary 4.5 (section 4.8.1, 4.8.2): Positiveness of QR
0,0. This is the last real

technical challenge. We use a natural “structural part + pseudo-random part” decomposition

of QR
0,0 (Def. 4.33), aiming to show that on their common support, the structural part is

positive enough and the pseudo-random part is small enough in norm. The main difficulty

here is in analyzing E[QR
0,0] which, ultimately, is about the choice of generating function F

in Definition 4.8.

Lemma 4.24, 4.25 (section 4.8.2): Other QR
c,k’s (k > 0 or c > 0), when timed with ω−c,

are small and appropriately supported. These are proved by standard means.

We carry out this plan in the upcoming two subsections 4.8.1, 4.8.2.

Definition 4.32. Define the root diagonal-clique matrix as

DCl(A,B) =


0 , if A ̸= B;

2−(|A|
2 )/2 · C̃lA = 2−(|A|

2 )/2∑
T⊆E[A] χT , o.w.

(4.106)

of dimension
( [n]
≤d/2

)
×
( [n]
≤d/2

)
, so that D2

Cl(A,A) = C̃l(A) for all A ∈
( [n]
d/2

)
. Also let

Dτ
Cl := DCl⊗ Id{0,...,τ}×{0,...,τ} which is again diagonal.

Definition 4.33. The structural-pseudorandom decomposition of QR
0,0 is

QR
0,0 = Dτ

Cl · E[QR
0,0] ·Dτ

Cl +
(
QR
0,0 −D

τ
Cl · E[QR

0,0] ·Dτ
Cl

)
, (4.107)
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where the summand Dτ
Cl · E[QR

0,0] · Dτ
Cl is called the structural part, and the summand(

QR
0,0 −D

τ
Cl · E[QR

0,0] ·Dτ
Cl

)
the pseudo-random part.

4.8.1 Positiveness of structural part

Proposition 4.7. Fix R ∈
( [n]
≤d/2

)
and 0 ≤ c ≤ |R|, let r := |R|.

(1). E[QR
c,0] is supported on the blockwise partial-diagonals {

(
(A, i), (A, j)

)
∈ SR×SR},

where SR is by (4.93) (i.e. requires R ⊆ A and |A|+ min{i, j} ≥ d/2).

(2). For all

(
(A, i), (A, j)

)
∈ SR × SR, E[QR

c,0]

(
(A, i), (A, j)

)
=

r∑
l=c

(−1)r−l
(r
l

)
(l − c)!

(
|A|+ i+ j + l − d

c

)(|A|+ 8τ2 + (l − c) + (i+ j)

)
!

(8τ2)!

+O

(
τ1.5τ

n

)
.

(4.108)

In particular, for c = 0,

E[QR
0,0]

(
(A, i), (A, j)

)
=

r∑
l=0

(−1)r−l
(r
l

)
l!
·

(
|A|+ 8τ2 + l + (i+ j)

)
!

(8τ2)!
+O

(
τ1.5τ

n

)
. (4.109)

(3). For every A ∈
( [n]
≤d/2

)
let 1A,A be the

( [n]
≤d/2

)
×
( [n]
≤d/2

)
-matrix with a single 1 on

position (A,A). Then

E[QR
0,0] =

∑
A⊆( [n]

≤d/2)
A⊇R

1A,A ⊗

[(
r∑

l=0

(−1)r−l
(r
l

)
l!
· P|A|+l

)
+ ER

A

]
(4.110)

where for every fixed A, P|A|+l, E
R
A are (τ + 1) × (τ + 1)-matrices both supported on the

principal minor {i | d/2 − |A| ≤ i ≤ τ} × {i | d/2 − |A| ≤ i ≤ τ}, satisfying
∥∥∥ER

A

∥∥∥ < τ2τ
n
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and

P|A|+l(i, j) =

(
|A|+ l + 8τ2 + (i+ j)

)
!

(8τ2)!
, d/2− |A| ≤ i, j ≤ τ. (4.111)

Proof. For (1), the constant terms in (4.94) correspond to Tm = ∅, which is nonzero only

when A = B for A,B in SR.

For (2), by definition (4.94) notice again Tm = ∅ and A = B. E[QR
c,0((A, i), (A, j))]

= Yc( |R|︸︷︷︸
:=r

, |A|+ i+ j︸ ︷︷ ︸
:=a

), which expands to:

r∑
l=c

(−1)r−l
(
r

l

)(
a+ l − d

c

)
︸ ︷︷ ︸

Def. 4.17

(
n− a
l − c

)
n−(l−c)

(a+ l − c+ 8τ2)!

(8τ2)!
. (4.112)

Now use
(n−a
l−c
)
n−(l−c) = 1

(l−c)!
(n−a)...(n−a−(l−c)+1)

nl−c = 1
(l−c)!(1−O(d2/n)) and

∣∣∣∣(rl
)(

a+ l − d
c

)(
n− a
l − c

)
n−(l−c)

(a+ l − c+ 8τ2)!

(8τ2)!

∣∣∣∣ < (4d)d · (9τ2)d < τ τ

to (4.112), we get (4.108). Further, in (4.112) when c = 0 we have
(a+l−d

0

)
= 0 regardless of

a+ l − d (any value of it, positive, negative or 0). And the same analysis gives (4.109).

For (3), each ER
A has dimension (τ + 1)× (τ + 1) and each entry is absolutely < τ1.5τ/n

from part (2). The expression of P|A|+l is directly from (4.109).

Remark 4.13. (Specialty of c = 0). Comparing E[QR
0,0] and E[QR

c,0] (4.108), (4.109), the

specialty of the case c = 0 is that the factor
(|A|+l−d

0

)
is always 1, which is important for

E[QR
0,0] to be positive. In cases c > 0,

(|A|+l−d
c

)
might be 0 or negative depending on the

order between 0, c, |A|+ l − d, making E[QR
c,0] possibly not PSD.

Definition 4.34. For every m, t ∈ N, define the factorial Hankel matrix to be

Hm,t(i, j) = (i+ j + t)! ∀0 ≤ i, j ≤ m. (4.113)
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The following is our key observation on the structure of these matrices.

Proposition 4.8. (Almost common decomposition of {Hm,t})

(1). Hm,t = Lm ·
(
Nm,t ·Dm,t · (Nm,t)

⊤
)
· (L⊤m) where Lm, Dm,t are diagonal and Nm,t

is lower-triangular, with expressions

Lm(i, i) = i! Dm,t(i, i) =
t∏

t′=1

(i+ t′) Nm,t(i, j) =

(
i+ t

i− j

)
.

In particular, Lm is independent of t, and Hm,t is positive.

(2). Let Jm be the usual (1 +m)× (1 +m) lower-triangular Jordan block

Jm(i, j) =


1 , if i = j or i = j + 1;

0 , o.w.

Then the “left factors” Nm,t satisfy the recursive relation Nm,t+1 = Nm,t · Jm.

Proof. The two items follow from a direct inspection of the definition.

Proposition 4.9. If parameters m, t, r satisfy

t+ 1 > 8 ·max{r2,m} (4.114)

then it holds that Hm,t+1 ⪰ 2r2Hm,t.

Proof. By Proposition 4.8 it suffices to show that under (4.114),

Jm ·Dm,t+1 · J⊤m ⪰ 2r2Dm,t.

Equivalently, we need to compare the quadratic forms for fixed m:

qt+1(x) := (x⊤Jm)Dm,t+1(J⊤mx) v.s. qt(x) := 2r2 · x⊤Dm,tx (4.115)
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where x⊤ = (x0, ..., xm) is the formal variable row-vector. Define two polynomials

α(y) = 2r2
t∏

t′=1

(y + t′), β(y) =
t+1∏
t′=1

(y + t′).

Then we have qt+1(x) =
m∑
i=0

β(i)(xi + xi+1)2 (xm+1 := 0) and qt(x) =
m∑
i=0

α(i)x2i .

To compare qt(x), qt+1(x), note qt+1(x) =
∑m

i=0 β(i) · (xi + xi+1)2

m∑
i=0

[
α(i)x2i +

(
β(i)− α(i)

)
· (xi +

β(i)

β(i)− α(i)
xi+1)2 − β(i)2

β(i)− α(i)
x2i+1

]

So if for 1 ≤ i ≤ m let bi := 1− α(i)
β(i)
− β(i−1)

β(i)
1

bi−1
, b0 = 1− α(0)

β(0)
, then

qt+1(x) =
m∑
i=0

α(i)x2i︸ ︷︷ ︸
qt(x)

+
m∑
i=0

β(i)bi(xi +
1

bi
xi+1)2. (4.116)

Claim 4.1. For all i ≤ m we have bi > 1/2.

Proof. (of the claim) By definition, b0 = 1− 2r2

(t+1)
and

bi = 1− 2r2

(t+ 1 + i)
− i

(t+ 1 + i)
· 1

bi−1
, i ≥ 1. (4.117)

Use induction for the claim: b0 = 1 − 2r2

t+1 > 1/2 by (4.114). For 1 ≤ i ≤ m, bi =

1− 2r2

t+1+i −
i

t+1+i ·
1

bi−1
≥ 1− 2r2

t+1 −
m
t+1 · 2 > 1/2 by (4.114) and inductive hypothesis.

By (4.116) and positiveness of each bi (Claim 4.1), qt+1(x) ≥ qt(x). This proves (4.115)

and thus the proposition.
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Now we apply Proposition 4.9 to matrices P|A|+l (4.111). Note

P|A|+l =
1

(8τ2)!
Hτ−(d/2−|A|), d−|A|+8τ2+l

where A is fixed, l varies. We have the following:

Corollary 4.3. (Positiveness of E[QR
0,0]) In the decomposition (4.110) of E[QR

0,0],

(
r∑

l=0

(−1)r−l
(r
l

)
l!
· P|A|+l

)
+ ER

A ≻ diag
(
τ−6τ

)
0≤i≤τ−(d/2−|A|)

(4.118)

where we regard the matrices’ support as {i | d/2−|A| ≤ i ≤ τ)}2 ∼= {0, ..., τ − (d/2−|A|)}2.

In particular, by (4.110)

E[QR
0,0] ≻

∑
A⊆( [n]

≤d/2)
A⊇R

1A,A ⊗ diag
(
τ−6τ

)
d/2−|A|≤i≤τ

= diag
(
τ−6τ

)
SR×SR

(4.119)

where recall SR = {(A, i) | R ⊆ A, |A|+ i ≥ d/2}.

Proof. The “in particular” part is straightforward from (4.118) by checking the support, and

noticing that tensoring with a nonzero PSD matrix preserves the relation ≻. Below we prove

for (4.118).

Fix A, let τ0 = τ − (d/2− |A|), t0 = d− |A|+ 8τ2. Then

r∑
l=0

(−1)r−l
(r
l

)
l!
· P|A|+l =

1

(8τ2)!
· (Xr +Xr−2 + ...) (4.120)

where, ∀0 ≤ v ≤ ⌊r/2⌋, Xr−2v =
( r
r−2v)

(r−2v)!

(
Hτ0,t0+r−2v −

(r − 2v)2

(2v + 1)︸ ︷︷ ︸
≤r2

Hτ0,t0+r−2v−1

)
and
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Hτ0,−1 := 0. Since t0 > 8 max{r2, τ0}, by Proposition 4.9

Xr−2v ⪰
( r
r−2v

)
(r − 2v)!

·max{1

2
Hτ0,t0+r−2v, r

2Hτ0,t0+r−2v−1} ∀0 ≤ v ≤ r/2.

So in (4.120), in particular,

r∑
l=0

(−1)r−l
(r
l

)
l!
· P|A|+l ⪰

1

(8τ2)!
·Hτ0,t0

Prop. 4.8
= L

(
Nt0 ·

Dt0

(8τ2)!
· (Nt0)⊤

)
L (4.121)

where we temporarily abuse the notation by omitting the index τ0 in the RHS.

Using the following claim, we can finish the proof of (4.118):

RHS of (4.121) ≻ L · diag
(
τ−5τ

)
0≤i≤τ0

· L (by Claim 4.2)

⪰ diag
(
τ−5τ

)
0≤i≤τ0

,

while by Proposition 4.7 (3),
∥∥∥ER

A

∥∥∥ < τ2τ
n < τ−6τ (using the parameter regime). So

LHS of (4.118) ⪰ diag
(
τ−5τ − τ−6τ

)
0≤i≤τ0 ⪰ RHS of (4.118).

Claim 4.2. Under the notation of Cor. 4.3, the following holds:

N−1t0
(i, j) = (−1)i−j

(
i+ t0
i− j

)
0 ≤ i, j ≤ τ0 (4.122)

(which is defined as 0 if i < j);

Nt0 ·
Dt0

(8τ2)!
· (Nt0)⊤ ≻ diag

(
τ−5τ

)
0≤i≤τ0

. (4.123)

Proof. For (4.122), multiply this matrix with Nt0 then the (i, j)th entry is

∑
j≤k≤i

(−1)i−k
(
i+ t0
i− k

)(
k + t0
k − j

)
=

i′∑
k′=0

(−1)i
′−k′

(
i′ + j + t0
i′ − k′

)(
k′ + j + t0

k′

)
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where i′ = i − j, k′ = k − j. To see it is the identity matrix, we use a generating

function. Let Dm[(1 + x)a] denote the coefficient of xm in (1 + x)a, m ≥ 0, a ∈ Z, the

above RHS = (−1)i
′∑i′

k′=0Di′−k′ [(1 + x)i
′+j+t0 ] · Dk′ [(1 + x)−(t0+j+1)] = (−1)i

′
Di′ [(1 +

x)i
′+j+t0−(t0+j+1)] = (−1)i

′
Di′ [(1 + x)i

′−1] = 1i′=0.

As for (4.123), note it is equivalent to:

Dt0

(8τ2)!
≻ N−1t0

· τ−5τ · (N−1t0
)⊤. (4.124)

To upper bound the RHS, let a0 = τ−5τ , consider the quadratic form

x⊤N−1t0
· a0 · (N−1t0

)⊤x = a0

τ0∑
j=0

y2j , (4.125)

where by (4.122), yj =
(
x⊤N−1t0

)
j

=
∑τ0

i=j(−1)i−j
(i+t0
i−j
)
xi. By Cauchy-Schwartz, y2j ≤

τ0 ·
∑τ0

i=j

(i+t0
i−j
)2
x2i , thus RHS of (4.125) = a0

∑τ0
j=0 y

2
j ≤ a0

∑τ0
i=0 x

2
i ·
(
τ0
∑i

j=0

(i+t0
i−j
)2)

<
∑τ0

i=0

(
τ−5τ · (9τ2)2i+2

)
x2i . Now (4.124) follows since, for each i, in the LHS of (4.124)

=
Dt0(i,i)

(8τ2)!
≥ (8τ2)−(d/2−|A|) by definition, and the latter > τ−2d > τ−5τ · (9τ2)2i+2 using

i ≤ τ0 < τ , d≪ τ . Combining these two conclusions, we get (4.124).

We arrive at the main conclusion of this subsection.

Corollary 4.4. (Positiveness of the structural part of QR
0,0 (Def. 4.33))

Dτ
Cl · E[QR

0,0] ·Dτ
Cl︸ ︷︷ ︸

stractural part of QR
0,0

⪰ τ−6τ · diag
(

C̃l
)
SR×SR

.

Proof. It follows from Corollary 4.3 and the fact that D2
Cl(A,A) = C̃l(A) in Definition

4.32.
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4.8.2 Bounds on rest matrices

In this subsection, we bound the rest matrices:

QR
0,0 −D

τ
Cl · E[QR

0,0] ·Dτ
Cl︸ ︷︷ ︸

pseudo−random part of QR
0,0 (Def. 4.33)

, QR
0,k (k > 0), ω−c ·QR

c,k (c > 0, k ≥ 0)

by three Lemmas 4.23, 4.24, 4.25, respectively, which would prove Lemma 4.22.

The arguments are standard but somewhat lengthy, as we need to be careful about the

block structure and the support of matrices. Like in the proof of Lem. 4.21, when fixing an

R ⊆ [n] we only consider ribbons whose both side sets contain R, so the corresponding graph

matrices will be multiplied by diag(1R) from left and right, where 1R(A) = 1 iff R ⊆ A; this

does not affect the norm bound in Thm 4.3.

Definition 4.35. Recall the (blocked) root diagonal-clique matrix Dτ
Cl, Def. 4.32. Denote by

D′ its 0-1 valued version. I.e., D′ is diagonal and D′((A, i), (A, i)) = ClA for all A ∈
( [n]
≤d/2

)
and 0 ≤ i ≤ τ .

Lemma 4.23. W.p. > 1− n−9 log n the following holds: ∀R ∈
( [n]
≤d/2

)
,

± (QR
0,0 −D

τ
Cl · E[QR

0,0] ·Dτ
Cl︸ ︷︷ ︸

pseudo−random part of QR
0,0

)(G) ⪯ n−ϵ · diag
(

C̃l(G)
)
SR×SR

(4.126)

Proof. Fix R. In this proof abbreviate Qps := QR
0,0 − Dτ

Cl · E[QR
0,0] · Dτ

Cl (“ps” for

pseudo-random). It is (τ + 1)× (τ + 1)-blocked with blocks
(
Qps,(i,j)

)
0≤i,j≤τ

.

In block (i, j), by Def. 4.29 and Prop. 4.7, Qps,(i,j) is supported within Si,j×Si,j , where

Si,j := {A | |A| + min{i, j} ≥ d/2}. For each A ̸= B, by Prop. 4.7 (1), Qps,(i,j)(A,B) =
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QR
0,0((A, i), (B, j)) =

∑
Tm: |V (Tm)∪A∪B|≤τ
A,B∈mSepA,B(Tm)

(
ω

n
)|V (Tm)∪A∪B|− |A|+|B|

2 · q(A,B;Tm) · χTm (4.127)

and

Qps,(i,j)(A,A) =
∑

Tm: 1≤|V (Tm)\A|≤τ−|A|
(
ω

n
)|V (Tm)∪A|−|A| · q(A,A;Tm) · χTm . (4.128)

Here we have abbreviated q(A,B;Tm) := Y0

(
|R|, |V (Tm) ∪ A ∪ B| + (i + j)

)
((4.94)) and

have omitted the indices |R|, i+ j when they are fixed. Two properties we need:

q(A,B;Tm) depends only on |V (Tm) ∪ A ∪B| when fixing (A,B); (4.129)∣∣∣∣q(A,B;Tm)

∣∣∣∣ < τ5τ (by Lemma 4.13 (4)). (4.130)

By (4.129), Qps,(i,j)(A,B) always factors through ClA∪B thus ClAClB . In particular,

Qps = D′ ·Qps ·D′ (D′ from Def. 4.35). (4.131)

Claim 4.3. W.p. > 1 − n−9.5 log n, ±Qps,(i,j) ≺ n−1.1ϵdiag

(
2(|A|

2 )
)
SR
l ×S

R
l

for all (i, j),

where l := min{i, j} and SRl := {A ∈
( [n]
≤d/2

)
| A ⊇ R, |A|+ l ≥ d/2}.

The lemma follows from this claim and (4.131), as follows. We consider a different

decomposition of Qps: for every b ∈ [0, d2 ], let Ib := {i | d/2 − b ≤ i ≤ τ}, and let Qps;b

be the principal minor on Wb :=
(
PR
b × Ib

)
×
(
PR
b × Ib

)
of Qps (0 elsewhere), where

PR
b = {A ⊆ [n] | R ⊆ A, |A| = b}. Then

{((A, i), (B, j)) ∈ SR × SR | 0 ≤ |A| = |B| ≤ d/2} =
d/2
⊔
b=0

Wb (disjoint union).
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Note QR
c,0 is supported only on those ((A, i), (B, j)) ∈ SR × SR with |A| = |B| (Remark

4.12(2)); in particular for c = 0, we have a decomposition Qps =
d/2∑
b=0

Qps;b.

Now inside block Ib × Ib, Qps;b is further block-wise, each block a principal minor of

Qps,(i,j). By Claim 4.3, (±) all such blocks ≺ n−1.5ϵ · diag
(

2(b2)
)
PR
b ×P

R
b

together w.p.

> 1 − n−9.5 log n, which implies ±Qps;b ≺ τ2 · n−1.5ϵdiag
(

2(b2)
)
Wb

≺ n−ϵdiag
(

2(b2)
)
Wb

.

So, summing over b, ±Qps ≺ n−ϵdiag

(
2(|A|

2 )
)
SR×SR

w.p. 1 − n−9 log n. Insert this to the

middle of (4.131), where C̃lA = 2(|A|
2 ) · ClA, ClA = Cl2A, we get (4.126).

Proof. (of Claim 4.3) We use the norm bounds from section 4.4. Fix (i, j), consider Q
diag
ps,(i,j)

and Qoff
ps,(i,j)

= Qps,(i,j) −Q
diag
ps,(i,j)

separately.

Diagonal part. For any (A,A) in the support (i.e. |A| + i ≥ d/2, |A| + j ≥ d/2),

Q
diag
ps,(i,j)

(A,A) = C̃lA

 ∑
Tm: 1≤|V (Tm)\A|≤τ−|A|

Tm∩E[A]=∅

(
ω

n
)|V (Tm)\A|q(A,A;Tm)χTm


︸ ︷︷ ︸

:=g(A)

by (4.128). This

g(A) can be bounded by norms of diagonal graph matrices as follows. First, q(A,A;Tm) de-

pends only on |V (Tm)\A| (we have fixed R, i, j, A), so temporarily denote it as q(|V (Tm)\A|).

For any 1 ≤ v ≤ τ − |A| let Uv
1, ...,U

v
h(v)

be all different shapes (A,A;T ) (Def. 4.13) s.t.

T ∩ E[A] = ∅, |V (T )\A| = v. Note

h(v) ≤ 2|A|v+v2 since we required T ∩ E[A] = ∅. (4.132)

So w.p. > 1− n−9.6 log n, |g(A)| =
∣∣∣∣τ−|A|∑
v=1

(ωn )vq(v) ·
(h(v)∑
x=1

∑
Tm:(A,A;Tm) has

shape Uv
x

χTm

︸ ︷︷ ︸
=MUvx

(A,A) by Def. 4.13

)∣∣∣∣

≤
τ−|A|∑
v=1

(ωn )vq(v) ·
h(v)∑
x=1

∥∥∥MUv
x

∥∥∥ ≤ τ−|A|∑
v=1

(ωn )vτ5τ
h(v)∑
x=1

∥∥∥MUv
x

∥∥∥ by (4.130) and that each MUv
x

is
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diagonal; this is further <
τ∑

v=1
(ωn )vτ5τ · 2|A|v+v2 · n

v
2 2O(|A|+v) by (4.132) and Theorem 4.3,

which is <
τ∑

v=1
n−3ϵv · nϵv < n−1.2ϵ in our parameter regime.

Off-diagonal part. By R-symmetry of coefficients (4.129), Qoff
ps,(i,j)

is a sum of graph

matrices. Let U
s,t
1 , ...,U

s,t
h(s,t)

be all shapes (A,B;T ) s.t. |A| = |B| = s, A ̸= B, A,B ∈

mSepA,B(T ) and |V (T ) ∪ A ∪ B| = t, then by (4.127), Qoff
ps,(i,j)

is a block-diagonal matrix,

with blocks s = d/2− i, ..., d/2 according to s = |A| = |B|, the sth block being Qoff
ps,(i,j)

(s) =∑
t: s<t≤τ (ωn )t−s

∑h(s,t)
x=1 q(U

s,t
x )M

U
s,t
x

. Here naturally, we denote q(A,B;Tm) = q(U
s,t
x ) if

(A,B;Tm) has shape U
s,t
x . By Theorem 4.3,

∥∥∥Qoff
ps,(i,j)(s)

∥∥∥ ≤ ∑
s<t≤τ

(
ω

n
)t−s · h(t, s) · n

t−s
2 2O(t)(log n)O(t−s) (4.133)

w.p. > 1 − n−9.8 log n. Also clearly, h(t, s) ≤ 2(t2)+O(t). So with the same probabil-

ity, the RHS of (4.133) ≤
∑

d/2−max{i,j}≤s≤d/2
s<t≤τ

(ωn )t−s2(t2)+O(t)n
t−s
2 (log n)O(t−s) where note

(ωn )t−s2(t2)+O(t)n
t−s
2 (log n)O(t−s) ≤ n−2ϵ(t−s)2O(t)2(s2)(2t+s log n)O(t−s) < 2(s2)n−1.95ϵ. Now

taking the blocks together, we get ±Qoff
ps,(i,j)

≺ n−1.9ϵ · diag

(
2(|A|

2 )
)
SR
min{i,j}×S

R
min{i,j}

.

By a union bound on the two parts in the above, w.p. > 1 − n−9.5 log n it holds that

±Qps,(i,j) = ±(Q
diag
ps,(i,j)

+Qoff
ps,(i,j)

) ≺ n−1.5ϵ · diag

(
2(|A|

2 )
)
SR
min{i,j}×S

R
min{i,j}

.

Corollary 4.5. (Positiveness of QR
0,0) For any R ∈

( [n]
≤d/2

)
, w.p. > 1− n−8 log n,

QR
0,0(G) ⪰ τ−6.1τ · diag

(
C̃l(G)

)
SR×SR

.

Proof. This is by Lem. 4.23, Cor. 4.4, and the fact that τ−6.1τ ≫ n−ϵ/10.

Lemma 4.24. (Bounds on QR
0,k) W.p. > 1−n−9 log n the following holds. For all R ∈

( [n]
≤d/2

)
and all 1 ≤ k ≤ d/2, ±QR

0,k(G) ⪯ n−k/10 · diag
(

C̃l(G)
)
SR×SR

.
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Proof. We will use union bound over (R, k), so fix one first and abbreviate QR
0,k by Q.

Recall the definition of QR
0,k (Lem. 4.20 (3)): Q is supported within SR × SR,

Q

(
(A, i), (B, j)

)
=

∑
Tm:|V (Tm)∪A∪B|≤τ

(
ω

n
)t−sqR0,k(Rm, i, j) · χTm . (4.134)

where t = |A ∪ B|, s =
|A|+|B|

2 . Abbreviate qR0,k as qk. By Lemma 4.20(3), qk(·, i, j)

is R-symmetric w.r.t. shapes for all fixed (i, j) (the R-symmetry condition), and also

|qk(Rm, i, j)| ≤ τ5τ ( ω
n1−ϵ )s−p+k/3 (the coefficient-size condition) where t = |A ∪ B|, s =

|A|+|B|
2 and p is the max number of vertex-disjoint paths from A to B in Tm. By symmetry

of qk’s, Q((A, i), (B, j)) factors through Cl(A)Cl(B), so

Q = D′ ·Q ·D′ (4.135)

where D′ is by Definition 4.35. It suffices to show that

w.p. > 1− n−9.5 log n ±Q ≺ n−k/10 · diag

(
2(|A|

2 )
)
SR×SR

. (4.136)

This is because, like in the proof of Lemma 4.23, we can insert (4.136) to the middle of

(4.135) which proves the lemma for the fixed R, k. Below, we prove (4.136).

As a blocked matrix Q = (Q(i,j))0≤i,j≤τ , Q(i,j) supported on A’s s.t. |A| + i ≥ d/2.

For any fixed (i, j), any (s1, s2) ∈ {0, ..., d/2}2 s.t. s1 + i ≥ d/2, s2 + j ≥ d/2, and any

t ≥ max{s1, s2}, let U
t;s1,s2
1 , ...,U

t;s1,s2
h(t;s1,s2)

be all different shapes (A,B;T ) where |A| = s1,

|B| = s2, |V (T ) ∪ A ∪B| = t. Then by (4.134) and R-symmetry,

Q(i,j) =
∑

(t;s1,s2)
s1+i,s2+j≥d/2

τ≥t≥s1,s2

h(t;s1,s2)∑
x=1

qk(U
(t;s1,s2)
x , i, j) ·M

U
(t;s1,s2)
x

.
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This can be alternatively expressed as Q(i,j) =
∑
s1,s2

s1+i,s2+j≥d/2

Q(s1,i),(s2,j)
where

Q(s1,i),(s2,j)
:=

∑
t:

s1,s2≤t≤τ

h(t;s1,s2)∑
x=1

qk(U
(t;s1,s2)
x , i, j) ·M

U
(t;s1,s2)
x

. (4.137)

Q(s1,i),(s2,j)
is a

([n]
s1

)
×
([n]
s2

)
-matrix on the (i, j)th block, and w.p. > 1− n−10 log n

∥∥∥Q(s1,i),(s2,j)

∥∥∥ ≤ ∑
t: t≤τ
t≥s1,s2

h(t; s1, s2) · (ω
n

)t−s(
ω

n1−ϵ
)s−p+k/3 ·n

t−p
2 2O(t)(log n)O(t−s) (4.138)

by Thm. 4.3 and coefficient-size condition, where s = s1+s2
2 and p is the max num-

ber of vertex-disjoint paths between the two side sets. Since h(t; s1, s2) ≤ 2(t2)+O(t) =

2(s2)+O(t)+(t+s)·(t−s), (4.138) implies (note k > 0, 2O(t) < nϵ/10, τ5τ < n1/30)

∥∥∥Q(s1,i),(s2,j)

∥∥∥ < 2(s2) · τ5τn−k/6n−ϵ(t−s) < 2(s2)n−k/8. (4.139)

Finally, we sum over all double-blocks and use Cauchy-Schwartz. Namely, regard each

Q(s1,i),(s2,j)
as on SR × SR (extended by 0’s), Q =

∑
(s1,i),(s2,j)

s1+i,s2+j≥d/2

Q(s1,i),(s2,j)
where

±Q(s1,i),(s2,j)
≺ n−k/8 ·

(
2(s12 )Id(s1,i),(s1,i) + 2(s22 )Id(s2,j),(s2,j)

)
/2

by (4.139) and Cauchy-Schwartz. Summing over (s1, i), (s2, j), w.p. > 1−n−9.5 log n, we get

±Q ≺ τ2n−k/8diag

(
2(|A|

2 )
)
SR×SR

≺ n−k/10diag

(
2(|A|

2 )
)
SR×SR

.

Lemma 4.25. (Bounds on QR
c,k, c > 0) W.p. > 1 − n−9 log n the following holds: for all

R ∈
( [n]
≤d/2

)
, 0 < c ≤ |R| and 0 ≤ k ≤ d/2, ±ω−c ·QR

c,k ⪯ n−c/3 · diag
(

C̃l
)
SR×SR

.
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Proof. The proof is almost the same as the previous one (Lemma 4.24). First, by a union

bound over all such (R, c, k), it suffices to show that w.p. > 1 − n−9.5 log n the inequality

holds for a fixed (R, c, k), which we prove below.

Fix (R, c, k) as in the lemma. If k > 0 then the proof is identical to that of Lemma 4.24

(c = 0), as the same R-symmetry and coefficient-size conditions hold (by Lem. 4.20), and

moreover, the matrix QR
c,k is supported within SR × SR too.

So we only need to deal with the case c > 0, k = 0, i.e. QR
c,0. By Definition 4.29, it is

supported on SR × SR with expression QR
c,0

(
(A, i), (B, j)

)
=

∑
Tm:|V (Tm)∪A∪B|≤τ
A,B∈mSepA,B(Tm)

(
ω

n
)|V (Tm)∪A∪B|− |A|+|B|

2 ·Yc
(
|R|, |V (Tm)∪A∪B|+(i+j)

)
·χTm (4.140)

where
∣∣Yc(|R|, |V (Tm) ∪ A ∪B|+ (i+ j)

)∣∣ < τ5τ by Lemma 4.13 (4). For a fixed (A,B;Tm)

denote t = |V (Tm) ∪ A ∪ B|, s =
|A|+|B|

2 (= |A| = |B| in this case), then the coefficient in

(4.140) is bounded by (ωn )t−s ·τ5τ in absolute value. So we have the support condition, the R-

symmetry and coefficient-size conditions as in Lemma 4.24; we proceed the same as there till

(4.137), and a single term on the RHS now is h(t; s1, s2) · (ωn )t−sτ5τ ·n
t−p
2 2O(t)(log n)O(t−s).

Note in (4.140) any appearing ribbon Rm = (A,B;Tm) has A,B ∈ mSepA,B(Tm) so p = s

(the specialty of k = 0). So we can replace the bound on the RHS of (4.139) by τ32(s2) ·

n−3ϵ(t−s)τ5τ2O(t) < 2(s2)τ6τ and then proceed to get ±QR
c,0 ≺ τ7τ · diag

(
2(|A|

2 )
)
SR×SR

.

Now c ≥ 1, ω = n
1
2−4ϵ (ϵ < 1/40), τ7τ < n1/15, so

±ω−cQR
c,0 ≺ n−c/3diag

(
2(|A|

2 )
)
SR×SR

.

Once again by QR
c,0 = D′QR

c,0D
′, we have ±ω−cQR

c,0 ⪯ n−c/3diag
(

C̃l
)
SR×SR

.

Lemma 4.22 follows immediately from Corollary 4.5, Lemma 4.24, 4.25.
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4.8.3 Put together

Now we prove the Main Lemma 4.14 thus Theorem 4.6. For any fixed R, recall the definition

of PR = {I ∈
( [n]
d/2

)
| R ⊆ I}, Dτ (Def. 4.28) and SR (4.93).

Lemma 4.14 recast: W.p. 1− n−5 log n it holds that for all R ⊆
( [n]
d/2

)
:

MR
0 ⪰ n−d · diag(C̃l)PR×PR ; (4.141)

± ω−cMR
c ⪯ n−c/6 ·MR

0 , ∀0 < c ≤ |R|. (4.142)

The following lemma will be handy.

Lemma 4.26. L̃RDτ · diag
(

C̃l
)
SR×SR

·Dτ (L̃R)⊤ ⪰ (ωn )d/2diag
(

C̃l
)
PR×PR

for any R ∈( [n]
≤d/2

)
, when evaluated on any G.

Proof. Fix any R ∈
( [n]
≤d/2

)
. Without confusion, we omit subscript SR × SR by regarding

the supports as the vertex-set [n′] = [n]−R and regarding the corresponding matrix indices

as
( [n′]
d′/2

)
or
( [n′]
≤d′/2

)
, where d′/2 = d/2 − |R|. τ is unchanged. We will still use C̃l(X) to

mean C̃l(X ⊔R) for X ⊆ [n′].

Since Dτdiag(C̃l)Dτ is nonnegative and diagonal for any G, we have

L̃R
(
Dτ · diag

(
C̃l
)
·Dτ

)
(L̃R)⊤ ⪰ LR,0

(
Dτ · diag

(
C̃l
)
·Dτ

)
(LR,0)⊤, (4.143)

where recall L̃R = (LR,0, ..., LR,τ ). Further, LR,0 = (L
R,0
0 , ..., L

R,0
d′/2), where L

R,0
t is the

matrix on column set
(n′
t

)
. This means L

R,0
d/2−|R| =

(
0, ..., 0, diag

(
C̃l
)

( [n′]
d′/2)×( [n′]

d′/2)

)
since in

LR,0 (Def. 4.27) only ribbons R = (I, A;T ′) with 0-reduced size can occur, forcing A = I

and T ′ ⊆ E(I). In particular, this implies RHS of (4.143) ⪰ (ωn )d/2 · diag
(

C̃l
)

( [n′]
d′/2)×( [n′]

d′/2)
.

Translated back to [n] and d/2, this is exactly the bound in the lemma.
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Proof. (for Lemma 4.14) Fix R ∈
( [n]
≤d/2

)
. By Lemma 4.20, for all c ≤ |R|

MR
c = L̃R ·

[
Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ
]
·
(
L̃R
)⊤

+ ERc . (4.144)

The following bounds all hold w.p. > 1− n−8 log n from the corresponding lemmas, and we

take union bound so the overall probability is > 1− n−5 log n. First,

MR
0 = L̃R ·

[
Dτ
(
QR
0,0 −Q

R
0,1 + ...±QR

0,d

)
Dτ
]
·
(
L̃R
)⊤

+ ER0

⪰ τ−7τ
[
L̃R ·Dτdiag

(
C̃l
)
SR×SR

Dτ ·
(
L̃R
)⊤]

+ ER0 (Lem. 4.22(1))

⪰ τ−7τ (
ω

n
)d/2 · diag

(
C̃l
)
PR×PR

+ ER0 (Lemma 4.26)

⪰ (τ−7τ (
ω

n
)d/2 − n−ϵτ/2) · diag

(
C̃l
)
PR×PR

(Lemma 4.20(4))

⪰ n−d · diag(C̃l)PR×PR (parameter regime)

Then for (4.142), fix R and let 1 ≤ c ≤ |R|, we have:

MR
c = L̃R ·

[
Dτ
(
QR
c,0 −Q

R
c,1 + ...±QR

c,d

)
Dτ
]
·
(
L̃R
)⊤

+ ERc

⪯ ωcn−c/4
[
L̃RDτ · diag

(
C̃l
)
SR×SR

·Dτ
(
L̃R
)⊤]

+ ERc (Lem. 4.22(2))

⪯ ωcn−c/4
[
τ7τ (MR

0 − ER0 )
]

+ ERc (Lem. 4.22(1) and (4.144))

⪯ ωcn−c/5MR
0 +

(
ωcn−c/4 + 1

)
n−ϵτ/2diag (Cl)PR×PR (Lem. 4.20(4))

So together,

ω−cMR
c ⪯ n−c/5MR

0 + 2n−ϵτ/2 · diag (Cl)PR×PR

⪯ (n−c/5 + 2ndn−ϵτ/2)MR
0 ((4.141) and C̃l ≥ Cl)

⪯ n−c/6 ·MR
0 (c ≤ |R| ≤ d/2 and parameter regime)
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The same analysis holds for −ω−cMR
c .

4.9 Appendix. Mod-order analysis

Set-up recap

We complete the deductions in section 4.6.1 now. Recall the ring A is got by adding fresh

variables α and χT ’s to R, where T ranges over edge sets on [n] and with only the relations

{χT ′ · χT ′′ = χT whenever T ′ ⊕ T ′′ = T}. The mod-order equation is

Lα · diag
(
α|A|

)
· (Lα)⊤ = Mα mod (∗) (4.145)

on the
( [n]
d/2

)
×
( [n]
≤d/2

)
-matrix variable Lα in ring A, where

Mα(I, J) =
∑

T :|V (T )∪I∪J |≤τ
α|V (T )∪I∪J |χT ∀I, J : |I| = |J | = d/2,

and mod (∗) means to mod the ideal ({α|V (T )∪I∪J |+1χT }, {χT : |V (T ) ∪ I ∪ J | > τ})

position-wise on each (I, J). We call (∗) the modularity. Moreover, if denote

L′1(I, A) =
∑
T ′

βI,A(T ′)χT ′ , βI,A(T ′) ∈ R[α]

then we require

αeI,A(T
′) | βI,A(T ′) ∀I, A, T ′ (4.146)

where eI,A(T ′) is the reduced size |V (T ′) ∪ I ∪ A| − sI,A(T ′) (Def. 4.15).

Expressed in terms, equations (4.145), (4.146) become the following.

∑
A∈( [n]

≤d/2)

∑
T ′,T ′′:

T ′⊕T ′′=T

α|A| · βI,A(T ′) · βJ,A(T ′′) = α|V (T )∪I∪J | mod α|V (T )∪I∪J |+1 (4.147)
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for every (I, J ;T ) with |V (T ) ∪ I ∪ J | ≤ τ , and

αeI,A(T
′) | βI,A(T ′) (4.148)

for every (I, A;T ′).

The main observation is the following (Lemma 4.16 recast).

Lemma 4.27. (Order match) In the LHS of equation (4.147), only products α|A| ·βI,A(T ′) ·

βJ,A(T ′′) that satisfies the following are non-zero modulo (∗).

A is a min-separator for both (I, A;T ′), (J,A;T ′′); (4.149)(
V (T ′) ∪ I ∪ A

)
∩
(
V (T ′′) ∪ J ∪ A

)
= A. (4.150)

Moreover, (4.149), (4.150) imply that

A is a min-separator of (I, J ;T ) (where T = T ′ ⊕ T ′′); (4.151)

|V (T ′) ∪ I ∪ A|, |V (T ′′) ∪ J ∪ A| ≤ τ. (4.152)

Proof. Pick a term α|A| · βI,A(T ′) · βJ,A(T ′′) form the LHS of (4.147). By (4.148),

its order in α ≥ |A|+ |V (T ′) ∪ I ∪ A| − sI,A(T ′) + |V (T ′′) ∪ A ∪ J | − sJ,A(T ′′).

By modularity on the RHS of (4.147), the term is non-zero only if: (its order in α)≤

|V (T ) ∪ I ∪ J | and |V (T ) ∪ I ∪ J | ≤ τ , where T = T ′ ⊕ T ′′. This implies

|V (T ′) ∪ I ∪ A|+ |V (T ′′) ∪ J ∪ A| ≤ |V (T ) ∪ I ∪ J |︸ ︷︷ ︸
1○

+ (sI,A(T ′) + sJ,A(T ′′)− |A|)︸ ︷︷ ︸
2○

(4.153)
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Note 2○ ≤ |A| and “=” holds iff sI,A(T ′) = sJ,A(T ′′) = |A|. While the LHS above

= |(V (T ′) ∪ I ∪ A) ∪ (V (T ′′) ∪ J ∪ A)|︸ ︷︷ ︸
≥|V (T )∪I∪J |= 1○

+ |(V (T ′) ∪ I ∪ A) ∩ (V (T ′′) ∪ J ∪ A)|︸ ︷︷ ︸
≥|A|≥ 2○

.

Therefore, (4.153) could hold only when all “=”’s hold, which means: (1). A is a min-

separator of (I, A;T ′), (J,A;T ′′); (2). (V (T ′) ∪ I ∪ A) ∪ (V (T ′′) ∪ J ∪ A) = V (T ) ∪ I ∪ J ;

(3). (V (T ′) ∪ I ∪ A) ∩ (V (T ′′) ∪ J ∪ A) = A.

Next, we show (1),(3) imply A ∈ mSepI,J (T ) (and also (2), actually). By (3), T ′, T ′′

could overlap only in E(A). Now T = T ′ ⊕ T ′′, so

T = T ′ ⊔ T ′′ modulo E(A) (4.154)

(also ⇒ V (T ′) ∪ V (T ′′) ⊆ V (T ) ∪ A). By (1) there are |A| many vertex-disjoint paths

p1, , , .p|A| from I to A in T ′, and similarly q1, ..., q|A| from J to A in T ′′. These paths are

also present in T by (4.154)—where it naturally assumes every path touches A only once

at its endpoint. By (3) again, any pi, qj do not intersect beside endpoint in A so they are

paired to |A| many vertex-disjoint paths from I to J in T , all passing A (this also implies

A ⊆ V (T )∪ I ∪ J). On the other hand, if p is a path in T from I not passing A, then it is a

path on I ∪ V (T ′) by induction using (3). Now by (3) again we have (V (T ′) ∪ I) ∩ J ⊆ A,

so p can’t reach J . So A ∈ mSepI,J (T ).

Finally, under the above implications, V (T ′) ∪ I ∪ A ⊆ V (T ) ∪ I ∪ J and similarly for

V (T ′′) ∪ J ∪ A, so both have size ≤ τ .

By this lemma, we can assume that in an imagined solution, βI,A(T ′) ̸= 0 only when it

satisfies the conditions (4.149), (4.152) on its part. If assume further that the solution is sym-

metric (which looks plausible), i.e. βI,A(T ′) = βJ,B(T ′′) whenever (I, A;T ′), (J,B;T ′′) are

of the same shape, then this lemma is particularly informative about some special (I, J ;T )’s.
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Corollary 4.6. If (I, J ;T ) has a unique min-separator A, then

∑
T ′,T ′′: T ′⊕T ′′=T

(4.149), (4.150) hold

βI,A(T ′) · βJ,A(T ′′) = αeI,J (T ) (4.155)

where eI,J (T ) = |V (T ) ∪ I ∪ J | − sI,J (T ). In particular, in symmetric solution,

∑
T1⊆E(A)

βI,A(T1 ⊕ T ′)2 = α2·eI,A(T
′) (4.156)

for all (I, A;T ′) such that

A is the unique min-separator of (I, A;T ′). (4.157)

Proof. The first part is directly from Lemma 4.16. For the “in particular” part, let (I, A;T ′)

satisfy (4.157). By mirroring (I, A;T ′) through A, we get a (J,A;T ′′) that satisfies the same

condition and they together satisfy (4.149), (4.150). There are always enough vertices in [n]

to carry out this mirroring operation. By the symmetry assumption, βI,A(T ′) = βJ,A(T ′′).

From mirroring it is not hard to see that A is the unique min-separator of (I, J ;T = T ′⊕T ′′),

so for this triple (I, J ;T ) equation (4.155) holds, giving that
∑

T1⊆E(A) βI,A(T ′ ⊕ T1)2 =

α|V (T )∪I∪J |−|A| = α2(|V (T ′)∪I∪A|−|A|).

Summarizing what we got so far, let all βI,A(T ′ ⊕ T1)’s in (4.156) be equal (which is a

plausible assumption) then βI,A(T ′) = 2−(|A|
2 )/2·αeI,A(T

′) (taken all + signs); collecting these

terms, we get a matrix L′1: L′1(I, A) =
∑

T ′: |V (T ′)∪I∪A|≤τ
(4.157) holds
T ′∩E(A)=∅

2−(|A|
2 )/2α|V (T ′)∪I∪A|−|A|χT ′ · C̃lA,

where C̃lA =
∑

T⊆E(A)

χT . To see how far this is from a solution, notice C̃l
2
A = 2(|A|

2 )C̃lA and

consider

L′1 · diag
(
α|A|

)
· (L′1)⊤ = L1 · diag

(
α|A| · C̃lA

)
· L⊤1 (4.158)
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where L1 is the matrix in A as below (which is cleaner than L′1 to use).

Definition 4.36. ∀I ∈
( [n]
d/2

)
, A ∈

( [n]
≤d/2

)
,

L1(I, A) :=
∑

T ′: |V (T ′)∪I∪A|≤τ
(4.157) holds
T ′∩E(A)=∅

α|V (T ′)∪I∪A|−|A|χT ′ . (4.159)

Surely L′1 is not a solution to the mod-order equation, since (4.158) equals (mod (*)) only

the part of Mα consisting of the special (I, J ;T )’s from Cor. 4.6. For a general (I, J ;T ),

Lemma 4.27 only says:

∑
A,T ′,T ′′: T ′⊕T ′′=T

A∈mSepI,J (T )

(4.149),(4.150) hold

βI,A(T ′)βJ,A(T ′′) = αeI,J (T ) mod αeI,J (T )+1. (4.160)

To see how to proceed further, we inspect a further weakening: polarization.

Polarized solution

Roughly speaking, polarization weakens linear equations with “x2i ’s” by replacing these terms

with multi-linear “xiyi’s”, where y⃗ are fresh variables, and we plug in a “tentative” solution

x⃗0 and solve for y⃗ (the equations become in y⃗) then see how to modify x⃗0 further.

Definition 4.37. The polarized mod-order equation w.r.t. L1 is:

L1 · diag
(
α|A| · C̃lA

)
· L⊤2 = Mα mod (∗) (4.161)

where (∗) is the modularity in (4.145), L1 is by (4.159), L2 is a matrix

L2(I, A) =
∑

T ′: |V (T ′)∪I∪A|≤τ
β
(2)
I,A(T ′)χT ′ (4.162)
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with variables {β(2)I,A(T ′)} required to satisfy αeI,A(T
′) | β(2)I,A(T ′), ∀(I, A, T ′).

In this polarized form, the essential condition (4.160) becomes

∑
A,T ′,T ′′: T ′⊕T ′′=T

(I,A;T ′) appears in L1

(4.149),(4.150) hold

αeI,A(T
′) · β(2)J,A(T ′′) = αeI,J (T ) mod αeI,J (T )+1. (4.163)

By (4.163), existence of a solution L2 requires at least the following condition: for general

(I, J ;T ), there always exist “(I, A;T ′) appearing in L1” and T ′′ which satisfy the condition

in the LHS of (4.163). By a direct (but careful) check, this is actually equivalent to the “In

particular” part of the graph-theoretic fact 4.5 due to Escalante, restated below.

Fact 4.9.1. For any ribbon (I, J ;T ), the set of all min-separators, mSepI,J (T ), has a nat-

ural poset structure: min-separators A1 ≤ A2 iff A1 separates (I, A2;T ), or equivalently as

can be checked, iff A2 separates (J,A1;T ). The set is further a lattice under this partial-

ordering: ∀A1, A2 ∈ mSepI,J (T ) their join and meet exist. In particular, there exist a unique

minimum and maximum.

Denote the minimum by Sl(I, J ;T ) and the maximum by Sr(I, J ;T ), which is the “left-

most” and “rightmost” min-separator, respectively.

By this fact, some (I, A;T ′) indeed appears in (4.163) with A = Sl(I, J ;T ). Moreover,

(4.163) is naturally satisfied if take

L2(J,A) =
∑

T ′′: |V (T ′′)∪J∪A|≤τ
A∈mSepJ,A(T

′′)
T ′′∩E(A)=∅

(J,A;T ′′) left-generated

αeJ,A(T
′′)χT ′′ . (4.164)

Here, recall being left-generated means every vertex is either in A or can be connected from

J without touching A. Also, with this L2 only one product in the LHS of (4.163) contributes
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to the right modulo αeI,J (T )+1. We get:

Proposition 4.10. The pair (L1, L2) is a solution to the polarized mod-order equation

(4.161), (4.162).

Remove the polarization. One more use of fact 4.9.1 actually shows that, if move the

“left-generated” condition from L2 to L1, then L2 itself factors through L1—that is, we can

replace diag(C̃l) · L⊤2 by some X · L⊤1 in (4.161), and this finally gives the following.

Proposition 4.11. (Mod-order diagonalization; Prop. 4.3 recast) Let

Lα(I, A) :=
∑

T ′: |V (T ′)∪I∪A|≤τ
A=Sl(I,A;T ′)
T ′∩E(A)=∅

(I,A;T ′) left-generated

αeI,A(T
′)χT ′ ,

Q0,α(A,B) :=
∑

Tm: |T∪A∪B|≤τ
A,B∈mSepA,B(Tm)

αeA,B(Tm)χTm

(where Tm indicates “middle”). Then

Lα · [diag

(
α

|A|
2

)
·Q0,α · diag

(
α

|A|
2

)
] · L⊤α = Mα mod (∗) (4.165)

where (∗) is the modularity in (4.145).

Proof. Given Fact 4.9.1, we immediately have the canonical decomposition of graphs as in

Definition 4.21 and Remark 4.8. This implies that in the LHS of (4.165) only the products

from canonical triples are non-zero modulo (∗), and they give Mα.

Thus we get a “L(−)L⊤”-shape decomposition of Mα, meaning that we do not lose much

from the polarization step since our goal is only to prove the PSDness of the matrix. Indeed,

(4.165) gives the “first-approximate” decomposition in Definition 4.20.
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CHAPTER 5

ON CDCL WITH ORDERED-DECISION STRATEGY

The content of this chapter is from a joint work with Nathan Mull and Alexander Razborov,

whose abbreviated version appeared at the 23rd International Conference on Theory and

Applications of Satisfiability Testing (SAT 2020) [81].

5.1 Introduction

SAT-solvers have become standard tools in many application domains such as hardware ver-

ification, software verification, automated theorem proving, scheduling and computational

biology (see [52, 61, 33, 78, 38] among the others). Since their conception in the early 1960s,

SAT-solvers have become significantly more efficient, but they have also become significantly

more complex. Consequently, there has been increasing interest in understanding the theo-

retical limitations and strengths of contemporary SAT-solvers. Much of the recent literature

has focused on the connections between SAT-solvers and subsystems of the resolution proof

system originally introduced in [27, 98].

This connection essentially started with the Davis-Putnam-Logemann-Loveland proce-

dure (DPLL) [41, 40], a backtracking search algorithm that builds partial assignments one

literal at a time until a satisfying assignment is found or all assignments have been exhausted.

Since DPLL is sound and complete, its computational trace when applied to an unsatisfiable

formula is a proof of unsatisfiability. It is generally accepted as a folklore result that the

computational trace of DPLL on an unsatisfiable formula can be converted into a tree-like

resolution refutation. Thus, tree-like resolution lower bounds imply DPLL running time

lower bounds. And in some sense, these lower bounds are tight: DPLL, given oracle access

to a tree-like resolution refutation Π of the input formula, can run in time that is polynomial

in the length of Π. That is, DPLL is essentially equivalent to tree-like resolution and thus
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can be viewed as a propositional proof system in the Cook-Reckhow sense [39].

Nearly all contemporary SAT-solvers are variants of DPLL augmented with modern al-

gorithmic techniques and heuristics. The technique most often credited for their success is

conflict-driven clause learning (CDCL) [64, 77], so these solvers are interchangeably called

CDCL SAT-solvers, CDCL solvers, or simply CDCL (for further information regarding the

design of SAT-solvers, see the Handbook of Satisfiability [26]). Just as with DPLL, the com-

putational trace of CDCL can be converted into a resolution refutation, but may no longer

be tree-like or even regular. Thus, general resolution lower bounds imply CDCL running

time lower bounds, but it is unclear a priori whether these bounds are tight in the same

sense as above.

The line of work on the question of whether CDCL solvers simulate general resolution was

initiated by Beame et al. [18] and continued by many others [104, 83, 56, 35, 20, 90, 9, 44].

The primary difference between all these papers is in the details of the model, the models

considered by Pipatsrisawat and Darwich [90] and Atserias et al. [9] being perhaps the most

faithful to actual implementations of CDCL SAT-solvers. But almost all models appearing

in the literature make a few nonstandard assumptions.

1. Very frequent restarts. The solver restarts roughly O(n2) times for every clause in the

given resolution refutation Π (where n is the total number of variables). Though many

solvers do restart frequently in practice [25], it is unclear if this is really necessary for

the strength of CDCL.

2. No clause deletion policy. The solver has to keep every learned clause. In practice,

some solvers periodically remove half of all learned clauses [10].

3. Nondeterministic decision strategy. The solver uses oracle access to Π to construct a

very particular decision strategy. In practice, solvers use heuristics [76, 80, 75].

It is natural to ask whether these assumptions can be weakened or removed entirely. In
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this respect, the first two assumptions have become topics of recent interest. With regards

to the first, much research has been dedicated to the study of nonrestarting SAT-solvers

[104, 35, 36, 31, 19, 74]. The exact strength of CDCL without restarts is still unknown and,

arguably, makes for the most interesting open problem in the area. With regards to the

second, Elffers et al. [44] proved size-space tradeoffs in a very tight model of CDCL, which

may be interpreted as results about aggressive clause deletion policies.

In this chapter we are primarily concerned with the third assumption, i.e., how much does

the efficiency of CDCL-solvers depend on the nondeterminism in the decision strategy? We

study a simple decision strategy that we call the ordered decision strategy which is identical

to the strategy studied by Beame et al. [17] in the context of DPLL without clause learning.

It is defined naturally: when the solver has to choose a variable to assign, the ordered decision

strategy dictates that it chooses the smallest unassigned variable according to some fixed

order. There is still a choice in whether to fix the variable to 0 (false) or 1 (true), and we

allow the solver to make this choice nondeterministically. If unit propagation is used, the

solver may assign variables out of order; a unit clause does not necessarily correspond to the

smallest unassigned variable. This possibility to “cut the line” is precisely what makes the

situation much more subtle and nontrivial.

Thus, our motivating question is the following:

Is there a family of contradictory CNFs {τn}∞n=1 that possess polynomial size resolution

refutations but require superpolynomial time for CDCL with any ordered decision strategy?

Before describing our contributions towards this question, let us briefly review analogous

separations in the context of proof and computational complexities. Bonet et al. [32] proved

that a certain family of formulas requires exponential-sized ordered resolution refutations but

has polynomial-sized regular resolution refutations. Bollig et al. [28] proved that a certain

boolean function requires exponential-sized ordered binary decision diagrams (OBDDs) but

have polynomial-sized general BDDs. These results tell us that order tends to be a strong
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restriction, and the above question asks whether this same phenomenon occurs for CDCL.

It is also worth noting that this question may be motivated as a way of understanding the

strength of static decision strategies such as MINCE [4] and FORCE [5]. But since such

decision strategies are rarely used in practice we will not dwell on this anymore.

Our contributions

Per the discussion above, a proof system that captures any class of CDCL solvers should

be no stronger than general resolution. It can also be reasonably expected (and in two

particular situations will be verified below as easy directions of Theorems 5.2, 5.3) that with

any ordered decision strategy, they should be at least as strong as ordered resolution with

respect to the same order. Our main results show that, for a nondetermistic model of CDCL

in which the solver may arbitrarily choose conflict/unit clauses if there are several, may

elect not to do conflict analysis/unit propagations at all, and may restart at any time, both

extremes are attained. In this setting, the strength of the system depends on the learning

scheme employed; that is, it depends on the method used to determine which clauses are

learned after conflict analysis. More specifically, we prove

1. CDCL with the ordered decision strategy and a learning scheme we call DECISION-L

is equivalent to ordered resolution (Theorem 5.2). In particular, it does not simulate

general resolution.

2. CDCL with the ordered decision strategy and a learning scheme we call FIRST-L is

equivalent to general resolution (Theorem 5.3).

Remark 5.1. As the name suggests, DECISION-L is the same as the so-called DECISION

learning scheme used in practice.1 Hence these two results, taken together, go somewhat

against the “common wisdom.” Namely, it turns out that in the case of ordered decision

1. We use this slightly different name so that it fits our naming conventions below.
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strategy, an assertive learning scheme is badly out-performed by a scheme that, to the best of

our knowledge, has not been used before. That said, FIRST-L is similar to the learning scheme

FirstNewCut [18], and both schemes have the property that they are designed somewhat

artificially to target particular resolution steps in a given refutation.

We also prove linear width lower bounds for CDCL with the ordered decision strategy

(Theorem 5.4), which are in sharp contrast with the size-width relationship for general

resolution proved by Ben-Sasson and Wigderson [21].

With the ability of possibly postponing conflict analysis and unit propagation, the model

of CDCL we consider differs in these aspects from solvers that occur in practice. This is

in part because our intention is to focus on the impact of decision strategies. But this

substantial amount of nondeterminism also allows us to identify two proof systems that

are, more or less straightforwardly, equivalent to the corresponding CDCL variant. (This

correspondence is very much like the correspondence between regWRTI and a variant of

CDCL with similar nonstandard features called DLL-LEARN, both introduced by Buss et

al. [36, 31].) Determining the exact power of these systems constitutes the main technical

part of this chapter.

The first proof system might be of independent interest; we call it half-ordered resolution.

For a given order on the variables, ordered resolution can be alternatively described by the

requirement that in every application of the resolution rule, the resolved variable is larger

than any other variable appearing in both of the two antecedent clauses. We relax this

requirement by asking that this property holds for at least one of them, which reflects

the inherent asymmetry in resolution rules resulting from clause learning in CDCL solvers.

Somewhat surprisingly (at least to us), it turns out (Theorem 5.1) that this relaxation does

not add any extra power, and half-ordered resolution is polynomially equivalent to ordered

resolution with respect to the same order.

The second proof system, which we call trail resolution, extends half-ordered resolution
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and is more auxiliary in nature. It is based on the observation that with the amount of

nondeterminism we allow, all trails2 that a CDCL solver manages to create can be easily

recreated when needed. Accordingly, the system works with lines of two types, one for clauses

and another for trails. Clauses entail nontrivial trails via a unit propagation rule while trails

can be used to enhance the half-ordered resolution rule. We show that trail resolution is

polynomially equivalent to resolution (Theorem 5.5), and since it is by far our most difficult

result, let us reflect a bit on the ideas in its proof.

Like other CDCL-based proof systems, trail resolution is not closed under restrictions

or weakening, so many standard methods do not apply. Instead, we use two operations on

resolution proofs (lifting and variable deletion) in tandem with some additional structural

information to give us a fine-grained understanding of the size and structure of the general

resolution refutation being simulated. The properties of these operators allow for a surgery-

like process; we simulate small local pieces of the refutation and then stitch them together

into a new global refutation.

Finally, in order to aid the above work (and, perhaps, even facilitate further research

in the area), we present a model and language for studying CDCL-based proof systems.

This model is not meant to be novel, and is heavily influenced by previous work [83, 9, 44].

However, the primary goal of our model is to highlight possible nonstandard sources of

nondeterminism in variants of CDCL, as opposed to creating a model completely faithful to

applications. For example, Theorem 5.3 can be written in this language as:

For any order π, CDCL(FIRST-L, π-D) is equivalent to general resolution.

We will also try to pay a special attention to finer details of the model sometimes left

implicit in previous works. This entails several subtle choices to be made, and we interlace

the mathematical description of our model with informal discussion of these choices.

2. A trail is essentially an ordered partial assignment constructed by CDCL during its execution.
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The chapter is organized as follows. In Section 5.2 we give all necessary definitions and

formulate our main results as we go along.

In Section 5.3 we prove Theorem 5.2 on the power of CDCL with the ordered decision

strategy and the DECISION-L learning strategy. Section 5.3.1 contains proof-complexity

theoretic arguments about half-ordered resolution, while in Section 5.3.2 we establish its

translation to the language of CDCL.

In Section 5.4 we prove Theorem 5.3 on the power of CDCL with the ordered decision

strategy and the FIRST-L learning strategy. To that end, in Section 5.4.1 we show the

equivalence of this system to trail resolution (mentioned above) and in Section 5.4.2 we

establish that trail resolution is actually equivalent to general resolution (Theorem 5.5).

In Section 5.5 we prove Theorem 5.4 that, roughly speaking, states that the simulation

provided by Theorem 5.3 fails extremely badly with respect to width. Among other things,

this implies that there does not seem to exist any useful width-size relation in the context

of CDCL with ordered decision strategy.

Related works

The recent work of Vinyals [106] also studied the strength of decision heuristics in CDCL,

where it was shown that CDCL with the popular VSIDS decision strategy (among others)

cannot simulate ordered resolution.

5.2 Preliminaries and main results

Throughout the chapter, we assume that the set of propositional variables is fixed as V
def
=

{x1, . . . , xn}. Recall the resolution proof system is a Hilbert-style proof system whose lines
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are clauses and that has only one resolution rule (2.1). Note that the weakening rule

C

C ∨D

is not included by default. In the full system of resolution it is admissible in the sense that

SR(τ ⊢ 0) does not change if we allow it. But this will not be the case for some of the

CDCL-based fragments we will be considering below.

Remark 5.2. Despite the above distinction, it is often convenient to consider systems that

do allow the weakening rule. We make it clear when we do this by adding the annotation

‘+ weakening’ to the system. For example, resolution + weakening is the resolution proof

system with the weakening rule included.

Resolution graphs

Our results depend on the careful analysis of the structure of resolution proofs. For example,

it will be useful for us to maintain structural properties of the proof while changing the

underlying clauses and derivations. We build up the following collection of definitions for

this analysis, to which we will refer throughout the later sections. The reader may skip this

section for now and return to it in the future as needed.

Definition 5.1. For a resolution + weakening proof Π, its resolution graph, G(Π), is a

directed acyclic graph (DAG) representing Π in the natural way: each clause in Π has a

distinguished node, and for each node there are incoming edges from the nodes corresponding

to the clauses from which it is derived. Every node has in-degree 0, 1, or 2 if its corresponding

clause is an axiom, derived by weakening, or derived by resolving two clauses, respectively.

Denote the set of nodes by V (Π), and the clause at v ∈ V (Π) by cΠ(v). We do not assume

that cΠ is injective, that is we allow the same clause to appear in the proof several times.
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There is a natural partial order on V (Π) reflecting the order of appearances of clauses

in Π: v > u if and only if v is a descendant of u, or equivalently, there is a (directed) path

from u to v. We sometimes say that v is above (resp. below) u if v > u (resp. v < u). If,

moreover, (u, v) is an edge (directed from u to v), we say that u is a parent of v. A set of

nodes is independent if any two nodes in the set are incomparable. Note that we have defined

this order so that we naturally view resolution graphs in bottom-up orientation, where axioms

appear at the bottom and derivations flow upwards.

Maximal and minimal nodes of any nonempty S ⊆ V (Π) are defined with respect to this

partial order: maxΠ S
def
= {v ∈ S : ∀u ∈ S¬(v < u)}, and similarly for minΠ S.

Definition 5.2. Let S ⊆ V (Π). The upward closure and downward closure of S in G(Π)

are uclΠ(S)
def
= {v ∈ V (Π) : ∃w ∈ S(v ≥ w)} and dclΠ(S)

def
= {v ∈ V (Π) : ∃w ∈ S(v ≤ w)},

respectively. A subset of nodes S is parent-complete if for any v ∈ S of in-degree 2, one

parent of v being in S implies that the other parent of v is also in S. It is path-complete if

for any directed path p in G(Π), the two end points of p being in S implies all nodes of p

are.

Remark 5.3. The following are some basic facts about these definitions.

• The upward closure uclΠ(S) is path-complete but need not be parent-complete.

• The downward closure dclΠ(S) is always both path-complete and parent-complete.

• Path-completeness does not imply upward-closedness.

• The complement of any upward-closed set is downward-closed.

Also, these definitions behave naturally, as demonstrated by the following proposition.

Proposition 5.1. Let S ⊆ V (Π) be a nonempty set of nodes that is both parent-complete

and path-complete. Then the induced subgraph on S in G(Π) is the graph of a proof which

derives maxΠ S from minΠ S.
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Proof. Let S∗ ⊆ S be the set of all nodes in S “provable” from minΠ S inside S. Formally,

it is the closure of minΠ S according to the following rule: if v ∈ S and all its parents are in

S∗ then v is also in S∗. We need to show that S∗ = S.

Assume not, and fix an arbitrary v ∈ minΠ(S \S∗). Since v ̸∈ minΠ S, there exists w ∈ S

below v. Since S is path-complete, we can assume w.l.o.g. that w is a parent of v, and since

S is parent-complete, all parents of v are in S. Now, since v is minimal in S \S∗, all of them

must be actually in S∗. Hence v ∈ S∗, a contradiction.

In the sequel, we refer to a proof (refutation) defined on a subgraph in this way as a

subproof (subrefutation).

Definition 5.3. A resolution graph is connected if |maxΠ V (Π)| = 1, i.e., there is a unique

sink.

This is not the usual definition of connectedness for directed graphs. But it implies that

every node can be connected to the unique sink by a directed path, and thus implies the

weak connectedness in the usual sense (i.e., there is an undirected path between any two

nodes).

Remark 5.4. For a resolution proof Π and v ∈ V (Π), the subgraph on dclΠ({v}) is a

connected resolution graph whose axiom nodes are among axiom nodes of G(Π).

Ordered and half-ordered resolution

Fix now an order π ∈ Sn. For any literal l = xak, π(l)
def
= π(k). For k ∈ [n], let Varkπ

denote the k smallest variables according to π. A clause C is k-small with respect to π if

Var(C) ⊆ Varkπ.

The proof system π-ordered resolution is the subsystem of resolution defined by imposing

the following restriction on the resolution rule (2.1):

∀l ∈ C ∨D (π(l) < π(xi)).
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That is, the two antecedents are i-small. We note that in the literature this system is usually

defined differently, namely in a top-down manner (see e.g. [32]). It is easy to see, however,

that our version is equivalent.

Definition 5.4. π-half-ordered resolution is the subsystem of resolution in which the rule

(2.1) is restricted by the requirement

∀l ∈ C (π(l) < π(xi)). (5.1)

That is, at least one of the antecedents is i-small.

Recall [39] that a proof system P p-simulates another proof system Q if there exists a

polynomial time algorithm that takes any Q-proof to a P -proof from the same axioms (in

particular, the size of the P -proof is bounded by a polynomial in the size of the original

proof). Two systems P and Q are polynomially equivalent if they p-simulate each other.

We are now ready to state our first result.

Theorem 5.1. For any order π ∈ Sn, π-ordered resolution is polynomially equivalent to

π-half-ordered resolution.

The next proof system, π-trail resolution, is even more heavily motivated by CDCL

solvers. For this reason we interrupt our proof-complexity exposition to define the corre-

sponding model. As we noted in the introduction, we will try to highlight certain subtle

points in the definition of the model by injecting informal remarks.

5.2.1 CDCL-based proof systems

A unit clause is a clause consisting of a single literal. An assignment is an expression of

the form xi = a (1 ≤ i ≤ n, a ∈ {0, 1}). A restriction ρ is a set of assignments in which

all variables are pairwise distinct. We denote by Var(ρ) the set of all variables appearing
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in ρ. Restrictions naturally act on clauses, CNFs, resolution proofs, etc.; we denote by

C|ρ, τ |ρ, Π|ρ . . . the result of this action. Note that both π-ordered resolution and π-half-

ordered resolution are closed under restrictions, i.e., if Π is a π-(half)-ordered resolution

proof, then Π|ρ is a π|ρ-(half)-ordered resolution proof of no-bigger size, where π|ρ is the

order induced by π on V \ Var(ρ).

Remark 5.5. Restrictions of proofs also act on resolutions graphs, i.e., they give rise to a

transformation from G(Π) to G(Π|ρ). For example, if a clause is satisfied by a restriction

ρ, its node will be immediately removed. And even if a clause is not satisfied, its node still

might be not used in constructing G(Π|ρ) since e.g. a parent is removed.

An annotated assignment is an expression of the form xi
∗
= a (1 ≤ i ≤ n, a ∈ {0, 1}, ∗ ∈

{d, u}). Informally, a CDCL solver builds (ordered) restrictions one assignment at a time,

and the annotation indicates in what way the assignment is made: ‘d’ means by a decision,

and ‘u’ means by unit propagation. See Definition 5.6 and Remark 5.8 below for details

about these annotations.

Definition 5.5. A trail is an ordered list of annotated assignments in which all variables are

again pairwise distinct. A trail acts on clauses, CNFs, etc., just in the same way as does the

restriction obtained from it by disregarding the order and the annotations on assignments.

For a trail t and an annotated assignment xi
∗
= a such that xi does not appear in t, we

denote by [t, xi
∗
= a] the trail obtained by appending xi

∗
= a to its end. t[k] is the kth

assignment of t. A prefix of a trail t = [xi1
∗1= a1, . . . , xir

∗r= ar] is any trail of the form

[xi1
∗1= a1, . . . , xis

∗s= as] (0 ≤ s ≤ r) denoted by t[≤ s]. Λ is the empty trail.

A state is a pair (C, t), where C is a CNF and t is a trail. The state (C, t) is terminal

if either C|t ≡ 1 for all C ∈ C or C contains 0. All other states are nonterminal. We let

Sn denote the set of all states (recall that n is reserved for the number of variables), and let

So
n ⊂ Sn be the set of all nonterminal states.
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Remark 5.6. As unambiguous as Definition 5.5 may seem, it already reflects one important

choice, to consider only positional3 solvers, i.e., those that are allowed to carry along only

CNFs and trails, but not any other auxiliary information. The only mathematical ramifica-

tion of this restriction is that we will have to collapse the whole clause learning stage into

one step, but that is a sensible thing to do anyway.

Remark 5.7. We are now about to describe the core of our (or, for that matter, any other)

model, which can be viewed as a labeled transition system consisting of the state space Sn

and possible labeled transitions between states. But since this definition is the longest one,

we prefer to change gears and precede it with some informal remarks rather than give them

after the definition.

Proof systems attempting to capture performance of modern CDCL solvers are in general

much bulkier than their logical counterparts and are built from several heterogeneous blocks.

At the same time, most papers highlight the impact of one or a few of the features, with

a varying degrees of nondeterminism allowed, while the features out of focus are treated

in often unpredictable and implicit ways. We have found this state of affairs somewhat

impending for the effort of trying to compare different results to each other or to build useful

structure around them of the kind existing in “pure” proof complexity. Therefore, we adapt

an approach that in a sense is the opposite. Namely, we rigorously describe a basic model that

is very liberal and nondeterministic and intends to approximate the union of most conceivable

features of CDCL solvers. Then models of actual interest will be defined by their deviations

from the basic model. These deviations will take the form of “amendments” forbidding certain

forms of behavior or, potentially, allowing for new ones.

Besides this point, there are only few (although sometimes subtle) differences from the

previous models, so our description is given more or less matter-of-factly.

3. The name is suggested by a similar term “positional strategy” in game theory.
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Definition 5.6. For a nonterminal state S = (C, t) ∈ So
n, we define the finite set Actions(S)

and the function TransitionS : Actions(S) −→ Sn; the fact TransitionS(A) = S′ will be

usually abbreviated to S
A

=⇒ S′. Those are described as follows:

Actions(S)
def
= D(S)

.
∪ U(S)

.
∪ L(S),

where the letters D, U , and L naturally stand for decision, unit propagation, and learning.4

• D(S) consists of all annotated assignments xi
d
= a such that xi does not appear in t

and a ∈ {0, 1}. We naturally let

(C, t)
xi

d
=a

=⇒ (C, [t, xi
d
= a]). (5.2)

• U(S) consists of all those assignments xi
u
= a for which C|t contains the unit clause

xai ; the transition function is given by the same formula (5.2) but with a different

annotation:

(C, t)
xi

u
=a

=⇒ (C, [t, xi
u
= a]). (5.3)

• As should be expected, L(S) is the most sophisticated part of the definition (cf. [9,

Section 2.3.3]). It consists of clause-trail pairs (C, t∗) where C is a learnable clause and

t∗ is a prefix of t with the assignments that persist after learning C and backtracking.

The exact class of such pairs is given in Definition 5.7. The transition function is then

defined naturally:

(C, t)
(C,t∗)
=⇒ (C ∪ {C}, t∗).

Definition 5.7. Given (C, t) ∈ So
n, the set of learnable clauses from S is defined as follows.

Let t = [xi1
∗1= a1, . . . , xir

∗r= ar]. By reverse induction on k = r + 1, . . . , 1 we define the

4. Restarts will be treated as a part of the learning scheme.
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set Ck(S) that, intuitively, is the set of clauses that can be learned by backtracking up to the

prefix t[≤ k].

We let

Cr+1(S)
def
= {D ∈ C |D|t = 0}

be the set of all conflict clauses.

For 1 ≤ k ≤ r, we do the following: if the k-th assignment of t is of the form xik
d
= ak,

then Ck(S)
def
= Ck+1(S). Otherwise, it is of the form xik

u
= ak, and we build up Ck(S) by

processing every clause D ∈ Ck+1(S) as follows.

• If D does not contain the literal x
ak
ik

then we include D into Ck(S) unchanged.

• If D contains x
ak
ik
, then we resolve D with all clauses C ∈ C such that C|t[≤k−1] = x

ak
ik

and include into Ck(S) all the results Res(C,D). D itself is not included.

To make sure that this definition is sound, we have to guarantee that C and D are actually

resolvable (that is, they do not contain any other conflicting variables but xik). For that we

need the following observation, easily proved by reverse induction on k, simultaneously with

the definition:

Claim 5.1. D|t = 0 for every D ∈ Ck(S).

Finally, we let

C(S)
def
=

r⋃
k=1

Ck(S),

and

L(S)
def
=


{(0,Λ)} if 0 ∈ C(S);

{(C, t∗) | C ∈ (C(S) \ C) , t∗ a prefix of t such that C|t∗ ̸= 0} otherwise.

(5.4)
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Example 1. Consider the scenario in which

C = {x1 ∨ x4, x3 ∨ x4, x1 ∨ x3 ∨ x4, x1 ∨ x3 ∨ x4}

t = [x1
d
= 0, x4

u
= 0, x3

u
= 1]

S = (C, t).

Then

C4(S) = {x3 ∨ x4, x1 ∨ x3 ∨ x4}

C3(S) = {x1 ∨ x4}

C2(S) = {x1}

C1(S) = C2(S)

so C(S) = {x1, x1 ∨ x4} and, finally,

L(S) = {(x1,Λ), (x1 ∨ x4,Λ), (x1 ∨ x4, (x1
d
= 0))}.

This completes the description of the basic model.

Remark 5.8. For nearly all modern implementations of CDCL, the annotations are redun-

dant because CDCL solvers typically require unit propagation always to be performed when it

is applicable (in our language of amendments, this feature will be called ALWAYS-U). Never-

theless, the presence of annotations makes the basic model flexible enough to carry on various,

sometimes subtle, restrictions and extensions. In particular, we consider solvers that are not

required to record unit propagations as such. This allows for the situation in which xi
d
= a

and xi
u
= a are in Actions(S), and the set of learnable clauses is sensible to this.

Remark 5.9. In certain pathological cases, mostly resulting from neglecting to do unit prop-
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agation, the set Actions(C, t) may turn out to be empty even if (C, t) is nonterminal and C is

contradictory. But for the reasons already discussed above, we prefer to keep the basic model

as clean as possible syntactically, postponing such considerations for later.

The transition graph Γn is the directed graph on Sn defined by erasing the informa-

tion about actions; thus (S, S′) ∈ E(Γn) if and only if S′ ∈ im(TransitionS). It is easy

to see (by double induction on (|C|, n − |t|)) that Γn is acyclic. Moreover, both the set

{(S,A) | A ∈ Actions(S)} and the function (S,A) 7→ TransitionS(A) are polynomial-time5

computable. These observations motivate the following definition.

Definition 5.8. Given a CNF C, a partial run on C from the state S to the state T is a

sequence

S = S0
A0=⇒ S1

A1=⇒ . . . SL−1
AL−1
=⇒ SL = T, (5.5)

where Ak ∈ Actions(Sk). In other words, a partial run is a path in Γn, with annotations

restored. A successful run is a partial run from (C,Λ) to a terminal state. A CDCL solver

is a partial function6 µ on So
n such that µ(S) ∈ Actions(S) whenever µ(S) is defined. The

above remarks imply that when we apply a CDCL solver µ to any initial state (C,Λ), it will

always result in a finite sequence like (5.5), with T being a terminal state (successful run) or

such that µ(T ) is undefined (failure).

Remark 5.10. Theoretical analysis usually deals with classes (i.e., sets) of individual solvers

rather than with individual implementations, and there might be several different approaches

to defining such classes. One might consider for example various complexity restrictions like

demanding that µ be polynomial-time computable. But in this chapter we are more interested

in classes defined by prioritizing and restricting various actions.

5. in the size of the state S, not in n

6. It is possible for Actions(S) to be empty, see Remark 5.9.
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Definition 5.9. A local class of CDCL solvers is defined by a collection AllowedActions(S) ⊆

Actions(S), S ∈ So
n. It consists of all those solvers µ for which µ(S) ∈ AllowedActions(S),

whenever µ(S) is defined.

We will describe local classes of solvers in terms of amendments prescribing what actions

should be removed from the set Actions(S) to form AllowedActions(S). Without further

ado, let us give a few examples illustrating how familiar restrictions look in this language.

Throughout the description, we fix a nonterminal state S = (C, t).

ALWAYS-C If C|t contains the empty clause, thenD(S) and U(S) are removed from Actions(S).

In other words, this amendment requires the solver to perform conflict analysis if it

can do so.

ALWAYS-U If C|t contains a unit clause, then D(S) is removed from Actions(S). This

amendment insists on unit propagation, but leaves to nondeterminism the choice of

the unit to propagate if there are several choices. Note that as defined, ALWAYS-U is

a lower priority amendment than ALWAYS-C: under the latter, if both a conflict and

a unit clause are present, the solver must do conflict analysis while under the former

both unit propagation and conflict analysis are permitted.

ALWAYS-R In definition (5.4) of L(S) we keep only those (C, t∗) for which t∗ = Λ.

NEVER-R In definition (5.4) of L(S), we require that t∗ is the longest prefix of t satisfying

C|t∗ ̸= 0 (in which case C|t∗ is necessarily a unit clause). As described, this amendment

does not model nonchronological backtracking or require that the last assignment in

the trail is a decision. However, this version is easier to state and it is not difficult

to modify to have the aforementioned properties. Furthermore, all open questions

pertaining to this amendment remain open for either version.

ASSERTING-L In definition (5.4) of L(S), we shrink C(S) \ C to
(⋃s

k=1 Ck(S)
)
\ C, where

s < r is the largest index for which xis = as is annotated as ‘d’ in t. This amendment
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is meaningful (and mostly used) only when combined with ALWAYS-C and ALWAYS-U,

in which case we can state expected properties like the fact that every learned clause

contains the literal x1−asis
(we do not need this fact, so we leave its proof to the reader).

DECISION-L In definition (5.4) of L(S), we shrink C(S)\C to C1(S)\C. This amendment has

appeared in practice as a natural asserting learning scheme. By induction on length of

the trail t, it is not hard to see that the learned clause according to this amendment is

falsified by just the decisions in t. The clause could consist of a strict subset of those

decided variables.

FIRST-L In definition (5.4) of L(S), we shrink C(S) \ C to those clauses that are obtained

by resolving, in the notation of Definition 5.6, between pairs C and D with D ∈ C.

As noted in the introduction, this is similar to the scheme FirstNewCut [18] but one is

not a generalization of the other. FIRST-L is applicable in more settings (FirstNewCut

was designed in a setting with mandatory conflict analysis). And the “New” in First-

NewCut refers to its ability to perform more resolutions in order to derive a clause not

currently in the formula, which is not modeled by FIRST-L.

π-D, where π ∈ Sn is an order on the variables We keep in D(S) only the two assign-

ments xi
d
= 0, xi

d
= 1, where xi is the smallest variable w.r.t. π that does not appear

in t. Note that this amendment does not have any effect upon U(S), and our main

technical contributions can be also phrased as determining under which circumstances

this “loophole” can circumvent the severe restriction placed on the set D(S).

WIDTH-w, where w is an integer In definition (5.4) of L(S), we keep in C(S) \ C only

clauses of width ≤ w. Note that this amendment still allows us to use wide clauses as

intermediate results within a single clauses learning step.

SPACE-s, where s is an integer If |C| ≥ s, then L(S) is entirely removed from Actions(S).

This amendment makes sense when accompanied by the possibility to do bookkeeping
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by removing “unnecessary” clauses. We will briefly discuss positive amendments in

Remark 5.12 below.

Thus, our preferred way to specify local classes of solvers and the corresponding proof

systems is by listing one or more amendments, with the convention that their effect is cumu-

lative: an action is removed from Actions(S) if and only if it should be removed according

to at least one of the amendments present.

Definition 5.10. For a finite set A1, . . . ,Ar of poly-time computable amendments,7 we let

CDCL(A1, . . . ,Ar) be the (possibly incomplete) proof system whose proofs are those successful

runs (5.5) in which none of the actions Ai is affected by any of the amendments A1, . . . ,Ar.

Remark 5.11. The amendments ALWAYS-C, ALWAYS-U are present in most previous work

and, arguably, it is precisely what distinguishes conflict-driven clause learning techniques.

Nonetheless, we have decided against including them into the basic model as they may be

distracting in theoretical studies focusing on other features; our work is one example.

Remark 5.12. Let us briefly discuss the possibility of extending the basic model rather

than restricting it. The most substantial deviation would be to forfeit the assumption of

positionality (see Remark 5.6) or, in other words, to allow the solver to carry along more

information than just a set of clauses and a trail. Two such examples are dynamic variable

ordering and phase saving.

For positional solvers, extending the basic model amounts to introducing positive amend-

ments enlarging the sets Actions(S) instead of decreasing them. Here are a few suggestions

we came across during our deliberations.

CLAUSE DELETION For S = (C, t) ∈ So
n, we add to Actions(S) all subsets C0 ⊆ C. The

7. An amendment is poly-time computable if determining whether an action µ(S) is in AllowedActions(S)
is poly-time decidable given S and µ(S).
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transition function is obvious:

(C, t)
C0=⇒ (C0, t).

This is the space model whose study was initiated in [44], and like in that paper, we

do not see compelling reasons to differentiate between original clauses and the learned

ones.

MULTI-CLAUSE LEARNING In the definition (5.4) of L(S), we can allow arbitrary nonempty

subsets C0 ⊆ C(S) \ C instead of a single clause C and require that C|t∗ ̸= 0 for any

C ∈ C, with the obvious transition

(C, t)
(C0,t

∗)
=⇒ (C ∪ C0, t

∗).

Though existing SAT-solver implementions tend not to do this, it is natural to consider

when thinking of Pool resolution or RTL proof systems as variants of CDCL (see e.g.

[104, 36]).

INCOMPLETE LEARNING In the definition (5.4) of L(S), we could remove the restriction

C|t∗ ̸= 0 on the prefix t∗. This positive amendment could make sense in the absence

of ALWAYS-C, that is, if we are prepared for delayed conflict analysis.

In this language, the (nonalgorithmic part of the) main result from [9, 90] can be roughly

summarized as

CDCL(ALWAYS-C, ALWAYS-U, ALWAYS-R, ASSERTING-L) is polynomially equivalent to

resolution.8

8. Their result is actually stronger in that the choice of which unit to propagate and which clause to learn
can be made adversarially.
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The algorithmic part from [9] roughly says that any CDCL solver in the associated class,

subject to the only condition that the choice of actions from D(S) (when it is allowed by

the amendments) is random, polynomially simulates bounded-width resolution9. The open

question asked in [9, Section 2.3.4] can be reasonably interpreted as whether CDCL(ALWAYS-

C, ALWAYS-U, WIDTH-w) is as powerful as width-w resolution, perhaps with some gap

between the two width constraints (We took the liberty to remove those amendments that

do not appear to be relevant to the question.) Finally, we would like to abstract the “no-

restarts” question as

Does CDCL(ALWAYS-C, ALWAYS-U, NEVER-R) (or at least CDCL(NEVER-R)) simulate

general resolution?

where we have again removed all other amendments in the hope that this will make the

question more clean mathematically.

5.2.2 Technical contributions

As they had already been discussed in the introduction, here we formulate our results (in

the language just introduced) without additional exposition.

Theorem 5.2. For any fixed order π on the variables, the system CDCL(π-D, DECISION-L)

is polynomially equivalent to π-ordered resolution.

Theorem 5.3. For any fixed order π on the variables, the system CDCL(π-D, FIRST-L) is

polynomially equivalent to general resolution.

Theorem 5.4. For any fixed order π on the variables and every ϵ > 0 there exist contradic-

tory CNFs τn with w(τn ⊢ 0) = O(1) not provable in CDCL(π-D, WIDTH-(1− ϵ)n).

9. That is, has running time nO(w(τn⊢0)) with high probability, given a contradictory CNF τn as an input.
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Finally, let us mention that while CDCL(A1, . . . ,Ar) can be naturally regarded as a (pos-

sibly incomplete) proof system where proofs are efficiently checkable, it need not necessarily

be a Hilbert-style proof system, operating with “natural” lines and inference rules. Assume,

however, that the set AllowedActions(S) additionally satisfies the following two properties:

1. whenever AllowedActions(S)∩L(S) ̸= ∅, it contains an action leading to a state of the

form (C,Λ) (i.e, restarts are allowed);

2. (monotonicity) If S = (C, t), S′ = (C′, t) and C ⊆ C′ then AllowedActions(S)∩(D(S)
.
∪

U(S)) ⊆ AllowedActions(S′) ∩ (D(S′)
.
∪ U(S′)).

Then every trail t that appears in a run can always be recreated, at a low cost, when it

is needed again. Thus, under these restrictions we get a “normal” proof system with nice

properties.

Note that property 2) might not hold in the presence of ALWAY-C, ALWAYS-U, and this

is the main reason why we do not include them in the basic model for studying CDCL as

a proof system. Let us now formulate this system explicitly for the case π-D we are mostly

interested in.

Definition 5.11. Fix an order π on the variables. π-trail resolution is the following (two-

typed) proof system. Its lines are either clauses or trails (where the empty trail is an axiom),

and it has the following rules of inference:

t

[t, xi
d
= a]

, (Decision rule)

where xi is the π-smallest index such that xi does not appear in t and a ∈ {0, 1} is arbitrary;

t C

[t, xi
u
= a]

, (Unit propagation rule)
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where C|t = xai ;

C ∨ xai D ∨ x1−ai t

C ∨D
, (Learning rule)

where (C ∨D)|t = 0, (xi
∗
= a) ∈ t and all other variables of C appear before xi in t.

It is straightforward to see that without the unit propagation rule, this is just π-half-

ordered resolution.

Then, the main technical part in proving Theorem 5.3 is the following.

Theorem 5.5. For every fixed order π on the variables, π-trail resolution is polynomially

equivalent to general resolution.

5.3 CDCL(π-D,DECISION-L) =p π-ordered

In this section we prove Theorem 5.2. The proof is made up of two parts (Theorem 5.1,

Theorem 5.6), with half-ordered resolution as the intermediary.

5.3.1 π-half-ordered =p π-ordered

Half-ordered resolution trivially p-simulates ordered resolution, so the core of Theorem 5.1

is the other direction. In this section we will depend heavily on resolution graphs (Definition

5.1) and related definitions from Section 5.2.

Definition 5.12. A resolution refutation Π is ordered up to k (with respect to an order π)

if it satisfies the property that if any two clauses are resolved on a variable xi ∈ Varkπ, then

all resolution steps above it are on variables in Var
π(i)−1
π . We note that π-ordered resolution

proofs are precisely those that are ordered up to n− 1.

We now prove the main part of Theorem 5.1, namely that π-ordered resolution p-simulates

π-half-ordered resolution.
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Proof. (of theorem 5.1) Let Π be a π-half-ordered resolution refutation of τ . Without loss

of generality, assume that π = id (otherwise rename variables).

We will construct by induction on k (0 ≤ k ≤ n− 1) a half-ordered resolution refutation

Πk of τ , which is ordered up to k. For the base case, let Π0 = Π. Suppose Πk has been

constructed; without loss of generality we can assume that Πk is connected (otherwise take

the subrefutation below any occurrence of 0).

Consider the set of nodes whose clauses are k-small. Note this set is parent-complete. We

claim it is also upward-closed. Indeed, let u be any node in this set (i.e., c(u) = cΠk
(u) is k-

small) and v be a child of u. Then c(v) is obtained by resolving a variable xi ∈ Varkπ since we

disallow weakenings. The fact that Πk is ordered up to k implies Var(c(v)) ⊆ Vari−1π ⊆ Varkπ

(otherwise, some variable in c(v) would have remained unresolved on a path connecting v

to the sink by connectedness), thus c(v) is also k-small i.e. v is in this set. Therefore, by

induction, any node above u is in the set.

Upward-closedness implies path-completeness (see Remark 5.3), so by Proposition 5.1,

the set {v | c(v) is k-small} defines a subrefutation of the clauses labeling the independent

set

Lk
def
= minΠk

{v| c(v) is k-small}. (5.6)

Denote U := uclΠk
(Lk) (= {v| c(v) is k-small}) and D := dclΠk

(Lk) where D,U,L

stands for downward, upward, and layer, respectively. Then we have the following.

• U ∩D = Lk (from the independence of nodes in Lk);

• D is also a subproof (by Remark 5.3 and Proposition 5.1);

• Πk = U ∪ D. To see this, note by connectedness any node v can be connected by

a directed path p in Πk to the unique sink—the empty clause which belongs to U.

Consider the first u ∈ p that is in U. If u = v then v ∈ U, otherwise u ∈ Lk (since U

is path- and parent-complete) and then v ∈ D.
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That is, the “layer” Lk splits Πk into two subproofs U, D and they meet at Lk = minΠk
(U) =

maxΠk
(D). U contains all nodes labeled by a k-small clause, and D is the union of Lk and

the set of all nodes whose labeled clause is not k-small. In particular, all axioms are in D, all

resolutions in U are on the variables in Varkπ and, since Πk is ordered up to k, all resolutions

in D are on the variables not in Varkπ.

Define

M
def
= minD{w| c(w) is the result of resolving two clauses on xk+1} (5.7)

where minD is taken with respect to the topological order in the proof D (cf. the last

paragraph in Definition 5.1). If M is empty, Πk+1
def
= Πk. Otherwise, suppose M =

{w1, . . . , ws} (where w1, . . . , ws are independent nodes in D), and define

Ai
def
= uclD({wi}). (5.8)

We will eliminate all resolutions on xk+1 in D by the following process; it should be em-

phasized that the set of nodes stays the same during this process. Only the edges and

clause-labeling function change. More precisely, we update D in s rounds, defining π-half-

ordered resolution + weakening proofs D1,D2, . . . ,Ds. Initially D0 = D, i = 1. Let ci−1

denote the clause-labeling cDi−1
. To define the transition Di−1 → Di, we need the following

structural properties of Di−1 (that will also be proved by induction simultaneously with the

definition).

Claim 5.2. Let u and v be arbitrary vertices in V (D).

a. If v is not above u in D, then the same is true in Di−1;

b. ci−1(v) is equal to cD(v), cD(v) ∨ xk+1 or cD(v) ∨ xk+1;
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c. If v /∈
⋃i−1
j=1Aj then ci−1(v) = cD(v), and ci−1(v) is obtained in Di−1 via application

of the same resolution rule as in Di;

d. Di−1 is a π-half-ordered resolution + weakening proof.

In the base case (i = 1), Claim 5.2 holds simply because D0 = D.

Let us construct Di. By Claim 5.2(c), the resolution step at wi (which is not in
⋃i−1

j=1Aj

by independence) is unchanged from D to Di−1. Assume that it resolves cD(w′) = B∨xk+1

and cD(w′′) = C ∨xk+1. Since Πk is half-ordered, either B or C is k-small. Assume without

loss of generality that B is k-small.

Recall that there is no resolution in D on variables in Varkπ. Thus, for all v ∈ Ai, it

follows that B is a subclause of cD(v), and by Claim 5.2(b), we get the following crucial

property:

For all v ∈ Ai, B is a subclause of ci−1(v). (5.9)

Note that Ai is upward closed in Di−1 by Claim 5.2(a). Accordingly, as the first step, for

any v ̸∈ Ai we set ci(v) := ci−1(v) and do not change its incoming edges.

Next, we update vertices v ∈ Ai in an arbitrary D-topological order maintaining the

property ci(v) ∈ {ci−1(v), ci−1(v) ∨ xk+1} (in particular, ci(v) = ci−1(v) whenever ci−1(v)

contains the variable xk+1). First we set ci(wi) := ci−1(wi) ∨ xk+1 (recall that ci−1(wi) =

cD(wi) by Claim 5.2(c) and hence does not contain xk+1 by (5.7)), and replace incoming

edges by a weakening edge from w′′.

For v ∈ Ai \ {wi} (as a reminder, it might be that v ∈
⋃

j<iAj), we proceed as follows.

1. If xk+1 ∈ ci−1(v), keep the clause but replace incoming edges with a weakening edge

(w′, v). This is well-defined by (5.9), and note for the record that w′ <D wi <D v.

2. If ci−1(v) = Res(ci−1(u), ci−1(w)) on xk+1 where xk+1 ∈ ci−1(u), set ci(v) := ci−1(v)∨

xk+1, and replace incoming edges by a weakening edge (u, v).
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3. If ci−1(v) is weakened from ci−1(u) (and xk+1 ̸∈ ci−1(v)), set ci(v) := ci−1(v) ∨ ci(u).

In other words, we append the literal xk+1 to ci(v) if and only if this was previously

done for ci(u).

4. Otherwise, xk+1 /∈ ci−1(v) and ci−1(v) = Res(ci−1(u), ci−1(w)) on some xℓ where

ℓ > k+ 1. In particular, xk+1 /∈ {ci−1(u), ci−1(w)}. Set ci(v) := Res(ci(u), ci(w)) that

is, like in the previous item, we append xk+1 if and only if it was previously done for

either ci(v) or ci(w). Note that since ℓ > k + 1, this step remains π-half-ordered.

This completes our description of Di; we have to check Claim 5.2 for it. For (a), note

that the only new edges were added in item 1, and see the remark made there. The items

(b) and (c) are straightforward. For (d), the only different resolution steps were introduced

in item 4; again, see the remark made there.

The next claim summarizes the necessary properties of the end result, Ds.

Claim 5.3.

a. Ds is a π-half-ordered resolution + weakening proof without resolutions on xk+1.

b. If cs(v) ̸= cD(v) for some v ∈ D, then there is a vertex w in dclD(M) \ {M} such that

cD(v) = Res(cs(w), cs(v)) on xk+1, and this resolution is half-ordered. In fact, w is a

parent (in D’s topology) of some node in M .

Proof.

a. No new resolution on the variable xk+1 has been introduced, while all old ones are in

A1 ∪ · · · ∪ As and thus have been eliminated. The conclusion follows from this observation

together with Claim 5.2(d).

b. Suppose c(v) was changed in Di−1 → Di (and hence stayed unchanged afterwards by

Claim 5.2(b)) then in particular v ∈ Ai. Set w := w′ where w′ is the parent of wi we chose

in the paragraph above (5.9). Note that cs(w) = cD(w) since the latter contains the literal
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(say) xk+1. Then we readily have cD(v) = cDi−1
(v) = Res(B∨xk+1, cD(v)∨xk+1) by (5.9),

and it is half-ordered since B is k-small.

Now to get Πk+1, we try to reconnect Ds with U along Lk (again, their node sets have

been unchanged so far), then clear out weakenings. The problem with this approach is the

added appearances of xak+1 (where a may be 0 or 1) in cs(v) for v ∈ Lk, as in Claim 5.2(b).

We introduce new nodes to deal with them. Namely, let Lbad
k := {v ∈ Lk | cs(v) ̸= cD(v)},

and for each node v ∈ Lbad
k , keeping in mind Claim 5.3(b), create a new node denoted by

ṽ labeled with the clause Res(cs(w), cs(v)) = cD(v). Denote the set of new vertices by N.

Define Π̃k+1 to be the result of connecting Ds ⊔N and U along (Lk\Lbad
k ) ⊔N.10

Before this operation neither Ds nor U contained resolutions on xk+1, and hence Π̃k+1

is a half-ordered refutation (with weakenings) that is ordered up to k + 1. Let Πk+1 be

obtained by contracting11 all weakening rules in Π̃k+1. Then Πk+1 is also half-ordered up to

k + 1 since contracting weakening rules preserves this property. It only remains to analyze

the size, |Πk+1| (note that a priori it can be doubled at every step, which is unacceptable).

Since

|Πk+1| ≤ |Πk|+ |Lk|, (5.10)

we only have to control |Lk|. For that we will keep track of the invariant |dclΠk
(Lk)|; more

precisely, we claim that

|dclΠk+1
(Lk+1)| ≤ |dclΠk

(Lk)|. (5.11)

10. For example, suppose v ∈ Lk and cD(v) = x1 ∨ x2 but cs(v) = x1 ∨ x2 ∨ xk+1 (assuming k > 1). By
Claim 5.3(b), there is a vertex w with cs(w) ⊆ x1 ∨ x2 ∨ xk+1 and

c(ṽ) := Res(cs(w), cs(v)) = x1 ∨ x2 = cD(v),

so we will use ṽ instead of v in connecting Ds and U to construct Π̃k+1.

11. By contraction here we mean the process implicit in showing that weakening rules can be eliminated
in a resolution refutation without increasing its size.
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Let us prove this by constructing an injection from dclΠk+1
(Lk+1) to dclΠk

(Lk); we will

utilize the previous notation.

First note that the resolution + weakening refutation Π̃k+1 and its weakening-free con-

traction Πk+1 can be related as follows. For every node v ∈ V (Πk+1) there exists a node

v∗ ∈ V (Π̃k+1) with c
Π̃k+1

(v∗) ⊇ cΠk+1
(v) which is minimal among those contracting to v.

If v is an axiom node of Πk+1 then so is v∗ in Π̃k+1. Otherwise, if u and w are the two

parents of v, and if u′ and w′ are the corresponding parents of v∗ (v∗ may not be obtained

by weakening due to the minimality assumption), then c
Π̃k+1

(u∗) is a subclause of c
Π̃k+1

(u′)

and c
Π̃k+1

(w∗) is a subclause of c
Π̃k+1

(w′). We claim that (v 7→ v∗) |dclΠk+1
(Lk+1)

(which is

injective by definition) is the desired injection. We have to check that its image is contained

in dclΠk
(Lk).

Fix v ∈ dclΠk+1
(Lk+1). Then either v is an axiom or both its parents are not (k + 1)-

small (by (5.6)). By the above mentioned facts about the contraction Π̃k+1 → Πk+1, this

property is inherited by v∗. In particular, v∗ ̸∈ N (the set of the newly added nodes when

constructing Πk) because all nodes in this set have at least one (k + 1)-small parent (the w

node in Claim 5.3(b)). Finally, since the corresponding clauses in D and Ds differ only in

the variable xk+1, v∗ cannot be in U , for the same reason (recall that all axioms are in D).

Hence v∗ ∈ V (Ds) = V (D) = dclΠk
(Lk).

Having thus proved (5.11), we conclude by the obvious induction that |Lk| ≤ |dclΠk
(Lk)| ≤

|dclΠ0
(L0)| ≤ |Π|. Then (5.10) implies |Πn−1| ≤ n|Π|, as desired.

5.3.2 π-half-ordered =p CDCL(π-D,DECISION-L)

In this section, we prove the following theorem.

Theorem 5.6. The systems CDCL(π-D,DECISION-L) and π-half-ordered resolution are p-

equivalent.

One direction is almost trivial.
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Proposition 5.2. CDCL(π-D,DECISION-L) p-simulates π-half-ordered resolution.

Proof. As usual, assume π = id. Suppose C ∨D = Res(C ∨ xi, D ∨ xi) is any half-ordered

resolution, and without loss of generality assume C is i-small. It is enough to present a

partial run from (τ,Λ) to (τ ∪ {C ∨ D},Λ) of length at most n + 1, where τ is any clause

set containing C ∨ xi and D ∨ xi.

Let xj be the largest variable in C (thus j < i). Consider a trail of the form

t = [x1
d
= a1, . . . , xj

d
= aj , xi

u
= 1, xj+1

d
= aj+1, . . . , xi−1

d
= ai−1, xi+1

d
= ai+1, . . . , xn

d
= an]

such that (C ∨D)|t = 0. By definition, t[l] ∈ AllowedActions((τ, t[≤ l− 1])) for all l ̸= j+ 1.

But since C is i-small, (C ∨ xi)|t[≤j] = xi and thus xi
u
= 1 ∈ AllowedActions((τ, t[≤ j])) as

well. Therefore,

(τ,Λ)
t[1]
=⇒ (τ, t[≤ 1])

t[2]
=⇒ (τ, t[≤ 2]) . . .

t[n]
=⇒ (τ, t)

is a partial run from (τ,Λ) to (τ, t). It now suffices to show (τ ∪ {C ∨ D},Λ) ∈ L((τ, t)).

This follows by verifying Definition 5.6 directly: (D∨xi)|t = 0 so D∨xi ∈ Cn+1((τ, t)). For

j′ > j+1, the assignment t[j′] is a decision, so D∨xi ∈ Cj+2((τ, t)). Since (C∨xi)|t[≤j] = xi,

C ∨ D = Res(C ∨ xi, D ∨ xi) ∈ Cj+1((τ, t)). Finally, for j′ ≤ j, t[j′] is a decision, so

C ∨D ∈ C1(τ, t) and (τ ∪ {C ∨D},Λ) ∈ AllowedActions((τ, t)).

The other direction of Theorem 5.6 is less obvious. We begin with some additional

notation.

Previous works describe standard learning schemes like DECISION-L with respect to so-

called trivial resolution on a set of particular clauses (e.g., in [90, 18]). We can recast this

notion in our model by the following lemma. Let

D ◦x C def
=


Res(D,C) if C and D are resolvable on x

D otherwise (“null case”)

145



and we extend this definition by left associativity:

C0 ◦xi1 C1 ◦xi2 · · · ◦
xik Ck

def
= (. . . (C0 ◦xi1 C1) ◦xi2 . . . ) ◦xik Ck.

Note if xij appears maximally in Cj (according to π) for each j ∈ [k], then all the resolutions

are π-half-ordered.

Lemma 5.1. Assume, in the notation of in Definition 5.6, a clause D is learned from state

S = (C, t = [y1
∗1= a1, . . . , yr

∗r= ar]).

Assume D ∈ Cj(S) for some j ∈ [r + 1]. Then there exist k ≤ r, indices j ≤ i1 <

· · · < ik ≤ r and clauses C1, . . . , Ck+1 ∈ C such that ∗i1 = ... = ∗ik = u (i.e. the indices

correspond to some unit propagations in t) and the following properties hold.

1. Ck+1|t = 0.

2. Cν |t[≤iν−1] = y
aiν
iν

for ν ∈ [k].

3. D = Ck+1 ◦
yik Ck · · · ◦

yi1 C1 where all operators are not null.

4. For any ℓ ∈ [j, r] with ∗ℓ = u, if variable yℓ appears in Cν for some ν ∈ [k + 1] then

ℓ ∈ {i1, . . . , ik}.

Proof. This is by directly tracing Definition 5.6. Suppose D ∈ Cj , we use reverse induction

on j to define the desired clauses and indices. If j = r + 1, let k = 0 and Ck+1 = D (the

conflict clause). If j ≤ r, either D ∈ Cj+1(S), or there are clauses D′ ∈ Cj+1(S), C ∈ C

such that C|t[≤j−1] = y
aj
j and D = Res(D′, C) on yj . In the first case, the clauses and

indices are the same as for D ∈ Cj+1(S), and in the second case, enlarge the index list by

adding j and the clause list by appending C to be the first. Items 1,2,3 follow immediately

by this definition.

Now we can represent the learning of D as a sequence of clauses Xr+1(= Ck+1)
step r−→

Xr → ...
step 1−→ Xj(= D) where at each step iµ ∈ {i1, ..., ik} a resolutionXiµ = Res(Xiµ+1, Cµ)
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happens, and at each step a ∈ [j, r]\{i1, ..., ik}, Xa = Xa+1. To prove item 4, assume ℓ ∈ [r],

ν ∈ [k + 1] satisfy the assumption there. Let ik+1 := r + 1 for convenience. First, it cannot

be that iν < ℓ since Var(Cν) ⊂ Var(t[≤ iν ]) but yℓ /∈ Var(t[≤ iν ]). So assume iν > ℓ (if

iν = ℓ then we are done). By items 1 and 2, for any ν′ with iν′ > ℓ, Cν′ does not contain y
aℓ
ℓ ;

so in particular, y
1−aℓ
ℓ ∈ Cν by assumption. Then y

1−aℓ
ℓ ∈ Xiν = (Ck+1 ◦

yik Ck · · · ◦yiν Cν)

(where all resolutions are not null), and the literal y
1−aℓ
ℓ appears in Xiν ...Xℓ+1. Hence, a

resolution step on yℓ must happen at step ℓ, which means ℓ ∈ {i1, ..., ik}.

In short, Ck+1 is a conflict clause and the other Cν ’s are clauses in C chosen to do

resolutions while backtracking in a learning step. These clauses are not necessarily unique,

but we fix a choice arbitrarily.

Example 2. Let us consider the same scenario as in Example 1 with π = id (so that t is a

legitimate trail). One way to learn the clause x1 ∈ C1(S) is to take the clauses

C1 = x1 ∨ x4

C2 = x1 ∨ x3 ∨ x4

C3 = x1 ∨ x3 ∨ x4

so that (C3 ◦x3 C2) ◦x4 C1 = x1.

The following Proposition 5.3 will complete the proof of Theorem 5.6, and with Theorem

5.1 this completes the proof of Theorem 5.2.

Proposition 5.3. π-half-ordered resolution p-simulates CDCL(π-D,DECISION-L).

Proof. Fix a successful run in CDCL(π-D,DECISION-L). Since the clause set only changes

after a learning step, it suffices to show that for each learning step S = (C, t)
(D,t∗)
=⇒ (C ∪

{D}, t∗), there is a short half-ordered resolution proof of D from C. Suppose t = [y1
∗1=
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a1, . . . , yr
∗r= ar] and assume π = id, as usual. Fix the clauses Cν for ν ∈ [k + 1] and the set

{i1, ..., ik} as in Lemma 5.1 where we take j = 1 (that is, D ∈ C1(S)) due to DECISION-L.

Recall that

D = Ck+1 ◦
yik Ck · · · ◦

yi1 C1. (5.12)

The high-level idea is the following. The sequence of resolutions (5.12) is not all half-ordered

only if some y
aiν
iν

is not the largest in Cν (which may happen since the assignments in t need

not necessarily respect the order π). Our goal is thus to replace in (5.12), this time going

from right to left, each clause Cν for ν ∈ [k] by a clause C ′ν in which yiν is the largest. This

will give the desired half-ordered resolution.

First, let C ′1 = C1. For ν ∈ [2, k + 1], let

C ′ν
def
= Cν ◦yiν−1 C ′ν−1 · · · ◦

yi1 C ′1 (5.13)

where this time some operators may be null.

It is immediate from (5.13) and Lemma 5.1(2) that

yaνiν ∈ C
′
ν for all ν ∈ [k] (5.14)

and

C ′ν ⊆
ν⋃

µ=1

Cµ for all ν ∈ [k + 1] (by induction on ν). (5.15)

Lemma 5.2. For any µ < ν, variable yiµ does not appear in the clause Cν◦yiν−1C ′ν−1 · · ·◦
yiµ

C ′µ.

Proof. We first prove the fact that, for all ν ∈ [k + 1] and µ ≤ ν,

(Cν ◦yiν−1 C ′ν−1 · · · ◦
yiµ C ′µ)|t[≤iν−1] = y

aiν
iν

where y
aik+1
ik+1

:= 0.
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For this we use double induction, first on ν and then on µ = ν . . . 1. For µ = ν, this is

Lemma 5.1(2) (and Lemma 5.1(1) when µ = ν = k + 1). For µ < ν let E
def
= (Cν ◦yiν−1

C ′ν−1 · · · ◦
yiµ+1 C ′µ+1); we have to prove that (E ◦yiµ C ′µ)|t[≤iν−1] = y

aiν
iν

from E|t[≤iν−1] =

y
aiν
iν

. We can assume without loss of generality that this operator is not null, and then note

C ′µ |t[≤iµ−1]= y
aµ
iµ

by the inductive assumption applied to the pair ν := µ, µ := 1.

Now we prove the lemma. Again let E = Cν ◦yiν−1 C ′ν−1 · · · ◦
yiµ+1 C ′µ+1. Note that

y
aiu
iµ
∈ C ′iµ by (5.14) so y

aiµ
iµ

/∈ E (otherwise E |t[≤iν−1]= 1, contradicting the above fact),

and the two clauses are consistent on other variables in C ′µ (according to t[≤ iµ− 1]). Then

a simple case analysis on whether or not E ◦yiµ C ′iµ is a null operator shows that the result

does not contain yiµ or yiµ .

Example 3. Considering the same clauses as in Example 2, note that the resolution C3◦x3C2

is not (id)-half-ordered. The derivation from the above lemma would yield the clauses

C ′1 = C1

C ′2 = C2 ◦x4 C ′1 = x1 ∨ x3

C ′3 = (C3 ◦x3 C ′2) ◦x4 C ′1 = x1

where all resolutions are now half-ordered.

We now complete the proof of Proposition 5.3. By Lemma 5.2, the variable yiµ does not

appear in Cν ◦yiν−1 C ′ν−1 · · · ◦
yiµ C ′µ (µ < ν). Also, it does not appear in Cµ−1, . . . , C1 (by

Lemma 5.1(2)) and thus not in C ′µ−1, . . . , C
′
1 (by (5.15)). Hence it does not appear in C ′ν

and we arrive at the following strengthening of (5.15):

∀ν ∈ [k + 1], C ′ν ⊆ (
ν⋃

µ=1

Cµ)\(
ν−1⋃
µ=1

{yiµ , yiµ}). (5.16)

By Lemma 5.1(4) and the fact that j = 1 (here we use DECISION-L), (5.16) means any

149



variable different from yiν in C ′ν is labeled as d in t[≤iν−1]. This implies yiν (ν ∈ [k]) is

maximal in C ′ν since we are in π-D. Thus for all ν ∈ [k+1] the sequence Cν◦yiν−1C ′ν−1 · · ·◦
yi1

C ′1 is half-ordered. Taken together, these sequences yield a half-ordered derivation of C ′k+1

with O(k2) steps in total.

Finally, by (5.16) C ′k+1 ⊆ (
k+1⋃
µ=1

Cµ)\(
k⋃

µ=1
{yiµ , yiµ}) ⊂ D where the latter inclusion fol-

lows by Lemma 5.1(3). This suffices for proving the proposition since the weakening rule is

admissible in π-half-ordered resolution.

5.4 CDCL(π-D,FIRST-L) =p resolution

In this section we prove Theorem 5.3. We first show that CDCL(π-D,FIRST-L) and π-

trail resolution (see Definition 5.11) are p-equivalent and then prove size upper bounds for

π-trail resolution.

5.4.1 π-trail resolution =p CDCL(π-D,FIRST-L)

Theorem 5.7. For any fixed order π, the systems CDCL(π-D), CDCL(π-D,FIRST-L) and

π-trail resolution are p-equivalent.

Proof. Let Π be a π-trail resolution refutation of a contradictory CNF τ . We simulate Π

step-by-step in CDCL(π-D,FIRST-L) by directly deriving each clause in Π. Suppose we have

arrived at a state (C,Λ), where C contains both premises in the inference

C ∨ xai D ∨ x1−ai t

C ∨D
, (5.17)

as well as all preceding clauses, and assume that all variables in C appear before xi in t. Let

t = [xj1
∗1= a1, . . . , xjr

∗r= ar, xi
∗
= a, . . .] and (for ease of notation) ts

def
= t[≤ s]. To derive

C ∨ D, we first build the trail tr; note that since t might be derived in Π using the Unit
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Propagation rule, the sequence j1, . . . , jr need not necessarily be π-increasing.

We build the trail tr simply by performing the corresponding actions in CDCL(π-D,FIRST-L)

for decisions and unit propagations. By induction, assume that we have already built ts−1,

s ≤ r. If ∗s = d then xjs is the smallest variable according to π that is not in ts−1, so by

definition xjs
d
= as ∈ D((C, ts−1)). In the case of the Unit Propagation rule (∗s = u), there

is a clause E in Π preceding (5.17) such that E|ts−1 = x
as−1
s−1 . Since E ∈ C by assumption,

xjs
u
= ajs ∈ U((C, ts−1)).

Next, we build [tr, xi
u
= a] from tr (note that it is different from tr+1 if ∗ = d), which is

possible since C ∨xai ∈ C by our assumption. Then we further extend [tr, xi
u
= a] by making

decisions in π-ascending order on the remaining variables {x1, ..., xn}\ (Var(ts) ∪ {xi}) until

D ∨ x1−ai becomes a conflict clause. Denote the resulting state by S = (C, t′).

Since all assignments after xi in t′ are decisions, D ∨ x1−ai ∈ Cr+2(S), in the notation of

Definition 5.6. Therefore, C ∨D ∈ Cr+1(S), and hence (C ∨D,Λ) is in AllowedActions(S)

even in the presence of FIRST-L. Induction completes the simulation.

The other direction is more straightforward: π-trail resolution p-simulates CDCL(π-D)

by design. Whenever a run arrives at a state (C, t), we infer in π-trail resolution all clauses

C ∈ C as well as all prefixes of t, including t itself. More specifically, for a transition

(C, t)
A

=⇒ (C′, t′), if A is a decision action or a unit propagation action, then we can derive

prefixes of t′ using the Decision rule and the Unit propagation rule, respectively. If A is a

learning action, then it suffices to make the following simple observation: by construction,

for any γ ∈ [|t|], the clauses in Cγ((C, t)) can be derived from clauses in C and Cγ+1((C, t))

using the Learning rule with the trail t.

It is easy to see that both simulations increase size by at most a multiplicative factor

n.
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5.4.2 π-trail resolution =p resolution

It remains to prove that π-trail resolution simulates resolution. This is the interesting direc-

tion of Theorem 5.5 and follows from Theorem 5.8 below.

Throughout this section, assume that π = id. We first introduce operators for lifting

π-trail resolution proofs to include appearances of the literal x1 and deleting variables from

resolution refutations, both of which we use extensively in the proof of Theorem 5.8.

The lifting operator is primarily a bookkeeping mechanism for managing auxiliary ap-

pearances of the literal x1 in proofs.

Definition 5.13. Let ψ and τ be CNFs such that x1 ̸∈ Var(ψ) and for each C ∈ ψ, τ

contains either C or C ∨ x1. For C ∈ ψ, define Liftτ (C) to be C if C ∈ τ , and C ∨ x1

otherwise. For a π-trail resolution proof Π from ψ define Liftτ (Π) to be the π-trail resolution

proof resulting from the following operations on Π.

• Add the derivation of [x1
d
= 0] by the Decision rule to the beginning of Π.

• Replace each trail t in Π with [x1
d
= 0, t].

• Replace each axiom A appearing in Π with Liftτ (A) and then let the added appearances

of x1 be naturally inherited throughout the clauses of Π.

It is straightforward to verify that Liftτ (Π) is a π-trail resolution proof and if Π derives

C from ψ then Liftτ (Π) derives C or C ∨ x1 from τ . Note also that this is only possible

because x1 is the smallest variable according to π and hence does not interfere with the

Learning rule. In the proof of Theorem 5.8, we will want to construct Π but will only be

able to derive clauses in τ , so we construct Liftτ (Π) instead and then manage the additional

appearances of x1.

The second operator, variable deletion, is an analog of restriction for sets of variables

(as opposed to assignments). Let S ⊆ V be a set of variables. For a clause C, let DelS(C)
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denote the result of removing from C all literals whose underlying variables are in S. For a

CNF τ , define DelS(τ)
def
= {DelS(C) : C ∈ τ} \ {0}. Here we see the first interesting feature

of variable deletion, namely that we ignore clauses that become 0 after removing variables

from S. But, as we show below, if τ is contradictory and the subset S is proper then DelS(τ)

is also contradictory. This is not true in general for τ |ρ \ {0} of course.

The action of variable deletion on refutations will be described in Definition 5.14. It is

presented as a (linear time) algorithm that operates on the underlying resolution graph as its

input, by recursively changing edges and clauses while nodes keep their identity (although

some may be deleted). This is similar to the approach we took in Section 5.3.1. In order to

more easily keep the node structure fixed, the algorithm first produces a proof in the sub-

system of resolution + weakening in which all applications of the weakening rule are dummy

(that is, are of the form
C

C
). We call proofs in this system generalized resolution proofs. We

further emphasize that variable deletion is defined only on connected refutations, as con-

nectedness is necessary for the output to be a refutation (cf. Claim 5.4(1)). Consequently,

we ensure in the proof of Theorem 5.8 that we only apply it to connected refutations.

In the following, recall cΠ(v) denotes the corresponding clause at node v in a proof Π.

Definition 5.14. Let Π be a connected resolution refutation of τ and let S be a proper

subset of Var(Π). Let Γ be the generalized resolution refutation of DelS(τ) whose resolution

graph is output by the algorithm below. The resolution refutation DelS(Π) is the result of

contracting dummy applications of the weakening rule in Γ.

Deletion Algorithm

1. For each axiom node v, set c(v) := DelS(cΠ(v)). If c(v) becomes 0 (that is, when

Var(cΠ(v)) ⊆ S), delete it.

2. Processing nodes in topological order, let v be a resolution node and let v1, v2 be its

parents.
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(a) If both v1 and v2 were previously deleted, delete v as well.

(b) If only one of them was deleted or none was deleted but c(v1), c(v2) are no longer

resolvable, then one of them, say, c(v1) is a subclause of DelS(c(v)) (we will see

this in Claim 5.4). Set c(v) := c(v1), and replace incoming edges with a dummy

weakening edge from v1.

(c) If both v1 and v2 survived and c(v1), c(v2) are resolvable, set c(v) := Res(c(v1), c(v2)).

After processing the root v of Π, output the current downward-closure of v.

We claim that this algorithm is well-defined (that is, the condition in step 2b is always

met) and that the root vertex v is not deleted and c(v) = 0 (that is, the algorithm produces

a generalized resolution refutation of DelS(τ)). Both statements are immediate corollaries

of the following claim.

Claim 5.4.

1. A vertex v is deleted if and only if for every axiom node w ∈ dclΠ(v) it holds that

Var(cΠ(v)) ⊆ S. In particular:

• The root vertex is not deleted (recall that Π is connected);

• If v is deleted then Var(cΠ(v)) ⊆ S.

2. For every remaining vertex v, c(v) is a subclause of DelS(cΠ(v)).

3. In the situation of step 2b, there indeed exists vi such that c(vi) is a subclause of

DelS(cΠ(v)).

Proof. These are proved by induction, simultaneously with the construction. In the base

case, axioms, the three items clearly hold. In the inductive step, we prove them by analyzing

each case in Deletion Algorithm. The only interesting case is step 2b. If precisely one of
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the two vertices (say, v2) was deleted, then Var(cΠ(v2)) ⊆ S by Claim 5.4(1) and hence

cΠ(v) was obtained by resolving on a variable xi in S. Applying Claim 5.4(2) to the other

parent v1, we see that c(v1) is a subclause of DelS(cΠ(v1)) which in turn is a subclause of

DelS(cΠ(v)) since xi ∈ S. Similarly, if both parents of v are alive but become non-resolvable,

then by Claim 5.4(2) the resolved variable is no longer in one of the parents (say v1) and

c(v1) is a subclause of DelS(cΠ(v)).

One key difference between variable deletion and restriction is that Π|ρ may be trivial,

in the sense that it is a single empty clause, while DelVar(ρ)(Π) is not. As a simple example,

consider the CNF {x1, x1 ∨ x2, x2} and the refutation

x1 x1 ∨ x2
x2 x2

0

If ρ = {x1 = 0}, then Π|ρ is trivial, whereas Del{x1}(Π) is

x2 x2
0

The final property of DelS(Π) is that its size can be characterized with respect to the

relationship between Π and S. This allows us to “slough off” parts of the Π that we might

have already seen before.

Lemma 5.3. Let Π be a connected resolution refutation and let S ⊊ Var(Π). Let t denote

the number of resolution steps Res(C,D) in Π on variables in S. Then

|DelS(Π)| ≤ |Π| − t.

Proof. By Claim 5.4(2), all remaining resolution steps 2c are on variables that do not belong

to S.

Remark 5.13. (Restriction as intersection, deletion as projection.) If we view a clause C

semantically as the set C−1(0) ⊂ {0, 1}n, then the restriction operator (say by ρ) on any
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clause C means to take intersection with the subcube ρ−1(1): C−1(0) → C−1(0) ∩ ρ−1(1);

while the deletion operator DelS(·) corresponds to the projection {0, 1}n → {0, 1}Sc
induced

on C−1(0).

We now have sufficient machinery to prove Theorem 5.8. As is sometimes useful, the

simulation we define is more ambitious than necessary. Rather than outputting a refutation,

it outputs a proof that derives all literals (as unit clauses) appearing in the input. The

motivation for this is twofold. First, unit clauses make π-trail resolution significantly more

powerful because they grant more control over the trails that can be derived. In particular,

if all literals appearing in a refutation Π have been derived, then Π can be simulated in

n|Π| steps by directly simulating each resolution appearing in it. Second, in reference to the

deletion operator, all clauses of DelS(τ) can be derived using clauses of τ and unit clauses

x0 and x1 for x ∈ S.

Our simulation algorithm is based on the obvious restrict-and-branch method, by which

one recurses on Π|{xi=0} and Π|{xi=1}, lifts the resulting proofs to have axioms in τ , and

then derives 0 (if it has not been derived already) by resolving the unit clauses xi and

xi. The clear issue with this approach is that we cannot afford to recurse on both restricted

proofs: there are parts of Π that are “double counted” as a consequence of its DAG structure

and the size may blow up. But recursing on just Π|{xi=0} may ignore relevant parts of Π,

namely those resolutions on variables not even appearing in Π|{xi=0}. This is the purpose

of the deletion operator. The refutation DelVar(Π|{xi=0})
(Π) is a refutation with resolutions

that correspond to resolutions in Π but not in Π|{xi=0}, so we can recurse on it without

worrying about this double counting issue. This can be iterated so that we eventually see

all literals appearing in Π without considering a particular resolution more than once. So an

incomplete but instructive outline of our algorithm is this: recurse on Π|{xi=0} and lift the

proof to axioms of τ , iterate the deletion operator to derive all literals appearing in Π with

possible additional appearances of xi, and then simulate Π|{xi=1} directly to derive xi and
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remove all additional appearances of xi.

Before we finally state and prove Theorem 5.8, we present two simple lemmas that are

factored out of the proof to simplify its presentation. The first essentially states that a

variable in a connected refutation must play a nontrivial role, which intuitively should be

true if we want to derive its corresponding literals. The second tells us that once we can

directly simulate a connected π-trail refutation, we can also directly simulate a proof of all

its literals; this is essentially a stronger version of the observation in the previous paragraphs

that is more suited to the goal of deriving all literals.

Lemma 5.4. Let Π be a connected resolution refutation of τ such that x ∈ Var(Π) and let

Π′ be the downward closure of any appearance of 0 in Π|{x=a}. Then there is a clause C ∈ τ

that contains x1−a and appears restricted in Π′.

Proof. Suppose for contradiction that there is no such clause. Then all axioms in Π′ are

axioms in Π not containing the variable x, so in the standard definition of restriction no

edges are contracted and G(Π′) is a downward-closed subgraph of G(Π) with identical labels.

Since Π is connected it has a unique appearance of 0 (otherwise, 0 would be the premise of

some resolution step that is impossible). Therefore Π′ = Π which contradicts the fact that

x ∈ Var(Π).

Lemma 5.5. For any connected resolution refutation Π of τ , there is a resolution proof from

τ of size at most |Π|+ 2n2 that derives, as unit clauses, all literals of variables in Var(Π).

Proof. It suffices to note that if literals of all variables in Res(C ∨ x0i , D ∨ x
1
i ) have been

derived as unit clauses, then there is a proof of size at most 2n that derives x0i and x1i . This

process can be repeated on clauses in Π in reverse topological order (skipping clauses for

which x0i and x1i have already been derived). Connectedness guarantees that every clause

appearing in Π (and hence every variable) is processed.
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Theorem 5.8. There is a polynomial time algorithm that, given a connected resolution

refutation Π of τ , outputs a π-trail proof of size O(n2|τ ||Π|) that derives, as unit clauses, all

literals of variables in Var(Π).

Proof. We present the algorithm Sim which is recursively called on derivations with fewer

variables.

Simulation Algorithm (Sim)

1. If |Var(Π)| = 1, then for some variable xi, Π contains only a resolution of xi and ¬xi.

In this case, output the axioms xi and xi.

2. Assume without loss of generality that all variables appear in Π. Define Π0 to be

the downward closure of some appearance of 0 in Π|{x1=0}. Derive Liftτ (Sim(Π0))

(note that |Var(Π0)| < |Var(Π)|, which justifies the recursive call to Sim) and let

ly,a ∈ {ya, ya∨x1} for y ∈ Var(Π0) denote the lifted unit clauses appearing in it. Note

that Π0 might be trivial, in which case x1 is an axiom in τ and the next step can be

skipped.

3. If x1 appears in any ly,a from the previous step, then derive x1 = Res(ly,0, ly,1).

Otherwise, by Lemma 5.4, there is a clause C ∈ τ containing the literal x1. Derive

x1 by consecutively resolving C with literals ℓy,a, for all ℓy,a in C. We note here that

these are half-ordered resolutions and hence admissible in π-trail resolution, but we

refrain from pointing this out in similar cases below.

4. Derive the clauses {C ◦x1 x1 : C ∈ τ}.

At this point we have derived a set of clauses τ∗ such that for every clause C in

ψ
def
= Del{x1}(τ) ∪

⋃
y∈Var(Π0)

{y0, y1},
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the set τ∗ contains either C or C ∨ x1.

5. Set S := Var(Π0). While S ∪ {x1} ̸= V perform the following procedure constructing

a π-trail resolution proof from the set of axioms ψ. We maintain that at the start of

each iteration, all unit clauses in
⋃

y∈S{y0, y1} have been derived. Also, to make clear,

the proof constructed in this step is not part of the output, but its lifted verison will

be (in step 6).

(a) Construct the clauses of DelS∪{x1}(τ) by resolving each clause in Del{x1}(τ) with

the unit clauses xa for x ∈ S. Then build DelS∪{x1}(Π) using the deletion algo-

rithm.

(b) Assume without loss of generality that DelS∪{x1}(Π) is connected; otherwise, as

usual, take the downward closure of any appearance of 0. Construct the proof

Sim(DelS∪{x1}(Π)). (This is the other recursive call to Sim.)

(c) Set S := S ∪ Var(DelS∪{x1}(Π)).

6. Since DelS∪{x1}(Π) is always nontrivial when S ∪ {x1} ≠ V (this follows from the

well-definedness of the Deletion operator, Claim 5.4), the previous step terminates.

Call the resulting proof Υ; it is the union of the proofs from step 5 (Υ need not be

connected), which derives from ψ all unit clauses xai for i ∈ [2, n]. Derive the proof

Liftτ∗(Υ), where τ∗ is the set of clauses in step 4. This proof derives (this time from

τ) li,a ∈ {xai , x
a
i ∨ x1} for i ∈ [2, n]. It remains to derive x1.

7. For that purpose, it is now possible to build any trail (up to annotations) that extends

[x1
d
= 0] by using the Unit Propagation Rule with the lifted unit clauses from the

previous step. Therefore, we can simulate any resolution proof not containing the

variable x1 by directly simulating each resolution step. Do this to the resolution proof

extending Π|{x1=1} that derives all literals appearing in it (Lemma 5.5).
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8. By Lemma 5.4, there is a clause C ∈ τ containing x1 that appears restricted in

Π|{x1=1}. Derive x1 by resolving C with all new literals from the previous step, when

possible.

9. Derive all remaining literals by resolving li,a with x1 when necessary.

Let f(n,m) and s(n,m) be upper bounds on the running time of Sim and the size of π-trail

proof output by Sim, respectively, when Sim is run on a proof containing at most n variables

and whose size is at most m. Our primary focus is on understanding the contributions of

step 2 and 5 since the algorithm is called recursively in these steps. Step 2 adds at most

s(n− 1, |Π0|) to s(n, |Π|) and

f(n− 1, |Π0|) +O(n · s(n− 1, |Π|))

to f(n, |Π|).

Suppose that step 5 iterates T (which is ≤ n) times. For i ∈ [T ], define Si to be the state

of S before the ith iteration and define Πi to be DelSi∪{x1}(Π). Then steps 5-6 contribute

at most
∑T

i=1 s(n− 1, |Πi|) to the size bound and

T∑
i=1

f(n− 1, |Πi|) +O(n|τ | · |Π|)

to the running time bound.

The most important fact here is that, by Lemma 5.3,
∑T

i=0 |Πi| ≤ |Π|. This is because

the sets Var(Πi) for i ∈ [0, T ] are pairwise disjoint and so the resolutions in each proof Πi

correspond to unique resolutions in Π. Note the special case of Π0, which uses the fact

that restrictions, like variable deletion, have the property that all resolutions in the resulting

proof correspond to resolutions in Π on the same variable.

The auxiliary operations performed throughout the algorithm (e.g., recreating trails by
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adding assignments to x1 at the start) are clearly O(n|τ | · |Π|) that yields the bounds

s(n, |Π|) ≤
T∑
i=0

s(n− 1, |Πi|) +O(n|τ | · |Π|)

and

f(n, |Π|) ≤
T∑
i=0

f(n− 1, |Πi|) +O

 T∑
i=0

s(n− 1, |Πi|)

+O(n2|τ | · |Π|).

By induction on n, first for s and then f , it follows that s(n,Π) = O(n2|τ | · |Π|) and

f(n, |Π|) = O(n3|τ | · |Π|).

5.5 Width lower bound

Our last piece of technical work is Theorem 5.4, which demonstrates the limitations of

bounded width clause learning in the presence of the ordered decision strategy. Using the

connection to π-trail resolution from the previous section, Theorem 5.4 follows from a gen-

eral width lower bound for the latter. Some of the formulas to which this bound applies

have constant width (that implies polynomial size) refutations and hence, by Theorem 5.3,

automatically have polynomial size π-trail refutations. Thus this result also shows that

there is no size-width relationship for π-trail resolution like the one for resolution proved by

Ben-Sasson and Wigderson [21].

Say that a clause C is almost-k-small with respect to π if |Var(C)\Varkπ| ≤ 1, and that a

trail t = [xi1
∗1= a1, . . . , xir

∗r= ar] is k-trivial if for s
def
= min(r, k), all assignments in t[≤ s] are

decisions on variables in Varkπ in π-increasing order: t[≤ s] = [xπ(1)
d
= a1, . . . , xπ(s)

d
= as].

Definition 5.15. The order π is k-robust for a contradictory CNF τ if for any restriction

ρ such that |Var(ρ) \ Varkπ| ≤ 1, the following properties hold:

• the formula τ |ρ is minimally unsatisfiable, i.e., all strict subsets of τ |ρ are satisfiable;
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• for all i ∈ [n], if (xi = a) ∈ ρ then there is a clause in τ that appears restricted in τ |ρ,

i.e., it is not satisfied by ρ and contains the literal x1−ai .

Example 4. For a CNF τn, the r-ary parity substitution of τn, denoted by τn[⊕r], is the

formula in which for all i ∈ [n], each variable xi is replaced with
⊕r

j=1 yi,j where the

variables yi,1, yi,2, . . . , yi,r are new and distinct. As described, τn[⊕r] is technically not a

CNF, but its encoding as a CNF is straightforward and natural; see [84] for full details. It

is also straightforward to check that whenever τn is minimally unsatisfiable and contains all

variables x1, . . . , xn, the order π on the variables of τn[⊕r] given by

π(y1,1) < π(y2,1) < · · · < π(yn,1) <

π(y1,2) < π(y2,2) < · · · < π(yn,2) < · · · <

π(y1,r) < π(y2,r) < · · · < π(yn,r)

is ((r − 2)n)-robust. In fact, this readily follows from the observation that any restriction

ρ that satisfies |Var(ρ)\Var
(r−2)n
π | ≤ 1 must leave unassigned at least one variable in each

group {yi,1, . . . , yi,r}.

The following theorem shows that robustness implies large width in π-trail resolution.

Theorem 5.9. Let τ be a contradictory CNF formula and let π be a w-robust order for τ .

Then the width of any π-trail refutation of τ is at least w.

Proof. Assume without loss of generality that π = id. Let Π be a π-trail refutation of τ

and let C be the first almost-w-small clause appearing in Π. We will actually prove that

Varwπ ⊆ Var(C).

First, we claim that all trails that appear before C in Π are (w + 1)-trivial. Suppose

otherwise and let t be the first trail in Π that is not. Since Π contains all prefixes of t, and all

such prefixes precede t, it follows that t is of the form [t′, xi
u
= a], where t′ = [x1

d
= a1, x2

d
=
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a2 . . . , xj
d
= aj ], i ≥ j+2 and j ≤ w. Suppose that t follows from t′ by the Unit Propagation

rule with the clause D. This means D|t′ is a unit clause, which implies D is almost-w-small,

contradicting the assumption that C is the first almost-w-small clause in Π.

It then follows that all resolutions (corresponding to applications of the Learning rule)

that appear before C are on variables not in Varw+1
π . Indeed, suppose that the inference

D ∨ xai E ∨ xai t

D ∨ E

appears before C in Π. By the claim in the previous paragraph, t is (w+1)-trivial. Therefore

if xi ∈ Varw+1
π , then it is actually assigned in t[≤ w+1] and so are all variables appearing in

D. This implies D is almost-w-small, contradicting the assumption that C is the first such

clause.

Finally let Π∗ be the resolution refutation corresponding to Π; that is, the refutation

constructed from Π by ignoring all trails. Let Γ be the connected subproof of C in Π∗ on the

downward closure of C. By the remark in the previous paragraph, all resolutions in Γ are

on variables not in Varw+1
π . Lastly, let ρ be any restriction with the domain Varwπ ∪Var(C)

that falsifies C, so that Γ|ρ is a refutation of τ |ρ. By the first property in the definition

of robustness, τ |ρ is minimal, which implies that all clauses in τ |ρ appear as axioms of

Γ|ρ. Therefore, there are paths from these clauses (unrestricted) to C in Γ. By the second

property of robustness, each variable in Varwπ appears in at least one of these clauses. Since

all resolutions in Γ are on variables not in Varw+1
π , it follows that Varwπ ⊆ Var(C).

Finally, we prove Theorem 5.4, which is restated here for convenience. The proof is a

simple variation of the one above (we only have to make sure that the variables in Varwπ

appear in a learned clause).

Theorem 5.10. (Theorem 5.4 restated) For any fixed order π on the variables and every

ϵ > 0 there exist contradictory CNFs τn with w(τn ⊢ 0) = O(1) not provable in CDCL(π-D,
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WIDTH-(1− ϵ)n).

Proof. The formula used here is Indm[⊕r] where Indm is the Induction principle

x1 ∧
m−1∧
i=1

(xi ∨ xi+1) ∧ xm,

and r will be chosen as a sufficiently large constant. The natural resolution refutation of this

formula has width O(r).

Fix ϵ > 0. Let R be a successful run in CDCL(π-D) on Indm[⊕r] and let Π be the natural

π-trail simulation of this run given by Theorem 5.7. We begin with some observations about

Π that are easily verified by examining the proof of Theorem 5.7. First, all clauses learned

in R are derived exactly in Π, in the order they appear in R. Second, for any learning

step (C, t′) in R from the state (C, t), the proof Π contains the connected subproof of C

from C corresponding exactly to the sequence of resolutions used to learn C (Lemma 5.1).

Furthermore, the trail t appears before this subproof in Π.

Let w = (r− 2)m and let D be the first almost-w-small clause in Π. Similar to the proof

of Theorem 5.9, it follows that Varwπ ⊆ Var(D) and all trails appearing before D in Π are

(w+ 1)-trivial. If D is not a learned clause, then it appears in the subproof of some learned

clause C. Suppose that C follows from the state (C, t) in R. As is made clear in Lemma 5.1,

all resolutions in the subproof of C are on variables whose assignments are unit propagations

in t. Since t appears before D, it is (w + 1)-trivial, so none of the variables in Varwπ are

resolved on to derive C. This implies all variables in Varwπ are inherited in C from D.

The result follows by taking r > 2/ϵ so that (r − 2)m > (1− ϵ)rm.
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[61] Franjo Ivančić, Zijiang Yang, Malay K. Ganai, Aarti Gupta, and Pranav Ashar. Effi-
cient SAT-based bounded model checking for software verification. Theoretical Com-
puter Science, 404(3):256–274, 2008.

[62] Mark Jerrum. Large cliques elude the metropolis process. Random Structures &
Algorithms, 3(4):347–359, 1992.

[63] Chris Jones, Aaron Potechin, Goutham Rajendran, Madhur Tulsiani, and Jeff
Xu. Sum-of-squares lower bounds for sparse independent set. arXiv preprint
arXiv:2111.09250, 2021.

[64] Roberto J. Bayardo Jr. and Robert C. Schrag. Using CSP look-back techniques to
solve real-world SAT instances. In AAAI/IAAI, pages 203–208, 1997.

[65] Pravesh Kothari, Ryan O’Donnell, and Tselil Schramm. Sos lower bounds with hard
constraints: think global, act local. arXiv preprint arXiv:1809.01207, 2018.

[66] Pravesh K. Kothari and Peter Manohar. A Stress-Free Sum-Of-Squares Lower Bound
for Coloring. In 36th Computational Complexity Conference (CCC 2021), volume 200
of Leibniz International Proceedings in Informatics (LIPIcs), pages 23:1–23:21, 2021.

[67] Pravesh K Kothari and Ruta Mehta. Sum-of-squares meets nash: Optimal lower
bounds for finding any equilibrium. arXiv preprint arXiv:1806.09426, 2018.

[68] Pravesh K Kothari, Ryuhei Mori, Ryan O’Donnell, and David Witmer. Sum of squares
lower bounds for refuting any csp. In Proceedings of the 49th Annual ACM SIGACT
Symposium on Theory of Computing, pages 132–145, 2017.

169
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