
Supplementary Material: Uncovering measurement-induced entanglement via
directional adaptive dynamics and incomplete information

Yu-Xin Wang (王语馨),1, 2, ∗ Alireza Seif,1 and Aashish A. Clerk1

1Pritzker School of Molecular Engineering, University of Chicago, Chicago, IL 60637
2Joint Center for Quantum Information and Computer Science,

University of Maryland, College Park, MD 20742, USA

CONTENTS

A. Overview of content 1
B. Postselected trajectory dynamics due to

measurement of collective quadrature x̂+ 1
1. General trajectory dynamics 1
2. Proof of exact equivalence between coarse

grained dynamics and conditional
trajectories under a single commuting
measurement 2

C. Parameter dependence and entanglement
structure of states generated by the adaptive
process Eq. (4) 3

D. Intuition for higher entanglement generation
accompanying decreasing purity in time
under the adaptive protocol 4

E. Details of the recovery protocol 4
1. Summary 4
2. General setup of the recovery protocol 5
3. State dynamics 6

F. Conditional entanglement generation due to
collective measurement and a single-site
detuning Hamiltonian 7

G. Simulation results for the adaptive protocol
with different number of registers 8

H. Generalization to bosonic lattice systems 9
1. Hamiltonian-free dynamics:

logarithmic-in-time entanglement growth
and unbounded increase of the correlation
length 10

2. Measurement-free protocol with onsite
Hamiltonian dynamics: dependence of
performance on the number of registers 11

I. Alternative examples of directional adaptive
dynamics in multiqubit(qudit) systems 11

J. Details on physical implementation of the
measurement-free protocol 12

K. Entanglement by purely dissipative QND
dynamics 13

References 14

∗ yxwang@uchicago.edu

A. Overview of content

Here we provide derivation details related to var-
ious examples discussed in the main text, intuition
for increased entanglement generation accompany-
ing decreasing purity in the adaptive protocol, as
well as more technical details for experimental im-
plementations.

B. Postselected trajectory dynamics due to
measurement of collective quadrature x̂+

1. General trajectory dynamics

In the main text, we discuss conditional en-
tanglement generation due to the weak continu-
ous measurement of a nonlocal quadrature x̂+ ≡
(x̂a + x̂b) /

√
2. Here, we provide a detailed analysis

on the conditional dynamics generated by this pro-
cess (in the absence of any additional Hamiltonian
dynamics).

Given the measurement current I(t) associated
with a specific run of the experiment, we can explic-
itly derive the corresponding evolution of the condi-
tional state of the systems density matrix. This is
written in terms of the measurement rate γ and a
stochastic Wiener increment dW (t), as (see e.g. [1]
for a pedagogical introduction):

dρ̂ = −γdt

2
[x̂+, [x̂+, ρ̂]] +

√
γdW {x̂+ − ⟨x̂+⟩ , ρ̂} .

(S1)

The measurement record I(t) is in turn updated as:

dI(t) = 2
√
γ⟨x̂+(t)⟩dt+ dW (t). (S2)

A qubit version of this dynamics was discussed in
Ref. [2].

Throughout this work, we consider initial states
that are Gaussian. The above dynamics then en-
sures that the conditional state remains Gaussian
at all times, and can thus be fully characterized by
its first 2 moments. We will further assume a state
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where there are no correlations between the + and
− sets of quadratures. In this case, the relevant dy-
namical quantities are the means ⟨x̂+⟩, ⟨p̂+⟩, and
variances Vσ1σ2 ≡ ⟨{δ(σ̂1)+, δ(σ̂2)+}⟩/2. The condi-
tional dynamics can thus be described by the equa-
tions of motion as follows

d⟨x̂+⟩ = 2
√
γVxxdW, d⟨p̂+⟩ = 2

√
γVxpdW, (S3a)

dVxx = −4γV 2
xxdt, dVpp = γdt− 4γV 2

xpdt, (S3b)

dVxp = −4γVxxVxpdt. (S3c)

Note that the dynamics of the covariance matrix,
which fully determines entanglement properties of
the state, is deterministic because the quadrature
measurement is Gaussian. This makes the postse-
lected system dynamics particularly simple to char-
acterize.
Physically, Eqs. (S3b) and (S3c) describe

measurement-induced squeezing of the collective
quadrature x̂+. As a result, the conditional state
is entangled between modes a and b. If the system
starts in the vacuum as its initial state, we can com-
pute entanglement entropy of the conditional state
S(ps), as

S(ps) =
νt + 1

2
log

νt + 1

2
− νt − 1

2
log

νt − 1

2
, (S4)

where νt ≡ (1 + γt)/
√
1 + 2γt denotes the symplec-

tic eigenvalue of the mode a covariance matrix. It
is interesting to note that in the long-time limit,
the conditional entanglement grows logarithmically:
S(ps) ∼ (1/2) log(γt). As the conditional state is
pure, one can show that this logarithmic growth is
also seen if one uses other entropic entanglement
measures, or the logarithmic negativity. This slow
but unbounded entanglement growth is reminiscent
of entanglement growth in a critical many-body sys-
tem. Here, it can be understood directly as resulting
from the squeezing of the EPR variable x̂+ that re-
sults from the continuous measurement.
We stress that the entanglement discussed above

only exists in the conditional state within the
stochastic evolution. Conversely, if we average over
all measurement records, the unconditional evolu-
tion cannot generate any entanglement. This agrees
with the picture provided by the stochastic equa-
tion of motion Eq. (S1): averaging over the random
variable dW , we obtain a Lindblad quantum master
equation

dρ̂

dt
= −γ

2
[x̂+, [x̂+, ρ̂]] = γD [x̂+] ρ̂, (S5)

where the standard Lindblad dissipator is defined as
D[Ô]ρ̂ ≡ (Ôρ̂Ô† − {Ô†Ô, ρ̂}/2). As Eq. (S5) also

describes system dynamics that would arise from lo-
cally driving the two modes with the same noisy
classical force, it cannot generate entanglement be-
tween a and b.

2. Proof of exact equivalence between coarse grained
dynamics and conditional trajectories under a single

commuting measurement

Making use of the equations of motion of the con-
ditional system dynamics Eq. (S3), we can also for-
mally solve the dynamics of the stochastic condi-
tional displacement ⟨x̂+(t)⟩, as well as the measure-
ment current I(t). Integrating Eqs. (S2) and (S3a)
explicitly, we have

⟨x̂+(t)⟩ = 2
√
γ

∫ t

0

Vxx(t
′)dW (t′), (S6)

I(t) = 2
√
γ

∫ t

0

⟨x̂+(t
′)⟩dt′ +

∫ t

0

dW (t′). (S7)

If the initial state is vacuum, the covariance matrix
dynamics is exactly solvable, so that we obtain

d⟨x̂+(t)⟩ =
√
γ
dW (t)

1 + 2γt
, (S8)

dI(t) = 2
√
γ⟨x̂+(t)⟩dt+ dW (t). (S9)

We can further rewrite those equations as integrals,
i.e.

⟨x̂+(t)⟩ =
√
γ

∫ t

0

dW (t1)

1 + 2γt1
, (S10)

I(t) = 2γ

∫ tf

0

dt2

∫ t2

0

dW (t1)

1 + 2γt1
+

∫ t

0

dW (t′).

(S11)

We can now rewrite the measurement record I(t)
Eq. (S11) in terms of the expectation value of the
quadrature operator ⟨x̂+(t)⟩, as

I(t) =2γ

∫ t

0

dW (t1)

1 + 2γt1

∫ t

t1

dt2 +

∫ t

0

dW (t′)

=

∫ t

0

(
2γt− 2γt1
1 + 2γt1

+ 1

)
dW (t1)

=

∫ t

0

1 + 2γt

1 + 2γt1
dW (t1)

=
1 + 2γt√

γ
⟨x̂+(t)⟩. (S12)

This results tells us that knowledge of the inte-
grated measurement record I(t) is all that is needed
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FIG. S1. Efficiency of preserving postselected entangle-
ment generation via adaptive dynamics. Plotted is en-
tanglement inefficiency, defined as the relative difference

between the deterministic state entanglement E(deter)
N

(between modes a and (b, c)), and the entanglement of

the postselected states E(ps)
N (between modes a and b) as

generated by continuous measurement of the quadrature
x̂+ ≡ (x̂a + x̂b) /

√
2 (see Eq. (2)). Colors of the curves

denote purity of the state. Solid curves correspond to
states generated by measurement-free dissipative (adap-
tive) dynamics in Eq. (4), whereas dashed curves rep-
resent the states after adaptive dynamics and a recov-
ery via projection measurement of mode c quadrature π̂
and conditional feedback. In both cases, the entangle-
ment monotonically increases for stronger feedforward
strength η. The state purity before recovery degrades
for increasing η; in contrast, the purity of post-recovery
state increases for greater η.

to reconstruct the stochastic displacement ⟨x̂+(t)⟩,
the only stochastic parameter in the full description
of the conditional state. This in turn tells us why
the autonomous protocol using M = 1 modes in
the main text becomes perfect for large feedforward
strength: the only information needed to capture the
stochastic part of the conditional state is the inte-
grated measurement record.

C. Parameter dependence and entanglement
structure of states generated by the adaptive

process Eq. (4)

In the main text, we show that the measurement-
free dynamics in Eq. (4) can be used to determinis-
tically create entanglement that quantitatively pre-
serves the entanglement generation in Eq. (2) due
to measurement-induced postselected dynamics. To
quantify the efficiency of this procedure, we compute
the entanglement inefficiency, i.e., the fraction of
conditional entanglement that is missed when apply-
ing the dissipative dynamics in Eq. (4). As depicted
by the solid curves in Fig. S1, this inefficiency mono-
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FIG. S2. (a) Deterministic entanglement of formation

E(deter)
F for 2-mode states obtained from recovery via

projective measurement of π̂ and local feedback condi-
tioned on measurement result. The case of entangle-
ment generation from measuring x̂+ with postselection

E(ps)
F is also plotted as a reference (orange dot-dashed

curve, computed from Eq. (S3)). (b) The ratio between
entanglement of formation EF of deterministic and post-
selected states. In the long-time limit, the protocol with
recovery can asymptotically fully restore measurement-
induced conditional entanglement; as discussed in the
main text, this state is also very close to a pure state
(see also Fig. S1).

tonically decreases as we increase the feedforward
parameter η (see Eq. (4)). Furthermore, the un-
conditioned state fully preserves the measurement-
induced entanglement growth with postselection in
the long-time limit γt ≫ 1, regardless of the specific
value of η.

Noting that the unconditional state evolving un-
der Eq. (4) is generally mixed, its entanglement can
be complicated to characterize. While logarithmic
negativity EN provides an easy-to-compute method
to verify that the state is entangled, its absolute
value only offers an upper bound on the distill-
able entanglement. From the perspective of quan-
tum information processing, it would be valuable to
be able to characterize genuine entanglement mea-
sures (e.g., entanglement of formation EF ) of our
final state. However, it is very challenging to ex-
actly compute such entanglement measures for a
generic 3-mode mixed Gaussian state. Fortunately,
making use of the basic property that entanglement
measures cannot increase under any local operation
and classical communication (LOCC) processes, we
can compute rigorous lower bounds for a generic
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entanglement measure that we want to character-
ize. More specifically, the deterministic state after
recovery operation discussed in the main text and
App. E offers an example of such “diagnosing” states
(c.f. Eq. (S21)).

In Fig. S2, we plot the numerically computed en-
tanglement of formation for the unconditional 2-
mode state after recovery, which provides a lower
bound for the entanglement of formation of the full
3-mode state generated from the adaptive protocol
Eq. (4), along with the conditional entanglement
generated from continuously measuring x̂+. It is
clear that with sufficiently long evolution time, our
protocol can fully recover the measurement-induced
conditional entanglement. Combined with the pu-
rity of the recovered states shown in Figs. 2 and S3,
we see that in the asymptotic long-time limit, the
recovery operation can convert the mixed-state en-
tanglement from the measurement-and-feedforward
protocol into almost pure entangled states with per-
fect efficiency.

D. Intuition for higher entanglement
generation accompanying decreasing purity in

time under the adaptive protocol

In the main text, we show that the state generated
by the adaptive dynamics in Eq. (3) sees its purity
decreases as time grows and entanglement genera-
tion increases. To better understand the (mixed
state) entanglement generation mechanism in this
case, it is useful to consider a discrete version of our
measurement-and-feedforward protocol. For sim-
plicity we focus on a 3-qubit system, which starts
in a product initial state |↓↓↓⟩, where |↓⟩ is eigen-
state of the Pauli operator with σ̂z = |↑⟩⟨↑| − |↓⟩⟨↓|.
As we discuss, this setup can be viewed as the qubit-
analog of the bosonic system in Eq. (4).

We now consider a process that can be viewed
as the discretized version of the measurement-and-
feedforward dynamics. For simplification, we take
the nonlocal measurement to be a strong projec-
tive measurement of the collective spin operator
σ̂x,1 + σ̂x,2 between the first two qubits, but we
stress that the resulting mixed-state entanglement
structure applies to weak and strong measurements
alike. Contingent on the measurement result, the
qubit system is projected into one of the 2 Bell
states |Φ±⟩ with equal probabilities, where we have

(σ̂x = |+⟩⟨+| − |−⟩⟨−|)

|Φ+⟩ = (|++⟩+ |−−⟩)/
√
2, (S13)

|Φ−⟩ = (|+−⟩+ |−+⟩)/
√
2. (S14)

For convenience, we also define the corresponding
density matrices as

ρ̂± = |Φ±⟩⟨Φ±|. (S15)

At this stage, the averaged state (ρ̂+ + ρ̂−)/2 has
no entanglement between the two qubits. To pre-
serve entanglement in the unconditional state, we
construct a (classically) correlated state between the
first 2 qubits and the third qubit, in such a way that
the classical information about the two Bell pairs
is stored into the quantum state of the third qubit.
This is again the discrete version of the feedforward
operation. We thus obtain the following final state

ρ̂qb =
1

2
(ρ̂+ ⊗ |↑⟩⟨↑|+ ρ̂− ⊗ |↓⟩⟨↓|). (S16)

Similar to the bosonic case, there is only classical
correlation between the first two and the third qubit.
However, the feedforward process now “protects” en-
tanglement in the conditional 2-qubit state against
averaging over measurement results, so that we ob-
tain unconditional entanglement between the first
and the last two qubits in ρ̂qb.

The entanglement structure of the qubit state
Eq. (S16) is straightforward to analyze. In fact, one
can show that the qubit state ρ̂qb can be converted
to a standard 2-qubit Bell pair (tensor product some
third qubit state) solely using LOCC operations. As
a result, the entanglement of formation EF and dis-
tillable entanglement ED of ρ̂qb are both equal to the
entanglement entropy of a single Bell pair, i.e.

EF (ρ̂qb) = ED(ρ̂qb) = S[Tr1(ρ̂+/−)] = 1. (S17)

Here, we define S(ρ̂) as the von Neumann entropy
of the (reduced) density matrix ρ̂.

E. Details of the recovery protocol

1. Summary

In the main text, we state that one can use a lo-
cal projection measurement on the auxiliary mode c
and subsequent local unitary operations to uncondi-
tionally recover almost-pure entangled state between
modes a and b. Here, we provide a detailed discus-
sion on this recovery procedure, as well as an explicit
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FIG. S3. Entanglement inefficiency (defined in the same
way as Fig. 2, i.e. the ratio between the difference of
the postselected and deterministic states entanglement

E(ps)
N −E(deter)

N and the postselected state value) and pu-
rity of states after recovery (see Eqs. (S19) and (S21))
for projection measurement of p̂3 with perfect resolution
(µ → ∞, solid curve) versus finite resolution (µ = 1,
dotted curve). Other parameter: η = 1.

derivation of the state evolution under the recovery
operation.
While the measurement-and-feedforward process

in Eq. (4) (i.e., Eq. (S22)) can convert measurement-
induced conditional entanglement into unconditional
entanglement with almost perfect efficiency, the re-
sulting state is highly mixed. As we show, a straight-
forward procedure involving a single Gaussian, pro-
jection measurement on mode c, followed by condi-
tional feedback in the form of local displacements on
the a, b modes, could convert the mixed-state entan-
glement into near pure-state entanglement. Thus,
we refer to it as the recovery step hereafter.
We consider Gaussian quantum-non-demolition

(QND) measurements of mode c quadrature π̂. The
measurement resolution is quantified by µ, which de-
scribes the variance of target quadrature operator in
the measurement basis states (see the next subsec-
tion for an explicit definition). The performance of
the recovery step then crucially depends on the feed-
forward strength η and the measurement resolution
µ, and we generally expect the recovered entangle-
ment to be upper bounded by the unconditional case
generated by Eq. (4). We first consider the ideal case
with ideal measurement resolution (µ → 0), which
corresponds to projection into π̂ eigenstates, and nu-
merically compute the entanglement between modes
a and b, as well as purity of the recovered state.
The results are shown in dashed curves in Fig. S1,
in terms of the entanglement inefficiency, for differ-
ent feedforward strengths. Interestingly, the recov-
ery step can fully recover the original conditional en-
tanglement in the long-time limit, and at the same
time greatly improve purity of the state (see Fig. S1).
The purity of the recovered state also increases for

growing η when fixing other parameters, in contrast
to the case without recovery (see dashed curves in
Fig. S1).

It is natural to ask if such high entanglement re-
covery efficiency survives under finite measurement
resolution. As shown in Fig. S3, the near unity en-
tanglement efficiency can be achieved in the asymp-
totic long-time limit, regardless of the intrinsic mea-
surement uncertainty (µ). In fact, one can rigorously
show that the entanglement negativity EN of the re-
covered state ρ̂rec(t;µ) (see Eq. (S21) for a defini-
tion) grows logarithmically in the asymptotic long-
time t → ∞ limit, i.e.,

t → ∞ : EN (ρ̂rec(t;µ)) ∼
1

2
log (γt) + o (1) . (S18)

Note that the leading-order contribution in
Eq. (S18) is independent of both η and µ. In
this long-time limit, the unconditional state also
approaches a perfectly pure state, see the dotted
curve in Fig. S3.

2. General setup of the recovery protocol

We start by considering the Gaussian measure-
ment on mode c, which can be generally described by
a POVM (positive operator-valued measure). The
conditional states ρ̂m(ζ;µ) corresponding to mea-
surement outcomes ζ can be expressed using the
POVM operators M̂ζ,µ acting on c as:

ρ̂m(ζ;µ) =
(Îab⊗ M̂ζ,µ)ρ̂(Îab⊗ M̂†

ζ;µ)

pm(ζ;µ)
, (S19)

where the parameter µ captures intrinsic resolution
of the measurement. The measurement probability
can be computed using the reduced density matrix

ρ̂c ≡ Trabρ̂, as pm(ζ;µ) = Tr(M̂†
ζ,µM̂ζ,µρ̂c). In what

follows, we focus on the case of projective Gaus-
sian measurements on mode c quadrature (and µ
is directly set by variance of the measured quadra-
ture in the states corresponding to projectors M̂ζ,µ),
but the formalism is straightforwardly applicable to
other Gaussian measurements as well. The POVM
operators can be explicitly written as mode c pro-
jectors (see e.g., [3, 4])

M̂ζ,µ =
D̂c(ζ) Ŝc(lnµ) |0⟩c⟨0| Ŝ†

c (lnµ) D̂
†
c(ζ)√

2π
,

(S20)

where |0⟩c denotes mode c vacuum state, and we
define the displacement and squeezing operators on
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mode c as D̂c(ζ) ≡ eζĉ
†−ζ∗ĉ and Ŝc(r) ≡ e

r
2 (ĉ

†)2− r
2 ĉ

2

,
respectively. The POVM operators satisfy normal-

ization condition
∫
M̂†

ζ,µM̂ζ,µd
2ζ = Îc. Physically,

Eq. (S20) can describe projection onto eigenstates
of quadrature π̂ or ŷ (µ → 0 or µ → +∞), or mea-
surement of π̂ with an intrinsic uncertainty set by µ.
Such measurements can be readily implemented in
state-of-the-art optical or mechanical quantum sys-
tems.
Gaussian nature of the strong measurement in

Eq. (S19) ensures that the conditional states all have
the same covariance matrix and only differ in terms
of quadrature averages ⟨x̂ℓ⟩, ⟨p̂ℓ⟩, ⟨ŷ⟩ and ⟨π̂⟩. We

can thus apply conditional displacements D̂tot(ζ) af-
ter measuring c to recover entanglement in the de-
terministic state. One can show that the optimal
conditional feedback reproduces the same entangle-
ment structure as the conditional state in Eq. (S19).
The corresponding recovered state can be formally
described as

ρ̂rec(µ) ≡
∑
ζ

pm(ζ;µ) D̂
†
tot(ζ) ρ̂m(ζ;µ) D̂tot(ζ)

=ρ̂m(ζ = 0;µ) . (S21)

See App. E 3 for details and an explicit expres-
sion for D̂tot(ζ). Note that the recovered state in
Eq. (S21) is equivalent to what one would generate
by a continuous weak measurement of x̂+, and then
applying proper conditional feedback operations by
the end of the measurement. However, we stress that
our fully autonomous scheme does not require high-
fidelity nonlocal measurement, making it compati-
ble with near-term experimental platforms. Further-
more, our results uncover a previously unexplored
class of dissipative dynamics with exotic entangling
dynamics.

3. State dynamics

We now explicitly derive the dynamics of the
mixed Gaussian state during the recovery protocol.
To do this, let us first consider the mixed state after
the autonomous measurement-and-feedforward op-
eration, i.e., the final state ρ̂f (t) after evolving ac-
cording to the Lindbladian γLx̂+→ηŷ (see Eq. (4))
for time t, with

Lx̂+→ηŷρ̂ = −i[ηx̂+ŷ, ρ̂] +D [x̂+ − iηŷ] ρ̂. (S22)

In what follows, we assume initially all 3 modes are
in vacuum, i.e., we have,

ρ̂f (t) = eγLx̂+→ηŷt (|vac⟩⟨vac|) . (S23)

However, we note that our results also generalize to
other initial conditions. We omit the time variable
t in the following derivations when it does not cause
confusion. We can now compute the characteristic
function χρf

(ξ) of the Gaussian final state analyti-
cally, which is defined as

χρf
(ξ) ≡ Tr

ρ̂f ∏
ℓ=a,b,c

D̂ℓ(ξℓ)

 . (S24)

In Eq. (S24), we introduce the standard displace-
ment operators as

D̂ℓ(ξ) ≡ exp
(
ξℓ̂† − ξ∗ℓ̂

)
, ℓ = a, b, c. (S25)

For a general Gaussian state, its characteristic func-
tion is also Gaussian, and the state can be fully spec-
ified via its first moments and the covariance matrix
of quadrature operators. Let us first focus on the
case with zero means (i.e., first moments of quadra-
tures vanish), so that the characteristic function can
be simply written in terms of the real, symmetric
covariance matrix Σ of the state, and the coefficient
matrix Ω encoding the canonical commutation rela-
tions, as

χρf (t) (ξ) = exp

(
−1

2
ξTΩΣΩT ξ

)
, (S26)

Σ = ⟨{r̂σ1
, r̂σ2

}⟩, r̂σ ∈ {x̂ℓ, p̂ℓ}, (S27)

Ω =
⊕

ℓ=a,b,c

ω, ω =

(
0 1
−1 0

)
. (S28)

Note that in this derivation, we redefine the mode
c quadratures as (ŷ, π̂) → (x̂c, p̂c). For the specific
state in Eq. (S23), we can further explicitly express
χρf (t) (ξ) as

ln
[
χρf (t) (ξ)

]
=− |ξa|2 + |ξb|2 + |ξc|2 + γt (Reξa +Reξb)

2

2

− γtη2(1 + 2γt)(Reξc)
2

+
γtη√
2
(Imξa + Imξb)Reξc. (S29)

For convenience, we also introduce the subsystem co-
variance matrices σab and σc of modes a, b and mode
c, respectively, and the correlation matrix ϵab,c. The
total covariance matrix can thus be expressed in
terms of those submatrices as

Σ =

(
σab ϵab,c
ϵTab,c σc

)
. (S30)
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The values of matrices Σ, or equivalently σab, σc and
ϵab,c, can be directly read off from Eq. (S29).
We now consider the conditional 3-mode state af-

ter the total system undergoes a POVM measure-
ment described by Eq. (S19). As discussed, the con-
ditional state corresponding to measurement result
ζ is given by

ρ̂m(ζ;µ) =
M̂ζ,µρ̂M̂

†
ζ;µ

Tr
(
M̂ζ,µρ̂M̂

†
ζ,µ

) , (S31)

where we define the POVM operators M̂ζ,µ as

M̂ζ,µ =
1√
2π

Îab ⊗ D̂c(ζ) Π̂c(µ) D̂
†
c(ζ) , (S32)

Π̂c(µ) = Ŝc(lnµ) |0⟩c⟨0| Ŝ†
c (lnµ) . (S33)

Because M̂ζ,µ is proportional to a projector, the re-
sulting state ρ̂m(ζ;µ) will be a product state be-
tween mode a, b and the corresponding pure state
D̂c(ζ) Ŝc(lnµ) |0⟩c of mode c, as

ρ̂m(ζ;µ) = ρ̂ab(ζ;µ)⊗ D̂c(ζ) Π̂c(µ) D̂
†
c(ζ) . (S34)

We can thus rewrite the subsystem conditional state
ρ̂ab(ζ;µ) of modes a, b in terms of the total system
conditional state ρ̂, as

ρ̂ab(ζ;µ) = Trc (ρ̂m(ζ;µ)) (S35)

=
Trc

[
D̂c(ζ) Π̂c(µ) D̂

†
c(ζ) ρ̂D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

]
Tr

[
ρ̂D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

]
=
Trc

[
ρ̂D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

]
Tr

[
ρ̂D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

] . (S36)

To show that Eq. (S21) is correct, we now prove
that the following equation holds for a generic ζ

ρ̂m(ζ;µ) = D̂tot(ζ) ρ̂m(ζ = 0;µ) D̂†
tot(ζ) , (S37)

D̂tot(ζ) = D̂a(ζa) D̂b(ζb) D̂c(ζ) , (S38)

where ζa and ζb are complex coefficients that can be
determined using time evolution parameter γt, the
measurement projector Π̂c(µ), and measurement re-
sult ζ. To prove this, we first note that if we inte-
grate out the first two modes from Eq. (S37), the re-
maining equation for mode 3 is automatically valid,
since the POVM measurement operator in Eq. (S32)

is constructed via projectors D̂c (ζ) Π̂c(µ) D̂
†
c (ζ). To

show that Eq. (S37) holds for the subsystem state

ρ̂ab(ζ;µ), we derive its characteristic function, which
can be defined in analogy to Eq. (S24) as

χρ̂ab(ζ;µ)(ξab)

≡Tr
[
ρ̂ab(ζ;µ) D̂a(ξa) D̂b(ξb)

]
. (S39)

Note that we use subscript in ξab to denote explicitly
that LHS of Eq. (S39) is characteristic function of
the 2-mode (a, b) subsystem state. Making use of
Eq. (S36), we obtain

χρ̂ab(ζ;µ)(ξab)

=
Trc

[
ρ̂D̂a(ξa) D̂b(ξb) D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

]
Tr

[
ρ̂D̂c(ζ) Π̂c(µ) D̂

†
c(ζ)

] . (S40)

To proceed, we denote the correlation matrix of mea-
surement kernel Π̂c(µ) as Vµ. One can thus show
that the subsystem characteristic function takes the
following form

χρ̂ab(ζ;µ)(ξab)

= exp

{
−1

2
ξTabΩabσ̃abΩ

T
abξab − irTabΩ

T
abξab

}
, (S41)

where the new conditional state covariance matrix
σ̃a and first moment averages are given by

σ̃ab = σab − ϵab,c (σc + Vµ)
−1

ϵTab,c, (S42)

rTab = −ζT (σc + Vµ)
−1

ϵTab,c. (S43)

Note that the covariance matrix is deterministic and
does not depend on value of the measurement result
ζ. Thus, we have proved Eq. (S37), where the dis-
placement amplitudes ζa, ζb can be extracted from
Eq. (S43). For the specific case where Π̂c(µ) corre-
sponds to a pure state squeezed in quadrature π̂, Vµ

simplifies to a diagonal matrix, which can be written
as

Vµ = diag(µ−1, µ). (S44)

In this case, the displacement amplitudes are given
by

ζa = ζb = − γtη
√
2

µ+ 1 + 2γtη2(1 + 2γt)
Imζ. (S45)

F. Conditional entanglement generation due to
collective measurement and a single-site

detuning Hamiltonian

As discussed in the main text, the interplay be-
tween a nonlocal continuous measurement on x̂+ and
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a local detuning Hamiltonian could result in two dis-
tinct asymptotic regimes of entanglement growth.
Here, we provide physical intuitions for understand-
ing such behavior. For convenience, we again express
the local Hamiltonian as being perturbed from the
quantum-mechanics-free subsystem (QMFS) regime
(see Eq. (1))

Ĥdet = (ω + δω)â†â+ (−ω + δω)b̂†b̂. (S46)

If δω ̸= 0, the long-time entanglement generation
generally saturates. This can be intuitively under-
stood as in each trajectory, the nonlocal measure-
ment effectively squeezes the collective quadrature
x̂+, whereas the Hamiltonian couples it to other non-
commuting quadratures, which would interfere with
the squeezing dynamics and cut off long-time entan-
glement growth. However, if δω = 0, the conditional
state undergoes logarithmic entanglement growth.
Specifically in the QMFS regime (δω = 0, ω ̸= 0),
we obtain unbounded entanglement generation, with
the long-time asymptotic entanglement grows twice
as fast as the Hamiltonian-free case (see Eq. (2)),
as shown in Fig. 3(a). In this case, it is useful to
rewrite the QMFS Hamiltonian as [5, 6]

ĤQMFS =
ω

2
(x̂+x̂− + p̂+p̂−), (S47)

where we define the collective quadratures as x̂± ≡
(x̂a±x̂b)/

√
2 and p̂± ≡ (p̂a±p̂b)/

√
2. Thus, enhance-

ment in entanglement generation can be explained
using the QMFS structure that couples x̂+ to a com-
muting quadrature p̂−, so that in the long-time limit,
the measurement process effectively squeezes both
quadratures.

Let us now consider the opposite limit, where the
long-time conditional entanglement asymptotically
vanishes with a one-sided detuning δω = ±ω (see,
e.g., the green curve in Fig. 3(a)). To obtain a
physical understanding of the suppression of con-
ditional entanglement in this finely tuned limit, we
note that both the Hamiltonian in Eq. (S46) and
measured operator x̂+ now commute with the local
quadrature x̂b. As such, the conditional dynamics
can be viewed as due to the combination of an ef-
fective measurement-induced squeezing in x̂b (with
the covariance ⟨δx̂2

b⟩ ∝ t−1 in the t → ∞ limit)
and other oscillatory dynamics. In the long-time
limit, the local measurement-induced squeezing ef-
fect dominates, so that the net effect of measurement
of x̂+ and a single-mode detuning Hamiltonian leads
to zero long-time entanglement.
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FIG. S4. Root-mean-squared (RMS) error in entangle-
ment negativity ∆EN (see Eq. (S48)) between the postse-
lected entanglement generated by continuous monitoring
of x̂+ and Hamiltonian in Eq. (S46), versus the deter-
ministic entanglement generated by the corresponding
measurement-free deterministic dynamics (c.f. Eq. (3) in
the main text) for different number of registers M aver-
aged over range of detunings δω/γ ∈ [0, 1.5] (as shown
in Fig. 3(b)), both evaluated at a fixed evolution time
tf . Parameters: ω/γ = 1.2, η = 5, tf = 10γ−1.

G. Simulation results for the adaptive protocol
with different number of registers

In the main text, we show that the adaptive pro-
tocol in Eq. (3) can capture nontrivial features in
the measurement-induced conditional entanglement
due to the interplay between a nonlocal continuous
measurement on x̂+ and a local Hamiltonian per-
turbed from the QMFS regime (see Eq. (S46)). As
discussed, to achieve this, we need multiple auxil-
iary register modes cℓ (ℓ = 1, 2, . . . ,M), so that the
feedforward protocol in Eq. (3) involves sequentially
coupling the system modes a, b to each of the reg-
ister modes. Here we provide more details on the
root-mean-squared error analysis, and the effect of
using smaller number of registers.

Moreover, the deviation between the adaptive-
dynamics-generated entanglement and the postse-
lected entanglement decreases as we increaseM , and
this error becomes negligible for sufficiently large M .
Indeed, as shown in Fig. S4, the root-mean-squared
error

∆EN ≡
√

(E(ps)
N (δω)− E(deter)

N (δω))2, (S48)

between the postselected entanglement, E(ps)
N , and

the unconditional entanglement in the adaptive pro-

tocol, E(deter)
N , decreases rapidly as we increase M ,

and M = 20 provides a suitable choice for capturing
conditioned entanglement in this case. The overline
symbol in Eq. (S48) denotes an average over dif-
ferent values of the system Hamiltonian parameter
δω/γ used in the simulations. However, we note that
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FIG. S5. Conditional entanglement (light blue curves)
due to simultaneous measurement of x̂+ and local Hamil-
tonians given by Eq. (1) and deterministic entanglement
generation due to the adaptive protocol (red asterisks,
see Eq. (3)), when using varying numbers of registers,
M = 5, 10 or 15. The bipartition is taken between mode
a and the rest of the system. The deterministic dynamics
mimic a process where we divide the total evolution time
tf = 10γ−1 into M equal segments, and then sequen-
tially perform measurement-and-feedforward dynamics
from modes a and b to one of the register modes. Other
parameters: ω/γ = 1.2, η = 5.

for all examples considered here and in Sec. H 2, the
specific value of δω/γ does not change the qualitative
trend of dependence of ∆EN on M (or feedforward
parameter η).

Here we provide additional simulation results on
the adaptive protocol with smaller values of M .
That is, we compute the entanglement of the posts-
elected dynamics due to simultaneous weak contin-
uous x̂+ measurement and Hamiltonian Ĥdet evo-
lution, and we compare it with the deterministic
entanglement due to the feedforward protocol in
Eq. (3) with different M . As shown in Fig. S5, the
deterministic state already captures the transition
at the QMFS (δω = 0) point and the vanishing of
entanglement at special tuning point δω = ω with
even a smaller number of registers such as M = 10.

For capturing entanglement due to more generic
measurement dynamics (with postselection), we es-
timate the number of M required to be given by the
product of total evolution time and the typical fre-
quency scale; for the dynamics considered here, we
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FIG. S6. Pairing correlators ⟨âlâm⟩ of the multimode
squeezed state generated by the conditioned dynamics
due to simultaneously measuring the bond quadratures
m̂j = (x̂j + x̂j+1)/

√
2 on a n-mode bosonic lattice. Here

we take lattice size n = 20 and evolution time tf =
10γ−1.

thus expect that γtf = 10 register modes are neces-
sary, which is consistent with numerical simulations.
For the general purpose of detecting measurement-
induced entanglement transitions (MIPT), we con-
jecture that the number of register modes required
can scale sublinearly with the system size, which
would enable a scalable test of MIPT.

H. Generalization to bosonic lattice systems

In the main text, we discussed the generalization
of our measurement-free adaptive protocol to many-
body systems. More specifically, we consider a mul-
timode setup consisting of a 1D bosonic lattice with
additional auxiliary registers attached to each mea-
surement bond, and show that the deterministic en-
tanglement generated by the measurement-free dy-
namics captures spatial structure of conditional en-
tanglement growth due to the target measurement-
induced process. Here, we provide a more detailed
discussion on features of the conditional entangle-
ment generation, as well as the specific parameters
used to construct the measurement-free protocol.
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1. Hamiltonian-free dynamics: logarithmic-in-time
entanglement growth and unbounded increase of the

correlation length

For simplicity, we first consider the Hamiltonian-
free measurement-only regime of the lattice model
discussed in the main text. More concretely, we con-
sider n bosonic modes aj arranged in a periodic 1D
lattice as the target system, undergoing continuous
monitoring of operators m̂j = (x̂j + x̂j+1)/

√
2 on

each nearest neighbor bond. For convenience, we
assume n is even throughout the discussion. We
assume a vacuum initial state for concreteness, so
that we can again analytically solve the exact post-
selected state dynamics. By diagonalizing the co-
efficient matrix associated with the quadratic sum∑

j m̂
2
j via an orthogonal matrix [ojk] and a set of n

positive coefficients λj , we have

n∑
j=1

m̂2
j =

n∑
j=1

λj
ˆ̃x2
j , ˆ̃xj =

n∑
k=1

ojkx̂k, (S49)

and the conditional state in the asymptotic long-
time regime can be written as

γt ≫ 1 : |Ψn⟩ = e
r
2

∑n
j=1(d̂

2
j−d̂†2

j ) |0⟩ , (S50)

where the effective squeezing mode operators are

given by d̂j =
∑n

j=1 ojkâk, and the squeezing param-

eters r ∼ log(γt). Note that Eq. (2) can be viewed as
a single-mode special case of Eq. (S50). For a larger
lattice size, we generally expect long-range entangle-
ment correlations. See Fig. S6 for the pairing cor-
relators ⟨âlâm⟩ in a 1-dimensional chain of bosonic
modes (with n = 20 modes in the lattice) undergo-
ing measurements of m̂j , which exhibits long-range
correlations; in this case, the pairing correlators
are equal to the corresponding normal-ordered cor-

relators ⟨âlâm⟩ = ⟨â†l âm⟩. States of the form in
Eq. (S50) are generally known as H-graph states [7],
and can be used to generate continuous variable clus-
ter states.
We now consider the corresponding measurement-

free dissipative protocol. As the target conditional
dynamics only consist of commuting measurement
on each bond in the lattice, we introduce n auxil-
iary modes (one for each bond) as the register. We
focus on a setup where on each bond of the lat-
tice, we apply a dissipative Lindbladian of the form
Eq. (4), which mimics measuring the quadrature on

each bond m̂j = (x̂j + x̂j+1)/
√
2 and then applying

conditional feedforward forces to the corresponding
register quadrature ŷj . The system dynamics is thus
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FIG. S7. RMS error in entanglement negativity ∆EN
(see Eq. (S48)) between the postselected entanglement
generated by continuous monitoring of m̂j and Hamilto-
nian in Eq. (S52), versus the deterministic entanglement
generated by the corresponding measurement-free deter-
ministic dynamics (c.f. Eq. (S54), see also Eq. (3) in the
main text) for varying number of registers M per bond.
Here the entanglement negativities are evalutated with
respect to the half-system bipartition. All data points
are taken to be averaged over the range of detunings
δω/γ ∈ [0.1, 0.5], and for each value of δω, we choose
the evolution time tf such that the deterministic en-
tanglement generation by the measurement-free proto-
col has stabilized. Other parameters: (a) η = 5 with
various total system sizes n = 8, 12, 16, 20, 24, 28, 32;
(b) η = 0.5, 0.8, 1, 2, 5 for n = 16, which are com-
pared with the baseline value at η = 5 and n = 32.
In both panels, we take γtf = (40, 26, 21, 16, 15) for
δω/γ = (0.1, 0.2, 0.3, 0.4, 0.5).

given by the following master equation

dρ̂

dt
= γ

n∑
j=1

Lm̂j→ηŷj
ρ̂, m̂j =

x̂j + x̂j+1√
2

. (S51)

The Lindbladian is defined similarly as Eq. (4) as
Lm̂j→ηŷj = −i[ηm̂j ŷj , ρ̂] +D [m̂j − iηŷj ] ρ̂.
In direct analogy to the two-mode example dis-

cussed in the main text (with no Hamiltonian), the
dynamics in Eq. (S51) can deterministically repro-
duce the entanglement one would obtain from mea-
suring the quadratures m̂j simultaneously and then
postselecting to a particular set of measurement
records. The resulting final state from this adap-
tive protocol is mixed, but we can apply a recovery
operation similarly as that discussed in Eqs. (S19-
S21) to recover an approximately pure, multimode-
entangled state. The recovery now involves measur-
ing each of the register mode quadratures π̂j (defined
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via the canonical commutation relations [ŷj , π̂k] =
iδjk) and applying conditional local feedback forces
to the corresponding target mode quadratures (x̂j

and x̂j+1).

2. Measurement-free protocol with onsite Hamiltonian
dynamics: dependence of performance on the number of

registers

The dynamics considered in Sec. H 1 only involves
continuous measurements of commuting quadrature
operators m̂j = (x̂j + x̂j+1)/

√
2, and generates

logarithmic-in-time entanglement growth. We now
introduce an additional on-site Hamiltonian that can
interfere nontrivially with the measurement-induced
entanglement growth, as (assuming n is even; see
also Eq. (S46))

Ĥdet,multi =

n/2∑
j=1

Ĥj , (S52)

Ĥj =(ω + δω)â†2j â2j + (δω − ω)â†2j−1â2j−1. (S53)

To illustrate the performance of the measurement-
free protocol, we focus on the regime with uniform
detuning, i.e. δω ̸= 0, ω = 0, but we note that our
approach is also applicable to the more general cases.
As discussed in the main text, we can directly gen-
eralize the measurement-free protocol in Eq. (3) to
the multimode regime. More specifically, we con-
sider the dissipative dynamics involving n system
modes, with M registers per measurement bond, as

(dρ̂/dt) =− i[Ĥdet,multi, ρ̂]

+ γ

n∑
j=1

M∑
ℓ=1

fℓ(t; tf )Lm̂j→ηŷj;ℓ
ρ̂, (S54)

where fℓ(t; tf ) ≡ Θ(t− ℓ−1
M tf )Θ( ℓ

M tf−t) denotes the
coarse-graining function that enables a directional
coupling from system operator m̂j at jth measure-
ment bond to the register mode ĉj,ℓ during the ℓth
time interval.
To investigate the effect of different number of reg-

isters, we compute the root-mean-squared (RMS)
error (see Eq. (S48)) between the postselected en-
tanglement and the unconditional entanglement in
the adaptive protocol numerically; the results are
shown in Fig. S7 for varying number of system lat-
tice size n, the number of registers per bond M , and
the feedforward parameter η. We note that for the
measurement-free protocol to effectively capture the
postselected entanglement generation, the required
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FIG. S8. Deterministic entanglement generation by
Eq. (5), between qubit 1 and the rest of the system-
register, via the adaptive process with different η (solid
curves). Note that in the short-time regime, the de-
terministic entanglement monotonically approaches the
conditional case (dashed curve) with increasing η.

value of η and number of register modes M per mea-
surement bond do not increase with system size n.
Our protocol thus introduces a linear-in-system-size
hardware overhead due to the use of the auxiliary
modes.

I. Alternative examples of directional adaptive
dynamics in multiqubit(qudit) systems

Here, we provide more examples of our directional
adaptive dynamics based on discrete variable sys-
tems (i.e., qudits), which can be viewed as direct
generalizations of Eq. (5).

We start with a discussion on the effect of varying
the feedforward η parameter. For this, we focus on
the setup given by Eq. (5) in the main text, and com-
pute the deterministic entanglement growth for dif-
ferent η. As shown in Fig. S8, in the very-short-time
regime, the effect of η for qudit registers is similar
to the case with a harmonic oscillator register: the
deterministic entanglement monotonically increases
as η increases. However, for the qubit-qudit dynam-
ics in Eq. (5), the benefit from using a large η can
quickly die off at longer times, which is due to the fi-
nite size effect of the register. For a generic adaptive
protocol (of the form Eq. (5)) with a finite dimen-
sional register, we expect a trade-off between those
two effects. Regardless, if we choose an η of o(1), the
intermediate- and long-time entanglement would not
be limited by the value of η (and will instead be lim-
ited by, e.g., the dimension of register). This is the
regime in which we choose to plot Fig. 4.

Let us now consider a slightly different setup, con-
sisting of a target system with 2 qubits and a single-
qubit register, where the first two qubits correspond
to subsystems A and B, respectively. Inspired by
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Eq. (4), one can write down a qubit version of the
autonomous measurement-and-feedforward process,
simply by replacing the position quadrature opera-
tors x̂ℓ with qubit Pauli operators σ̂x,ℓ/

√
2. Thus,

the system dynamics can be desribed by master
equation (dρ̂/dt) = Lρ̂, with the Lindbladian

Lρ̂ =− iγ[ηẑ+ẑc, ρ̂] + γD [ẑ+ − iηẑc] ρ̂, (S55)

with ẑ+ = (σ̂x,a + σ̂x,b)/2, and ẑc = σ̂x,c/
√
2

denoting the measurement and feedforward opera-
tors, respectively, and η quantifying the feedforward
strength. For reasons that will become clear later,
we focus on the case with the initial state given by
|↓↓↓⟩, where |↓⟩ is the ground state of Pauli z opera-
tor, σ̂z = |↑⟩⟨↑|−|↓⟩⟨↓|. It is then straightforward to
see that the action of bosonic quadrature operator
x̂ℓ on vacuum state can be directly mapped to how
the Pauli x operator acts on qubit ground state |↓⟩
up to a scaling factor, as (omitting mode and qubit
indices for notational simplicity)

x̂ |0⟩ = 1√
2
|1⟩ ↔ σ̂x√

2
|↓⟩ = 1√

2
|↑⟩ . (S56)

Hence, in the short-time limit γt ≪ 1, the dynamics
of the oscillator system provide a good approxima-
tion for the qubit dynamics. We can further con-
struct higher dimensional versions of the adaptive
dynamics Eq. (S55), by replacing all the qubit oper-
ators in Eq. (S55) with truncated oscillator quadra-
ture operators (to dimension d). In Fig. S9, we plot
the entanglement negativity in qubit system with
respect to the bipartition between the first and the
other two qubits (solid darkest blue curve), the case
with truncated oscillators and a similar bipartition
(other light blue curves), as well as the correspond-
ing linear bosonic dynamics (dashed red). Note that
all curves overlap near t = 0. We expect the adap-
tive protocol with a finite-dimensional register to
generally be efficient in this short-time and large-η
regime (see also Fig. S8).
Note that, similar to the finite-dimensional system

case in the main text, this correspondence will break
down as evolution time increases, and the qudit en-
tanglement generated by the adaptive protocol will
eventually deviate from the postselected state entan-
glement at longer times. This can be understood as
due to the fact that the register does not have an
infinite phase space. For example, for the qubit case
in Eq. (S55), a convenient physical picture to use
here is given by the register Bloch sphere. More con-
cretely, as the qudit evolves in time, nonlinear effects
will become important, causing the third qubit’s tra-
jectory state wavefunction to wrap around in Bloch
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FIG. S9. Entanglement generated between qudits 1 and
(2, 3) due to measurement-and-feedforward process for
discrete variable systems. The total system consists of
three qudits with Hilbert space dimension d = dimHc

(= dimHa = dimHb) ranging from 2 to 7 (see legend),
whose Lindbladian is given by Eq. (4) with the oscillator
Hilbert space truncated up to d-photon Fock state (see
Eq. (S55) for the qubit case); the initial state corresponds
to the product vacuum state. Other parameter: η = 1.

sphere, which leads to effective loss of information
about measurement result and hence degradation of
entanglement in the averaged state over all trajecto-
ries. The timescale of the maximum qubit entangle-
ment negativity can be connected to the time after
which the qubit wavefunction starts to experience
curvature of the Bloch sphere. As shown in Fig. S9,
the maximal entanglement time monotonically in-
creases with growing Hilbert space dimension of the
constituent qudits.

J. Details on physical implementation of the
measurement-free protocol

Here we discuss the necessary elements required
for the experimental implementation of the adaptive
protocol discussed in the main text. The key setup
is given by Eq. (4), which describes an autonomous
measurement-and-feedforward process in a 3-mode
system, as

Lx̂+→ηŷρ̂ ≡ −i[ηx̂+ŷ, ρ̂] +D [x̂+ − iηŷ] ρ̂. (S57)

Depending on properties of the physical system,
there are two possible strategies to achieve this type
of dynamics. First, for physical systems that inher-
ently allow nonreciprocal QND interactions, e.g., in
levitated nanoparticles [8], one can directly engi-
neer the desired dissipative and Hamiltonian in-
teractions. Second, and more generally, for sys-
tems that do not naturally preserve the QND struc-
ture, one can adopt a synthetic approach and sep-
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arately engineer the coherent and dissipative cou-
plings. This reservoir-engineering approach has been
demonstrated in a range of experimental platforms,
including e.g. superconducting circuits, atomic en-
sembles [9], trapped ions [10–12], coupled photonic
or phononic oscillators, and optomechanical sys-
tems [13–15]. For each physical device, the first
route realizes a specific version of Eq. (S57), whereas
the second approach in principle can be used to en-
gineer a tunable class of quantum master equations
with the desirable form.
We now provide a detailed discussion on the syn-

thetic approach. The basic idea is to implement
the collective dissipator in Eq. (S57) via an aux-
iliary reservoir mode z; the Hamiltonian term in
Eq. (S57) can also be engineered using paramet-
ric processes (see Eqs. (S61) and (S62)). The to-
tal system-reservoir dynamics can now be described
by a Lindblad master equation (dρ̂sr/dt) = Ltotρ̂sr,
where the Lindbladian can be written as

Ltotρ̂sr = −i[Ĥsr, ρ̂sr] + κD[ẑ]ρ̂, (S58)

Ĥsr = ηγx̂+ŷ +

√
γκ

2
[ẑ†(x̂+ − iηŷ) + H.c.]. (S59)

In the limit κ ≫ γ, we can adiabatically eliminate
the auxiliary mode to obtain the effective system
master equation that is given by Eq. (S57). Note
that this approach also works for other kinds of aux-
iliary reservoirs, such as two-level systems, if we re-
place ẑ and ẑ† with the spin lowering and raising
operators, respectively. Alternatively, the dissipa-
tive dynamics in Eq. (S57) can also be realized using
repetitions of interaction and resets [16].

As the Hamiltonian Ĥsr in Eq. (S59) is a sum of
bilinear interaction terms, one can straightforwardly
implement this part by engineering weak nonlinear
elements between relevant modes, and then driv-
ing mode c or z with the appropriate drive tones
that render the relevant sideband processes reso-
nant. More specifically, we can decompose the
Hamiltonian into red versus blue sideband processes,
as

Ĥsr = Ĥred + Ĥblue, (S60)

Ĥred =
ηγ

2
m̂+ĉ

† +

√
γκ

2
√
2
(m̂+ − iηĉ)ẑ† +H.c.,

(S61)

Ĥblue =
ηγ

2
m̂†

+ĉ
† +

√
γκ

2
√
2
(m̂†

+ − iηĉ†)ẑ† +H.c.,

(S62)

where we define m̂+ ≡ (â+ b̂)/
√
2.

It is important to note that the Hamiltonian in
Eq. (S59) dose not require any direct coupling be-
tween modes a and b, i.e. the target modes that
we want to entangle. This makes our protocol suit-
able for systems with constrained form of coupling,
e.g., optomechanical systems where it is easier to
engineer interaction between mechanical and opti-
cal modes or between optical modes, while a direct
tunable mechanical coupling can be more challeng-
ing.

Finally, we note that the recovery step requires
projection measurements of linear quadratures and
local displacement operations. Both are standard
operations in continuous variables systems and have
also been demonstrated in a broad range of bosonic
quantum systems including superconducting mi-
crowave resonators [17], optical and acoustic cavi-
ties, and mechanical oscillators.

K. Entanglement by purely dissipative QND
dynamics

One can naturally ask which components of the
dynamics in Eq. (4) are essential for the entangle-
ment generation. At first glance, it may be tempt-
ing to think that the Hamiltonian coupling between
mode a and register mode c, which takes the form
of a quantum-non-demolition coupling with Ĥint =
(ηγ/

√
2)x̂aŷ, is essential for entanglement genera-

tion. Surprisingly, as shown in [18], this is not the
case: even purely dissipative processes can generate
entanglement. For example, a single Lindblad dissi-
pator as follows can already generate entanglement,
with respect to a bipartition between a versus (b, c)
modes:

dρ̂

dt
= 2γD [x̂+ − iηŷ] ρ̂ ≡ Ldispρ̂. (S63)

More interestingly, our analysis in the main text of
Eq. (4) can help elucidate the entanglement genera-
tion mechanism in Eq. (S63). To see this, we first de-
compose Eq. (S63) into a sum of two measurement-
and-feedforward processes in opposite directions, as

Ldisp = γLx̂+→ηŷ + γLŷ→−ηx̂+ , (S64)

Lx̂+→ηŷρ̂ = −i[ηx̂+ŷ, ρ̂] +D [x̂+ − iηŷ] ρ̂, (S65)

Lŷ→−ηx̂+
ρ̂ = i[ηx̂+ŷ, ρ̂] +D [x̂+ − iηŷ] ρ̂. (S66)

We now consider a quantum-trajectory realization of
Eq. (S64), where we first measure both the x̂+ and
ŷ quadratures, and based on the measurement re-
sults, apply conditional feedforward forces to ŷ and
−x̂+, respectively. During this procedure, only the
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nonlocal measurement of x̂+ can generate entangle-
ment between the first and the other two modes. As
such, the conditional state entanglement in Eq. (2)
provides an upper bound on the final state entangle-
ment. More intriguingly, one can show that the loga-
rithmic negativity of the entanglement generated by
Eq. (S64) exhibits the same asymptotic long-time

behavior as the conditional state due to nonlocal
measurement in Eq. (2), i.e. we have

t → ∞ : EN (etLdisp ρ̂i) ∼
1

2
log (γt) + o (1) . (S67)
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