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Supplementary Computational Details 
 
Transport rate constant calculations. The transport rate constant can be derived from the 
Nernst-Planck equation1 in terms of the 1D free energy profile, 
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where 𝑊(Δ𝑧) is the 1D free energy profile (potential of mean force; PMF) of reaction coordinate Δ𝑧 
at value Δ𝑧, 𝐷(Δ𝑧) is the ion position-dependent diffusion constant at Δ𝑧. Both 𝑊(Δ𝑧) and 𝐷(Δ𝑧) 
were computed from the equilibrium simulations without external electric field, which is a result of 
the fluctuation-dissipation theorem. The integral was performed over the transmembrane protein 
region defined as −22	Å ≤ Δ𝑧 ≤ +22	Å. 
Due to the exponential dependence on 𝑊(𝑧), the expression can be simplified as2 
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where 𝐷(Δ𝑧45) is the diffusion constant calculated at the transition state of the system, 
corresponding to the top of the free energy barrier of the 1D PMF. The diffusion constant can be 
calculated as follows, according to Hummer, as3  
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where Var(Δ𝑧) stands for the variance of Δ𝑧, and 𝐶&&(𝑡) is the time correlation function. Var(Δ𝑧) 
and 𝐶&&(𝑡) were computed from the 𝑧 time series in the corresponding umbrella sampling window., 
and the time integral of 𝐶&&(𝑡) was performed by first fitting to a triple exponential function, 
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In the case of proton permeation in the WT channel, the highest free energy point corresponds to 
the stage of proton freely diffusing in the bulk water. Thus, we took the experimental proton diffusion 
constant4 (0.94 Å2/ps) in bulk water in the transport rate constant calculation for WT proton 
permeation process. We note that the proton diffusion constant in bulk directly obtained from MS-
RMD5 is 0.37 Å2/ps, smaller than the experimental value. The discrepancy can be attributed to the 
missing nuclear quantum effects (NQE) in simulations with classical nuclei.6 In the D112N mutant, 
the transition state of the proton permeation corresponds to the excess proton staying on the first 
solvation shell of residue N112. We ran a separate MS-RMD simulation where an umbrella potential 
acted only on the reaction coordinate Δ𝑧= with window center of value ~ −1.0	Å. The proton diffusion 
constant obtained from the simulation for D112N mutant at the transition ridge was 0.01 Å2/ps. The 
diffusion constant was corrected for the missing NQE by the ratio between experimental and the 
MS-RMD proton diffusion in bulk water and the corrected value was 0.03 Å2/ps.  
 
The transport rate constant can also be computed from the transition matrix in the reaction 
coordinate space using a Markov state model (MSM) approach.7 The specific flavor of MSM we 
employed was the dynamic histogram analysis method (DHAM) framework,8 which relates the 
transition dynamics in biased simulations, such as umbrella sampling, to the unbiased transition 
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probability via a reweighting factor as a function of the bias potential. The proton permeation rate 
constant was computed to be the conditional reaction flux per unit time 𝜏 given that the proton had 
resided in the cytosolic bulk water last, given by 
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The reaction flux for the entire proton permeation process was computed from the committor via 
 

𝐹 = ∑ ∑ 𝜋E𝑃EF𝑞FGF∉I(J87K'LLML78E∈OPJQRQL     (S5) 
 

where 𝜋E is the stationary probability of state 𝑖. The reactant state was defined as the transported 
proton inside cytosolic bulk water (Δ𝑧= ≤ −22Å) and the product state was defined as the one inside 
extracellular bulk water (Δ𝑧= ≥ 22Å).  
 
The forward committor 𝑞EG	in the equations above determines 9, 10, 11 the probability for the proton 
when currently being at state 𝑖 will reach the extracellular bulk water next rather than return to the 
cytosol. The committor gradually increases its value from 0 to 1 from cytosolic bulk region to 
extracellular space and its value for intermediate states 𝑖 (−22	Å < Δ𝑧= < 22	Å) can be calculated 
from the transition matrix by solving the equations below12, 
 

𝑞EG = ∑ 𝑃ES𝑞SGE∈TUJ'8V'$W7J' +∑ 𝑃ESS∈I(J87K'LLML78    (S6) 
 

where 𝑃ES is the transition matrix element, indicating the transition probability from state I to state k 
within lag time 𝜏. At equilibrium, the backward committor can be calculated as 𝑞E* = 1 − 𝑞EG. The 
umbrella sampling trajectories were partitioned into 6 equally sized blocks and the MSM rate 
standard error was calculated using the last 5 blocks out of 6. Results are in Table S1. Figure S4 
shows the saturated rate constant as a function of increasing lag time. 
 
Maximum conductance calculation. The unitary maximum conductance 𝑔!V7( was calculated 
from transport rate constant 𝑘! via13, 14 

𝑔!V7( =
S1D/

S34
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where 𝑞 is the charge of the transported ion,  𝑘X is Boltzmann’s constant, and 𝑇 is the temperature 
in Kelvin (300 K for our system). 
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Supplementary Figures 

 

Figure S1. Excess proton 2D PMF in the D112N mutant. 
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Figure S2. Proton 2D PMF error profiles. Panel A) WT. Panel B) D112N mutant. The standard 
deviation was calculated by aligning the 2D PMF of each block by setting the total probability of the 
2D PMF to 1. 
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Figure S3. TMA+ PMF with different water models: TIP3P, SPC/E SPC/Fw. 
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Figure S4. Rate constant calculated from the MSM with different lag times for proton permeation 
in WT hHv1. The rate constant value calculated from Nernst-Planck equation with diffusion constant 
is (𝟑. 𝟓 ± 𝟎. 𝟕) × 𝟏𝟎𝟑𝐬*𝟏, which is in good agreement with the MSM estimated rate constant (𝟒. 𝟎 ±
𝟐. 𝟐) × 𝟏𝟎𝟑𝐬*𝟏 from a lag time of 0.5 ps. 
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Supplementary Table S1. Diffusion constant calculated from classical ion permeation. * 

WT hHv1 Diffusion constant (Å2/ps) D112N mutant Diffusion constant (Å2/ps) 
TMA+ 0.004 (0.002 to 0.004) TMA+ 0.004 (0.003 to 0.006) 
CH3SO3- 0.002 (0.001 to 0.002) CH3SO3- 0.002 (0.002 to 0.006) 

 
*The diffusion constants were calculated from umbrella window trajectories corresponding to the 
transition state position in the 1D PMF of ion permeation process. The experimental TMA+ diffusion 
constant15 in bulk water is 0.093 Å2/ps. The value in the parenthesis represents the range of the 
diffusion constant of the reaction coordinate ±0.5	Å adjacent to the transition state. 
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