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number of transistors on a chip roughly doubles every two years. This is corre-
lated to the exponential reduction of the dimensions of transistors which causes
quantum phenomena to affect classical assumptions. Figure is from ref [72].

The number of operations required by classical and quantum computers to factor
an integer of d digits. Shor’s algorithm reduces the exponential complexity to
polynomial in the number of digits. The figure is taken from ref. [108]. . . . . .

The quadratic potential energy function of a quantum harmonic oscillator with
energy levels equally spaced. The energy spacing between consecutive levels is
hw =hf. e
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Computational graph for the example cost function C'(z1,x9) = 2:10% +exp(z122),

created for automatic differentiation to calculate g—g and g—g Every ellipse

represents one basic operation whose gradients are known and symbolically given
by the expressions in rounded rectangles, attached by arrows. The inputs to
each operation are represented by lines entering the ellipse from above or from
the left /right. The output of each operation is given a name z; written on the
output line emerging from the bottom. After the computational graph run in
forward direction (from 1, zo towards C'), reverse-mode automatic differentiation
identifies paths between C' and each of x1 and z9. In this example, there is
one path (orange color) relating C' to x9 while there are 3 paths (red paths)
between C' and x1. Gradients are automatically calculated in a backward fashion
by recursively multiplying the gradients in each path from bottom to top, then
summing over all paths contributing to the same variable. . . . . . .. ... ..

Computational network graph for quantum optimal control. Circular nodes in
the graph depict elementary operations with known derivatives (matrix multipli-
cation, addition, matrix exponential, trace, inner product, and squared absolute
value). Backward propagation for matrices proceeds by matrix multiplication, or
where specified, by the Hadamard product o. In the forward direction, starting
from a set of control parameters uy, ;, the computational graph effects time evo-
lution of a quantum state or unitary, and the simultaneous computation of the
cost function C. The subsequent “backward propagation” extracts the gradient
VuC(u) with respect to all control fields by reverse-mode automatic differen-
tiation. This algorithm is directly supported by TensorFlow [1], once such a
computational network is specified. . . . . . ... ..o

Benchmarking comparison between GPU and CPU for (a) a unitary gate (Hadamard

transform), and (b) state transfer (GHZ state preparation). Total runtime per
iteration scales linearly with the number of time steps. For unitary-gate optimiza-
tion, the GPU outperforms the CPU for Hilbert space dimensions above ~ 100.
For state transfer, GPU benefits set in slightly later, outperforming the CPU-
based implementation for Hilbert space dimensions above ~ 300. The physical
system we consider, in this case, is an open chain of N spin-1/2 systems with

nearest neighbor o,0, coupling, and each qubit is controlled via fields €2, and €2y. 52
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(non- |11), [10) or "forbidden”) is also shown for completeness. For demonstration
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signal. oL
Minimizing evolution time needed for a high-fidelity state transfer. (a) No time-
optimal award function. (b) With time-optimal award function. (a) Without
penalty for the time required for the gate, the control field spreads across the
entire given time interval. (b) Once evolution over a longer time duration is
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Cat state generation. Control pulse, state evolution in Fock basis, and Wigner
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Performance of optimal control algorithm as a function of qubit number for (a)
a Hadamard transform gate, and (b) GHZ state preparation. As system size
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ABSTRACT

We implement quantum optimal control algorithms for closed and open quantum systems
based on automatic differentiation. Automatic differentiation allows us to specify advanced
optimization criteria and incorporate them in the optimization process with ease. We show
that the use of GPUs can speed up calculations by more than an order of magnitude. Our
strategy facilitates efficient numerical simulations on affordable desktop computers, and ex-
ploration of a host of optimization constraints and system parameters relevant to real-life ex-
periments. We demonstrate optimization of closed quantum evolution based on fine-grained
evaluation of performance at each intermediate time step, thus enabling more intricate con-
trol on the evolution path, suppression of departures from the truncated model subspace, as
well as minimization of the physical time needed to perform high-fidelity state preparation
and unitary gates. The optimizer is also used to find a universal set of gates for the protected
superconducting qubits of luxonium and 0-7. The optimization algorithm for open quantum
systems utilizes quantum trajectories. Using trajectories allows for optimizing open systems
with less computational cost than the regular density-matrix approaches in most realistic
optimization problems. We introduce an improved-sampling algorithm which minimizes the
number of trajectories needed per optimization iteration. Together with employing stochas-
tic gradient descent techniques, this reduces the complexity of optimizing many realistic
open quantum systems to the complexity encountered with closed systems. We utilize the
optimizer in a variety of applications to demonstrate how the use of quantum trajectories
significantly reduces the memory requirements while achieving a multitude of simultane-
ous optimization targets. Demonstrated targets include high state-transfer fidelities despite
dissipation, faster gate times and maximization of qubit-readout fidelity while maintaining
the quantum non-demolition nature of the measurement and allowing for subsequent fast

resonator reset.
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CHAPTER 1
INTRODUCTION

In this chapter, we give a brief overview of the main promises and challenges of quantum
computing. While modern technology has been successfully progressing using the principles
of classical computing, there is a strong need for a new way of processing information.
Quantum computing is the main promising alternative which offers significant speed up over

classical computing for some computing problems.

1.1 Classical computing

One major foundation of computing is representing all information in binary format. This
means that the fundamental unit of information (a bit) can only have one of two values,
usually called 0 and 1. Different computing schemes differ in how the 0’s and 1’s are repre-
sented. A classical computer uses voltages flowing through circuits as the bit of information,
where no voltage means a logical value of 0, and some fixed non-zero voltage means a logical
value of 1. Circuit gates are then used to change the stored information from 0 to 1 and vice
versa. These circuits can be fully analyzed using the rules of classical physics.

The advancement in technology using classical computing has been relying on reducing
the size of the used circuits such that one can fit more memory and processing power on
smaller chips. This gave rise to Moore’s law in 1965 [90] which is the observation/prediction
that the number of transistors on a processor chip will double every 18 months. This ex-

ponential reduction in transistor dimensions has held true for decades as shown in Fig. 1.1.

The current semiconductors used in classical computers are starting to shrink to dimen-
sions under 10 nanometers, which means the transistors may only be a dozen atoms thick.

As the size of circuit elements is further decreased, quantum mechanical effects can not
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be ignored. Quantum processes (e.g. tunneling) are essential to consider in that regime
and hence the classical treatment of processors will not be valid. Therefore, an alternative

strategy, that needs to accommodate the rules of quantum mechanics, must be followed.

1.2 Quantum computing

Quantum mechanics is the set of physics laws that describes the behavior of small objects.
In general, any system that has small dimensions (comparable to the atomic dimensions) is
observed to behave in a very different way from all classical rules. These different charac-
teristics of quantum system are not only the reason why classical computers fail to perform
at small dimensions but they also can be harnessed to achieve a great level of computing

parallelism.

1.2.1  Quantum bits

In quantum mechanics, there are a set of orthonormal states (eigenstates of some measure-
ment operator) {|7)} that the quantum system can occupy, with quantized energy values F;.
These eigenstate constitute a complete basis set for all possible states of the system with
orthonormality defined as (i| j) = d;;. The generic state of the system before measurement
is mathematically represented by a ket [1)) that could be a linear superposition of all the

eigenstates.

) = aili) (1.1)

The superposition coefficients «; are complex numbers that satisfy the normalization condi-

tion

Slaf? =1 (12)

1
This condition is a result of \ai|2 being the probability of finding the system in eigenstate

i), so the probabilities must sum to one. When the quantum system is measured, its state
3



collapses to one of the eigenstates of the measurement operator |i) with probabilities |ozi|2.

Quantum computing utilizes two of the eigenstates of a quantum system to represent the
computational |0) and |1), calling the quantum system a quantum bit (qubit). A qubit is
then fundamentally different from a classical bit since one qubit can be in a superposition
of both 0 and 1 at the same time, while a classical bit is either a 0 or 1. Similarly, for n
qubits, the general state of the system can be a superposition of 2" computational states
at the same time. Meanwhile, n classical bits store only 1 of those 2" choices. This ability
to include exponentially more information in the state of a quantum computer is harnessed
by several quantum algorithms to perform certain computing tasks much faster than any
classical computer.

It is important to note that a superposition of eigenstates will always collapse to a single
eigenstate upon measurement, i.e. the parallel inclusion of information returns back to a
definite classical-like state. Therefore, it is important for quantum algorithms to perform
operations on the state of the quantum system before measuring it. These operations are
represented mathematically by unitary transformations (gates) that transform the quantum

state while keeping the normalization condition valid,

Ule) =U[D eili)] =3 ailiy, D il =1. (1.3)

To illustrate the concept of unitary transformations needed by a quantum algorithm, we

next present a brief overview of Grover’s algorithm for searching.

1.2.2  Grover’s search algorithm

Suppose we have N = 2" entries in a database and we need to search for a certain entry
w in it. This entry is defined by the function, f(i) = d;,, that highlights whether we found

the entry or not, where i and w are binary sequences of n bits each. One first unitary gate



that is needed is a way of querying this function. The corresponding unitary transformation,

known as the oracle, is represented by the operation
U li) = (=1)T @ }i). (L4)

If represented as an N x N matrix, Uy, is a diagonal matrix with —1 as the w-th entry and

+1 elsewhere. Therefore, it can also be written as
Up=1-2w) (w|. (1.5)

The second gate needed in Grover’s algorithm is known as Grover’s diffusion gate. It is
defined as
Us=2]s)(s| = 1, (1.6)

where |s) = \/LN Zfial i) is the state of equal superposition of all N entries.

The algorithm uses both gates in the following steps [52]:

e Prepare the initial equal superposition state |s). With all n qubits usually starting in

their ground states, the Hadamard gate is used to create the equal superposition. The

Hadamard gate is defined by its matrix elements H;; = \/127(—1)”' where 7.7 is the

bit-wise dot product of binary sequences ¢ and j.
e Perform O(v/N) iterations of:
— Apply Uy.
— Apply Us.
e Measure the final state.

The effect of every iteration of applying UsU,, is called amplitude amplification where

the amplitude of state |w) is amplified in the superposition and all other amplitudes are
5



weakened. To see that, consider the effect of the first iteration

Ui ls) = 1 = 21u) {wl ] I5) = Is) - —= )
2 4 2
Uil ls) = [218) (51 =1 () = <)) =20 = |s) = 1)+ — ) (17
N -4 2
-+ =)

Therefore, the coefficients of all states are weakened by a factor of % while only the

coefficient of |w) has an increase of \/LN Therefore, after the first iteration, the system has
an increased chance to be measured in the correct |w) state.

Careful analysis of the amplitudes after every iteration [93] show that only O(v/N) iter-
ations are needed for optimal results. This gives a quadratic speed up over classical search
algorithms which need O(N) queries. Note that for the case where n = 2, N = 4, the

amplitude weakening factor N N 4 after the first iteration is exactly 0 meaning that we find

the solution with just one query.

1.2.3 Shor’s algorithm

Another very important quantum algorithm is Shor’s algorithm [112] for factoring large
integers. The algorithm achieves exponential speed-up over all classical factoring algo-
rithms. For an integer IV, Shor’s algorithm finds the prime factors with a time-complexity
O(poly(log N)). On the other hand, the best classical factoring algorithm (the general
number field sieve) has time-complexity of O(exp(poly(log N))). The widely used public-
key cryptography scheme RSA is based on the practical impossibility of obtaining factors
of large integers (typically integers with over 200 digits). Therefore, quantum computing
promises to break the current RSA cryptography code.

As evident in Fig. 1.2, the number of operations needed by a classical computer to

break the RSA scheme with the record of 230 digits is of order 102°. Meanwhile, a quantum

6
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Figure 1.2: The number of operations required by classical and quantum computers to factor
an integer of d digits. Shor’s algorithm reduces the exponential complexity to polynomial in
the number of digits. The figure is taken from ref. [108].
computer reduces that significantly to order 10° operations with the help of Shor’s algorithm
[108].

The full details of the algorithm are well presented in ref. [93]. The main point to
emphasize is that again a sequence of unitary gates act on the initial equal superposition

of the N eigenstates. One crucial unitary gate for Shor’s algorithm is the quantum Fourier

transform (QFT). QFT is defined as

N—
QFT |j) = \/—1_2 2R/ |1y (1.8)

In summary, quantum algorithms rely on using unitary gates to initialize and modify the
state of the qubits. Hence, all speed-up promises of quantum computing depend heavily on

the ability to perform gates reliably.



1.2.4  Unwversality of quantum gates

We have encountered several different unitary gates on n qubits in the implementation of
quantum algorithms. One way to construct these gates is by using many gates on smaller
number of qubits as building blocks. As shown in ref. [93], all quantum gates on any number
of qubits can be approximated up to arbitrary precision using a finite set of gates. One
choice of the building blocks includes two single-qubit gates: T and H and one two-qubit

gate: CNOT. We define the gates with their matrix elements in the qubit(s) space as:

1. Single-qubit Hadamard gate:

H=— : (1.9)
The Hadamard gate is usually used to transform the qubit from |0) or |1) to the equal
superposition of both and vice versa.

2. Single-qubit T gate:

1 0
T = . (1.10)
0 67;71'/4

The T gate is used to create a local phase shift of 7 between the |0) and |1) coeflicients

in a superposition.

3. Two-qubit CNOT gate

CNOT = . (1.11)




The CNOT gate (also known as controlled-NOT or controlled-X gate) is one way of
coupling/entangling two qubits. Based on the value of the first (control) qubit, the

second qubit will either remain the same or flips from 0 to 1 and vice versa.

This thesis focuses on finding practical ways for implementing these gates in a certain
implementation of qubits. While it is sufficient to implement the universal set of gates
described above, in most practical cases, one can find faster ways to construct the full gate

at once. Therefore, we will look at a variety of gates in this thesis.

1.3 Thesis Overview

In the first chapter, we have summarized the main differences between classical and quantum
computing. We have also highlighted the main unitary gates needed for quantum algorithms.
Chapter 2 describes the theory of implementing a quantum bit using superconducting cir-
cuits. Next, Chapter 3 presents the details of optimal control theory for closed quantum
systems and the main targets of optimization. Chapter 4 introduces the concept of au-
tomatic differentiation that will be used to implement a flexible and fast optimal-control
interface. The implementation details of this interface are presented in Chapter 5. Chapter
6 discusses several examples of the use of our implementation to perform different gates and
state transfers in superconducting qubits. After that, Chapter 7 discusses the effects of the
environment on open quantum systems and how to model them efficiently. Next, Chapter
8 gives an overview of existing optimal control theory techniques for open systems. Chap-
ter 9 discusses the implementation of an automatic-differentiation based optimizer for open
quantum systems. Finally, Chapter 10 discusses practical applications where the relaxation
and dephasing effects on superconducting qubits are suppressed using our optimizer.
Sections 3.4, 3.5, 5.1-4 and 6.1 are closely based on our paper, ref. [77]. In addition,

chapters 9 and 10 are closely based on our work in ref. [2].



CHAPTER 2
SUPERCONDUCTING QUBITS

In this chapter, we discuss the theory behind using superconducting circuits as quantum bits.
While there are many quantum systems that are good candidates for realization of qubits,
superconducting circuits are one of the most popular and promising architectures. There are
many industrial efforts to realize quantum computing via superconducting circuits including
those by IBM, Intel, Google and many other companies and research groups. While some
other architectures use natural atoms, superconducting qubits can be engineered to have
designed properties. Therefore, they are called artificial atoms. The fabrication of such
circuits is also very similar to existing semiconductor fabrication techniques. We will focus
in this thesis on applications of superconducting qubits since they are fabricated in our lab,
Schuster Lab. However, optimal control theory and the optimizer we built can be used to
control a broad variety of quantum systems.

To describe the different superconducting qubits, we first review a simpler basic quantum

system: the quantum harmonic oscillator.

2.1 Quantum harmonic oscillator

In classical mechanics, a point mass that resides in a region where the potential energy is
quadratic in position undergoes simple harmonic motion. The Hamiltonian of that classical
1D system can be written in terms of two conjugate variables: position z and momentum p

as

2
1
H= p_+§kx2 (2.1)

where m is the mass of the particle and k is the spring constant. Following the classical
equations of motion, we find that @ = —w?z, where w = 4/ % is the angular frequency of the

oscillation.

10



To treat such system quantum mechanically, we must promote the conjugate variables x

and p to operators that obey the commutation relation
[z, p| = ih. (2.2)

We define the operator a and its adjoint operator al as

mw p
a= —(x + —)
V' 2h
T - ”Z;’ (2.3)
= T )

The Hamiltonian can then be expressed in terms of a and al as

H = hw(dla+ %), (2.4)

where the commutation relation between the two operators a and a’ becomes

mw —1p

= it
la,a'] =2 x 5% E2 p—

|=—ixi=1. (2.5)

So, if we label the eigenstates of the Hamiltonian (and hence of the operator N = aTa)

as |n) where n can be any real number for now, with energies E,, = hw(n + %), we find that

CLTCL am) = (ITCLCL CL(ITCL—CLCLTCL n
(a'a)a|n) = (alaa + ) In) (26)

= ([aT7a]a + CLCLTCL) |TL> = (n - 1)a ‘n>

Similarly, (afa)al |n) = (n+ 1)al |n).

Therefore, we see that both a |n) and af |n) are still eigenstates of the number operator

11
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Figure 2.1: The quadratic potential energy function of a quantum harmonic oscillator with
energy levels equally spaced. The energy spacing between consecutive levels is hiw = hf.

ala with eigenvalues n — 1 and n + 1 respectively. This leads to the realization that
aln)y=ciln—1), al|n)=coln+1) (2.7)

where ¢ and c9 are constants that can be evaluated using the normalization condition to be
c1 = v/n — 1 and ¢c9 = /n. Therefore the operators a and al are usually called the lowering
and raising operators, respectively.

Finally, to ensure that the system is physical, one can not keep applying the lowering
operator indefinitely (leading to energies approaching —co). This adds the restriction that n
must be an integer with lowest values of n = 0 for the ground state. In summary, a quantum
harmonic oscillator has discrete energy levels labeled by |n) and corresponding energies of
huw(n + %) where n = 0,1,2,... We note that the energy levels are separated by a constant
energy difference of hw between consecutive levels as shown in Fig. 2.1. Therefore, we call
the quantum harmonic oscillator a linear system. To be able to use the harmonic oscillator as
a starting point for our qubits, we need to artificially create a system in the lab that behaves

like a harmonic oscillator. The quantum LC circuit described next serves that purpose.

12
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Figure 2.2: The LC oscillator is a circuit realization of a harmonic oscillator. The only degree
of freedom in this circuit is in the node flux ¢.

2.2 LC oscillator

Consider a circuit that has a capacitor of capacitance C' connected to an inductor of induc-
tance L as in Fig. 2.2. The only degree of freedom in this circuit is carried by the node
flux ¢ which plays the role of position x in a quantum harmonic oscillator problem. The

Lagrangian of the system can then be expressed in terms of ¢ and qﬁ as

Co ¢
=— - —. 2.
£ 2 2L (28)
To define the conjugate variable to ¢, we take the derivative of £ with respect to ng
oL .
2 $=q (2.9)

where the charge on the capacitor ¢ is the analogue of momentum in the harmonic oscillator.

The Hamiltonian of this circuit is then obtained via a Legendre transformation:

2 2
q o
=1 4 7 2.1
a 20 ' 2L (2.10)
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which looks exactly like the harmonic oscillator Hamiltonian with (g, ¢, C, L) replacing
(p, ©, m, k_l) respectively. Hence the system analysis follows like in the previous section,

starting with the commutation relation

[¢,q] = ih (2.11)

Then, the lowering and raising operators become

[ 1 .
a = m (gb + ZZOC])
Y S
=\ 3hz, (¢~ %00)

where Zg = 4/ % Finally, we obtain the quantized energy levels |n) with energies fw(n + %)

(2.12)

where w = % Therefore, it is possible to engineer the energy spacing by tuning the
values of L and C' in the lab resulting in an artificial particle in a harmonic field.

However, using harmonic oscillators as qubits is problematic because it is difficult to
isolate two levels of it as our computational subspace. This is due to the fact that the
frequency of a single excitation is on resonance with subsequent excitations as they are all
equally spaced. Hence, it is desirable to add some non-linearity to the harmonic oscillator to
change the energy spacing of the energy levels. The Josephson junction is the only known
circuit element that is strongly nonlinear and also non-dissipative at low temperatures [74].
That is why all superconducting qubits rely on the use of Josephson junctions which we will

discuss next.

2.3 Josephson junctions

A Josephson junction consists of two superconductors coupled by a weak, typically insulating,

link. We will label the superconducting phase difference of the wavefunction across the

14



Josephson junction ¢. This is the only degree of freedom representing the Josephson junction.

The current and voltage across the junction are given by the Josephson relations

I = I.sin(¢(t)) (2.13)
and
_ h ¢
= o5 (2.14)

where [, is the critical current of the junction, the current above which the junction behaves
like a normal resistive junction and e is the charge of the electron. We also define the
magnetic flux quantum ®7 = % If we take the first derivative of the superconducting

current with respect to time, we get

oI 0o
— =1 . 2.1
ot c ot COS(¢) ( 5)
Plugging into equation 2.14, we find
) l
1% 09 (2.16)

" 2nl, cos() Ot

which resembles the voltage-current relation of a regular inductor V = Lag . Therefore, a
Josephson junction can be thought of as a non-linear inductor with inductance

)

Ly=—7——7—.
d 271 cos(9)

(2.17)

Hence, one approach to engineering an artificial atom is to replace the inductor in an LC
circuit by a Josephson junction. To discuss the exact effect of such change on the energy
spectrum, we need to find the Hamiltonian of the system. In particular, we need to identify

the potential energy stored in the junction as a function of time. Initializing the phase to

15



be 7/2 at t = 0, the potential energy becomes

[C(I)O

o (0 — cos(e(t))). (2.18)

t o Dy,
U(t):/o ]th:/7r/2 I.sin(¢ (t))gdgb =

Grouping the constants together, we define the Josephson energy E; as

. I:®g
oo

E; (2.19)

which leads to

U= —Ejcos(o). (2.20)

This sinusoidal behavior of the junction potential energy is in contrast to the usual inductor
2
quadratic potential energy of SS—L This change in potential is crucial to achieve the desired

anharmonicity of energy levels.

2.4 The Cooper-pair box (CPB) and transmon qubits

Replacing the inductor of an LC circuit with a Josephson junction results in the first family
of superconducting qubits. The circuit is generally called the Cooper-pair box (CPB) which
can be operated in different regimes. In the CPB, an additional gate voltage Vj is capacitively
coupled to the circuit that results in an extra gate charge g4 = CyVj as shown in Fig. 2.3.

The Hamiltonian of a CPB is then

(¢ — q9)*

H=
2C

— Ejcos(¢) =4Eq(n — ng)2 — Ejcos(o), (2.21)

2
where ¢ = g is the charging energy of the capacitor, C' = Cy+Cj, n = 2—q€ is the number of
Cooper-pairs on one side of the capacitor and ng is the dimensionless offset charge. Choosing

different values for £/; and E operate the CPB in different modes as evident in Fig. 2.4. It
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Figure 2.3: The Cooper-pair box (CPB) consists of a Josephson junction with energy Ej
and capacticance C'j coupled through a capacitance Cy to a voltage gate V. The circuit is
grounded at one end of the junction and the only degree of freedom is in the superconducting
phase ¢.

is clear that in the limit £ ; > E, the energy levels are insensitive to the offset charge. The
CPB operated in this limit is called the transmon qubit [71] which is protected from charge
noise. This improves dephasing times compared to other CPB regimes. In the transmon
regime, the lowest wavefunctions are localized in one well as shown in Fig. 2.5. This allows

us to use an expansion in ¢ to gain more insight into the physics of a transmon qubit.

Working at ng = 0 and expanding in ¢, we get
1 1
H=4Esn®> - E; + §EJ¢2 - ﬂEm‘l + 0(¢Y). (2.22)

The leading order O(d)z) is a simple harmonic oscillator potential but the corrections
from higher orders are the reason for achieving the desired anharmonicity. Rewriting the
Hamiltonian in terms of the harmonic oscillator raising and lowering operators aT, a results

in [71]
Ec

H = \/8E;Ec(ala + %) —Ey— g la+ ah)d. (2.23)

The first term is an effective harmonic oscillator with frequency w = y/8F jEc. The second
17
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Figure 2.4: The four lowest energy values of the Cooper-pair box in different limits of £ 7/ FE¢
vs. the offset charge ng. We see that when E; > E¢, the energies are independent of ng.
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Energy

Figure 2.5: A qualitative sketch of the probability density functions of the lowest three levels
in a transmon qubit, deeply localized in one well of the cosine potential.

term is a constant shift in energies, and the third is the correction introducing anharmonic-
ity. The third term can be treated as a perturbation to the quantum harmonic oscillator
Hamiltonian (with shifted energies) since it is proportional to Fo < Ej. The leading-order

correction to the eigenenergies E}. is then given by
E
EWY = —ZC (k| (a+ al)* k) = — =S (6k” + 6k +3) (2.24)

If we define the anharmoncitiy « of a transmon as a« = E9; — Fy(, we find that

0 =By — B — B + By =EY — 28 + gV
(2.25)

E
:—1—3(24+12+3—12—12—6+3):—EC

This anharmonicity allows modeling a transmon as an effective two-level system with

Hamiltonian

if driving conditions do not occupy higher levels.
More recent superconducting circuits have been introduced that have more complex en-
ergy spectrum. Such qubits are called protected qubits, where the |0) and |1) wavefunctions

are localized in two separate potential wells to decrease the effect of qubit relaxation. In
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the following sections, we give an overview of two protected qubits, the fluxonium and 0-7

qubits.

2.5 The fluxonium qubit

The fluxonium qubit [85] is a promising superconducting circuit that may, in its most recent
variants as “heavy fluxonium” [85, 35|, outperform the widely used transmon qubit [71].
In contrast to the transmon, heavy fluxonium combines strong Josephson non-linearity with
qubit relaxation protection due to disjoint support of its lowest-lying localized wave functions.
Heavy fluxonium devices utilize a decreased capacitive energy FE, which emphasizes the
localization of states [85, 35]. Moreover, fluxonium eigenenergies are intrinsically insensitive
to slow offset charge variations [70].

The fluxonium qubit is realized via adding a parallel large superinductor to the CPB
circuit as shown in Fig. 2.7. The large superinductor is usually realized as an array of many
large-area Josephson junctions to achieve an equivalent inductance of the junction array of
(Lja). The circuit is subject to external flux ®eyt which allows for further tuning of the
qubit parameters.

The Hamiltonian of the circuit is
1
H =4Ecn® — Ejcos(¢ — 2n®eyi /o) + 5Equ?, (2.27)

where £, = <I>(2) /2Ly 4 is the inductive energy of the superconducting junction array. The
fluxonium wavefunctions structure can be engineered through designing the manufactured
values of £y, E~ and Ef.

Ref. [36] explains in detail the effects of changing such parameters and how to realize the
qubit experimentally. We discuss the potential and wavefunction changes due to changing

the energy parameters Ej, Ex and Ef, in Fig. 2.6.
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Figure 2.6: Ref. [36] plots the potential energy and wavefunctions of the fluxonium qubit in
different regimes. The values of fixed parameters in the plot are E;=8.11 GHz, Eo =0.43
GHz and E;= 0.24 GHz. Panel (a) shows that the effect of increasing E; is increasing
the barrier height between the two deepest wells. This in turn suppresses the tunneling
matrix element of the wavefunctions. Panel (b) shows that as E, is increased, the number of
potential wells is decreased as the quadratic potential becomes more dominant. Finally, panel
(c) shows that increasing E¢ increases the tunneling between wells and the wavefunctions
start to lose their localization.
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Figure 2.7: The fluxonium qubit consists of a small Josephson junction (of energy E )
with junction capacitance C'j connected to an array of Josephson junctions generating a
superinductance of L j4. The circuit is also subject to external flux ®exy.

In summary, the fluxonium qubit is intrinsically protected from relaxation processes. It
also has a high degree of flexibility in engineering its parameters. In the following section,

we discuss another superconducting qubit that has similar protection and flexibility with

additional advantages and challenges.

2.6 The 0-7 qubit

The 0-7 qubit initially proposed by Brooks et al. in 2013 [19] is another protected supercon-
ducting qubit. Unlike fluxonium, the 0-7 device can combine both exponential suppression
of dephasing and relaxation due to wave function localization [51]. The ideal symmetric 0-7
device consists of two identical Josephson junctions with energies £ ; and junction capac-
itances C;j and two large identical superinductors with inductance L forming a loop as in
Fig. 2.8. Opposite nodes of the loop are connected via large capacitors of capacitance C.
The fluxes of the four nodes can be chosen to be the circuit degrees of freedom. However,

because of the symmetry of the circuit, the following four variables give more insight into
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Figure 2.8: Plots from ref. [51] for the ideal symmetric 0-7 device. Panel (a) shows the
circuit diagram involving two identical Josephson junctions, two identical inductors and two
identical capacitances in a loop. Panel (b) shows the four modes 6, ¢, ( and ¥. Panel (c)
shows the 3D potential energy of the symmetric circuit in 6 and ¢.

the circuit behavior. The four modes are shown in Fig. 2.8.b.

0= %(¢2—¢1+¢3—¢4)
6= 562~ 63+ 61— 61)
: (2.28)
¢= §(¢2—¢3—¢4+¢1)
5= 2 (614 62+ 65+ 01).

The ¢ mode involves phase differences across the inductors and does not bias the junc-
tions, hence it remains a pure harmonic mode (in the absence of any circuit disorder). In
addition, the > mode is cyclic and can be omitted.

Therefore, the ideal symmetric 0-7 Hamiltonian has two degrees of freedom 6 and ¢ that

store quantum information and reads

2 2
_ % 9 2_ -

In this equation, gg = 2eng and g4 = 2eny are the conjugate charge operators corresponding
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to 6 and ¢ where [0, ng] =i and [¢,ng] = i. The capacitances Cy and Cy are modifications
of the circuits’ large capacitor C' and Josephson capacitance Cy, Cy = 2(C + Cj) + Cy
and Cy = 2C 7 + Cy, where Cy is a small capacitance due to coupling to external circuitry.
E; and Ej denote the inductor energy and Josephson junction energy respectively, and
Dext = %ﬁ’“ denotes the external bias flux in dimensionless units.

While the 0-m qubit exhibits intrinsic protection from decoherence, like heavy fluxonium
this protection inadvertently prevents us from driving direct transitions between the two
qubit states (]0) and |7)). Therefore, there is a pressing need for finding optimal paths
to control the qubit and perform required transitions. In the next chapter, we discuss the

theory of quantum optimal control which will be used to find optimal solutions for driving

transitions in superconducting qubits.
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CHAPTER 3
CLOSED-SYSTEM OPTIMAL CONTROL

3.1 Introduction

Optimal control is a versatile concept which can be applied to a vast variety of quantum sys-
tems. Typically there is a primary goal (e.g. maximizing fidelity to a target state/unitary), as
well as additional constraints/costs associated with specific experimental systems. Examples
of such constraints include fixed maximum amplitudes of control pulses [114, 68], maximum
overall power of control signals [69], and limited time resolution of arbitrary waveform gen-
erators [91]. Further, finite coherence of quantum systems motivates minimizing the overall
time needed for reaching the intended state or unitary (time-optimal control) [23]. In certain
cases, steering the quantum system along an optimal path (time-dependent target) may be
desired [109].

To achieve these targets, there have been numerous theoretical developments of numerical
and analytical methods for quantum optimal control of closed quantum systems (see ref. [44]
for a recent review). The algorithms involved are predominantly based on gradient methods,
such as realized in gradient ascent pulse engineering (GRAPE) [66, 30], Krotov algorithms
(115, 39, 49, 94, 107, 99, 120] or rapid monotonically convergent algorithms [136, 137, 97,
83, 96, 13, 33], and are available in several open-source packages, including QuTiP [61, 62],
DYNAMO [81], Spinach [57], and SIMPSON [122]. Quantum optimal control has been
remarkably successful in determining optimized pulse sequences [12], designing high-fidelity
quantum gates [116, 106, 94, 92, 63, 82, 38, 78, 105, 37, 73], and preparing entangled states
(34, 103, 130, 46, 48].

In this chapter, we discuss the theory behind quantum optimal control and especially the
closed-system GRAPE technique. In addition, we investigate ways to analytically incorpo-

rate different optimization targets with GRAPE.
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3.2 Theory

We briefly review the essential idea of quantum optimal control and introduce the notation
used throughout the thesis. We consider the general setting of a quantum system with
intrinsic Hamiltonian #( and a set of external control fields {uy(t),...,um(t)} acting on
the system via control operators {H1,...,Hm}. The resulting system Hamiltonian is given
by H(t) = Ho + Y peq ug(t)Hy. Optimal control theory aims to minimize deviations from
a target state or target unitary by appropriate adjustments of the control fields wuy(¢). To
implement this optimization, the time interval of interest is discretized into a large number
n of sufficiently small time steps dt. Denoting intermediate times by ¢; = tg + jot, the

Hamiltonian at time tj takes on the form

m
Hj = Ho + Z uk’j’Hk. (3.1)
k=1

The control fields subject to optimization now form a set {uy, ;} of 2 = m - n real numbers.
The quantum evolution from the initial time ¢ = #( to time ¢; is described by a propagator

U, decomposed according to

Uj = Mij_le_g...Ml (3.2)
where
Mj = eXp(—iHj5t) (3.3)

is the propagator for the short time interval [t;,¢; + 0t]. (Here and in the following, we set
h = 1.) Evolution of a select initial state |W) from ¢ = t( to t = ¢; then takes the usual
form

;) = Uj[Wy). (3.4)

26



In the decomposition of Uj;, each short-time propagator M; can be evaluated exactly by
matrix exponentiation or approximated by an appropriate series expansion. Propagation
methods which go beyond the piecewise-constant approximation for the propagation, can
further improve speed and accuracy [82]. Optimization of the discretized control fields u € R?
can be formulated as the minimization of a cost function C(u) where C': R* — RT. Next,
we consider the important cost functions and their gradients, starting with the closed-system

GRAPE algorithm for the target gate infidelity cost function.

3.3 Closed-system GRAPE algorithm

The closed-system GRAPE algorithm [66] focuses on maximizing the target gate fidelity
using gradient ascent. The gradients are analytically calculated in GRAPE. We define the
target gate fidelity as F' = |T1“(UtJrUf)/d|2 where Uy is the target gate unitary, Us = Up is
the final achieved unitary at the final (n-th) time-step and d is the Hilbert space dimension.
GRAPE treats the optimization as a minimization problem with the cost (error) function to
minimize being C =1—F =1—| Tr(UtJr Ur)/ d|?. Gradients of this cost function with respect

to the control parameters are calculated analytically. The cost function can be rewritten as

1
C'=1- S| DUV =1~ (UIU) U0, (3.5)

where (U|Uy) = %Tr(UtTUf).

Then, defining the forward and backward propagators at time-step j as

Xi= M;M;_q... M
o (3.6)

Py =M, ... MU,

J+1-
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we can write the cost function as

C =1 (Pj|X;)(X;|P}) = 1 — (Pj|M;X;_1)(M;X;_1|P;). (3.7)

Therefore, taking the gradient of this cost function with respect to some control parameter
u ; will only act on M; as it is the only matrix that depends on that control parameter.

This simplifies the gradient calculation to

oC OM;
uy, ; - _<Pj|au—ij],1><Xj|P]> +c.c (3.8)

2

Finally, remembering that M; = exp [ — idt(Ho + > jey uk,J”Hk;)}, the derivative is approx-

imated to first order in 0t as

Mj ,
- ~ —Z(StHij. (39)

This leads to the final form for the analytical gradients of the target gate infedility cost

function
oC
8u k, J

= 0t Im{(P;[H3.X;) (X;|P})} (3.10)

This expression allows for memory-efficient techniques for calculating the gradients as will
be discussed in section 3.5.1.

After calculating the gradients, first-order gradient-based algorithms minimize the cost
function C'(u) by the method of steepest descent, updating the controls u in the opposite

direction of the local cost-function gradient V,C'(u):

u =u—nVyC(u). (3.11)

The choice of the update step size 7 for the control field parameters u, plays an important role

for the convergence properties of the algorithm. A number of schemes exist which adaptively
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i Cost function contribution Cy(u)

1 Target gate infidelity 1—| Tr(UtJrUf)/d|2

2 Target state infidelity 1- ](\Ift]\prQ

3 Control amplitudes ul?

4 Control variations > ik luk — Uk,j—1|2
5  Occupation of forbidden state > (¥ F|\Ifj>|2

6  Evolution time (target gate) 1 — %E] ]Tlr(Ut]LUj)/d\2
7 Evolution time (target state) 1-— %ZJ |(\I/t|\11j)|2

Table 3.1: Relevant contributions to cost functions for quantum optimal control. Names of
contributions indicate the quantity to be minimized.

determine an appropriate step size n in each iteration of the minimization algorithm.

3.4 Important types of cost function contributions

While GRAPE only deals with the gate infidelity cost function, many other optimization
targets are usually desired as well. Table 3.1 shows some of the most important cost function
contributions used for closed-system optimal control. The total cost function is a linear com-
bination of these cost functions, C' =3 4 @puCp. The weight factors ay must be determined

empirically, and depend on the specific problem and experimental realization at hand.

3.4.1 Unitary gate infidelity

The first cost contribution, C7(u), is the primary tool for realizing a target unitary Uy, such
as a single or multi-qubit gate. Cost is incurred for deviations between the target unitary and
the realized unitary Uy at a given final time ¢,. For a system with Hilbert space dimension
d, its expression 1 — |Tr(UtJ[ Ur) /d|? [66] represents the infidelity obtained from the trace
distance between the target unitary and the realized unitary. Minimizing this cost function

is the principle goal of the quantum control problem.
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3.4.2 State transfer infidelity

The second cost function, Co(u) = 1 — [(Wy| ¥ f>|2 measures the distance between a desired
target state [¥y) and the state |V ¢) realized at the final time ¢y, as obtained from evolution of
a given initial state |¥). In addition, generalizing C to multiple initial and target states is
useful for performing a unitary U; which is only defined on some subspace Hg of the modeled
Hilbert space. Such restriction to a selected subspace is of practical importance whenever a
desired unitary is to be implemented within some computational subspace only, as is common
for quantum computation applications. There, the evolution of higher excited states or
auxiliary systems outside the computational subspace is immaterial. Optimal control, then,
can be achieved by simultaneous evolution of a set of initial states {|¥g)} (s =1,2,...,5)
that forms a basis of Hg. Optimal control fields are obtained from minimizing the composite
state infidelity Cox(u) = 1— |% ZS<QJ§|PS|\II;>|2 relative to the desired target states |W§) =
Ut|W§). (Here, Pg is the projector onto subspace Hg.)

This composite state-transfer cost function when used over a complete basis is equivalent
to the gate fidelity, but has several advantages. Most importantly it is more memory efficient
requiring only the current state to be stored rather than the whole unitary. In addition, it
is very amenable to distributed computing approaches. However, when the unitary transfer
matrix can be stored in memory, propagating the full unitary can take advantage of the
parallelism of the GPU for smaller problems (see Fig. 5.2).

In order to obtain control fields that are consistent with specific experimental capabilities
and limitations, it is often crucial to add further constraints on the optimization. Control
fields must be realizable in the lab, should be robust to noise, and avoid large control am-
plitudes and rapid variations based on signal output specifications of instruments employed
in experiments. Exceedingly strong control fields may also be problematic due to heat dis-
sipation which may, for instance, raise the temperature inside a dilution refrigerator. These

points motivate the consideration of additional cost function contributions in the following.
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3.4.83 Pulse power

One such contribution, C3(u) = |u|? suppresses large control-field amplitudes globally, and is
commonly employed in quantum optimal control studies [66, 114, 68, 56]. (The generalization
to more fine-grained suppression of individual control fields is straightforward to implement
as well.) Penalizing the L? norm of the control fields favors solutions with low amplitudes.
It also tends to spread relevant control fields over the entire allowed time window. While C'5
constitutes a “soft” penalty on control-field amplitudes, one may also apply a trigonometric
mapping to the amplitudes to effect a hard constraint strictly enforcing fixed maximum
amplitudes [40]. For example, the tanh mapping converts tunable optimization weights wij,
to pulse amplitudes u;, through the relationship uj, = Amax tanh(wj k), where Apax is the

maximum amplitude of the pulse.

3.4.4 First and second deriwatives of the pulse

The fourth type of contribution to the cost function, Cy(u) = Zj,k g, j—ug -1 2, penalizes
rapid variations of control fields by suppressing their (discretized) time derivatives [56]. The
resulting smoothening of signals is of paramount practical importance, since any instrument
generating a control field has a finite impulse response. If needed, contributions analogous
to Cy4 which suppress higher derivatives or other aspects of the time dependence of fields can
be constructed. Together, limiting the control amplitudes and their time variation filters
out high-frequency “noise” from control fields, which is an otherwise common result of less-
constrained optimization. Smoother control fields also have the advantage that essential

control patterns can potentially be recognized and given a meaningful interpretation.

3.4.5 Forbidden state occupation

The contribution C5(u) = >_; (¥ F|\Ilj>|2 to the cost function has the effect of suppressing

occupation of a select “forbidden” state |Wp) (or a set of such states, upon summation)
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throughout the evolution. The inclusion of this contribution addresses an important issue
ubiquitous for systems with Hilbert spaces of large or infinite dimension. In this situation,
truncation of Hilbert space is needed or inevitable due to computer memory limitations.
(Note that this need even arises for a single harmonic oscillator.) Whenever the evolution
generated by optimal control algorithms explores highly excited states, truncation introduces
a false non-linearity which can misguide the optimization. Including additional states can,
in principle, mitigate this problem, but is generally computationally very expensive. An
independent physics motivation for avoiding occupation of highly-excited states consists of
spontaneous relaxation in realistic systems: high-energy states are often more lossy (as is
usually the case, e.g., for superconducting qubits), and possibly more difficult to model.
Active penalization of such states therefore has the two-fold benefit of keeping Hilbert space
size at bay, and reducing unwanted fidelity loss from increased relaxation. To address these
challenges, we employ an intermediate-time cost function [109, 100]: the cost function Cj
limits leakage to higher states during the entire evolution, and at the same time prevents
optimization to be misinformed by artificial non-linearity due to truncation. We note that
the efficacy of this strategy is system dependent: it works well, for example, for harmonic
oscillators or transmon qubits [71] which have strong selection rules against direct transitions
to more distant states, but may be less effective in systems such as the fluxonium circuit [85]

where low-lying states have direct matrix elements to many higher states.

3.4.6  Gate time

Customarily, algorithms minimizing the cost function C' = ) ’ a,Cy, for a given evolution
time interval [tg,t,] aim to match the desired target unitary or target state at the very
end of this time interval. To avoid detrimental effects from decoherence processes during
the evolution, it is often beneficial to additionally minimize the gate duration (or state

preparation) time At = ¢, — tg itself. Instead of running the algorithms multiple times
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for a set of different A¢, we employ cost function contributions of the form Cg(u) = 1 —
%Zj | Tr(Ung)/d|2 for a target unitary, or C7(u) =1 — % > ]<\Ilt|\11j>]2 for a target state,
respectively. These expressions penalize deviations from the target gate or target state not
only at the final time ¢,,, but at every time step. This contribution to the overall cost function
therefore guides the evolution towards a desired unitary or state in as short a time as possible

under the conditions set by the other constraints.

3.5 Analytical gradients of cost functions

In the following, we outline the analytical calculation of gradients for cost functions such as
those summarized in Table 3.1. We stress that our automatic-differentiation implementation
evaluates these gradients autonomously, without the need of these analytical derivations
or hard-coding any new gradients. The following derivations are thus merely intended as
illustrations for a better mathematical understanding (and appreciation) of the gradients
calculated without user input by means of automatic differentiation.

For a systematic treatment of the different types of cost functions, we note that most cost
functions involve the absolute-value squared of an inner product between target and final
states or target and final unitaries (Hilbert-Schmidt inner product). To obtain the gradients
of expressions such as Ci(u) = 1 — |T1"(Ut]L U f)|2 with respect to the control parameters,
we note that control parameters enter via the final states or unitaries through the evolution
operators, Uy = Mp(u)Mp_1(u)--- M1(u). To streamline our exposition, we first summarize
multiple matrix-calculus relations of relevance.

Consider two complex-valued matrices A and B, compatible in row/column format such

that the matrix product AB is defined. Then, one finds

0Bj; 0Bj;

i (3.12)
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Throughout this appendix, we use Einstein convention for summation, and follow the Jaco-
bian formulation (also known as numerator layout) for derivatives with respect to matrices.
We will further encounter expressions of the following form, involving a third matrix C' of

the same dimensions as B!:

d| Tr(AB)J?] _ O[Tx(AB)Tr(AB)"]
B [TC - 0B,
0Tr(AB
71

= Tr(AC) Tr(AB)*. (3.13)

In the framework of Wirtinger derivatives in complex analysis, derivatives treat quantities
X and X* as independent variables, and Eq. (3.12) is used in the step from line 1 to line 2.

The evaluation of cost-function gradients requires the application of the chain rule to
expressions of the type %c(k(u)) Here, ¢ maps a complex-valued ¢ x ¢ matrix K (e.g., the
propagator Uy with ¢ denoting the Hilbert space dimension) to a real number (the cost).
The matrix K = (K, ) itself depends on the real-valued control parameters u € R*. The
subscript in w; is understood as a multi-index i = (k, j) encoding the control-field label k

and discretized-time index j. The matrix-calculus result

0 dc OKmn dc 0K},
(K _
u ) = G T Ok o,
=Tr (g—fc(g—uK) + c.c. (3.14)
1

is straightforward to derive with the “regular” chain rule by re-interpreting the functions
involved as ¢: C* — R and K: R? — C%. Tn the following, Egs. (3.13) and (3.14) are used

to obtain the analytical expressions for several examples of cost-function gradients.
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3.5.1 Gradient for C: target-gate infidelity

The cost function C; = 1 — | Tr[UI:r Ur(u)]/ d|?, penalizes the infidelity of the realized unitary
Up = MpMy—1 ... My with respect to the target propagator Uy. In the following, we omit
the constant factor d since it affects all the gradients only by a constant factor. The cost

function then has the gradient

U o[ Te(UTU )2 oU

o1 (3i4) Tr% / +c.c.:—Tr{ [T ¢ f)| ] f} + c.c.
Dup Uy duy, oy duk;

U

(3.13) Tr (UgL f ) Tr(UtTUf)* +c.c.="Tr (Uj[ H Mj/}i(StHkUj) Tr(UtJ[Uf)* + c.c.
auka] j/>j
— _2§tIm { Tr (Uj[ I1 Mj/] HkUj) Tr(UjUf)*}
J'>j

(3.15)

where [] is understood to produce a time-ordered product.

Memory-efficient algorithm.— We note that storage of {Uj} can be avoided by applying
the strategy introduced in the original GRAPE paper [66]: since the evolution is unitary, one
may time-reverse the evolution step by step, and re-calculate the intermediate propagator
via U; = M;r 1Uj+1. Here, each short-time propagator M; is re-generated locally in time,
using only the control fields at time ¢;. Such a backwards-propagation algorithm leads to
an increase in computation time by roughly a factor of 2 (each M is then calculated twice),
but has a memory demand of only O(¢2) — which does not scale with n, the number of time

steps. This memory-efficient algorithm is given by
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Algorithm 1 (] gradient via backwards propagation
11 P =Te(UU;) U]

2: XZUf
3: for j=nto0 do
4: for all £k do

o

9C1/Ouy, j = =26t Im[Tr(P Hy, X)]
6: end for

T X=MX

8: P=PM,

9: end for

10: return 0C7/0u

3.5.2  Gradient for Cy: target-state infidelity

For state preparation or unitaries specified only in a subspace, it is sufficient to optimize the
evolution for only a few initial states, rather than for the complete basis. This is achieved
by minimizing a cost function based on Ca(u) = 1 — [(W¢| ¥ f>|2, where the realized final
state |¥ ) depends on the control parameters u. Again applying equations (3.14) followed

by (3.13) (and using that the trace of a number results in that number), we obtain

— —24tIm {(\Ptl[ 11 Mj/}Hk!‘I’j><‘1’t|‘1’f>*

»J ]/>‘7

Memory-efficient algorithm.— By using the same backward propagation strategy as
above, a memory-efficient algorithm with memory requirement O(¢) independent of the time-

step number is possible:
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Algorithm 2 (9 gradient via backwards propagation
D P= (WU ) (W

—_

[\

P X = |Uy)

3: for j=nto0 do

4: for all £ do

5: 0Cs /Oy, j = =26t Im[P H;, X]
6: end for

n X=MX

8: P=PM,

9: end for

10: return 9C5/0u

3.5.8  Gradient for Cs: occupation of forbidden state

: « : ” : : : 2
Occupation of a “forbidden” state is discouraged by the cost function C5 = 3 | Tr(\I/}\II JI°
This cost function differs qualitatively from the gate and state infidelity cost functions: the
latter are evaluated based on the result at the final time, while forbidden-state occupation

involves intermediate states at every time step. Accordingly, the corresponding gradient

takes a different form. First, Eq. (3.14) is replaced by

ic(@o(u), Ti(u),..., Uy(u)) = Tr o — 4+ cc. (3.16)

8ul ov j 8u2
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where introduction of the trace of a c-number is convenient for direct application of Eq.

(3.13). We then obtain

T 2
dC5 (3.16) Cs OV O Te(V W 0)|7] 0w
= Tr —2 C. = T .C. 1
Jur,, EJ r o) duy,; +c.c E E T -| tce (3.17)

(3.13) + 0V + N
= E Tr (W Tr(V V)" + c.c.
F . F
7> ( 8uk7]>

— 26t Z Im {<\IJF| [Hjjj’zj'%—l Mj/]Hk‘\I/j><\I’J‘\IfF>}
J>j

The double sum of eq (3.17), after simplification, could be calculated in O(N) time. The

corresponding backward propagation algorithm then takes the following form:

Algorithm 3 (5 gradient via backwards propagation
P = (Un|Vp)(Vpl

[u—y

[\

D X = [Up)

3: for j=nto0 do

4: for all £ do

5: OCs /0y, ; = 20t Im[PH; X]
6: end for

n X=MX

8: P=PM;+(X|Vp){¥p|

9: end for

10: return 0C5/0u

This cost function and gradient are also used as the time-optimal award function. Rather
than penalizing the occupation of a forbidden state at intermediate time-steps, we reward
the occupation of the target state at all time-steps. Therefore, the analytical calculation of
time-optimal gradients is similar.

While we carefully analyzed how to calculate analytical gradients for many cost functions
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in this chapter, a general approach for automatizing the calculation of gradients for any other
cost function is desirable. Therefore, we move to the concept of automatic differentiation in
the next chapter which is an automated process for calculating the necessary gradients for

any optimization target.

39



CHAPTER 4
AUTOMATIC DIFFERENTIATION

4.1 Introduction

Incorporating new constraints in the optimization process often requires the analytical deriva-
tion and implementation of additional contributions to the gradient calculation. This issue
can greatly impede the ability to quickly develop control strategies for new problems.

To overcome this issue, we note that the techniques and algorithms used to optimize the
control of quantum systems [44, 66, 30, 115, 39, 49, 94, 107, 99, 120, 136, 137, 97, 83, 96,
13, 33| and those underlying the field of deep neural networks [54, 55] share a number of
common elements. Both areas heavily use linear algebra operations combined with gradient
descent optimization. Thus, advanced hardware and software technology recently emerging
from the rapid development of machine learning also paves the way for a significant boost
of optimal quantum control techniques.

In particular, automatic differentiation (AD) [4, 131] has become a central tool in machine
learning [5] to generate the gradients of complex neural networks at runtime. It equally ap-
plies to the problem of optimal control of quantum systems. In this approach, the gradients
of a set of elementary operations are defined and more complex functions are built as com-
putational graphs of these operations. The value of the function is computed by traversing
the graph from inputs to the output, while the gradient is computed by traversing the graph
in reverse to concatenate the needed gradients in a chain-rule manner. This methodology
gives the same numerical accuracy and stability of analytic gradients without requiring one

to derive and implement analytical gradients specific to each new trial cost function.
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4.2 AD elements

An automatic differentiator allows users to define mathematical relationships between an
output function and its inputs, then can calculate the corresponding gradients by concate-
nating a series of pre-defined gradients. The full procedure of automatic differentiation is

described in the following steps:

1. The differentiator uses a basic set of m pre-defined operations {f;(x1,22,...,2p;)}
— ; . - ofi Ofi
where 1 = 1,2, ..., m. For each operation f;, the gradients Wi’ e szl with respect

to all n; inputs must be defined.

2. The user sets up the optimization problem by defining a cost function that is expressed

solely by the operations f;. This step creates the so-called computational graph.

3. The algorithm runs through the computational graph in forward direction, starting
from certain values of the inputs and computing the resulting cost-function value. The
corresponding gradients are calculated as every operation is executed, and are saved

for processing.

4. After completion of the forward path, reverse-mode automatic differentiation is utilized
to trace backwards all paths relating the cost function to the inputs. This involves
properly summing the stored partial derivatives of each path, generated by a recursive

chain rule.

4.3 Example: Scalar cost functions

In the following, we discuss a simple example where all operations involved act on scalars.
Consider automatic differentiation of the cost function C(z,z9) = 2x% + exp(z1xy) with
respect to its inputs 1 and x9. To build an automatic differentiator, a set of building block

operations needs to be predefined, one example of this set is shown in Table 4.1.
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Table 4.1: Example set of scalar operations for automatic differentiation

Name Definition Gradients

MUL  fon)=oies 2L =wpand 2 =y

DIV f(:vl,xz):% %:%and%:_x—?
ADD  f(w1,22) = 21 + 19 %Zlaﬂd%zl
SCALE fla,z1) = azy % _

EXP f(zy) = e 59_51 _ o

Note that the exponential operation does not strictly have to be included, since an
approximation for it could be represented in a Taylor series involving only MUL, ADD
and SCALE operations. The same applies to other functions like sine and cosine, as well
as taking the integer power of an input, etc. In practice though, it is convenient to include
special functions with compact analytical derivative in the basic set to give the user more
flexibility in defining the computational graph.

Using Table 4.1 as the basic-operation set, we next define the computational graph, see
Fig. 4.1. After the computational graph is run in forward direction (from x; and z9 towards
(), reverse-mode automatic differentiation identifies paths between C' and each of z1 and
x9. In this example, there is one path (the orange path) relating C to z9 while there are 3
paths (red paths) between C' and z1. Gradients are automatically calculated in a backward
direction by recursively multiplying the gradients in each path from bottom to top, then

summing over all paths contributing to the same variable. Following this scheme, automatic
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= 952 4 emi®

D Input(s) of the computational graph ——» Predefined gradients of each operation

|:| Qutput(s) of the computational graph —— Inputs/outputs of each operation
Q Basic operations of the differentiator mmsssmmm  Path(s) from C to X4 in reverse mode

Q Gradients of each operation Path(s) from C to X5 in reverse mode

Figure 4.1: Computational graph for the example cost function C(x1,x9) = Qx% +exp(r122),
created for automatic differentiation to calculate %(’1 and %02 Every ellipse represents one
basic operation whose gradients are known and symbolically given by the expressions in
rounded rectangles, attached by arrows. The inputs to each operation are represented by lines
entering the ellipse from above or from the left /right. The output of each operation is given a
name z; written on the output line emerging from the bottom. After the computational graph
run in forward direction (from x1, x9 towards ('), reverse-mode automatic differentiation
identifies paths between C' and each of 1 and x9. In this example, there is one path (orange
color) relating C' to w9 while there are 3 paths (red paths) between C' and z1. Gradients
are automatically calculated in a backward fashion by recursively multiplying the gradients
in each path from bottom to top, then summing over all paths contributing to the same
variable.

43



differentiation calculates the gradients in the reverse mode, yielding

oC  9C 021 02 n 0C 0z1 0z . 0C 0z3 0z9
Oxy 021 029 0x1 0z 029 0x1 023 029 011
=1-2-21+1-2 21+ €229 = 411 + "1 209,
0C  0C 0z3 029
Oxg  0z3 029 09

— z _ 11X
=1-e2x1 =e"1"21q,

which are indeed the correct gradients. In this way, automatic differentiation allows for
calculating gradients for any computational graph that is defined in terms of the building

blocks of the differentiator.

4.4 Linear-algebra-based AD

To utilize automatic differentiation in the optimization of quantum systems, the set of ba-
sic operations must include matrix operations since the quantum dynamics is propagated
through matrix operations. The definition of gradients then needs to account for the non-
commutativity of matrix multiplication. To be able to generate gradients in the backward
paths, the differentiator must be able to express the gradients with respect to the outputs
in terms of the gradients with respect to the inputs of the operation at hand. Thus, for
every basic matrix operation f(M;), we need to specify how the gradients with respect
to the inputs of the operation, aa—]\%, can be calculated given gradients with respect to the
output %, where bold letters indicate matrices. Table 4.2 shows some of the basic matrix
operations and their gradient relations needed for automatic differentiation.

Because of the asymmetry in the MATMUL-gradient rule, it is not as simple to express
the gradient relations for most special functions as it was in the scalar case. Most of the
functions not defined in Table 4.2 (including the matrix exponential) must be expressed
in terms of the basic operations like MATMUL, ADD and SCALE so that the gradient

calculation is accurate.
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Table 4.2: Examples of basic matrix operations needed for automatic differentiation. Ar-
guments of MATMUL must be compatible under matrix multiplication; arguments of ADD
must have the same dimensions, and DET is only defined for square matrices. Bold letters
represent matrices and regular letters represent scalars.

Name Definition Gradients

MATMUL F(My, My) = MiM, 20 — Mp9C 90 _ 90,

oy — M295 avi; T o7
APD - fMM) = M EMs g = 7 i = 6
SCALE f(a, My) = aM; 8&})\% agg
TRACE F(My) = Tr(M) 20 _ 19
DET f(My) = det(My) g = det(My) My~ TBC
TRANSPOSE F(My) = My T 20 _ %
CONJUGATE F(My) = My* a0 _ %

All cost functions summarized in table 3.1 can be conveniently expressed in terms of
common linear-algebra operations. Therefore, it is possible to utilize a linear-algebra-based
automatic differentiator to implement a gradient-based quantum optimizer. We describe the

details of this implementation in the next chapter.
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CHAPTER 5
CLOSED-SYSTEM OPTIMAL CONTROL AD
IMPLEMENTATION

5.1 Introduction

Building on the advantages of automatic differentiation in quantum optimal control, we have
implemented a scheme that incorporates constraints via automatic differentiation and utilizes
GPUs for boosting computational efficiency. Our quantum optimal control implementation
utilizes the TensorFlow library developed by Google’s machine intelligence research group
[1]. This library is open source, and is being extended and improved upon by an active
development community. The simple interface to Python allows non-software professionals
to implement high-performance machine learning and optimization applications without ex-
cessive overhead. TensorFlow supports GPU and large-scale parallel learning, critical for
high-performance optimization.

A crucial factor for recent impressive progress in machine learning has been the leveraging
of massive parallelism native to graphics processing units (GPUs) [95, 22, 111, 104, 117].
Similarly, GPUs have been used to accelerate computations in many areas of quantum physics
and chemistry [9, 25, 132, 123, 126, 98, 58]. Specifically, GPUs are extremely efficient
in multiplying very large matrices [28, 41]. Such multiplications also form a central step
in the simulation and optimal control of quantum systems. Exploiting this advantageous
feature of GPUs, we achieve significant speed improvements in optimizing control schemes
for systems at the current frontiers of experimental quantum computation. As the number
of qubits in these experiments is increasing [27, 31, 64], it becomes increasingly important
to take advantage of optimal control techniques. Moreover, recent advances in commercially
available electronics enabling base-band synthesis of the entire microwave spectrum, afford

new capabilities which quantum optimal control is uniquely well-suited to harness.
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5.2 Implementation

Typical machine-learning applications require most of the same building blocks needed for
quantum optimal control. Predefined operations, along with corresponding gradients, in-
clude matrix addition, multiplication, matrix traces and vector dot products. We have
implemented an efficient kernel for approximate evaluation of the matrix exponential and its
gradient. Using these building blocks, we have developed a fast and accurate implementation
of quantum optimal control, well-suited to deal with a broad range of engineered quantum
systems and realistic treatment of capabilities and limitations of control fields.

In common applications of quantum optimal control, time-evolving the system under
the Schrodinger equation — more specifically, approximating the matrix exponential for the
propagators M; at each time step ¢; — requires the biggest chunk of computational time.
Within our matrix-exponentiation kernel, we approximate e iH;0t by series expansion, tak-
ing into account that the order of the expansion plays a crucial role in maintaining accuracy
and unitarity. The required order of the matrix-exponential expansion generally depends
on the magnitude of the matrix eigenvalues relative to the size of the time step. General-
purpose algorithms such as expm() in Python’s SciPy framework accept arbitrary matrices
M as input, so that the estimation of the spectral radius or matrix norm of X, needed for
choosing the appropriate order in the expansion, often costs more computational time than
the final evaluation of the series approximation itself. Direct series expansion with only a
few terms is sufficient for H;ot with spectral radius smaller than 1. In the presence of large
eigenvalues, series convergence is slow, and it is more efficient to employ an appropriate form

of the “scaling and squaring” strategy, based on the identity

o= o (D] o1

which reduces the spectral range by a factor of 2" at the cost of recursively squaring the
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matrix n times [89]. Overall, this strategy leads to an approximation of the short-time
propagator of the form ,
p T n\k
M;j =~ [Z —(_lH],f!t/Q : ] ) (5.2)
k=0

based on a Taylor expansion truncated at order p. Computational performance could be
further improved by employing more sophisticated series expansions [3, 26] and integration
methods [59)].

As opposed to the challenges of general-purpose matrix exponentiation, matrices involved
in a specific quantum-control application with bounded control-field strength (iH jét), will
typically exhibit similar spectral radii. Thus, rather than attempting to determine individual
truncation levels p;, and performing scaling-and-squaring at level n; in each time step ¢;, we
make a conservative choice for global p and n at the beginning and employ them throughout.
This simple heuristic speeds up matrix exponentiation over the default SciPy implementation
significantly, primarily due to leaving out the step of spectral radius estimation.

By default, automatic differentiation computes the gradient of the approximated matrix
exponential via backpropagation through the series expansion. However, for sufficiently small

spectral radius of M, we may approximate [66]
ieM(“’) ~ M'(z) M), (5.3)

neglecting higher-order corrections reflecting that M’(x) and M (z) may not commute. (Higher-
order schemes taking into account such additional corrections are discussed in ref. [30].)
Equation (5.3) simplifies automatic differentiation: within this approximation, only the same
matrix exponential is needed for the evaluation of the gradient. We make use of this in a cus-
tom routine for matrix exponentiation and gradient-operator evaluation, further improving
the speed and memory performance.

The TensorFlow library currently has one limitation relevant to our implementation of a
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quantum optimal control algorithm. Operators and states in Hilbert space have natural resp-
resentations as matrices and vectors which are generically complex-valued. TensorFlow, de-
signed primarily for neural network problems, has currently only limited support for complex
matrices. For now, we circumvent this obstacle by mapping complex-valued matrices to real
matrices via the isomorphism H =1 ® Hye — 10y ® Hiyy, and state vectors 7 (\ﬁre, \Ijiln)t.
Here, 1 is the 2x2 unit matrix and oy one of the Pauli matrices. Real and imaginary parts
of the matrix H are denoted by Hye = H and Hj,, = Im H, respectively; similarly, real and
imaginary parts of the state vectors are Upe = U and \f’im = ImU. Written out in explicit
block matrix form, this isomorphism results in

n | He —H T
HO — | © m . (5.4)

rendering all matrices and vectors real-valued. There are promising indications that future
TensorFlow releases may improve complex-number support and eliminate the need for a
mapping to real-valued matrices and vectors.

In addition, the optimizer allows for constantly changing the drift and control Hamilto-
nians. In certain applications, including the 0-m qubit, there can be some system parameters
that fluctuate due to noise and hence cannot be fixed in the optimization. Instead, we al-
low the optimizer to simulate the system with a different value for that parameter in every
iteration. This in turn changes the drift and control Hamiltonians used in every iteration.
Directly applying the gradients from each iteration results in a stochastic gradient descent
(SGD) [65, 138] process converging to an average solution over all values of that parameter.
Careful tuning of cost-function weights can result in convergence to an almost constant value

of the fidelity for all values of the variable parameter.
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Figure 5.1: Computational network graph for quantum optimal control. Circular nodes in
the graph depict elementary operations with known derivatives (matrix multiplication, addi-
tion, matrix exponential, trace, inner product, and squared absolute value). Backward prop-
agation for matrices proceeds by matrix multiplication, or where specified, by the Hadamard
product o. In the forward direction, starting from a set of control parameters uy, ;, the com-
putational graph effects time evolution of a quantum state or unitary, and the simultaneous
computation of the cost function C. The subsequent “backward propagation” extracts the
gradient VC(u) with respect to all control fields by reverse-mode automatic differentiation.
This algorithm is directly supported by TensorFlow [1], once such a computational network
is specified.
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5.3 Computational graph

Figure 5.1 shows the network graph of operations in our software implementation, realizing
quantum optimal control with reverse-mode automatic differentiation. For simplicity, the
graph only shows the calculation of the cost functions Co and C5. The cost function con-
tributions C', Cg, and C'7 are treated in a similar manner. The suppression of large control
amplitudes or rapid variations, achieved by C3 and C}, is simple to include, since the cal-
culation of these cost function contributions is based on the control signals themselves and
does not involve the time-evolved state or unitary. The host of steps for gradient evaluation
is based on basic matrix operations like summation and multiplication.

Reverse-mode automatic differentiation [55] provides an efficient way to carry out time
evolution and cost function evaluation by one forward sweep through the computational
graph, and calculation of the full gradient by one backward sweep. In contrast to forward
accumulation, each derivative is evaluated only once, thus enhancing computational effi-
ciency. The idea of backward propagation is directly related to the GRAPE algorithm for
quantum optimal control pioneered by Khaneja and co-workers [66]. While the original
GRAPE algorithm bases minimization exclusively on the fidelity of the final evolved unitary
or state, advanced cost functions (such as Cj through C7) require the summation of cost
contributions from each intermediate step during time evolution of the system. Such cost
functions go beyond the usual GRAPE algorithm, but can be included in the more general

backward propagation scheme described above.

5.4 Performance benchmarking

Obtaining a fair comparison between CPU-based and GPU-based computational perfor-
mance is notoriously difficult [76]. We attempt to provide a specific comparison under a

unified computation framework. TensorFlow allows for straightforward switching from run-
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Figure 5.2: Benchmarking comparison between GPU and CPU for (a) a unitary gate
(Hadamard transform), and (b) state transfer (GHZ state preparation). Total runtime per
iteration scales linearly with the number of time steps. For unitary-gate optimization, the
GPU outperforms the CPU for Hilbert space dimensions above ~ 100. For state trans-
fer, GPU benefits set in slightly later, outperforming the CPU-based implementation for
Hilbert space dimensions above ~ 300. The physical system we consider, in this case, is an
open chain of N spin-1/2 systems with nearest neighbor 0,0, coupling, and each qubit is
controlled via fields €2, and €.

ning code on a CPU to a GPU. For each operation (matrix multiplication, trace, etc.), we
use the default CPU/GPU kernel offered by TensorFlow. Note that properly configured,
TensorFlow automatically utilizes all threads available for a given CPU, and GPU utiliza-
tion is found to be near 100%. Not surprisingly, we observe that the intrinsic parallelism
of GPU-based matrix operations allows much more efficient computation beyond a certain
Hilbert space size, see Fig. 5.2.

In this example, we specifically inspect how the computational speed scales with the
Hilbert space dimension when optimizing an n-spin Hadamard transform gate and n-spin
GHZ state preparation for a coupled chain of spin-1/2 systems presented in Section 6.1.4.
(Details of system parameters are described in the same section.) We benchmark the average
runtime for a single iteration for various spin-chain sizes and, hence, Hilbert space dimen-
sions. We find that the GPU quickly outperforms the CPU in the unitary gate problem,
even for a moderate system size of ~ 100 basis states. For optimization of state transfer, we
observe that speedup from GPU usage, relative CPU performance, sets in for slightly larger

system sizes of approximately ~ 300 basis states.
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The distinct thresholds for the GPU/CPU performance gain stem from the different com-
putational complexities of gate vs. state-transfer optimization. Namely, optimizing unitary
gates requires the propagation of a unitary operator (a matrix), involving matrix-matrix
multiplications, while optimizing state transfer only requires the propagation of a state (a

vector), involving only matrix-vector multiplications:

P (—ist)k

M;|0) ~ ) o (Hj...(Hj(H;|¥)))), (5.5)

k=0
Computing the matrix-vector multiplication is generally much faster than computing the
matrix exponential itself [113]. For an n-dimensional matrix, the computation of the matrix
exponential involves matrix-matrix multiplication, which scales as O(n?). The computation
of state transfer only involves matrix-vector multiplication, which scales as O(n?) [or even

O(n) for sufficiently sparse matrices].

For optimization of the Hadamard transform as well as the GHZ state preparation, we
observe a 19-fold GPU speedup for a 10-qubit system (Hilbert space dimension of 1,024) in
the former case, and a 6-fold GPU speedup for an 11-qubit system (Hilbert space dimension
of 2,048) in the latter case. Since matrix operations are the most computationally intensive
task in our software, this speedup is comparable to other GPU application studies that heav-
ily use matrix operations [95, 22, 111, 104, 117, 121, 76]. We emphasize that these numbers
are indicative of overall performance trends, but detailed numbers will certainly differ ac-
cording to the specific system architecture in place. The CPU model we used was an Intel®
Core' " i7-6700K CPU @ 4.00 GHz, and the GPU model was an NVIDIA® Tesla® K40c.
In this study, all computations are based on dense matrices. Since most physically relevant
Hamiltonians are sparse (evolution generally affects sparsity, though), future incorporation

of sparse matrices may further improve computation speed for both CPU and GPU [6, 80].
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5.5 User manual

Our software implementation can be downloaded at: github.com/SchusterLab/quantum-
optimal-control. In this section, we highlight the main parameters that a user should supply
to the software along with their recommended values. To call the optimizer, the most
comprehensive format is
uks, U.final = Grape(HO,Hops,Hnames,U,total time,steps,states_concerned list,

convergence, U0, reg coeffs,dressed_info, maxA, use_gpu, draw, initial_guess,

H time_scales, show_plots, unitary_error, method,state_transfer, no_scaling,
freq unit, file name, save, data_path) . If convergence is achieved, the optimizer re-
turns the optimized control pulses, uks, and the final unitary acheived U_final. We will

explain each of the arguments and the values suggested for them in the next section.

5.5.1 Mandatory arguments

The arguments that must be given to the optimizer are
1. HO: Drift Hamiltonian (a square d X d matrix).
2. Hops: A list of control Hamiltonians (each is d x d).
3. Hnames: A list of control Hamiltonian labels (strings), with the same length as Hops.

4. U: Target Unitary (d x d) if state transfer == False, or k vectors (d x k) where k

is the number of initial states desired if state_transfer == True.
5. total_time: Total Time of the gate (float).
6. steps: Number of time steps (int).

7. states_concerned list: A list of the indices of initial states (e.g [0,1]).
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5.5.2  Optional arguments

1. UO0: Initial Unitary (d x d), default is the identity.

2. convergence: A dictionary with convergence conditions. It includes the following
parameters with default values as indicated: convergence = {’rate’:0.01,
’update_step’:100, ’max_iterations’:5000, ’conv_target’:le-8,

’learning rate decay’:2500,’min grad’: 1e-25} where
e rate: Learning rate, the size of the step n the optimizer applies to control pulses,
u' =u-nVyuC(u).
e update_step: the number of iterations without updating the user with plots or
text.
e max_iterations: maximum number of iterations to perform in total.

e conv_target: the target infidelity error.

e learning rate_decay: A parameter that specifies the exponential decay of the
learning rate as needed for good convergence. It should be around half the value

of maximum iterations.

e min grad: The minimum value of summed squared gradients below which opti-

mization is halted.

3. Initial_guess: A list of k elements, each of them of length steps, defining the initial
guesses for all control pulses. If not provided, a random pulse drawn from a Gaussian

distribution (mean = 0 and std = sqrt(maxA)) is used.

4. reg coeffs: A dictionary of coefficients for the different cost functions. Details of the
different cost functions and their suggested values are outlined separately in the next

section.
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10.

11.

12.

13.

14.

dressed_info : A dictionary including the eigenvalues and eigenstates of dressed states

if they are to be used in the simulation.

. maxA: A list of kK numbers, the maximum amplitudes of the control pulses.

. use_gpu: A boolean switch between GPU and CPU usage, default is True.

sparse_H, sparse_U: Booleans specifying whether Hamiltonians and unitary operators
are sparse. Speedup is expected if the corresponding sparsity is satisfied. Only available

in CPU mode.

. use_inter_vecs: A boolean to enable/disable the involvement of state evolution in

graph building. If False, no intermediate level occupations will be calculated or stored.

draw: A list including the indices and names for the states to be included in state occu-
pation plots. Ex: states_draw list = [0,1], states_draw names = [’|0)’,’[1)’]
and draw = [states_draw_list,states_draw_names]. Default value is to plot states

with indices 0-3.

show_plots: A boolean (default is True) to switch on/off the display of plots for

updating the user with optimization progress.

state_transfer: A boolean (default is False) switching between state transfer and

full unitary evolution.

method: The numerical method for optimization. Options are ’"ADAM’, 'BFGS’, 'L-
BFGS-B’ or 'TEVOLVE'. Default is ’ADAM’. 'TEVOLVE’ only simulates the time evo-

lution without optimizing.

Unitary_error: A float indicating the desired maximum error of the Taylor expansion
of the exponential. It is used to choose a proper number of expansion terms. Default

target unitary error is le-4.
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15.

16.

17.

18.

19.

20.

no_scaling: A boolean (default is False) to disable scaling and squaring in the matrix

exponential.

Taylor_terms: A list of integers as [Taylor expansion terms, scaling and squaring

terms|, to manually choose the number of Taylor terms for matrix exponentials.

freq unit: A string to indicate the units of the given Hamiltonians. Default is 'GHz’.

Can only take the following values: 'GHz’, '"MHz’, ’kHz" or "Hz’.

save: A boolean (default is True) to indicate whether the user wants optimization data
to be saved. Saved data include control pulses, intermediate vectors and final unitary

at every update step.
file_name: A name for the file where optimization data will be saved.

data_path: Path for saving the simulation. Default is current directory.

5.5.83 Cost functions and their weights

The currently implemented cost functions are

1.

The infidelity cost function: It is defined as the overlap between the target unitary/final
state and the achieved unitary/final state. It has a fixed weight of 1 in the code, i.e.

all the other weights are normalized relative to it.

. The Gaussian envelope cost function: A penalty is applied if the control pulses do

not have a Gaussian envelope. The user supplies a coefficient called envelope in the

reg coeffs input. A value of 0.01 is found to be a good starting value empirically.

The first derivative cost function: To make the control pulses smoother, the optimizer
can penalize the summed squares of pulse first derivatives. The user supplies a coef-
ficient called dwdt in the reg coeffs input as its relative weight. A value of 0.001 is

found to be a good starting value empirically.
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4. The second derivative cost function: A penalty on the summed squares of pulse second
derivatives can also be activated. The user supplies a coefficient called d2wdt2 in the
reg coeffs input as its relative weight. A value of 0.000001 is found to be a good

starting value empirically.

5. The forbidden-state cost function: It is a cost function to forbid the quantum oc-
cupation of certain levels throughout the time of the gate. The user supplies a co-
efficient called forbidden (starting value is around 100 empirically) and a list called
states_forbidden_list inside the reg_coeffs dictionary specifying the indices of the

levels to forbid.

6. The time-optimal cost function: If the user wants to speed up the gate, they should
provide a coefficient called speed_up (starting value is around 100) to award the occu-
pation of the target state at all intermediate states, hence, making the gate as fast as

possible.

All of these coefficients should be tweaked by the user to emphasize certain aspects of
the optimization they want. In practice, the coefficients and learning rate are found to be
the most crucial inputs to be adjusted for better convergence. Starting with the default
values in the reg coeffs dictionary along with a learning rate that is between 0.001 and
0.01 achieved good results for most of our applications. The user should keep an eye on how
the different optimization targets are behaving as the iterations are processed, and should

increase or decrease the relative weights accordingly.
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CHAPTER 6
CLOSED-SYSTEM OPTIMAL CONTROL APPLICATIONS

In this section, we present a set of example applications of experimental relevance for spin
and transmon qubits. The first application demonstrates the importance of cost functions
suppressing intermediate occupation of higher-lying states during time evolution, as well as
cost functions accounting for realistic pulse shaping capabilities. In a second application, we
show how the cost function Cg can yield high-fidelity state transfer within a reduced time
interval. Third, we discuss the application of Schrodinger-cat state preparation — an example
from the context of quantum optics and of significant interest in recent schemes aiming at
quantum information processing based on such states [56, 88, 125]. This application combines
considerable system size with a large number of time steps, and utilizes most of the cost
functions discussed in Section 3.4. In the fourth application, we demonstrate the algorithm
performance in finding optimal solutions for GHZ state preparation and implementation of
a Hadamard transform gate in a chain of qubits with a variable number of qubits. We use
either the Adam [67] or L-BFGS-B optimization algorithm [21] for pulse optimization, and

achieve a minimum fidelity of 99.9% in all transmon examples.

6.1 Transmon and spin applications

6.1.1 CNOT gate for two transmon qubits

In the first example, we study realization of a 2-qubit CNOT gate in a system of two
coupled, weakly anharmonic transmon qubits. For each transmon qubit (j = 1,2) [71],
we take into account the lowest two states spanning the qubit computational space, as

well as the next three higher levels. The system Hamiltonian, including the control fields
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{Qu, (1), Quy(t), Q22y(t)}, then reads

Hi)y =Y [wjb;bj—k%ajb;[bj(b}bj—l)] (6.1)
j=1,2

+ J(by +b]) (by + b))

+ Oy (8) (b1 + b1) + Quy (1) (b2 + B) + Oy (£)D1 Do

Here, the ladder operators b;, and b;[ are truncated at the appropriate level. (The qubit
frequencies wj /2w are chosen as 3.5 and 3.9 GHz, respectively; both transmons have an
anharmonicity of /2 = —225MHz; and the qubit-qubit coupling strength used in the
simulation is J/2m = 100 MHz.) Consistent with recent circuit QED experiments utilizing
classical drives as well as parametric modulation, we investigate control fields acting on
Hyy = by + b}, Hyy = by +bb, and H,y = bbs.

We next optimize control fields for the realization of a CNOT gate, with transmon qubit
J = 1 acting as the control qubit. Our control-field optimization reaches a prescribed fidelity
of 99.9% for a 10 ns gate duration in all cases, as seen in Fig. 6.1. Results shown in Fig. 6.1(a)
are obtained with the standard target-gate infidelity cost function (C1) only. It is evident that
the solution encounters two issues: the occupation of the 3rd and 4th excited transmon level
(“forbidden”) is significant, and control fields are polluted by high-frequency components.
Including a cost function contribution of type Cy succeeds in strongly suppressing occupation
of higher levels, see Fig. 6.1(b). This both reduces exposure to increased relaxation rates and
ensures that the evolution is minimally influenced by our numerical truncation of Hilbert
space. In the final improvement step, shown in Fig. 6.1(c), our optimization additionally
suppresses excessive control amplitudes and derivatives via cost contributions of type C3
and Cy. The inclusion of these terms in the overall cost lessens superfluous “noise” in the
control signals, and also helps improve convergence of the algorithm — without reducing the

achieved target-gate fidelity.
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Figure 6.1: Control pulses and evolution of quantum state population for a CNOT gate
acting on two transmon qubits, (a) only targeting the desired final unitary, (b) employing an
additional cost function suppressing occupation of higher-lying states (Cy), and (¢) including
additional pulse-shape cost functions (C'3, Cy4). Here, only the evolution of state |11) is shown,
as the evolution of state |11) is most susceptible to the occupation of higher level states. In all
three cases, the CNOT gate converged to a fidelity of 99.9%. The results differ in important
details: in (a), both high-frequency “noise” on the control signals and significant occupation
of “forbidden” states (3rd and 4th excited transmon level), shown as dashed red line, are
visibile throughout the evolution; in (b), forbidden-state occupation is suppressed at each
time step during evolution; in (c), this suppression is maintained and all control signals are
smoothened. The maximum occupation of forbidden states is reduced from ~ 20% in (a) to
~ 3% in (b) and (c). The population of “others” states (non- |11), [10) or ”forbidden”) is
also shown for completeness. For demonstration purposes, all three examples use the same
gate duration of 10 ns, despite being subject to different constraints. In practice, one would
typically increase the gate time for a more constrained problem to achieve the best result
in maximizing gate fidelity, minimizing forbidden state occupation, and achieving a realistic
control signal.
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Figure 6.2: Minimizing evolution time needed for a high-fidelity state transfer. (a) No time-
optimal award function. (b) With time-optimal award function. (a) Without penalty for the
time required for the gate, the control field spreads across the entire given time interval. (b)
Once evolution over a longer time duration is penalized with a contribution of type Cfg or
C7 (see table I), the optimizer achieves target state preparation in a shorter time, without
loss of fidelity.

6.1.2 Reducing duration of |0) to |1) state transfer

In this second example, we illustrate the use of cost function contributions (types Cg, C7) in
minimizing the time needed to perform a specific gate or prepare a desired state. To this end,
we consider a two-level spin qubit (w/27: 3.9 GHz). The system and control Hamiltonians
combined are taken to be

H= %’az +Q(t) o (6.2)

We allow for a control field acting on the qubit o, degree of freedom, and constrain the
maximum control-field strength Qmax/27 to 300 MHz. When the evolution time needed to
perform the state transfer is fixed (rather than subject to optimization itself), we observe that

control fields generically spread across the prescribed gate duration time. The desired target

62



5 e

Figure 6.3: Cat state generation. Control pulse, state evolution in Fock basis, and Wigner
function tomography of the cavity evolution. Photonic cat state generation is shown as a test
of state transfer, challenging the quantum control algorithm with a system of considerable
size, large number of required time steps, and inclusion of multiple types of cost function.
The desired Schrodinger cat state in the resonator is created indirectly, by applying control
fields to a transmon qubit coupled to the resonator, and reached within a prescribed evolution
time of 40 ns with a fidelity of 99.9%. (Note that occupation of transmon level 4, 5, 6 remains
too small to be visible in the graph.)

state is realized only at the very end of the allowed gate duration. When we incorporate a Cg
or C7-type cost contribution, the optimal control algorithm also aims to minimize the overall
gate duration, so as to realize the target unitary or state in as short a time as possible, given
other active constraints. In our example, this reduces the time for a state transfer from 3 ns
to less than 1.5ns, see Fig. 6.2. We note that it is further possible to adaptively change the
overall simulation time during optimization. For instance, if further optimization was desired

in the case of Fig. 6.2(b), then the simulation time interval could be adaptively reduced to

~ 1.5ns — resulting in a significant cutback in overall computation time.
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6.1.3 Generating photonic Schrodinger cat states

As an example of quantum state transfer, we employ our optimal control algorithm to the
task of generating a photonic Schrodinger-cat state. The system we consider to this end
is a realistic, and recently studied [88, 125] circuit QED setup, consisting of a transmon
qubit capacitively coupled to a three-dimensional microwave cavity. External control fields
are restricted to the qubit. Working in a truncated subspace for the transmon (limiting
ourselves to levels with energies well below the maximum of the cosine potential), the full

Hamiltonian describing the system is

H(t) = wqub + %a bTb(b'h — 1) + wrala (6.3)

+gla+ah)(b+ o) + Q)b+ b) + Qu(t)bTd

Here, a and b are the usual lowering operators for photon number and transmon excitation
number, respectively. The frequencies wy/27 = 3.5GHz and a/27 = —225MHz denote
the transmon 0-1 splitting and its anharmonicity. The frequency of the relevant cavity
mode is taken to be w,/2m = 3.9GHz. Qubit and cavity are coupled, with a strength
parameterized by ¢g/2m = 100 MHz. In our simulation, the overall dimension is 154 =
(7 transmon levels) x (22 resonator levels). Note that the rotating wave approximation is
not applied in order to reflect the capabilities of modern arbitrary waveform generation.
The state-transfer task at hand, now, is to drive the joint system from the zero-excitation
state [0)g ® |0),- (the ground state if counter-rotating terms in the coupling are neglected)
to the photonic cat state |0)q ® |cat),. Here, the cat state in the resonator corresponds to
a superposition of two diametrically displaced coherent states: |cat), = \%(P\) + = A).
Coherent states are defined in the usual way as normalized eigenstates of the photon annihi-
lation operator a, and correspond to displaced vacuum states |\) = e~ AP/22a! |0). The cat

state |cat), is approximately normalized for sufficiently large A\. As our concrete target state,
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we choose a cat state with amplitude A = 2 (normalization error of ~ 0.03%). The state
transfer is to be implemented by control fields €, (¢) and ,(¢) acting on the transverse and
longitudinal qubit degrees of freedom, H, = (b + bT) and H, = blb, respectively. Matching
experimental realizations of multi-mode cavity QED systems [87], we do not allow for any
direct control of the cavity degrees of freedom.

This state-transfer problem provides an excellent test for an optimal control algorithm.
It incorporates the simultaneous challenges of a large number of time steps (8,000), a consid-
erable evolution time (40ns), and the application of most of the cost functions we discussed
in Sect. 3.4 and summarized in Table 3.1. Specifically, in addition to minimizing the target
state infidelity (C9), we penalize occupation of transmon levels 3 to 6 and cavity levels 20 and
21 (C5) to avoid artifacts from truncation, and penalize control variations (Cy) 1. Results
from the optimization are presented in Fig. 6.3, which shows the control-field sequence, as
well as the induced state evolution. At the end of the 40 ns time interval, the control fields
generate the desired cat state with a fidelity of 99.9%. The maximum populations at the
truncation levels of transmon and cavity are ~ 6 x 1070 and ~ 7 x 10719, respectively. We
independently confirm convergence with respect to truncation by simulating the obtained
optimized pulse for enlarged Hilbert space (8 transmon and 23 cavity levels), and find that

the evolution continues to reach the target state with 99.9% fidelity.

6.1.4 Hadamard transform and GHZ state preparation

We present a final set of examples illustrating the algorithm performance for increasing
system size. To that end, we consider a coupled chain of N qubits, or spin-1/2 systems.

We assume that all spins are on-resonance in the multiple-rotating frame. This system is

1. A cost function for reducing evolution time (C7) was not included in this example.
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described by the Hamiltonian
N
H(t) = Z [Qggn)(t)ag(gn) + Q?(Jn) (t)ag(/n) + Jagn)agm_l) , (6.4)
n=1

where the coupling term is understood to be dropped for the final summand (n = N). The
qubit-qubit coupling strength is fixed to J/2m = 100 MHz. Each qubit (n) is controlled via
fields an) and Qg(/n), with a maximum allowed drive strength of Qg’?& /27 = 500 MHz.

As a first optimization task, we search for control fields to implement the unitary realizing
a Hadamard transform, commonly used in various quantum algorithms. The gate time we
allow for the Hadamard transform is (2/V) ns, simulated with 10V time steps. Figure 6.4(a)
shows the number of iterations and wall-clock time required to converge to the desired 99.9%
process fidelity. For the same spin-chain system, we have also employed our code to optimize
control fields for transferring the system ground state to a maximally entangled GHZ state.
The overall time and time steps we allow for the GHZ state preparation is identical to
that used for the Hadamard transform gate. Figure 6.4(b) shows the number of iterations
necessary and the total wall-clock time spent for reaching convergence to a result with
99.9% state fidelity. For both examples, we employed computation on either CPU or GPU,
depending which one is faster. (This performance benchmarking data was shown in Section
5.4). We note that, when using a modest desktop PC with a graphics card, optimal control
problems for small Hilbert space size converge within seconds. For a 10-qubit Hadamard
gate (Hilbert space dimension of 1,024) or 11-qubit GHZ state (Hilbert space dimension
of 2048), it takes ~1 day to obtain a solution meeting the 99.9% fidelity threshold. The
total wall-clock time could likely have been reduced significantly by appropriate choice of
optimizer and/or initial control fields. In the case of a spin-chain system, like many quantum
information systems, as the number of elements increase, not only does the Hilbert space
grow exponentially, the number of control fields and the required number of time steps also

get larger. This further increases the complexity of the problem.
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Figure 6.4: Performance of optimal control algorithm as a function of qubit number for (a)
a Hadamard transform gate, and (b) GHZ state preparation. As system size increases, total
time and number of iterations for the algorithm grow rapidly. The larger number of control
parameters and complexity of the target state add to the challenge of quantum optimal
control for systems with many degrees of freedom.
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6.2 Protected qubits applications

6.2.1 Fluzonium gates

As discussed in section 2.5, the heavy fluxonium combines strong Josephson non-linearity
with 77 protection due to disjoint support of its lowest-lying localized wave functions. The
protection granted by disjoint state support, however, also complicates the realization of
universal gate operations by means of external microwave pulses: matrix elements for direct
transitions between disjoint-support states remain exponentially suppressed. In this sec-
tion, we show that optimal control algorithms can nevertheless yield efficient protocols for
a universal gate set. Such protocols necessitate involvement of higher qubit levels, and we
carefully evaluate fidelity limitations arising from temporary occupation of these states.

Experimentally, gates for heavy fluxonium have been realized by driving Raman transi-
tions [127, 35|, which utilize intermediary higher-energy states to assist indirect transitions
between the protected states. We will demonstrate a similar approach, exploiting the avail-
ability of intermediary state transitions using optimal control theory. The optimal-control
formalism offers greater flexibility in terms of pulse shape, and yields fast, high-fidelity single-
qubit gates with gate times below 100 ns and fidelities exceeding 99.9%. We obtain optimized
pulse shapes for X, H, and T gates, thereby establishing a blueprint for realizing arbitrary
single-qubit gate operations.

As typical in circuit QED [128, 8], each gate is realized by a microwave pulse applied
to a transmission-line resonator which, in turn, is coupled to the qubit. The corresponding

Hamiltonian for this driven, generalized Jaynes-Cummings model is

Hyc = el +wrala+ " gy [){T'| (" + a) + v(t)(al + a), (6.5)
! Ll

where ¢, |) are the fluxonium eigenenergies and eigenstates labeled by index [, and w;- is the
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resonator frequency. The relative coupling strengths are given by g; = g (! ng I'), where
ng is the fluxonium charge operator. Fluxonium eigenenergies and eigenstates are governed

by the Hamiltonian [85, 70]
1
Hy =A4Ecn + §EL¢2 — Ejcos(¢ + 2nPeyi /Do), (6.6)

in which Eq, Er, and Ej denote the capacitive, inductive, and Josephson energies, re-
spectively. ®qyt is the external magnetic flux threading the loop formed by the junc-
tion and inductor. For the heavy-fluxonium qubit, we choose realistic device parameters
Ec/h = 05GHz , Ef/h = 0.25GHz, and E;/h = 4.0GHz, and a flux working point
slightly away from half-integer flux, eyt = 0.45®q. This places the system in the protected
regime of nearly degenerate states |0) and |1) with disjoint support, see Fig. 6.5. (Operating
the qubit away from the half-integer flux sweet spot increases sensitivity to dephasing from
1/f flux noise.)

Throughout this work, we focus on dispersive control of the qubit, in which the drive tone
v(t) steers dynamics within the qubit subsystem, but leaves the resonator state essentially
unchanged. This allows us to exclude the resonator subspace from explicit simulation within
the optimal-control algorithm. We verified in a separate simulation that the resonator state
is unaffected by the drive tone by checking that the resonator average photon number obeys

(ala) < 1 during the gate. In the resulting driven-fluxonium Hamiltonian
H(t)=Hp+V(t), (6.7)

we properly account for the fact that the drive on the qubit is filtered through the resonator.

The dispersive coupling between qubit and resonator produces an effective drive on the qubit
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frequency [GHZ]

Figure 6.5: First four fluxonium wave functions, slightly away from the flux sweet spot
(Pext = 0.45P). The two lowest-lying states |0) and |1) are localized and have practically
disjoint support. The auxiliary states |2) and |3) delocalize over both potential wells and
serve as intermediate states for quantum gates. Gates involving population transfer between
|0) and |1) such as X or H gates utilize the delocalized states for transfer across the potential
barrier.
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of the form
N l[ g I
V(t) = 2gwyrv(t) g 4 2’ )

(@ —ep)

5 1] (6.8)

_w/r

For our simulation, we consider a coupling strength and resonator frequency of g/2m = 300

MHz and w, /27 = 7.5 GHz, respectively.

Single qubit gates

Using closed-system optimal control, we optimize the control pulse v(t) to realize three

different single-qubit gates: the Pauli-X gate, Hadamard gate, and the T gate,

0 1 1 (1 1 1 0
X = , H=—— . T=
10 v2 iy 0 e /4

The latter two gates are known to form a universal set of single-qubit gates [93]. Optimization
must balance two conflicting requirements: gate times ¢, should be as short as possible to
minimize the influence of dissipation and dephasing; at the same time, the maximum pulse
amplitude max |v(t)| must remain small enough to avoid population of the resonator with
unwanted photons. We find that pulses with ¢4 on the order of a few tens of nanoseconds
satisfy these conditions while also producing gates with high fidelities. In addition to the cost-
functional contribution, quantifying the target-gate infidelity, we employ additional pulse-
shaping cost contributions to limit the time derivatives and maximum amplitude of the pulse
v(t). Suppressing the maximum amplitude ensures that occupation of the resonator with
spurious photons is minimized. The cost on pulse derivatives helps eliminate unnecessary
high-frequency components of v(¢) and render the pulses as smooth as possible, which is
important for experimental applications, since instruments generating these control fields
have a finite impulse response.

The pulses we obtain have a gate duration of t; = 60ns and closed system fidelities
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Figure 6.6: High-fidelity single-qubit gates for heavy fluxonium. (a) Optimized pulse shape
v(t) and its discrete Fourier transform o(f) for the Pauli-X gate, achieving a gate fidelity
of 99.94%. The Fourier transform exhibits distinct peaks that align with the transition
frequencies among the involved levels (see inset). (b) Corresponding pulse data for the
Hadamard gate with a fidelity of 99.933%. (c) Optimized pulse for the T-gate with 99.933%
gate fidelity. The Fourier transform shows a single peak centered at the |1) <> |3) transition,
serving to induce the required phase shift of /4 for state |1).
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> 99.9%. The panels of Fig. 6.6(a)—(c) show the pulse v(¢) in the time domain and its discrete
Fourier transform o(f) in the frequency domain. While interpreting GRAPE-optimized
pulses is notoriously difficult, we note that general features of the three pulses and their
frequency components can be given physical meaning. The Pauli-X and Hadamard gates
both exhibit relatively well defined peaks in their Fourier spectra o(f) which coincide with
the relevant transition frequencies among the lowest four levels primarily involved in the
performance of the gate operation, see inset in Fig. 6.6(a). Visual inspection of v(t) further
reveals the staggered application of different frequency components. The initial and final
~ bHns time windows are dominated by high-frequency components related to transferring
the system from the |0), |1) subspace to the delocalized states |2), |3) (and back). The
central time window between ¢ = 5ns and 55ns shows involvement of the low-frequency
components associated with the transfer between the intermediary states |2) and |3). The
T-gate, by contrast, exhibits a Fourier spectrum o(f) with only a single dominant frequency
component corresponding to the |1) <> |3) transition. This is plausible, since the T-gate
does not necessitate population transfer across the potential well. The transition peak for
1) < |3) facilitates the needed ¢?™/4 phase accumulation for the |1 state.

Further evidence for this interpretation is given by Fig. 6.7, showing the probabilities for
occupying the various fluxonium eigenstates as a function of time. For the Pauli-X gate and
the Hadamard gate, occupation probabilities p;(t) = |(I]1)(t))|? are obtained for the example
of initial qubit state [¢(0)) = |0). As expected, the X-gate transfers population into the
final state |1), while the H-gate takes |0) into an equal superposition of |0) and |1). Both of
these gates rely on the auxiliary states |2) and |3) to transfer population between the qubit
compuational states. By contrast, the T-gate exhibits qualitatively dissimilar behavior since
there is no need for state transfer across the fluxonium potential barrier. Instead, the much

weaker control field only causes a small amount of intermediate population transfer from |1)

to |3) for phase accumulation.
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Figure 6.7: Time-evolution of state populations for 60 ns high-fidelity single-qubit gates. (a)
The time-evolution of states involved in the X gate shows state transfer between the qubit
computational states via the delocalized |2) and |3) states. (b) For the H gate, states are
transferred into an (approximately) equal superposition of |0) and |1). (c) In the T gate, the
|1) state acquires an additional phase due to temporary state transfer into the |3) state.
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Figure 6.8: Controlled-Z gate for two heavy-fluxonium qubits with a gate time of 60ns
[Pext,1 = 0.45®( (target qubit) and Pey o = 0.455®@( (control qubit)]. (a) The top panel
shows optimized pulses acting on the target and control qubit, v(¢) and w(t), respectively,
achieving a closed-system fidelity of 99.4% and open-system fidelity of 99.0%. The cost
functionals used are C7, C3, and Cy. The bottom panel shows occupation probabilities of
system eigenstates |ml), with [11) chosen as the initial state. |11) undergoes the significant
population to intermediate states so to induce a phase of ¢!, as required for the CZ gate.
(b) Real part of the resulting unitary Uy achieved by optimization, showing levels |0/) with

0<1<7,]10), and |11). Matrix elements between states in the computational subspace are
marked by dashed squares.
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Controlled Z gate

A universal set of gates would not be complete without a controlled two-qubit gate. Here,
we show a pulse optimized to activate a controlled-Z (CZ) gate using the same gate time
tg = 60 ns. Here, we consider two heavy fluxonium qubits that differ by the amount of
magnetic flux threading them (all circuit parameters are identical to the ones used for the
single qubit case). Each qubit is indirectly coupled to a shared resonator through a small
capacitor. For our configuration we choose a target qubit with magnetic flux ®eyy = 0.45P
and a control qubit with magnetic flux @yt = 0.475®(. The resulting Hamiltonian for such

a configuration is given by
) =W + 7P + 70D L yvO @) 4 v, (6.9)

This equation is similar to equation (6.7), where H](ci) is the Hamiltonian for the it" device
(i = 1,2) and V() is the dispersively filtered drive acting on each, in the form given in
equation (6.8). Due to coupling to a shared resonator, there is an effective coupling H (1.2)
between the two devices.

The optimization yields a pulse that activates a CZ gate shown in Fig. 6.8(a). We obtain
a gate fidelity of 99.4% . We use a truncated Hilbert space dimension of 8 for each qubit.
Fig. 6.8(b) depicts the final unitary matrix U £ achieved in the optimization. It is given in
the product basis |mn), with m and n labeling control and target qubit levels respectively.

The relevant 4x4 computational subspace {|00),|01),/10),/11)}, marked by dashed rectangles,

has the form expected for a controlled-Z unitary.

06.2.2 0-m gates

As explained in section 2.6, the 0-7 device can combine exponential suppression of dephasing

and relaxation due to wave function localization and ground state degeneracy. However
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unlike heavy fluxonium, there are two major additional complications to consider. The first
complication is the presence of disorder in the circuit components. Circuit disorder can lead
to a spurious coupling to an additional harmonic degree of freedom [32, 51|, the ¢ mode,
which leads to unwanted loss of coherence. The second and most pressing complication is the
uncontrollable amount of offset charge on the large circuit capacitors faced in experiment.
This unpredictable offset charge makes it difficult to realize single qubit gates due to the
heavy dependence of higher energy eigenstates on it. Transitions into high energy states are
essential to realizing gates. Fig. 6.9 shows the dependence of a selection of matrix elements
on the value of the offset charge. We see that some higher-level matrix elements have a
significant dependence on ngy and hence we will incorporate that into our optimization.

In running optimal control we choose an “optimistic” parameter set that allows for an
appropriate amount of qubit protection but also may be realized in future experiments. The
parameter set was obtained from ref. [51] in Table 1. They are £ = Ec = 40 MHz, E; = 10
GHz, and E-j = 20 GHz. The eigenspectrum as a function of external flux is given in Fig.
6.10 along with the device eigenstate wave functions that are used as qubit and auxiliary
states. The qubit states are localized along the 8 = 0 and # = 7w axes so we denote the
logical states by |0) and |7).

While the 0-m qubit exhibits intrinsic protection from decoherence in this parameter
regime, like heavy fluxonium this protection inadvertently prevents us from driving direct
transitions between the two qubit states (|0) and |7)). In the work of ref. [101], the authors
perform operations between these two states indirectly via a square pulse which drives tran-
sitions into intermediate higher excited levels, optimizing over the pulse amplitude and gate
time. They achieve different single qubit gates (X, H and Z) by tuning device parameters.
However, tuning device parameters in situ is experimentally challenging, so performing uni-
versal gates on |0) and |7) may be easier met by tuning the shape of an external drive acting

on an ancillary resonator. Employing optimal control to find the correct pulse shape for each
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Figure 6.9: 0-m charge matrix elements with respect to 6 variable vs. offset charge ng.
Transition matrix elements show a much greater dependence on offset charge for transitions
between delocalized high energy states. This is a critical issue for optimal control since ng
is not a fixed parameter.
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desired gate gives us much more optimization flexibility than optimizing over amplitude and
gate time alone. Let us now consider our optimal control scheme where there is no circuit
disorder present, focusing solely on the complication of unconstrained offset charge. Offset
charge ng appears in the 0-m Hamiltonian as an external parameter in the kinetic term for
the periodic degree of freedom 0, qg /2Cy — (g — ng)?/2Cy. Together, the drift and control

Hamiltonian for 0-7 has a similar form to the heavy fluxonium case in the previous section
H(t,ng) = Hy—r(ng) + V(t). (6.10)

The control Hamiltonian V'(¢) takes the form of equation (6.8) only with ny replaced by ng.
This drive is thus filtered through an ancillary resonator as before.

The unpredictable dependence on offset charge ng requires some modification of closed-
system optimal control. Rather than choosing a fixed drift and control Hamiltonian for
optimization, we choose a drift and control Hamiltonian randomly from different values of
ng in every iteration. A different fidelity for each value of ng is obtained, but with careful
tuning of cost-function weights, these differences are small and the fidelity is nearly constant
for all values. We obtain a pulse that is optimized over all values of offset charge that yields
some average fidelity Fayg.

In Fig. 6.11 we present pulses optimized using closed-system optimal control for three
single qubit 0-7 gates X, H, and T, using the same gate time t; = 60 ns. Average gate
fidelities range from 98.63% for the X gate, to 99.35% for the H gate, and to over 99.9% for
the T gate. The lower average fidelities for the X and H gates can be attributed to the heavy
dependence on ng of the transition matrix elements (ng);» between high energy unlocalized
states (see Fig. 6.10(b)). Pulses for X and H gates require the qubit to occupy these high
energy auxiliary states temporarily, causing optimizations for different n4 to compete more.
A high fidelity pulse for ng = 0.5 is likely to yield a low fidelity for ng = 0, therefore a lower

overall average fidelity would serve as a compromise between the two extremes. Fig. 6.11
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Figure 6.10: 0-m energy vs. ®ext, the O-m eigenfunctions |0), |1), [13), & |14), and O-7
charge matrix elements with respect to ¢ variable vs. offset charge ny. The bottom two
eigenfunctions shown, used as qubit states, are localized and near degnerate at ®eyxt = 0
with parameters £ = Eo = 40 MHz, E; = 10 GHz, and Eoy = 20 GHz. The top two
eigenfunctions shown are delocalized high energy states that occupy both potential wells.
They serve as two auxiliary states to carry out our gates.
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Figure 6.11: Optimized pulses for single qubit 0-7 gates and pulse fidelities vs. offset charge.
a) Control pulse v(t) that activates a qubit flip (X) has three distinct roughly equally spaced
regions: 0-5, 5-55, and 55-60 ns. The first and last regions propel the qubit in and out of
one of the potential wells and the middle region steers it through the high energy delocalized
states. Pulse fidelity variations over offset charge are revealed to be small compared to the
average fidelity. This was intended since we want our pulses to be insensitive as possible to
changes in offset charge. The red dashed line indicates the average fidelity. b) and ¢) These
pulses are the corresponding ones for the H and T gates.

shows that variations in fidelity across ng are small relative to the average, which renders the
optimized pulse roughly insensitive to offset charge variations. Figure 6.12 (a-c) depict the
eigenstate time-evolutions for each gate starting in the ground state. We see in Fig. 6.12 (a-
b) for X and H respectively a clear transfer of population from one potential well (containing
states |0), |2), & |6)) to the other (containing states |1), |3), & |7)). High energy auxiliary
states are occupied in the middle of the gate which primarily include states [10), |11), [13),
and |14). Figure 6.12 (d-f) reveal how high in energy the qubit ventures by showing the
average eigenstate number and the fluctuations about the average. We plot the evolution of

the total 0-m wave-function starting in the ground state for the Hadamard gate pulse in Fig.

6.12 (g) to further illustrate the utility of our pulses.
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Figure 6.12: 0-7 eigenstate and average eigenstate number time-evolution at ng = 0 for X,
H, and T gates. Equally spaced time snapshots of 0-7 wave function for our Hadamard gate.
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We will now address the concern of the effects of circuit disorder on the device - in
particular disorder in the large capacitor C' and inductor L which leads to spurious coupling
to a harmonic degree of freedom. This degree of freedom ( corresponds to a harmonic

oscillator mode with mode frequency Q¢ /27 [32]. The resulting Hamiltonian reads

H(t) = Ho—r + Qcala+ Y (kg |)(I'| a+ hoc.), (6.11)
Ll

where |[) are O-7 eigenstates corresponding to energy Ej and xjy = HZ, + mlel’ are coupling

strengths defined by

Ky = Ecx(dC/2)(32EL/E)* (ilng|l') (6.12)
1
KD = 5EchEL(azfzc/EL)l/4 {Ungll'y. (6.13)

Here, we take the disorder in the inductor and capacitor to be 5%, dL = dC = 0.05. The
addition of disorder requires us to incorporate an additional component to the drive. A drive
on the 0 degree of freedom also spuriously drives the zeta mode. As a result, rather than

the drive coupling to just ng, the drive couples to the modified operator

ng — ng — ﬁnc, (6.14)

in which n; is the momentum operator of the zeta mode and 8 = CdC/C; (refer to ref. [101]
- appendix A for derivation). We take C¢ ~ 2C, so 8 ~ dC/2 = 0.025 in our simulations.
Utilizing the pulses optimized using our closed-system optimizer shown in Fig. 6.11, we
evolved the 0-m 4+ (-mode system with the Schrodinger equation and calculated the resulting
average gate fidelities for X, H, and T. The resulting average fidelities for disordered 0-7 were
97.40% for X, 98.81% for H, and 99.99% for T. These all constitute reductions in fidelity

from the non-disordered case. These reductions are most likely due to the small amount
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of 0-m state dressing due to (-mode coupling and the corresponding changes to the device
eigenspectrum. Since €2¢ is much less than the energy splitting between different 0-7 states,
our pulses did not populate the (-mode to any appreciable amount, otherwise we could have
expected the average fidelities to be much less. In the future, it may be a viable option to
further refine our pulses using optimal control to correct for the loss due to (-mode. However
this will require a significantly larger amount of computational overhead due to larger Hilbert
space.

Lastly, the presence of the (-mode may open up an unwanted decoherence channel that
is absent in the symmetric 0-7 device. This channel can include shot-noise dephasing due to
thermal excitations of the (-mode. However, the authors in ref. [101] proposed a method to
cool the (-mode to its ground state using an additional frequency-tunable resonator, thereby

enhancing its coherence time and eliminating unwanted shot-noise dephasing.
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CHAPTER 7
OPEN-SYSTEM DYNAMICS

7.1 Introduction

Including the effects of dissipation and dephasing on quantum systems requires the simulation
of open dynamics. Typically, this can be described by a Markovian Lindblad master equation
[17]. A key difference between open and closed dynamics is that the open case propagates
the quantum state as a density matrix instead of a state vector. Most of the working closed-
system algorithms can be generalized to the open case but would have to propagate density
matrices of dimension d2 instead of state vectors of dimension d, where d is the system
Hilbert space dimension. Open-system optimization algorithms include open versions of
GRAPE [66] and Krotov’s methods [75]. Algorithms using density matrices to represent
the quantum state were successfully used in some applications of small system size [50,
118, 24, 60]. While traditional propagation requires matrix multiplications and exponentials
of superoperators of dimension d2 x d2, some more recent approaches rely on propagating
the density matrix through different integration methods [53, 45, 15]. Notwithstanding
the achieved improvements, these techniques are still based on storing and propagating
matrices of size at least d x d. In addition, propagation is generally implemented via complex
integration techniques. Most of the applications demonstrated with these techniques were
limited to moderate Hilbert space sizes.

A useful alternative for simulating the dynamics of open quantum systems is to employ
quantum trajectories. Quantum trajectories describe the effect of the environment on the
system by a stochastic Schrodinger equation (SSE). This SSE governs how the evolution
of the system is conditioned on the measurement processes of the environment [17, 133].
The average over many trajectories reproduces the master equation solution. Trajectories

offer a promising memory-efficient approach to open optimal control since generating every
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trajectory requires only sparse matrix-vector propagation. Recently, the use of trajectories
has been proposed in Krotov-based optimization [47] for a specific choice of optimization
target. However, there has been little work on the use of quantum trajectories in direct
gradient-based optimal control, since the stochastic nature of trajectories makes it difficult
to provide analytical forms of gradients for gradient-based algorithms. In the following
chapters, we will present a gradient-based trajectories optimizer that significantly reduces
the simulation complexity and is flexible with respect to the choice of optimization targets.
The optimizer relies on automatic differentiation to calculate the necessary gradients for
optimization. In this chapter, we start by giving an overview of open-system dynamics and

the standard open-system optimal control theory.

7.2 Lindblad master equation

7.2.1 Density matrices

The state of a quantum system can be represented by a density matrix p which is generally
a mixture of different initial orthonormal states {|);)} with probabilities {p;}. Specifically,

the density matrix is a hermitian matrix of dimension d x d, defined as
p=>_pilts) (Wil (7.1)
1

The density matrix has the following properties:

1. Normalization: Tr(p) = >, p; = 1.
2. Positivity: p > 0 since p; > 0.
3. Hermiticity: p = pT.

If the density matrix satisfies the condition p? = p, this defines a pure density matrix. A

pure density matrix can be represented as p = |¢;) (1], which is equivalent to describing
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the system with the ket |¢]) In general, however, the system state may not be pure and
hence cannot be described by a single ket.
The time evolution of density matrices in closed systems is governed by the von-Neumann

equation that generalizes the Schrodinger equation to

00 i, (o) (7.2

7.2.2  Assumptions of the master equation

To include the effects of the quantum system interacting with its environment, we note that
both share a density matrix in the combined Hilbert space of system + environment. The

Hamiltonian of such an open system interacting with its environment takes the form

Htot =H+ Henv + Hinta (7~3)

where H is the Hamiltonian of the system of interest, Hepy the Hamiltonian of the environ-
ment and H;y; the corresponding interaction Hamiltonian. Therefore, one can utilize the
von-Neumann equation for evolving the combined density matrix in time. However, as we
are only interested in the state of the quantum system p = Treny(ptot), it is desirable to
obtain an approximate equation for the time evolution of just the reduced density matrix p.

The Lindblad master equation is one such equation that is widely used because its as-
sumptions are reasonable for a variety of systems [17]. The first assumption is the weak
coupling of the system to the environment which allows for treating the interaction per-
turbatively using the Born approximation. Next, the master equation assumes that the
correlation times of the environment excitations are much smaller than the characteristic
time scales of the quantum system. This allows the approximation of treating the dynamics

of the system as Markovian. In Markovian dynamics, the time evolution of the reduced
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density matrix only depends on the state at the current time and there is no need to know

any past information about the system, i.e. the time evolution has no memory.

7.2.3 The master equation

Performing both approximations yields the final form of the Lindblad master equation

o0 _

. 1
5 = Ul =5 S uldap+ pcfe; —2c0c] = L. (7.4)
]

Here, {¢;} is a set of so-called jump operators, describing relaxation and dephasing emerg-
ing from the interaction with the environment, with associated rates {v;}. £ denotes the
Liouville superoperator and we have set A = 1.

Following the evolution of open quantum systems requires propagation of the full d x d
density matrix. Numerically, this may be realized by expressing the density matrix as a
vector and propagating it via matrix exponentials of the d? x d? superoperator. As Hilbert
space size increases, this process can require heavy computational resources in comparison
to the closed-system dynamics governed by propagators of size d x d. In the next section,
we discuss an alternative way for obtaining the open-system dynamics that is more similar

to closed-system evolution.

7.3 Quantum trajectories

Quantum trajectories are sample paths obtained because of performing measurements on
the system by the environment. To discuss the different valid measurement schemes the
environment can perform on the system, we first explain what constitutes a valid quantum

channel/map.

87



7.3.1 Quantum channels and generalized measurements

A quantum channel is a completely-positive trace-preserving (CPTP) map that preserves
the positivity of the density matrix and also its normalization condition. One such CPTP
map corresponds to a generalized measurement on the quantum system. A generalized
measurement has & possible outcomes with & measurement operators {4;}. Depending on

the individual measurement outcome, the density matrix is mapped to:

AipA]
outcome i: p — —ZT (7.5)
Tr(AipA;)
with probability
pi = Tr(A] Azp). (7.6)

For the generalized measurement to qualify as a valid CPTP map, the probabilities must

sum to 1 so that the trace of the resulting density matrix is preserved. Hence,
Spi=1= Y TrAlap) =1 = > al4,=1 (7.7)

The operators {4;} are usually called the Kraus operators and they completely define

the quantum channel/map M via

Mip— Y AjpAl (7.8)

7

7.3.2  Quantum jump trajectories

A quantum trajectory is realized as the state of the system is conditioned upon measurement
results [133]. The simplest kind of quantum trajectories involves jumps, meaning that the
evolution is discontinuously conditioned on measurements outcomes. To discuss this discon-

tinuous conditioned evolution, we define a quantum channel (representing the measurement
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process) that evolves the system infinitesimally from p(t) to p(t+dt), 0t < 1. We know that
for closed-system dynamics, the corresponding infinitesimal time evolution for state vectors
is obtained by the propagator U(t;t + 0t) =~ 1 — iHd§t. Quantum jump trajectories assume
a similar form for the infinitesimal evolution resulting from monitoring the system via the

environment [133]. We define a first Kraus operator as

AW:L4H&—§&, (7.9)

where R is a Hermitian operator. To first order in ot
AlAg =1 — Rat. (7.10)

If R = 0, no measurement takes place and we recover the von-Neumann dynamics. However,

if R # 0, there must exist other Kraus operators that satisfy the condition

S~ Al4; = Rat. (7.11)
i#0
One choice for the other Kraus operators is defining A; = \/7;0tc; where ¢ # 0 and {¢;} are
the jump operators defined in the Lindblad master equation. Hence, a valid quantum map

is defined by the following Kraus measurement operators

Aj = Vidt ¢, i #0

2

(7.12)
AO =1 - (ZH + )(St

The corresponding evolution of the density matrix follows equation (7.8)

T
cc
iH Zl’ﬂll

p(t+6t) = [1—( 5

cle
)6t]p(t) [1 — (—iH + %)51&} + Z ’ylclp(t)c;ét. (7.13)
l
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Keeping only terms of first order in dt, we recover the Lindblad master equation exactly.
Therefore, quantum jump trajectories are equivalent to the master equation evolution.

The probability for any outcome i # 0 is given by

P, = (5t'yiTr(c;-[cip), (7.14)

.‘_

which is infinitesimal if ¢;¢; is bounded as assumed in the master equation. Therefore,
Py = 1 — O(dt) is the more probable outcome at all infinitesimal time intervals. Hence,
the measurement outcome corresponding to A; is usually referred to as a null result. Mea-
suring this null outcome is equivalent to (unnormalized) propagation with an effective non-
Hermitian Hamiltonian H.g = H — %Zl wc;rcl. On the other hand, detecting one of the
jump outcomes has an effective (unnormalized) evolution of multiplying the state vector by
the jump operator.

Therefore, the open-system quantum dynamics can be obtained via a stochastic-sampling
approach which simulates m independent trajectories. Each trajectory undergoes dynamics
of a complexity similar to that of a closed system, and thus only requires propagators of size

d x d which helps reduce the computational cost. The generation of these trajectories in a

simulation is summarized as follows [29]:

1. Discretize the total evolution time into small time steps dt.

2. Propagate the initial state |¢)g) with the effective non-Hermitian Hamiltonian
7
Hog=H— 3y cle. (7.15)
l

The norm |||¢)(¢))]| of the resulting state will decay over time.

3. Generate a uniformly-distributed random number r € [0, 1).

4. Keep propagating with Heg until ||[o(¢))]|?
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one jump operator from {¢;}, according to probabilities o< (¢(t)|v; c;rcl [t(t)). Apply

the jump operator to the state, and normalize the result.
5. Repeat steps 3-4.

The expectation value of any Hermitian operator A can be obtained by averaging over a

sufficient number M of trajectories,

(AN(E) = TrlAp(t)] % = 3 W (1)] Al (0) (7.16)

m

with statistical error o4 o \ﬁ [47].

Using quantum trajectories to simulate the dynamics of open systems has several advan-
tages. First, the complexity of computations is O(M d3) instead of O(d%) as would be needed
to propagate the full density matrix. [Note: matrix multiplication of matrices of size d x d is
O(d3).} In addition, we can use the sparsity of matrices that typically arise in most quantum
applications to significantly lower the complexity of matrix-vector multiplication to O(dQ).
Therefore, for large Hilbert space dimensions where M < d3 (with d o 2™ growing exponen-
tially with n, the number of qubits), the use of quantum trajectories can significantly reduce
the complexity. While M must be large enough to overcome the statistical noise in the
trajectories outcomes, we will propose schemes to reach statistical convergence with a lower
number of trajectories. In many practical cases, quantum jumps turn out to be rare. We
propose a protocol that takes advantage of the rarity of jumps, and only requires computa-
tion of a smaller set of trajectories, hence reducing the complexity even further. In addition,
quantum trajectories reduce the memory requirements for calculating the forward evolution,
as superoperators are never stored in memory explicitly; only propagators of size d x d are
calculated instead. Finally, since trajectories are independent of each other, this method is
also highly parallelizable. Different trajectories can be run on different computational nodes

in parallel, thus reducing overall computation time.
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To present how quantum trajectories can be used in optimal control, we first review the

relevant gradient-based optimal-control techniques and cost functions in the next chapter.
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CHAPTER 8
OPEN-SYSTEM OPTIMAL CONTROL THEORY

8.1 Open-system fidelity definitions

We first review the different definitions of fidelities in open-system optimal control, since the

fidelity constitutes our main maximization target.

8.1.1 State transfer fidelities

One important fidelity metric is concerned with transferring the system from one (or multi-

ple) initial states to specific target state(s). If the target state is p; and the final state is py,

F = (Tr\/ Voo /o) (8.1)

Since our target state is usually a pure state py = [1¢) (1|, we have \/pr = |¢¢) (Vt| = py

the fidelity is defined by [93]

and the definition reduces to

F = (Tr\/pipspi)* = (TF\/(@/)H pf ) pt)2 = (\/ (Wil py [0y Tr(\/pr))? = Tr(pr pg). (8.2)

Next, we will discuss definitions for gate-fidelities in open quantum systems.

8.1.2 Consistent open-system fidelity metric F,

It is important to consider the effects of dissipation on optimized gates. Therefore, it is de-
sirable to define an open-system fidelity measure that reduces to the same fidelity expression
in the case of treating the system as closed. This allows for a consistent way of comparing
fidelities between open and closed system dynamics.

To define our metric, we first introduce a vectorization technique to density matrices. In

this technique, we stack the rows of the density matrix p (n by n) into a vector |p))(n? by
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1) such that

p=> pijli) Gl — o)) = pijli) 13}, (ol = > pi; Gl (il (8.3)
ij ij

ij
Then we can write the evolution of the system density matrix p in terms of a superoperator
L (n? by n?) as

L1p(0))) = [p(1)))- (8:4)

We propose the use of the following measure for the open-system gate fidelity

1
F,= mTr(LILf), (8.5)
where Ly is the target superoperator and Ly is the final achieved superoperator.

This metric reduces to the expression of the closed-system trace fidelity
F. = |Tr(UJU f /n)|? if dissipation is ignored. To prove this, we first describe the action on

vectorized states equivalent to matrix multiplication from the right and left on p,

Ap =37 pijAli) Ul — Alp)) = S Al ) = A T |o)), (5.6)
ij 17
pB=3"pili) GIB — Bl =Y i) BT [y =10 B o). (87)
ij ij

In the case of closed dynamics, the system density matrix is a pure state |¢) (¢| and

therefore the action of the superoperator will reduce to

Lep = L) (] = Uy (| UT = UpUT, (8.8)

where U is the closed dynamics propagator. In the vectorized picture, the action of L.
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becomes

Lep = UpUT — Le|p)) = U @ U* |p)). (8.9)

Therefore, to calculate Fj, in that case, we can write
Fo= UiV, 0 UTU%) = S me(uiv)2 = F 8.10
0= 5 tYf tf_nzrtf>|_c’ (8.10)

which reduces exactly to the closed-system gate fidelity, thus generating consistency of open

and closed-system fidelities.

8.1.3 Relation between average gate fidelity and F, for single-qubit gates

Another common metric for open-system gate fidelities is the average gate fidelity defined

by averaging state transfer fidelities over all pure input states

_ 1

where F|1P><1/J| is the state transfer fidelity defined as

Flgy = Tr(Us [0) (0| U} M) (1)), (8.12)

and M is the CPTP map representing the master equation. Here, we investigate the rela-
tionship between our definition for the open-system fidelity F, and the average gate fidelity
F. From this point on, we restrict the discussion to single-qubit gates, n = 2.

Ref. [16] shows that F' can be calculated by expanding pure states into basis of Pauli

matrices as

F=Tr (U%Uj M [%D + % ST (Ut%Uj M [%D , (8.13)

]:x7y7z

where {0} are the three Pauli matrices and o is the identity matrix. The first term in
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equation (8.13) reduces to %, and the average gate fidelity is finally expressed as

_ 1 1
F:§+EZT1“ (UtOjUJM[Oj]) (814)
j:x’y7Z

This expression shows that the average gate fidelity can be calculated as the sum of three
state-transfer fidelities, as opposed to the continuous integral in the original definition. This
simplifies the task of calculating F' as no superoperators are explicitly needed. We claim
that F, can be calculated in a very similar fashion.

Starting from the definition of F|, [equation (8.5)], we calculate the trace in the orthonor-

mal basis of {%} where j = 0, z, y, z. (Note that since Tr(p1p2) = ((p1|p2)), we have
({oil o)) = 20;5).

1 1 1
F, = ) 5 <<Uj LILf|aj>> =3 Z Tr (UtJjUtTM [Uﬂ)
O,IL',y,Z jZO,I,y,Z
1 1
:Z—Fg ZTI" (UtUjUQLM[O’j}>,

J=x,y,%

(8.15)

which is indeed very similar to the expression for . Comparing equations (8.14), (8.15), we

conclude that the two fidelity measures can be obtained from one another via

_ 2 1
F=2F Z. 8.16
9 3 O_|—3 ( )

FO: F_

| W
N | —

So, the same techniques and shortcuts used to calculate F' can be used to calculate F,, while
F}, has the advantage of being consistent with the closed-system fidelity metric in the proper
limit.

We note that ref. [102] describes the average gate fidelity for a closed-system optimization
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and reaches the final expression of

_ 1 f
IQ_agrﬁmﬂmUﬁP+nL (8.17)

where n is the Hilbert space dimension. For n = 2, we get

_ 1 2 1
Fo= S(L(U{UpP +2) = ZFe+ <. (8.18)

This result represents the special case of equation (8.16) when the system is taken to be
closed. Our work shows that the result in ref. [102] could be generalized to the case of

open-system dynamics.

8.1.4 Subspace gate fidelities

In many realistic scenarios, a single qubit is embedded in a bigger Hilbert space of a qudit
(n > 2). Both the fluxonium and 0-7 qubits have higher levels that are ultimately used to
transfer the population between |0) and [1). In this section, we revisit definitions of fidelity
to accommodate for embedding the qubit in a larger Hilbert space.

The definition of the closed-system trace fidelity can be altered such that the trace is

only calculated for the relevant part of the dynamics:

1
Fe= Z|Tr(Mrel)|27

(8.19)
My = PUJUP,

where P is the projection operator onto the 2-dimensional qubit subspace.

Similarly for the closed-system average gate fidelity, ref. [102] shows that equation (8.17)
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should be modified to

_ 1
FC_

= T 1)(|Tr(Mre1)| + Te(Mye M), (8.20)

where n,.. = 2 is the qubit subspace dimension.

Focusing on the second term, we get

Te(Myo MYy) = Te(PUJ U PPULUP) = 3 (i PUTU PUL(UP i)
i=0,1

= > Wil UpPU} i) = To(PUFPULP),
i=0,1

(8.21)

where in the second line, we used P2 = P. In the third line, we utilized the fact that the
target unitary projected onto the qubit space will not leak into higher subspaces. Instead,
it will act as a unitary transformation from the orthornormal basis of {|0),|1)} to another
complete orthonormal basis {|ig) , [t)1)}. Therefore, the second term in equation (8.20) is
not necessarily equal to n. as My can be non-unitary, if there is leakage into higher levels
at the end of the gate.
Combining the new expressions for both F, and F,, we get
- 2

_ 11 i

The extension of this approach to the open-system fidelity Fj, is similar where the super-

operator product is projected first onto the qubit subspace.
1 I
F, = ZTr(PLthP). (8.23)

However, expanding F, into the Pauli matrices basis will not yield the same expression as

before due to possible leakage into higher levels. Re-defining the Pauli matrices in the bigger
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Hilbert space as

EZU’L]]{J‘]
7.k

(8.24)
the fidelity takes the form
Z Tr (UtU}UtTM [aﬂ)
J =0,2,y,
(UtaoUTM[ D +é > T (viojvf M) (8.25)
Jj=zy,z
bl z ]
Tr (0’ M{ }) + j ny’fr(Uto U, ./\/l[ D

/
The first term will reduce to zle only if M [%] keeps the final density matrix in the qubit
subspace.

Finally, the average gate fidelity in the open-system case as in equation (8.13) will be

F— %Tr <06,/\/l {%61) + 1—12 ZTr <UtU;-UtTM[U/D

i), (8.26)
J=x,y,%

which leads to the general relation between £ and F,

/
F, = gﬁ’ - %Tr (06/\/1 [%})
. ; (8.27)
_ g,
F=2F+ 3T (06/\4 H)D

This expression reduces to the relationship in equation (8.22) in the case of closed-system
dynamics.
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8.1.5 Clalculating gate fidelities with quantum trajectories

Since the open-system optimizer we are proposing is based on quantum trajectories, the
target fidelities need to be expressed in terms of initial pure states. In the case of a 2-
dimensional qubit, ref. [16] proves that F' (and hence F, = %F — %) can indeed be expressed

in terms of the average of four state-transfer fidelities of pure states as
1 1 T
F= 1 Z Tr <Ut,0jUt M [pﬂ) , (8.28)

where p; = %(00 + 77 ), r = \}5(1,1,1), ro = \%(—1,—1,1), rg = \%(—1,1,—1) and
ry = \/Lg(l, —1,—1). Therefore, if the qubit is not embedded in a bigger Hilbert space, both
F and F, can be calculated by quantum trajectories. This calculation involves comparing

the final state achieved in every trajectory with the corresponding target state for the four

specified initial states,

%H

m
Jj=1

4 -
—Z v ([) (Wej| M) (&5]) :4—ZZ| (Wil s 12, (8.29)

where m is the simulated number of trajectories for each initial state, |¢;;) and [i;;) are
the target and final states starting with initial state |1);), respectively.

Since the fluxonium and 0-7 qubits have more than two levels, we need to consider the
generalized case represented by equations (8.25) and (8.27). As shown, the expansion in
Pauli matrices results in four terms. However, only the identity term differs from the n = 2
case. The three other terms can be calculated in a similar manner by averaging over the

specific four initial states mentioned above. The full expression becomes

F= EZTI (Uen;Uf Mpj]) + % [Tr (a(')M [%ﬂ) - 1} , (8.30)



and

4

F,= gZTr (Utijj M [pj}) + }1 {Tr (06 M {%6}) - 3} . (8.31)

J=1
The first term in both expressions can be calculated with quantum trajectories using
equation (8.29). Meanwhile, the second term can be expressed in the trajectories framework

with the use of the following identity

([ 3]) = ([

1 (8.32)
:_m Z wfj|P|¢fj | )

1 tra

where {[1ro) ,[1f1)} are the final trajectory states starting with initial states {|0), [1)}.

In summary, we have shown that different gate fidelities in open quantum systems can be
calculated as a linear superposition of a finite number of state-transfer fidelities. Therefore,
we will focus on state-transfer fidelities and the algorithms that exist for calculating their

gradients.

8.2 Open-system GRAPE

In standard optimal control theory, time evolution is discretized into N time steps of du-
ration dt as discussed in section 3.2. During each time step j, the Hamiltonian consists of
adjustable control parameters uy;, assumed to be constants for each period dt. These con-
trol parameters multiply a set of control Hamiltonians Hj. which are added to the constant

system Hamiltonian (the so-called drift Hamiltonian) Hy),

Hj = H(jdt) = Ho+» uy;Hy. (8.33)
k
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This set of discretized Hamiltonians is used to propagate the initial state(s) at ¢ = 0
towards the final state(s) at t = ¢;y. In the case of open quantum dynamics, the standard way
to perform such propagation is through Liouville superoperators £; which can be separated

again into drift (including dissipation) and control superoperators as
,Cj =L+ Zuk][,k (8.34)
k

The goal is to determine the optimal control parameters u; that minimize a certain
cost function C'. Gradient descent algorithms can be utilized as long as gradients of C' with
respect to the control parameters uy; can be calculated. For instance, an iterative approach

may be used in which the control parameters are updated via

oC

where ¢ is the update step size. Several algorithms exist to change e adaptively in every
iteration for better convergence. More complex gradient descent methods such as ADAM
[67] may also be utilized.

Now, we focus on the key cost function in the open case; the distance between the target
density matrix pp and the propagated density matrix pp at the final Nth time step. The

corresponding infidelity cost function can be expressed as
C =1-"Trlprpn]. (8.36)

The open-system GRAPE method [15] relies on calculating the analytical gradients %ri
J

For that purpose, consider the final density matrix p(7"), obtained after N-fold application
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of the propagation superoperators

pN =ANAN_1...A1po (8.37)

where the propagator at time step j is
Aj =exp(L; dt). (8.38)

The main approximation in the calculation of gradients in the most basic open-system
GRAPE implementation comes from expressing the derivative of every A; to first order
in dt as

ONj ~athc (8.39)
8ukj - J k- ’

which ignores higher-order terms that include commutators of A; and L. Higher-order

expansions with better accuracy have been considered [30]. as

ON| N[ —idiey +
8uk.j - ! k

(@)
2!

i 3
[Aj, ‘Ck] + g—t')[/\], [Aj, ‘Ck“ + .. ] (8.40)

Working to first order in dt, the analytical gradient in this case can be calculated to be

oC .

where p; = p(jdt) = AjA;_1...A1p(0) is the initial density matrix propagated to time step
Jand \; = A} +1A; 19 A;erT is the target density matrix backward-propagated to the
same time step j.

Therefore, utilizing first-order GRAPE to optimize open quantum systems necessitates

the calculation of p; and A; at every time step j. This could be realized by propagating
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both the initial and target density matrices using matrix exponentials of superoperators of
dimension d? x d2. Hence, the simplest implementation of open-system GRAPE has all
the computational and memory drawbacks discussed in section 7.1. Alternatively, direct
integration for propagating density matrices [53, 45, 15] has been proposed to circumvent
the need for calculating the d? x d? superoperators. However, these techniques still necessaite
the calculation and storing of matrices of size d x d. Therefore, using quantum trajectories is
a potential area of improvement for open-system GRAPE when the Hilbert space dimension
is large.

However, extending gradient-based algorithms to deal with quantum trajectories is not
entirely straightforward due to the randomness inherent in every time step of each trajectory,

as we shall discuss next.

8.3 Direct gradients in quantum trajectories

Consider the problem of efficiently calculating analytical gradients for quantum trajectories
by comparing with the case of closed-system GRAPE. Each quantum trajectory consists of
the time evolution of a pure state which is described by a stochastic Schrodinger equation
[133]. In this aspect, it resembles the closed-system evolution under the ordinary Schrédinger
equation.

However, in the case of quantum trajectories, we note two main differences distinguishing
quantum trajectories from the evolution of closed quantum systems. First, the propagation
in every time step is no longer unitary due to the non-Hermitian part of H.g, see Eq.
(7.15). Second, quantum trajectories involve randomness due to the intermittent occurrence

of quantum jumps. The propagation,

_ MyMpy_q--- My |(0))
VN = h My - My [oO)] (8.42)
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is described using the non-unitary propagator
M = exp(—iH dt — % > WC}LCZ) (8.43)

in the absence of a jump, or

Mj = ¢, (8.44)

if a jump occurs in decoherence channel [. Imitation of the cache-free gradient calculation
via back-propagation of states will generally fail for quantum trajectories. Back-propagation
cannot be achieved by Mj]L anymore due to non-unitarity. Even worse, most realistic jump
operators do not even have an inverse as they represent irreversible dynamical changes of the
system, e.g., the decay of an excitation. This leads to the necessity of caching intermediate
information during the numerical simulation and takes away an important advantage of using
fully analytical forms of GRAPE.

Besides the need for caching, obtaining an analytically closed form for gradients is con-
siderably more tedious for quantum trajectories than in the case of closed unitary evolution.
In part, this is due to the need for explicit normalization of propagated states, see Eq. (8.42).
Different from closed evolution, the final single-trajectory state |i)pr) now depends on the
control parameters not only via the propagators M; but also via the normalization factor
Fn = ||[MyMpy_q1--- M |(0))| in the denominator of Eq. (8.42). As a result, gradients
with respect to the control parameters thus require both dM;/duy; and OFy/Ouy;. This
makes it generally much more cumbersome to obtain analytical gradients and use them in

an efficient way. We proceed to showing how the analytical gradients of the cost function

C=1-|(rlvn) (8.45)

could be calculated in a quantum trajectory.
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If we define

Fj = ((0)| M -+ MM - My (0) (8.46)

and Y = F? with F = Fy, then the gradient in the case of no jump is

;u—};j - %@- (@(0) M] ... MY MMy My_y . M [(0)) =
idt ((0)) M{ ... MIHy ... MMy My _y... My [:(0)) - (8.47
—idt ($(0)| M] ... MY My ... HpMj .. My [9(0)) =
+ 2dt FFj Tm((hy| My ... M 1 Hy, 7).
Hence,
op) Og) oy dtFjIm((¢n| My ... Mjyq Hy, ) (8.48)

aukj B oY 81%] N F2
Therefore, we can finally write the dependence of the final state |ipy) on the control param-

eters as

0lyn)  —idtFyMyMy_y ... My Hy |dy)  diFyIm({Yn| My ... M1 Hy [45)) [¥n)

8ukj F F

(8.49)
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Thus, if no jump happens at time step j, the gradient is

oc 3\¢N> <¢N|
%——WT\ dur, Wnlbr) = Wrln)—5 = V)
= (YN IYT)
—idtF;MNMy 1 ... My Hy [¢;)  dtFy Im((On | My .. My H |[45) [Un)
(Y] [ I N F }
— (YrlvN)
idtFy ()| HpMJy - My MY deFy (| My ... My Hy 1)) (6
[ i - 7 ] )
—2F;dt
= =7t || I] My Bteoton) | +
J'>j
dtF; 1 g M| H ;
oy [Hfj ] He o))
(8.50)

If we define f;5,(¥) = (¥ [HJ ' }Hk [4j), then the analytical gradients take the form

- 2 o (Fa () (o) + CrdtF; Tm( £ (vy))  no jump

0 jump

Note that the extra gradient term due to the decay of the norm of the state is only negligible
at the beginning of optimization when C' = 1 but as the algorithm enhances the fidelity, this
term becomes more and more dominant.

This whole analysis also assumed that a jump occupies a whole time step while in principle
it should be instantaneous. Instead, a more accurate approach would be to integrate the
state to find the time ¢jy;,, when its norm reaches the random number r, apply a quantum
jump at that time, and then keep propagating/integrating the resulting state starting again

from ¢jymp. In this case, the corresponding analysis to find the analytical gradient would
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be even more complex since it clearly deviates from the standard picture of having one
propagator at every time step.

Therefore, one way to better handle the cumbersome matter of gradient calculation for
quantum trajectories given any desired cost function, is to use automatic differentiation
instead of relying on analytical gradient forms which, if existent, do not generally support

efficient implementation without caching.
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CHAPTER 9
OPEN-SYSTEM OPTIMAL CONTROL IMPLEMENTATION

9.1 Conditional graphing using TensorFlow

In order to use automatic differentiation for quantum trajectories, we must define the com-
putational graph of every trajectory in terms of basic matrix operations hard-coded in the
differentiator. One challenge in this process is the randomness inherent in each quantum
trajectory which prevents the computational graph from having a fixed structure. Instead,
the relationship between the inputs and the cost function is only determined at runtime by
the choice of the random numbers entering the individual trajectory. Hence, our differentia-
tor is equipped with the flexibility of dynamically creating the computational graph of each
trajectory — a scenario called conditional graphing. Fig. 9.1 illustrates the type of conditional
graph needed for quantum trajectories.

We implement our open quantum optimizer using the TensorFlow library for automatic
differentiation and machine learning [1] similar to the closed-system implementation discusses
in Chapter 5. Developed by Google’s machine intelligence research group, TensorFlow allows
for conditional graphing and dynamically setting the size of the computational graph at
runtime. TensorFlow is easily integrated with Python and has a comprehensive basic set
of operations for matrix algebra with predefined gradients. In addition, TensorFlow has
support for distributed learning, by running different parts of the computational graph or
multiple copies of the same graph on different machines in parallel. This is crucial for the

implementation of quantum trajectories, as we will discuss below.

9.2 Techniques for handling trajectories

Another very important consideration for the optimizer is the ability to implement the

number of trajectories needed for the simulation efficiently, which differs according to the
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Figure 9.1: The computational graph of a quantum trajectory evolution must be conditional
and allow for all possibilities of the forward path. Each forward path is only determined at
runtime through the choice of random numbers entering the trajectory generation. At every
timestep, the evolution either proceeds via the non-unitary Hamiltonian Hg or through a
jump € {¢;} from one of the possible m jump channels. The yellow path is an example of
the many possible trajectories.
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size and nature of each optimization problem. Fortunately, it is not always necessary to
exhaustively sample the full statistics in each single iteration of the optimization process.
Instead, it may be sufficient to generate a smaller number of trajectories which only partially
represent the statistics. In the case where only a single trajectory is used per iteration, the
procedure is known as Stochastic Gradient Descent (SGD) [65, 14, 129, 138]. This generally
leads to non-monotonic convergence, often requires more iterations and can produce noisy
pulses. A better way for our model is to include a moderate number of trajectories in each
iteration so that every iteration is based on a batch of data. This procedure, where gradients
applied in each iteration are generated by a batch of trajectories, is known as mini-batch
SGD [110].

Using quantum trajectories allows for flexibility in the ways simulations are implemented,
since trajectories can be constructed independently of each other. Whether to generate tra-
jectories in series and/or in paralel, and how many trajectories should be grouped together,
are examples of questions that the optimizer should address on a case-by-case basis, depend-
ing on the specific optimization problem. Hence, we implement different ways of grouping
and propagating trajectories in our optimizer to better match the nature of each optimiza-
tion problem. In particular, the following three techniques are used to handle trajectories

generation.

9.2.1 Improved-sampling algorithm

We present an algorithm for generating a balanced sample of trajectories per iteration using
only a fraction of the needed number of trajectories. This leads to reducing the memory
usage of the calculation while keeping convergence smooth and time efficient.

Suppose myot is the batch size, i.e., the number of trajectories to be used in every iteration
within mini-batch SGD. SGD leads to convergence even with relatively small batch sizes

without significantly reducing the convergence speed as will be shown in the applications.
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Therefore, SGD allows for limiting m¢q¢ to a small number which helps further reducing the
complexity.

There are two potential limitations to this approach. First, control pulses will typically
be noisy if a very small number of trajectories is used for every gradient update. To prevent
this from happening, we utilize pulse smoothing cost functions to ensure that stochastic noise
in the pulses is canceled. Second, there is an increase in the number of iterations required
to reach convergence. To circumvent this limitation, we introduce a technique which only
implements a subset of size mg;,, of the intended myyt trajectories. From this subset, we
generate a better balanced sample for every iteration that makes convergence smooth and
fast and also hugely reduces runtime and memory usage of the optimizer, especially if jumps
are rare.

In many practical cases, dissipation and dephasing time scales are much longer than the
time scale governing the dynamics of the system. For example, many optimized gates on
superconducting qubits may take no more than 0.01 — 0.1us, while decoherence times of
the qubit are orders of magnitude larger. In that case, dissipative terms in the Liouvillian
will have a smaller impact on the dynamics and quantum jumps are less likely to occur.
As a result, inside a statistically representative batch of trajectories, many trajectories will
be identical to the no-jump trajectory. To eliminate the redundancy of generating the no-
jump trajectory many times, our implementation allows for performing a test run that first
generates the no-jump trajectory. Then, using the fact that the state norm of a quantum
trajectory monotonically decreases over time [17] in the absence of jumps, we extract the
final norm of the no-jump trajectory and identify it with the no-jump probability for the
total evolution time. From then on, we only generate trajectories which do include jumps
by controlling the range of the random numbers r. Consequently, all remaining generated
trajectories in a batch are representatives of jump trajectories and the total number of

trajectories to be generated can be reduced: if jumps are sufficiently rare, mgj,, is only
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a small percentage of myot, with the precise fraction given by the probability of jumps.
Finally, we perform a weighted average of the gradients of both the no-jump trajectory and
the generated jump trajectories according to the calculated jump/no-jump probability. This

algorithm is summarized below:
1. Generate the no-jump trajectory (random number r = 0).
2. Save the no-jump gradients gp; from this trajectory.

3. Extract the norm of the final state of this no-jump trajectory, p = (¥ n|¢n) and assign

it as the no-jump probability.

4. If myot trajectories are needed, generate only

mj = [(1 — p)mtot] (9.1)

jump trajectories with r € [p,1), where [z] denotes the integer ceiling of z. The
reduced range for r guarantees at least one jump will happen since the norm will
definitely drop below r. After the jump, r is reset to the full range [0,1) to simulate

potential additional jumps.
5. Calculate the averaged jump gradient g; from the m; trajectories.

6. Calculate the net gradient of all myqt trajectories,

9="(1—=p)gj + D 9gu; (9.2)

If jumps are rare, this algorithm saves significant resources by only generating mg;,, =
m; + 1 trajectories instead of mot. In addition, instead of just implementing randomly
chosen trajectories every iteration, the algorithm will always generate a balanced sample

every iteration/batch that represents jumps and no jumps with correct weights. This leads
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to a much smoother and faster convergence than the case where mytot is a collection of
(generally unbalanced) random events.

As a concrete example, consider the case of a problem with jump probability (1 — p) =
10%, and with a small batch size miot = 10 to reduce computational costs. Then, there
is a chance that all 10 trajectories used in a given iteration could be identical to the no-
jump trajectory. Since the occurrence of jumps is not uniform from iteration to iteration,
convergence would be non-monotonic, and properly sampling the dynamics would require a
bigger number of iterations. However, using the algorithm described above, each iteration
is enforced to contain the same balanced statistics between jumps and no jumps, even for
small sample size. Therefore, the improved-sampling algorithm is a crucial element of our
optimizer that renders the memory requirements of an open-system problem similar to that

of a closed system, if jumps are rare, as will be demonstrated in the applications.

9.2.2  Matriz- Vector exponential and clustering trajectories

Another important computational bottleneck is the evaluation of the matrix exponential
required for state propagation via the effective Hamiltonian. Our implementation eliminates
the need to calculate the matrix exponential through matrix-matrix multiplication. Instead,

when propagating a state V; = [¢;) to V1 = [¢j11) through the matrix exponential ed

where A = —i(Hg) j+1dt, we use an iterative Taylor series to reexpress the propagation as
A A% A3 1 1
Vigpr=eVj = (1+A+§+§+- )V = Vj+AVj+5A(AVj)+§A(A(AVj))+- -+ (9.3)

The new state can thus be calculated by an iterative series of matrix-vector multiplica-
tions, reducing the complexity of propagation at every time step from O(”Taylordg) which
is required by matrix-matrix multiplication to O(nTaylord2>7 where nuy1or is the number of

Taylor expansion terms kept in the simulation. We note that the convergence of this iterative
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approach could be enhanced in future implementations using Newton polynomials instead
of Taylor expansion [119].

Using the improved-sampling algorithm, a batch of mg;,, initial states needs to be propa-
gated per iteration. Instead of sequential generation of each trajectory, storing all gradients
and then averaging them in the end, the above matrix-vector implementation allows for si-
multaneous propagation of a number of vectors. The procedure described in equation (9.3)
can be generalized from V; representing a d X 1 vector, to denoting a matrix of size d X mgjy,.
Using this idea, we can cluster trajectories together and process them in a faster way than
running them in series [79]. Clustering trajectories is particularly useful if the needed num-
ber of trajectories is much smaller than the Hilbert space dimension for big-sized problems
or if the Hilbert space dimension is relatively small and there are a lot of unused resources
when propagating one trajectory at a time. In our implementation, we treat the desired
number of trajectories to be combined in each iteration (the batch size) as an adjustable
parameter. It may be specified at runtime, and enables dynamically selecting the size of
the computational graph. It also allows for combining several batches by applying their
averaged gradients to the control parameters. Those two features together give reasonable
flexibility in dividing the needed number of trajectories into batches of combined trajectories
and in matching available computational resources to the concrete size and nature of each

optimization problem.

9.2.3 Parallelization of trajectories

While generating the needed statistics from a smaller number of clustered trajectories saves
memory and runtime, a prime advantage of quantum trajectories is their high degree of par-
allelizability. We can utilize parallelization to further improve the efficiency and flexibility
of the optimizer. Our implementation uses TensorFlow’s distributed learning features to run

a number of different clustered trajectories on different nodes in parallel. We have built an
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interface between the SLURM manager for operating clusters [134] and TensorFlow allowing
for the use of both synchronous and asynchronous training. Here, synchronous training refers
to the situation when all compute nodes must finish their mini-batches together and their
gradients are then averaged. Asynchronous training, by contrast, gives every compute node
the ability to update the control parameters once its batch gradients are ready. Therefore,
asynchronous training is essentially equivalent to performing multiple independent optimiza-
tion iterations in parallel. Both types of training are of practical importance, depending on
the needed statistics per iteration for stable convergence. Our implementation uses “be-
tween graph replication” which means that every node builds its own identical version of the
computational graph. Then, communication between graphs is coordinated through a chief

worker machine.
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CHAPTER 10
OPEN-SYSTEM OPTIMAL CONTROL APPLICATIONS

10.1 Transmon qubit state transfer

To illustrate the improved-sampling algorithm, we consider a transmon qubit with n = 4
levels, initialized in the ground state |g). We wish to transfer the system to the first excited
state |e). For the transmon, we assume a frequency difference between ground and excited
levels of wge/2m = 3.9 GHz and an anharmonicity of a/2m = - 225 MHz. The control
Hamiltonians {H,, H.} couple to the z and z degrees of freedom of the qubit, so that the

net Hamiltonian is given by
H = wyeblb+ %bTb(bTb — 1) + Q) (T + b) + Q- (1)bT. (10.1)

Here, b and b are ladder operators for the transmon excitation level, truncated at an appro-
priate level (n = 4 in our case). The qubit is coupled to a heat-bath environment, resulting
in relaxational dynamics with characteristic time 77. Working at zero temperature, the
corresponding jump operator is b. We utilize the following cost functions: state-transfer infi-
delity to maximize the fidelity between the final evolved state and |e), pulse-smoothing cost
functions to generate smooth realizable control pulses and forbidden-state cost functions to
forbid the occupation of the n-th level so that the truncation of the transmon levels remains
valid.

First, we study the effect of relaxation on the results from the state-transfer optimization.
In the closed-system case where relaxation is absent (77 — o0), we readily achieve state-
transfer fidelities of 99.99% within a total evolution time of " = 10 ns, see Fig. 10.1. However,
if the qubit is fairly lossy (taking, for example, 77 = 100ns), the previously determined
pulse train only achieves a state-transfer fidelity of 96.2% since occupation of the |e) level

is inevitably subject to dissipation. Re-running the optimization in the presence of T}
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(a) closed system vs the non-optimized open system with 73 =100 ns (c) Ty = 100 ns after optimization.
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Figure 10.1: Optimizing state transfer from the ground to the first excited level in a lossy
transmon qubit. Panels (a) and (c¢) show the occupation of both levels monitored over the
pulse period while panels (b) and (d) show the pulse trains obtained from optimization. (a) In
the absence of relaxation, the optimized solution reaches a closed-system fidelity of 99.99%.
Then when this solution is applied in the presence of relaxation processes (77 = 100ns), the
resulting state-transfer fidelity drops to 96.2%. (b) The corresponding pulse sequences. (c)
Results from trajectory-based GRAPE. The new optimized solution raises the state-transfer
fidelity to 98.2% (d) The optimized pulse minimizes relaxation effects by delaying the pulse
as much as possible, then rapidly performing the transfer using increased power.

processes, we succeed in increasing the fidelity to 98.2%, so we gain around 2% even for this
example of a rather lossy qubit, see Fig. 10.1.

Inspection of the results reveals that the optimizer aims to minimize the detrimental
effects of relaxation by delaying the state-transfer operation as much as possible. This way,
the total time period over which the state |e) is occupied, is reduced and there is, hence, a
smaller time window where the system is sensitive to decay. While the closed-system case
utilizes the whole time to perform the state transfer, the open dynamics state transfer is
much more asymmetric in time, reflecting the asymmetry between the ground and the first
excited state as far as decoherence is concerned. Note that the optimization cannot fully
bring the fidelity back to 99.99% because the occupation of |e) is limited by the relaxation

e t/T1 Note that this result is also useful in optimizing the final time for the state transfer,
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since the obtained pulse indicates the total time required for the state transfer, which is even
relevant for the choice of the total time in the closed-system analysis.

Next, we discuss the choices of myet and mg;y, needed for the optimization. Deploying our
improved-sampling algorithm, we can perform the trajectory-based optimization at nearly
the same computational cost as in the closed-system case. We ran simulations using different
values of T7 to obtain the probability of jumps for each case. Note that this probability
changes with the iterations of the optimization since the Hamiltonian changes according to
the updated control pulses. So, focusing on the maximum value we get for the probability
of jumps, we get the results in Fig. 10.2 for different values of the ratio T’ /T1 where T s
the final time of the state transfer.

We consider a case where the number of trajectories m¢ot required for good convergence
is as big as 10,000, yet only a small number of trajectories actually needs to be simulated.
As Fig. 10.2 shows for Tf/T1 < 1()_2, the probability of jumps is less than 0.6%, allowing us
to obtain the desired sampling by generating merely 60 trajectories. Even if the final time
is increased to 0.17} like in Fig. 10.1, the probability of jumps is around 5% which is still
a small fraction. In most of realistic applications, the sample size mot does not have to
be as large as 10,000, since using our algorithm allows for good convergence even for much
smaller total numbers of trajectories. We compare the convergence for different choices of
Myot using our algorithm in Fig. 10.3.

As shown in Fig. 10.3(d), we obtain good convergence even for a small myot = 10 and
Mgim = 2 (i.e., only generating two trajectories per iteration) within around 100 iterations,
reaching a target fidelity of 97.5%. By comparison, for a significantly larger number of
trajectories miot = 10,000, we reach the same fidelity within 60 iterations. Therefore, we
only need to double the number of iterations to simulate the system using a thousand times
fewer trajectories per iteration. In addition, every iteration will be much faster since it only

includes running two trajectories.
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Figure 10.2: Maximum jump probability for the driven transmon qubit as a function of
the simulation time 7'y measured in units of the relaxation time 7j. This represents the
fraction of the number of trajectories that the improved-sampling algorithm will generate
every iteration. In most realistic cases, the fraction does not exceed 1 — 5%, allowing for a
significant reduction in computational costs. The right vertical axis represents the number
of trajectories mg;,, that needs to be simulated if mot = 10,000.
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Figure 10.3: Convergence of the optimization algorithm to a target fidelity of 97.5% for
different values of myqt, using the improved-sampling algorithm. The reported fidelities are
calculated using a sufficiently large number of trajectories.
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Running the same optimization problem for mi,t = 10 but without the improved-
sampling algorithm leads to convergence to the same target fidelity after 320 iterations.
Therefore, using the improved-sampling algorithm needs only two trajectories per iteration
for a total number of 200 trajectories to reach convergence, in comparison to 3,200 trajecto-

ries needed when not employing the algorithm.

10.2 Lambda system population transfer

10.2.1 Problem overview

Having shown how the improved-sampling algorithm helps reduce the problem complexity
for the toy example of a transmon state transfer, we next consider a more realistic case of
driving nearly forbidden transitions in a three-level A system as shown in Fig. 10.4.

Two levels of it, |1) and |3), are stable, i.e., the direct transition between |1) and |3) is
forbidden. The third, intermediate level |2) can decay to either of the former two states and
direct matrix elements allow one to drive the |1) <— |2) and |3) <— |2) transitions. The
goal is to transfer the system from one stable state to the other while avoiding significant

occupation of the intermediate state which is subject to errors from spontaneous dissipation.

10.2.2  Protocol 1: Raman Transitions

We will compare two existing protocols to induce the desired transition. The first is the
two-photon Raman transition in which the system is driven by two off-resonant pulses of
amplitudes 1, (9, and detunings 0; = d9 = §. For convenience, it is assumed that each
pulse couples solely to a single transition between the intermediate state and one of the
stable states. Adiabatic elimination is an approximation that may be performed if the
detuning § is considered large [18]. This approximation assumes small occupation of the

intermediate level, and hence, the system may be treated as an effective two-level system.
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Figure 10.4: The A system consists of ground state |1) and meta-stable excited state |3),
as well as an intermediate lossy state |2). The frequencies wis and wog are distinct and no
direct matrix element exists between |1) and |3). Hence, state transfer between them must
invoke the intermediate state |2). The system is driven with a pulse ((¢) that is optimized
to maximize the state-transfer fidelity.
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Under this assumption, this system is shown to be effectively driven by a Rabi oscillation of
an effective frequency that is proportional to both §2; and 9. In this limit, the dissipation
of the intermediate level is negligible since the level remains largely unoccupied during the
transfer.

This approximation, however, is only valid if A = §1 + do > Qq,Q9. If the transfer
is desired to occur over shorter time scales, then the required effective Rabi frequency, and
hence 21 and €29, must be increased. This may invalidate the adiabatic elimination condition,
since needed larger detunings will cause the frequencies used by the two pulses to be too far
from the transitions frequencies. In that case, it is not guaranteed that each pulse drives a
single transition separately as assumed by the adiabatic elimination. Hence, this will result
in the system deviating from the simplified picture of an effective two-photon process as we

will show in the results subsection below.

10.2.3 Protocol 2: STIRAP

The second commonly used protocol is the stimulated-Raman-adiabatic-passage (STIRAP)
method. This involves the application of two partially overlapping pulses which adiabati-
cally keep the A system in a superposition of the two stable states without occupying the
intermediate level [43]. First, a Stokes pulse [with amplitude Qg(t)] is used to couple the two
unoccupied states |2) and |3). Then, a pump pulse [with amplitude Qp(t)] couples states
|1) and |2) in such a way that makes direct transition from |[1) to |3) possible. STIRAP
assumes that the rotating wave approximation (RWA) is valid which causes the system to
have three-time dependent eigenstates, one of them has no projection in the |2) state at
all times [124]. This eigenstate is labeled the dark state [i,) (¢). If the pulses are changed
adiabatically such that Qg(t) is smoothly turned off while Qp(t) peaks and then turns off,
the system will remain in |¢4(¢)) and reaches the desired state at the end without occupying

the intermediate state at all as ensured by remaining in the dark state.
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The required adiabaticity of the transfer, however, necessitates strong limits on the time
needed for STIRAP transfer. In particular, the minimum time where pulses overlap is in-
versely proportional to the peak pulse amplitude used (in frequency units) [7]. The constant
of proportionality is estimated from experimental data, and for around 95% STIRAP effi-
ciency, it is estimated to be 10 [124]. The total time needed for a complete STIRAP transfer
is usually around twice of the overlap time. This ensures that the delay between the two
pulses gives maximum efficiency [7]. This poses a restriction on how fast the transfer can be
accomplished. While the peak pulse amplitude could be increased to achieve shorter times,
high pulse powers would eventually violate the RWA and result again in population of the
intermediate level. Therefore, to achieve fast transfer between the two stable states in a
A system, existing techniques will inevitably involve partial population of the intermediate
state which endangers the transfer fidelity because of its dissipative nature.

Recently, enhanced protocols which use shortcuts to adiabaticity [135] were presented to
improve the speed of STIRAP while maintaining high transfer fidelities. Our optimal control

results are comparable to those techniques in terms of speed and transfer efficiency.

10.2.4  Simulation details

Different from the Raman and STIRAP protocols described above, we do not restrict the
pulses to a single frequency component. Instead, we work with a single pulse of general form

that can couple to both transitions. The Hamiltonian then takes the form

3
H =" w;i) (i| + ¢(t)(Ha + aH3), (10.2)
=1

with the definition

Hij = 2) (g + 1) (il - (10.3)
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Here, « is a factor that relates the matrix elements of the two transitions. For our simulations,
we used the sample values wy/2m = 0 GHz, wy /27 = 5 GHz, w3/2r = 1.8 GHz and a = 1.
We associate state |2) with a relatively short relaxation time 77 = 20ns due to decay into
either of the two stable states, and we set the target transfer time to 10 ns, while limiting
the amplitude of (() to an experimentally reasonable maximum value of 3/27 GHz.

Note that with these parameters, STIRAP requires a minimum of 42 ns for the full time
of the protocol. Hence, the optimizer will search for a solution that is at least four times

faster than STIRAP, but still maintains low occupation of |2) and high transfer fidelity.

10.2.5 Results

With a maximum jump probability of around 10% (as calculated during simulation), the
improved-sampling algorithm allows for a 90% reduction of the number of trajectories gen-
erated. Around 10 trajectories were used per iteration, thus accounting for an effective
number of simulated trajectories of 100 per iteration. Convergence was reached with an
optimized fidelity of 98.0%. To compare the solution against the two-photon Raman tran-
sition using the same total transfer time and pulse amplitude, trials with different values
for the two pulse detunings and amplitudes were performed. The best solution yields only
a fidelity of 84.1% and shows significant occupation of the intermediate level. The results
are summarized in Fig. 10.5. In summary, our optimizer succeeds in high-fidelity population
transfer in a A system with a comparatively short transfer time for which standard protocols

are significantly less efficient.
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Figure 10.5: Results of driving the Lambda system with the optimized pulses vs. the usual
two-photon Raman pulses. (a) The optimized pulse achieves a transfer fidelity of 98.0% by
using several tones to properly limit the occupation of the lossy |2) state. (b) The two-photon
Raman transition fails to limit the occupation of |2), and hence can only reach a fidelity of
84.1% within the parameter regime of our simulation.
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10.3 Quantum Non Demolition (QND) readout of a transmon

qubit allowing fast resonator reset

The previous two applications showed how our optimizer works in scenarios where jumps are
rare. In the following application, we will deal with a situation where jumps are less rare,
though rare enough to limit jump number per time step to one. We focus on the capabilities
of the optimizer in a relatively big Hilbert space where a density-matrix—based approach

would be difficult to implement.

10.3.1 Problem overview

In cQED, a common technique to measure the state of a transmon qubit is to couple it to a
readout resonator. This is described by the generalized Jaynes-Cummings model Hamilto-
nian

H = wrala+ web'b + %abTb(bTb — 1) + g(ab+ abl) + He (1), (10.4)

where w, and wy are the bare resonator and qubit frequencies, respectively, and a is the
lowering operator for photons inside the resonator. b and bl are the ladder operators for
the transmon excitation number, truncated at an appropriate level. There are two jump
operators for the total system, a for photon loss with a rate of x and b qubit decay with rate
v = Til Hc(t) is the resonator drive term responsible for generating the readout, and takes

the form

He(t) = ((t)(ae™d 4 afemwaty, (10.5)

where wy is the drive frequency.
For the purpose of qubit readout, the circuit parameters are chosen such that the system
is in the dispersive regime (A = |wg —wr| > g) [128, 8]. In that case, the effective frequency

of the resonator is AC-Stark shifted by a value that is dependent on the qubit state. Hence,
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by driving the resonator at either of the two shifted frequencies, the amplitude-response of
the readout tone can distinguish between the 0 and 1 states of the qubit. Alternatively, by
driving at the bare resonator frequency, the qubit state can be extracted from information

carried in the phase of the readout [8].

10.3.2  First optimization target: high readout fidelity

An appropriate metric for successful readout is the single-shot readout fidelity F [84]

_ p(O[1) + p(1/0)

F=1
2 )

(10.6)

where p(al|b) is the probability of measuring the qubit in state a given it was prepared in state
b. There are two main factors that limit the readout fidelity F: noise in the measurement
and qubit-decay processes that can make an excited-state trajectory look very similar to a
ground-state one. While noisy readout could be mitigated by increasing the measurement
time and hence enhancing the ability to average out the noise, this worsens the probability for
spurious qubit decay during the measurement, leading to a decrease of the readout fidelity.

Existing readout protocols involve multiplying the readout signal by a filter function, and
integrating it over the measurement time. The integration result is then compared against
a set threshold in order to identify it with one of the underlying qubit states 0 or 1. Several
filters exist to maximize F including the optimal linear filter [42] which we will utilize here.

One key area of improvement that we pursue here is the choice of the pulse ((t) that
maximizes the fidelity. In most experiments, ((t) is taken to have a square-pulse envelope,
rendering the time-dependent drive sinusoidal with a constant amplitude that is varied in
order to maximize F. Using our optimizer, we open up the possibility of a wider variety of
pulse trains including multiple frequency components which may yield higher fidelities while

maintaining readout speed.
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10.3.3 Second optimization target: overcoming dressed dephasing and

obtaining fast resonator reset

Increasing the readout-pulse power can yield higher fidelities as it counteracts experimental
noise. However, excessively high powers lead to increased photon occupations throughout
the measurement which has several drawbacks.

One drawback pertains to the ability to perform the measurement in a manner that
facilitates a fast cavity-reset process afterwards, allowing for new measurements to be started
with minimum downtime. There are several protocols for both passive and active reset of
the cavity [86, 20]. The time it takes to reset the cavity depends on how many photons
are left in the cavity by the end of measurement. Ref. [15] shows that there is a power law
relating the speed limit of resonator reset and the number of leftover resonator photons. For
example, doubling the number of photons in the resonator requires an increase in the active
resonator-reset time of at least 57%. Therefore, not limiting the cavity occupation number
can significantly slow down subsequent resonator reset.

In addition, high photon numbers cause another significant problem, namely dressed
dephasing [11] which results from higher-order corrections to the dispersive approximation,
usually ignored in the regime of small photon numbers. As the number of photons increases,
the quantum non-demolition (QND) nature of the readout is jeopardized by these extra
dephasing channels.

In line with these insights, we utilize the flexibility of setting targets in our optimizer to
search for a readout pulse that maintains high levels of fidelity whilst keeping the resonator

occupation as low as possible.

10.3.4 Third optimization target: QND measurement

One crucial element of the readout that needs to be maintained is its quantum non-demolition

(QND) behavior. Typical readout measurements within the dispersive regime are expected
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to keep the qubit state unchanged for sufficiently low photon occupation of the resonator
[10], and hence qualify as QND measurements. The scale where the QND behavior of the
readout breaks down is quantified by the critical number of photons ney = A2/4¢%. (As
Nerit 1S approached, higher-order terms in the perturbative dispersive approximation become
important.)

Since the optimizer is based on the Hamiltonian (10.4), the simulation is not necessarily
limited to the dispersive regime. In principle, this allows the optimization to employ high
readout power without concerns about the validity of the dispersive approximation. However,
large power endangers the QND nature as the dispersive regime breaks down [10]. The
previous optimization target should help in that regard as it minimizes the number of photons
in the cavity. To further ensure the QND nature of the readout, we add a QND-dedicated

optimization target.

10.3.5 Cost functions

We include three cost functions for achieving the three optimization targets mentioned
above simultaneously. Starting with the readout-fidelity cost function, we first inspect
the process of post-measurement decision making. For every trajectory, the output signal

s(t) = <(a + aT)> (t) is convoluted according to

Ty
S— /0 S() K (¢)dt (10.7)

with a filter kernel K (¢) that is used to enhance the distinguishability of the readout signals
[42]. Ty is the final measurement time. In order to determine the appropriate threshold
value of S distinguishing between readout of the qubit 0 and the 1 states, many trajectories
are simulated and their corresponding values of S are recorded. The histograms generated

by the values of S for both qubit states are fitted to Gaussians and the boundary is chosen
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to minimize the overlap between the two Gaussians. Histograms take on Gaussian form
because of both the existence of noise in the measurement and the different evolution of
each trajectory resulting in a distribution of integrated trajectory signals. Fig. 10.6 shows
an example of integrated readout signals.

As Fig. 10.6 suggests, one possible way to enhance readout fidelity is to increase the differ-
ence between the means of the two Gaussians to limit their overlap which is the main source

of wrong decision making. Therefore, we implement the following fidelity cost function:

Cp = (Tif /0 Y10 — s1(0) dt)z. (10.8)

Here, the bar denotes a trajectory average so that §;(t) is the transmitted signal at time ¢
averaged over trajectories that all start in the initial state |i) with i € {0,1}.

For the second optimization target, the average resonator occupation number at the
end of the measurement needs to be minimized to enable fast resonator reset. In addition,
penalizing the average photon number during the entire measurement phase will make sure
that dressed dephasing is suppressed. This also allows for potential termination of the
measurement protocol at times smaller than the preset 7'y without accumulating large photon

occupation. Hence, the second cost function was implemented in the form

T

Cr = Tif —2031/0 ’ ((ala)),(t)dt. (10.9)
1=0,

where i € {0, 1} again refers to the initial state of the qubit.

Finally, for the QND optimization target, we add a cost function which rewards overlap
between the final trajectory states and the corresponding initial states so that the qubit
starting in the ground/excited state remains in the ground/excited state at the end of mea-
surement. As we always start the measurement with the resonator in the ground state, this

cost function further helps reduce the cost C) as it ensures that the cavity returns back to
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Figure 10.6: (a) Example of integrated readout signals for a qubit starting in the ground or
excited state. The overlap between the two Gaussians contributes to the readout infidelity.
One way to minimize the overlap between the distributions is by increasing the difference
between the two Gaussian means. (b) The corresponding cumulative probabilities of both
distributions. The decision threshold that maximizes the fidelity is at the integrated signal
value that maximizes the difference between the two cumulative probabilities.
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the ground state. This QND cost function is taken to have the form

Cq =1~ [(Wrles)l?, (10.10)

where [¢p¢) and [¢;) are the final and initial states of each trajectory, respectively. These
three cost function are combined with other pulse-shaping constraints, and are assigned

different weight factors which are set empirically by trial and error to improve convergence.

10.3.6  Implementation

The problem is divided into two parts: optimization and classification. First, optimization
is performed in such a way as to minimize the above-mentioned cost functions. To calculate
the resulting readout fidelities, the diffusive trajectories produced by the resulting optimized
pulse are mixed with Additive White Gaussian Noise of different powers, and then fed into an
optimal-linear-filter classifier. The parameters used for the simulation are wy /27 = 4.6 GHz,
w2 = wy /21 = 5GHz, g/2m = 50 MHz, k = 50 Ms~! and v = 1 Ms~!. These parameters
correspond to neqr = 16. We included 30 resonator levels and 3 transmon levels in the
simulation. The simulated total time of measurement was taken to be Ty = 100ns = 0.177.

Following ref. [86], we denote pulse amplitudes in dimensionless form A, = A/Ay,.
Here, A is the absolute pulse amplitude, and Ay, is the reference amplitude which results
in a steady-state resonator occupation of one photon. n refers to the effective number of
photons resulting from the used amplitude. We limit the pulse maximum amplitude to

be Ajg = A The fidelity of the optimized pulse is compared against the fidelity of a

Necrit -

constant square pulse of amplitude Ay, .
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Figure 10.7: Optimized readout pulse within the amplitude limit. The pulse minimizes the
weighted mixture of cost functions and uses only 58.3% of the power needed by the constant

pulse.

10.8.7 Results

We performed optimization with 8 parallel mini-batches, each of size mtot = 30 using syn-
chronous distributed training. With proper adjustments to the relative weights of different
cost functions, the optimizer obtains the solution presented in Fig. 10.7. As ensured by the
pulse-shaping cost functions, the pulse is smooth and starts and ends at near zero amplitudes.
The resulting resonator occupation is shown in Fig. 10.8.

As evident from Fig. 10.8, the optimized pulse maintains a relatively low photon number
during the measurement process, and significantly decreases the photon numbers towards
the end of the pulse. The optimized pulse achieves final photon numbers of 0.09 and 0.04
for the qubit starting in the |0) and |1) states; respectively. The constant pulse, by contrast,
leads to occupations of around 13 for both states, which is two orders of magnitude higher
than the optimized results. Therefore, optimization significantly improves the time needed

for resetting the resonator after the measurement with the resonator almost empty already.
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Figure 10.8: Resonator occupation as a function of measurement time for the optimized
pulse ((t) and the constant pulse of amplitude A, with the qubit starting in the |0) and
|1) states.

If the active reset protocol proposed in ref. [15] is used, then the reset is going to be 25 times
faster than the non-optimized pulse case if the qubit is measured in the ground state, and
43 times faster if measured in the excited state.

Moreover, to illustrate how optimization affects the QND nature of the readout, the
qubit occupation numbers are plotted in Fig. 10.9 for both pulses. The results show that if
one were to use a constant-power readout pulse, then the QND behavior would be compro-
mised since the ground state gets excited to an average occupation of 0.14. The optimized
pulse, however, manages to bring this occupation down to 0.002, ensuring the ground state
measurement process to be QND within 99.8%. As for the excited state, the QND nature
is limited by relaxation processes. Due to relaxation with the specified rate v, the qubit
occupation number would decay to around 0.9 during the readout. However, due to poten-
tial qubit-cavity dressing, there are additional decay channels that may lower the final ideal

occupation further. For instance, ref. [10] suggests that within the dispersive regime, the
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Figure 10.9: The qubit average occupation as a function of measurement time for both the
optimized pulse ((t) and the constant pulse of amplitude Aj,_. with the qubit starting in
the |0) and |1) states.

photon occupation of the resonator acts like an extra heat bath for the qubit. Fig. 10.9 shows
that the constant pulse yields final occupation of 75.5% while the optimized pulse increases
it to 82.8%, thus enhancing the QND character of the measurement protocol.

The QND and low-photon-number constraints ensure that the optimized pulse power is
reduced from the maximum allowed power. Lowering the readout power could potentially
cause the readout fidelity to decrease because of the presence of noise. To inspect whether
readout power reduction negatively impacted the readout fidelities, we calculated the readout
fidelities of the two pulses given different values for the noise power. The simulated noise
power is again normalized in the same manner as the readout power, and we included
normalized noise powers of up to Pyy. The corresponding readout fidelities are presented
in Fig. 10.10. The fidelities we obtain from both pulses are actually very close despite
using almost half the total power. For most noise powers, the optimized pulse gives better
fidelities. Therefore, we see that maintaining the QND nature of the readout and low photon-
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Figure 10.10: Readout fidelity of the optimized pulse compared to the constant, maximum-
amplitude pulse.
occupation numbers was achieved in a way that does not harm the readout fidelity.

In summary, our implementation allows for optimizing complex open systems under sev-
eral constraints without analytically calculating their gradients. In addition, the simulation
complexity is significantly reduced. For example, in this application, the Hilbert space di-
mension is 90. A naive open-system GRAPE implementation would require propagating
superoperators of dimension 8,100 x 8, 100. Using direct integration of the equations of mo-
tion, this problem can be bypassed in favor of the time-evolution of density matrices of size
90 x 90. Instead, we process batches of 90-component vectors either in series or in parallel
and achieve convergence with careful adjustment of convergence parameters. The results
suggest that readout could be performed with optimized pulses to control several aspects
of the measurement. The example we presented suggests that the readout fidelities are not
necessarily hurt by using smaller integrated powers, while significant benefits could be gained
by allowing for constantly and smoothly changing amplitude pulses that restore the QND

nature of the measurement and also allow for much faster resonator reset.
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CHAPTER 11
CONCLUSION & OUTLOOK

11.1 Conclusion

In conclusion, we have first presented quantum optimal control algorithm for closed systems
harnessing two key technologies that enable fast and low-overhead numerical exploration of
control signal optimization. The first key technology we used is automatic differentiation.
We have demonstrated that automatic differentiation can be leveraged to facilitate effort-
less inclusion of diverse optimization constraints, needed to obtain realistic control signals
tailored for the specific experimental capabilities at hand. Automatic differentiation dramat-
ically lowers the overhead for adding new cost functions, as it renders analytical derivations
of gradients unnecessary. For illustration, we have presented concrete examples of optimized
unitary gates and state transfer, using cost functions relevant for applications in supercon-
ducting circuits. We emphasize that this is but one instance within a much larger class of
quantum systems for which optimal control is instrumental, and the methods described here
are not limited to the specific examples shown in this thesis.

The second key technology we have incorporated is the implementation of GPU-based nu-
merical computations, which offers a significant speedup relative to conventional CPU-based
code. The use of the TensorFlow library [1] hides the low-level details of GPU acceleration,
allowing implementation of new cost functions at a high level. The reduction in compu-
tational time will generally depend on a number of factors including system type, Hilbert
space size, and the specific hardware employed by the user. We observe that runtime speedup
by an order of magnitude is not unusual when using a standard desktop PC, enabling the
development of sophisticated quantum control without enormous investments into powerful
computing equipment. The underlying libraries also have support for high-performance dis-

tributed computing systems for larger optimizations. Our software implementation is open
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source and can be downloaded at: github.com/SchusterLab/quantum-optimal-control.
Afterwards, we have harnessed the concept of automatic differentiation to build a flexible
optimizer for open quantum systems. The optimizer is based on quantum trajectories, lead-
ing to significant reduction in the computational overhead compared to approaches based on
density matrices. Combinations of improved-sampling techniques, generating mini-samples
of trajectories for stochastic gradient descent and parallelization of trajectories are used
according to the application to take advantage of the quantum trajectories nature of the
optimizer. The optimizer was then utilized for both small and moderately sized quantum
systems with quantum jumps being rare or common, and showed quick convergence to results

that enhance over existing protocols.

11.2 Outlook

11.2.1  Closed-system optimal control

Our implementation for closed-system optimal control can be further enhanced in the future.
This includes adding more features and improving the existing ones. Next, we discuss some

of the additional features to be worked on in the future.

1. Extra realistic optimization targets could be added to the employed cost functions.
For example, control over the final gate time and the bandwidth of the used pulses are

potential targets to include in the future.

2. The ability to optimize over user-specified parameters can be included in the future.
Currently, the optimizer can only vary the pulse amplitudes at every time-step. There
are many practical applications where additional parameters need to be optimized. For
example, the frequency of the pulse, qubit parameters like E; and Eo and coupling
between qubits and a resonator. This facilitates solving a wide range of optimization

problems using optimal control.
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3. Automatizing the tuning of convergence parameters based on the behavior of different
costs is a desirable target in the future. Currently, the user sets fixed values for
convergence parameters (like learning rate, relative weights for costs and method of
gradient ascent) at the beginning of optimization. If convergence is not obtained,
the user has to stop the optimization and re-build the computational graph with new
convergence values. Automating this process will save time of trial and error performed

by the user.

Enhancements to existing features of the optimizer can help users optimize for gates in

a faster and more flexible manner. Features that can be enhanced include:

1. Better visualization of what the optimizer is trying to achieve every number of iterations

will help users make sense of the resulting pulses.

2. Expanding the matrix exponential using Newton’s or Chebyshev polynomials can speed

up the time evolution.

3. The deployment of adaptive step size and Runge-Kutta methods for time evolution

will enhance the speed and accuracy of the simulation.

In terms of applications, the optimizer can be used in the future to find universa gates of
superconducting qubits in the shortest time possible. Speeding up gate times for supercon-
ducting qubits to ~ 1 ns without having an exceedingly large drive power and maintaining a
high fidelity is a challenge we plan to address in future work. In addition, future work on the
0-m qubit is planned. Optimizing gates for more realistic parameter regimes and including

the ( mode in the optimization are challenges that should be addressed in the future.

11.2.2  Open-system Optimal Control

Our open-system optimizer will also benefit from the additions and enhancements mentioned

in the previous section. In addition, there are some improvements that are particular to the
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open-system optimizer.

1. Allowing multiple jumps per simulation time-step enhances the accuracy of the opti-

mizer and can be implemented thanks to the flexibility of TensorFlow.

2. Including second-order optimization schemes like BFGS helps speeding up convergence.
The only supported optimization method currently in the open-system optimizer is

ADAM.

3. Implementing different kinds of quantum trajectories in the optimizer could be more
suitable to specific optimization problems. For example, diffusive trajectories match
the qubit-readout output observed in experiments and could be utilized to further

enhance the readout fidelity.

Moreover, the optimal control pulses provide a promising tool for experimenters to use
in their own studies, and we hope they can be useful in the future. Therefore, future work
includes focused collaboration with experimental groups to implement optimized pulses in

the lab.
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