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Abstract: The success of Bayesian inference with MCMC depends critically on Markov
chains rapidly reaching the posterior distribution. Despite the plentitude of inferential theory
for posteriors in Bayesian non-parametrics, convergence properties of MCMC algorithms
that simulate from such ideal inferential targets are not thoroughly understood. This work
focuses on the Bayesian CART algorithm which forms a building block of Bayesian Additive
Regression Trees (BART). We derive upper bounds on mixing times for typical posteriors
under various proposal distributions. Exploiting the wavelet representation of trees, we
provide sufficient conditions for Bayesian CART to mix well (polynomially) under certain
hierarchical connectivity restrictions on the signal. We also derive a negative result showing
that Bayesian CART (based on simple grow and prune steps) cannot reach deep isolated
signals in faster than superpolynomial mixing time. To remediate myopic tree exploration,
we propose Twiggy Bayesian CART which attaches/detaches entire twigs (not just single
nodes) in the proposal distribution. We show polynomial mixing of Twiggy Bayesian CART
without assuming that the signal is connected on a tree. Going further, we show that informed
variants achieve even faster mixing. A thorough simulation study highlights discrepancies
between spike-and-slab priors and Bayesian CART under a variety of proposals.
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1. Introduction

The advent of Markov Chain Monte Carlo (MCMC) has accelerated the widespread adoption
of Bayesian methods in practice. Bayesian inference via MCMC simulation, however, depends
critically on Markov chains reaching their stationary distribution reasonably fast. The folk
wisdom is that MCMC is far slower than optimization and is only warranted when uncertainty
quantification is desperately needed [44]. Positive findings have nevertheless been reported
where rapid (polynomial) MCMC mixing times are, in fact, attainable in complex combina-
torial problems (such as Bayesian variable selection [61]). This paper aims to create similar
reasons for optimism (as well as caution) in the context for Bayesian tree-based regression.

Bayesian tree-based regression (Bayesian CART of [15, 12] and BART of [13]) is one
of the most popular machine learning tools in practice today. A host of frequentist theory
now exists to certify their inferential validity [9, 52, 31, 40]. While estimation and inferential
theory already exists, properties of MCMC approximations to these ideal inferential targets are
conspicuously missing. This paper addresses computational properties of the Bayesian CART
algorithm [15, 12] as opposed to statistical properties of the Bayesian CART posterior. We
attempt to quantify (with lower and upper bounds) the speed at which practically used MCMC
algorithms converge to the ideal inferential targets. Characterizations of MCMC mixing times
for Bayesian CART (besides a lower bound in a recent independent paper [51]) have been
unavailable.
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There is an apparent disconnect between theory for optimization and sampling [44] and
between theory for posterior distributions and their MCMC approximations. Bayesian CART
implementations [15, 12] are instantiations of the Metropolis-Hastings (MH) algorithm [46]
with local grow and prune proposal steps for addition or deletion of a node. The BART
algorithm is essentially a Bayesian back-fitting extension where Bayesian CART is applied to
the residuals for each individual tree. In spite of widespread popularity, difficulties in mixing
have been reported [12, 60, 49, 39, 28]. Several enhancements have been proposed such as
modifications of the proposal [60, 49], “warm start” initializations [27], or running multiple
chains [8, 20]. This work attempts to characterize the computational bottlenecks of Bayesian
CART and performs a comparative study of various proposal distributions in terms of mixing
times.

Our computational complexity analysis builds on several fundamental papers studying
Metropolis procedures [42, 21, 45]. Notably, [45] derive necessary and sufficient conditions
for MH algorithms (with independent or symmetric proposals) to converge at a geometric
rate to a prescribed continuous distribution. [3] study computational complexity of MCMC
based on Metropolis random walks as both the sample and parameter dimensions grow to
infinity for non-concave and possibly non-smooth likelihoods. We focus on a spectral bound
approach suitable for Markov chains whose states are combinatorial structures. For finite-
state Markov chains, the spectral gap can be bounded in terms of quantities associated with
its graph [33, 16, 22]. Perhaps the first systematic approach to handling spectral bounds was
developed in [37] using the conductance concept due to [10]. Conductance is a measure of
edge expansion of the Markov chain, see [41] who proved the connection between conductance
and convergence for the continuous state space. Lower bounds on the conductance, which give
upper mixing bounds, are typically obtained by a technique of canonical paths where the idea
is to find a set of paths such that no edge is very heavily congested. By using the canonical path
argument, [61] show the rapid mixing of Bayesian variable selection. This bound is improved
in [64] in the context of informed MCMC (that uses posterior information in the proposal)
using the drift condition of [32] rooted in the coupling inequality [48, 38]. We consider locally
informed proposals as well and, using similar drift conditions, we conclude linear mixing in
n. Our work draws parallels between tree-based regression and structured wavelet shrinkage
[9]. The wavelet representation of dyadic trees turns the tree selection problem into a variable
selection problem with hierarchical constraints. The constraint creates certain reachability
barriers and requires more sophisticated movements across the state space and a more careful
design of canonical paths. In this work, we navigate the complex relationship between the
MH proposal distribution and the mixing rate. While [61] used the deterministic stepwise
selection algorithm as an inspiration to construct canonical paths, we use the CART algorithm
[4] as an inspiration.

We primarily focus on a one-dimensional setting with dyadic splits (noting that non-dyadic
CART can be analyzed in a similar manner as in [9]) where the MH proposal distribution
consists of a simple attachment of a terminal node (GROW) or a detachment of two sister
bottom nodes (PRUNE) [15, 12]. This algorithm is a simplified version of the BART method
and we analyze it here to identify computational bottlenecks that will likely carry forward
to the full-blown BART version. We reconstruct the regression function using Haar wavelets
with a tree-shaped sparsity structure on the wavelet coefficients. This prior design was studied
thoroughly by [9] and [52]. It turns out that, for a given tree, independent product wavelet
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coefficient priors correspond to the construction proposed originally by [11]. While we use
wavelets more as a technical framework to articulate these computational bottlenecks, the
wavelet method alone can be of independent interest. For example, in the context of uncertainty
quantification for non-parametric regression with spatially varying smoothness, this algorithm
can be used to compute locally adaptive confidence band for inference [52]. The context of
univariate nonparametric regression with wavelets is still of practical interest [30, 6, 52, 58].
A referee pointed out a connection to vertical blocking [7] which jointly thesholds out wavelet
coefficients that are related according to a family tree. We do acknowledge that, for purely
univariate wavelet analysis, the Bayesian CART prior is inferior to the Spike-and-Slab prior
[29] both in terms of the rates of posterior convergence (missing a logarithmic factor [9]) and
computation (exact posterior analysis available). Our goal was to understand computational
bottlenecks of Bayesian CART and BART on this one-dimensional version.

Rapid mixing rate bounds in [61] and [64] critically rely on an asymptotic unimodality of the
posterior distribution which can be translated in our context as model selection consistency.
We first characterize sufficient conditions for tree selection consistency. Second, we show
a negative result (a superpolynomial mixing lower bound) where Bayesian CART fails at
reaching deep isolated signals obscured by layers of noise. This motivates our proposal of
Twiggy Bayesian CART, a new MH proposal distribution which attaches and deletes twigs
(as opposed to individual nodes) to extend reachability. There is a conceptual connection to
the vertical blocking approach [7] where adding a twig corresponds to adding a vertical block
of wavelet coefficients. We show that Twiggy Bayesian CART attains polynomial mixing in
non-parametric regression when the truth is a step function. To dilute the negative message
about Bayesian CART, we show that it, in fact, achieves rapid mixing when the truth consists
of wavelet signals that are connected along a tree. This is expected since myopic additions
and deletions can reach deep signal through intermediate steps. It is interesting that the upper
bound for Bayesian CART is then faster by a factor of n relative to spike-and-slab priors [61].
This may indicate smoothing benefits of tree-shaped regularization that avoids the addition
of spurious high-resolution signals. Finally, using the two-drift condition argument [64], we
show linear mixing of Markov chains under locally informed proposals.

Recently, independently from our work, [51] studied Bayesian CART with PRUNE and
GROW movements in a multi-dimensional setting, where a lower bound that scales expo-
nentially with n is shown exploiting the bottleneck that happens when one splits on a wrong
variable early in the tree. Our work differs in several aspects: we exploit the wavelet formula-
tion of trees to show consistency and upper bounds on mixing. The paper [51] only discusses
a lower bound. Our lower bound is for the univariate case and focuses on the bottleneck that
happens when deep signal is surrounded by noise. Extending [51], [57] conducts hitting
time analysis in additive tree scenarios, where high posterior density regions are identified
using BIC, yielding lower bounds that are at most polynomial in n. Even after disregarding
differences in the assumptions of the data-generating models, we do not see a contradiction
between their results and ours.

The paper is structured as follows. In Section 2, we provide a brief review of the Bayesian
CART and establish its tree selection consistency. The Twiggy Bayesian CART and the
informed variations are introduced in Section 3. The theoretical framework and analysis of
the mixing rates are presented in Section 4 and Section 5. The numerical study in Section 6
reinforces our theoretical findings on both simulation and real datasets. The paper concludes
with Section 7.
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2. Bayesian CART

Regression trees perform structured wavelet shrinkage [19, 9], where the underlying tree pro-
vides a skeleton for signal coefficients. This regression re-interpretation of Bayesian CART
yields easy implementation of the Bayesian CART algorithm through closed-form tree poste-
rior probabilities. Tree-shaped wavelets were shown to have favorable theoretical properties
by [9, 52] and their prior development dates back to at least [11].

2.1. Trees as wavelets

We assume that observed continuous outcomes Y = (Yy,...,Y;,)’ arise from

iid

Yi :fo('xl)+819 Ei N(O, 1), i = 1"."n=2Lmux+1 (1)

where X = {x; =i/n : 1 <i < n} are fixed observations on a regular grid. The assumption x; =
i/n could be avoided using either unbalanced Haar wavelets [23] or regularity relaxations [52].
We focus on wavelet reconstructions of f using the standard Haar wavelet basis ¢_jo(x) =
Ijo,17(x) and ¢ (x) = 212y (2!x — k) obtained with orthonormal dilation-translations of
W = 10,121 —1(1/2,1]- Denote with X = (x;;) the (nX p) regression matrix of p = 2Lmax = p /2
regressors constructed from Haar wavelets ¢/ up to the maximal resolution L,,,y, i.€.

) {w_l()(xi) =1 for j=1

- 2
Y vk () for j=2'+k+1. @

From n = 2Emax*l e limit the resolution of Haar wavelets up to log, n — 1. This ensures

that both the positive and negative supports of all the wavelets considered have at least one
observation matched to each of them. We assume that the columns of X have been ordered
according to the index 2/ + k (increasing ordering). We denote with Fy = (fo(x1), . .., fo(xn))’
the vector of realized values of the true regression function at design points. The non-
parametric regression model (1) can be written in a matrix form

Y=XB"+v, where v=Fy—XB" +¢& with ¢ ~ N(0,1,), 3)

where 8" is an ordered vector of wavelet coefficients 8}, = (Y, fo). Bayesian dyadic CART
(with splits at dyadic rationals) corresponds to tree-shaped wavelet reconstructions [9], as we
re-iterate in Section 2.1.1 below.

Definition 2.1 (Tree). By a tree 7, we understand a collection of hierarchically organized
nodes (I, k) such that (I,k) € T = (j,|k/2!"7]) € T for j = 0,...,1 — 1. Given I,
the range of k is 0 < k < 2! — 1. We distinguish between two types of nodes: internal
ones Tinr = {(I,k) € T - {(I+1,2k),(l+ 1,2k + 1)} € T} U (—1,0) and external ones
Text = T \Tin: which are at the bottom of the tree. We define a set of pre-terminal nodes
P(T) ={(,k) € Ting : {(L+1,2k), (I + 1,2k + 1)} € Tox:} as those internal nodes whose
children are external. The null tree is defined as 7,,,;; = {(—1,0)} and the full tree with
maximal depth L is defined as 7}%411 ={(l,k):I<L}.!

The maximal depth L includes the external nodes. That is, for external nodes, levels [ < L, and for internal
nodes, [ < L — 1. Therefore, T i has 2L external nodes, which are at the level L, and 2~ internal nodes.

fu
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We will often denote with B4 = (Bix : (I, k) € ;)" the vector of ordered coefficients inside
the tree (there are [7,y;| of those) and with B, 4 the complement. Similarly, for a given tree
structure 7~ we often split the design matrix X into active covariates X 4 (that correspond to
(I, k) € Tins) and the complementary inactive ones X\ g

2.1.1. The Bayesian CART posterior

The distinguishing feature of Bayesian CART, compared to selective wavelet reconstructions
such as RiskShrink of [18], is that the pattern of sparsity has a tree structure. Namely, for a
chosen maximal tree depth L < L,,,,, we assume the tree-shaped wavelet shrinkage prior [9]

T ~ I(7) 4)
Buhi<ea| T ~ WBr) © X) So(Bu)- (5)

(l,k)gﬂnt

Similarly as in [52], we consider the unit information g-prior B4 ~ N (0, g,(X-X 7)1 with
gn = n which coincides with the standard Gaussian prior II(B+) = [ k) e, ¢(Bix; 0, 1)
in regular designs. This prior on B4 differs from the usual wavelet priors [29] because it
assumes that the active wavelet coefficients are a-priori correlated, yielding an independent
product prior on the bottom tree node coefficients (see [9] for more discussion). This prior
corresponds to what is done in practice [12, 13]. Alternatively, we could have considered a-
priori independent wavelet coefficients which would have given rise to correlated step heights
in the tree reconstruction of the regression function (as is done in [11]). We expect that our
theoretical results can be extended to this prior setting, as our analysis primarily focuses on
the posterior distribution of trees 7~ after integrating out 4.

The integral component of Bayesian CART is the tree prior I1(77) over a set Ty of all
trees up to the maximal chosen depth L < L,,,.. The Bayesian CART prior in [12] uses the
heterogeneous Galton-Watson (GW) process (see Section 2.1 in [9] and [53]) with node split
probabilities

pik =P[(L, k) € Tint] (6)

which need to be small in order to prevent the trees from growing indefinitely. While [12]
suggest pix = a/(1+1)Y for some @ € (0, 1) and y > 0, we will assume that p;; decays faster,
potentially depending on n. Given py, the tree prior probability for 7 € T, satisfies

ne [ e [] 0-pw) (7)
(L,k)€Tint (L,k)€Text

The conditional conjugacy of the Gaussian prior yields tractable posterior (up to multi-
plication) which is useful for Metropolis-Hastings implementations. In particular, for X4 =
cn(X-X7) ! with ¢, = n/(n+ 1) we have IL(7 | Y) o II(77) X Ny (7"), where

exp {—%Y’ [1- XTETX’(IW]Y}
(271')”/2(1 +n)|7;xt|/2

Ny(T) = ®)

The Bayesian CART posterior has many favorable properties, such as near-minimax rate
adaptation under the supremum loss [9] for @-Holderian functions with @ < 1. This work
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focuses on computational (not statistical) properties of Bayesian CART. The mixing rate of
the Bayesian CART MCMC algorithm [15, 12], however, ultimately depends on the structure
of the underlying truth fy. For clearer exposition of our findings, we focus on the following
two assumptions on fy, which are consonant with the tree (step function) model.

Assumption 1. Assume that fy in (1) satisfies fo(x) = X1, x)e8 Y1k (x) B}, for some subset
B C {(l,k) : I < L} such that Alogn/\n < |B},| < Cy, for all (1,k) € B for some A > 0
and Cyy > 0. Define T € Tr, as the smallest tree that contains all signal nodes in 8 as
internal nodes.

(a) Assume that B € Ty, i.e. 7;’;[ =8B.
(b) Assume that B ¢ Ty.

Remark 1. A class of tree-sparse functions compatible with Assumption 1 (a) is discussed
in [2]. For example, signal discontinuity gives rise to a chain of large wavelet coefficients
connected in the wavelet tree from the root to a leaf ([2], Figure 2). The connected signal
property has been leveraged in a myriad of wavelet-based processing and compression algo-
rithms [54, 14]. Assumption 1 (a) is intentionally optimistic in the sense that Bayesian CART
is expected do well on a tree-shaped truth compared to, for example, spike-and-slab priors
that do not have structured regularization. We will see this superiority in both our numerical
as well as theoretical study.

Remark 2. Unlike previous investigations of Bayesian CART [52, 9], we do not assume
Holderian fy which alone does not guarantee tree selection consistency. Our results can be
however replicated for structured Holderian signals under suitable signal gap assumption for
coefficients inside and outside 7 *.

An essential first step towards obtaining upper bounds on Markov chain mixing times is tree
selection consistency. The following Theorem shows that under Assumption 1 the posterior
concentrates on 7 *, the minimal tree spanning over signal. Similar consistency requirements
(or log-concavity and asymptotic normality assumptions) have been required to obtain rapid
convergence rate statements for Markov chains [1, 43, 61, 64]. While our theory has been
derived for the regular fixed design, similar theoretical conclusions can be obtained also for
fixed irregular design as in [52] using the unit information g-prior.

Theorem 2.2 (Tree Selection Consistency). Assume the model (1), the Bayesian CART prior
from Section 2.1.1 with p;. = n~€ for ¢ > 5/2. Under Assumption 1 for large enough A > 0
we have with probability at least 1 — 4/n

1 1
ne=3/2_1  p(A/8)logn”

(7 |Y)>1-

Proof. Section S2.

Remark 3. In the context of Bayesian inference with phylogenetic trees, [47] show that when
the data are generated by a mixture of two trees, many of the popular Markov chain take
exponentially long to reach stationarity. Theorem 2.2 focuses on the less adverse situations
when a single generative model is present that can be identified by the posterior.

Remark 4. The consistency result in Theorem 2.2 is different from posterior concentration
rate results in [9] and [52] for Holderian functions f, under the supremum loss. Due to the step
function Assumption 1, we require a more aggressive split probability p;x = n~¢ in Theorem
2.2 because we cannot leverage the decaying property of wavelet coefficients.
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Unfortunately, unlike for certain independent product priors [29], Bayesian wavelet analysis
with the CART tree prior does not admit exact posterior computation due to the combinatorial
intractability of the normalizing constant. Much of the value of the optimality properties of
the Bayesian CART posterior (e.g. adaptation to local smoothness [52] and frequentist validity
of inference about certain fy [9]) thereby hinges on the ability to approximate this posterior
well.

2.1.2. The Bayesian CART algorithm

The Bayesian CART algorithm is devised to explore the space of regression tree topologies by
sequential sampling from the tree posterior distribution determined by (8). The two original
algorithms [15, 12] are based on Metropolis-Hastings ideas with an accept-reject proposal
mechanism consisting of four basic proposal moves (add a node, delete a node, change a
variable and change a split-point). Many variations were later proposed with more intricate
moves, such as tree rotations [26, 49], to better explore the tree space.

The Bayesian CART algorithm generates a chain of trees 70, 7', ... which will gravitate
toward regions charged with posterior probability. Starting with an initial tree 770, transitions
from 77 to 7! proceed in two steps: (1) generate a candidate value 7 from a proposal
distribution S(77 — ‘7’) and (2) accept the proposal (i.e. 7+ = 7)) with a probability

&)

a(Ti,%) = min {1 (T | )S(T > T7) }

T | Y)S(TE— T

and set 7! = 77 otherwise.

Under weak conditions (Section 7.4 of [50]), the sequence obtained by this algorithm will
be an irreducible and aperiodic Markov chain with a limiting distribution I1(7 | Y). Below,
we will describe a dyadic one-dimensional version of Bayesian CART [12] which deploys
a kernel S(7¢ — 7)) that generates 7 from 7 by randomly choosing among two steps
(GROW and PRUNE). The algorithmic description of dyadic Bayesian CART we study is in
Algorithm 1 in Section S1. We describe the algorithm using our wavelet tree representation.

The GROW movement chooses (uniformly~ at random) one terminal ~I’10de, say Q, k), a~nd
splits it. In particular, we have 7;,,; = 7;‘” U{(l,k)} and Toxy = 7,0, U{(1+1,2k), (1 + 1,2k +
DIN{(Z,k)} and

1
Tl

Sarow(T" — T) = (10)
The PRUNE movement reverses the GROW move by choosing (uniformly at random) one
pre-terminal node, (/, k) € P(7T 7), and by turning it into a terminal node. In particular, we
have T, = 7;° \{(1, k)} and Toxr = T\, U{(1, ) \{(I + 1,2k), (I + 1,2k + 1)} and
3 1

1P(THI

Combining the two moves, dyadic Bayesian CART has the following proposal distribution

(1D

Sprune(TH— T)

S(T - (7') = F(T) X SGROW(T — ;ii) + [1 - F(T)] X SPRUNE(T - (7:)’ (12)
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Fig 1. (a) An example of the minimal spanning tree T* from Example 3 with oval internal and square external
nodes. The signal node is marked in blue. (b) The hitting time of 50 chains initialized at (0,0). TW: Twiggy
Bayesian CART, SS: Spike-and-Slab, BC: Bayesian CART. The deeper the signal is, the slower (exponentially) the
hitting time of Bayesian CART. We investigate this phenomenon theoretically in Section 5.1.

where I'(7") is the grow binary indicator with P[I"(7") = 1] = 1/2 for T ¢ {Tnuu, 7}ﬁll} and
PII'(Tu)] =1 - P[F(‘]}ﬁ ;)] = 1. The dyadic Bayesian CART algorithm was successfully
deployed for estimating functions with spatially varying smoothness and for the construction
of valid confidence sets [52]. Despite a simplified version of the full-blown Bayesian CART,
this toy algorithm will give us many useful insights about computational bottlenecks. The
GROW/PRUNE transition kernel performs only very local moves, not allowing bushy trees to
be substantially restructured. This property makes this generic sampler susceptible to myopic
encasement if initialized far away from high-posterior regions. While its poor mixing has been
widely recognized in empirical studies [12, 60, 49, 39, 28], limited theoretical studies of the
mixing times have been available [51].

3. Bayesian CART with a twist

Local Metropolis-Hastings proposals are known to induce poor mixing [60, 49] which may
result in misleading under-representations of uncertainty. In the context of trees, [26] remediate
this issue by applying a rotation algorithm [56] while [49] proposes various elaborate moves
for radical restructuring (see also [60]). Another way to prevent single trees from getting stuck
is by adding them up and by performing Bayesian back-fitting (see the BART method of [13]).
Alternatives to MH samplers have also been recently explored, see [35] for Sequential Monte
Carlo approach and [36] for a particle Gibbs algorithm. We focus on the original Bayesian
CART (dyadic version). One source of mixing issues for Bayesian CART is illustrated in a
cautionary tale example below.

Example (The Pitfalls of Bayesian CART). Consider fy : [0, 1] — R which satisfies As-
sumption 1 (b) where 8 = {(,0)} and ,B;‘.’O = 2. We also assume n = 2Lmaxtl with L, = 8.
We consider the cases where the true signal depth grows, i.e. j € {1,2,3,4}. We found that
once the chain hits the signal node, it tends to stay around the minimal spanning tree 7 * (plot-
ted in Figure 1 (a) for j = 3). Therefore, as a proxy to mixing time, we measure the hitting time
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Fig 2. (a) An example of the minimal spanning tree T* from Example 3 with oval internal and square external
nodes. (b) The hitting time of 50 chains initialized at (0,0). TW: Twiggy Bayesian CART, SS: Spike-and-Slab, BC:
Bayesian CART.

defined as 7 = min;»o{8B C 7, }. We run 50 chains for three algorithms: Bayesian CART,
Twiggy Bayesian CART (to be introduced later), and Spike-and-Slab (one-site Metropolis-
Hastings), where for all methods we use p;x = 0.1. All chains are initialized at the root node
(0,0). The violin plots of the hitting times are in Figure 1 (b). We see how the hitting time
of Bayesian CART slows down exponentially as the depth of the signal increases. When the
signal depth is 4, none of the 50 Bayesian CART chains hit within 1,000,000 iterations. In
conclusion, Bayesian CART may not be able to capture signal if there are layers of noise
separating the initialization and the signal. We will prove this theoretically later in Section
5.1. On the other hand, as Spike-and-Slab does not have a tree structure, its performance is
consistent across different signal depth levels.

Example 3 may be unnecessarily pessimistic for Bayesian CART. The following example
demonstrates that Bayesian CART actually mixes well when the signal is connected on a tree.

Example (The Benefits of Bayesian CART). In contrast with Example 3, we now consider
Assumption 1 (a) where 8 = 7}{4” for j € {1,2,3,4} (plotted in Figure 2 (a) for j = 3).
We consider the same simulation settings as in Example 3. The violin plots of hitting times
(for the entire set $) in Figure 2 (b) show superiority of tree-shaped regularization where
spike-and-slab takes longer to hit the entire group of connected signals. The stable increase
of the hitting time of Bayesian CART is in sheer contrast with the exponential slowdown in
Figure 1 (b). We investigate mixing of Bayesian CART theoretically for situations like this

one in Section 5.2.

This work is not necessarily aimed at establishing the new methodological gold standard for
MH tree proposal distributions. Instead, it is aimed at formalizing computational bottlenecks
of Bayesian CART by performing a theoretical study of the default approach used in prac-
tice. During our theoretical investigation, however, one natural modification of the classical
Bayesian CART resurfaced. In Figure 1 (b), we showed a variant of Bayesian CART (called
Twiggy Bayesian CART) which had more favorable hitting times. We now describe this new
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twist on an old classic. Later in Section 3.2 we describe another enhancement using locally
informed proposals.

3.1. Twiggy Bayesian CART

To extend the reachability of trees in situations such as Example 3, we modify the GROW
and PRUNE proposals. The GROW proposal attaches a twig to a chosen terminal node (rather
than just splitting it into two nodes). The reverse move is then removing an entire branch (twig)
in a tree rather than just collapsing two sibling bottom nodes. We call this variant Twiggy
Bayesian CART. A twig is a portion of a tree that has at most one internal node for each level.

Definition 3.1 (Ancestors and Descendants). Given 7 € T, and an internal node (I, k) € T;;,
we define ancestors of (I, k) inside 7 as A (7) = {(I’,k') € Tne : 3j € {0,1,...,L —
1} s.t. (I'k") = (I = j, | k/27])}. Descendants of (, k) inside 7~ are defined as D (7)) =
{(', k") € Tine = (I, k) € Apie (T}

Definition 3.2 (Twig). For two distinct nodes (I, k) and (I, k”) where (I, k) is an ances-
tor of (I’,k’) and I < I’ < L, we define a twig [(I,k) & (I',k")] = {(L,k),...,(I' -
1, Lk"/2]), (I’ k’)} as the collection of nodes on the unique shortest path connecting (I, k)
and (!, k) in a full tree 7}%4”. A twig of length one is simply [(1, k) < (I, k)] = {(l, k)}.

Given the current state 7, the GROW proposal of Twiggy Bayesmn CART picks a node
(", k*)in7, . L ””\7' ! and grows a twig from an external node (l k) € 7' . that is closest to
(I*,k*). In partlcular, we have 75, = ‘T”l” [(l, k) (%, k9].

ext

Remark 5. Growing a twig to reach deeper signals is conceptually related to vertical blocking
proposed by [7] in the context of wavelet thresholding. The wavelet coefficients within a group
are jointly thresholded based on the magnitude of the sum of squares for this entire block.
Likewise, for our twiggy grow movement, the proposed newly added twiggy is accepted with
a higher probability if the joint posterior gain is large enough.

If we considered a uniform proposal for (/*, k™), we would often pick a node from the deepest
allowed layer L — 1 (because there are 27! of nodes). Instead, we penalize the inclusion of
deep nodes by first picking a layer [* from eligible layers E = {I< L : 3(1, k) ¢ 7;;} with
probabilities d;» = D71 /Y. E D! for D > 1 and by considering a uniform proposal within
the chosen layer, i.e.

D -1 1 dr-
(DL—I) Yo < Serow(T' - T) = KT (13)

where K- = {k : (I*,k) ¢ ‘7;"Lt}. Note that larger D provides a stronger penalty that prevents
the proposal from stretching towards nodes that are too deep.

The PRUNE step uniformly picks an internal node (T, %) € 7:,’1 , such that its entire branch
below is a twig, i.e. Dy = [(1, %) o (I*,k*)] for some (I*,k*) € 7::” The entire branch
below the node is then removed to obtain 7. In particular, we have

Tint = TENLD &) & (1%, k)]
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~ =~

Tine Tint Tous

GRow PRUNE

Fig 3. The Twiggy GROW and PRUNE.

Since the proposal candidates are all the nodes that have a twig below (including all per-
terminal nodes (7)), the proposal probability is bounded by

1 1
T 1P(THI

| < Sprune(T = T) <
int

(14)

In actual implementation, computing SprunE is easy due to the tree data structure used for
coding the binary tree (each node is connected to others through pointers to its parent and
children). We can propagate from each pre-terminal node to the root until we encounter the
first ancestor having two children. A cartoon of the twig proposals is depicted in Figure 3. It
can be easily verified that the Twiggy Bayesian CART also yields a Markov Chain that is both
irreducible (i.e., all states communicate; see Section 6.3.1 in [50]) and reversible. However,
due to denser connectivity among trees we expect fewer bottlenecks.

3.2. Locally informed Bayesian CART

The proposal distribution S(- — -) for Bayesian CART and Twiggy Bayesian CART ignores
posterior information which might be useful in guiding the chain towards high-posterior
zones. To accelerate MCMC over general discrete state spaces, [62] proposed locally informed
proposal schemes that leverage posterior information in the vicinity of the current state 7
to propose the next state 7. In particular, the proposal assigns a weight to each neighboring
state 7 that depends on the posterior ratio IT1(7°| Y)/II(77 | Y). Intuitively, we may expect
that a large-posterior candidate is more likely to be accepted. Interestingly, [64] point out
that this expectation is not always met and, as a remedy, threshold the posterior ratio in
the proposal probability calculation. This approach is called LIT-MH (Metropolis-Hastings
with Locally Informed and Thresholded proposal distributions). In the context of Bayesian
variable selection, [64] show that LIT-MH significantly improves the mixing rate. Inspired
by this finding, we also consider LIT-MH variants for Bayesian CART and Twiggy Bayesian
CART and, later in Section 5.3, show that their mixing rate is linear in problem parameters.

Denote by Ng(7%) ={7" > T : |7/ \T. | = 1} and N, (T%) = {7 < T : [T \T | =
1} the GROW and PRUNE candidates from the current state 7 of the Bayesian CART
algorithm. For these neighbor candidate trees, we define an intelligent movement rule instead
of just a random walk. The proposal distribution for the LIT-MH proposal for Bayesian CART
consists of

we(T | T7)

Serow(TH — T) = Z.(T)
g

1I/\/g(7ﬁf)(7~'),
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wp(T 177

Sprune(TH — T) = 7,71
P

In, (7 (T), (15)

where the weighting functions are defined for suitable A > 0 and ¢ > 3/2 as

(7| Y)

H((’]z| Y) A n(Azlogn)/S
(7°1Y)

c-3/2
A 16
(7 |Y) e (16)

wg(7~"|7”): and wp(7~’|7’) =1v

and the corresponding normalizing constants are

Zo(T)= > we(T|T) and Z,(T)= > wy(T|7).
TEeNG(T) TEN,(T)

We call by Informed (Twiggy) Bayesian CART the variant with proposal probabilities in (15).
The Informed Twiggy Bayesian CART has more neighbors N, (7)) and N,(7") compared to
the Informed Bayesian CART.

4. On mixing rates of Markov chains

This section revisits several known facts about Markov chains whose states are combinatorial
structures. In our work, bounds on mixing rates will be obtained by inspecting the eigenspec-
trum of the transition matrix. We denote with P the transition matrix on the state space T,
whose entries P(7;, 7;) quantify the probability of the move 7; — 7;. For a given 7~ € Ty,
we denote with N(7°) = {77 : S(T — T’) # 0} the neighborhood of T consisting of all
trees 7 which can reach 7 in one step. Under the MH algorithm, we can write

S(T = TNa(T,7T') if T'eN(T)
P(T,7') =40 it 7/¢NT)U{T},
1= Y7, P(T.7) if 7'=7.

where « (-, ) is the MH acceptance probability and S(- — -) is the proposal probability in
(12). Moreover, the chain is reversible with respect to the probability distribution [1(7 | Y) as
it satisfies the detailed balance condition

OT.7) =T | Y)P(T,7T") =I(T"|Y)P(T',7) forall 7,7 €Tp.

This condition ensures that IT(- | Y) is the stationary distribution for P. It will be useful to
associate the Markov chain with a weighted undirected graph on the vertex set T where the
weight between two connecting (neighboring) vertices 7~ and 7 equals Q(7, 7). We denote
such a weighted undirected graph by G. Recall that two vertices 7~ and 7 are connected if
and only if Q(7,7’) > 0. For an initial state 7~ of the Markov chain at time ¢ = 0, the total
variation distance to the stationary distribution after ¢ iterations satisfies

Ar(t) = [IP'(T,) — [ |Y]llrv = max |P'(T,8) —TI[S | Y]l (17)

where P! (7,S) = Y q7es P1(7,7") and where P’ (7, -) denotes the distribution of the state
at time ¢ with an initial condition 7. We now recall the formal definition of a mixing time.
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Definition 4.1. The e-mixing time of the Markov chain is defined as

Te = max min{t e N: Aq(+') < e forall ¢ >1}, (18)
TeTL

where A4(t) is as in (17).

For an ergodic chain (whose states are aperiodic and positively recurrent), the rate of con-
vergence to I1(- |Y) is governed by the spectral gap of P. Defining A,,qx = max{Ay, |41, -1},
the spectral gap is defined as Gap(P) = 1 — A,,4x. The following sandwich relation shows
that the mixing time 7. and the spectral gap are related ([55], equation 2.9 in [59])

1 - Gap(P) [i} - < log[1/minger, II(7 | Y)] +1log 1/e
2 X Gap(P) = Te Gap(P) '

(19)

0% 2€

For our theoretical study, we will work with a modified transition matrix (as suggested in
[55]) which adds self-loops of weight 1/2 to each state. This so called “lazy” Markov chain
does not significantly affect the mixing times. We denote with P the transition matrix of the
original sampler and with P = P/2 + 12 the modified matrix. This modification ensures that
all eigenvalues are non-negative where the spectral gap satisfies Gap(P) = 1 — 1. Beyond
the connection in (19), the second eigenvalue A, (or the spectral gap) controls the information
flow through the graph or, in other words, the conductance of the Markov chain.

4.1. Canonical paths and conductance

Some of the earliest spectral gap lower bounds were based on the concept of conductance
[33]. In particular, Theorem 2 in [55] shows that in a reversible Markov chain

Ygearena ll(T | Y)P(T,T7)
®%/2 < P) <2® h o= i d
/25 Gap(P) < 2@,  where et T[A[Y]
0<I[A|Y]<1/2

is the conductance which measures the ability of the chain to escape from any small region of
the state space (and make rapid progress to equilibrium). The idea behind conductance is that
chains with fewer bottlenecks will mix faster. While conductance can sometimes be estimated
directly, in many applications the better approach to upper-bound the spectral gap is with edge
overload on canonical paths [55].

Definition 4.2 (Canonical Path Ensemble). For any distinct pair of trees 7,7 € Ty we
denote with T7 4 a simple path running from 7~ to 7’ through adjacent states in the state
space graph G. A canonical path ensemble & = {T74 : (7,7') € Tp X T} is then a
collection of such simple paths, one for each (ordered) pair of distinct vertices in G. For an
edge e in G, define S(e) = {(7,7") : e € Ty, 4} the set of tree pairs whose canonical path
in & contains the edge e. With a slight abuse of notation, we say e € & if S(e) # @.

For any reversible Markov chain and any choice of a canonical path ensemble &, the spectral
gap of P can be lower-bounded with (Corollary 6 of [55])

1
Gap(P) 2 TGRSk (20)
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where /(&) is the length of the longest path in & and

1
p(E) = max{ —— (7 | VII(T"|Y) (21)
ecE Q(e) (T,T;;S(e)

is the path congestion parameter. For the edge e in between two adjacent states 7 and 7,
the quantity Q(e) = Q(7,7’) = II(T7 | Y)P(7,7’) measures the natural capacity of the
edge e or, in other words, how much traffic it would normally experience in the stationary
state. The sum in (21) then counts the flow of the edge in the given family of canonical paths.
The congestion is the maximum load of any edge of the state space graph as a fraction of its
capacity. In order to find an upper bound on the mixing time using (19), in Section S4.1 we
construct a canonical path ensemble and find a lower bound on the conductance (21).

5. Mixing rates for Bayesian CART

This section presents some positive as well as negative findings for Bayesian CART in the
context of Assumption 1. The signal assumptions (a) and (b) are qualitatively rather different
and we will be able to appreciate the importance of less myopic proposals in the structure-less
signal (b). Without the tree skeleton, local moves of Bayesian CART may not be able to reach
all signals.

5.1. Bayesian CART can mix poorly

We continue our cautionary tale from Example 3 showing that isolated signals are out of reach
for initializations which need grow through noise to catch them. We now characterize the
inability of the Markov chain to reach the posterior distribution reasonably (polynomially)
fast. By finding an upper bound for the spectral gap in a counterexample fy constructed
according to the Example 3, we show that the mixing lower bound increases exponentially in
n.

Theorem 5.1. Assume the model (1) with the Bayesian CART prior from Section 2.1.1 with
L > 2 and p;. = n~¢ with ¢ > 5/2. There exists fy that satisfies Assumption 1 (b) such that,
with probability at least 1 — 4 /n, the Bayesian CART mixing time satisfies for some C > 1

1\ 1| (ne3 4 -1\"?
Te >10g(2—6)1|:(%) -3],

which is exponential in the signal depth L and superpolynomial in n when L = Ly qx ~
log(n/2).

Proof. Section S3.

Remark 6. In work independent from ours, [S1] provided a lower bound result showing that a
simplified version of BART [13] mixes poorly (at least exponentially in n). In particular, [51]
considered a single tree with prune and grow movements in a multi-dimensional setting. The
key idea behind the lower bound is that the first split direction causes a serious bottleneck.
To move between two trees that differ in their first split direction, one must prune all the way
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up to the root tree to replace the first split. We consider a perhaps more simplified scenario
by exploiting wavelet representations and we show slow mixing even in a one-dimensional
setting.

Note that the mixing time in Theorem 5.1 is the worst-case scenario over all initializations.
A referee suggested the possibility of computing a tree point estimate using the dynamic pro-
gramming approach in [17] which connects the classical CART algorithm with best orthogonal
basis search. Such a point estimate could be a good initialization for which faster mixing rate
could be achieved. We have used the CART algorithm for the design of the canonical paths
but it could be also used as an initialization.

5.2. Bayesian CART can mix well

We now establish sufficient conditions for classical Bayesian CART to mix “well”, i.e the
number of iterations required to converge to an e-ball of the stationary distribution grows
only polynomially in the problem parameters. We will inspect various components of the
sandwich relation presented earlier in (19). The following theorem provides a polynomial
upper bound for the speed of MCMC convergence of classical Bayesian CART for connected
signals (Assumption 1 (a)).

Theorem 5.2. Assume the model (1) with the Bayesian CART prior with p;, = n™¢ with
¢ > 5/2. Under Assumption 1 (a) with a large enough constant A > 0, with probability at
least 1 — 4/n the Bayesian CART algorithm from Section 2.1.2 satisfies

7o < 243 {n -
€

1 2
(c+ E)log(l +n)+ |7L.';§t|C]%0 +1 +4|7[,’:tllogn+log( )} (22)

where Cy, > 0 is the constant from Assumption 1.

Proof. See Section S4.2.

Remark 7. In the bound (22), we intentionally separated the influence of model complexity
(captured by the maximal allowed depth L) and the sample size n. In practice, the most
reasonable choice for L is the maximal allowed resolution L = L, which will give us cubic
mixing in n. If we were confident that the posterior over trees deeper than L goes to zero, we
can always devise a Markov chain with a smaller state space (trees up to level L). For example,
for a-Holderian function choosing L o (n/logn)'/ 221 yields P £ (TS) = o(1).

Remark 8 (Comparison with Spike-and-Slab). The tree-structured signal in Assumption 1 (a)
is particularly flattering for Bayesian CART. It is interesting to compare this approach with a
Spike-and-Slab prior and a one-site Metropolis-Hastings (MH) proposal. [61] showed rapid
mixing of the MH algorithm in a high-dimensional linear model (i.e. (3) with p covariates and
v = &) and a g-prior (which coincides with our prior in orthogonal designs). We attempted to
rephrase their result in the context of our wavelet regression matrix where p = n/2 (Theorem
S1 in the Supplement Section S7 [34]). The point-mass Spike-and-Slab prior in [61] assumes

II(y) o« (%)Klyl]l[|y| < s0], where sg is a chosen upper bound on the model complexity and
k is a model-size penalty. The mixing upper bound is slower for this Spike-and-Slab prior
when the signal has a tree structure. This comparison should not be overinterpreted because
it does not necessarily imply inferior performance for which a lower bound would be needed.
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In addition, adaptive Bayesian wavelet analysis with Spike-and-Slab priors involves prior
inclusion probabilities decaying with the depth of the wavelet coefficient [29, 52]. Our Spike-
and-Slab practical comparisons use this decaying prior while our theory (namely Theorem
S1) uses the prior in [61]. Our independent product Spike-and-Slab prior does not require
MCMC due to the availability of the posterior as an independent product of mixtures. We use
the one-site MH purely to assess how the tree structure obstructs MH convergence. While the
one-site MH is not needed for orthogonal regression with independent product Spike-and-Slab
priors, for hierarchical priors with a prior on the level of sparsity, the MH algorithm can be
used to approximate the posterior which corresponds to a global mixture of a product of local
mixtures.

5.3. Twiggy Bayesian CART mixes well

In Section 5.2 we established encouraging results for Bayesian CART with PRUNE and GROW
steps under the connected signal Assumption 1 (a). We have also seen that under Assumption
1 (b), where signals are not connected, Bayesian CART can mix poorly (Theorem 5.1). We
now investigate mixing of Twiggy Bayesian CART in the context of the unstructured signal in
Assumption 1 (b). Moving from Bayesian CART to Twiggy Bayesian CART extends signal
reachability where trees can become more competitive with the Spike-and-Slab approach [61]
when signal is obscured by layers of noise.

c

Theorem 5.3. Assume the model (1) with the Bayesian CART prior from with p;x = n=¢ and
¢ > 5/2 +log D. Under Assumption 1 (b) with |7,,,,| < log? n and large enough A > 0, the
Twiggy Bayesian CART algorithm in Section 3.1 (with D > 1) satisfies with probability at
least 1 —4/n

(DX -1) w 22L+3 {n

<
Te="p_1

nt

1 2
(c+ 5)10g(1+n)+|7,7* |C12‘o+1 +47;,, 1 logn + log (_)}
€

(23)
Proof. See Section S5.

5.4. Locally informed versions mix even better

For the informed versions of Bayesian CART and Twiggy Bayesian CART described in Section
3.2, we obtain the following upper bound on the mixing time that is only linear in 2%, where
L < L4y is required to go to infinity as n — oo. This speedup is likely a consequence of the
posterior-informed proposal defined in (15).

Theorem 5.4. Assume the model (1) and the Bayesian CART prior with p;x = n~¢ and ¢ > 3.
Consider the Twiggy Bayesian CART with an informed proposal in (15). Under Assumption
1 (a) or (b), for a large enough constant A > 0 and L < L,y such that L — oo as n — oo,

we have with probability at least 1 —4/n —e™"/3,

9(Cp,+2)% 2Ln

, 2L+5 .
A? log? n

Te < log(6/€) max

For the informed Bayesian CART, the same bound holds but only under Assumption 1 (a).
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Proof. See Section S6.

Remark 9. Theorem 5.4 provides at most linear in n mixing for Bayesian CART only under
Assumption 1 (a). The superpolynomial mixing rate lower bound in Theorem 5.1 still applies
to the informed Bayesian CART?. Therefore, the proposal informativeness alone does not
solve the myopic problem of Bayesian CART.

Remark 10. It is worthwhile to point out that the linear mixing in Theorem 5.4 is truly a
consequence of the informed proposal as opposed to the proving technique (two-drift condition
as opposed to canonical path argument). By using the two-drift condition proving technique
(for ¢ > 4 and D < e), as opposed to the canonical path argument, we can slightly improve
the mixing rate upper bound in (22) for Bayesian CART and for Twiggy Bayesian CART (the

2
Ch 2L, 2L+l

her =1
51A210g2n’ > W 6661

original non-informed versions) to 7. < log(6/€) X max (

for the Bayesian CART, and 6; = 2;2:11) for the Twiggy Bayesian CART. Compared with the
bound (22) obtained by the canonical path argument, this bound has a slight improvement by
a logarithmic factor when |7, | is fixed. However, this improvement is limited to asymptotic
settings, while the bound (22) is exact. For more explanation, see the discussion in Remark

S2 in Supplementary Material [34]. The proof is in Section S6.4.

6. Performance evaluation

We compare Bayesian CART, Twiggy Bayesian CART (with D = 2) and their informed
versions® on simulated data as well as a real dataset. To appreciate the effect of tree-shaped
regularization, we compare Bayesian CART with the Metropolis-Hastings one-site sampler

for Spike-and-Slab priors.

6.1. Simulation study

Data We generate simulated data from the model (1) with three true signal skeletons. Given
the skeleton, all true coefficients are set equal to 2. (1) Case 1 (fully connected signal) is a full
tree of internal depth 3, i.e. 7.; = 8 = {(-1,0)} Ul3:0 Uil:‘ol{(l, k)}. (2) Case 2 is a single,
disconnected and isolated deep signal at 8 = {(4,0)}. (3) Case 3 is a mixed signal consisting
of several isolated nodes with 8 = {(2,0), (2, 3), (3,2),(3,3), (3,4),(3,5), (4, 15) }. Recall

that 7" is the smallest tree that includes B as its internal nodes.

Prior As the split probability in (7) for Bayesian CART (using L = L,,4x), We Use pjx =
an~°, which was used in our theoretical studies up to a constant factor. We choose a so
that p;; = 0.25/25max=6 for L,,ax € [6, ..., 11]. For the Spike-and-Slab prior, we consider
H(Q()—%k)) = p;°, where we consider two cases p}* = an™© = 0.25/2Lmax=6 and py =
0.01n'/467!. Note that p5° penalizes deep node inclusion more strongly than pi*. As shown
Figure S6 in Section S8, several MCMC runs on Case (3) reveal that p}* has a higher
acceptance rate but p3* converges faster to the true signals. The two chosen split probabilities
satisfy the sufficient conditions studied in [52] with which a Spike-and-Slab algorithm can
achieve locally adaptive minimax rate.

2See that S16 in the proof is valid as long as the proposal neighbor is the same as the Bayesian CART.
3The upper thresholds of the informed algorithms in (16), we use !0 without tuning.
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Case 1l Case 2
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Fig 4. The local BGRs (log-transformed) when n = 27. The local BGR values tend to decrease during the course
of MCMC sampling. We have capped the values at a threshold log(Y + 1) = 1.5 for clearer visualization. The
horizontal grey dotted line corresponds to the local BGR value 1.1. (Legend) BC and IBC: original and informed
Bayesian CART, TW and ITW: original and informed Twiggy Bayesian CART, SS and SS2: Spike-and-Slab with
prior p}* and p3* respectively.

Performance measure We first define a proxy for the mixing time defined in (18) using BGR
(Gelman-Rubin diagnostic) [24]. BGR measures the difference between in-chain and across-
chain variability when considering multiple initializations. Formally, consider a collection of
K chains C = {Cy, ..., Cx }. Denoting the L tree samples from each Cy by {7;Ck, - 726"’} and

the j-th coefficient sample from tree 7; Cr by B (7; €y, the BGR for Bjis
-1 1
LW + 1B,
W; ’

where W; = L 3K L SL (8;(7,%) - Bjx)? and B; = 255 XK (B — B;)? given the
in-chain and between-chain coefficient means jx = + Y- B;(7:%) and §; = + K | Bjx.
To reduce the computational cost of monitoring the BGRs for a large L, we modify the
BGR as follows. First, we measure the BGR of the estimated coefficient 3 (77 C") instead of
the sampled B;(7; C"’). Given a tree 7, the estimated coefficient of the j* node f3 (7)) =
(X7 X I ¢ ¥ X1 k;)e7,, Only depends on whether the 7™ node is included in the tree.

BGR(B;|{T,%, ..., T,%}K_) =

Therefore, it can be seen that the BGR of B ; 1s equal to the BGR of an inclusion indicator,
denoted by /; € {0, 1}. Second, because BGR’s tend to be smaller for noise coefficients, we
monitor the BGR of signal nodes which have larger BGR values in general. Last, we compute
BGRs locally; At time ¢, we consider the most recent 100 samples to calculate BGR. Denote
a t'" sample of chain Cy by 7; Ck_Given K = 10 chains, a local BGR of the j' indicator I ;j at
time 7 is defined as

BGR(j, Clt) = BGR([; {7, T.%, ... 7% 12). (24)

As shown in Figure 4, as the iteration proceeds, the BGR(j, C|t) values tend to decrease
during the course of MCMC sampling. With this empirical observation, we define a proxy of
the mixing time called BGR a-time by

TBGR = 10° A arg min{max BGR(J, C|t) < a}, (25)
t>0  jeS
where S is the index set of true signals in the data generating mechanism. The inner maximum

maxjes BGR(j, C|t) quantifies the mixing quality of the chains at time ¢. In this paper, we
consider @ = 1.1, as this number used widely as a criterion of mixing [24].
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Fig 5. Plots (a) and (d) depict time for achieving the worst case local BGR below 1.1. Plots (b) and (e) show F1

scores. The small F1 value of Spike-and-Slab with pis is due to low precision (overfit). Plots (c) and (f) show

hitting times. (Legend) BC: Bayesian CART, TW: Twiggy Bayesian CART, SS and SS2: Spike-and-Slab with prior
1% and p3* respectively.

We threshold the mixing time at 10° because beyond this number, it is hard to see that a
chain mixes in a reasonable time. In short, we measure the BGR in (25) for every 100 out of
1,000, 000 iterations. Note that the chain may meander towards a poor local neighborgood, far
from 7. Therefore, to quantify the quality of each tree 7°, we can think of (1, k) € 7;,,:\7,,,
as a false positive and (1, k) € 7> \Tin: as a false negative. A natural quality measure for trees
is the F1 score, the harmonic mean of precision and recall (a low precision indicates that the
model is overfitting, while a low recall indicates that the model is underfitting). If F1 equals 1
(i.e. both precision and recall are 1) then the tree equals 7 *. The F1 values are obtained from
the last 100 iterations of each chain. Note that not all nodes in 7" are necessarily signals.
Therefore, when we calculate F1 for Spike-and-Slab, we consider only the true signals B as the
true model. In a similar spirit, we also measure hitting time defined by 73;; = inf;50{7; = 8}.
Lastly, we also present the acceptance rates, which may help understand the stickiness of
Markov chains.

6.1.1. The effect of signal structure

Connected signals The results on Case (1) numerically affirm the sufficient condition for
rapid mixing of Bayesian CART in Theorem 5.2, which says the Bayesian CART mixes rapidly
when all signals are connected. By increasing the size of data from n = 27 to n = 2! (L,ax
from 6 to 10), we measure the BGR-a time 756R for @ = 1.1 in (25) and F1 as well as ;.
We run 10 chains for Bayesian CART, Twiggy Bayesian CART and Spike-and-Slab (both
p;’ and p3*). For each method, 10 chains are initialized with randomly generated trees. The
result is in Figure 5 (a), (b), and (c). We see that Bayesian CART hits the true tree faster than
Spike-and-Slab. In addition, we see that Bayesian CART achieves a good BGR-« time as the
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sample size increases. We observe that Bayesian CART is enjoying this favorable property
over the Spike-and-Slab in two ways. First, we see that 7T56R of Bayesian CART increases
more slowly than Spike-and-Slab, and second, the hitting time in Figure 5 (c) is superior over
that of Spike-and-Slab. Further investigation revealed that the source of the low F1 values of
Spike-and-Slab with p{* was low precision i.e., it often overfitted. We notice that the deeper
penalty through p3* (as opposed to) p}* improves Spike-and-Slab in all the performance
measures (F1 and BGR-«a time, and the hitting time). Lastly, we observe that Twiggy Bayesian
CART does similarly well as Bayesian CART. Note that in Figure 4, when n = 27, the local

BGRs of the Twiggy Bayesian CART decrease faster compared to Bayesian CART.

Disconnected signals Now we numerically affirm the superpolynomial lower bound of
Bayesian CART in Theorem 5.1 in the context of deep isolate signals as in Example 3. On
the other hand, Theorem 5.3 says that Twiggy Bayesian CART still mixes rapidly. These
theoretical results are affirmed by the results on Case (2) in Figure 5 (d), (e), and (f). In
terms of T2OR, we see that Twiggy competes with Spike-and-Slab and then performs better
when the sample size becomes larger. Bayesian CART did not achieve local BGR under 1.1
in (25) in a given time range (1,000,000 iterations). This is why there is no line for Bayesian
CART in Figure 5 (d). Similarly, the hitting time would have to exceed the maximum number
of 1,000, 000 iterations. This is marked by the histogram bars above the maximum allowed
number of iterations. Besides the BGR-a time displayed in Figure 5 (d), in Section S8 we
additionally display the smallest local BGRs in Figure S2 (e). This value is obtained by running
all the chains for 10° iterations and by taking the minimum over local BGRs defined in (24)
for each chain. We observe that the minimum local BGR of Bayesian CART is exceedingly
large. This is related to the small F1 of Bayesian CART; further investigation revealed that
low Recall values made F1 small, indicating underfit of Bayesian CART. On the other hand,
Spike-and-Slab achieves local BGR smaller than 1.1, and using p3* resolves the overfitting
problem of p7* as in Figure 5 (¢). However, when n increases, even using p3* does not bring
up Spike-and-Slab to the speed of Twiggy Bayesian CART in terms of BGR-a time and hitting
time (Figure 5 (d) and (f)).

6.1.2. The effect of informed MCMC

We repeat the analyses to investigate the improvement brought by the posterior-informed
proposals. From Figure 6 and Figure S5 in Section S8, we see that informed versions overall
improve on their non-informed counterparts. The BGR-«a (Figure 6 (a) and (d), and Figure S5
(a)) and hitting times (Figure 6 (¢) and (f), and Figure S5 (c)) become faster. However, in terms
of hitting time, the informed Twiggy Bayesian CART does not outperform its non-informed
version. This is related to that the informed Twiggy Bayesian CART tends to overfit, thereby
having smaller F1 values (Figure 6 (b) and (e), and Figure S5 (b)). It might be understood
as a trade-off of having a higher acceptance rate than Twiggy Bayesian CART (Figure S4).
However, the informed Bayesian CART also has an increased acceptance rate, but it does
not result in overfitting. We think that the decreased precision of informed Twiggy Bayesian
CART is due to the combination of more flexible movement and the larger acceptance rate
(e.g., the lower bound in (16)).
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When the signal depth deepens, in the same settings of Example 3 and Example 3, the
hitting time results are in Figure 7. We can see that informed versions hit generally faster
than their non-informed versions. However, as in Figure 7 (b), the informed Bayesian CART
falls short of resolving the hitting-time slow down, which is exponential in the signal depth.
This result is consistent with Remark 9, implying that the problem of the myopic movement
cannot be overcome even when using informed proposals. For an example where signals are
disconnected but not very far from each other, see Figure S1 (b). On the other hand, the
informed Twiggy Bayesian CART includes the signal in a single step.
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6.2. Call center data

The data set, collected by a call center of an Israeli bank, contains arrival times, waiting times
and service times. We focus on the arrival times, which can be seen as an inhomogeneous
Poisson process with a mean function u(z) [5]. This dataset was also studied in [6, 52]
in the context of constructing adaptive confidence bands in non-parametric regression. In
our analysis, we want to compare the mixing performance of each method studied in our
simulations. We preprocess the data following [52] where the response is Y; = {/N; +1/4
where N; is the number of calls arriving in the i-th time interval. We have n = 2048 equispaced
time intervals. As a proxy of mixing, we measure MSE (distance from data to the posterior
function draw) and the maximum local BGRs max; BGR(S j|{7z'c"’, 7;?’1‘, e, 7;?’9‘9}}((;) at
time 7. As the split probability of the tree based models, we use p;x = 0.01. For Spike-and-
Slab, we again use two types of priors pls,f’l =0.01 and p;,f’z =0.01 x 672, As discussed in
[6, 52], the data approximately follows the model in (1) with the variance o2 = 1/4. Therefore,
we fix the variance at 0.25 in all methods.

In Figure 8, Spike-and-Slab shows a trade-off between overfitting and mixing. When the

split probability is low ( p;; ’2), the chain may avoid overfitting (Figure 8 (f)) compared with a

high split probability pf,j’l (Figure 8 (e)). However, Figure 9 (a) shows that the speed of the
chain’s ability to explain the data is much slower. The informed versions of the tree models
catch more detailed signals than their non-informed counterparts. The speed of decreasing
MSE is informed Twiggy Bayesian CART < Twiggy Bayesian CART < informed Bayesian

CART < Bayesian CART < Spike-and-Slab (Figure 9).

7. Concluding remarks

This work is the first to have described upper bounds on mixing times for Bayesian CART,
a simplified version of BART. We focused on one-dimensional setting and various proposal
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Fig 9. The performance measures on the Call Center data. (a) The MSE (log transformed) over the MCMC
iterations (b) Acceptance rates. (c) The local BGRs for every 100 iterations on the Call center data. The minimum
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informed Twiggy Bayesian CART: 9.35, Spike-and-Slab (pfl‘:’]): 1.16, Spike-and-Slab (p‘;li’z): 1.17.

schemes, including our new Twiggy Bayesian CART proposal. We showed rapid mixing of
Bayesian CART when the signal is connected on a tree. We also obtained rapid mixing for
Twiggy Bayesian CART which does not require this assumption. We showed that without signal
connectivity, Bayesian CART mixes poorly. Extending our conclusions to more dimensions
is an interesting problem. The first challenge is the absence of identifiability of the multi-
dimensional trees, where trees can represent the same partition of the space, composing
an equivalence class sharing the same likelihood. The non-identifiability prevents us from
guaranteeing posterior consistency (e.g., Theorem 2.2), which is crucial in the canonical path
argument. If the posterior is concentrated on the equivalence class of the true tree, the chain at
convergence should sample the trees that belong to that equivalence class. However, standard
Bayesian CART does not naturally incorporate movements within an equivalence class. One
possible approach to promote mixing would be to explicitly incorporate movements between
equivalence classes [63]. We leave this extension for future research. We believe that our
results nevertheless serve as a valuable first step towards characterizing mixing of Bayesian
Additive Regression Trees which have proven so useful in practice.
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